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ABSTRACT

Normal practice in a compressor station with compressors in parallel is to allocate the mass flows equally.
However, this strategy is not optimal if the compressors are not identical. A common reason why com-
pressors become non-identical is because their performance degrades over time. Degradation increases
the power necessary to run the compressor station and changes the optimal allocation of mass flows.

This paper presents a framework for optimal operation in a compressor station with degrading compres-
sors. The optimisation framework proposed in this work explicitly includes a model of degradation in
the optimisation problem and analyses how the optimal load-sharing changes when the compressors are
degrading.

The optimisation framework was applied in an industrial case study of a compressor station in which
three parallel compressors are subject to degradation. The case study confirms that it is possible to min-
imise the extra power consumption due to degradation by adjusting the operating conditions of the com-
pressor station. The analysis also gives insights into the impact of degradation on the optimal solution

when compressors work at their limits.

© 2020 Published by Elsevier Ltd.

1. Introduction

A typical lifetime of a compressor is 30 to 50 years. During this
time, the compressor is subject to varying operating conditions.
Time and use of a compressor result in its degradation, defined as a
‘detrimental change in physical condition’ (BSI, 2017). Degradation
then increases the power necessary to run the compressor station.

A compressor station is typically a part of a gas transport net-
work and provides a boost for transporting the gas to the receivers
(BSI, 2014). Improving the operation of a compressor station would
thus improve the performance of the whole network. The primary
objective of load-sharing is to allocate the loads to compressors
in a compressor station to minimise the operating cost. The term
load refers to the amount of gas processed by a compressor. The
goal of this work is to model the influence of degradation on the
power necessary to run the compressors and analyse how the op-
timal load-sharing changes when the compressors are degrading.
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Several approaches have been used to share the load among
compressors working in parallel. If the compressors are identical,
optimal load sharing is obtained by assigning the same load to
each unit, as indicated by Liptak (2005). However, if the compres-
sors are dissimilar, the equal load approach is not optimal and
should be adjusted to the nonlinear characteristics of the units,
such as the compressor map and the compressor power curve.

Nonlinear characteristics of compressors were used by
Carter (1996), Wu (1998), Wu et al. (2000), as well as
Osiadacz (1980), Osiadacz and Bell (1981), and Jenicek and
Kralik (1995) who took into account individual characteristics of
each compressor when allocating the loads. A similar optimisation
approach was employed by Zhang et al. (2014), Zuo et al. (2016),
and Xenos et al. (2016b) who included the demand for the flow
required from the compressors. A review of the approaches to
the optimal operation of a compressor station was presented by
Rios-Mercado and Borraz-Sanchez (2015). However, the existing
approaches do not take degradation into account.

The main source of degradation of compressors is related to
fouling. Fouling is caused by deposits forming on the surfaces
inside the equipment. It affects the performance of a compres-
sor and leads to increased costs of operation, as indicated by
Syverud and Bakken (2006). A common way is to describe degra-
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dation simply as a function of time as suggested, among others,
by Tarabrin et al. (1996). At the same time, Verheyleweghen and
Jaschke (2017) suggested that the speed of the compressor and
the composition of the gas are main factors contributing to the
degradation. The composition of the gas as a source of degrada-
tion in turbomachinery was also indicated by Brekke et al. (2009),
Syverud and Bakken (2006), and Syverud et al. (2005). As the com-
position of the gas might be unknown, the current paper analyses
degradation as a function of the mass flow rate through the com-
pressor.

The influence of degradation on the power consump-
tion was simulated by Foss (2013). However, Foss did not
analyse the relationships between the compressors, which
is discussed in the current work. An optimisation prob-
lem with varying characteristics of a compressor was anal-
ysed by Paparella et al. (2013), Cortinovis et al. (2016),
Milosavljevic et al. (2016), Milosavljevic et al. (2018), and
Kumar and Cortinovis (2017). The variations of characteristics
were caused by measuring errors or changes to the compressors,
but the mechanisms underlying the changes were not analysed.
The authors selected operating conditions that maximised the
efficiency of a compressor with no need for exact degradation
models.

The compressor characteristics relevant to this work relate
power consumption at a given pressure ratio to the mass flow
rate. This work assumes that the characteristics of the individ-
ual compressors change with degradation. The load-sharing prob-
lem is focused on minimisation of the power to run a compres-
sor station in which compressors are subject to degradation. The
degradation is explicitly included in the objective function to anal-
yse the influence of degradation on the power necessary to run
the system. It is also assumed that the dynamics of a compres-
sor are much faster than the changes due to degradation. Indus-
trial data presented in Zagorowska et al. (2020a) show that degra-
dation of a compressor affects the system over multiple days or
even months. Hence, a steady-state analysis has been used. A sim-
ilar approach based on steady-state analysis has already been con-
sidered by Jdschke and Skogestad (2014) and Xenos (2015), and
proved sufficient for applications related to operation of parallel
systems.

The current work analyses the effects of the changes of the
compressor characteristics due to degradation on the solution of
the optimal load-sharing problem. The objectives of this paper
are:

« To present a framework to minimise the increase in power con-
sumption in a compressor station with degrading compressors,

 To analyse how various models of degradation affect the solu-
tion of the optimisation problem.

The rest of the paper is structured as follows. Section 2 intro-
duces the load sharing problem for a compressor station with par-
allel compressors, and describes the characteristics of the compres-
sors. Subsequently, Section 3 introduces degradation of a compres-
sor and presents its effects on the compressor characteristics. The
optimisation problem for a compressor station with degradation is
then formulated in Section 4 and solved in Section 5. The effects
of degradation on the solution and the relationships between the
compressors are discussed in Section 6. Section 7 applies the opti-
misation to a realistic case study and presents recommendations
regarding minimizing the increase in power consumption when
compressors are degrading. Finally, the paper ends with a discus-
sion and conclusions in Section 8.
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2. Compressor station with multiple compressors

The load-sharing problem is analysed in a compressor station
with three units, as shown in Fig. 1. A compressor can be described
by a compressor map or by the power necessary to run the com-
pressor station at the desired operating point on the compressor
map.

