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Abstract 

Masured flow properties are reported for the tuz-bulent co-axial 

jets, with and without swirl, emerging into stagnant surroundings from 

a long pipe and an annulus concentric with the pipe. The measurements 

were obtained using hot-wire anemometry and on-line data processing with 

the aid of a mini-co: Vuter. They include the mean velocity, Reynolds 

stresses and probability density distributions of fluctuating velocity. 

These flow properties were also measured in the self-preserving regon of 

a round jet in stagnant surroundings. The results show that the non-swirl- 

ing co-axial flow configurations approach a self-similar state in a much 

smaller distance than that of the round jet, regardless of the initial 

velocity ratio between the two streams, for velocity ratios ranging be- 

tween 0.65 and 1.5; this was attributed to the mixinglayer and vortex 

shedding that occur in the region downstream of the separation wall between 

the two streams. In the presence of swirl, the co-axial jet was found to 

develop at a faster rate. 

A reassessment of a turbulence model that uses a Reynolds stress clos- 

ure was carried out. The assu=ptions of an isotropic dissipation of tur- 

bulent kinetic energy and of a pressure driven redistribution of Pteynclds 

stresses are contested. Furthermore, experimental evidence suggested that 

the modelled form of turbulent diffusion of Reynolds stresses is physically 

incorrect. 

A proposal for a closure of the transport equation for the probability 

density distribution of velocity is presented. In this proposal, the 

turbulent diffusion is kept in its exact form. 

Coc: puterr-redictions of the co-axial jet flow configurations are pre- 

sented. A '. Reynolds-stress closure was used in its boundary layer ! orm. Rea- 

sonable agreewnt with measured values was achieved for the mean velocity 
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fields. In the absence of swirlt agreement was only acbieved with the 

use of unrealistically high initial values of the Reynolds shear stress. 
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Chapter 1- Introduction 

1.1 -Preliminary remarks 

The present work is concerned with the turbulent flow that occurs 

in the developing region of co-axial axisymmetric free jets in the ab- 

sence and in the presence of swirl. The practical importance of these 

flow configurations stems from their application in many engineering 

devi ces, such as industrial burners, ejectors, jet pumps, where the tur- 

bulent mixkqof the two co-axial streams is often a process of primary 

importance in determining the efficiency of such devices. Swirl is often 

imparted to one of the streams, both to improve the mixing and to achieve 

a high degree of control over the flow field. 

The turbulence field that occurs downstream of the exit of the con- 

centric pipes is complex; apart from the two cores that result from the 

pipe and annular flows, a miAngregion occurs between the two streams. 

In this region, where the field is already characterized by a great deal 

of turbulent production, there are conditions for the occurrence of vor- 

tex shedding, since the two streams separating from both sides of the 

inner pipe wall originate two interacting vortex sheets in opposite 

directions. 

When swirl is imparted to the outer stream, the initial region is 

further complicated by the changing pressure distributionj the centrifugal 
0 

effects that follow the disappearance of the outer pipe wall establish 

a rapidly changing radial pressure gradient, that becomes a major factor 

in determining the behaviour of the mean velocity field. 

The above paragraphs provide an idea of the importance of the know- 

ledge of the processes that take place in these turbulent fieldsl in 

addition to providing important practical information, this knowledge 

also provides a useful test of the physical assumptions embodied in pre- 

sent day methods to deal with turbulent flows. Before the advent of digital 
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computers, the attempts made to predict the mean velocity field of turbu- 

lent flows were based upon models that would relate local properties 

of the turbulent field to local properties of the mean velocity field. 

when digital computers became available, the solution of the time-dependent 

Navier-Stokes equations was still beyond reach. However, their ability 

to solve moderately complex differential equations allowed the calculation 

of properties of the turbulent field through transport equations for these 

properties. The rain aim of the engineer in many practical situations is 

a knowledge of the mean velocity field. This field is affected by tur- 

bulence only through the Reynolds stress tensor. Therefore, the tur- 

bulence quantities that are generally determined through transport equations 

are related to this tensor e. g., its first invariant, the turbulence 

kinetic energy, and some of its more influential components. The trans- 

port equations for these quantities involve, however, unknown quantities 

that involve higher order correlations of velocity fluctuations and de- 

rivatives of velocity correlations. Thus the need arises to postulate 

closure assumptions that may approximate the behaviour of the unknown 

quantities; the latter are assumed, then, to be "locally determined 

Since a model cannot be universal, the physical plausibility of the 

assumptions embodied in the model is of great importance; and the gen- 

erality of a turbulence model can never exceed the range of validity of 

. these assumptions for every particular situation. 

