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Abstract

The present investigation is concerned with nonlinear focused wave groups with an energy

distribution both in the frequency and directional domains. Focused wave groups have been

investigated both experimentally and numerically from near linear crest heights to the limit of

incipient wave breaking.

A wide wave basin has been calibrated. For small amplitude focused wave groups, measured

surface elevations and velocity profiles are in close agreement with linear theory. The wave basin

transfer function remains accurate for strongly nonlinear wave groups.

A nonlinear numerical model has been developed. The numerical formulation is in close

agreement with experimental data for directional wave groups very close to the breaking limit.

The extremal statistics of a Gaussian wave field have been investigated theoretically and verified

against random linear time domain simulations of empirical ocean spectra. A method of providing

a deterministic nonlinear correction to isolated extreme storm events is proposed.

It has been found that large deviations between linear theory and observations are caused by rapid

changes in wave components which very nearly satisf' the linear dispersion relationship. If free

wave components can be modelled accurately, very steep wave groups can be modelled relatively

accurately by free waves and second order bound harmonics.

If the linear focused crest height is kept constant, the effect of introducing directionality is to

reduce nonlinear wave wave interaction significantly. A reduction of the nonlinear crest height of

more than 40 % has been observed as a direct result of wave field directionality. However, the

maximum crest height which may be generated before breaking occurs increases with increasing

directionality. A 20 % increase in the limiting crest height due to directionality has been observed.

Nonlinear calculations on isolated events using an empirical ocean storm spectrum and the

appropriate extremal statistics suggest that second order theory describes the wave field very

accurately even for large events.
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1. Introduction

'But though, to landsmen in genera!, the native inhabitants of the seas have ever been

regarded with emotions unspeakably unsocial and repelling; though we know the sea

to be an everlasting terra incognita, so that Columbus sailed over numberless

unknown worlds to discover his one superficial western one, though, b y vast odds, the

most terrific of all mortal disasters have immemorially and indiscriminately befallen

tens of thousands of those who have gone upon the waters; though but a moment 's

consideration will teach, that however baby man may brag of his science and skill,

and however much, in a flattering future, that science and skill may augment; yet for

ever and for ever, to the crack of doom, the sea will insult and murder him, and

pulverize the stateliest, stiffest frigate he can make; nevertheless, by the continual

repetition of these very impressions, man has lost that sense of the full afulness of

the sea which aboriginally belongs to it.'

Herman Melville: Moby Dick'

1.1. Background

T

he beauty and majesty of the sea. the immense power of her wrath and the mystery in

the depths underneath, have inspired awe since man first settled along her shores. The

respect hich she imposes has commanded religious worship and motivated authors,

composers and painters perhaps more than any other element. Lured by the seemingly unlimited

supply of food and the advantages in transportation which the sea provides, man has ventured to

sail the oceans since time immemorial. Whether Phoenician, Viking or a Nantucketer of the last

century, the sea has been the chief provider and the direst hazard. The lore of the sea and her

ways has been a matter of survival for cultures which depend upon the ocean. The wealth of

wisdom which was part of the cultural inheritance enabled the mariner to build boats and

navigate the most hostile oceans in the world millennia before the advent of modern

hydrodynamics. Indeed, in some cultures man lived in such close symbiosswith the sea that

survival sprung from what is perhaps best described as a sixth sense.
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Today, there is scarcely an operation which man undertakes upon or underneath the ocean which

is not dependent upon the motion of its surface. From delays and loss of equipment in the

fisheries and on oil exploration installations to the catastrophic loss of entire vessels and human

life, the ocean continues to make its presence felt. Science has taken over from the wisdom of

yesteryear. At the very end of the second millennium, it is perhaps not the sheer survival of the

frigate which is the motivation for ocean wave research. Nevertheless, we are far from a situation

where fwther research has only limited practical importance. On the contrary, the exploration and

development of sub-sea oil fields have prompted an intense effort in ocean wave research during

the last 30 years. Much of present day research is motivated by a continuing expansion of the

offshore oil production industry. In particular, the development of marginal oil-fields in

progressively larger depths has motivated an increased research effort. Whereas installations built

in the 1970's were designed with large safety margins reflecting the less than satisfactory

knowledge of the extreme environmental loads, optimal design solutions are increasingly more

important for present day installations (see e.g. Efthymiuo & Graham, 1990). Not only is optimal

design a competitive necessity in the oil industry today, conflicting design criteria such as the safe

tow to field arid the extreme lifetime environmental load often give narrow margins for a

structure's fitness for a particular purpose.

To witness the open ocean during a storm gives generous evidence of the complexity of the air-

water interface. The ocean surface appears almost entirely arbitrary, and the interaction between

the wind and water is obvious. The air is thick with spray and it is not at all clear where the

waves break independently of the wind and where the wind merely breaks up the crest of the

waves. To determine even the dominant direction of wave propagation is difficult. On the other

hand, water in theuid state and for the velocities involved in gravity wave action in the absence

of wave breaking, is remarkably well behaved. Water in the ocean is relatively homogenous, it is

practically incompressible and has a very low viscosity. Tsunamis which do not break in deep

water are capable of propagating several hundred miles without significant energy dissipation

before releasing their considerable power at the sea-land interface. It was therefore a natural

starting point in the mathematical development of the subject of water waves to consider waves

propagating over a perfect fluid' in the absence of an overlying air flow.

Perfect fluid theory refers to the analysis of an incompressible, inviscid and irrotational fluid such that
a scalar velocity potential may be defined and Laplace's equation for the velocity potential is the
governing field equation.
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Lacking the probabilistic tools required for an irregular wave representation, the pioneers of

modern hydrodynamics concentrated on what is now known as the regular wave representation.
3

Regular wave theory assumes that a gravity wave field may be described uniquely b1vave

period, a wave direction and a wave height. The waves are thus periodic in both space and time

and propagate without change of form. The first solution to this problem is generally attributed to

Airy (see e.g. Kinsman, 1965) who proved that in the infinitesimal wave height limit, a sine wave

satisfies the governing equations for the free surface. The nonlinearity of the free surface

boundary conditions was taken into account by Stokes (1847, 1880, from Lamb, 1932) who

employed a perturbation solution and solved the problem of regular waves of finite height to

fourth order in the perturbation expansion. The properties of these solutions, in particular the

relation between frequency and wavenumber, is straightforward to measure experimentally and

the results must have been encouraging. The gap between the tidy regular wave and the inferno

which is the ocean during a storm must, nevertheless, have seemed impossible to bridge. The

emergence of a correlation between theory and field observations had to await the development of

modern probability theory.

The mathematical theory of stochastic processes in its modem form is quite recent. It was not

until the latter part of the 1940's that stochastic analysis was employed outside the sphere of pure

mathematics. The introduction of stochastic analysis and energy spectra within the field of ocean

wave research may be attributed to Pierson in the early 1950's (Kinsman, 1965). The two decades

which followed are certainl y the most productive within the history of ocean wave research.

Munk concluded at the conference of Ocean Wave Spectra in 1961:

It is demonstrably true that in no other branch ofphysical oceanography has there been such

expansion. During the last ten years the subject of waves has gone from an art to a science.

Munk, 1963

During this period the subject expanded to present day proportions. The principal problems with

which present day research is concerned were identified in the 1950's and 1960's.

The realisation that a time trace of the ocean surface elevation may be analysed as a spectrum of

sine waves with random phases and the ability to conduct reliable full scale measurements of this

time trace was a leap forward. Unlike regular wave theory, stochastic analysis of energ y spectra

can account for the irregular appearance of the ocean surface. The notion that the ocean wave

field contains energy in a continuus spectrum over all wave frequencies and directions presents a
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more satis1'ing description of a natural process than the regular wave representation. The

available ocean data could be analysed in the probabilistic domain and it became clear that

perfect fluid theory is capable of describing many of the features of an ocean wave field

accurately. Furthermore, the changes in the wave spectrum due to excitation from the wind field

and energy dissipation from, largely, wave breakingw found to be slow compared with a

typical wave period. Over durations of the order of an hour, it was reasonable to treat the

spectrum as statistically stationary. It was showa that in the linear approximation, the free

surface could be described by a Gaussian process. The bulk of the deviations from Gaussian

behaviour found for the steepest waves measured was generally attributed to the nonlinearity of

the free surface boundary conditions in perfect fluid theory.

The nonlinear analysis of an irregular wave field, however, is a considerably more complex task

than the nonlinear analysis of a regular wave train. Each wave component within the ocean wave

spectrum interacts with all other components, and if the analysis is carried out beyond second

interaction order, the possibility of resonant or near resonant interaction between the wave

components complicates the analysis further. Much work was undertaken on the problem of

nonlinear wave wave interaction in the 1960's. In particular the work of Longuet-Higgins,

Phillips and Hassehnann2 contributed greatly in increasing the understanding of nonlinear wave

wave interaction during this period. Indeed, it is fair to say that their work paved the way for the

finding of Benjamin & Feir (1967) that also regular waves are unstable to side-band disturbances

in the nonlinear analysis. To date the most widely accepted analytical solution for nonlinear wave

wave interaction is due to Longuet-Higgins and Stewart (1960).

Even if it is assumed that the ocean wave field may be described by perfect fluid theory and

neglecting the presence of a structure in the wave field, the accurate description of an extreme

ocean wave event is a complex problem. Ocean storm spectra are relatively broad-banded (see

e.g. Jonathan et aL, 1994) and an extreme event will not form part of a regular wave train but

will be in the form of a single event which disperses rapidly in time and space. Apart from the

statistical forecasting problems, the complexity in the description arises as a result of this

transient property combined with the fact that a large event is likely to be close to the breaking

limit such that linear theory is less than adequate in predicting the free surface and the underl,ing

2 See for example Longuet-Higgins and Stewart (1960), Longuet-Higgins (1962, 1963), Phillips (1960,
1961, 1963), Longuet-Higgins and Phillips (1962) and Hasselmann (1962, 1963).
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velocity field. For design purposes it has been common practice to adopt two approximations in

attempting to model extreme events within the ocean.

In the first approximation, the transient nature of the wave field is neglected, and an extreme

event is represented by a regular wave train. A characteristic wave height, wave period and wave

direction is found to correspond to the statistics of an extreme wave event. Fenton (1985) among

others has developed Stokes' perturbation solution for a regular wave tram to fifth order from

which the nonlinear wave profile and associated kinematics can be obtained. If the wave is very

close to the breaking limit for regular waves, a fifth order solution cannot describe the wave

properties accurately, and higher order terms must be considered. For this case, there are routines

available which solve the regular wave problem to any accuracy (First proposed by Schwartz,

1972. See Schwartz, 1974). In an alternative approach proposed by Dean (1965), the coefficients

of a Fourier expansion of the stream functionore found by minimising the errors in the free surface

conditions over one wavelength. The nonlinear problem of water waves of permanent form in a

perfect fluid may indeed be considered solved although it has been conclusively shown that

regular waves are unstable to sideband disturbances (Benjamin & Feir, 1967 and others).

The modelling of an ocean event b's a regular wave representation is inaccurate. Not only is an

ocean wave transient by nature, the ocean spectrum is broad banded such that large changes in

the wave group envelope take place over less than one wavelength. A typical ocean wave will

therefore have a shape which deviates significantly from a regular wave even locally. The second

traditional approximation for design purposes has therefore been to run full linear time domain

simulations of realistic ocean frequenc spectra vith randomly sampled phases. This approach

incorporates the transient nature of the wave field but neglects the nonlinearity of the problem.

Although time consuming, this method has been found to work well for relatively moderate wave

heights. Inaccuracies relative to field measurements of the free surface elevation and laboratory

investigations in unidirectional wave fields have, however, been identified for steep waves. In

particular, it is well known that the wave induced kinematics underneath a large crest will be

significantly overpredicted if linear theory is applied to a measured surface elevation history.

In order to correct for the latter effect, a number of empirical stretching techniques, of which the

most well known is due to Wheeler (1970), have been proposed. Stretching techniques do not

satisfy Laplace's equation butgue that a closer fit to the free surface boundary conditions is

important close to the free surface. These techniques may improve the description of the
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horizontal velocity in the crest region, but it appears that further validation is required before

stretching techniques are accepted as uniformly valid.

A number of numerical formulations for predicting accurately the velocities underneath an

extreme wave form in a unidirectional wave field have been proposed. Baldock & Swan (1994)

have developed and validated a scheme originally proposed by Lambrakos (1981) in which the

velocities underneath a recorded temporal surface elevation are estimated. In this approach, the

single Fourier series proposed by Dean (1965) for a wave profile of permanent form, is replaced

by a double Fourier series in the wavenumber and frequency domains. Although the scheme

assumes periodicity in both time and space, the introduction of a double Fourier series allows for

a number of free waves to propagate within one wavelength, and it is possible to model transient

events. The numerical scheme has been shown to predict the velocities accurately for

unidirectional wave groups close to the breaking limit.

Full time domain simulations of ocean spectra are time consuming. Particularly when the

properties of large waves are sought, the time necessai to encounter a sufficient number of

crests in the relevant range for statistical reliability, becomes very large. The statistical

description of the most probable temporal shape of the free surface in the vicinity of a large crest

has therefore received considerable attention. It appears that Lmdgren (1970) first considered this

problem in a purely mathematical context. Using methods developed by Rice (1944, 1945), he

proved that given a stationary Gaussian process, the mean shape around a local maximum is

proportional to the autocovariance function of the underlying spectrum when the magnitude of

this maximum tends to infinity. Bocotti (1983) analysed the problem in the context of ocean

waves and concluded that the zero probability crest condition is not critical; the autocovariance

function predicts the mean shape of the surface well provided that the crest is only moderately

large. Phillips et.aI. (1993 a, b) compared the three dimensional autocovariance function with

directional data from the Gulf of Mexico and found good agreement. The autocovariance function

also fonns the basis for the 'newwave formulation proposed by Tromans et.al. (1991). The

'newwave' formulation has recently been validated against offshore storm data from the Northern

North Sea.

Ocean wave crests are not straight and parallel as would be the case if all energy within the ocean

propagated in one direction. The crests appear as 'islands' on the surface which are, to a varying

degree, elongated in the direction normal to the mean direction of save propagation. Even if
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linear theory is assumed to be accurate, a frequency spectrum obtained from a history of the free

surfice at one spatial location cannot define the wave field uniquely. For each wave frequency,

there is a continuous distribution of energy over directions of wave propagation. A linear ocean

spectrum is only fully defined when the distribution of energy both in the frequency and the

directional domains is determined. The directionality of the wave field depends on the

distribution of energy in the directional domain. A wave field is referred to as long crested or

short crested depending on the broad-bandedness of the spectrum in the directional domain.

In the regular wave representation, directionality is altogether neglected. The regular wave train

represents an energy spectrum where the free wave propagates with one frequency and in one

direction only. For lincar irregular wave simulations in the time domain, directionality is in

principle not neglected. At one spatial location, a knowledge of the frequency spectrum is

sufficient for producing a time trace of the free surface. For wave loading purposes it is,

however, necessary to derive spatial information from the time trace of the free surface. In the

linear approximation there is a one to one relation between wave frequency and absolute value of

the wavenumber. Only if the wave field is assumed to be unidirectional does a time trace of the

free surface elevation at one spatial location define a linear wave field uniquely. Both for a spatial

representation of the free surface and for velocity predictions, it has therefore been customary to

assume that the wave field is unidirectional also for irregular wave analyses.

It is well known that the properties of wind wave fields are significantly affected by directional

effects. In spite of this, directional effects are rarely taken into account in design. A recent

research strategy paper compiled by the UK Health and Safet Executive (HSE) commented with

respect to wave loading that:

'Little or no account is taken of three-dimensional effects.., the wave kinematics associated

with a 3D sea stale require further study'

HSE, 1994

More recently, during the International Standard Organisation's (ISO) effort to harmonise

offshore design procedures, an empirical correction fuctor relative to the unidirectional wave

induced horizontal velocities has been proposed in order to take directionality into account. The

traditional UK regulation design requirements assumed that the wave field was unidirectional.

The ISO (draft) offshore design code recommends that a factor of 0.85 - 1.0 should be applied to

storm wave kinematics in order to correct for directional effects. For swell alone, it is
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recommended that the wave field should be treated as unidirectional (Smith and Birkinshaw,

1996).

A wave crest may be viewed as a superposition of a large number of wave components with

different periods, wavelengths and directions of propagation. If the wave field is unidirectional,

the contributions to the horizontal velocity from all the components act in the same direction. For

a short crested event, however, the horizontal velocities act in the direction of propagation of each

wave component, and the resulting horizontal velocity is reduced relative to a corresponding

unidirectional event. The reduction factor is referred to as the in-line velocity reduction factor, F

and provides a simple parameter for the short crestedness of ocean wave events. Tucker (1996)

concluded, after investigating a large number of wind wave records from the North Sea, that F

seemed to have a remarkably constant value. F was found to be very close to 0.9 for the large

events, what Tucker( 1996) refers to as well developed events, within each wave record. This

finding is consistent with the findings of Jonathan et a!. (1994) who analysed storm data from the

Tern Platform in the northern North Sea. It was found that F was very close to 0.9 at the

frequency spectral peak and less either side of this peak.

With an increasing body of data available both from laboratory investigations of transient wave

groups in unidirectional wave fields and from full scale measurements of ocean wind wave

events, it is possible to attempt to compare the deviations from linear theory observed for the two

cases3 . It is clear that there are effects in field measurements which cannot be predicted by linear

superposition theory, but it appears that the nonlinearity observed in full scale measurements is

significantly less pronounced than that observed in the laboratory. Indeed, after correcting for

second order effects, Jonathan et al. (1994) appear to suggest that the crests and troughs of even

the largest waves are veiy nearly Ra yleigh distributed. This is inconsistent with large deviations

from linear and second order theory identified in the laboratory investigation by Baldock et al.

(1996). Although the spectra investigated within the laboratory were necessarily different from

ocean spectra, one of the likely explanations for the discrepancies observed is the directionality of

the ocean wave field. Nonlinearity is largely related to the local steepness of the spatial wave

profile. Wave field directionality affects the local wave steepness even in the linear

approximation.

Compare for example the field measurements of Jonathan etal( 1994) or Sand et.al.( 1990) vith the
laboratory investigation of Baldock etal.(1 996) or Stansberg (1991.1994).
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The nonlinear analysis of large, transient events in unidirectional wave fields is a considerable

challenge and may serve to increase the present understanding of nonlinear wave wave

interaction. Already in the linear analysis, however, important wave field parameters are known

to be strongly dependent upon the directional properties of the wave field. Therefore, if the object

is to obtain a quantitative improvement of the description of extreme waves within the open

ocean, the author feels that it may be inconsistent to neglect the effects of wave field

directionality in a nonlinear analysis of the problem. The object of the present project is to

investigate the evolution of large isolated wave events taking into account both the transient

nature of the wave field, the nonlinearity of the free surface boundary conditions and the short

crestedness of the event.
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1.2. Project Description and Outline of the Thesis

The object of the present study is to investigate the nonlinear behaviour of large isolated wave

events up to and including the limit of incipient wave breaking. The distribution of wave energy

in both the frequency domain and in the direction of wave component propagation is taken into

account. This is achieved by investigating a number offocused wave events with a range of

different distributions of energy in the frequency and directional domains. In particular, the

bandwidth of the spectra in the directional domain has been varied, keeping the frequency

amplitude spectrum constant, from purely unidirectional, via long crested to short crested events.

For the purposes of the present investigation, a focused wave event is defined as an event for

which linear theory predicts that all the wave components within the amplitude spectrum reach a

maximum at the same position in space and time.

In order to investigate the nonlinear characteristics of large wave events, two separate nonlinear

analysis tools have been employed. The first of these is the wide wave tank at the University of

Edinburgh. The Edinburgh wide wave tank facility is equipped with 75 individually controlled

absorbing wave paddles along one length of the basin. It is shown that the wave basin is capable

of producing wave fronts propagating at ±45 degrees relative to the paddle bank normal, and

that the basin is suitable for generating a wide range of focused events.

The accurate calibration and validation of a three dimensional wave basin is not a trivial task.

Much effort has been spent in obtaining a reliable transfer function for the present experimental

facility. The wave basin has been calibrated with waves propagating in 21 directions, 67 wave

frequencies and 5 wave amplitudes and it has been successful to obtain good agreement between

the measured properties of small amplitude focused wave groups and linear theory.

The experimental investigation into focused wave events has considered as many as 85 separate

events each of which has been generated a number of times in order to measure different

properties. The temporal free surface elevation history has been measured at 45 spatial positions,

yielding a good resolution of the wave fields also in the spatial domain. For a selection of the

wave groups, Laser Doppler Anemometry has been used to measure the horizontal velocity

history at closely spaced vertical intervals underneath the observed position of maximum crest

elevation. For the same wave groups, the corresponding inverse focused wave group has been

generated and the free surface measured at 45 spatial positions. An inverse focused wave group is
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similar to a standard focused wave group except that all the free wave components reach a

minimum at one position in space and time.

The second tool which has been developed for the nonlinear analysis of directional focused wave

events is a three dimensional numerical time stepping model for wave propagation on a perfect

fluid. The present numerical approach was first adopted by Fenton & Rienecker (1980) in two

dimensions but has not previously been developed for three dimensional wave fields. The scheme

is shown to be in agreement with the experimental results for three dimensional focused wave

events vely close to the limit of incipient wave breaking. The computing effort involved in

modelling accurately the complex wave events of the present investigation, however, is

considerable. Much effort has therefore been spent on implementing the numerical formulation

for parallel computing. The author has had access to the Fujitsu API000 parallel computer in the

Department of Computing Engineering at Imperial College. It has been successfiul to develop an

efficient parallel code which is capable of modelling the wave groups within the present study

accurately in a reasonable computing time.

The present thesis is divided into six chapters. In chapter one, the project is outlined. The linear

properties of focused wave groupsate developed and a preliminary discussion of the limitations of

linear theory is provided. Chapter one cuhninates with a discussion of the considerations which

led to the choice of wave spectra employed within the main investigation.

Chapter two and chapter three concern the experimental and numerical analysis of these spectra.

In chapter two, the calibration of the wave basin is described and validated for very small input

amplitude sums for which linear theory is very accurate. Measurements from the nonlinear

investigation are presented but few conclusions about the nonlinear properties are drawn at this

stage. The emphasis is rather on the quality of the measurements.

In chapter three, the mathematics of the numerical formulation is developed and the method of

computer implementation is described. The numerical scheme is validated against the

experimental investigation and discrepancies are discussed in detail. The close agreement between

experimental and numerical results is fortunate in that it serves to validate both the experimental

generation of highly nonlinear wave groups and the numerical scheme.
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Using both the experimental investigation and the numerical formulation, the nonlinear behaviour

of the focused wave groups is investigated in chapter four. For much of the analysis, the

emphasis is on the experimental results. For analyses which require a very fine spatial resolution

of the wave field, however, the numerical formulation is indispensable. Using the numerical

scheme, it is relatively straightforward to investigate how energy is redistributed in the frequency

and wavenumber domains as the wave event becomes nonlinear. It is further investigated to what

extent directionality and nonlinearity distorts the focal property of the linear analysis. Finally, the

limit at which wave breaking is initiated is investigated.

Chapter five is concerned with the application of the present findings to design applications.

Regular wave theory and Wheeler stretching techniques (Wheeler, 1970) have been applied to the

measured experimental free surface elevations and the resulting kinematics is compared with the

measured kinematics. The Lindgren (1970) and 'newwave' (Tromans et.al., 1991) wave groups

are derived and discussed. The properties of an extreme event obtained from these theories are

compared with large linear time series simulations of empirical ocean wave spectra. A

methodology is proposed in vhich the numerical scheme is used in order to obtain a local

correction for nonlinear effects to the Lindgren and 'newwave profiles. Finally, the accuracy of

the solutions is discussed.

In chapter six the project is concluded. The main achievements and findings are highlighted and

areas where further research is thought to be beneficial are identified.
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1.3. Limitations of the Present Study

The numerical scheme which has been adopted for the present investigation assumes that the fluid

may be described by perfect fluid theory. Within the experimental investigation, every effort has

been made to ensure that the water conforms as closely as possible to a perfect fluid. Within the

main investigation, effects which may not be described by perfect fluid theory are not considered

beyond the extent to which such effects produce observable differences between the experimental

and numerical results. Similarly, the effects of wind-wave interaction are not considered.

The present investigation is concerned with nonlinear effects associated with single extreme

events. Effects which are significant over the time required for an extreme event to focus and

defocus. Very slow nonlinear effects of the type identified by Hasselinann (1962, 1963), which

have time scales similar to the mechanisms 'vhich govern the growth and decay of the ocean

energy spectrum, are not considered within the main investigation. Emphasis is on nonlinear

effects which are governed by the shape and dispersive characteristics of the individual event

rather than the nonlinear effects which are related to the random statistics of the ocean wave

spectrum.

Within the experimental investigation, it is attempted to identify the limit of incipient wave

breaking and the mode of wave breaking. The present project is, however, not concerned with

post breaking behaviour of the wave groups. The dynamics of wave breaking and the influence of

wave breaking of the properties of the wave field are not studied in detail.

All the wave fields investigated within the present investigation propagate in intermediate or deep

water. Shallow water effects are not considered within the present investigation.
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1.4. Linear Properties of Focused Wave Gro

Figure 1.4.1. Definition Sketch

Figure 1.4.1 shows a definition sketch for the three dimensional water wave problem. If it is

assumed that the fluid is incompressibk, inviscid and irrotational and that linear theory is valid, a

single wave component may be described by':

aCos(k(xCos(9)+ySifl(0) )—a.t+ e)
	

1.4.1 a

Cosh(k(z + d))
cL= ¶gm(k(xcos(o)+ysln(0))_o)1+ e) - Sinh(kd)	

1.4.lb

w 2 =gkTanh(kd)
	

1.4.1 c

where a, k, w, 0 and 6 are, respectively, the amplitude, wavenumber, angular frequency, direction

of propagation and phase of the wave component. CT) is the velocity potential which has the

property that:

For derivations of the governing equations for perfect fluid flow and linearised wave theory. see for
example Newman (1977) or Phillips(1976). The equations are quoted in appendix 1.
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[ cDi ,D, ,cI]=[u,v,w]
	

1.4.2

where subscript denotes partial derivatives and u, v and w are fluid velocities in the x, y and z

direction respectively.

By virtue of the assumptions which lead to the linear solution, linearised wave theory is entirely

additive. A superposition of linear wave components with different frequency and direction is

equally valid as the solution for a single wave component. Within the present investigation, a

linear focused wave group is expressed as:

N

=	 Cos(k (x Cos(0)+y Sin(0) )- w,, r)
,t=1

=	 aflwfl Sm(k (x Cos(0) +y Sin(O,) ) - o. t) Cosh(k(z + d))
,	 Sinh(kd)

1.4.3 a

1.4.3 b

At the focus position (x=y=t=O), all the wave components which make up the free surfuce, ,

reach a local maximum creating a single large event. The Crest elevation at the focal position is

thus identical to the linear sum of all the wave component amplitudes, which is the global

maximum crest elevation for the entire wave field. Apart from the relative magnitude of the wave

component amplitudes, the central parameter for a focused wave group is the linear amplitude

sum, A:

A =a
	

1.4.4

Provided that N is reasonably large, a focused wave group represents the evolution of a single

large event by the mechanism of linear dispersion in the absence of a random background. Figure

1.4.2 shows the linear evolution of a unidirectional wave group with a narrow frequency

bandwidth. The present case represents the most slowly dispersive wave group within the present

investigation (case DUD). The wave group is periodic in time with a fundamental period of 64.0

seconds. The temporal trace of the free surface is plotted at different spatial positions. The

evolution of a focused wave group may be thought of as waves propagating within a slowly

varying envelope. At the focal position (figure 1.4.2 c). the envelope is narrow but tall,
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Figure 1.4.2. Dispersion of Experimental Wave Groups (Case DUD)

a/x .40 m
1

0.8

j 0.6

0.4

. 0.2

0	 I/(
vj

= -0.4

z

-0.8

-1

-50-60 -40	 -30	 -20	 -10	 0

Time/sec

i b/x-20m

0.8

C
0 0.6

0.4

	

I	 h

	

0	 v''	 i

	

-0.2	 'I

-0.8

-1

-60	 -50	 -40	 -30	 -20	 -10	 0

Time/sec

c/x-Om

g 0.6

H0.4

0.2

o	 !

-0.2

-0.8
II

-1	 I

-60	 -50	 -40	 -30	 -20
Time /sec

-10	 0

28



representing the narrowest possible envelope consistent with the shape of the amplitude spectrum.

Far from the focal position, the envelope is wider and shallower as the energy of the wave

components disperse at different rates in space and time.

Far from the focal position, the phase correlation between the wave components disappears. If N

is large, there is a progressive tendency for the wave field to resemble a random wave field where

the distribution of the surface elevation may be described by a normal distribution with zero

mean. The global variance of the wave field, m 01 is given by:

m0 =Fa2

	

1.4.5

It may be seen that if N becomes large and A remains finite, ni 0 tends to zero. It is desired to

investigate the nonlinear evolution of isolated focused wave groups so that all properties of the

wave field are related to the formation of the extreme event. In order to ensure that the analysis is

not contaminated by far field effects, it is only necessary to ensure that N is sufficiently large

such that m0 <<A.

The use of focused wave groups offers a distinct advantage in the experimental investigation. The

dispersive properties of a focused wave group ensure that, although the maximum crest is on the

very limit of incipient wave breaking, the wave profiles which are generated at the paddle position

and dissipated at the basin edges, are considerably less severe than the surface elevation in the

vicinity of the maximum crest elevation. Figure 1.4.3 shows linear temporal traces of the surface

elevation for a short crested wave group with a broad frequency amplitude spectrum (case B04)

at different spatial positions. 1.4.3 a shows the surface elevation at the focal position. A has been

set to unity for convenience. Figure 1.4.3 b shows the surface elevation at the point of the paddle

bank which is closest to the focal position. For this case, the paddles must generate wave fronts

which are only approximately 25 % of A. Similarly, figure 1.4.3 c shows the surface elevation at

a distance up wave of the focal position which is twice the distance between the focal position

and the basin back wall. It can be seen that even if significant energy is reflected back from the

basin edges towards the focal position, the dispersion of the wave group is such that only

negligible disturbances in the vicinity of the focal position are evident.
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1.5. Nonlinear Wave Wave Interaction

Even when perfect fluid theory is assumed to be accurate, water surface gravity waves are

nonlinear. The nonlinearity arises from the free surface boundary conditions. The shape of the

ocean surface can strictly not be represented by a random superposition of free (first order) wave

components. The physical implication of the fact that the free surface boundary conditions are

nonlinear is that the instantaneous properties of the wave field affects the wave field itself In

addition to a local modification of the wave field due to the local properties of the wave field, the

nonlinear nature of gravity waves opens for the possibility of energy interchange between the free

wave components which may lead to irreversible changes of the entire wave spectrum.

Motivated by an interest in the mechanisms which were responsible for the development of the

ocean spectrum, the latter initially received more attention. Phillips (1960) demonstrated that to

third order in a perturbation expansion of the boundary conditions, it was possible to identify

wave interaction terms which satisfied or nearly satisfied the dispersion relationship for free

waves. These terms were interpreted as resonant terms and appeared to become more energetic

with time. Hasselmann (1962, 1963) applied a similar analysis to a random wave field. Assuming

that the wave field statistics may be approximated by a joint normal distribution and carrying out

the analysis to fifth perturbation order, he identified an irreversible rate of transfer of energy for a

particular wavenumber due to its interaction with all other wavenumbers. The energy' transfer

function due to Hasselmann (1962, 1963) has been shown to be consistent with the observed

development of ocean spectra (Fox, 1976). Interactions of this type, however, are very weak over

time scales comparable with a typical wave period. They may represent a significant contribution

among the processes which govern the gro'vth and decay of ocean spectra, but from the point of

view of attempting to obtain an improved description of single large events, they are perhaps not

very important.

Important properties of Stochastic processes and wave spectra are given in appendix 2. A central

requirement for a Gaussian distribution to be accurate is that the individual wave components

which make up the wave field do indeed propagate in an independent manner. It is necessary that

the phases of the wave components are uncorrelated and random in a true sense. If there is an

underlying structure of dependence between the wave components, a Gaussian distribution can

not represent the process. Measurements of1 indicate that there is indeed a small but consistent
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deviation from the Gaussian distribution in real sea states'. The frequency of occurrence of large

negative values of i is lower than the Gaussian prediction whereas the frequency of occurrence

of very large positive values of i is higher than that predicted by a Gaussian distribution.

Furthermore, the mode of the measured distribution will typically be located below the still water

level. These three findings considered together, indicate that a real sea state has taller and more

narrow wave crests whereas the wave troughs are broader and more shallow than that predicted

by linear theory. The deviations from a Gaussian distribution have been found to increase with an

increased mean wave steepness (Goda, 1985).

Stochastic analyses are not limited to Gaussian processes. If it is assumed that the wave field is

weakly nonlinear, it is possible to distinguish between energy components within the spectrum

which are essentially free and randomly distributed and energy components which are bound to

the free waves. The latter are not 'vaves in any conventional sense, but merely terms which

represent the correction to the linear wave profile necessary for the free wave system to satisf

the equations of wave motion. If it is possible to identify the energy components within the

spectrum which are not random but hasra deterministic dependence upon the random wave

components, a stochastic analysis will still be applicable. Longuet-Higgins (1963) solved the

problem of wave wave interaction in a random wave field to second perturbation order. Taking

into account the second order bound waves within a stationary spectrum, it was showed that the

change in the distribution of r due to nonlinear wave wave interaction is consistent with

measured distributions.

Whereas the deviations from the Gaussian distribution of i measured in real sea states are

relatively small, it is not obvious that linear theory is nearly as accurate in describing the

properties of the largest waves within the ocean. The accuracy of the normal distribution curve

merely indicates that the bulk of the free surface may be predicted relatively accurately by linear

theory. It is difficult to draw definite conclusions about the nonlinear properties of, say, the

largest 1% of the crests within the wave record from the distribution of.

The nonlinear effects associated with isolated large events take the form of changes in the

distribution of energy in the frequency, wavenumber and directional domains which appear to be,

to a great extent, reversible over time scales comparable with a typical wave period (Baldock

et.al., 1996). It is entirely possible that there is no fundamental difference between some of these

See e.g. Kinsman (1965) or Huang & Long (1980)

32



effects and the resonant or near resonant effects of the type identified by Phillips (1960) or

Hasselmann (1962, 1963) except that the former are significant over the time necessary for a

transient wave event to focus and defocus.

If linear wave theory is employed to estimate the wave kinematics underneath a measured time

trace of the free surface, the horizontal velocity profile underneath a large crest will invariably be

significantly overpredicted in the crest region. The main reasons for this effect are twofold.

Firstly, linear theory superimposes the free wave components about the still water level. Bemg an

infinitesimal solution, linear theory does not allow the individual wave components to ride on top

of each other. The individual velocity components decay exponentially with depth, and the

velocity in the crest region may be overpredicted as a result of an inappropriate vertical origin.

Secondly, resolving the free surface in the temporal domain yields the frequency spectrum of the

wave field. The velocity profile is based upon the wavenumber associated with each wave

component. Applying the linear dispersion relationship to each wave component is inaccurate for

a large event. The reason for this is that significant contributions to the frequency spectrum may

have a relationship between frequency and wavenumber which is very different from the linear

dispersion relationship. This arises from the fact that bound waves are present in the spectrum in

addition to the free wave components. Particularly in the high frequency range of the spectrum

there may be significant energy present where the wavenumber corresponding to a particular

frequency is smaller than that predicted by linear theory. As a result, the horizontal velocity

profile underneath a crest may be significantly overestimated.

The two effects above are collectively referred to as high frequency contamination. In order to

correct for this, a number of empirical stretching techniques have been proposed. The most

common of these is known as Wheeler stretching (Wheeler, 1970). Wheeler stretching introduces

a change of the vertical variable in an attempt to model a nonlinear superposition of the wave

components:

= d(z+d) —d	
1.5.1

d+r,

z thus replaces z in the linear formulae. In addition, it is common to truncate the measured

spectrum at a frequency 4 times the frequency of the spectral peak in order to minimise the
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second effect noted above. Stretching schemes of this type do not satisf' Laplace's equation, but

arguofthat a closer fit to the free surthce boundary conditions is more important in the crest

region. It appears that stretching techniques are capable of reducing some of the effects due to

high frequency contamination although they can not be said to be validated with respect to a

general ocean wave event. This is particularly true as very few measurements of the crest

kinematics of ocean storm events are available. Furthermore, as will be seen in chapter 4, a

second order perturbation solution of the type proposed by Longuet-Higgins and Stewart (1960)

appears to be capable of correcting for the bulk of the inaccuracies in linear theory due to high

frequency contamination. It seems that such a perturbation scheme has very rapid convergence

properties with respect to this particular problem.

The second order perturbation solution for wave wave interaction in a directional wave field is

derived in appendix 1. The second order solution provides a first estimate of the bound waves

associated with the spectrum of free waves and provides a nonlinear analytical solution with

which the experimental and numerical results may be compared.
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1.6. Wave Groups Used in the Main Investigation

The present section is concerned with the considerations which led to the choice of amplitude

spectra within the main investigation. The linear expression for a focused wave group shown in

equation 1.4.3 may be rewritten as:

= ab,Cos(k(xCos(O,,) + ySin(Om )) - wt)
	

1.6.1

where b is normalised such that:

1.6.2

At the spatial focal position (x=y=O) the amplitude frequency spectrum is a(). In order to

perform a systematic investigation of the effect of directionality on the nonlinear behaviour of

isolated wave events, a(o) may be kept constant while varying b(co,e). In the linear analysis this

implies that the temporal profile at the spatial focal position is independent of directional spread.

In deciding upon the amplitude spectra for the present investigation, three considerations are

taken into account:

1/ The experimental facility cannot generate accurately a spectrum containing all

frequencies and directions of wave front propagation. It is necessary to use a spectrum

which is truncated both in the frequency and directional domains.

2/It is necessary to ensure that the wave system is well conditioned such that no loss of

energy occurs prior to the focal position through intermittent wave breaking. This

condition must hold up to the limit of wave breaking which should occur at, or near, the

global position of maximum crest elevation.

3/ The present investigation is ultimately concerned with the nonlinear behaviour of large

oceanic events. The amplitude spectra chosen should be representative of typical ocean

events.
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Taking the two first considerations above into account, it has been decided to use three frequency

spectra th different spectral bandwidths. Each of the frequency spectra have been investigated

with six different directional spreads ranging from purely unidirectional to veiy short crested.

Table 1.6.1 shows the frequency spectra employed for the present investigation. For a

unidirectional wave field in deep water, the £2 shape of the amplitude-frequency spectra

corresponds to a constant wave component steepness. This is similar to the system adopted by

Baldock et.al. (1996) and has been shown to be stable with respect to intermittent wave breaking

prior to the focal position. By the nature of the linear system in equation 1.6.1, it is highly

unlikely that such intermittent breaking will occur in a directional wave field if the unidirectional

equivalent is stable. The effect of allotting non-zero values to b(f,e) at directions other than 8 = 0

for a focused event, is to relax the wave field intensity at spatial positions away from the focal

position. The widest frequency bandwidth employed (Case B) is close to the limit ofhat can

accurately be generated within the present experimental facility in terms of wave paddle

generated frequencies.

Frequency Spectrum Spectral Shape Frequency Range	 Spectral Repeat Period

B	 accf2	 46/64Hz^f^106/64Hz	 64Sec

C	 af2	 49/64Hz^f^92/64Hz	 64Sec

D	 a f 2	 53/64 Hz ^ f^ 80/64 Hz	 64 Sec

Table 1.6.1: Frequency Spectra for Main Investigation

The directional amplitude spectra employed are shown in table 1.6.2. It has been decided to use a

directional amplitude spectrum which is not dependent upon wave component frequency. The

spreading function which has been employed is shown in equation 1.6.3:

b(6=A Cos'(f)
	

1.6.3

which for a focused event implies that the wave fields are symmetric about the centreline (y=O). ?

is a normalising coefficient. The spreading parameters employed for the present investigation

were not pre-determined but were chosen during the experimental investigation when it became

clear where, in tenns of the spreading parameters, the greatest changes in the nonlinear properties

of the wave groups took place.
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Directional Spectrum Spreading Parameter Directional Range	 Discrete Step Length F1

UD	 Unidirectional	 -45 Deg ^ e ^ 45 Deg I Deg	 1

150	 s=150	 -45 Deg ^ 0 ^ 45 Deg 1 Deg	 .987

45	 s=45	 -45 Deg ^ 0 ^ 45 Deg 1 Deg	 .960

25	 s=25	 -45 Deg ^ 0 ^ 45 Deg 1 Deg	 .941

10	 s=1O	 -45Deg ^9^45Deg iDeg	 .918

4	 s=4	 -45 Deg ^ 0 ^ 45 Deg 1 Deg	 .907

Table 1.6.2: Directional Spectra for Main Investigation

By using a large number of individual wave components to model the focused events, it is ensured

that m0 is negligible compared with A. The largest (mo) is smaller than 0.14 A which occurs for

the unidirectional version of frequency amplitude spectrum D.

The third consideration above for the determination of amplitude spectra is difficult to take into

account. It is known that for a Gaussian process, the expected shape of the time history in the

vicinity of a large maximum, is approximately proportional to the autocovariance function of the

process. The approximate shape of a directional ocean energy spectrum is known, so the shape of

a linear large event could be estimated. Also, as the present investigation is concerned with a

perfect fluid, the problems of scaling large ocean events such that they could be generated within

the laboratory could be achieved without a serious loss of accuracy. The problem arises from the

fact that it is necessary to truncate the experimental spectra in the frequency and directional

domains. Ocean spectra are smooth and continuous. The properties which need to be conserved in

a truncated spectrum in order for the experimental event to be directly comparable with a typical

ocean event in terms of the nonlinearity of the problem, are not clear. The author is therefore

content with generating as wide a range of amplitude spectra as possible, and believthat the

investigation will convey information which is applicable to ocean events. The degree to which

experimental events are representative of realistic extreme ocean events in terms of nonlinearity

is discussed in chapter 5.

F is the inline velocity reduction factor. With the present notation, F is given '°y F' EbCos0
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In the following, the wave events within the investigation will be referred to by the code for the

frequency spectrum, the code for the directional spectrum and the linear amplitude sum in mm.

Case B0478 is thus the wave event with frequency amplitude spectrum B, a spreading parameter

s=4 and an amplitude sum A=78mm.
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2. Experimental Investigation

2.! Introduction

T

he full problem of waves within the open ocean is clearly a complex one. When

analysing full scale ocean wave measurements, it is necessary to consider the full

problem as a whole. The observed wave properties are the sum of all processes within

the ocean. The investigator is left with a less than perfect local description of some of the

properties of the wave field from which it must be attempted to obtain information of the

particular processes in which he is interested.

In order to improve the physical understanding of the processes within the ocean wave field, it

may be desirable to simplify the wave field relative to the ocean storm wave field. The purpose of

an experimental investigation is to attempt to isolate one, or a small number, of these processes

within a carefully controlled laboratory environment and investigate the response of the wave

field to a variation in a relatively small number of parameters. It is thus hoped that effects which

are identified in isolation in the laboratory may be relevant in understanding the far more complex

ocean wave field.

In addition, the accurate measurement of full scale wave effects is extremely difficult and the

resolution of the wave field, particularly in the spatial domain, is notoriously poor. Not only are

high quality offshore wave data costly to obtain, the engineering challenge in developing accurate

and suitable wave measurement equipment is considerable. The resolution of laboratory wave

measurements will invariably be considerably higher than field measurements at a fraction of the

cost. An important point in this connection is that whereas the oceans are entirely uncontrolled,

laboratory measurements may be repeated with, ideally, identical wave fields. The resulting

resolution of the wave field is thus only a function of the accuracy of the measurement equipment

and the tune available to the investigator.

Within the subject of large transient water waves, a large body of laboratory data has been

collected for unidirectional wave fields. Two distinct approaches to the problem have been

employed. The first approach involves a random or pseudo random experimental realisation of

scaled empirical ocean spectra. From the measured properties of such spectra, the random
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characteristics of the wave field may be found and compared with the linear input statistics. The

random realisation method has been employed by, among others, Anastasiou et.al. (1981) and

Stansberg (1991, 1992). Stansberg( 1992) has identified crest heights larger than the linear

predictions by as much as 40 % for the largest crests within the realisations. Second order theory

can not account for this, and Stansberg( 1992) attributes this to higher order modulation effects

akin to the Benjamin-Feir type instabilities found in initially regular wave trains. This theory is

strengthened by the finding that the distribution of crest heights is dependent upon the distance

from the wave makers. Closer than 10-15 typical wave lengths from the wave makers, Stansberg

finds that second order theory predicts the free surface elevation well.

Whereas the random realisation approach seeks to generate waves which, neglecting scaling

effects, may be realistic in an ocean wave context, the inherent disadvantage of this approach

arises from the boundaries of the wave generation facility. As the wave field is homogenous

throughout the wave tank, it is necessary to both generate and absorb waves which are no smaller

than the waves which are measured and analysed for nonlinear effects. If reflection at the basin

boundaries is significant, and when very steep waves are generated off the wave makers,

inaccuracies relative to the target wave spectrum will be introduced.

The second approach to the generation of large transient waves within the laboratory is the wave

focusing approach. In wave focusing, a single deterministic wave group is generated such that a

global maximum occurs at one position in space and time within the tank. Focused wave groups

represent a further simplification of the ocean wave field relative to the random realisation

approach in that focused wave groups isolate an extreme event from the random background (see

section 1.4). The advantage of using focused wave groups in an experimental investigation,

however, is that the wave field is not homogenous. Waves which are generated and dissipated at

the experimental basin edges are less severe than the waves which are present near the global

maximum.