It is assumed that all the compressors are connected to the
same suction and discharge pipelines and thus work at the same
suction and discharge pressures ps and p4. The controllers FC1, FC2,
and FC3 ensure that the flows m;, m,, and ms are equal to their
set-points. The calculation of these set-points taking compressor
degradation into account is the objective of this work. M1, M2, M3
are electric motors, and SC1, SC2 and SC3 are speed controllers

2.1. Compressor map

A compressor is characterised by the relationships between
pressure head, compressor speed, and mass flow rate. Compressor
head captures the thermodynamics of a compression process and
depends on the pressure ratio and the properties of the gas. The
text book by Liidtke (2013) gives details on the thermodynamics
and provides formulas for calculation of compressor head.

Figure 2 shows the compressor map used in this work. The data
for the compressor map were obtained from Ngrstebg (2008) us-
ing the software from Rohatgi (2018). The thick horizontal line in
Fig. 2 denotes the operating line for a constant value of head 119
k] kg=1. The circle denotes the minimal flow mlmi“ and the aster-
isk indicates the maximal flow m™®. The values of the minimal
and maximal flow define the operating range for a given head and
provide constraints for the optimisation problem in this paper.

It is assumed that a compressor map can be obtained from
a manufacturer or derived from first principles. Moreover, it is
assumed that the compressor map accurately describes the be-
haviour of a compressor. The validity of this assumption is dis-
cussed in Section 8.

2.2. Compressor power

If a compressor operates on the red line from Fig. 2, the power
consumption W is a second order polynomial function of the mass
flow m:

W =am?+bm+c (1)

where a, b, and c are constant parameters obtained for a given
head. A discussion on the parameters a, b, ¢ will follow in
Section 8.

Each of the compressors from Fig. 1 has the power curves given
in Fig. 3. The black lines in Fig. 3 suggest that the power consump-
tion is an increasing and convex function of the head and the flow
for the whole operating range of a compressor.

3. Compressor degradation

The standard BSI (2017) distinguishes between the equipment
in up state, when there is no degradation, and in degraded state,
when the equipment is affected by degradation. The influence of
degradation on a compressor station will be presented from the
perspective of how the degradation influences the power necessary
to run a compressor.

3.1. Influence of degradation on power

The power to run a compressor in degraded state can be writ-
ten as:

WP = hy(d)(am? + bm + ¢) + hy(d) 2)
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Fig. 1. Compressor station with three compressors connected to the same pipeline.
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Fig. 2. Compressor head as a function of flow and speed. The speed curves (—) are
labelled with the corresponding speed in rpm. The red line (=) shows the constant
head H =119 k] kg~! with the operating limits for the mass flow marked with a
circle (O, lower limit m™", on the surge line (= -)) and an asterisk (*, upper limit
m™_on the choke line (...)). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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where h;(d) and h,(d) represent a multiplicative and an addi-
tive degradation function, respectively. The coefficients a, b, and
¢ describe the power consumption for the undegraded compres-
sor. Additive degradation represents a bias, whereas multiplicative
degradation shows a loss of effectiveness of a piece of equipment
(Noura et al., 2009). As the degradation results in increased power
to run the compressors, it is assumed that h{(d) > 1 and hy(d) > O.

The degradation indicator d is typically obtained from a condi-
tion monitoring system. For instance, d may represent fouling, or it
can correspond to an overall increase of power to run the compres-
sor. The grey dotted lines in Fig. 3 show the power consumption of
a compressor with degradation such that the degradation function
hi(d) = 1.03.

3.2. Factors influencing degradation

An influencing factor is an ‘observable qualitative or measur-
able quantitative item that affects a system property’ (BSI, 2016).
The mathematical models of the degradation functions from
Section 3.1 can be classified into two groups according to their de-
pendence on influencing factors:

« Factor-based models of degradation, for degradation that de-
pends on influencing factors

hi(d) = hi(d(t.v)) 3)

« Factor-free models of degradation, for degradation that is inde-
pendent of any influencing factors

hi(d) = hy(d(t)) (4)

where i € {1, 2} indicates the kind of degradation from Eq. (2).

Examples of influencing factors v include the way in which
the system is operated, and external factors such as ambi-
ent temperature or humidity. Factor-free models of degradation
typically depend only on time. Further details of the classifi-
cation of degradation models can be found in the work by
Zagorowska et al. (2020b).

Equation (2) enables the modelling of multiple types of degra-
dation. For instance, additive degradation that depends linearly on
the mass flow can be formulated using Eq. (3) taking v=m as

hz(d) = hy(d(m)) = cem (3)

where «g > 0. Assuming h;(d) =1 and inserting Eq. (5) into
Eq. (2) yields:

WP =am? + (b+ ag)m+c (6)

Further analysis and other types of degradation are considered in
Section 6.

4. Optimal load-sharing

Osiadacz (1980) indicated that the problem of optimal load-
sharing in a compressor station can be formulated as a nonlinear
convex optimisation problem. A convex nonlinear problem has a
unique solution, which can be obtained using Karush-Kuhn-Tucker
conditions. This paper uses the formulation of the conditions pro-
vided by Nocedal, Wright, 1999.

The objective of this paper is to propose an optimisation frame-
work to minimise the power necessary to run a compressor sta-
tion with N compressors over a time horizon T (Wu et al., 2000).
The goal of the optimisation is to find the flows my, i € {1,..., N},
t € {1,..., T} which minimise the objective function:

T N

miny > Wi (mi) (7)
t=1 i=1

where W;, for the i-th compressor in period t is calculated accord-

ing to Eq. (2). The coefficients of the objective function change
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from period t to t + 1 because degradation develops over time and
with use. The t-th period corresponds to one day of operation and
the flows m;; are constant in each day. This is typical for a natural
gas compressor station, as indicated by Xenos et al. (2016c).