This emphasizes the importance of the understanding of the pro- 

cesses occurring in turbulent flows in devising physically realistic 

models of turbulence. A representation of a. quasi-random velocity field, 

based solely on its mean values and standard deviations, while still pro- 

viding valuable information, stops short of being complete. Information 

pertaining to the different scales that interact in a turbulent field 

is necessary. For instance# while turbulent mixing is mainly associated 
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with the large scales of the motion, the viscous dissipation of tur- 

bulent energy occurs dominantly at small scales, Therefore, it is 

neceisar-y to develop and use measurement techniques that al"ow a more 

co=plete representation of a turbulent field. 

The above comments provide an idea of the major objectives of 

the present work. These are to devise measurement techniques and to 

obtain measurements in the flow configurations referred to above, that 

will help in understanding the relevant physical processes involved. 

The assumptions embodied in proposals for the closure, at some finite level, 

of the time or ense: ble averaged hierarchy of equations of motion are dis- 

cussed in the light of the present findings. A proposal for closure of 

the transport equation of the one-point probability density distribution 

of velocity is put forward and discussed. Due to its chronological 

appearance at a late stage in the present work, no attempt was made to 

incorporate this proposal in a calculation procedure to predict the 

present flow configurations. Instead, the little amount of time avail- 

able led to the use of a well known procedure of Patankar and Spalding 

(1970), with a turbulence model which solved differential transport 

equations for the non-zero components of the Reynolds stress tensor and 

for the dissipation of turbulent kinetic energy. 

1.2 Previous related work 

7his section only provides a resumS of previously published work 

that is most relevant to the work described in this thesis. References 

to other work related to specific subjects dealt with in the present thesis 

appear in the relevant parts of the text. 

Non-swirling co-axial jet systems have been investigateck by 

Forstall and Shapiro (1950), Chigier and Bee'r (1964i)and Chriss and 

Paulk (1972)1 all these investigations report mean velocity profiles 
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obtained withPitot tubes. Chigier and Be; r's work covers the developing 

region of this flow and gives special relevance to the average stream- 

line distribution downstream the separation wall. Chriss and Paulk 

were primarily concerned with the behaviour further downstream, and 

give little erphasis to the flow region immediately downstream of the 

nozzles. Other works in related geometries that also report Pitot 

tube measurements of the mean velocity field are those of Stark (1953) 

and Arutyunov (1963)1 Stark measured in a co-axial jet flame and 

Arutyunov used different tecperatures for each of the co-axial jet 

streams. 

Measurements of time averaged turbulence quanti-ties in addition 

to mean velocity, are reported by Champagne and Wygnanski (1970),, Durlo 

and Whitelaw (1973). Matsumoto et al (1973) and Ribeiro and Whitelaw 

(1975d). These workers give detailed information about the distri- 

bution of time mean quantities associated with the turbulent field, 

and provide a basis for the understanding of the influence of the initial 

velocity ratio between the two streams on the development of the flow. 

In addition# Matsumoto et al draw attention to the importance of the 

region downstream of the separation wall between the two streams in the 

turbulent mixing, but their investigation only covers the region of the 

flow where x/D > 4. Ribeiro and Whitelaw reported measurements for a 

velocity ratio of one, and give particular emphasis to the region down- 

stream of the inner pipe wall, where they detected the occurrence of 

vortex shedding. 

Experimental work in swirling co-axial jets is virtually non- 

existent. Related work in single jets was reported by Rose (1962), 

who presents measurements of the mean velocity components and of one of 

the Reynolds normal stresses in the swirling jet that emerges from a 
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rotating pipe. The works of Craya and Darrigol (19671,, Chigier and 

Chervinsky (1967) and Kawaguchi and Sato (1971) also deal with the 

turbulent swirling jet. -Chigier and Chervinsky used a fivL-hole im- 

pact probe to measure the distributions of mean velocity and static 

pressure. In the other two works, additional information on the Reynolds 

stress distributions was obtained using hot-wire anemometry. 