The 'vave focusing approach v. as pioneered by Longuet-Higgins (1974) in an investigation of

transient wave breaking. Introducing a continous modulation of the wave maker driving

frequency, a single large event was generated within the wave tank with a minimum reflection

from the opposite end of the wave facility. An alternative method of wave focusing is based on

the linear superposition principle. Adjusting the linear phases of all the wave components within a

linear amplitude spectrwn such that all reach a maximum at the same position in space and time
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will generate a single large event. This method has previously been employed by, among others,

Rapp & Melville (1990) in an investigation of large breaking waves and by Baldock eta!. (1996)

for strongly nonlinear non-breaking waves.

Within some investigations, iterative procedures have been employed in order to obtain a focused

event. Chaplin (1996) used a phase iteration method to ensure that for strongly nonlinear wave

groups, the phases of all the wave components were identically zero at a pre-determined position

in space and time. Skyner(1996) used an iterative procedure to match the experimental wave

profile to a numerical calculation of a breaking event based on the numerical formulation due to

Dold & Peregrine(1984). Skyner(1996) found excellent agreement between numerical and

experimental results.

The investigation due to Baldock et.al.(1996) studied a range of wave groups from near linear to

near breaking intensities. The temporal and spatial profiles of the extreme waves were measured

in the vicinity of the focal point, and the horizontal velocity was measured at closely spaced

vertical positions underneath the position of maximum crest elevation. It was found that the

maximum crest elevation was in excess of 40% larger than the linear prediction and larger than

the second order prediction by more than 30% for the steepest and most narrow banded events.

The deviations from linear and second order theoiy was found to reduce with increasing spectral

bandwidth. A similar degree of discrepancy was observed for the horizontal velocity profile.

Baldock et.al.(l 996) concluded that whereas there was a significant shift of spectral energy to

high frequency components in the vicinity of the focal position, no permanent changes in the

distribution of energy with frequency were observed either side of the focal position.

Whereas laboratory investigations of large transient water waves in unidirectional wave fields are

relatively numerous, little work has been undertaken on nonlinear transient waves in a directional

wave field. Although there are several facilities available for directional wave generation, it

appears that the additional difficulties involved relative to a unidirectional investigation in both

wave basin validation, wave measurements and analysis have been such as to largely discourage

researchers from conducting rigorous laboratory investigations in directional wave fields.

Stansberg (1994) has employed the random realisation approach in a directional wave field.

Stansberg (1994) found similar nonlinear trends within a directional wave field as was identified
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within a unidirectional wave field, but concluded that the deviations from linear theory were

considerably smaller for a directional wave field than for a unidirectional ve field.

She et.al. (1994) investigated two types of focused wave groups in order to establish the effect of

short crestedness on wave breaking. Firstly, monochromatic focused wave groups were

investigated, in which a wave is focused by superimposing a large number of wave fronts with

the same frequency but different directions of propagation. Secondly, focused wave groups with a

spread in both frequency and direction of propagation were investigated. For both these cases, it

was concluded that wave field three-dimensionality has a significant effect on the breaking

characteristics. Relative to a unidirectional wave field, an increase in the limiting crest height of

up to 50 % was identified.

The present experimental investigation is concerned with focused wave groups with a spread in

both frequency and direction. The wave groups have been focused by adjusting the phases of the

linear input wave components. The experimental investigation has been undertaken in the wide

wave basin facility at the University of Edinburgh. The experimental facility was rented from the

University of Edinburgh for 10 weeks in order to carry out the investigation.

The present chapter describes the wave facility and the measurement apparatus. Furthermore, as

it appears that the wave basin has not preousIy been used with the present wave maker drive

configuration, the calibration and validation of the wave facility was undertaken by the author.

The chapter describes the calibration procedures and the validation of the wave basin using small

amplitude regular and irregular waves. Finally, some results from the nonlinear investigation are

presented. It is not attempted at this stage to draw conclusions about the effect of directionality

on the nonlinearity of the wave fields. This is deferred to chapter 4. At this stage it is merely

desired to demonstrate the quality of the measurements.
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2.2. Experimental Apparatus and Instrumentation

The Wide Wave Basin

Figure 2.2.1 a shows the wide wave tank facility at the University of Edinburgh. Perhaps the

most striking feature of the present basin in contrast to other directional wave generation facilities

is the width of the basin compared with its length. This feature is believed to be beneficial in the

accurate generation of single, focused wave groups although the basin is less suitable for

investigating slow evolutionary properties of water waves. The wave paddle bank is located at

one long side of the wave basin. Two sides of the wave basin have passive wave absorbers

installed, whereas one short side consists of a glass wall. The latter was originally installed for

visual access, the fact that this side may not be expected to absorb wave energy must be kept in

mind when it is attempted to generate directional wave fields.

The passive wave absorbers consist of triangular sections of galvanised iron wire of 2.5 mm

gauge within a mesh 20x20 mm extending throughout the depth of the basin (figure 2.2.1 a).

Each section is densely filled with 'Expiate', an expanded aluminium alloy foil having a ragged

shape and a very large surface area. The resulting system is permeable but capable of absorbing

the bulk of the incident wave energy in all directions (see section 2.4).

The Measurement Area

Throughout the present investigation, all measurements, calibration and validation of the wave

basin have been conducted within a pentagon shaped measurement area. The global position of

the measurement area is shown in fIgure 2.2.1 a whereas the dimensions of the measurement area

itself are shown in figure 2.2.1 b. The coordinate system shown in figure 2.2.1 is used as the

reference coordinate system throughout the present investigation unless otherwise stated.

In order to support the measurement apparatus, a pentagon was constructed from steel angle

sections welded together. The pentagon supports both the traverse mechanism for the Laser

Doppler Anemometer (LDA) and the holders for the wave gauges. Perspex plates were cut to fit

inside the pentagon and holes for the wave gauges were drilled to create a discrete number of

potential wave gauge positions spaced at lOOxlOO mm (figure 2.2.1 b). There are six perspex

plates which may be removed independently to allow access for the LDA traverse. The steel
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pentagon is supported upon two vexy stiff triangular steel truss members (originally radio masts)

spanning the short length of the basin. The trusses are rigidly supported by clamps either side of

the basin. It is believed that the global positioning of the measurement area in the horizontal plane

is accurate to within ±10 mm whereas the relative positioning of the gauge positions within the

measurement area is accurate to within ±2 mm.

Wave Generation Apparatus

Along one length of the wave tank, there are 75 wave paddles which are capable of moving

independently of each other. The wave paddles are spaced 0.304 m apart, and the gap between

adjacent wave paddles as well as the gap between the glass wall and the first wave maker is 12.7

mm. At the fr end of the wave basin there is at present a length of wave makers of

approximately 4.2 m wiuich is not linked to the control system.

Each wave maker is of the bottom hinged type with a single hinge 0.5 m below the mean water

level. The wave makers are made of thin aluminium alloy folded and riveted plates with internal

triangulation, ensuring a very light and stiff structure. The first mechanical resonance for a

mounted wave maker is at 60 Hz. The bank of wave makers are sealed from the basin by a single,

thin plastic membrane extending over all the wave makers with enough slack between adjacent

wave makers such that the wave makers are free to move independently. The space behind the

wave makers is thus kept dry and the paddles are subject to hydrostatic pressure from the wave

basin side only. The hydrostatic force is balanced by a spring and wire system for each paddle.

The same wire is connected to a low inertia electromagnetic motor through a pulley system which

provides the drive mechanism for the wave maker. The whole system hac a very low total inertia

(Salter, 1981).

The input to the wave maker electronics consists of a 16 Hz stepped voltage to each wave maker.

The wave makers are controlled via a force and velocity algorithm pioneered by P rfessor Salter

for the present wave generation facility. Each wave maker is equipped with a piezo-electric force

transducer from which the instantaneous mechanical output impedance may be estimated. The

input voltage is smoothed in a low pass filter and converted to target output force of the wave

makers. Absorption is introduced by a corrective loop comparing the measured force and velocity

of the wave makers with the target output force and corrected at a rate of several kHz. The

absorption loop is necessarily low pass filtered with a corner frequency at approximately 2 Hz in
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order to avoid feed back instabilities. The absorption system appears to be highly efficient in

avoiding modulation of the wave form due to reflected waves returning to the wave paddles.

The present algorithm provides an efficient and stable method of wave maker control. The force

control method appears to provide an excellent way of averaging the properties across a wave

maker in contrast to systems based on the measurement of the surface elevation at the wave

maker front face. A wave gauge approach will not be accurate if the surface elevation across the

wave maker is uneven, and wave gauges will be sensitive to long term. changes in calibration.

For further details on the wave maker drive system, see Salter(1981, 1984).

The input voltage to the wave maker drive electronic algorithm is controlled by a 75 channel

digital-analog (D/A) converter designed by Edinburgh Designs Ltd. The digital signal is sent

from a compiled computer executable from a DAN 486 personal computer. The input to the

compiler which generates the run-time executable is in the form of a source code in a language

which is developed for the purpose. The source code language is akin to 'C', and is in its most

basic form based on a strict superposition of plane wave fronts where the user specifies the

number of waves and frequency, direction, phase and amplitude of each wave component. The

user also specifies the spectral repeat period of the wave system (a constant frequency spacing Is

assumed), the linear ramp-up time of the wave paddles and the time at which a sampling trigger

signal is sent. The system is thus fully automated, all calculations are performed by the compiler.

For details on the compiler and run-time environment, see Edinburgh Designs Ltd (1993).

The wave basin transfer function may be specified manually. For the present investigation, the

electronic and software lay-out of the paddle drive mechanism is used without changes and only

the basin transfer function is modified. The transfer function presented in the following is thus

dimensionless, corresponding to the ratio of measured wave amplitude to the nominal (default)

input wave amplitude.

Water Surface Elevation Measurements

The surface elevation measurements were conducted using surface piercing wave gauges. A

single wave gauge consists of two parallel stainless steel wires 2.5 mm in diameter and spaced

12.5 mm apart. The resulting disturbance to the flow field is negligible. Using wave monitors

from Churchill Controls Ltd. the wave gauges are energised by a high frequency square wave
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voltage, and the current which flows between the gauge wires is measured and found to be

proportional to the depth of immersion. A maximum of 12 wave gauges was used simultaneously

in the tank. in order to avoid drill of wave gauge calibration, a static calibration was carried out

at least twice daily. For the wave gauge calibration, the still water level was sampled with the

wave gauges positioned at 5 different vertical elevations throughout the measurement range. The

output voltage from the wave monitors could thus be related to the surface elevation.

Initially, both high- and low-frequency noise levels presented a significant problem in the

measurements of the free surface. The high frequency (>> 10 Hz) noise appeared to stem from

electronic noise within the laboratory environment and was at times as large as ±1.0 mm from

the mean. General protective measures such as separating the cables from different sampling

channels and connecting the wave basin water to earth seemed to have little effect. The noise

levels seemed to be unaffected by the close proximity of several wave gauges; measurement with

only one active wave gauge yielded equally high noise levels. One major source of (50 Hz) noise

was found to stem from the separate power sources used for the tape backup and printers and

these were removed from the proximity of the sampling computer. For the major part of the

experimental investigation, high frequency noise was filtered out of the trace by electronic low

pass filters (Frequency Devices Inc. Model 9OlF) set at a corner frequency of 25 Hz. The free

surface elevation was sampled at 50 Hz. Within the relevant frequency range for the present

measurements (< 10 Hz), no significant aliasing from high frequency terms is present..

Also low frequency noise was initially a serious problem. The surface elevation measurements

would occasionally drift by as much as ± 1 -2 mm with an associated typical period of the order

of 2 mm. The low frequency noise was intermittent in nature and extremely difficult to pin down.

The problem was finally understood and remedied by investigating the temperature gradient

throughout the wave tank. This was found to vary by as much as 7 degrees throughout the tank.

It was further found that the generation of surface waves within the wave basin was capable of

setting up a slowly decaying oscillation of the temperature below the surface of as much as ± 0.5

°C with an associated period consistent with the low frequency noise levels. By mixing the wave

basin water thoroughly, the temperature difference with depth was reduced to less than 0.1 °C.

The wave gauge measurements are highly sensitive to the changes in water conductivity. After the

temperature variation within the wave basin was eliminated, no low frequency noise was

identified.
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Afler the initial problems vith high noise levels were remedied, the root mean square (rms) error

in measurements of the still water level was typically 0.3 mm for electronically filtered channels

and 0.5 for unfiltered channels. The rms deviation from the best fit line through the wave gauge

calibration points was always less than 0.1 mm. Long term drift of the wave gauges was checked

for by verifying the wave gauge calibration before a new calibration was performed. The

measurements were discarded if a drift of more than 1.0 mm measured in 100 mm manual

elevation difference was identified.

Laser Doppler Anemometry

Measurements of the horizontal (x-direction) component of the wave induced velocities were

conducted using Laser Doppler Anemometry (LDA) in a dual beam backscattering mode. Laser

Doppler Anemometry has been in use for more than 20 years and has become a standard method

of fluid velocity measurement. A 35 mW helium-neon laser was used to generate a linear

polarised beam which was split into two components with orthogonal polarity. One of the dual

beams was frequency shifted by 40 Mhz within a Bragg cell before both beams were led via

fibre-optic cables to the LDA probe at the measurement position. The optical frequency shift

within the Bragg cell is used together with an electronic frequency shifter operating at, typically,

100 kHz. A focusing lens was used to cross the two beams approximately 52 mm ahead of the

LDA probe, forming an interference pattern within a measurement volume of approximately 0.5

mm3. The light scattered backwards from seeding particles crossing the fringe patterns within the

measurement volume was detected using a photomultiplier and coupled with a Doppler

frequency tracker. The LDA apparatus was supplied from DANTEC Electronics Ltd. For further

details on Laser Doppler Anemometry, see Durst et.aL(1976).

In order to position the LDA probe accurately within the wave basin, the probe was mounted on a

vertical traverse riding upon railings mounted on the steel pentagon. it is estimated that the

vertical positioning of the measurement area is accurate to within ± 1 mm. The positioning of the

measurement area in the horizontal plane has an accuracy similar to the horizontal accuracy of

the wave gauges.

In order to improve the signal to the photo-multiplier, the water was seeded with a very fine

synthetic powder (Merck: Timiron Supersilk MP- 1005). The powder is approximately neutrally
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buoyant and the average particle size is of the order of 2 jim. The main body of the water in the

vicinity of the measurement area was seeded at approximately 100 ppm'.

The successful measurement of the wave induced velocities underneath the position of maximum

crest elevation was found to be far from trivial. In particular, measurements within the crest

region for which the measurement volume was submerged for only a fraction of a second posed

severe difficulties. The difficulties encountered are believed to be associated with two phenomena:

Firstly, for nonimear focused wave groups, the mean mass transport near the surface is large

such that it is difficult to ensure that there is sufficient seeding in the vicinity of the measurement

volume on continual repetition of the wave event. Secondly, the measurement within a crest which

has a significant curvature of the free surface in the direction normal to the mean direction of

wave propagation (i.e. a short-crested event), is difficult. The LDA probe is submerged for a

smaller time than the measurement volume, and the signal may be corrupted by reflections when

the laser beams intersect with the free surface at the far side of the crest.

Nevertheless, it has been successful to obtain reliable measurements of the wave induced

velocities to within 5-8 mm of the maximum crest elevation. The difficulties above were

overcome by introducing a system in which the water close to the water surface was continuously

seeded. Five probes were connected to a large jar containing a mixture of seeding material and

water and positioned in an array at x = -0.7 m at equal increments over y = ± 0.3m. The nozzles

of the probes were positioned immediately underneath the minimum local surface elevation and

pointed in the direction of the measurement volume (figure 2.2.1 b). The optimal configuration of

the system was found by trial and error:

1/ The ratio of seeding material to water within the jar should not be too large, 600 ppm

was found to be optimal.

2/ For measurements within the crest region, the water within the jar was kept at a

temperature approximately 6 °C higher than the water in the wave basin.

3/ The system was set to discharge at a rate of approximately I litre per minute.

Ratios of seeding material to water is everywhere quoted in volume of diy powder to water volume.
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Assuming that the laser light wavelength and the optical frequency shift is knoii, the relation

between horizontal fluid velocity and output voltage from the frequency tracker is a function of

the electronic frequency shift and the angle between the laser beams only. The former was set at

100 kflz throughout the experimental investigation whereas the latter was measured accurately

by measuring the spread of the laser beams at a distance several meters from the measurement

volume. Preliminary measurements confirm that the LDA apparatus measures fluid velocities

accurately to within ± 0.01 n-js1.

The Sampling System

The output signals from both the fluid velocity and the surface elevation measurements are in the

form of a voltage from the frequency tracker and the wave monitors respectively. The output was

sampled in digital form on a DAN 486 computer using a standard analog digital 110 card (PC-

74). The card represents the analog input voltage as digital 12 bit integer within a specified

voltage range. It is possible to sample as many as 16 channels simultaneously 2. Furthermore, the

card admits a trigger signal for initiating the voltage sampling. In measuring both the free surface

elevation and the fluid velocities, the sampling was triggered from the wave generation computer.

The relative temporal accuracy of the sampling and triggering system on repetition of the wave

fields is much higher than ± 0.01 s. For further details on the PC-74 card, see Amplicon Liveline

Ltd (1990).

2 The system will sample N channels in a cyclical fashion with the sample lag between adjacent
channels being 1/N times the sampling rate of each indiidual channel.
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2.3. Wave Basin Calibration

General

The wave generation transfer function relates the input signal to the paddles to the resultant wave

component amplitude and phase in the wave basin. For the calibration of wave generation

facilities, there appears to be litfie precedence for employing theoretical considerations in

obtaining the wave generation transfer function. The wave generation transfer function is

traditionally obtained experimentally.

in contrast to the well documented and relatively straightforward calibration of a single wave

paddle facility, the calibration of a multi paddle wave basin using regular waves is a Herculean

task. in a narrow wave facility, it is necessary only to ensure that the input signal to the wave

paddle is sinusoidal. The direction of wave propagation is known, and the investigator may

proceed to investigate the measured characteristics of the resultant wave field. The transfer

function may be obtained by comparing the amplitude and phase of the input signal with the

mean amplitude and phase of the resultant wave field. The temporal and spatial variations in the

wave field relative to the desired sinusoid may be analysed quite unambiguously to determine the

performance of the wave paddle and the wave flume.

In a directional wave generation facility, it is necessary to generate wave fronts which propagate

at an angle relative to the normal of the paddle bank. A wide wave basin transfer function may be

dependent upon both wave component frequency and direction of wave propagation. If the

transfer function is not very smooth in both these directions, the sheer work effort involved in

obtaining an accurate directional transfer function for a wave basin may be such as to render

calibration by a regular wave approach entirely impracticable.

The analysis of the deviations from the regular wave train measured in a directional wave basin is

in general a more difficult task than the narrow wave tank equivalent. The author believes that the

temporal variation in wave amplitude at one spatial location presents few additional

complications in the analysis relative to a single paddle wave tank. In contrast, effects which may

lead to a spatial variation in wave amplitude throughout the measurement area, are numerous.

The main processes which may produce a significant spatial variation in the wave amplitude are:
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1/ Wave Reflection.

The reflected wave field may, in general, not be described by a single wave traelling in the

opposite direction to the generated wave. Reflection, radiation and diffraction may set up a highly

complex field of reflected waves propagating in directions covering at least 180 degrees which is

highly unlikely to be homogenous within the wave basin.

2/ End Effects.

As may be seen from figure 2.2.1 a, the generation of an inclined wave front leaves an area

within the wave basin which is ideally undisturbed. The wave front in the vicinity of the

undisturbed area will tend to bend towards this area and the wave amplitude in the direction

parallel to the crest tapers towards the undisturbed area. By visual observation, this effect

appears to be localised and negligible within the measurement area for the range of wave front

directions of propagation used within the present investigation. Furthermore, as the present wave

basin is very wide compared to its length. end effects are perhaps not the most serious source of

inaccuracy.

3/ Effects due to the Finite Paddle Width.

Inclined wave fronts are generated by introducing a constant phase lag between adjacent paddles.

For short waves and large angles of wave propagation, the phase lag between adjacent paddles is

not negligible. The paddle bank consists of a discrete number of paddles of finite width, and it is

clear that there is a limit to the lag at which a clean wave form may be produced with the present

method of wave generation. For the shortest and most inclined wave forms within the present

investigation, a beginning tendency to what has been termed 'wave streakiness' was observed. A

streak's' wave form is characterised by an observable variation in the crest elevation along the

wave crest as it approaches the measurement area. The wavelength of the variation along the

crest is approximately the paddle width resolved in the direction of wave propagation.

4/ Differential Paddle Output

It has been attempted to make the paddles and their drive mechanisms as homogenous as possible

throughout the paddle bank. There are, however. 75 individual paddles in the paddle bank and a

degree of vanation in the individual paddle efficiency will invariably be present. The variation

may or may not be frequency dependent and may, due to the absorption system, affect more than

one paddle either side of a paddle which deviates significantly from the mean. Preventive

measures against this type of inaccuracy has been taken by frequently throughout the
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investigation observing visually the paddle bank during the generation of a wave profile with zero

degrees incidence. For this situation, the wave paddles should move as one unit and even small

deviations from this behaviour may be readily observed and remedied.

For the wave basin calibration, the free surface elevation has been measured at twelve spatial

positions within the measurement area. Figure 2.2.1 b shows the gauge positions employed for

the wave basin calibration.

Regular Wave Calibration

As a starting point for the calibration of the wave basin, a coarse transfer function may be

obtained using regular wave trains. It is necessary to be cautious in employing this procedure,

however, as it is strictly not known that the paddles are capable of producing regular wave fronts

throughout the frequency and angular domains in which it is desired to obtain the transfer

function. By visual observation, however, it appeared that the wave fronts generated were very

nearly regular. Except at the very ends of the wave front, the front appeared straight and it was

decided that a regular wave approach was appropriate for a preliminary transfer function.

Table 2.3.1 shows the run parameters for the regular wave calibration. For each wave frequency

and direction, 5 or 6 different wave amplitudes are generated. The free surface elevation is

sampled at 100 Hz for 60 seconds commencing 30 seconds after paddle start-up. A 4 second

linear ramp-up of the wave paddles has been employed at the start of the wave generation.

Wave Frequency /Hz Wave Directions /Deg 	 Number of Wave Measured Wave

Amplitudes

106/64	 -40, -30, -20, -10. 0, 10, 20, 30, 40
	

5

80/64	 -40, -30, -20, -10, 0, 10, 20, 30, 40 	 6

64/64	 -40, -30. -20, -10, 0. 10, 20, 30, 40 	 6

54/64	 -40, -30, -20, -10, 0, 10. 20. 30, 40 	 6

46/64	 -40. -30, -20, -10, 0, 10, 20, 30, 40 	 6

Steepness

.160>ak> .019

.214>ak>.031

.137>ak> .024

.100>ak>.017

.078>ak> .010

Table. 2.3.1.: Run Parameters for Regular Wave Calibration
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At each of the gauge positions the mean amplitude and phase of the wave front is obtained by

fitting the measured temporal surface elevation to equation 2.3.1. by a least squares routine.

Optimise 
[11(1) = A Cos( 1) + B Sin(w 1)]	 Input: i(t)

A, B,w

The notation above will be used throughout the dissertation. A, B and ci are fitted to the measured

surface elevation (1(t)). The least squares optimisation method employed is a general nonlinear

optimisation routine due to Levenberg and Marquard as given in Press et.al. (1992).

The spatial mean of the fitted amplitudes over all gauge positions is taken to be the measured

regular wave component amplitude. Comparing the nominal input amplitude with the measured

amplitude yields the calibration curves for the regular wave calibration. Figure 2.3.1 shows a

selection of the calibration curves. The inverse of the gradient of the least squares line through the

data points for each frequency and direction provides the amplitude correction factor for the

regular wave calibration. Figure 2.3.1 is representative of all the calibration curves for regular

waves: Within the range considered, there is no visible deviation from a linear relation between

measured amplitude and nominal input amplitude. Notice that no attempt is made to force the line

through the origin and that the line will invariably cross zero nominal input amplitude below zero.

This effect will be discussed in section 2.4.
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Figure 2.3.1. Calibration Curves for Regular Wave Calibration

2.3.1

54



An inclined wave front is generated by introducing a constant phase lag between adjacent

paddles. By default, this phase lag is calculated by the finite depth dispersion relationship.

Although it is doubtful whether this relation may be improved upon by empirical means, the mean

direction of propagation of the measured wave fronts wcl^ estimated. The 12 gauge array

employed for the wave basin calibration has a reasonable resolution power. If, in addition, the

wave field is assumed to be regular, the resolution power is very high indeed.

The least squares routine in equation 2.3.1 )ielded wave frequencies which were identical to the

input wave frequency to within 4 significant figures. This is not remarkable, it merely indicates

that there are no directly erroneous effects in the wave generation mechanism and that the internal

clocks of the wave generation facility and the sampling computer are very nearly synchronous.

From the input wave frequency, the linear wavenumber may be obtained, and it is possible to

correlate the coefficients found by equation 2.3.1 at each wave gauge position to identif' a

global amplitude, phase and direction of propagation of a best fit regular wave train. This is

obtained by a second least squares fitting routine based on equation 2.3.2.

Optimise[A = a Cos(k (x,,Cos(9) +ySin(0)) + e)

a, 0, e [B,, =aSm(k(x,,Cos(6') +y,,Sin(0))+e)
InputA,,, B,,,x,,,y,,,w, k

2.3.2.
n=1, 2, ..., 12

where n denotes the gauge position number.

Figure 2.3.2 shows the deviation in the estimated direction of wave propagation from the nominal

input direction. It appears that the input angle is very accurate, the maximum deviations in the

measured direction are less than 3.5 degrees. To the extent that it is possible to analyse trends

within such small deviations and considerable scatter, it is possible that there is a tendency for the

generated waves to have a slightly larger absolute value of angle of incidence than the input

angle. This may be caused by a very slight bending of the wave front within the measurement

area towards the undisturbed area. Throughout the experimental investigation, no correction to

the angle of wave front propagation has been employed relative to the theoretical prediction.

The regular wave calibration involves 261 different wave fields. The generation and analysis of

such a large body of data is highly time consuming. Furthermore, the regular wave calibration

has revealed that the tank transfer function is not smooth either in the angular or the frequency
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domains'. It is necessary to investigate alternative and more efficient methods of wave

calibration.
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Figure 2.3.2. Nominal and Measured Angle of Regular Wave Front Propagation

Calibration with Nearly Focused Wave Groups

Consider the representation of an irregular wave profile:

fl I in1

which may be expressed as:

i7=A' Cos(w	 +B' Sin(w t) 2.3.4 a

A'=>a,,, Cos(k(xCos(O_)+ySin(O,))+e,,,)
	

2.3.4b

Note the gradients of the straight lines in figure 2.3.1.
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B'= >a Sm(k(x COS(Gm) +ySin(O,)) + e,,,)
	

2.3.4 C

Inspection of equation 2.3.4. shows clearly that in general, the amplitude ((A') 2 +(B')2)' 2

any frequency component estimated from the temporal profile at one spatial position will be less

than the sum of the wave component amplitudes for each frequency. Henceforth, the amplitude

frequency spectnun measured at one spatial position will be referred to as the apparent amplitude

spectrum. In order to obtain the general directional amplitude spectrum from the apparent

amplitude spectrum, it is necessary to correlate the spectra at different spatial positions. With the

12 wave gauges available for the wave tank calibration, it is unrealistic to assume that the

resolution power of the wave gauge array is sufficient to resolve a directional wave field to within

sufficient accuracy, particularly as it is known that the transfer function is not smooth.

There are, however, o important special cases for which equation 2.3.4 may be expected to

yield the amplitude frequency spectrum. Firstly, if the temporal profile is measured at a position

where a focused event occurs, A' is the sum of the amplitudes of all the wave components with

the same frequency at this spatial position only. Secondly, if the wave field is unidirectional,

equation 2.3.4 reduces to:

i=A' Cos(w )+B' Sin(w t)
	

2.3.5 a

A'=a Cos(k,1 (x Cos(U) +ySin(0)) +
	

2.3.5 b

B'=a Sin(k(xCos(e)^ySin(9))+ e,,)
	

2.3.5 C

and the true amplitude spectrum may be obtained at an arbitrary spatial position. If it is possible

to generate a unidirectional irregular wave train within the wave basin it may be straightfor' ard

to develop analysis routines which accurately resolve an irregular wave profile into discrete

frequency bands. Thus. in order to obtain the wave basin transfer function, it is only necessary to

vary the direction of wave field propagation and the wave field intensity.

Furthermore, as the regular wave calibration analysis indicated that reflection is far from

negligible, the wave groups which are being employed are nearly focused. The coarse phase
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transfer function which was obtained from the regular wave investigation is being used to create

irregular wave forms which resemble focused wave groups. Table 2.3.2 shows the input

parameters for the irregular wave calibration:

Frequency Range /Hz	 43/64 - 109/64

Input Amplitude Sum 1mm	 4, 6, 8, 10, 12

Direction of Propagation IDeg -45, 45 at 5 degrees intervals

Input Spectral Shape	 a oc f2

Spectral Repeat Period /sec 	 64

Table 2.3.2.: Run Parameters for Calibration with Nearly Focused Wave Groups

Using discrete Fourier transforms of the free surface data at each spatial position yields

amplitudes and phases similar to those obtained in the regular wave investigation, but each run

provides information for 67 different wave frequencies. In the same fashion as for the regular

wave calibration, the calibration curves for the present method of calibration may be obtained.

Figure 2.3.3. shows a selection of the calibration curves for the irregular wave calibration runs.

Again, the curves cross the x-axis below zero. This is clearly physically impossible.

8.OE-04 OzODeg

y= 1.6895x-2E-05_0

- ------ -
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D 1 46/64 Hz f =1 Hz Of =106/64 Hz

Figure 2.3.3. Calibration Curves for Wave Group Calibration
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Figure2.3.4. shows the transfer function for a selection of the wave directions. Although the

irregular calibration factor is represented by a solid line, it is strictly a discrete representation

having 67 data points within each curve. The agreement between the transfer function due to

regular wave calibration and the transfer function obtained with an irregular wave method is good

for low frequency waves. For higher frequencies, however, there is a clear tendency for the

regular wave factor to be significantly lower than the factor obtained from the irregular wave

factor. This discrepancy will be discussed in the next section.
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Figure 2.3.4. Amplitude Correction Factor for Wave Basin
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2.4. Wave Basin Validation

Within the present section it is desired to attempt to evaluate the performance of the wave basin

and the wave generation system. As mentioned previously, the unravelling of the various sources

of inaccuracy is an extremely complex task. The present discussion is not a rigorous evaluation

of all the undesirable effects which are present within the wave basin. The sole purpose of the

present discussion is rather to present sufficient indications that the wave basin is suitable for the

particular purposes of the present investigation.

Regular Waves

At one spatial position, the variation in the wave amplitudes relative to the mean is very small.

For the regular wave runs, the temporal root mean square (rms) variation in wave amplitude is

typically less than 2 % of the temporal mean wave amplitude as obtained from equation 2.3.1. It

appears that waves are generated within a very narrow frequency band centred around the input

frequency. Furthermore, the electronic absorption system performs highly satisfactory as no

modulation of the wave field due to reflected waves upon the wave makers has been identified.

Spurious harmonics from the wave makers have not been observed within the measurement area.

The spatial variation in the regular wave amplitude is large. The rms variation of the mean

amplitude at each spatial position relative to the global mean amplitude as obtained by equation

2.3.2, has been found to be as large as 14 % of the global mean amplitude for low frequency

waves with large positive angles of incidence. For higher frequencies or smaller angles of

incidence, the rms variation is smaller. The bulk of the regular wave cases investigated have a

spatial rms variation in wave amplitude between 6 % and 8 %.

By investigating the spatial variation of the phases and amplitudes relative to the best fit regular

wave representation (equation 2.3.2) it has been found that the bulk of the variation is consistent

with a relatively large reflection from the passive wave absorbers. Effects due to paddle bank end

effects or the finite paddle width can not be identified.

Focused Wave Groups

The spatial variation in the wave amplitude found in the regular wave investigation is clearly not
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acceptable for the main investigation. If, however, the large variation is mainly due to the

reflection field, it has been shown in section 1.4 that this need not be a serious problem in the

generation of focused wave groups. It is necessary to investigate to what extent accurate focused

wave groups may be generated within the wave basin.

Figure 2.4.1 shows the temporal profile of the free surface at the focal position for a

unidirectional small amplitude focused wave group. The transfer function obtained with nearly

focused wave groups as discussed in section 2.3 is employed. The correlation with linear theory is

not very good when it is borne in mind that the basin was calibrated with a very similar type of

wave groups. The temporal profile appears to be lacking in the sharpest curvatures in the vicinity

of the focal position.
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Figure 2.4.1. Small Amplitude Unidirectional Wave Groups: Surface Elevation at Focal Position

Figure 2.4.2 shows the temporal profile of the free surface at the focal position for a short crested

wave group. The agreement with linear theory is very poor indeed. The maximum surface

elevation is considerably smaller than the input specifications. Relative to the unidirectional wave

group calibration, there is either a severe scatter of the wave component phases, or smaller wave

components than the input wave components are indeed generated at the paddle position.
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Figure 2.4.2. Small Amplitude Short Crested Wave Groups: Surface Elevation at Focal Position

The present phenomenon caused much puzzlement until it appeared that sufficient information

was available to unravel the problem. In generating a unidirectional focused wave group, the

contribution to the single large crest at the focal position is generated over a large time at the

paddle position. The high frequency components travel more slowly than the low frequency

components, and the high frequency contributions to the focal eventa regenerated earlier. For a

directional wave field, there is in addition more than one direction of wave component

propagation, and the distance from the focal location to the paddle position is not constant. The

high frequency contributions to the focal event from the wave components with largest angle of

incidence, are generated at the earliest time. At early times or at paddle positions far from the

centreline (y=O), the contributions to the focal event are generated when the local surface

elevation envelope at the paddle bank is very gentle indeed. Important contributions to the focal

event athus generated with a paddle motion which is very small.

It has been mentioned in section 2.3 that the calibration curves found for the wave basin

calibration did not cross the origin, but had a consistent negative offset. This is clearly

impossible. The negative offset of the wave calibration curves is associated with a small

nonlinearity of the transfer function at very small paddle excursions. The calibration curves for

the very smallest input amplitudes show this effect (figure 2.4.3 a). Although this plot is obtained
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from wave groups rather than a series of very small regular waves, it can be seen that the

calibration curve is nonlinear and it is surmised how the curve does indeed intersect the origin (as

it necessarily does).

The nonlinearity of the wave paddles at very low excursions is caused by what the author refers

to as wave paddle 'stickiness'. The paddles require a slightly larger force to be accelerated from

rest than the force required to accelerate the paddle if it is already in motion. This feature is not

unexpected in a mechanical system. The reason for the bulk of the discrepancies between the

input wave properties and measured wave properties for directional wave fields may be explained

in terms of the wave paddle stickiness: Important contributions to the focusing eventgenerated

upon a very small paddle motion which is indeed in the nonlinear range. Using a calibration

function which is assumed to be linear and valid only for larger paddle motions will invariably

lead to the generation of smaller wave fronts than specified, particularly for high frequency wave

components with a large angle of propagation direction. The calibration curve becomes linear

rapidly with a larger motion of the paddle so the regular wave calibration curves are linear for all

practical purposes.

The unidirectional wave group calibration is only mildly affected by the wave paddle stickiness.

Some energy may be lost in the vicinity of the focal position, but the paddles will always generate

waves which are large enough to be in the linear range of the transfer function when the linear

wave group envelope passes through the paddle position. The result is a slight temporal

modulation of the individual wave components which is resolved in a Discrete Fourier Transform

(DFT) as an increased scatter of the phases and amplitudes rather than an overall reduction of the

amplitudes. Only for a directional wave field does the apparent amplitude spectrum reduce

significantly due to paddle stickiness.

The problem of wave stickiness was finally overcome by introducing a background noise (jitter')

in the wave makers upon which the experimental wave groups generated. After experimenting,

with different types of wave forms, the optimal wave form for the wave maker noise was found to

be a 4Hz wave referred to in the following as the High Frequency Term (lIFT). The amplitude oc

the HFT off the wave makers was approximately 3 mm which proved sufficient to effectively

eliminate the problem of wave paddle stickiness.
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Initially, the surfce damping within the wave basin was sufficient to dissipate the 1-WI before it

propagated into the measurement area. Figure 2.4.4 a shows the still water sampled with HFT

active. The measurement can not be distinguished from measurements without the FIFT. After

vigorous wave breaking within the wave basin, however, it was found that the surface film within

the basin was broken down to the extent that a significant amplitude remained at the time when

the I-WI propagated into the surface area. Figure 2.4.4. b and c shows the surface level sampled

with a weak surface film at two positions down-wave from the wave makers (which are located at

x = -5.5m). The damping over this interval is considerable, but it is shown that it is possible for

the HFT to propagate into the measurement area. For this case it was found that adding as little

as 3 drops of a domestic detergent ('Fairy Liquid') into the wave basin was sufficient to restore

the surface film such that the HFT 	 entirely dissipated before it entered the measurement area

(Figure 2.4.4 a). It is thought that the very short wavelength HFT does not affect the nonlinear

behaviour of the experimental wave groups to a significant degree.

The wave basin was re-calibrated using the HFT as background noise on the wave makers and all

subsequent wave fields were run with the 1-lIFT active. The transfer function did not alter as much

as was expected when the HFT was included, but the calibration curves do not shov any

significant nonlinearities at low amplitudes. This is shown in fIgure 2.4.3 b.

With the I-lIFT active, a new comparison between measured and linear small amplitude wave

groups was conducted. Figure 2.4.5 shows temporal traces of the free surface elevation at the

linear focal position for six of the wave spectra. The agreement between measured and predicted

time traces is very good indeed. The present time traces are raw, only corrected for zero offset

and filtered electronically at 25 Hz during sampling. The close agreement between measured data

and linear theory for the directional wave groups suggests that paddle stickiness is in practise

eliminated by the HFT. For the unidirectional wave groups, it is possible that there is a larger

deviation from linear theory at large times after the focal time than at early times before the focal

time. This is due to reflection, and it is clear from figure 2.4.5 that reflection is very small

compared with A for all the wave groups within the investigation.

Figure 2.4.6 and 2.4.7 show amplitudes and phases obtained from a DFT at the focal position for

a selection of the small amplitude wave groups. The agreement is generally good, and there are no

consistent deviations from the input spectrum as was the case before the HFT was introduced.

Dviaxions from linear theory are, however, larger than that observed in figure 2.4.5. Some of the
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Figure 2.4.4. Surface Elevation Sampled with HFT Active
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Figure 2.4.6. Apparent Wave Component Amplitude at Linear Focal Position
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Figure 2.4.7. Apparent Wave Component Phase at Linear Focal Position
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inaccuracies may be attributed to spectral end effects, but the main source of inaccuracy is

thought to be scatter introduced through reflection. The DFT analyses a long temporal trace

(40.94 sec) along which only a fraction is concerned with the vicinity of the focal event. Lack of

symmetry due to reflection either side of the focal event is modelled as a scatter in the amplitudes

and phases within the DFT. This view is strengthened by the observation that the scatter

increases with reduced directional spread as does the reflection. The amplitude spectrum in the

immediate vicinity of the focal event, if this could be obtained, would perhaps show a smaller

scatter.

Figure 2.4.8 shows the spatial variation of the free surface along the centreline (y=O) at the focal

time. Also in this direction, the linear profile of the free surface is accurately reproduced. The

largest deviations from linear theory are approximately 1 mm and occur for the unidirectional

wave fields. As will be seen in chapter 4, the deviations are consistent with a beginning

nonlinearity of the wave profile. For the unidirectional wave fields, the amplitude sum adopted is

30 % of the amplitude sum for which wave breaking is first observed.

Figure 2.4.9 shows the profile of the surface elevation at the linear focal position in the y-

direction for directional wave groups. Again, the agreement with linear theory is very good. For

the unidirectional wave groups, it is possible to investigate the spatial variation of the wave fields

in the y-direction. Figure 2.4.10 shows temporal traces at the focal position and different y-

positions. The scatter at small times is negligible and appears to be caused by electronic noise

alone. There is thus no evidence of differential paddle output within the measurement area. Also

for large times, the scatter is very small; maximum deviations from the mean are less than 1 mm.

It appears that there are no large variations in the absorption efficiency of the passive absorbers

behind the wave makers.

Finally, the measured horizontal fluid velocity profile underneath the focal position is measured

and compared th linear theory in figure 2.4.11. The agreement is very good, bearing in mind

that the estimated accuracy of the LDA is comparable with the very small maximum velocities

underneath the small amplitude groups. Indeed, the present velocity profiles proved to be the most

difficult to represent accurately of all the velocity profiles measured as the measurements are

highly sensitive to very small variations in the zero offset.
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Figure 2.4.9. Surface Elevation in the y-direction at Linear Focal Position
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Figure 2.4.10. Temporal Surface Elevation at Linear Focal Position
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Figure 2.4.11. Horizontal Velocity Underneath Linear Focal Position
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It is the author's belief that the wave basin is capable of reproducing the input spectrum

accurately for the focused wave groups within the present investigation. This is surely true in the

vicinity of the focal event. It is believed that reflection from the passive absorbers is the main

source of inaccuracy within the wave facility. The tank is thus not suitable for reproducing wave

fields which are stationary and homogenous throughout the wave basin such that it is necessary

to generate and reflect waves which are no smaller than the measured waves. This restriction

applies to regular waves and irregular waves in a random realisation approach, but not to the

problem of focused wave groups. The author has been unable to identify inaccuracies due to the

wave paddles or end effects within the present investigation.
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2.5 Main Experimental Investigation

Experimental Cases

Within the main experimental investigation, the 18 different amplitude spectral shapes outlined in

section 1.6 are investigated in detail. Each of the spectra are generated and measured with linear

amplitude sums, A, ranging from near linear (A =20 nun) to the very limit of incipient wave

breaking. The breaking limit is determined by visual observation, the largest A run for each

spectral banddth is thin 1 mm of the observed limit at which breaking was first observed.

Table 2.5.1 shows the wave groups investigated. For the cases marked with an asterisk, the

horizontal velocity haS been measured at closely spaced vertical intervals underneath the

position of maximum crest elevation. For the same cases, the surface elevation for the

corresponding inverse focused wave groups has been measured.

Frequency Amplitude Spectrum Direction Amplitude Spectrum Input Amplitude Sums /mm -
-.-..--....................................................................................................

20..40. 52.

s=150	 20,40,55,59

s = 45	 20, 40, 55, 66'

s = 25	 20,40,55,70,71

s=10	 20,40,55,70,76

4	 20', 40, 55'. 70', 78'

C	 Unidirectional	 20, 40, 55

s = 150	 20,40,55,63

s=45	 20,40,55,70,71

s25	 20,40,55,70,76

s=10	 20,40,55,70,81

s= 4	 20, 40, 55, 70, 84

D	 Unidirectional	 20, 40, 55, 61'

s150	 20.40.55,70.71

s = 45	 20, 40, 55, 70, 78'

s=25	 20,40,55,70,85

s = 10	 20, 40, 55, 70, 85, 88

s= 4	 20', 40', 55', 70', 85', 93'

Table 2.5.1: Run Cases for Main Experimental Investigation

76



Details of Wave Grout, Generation and Measurement

For all the wave groups investigated, the linear focal time has been set to 50.0 seconds after the

paddle start-up. A linear ramp-up of the paddle signal of 4 seconds is used although it is doubtful

whether this is necessary; the wave fields taper naturally in space and time away from the focal

position. The linear focal position has been set to the centreline (y0) for all cases. In the x -

direction, the linear focus point for frequency amplitude spectrum B and C is set to x 0 whereas

for frequency amplitude spectrum D, the linear focus position is set to x = -0.7 m.

The free surflice has been sampled simultaneously at 12 channels. Each channel has been

sampled at 50 Hz for 40.94 seconds. The sampling of the free surface data is triggered

electronically 30 seconds after paddle start-up.

The LDA data has been sampled at 1000 Hz for 6 seconds and triggered electronically 47.0

seconds after paddle start-up. In order to obtain the velocity profile with depth, the wave fields

have been run repeatedly with the LDA probe located at different vertical elevations. In order to

ensure that any circulation regime which is set up by a continual repetition of the generation of

wave groups is constant, the wave groups have been generated at exactly two minutes intervals

for the LDA measurement runs. Before measurement is commenced, 10 repeats of the wave

groups have been run. For some of the wave groups, the horizontal velocity has been measured

at different elevations below the still water level for 6 seconds commencing 15 seconds before

paddle start-up. It is thus hoped to identify the magnitude of a steady circulation regime

underneath the position of maximum crest elevation.

Wave Gauge Array

At the commencement of the experimental investigation, it was not known to what extent the

numerical modelling would be successful. It was therefore not known whether it would be

necessary to attempt to obtain directional spectral information from the free surface elevation

measurements. Successful analysis of wave elevation records with a view to obtaining the

directional amplitude spectrum is extremely difficult. Even if itassumed that the wave field is

linear such that there is a unique relation between wave frequency and the absolute value of the

wavenumber, a high spatial resolution of the wave field is necessary before it is possible to

predict accurately the shape of the spectrum. If, in addition, it is desired to quantify the nonlinear
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properties of the wave groups, the spectrum becomes three dimensional (a(f, k, 0)), and a very

high spatial resolution of the wave field is required. To the author's kno1edge, such an analysis

has never been attempted.

Within the present investigation, it was estimated that with the time available for experiments, the

surface elevation could be measured at 45 different positions. This involves 12 gauges

simultaneously in the tank and 4 repeats of the wave fields with the wave gauges placed at

different spatial positions. One wave gauge is kept at a constant spatial location and used as a

pilot wave gauge in order to investigate the repeatability properties of the wave fields.

In deciding the positioning of the wave gauges, a number of considerations have been taken into

account:

1/ From a purely practical point of view, it is desired to have a good resolution of the

wave field along the centreline. This is necessary in order to determine the position of

maximum crest elevation, the crest velocity and for plotting accurately the wave profile

in the direction of wave propagation.