The compressor station must satisfy the demand in each period
t=1,2,...,T:

N
Zm,-t = M; (8)
i=1

which provides an equality constraint. The load assigned to each
compressor must be within the operating range defined by the
compressor map in each period t =1,2,...,T:

mt < mye < m (9)
which provides inequality constraints for the optimisation problem.
The values mi™ and mi®* in the inequality (9) are obtained for
a fixed value of head from the compressor map bounded by the
surge line m$, minimal speed line m{™", maximal speed line m3™®
and choke line mf:

mMt = max{ms, m™in} (10a)

(10b)

The values of minimal and maximal flows for each compressor
mg‘i“, m*, as well as the demand M; in t-th period can change
from period to period. Both the demand M; and the minimal and
maximal flows change due to operational requirements, in partic-
ular due to the amount of gas required from the station and the
suction and discharge pressures.

The objective function (7) is a convex function of the flows, be-
cause the power to run each compressor is assumed convex. The
demand constraint from Eq. (8) and the mass flow constraints from
Eq. (9) are linear. The optimisation problem with the objective
function given by (7) and the constraints (8) and (9) is therefore
a convex quadratic optimisation problem. Thus, the Karush-Kuhn-
Tucker conditions can be used to find the optimal solution.

The optimisation problem described with Eqs. (7)-(10) is a
steady-state optimisation problem. Moreover, since compressor dy-
namics have been omitted from the problem in the current paper,
the objective function from Eq. (7) is equivalent to solving N indi-
vidual optimisation problems each with a time horizon of one day.

m™ = min{m{, m;™*}

5. Solution of the optimisation problem

A nonlinear and convex optimisation problem such as de-
scribed with Eq. (7)-(10) can be solved using a Lagrangian func-
tion. Following the formulation proposed by Nocedal, Wright,
1999, this paper applies a Lagrangian function to solve the prob-
lem with the objective function (7) and constraints (8) and (9).
This section presents selected parts of the solution, whereas
Appendix A presents the full solution.

5.1. Lagrangian function

The Lagrangian function for the problem with the objective
function (7) and constraints (8) and (9) with T > 1 and N com-
pressors is:

N T _
L= Z Z (ﬁ,-tmizt + bieme + Eit)
i=1 \t=1

T N
+Y Al D mie— M,
=1 \izt

T

N
+ Z Z Mit(m,!?m - mi[) + Z Z Vit(mit - m,‘?“)

io1 \t=1 io1 \t=1
(11)
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where yj, Wi, A¢ are called dual variables. The values of the opti-
mal flows and the dual variables are found by calculating deriva-
tives with respect to the mass flows m;; of the Lagrangian function
from Eq. (11).

The quantity W/ is the gradient of the power W;; with respect
to mass flow m;:

dW
dmy,

‘A/i/f(mit) = (12)
The power to run a compressor is assumed to be approximated by
a quadratic function of the flow

Wi = aitm,‘zt + Bitmi[ + Cie (13)

where @, b, and ¢ capture the corresponding value of parameters
in Eq. (1) and Eq. (2):

al‘t = a, Bit = b, EI‘[ =C

_ For instance, if hy(d) and hy(d) are constant, the parameters dy,
b, and ¢;; will take the form:

@ = hy(d)a, by = hi(d)b, T = hy(d)c+ ha(d)

The parameters a;, by, and ¢; are affected by the functional
form of the degradation functions h;(d) and h,(d), and will be the
basis for analysing the influence of degradation on the optimisa-
tion problem in Section 6.

The quadratic functional form of the power consumption from
Eq. (13) indicates that:

W (my) = 2a;my; + by (14)
5.2. None of the compressors work at the limits

To solve the problem with the objective function (7) and con-
straints (8) and (9), it is first assumed that the inequality con-
straints are not active, i.e. none of the compressors work at their
minimal or maximal limit. As none of the compressors are as-
sumed at their limits, m; # ml‘.}““ and mj # mP* which means
;tlllat the corresponding dual variables are zero, uj, =0 and y;; = 0.

en:

(15)

N w. 2M, N
A= - Z”((ln”) / Z% (16)

5.3. Compressors work at the limits

If the solution obtained in Eq. (15) violates the inequality con-
straints (9) for k compressors, formula (16) is reformulated as:

N W, (2—%) N
it\ N—k 1
i:IZH Git / i:lZﬂ Gie )
where
o k
M; = M; - Z Mmie (18)
i=1

with m; taking either the maximal or minimal value, m; €
{mg‘i“, mi**}. The compressors that do not work at their limits are
then assigned the flows according to Eq. (15) using Eq. (17) for A*.

The conditions for when the compressor k works at its limit are
based on the dual variables p; and y; corresponding to inequality
constraints (9) and are derived in Appendix A.
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5.4. Comment on the solution

The expressions for the optimum mass flow rates derived in
this section have an analytic form. This is because the power
curves are quadratic functions of the mass flow rate. The deriva-
tion of the solution has made use of the gradient (Eq. (14)), but
the final analytic form enables a one-step calculation of the opti-
mum mass flows without the need to estimate the gradient. The
optimum mass flow rates can be calculated directly from the total
mass flow rate and the coefficients of the power curves.

6. Influence of degradation on optimisation

To analyse the influence of degradation on the optimal load
sharing, the objective function from Eq. (7) is reformulated using
Eq. (2):

T N
min Y3 (hi (Wi + ha(d)) (19)

t=1 i=1

where W, is calculated according to Eq. (1) and d is the values of
degradation over the horizon T. The constraints regarding the min-
imum and maximum flow are assumed independent of the degra-
dation and the compressor operates in the same range as in up
state. Similarly, the demand constraint is independent of degrada-
tion.

The influence of degradation on the solution of the optimisa-
tion problem with the objective function (19) will depend on how
the degradation functions hq(d) and h,(d) affect Eq. (2). In prin-
ciple, they have a two-fold influence on the power consumption,
because they can change the values of the parameters @, b;, and
C; in Eq. (13), as well as modify the functional form. Their role
will depend on whether degradation is factor-free of factor-based
as well as on whether the compressors have identical characteris-
tics.