The swirling jet emerging from an annular nozzle was investL- 

gated by Chigier and Bec; r (1964ý), who reported c-Leasurements of mean velo- 

city and static pressure. 

The above paragraphs relate to investigations that report dis- 

tributions of mean velocity and Reynolds stresses in flow configurations 

akin to the present one. Information related to other quantities that 

help in characterizing the turbulent phenomenon is abundant, albeit 

for different flow configurations. This is a result of progress in 

analogue and digital instrumentation. Conditional sampling techniques 

have been used, generally in connection with the turbulent wall bound- 

ary-layer (e. g. Kovas2nay, et al, 1970, Antonia, 19720, Willmarth and Lu, 1972, 

Zaric, 1972). Results obtained with these techniques are very informative 

of the processes that occur associated with the different scales in 

turbulence; however, thei can hardly be used in quantitative terms, 

since at some stage, a discriminatory level has to be assigned to a cer- 

tain property of the field. The results are frequently dependent on 

the (subjective) choice of this levels in addition, the use of different 

criteria does not help generality. 

other quantities whose measurement is free from these ambiguities 

include spatial and te=poral correlations and probability density dis- 

tributions of fluctuating velocity. Measurements of correlations have 

been reported by a nurber of workers. The turbulent boundary layer has 

been investigated by Blackwelder and Kovasznay(1972), the turbulent mix- 
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ing layer by Jones et, al, (1973) and the turbulent pipe flow by Sabot. 

et. al (1972 and 1973). Probability density distributions for one of 

the components of the fluctuating velocity have been reported, among 

others, by Antonia (1972), Gupta and Kaplan (1972), Zaric (1972) and 

Chainpagne, Pao and Wygnanski (1973); the first three works relate to 

wall boundary layers and have been obtained after digitization of 

recorded samples of hot-wire signals; the last work deals with the mix 

ing layer and uses on-line digital sampling. 

'The status of knowledge on turbulence modelling has also shown 

progress in recent years. The increased use of digital computers led 

to the abandonment of integral methods in favour of methods that solve 

transport equations for properties related to the turbulent field. The 

first methods of the latter type used models that represented the tur- 

bulent field through one scale, the turbulent kinetic energy; examples 

of this type are Prandtl's (1945), Kolmogorov's (1942) and Bradshaw's 

(1967) models. Two equation models appeared which, in addition to the 

turbulent kinetic energy, solved a transport equation for another scale 

of turbulence; the various proposals for this scale differ in the com- 

bination of the turbulent kinetic energy and a length scale. A sumwry 

of these proposals can be found in Launder and Spalding (1972). Pro- 

posals for the closure on the transport equations for the individual 

components of the Reynolds stress tensor have been presented by Rotta 

(1951), Naot, Shavit and Wolfshtein (1973), Lumley and Khajeh-Nouri 

(1973) and LaunderReece and Rodi (1975). 

This section has provided a brief review of the work in the dif- 

ferent fields related to that presentedin this thesis. 
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1.3 Statement of Objectives 

In section 1.1, a list of the major objectives of zhe present 

work was provided. These are restated in this section,, which also 

provides relevant comments and gives an account of the intermediate 

problems related with each of the objectives. 

Objective no. I To perform measurements of mean velocity and Reynolds 

stresses in the co-axial jet system, in the presence 

and in the absence of swirl. 

To, achieve this objective, two main problems had to 

be solved: (a), to devise a method of analysis of hot-wire data that 

would allow the reduction of hot-wire informtion in flows of moderate- 

ly high turbulence intensity; and (b), to decide on a measurement pro, - 

cedure that would allow an accurate measuremant of mean velocity and 

Reynolds stresses in flows where the direction of the mean velocity 

vector is not known a priori. 

CbJective no 2 To devise measurement . techniques which would allow 

a more couplete statistical description of the tur- 

buient field. 