2/ At the x-position of maximum crest elevation, for the smallest and largest wave fields.

it is desired to have a good representation of the wave profile in the y-direction.

3/In order to verify the symmetr of the wave groups, it is desired to use a small number

of wave gauge couples at [x, ±y] for large values of y. As the wave fields are symmetric,

however, the bulk of the wave gauges which are not at the centreline should not be

positioned as couples symmetric in y.

4/In general, the directional resolution power of an array of wave gauges increases with

an increased distribution of vector distances between the wave gauges (Goda, 1985).

Within the measurement area, there is a potential for vector distances in a range of

approximately RO, 2.1) , (0, 2.1)] m. Within this range it is desired to produce an even

and dense distribution of vector distances between the wave gauges. If this is possible,

there may be an acceptable resolution power of wave components with wave lengths

betweenO.2and3m.
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Bearing the considerations above in mind, a wave gauge array shown in figure 2.2.1 b has been

employed for the present investigation. The maximum possible resolution has been used along the

centreline, and also the boundaries of the pentagon have a dense distribution of wave gauges.

Three gauge positions have been placed symmetric about the x-axis whereas the remainder of the

(+ve y-value) gauges have been placed such that an adequate resolution of some important wave

fields in the y-direction is obtained, and such that there is an even and dense distribution of the

permutation of vector distances between the gauge positions within the vector range above.

Surface Elevation Data

Figure 2.5.1 shows temporal traces of the free surface elevation at all measured spatial positions

along the centreline for a selection of the large wave groups. The present wave groups are all

within 1 mm of the observed limit of incipient wave breaking in terms of the linear input

amplitude sum. It can be seen that a single, large event is produced within the wave basin. The

global maximum surface elevation is contained within the measurement area also for the limiting

wave forms although the position of maximum crest elevation has a positive shift both in space

and time. The envelope remains smooth for all the wave cases and the control on the global time

is excellent'. Furthermore, the repeatabilit) properties of the entire systemof shown to be very

good: The earliest curve in figure 2.5.1 (x, y = -0.7, 0 m) is the pilot gauge position, and 4

different measurements are plotted. The curves are seen to be nearly identical for all the eases.

Indeed ,the mis error of the pilot gauge time traces relative to the mean is everywhere less than

0.5 mm which is comparable with the measurement accuracy of the wave gauges themselves.

Figure 2.5.2 shows the symmetry properties of the wave field. For the directional wave fields, the

3 wave gauge couples positioned symmetric about the x-axis have been used for the comparison.

For the directional wave gauges, the svmmetiy is excellent indicating that the spatial variability

observed in the regular wave investigation does not restrict the accuracy for the present

investigation. The agreement at large times remains excellent and reflection appears to be

negligible due to the strongly dispersive nature of the wave fields. In comparison with the

variation observed for small amplitude wave groups, the deviations from the mean is within 1 mm

also for the nonlinear wave investigation. The small inaccuracies observed for the small

amplitude wave groups are thus largely related to constant errDrs rather than e&ocS which may

be scaled linearly, or almost linearly, with A.

Inaccuracies in the time parameter as small as 0.02 sec inunediately obvious on plots of this type.
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Figure 2.5.2. Symmetry Properties
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The unidirectional wave groups are compared at positions for which there is a good resolution in

the y-direction irrespective of the symmetry about the x-axis. The unidirectional wave gsoups

also show a good coherence in the direction normal to the direction of wave propagation although

it is thought that these wave groups remain more prone to reflection inaccuracies. Particularly for

large times and large x-values, deviations from the mean of as large as 2.5 mm may be observed.

This is thought to be mainly due to differential reflection from the passive wave absorbers and is

most serious for the narrow banded D case which disperses most slowly and contains the smallest

number of linear ve components. In comparison with the amplitude sum, however, the

deviations from the mean are not large and certainly not larger than that which may realisticafly

be expected. Also for the unidirectional cases, the fractional scatter is improved for the nonlinear

wave fields relative to the small amplitude case although, as reflection is a major source of

inaccuracy, this is less pronounced than for the directional wave fields.

Horizontal Velocity Data

Figure 2.5.3 shows ra temporal traces of the horizontal velocity at different vertical elevations

underneath the position of maximum crest elevation. The number in brackets heading each graph

indicates the measured maximum crest elevation in mm. Although the readings from the largest

positive vertical elevations are of short duration, there is little doubt that the readings are

accurate, being consistent both in time and shape with the measurements at lower elevations.

In general the LDA signal is smooth and appears to measure the velocities reliably. At very low

elevations, there is some scatter in the readings for some of the cases. The scatter is within the

estimated measurement accuracy of the LDA and is caused by the fact that less seeding was

present at low elevations than in the crest region, and the fact that measuring an almost still flow

with very small oscillations around zero is notoriously difficult.

For some of the cases, more than one repeated measurement at the same vertical elevation is

presented. Also for LDA measurements, the repeatability of the wave profile is very good. The

scatter of the repeated measurements is everywhere less than ± 0.01 ms from the mean.

Figure 2.5.4 shows mean horizontal velocities measured immediately before paddle start-up

during LDA measurements. Measurements for the two cases for which it as expected that a
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Figure 2.5.3. Raw LDA Data
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circulation regime was most prone to develop is shown at different vertical elevations. The

maximum horizontal velocities measured are less than 0.006 ms' which is less than the estimated

accuracy of the LDA measurements. If a circulation regime is present, the magnitude of the

horizontal velocities in the vicinity of the position of maximum crest elevation is too small to be

measured accurately.
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Figure 2.5.4. Mean Circulation Velocity During LDA Measurements

General

Without an alternative method of analysing nonlinear directional focused wave groups, it is

necessarily difficult to show conclusively that the accuracy of wave generation observed for small

amplitude wave groups is conserved for nonlinear wave fields. By the results above, there

appears to be no evidence to the contrary. Also for wave fields which are at the very limit of

incipient wave breaking, the envelope remains smooth, the wave fields remain symmetric and the

spatial variation of the wave fields in the vicinity of the focal location is very small. Fuc+c

evidence of the accuracy of the wave generation facility will be given in chapter 3 in which the

experimental data are compared with a numerical formulation.
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3. Numerical Modelling

3.1. Background

W

ithin the field of nonlinear wave mechanics, numerical modelling has become an

important tool. The rapid growth of the availability of inexpensive CPU time has

made numerical modelling a much used supplement to experimental investigations

and analytical formulations. The nonlinearity of the free surface boundary conditions makes the

exact analytical solution to the governing equations extremely difficult if at all possible for an

arbitrary problem. In addition, over durations which arc relatively short compared with a typical

wave period, potential theory in the absence of an overlying air flow appears to be capable of

describing an irregular wave field well. Potential theory has the advantage that it is relatively

straightforward to implement in a numerical formulation.

The Time Stepping Approach

Within the present context, the most widely implemented numerical work may be divided into two

distinct approaches. The first of these, the time stepping approach, is based on two properties of

the governing equations:

1/When Laplace's equation is the governing equation, a potential is defined uniquely by

its values at the boundaries.

2/ The free surface boundary conditions may be rearranged such that the time derivatives

of the free surface and the velocity potential at the free surface are defined from an

instantaneous knowledge of the velocity potential, free surface and their spatial

derivatives only.

Using the two properties above and a suitable discretisation of the wave field, the time evolution

of a wave field may be computed from a knowledge of an initial wave field.

An important group of time stepping routines uses complex mapping techniques to map the fluid

boundaries within closed contours. This approach was initiated by Longuet-Higgins and Cokelet

(1976) who used a Green's function procedure to time step the wave field. This procedure is

capable of time stepping a wave field beyond the point at which the wave overtops until the nappe
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touches the wave trough. The procedure was shown to work very well for initially regular wave

trains. By applying an external pressure field upon the free surface, Longuet-Higgins and Cokelet

(1976) showed that an initially regular wave train became (horizontally) asymmetric and

overtopped and that the wave crest remained rounded well past the point at which the wave

overtopped.

Other more efficient line integral schemes have evolved from this approach, notably that due to

Dold and Peregrine (1984) which uses a Cauchy integral technique to map the fluid boundaries

(the free surface and the bed) within closed contours. The method haS been used to model

accurately the instability of an initially regular wave train. Smith and Swan (1996) have shown

that the scheme is suitable also for modelling unidirectional focused wave groups in shallow

water. Similar techniques have been used to model numerically the motion produced by a wave

maker within a confined numerical wave tank. Vinje and Brevik (1987) obtain very good

agreement between experimental measurements and a numerical scheme which time step the

motion produced by a vertical wave maker.

Very little work has been undertaken in applying time stepping methods of the type described

above to three dimensional wave fields. Larsen et.al.( 1984) have extended a Green's function

formulation to three dimensions. The open boundaries within a numerical three dimensional wave

tank have been treated by a distribution of mass sinks and sources and the model is, in principle,

capable of calculating the propagation of an arbitrary three dimensional wave field. It appears,

however, that only regular standing and propagating waves may be mn with the computer power

available. Likewise, lsaacson (1982) has proposed a general boundary integral formulation which

includes both the three dimensional nature of the wave field and the presence of a structure within

the wave field. The author has. ho e er seen calculations on very simple wave forms also for this

approach (soce4oY,

If the possibility of modelling overtopping waves is sacrificed, an alternative method of time

stepping a wave field becomes possible. The Fourier series approach was first proposed by

Fenton and Rienecker (1980). The method uses a discrete Fourier representation of the free

surface over a large fundamental wavelength, and a sinular series representation of the velocity

potential obtained from the separation of variables solution of Laplace's equation.
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The Fourier series approach has been successfully applied to soliton interaction by Fenton &

Rienecker (1980, 1982) and Haagsma (1991, 1992). Haagsma (1992) concludes that the Fourier

formulation is capable of simulating non-breaking but strongly nonlinear interacting solitons vezy

accurately. Haagsma (1992) finds that, at least with the original method of time stepping, the

Fourier method is less accurate for Stokes wave groups and dispersive wave fields as the required

time step length becomes very small when the wave field becomes nonlinear. He further concludes

that the numerical formulation is capable of being time stepped past localised breaking events

while giving a warning of this by total energy losses within the wave field. It is suggested that the

Fourier series formulation is capable of identifying wave breaking also at large scale.

Taylor and Haagsma (1994) have applied the Fourier approach to focused non-breaking wave

groups and concluded that the Fourier series approach improved the description of a relatively

broad banded focused event relative to the nonlinear Schrodinger equation. In tenns of the

calculated deviation from linear or second order theory, the findings were in agreement with the

experimental findings of Baldock et.al. (1996).

Whereas the Fourier method is accurate and straightforward to implement for computer

evaluation, it is computationally intensive in its original form. A more efficient formulation has

been proposed by Craig and Sulem (1993) who use a Tayl or expansion of the Dirichlet-Neumann

operator at the free surlce. It is possible to expand the expression for the time derivative of the

velocity potential in a form which may be calculated by Fast Fourier Transforms. The expansion

was shown to be rapidly converging with respect to the truncation order of the Taylor expansion,

efficient and accurate for slowiy modulated wave groups and Stokes regular wave trains.

The method due to Craig and Sulem (1993) has been further enhanced by Taylor (1996) and

Vijfvinkel (1996) and applied to soliton interaction, experimental focused wave groups (Baldock

et.al., 1996) and full scale empirical events. Vijfvinkel (1996) concludes that the method

improves significantly the computing efficiency relative to a formulation of the type proposed by

Fenton and Rienecker (1980). The stability properties of the formulation wevi1 however, believed

to be very slightly poorer than the Fenton and Rienecker (1980) formulation.

To the author's knowledge, the Fourier method has not previously been applied to a three

dimensional wave field although, in principle, there is no inherent restriction within the Fourier
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series methodology. There is no fundamental difficulty involved in extending a separation of

variables technique to three dimensions.

Nonlinear Design Solutions

The second traditional approach to numerical modelling within deep water transient waves has

been motivated by a need for an accurate estiniate of the wave induced kinematics underneath a

steep 'wave profile. An estimate of the wave induced kinematics is necessary for design purposes

and for this reason the engineering community has shown much interest in methods which may

estimate the kinematics underneath a measured or assumed surface profile. A number of

formulations which tackle this problem have been proposed. Nonlinear design solutions will

typically use the governing equations for a perfect fluid together with an iterative procedure in

order to obtain a velocity field which is consistent with a pre-defined description of the free

surface.

Dean's stream function (1965) is perhaps the most widely known approach of this type. Dean

(1965) represented the stream function by a single Fourier series and iterated the Fourier

coefficients such that the free surface boundary conditions were satisfied. Dean obtained good

results for the velocity field underneath both measured wave profiles and for an iterative

procedure in which the wave length and wave height was used as input. Chaplin (1980) has

shown that a similar stream function gave good agreement with the exact solution for regular

waves of near limiting steepness.

Dean (1965) uses a single Fourier expansion for the stream function. As a result, all the

harmonics within the formulation travel with the same phase speed, and the formulation can only

describe vaves of permanent form. Lanibrakos (1981) represented the velocity potential as a

double Fourier series in wavenumber and frequency and thus introduced the possibility of

modelling waves which deform in time and space. This solution assumes that the wave field is

unidirectional and uses a measured temporal history of the surface elevation at one spatial

position as input.

Baldock and Swan( 1994) have developed the solution due to Lambrakos (1981) further. A

fundamental problem with the original approach was that the measured and predicted surface

elevation at the measurement position was in poor agreement even when the minimum error in the
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dynamic and kinematic free surface boundary conditions was obtained. Baldock and Swan(1994)

overcame this problem by introducing a weighting factor applied to the dynamic free surface

boundary condition at the measurement position. After the weighting factor was introduced,

Baldock and Swan(1994) obtained excellent agreement between measured and calculated velocity

profiles underneath strongly nonlinear wave events. The accuracy holds in the vicinity of the

position at which the input surface elevation is measured, but reduces at distances larger than

approximately one wavelength from this position. Baldock(1994) indicates that the relatively low

periodicity in space and time required for computing time to be reasonable can not alone account

for the inaccuracy far from the measurement position. He further states that attempting to define

the entire wave field from a knowledge of the temporal profile of the free surface at one spatial

position only, is an ill posed problem.

A number of similar numerical formulations have been suggested. Fenton (1986) has proposed a

local polynomial approximation in which the wave field is assumed to be locally steady over short

times. The method has been shown to work well for long waves, but for short waves or broad

banded spectra, the method is less accurate as the velocity profile with depth can not be described

accurately by a truncated polynomial series. A similar scheme has been proposed by Sobey

(1992). Comparisons with steady state wave fields showed that the method was highly accurate

whereas comparisons with field data (Torum and Skjelbreia, 1990) gave good agreement

although measurements of the kinematics within the crest region were not available.

A different approach has been proposed by Forristal(1985). In the Kinematic Boundary

Condition Fitting (KBCF) method (Forristal, 1985) a full temporal and spatial free surface

description is used as input. Thus, if the free surface and its temporal derivative is known, the

velocity potential is defined uniquely by the kinematic free surface boundary condition on the

surface and Laplace's equation in the fluid interior. Forristal uses a series representation with

random phases of the free surface correct to second order and iterates a corresponding exact

velocity potential.

Appreciating the need for a three dimensional representation of full scale field data, the KBCF

method has been extended to three dimensions (Forristal, 1986). The three dimensional KBCF

has been compared with full scale storm crest kinematics obtained in the FULWACK experiment

(Forristal, 1986). Using the estimated spectrum of the free surface, a three dimensional random

simulation of the free surface was used as input to the numerical scheme. The free surface was
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corrected for second order effects by the method of Sharma and Dean (1981) and good agreement

of the statistical distribution of the crest kinematics was obtained between the measurements and

numerical predictions. The three dimensional version of the KBFC scheme is, however,

computationally expensive requiring Cray computing power.

The present chapter is concerned with the development and validation of the numerical

formulation developed within the present investigation, In section 3.2, the considerations which

led to the choice of method are presented and the numerical formulation and method of computer

implementation are developed, In section 3.3, a method of modelling focused wave fields is

described, In section 3.4, the numerical scheme is compared with linear theory for very gentle

focused wave groups for which hydrodynamic deviations from linear theory are thought to be

smaller than the numerical inaccuracies, In section 3.5, a comparison between the numerical

results and measurements from experimental investigations is presented for four wave groups

which are close to the breaking limit. Consistent deviations between numerical and experimental

results are discussed.
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3.2. The Numerical Formulation

Design Philosophy

It has been a prime objective of the present study to develop a numerical formulation which may

describe three dimensional strongly nonlinear wave events. The principal considerations which

have led to the choice of method are listed below:

1/It is desired that the numerical formulation should predict accurately the kinematics

underneath large, nonlinear wave events.

2/ The numerical formulation should remain accurate as the limit at which wave breaking

occurs is approached. Within the present study, it is not a requirement that the behaviour

of the wave field beyond the breaking limit should be modelled.

3/Ideally, the numerical formulation should supplement the experimental investigation in

analysing the mechanisms which govern the evolution of three dimensional, nonlinear and

transient wave fields. In particular. it is desired that the numerical scheme should give an

accurate spatial representation of the wave field.

4/ The numerical formulation should be developed such that it may ultimately be a useful

tool for design purposes.

It is probable that, under the assumptions that the wave field is unidirectional and may be

described by potential theory. a knowledge of the temporal profile of the free surface at one

spatial position is sufficient to describe the wave field uniquely even if the wave field is nonlinear.

For a directional wave field this is certainly not the case. An extension of the numerical

formulation due to Baldock and Swan (1994) to three dimensions would therefore require

temporal profiles of the free surface at several spatial positions as input. The spatial resolution of

the wave field must be high such that the directional distribution of both low and high

wavenumber terms may be resolved accurately. Such resolution is barely possible in a laboratory

investigation within a reasonable time, and is certainl y not available for full scale wave fields.
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Alternatively a parametric approach could be employed in which the directional spread of the

wave field and its dependence on wavenumber and frequency could be used as input to the

numerical formulation. The parameters for such an approach would, however, be extremely

difficult to obtain. The parameters should reflect the nonlinearity of the wave field which is

indeed what the numerical formulation should ideally identify.

The KBCF method due to Forristal (1986), while potentially providing a powerful design tool is

deemed unsuitable for the present purposes for similar reasons. The present investigation seeks to

identify terms which may not be described by second order theory. It is possible that these take

the form of near resonant terms which nearly satisfy the dispersion relationship and which

grow and disappear on a time scale similar to the growth and decay of a large event. These

waves may be comparable with the linear wave components in the vicinity of a large crest. Recent

investigations (Baldock et.al., 1996, Taylor and Haagsma, 1994 and Stansberg, 1994) suggest

that such is the case for relativel y narrow banded unidirectional wave fields. The KBCF method

uses a second order representation of the free surface and can thus not describe near resonant

effects.

The present study is concerned with focused Vb ave groups for which the maximum crest elevation

of the single large event, is very much larger than the global surface variance (rn01"2).

Furthermore, the extreme event has been kept at or below the limit of incipient wave breaking. It

is reasonable to expect that, although the extreme crest is at the very limit of breaking and highly

nonlinear, far from the extreme event where in0' 
2 is the central parameter, the wave field is

sufficiently dispersed for linear or second order theory to be accurate. Future investigations along

the present lines may be concerned with a focused event riding upon a random background, but as

long as the investigation is concerned with single wave events which are very much larger than

m0 1 , the assumption above seems reasonable.

The present problem is thus sell conditioned for a time stepping approach. At one early time,

linear or second order theory is expected to be accurate, and if a stable and accurate three

dimensional numerical formulation may be identified, the wave field may be time stepped from an

initial time past the position of maximum crest elevation.

The numerical formulation developed in the present section is a Fourier series approach applied

to a three dimensional wave field. It is thus attempted to tackle the hill problem of nonlinear
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evolution of focused wave groups. Both the free surface and underlying kinematics calculated

from an initial, dispersed wave field. As it is not a requirement that over-topping waves should be

modelled, the Fourier series approach has been preferred over a three dimensional boundary

Integral approach.

Solution in the Wavenumber Domain

In the numerical analysis it is assumed that the fluid motion may be described by inviscid.

irrotational and incompressible flow. A general solution to Laplace's equation which satisfies the

bed boundary condition for a horizontal impenneable bed may be found by standard separation of

variables techniques (see eg. Kreyzig, 1988):

c1 = $ J
 (A' Cos(kx) + B' Sin(kx))(C' Cos(ky) + D' Sin(ky))

Cosh(.1jk 2 +k,2 (z+d))
dkdk 3.2.1

Sinh(.[k 2 +k 2 d)

If it is assumed that the wavefield is periodic in space with large fundamental wavelengths,

27r/k and A = 2r/k and that no energy is present above the large wavenumbers Nk and Mk

then equation 3.2.1 may be represented by:

N M(

cb =	 I fros(mkyXA,_,Cos(nkx) + B,,,Sin(nkx)) + Sin(n ,yXCCos(nkx) + DJin(n))1C0
	 (z + d?i

o	 Sini(,d) )

3.2.2 a

where the coefficients have been redefined (i.e. AA'C', B=B'C', C=A'D' and D=B'D') and:

k,,,, = (nk,)2 +(mk	 3.2.2b

Furthermore, if the velocity field is periodic in space, the free surface must be periodic in spCe

with the same period:

17 =
	

((cos(mk,,y)(a,,,cos(nkx) + b,,,,,Sin(nkx)) + Sin(mk y)(c,,,Cos(nkx) + d,,,,,Sin(nkx))))
,r-Om 0

3.2.3
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For simplicity, the truncation wavenuinbers are identical for the velocity potential and free

surface throughout the present investigation (i.e. N=N' and MM').

Rearranging the dynamic and kinematic free surface boundary conditions yields:

=_(gq+i +,2+cI2)
	

3.2.4 a

,, =cI—(+D,i,)	 3.2.4b

where the Bernoulli constant is incorporated into Ao and the atmospheric pressure is set to zero.

Notice that the right hand sides in equation 3.2.4 do not contain time derivatives. As a result,

equation 3.2.4 suggests that the knowledge of an instantaneous velocity field and free surface

elevation yields the time derivatives of the wave field. Furthermore:

(r
= E II Cos(mk,y 4"LCos(nlçx) +	 + Sin(mk,4 -2'"-Cos(nkx) + .- "-Sin(nkx) Cosh(k(z +d)Y\

ñ t	 7 t	 )j_Srnh(/c,drJoLL

3.2.5 a

N
=	 I Cos(mk,Y)( f!_Cos(nkx) +	 + Sin(mk,Y)[9'!!LCos(nkx) + 

c9d 
Sin(nkxx))J

,r-Orn—O

3.2.5 b

If an initial velocity field and surface elevation is known, it is sufficient to solve the right hand

side of equation 3.2.4 at 4 NM spatial positions in order to solve for A, B, C D, at, b Ct and d

linearly. If it is possible to identify a method of integrating the set of Ordinary Differential

Equations (ODE) in equation 3.2.4 and 3.2.5 accurately over large times, the time evolution of

the coefficients may be followed.

For the present applications, the formulae may be rewritten to utilise the fact that the wave fields

are svmmetrc in the )-direction1:

This is by no means a formal necessity for the success of the present numerical formulation.
Specifying a priori that the wave field is symmetric does, however, speed up the computation time by a
factor of approximately 8.
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U	 N	 Cosh(k,_(z+d))'
= C'os(mk,y)> I (A_Cos(nkx) + B,_s,n(P7"')) Sinh(kd)	

3.2.6 a

= Cos(mk,y) (a,_Cos(nk r) + aSin(nk. x))
	

3.2.6b

N ((c9A	 Sifl(flkx) (osh(k(z+d))"1
=	 Cos(nkx)	 Sinh(k,d)	

3.2.6 c

77, = Cos(mk,y)	 Cos(nk x) +	 Szn(nk3 x))
ct	 (t

3.2.6d

In order for the system to be well posed for Discrete Fourier Transform (DFT) techniques,

equation 3.2.6 is rewritten as:

U	 (	 Cosh(k,(z+d))'
=	 Cos(,nk,v)I A n,, + I ((..t Cos(nk, x) + B,,,,Sin(nk x))

L	
Sinh(k,d) J

3.2.7 a
+[4Cos(Nk x) Cosh(k(z+d)))]

Sinh(kd)

= t Cos(mky)ao. + ((a Cos(nk x) + b,Sin(nkX)) + aA, COS(.\lcX))	 3.2.7 b

+	 Cos(nkx) +
	 Sin(nkx)) Cosh(k (z + d))j

CD,	 Cos(nzkv) c 
t	 ,	 ñ t	 e t Sinh(kd)

3.2.7 c

Sinh(k,,1d)

=	 Cos(Nk x)J	 3.2.7 d
Lct	 t	 c91	 öt

yielding 2N(M+1) coefficients within each equation. The spatial mesh at vhich equation 3.2.4 is

evaluated is given as:
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f(i-1)A.	 j-1)2 1

['by] =1	 I	 1=1,2. 2N	 j=1, 2 ..., M+1

L 2N	 2M j

The spacing of the spatial mesh is exactly half the wavelength corresponding to the truncation

wavenumbers Nk and Mk),. Notice that the coefficients corresponding to the truncation

wavenumber in the x-direction (A and aNm) can not propagate as their phases are not included.

A and am,. are thus merely control parameters in the present representation.

Combining equation 3.2.4, 3.2.7 and 3.2.8 yields two sets of linear simultaneous equations which

may be solved for the time derivatives of the coefficients:

VC=D
	

3.2.9 a

Ec=K
	

3.2.9b

D and K are vectors of, respectively, the dynamic and kinematic free surface boundary conditions

evaluated at the free surface at all the plane positions shown in equation 3.2.8. C and c are

vectors containing the (unknown) time derivatives of the coefficients for the velocity potential and

free surface respectively. V and E are matrices with dimensions (2N(M+l)) 2 . V contains the

trigonometric and hyperbolic terms in equation 3.2.7 c with variations in n and m along each row

and a variation in x and y along each column. E is similar except that it contains no hyperbolic

terms and thus not 11.

If N and M are chosen to be integer powers of 2, the calculations for the free surface may be

performed using two dimensional Fast Fourier Transform (FFT) techniques. The expressions for

the velocity potential coefficients, however, can not be evaluated using the FF1. The hyperbolic

term in equation 3.2.7 c contains r which varies with the spatial co-ordinates. The coefficients of

the velocity potential are therefore evaluated using Lower-Upper (LU) matrix factorisation and

back-substitution. The LU factorisation is the fastest general method available for the solution of

linear simultaneous equations (LSE) but nevertheless a (2N(M+1)) 3 process. LU factonsation

takes up the bulk of the CPU time for all the time stepping procedures investigated.

It should be noted that the present representation of the time derivative of the velocity potential is

not a Fourier representation and can not be expected to have the same aliasing properties as a

3.2.8
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3.2.11

Discrete Fourier Transform. As far as the author has been able to observe this, however, it

appears that the expression for the time derivatives of the velocity potential is well conditioned

for the problem of nonimear wave analysis. No adverse effects have been observed due to the

particular form of the expression for the time derivative of the velocity potential in conjunction

with the discrete mesh at which equation 3.2.4 is evaluated.

Time Stepping

The solution of equation 3.2.9 yields the time derivatives of the coefficients which define the free

surface and the velocity potential. Time stepping may thus in theory be performed in the same

fashion as the numerical integration of a single variable, y, which varies with t.

Fenton & Rienecker (1980) use the following time stepping procedure:

y(I + bi) = y(t - bJ)+2 Jy,(t)+ O(LJ 3)	 3.2.10

<ffO5vwi t')

which has been referred to as a 'leap-frog' schen For the formulation in equation 3.2.10.

Fenton and R.ienecker (1980) found that for a linear wave field. the time stepping was stable

provided that:

where b.x is the grid spacing in the evaluation of the free surface boundary conditions. For

calculations on solitons and soliton interactions, this criterion has been found to be appropriate

(Haagsma, 1992). For Stokes waves, however, Haagsma( 1991) found that even for step lengths

significantly smaller than the stability criterion in equation 3.2.11, the numerical time stepping

yielded an unstable grovTh of errors at large wavenuinbers. Haagsma (1991) suggests that there

is a general criterion for nonlinear stability of bt ^ &x2. Calculations on nonlinear focused wave

groups using the present numerical formulations in two dimensions suggest that the restriction is

even more severe.

For a general nonlinear wave field, the present numerical formulation appears to behave in a

fashion similar to what is referred to as a 'stiff' system within the field of applied mathematics
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(Gear, 1971). Stiff sets of equations may arise when it is necessary to integrate numerically a set

of simultaneous first order differential equations. The presence of two or more very different time

scales upon which the unknown variables are dependent may create a system which is difficult to

integrate numerically in an efficient fashion. For the present application, the stiffness arises from

the very high wavenumber terms which are present within the fonnulation. The highest

wavenumber terms are negligible in magnitude, at least for the majority of the time, but oscillates

at very much shorter time scales than the low wavenumber components. It is not necessary to

follow the motion of a very high wavenumber term which in magnitude is so small as to be

comparable with the round-off errors, but it is necessary to ensure that this term is time stepped

such that no unstable growth of energy at high wavenumbers occurs.

A number of formulations for the time stepping have been investigated. Firstly, the second order

improved Euler method (Kreyzig, 1988) was used to time step the wave field. The improved

Euler method is given in equation 3.2.12 and provides the simplest Predictor-Corrector (PC)

method for this class of problems requiring two evaluations of the time derivatives of the

coefficients at each time step:

y (1 + At) = y(I) + A1v1 (t)
	

3.2.12 a

.v(t + At) = y(t) + Ar( v (t) + .v(t + At)) + O(Ar')
	

3.2.12 b

A step size control routine was developed for use with equation 3.2.12. Although simple, the step

size control routine is developed bearing the particular problem of wave wave interaction in mind:

For a set of coefficients. a,,.,,, and b,,,,,., it is assumed that the phase of the set taif1(b,,,,,/a,,.,,,) varies

much more rapidly than the amplitude of the set (a,,.,,,.2+bm,,2)1'2. The step size was adjusted such

that no set having a combined amplitude larger than the numerical accuracy of the computation,

varied in phase more than 7r/25 radians within one time step.

Although the time step control routine was found to be very reliable (if a numerical run collapses,

no case has been found for which an even smaller time step could prevent the collapse), it has

been found to be inefficient for nonlinear wave fields. Using a fixed time step throughout the

computation reduced the total number of time steps in the computation significantly without any

visible reduction in accuracy. Particularly when very large truncation wavenumbers were used, a

reduction in the total number of time steps of as much as five was observed with a fixed time step

98



relative to an automatic variable time step before divergence occurred. The time step control

routine is therefore used only when it is unclear whether inaccuracies are caused by the time step

length, or for investigating the behaviour of the wave field immediately before the collapse of the

numerical scheme. For the latter situation, the time step control routine is invaluable.

Following Press et.al.(1992), a fifth order Runge-Kutta method with adaptive step size control

based on an embedded fourth order error estimate was investigated. The fifth order Runge-Kutta

scheme is outlined in equation 3.2.13 and table 3.2.1:

y(t+&)=y(t)+ck +c,k2+...+c6k6+O(if6)
	

3.2.13 a

= Jf(t,y(t))

k2 = Atf(t+a2.y(r)+b,1k1)

k6 = &f(t +a6 .y(t)+b61 k1 +bk2+...+b6,k)

3.2.13 b

where f denotes evaluation of the time derivative.

i	 a1	 b	 c1

1	 37/378	 2825/27648

2	 1/5	 1/5	 0	 0

3	 3/10 3/40	 9/40	 250/621	 18575/48384

4	 3/5	 3/10	 -9/10	 6/5	 125/594	 13525/55296

5	 1	 -11/54	 5/2	 -70/20	 35/27	 0	 277/14336

6	 7/8	 1631/55296 175/512 575/13824 44275/110592 253/4096 512/1771 114

j=	 1	 2	 3	 4	 5

Table 3.2.1. Coefficients for the 514th Order Runge-Kutta Scheme (From Press etaL 1992)

From equation 3.2.13 b and table 3.2.1, a fourth order Runge-Kutta solution may be computed

without further calculations:

y (t + At) = y(r) + ck3 + c2k,+...+ck6 +
	

3.2.14

99



The fourth order error for each coefficient in equation 3.2.7 a and 3.2.7 b may be approximated

by comparing the difference in the fourth and fifth order estimates. The time step length may be

adjusted such that a specified error is not exceeded. For the present application, the coefficients

are scaled according to the amplitude of each set of equations and the error set to a global value

at each time step. The present method requires six evaluations of the time derivatives at each time

step, but is nevertheless superior in terms of computing time, to the improved Euler formulation

for the present purposes.

Press et.al (1992) strongly advocate the Bulirch-Stoer method for the majority of time stepping

problems. The central idea in the Bulirch-Stoer method is that the integration interval is divided

into large steps aT for which the truncation error using a standard procedure can not be expected

to be small. AT is then subdivided into smaller and smaller subintervals, At. and the function is

evaluated at t + AT using a modified midpoint method with At (Press et.al. 1992). By

investigating how the function value at t+ AT varies when At becomes smaller, it is attempted to

extrapolate the value of the function at t+ AT using polynomial or rational function extrapolation

towards At -+ 0. The error estimate for the Bulirch-Stoer method is based on the changes in

prediction of the function value at t+AT of the extrapolation to At -+ 0 when At decreases.

The Bulirch-Stoer method has been implemented for the present system with a step size control

similar to that employed for the fifth order Runge-Kutta formulation. The Bulirch-Stoer method

has been found to be unsuitable for the problem of nonlinear dispersive wave systems. A stable

time stepping invariably required a large number of sub-intervals within the main interval AT as

the convergence of the polynomial and rational function extrapolation is veiy slow. The Bulirch-

Stoer method was found to be significantly less efficient than the fifth order Runge-Kutta method

when comparisons with similar error tolerance levels were conducted. Whereas the Runge-Kutta

schemes are relatively robust, the Buhrch-Stoer method, by the very nature of the mechanism for

time stepping, is highly sensitive to stiff systems where small perturbations of the dependent

variables yield large differences in the estimate of the time derivatives.

Finally, a fourth order Adams-Bashford-Moulton PC method similar to that employed by

Longuet-Higgins & Cokelet (1976) has been investigated. This method is outlined in equation

3.2.15 (Gear, 1971):
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y(t+At) =y(r)+(55y,(t)-59y1(t-&)+37y(t-2&)-9Y,(t-3&))	 3.2.15 a

y(1+1) =y(!)+(9y1(1+&)+l9y,(1)-5y,(1-&)+y3(1-2At)) 	 3.2.15 b

In order to commence calculation, a fourth order Runge-Kutta scheme is employed (Press et. al.,

1992):

+2k2 +2k 3 +k4)^O(t5)	 3.2.16 a

k =_±!((:))

ak2 =.-(y(1)+&k,)

-ok 3 _-(v(t)+1&k '2	 2)

a
k4 =—(y(i)+ Eik3)

3.2.16 b

It is necessary to use a different method for the first three time steps as the Adams-Bashford-

Moulton method requires information from more than one previous time step in order to perform

a new time step. For the same reason, it is very cumbersome to vary the time step length during

calculation for this method. The implementation of this method has therefore been made with a

constant user specified time step and no internal error control. By considering the stability checks

discussed underneath and studying the solution directly, however, a comparison between the

Adams-Bashford-Moulton method and the fifth order Runge-Kutta has been made. It appears that

the former requires only slightly smaller time steps than the latter in order for a similar degree of

accuracy to be obtained2 . As a result, because the Adams-Bashford-Moulton method requires

only two evaluations of the time derivatives at each time step in contrast to the six evaluations of

the time derivatives necessary in the fifth order Runge-Kutta method, the Adams-Bashford-

Moulton method has been found to be the most efficient procedure of time stepping among the

methods considered for the present applications.

2 By investigating Taylor Series expansions for a sine curve and by running the fourth order Runge-
Kutta fonnulation (equation 3.2.16), it appears that Runge-Kutta methods are more efficient so that the
higher order of the filth order R-K scheme can not alone explain the smaller number of time steps. R-K
schemes appear to be more robust than PC methods for stiff systems of the present type.
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The Adams-Bashford-Moulton method suffers only moderately from the effects of stiffness. It

has been necessary to keep the time step as low as 0.06/f where L is the maximum

anticipated frequency for which there is any appreciable energy present3, typically 6 Hz for the

near breaking experimental cases. Furthermore, in order to prevent unstable growth of the highest

wavenumber terms within the numerical formulation for a reasonable time step length, it has been

found that there are relatively stringent requirements upon the ratio, R, of the absolute value of

the largest wavenumber and the absolute value of the wavenumber having the largest component

amplitude. Both for the experimental cases and for realisations of extreme events using empirical

ocean spectra, it has been found that it is very difficult to time step a wave field in a stable

fashion if Rk is much greater than 15. This property has caused difficulties when it was attempted

to verif' the numerical scheme by a systematic doubling and halving of the input parameters (N,

M, , ),, st), but comparison with experimental cases suggests that both directional and

unidirectional wave fields may be described accurately close to the breaking limit provided R1 is

only larger than 10.

Control Parameters

As the time stepping progresses, it is possible to evaluate the performance of the system:

- a indicates the still v, ater level and thus the total mass of fluid and should remain constant.

- aNm, ANm, a, bf, A and B are the coefficients of the truncation avenumbers. They

should all remain negligible. If this is not so, there is either an instability within the time stepping

and the step length must be reduced, or there is significant energy at wavenumbers larger than the

truncation wavenumbers. In the latter case it is necessary either to increase N or M or reduce X%

or.

- Zakharov (1968) has shown that Laplace's equation together with the free surface boundary

conditions conserve the energy of the system. The total energy over the fimdamental wavelengths

In order for this statement to be more precise, it is necessary to consider the accuracy of the number
representation 'vithin the computer. Throughout the present numerical modelling, double precision (16
significant figures) is used. The amplitude of a wave component thus becomes appreciable if it is larger
than 10 times the largest amplitude components within the system.
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should remain constant as the time stepping progresses. The plane average potential energy

within the wave field at one time instant may be expressed as:

E,= pg 
il7,2vdx
	

3.2.17
,O0

Substituting equation 3.2.7. b in equation 3.2.17., expanding the trigonometric products as sums

and integrating yields an expression of the average potential energy of the wave field in terms of

the Fourier coefficients of the expansion:

= pg[a; +.(a02 +ba02)+ 2aNO +tfO 0 2 	 +b,,.2)+a,.i,.)]	 3.2.18

Sinularly, the average kinetic energy over unit surface area may be expressed by:

2, 1, ,

E = 2AA.7
	 3.2.19

Substituting for equation 3.2.7 a and integrating with respect to z yields:

'7 %./UM	 N N

J 2 =	 cos(mky)cos( jk,,v) 	 [ nik 2 (B,,cos(nk, x) - A ,,Sin(nk x))
-a	 =Oj 0	 ,. o o	 3.2.20 a
(Bcos(iiçx)_ASIn(ikx))(iv +H 

)1

'1	 VA	 N N

5	 =	 Sin(rnk,y)Sin( jk y)	 [ rnjk 2 (A_,,C'os(nk x) + B,,Sin(nk x))
-d	 -oJ 0	 o _o	 3.2.20 b
(ACos(ika x)-* BSin(iIc x)XH ' + H-)]

'	 A!	 N N

J 
2 =	 Cos(mk)v)Cos( jk,y)	 [ k,,,,k (A,, Cos(nk x) + B,_Sin(nk, x))

a	 ,, 0 g=0	 3.2.20 c
(A0 Cos(ik, x) + B9Sin(ik, x)XH - H )]

where B =	 and

103



ifn ^ iVandm ^ M

iln>Norm > M

3.2.22

1	 (Sinh((k +k)(q+d))

- 2Sinh(k_d)Sinh(kd) I,	 k, +k

H	
1	 Sinh((k,. - k )( + d))

2Sinh(k._d)Sinh(kd)I	 k_, -k

3.2.20 d

3.2.20e

Equation 3.2.19 has been integrated using Simpson's rule with a spatial mesh identical to that

employed within the time stepping (equation 3.2.8). The accurate evaluation of the kinetic energy

is thus a (2N(M+ I )) process like the time stepping itself. The kinetic energy may be evaluated at

an instantaneous position, however, and thus need not be evaluated at every time step.

Stability Filters

Consider the representation in equation 3.2.21:

y(t+zSf)=y(t)+a v
	

3.2.21

where öy is the correction over one single time step to the coefficient y as predicted by a time

stepping routine, a is a filtering coefficient. If a = 1 for all the coefficients and all the time steps,

the system is unfiltered. Two filters have been considered within the present investigation:

a 
= {(aay. E[5.50J

where

(n - N '\"
a =Cos(.,NJJ

a =Cos(M'

	

fi	 ifn^Nandm^M

	

a=10	
ifn>Nor m>M

3.2.23
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The filters provide simple anti aliasing filters. Although implemented for all the serial codes,

filters have only been employed for some very large unidirectional wave fields. It appears that the

filter in equation 3.2.23 is superior to equation 3.2.22 for the values of j investigated.

Serial Computer Implementation

Two separate numerical formulations have been implemented for serial computing. The first of

these is a code for modelling unidirectional wave fields (corresponding to M=O) whereas the

second models directional wave fields. The three dimensional formulation can run wave fields

which are symmetric or asymmetric about the x-axis although the latter has not been used in the

present investigation. Both codes are written in FORTRAN 77 with double precision for all

floating point numbers.

Forward and inverse Fast Fourier Transforms are evaluated using standard routines from Press

et.al. (1992). For the unidirectional version of the code, a one dimensional FFT routine has been

used whereas for the directional version of the cod;a n-dimensional FFT has been implemented.

The LU factorisation is performed b a ready made routine from Press et.alL 1992) for both the

codes. The LU factorisation uses column-wise elimination and partial pivoting.

The two dimensional version of the numerical scheme is time stepped using the improved Euler

method and the adjustable step size discussed above. Furthermore, it has been investigated to

what extent it is possible to take advantage of the fact that the matrix, V, varies very slowly. It

has been found that it is not necessary to conduct a LU factorisation at each time step as the

variation in the LU matrix may be so small as to cause resultant changes in the time derivatives

of the velocity potential which are smaller than the numerical accuracy.

The LSE which yields the time derivatives of the velocity potential coefficients is given by

equation 3.2.9 a:

VC=D
	

3.2.9 a

where C is the exact unknown solution to the equation. C is unknown, but the solution for the

time derivative at the previous time step is known. This may be denoted by (C + &C) where &C is

the unknown difference between the previous and the present time derivative. Furthermore
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v(c+)=(D+bD)
	

3.2.24

where &D is the error introduced by using an inaccurate time derivative. Subtracting 3.2.9 a from

3.2.24 and eliminating 8D yields:

V = V(C + - D
	

3.2.25

In the left hand side of equation 3.2.25, the last available LU factorisation of V (at a previous

time step) is used:

LU =V(C+)—D
	

3.2.26

In order to obtain a solution for 5C, it is only necessary to multiply and subtract the right hand

side of equation 3.2.26 and perform a back-substitution of the LU factorisation. C may be

updated as 8C and (C+ 6C) are known and a new iteration may be performed. At each iteration,

the right hand side and left hand side of equation 3.2.24 are compared. If the maximum difference

is smaller than a typical difference obtained after a formal LU factorisation and back-substitution

(with one iterative improvement), the iterative method is taken to be successful. Furthermore, the

iterative scheme does not recover: If the minimum error in equation 3.2.9 a is larger than the

minimum error at the previous iteration, the iterative scheme has collapsed and a full LU

factorisation and back-substitution of equation 3.2.9 a is conducted.

The iterative improvement method is a N 2 process only. As a result, it has been found that this

method improves significantly on the computing time if N is larger than 64. There is no loss of

stability or accuracy inherent in using the iterative improvement method.

For the three dimensional version of the numerical scheme, it is necessary to optimise the time

stepping method as the computing time is much more critical. For the serial implementation of the

three dimensional scheme, the improved Euler method, the fifth order Runge-Kutta method, the

Bulirch-Stoer method and the fourth order Adams-Bashhford-Moulton schemes have been

investigated. It has been concluded that the Adams-Bashlord-Moulton scheme is the most

efficient for nonlinear transient wave fields reducing the number of time steps required by a factor
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of approximately 2.5 for near breaking events relative to the improved Euler method. Although

this has not been investigated, iterative improvement is believed to provide a smaller improvement

on the computing time for these cases as the time step length is larger for the Adams-Bashford-

Moulton scheme as for the improved Euler scheme.

Parallel Computer Implementation

Considerable time has been spent in developing a parallel implementation of the three dimensional

formulation. For the most detailed numerical descriptions this has been necessary. The author has

had access to the Fujitsu AP 1000 parallel computer in the department of Computing Engineering

at Imperial College. The AP 1000 is a distributed memory parallel machine consisting of 128

separate Sparc processors each with 16 Mb Random Access Memory (RAM) running at 25 Mhz.

The host machine is a 4/630 Sparc-Server with 128Mb RAM. The total parallel configuration

has a theoretical peak computing speed of approximately 15 times the most powerful Personal

Computers available (in 1996). For further details on the AP 1000 hardware configuration see

Sitsky et.al. (1994a).

The implementation of the numerical formulation has been written using the 'Message Passing

Interface' (MPI) standard proposed by the MPI Forum (1994). In the two years of its existence,

the MPI has become a de facto standard within the parallel computing branch of science. The

present code is portable in the sense that it may be compiled and run without changes on the great

majority of the most powerful distributed memory systems world-wide. For details on the MPI

standard itself, see (MPI Forum, 1994) and for details and efficiency of the implementation of the

MPI standard on the API000 machine, see Sitsk'v et.al. (1994b).