6.1. Optimisation of identical compressors

Equation (15) confirms that equal load assignment is optimal if
compressors are identical, as it yields:

mj = % (20)
In particular, this means that if identical compressors are affected
in the same way by degradation, the equal load approach will re-
main optimal. In the rest of this paper, it is assumed that the com-
pressors are identical if there is no degradation, but degradation
affects each compressor to a different extent.

6.2. Factor-free degradation

Additive and multiplicative degradation functions h,(d) and
hi(d) affect the power consumption in two different ways and
therefore will have a different influence on the optimisation prob-
lem with the objective function from Eq. (7), and constraints from
Eq. (8) and Eq. (9). A summary of how the optimal flow changes if
the compressor is subject to degradation is presented in Table 1.

6.2.1. Additive factor-free degradation
Additive factor-free degradation is modelled with h;(d) =1 and
hy(d) expressed as:

ha(d) = 21)

with o > 0. This corresponds to a uniform degradation of i-th com-
pressor across the whole operating range:

VV,'P =W+ (22)
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Table 1
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The optimal value of the flow through the i-th compressor in period ¢ if the compressor
is subject to degradation and degradation does not affect the quadratic functional form of

the power characteristics.

Type of degradation

=% b with A* from Eq. (16) or (17)

. _
my = —5,

No degradation

Additive independent of the flow
Multiplicative independent of the flow
Additive and linear in the flow
Additive and quadratic in the flow

Ay = Gy, Eir = by

Ay = Gy, biL: by

ay = ﬂaitL bir = Bbie
Qie = aye, by = ot + byt
Qi = 01 + Qyr, by = bye

45
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Mass flow [kg s™1]

(a) Additive factor-free degradation

Power [MW]

45
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35
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25
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15

1&g

(c) Additive factor-based degradation - linear
function of the flow

Power [MW]

100 120 140 160 180 200 220
Mass flow [kg s™1]

45
40
35)
30}
25|

Power [MW]

20+

15
18y 100 120 140 160 180 200 220
Mass flow [kg s™!]

(b) Multiplicative factor-free degradation
45r
40
35+
30+
25+

Power [MW]

20+

15

%0 100 120 140 160 180 200 220
Mass flow [kg s™1]
(d) Additive factor-based degradation - quad-
ratic function of the flow

Fig. 4. Effect of medium (- -) and high (...) value of degradation on the power to run a compressor compared with the case without degradation (—) for four various types

of degradation.

where Wl.'t) is the power in degraded state. Additive degradation is
equivalent to shifting the objective function vertically, so o must
be expressed in Watts. An example is shown in Fig. 4a. This type of
degradation represents an increase of power consumption over the
whole operating range. This model was used by Xenos (2015) for
maintenance planning in a Norwegian compressor station.

The power consumption of a compressor is a quadratic func-
tion of the flow and additive degradation will change the value of
parameter Cj:

Wi = @emj + bymy; + i (23)
where
Cig = Cig + (24)

The optimal solution given by Eq. (15) to the load-sharing prob-
lems is independent of the value of ¢;. Thus, additive factor-free
degradation h,(d) will not change the solution of the load-sharing
problem. This means that the solution from Eq. (15) obtained in
Section 5 for a case without degradation remains valid if degrada-
tion affects the power in an additive way and is independent of
the mass flow.

6.2.2. Multiplicative factor-free degradation
Factor-free multiplicative degradation has the form:

hi(d) =B

with hy(d) = 0. The parameter 8 > 1 corresponds to scaling the
power to run the i-th compressor in up-state, W, by a certain
value 8 > 1 to obtain the power in degraded state, Wi't):

(25)

W = Bagmg + Bbymy + Bcy (26)

The multiplicative degradation function h;(d) is dimensionless.

The solution from Egs. (16) and (15) changes if one the com-
pressor is affected by the degradation function from Eq. (25). The
loads assigned in the multiplicative case are different than the
loads obtained in the additive case. The new values can be ob-
tained from Eq. (16) or (17) and (15) by setting @; = Ba; and
by = Bb.

The reason for this difference is that the multiplicative degrada-
tion affects parameters @y, b of the power curve W;, from Eq. (13),
and thus the gradient of the degraded power curve (W,.P)/ will
change:

We) = pW; (27)
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(c) Saving of extra power consumption obtained from optimal load sharing approach, as compared with

equal load approach and defined in Eq. (37)

Fig. 5. Demand (Fig. 5a) for the whole station and compressor head (Fig. 5b) over the period of 90 days, obtained from Xenos (2015) using software from Rohatgi (2018),
and the corresponding saving of extra power consumption (Fig. 5c). (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)

The gradient of the power consumption is used to calculate the
values of the dual variables as shown in Eqs. (16) and (17), and
in detail in Appendix A. An example is shown in Fig. 4b. How-
ever, multiplicative and factor-free degradation does not affect the
quadratic character of the power from Eq. (1). Therefore, the for-
mulas (16) and (15) obtained in Section 5 can be used to find the
flows if multiplicative factor-free degradation affects the compres-
SOr.

6.2.3. Additive and multiplicative factor free degradation

Degradation might also have a two-fold influence on the power
and include both the additive and multiplicative degradation func-
tions:

W = hy (d)Wi + hy(d) (28)

A combination of the additive and multiplicative degradation can
be seen as first scaling the power due to multiplicative degradation
function hq(d), and then shifting it up the vertical axis as per the
additive degradation h,(d). Shifting the power curves up does not

influence the solution, because it does not affect the derivative W'.
Thus, from the perspective of obtaining a solution, a compressor
subject to both additive and multiplicative factor-free degradation
can be treated as a compressor subject to multiplicative degrada-
tion.

6.3. Factor-based degradation

Additive factor-based degradation will shift the power curve up
the vertical axis similarly to the additive factor-free degradation.

Multiplicative factor-based degradation changes the optimisa-
tion problem, regardless of the form of the degradation function
hq(d).

