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Abstract

From water boiling to the behaviour of magnets, the world around us is often described using the language

of Effective Field Theory. This powerful framework is often employed to model a system in terms of its low

energy degrees of freedom without much thought being given to the higher energy origins of the model. In

this thesis we shall attempt to turn this idea on its head by constructing effective theories by beginning

from the high energy theory and then arriving at the low energy description. Our main aim shall be to

address this issue in the context of deriving the EFT of perturbations around a background solution of

Type IIA Supergravity given by Crampton, Pope and Stelle that involves the non-compact hyperbolic space

H2,2. Studying the subject of EFTs in the context of Type IIA Supergravity presents it’s own challenges as

this theory exists in ten spacetime dimensions, whilst our observed universe is four dimensional. We shall

present how to address this issue of dimensional mismatch using Kaluza-Klein methods and discuss aspects

of the resulting lower dimensional field with an eye towards achieving lower dimensional diffeomorphism

invariance. This treatment shall lead us to the conclusion that a previously undiscovered Stueckelberg field

must be accounted for and dealt with if one is to appropriately understand the lower dimensional theory.

We also exhibit a generalisation of the solutions of Crampton, Pope and Stelle to include time dependence.

Such solutions may have applications to cosmological models.
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Conventions and abbreviations

Greek letters µ, ν, . . . shall denote indices in a coordinate basis and Latin letters a, b, . . . shall denote

abstract indices. Expressions involving abstract indices are valid in any basis.

We work, mostly, with Lorentzian metrics which we choose to have signature

(−+ . . .+).

The Christoffel symbol is defined by

Γµνρ =
1

2
gµσ
(
∂νgσρ + ∂ρgνσ − ∂σgνρ

)
.

For covariant derivatives we choose

∇µXν = ∂µX
ν + ΓνρµX

ρ .

Our Laplacian is defined by

∇2 = gab∇a∇b .

For curvature tensors we take the definition

R(X,Y )(Z) = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,

which, in a coordinate basis, reads

Rµνρσ = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓτνσΓµτρ − ΓτνρΓ

µ
τσ .

For the associated Ricci tensor we adopt the convention

Rab = Rcacb .

When using differential forms we use the following conventions

ω =
1

p!
ωµ1...µpdx

µ1 ∧ . . . ∧ dxµp ,

dω =
1

p!
∂νωµ1...µpdx

ν ∧ dxµ1 ∧ . . . ∧ dxµp ,
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ω ∧ η =
1

p!q!
ωµ1...µpην1...νqdx

µ1 ∧ . . . ∧ dxµp ∧ dxν1 ∧ . . . ∧ dxνq ,

∗ω =
1

(n− p)!p!
εµ1...µn−pν1...νpω

ν1...νpdxµ1 ∧ . . . ∧ dxµn−p .

Here and throughout this work ε denotes the Levi-Civita tensor with

ε12...n =
√
|g| ,

while ε̃ is the alternating symbol with

ε̃12...n = ε̃12...n = 1 ,

unless explicitly stated otherwise.

Symmetrisation and antisymmetrisation are done strength one so that

A(a1...ap) =
1

p!

∑
σ∈Sp

Aaσ(1)...aσ(p) ,

A[a1...ap] =
1

p!

∑
σ∈Sp

sgn(σ)Aaσ(1)...aσ(p) .

N0 denotes the natural numbers including zero and N = N0 \ {0}.

For Clifford algebras we use the convention

{eµ, eν} = 2ηµν .

We also use the abbreviations B&E and CPS to refer to [4] and [17] respectively.
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1 Introduction

The twentieth century saw one of the most prolific periods of research in the area of theoretical physics,

with the advent of the Theory of Relativity, in both its Special and General forms, and the discovery of

Quantum Mechanics. These two theories have formed the pillars upon which approximately a hundred years

of research has been based. Both have successfully passed numerous experimental tests, leading to these,

once theoretical formalisms, being firmly accepted into the realm of real world physics. Aside from the

experimental success of these theories they’ve also redefined how we understand the universe itself. All three

of these theories fly in the face of the classical theory of Newtonian mechanics, with the theory of Special

Relativity forcing us to abandon the notion of absolute time and replace the view of space and time as being

distinct with the idea that they’re a single entity, which leads us to the concept of spacetime. Quantum

Mechanics compels us to take a non-deterministic viewpoint of the world at, and below, the atomic scale,

while the lessons of General Relativity are no less drastic as we are led to conclude that gravity is not a force

at all. Instead it should be considered as a manifestation of the underlying geometry of the spacetime on

which we live. Aside from the shift in the paradigm of understanding of the physical world the introduction

of these theories also altered the mathematical language used by physicists who, in light of this new world

view, needed to incorporate the areas of abstract algebra and geometry into their repertoire.

However the physicists of the twentieth century weren’t finished quite yet as they proceeded to combine

the theory of Special Relativity with Quantum Mechanics into the formalism known as Quantum Field

Theory (QFT). Armed with QFT the late twentieth century saw the construction of the Standard Model

of Particle Physics (SM), which became complete in 2012 after the discovery of the Higgs boson. The

SM, currently, represents the most thoroughly tested theory ever constructed and accounts for the Strong,

Weak and Electromagnetic forces of nature in one consistent framework. Yet despite all of its successes the

Standard Model is known to be an incomplete theory of nature, for one thing it has a very large gravity

shaped hole in it!

We might hope that the union of General Relativity and Quantum Mechanics might overcome this issue.

However, naively quantising General Relativity, as a field theory, leads to many issues. Principle amongst

these is that the resulting theory is non-renormalisable, meaning that the introduction of a finite number of

modifications to the theory, in the form of counter terms, isn’t enough to render its predictions for physical

quantities sensible. This seems to be a sticking point, as we’d expect that, at some scale, the effects of a

quantum theory of gravity will take over1 from the General Relativistic behaviour displayed at larger scales.

1For example, as we approach the Planck scale.
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Many options for providing a harmonious union of these two subjects have been proposed, but in this

thesis we shall follow the route provided by String Theory. String Theory is a fascinating subject where

the point particles of classical field theory are replaced by one dimensional objects called strings. This one,

seemingly innocuous, change sets in motion a collection of events that leads us to a theory that not only

includes a quantum version of gravity, that in some limit reproduces General Relativity2, but also provides

mechanisms for introducing non-abelian gauge theories, of the type found in the standard model, into the

game3. It may seem that String Theory is the answer to all of our problems. However, it comes along with

its own issues. Phenomenologically the most pertinent amongst these are the requirement for us to deal with

spacetimes with ten or eleven dimensions and the prediction of a large number of extra particles, both of

which have not been observed experimentally.

We can mitigate the unobserved particles by taking a limit of the theory in which most of these additional

particles become extremely heavy, thus becoming unobservable at the energies currently accessible to us.

Taking such a limit is in fact how the connection between String Theory and Supergravity is best understood.

While this limit may allow us to get around the plethora of unobserved particles it still leaves us with the

issue of extra dimensions to deal with. This could been seen as a great weakness of the theory. However,

if viewed in another light, it can be seen as one of the greatest sources of richness within the area. This

richness relies upon the resurrection of ideas due to Kaluza [65] and Klein [66] whereby higher dimensional

theories can be rewritten in such a way so as to appear as lower dimensional theories. In the usual setup

the overall spacetime manifold Md is assumed to have the topological structure Md = Mn ×Kd−n where

Mn, usually, represents our universe and Kd−n is some compact space. The compact space comes with an

associated characteristic length scale, lc, and if this is made small enough then the space is undetectable by

current experiments. As we’ll see in this Section, a further aspect of the Kaluza-Klein setup is that higher

dimensional fields have their dependence on the compact space expanded in the form of a generalised Fourier

expansion. This expansion leads to the appearance of masses for the lower dimensional fields which are, in

general, separated from each other by mass steps that are proportional to 1
lc

. Hence another consequence

of the compact space being assumed to be small is that these masses become extremely large, and so from

an Effective Field Theory (EFT) point of view only the lightest of modes, which are often massless, are

relevant to the lower dimensional physics4. The richness of Supergravity is now owed to the vast range of

different choices of Kd−n one has available, meaning that from one higher dimensional theory we can receive

2Well, it’s really an extension of General Relativity to include supersymmetry which results in a theory called Supergravity.
3Whilst this sounds very promising, we should emphasise that, to date, there has still not been an explicit construction of

the Standard Model within String Theory.
4This very terse treatment wilfully disregards the issue of consistency of truncations in Kaluza-Klein approaches to theories.

We’ll have much more to say on this subtle issue later on in this Section.
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a wide range of lower dimensional EFTs. This procedure of embedding lower dimensional theories into higher

dimensional ones is itself desirable as the forms of these higher dimensional theories are highly constrained.

As a result the Kaluza-Klein procedure leads to a small number of higher dimensional theories5 from which a

vast landscape of lower dimensional theories and EFTs can be obtained. One of the hopes of this embedding

of theories into String Theory is that they, in some sense, inherit its seemingly very agreeable ultra-violet

behaviour, which is yet to show any divergences.

We shall take a different approach in this thesis as, instead, we’ll be interested in Kaluza-Klein theory

in the case where the space Kd−n is non-compact. Given our previous discussion this may seem highly

non-physical and appears to lead us into a whole lot of trouble. Firstly, we obviously only observe four large

spacetime dimensions, and now we’d seemingly perceive additional ones. In addition to this we were able to

develop an EFT description in the previous case, allowing us to ignore many of the fields in the expansion of

higher dimensional fields, by making the compact space small enough, but now this clearly isn’t an option.

The first of these issues can, in some sense, be circumvented by considering the universe we occupy to be

a four dimensional surface embedded in a higher dimensional spacetime. We then require a mechanism to

localise the fields present in the lower dimensional theory, coming from the Kaluza-Klein expansion of the

higher dimensional fields. Localisation in this context is required as the higher dimensional theory involves,

at the level of the action, an integral over the higher dimensional spacetime manifold which includes the

non-compact direction. Without a localisation mechanism this portion of the integral, which contributes

to couplings in the lower dimensional EFT, will lead to results that are highly undesirable, for example

the vanishing of the lower dimensional Newton’s constant. Localisation is also required to ensure that the

existence of large extra dimensions is not in conflict with experimental results, such as, but not limited to,

the observed 1
r2 force law of Newtonian gravity. Assuming localisation can be achieved, we still have the

issue that, in general, traditional EFT methods will fail because the spectrum of lower dimensional fields

will, usually, be continuous, unlike in the case of a compact Kd−n where the characteristic scale lc provides

a natural separation of scales. This means there’s, often, no sensible way to construct an EFT. One way

this issue can be tamed is if the mass spectrum of the lower dimensional theory exhibits a mass gap as this

provides the separation of scales required to render EFT methods admissible.

Models where our universe is taken to be a subsurface embedded in a higher dimensional spacetime with

more than four non-compact directions often go under the name of braneworld models. This name derives

from the original model of Randall and Sundrum [88] where localisation of gravity was achieved by using

5Which, from a String Theory point of view, are all related by duality symmetries.
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a four dimensional brane embedded in a five dimensional spacetime. This model overcame all of the issues

present with having an additional extended extra dimension. For example, the leading contribution to the

four dimensional Newton’s law potential was the expected 1
r , in spite of the fact that the theory actually

has a continuous spectrum of gravitons starting at zero mass, it should be noted that this continuum is

separated from the lowest mass mode by a mass gap. So, whilst this model is extremely successful, it does

require one to deal with the full collection of Kaluza-Klein modes of the graviton in order to show that these

lead to subleading corrections. Interestingly the Randall-Sundrum braneworld model can be embedded in

to ten dimensional Type IIB Supergravity [35].

The Randall-Sundrum model, whilst having many remarkable properties, is built using relatively simple

and well understood components. These include branes, which are reasonably well understood in both String

Theory and Supergravity, extra dimensions, on which there is a vast literature, and Kaluza-Klein theory.

Over the years since its introduction into the literature the subject of braneworlds has seen a number of,

increasingly sophisticated, models arise [2, 33, 70, 79]. However, whilst progress has been made, the subject

remains difficult owing to the need for appropriate localisation mechanisms, which have proven hard to

realise in a tractable manner.

As emphasised in the Randall-Sundrum case, a careful analysis of the lower dimensional graviton spectrum

about a particular background solution is crucial in any attempt to develop a braneworld model. Particular

care must be paid to the functional dependence of the graviton modes, interpreted as Kaluza-Klein modes

of a higher dimensional graviton, on the directions transverse to the subspace which is to be interpreted

as our universe. Fortunately, for a wide class of physically desirable backgrounds, a great deal of progress

has been made in understanding the lower dimensional graviton spectrum [4, 19]. Particular focus has been

devoted to understanding the allowed transverse dependence of the gravitons6. Interestingly detailed analysis

shows that, under a certain collection of assumptions7, the graviton spectrum can be determined entirely in

terms of geometric quantities of the background without requiring knowledge concerning the specific matter

content of the theory. However, despite strides being made in analysing the gravitational spectrum, the

issue of requiring a localisation mechanism, which leads to sensible four dimensional physics, still has to be

overcome.

In this thesis we shall predominately focus on the background solutions of Type IIA Supergravity provided

by Crampton, Pope and Stelle (CPS) [17]. Building on work that considered Supergravity theories reduced on

6This is often called the transverse wavefunction of a graviton as the problem can often be rephrased as a Schrödinger like
problem.

7Which shall be reviewed and considered further in Section 2.
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the non-compact inhomogeneous hyperboloidal spaces Hp,q [20, 21] CPS were able to embed the Mink4×S2

solution of Salam and Sezgin [91] into Type IIA Supergravity. From this higher dimensional viewpoint the

solution was identified as a particular instance of a brane resolved by transgression [22, 69]. This insight led

to the discovery that the lifted Salam-Sezgin solution is in fact just one member of a family of solutions.

The family was found to be parametrised by two parameters, one of which corresponded to the charge of an

NS5-brane located within the geometry, which acts as a source for the system. The Salam-Sezgin solution

was found to correspond to the case where the NS5-brane has zero charge and decouples from the system.

The remarkable property of the CPS family of solutions is that the graviton spectrum has a single massless

bound state, which one wishes to interpret as a graviton in the lower dimension, that is separated from

a continuum of massive graviton modes by a mass gap. The height of the mass gap is specified by two

parameters arising in the CPS solutions. Further to the existence of this mass gap, the bound state has a

transverse wavefunction that ensures localisation occurs. It’s the combination of these features that makes

the CPS system appealing from a braneworld model building perspective.

The existence of a mass gap in the CPS system leads to a separation of the massless graviton from the

Kaluza-Klein tower of massive gravitons which allows for a treatment of the system using the powerful tools

of EFT methods8. As with any EFT only the low energy degrees of freedom, which have energies below the

scale set by the mass gap, are to be included. Any high energy degrees of freedom will have been integrated

out to arrive at the EFT. It is the construction of an EFT for the massless graviton that will be the central

endeavour of this thesis. We shall take a top down approach to this EFT by beginning in ten dimensions

and then performing various manipulations, detailed in the main body of this work, to attempt to arrive at

a four dimensional EFT. Of particular interest shall be understanding how four dimensional diffeomorphism

invariance manifests from its ten dimensional parent symmetry.

With all of the difficulties associated with having large extra dimensions the reader may ask why we

should get involved in discussions of such configurations. From a classification point of view such solutions

can be shown to lie within the space of solutions to Supergravity theories, and so if we’re to understand this

space we will eventually have to confront braneworld models. Another view point, which seems apt at the

time of writing, is that such spaces avoid the powerful no-go theorems concerning the non-existence of de

Sitter vacua in Supergravity theories, [50, 71] and more recently [90], as all assume compact internal spaces.

Hence as braneworld models fall outside of the domain of applicability of these no-goes they appear to be

an interesting place to go hunting for models where universes like our own may exist.

8For an introduction to this subject we recommend the reader consult the excellent review [10].
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The outline of the rest of this thesis is as follows:

• In the remainder Section 1 we shall provide an introduction to Einstein gravity, in particular paying

attention to its interpretation as a field theory of a spin-2 field as well as the presence of potential

boundary actions. We shall then introduce the notion of supersymmetry and see how, when combined

with Einstein gravity, this leads to theories of Supergravity. Various aspects of Supergravity theories

will be presented with particular emphasis being given to branes and Kaluza-Klein theory.

• Section 2 will cover the problem of finding the graviton spectrum about a class of backgrounds contained

within the class discussed in [4], with particular interest being paid to how the inclusion of a traceful

perturbation affects the transverse wavefunction problem.

• In Section 3 we shall introduce, in detail, the CPS system and provide a first naive attempt at the

construction of the EFT. We shall comment on how this doesn’t lead to a system with an obvious

lower dimensional diffeomorphism symmetry.

• The failure of lower dimensional diffeomorphism symmetry to emerge will lead us to reconsider the

way in which perturbations to the CPS background are performed in Section 4. Insights gained from

this will lead us to propose a modification to the perturbation problem, and hence the spectrum of the

problem, that will cure the issues present with previous approaches allowing for the chance to realise

four dimensional diffeomorphism symmetry.

• Then in Section 5 we shall apply the lessons learnt in previous Sections and provide a simplified example

of the process we believe is required in order to appropriately construct a lower dimensional EFT that

can display, in some manner, an analogue of higher dimensional diffeomorphism symmetry.

• We shall then change pace and look at a class of solutions, based on the CPS family, that may be of

cosmological interest in Section 6. We shall demonstrate that the time dependent solutions obtained

in this Section also localise gravity.

• Finally in Section 7 we shall provide a summary of the work undertaken, outline work that still needs

to be completed, and consider possible future directions that should be explored.

1.1 Einstein gravity and the spin-2 field

General Relativity (GR) provides a beautiful example of the intimate relationship between geometry

and physics9. From studying GR we learn that our universe should be considered as a spacetime, which

9Sadly this won’t be the focus of this Section however excellent accounts of this can be found in [12, 101].
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mathematically translates as a manifold10 equipped with a Lorentzian metric. The mathematical domain

of manifolds and metrics is that of differential geometry. If we follow this approach to GR we arrive at

the picture that gravity is just a manifestation of the geometry, encoded in the choice of metric, of our

spacetime. Owing to its construction using the language of differential geometry GR possess invariance

under diffeomorphisms11, often stated in the physics literature, in a more local form, as invariance under

general coordinate transformations.

However, there exists another approach to GR in which it is modelled on a field theory. In this context it

is considered about a fixed background spacetime and diffeomorphism invariance arises as a gauge symmetry.

Whilst this field theoretic approach to GR obscures the geometric perspective it brings sharply into focus

similarities with gauge theories, such as Yang-Mills theory12, and also provides a way to address the question

of quantising gravity using QFT methods.

Interestingly, it can be shown that the field theoretic approach to GR is in fact, if followed through to

its conclusion, equivalent to the geometric approach [31]. It shall be our goal, in what follows, to give an

account of how this occurs with an emphasis on the role of diffeomorphism invariance. However, before

embarking on this task, we shall begin by reviewing the dynamics of Einstein’s theory and it’s formulation

as a variational problem.

As previously stated, the geometric approach to GR involves taking a pair (M, g), with M a manifold

and g a Lorentzian metric13, along with a collection of matter fields Φ, where possible indices on the matter

fields are suppressed. As opposed to pre-GR physics the metric is now a dynamical field and hence a priori

isn’t determined. Instead, the form it takes is now dynamically determined by the Einstein equation

RMN −
1

2
gMNR+ ΛgMN = κ2TMN (Φ, g) . (1.1)

Here N ∈ {1, ..,dimM = d}, RMN is the Ricci tensor of the metric, R is its associated Ricci scalar, Λ ∈ R is

the cosmological constant, TMN is the usual Hilbert energy momentum tensor of the system and κ2 = 8πG

is a way of writing Newton’s gravitational constant. This equation encompasses one of the key insights of

GR, namely that matter and energy induce curvature of the spacetime manifold.

10Throughout, unless stated otherwise, all manifolds are assumed to be smooth manifolds.
11Recall if M and N are manifolds then a diffeomorphism is a map f ∈ C∞(M,N) that has a smooth inverse. Here C∞(M,N)

is the set of smooth maps from M to N .
12This can be seen in the geometric picture if one takes a geometric approach to the subject of curvatures as detailed in

Appendix B.
13Often when referring to GR authors take the, real, dimension of M to be four, however in this thesis when we refer to GR

we shall keep this dimension arbitrary.
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As with any equation of motion it is desirable that (1.1) be obtainable from an action principle, as this

can aid us in formally attempting to quantise the theory via path integral methods. In order to make our life

slightly easier we shall consider the case of (1.1) where Λ = 0 and where there are no matter fields present,

meaning TMN = 0, this is often referred to as the pure gravity system. Fortunately, the action principle

required is the well known Einstein-Hilbert action

SEH [g] =
1

2κ2

∫
M

R ∗ 1 . (1.2)

Where ∗ is the Hodge star associated to the metric g. If we take a local chart, (U,ϕ), on M , with local

coordinates xM , then in this patch (1.2) becomes

SEH |ϕ(U)[g] =
1

2κ2

∫
ϕ(U)

ddx
√
−gR , (1.3)

with ϕ(U) ⊂ Rd and g = det(gMN ). We can now perform a variation of the metric in (1.3) and show that,

with standard calculations, see for example [101], the variation of our action takes the form

δgSEH =
1

2κ2

(∫
ϕ(U)

ddx
√
−g δgMN (RMN −

1

2
gMNR) +

∫
ϕ(U)

ddx
√
−g ∇PV P

)
,

V P = gMNδΓPMN − gPQδΓMQM , (1.4)

where we have varied the inverse metric, as this is the simpler calculation, and ∇M is the covariant derivative

associated to the Levi-Civita connection of the metric. The first of the terms in this variation is precisely the

specialised form of (1.1) we were seeking, however the second term isn’t something we want. We can see this

second term involves the variation of the Christoffel symbols, details of which are given in Appendix A. The

presence of this term means that, even when the Einstein equations hold, δSEH 6= 0. As such, we haven’t

yet achieved our goal of extremism the action. To begin with we note that the offending term is a total,

covariant, derivative, and hence it’s a boundary term. This might give us hope that imposing boundary

conditions on our variation will eliminate it.

If we select the commonly used class of conditions δgMN = 0 on our boundary, ∂M , then we can

investigate this claim. In this case if we use

δΓPMN =
1

2
gPQ(∂MδgQN + ∂NδgMQ − ∂QδgMN ) , (1.5)
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then the second term in (1.4) becomes

∫
ϕ(U)

ddx
√
−g ∇PV P =

∫
∂ϕ(U)

dd−1y
√
|γ| nP (gMN (∂MδgPN − ∂P δgMN )) , (1.6)

where we’ve assumed a portion of the boundary is included in our patch and then used the divergence

theorem. In this expression ym are coordinates on the boundary, m ∈ {1, .., d− 1}, nM is the unit normal to

the boundary, γMN = gMN ±nMnN is the transverse metric with the sign corresponding to if the boundary

is timelike (-) or spacelike (+) and γ = det(γmn) with γmn the induced metric on the boundary14. If we

substitute gMN = γMN ∓nMnN and use that the the boundary term in (1.6) is antisymmetric on M and P

then we obtain

∫
ϕ(U)

ddx
√
−g ∇PV P =

∫
∂ϕ(U)

dd−1y
√
|γ| nP γMN (∂MδgPN − ∂P δgMN ) .

We now note that γMN∂MδgPN is the derivative of the variation parallel to the boundary. As such our

boundary conditions ensure the contribution of this term is zero. However the second term involves a

normal derivative and hence the boundary conditions can’t cause it to be zero as the variation only vanishes

on the boundary and this normal derivative peaks back into the bulk of the spacetime. So the variation (1.4)

subject to the boundary conditions δgMN |∂M = 0 is

δgSEH =
1

2κ2

(∫
ϕ(U)

ddx
√
−g δgMN (RMN −

1

2
gMNR)−

∫
∂ϕ(U)

dd−1y
√
|γ| nP γMN∂P δgMN

)
, (1.7)

hence, even when the Einstein equations hold, the variation of the action is not zero, even subject to a choice

of boundary conditions. This may not worry us, but a variational principle is only considered to be well

posed if its variation vanishes on solutions [38].

We could just make peace with the fact that our variation is not giving an extremum of the action, which

is highly defeatist, or we could look to modify the starting action, (1.3), in such a way that we ensure that

the final term in (1.7) vanishes subject to our choice of boundary conditions. We know that the term we

wish to add only has to affect the boundary value in the variational problem and so from a bulk point of view

it won’t affect the dynamics. This ensures we retain the Einstein equation as the Euler-Lagrange equation

of our variational principle. There are many modifications one could possibly make, and so it might seem

14Recall if we have a boundary then we can locally specify it by a relationship xM (ym) of bulk and boundary coordinates.
Then the induced metric on the boundary is just the standard pullback of the spacetime metric which is given by γmn =
∂xM

∂ym
∂xN

∂yn
gMN . Since ∂xM

∂ym
is transverse to the normal nM of the boundary we can see, that on the boundary, γmn =

∂xM

∂ym
∂xN

∂yn
γMN thus showing us that the transverse metric is just an extension of the boundary metric into the bulk of the

spacetime.
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hard to find one that does the job we need. Fortunately, the work has already been done for us and the fix

is the famous Gibbons, Hawking, York (GHY) term [51, 108]

SGHY [g] =
1

κ2

∫
∂M

K ∗h 1 , (1.8)

where ∗h is the Hodge star of the induced metric and K = gMN∇MnN = γMN∇MnN is the trace of the

extrinsic curvature of the boundary. The second equality arises as nM is the unit normal to the boundary

so nN∇MnN = 0. If we consider this term locally in our patch we find that the GHY boundary action takes

the form

SGHY [g]|∂ϕ(U) =
1

κ2

∫
∂ϕ(U)

dd−1y
√
|γ|K . (1.9)

Now considering the variation of the GHY action under a variation of the spacetime metric we only have to

calculate the variation of K, since δ(
√
|γ|) = 0 due to our choice of boundary conditions for the variation

δgMN , which is

δK = −γMNδΓPMNnP =
1

2
nP γMN∂P δgMN ,

giving us

δgSGHY [g]|∂ϕ(U) =
1

2κ2

∫
∂ϕ(U)

dd−1y
√
|γ|nP γMN∂P δgMN , (1.10)

which is exactly the same as the term that occurs in (1.7) but with the opposite sign. This suggests that we

consider the new action

S[g] = SEH + SGHY , (1.11)

whose variation is

δgS|ϕ(U) =
1

2κ2

∫
ϕ(U)

ddx
√
−g δgMN (RMN −

1

2
gMNR) , (1.12)

which vanishes if the Einstein equation holds.

This process, whilst not directly used in this form in the rest of this thesis, teaches us a valuable lesson. We

seem to have learnt that, once boundary conditions are selected, it can often be useful to modify our starting

action, by boundary terms, in order to obtain a system with more desirable properties under variations.

Further modifications may be made to our starting action if we desire other properties. One example of this

is we may wish for action to be finite when evaluated on solutions of the Einstein equation.

Equipped with an understanding of boundary terms and the importance of boundary conditions for

variations we can address the real goal of this Section and introduce the field theory description of gravity.
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Often the subject is first encountered in the context of gravitational perturbation theory where we expand

our metric around a flat background

gMN = ηMN + hMN , (1.13)

with ηMN the Minkowski metric and hMN a fluctuation of the geometry. One can then proceed to expand

the various curvature tensors appearing in (1.1), where Λ = TMN = 0, and develop equations of motion

for fluctuation or to expand (1.3) to develop an effective action for the fluctuation. These two methods of

performing gravitational perturbation theory are detailed in Appendix A. Both methods rely on the fact

that the full non-linear theory of gravity is already known and hence we can just expand about a particular

background and consider our fluctuation as a field on a fixed background of our choice. This allows us to

develop a field theory of hMN which is often referred to as the spin-2 field15.

However, we might instead consider what would happen if we didn’t know the full non-linear theory of

GR, then we can’t just cheat and expand this using (1.13), or an analogue about a curved space, in order

to develop a field theory for our spin-2 field. So we might ask if there’s any way to develop the field theory

from scratch. We know that we want the theory to be built on the symmetric field hMN and this field

should represent the graviton field and hence it should be massless, but beyond this we have little to guide

us. Fortunately, the demand of the field being massless perks us up as we know of another massless field,

the Maxwell, or spin-1, field. In the case of a Maxwell field we know that the lack of appearance of a mass

term in the theory isn’t a neat coincidence but in fact points to the existence of a gauge symmetry, which

forbids the occurrence of such a term, within the theory. This leads us to ask if the same could be true

for our spin-2 theory? We could attempt to look for such a symmetry, but remember we have the answer

already. So lets cheat once more, we know if we perform an infinitesimal diffeomorphism along the flow of a

vector field X then (1.13) transforms, up to linear order in X, as

gMN → g′MN = gMN + 2∂(MXN) + LXhMN . (1.14)

Here ∂(MXN) denotes that we take the strength one symmetric part and LX denotes the Lie derivative along

X. Since diffeomorphisms are the gauge symmetry of GR two metrics related by a diffeomorphism lead to

physically equivalent spacetimes. Hence, in light of (1.14), it seems sensible to conjecture that hMN and

h′MN = hMN + 2∂(MXN) , (1.15)

15This name arises because, in four dimensions, representations of the proper Lorentz group, SO(1, 3), are characterised by
the eigenvalues of two Casimir operators which correspond to spin and mass.
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define equivalent theories of the spin-2 field, thus showing our theory should be a gauge theory, with (1.15)

being its gauge invariance, at least at linear order in X and hMN . Note we’ve dropped the LXhMN term.

We shall see this term has consequences later on when we come to considering an interacting theory, but for

now we can ignore it. It’s the symmetry (1.15) that we hope will disallow the mass term in our theory.

The first authors to consider the relationship between massless spin-2 fields and the expansion of gravity

were Fierz and Pauli [42]. We shall begin by reviewing their construction of the unique equations of motion

of a spin-2 field without interactions, before turning to the subject of including self-interactions of the spin-2

field to the theory and seeing how this affects the system. Since the vast majority of this thesis shall be

concerned with finding EFTs by constructing effective actions we shall focus on building the spin-2 theory

by constructing an action principle for it. Since we are going to work about Minkowski spacetime we shall,

for now, assume the more conventional indices µ ∈ {0, .., d− 1}.

Our initial goal is to construct and understand the quadratic theory of the spin-2 system. If we assume

all terms are Lorentz scalars and the action is at most two derivative then the possible terms one can use to

construct it are

F1 = hµνh
µν , F2 = hh , F3 = ∂µhµν∂

νh , F4 = ∂µhµν∂
σhνσ , F5 = ∂σhµν∂

σhµν ,

F6 = ∂σhµν∂
µhσ

ν , F7 = ∂σh∂σh , F8 = (�h)h , F9 = (�hµν)hµν , F10 = (∂µ∂νhµν)h ,

F11 = (∂µ∂σhµν)hσ
ν , F12 = (∂µ∂νh)hµν ,

for what seems like a total of twelve terms. Note h = ηµνhµν and in these expressions, and what follows,

indices are raised and lowered with the Minkowski metric unless stated otherwise. However, the terms

containing derivatives can be related as follows

F3 = ∂ν(∂µhµνh)− F10 ,

F4 = ∂σ((∂µhµν)hνσ)− F11 ,

F5 = ∂σ(∂σhµνh
µν)− F9 ,

F6 = ∂µ((∂σhµν)hνσ)− F11 , (1.16)

F7 = ∂σ((∂σh)h)− F8 ,

F12 = ∂µ(hµν∂
νh)− ∂ν(∂µhµνh) + F10 ,

so we only require a total of six terms to write down our action. We choose these terms to be F1, F2, F8, F9, F10, F11.
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This would leave us with potential boundary terms. However, if we select asymptotically flat boundary con-

ditions, which ensures that hµν → 0 at spatial infinity, and conditions so the perturbation also falls to zero

in the far future and far past, then all of the boundary terms for the spin-2 field drop out.

With the independent terms we’ve obtained we can now state the most general action, up to (1.16) and

our boundary condition, for a spin-2 field as

Sfree spin−2[h] =

∫
ddx

(
a1h

µνhµν +a2hh+a3h
µν�hµν +a4h�h+a5h∂

µ∂νhµν +a6hσ
ν∂µ∂σhµν

)
, (1.17)

with ai arbitrary real constants and all terms appropriately symmetrised. In order to fix these constants we

now demand that (1.17) be invariant under (1.15) at linear order in X. If we consider the transformation

under (1.15) and choose our diffeomorphism to preserve the boundary conditions of the perturbation, meaning

in the resulting transformation we can integrate by parts freely without incurring a boundary term, we obtain

δXSfree spin−2 =

∫
ddx

(
4a1h

µν∂µXν + 4a2h∂
µXµ + 2(2a3 + a6)hµν�(∂µXν)

2(2a4 + a5)h�(∂µXµ) + 2(a5 + a6)hµν(∂µ∂ν∂σXσ)
)
.

Since we demand that this variation is zero we receive the following relationships

a1 = a2 = 0 , a4 = −a3 , a5 = 2a3 , a6 = −2a3 ,

the first two of these tell us that there are no zero derivative terms present and so our symmetry has done

exactly what we wanted, since it has caused the potential mass terms in the problem to be excluded. The

other three relationships tell us that only the constant a3 is truly undetermined and we usually take it, by

convention, to be equal to 1
2 . With this we have finally obtained the Fierz-Pauli action

SFP [h] =

∫
ddx

(1

2
hµν�hµν −

1

2
h�h+ h∂µ∂νhµν − hσν∂µ∂σhµν

)
, (1.18)

with all indices appropriately symmetrised.

With our action now obtained we can vary it to obtain the dynamics of the spin-2 field. If we perform

the variation, subject to the conditions δhµν = 0 on the boundary, and the previous boundary conditions on
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hµν , we find that the appropriate equations of motion are

�hµν + ∂µ∂νh− ∂σ∂µhσν − ∂σ∂νhσµ + ηµν(∂σ∂ρhσρ −�h) = 0 , (1.19)

which can be written more easily using the Fierz-Pauli operator

OFPσρµν(hσρ) = 0 , (1.20)

OFPσρµν = δσµδ
ρ
ν�+ ησρ∂µ∂ν − δρν∂σ∂µ − δρµ∂σ∂ν + ηµν∂

ρ∂σ − ηµνησρ� ,

with δµν the Kronecker delta.

It can be shown that

∂µ(OFPσρµν(hσρ)) = 0 , (1.21)

identically, that is this relationship holds even off-shell. This relationship may at first seem a little mysterious

but it can be shown to be a linearised version of the Bianchi identity for the Einstein tensor. Whilst, at the

moment, this identity seems of little consequence, when we start considering interactions of the spin-2 field

we shall see it has far reaching consequences.

Just before we move on to consider interactions we analyse (1.19) a little. Our treatment of this subject

is heavily inspired by that of Reall in [89]. The main case of interest for us will be the case where d=4

since it corresponds to the spacetime dimension we observe. In this case it’s useful to consider a change of

variables and instead work with the trace reversed spin-2 field

h̄µν = hµν −
1

2
ηµνh µ ∈ {0, .., 3} . (1.22)

We can then rewrite (1.19), using h̄ = −h, in terms of this new field which leads to the dynamics being given

by

�h̄µν − ∂σ∂µh̄σν − ∂σ∂ν h̄σµ + ηµν∂
σ∂ρh̄σρ = 0 , (1.23)

this equation now looks simpler than (1.19), but it still looks formidable to try to solve. However, we still

have an ace up our sleeve. The equation (1.23) is still invariant under diffeomorphisms, which cause, as a

consequence of (1.15) and (5.124), h̄ to transform as

h̄µν → h̄′µν = h̄µν + 2∂(µXν) − ηµν∂σXσ . (1.24)
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We can fix this invariance in any, valid, way we want and then attempt to solve a gauge fixed version of

(1.23) in our chosen gauge. A standard choice is the transverse gauge

∂µh̄′µν = 0 , (1.25)

which, from (1.24), we can see requires the diffeomorphism parameter to obey the equation

�Xµ = −∂ν h̄νµ , (1.26)

with h̄µν the original non-transverse field we started with. In this gauge (5.124) simplifies dramatically to

�h̄
′

µν = 0 . (1.27)

We drop the prime from now on. This equation is now much more familiar and we propose the solution

h̄µν = Hµνe
ikσx

σ

, (1.28)

which constitutes a plane wave solution with wavevector kσ, xσ are our spacetime coordinates and Hµν is a

constant symmetric polarisation tensor. Note as we want real solutions we really take the real part of this

expression, however for ease of notation we shall suppress this.

With (1.28) we can see that (1.27) implies that on shell

kσk
σ = 0 , (1.29)

while (5.126) tells us that, even off shell,

kνHνµ = 0 . (1.30)

It turns out that (5.126) has not fully fixed our gauge invariance as transformations obeying

�Xµ = 0 , (1.31)

leave our spin-2 field in transverse gauge. Hence we have a residual gauge invariance which we’d like to fix.

The usual choice that we want to implement is to try and make our perturbation traceless. Once again we

can expand our gauge parameter in terms of plane waves and consider a single mode, since our system is
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linear we can then just superimpose modes and obtain a general transformation. This leads to us taking

Xµ = ξµe
ikσx

σ

, (1.32)

with ξµ a constant, local, 1-form. If we substitute this transformation into (1.31) we learn that kµ must

be null, which is exactly the on-shell condition for the spin-2 field. So we can use our residual gauge

transformations on the on-shell spin-2 field only, they won’t be compatible with (5.126) except in this case.

Once we accept this we can use (1.28) and (1.32) in (1.24) to show that under (1.28) Hµν transforms as

Hµν → H ′µν = Hµν + i(kµξν + kνξµ − ηµνkσξσ) . (1.33)

This can be used to achieve the longitudinal gauge choice

H
′

µ0 = 0 . (1.34)

To do this we use (1.33) to set H ′i0 = 0, i ∈ {1, 2, 3}, by the choice

ξi =
i

k0
(Hi0 + ikiX0) , (1.35)

where we use that k0 is non-zero, as if it was then (1.29) would mean that kµ is the zero vector and we want

to exclude this case as then we don’t have a true plane wave16. With H ′i0 = 0 and (1.30) we can conclude

that H ′00 = 0 and hence we’ve achieved the longitudinal gauge. However, ξ0 is still unfixed and we can use

this to set H ′µµ = 0. By tracing (1.33) we see that tracelessness will be achieved by choosing

ξ0 =
i

2k0
(Hµ

µ − 2ikiξi) , (1.36)

with ξi as given in (1.35). So we now see that while a transverse traceless spin-2 field can be achieved it can

only be done once we go on shell for the spin-2 field. We shall return to this issue in Section 2 where we will

apply it in the context of determining the graviton spectrum around a wide class of backgrounds.

With the free spin-2 field now understood we’d like to move on to consider its possible self interactions,

which will lead us to augment (1.19) by a source term. This means we have to ask what sort of sources, that

only contain the spin-2 field, can we couple to the spin-2 field? Well, an obvious choice is to construct an

16It should be noted that due to this we are, wilfully, excluding the case where kσ = 0 which corresponds to a constant hµν
which is itself interesting. A similar analysis to the one we are performing can be carried out in the case of a constant hµν
using a 3 + 1 split of variables, see [101] for details on this.
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energy momentum tensor for the spin-2 field, as we already know this is the sort of object gravity likes to

couple to. Rather than dive straight in to the case of the gravitational field let’s, following the work of [28],

begin with a simpler one. As such we consider a scalar field, ϕ, with dynamics given by

S[ϕ] =

∫
ddx (−1

2
∂µϕ∂µϕ−

1

2
m2ϕ2) , (1.37)

which leads to the equation of motion

�ϕ−m2ϕ = 0 . (1.38)

The field theory given by (1.37) possesses global Poincaré invariance, and hence if we perform a translation

we will, via the usual Noether procedure, obtain the Noether energy momentum tensor of the system

Tµν(0) = ∂µϕ∂νϕ− 1

2
ηµν(∂σϕ∂σϕ+m2ϕ2) . (1.39)

We note in this case that Tµν(0) = T νµ(0) , which is not guaranteed to be true for a general Noether stress energy

tensor. As must be the case, when ϕ obeys (1.38), we find that

∂µT
µν
(0) = (�ϕ−m2ϕ)∂νϕ = 0 . (1.40)

We can now couple our two systems in the following manner

S[h, ϕ] =

∫
ddx

(1

2
hµν�hµν−

1

2
h�h+h∂µ∂νhµν−hσν∂µ∂σhµν−

1

2
∂µϕ∂µϕ−

1

2
m2ϕ2−2κ2hµνT

µν
(0)

)
, (1.41)

which leads to the equations of motion

OFPσρµν(hσρ) = 2κ2T(0)µν , (1.42)

�ϕ−m2ϕ = −4κ2∂µ(hµν∂
νϕ) + 2κ2∂σ(h∂σϕ)− 2κ2m2hϕ .

However, now for ϕ obeying (1.42) we see that ∂µT
µν
(0) = 0 only up to quadratic order in the fields. This

would seem to be terrible, it means that (1.15) is no longer an invariance of our theory and this was what we

wanted all along. However all is not lost, we could try to augment our theory, (1.41), and transformation,

(1.15), by higher order terms in our spin-2 field. If we were just to consider terms involving at least one ϕ

then we could derive a Noether stress energy tensor for the matter in (1.41). This can, and often does, lead

to a stress energy tensor that isn’t symmetric. If this is the case we subject the resulting Noether stress
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tensor to the usual modification process of Belinfante. This new stress tensor now contains not just ϕ but

also hµν and, so, while it contains (1.39), it also contains a higher order piece that includes one copy of hµν

and two copies of ϕ. As such, we often denote this tensor as Tµν = Tµν(0) + hσρT
µνσρ
(1) . We now know that

this stress energy tensor is conserved subject to ϕ obeying its e.o.m in (1.42).

Now if repeat our procedure and, instead of Tµν(0) , couple our new stress energy tensor to the system we

can try and see how the situation now plays out. Again this new coupling will alter the equations of motion

of our system, but it will ensure that our stress energy tensor is conserved at third order in the fundamental

fields. However, it still isn’t conserved at all orders since we’ve now modified the scalar field equation by

terms cubic in fundamental fields. However, we again have a new theory and so can derive a new stress

tensor that is conserved under our new equations and now contains terms with two spin-2 fields in it. We

can now, hopefully, see where the story is going. We’re forced to keep modifying our theory by higher order

couplings of the spin two field in order to ensure that our stress tensor is conserved at higher and higher

orders in the spin-2 field. This all seems fine and it turns out that if we keep on going we’ll reconstruct

the usual GR minimal coupling of a massive scalar field. However along the way we’ve completely ruined

our spin-2 gauge invariance, and this was what ensured that our spin-2 field remained massless. So it seems

that introducing interactions to another field has completely washed away our precious symmetry. However,

much like the stress energy tensor’s conservation law, we can modify (1.15) to include higher order terms,

in Xµ and linear in hµν , and then use these to reinstate gauge invariance at each order. This isn’t so out of

the question as we saw previously that the transformation (1.14) contained higher order terms, and so we

may have hope that this could work. Miraculously it does.

We’ve just sketched how coupling the spin-2 field to a scalar field sets in motion a chain of events that

ends with us being forced to modify both our theory and transformation laws at infinite order. However,

when we first started we were really interested in self-couplings of the spin-2 field, rather than its coupling

to matter, so can we do something similar to what we did for the scalar field in this case? Well, the previous

story started with us finding a Noether stress energy tensor and then coupling it to the system, but our

free spin-2 field theory is also Poincaré invariant and so we can find an associated stress tensor by the usual

Noether procedure and then symmetrise it with the Belinfante procedure. This stress-energy tensor will

then be conserved if the spin-2 field obeys (1.19). As can be checked in various sources, for example [101],

recalling our conventions differ by a factor of 2 so OρσFPµν(hρσ) = 2κ2tµν , we find that the stress tensor is
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given by

tµν = − 1

κ2

(1

2
hσρ∂µ∂νhσρ − hσρ∂ρ∂(µhν)σ +

1

4
(∂µhρσ)∂νh

σρ

+ ∂σhρν∂[σhρ]µ +
1

2
∂σ(hσρ∂ρhµν)− (∂σh

ρσ − 1

2
∂ρh)∂(µhν)ρ

− 1

2
ηµν [

1

2
hσρ�hσρ − hσρ∂σ∂τhτρ +

1

4
(∂τhσρ)∂

τhσρ (1.43)

∂σhρτ∂[σhρ]τ +
1

2
∂σ(hσρ∂ρh)− 1

4
∂σh∂σh− (∂σh

ρσ − 1

2
∂ρh)∂τhτρ]

)
.

If we now couple in our stress energy tensor we will have terms involving three spin-2 fields, at the level of

the action, which fulfils our desire to have an interacting theory17. We however know that this will augment

(1.19) with terms quadratic in hµν , and so our conservation law will only hold at linear order and we will

have to modify the stress tensor to be appropriate for our new theory if we want conservation to persist at

higher orders in the spin-2 field. Following the scalar field example we should be happy that we can do this

and then we just continue with the process. However, it is well know that (1.43) is not invariant under (1.15)

and hence again we see we’re forced to consider modifications to our transformation. At this point, taking

a lesson from (1.14), we find that

hµν → h′µν = hµν + 2∂(µXν) + LXhµν , (1.44)

is the correction required at this order to allow the transformation of our third order term in the action, which

involves the coupling of the energy momentum tensor, to be invariant under the transformation (1.15) as

the transformation of (1.18) under LXhµν cancels with it. However, now our third order term isn’t invariant

under this higher order piece of the transformation, but it exactly cancels higher order terms arising from

coupling the various modified versions of the stress energy tensor to the theory.

The story is now becoming clear. While our spin-2 theory is happy to exist as a free theory, if we add in

even a single interaction, at the lowest order, we’ll be confronted with a deluge of higher order interactions

which allow the stress tensor to be conserved at higher and higher orders in the spin-2 field. Further to

this we’ll be forced to modify the spin-2 field’s transformation behaviour, although it will always be at most

linear in the spin-2 field, to ensure our theory is invariant under some transformation of the spin-2 field.

At this point we’d love to be able to just say that as we go further into the expansion all we’re doing is

17We have to augment the original action (1.18) by a term third order in the spin-2 field, say S(3)[h], whose variation is
δS(3) =

∫
ddx − δhµν(2κ2tµν) and hence the coupling is more involved than in the case of a scalar field. For some details on

this see [81], note this article raises some issue with the spin-2 treatment of gravity which are addressed in [30].
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reconstructing the full non-linear theory of GR order by order and our spin-2 fields transformation is just

destined to become the full non-linear diffeomorphism symmetry of GR. However can we be sure that this is

the case? There could be numerous ways to complete the interactions of the spin-2 field and to extend the

transformations of the field so that we could end up at many non-linear completions of the theory. However

an argument, due to Deser, ensures this isn’t the case, so long as we demand our theory remains a two

derivative theory18. At this stage it may seem perilous to confront the infinite expansions we’ve been led

to, and even more daunting to show they spit out the results known in GR. Luckily though the argument

of Deser [31] evades all of this by making use of the Palatini formalism of gravity, see Appendix B for more

details, and a novel choice of variables for the problem. In this form the discussion becomes finite with the

full interacting theory being obtained from the free theory by coupling the stress energy tensor obtained

from the free theory. When this is done the full non-linear Palatini theory is obtained and since this is,

classically, equivalent to the Einstein theory of gravity the argument shows that, under mild assumptions,

the only non-linear completion of the spin-2 field theory is GR.

So we’ve now learnt that the interacting spin-2 field theory and GR are just two sides of the same coin,

and from each we can obtain the other. Up until now we have mainly focused on the spin-2 field theory

side, however we now know we can obtain this, up to an overall constant, order by order by expanding (1.3)

using (1.13), this procedure is explained in Appendix A. This will lead us to find, for now ignoring boundary

terms as we hope to be able to find boundary actions that cancel them, that our action takes the form

SEH [η + h] =
1

2κ2
Sfree−spin−2[h] +

1

2κ2
S(3)[h] +

1

2κ2
S(4)[h] + . . . , (1.45)

where S(3) and S(4) contain three and four copies of the spin-2 field respectively and dots represent higher

order terms that we don’t write explicitly. Since the original Einstein-Hilbert action is a two derivative

theory all of the terms at each order in the expansion (1.45) contain two derivatives. It’s often convenient

to rescale our field so that we work with the new field

h̃µν =
1

κ
hµν , (1.46)

using this field to re-write (1.45), absorbing factors of two into redefined actions, we obtain

SEH [η + κh̃] = S̃(2)[h̃] + κS̃(3)[h̃] + κ2S̃(4)[h̃] + . . . , (1.47)

18We also have to pick a prescription for choosing how we derive the stress-energy tensor for the system, but if we pick the
one used by covariantising our action with respect to an auxiliary metric and then using the Hilbert prescription everything
works out as one expects.
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which we see converts the expansion in to one involving higher and higher powers of the gravitational coupling

κ. The redefinition means that (1.44) becomes

h̃µν → h̃′µν = h̃µν +
2

κ
∂(µXν) + LX h̃µν . (1.48)

Since we know that lower orders in (1.47) are required to ensure invariance, under (1.48), of the term directly

above them, in (1.47), we now see it’s crucial that the expansion works out in powers of κ, as if it didn’t

invariance couldn’t be achieved. As such it’s no coincidence that κ appears in both (1.47) and (1.48). This

seemingly simple fact will be one of the guiding principles for us going forward in the rest of this thesis.

This completes our survey of some of the salient features of GR that we shall require. Throughout the

rest of this thesis we shall use these lessons to inform the decisions we make and provide direction in the

construction of our desired EFT.

1.2 Supergravity- an abridged introduction

We’ve now seen how to write gravity as the field theory of a spin-2 field. However, we have yet to address

any of the issues regarding it’s non-renormalisability. If we can’t eventually make sense of GR as a quantum

theory then is there really any point in putting all of this effort into a field theory formulation of it? Luckily

for us there are ways to embed GR into other theories where the issue of renormalisability is, seemingly,

resolved. Within this thesis our bias is towards a String Theory treatment of this issue where the divergences

usually encountered in quantising GR are avoided altogether. While we won’t deal with String Theory good

and proper, except possibly in passing, we shall use its low energy limit. This low energy limit is the theory

of Supergravity and it’s our aim to now give a whirlwind tour of some aspects of this fascinating theory.

Supergravity constitutes the union of GR and Supersymmetry (SUSY). It was hoped that the inclusion of

SUSY into GR would render the theory renormalisable, and whilst it does improve the behaviour, it turns

out to not be enough [9]. Fortunately, since Supergravity arises, as we’ll see, as the low energy limit of String

theory, these divergences aren’t something to loose sleep over. In order to introduce Supergravity we shall

begin by reviewing rigid SUSY and then proceed to gauge this symmetry which will naturally lead us into

the realm of Supergravity. We will only have time to introduce the very basics of this vast subject and would

recommend the reader that wishes to learn more about the subject to consult any of [44, 76, 99, 100].
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1.2.1 Supersymmetry-the cliff notes

When first introduced to quantum mechanics we’re taught that particles, or waves- who really knows,

come in two distinct forms19, namely Bosons and Fermions. These two types of particle exhibit wildly

different properties and so one may reasonably assume there’s no link between them. However, in some

theories this couldn’t be further from the truth. The types of theories we’re referring to are, of course, those

that possess the remarkable property of having supersymmetry. This symmetry acts by transforming bosons

into fermions and vice versa, and as such in these theories the boundaries between these types of particles

becomes a lot less clear. So far tests to see if our universe possesses such a symmetry have not boded well

for a low energy, around the TeV scale and energies accessible at the LHC, realisation of such a symmetry.

This may dampen our spirits somewhat as, in physics, we’re meant to try and describe the world we

actually inhabit and if our world doesn’t possess SUSY then that’s just too bad. We have to break up with it

and move on with our lives. However, far from being left in the theory wasteland, SUSY is an active research

area. Why is this the state of affairs? Well to begin with we’ve only, seemingly, ruled SUSY out at low

energies20, our observations don’t tell us anything about energies much higher than this and, as such, SUSY

may still be a symmetry of nature at these higher energies. However this could be just wishful thinking,

so surely we must have other reasons for sticking by SUSY? It’s common knowledge that QFT is hard and

calculations within it often have to be performed in a perturbative regime. However, if our theory possesses

SUSY, we can do better and in a lot of cases much better. The presence of SUSY in a theory often allows us

to calculate results exactly, which is practically unheard of in QFT21. So SUSY helps make QFT tractable.

This alone would be enough to study it, but SUSY isn’t done giving yet! Aside from just aiding with physics

SUSY has led to rich results in mathematics as well. For example the work of Seiberg and Witten [93]

which was shown to relate to invariants of four-manifolds [105], the classification of simple finite dimensional

complex Lie superalgebras [64], or work on mirror symmetry of Calabi-Yau manifolds [59] to name but a

few.

So SUSY has a wide range of applicability, but how did the idea of such a symmetry arise? The origins of

SUSY begin with the classic no-go theorem of Coleman and Mandula [14]. Roughly this theorem states that

if a QFT, with a mass gap22, has a continuous global symmetry group G̃ which contains, as a subgroup, the

Poincaré group IO(1, d−1) = R1,d−1oO(1, d−1), then if we desire the S-matrix to be analytic in scattering

19This isn’t strictly true, for example in condensed matter physics we often deal with anyons.
20Here this means energies of the order of those reached at the LHC- so not really low energy by our everyday standards!
21Another example where this is possible is the case where our theory possesses conformal invariance.
22If we relax this assumption and have a massless spectrum then we can extend the Poincaré group to the conformal group-

but we won’t deal with this technical detail here.
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angles and non-trivial, locally, G̃ = IO(1, d− 1)×G with G an internal symmetry group23.

The theorem can be more easily understood if we consider it at the level of algebras. Assuming G̃ is a

Lie group, where we have generators PM , MMN = −MNM and TA for the Lie algebra, g̃, of G̃. Then the

Lie algebra g̃ is specified by the following Lie bracket relations

[PM , PN ] = 0 ,

[PM ,MNQ] = i(ηMQPN − ηMNPQ) ,

[MMN ,MQP ] = i(ηMQMNP − ηMPMNQ − ηNQMMP + ηNPMMQ) , (1.49)

[TA, PM ] = 0 ,

[TA,MMN ] = 0 ,

[TA, TB ] = fAB
CTC ,

the first three of these tell us PM is the translation operator and MMN are the generators of the Lorentz

group, so N ∈ {1, ..., d}, and thus, together, they form the generators of io(1, d − 1). We also see that TA,

A ∈ {1, ...,dimG}, form the generators of g, the Lie algebra of G, which has structure constants fAB
C with

respect to this basis. However, the crucial set of Lie brackets are the pair which mix TA with the Poincaré

generators. These tell us our algebra decomposes as a direct sum of algebras. As such g̃ = io(1, d− 1)⊕ g,

which is the algebra analogue of the Coleman Mandula theorem. Since each continuous symmetry, via

Noether’s theorem, corresponds to a conserved charge of the theory we now see that the theorem means we

can’t have charges that are simultaneously in non-trivial representations of both the Poincaré and internal

symmetry groups.

This all leads us to the conclusion that there are very stringent restrictions on the form of the symmetry

algebras we can consider. However, as everyone always tells us, a no-go theorem is all in the assumptions,

if we can just evade one of these then we can get around the no-go. In the case of Coleman and Mandula

the whole argument is built on groups and if we were to use something else then we could circumvent the

no-go completely. This led to the introduction of the concept of supergroups and superalgebras [52, 104]

which in turn led to the introduction of SUSY into the literature. At this point we’d be forgiven for feeling

free as we’ve just unshackled ourselves from the Coleman Mandula theorem. However, it turns out that

even by running to the land of supergroups we can’t escape the spectre of the theorem as a result of Haag,

23The original theorem of Coleman and Mandula was set in four dimensions but it was later extended to higher dimensions
[83].
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Lopuszanski and Sohnius [57] extends the Coleman Mandula theorem to the setting of supergroups.

Rather than jumping head first into the subject of supergroups we’ll consider the slightly easier topic of

Lie superalgebras as this will be enough to allow us develop the extension of (1.49) to the supersymmetry

algebra. Our approach here is in no way novel and relies heavily upon the excellent exposition of the subject

provided by Freund [45].

In light of the fact that SUSY deals with particles of two different types we need to develop a language

that encompasses this. The obvious setting, in analogy with Lie algebras, is that of vector spaces. However

our space somehow needs to be aware that our theory contains two types of object. The correct structure

to use here is that of a Z2-graded vector space

Definition 1. Let V , V 0 and V 1 be F vector spaces such that V = V 0 ⊕ V 1 and V is equipped with an

operation | · | : V → {0, 1} such that |(u, 01)| = 0 ∀u ∈ V 0 and |(00, w)| = 1 ∀w ∈ V 1, with 00 and 01 the zero

vectors of V 0 and V 1 respectively, and | · | is extended to other elements by linearity, with mod 2 addition

being performed. In this case we call V a Z2-graded vector space with parity operation | · |. Often V 0 is

referred to as the even or Bose part of V while V 1 is referred to as the odd or Fermi part of V .

With the groundwork laid it is now a simple matter to generalise the notion of a Lie algebra to this new

setting

Definition 2. Let V be a Z2-graded vector space over C with a binary operation [·, ·] : V ×V → V such that

(i) [·, ·] is bilinear

(ii) ∀ a, b ∈ V [a, b] = (−1)1+|a||b|[b, a]

(iii) ∀ a, b, c ∈ V (−1)|a||c|[a, [b, c]] + (−1)|b||a|[b, [c, a]] + (−1)|c||b|[c, [a, b]] = 0

with | · | the parity operation of V . Such a pair (V, [·, ·]) is called a Lie superalgebra over C.

A classification of the simple24 finite dimensional Lie superalgebras over C was given by Kac [64].

Aside from the introduction of this new algebraic structure, designed to allow us to circumvent Coleman-

Mandula, we also need to develop the notion of spinor representations. Such representations allow for the

inclusion of fields that have half integer spin, defined via the Lorentz group. Thus, due to the spin-statistics

theorem, such representations play the role of fermions in our theory. As we’ll see later in this introduction

supersymmetric theories arise in various spacetime dimensions, and as such we now provide a survey of the

forms of spinor representations available in various dimensions.

24Recall an algebra is simple if it has no non-trivial ideals.
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To make progress we consider a d-dimensional vector space V over a field F, which is either R or C, and

consider a quadratic form25 Q : V → F. The existence of such a quadratic form implies the existence of a

symmetric bilinear form on V which is defined by (u,w) = 1
2 (Q(u + w) − Q(u) − Q(w)) for v, w ∈ V . The

existence of such a bilinear form leads to a privileged set of bases of V , namely those whose basis vectors are

orthogonal with respect to the associated bilinear form. Such an orthogonal basis, {ea|a ∈ {1, .., d}}, obeys

(ea, eb) = 0 a 6= b , (ea, ea) = Q(ea) . (1.50)

We can now consider the formal relationship

eaeb + ebea = 2δabQ(ea)1 , (1.51)

where 1 is a formal symbol and the product and addition on the left hand side of this expression are

formal operations. However we could push this further and decide to consider the unital associative algebra

generated by the basis {ea}, over the field F, subject to the relationship (1.51). In this context it becomes

obvious that the formal symbol 1 is to be the unit element of our algebra. This algebra is called the Clifford

algebra of V and Q and is often denoted by C`(V,Q)26. We can see from (1.51) that if a 6= b then ea and eb

anticommute and hence one can easily show that a basis of C`(V,Q) is given by27

1 , ea1 , ea1ea2 , ... , ea1ea2 ..ead a1 < a2 < ... < ad

from which one easily concludes that

dimFC`(V,Q) =

d∑
n=0

(
d

n

)
= 2d (1.52)

Using both of these it can be seen that a general element α ∈ C`(V,Q) can be expanded as

α = α01 + αa11 ea1 + αa1a22 ea1ea2 + ..+ αa1a2..add ea1ea2 ..ead (1.53)

with αa1..aii totally antisymmetric, for i ∈ {1, .., d}, and all coefficients being F valued.

This is all well and good but it does little to help us understand the structure of these algebras, or their

25Recall a quadratic form on a vector space V is a map Q : V → F such that ∀λ ∈ F,∀v ∈ V : Q(λv) = λ2Q(v).
26Note a less basis dependent description of Clifford algebras can be developed but for our current purposes the basis one

shall suffice.
27Since e2a ∝ 1 we don’t have to worry about including elements where a = b.
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relations to spinors. Luckily a theorem due to Chevalley states that C`(V,Q) admits an irreducible matrix

representation which is unique up to equivalence. Hence this allows us to characterise Clifford algebras

as matrix algebras. To make further progress we specialise to F = R as in this case any, non-degenerate,

quadratic form is equivalent to the quadratic form

Q(ea) =


-1 a ∈ {1, .., q}

1 a ∈ {q + 1, .., q + p = d}
, (1.54)

where q, p ∈ N0 and if q = 0 the first indexing set is empty, while if p = 0 the second indexing set is empty.

We shall denote28 Clifford algebras with this quadratic form as C`(q, p). It turns out that these algebras can

be understood easily for low p and q values

C`(0, 0) = R , C`(0, 1) = R⊕ R , C`(1, 0) = C , C`(0, 2) = R(2) , C`(1, 1) = R(2) , C`(2, 0) = H , (1.55)

with C and H being treated as two and four dimensional algebras over the reals respectively29, and K(n)

denotes the algebra of n× n matrices over the appropriate K ∈ {R,C,H} .

In order to obtain higher values of p and q we can make use of the isomorphisms

C`(p, q + 2) ∼= C`(q, p)⊗ C`(0, 2) ,

C`(p+ 1, q + 1) ∼= C`(q, p)⊗ C`(1, 1) , (1.56)

C`(p+ 2, q) ∼= C`(q, p)⊗ C`(2, 0) ,

from these results, and several well known isomorphisms, we find that the form of C`(q, p) is dependent on

the signature of the quadratic form, mod eight, leading to the classification given in Table 1.

We’re also interested in Clifford algebras where F = C, which we denote by C`C(d). In this case signature

doesn’t matter, as we can use i to remove signs, meaning all non-degenerate quadratic forms are equivalent

to the Kronecker delta. In this case we can just complexify our real algebra, with all real algebras of the

same d = p+q but varying signatures, leading to the same complex algebra. This leads us to the relationship

C`C(d) = C`(d− p, p)⊗ C , (1.57)

28Our notation here differs from that in the literature where C`(p, q) is used.
29Here we use H to denote the quaternions.
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p− q mod 8 C`(q, p)
0 R(2l)
1 R(2l)⊕ R(2l)
2 R(2l)
3 C(2l)
4 H(2l−1)
5 H(2l−1)⊕ H(2l−1)
6 H(2l−1)
7 C(2l)

Table 1: List of real Clifford algebras of varying signature. l = [d2 ] with [·] being the integer part operator
with downwards rounding always implemented.

d mod 2 C`C(d)
0 C(2l)
1 C(2l)⊕ C(2l)

Table 2: List of complex Clifford algebras. l = [d2 ] with [·] being the integer part operator with downwards
rounding always implemented

which are the complex Clifford algebras we were seeking. Since the notion of signature is no longer in the

game its no surprise that the classification becomes much simpler. This is shown in Table 2.

We’ve made progress in understanding Clifford algebras but how does this really help us in understanding

spinors? Spinors are usually introduced as representations of the Spin(q, p|R) groups, which are double covers

of the SO(q, p) groups, however here we’ll take a slightly different approach. The crucial piece of insight

is that we’ve classified Clifford algebras as matrix algebras and these matrices can then naturally act on

vector spaces and it’s these representation spaces which our spinors are elements of. It is in this way that

Dirac spinors first enter into our lives in courses on QFT. To see this recall (1.51) is precisely the gamma

matrix algebra if we set p=3 and q=1, so it shouldn’t come as a surprise that the story generalises. In our

new picture Dirac spinors are elements of the representation space of C`C(d). In even dimensions, d=2n, we

see from Table 2 that this gives us a representation of complex dimension 2n. In odd dimensions, d=2n+1,

C`C(d) is built from two matrix algebras each of which have a representation of complex dimension 2n.

However, from the point of view of Spin(q, p), these representations are isomorphic so our Dirac spinor still

has complex dimension 2n. If we wish to explicitly construct such a representation it is generated by the

commutator of our basis. For example the elements 1
4 (eaeb − ebea) form a representation of the appropriate

spin(q, p) algebra.

The Dirac spinor has the nice property that it is defined in any dimension. However, often we can impose

conditions upon this representation to further reduce it. The simplest reduction occurs in even dimensions,

where d = 2n. We note that our Clifford algebra decomposes into an even and odd part. The even part
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C`C(d)0 is given by taking elements of the form (1.53) with vanishing coefficients with odd numbers of indices,

so αa11 = αa1a2a33 = .. = 0, and is a 2n−1 complex dimensional subalgebra30. However this subalgebra can be

further decomposed as the top element of our algebra

ε = e1e2 . . . ed , (1.58)

can be used to construct the projection operators

P± =
1

2
(1± ε) . (1.59)

These objects are projection operators31 if ε2 = 1. However, as we’re in the complex numbers and since, by

(1.51), we have ε2 = ±1, we can see if ε2 = −1 then replacing ε with iε in (1.59) will again lead to properly

constructed projection operators. In either case this allows a decomposition of C`C(d)0 in the d even case,

as ε ∈ C`C(d)0, into

C`C(d)0 = P+(C`C(d)0)⊕ P−(C`C(d)0) . (1.60)

We can now use our representation of C`C(d) to form a representation of C`C(d)0 on the same representation

space. We can also see that for any ψ in this space we have ψ = P+(ψ) + P−(ψ) hence the representation

space decomposes under our projection operators as V = P+(V )⊕P−(V ). Further to this, since eaε+εea = 0

for any generator of our algebra, we have for any A ∈ C`C(d)0 that P±A = AP±. Using this one can show

that if ψ ∈ P±(V ) then A(ψ) ∈ P±(V ) and hence our representation is reducible. This now allows us

to decompose our Dirac spinor into one of two inequivalent Weyl spinors, of complex dimension 2n−1, by

applying one of the projection operators, given in (1.59), to our original Dirac spinor. So in even dimensions

we can always decompose our complex Dirac spinor into a pair of complex Weyl spinors.

The dynamics of our Dirac spinor is determined by the Dirac equation which relates the components

of our spinor. If there’s a real representation of the Clifford algebra, for a given d = p + q and signature

σ = p − q, then the Dirac equation just shuffles real components amongst themselves and the same is true

for imaginary components. As such it becomes compatible with the dynamics to impose a reality condition

on our Dirac spinor. Imposing such a reality condition leads to Majorana spinors which have real dimension

2[ d2 ]. Since the existence of a Majorana spinor is dependent upon C`(q, p) having a real representation32 we

30Note the odd part of C`C(d) doesn’t give rise to an algebra as the product of two odd elements can lead to even pieces.
31Meaning P 2

± = P± and are also orthogonal so P+P− = P−P+ = 0.
32If C`(q, p) has a purely imaginary representation then if we only have one field and it is massless we can have a Pseudo

Majorana spinor. This representation is of real dimension 2[
d
2
] and is available in the cases where p− q ∈ {0, 6, 7 mod 8}, since

if C`(q, p) has a real representation then C`(p, q) has an imaginary representation.
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d 1 2 3 4 5 6 7 8 9 10 11
q
0 M M,W W PM,W PM M,PM,W,MW M M,W
1 PM M,PM,W,MW M M,W W PM,W PM M,PM,W,MW M

Table 3: List of possible conditions on spinors in various dimensions for zero and one timelike direction. In
this list M= Majorana, PM=Pseudo Majorana, W=Weyl and MW=Majorana-Weyl.

see from Table 1 that Majorana spinors are possible in cases where p− q ∈ {0, 1, 2 mod 8}.