The implementation of the present numerical formulation for parallel computing has been written

in FORTRAN 77 with double precision for all floating point numbers. The time stepping is

performed using the Adams-Bashford-Moulton scheme and a constant time step. The time

stepping is initiated by using a fourth order Runge-Kutta formulation (equation 3.2.16) for the

three first time steps.

The majority of the effort involved in making the parallel version of the numerical scheme

efficient has concentrated on the time stepping of the velocity potential. In particular, the efficient

LU factorisation of the vector, V, in equation 3.2.9 has received attention. The author has

107



developed a parallel LU factonsation algorithm with row-wise elimination and partial pivoting.

The algorithm appears to be competitive with professional implementations (e.g. Brent,1992) in

computing speed. The main disadvantage with the present implementation relative to professional

implementations is that each cell requires a matrix with dimensions similar to the global

dimensions of V. Efficiency has been the main priority, but the local storage is limited such that

wave fields with coefficients of the velocity potential larger than 1448 may not be run at present.

At present, the parallel LU fctorisation is approximately 70 % efficient4 for a typical number of

1088 velocity potential coefficients.

The parallel implementation of the time stepping procedure is designed such that maximum

computing power is made available for the LU factorisation algorithm. The time stepping of the

coefficients for the free surface is conducted in a serial manner on the host machine whereas the

time stepping of the velocity potential coefficients is distributed throughout the cells.

Communication between host and cells and between the cells is thus important. Although the

calculations on the host are serial rather than parallel, the LU factorisation and back-substitution

take up the bulk of the computing time such that the host completes the computations before the

cells and no loss of efficiency ensues. The broadcast communication network has been found to

be superior to the cell to cell send-receive torus communication network.

Computing Time

A numerical calculation of a nonlinear focused wave group will typically require 1000 time steps

in order to time march the wave field from the initial time and well past the time of maximum

crest elevation. With the improved Euler method of time stepping used in the unidirectional

implementations of the numerical scheme, the required number of time steps is larger by a factor

of approximately 2.5.

Figure 3.2.1 shows the computing time for a single time step for the various schemes used within

the present investigation. The computing times for the serial formulations are measured with a

Pentium P133 personal computer with 16 Mb RAM. The computing time is plotted against the

total number of coefficients in the velocity potential (i.e. 2N for the unidirectional formulations

and 2N(M+ 1) for the directional formulations. Variations with respect to (NIM) are negligible.

efficiency is defined as the ratio of the parallel computing time to the tune required to LU factorise
the same system serially 'vithin one cell.
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The unidirectional and directional serial implementations of the scheme have very similar

computing speeds indicating that the cubic LU factorisation is dominant. Differences in

computing time for these two are caused by differences at lower orders. The parallel

implementation of the scheme provides a very large increase in computing speed when the

number of coefficients is larger than approximately 400.

For the iterative implementation, the time step computing time varies from time step to time step

within a single run. In addition, the average time step computing time will be dependent upon the

steepness of the wavefield. Indeed, if the wavefield is essentially linear, the matrix, V, does not

vary with time and it is only necessary to LU factonse V once at the commencement of the

numerical calculation. For a nonlinear wave group, a full LU factorisation is needed relatively

frequently throughout the calculation. The computing time plotted in figure 3.2.1 is for a strongly

nonlinear wavefield which disperses slowly (Case DUD55) which is the wavefield for which the

iterative method provides the smallest gain in computing speed. It may be seen that for 128

coefficients, the gain in computing speed is negligible relative to the case for which two LU

factorisations are carried out at each time step. With 256 coefficients, however, the iterative

procedure increases the computing speed by a factor of approximately 2.

0	 200	 400	 600	 800	 1000	 1

Total nwnber ot Coefficients in the Velocity Potential

o 2-0 Implementation with iterathe Procedure 	 3-0 Parallel Implementation
—2-0 implementation	 3-D Serial Implementation

Figure 3.2.1. Time Step Computing Time for Numerical Formulations
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3.3.1 C

3.3. Mode11jn the Initial Conditions for Focused Wave Groups

If a linear wave field is symmetric about the x-axis and periodic in space with fundamental

periods ?2it/k and A,=2/k, it may be described by a series ofvelet couples propagating at

±O:

N-I M

3.3.1 a
1 .=O

N-I M	 Cosh(lc, (z + d))=	
13 ,.[ 

Sin(n/çx+mky_ co,,1 + e)+Sin(nkx-n:ky-ot 	
Sinh(kd)=j	 0

3.3.1 b

where is the wavelet couple phase and:

,!(nk)2 +(mk)2
	

3.3.1 C

=
	

3.3.1 d

(rnk
tan
	

3.3.1 f

Expanding 3.3.1 using the trigonometric identities yields an instantaneous wave field in the

format used in equation 3.2.7:

Cos(mk, v) (a,,Cos(nk, x) + bSin(nk x))
	

3.3.2 a

N I	 Cos/i(k (z + d))
3.3.2b= Co4mk,y) (A,.,Cos(nk x) + BSin(nk x)) Sinh(kd)

ii=1
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here

a	 Cosoj—e,_)
	

3.3.3 a

b	 a,..Sin(o.j -	 3.3.3 b

= _/3Sin(-&j -	 3.3.3 C

B =fiCosct—e,)
	

3.3.3 d

Equation 3.3.3 may be corrected for second order effects due to Sharma and Dean (1981). The

second order correction terms are distributed at discrete wavenumbers consistent with an equal

spacing of components in the wavenumber domain.

If a linear amplitude spectrum consistent with equation 3.3.1 may be found, the initial cocificients

for the time stepping may be found directly from equation 3.3.3 by choosing an appropriate

negative time . The system may thus be time stepped from to past the focusing time.

In deciding N, M, k, and k, there are three main considerations:

1/ Nk and Mk should be sufficiently large such that the steepness of the wave profile

can be accurately represented. For the present wave fields, both truncated experimental

spectra and continus realisations of empirical spectra, it has been sufficient to ensure

that Nk is 10-15 times the wavenumber of the spectral peak depending upon the

frequency spectral bandwidth. Mk should be kept at 4-6 tunes the values of the spectral

peak depending upon the directional bandwidth. Much larger values than these should not

be run as this severely affects the numerical stability of the formulation.

2/ k and k, must be small such that there are an adequate number of wave components

present within the most energetic part of the spectrum. Furthermore, it is necessary that

mY is much lower than A such that the wave field disperses towards a linear wave

group in the fur field also for a near breaking event. It has been found, however, that

focused wave groups converge very rapidly with respect to the fundamental
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wavelengths. It is necessary to ensure that A is only 5-10 times the linear wavelength

along the centreline of the focusing event. ? may be as small as four times the linear

wavelength along the centreline even for short crested events.

3/ N and M should be sufficiently small such that the wave field may be time stepped

within a reasonable computing time. At present 2N(M+l) should not exceed,

respectively, 600 and 1100 for the serial and parallel computer implementations.

The main difficulty in modelling the initial conditions lies in representing an arbitrary wave field

in a form which may be described by equation 3.3.1. For the purposes of the present discussion,

it is convenient to define two linear wave systems. Firstly, the target wave field is an arbitrary

focused wave field for which it is desired to investigate the nonlinear properties. The numerical

representation is the wave field used within the numerical formulation to represent the target

wave field. The latter must be periodic in both the x and y directions such that the wave field may

be described by equation 3.3.1.

Only if the target wave field is indeed a discrete sum of wave components spaced evenly in the

wavenumber domain, can equation 3.3.1 provide an exact description of the target wave field.

Similarly, if the target wave field has a continuos spectrum and it is possible to choose very large

fundamental wave lengths, a transform may be found which discretises the wave field accurately

in the wavenumber domain. This method is exact when the fundamental wave lengths tend to

infinity.

In general, however, the numerical scheme is used to analyse focused wave groups which are not

space-periodic. Furthermore, as computing time must be kept at a reasonable level, the

fundamental wave lengths are kept relatively small. For such situations, it is necessary to

consider carefully the linear properties of the target wave fields which must be conserved within

the numerical representation in order for the nonlinear scheme to yield a good representation of

the nonlinear properties of the target wave field.

Figure 3.3.1 highlights the present problem. The figure shows the position of the experimental

linear systems in the wavenumber domain. The arcs are equal wave frequency curves and

represent 46 wave couples spaced evenly along the arcs. The three different amplitude frequency

spectra are denoted by their largest and smallest frequency components which are highlighted on
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the graph. In order for such a system to be represented by the numerical formulation, it is

necessary to represent the experimental linear systems as sets of wave couples which are spaced

within a grid in the wavenumber domain.

CaseBZ NNZ. N \ \
1 Wave Components

Case,\

\\

3	 4	 5	 6	 7	 6	 9	 10	 11	 12

kI rad m1

Figure 3.3.1. Representation of Experimental Cases in the Wavenumber Domain

For a focused wave group, it is necessar that the two linear s ystems are as similar as possible in

the vicinity of the focal position. The hnear shape of the free surface as well as the envelope in

the vicinity of the focal position must be reproduced accurately by the numerical representation.

In order to reproduce the important linear characteristics of the target wave field, the numerical

representation is defined by the least squares fit to the spatial linear wave profile of the target

wave field at the focal time. At the focal time. it is thus insured that the linear profiles of the

numerical representation and the target wavc field are virtually identical over the fundamental

wave lengths.

Approximate values of the fundamental avelengths are determined by the considerations above.

The exact values of the fundamental wavelengths are chosen such that the volume underneath the

target wave profile over the fundamental wave lengths at the focal time is zero. The amplitudes of

the linear wave couples in the numerical representation are found by a least squares fitting

routine, and the corresponding coefficients of the velocity potential max' be found from linear

theory (equation 3.3.3).
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The present technique reproduces the spatial profile in the vicinity of the focal time, the temporal

profile in the vicinity of the focal location as well as the properties of the focusing group in the

vicinity of the focal event. Figure 3.3.2 shows the linear surface elevation due to the target wave

field and the numerical representation for case B04 at different spatial positions up-wave of the

focal event. This is the case for which the linear characteristics are most difficult to model;

computing time restrictions impose strict limitations on the fundamental wave lengths. At the

focal time, the linear characteristics are modelled accurately for more than three wave periods

either side of the focal point. As the wave fields disperse, the target wave field is accurately

represented following the group. At large distances up-wave of the focal position, there is a

beginning tendency for the two linear systems to diverge. Both wave fields are, however, highly

dispersed when differences occur, so it is doubtful whether nonlinear effects are significant.

Very far from the focal position, the two systems will necessarily diverge unless they are indeed

identical. As the phase correlation between the wave components disappears, the wave profile

will be governed by the global variance of the wave fields. This property is not conserved in the

numerical representation. The global variance of the surface elevation will in general be

significantly larger for the numerical representation than for the target wave field as fewer linear

wave couples are used to model the focusing event (which is necessarily the case when small

fundamental wavelengths are used). For a focused event, this property is not important. The

present investigation is concerned with isolated wave groups, effects related to the global variance

are only important if very long term nonlinear changes to the wave field are investigated.

For investigating full scale ocean spectra, a focusing event is modelled by the considerations

outlined above. The initial time is chosen when the focusing group disappears in the background

noise. At this time a further reduction in initial time will not produce a more gentle wave field as

the global variance of the wave field is the governing parameter. At the initial time, the wave field

is corrected for second order effects and time stepped past the extreme event.

In investigating experimental events, one additional complication must be taken into account. The

wave field is generated at a finite distance up-wave of the extreme event. Particularly for slowly

dispersive wave events, the focusing group may not be completely dispersed at the generation

position. Figure 3.3.3 concerns the wavefield which is most slowly dispersing. This is case D

from the unidirectional investigation due to Baldock et.al. (1996). It can be seen that at the paddle
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Figure 3.3.2. Numerical Representation of Experimental Linear Systems, Case B04
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Figure 3.3.3. Numerical Representation of Experimental Linear Systems
Baldock et.al.(1 996), Case D55

0

1
I,
U

0.5

11

Time/Sec

x-(813)m

U

•	 0.5-	 A	 !\
(00

/	
I

'i
Z

-1	 I	 I

-12 -11 -10	 -9	 -8	 -7	 -6	 -5	 -4	 -3	 -2	 -1	 0	 1	 2	 3	 4

Time/Sec

-(8/1.5) m

r,
0.5

0	
/	 /

-0.5

V
I	 I

-12 -11 -10	 -9	 -8	 -7	 -6	 -5	 -4	 -3	 -2	 -1	 0	 1	 2	 3	 4

Time /Sec

x-8 m (Paddle Position)
1 -1-

I,
A	 A

0.5+
7'.	 A

H 4	 i	 / \,
I

z	 V V

-12 -11 -10 -9	 -8	 -7	 -6	 -5	 -4	 -3	 -2	 -1	 0	 1	 2	 3	 4
Time/Sec

Numerical Representation	 Experimental System

116



position, the focusing group is clearly identifiable, having a maximum crest elevation larger than

80 % of the linear focusing crest elevation.

The paddle position needs to be modelled within the numerical representation for two reasons.

Firstly, as wave generation operates strictly on a linear superposition principle, it is possible that

inaccuracies are introduced into the wave field as the paddles must generate steep wave profiles.

It is possible that the focusing wave field which is generated is not strictly the linear target wave

field. Secondly, if nonlinear effects which are cumulative over the focusing and defocusing of the

wave field are significant, it is necessary to model the time during which wave interaction takes

place within the experimental wave field. It is inconsistent to model the numerical evolution of the

wave group from the time for which the wave group is dispersed if the experimental wave field is

allowed to interact for only a fraction of this time.

The input to the wave paddles is strictly temporal. The numerical scheme is initiated with a

spatial description of the wave field. it is therefore difficult to represent the paddle position within

the present numerical formulation. For focused wave groups, however, a method has been found

which is thought to model effects due to the paddle position relatively accurately. The numerical

scheme is initiated with linear rather than second order theory at the time at which the focusing

envelope is at a global maximum at the paddle position. For the case in figure 3.3.3, the

numerical scheme has thus been initiated at -10.25 sec.

After fully analysing the nonlinear wave fields, it was found that the latter point above is the most

important reason why it is necessary to model the paddle position in the numerical calculations.

Inaccuracies due to a steep wave profile being generated at the paddle position appear to be

insignificant. It appears that both the numerical scheme (Taylor, 1996) and experimental facilities

(Rogers, 1996) model inaccurate initial conditions by scattering free waves which exactly negate

the bound waves which should have been present at the initial time or the paddle position. The

phases of such waves are not adjusted to a focusing point, so they will rapidly disperse. The

result is that in the vicinity of the focal position, these effects can not be identified.
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3.4. Near Linear Wave Groups

An initial test of the accuracy of the numerical formulations is to compare the formulations with

focused wave groups for which the hydrodynamic deviations from linear theoryorthought to be

negligible. \en the linear amplitude sum, A, tends to zero, linear theory is exact for potential

theory. The numerical results should tend to the linear solution when A tends to zero.

Figure 3.4.1 shows a comparison between linear theory and the numerical results for a small

amplitude D04 case. A is set to 1.0 x	 m which is less than 0.13 % of the breaking limit

observed in the laboratory. The second order correction to the wave profile is less than 2.0 x 10

m at the focal position whereas the maximum second order correction to the horizontal velocity

profile underneath the focused crest is less than 4.0 x 1 0 ms As the wave group is considered

over a very short duration onl y (less than 10 seconds), deviations from linear theory due to

hydrodynamic nonlineantyore thought to be described accurately by second order theory.

Figure 3.4.1 a shows the temporal free surface profile at the linear focal position. The numerical

and linear predictions can not be distinguished on the figure. The maximum deviations from

linear theory are four orders of magnitude smaller than A. If the numerical wave profile is

compared with second order theory, the deviations are five orders of magnitude smaller than A.

Similarly, figure 3.4.1 b shows a comparison between the linear and numerical horizontal

velocity profile underneath the linear focal position. Again, deviations between linear and

numerical predictions may not be observed. The maximum deviation between the two curves is

less than 6.0 x 10.8 ms' which is four orders of magnitude smaller than the linear peak velocities.

Figure 3.4.1 is representative of all the properties of the wave group. The present numerical

results have been calculated using the serial implementation of the three dimensional code.

Similar comparisons have been conducted with all the versions of the numerical formulation and

there is no doubt that the numerical scheme tends to the linear solution when A becomes very

small. Furthermore, the inaccuracies introduced in the time stepping and through round-off errors

are small, being between four and five orders of magnitude smaller than A and the peak

velocities.
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Figure 3.4.1. Numerical Run Case D04, A = 0.1 mm
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3.5. Nonlinear Wave Groups

(eneral

The present section is concerned th the numerical modelling of nonlinear focused events. Close

to the breaking limit, linear or second order theory can not be expected to be accurate in

describing the properties of the wave fields, so the numerical calculations will be compared with

experimental data. Four wave groups will be investigated in detail.

Two unidirectional wave fields are investigated and compared with the experimental investigation

due to Baldock et.al. (1996). A narrow banded case, D55, and a broad banded case, B55, are

considered. These wave groups are very similar to the DUD55 and BUD55 cases within the

present experimental investigation except that the linear systems due to Baldock et.al.(1996)

consist of 29 wave components spaced evenly in the wave period domain. Both wave fields are

within 10% of the observed breaking limit. For further details about the wave fields and

experimental procedure, see Baldock et.al.(1996).

In addition, two very short crested wave fields are modelled and compared with the present

experimental investigation. Both cases have a directional spreading parameter, s, of 4. Case

B0478 has a broad frequency amplitude spectrum whereas case D0493 is narrow banded. Both

cases are within 1 mm of the observed breaking limit in terms of A. Whereas the unidirectional

wave fields have been calculated using the unidirectional (serial) implementation of the numerical

scheme, it has been found that both the directional wave fields require parallel computing power.

It was initially hoped that case B0478 could be run accurately using the serial version of the

numerical scheme (numerical case B0478s), but as will be seen, this was not successful.

The unidirectional cases were run and validated before the present experimental data were

available and are therefore compared with the experiments of Baldock et.al.(1996). The

unidirectional cases from the present experimental investigation are compared with the numerical

scheme only when this is deemed necessary. The modelling of the initial conditions for the

numerical calculations has been undertaken in strict accordance with the considerations outlined

in section 3.3. Table 3.5.1 shows run parameters for the four main runs whereas table 3.5.2

shows run parameters for the additional runs used in the analysis.
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Case	 B55	 D55	 B0478	 D0493

Experimental
	

Baldock	 Baldock	 Present	 Present

Investigation	 et.aL(1996)	 et.al.(1996) Experimental Data Experimental Data

Experimental Case
	 B55	 D55	 B0478	 D0493

N/M
	

64/0	 64/0	 32/16	 32/16

/(in m)	 11.22/-	 17.35/-	 6.34/6.60	 9.08/6.42

t,) (insec)	 -9.10	 -10.25	 -6.70	 -6.50

dt (in sec)	 0.003	 Automatic 0.01	 0.01

N/M	 64/0	 64/0	 32/16	 32/16

Table 3.5.1. Run Parameters for Main Numerical Investigation

Case	 DUD551	 B0478s

Experimental Investigation

Experimental Case

N/M

X, / (in m)

t (in sec)

di (in sec)

Present Experimental Data

DUD55

128/0

15.16/-

-6.20

0.002

70/0

Present Experimental Data

B0478

32 / 8

8.28 / 4.50

-6.70

0.01

32/8

Table 3.5.2. Run Parameters for Additional Numerical Runs

Pre1iminaryAnalysis

Prior to comparing the numerical cases with experimental data, a general idea of the accuracy of

the numerical results themselves may be obtained by investigating the control parameters. Firstly,

the total fluid mass should be conserved as the time stepping progresses. The numerical

formulations yield variations in the mean water level which are smaller than I 0' for all the cases.

This is more than four orders of magnitude smaller than the linear amplitude sum, A, which is

consistent with the numerical inaccuracies identified in section 3.4.

Total energy variations are smaller than 0.5% of the temporal mean energy for all the cases.

There is no clear trend for a steady energy increase throughout the time stepping. Such an

increase would indicate effects due to stiffness. For all the cases, the scatter appears to be largest

when a large crest is present within the wave fields. This is thought to be caused by a very small

121



alias ing due to energy propagation beyond the truncation wavenumbers.

Investigating the accuracy of the high wavenumber truncation values is not a trivial task. The

computing time for the present numerical calculations of directional wave fields is so large as to

render a procedure in which the cut-off wavenumbers are systematically doubled and halved, too

time consuming for practical purposes. The amplitude of the wave components in the vicinity of

the high wavenumber cut-off values remains at least three orders of magnitude smaller than the

amplitudes of wavenumber components near the spectral peak. This is an indication that the

truncation wavenumbers are sufficiently high, but can not be taken as proof of this as the shape

of the amplitude spectrum beyond the wavenumber cut-off values is not known.

As an alternative procedure, the effect of using a too small value for the truncation wavenumbers

may be considered. Figure 3.5.1 a shows the surface elevation along the centrelme for different

times in the vicinity of the time of maximum crest elevation for nwnerical case B0478s. It can be

seen that the crests do not increase and decrease around the global maximum in a smooth manner.

There is a flattening of the envelope over approximately 0.5 m of the crest propagation distance.

As there appears to be no explanation for this effect either in the linear input spectrum or in the

expected nonlinear behaviour of the wave group, this effect is attributed to inaccuracies

associated with the aliasing caused by using too small truncation wavenumbers.

A corresponding plot for numerical case B0478 is shown in figure 3.5.1 b. For this case the

envelope is very much more smooth and the flattening observed in figure 3.5.1 a is practically

eliminated. This is taken to indicate that the truncation wavenumber is sufficient for the present

purposes. It is possible that there is a very small effect of aliasing very close to the global

maximum also for numerical case B0478, but this is though to be so small as to be insignificant

in the comparison with experimental wave groups. Furthermore, by comparing case b0478s and

b0478, it has been found that although the two numerical runs yield different results near the

global maximum, the two wave fields can not be distinguished at large times after the global

maximum. Provided that the numerical scheme does not collapse as a result of aliasing this effect

appears to be temporary and the wave field recovers when a less steep wave regime recurs.

Companson with Laboratory Data

In the following, the numerical results are compared with experimental data. The comparison is

direct, output from the numerical formulation is compared directly with experimental data and
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Figure 3.5.1. Convergence Properties w.r.t. High Wavenumber Truncation

a! Numerical Case B0478s

010T

__
0.08	 .\/\/\/ \t\\\

x /m

b/ Numerical Case B0478

123



linear and second order theory except in one respect: the position in space and time of the

maximum crest elevation is evaluated separately for the experimental, numerical and theoretical

predictions and subtracted before comparison is made. The reason for this is discussed below.

Figure 3.5.2 shows temporal profiles of the free surface at the spatial position of maximum crest

elevation. It can be seen that the numerical formulations provide a marked improvement upon

both linear and second order theory for all the cases. For the directional cases the agreement is

excellent; deviations between numerical and experimental results can barely be distinguished in

fIgure 3.5.2 c and 3.5.2 d. Also for case B55 the numerical end experimental results are in

excellent agreement. There is a slight tendency for the numerical scheme to be larger than the

experimental measurements but the deviations are less than 1 mm which is less than 2 % of A.

For case D55, however, the numerical calculations over-predict the maximum crest elevation by

approximately 4 mm.

Figure 3.5.3 to 3.5.6 show the dispersive properties of the wave groups in the vicinity of the

position of maximum crest elevation. The temporal profile of the free surface has been plotted for

different positions along the x-axis. Relative to figure 3.5.2 there is no loss of accuracy at

positions away from the position of maximum crest elevation. It has been shown in section 3.3

that the experimental and numerical systems, although different, are very similar at spatial

positions near the focal position. This property is conserved in the nonlinear analysis. Over the x-

positions and temporal range considered, no divergence of the experimental and numerical

systems may be identified.

As the dispersive characteristics of the wave groups are accurately reproduced it is not surprising

that also the spatial profiles of the waves are accurately predicted by the numerical formulations.

Figure 3.5.7 shows spatial profiles of the surface elevation along the x-axis at the time of

maximum crest elevation. For the directional cases the agreement is excellent, particularly when

it is borne in mind that both directional wave fields are within 1 mm of the limit of incipient wave

breaking. If there are very local details which may not be modelled due to the finite truncation

wavenumbers, these may not be identified within the experimental investigation due to the

spacing of the experimental data points. It is possible that some aliasing may be identified

immediately down-wave of the crest for both the wave cases, but this is very slight. Also the

unidirectional results are in good agreement. The numerical results for case D55 are again shown

to over-predict slightly the experimental results.
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Figure 3.5.5. Dispersive Properties of Focused Wave Groups, Case D0493
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Figure 3.5.6. Dispersive Properties of Focused Wave Groups, Case B0478
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When the data from the present experimental investigation were available, the numerical scheme

could be compared with experimental data from case DUDSS. Figure 3.5. a shows temporal

profiles of the free surface at the position of maximum crest elevation. The experimental profiles

are plotted for four different positions along the y-axis. Discrepancies between numerical and

experimental results are smaller than the scatter in the experimental results. SImilarly, figure

3.5.8 b shows the spatial (x-direction) wave profile at the time of maximum crest elevation.

Again, the deviations between numerical and experimental results are smaller than the

experimental scatter. It appears that the trend observed for case D55 is not reproduced in the

wide wave basin.

The deviations from linear and second order theory for case D55 are large. One result of this is

that small inaccuracies in the linear transfer function of the wave generation facility may produce

large variations in the nonlinear correction to the wave field. An inaccuracy in the transfer

function of only 3 % may produce the effects observed in figure 3.5.2 a and 3.5.7 a. It is possible

that a very small inaccuracy of this type is present in the experimental investigation due to

Baldock etal. (1996). This may be caused b y the fact that the calibration curves are forced

through zero (as discussed in section 2.4). Alternatively, such an inaccuracy may be caused by

the narrow width of the wave flume and associated energy dissipation. The wave flume is

calibrated at the linear focal position, and as the position of maximum crest elevation undergoes a

significant down-wave shift as A increases, there may be small changes in the wave field

intensity.

The profiles of the free surface in the )-direction at the position in time and x of maximum crest

elevation are shown in figure 3.5.9. The agreement between numerical and experimental results

also in this direction is generally very good. For case B0478 one single experimental data point

appears to deviate from the numerical calculations by as much as 4.5 mm. it is unclear whether

this represents an inaccuracy in the numerical calculations or a freak error in the experimental

measurements. The smoothness of the numerical profiles suggests that no aliasing is present in

the y-direction. This is expected as the curvature of the free surface profile in the y-direction

remains gentle even for a short crested near breaking wave field.

Figure 3.5.10 shows the horizontal velocity (x-direction) underneath the global maximum crest as

a function of the vertical elevation. For all cases the agreement between numerical and
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Figure 3.5.10. Velocity Profile underneath Position of Maximum Crest Elevation
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experimental velocities is good, the numerical calculations again improve significantly upon both

linear and second order theory. For case D55, there is a very slight over-prediction of the

maximum velocities. This is consistent with the over-prediction of the surface elevation. For the

directional cases, the agreement is generally very good, but there appears to be a very slight but

consistent tendency for the numerical predictions to be larger than the experimental

measurements. This is not consistent with the comparison between experimental and numerical

surface elevation data for which no such significant trend was present.

Figure 3.5.11 to 3.5.14 show temporal traces at different vertical elevations of the horizontal

velocity at the position of maximum crest elevation. For the unidirectional cases, the agreement is

good. For case D55 the numerical calculations over-predict the measured peak velocities by 0.01

and 0.02 ms 1 for z = 0 and z = -0.1 m respectively. This is consistent with the over-prediction of

the crest elevation. For case B55 the trace measured at the still water level is in excellent

agreement with the numerical calculations. For z = -0.1 m there is a discrepancy in the minimum

velocities between numerical calculation and measured data. This is almost certainly caused by a

slightly inaccurate horizontal positioning of the LDA probe.

For the directional wave fields shown in figure 3.5.13 and 3.5.14, there is a tendency for the

numerical calculations to over-predict slightly the measured peak velocities. These deviations are

not supported by a corresponding discrepancy between numerical and experimental results in the

surface elevation data. It is thought that the deviations observed in figure 3.5.13 and 3.5.14 are

caused by a slight reduction of the peak velocities in the experimental measurements due to the

presence of the LDA traverse apparatus within the wave field. The author can identify no

numerical mechanism which is capable of time stepping the nonlinear surface elevation to within

the accuracy shown in figure 3.5.2 to 3.5.9 while under-predicting the peak horizontal velocities.

The measured velocities due to Baldock et.al. (1996) are not affected by this as the LDA

apparatus was set up in a forward scattering mode measuring through the glass panels of the

experimental wave flume.

As has been mentioned earlier, the comparison shown above is conducted after the time and x-

position of the global maximum crest elevation has been subtracted independently from numerical

and experimental cases. In practise, this is achieved by evaluating for each wave group the

position along the centreline at which the temporal trace of the free surface has troughs of equal

depth either side of the central crest. Table 3.5.3 shows the numerical and experimental trough
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Figure 3.5.11. Temporal Variation in Horizontal Velocity, Case D55
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Figure 3.5.12. Temporal Variation in Horizontal Velocity, Case B55
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Figure 3.5.13. Temporal Variation in Horizontal Velocity, Case D0493
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re 3.5.14. Temporal Variation in Horizontal Velocity, Case B0478
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symmetry positions and the corresponding time at which the maximum crest occurs. The

numerical formulations yield a consistent and significant lower value for the shift in both space

and time than the experimental measurements. The difference is largest for the narrow banded

cases which disperse most slowly. A difference of as much as 0.31 m and 0.19 sec is observed for

case D55. For the rapidly dispersing cases, the difference is lower. Case B0478 which is almost

completely dispersed at the paddle position (figure 3.3.2) shows no significant difference in the

position of crest symmetry.

Case	 B55 D55 B0478 D0493

Position of Crest Symmetry, Experimental/rn 	 0.390 1.290 0.285	 1.147

Position of Crest Syminetty, Numerical /m 	 0.305 0.980 0.285	 1.070

Corresponding Crest Time, Experimental /sec 0.170 0.670 0.118 0.560

Corresponding Crest Time. Numerical /sec 0.135 0.480 0.120 0.520

Table 3.5.3. Position of Crest S ymmetry for Main Cases

This propern' has been observed previously by, among others, Skyner (1996). The present

investigation is in agreement with Skynefs findings in that the numerical and experimental

results are in best agreement when a different shift in space (x-direction) and time is applied to

the numerical and experimental systems.

The unidirectional narrow banded wave cases have been run with increased fundamental

wavelengths and thus a numerical linear representation which corresponds more closely to the

experimental linear wave system. It has been verified that the wave fields are converged with

respect to the fundamental wavelengths. Likevise it has been verified that a variation in the initial

time employed for the numerical runs can not explain the differential shift in the position of crest

symmetry. The author can offer no explanation for this effect. It is, however, noted that the

differential shift occurs for wave cases where a relatively steep wave profile is generated at the

wave paddle position.

Near Breaking Wave Groups

The numerical scheme has been shown to be capable of accurately calculating directional ave

fields which are at the very limit of wave breaking. The numerical time stepping for these cases is

remarkably stable, indeed the author has yet to experience a directional wave field which can not
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be evaluated vith the present numerical formulation.

In contrast, the steepest unidirectional wave groups which have been calculated using the

numerical formulations are only approximately 90% of the observed breaking limit in terms of A.

For wave fields closer to the breaking limit no amount of filtering, increased truncation

wavenumbers or reduction in the time step length has led to reliable results.

The difference in the limit at which the numerical scheme can accurately model focused wave

groups, is highly surprising in light of the findings in chapter 4 that there appears to be no

qualitative difference in the breaking mechanism or shape of the amplitude spectrum between

dircctional and unidirectional wave fields. The author is unable to suggest an explanation for this

effect.
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4. The Nonlinear Dynamics of Focused Wave Groups

in

Two and Three Dimensions

4.1. Introduction

\V ithin the present section the nonlinearity of the experimental cases will be

analysed. Wave groups are investigated with intensities ranging from near linear

to the very limit of incipient wave breaking. The object of the present section is

twofold. Firstly, the dynamics of focused wave groups in general are analysed, and it is attempted

to disentangle the various mechanisms involved in the nonlinear wave wave interaction. Secondly,

the effect of directionality on the nonlinear dynamics is investigated.

In section 4.2 the main findings from the experimental investigation are presented. The

experimental data are compared with linear and second order theory based upon the input

amplitude spectra. Deviations between linear and second order theory and measured properties

are discussed in detail. It is attempted within this section to present the results which caused the

author to arrive at the present conclusions.

Section 4.3 commences with a h ypothesis regarding the changes in the energy spectrum of the

free surface. It is thought that the very large deviations between measured and theoretical results

observed in section 4.2 can onh be explained by significant changes in the free wave regime as

the wave field focuses and defocuses. The hypothesis is proved with the aid of the numerical

formulation discussed in chapter 3.

Section 4.4 is concerned with the conservation of the focal quality as the wave groups become

nonlinear. The finding of Baldock( 1994) that unidirectional wave fields remain focused as the

wave field nonlinearity increases, is verified. It is found, however, that for directional wave fields

the phases of the free v ave components at the position of maximum crest elevation, are scattered

considerably around zero for a strongl y nonlinear event. This is thought to be primarily due to the

fact that the wave components propagate through different envelope regimes depending upon their

direction of propagation.
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In section 4.5 the properties of the extreme crest are considered. It is found that the breaking

mechanism for all the experimental cases is of the same nature. A set of wave components which

can not be said to be free or bound are identified. These are localised at the extreme crest and

seem to herald the onset of wave breaking for all the wave groups. It is further attempted to

identify a criterion for the onset of this type of wave breaking with respect to the directionality

and frequency distribution of the wave groups.

For many of the analyses within the present chapter, only the results from frequency amplitude

spectrum D have been shown. All the frequency amplitude spectra show the same qualitative

behaviour. Effects are, however. usuall y more pronounced for case D and it is usually easier to

distinguish between the different nonlinear effects for this case. Results from case B and C are

included when this is thought to provide additional relevant information.
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4.2. The Experimental Investigation

Properties at the Position of Maximum Crest Elevation

Figure 4.2.1 shows comparisons between the measured data and linear and second order theory1

computed from the input amplitude spectrum. All cases are within 1 mm in terms of A1 of the

observed limit at which breaking was first observed. The free surface at the position of maximum

crest elevation is piotted against time. The maximum crests are compared directly for clarity; the

time base of the experimental cases has been adjusted so that the maximum crest occurs at t = 0.

For all cases the experimental crest is taller and steeper than linear and second order theory

whereas the troughs are shallower and broader. The unidirectional cases show the very much

larger experimental crest elevations relative to second order theory observed previously by

Baldock et.al.( 1996) and others. The second order correction to the linear crest elevation is less

than 25% of the difference between linear theory and the measured data. If higher order bound

waves are responsible for the large deviations from linear theory, these have very much slower

convergence properties than that found for Stokes waves.

For directional wave fields, the measured crest is steeper than linear or second order theory, but

the difference between measured and theoretical maximum crest elevation reduces with increasing

directionality. The effect is most pronounced for the narrow banded frequency amplitude

spectrum. The large curvature and steepness of the crests indicate' that high frequency terms are

significant. Indeed, the directional wave fields appear from the present plots to be as steep as the

unidirectional wave fields. It is possible that the smaller deviation between experimental data

and second order theory in maximum crest elevation signifies a real difference between

unidirectional and directional wave fields.

Whereas unidirectional wave fields largely conserve the focal quality when the wave fields

become nonlinear, directional wave fields may undergo a significant smearing of the wave

component phasing as the nonlinear wave field evolves. Directional wave groups may not remain

focused as the breaking limit is approached. This effect is further discussed in section 4.4.

Within the present chapter, the finite depth second order perturbation solution shown in appendix lis
employed.
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Figure 4.2.2 reconsiders the temporal profile of the free surface at the position of maximwn crest

elevation. The surface elevation has been normalised by A and the measured time traces for all

the amplitude sums run for each case have been plotted. The heavy line represents the linear

prediction at x = 0. Notice again that the profiles do not stem from the same spatial position, but

from the measurement position closest to the position of maximum crest elevation.

As A increases, there is a significant positive shift in the time at which the maximum crest occurs

for all cases. This is accompanied by an increase in the steepness and curvature around the

extreme crest indicating the presence of frequency terms higher than the input frequencies.

The unidirectional case exhibitsa large increase in the maximum crest elevation, larger than the

linear prediction by a factor of 1.5 before breaking occurs. With increasing directionality, the

maximum crest elevation decreases relative to A. For case D0493 the maximum crest elevation is

less than 1.2 A. There also seems to be a stagnation of the growth in the maximum crest elevation

as A increases towards the breaking limit. This is consistent with the loss of focal quality

discussed in section 4.4 and seems to be significant for input amplitudes larger than

approximately 55 mm.

For unidirectional wave groups. the property of the linear focused wave group that troughs either

side of the maximum crest elevation are of equal depth seems to be very nearly conserved for

wave groups short of the very largest. The surface elevation is sampled at 0.1 m intervals along

the centreline, and within this accuracy, it appears that the maximum crest elevation and the

trough symmetry condition occur at the same position. For the very highest crest (DUD6 1),

however, there is a tendency for the trough preceding the maximum crest to be shallower than the

following trough. This is not due to the sampling intervals; the trough symmetry position and the

position of maximum crest elevation are separated by approximately 0.2 m. it is thought that this

is caused by effects related to the breaking mechanism. For the directional cases, the trough

symmetry holds initially, but as soon as the stagnation of the crest elevation discussed above

becomes significant, the trough symmetry disappears.

Figure 4.2.3 shows the free surface profile of the global maximum crest along the x-axis. The

time chosen for each curve is the time at which the maximum crest passes the measurement

position closest to the position of maximum crest elevation. In this fashion, the peak of each

curve corresponds to a crest (r = 0).
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Figure 4.2.2. Normalised Surface Elevation at Position of Maximum Crest Elevation
Temporal Traces

- txpenmentau Data - Linear
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Figure 4.2.3. Normalised Surface Elevation at Position of Maximum Crest Elevation
Traces along the Centreline (Linear focal position at -0.7 m)
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As A increases, the position of maximum crest elevation shifts down-wave for all the ve

groups. The shift is by no means negligible, being of the order of one wavelength at the breaking

limit for all the wave fields. It seems unreasonable that an increase in the crest velocity alone can

accommodate a shift of this magnitude, especially when the magnitude of the time shift observed

in figure 4.2.2 is considered.

As A increases, there is a considerable increase in the local curvature and steepness of the crest.

It is clear that there are high wavenumber terms present. Furthermore, symmetry between troughs

either side of the maximum crest is not conserved in the spatial domain. The trough on the up-

wave side of the extreme crest becomes progressively shallower relative to the trough on the

down-wave side of the crest.

Figure 4.2.4 concerns the shape of the maximum crest in the y-direction. The surface elevation

has again been normalised by A and plotted at the time when the crest passes the relevant x-

position. Due to the scarcity of gauge positions in the y-direction, the data points for each wave

case have been taken from the three x-positions closest to the position of maximum crest

elevation. The assumption that there are only negligible changes in the wave profile over 0.2 m of

propagation length appear to introduce no additional inaccuracies.

The results from figure 4.2.4 are surprising. If the increase in the crest surface elevation is caused

by high order bound waves with large wavenumbers, it is expected that a very sharp reduction in

the crest height would occur as i decreases away from the centreline. This is not the case. For the

strongly nonlinear cases, there is indeed a reduction in the surface elevation which is more rapid

than the linear, but this is not very large. Indeed, the difference between the measured and the

linear surface elevation is, at least for small y, approximately proportional to the linear 11. As the

x-axis is normalised with respect to A, this may suggest that effects of orders higher than second

in A are not very large. Alternatively, this may indicate that nonlinear corrections to the wave

profile are almost entirely unidirectional such that large changes in surface steepness and

curvature occurs almost exclusively along the mean direction of wave propagation.

The measured horizontal (x-direction) velocit y profile underneath the position of maximum crest

elevation give valuable information about the nonlinear dynamics of the wave groups. Plotting the

velocity amplitudes with depth give an idea of the distribution of high and low wavenumber
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Figure 4.2.4. Normalised Surface Elevation at Position of Maximum Crest Elevation
Traces in the y-direction
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terms. High wavenumber terms increase very rapidly with z and may be expected to be dominant

in the crest region. Below the still water level, these terms decay rapidly and the low wavenumber

terms may be identified.

Figure 4.2.5 shows velocity profiles for six of the largest wave cases. The velocity amplitudes at

each vertical elevation areplotted with the linear and second order velocity profile based on the

input system of free waves. A number of significant effects may be identified.

Again, the unidirectional cases show a very much larger peak crest velocity than that predicted by

linear or second order theory. Both for case D and case B, the crest velocity is approximately

30% larger than the theoretical predictions. The fact that this trend does not hold with depth and

that n, (where subscript denotes partial differentiation) is larger than the linear prediction

indicates that significant energy is present at wavenumbers higher than the wavenumbers of the

input free waves. By visual observation, however the increase in u appears not to stem from very

large wavenumber terms. If very high order interaction terms with wavenumbers several times

larger than the input wavenumbers were responsible for the large deviations from linear theory, it

is expected that the velocity profile would look entirely different. Such a situation would produce

a much larger u very near the crest which would rapidly tend towards the second order solution

towards z0.

Below the still water level, the velocities reduce relative to linear theory. Within most of this

region, linear and second order theory over-predicts the velocities. The obvious explanation for

this is the negative bound wavenumber - difference terms identified by Longuct-Higgins and

Stewart (1960). These effects are expected to be most pronounced at low elevations as they decay

slowly with depth. The observed velocity profile is, however, in the author's opinion not entirely

consistent with this view. It appears that the reduction relative to linear and second order theory is

most pronounced at intermediate depths below the water level, and in fact reduces slightly at

large depths. This may indicate that there are changes in the high frequency part of the input

spectrum due to nonlinearity. Whether this effect is due to a scattering of the phases at the

position of maximum crest elevation, or indeed changes in the amplitudes of the input free wave

components themselves, remains to be investigated.

The directional cases do not exhibit the large deviations from linear and second order theory

within the crest region which is observed for the unidirectional cases. The reduction in the
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4.2.5. Extreme Horizontal
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horizontal velocities relative to the theoretical predictions is almost certainly due to a loss of the

focal quality in the same fashion as that observed in figure 4.2.1. It is noteworthy that the

maxiniuin u in the crest region appears to be relatively independent of directional spread at the

limit of incipient wave breaking. u is larger than the linear prediction for all cases. Furthermore,

the maximum crest velocities for wave fields which are equally close to the breaking limit

increase th increasing directionality. There is a 10 % increase in the maximum crest velocities

between the unidirectional wave field and the most short crested wave field both for case B and

caseD.

The influence of directionality on the nonlinear properties of the wave groups may be investigated

directly. A natural starting point is to compare the global maximum crest elevation for a constant

amplitude sum. Figure 4.2.6 a shows such a comparison plotted against 1/s.

It may be seen immediately that for a constant initial frequency spectrum and amplitude sum, the

introduction of a directional spread reduces significantly the extreme crest elevations relative to a

unidirectional wave field. The bulk of the reduction occurs between a purely unidirectional wave

field and a very long crested wave field. The unidirectional cases in figure 4.2.6 show that the

maximum crest elevation is as much as 30 % larger than the linear prediction and 20 % larger

than the second order prediction. With increasing directionality, the crest elevation reduces to

what appears to be approximately a constant. The constant is not the linear or the second order

prediction, but a crest elevation which appears to converge rapidly with respect to a perturbation

solution of the type shown in appendix 1.

The spreading parameter, s may not be a suitable parameter in plotting the wave group properties

with varying directional spread. A more suitable parameter is perhaps the in-line velocity

reduction factor, F (table 1.6.2). For a linear wave group, F represents the scaling factor for the

horizontal velocity at the focal location and (approximately) the reduction in the local wave face

steepness relative to a unidirectional wave field. Figure 4.2.6. b shows the maximum crest

elevation plotted against F for the same cases considered in figure 4.2.6 a. The curve remains

veiy steep between the unidirectional and long crested wave fields.

Figure 4.2.6 leaves little doubt that the limiting input amplitude sum, A, is larger for a directional

wave field. However, as the global maximum crest elevation corresponding to a particular A is

smaller for a directional wave field relative to a unidirectional wave field, it is not given that a
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directional ve field 'vil1 have a larger measured maximum crest elevation at the limit of

incipient wave breaking than a corresponding unidirectional wave field.

Figure 4.2.7 shows the measured global maximum crest elevations for wave groups which are all

within 1 mm of the limit of incipient wave breaking. Figure 4.2.7 a, shows the crest elevations

plotted against 1/s. It is clear that a directional wave field has a larger limiting crest elevation

than a corresponding wave field with the same frequency spectral bandwidth but smaller

directional spread. Plotted against us, it appears that the bulk of the changes take place between

a unidirectional wave field and a long crested wave field.

As a result of plotting the crest elevations against Ifs, it was initially thought that there was a

kink in the curve at an 1/s of approximately 0.04. This was thought to represent a transition

between a spilling wave breaking mechanism for long crested wave fields and a plunging wave

breaking mechanism for short crested wave fields. Re-plotting figure 4.2.7 a using F on the x-

axis as shown in figure 4.2.7 b, does not veri1 the presence of a discontinuity in the curves with

respect to the directional spread. The crest elevation varies approximately linearly with F and

does not verif' the presence of two different mechanisms of wave breaking.

In figure 4.2.2 and 4.2.3 it appeared that the shift in the focal position for the largest wave field is

approximately independent of the directional spread. This observation raises the question of

whether there are aspects of the nonlinearity which are dependent upon the proximity of the wave

field to breaking rather than A. Figure 4.2.8 shows the shift in the position and time of maximum

crest elevation plotted against AIAb. Ab is the input amplitude sum for which wave breaking was

first observed. Plotted against AJAb, the shift both in space and time appears to be approximately

independent of the directional spread. It is difficult to envisage how the shift could be independent

of the directional spread if two different breaking mechanisms were present for wave fields with

identical frequency spectral bandwidth but different directional spreads.