6.3.1. Linear additive factor-based degradation
If the additive degradation function h,(d) is a linear function of
the flow, then h;(d) = 1 and:

hz(d) = 04 (29)
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with ag > 0. The parameter oo has dimensions of m? s2. In this
case, the power in degraded state becomes:

W = aiemj, + (bic + oto)mic + Cie (30)
with derivative with respect to the mass flow m;;:
(W) = 2a;mi + ato + by (31)

Thus the solution in Egs. (16) and (15) will be influenced, because
the coefficient of m; has changed. The new solution can be ob-
tained from Eq. (16) or (17) and (15) by setting by = g + bjr. An
example is shown in Fig. 4c.

However, additive degradation that is linear in the flow does
not affect the quadratic character of the power from Eq. (1).
Therefore, the formulas Eq. (16) or (17) and (15) obtained in
Section 5 can be used to find the flows if additive linear in the
flow degradation affects the compressor.

6.3.2. Quadratic additive factor-based degradation
If additive degradation is a quadratic function of the flow, then
hi(d) =1 and:

hy(d) = aym3 (32)

with o; > 0 in m? kg=! s~!. In this case, the power in the de-
graded state becomes:

WP = (ai + )m2 + biemye + cie (33)
with derivative with respect to the mass flow m;;:
(W,'It)), = 2(ay + o1 )My + by (34)

Thus the solution in Eqs. (16) and (15) will be influenced,
because the coefficient of m; changes. An example is shown in
Fig. 4d.

However, additive degradation that is quadratic in the flow does
not affect the quadratic character of the power from Eq. (1). There-
fore, the formulas obtained in Section 5 can be used to find the
flows if additive quadratic in the flow degradation affects the com-
pressor by substituting (W;)' in Eq. (16) by Eq. (34). The new
values can be obtained from Eq. (16) or (17) and (15) by setting
a; = ai + o and by = by.

6.3.3. Multiplicative factor-based degradation

Similarly to Section 6.3.1, if the influencing factors do not de-
pend on the flow, multiplicative factor-based degradation is equiv-
alent to multiplicative factor-free degradation. A degradation func-
tion hq(d) of any other form that depends on the flow would ne-
cessitate a new solution to the optimisation problem. For instance,
if the degradation of the i-th compressor on day t is a function of
the flow up to that day, hy(d) = f(m;;, ..., m;), the problem from
Eq. (7) would not be quadratic any more. The Lagrangian function
from Eq. (11) would change and a new solution would have to
be calculated. For the future, it would be useful to have more in-
dustrial data to examine the relationship between degradation and
mass flow.

A particular type of multiplicative factor based degradation is
given by:

hy (d, m) = 7%’2;1‘;)

where fi(m, d) can be a function of both mass flow and degra-
dation, including other influencing factors. The formulation from
Eq. (35) makes it possible to take into account degradation that
modifies the functional form of the power.

The multiplicative degradation from Eq. (35) might also intro-
duce a case when the scaling of the power curve is not uniform
with respect to the parameters q, b, c. Setting

(35)

aitm% + bymy 4+

hid) = 2

(36)
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where a; = k%, by = kPb, G, = k°c, k® # kP # k¢ rewrites the ob-
jective function from Eq. (2), but preserves the properties of a
quadratic optimisation.

In particular, the formulation from Eq. (36) corresponds to
a power curve which can be obtained in each period sepa-
rately. Cortinovis et al. (2016), Milosavljevic et al. (2016), and
Milosavljevic et al. (2020) implicitly used this type of degradation
functions to optimise the operation of a compressor station with
compressors in parallel.

6.3.4. Other types of degradation

Degradation that is a function of the flow such as a polynomial
of order higher than two, or a non-polynomial function, changes
the optimisation problem. In particular, the minimised function
from Eq. (7) might be no longer quadratic. If the objective func-
tion from Eq. (7) is not quadratic any more, it is still possible to
use the KKT conditions to solve the problem. However, the new
objective function might be non-convex and the solution might be
non-unique. In particular, this means that there are several assign-
ments of the flows to the compressors and the power consump-
tion in all these assignments would be identical. An investigation
of these matters is recommended for future work.

Furthermore, if a model of degradation is entirely unavail-
able, other approaches, such as modifier adaptation proposed by
Milosavljevic et al. (2020), can be used.

6.4. Synopsis of the influence of degradation

The solutions obtained in Section 5 indicate that the values of
the flows depend on the parameters G; and b; of the power ap-
proximation from Eq. (13). At the same time, the solutions are in-
dependent of parameter ¢; which indicates that the solution re-
mains the same if the value of ¢; changes. This is reflected in
Fig. 4a where both medium and high value of degradation shift
the power curve, but without distorting its shape. The solutions
are summarised in Table 1.

Degradation will affect the solution if it changes the parameters
@ and by. The equal load approach will not be optimal any more,
because the compressors will not have the same parameters of the
power characteristics and the flows obtained from the formulas
from Table 1 will depend on individual characteristics. If none of
the compressors is at its limit, the compressors with more signifi-
cant degradation are allocated lower flows to avoid an increase of
power. Conversely, undegraded compressors will get a larger value
of the flow to satisfy the overall demand, because their power con-
sumption is not affected by degradation.

The constraints regarding the minimum and maximum flow
will also affect the solutions. Therefore it is necessary to consider
whether degradation can force the compressors to work at their
limits. As presented in Fig. 4c-4b, degradation can also change the
steepness of the power curves, as measured by the gradient of
power with respect to the flow through a compressor. A change
of gradient can force a compressor to work on the limits, as indi-
cated in Section 5. A detailed analysis of the effects of gradients on
when the compressors work at the limits is done in Appendix A.

The optimisation assigns the flows in such a way that min-
imises the overall power consumption. This means that the extra
power consumption due to degradation will not be more than the
extra power consumption if loads are allocated equally. The actual
extra power will depend on the degradation of the compressors, as
well as on whether the compressors work at their limits.

The formulas obtained in Section 5 can be used to find a
solution to a problem with degrading compressors, if degrada-
tion does not change the quadratic functional form of the power
curves. If the power curves are not quadratic, the problem from
Section 4 has to be solved again.
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Table 2
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Cases considered for analysis of the influence of degradation on the objective function and the solution.