The final case of interest to us is the possibility of imposing both Majorana and Weyl conditions simulta-

neously. In this case we’re dealing with the real Clifford algebras C`(q, p) and we know a Majorana condition

is possible if p−q ∈ {0, 1, 2 mod 8} and that Weyl conditions are possible in even dimensions d = p+q = 2n.

However, we now have to be more careful as we’re in the reals. To define Weyl spinors we used (1.59) which

were projection operators for any even dimension in the complex numbers, since ε could be replaced by iε,

however this redefinition is no longer possible when we work over the reals and so we can only impose a Weyl

condition to perform the split

C`(q, p)0 = P+(C`(q, p)0)⊕ P−(C`(q, p)0) , (1.61)

when ε2=1. Using (1.58) and (1.51) we can see this occurs when p − q ∈ {0 mod 4}. This means that

Majorana and Weyl conditions can simultaneously be imposed if p − q ∈ {0 mod 8}, which leads to the

concept of a Majorana-Weyl spinor. Such spinors have real dimension 2[ d2 ]−1.

Our treatment so far has been extremely general and has left the signature of spacetime unfixed. However,

for us, the cases of interest are those where q ∈ {0, 1}. In these settings the possible conditions available for

spinors are summarised in Table 3.

With everything assembled we can now consider how to construct the supersymmetry algebra. Rather

than attempt a general construction we shall firmly place our feet in the case of d = 4 with a signature σ = 2

and shall only provide the schematics of the construction so as to illustrate the general structures appearing

in SUSY algebras, for a general treatment see [74]. Once more our treatment closely parallels that of Freund

[45].

It is well known that the Poincaré algebra, io(1, 3), can be obtained from the (Anti) de Sitter algebra

(o(2, 3))o(1, 4) by Wigner-Inönü contraction [62]. This procedure allows non-isomorphic algebras to be

related without a reduction in the number of generators and is fortunately available to us even in the case
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of Lie superalgebras. In order to obtain a superalgebra version of the Poincaré algebra we now just look

for a superalgebra that contains the (Anti) de Sitter algebra in its even part. Since the even part of a

Lie superalgebra is just a Lie algebra the Coleman-Mandula theorem rears its head once more and tells us

we require the superalgebra to have an even piece that is the direct sum of (o(2, 3))o(1, 4) and an internal

algebra g. This restriction can be seen because once the contraction is performed the (Anti) de Sitter algebra

becomes the Poincaré algebra dropping us right back into the path of Coleman and Mandula33.

It turns out that we can find a Lie super algebra that will work, its one of the orthosymplectic super-

algebras34 osp(N |4) whose even part is osp(N |4)0 = o(N) ⊕ sp(4) where we make use of the accidental

isomorphism sp(4) ∼= o(2, 3) to ensure our Anti de Sitter algebra is in place. We can now decompose the

generators of this algebra into Mµν = −Mνµ and Pµ for µ ∈ {0, .., 3} which are the generators of o(2, 3),

Ba for a ∈ {1, .., N(N−1)
2 } which are the generators of o(N) and Qiα with i ∈ {1, .., N} and α ∈ {1, .., 4}

being the generators of the odd part of the superalgebra, which has (complex) dimension 4N . Performing a

Wigner-Inönü contraction requires rescaling the generators of this algebra as

M̄µν = Mµν , P̄µ = λPµ , B̄a = λbBa , Q̄iα = λqQiα , (1.62)

for λ,b,q ∈ R. The superalgebra, in terms of these redefined variables, very schematically, takes the form

[M̄, M̄ ] ∝ M̄ , [B̄, M̄ ] = 0 , [M̄, Q̄] ∝ Q̄ , [M̄, P̄ ] ∝ P̄ , [B̄, P̄ ] = 0 , [P̄ , Q̄] ∝ λQ̄ ,

[P̄ , P̄ ] ∝ λ2M̄ , [B̄, B̄] ∝ λbB̄ [B̄, Q̄] ∝ λbQ̄ , [Q̄, Q̄] ∝ λ2qM̄ + λ2q−1P̄ + λ2q−bB̄ , (1.63)

where terms on the right hand side indicate the generators that appear rather than the exact way in which

they appear. The heart of the contraction is now in taking the limit λ→ 0. However, we can’t just do this

freely as we require that no divergences occur in the algebra. This forces the conditions b > 0, 2q − 1 > 0

and 2q − b > 0 on us. This turns out to lead to two interesting cases.

The first case is b = 0 and q = 1
2 where (1.63) becomes

[M̄, M̄ ] ∝ M̄ , [B̄, M̄ ] = 0 , [M̄, Q̄] ∝ Q̄ , [M̄, P̄ ] ∝ P̄ , [B̄, P̄ ] = 0 [P̄ , Q̄] = 0 ,

[P̄ , P̄ ] = 0 , [B̄, B̄] ∝ B̄ , [B̄, Q̄] ∝ Q̄ [Q̄, Q̄] ∝ P̄ . (1.64)

33It is possible to envision a situation where the even sector of the Lie superalgebra doesn’t begin as a direct sum but under
the contraction becomes one, however if we restrict ourselves to simple Lie superalgebras this does not occur.

34All that follows is done at the level of complex algebras and so at the end an appropriate real form shall have to be taken
but we won’t concern ourselves with this technical detail.
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In this case we have the N extended Poincaré superalgebra, or supersymmetry algebra, which is generated

by M̄µν , P̄µ, Q̄
i
α and the internal algebra is seen to only behave non-trivially in the odd sector of the algebra.

The second case is b = 1 and q = 1
2 where (1.63) becomes

[M̄, M̄ ] ∝ M̄ , [B̄, M̄ ] = 0 , [M̄, Q̄] ∝ Q̄ , [M̄, P̄ ] ∝ P̄ , [B̄, P̄ ] = 0 , [P̄ , Q̄] = 0 ,

[P̄ , P̄ ] = 0 , [B̄, B̄] = 0 , [B̄, Q̄] = 0 , [Q̄, Q̄] ∝ P̄ + B̄ . (1.65)

In this case we see the B̄a commutes with all elements of the algebra and hence they are central elements,

which we often call central charges. We see the only place these generators appear is on the right hand side

of the Fermi Fermi bracket. Thus in this case we’ve obtained a central extension of the N-fold extended

Poincaré superalgebra which is also called the centrally extended supersymmetry algebra.

By selecting a consistent collection of b values, some being zero and some being one, we can obtain a

combination of a central extension while also retaining a non abelian internal symmetry algebra. It can

further be shown that the N-extended Poincaré algebra, with a possible central extension, is the largest

possible superalgebra compatible with the Haag, Lopuszanski and Sohnius theorem.

If we now analyse the new commutators in the central extension of the N-fold extended Poincaré algebra

the [M̄, Q̄] bracket just tells us that Q̄ transforms as a collection of N Majorana spinors. While the crucial

content of the algebra is contained in the [Q̄, Q̄] bracket which takes the form

[Q̄iα, Q̄
j
β ] = 2(γµC)αβδ

ijPµ + CαβZ
[ij] + (γ5C)αβY

[ij] , (1.66)

with γµ and γ5 the usual four dimensional Dirac gamma matrices and Z [ij] and Y [ij] being central charges,

the origins of which we shall discuss further later in this Section. In addition Cαβ is the charge conjugation

matrix which obeys (γµC)T = γµC. Analogues of this algebra can be obtained in other dimensions where

very similar structures arise. With the algebra in hand it’s possible to look for representations of it. This is

done in the usual way, with a subset of the Q̄iα acting as raising operators that increase the, Lorentz, spin of

states by 1
2 hence ensuring that these representations contain both bosonic and fermionic states. Crucially

we can find finite dimensional representations of this algebra which we call supermultiplets and tend to label

by the highest spin present in the multiplet. A standard calculation can be used to show that supermultiplets

contain the same number of bosonic and fermionic states35.

35The one way to get out of this is for the multiplet to have p0 = 0 so the multiplet has zero energy. In the case of a
supersymmetric theory this means that we are dealing with the ground state of the system.
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When we started out with our desire to understand supersymmetry we mostly described the situation in

terms of particles, however we know that we’re really interested in fields, from which particles are derived

entities obtained via the procedure of quantisation. As such we have to seek representations of SUSY

algebras that act on fields. Interestingly such representations fall into two classes. The first is the case where

the algebra is represented in such a way that it only closes when the fields satisfy their classical equations

of motion. Representations of this type are referred to as on-shell representations of the SUSY algebra.

The other class of representation, unsurprisingly, is one where the algebra closes on the fields without any

requirements being put on the fields, in particular they are not obliged to obey any equations of motion. We

referred to such representations as off-shell representations of the SUSY algebra. It can be possible, by the

inclusion of auxiliary fields, to turn an on-shell representation into an off-shell representation. Both forms of

representation arise frequently in supersymmetric theories and each have their own benefits and challenges.

Sadly in this brief introduction we have been very specific in our choice of material and have certainly

underserved the wonderful world of supersymmetry. For those interested there are many beautiful treatments

of the subject with [48, 94] providing but two of these.

1.2.2 Gauging supersymmetry- the basics of Supergravity

So far we’ve introduced supersymmetry mostly in the abstract and have been more concerned with the

structure of this new symmetry and the consequences of it rather than directly finding models exhibiting the

symmetry. That’s all about to change. Like any symmetry it is possible to find theories which exhibit a global

invariance and those which exhibit a local invariance under the proposed symmetry. In usual treatments

one is introduced to the symmetry in a rigid (global) form first before moving on to gauge the symmetry to

display examples of theories where the symmetry is realised locally. However in the interest of expediency

we shall skip this first step and launch straight into the case of local supersymmetry. Our treatment here

relies heavily on the excellent exposition of the subject given by Nastase in [76].

One of the interesting features of supersymmetric field theories is that the symmetry transformations

of the theory relate bosonic and fermionic fields. This leads to infinitesimal symmetry transformations

schematically of the form

δBoson = εFermion , δFermion = ε∂Boson , (1.67)

with ε being a fermionic parameter, hence it’s a spinor, with the derivative included in the fermionic transfor-
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mation on dimensional grounds. In a local theory of supersymmetry the fermionic parameter ε is dependent

upon the point in spacetime at which we perform the transformation. An interesting observation is that

any theory of local supersymmetry must also be invariant under diffeomorphisms36 and hence is a theory of

gravity. Owing to this observation theories with local supersymmetry are called Supergravity theories.

Since we know we’re going to be dealing with fermions in a theory of gravity, and hence will require

the formalism of spinors in curved space, we know that we shall have to deal with gravity in its vielbein

formulation. An introduction to the vielbein formulation of gravitational theories is provided in Appendix

B. Aside from the, inverse, vielbein Eaµ we require, as with all gauge theories, a gauge field. We know

that gauge fields have the same spin-statistics as the parameter of the transformation they’re associated to.

Hence, from (1.67), we can see that we’re looking for a gauge theory with a fermionic gauge field! This is

highly contrary to the cases one encounters in the Standard Model where all of the gauge fields are spin-1

bosons. So aside from being fermionic what else can we say about this gauge field? Well owing, once more

to (1.67), we expect that Eaµ and our gauge field will transform into each other, hence telling us they should

be in the same, massless37, supermultiplet. This gives us the vital insight we need as we now recall that

within a supermultiplet we need the same number of fermionic and bosonic states, and so if we can construct

a supermultiplet that includes a graviton then we will find our gauge field.

Our insight provides the perfect opportunity to delve into the subject of on-shell and off-shell degrees

of freedom counting for fields. Since we’ve seen earlier in this introduction that on-shell a four dimensional

graviton has 2 real degrees of freedom we know if we can find a fermionic field with the same number of

on-shell degrees of freedom then we can try to make an informed guess about the appropriate gauge field.

Rather than just provide the counting for fermionic fields we shall present it for all of the types of fields we

shall encounter throughout this thesis. For this purpose we shall work in an arbitrary spacetime dimension

d. For a quick reference showing these results please consult Table 4.

Off-shell any real scalar has one degree of freedom, as it is a function, while once we go on-shell it will

obey a Klein-Gordon like equation. This doesn’t alter the number of degrees of freedom hence leading to

one off-shell degree of freedom. The exception is if the scalar is an auxiliary field and hence has an algebraic

equation of motion. In this case the field has zero on-shell degrees of freedom.

Spin- 1
2 fields in any dimension have the same number of off-shell degrees of freedom as the appropriate

36Interestingly if we have a supersymmetric theory and it contains gravity then the supersymmetry must be realised as a local
symmetry thus, seemingly, indicating an intimate relationship between local supersymmetry and diffeomorphism invariance.

37Since, as we’ve seen, a sensible graviton is massless.
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spinor used to describe them as described in the last Subsection. We denote this number by m, which

at this point could correspond to real or complex degrees of freedom. On-shell an equation like the Dirac

equation will apply which acts to relate 1
2 of the components to the other half meaning that we’re left with

m
2 components. Usually we shall use the minimal spinor, which is the one with the fewest real degrees of

freedom, in a given dimension and as such this is the number m will usually represent. For example in four

dimensions the minimal spinor is of either Majorana or Weyl type and has m = 4 off-shell real components

leading to 2 on-shell real degrees of freedom.

A gauge field is specified by a one-form A[1] which obviously has d components, however we have a gauge

transformation dλ[0] which allows us to fix one component of the gauge field thus leading to d−1 real degrees

of freedom off-shell. Once we go on-shell the field will obey a Maxwell like equation which can be shown

to impose one relationship between the components of the on-shell field thus reducing the number of real

on-shell degrees of freedom to d− 2.

For a gravitino ψαµ which has a spinor index α ∈ {1, ...,m}, where m is as in the spin 1
2 case, and a

coordinate index µ we might expect that this field has md off-shell degrees of freedom, where now we take m

to denote the number of real degrees of freedom of the minimal spinor. However this isn’t the case because

this field possesses a gauge invariance, which in the free field case takes the form ψαµ → ψαµ +∂µε
α, and allows

us to remove a full spinors worth of components giving us m(d−1) real degrees of freedom. We can probably

see where our search for a gauge field is pointing us. On-shell we might expect that we have m
2 (d−2) degrees

of freedom, however a careful treatment38 shows that there is an additional constraint that has to be taken

into account. This careful treatment leads to us discovering that there are m
2 (d− 3) on-shell real degrees of

freedom.

For a graviton we’ve seen previously that there are d(d−1)
2 off-shell degrees of freedom. This can been seen

since Eaµ has d2 real components but it also has both local Lorentz and diffeomorphism gauge transformations

which remove d(d−1)
2 + d components. On-shell we loose a further d degrees of freedom due to constraints

which leads to a total of (d−1)(d−2)
2 − 1 on-shell real degrees of freedom.

It is also possible to consider higher order forms, such as p-forms A[p] p > 2, which possess slightly more

involved gauge invariances than one forms. This can be seen as follows: p-form theories possess invariance

under transformations of the form dλ[p−1], however λ[p−1] +dω[p−2] defines the same gauge transformation as

λ[p−1], so the gauge parameter has its own gauge invariance. This pattern continues until we get to a 0-form

38For example see chapter six of [44].
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auxiliary scalar scalar spin 1
2 1-form gravitino graviton p-form

off-shell d.o.f 1 1 m d− 1 m(d− 1) d(d−1)
2

(
d−1
p

)
on-shell d.o.f 0 1 m

2 d− 2 m
2 (d− 3) (d−1)(d−2)

2 − 1
(
d−2
p

)
Table 4: List of number of off-shell and on-shell real degrees of freedom for various fields encountered
in Supergravity theories. Here m denotes the number of real degrees of freedom of the minimal spinor
representation in the appropriate dimension.

potential. If the counting is performed accurately we find that such a field has
(
d−1
p

)
real off-shell degrees

of freedom. Much like the case of a 1-form it can be shown that constraints reduce the on-shell degrees of

freedom to only transverse ones. This gives a total of
(
d−2
p

)
real on-shell degrees of freedom.

At this point it’s obvious that the gauge field for supersymmetry is going to be the gravitino, so we might

ask what theories we can write down. We’ll focus on theories in low dimensions and try to consider the

simplest theory possible so as to illustrate the features of supergravity theories without the clutter that can

occur in higher dimensions. We shall begin by considering on-shell representations of the supersymmetry

algebra as this will allow us to consider how to convert on-shell representations into off-shell ones with the use

of auxiliary fields. In d = 3 we see that Eaµ and ψαµ both have zero on-shell degrees of freedom39. This gives

us an on-shell representation of supersymmetry, but it’s pretty trivial from a dynamics standpoint. In d = 4

we find that both Eaµ and ψαµ have 2 on-shell degrees of freedom. Thus, again, they from a supermultiplet

on their own. This is often called the N = 1 supergravity multiplet and it is this multiplet that we shall

focus on. The first authors to consider this theory were [43]. Interestingly invariance under supersymmetry

of the theory described was one of the first calculations in theoretical physics that could only be completed

by computer based computational methods.

When writing an action for the vielbein we know there are two approaches we can take, for a full recap

please refer to Appendix B. Here we shall begin with the second order formulation of gravity, in this case

the dynamics of Eaµ are encoded by the action

SEH [Eaµ] =
1

2κ2

∫
d4x det(E)ea

µeb
νRabµν(ω[E]). (1.68)

Here ea
µ is the inverse of Eaµ, Rabµν(ω[E]) denotes the components of the curvature 2-form which are given

in terms of the spin connection ωµ
a
b. Formulae for both of these objects are given in Appendix B.

We then need to couple in the gravitino which requires nothing but a curved space generalisation of the

39Here Eaµ is defined by Ea = Eaµdxµ and diagonalises the metric.
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Rarita-Schwinger coupling for spin- 3
2 fields. This is given by

S 3
2
[ψµ, E

a
µ] = − 1

2κ2

∫
M

d4x det(E)ψ̄µγ
µνσDνψσ , (1.69)

In this expression γµ are the curved space Dirac gamma matrices, γµνσ = γ[µγνγσ], and ψ̄µ = ψµ
TC is the

Majorana conjugate of the gravitino, which is a Majorana spinor. The covariant derivative of the gravitino

is given by

Dµψν = ∂µψν +
1

2
ωµabT

abψν , (1.70)

where T ab = 1
4 [γa, γb] with γa the flat space Dirac gamma matrices40. It may have been expected that a

term involving the Christoffel connection Γσµν would be present, however owing to the presence of the γµνσ

such a contribution would evaluate to zero.

The on-shell N = 1, d = 4 Supergravity action is then given by

SN=1,d=4
Sugra [Eaµ, ψµ] = SEH [Eaµ] + S 3

2
[ψµ, E

a
µ] , (1.71)

which is invariant under the following supersymmetry transformations

δεE
a
µ =

1

2
ε̄γaψµ , δεψµ = Dµε , (1.72)

in this expression ε is a local Majorana spinor. We note that the gravitino transforms like the covariant

derivative of the gauge parameter, which is exactly how we expect a gauge field to transform. Showing

invariance of this action is not a task for the faint of heart and we shall discuss ways to make this task

simpler later in this Section.

Aside from local supersymmetry (1.71) also possesses local Lorentz invariance and diffeomorphism in-

variance. If we now calculate the algebra of two supersymmetry transformations, with Majorana spinor

parameters ε1 and ε2, we find that

[δSusy(ε1), δSusy(ε2)] = δdfm(ξµ) + δLorentz(ξ
µωµ

a
b) + δSusy(−ξµψµ) + (e.o.m) , ξµ =

1

2
ε̄2γ

µε1 , (1.73)

where δdfm represents a diffeomorphism transformation, δLorentz represents a local Lorentz transformation

and δSusy is a supersymmetry transformation all with the appropriate parameter given in the brackets. The

40Please note the difference of conventions between this and Appendix B, this has been done here to make it simpler for the
reader to compare the results presented in this Section to those of the original material [43].
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first term is exactly what we’d expect for a local theory of supersymmetry given (1.66). The additional terms

are possibly unexpected but as they’re associated to gauge invariances their presence isn’t harmful. Crucially

the appearance of terms involving the equations of motion means that this is an on-shell representation of

supersymmetry.

This gives us an impression of the structures at play in Supergravity theories but everything has been

at the on-shell level. A natural question one might have is if it’s possible to give an off-shell formulation of

the theory? We know that we’ll need the number of off-shell bosonic and fermionic degrees of freedom to

match so the first thing to do is to start counting again. As Table 4 shows off-shell Eaµ has 6 real degrees

of freedom while ψµ has 12. This mismatch means we need to add in 6 bosonic degrees of freedom. We

also note that we need these new off-shell degrees of freedom to not contribute to the on-shell degrees of

freedom counting, hence the fields we add must be auxiliary fields. There are several choices, but one is to

take two auxiliary real scalars P, S and a single auxiliary vector Aµ which contributes 4 real off-shell degrees

of freedom, since such a vector doesn’t possess a gauge invariance41.

The dynamics of our theory are now given by the off-shell N = 1, d = 4 Supergravity action

SN=1,d=4
Off−shell sugra[Eaµ, ψµ, P, S,Aµ] = SN=1,d=4

Sugra − 1

3κ2

∫
d4x det(E)(S2 + P 2 −AµAµ) . (1.74)

We can see from this action that, under their own equations of motion, all of the new auxiliary fields are set

to zero on-shell. Hence once we go on-shell for these fields we return to our original on-shell description of the

N = 1, d = 4 theory. Aside from augmenting the action principle these fields augment the supersymmetry

transformations, (1.72), of our fields. It’s this change in the supersymmetry transformations that allows us

to go from an on-shell representation to an off-shell one. The new transformations are given by

δεE
a
µ =

1

2
ε̄γaψµ , δεψµ = (Dµ +

i

2
Aµγ5)ε− 1

2
γµηε , η = −1

3
(S − iγ5P − iAσγσγ5) ,

δεS =
1

4
ε̄γµRcovµ , δεP = − i

4
ε̄γ5γ

µRcovµ , δεAµ =
3i

4
ε̄γ5(Rcovµ − 1

3
γµγ

σRcovσ ) , (1.75)

Rµ,cov = ε̃µνρσγ5γν

(
Dρψσ −

i

2κ
Aργ5ψσ +

1

2κ
γρηψσ

)
.

Once more ε is a Majorana spinor parameter, with ε̃µνρσ being the Levi-Civita symbol and γ5 = iγ0γ1γ2γ3

is the usual product of four dimensional Dirac matrices.

As in the on-shell case (1.74) is invariant under (1.75). However, the big change, which is precisely what

41P is really a pseudoscalar as can be observed by it’s behaviour under a parity transformation.

37



we were aiming for, is that the supersymmetry algebra now closes off-shell. In this off-shell case the algebra

of two supersymmetry transformations, again with parameters ε1 and ε2, is

[δSusy(ε1), δSusy(ε2)] = δdfm(ξµ) + δLorentz(ξ
µωµ

a
b −

i

3κ
ξµε̃µ

ac
bAc +

1

3κ
ε̄2σ

a
b(S − iγ5P )ε1) + δSusy(−ξµψµ) ,

ξµ =
1

2
ε̄2γ

µε1 , (1.76)

with σab the standard antisymmetric product of Van der Waerden matrices. The crucial difference between

this and (1.73) is that now there are no terms proportional to the equations of motion appearing, thus

ensuring that, as promised, these fields form an off-shell representation of local supersymmetry.

So the game seems pretty clear, the gauge field of supersymmetry is the gravitino and under a SUSY

transformation it transforms into Eaµ. Hence to get models with more supersymmetry we’ll need to include

more gravitinos. These can’t come from supergravity multiplets, as the graviton should be unique, and so

they must come from other matter supermultiplets. As such if we want more supersymmetry we’ll need to

include more fields into our theory. The other lesson we should take is that given an on-shell representation

of supersymmetry we can attempt to turn it into an off-shell representation by including auxiliary fields.

Then we need to augment the action and supersymmetry transformations of the theory in order to ensure

closure of the off-shell supersymmetry algebra. This process is easy to describe but is extremely difficult to

implement, and as a result of this there are many theories for which an off-shell formulation isn’t known.

Despite having waxed lyrically about our actions having local supersymmetry we’ve been very laxed in

showing it, and that won’t change really. The reason for this is that it’s extremely difficult to show. We will

however pause to consider how one might go about it. For this we shall focus on the on-shell supergravity

action, as this task is simpler and less cluttered. When we come to trying to show the invariance of the

second order action, (1.71), it’s useful to note that its variation under any change of the fundamental fields,

up to boundary terms, takes the form

δSon−shell =

∫
d4x det(E)

(δSon−shell
δEaµ

δEaµ +
δSon−shell

δψµ
δψµ +

δSon−shell
δωµab

δωµ
a
b

δEcσ
δEcσ

)
, (1.77)

where final term arises because the spin connection depends upon Eaµ. It can be shown that in the case

where the gravitino vanishes this term is identically zero. This occurs, as explained in Appendix B, because

δSon−shell
δωµab

is just Cartan’s first equation of structure and the solution to this, when the torsion tensor is zero,

is just the spin connection. However the inclusion of the gravitino complicates things as, like all propagating

fermions, it leads to a torsion term in the first equation of structure. However, we can then see that if we
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replace the spin connection with the unique connection with torsion that satisfies the torsionful version of

Cartan’s equation of structure then we shall again find that this term vanishes identically. So if we replace

ωµ
a
b[E] with the new connection ω̂µ

a
b[E,ψ] in (1.71) then we have the new action

SOn−shell 1.5 =
1

2κ2

∫
d4x det(E)

(
ea
µeb

νRabµν(ω̂[E,ψ])− ψ̄µγµνσD̂νψσ

)
, (1.78)

with Rabµν(ω̂[E,ψ]) being the curvature 2-form associated to our now torsionful connection and D̂νψσ being

the analogue of (1.70) with our new connection in place of the spin connection. Note we might think

this covariant derivative could include an additional term relating to the connection for diffeomorphisms

also becoming torsionful however it turns out such a term isn’t permitted by local supersymmetry. Since

the torsion tensor for our connection is quadratic in fermions our action now contains the famous quartic

fermion terms often associated with supergravity theories. In addition to augmenting our action we also

have to modify our supersymmetry transformations to use this new connection. Hence (1.72) becomes

δεE
a
µ =

1

2
ε̄γaψµ , δεψµ = D̂µε . (1.79)

We now note that a variation of (1.78) is given by

δSon−shell 1.5 =

∫
d4x det(E)

(δSon−shell 1.5

δEaµ
δEaµ +

δSon−shell 1.5

δψµ
δψµ

+
δSon−shell 1.5

δω̂µab

[δω̂µab
δEcσ

δEcσ +
δω̂µ

a
b

δψσ
δψσ

])
, (1.80)

and now because of our choice of connection the final term vanishes and the job of checking invariance under

(1.79) comes down to checking just the first two terms, which while more manageable is still extremely

difficult. This approach to Supergravity is called the 1.5 order formalism because it combines aspects of

the first and second order formalisms of gravity42. It is in this form that supergravity theories are most

commonly encountered.

This completes our brief survey of the properties of Supergravity theories, most of the material covered,

and much more, can be found in [44, 76, 100] which we highly recommend to the interested reader.

42It should be noted that our action is still a second order action.
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1.3 d=11 Supergravity

So far our approach to Supergravity has had a distinctly lower dimensional feel to it, however we’ll

mostly be interested in theories residing in higher dimensions. Eleven dimensions holds a special place

amongst dimensions as it is the maximum dimension in which a Supergravity theory can exist43. This comes

about because in eleven dimensions supersymmetry is generated by a 32-component Majorana spinor. If

this spinor were to be any larger, as it would have to be in higher dimensions, then upon a dimensional

reduction of our theory on the seven-torus44 we’d obtain massless fields with spins greater than 2 in four

dimensions. We may wonder what the issue is? Well, as always, there’s a collection of theorems that make

this situation, seemingly, perilous. In this case they’re due to Weinberg [102] and Weinberg and Witten [103].

The combination of these amounts to forbidding interactions for fields of spin higher than 2 in flat space45.

As such, if we want to have Minkowski vacua for our theory, we’re forced to conclude eleven dimensions is

the final dimension in which we can have a supersymmetric field theory of massless fields, and we know how

important it is that we keep the graviton massless.

With our dimensional accountancy now in order we can move on to discussing the eleven dimensional

theory. As we previously stated the minimal spinor in eleven dimensions is a 32-component Majorana

spinor, Qα for α ∈ {1, . . . , 32}, which generates the following Fermi-Fermi bracket for the eleven dimensional

centrally extended supersymmetry algebra

{Qα, Qβ} = (ΓMC)αβPM +
1

2!
(ΓMNC)αβZMN +

1

5!
(ΓMNPQRC)αβZMNPQR , (1.81)

with M ∈ {1, . . . , 11}, ΓM eleven dimensional curved space Dirac gamma matrices and ΓM...N are antisym-

metric products of these gamma matrices. The totally antisymmetric objects ZMN and ZMNPQR are central

charges of the algebra whose origin shall be discussed later in this introduction.

Having the supersymmetry algebra, however, is only one part of the story, we still need a theory that

realises it. Such a feat was achieved by Cremmer, Julia and Scherk [18]. The theory is an on-shell realisation

of local supersymmetry and as such contains a metric gMN , with 44 on-shell degrees of freedom46, and a

gravitino ψM , which has 128 on-shell degrees of freedom. So we’ve got a mismatch of bosonic and fermionic

43Here and throughout, unless otherwise stated, we work with metrics with one timelike direction, hence Lorentzian metrics,
and it is for these that eleven dimensions is special. If we add in more time directions we can go to higher dimensions, but at
the expense of closed timelike curves being present.

44To be introduced a little later on in this introduction.
45Again this constitutes a no-go theorem, but as we know we can often wriggle out of these and this case is no exception.

The proofs, and statements, of these theorems rely on flat space, so if we go to a curved space we’re outside of their range of
applicability and so we might have more luck. If we do this then, happily, interactions abound.

46Which is related to EAM by gMN = EAME
B
NηAB .
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degrees of freedom, and as such we need to add in more bosonic fields. It turns out that the additional

degrees of freedom we need are supplied by a 3-form gauge potential A[3] which contributes the required 84

on-shell bosonic degrees of freedom. Hence the on-shell supermultiplet we’re dealing with is (g,A[3], ψM ).

To further add to the interesting properties of our eleven dimensional theory, its dynamics are uniquely

determined by its gauge invariances47, and are given by

S11d Sugra = SBosonic + SFermionic

=
1

2κ2
11

∫
M11

(
R ∗11 1− 1

2
∗11 F[4] ∧ F[4] −

1

6
F[4] ∧ F[4] ∧A[3]

)
(1.82)

− 1

2κ2
11

∫
M11

(
ψ̄MΓMNPDN (

ω̂ + ω̃

2
)ψP

+
1

192
(ψ̄MΓMNPQRSψS + 12ψ̄NΓPQψR)(FNPQR + F̃NPQR)

)
∗11 1 ,

here F[4] = dA[3] is the field strength associated to our gauge potential, ∗11 is the Hodge star associated to g

and R is the associated Ricci scalar. Further to these ψ̄M = iψ†Γ0
flat, with ΓAflat, A ∈ {0 . . . 10}, a flat space

gamma matrix48. We have that the connections are defined as follows

ω̂M
A
B = ωM

A
B [E]− 1

4

(
ψ̄MΓBψ

A + ψ̄BΓAψM − ψ̄AΓMψB
)
, (1.83)

which is the usual connection used in the 1.5 order formalism. As expected the torsion terms are fermion

bilinears. While

ω̃M
A
B = ω̂M

A
B −

1

4
ψ̄QΓM

A
BQRψ

R , (1.84)

is a supercovariant tensor. This means its supersymmetry transformation contains no derivatives of the

supersymmetry parameter. The same is true of

F̃MNPQ = FMNPQ − 6ψ̄[MΓNPψQ] . (1.85)

From these equations we can see that (1.82) contains both quadratic and quartic terms in the gravitino.

Throughout this thesis the quartic terms will, mostly, be ignored as we shall be interested in setups where

only the bosonic fields are non-zero. As such we shall ignore the precise forms of terms that arise from these

in the expressions to follow.

47Under the assumption that no terms higher than two derivatives occur.
48If we use unevaluated indices we shall drop the specification flat from flat space gamma matrices.
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The action (1.82) possesses N = 1 supersymmetry in eleven dimensions with each field transforming as

δεgMN = 2ε̄Γ(MψN) ,

δεAMNP = −3ε̄Γ[MNψP ] , (1.86)

δεψM = 2D̃M ε ,

with ε a Majorana spinor and

D̃M ε =
(
DM (ω̃) +

1

288
(ΓM

NPQR − 8δNMΓPQR)F̃NPQR

)
ε

=
(
DM (ω) +

1

288
(ΓM

NPQR − 8δNMΓPQR)FNPQR

)
ε+ (ψ)2ε , (1.87)

where the final term represents terms containing two copies of the gravitino. We shall return to this equation

in later Sections when we consider solutions to eleven dimensional supergravity that preserve some amount

of supersymmetry. However to even ask this question we need to be able to find solutions to this theory,

which obviously requires knowledge of the equations of motion of the theory. If one varies (1.82) in the usual

manner the equations of motion are found to be

RMN −
1

2
RgMN =

1

12
FMP1P2P3FN

P1P2P3 − 1

96
gMNFP1P2P3P4F

P1P2P3P4 , (1.88)

d ∗11 F[4] +
1

2
F[4] ∧ F[4] = 0 , (1.89)

ΓMNP D̃NψP = 0 , (1.90)

where in the metric and 3-form equations we have ignored all contributions due to the gravitino as we won’t

require these.

As a final note, in passing, we highlight that this eleven dimensional supergravity theory has been the

subject of much interest due to its status as the low energy description of the elusive M-theory, which is a

theory that is meant to unify all five of the known perturbative string theories [106]. Often in the literature

both 11 dimensional supergravity and M-theory are referred to as M-theory. However, throughout this thesis

we shall endeavour to make a distinction between them.

42



1.4 Branes two ways

We’ve now sped through some of the features of Supergravity theories in general and focused in on the

unique theory in eleven dimensions. However, as we know from GR, we can often learn a lot about a theory by

studying solutions to it. In this Section we shall do just this and look at some of the more exotic objects that

occur in Supergravity theories49. We shall discover that Supergravity allows for solutions that correspond

to objects with extended spatial dimensions which generalise the point particle of classical GR. Such objects

are called branes and their appearance in Supergravity theories owes to the fact that these theories contain

p-form gauge fields, such as the 3-form in eleven dimensions. We might now have our interest peaked as we

know objects that are supported by gauge fields often carry some sort of charge and we’re still looking for the

origin of the central charges in the supersymmetry algebra. It will turn out that it is precisely the presence

of branes that leads to the central charges arising in the supersymmetry algebra. This picture may paint

branes as interesting solutions but it may also give the impression that this is all they are. This couldn’t be

further from the truth and, as we’ll see, branes actually get a new lease of life when one moves into the land

of string theory50.

We shall begin our survey of branes in a very innocuous manner and ask how do central charges arise

within a supersymmetry algebra? We know that our supercharges and Poincaré generators arise as Noether

charges associated to global symmetries of our theory. Once these are obtained the algebra they obey can

be constructed directly. This provides a nice method to gain insight into how central charges occur as we

can consider explicit models that realise supersymmetry and see which ones lead to central extensions of

the algebra. This procedure was followed by Olive and Witten [107]. The crucial insight of their work was

that the calculation of the two Fermi bracket, corresponding to different supercharges, included a surface

term that traditionally had been set to zero. However, in the presence of certain backgrounds this term is

in fact non-zero and hence leads to a non-zero contribution to the algebra. The class of backgrounds within

which they found this term to be non-zero were shown to correspond to solitonic states of the system. In

these cases the surface term is related to the soliton charge. However, Olive and Witten went further and

considered d = 4, N = 2 Super Yang-Mills theory where they showed that the charges arising in (1.66) are

surface integrals of the Yang-Mills field strength, corresponding to long range ‘electric’ and ‘magnetic’ fields,

in a background where the scalar, or pseudo-scalar, of the N = 2 vector multiplet has a non-trivial vacuum

expectation value. This starts to paint a picture that the central charges we’re seeking are carried by objects

that give rise to long range forces hence leading to non-trivial surface integrals at infinity. Since we have form

49Well they were exotic when they were first discovered, but now they’re just seen as nothing more than the mundane!
50We still haven’t seen how Supergravity and String Theory are related, but be patient, we’ll get there.
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fields arising in Supergravity theories these provide obvious candidates for objects to be integrated at infinity

to give non-zero charges that could arise in the supersymmetry algebra. The validity of this assumption was

shown in [26]. However, we still need to find out what sort of objects carry such charges.

So our job now becomes to try and explicitly find the types of objects that might carry these charges.

To do this we shall try to understand some of their properties, with our approach closely following [98]. We

could just plough in and try and guess a solution or we could be a little smarter and use the SUSY algebra

to help us. Since our main focus is in eleven dimensions we shall focus on the algebra (1.81) and, owing to

hindsight, lets focus on the 2-form charge and thus set the 5-form charge to zero. This helps to simplify the

supersymmetry algebra somewhat, but we can go further and assume that only one, independent, component

of the 2-form is non-zero and the object carrying this is massive. This allows us to go to its rest frame where

PA = (P 0, 0, . . . , 0) if we further assume the non-zero component is Z12 = Q and also assume that we use

the Majorana rep of the Dirac gamma matrices, so that C = Γ0, then the SUSY algebra becomes

{Qα, Qβ} = (P 0
1+QΓ012

flat)αβ , (1.91)

with Γ012
flat = Γ0

flatΓ
1
flatΓ

2
flat. If we now consider a quantum theory51 that realises this symmetry then we

can derive the bound

P 0 > |Q| , (1.92)

which owes to the fact that the left hand side of (1.91) is positive definite. Of course, the interesting case is

the one where such a bound is saturated. If we consider such a state in the theory, what sort of properties

would it have? Originally the theory possessed 32 real supercharges, all of which annihilate the vacuum

state, and we know that if a state preserves some of our symmetries then it will be annihilated by some

linear combination of the symmetry generators. This will be seen by the existence of zero-eigenspinors of

{Qα, Qβ}. From (1.91) such spinors, ε, will obey

Γ012
flatε = ±ε . (1.93)

Since the gamma matrices we’re using are flat space ones we know that {ΓA,ΓB} = 2ηAB and hence it can

be shown52 that (Γ012
flat)

2 = 1 and tr(Γ012
flat) = 0. This ensures that the dimension of the nullity of {Qα, Qβ}

is sixteen, hence a state saturating (1.92) preserves 16 real supercharges.

51While we are considering Supergravity, which is a classical theory, we can use its quantum completion to try and inform us
about the types of objects that may appear even at the classical level.

52For those who haven’t done gamma matrix manipulations in a while we can see this by noting that (Γ3)2 = 1 and then
considering tr((Γ3)2Γ012).
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Whilst this may all seem a little far away from our goal of constructing solutions to our theory we’ve

gained valuable insight. We can see that the easiest place to look for a solution carrying our desired charge is

to consider the case where we preserve some amount of supersymmetry. Further to this insight we should ask

what sort of object can carry charge under the 3-form gauge potential of eleven dimensional Supergravity?

It turns out that to answer this we should look at how particles couple to the 1-form Maxwell potential.

We know that particles trace out a worldline in spacetime and the natural coupling53 of a Maxwell field to

this worldline is via a pullback of this 1-form. This leads to a term
∫
W1

ϕ∗(A[1]) being added to the usual

worldline action of the particle, where W1 is the manifold describing the particle worldline, ϕ : W1 → M

provides the embedding functions of the worldline into spacetime and ϕ∗ is the pullback associated to this

function. So if we want to mimic this coupling we should be looking for an object which is described by

a three-dimensional manifold. Such an object is called a membrane. Given these one begins to look for a

solution representing a membrane that preserves 16 supersymmetries. This was done by Duff and Stelle [37]

who proposed the following ansatz for a solution of eleven dimensional Supergravity

ds2
11 = e2A(r)ds2(E1,2) + e2B(r)ds2(E8) , (1.94)

A[3] = ±eC(r)dx0 ∧ dx1 ∧ dx2, ψM = 0 ,

where xµ, with µ ∈ {0, 1, 2}, are coordinates on the worldvolume of the brane, ym, for m ∈ {1, . . . , 8},

are coordinates on the space transverse to worldvolume and A,B,C are three undetermined functions with

r2 = δmny
myn. We can see that this solution clearly has an object with a three dimensional worldvolume

in it and the ansatz preserves the ISO(1, 2) × SO(8) subgroup of the full ISO(1, 10) of the vacuum. The

ansatz also has a non-trivial 3-form and so can lead to a non-trivial Maxwell like charge. This ansatz can

also be seen to be purely bosonic, as the gravitino is set to zero.

However, how can we determine if the solution is in some way supersymmetric? Well the solution could

be invariant under the supersymmetry transformations (1.86) for some choices of spinors ε. We can see that,

since the ansatz is purely bosonic, the only non-trivial transformation is that of the gravitino and for our

ansatz to preserve some degree of supersymmetry we need this variation to vanish. This consideration leads

to the equation

δεψM = 0 =⇒
(
DM (ω) +

1

288
(ΓM

NPQR − 8δNMΓPQR)FNPQR

)
ε = 0 . (1.95)

53We use the word natural here loosely, maybe a better term to use is the electric style coupling.
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Equations of this sort are called Killing spinor equations and spinors, ε, solving this equation are called

Killing spinors. Given the symmetry of the ansatz any spinor must decompose as

ε = ε̃⊗ ω(r) , (1.96)

with ε̃ a constant Majorana spinor of Spin(1, 2) and ω(r) a Majorana spinor of Spin(8), hence it is not

the minimal spinor as this is a Majorana-Weyl spinor so we could choose to further decompose it using

P± = 1
2 (1±Σ9) with Σ9 the ninth gamma matrix in eight dimensions. If we calculate the form of the Killing

spinor equation for the membrane ansatz we find that in order for there to be preserved supersymmetry the

following conditions must hold

(1± Σ9)ω = 0, ω = e−
C
6 ω0, A =

1

3
C, B = −1

6
C + d̃ . (1.97)

Here ω0 is a constant spinor of Spin(8), the sign in the first equation corresponds to the sign of the form

ansatz in (1.94) and d̃ ∈ R. Since we can see the spinor of Spin(8) is forced to be Majorana Weyl it has real

dimension 8 and hence with the 2 dimensional spinor ε̃ we can see we have a 16 component Killing spinor.

As a result our ansatz preserves half of the supersymmetry of the full theory. So our time spent looking at

the eleven dimensional supersymmetry algebra doesn’t look like such a waste of time now. Even better we’ve

managed to reduce the number of undetermined functions to just one. However, we still haven’t appealed

to the equations of motion of the theory. If we do this then it can be shown that they reduce to

δmn∂m∂ne
−C = 0 , (1.98)

which is a Laplace equation in the transverse dimensions. Selecting boundary conditions so that the metric

is asymptotically flat we find that

H(r) := e−C = 1 +
k

r6
, (1.99)

for k an arbitrary constant. With this and (1.97), where d̃ = 0 as it can be absorbed by a coordinate

rescaling, (1.94) becomes

ds2
11 = H−

2
3 (E1,2) +H

1
3 ds2(E8) , (1.100)

A[3] = ±H−1dx0 ∧ dx1 ∧ dx2, ψM = 0 .

This is the famous M2-brane solution of eleven dimensional supergravity. This solution appears to be singular
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at r = 0 but this is just a coordinate singularity and is in fact a horizon of the solution. Near this horizon

the metric takes the form

ds2
11 ∼ k−

2
3 r4ds2(E1,2) +

k
1
3

r2
dr2 + k

1
3 dΩ2

7, r → 0 , (1.101)

with dΩ2
7 the unit round metric on S7. If we now set RAdS = k

1
6

2 and let u = 1
4

r2

RAdS
then we find that the

metric takes the form

ds2
11 ∼ (RAdS)2

(du2

u2
+
( u

R2
AdS

)2
ds2(E1,2)

)
+ k

1
3 dΩ2

7, r → 0 , (1.102)

which is an AdS4 × S7 metric54, showing that the M2 brane solution interpolates between two vacuum

solutions, 11-dimensional Minkowski and AdS4 × S7, of eleven dimensional Supergravity. The geometry as

r → 0 is often referred to as the near horizon geometry of the M2 brane.

The M2 brane also has another very nice property since it enjoys a no-force condition, much like the

Reissner-Nordström black hole or various solitons. This property is very powerful and arises due to the

preserved supersymmetry of the solution [37]. The key upshot of it is that the equation governing the

solution is (1.98) which is a linear equation. As such we are allowed to superimpose solutions to the equation

which means we can replace the harmonic function in (1.99) with the more general solution

e−C = 1 +

n∑
i=1

ki
|r− ri|

, (1.103)

which represents n parallel55 M2 branes at positions ri in the transverse space each with its own associated

integration constant ki. The M2 brane solution can also be generalised in other ways. For example we

might expect to be able to allow ripples along the surface of the brane thus obtaining a wave travelling

on our brane much like waves travel on the skin of a drum. A solution of this type can be obtained by a

Garfinkle-Vachaspati transformation [47] which is explained in Appendix C.

The M2 brane marks our first encounter with a brane, but it’s certainly not our last. In fact branes

abound in Supergravity theories. We’re now going to look at a class of branes, with features very similar

to the M2 brane, which go under the name of p-branes. Our approach to this will be heavily influenced by

54Where we use Bertotti-Robinson coordinates for the AdS4 space.
55This means their worldvolumes are in the same directions, we’ll have a little to say about setups where this isn’t the case

later on.
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[95]. In order to see how branes can arise in different contexts lets consider a toy model system56

S[g,A[n−1], φ] =

∫
R ∗ 1− 1

2
dφ ∧ ∗dφ− eaφ

2
F[n] ∧ ∗F[n] , (1.104)

with F[n] = dA[n−1], φ a scalar, a ∈ R and ∗ and R the Hodge star and Ricci scalar of the metric g. The

equations of motion of this system can then be found to be

RMN =
1

2
∇Mφ∇Nφ+

eaφ

2(n− 1)!

(
FMQ1...Qn−1

FN
Q1...Qn−1 − n− 1

n(d− 2)
FQ1...QnF

Q1...QngMN

)
,

�φ =
aeaφ

2(n!)
FQ1...QnF

Q1...Qn , ∇M (eaφFMN1...Nn−1) = 0 , (1.105)

where ∇M is the covariant derivative associated to the Levi-Civita connection of the metric and M ∈

{1, . . . , d}. Following the M2 brane ansatz we propose the following solution to these equations

ds2 = e2A(r)ds2(E1,n−2) + e2B(r)ds2(Ed−n−1) ,

φ = φ(r) , A[n−1] = eC(r)dx0 ∧ . . . ∧ dxn−2 , (1.106)

where we split the full spacetime coordinates as xµ, with µ ∈ {0, . . . , n−2}, which parametrise the worldvol-

ume of our proposed brane, and ym, where m ∈ {1, . . . , d−n+1}, denoting the coordinates on the transverse

space with r2 = δmny
myn. Once more this ansatz preserves ISO(1, n− 2)× SO(d− n+ 1) symmetry. If we

now calculate the form of (1.105) for (1.106) we find the following system of equations

∆A+A′((n− 1)A′ + (d− n− 1)B′) =
d− n− 1

2(d− 2)
S2 ,

∆B +B′((n− 1)A′ + (d− n− 1)B′) +
1

r
((n− 1)A′ + (d− n− 1)B′) = − n− 1

2(d− 2)
S2 ,

(d− n− 1)B′′ + (n− 1)A′′ − 2(n− 1)A′B′ + (n− 1)(A′)2 − (d− n− 1)(B′)2 (1.107)

− 1

r
((n− 1)A′ + (d− n− 1)B′) +

1

2
(φ′)2 =

1

2
S2 ,

∆φ+ φ′((n− 1)A′ + (d− n− 1)B′) = −1

2
aS2 ,

∆C + C ′(C ′ + (d− n− 1)B′ − (n− 1)A′ + aφ′) = 0 ,

S =
(
e
a
2φ−(n−1)A+C

)
C ′ .

Here ∆ is the Laplacian of the metric ds2(Ed−n−1). Following what we learnt from the M2 brane it’s useful

to relate the arbitrary functions in our ansatz to each other, underlying these choices is often the desire for

56In fact such a system arises as a subset of many Supergravity theories.
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the solution to preserve some degree of supersymmetry. One can see an obvious choice, given (1.107), is

(n− 1)A′ + (d− n− 1)B′ = 0 , (1.108)

which reduces our system of equations to

∆A =
d− n− 1

2(d− 2)
S2 ,

(n− 1)(d− 2)(A′)2 +
d− n− 1

2
(φ′)2 =

d− n− 1

2
S2 ,

∆φ = −1

2
aS2 , (1.109)

∆C + C ′(C ′ + (d− n− 1)B′ − (n− 1)A′ + aφ′) = 0 .

We can now see that selecting

φ′ = − a(d− 2)

d− n− 1
A′ , (1.110)

will further simplify our equations to

S2 =
1

a2

(
a2 +

2(n− 1)(d− n− 1)

d− 2

)
(φ′)2 ,

∆φ = −1

2
aS2 , (1.111)

∆C + C ′(C ′ + (d− n− 1)B′ − (n− 1)A′ + aφ′) = 0 .

The first two of these can be consolidated in to

∆(e
α
2aφ) = 0 , α =

(
a2 +

2(n− 1)(d− n− 1)

d− 2

)
, (1.112)

which, if we decide upon boundary conditions so φ→ 0 as r →∞, is solved by

H(r) = e
α
2aφ = 1 +

k

rd−n−1
, (1.113)

with k ∈ R. This can now be used to solve for A and B with the integration constants from this being

determined by the condition that the metric is asymptotically the Minkowski metric. We can now solve for

C by using

d

dr
eC = ±

√
α

a
e−

a
2φ+(n−1)Aφ′ , (1.114)

whose solution is compatible with the equation ∆C + C ′(C ′ + (d− n− 1)B′ − (n− 1)A′ + aφ′) = 0. Once
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we assemble all of the functions we find the final solution takes the form

ds2 = H−
4(d−n−1)
α(d−2) ds2(E1,n−2) +H

4(n−1)
α(d−2) ds2(Ed−n−1) ,

eφ = H
2a
α , A[n−1] =

2√
α
H−1dx0 ∧ . . . dxn−2 , (1.115)

H = 1 +
k

rd−n−1
.

For such a solution the dimension of the worldvolume of the brane is often denoted by p + 1 = n − 1 and

as such we call it a p-brane solution. Interestingly, again, the whole solution is determined by the form of a

harmonic function.

So now we have a whole host of branes and we might be content with these. However our initial analogy

with point particles in Maxwell theory can be pushed further. So far we’ve been concerned with form fields

that couple to the worldvolume of the brane in an electric type manner, but we know Maxwell theory can

also allow for magnetic couplings. This leads us to the natural question of if there are branes that can carry

magnetic like charges? Rather unsurprisingly it turns out there are. The next question that comes to mind

is how would such a magnetic object couple to our form field? Well again we just look at the story in the

case of Maxwell theory, here magnetically charged objects couple to the dual of the vector potential which

is obtained by a procedure that involves, often only as part of it, taking the Hodge dual of the field strength

and then deriving a potential from this object. So lets assume we’re in a d-dimensional space, if we have

a gauge field A[n−1] its field strength is an n-form F[n] whose dual is F̃[d−n] = ∗F[n] + . . . which has an

underlying potential Ã[d−n−1]. Then following the electric case we now expect this dual field to couple to a

d− n− 2 brane. We then propose the following ansatz for a solution to our toy model system (1.104)

ds2 = e2A(r)ds2(E1,d−n−2) + e2B(r)ds2(En+1) ,

φ = φ(r) , F[n] =
λ

n!
ε̃m1...mnp

yp

rn+1
dym1 ∧ . . . dymn , (1.116)

where ε̃m1...mnp is the Levi-Civita symbol, ym are coordinates on the transverse space and λ ∈ R. The power

of r =
√
δmnymyn in the field strength is fixed by the requirement that it solve the Bianchi identity dF[n] = 0.

If we now follow a similar procedure to that for the electric ansatz, but with a few signs changed57, we find

57See [95] for details.
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that the magnetic brane solution is

ds2 = H−
4(n−1)
α(d−2) ds2(E1,d−n−2) +H

4(d−n−1)
α(d−2) ds2(En+1) ,

φ = H−
2a
α , F[n] = − 2√

αn!
ε̃m1...mnmn+1

∂mn+1
Hdym1 ∧ . . . ∧ dymn , (1.117)

H(r) = 1 +
k

rn−1
, k =

√
α

2(n− 1)
λ . (1.118)

In order to obtain this solution we have assumed asymptotically Minkowski boundary conditions for the

metric.

The obvious magnetic brane we want to find is dual of the M2 brane. To get to this we have to be a little

careful as eleven dimensional Supergravity doesn’t contain a dilaton, so in (1.105) both φ and a have to be

set to zero, which is the easy part. However the potentially more complicated part is that the form field

equation (1.88) contains a term proportional to F[4] ∧F[4] which is not present in the equations of our model

system. Fortunately explicit calculation of this term shows that in the case of the magnetic ansatz (1.117)

it evaluates to zero. This means that the analysis leading to (1.117) goes through in eleven dimensions and

we obtain the famous M5 brane solution [56]

ds2
11 = H−

1
3 ds2(E1,5) +H

2
3 ds2(E5) ,

F[4] = 3kε̃m1...mnp
yp

r54!
dym1 ∧ . . . dymn , (1.119)

H(r) = 1 +
k

r3
.

Once more as r → ∞ the solution tends to eleven dimensional Minkowski space. As in the M2 brane case

this solution looks singular at r = 0 but again this is just a coordinate singularity and is a horizon of the

solution. If we look at the near horizon geometry in this case we find that it takes the form AdS7 × S4 and

so the M5 brane also interpolates between two vacuum solutions of eleven dimensional Supergravity. If we

were to study the Killing spinor equation in the M5 background we’d find that this background possesses

16 Killing spinors. It is also no surprise that we can replace the harmonic function in our solution with a

multicentre solution which represents a series of parallel M5 branes at various points in the transverse space.

We’ve now seen electric and magnetic branes so it’s logical to ask if there are branes that carry both

magnetic and electric charge? Such branes are referred to as dyonic branes and are beyond the scope of this

introduction, for details refer to [82].
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So far we seem to be doing quite well, we’ve managed to find solutions corresponding to both electric and

magnetic branes that we’ve claimed are applicable to a wide range of Supergravity theories. These solutions

are controlled by harmonic functions, which are given in the M2 and M5 brane cases by (1.99) and (1.119),

and are supposed to solve Laplace equations. It’s here that we run in to a constitutional issue of honesty.

While the harmonic forms do solve a Laplace equation almost everywhere, at the centres of the branes they

solve a Poisson equation. This, again, is very much like a point charge in Maxwell theory where we know

that the resolution is to find a source action to couple in to the system. It’s this desire to include sources

that leads to the famous
∫
JµAµ coupling of a conserved current in Maxwell theory. So we’re at an impasse,

do we tell the truth and search for a source for our system or do we just accept the solutions we’ve presented

aren’t solutions everywhere58? Here we’ll strike a compromise and tell the truth, but only in the case of the

M2 brane. The story works out similarly for other cases but a general presentation is beyond our current

needs.

So we need to find an action that we can couple to (1.82) to act as a source for the M2 brane. Obviously

we’re looking for an action describing a membrane and so the obvious choice is the supermembrane of

Bergshoff, Sezgin and Townsend [8]. To understand the supermembrane in all of its glory requires the use

of curved superspace methods which generalise the structures of geometry to the setting of supermanifolds.

Fortunately the M2 brane is a bosonic solution, hence we can avoid a trip in to the realm of super geometry

by merely concerning ourselves with the bosonic pieces of the supermembrane action

Smemb = −T2

∫
W3

∗31 + T2

∫
W3

ϕ∗(A[3]) , (1.120)

with W3 the worldvolume manifold of the supermembrane, T2 its tension and ϕ : W3 → M the embedding

functions into the spacetime manifold, which is replaced by a supermanifold in the case of the full superme-

mbrane action. The component functions of ϕ are denoted by XM (ξ) with ξi being coordinates on the world

volume, i ∈ {0, 1, 2}, and ∗3 is the Hodge star of the pullback of the spacetime metric, ∂iX
M∂jX

NgMN ,

and ϕ∗(A[3]) is the pullback of the spacetime 3-form. This is the Nambu-Goto form of the action, there is

also the Polyakov/Howe-Tucker form of this action given by

S[X, γ] = T2

∫
d3ξ
(
− 1

2

√
−γγij∂iXM∂jX

NgMN +
1

2

√
−γ +

1

3!
ε̃ijk∂iX

M∂jX
N∂kX

pAMNP

)
, (1.121)

where γij is an independent worldvolume metric. The equation of motion of γij sets it equal to the pullback

58Such issues to do with telling the truth about sourcing of systems are sometimes referred to as George Washington problems.
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of the spacetime metric. Hence on-shell we have

γij = ∂iX
M∂jX

NgMN , (1.122)

which can be used along with (1.121) to show that the Polyakov action is classically equivalent to (1.120),

which is a statement at the level of the equations of motion of both systems.

With the correct action now obtained we can consider coupling it to the action of eleven dimensional

Supergravity, where we only care about bosonic fields. This gives us the action

S =
1

2κ2
11

∫
M

R ∗11 1− 1

2
F[4] ∧ ∗11F[4] −

1

6
F[4] ∧ F[4] ∧A[3] − T2

∫
W3

∗31 + T2

∫
ϕ(W3)

A[3] , (1.123)

where ϕ(W3) ⊂M is the image of the worldvolume under the embedding function ϕ. If we begin by focusing

on the form field sector then we can attempt to find a form J[3] such that

T2

∫
ϕ(W3)

A[3] = T2

∫
M

∗11J[3] ∧A[3] . (1.124)

For now we shall assume the existence of such a form whose sole purpose is to turn our integral over a

submanifold into one defined on the entire spacetime manifold, later we’ll consider how to construct such a

form. With this the form portion of our action becomes

SA[3]
=

1

2κ2
11

∫
M

(
− 1

2
F[4] ∧ ∗11F[4] −

1

6
F[4] ∧ F[4] ∧A[3] + 2κ2

11T2 ∗11 J[3] ∧A[3]

)
, (1.125)

whose equation of motion is

d ∗11 F[4] +
1

2
F[4] ∧ F[4] = 2κ2

11T2 ∗11 J[3] , (1.126)

from which we can see that

d ∗11 J[3] = 0 , (1.127)

meaning that ∗11J[3] acts as a conserved source for the form field equation. This confirms that, if we can

find a J[3] such that (1.124) holds, we have successfully sourced our system.

In order to see how such a source may be constructed we resort to a coordinate based version of the
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action

S =
1

2κ2
11

∫
d11x
√
−g
(
R− 1

48
FMNPQF

MNPQ
)

− 1

2κ2
11

∫
d11x

1

(4!)2(3!)2
ε̃M1...M4M5...M8M9...M11FM1...M4

FM5...M8
AM9...M11

(1.128)

+
T2

2

∫
d3ξ
√
−γ
(
− γij∂iXM∂jX

NgMN + 1
)

+
T2

3!

∫
d3ξε̃ijk∂iX

M∂jX
N∂kX

PAMNP ,

where we have used the Polyakov form of the bosonic supermembrane action. We can then look at the

variation under a change of the spacetime metric. This leads to

δgS =
1

2κ2
11

∫
d11x
√
−g δgMN

(
−RMN +

1

2
gMNR− 1

96
gMNFPQRSF

PQRS +
1

12
FMPQRFNPQR

)
−T2

2

∫
d11x
√
−g δ

11(x−X)√
−g

∫
d3ξ
√
−γγij∂iXM∂jX

NδgMN , (1.129)

which gives a modified version of the Einstein equation given in (1.88) which now includes a source term

RMN − 1

2
gMNR =

1

12
FMPQRFNPQR −

1

96
gMNFPQRSF

PQRS

−κ2
11T2

∫
d3ξ
√
−γγij∂iXM∂jX

N δ
11(x−X)√
−g

. (1.130)

So we seem to be seeing that it’s delta distributions that will allow us to localise our sources. How about in

the case of the form field equation? If we follow the same steps and employ the field redefinition A[3] → −A[3]

then we obtain

∂M (
√
−gFMNPQ)+

1

2(4!)2
ε̃NPQM1...M4M5...M8FM1...M4

FM5...M8

= 2κ2
11T2

∫
d3ξ ε̃ijk∂iX

N∂jX
P∂kX

Qδ11(x−X) , (1.131)

which is a sourced version of the original 3-form equation. We see that the source corresponds to a 3-form,

hence it is the promised J3 that localises our integral, as given in (1.124). There are also equations of motion

for the auxiliary metric, which is given by (1.122), and the embedding coordinates XM

∇i∇iXM + Γ(g)MNP∇iXN∇iXP =
1

3!
εijk∂iX

N∂jX
P∂kX

QFMNPQ , (1.132)

with ∇i the covariant derivative associated to the Levi-Civita connection of γ, Γ(g)MNP the Christoffel

symbol of the metric g and the sign arises due to our field redefinition of A[3]. If we now use the fact that
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we have world volume diffeomorphism invariance then it’s possible to set the static gauge choice

Xi = ξi, i ∈ {0, 1, 2} , (1.133)

and then propose the constant solution

X2+m = Y m, m ∈ {1, . . . , 8} , (1.134)

then provided

k =
κ2

11T2

3Ω7
, (1.135)

(1.100) solves the sourced equations everywhere in the spacetime and all other equations are solved for their

appropriate variables. This all means we have successfully found a solution of the sourced eleven dimensional

system.

The preceding work thus shows us that in order for p-branes to be solutions everywhere we need to

introduce source actions. These source actions represent theories on the worldvolume of a brane and can be

seen to couple to appropriate spacetime fields. Whilst the subject of coupling branes to supergravity systems

is very interesting, we’ll leave our treatment of it here and instead sleep easy in the knowledge that, if we

desired, we could find the appropriate sources.

Our digression into the territory of sourcing the Supergravity equations actually allows us to answer how

central charges arise in the supersymmetry algebra. We can see that we’ve introduced a conserved current

in to the system, (1.127), and thus an appropriate integral of ∗11J[3] will yield a conserved charge

Q[Σ8] =

∫
Σ8

∗11J[3] , (1.136)

with the value of this integral being dependent on if the eight dimensional manifold Σ8 encircles the brane

source. Hence the charge is in fact aware of the spatial orientation of the brane, which in the case of the

M2 brane requires a 2-form to specify. As such the charge becomes two form valued as expected in the

supersymmetry algebra. An easier way to see this two form nature was found in [26]. Here the authors

noted that the Wess-Zumino term of the supermembrane action led to a topologically conserved current

J iM1M2 = ε̃ijk∂jX
M1∂kX

M2 , ∂iJ
iM1M2 , (1.137)
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which leads to the conserved charges

ZM1M2 = T2

∫
dξ2dξ1J

0M1M2 , (1.138)

which provides a 2-form of charges that are only non-zero along the spatial directions of a brane. The

equivalence of these two descriptions can be established, but we’ll leave it here. Unsurprisingly the 5-form

in (1.81) is related to the charge of the M5 brane. The interested reader can learn more about this issue, as

well as charges arising in supersymmetry algebras in general, by referring to [60].

So far our approach to branes has had a very Supergravity feel to it, however they also arise within the

context of string theory. We shall very briefly recap this in the simplest setting, which is the bosonic string,

however the reader interested in superstrings should consult [63, 85]. For ease consider the Polyakov action

for a bosonic string propagating in a flat target space

SPoly[X, γ] = − 1

4πα′

∫
d2σ
√
−γγαβ∂αXµ∂βX

νηµν , (1.139)

with α ∈ {0, 1}, µ ∈ {0, . . . , d− 1}, σα being coordinates on the string worldsheet and α′ a constant that’s

related to the string tension, T , by α′ = (2πT )−1. Considering the variation of this action under a variation

of the embedding coordinates, Xµ, gives

δXSPoly = − 1

2πα′

∫
d2σ
(
∂α(
√
−γγαβδXµ∂βX

νηµν)−
(
∂α(
√
−γγαβ∂βXνηµν)

)
δXµ

)
, (1.140)

the second term is the equations of motion of the system while the first is a boundary term. Lets consider

an open string with σα = (τ, σ) where τ ∈ (−∞,∞) and σ ∈ (0, π). If we assume at the τ boundary all

fields have zero variation then the only boundary piece left is

1

2πα′

∫
dτ
√
−γγ1β∂βX

νηµνδX
µ
∣∣∣π
0
, (1.141)

where for our variational problem to give an extremum we now need this term to vanish, and hence we can

have either

δXµ
∣∣∣
σ0

= 0 , (1.142)

which are called Dirichlet boundary conditions or

∂1Xµ
∣∣∣
σ0

= 0 , (1.143)
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which are referred to as Neumann boundary conditions. Note in these expressions σ0 ∈ {0, π}. We can select

a combination of these conditions59, and we can see that selecting Neumann boundary conditions doesn’t

fix the spacetime position of the endpoint of the string whilst choosing Dirichlet boundary conditions does.

If we consider a system with the following boundary conditions

∂1Xa = 0 a ∈ {0, . . . , p} , XI = CI I ∈ {p+ 1, . . . , d− 1} , (1.144)

where CI are constants and we assume these boundary conditions hold at one of the string endpoints, the

conditions at the other endpoint may be different. So the string is free to move in p + 1 directions and is

fixed in the rest of them. This may seem a little odd as the string endpoint is now firmly rooted in some

directions but free in the others. This may feel like a very strange setup, and indeed this was the feeling for a

long time. This led to such boundary conditions being mostly overlooked. However it was realised that such

conditions led to objects that could carry charge under the Ramond-Ramond forms occurring in superstring

theories [84]. This led to a flurry of interest in the area and it was realised that the directions the string

end could move in were in fact objects in their right which became known as D-branes. By considering the

beta functions for a string with such boundary conditions it is possible to arrive at an effective action for a

Dp-brane which, in string frame variables, is given by

SDp = −Tp
∫
dp+1ξ e−φ

√
−det(gab + Fab) + Tp

∫
Wp+1

∑
n

eF[2] ∧ ϕ∗(A[n]) . (1.145)

with

gab = ∂aX
M∂bX

NgMN , Fab = 2πα′Fab +Bab, Bab = ∂aX
M∂bX

NBMN , (1.146)

where Tp is the brane tension, gMN is the spacetime metric, BMN is the spacetime NS-NS 2-form and φ is

the spacetime dilaton with gab and Bab being the pullbacks of the first two of these fields to the worldvolume

by the embedding function ϕ : Wp+1 → M which has coordinate functions XM and ξa, for a ∈ {0, . . . , p},

are coordinates on the brane60. F[2] = dA[1] is a worldvolume gauge field, under which the string endpoint

can carry charge. The A[n] are then forms that appear in the superstring theory and the sum only receives

contributions from terms that give p+1-forms. This action shows us that within the context of string theory

branes develop their own dynamics, a fact we’ve seen in Supergravity due to the sourcing of the M2 brane

by the supermembrane. This leads us to the conclusion that branes can support their own worldvolume

theories and so actually have a life far beyond just being solutions of Supergravity theories.