The Evolution of the Wave Groups

Rather than comparing temporal traces of the free surface at the position of maximum crest

elevation as in figure 4.2.2, it is believed that important information may be gained from

investigating the changes in 1/A at one spatial position as A increases. Figure 4.2.9 shows

temporal profiles of the (normalised) surface elevation at the linear focal position. For each

155



a! Plotted Against 1/s

0.110

0.105

0.100

jO.095

C.) 0.090

j0.085

b080
CD

0.075

0.070
0.00 v.05	 0.10	 0.15	 0.20	 0.25

0.100
C

0 0.090
E
E

0.085

2
0.080

0.075

Figure 4.2.7. Global Maximum Crest Elevation at Breaking Limit

1/s

b/ Plotted Against F

0.110

0.105

0.070
0.90	 0.91 0.92	 0.93	 0.94	 0.95	 0.96	 0.97	 0.98	 099	 1.00

F

a Expenmental (Case B) —i-- Experimental (Case C) x Experimental (Case D)

156



Figure 4.2.8. Shift in Position of Maximum Crest Elevation
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amplitude spectral shape, all the input amplitudes investigated are plotted. For cases wiiere more

than one curve represents one wave field, this is either the same cases from different runs (all

cases) or the same run but different y-coordinates (unidirectional cases) showing the scatter of the

measurements. The data are compared with linear theory.

Considering the crest near the linear focused crest shows an interesting development with

increasing A. When A is relatively moderate, the trend for all cases is for the crest to become

taller and narrower than the linear prediction. This is consistent ith the second order predictions.

Upon a further increase in A, the crest reduces in magnitude and occurs at a progressively earlier

time relative to the linear prediction.

Considering the entire graph, it is clear that the changes in the wave fields are not consistent with

a straightforward modification of the wave profile relative to a constant underlying spectrum of

free waves. Neither may the present observations be explained purely by a crest which moves

more rapidly than the linear prediction. The effect is local and confined to the central portion of

the envelope. Beyond approximately ±2 sec there are only negligible changes to the wave field

relative to linear theory. There appears to be a modification of the free wave regime itself with

increasing A. Whether this modification is temporary or permanent and includes both the

amplitudes and phases of the free wave components remains to be investigated.

If the wave fields are considered in terms of the proxinuty to the breaking limit, unidirectional

and directional wave fields behave in a remarkably similar fashion. Differences are more

pronounced for different frequency spectral bandwidths although also these show the same

qualitative behaviour. Notice, however, that large deviations from linear theory are more localised

for frequency amplitude spectrum B than D. Furthermore, for all cases, major deviations from

linear theory are present for a longer time after the central part of the envelope than before.

Figure 4.2.10 shows similar plots to those in figure 4.2.9 but measured at positions along the

centreline just upstream of the position of maximum crest elevation for the limiting wave field

(i.e. x = 0.4 m for case B and x = 0.7 m for case D). At the extreme crest position for each plot,

bound wave effects and effects which modify the free wave regime act in the same direction. The

crest becomes progressively larger and narrower with increasing A. Seen in isolation, it is

perhaps tempting to attribute the changes within the wave field to bound waves appropriate to a

free wave regime together with a speeding up of the crest. Such a view would be akin to the
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Figure 4.Z.1U. Normauisea surface Ievation
	

of Maximum Crest Ievation
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Stokes type behaviour of regular waves of increasing steepness.

The troughs either side of the extreme crest and the adjacent crests are not consistent with this

notion. There are effects here 'which change direction with increasing A. At earlier times than

approximately -1 seconds, only negligible changes relative to linear theory is observed. At larger

times than the time at which the extreme crest occurs, deviations from linear theory arc present

for much longer. The wave fields are not described well by linear theory for times as large as

approximately 4 and 2 seconds for case D and case B respectively. This effect may indicate that

the position of maximum crest elevation moves towards the front of the wave group as the wave

field becomes nonlinear such that the wave envelope becomes asymmetric with increasing A.

Although at one spatial location, the nonlinear modifications to the surface elevation seem to

develop very rapidly in time, it is probable that the nonlinear changes in the wave profile are

slower following the central part of the wave envelope. If significant nonlinear modifications to

the free wave regime are present it is expected that these effects require time in order to be

significant.

The evolution of the extreme wave groups along the centreline may be considered further. Figure

4.2.11 shows time traces of the free surface at 0.2 m intervals along the centreline. Figure 4.2.11

a shows the measured and linear traces for case DUD6 1 whereas figure 4.2.11 b considers case

D0493. Both experimental cases are within 1 mm of the limit of incipient wave breaking.

From these plots, it is possible to follow the extreme crests. Comparing with linear theory shows,

perhaps rather surprisingly, that the average crest velocity over the spatial range considered is

nearly unchanged even for a near breaking wave event. The interpretation of this is that even at

breaking, the distribution of crests and troughs in space and time does not change significantly.

Crest and trough positions are never more than approximately 0.15 sec or 0.2 m removed from

the linear predictions even for very steep wave groups. Yet the position of maximum crest

elevation has been shown to move as much as 0.75 seconds and 1.4 m.

It is evident that although the crest does not move much faster than the linear crest, and although

the global maximum occurs within the same crest as for a linear case (i.e. the global maximum

does not 'jump' to adjacent crests), the global maximum occurs later in space and time. The

position of maximum crest elevation movtowards the up-wave end of the group as the wave
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Figure 4.2.11. a] Evolution of the Wave Groups Along the Centreline, Case DUDE
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Figure 4.2.11. b/Evolution of the Wave Groups Along the Centreline, Case D049
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field becomes nonlinear. In other words, the distribution of troughs and crests remains

approximately fixed in space and time, but the relative crest height along the centreline changes.

This is consistent with Haagsma's finding( 1992) that it is more appropriate to refer to the shift of

the focal position as an energy shift rather than a phase shift.

From figure 4.2.11, it may be attempted to identify the group velocity of the wave fields. For

each time trace of the surface elevation it is attempted to identifj the local maximum of the

envelope. The maximum occurs between the highest crest and the lowest trough (they are always

adjacent). Further refinement is achieved by considering the adjacent crests and the adjacent

troughs. This approach is somewhat coarse, so it is thought that no refinement beyond a straight
II

line I.'ough the measurement area may be achieved. These lines are shown in figure 4.2.11. It

must be mentioned that the maximum rather than the centroid of the envelope is identified. If the

envelope is significantly as y mmetric, the present representation of the group velocity may not

provide a good representation of the rate of propagation of energy.

The behaviour of the unidirectional and short crested cases are very similar in all respects for the

properties considered in figure 4.2.11. Notice that the comparison is for cases which are all on

the very limit of breaking and not for cases with a similar A or similar global maximum crest

elevation.

For each of the spatial positions along the centreline, the time at which the extreme crest passes

may be recorded together with the local crest elevation and the x-coordinate of the gauge position.

Figure 4.2.12 considers further the evolution of the extreme crest. The local crest elevation is

plotted against the position along the centreline.

It may be seen that for all cases, the envelope becomes severely asymmetric as A increases

towards the breaking limit. The dispersion after the global maximwn is reached is considerably

stronger than the growth towards the global maximum. This is consistent with the notion that the

position of maximum crest elevation moves towards the front of the wave envelope when the

wave field becomes nonlinear. When an extreme crest has passed the global maximum, it

propagates into a region of very low energy density and thus disperses very rapidly. For case D,

the rate of dispersion on this side of the global maximum is larger for the directional cases with a

maximum of approximately 85 mm/rn whereas the unidirectional limiting crest has a maximum

dispersion rate of approximately 57 mm/rn.
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Although the growth of the crest elevation is considerably more gentle up-wave of the global

maximum, it is noteworthy that also this face of the envelope is steeper than the linear prediction

(which is nearly identical to the plot shown for A =20 mm). This effect is most pronounced for

the unidirectional cases with a maximum rate of growth of the crest more than 4 times the linear

growth. It is surprising that the rate of growth is so much larger, and this appear to be difficult to

explain by the input free wave regime and bound waves only. If a suitable mechanism for growth

of free wave components beyond the input wave range could be identified, this effect would be

more satisfactorily explained by an effective broadening of the spectrum of free waves due to

nonlinearity.

Case B shows the same trends as case D although the envelope asymmetry and changes in the

rate of growth relative to linear theory are less pronounced. Case B focuses and defocuses much

more rapidly than case D and cumulative nonlinear effects are less pronounced.

Continuing the analysis of the propagation of the maximum crest, attention is turned to the time

at which the crest passes the measurement positions along the centreline (t(x)). Figure 4.2.13

shows this time for case D. According to linear theory, the crest passes x = -0.7 m (the linear

focal position) at t = 0. For visual clarity, a linear function has been subtracted from the

measured time according to equation 4.2.1:

ti
c = - x+O.7	

4.2.1
UI

where u is the linear crest velocity at the linear focal position. The crest velocities are given in

terms of the gradient in figure 4.2.13 as:

€9x (a:'	 l'l
	

4.2.2

A positive gradient in figure 4.2.13 thus corresponds to a reduced crest velocity relative to UI.

Figure 4.2.13 is somewhat prone to scatter, but it seems clear that some effects can be clearly

identified.
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At the earliest x-positions, the crest is seen to occur earlier than the linear prediction. This trend

increases with increasing A and is caused by a slightly increasing average crest velocity of the

nonlinear wave groups between the paddlle position and the linear focal position. With increasing

directionality, the initial t' decreases slightly even if wave groups wiuich are equally close to the

breaking limit are compared. This latter effect is caused by the fact that directional wave groups

focus more rapidly along the centreline. The local wave is thus less nonlinear for more of the

propagation distance between the paddle position and the linear focal position.

As the crest propagates towards the position of maximum crest elevation (marked with red

circles), a highly surprising result becomes evident. The crest is seen to slow down relative to the

linear crest velocity. This trend occurs for unidirectional and directional wave fields and

increases with increasing A. For steep wave fields, there is an initial tendency for the crest to

move faster than the linear prediction, but as the position of maximum crest elevation is

approached, the gradient of the curve changes sign and the crest slows down. This transition

seems to correlate with the steepening of the growing envelope observed in figure 4.2.12.

l'his behaviour is not consistent with the notion of a nearly constant regime of free waves with

appropriate bound harmonics. The crest velocity is not expected to be modified significantly by

the presence of waves which are entirely bound to the free wave components. It seems, rather,

that changes in the free wave regime itself are significant. Indeed, it appears that the frequency

spectral bandwidth itself is altered. A higher central frequency of the free wave regime due to a

broadening of the free wave spectrum towards higher frequencies would be consistent with the

present observations.

The observations in figure 4.2.13 ma appear to be in discord with the findings of Baldock

(1994). Baldock (1994) found that the crest velocity at the focal position did not change

significantly from u 1 as the wave field became nonlinear. On further investigation the two findings

are not in disagreement. Firstly, Baldock( 1994) defined the focal position as the position of equal

trough depth in the temporal domain which occur slightly up-wave of the position of maximum

crest elevation. Secondly, the measurements due to Baldock(1994) are based upon the time taken

for the crest to pass between two wave gauges, one at the focal position and one 0.3 m upstream

of the focal position. In this fashion, comparing with figure 4.2.13, it appears that Baldock

(1994) records the crest velocity very close to the global minimum of t' where the velocity is

identical to the linear prediction.
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Figure 4.2.14 shows the crest velocities at the position of maximum crest elevation computed

from equation 4.2.2 th the gradient of the trendlines in figure 4.2.13. The crest velocities are

plotted against AJAb . The data corresponding to A/A b =0 are not measured, but are calculated

from linear theory (i.e. ui). The maximum reductioiin the crest velocities are significant, ranging

from approximately 10 % of u for the unidirectional case to approximately 7 % of u for the most

short crested sea state. It appears that the maximum crest velocity occurs at A> 0. This may

indicate that the initial trend for the crest to increase in speed is of a lower order than the

stagnation in the crest velocity . This view is supported by the finding in figure 4.2.13 that far

from the position of maximum crest elevation, the crest is indeed faster than that predicted by

linear theory.

AIAb

0 Case DUD A Case D45 0 Case D04	 Best Fit Polynomials

Figure 4.2.14. Crest Velocity at the Position of Maximum Crest Elevation

For both linear and nonlinear wave fields, the crest velocity increases with increasing directional

spread. This is related to the shape of the wave group envelope. Unidirectional wave groups will

form and disperse more slowly than directional wave fields with the same frequency spectral

bandwidth but a broader directional spectrum.

The average group velocities obtained from figure 4.2.11 are plotted in figure 4.2.15. Again, the

data are plotted against A/Ab and the data at A/Ab =0 are obtained from linear theory. As for the
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Figure 4.2.15. Mean Group Velocity along the Centreline

It must be noted, that the values for the group velocities are average values, the fine spatial

resolution obtained for crest velocities is not available. Also, this plot reflects the propagation of

the maximum of the envelope and may indicate little more than that the maximum crest

propagates towards the front of the wave group as the wave field becomes nonlinear. Whereas

there is little doubt that the mean rate of propagation of energy increases with increasing A, the

author is uncertain as to which extent figure 4.2.15 is useful in quantifying this effect.

Comparison with inverse focused wave groups

Baldock (1994) has shown that a comparison between focused wave groups and inverse focused

wave groups is useful in analysing the nonlinear behaviour of focused v.ave groups. An inverse

focused wave group diffen from the corresponding focused wave group only in that whereas the

focused wave group has a linear amplitude sum of A, the inverse wave group has a linear
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amplitude sum equal to -A. The inverse focused vave group thus corresponds to the linear

focusing of troughs rather than crests.

Figure 4.2.16 show temporal traces of the free surface elevation at x=0 for case D04. Wave

groups with different A have been plotted from A =20 mm up to the largest A investigated. The

linear prediction is plotted together with the measurements from the focused wave groups and the

inverse focused wave groups. The surface elevations have been normalised by A in order to make

comparison easier.

For small A, the three curves are nearly identical indicating that the wave field behaves in a near

linear fashion. As A increases, however, the crest-trough asymmetry which is a property of

nonlinear waves,becomes evident. Crests tend to become narrower and taller than linear theory

whereas troughs become shallower and broader. The difference between focused and inverse

focused wave groups is attributed to nonlinear components which are bound to the regime of free

waves.

While noting the crest-trough asymmetry of the nonlinear wave groups, a different effect is more

startling. It appears that if there are changes in the free wave regime, they are independent on the

sign of A. For both focused and inverse focused wave groups, crests and troughs occur at the

same position, and the deviations from linear theory are remarkably similar for the two cases

once the effect of the bound waves is considered. It appears that the changes in the regime of

free waves are dominantly an envelope effect. This phenomenon has previously been noted by

Baldock (1994) for unidirectional focused wave groups.

The notion of a free wave regime may be introduced:

i	 4.2.3

and a bound wave regime:

lb =	 anamF +ai a na mF +... ^	 4.2.4
n=i n1	 1=1 n1 m=J

wiiere the bound waves are completely specified by the free waves and F is independent of a. The
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4.2.6

4.2.7

nonlinear wave profile is given by:

1lf1b
	 4.2.5

If no assumptions are made about the change of a, i, k and w in time and space or the relation

between k and w, the representation in equation 4.2.3 to 4.2.5 is unifonnly valid. If it is further

assumed, as figure 4.2.16 suggests, that 6, k and o for a focused wave group and its inverse (lii)

remains identical and that a remains equal in magnitude but opposite in sign, two interesting

relations appear:

+ (Odd)
1=1 n=I m=I

a F 2	+ . . . + (even)n m nm
n=1 in-I

Equation 4.2.6 - 4.2.7 suggest that vith the present assumptions, it is possible to separate the

tenns in equation 4.2.5 with even and odd orders in a.

Figure 4.2.17 shows temporal traces for four wave groups at the gauge position closest to the

position of global maximum crest elevation. All flave fields are within 1 mm of the observed

breaking limit. The measured data from the focused wave group (ri) are plotted together with the

inverted surface elevation from the inverse focused wave group (-r'). From these two, the left

hand side of equation 4.2.6 is computed and plotted and finally, the linear prediction based upon

the input amplitude spectra is included.

All cases show the same trend as that observed in figure 4.2.16. Whereas the crest-trough

asymmetry is clearly visible for all cases within the central region of the envelope, the changes in

the free wave regime appear to be entirely independent upon whether a large crest or a large

trough is considered. Extrema occur at the same positions for focused and inverse focused wave

groups. The deviations from linear theory in the evolution of the nonlinear wave groups seem to

be entirely similar once the crest-trough asymmetry has been taken into account.

One additional observation deserves comment. For both the unidirectional wave fields shown, the
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Figure 4.2.17. Focused and Inverse Focused Wave Groups at
Position of Maximum Crest Elevation
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inverted trough (rl') is larger than A at the position of maximum crest elevation. This suggests

strongly that the nonlinear evolution of the wave groups modifies the amplitudes of the free waves

in addition to their phases and the phase speed. If this is the case, the nonlinear amplitude sum of

the free waves is not constant, but is indeed larger than the input amplitude sum A. The

directional wave fields do not show this property, probably as a result of the lack of a focal

quality for a nonlinear wave field.

Figure 4.2.18 shows a comparison between the left hand side of equation 4.2.7 and the second

order correction to the wave profile calculated from the input amplitude system. The same cases

and spatial positions as in figure 4.2.17 are considered.

The two traces are very different. The theoretical prediction is bound to the linear trace in figure

4.2.17 with maxima corresponding to the extrema in the linear trace. The same trend is visible for

the measured trace, but the trace is bound to the nonlinear free wave regime which may be

surmised from figure 4.2.17. Also for the measured data, the maxima occur where the measured

data in fig. 4.2.17 have extrema.

In figure 4.2.18, the maxima of the measured data are larger than the theoretical second order

prediction. The curvature and steepness of the data are somewhat larger than the theoretical

prediction. It appears, however that only small contributions stem from components with

frequencies larger than approximately 1.5 times the maximum theoretical frequency. This may

indicate that the bulk of the increase is indeed of second order relative to a modified free wave

regime. The nonlinear increase in surface elevation may, to a large extent, be due to an increase

in the free wave amplitudes relative to the input regime of free waves. This would lead to a

second order correction larger than the second order correction based upon the input regime of

free naves. The increase in the magnitude of the measurements relative to the theoretical

predictions is less pronounced for the directional cases.
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Figure 4.2.18. Even Harmonics Isolated, Temporal Traces at x = Xg

a! Case DUD6I

0.020

0.015

0.010

.	 0.005

1 0.000

-0.005

-0.010

-0.015

-1.0	 -0.5	 0.0	 0.5	 1.0	 1.5	 20	 2.5	 3.0
Time/Sec

b/ Case D0493

0.020 
T

O.015-r

-0015-t-

-0.020

-1.0	 -0.5	 0.0	 0.5	 1.0	 1.5	 2.0	 2.5	 3.0
Time/Sec

c/Case BUD52
0.015

0.010

0.005

10.000

-0.005

-0.010

-0.015 -

-1.5

d/CaseBO478

0.015

0.010

.0.005

1 0.000-

-0.005

.0.010

-0.015 -

-1.5

A

I	 I	 -4-
-1.0	 -0.5	 0.0	 0.5	 1.0	 1.5	 2.0

Tune/Sec

-1.0	 -0.5	 00T	 0.5	 1.0	 1.5	 20

- Second Order Correction

176



4.3. Free Wave Components and Bound Harmonics

General Ideas

The concept of free and bound waves has been used in section 4.2.. It is the purpose of the

present section to define more closely this distinction. h will be shown that a model of the tWe

shown in equation 4.2.3 to 4.2.5 is suitable and that it is necessary to include a modification of

the initial linear wave components in order to model the present wave fields accurately.

In order to commence the analysis, free and bound waves are defined by the following properties:

1/ The regime of free waves has a relation between wavenuinber and frequency which

very nearly satisfies the linear dispersion relationship.

2/ Bound waves are completely specified in terms of the regime of free waves. Relative to

the free wave regime, bound waves can not shift significantly the position in space or

time of a crest or a trough.

3/ Differences between focused wave groups and inverse fbcused wave groups involve

only bound waves.

The distinction is at present relatively loose. It is the object of the present section to refine this

distinction and to show that the separation of the wave fields into free and bound waves presents

significant advantages in the analysis of nonlinear wave wave interaction.

It is stressed that the clear distinction between free and bound waves represents only one adopted

view of wave wave interaction. What can be said conclusively, however, about the physical

process of wave wave interaction is twofold: Firstly, it is shown that nonlinear wave wave

interaction is responsible for modifying significantly wave components with a relation between

frequency and wavenumber which is very close to the linear dispersion relationship. Secondly, it

is possible to identify wave components which have a very different relation between frequency

and wavenumber. The last type of wave components appear to be bound in phase and amplitude

to the first type of wave components. It will be shown within this section that it is possible to

distinguish clearly between free and bound terms.
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It is generally accepted that energy transfer within the free wave regime is related to resonant or

near resonant effects. The mechanism of resonance in a gravity wave regime is relatively

straightforward: Lineansed theory indicates that free wave components can almost exist

independently of other wave components. If harmonics which arise from the nonlinear interaction

of wave components, have a relation between frequency and wavenumber which satisfy the

dispersion relationship for free waves, a resonant condition is said to occur. Terms which are set

up by interaction between free waves may excite a free wave component which can grow in

amplitude drawing energy from the free wave components which gave rise to the interaction

component.

Much work has been undertaken on resonant and near resonant wave wave interaction since the

1960's. For reviews, see Hammack & Henderson(1993) or Phillips(1977) for early work. Within

the present section, only some brief results will be discussed. Phillips(1960) has shown that two

or three free wave components may interact to produce a resonant interaction term whose

wavenumber is diffrent from the interacting waves. The resonant condition occurs at third wave

wave interaction order. It was found that the amplitude of the resulting resonant term grew

linearly in time. This condition does not occur in a unidirectional wave field.

In a unidirectional wave field it has been shown (Longuet-Higgins & Phillips, 1962) that third

order interaction between two wave components yields a resonant condition only for

wavenumbers which are identical to the wavenumber of one of the interacting free waves. This

idea may be studied in more detail using the perturbation methodology originally proposed by

Longuet-Higgins & Stewart (1960)'. Interaction between three free wave components takesthe

form:

±WJ±Ok

k=k, ±kJ±kk

= C ±C ±C

4.3.1

where k, o and c are wavenumber, angular frequency and phase, respectively, of the nth fi

It should be mentioned that the extension of this perturbation scheme to third order has been subject to
considerable controversy. See e.g. Tick & Pierson (1963).
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order wave component. The equation for the velocity potential of a single interaction term will be

of the form:

	

-^	 +gkD=QSin(&)
	

4.3.2

where the elimination of the z-derivative arises from Laplace's equation and the assumed solution

form. g is the gravitational acceleration and Q is a constant depending upon the properties of the

free waves. If resonance does not occur, k and do not satisfy the dispersion relationship for

free waves, and equation 4.3.2 admits a solution in the form:

D=	 _Sm()Exp(kz)
	

4.3.3

in deep water and when £ is positive. Equation 4.3.3 describes an interaction term which is

bound to the free wave components. Unless this term has an amplitude which is comparable with

the first order wave components, it will not modify the free wave components. If, however, 2

g, resonance occurs and the solution to equation 4.3.2 takes the following form:

c1' = .	 Co) Exp(i z)
	

4.3.4

for which a time dependent growth of the amplitude is present.

In a unidirectional wave field, resonance can only occur when Ic = k + - k = . This

represents a resonant modification of the generating free wave which is offset from the free wave

by ir/2. Phillips and Longuet-Higgins (1962) interpreted this as a change of the phase velocity of

one free wave in the presence of another rather than resonant transfer of energy between wave

components in the free wave regime.

There must, however, be a smooth transition between an interaction component which is close to

resonance and an interaction component which exactly satisfies the resonant condition. Also

within unidirectional wave fields, interaction between closely spaced wave components may fall

arbitrarily close to resonance although k is not identical to the interacting waves. Q does in

general not tend to zero when Ic approaches the resonant condition. It is necessary to provide a
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general solution to 4.3.2 which can model resonant terms as well as near resonant terms. The

author has suggested the following form which models bound, near resonant and resonant

harmonics:

Q _[asin(Ex_fi/t+7)_s14)]Erp(z)
1i52-gk

where a and y are determined from the initial time employed and (3= ±1 depending on the sign of

5. The present solution may be shown to be initially stable for wave fields for which equation

4.3.3 could not be used.

The perturbation solutions shown above may only be expected to be accurate for as long as the

nonlinear changes in the wave field represent only a small perturbation upon the wave profile

predicted by the original set of free wave components. As soon as the third order components

become large enough to significantly alter the wave profile relative to the linear prediction, the

perturbation scheme collapses. A higher order perturbation solution does not remedy this effect. It

is necessary to provide a scheme which can modifS' the first order components within the

perturbation formulation.

This is certainly true for the present focused wave groups. An attempt to model the unidirectional

wave fields to third order showed that the errors in the free surface boundary conditions were

negligible relative to the second order solution at the time at which the perturbation scheme was

initiated. At as little as 0.3 seconds after this time, however, the wave field was seen to diverge in

terms of the errors in the free surface boundary conditions. This indicates that significant

resonant or near resonant effects may be present within the wave fields, and highlights that a

method of updating the first order components must be included.

Changes in the regime of free waves may be compared with the growth of sideband terms within

an initially regular wave train first identified by Benjamin and Feir (1967). It has been shown that

an interchange of energy may take place between the fundamental harmonic in a Stokes

expansion and sideband harmonics. In this fashion, by near resonant interaction, it was shown

that (initially) unconstrained growth of the sideband disturbances was possible. The perturbation

expansion due to Benjamin and Feir (1967) does not include a possible corresponding change in

the fundamental amplitude and assumes that the sideband terms are very small compared with the

fundamental term. Later formulations have shown that the fundamental harmonic does indeed

4.3.5
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vary in amplitude and that the sideband disturbances may grow to be comparable with the

fundamental harmonic (see e.g. Yuen and Lake ,1982).

Whereas the fundamental idea of the Benjamin and Feir (1967) work is that regular wave trains

are unstable to sideband disturbances, the stability of the system is not a central idea in the

present investigation. It is believed that near resonant harmonics are important in describing the

nonlinear dynamics of focused wave groups, but the author is unceitain as to whether it is fruitful

to discuss stability properties of such wave fields. The discussion is centred around a transfer of

energy between wave components within the free wave regime. The rate of transfr may depend

upon the shape of the input spectrum with some spectra remaining more constant than others, but

no effects which suggest that there is a clear distinction between stable and unstable wave fields

have yet been identified.

If it is accepted that an interchange of energy between free wave components may take place, it is

noteworthy that A is not a physically conserved parameter. A simple linear argument illustrates

this effect. Consider a focused wave field with N linear wave components and a top hat spectrum.

The amplitude sum is given by:

A = a= Na	 4.3.6

where a is the amplitude of the wave components. The average potential energy of the system is

proportional to:

m0 = + a2 =+Na2
	

4.3.7

Now consider a second focused wave group with 2N wave components with constant wave

component amplitude a', twice the bandwidth, but with an identical potential (and kinetic) energy

to the original wave group:

2W
m0 =+a'2 -, a'=-!--a	 4.3.8

It is seen immediately that the amplitude sum of the second wave field is larger than the
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amplitude sum of the original wave field by a factor of 'J:

A'=a'=2Na'=i5Na =JA
	

4.3.9

It is the author's belief that an effect similar to the simple consideration shoii above is partly

responsible for the very large differences observed between the linear and the measured maximum

crest elevations shown in figure 4.2.1. It will be shown within the present section that this is

indeed the case.

Phillips (1976) describes resonant and near resonant interaction of gravity waves as very weak.

The instabilities due to Benjamin & Feir (1967) typically require 100's of wave periods to

develop. Fox (1976) has analysed numerically the Hasselmann (1962, 1963) equations for energy

interchange within random spectra. He concludes that the fractional change in energy density in a

Jonswap spectrum does not exceed 5 x	 per wave cycle. In contrast, if near resonant effects

are significant within the present wave fields, significant changes must take place over less than 5

wave cycles. If very rapid changes in the free wave regime are present, this may, in part, explain

the difficulties encountered in describing these wave fields by analytical means.

Unidirectional wave fields

Returning to the wave fields within the present investigation, the unidirectional wave fields are

analysed first. Figure 4.3.1 shows the temporal profile of the free surface at the position of

maximum crest elevation for case DUD with different amplitude sums. The data are compared

with linear and second order theory. In order to compare directly with analytical results, the time

of maximum crest elevation has been subtracted from the measured data.

For case DUD2O, linear and measured results are nearly identical. As A increases, the measured

crest becomes very much larger and narrower than the theoretical predictions, whereas the

troughs become shallower and broader. The latter effect is considerably less pronounced than the

former. One additional effect which has not been mentioned previously may be observed: As A

increases the trough to trough period of the measured trace around the maximum crest decreases.

Bound waves should per definition not be capable of moving the troughs or crests relative to the

free wave regime, so this may indicate changes in the free wave regime. Together with the finding
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Fioure 4.3.1. TemPoral Surface Elevation at Position of Maximum Crest Elevation
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that the nonlinear crest velocity reduces relative to linear theory (figure 4.2.14 ) ,this is an

indication that the central frequency of the free wave spectrum is shifted upwards.

In order to investigate the present wave groups further, it is possible to compare Discrete Fourier

Transforms (DFT) of the time trace at the position of maximum crest elevation. For an essentially

linear and unidirectional wave field, there is a one to one mapping between frequency and

wavenumber and a DFT may be expected to resolve the wave field uniquely, limited only by the

asswnption of periodicity and the sampling rate employed. For a nonlinear wave field, the results

from a DFT must be treated with care.

Firstly, each frequency component may be expected to contain energy in a range of

wavenumbers. The spatial evolution of the wave field may therefore not be computed on the basis

of one DFT without further assumptions. Secondly, a single frequency component may be

expected to vary in magnitude m the temporal domain. Such an effect is modelled by a DFT as

modulations between closely spaced Fourier components. Neveitheless, it appears that DFTs

computed from long time traces which contain one large crest or trough provide valuable

information of the extreme crest although some scatter is inevitable. As the extreme event is

located in the middle of the wave trace, no windowing is deemed necessaly the wave profLle

tapers naturally either side of the maximum and the tune trace is long enough to contain a large

number of periods (>50) of wave components with significant amplitudes.

Figure 4.3.2 shows DFT's taken at the position of maximum crest elevation for case DUD.

Amplitude sums from near linear (DUD2O) to within 1 mm of the observed breaking limit

(DUD6 I) are considered. The linear input spectrum is shown for comparison. For the small

amplitude case, the measured frequency spectrum is close to the linear prediction. The second

order frequency sum contribution appropriate to the input spectrum may be identified between

1.67 Hz and 2.5 Hz.

As A increases, a number of interesting effects become evident. The largest changes in the

amplitude spectra occur at frequencies lower than 1.67 Hz. There is a clear reduction in the wave

component amplitudes within the input frequency range, particularly in the bigh reqiency range

of the input spectrum. This reduction is amply overcompensated for by a large increase of the

wave component amplitudes just beyond the upper frequency limIt of the input spectrum. The

bulk of the changes occur at lower frequencies than the frequency at which it is expected that
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Figure 4.3.2. FF1 at Position of Maximum Crest Elevation, Case DUD
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significant second order frequency sum effects would be present (twice the lowest frequency at

which significant contributions are present). There is no significant transfer downwards at the

low frequency end of the input spectrum.

The observed transfer of energy from the upper end of the frequency spectrum to higher

frequency components, although highly significant, is in itself no proof that near resonant effects

cause large changes in the free wave regime. It is necessary to investigate the frequency-

waveiumber relation of these wave components. If it may be shown that these components nearly

satisfy the linear dispersion relation, this is a clear indication of the presence of changes in the

free wave regime as the nonlinear wave group evolves.

In order to resolve the wave fields further, the numerical formulation described in chapter 3 is

useful. From the output of the numerical formulation, it is possible to compute a two dimensional

DET in the frequency and wavenumber domains. The wave fields are already defined to be

periodic in the spatial domain, and it is assumed that there are truncation wavenumbers beyond

which no energy is present. A DFT in the wavenumber domain may therefore be expected to be

exact relative to the numerical formulation.

In the frequency domain, however, the resolution may not be expected to be as crisp. For reasons

explained in chapter three, the numerical scheme is initiated at a relatively small time before the

time of maximum crest elevation. The time evolution is therefore not calculated for a very long

time around the time of maximum crest elevation. In addition, there is no inherent time periodicity

in the wave groups, and a degree of energy leakage is expected in the frequency domain of the

double DFT.

To remedy this effect, the time dependence of the discrete wavenumber components has been

windowed in the time domain according to equation 4.3.10

=
w cos[ 

(j-i i'
N 2)

4.3.10

where the time of maximum crest elevation corresponds to the (1+N/2) data point. For all cases,

N has been taken as 256. The sampling interval is 0.05 seconds yielding a flmdamental period for

the DFT of 12.8 seconds. Figure 4.3.3 a shows the amplitudes obtained from a double DFT of
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4.3.11

the type described above on a linear wave field calculated from the initial coefficients used to

represent case DUD55 within the numerical scheme. It may be seen that whereas the wavenumber

resolution is high, the resolution in the frequency domain is somewhat lower. This is particularly

the case for wavenumbers where the corresponding linear wave frequency is far from a integer

multiple of the fundamental wave frequency (1/12.8 Hz). Nevertheless, the windowing has

reduced this effect greatly, the correct frequency correspond to the maximum of the curve for

each wavenumber, and the amplitude sum, A, is conserved to within 3 %. The linear dispersion

relationship is shown with a dotted line.

Figure 4.3.3 b shows an identical procedure camed out on the nonlinear output from the

numerical scheme for case DUD55. The results are remarkable. Several discrete ridges may be

identified in the wavenumber/ frequency domain. For convenience, the ridges are henceforth

numbered from 0 to 4 from left to right. The linear dispersion relationship is shown with a dotted

line except in the input range wiere the line is solid. It can be seen that significant amplitudes

are present in ridge I far beyond the original input range. These wave components very nearly

satisf' the linear dispersion relationship although there is a trend for the entire ridge to be moved

slightly to the right indicating a slight increase in the wave component phase speed. The

amplitudes of the wave components within ridge I remain larger by far than the amplitudes found

in any other ridge.

Ridge 1 is defined as the free wave regime and the other ridges as bound wave components.

Relative to ridge 1, the other ridges correspond very closely to the relation

where the signs are similar for any set of f and k and f, an correspond to significant wave

components within the free wave range. Relative to the free wave range, contributions to the nth

ridge can first occur at the nth interaction order. From the numerical output, it has been possible

to identify 7 ascending ridges in addition to the 0th ridge although only four are shown m figure

4.3.3 b.

Figure 4.3.3 b shows that the distinction between free and bound waves is more than a rhetoric

convenience. It appears that the ridges discussed above are analogous to the harmonics within a
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Stokes expansion. This suggests strongly to the author that a convenient model for the nonlinear

evolution of wave groups of the present type should be capable of modelling modulations of

phases, frequencies and amplitudes within the free wave range.

The large differences between theoretical perturbation solutions and the numerical and

experimental findings may be explained by the ridge analogy. A second order solution may

predict accurately the phases and amplitudes within the zeroth and second ridge relative to the

linear input spectrum, but the phases and amplitudes within the first ridge are very different at the

focal position than the input frequency spectrum. Second order theory does not modify the input

spectrum.

An experiment into third order wave wave interaction shows the same trends: Accepting the fact

that the third order perturbation solution did not improve upon the second order description for

more than a fraction of a second for the present wave groups, the linear input spectrum may be

investigated to third interaction order with t =0 corresponding to the focal location. This has the

effect of reducing the errors in the free surface boundary conditions dramatically relative to the

linear and second order formulations for approximately ± 0.2 seconds around the focal time. This

indicates that both the bound harmonics and the initial rate of change of the free wave component

amplitudes are accurately predicted. Yet, the agreement between experimental (and numerical)

results and the third order solution scarcely improves upon the second order solution. Only 2 mm

was added on the second order correction to the focused crest relative to second order theory

(figure 4.3.1 c).

In order to improve the description of the focused wave groups, it may not be necessary to carry

out the analysis to a very high interaction order. It is, however, essential that the changes in the

free wave regime are modelled. Notice the rapid reduction in wave component amplitudes with

increasing ridge order even on a logarithmic plot (figure 4.3.3 b). This is further considered in

figure 4.3.4. This figure shows the difference between the double DFT computed from the

nonlinear formulation (figure 4.3.3 b) and the linear system (figure 4.3.3 a). Again the linear

dispersion relation is showa as a dotted line and a solid line in the linear input range. Two effects

are of interest.

Firstly, there is a general shift to larger phase velocities within the free wave regime. This is seen

as a shift of amplitudes in a direction from left to right. On the left hand side of this shift, the
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amplitude difference is negative indicating that the amplitude m the numerical formulation is

reduced relative to linear theory whereas there is a positive shift on the right hand side.

Comparing figure 4.3.3 a with figure 4.3.3 b indicates that the difference m phase velocity is not

great, ranging from approximately 3 % to approximately 5 % near, respectively, the low and high

frequency ends of the input spectrum.
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Allowingforthectthatthereis a shifiduetophasevelocitychanges, itappearsthatthereis a

reduction in total amplitude within the original amplitude range. There is a large shift towards

higher wave component frequencies outside the original input range. Components within the 1st

ridge but outside the original input range are very much comparable with the amplitude

components within the original input spectrum. These components are as large as four times the

magnitude of the components in the second ridge which is dominant to second interaction order.

The contribution to the crest height from this range is approximately twice the sum of the

amplitude components in the second ridge.

An interesting experiment may be carried out to further verify the present findings. If it is indeed

the case that the nonlinear changes in the wave groups are largely due to changes within the free

wave regime and that the wave field converges relatively rapidly with respect to interaction order,

then if it is possible to isolate components within the free wave regime, a second order correction
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appropriate to this free wave regime may improve the description of the wave field dramatically

relative to a second order solution based upon the original input spectrum.

For a unidirectional wave field, this procedure is carried out as follows. It is assumed that the

changes in the free wave regime for a focused wave group and its inverse are identical but with

opposite signs of the wave components. If it is further assumed that the relation shown in

equation 4.2.6 holds, then 0.S(i - i) will be identical to r except that the contributions from

ridge 0,2,4, ... will be eliminated. Comparing with figure 4.3.3 b indicates that if the 0th and 2'

ridge are effectively eliminated, the significant terms in the first ridge may be identified in the

frequency range without contamination from the 3 ridge.

Figure 4.3.5 shows DFT's carried out on the free surfitce elevation at the position of maximum

crest elevation for case DUD61. DFT's have been carried out on the focused (i) and inverse

focused (if1) wave groups as well as for 0.5(i - if1 ) . It may be observed that the first two traces

yield nearly identical amplitude spectra indicating that the nonlinear evolution of focused and

inverted focused wave groups is indeed similar.

Figure 4.3.5. DFT at Position of Maximum Crest Elevation, Case DUD61

The DFT for 0.5(i 111), however, shows different properties. In the frequency ranges between

approximately 0.6 Hz and 1.8 Hz and larger than approximately 3.3 Hz, this DFT marks the
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average between the DFT's due to ii and indicating that the phases of the amplitude

components fbr the focused and inverse focused wave groups differ by approximately r. At

frequencies below approximately 0.6 Hz and between approximately 1.7 and 3.3 Hz, the

amplitudes are greatly reduced relative to the focused and mverse focused results. This indicates

that there are significant effects within these traces for which the amplitude components of the

focused and inverse focused wave fields are indeed in phase. This is consistent with the

elimination of the even ridges in the representation shown in figure 4.3.3 b and equation 4.2.6.

Notice in addition that significant amplitudes are present in the second ridge well beyond the

second order correction appropriate to the linear input spectrum (which have no terms beyond 2.5

Hz). This is caused by the widening of the free wave regime towards higher frequencies and thus

the second interaction order correction appropriate to waves in the free wave range beyond the

original cut-off frequency of the spectrum.

It is thus possible from figure 4.3.5 to isolate the frequency components within the free wave

range. The frequency spectrum is truncated at 2.5 Hz so as to avoid contamination from bound

waves stemming from high (odd) interaction orders. It is assumed that the wave components

within ridge I behave locally as linear wave components, and a second order correction may be

made relative to this local regime of free waves by the method shown in appendix 1.

Figure 4.3.6 shows properties of the isolated regime of free waves compared with measured data.

Figure 4.3.6 a compares the temporal trace of the free surface whereas figure 4.3.6 b shows the

spatial free surface profile. Compared with the comparison based on the original input spectrum

(figure 4.3.1 and 4.2.3), the new free wave regime provides a significant improvement relative to

the measured data. In the temporal domain, this is expected as the new free wave regime is based

upon measured data. What it is reassuring, however, is that second order theory provides a

considerable improvement relative to the linear prediction. The second order crest is 92 % of the

measured crest whereas the linear prediction is only 81 % of the measured crest. It is not difficult

to surmise that a progressive inclusion of bound waves at higher interaction order may converge

relatively rapidly to the measured solution.

In the spatial domain, the same trends are visible. This is inherently a plot which is more critical

to the free wave assumptions adopted in the present analysis since the wavenumbers are

calculated from linear theory. The correlation between theoretical and measured data is as high in
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the spatial domain as in the temporal domain. Again it seems reasonable that to higher interaction

order, the measured profile may be described accurately by the adopted free wave regime plus

additional bound waves. In addition, the changes in the free wave regime appear to be small over

the order of one wavelength only: The troughs either side of the maximum crest occur at

approximately the same position for the linear prediction and the measured wave profile. There is

perhaps a slight reduction in the measured wave length compared with the linear prediction

indicating that deviations from linear behaviour within the free wave regime are present.

Figure 4.3.6 c compares the horizontal velocity profile underneath the maximum crest as

predicted by the present system of free waves with measured velocities. This plot provides an

explanation for the large deviations from second order theory observed within the crest region on

figure 4.2.5. The large increase in crest velocity is due to changes in the free wave regime relative

to the initial input spectrum of free waves and not due to high order bound waves. Using the

present free wave system, these over-predictions are eliminated. In fact, linear theory over-

predicts the measured velocities. This is due to the fact that linear theory does not allow the

individual wave components to ride over another so that the velocity profiles from each individual

wave component are superimposed at the free surface. Second order theory appears to correct for

the bulk of effects due to this aspect of wave nonlinearity. Judging from the difference between

second and first order theory, it appears that, using the present system of free waves, convergence

with respect to the interaction order is very rapid.

The numerical formulation described in chapter 3 yields contributions to '1 from a discrete

number of wavenumbers. The evolution in tune of the contribution to the free surface for each

distinct wavenumber may be investigated. Figure 4.3.7 shows such a plot for four diflrent

wavenumbers for case DUD5S. The contributions to 1 are calculated at the position of maximum

crest elevation, the maximum crest occurs at t = 0.48 seconds. The first two wavenumbers are

within the original input range and are compared with the linear prediction. The first and second

wavenumbers correspond to the low and high frequency ends of the original input spectrwn

respectively. The last two wavenwnbers are outside the original input range, the vertical gridlines

shows the period corresponding to the relevant wavenumbers as calculated from the linear

dispersion relationship.

Figure 4.3.7 a shows very small changes between the numerical wave component and the linear

wave component except a very small increase in phase velocity of the former. This is typical for
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the low frequency end of the free wave spectrum. Figure 4.3.7 b, however, shows a decrease of

the wave amplitudes as the time of maximum crest elevation is approached. The present plots are

somewhat contaminated by second and higher order bound waves, but it is clear that the free

wave component itself decreases in magnitude and travels faster than the linear prediction.

The opposite effect can be seen for the wavenumber terms outside the original input range (figure

4.3.7 c-cl). There is a clear increase in the amplitude of the free wave components as the time of

maximum crest elevation is approached. The increase is surprisingly rapid, indicating that

significant changes can take place over smaller times than that required for a large wave event to

form and disappear. The changes in the free wave regime appear to be approximately similar in

shape to a cubic form of the wave envelope.

Changes in the free wave regime at times larger than the time of maximum crest elevation are

slower than the growth prior to the maximum crest. This effect is not entirely understood. It is

possible that the changes are not reversible by the same nonlinear mechanisms which provided the

initial changes of the free wave regime. Nevertheless, it has been shown in section 4.2 that the

changes in the free wave regime are localised to the central part of the envelope. If the event

represents a single event which is very much larger than the intensity of the wave field as a whole,

the changes in the free wave regime must necessarily disappear as the event disperses. For a

focused wave group, the wave field outside the extreme envelope showveiy small deviations from

the initial spectrum of free waves, and a localised event must eventually disperse into this region

such that the original input spectrum is recovered. It is, however, possible that whereas the

changes in the free wave regime prior to the extreme event are rapid, the recovering of the

original regime of free waves within the central part of the envelope is no faster than the linear

dispersion of the wave group itself.

Directional Wave Fields

The analysis may be extended to three dimensional wave fields. It is interesting to apply the

present view to the effect of directionality on the nonlinear evolution of focused wave groups. The

analysis commences with a comparison of wave fields with different directionality but constant

input amplitude sum. It has been shown in section 4.2 that for A=55 mm, there is a large

reduction in global maximum crest elevation with increasing directional spread (figure 4.2.6). It

may be investigated whether this effect is due to large changes in the relation between free and
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bound waves or if the evolution of the free wave regime is very dependent upon directionality.

Figure 4.3.8 shows the temporal trace of the free surface at the position of maximum crest

elevation for case D with A =55 mm. Four cases with different directional properties are shown.

The time of maximum crest elevation has been removed for direct comparison with linear and

second order theory computed from the initial input spectrum. The difference in crest elevation is

immediately verified. The unidirectional case thoa very large deviation between measured and

theoretical crest elevation unlike the short crested cases for which second order theory appearto

provide a good description of the wave profile.