Independent of the flow

Dependent on the flow

Additive and Additive and Additive and neither
linear in the quadratic in the  quadratic, nor linear in
Additive Multiplicative flow flow the flow Multiplicative
Affects the value of the v v v v v v
objective function, and
may or may not affect the
solution
Affects the solution, but v v v

keeps the quadratic
character of the
optimisation problem
Affects the solution,
changes the character of
the optimisation problem

Table 2 summarizes the findings of this section classifying
degradation with respect to its dependence on the flow.

7. Case study

The optimisation results were applied to a realistic case study
with a compressor station with three compressors. The case study
used real industrial compressor maps and demand requirements.
This section demonstrates optimal load sharing for a compres-
sor station with three units when the compressors are subject to
degradation. To solve the optimisation problem with the objective
function from Eq. (19) it is necessary to obtain the power curves
for each head and degradation of each compressor. Each of the
compressors has the characteristics from Fig. 2 and thus its power
consumption is given by Fig. 3. Figure 5b shows the varying head.
It is assumed that all three compressors work at the same head.
Fig. 5a shows the demand, which is used to formulate the con-
straint from Eq. (8). The data for the demand and the head were
adapted from Xenos (2015) using software from Rohatgi (2018).
The current value of compressor degradation can be obtained using
the approach proposed by Zagorowska et al. (2020a). The values of
degradation used for the case study are described in Section 7.1.

The results from the optimisation are presented in relation to
the equal load approach using the formula:

WeL —Wor
WeL

where Wy, is the power in the equal load approach, and Wy, is the
power consumption in the optimisation approach. The indicator &
measures the relative difference between the power consumption
if equal load is used and if the optimal load sharing is applied.
Therefore, it quantifies the ability of the optimal load sharing to
mitigate the increase of power consumption due to degradation.

& =100 (37)

7.1. Degradation

It is typically assumed that degradation affects compres-
sors in a multiplicative way and is independent of the flow.
Examples can be found in works by Tarabrin et al. (1996),
Li and Nilkitsaranont (2009), Tsoutsanis and Meskin (2017),
and Zagorowska et al. (2020a) who presented degradation as
a function of time. In particular, Tarabrin et al. (1996) and
Zagorowska et al. (2020a) observed that degradation of compres-
sors usually increases until it reaches a certain value and then re-
mains constant. Meher-Homji and Bromley (2004) indicated that
the maximal value of compressors degradation can reach up to
20% in unfavourable settings. This case study analyses the influence
of multiplicative and factor-free degradation on the optimal load-

sharing if degradation has already reached a threshold and remains
constant. Four scenarios are considered:

Compressor 1 has degradation of 10%, Compressors 2 and 3 are
not degraded

Compressor 1 has degradation of 20%, Compressors 2 and 3 are
not degraded

Compressors 1 and 2 have degradation of 20%, Compressor 3 is
not degraded

Compressor 1 has degradation of 20%, Compressor 2 has degra-
dation of 10%, Compressor 3 is not degraded

7.2. Results - power consumption

Figure 5c¢ shows that the increase in power consumption can be
reduced by up to 0.8% if the optimal load sharing is used instead
of the equal load approach. This means that it is possible to min-
imise the extra power consumption of the compressors station by
adjusting the operating conditions only, without the need to per-
form maintenance activities. As indicated by Xenos et al. (2016c),
the power to run one compressor can be up to 40 MW, so a com-
pressor station with three compressors can reach 120 MW. In this
case, the optimal load sharing enables a saving of the extra power
of approximately 1 MW. A compressor optimization study done by
Xenos et al. (2016a) in an industrial air separation plant evaluated
savings in power consumption in the region of 0.8% as commer-
cially valuable and measurable.

7.2.1. Impact of the value of degradation

In particular, Fig. 5¢ shows that power saving of the optimal
load allocation relative to equal load allocation increases if the
degradation is large. For instance, the value of ¢ obtained if Com-
pressor 1 has 20% degradation (orange) is larger than the value of €
obtained if Compressor 1 has only 10% degradation (blue). This in-
dicates that by using the optimal load sharing, it is possible to mit-
igate the extra power consumption of significantly degraded com-
pressors.

7.2.2. Impact of differences in degradation between compressors

Figure 5c¢ indicates also that the differences between degraded
compressors and the undegraded compressors are of importance.
In particular, if Compressors 1 and 2 have both 20% degradation
(purple) the value of ¢ are larger than if Compressor 2 has only
10% degradation (yellow). This is because the flow assigned to a
compressor with 10% degradation is closer to the flow obtained in
the equal load approach than the flow assigned to a compressors
with 20% degradation. Therefore, the relative difference obtained
for one compressor will be smaller for 10% degradation.
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Fig. 6. Mass flows through Compressor 1 (C1), Compressor 2 (C2), Compressors 3 (C3) obtained from the optimal load-sharing approach, compared with the equal load
approach (EL) and minimal (—) and maximal (...) values in each day. (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)

However, on same days, for example on day 19 or 26, the value
of ¢ obtained if Compressors 1 and 2 both have 20% degradation
(purple) is smaller than if Compressor 2 has only 10% degrada-
tion (yellow). This is explained by analysis of the flows assigned
to the compressors (Fig. 6) in relation to the boundaries of the op-
erating range for each compressor. Degradation of Compressor 2
means that Compressor 3 is assigned a larger load, which can lead
to Compressor 3 hitting the upper limit. Therefore, Compressors 1
and 2 get a larger load than in the case without hitting the limit
by Compressor 3. In consequence, a larger degradation of Compres-
sor 2 leads to larger power consumption than if Compressor 2 has
smaller degradation.

7.3. Results - flows through compressors

Figure 6 shows that degraded compressors are assigned a lower
load if optimal load sharing is used than they would in the equal
load approach. This is because degradation increases the power to
run the degraded compressors (Fig. 4b), so it is better to assign
lower loads to prevent a large increase of power. Conversely, Com-
pressor 3 is assigned a larger value of the flow than in the equal
load approach.