59We assume the timelike coordinate X0 obeys Neumann boundary conditions. If we relax this assumption then we include
the option of having a D-instanton [54].

60Here M is a supermanifold as we’re really dealing with superstrings at this point, but we omit all fermionic contributions.
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The fact that an open string, which is really a two dimensional brane, can end on a D-brane actually

alludes to another phenomena in Supergravity and String Theory. That is the fact that branes can end on

other branes. However we can’t just have any brane ending on any other brane, there are rules for what can

happen. These go under the name of brane surgery rules, who says physicists don’t have a sense of humour,

and can be seen to be related to the appearance of Chern-Simons terms in Supergravity theories [97]. The

possibility for more complicated brane configurations is also captured in so called intersecting brane solutions

which are reviewed in [49]. This brings our introduction to branes to a close, sadly we’ve only managed to

touch on the very basics of this fascinating subject, the interested reader is recommend to look at any of the

references given in this Section if they want more details or other presentations on the subject.

1.5 Kaluza-Klein theory

We’ve already discussed the basic idea of Kaluza-Klein theory as a mechanism for obtaining lower dimen-

sional theories from higher dimensional ones. So rather than talking in the hypothetical lets jump straight

into an example. Consider a scalar field, Φ, propagating in R1,d and assume its dynamics are given by

Sd+1[Φ] =

∫
Md+1

dd+1X
(
− 1

2
∂MΦ∂NΦηMN +

g

3!
Φ3
)
, (1.147)

where M ∈ {0, . . . , d} and we’ve decided that our field is a massless interacting scalar with equation of

motion

�d+1Φ +
g

2
Φ2 = 0 , (1.148)

with �d+1 = ηMN∂
M∂N .

If we now consider the case where we take

Md+1 = R
1,d−1 × I, ds2

d+1 = ηµνdx
µdxν + dz2 , (1.149)

where XM = (xµ, z) for xµ, µ ∈ {0, . . . , d − 1}, coordinates on R1,d−1 and z a coordinate on I. Lets now

compactify the z coordinate by imposing the periodicity condition

z ∼ z + 2πR , (1.150)

so our manifold becomes Md+1 = R1,d−1 × S1 with the S1 having, finite, radius R. The structure of the

58



space suggests that we propose our scalar field obey the periodicity condition

Φ(x, z) = Φ(x, z + 2πR) . (1.151)

At this stage we’d usually just jump into expressing Φ as a Fourier series, but lets stop and run through

the analysis in full as we’ll see it many more times throughout this thesis. In performing any expansion of

our fields we’re looking for the transverse dependence they’re permitted to have. This dependence usually

results from considering eigenfunctions of a particular differential operator in the problem subject to a set

of boundary conditions. We have the boundary condition but what is the operator? Well in this simple

example the only operator we have is �d+1 = ηµν∂
µ∂ν +∂2

z . So the obvious choice is to take ∂2
z and consider

its eigenfunctions

d2

dz2
ψ(z, λ) = λψ(z, λ), ψ(z, λ) = ψ(z + 2πR, λ) , (1.152)

where the ‘boundary’ condition of the problem is inherited from (1.148). If we just aim to solve the equation,

rather than imposing this condition for now, we find the following eigenfunctions

ψ(z, 0) = az + b ,

ψ(z, λ) = ae
√
λz + be

√
λz λ > 0 , (1.153)

ψ(z, λ) = aei
√
|λ|z + bei

√
|λ|z λ < 0 ,

where a, b ∈ R. So it appears that we have 3 types of behaviour, however we now have to impose our

‘boundary’ condition. Doing this we find that

az + b = a(z + 2πR) + b =⇒ a = 0 ,

ae
√
λz + be

√
λz = ae

√
λze2π

√
λR + be

√
λze−2π

√
λR =⇒ a = b = 0 λ > 0 , (1.154)

aei
√
|λ|z + bei

√
|λ|z = aei

√
|λ|ze2πi

√
|λ|R + bei

√
|λ|ze−2πi

√
|λ|R

=⇒ e2πi
√
|λ|R = 1 =⇒

√
|λ| = n

R
n ∈ N0 \ {0} λ > 0 .

We can see that the imposition of the periodicity condition removes certain transverse dependence, for

example the zero mode is forced to have constant transverse dependence, the eigenfunctions that behave

as exponentials are completely removed and the oscillatory solutions have a quantisation condition imposed

on the allowed eigenvalues. We note that the condition on the eigenvalues of our oscillatory modes is
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precisely the condition expected for a Fourier series. We can now expand61 our field Φ using the admissible

eigenfunctions

Φ(x, z) = φ(x, 0) +
∑

n∈N\{0}

(
φ(x, n)e

in
R z + φ̃(x, n)e−

in
R z
)

=
∑
n∈Z

φ(x, n)e
in
R z , (1.155)

with φ(x,−n) = φ̃(x, n) for n > 0. We often call the φ(x, n) the Kaluza-Klein modes of the expansion. So

we’ve managed to arrive at a Fourier series for our field, which now seems to have been expressed in terms of

an infinite set of d-dimensional scalar fields φ(x, n). We can also see that had we imposed different boundary

conditions then different eigenfunctions from (1.153) may have been admissible and our expansion would

have looked rather different.

Having now expanded our field Φ we can attempt to determine the dynamics of our theory by using

(1.148) and (1.155) to obtain

∑
ñ∈Z

ei
ñ
R z
(
�dφ(x, ñ)−

(
ñ

R

)2

φ(x, ñ)
)

+
g

2

∑
ñ,m∈Z

ei
ñ+m
R zφ(x, ñ)φ(x,m) = 0 , (1.156)

with �d = ηµν∂
µ∂ν . In order to obtain equations of motion for our fields φ(x, n) we need to project this

equation on to a single mode. Within the context of the circle the basis of functions we use for expansions

are {ei nR z|n ∈ Z} and to go further in constructing a lower dimensional theory we’ll need to evaluate integrals

of these functions. In the current context the integrals we require are

∫ 2πR

0

dz ei
n
R zei

m
R z = 2πRδn+m,0 , (1.157)∫ 2πR

0

dz ei
n
R zei

m
R zei

p
R z = 2πRδn+m+p,0 .

The first of these integrals tells us our eigenfunctions are orthogonal and normalisable and is required to

understand the linear part of the lower dimensional theory. On the other hand the second is a triple integral

and, as we’ll see, it determines the types of interactions present in our lower dimensional theory. Crucially

the structure of these overlap integrals of the transverse eigenfunctions determines the structure of the lower

dimensional theory and the interactions it contains. To see this we now apply the operator
∫ 2πR

0
dze−i

n
R z to

61Since Φ is a real scalar we must have φ̄(x, n) = φ̃(x, n) where φ̄ denotes complex conjugation of φ.

60



(1.156) which leads to the equations62

(
�d −

(
n

R

)2)
φ(x, n) +

g

2

∑
m∈Z

φ(x, n−m)φ(x,m) = 0 , n ∈ Z . (1.158)

We see that this leads to massive lower dimensional scalars, except in the case of the zero mode, with various

interactions between these fields. So we’ve managed to rephrase our d+1 dimensional theory in terms of d

dimensional fields and it is in this sense that we have a lower dimensional theory.

However from a solution point of view we’ve just traded a PDE in d+1 dimensions in for a discrete

infinity of PDEs in d dimensions. This doesn’t look any easier to solve, however it would be if we could set

some of the φ(x, n) to zero. Whilst this wouldn’t lead to the most general solution of (1.148) it would lead

to a solution and this solution would be easier to obtain. However, we can see that our interactions lead to

sources for fields. So if we try to set a field to zero, initially, but it has a non-zero source then the equation

of motion of that field means it can’t be consistently set to zero. One choice is to consider a system where

φ(x, 0) 6= 0, φ(x, n) = 0, n ∈ Z (1.159)

but is this consistent? If we look at the equation of a massive mode, φ(x, n), then only sources involving the

massless mode, φ(x, 0), are dangerous. Our equations become

(
�d −

(
n

R

)2)
φ(x, n) + gφ(x, n)φ(x, 0) = 0 , n ∈ Z \ {0} , (1.160)

from which we can see the potentially dangerous source term isn’t an issue. This is because every time there

is a zero mode it’s accompanied by a massive mode and so the source term is zero. So if we perform the

truncation of modes given in (1.159) then the only non-trivial equation arising from (1.158) is

�dφ(x, 0) +
g

2
φ(x, 0)2 = 0 . (1.161)

If we solve this then we have a solution of the equation (1.148) where we take Φ to be defined by (1.155)

and use our truncated solution to the lower dimensional equation. Such a truncation of the Kaluza-Klein

modes that leads to a sensible system of lower dimensional equations, where a solution of this truncated

system leads to a solution of the full system, is called a consistent truncation63. Consistent truncations are

62In reality we are using the fact that we can write (1.156) as a new Fourier series
∑
n∈Z f(x, n)ei

n
R
z and then we’re extracting

the components f(x, n).
63Consistent truncations don’t have to be between a higher and lower dimensional theory but can be between two theories

in the same dimension where one has some of the fields present in the other set to specific values.
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mathematically very appealing as they make life easier. However consider the following proposed truncation

for our system

φ(x, 2n) 6= 0, φ(x, 2n+ 1) = 0, n ∈ Z , (1.162)

then the equations of motion of the odd modes read

(
�d −

(
2n+ 1

R

)2)
φ(x, 2n+ 1) +

g

2

∑
m∈Z

φ(x, 2n+ 1− (2m+ 1))φ(x, 2m+ 1)

+
g

2

∑
m∈Z

φ(x, 2n+ 1− 2m)φ(x, 2m) = 0, n ∈ Z . (1.163)

We can see that the source terms always contain an odd term and hence will evaluate to zero. So this

truncation is mathematically consistent. However on physical grounds we’re exciting modes that are much

heavier than say φ(x, 1) and this isn’t sensible so the truncation is physically inconsistent. We can see that

our previous truncation (1.159) is physically consistent so long as we are at energies E << R−2 otherwise

we risk exciting higher Kaluza-Klein modes and the system would then no longer be physically consistent.

Interestingly if we perform the truncation (1.159) then the equation (1.161) can be obtained from the

action

Sd[φ(x, 0)] =

∫
ddx
(
− 1

2
ηµν∂

µφ(x, 0)∂νφ(x, 0) +
g

3!
φ(x, 0)3

)
. (1.164)

We notice that if we were to use (1.155) in the action (1.147) and perform the truncation (1.159) we’d receive

the action

S[φ(x, 0)] = 2πR

∫
ddx
(
− 1

2
ηµν∂

µφ(x, 0)∂νφ(x, 0) +
g

3!
φ(x, 0)3

)
, (1.165)

where we have performed the z integral. This action leads to the same equations of motion as we obtained

by direct substitution in to (1.148). This may cause use to conjecture that it doesn’t matter if we substitute

a consistent Kaluza-Klein ansatz into the higher dimensional equations of motion or the action as in the end

we’ll arrive at the same system of equations. This was long though to be the case, however it was shown

that it isn’t actually true [68] and so when we consider if a truncation is consistent it is a statement that

must be made at the level of the equations of motion.

There is a big industry for finding consistent truncations within theories, however, also of interest is the

question of why are some truncations consistent but others aren’t? This is an extremely hard question to

answer, however in some cases it is possible to understand why a truncation is consistent. The simplest

example is that of a circle reduction. We can see from the sources in (1.158) that if we were to add the
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mode numbers of the two fields in the source for the φ(x, n) field then we’d always have n−m+m = n, so

the source has to have the same overall mode number as the field it sources. This looks curious, is it just

a coincidence or is there more to it? Lets add a term λ
4!Φ

4 to (1.147) which would lead to a λ
3!Φ

3 term in

(1.148). If we then make use of the overlap integral

∫ 2πR

0

dz ei
n
R zei

m
R zei

p
R zei

q
R z = 2πRδn+m+p+q,0 , (1.166)

we see that (1.158) gets augmented by a term

+
λ

3!

∑
m,p∈Z

φ(x, n−m− p)φ(x,m)φ(x, p) , (1.167)

from which we can see that sum of mode numbers is n−m−p+m+p = n. This can’t just be a coincidence,

and it isn’t. We seem to be seeing some sort of ‘charge’ conservation law. Under this only sources carrying

the same charge as the field they source can occur. We might now ask what is the origin of this charge? At

this point we recall that S1 can be given a group structure under which it becomes the Lie group U(1). We

then recognise our eigenfunctions {ei nR z|n ∈ Z} as representations of this group. The zero mode is the trivial

representation, whilst ei
n
R z and e−i

n
R z are dual representations of the group, in the sense that their product is

in the trivial rep. So when we perform our truncation, (1.159), we’re restricting to the trivial representation

of the underlying group. Then no matter how many trivial representations we tensor product together we

can’t produce a non-trivial representation. This manifests in the fact that any source for a heavy mode that

contains a massless field must contain some number of heavy fields to balance the associated charges and,

overall, give the charge of the non-trivial representation it’s sourcing. As such, in the case where we restrict

to the trivial representations of a group, we’re guaranteed a consistent truncation! Interestingly this piece of

group theory also explains why we received the same lower dimensional system if we put our truncation into

the action or the field equations. This very simple example shows the crucial role group theory plays in our

understanding of the consistency of truncations. We’ll return to this issue, in a more complicated setting, a

little later on.

Whilst consistent truncations are nice they’re also rare. As such we have to develop methods to deal

with cases where no consistent truncations are available to us. In order to understand this lets concoct an

example. We’ll take a case where we have a single massless scalar, φ(x, 0), and a tower of massive scalars,
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φ(x, n) n ∈ N0 \ {0}. Lets assume they obey the equations

�dφ(x, 0) +
g

2
φ(x, 0)2 =

∑
n∈N0\{0}

λ(n)φ(x, n)2 ,

(�d −m2(n))φ(x, n) = g(n)φ(x, 0)2, n ∈ N0 \ {0} , (1.168)

with m2(n) the mass of the heavy fields, with m2(n) < m2(ñ) if n < ñ. We can clearly see that we can’t

perform a truncation like (1.161) in this case due to the source for the heavy modes. If we were to set the

heavy fields to zero, but not set the massless field to zero, then we’d run into inconsistencies in the equations.

As such we call such a truncation an inconsistent truncation. If we were to deal with this theory in a setting

in which the masses of the massive fields were much greater than the energies we wished to probe could we

do anything? Ideally we’d like to be able to deal with just the mode φ(x, 0), but we know we can’t just

set the massive modes to zero. So is there a way to write our system just in terms of φ(x, 0), but taking

in to account the effects of the φ(x, n)? The procedure we employ is called, classically, integrating out the

massive fields. It involves us solving the heavy field equations, for the heavy fields, and then substituting

these solutions wherever the heavy field occurs in other equations. The procedure is more easily understood

by seeing it in action. The equation we want to solve is

(�d −m2(n))φ(x, n) = g(n)φ(x, 0)2, n ∈ N0 \ {0} ,

if we could find a Green’s function for �d −m2(n) then we could invert the operator and would have solved

these equations for the massive fields. Lets denote this Green’s function by (�d −m2(n))−1 then

φ(x, n) = g(n)(�d −m2(n))−1(φ(x, 0)2), n ∈ N0 \ {0} , (1.169)

this is now the solution for our massive field, given the specific massless field source. We can now use this

in the massless field equation to obtain

�dφ(x, 0) +
g

2
φ(x, 0)2 −

∑
n∈N0\{0}

λ(n)
(
g(n)(�d −m2(n))−1(φ(x, 0)2)

)2

= 0 . (1.170)

So the integrating out procedure has produced a whole host of new interactions, which are non-local due to

the nature of Green’s functions. We can now solve this equation, or seek an action principle from which it

can be derived. This gives us a description of the system, in terms of just the massless field, but with all

of the effects of the heavy fields appropriately accounted for. This ensures our system isn’t going to lead to

64



inconsistencies and has allowed us to develop an EFT for the massless mode.

As interesting as scalars are we need to go beyond them. Our main aim will be to look at Supergravity

theories and how Kaluza-Klein methods can be applied to them. However, to begin with, let’s just look at

a gravitational theory. We’ve discussed such theories in some detail and hence we know we want to use the

Einstein-Hilbert action

SEH [ĝ] =
1

2κ2
d+1

∫
Md+1

R̂∗̂d+11 ,

with a hat put on all d+1 dimensional quantities. We now wish to propose that, topologically, Md+1 =

Md×S1 and truncate to the zero mode sector of the S1 Fourier expansion, which we know to be a consistent

truncation based on the group theoretic arguments given earlier. Truncating to the zero Fourier mode

means we loose any dependence on the circle coordinate, but we still need to workout how to parametrise

the reduction ansatz. This involves working out what fields we will have in the lower dimensional theory.

This can be done by group theoretic means by looking at how representations of the appropriate little group

branch upon the reduction and then using character methods. However an easier method is to split the

index M = (µ, z) with M ∈ {0, . . . , d}, µ ∈ {0, . . . , d − 1} and z the circle direction. If we now consider

ĝMN and split it based upon this index splitting then we obtain gµν , gµz, gzz which seems to tell us our

lower dimensional theory should contain a d-dimensional metric, gµν , a vector, from gµz, and a scalar, from

gzz. This, in fact, is the correct content, as can be confirmed by the more formal group theoretic methods,

however if we were just to propose the following reduction ansatz for the metric

dŝ2
d+1 = gµν(x)dxµdxν + 2Aµ(x)dxµdz + Φdz2 , (1.171)

we’d end up with a very odd looking lower dimensional theory whose dynamics we’d find very hard to

interpret. We could try to do field redefinitions to put this system in a more recognisable form, but wouldn’t

it be nice if we didn’t have to? What if we could set up a dimensional reduction ansatz in a way that the

lower dimensional theory is one we already recognise? This, along with consistency considerations, is the

real art of Kaluza-Klein methods.

In light of the previous comment we might ask can we do better? While we could we’ve been beaten to

the punchline by Kaluza. It turns out that a more preferable reduction ansatz is

dŝ2
d+1 = e2αφ(x)gµν(x)dxµdxν + e2βφ(x)(dz +Aµ(x)dxµ)2 , (1.172)
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with α, β ∈ R \ {0}. These constants allow us to tune the ansatz, somewhat, as we go along and will become

parameters of the lower dimensional theory that we can use to establish certain structures within it. We

note that this means that

ĝµν = e2αφgµν + e2βφAµAν , ĝµz = e2βφAµ, ĝzz = e2βφ , (1.173)

which can be compared to (1.171) and we can see the difference is that one is linear in the fields while the

other is non-linear. It may seem odd that we choose to work with something non-linear over something

linear, but as we’ll see below the non-linear ansatz leads to a very simple system.

In order to proceed we need to calculate the higher dimensional curvature tensors R̂MN and R̂ for the

ansatz (1.172). This is most simply performed by employing vielbein methods, which are discussed in

Appendix B. Since we’re working with a circle case we know that we can work at the level of the action

or equations of motion and these will produce the same results. Since the Einstein equation involves both

R̂MN and R̂ but the action only involves R̂ we choose to work at the level of the action. If we do this then

we find that we obtain, up to a total derivative, the action

SEH =
1

2κ2
d+1

∫
Md×S1

(
e(β+(d−2)α)φ

(
R∗d1−α2(d−1)(d−2)dφ∧∗ddφ

)
−1

2
e(β−dα)φF[2]∧∗dF[2]

)
∧dz , (1.174)

here R and ∗d are associated to the d-dimensional metric gµν , d is the d-dimensional exterior derivative and

F[2] = dA[1]. We can now see how useful α and β are. If we set them to the values

β = −(d− 2)α, α2 =
1

2(d− 1)(d− 2)
, (1.175)

then this puts our action into Einstein frame variables and canonically normalises the scalar. If we also

perform the circle integral we arrive at the d-dimensional action

Sd[g,A, φ] =
2πR̃

2κ2
d+1

∫
Md

(
R ∗d 1− 1

2
dφ ∧ ∗ddφ−

1

2
e−2(d−1)αφF[2] ∧ ∗dF[2]

)
, (1.176)

which can be seen to be an Einstein-Maxwell-scalar system with Newton’s constant κ2
d =

κ2
d+1

2πR̃
, where R̃

is the radius of the S1. This result is incredible, we’ve managed to derive a lower dimensional theory that

includes both electromagnetism and gravity from a theory of just pure gravity by a choice of geometry for

our higher dimensional manifold. We’d love to be able to set the scalar to zero, as then we’d have a true

Einstein-Maxwell theory. However this is only consistent, at the level of the e.o.m, if we also set F[2] = 0,
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which defeats the point of the truncation. It’s hard to emphasise how interesting this result is, we’ve managed

to unify gravity and electromagnetism as a purely geometric theory in one higher dimension and we got all

of this by just curling up one dimension64!

So far we’ve taken for granted that gµν is a metric, Aµ is a vector and φ is a scalar. However, we

know these names are really derived from the transformation properties of the fields, so we need to confirm

that our lower dimensional fields transform correctly. Our original d+1-dimensional theory has Diff(Md+1)

invariance so the symmetry group of our lower dimensional theory must embed into this in some way. So let’s

try to understand how this can happen. To begin with we note an interesting invariance of the dimensional

reduction ansatz

φ→ φ+ c , A[1] → e−βcA[1] , gµν → e−2αcgµν , z → e−βcz (1.177)

where c ∈ R. This in fact derives from a symmetry of the higher dimensional Einstein equation under which

ĝMN → k2ĝMN for a constant non zero k. This is not an invariance at the level of the action, however,

it only leads to an overall scaling of the action functional giving the famed trombone symmetry of GR65.

So overall we have d+1 dimensional diffeomorphism invariance and a trombone symmetry. All of our lower

dimensional symmetries have to descend from these. In order to make life tractable we shall work at the

infinitesimal level. In this case we find that a general d+1 dimensional transformation is given by

δĝMN = ξ̂P∂P ĝMN + ĝPN∂Mξ
P + ĝMP∂N ξ̂

P + 2aĝMN , (1.178)

with ξ̂M parametrising the infinitesimal diffeomorphism and a the infinitesimal trombone symmetry param-

eter. Any d+1 dimensional diffeomorphism that we’re permitted to use must preserve the form of the ansatz

(1.172) and, as such, we can use (1.173) to obtain

δĝµν = e2αφ(2αδφ+ δgµν) + e2βφ(2βδφAµAν + δAµAν +AµδAν) ,

δĝµz = e2βφ(2βδφAµ + δAµ) , (1.179)

δĝzz = 2βe2βφδφ .

We also know we want gµν to behave as a d-dimensional metric, Aµ to be a d-dimensional vector and φ to

be a scalar. Hence under a combination of an infinitesimal d dimensional diffeomorphism, a shift and U(1)

64So imagine what we could do if we used more exotic spaces.
65This symmetry also extends to eleven dimensional Supergravity.
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gauge transformation with parameters ξµ(x), c and λ(x), respectively, our fields transform as

δgµν = ξρ∂ρgµν + gρν∂µξ
ρ + gµρ∂νξ

ρ − 2αcgµν ,

δAµ = ξν∂νAµ +Aν∂µξν − βcAµ + ∂µλ , (1.180)

δφ = ξµ∂µφ+ c .

If we now compare (1.180) and (1.179) to (1.178) then we find, since these relationships hold for any value

of the fields, that

ξ̂µ = ξµ(x) , ξ̂z = cβz + λ(x) , (1.181)

which shows us, at the infinitesimal level, how to embed our lower dimensional symmetries into our higher

dimensional ones. It also ensures that our interpretation of the lower dimensional fields is correct.

We’re making progress as we can now deal with scalars and metrics but, as we know, Supergravity

theories also contain other types of fields. Principle among these are p-form fields and fermionic fields, but

since we won’t require fermionic fields in this thesis we shall omit them in our treatment. However, this still

leaves form fields to deal with, so let’s plough on with them. Let’s look at the case of a form field Â[n−1]

whose dynamics are encoded by the d+1-dimensional action

Sform[ĝ, Â] =

∫
Md+1

−1

2
F̂[n] ∧ ∗̂d+1F̂[n] , (1.182)

with F̂[n] = dÂ[n−1]. The obvious ansatz for such a form is

Â[n−1] = A[n−1] +A[n−2] ∧ dz , (1.183)

where A[n−1] and A[n− 2] are forms on Md. From this we find that

F̂[n] = dA[n−1] + dA[n−2] ∧ dz ,

from which we may want to conclude that we get the lower dimensional field strengths

F[n] = dA[n−1], F[n−1] = dA[n−2] .

This would seem sensible, but if one proceeds with the calculation we would find it leads us in to difficulties.

This can be understood in the following way. If we look at the metric ansatz, (1.172), we can see dz always
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appears in the combination dz +A[1] and so it would suggest we modify our form field strengths66 to

F̂[n] = dA[n−1] − dA[n−2] ∧ A[1] + dA[n−2] ∧ (dz +A[1]) , (1.184)

which gives rise to the lower dimensional field strengths

F[n] = dA[n−1] − dA[n−2] ∧ A[1], F[n−1] = dA[n−2] , (1.185)

the second field strength is unchanged, but the first one now has a term proportional to the Kaluza-Klein

vector A[1]. This modification is called a transgression term and it has some important consequences for

our lower dimensional field strengths. To see this lets recall that F̂[n] obeys the Bianchi identity dF̂[n] = 0.

We can see that our ansatz (1.184) ensures this holds. However now given (1.185) we can see that the lower

dimensional field strengths also obey Bianchi identities

dF[n] = (−1)nF[n−1] ∧ F[2], dF[n−1] = 0 , (1.186)

hence we see that the transgression term leads to a modification of the usual Bianchi identity obeyed by an

exact form. Having established the ansatz for both the form and metric we can perform the reduction of

(1.182) and find that

Sform =

∫
Md×S1

(
− 1

2
e−2(n−1)αφF[n] ∧ ∗dF[n] −

1

2
e2(d−n)αφF[n−1] ∧ ∗dF[n−1]

)
∧ dz ,

which leads to

S[A[n−1], A[n−2], φ, g] = 2πR̃

∫
Md

−1

2
e−2(n−1)αφF[n] ∧ ∗dF[n] −

1

2
e2(d−n)αφF[n−1] ∧ ∗dF[n−1] . (1.187)

We are now in a position to apply the results of dimensional reduction to Supergravity. We shall do this

by applying the results to eleven dimensional Supergravity. We shall focus on the bosonic sector, but the

66The reason for the modification is that a simple vielbein basis for the metric involves a 1-form proportional to dz + A[1],
so it becomes natural to use this combination throughout the ansatz.
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fermionic sector can also be reduced and will lead us to the same conclusion. The reduction ansatz we use is

dŝ2
11 = e−

1
6φds2

10 + e
4
3φ(dz +A[1]) ,

Â[3] = A[3] +B[2] ∧ dz, F̂[4] = F[4] +H[3] ∧ (dz +A[1]) , (1.188)

F[4] = dA[3] −H[3] ∧ A[1], H[3] = dB[2] .

Using this in the bosonic part of (1.82), along with the previously established results (1.176) and (1.187),

we obtain the action

SIIA[g,A[1], B[2], A[3]] =
1

2κ2
10

∫
Md

R ∗d 1− 1

2
dφ ∧ ∗ddφ−

1

2
e

3
2φF[2] ∧ ∗dF[2]

−1

2
e

1
2φF[4] ∧ ∗dF[4] −

1

2
e−φH[3] ∧ ∗dH[3] −

1

2
dA[3] ∧ dA[3] ∧B[2] , (1.189)

which is nothing but the bosonic action of Type IIA Supergravity in ten dimensions. Had we also carried

out the fermionic reduction we’d have obtained the fermionic sector of Type IIA Supergravity. This is one

of the two maximal, 32 real supercharge, Supergravity theories in ten dimensions, the other being Type IIB

Supergravity. The difference between these is, aside from the forms fields they contain, that IIA is a non-chiral

theory while IIB is a chiral theory, where chirality refers to the eigenvalue of spinors under Γ11 as the minimal

spinor in ten dimensions is of Majorana-Weyl type. The fact that this theory has maximal supersymmetry

demonstrates the well known fact that compactification on a circle doesn’t break supersymmetry. We also

note we previously coupled eleven dimensional Supergravity to the supermembrane, so it’s natural that

we’d ask what happens if we compactify the supermembrane action. This procedure involves wrapping the

supermembrane on a circle so the worldvolume takes the topological form W3 = W2 × S1. If this procedure

is performed then it is found that the Type IIA superstring action is obtained [34].

The IIA action contains many interesting features but one of the main ones is it contains pieces that

look like our model system (1.104). This hints at the fact that our system, if we can consistently truncate

some fields, which we can, will contain brane solutions. So can we obtain some of these? We could just

find the equations of motion and then use our p-brane ansatz to find these solutions. However we know

we’ve availed ourselves of a consistent truncation of eleven dimensional Supergravity, hence any solution

of Type IIA Supergravity will lift to a solution of eleven dimensional Supergravity by using the reduction

ansatz (1.188). This procedure of lifting solutions is called dimensional oxidation. However we already have

a solution, namely the M2 brane solution, is there any way we can go the other way and see if it arises from

a lower dimensional solution? Well we begin by noticing that the solution (1.100) has, spatial, isometry
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directions along the x1 and x2 directions. These are obvious candidates for the circle directions so let’s just

choose the x2 direction and relabel it as z. We can now rewrite the M2 brane solution in the very suggestive

manner

dŝ2
11 = H

1
12

(
H−

3
4 ds2(E1,1) +H

1
4 ds2(E8)

)
+H−

2
3 dz2 ,

Â[3] = (±H−1dx0 ∧ dx1) ∧ dz ,H(r) = 1 +
k

r6
,

which can be compared to (1.188) and leads to the identification of

ds2
10 = H−

3
4 ds2(E1,1) +H

1
4 ds2(E8) ,

B[2] = ±H−1dx0 ∧ dx1 , eφ = H−
1
2 , H(r) = 1 +

k

r6
, (1.190)

as the only non-zero fields. This is the famous fundamental string solution of Dabholkar et al [24], unsurpris-

ingly the source for it comes from the wrapped Supermembrane. This procedure of dimensionally reducing

a theory with a brane action, or a brane solution, along a common spacetime and worldvolume direction is

referred to as diagonal dimensional reduction. A similar procedure can be applied to the M5 brane solution

to obtain the D4-brane solution of Type IIA Supergravity.

From looking at the forms present in (1.189) we also expect there to be a 2-brane solution. So the

question now becomes can we obtain this from the M2 brane solution? Well in order to get a 2-brane we

would need to reduce the dimension of spacetime by one yet keep the brane worldvolume the same dimension.

This suggests that the circle coordinate should be one of the directions transverse to the brane worldvolume.

However, now we run into an issue as our dimensional reduction ansatz has an isometry direction along the

circle but our brane solution depends on all of the transverse coordinates through the harmonic function

and its dependence on r =
√
δmnymyn. We seem to be in a pickle. However, recall, we were able to place

multiple M2 branes in a space and still obtain a solution. So how about we select a transverse coordinate,

say y8, and place branes along it. This breaks isotropy in the y8 direction but it is retained in all other

directions of the transverse space. If this is done then our harmonic function becomes

H(ym) = 1 +
∑
α

kα
|y − yα|6

. (1.191)

Now taking all of the branes to have the same charge k and taking the limit of infinitesimally separated
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branes we obtain the following harmonic function

H̃(yi) = 1 +

∫ ∞
−∞

dy8 k

|y − yα|6
= 1 +

3kπ

8r̃5
= 1 +

k̃

r̃5
, (1.192)

with r̃2 =
∑7
i=1 y

iyi. This system now has an isometry along the y8 direction owing to the stacking of

the branes. If we reduce the solution along this direction in a manner similar to before then we obtain the

following

ds2
10 = H̃−

15
24 ds2(E1,2) + H̃

9
24 ds2(E7) ,

A[3] = ±H̃−1dx0 ∧ dx1 ∧ dx2 , eφ = H̃
1
4 , H̃ = 1 +

k̃

r̃5
, (1.193)

which is the, Einstein frame, D2-brane solution of Type IIA Supergravity, which we have obtained by a

process called vertical dimensional reduction 67. If the same procedure is applied to the M5 brane then we

obtain the NS5 brane solution of Type IIA Supergravity.

So far we’ve just looked at the case of a circle and we’ve already seen how rich it is. We might now wonder

would happen if we reduced on a larger space? The obvious first case is to try Tn, as this is just a sequence

of n S1 reductions. If we were to pursue this direction we’d obtain the maximal Supergravity theories in

every decreasing dimension, passing through the notable case of N = 8, d = 4 Supergravity, which was once

hoped to provide a renormalisable generalisation of GR. However we’ve only just scratched the surface, the

circle is just one of an infinite number of possible manifolds we could have picked. What if we’d picked a

different splitting of our manifold, say Md = Mn ×Md−n, with Mn meant to represent our universe and

Md−n the space on which we reduce. This space could be compact or non-compact the choice really is all

up to us. The reduction procedure is, hopefully, now fairly obvious. We begin with fields defined on Md and

then we require a method to split them into fields on Mn that are in some way expanded in terms of objects

onMd−n. In order to do this we isolate an operator onMd−n whose eigenfunctions we need to understand,

once we’ve understood the eigenspectrum of this operator, along with which eigenfunctions are admissible

for the problem, we can expand our fields in this eigenbasis and then go forth. Schematically this would look

like

Φ(x, y) =
∑
ñ

φ(x, ñ)ξ(y, ñ) , (1.194)

where our sum is only formal and tells us to expand over the eigenbasis ξ(y, ñ) in the spaceMd−n which has

67The terms diagonal and vertical dimensional reduction arise from the way in which these procedures move one in the brane
scan of p-branes in Supergravity theories [95]. The rough idea is a diagonal reduction takes a p-brane in d dimensions to a
(p-1)-brane in d-1 dimensions, whilst a vertical reduction takes a p-brane in d dimensions to a p-brane in d-1 dimensions.
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coordinates yi. In this case the φ(x, ñ) are to be interpreted as the dynamical fields on Mn, we’ve suppressed

any index structure such a field may have for ease of presentation. We can then derive appropriate equations

for their dynamics by taking the equations of motion obeyed by Φ, inserting the generalised Fourier expansion

(1.194) and using an appropriate integral to extract the component we want. This process forces us to tackle

the issue of calculating overlap integrals of the transverse eigenfunctions, but for now lets assume this can

be achieved. We’re now in possession of a system of equations for our φ(x, ñ), but we’ve done precisely

nothing68. The theories involving Φ and φ(x, ñ) are equivalent and equally difficult to solve, but to get

the φ(x, ñ) theory we had to do a lot more work! The key to the circle case was our ability to perform

a consistent truncation of the φ(x, ñ) fields to a subset of the full complement of fields. Now the problem

involving the φ(x, ñ) has become more tractable and if we can solve it then we know we’re guaranteed a

solution to the Φ system of equations. Sure, again it is a specific solution, not the general one, but how many

general solutions to non-linear PDEs do you know? It’s here that we run into an issue as finding consistent

truncations of a general system is perilously hard. The key to the S1 case was to appealing to group theory,

however in a general case there won’t be any group theory to help us. As such it becomes practically very

challenging to deal with a general treatment of reducing theories.

Given the fairly bleak picture painted by the preceding paragraph we’d be forgiven for giving up and

going for a coffee. However, as always, there are exceptions which turn out to very interesting. Given the

power of group theory we’d be silly to ignore it. So the first class of systems that might be considered are

those whereMd−n is a Lie group. Such cases were considered in work by DeWitt [32]. Given a Lie group G

on which we reduce, so that Md = Mn ×G, we will expand our fields using eigenfunctions on the Lie group

G. Unsurprisingly we can now use group theory arguments to find a consistent truncation of the generalised

Fourier expansion. As in the circle case the key is to keep fields on Mn that have transverse dependence in

the trivial representations of the GL, or GR, action of G and set all other fields on Mn to zero. This may

seem unremarkable at first but every good trick involves a slight of hand. In our case we’ve been focused

on the behaviour on the transverse space, but the real magic is what is happening on Mn. When we turn

to look at the spectrum on this space we’re staring straight at a gauge theory with gauge group G. This

is a truly profound result, we’ve managed to obtain Yang-Mills theory from geometry and, what’s more,

get it to reside in the same theory as gravity. This is one of the most elegant results in all of theoretical

physics and is why Supergravity and String Theory are so attractive to many people. However, before we get

ahead of ourselves lets recall if we hope to reproduce the Standard Model we need to obtain a gauge group

SU(3) × SU(2) × U(1). It’s now that our hubris catches up to us, since dim(SU(3) × SU(2) × U(1)) = 12

68If we assume that all transverse dependence occuring within our equations is in the span of the functions {ξ(y, ñ)}.
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and the maximal dimension we can work with is eleven we seem to have -1 dimensions left over for ourselves

to live in, which would be awfully cramped. So whilst reductions on group manifolds are calculationally

attractive, they can’t yield the universe we live in.

If we could just make the dimensions involved smaller, but somehow keep our non-abelian gauge bosons,

we’d be in with a chance of obtaining something like our universe but from a theory in greater than four

dimensions. This led to the introduction of what have become known as Pauli reductions69 into the literature,

with the name deriving from the fact that they were first considered by Pauli in unpublished correspondences

[96]. These sorts of reductions are performed on spaces Md = Mn×Md−n whereMd−n has isometry group

G, often used are the examples of the spheres Sn = SO(n + 1)/SO(n). They allow us to have the gauge

bosons of the G isometry group of Md−n and overcome the dimensionality problems we had with group

manifold reductions. However, now there isn’t, in general, any obvious group theory we can use to help

guide us. This in particular leads to issues in trying to find consistent truncations in order to make our

lower dimensional theories more tractable [36]. Often we can perform a truncation but we will have to

sacrifice some of our precious gauge bosons. As such very few consistent Pauli reductions 70 of theories are

known. However, there are several very important examples. These are eleven dimensional Supergravity

on S7 [29] and S4 [77, 78] and Type IIB Supergravity on S5 [5]. The original example due to Pauli was of

M6 = M4×S2. It is informative, even though this compactification of gravity is inconsistent, to look at the

the form of the metric ansatz which is

dŝ2
6 = gµν(x)dxµdxν + gmn(y)(dym +KmIAI[1])(dy

n +KmJAJ[1]) , (1.195)

with xµ coordinates on the 4 dimensional space and ym are coordinates on S2 which is equipped with the usual

round metric gmn. The AI[1] = AIµ(x)dxµ are gauge bosons of SO(3), as can be shown by their transformation

properties under a subset of diffeomorphisms, and the KI are the Killing vectors of S2. This can be compared

to the S1 case where y → z. We see, aside from the scalars, the ansatz are very similar. With gzz = 1

being replaced by gmn and the S1 Killing vector, which is d
dz thus having Kz = 1, being replaced by the

components of the non-abelian Killing vectors KI . The crucial feature that we should note is that the non-

abelian gauge bosons come in alongside the Killing vectors of the reduction space. Recently some interesting

work in to the consistency of Pauli reductions has been undertaken. A particularly elegant approach to this

is a case where S2 reductions were viewed as arising from S3 reductions via the Hopf fibration. This makes

these cases admissible to group theoretic methods to understand the issue of consistency [3].

69Which often provide examples of reductions on coset spaces. These are nicely reviewed in [92].
70These are defined to be the cases where we can keep all of the gauge bosons of G.
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In this last Section we have been very schematic in our details of reductions on more involved spaces.

This has partly been due to the difficulty undertaking such calculations would lead to and also because our

aim was to provide a brief glimpse of how rich the subject is. For those that desire more technical details

please consult [86].

1.6 Supergravity from String Theory

We have continually said that there is an intimate relationship between Supergravity and String Theory,

however, up until now, we have done nothing to substantiate this. As such it’s about time that we resolve

this. Recall that String Theory is usually described as a curved space two dimensional field theory whose

fundamental fields are a set of scalar, XM , and fermionic, ψM , fields. If we ignore the fermions then the

scalars XM act as embedding functions of the worldsheet into a specific manifold, often called the target

space. It is possible to quantise such a string if we take a Minkowski target space. In this case we find

the massless bosonic spectrum of the theory contains a symmetric tensor gMN , an antisymmetric tensor

BMN and a scalar φ. These fields can be coupled to the string world sheet to obtain an action for a string

propagating in a target space Md with coordinates XM (σ), a metric gMN , a background 2-form BMN and

a scalar φ, called the dilaton. This action is given by

S[γ,X] =
1

4πα′

∫
d2σ
(√
−γ

(
gMN (X)γij∂iX

M∂jX
N + α′φ(X)R(γ)

)
+BMN (X)ε̃ij∂iX

M∂jX
N
)
, (1.196)

with γij an independent worldvolume metric, with i ∈ {0, 1} and α′ being related to the string tension, T2,

by α′ = 1
2πT2

. From this point of view the fields on Md appear as couplings on the worldvolume. Crucial

to our ability to understand String Theory is the conformal symmetry of the theory. Whilst classically this

symmetry is intact; it becomes anomalous at the quantum level and in such a case the theory becomes

inconsistent. However the symmetry can be restored at the quantum level by forcing the beta functions of

the worldvolume theory to vanish. In order to make progress these beta functions are calculated order by

order in α′. The lowest order contributions to these, from the bosonic action (1.196), are given by [11]

β(gMN ) = α′(RMN + 2∇M∇Nφ−
1

4
HMPQHN

PQ) +O(α′2) ,

β(BMN ) = α′(−1

2
∇PHMNP +HMNP∇Pφ) +O(α′2) , (1.197)

β(φ) =
d− 10

6
+ α′(−1

2
∇2φ+∇Mφ∇Mφ−

1

24
HMNPH

MNP ) +O(α′2) ,

75



with the O(α′0) term setting d = 10, thus providing a calculation of the string critical dimension. The

vanishing of the beta functions at O(α′) places non-trivial equations on the target space fields gMN , BMN

and φ. It can then be noted that these are precisely the fields arising in the NSNS sector of the Type IIA

Supergravity action and that the vanishing of these beta functions is equivalent71 to a consistent truncation

of the string frame equations of motion arising from (1.189). Hence at length scales l�
√
α′ String Theory

preferentially selects out backgrounds obeying the Supergravity equations to propagate on. This finally

shows the relationship between these two theories. As we can see we’ve ignored terms of O(α′2) which would

provide corrections to the Supergravity equations. These corrections are of higher derivative type and have

been explored in the literature, but we won’t dedicate any time to them here.

71Terms involving R have been removed from the equations arising directly from the variation by combining the Einstein and
dilaton equations.
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2 The spin-2 spectrum: a tale of the trace

Having discussed the importance of the spin-2 mode in the construction of a consistent field theoretic

formulation of General Relativity, it should come as no shock that the problem of fluctuations around a

background geometry has drawn much attention. Of course the problem of perturbing a solution to a set

of equations can be performed for any system. However, for us, it is in the context of Supergravity that we

shall explore this problem. Of particular interest are backgrounds which take on a warped product structure,

since many of the interesting solutions to Supergravity are of this form, for example brane solutions. By

studying fluctuations of the metric around a background we are probing the allowed forms of gravitational

waves on that background, which has become more popular in recent years. Within the context of a warped

product manifold it’s often the case that one portion of the spacetime represents our universe and the other

portion represents some form of transverse space. This is highly reminiscent of the setup seen in Kaluza-

Klein theory. As such, it’s obvious to ask what is the allowed behaviour of a graviton on this transverse

space. In answering this question we will gain insight in to the allowed spectrum of gravitons around our

chosen background.

We may think that this problem requires a different treatment for each of the many Supergravity theories

available to us. Obvious differences could arise due to their varying matter content. However it was shown

by Bachas and Estes, B&E, building on work in [19], that this is in fact not the case [4]. In their work

B&E showed that, under certain assumptions, the graviton spectrum around a class of warped product

backgrounds could be computed without specific knowledge of the matter content of the theory. This allowed

for the construction of a universal equation governing the allowed transverse dependence of gravitons in a

particular background. From this the entire graviton mass spectrum could be determined. Crucial to the

argument was the choice that admissible gravitons obeyed a transverse traceless condition. However, as we’ve

seen, at least in Minkowski spacetime, tracelessness is only an on-shell gauge condition, and so it’s a little

presumptive to use it in deriving the equations of motion. We could just add it to the list of assumptions

required for us to obtain a universal equation for the transverse behaviour of gravitons, or we could reinstate

the trace and see if it affects the derivation. Here we shall take the latter approach. We shall begin with a

review of the construction of the universal transverse equation given by B&E . We then address the role of

imposing the tracelessness in the argument by initially assuming the trace to be non-zero and then exploring

the consequences of this for the linearised form of the equations of motion. Our presentation may at times

seem to be drawn out and calculations may seem to be overly laboured however, as we’ll see later in this

thesis, we shall be forced to return to the perturbation problem in a more general context. It is hoped that
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the insight gained by a step by step presentation, in this simpler, context will help orient readers when the

more general problem is tackled.

Over the course of this Section we’ll explore the consequences of the linearised equations of motion of

Supergravity systems for the trace of our proposed perturbations. It will be shown, for a special class

of perturbations, that while the Einstein equations may allow for a non-zero trace the linearised matter

equations force the trace to be zero.

2.1 Review of the universal equation governing the spin-2 spectrum

We shall begin by reviewing the work of B&E. They considered solutions to the equations of motion

arising from a Supergravity theory, in Einstein frame, where the metric, on a manifold Md, took the form

dŝ2 = e2A(y)ḡµν(x)dxµdxν + ĝab(y)dyadyb . (2.1)

Here µ ∈ {0, . . . , 3}, ḡµν is the metric for one of the maximally symmetric spaces AdS4, dS4 or Mink4 and

ya, for a ∈ {4, .., d− 1}, are coordinates on the transverse space.

B&E then considered the, linearly, perturbed metric given by

dŝ2
perturbed = e2A(y)(ḡµν(x) +Hµν(x, y))dxµdxν + ĝab(y)dyadyb . (2.2)

This choice of perturbation amounts to the choice that the fluctuations Hµa and Hab are set to zero and,

further to this, that all perturbations of the matter fields are set to zero. The linearised Einstein equations

for (2.2) were obtained and a factorisable solution was proposed

Hµν(x, y) = hµν(x, λ)ψ(y, λ) . (2.3)

In this context λ arose as a separation constant between the internal and external parts of the problem. hµν

was assumed to obey the world volume equation

�̄xhµν = λhµν , (2.4)

where �̄x is the Laplace-Beltrami operator on the unwarped world volume with respect to the Levi-Civita

connection of the metric ḡ. This was imposed as it was the equation that was predicted to arise on the world
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volume from the perspective of a 4 dimensional observer.

Imposed on hµν were, what seemed to be, a pair of four dimensional “gauge” choices:

∇̄µhµν := ḡµρ∇̄ρhµν = 0 , (2.5)

ḡµνhµν = 0 . (2.6)

With (2.3)-(2.6) the linearised Einstein equations become a second order differential equation for ψ(y, λ).

B&E showed that (2.2), (2.5) and (2.6) implied that

∇̂MδĝMN = 0 , (2.7)

ĝMNδĝMN = 0 , (2.8)

with ∇̂ the Levi-Civita connection associated to the metric ĝ given in (2.1) and δĝµν = e2A(y)Hµν , as given in

(2.2). We will have to reconsider the forms of (2.4)-(2.8) when we come to consider tracefull perturbations.

The variations of the Riemann and Ricci tensors were then calculated, and (2.7) and (2.8) were applied

to simplify the resulting expressions. The Weyl transformation

ĝMN = e2A(y)ḡMN , (2.9)

was performed as in the metric ḡ the manifold is a product manifold. As a result all quantities of interest,

such as the connection, curvature tensors, . . ., decompose in to objects on one of the two sub manifolds of

the full geometry. This leads to objects like R̄µν being mathematically well defined. Then due to maximal

symmetry of the external space, in the ḡ metric, one has

R̄µνρσ = k(ḡµρḡνσ − ḡµσ ḡρν) , (2.10)

with k ∈ {−1, 0, 1} depending on which maximally symmetric space was present in the background solution

(2.1).

The variation of the stress-energy tensor, TMN , was then addressed and it was argued, that at linear

order, the variation took the form

κ2δT̂µν =
1

4
δĝµνκ

2T̂ ρρ , (2.11)
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with all the other components vanishing and T̂ ρρ = ĝµν T̂µν . Since T̂ is the background stress-energy tensor

the Einstein equation for the background relates it to expressions involving the curvature of the background.

This allowed the analysis to be carried out independent of the matter content and allowed a universal

equation for ψ(y, λ) to be obtained

−[�̄y + (d− 2)ḡab(∂aA)∂b]ψ = m2ψ . (2.12)

A useful rewriting of (2.12), using ĝ, was also given

−e
−2A√

[ĝ]
(∂a
√

[ĝ]ĝabe4A∂b)ψ = m2ψ , (2.13)

where [ĝ] is the determinant of ĝab. Another rewriting of the problem was presented

(−�̄y + V (y))Ψ = m2Ψ , Ψ := e
1
2 (d−2)Aψ , V (y) := e−

1
2 (d−2)A�̄ye

1
2 (d−2)A , (2.14)

which revealed a Schrödinger type interpretation of the transverse wavefunction problem.

The eigenmode equations were supplemented by the selection of the usual norm, from curved space QFT,

for a scalar field

||δΦ||2 := i

∫
Σ

dSM (δΦ−∂MδΦ+ − δΦ+∂MδΦ−) . (2.15)

Here Σ is a spacelike hypersurface of codimension 1, dSM is the volume element on it and δΦ± denote the

positive and negative frequency parts of the solution. If one has has a stationary spacetime, so there exists

a time like Killing vector, then the form of the volume element can be given. B&E showed that the norm

factorised, for separable solutions Φ = φ(x)ψ(y), as

||δΦ||2 = ||φ||24||ψ||2 , ||ψ||2 =

∫
dd−4y

√
[ĝ]e2A|ψ|2 , (2.16)

with ||φ||24 the norm of φ(x) in M̄4, which is the four dimensional piece of Md equipped with the appropriate,

unit radius, metric ḡµν . B& E showed the same form of norm can be used for the spin-2 perturbations. Then,

by integrating (2.13) over the transverse space, and assuming no boundary terms occur when integration by
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parts is performed72, they found that

m2||φ||2 = −
∫
dd−4y ψ∂a(

√
[ĝ]ĝabe4A∂b)ψ =

∫
dd−4y

√
[ĝ]e4A|∂ψ|2 (2.17)

thus showing that m2 ≥ 0. They also concluded that for saturation of this bound ψ(y) = constant, since

the integrand of (2.17) is positive definite and we’re on a Riemannian sub manifold. If this is to give a

normalisable mode then (2.16) requires

∫
dd−4y

√
[ĝ]e2A <∞ . (2.18)

It will be our aim to replicate the procedure leading to the universal transverse equation but without assuming

(2.6).

2.2 The traceful spin-2 spectrum

We now embark on our journey to understand the spin-2 spectrum in the presence of a non-zero trace.

In a minor generalisation of the work of B&E we shall work with a worldvolume of dimension n. As such our

background metric takes the form given in (2.1) except that now µ ∈ {0, .., n−1} and a ∈ {n+1, .., d−1}. This

generalisation is performed to allow for branes of dimension higher than 4 to be involved in the discussion.

Our perturbed metric is of the form (2.2) but with µ and a running over these new values, hence we set the

possible perturbation fields Hµa and Hab to zero. The form of the perturbed metric then implies that, to

linear order in perturbations, the inverse metric takes on the form

ĝMN
perturbed =

e−2A(y)(ḡµν −Hµν) 0

0 ĝab(y)

 , (2.19)

withHµν = ḡµρḡνσHρσ. Like B&E we assume that (2.3) holds, and so our perturbation is separable. However

we will not assume a world volume equation for hµν and shall only impose the n dimensional version of the

condition (2.5), on the assumption that it will be an admissible off-shell gauge condition73. We would now

like to find the analogue of (2.7) for our case.

Claim 1.

∇̄MHMN = 0 . (2.20)
72This provides an obvious chink in the armour of any conclusions derived from this line of thought. This was exploited in

[17], a point we’ll return to later in this thesis.
73We shall have a lot more to say about this in Section 4, but for now keep this, somewhat foreboding, comment in your back

pocket.
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Proof.

∇̄MHMN = ḡMP ∇̄PHMN = ḡMP (∂PHMN − Γ̄RMPHRN − Γ̄RNPHMR)

= ḡµν(∂νHµN − Γ̄ρµνHρN − Γ̄ρNνHµρ) .

Hence

∇̄MHMa = ḡµν(∂νHµa − Γ̄ρµνHρa − Γ̄ρaνHµρ) = 0 .

Where the fact that in the metric ḡ the manifold possesses a product structure and the form of the pertur-

bation, as given in (2.2), have been used.

∇̄MHMσ = ḡµν(∂νHµσ − Γ̄ρµνHρσ − Γ̄ρσνHµρ)

= ḡµνψ(y;λ)(∂νhµσ − Γ̄ρµνhρσ − Γ̄ρσνhµρ) ,

however, by (2.5), we have that

∇̄µhµν = ḡµν
(
∂νhµσ − Γ̄ρµνhρσ − Γ̄ρσνhµρ

)
= 0 ,

which leads to

∇̄MHMσ = ḡµνψ(y;λ)(∂νhµσ − Γ̄ρµνhρσ − Γ̄ρσνhµρ) = 0 .

We now wish to see what the consequences for (2.7) & (2.8) are

Claim 2.

H := ḡMNHMN = ĝMNδĝMN =: δĝ . (2.21)

Proof.

δĝ = ĝMNδĝMN = (e−2AḡMN )(e2AHMN ) = H .
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Claim 3.

∇̂MδĝMN = −(∇̂NA)δĝ . (2.22)

Proof. One can show that under a Weyl transformation of the form (2.9) the Levi-Civita connection coeffi-

cients of the metrics ḡ and ĝ are related as follows:

Γ̂MNP = Γ̄MNP + δMN ∇̄PA+ δMP ∇̄NA− ḡNP ∇̄MA . (2.23)

Hence

∇̂QδĝMN = ∇̄QδĝMN − (δRM ∇̄QA+ δRQ∇̄MA− ḡMQ∇̄RA)δĝRN

− (δRN ∇̄QA+ δRQ∇̄NA− ḡNQ∇̄RA)δĝMR

= ∇̄QδĝMN − (∇̄QA)δĝMN − (∇̄MA)δĝQN − (∇̄QA)δĝMN − (∇̄NA)δĝMQ

= ∇̄QδĝMN − 2(∇̄QA)δĝMN − (∇̄MA)δĝQN − (∇̄NA)δĝMQ .

Where (2.2) has been used to remove terms of the form (∇̄RA)δĝRM . If we expand δĝMN , using (2.2), and

employ the definition of a covariant derivative then we find that

∇̂QδĝMN = e2A(y)(∇̄QHMN − (∇̄MA)HQN − (∇̄NA)HMQ) . (2.24)

Hence applying ĝMQ to this yields

∇̂MδĝMN = ∇̄MHMN − (∇̄NA)H

= −(∇̂NA)δĝ ,

where (2.2), (2.20) and (2.21) have all been used.

With the preceding results, we are in a position to calculate the linear variations of the required curvature

tensors. Under a perturbation of the form (2.2) the change in the components of the Christoffel symbols can

be shown to be:

δΓ̂MNP =
1

2
ĝMQ(∇̂P δĝNQ + ∇̂NδĝQP − ∇̂QδĝNP ) . (2.25)
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From which it can be shown that the linear variation of the Riemann tensor is

δR̂MNPQ = ∇̂P (δΓ̂MNQ)− ∇̂Q(δΓ̂MNP ) . (2.26)

In our conventions the Ricci tensor is defined by RMN = RPMPN , hence its linear variation, given (2.26), is

δR̂MN =∇̂P (δΓ̂PMN )− ∇̂N (δΓ̂PMP )

=
1

2
(∇̂P ∇̂MδĝPN + ∇̂P ∇̂NδĝPM − ∇̂P ∇̂P δĝMN − ∇̂N ∇̂Mδĝ) . (2.27)

If we now use (2.22) this becomes

δR̂MN =
1

2
([∇̂P , ∇̂M ]δĝPN + [∇̂P , ∇̂N ]δĝPM − ∇̂M ((∇̂NA)δĝ)

− ∇̂N ((∇̂MA)δĝ)− ∇̂P ∇̂P δĝMN − ∇̂N ∇̂Mδĝ) , (2.28)

which, using the standard result for curvatures in gauge theories

[∇̂Q, ∇̂M ]δĝQN = R̂QMδĝ
Q
N − R̂QNPMδĝPQ , (2.29)

leads to the expression

δR̂MN =
1

2

(
R̂QMδĝ

Q
N − R̂QNPMδĝPQ + R̂QNδĝ

Q
M − R̂QMPNδĝ

P
Q (2.30)

− ∇̂M ((∇̂NA)δĝ)− ∇̂N ((∇̂MA)δĝ)− ∇̂P ∇̂P δĝMN − ∇̂N ∇̂Mδĝ
)
.

The final linearised curvature we need is the Ricci scalar, R̂ = ĝMN R̂MN , which is found to be

δR̂ = −ĝMP ĝNQδĝPQR̂MN + ĝMNδR̂MN . (2.31)

Later on in this Section we shall explicitly calculate the expressions obtained above for our particular

situation.

From a computational perspective it is often easier to deal with a manifold that is the Cartesian product

of two lower dimensional manifolds. This ease derives form the fact that the tangent bundle separates into

a direct sum bundle, and as such components of curvature tensors with mixed indices vanish. In our present

case this will make our calculations easier to manage and so we shall employ the various results relating
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conformally equivalent metrics to aid us. Two metrics, g and g̃, are related by a Weyl transformation if

there exists a function φ such that

g̃ = e2φg . (2.32)

Under such a transformation one can show that the Riemann tensors, associated to the Levi-Civita connec-

tions of the respective metrics, are related as follows

R̃MNPQ =RMNPQ + 2δM[Q∇P ]∇Nφ− 2gN [Q∇P ]∇Mφ+ 2δM[P (∇Q]φ)(∇Nφ)

−2δM[P gQ]N (∇φ)2 − 2gN [P (∇Q]φ)(∇Mφ) , (2.33)

with ∇ the covariant derivative associated the Levi-Civita connection of g. If we contract this to find the

Ricci tensor, which can be done without requiring a metric, we obtain

R̃MN =RMN − (d− 2)∇M∇Nφ− gMN∇2φ

+(d− 2)(∇Mφ)(∇Nφ)− (d− 2)gMN (∇φ)2 , (2.34)

with d being the dimension of the manifold on which our metrics are defined. Finally contracting, using the

appropriate metric, g̃, we find that the Ricci scalar transforms as

R̃ = e−2φ(R− 2(d− 1)∇2φ− (d− 2)(d− 1)(∇φ)2) . (2.35)

With (2.32)-(2.35) we can use (2.9) to rewrite (2.30) and (2.31) in terms of quantities with respect to the

product metric, ḡ, on Md. We begin by calculating each of the individual terms in (2.30) and then assemble

the full results later on.

Claim 4.

∇̂M ((∇̂NA)δĝ) = (∇̄M ∇̄NA)H − 2(∂MA)(∂NA)H + ḡNM (∇̄PA)(∇̄PA)H + (∂NA)(∂MH) . (2.36)

Proof.

∇̂M ((∇̂NA)δĝ) = (∇̂M ∇̂NA)δĝ + (∇̂NA)(∇̂Mδĝ)

= (∂M∂NA− Γ̂PNM∂PA)δĝ + (∇̂NA)(∇̂Mδĝ) .
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If we now use (2.21) and (2.23) then we obtain

∇̂M ((∇̂NA)δĝ) =
(
∂M∂NA− (Γ̄PNM + δPN∂MA+ δPM∂NA− ḡNM∂PA)∂PA

)
H + (∂NA)(∂MH)

= (∇̄M ∇̄NA)H − 2(∂MA)(∂NA)H + ḡNM (∇̄PA)(∇̄PA)H + (∂NA)(∂MH) .

Following a similar proof it is possible to show that

Claim 5.

∇̂M ∇̂Nδĝ = ∇̄M ∇̄NH − (∂MA)(∂NH)− (∂NA)(∂MH) + ḡNM (∇̄PA)(∇̄PH) . (2.37)

To proceed further we need to calculate the Weyl transformation of the covariant Laplacian on our

perturbation. This can be shown to be given by the following

Claim 6.

∇̂Q∇̂QδĝMN = (d− 2)(∇̄QA)(∇̄QHMN ) + �̄HMN − 2(∇̄QA)(∇̄QA)HMN + 2(∂NA)(∂MA)H . (2.38)

Proof. In order to prove this it is useful to show

∇̂P ∇̂QδĝMN = e2A
(

2(∂PA)
(
∇̄QHMN − (∂MA)HQN − (∂NA)HMQ

)
+ ∇̄P ∇̄QHMN

−(∇̄P ∇̄MA)HQN − (∂MA)∇̄PHQN − (∇̄P ∇̄NA)HMQ − (∂NA)∇̄PHMQ

−3(∂PA)∇̄QHMN + 4(∂MA)(∂PA)HQN + 4(∂PA)(∂NA)HMQ

+2(∂MA)(∂NA)HQP − (∂QA)∇̄PHMN + (∂QA)(∂MA)HPN

+(∂QA)(∂NA)HMP + ḡQP (∇̄RA)∇̄RHMN − (∂MA)∇̄QHPN (2.39)

+ḡMP (∇̄RA)∇̄QHRN − ḡMP (∇̄RA)(∇̄RA)HQN − (∂NA)∇̄QHMP

+ḡNP (∇̄RA)∇̄QHMR − ḡNP (∇̄RA)(∇̄RA)HMQ

)
.

If one now contracts (2.39) with ĝPQ and uses

(∇̄Q∇̄NA)HMQ = 0 , (2.40)

(∇̄RA)(∇̄MHRN ) = 0 , (2.41)

86



which hold because of the form of A and the perturbation HMN , as given in (2.2), then the required result

is obtained.

Using (2.39) and the appropriate contraction, (2.37) is obtained, thus confirming our previous result. We

are now in a position to calculate the form of the terms involving curvature tensors appearing in (2.30)

Claim 7.

R̂QNδĝ
Q
M = R̄QNH

Q
M −HMN

(
∇̄2A+ (d− 2)(∇̄QA)(∇̄QA)

)
. (2.42)

Proof. If we begin by using (2.34) then we obtain

R̂QNδĝ
Q
M =

(
R̄QN − (d− 2)∇̄Q∇̄NA− gQN ∇̄2A

+(d− 2)(∇̄QA)(∇̄NA)− (d− 2)gQN (∇̄PA)(∇̄QA
)
δĝQM .

We can convert the hat perturbation to a bar perturbation by employing the following relationship

δĝQM = ĝQP δĝMP = e−2AḡQP e2AHMP = ḡQPHMP = HQ
M .

If we now expand our previous expression, making use of (2.40) and the form of our perturbation, then the

required result follows.

If we perform similar manipulations we find that

R̂QNPMδĝ
P
Q =R̄QNPMH

P
Q − (∇̄M ∇̄NA)H + (∇̄MA)(∇̄NA)H

−ḡMN (∇̄PA)(∇̄PA)H + (∇̄PA)(∇̄PA)HMN , (2.43)

with H = ḡMNHMN

With (2.36)-(2.38), (2.42) and (2.43) we can calculate an expression for the perturbation of R̂MN , (2.30),
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in the Weyl related variables. When this is done we obtain

δR̂MN =
1

2

(
R̄QMH

Q
N −HNM

(
∇̄2A+ (d− 2)(∇̄PA)(∇̄PA)

)
−
(
R̄QNPMH

P
Q − (∇̄M ∇̄NA)H + (∇̄MA)(∇̄NA)H − ḡMN (∇̄PA)(∇̄PA)H + (∇̄PA)(∇̄PA)HMN

)
+R̄QNH

Q
M −HMN (∇̄2A+ (d− 2)(∇̄PA)(∇̄PA))

−
(
R̄QMPNH

P
Q − (∇̄N ∇̄MA)H + (∇̄NA)(∇̄MA)H − ḡNM (∇̄PA)(∇̄PA)H + (∇̄PA)(∇̄PA)HNM

)
−
(
(∇̄M ∇̄NA)H − 2(∂MA)(∂NA)H + ḡNM (∇PA)(∇PA)H + (∂NA)(∂MH)

)
−
(
(∇̄N ∇̄MA)H − 2(∂NA)(∂MA)H + ḡMN (∇PA)(∇PA)H + (∂MA)(∂NH)

)
−((d− 2)

(
∇̄QA)(∇̄QHMN ) + �̄HMN − 2(∇̄QA)(∇̄QA)HMN + 2(∂NA)(∂MA)H

)
−
(
∇̄M ∇̄NH − (∂MA)(∂NH)− (∂NA)(∂MH) + ḡNM (∇̄PA)(∇̄PH)

))
.

Which if one collects terms appropriately gives

δR̂MN =
1

2

(
R̄QMH

Q
N + R̄QNH

Q
M − 2HMN

(
∇̄2A+ (d− 2)(∇̄PA)(∇̄PA)

)
− 2R̄QMPNH

P
Q

−(d− 2)(∇̄QA)(∇̄QHMN )− �̄HMN − ∇̄M ∇̄NH − ḡNM (∇̄PA)(∇̄PH)
)
, (2.44)

where the fact that R̄QNPMH
P
Q = R̄QMPNH

P
Q has been used. If one contracts this with ĝMN we obtain

ĝMNδR̂MN = −e−2A
(
�̄H +H

(
∇̄2A+ (d− 2)(∇̄PA)(∇̄PA)

)
+ (d− 1)(∇̄QA)(∇̄QH)

)
. (2.45)

Using this in (2.31) the variation of the Ricci scalar can be found to be

δR̂ = −e−2A
(
ḡMP ḡNQHPQR̄MN + �̄H + (d− 1)(∇̄QA)(∇̄QH)

)
. (2.46)

Having obtained these results we are now in a position to calculate the linearised Einstein tensor. The

Einstein tensor is defined as

ĜMN = R̂MN −
1

2
ĝMN R̂ , (2.47)

thus its linear variation is given by

δĜMN = δR̂MN −
1

2
δĝMN R̂−

1

2
ĝMNδR̂ . (2.48)
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We will now proceed to evaluate (2.48) for each of the 3 possible, independent, combinations of world

volume and transverse index structures. If we start with the worldvolume transverse combination then only

the first term in (2.48) contributes

Claim 8.

δĜµa = −1

2
∇̄µ∇̄aH = −1

2
∂µ∂aH . (2.49)

Proof.