There is little doubt that changes in the free wave regime are greatly reduced in the directional

cases. Using the present definition for the bound waves that bound waves do not influence the

position of crests and troughs of the free waves, this is evident. The shortening of the wave period

around the maximum which is observed for the unidirectional cases is greatly reduced with

increasing directionality. Likewise, the changes in the adjacent crests most visible in the crest up-

wave of the maximum crest, are disappearing with increasing directionality.

In the same fashion as in figure 4.3.2, DFT's have been computed for the timetraces shown

above. The limitations of DFT's for directional wave fields are more severe than for

unidirectional wave fields even in the linear approximation. This is discussed in chapter 2. For the

present purposes, the DFT's are as suitable for three dimensional wave fields as for two

dimensional ones. In the event of a smearing of the focal quality of the directional wave fields as

they become nonlinear, the results from the DFT are indeed more relevant than the total

amplitude distribution in the three dimensional spectrum. Only the components which contribute

significantly to the extreme crest appear in the apparent amplitude spectrum.

Figure 4.3.9 shows DFT's for case D and A=55 with directional spreads ranging from

unidirectional to short crested. Some difference can be seen in the second order range,

particularly beyond the second order truncation frequency relative to the input spectrum (2.5 Hz).

The bulk of the difference due to directional spread, however, is found in the free wave range. For

the directional cases the effect of energy transfer from the free wave range to higher frequencies is

considerably less pronounced than for the unidirectional case. Case D0455 retains the input

spectrum accurately, and there is only a beginning tendency for amplitude components just

beyond the input spectrum to become significant.
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In the same fashion as for a unidirectional wave field, the numerical fonnulation may be used to

resolve the wave field in the wavenumber and frequency domains. For a directional wave field,

this involves a three dimensional DFT (in k ,k and f). The same method of windowing in the

time domain is employed as for two dimensional wave fields.

The difference in resulting amplitude spectrum between linear theory and the numerical

fonnulation for case D0455 is shown in figure 4.3.10. This plot is only concerned with the

distribution in the absolute value of the wavenumber and frequency. Amplitudes within the same

range of absolute values of the wavenumber have been added irrespective of the direction of

propagation of the wave components. The absolute value of the amplitudes within each

wavenumber range have been added irrespective of the phasing.
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Figure 4.3.10. Difference Between Numerical and Linear Predictions, Case D0455

The nonlinear wave components have a slightly larger phase velocity than the linear prediction.

Also for the directional cases, a significant propagation of free wave energy into higher

frequencies is identified. The propagation of energy to higher frequencies within the free wave

regime is, however, reduced relative to the unidirectional case (figure 4.3.4). For case D0455,

the total amplitude sum in the free wave range beyond the original mput range is approximately

equal to the second order contribution.
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Three explanations for the reduction in the changes in the free wave regime for directional wave

fields relative to unidirectional wave fields are suggested. These changes are local to the central

part of the envelope and are dependent upon a steep wave regime to become evident.

A directional wave field is even in the linear approximation generally less steep than a

corresponding unidirectional wave field. The average wave front steepness is reduced relative to

the unidirectional equivalent by the factor F (the in-line velocity reduction factor) whereas the

curvature of the surface is reduced by approximately F 2. It is not surprising that a wave field with

a lower average wave front steepness and surface curvature shows a smaller degree of nonlinear

wave wave interaction.

Secondly, the directional wave fields form and deform more rapidly than unidirectional wave

fields with the same amplitude frequency spectrum. There is therefore less tune for cumulative

changes within the free wave regime to take place. This view has previously been suggested by

Taylor and Haagsma (1994).

Finally, for a directional wave field, the envelope of the focused event is localised also in the

direction normal to the direction of wave propagation. Any changes in the free wave regime prior

to the time of maximum crest elevation must be lined up in direction of propagation with the

envelope in order to become significant. It is thus not sufficient to excite a free wave component

within the steep regime. If this wave component is not propagating in the same direction as the

envelope, it will move out of the envelope and disperse in the essential linear regime outside the

extreme envelope. It may thus be expected that near resonant eftbets, although present, may

disperse in the directional case rather than provide uniformly positive contributions to a large

crest as is the case for unidirectional wave fields.

It is remembered from section 4.2 how many of the properties of the wave groups seemed to be

relatively independent upon the directional spread provided that the wave fields were equally

close to the limit of incipient wave breaking. Figure 4.3.11 shows the amplitude spectrum of case

D0493 resolved into wavenumber (WI) and frequency. It can be seen that the wave field is

qualitatively veiy similar to the observations concerning a steep, unidirectional wave field.

Compared with the linear prediction, the nonlinear evolution of also the directional wave field

involves a significant modification of the free wave regime. Higher order bound waves may be

201



8g
Q C

identified and are seen to remain considerably smaller than components within the free wave

regime. The rapid decrease in contributions with increasing amplitude ridge order indicates a

wave field which converges relatively swifily with respect to wave interaction order.
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flgure 4.3.11. Triple DF in the Frequency and Wavenumber Domains, Case 1)0493

Figure 4.3.12. shows the spreading parameter, F, for case D0493. The wave field has been

resolved in the frequency and wavenumber domain2. For visual clarity, only the wave components

with significant amplitudes (within ridge zero to four) have been plotted. Due to the finite number

of wavenumber components within the numerical scheme and the energy leakage in the temporal

domain, some scatter is present but clear trends may be identified.

The directional spread of the wave components decreases rapidly with increasing ridge order. The

zeroth ridge has generally a lower value of F than the input regime of free waves whereas ridge

two and three have progressively larger F values. This is consistent with the second order

theoretical prediction and the experimental observations which indicate that the bulk of the

steepening of the wave profile due to bound waves occursin the mean direction of wave

propagation.

2	 the three dimensional DFF descril,ed above, the free surface is described by a three dimensional
amplitude spectrum. Within each range in f and ,containing N Fourier components F is determined

(N	 'N

by: F =a5)aCos(0)) where 9 is the direction of propagation.
n1	 e=1
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ridge. The direction of the shift is nut in the same direction as the energy shift to higher

frequencies within the free wave range, but may indicate that the part of the wave field where the

phase velocity of the free wave components is largest,ha a higher value ofF. This eftbct is
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Figure 4.3.12. Spreading Parameter, F, Estimated from Numerical Run, Case 1)0493

As for the unidirectional cases, it may be verified that the changes in the free wave regime are

responsible for the bulk of the deviations from linear theory also for the directional cases. For a

unidirectional wave field, it has been shown that the first ridge may be isolated accurately by

DFT's on the time trace of the surface elevation. For the unidirectional cases, the direction of

propagation of all wave components is known subject oiilyto the assumption that all free wave

components travel in the same positive direction. In order to isolate the free wave regime for a

directional wave case, it is necessaly to recover the frequency and direction of each free wave

component. A DFT at one spatial location may not be used.
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For the directional cases, the output from the numerical formulation is used. Numerical results

from focused and inverse focused wave groups are compared in order to estimate the free wave

regime. The numerical scheme yields a full resolution of the spatial wave profile and is compared

at the time of maximum crest elevation. At this time, the regime of free waves is defined as O.5(i-

t). The wave components are assumed to be linear, the system may be corrected for second

order effects by the method of Sharma & Dean (1981) and compared with experimental and

numerical results. It should be mentioned here that whereas the method used for unidirectional

waves represent the wave components within the first ridge only, the present method does not

exclude components from ridge 3,5,7, ... and may be contaminated slightly by such effects.

Figure 4.3.13 shows comparisons between the isolated system of free waves and measured data.

Figure 4.3.13 a and b show spatial profiles at the position of maximum crest elevation hi the x-

and y-direction respectively. The difference between measured and theoretical results should be

small if the present view is correct. The free wave regime used here is estimated from the spatial

profile at this time, so the difference between measured and predicted data should be attributed

entirely to bound waves appropriate to interaction orders higher than the second. From the

difference between the first and second order prediction, it seems reasonable that the wave profile

converges rapidly with respect to interaction order.

Figure 4.3.13 c shows a comparison of the free surface elevation in the temporal domain at the

position of maximum crest elevation. At small times, the agreement is very good and it is not

difficult to accept that the inclusion of bound waves to higher interaction orders would converge

towards the measured data. When the time is far removed from the time at which the free wave

system was estimated, the correlation between measured and predicted data reduces. Particularly

prior to the position of maximum crest elevation, it appears that changes in the free wave system

itself which may not be described by linear or second order theory, become relevant. This is

consistent with the experimental results shown in figure 4.2.10.

Figure 4.3.13 d shows the horizontal velocity profile underneath the position of maximum crest

elevation. The linear prediction over-predicts the data, whereas the second order correction

reduces greatly the difference between the measured and theoretical data. Again it seems

reasonable to assume that the inclusion of higher interaction order bound terms may converge

rapidly to a profile very close to the measured velocity profile.
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If changes in the free wave regime are as large as has been indicated within the present section, it

is expected that the dispersive properties of the wave groups can not be described accurately by

the constant free wave regime employed in figure 4.3.13. Figure 4.3.14 shows temporal traces of

the free surface at spatial positions far removed from the position of maximum crest elevation. It

can be seen that the differences between measured and predicted surface elevations are far greater

than that shown in figure 4.3.13. This is due to changes within the free wave regime. Firstly, the

linear dispersion relation does not hold within the central part of the envelope; the extreme crest

propagates slightly faster than the linear prediction. Secondly, there are significant changes in the

amplitudes of the free wave components within the central part of the wave envelope.

The deviations in the dispersive properties of the wave systems observed in figure 4.3.14, are

veiy similar to the deviations between the nwnerical and experimental predictions of the free

surface profile at spatial positions other than the measurement position which were observed by

Baldock & Swan (1994). It is the author's belief that the present view of wave wave interaction

may explain this effect. In brief; Baldock & Swan (1994) seek to model wave wave interaction

within a unidirectional wave field by a double Fourier series in wave frequency and wavenumber.

The amplitudes of the double series are obtained from minimising the errors in the free surface

boundaiy conditions using a measured temporal free surface profile at one spatial location as

input. It has been shown that the velocity profile underneath the measured surface elevation can

be determined to within a great degree of accuracy. Within the present terminology, the numerical

fonnulation is clearly successful in estimating accurately the free wave regime at the

measurement position plus the bound waves to a considerably higher interaction order than the

analyses shown in figure 4.3.6 and 4.3.13. Yet this numerical formulation can not describe

accurately the evolution of the extreme crest.

Whereas the numerical formulation due to Baldock & Swan (1994) predicts accurately the free

wave regime at one spatial position, the changes in the free wave regime may not be described

accurately. There are two reasons for this. Firstly, in order to model accurately changes in wave

amplitude in a Fourier series, it is necessary to use very large fundamental periods in the temporal

and spatial domains. Only thus can amplitude changes be modelled as slow modulations of

adjacent frequency or wavenumber terms. A fundamental wave period and wavelength which

would yield an acceptable proximity of the Fourier components can not be run at present.

Secondly, the numerical fonnulation is not exact but aims to minimise the errors in the free

surface boundary conditions. This error is not zero at convergence. The effects which lead to
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changes in the regime of free waves may be represented by very small contributions in the free

surface boundary conditions, but may be cumulative. These effects may thus disappear in the

residual error being comparable in average with errors introduced by the truncation frequency

and wavenumbers and the fact that the wave field is forced to be periodic both in space and time.
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4.4. Conservation of the Focal Ouality in Nonlinear Wave Fields

A linear focused wave group is formed by ensuring that all the wave components which define the

linear spectrum reach a maximum at the same position in space and time. The input to both the

wave makers within the experimental investigation and the numerical scheme have used the linear

dispersion relationship in order to model nonlinear focused wave groups.

it has been shown in the previous section that significant changes in the regime of free waves

occur in nonlinear wave fields as the wave envelope grows to form a large event. The changes are

necessarily local to the central part of the wave envelope where the wave field is steep. It is

interesting to investigate whether the linear property of focused wave groups, that all wave

components reach a maximum at one position in space and time, is conserved also for nonlinear

wave groups.

It is by no means obvious that wave components which have been generated or modified by

nonlinear wave wave interaction should contribute uniformly to the generation of a single extreme

event. Particularly if the wave components are free in the sense that they may propagate equally

independently as the waves within the original input range, it may be expected that a 'smearing'

of the phases at the position of maximum crest elevation could result. The degree to which all the

components within the wave field contribute positively to the formation of a nonlinear crest is

referred to in the following as the focal quality of the wave group.

Unidirectional Wave Fields

It has been shown in section 4.2 that for unidirectional wave fields, wave components generated

by nonlinear wave wave interaction contribute strongly to the extreme crest. Figure 4.2.1 a and

4.2.1 d show measured maximum crests which are larger than the linear prediction by more than

40 %. Similarly figure 4.2.5 a and 4.2.5 d show measured horizontal velocities which are larger

than the linear velocity by more than 20 in the crest region. It has further been shown in

section 4.3 that the bulk of the deviations from linear and second order theory stems from

changes in the free wave regime (see figure 4.3.6). Figure 4.3.7 shows time traces of the

contribution to the free surface from discrete wavenumber components. It may be seen that at the

position of maximum crest elevation (t = 0.48 seconds) maxima from wavenuniber components

both outside and inside the input range coincide to create the extreme crest. it seems therefore that
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the focal quality of linear focused wave groups is largely conserved for unidirectional wave fields

as nonlinearity develops.

This is consistent with the finding of Baldock (1994) who identified a 'phase lock' mechanism for

nonlinear unidirectional wave fields. Baldock (1994) investigated DFT's of the free surface at the

position of maximum crest elevation, it was shown that the phases of the wave components were

very close to zero for all the components within the significant range. This was true in spite of the

fact that the frequency spectrum was significantly altered relative to the input spectrum and that

the position of maximum crest elevation was significantly shifted relative to the linear prediction.

In order to investigate the conservation of the focal quality in a nonlinear wave field, a parameter

of focal quality, Q, is defined as:

Q1HIIX(t) where A=a(t)
A1	 n.=I

r is the maximum crest elevation in the spatial domain at one particular time. a1 is the

amplitude of the nth Founer component used to describe the instantaneous free surface in the

spatial domain. For a linear wave field, Q reaches its global maximum of unity at the focal time.

For a nonlinear wave field it must be mentioned that even though the wave field is focused, it is

not expected that Q = 1. The bound waves present in the zeroth ridge (figure 4.3.3) are negative

in magnitude, causing a set down of the extreme crest. Second order theory yielcka maximum Q

between 0.95 and 0.96 for all the wave fields considered within the present sectio&.

Figure 4.4.1 shows the parameter of focal quality for case DUD55. Q has been estimated from

the numerical calculations for this case. Also shown are ti and A.. The maximum Q is found

to be 0.962, very slightly higher than the second order estimate for a fully focused event. If the

wave event is fully focused, a very slightly larger Q than the second order estimate is consistent

with the inclusion of positive third and higher order bound waves.

Also notice the growth of A in the vicinity of the extreme crest. This is primarily caused by a

widening of the free wave spectrum as the maximum crest is approached. This effect is similar to

These values are remarkably similar for all cases investigated. Second order calculations based upon
both the input spectrum and isolating the free wave components in measured data have been considered
for both unidirectional and directional wave fields.

4.4.1
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the linear consideration outlined in equation 4.3.6 to 4.3.9 and explains the decrease in the crest

velocity in the vicinity of the extreme event observed in figure 4.2.13.
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Figure 4.4.1. Focal Quality Plot, Case DUD55

It thus appears that unidirectional focused wave fields remain focused as they become nonlinear.

To within measurement accuracy, effects which signify a 'smearing' of the phases of the free

wave components around the extreme crest can not be identified. If this property is conserved in a

directional wave field and not significantly weakened by a random wave background, this finding

may be hazardous in an engineering context. If it is the case that the bulk of the wave field may

be described by linear dispersion but that the evolution of extreme events is accompanied by a

local growth of the free wave spectrwn which causes a larger extreme crest, extreme crests may

be significantly larger and occur more frequently than the linear prediction. It has been suggested,

however, that the presence of a random background may weaken the changes in the free wave

regime and the conservation of the focal quality (Taylor and Haagsma, 1994). In addition, it is

necessary to investigate whether the focal property is conserved also in directional wave fields.

Directional Wave Fields

Consider figure 4.2.1 c. Although the wave field is at the very limit of wave breaking and

although the wave profile is considerably steeper than the second order prediction, the extreme
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crest is not significantly larger than the second order prediction based upon the input spectrum of

free waves. Yet figure 4.3.11 indicates that there are significant changes within the free wave

regime for case D0493. Indeed, the changes in the free wave regime appear to be larger than for

the unidirectional case DUD55 showa in figure 4.3.3 b.

Similarly, figure 4.3.10 may be compared with figure 4.3.9 d. The changes in the free wave

regime observed in figure 4.3.10 seeni to be considerably larger than the deviations from the input

specti-um estimated by a DFT on the free surface profile at the position of maximum crest

elevation. These findings may indicate that the focal property is not conserved for the nonlinear

wave groups in a directional wave field: There is a difference between the sum of the amplitudes

in a three dimensional resolution of the spectrum if the amplitudes are added irrespective of

phases, and the apparent amplitude spectrum measured at one spatial position

This is verified by calculating the parameter of focal quality, Q, for directional wave fields.

Again the instantaneous Fourier representation of the free surface is obtained from the numerical

calculations of the wave fields. Figure 4.4.2 shows Q for two extreme directional wave fields.

Figure 4.4.2 a concerns case D0493 whereas figure 4.4.2 b concerns case B0478. Relative to the

unidirectional wave cases, Q is significantly reduced. A Q as low as 0.75 can not be explained by

the bound waves in the zeroth ridge. The phases of the free wave components are significantly

smeared at the position of maximwn crest elevation. Nonlinear changes in the free wave regime

do not conserve the focal quality of the extreme event.

It can be seen, however that the smearing of the phases for a nonlinear wave event is reduced for

wave fields which do not exhibit a large change in the free wave regime. Case B0478 has a

larger maximum Q than case D0493. The cases th a broad frequency amplitude spectrum form

more rapidly, the changes in the position of maximum crest elevation are smaller and they

correspond more closely to a focused wave field than cases with a more narrow frequency

amplitude spectrum.

Furthermore, the smearing of the phases around an extreme crest found in a directional wave field

can not alone account for the differences found between unidirectional and directional cases with

equal input amplitude sum (figure 4.2.6, 4.3.8 and 4.3.9). The maximum Q is larger than 0.89

for case D0455. Allowing for second order set down effects, the maximum contamination of the

results due to phase smearing considerations is estimated to be 7 % of A between DUD55 and
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D0455. The reduction in measured crest elevation between these two cases is 0.54 A. The effect

of phase smearing is most pronounced for cases very close to the breaking limit.

Phase smearing effects complicate the analysis of directional wave fields. The Fourier

coefficients from the numerical formulation provides an accurate spatial description of the wave

field. If it is not known that the wave components are focused at the extreme crest, it is necessaiy

to analyse the phases of the wave components in order to isolate the wave components which

contribute significantly to the extreme crest. It is thought that the apparent amplitude spectrum

measured at the position of extreme crest elevation is useful in obtaining infonnation about the

wave components which contribute to the extreme crest. Figure 4.3.11 and 4.3.12 provide

information about the whole wave group, but may not describe accurately the properties of the

extreme crest. This effect is considered further in section 4.5.

The lack of a conservation of the focal property for steep directional wave fields is the single

qualitative difference found between unidirectional and directional wave fields with the same

frequency spectral bandwidth. The practical importance of this finding is dependent upon which

of two mechanisms is dominant. Firstly, it is conceivable that a variation of the phases of the

original linear system may yield a nonlinear wave group which is more closely focused than the
Is

present wave fields. If this is true and it possible to obtain a significantly larger crest which is

more closely focused merely by altering the phases of the wave components at the wave makers

(or the initial time for the numerical formulation) keeping A constant, the practical implication of

the present finding is negligible: In a random linear wave field no particular set of phases has a

larger probability of occurrence than other sets.

By altering the phases at the initial position, however, the initial steepness of the wave regime

reduces and nonlinear changes in the free wave regime are correspondingly reduced. It is

therefore conceivable that the maximum crest elevation may not be increased significantly by

altering the phases of the linear wave components. If this is the case, the practical importance of

the present finding is considerable. This would indicate that the effect which is present in

unidirectional wave fields which leadsto the very large maximum crest elevations, is greatly

reduced in directional wave fields.

It is in principle possible, both within the numerical and experimental investigations, to introduce

an iterative procedure in which the phases of the input wave components are found which yield
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the maximum possible crest elevation for a given amplitude spectrum at one position in space and

time. This would determine which of the two effects above is dominant. Such a procedure would,

however, be extremely tune consuming for a directional wave field and has not been undertaken

within the present investigation. It is, however, in the author's view a highly interesting problem

which should be investigated in a subsequent investigation.
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4.5. Properties of the Limiting Crest

Within the present section, a number of observations relating to the surface elevation of wave

groups at the vezy limit of incipient wave breaking, are presented. The observations are discussed

and it is attempted to draw conclusions from the observations. ft is stressed, however, that the

various processes with which the present section is concerned are not fully understood, and that

the conclusions must be treated as little more than conjecture.

General

Figure 4.5.1 shows DFT's obtained from the surface elevation history at the position of

maximum crest elevation. A highly surprising result is immediately obvious: for each of the

frequency spectral bandwidths, the amplitude spectnim beyond the input range appears to be

independent of directional spread at the breaking limit.

It is thought that the property above indicates that for the present wave groups, the same

properties of the wave field govern both the magnitude of the changes in the free wave regime,

the magnitude of the bound waves and the limit at which breaking occurs. ft is extremely difficult

to identify a mechanism which yields the present apparent amplitude spectra if this is not the

case. Figure 4.5.1 is in agreement with the observation in section 4.2 that many properties of the

extreme wave groups are relatively independent of the directional spread if wave groups which

are equally close to the limit of incipient wave breaking,are compared.

Within the original input range, the directional wave groups have larger wave component

amplitudes at the breaking limit. Directional wave groups require larger input wave component

amplitudes to generate free and bound waves through nonlinear wave wave interaction and to

initiate a breaking crest. it is thought that the local centreline wave front steepness and curvature

are the dominant parameters in the development of nonlinear properties. In the linear analysis, the

wave front steepness for a directional wave field is approximately reduced by F relative to a

corresponding unidirectional wave field whereas the curvature is reduced by approximately 2

Directional wave fields thus require larger input amplitudes to generate a steepness regime which

is similar to a corresponding unidirectional wave field.

It must be mentioned here, however, that the difference in the amplitudes within the input range is
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Figure 4.5.1. OFT at the Position of Maximum Crest Elevation
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notproportionalto F, but seemsto be verynearlyproportionalto F 3. The F 3 relation maybethe

result of a combination of the directional spread of the input wave field, the more rapid dispersion

of a directional wave field relative to the corresponding unidirectional wave field and interaction

with wave components which are not within the onginal free wave regime, but can not be said to

be understood.

it is thought that whereas the total changes in the free wave regjme have a directional spread

which is similar to the input free wave regime (figure 4.3.12), wave components which are

generated by near resonant interaction and which contribute significantly to the crest will

propagate within a very narrow directional range around e =0. It is thus thougWthat the phase

smearing effect discussed in section 4.4 is most severe for the directional wave components such

that they largely cancel out in the vicinity of the extreme event. If this assumption is correct, the

contribution to the centreline steepness and curvature from free wave components outside the

original input range, will be independent upon the overall directional spread of the wave group.

The hypothesis above is necessarily conjecture, but is strongly supported by two findings. Firstly,

figure 4.2.3 and 4.2.4 have shown that the increase in wave steepness due to nonlinearity is

almost exclusively limited to the front and back faces of the crest. This is particularly true in the

immediate vicinity of the crest. Secondly, figure 4.3.12 shows a shift in the directional spread of

the wave field within the free wave range with higher F-values for wave components with a larger

phase velocity than the linear prediction. This may indicate that whereas global mean changes in

F are negligible in the free wave range, the spread of components which are significant in the

extreme crest (where the phase velocity is largest'),is smaller. The effect is most pronounced

beyond the input frequency range.

It has been shown that beyond the input range, the amplitude distribution is virtually independent

of the directional spread of the wave groups. In this range, the Fourier components represent the

sum of free and bound terms which contribute to the extreme crest. Figure 4.5.2 shows DFT's on

wave groups for which the free wave components have been isolated. The same mothod of

isolating the wave groups as shown in figure 4.3.6 has been employed. The amplitude spectra

have been truncated at 2.5 and 2.1 Hz for frequency amplitude spectrum D and B respectively in

'The reduction in the crest velocity relative to the linear prediction as discussed previously is not
relevant in this context. This merely indicates that the free wave range has iiidened. The phase velocity
of the individual componcnts is increased due to nonlinearity in the same fashion as Lhat observed for a
Stokes wave.
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order to prevent contamination from third wave wave interaction order.

The same trends as in figure 4.5.1 are evident. It appears that not only is the total high frequency

tail of the amplitude spectrum independent of directional spread at the breaking limit; the relative

distribution between free and bound waves also remains approximately constant. In the transition

zone between the high frequency limit of the input frequency spectrum and the range of free wave

components generated by wave wave interaction, an additional phenomenon may be observed.

There is a rapid decay on the input side of the limit whereas at marginally larger frequencies,

there is a vety rapid increase in wave component amplitude. This behaviour has been observed

previously (Baldock et.al., 1996, Skyner, 1996 and Chaplin, 1996) and may well represent a

physical property. It is suggested that this behaviour is caused by an over-saturation of the free

wave components immediately beyond the input frequency range, but this is pure conjecture.

Returning to the high frequency tail beyond this range of over-saturation, it is interesting to

investigate whether similarities between different frequency amplitude spectra may be identified.

In figure 4.5.3, the frequency amplitude spectra shown in figure 4.5.2 are re-plotted without

distinction between different directional spreads. Different input frequency amplitude spectra are

indicated. Trendlines have been fitted to the high frequency tail of free waves beyond the original

input spectrum.

Figure 4.5.3. High Frequency Tail of Extreme Wave Groups, Isolated Free Wave Systems
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An exponential and a power best-fit curve have been fitted to each amplitude spectrum. The R2

value of eadi fit is shown below the equations for the best fit lines. The decay of the high

frequency tail of each spectrum is remarkably similar for the two input amplitude spectra. For the

exponential plot, the agreement between the exponential decay values I within 0.6 % whereas

the decay values for the power plots vary by less than 4 % between frequency amplitude

spectrum B and D. The power trendlines show a very marginally better fit to the curves than the

exponential trendlines, but this may be caused by local effects in the transition zone between the

input spectrum and the high frequency tail.

The similar rate of decay for the two frequency amplitude spectra may indicate that also with

respect to the frequency spectral bandwidth, there are no significant qualitative differences

between the wave groups at the limit of incipient wave breaking. The changes in the free wave

regime are smaller for frequency amplitude spectrum B, but this seems to be primarily caused by

the width of the input amplitude spectrum and does not indicate a fimdaxnental qualitative

difference in the nonlinear behaviour of the wave fields.

The Mode of Wave Breaking

Figure 4.5.4 shows the temporal surface elevation at different spatial positions along the

centreline for six wave cases at the limit of incipient wave breaking. For each wave case, the

measured data, the tinietrace filtered at 4 Hz (5 Hz for frequency amplitude spectrum B) and the

time trace due to the isolated free wave regime, are plotted. The isolated free wave regime is

estimated at each spatial position by comparing the focused wave group and its inverse in the

same fashion as in figure 4.3.6 a.

Consider first the filtered time trace and the time trace due to the isolated free wave regime. h can

be seen that the bound waves are very nearly steady with respect to the moving crest Indicated by

the free wave regime. This is hi agreement with the distinction between free and bound waves

employed in section 4.3.

Consider further the differences between the free wave regime and the measured data. In the

vicinity of the position of maximum crest elevation, there is a significant very high frequency

contribution to the free surface which does not propagate with the crest. This high frequency

packet first becomes visible on the up-wave side of the crest but propagates more slowly than the
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wave crest and disappears when the wave disperses beyond the position of maximum crest

elevation.

Figure 4.5.5 shows figure 4.5.1 a on a logarithmic plot. Evidence of the very high frequency

contribution to the crest may be identified. The high frequency tail of the amplitude spectrwn

appears to decay smoothly up to approximately 4 Hz. After this there is a sudden increase in the

decay rate of the amplitude spectrum. Contributions from the very high frequency range are

necessarily contaminated somewhat by noise in the measurement apparatus, but comparisons

with amplitude spectra which are significantly below the limit of incipient wave breaking show a

much lower noise level.

Figure 4.5.5. DFT at the Position of Maximum Crest Elevation , Case D

The very high frequency contributions to the extreme crest represent terms which can not be said

to be either free or bound using the present definitions. It is thouglthat these effects represent a

very rapid high frequency instability within the crest region which heralds the onset of wave

breaking. It is thought that these terms first appear at frequencies beyond the measurement range

and propagate towards lower frequencies when the crest elevation increases. Upon a further

increase in the crest elevation, the crest breaks up. Three properties of the breaking mechanism

have been observed visually.
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1/ Breaking first appears as a very localised forward jet in the crest region.

2/ The jet appear to occur slightly ( 10 mm) in front of the local crest.

3/The distance down-wave of the position of maximum crest elevation at which breaking

is first observed, is approximately 300 mm.

The Limit of Incipient Wave Breaking

Previous researchers (Rapp & Melville, 1990 and Baldock et.al ., 1996) have shown that for

unidirectional focused wave groups, the limit of incipient wave breaking may be determined from

the input amplitude spectrum and is, to within measurement accuracy, independent upon the

spectral bandwidth. By defining a central wavenumber, k, and using the linear amplitude sum, A,

Rapp & Melville (1990) found that the limiting Ak was between 0.24 and 0.255 for all the wave

groups investigated. Baldock et.al.(1996) found that Ak was very nearly 0.24 for the four

wavegroups considered.

Rapp & Melville (1990) used a top hat input spectrum and found the central wavenumber

unambiguously as the linear wavenumber in the middle of the input spectrum. Baldock et.al.

(1996) used the linear wavenumber corresponding to the 15th wave component where the input

wave system consisted of 29 components with equal amplitude spaced evenly in the wave

component period domain. in order to attempt to make different input spectral shapes directly

comparable, the author has suggested the following form for the central wavenumber:

k
	

4.5.1
g=1

for a discrete input spectrum. In addition a simple bandwidth parameter has been suggested:

i
C
/	 Ig

Figure 4.5.6. shows the observed breaking limit in terms of these parameters for four different

experimental investigations of unidirectional focused wave groups. The agreement between the

4.5.2
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different experimental investigations is good and there appears to be a slight increase in the Ak

with increasing spectral bandwidth. The experimental case due to Rapp & Melville (1990) with

the largest bandwidth is significantly removed from the trend. This case was, however, reported

to break in a different fashion from the other wave cases.

ligure 4..b. Lipenmental Isreaking Limit br Liniairectional tOcused Wave Groups

The increase in Ak with increased bandwidth is thought to be due to the smaller changes in the

regime of free waves observed for the broad frequency spectral bandwidths. Furthermore,

although the different experimental investigations have been conducted in different water depths

(all are intennediate to deep), no gain in accuracy is obtained by using the finite depth dispersion

relationship in equation 4.5.1 and 4.5.2. o2g' seems to be the most suitable parameter.

For unidirectional focused wave groups, the input wave regime appears to be relevant in

describing the breaking limit although it has been shown that significant changes in the free wave

regime takes place. This is thought to be caused by the conservation of the focal quality discussed

in section 4.4. For directional cases which do not conserve the focal quality, it is expected that the

input amplitude sum is not very relevant in describing the breaking limit. Such a plot would have

to take into account the degree of smearing of the phases at the position of maximum crest

elevation, a parameter which may be highly unstable with respect to small changes in the shape of

the input amplitude spectrum.
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Ithas been shownabovethatthechanges mthewavefieldduetowavenonlinearityarevery

nearly independent of the directional spread of the wave groups at the limit of incipient wave

breaking. In attempting to describe the limit of incipient wave breaking for focused directional

wave groups, it may therefore be useful to consider the ratio of crest height due to free wave

components alone, C, to the measured crest height at breaking, Cbat the position of maximum

crest elevation. This ratio is shown in figure 4.5.7.

Figure 4.5.7. Relation Between Free and Bound Waves at the Breaking Limit

Surprisingly, this relation between free and bound waves at the breaking limit is veiy nearly

independent upon both directional spread and frequency spectral bandwidth for the cases

considered. The difference between the largest and smallest value in figure 4.5.7 is less than 2 %.

This is surprising because of the differences in amplitude observed in the input range in figure

4.5.1, and can not be said to be understood.

Comparison with Initiall y Regular Wave Trains

ft has been shown above that the features of the limiting crest are very similar for all the cases

considered within the experimental investigation. It is interesting to investigate to what extent this

similarity extends to the much analysed regular wave train.
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The regular wave solutions presented here are calculated using the relation due to Longuet-

Higgins (1985) with a least squares routine to solve the nonlinear set of equations. The method is

straightforward to implement and accurate. A 100th order solution has been used to calculate the

free surface. Comparison with a 200th order solution indicates that the free surface is accurate to

5 significant figures for Ak=0.40 and 9 significant figures for Ak=0.35. A is defined as half the

wave height.

Figure 4.5.8 shows the relation between the crest height and the fundamental harmonic for a

regular wave train. This parameter is thought to be comparable with the relation between free and

bound waves in the investigation of focused wave groups. Comparing figure 4.5.8 with 4.5.7

indicates that whereas focused wave groups break when CdCb is approximately 0.79, this

corresponds to a regular wave train with Ak 0.33.

Figure 4.5.8. Ratio of First Harmonic to Crest Elevation for Regular Wave Train

The theoretical limiting form of a Stokes wave at which the crest curvature tends to infinity and

the crest takes the form of a sharp 120 degrees corner, occurs at Ak=O.4432. Longuet-Higgins

and Fox(1978) have, however, shown that the growth rate of the instabilities in the crest region

tend to infinity as this limit is approached. Viewed from this point of view, it appears that a

limiting Stokes wave will never occur in practice.
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The breaking mechanism observed for the present wave fields does indeed appear to be very

similar to the spilling breaking of an (initially) regular wave train discussed by Longuet-

Higgins(1994). Without a photographic representation, the presence of capillanes can not be

conclusively shown, but the growth of instabilities which is necessary for the parasitic capillaries

to develop at the front of the crest is observed. Longuet-Higgins(1994) predicts breaking to

occur as a local small scale jet at the front face of the crest. This is in agreement with the present

observations. Longuet-Higgins(1 994) further opens for the possibility that instabilities may give

rise to breaking by this mechanism at wave steepnesses significantly lower than Ak0.44.

Whether a steepness of Ak = 0.33 is realistic within these considerations, is unknown.
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5. Design Wave Applications

5.1. Introduction

A

llthough much is known about the properties of water waves, the question of the

properties of the wave whichve most suitable for design purposes remains

controversial. The design wave problem involves long as well as short term statistics

of the wave regune, an account of the nonlinearity of the design wave and should ideally give an

accurate description of both local and global loads.

Within the present chapter, the findings of the present investigation will be applied to the design

wave problem. The discussion focuses on the description of the extreme wave forms within the

sea state. Design conditions which are appropriate for ftigue design are not considered.

Likewise, the discussion concentrates on effects which are comparable in duration with the

formation and dispersion of extreme events. The development and decay of the global wave

spectrumwe not considered.

The discussion commences with a comparison between the extreme crests within the present

experimental investigation and two common design approximations. It is shown that a Stokes

fifth order solution based on the temporal wave height and wave period of the experimental wave

does not describe wave kinematics or wave profile well. This is particularly true for wave events

which have a broad frequency spectral bandwidth. The Wheeler stretching solution (Wheeler,

1970) is found to describe the velocity profile underneath the extreme crest relatively accurately.

In section 5.3 some analytical relations within a Gaussian wave field are developed. The

'newwave' formulation (Tromans et.al., 1991) is derived and commented upon. Exact relations

for the distribution of crests in a Gaussian wave field are developed and a derivation for the

distribution of the surface in the vicinity of a crest of arbitrary height originally proposed by

Lindgren(1970), is shown.

The findings in section 5.3. are validated against large time domain simulations of design spectra

with arbitrary sampled phases in section 5.4. It is shown that the Lindgren formulation above

describes both the mean shape and the variance of the surface well in the vicinity of a crest.
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Furthermore, the mean shape of the surface and the variance is in close agreement with the

'newwave' description provided that the crest is larger than approximately 4 m01.

It has been shown in chapter 4 that nonlinearity can severely alter the shape of a large crest. The

changes in the free wave regime in particular cannot be described by second order theory and ha't

time scales similar to the time required for the crest to form from an essentially linear wave

regime. It is necessary to investigate whether extreme events based upon realistic ocean spectra

show a similar trend.

In section 5.5 the Lindgren and 'newwave' mean profiles are therefore investigated using the

numerical scheme outlined in chapter 3. Directional and unidirectional empirical storm spectra

are coupled with the statistics developed in section 5.3 and the nonlinear evolution of isolated

events is investigated. The convergence of the wave fields with respect to a variation of the

numerical control parameters is investigated. It is found that focused wave groups converge very

rapidly with respect to the fundamental wavelengths. Comparing the numerical results with linear

and second order theory, it is concluded that for both unidirectional and directional wave fields,

the presence of significant changes in the free wave regime is greatly reduced relative to the

experimental cases. Indeed, second order theory appears to describe the directional wave fields

exceptionally well within the range of crest heights considered.

In section 5.6 the findings from chapter 5 are discussed. The discussion is centred around the

nonlinear properties of extreme wave events. In addition, the effect of using an isolated large

event for design purposes is discussed. It is thought that whereas air gap calculations and extreme

static loads may be described accurately, the absence of a random background upon which the

extreme event rides, makes the present approach less suitable for dynamic response analyses.

Throughout the present investigation, no evidence has come to light which suggesthat the

presence of a random background reduces nonlinear wave wave interaction relative to an isolated

extreme event.
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5.2. Comparison Between Experiments and Common Design Approximations

The experimental data are obtained at laboratory scale and the properties of extreme crests are

analysed in the absence of a random background. Nevertheless, the author is of the opinion that a

comparison between the measured properties of the extreme crests and common design solutions

yields infonnation which may be applied to extreme ocean wave events. The experimental spectra

are smooth after nonlinear interaction has taken place, nonlinearity is taken into account and a

variety of bandwidths both in the frequency and directional domains ha been considered. It is

possible that typical ocean events will be even more strongly dispersive than the most broad

banded event within the present investigation. The latter point is further considered in section 5.6.

Comparison with a Regular Wave Representation

In the following, the measurements for six of the experimental wave groups will be compared

with a fifth order Stokes solution. The waveheight, H, and wave period, T, which is used as input

to the Stokes solution is measured from the temporal surface elevation data at the position of

maximum crest elevation using the zero uperossing method. Table 5.2.1 shows the input

parameters for the Stokes solution.

Case	 Crest /mm Trough /mm H /mm ZUP1 /Sec ZUP2 /Sec T /Sec Ak

DUD61	 92	 51.4	 143.4	 0.522	 1.461	 0.939	 0.33

D4578	 95	 53.7	 148.7	 0.553	 1.512	 0.959	 0.33

D0493	 108.1	 65.4	 173.5	 0.526	 1.489	 0.963	 0.38

BUD52	 75.9	 32.4	 108.3	 -0.199	 0.816	 1.015	 0.21

B4566	 82	 38.2	 120.2	 -0.207	 0.804	 1.011	 0.24

B0478	 95	 46.3	 141.3	 -0.213	 0.780	 0.993	 0.29

Table 5.2.1. Run Parameters for Regular Wave Comparison

Figure 5.2.1. shows a comparison of the temporal free surface elevation between the resulting

regular wave trains and measured data at the position of maximum crest elevation. It is

immediately obvious that a regular wave representation can not describe the shape of the free

sw-face accurately. The experimental wave groups show significant changes in the wave envelope

over distances shorter than one wave period.
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Figure 5.2.1. Comparison with Regular Wave Trains
Temporal Surface Profile
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Furthermore, one result of using a regular wave representation with the zero uperossing method is

that differences between the crest elevation and the trough depth are assumed to be caused by

nonlinearity alone. For an irregular wave train this is only a secondary effect; linear dispersion is

responsible for the bulk of the difference between crest height and trough depth. As a result

regular wave theory will underestimate the crest elevation when the zero uperossing method is

applied to a large crest within an irregular wave field.

This effect may be identified in figure 5.2.1 for all the cases. The inaccuracies are largest for the

broad frequency amplitude spectrum (case B), and there appear to be no large effects which are

related to the directional spread of the wave groups. The fact that broad banded events are most

inaccurately represented by a regular wave representation, highlights the fact that inaccuracies

are not primarily caused by nonlinearity but by the dispersive property of the experimental wave

groups. It can therefore not be expected that the agreement will improve for wave groups which

are less steep.

Figure 5.2.2 shows the spatial surface elevation profile along the centreline at the time of

maximum crest elevation. Although experimental data are not available for more than

approximately one wavelength around the extreme crest, it can be seen that the agreement

between the regular wave representation and the measured data is poorer than that observed in

figure 5.2.1. Particularly for case B (figure 5.2.2 d - f), the regular wave representation is grossly

inaccurate relative to the measured data. This is caused by the property of dispersive wave

groups that dispersion of an event is more rapid in space than in time due to the dispersion

relationship between frequency and wavenumber.

As the surface elevation is inaccurately represented by the regular wave train, it is expected that

also the horizontal velocity profile underneath the extreme crest is inaccurate. This is shown in

figure 5.2.3. The inaccurate representation of energy in the wavenumber domain for the regular

wave representation, yields an inaccurate horizontal velocity profile throughout the depth for all

the cases. This effect, together with the fact that the crest elevation is underestimated in the

regular wave representation, yields a maximum crest velocity for the regular wave representation

which is smaller than the measured maximum velocity by a factor of 0.6 for the worst case (case

BUD52).
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Pethaps rather surprisingly, the agreement between the regular wave representation and measured

data is marginally better for directional wave events than for unidirectional wave events. This is

caused by the fact that the regular wave steepness is larger for the directional wave group

representations. This is purely fortuitous and merely causes the crest-trough asymmetiy in the

regular waves to be larger for the directional wave groups.

Regular wave trains used together with the zero uperossmg method to determine the properties of

extreme events cannot be recommended. The shape of the wave profile is inaccurate and the crest

elevation as well as the underlying velocity profile are severely underestimated. It is expected that

the same results are true for extreme events within the open ocean. Indeed, if typical ocean events

are more broad banded than the experimental cases, the deviations from the regular wave

representation may be larger for realistic full scale events. If, in addition, the velocity profile in

storm events is scaled by a factor less than unity as the ISO (International Standards

Organisation) recommends (Smith & Birkinshaw, 1996), the crest velocities may be even more

severely underestimated.

Linear Dispersion and Wheeler Stretching

From a measured temporal profile which contains a large event, a DFT will yield the distribution

of energy in the frequency domain. Figure 5.2.4 shows a comparison between measured data and

a trace which has been filtered at four times the frequency of the spectral peak (2.86 Hz for case

B and 3.33 Hz for case D). The agreement is generally good as is expected since both traces stem

from the same measurement. For case B, however, the crest elevation is significantly

underestimated as a result of the filtering. This result may be particular for the experimental

cases although the broad banded nature of extreme events as well as the continous nature of the

spectrum give reason to believe that this effect may be significant for ocean storm events.

If it is further assumed that the wave field is unidirectional and that the frequency amplitude

spectrum defined by the filtered wave field in figure 5.2.4 consists of linear wave components, the

spatial properties of the wave field may be estimated. The spatial surface profile along the

centreline at the time of maximum crest elevation is shown in figure 5.2.5. The maximum crest

elevation is underestimated as seen in figure 5.2.4, but the shape of the free surface is relatively

accurately predicted within the measurement area. This is in agreement with the findings shown

in figure 4.3.6 where it was shown that significant changes in the free wave regjme were small
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over distances less than one wa 'elength. The present design wave regime is unidirectional so the

shape in the direction normal to the direction of wave propagation is not accurate.

Using the same linear wave regime, the velocity profile underneath the extreme crest may be

estimated. Figure 5.2.6 sho'v s the measured horizontal velocity profiles and a design prediction

based on linear theory. The agreement is very poor indeed. The main reason for this is that a

significant proportion of the wave components identified in figure 5.2.4 are in reality bound

waves which have a relation between frequency and wavenumber which is very different from the

linear dispersion relationship. The effect of assuming that wave components in the high frequency

range are linear, is to assign a wavenumber to each frequency component vhich is very much

larger than the correct mean wavenumber (see figure 4.3.3 b or figure 4.3.11). The resulting

contribution to the velocity profile due to these wavenumbers therefore has a very much more

rapid increase near the crest region than the true nonlinear velocity profile.

In order to correct for this effect, Wheeler( 1970) has suggested a change of the vertical variable

(equation 1.5.1) which replaces z in the linear formulae for cases which are contaminated by this

effect. The change of variable involves moving the linear velocity at z = 0 to the crest and thus

reduce the horizontal velocity significantly relative to the linear prediction. l'his procedure is

shown in figure 5.2.6 and it can be seen that the agreement between this velocity trace and the

measured data is significantly better than the linear prediction. The agreement is not comparable

with the agreement between numerical results and experimental data discussed in chapter 3 or the

agreement with second order theory based on an isolated free wave regime shown in figure 4.3.6

and 4.3.13, but it is generally ithin 10 %.