10

7.3.1. Impact of compressors working at limits

However, the assigned flows are bounded from above (dotted
green) and from below (solid green). If a compressor works on
the limit, the value of & presented in Fig. 5c are small. This is
visible in Fig. 5c in days 11, 49, 65, 74, and 78. In particular, &
is close to zero on days 11 and 78, because all the compressors
work at their limits due to a high value of the demand on these
days. A value of & close to zero indicates that the power to run
the compressors is close to the equal load assignment when a
compressor is working at its limits. This suggests that the sav-
ings are the largest if the compressors are not working at their
limits.

If the compressors are often run at their limits, this might
prompt a decision to modify the structure of the compressor sta-
tion. For instance, to increase the load on the compressor least
prone to degradation, the compressor can be replaced by a ma-
chine with a larger throughput. Increasing the maximal flow m™maX
on the healthiest compressor would then make it possible to as-
sign a larger load to the healthy compressor, and in consequence, a
smaller load to the degraded compressor. Thus, the degraded com-
pressor would move away from its upper limit, even if the demand
is high.



M. Zagorowska, C. Skourup and N.E Thornhill
8. Discussion and conclusions

Compressors are subject to degradation due to time, use and
varying operating conditions, which results in an increase of power
necessary to run a compressor station. The paper proposed an op-
timisation model for load-sharing in a compressor station taking
degradation of compressors into account.

8.1. Discussion

The purpose of this paper has been to provide an integrated
framework to analyse the influence of degradation on the opti-
mal operation of a compressor station with compressors in par-
allel. This section discusses some potential practical issues.

8.1.1. Measurements needed

The optimisation framework in this work requires a model of
degradation and knowledge about the power consumption of the
undegraded compressors. The map of power consumption as a
function of mass flow rate can be kept up to date based on his-
torical data, as shown by Xenos et al. (2016a). Typically, the power
curves will be recalibrated using operating measurements of power
consumption and mass flow rate when the compressor is in good
condition after major maintenance.

The novelty of the framework proposed in the paper consists
in explicitly including degradation in the objective function. There-
fore, in addition the power curves, it is necessary to estimate the
current value of degradation. This value can be estimated using
the approach proposed by Zagorowska et al. (2020a), if degrada-
tion is assumed to be factor-free and dependent solely on time.
Conversely, if a model of degradation is not available, the power
curves of a system subject to degradation can be updated online
using the approach proposed by Milosavljevic et al. (2020).

8.1.2. Impact of measurement errors

If the power versus mass flow rate curves were to be cal-
ibrated using process measurements, then measurement errors
could potentially affect the predicted power. Moreover, the mea-
surement of degradation may also have errors, as discussed in
Zagorowska et al. (2020a). The power consumption predicted by
the optimizer might therefore be different from the actual power
consumption measured from the process. In a practical trial of the
proposed optimizer, it would be important when assessing the out-
come of the trial to show that the calculated power savings are
consistently greater than the error between the measured power
and the predicted power.

The influence of measuring errors can be analysed by reformu-
lating Eq. (13) as a linear function of the parameters a, b, and c for
a given mass flow m. Equation (13) can be rewritten as:

WV)=A"V (38)

where V =[a,b,c]" and AT =[m2, m, 1]. After calibration, there
could be an error AV = [Aa, Ab, Ac]" between the true and es-
timated values of the parameters a, b, and c, the mismatch AW(V)
between the measured and the actual value, if there is an error in
the i-th parameter, can be calculated as:

AWV) =W (V + AV) —W(V) =A' AV (39)

In particular, if only one parameter is affected, the mismatch at a
given points m can be obtained from Table (3). Conversely, if all
the parameters are affected in the same way relatively to the orig-
inal value, 49 = b = &€ — ¢ the error AV is given as g[a, b, c].
The differences arise from errors in measurement of power con-
sumption and mass flow rate. The mismatch from Eq. (39) can be

obtained as:

1
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Table 3
Error values.
a+ Aa b+ Ab c+ Ac
W+AW W4+ Aam?> W+Abm W+ Ac

For instance, if each parameter a, b, and ¢ has a possible error
of + 0.1%, i.e. ¢ = £0.001, the mismatch can be obtained as:

AW = £0.001W (41)

which is equivalent of a 0.1% mismatch in the power consumption.

8.1.3. Effect of degradation on the operating range of the compressor

The formulation in this paper assumed that the maximum and
minimum mass flow rates through the compressors depend on the
head, but do not depend on the severity of degradation. However,
as indicated by Bakken et al. (2002), degradation can affect the op-
erating range of a compressor. A change in the operating range
would then affect the constraints in Eq. (10), and in turn change
the solution. Bakken et al. (2002) show the surge line moves to the
left. Hence the lower constraint lines in Fig. 6 will be lower than
the undegraded case, and potentially there may be fewer instances
when the compressors work at their limits. A detailed examination
remains a topic for future work.

8.2. Conclusions

The optimisation model proposed in this work mitigates the
loss of performance of the compressor station by explicitly includ-
ing the degradation in the objective function and analysing its in-
fluence on the optimal solution.

The effects of degradation on the power consumption and
the optimal load-sharing depend on the type of degradation. In
particular, degradation due to fouling, which is a typical phe-
nomenon in industrial turbomachinery, will change the optimal
load-assignment.

The optimisation results were applied to a realistic case study
with a compressor station with three compressors. The case study
used real industrial compressor maps and demand requirements.
The mitigation of extra power consumption is largest if the com-
pressors work away from the limits. If the compressors are often
run at their limits, this might prompt a decision to modify the
structure of the compressor station, which makes the proposed
framework useful as an operating strategy as well as a decision
support tool.
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Appendix A. Solution of the optimisation problem

The Lagrangian function for the problem with the objective
function (7) and constraints (8) and (9) with T > 1 is:

T
> attmlt + bltmlt + Czt) +
t=1

™M=

i At (Z m; — Mr)

i=1

Il
—_

M=
T MH

N
(A1)

where Yy, Wi, Ae are called dual variables (Nocedal, Wright, 1999).
The value W/ is the gradient of the power W;; with respect to mass
flow my,:

Il
_

(A2)

1
The power to run a compressor in this work is assumed to be ap-
proximated by a quadratic function of the flow from Eq. (13), and
then:
W (my) = 2a;emye + by (A3)
The solution of Eq. (A.1) is considered from the perspective of
how the degradation affects the power from Eq. (2). In particular,
the relationship between the operating range, the demand, and the
load-sharing in degraded state is considered.
Two cases are considered:

» None of the compressors works at their limits which gives
;=0 and y; =

« A number k of compressors work at their limits which gives
/L}ft;AOand yjj;éoforje{l,z,...,lc}

It is also assumed that the demand does not require all the
compressors to work at their minimal and maximal limits. If M; =

N .