δR̂µa =
1

2

(
R̄QµH

Q
a + R̄QQaHµ − 2Hµa

(
∇̄2A+ (d− 2)(∇̄PA)(∇̄PA)

)
− 2R̄QµPaH

P
Q

−(d− 2)(∇̄QA)(∇̄QHµa)− �̄Hµa − ∇̄µ∇̄aH − ḡaµ(∇̄PA)(∇̄PH)
)

=
1

2

(
0 + 0− 0− 0− (d− 2)(∇̄QA)(∇̄QHµa)− �̄Hµa − ∇̄µ∇̄aH − 0

)
.

Since

∇̄MHNP = ∂MHNP − Γ̄RNMHRP − Γ̄RPMHNR ,

we find that

∇̄MHµa = ∂MHµa − Γ̄RµMHRa − Γ̄RaMHµR = 0 .

Using this result, one can show that �̄Hµa = 0, and hence

δĜµa = −1

2
∇̄µ∇̄aH .

The final step just requires one to note that for a product manifold Γ̄Rµa = 0.

Using similar manipulations it can be shown that

δĜab =
1

2

(
− ∇̄a∇̄bH + (d− 2)ḡab(∇̄PA)(∇̄PH) + ḡab(ḡ

µρḡνσHρσR̄µν + �̄H)
)
, (2.50)

which, if (2.10) is used, leads to

δĜab =
1

2

(
− ∇̄a∇̄bH + (d− 2)ḡab(∇̄PA)(∇̄PH) + ḡab((n− 1)kH + �̄H)

)
. (2.51)
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We can then calculate the final piece of the linearised Einstein tensor to be

δĜµν =
1

2

(
R̄ρµH

ρ
ν + R̄ρνH

ρ
µ − 2Hµν

(
∇̄2A+ (d− 2)(∇̄PA)(∇̄PA)

)
− 2R̄σµρνH

ρ
σ

−(d− 2)(∇̄QA)(∇̄QHµν)− �̄Hµν − ∇̄µ∇̄νH + (d− 2)ḡµν(∇̄QA)(∇̄QH) (2.52)

−δĝµνR̂+ ḡµν(ḡτρḡλσHρσR̄τλ + �̄H)
)
,

which, if we use (2.10), becomes

δĜµν =
1

2

(
2(n− 1)kHµν − 2Hµν

(
∇̄2A+ (d− 2)(∇̄PA)(∇̄PA)

)
− 2kḡµνH + 2kHµν

−(d− 2)(∇̄QA)(∇̄QHµν)− �̄Hµν − ∇̄µ∇̄νH + (d− 2)ḡµν(∇̄QA)(∇̄QH) (2.53)

−δĝµνR̂+ ḡµν
(
k(n− 1)H + �̄H

))
.

In order to make further progress we will need to calculate the linearised energy momentum tensor of

the system. Our main focus throughout this thesis will be on the massless modes that arise from the NSNS

sector of Type II string theories, which give rise to the NSNS sectors of 10 dimensional Supergravity theories.

As such we shall now undertake the task of calculating the linearised variation of the energy momentum

tensor for such a system. The dynamics of the massless bosonic field content is governed by the Einstein

frame action

S[ĝ, B[2], φ] =
1

2κ2
10

∫
d10x

√
−detĝ

(
R̂− 1

12
e−φHMNPH

MNP − 1

2
∇̂Mφ∇̂Mφ

)
. (2.54)

Here all indices are raised and lowered using the metric ĝ and H[3] = dB[2]. By varying the matter parts of

(2.54) with respect to the metric, we obtain the, Einstein frame, stress energy tensor of this system

κ2T̂MN =
1

2
(∇̂Mφ)(∇̂Nφ)− 1

4
ĝMN (∇̂Pφ)(∇̂Pφ) +

e−φ

4
HMPQHN

PQ − e−φ

24
ĝMNHPQRH

PQR . (2.55)

In order to calculate the linearised variation of (2.55) we use the definition

δT̂MN := T̂MN (ĝ + δĝ, φ+ δφ,B[2] + δB[2])|lin − T̂MN (ĝ, φ,B[2]) . (2.56)

We can then use this to calculate the variation of (2.55). In the case where matter perturbations have been
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set to zero we find

κ2δT̂MN = −1

4
δĝMN (∇̂Qφ)(∇̂Qφ) +

1

4
ĝMNδĝ

PQ(∇̂Pφ)(∇̂Qφ)− e−φ

2
δĝQSHMQPHNS

P

−e
−φ

24
δĝMNHPQRH

PQR +
e−φ

8
ĝMNδĝ

RKHRPQHK
PQ (2.57)

where δĝMN := ĝMP ĝNQδĝPQ. By using the form of our perturbation we find that

κ2δT̂µν = δĝµν

(
− 1

4
∇̂Pφ∇̂Pφ−

e−φ

24
HPQRH

PQR
)

=
κ2

n
δĝµν T̂

ρ
ρ , (2.58)

with T̂µµ = ĝµν T̂µν and all other components vanish. This agrees with the result of B&E where n=4.

The advantage of using a background of the form (2.1) and a perturbation of the form (2.2) is that this

leads to a variation of the stress energy tensor of the form (2.58). This can be arrived at without a detailed

understanding of the matter fields present in the theory. As such the results derived are more far reaching

than may have originally been anticipated. The Einstein equation of the background metric allows us to

express (2.58) in terms of background curvatures as follows

κ2T̂µµ = ĝµνR̂µν −
1

2
nR̂ , (2.59)

where R̂ is the Ricci scalar for the full geometry. If we now use (2.34), recalling that the metrics ĝ and ḡ are

related by (2.9), then (2.59) gives

κ2δT̂µν =
1

n
δĝµν

(
e−2A

(
ḡρσR̄ρσ − n�̄yA− n(d− 2)(∇̄PA)(∇̄PA)

)
− 1

2
nR̂
)
. (2.60)

If we now use the maximal symmetry of Mn, thus invoking (2.10), we obtain

κ2δT̂µν = δĝµν

(
e−2A

(
(n− 1)k − �̄yA− (d− 2)(∇̄PA)(∇̄PA)

)
− 1

2
R̂
)
. (2.61)

We are now in a position to explore the consequences of the linearised Einstein equations. We begin with

the worldvolume transverse equation, (2.49). Recalling our assumption, (2.3), we write H(x, y) = h(x)ψ(y)

with h(x) = ḡµνhµν which leads to

∂µh∂aψ = 0 =⇒ h ∈ R ∨ ψ ∈ R . (2.62)
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Considering the transverse transverse equation, (2.51), we obtain 4 options. If we decide to take h ∈ R

then we find:

h = 0 ∨ −∇̄a∇̄bψ + ḡab
(
(n− 1)kψ + (d− 2)(∇̄cA)(∇̄cψ) + �̄yψ

)
= 0 . (2.63)

The first of these options means that our perturbation is traceless, hence we are in the case considered by

B&E, while the second option appears to be a new route one could investigate, see later in this Section. The

other option is to take ψ ∈ R in which case we find two further cases

ψ = 0 ∨ �̄xh+ (n− 1)kh = 0 (2.64)

The ψ = 0 case means the full perturbation is zero and hence we shall not peruse it further. However,

the second option provides a scalar wave equation for the trace of the perturbation which deserves further

investigation. Note in this case, as ψ ∈ R, we are reliant on an analogue of (2.18) holding for the perturbation

to be normalisable.

Finally we look at the worldvolume worldvolume equation. Firstly consider the case where the option

h ∈ R is taken in order to solve (2.62), if we then select h = 0 to solve (2.63) then, as expected, the results

of Bachas and Estes are recovered. In the cases where h 6= 0 we obtain the equation:

2khµνψ − 2kḡµνhψ − (d− 2)hµν ḡ
ab∂aA∂bψ − ψ�̄xhµν

−hµν�̄yψ + (d− 2)ḡµνhḡ
ab∂aA∂bψ + ḡµν

(
k(n− 1)hψ + h�̄yψ

)
= 0 . (2.65)

However it can be seen that (2.65) is, in general, incompatible with separability of the perturbation (2.3).

This can more easily be seen by considering a component of this tensor equation. For example, by setting

µ, ν = 0 in (2.65), we obtain

2kh00ψ − 2kḡ00hψ − (d− 2)h00ḡ
ab∂aA∂bψ − ψ�̄xh00

−h00�̄yψ + (d− 2)ḡ00hḡ
ab∂aA∂bψ + ḡ00(k(dWV − 1)hψ + h�̄yψ) = 0 , (2.66)

which is clearly not separable. Since we’re discussing the case where h ∈ R an obvious way to achieve

separability is to take hµν(x) = εḡµν(x), with ε input to carry the order of the perturbation. This choice

leads to trivial dynamics of hµν as all derivatives acting on it are covariant derivatives of ḡ. So whilst this

option is available to us mathematically it is physically not very desirable. However, ignoring this issue, we
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find that (2.65) leads to

�̄yψ + (d− 2)ḡab∂aA∂bψ + k(n− 2)ψ = 0 . (2.67)

This has the potential to be in conflict with the traced version of (2.63) which gives

(
(d− n− 1)�̄y + (d− n)(n− 1)k + (d− n)(d− 2)∇̄aA∇̄a

)
ψ = 0 . (2.68)

If we use (2.67) to replace the (d− 2)∂aA∂aψ term in (2.68) then we obtain the equation

�̄yψ − (d− n)kψ = 0 . (2.69)

This then allows for �̄yψ to be solved for and then used in (2.67), to check the self consistency of this

condition, giving

ḡab∂aA∂bψ = −kψ (2.70)

Assuming a non-trivial solution exists to these equations one can now attack the problem of (2.63). We

substitute (2.69) and (2.70) in for the derivative terms to obtain

−∇̄a∇̄bψ + ḡabkψ = 0 . (2.71)

Hence, if a non-trivial solution of (2.69)-(2.71) can be found then there is the possibility of finding a traceful

perturbation with non trivial dependence on the internal space. However the form of hµν = εḡµν renders

this option undesirable.

This leaves us with the case where ψ ∈ R \ {0} is used to solve (2.62) and so the second option is used

to solve (2.64). Under these assumptions the worldvolume worldvolume equation becomes

2khµν + k(n− 3)ḡµνh− �̄xhµν − ∇̄µ∇̄νh+ ḡµν�̄xh = 0 . (2.72)

If we trace this equation then we obtain

(n− 2)�̄xh+ (n2 − 3n+ 2)kh = (n− 2)(�̄xh+ (n− 1)kh) = 0 (2.73)

This shows that the worldvolume worldvolume equations and the transverse transverse equations are con-

sistent and hence it seems there is a way to allow for perturbations with a non-zero trace. However, it has
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forced us in to the case of a constant transverse dependence.

However, before we declare victory, we need to recall that, so far, we have only considered perturbations

to the metric. The real power of the argument of B&E is that it is meant to apply to all Supergravity

theories which possess a solution of the form (2.1). The result is meant to hold even in the presence of

matter perturbations. Stated in other terms the metric perturbations and the matter perturbations, at the

linear level 74 are decoupled from each other, hence there are no interactions between these perturbations 75.

This means that one can solved the metric perturbation equation without worrying about the perturbations

of the other fields. In effect we have a consistent truncation of the matter perturbations. We’d now like to

see how this occurs.

To keep the discussion concrete we shall work with the, portion of the, Type IIA Supergravity theory

given by (2.54). The metric obeys the usual Einstein equation, with the energy momentum tensor given by

(2.55). In order to proceed we shall need the dilaton and 3-form equations of motion. These are

δS

δφ
= 0 =⇒ ∇M∇Mφ+

e−φ

12
HMNPH

MNP = 0 , (2.74)

δS

δBMN
= 0 =⇒ ∇P (e−φHPMN ) = 0 . (2.75)

We can now consider the following perturbation of a solution of these equations

(ĝMN , φ,HMNP )→ (ĝMN + δĝMN , φ+ δφ,HMNP + ∂MδBNP ) , (2.76)

where we take δgMN as in (2.2). The equations obeyed by the perturbations of all three fields are obtained

by linearising (2.74) and (2.75) along with including matter perturbations in (2.56). Linearising the dilaton

equation leads to

−δĝMN ∇̂M ∇̂Nφ− ĝMNδΓ̂RMN ∇̂Rφ+ ∇̂2δφ

−e
−φ

12
δφHMNP Ĥ

MNP − e−φ

4
δĝMIHMNP ĤI

NP +
e−φ

6
∂MδBNP Ĥ

MNP = 0 , (2.77)

where δΓRMN is given in (2.25), Ĥ refers to 3 form components raise by the metric ĝ and δĝMN :=

ĝMP ĝNQδĝPQ.

74Or at the quadratic level in the effective action.
75Note that at higher orders this no longer holds.
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The linearised 2-form equation is

−δĝPI∇̂P (e−φĤI
MN )− δĝMJ∇̂P (e−φHP

J
N )− δĝNK∇̂P (e−φHPM

K)− ∇̂P (e−φδφĤPMN )

+ĝPI ĝMJ ĝNK∇̂P (e−φ∂IδBJK) + δΓ̂PRP e
−φĤRMN + δΓ̂MRP e

−φĤPRN + δΓ̂NRP e
−φĤPMR = 0 , (2.78)

where all symbols have the same definition as in the previous paragraph.

The variation of the energy momentum tensor, including matter perturbations, for a metric perturbation

of the from (2.2), is given by

κ2δT̂MN = −1

4
δĝMN (∇̂Qφ)(∇̂Qφ)− e−φ

24
δĝMNHPQRĤ

PQR +
1

2
(∇̂Mδφ∇̂Nφ+ ∇̂Mφ∇̂Nδφ)

−1

2
ĝMN (∇̂Pφ)(∇̂P δφ) +

e−φ

4
(∂MδBPQĤN

PQ + ∂NδBPQĤM
PQ) (2.79)

−e
−φ

4
δφHMPQĤN

PQ +
e−φ

24
gMNδφHPQRĤ

PQR − e−φ

12
ĝMN∂P δBQRĤ

PQR .

We are now in a position to see how matter perturbations affect the linearised Einstein equation. Let’s

begin with the worldvolume transverse equation which, using (2.49) and recalling the above perturbations

are in Einstein frame, gives

−∇̄µ∇̄aH = ∇̄µδφ∇̄aφ+
e−φ

2
∂µδBPQĤa

PQ . (2.80)

The transverse transverse equation now reads

−∇̄a∇̄bH + (d− 2)ḡab
(
∇̄PA)(∇̄PH) + ḡab((n− 1)kH + �̄H

)
= ∇̄aδφ∇̄bφ+ ∇̄aφ∇̄bδφ− ĝab(∇̂Qφ)(∇̂Qδφ) +

e−φ

2

(
∂aδBPQĤb

PQ + ∂bδBPQĤa
PQ
)

(2.81)

−e
−φ

2
δφHaPQĤb

PQ +
e−φ

12
ĝabδφHIJKĤ

IJK − e−φ

6
ĝab∂P δBQRĤ

PQR .
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Finally the WVWV equation, making use of (2.3), becomes

2khµνψ − 2kḡµνhψ − (d− 2)hµν∇̄PA∇̄Pψ − ψ�̄xhµν − hµν�̄yψ

+(d− 2)ḡµνh∇̄PA∇̄Pψ + ḡµν
(
k(n− 1)hψ + h�̄yψ

)
= ĝµν(∇̂Qφ)(∇̂Qδφ) (2.82)

+
e−φ

12
ĝµνδφHPQRĤ

PQR − e−φ

6
ĝµν∂P δBQRĤ

PQR . (2.83)

We’d like to be able to truncate to a sector in which only the metric perturbations are considered. This

means we want to be able to, consistently, set the matter perturbations to zero. If this is done then (2.80)-

(2.82) assume the forms given previously. The perturbed matter equations, reinstating hats to show that

the quantities are associated to the metric ĝ, become

−δĝMN ∇̂M ∇̂Nφ− ĝMNδΓ̂RMN ∇̂Rφ = 0 , (2.84)

−δĝPI∇̂P (e−φĤI
MN )− δĝMJ∇̂P (e−φĤP

J
N )− δĝNK∇̂P (e−φĤPM

K) + δΓ̂PRP e
−φĤRMN = 0 . (2.85)

Beginning with the perturbed dilaton equation we find that

h(ĝab∂aψ∂bφ) = 0 , (2.86)

while the 2 form equation gives us

h
e−φ

2
(ĤaMN (∂aψ − 2ψ∂aA)) = 0 . (2.87)

As we’ve seen the only really feasible path to a traceful perturbation was to take ψ ∈ R \ {0}. In this case

(2.86) is trivially solved while (2.87) would impose

h

2
ĤaMN∂aA = 0 .

If we want our conclusions to hold for any solution of the Supergravity equations that has a metric of the

form (2.1) then we are forced to set the trace equal to zero. We could try and solve this equation with the

condition ĤaMN∂aA = 0. However it would seem this would greatly restrict the types of backgrounds one

could discuss. Hence, if one wants to decouple perturbations on a general background of the form (2.1), then
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it would seem that traceless perturbations are all one can consider.

So it seems that the only sensible route to follow, at least in the case of a Supergravity theory of the form

(2.54), is to consider traceless perturbations. We might, with good reason, ask what have we really gained.

Well, to begin with, we have taken the first steps towards understanding the problem of spin-2 fluctuations.

As we’ve mentioned already, understanding this problem will prove critical in the process of constructing

an EFT for the spin-2 field about a, specific, background of the form (2.1). Further to this, while we have

just confirmed the results of B&E we have now dealt with any niggling doubts about the validity of the

trace condition. Whilst it may not be a valid gauge condition off-shell, if transversality has already been

implemented, it now follows dynamically from the consistency of a truncation of the perturbation problem.

These conclusions have been shown in the context of a specific theory, however we believe that they could

be extended to other theories with relative ease.
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3 Effective Field Theories: a DIY kit

Having covered all of the prerequisite material we now turn to attempting to construct an Effective Field

Theory (EFT) for gravity. We’ve referred to the idea of constructing an EFT for gravity a fair bit, but have

done little to explain what we actually mean, in this Section we hope to remedy this. Roughly speaking, when

we refer to an EFT of gravity what we mean is a, usually four dimensional, theory in which the fundamental

fields originate as perturbations of a background solution to a system of field equations. In the context of an

EFT of gravity, obviously, some of these perturbations will arise from fluctuations of a background metric.

In this way the spin-2 field gives rise to an EFT of gravity around a Minkowski background. In our case

we shall be interested in looking at the EFT of gravity that arises from fluctuations around a background

solution of Type IIA Supergravity due to Crampton, Pope and Stelle76 [17]. In this case the background

solution involves a ten dimensional metric which has a four dimensional Minkowski worldvolume and a

non-compact hyperbolic space making up, a portion of, the transverse space. Since the transverse space is

non-compact an appropriate localising mechanism is required in order to render the final theory, effectively,

four dimensional. The mismatch of dimensions also means we need to decide how our perturbation fields,

which naturally are ten dimensional, should be expanded into four dimensional fields. This requires us to

determine the dependence of our perturbations on the transverse space, which, unsurprisingly, leads us in to

the territory of a Bachas and Estes style transverse wavefunction problem for the graviton spectrum.

We begin this Section with an overview of the various aspects involved in the development of a general

EFT of gravity. This includes the use of perturbative methods to develop an expansion of our action by

deforming a background solution of our theory, with these deformations going on to play the role of the

fundamental fields of our EFT. In the cases we consider our actions will lead to a theory in more than

four dimensions, and as a result dimensional reduction techniques, specifically the use of generalised Fourier

expansions, shall be required in order to render the final theory, effectively, four dimensional. It is expected

that the resulting lower dimensional theory will display the usual diffeomorphism symmetry expected to

be present in gravitational theories. After this general introduction we shall discuss both the background

solution of CPS and the graviton spectrum, which is at the heart of the localisation mechanism, around

this background. After reviewing this work we shall apply the general EFT methods discussed to the CPS

case. We shall show, by direct calculation, that these methods lead to a lower dimensional field theory that

doesn’t possess the well known diffeomorphism invariance of gravity. This will lead us, in future Sections,

to reconsider and modify the methods used to construct EFTs of gravity.

76Referred to as CPS from now on.
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3.1 How to build an Effective Field Theory of gravity: a general treatment

The field of EFTs is vast, so here we’ll try to provide a brief introduction to the process of constructing

what is usually called a top down EFT of gravity. A top down approach to EFT involves beginning with a

theory containing degrees of freedom that separate out, based on energy, into high energy and low energy

fields. This leads to us having some fields, φh, with energies Eh > Λ and other fields, φl, with energies El < Λ,

for some energy scale Λ. When discussing physics at energies below Λ all phenomena can be described in

terms of just the φl fields. However, we can’t just set the φh fields to zero, we have to correctly integrate

them out so their effects are accounted for. The process of integrating out fields, as we’ve seen, leads to a

whole host of new interactions in the effective theory of the φl fields that, in general, weren’t present in the

original theory. These new terms appear in the effective theory suppressed by an energy scale, M , which

is large compared to Λ. This leads to the contributions of these effects being subleading. This top down

approach is the opposite of the usual construction of an EFT, which are normally considered in the context

of a bottom up approach. In this case it is known that the physics representing a situation can adequately

be described by the degrees of freedom ϕ as long as we work at scales below a given cutoff scale Λ̃. Once we

want to probe energies comparable to Λ̃ our EFT breaks down as new degrees of freedom become relevant to

the problem. However, if we stay safely below Λ̃, then to develop an EFT description of our theory we just

write down an action involving all possible terms, with undetermined coefficients, involving ϕ and derivatives

of it that are compatible with the symmetries of the system. This approach leads to terms of ever increasing

inverse powers of Λ̃ and as such these terms are suppressed in the EFT and give rise to subleading effects.

The difference between these two approaches is that in the top down approach we begin with the full high

energy theory and then write it in a low energy form, while in the bottom up approach we only ever deal

with the low energy description. The bottom up approach has the advantage of being much simpler to write

down. However the top down approach does allow for the determination of the coefficients of terms in the

EFT action in terms of the parameters of the high energy theory and we already have knowledge of the

degrees of freedom present at higher energies. The classic example of a top down EFT construction is the

Fermi four point theory of the weak interaction which arises from the full SU(2) gauge theory by integrating

out the massive gauge bosons, although this was certainly not the way these theories, initially, arose in the

literature.

We’re now going to try and understand the steps required to construct a top-down EFT of gravity. Our

treatment here will be mostly schematic, with detailed examples being given later in this thesis. To begin
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with lets assume we have a theory described by an action principle of the form

S[g,Φ] =

∫
Md

ddX
√
−gL(g,Φ) , (3.1)

with g a, Lorentzian, metric field and Φ representing any matter fields in the problem77. This action can be

varied to obtain

δS =

∫
Md

ddX
√
−g
( δS

δgMN
δgMN +

δS

δΦ
δΦ
)

+

∫
∂Md

dΣMV
M , (3.2)

where in this expression dΣM is the surface element on the boundary of Md. The first term represents the

equations of motion of the system and the second accounts for any possible boundary terms incurred in the

variation procedure, for example terms like those we saw arising from δRMN in the variation of the Einstein

Hilbert action in Section 1. We can use the second term to set boundary conditions for the variation or, if

we desire to have a specific set of boundary conditions, modify it by the addition of a boundary term to the

original action. Once we have the equations of motion we can find solutions to them. If we assume we’ve

found a solution, say (̊g, Φ̊), then we can consider a perturbation of this solution

gMN = g̊MN +HMN , Φ = Φ̊ + ϕ . (3.3)

Often one wishes to only consider metric perturbations, hence we set ϕ = 078. We can then use (3.3) in (3.1)

and perform an expansion of the resulting expression to obtain

S[g, φ] = S [̊g, Φ̊] +

∫
∂Md

dΣMV
M
∣∣∣
δΦ=0

+ S
(2)
d [H; g̊, Φ̊] + S

(3)
d [H; g̊, Φ̊] + . . . , (3.4)

Here no, bulk, terms linear in HMN occur because they would arise from the variation (3.2) and hence

would evaluate to zero since g̊ solves the equations of motion of this action. The contributions S
(n)
d [H; g̊, Φ̊]

denote terms in the expansion with n copies of the perturbation H in them and omitted terms are those

associated to n > 4. This expanded action now starts to look very similar, in a highly schematic fashion, to

that of the spin-2 field we encountered earlier. There g̊ = η and Φ̊ = 0 and our interpretation was clear, the

theory described a symmetric field hµν propagating on Minkowski spacetime. This suggests that the correct

interpretation of (3.4) is as a theory of a field HMN propagating on the background provided by g̊ and Φ̊,

so in this sense we are describing gravitational waves on a curved background.

77We, willingly, ignore any terms not involving a metric. Such terms are often referred to as topological terms with a classic
example being the F[4] ∧ F[4] ∧A[3] Chern-Simons term of eleven dimensional Supergravity.

78Some care needs to be taken here, as in Section 2 we saw that the consistent truncation of matter perturbations can lead
to conditions on our metric perturbation. However, we’ll ignore this subtle issue for now.
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Since our theory comes from one involving gravity we expect it to possess diffeomorphism invariance. In

the current context this symmetry has the infinitesimal form

HMN → H ′MN = HMN + ∇̊MXN + ∇̊NXM + LXHMN , (3.5)

where X is a vector field, ∇̊ is the covariant derivative associated to the Levi-Civita connection of g̊ and

indices are raised and lowered by g̊ and its inverse. We note that this is just the curved space version of

(1.44). However, we now recall, that in the flat space case, the second order action is happy to live all by

itself. So it is probably no surprise that the term S
(2)
d , in (3.4), also enjoys this property. It turns out that

this term is just a curved space analogue of the Fierz-Pauli action. So we might suspect that the theory

described by S
(2)
d enjoys it’s own gauge symmetry

HMN → H ′MN = HMN + ∇̊MXN + ∇̊NXM , (3.6)

which it does. So we see that the S
(2)
d term acts as the free part of the theory and then all higher order

terms, in n, arise from the self-coupling of our field HMN and so represent interactions of our field. This

story now appears to be exactly analogues to what we’ve seen in the Minkowski space case. Now recall that

gravitational actions come with a copy of the Newton constant so, up to a numerical constant that we absorb

in to the definition of S
(n)
d , (3.4) would really take the form

S[g, φ] =
1

κ2
d

S [̊g, Φ̊] +
1

κ2
d

∫
∂Md

dΣMV
M
∣∣∣
δΦ=0

+
1

κ2
d

S
(2)
d [H; g̊, Φ̊] +

1

κ2
d

S
(3)
d [H; g̊, Φ̊]

+
1

κ2
d

S
(4)
d [H; g̊, Φ̊] + . . . . (3.7)

As before we can redefine our field as

H̃MN =
1

κd
HMN , (3.8)

which leads to (3.7) assuming the form

S[g, φ] =
1

κ2
d

S [̊g, Φ̊] +
1

κd

∫
∂Md

dΣMV
M
∣∣∣
δΦ=0

+ S
(2)
d [H̃; g̊, Φ̊] + κdS

(3)
d [H̃; g̊, Φ̊]

+κ2
dS

(4)
d [H̃; g̊, Φ̊] + . . . , (3.9)

and (3.3) becomes

gMN = g̊MN + κdH̃MN . (3.10)
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This redefinition means that (3.6) becomes

H̃MN → H̃ ′MN = H̃MN +
1

κd

(
∇̊MXN + ∇̊NXM

)
+ LXH̃MN . (3.11)

So, as in the Minkowski space case, the invariance of (3.9) comes down to a knitting together of orders. This

is carefully orchestrated by the occurrence of the same parameter, κd, in the transformation law and the

EFT action.

So far we’ve only addressed the top part of the theory, but the crucial piece for us is really the down

piece of the process. In order to perform this we need the background metric g̊ to have a warped product

structure

d̊s2
d = e2Å(y)g̊µν(x)dxµdxν + g̊ab(y)dyadyb . (3.12)

Such a metric naturally splits up in to a worldvolume, which is parametrised by the coordinates xµ with

µ ∈ {1, . . . , p}, and a transverse space with coordinates ya for a ∈ {1, . . . , d− p}. It’s then the usual practice

to specialise our perturbation to be in the worldvolume directions only. As such our perturbed metric takes

the form

ds2
d = e2Å(y)

(̊
gµν(x) + κdH̃µν(x, y)

)
dxµdxν + g̊ab(y)dyadyb . (3.13)

If the background matter Φ̊ also respects this split then if we could just split up the dependence of H̃µν(x, y)

in to worldvolume pieces and transverse pieces then each of the terms in (3.9), including those that comprise

each of the S
(n)
d , will split into a worldvolume integral and a transverse integral. If we then performed these

transverse integrals, assuming they lead to sensible results79, then we will have removed the transverse space

from the problem and shall be left with an action principle only over the worldvolume. This process acts to

tame the issue of any mismatching of dimensions of the original theory and the final theory one wishes to

obtain, for example allowing one to go from say ten dimensions to four.

So how are we meant to split up H̃µν? Well, by now we might have already guessed, if we choose

g̊µν to be a maximally symmetric space then we can use the work of Bachas and Estes to determine the

graviton spectrum on the background (̊g, Φ̊). Lets assume the transverse dependence is given by the set of

eigenfunctions {ξ(y;α)} with α parametrising the eigenvalues of the transverse wavefunction problem. Then

79Conditions such as the integrals being finite are crucial here.
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our perturbation can be expanded as

H̃µν =
∑
α

hµν(x;α)ξ(y;α) , (3.14)

where the sum is merely symbolic of the statement that we take a combination of eigenfunctions over all

possible eigenvalues. As such our expansion can contain a genuine discrete sum alongside an integral if our

spectrum has both discrete and continuous parts. We can now substitute this expansion into (3.9) and then

perform the transverse integrals to arrive at the p dimensional action

S[g, φ] = S̃(2)
p [hµν(x;α); g̊, Φ̊] + κdS̃

(3)
p [hµν(x;α); g̊, Φ̊] + κ2

dS̃
(4)
p [hµν(x;α); g̊, Φ̊] + . . . ,

here the first two terms in (3.9) have been omitted for ease of presentation. The new terms S̃
(n)
p arise from

performing the transverse integrals present in the corresponding S
(n)
d , which involves performing integrals of

ever increasing numbers of products of the ξ(y;α) basis elements along side various quantities associated to

the transverse dependence of the background solution (̊g, Φ̊). Since each term within each S
(n)
d comes with

its own transverse integral this can lead to the coefficients present in the corresponding S̃
(n)
p being vastly

different. As such, while on a tensorial level many terms appear in the same form as they did in S
(n)
d , the

coefficient accompanying these and, more importantly, the ratio of coefficients within S̃
(n)
p will in general

change after performing the transverse integrals80.

We might now specialise a little further and assume that our transverse wavefunction spectrum contains

a zero-eigenvalue mode, say ξ(y; 0). Such a mode is expected to correspond to a massless graviton, hµν(x; 0).

Now if further to this the next eigenvalue of the transverse problem is separated from this zero eigenvalue

then this provides a mass gap for the problem. In this setting, if we only consider energies below this mass gap

then we shall only require a theory containing hµν(x; 0) and so, using our EFT philosophy, we can integrate

out the higher mass modes and just use the resulting effective theory in order to describe phenomena of

interest. In general our heavy modes hµν(x;α), with α 6= 0, will couple to the massless mode and so the

integrating out procedure will leave us with a theory described by

S[g, φ] = S̄(2)
p [hµν(x; 0); g̊, Φ̊] + κdS̄

(3)
p [hµν(x; 0); g̊, Φ̊] + κ2

dS̄
(4)
p [hµν(x; 0); g̊, Φ̊] + . . . , (3.15)

where the integrating out procedure means that the terms in the action are further changed in form, now

being represented by S̄
(n)
p . Given that we now have a p-dimensional theory of a massless graviton we may

80There are also some new types of terms that arise. These will be discussed later on in this Section.
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ask if it possesses a symmetry that is the p-dimensional analogue of (3.11). We already know that for our

original action (3.9) to possess this symmetry there needs to be a carefully laid out conspiracy between terms

at differing orders to cancel with each other. This in turn requires a careful alignment of coefficients at each

order in the expansion. Hence, after we perform the transverse integrals and then integrate out the heavy

fields the action needs to assume the form

S[g, φ] = S(2)
p [hµν(x; 0); g̊, Φ̊] + κpS

(3)
p [hµν(x; 0); g̊, Φ̊] + κ2

pS
(4)
p [hµν(x; 0); g̊, Φ̊] + . . . , (3.16)

with S
(n)
p having the exact same functional form as S

(n)
d and κp being a new gravitational constant in p-

dimensions, that must be identified during the procedure. Not only does the action have to assume this form

but the transformation law for hµν(x; 0), which we usually think descends from (3.11), must also assume the

form

hµν(x; 0)→ h′µν(x; 0) = hµν(x; 0) +
1

κp

(
∇̊µχν + ∇̊νχµ

)
+ Lχhµν(x, 0) , (3.17)

where χµ = χµ(x) and the same κp arises as in (3.16). It is only through such an alignment that the delicate

symphony of cancellations required can occur for our p-dimensional theory81. So far we have spoken mainly

in hypotheticals. The goal of much of the remainder of this thesis is to understand how this procedure is

realised concretely.

3.2 Review of braneworld localisation in hyperbolic spacetime

In order to develop an EFT of gravity we can see that we’ll require a background around which to perturb.

In our case this background is provided by the family of solutions of Crampton et al. We shall now give an

introduction to the work of CPS and also discuss aspects of the graviton spectrum around one member of

this family of solutions.

It was shown by Cvetic, Gibbons and Pope [20] that the six dimensional Salam-Sezgin Supergravity [91]

could be consistently embedded in to Type I Supergravity. This embedding was achieved by a dimensional

reduction with transverse space H(2,2) × S1. The reduction involved the non-compact, three dimensional,

hyperbolic space H(2,2) and avoided the usual issues of incorrect signs for kinetic terms which can lead to

ghosts82. There has been discussion in the literature of circumstances under which such ghostly fields can

be avoided within the context of non-compact dimensional reductions [21]. In the current context this is

81Well at least in the case where the worldvolume is p-dimensional Minkowski space as here the argument of Deser holds.
82Recall these are the sort of ghosts that lead to a violation of unitarity. They are not to be confused with Faddev-Poppov

ghosts, which are present in the theory of the quantisation of gauge theories.
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avoided by defining H(2,2) by the embedding condition

µ2
1 + µ2

2 − µ2
3 − µ2

4 = 1 , (3.18)

with (µ1, µ2, µ3, µ4) ∈ R4. The metric on R4 is taken to be

ds2
4 = dµ2

1 + dµ2
2 + dµ2

3 + dµ2
4 . (3.19)

The embedding condition (3.18) possesses invariance under SO(2, 2) while the metric (3.19) is invariant

under SO(4). This leads to a metric on H(2,2) that has isometry group SO(2, 2) ∩ SO(4) = SO(2)× SO(2)

given by

ds2
3 = cosh(2ρ)dρ2 + cosh(2ρ)2dα2 + sinh(2ρ)2dβ2 , (3.20)

ρ ∈ [0,∞), α ∈ [0, 2π) and β ∈ [0, 2π). It can clearly be seen that this is an inhomogeneous metric of

cohomogeneity one83. Building on this work CPS showed that the Salam-Sezgin model could be consistently

embedded into Type IIA Supergravity and found the consistent reduction ansatz.

The Salam-Sezgin model is a six dimensional (1, 0) Supergravity theory with bosonic field content

(g,B[2], A[1], σ) with σ a scalar field. As such this theory is a chiral model, which is very attractive for

those trying to understand how the chirality of the Standard Model fermions could arise in Supergravity.

This model involves coupling (1, 0) 6d Supergravity to a 6d 2-form84 multiplet and a 6d Maxwell multiplet.

This additional matter is added as the Supergravity multiplet in 6 dimensions contains a real self dual 2-

form85. As is known from Type IIB Supergravity such self-dual forms are difficult to encompass into an

action principle. The inclusion of the 2-form multiplet adds an anti-self dual 2-form to the theory allowing

these issues to be circumvented. The Maxwell multiplet is added to provide a vector field in the field content

of the theory. This model has an interesting solution [91] given by

ds2
6 = ηµνdx

µdxν +
1

4g2

(
dθ2 + sin(θ)2dϕ2

)
, A[1] = −

( 1√
2g

)(
cos(θ)∓ 1)dϕ ,

σ = 0 ∈ R , B[2] = 0 , (3.21)

from which we see the spacetime adopts the form Mink4×S2 while the Maxwell field takes on the form of a

U(1) monopole with g ∈ R \ {0}. Using the embedding of the Salam-Sezgin model into ten dimensions the

83This is a fancy way of saying it depends on the coordinates of the manifold but actually only depends on one of them.
84Also referred to as a tensor multiplet.
85Self duality here refers to that of the field strength derived from this 2-form.
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non-zero fields were found to be [20]

ds2
10 str = ηµνdx

µdxν + dy2 +
1

4g2

(
dψ + sech(2ρ)(dχ+ cos(θ)dϕ)

)2
+

1

g2
sech(2ρ)ds2

EH ,

ds2
EH = cosh(2ρ)dρ2 +

sinh(2ρ)2

4 cosh(2ρ)
(dχ+ cos(θ)dϕ)2 +

cosh(2ρ)

4
(dθ2 + sin(θ)2dϕ2) , (3.22)

e2φ = sech(2ρ) , A[2] =
1

4g2
(dχ+ sech(2ρ)dψ) ∧ (dχ+ cos(θ)dϕ) ,

where χ = α − β ∈ [0, 2π), ψ = α + β ∈ [0, 4π) and g is a parameter related to the size of the waist of

the H2,2 space. In this expression the metric is given in string frame86 and we notice, if we use the change

of coordinates cosh(2ρ) = r2, that ds2
EH is the Eguchi-Hanson metric [40]. This background was found to

possess eight Killing spinors, thus it is a supersymmetric background. It was also shown that in the large ρ

limit (3.22) approaches the form

ds2
10 str ∼ ηµνdxµν +

1

4g2
+

1

g2
dρ2 +

1

4g2
(dχ+ cos(θ)dϕ)2 +

1

4g2
(dθ2 + sin(θ)2dϕ2) ,

e2φ ∼ 2e−2ρ , A[2] ∼
1

4g2
cos(θ)dχ ∧ dϕ . (3.23)

This was noted to be the same as the near-horizon geometry of the NS5-brane solution of Type IIA Super-

gravity.

The perturbation problem, for perturbations of the form (3.13), around this background was studied

using the work of [4]. The final result of this87 was, with Hµν = hµν(x, λ)ξ(ρ, λ), the system of equations88

�4hµν = m2hµν ,
( d2

dρ2
+

2

tanh(2ρ)

d

dρ

)
ξ = −λξ , m2 = g2λ . (3.24)

In order to have a massless graviton we require a solution with λ = 0. In this case the ξ equation has the

solution

ξ(ρ, 0) = c1 + c2 log(tanh(ρ)) , (3.25)

with c1 and c2 real numbers. The argument of Bachas and Estes, (2.17), now required that c2 = 0 and

hence the massless graviton was found to have constant dependence on the transverse space. However

this was found to lead to a non-normalisable massless graviton since the transverse ρ integral took the form∫∞
0
dρ sinh(2ρ) which gives a non-finite result. This non-normalisability was detected in the four dimensional

86Which is related to the Einstein frame metric, ds210 Ein, by ds210 Ein = e−
1
2
φds210 str = (cosh(2ρ))

1
4 ds210 str.

87Where all transverse dependence has been made trivial except for that of the non-compact coordinate. The reasoning
behind this is that it represents the trivial mode of the S2 and so is an S-wave truncation of the system.

88This eigenvalue problem is carefully explained in Appendix D where its solutions are also discussed.
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theory by the vanishing of the four dimensional Newton’s constant.

However, it was noted by CPS that the second option presented by (3.25), namely the c1 = 0, case

does allow for a normalisable massless graviton in the four dimensional theory. The setup also avoided the

argument of Bachas and Estes since the integration by parts used in deriving (2.17) was found to give rise

to a non-vanishing boundary term. Analysis of the eigenvalue equation showed it could be converted to a

Schrödinger problem if the substitution

Ψ(ρ, λ) =
√

sinh(2ρ)ξ(ρ, λ) , (3.26)

was used. In these variables the ρ part of (3.24) was shown to become

(
− d2

dρ2
+ 2− 1

tanh(2ρ)2

)
Ψ = λΨ . (3.27)

It turns out this eigenfunction problem is in fact a Legendre equation, see Appendix D for full details on

this. CPS noted that as ρ → 0 this problem asymptotes to a − 1
4ρ2 potential. This interesting potential

has been studied in the context of quantum mechanics extensively and is excellently reviewed in [41]. It

was found to possess a single normalisable boundstate separated from a continuum of scattering states by

a mass gap89. As such it was observed that the graviton spectrum around the background (3.22) naturally

incorporated a localisation mechanism, namely ξ(ρ, 0) being normalisable, and a mass gap. The combination

of these features made it admissible to EFT methods. However, whilst the spectrum of the problem can be

elucidated from its asymptotic form the eigenvalue of the unique boundstate is undetermined and in fact

can be assumed to be any value we desire. The desired choice was for it to be zero, however putting this

in by hand would have been artificial. Instead CPS noted that the presence of the Eguchi-Hanson space in

(3.22), along with the asymptotic form (3.23), made the solution a possible candidate for having arisen from

a brane resolved by transgression procedure [22]. This was found to be the case and (3.22) was found to be

the fully resolved, singularity free, member of a family of solutions. The one parameter family of solutions

found by CPS corresponds to the unresolved brane solutions and as such they include a singularity

ds2
10 str = ηµνdx

µdxν + dy2 +
1

4g2

(
dψ + sech(2ρ)(dχ+ cos(θ)dϕ)

)2
+
H(ρ)

g2
sech(2ρ)ds2

EH ,

e2φ = H(ρ) , A[2] =
1

4g2

(
(1 + k)dχ+ sech(2ρ)dψ

)
∧ (dχ+ cos(θ)dϕ) , (3.28)

H(ρ) = sech(2ρ)− k log(tanh(ρ)) ,

89Again for a much fuller review please refer to Appendix D.
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where k ∈ R and represents the charge of an NS5 brane. This family was also shown to still possess eight

Killing spinors. Since (3.28) has a singularity as ρ → 0 it was deduced that it was in fact a solution to

Type IIA Supergravity coupled to an NS5-brane source. The inclusion of the NS5-brane source, which was

smeared in the S2 directions, was performed by adding the Einstein frame Nambu-Goto style bosonic source

action

SEinNG [x, g, φ] = − T

Ω2

∫
S2

d2Ω

∫
W6

d6ζ
(
− det(∂ix

M∂jx
NgEinMN (x(ζ))

) 1
2

e
−φ
2 , (3.29)

with T the tension of the brane, ζi, for i ∈ {0, ..., 5}, coordinates on the NS5 brane worldvolume and xM

embedding coordinates from the worldvolume into spacetime. The smearing90 of the brane over the S2

directions is performed by the d2Ω = sin(θ)dθdϕ integral and is averaged by division by the volume, Ω2, of

the unit round S2. It was found to be more natural to work in string frame where

gEinMN = e
−φ
2 gstrMN , (3.30)

and to switch to the, classically equivalent, Polyakov form of the action

SStrPoly[γ, x, g, φ] = − T

2Ω2

∫
d2Ω

∫
W6

d6ζ
√
−det γ

(
γij∂ix

M∂jx
NgstrMN (x(ζ))− 4

)
e−2φ , (3.31)

where γij is an independent worldvolume metric obeying the equation of motion

γij = ∂ix
M∂jx

NgstrMN . (3.32)

Hence, on shell, it’s the pullback of the spacetime metric to the worldvolume.

CPS then considered the system resulting from coupling (3.31) to Type IIA Supergravity, written in string

frame. The inclusion of the NS5 brane action meant that the equations of motion of Type IIA Supergravity

now included source terms. Of principle concern were the source terms arising in the Einstein equation.

Varying (3.31) with respect to the spacetime metric led to

δgS
str
Poly = − T

2Ω2

∫
S2

d2Ω

∫
W6

d6ζ
√
−det γγij∂ix

M∂jx
NδgstrMNe

−2φ . (3.33)

In order for this to enter into the equations of motion of Type IIA Supergravity this variation was written

90Which is assumed to be valid on the basis of preserved supersymmetry, however no explicit proof of this was given. It
would be nice to have a proof of this.
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as an integral on the spacetime manifold. This was achieved by the use of a spacetime delta distribution

δgS
str
Poly = − T

2Ω2

∫
M10

d2Ωd8x̃
√
−g̃8

∫
W6

d6ζ
δ(8)(x(ζ)− x̃)√

−g̃8

√
− det γγij∂ix

M∂jx
NδgstrMNe

−2φ , (3.34)

where x̃ = (xµ, y, ψ, ρ, χ) and g̃8 is the determinant of the matrix obtained by setting θ and ϕ equal to a

constant in (3.28).

To obtain the source terms’ contribution to the Type IIA Supergravity equations a term of the form∫
M10

d10x
√
−g10 was required in (3.34). Explicit calculation showed that

sin(θ)
√
−g̃8 =

4g2√−g10

H(ρ) cosh(2ρ)
, (3.35)

which gave the source term for the Type IIA Supergravity, string frame, Einstein equation as

e−2φ

2κ2
10

(
RMN −

1

2
gMNR− 2gMN∇2φ+ 2∇M∇Nφ+ 2gMN (∇Pφ)(∇Pφ)− 1

4
HMPQHN

PQ +
1

24
gMNHPQRH

PQR
)

+
T

2Ω2

∫
W6

d6ζ
4g2δ(8)(x(ζ)− x̃)

H(ρ)cosh(2ρ)
√
−g̃8

√
−det γγijgMP gNQ(∂ix

P∂jx
Q)e−2φ = 0 . (3.36)

In this expression all quantities are in string frame and the explicit str label has been dropped for clarity.

The worldvolume worldvolume portion of this equation was considered and was found to lead to

e−2φ

2κ2
10

(
−1

2
ηµνR− 2ηµνg

PQ∇P∇Qφ+ 2ηµνg
PQ(∇Pφ)(∇Qφ) +

1

24
ηµνHPQRH

PQR)
)

= − T

2Ω2

∫
W6

d6ζ
4g2δ(8)(x(ζ)− x̃)

H(ρ)cosh(2ρ)
√
−g̃8

√
−det γγijηµληντ (∂ix

λ∂jx
τ )e−2φ . (3.37)

The static gauge choice

ζµ = xµ, ζ4 = z, ζ5 = ψ , (3.38)

was then used, while the other embedding coordinates were set to constant values. This meant that (3.32)

evaluated to

ds2
WV = ηµνdx

µdxν + dz2 +
1

4g2
dψ2 , (3.39)

det γ =
−1

4g2
, (3.40)
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from which the source term91 was found to be

−4Tg4e−2φ

Ω2H3 cosh(2ρ) sinh(2ρ)
ηµνδ

(2)(α) , (3.41)

with α = (ρ, χ). Hence the source was found to be localised in the ρ-χ plane.

Calculation of the other terms in (3.37) established the relationship

ηµν
∆EHH

2κ2
10

=
−2Tg2

π cosh(2ρ) sinh(2ρ)
ηµνδ

2(α) , (3.42)

with

∆EH = sech(2ρ)
( d2

dρ2
+ 2 coth(2ρ)

d

dρ

)
. (3.43)

From which it was established that

k = 2κ2
10Tg

2 , (3.44)

showing that as the brane charge was sent to zero the brane smoothly decoupled from the system. Following

a similar method a source term was found for the ξ portion of the eigenvalue problem (3.24). From this

a ring regularisation of the delta distribution δ2(α) was used and it was found that the eigenvalue of the

bound state was selected to be zero. Thus a massless graviton was selected by the inclusion of the NS5 brane

source and the zero mode was found to be the same as in the unsourced case. The smooth decoupling of

the brane as the charge was sent to zero was then used to establish the choice of the existence of a massless

graviton in the original unsourced problem. Thus the NS5 brane source was found to provide a mechanism

for selecting the appropriate eigenvalue of the boundstate of the 1
ρ2 potential.

3.3 The effective field theory around the CPS background: a first attempt

Having considered both the general process of constructing an EFT and the class of backgrounds of

interest, we are now well positioned to tackle the construction of our first EFT. As our background we take

the k = 0 member of the family of solutions (3.28) which is a solution of the equations of motion following

from the action

S =
1

2κ2
10

∫
d10x

√
−det g e−2φ(R− 1

12
HMNPH

MNP + 4∇Mφ∇Mφ), (3.45)

91Which corrects (5.2) in [17] which has not had the θ integral performed.
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which can be noticed to be the NSNS sector action for Type IIA Supergravity written in string frame

variables. A detailed analysis of the graviton spectrum around this background can be performed and is

detailed extensively in Appendix D. The crucial features are that the mass spectrum of the gravitons is

given by S = {0} ∪ {λ|λ > g2 =: λedge} and the mode associated to the zero eigenvalue has transverse

wavefunction

ξ(ρ; 0) =
2
√

3

π
log(tanh(ρ)) . (3.46)

By calculation of the invariant measure d10x
√
−g e−2φ, for the background (3.28), the appropriate trans-

verse inner product, for S-wave modes, can be found to be given by

(ω, ζ) =
4π2

g5

∫ ∞
0

dρ sinh(2ρ)ω̄(ρ)ζ(ρ) . (3.47)

The transverse wavefunctions of the massive gravitons can be shown to be given by Legendre functions and

integrals of multiple copies of these transverse wavefunctions can be performed as shown in Appendix D. If

we denote the transverse wavefunctions by {ξ(ρ;α)|α ∈ S} then our ten dimensional metric perturbation

can be expressed as

Hµν(x, ρ) = hµν(x; 0)ξ(ρ; 0) +

∫ ∞
λedge

dλ hµν(x;λ)ξ(ρ;λ) . (3.48)

With this form of perturbation we could just charge forward with our calculation of the exact form of the

EFT action for our particular case. However, it should come as no surprise that this is a long endeavour. So

rather than rushing straight in, we might ask if it’s possible to get some intuition for how the story proceeds

by working in an area somewhere between the abstract case and our specific example? Fortunately it turns

out this is very illuminating. When we begin expanding our action in ten dimensions we end up with an

action, given here up to fourth order, of the form

S10 =

∫
M10

d10x
√
−det g̊ e−2φ̊L(2)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS ; g̊, B̊[2], φ̊)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(3)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS , H̃TU ; g̊, B̊[2], φ̊) (3.49)

+κ2
10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊) .

This action is schematic and is meant to illustrate the fact that every term in the expansion has two

derivatives and also is meant to define the order by order Lagrangian densities L(n)
10 . We should note

that B̊[2] can only occur in this action in the gauge invariant form H̊[3] = dB̊[2], where we are referring

to the gauge invariance B̊[2] → B̊[2] + dΛ[1]. Under a diffeomorphism that only has components in the
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worldvolume directions only the metric g = g̊ + H transforms. This occurs due to the maximal symmetry

of the worldvolume of the background metric, which forbids background matter fields to depend upon the

worldvolume coordinates or have components in those directions. We already know, that at linear order in

the diffeomorphism parameter, the transformation is implemented by the Lie derivative and so

δH̃ =
1

κ10

(
∇̊MXN + ∇̊NXM

)
+ LXH̃MN =:

1

κ10
LX g̊MN + LXH̃MN . (3.50)

If we use this in (3.49) then invariance of the action demands that

δS10 =
1

κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(2)

10 (∇̊M , ∇̊N ,LX g̊PQ, H̃RS ; g̊, B̊[2], φ̊)

+
1

κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(2)

10 (∇̊M , ∇̊N , H̃PQ,LX g̊RS ; g̊, B̊[2], φ̊) (3.51)

+

∫
M10

d10x
√
−det g̊ e−2φ̊L(2)

10 (∇̊M , ∇̊N ,LXH̃PQ, H̃RS ; g̊, B̊[2], φ̊)

+

∫
M10

d10x
√
−det g̊ e−2φ̊L(2)

10 (∇̊M , ∇̊N , H̃PQ,LXH̃RS ; g̊, B̊[2], φ̊) (3.52)

+

∫
M10

d10x
√
−det g̊ e−2φ̊L(3)

10 (∇̊M , ∇̊N ,LX g̊PQ, H̃RS , H̃TU ; g̊, B̊[2], φ̊)

+

∫
M10

d10x
√
−det g̊ e−2φ̊L(3)

10 (∇̊M , ∇̊N , H̃PQ,LX g̊RS , H̃TU ; g̊, B̊[2], φ̊) (3.53)

+

∫
M10

d10x
√
−det g̊ e−2φ̊L(3)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS ,LX g̊TU ; g̊, B̊[2], φ̊)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(3)

10 (∇̊M , ∇̊N ,LXH̃PQ, H̃RS , H̃TU ; g̊, B̊[2], φ̊)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(3)

10 (∇̊M , ∇̊N , H̃PQ,LXH̃RS , H̃TU ; g̊, B̊[2], φ̊) (3.54)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(3)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS ,LXH̃TU ; g̊, B̊[2], φ̊)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N ,LX g̊PQ, H̃RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N , H̃PQ,LX g̊RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS ,LX g̊TU , H̃VW ; g̊, B̊[2], φ̊)

+κ10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS , H̃TU ,LX g̊VW ; g̊, B̊[2], φ̊) (3.55)
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+κ2
10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N ,LXH̃PQ, H̃RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊)

+κ2
10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N , H̃PQ,LXH̃RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊)

+κ2
10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS ,LXH̃TU , H̃VW ; g̊, B̊[2], φ̊)

+κ2
10

∫
M10

d10x
√
−det g̊ e−2φ̊L(4)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS , H̃TU ,LXH̃VW ; g̊, B̊[2], φ̊) , (3.56)

be zero92. The first two terms are known to be zero on there own, which is the statement that the curved

space Fierz-Pauli is gauge invariant. Then we can see that the terms with the appropriate κ10 factors must

cancel amongst themselves, as we’ve previously stated, which leads to the relationships93

L(2)
10 (∇̊M , ∇̊N ,LXH̃PQ, H̃RS ; g̊, B̊[2], φ̊) + L(2)

10 (∇̊M , ∇̊N , H̃PQ,LXH̃RS ; g̊, B̊[2], φ̊) =

−L(3)
10 (∇̊M , ∇̊N ,LX g̊PQ, H̃RS , H̃TU ; g̊, B̊[2], φ̊)− L(3)

10 (∇̊M , ∇̊N , H̃PQ,LX g̊RS , H̃TU ; g̊, B̊[2], φ̊) (3.57)

−L(3)
10 (∇̊M , ∇̊N , H̃PQ, H̃RS ,LX g̊TU ; g̊, B̊[2], φ̊) ,

L(3)
10 (∇̊M , ∇̊N ,LXH̃PQ, H̃RS , H̃TU ; g̊, B̊[2], φ̊) + L(3)

10 (∇̊M , ∇̊N , H̃PQ,LXH̃RS , H̃TU ; g̊, B̊[2], φ̊)

+L(3)
10 (∇̊M , ∇̊N , H̃PQ, H̃RS ,LXH̃TU ; g̊, B̊[2], φ̊) = −L(4)

10 (∇̊M , ∇̊N ,LX g̊PQ, H̃RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊)

−L(4)
10 (∇̊M , ∇̊N , H̃PQ,LX g̊RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊)− L(4)

10 (∇̊M , ∇̊N , H̃PQ, H̃RS ,LX g̊TU , H̃VW ; g̊, B̊[2], φ̊)

−L(4)
10 (∇̊M , ∇̊N , H̃PQ,LX g̊RS , H̃TU , H̃VW ; g̊, B̊[2], φ̊) , (3.58)

the order κ2
10 terms cancel higher order contributions that haven’t been written. We now need to consider

what types of structures can be present when one integrates over the transverse space. In order to illustrate

this lets consider a few model terms

∇̊M H̃PQ∇̊M H̃PQ , H̃PQH̃RSF
RPTFQST , (∇̊M H̃PQ)H̃PQ∇̊Mφ , (3.59)

(∇̊M H̃PQ)(∇̊N H̃PM )H̃QN , H̃PQH̃
PQ∇̊M ∇̊Mφ , (∇̊M H̃PQ)H̃MP ∇̊Qφ . (3.60)

These terms have been chosen as they exemplify, respectively, the following structures, a term involving

only perturbations where the derivatives are contracted, perturbations contracted into background fields

where both derivatives are on the background fields, perturbations along with background fields with one

derivative on a perturbation and the other on a background field and the derivatives contracted, a term with

92This rather long expression is included here mostly to illustrate the size of the calculations required when undertaking an
EFT description of gravity. Hopefully its inclusion motivates why we’re not adding many explicit details at this point.

93Which hold up to total derivative terms, but we’ll omit this technical detail for now.
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only perturbations where the derivatives are contracted into the perturbations, a term with both background

fields and perturbations with both derivatives on the background contracted into each other and finally a term

with both perturbations and background fields in it with both having a derivative which are not contracted

into each other. We can now, schematically, expand these terms, using the form of our perturbation (3.48),

which leads to the terms

∇̊M H̃PQ∇̊M H̃PQ =∂µhνλ∂
µhνλξ2 + hµνh

µν∂σξ∂
σξ ,

H̃PQH̃RSF
RPTFQST =hµνhστF

σµaF ντa = 0 ,

(∇̊M H̃PQ)H̃PQ∇̊Mφ =hµνh
µνξ∂ρξ∂

ρφ , (3.61)

(∇̊M H̃PQ)(∇̊N H̃PM )H̃QN =(∂µhνσ)(∂τh
νµ)hστξ3 ,

H̃PQH̃
PQ∇̊M ∇̊Mφ =hµνh

µνξ2∇̊a∇̊aφ ,

(∇̊M H̃PQ)H̃MP ∇̊Qφ =(∂µhνσ)hµνξ2∂σφ+ (∂µhνa)hµσξ2∂aφ = 0 ,

where we have used the maximal symmetry of the background worldvolume and the fact that our background

metric is a product. We can clearly see that when expanded into four dimensional fields our terms either have

two or zero worldvolume derivatives. As such the 4 dimensional action can be organised into two derivative

and zero derivative pieces at each order. Since our infinitesimal diffeomorphism transformation, (3.50),

is a one derivative transformation these terms can’t contribute to the lower dimensional diffeomorphism

invariance of each other so they can be dealt with separately. We shall focus on the two derivative terms in

four dimensions which must all come from expanding the Ricci scalar in (3.45). It can be shown, that at any

given order in our perturbative expansion, the transverse integral accompanying these two derivative terms

is given by

I(α1, . . . , αn) :=

∫
M6

d6y
√
g6e
−2φξ(ρ;α1) . . . ξ(ρ;αn) . (3.62)

Within this the integral involving n-copies of the zero mode, ξ(ρ; 0), is of particular interest

In := I(0, . . . , 0) =

∫
M6

d6y
√
g6e
−2φξ(ρ; 0)n =

4π2

g5

(−2
√

3

π

)n n!

2n−1
ζ(n) , (3.63)

with ζ(n) the Riemann zeta function. Since this zero mode is expected to be our massless graviton it’s two

derivative action is the one we really want to focus on. When we focus on this sector we find that (3.49)

takes on the form
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S4

∣∣∣
zero−mode only

= I2

∫
M4

d4xL(2)
4 (∂µ, ∂ν , hστ (x; 0), hλθ(x; 0); η, 0, 0)

+κ10I3

∫
M4

d4xL(3)
4 (∂µ, ∂ν , hστ (x; 0), hλθ(x; 0), hαβ(x; 0); η, 0, 0) (3.64)

+κ2
10I4

∫
M4

d4xL(4)
4 (∂µ, ∂ν , hστ (x; 0), hλθ(x; 0), hαβ(x; 0), hγδ(x; 0); η, 0, 0) .

In this expression the Lagrangian densities L(n)
4 have the same structure as the corresponding term in ten

dimensions. We now rescale our four dimensional field hµν(x; 0) as

h̃µν(x; 0) =
√
I2hµν(x; 0) , (3.65)

meaning that (3.64) takes on the form

S4

∣∣∣
zero−mode only

=

∫
M4

d4x L(2)
4 (∂µ, ∂ν , h̃στ (x; 0), h̃λθ(x; 0); η, 0, 0)

+
κ10I3

I
3
2
2

∫
M4

d4x L(3)
4 (∂µ, ∂ν , h̃στ (x; 0), h̃λθ(x; 0), h̃αβ(x; 0); η, 0, 0) (3.66)

+
κ2

10I4
I2
2

∫
M4

d4x L(4)
4 (∂µ, ∂ν , h̃στ (x; 0), h̃λθ(x; 0), h̃αβ(x; 0), h̃γδ(x; 0); η, 0, 0) .

To proceed further we need the transformation property of our four dimensional field. In ten dimensions we

know that

H̃ ′µν = H̃µν +
1

κ10

(
∂µXν + ∂νXµ

)
+ LXH̃µν , (3.67)

which given (3.48) and using Xµ = χ(x)µξ(x; 0) leads to

h̃′µν(x;α) = h̃µν(x;α) + δ0α
I

1
2
2

κ10

(
∂µχν + ∂νχµ

)
+ I(0, 0, α)Lχhµν(x; 0) +

∫ ∞
λedge

dλ I(0, λ, α)Lχhµν(x;λ) ,

(3.68)

which for the zero mode reads

h̃′µν(x; 0) = h̃µν(x; 0) +
I

1
2
2

κ10

(
∂µχν + ∂νχµ

)
+ I3Lχhµν(x; 0) +

∫ ∞
λedge

dλ I(0, λ, 0)Lχhµν(x;λ) . (3.69)

This is a little bothering because it’s clearly not the transformation we’re used to, unless I(0, λ, 0) = 0-

which it isn’t94. However, ignoring this for a moment, if things were to work out as we expect them to, then

94See Appendix D.
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the arguments leading to (3.58) could be repeated and we’d find that it would lead to the requirement that

κ10I3

I
3
2
2

I3 −
κ2

10I4
I2
2

I
1
2
2

κ10
= 0 =⇒ I2

3 = I4 . (3.70)

However the form of (3.63) shows this doesn’t hold! The story of diffeomorphism invariance in four dimensions

seems to not be working as we’d expect. At this stage one might think that the issue is we still have the

heavy gravitons, h̃µν(x;λ), present. From (3.68) they clearly transform under our diffeomorphism into terms

involving h̃µν(x; 0) and so they can clearly be seen to be part of the story, no matter how it eventually plays

out. So it may be expected that integrating them out will fix all of our issues. However if this is done it

can be shown to not be enough to overcome all of our problems. So what’s going on? We seem to have

in fact written down a theory that isn’t behaving under diffeomorphisms as we expect in four dimensions.

Integrating out fields95 doesn’t help us, and as such we can conclude that the sickness runs deeper than we’d

like. As we’ll see in the next Section, our EFT starter pack, like all good DIY kits, is missing a few parts!

To recap, we began by outlining a, supposedly, general method for building top-down EFTs of gravity.

The method involved the use of generalised Fourier series, using the operator identified by Bachas and Estes

[4] to determine the expansion basis. It was expected that the overlap integrals of these basis functions

would provide coupling coefficients in the lower dimensional theory that would ensure the presence of lower

dimensional diffeomorphism invariance. However a direct calculation, in the context of the EFT about

the background solution of Crampton, Pope and Stelle [17], showed that this was not the case, with lower

dimensional diffeomorphism symmetry being shown to not be present in the EFT.

95Or attempting field redefinitions.
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4 The perturbation problem revisited

In the previous Section we saw that the proposed EFT construction procedure, when applied to the k = 0

CPS background solution, produced a four dimensional theory that lacked diffeomorphism symmetry. This

is a terminal flaw in the process as we know that our universe displays such a symmetry. In this Section we

shall attempt to diagnose the cause of the sickness in our procedure and then cure it. There are a few places

that we could look, but the obvious first choice is the perturbation problem discussed in Section 2 since we

initially wanted to set four dimensional ‘gauge’ conditions in order to obtain the results given. Since we now

seem to lack this symmetry it seems rather suspect to enforce these conditions at the start of the problem96.

We shall begin this Section by providing details of the perturbation problem of B&E but without as-

suming any form of gauge fixing condition or truncating any of the fields. It will then be shown that once

the truncation performed by B&E is implemented the resulting system of equations doesn’t possess lower

dimensional diffeomorphism invariance. As such, we find that underlying the loss of diffeomorphism sym-

metry, as seen in the previous Section, is an inconsistent truncation of the field content in the EFT. This

inconsistency will be shown to arise precisely because of the non-trivial transverse dependence of the lower

dimensional graviton. The resolution to this loss of diffeomorphism symmetry can then be understood to

be the restoration of the fields truncated in the procedure of deriving the B&E wavefunction equation. In

particular it is found that off diagonal components of the metric perturbation, which are found to behave as

Stueckelberg fields, are crucial in establishing that the lower dimensional system possesses diffeomorphism

invariance. We shall then highlight how the usual Kaluza-Klein circle reduction avoids any of these issues,

which owes to the trivial dependence of the lower dimensional graviton on the transverse space and the

structure of the overlap integrals in this setting.

4.1 How to lose diffeomorphisms: the sting in the tail of inconsistent trunca-

tions

Having isolated that there is an issue with lower dimensional diffeomorphism symmetry the results derived

in Section 2 are on a shaky foundation, if we wish to achieve them with lower dimensional gauge conditions

rather than higher dimensional ones. As such let’s back out of our gauge choice and see what we can learn. In

this Section we shall provide analogues of the results given in Section 2 however we won’t impose any gauge

conditions, be they higher or lower dimensional in nature. We shall, however, later on consider perturbations

96We can, and did, still use higher dimensional gauge conditions which means our results still hold.
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of only the worldvolume portion of the metric, as in (2.2), setting the rest of the perturbations, including

matter ones, to zero. This truncation shall be referred to as the worldvolume sector truncation and it shall

be indicated, explicitly, when this truncation has been implemented.

Since we’re no longer allowing ourself to make use of gauge choices we can’t make use of the condition

∇̄MHMN = 0 , (4.1)

which leads to the occurrence of various new terms in the expressions previously given in Section 2. The

first of these changes is that (2.30) now reads

δR̂MN =
1

2

(
R̂QMδĝ

Q
N − R̂QNPMδĝPQ + R̂QNδĝ

Q
M − R̂QMPNδĝ

P
Q (4.2)

+ ∇̂N ∇̂QδĝMQ + ∇̂M ∇̂QδĝNQ − ∇̂P ∇̂P δĝMN − ∇̂N ∇̂Mδĝ
)
,

while (2.31) remains unchanged. In order to proceed we need to calculate the constituent terms of (4.2) in

terms of the conformally related metric

ḡMN = e−2AĝMN , (4.3)

and the perturbation

HMN = e−2AδĝMN . (4.4)

We find that ∇̂M ∇̂Nδĝ is still given by (2.37), whilst the terms ∇̂N ∇̂QδĝMQ, ∇̂M ∇̂QδĝNQ and ∇̂P ∇̂P δĝMN

all arise from appropriate contractions of (2.39). This leads to the results

∇̂N ∇̂QδĝMQ =dHMQ∇̄N ∇̄QA− dHMQ∇̄NA∇̄QA−H∇̄N ∇̄MA+ 2H∇̄NA∇̄MA

−ḡNMH∇̄QA∇̄QA− dHNQ∇̄MA∇̄QA+ dḡNMHRS∇̄RA∇̄SA− ∇̄QHMQ∇̄NA (4.5)

+d∇̄NHMR∇̄RA− ∇̄NH∇̄MA+ ∇̄N ∇̄QHMQ − ∇̄QHNQ∇̄MA+ ḡNM ∇̄QHRQ∇̄RA ,

and

∇̂Q∇̂QδĝMN = −2(∇̄QA)(∇̄QA)HMN − dHMP ∇̄PA∇̄NA− dHNP ∇̄PA∇̄MA+ 2H∇̄MA∇̄NA

+2ḡMNHRS∇̄RA∇̄SA+ (d− 2)∇̄PHMN ∇̄PA− 2∇̄PHMP ∇̄NA− 2∇̄PHNP ∇̄MA (4.6)

+2∇̄MHRN ∇̄RA+ 2∇̄NHRM ∇̄RA+ ∇̄P ∇̄PHMN ,
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where d is the dimension of the full spacetime manifold.