The rn-line velocit reduction factor, F, suggests a way to correct for directional effects within the

present methodology. For the directional cases in figure 5.2.6, the velocity profiles obtained with

Wheeler stretching have been scaled by F (shown with a fine dotted line). Very near the crest

region, it is possible that this method provides a marginal additional improvement on the

agreement with experimental results, but no general improvement throughout the depth is evident.

it is felt that a correction for directionality of this type represents a refinement which is

unressary as it appears to disappear in the other inaccuracies of the representation. In addition,

Wheeler stretching is an empirical method; it may be inconsistent to use both stretching methods

and an additional correction for directionality.
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For the present cases, Wheeler stretching appears to work well in representing the horizontal

velocity profile underneath the extreme crest. This method has, however, to the authors

knowledge never been systematically validated against storm data, mainly as a result of the

scarcity of full scale measurements of crest velocities. It is the author's belief that having shown

the accuracy of the second order approximation once the free wave regime is isolated, second

order theory may provide a more robust method of estimating the surface elevation and wave

kinematics. This is particularly true as second order theory provides a genuine analytical

correction fur directional effects.
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5.3. Properties of Extrema in a Gaussian Sea

General

The analyses presented m section 5.2 are deterministic. Many of the problems encountered in

deterministic analyses, notably those related to high frequency contamination, are avoided by

analysing the wave fields in the probabilistic domain. The probabilistic analysis rests on the

assumption that a spectrum of free wave components with uniformly sampled phases is knowa.

The wave regime may be corrected for nonlinear effects, provided only that a spectrum of free

waves can be identified. It is thus possible to obtain a surface evolution and velocity field which

are mutually consistent.

Within the present section, the distribution of the free surface in time is considered:

Cos(o.it+e)
	

5.3.1

where s is an uniformly distributed random variable. The global surface variance spectrum, S, is

defined as:

= S(w)dø
	

5.3.2

and the nth spectral moment as:

m =5w" S(w)dw
	

5.3.3

By the central limit theorem the distribution of the free surface is given by a normal process:

flti) = N[O, mo]
	

5.3.4

where N[ & denotes a normal distribution with mean and variance &. Furthermore, the

autocovariance of the free surface is given by:
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E[7J (t+r) q (t)] = JS(w) Cos(an)dw	 5.3.5

where E denotes the expectation operator defined in appendix 2. Basic properties of a Gaussian

wave field together with more thorough derivations of the present results are given in appendix 2.

Within the present section it is desired to develop and discuss theoretical results relating to the

properties of wave field extrema.

The horizontal-vertical Window Formulation

Consider the joint normal probability distribution of 1'(t+t), r(t) and i(t) where tJ 1 and 1'

denote the free surface elevation and subscript denotes partial differentiation. The covariance

matrix is given as:

" c' —ce

=	 .nO	 5.3.6

which is smetric. m, is the nth spectral moment of the surface variance SPectrum and p is the

autocovariance function of the process. The inverse of matrix 5.3.6 is given by:

m0 m2 	—q',m0
--	 1	 2
a	 - .	 m0 m2 —ço,	 çmp,

22

where £ = m0 2 m2 —m2 —1flo9'	 5.3.7

which yields the joint normal distribution as:

+ z), qQ), i , (t= I	 &p(jKJ

K=(m0m2 )q' 2 +(m0m2 — c)'i2 +(m — 2 )q —2(m2 ç) 71' 71 +2(m0q,,)t7' —2(,,)qq,

5.3.8

Consider further the conditional probability distribution gi1 '(t+t) I T (t)p b(t)O):
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A, , = 0) = 
f(ry,A,0) = &p[f((m0m2 )i'2 —2(qn2A)q'J	

539

f f(',A,0) dii' fExp[iL((,nim),l12 —2(çcm2A),'] dq'
-w	 -

Equation 5.3.9 may be evaluated analytically:

f('I= A,i7, = 0) = 2z(2%,_) EXP[(2,:' 
(2 _2()+(..)2] = NI- , 02-o

5.3.10

Equation 5.3.10 is identical to the result derived by Tromans et.al.(1991). The mean of equation

5.3.10 yields the 'newwave' profile. The argument presented in Tromans etal.(1991) appears to

be that equation 5.3.10 gives the exact probability density function (pdf) for extrema in a

Gaussian sea. Note that (p/mo) is the normalised autocovariance function for the process.

Furthermore, when A becomes very large, it is argued that the extremum is almost certainly also

a maximum, so equation 5.3.10 yields the pdf of maxima. Notice that when c - , the

autocovariance function and all its derivatives tend to zero, and equation 5.3.10 tends to the

global pdf for the free surface. This is of course expected as the constraint on 'i' becomes far

removed from i1in time and the correlation vanishes.

Whereas the mathematical considerations which lead to equation 5.3.10 are correct in terms of

themselves, equation 5.3.10 can not be employed alone to obtain infonnation about the extrema

of the process. Allowing ri1 to tend to zero in the sampling function as has been done above, will

provide the pdfof with small i, but does not give the pdf for extrema. The reason is that this

limit is dependent of the slope of i (i.e. r ) and the pdf obtained with this method will be biased

towards small slopes of it. This effect is best illustrated with an example:

Figure 5.3.1 shows 11 for a narrow-banded wave spectrum. The portion of the graph where 'it

falls between ± 8i12 where 8m is a small but finite value (for visual clarity), has been

highlighted. It can be seen clearly that for the smallest extrema, a propoitionally larger part of the

graph has been highlighted, and that the resulting distribution will not be identical to the

distribution of extrema (shown with circles), but will be severely biased towards the extrema of

small absolute value. It is clear that in order for a pdf to provide information about the extrema
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of a process, a limit must be used which treats every extremum as equal. The highlighted part of

the graph in figure 5.3.1 should have the same length for every extremwn in the tune domain.

Only if this is the case will the pdf for extrema be obtained.

Figure 5.3.1. Curvature considerations for a narrow banded spectrum.

Consider figure 5.3.2. It is desired to mark a portion of1 horizontally of length St where otis

independent of it. At an extremum, when St is small, 1 and i are approximately constant while

m is approximately a straight line through zero. 0 3,then becomes I 'iJ St very nearly. The case in

Jigure 5.3.2. Horizontal-Vertical Window Consideratiou

figure 5.3.1 may be reconsidered using the criterion that i shall be highlighted if li 1< (1	 StJ2)

where St is a small, but finite value (for visual clarity). Figure 5.3.3 shows that in this
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horizontal-vertical (liv) window sense, the highlighted part of the graph is approximately

constant for each extremurn, and it may be expected that the pdf of the highlighted part of the

graph be identical to the pdfofextrema when &t tends to zero.

The substitution örh=] 1J 8t was first employed by Rice (1944, 1945) in this context. He states

that this is very nearly true if& and i are of the same order of magnitude. Indeed, in the limit

&-30, this is exact. Kac and Slepian (1959) introduced the horizontal-vertical window

terminology and discussed these concepts rigorously. These findings have been used in the

context of extrema of stochastic processes by, among others, Cartwnght and Longuet-Higgins

(1956), Longuet-Higgins(1 957) and Lindgren(1 970).

Figure 5.3.3. Horizontal-Vertical Window highlighting of narrow banded spectrum.

The distribution of extrema of the process is strictly not given by equation 5.3.10 as this

distribution does not consider the relevant window sense. The curvature of the distribution must

be included in order to obtain information about the distribution of extrema.

When A becomes large, the 'newwave' formulation becomes more accurate. Indeed in the A -3

limit, the 'newwave' formulation is exact. This is not because extrema will certainly be maxima,

but because the standard deviation offI t = A, m = 0) is independent of A such that this

identical to the mean of the pdf with probability one as A -+ '. The result of this is that r is

The effect of a mean which tends to infinity while the standard deviation remains finite, is the same as
the set -1, 0, 1] being relatively more spread than the set [9999, 10000, 10001].
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effectively a constant in the integration, and the horizontal-vertical wnidow formulation becomes

identical to the 'newwave' formulation.

It should be mentioned that the analysis due to Bocotti (1983) is entirely correct in terms of the

definition of maxima. Using a numerical method of integration and the horizontal-vertical

window formulation, Bocotti(1983) identifies two important limits of the general distribution of

the free surface in the vicinity of a maximum of known height:

1/ When A -^ x, the mean shape of the profile around the maximwn tends to the

autocovariance function of the process. Also, although A -^ cx, the standard deviation

remains finite, so in the normalised limit, the profile is identical to the mean profile.

2/ When the fourth spectral moment tends to infinity, the mean becomes proportional to

the autocovariance of the process.

The Distribution of Extrema

Using the horizontal-vertical window formulation, it is possible to obtain expressions for the

distribution of extrema within a Gaussian wave field. Consider the three-variate distribution of r,

Tit and i. The covariance matrix and its inverse are given by:

	

m 0 0 -m 2 	m2m4

m	 0	 ,-=!
2

m4

0	 m22

m0m4 -m 2 2 	 0	 , i = m 0m2m4 -m23

m0m2

5.311

which yields the joint normal distribution:

f(,1,'7,,'71s)= r—&P[J

r(m2m4 )i 2 4-(m0m4 -m2 2 ), +(m0m2 )i;i 2 +2(m22),7

5.3.12
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Which has been Obtained previously by, among others, Cartwright and Longuet-Higgins (1956)

as well as Rice (1944, 1945).

Consider further the conditional probability of(ri I =O, i < ) which is the pdf ofwave field

maxima. This conditional probability is given by:

J f( i 3O, )S17517,d,,

=0,11, <O)Sq =

	 f(i7,O, q, )d115711d711
	 5.3.13

-c-c

Rice (1944, 1945) first provided a solution to this problem stating that in the relevant window

sense and if dt and d are of the same order of magnitude di1=i t1,j dt very nearly. Equation

5.3.13 thus becomes:

Jf(71,0, 17,)(11711cft)d17,	 5 i71,fi3O, r,,)d7,

0	 517=0	 517

S(11711d05(f(17.0, n,)d17) dry, 	 !' 5(i0b0, i71 )dq) d17,

5.3.14

The absolute sign disappears as i is uniformly negative. Evaluating this expression substituting

5.3.12 yields:

0

	

4(j((mnj7f	 2)j	 ____

o

	

J7j(Er1((nvn t 	 +2(m2)ip7,]d,h,
-e -

5.3.15 a

where CI) is the cumulative standard normal distribution function and

r-
	

5.3.15 b

This result was first obtained by Rice (1944, 1945). Cartwright and Longuet-Higgins(1956) have
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Succeeded in obtaining a bandwidth parameter, c, which, together with a nondimensionalisation

of1, reduces (5.3.15) to a single parameter process:

1( 171 7,, = 0, ' <O). =	 (cEx4+rf2]+Ji7 yExf h ] t 2 ,y)1)	 5.3.16 a

or for extrema:

= O), = , ( Exp[..7y2] +Ji- r2 '	 5.3.16 b

where

e2 =	 = m0 m4 m2	 5.3.16 C
m0 m2 m4	 m0m4

'7- 	 -3 d=.Jdi'
	

5.3.16 d

Figure 5.3.4 shows the distribution of maxima (equation 5.3.16 a) for different bandwidth

parameters. ft can be seen that equation 5.3.16 a recovers the limits: for a very wide bandwidth

a-1 and the distribution for the free surface itself is recovered. This corresponds to the case

where ripples are riding on top of the lower frequencies such that maxima are created

everywhere. In the narrow bandwidth limit, s - 0 and the classical Rayleigh distribution (for

maxima) is recovered. This corresponds to a slowly varying envelope where all maxima are part

of the regular contribution (Longuet-Higgins, 1952).

Figure 5.3.4. Rice Distribution of Crest Heights
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From the Rice distribution in equation 5.3.16 a the expected height of the 1/N highest maxima

may be obtained. If fri) is the distribution of maxima, the relevant conditional distribution is

ft ql ip ) where is defined by:

Jf(ii)dii =
	 5.3.17

This distribution is readily given by:

f(,l)
f(iihii>)=	 -	

'( 77)

.Ff(ri) dl/

5.3.18

The required distribution is then given by:

= E[f07fr7 > T)l = 2\f(iif(ii)th7)
	

5.3.19

which is a more accurate formulation for transient waves than the common wave height

formulation due to Rayleigh.

Equation 5.3.19 is not analytically solvable for the distribution in equation 5.3.16 a. It is.

however, relatively easy to integrate numerically and obtain ii. Particularly if is used as the

free variable, 1/N and ii may be found to any accuracy without using an iterative procedure.

The Distribution of the Surface in the Vicinit y of a Maximum

Consider the joint normal probability distribution of 1 '(t+r), (t), 11(t) and i(t):

44
fQ7',77,?j,7711 ) =	 =[,f,,,,j,q,,j	

5.3.20 a
1=1 JI
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"4 c c, 9,

"4
	

5.3.20 b
•	 •	 1120

• .	 "4

"4(?y;?') "4(c4-"4c)	 _q,(,,v;_?,2)	 -m(m,jp+m,ç,)

(cy'..!	
_2_2 c,(n+mç,)	 ?n(n1rm-c,2+q*p,)

2(-mz2)-n,92-2,?,,-,,W,2 çQnç+nq,,)

5.3.20c

= II=m 2"m4 -'-;q'2	 _2	 5.3.20 d

Consider further the distribution conditional to a maximum of height A occurring in the interval

[t, t+dt]. By the same considerations as in the previous section, this distribution is given by:

J(JO7', A,0,i, )8i,r5rf)di,, ]	 -J i,,f(i,', A,0, i,, )d,7,

I =-

f(Jf('f, A,O, ,, )5iöi,, dif )di,, , -f , (ffOf, A,0, i,, )d,f)di,,

5.3.21

Of interest is the mean of':

fr/,f(q',A,O, ih)dil,	 fr1,(fq'f(7f,A,O,7,)di,)di,
Ejf(,ffr=A,q,=0,q,<O)j=fq' 0	dy=-

Ji,, (5 f('f, A,0, q, )dif)dr,,	 fri. (f f(rf ,A,0, q, )dif) di,,

5.3.22

The relevant form of the original distribution in 5.3.20 is given by:

Ecp9 , 9 =(&2+,2+2o'2Ar/'+2&4i7'r/,+2c?Arj,) 	 5.3.23

where & /E is the ij th element of ci' in equation 5.3.20 c. Evaluating 5.3.22 yields after

considerable algebraic manipulation:
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where

5.3.24 b

t'=A	
m2

	

%fmQ(mOm4	
2)

5.3.24c

0

f'i( i'Exp[i9 ]dq')di7 =
	 rn2ç 

+	 5.3.24 ain0	 A2m2	 1+K

Equation 5.3.24 is identical to that presented by Jonathan & Taylor (1995). Lindgren (1970)

gives the total distribution only (equation 5.3.21) and does not quote the actual mean. Equation

5.3.21 yields:

	

(h4 )2 "\ 1 +	 toe0AD(to)

N,,[= A, ' = 0,	 =(l	
+	

-	 ' ° I'

5.3.25 a

where

0
	 5.3.25 b

When t— , the autocovariance function and all its derivatives tend to zero and tend to t'.

Equation 5.3.25 then tends to the pdf of the free surface itself. By mvestigatit the coefficients

&' and retaining terms m m only, it may easily be verified that equation 5.3.25 tends to the

'nevave' distribution when m4 - . It has also been verified that equation 5.3.25 tends to the

'newwave' distribution (equation 5.3.10) when A - x.
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5.4. Linear Time Domain Simulations of Empirical Ocean Spectra

General

The Pierson-Moskowitz spectrum for a fully developed sea is given by (Pierson & Moskowitz,

1964):

S(w) = ag2w5Ep(_fl(.fr)4) 	 5.4.1

where a=8.1x103

=0.74

and U is the mean wind velocity at a standard height 19.5 m above the still water level. In the

following, the analytical results developed in section 5.3 will be compared with linear time

domain simulations of a relatively severe sea state of U = 50 knots (Beaufort Scale 8). This

spectrum will be referred to in the following as the PM5O spectrum.

Similarly, the JONSWAP spectrum (Hasselmann et.aI. 1973) is defined by:

Exp1 ' 'P)')
202	

j
S(f) af'Exp{-1.25(*)'] r

where y is the peak enhancement factor with empirical mean 3.3

f is the frequency of the spectral peak

f 0.07 iff < f
0.09 iff ^ f

and the linear scaling of the spectrum is here represented by a single parameter, a.

In order to make a JONSWAP spectrum comparable with the PM5O spectrum, the same peak

frequency has been used and a has been chosen such that in0 is the same for both spectra. The

latter spectrum will be referred to in the following as the JS5O spectrum.

5.4.2

For a random realisation of these spectra, it has been chosen to work with 216 frequency
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1 E+4

1 E+3

components and a Nyquist frequency (fN) of 1 Hz. The spectral repeat period is thus 216 seconds

which should ensure statistical reliability for most properties of the linear timetrace. Table 5.4.1

shows some of the properties of the present spectra.

Spectrum PM5O	 JS5O

.fN	 1	 1

ni	 12.4477	 12.4477	 12.4477	 12.4477

in2	 2.75071	 2.76058	 2.29859	 2.30506

in.	 2.13026	 -	 1.4551	 -

e2	 0.715	 1	 0.708	 1

f	 0.0532	 0.0532	 0.0532	 0.0532

Table 5.4.1: Properties of the Simulation Spectra

Figure 5.4.1 shows the distribution of i for the PM5O time domain simulation together with the

theoretical prediction (equation 5.3.2). The agreement is, not surprisingly, excellent except at

veiy large and very small elevations where the time traces are not sufficiently long for statistical

reliability.

I,

IE+2

1 E+1

1 E4O

-20
	

-15	 -10	 -5	 0	 5	 10	 15	 20

Free Surface Elevation ftn

- Theory	 Measured

Figure 5.4.1. Distribution of the Free Surface, Case PM5I)

Figure 5.4.2 shows the distribution of extrema for case PM5O. Three different methods of
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identification have been employed. The d-o method corresponds to a direct observation method in

which an extremum is identified for the th measurement of i i if' <	 > if' (maximum) or

> r' <t (minimum). The h-v method corresponds to a horizontal - vertical ndow

formulation in which an extremum is defined as I iJ < öt 1J where öt = 0.235 which gives

approximately as many h-v as d-o extrema for the present spectra. The s-liin method defines an

extremum as I rJ <6t . 8ii is chosen to be 0.25 for the PM5O which yields approximately the

same number of extrema as the d-o method. It can be seen that the d-o and h-v methods

correspond closely to the theoretical formulation in equation 5.3.16 b whereas the s-urn method

corresponds to a different theoretical formulation.

Figure 5.4.2. Distribution of Extrema, Case PM5O

The reasons why the scatter in figure 5.4.2 is considerably larger than for the ii distribution are

twofold. Firstly, extrema are not observed directly. In the d-o approach., extrema can onl y be

identified to within 1/2fN, whereas for the h-v and £-lim methods, finite values of öt and 8i- must

be used. Secondly, the number of occurrences of extrema is smaller than the number of surface

elevation points so that the statistics are based upon a smaller number of observations.

Figure 5.4.3 shows the distribution of maxima using the d-o and h-v methods. Both

measurements are in good agreement with the theoretical prediction in equation 5.3.16 a although

a degree of scatter is evident.
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N

o 2 (r) =+(i(r)-p(r))2
l.=I

5.4.3 b

Figure 5.4.3. Distribution of Maxima, Case PM5O

Of interest is the distribution of the free surface in the vicinity of a maximum of known crest

height. Evaluating the most probable shape and associated variance of the free surface in the

vicinity of an experimental maximum is not trivial. It is of course necessary to sample within a

range of crest heights, 8A. Since it is not clear that the mean, l.t(t), varies linearly with A, it is

difficult to obtain an experimental mean together 'vith a variance, a 2, which is zero at t = 0. It is

necessary to ensure that öÃ is small such that the properties of the distribution remain

approximately constant. This consideration must be weighted against the need to ensure that &A

is large enough to ensure that sufficient maxima are identified in the range for statistical

reliability. The following formulae have been adopted:

u(r) =
	

5.4.3 a

which gives zero standard deviation at t = 0, but is subject to the assumption that the mean is

linearly dependent upon A in the range.
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Nces. Lindgren Mean Calculated for A • 0.6,0.8,1.2,2.0 and 3.6 mo'2
Results from linear simulation uses A in corresponding ranges
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Figure 5.4.4 shows the Lindgren and autocovariance predictions of the mean profile together with

the experimental mean from the linear time domain simulations. The experimental maxima are

identified by direct observation. The Lindgren mean describes the mean well for the ranges of A

considered. The autocovariance function becomes accurate when A becomes large, typically

larger than 4 m01'2.

Figure 5.4.5 shows the associated surface variance around the known crest. Even for a relatively

wide range of A, the variation in a 2/m0 is smaller than the experimental scatter so &Imo is plotted

without distinction between different ranges of A. For all cases,the theoretical predictions

describe the experimental variance accurately. Notice that the JS5O spectrum, which is more

narrow banded than the PM5O spectrum, has a consistently smaller variance which tento unity

more slowly than the PM5O spectrum. Notice further that the variance ternhto a constant as A

increases. Indeed when A - , a 2 remains finite so the experimental profile will be identical to

the mean profile.

Figure 5.4.5. Standard Deiation around Maxima

The Shape of the Mean

The leading term in the expression for the mean profile around a maximum is proportional to the

Fourier transform of the global surfce variance spectrum. In contrast, a random realisation of
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the spectrum will have an amplitude spectrum which is proportional to the square root of the

variance spectrum. The mean shape around a maximum spectrum for a typical ocean event will

thus have a focused amplitude spectrum which is considerably more narrow banded than the

amplitude spectrum due to a random realisation of the spectrum. It is not easily sunnised why

this is the case.

The key to understanding this finding lies in the correlation between wave component phase and

wave component amplitude at the maximum. At a large maximum, the correlation between zero

phase and an 'energetic' wave component is large whereas when the wave component amplitude

reduces, the phase correlation reduces. Small amplitude components are not important in building

a large maximum. Indeed, when the wave component amplitude is zero, the phase of the wave

component at the maximum is uniformly distributed. When the scatter of the phases in a

particular frequency range increases, the relative contribution from this frequency range to the

crest elevation will necessarily reduce. The analysis of the Lindgrcn profile distribution presented

in section 5.3 shows that this effect is a square process in the infinite crest height limit.

Considerations due to the N'vquist Frequency

In the preceding, an extremum has been defined by the property that the slope of the free surface

in the temporal domain is zero. This is the mathematical definition of a local extremum. It has

been mentioned earlier that it is possible to have a signal where the lower frequency waves have

high frequency ripples superimposed upon them such that very localised extrema are present at

close intervals along the entire wave profile. In such a case, the pdf of extrema, maxima and

minima will tend to the pdf of the free surface itself

Figure 5.4.6 shows a portion of the random linear timetrace corresponding to the PM5O spectrum

calculated with fN = 1 Hz and fN = 1024 Hz. The two traces immediately appear to be identical

but a closer investigation reveals that the high Nyquist frequency trace has very high frequency

minute ripples distributed along the trace. Although it seems obvious that the hydrodynamic

behaviour of these cases	 identical for all practical purposes, the extremal statistics are

radically different.
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Figure 5.4.6. Variations in ti and i due to fN

Figure 5.4.7 shows the mean of the average 1/N maxima for diffrent 6. When fN -+ , £ -+ 1,

and ThIN is very different from the fN = 1 Hz case although the difference in 1) at any one point is

infinitesimal. The problem of rn. and c which is dependent upon fN is clearly, therefore, not a

hydrodynamic problem, but a problem which is related to the definitions in the statistical analysis
_k.

J1gure 5.4.7. Mean 01 tile 1IF'?4 largest Crests (11/NJ
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Ocean spectra with high frequency tails of r5 or shallower, will have a fourth spectral moment

which does not exist in the limit. As a result, s is dependent upon the Nyquist frequency

employed. Figure 5.4.8 shows the variation in e with fN for the present empirical spectra. Notice

the slow convergence to unity with increasing fN. The dependence of c on fN does not present a

problem in the analysis provided only that due consideration is given to the sampling rate

employed. The power to pick up extrema of high and low frequency in the measured timetrace is

accurately represented in the theoretical formulations by s corresponding to the Nyquist

frequency employed.

1.0

0.9

0.8

0.7

c 0.6

0.5

0.4

0.3

0.2
1	 10	 100

Case PMSO	 Case JS5O

Figure 5.4.8. Variations in c due to the Nyquist Frequency (f = 0.0532 liz)

The classical zero uperossing method of analysing time traces will filter out the high frequency

ripples if the method is corrected for spurious zeros, yielding an analysis which corresponds well

with the Rayleigh (E =0) formulation (Longuet-Higgins, 1952). The exact theoretical analysis of

the pdf of maxima, minima and periods using this definition is, however, extremely complex and

has never been accomplished. The result is that it is difficult to separate deviations due to

nonlinear hydrodynamic behaviour from deviations due to the approximations in the theoretical

formulations.
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5.5. Nonlinear Calculations of Large Isolated Events

Methodology

It seems reasonable to assume that a stationary, normal distribution describes the global

properties of a full scale storm sea state relatively accurately over durations of the order of one

hour. A normal distribution describes the bulk properties of the surface well. In addition,

nonlinear effects which lead to an overall change in the surface spectrum are slow and4lflhought

to be relevant only over time scales comparable with the excitation and dissipation of the

spectrwn as a whole.

A fall probabilistic analysis of a nonlinear sea state is extremely complex, particularly as

breaking must be taken into account. Nonlinearity may, however, be introduced in a deterministic

fashion if it is assumed that the global distribution of free waves and particularly their phases are

described well by the linear Gaussian distribution. In the following, a method of correcting for

nonlinear effects with time scales shorter than, or similar to, the formation of linear transient

mean events will be proposed.

The correction takes into account the bound waves which will be present in a nonlinear wave field

and also near resonant effects which are associated with a single event rather than the global

properties of the wave fields. It is entirely possible that the evolution of the wave field may be

described accurately by correcting for bound waves only. In light of the finding in chapter 4,

however, that a local modification of the free wave regime as an extreme event forms may

significantly alter the properties of the wave in the vicinity of the extreme event, it is necessary to

adopt a formulation which can model this effect.

The object of the present section is thus to use the numerical formulations developed in chapter 3

to time step isolated large wave events using the Lindgren and 'newwave' surface profiles and a

Pierson-Moskowitz spectrum. It is assumed that at an early time before the extreme crest occurs,

the phases and amplitudes of the free wave components are given accurately by the phase

distribution due to linear theory with the appropriate extremal statistics. The dispersed mean

profiles are thus time stepped from this initial time past the position of maximum crest elevation.

The effect of a random background upon which the extreme event rides is neglected throughout

the section.
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Numerical Test Cases

Throughout the present section, the PM5O spectrum described in section 4.4 is investigated. The

PM5O spectrum is coupled with the Autocovariance function ('newwave') and Lindgren solution

to yield estimates of the linear mean surface profile around a maximum of known height. The

linear profiles are dispersed using the linear dispersion relationship to an early time prior to the

occurrence of the extreme event and time stepped forward from this time past the global

maximum using the nonlinear formulation.

For a unidirectional linear wave field, the knowledge of the temporal surface elevation at one

spatial position resolves the wavefield uniquely in space and time. The spatial profiles of the free

surface elevation used as input to the numerical formulation may be found directly from the

temporal mean in equation 5.3.5 and 5.3.24. For a directional wave field, although the mean

temporal profile is known at the position of known crest height, this is not sufficient to predict the

spatial surface profile even when it is assumed that the wave field is linear. Phillips et.al. (1993 a,

b) have shown, ho ever, that also for a directional wave field, the three dimensional

autocovariance function represents the mean surface profile around an extreme event when A -

= E[i(x. vJ)77(x+&v + 6\.t + r)] = JfS()G(w.0)Cos(. -(&Cos(e)+c9Sin(0))- o,r)dOd&

5.5.1

for deep water. Deep water is assumed throughout the present investigation. S(o) is the surface

variance spectrum which is independent upon the directionality of the wave field. G(o,O) is the

directional spectrum which has the property that:

$G(coO)de= i
	

5.5.2

Less is known about the directional surface spectrum than about the surface spectrum at one

position, and a standard empirical shape cannot be said to be known. This is largely due to the

difficult)' involved in obtaining the directional surface spectrum. Whereas S may be estimated

from a history of the free surface at one spatial position, an estimate of 0 requires a correlation
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between surface histories at different spatial positions. There is, however, an increasing

agreement between different investigations, and sufficient is known about the surface spectrum to

provide an approximate account of the directional distribution of surface energy.

Goda and Suzuki (from Goda, 1985) have proposed the following form for G for engineering

applications:

G=COS22()	 o e[-r,rJ	 5.5.3a

s s4f]forf^f,

IrlIx [)

	

forf ^ 1,

5.5.3 b

where s is the Mitsuyasu spreading parameter and f is the frequency of the spectral peak.

Equation 5.5.3 is used with the PM5O spectrum for the directional cases in the present section.

s. is the spreading parameter at the spectral peak. Mitsuyasu et.al. (1975) have suggested the

following empirical form for s.:

115 12, Ui25	
5.5.4

g)

Figure 5.5.1. Adopted Dependence of s on Frequency
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For the PM5O spectrum with a wind speed, U, of 50 knots (25.7 ms), s. is thus 16.0. In tenns

of the in-line velocity reduction parameter, F, Tucker (1996) concludes that F is very close to

0.90 in the vicinity of the spectral peak. This is in agreement with the findings of Jonathan et.al.

(1994) wiio analysed measurements from the Tern platform in the Northern North Sea. An s of

16.0 is similar to F = 0.89. For the present purposes s has been set to 18.0 yielding F = 0.9.

The resultant directional spreading function is shown in figure 5.5.1.

Figure 5.5.2 shows the relation between the spreading parameter s and two other common

spreading parameters. The normal distribution representation for the directional spread can not be

distinguished in shape from the Mitsuyasu spreading shape provided s is larger than

approximately 2. The in-line velocity reduction parameter F is a scalar parameter and yields no

information about the shape of the spectrum in the directional domain. Comparing figure 5.5.1.

with the dependence ofF on frequency found by Jonathan Ct al. (1994) shogood agreement,

and it is thought that the adopted distribution yields a realistic directional spectrum for a

relatively severe storm sea state.

Figure 5.5.2. Relation between Common Spreading Parameters

The numerical modelling of the isolated events is conducted in the same fashion as the modelling

of the experimental cases described in section 3.3 except in two respects. Firstly, as the paddle

position need not be taken into account, the numerical formulation is initiated with a wave field
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which is correct to second order (Sharma & Dean, 1981). For the same reason, the initial time is

chosen not when the envelope passes the paddle position, but when the wave field is sufficiently

dispersed such that a further reduction in the initial time does not yield a more gentle wave field.

This condition occurs when the focused wave envelope has broadened to the extent that the global

surface variance is the governing parameter for the wave field intensity and the wave field

resembles a random wave field.

Figure 5.5.3 shows the difference between the linear and second order prediction of the free

surface along the centreline (y=0) for different times. Figure 5.5.3. a concerns the autocovariance

realisation of the unidirectional PM5O spectrwn. This wave field is the wave field which disperses

most slowly of all the wave fields investigated, ity be seen that beyond approximately -180

seconds, there is little reduction in the steepness of the wave profile. Similarly, figure 5.5.3 b

concerns the directional autocovariance realisation of the PM5O spectrum. The wave field

disperses more rapidly than the unidirectional equivalent, beyond approximately -80 seconds, the

wave field steepness does not reduce significantly. The initial time has been chosen to be -200

seconds, -170 seconds and -100 seconds for the unidirectional autocovariance runs, the Lindgren

runs and the directional runs respectively. Table 5.5.1 shows run parameters for the main

numerical runs considered within the present section.

Case	 pa-'A'

Statistical Model 2D Aulocovariance

S
	

PM5O

G

N/M
	

30 I -

mm
	

1445.0/-

1 in seconds	 -200.0

Ainm
	

8,9,10,11

pl-'A'
	

pmd-'A'

Lindgren
	

3D Autocovariance

PM5O
	

PM5O

Equ. 5.5.3,	 18

60/ -	 16/8

2203.1 I-
	 1466.0 / 1120.0

-170.0	 -100.0

8. 9, 10, 11	 8, 9, 10, 11

Table. 5.5.1. Run Parameters for Numerical Calculations on Isolated Events

For each of the cases, four linear amplitude sums have been investigated. The largest amplitude

sum considered is 11 m which corresponds very nearly to the mean of the 1/100 highest crests in

the linear analysis (figure 5.4.7). For the most strongly nonlinear case, namely the autocovariance

realisation of the unidirectional spectrum, it appears that a marginal increase in A beyond 11 m

results in the collapse of the numerical scheme before the time of global maximum crest elevation.
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This point is considered further in section 5.6.

Convergence of the Numerical Test Cases

For the numerical realisation of large full scale events, it is necessary to verify that the numerical

formulation used is converged th respect to all the control parameters. It is also interesting in a

general sense to investigate rigorously the extent to which the control parameters may be relaxed

before an effect upon the nonlinearity of the wave group is evident. The most strongly nonlinear

case run is the pa-i 1 case. This wave field is more narrow banded than the Lindgren realisation

(see figure 5.4.4) and thus disperses more slowly. Case pa-i I is therefore most difficult to model

with respect to the fundamental wavelengths and also most critical in terms of the truncation

wavenumbers.

The unidirectional case, pa-Il, and the largest directional case (pmd-1 I) are therefore

investigated thoroughly by a systematic variation of all the numerical control parameters. Table

5.5.2. shows the run parameters for the numerical convergence runs for the unidirectional

autocovariance runs whereas table 5.5.3 shows the run parameters for the directional cases. The

cases shown in bold type are the base runs from table 5.5.1.

The last column in table 5.5.2 and 5.5.3 requires additional comment. The system of free waves

for the convergence runs is obtained by a least squares fitting routine in the same fashion as

described in section 3.3. For each base run, the target wave field is the same for all convergence

runs, namely the linear, spatial free surface at t = 0 obtained from the wave spectra and the

relevant statistical model in the absence of fundamental wavelengths. The linear numerical

representation, however, may vary between the convergence runs as different numerical

parameters are used. The fundamental wavelengths shown for each case are used for each

convergence test case and the truncation wavenumbers for the least squares routine are shown in

terms of multiples of the fundamental wavenumbers. The truncation wavenumber for the least

squares routine may or may not be identical to the truncation wavenumbers used in the numerical

run.
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Case	 N	 10	 Linear System

pa-li	 1445.0	 30	 -200	 Lsq. fit to 30

paIl-IS	 1445.0	 15	 -200	 Lsq.fitlol5

palI-60	 1445.0	 60	 -200	 Lsq.fitto3o

pal 1-60a	 1445.0	 60	 -200	 Lsq. fit to 60

paIl-13	 591.5	 13	 -200	 Lsq.fittol3

pal 1-52	 2505.0	 52	 -200	 Lsq. fit to 52

pall-30s	 1445.0	 30	 -100	 Lsq.fitto3O

pall-301	 1445.0	 30	 -400	 Lsq.fitto3o

Table 5.5.2. Numerical Parameters for Unidirectional Verification Runs

Case	 X, / ? in m	 N / M	 to in seconds	 Linear System

pmd-il	 1466/1120	 16/8	 -100	 Lsq.fittol6/8

pmd8-8	 1466/1120	 8/8	 -100	 Lsq.fitto8/8

pmd32-8	 1466/1120	 32/8	 -100	 Lsq.fittol6/8

pmd32-Sa	 1466/1120	 32/8	 -100	 Lsq.fitto32/8

pmdl6-4	 1466/1120	 16/4	 -100	 Lsq.fittol6/4

pmdl6-16	 1466/1120	 16/16	 -100	 Lsq.fittoJ6/8

pmdl6-16a	 1466/1120	 16/16	 -100	 Lsq.fittol6/16

pmd8-8d	 635/1120	 8/8	 -100	 Lsq.fitto8/8

pmd32-8d	 2659/1120	 32/8	 -100	 Lsq.fltto32/8

pmdl6-4d	 1419/560	 16/4	 -100	 Lsq.fittol6/4

pmdl6-16d	 1367/2240	 16/16	 -100	 Lsq.fittol6/16

pmdl6-8s	 1466/1120	 16/8	 -50	 Lsq.fittol6/8

pmdl6-81	 1466/1120	 16/8	 -200	 Lsq.fittol6/8

Table 5.5.3. Numerical Parameters for Directional Verification Runs
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Firstly, the fundamental wavelengths may be varied while the truncation wavenwnbers are kept

approximately constant. Figure 5.5.4 shows resultant free surface profiles in the vicinity of the

global maximum crest elevation. As the automatic time step is used for the unidirectional runs,

data at exactly the same times are not available, so the unidirectional case considers the temporal

profile of the free surface at three positions along the centreline. Figure 5.5.4 a shows that for the

unidirectional pa-il case, the short fundamental wavelength run deviates significantly from the

base run whereas the long fundamental wavelength run can barely be distinguished from the base

run in the vicinity of the extreme event. At spatial positions far removed from the global

maximum, the two wave fields will deviate as the numerical linear representations are different,

but it appears that the nonlinear evolution of the extreme crest is accurately represented by the

base run.

The directional pmd-1 I case is shown in figure 5.5.4 b. For this case, data are available at

constant times so it is possible to plot the free surface along the centreline at times in the vicinity

of the time of maximum crest elevation. This plot is more convenient than the temporal plot

above as the spatial resolution of the wave field is arbitrary. Again it may be seen that whereas

the short fundamental wavelength run shows minor deviations from the base run, particularly

away from the position of maximum crest elevation, the long fundamental wavelength run can

barely be distinguished from the base run. Figure 5.5.4 suggests that realistic nonlinear wave

events may be run accurately with fundamental wavelengths in the mean direction of wave

propagation which are no larger than three times the mean wavelength around the extreme crest.

For the directional wave field, the convergence with respect to A may be investigated. Figure

5.5.5 shows the surface profile along the centreline at 3 times in the vicinity of the global

maximum. There is a very small difference between the short fundamental wavelength run and the

base run. The long fundamental wavelength run can barely be distinguished from the base run.

The base run thus describes the evolution of the extreme crest and the shape of the extreme crest

well in the vicinity of the extreme event. It is noteworthy that steep short-crested events may be

described well with a X which is less than twice the linear wavelength of a wave component at

the spectral peak.
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Figure 5.5.4. Convergence w.r.t.
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Figure 5.5.5. Convergence w.r.t.

The convergence properties with respect to the variation in the truncation wavenumbers may be

investigated. The vanation in the estimated free surface in the vicinity of the global maximum

crest elevation due to a doubling and halving of Nk is considered in figure 5.5.6. Again the

surface elevation is plotted in the temporal domain for the unidirectional wave field (figure 5.5.6

a) and in the spatial domain for the directional case (figure 5.5.6 b). The same trends are visible

for both cases but are more pronounced for the directional case. The reason for this is that the

directional wave field is most demanding in terms of computing time and the parameters of the

base run are therefore more critical (the directional case has a truncation wavenumber which is

only approximately half that of the unidirectional case).

Relative to the base run, the result of halving the tnmcation wavenumber is significant. The

resulting wave field is less steep and the dispersive characteristics are different. The reason for

this is twofold: Firstly, with a low truncation wavenumber, the linear characteristics of the

(continous) spectrum can not be described accurately by the numerical linear representation.

Secondly, again due to the low truncation wavenumber, bound harmonics which are important in

the vicinity of the extreme crest can not be modelled.

For the high wavenumber convergence runs, two cases are considered. Firstly, the same linear
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Figure 5.5.6. Convergence w.r.t. Nk5
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representation as for the base run is employed and the truncation wavenumber is doubled (case

pm32-8). The Fourier components in the upper wavenuinber range are thus set to zero at to. The

resulting surface elevation can not be distinguished from the base run in the vicinity of the

extreme crest. This indicates that the base run takes into account significant high wavenumber

bound tenns and that the nonlinear evolution of the wave field is invariant with respect to an

increase in the truncation wavenumber.

In a second convergence run (case pm32-8a) a new numerical representation of the target linear

system is used. The least squares routine is re-nm such that free waves may be present at

wavenumbers higher than the truncation wavenumbers of the base run. It can be seen in figure

5.5.6 that also this case yields very similar free surface profiles to the base run. This indicates

that not only are the nonlinear properties of the wave groups accurately described by the base

run, also the linear properties of the autocovariance function are accurately represented. It

appears that for both unidirectional and directional realisations of realistic extreme events, it is

sufficient with a truncation wavenumber in the mean direction of wave propagation which is as

small as 6-7 times the wavenumber at the spectral peak.

Figure 5.5.7. Convergence w.r.t. Mk,

The convergence properties with respect to a variation of Mk is considered in figure 5.5.7.

Again, two cases are considered for the high wavenumber truncation run. Case pml6-16 uses
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the same initial wave field as the base run whereas for case pml6-16a, a new numerical linear

representation has been employed. Whereas the low wavenumber convergence nm sho minor

deviations from the base run, high wavenumber convergence runs can not be distinguished from

the base run. This indicates that	 the nonlinear evolution of the wave group, the bound waves

and the initial system of free waves arevconverged with respect to Mk.

Finally, the convergence with respect to the initial time employed may be considered. Figure 5.5.8

shows the variation in the free surface m the vicinity of the extreme crest due to a doubling and

halving of the initial time. If half the initial time is employed, a slight difference is observed in the

shape of the free surface relative to the base run both for directional and unidirectional cases. The

difference between the base run and the run with a doubled initial time is very slight. It appears

that there is a very slight horizontal shift in the wave profile, but no significant difference in the

shape of the surface profile is observed between the base run and case pml6-81.

Results

Figure 5.5.9 shows the nonlinear surface elevation in the temporal domain at the position of

maximum crest elevation. The numerical results are compared with first and second order theory

based on the initial regime of free waves. For the unidirectional autocovariance cases (figure

5.5.9 a), the numerical results suggest that the maximum crest elevation is slightly underestimated

by second order theory. But the very large deviations observed for the experimental cases are not

reproduced. The largest case shows a maximum crest elevation, which is only approximately 0.5

m larger than the second order prediction. This, together with the fact that there is only a

negligible shift in the position of maximum crest elevation, suggests that changes in the regime of

free waves as the wave group evolves are not large for continnus spectra of the present type. For

the directional cases (figure 5.5.9 b), there are only negligible differences between the numerical

prediction and second order theory. The difference in maximum crest elevation is less than 0.03 m

for the steepest case.

Figure 5.5.10 considers the surface elevation along the centreline at the time of maximwn crest

elevation. The same trends are visible in the spatial domain. There is a slight down-wave shift of

the position of maximum crest elevation. The maximum shift is approximately 20 m which is

only approximately 5 % of a typical wavelength. The small down-wave spatial shift together with

thefactthatthereisnocorrespondingshiflintimeindicatethattheshiftisprimarilyduetoa
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slight increase in crest velocity due to nonlinearity rather than significant changes in the regime of

free waves. This is supported by the fact that no reduction in centrai wavelength or central period

is evident as the wave group becomes nonlinear.

The crest profile in the y-direction at the position (in x and t) of maximum crest elevation may be

considered for the directional cases. The numerical results are compared vith linear and second

order theory in figure 5.5.11. Second order theory describes the surface profile in this direction

remarkably accurately again indicating that changes in the regime of free waves are negligible for

continaus spectra of the present type.

Figure 5.5.11. Eitreme Surface Profile in the y-Direction

The horizontal velocity profile underneath the global maximum crest elevation may further be

considered. This is plotted in figure 5.5.12. In the crest region the velocity due to the numerical

calculations fall between the linear and second order prediction for all the cases considered. In

addition, the numerical u is slightly larger than both the linear and second order predictions for

the same cases. This indicates that there are significant bound wavenwnber sum terms present at

interaction orders larger than the second. Alternatively, this may be caused by a slight dening

of the spectrum of free waves in the same fashion as observed for the experimental cases. The

latter effect is, however, entirely unsupported by the behaviour of the free surface and it is

thought that the former effect is dominant. The deviations from second order theory are not very
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large. In the upper part of the crest, the deviation is 9 % for the steepest unidirectional case and

only 3 % for the steepest directional case.

Finally, figure 5.5.13 shows the numerical and second order maximum crest elevations plotted on

the graph which shows the linear average height of the 1/N highest crests. Each case has been

plotted on the x-axis where the Rice distribution corresponds to the linear amplitude sum (figure

5.4.7).

For the unidirectional autocovariance case (figure 5.5.13 a), significant deviations from second

order theory are evident for the steepest wave cases considered. The deviations between second

order theory and the numerical calculations are as large as the deviations between linear theory

and the second order solution. This effect is reduced in the unidirectional Lindgren case. The

linear Lindgren mean is more broad banded than the autocovariance function, evolves more

rapidly and is less steep. The autocovariance ('newwave') function appears to produce a suitable

upper bound for the Lindgren mean profile in terms of the nonlinear wave wave interaction

effects.

For the directional case, the deviation between second order theory and the numerical calculations

is negligible. Indeed, all the properties of the directional wave fields considered are described very

accurately by second order theory. The maximum deviations between second order theory and

numerical data found both for the surface elevation and horizontal velocity are less than 3 %. It is

entirely possible that the directional cases are further from the breaking limit than the

unidirectional cases as the same range of linear crest heights have been considered. This point is

addressed in the next section.
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5.6. Discussion

Free Wave Components and Bound Harmonics

For numerical realisations of continuous empirical ocean spectra, there is no evidence which

suggeststhat significant changes in the free wave regime occur as the isolated crest evolves. The

difference between numerical and second order extreme crest elevations as well as horizontal

peak crest velocities is less than 10 % even for the steepest, unidirectional cases. This is

consistent with the deviations between second order theory and measured experimental results

when the second order calculations are based upon the isolated, measured free wave regime for

the experimental investigation (figure 4.3.6). If it is accepted that the steepest unidirectional cases

are close to the breaking limit, this finding represent a significant difference between experimental

results and the realisation of isolated ocean events.

The difference may partially be explained by the bandwidth of the initial system of free waves.

The autocovariance function due to the PM5O spectrum yields a bandwidth parameter, s

(equation 4.5.2) of 0.60. The wave field is thus more broad banded than the experimental wave

cases which have values of s between 0.22 and 0.42. An alternative parameter for the dispersive

properties of the linear wave group is the linear ratio of focused crest to adjacent trough in the

temporal domain. For the experimental cases this ratio ranges from 0.73 to 0.92 whereas for the

autocovariance realisation of the PM5O spectrum, this ratio is 0.65.