> m'", there is no flexibility in assigning the loads m. Similarly,
i=1

there is no flexibility if M; = Z mmax, so these cases are not con-

sidered.

Al. None of the compressors works at the limits

As none of the compressors are assumed at their limits, m}, #
mm‘n and mj, # mP® which means that the corresponding dual
varlables are zero, i} =0 and y; =0. The KKT conditions for

Eq. (A.1) become a system of NT + 1 equations with NT + 1 vari-

ables:

W/(mp) +1*=0 (A4a)
N

> my—M; =0 (A.4b)
i=1

The system of Eq. (A.4) can be solved by expressing all m} as
functions of A* from Eq. (A.4a) and substituting them in (A.4b).
Then:

W,

() /(52)

(A.5)

i=1
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X by
2a;

A2. Compressors work at the limits

If there is a number k of compressors working at their limits,
the KKT conditions can be written:

Wi (mje) + A — wje + yje = 0, for je{1,2,... . k- 1} (A7)

Wi (M) + A — e + Vie = 0 (A.7Db)

Wy(my) +A=0,forve{k+1,...,V} (A.7¢)
\4

> my —M; =0 (A.7d)
i=1

i (MP™ —mye) = 0 (A.7¢e)
Yie (Mye —mip*) = 0 (A7)

where the index j indicates the compressors working at the limits,
the index k indicates the compressor for which the conditions will
be derived, and the index v indicates unrestrained compressors, i.e.
compressors which work not at their limits. It is assumed for now
that k < N—1, so that there exist at least two compressors that
are not at their limits. The case with one compressor not at limits
is a special case and will be considered separately. The conditions
when the compressor k works at its limit can be derived as fol-
lows. Since a compressor is able to work only at one limit at the
time, the indicator y, shows which limit is active for which com-
pressor:

1 if m: = min
Vi =10 if mr _ ok (A.8)
{O if m3, = mp
Introducing:
Eit = —Yulbic + (1 =Y ) Vie (A.9)
in Eq. (A.7Db) yields:
Wi(m) + A" +&;=0,for je{1,2,....k—1} (A.10a)
Wi(mp) + A"+ &, =0 (A10b)
Equation (A.7d) can be rewritten as:
N—k N—k+1
(A1)

domi+ Y my —M =0
Jj=1 v=1

which is an equation with N — k + 1 unknown variables m,. Com-
bining Eq. (A.11) with Eq. (A.7c) gives N —k+ 1 equations with
N —k +1 variables that can be used to find the values of m}; and
A*. In particular, Eq. (A.7d) yields:

A= Wy () (A12)
Inserting Eq. (A.12) in (A.10b) and solving for &, yields:

Eie = —WL (M) + Wy (miy) (A13)
Equation (A.13) gives:

Wi = Wi (mg,) —Wy(m3,) >0 (A14)
if the compressor k works at its minimal limit mj, = m}}t““ and

Vi = W, (my) + W, (m3,) > 0 (A15)
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if the compressor k works at its maximal limit my, = mp}®*. There-
fore, the compressor k will work at its boundary depending on the
relationship between the gradients. For instance, for Eq. (A.14) to
be a valid solution for uj,, the inequality must be fulfilled:

Wi (myg) = Wy () (A16)

Therefore, the compressor k will work at its minimal bound if the
gradient of its power curve at m}(“i“ is larger than the gradient of
the power curve of an unrestrained compressor v at its value ob-
tained from Eq. (A.11) with Eq. (A.7c).

From Eq. (A.7¢), it is obtained that for any vq, v, € {k+1,..., N}

(A17)

Therefore, the condition from Eq. (A.16) holds for all ve {k+
1,...,N}.

The case with one compressor not at limits is a special case for
certain values of demand, depending on Eq. (A.11):

Wu/l (m’élr) = Wﬁz (m;ﬁz[)

N-1
My =M =y mj, (A18)
j=1

If m‘,{,‘ti" < my, <my*, then the corresponding uy, and yy, are
zero and the problem can be solved to obtain Eq. (A.19) and (A.20):
e (M) >0

Mg = Wk/t (m) — (A19)

if the compressor k works at its minimal limit mj, = mgi“ and
(A.20)

if the compressor k works at its maximal limit my, = mpg¥. If
the compressor N is forced to work at its limits for M;, then the
corresponding parameter uy, or yy, will be different than zero.
Nocedal, Wright, 1999 indicates that in that case there will be in-
finitely many values of A* that satisfy Eq. (A.7).

Equation (A.7) gives N equations with N + 1 variables

Y = Wy (mye) + W, (m5,) > 0

Wi(m3) + A" +&; =0, for je{1,2,....N}\ {k} (A.21a)

W (m;)+A1*+&,=0 (A.21b)
Equation (A.21) has infinitely many solutions of form:

A=W (my,) — & (A.22)

and

£ = Wy (miy) — W) () + e (A23)

where &, is treated as a parameter. Taking into account that Wi >
0, Yii > 0, iy, > 0, ¥ > 0 yields the conditions for wj, and y,::

e € (Wi (myy) — W(mi), W (mi,) — W, (m3,,) (A24)
and
Y € (Wy (mi) — Wy (mjy), Wy (miy) — W (m,) ) (A25)

where index w denotes compressors working at their maximal lim-
its and index u denotes compressors working at their minimal lim-
its.
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