Using standard results on conformal transformations we find that (2.42) now takes the form

R̂QNδĝ
Q
M =R̄QNH

Q
M −HMN

(
∇̄2A+ (d− 2)(∇̄QA)(∇̄QA)

)
−(d− 2)HQ

M ∇̄N ∇̄QA+ (d− 2)HQ
M ∇̄NA∇̄QA , (4.7)

and (2.43) becomes

R̂QNPMδĝ
P
Q =R̄QNPMH

P
Q +HP

M ∇̄P ∇̄NA−H∇̄M ∇̄NA− ḡNMHP
Q∇̄P ∇̄QA+HQN ∇̄M ∇̄QA

+H∇̄MA∇̄NA−HP
M ∇̄PA∇̄NA− ḡMN (∇̄PA)(∇̄PA)H +HMN (∇̄PA)(∇̄PA) (4.8)

−HQN ∇̄MA∇̄QA+ ḡNMHPQ∇̄PA∇̄QA .

We can now use these results in (4.2) to obtain

δR̂MN =
1

2

(
R̄QMH

Q
N + R̄QNH

Q
M − 2HMN

(
∇̄2A+ (d− 2)(∇̄PA)(∇̄PA)

)
− 2R̄QMPNH

P
Q

+2ḡNMHPQ∇̄P ∇̄QA+ 2(d− 2)ḡMNHRS∇̄RA∇̄SA+ (d− 2)∇̄NHMR∇̄RA (4.9)

+(d− 2)∇̄MHNR∇̄RA+ ∇̄N ∇̄QHMQ + ∇̄M ∇̄QHNQ + 2ḡNM ∇̄QHRQ∇̄RA

−(d− 2)(∇̄QA)(∇̄QHMN )− �̄HMN − ∇̄M ∇̄NH − ḡNM (∇̄PA)(∇̄PH)
)
,

which along with (2.31) means that

δR̂ = e−2A
(

2(d− 1)HMN ∇̄M ∇̄NA+ (d− 1)(d− 2)HMN ∇̄MA∇̄NA+ 2(d− 1)∇̄NHMN ∇̄MA

−HMN R̄MN − �̄H − (d− 1)(∇̄MA)(∇̄MH) + ∇̄M ∇̄NHMN

)
. (4.10)
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Utilising (4.9) and (4.10) we find that the perturbed Einstein tensor takes the form

δĜMN =
1

2

(
R̄QMH

Q
N + R̄QNH

Q
M − 2HMN

(
�̄A+ (d− 2)(∇̄PA)(∇̄PA)

)
− 2R̄QMPNH

P
Q

−2(d− 2)ḡNMHPQ∇̄P ∇̄QA− (d− 2)(d− 3)ḡMNHRS∇̄RA∇̄SA+ (d− 2)∇̄NHMR∇̄RA

+(d− 2)∇̄MHNR∇̄RA+ ∇̄N ∇̄QHMQ + ∇̄M ∇̄QHNQ + 2(2− d)ḡNM ∇̄QHRQ∇̄RA (4.11)

−(d− 2)(∇̄QA)(∇̄QHMN )− �̄HMN − ∇̄M ∇̄NH + (d− 2)ḡNM (∇̄PA)(∇̄PH)

+ḡMN (∇̄2H +HPQR̄PQ − ∇̄P ∇̄QHPQ)
)
− 1

2
δĝMN R̂ .

The mixed index components of this lead to

δĜµa =
1

2

(
R̄νµH

ν
a + R̄baH

b
µ − 2Hµa

(
�̄A+ (d− 2)(∇̄PA)(∇̄PA)

)
+ (d− 2)∇̄aHµb∇̄bA

+(d− 2)∇̄µHab∇̄bA+ ∇̄a∇̄νHµν + ∇̄a∇̄bHµb + ∇̄µ∇̄νHaν + ∇̄µ∇̄bHab (4.12)

−(d− 2)(∇̄bA)(∇̄bHµa)− �̄Hµa − ∇̄µ∇̄aH
)
− 1

2
δĝµaR̂ ,

where the fact that ḡ is a product metric has been used to drop various terms. The transverse components

lead to the expression

δĜab =
1

2

(
R̄caH

c
b + R̄cbH

c
a − 2Hab

(
�̄A+ (d− 2)(∇̄PA)(∇̄PA)

)
− 2R̄cadbH

d
c

−2(d− 2)ḡbaHcd∇̄c∇̄dA− (d− 2)(d− 3)ḡabHcd∇̄cA∇̄dA+ (d− 2)∇̄bHac∇̄cA

+(d− 2)∇̄aHbc∇̄cA+ ∇̄b∇̄µHaµ + ∇̄b∇̄cHac + ∇̄a∇̄µHbµ + ∇̄a∇̄cHbc (4.13)

+2(2− d)ḡba∇̄µHcµ∇̄cA+ 2(2− d)ḡba∇̄dHcd∇̄cA− (d− 2)(∇̄cA)(∇̄cHab)

−�̄Hab − ∇̄a∇̄bH + (d− 2)ḡba(∇̄cA)(∇̄cH) + ḡab(�̄H +HµνR̄µν +HcdR̄cd − ∇̄P ∇̄QHPQ)
)

−1

2
δĝabR̂ ,
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and the worldvolume components give

δĜµν =
1

2

(
R̄σµH

σ
ν + R̄σνH

σ
µ − 2Hµν

(
�̄A+ (d− 2)(∇̄aA)(∇̄aA)

)
− 2R̄σµτνH

τ
σ

−2(d− 2)ḡνµHab∇̄a∇̄bA− (d− 2)(d− 3)ḡµνHab∇̄aA∇̄bA+ (d− 2)∇̄νHµa∇̄aA

+(d− 2)∇̄µHνa∇̄aA+ ∇̄ν∇̄σHµσ + ∇̄ν∇̄aHµa + ∇̄µ∇̄σHνσ + ∇̄µ∇̄aHνa (4.14)

+2(2− d)ḡνµ∇̄σHaσ∇̄aA+ 2(2− d)ḡνµ∇̄bHab∇̄aA− (d− 2)(∇̄aA)(∇̄aHµν)− �̄Hµν

−∇̄µ∇̄νH + (d− 2)ḡµν(∇̄aA)(∇̄aH) + ḡµν(�̄H +Hστ R̄στ +HabR̄ab − ∇̄P ∇̄QHPQ)
)

−1

2
δĝµνR̂ .

So far these results hold for a completely generic metric of the form (2.1) and an arbitrary perturbation

HMN . As a result we must surely have diffeomorphism symmetry at this stage.

However, rather than just taking it for granted let’s consider the linearised Einstein equations for a pure

gravity setup. In this case we consider a perturbation of the form

gMN = g̊MN +HMN , (4.15)

with M ∈ {1, . . . , d} and g̊MN a solution of the vacuum Einstein equations. Using the results given in

Appendix A we can show that the linearised Einstein equations take the form

�̊HMN − g̊MN �̊H + g̊MN ∇̊P ∇̊QHPQ + ∇̊N ∇̊MH − ∇̊P ∇̊MHPN − ∇̊P ∇̊NHPM = 0 , (4.16)

where ∇̊ is the covariant derivative associated to the Levi-Civita connection of g̊ and H = g̊MNHMN . By

now we know the form of an infinitesimal diffeomorphism by heart, so let’s check if (4.16) is invariant under

HMN → H ′MN = HMN + ∇̊MXN + ∇̊NXM . (4.17)

Under (4.17) the change in (4.16) is

�̊∇̊MXN + �̊∇̊NXM − 2̊gMN �̊∇̊PXP + g̊MN ∇̊P ∇̊Q∇̊PXQ + g̊MN ∇̊P ∇̊Q∇̊QXP

+2∇̊N ∇̊M ∇̊PXP − ∇̊P ∇̊M ∇̊PXN − ∇̊P ∇̊N ∇̊PXM − ∇̊P ∇̊M ∇̊NXP − ∇̊P ∇̊N ∇̊MXP . (4.18)
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If we use

∇̊P ∇̊QXQ = ∇̊Q∇̊PXQ − R̊QMQPXM , (4.19)

and its generalisations to higher rank tensors to commute covariant derivatives then (4.18), upon recalling

R̊MN = 0, (4.18) becomes

∇̊PXQ
(
R̊MPNQ − R̊MQNP − R̊PQMN

)
+ XQ∇̊P

(
R̊NQMP − R̊MQNP − R̊PQMN

)
. (4.20)

If we now note that our background curvature tensor obeys the first Bianchi identity

R̊MNPQ + R̊MPQN + R̊MQNP = 0 , (4.21)

then we can see that (4.20) vanishes thus confirming we have linearised diffeomorphism symmetry for a

perturbed theory of gravity at this order. So, with this to back us up, it seems sensible to presume our

system starts with diffeomorphism symmetry. So where do we loose it?

The next step we performed was the worldvolume sector truncation so let’s go ahead with that. In order

to have a concrete setting to discuss let’s again consider our theory to be that given by the NSNS sector of

Type IIA Supergravity, written in Einstein frame variables. If we perform the worldvolume sector truncation

then the components of the linearised Einstein tensor (4.12)-(4.14) become

δĜµa =
1

2

(
∇̄a∇̄νHµν − ∇̄µ∇̄aH

)
, (4.22)

δĜab =
1

2

(
− ∇̄a∇̄bH + (d− 2)ḡab∇̄cA∇̄cH + ḡab

(
�̄H +HµνR̄µν − ∇̄µ∇̄νHµν

))
, (4.23)

δĜµν =
1

2

(
R̄σµH

σ
ν + R̄σνH

σ
µ − 2Hµν

(
�̄A+ (d− 2)(∇̄aA)(∇̄aA)

)
− 2R̄σµτνH

τ
σ + ∇̄ν∇̄σHµσ

+∇̄µ∇̄σHνσ − (d− 2)(∇̄aA)(∇̄aHµν)− �̄Hµν − ∇̄µ∇̄νH + (d− 2)ḡµν(∇̄aA)(∇̄aH) (4.24)

+ḡµν(�̄H +Hστ R̄στ − ∇̄σ∇̄τHστ )
)
− 1

2
δĝµνR̂ .

Since the worldvolume sector truncation sets the matter perturbations to zero, the linearised perturbation

of the energy momentum tensor is still given by (2.60). If we now collect all of the linearised equations of

motion of this system, using that the worldvolume is a maximally symmetric space, so (2.10) holds, we find

that our perturbation must obey

∇̄a∇̄νHµν − ∇̄µ∇̄aH = 0 , (4.25)
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−∇̄a∇̄bH + (d− 2)ḡab∇̄cA∇̄cH + ḡab
(
�̄H + k(n− 1)H − ∇̄µ∇̄νHµν

)
= 0 , (4.26)

k(n− 3)ḡµνH + 2kHµν + ∇̄µ∇̄σHνσ + ∇̄ν∇̄σHµσ − (d− 2)∇̄aHµν∇̄aA− �̄Hµν − ∇̄µ∇̄νH

+(d− 2)ḡµν∇̄aA∇̄aH − ḡµν∇̄σ∇̄τHστ + ḡµν�̄H = 0 . (4.27)

∇̄aH∇̄aφ = 0 , (4.28)

HaMN
(
∇̄aH − 2H∇̄aA

)
= 0 , (4.29)

where HMNP is the background 3-form, φ is the background dilaton and n is the dimension of the world-

volume. Upon assuming the separable form, (2.3), for Hµν , these equations become

∇̄aψ
(
∇̄νhµν − ∇̄µh

)
= 0 , (4.30)

−h∇̄a∇̄bψ + ḡab
(
(d− 2)h∇̄cA∇̄cψ + ψ�̄xh+ h�̄yψ + k(n− 1)hψ − ψ∇̄µ∇̄νhµν

)
= 0 , (4.31)

k(n− 3)ḡµνhψ + 2khµνψ + ψ∇̄µ∇̄σhνσ + ψ∇̄ν∇̄σhµσ − (d− 2)hµν∇̄aψ∇̄aA− hµν�̄yψ

−ψ�̄xhµν − ψ∇̄µ∇̄νh+ (d− 2)ḡµνh∇̄aA∇̄aψ − ḡµνψ∇̄σ∇̄τhστ + ḡµνh�̄yψ + ḡµνψ�̄xh = 0 , (4.32)

h∇̄aψ∇̄aφ = 0 , (4.33)

HaMNh
(
∇̄aψ − 2ψ∇̄aA

)
= 0 . (4.34)

It is expected that these equations are invariant under the transformation

hµν → h′µν = hµν + ∇̄µχν + ∇̄νχµ , χµ = χµ(x) . (4.35)

However if we take (4.33) then we can see that under (4.35) this equation transforms as

∇̄µχµ∇̄aψ∇̄aφ , (4.36)

while (4.30) transforms into

∇̄aψ
(
∇̄ν∇̄µχν + �̄xχµ − 2∇̄µ∇̄νχν

)
. (4.37)

Since both of these must vanish for any ψ we can see this leads to constraints on our diffeomorphism
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parameter. For example (4.36) leads to

∇̄µχµ = 0 , (4.38)

while, in combination with (4.38), (4.37) leads to the constraint

�̄xχµ + k(n− 1)χµ = 0 . (4.39)

So even to make two of our equations invariant we’ve had to constrain the parameter χµ. However, we’ve

previously seen, (4.20), that the parameters of a diffeomorphism are unconstrained by demanding invariance

of the linearised equations. As such, our current system can clearly be seen to have, at most, a reduced

diffeomorphism symmetry. This explains why our EFT in the previous Section failed to show a four di-

mensional diffeomorphism symmetry, it wasn’t present in ten dimensions! We can also see that setting the

conditions

∇̄µhµν = 0 , h = 0 , (4.40)

makes (4.30),(4.31),(4.33) and (4.34) trivial and, hence, we’ll never notice this issue, as we appear to have

‘gauge’ fixed our equations and obtained exactly the expected result on the worldvolume. We might then

think that we can just remove this lower dimensional ‘gauge’ fixing and write down the gauge unfixed

equations. However we now see that (4.40) are not gauge conditions, as we didn’t initially possess the gauge

symmetry required to set them, and it’s just a nice coincidence that setting them drops us straight in to the

lap of a system we think we know!

4.2 Finding diffeomorphisms: going beyond the worldvolume sector truncation

It should now be obvious that the issue is with the worldvolume sector truncation, since before applying

it our symmetry was intact. The lack of a worldvolume gauge symmetry suggests that there are fields, that

have been set to zero, which are required to transform to non-zero values in order for the lower dimensional

system to display the desired symmetry. As such we need to identify what these fields may be.

In order to find our missing fields, let’s recap what we’ve done. We began with a worldvolume perturbation

that had dependence upon the transverse space. So in our higher dimensional theory we had a perturbation

Hµν = Hµν(x, y). In order to get to a lower dimensional theory we then expanded this perturbation in terms

of some transverse wavefunctions97 as in (3.14). We then assumed that within this expansion there was a

97These were the eigenfunctions of the transverse wavefunction operator of B&E. Since the choice of expansion of the higher
dimensional fields is entirely up to us we can still use these functions even though it turns out the perturbation problem arising
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mode that corresponded to a massless graviton in the lower dimension. We took this to be the mode

hµν(x; 0)ξ(y; 0) , (4.41)

and we wanted our lower dimensional field, hµν(x; 0), to have a sensible lower dimensional diffeomorphism

symmetry. It’s at this point that we remember that all of our lower dimensional symmetries must embed into

the higher dimensional symmetries. As such if we wish to perform diffeomorphisms that we can interpret

in our lower dimensional theory we must expand them in the same manner as our fields. As worldvolume

diffeomorphisms are the ones we’re, currently, interested in, this means we should expand our parameter Xµ

as

Xµ(x, y) =
∑
α

χµ(x;α)ξ(y;α) , (4.42)

with the sum again symbolic of taking one mode per eigenvalue and hence could correspond to a combination

of a discrete and continuous label. As we saw in (3.68), to get the correct leading order transformation,

meaning that hµν(x; 0) transforms as in (4.35) at order zero in fields, we need to perform the diffeomorphism

X(0)
µ (x, y) := χµ(x; 0)ξ(y; 0) . (4.43)

We can now look at the affect of this specific higher dimensional diffeomorphism on the fields present in the

theory.

We already know that, at linear order in X
(0)
µ , HMN will transform as

HMN → H ′MN = HMN + ∇̄MX(0)
N + ∇̄NX(0)

M + LX(0)HMN . (4.44)

However we’re more interested in how this transformation behaves once we split indices. Once this is done

we find that

Hµν → H ′µν = Hµν + ξ(y; 0)
(
∇̄µχν + ∇̄νχµ

)
+ ξ(y; 0)LχHµν , (4.45)

Hµa → H ′µa = Hµa + χµ∇̄aξ(y; 0) + ξ(y; 0)LχHµa +Hµνχ
ν∇̄aξ(y; 0) , (4.46)

Hab → H ′ab = Hab + ξ(y; 0)LχHab +Hµbχ
µ∇̄aξ(y; 0) +Haµχ

µ∇̄bξ(y; 0) . (4.47)

The reason for our loss of lower dimensional diffeomorphism symmetry now becomes painfully obvious.

When we performed the worldvolume sector truncation we set Hµa and Hab to zero. However when we

in a worldvolume sector truncation doesn’t lead to a gauge system.
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perform our desired diffeomorphism these fields are transformed to non-zero values! So the worldvolume

sector truncation is incompatible with lower dimensional diffeomorphism symmetry. As a result any EFT

built using it, clearly, shouldn’t be expected to display lower dimensional diffeomorphism symmetry.

Fortunately our discovery of the cause of our loss of lower dimensional diffeomorphism symmetry also

tells us how we might be able to restore it. We just have to keep around all of the fields present in an

arbitrary higher dimensional perturbation HMN . Then, since we haven’t truncated anything, our theory

definitely possesses higher dimensional diffeomorphism symmetry and so this could98 give rise to such a

symmetry in our EFT. In order to be able to investigate lower dimensional diffeomorphism symmetry we

need to interpret (4.45)-(4.47) in terms of lower dimensional fields. This involves a choice of expansion, in

terms of their transverse dependence, for Hµa and Hab rather than detail this here we shall defer doing this

until the next Section where we shall discuss it in detail. Instead here let’s just look at the worldvolume

portion of the perturbation. Since the wavefunctions {ξ(y;α)}, by assumption, form an orthonormal basis99

our perturbations Hµν and H ′µν can both be expanded in terms of this set of functions. From this the

transformation of the lower dimensional modes is found to be100

h′µν(x;α) = hµν(x;α) + δ0α
(
∇̄µχν + ∇̄νχµ

)
+
∑
β

( ∫
dd−ny w(y)ξ(y; 0)ξ(y;β)ξ(y;α)

)
Lχhµν(x;β) , (4.48)

where w(y) is the measure factor appropriate for the inner product used in the procedure of orthonormalising

the basis. For the zero mode this leads to

h′µν(x; 0) = hµν(x; 0)+∇̄µχν+∇̄νχµ+I3Lχhµν(x; 0)+
∑
i

( ∫
dd−ny w(y)ξ(y; 0)2ξ(y; i)

)
Lχhµν(x; i) , (4.49)

while for the non-zero modes we have

h′µν(x; i) = hµν(x; i) +
∑
β

( ∫
dd−ny w(y)ξ(y; 0)ξ(y;β)ξ(y; i)

)
Lχhµν(x;β) . (4.50)

Here i runs over the same values as α except it excludes zero and

I3 =

∫
dd−ny w(y)ξ(y; 0)3 . (4.51)

98We’re being deliberately careful here since the main lesson of this and the last Section is that we shouldn’t take things for
granted!

99With respect to some inner product (ξ(α), ξ(β)) =
∫
dd−ny w(y)ξ(y;α)ξ(y;β).

100Here we assume that products of the basis elements and derivatives are also in the span of the basis. In later Sections we’ll
see we need to revise this assumption, but for ease let’s assume, for now, that our system possesses this property.
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These transformations should be a little troubling. We know that a lower dimensional graviton hµν should

transform as

hµν → h′µν = hµν + ∇̄µχν + ∇̄νχµ + I3Lχhµν , (4.52)

however, while our proposed graviton, hµν(x; 0), starts out transforming correctly it picks up contributions

from all of the heavy modes hµν(x; i). This highlights a problem that we’ll have to address in more detail

in the next Section. Namely the issue is if we can perform a field redefinition to obtain a new field that

transforms as in (4.52), but we’re jumping the gun by discussing that here. The other feature we note is

that the heavy fields can’t just be set to zero as (4.56) shows their transformation, in general, picks up a

piece proportional to hµν(x; 0), hence to correctly deal with these fields in our EFT we expect to have to

integrate them out101.

With all of these issues to deal with we may feel a little overwhelmed and confused. How come we don’t

see all of these issues arising in the normal systems we know and love? Well the answer to this is fairly

simple, the systems we know and love are in fact just the Kaluza-Klein circle reduction. This is a case where

all of the required explicit calculations can be performed, so how come we’re not made aware of the issues

highlighted above in this case? The crucial ingredient is the fact that the transverse wavefunction of the

massless mode in this case is the function e0 = 1. As such in (4.43) we have no dependence on the coordinate

z of the circle. This then filters through to the transformations (4.45)-(4.47) which now become

Hµν → H ′µν =Hµν +
(
∇̄µχν + ∇̄νχµ

)
+ LχHµν ,

Hµz → H ′µz =Hµz + LχHµz , (4.53)

Hzz → H ′zz =Hzz + LχHzz ,

these are already a significant simplification as we can see only the worldvolume fields receive a transformation

that includes no fields102. Beyond this at the order field level everything is transforming tensorially and we

don’t have any mixing of fields. So in the higher dimensions life is already significantly simpler. However

life is even easier, as in terms of the lower dimensional fields, (4.54) becomes

h′µν(x; 0) = hµν(x; 0) + ∇̄µχν + ∇̄νχµ + I3Lχhµν(x; 0) , (4.54)

101This is dependent upon our previous assumptions holding, as we’ll see if they don’t then the story differs.
102Often also called the inhomogeneous piece of the transformation.
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owing to the fact that ∫
dz ξ(z; 0)ξ(z; i) =

∫
dz ξ(z; i) = 0 , (4.55)

since ξ(z; 0) = 1. So our hµν(x; 0) transforms exactly like a graviton! Even better (4.56)

h′µν(x; i) = hµν(x; i) + Lχhµν(x; i) , (4.56)

since ∫
dz ξ(z; 0)ξ(z; i)ξ(z; j) =

∫
dz ξ(z; i)ξ(z; j) = δij , (4.57)

with the final equality arising because our basis is orthonormalised. So not only does hµν(x; 0) transform as

we want but the heavy fields also transform as we expect heavy gravitons too! So all of our previous issues

have disappeared. This teaches us a critical lesson, our issues with having lost diffeomorphism symmetry in

the previous Section are related to allowing for non-trivial dependence of the zero mode wavefunction on the

transverse directions. Hence whilst we’ve encountered this problem in one particular setting it will occur in

generic reductions where the reduction allows for non-trivial dependence on the transverse space. It’s this

point that we shall pursue in the following Section.

Before moving on let’s take stock of what we’ve learnt in this Section. We’ve seen, by studying the higher

dimensional equations of motion, that the loss of lower dimensional diffeomorphism symmetry observed in

Section 3 arises due to the truncation of the metric perturbation to only components along the worldvolume.

This leads us to include all possible metric perturbations into the problem. In particular we’ve seen that

off diagonal components of the metric perturbation, that might have been expected to behave as vector

fields, become Stueckelberg fields for lower dimensional diffeomorphism symmetry. We showed that this

arose because of the non-trivial dependence of the lower dimensional graviton on the transverse space. As

a result such behaviour is concluded to occur in all theories where the massless lower dimensional graviton

has non-trivial dependence on the transverse space. The obvious counter example to this being the case of

the Kaluza-Klein S1 reduction, which was checked, and shown to workout precisely because of the trivial

dependence of the lower dimensional graviton on the transverse space.
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5 Effective field theories of gravity: a new approach

In the previous Section we saw that the procedure outlined in Section 3 isn’t, in general, robust enough

to lead to a lower dimensional theory that possesses diffeomorphism symmetry. The major barrier to this is

that during the procedure a truncation of the graviton modes to only include worldvolume perturbations is

performed. Whilst we can get away with this in the case where the transverse dependence of our gravitons is

trivial, the instant we allow for non-trivial transverse dependence, as is forced on us if the transverse space

is non-compact103, this truncation runs us head first into trouble. The main issue we find is that when

we attempt to perform our chosen diffeomorphism, which from a higher dimensional perspective must have

non-trivial transverse dependence, we find, from a lower dimensional point of view, fields that our truncation

sets to zero are turned on. The fact that these fields become non-zero is a tell tale sign that they’re involved

in the story of lower dimensional diffeomorphism symmetry.

While we may have learnt about this issue in the context of a specific example, it obviously applies

to a far wider class of systems. It’s this general problem that we’d really like to address. The problem

based around the k = 0 CPS solution is complicated not only by the issue of having non-trivial transverse

dependence but also by the fact that there are numerous other fields, both perturbative and background in

nature, that muddy the waters. As such, rather than dealing with all of these difficulties in one go, we shall

consider a simplified model. To this end we shall consider a 5d to 4d reduction in the context of pure gravity.

The exact model involves perturbations about R1,3 × [0, 1] equipped with the usual Minkowski metric. To

mirror the general case we’re trying to study, boundary conditions for the B&E problem are chosen so that

the graviton spectrum only allows for non-trivial transverse dependence. This setup closely mirrors that of

the usual Kaluza-Klein circle system, aside from the obvious fact that in the Kaluza-Klein context the zero

mode has trivial transverse dependence, and as such it shall prove valuable to consider this system in detail.

Our end goal is to be able to write down a lower dimensional action that possesses a lower dimensional

form of diffeomorphism symmetry104. In order to do this we shall have to correctly identify a quadratic

action that exhibits such a symmetry, it’s this task that we shall turn to in the beginning of this Section.

Once we have understood how the quadratic action should be constructed we shall turn to consider aspects

involved in the construction of the theory at higher order in fields105. In this case it will prove invaluable to

103Well it is forced on us if we wish to have a non-zero value for the lower dimensional Newton constant.
104At this stage we’re not able to say if this will take the same form as that usually expected for gravity so we’ll remain

agnostic on this point for now.
105At the time of writing it is believed that a resolution to all issues has been found and an action displaying diffeomorphism

invariance up to fourth order has been obtained. Unfortunately, due to time constraints, this hasn’t had time to be verified but
it is expect to be made available in an upcoming publication, the reference for which shall be added here as soon as it can be.
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consider the case of a circle Kaluza-Klein reduction, as in this setting the full non-linear lower dimensional

theory and ansatz, at least at the level of the zero mode sector, is known.

Through the course of this Section we shall see that the Stueckelberg field, that we previously identified

for it’s role in allowing lower dimensional diffeomorphism invariance to appropriately be embedded into the

parent higher dimensional symmetry, can be excised from the quadratic action by the inclusion of boundary

terms in the higher dimensional action. This will lead us to a lower dimensional field theory whose physical

spectrum includes a massless graviton and scalar along with a tower of massive graviton states. We shall then

provide the full quadratic action for the system. This can be shown to display manifest lower dimensional

diffeomorphism invariance. After this we proceed to restore the gauge degrees of freedom and give the full

un-gauge fixed lower dimensional quadratic action. We then investigate the system at beyond quadratic

order, with a focus on how the transformations of the lower dimensional fields are modified. It’s shown that

attempts to understand the interacting system using the basis of functions discovered at the quadratic order

are insufficient. This is shown to owe to the appearance of transverse functions that are not in the span of

the functions used at quadratic order. We then propose a method for embedding the desired transformations

of our lower dimensional fields into the known higher dimensional symmetry. This procedure will be seen to

lead to a redefinition of not only the perturbation, but also of the diffeomorphism parameter. This method

is applied to the Kaluza-Klein S1 reduction and the usual non-linear reduction ansatz is obtained at second

order in fields.

So in summary in this section we shall investigate the construction an EFT of gravity by looking at pure

gravity with the background taking the form of R1,3×[0, 1] equipped with the Minkowski metric. By choosing

Dirichlet-Robin boundary conditions for the perturbation problem we shall select a graviton spectrum with

a massless mode that has non-trivial dependence on the transverse space. As expected this leads to the off

diagonal metric perturbations assuming the role of a Stueckelberg field for lower dimensional diffeomorphism

symmetry. We shall obtain a quadratic action for the EFT and show that it possesses lower dimensional

diffeomorphism symmetry once a boundary term is added to the original five dimensional theory 106. This

higher dimensional boundary term is found to excise the kinetic term of the Stueckelberg in the lower

dimensional theory. Going beyond the quadratic theory we find that the functions identified in the Sturm-

Liouville problem at quadratic order do not form a basis for functions arising at beyond quadratic order. This

leads to difficulty in determining the form of the non-linear transformations of the lower dimensional fields.

To mitigate this we shall introduce a method for embedding the desired lower dimensional transformations

106It is our belief that this term is required for higher dimensional diffeomorphism invariance to be in tact in the theory,
however this is yet to be verified.
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into the higher dimensional transformation. It will be shown that this method leads to a modification of the

perturbation and the diffeomorphism parameter determined at quadratic order, and by direct calculation we

shall show this method leads to the usual non-linear Kaluza-Klein reduction ansatz.

Throughout this Section the symbol ′ is used in two different contexts. On four and five dimensional

fields it denotes a transformed version of a field we were previously working with. Whilst on fields that only

have dependence on the coordinate z, to be introduced in the main body of this Section, it denotes the result

of applying d
dz to the field. We apologise for this overload of notation but hope this comment and context

will be sufficient that no confusion is caused to the reader.

5.1 Obtaining a diffeomorphism invariant quadratic action

As we have stated we shall be interested in considering the case of five dimensional pure gravity which is

described by the action

S5[g] =
1

2κ2
5

∫
M5

d5X
√
−gR , (5.1)

with XM , for M ∈ {0, . . . , 4}, coordinates on a patch of the spacetime manifold M5. For our current purposes

we shall take

M5 = R
4 × [0, 1] , (5.2)

where R4 represents the worldvolume and [0, 1] is the transverse space. We now equip this manifold with

the metric

ds2
5 = ηµνdx

µdxν + dz2 , (5.3)

where xµ are coordinates on R4, for µ ∈ {0, . . . , 3}, and z is the coordinate on I = [0, 1]. We can then

consider perturbations around this background solution

gMN = ηMN +HMN (x, z) . (5.4)

If we use this in (5.1), along with the methods described in Appendix A, then we find that at second

order the action, ignoring 2κ2
5 factors, for now, takes the form

∫
M5

d5X
(3

2
∂PHMN∂

PHMN + 2HMN∂P∂
PHMN −

1

2
∂PHMM∂PHNN −HMM∂P∂PHNN

+2∂NHMM∂PHNP + 2HMN∂N∂MHPP +HMM∂P∂NHNP − 2∂MHMN∂PHN
P (5.5)

−∂NHMP∂
PHMN − 2HMN∂N∂PHMP − 2HMN∂P∂NHMP

)
.
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To this we add the total derivative term

∫
M5

d5X∂M
(
− 3

2
HNP∂MHNP +

1

2
HPP∂MHNN −

3

2
(∂NHPP )HMN −

1

2
(∂NHMN )HPP (5.6)

+ 2HMN∂PHPN +HPN∂PHMN

)
,

which allows us to write the quadratic five dimensional action as

S(2)
5d [H] =

∫
d5X

(1

2
HMN

(
ηMP ηNQ − ηMNηPQ

)
�5HPQ +

1

2
HMNη

MN∂P∂QHPQ (5.7)

+
1

2
HPQηMN∂P∂QHMN −HMNη

NQ∂P∂MHPQ
)
,

which is the form of the Fierz-Pauli action we have been using throughout this thesis. Employing a split

between world volume and transverse indices, this may be written as

S(2)
5d [Hµν ,Aµ,Φ] =

∫
d5X

(1

2
Hµν(�4 + ∂2

z )Hµν +Aµ(�4 + ∂2
z )Aµ +

1

2
Φ(�4 + ∂2

z )Φ

−1

2
Hµµ(�4 + ∂2

z )Hνν −
1

2
Hµµ(�4 + ∂2

z )Φ− 1

2
Φ(�4 + ∂2

z )Hµµ

−1

2
Φ(�4 + ∂2

z )Φ +
1

2
Hµµ∂ν∂σHνσ +Hµµ∂ν∂zAν +

1

2
Hµµ∂2

zΦ

+
1

2
Φ∂ν∂σHνσ + Φ∂ν∂zAν +

1

2
Φ∂2

zΦ +
1

2
Hµν∂µ∂νHσσ

+
1

2
Hµν∂µ∂νΦ +Aµ∂µ∂zHνν +Aµ∂µ∂zΦ +

1

2
Φ∂2

zHµµ +
1

2
Φ∂2

zΦ

−Aµ∂ν∂µAν −Aµ∂z∂µΦ−Aν∂µ∂zHµν −Aµ∂2
zAµ − Φ∂µ∂zAµ

−Φ∂2
zΦ−Hµν∂σ∂µHσν −Hµν∂z∂µAν

)
, (5.8)

where Aµ = Hµz and Φ = Hzz. This may be simplified to obtain

∫
M5

d5X
(1

2
Hµν(�4 + ∂2

z )Hµν − 1

2
Hµµ(�4 + ∂2

z )Hνν +
1

2
Hµµ∂ν∂σHνσ +

1

2
Hµν∂µ∂νHσσ −Hµν∂σ∂µHσν

+Aµ(�4η
µν − ∂µ∂ν)Aν +Hµµ∂ν∂zAν −Hµν∂z∂µAν +Aµ∂µ∂zHνν −Aν∂µ∂zHµν

− 1

2
Hµµ(�4)Φ− 1

2
Φ(�4)Hµµ +

1

2
Φ∂ν∂σHνσ +

1

2
Hµν∂µ∂νΦ

)
. (5.9)

In order to proceed we need to identify a method for calculating the allowed transverse dependence of our

graviton spectrum. For this, of course, we just employ the procedure provided by B&E.
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5.1.1 The transverse graviton spectrum and the role of boundary conditions

So we can properly appreciate the role of choosing boundary conditions on the transverse graviton

spectrum we’ll look at how different choices lead to transverse wavefunctions with vastly differing properties.

To this end we shall compare the conditions that lead to the Kaluza-Klein circle transverse spectrum and a

set of conditions leading to a spectrum with a zero mode with non-trivial transverse dependence. It is the

second system that more closely mirrors the setup of the CPS problem, and hence it’s the one that will be

of principle interest to us in our attempts to obtain a quadratic lower dimensional action.

In order to proceed we need to isolate the B&E transverse operator for our problem, this is easily found

to be

d2

dz2
, (5.10)

as a result we are seeking the eigenfunctions and eigenvalues of the following problem

d2

dz2
ψ(z;m) = λ(m)ψ(z;m) . (5.11)

Associated to this problem is a natural inner product, which arises from the calculation of the invariant

measure in (5.1) for the background solution (5.3), in this case it’s given by

(f, g) =

∫ 1

0

dz f̄(z)g(z) , (5.12)

with f̄ denoting the complex conjugate of f , which won’t be necessary for us as we shall only deal with real

functions.

In order to complete our specification of the problem we are required to provide boundary conditions.

We shall begin with the choice

ψ(0;m) = ψ(1;m) ,

∫
I

dz ψ(z;m)2 = 1 ,

∫
I

dz ψ(z;m)ψ(z;n)|m 6=n = 0 . (5.13)

The resulting system of solutions to (5.11) shall be referred to, interchangeably, as the periodic or Kaluza-

Klein wavefunctions. We can see that the first of these conditions ensures that the eigenfunctions take

the same value at both endpoints of the interval, while the second condition just states that we normalise

these eigenfunctions with respect to (5.12). The final condition is the statement that the eigenfunctions are

orthogonal to each other and is the statement that our operator (5.10) is self adjoint. All of this is telling
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us that we’ve crossed in to the territory of Sturm-Liouville theory.

The first case we can consider is when λ(m) = 0. Here we find that the corresponding eigenfunction

obeying (5.13) is

ψ(z; 0) = 1 . (5.14)

In the case where λ(m) > 0 the solution to (5.11) is given by

ψ(z;m) = α(m) cosh
(
λ(m)

1
2 z
)

+ β(m) sinh
(
λ(m)

1
2 z
)
, (5.15)

while for λ(m) < 0 we find

ψ(z;m) = α̃(m) cos
(
|λ(m)| 12 z

)
+ β̃(m) sin

(
|λ(m)| 12 z

)
. (5.16)

Whilst these options solve (5.11) we still need to enforce the boundary conditions (5.13).

To begin with, to ensure orthogonality to (5.14) for (5.15), we find that

∫
I

dz ψ(z; 0)ψ(z;m) =
1

λ(m)
1
2

(
β(m)

(
1− cosh(λ(m)

1
2 )
)

+ α(m) sinh(λ(m)
1
2 )
)

= 0

=⇒ β(m)
(
1− cosh(λ(m)

1
2 )
)

+ α(m) sinh(λ(m)
1
2 ) = 0 , λ(m) > 0. (5.17)

Demanding ψ(0;m) = ψ(1;m) leads to the equation

α(m)
(
1− cosh(λ(m)

1
2 )
)
− β(m) sinh(λ(m)

1
2 ) = 0 . (5.18)

If we assume α(m), β(m) 6= 0 then we can multiply (5.17) by α(m) and (5.18) by β(m) and then subtract

the results to obtain

(
α(m)2 + β(m)2

)
sinh(λ(m)

1
2 ) = 0 =⇒ sinh(λ(m)

1
2 ) = 0 , (5.19)

with the last equality due to our assumption that α(m), β(m) 6= 0. However, this condition would require

λ(m) = 0, which contradicts λ(m) > 0 hence we must discount this possible collection of solutions. If instead

α(m) = 0 then (5.18) leads to β(m) = 0 and if β(m) = 0 then (5.17) implies α(m) = 0. So the only solution
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for hyperbolic functions is the trivial one107!

For the eigenfunctions given in (5.16) orthogonality to the zero mode, (5.14), requires

∫
I

dz ψ(z; 0)ψ(z;m) =
1

|λ(m)| 12
(
α̃(m) sin(|λ(m)| 12 )− β̃(m) cos(|λ(m)| 12 ) + β̃(m)

)
= 0 ,

=⇒ α̃(m) sin(|λ(m)| 12 )− β̃(m) cos(|λ(m)| 12 ) + β̃(m) = 0 . (5.20)

If we then demand that our solutions also obey ψ(0;m) = ψ(1;m) we obtain the condition

α̃(m)
(
1− cos(|λ(m)| 12 )

)
− β̃(m) sin(|λ(m)| 12 ) = 0 . (5.21)

Assuming α̃(m), β̃(m) 6= 0 we can multiply (5.20) by α̃(m) and (5.21) by β̃(m) and subtract the resulting

equations to obtain

(
α̃(m)2 + β̃(m)2

)
sin(|λ(m)| 12 ) = 0 =⇒ sin(|λ(m)| 12 ) = 0 , (5.22)

Thus sinusoidal solutions to this problem are compatible with the boundary conditions if sin(|λm|
1
2 ) = 0

and λm < 0. Hence we have quantised eigenvalues for the problem. If α̃(m) = 0 or β̃(m) = 0 then exactly

the same condition is found. As such α̃(m) and β̃(m) are unconstrained by (5.21) and (5.20). The only

possible exception is that both can’t simultaneously be zero.

We can now check if our admissible eigenfunctions are orthogonal to each other with respect to (5.12).

This requires that

∫
I

dz ψ(z;m)ψ(z;n) =
1

λ(n)− λ(m)

(
ψ(z;m)ψ′(z;n)− ψ(z;n)ψ′(z;m)

)∣∣∣
∂I

= 0 , (5.23)

107By trivial we mean the zero function- which isn’t really a valid solution as it has λ(m) = 0 which we’ve already discounted.
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where m 6= n. Evaluating this for our admissible modes gives

∫
I

dz ψm(z)ψn(z) =
1

λ(n)− λ(m)

(
|λ(n)| 12

(
(α̃(m) cos(|λ(m)| 12 z) + β̃(m) sin(|λ(m)| 12 z))

×(−α̃(n) sin(|λ(n)| 12 z) + β̃(n) cos(|λ(n)| 12 z))
)

−|λ(m)| 12
(
(α̃(n) cos(|λ(n)| 12 z) + β̃(n) sin(|λ(n)| 12 z)) (5.24)

×(−α̃(m) sin(|λ(m)| 12 z) + β̃(m) cos(|λ(m)| 12 z)
))∣∣∣

∂I
= 0 ,

with the final equality arising from the fact that sin(|λ(p)| 12 ) = 0 =⇒ |λ(p)| 12 = 2pπ for p ∈ N0 \ {0}.

Interestingly calculating (5.23) using the m = 0 mode, (5.14), leads to the condition

ψ′(0;n) = ψ′(1;n) , (5.25)

then by (5.11) we can see that

ψ′′(0;n) = ψ′′(1;n) , (5.26)

and this keeps going for all of the derivatives that exist. We can also see that despite our specification of

the boundary data (5.13) we haven’t determined the coefficients α̃(m) or β̃(m). This isn’t how ODEs with

boundary conditions usually work, we’re meant to obtain unique solutions. So what’s going on? Well in

reality we’re actually dealing with functions ψ(z;m) such that ψ(z + 1;m) = ψ(z;m), which means our

functions are periodic with period length the same as the length of our interval. So while it looked like we

specified boundary data we really didn’t. Instead we specified our space has no boundary, so it is a circle,

and that our functions are continuous on this domain. As such it’s no surprise that our supposed boundary

conditions haven’t lead to a unique solution to the ODE (5.11). Instead to fix our constants we shall split

our solutions in to the case α̃(m) = 0, β̃(m) 6= 0 and α̃(m) 6= 0, β̃(m) = 0 and normalise these to unity. This

gives as our admissible eigenfunctions for the problem

ψ(z; 0) = 1 ,

ψe(z;m) =
√

2 cos(|λ(m)| 12 z) ,

ψo(z;m) =
√

2 sin(|λ(m)| 12 z) , (5.27)

|λ(m)| 12 = 2πm , m ∈ N0 \ {0} ,

which is precisely the set of eigenfunctions one expects to see in a standard S1 Kaluza-Klein reduction.
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However, here we have derived them based upon imposing (5.13), along with splitting into odd and even

parts108, on the solutions of (5.11). We should note that for each non-zero eigenvalue there is a 2-fold

degeneracy of eigenfunctions with the corresponding eigenvalue.

Lets now consider the same eigenvalue equation, (5.11), but instead we shall impose the boundary data

ξ(0;m) = 0 ,

∫
I

dz ξ(z;m)2 = 1,

∫
I

dz ξ(z;m)ξ(z;n)
∣∣∣
m 6=n

= 0 , (5.28)

where we have decided to denote this new set of eigenfunctions by ξ(z;m).

In this case we find there is a single eigenfunction, obeying (5.28), associated to a zero eigenvalue of the

Laplacian, which is given by

ξ0(z) =
√

3z . (5.29)

There are also solutions of the eigenvalue equation, with λ(i) < 0, which obey ξ(0; i) = 0. These are found

to take the form

ξ(z; i) = n(i) sin(
√
|λ(i)|z) , λ(i) < 0 , n(i) =

( 4
√
|λ(i)|

2
√
|λ(i)| − sin(2

√
|λ(i)|)

) 1
2

. (5.30)

In addition to which there are also eigenfunctions with λ(i) > 0 which obey ξ(0; i) = 0. We find these take

the form

ξ(z; i) = ñ(i) sinh
√
λ(i)z) , λ(i) > 0 , n(i) =

( 4
√
λ(i)

sinh(2
√
λ(i))− 2

√
λ(i)

) 1
2

. (5.31)

The orthogonality condition, to the zero mode, may now be shown to be equivalent to the more standard

Robin boundary information

∫
I

dz ξ(z; 0)ξ(z; i) =
1

λ(i)
(ξ(z; 0)ξ′(z; i)− ξ′(z; 0)ξ(z; i))

∣∣∣
∂I

= 0 =⇒ ξ′(1; i) = ξ(1; i) . (5.32)

In the case of solutions of the type given in (5.31) this condition becomes

∫
I

dz ξ(z; 0)ξ(z; i) =

√
3ñ(i)

λ(i)

(√
λ(i) cosh(

√
λ(i))− sinh (

√
λ(i))

)
= 0

=⇒ tanh (
√
λ(i)) =

√
λ(i) , λ(i) > 0 , (5.33)

which has as its only solution
√
λ(i) = 0. Hence solutions of the type given in (5.31) are excluded by the

108With this concept referring to symmetry about z = 1
2

.
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demand that ξ(z; 0) be in the self-adjoint domain of d2

dz2 .

Considering, instead, solutions of the type give in (5.30) we find that

∫
I

dz ξ(z; 0)ξ(z; i) =

√
3n(i)

λ(i)
(
√
|λ(i)| cos(

√
|λ(i)|)− sin (

√
|λ(i)|))

=⇒ tan (
√
|λ(i)|) =

√
|λ(i)| , λ(i) < 0 . (5.34)

Hence this theory has a discrete spectrum of sinusoidal solutions with eigenvalues given by the solutions of

tan(x) = x for x > 0. This equation also shows that the system possesses a mass gap, making it admissible

to EFT methods. One can then show that

∫
I

dz ξ(z; i)ξ(z; j) =
n(j)n(i)

λ(j)− λ(i)

(√
|λ(j)| sin(

√
|λ(i)|) cos(

√
|λ(j)|)

−
√
|λ(i)| sin(

√
|λ(j)|) cos (

√
|λ(i)|)

)
= 0 , λ(i), λ(j) < 0 , (5.35)

where i 6= j and the final equality holds because of the quantisation condition (5.34).

As a result of this, the admissible eigenfunctions for the transverse wavefunction problem, subject to

(5.28), are

ξ0 =
√

3z , (5.36)

ξ(z; i) = n(i) sin(
√
|λ(i)|z) ,

with the constants and eigenvalues taking the values

n(i) =
( 4

√
λ(i)

2
√
|λ(i)| − sin(2

√
|λ(i)|)

) 1
2

,
√
|λ(i)| = tan(

√
|λ(i)|) , λ(i) < 0 . (5.37)

It is this set of eigenfunctions that we shall use in later subsections to develop expansions of our five

dimensional fields in terms of four dimensional fields. We can see in this case that the zero mode has

non-trivial dependence on the transverse space and that for each non-zero eigenvalue there is a unique

eigenfunction.

As we can see from (5.27) and (5.36) the specification of boundary conditions has a dramatic effect on

the form of the transverse graviton spectrum. It should, as such, come as no surprise that this difference
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is also present in the form of the lower dimensional theory that we obtain from performing a dimensional

reduction using both types of spectrum. Whilst our main concern is to look at the system obtained using

(5.36) it will prove valuable to have considered the usual Kaluza-Klein system in this slightly odd manner.

In particular insights gained from it, and the usual non-linear Kaluza-Klein, case will prove invaluable when,

later in this Section, we turn to going beyond the quadratic level.

5.1.2 The second order gauge fixed action

Now that we have obtained a transverse graviton spectrum which exhibits a zero mode with non-trivial

dependence, (5.36), we can begin to try to write (5.9) as a four dimensional field theory. Starting at (5.7)

our aim is to deal with a theory involving Hµν that is the Fierz-Pauli action. However, currently there are

interaction terms between this variable and the other fields Aµ and Φ. However, as mentioned before, the

system (5.7) enjoys linearised diffeomorphism invariance in the bulk. That is S
(2)
5d [H] = S

(2)
5d [H′], up to a

boundary term, for transformations of the form

HMN → H′MN = HMN + ∂MXN + ∂NXM , (5.38)

where, XM is an arbitrary vector field parametrising the transformation. Under any variation δHMN , the

variation of the action S
(2)
5d [H] is

δS
(2)
5d [H] =

∫
d5X δHMN

(
�5HMN − ηMN�5H+ ∂M∂NH+ ηMN∂P∂QHPQ − ∂P∂MHPN − ∂P∂NHPM

)
+

1

2

∫
d5X∂PJ

P , (5.39)

where H = ηMNHMN , and

JP =HMN∂P δHMN − δHMN∂
PHMN − ηMNH∂P δHMN + ηMNδHMN∂

PH

+H∂QδHPQ − δHPQ∂QH+ ηMNHPQ∂QδHMN − ηMNδHMN∂QHPQ (5.40)

−2HMN∂
MδHNP + 2δHMN∂

MHNP .

The first line of (5.39) gives the equation of motion for HMN while the second line is a total derivative term

and hence is a boundary term. The system obeys the following, off-shell, identity

∂M

(
�5HMN − ηMN�5H+ ∂M∂NH+ ηMN∂P∂QHPQ − ∂P∂MHPN − ∂P∂NHPM

)
= 0 , (5.41)
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which we recognise as the linearised version of the Bianchi identity. If we let δHMN = 2∂(MXN), as is the

case for the (5.38), we find that the variation of the action is a pure boundary term which is given by

δS
(2)
5d [H] =

∫
d5X ∂MV

M , (5.42)

where

VM = 2XN

(
�5HMN − ηMN�5H+ ∂M∂NH+ ηMN∂P∂QHPQ− ∂P∂MHPN − ∂P∂NHPM

)
+

1

2
JM (5.43)

It’s our goal, after choosing appropriate boundary conditions, to be able to write down a boundary action

SB [H] that under a gauge variation transforms as

δSB [H] = −
∫
d5X ∂MV

M . (5.44)

If this can be achieved then the total action S[H] = S
(2)
5d [H]+SB [H] will be invariant under gauge variations.

In what follows our main concern shall be with the boundary of the interval. As such we shall be rather

careless about the Minkowski boundary since this is already a well known story.

To determine the appropriate boundary terms and conditions, we note that the transformation in (5.38)

can be interpreted in terms of the 4 + 1 split variables as

Hµν → H′µν = Hµν + ∂µXν + ∂νXµ , Aµ → A′µ = Aµ + ∂µXz + ∂zXµ , Φ→ Φ′ = Φ + 2∂zXz . (5.45)

Looking at the types of interactions occurring between Hµν , Aµ and Φ, we notice that Φ decouples from

Hµν if Φ′ = 0. We now split Φ = Φt + Φnt. This split originates from the lower dimensional expansion that

will take place in later parts of this Subsection. The reason to account for it now is that once the theory

is expanded in a basis of functions on the transverse space some five dimensional gauge transformations

have no sensible four dimensional interpretation. Hence such transformations are no longer allowed once

we decide to interpret our five dimensional theory in a truly four dimensional sense. We shall show what

happens explicitly later on, but for now we just take as a given that under (5.45) we have

Φ′nt = Φnt , Φ′t = Φt + 2∂zXz . (5.46)
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Taking account of (5.46) the condition Φt = 0 is set by the transformation:

Φt + 2 ∂zXz = 0 =⇒ ∂zXz = −1

2
Φt =⇒ Xz(x, z) = −1

2

∫ z

dz̃ Φt(x, z̃) =: −1

2
∂−1
z Φt . (5.47)

Note the constant from this integral is set to zero. Under this transformation we can see, using (5.45), that

H′µν = Hµν , A′µ = Aµ −
1

2
∂µ∂

−1
z Φt . (5.48)

With this (5.9) becomes

∫
d5X

(1

2
Hµν(�4 + ∂2

z )Hµν − 1

2
Hµµ(�4 + ∂2

z )Hνν +
1

2
Hµµ∂ν∂σHνσ +

1

2
Hµν∂µ∂νHσσ −Hµ

ν∂σ∂µHσν

+A′µ(�4η
µν − ∂µ∂ν)A′ν +Hµµ∂ν∂zA′ν −Hµν∂z∂µA′ν +A′µ∂µ∂zHνν −A′ν∂µ∂zHµν

− 1

2
Hµµ(�4)Φnt −

1

2
Φnt(�4)Hµµ +

1

2
Φnt∂

ν∂σHνσ +
1

2
Hµν∂µ∂νΦnt

)
, (5.49)

the scalar Φnt appearing in this is very strange as it lacks a kinetic term. However, this situation is well

known in Kaluza-Klein theory where, given our 4 + 1 split of HMN , there is no kinetic term for the lower

dimensional scalar field. In this case there is a field redefinition that allows Φ to have a kinetic term. Being

inspired by this we propose the following field redefinition

Hµν = Hµν + 2aΦ̃ntηµν , Φnt = 2bΦ̃nt , Φt = 2bΦ̃t . (5.50)

Then, by expanding (5.9) in terms of these new variables, we find that there exists a Φ̃nt�4Φ̃nt term with

coefficient

−12a(a+ b) . (5.51)

Choosing b = −2a, we find that Φ̃nt will have a normalised four dimensional kinetic term if

a2 =
1

12
. (5.52)

With these choices we find that (5.9) becomes

∫
d5X

(1

2
Hµν(�4 + ∂2

z )Hµν − 1

2
Hµ

µ(�4 + ∂2
z )Hν

ν +
1

2
Hµ

µ∂
ν∂σHνσ +

1

2
Hµν∂

µ∂νHσ
σ −Hµ

ν∂σ∂µHσν

+A′µ(�4η
µν − ∂µ∂ν)A′ν +Hµ

µ∂
ν∂zA′ν −Hµ

ν∂z∂µA′ν +A′µ∂µ∂zHν
ν −A′ν∂µ∂zHµν (5.53)

+ Φ̃nt(�4 − 2∂2
z )Φ̃nt − 3aHµ

µ∂
2
z Φ̃nt − 3aΦ̃nt∂

2
zH

µ
µ + 6aΦ̃nt∂

µ∂zA′µ + 6aA′µ∂µ∂zΦ̃nt
)
.

141



If we consider a further transformation with parameter X̃M . Our fields will transform as

Hµν → H ′µν = Hµν + ∂µX̃ν + ∂νX̃µ , A′µ → A′′µ = Aµ − b∂µ∂−1
z Φ̃t + ∂µX̃z + ∂zX̃µ ,

Φ̃t → Φ̃′t =
1

b
∂zX̃z , Φ̃nt → Φ̃′nt = Φ̃nt . (5.54)

In order to decouple H ′µν and A′µ we note that all of the interaction terms involve a ∂z term. As such, this

suggests that we set ∂zA′′µ = 0 via another gauge transformation. However we have to be careful not to be

overzealous and undo our first gauge transformation, which would result in Φ̃′t 6= 0. Looking at (5.54) we

can see to avoid this issue we can just set ∂zX̃z = 0. We then observe that

∂zA′′µ = ∂zAµ − b∂µΦ̃t + ∂µ∂zX̃z + ∂2
zX̃µ , (5.55)

with the third term being zero by our previous comment. So if we wish to set ∂zA′′µ = 0 we require that

∂2
zX̃µ = −∂zAµ + b∂µΦ̃t . (5.56)

With this choice of gauge transformations and variables, (5.53) becomes

S(2)
5d [H ′,A′′, Φ̃′] =

∫
d5X

(1

2
H ′µν(�4 + ∂2

z )H ′µν − 1

2
H ′µµ(�4 + ∂2

z )H ′νν +
1

2
H ′µµ∂

ν∂σH ′νσ

+
1

2
H ′µν∂

µ∂νH ′σσ −H ′µν∂σ∂µH ′σν +A′′µ(�4η
µν − ∂µ∂ν)A′′ν

+Φ̃′nt(�4 − 2∂2
z )Φ̃′nt − 3aH ′µµ∂

2
z Φ̃′nt − 3aΦ̃′nt∂

2
zH
′µ
µ (5.57)

+∂z
(
A′′µ∂µH ′νν −A′′ν∂µH ′µν + 6aA′′µ∂µΦ̃′nt

))
,

which is a Fierz-Pauli term for H ′µν , a Maxwell term for A′′µ, a kinetic term for Φ̃′nt and several interaction

terms between Φ̃′nt and H ′µν . We can see that the gauge transformation of the Maxwell field comes from a,

linearised, diffeomorphism XM = (0,X z(x)). Also, since this is a Fierz-Pauli system, H ′µν enjoys the gauge

symmetry

H ′µν → H ′′µν = H ′µν + ∂µXν + ∂νXµ , (5.58)

for Xµ such that ∂2
zXµ = 0, which neatly looks like something in the kernel of (5.56). Note, due to the term

−3aH ′µµ∂
2
z Φ̃′nt, this transformation only holds up to z boundary terms.

Our action is starting to look more like something we recognise. However, the terms in the last line of

(5.57) are a little odd. They appear to be boundary terms but they’re not full covariant five dimensional
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boundary terms as they involve only total z derivatives. One might wonder what effect such terms might

have. To understand this, consider Maxwell theory on five dimensional Minkowski space. This theory has

its dynamics governed by the action

S5[A] = −1

4

∫
d5X FMNF

MN , (5.59)

where FMN = 2∂[MAN ]. Calculating the variation of this one finds

δS[A] =

∫
d5X δAN∂MF

MN −
∫
d5X ∂M

(
FMNδAN

)
. (5.60)

For the boundary term to vanish, a natural condition to impose is for δAN to vanish at the boundary. While

in the bulk we find the expected Euler-Lagrange equation ∂MF
MN = 0. In order to understand what’s going

on in (5.57), let’s consider a 4 + 1 split of AM and consider a slightly modified action

S′[Aµ, Az] =

∫
M5

d5X
(
− 1

4
FMNF

MN + ∂z
(
Az∂

µAµ
))

. (5.61)

If we vary this action we find that

δS′[Aµ, Az] =

∫
d5X

(
δAµ∂MF

Mµ + δAz∂µF
µz
)
−
∫ 1

0

dz

∫
d3y
√
−hnµ

(
FµνδAν + FµzδAz

)
+

∫
d4x
(
FµzδAµ + δAz∂

µAµ +Az∂
µδAµ

)∣∣∣z=1

z=0
, (5.62)

where yi are coordinates on the boundary of R1,3, h is the determinant of the induced metric on this

boundary and nµ is the normal vector to the boundary. From this, it can be seen that imposing δAµ = 0

and δAz = 0 on both the R1,3 and z boundaries does not lead to all of the boundary terms present vanishing.

In particular, the term Az∂
µδAµ, which comes from the z derivative term that we added in (5.61), does

not vanish. However, although the conventional boundary conditions do not remove the boundary terms in

our problem, it is clear that there exist more exotic boundary conditions such that this can be done. For

example, setting δAµ = 0 and δAz = 0 on both boundaries and Az = 0 on the z boundary would work.

With such a choice of boundary conditions, the variation of the action becomes

δS′[Aµ, Az] =

∫
d5X

(
δAµ∂MF

Mµ + δAz∂µF
µz
)
, (5.63)

which gives the same equations of motion as standard Maxwell theory, albeit it arrived at in a non-covariant

manner.
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Having now understood the effect of the terms in the last line of (5.57) we see that their role is purely

to inform us about boundary conditions on Hµν ,Aµ, and their respective variations. Given this insight we

can modify our original action (5.7) by adding to it the terms

∫
d5X

(
∂z
(
Aν∂µHµν

)
− ∂z

(
Aµ∂µHν

ν

))
. (5.64)

If this is done then the action (5.9) can be written as

∫
d5X

(1

2
Hµν(�4 + ∂2

z )Hµν − 1

2
Hµµ(�4 + ∂2

z )Hνν +
1

2
Hµµ∂ν∂σHνσ +

1

2
Hµν∂µ∂νHσσ −Hµν∂σ∂µHσν

+Aµ(�4η
µν − ∂µ∂ν)Aν +Hµµ∂ν∂zAν −Hµν∂z∂µAν − (∂zAµ)∂µHνν + (∂zAν)∂µHµν

−1

2
Hµµ(�4)Φ− 1

2
Φ(�4)Hµµ +

1

2
Φ∂ν∂σHνσ +

1

2
Hµν∂µ∂νΦ

)
, (5.65)

where we have performed integration by parts in the z direction on the final two terms of the second line of

(5.9) and then the boundary terms cancel against those added in (5.64).

The analysis leading to (5.57) still holds but now the action we arrive at takes the form

S(2)
5d [H ′µν ,A′′µ, Φ̃′nt] =

∫
d5X

(1

2
H ′µν(�4 + ∂2

z )H ′µν − 1

2
H ′µµ(�4 + ∂2

z )H ′νν +
1

2
H ′µµ∂

ν∂σH ′νσ

+
1

2
H ′µν∂

µ∂νH ′σσ −H ′µν∂σ∂µH ′σν +A′′µ(�4η
µν − ∂µ∂ν)A′′ν (5.66)

+Φ̃′nt(�4 − 2∂2
z )Φ̃′nt − 3aH ′µµ∂

2
z Φ̃′nt − 3aΦ̃′nt∂

2
zH
′µ
µ

)
,

which really is a Fierz-Pauli system along with a Maxwell system and a scalar.

We’d now like to understand how we descend to 4d. In order to do this we have to decide how to write

our 5d fields in terms of 4d ones. We begin by ignoring the terms involving Φ̃′nt as by considering the other

fields first we shall understand how to deal with it. The field A′′µ is independent of z and so an obvious109

expansion is

A′′µ = Aµ(x) , (5.67)

while our expansion for H ′µν is chosen to be

H ′µν(x, z) =
∑
α

hµν(x;α)ξ(z;α) , (5.68)

109We’ll have to re-examine this later on.
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where α ∈ {0} ∪ {x| tan(
√
|x|) =

√
|x|, x < 0} and ξ(z;α) is as given in (5.36). This choice of expansion

means that

H ′µν(x, 0) = 0 . (5.69)

If we input these expansions into (5.66) then we obtain the four dimensional action

S(2)
4d [hµν(α), Aµ] + S[H ′, Φ̃′nt] =

∫
d4x
(∑

α

(1

2
hµν(α)(�4 + λ(α))hµν(α)− 1

2
hµµ(α)(�4 + λ(α))hνν(α)

+
1

2
hµµ(α)∂ν∂σhνσ(α) +

1

2
hµν(α)∂µ∂νhσσ(α)− hµν(α)∂σ∂µhσν(α)

)
+Aµ(ηµν�4 − ∂µ∂ν)Aν

)
+ S[H ′, Φ̃′nt] , (5.70)

where in this expression we have only included eigenvalue arguments on our fields for notational simplicity.

We have also included a term S[H ′, Φ̃′nt] to remind us that there are terms involving Φ̃′nt that we are currently

ignoring. This action describes a massless spin-2 field, α = 0, along with a collection of massive spin-2 fields,

α 6= 0, and what seems to be a Maxwell field.

In order for the field hµν(0) to truly be a Fierz-Pauli field it must enjoy the gauge symmetry

hµν(x; 0)→ h′µν(x; 0) = hµν(x, 0) + ∂µχν + ∂νχµ , (5.71)

with χµ = χµ(x). The transformation noted in (5.58) would appear to be an obvious choice. However, the

Xµ there has constant dependence on the z direction and hence can’t be interpreted in the ξ(α) basis we

are using for our perturbation since all elements of the basis are zero at z = 0. However if we parametrise a

general worldvolume diffeomorphism parameter as

Xµ(x, z) =
∑
α

χµ(x;α)ξ(z;α) , (5.72)

then

δH ′µν =
∑
α

(
∂µχν(x;α) + ∂νχµ(x;α)

)
ξ(z;α) , δA′′µ =

∑
α

χµ(x;α)
d

dz
ξ(z;α) . (5.73)

Recalling that we must preserve the gauge choice ∂zA′′µ = 0. This leads to

∂zδA′′µ =
∑
α

χµ(x;α)
d2

dz2
ξ(z;α) =

∑
λ(i)

χµ(x; i)λ(i)ξ(z; i) = 0 ,
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with λ(i) ∈ {x| tan(
√
|x|) =

√
|x|, x < 0}. Thus, by linear independence of the basis, all modes χµ(x; i) = 0.

This leaves only the mode χµ(x; 0), which is associated to the zero mode ξ(z; 0), for us to use. So under

such a diffeomorphism

Xµ(x, z) = χµ(x)ξ(z; 0) , (5.74)

we find, in terms of 4d fields, this corresponds to

hµν(0)→ h′µν(0) = hµν(0) + ∂µχν + ∂νχµ , hµν(i)→ h′µν(i) = hµν(i) ,

Aµ → A′µ = Aµ +
√

3χµ . (5.75)

We now demand that (5.70) is invariant under this transformation. It’s here that we run in to an issue.

While the Fierz-Pauli term for hµν(0) behaves as expected, the Maxwell term doesn’t play ball. Let’s see

how things work in detail. The terms in (5.70) that transform are

S(2)
4d [hµν(α), Aµ]

∣∣
transforming part

=

∫
d4x
(
hµν(0)

(1

2
(ηµρηνσ − ηµνηρσ

)
�4

+
1

2
ηµν∂ρ∂σ +

1

2
ηρσ∂µ∂ν − ηνσ∂ρ∂µ

)
hρσ(0)

+Aµ(ηµν�4 − ∂µ∂ν)Aν

)
(5.76)

whose transformation under (5.75) is given by

δS
(2)
4d =

∫
d4x
(

2
√

3Aµ(ηµν�4 − ∂µ∂ν)χν + ∂µ
(
2χνOµνρσFP hρσ(0)

)
+∂µ

(√
3χν∂µAν

)
− ∂µ

(√
3(∂µχν)Aν

)
− ∂µ

(√
3χµ∂νAν

)
+ ∂ν

(√
3(∂µχ

µ
)
Aν
))

, (5.77)

where

OµνρσFP =
1

2
(ηµρηνσ − ηµνηρσ

)
�4 +

1

2
ηµν∂ρ∂σ +

1

2
ηρσ∂µ∂ν − ηνσ∂ρ∂µ . (5.78)

All but the first term are total derivatives on the worldvolume. Hence they evaluate to zero, given our choice

of boundary conditions on ∂R1,3. The first term, however, is troubling as it is zero only if

�4χ
µ − ∂µ∂νχν = 0 ,

which would impose a non-trivial condition on our diffeomorphism parameter. We can’t have this if we want

full four dimensional diffeomorphism invariance of the theory. So what’s the issue? Well in the case of a
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standard Maxwell field there would be no inhomogeneous transformation for the field, so (5.75) would read

A′µ = Aµ .