The widest frequency banthidth case in the unidirectional investigation due to Baldock et.al.

(1996) largely supports the assumption that band width is largely responsible for the lack of

changes in the regime of free waves. This case (the A case) has an s of approximately 0.60 and

shows very minor deviations from second order theory in terms of the global maximum crest

height even very close to the breaking limit. The A case due to Baldock et.al.(1996) appears to

behave in a very similar fushion to the present full scale pa-i 1 case. It must be mentioned,

however, that also this case showed a shift in both time and space of the position of maximum

crest elevation which is larger than that observed for the pa-i I case.

Although the full scale runs are more broad banded than the present experimental cases, it may be

that this can not alone explain the difference in the evolution of the free wave regime observed

between full scale realisations and experiments. It is possible that only spectra which initially
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contain discontinuities or decay rates which are significantly larger than the rates identified in

figure 4.5.3, will show significant changes in the free wave regime as an extreme event evolves.

This includes most experimental investigations but does not exclude all real events. Indeed,

Stansberg(1 994) has observed very large deviations between second order theoiy and an

experimental simulation of the JONSWAP spectrum when the peak enhancement factor, y, was

set to 7.

If the hypothesis above is true, it is beneficial, also when generating focused wave groups, to

employ a spectrum which decays to an insignificant intensity before the experimental frequency

truncation. Furthermore, it is possible that the bulk of large events within the ocean may be

described accurately with a constant regime of free waves and appropriate bound harmonics.

There may, however, be isolated waves or indeed sea states with a veiy large peak enhancement

factor for which large changes in the free wave regime occur. This effect is in the author's view

worthy of further research.

The Breaking Limit

It can not be said conclusively from the present findings that the numerical formulation is capable

of identifying breaking of transient wave groups. Due to the finite wavenumber truncation limit

employed within the numerical formulation, it is extremely difficult to investigate details within

the crest region which have length scales very much smaller than the Crest as a whole.

It is, however, noted that if the linear amplitude sum of the steepest unidirectional autocovariance

realisation (case pa-Il) is increased only marginally, the numerical scheme collapses and no

amount of variation in the numerical parameters can remedy this. The collapse appears to be

preceded by a powerful and very rapid propagation of energy from wavenumber components

beyond the truncation limit towards the spectral peak. In the physical domain, it may be observed

that the crest changes shape very rapidly m the form of a forward tilting immediately before

collapse occurs. The collapse is caused by the fact that the LU factorisation of the coefficients for

the time derivative of the velocity potential becomes singular.

It seems likely that the collapse of the numerical scheme indicates that the wave field is indeed

very close to the physical breaking limit. Furthermore, it is thought that the nwnerical scheme

may be time stepped over breaking instabilities whose disturbance length scales remain very
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small. It is therefore thought that the collapse of the numerical scheme indicates breaking effects

which have reached intensities which are capable of draining energy from the energetic part of the

dispersive regime of free waves. Indeed it is possible, particularly in the absence of surfuce

effects, that very small scale breaking occurs at amplitude sums considerably lower than 11 m

and that a collapse of the numerical scheme indicatethat breaking effects have become

sufficiently intense to represent a physical limitation of the further growth of the extreme event.

The latter theory is strengthened by an observation of the energy within the pa-i 1 wave case.

Figure 5.6.1. shows the evolution of potential, kinetic and total space average energy within the

wave field with time. It can be seen that whereas the total energy is very nearly constant until

approximately t = 0, there is a slight but clear increase in the total energy immediately after the

maximum crest elevation occurs when the maximum crest elevation begins to reduce. This

increase is evident for approximately 30 seconds and re-stabilises at larger times. There are

clearly effects within the wave field which cannot be described by the numerical formulation

although the wave field is converged with respect to the numerical parameters. Furthermore, these

effects occur within the time range where it was expected from the experimental observations that

wave breaking first occurs. The effect shown in figure 5.6.1 is evident, although less pronounced,

for amplitude sums as small as 9 m.

Figure 5.6.1. Space Average £nergy for Case pa-Il
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It is possible that the increase in energy may indicate small scale breaking with length scales

which are smaller than the wave lengths of significant dispersive wave components, but large

enough to appear as a very slight aliasing in the numerical formulation. Over all times, total

energy is conserved to within 0.1 % and the effect of a very small aliasing can not be identified in

free surface profiles. If A is increased further, however, significant aliasing may be observed

before the numerical scheme collapses. It is unknown whether the breaking mechanism for the

present wave groups i.. of the same type as the breaking mechanism for the experimental wave

groups discussed in section 4.5.

The reduction in crest height for the directional cases relative to unidirectional cases with the

same A is very similar to that found for the experimental cases. The difference in second order

prediction for a directional and unidirectional case with the same amplitude sum and frequency

amplitude spectrum is negligible. There is however a marked difference in effects which may not

be described by second order theory. If the observations within the experimental investigation

hold and case pa-Il is indeed at the very limit of wave breaking, there is reason to expect that the

largest directional wave cases are relatively far from the breaking limit.

Noting the (approximate) rate of occurrence of these crests (figure 5.5.13 c) may explain the

absence of full scale observations which indicate that very high crests are less frequent than the

linear prediction as a result of catastrophic wave breaking'. Breaking which significantly limitsthe

crest heights may not be evident within a reasonable probability range in a realistic, directional

sea state.

The Nonlinear Mean Surface Profile

The nonlinear wave fields calculated in section 5.5 represent a deterministic correction to the

mean profile calculated from a probabilistic analysis of linear Gaussian wave spectra. The

nonlinear profiles are strictly not the nonlinear mean profiles due to the linear spectrum

employed. Neither are the nonlinear maximum crest elevations shown in figure 5.5.13 strictly the

nonlinear crest elevations corresponding to the same probability of occurrence as the

corresponding linear wave fields. The latter would only be true if the nonlinear crest elevation

was dependent only' on A which is naturally' not the case. The nonlinear properties of the wave

The term catastrophic breaking' is used to indicate a breaking event which limits further growth of
the wave.
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field have been shown in chapter 4 to be strongly dependent also upon the bandwidth of the wave

groups. In addition, there are clearly parts of the probability density function around the mean

which are not physically possible due to wave breaking which in the nonlinear analysis distortsthe

nonlinear mean.

It is, however, thought that a local correction for nonlinearity due to a linear statistical analysis is

relatively accurate, and that the nonlinear correction corresponds closely to the true nonlinear

mean. Two separate conclusions support this theory. Firstly, as has been discussed above, it is

thought that in a realistic sea state, catastrophic breaking does not significantly contaminate the

distribution of crest heights. Secondly, and most importantly, the confidence limits around the

mean in the vicinity of a large event are relatively tight. The 10 % confidence limits for a linear

wave field are shown in figure 5.6.2 for the Lindgren distribution. It may be seen that relatively

minor deviations from the mean may be expected. Upon a further increase in A, the confidence

limits become tighter compared th A.
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Figure 5.6.2. 10 % Confidence Limits for Case p1-Il

It should be noted, however, that wave fields which are more narrow banded than the linear mean

profile may yield a more intense wave field due to significant local changes in the regime of free

waves. If this is the case, the nonlinear mean profile may be distorted towards more narrow

banded ve fields.
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Although perhaps not necessary from a practical point of view, it may be noted that it is entirely

possible to extend the probabilistic theory of the distribution of the free surface and underlying

velocity field around a large crest to second wave interaction order. This may provide a more

satisfying description of the wave field in a mathematical sense. Longuet-Higgins(1963) initiated

this approach by developing the distribution for the global free surfuce to second order. The

calculation of the conditional probabilities required to analyse the shape of the mean around a

large maximum will, however, be extremely complex and it is doubtful whether analytical

expressions may be obtained. With the uncertainties in the shape of the ocean spectrum and the

possibility of significant nonlinear effects at higher interaction orders, it is the author's belief that

such an analysis will have little or no practical importance at present compared with the present

method of nonlinear analysis.

Contamination of the Input Spectra of Free Waves

It is unknown to what extent the empirical ocean spectra are contaminated by bound waves. The

effect of allotting random phases to all the components within the spectrum, however, is to reduce

this problem to a spectral shape problem rather than a problem which causes inconsistencies

between the free surface and the underlying velocity field. In addition, if second order effects are

the dominant bound wave components which may potentially contaminate the input spectrum, it

is noteworthy that the global surface variance is not significantly altered.

The numerical scheme has been shown to yield wave kinematics which are entirely consistent

with the evolution of the free surface. For directional events, second order theory is seen to be

very accurate. Any inaccuracies due to contamination of the input spectra are therefore not

comparable with the inaccuracies due to high frequency contamination observed in section 5.2.

The sole result of using a contaminated spectrum as input is thus to alter the bandwidth

properties of single events. It is possible that real events are marginally more narrow banded than

the calculated events if the input spectra are contaminated by bound waves. This may be

investigated by comparing relatively gentle measured events in a severe sea state with the

Lindgren prediction based on the measured global frequency spectrum. It is thought that

contamination effects due to bound waves are negligible compared with the general uncertainties

of the shape of storm spectra.
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Comparison With Full Scale Measurements

In terms of the nonlinear crest elevation, the analysis presented in section 5.5 is in good

agreement with measured distributions. Jonathan ct.aI.(1994) indicate that when the surface

profile has been corrected for second order effects, the distribution of both crests and troughs are

described accurately by the Rayleigh distribution. Furthermore, Sand et.al (1990) find very small

deviations from the Rayleigh distribution of wave heights for 99 % of all storm events. Both these

findings are in agreement with the numerical simulations of directional mean wave fields.

For waves larger than those considered in section 5.5 there may be some evidence that changes in

the free wave regime during the evolution of single events are present. Sand et.aL(1990) suggest

that wave heights within the 1 % of the largest waves deviate significantly from the Rayleigh

distribution. There appears to be a significant trend within their cumulative waveheight

distribution plot which suggest5that storm waves which are among the 0.2 % largest, may be

larger than the Rayleigh prediction by more than 30 %.

This effect can certainly not be explained by second order theory and probably not by third order

bound waves, but is consistent with local near resonant growth of the regime of free waves. It

should be noted that within this waveheight range, the number of waves encountered is very small

so it is difficult to draw definite conclusions. This finding does, however, highlight that it may be

necessary to check for such effects by using the numerical formulation in the fashion described in

section 5.5.

The Effect of a Random Background

In section 5.5, the nonlinear profiles were calculated in the absence of a random background. This

is thought to be necessary in the numerical analysis in order to avoid intermittent breaking which

is not associated with the formation of an extreme crest although it has not been investigated if it

is possible to include a random background in the numerical runs. Two aspects of the lack of a

random background deserve additional comment.

It has been suggested (Taylor and Haagsma, 1994) that the presence of a random background

upon which an extreme event rides may significantly weaken nonlinear wave wave interaction.

Within the present investigation it has not been successful to identify evidence which supportsthis
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view. Firstly, within the experimental investigation, it is expected that the presence of the high

frequency term (HFT) would act as a random background during the initial formation of focused

events. The agreement with the numerical calculations in which the HFT has not been modelled,

suggests that the HFT does not affect significantly the nonlinear evolution of the experimental

events. It is concededthat the explanation forthis may lie in the fact thatthe HFT is not

comparable with the free wave components in terms of wave component frequency.

Secondly, it has been shown m section 5.5 that focused wave groups converge vely rapidly with

respect to the fundamental wavelength. The effect of using a short fundamental wavelength is to

let the wave event form within a wave field with a relatively large global surface variance. It has

been shown that the nonlinear properties of the wave grouperenot affected by an increase in the

fundamental wavelength and a corresponding reduction hi the global surface variance.

Whereas an isolated wave event is thought to be capable of describing both local and global mean

static loads upon a structure as well as run up effects, the dynamic response due to a single

isolated event may not be representative of a random wave field. For the latter situation, Taylor

etal.(1996) have developed a convolution method in which the 'newwave' profile is embedded in

a random surface elevation trace. Taylor et.al.(1996) have shown in a linear analysis of jack-up

dynamic response that the convolution method yields results which are virtually indistinguishable

from a 'brute force' linear time domain simulation with, typically, only 1 % of the computing

effort.

This method appeato be well suited also for the nonlinear analysis. It is straightforward to

extend the method to second wave wave interaction order. If a higher order analysis is required, it

may be investigated if it is possible to run some random background traces with the numerical

formulation. In addition, it may be possible to embed a nonlinear isolated profile of the type

presented in section 5.5 directly into a linear random background without accounting for the

nonlinearity of the random surface history. The latter method does, however, require considerable

validation before it can be accepted.
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6. Conclusions

6.1. Achievements

K

ve basin has been calibrated such that directional focused wave groups may

be accurately generated. Small amplitude measured ve groups have been shown to

be in close agreement with linear theory. Steep wave groups up to and including the

limit of incipient wave breaking have been generated. It has been shown that the basin transfer

function remains accurate for nonlinear focused wave groups.

A numerical formulation has been developed which can model nonlinear directional focused wave

groups very close to the limit of incipient wave breaking. The numerical scheme has been

validated against experimental data and has been found to be very accurate. The numerical

formulation cannot describe breaking wave groups.

A set of theories has been developed which explain the observations of isolated nonlinear wave

groups. The theories developed are consistent with experimental and numerical observations and

are in mutual agreement. Some of the theories must, however, be regarded as hypotheses as they

cannot, as yet, be proved conclusively.

The extremal statistics of a linear Gaussian wave field have been investigated theoretically and

verified against long time domain simulations of empirical ocean spectra. The 'newwave'

distribution has been found to be correct in the infinite crest height limit.

Finally, by combining the numerical formulation with the extremal statistics of a linear Gaussian

wave field, a method has been proposed of providing a deterministic nonlinear correction to a

typical extreme event. It is thought that with the uncertainties which are inherent in the

description of an ocean storm spectrum, little gain in accuracy relative to the present approach

will be achieved by introducing a full probabilistic analysis of the nonlinear problem of wave

wave interaction.
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6.2. Findings

It has been found that very large deviations between linear theory and nonlinear observations both

in the free surface and in the horizontal velocity are caused by significant changes in wave

components which nearly satisfy the linear dispersion relationship. Changes in the regime of free

waves have been shown to be very rapid, comparable in time scales with the formation of extreme

events by linear dispersion.

If the free wave regime can be modelled accurately, it has been shown that the wave field may be

modelled relatively accurately near the breaking limit by linear wave components together with

appropriate second order bound harmonics. It has been found that higher order bound waves

account for less than 10 % of extreme crest heights and peak horizontal velocities.

If the linear focused crest height is kept constant, the effect of introducing directionality in the

wave field is to reduce significantly the nonlinear wave wave interaction relative to a

unidirectional wave field. Reductions in the nonlinear global crest elevation of more than 40 %

have been observed as a direct result of wave field directionality. This effect is thought to be

primarily due to the reduction in the linear steepness and curvature of the focusing wave profile

with increasing directional spread.

As a result of the reduced nonlinear wave wave interaction for directional wave fields, a

directional wave field may be generated with a considerably larger linear amplitude sum before

wave breaking is observed relative to a unidirectional wave field with the same frequency spectral

bandwidth. More importantly, the nonlinear limiting crest elevation increases with increasing

directionality. A 20 % increase in the limiting crest elevation due to directionality has been

observed.

With one exception, it should be mentioned that no qualitative changes in the nature of the

nonlinear wave wave interaction have been observed between unidirectional and directional wave

fields. The mechanism of wave breaking is identical for all cases investigated. Similarly, at the

limit of incipient wave breaking, the magnitude of the bound waves in the vicinity of the extreme

crest and the changes in the free wave regime due to nonlinearity appear to be dependent upon

frequency spectral bandwidth only and independent of the directional spread of the wave group.

The difference in maximum crest elevation due to directionality is caused by the fact that larger

input wave components are used in a directional wave field.

293



The single qualitative difference identified in the nonlinear behaviour of focused wave groups due

to directionality is that the introduction of a second plane dimension in which the wave group

disperses, breaks down the conservation of the focal quality which is found for unidirectional

events. Although the initial linear system is focused, a significant scatter of the phases around

zero is observed in a directional wave field at the position of maximum crest elevation if the wave

group is close to the breaking limit. The scatter of the phases is most pronounced for free wave

components whose amplitudes are significantly modified by nonlinear wave wave interaction. It is

not known, however, whether an adjustment of the initial linear phases can lead to a nonlinear

directional wave event which is truly focused.

No significant changes in the free wave regime as the wave group evolves have been observed in

numerical calculations of isolated large events with the Pierson-Moskowitz spectrum. All

directional events were described to within 3 % by second order theory. The present investigation

did not, however, consider events which were larger than approximately	 In addition, only

the Pierson-Moskowitz spectrum was considered, real ocean storm wave fields are known to be

more narrow banded than this spectrum due to the peak enhancement factor. As a result, the

presence of significant changes in the free wave regime, which may lead to an increase in the

crest elevation and underlying horizontal velocity relative to the second order prediction, cannot

be ruled out for ocean wave events. The frequency of occurrence of such effects may, however,

be very low.

Finally, the close agreement between numerical calculations of isolated events in a directional

Pierson-Moskowitz sea state and second order theory, indicates that the wave fields considered

are far from the limit of catastrophic wave breaking. This may indicate that catastrophic breaking

of very large ocean events is extremely rare. Small scale breaking may appear at relatively low

crest elevations even in the absence of wind effects, but breaking which limits further growth of

the wave may have a probability of occurrence which is negligible. This is consistent with the

absence of field observations 'vhich suggeststhat very large events have a smaller probability of

occurrence than the theoretical predictions.
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6.3. Further Work

An investigation into the phase relations of focused directional events does, in the author's view,

deserve attention. It is interesting to investigate whether a perturbation of the phases of the initial

free wave components may create a global maximum crest elevation which is larger than the

maximum crest elevation observed when the initial phases are adjusted using linear theory. The

numerical formulation combined with a phase iterative procedure could be employed to

investigate this.

The numerical formulation has been shown to be very accurate. The computing effort required to

calculate complicated wave groups is, however, large and relatively stringent limitations on

fundamental wavelengths and truncation wavenumbers are at present necessary. An extension of

the formulation due to Craig and Sulem(1993) to three dimensions is at present on-going within

the Civil Engineering Department at Imperial College. It appears that this formulation is

considerably faster than the present approach.

It is,in the author's opinion,too early to say conclusively that rapid near resonant wave wave

interaction which leads to a significant local increase in the crest elevation of an extreme crest are

insignificant in realistic sea states. It is thought that a search for such effects using the methods

described in section 5.5 is beneficial. If near resonant effects with a reasonable probability of

occurrence may be identified for realistic empirical storm spectra, the relevance of such effects

will depend upon the findings of the investigation into the phase correlation of near resonant

effects to the extreme crest as described above.

In order to investigate the evolution of wave groups in the absence of wave breaking and to

simnpli1i the analysis, it would be beneficial to develop an analytical theory which can model both

changes in the free wave regime and significant bound wave components. Bearing in mind the

accuracy of the second order solution when the free wave regime is accurately represented, it is

reasonable to assume that if bound waves to third interaction order could be included, this would

describe the wave field very accurately. Furthermore, the near resonant interaction effects which

alter the regime of free waves are thought to be dominant to third perturbation order. A third

order perturbation model may therefore model the evolution of extreme events accurately

provided that a method of modelling accurately changes in the free wave regime over several

tical wave periods may be identified. The author is currently working on a third order semi-

analytical model for wave wave interaction.
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Appendix 1. Second Order Theory for Irreu1ar Waves

If it is assumed that the fluid is incompressible, inviscid and irrotational, the governing equation

for the fluid interior is Laplace's equation for a scalar velocity potential:

V2 D=cD. +a,, +cI =0
	

A.1.1

where subscript denotes partial differentiation.

For the water wave problem there are two kinematic boundary conditions. The first of these, the

bed boundary condition states that the normal fluid velocity at a rigid, impermeable bed, is zero.

For a horizontal bed, the bed boundary condition takes the form:

a, =0 at z=—d
	

A.1.2a

For infinite depth, all velocities associated with the surface motion must disappear with depth:

VD-^0 when z-+—ce
	

A.l.2 b

The kinematic free surface boundary condition states that the velocity of the free surface at the

free surface is identical to the motion of the free surface itself. Representing this in terms of

partial derivatives yields for the kinematic free surface boundary condition:

at z=i
	

A.l.3

The dynamic free surface boundary condition states that the pressure in the fluid at the free

surface is identical to the pressure immediately above the free surface. For an incompressible

fluid in the absence of pressure fluctuations in the overlying air flow, the dynamic free surface

boundary condition may be expressed as:

+cI ^cx)=o at z=
	

A.l.4
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where g is the acceleration of gravity and the Bernoulli constant has been included in the velocity

potential.

In the following, the derivation of a second order perturbation solution for wave wave interaction

in directional seas, is presented. The perturbation scheme applied to unidirectional wave wave

interaction by Longuet-Higgins and Stewart (1960) is adopted. The present analysis has

previously been carried out by Longuet-Fliggins (1963) for infinite depth and by Sharma (1979)

(in: Sharma & Dean, 1981 and Dean & Sharma, 1981) for finite depth. The extension to a

directional wave field poses no conceptual difficulties relative to the original perturbation analysis

of Longuet-Higgins and Stewart (1960). The calculations shown are for infinite depth.

Calculations for finite depth follows the same pattern although the algebra is considerably more

cumbersome.

It is appropriate to formalise the considerations which lead to the Airy wave solution by the

introduction of a perturbation expansion of the unknowns in terms of a small perturbation

parameter, E:

A.1.5 a

,e (l) +e2 (2)+	 A.1.5b

U=6U+62U2>+
	

A.1.5 C

where u denotes the water velocity vector. It is no longer necessary that the wave field is

infinitesimal, only that E << 1 such that the perturbation expansion in equation A. 1.5 converges

rapidly.

The free surface boundary conditions may be expanded as a Taylor series about the still water

level:	 -

gq+(u2 +,)+f(+u2 +cb,)+ :0 at z=0
	

A.l.6a

ii +(ci 1 i +,q, -a)+(ai +ciy'j,,—)+ ...O at z=0	 A.1.6b
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Substituting equation A. 1.5 in A. 1.6 and ordering terms in the same power of € yields:

+ cI'} + 2 [gj2) + 2) + f (u") 2 +	 ciJ +	 = 0	 A.1.7 a

(I) (1)\-	
+ e 77, - (

2) + ( .i') 77 + ct q	
- (I)(1) 12 [ (2) zzJ"	 Lr=o	 A.1.7b

The fundamental concept of perturbation theory is that it seeks to solve a problem as successive

and cumulative approximations in strict order of importance. Each perturbation order provides a

solution which is not comparable in magnitude with lower order contributions. Perturbation

theory assumes that a higher order solution can not influence a lower order solution. If this

occurs, the perturbation scheme collapses. For the present problem, s is chosen as the

perturbation parameter. E is approximately proportional to the local wave steepness (Longuet-

Higgins and Stewart, 1960). The first order solution is obtained by considering the equations in

the first power of 8, disregarding all other powers:

g7/) +c! =0L0	 A.l.8 a

(I) -	
=
	 A.l.8 b

For infinite depth, a solution to A. 1.8 which satisfies Laplace's equation and the requirement that

all derivatives of the velocit y potential tend to zero with depth, is given by:

,(1) =a 1 Cos(19 1 )+a 2 Cos(92)

a 1 
w Sin(9 1 ) e k + 

a2 
(02 m(9) ek

k2

A.I.9a

A.1.9b

where

19,, =k,,(xCos(9,,)+ySin(O,,))—co,,t+E
	

A.J.9c
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at z=O A.1.1O a

at z = 0 A.1.10 b

CO = gk,,	 A. 1.9 d

For a second order wave wave interaction solution, two first order wave components are required.

The choice of wave amplitude, wave frequency, and wave direction, for the two wave trains is

arbitrary. For the second order solution, terms in the second power of s are considered. By

rearranging and substituting equation A. 1.8 where appropriate, it is possible to eliminate

from A. 1.7 b such that the second order equations become:

b? ^ (2) =!(um)2
''	

c9t

,(2)	
-' E l= ;_ 

(uU)) 2 +	 +

Evaluating the right hand side of equation A. 1.10 a and expressing the trigonometric products as

sums yields:

= —a 1 a2 tv 1 w 2 [ (1 +	 - w 2 )Sin(19 1 - 2) —(1— y 12 )(a 1 + o2)Sin(91 + 92)]

A.l.11 a

where

712 =Cos(01 
°2)

	

A.1.11 b

One may proceed by postulating a solution to 2) which satisfies Laplace's equation and the bed

boundary condition:

(2) =B1 Sin(9 1 92 )e+B2 Sin(9 1 +,92)ek
	

A. 1.12

where k 2 and k 2 denote the absolute value of, respectively, the vector sum and vector difference

between the wavenumbers:

= k [ Cos(9),Sin(e)]+k,,[Cos(O,,),Sin(o )1=jk +k +2kkj,,,,	 A.1.13 a
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= k[Cos(0),Sin(9)] - k m [C0S(Om ),SIfl(O_)J = jk +	 - 2kn kmT,,,,	 A. 1.13 b

Differentiating equation A.1.12 and substituting into the left hand side of equation A.1.10 a

yields:

(1)	 _[B1(frDi	 2) —gk)Sin(i9 1 _92)+B2((o.1 +(°2) _gk)Sin(i9 1 +192)]

A. 1.14

Comparing equation A. 1.14 with equation A. 1.11, it is clear that the only solution to B 1 and B2

which is valid for all x, y and t is given by:

(l+y 12 )(w 1 0)2)B1 =a1a2wo2
(a 1	 2)	 gk12

(1-712)(w1 +)2)B2 =—a1a20)1w2
2) —gk

A.1.15 a

A.1.15 b

which gives the solution for 2) as:

[(l+y12)(co1	 2)	 _______________(2) aia2 0)IW2[(	
- 2) - 

gk Sin(9 1 - 192)e— 
(1— 712)(l + 2) Sin(9 1 +,92)e
(w +co2)2 —gk

A. 1.16

It is now straightforward to obtain the expression for i by substituting the linear solution and

equation A.l.16 into equation A.1.10 b:

= +a 1 2 k 1 Cos(219 1 ) + +a2 2 k2 Cos(219 2 ) 
+ a1a20)1c02

2g

2.
	+	 + (1 + y 12	 - 1))Cos(19 1 -	 +	 A. 1.17

	

((- +	 - (1 712)(__2(*øz)2-	 (d)..i,)2:j_1))Cos(l9l + 192)]

310



To second perturbation order, only two waves can be involved within one single interaction term.

The present analysis may therefore be extended to the interaction of N wave components without

further calculations:

N-I N
(2) =	

anamwnom[fl. Sin(19 - 191.)e 1— fl, Sin(9 + t91.)e1	
A.1.18 a

.=I m=n+I

N	 NI N
r(2) 

=+akCos(219,)+	
0l.0;	

[a,.,, Cos(19 —9,.)+a COS(19,,+1911,)]

n=I	 n=l ,.-n+1

A.1.18 b

where

	

-	 (1+y,.,,)(ø,,—w.,)

	

fini.	 2	 -(w—o,,,) —g/ç,,

- (l—y,,,)(o +w,,)

- (a +am)2 —gk,,,,

=((+)+(1+r,,,,,)(2: _i))

= (( 
+ ) —(1— 

y)(2(dI;	 - 1))

A.1.18 C

A. 1.18 d

For the case of finite depth, Sharma and Dean (1981) give the second order solution as:

NN
(2) =	

D	
Sin(19,	 ) 

Cwh(k,(z+d))	
'	 sin(, + 9) 

C014k(2*d))1
+k1	k	 cosh(ça)	 (o1i+1j)	 ci(kja) _J1=1 j=I

A.1.19a

N N	 r( D(k,k,7 RRJ )	 ____________

	

________________	 L (k,kjru_R,Rj)
1l(2)I >jaa[( _ -i	 +R,+R)Cos(19,_19)+(	 -	 ^R,+R1)Cos(19,+9)]

1=1 1=1

A.1.19 b

where
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_X.v(ks2 _R,2)_J(k _R))+2(t_ RJ(k.ky +RR)

(_ —	 - lçTanh(/çd)

A.1.19c

— R,2)+f(k _R))+2(+ R4(kk,y _R3R)
+	

- k;Tanh(k;d)

A.1.19 d

R, =k1 Tanh(k1 d)
	

A.1.19 C

where the notation has been altered slightly to be consistent with the present notation. It is

straightforward to show that equation A.1.19 reduces to equation A.1.18 when d -* . There

appears to be a slight misprint in the solution for infinite depth due to Longuet-Higgins (1963)

yielding expressions for r 2 and (2) two times the expressions in equation A. 1.18.

The second order equations provide a first estimate of the bound waves associated with the

spectrum of free waves. The present solutions are correct in the sense that they satisi' the

equations of the perturbation expansion. It is not given, however, that the solution is optimal in

the sense that the perturbation expansion represents the most suitable series expansion of a given

problem, nor is it certain that the perturbation expansion converges towards the exact solution as

the order of solution increases. In particular, the present perturbation expansion assumes that the

nonlinearity of the wave field may described as a small modification of the free wave profile. If

significant changes within the free wave regime itself takes place, the present perturbation

expansion can not be expected to converge. In such a case, it is necessary to introduce the

possibility of a modulation of the first order wave components. Taken as it stands, however, the

second order solution provides a genera! ñnproved description of the wave field relative to the

linear solution.
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Appendix 2. Stochastic Processes and Wave Field Extrema

=	 Cos(w,t+e,)
	

A.2.1

where is a uniformly distributed random variable. A stochastic process satisfies the conditions

of:

Stationaritv

in which it is assumed that the properties of the process are time-invariant. The stationarity

condition applied to the mean and the autocorrelation function gives:

E[a7 (1)1 = E['7 (0)] t € <-, >
	

A.2.2'

(1+ r) q (t)] =	 (r )i (0)] = 'P(r)
	

A.2.3

the stationarity principle can of course be applied to all the statistics, but if a process satisfies

Equation A.2.2 and A.2.3, and the variance E[(i - E[])2] is finite, the criteria for a wealdy

stationaly stochastic process are satisfied (Goda, 1985). If in addition the process can be

expressed by a Gaussian distribution, it becomes stochastic in the strict sense (Pnestley, 1994).

The variance of equation A.2.1 (a zero mean process) is given by:

2	 urn
Li'7 j = ______ ! 

j	 aaCos(wt + ) Cos(wj + e) dt = m0	 A.2 .4

	

t *	 o a-i a=I

Expanding the trigonometric products as sums, we find that as to tends to infinity, all

trigonometric terms disappear in the integral except the constant self-interaction terms. Equation

A.2.4 then reduces to:

Priestley (1994) defines the Expectation operator E[g(X)] = I g(s) f(s) ds where f(s) is the pdf of the
random variable X E[g(X)] = lim1 , (lit )Ig(X) dt for a stationary process.
The Expectation Operator has the following properties:
constant C: Elci = c
linear	 : E[Ec1 g1(x)J Zc E[g1(X)]
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A.2.5

A.2.6

A.2.7

	

urn	 1 '°
m =	 — f(-.adt)=

	

to —,	 t0

if we define a variance surface spectrum as:

.,d.
= S(o.i)do.,

and it follows that:

m0 =JS(co)dw = 'f'(0)

we thus expect the spectral integral to be finite for equation A.2. 1 to satisfy the criteria for a

wealdy stationary process. The sum of the amplitudes, however, need not be finite, indeed this

should strictly not be defined in order for equation A.2. 1 to be described by a normal process.

When the independent variable is the space coordinate (or vector) and the process exhibits spatial

stationarity, the process is called homogenous.

Ergodicitv

Consider an ensemble: 1(t) = { i1(t) , (t) ....., ri(t), ... }	 A.2.8

If E[1(t)] 11mN (1/N) i(t) = lim	 (lit) jri(t) dt
	

A.2.9

the process is said to possess ergodicity. A stochastic process which satisfies the ergodicity

criterion is always a stationary process, but the opposite is not necessarily true2 . If, however, the

pdf is described by a Normal distribution and there is no strict periodicity in the system, a

stationary process will also possess ergodicity.

2 Consider for example a regular ve train : the ensemble average at any particular time and position
has a finite value whereas the time average is zero.
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-	
1 e"N(p,a2) - 

,/27rc72
A.2.l0

Gaussian Distributions and the Central Limit Theorem

The central limit theorem (Priestley, 1994 or Parzen, 1960) states that the sum of a large number

of independent random variables each having a finite variance and mean, is approximately

normally distributed. The proof is valid both for single distributions

and for joint distributions

N N

1=1 J=1

where aisthecovarianceELx,x]	 A.2.11

a V is the (i,j) component of the inverse of the covariance matrix
is the determinant of the covanance matrix

jz is the mean of the variable i.

It follows that Equation A.2. 1 can be expressed as a normal distribution. It should be mentioned,

however, that the theory of stationary stochastic processes is not limited to Gaussian processes.

To clear up a confusion: The autocorrelation function for a zero mean process is termed the

autocovariance function in the strict sense (Goda, 1985).

Probability Distribution of i

Equation A.2. I can thus be represented in the probabilistic domain by a normal process. It has

been found that E[] =0 and that E[ 2] = m0, so the distribution is given simply by:

f1)=N[0, mo]
	

A.2.12
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Joint Probability Distribution of '1 and

The covariance of1 and th is given by:

	

bin	
j j-afla.w_Cos(w,t+eM ) .Sin(w,t+e_) di 0E[i7i7 1 ] = _____

	t o __*	 to 0 1 I

due to the orthogonality of the trigonometric functions.

Let us define the th spectral moment inn:

mN =5w' S(w)dw

The variance of 1, E[i2] is given by:

	

lim	
,Sin(ot+e,,)Sin(w,,t+e)dt = UI2= _____

	

to —,	 to

by the same arguments as in equation A.2.4 - A.2.7.

The covariance matrix is thus:

0•

	

- = [mo 0 1	 = 1[m2 0 1	 = m0m2

	

.m2 i 	 I.m]

A.2.13

A.2.14

A.2.15

A.2.16

The orthogonality between i and flt causing the covariance to be zero means that the joint

distribution reduces to the product of two normal distributions:

1,1t) = N[O,mo] N[O,m2]
	

A.2.17
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Let us investigate the conditional distribution p(rj Fq =O) oft1 when tt -3

1(74)7, =0) 
=	 f(i3O)

!1'o) d)7
= N[O,m0 ] using f N[p, 0.2 1 cit 1 A.2.18

It is noteworthy that this distribution is identical to the distribution of the free surface itself.

Joint Probability Distribution of rl(t) and Tl(t+t)

Of interest is also the conditional distribution of given that i is known at one position in time.

Consider two distributions (t) and 1(t+t). The covariance is given by equation A.2.3 and found

to be:

'I'(r) = JS(w) Cos(o,r)di
	

A.2.19

which is the autocovariance function of equation A.2.1.

The covaziance matrix is thus:

	

_[mo tpl	 1 Im0 -q'l
0.	 I

	

m0]	 = iL-	 m0j ,IaI	
2qJ2

Using equation A.2. 11 the distribution is given by:

f(z(t),7(t+ r)) 
=	 1	 )7Z(j) -2-

___________	
77(t)77(i+r) +2(1+r)1

2,vno .VIl_( P ) 2 	 —2m0(1—()2)
•0

A.2.20

A.2.2 1

Now let us assume that at t+dt, 1 takes the value A. The conditional distribution is given as:

definition of conditional probability is give in general as p(AIB) = p(A .B) I New Sample Space.
(Dot indicates intersection). For continuos distributions this definition generally holds (Priestley, 1994):

p(x y)SxSy	 _________p(x< x < x + oxV< y < y+Sy) Sx =	 '	 p(xy = Y')	
-

Jp(x,y)dxöy	 Jp(x,y)dx
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f(A,)	 A.2.22

5f(A,ii)dii

2i5	 PL21)2)] =

f(rj(t + r)Jq(t) = A) =____________________ •j,O' JLExp[LJ	 mO
A.2.234

'f/rn0 1 when r=O and 0 when r—<r. Notice that the zero correlation between 1 and flt yields

the newwave mean profile even without the zero slope condition. The variance, however may

differ as q(t+t) has a non-zero correlation with i(t).

Three-variate distribution of r '(t+t), tl(t) and tiLt)

m0 q	 ',	 m0m2

m0 0 ,-'=.!

.m2

-cn2	 -p,m0
m0m - 2

m02
, =	 m2q ,nq2

A.2.24

and the distribution becomes:

f( ,7'( t + r),i(t),i,(t)=

K = (m0m2 )i" +(m0m2 -	 + (rn2 -	 - 2(m2q)i'i - 2(m01 ) ' 1 +

A.2.25

Evaluating E[i'(t+r) lt(t)] = q, we find that q=-'y from equation A.2.19 i.e. the derivative of

the autocovariance function for the free surface with respect to the time lag.

4

xj2	
= ExPt2___JExPILl__)f1ExP1.9-_Idt

1(xj)

= %fijAzxpi ..L<,. - 	 .2 J(ø ( S ( x 2 ))- ('('i )))

dl
S =	 x +	 =

i denotes the standard normal cumulative distribution function.
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Now consider the distribution f(1'(t+t) I T)(t)=A, Tl,(t)=O)

= A,,1, = 0) 
=	 f(q',A,O)	 _	 Expf 2 ((m0m.)q' 2 - 2(qn2A)'j']

Jf(q',A.0) d17' 5Exp[((mom)qf2 - 2(qin2A)i ' ] dq'

using 
(4) 

we obtain:

(2 - 
2(*),7)Jdli 

= /(2% )ExpI' (4)2J

A.2.26

A.2.27

so equation A.2.26 becomes:

_______________________ 	 __________________________________________________________________________________&p[(i _2()71+()21=N[	 mm2 —m2 q 2 —m0qi] 
A.2.28m0

m0	 m0m2

%hich is identical to the result derived by Tromans et.al. (1991).

Three-variate distribution of iflt and i

m0 0 -m2	 rn2,,,4

= . m2	 0	 , '=1
o	 rn22

	

rn0rn4 -rn2 2 o	 ,A=m0m2m4-rn13

•	 m0m2

A.2.29

The probability distribution is thus:

f('7'7,,'h)= -J--&p(K]

K(m2 m4 )7f +(m0 m4 -m2 2 )i +(m0 m2 ) 2 ^2(m22)p

A.2.30

Let us now consider the conditional probability of 1 I i =O, u'Z0 which is the pdf of wave field

maxima. l'his conditional probability is given by:
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0

J	
A.2.31-e= O,q <O)öq=

Rice (1944) first provided a solution to this problem stating that in the relevant window sense

and if dt and di are of the same order of magnitude di =I J at very nearly. Equation A.2.31

thus becomes:

ff(,,0, 7, XI h7ak t) 1i 	 J f(,7,O, ijjd,i,

= 0, <0)4i	 =	 5i

5(J771 Jd05(f(ii3O, 77g )di7) d771	 5 1u 5(f(i3O, 17g )d11) di

A.2.32

The absolute sign disappears as itt is uniformly negative. Evaluating this expression substituting

equation A.2.30 we obtain5:

Siv'o'f + 2 ),1 j	 I74I()712]
-e
0

S	
74!(fly _ )7/ 2Jq =(5)	

A.2.33-C

o

-c -C

and

5

I

JT(Izpt-j1--(0x2 + 2 fi.)1I -	 • ft)1zp,v i e	 )d. - -—((1xpIw	 f.
XI	 XI

I

12 .txpi.v lax - - 4—I(Eplv )	 )	 ii-	 II( 1 )J)
XI

2
•(xJ - --j ---J Expl-'2---)dI
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S'i1k((v)'? +(ny)i,2	 =5)

.. ____

A.2.34

J7bi1nvii/	
2)Jj

&71A ((mp)f +(,y,)i2

A.2.35

which may be reduced to a single parameter process by the following transformations

(Cartwnght & Longuet-Higgins(1956)):

— _____ —
	

1 -
	 '7

—	 - m0m4	- 	 ()

-+ di,=Jdrf

= 0,	 <0), = ij(.eExp[f4- ,,l2]+.J1_e2	 Exp[1y2J	 [2)]) 
A.2.36 a

or for minima:

f('I'i1 0,	 >0) =	 (eE(i* ?2 1+ h1_	 1E 1*,r21/	 F. 	j-.i A.2.36b

or for extretna without distinction between maxima and minima:

= 0) =	 - ' '1'	 A.2.36

Let us return to the original distribution in equation A.2.30.. We are interested in the conditional

distribution flilul irA, n=0).. Using the same arguments as before, this distribution is given

by:
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0 0.1

\/

\.	 /
'	 \ /

A'2

-	 A =0

I 
f(QTL)5?&L 1 -	 IV(4Q7)&

f(&I'i=4 0)&L [i

f(4Q__d45 f(4Q T )*h -	 Q7&),dr

Carrying out the calculations using (5) yields:

l77IEv4-(17 2 +21_62 A' 77')]
f(,Ii=A,77, =O) 

= 2 2 +2,r(le2)eAI&r(1_e2)Al2J(2a[Ah]_1)

A.2.37

A.2.38

where the change of variables A'=A(mo) and Tiu'=i(m.j) have been made. The resulting pdf

for the nondimensional curvature is shown in figure A.2. 1.

0.6

0 _
-4	 -3	 -2	 -1	 0	 1	 2

Nondimensional Curvature

Figure A.2.1. pdf of Curvature, s0.75

Let us evaluate a limit of this distribution. When A —* , it may readily be verified that equation

A.2.38 reduces to:

IhiI
=°	

(l-) ,/5J?A'	
- (l-)A' Aj_/(l) A',?]

A.2.39

Furthermore, the slope of the first term of the RHS of equation A.2.39 tends to zero such that:

=0),	 A.2.40

which is indeed a normal process with a mean which tends to infinity while the standard deviation
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remains finite.

Multivariate distribution of rI'(t+t), 11(t). i1(t) and rrn

44
1(17', 17,li,'7,) ;	 j!Ea;x,J	 i = [ ,f,q,ij '11ff]

-1 jI

c c', c,
i;0 -in2

m10

(	 ,2) -;(cw)	 ç,(;çp;	
2)

-'	

nzgn2m -m4p,2	 2

A.	 .

A	 flir'in/fli -mm23

-m(m2ç+mq,)

,n2(nni	
,2 +ç)

2, _rn29,Z _,2

A.2.41

Let us now investigate the distribution conditional to a maximum occurring in the interval t, t+dt

of height A. By the same considerations as in the previous section, this distribution is given by:

$ (f( i/, A,0, ,7,)51781ö77')d7j	 -f 171f(i7',A,O, )di,

1( 11' ii=A, 17, =0, i, <0)&' ='	 = ,,	 öi'

$($f(ii', A,0, ,,)&8171d17'h7, -!' (JfW, A0, ,,

A.2.42

For the Lindgren profile (Lindgren (1970)), we are at present primarily interested in the mean or

mathematical expectation of this distribution:

ETJ( i ' 17 =A, i =O,i,
5 71f(,f,A,0, 17g)th7g

<0)]=$q' o -

-	 $7,,(ff(rr,A,0, 77,)dlf)di7,

- 5 ',, (5 i'f(',',A,0, i,)d',)d',,

- F (Jf(7f ,A,O, ', )dq') d',,

A.2.43

The relevant form of the original distribution in equation A.2.41 is given by:
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Kp9 , B =(a'2 ^a g '+20•'2 A77'+2c1'4 11'77i +2crAi7)	 A.2.44

where & /E is the ij th element of a 1 in equation A.2.41. Evaluating equation A.2.43, we

obtain:

o

	

]di/)€fi1 -	 - 2 i +,c) + &xf'i =	
- &2) + o 4 t' 2 --]

	

-	 1+K	 a"

r'=Ac=t'e'D(t')	
= a"a-(&4)2

A.2.45 6

after some algebraic manipulation:

o	 a

f 
?7,(f q'Exp[B]di')di

-	 ____-

o	 a

f 
q0(fExp[Bq')d,,	

m0	 A2m2 1+

-a	 -

A.2.46

m2
1' = A

/(m0 m4 -m22)

Using similar mathematics, an expression for equation A.2.42 may be obtained analytically:

	(a' 4 ) 2 "1 1^ -%It0e°""i(t0)	
-c-A ---f('I=A,, =O,	 <O) =(1_,) 

I+t'e2(t')

r [

A.2.47

6

2	 1	 2	 (4)and(5)
fE(ai +2ft)](1-(	 +ft))Erp1vr

x	 x
1fl -2	

2

X Epvd = y1(t	 -1))--[(1-'x)&pv JJax	 xl
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where

I4 17+ a24A
to

= 	 ______

A.2.49

which is the exact expression for the distribution of the free surface in the vicinity of a

local maximum of known height. The horizontal-vertical window formulation of the

newwave profile (i.e. the distribution around an extremum of known elevation) is given

by:

(a)
2') 1 + .qij	 t0e	 ((t0 ) -	

N[A,±]
___________

f(	 A,, = O) =(i_ 
'U	 1+	 tFe2X((tl)_+)

A.2.48

When t— , the autocovariance function and all its derivatives tend to zero and t tend to t'. Both

equation A.2.47 and A.2.48 then tend to the pdf for the free surface itself.

By investigating the coefficients a' and retaining terms in m. only, it is a straightforward task to

show that both equation A.2.47 and A.2.48 tend to the 'newwave' formulation (equation A.2.28)

when in4 - . It can also be seen immediately that equation A.2.48 rapidly tends to equation

A.2.47 when A becomes large as CD(to) —* cb(t') -^ 1 and (1 Exp(t2/2))>> 1. By using the same

arguments as those which led to equation A.2.40, it may further be shown that equation A.2.47

and A.2.48 tend to the 'newave' formulation also when A - although the algebra is

cumbersome.
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