Hence we see this field, even though it has a Maxwell like kinetic term, is behaving more like a Stueckelberg

field than a true Maxwell field. So what can we do about it? Let’s re-examine how our field is defined and

transforms in five dimensions

A′′µ = Aµ(x), δA′′µ = χµ(x)∂zξ0 =
√

3χµ .

So we have a bit of a mismatch between our expansion and transformation. Sure they both have constant

transverse dependence, but the way it arises differs. Since the transformation is forced on us by our previous

choices, and we want all of them to remain valid, it seems sensible to let the transformation inform our

decision on the expansion front. As such we trade (5.67) in for the less obvious expansion

A′′µ = Aµ(x)∂zξ(z, 0) =
√

3Aµ(x) . (5.79)

If we now use this in the Maxwell term of (5.65), we obtain the term

S
(2)
5d

∣∣
Maxwell

=

∫
d5XA′′µ(ηµν�4 − ∂µ∂ν)A′′ν =

∫
d4xAµ(ηµν�4 − ∂µ∂ν)Aν

∫
dz ξ′(0)ξ′(0) , (5.80)

where ξ′ = d
dz ξ. We can then note that

∫
dz ξ′(0)ξ′(0) =

∫
dz

d

dz

(
ξ(0)ξ′(0)

)
. (5.81)

Using this we can write (5.80) as

S
(2)
5d

∣∣
Maxwell

=

∫
d4xdz ∂z

(
Aµξ(0)(ηµν�4 − ∂µ∂ν)Aν∂zξ(0)

)
=

∫
d5X ∂z

(
(∂−1
z A′′µ)(ηµν�4 − ∂µ∂ν)A′′ν

)
. (5.82)

Where the constant from ∂−1
z is set to zero. We now see that the supposed Maxwell term is actually just

a boundary term, so we can deal with it in precisely the same way as we have with other boundary terms,

noting that this will alter the boundary conditions of our problem but happily it’ll give us manifest invariance
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under (5.75). This leads us to modify (5.66) by adding the term

−
∫
d5X ∂z

(
(∂−1
z A′′µ)(ηµν�4 − ∂µ∂ν)A′′ν

)
. (5.83)

So our final four dimensional action is

S
(2)
4d [hµν(α)] =

∫
d4x
(∑

α

(
hµν(α)OµνρσFP hρσ(α)

)
+

1

2

∑
i

λ(i)
(
hµν(i)hµν(i)− hµµ(i)hνν(i)

))
, (5.84)

which is a massless Fierz-Pauli field along with a tower of massive Fierz-Pauli fields. This action clearly has

the manifest gauge symmetry

hµν(0)→ h′µν(0) = hµν(0) + ∂µχν + ∂νχµ , hµν(i)→ h′µν(i) = hµν(i) ,

Aµ → A′µ = Aµ + χµ . (5.85)

here the Aµ transformation differs from that given in (5.75) due to the re-expression of the expansion (5.79).

This is all well and good but we have neglected S[H ′, Φ̃′nt] throughout, so while (5.100) looks very

promising it still isn’t quite the full story. In order to proceed we need to workout how to expand our field

Φ̃. Given (5.68) it seems sensible to take

Φ̃′(x, z) =
∑
α

φ(x;α)ξ(z;α) , (5.86)

however, can we do more to justify this choice? Lets assume we return to our original variable choices then

we’d have the expansion

Hµν(x, z) =
∑
α

h̃µν(x;α)ξ(z;α) . (5.87)

Which transforms under a diffeomorphism XM as

Hµν → H′µν = Hµν + ∂µXν + ∂νXµ . (5.88)

In order to be able to interpret this diffeomorphism in terms of the fields h̃µν(x;α) it makes sense to expand

Xµ as in (5.72). However under such a world volume diffeomorphism we know that Aµ transforms as

Aµ → A′µ = Aµ + ∂zXµ , (5.89)
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hence the expansion becomes

∂zXµ =
∑
α

χ(x;α)
d

dz
ξ(z;α) . (5.90)

We then note that { ddz ξ(z;α)} = {
√

3, ni
√
|λi| cos

(√
|λi|z

)
} which clearly do not tend to zero as z → 0.

As such this is clearly not equivalent to the basis described by the {ξ(z;α)}. Given this and our previous

insight in to the expansion of this field we suggest that the full expansion, as in for the un-gauge fixed field,

should be

Aµ =
∑
α

Aµ(x;α)
d

dz
ξ(z;α) , (5.91)

note that this is not an orthonormalised basis. We still have the z directed diffeomorphisms to deal with

and we know that if we use the parameter XM = (0,Xz(x, z)) then

Aµ → A′µ = Aµ + ∂µXz , (5.92)

Since this should be able to be interpreted in terms of the basis given by { ddz ξ(z;α)} this suggests writing

Xz =
∑
α

χz(x;α)
d

dz
ξ(z;α) . (5.93)

We then note that under such a transformation

Φ(x, z)→ Φ′(x, z) = Φ + 2∂zXz , (5.94)

from which we see that (5.93) gives us

∂zXz =
∑
α

χz(x;α)
d2

dz2
ξ(z;α) =

∑
i

λ(i)χz(x; i)ξ(z; i) . (5.95)

This suggests that the appropriate expansion for Φ should be

Φ(x, z) =
∑
α

φ(x;α)ξ(z;α) . (5.96)

Given (5.96) and (5.93) we can see how Φ splits into Φt and Φnt since

∑
α

φ′(x;α)ξ(z;α) =
∑
α

φ(x;α)ξ(z;α) +
∑
i

λ(i)χz(x; i)ξ(z; i) , (5.97)
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thus giving

Φnt = φ(x; 0)ξ(z; 0) , Φt =
∑
i

φ(x; i)ξ(z; i) . (5.98)

With this we can finally expand the term S[H, Φ̃nt] in (5.70)

S4d[φ] =

∫
d5X

(
Φ̃′nt(�4 − 2∂2

z )Φ̃′nt − 3aH̃µ
µ∂

2
z Φ̃′nt − 3aΦ̃′nt∂

2
zH̃

µ
µ

)
=

∫
d5X

(
ξ(0)2φ(0)(�4)φ(0) + a

∑
i

φ(0)λ(i)hµµ(i)ξ(0)ξ(i)
)

(5.99)

=

∫
d4x φ(x; 0)�4φ(x; 0) ,

which leads to the final full action

S
(2)
4d [hµν(α), φ(0)] =

∫
d4x
(∑

α

(
hµν(α)OµνρσFP hρσ(α)

)
+

1

2

∑
i

λ(i)
(
hµν(i)hµν(i)− hµµ(i)hνν(i)

)
+φ(0)�4φ(0)

)
, (5.100)

which describes a massless graviton, a tower of massive gravitons and a massless scalar field. As such we

finally have the physical spectrum of our lower dimensional theory and have constructed a lower dimensional

action that has explicit lower dimensional diffeomorphism invariance. Interestingly the zero mode spectrum

contains a massless graviton and scalar but no Maxwell field, which should be contrasted to the usual

Kaluza-Klein case.

5.1.3 The second order un-gauge fixed action

In the previous Subsection we finished by obtaining the lower dimensional action (5.100) in terms of the

physical lower dimensional fields, up to having the unphysical gauge degrees of freedom associated to the

four dimensional linearised gauge symmetry of hµν(x; 0) present. However, most of the gauge theories we’re

use to are presented in a gauge unfixed manner. For example consider the case of Maxwell theory where

no gauge is selected at the level of the action. This has the advantage of not committing to a particular

choice of gauge fixing condition and hence any admissible gauge condition can then be implemented at a

later stage, rather than always being fixed in the gauge that was chosen when writing down the original

system. As such we shall now look to back out of our gauge choices Φ̃t = 0 and ∂zAµ = 0 and derive the

analogue of (5.100). However, all of this new material will be pure gauge degrees of freedom and once our
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previous gauge conditions are implemented it must return to the from given in (5.100).

The full gauge symmetry we are expecting to find in five dimensions is summarised in (5.45). In the end

these have to be interpreted in terms of lower dimensional fields. To do this we use (5.68), (5.91) and (5.96)

along with (5.72) and (5.93) to obtain110

H′µν =
∑
α

h̃′µν(x;α)ξ(z;α) =
∑
α

(
h̃µν(x;α) + ∂µχν(x;α) + ∂νχµ(x;α)

)
ξ(z;α) ,

H′µz =
∑
α

A′µ(x;α)
d

dz
ξ(z;α) =

∑
α

(
Aµ(x;α) + ∂µχz(x;α) + χµ(x;α)

) d
dz
ξ(z;α) , (5.101)

H′zz =
∑
α

ϕ′(x;α)ξ(z;α) =
∑
α

(
ϕ(x;α) + 2λ(α)χz(x;α)

)
ξ(z;α) .

From this, linear independence of the ξ(z;α) allows us to peel off transformations for our four dimensional

fields in a unique manner. However, up until now we’ve been very relaxed about the properties of the

{ξ′(z;α)}. Ideally we’d be able to show these are linearly independent and then we could again uniquely

peel off the transformations of our four dimensional fields. To this end, let’s take a finite set of these functions

{ ddz ξ(z;α)|α ∈ {1, . . . , n}} and assume that they’re linearly dependent so

d

dz
ξ(z;n) =

n−1∑
α=1

c(α)
d

dz
ξ(z;α) , (5.102)

with c(α) ∈ R. We can now integrate this expression and use (5.28) to discard the constants of integration,

from which we obtain that

ξ(z;n) =

n−1∑
α=1

c(α)ξ(z;α) , (5.103)

which would imply that {ξ(z;α)|α ∈ {1, . . . , n}} are linearly dependent. However this is false and so we

have a contradiction thus meaning our original assumption (5.102) is incorrect. This logic demonstrates

linear independence of a finite set of these functions. So assuming we can commute the sum and integral

in the infinite case we can also show linear independence in this way. With this we can determine the

transformation properties of our fields. We shall split the transformations into two types depending on the

form of the diffeomorphism we perform. We shall call transformations of the form XM = (χµ(x)ξ(z;β), 0)

spin-2 like transformations and XM = (0, χz(x) ddz ξ(z;β)) Maxwell like transformations. Under a spin-2

110Here we are expanding the variables Hµν , Aµ and Φ.
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transformation with transverse dependence ξ(z;β), we have the following transformation properties

h̃′µν(x;α) =h̃µν(x;α) + δαβ
(
∂µχν(x) + ∂νχµ(x)

)
,

A′µ(x;α) =Aµ(x;α) + δαβχµ(x) , (5.104)

ϕ′(x;α) =ϕ(x;α) .

While under a Maxwell transformation with transverse dependence d
dz ξ(z;β), we find that

h̃′µν(x;α) =h̃µν(x;α) ,

A′µ(x;α) =Aµ(x;α) + δαβ∂µχz(x) , (5.105)

ϕ′(x;α) =ϕ(x;α) + 2λ(β)δαβχz(x) .

We can see that in both cases one field transforms exactly as we expect, one field is invariant and another

undergoes a Stueckelberg-like transformation, which is characterised by a shift in the field by the parameter

of the transformation.

Our goal is to now find a four dimensional action that is invariant, including boundary terms, under

(5.104) and (5.105) for any transverse dependence, and which upon the implementation of our previous

gauge conditions leads to the action (5.100). For this we begin with (5.65) and then perform the variable

redefinition

Hµν = Hµν + 2aηµνΦ̃nt , Φ = 2b
(
Φ̃t + Φ̃nt

)
, b = −2a , a2 =

1

12
. (5.106)

This redefinition leads to the action assuming the form

S5d[H,A, Φ̃nt, Φ̃t] =

∫
d5X

(1

2
Hµν(�4 + ∂2

z )Hµν − 1

2
Hµ

µ(�4 + ∂2
z )Hν

ν +
1

2
Hµ

µ∂
ν∂σHνσ +

1

2
Hµν∂

µ∂νHσ
σ

−Hµ
ν∂σ∂µHσν +Aµ(�4η

µν − ∂µ∂ν)Aν +Hµ
µ∂

ν∂zAν −Hµ
ν∂z∂µAν − (∂zAµ)∂µHν

ν

+(∂zAν)∂µHµν + 6aΦ̃nt∂
µ∂zAµ − 6a(∂zAµ)∂µΦ̃nt + 2aHµ

µ(�4)Φ̃t + 2aΦ̃t(�4)Hµ
µ

−2aΦ̃t∂
ν∂σHνσ − 2aHµν∂

µ∂νΦ̃t + Φ̃nt�4Φ̃t + Φ̃t�4Φ̃nt + Φ̃nt(�4 − 2∂2
z )Φ̃nt

−3aHµ
µ∂

2
z Φ̃nt − 3aΦ̃nt∂

2
zH

µ
µ

)
, (5.107)
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which if we now use the expansions

Hµν =
∑
α

hµν(x;α)ξ(z;α) , Aµ =
∑
α

Aµ(x;α)
d

dz
ξ(z;α) ,

Φ̃nt = φ(x; 0)ξ(z; 0) , Φ̃t =
∑
i

φ(x; i)ξ(z; i) , (5.108)

becomes

S
(2)
4d [hµν(α), φ(0), φ(i), Aµ(i)] =

∫
d4x
(∑

α

(
hµν(α)OµνρσFP hρσ(α)

)
+

1

2

∑
i

λ(i)
(
hµν(i)hµν(i)− hµµ(i)hνν(i)

)
+φ(0)�4φ(0)

)
+

∫
d4x
(∑
α,β

Aµ(α)
(
�4η

µν − ∂µ∂ν
)
Aν(β)

∫
dz ξ′(α)ξ′(β)

+
∑
α,β

(
hµµ(α)∂νAν(β)

∫
dz ξ(α)ξ′′(β)− hµν(α)∂µAν(β)

∫
dz ξ(α)ξ′′(β)

)
−
∑
α,β

(
∂µhνν(α)Aµ(β)

∫
dz ξ(α)ξ′′(β)− ∂µhµν(α)Aν(β)

∫
dz ξ(α)ξ′′(β)

)
+6a

∑
α

(
φ(0)∂µAµ(α)

∫
dz ξ(0)ξ′′(α)−Aµ(α)∂µφ(0)

∫
dz ξ(α)ξ′′(0)

)
+2a

∑
α,i

hµµ(α)�4φ(i)

∫
dz ξ(α)ξ(i) +

∑
i,α

φ(i)�4h
µ
µ(α)

∫
dz ξ(i)ξ(α)

−2a
∑
i,α

(
φ(i)∂µ∂νhνµ(α)

∫
dz ξ(i)ξ(α) + hµν(α)∂µ∂νφ(i)

∫
dz ξ(α)ξ(i)

)
+
∑
i

(
φ(0)�4φ(i)

∫
dz ξ(0)ξ(i) + φ(i)�4φ(0)

∫
dz ξ(i)ξ(0)

))
,

which is just our previous gauge fixed action plus a collection of terms involving pure gauge degrees of

freedom- precisely as expected.

If we now add a boundary term analogous to (5.83), use the transverse eigenfunction problem and (5.28),

this becomes
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S
(2)
4d [hµν(α), φ(0), φ(i), Aµ(i)] =

∫
d4x
(∑

α

(
hµν(α)OµνρσFP hρσ(α)

)
+ φ(0)�4φ(0) (5.109)

+
∑
i

(
λ(i)

(1

2
(hµν(i)hµν(i)− hµµ(i)hνν(i))−Aµ(i)

(
�4η

µν − ∂µ∂ν
)
Aν(i)

+hµµ(i)∂νAν(i)− hµν(i)∂µAν(i)− ∂µhνν(i)Aµ(i) + ∂µhµν(i)Aν(i)
)

+2ahµµ(i)�4φ(i) + 2aφ(i)�4h
µ
µ(i)− 2aφ(i)∂µ∂νhνµ(i)

−2ahµν(i)∂µ∂νφ(i)
))

.

We now need to interpret our gauge transformations (5.104) and (5.105) in terms of our fields (5.108). Using

all of the previous definitions we find that under a Maxwell like transformation, given by χz(x) ddz ξ(z;β), we

have the following transformations

h′µν(x;α) =hµν(x;α) , A′µ(x;α) = Aµ(x;α) + δαβ∂µχz(x) ,

φ′(x; 0) =φ(x; 0) , φ′(x; i) = φ(x; i)− 1

2a
λ(β)δiβχz(x) , (5.110)

while under a spin-2 transformation, χµ(x)ξ(z;β), we have

h′µν(x;α) =hµν(x;α) + δαβ
(
∂µχν(x) + ∂νχµ(x)

)
, A′µ(x;α) = Aµ(x;α) + δαβχµ(x) ,

φ′(x; 0) =φ(x;α) , φ′(x; i) = φ(x; i) . (5.111)

Under (5.110) we find that (5.109) transforms, if we use the parameter χµ(x)ξ(z; j), as

δS
(2)
4d =

∫
d4x
(
λ(j)

(1

2
(2(∂µχν + ∂νχµ)hµν(j)− 4hµµ(j)∂νχν)− χµ(�4η

µν − ∂µ∂ν)Aν(j)

−Aµ(j)(�4η
µν − ∂µ∂ν)χν + 2∂µχµ∂

νAν(j) + hµµ(j)∂νχν

+(∂µχν + ∂νχµ)∂µAν(j)− hµν(j)∂µχν − 2(∂µ∂νχν)Aµ(j)

−∂µhνν(j)χµ + ∂µ(∂µχν + ∂νχµ)Aν(j) + ∂µhµν(j)χν
)

+ 4a∂µχµ�4φ(j)

+4aφ(j)�4∂
µχµ − 2aφ(j)∂µ∂ν(∂µχν + ∂νχµ)− 2a(∂µχν + ∂νχµ)∂µ∂νφ(j)

)
.

We can see that these terms cancel, up to worldvolume boundary terms which we shall not worry about in

the current setting. The crucial insight we gain here is how gauge invariance is achieved. Under a spin-2

transformation, we see firstly that the terms coupling hµν(i) and φ(i) are gauge invariant on their own,
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which signals this coupling is precisely as expected from the massless case. The most important lesson we

learn is that the mass term for our massive gravitons, which on its own, is infamously, not gauge invariant,

combines with the couplings between hµν(i) and Aµ(i), along with the kinetic term for Aµ(i) to give us

gauge invariance. So we see that it’s crucial that the Maxwell like fields Aµ(i) behave as Stueckelberg fields,

under world volume directed diffeomorphisms, as they allow for a gauge invariant action to be written. Even

neater, this approach leads us to understand that we can, after a few worldvolume integration by parts, write

the action (5.109) in the form

S
(2)
4d [hµν(α), φ(0), φ(i), Aµ(i)] =

∫
d4x
(∑

α

(
hµν(α)OµνρσFP hρσ(α)

)
+ φ(0)�4φ(0)

+
∑
i

(λ(i)

2

(
(hµν(i)− 2∂(µAν)(i))(h

µν(i)− 2∂(µAν)(i))

−(hµµ(i)− 2∂µAµ(i))(hνν(i)− 2∂νAν(i))
)

(5.112)

+4a
(
�4h

µ
µ(i)− ∂µ∂νhµν(i)

)
φ(i)

))
,

which is manifestly gauge invariant under our spin-2 like transformations.

How about under the Maxwell like transformations? If we perform the transformation χz
d
dz ξ(z; j) then

we find the variation of the action (5.109) is

δS
(2)
4d =

∫
d4x

(
λ(j)

(
− ∂µχz(�4η

µν − ∂µ∂ν)Aν(j)−Aµ(j)(�4η
µν − ∂µ∂ν)∂νχz

+hµµ(j)�4χz − hµν(j)∂µ∂νχz − ∂µhνν(j)∂µχz + ∂µhµν(j)∂νχz
)

−λ(j)hµµ(j)�4χz − λ(j)χz�4h
µ
µ(j) + λ(j)χz∂

µ∂nuhµν(j) + λ(j)hµν(j)∂µ∂νχz

)
.

From this we can see that the interaction terms between hµν(i) and Aµ(i), which are of one derivative type,

are made gauge invariant by the interactions of hµν(i) with φ(i), which are of two derivative type. Again

this suggests a rewriting of (5.109) to exhibit the Maxwell like gauge invariance more readily

S
(2)
4d [hµν(α), φ(0), φ(i), Aµ(i)] =

∫
d4x
(∑

α

(
hµν(α)OµνρσFP hρσ(α)

)
+ φ(0)�4φ(0) (5.113)

+
∑
i

(
λ(i)

(1

2
(hµν(i)hµν(i)− hµµ(i)hνν(i))−Aµ(i)

(
�4η

µν − ∂µ∂ν
)
Aν(i)

+2hµµ(i)
(
∂νAν(i) +

2a

λ(i)
�4φ(i)

)
− 2hµν(i)

(
∂µAν(i) +

2a

λ(i)
∂µ∂νφ(i)

))))
,

which shows manifest Maxwell like invariance but the spin-2 invariance is more obscured.

155



At this point we have achieved our original goal of obtaining a quadratic second order action that

displays the full gauge invariance we expected. We can see that in order to display the spin-2 invariance or

the Maxwell-like invariance it is beneficial to write the quadratic action in two quite different ways, which

emphasise the Stueckelberg nature of different fields. It would be nice to be able to write our action in terms

of objects that are gauge inert under both the spin-2 and Maxwell like transformations. One object that has

this property is

hµν(i)− 2∂(µAν)(i)−
4a

λ(i)
∂µ∂νφ(i) , (5.114)

so we might naturally ask if there is a way to write our mass term using this object. By direct calculation,

involving several integration by parts on the worldvolume, we find that (5.115 ) can be written, using (5.114),

as

S
(2)
4d [hµν(α), φ(0), φ(i), Aµ(i)] =

∫
d4x
(∑

α

(
hµν(α)OµνρσFP hρσ(α)

)
+ φ(0)�4φ(0)

+
∑
i

λ(i)

2

(
(hµν(i)− 2∂(µAν)(i)−

4a

λ(i)
∂µ∂νφ(i))(hµν(i)− 2∂(µAν)(i)− 4a

λ(i)
∂µ∂νφ(i))

−(hµµ(i)− 2∂µAµ(i)− 4a

λ(i)
�4φ(i))(hνν(i)− 2∂νAν(i)− 4a

λ(i)
�4φ(i))

))
. (5.115)

This action is manifestly invariant, up to the usual boundary term associated to the Fierz-Pauli term, under

both the spin-2 and Maxwell-like transformations. However, note, in order to achieve this invariance, we’ve

had to, seemingly, include higher derivative terms in the action. Fortunately these higher derivative terms

cancel out when we expand all of the terms and perform integration by parts on the worldvolume.

5.2 Going beyond quadratic order

So far we’ve mostly been interested in treating our system at quadratic order. However, we know that

much of the interesting physics of gravitational systems occurs at the non-linear order. As a result we’re

going to have to go beyond our free theory and start including interactions. This leads us to consider higher

orders in our perturbative expansion and so to introduce terms cubic and higher in fields into our effective

action. Doing this not only increases the complexity of our effective action, but also alters the transforma-

tional properties of our fields. In upcoming work we shall present the full solution, up to quartic order in

fundamental fields, to obtain an effective four dimensional action that displays the expected diffeomorphism

invariance of gravity. Here, however, our goal is much more humble, as we shall attempt to understand how

the expected lower dimensional field transformations emerge once we go beyond linear order. This seemingly

simple task is crucial in the construction of the lower dimensional theory as it’s the combination of the
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action and transformations assuming a particular form that signals that lower dimensional diffeomorphism

symmetry has emerged in the expected manner.

We know that given a general five dimensional diffeomorphism, (Xµ(x, z), Xz(x, z)), our five dimensional

fields, written in terms of 4 + 1 split variables, transform as

H′µν =Hµν + ∂µXν + ∂νXµ +Xσ∂σHµν +Hσν∂µXσ +Hµσ∂νXσ +Xz∂zHµν +Aν∂µXz +Aµ∂νXz ,

A′µ =Aµ + ∂zXµ +Xσ∂σAµ +Aσ∂µXσ +Hµσ∂zXσ + ∂µXz +Xz∂zAµ + Φ∂µX
z +Aµ∂zXz , (5.116)

Φ′ =Φ +Xσ∂σΦ + 2Aµ∂zXµ + 2∂zXz +Xz∂zΦ + 2Φ∂zX
z ,

from which we’d like to interpret the non-linear transformations of our lower dimensional fields. Since our

lower dimensional fields arise from the expansions of our higher dimensional fields, in terms of our chosen

basis of functions for the transverse space, we might expect to be able to use the expansions

Hµν =
∑
α

hµν(x;α)ξ(z;α) , Aµ =
∑
α

Aµ(x;α)ξ′(z;α) , Φ =
∑
α

φ(x;α)ξ(z;α) , (5.117)

which were proposed at quadratic order111, along with the following, also learnt at quadratic order, expan-

sions

Xµ =
∑
α

χµ(x;α)ξ(z;α) , Xz =
∑
α

χz(x;α)ξ′(z;α) , (5.118)

for our diffeomorphism parameter. Making use of these in (5.116) we might expect to find that

∑
α

h′µν(x;α)ξ(z;α) =
∑
α

(
hµν(x;α) + ∂µχ(x;α) + ∂νχµ(x;α)

)
ξ(z;α) (5.119)

+
∑
β,γ

(
χσ(x; γ)∂σhµν(x;β) + hσν(x;β)∂µχ

σ(x; γ) + hµσ(x;β)∂νχ
σ(x; γ)

)
ξ(z;β)ξ(z; γ)

+
∑
β,γ

(
χz(x; γ)hµν(x;β) +Aν(x;β)∂µχ

z(x; γ) +Aµ(x;β)∂νχ
z(x; γ)

)
ξ′(z;β)ξ′(z; γ) ,

111Note here we don’t include the term involving ηµνφ(0) into Hµν just for convenience. It could and will, later on in this
Section, be added to the discussion, but as it won’t affect the chain of thought we’re currently in the middle of we omit it for
now.
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∑
α

A′µ(x;α)ξ′(z;α) =
∑
α

(
Aµ(x;α) + χµ(x;α) + ∂µχz(x;α)

)
ξ′(z;α)

+
∑
β,γ

(
χσ(x; γ)∂σAµ(x;β) +Aσ(x;β)∂µχ

σ(x; γ) + hµσ(x; γ)χσ(x;β) (5.120)

+χz(x;β)λ(γ)Aµ(x; γ) + φ(x; γ)∂µχ
z(x;β) +Aµ(x;β)λ(γ)χz(x; γ)

)
ξ(z; γ)ξ′(z;β) ,

∑
α

φ′(x;α)ξ(z;α) =
∑
α

(
φ(x;α) + 2λ(α)χz(x;α)

)
ξ(z;α)

+
∑
β,γ

(
χσ(x; γ)∂σφ(x;β) + 2φ(x;β)λ(γ)χz(x; γ)

)
ξ(z;β)ξ(z; γ) (5.121)

+
∑
β,γ

(
2Aµ(x;β)χµ(x; γ) + χz(x; γ)φ(x;β)

)
ξ′(z;β)ξ′(z; γ) ,

where the left hand sides represent a new expansion of the form given in (5.117) with transformed lower

dimensional fields. From these we might hope to be able to peel off lower dimensional non-linear transfor-

mations by applying operators such as
∫
dz ξ(z; α̃) and then using appropriate overlap integrals112. This is

a procedure that is commonly advocated. However, there is an implicit assumption in these equations. The

assumption is that all objects arising on the right hand side of these expressions reside within the span of our

chosen transverse wavefunctions. It’s here that issues can arise. Recall that the basis of functions {ξ(z;α)}

obeys the condition

ξ(0;α) = 0 , (5.122)

which ensures any function, f(z), expanded in terms of them should also obey the same condition, namely

f(0) = 0. It’s now that our problems become apparent. Looking at the terms in last line of both (5.119) and

(5.121) we see that they don’t conform to the boundary conditions we’ve selected for our basis, since ξ′(0;α)

is a non-zero constant for all α. This insight tells us that the expressions given in (5.119) and (5.121) are

mathematical nonsense, as we’ve tried to expand a function using a basis for a space it doesn’t reside in!

So we’re in the position where we need to change our approach, but what can we do? We can start by

considering a problem that occurs in four dimensional linearised gravity. Here we know that our graviton,

hµν , enjoys, at quadratic order, the gauge symmetry

h′µν = hµν + ∂µXν + ∂νXµ . (5.123)

112Recall the ξ′(z;α) are not orthogonal in our case and so dealing with them is more subtle, but again we can ignore this
complication in the current discussion.
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We often choose, since it simplifies the linearised equations of motion, to deal with the trace reversed field

h̃µν = hµν −
1

2
ηµνh

σ
σ , (5.124)

which inherits the gauge symmetry

h̃′µν = h̃µν + ∂µXν + ∂νXµ − ηµν∂σXσ , (5.125)

this is often used to set the transverse gauge condition

∂µh̃′µν = 0 . (5.126)

For a general trace reversed perturbation, h̃µν , we can see, from (5.125), that it’s possible to obtain a

perturbation obeying (5.126) if our diffeomorphism parameter is chosen so it solves113

�4Xν = −∂µh̃µν . (5.127)

At linear order this is the full story. However, at some point we want to go beyond our original free

action and include interactions. Once this is done our simple notion of gauge invariance, (5.123), is modified

to

h′µν = hµν + ∂µXν + ∂νXµ + LXhµν , (5.128)

which means the trace reversed transformation, (5.125), becomes

h̃′µν =h̃µν + ∂µXν + ∂νXµ − ηµν∂σXσ + LX h̃µν −
1

2
h̃ρρ
(
∂µXν + ∂νXµ

)
−ηµν h̃ρσ∂ρXσ +

1

2
ηµν h̃

σ
σ∂ρX

ρ . (5.129)

If we now try to implement (5.126) using the parameter given in (5.127) then we will find that, while at

first order in fields the condition is as we’d like, once we include the second order terms our condition no

longer holds. This seems to be an issue as the non-linear terms in our transformation are leading to effects

we weren’t aware of at the linear order. However as with most problems there is a solution. In this case our

analysis is telling us that our previous derivation isn’t enough to give us the full picture once we allow for

113Yes this expression does have issues regarding to inverting a d’Alembertian operator, but again we’re concerned with the
rough argument rather than the precise details.
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interactions. The fix is to understand that our previous result held at linear order in fields, and that’s it.

If we want to go to higher orders in fields in one part of our analysis we’ll have to include corrections from

higher orders to everything we derived at linear order. This suggests that we expand our diffeomorphism

parameter as

Xµ =

N∑
n=1

X(n)
µ , (5.130)

where X
(i)
µ is i-th order in fields and X

(1)
µ is given by (5.127). If we use this newly defined diffeomorphism

parameter in (5.129) then we find that, for i > 1, the relationship

�4X
(i+1)
ν = −

(
∂µ
(
LX(i) h̃µν

)
− 1

2
∂µ
(
h̃ρρ
(
∂µX

(i)
ν + ∂νX

(i)
µ

))
− ∂ν

(
h̃ρσ∂

ρXσ
(i)

)
+

1

2
∂ν
(
h̃σσ∂ρX

ρ
(i)

))
, (5.131)

must hold in order for (5.126) to hold, at a given order. So we can see that we require a compensating

diffeomorphism in order to remain in our desired gauge after we go beyond linear order. This teaches us

that once we go beyond the safety of lowest order in fields we have to amend all of our results to include

corrections from terms that are higher order in the number of fields. So this seems to provide an insight that

could allow us to resolve the issues plaguing (5.119) and (5.121).

We can now see from our example that we can try and allow our diffeomorphism parameter to be

expanded in powers of fields, which we keep track of by the use of a parameter ε. Then it’s our hope

that these higher order terms in the diffeomorphism parameter can be used to cancel off terms that don’t

conform to our specified boundary conditions. Since we’re attempting to perform a dimensional reduction

we’re required to specify a transverse dependence at each level of our power series. As such, we shall take

as our diffeomorphism parameter

XM =
( N∑
n=0

∑
an

χµ(n)(x; an)f(z; an, n),

N∑
n=0

∑
ãn

χz(n)(x; ãn)g(z; ãn, n)
)
, (5.132)

where terms labelled by n are O(εn) and f(z; an, n) and g(z; ãn, n) are functions to be determined, as we’ll

see below. The label an is included to act as a counter for modes and it’s exact form will be explained later

in this Section, crucially we shall see we need the form of this counter to depend on n. When n = 0 the

transverse dependence is as given in (5.118) and N denotes the highest order in fields we wish to go to114.

With this we can consider if it’s possible to find a compensating transformation that allows us to make sense

114We should note that if we want a solution at all orders in perturbation theory we have to go to the limit N →∞. For us
we shall mostly be concerned with fourth order terms in the action. As a result shall have to deal with N = 3.
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of expressions like (5.119) and (5.121).

We shall begin by considering a z-directed diffeomorphism, by which we mean we take χµ(0) = 0 in (5.132).

Considering such a diffeomorphism in (5.116), while making use of (5.117) and suppressing sums over α and

an, for clarity of presentation115, we find that the equations we wish to be able to make sense of are

h′µν(x;α)ξ(z;α) =hµν(x;α)ξ(z;α) +

N∑
n=1

(
∂µχν(x; an) + ∂νχµ(x; an)

)
f(z; an)

+

N∑
n=1

(
χσ(x; an)∂σhµν(x;α) + hσν(x;α)∂µχ

σ(x; an) + hµσ(x;α)∂νχ
σ(x; an)

)
ξ(z;α)f(z; an)

+χz(x;α)hµν(x;β)ξ′(z;α)ξ′(z;β) +

N∑
n=1

χz(x; an)hµν(x;α)g(z; an)ξ′(z;α) (5.133)

+
(
Aν(x;α)∂µχ

z(x;β) +Aµ(x;α)∂νχ
z(x;β)

)
ξ′(z;α)ξ′(z;β)

+

N∑
n=1

(
Aν(x;α)∂µχ

z(x; an) +Aµ(x;α)∂νχ
z(x; an)

)
ξ′(z;α)g(z; an) ,

φ′(x;α)ξ(z;α) =φ(x;α)ξ(z;α) +

N∑
n=1

χσ(x; an)∂σφ(x;α)f(z; an)ξ(z;α) +

N∑
n=1

2Aµ(x;α)χµ(x; an)ξ′(z;α)f ′(z; an)

+2λ(α)χz(x;α)ξ(z;α) +

N∑
n=1

2χz(x; an)g′(z; an) + χz(x;α)φ(x;β)ξ′(z;α)ξ′(z;β) (5.134)

+

N∑
n=1

χz(x; an)φ(x;α)g(z; an)ξ′(z;α) + 2λ(β)φ(x;α)χz(x;β)ξ(z;α)ξ(z;β)

+

N∑
n=1

2φ(x;α)χz(x; an)ξ(z;α)g′(z; an) .

We have omitted the transformation of Aµ here as it is the boundary conditions of the other fields that are

of principle concern to us at this stage. Of principal concern to us is if it’s possible to find compensating

diffeomorphisms such that all terms that arise that don’t obey our chosen boundary conditions can be

removed.

In order to appropriately account for such a compensating diffeomorphism, if it exists, we need to under-

stand the sorts of terms that can be expanded in our selected basis. To understand this we have to recall

that our basis {ξ(z;α)} arises as the eigenfunctions of the differential operator

L =
d2

dz2
, (5.135)

115Thus instating a summation convention over such arguments when they’re repeated.
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which was made to be self-adjoint116 by the choice of the boundary conditions

ξ(0;α) = 0 , ξ′(1;α) = ξ(1;α) . (5.136)

As mentioned previously this puts us in the realm of Sturm-Liouville theory. In this context it can be

shown that the eigenbasis of a Sturm-Liouville operator forms a complete basis for functions that satisfy the

boundary conditions we have selected. This provides us with simple way to determine which of the terms in

(5.133) and (5.134) can be expanded in terms of our basis.

Let’s begin with the term ξ′(z;α)ξ′(z;β). We know that ξ′(0;α) 6= 0 and hence this function doesn’t

obey our boundary conditions and so can’t be expanded in terms of the functions ξ(z;α). We already knew

this would be the case as it was this issue that led us to initially consider the idea of compensating gauge

transformations. The other term to check is ξ(z;α)ξ(z;β). This obeys the boundary condition at z = 0.

While we have d
dz

(
ξ(z;α)ξ(z;β)

)
= ξ′(z;α)ξ(z;β) + ξ(z;α)ξ′(z;β) which at z = 1 gives 2ξ(1;α)ξ(1;β) 6=

ξ(1;α)ξ(1;β) and so this term also fails to obey our specified boundary conditions. This is critical as it means

all of the terms at first order in the fields in our transformations have to be excised by our compensating

transformation. This means that our fields don’t obtain higher order transformations117. This is not how

gravity usually works and so it seems we’re missing something.

One might wonder why we don’t see this issue is Kaluza-Klein theory? In the Kaluza-Klein case the basis

of functions we use is {1, sin(2πm), cos(2πm)|m ∈ N}. For such a basis the derivatives of the basis elements

are {0, 2πm cos(2πm),−2πm sin(2πm)|m ∈ N} which can obviously be expanded in the original basis, whilst

products of basis elements, via standard trigonometric identities, can also be expanded in the basis. As a

result Kaluza-Klein circle reductions again prove to be very special and actually obscure the more general

picture.

At this stage we may wonder what we should do. We need the transformations of our fields to receive

corrections when we go beyond the linear order but our choice of boundary conditions appear to be ob-

structing this. Since we’d like to obtain a four dimensional theory that includes gravity we need our lower

dimensional field transformations to be correct, and so we’re forced to abandon the boundary conditions

we were so attached to at quadratic order. In doing this we can quite clearly alter the form of our field

Hµν = H̃µν + 2aηµνΦ̃nt when we go to second order, and beyond, in fields. It’s this that we now investigate.

116With respect to the inner product
(
f, g
)

=
∫ 1
0 dz f̄(z)g(z) with¯denoting complex conjugation.

117Unless we somehow input them using the freedom in our transformation (5.132). We will not explore such an approach
here.
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Recalling we’re perturbing around a flat background, our metric takes the form

gMN = ηMN +HMN , M ∈ {0, . . . , 4} , (5.137)

where we now take our perturbation to have the following form

HMN =

N∑
n=1

εnHMN (x, z;n) , (5.138)

with HMN (x, z;n) containing n copies of lower dimensional fields. We found previously that

Hµν(x, z; 1) =
(
hµν(x; 0) + 2aηµνφ(x; 0)

)
ξ(z; 0) +

∑
i

hµν(x; i)ξ(z; i) ,

Hµz(x, z; 1) =
∑
α

Aµ(x;α)ξ′(z;α) , (5.139)

Hzz(x, z; 1) =
∑
α

φ(x;α)ξ(z;α) ,

leads to an appealing writing of the action at second order.

We now wish to determine the higher order terms, HMN (x, z;n) for n > 2, in HMN . All such terms are

written in terms of our lower dimensional fields, which for our interval system are hµν(x;α), Aµ(x;α) and

φ(x;α). In order to account for this we shall re-express (5.138) as118

HMN =

N∑
n=1

εnHMN (hµν , Aµ, φ, z;n) . (5.140)

In doing this we’ve managed to remedy the issue we had with boundary conditions. The resolution of this

problem can be understood by recalling that boundary conditions initially entered our lives while we were

dealing with the perturbation problem at quadratic order in the action and were directly applied to the

perturbation itself. However, in reality, the object on which we should be providing boundary conditions is

the full metric, gMN , given in (5.137). Whilst the conditions we picked originally were sufficient if we only

ever wanted a solution to linearised gravity, if we wish to go beyond it then these conditions must be altered,

and one might hope, in our perturbative treatment, that it would be possible to understand the boundary

conditions one must apply to gMN order by order. In this way we see that the emergence of terms in the

118We should note that in a case similar to the one at hand, but where the transverse dependence of the functions arising
in this sum can be expanded in terms of the functions that were used at linear order, then the new perturbation (5.140) can
also be interpreted in terms of a field redefinition of the lower dimensional fields. We will see, later in this Section, that if the
procedure outlined here is applied to the usual case of Kaluza-Klein theory on a circle then the known non-linear ansatz is
derived. In addition to this it can be shown that the diffeomorphism parameter we use receives no corrections.
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transformations (5.119) and (5.121) that don’t admit an expansion in terms of the functions {ξ(z;α)} isn’t

so surprising. So we’ve seen to our boundary condition issue, but we haven’t really addressed the problem

of how we obtain lower dimensional field transformations at the non-linear order. So far we’ve been seeking

to intuit the transformations of the lower dimensional fields from the known transformation of the higher

dimensional field, which is

H′MN = HMN + γ(∂MXN + ∂NXM ) + γLXHMN , (5.141)

with γ acting as a parameter to keep track of the size of our diffeomorphism. However, we already have

a good idea about the form of the lower dimensional field transformations we want. As a result we might

wonder if there’s any way we can just input the transformations we want for the lower dimensional fields and

then embed them appropriately into the transformation of the higher dimensional theory. This may sound

a little like the tail wagging the dog, but it’s exactly the same procedure that we used in Section 1 when we

were considering the S1 reduction of pure gravity.

Let’s see if we can formalise this rough idea. We know we have a collection of lower dimensional fields,

which we shall denote collectively as Ψ, that will have the transformation properties

Ψ′ = Ψ +
γ

ε
i(Ψ) + γh(Ψ) , (5.142)

where i denotes the inhomogeneous operator which implements the inhomogeneous119 piece of the fields

transformation, and h denotes an operator that performs the homogeneous120 piece of the fields transforma-

tion. For ease, let’s start by considering the case where our diffeomorphism parameter is field independent.

If we now perform a diffeomorphism, XM , under which our lower dimensional fields transform as in (5.142),

then using our new perspective (5.141) reads

H′MN =

N∑
n=1

εnHMN (h′µν , A
′
µ, φ
′, z;n) =

N∑
n=1

εnHMN (hµν , Aµ, φ, z;n) + γ(∂MXN (x, z) + ∂NXM (x, z))

+

N∑
n=1

γεnLXHMN (hµν , Aµ, φ, z;n) , (5.143)

with h′µν , A′µ and φ′ being the transformed lower dimensional fields. We can then use the transforma-

tions of the lower dimensional fields, which we now specify as input information to the process, to expand

119This term is usually used to refer to the piece of the transformation that only involves the diffeomorphism parameter and no
fields. However since we’re allowing for diffeomorphisms that include fields in them we’re being a little sloppy in our use of the
term. As an example, for a normal graviton transformation the inhomogeneous piece is the 2∂(µXν) part of the transformation.
120Which are the modifications to the transformation that arise once we go past linear order.
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HMN (h′µν , A
′
µ, φ
′, z;n) as

HMN (h′µν , A
′
µ, φ
′, z;n) =HMN (hµν , Aµ, φ, z;n) + γε−1i

(
HMN (hµν , Aµ, φ, z;n)

)
+γh

(
HMN (hµν , Aµ, φ, z;n)

)
, (5.144)

where we assume i and h are linear, obey a Leibnitz property and we only work to linear order121 in γ. If

we use this in (5.143), then we find that

N−1∑
n=0

εni
(
HMN (hµν , Aµ, φ, z;n)

)
+ εn+1h

(
HMN (hµν , Aµ, φ, z;n+ 1)

)
(5.145)

=∂MXN + ∂NXM +

N−1∑
n=0

εn+1LXHMN (hµν , Aµ, φ, z;n+ 1) , (5.146)

from which we can peel off the following transformation properties

i
(
HMN (hµν , Aµ, φ, z; 1)

)
= ∂MXN + ∂NXM , (5.147)

i
(
HMN (hµν , Aµ, φ, z;n) = LXHMN (hµν , Aµ, φ, z;n− 1)− h

(
HMN (hµν , Aµ, φ, z;n− 1)

)
, n > 2 . (5.148)

These relations are interesting for a number of reasons. Firstly, if we can solve them then we’ve managed

to embed our desired lower dimensional symmetry transformations into the higher dimensional symmetry

we started with. This is excellent as it means we’ve got a chance to obtain the transformations we need in

order to display the lower dimensional invariance we’re seeking. Further to this we see that we can use these

relations to solve for the various terms in (5.138), as these are now specified in terms of the lower order terms

in the series. We also notice that the first term is defined by the inhomogeneous transformation properties

of the fields which we can learn from a treatment of the quadratic action of the system. Interestingly this

whole procedure is, somewhat, insensitive122 to terms that vanish under the application of the inhomogeneous

operator. As such, when we attempt to use (5.147) and (5.148) to determine terms in (5.138), we shall have

the ability to freely input such terms by hand.

So far we’ve only considered diffeomorphisms that are field independent, but we’ve seen already that

these are often not sufficient. As such we now consider a diffeomorphsim parameter of the form (5.130)

121As is customary in theories of gravity.
122We have to be careful here as such terms will, in general, have homogeneous transformations which will affect the higher

order terms in the expansion.
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which we shall, for continuity of notation, denote as

γXM (x, z) =

N∑
n=0

γεnXM (x, z;n) . (5.149)

Rerunning the arguments leading to (5.147) and (5.143) leads to the new result

iX(x,z;0)

(
HMN (Ψ, z; 1)

)
+

N∑
m=0

N−1∑
n=1

εm+n
(
iX(x,z;m)

(
HMN (Ψ, z;n+ 1)

)
+ hX(x,z;m)

(
HMN (Ψ, z;n)

))
+

N∑
m=0

εm+NhX(x,z;m)

(
HMN (Ψ, z;N)

)
= ∂MXN (x, z; 0) + ∂NXM (x, z; 0) (5.150)

+

N∑
n=1

εN
(
∂MXN (x, z;n) + ∂NXM (x, z;n)

)
+

N∑
m=0

N−1∑
n=1

εm+nLX(x,z;m)

(
HMN (Ψ, z;n)

)
+

N∑
m=0

εm+NLX(x,z;m)

(
HMN (Ψ, z;N)

)
,

which leads to the new relations

iXM (x,z;0)

(
HMN (Ψ, z; 1)

)
= ∂MXN (x, z; 0) + ∂NXM (x, z; 0) , (5.151)

∑
m=0,n=1
m+n=q

(
iX(x,z;m)

(
HMN (Ψ, z;n+ 1) + hX(x,z;m)

(
HMN (Ψ, z;n)

))
= ∂MXN (x, z; q) + ∂NXM (x, z; q)

+
∑

m=0,n=1
m+n=q

(
LX(x,z;m)HMN (Ψ, z;n)

)
, q < N . (5.152)

Whilst powerful this relationship is unilluminating in this form. As a result let’s look at what the q = 1 case

yields

iX(x,z;0)

(
HMN (Ψ, z; 2)

)
− ∂MXN (x, z; 1)− ∂NXM (x, z; 1) =LX(x,z;0)

(
HMN (Ψ, z; 1)

)
−hX(x,z;0)

(
HMN (x, z; 1)

)
, (5.153)

from which we can see the modification to the previous result is to include an analogue of the higher

dimensional inhomogeneous term for the field dependent piece of the diffeomorphism parameter.

In order to get a feel for how this process works let’s look at the case encountered in the Kaluza-Klein

expansion on S1. This proves to be an extremely useful testing ground as the all orders, in n, ansatz is
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known123. Within the context of Kaluza-Klein theory the four dimensional quadratic action is obtained by

expanding the five dimensional fields in terms of the eigenfunctions of (5.135) subject to (5.13). This leads

to the transverse functions124

1 , ξ(z;m) =
√

2 sin(2πmz) , ζ(z;m) =
√

2 cos(2πmz) , m ∈ N0 \ {0} , (5.154)

showing there is a single function associated to a zero eigenvalue solution and then 2 degenerate solutions

associated to all other eigenvalues. Our goal is to study the effect of the diffeomorphism with trivial transverse

dependence

XM (x, z) = (χµ(x), χz(x)) , (5.155)

where we shall ignore any possible field dependent terms in this transformation parameter125. With this

choice we find that (5.147) leads to

i
(
Hµν(h,A, φ, z; 1)

)
=∂µχν(x; 0) + ∂νχµ(x; 0) , (5.156)

i
(
Hµz(h,A, φ, z; 1)

)
=∂µχz(x; 0) , (5.157)

i
(
Hzz(h,A, φ, z; 1)

)
= 0 , (5.158)

where our lower dimensional fields are the massless fields hµν(x), Aµ(x) and φ(x)126. We propose the

following solution to these equations

Hµν(h,A, φ, z; 1) = hµν(x) + Cµν(x, z) , (5.159)

Hµz(h,A, φ, z; 1) = Aµ(x) + Cµ(x, z) , (5.160)

Hzz(h,A, φ, z; 1) = φ(x) + C(x, z) , (5.161)

123At least for the zero mode sector.
124Which we relabel from earlier on to be more in keeping with the notation we’ve been using.
125This can be justified by attempting to solve (5.152) and showing all higher order pieces in (5.149) can consistently be set

to zero. However, for the sake of expediency of presentation, we shall not undertake such a calculation.
126We omit terms due to the massive states as we know already group theory will guarantee us a consistent truncation.

However, if one desires they can be restored and the whole procedure carried out with them included.
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where i
(
Cµν

)
= 0, i

(
Cµ) = 0 and i

(
C
)

= 0 and with

i
(
hµν(x)

)
= ∂µχν(x) + ∂νχµ(x) , i

(
Aµ(x)

)
= ∂µχz(x; 0) , i

(
φ(x)

)
= 0 . (5.162)

This leaves us with Cµν , Cµ and C to fix. We propose, since other choices lead to undesirable terms in the

second order action, that

Cµν = 2aηµνφ(x; 0) , Cµ = 0 , C =
(
2b− 1

)
φ(x; 0) , (5.163)

which gives us the following choice for HMN (x, z; 1)

Hµν(h,A, φ, z; 1) =hµν(x) + 2aηµνφ(x) , Hµz(h,A, φ, z; 1) = Aµ(x) , Hzz(h,A, φ, z; 1) =2bφ(x) . (5.164)

In order to proceed further we need to propose homogeneous transformations for our lower dimensional fields.

Given our prejudice for the interpretation of our fields, these are chosen to be

(i + h)
(
hµν(x)

)
=∂µχν(0) + ∂νχµ(0) + Lχhµν ,

(i + h)0

(
Aµ(x)

)
=∂µλ(0) + Lχ(0)Aµ(0) , (5.165)

(i + h)
(
φ(x)

)
=Lχφ(0) ,

if we use these and (5.164) in (5.143) then we obtain the following equations

i
(
Hµν(Ψ, z; 2)

)
=4aφ(0)∂(µχν)(0) + 2A(0)(µ∂ν)λ(0) ,

i
(
Hµz(Ψ, z; 2)

)
=2bφ(0)∂µλ(0) ,

i
(
Hzz(Ψ, z; 2)

)
=0

With Ψ denoting all of our lower dimensional fields. We can solve (5.166) which leads to the following result

Hµν(Ψ, z; 2) =AµAν + 2aφhµν + C(1)
µν ,

Hµz(Ψ, z; 2) =2bφAµ + C(1)
µ , (5.166)

Hzz(Ψ, z; 2) =C(1) ,
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where i
(
C

(1)
µν

)
= i
(
C

(1)
µ

)
= i
(
C(1)

)
= 0. if we choose

C(1)
µν = 2a2φ2ηµν , C(1)

µ = 0 , 2b2φ2 , (5.167)

then we find that

gµν = ηµν + hµν + 2aφηµν + 2aφhµν +AµAν + 2a2φ2 ,

gµz = Aµ + 2bφAµ , gzz = 1 + 2bφ+ 2b2φ2 , (5.168)

which is precisely the perturbative expansion of the non-linear Kaluza-Klein ansatz given in (1.173). Yes

we’ve cheated a little and picked the terms in the kernel of i at each order to ensure this occurred, but

the highly non-obvious AµAν term in gµν has emerged as a result of solving our recursive relation. This

demonstrates one of the powerful applications of the recursive formula we’ve derived. Whilst it initially was

conceived of to allow us to embed our desired lower dimensional symmetries into the higher dimensional one,

we can now see the fact that it links orders can be used as a method to derive non-linear reduction ansätze.

This shouldn’t come as a huge surprise since we’re allowing the lower dimensional theory to influence the

higher dimensional one and non-linear ansätze are used precisely to ensure the lower dimensional theory

assumes a form that we can recognise. This process can be continued to higher orders where it can be shown

that the correct non-linear ansatz, up to inhomogeneously invariant terms which we have to put in by hand,

is reproduced order by order.

Having now understood the implications of the recursive formula we’ve derived, we can begin the process

of solving (5.152) for the interval system. Since our goal is to work up to quartic order in the action we’re

required to calculate the terms up to and including N = 3 in (5.138), and also terms up to N = 2 in (5.149).

The full details of this shall be given in upcoming publications. Crucially it can be shown that a solution

does exist that allows our lower dimensional fields, and in particular hµν(x; 0), to transform as we expect

them to. Here we shall present the results for HMN (Ψ, z; 2) and leave the results for HMN (Ψ, z; 3) for an

upcoming publication127.

In order to begin the process of solving the recursive formula we must specify the homogeneous piece of

the lower dimensional transformations of our fields. For hµν(0) we wish it to transform as a lower dimensional

graviton, φ(0) is expected to transform as a lower dimensional scalar and hµν(i) is predicted to transform

as matter. However, this leaves the Stueckelberg field, Aµ(0), to deal with. There isn’t a general theory of

127This is done as we’re yet to decide on the precise form of inhomogeneously invariant terms to add to HMN (ψ, z; 3).
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how such a field should transform, and as such we take the approach of beginning with the most general

transformation involving at most one copy of Aµ(0) and the four dimensional diffeomorphism parameter

χµ(x). Overall this leads to us taking the transformations of our lower dimensional fields to be128

(i + h)(hµν(x; 0)) =∂µχν + ∂µχν + κ4Lχhµν(x; 0) , (i + h)(hµν(x; i)) = Lχhµν(x; i) , (i + h)(φ(x; 0)) = Lχφ(x; 0) ,

(i + h)(Aµ(x; 0)) =χµ + a1χ
σ∂σAµ(x; 0) + a2A

σ(x; 0)∂σχµ + a3χµ∂σA
σ(x; 0) + a4Aµ(x; 0)∂σχ

σ

+ a5χ
σ∂µAσ(x; 0) + a6A

σ(x; 0)∂µχσ , (5.169)

where κ4 = κ5I3, with κ5 being the five dimensional gravitational coupling, I3 =
∫
dz ξ(z; 0)3 and ai ∈ R for

i ∈ {1, . . . , 6}.

Using these transformations and the following results

Hµν(Ψ, z; 1) =(hµν(x; 0) + 2aηµνφ(x; 0))ξ(z; 0) +
∑
i

hµν(x; i)ξ(z; i) ,

Hµz(Ψ, z; 1) =Aµ(x; 0)ξ′(z; 0) , Hzz = 2bφ(x; 0)ξ(z; 0) , (5.170)

Xµ(x, z; 0) =χµ(x)ξ(z; 0) , Xz(x, z; 0) = 0 ,

which were obtained from our quadratic order treatment of the action, we can solve (5.153) to obtain

Hµν(Ψ, z; 2) =
(
LAhµν(x; 0)− ∂µAσ∂νAσ

)
ξ(z; 0)(ξ(z; 0)− κ4) + 2aηµνLAφ(x; 0)ξ(z; 0)(ξ(z; 0)− 1)

+ 2aφ(x; 0)hµν(x; 0)ξ(z; 0)2 +
∑
i

LAhµν(x; i)ξ(z; i)(ξ(z; 0)− 1) ,

Hµz(Ψ, z : 2) =hµσ(x; 0)Aσξ′(z; 0)ξ(z; 0) +
∑
i

hµσ(x; i)Aσξ′(z; 0)ξ(z; i) +Aσ∂σAµ ξ
′(z; 0)(ξ(z; 0)− κ4) ,

Hzz(Ψ, z; 2) =2bLAφ(x; 0) ξ(z; 0)(ξ(z; 0)− 1) +AµA
µ(ξ′(z; 0))2 , (5.171)

Xµ(x, z; 1) =Aσ∂σχµ ξ(z; 0)(ξ(z; 0)− κ4) , Xz(x, z; 1) = 0 ,

where LA denotes the Lie derivative with respect to Aµ(x; 0), which we write as Aµ for ease. We should note

that (5.171) is not the unique solution to (5.153). However, any two solutions are related by a solution of

iX(x,z;0)

(
HMN (Ψ, z; 2)

)
− ∂MXN (x, z; 1)− ∂NXM (x, z; 1) = 0 , (5.172)

128We omit the fields φ(i) and Aµ(i) by the assumption that there exists a gauge in which they can be set to zero and that
our current transformation doesn’t cause them to become non-zero. This assumption should be checked at a later date.
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which is precisely the freedom we used to introduce inhomogeneously invariant terms in the Kaluza-Klein

case. In solving (5.153) for (5.171) it is found that certain relationships between the ai in the transformation

for Aµ(x; 0) are required. These are found to be

−a1 + a2 + κ4 = 0 , a3 = a4 , a5 = −a6 , (5.173)

which we solve by choosing a2 = a3 = a4 = a5 = a6 = 0 and a1 = κ4. This leads to the transformation of

Aµ(x; 0) assuming the form

(i + h)(Aµ(x; 0)) = χµ(x) + κ4χ
σ∂σAµ(x; 0) . (5.174)

These choices are made as they aid in the construction129 of a HMN (Ψ, z; 3).

With the form of HMN (Ψ, z; 2) and XM (x, z; 1) found, the job of ensuring the fields hµν(z;α) and φ(x; 0)

transform as we desire up to first order in fields is completed. As a by product of the procedure we’ve also

discovered the beginning of the higher dimensional diffeomorphism we’d have to perform in order to achieve

the lower dimensional diffeomorphism we want. This provides a nice constructive method for finding how to

embed a lower dimensional symmetry into a higher dimensional one.

Having now established a manner in which we can achieve the desired lower dimensional transformations

we now, briefly, consider the consequences of what we’ve done for the effective action. We can see that

our process has caused us to consider perturbations that generalise those we had at quadratic order. This

procedure introduces additional terms into the effective action, which will alter the form of the coefficient

multiplying the quartic order term. Direct calculation shows this is the case and that for the hµν(x; 0) only

sector of the theory the coefficient is now exactly as expected. However it turns out that the action also

contains terms involving the inhomogeneously gauge inert field

h̃µν(x; 0) = hµν(x; 0)− 2∂(µAν)(x; 0) . (5.175)

The effective action can then be shown to assume the form

S(2)
grav[hµν(0)] + κ4S

(3)
grav[hµν(0)] + (κ4)2S(4)

grav[hµν(0)] + wS̃(4)[h̃µν(0)] + . . . , (5.176)

where S
(i)
grav[hµν(0)] are the usual actions expected for gravity, w is a non-zero constant and S̃(4)[h̃µν(0)]

129Again see upcoming publications.
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is an action involving only terms of quartic order in the field h̃µν(x; 0). It can be shown that the term

involving h̃µν can’t be removed using the ambiguity in the recurrence relation. However, by the inclusion of

five dimensional boundary terms, which are written in terms of the four dimensional fields, it can be shown

that this term can be removed. This leaves behind an effective action for hµν(x; 0) that is precisely of the

form expected for four dimensional gravity. As such it can be shown that it’s possible to obtain a lower

dimensional field theory that does display the expected diffeomorphism symmetry in four dimensions. Here

we’ve been very schematic about how this occurs and have offered none of the details of the construction.

These details shall be fully fleshed out in an upcoming publication.

To summarise we’ve managed, in the setting of pure gravity about a flat R1,3 × [0, 1] background, to

obtain an EFT of gravity where the massless graviton has non-trivial dependence on the transverse space.

It was shown that the resulting Stueckelberg field is excised from the quadratic action by the inclusion of a

boundary term in the higher dimensional theory. This leads to a lower dimensional, quadratic, system that

possesses the usual diffeomorphism symmetry of gravity. In going beyond the quadratic order we found that

the eigenfunctions of the Sturm-Liouville operator didn’t form a basis for functions appearing at beyond

quadratic order. This led to us introducing the recursion relation as a method for embedding the desired

lower dimensional transformations of fields into the higher dimensional transformation. It was demonstrated

that this resulted in both the perturbation and diffeomorphism parameters being redefined. Applying this

method to the setting of the Kaluza-Klein reduction was shown to result in the well known non-linear ansatz.
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6 Time dependent localisation

In Section 3 we discussed, in detail, the solutions of Type IIA Supergravity found by Crampton, Pope and

Stelle. These solutions are interesting because, despite the presence of a non-compact transverse direction,

there exists the chance to develop a lower dimensional EFT description of fluctuations around such a back-

ground. Crucial to this was the localisation mechanism offered by the transverse wavefunction problem. The

important feature was that the transverse wavefunction of the lowest lying mode in the graviton spectrum,

which turned out to be massless, had the following transverse dependence

ξ(ρ; 0) ∝ log(tanh(ρ)) , (6.1)

with ρ the coordinate of the non-compact direction of the background geometry.

Whilst the CPS family of solutions possess many interesting features there is one obvious feature that

is absent. It is well known that on cosmological scales the universe is expanding and hence exhibits time

dependence. The solution family of CPS has an operative worldvolume that is a warped version of Minkowski

space. Given our previous comments it would be desirable, if our aim is to study physics on cosmological

scales, to search for similar types of solutions but where the worldvolume develops time dependence. If such

solutions exist then we could consider these as backgrounds about which we can attempt to develop an EFT

description of fluctuations.

It might be asked if the existence of time dependent solutions is expected or if it is just a punt in the

dark? Fortunately the Salam-Sezgin model, on which the solution of CPS is based, has a rich history of

cosmological solutions. One particularly pertinent example is given by the family of cosmological solutions

of Halliwell [58]130 which shares many features, such as including an S2 and a monopole configuration for

the Maxwell field, with the original Mink4×S2 solution of Salam and Sezgin [91].

Within the remainder of this Section we shall present a family of time dependent solutions to Supergravity,

modelled on the CPS solution, and then study the allowed transverse spectrum for fluctuations about these

solutions.

130It should be noted this reference was brought to the attention of the author after the work carried out in this Section was
completed. As such it would seem that the work presented here could be further generalised to include more general time
dependence. This shall be carried out and documented in future work.
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6.1 Time dependent ansatz and solutions

Our goal is to now deform (3.28) in to a time dependent solution to the equations arising from the string

frame action (3.45). A standard assumption is that the universe is both homogeneous and isotropic, which

holds on cosmological scales after a suitable statistical averaging has been performed. As such, to focus our

search, we look for solutions that are of FLRW-type. This leads to the following ansatz131

ds̄2
10 =− dt2 + α1(t)2dxidx

i + α3(t)2dz2 +
1

4g2

(
dψ + sech(2ρ)(dχ+ cos θdϕ)

)2
+
H(ρ)

g2
ds2
EH , (6.2)

e2φ =α2(t)H , A(2) =
1

4g2

(
(1 + k)dχ+ sech 2ρdψ

)
∧
(
dχ+ cos θdϕ

)
, H = sech 2ρ− k log(tanh ρ) ,

where the metric is given in string frame with i ∈ {1, 2, 3} and ds2
EH the Eguchi-Hanson metric, as given in

(3.22). This ansatz must then solve the following system of equations

R̄MN −
1

4
HMPQHN

PQ + 2∇̄M ∇̄Nφ = 0 , ∇̄2(e−2φ)− 1

6
e−2φHMNPH

MNP = 0 ,

∇̄M (e−φHMNP ) = 0 , (6.3)

where ∇̄ is the covariant derivative associated to the Levi-Civita connection of the string frame metric ḡMN

and R̄MN is the associated Ricci tensor.

If we select a vielbein basis, see Appendix B, for (6.2) of the form

e0 = dt , ei = α1(t)dxi , e4 = α3(t)dz , e5 =
1

2g

(
dψ + sech 2ρ(dχ+ cos θdϕ)

)
, eα =

H
1
2

g
êα , (6.4)

with α ∈ {6, . . . , 9} and êα being vielbeins for the Eguchi-Hanson space that are chosen to be

ê6 =
sinh 2ρ

2(cosh 2ρ)
1
2

(
dχ+ cos θdϕ

)
, ê7 = (cosh 2ρ)

1
2 dρ , ê8 =

1

2
(cosh 2ρ)

1
2 dθ ,

ê9 =
1

2
(cosh 2ρ)

1
2 sin θdϕ . (6.5)

The resulting non-zero components of the connection 1-forms and the curvature 2-form are presented in

Appendix B.

131As stated previously the work of Halliwell suggests that this ansatz could be further generalised to include non-flat three
space slices and additional time dependence.
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The effective equations of motion for the functions αi(t) are then found to be

3
α̈1

α1
= − α̈3

α3
+
α̈2

α2
−
( α̇2

α2

)2

, (6.6)

α̈1

α1
= − α̇1α̇3

α1α3
+
α̇1α̇2

α1α2
− 2
( α̇1

α1

)2

, (6.7)

α̈2

α2
= 2
( α̇2

α2

)2

− 3
α̇1α̇2

α1α2
− α̇2α̇3

α2α3
, (6.8)

α̈3

α3
= −3

α̇1α̇3

α1α3
+
α̇2α̇3

α2α3
. (6.9)

Our aim is to now analyse these equations in an attempt to find solutions that may be of interest.

To begin with, assume α2 and α3 are non-zero constants, then (6.6) implies that α1 = at+ b for a,b ∈ R.

However (6.7) implies a = 0 and hence α1 is also a constant. A similar conclusion can be reached for α2 if

α1 and α3 are set equal to, non-zero, constants. However, in the case of α1 and α2 being non-zero constants

we find the non-trivial solution

α1, α2 ∈ R \ {0} , α3 = at+ b , a, b ∈ R , (6.10)

where a and b can’t simultaneously be zero.

The next case to address is when one of the alphas becomes constant. This leads to a general solution in

two cases

α1 ∈ R \ {0} , α2 =
C1

(t+ C2)2
, α3 =

−C3

t+ C2
, C1, C3 ∈ R \ {0} , C2 ∈ R , (6.11)

α2 ∈ R \ {0} , α1 = C1(2t− C2)
1
2 , α3 =

C3

(−2t+ C2)
1
2

, C1, C3 ∈ R \ {0} , C2 ∈ R . (6.12)

Solutions for α3 ∈ R \ {0} could not be found. However, it can be shown that they can’t be of power law

or exponential form, meaning αa = tna i ∈ {1, 2} for na ∈ R, or the exponential alternative, αa = enat i ∈

{1, 2} for na ∈ R, type solutions don’t exist. It should be noted that the occurrence of the square root of the

function −2t+ C2 and the square root of its negative in (6.12) leads to a solution which will have multiple

timelike directions and hence is not physically relevant for us in the current setting.
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The final case, where all αi are non-zero, is the most difficult to tackle, and while it may be possible to

find a general solution we won’t attempt this. Instead we shall focus on a family of power law solutions that

are of particular physical interest

αi = tni , i ∈ {1, 2, 3} . (6.13)

Note this ansatz could clearly include multiplicative constants without changing any of the conclusions we

shall draw since only ratios appear in (6.6)-(6.9). If any of the ni = 0 we return to one of the cases previously

discussed. If we input (6.13) into (6.6)-(6.9) we find that

n1 ∈ R , n2 = 3n1 − 1± (1− 3(n1)2)
1
2 , n3 = ±(1− 3(n1)2)

1
2 , (6.14)

which will give real solutions if n1 ∈ [− 1√
3
, 1√

3
]. Some explicit examples of solutions are (n1, n2, n3) ∈

{( 1
2 , 0,−

1
2 ), ( 1

2 , 1,
1
2 )}.

6.2 Gravitational fluctuations about time dependent backgrounds

Having obtained a collection of time dependent solutions we can now consider using these as backgrounds

about which we can consider fluctuations. In order to begin to understand the graviton spectrum around

such a background it’s useful to mimic the analysis of Bachas and Estes, [4], see Section 2, but now allowing

for the worldvolume to have time dependence, rather than being maximally symmetric. We have learnt,

through out this thesis, that the conditions set on perturbations and truncations of fields used in [4] need to be

reconsidered when one is attempting to construct an EFT of gravity. However, the treatment of [4] is sufficient

to isolate a crucial transverse operator that aids in understanding the graviton spectrum around the chosen

background. Since our goal is to see if the class of backgrounds (6.2) preserves the localising mechanism of

the original time independent background, which is intimately related to the transverse operator identified

in [4], it is sufficient for us to consider a procedure similar to that of Bachas and Estes132.

To this end we consider gravitational perturbations about the time dependent backgrounds given by

(6.2). We shall consider perturbations in string frame, as in this case the metric of (6.2) separates into a

product of two 5 dimensional manifolds with coordinates X µ̂ = (t, xi, z) and ya = (ψ, χ, ρ, θ, ϕ). Due to the

132With the understanding that, while it provides calculational simplicity, if we wish to develop a full EFT about such
backgrounds we shall have to remove any conditions and truncations we impose. Thus this approach provides a quick and dirty
method to ascertain if there is any chance of localisation in the current context.
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loss of maximal symmetry we shall now consider a perturbation of the form

ds2
10perturbed = −dt2 +

(
α1(t)2δij +Hij(X, y)

)
dxidxj + α3(t)2dz2

+
1

4g2

(
dψ + sech(2ρ)(dχ+ cosθdϕ)

)2
+

1

g2cosh2ρ
ds2
EH , (6.15)

where we’ve truncated to a spatial three perturbation Hij(X, y).

In order to reduce the number of terms appearing in subsequent expressions it is useful to select a

condition on this perturbation. As such we shall choose to impose the gauge condition ∇MHMN = 0 where

∇ is the covariant derivative associated to the, string frame, metric given in (6.2).

With such a choice, the variation of the, string frame, Ricci tensor is given by (2.30) as

δRMN =
1

2

(
RQMHN

Q −RQNPMHQ
P +RQNHM

Q −RQMPNH
P
Q −∇P∇PHMN −∇N∇MH

)
, (6.16)

where all of the curvature tensors are associated to the string frame metric and A = 0. We can calculate the

equations of motion obeyed by our perturbation by considering the linearised version of the equation

RMN −
1

4
HMPQHN

PQ + 2∇M∇Nφ = 0 , (6.17)

which arises from the Einstein equation of (3.45) with the Ricci scalar eliminated using the dilaton equation.

Since we have the variation of the Ricci tensor, the next task to undertake is the calculation of the linearised

version of the stress energy tensor

8πtMN = −2∇M∇Nφ+
1

4
HMPQHN

PQ , (6.18)

which yields

8πδtMN = −gRSgQTHST

(
∂MgQN + ∂NgMQ − ∂QgMN

)
∇Rφ+ gRQ

(
∂MHQN + ∂NHMQ − ∂QHMN

)
∇Rφ

−1

2
HMPQHNR

QHPR . (6.19)

For a perturbation of the form (6.15) and a background of the form (6.2) all but the sixth term of (6.19)

vanishes.
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The linearised version of (6.17) now leads to the off-diagonal equation

∇µ̂∇aH = ∂aψ(y)∂µ̂h(X) = 0 , (6.20)

where h = gijhij and we’ve assumed that Hij = hij(X)ψ(y). This equation forces us to set the transverse

wavefunction to a be constant or to set the X µ̂ dependence of the trace to be a constant. Since our goal is to

seek normalisable modes we shall select the latter condition. Next if we investigate the transverse transverse

part of the linearised equation we find that

∇a∇bH = h∇a∇bψ = 0 , (6.21)

thus if we wish to leave ψ unconstrained then we must set h = 0 telling us that the perturbation must be

traceless133.

If one now looks at the M,N = 0 equation then it can be shown that it assumes the form

2Rk0l0Hk
l +∇2H00 −∇0∇0H = 0 . (6.22)

This equation is trivially satisfied due to our selection ofH = 0 and the choice of gauge condition. Considering

the M = 0, N = i equation we arrive at

α̇1

α1
(∂lHli −∇lHli) = 0 , (6.23)

however a simple calculation shows that the bracket in this expression is identically zero for a background

of the form (6.2) with a perturbation as given by (6.15). The M = 0, N = 4 and M = i,N = 4 equations

turn out to be trivially zero for the situation at hand. The M,N = 4 equation yields

2
α̇3

α3

α̇1

α1
H = 0 , (6.24)

which is zero since we’ve specialised to the case of traceless perturbations.

If we now consider the M = i,N = j equation, which is where we expect the equation governing the

133However recall we are working in a setup that we know isn’t the complete story and so this conclusion almost certainly
must be revised when the full problem is considered.
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evolution of our perturbation to arise from, we find that

RkiH
k
j +RkjH

k
i − 2RkjliHk

l −�10Hij = −2
(
∇Qφ

)
∂QHij . (6.25)

Using (6.2), this leads to

Rkjli = (α̇1)2(δjiδ
k
l − δjlδki ) , Rki =

(
2
( α̇1

α1

)2

+
α̇1α̇3

α1α3
+
α̈1

α1

)
gki . (6.26)

With this and (6.25) we obtain the equation obeyed by the fluctuation

�10Hij − 2
( α̇1

α1

)2

Hij − 2
(

2
( α̇1

α1

)2

+
α̇1α̇3

α1α3
+
α̈1

α1

)
Hij − 2∇Qφ∂QHij = 0 , (6.27)

however this can be simplified by noting that (6.26), (6.17) and (6.2) mean that ∂0φ = α̇2

2α2
and thus

2
( α̇1

α1

)2

+
α̇1α̇3

α1α3
+
α̈1

α1
=
α̇1α̇2

α1α2
, (6.28)

which leads to

�10Hij − 2
(( α̇1

α1

)2

+
α̇1α̇2

α1α2

)
Hij − 2∇Qφ∂QHij = 0 . (6.29)

Recalling that we have supposed our perturbation is separable and given the from of φ, as in (6.2), we

can show that

ψ(y)
(
�Xhij(X) +

α̇2

α2
∂0hij(X)− 2

(( α̇1

α1

)2

+
α̇1α̇2

α1α2

)
hij(X)

)
+
(
�yψ(y)− 2gρρ∂ρφ∂ρψ(y)

)
hij(X) ,

(6.30)

where �X is the laplacian on the 5d space parametrised by coordinates X µ̂ = (t, xi, z) and �y is the laplacian

on the remaining 5 dimensions. Clearly (6.30) is separable134, hence validating our earlier assumption of

separability. This leads us to seek solutions to the eigenvalue problems

�Xhij(X) +
α̇2

α2
∂0hij(X)− 2

(( α̇1

α1

)2

+
α̇1α̇2

α1α2

)
hij(X) = m2hij(X) ,

�yψ(y)− 2gρρ∂ρφ∂ρψ(y) = −m
2

g2
ψ(y) . (6.31)

134The possible troubling term is the one involving φ = φ(t, ρ). However, since φ = 1
2

log(α2) + 1
2

log(H(ρ)), ∂ρφ is a function
of ρ only, ensuring separability.
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Finally, to ensure we have a true linear solution, we must check that the linearised version of the matter

equations arising from (3.45) are also solved. These can be calculated and shown to hold since we are

considering perturbations where the trace is zero.

6.3 Does massless gravity persist?

We now will seek to solve (6.31) and see if the system retains the property of localising gravity. To do

this we shall follow the example of [17] and consider only S-wave perturbations where the only dependence

on the transverse coordinates is through the non-compact ρ coordinate135. This leads to an expansion of the

perturbation in terms of the eigenfunctions of the transverse operator

Hij(X, y) =
∑
k

hij(x, t;λk)ξ(ρ;λk) +

∫ ∞
Λedge

dλ hij(x, t;λ)ξ(ρ;λ) , (6.32)

so the spectrum has been assumed to retain the form of a discrete part followed by the usual continuous

spectrum associated to non-compact reductions.

We shall study the case where the NS5 brane charge, k, in (6.2) is zero. In this case, assuming the S-wave

form of the perturbation, the transverse part of (6.31) can be obtained by noting that

�yf(ρ) = g2
( d2

dρ2
f + 4 cosech(4ρ)

d

dρ
f
)
, −2gρρ∂ρφ = 2g2 tanh(2ρ) . (6.33)

Combining these, we obtain the equation obeyed by the S-wave transverse parts of the perturbation

g2
( d2

dρ2
+

2

tanh(2ρ)

d

dρ

)
ξ(ρ) = −m2ξ(ρ) =⇒

( d2

dρ2
+

2

tanh(2ρ)

d

dρ

)
ξ(λ)(ρ) = −λξ(ρ;λ) , m2 = g2λ ,

(6.34)

which is exactly the same as for the time independent case [17]. As such one can still solve this when λ = 0

to yield

ξ0(ρ) = c1 + c2 log(tanh ρ) , c1, c2 ∈ R . (6.35)

Since the transverse eigenfunction equation, (6.34), is exactly the same as was found in [17]. This ensures

that the graviton spectrum is the same in the current case as was found in [17] and expanded in Appendix

D.

135This is consistent for the types of perturbations under consideration here. However, once all of the other components of
the perturbation are turned on, there are sectors in which non-trivial dependence on other transverse coordinates, in particular
those of the S2, are required in order to avoid divergent integrals in the effective action.
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The next question to address is if the zero mode remains normalisable. To do this we need to calculate

the form of the invariant measure for this geometry. The kinetic term of the perturbation will arise from

(3.45) via the Ricci scalar and as such will be multiplied by

√
−det g e−2φ =

(α1)3α3 sin(θ) sinh(2ρ)

16g5α2
, (6.36)

which means that the natural inner product between transverse S-wave modes is given by

∫ ∞
0

dρ sinh 2ρ ξ(ρ;λ)ξ(ρ; λ̃) . (6.37)

If we set λ = λ̃ = 0 then demanding that the zero mode be normalisable forces c1 in (6.35) to be zero.

Further demanding the norm be one sets the constant c2 which yields

ξ(ρ; 0) =
2
√

3

π
log(tanh ρ) . (6.38)

Hence in the case where the NS5-brane charge is set to zero massless normalisable gravity is retained136.

We now see that, not only can the hyperbolic time independent solution be embedded into a larger family

of time dependent solutions, but these retain the crucial localising mechanism and mass gap of the original

family of solutions. Were we to turn to attempting to find an EFT of gravity built from one of these time

dependent backgrounds, we know we’d have to include modes associated to all of the other components of a

generic perturbation and also consider transverse dependence beyond that of the S-wave modes considered

here.

136One might wonder about the inclusion of an NS5 brane source in the cases where we set k 6= 0. Previously this was
facilitated by the smearing of an NS5 brane source action over the S2 directions with the smearing being motivated, but not
proven, by arguments to do with preserved supersymmetry. In the current time dependent case it would appear this argument
will no longer hold as the time dependence is expected to break the supersymmetry of the CPS family of solutions. As such we
shall not attempt to include a source in this thesis and shall defer discussion of the k 6= 0 case to future work.
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7 Conclusions

7.1 Summary of results

Within the main body of this thesis we have presented many technical and detailed results, and as a

consequence it may be a little hard to see the overarching picture we’ve tried to present. In an attempt to

remedy this we now take an opportunity to step back from the details and reflect on the main findings of

this work.

We began in Section 2 by considering the transverse wavefunction problem described by Bachas and

Estes [4]. This problem describes the graviton spectrum around a class of backgrounds that are warped

products of a maximally symmetric worldvolume and a general transverse space. This background, which

also includes matter fields in addition to the metric, was assumed to solve a system of field equations arising

from a Supergravity theory. In their original treatment B&E studied perturbations of the world volume

metric with non-trivial dependence on the transverse space. In addition to this they set all other possible

perturbations to zero and assumed the non-zero perturbation was both transverse and traceless, both of which

were claimed to be the result of a gauge condition on the worldvolume. Since it’s known that tracelessness of

perturbations arises as a result of the linearised equations of motion it seems a little presumptive to impose

it in the derivation of them. As a result we undertook the calculation performed by B&E, in the context

of the NSNS sector of Type IIA Supergravity, but without demanding tracelessness. It was found that if

the linearised matter equations of motion were to be satisfied then the perturbation was indeed forced to be

traceless.

We then moved on in Section 3 to consider the construction of top down EFTs of gravity. Here we

outlined a, supposedly, general method for constructing EFTs. This procedure was based on deforming a

chosen background solution of a theory with the deformations assuming the role of the fundamental fields

in the EFT. Dimensional reduction techniques, based on generalised Fourier expansions, were then used to

render the theory effectively four dimensional. It was then the belief that the resulting lower dimensional

theory would inherit diffeomorphism symmetry from the higher dimensional theory. We then proceeded to

show, in the context of the EFT around a background provided by the solutions of Crampton, Pope and

Stelle [17], that this is not the case. This result was shown by direct calculation of the terms arising in

this EFT and in particular required the calculation of the coefficients multiplying the cubic and quartic

expansion terms of the effective action. From this it was possible to show that these coefficients didn’t obey

the relationships required for diffeomorphism symmetry to hold. This was then used as evidence to signify
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the loss of lower dimensional diffeomorphism invariance in its usual form.

Having observed the loss of diffeomorphism symmetry, in Section 4 we returned to the original pertur-

bation problem that we discussed in Section 2. We repeated the calculation of the linearised Einstein and

matter equations for the NSNS sector of Type IIA Supergravity around a background of the type discussed

by Bachas and Estes. However, crucially, we didn’t apply any gauge fixing conditions or truncations to the

field content of the perturbation problem. Once the complete system of equations was obtained we per-

formed a truncation of the perturbation fields to the case where only the perturbation of the world volume

metric was taken to be non-zero. It was then demonstrated that the equations arising from this truncation

did not possess linearised gauge symmetry and, as a result, it was surmised that it was this inconsistent

truncation that was leading to the loss of lower dimensional gauge invariance. This demonstrated that the

loss of diffeomorphism symmetry is a generic feature of theories in which this truncation is applied and is not

just special to the case of the EFT around the CPS background. Within the process of fixing this issue the

role of a perturbation field that transformed as a Stueckelberg field under diffeomorphisms was identified.

It was found that the transformation properties of this field arose as a direct consequence of the graviton

having a non-trivial transverse wavefuntion.

In order to fix the issues with the general construction of an EFT of gravity we considered the toy

model of a five dimensional theory of gravity reduced on an interval, subject to Dirichlet-Robin boundary

conditions, in Section 5. We proceeded to construct both a four dimensional gauge fixed and gauge unfixed

action at quadratic order that displayed manifest diffeomorphism symmetry. Interestingly it was shown

that the Stueckelberg field, that was previously identified for it’s role in diffeomorphism symmetry, could

be excised from the action, at this order, by the introduction of five dimensional boundary terms, which

we believe are related to five dimensional diffeomorphism invariance of the theory. We then moved on to

consider how the system behaved beyond lowest order, with our efforts mainly focused on determining the

transformation properties of our lower dimensional fields. We encountered the issue that the eigenfunctions

of the Sturm-Liouville operator, which were used in generalised Fourier expansions at linear order, no longer

provided a basis for various functions arising in the higher dimensional transformations at beyond this order.

To work around this we decided to redefine the perturbation of the metric and the diffeomorphism parameter

to include terms that were quadratic and higher in lower dimensional fields. This allowed for the derivation

of a recurrence relation that enabled the lower dimensional field transformations we desired to be embedded

into the prescribed higher dimensional transformations. The use of this recurrence relation allowed us to

determine the form of the non-linear perturbation and the results of this, up to quadratic order in fields,
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were presented.

Finally in Section 6 we considered the addition of time dependence to the backgrounds of CPS. We

presented a class of FLRW like solutions to Type IIA Supergravity and showed that the perturbation problem

around these backgrounds lead to the same transverse eigenvalue problem as in the CPS case. This crucially

meant that the time dependent backgrounds presented also localised gravity in a sensible manner.

7.2 Work to be completed and future directions

The we’ve work presented is in no way exhaustive, and whilst we have provided answers to some questions

there are many that we haven’t treated. As such we shall take a moment to consider the work that is still

to be completed and the further questions that the research presented in this thesis leads onto.

The obvious first piece of work that should be completed and documented is the method required to

restore four dimensional diffeomorphism invariance in the case of the interval problem presented in Section

5. Crucial to this is the solution of the recurrence relation at third order in fields. Once this has been settled

upon the desired lower dimensional transformation of the fields have been obtained at the order required to

be able to investigate the gauge invariance of the lower dimensional system up to quartic order. As we’ve

already mentioned this can be shown to be sufficient to solve the problem of the fourth order coefficient, the

solution to which needs to be worked out in detail. However, it also leaves over a remaining residual fourth

order term involving a gauge inert combination of the graviton and the Stueckelberg field. We’ve stated that

this term can be dealt with by the introduction of a boundary term in the five dimensional theory. The

calculation of the precise form of this boundary term should be completed and then the complete quartic

order five dimensional theory used, before the reduction is performed, along with the four dimensional action

it reduces to should be worked out.

The completion of this work naturally leads on to several open questions. The first and most pressing of

which is the origin of the boundary terms added to the five dimensional theory, as it seems very unsatisfying

to just add these terms in by hand. While one could claim they’re present on the basis of requiring diffeo-

morphism invariance of the lower dimensional theory it would be nice to develop a method where these terms

are present in the initial five dimensional action one begins with. This means that we’d like to see if it’s

possible to augment the five dimensional Einstein-Hilbert action with a boundary action that when expanded

precisely reproduces the terms added in by hand. Since our five dimensional problem is posed on a manifold

with a boundary it would seem natural to conjecture that, on the basis of well posedness of the variational
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problem, that a term like the standard Gibbons, Hawking, York term [51, 108] should be included into the

total action of the five dimensional theory. The expansion of this boundary action should then be computed

up to quartic order and it should be compared to the terms calculated on the basis of lower dimensional

diffeomorphism invariance. It may be hoped that these two expressions will be the same. However, if this

isn’t the case then it could lead to an interesting new direction involving admissible boundary actions that

one could explore.

So far many of our comments have been about the graviton only sector of the effective action of the

interval problem. However, it’s also of vital importance that we understand the interactions between the

various other fields in the problem. This requires the development of the effective action for all of the physical

lower dimensional fields, again at, say, up to quartic order. Whilst this follows in precisely the same manner

as the graviton only sector the task of computing it accurately is still required to be undertaken. It seems

obvious that this process should be computerised for efficiency of computation. Given that the results can be

obtained, we’d expect the graviton to couple to matter in the way prescribed by the usual minimal coupling

prescription. The expected form of the couplings between the other matter fields in the problem is less clear

and would have to be deduced by direct calculation.

Another question that warrants further investigation is the use of a gauge condition to set the unphysical

fields in the interval problem to zero at beyond the quadratic order in the action. Clearly, given our

acknowledgement of the subtlety of gauge conditions in this thesis, this choice must be checked carefully.

Assuming that this choice of gauge is admissible it would be interesting to see if one could back out of it

and develop an un-gauge fixed version of the action. If this could be achieved it would mark an interesting

step in attempting to prove the full equivalence of the five dimensional and four dimensional theories at the

levels of the action.

The previous paragraphs raise an old and highly pertinent question. Namely that we’ve worked at the

level of the action for the vast majority of the procedure we’ve outlined. We’ve willingly been putting

dimensional reduction ansätze into the higher dimensional action and then using this to derive the lower

dimensional action. From the lower dimensional action we’re able to derive field equations for the fields

arising within it. However, it’s known that the insertion of a dimensional reduction ansatz into the higher

dimensional action versus the insertion into the higher dimensional field equations can, even in the case of

a consistent truncation, lead to different lower dimensional equations of motion [68]. As a result we’re not

guaranteed that the procedure we’ve outlined will lead to lower dimensional field equations whose solutions
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can be lifted to solutions of the higher dimensional equations. In a preliminary check to compare the results

of these two methods it would seem that we need to insert our perturbative reduction ansatz into the higher

dimensional field equations and see if these are equivalent to those derived from the lower dimensional

effective action. A moments thought tells us that once we input our dimensional reduction ansatz into the

higher dimensional field equations we will expect terms involving the basis of functions discovered from a

treatment of the field equations at linear order along with products, derivatives etc of these. This lands us

directly back in the path of the span issue that caused us to introduce the recurrence relation in Section

5. In this context addressing the span issue is critical. This owes to the fact that the usual method for

obtaining equations of motion for lower dimensional fields from higher dimensional ones is to make use of

linear independence and an appropriate projection operator onto a particular Kaluza-Klein mode of the

higher dimensional theory. This issue seems to be intimately tied up with the introduction of the higher

order terms into the perturbative ansatz, as mandated by the recurrence relation, and resolutions of both

this problem and the issue of equivalence of field equations are crucial if the method outline here is to be of

practical use.

As a final comment on the interval system our approach has focused on going up to quartic order in

the expansion. This owes to the fact that this was where the issue of loss of diffeomorphism invariance was

first observed. However, this clearly isn’t the end of the story. While we don’t foresee any issues in going

beyond quartic order it would be interesting to see if the system could be understood at quintic order. This

would hopefully help provide insight into how one might realise the procedure at the full non-linear level.

However, this extension seems to still be out of our grasp at the current moment. This owes mostly to the

computational complexity in extending the procedure to higher orders rather than a lack of understanding

of the steps required.

So far our outlook has mainly focused on the toy model system of the five dimensional interval. However,

when we started out our goal was to understand the EFT around the CPS background. Once the interval

problem has been completely understood, with particular interest being paid to the resolution of the issues

of how the boundary terms arise and the problem of inserting the reduction ansatz into the action versus

inserting it into the higher dimensional field equations, then the case of deriving the EFT around the CPS

background should be undertaken. We believe many of the problems arising in the CPS case will be resolved

in the same manner as the interval case. For example we predict that a redefinition of the perturbation

using the recurrence relation and also the inclusion of ten dimensional boundary terms shall be required.

Should this prove to be correct we will once more have to interpret the boundary terms arising in the higher
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dimensional theory. It is our belief that the most fruitful place to start looking in this case is the NS5 brane

source action. We would also have to address the issue of working at the level of the action, which we hope

would have a similar resolution, assuming it has one, to the interval case.

The way that we have presented it above would seem to suggest that solving the CPS problem is com-

pletely analogous to the solution of the toy model system. However, this isn’t the case. The CPS system

brings along further complications owing to the more diverse background field content of the problem and

the curved space nature of the metric. In addition to the increase in dimensionality of the higher dimensional

field theory, the occurrence of matter fields in the theory means that we have more perturbation fields to

deal with. This increase in fields leads to an increase in the computational complexity of the problem as

well as to new features that weren’t observed in the interval problem. The most striking amongst these is

that several of the perturbations are forced to have non-trivial dependence on the transverse coordinates of

the problem that are not the radial direction. As such we are forced to go beyond the S-wave truncation

originally proposed by Crampton, Pope and Stelle. This requirement can be seen by noticing that the effec-

tive action about the CPS background develops divergent integrals, in particular in the S2 directions, if all

perturbations are forced to have trivial dependence on all transverse directions except the radial coordinate.

This issue seems to be arising due to the existence of non-trivial Killing vectors of the CPS background. We

believe the occurrence of such an issue isn’t of great concern as the Killing vectors of the geometry are well

known to arise in the dimensional reduction ansatz for the metric in the case of sphere reductions.

Assuming the issues described above can be overcome in the CPS case it then becomes natural to ask

if the EFT around the time dependent backgrounds discussed in Section 6 could be constructed. Further

to this, in light of the work of Halliwell [58], it seems as if we should ask if the family of time dependent

solutions we’ve found can be embedded into a larger family. If it’s possible to extend this time dependent

family of solutions then one should check to see if the extended family retains the gravitational localisation

mechanism of the original CPS solution.

We hope that this Section has provided the reader with an account of the future work that should be

undertaken beyond the work outline in this thesis. It’s our hope that this gives the reader the impression

that this research area still contains many interesting unanswered questions whose resolution could have

application outside of the initial example in which they were first conceived.
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A Gravitational perturbation theory around a curved background

In this appendix we aim to provide an account of the general formulae used to perform gravitational

perturbation theory about a curved background geometry. After providing all of the results required in

generality, an example of expanding a gravitational action up to second order around a background is

presented.

A.1 General gravitational perturbation theory

We shall focus on the example of pure gravity, which is governed by the Einstein-Hilbert action

S[g] =
1

2κ2

∫
ddx
√
−gR , (A.1)

where gMN is the metric on spacetime, R is its associated Ricci scalar, g = det(gMN ), κ is the gravitational

coupling and M,N ∈ {1, ..., d}. The field equations arising from this action are the Einstein equations

RMN −
1

2
gMNR = 0 =⇒ RMN = 0 , (A.2)

with RMN the Ricci tensor of the spacetime metric. Any metric satisfying (A.2) which leads to a non-

vanishing Riemann tensor represents a curved spacetime geometry.

We can consider a geometry, g, that is a deformation of any solution, g̊, of these field equations given by

gMN = g̊MN + εhMN , (A.3)

where we have added the real parameter ε that can be used to keep track of the size of our deformation137,

hMN . Within a perturbative approach to gravity the condition ε� 1 holds. While g̊ will solve its own form

of (A.2) g, for an arbitrary h, will not. However by calculating the quantities present in (A.2) for g we can

derive the equations that h would have to solve in order for g to be a solution of the field equations (A.2).

Once we have decided to consider a perturbative deformation of the geometry we can justify working

order by order in the parameter ε. In such a setup it is usual to view h, in (A.3), as a field that exists on the

geometry defined by g̊ and then interpret the equations on h as field equations pertaining to the dynamics

of h in the fixed background given by g̊. With an eye to this interpretation it becomes desirable to be able

137It should be noted deformations are only inequivalent up to diffeomorphisms- see Section 1 for more details on this subtle
issue.
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to derive the equations governing the dynamics of h from an action principle. Conveniently this can be

achieved by considering (A.1) for a g of the form given in (A.3) and then expanding the quantities appearing

in (A.1) as a power series in ε. As such we need to be able to find expansions for
√
−g and R.

Any variation of the metric will always lead to a variation of the inverse metric, and given a variation of

the form (A.3) we can parametrise the inverse metric by

gMN = g̊MN + h̃MN , (A.4)

with g̊MN being the inverse of g̊MN and h̃MN being present to ensure that

gMP gPN = δMN , (A.5)

holds at all orders in ε. This requirement leads us to propose that

h̃MN =

n∑
i=1

εih̃MN
(i) , (A.6)

with n a currently undetermined positive integer. Once (A.6) is used in conjunction with (A.4) and (A.5)

we find that

ε(̊gMPhPN + h̃MP
(1) g̊PN ) + ε2(h̃MP

(1) hPN + h̃MP
(2) g̊PN ) +O(ε3) = 0 , (A.7)

where we have made use of the fact that g̊MP g̊PN = δMN .

We can now solve (A.7) order by order in ε, which leads to the following recursive relationship

h̃MN
(m) = −h̃MP

(m−1)g̊
NQhPQ , (A.8)

for m ∈ {1, ..., n} and h̃MN
(0) := g̊MN .

It now becomes apparent that when performing perturbation theory in general relativity series of the

form (A.6) will naturally be infinite series. This can be seen by considering (A.7) in the case where we

terminate our series at order n. There will then be a term at O(εn+1) in (A.7) of the from h̃MP
(n) hPN which

must now be equal to zero. Since h is arbitrary this means that h̃MP
(n) will be set to zero and this will cause

a cascade effect via (A.8) that causes all terms in (A.6) to become zero and hence leads to hMN = 0 which

we know to be untrue. The only way to avoid this is for the series (A.6) to be infinite. While this patches
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up one issue it does introduce its own complications, namely the issue of convergence. We shall not concern

ourselves with such subtleties since we shall only work to finite order in perturbation theory, however our sins

will catch up to us as our proposed geometries shall only be approximate solutions of (A.2), being correct

up to a given order in our perturbation parameter.

With the inverse metric in hand we can move on to calculate the effect of our perturbation on
√
−g. In

order to make progress we note that

gMN = g̊MP (δPN + ε̊gPQhQN ) , (A.9)

which then using standard results concerning determinants and the identity det(A) = exp(tr(log(A)) leads

us to find

√
−g =

√
−g̊ exp(

1

2
tr(log(1+ ε̊g−1h)) , (A.10)

Now expanding the logarithm in this expression along with the exponential will yield the desired perturbation

of the square root of the metric determinant at any order. For example up to order ε2 we find

√
−g =

√
−g̊(1 + ε

1

2
(̊g−1h)MM + ε2(

1

8
((̊g−1h)MM )2 − 1

4
((̊g−1h)2)MM )) . (A.11)

Finally we require an expression for the Ricci tensor and scalar. In General Relativity these curvatures

are taken to be those of the Levi-Civita connection which locally, in a coordinate basis, can be described by

the Christoffel symbols

ΓMNP =
1

2
gMQ(∂NgQP + ∂P gNQ − ∂QgNP ) . (A.12)

If we now use (A.3) and (A.6) and work in a Riemann normal coordinate system associated to the metric g̊

then, recalling the difference of connections is tensorial, we find

δΓMNP =
1

2
(̊g + h̃)MQ(∇̊NhQP + ∇̊PhNQ − ∇̊QhNP ) , (A.13)

where ∇̊ is the Levi-Civita covariant derivative associated to g̊. If (A.6) and (A.8) are used then the

perturbation of the Christoffel symbols at any order can be shown to be

δΓM(m) NP =
1

2
h̃MQ

(m−1)(∇̊NhQP + ∇̊PhNQ − ∇̊QhNP ) , (A.14)
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with

δΓMNP =

∞∑
i=1

εiδΓM(m) NP . (A.15)

Using our conventions we can now write the all orders perturbed Riemann tensor as

RMNPQ = R̊MNPQ + ∇̊P δΓMNQ − ∇̊QδΓMNP + δΓRNQδΓ
M
RP − δΓRNP δΓMRQ , (A.16)

which can be used to find the all orders Ricci tensor

RMN = R̊MN + ∇̊P δΓPMN − ∇̊NδΓPMP + δΓRMNδΓ
P
RP − δΓRMP δΓ

P
RN , (A.17)

contracting this with (A.4) yields the all orders Ricci scalar

R = gMN (R̊MN + ∇̊P δΓPMN − ∇̊NδΓPMP + δΓRMNδΓ
P
RP − δΓRMP δΓ

P
RN ) . (A.18)

We can now expand (A.17) and (A.18) to any order we want and then, using (A.1) or (A.2), obtain field

equations for h at any order in ε.

A.2 Expansion of gravitational actions

Using the results of the previous Subsection we can now easily expand a gravitational action of the form

(A.1) to any order we desire. As an example of this we now consider an expansion up to second order with

the hope that it provides a template for the more complicated expansions performed in the main body of

the text.

The required expression for the square root of the metric determinant has already been given in (A.11)

so only the inverse metric and Ricci tensor are required. Using (A.8) we find that

gMN = g̊MN − εhMN + ε2hMQhNQ , (A.19)
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where indices have been raised using g̊, so for example hMN = g̊MP g̊NQhPQ. While using (A.17) we find

RMN =R̊MN + ε
1

2
(∇̊Q∇̊MhQN + ∇̊Q∇̊NhQM − ∇̊2hMN − ∇̊N ∇̊Mh)

+ε2
(
− 1

2
∇̊QhQP (∇̊MhPN + ∇̊NhMP − ∇̊PhMN )− 1

2
hQP (∇̊Q∇̊MhPN

+∇̊Q∇̊NhMP − ∇̊Q∇̊PhMN ) +
1

4
∇̊NhQP ∇̊MhQP +

1

2
hPQ∇̊N ∇̊MhQP (A.20)

+
1

4
∇̊Qh(∇̊MhQN + ∇̊NhQM − ∇̊QhMN )− 1

2
∇̊QhPM ∇̊PhQN +

1

2
∇̊QhMP ∇̊QhPN

)
,

with h = g̊MNhMN .

If we now use (A.11), (A.19) and (A.20) in (A.1) we find that the second order expanded action takes

the form

2κ2S[g] =2κ2S [̊g] + S(1)[h, g̊] + S(2)[h, g̊]

=

∫
ddx
√
−g̊R̊

+ ε

∫
ddx
√
−g̊
(
− hMN R̊MN +

h

2
R̊+ (∇̊M ∇̊NhMN − ∇̊2h)

)
+ ε2

∫
ddx
√
−g̊
(
− 1

2
hhMN R̊MN +

1

8
h2R̊− 1

4
hMNhMN R̊

+ hMQhNQR̊MN − ∇̊QhQP ∇̊MhMP + ∇̊QhQP ∇̊Ph

− hQP ∇̊Q∇̊MhPM + hPQ∇̊P ∇̊Qh+
3

4
∇̊MhPQ∇̊MhPQ (A.21)

+ hPQ∇̊2hPQ −
1

4
∇̊Mh∇̊Mh−

1

2
∇̊PhMN ∇̊NhPM

− hMN ∇̊P ∇̊MhPN +
1

2
h∇̊P ∇̊QhQP −

1

2
h∇̊2h

)
,

from which we can see that S(0) and S(1) vanish, up to a boundary term, since g̊ solves (A.2). This also

causes the first 4 terms to be zero in S(2) and then we can interpret this term as an action describing the

dynamics of the field h in the background given by g̊.

If we use the Leibniz property of ∇̊ then up to total derivative terms, which we ignore here, we find that

S(2)[h] =

∫
ddx
√
−g̊
(1

2
h∇̊M ∇̊NhMN +

1

4
hMN ∇̊2hMN −

1

4
h∇̊2h− 1

2
hMN ∇̊P ∇̊NhMP

)
, (A.22)
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with appropriate symmetrisation implicit. Taking a variation of this yielding the field equation

∇̊2hMN + ∇̊M ∇̊Nh− ∇̊P ∇̊MhPN − ∇̊P ∇̊NhPM + g̊MN (∇̊P ∇̊QhPQ − ∇̊2h) = 0 , (A.23)

which is equivalent to the linearised version of (A.2).
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B The Cartan approach to gravity- an introduction to vielbeins

and General Relativity

In this appendix we shall review the approach of Cartan to General Relativity (GR). An obvious first

question is why, given the success of GR as it is, we would want another formulation of the same theory? To

see this we need to understand what goes in to the mathematical formulation of GR and what restrictions

this puts on the applicability of the theory. Once we’ve understood this we shall delve into the methods

developed by Cartan for dealing with connections and curvatures in differential geometry. This will provide

a natural route to a discussion of orthonormal frames and vielbeins which will allow us to express gravity

in a manner that allows the inclusion of elements missing from GR, principle amongst these is the notion of

torsion.

It may be thought that these modifications, while mathematically interesting, don’t aid our endeavour to

do physics in any way. However this couldn’t be further from the truth. As we’ll see these ideas are precisely

what is needed to allow the introduction of fermions into GR, and after all they make up just a smidgen

of the matter in the universe. Finally at the end of this appendix the non-zero connection one-forms and

curvature two-forms for the time dependent geometries discussed in Section 6 are given.

The language of bundles is used extensively throughout this appendix, the reader not familiar with this

subject is advised to consult [39], [75] or [15]. Note in this Section Einstein summation convention

is used unless explicitly stated otherwise and the term manifold is used as a shorthand for differentiable

manifold.

B.1 Connections, curvatures and General Relativity

In order to understand the choices made and approach usually taken to GR we shall begin by reviewing

the formal mathematical aspects that constitute its foundation. We shall then be in a position to precisely

state the specialisations made in writing GR in the form that it is usually encountered. From this we can

seek other formulations that relax some of these restrictions.

The natural mathematical arena for GR is that of differential geometry. Within this framework our

universe is described by a pair (M, g), with M a manifold and g a Lorentzian metric. M represents the
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space we live on while g determines the geometry our spacetime assumes138. However this isn’t enough

for us to be able to do physics just yet. In addition to the current structure we need the notions of a

derivative. In differential geometry this is supplied by a connection. Formally this is defined on a bundle

and here we shall look at a vector bundle E over M . In this case a connection is defined as a linear map

∇ : Γ(E) → Γ(E ⊗ T ∗M) such that ∇(fv) = df ⊗ v + f∇v for all f ∈ C∞(M) and v ∈ Γ(E) 139, often

denoted by ∇, and fields are sections of a given vector bundle E. A connection gives us a notion of a

covariant derivative which, once more in the language of vector bundles, means that if v ∈ Γ(E) we define

the covariant derivative of this section by ∇Xv = (∇v)(X) with ∇Xv ∈ Γ(E) and X ∈ Γ(TM). This gives

us a notion of the covariant derivative along any vector field, X ∈ Γ(TM), which we denote by ∇X . The

presence of this structure enables us to differentiate the fields defined on our manifold.

Once we have specified a connection, ∇, on a vector bundle, E, over our manifold we can define the

curvature tensor140, F , associated to the connection by

F (X,Y )(v) = ∇X∇Y v −∇Y∇Xv −∇[X,Y ]v , (B.1)

with X,Y ∈ Γ(TM), v ∈ Γ(E) and [·, ·] being the Lie bracket of vector fields. Note that, by definition,

for any X,Y ∈ Γ(TM), F (Y,X) = −F (X,Y ). We say a connection is a flat connection if its associated

curvature is zero for any X,Y ∈ Γ(TM).

Of principle interest are connections on TM , which can naturally be extended to connections on T ∗M

and tensor product bundles of these, thus encompassing the full complement of tensors, usually, required in

GR. Such a connection is often called an affine connection. Given an affine connection , ∇, we can define

its torsion141 by

τ(X,Y ) = ∇XY −∇YX − [X,Y ] X,Y ∈ Γ(TM) . (B.2)

If the torsion tensor of an affine connection vanishes for all X,Y ∈ Γ(TM) then we say the connection is a

symmetric/torsion free connection. Note that, for any X,Y ∈ Γ(TM), τ(Y,X) = −τ(X,Y ).

Thus far we have taken a global approach to connections, curvatures and torsion, however these objects

138Recall a circle is just an amorphous closed loop before a metric is specified on it, only once we imbue it with a very specific
metric does it assume the shape we’re use to.
139Where Γ(E) denotes the space of smooth sections of E over M , similarly for Γ(E ⊗ T ∗M), and C∞(M) is the space of

smooth functions on the manifold M .
140In our current language a curvature tensor is, given X,Y ∈ Γ(TM), the map F (X,Y ) : Γ(E) → Γ(E). It can also be

formulated as a section of the bundle E ⊗
∧2 T ∗M .

141The notion of torsion can be defined on bundles other than TM however it requires a choice of solder form for the bundle,
whereas on TM there is a canonical choice. For full details see [72].
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are most commonly encountered and dealt with in a local patch U ⊂M . If we assume on the patch we have

a local frame142, {ei} i ∈ {1, ..., r = rank(E)}, for our bundle E then any section v ∈ Γ(E) can locally be

expanded as

v = viei vi ∈ C∞(M |U ,R) . (B.3)

Now given a connection, ∇, we define its action on our local frame as

∇ei = ωji ⊗ ej , (B.4)

where we have introduced the connection one-forms ωji ∈ Γ(T ∗M |U ) with i, j being matrix indices. Since

a connection is linear, specifying it on our local frame allows us to locally understand its action on any

section v

∇v = (dvj + ωjiv
i)⊗ ej . (B.5)

Since we’re working in a local patch (U, φ) on the base manifold we have a set of coordinates {xµ} µ ∈

{1, ..., n = dimM}. These coordinates provide a natural local frame for TM in the patch143 {∂µ} which

leads to the local dual frame {dxµ} for T ∗M . Using this local frame to expand ωij to obtain

ωij = Γiµjdx
µ , (B.6)

where we shall call Γiµj the connection one-form coefficients. We should note that this object has indices

of 2 types, 2 are indices that naturally take values in {1, ..., rank(E)} while the other one takes values in

{1, ..., n = dimM}.

As has already been stated, TM is of special interest to us in GR. If we consider a patch, as before, then

we know {∂µ} forms a local frame for TM |U and so everything we’ve stated previously applies. However

TM has the special property that its sections are the vector fields with respect to which we define covariant

derivatives, and so if we have an affine connection ∇ we can consider

∇∂µ∂ν = (∇∂ν)(∂µ) = (ωρν ⊗ ∂ρ)(∂µ) = Γρµν∂ρ , (B.7)

where in this context Γρµν are called Christoffel coefficients. It is in this form that connections are usually

introduced in a first course on GR. Note it is slightly misleading as all of the indices on this object appear to

142On a patch U ⊂M a local frame is a set of local sections e1, .., er ∈ Γ(E|U ), with r the rank of E, that form a basis in all
of the fibres contained in E|U = π−1(U) with π the bundle projection map
143By using the inverse of the coordinate chart map φ to pushforward the partial derivatives defined on φ(U) ⊂ Rn.
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be of the same type, however by (B.6) we see this is an illusion caused by the current context we’re working

in.

Often in GR coordinate basis methods are emphasised for performing explicit calculations. For example

(B.1) on TM locally takes the coordinate basis form

Rσρµν∂σ = R(∂µ, ∂ν)(∂ρ) =
(
∂µΓσνρ − ∂νΓσµρ + ΓτνρΓ

σ
µτ − ΓτµρΓ

σ
ντ

)
∂σ , (B.8)

where we have relabelled the curvature as R to agree with the notation commonly used in the literature144.

The notion of torsion is also usually encountered in a local form. Again in a coordinate basis, this gives

τρµν∂ρ = τ(∂µ, ∂ν) = (Γρµν − Γρνµ)∂ρ , (B.9)

which shows that locally torsion is a measure of the failure of the Christoffel coefficients to be symmetric in

it’s lower two indices. This only makes sense to discuss because in this context all indices run over the same

range.

We now have both a metric, g, and connection, ∇, however as of yet there is no relationship between

these. In GR this isn’t the case as we work with metric compatible connections which obey

∇Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ) , (B.10)

with X,Y, Z ∈ Γ(TM) arbitrary. If we work locally, in a coordinate basis, this becomes

∇∂ρ(g(∂µ, ∂ν)) =g(∇∂ρ∂µ, ∂ν) + g(∂µ,∇∂ρ∂ν) =⇒ ∂ρgµν − Γσρµgσν − Γσρνgσµ = 0 . (B.11)

Not only is the connection used in GR metric compatible but it is also chosen to be torsion free. This

further restriction may seem innocent initially, however this couldn’t be further from the truth owing to the

following theorem

Theorem B.1. Let (M, g) be a manifold with Lorentzian metric. There exists a unique metric compatible

torsion free affine connection ∇ called the Levi-Civita connection.

In a patch U ⊂M with a local frame {∂µ} the Christoffel coefficients of the Levi-Civita connection take

144Note the final term in (B.1) doesn’t contribute to this expression since in any coordinate basis [∂µ, ∂ν ] = 0.
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the form

Γρµν =
1

2
gρσ(∂µgσν + ∂νgµσ − ∂σgµν) , (B.12)

where gρσ is the inverse of gµν . The right hand side of this expression is the well known Christoffel symbol ρ

µν

.

So in summary in GR once the geometry of our spacetime has been determined the affine connection

we use is also fixed uniquely and is intimately tuned to the geometry. Also whilst the theory is obviously

insensitive to the choice of local frame coordinate basis methods are emphasised. This has the advantage of

providing easily calculated local formulae like (B.8) and (B.12). However we might ask if there are other ways

we can calculate such objects. We may also ask if there is any way to work with different affine connections.

These questions were neatly answered by Cartan and form the basis of the next Section.

B.2 Non-coordinate bases: Cartan’s moving frames

We are now in a position to describe the work of Cartan which uses non-coordinate bases to describe

differential geometry. This will allow us to easily include torsion into our formalism and provides new

calculation tools for us to use.

Consider a manifold with a Lorentzian metric (M, g). If we have a patch U ⊂ M in which we have

coordinates {xµ} then we know we have the local frame {∂µ}. However we can choose to work with any

basis we like, for example {ea} a ∈ {1, .., n = dimM} with ea ∈ Γ(TM |U ). If such a basis doesn’t derive

from a coordinate system then we call it a non-coordinate basis. Since we have two bases we can clearly

expand one in terms of the other

ea = ea
µ∂µ , (B.13)

where we call the components ea
µ ∈ GL(n,R) vielbeins. Given such a non-coordinate basis we can define

its dual frame {Ea}, which are elements of Γ(T ∗M |U ), and as such can be expanded as

Ea = Eaµdx
µ . (B.14)

Since (B.13) and (B.14) are dual frames we have that

Ea(eb) = δab =⇒ Eaµeb
µ = δab . (B.15)
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Any tensor can be expanded in either of our local frames with the vielbeins and their inverse providing the

objects require to perform the change of basis. For example for a vector v ∈ Γ(TM), using (B.13), we have

v = vaea = vµ∂µ =⇒ vµ = ea
µva . (B.16)

So far everything we’ve discussed has been in general, but our manifold is equipped with a metric tensor.

In such a case there is a special class of non-coordinate bases that prove to be particularly useful. These are

so called orthonormal frames, {ea}, which are bases such that in a patch on M the metric locally takes

the form

g(ea, eb) = ea
µeb

νgµν = ηab , (B.17)

with η being the d-dimensional Minkowski metric (with a mostly plus signature) and gµν = g(∂µ, ∂ν). So

locally an orthonormal frame makes the tangent bundle fibres appear flat, however this requires a choice of

basis that varies as we move around our patch in M . Due to this the vielbeins are in fact local functions

ea
µ ∈ C∞(U). Note we have been very careful to say this construction is local as it may be impossible to

find a globally defined orthonormal frame145.

It is well known that the Minkowski metric possesses the Lorentz group, O(1, n − 1), as its isometry

group, meaning that

ΛcaΛdbηcd = ηab Λ ∈ O(1, n− 1) . (B.18)

As a result of this, given any orthonormal frame {ea}, any frame related to it by Λ ∈ O(1, n − 1) is also

an orthonormal frame. If we wish to preserve the sign of the volume form on M then we need to restrict

to Λ ∈ SO(1, n − 1), which we do from now on. Note that this Lorentz transformation can be different in

different fibres and so varies over the manifold, hence (B.17) is insensitive to local Lorentz transformations.

This point will be crucial when we come to discuss reformulations and extensions of GR, but for now it’s

just an interesting quirk of our new choice of basis.

We can now introduce an affine connection ∇ on (M, g) and then consider carrying out calculations in an

orthonormal frame. Cartan’s formulation provides a method to calculate the connection one-forms and the

curvature of a given connection in a way that makes use of differential forms. A crucial difference compared

145If it is possible then TM is a trivial bundle
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to a coordinate basis is that the Lie bracket of two orthonormal basis elements is non-zero

[ea, eb] = cab
cec , (B.19)

where cab
c are often called the anholonomy coefficients146 as their being non-zero ensures there is no

coordinate system from which the frame can be derived.

We can now re-express the torsion and curvature of our connection in an orthonormal frame as

τ(ea, eb) = (ωdb(ea)− ωda(eb)− cabd)ed , (B.20)

R(ea, eb)(ec) =[ea(ωdc(eb))− eb(ωdc(ea)) + ωec(eb)ω
d
e(ea)

− ωec(ea)ωde(eb)− cabeωdc(ee)]ed . (B.21)

Note that these reduce to (B.9) and (B.8) respectively if a coordinate basis is used.

So far this has all just been a restatement of what we previously had but in a new basis. The critical

insight of Cartan was that the connection one-forms obey the following relations

dEa + ωab ∧ Eb = T a , (B.22)

dωab + ωac ∧ ωcb = Rab , (B.23)

where T a = 1
2τ

a
bcE

b∧Ec = 1
2E

a(τ(eb, ec))E
b∧Ec and Rab = 1

2R
a
bcdE

c∧Ed = 1
2E

a(R(ec, ed)(eb))E
c∧Ed are

often called the Torsion two-form and Curvature two-form respectively. These equations are called the

first and second Cartan structure equations147. If we take the exterior derivative of these equations

and use them to substitute appropriately we obtain the Bianchi identities

dT a + ωab ∧ T b −Rab ∧ Eb = 0 , (B.24)

dRab −Rac ∧ ωcb + ωac ∧Rcb = 0 . (B.25)

The equations (B.22)-(B.25) now provide a method for calculating various quantities of interest using the

146This name derives from the fact that coordinate bases are sometimes called holonomic bases.
147To prove these act on eb and ec while recalling that dΩ(X,Y ) = X(Ω(Y )) − Y (Ω(X)) − Ω([X,Y ]) for Ω ∈ Γ(T ∗M) and
X,Y ∈ Γ(TM) and then use (B.20)and (B.21).
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language of differential forms, and as a result everything is manifestly diffeomorphism invariant.

Cartan’s next insight was that if the affine connection being used was metric compatible then, in an

orthonormal frame, (B.10) becomes

∇ec(g(ea, eb)) =g(∇ecea, eb) + g(ea,∇eceb) =⇒ ωda(ec)ηdb + ωdb(ec)ηad = 0 , (B.26)

this is often stated as the connection one-forms being antisymmetric ωba = −ωab, where η has been used to

lower an index, again this is only possible in the context of the TM . Now given a connection that is metric

compatible and has a given torsion two-form the connection one-form coefficients are found to be

ωdb(ec)ηda =
1

2

(
(Adbc − τdbc)ηda − (Adab − τdab)ηdc + (Adca − τdca)ηdb)

)
, (B.27)

where Aabc = (dEa)bc and, as such, is antisymmetric in the lower two indices. This is obtained from (B.22)

and constitutes the unique solution of this equation for a given orthonormal frame and torsion two-form.

Hence we now have a method to calculate the connection in our orthonormal basis and from there (B.23)

allows us to calculate the curvature of our connection. Crucially we’ve now managed to obtain a formalism

in to which torsion is naturally included.

B.3 The Cartan approach to gravity

In the preceding portions of this appendix we have mainly developed a mathematical framework that

allows us to efficiently deal with non-coordinate bases and connections with torsion. However along the way

we’ve had very little to say about physics, we now rectify this. We shall begin lightly by considering how to

rewrite the theory of GR using the language of orthonormal frames.

In GR the metric is the basic fundamental field of the theory, however (B.13) shows that given a set of

vielbeins the metric is a derived quantity. As such one might ask if it’s possible to formulate an approach

to gravity where the vielbein is the basic variable instead of the metric. At first glance we see148 that g has

n(n+1)
2 independent components while ea

µ has n2. This would seem to snooker us, however recall that (B.18)

means that our vielbeins are only unique up to a local Lorentz transformation and so our theory possesses

an additional gauge symmetry which can remove dim(SO(1, d−1)) = n(n−1)
2 degrees of freedom. As a result

our basic variables in the two formulations have an equal number of degrees of freedom.

148Ignoring gauge degrees of freedom associated to diffeomorphism which affect both objects equally.
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Since the metric, in a given orthonormal frame, takes the form

g = ηabE
a ⊗ Eb , (B.28)

we can see that under a local Lorentz transformation Λab

Ea → Ẽa = ΛabE
b → Eaµ → Ẽaµ = ΛabE

b
µ , (B.29)

hence (B.15) then tells us that

ea → ẽa = eb(Λ
−1)ba =⇒ ea

µ → ẽa
µ = eb

µ(Λ−1)ba , (B.30)

with (Λ−1)ba being the inverse of Λab. These rules then inform us as to how tensor components, in our

orthonormal frame, transform under local Lorentz transformations. For example under Λ, using (B.29) and

(B.30), a (1, 1) tensor has it components transform as

V = V abea ⊗ Eb = Ṽ abẽa ⊗ Ẽb =⇒ Ṽ ab = Λac(Λ
−1)dbV

c
d . (B.31)

Using (B.22) and (B.23) along with the fact that T a transforms in a vector representation of the local

Lorentz group, we find under the local transformation Λ

ωab → ω̃ab = Λac(Λ
−1)dbω

c
d + Λacd(Λ−1)cb , (B.32)

Rab → R̃ab = Λac(Λ
−1)dbR

c
d , (B.33)

showing that the connection one-form transforms precisely as a connection should do, in the sense of Yang-

Mills theory, while the curvature two-form transforms tensorially under local Lorentz transformations. Hence

the theory we are beginning to write down is a form of gauge theory for the Lorentz group.

We can obviously expand the connection one-form form in any basis of T ∗M we want. However whenever

we use a coordinate basis we obtain

ωab = ωµ
a
bdx

µ , (B.34)

where ωµ
a
b is called the spin connection149, although we know it’s just the local component form of

149This name is usually reserved for the torsion free case and hence, by (B.1), our connection is just the Levi-Civita connection
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an underlying connection. By definition the spin connection behaves as the components of a one-form

under general coordinate transformations, and as a connection under local Lorentz transformations. These

transformation properties ensure that it allows us write a local expression for covariant derivatives of any

tensor of the local Lorentz group. For example for V ∈ Γ(TM ⊗ T ∗M) we have

∇µV ab = ∂µV
a
b + ωµ

a
cV

c
b − ωµcbV ac , (B.35)

with ∇µ = ∇∂µ .

If we now assume that the torsion of the spin connection is zero, hence we have the Levi-Civita connection-

since we’ve already assumed the connection is metric compatible, we can then consider the action

S[Eaµ] =
1

2(n− 2)!

∫
Mn

ε̃abc1..cn−2
Rab ∧ Ec1 ∧ . . . ∧ Ecn−2 , (B.36)

where ε̃abc1...cn−2
is the Levi-Civita symbol150 and Rab is the curvature two-from associated to the Levi-

Civita connection. Note that this action is invariant under local SO(1, n− 1) transformations. By going to

a coordinate basis and using ε̃µνσ1...σn−2
ε̃ρτσ1...σn−2 = 2!(n− 2)!δρ[µδ

τ
ν] we can show that (B.36) reduces to

SEH [g] =

∫
Mn

R ∗ 1 , (B.37)

which is the usual form of the Einstein-Hilbert action.

B.4 Spinors in General Relativity

So we have now safely embedded GR into our new formalism but this all still seems like a lot of effort

to expend to just obtain a nice rewriting of the theory. Fortunately the pay-off is far greater. So far we’ve

only discussed bosonic fields but, as much as we may want it to be, the universe isn’t just composed of

bosons there are also fermions, and so far our treatment has completely glossed over them. In order to

incorporate fermions151 into our theory we need to be able to define spinor representations152. This seems

written in an unfamiliar way. Note the name spin connection comes from the fact that this object is used to define the covariant
derivative of spinor fields.
150Our convention is that ε̃12...n = 1.
151This is a little bit of a slight of hand since we know fermions are meant to be represented by Grassmann valued (anticom-

muting) fields and the objects we construct here are built on Cm and so do not have this property. Really here fermion is being
used as a shorthand for non-integer spin representations.
152As another technical detail in order to define spinors on a manifold we are looking for a bundle extension that means our

manifold can support a spin structure [75]. This means we can extend our frame bundle transition functions from SO(1, n− 1)
to Spin(1, n − 1) transition functions. A necessary and sufficient condition for this to succeed is the vanishing of the second
Stiefel-Whitney class of the manifold.
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like a formidable task in a curved space but now comes the magic of the orthonormal frame formulation,

we’ve made our metric look like the Minkowski metric and we’re very adept at dealing with spinors in flat

space. So the idea is to set up everything using our orthonormal frame and then use the vielbein and its

inverse to translate this to our curved space.

So the task is clear, we have to just follow what we do in flat space and make appropriate modifications

to account for the local Lorentz invariance of our theory. For definiteness we shall deal with Dirac spinors153

and as such the first step is to introduce Dirac matrices. In flat space these obey

{γa, γb} = 2ηab , (B.38)

where {A,B} := AB + BA and is called the anticommutator, note we are suppressing spinor indices. Now

γa are numerical matrices and from them we can define curved space Dirac matrices by

γµ = ea
µγa , (B.39)

and as a result of (B.17) and (B.38) we find that these matrices satisfy

{γµ, γν} = 2gµν , (B.40)

which is exactly a curved space version of the flat space algebra. Our spinor ψ is meant to be in a spinor

representation of the local Lorentz group but we know precisely how to construct this representation. At

the algebra level, given the Dirac matrices the generators of this representation are

T ab = − i
4

[γa, γb] , (B.41)

which can be shown to furnish a representation of the Lorentz algebra with the representation being called the

Dirac representation. However, we want to be able to perform finite Lorentz transformations, and so we need

to exponentiate this algebra representation to a group representation. So, given a Lorentz transformation

Λ, described by the parameters αab = −αba, the Dirac representation of Spin(1, n− 1) is given by

ρ 1
2
(Λ) = exp(

1

2
αabT

ab) , (B.42)

with exp : spin(1, n−1)→ Spin(1, n−1) the usual exponential map between a Lie algebra and its associated

153Since these exist in all dimensions unlike Weyl or Majorana spinors.
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Lie group. Under any Lorentz transformation our spinor now transforms as

ψ → ψ̃ = ρ 1
2
(Λ)ψ . (B.43)

With our spinor representation now safely in hand we can turn to trying to construct an action for our

fermion. We know that this will involve derivatives of the fermion and hence we need a covariant derivative

in order to be able to write down a local Lorentz invariant action. This needs to transform in the following

way

∇aψ → ρ 1
2
(Λ)(Λ−1)ba∇bψ . (B.44)

This may seem daunting to find but we’ve already found the connection we need, it’s just given by the spin

connection with its one-form index expressed in our orthonormal basis

∇aψ = ∂aψ +
1

2
ωabcT

bcψ (B.45)

where ∂a = ea
µ∂µ and ωabc = ea

µηbdωµ
d
c. To show this obeys (B.44) use that if d 1

2
is the algebra representation

associated to ρ 1
2

then

d 1
2
(ωa) =

1

2
ωabcT

bc → ρ 1
2
(Λ)d 1

2
(ωa)ρ 1

2
(Λ)−1 − (∂aρ 1

2
(Λ))ρ 1

2
(Λ)−1 . (B.46)

This now finally allows us to write down a curved space version of the Dirac action which is both invariant

under local Lorentz transformations and general coordinate transformations

∫
Mn

dnx det(E)ψ̄(iγa∇a +m)ψ , (B.47)

where ψ̄ = ψ†γ0, with γ0 being the flat space gamma matrix, and det(E) = det(Eaµ).

B.5 Torsion and fermions

In this Section we shall briefly review how torsion can enter into physical theories, for further details we

recommend [44].

We’re now starting to see the benefits of the orthonormal frame formalism as it has allowed us to efficiently
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incorporate spinors into GR. However we also promised that torsion would be included as well, but now we

might ask why we’d want to do this, we’ve already been able to add fermions to our theory and that didn’t

require the inclusion of torsion, so why would we want to add it now? To understand this we have to switch

approach a bit and consider the first order, also known as called the Palatini, formulation of GR. Fortunately

(B.36) can easily be adapted to a first order formulation

S[Eaµ, ω] =
1

2(n− 2)!

∫
ε̃abc1...cn−2

Rab[ω] ∧ Ec1 ∧ . . . ∧ Ecn−2 , (B.48)

where now the connection is considered as an independent field, although it is still assumed to be metric

compatible, and Rab[ω] is given by (B.23) where one index has been raised by ηab.

If we now consider the variation of this action with respect to ω, and recall that the variation of any

connection is tensorial, then we have δRab = dδωab + ωac ∧ δωcb + ωbc ∧ δωac = D(δωab)154. Using this and

then an integration by parts, where we drop the boundary term D(ε̃abc1...cn−2
δωab ∧ Ec1 ∧ . . . ∧ Ecn−2), we

find that

δωS = − 1

2(n− 3)!

∫
ε̃abc1c2...cn−2δω

ab ∧D(Ec1) ∧ Ec2 ∧ . . . ∧ Ecn−2 , (B.49)

where it should be noted that we have used ε̃abc1c2...cn−2D(Ec1∧Ec2∧. . .∧Ecn−2) = (n−2)ε̃abc1c2...cn−2D(Ec1)∧

Ec2 ∧ . . . ∧ Ecn−2 . From which we can conclude the field equation for ω is

D(Ea) = dEa + ωab ∧ Eb = 0 , (B.50)

which is just (B.22) with vanishing torsion. This tells us that to solve this equation ω is the Levi-Civita

connection as it’s torsionless and metric compatible. So it turns out the Palatini formulation allows one to

conclude, as a result of a field equation, that the preferred connection is the Levi-Civita connection. It should

be noted that substituting this result in to the equation of motion for Eaµ allows us to recover the Einstein

equation, thus showing that the Palatini action is classically equivalent to the Einstein-Hilbert action.

However once fermions are included, such as by coupling (B.47) to (B.48), then the explicit connection

in the fermionic term will lead to additional terms in (B.50) which are fermion bilinears, terms containing

two fermionic fields. These terms can be shifted to the right hand side of the equation of motion and then

lead to (B.22) with a non-zero torsion tensor. As a result we can see that the presence of fermions induces

154We are now using the language of differential forms to compactly present all of formulae. Here D refers to the covariant
derivative written in form language as done in (B.5), but now we act on a two index object using the appropriate induced
connection.

214



a non-zero torsion into physical systems. Obviously we could just start with the second order formulation

of our theory and then the connection is anything we like. If we do this then for an action such as (B.36)

coupled to (B.47) we have the variation

δS[Eaµ, ψ] =

∫
dnx det(E)

( δS

δEaµ
δEaµ +

δS

δψ
δψ +

δS

δωµab

(δωµab
δEcν

δEcν +
δωµ

a
b

δψ
δψ
))

, (B.51)

in the case where there are no fermions the term δS
δωµab

vanishes identically if we choose ωµ
a
b to satisfy

(B.50). As a result of this variations become much simpler to calculate. Hence we see that if we have

fermions then it will be advantageous to emulate this. To this end we often use our freedom in selecting a

connection to pick the one given by (B.27) with the torsion being the one induced by the fermions present

in the system. Then in this case the term δS
δωµab

once more vanishes identically and variations of our action

become simpler to compute. This computational ease is why we often choose to work with a connection with

torsion. An example of the use of this formalism is when we attempt to show a theory is invariant under

local supersymmetry, as is often done in Supergravity.

B.6 Connection one-forms and curvature two-forms for time dependent solu-

tions

In Section 6 we provided a family of time dependent solutions to Type IIA supergravity. Here we give

a list of the non-zero independent connection one-form and curvature two-form components. We use the

notation of Section 6 throughout.

The connection one-forms in an orthonormal basis are

ω0i = − α̇1

α1
Ei, ω04 = − α̇3

α3
E4, ω56 = A(ρ)E7,

ω57 = −A(ρ)E6, ω58 = −A(ρ)E9, ω59 = A(ρ)E8,

ω67 = −A(ρ)E5 +B(ρ)E6, ω68 = D(ρ)E9, ω69 = −D(ρ)E8,

ω78 = E(ρ)E8, ω79 = E(ρ)E9, ω89 = A(ρ)E5 −D(ρ)E6 + F (ρ, θ)E9,

A(ρ) =
g(sech(2ρ))2

H(ρ)
, D(ρ) = − g sinh(2ρ)

H
1
2 (cosh(2ρ))

3
2

,

E(ρ) = − gH ′(ρ)

2H
2
3 (cosh(2ρ))

1
2

+D(ρ), F (ρ, θ) = − 2g cos(θ)

(H cosh(2ρ))
1
2 sin(θ)

,

B(ρ) =
gH ′(ρ)

2H
3
2 (cosh(2ρ))

1
2

+
2g

H
1
2 sinh(2ρ)

((cosh(2ρ))
1
2 − (sinh(2ρ))2

2(cosh(2ρ))
3
2

).
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The curvature two-forms in an orthonormal basis are

R0
i =

α̈1

α1
E0 ∧ Ei, R0

4 =
α̈3

α3
E0 ∧ E4, Rij = (

α̇1

α1
)2Ei ∧ Ej ,

Ri4 =
α̇1α̇3

α1α3
Ei ∧ E4, R5

6 = A2E5 ∧ E6,

R5
7 = A2E5 ∧ E7 +

gA′(ρ)

(H cosh(2ρ))
1
2

E6 ∧ E7 − 2A(E +D)E8 ∧ E9,

R5
8 = A2E5 ∧ E8 + (A(D + E)− gA′(ρ)

(H cosh(2ρ))
1
2

)E7 ∧ E9 −A(E +D)E6 ∧ E8,

R5
9 = A2E5 ∧ E9 + (

gA′(ρ)

(H cosh(2ρ))
1
2

−A(D + E))E7 ∧ E8 −A(D + E)E6 ∧ E9,

R6
7 =

gA′(ρ)

(H cosh(2ρ))
1
2

E5 ∧ E7 + (−3A2 −B2 − gB′(ρ)

(H cosh(2ρ))
1
2

)E6 ∧ E7

+ (2A2 + 2D(B + E))E8 ∧ E9,

R6
8 = −A(D + E)E5 ∧ E8 + (BE +D2)E6 ∧ E8

+ (−DE +A2 +
gD′(ρ

(H cosh(2ρ))
1
2

)E7 ∧ E9,

R6
9 = −A(D + E)E5 ∧ E9 + (BE +D2)E6 ∧ E9

+ (DE −A2 − gD′(ρ

(H cosh(2ρ))
1
2

)E7 ∧ E8,

R7
8 = A(D + E)E5 ∧ E9 − (A2 +D(B + E))E6 ∧ E9

+ (
gE′(ρ)

(H cosh(2ρ))
1
2

− E2)E7 ∧ E8,

R7
9 = −A(D + E)E5 ∧ E8 + (A2 +D(B + E))E6 ∧ E8

+ (
gE′(ρ

(H cosh(2ρ))
1
2

− E2)E7 ∧ E9,

R8
9 = − gA′(ρ)

(H cosh(2ρ))
1
2

E5 ∧ E7 + (2A2 +DB +
gD′(ρ)

(H cosh(2ρ))
1
2

)E6 ∧ E7

+ (
g∂ρF (ρ, θ)

(H cosh(2ρ))
1
2

− FE)E7 ∧ E9 + (
2g∂θF (ρ, θ)

(H cosh(2ρ))
1
2

− 3A2 − 3D2 − E2 − F 2)E8 ∧ E9.

where A,B,D,E, F are as in the connection one-form expressions.

216



C The Garfinkle-Vachaspati transformation

In this appendix an introduction to the solution generating technique of Garfinkle and Vachaspati (GV)

[47],[46] 155 is given. The aim of this transformation is to take a solution to a set of field equations, (g,Φ),

which includes gravity, with metric g, and some matter, Φ which can have any form e.g. scalar, vector,

2-form etc, into a new solution, (g̃,Φ). The new geometry, g̃, corresponds to the original geometry, g, but

with a wave superimposed on top of it.

This technique has been employed to allow straight cosmic string, [47], and fundamental string, [23], solu-

tions to be transformed into analogous solutions with a travelling wave on the respective strings. Here details

of the application of the GV transformation to the M2 brane solution [37] of 11 dimensional supergravity

will be discussed.

It may be of interest to the reader to note that generalisations of the technique, in which the matter

content of the solution also transforms, have been explored in the literature in [73] and [13].

C.1 The M2 travelling wave solution

In this Section an overview of the application of the work of Garfinkle and Vachaspati to finding a

travelling wave M2 brane solution to 11 dimensional supergravity is given. We provide details of their

construction as it is applied to our current setting, however we hope this provides enough of the flavour of

the general procedure to be easily applied by readers to other settings.

The bosonic dynamics of 11 dimensional supergravity, in Einstein frame variables, are determined by the

action principle [18]

S[g,A[3]] =
1

2κ2
11

∫
R ∗11 1− 1

2
F[4] ∧ ∗11F[4] +

1

6
F[4] ∧ F[4] ∧A[3] , (C.1)

where κ11 is the 11d gravitational coupling, g is the 11d metric, ∗11 is the Hodge star associated to this

metric and R is its Ricci scalar. F[4] is the field strength of the abelian 3-form gauge potential A[3], defined

by F[4] = dA[3].

155Be careful to be aware of the crucial difference in index position between equation (3.17) given in [47] and equation (9) in
[46].
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Variation of (C.1) leads to the field equations

RMN −
1

2
gMNR =

1

12
(FMPQRFN

PQR − 1

8
gMNFPQRSF

PQRS) , (C.2)

d ∗11 F[4] +
1

2
F[4] ∧ F[4] = 0 =⇒ ∂Q(

√
−gFQMNP ) +

ε̃MNPQR1...R3R4...R7

2!(4!)2
FQR1...R3

FR4...R7
= 0 , (C.3)

where RMN is the Ricci tensor of gMN , for M ∈ {1, . . . , 11}, g = det(gMN ) and ε̃M1...M11 is the numerical

epsilon symbol.

The field equations (C.2) and (C.3) admit many solutions but of particular interest are those that corre-

spond to extended objects such as the M2 brane156 [37]

ds2 = (1 +
q

r6
)−

2
3 ηµνdx

µdxν + (1 +
q

r6
)

1
3 δmndy

Mdyn ,

A012 = ±(1 +
q

r6
)−1 µ ∈ {0, 1, 2} m ∈ {3, . . . , 10} , (C.4)

r2 = δmny
myn q ∈ R ,

where xµ are coordinates on the 3d brane worldvolume and ym are coordinates on the transverse space to

the brane, which is 8 dimensional. A012 denotes the single, independent, non-zero component of the 3-form

gauge field and δmn is the Kronecker delta in the transverse space.

For our purposes, following [23], it is useful to introduce light cone coordinates on the worldvolume

defined by

u := x0 − x1 v := x0 + x1 , (C.5)

In these coordinates (C.4) takes the form

ds2 = (1 +
q

r6
)−

2
3 (−dudv + (dx2)2) + (1 +

q

r6
)

1
3 δmndy

mdyn ,

Auv2 = ±1

2
(1 +

q

r6
)−1 µ ∈ {0, 1, 2} m ∈ {3, . . . , 10} , (C.6)

r2 = δmny
myn q ∈ R .

156For more details about the properties of this solution, such as sourcing by the supermembrane, see Section 1
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In the coordinate patch described by (u, v, x2, ym), (C.6) has two obvious Killing vectors given by

k :=
∂

∂u
m :=

∂

∂v
. (C.7)

To streamline the following discussion we shall focus on the Killing vector k, however what follows would

work out equally well if m was used instead. It can be shown, by using (C.7) and (C.6), that k is a null

vector157. Also if we construct the 1-form k[1] = g(k, ·) it can be shown to obey

k[1] ∧ dk[1] = 0 , (C.8)

where d is the usual exterior derivative of forms. This result tells us that k is not only a Killing vector but

also hypersurface orthogonal158, a fact that will prove crucial later in the construction. It is also useful to

note that the form of the M2 brane solution (C.6) means that

LkA[3] = 0 , (C.9)

with Lk denoting the Lie derivative with respect to the Killing vector k.

The results (C.8) and (C.9) are two of the crucial ingredients that allow us to apply the Garfinkle-

Vachaspati transformation to the M2 brane solution. The heart of the transformation relies upon the

properties of the Killing vector k which allow the metric in the M2 brane solution to be replaced with a new

metric, whilst still ensuring the new combination of metric and 3-form solve (C.2) and (C.3). We shall now

provide an overview of the construction outlined in [47].

Since the Garfinkle-Vachaspati transformation acts non-trivially on the metric it will have a non-trivial

effect on covariant derivatives that occur in any equation. As a result it is useful to consider how the

connection coefficients of two Levi-Civita connections, associated to two different metrics on a manifold,

are related. It can be shown that if g and g̃ are metrics on a differentiable manifold, M , with associated

Levi-Civita connection coefficients Γµνρ and Sµνρ, respectively, then

157This means that g(k, k) = 0.
158With (C.8) serving as the definition for hypersurface orthogonality for 1 forms owing to the Frobenius theorem- see later

for details.
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Γµνρ = Sµνρ +Wνρ
µ ,

Wµν
ρ =

1

2
g̃ρλ(Nµνλ −Nνλµ −Nλµν) , (C.10)

Nµνρ = ∇ρg̃µν ,

where ∇ is the Levi-Civita connection associated to the metric g. Using this result we can show that the

covariant derivative of the Levi-Civita, ∇̃, associated to g̃ can be related to that of g, exemplified here on a

1 form, as follows

∇̃µων = ∇µων +Wµν
ρωρ . (C.11)

With these details in hand it is now possible to provide an overview of the Garfinkle-Vachaspati transfor-

mation.

To begin with we note that (C.8) implies, via Frobenius theorem159, that

∇µkν = k[ν∇µ]A , (C.12)

for some function A. It should be noted that the Killing equation 160 ensures that the left hand side of

(C.12) is antisymmetric. Now contracting (C.12) with kµ and using that k is a null Killing vector that is

nowhere vanishing, it can be shown that

kµ∇µA = 0 . (C.13)

Garfinkle and Vachaspati proposed the Killing vector k should be used to deform the metric of the original

solution to

g̃µν = gµν + Fkµkν , (C.14)

with F some function that is to be determined and where the index on the Killing vector has been lowered

using g. This proposed form of the metric leads to an inverse metric given by

g̃µν = gµν − Fkµkν , (C.15)

159The form of the theorem used here states that if we have a nowhere vanishing 1-form, n[1], such that n[1] ∧ dn[1] = 0
everywhere then there exists functions f and g such that n[1] = gdf .
160Which tells us ∇µkν +∇νkµ = 0.
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where it is crucial to recall k is a null vector if we wish to check that (C.15) is the correct inverse. Using

these expressions one can show, using that k is both null and a Killing vector, that

Cρµν = −Wµν
ρ = kρk(µ∇ν)F + Fkνg

ρσ∇[µkσ] + Fkµg
ρσ∇[νkσ] −

1

2
kµkν∇ρF . (C.16)

We now use (C.12) to replace ∇[µkν] in (C.16) and obtain

Cρµν = kρ(k(µ∇ν)F + Fk(µ∇ν)A)− 1

2
kµkν(∇ρF + 2F∇ρA) . (C.17)

If one now assumes that F obeys the condition

kµ∇µF = 0 , (C.18)

then using (C.13), the fact that k is null and (C.18) in (C.17) we find that

Cρρµ = 0 , (C.19)

which leads to the nice result that if we have a vector field V µ or a tensor Qµν1...νp−1 , that is antisymmetric

in all of its indices, then

∇̃µV µ =∇µV µ ,

(C.20)

∇̃µQµν1..νp−1 =∇µQµν1..νp−1 .

We are now in a position to calculate the Ricci tensor, R̃µν , associated to the Levi-Civita connection of

g̃ in terms of quantities associated with the original metric, g. If we use (C.17) and (C.19) we find that

R̃µν =Rµν +∇ρCρµν

=Rµν −
1

2
kµkν(∇ρ∇ρF + 2F∇ρ∇ρA+ 2∇ρF∇ρA+ F∇ρA∇ρA) . (C.21)

The fact that k is a Killing vector of the metric g and (C.12) means that

Rµνk
ν = −1

2
kµ∇ν∇νA . (C.22)
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Now using g̃ to raise an index on (C.21) we find that

R̃µν = Rµν −
1

2
kµkνe

−A∇ρ∇ρ(eAF ) , (C.23)

where the index on Rµν is raised with gµν and (C.22) has been used. If we now chose F such that, in addition

to (C.18), it obeys

∇ρ∇ρ(eAF ) = 0 , (C.24)

then it follows that

R̃µν = gµρRρν , (C.25)

and a consequence it can be shown that the Einstein tensors of g and g̃ obey the relationship

g̃µρG̃ρν = gµρGρν , (C.26)

where G̃ is the Einstein tensor of g̃ and G is the Einstein tensor of g. Due to (C.26) the left hand side of

(C.2) remains unchanged, if we first raise an index, under the replacement of g by g̃. This is the critical

insight of Garfinkle and Vachaspati and is at the heart of the solution generating transformation.

All that remains for us to do is consider how the index raised form field of the ansatz (C.6) changes.

Unfortunately we can no longer use the work of Garfinkle and Vachaspati for this part of the calculation

and instead have to rely upon a less elegant technique. To begin with it proves to be more efficient to use

a spherical polar coordinate system in the transverse space for (C.6). If this is done the only non-zero,

independent, component of the 4 form field strength can be shown to be

Fuv2r = −∂rAuv2 , (C.27)

with Auv2 as in (C.6). From this one can show, by brute force, that for the M2 brane solution

F̃µνρσ = g̃µτ g̃νλg̃ρχg̃σθFτλχθ = gµτgνλgρχgσθFτλχθ , (C.28)

with this result we can show that if we consider the field configuration (g̃µν , A[3]), with g̃µν as in (C.14) and

A[3] the 3 form appearing in (C.6), then it solves (C.2) and (C.3) as a result of the M2 brane solving these

equations.
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By direct calculation it can be shown that the F[4] ∧ F[4] term vanishes for the A[3] of the M2 brane

solution. As a result of this (C.3) reduces to

∂σ(
√
−gFσµνρ) = 0 =⇒ ∇σFσµνρ = 0 , (C.29)

which is solved by (C.6). If we now instead consider this equation for our new field configuration (g̃, A[3])

then we wish to evaluate

∇̃σF̃σµνρ . (C.30)

However, owing to (C.20) and (C.28) this equation is equivalent to (C.29) and hence the form equation is

satisfied by our new configuration. If we now raise an index on (C.2) then we shall find that for our new

configuration to be a solution we require that

G̃µν =
1

12
(F̃µρλσFνρλσ −

1

8
δµν F̃

χρλσFχρλσ) , (C.31)

where F̃µνλσ indicates that indices have been raised by making use of the metric g̃. Due to (C.26) and (C.28)

this simply reduces to the Einstein equation of the original metric g and hence the Einstein equation is also

solved for our new configuration, thus ensuring it is a solution of 11 dimensional supergravity.

However, whilst we have claimed victory and declared that we have a solution we have yet to find it

explicitly, we shall now rectify this. We begin by noting that (C.12) can be rewritten as

dk[1] = k[1] ∧ d(−A) , (C.32)

where the minus sign arises to ensure agreement with (C.12). From this we find that

A = log
(
B
(
1 +

q

r6

)− 2
3
)
, (C.33)

for B a real integration constant. From (C.7) and (C.33) we can see (C.13) clearly holds.

Then, since k[1] = − 1
2 (1 + q

r6 )−
2
3 du, once (C.4) undergoes a Garfinkle Vachaspati transformation, as in

(C.14), our new solution takes the form
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ds2 = (1 +
q

r6
)−

2
3 (−dudv + (dx2)2) + (1 +

q

r6
)

1
3 δmndy

mdyn +
F

4
(1 +

q

r6
)−

4
3 du2 ,

Auv2 = ±1

2
(1 +

q

r6
)−1 µ ∈ {0, 1, 2} m ∈ {3, .., 10} , (C.34)

r2 = δmny
myn q ∈ R ,

where F is a function obeying (C.18) and (C.24). The first of these, given that in our coordinate system k

takes the form given in (C.7), implies that

F = F (u, x2, ym) . (C.35)

The second equation is more complicated to solve. However if we follow [46] and change to a spherical polar

coordinate system in the transverse space, then only the metric in (C.6) is modified, and it becomes

ds2 = (1 +
q

r6
)−

2
3 (−dudv + (dx2)2) + (1 +

q

r6
)

1
3 (dr2 + r2dΩ2

7) , (C.36)

where dΩ2
7 is the round metric on S7.

Now recalling that (C.24) is an equation using the untransformed metric, and defining

F̃ = F̃ (u, x2, r, θα) := eAF , (C.37)

with θα, α ∈ {1, . . . , 7}, coordinates on a patch of the S7 we can show that F̃ obeys the equation

g22 ∂2F̃

∂(x2)2
+ grr(

∂2F̃

∂r2
+

7

r

∂F̃

∂r
+

1

r2
D2
S7(F̃ )) = 0 , (C.38)

where g22 and grr are the appropriate components of the inverse of (C.36) and D2
S7 is the Laplacian associated

to the round metric on S7. Now proposing a separable solution to (C.38) of the form

F̃ = f(u)X(x2)P (r)Y (θα) , (C.39)

we find the two equations

1

X

d2X

d(x2)2
= λ,

grr

g22PY
(Y (

d2P

dr2
+

7

r

dP

dr
) +

P

r2
D2
S7(Y )) = −λ , (C.40)

224



with λ ∈ R.

The (r, θα) problem can also be recast as a separation problem since g22 and grr are only functions of r.

Then, making use of the well known eigenvalue problem on Sn, we have the eigenvalue problems

D2
S7(Y ) = −l(l + 6)Y,

d2P

dr2
+

7

r

dP

dr
+ (λ

g22

grr
− l(l + 6)

r2
)P = 0 , (C.41)

with l ∈ N0 and a direct calculation shows that

g22

grr
= 1 +

q

r6
. (C.42)

As a result we can see that the radial equation has an irregular singular point at r = 0. This rendered it

unsolvable by the authors 161 except in the special case where λ = 0.

In the λ = 0 case the radial equation of (C.41) is solved by

P (r) = alr
l + blr

−(l+6) , (C.43)

with al, bl ∈ R. Y is the spherical harmonic with eigenvalue −l(l + 6) and the X part of (C.40) is solved by

X(x2) = ãlx
2 + b̃l , (C.44)

where ãl, b̃l ∈ R. Then summing over l ∈ N0 we obtain the most general solution to (C.40) and (C.41), in

the case where λ = 0, which takes the form

ds2 = (1 +
q

r6
)−

2
3 (−dudv + d(x2)2 + (ãx2 + b̃)

∑
l≥0

(al(u)rl + bl(u)r−(l+6))Yl(θ
α)du2) + (1 +

q

r6
)

1
3 δmndy

mdyn ,

Auv2 = ±1

2
(1 +

q

r6
)−1 r2 = δmny

myn q, a, b, ã, b̃ ∈ R ,

where the arbitrary function f(u) associated to each of our separable solutions has been absorbed into what

were previously the constants al and bl.

It is now interesting to consider the case where ã is set to zero in (C.34). If we do this then the solution

develops an isometry direction along the x2 direction of the world volume which means it becomes admissible

to the procedure of diagonal dimensional reduction, as discussed in Section 1. For this we take the reduction

161Attempts to use asymptotic methods, including the method of dominated balance, were used but didn’t yield any results.
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ansatz to be

dŝ2
11 = e−

φ
6 ds2

10 + e
4φ
3 ((dx2)2 +A[1])

2, Â[3] = A[3] +B[2] ∧ dx2 , (C.45)

where dŝ2
11 and Â are as in (C.34). This leads us to the 10 dimensional solution

ds2
10 = (1 +

q

r6
)−

3
4 (−dudv +

∑
l≥0

(al(u)rl + bl(u)r−(l+6))Yl(θ
α)du2) + (1 +

q

r6
)−

1
4 δmndy

mdyn ,

A[1] = 0 B[2] = ±1

2
(1 +

q

r6
)−1du ∧ dv e−2φ = 1 +

q

r6
. (C.46)

If we now go to string frame using162

gEin
M̌Ň

= e−
φ
2 gstr
M̌Ň

M̌ ∈ {1, . . . , 10} , (C.47)

then the metric in (C.46) becomes

ds2
string10 = (1 +

q

r6
)−1(−dudv +

∑
l≥0

(al(u)rl + bl(u)r−(l+6))Yl(θ
α)du2) + δmndy

mdyn . (C.48)

If we also perform a gauge transformation to B[2], to alter its asymptotic value 163, we see that (C.46) is a

right moving version of the oscillating string solution presented in [23]. The left moving solution is obtained

by instead implementing the same procedure but with respect to the killing vector m in (C.7).

So in conclusion we have demonstrated how the solution generating technique of [47] can be applied to

the M2 brane solution of [37] and how this solution reduces to the oscillating string solution of [23]. It

should be noted that we could attempt to apply this technique to the M5 brane solution of 11 dimensional

supergravity [56] as well as other p-brane solutions of supergravity theories.

162This is specific to 10 dimensions.
163The precise gauge transformation is given by B′[2] = B[2] − 1

2
d(udv) with B[2] as in (C.46).
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D Introduction to Legendre functions and their integrals

In Section 3 the solution of Crampton, Pope and Stelle, CPS, [17] was introduced and the problem of

the gravitational spectrum around this background was discussed. In this appendix we shall show how this

problem is related to the Legendre differential equation. This realisation leads to a method that allows the

normalisation of the transverse wavefunctions appearing in the gravitational spectrum to be determined.

We shall also provide details of a technique for the integration of a product of arbitrarily many of these

transverse wavefunctions.

D.1 Introduction to the Crampton, Pope and Stelle transverse wavefunction

problem and its relation to the Legendre equation

The solutions of CPS are a family of solutions, parametrised by k ∈ R+, to Type IIA Supergravity which

in string frame164 take the form

ds2
10string = ηµνdx

µdxν + dy2 +
1

4g2

(
dψ + sech(2ρ)(dχ+ cos θdϕ)

)2
+

H(ρ)

g2 cosh(2ρ)
ds2
EH ,

ds2
EH = cosh(2ρ)dρ2 +

(sinh(2ρ))2

4 cosh(2ρ)
(dχ+ cos θdϕ)2 +

cosh(2ρ)

4
(dθ2 + sin2 θdϕ2),

eφ = (H(ρ))
1
2 , A(2) =

1

4g2
(dχ+ sech(2ρ)dψ) ∧

(
dχ+ cos θdϕ

)
, (D.1)

H(ρ) = sech(2ρ)− k log(tanh(ρ)),

with g ∈ R, µ ∈ {0, . . . , 3} parametrises indices for a four dimensional Minkowski space, called the world

volume, and y ∈ [0, 2π), ψ ∈ [0, 4π), χ ∈ [0, 2π), θ ∈ [0, π), φ ∈ [0, 2π) and ρ ∈ [0,∞) denoting coordinates

parametrising the space transverse to the world volume, called the transverse space. These solutions have

many interesting properties, for details see Section 3, but of particular interest to us is the k = 0 solution.

Gravitational fluctuations around the k = 0 geometry, using the work of Bachas and Estes [4], B&E, can

be considered. With the perturbation being chosen to take the form

Hµν(x, ρ) = hµν(x)ξ(ρ) , ∂µhµν = 0 , h = ηµνhµν = 0, (D.2)

meaning that dependence on all but the ρ coordinate of the transverse space has been removed and only the

164String frame is a set of variables related to the usual Einstein frame variables by a conformal transformation of the metric.

In ten dimensions this relationship is gEinMN = e−
φ
2 gstrMN with M ∈ {0, . . . , 9}.
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world volume metric has been perturbed. We call the function ξ(ρ) appearing in this equation the transverse

wavefunction of the perturbation. A perturbation of this form was found to obey a wave equation

�(4)Hµν + g24radHµν = 0, (D.3)

where �(4) = ηµν∂µ∂ν and

4rad =
d2

dρ2
+ 2 coth(2ρ)

d

dρ
=
( d
dρ

+ 2 coth(2ρ)
) d
dρ
, (D.4)

(D.3), using (D.2), becomes a separable problem leading to the eigenvalue problems

�(4)hµν = λhµν , 4radξ = −Λξ Λ :=
λ

g2
. (D.5)

Our main focus will be on the second of these.

The ξ eigenvalue problem can be converted to a Schödinger equation by the change of function

Ψ(ρ,Λ) =
√

sinh(2ρ)ξ(ρ,Λ), (D.6)

where we now give the specific eigenvalue as an additional argument to the function. Under this transfor-

mation the radial eigenvalue problem takes the form

−d
2Ψ(Λ)

dρ2
+ (2− 1

tanh2(2ρ)
)Ψ(Λ) = ΛΨ(Λ), (D.7)

where we suppress the ρ dependence of Ψ. This potential is an example of the famous Pöschl-Teller potential

[87]165. There are many excellent references on this type of potential but a few we found useful are [61, 7, 16].

Since the transverse wavefunction problem leads to a Schrödinger equation, we find ourselves firmly into

the territory of Hilbert spaces. However, as we know, a Hilbert space is more than just a collection of state

vectors, it also requires an inner product structure. So we may ask where this arises from in the current

setting. As stated previously, (D.1) is a solution of Type IIA Supergravity in string frame variables. This

165A general Pöschl-Teller potential has the form V (x) = −σ(σ+1)
2

sech2(x) − ν(ν+1)
2

cosech2(x) so the case at hand has
σ(σ+1)

2
= 0 and

ν(ν+1)
2

= 1.
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theory is defined by the action

S =
1

2κ2

∫
d10x

√
−det(g(s))e−2φ(R(g(s))− 1

12
HMNPH

MNP + 4∇Mφ∇Mφ), (D.8)

where M ∈ {0, . . . , 9}, g(s) is the string frame metric, φ is the dilaton, B[2] is the NSNS two-form, with field

strength H[3] = dB[2], and ∇ is the covariant derivative associated to the Levi-Civita connection of g(s). It

now becomes apparent that, if we perturb this action, using techniques similar to those detailed in Appendix

A, all terms will come with a copy of
∫
d10x

√
−det(g(s))e−2φ. This automatically gives us the inner product

we’re looking for. This inner product, due to the product manifold structure of (D.1), has the form

(ω, ζ) =

∫
M6

√
det(g(s))|M6e

−2φω̄ζ (D.9)

=

∫ ∞
0

dρ

∫ π

0

dθ

∫ 2π

0

dϕ

∫ 4π

0

dψ

∫ 2π

0

dχ

∫ 2π

0

dy
sinh(2ρ) sin(θ)

16g5
ω̄ζ ,

where g(s)|M6 is the metric on the six dimensional transverse space of (D.1), ω̄ is the complex conjugate of ω

and both ω and ζ have functional dependence on the full transverse space. In the case where the transverse

wavefunction only depends on ρ, (D.9) reduces to

(ω, ζ) =
4π2

g5

∫ ∞
0

dρ sinh(2ρ)ω̄(ρ)ζ(ρ) . (D.10)

This shows that for Ψ, as defined in (D.6), the correct inner product is given by the usual L2((0,∞)) inner

product, up to an overall normalisation that we can easily deal with by a rescaling.

The Schödinger problem, (D.7), has particularly interesting behaviour as we approach the endpoints of

the ρ interval. For example as ρ→∞

−d
2Ψ(Λ)

dρ2
+ (2− Λ− 1

tanh2(2ρ)
)Ψ(Λ) = 0 ∼ d2Ψ(Λ)

dρ2
+ (Λ− 1)Ψ(Λ) = 0, (D.11)

which admits scattering solutions166 if 1 < Λ. Asymptotically these are given by

Ψ(ρ,Λ) ∼ a(Λ)ei
√

Λ−1ρ + b(Λ)e−i
√

Λ−1ρ, (D.12)

where a(Λ) and b(Λ) are arbitrary constants that are to be fixed by boundary conditions. Note that at large

ρ these solutions are behaving as plane waves do, this indicates it’s unlikely that they’re normalisable in an

166These are solutions to the Schrödinger equation with positive energy, where we assume the asymptotic value of the potential
is zero.
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L2 sense. While if Λ < 1 we have the potential for bound states167. From a physical point of view the case

Λ = 0 is very attractive as, by (D.5), it will lead to a massless four dimensional graviton.

The other interesting piece of asymptotic behaviour is given by considering the ρ → 0 asymptotic form

of the equation

− d2Ψ(Λ)

dρ2
+ (2− Λ− 1

tanh2(2ρ)
)Ψ(Λ) = 0

∼ −d
2Ψ(Λ)

dρ2
+ (2− Λ− 1

4ρ2
)Ψ(Λ) = 0, (D.13)

which is the famous 1
ρ2 potential of one dimensional quantum mechanics [67, 25]. An excellent review of

this problem can be found in [41]. In [41] a careful analysis of the potential α
ρ2 shows that the value α = 1

4

is very special as it leads to a single normalisable bound state which must, for self-adjointness168 of the

Hamiltonian, obey the boundary condition

(Ψ̄
dω

dρ
− ωdΨ̄

dx
) |∞0 = 0, (D.14)

where Ψ is our normalisable wavefunction and ω is any element in the self-adjoint domain of the Hamiltonian.

This condition is easily dealt with at ρ→∞ but subtle as Ψ→ 0. Note that normalisability of the mode Ψ

in fact forces the stronger boundary condition Ψ→ 0 as ρ→∞.

While the analysis of [41] tells us we have a single bound state in the case at hand it also tells us the

eigenvalue of this bound state can be chosen arbitrarily169. Clearly one would like to select Λ = 0, however

doing this by hand would be very artificial. As discussed in Section 3 CPS coupled an NS5-brane action

[6] to the original system. The CPS family of solutions (D.1) is really a solution to this coupled system

where k ∈ R+ represents the brane charge. By augmenting the eigenvalue problem (D.5) to include this

source CPS showed that, for the system to be compatible with the NS5-brane source, the eigenvalue of the

normalisable bound state is selected, for preserved supersymmetry reasons, to be Λ = 0. A simple form for

167These are solutions to the Schrödinger equation with negative energy, again assuming the potential is asymptotically zero.
168Recall operators are defined on subspaces of the full Hilbert space, H, for example A : D(A) ⊂ H → H. Then the adjoint

of A, denoted A∗, is defined to have domain D(A∗) = {ω ∈ H|∃η ∈ H, ∀ψ ∈ D(A) : (ω,A(ψ)) = (η, ψ)} we then define the
action of A∗ by η = A∗(ω). An operator is then self-adjoint if A = A∗ which requires D(A) = D(A∗), this subtlety of domains
is often glossed over as, often, we deal with essentially self-adjoint operators. The domain on which an operator is self-adjoint
is called its self-adjoint domain.
169This has to do with the Hamiltonian of the system not being essentially self-adjoint and hence there is no unique self-adjoint,

there’s in fact a one parameter family of self-adjoint extensions. The particular energy of the bound state is then intimately
related to the parameter appearing in the self-adjoint extension we use, for a detailed analysis of this please see [41] for details
of this relationship.
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this normalisable wavefunction170 was also found

Ψ(ρ, 0) =
2
√

3

π

√
sinh(2ρ)ξ(ρ, 0) , ξ(ρ, 0) = log(tanh(ρ)), (D.15)

where the wavefunction has been normalised so that its norm with respect to the L2((0,∞)) norm is one.

So far we’ve only recounted a tale already told by others, but now it’s time to start our own chapter in

this story. CPS attractively dealt with the bound state spectrum of the problem and also ascertained that

there exists a continuum of scattering states separated from the single Λ = 0 state by a gap, which in the

four dimensional graviton spectrum corresponds to a mass gap. For the case where the brane charge is set

to zero171 the spectrum has its next eigenvalue at Λ = 1. It turns out that the problem of solving

d2ξ(Λ)

dρ2
+ 2 coth(2ρ)

dξ(Λ)

dρ
+ Λξ(Λ) = 0, (D.16)

for a scattering state is made much simpler if we perform the substitution z = cosh(2ρ), this leads to

(1− z2)
d2ζ(Λ)

dz2
− 2z

dζ(Λ)

dz
− Λ

4
ζ(Λ) = 0 , z ∈ (1,∞), (D.17)

where ζ(Λ) = ζ(z,Λ) = ξ( 1
2 cosh−1(z),Λ). Upon defining −Λ

4 = ν(ν + 1) this becomes Legendre’s equation

[1] with

ν1 = −1

2
+

1

2

√
1− Λ , ν2 = −1

2
− 1

2

√
1− Λ, (D.18)

where we note that if 1 < Λ then ν1 and ν2 are complex numbers and are related by

ν1 = −ν2 − 1 . (D.19)

It is this conversion of the scattering state equation to a Legendre equation, where (D.19) holds, that allows

for its solution and for the overlap integrals of multiple scattering and bound states to be calculated. As

stated in Section 1 such overlap integrals are required for one to be able to perform a Kaluza-Klein expansion

of theories in a meaningful way. Finally note that under the transformation to the z variable the inner product

(D.10) becomes

(ω, ζ) =
2π4

g5

∫ ∞
1

dzω̄(z)ζ(z) . (D.20)

170The full solution of (D.7) is in fact Ψ(ρ, 0) =
√

sinh(2ρ)(C1 + C2 log(tanh(ρ)) but normalisability and normalisation to
unity fix the two arbitrary constants C1 and C2.
171Which actually leads to a smooth decoupling of the brane source from the system see [17].
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D.2 Introduction to Legendre functions

In the last Section we saw that the CPS transverse wavefunction problem could be recast into the form

of a Legendre equation for each eigenvalue of the original problem. In this Section we shall provide an

introduction to the solutions of this equation and the properties they possess, our main focus being on

properties that aid our goal of performing overlap integrals of solutions to (D.16). The results collected here

are in no way our own and have mostly been obtained from the Digital Library of Mathematical Functions

[80] and [53].

The Legendre differential equation is

(1− z2)
d2f

dz2
− 2z

df

dz
+ ν(ν + 1)f = 0 , ν ∈ C, (D.21)

which is a linear second order ODE with 3 regular singular points at z ∈ {1,−1,∞}, which are branch points

of the solutions of the equation. Any solution of this equation is called a Legendre function. This equation

is usually first encountered when studying the quantum mechanical problem of a spherically symmetric

potential in three dimensions 172. The main difference between that and the current context is that in the

spherically symmetric potential problem ν ∈ N0 and the solutions to the equation are then polynomials.

However in the current context ν ∈ C and the solutions are usually described in terms of hypergeometric

functions.

For our purposes we note that there are two useful pairs of bases for solutions to (D.21). The first pair

is denoted by

Pν(z) , Qν(z) , z ∈ (−1, 1), (D.22)

these functions can be analytically continued to the cut plane C \ ((−∞, 1] ∪ [1,∞)) where the branch cuts

are required in order to render these analytic continuations single valued. Of greater importance to us, given

the range of z in (D.17), is the pair

Pν(z) , Qν(z) , z ∈ C \ (−∞, 1]. (D.23)

Where these are analytic continuations of a pair of functions originally defined for z ∈ (1,∞). The specific

functional forms of these solutions won’t be required for the calculation of overlap integrals but for those

interested we suggest consulting [53] where their definition, in terms of hypergeometric functions, is given.

172See for example [55].
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The functions appearing in (D.22) and (D.23) are often called Legendre functions of the first kind, Pν and

Pν , and Legendre functions of the second kind, Qν and Qν .

Having identified (D.16) as a hidden Legendre equation we have now obtained the scattering solutions

to it as they’re just appropriate linear combinations of (D.23). So our problem of finding overlap integrals

for our Schrödinger problem can neatly be restated as finding the overlap integrals of Legendre functions.

In order to calculate the required overlap integrals we shall need several relationships between Legendre

functions and also their asymptotics as we approach the various branch points, which we now collect.

As |z| → 1− :

Pν(z) ∼ 1, (D.24)

Qν(z) ∼ 1

2
log(

2

1− z
)− γ − ψ(ν + 1) ν /∈ Z<0,

As |z| → 1+:

Pν(z) ∼ 1, (D.25)

Qν(z) ∼ −1

2
log(z − 1) +

1

2
log(2)− γ − ψ(ν + 1) ν /∈ Z<0,

As |z| → ∞:

Pν(z) ∼
Γ(ν + 1

2 )

π
1
2 Γ(ν + 1)

(2z)ν Re(ν) > −1

2
ν /∈ Z<0,

Pν(z) ∼
Γ(−ν − 1

2 )

π
1
2 Γ(−ν)(2z)ν+1

Re(ν) < −1

2
ν /∈ N0,

P− 1
2
(z) ∼ 1

Γ( 1
2

(
2

πz
)

1
2 log(z), (D.26)

Qν(z) ∼ π
1
2 Γ(ν + 1)

Γ(ν + 3
2 )(2z)ν+1

ν /∈ {−1,−3

2
,−2,−5

2
, . . .},

where γ is the Euler-Mascheroni constant and ψ(σ) is the digamma function173. For now the z → −1+

asymptotics have been omitted as we require the further results to be able to state them.

There also exist many useful relationships between Legendre functions which often go under the name of

173Which is defined as d
dz

log(Γ(z)).
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Re(z)

Im(z)

1−1

Figure 1: Contour enclosing branch points at 1 and -1.

connection formulae. Of particular use to us will be the specific relationships

Pν(−z) = − 2

π
sin(νπ)Qν(z) + cos(νπ)Pν(z), (D.27)

Qν(−z) = − 2

π
sin(νπ)Pν(z)− cos(νπ)Qν(z), (D.28)

cos(νπ)Pν(z) = − 1

Γ(−ν)Γ(ν + 1)
Qν(z) +

1

Γ(ν + 1)2
Q−ν−1(z) ν /∈ Z, (D.29)

using (D.27) and (D.28) along with (D.24) the z → −1+ asymptotics can be obtained by direct substitution.

Almost any attempt to perform integrals along the axis is aided by an excursion into the complex plane,

and our case is no exception. In order to use this we shall have to be able to relate our branches of the

Legendre functions in (D.23) to other branches.

The first case to consider is what happens when we follow a contour of the type shown in figure 1, for

which it can be shown that

Pν(zeiπ) = eiνπPν(z)− 2

π
sin(πν)Qν(z) , ν /∈ Z, (D.30)

Qν(zeiπ) = −e−iνπQν(z), (D.31)

where Pν(zeiπ) and Qν(zeiπ) denote the branches obtained from (D.23) by following the contour in figure 1.

Also of interest to us will be the case of a contour of the form shown in figure 2 where we aim to find the

value of the functions on the branch cut we’ve implemented. In this case we find that

Pν(x) = Pν(x+ iε) , Qν(x) = Qν(x+ iε) +
iπ

2
Pν(x+ iε), (D.32)
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Re(z)

Im(z)

1−1

Figure 2: Contour enclosing branch point at 1 but not the branch point at -1.

where ε is positive and tends to zero so we’re approaching the cut from above. Note a similar result can be

obtained for a contour in the negative sense that approaches the branch cut in Pν and Qν .

Finally we change pace a little and consider an object called the 3j-symbol. In all formulae to follow

2j1, 2j2, 2j3 ∈ N0. The 3j-symbol is often denoted by

 j1 j2 j3

m1 m2 m3

 , (D.33)

where mi ∈ {−ji,−ji + 1, . . . , ji − 1, ji} i ∈ {1, 2, 3}. Whilst this may seem a bit daunting at first it’s

actually just a cousin of the Clebsch-Gordon coefficient, (j1,m1, j2,m2|j1, j2, j3,m3), of angular momentum

fame (
j1,m1, j2,m2|j1, j2, j3,m3

)
= (−1)j1−j2+m3(2j3 + 1)

1
2

 j1 j2 j3

m1 m2 m3

 .

The 3j-symbol is defined to be zero if either of the following conditions fails to hold

∀i, j, k ∈ {1, 2, 3} , |ji − jj | 6 jk 6 ji + jj , (D.34)

m1 +m2 +m3 = 0. (D.35)

In cases where both (D.34) and (D.35) hold the 3j-symbol becomes a finite sum, see [80] for the exact form.

If all of the mi are zero then this sum takes on a particularly simple form.

It can be shown that the 3j-symbol has the following symmetry

 j1 j2 j3

m1 m2 m3

 =

 j2 j3 j1

m2 m3 m1

 =

 j3 j1 j2

m3 m1 m2

 . (D.36)
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If we define J = j1 + j2 + j3 then it can be shown that odd permutations of the above result pick up a factor

of (−1)J .

In addition, the 3j-symbol also obeys the very useful orthogonality relations

∑
m1,m2

(2j3 + 1)

 j1 j2 j3

m1 m2 m3


 j1 j2 j′3

m1 m2 m′3

 = δj3j′3δm3m′3
, (D.37)

∑
j3,m3

(2j3 + 1)

 j1 j2 j3

m1 m2 m3


 j1 j2 j3

m′1 m′2 m3

 = δm1m′1
δm2m′2

, (D.38)

∑
j1,j2,j3

 j1 j2 j3

m1 m2 m3


 j1 j2 j3

m1 m2 m3

 = 1 . (D.39)

Given that we’ve been so focused on Legendre functions our little excursion into the world of the 3j-

symbol may seem a little off the path. However it turns out that if we have two Legendre polynomials then

their product can neatly be expanded174 in the following manner

Pl1(x)Pl2(x) =
∑
l

(2l + 1)

l1 l2 l

0 0 0


2

Pl(x) , (D.40)

where l runs over values until (D.34) is violated and l1, l2 ∈ N0. This concludes the collection of results

required for us to be able to calculate the integral of multiple Legendre functions.

D.3 Integrals of Legendre functions

Having assembled all of the players we can finally begin the task of calculating the form of integrals of

Legendre functions. Recall we want these integrals as they can be used to construct the overlap integrals

we believe are required for our EFT treatment of the CPS gravitational problem. Due to the form of the

integral in (D.20) it’s clear that the integral of Legendre functions we want is

J (m,n)(µ1, . . . , µm|ν1, . . . , νn) :=

∫ ∞
1

dz Pµ1
(z) . . .Pµm(z)Qν1(z) . . .Qνn(z) . (D.41)

174As the Legendre polynomials form a basis, on the interval (−1, 1), for precise details on the types of functions that the
Legendre polynomials form a basis for please refer to the Section on orthogonal polynomials in [80].
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however this integral is still a bit beyond us at this stage and we’ll have to collect some more basic results

to begin with.

The first thing to note is that [80] provides us with the following integrals

I(2,0)(µ1, µ2) : =

∫ 1

−1

dx Pµ1(x)Pµ2(x) µ2 /∈ {µ1,−µ1 − 1} (D.42)

=
4 sin(µ1π) sin(µ2π)(H(µ1)−H(µ2)) + 2π sin((µ2 − µ1)π)

π2(µ2 − µ1)(µ2 + µ1 + 1)
,

I(1,1)(µ|ν) : =

∫ 1

−1

dx Pµ(x)Qν(x) Re(µ), Re(ν) > 0, µ 6= ν (D.43)

=
2 sin(µπ) cos(νπ)(H(µ)−H(ν)) + π cos((ν − µ)π)− π

π(ν − µ)(ν + µ+ 1)
,

I(0,2)(ν1, ν2) : =

∫ 1

−1

dx Qν1(x)Qν2(x) ν2 /∈ {ν1,−ν1 − 1} ν1 /∈ Z<0 (D.44)

=
(H(ν1)−H(ν2))(1 + cos(ν1π) cos(ν2π)) + 1

2π sin((ν2 − ν1)π)

(ν2 − ν1)(ν2 + ν1 + 1)
,

where H(n) = ψ(n+ 1)− γ is the nth harmonic number.

Next let’s take m1,m2,m3 ∈ N0 and assume, without loss of generality, that m1 6 m2 6 m3 and then

consider the triple integral

I(3,0)(m1,m2,m3) : =

∫ 1

−1

dx Pm1(x)Pm2(x)Pm3(x) . (D.45)

To evaluate this integral use (D.40) to obtain

I(3,0)(m1,m2,m3) =

m1+m3∑
j=m3−m1

(2j + 1)

m1 m3 j

0 0 0


2 ∫ 1

−1

dx Pj(x)Pm2
(x) ,

which, using (D.42), yields

I(3,0)(m1,m2,m3) = 2

m1 m3 m2

0 0 0


2

. (D.46)

Note we may worry that this result is dependent on the pair of the mi we choose to apply (D.40) to, but
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(D.36) ensures this isn’t the case.

We can now consider the next case where m1,m2,m3,m4 ∈ N0 and assume that m1 6 m2 6 m3 6 m4.

If we then consider the integral

I(4,0)(m1,m2,m3,m4) :=

∫ 1

−1

dx Pm1(x)Pm2(x)Pm3(x)Pm4(x) , (D.47)

using a similar method to before we can show that

I(4,0)(m1,m2,m3,m4) =

∫ 1

−1

dx

m2+m1∑
j=m2−m1

m4+m3∑
l=m4−m3

(2j + 1)(2l + 1)

m1 m2 j

0 0 0


2m4 m3 l

0 0 0


2

Pj(x)Pl(x) ,

and since the sums are finite we commute them with the integral and then perform the integral of the

Legendre polynomials using (D.42), which gives us a δjl. This enables us to evaluate the integral as

I(4,0)(m1,m2,m3,m4) =

m2+m1∑
j=m2−m1

m1 m2 j

0 0 0


2m4 m3 j

0 0 0


2

. (D.48)

It now becomes transparent that if we have m1, . . . ,mn ∈ N0 then the integral

I(n,0)(m1, . . . ,mn) :=

∫ 1

−1

dx Pm1
(x) . . . Pm1

(x) , (D.49)

can be obtained by similar methods.

Next, we’d like to look at evaluating integrals with Legendre functions instead of polynomials. To do

this recall that on (−1, 1) the set {Pn|n ∈ N0} forms a complete basis, and so we can perform the following

expansions

Pµ(x) =

∞∑
n=0

an(µ)Pn(x) , an(µ) =
2n+ 1

2
I(2,0)(µ, n), (D.50)

Qν(x) =

∞∑
n=0

bn(ν)Pn(x) , bn(ν) =
2n+ 1

2
I(1,1)(n|ν). (D.51)

Now consider an integral of the form

I(m,n)(µ1, . . . , µm|ν1, . . . , νn) :=

∫ 1

−1

dx Pµ1(x) . . . Pµm(x)Qν1(x) . . . Qνn(x) . (D.52)
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If we use the expansions (D.50) and (D.51) and then commute the integrals and infinite sums175 we obtain

I(m,n)(µ1, . . . , µm|ν1, . . . , νn) =

∞∑
i1,...,im=0

∞∑
j1,...,jn=0

(
2i1 + 1

2
) . . . (

2im + 1

2
)(

2j1 + 1

2
) . . . (

2jn + 1

2
)

×I(2,0)(µ1, i1) . . . I(2,0)(µm, im)I(1,1)(j1|ν1) . . . I(1,1)(jn|νn)

(D.53)

×
∫ 1

−1

dx Pi1(x) . . . Pin(x)Pj1(x) . . . Pjn(x) ,

where the final integral is of the type given in (D.49).

So after all of our work we’ve finally managed to evaluate a collection of integrals of Legendre functions.

However, they’re not the ones we originally wanted. Unfortunately the basis argument we used to compute

the last set of integrals won’t work again as the domain of (D.41) isn’t a region where this basis is admissible.

However recall that Pµ and Qν are analytic on the entire complex plane except at {1,−1,∞} and along

the branch cut (−∞, 1]. This suggests that a new approach using contour integrals may be of use. So let’s

consider a contour of the form shown in figure 3. This contour contains none of the poles of the Legendre

functions and hence by Cauchy’s theorem

∮
C

dz Pµ1
(z) . . .Pµm(z)Qν1(z) . . .Qνn(z) = 0 . (D.54)

It’s now our goal to evaluate the pieces of this integral along each of the curves in figure 3.

To begin with consider

I1 :=

∫
Γ+
ε

dz Pµ1
(z) . . .Pµm(z)Qν1(z) . . .Qνn(z) . (D.55)

If we set z − 1 = εeiθ, take the limit ε→ 0 and use the asymptotic forms (D.25) then we find that

I1 = lim
ε→0

iε

∫ 0

π

dθ eiθ(−1

2
log(εeiθ) +

1

2
log(2)− γ − ψ(ν1 + 1)) . . . (−1

2
log(εeiθ) +

1

2
log(2)− γ − ψ(νn + 1)) ,

which evaluates to zero as limε→0

(
ε(log(ε))n

)
= 0. A similar treatment can be used to show that the integral

I2 :=

∫
Γ−ε

dz Pµ1(z) . . .Pµm(z)Qν1(z) . . .Qνn(z) , (D.56)

175Which can be done due to uniform convergence of the expansions [80] - see the Section on orthogonal polynomials.
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is also zero.

We next consider the final semicircular curve

I3 :=

∫
ΓR

dz Pµ1
(z) . . .Pµm(z)Qν1(z) . . .Qνn(z) , (D.57)

substituting z = Reiθ and using (D.26) where A = {1, . . . , α 6 m} such that ∀α̃ ∈ A, Re(µα̃) > − 1
2 and

B = {α+ 1, . . . ,m} such that ∀β ∈ B Re(µβ) < − 1
2 shows that we get a factor of

R1+µ1+...+µα−(µα+1+1)−...−(µm+1)−(ν1+1)−...−(νn+1) .

If we consider the R→∞ limit and

Re
(
1 + µ1 + . . .+ µα − (µα+1 + 1)− . . .− (µm + 1)− (ν1 + 1)− . . .− (νn + 1)

)
< 0 , (D.58)

the contribution of this integral will tend to zero. Note this argument requires the following restrictions to

hold ∀α̃ ∈ A, µα̃ /∈ Z<0, ∀β ∈ B, µβ /∈ N0 and ν1, . . . , νn /∈ {− 3
2 ,−

5
2 ,−

7
2 , . . .} and the special case of any

of the µi = − 1
2 has not been included.

So in cases where (D.58) holds we’ve argued away all of the contributions from the semicircular contours

in figure 3. The integral from (1,∞) is just (D.41) and hence is the integral we want. We now deal with the

integral on (−1, 1) which is just slightly above the branch cut in our functions

I4 :=

∫ 1

−1

dz Pµ1(z) . . .Pµm(z)Qν1(z) . . .Qνn . (D.59)

To evaluate this integral we make use of (D.32), which allows us to write (D.59) as

I4 =

∫ 1

−1

dz Pµ1
(z) . . . Pµm(z)

(
Qν1(z)− iπ

2
Pν1(z)

)
. . .
(
Qνn(z)− iπ

2
Pνn(z)

)
. (D.60)

Now if we just multiply this out and commute the finite sums with our integrals, then we can use (D.53) to

evaluate the integral as

I4 =I(m,n)(µ1, . . . , µm|ν1, . . . , νn)− iπ

2

n∑
i=1

I(m+1,n−1)(νi, µ1, . . . , µm|ν1, . . . , ν̌i, . . . , νn) (D.61)

+ (
−iπ

2
)2
∑
i,j
i<j

I(m+2,n−2)(νi, νj,µ1, . . . , µm|ν1, . . . , ν̌i, . . . , ν̌j , . . . , νn) + . . .+ (
−iπ

2
)nI(m+n,0)(ν1, . . . , νn, µ1 . . . , µm|) ,
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Re(z)

Im(z)

1−1

ΓR

Γ−ε Γ+
ε

−R R

Figure 3: Contour C used for evaluation of integrals of multiple Legendre functions. Integrals along (−∞, 1]
are evaluated in the limit of approaching the real axis from above.

where ν̌ denotes that the index ν is omitted.

This leaves one final integral to evaluate

I5 =

∫ −1

−∞
dz Pµ1(z) . . .Pµm(z)Qν1(z) . . .Qνn(z) . (D.62)

We begin with the substitution z̃ = e−iπz, which leads to

I5 =

∫ ∞
1

dz̃ Pµ1
(eiπ z̃) . . .Pµm(eiπ z̃)Qν1(eiπ z̃) . . .Qνn(eiπ z̃) .

We now see that we can use (D.30) and (D.31) to obtain

I5 =

∫ ∞
1

dz̃

((
eiµ1πPµ1

(z̃)− 2

π
sin(πµ1)Qµ1

(z̃)
)
. . .
(
eiµmπPµm(z̃)− 2

π
sin(πµm)Qµm(z̃)

)
×
(
− e−iν1πQν1(z̃)

)
. . .
(
− e−iνnπQνn(z̃)

))
,
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which allows us to calculate the result

I5 =(−1)neiπ(µ1+...+µm−ν1−...−νn)J (m,n)(µ1, . . . , µm|ν1, . . . , νn) (D.63)

+ (−1)n(− 2

π
)

m∑
i=1

sin(µiπ)eiπ(µ1+...+µ̌i+...+µm−ν1−...−νn)J (m−1,n+1)(µ1, . . . , µ̌i, . . . , µm|µi, ν1, . . . , νn)

+ (−1)n(− 2

π
)2

m∑
i,j
i<j

sin(µiπ) sin(µjπ)eiπ(µ1+...+µ̌i+...+µ̌j ...+µm−ν1−...−νn)×

J (m−2,n+2)(µ1, . . . , µ̌i, . . . , µ̌j , . . . , µm|µi, µj , ν1, . . . , νn)

+ . . .+ (−1)n(− 2

π
)ne−iπ(ν1+...+νn)

m∏
i=1

sin(µiπ)J (0,m+n)(|µ1, . . . , µm, ν1, . . . , νn) .

Finally we have all of the contributions to the contour integral formally evaluated. So let’s see which

integrals these contours actually require in order for an explicit evaluation to be carried out

I4 : I(m,n), I(m+1,n−1), . . . , I(m+n,0),

I5 : J (m,n), J (m−1,n+1), . . . , J (0,m+n), (D.64)

I6 : J (m,n),

where we have dropped the explicit µ and ν labels for ease and the symbol : indicates the integral to the left

is a linear combination of the integrals to the right. We firstly note that the terms required to evaluate I4 are

given by (D.53). Next we see that I5 and I6 both contain the integral we wish to evaluate, namely (D.41).

However I5 also contains other integrals of the form of (D.41) but with increasing numbers of Qν functions.

The trick is to note that if we do an integral of the form (D.41) with m = 0 and n arbitrary then I5 will

just contain J (0,n) and so can be combined easily with I6 and hence can be evaluated using (D.54). Then we

could perform the same sort of calculation but with m = 1 and then I5 will require the integral J (0,n+1) to

be evaluated but we’ve already done that in the previous step. So it seems that the integrals we require can
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be done in a recursive fashion. In order to make the resulting recursive formula more manageable we define

Î5 =(−1)n(− 2

π
)

m∑
i=1

sin(µiπ)eiπ(µ1+...+µ̌i+...+µm−ν1−...−νn)J (m−1,n+1)(µ1, . . . , µ̌i, . . . , µm|µi, ν1, . . . , νn)

(D.65)

+ (−1)n(− 2

π
)2

m∑
i,j
i<j

sin(µiπ) sin(µjπ)eiπ(µ1+...+µ̌i+...+µ̌j ...+µm−ν1−...−νn)×

J (m−2,n+2)(µ1, . . . , µ̌i, . . . , µ̌j , . . . , µm|µi, µj , ν1, . . . , νn)

+ . . .+ (−1)n(− 2

π
)ne−iπ(ν1+...+νn)

m∏
i=1

sin(µiπ)J (0,m+n)(|µ1, . . . , µm, ν1, . . . , νn) .

With this we finally obtain that

J (m,n)(µ1, . . . , µm|ν1, . . . , νn) = − I4 + Î5
(−1)neiπ(µ1+...+µm−ν1−...−νn) + 1

, (D.66)

where we require (D.58) to hold and the restrictions given underneath it to also hold.

It can be seen that (D.66) cannot be used to evaluate

J (0,n)(|0, . . . , 0) =

∫ ∞
1

dz Q0 . . .Q0 ,

when n is an odd integer. Fortunately such integrals are already known and can be looked up [53]

J (0,n)(|0, . . . , 0) =
n!

2n−1
ζ(n) , (D.67)

with ζ(n) the Riemann zeta function. A simple proof of this comes from noting that176

Q0(z) =
1

2
log
(z + 1

z − 1

)
= coth−1(z) , |z| > 1 . (D.68)

If we perform the substitution z = coth(t) we find that

∫ ∞
1

dz Qn0 (z) =

∫ ∞
0

dt
22e2ttn

(e2t − 1)2
,

which, with a final substitution y = 2t, can be noticed to be an integral representation of the zeta function.

176Note this means that ξ0(ρ(z)) = − 2
√
3

π
Q0(z), where z = cosh(2ρ).
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D.4 Normalising the scattering states

With our adventure into the world of integrals of Legendre functions over, now is a good moment to take

stock and remember what our original goal was. We wanted to find scattering states to (D.16) which ensure

our bound state (D.15) resides in the self-adjoint domain of our Hamiltonian, as such they must obey (D.14)

as ρ→ 0. As a result of being in the self-adjoint domain the scattering states will necessarily be orthogonal

to each other and the normalised bound state, since they all correspond to different eigenvalues. We might

hope that (D.14) fixes the two arbitrary constants in our scattering state solutions however only the ρ→ 0

boundary is relevant for us as only at small ρ does our problem resemble a 1
ρ2 potential. This condition fixes

the ratio of coefficients in our general solution but not the overall normalisation of the scattering states. In

the bound state case normalisability, along with normalising to 1, was used to fix the constants appearing

in the solution177. We might hope that the same would work for our scattering states, however, as we noted

previously, the scattering states behave like plane waves as ρ→∞ and so we can see these functions are not

in L2((0,∞)), and as such are not normalisable.

This may set off alarm bells in our head, however clearly the same issue afflicts plane waves, and we

happily use those all the time. The resolution is that whilst these functions don’t belong to our Hilbert

space, as it stands, they do belong to an extension of it called a rigged Hilbert space. Whilst interesting the

topic of rigged Hilbert spaces is a little too much for us to introduce here and so we instead recommend the

interested reader to look at the pedagogical introduction to the subject presented in [27]. For us, the main

point of using a rigged Hilbert space is that it allows distributions to be rigorously encompassed into the

formalism. This allows us to make use of the Dirac delta distribution. We can now see the correct condition

to use for our scattering states is that they be normalised to a Dirac delta distribution in the following

manner

(Ψ(Λ),Ψ(Λ̃)) = δ(Λ− Λ̃) , (D.69)

where δ(Λ − Λ̃) is a Dirac delta distribution in the space of eigenvalues 1 < Λ, Λ̃ and (Ψ(Λ),Ψ(Λ̃)) is the

appropriate inner product for the functions Ψ as defined in (D.6). Our job in the rest of this Section shall

be to appropriately normalise our scattering states so as to ensure (D.15) is in the self-adjoint domain of our

Hamiltonian and (D.69) holds.

The mode corresponding to (D.15) in the Legendre approach to the problem is given by

ζ(z, 0) = a(0)P0(z) + b(0)Q0(z) , (D.70)

177This condition in fact leads to the solution ξ0 = c1 for c1 ∈ R being set to zero as this mode is non-normalisable.
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with a(0) and b(0) being arbitrary constants. Our boundary conditions are chosen in such a way that

this mode must be normalisable and normalised to unity with respect to the inner product (D.20). Since

P0(z) = 1 this instantly sets the constant a(0) to zero, as was seen in the CPS treatment of the problem,

and so the integral of interest becomes

2π4

g5

∫ ∞
1

dz b(0)2Q2
0(z) =

2π4

g5
b(0)2J (0,2)(|0, 0) , (D.71)

in order to evaluate this we need J (0,2)(|0, 0), which from (D.66) is given by

J (0,2)(|0, 0) = −1

2

(
I(0,2)(|0, 0)− iπ

2
I(1,1)(0|0) + (

−iπ
2

)2I(2,0)(0, 0|)
)

=
π2

6
, (D.72)

where we have used that I(0,2)(|0, 0) = π2

6 , I(1,1)(0|0) = 0 and I(2,0)(0, 0|) = 2, which is given in [53]. Thus

using (D.72) in (D.71) we obtain

2π4

g5

∫ ∞
1

dz ζ(z, 0)ζ(z, 0) =
π6

3g5
b(0)2 =⇒ b(0) = ±

√
3g

5
2

π3
. (D.73)

This result completes the process of normalising the zero mode.

With the zero mode dealt with it’s now time to move on to the scattering states. Just as with the bound

state these can be described by linear combinations of the Legendre functions Pν and Qν . However owing

to the identity

cos(νπ)Pν(z) = − Qν(z)

Γ(−ν)Γ(ν + 1)
+
Q−1−ν(z)

Γ(ν + 1)2
, (D.74)

we can instead use Qν and Q−1−ν as a basis for our scattering states178. Note this has the nice property of

removing the ambiguity in making a choice in (D.18) due to (D.19). With this if we recall that z := cosh(2ρ)

then our scattering states can be written as

ξ(ρ,Λ) = a(Λ)Q− 1
2 + iω

2
(cosh(2ρ)) + b(Λ)Q− 1

2−
iω
2

(cosh(2ρ)) , (D.75)

ζ(z,Λ) = a(Λ)Q− 1
2 + iω

2
(z) + b(Λ)Q− 1

2−
iω
2

(z) , (D.76)

with a(Λ), b(Λ) arbitrary complex constants and where

ω(Λ) = (Λ− 1)
1
2 , Λ > 1 , (D.77)

178Note this doesn’t work for the solution to (D.17) with Λ = 1 as then, by (D.18), ν = 1
2

however this solution is neither
normalisable nor delta function normalisable and so can be shown to not be admissible in the current setting.
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In order for the scattering states to be in the self adjoint domain they must be orthogonal to the zero

mode. This means we require

4π2

g5

∫ ∞
0

dρ sinh(2ρ)ξ(ρ, 0)ξ(ρ,Λ) =
2π2

g5

∫ ∞
1

dz ζ(z, 0)ζ(z,Λ) = 0 , Λ > 1 , (D.78)

which using (D.76) and (D.70) leads to

b(0)
(∫ ∞

1

dz a(Λ)Q0(z)Qν(z) +

∫ ∞
1

dz b(Λ)Q0(z)Qν̄(z)
)

= 0 ,

where ν = − 1
2 + iω

2 and ν̄ = −1− ν is its complex conjugate. Since b(0) is non zero we have

a(Λ)

b(Λ)
= −J

(0,2)(|0, ν̄)

J (0,2)(|0, ν)
. (D.79)

Now we can use (D.66) or [53] to evaluate the integrals appearing in this expression. Doing this we find that

J (0,2)(|0, σ) =
H(σ)−H(0)

σ(σ + 1)
,

with H(σ) = ψ(σ+ 1) + γ the harmonic number. In our case we note that H(0) = 0 and ν(ν+ 1) = (ν̄+ 1)ν̄

and hence (D.79) becomes

a(Λ)

b(Λ)
= −H(ν̄)

H(ν)
, (D.80)

hence we have now been able to determine the ratio of the arbitrary constants in our solution, as we previously

promised.

To go further we require more conditions, corresponding to completing the specification of boundary

data. We demand our scattering states be real and to deal with this it’s useful to recall that

Qν(z) =
π

1
2

Γ( 1
2 )Γ(ν + 1)

∫ ∞
0

dt

(z + (z2 − 1)
1
2 cosh(t))ν+1

, Re(ν + 1) > 0 , (D.81)

Now since Γ(z) = Γ(z̄) ∀z ∈ C \ {0,−1,−2, . . .} on the real axis we have Qν(x) = Qν̄(x) and hence applying

this to (D.76) we find that

a(Λ) = b(Λ) Λ > 1 . (D.82)
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We can now combine this with (D.79) and the fact that H(ν) = H(ν̄) to show that

a(Λ) = in(Λ)H(−1

2
− iω(Λ)

2
) , b(Λ) = −in(Λ)H(−1

2
+
iω(Λ)

2
) , Λ > 1 , (D.83)

with n(Λ) ∈ R an, as of yet, unfixed normalisation constant.

We’ve now ensured our scattering states are orthogonal to the zero mode and have also guaranteed that

our solutions are real. However we’ve still not uniquely determined these states as we can see they contain

n(Λ). Fortunately we still have (D.69) to implement. It is easier to implement this condition using the Ψ

form of our scattering states, given in (D.6), as it is in this form that the solutions take on the form of plane

waves in the large ρ limit, see (D.12).

In order to make progress we require the asymptotic form of the scattering states. Fortunately this is

not hard to obtain as one can use the hypergeometric definition of Legendre functions

Qν(z) =
π

1
2 Γ(ν + 1)

2ν+1Γ(ν + 3
2 )
z−ν−1

2F1(
1

2
ν + 1,

ν + 1

2
; ν +

3

2
;

1

z2
) , (D.84)

where 2F1(a, b; c; z) is the Gauss hypergeometric function. Recalling that z = cosh(2ρ) we have
√

sinh(2ρ) =

(z2 − 1)
1
4 = z

1
2 (1− z−2)

1
4 and hence

(z2 − 1)
1
4Q− 1

2 + iω
2

(z) ∼
π

1
2 Γ( 1

2 + iω
2 )

2
1
2 + iω

2 Γ(1 + iω
2 )
z−

iω
2 , z →∞ , (D.85)

(z2 − 1)
1
4Q− 1

2−
iω
2

(z) ∼
π

1
2 Γ( 1

2 −
iω
2 )

2
1
2−

iω
2 Γ(1− iω

2 )
z
iω
2 , z →∞ , (D.86)

since

z = cosh(2ρ) ∼ e2ρ

2
, ρ→∞ ,

using (D.6), (D.75) and (D.83) we find that

Ψ(ρ,Λ) ∼ iπ
1
2n(Λ)

2
1
2

(H(− 1
2 −

iω
2 )Γ( 1

2 + iω
2 )

Γ(1 + iω
2 )

e−iωρ −
H(− 1

2 + iω
2 )Γ( 1

2 −
iω
2 )

Γ(1− iω
2 )

eiωρ
)

, ρ→∞ ,

which, because Γ(z) = Γ(z̄) and H(z) = H(z̄), can be re-written as

Ψ(ρ,Λ) ∼ iπ
1
2n(Λ)

2
1
2

∣∣∣∣∣H(− 1
2 + iω

2 )Γ( 1
2 −

iω
2 )

Γ(1− iω
2 )

∣∣∣∣∣ (− eiωρ+i∆(Λ) + e−iωρ−i∆(Λ)
)

, ρ→∞ ,
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where we’ve denoted

H(− 1
2 + iω

2 )Γ( 1
2 −

iω
2 )

Γ(1− iω
2 )

=

∣∣∣∣∣H(− 1
2 + iω

2 )Γ( 1
2 −

iω
2 )

Γ(1− iω
2 )

∣∣∣∣∣ ei∆(Λ) ,

which finally allows us to arrive at the expression

Ψ(ρ,Λ) ∼ N(Λ) sin(ω(Λ)ρ+ ∆(Λ)), ρ→∞, N(Λ) := (2π)
1
2n(Λ)

∣∣∣∣∣H(− 1
2 + iω

2 )Γ( 1
2 −

iω
2 )

Γ(1− iω
2 )

∣∣∣∣∣ . (D.87)

If we now take two copies of (D.7), one for Λ and another for Λ̃ with Λ, Λ̃ > 1 , and then multiply each

of these equations by the eigenfunction not appearing in the equation it can be shown179 that

lim
R→∞

∫ R

0

dρ Ψ(Λ, ρ)Ψ(Λ̃, ρ) = lim
R→∞

(Ψ(Λ, ρ)Ψ′(Λ̃, ρ)−Ψ(Λ̃, ρ)Ψ′(Λ, ρ)

(Λ− Λ̃)

)∣∣∣∣R
0

. (D.88)

The ρ→ 0 limit doesn’t contribute, but the large ρ limit is non zero and, using (D.87), becomes

N(Λ)N(Λ̃)
(
ω(Λ̃) sin

(
ω(Λ)ρ+ ∆(Λ)

)
cos
(
ω(Λ̃)ρ+ ∆(Λ̃)

)
− ω(Λ) sin

(
ω(Λ̃)ρ+ ∆(Λ̃)

)
cos
(
ω(Λ)ρ+ ∆(Λ)

))
(ω2(Λ)− ω2(Λ̃))

.

Using sin(a) cos(b) = 1
2

(
sin(a+ b) + sin(a− b)

)
this becomes

N(Λ)N(Λ̃)

2

( sin
(
(ω + ω̃)R+ ∆(ω) + ∆(ω̃)

)
(ω + ω̃)

+
sin
(
(ω − ω̃)R+ ∆(ω)−∆(ω̃)

)
(ω − ω̃)

)
,

where ω̃ = ω(Λ̃). If we now make use of double angle expansions this becomes

N(Λ)N((̃Λ)

2

( sin
(
(ω + ω̃)R

)
cos
(
∆(ω) + ∆(ω̃)

)
ω + ω̃

+
cos
(
(ω + ω̃)R

)
sin
(
∆(ω) + ∆(ω̃)

)
ω + ω̃

+
sin
(
(ω − ω̃)R

)
cos
(
∆(ω)−∆(ω̃)

)
ω − ω̃

+
cos
(
(ω − ω̃)R

)
sin
(
∆(ω)−∆(ω̃)

)
ω − ω̃

)
.

Using this result we can now evaluate the R→∞ limit in (D.88). Recalling that

lim
R→∞

sin(xR)

x
= πδ(x) , lim

R→∞

cos(xR)

x
= 0 ,

179This calculation is done in a manner almost exactly analogous to the one presented in undergraduate courses where it is
used to show that eigenvectors of hermitian matrices, corresponding to different eigenvalues, are orthogonal to each other.
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we find

∫ ∞
0

dρ Ψ(Λ, ρ)Ψ(Λ̃, ρ) =
πN(Λ)N(Λ̃)

2

(
cos
(
∆(ω) + ∆(ω̃)

)
δ(ω + ω̃) + cos

(
∆(ω)−∆(ω̃)

)
δ(ω − ω̃)

)
.

Since ω + ω̃ > 0, because Λ, Λ̃ > 1, the first delta distribution doesn’t contribute, while the second only

contributes when ω = ω̃ meaning the cosine factor is equal to unity. All of this means

∫ ∞
0

dρ Ψ(Λ, ρ)Ψ(Λ̃, ρ) =
πN(Λ)N(Λ̃)

2
δ(ω − ω̃) , (D.89)

which is almost (D.69) except that δ(Λ − Λ̃) = δ(ω2 − ω̃2). However using standard results for delta

distributions with arguments that are functions of several variables we find (D.69) becomes

(
Ψ(Λ(ω)),Ψ(Λ̃(ω̃))

)
=

2π5N(Λ(ω))N(Λ̃(ω̃))

g5
δ(ω − ω̃) =

1

2(ω2 + ω̃2)
1
2

δ(ω − ω̃) . (D.90)

This finally gives us the normalisation constant

N(Λ(ω))2 =
g5

4
√

2π5ω
. (D.91)

From this n(Λ) can be determined and hence finally all of our integration constants have been fixed, meaning

we have specified enough boundary data for the Schrödinger problem.

So, in summary, in this Section we have identified the scattering states of the eigenvalue problem (D.16)

as linear combinations of Legendre functions. Then by imposing reality, orthogonality to the zero mode,

(D.15), and delta function normalisability, (D.69), the form of the scattering states has been shown to be

uniquely fixed.
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