The quantities to be measured must be free from operator sub- 

jectivity and, therefore, the information is to be collected from hot- 

wire signals without the irposition of discriminatory conditions or 

levels. Furthermore, this information must relate to quantities that 

either have W satisfy transport equations or be related to scales of 

turbulence associated with physical processes which can be identified 

in those transport equations. 

The above conditions led to the choice of one- and two-dimensional 
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probability density distributions of fluctuating velocity as the quantities 

to be =asured. These quantities will allow. a statistical description 

of the turbulent field. 

Objective no. 3 To reassess the assumptions embodied in existing models 

of turbulence. 

The necessity to perform this task arose after it was found 

that there were grounds to believe that a pressure driven redistribution 

of the Reynolds stresses, involving solely turbulent interactions, did 

not exist in homogeneous flows. 

Ob ective no. 4 To develop a closure of the transport equation for 

the probability density distribution of velocity. 

A growing storage capacity and speed of digital computers, has 

resulted in a tendency to increase the level of closure in the hierarchy 

of one-point velocity correlations. Since this hierarchy is contained 

in the transport equation for the probability density distribution of 

velocity, a closure of this equation helps to maintain consistency of 

modelling assurptions. 

Objective no. 5, To perform calculations of the two flow configurations 

under considerationo using an existing turbulence model. 

This was chronologically the last task to be performed. Iýe 

decision as to what model and what calculation procedure to use had to 

be taken bearing in mind several aspects. 7be vmasurements carried out 

in the two flow configurations considered suggested that a correct cal- 

culation of the mean and turbulent fields would be a difficult task, even 

for a Reynolds stress closure. 7be incorporation of a closure of the trans- 

port equation for the probability density distributionof velocity in a 
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calculation procedure was however out of the question due to the mag- 

nitude of the task. Calculation procedures were already available both 

for parabolic and elliptic equations which incorporated Reynolds stress 

closures. Of these, the first was much more economical than the 

second, both in execution time and in storage requirements; but some fea- 

tures of the flow fields displayed in the measurements were not expected 

to be well represented by a parabolic procedure. However, since other 

features (viz., turbulent diffusion) led to the expectation that the 

main sources of discrepancy between experimental and calculated results 

would be associated with the model, rather than with the procedure, it 

was decided to follow the more economical alternative and use a para- 

bolic calculation procedure. 

1.4 Outline of the thesis 

7he remainder of the thesis consists of six Chapters and four 

appendices. 

In Chapter 2. the averaged transport equations relevant to the 

present work are introduced with the help of a probability approach. The 

Chapter also provides a survey of turbulence models and a detailed 

analysis of the Reynolds stress closure proposed by Laundert Reece and 

Ro& (1975), since this closure is incorporated In the procedure used 

for the calculation of mean and turbulent fields of the flow configýrations 

considered in the present work. The hypothesis of a purely turbulence 

driven redistribution and of an isotropic dissipation of energy are 

questioned. The remainder of the Chapter deals with the presentation 

of a closure on the transport equation for the probability density dis- 

tribution of velocity. 

Chapter 3 describes the experimental techniques, the instru- 
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mentaticn and the data processing used in the present work. A. discussion 

of the different methods of analysis of hot-wire data is incorporated, 

and a proposal for a method that is expected to deal with moderately 

high turbulence intensities is presented. The Chapter also includes 

descriptions of the different measurement techniques and of the calibra- 

tion procedures. 

The measurement techniques were first used in the self-preserving 

regions of a round jet; since a report and analysis of these measurements 

appeared elsewhere, these results are presented in Appendix 1. 

Chapter 4 describes the results obtained in the non-swirling 

co-axial jet. A discussion of the main icplications of these results 

for available turbulence models is also presented. 

Chapter 5 relates to the measurements in the swirling co-axial 

jet. 7be pattern followed in the presentation is similar to that adopt- 

ed in Chapter 4. Small differences from the format of presentation of 

the previous Chapter are a result of a conscious effort to avoid re- 

petition. 

Chapter 6 gives an account of the results obtained with a cal- 

culation procedure for the two configurations of Chapters 4 and 5. An 

analysis of the reasons for the discrepancies between calculated and 

measured results is incorporated in this Chapter. 

Chapter 7 sunnarizes the main conclusions pertaining to the 

different aspects of the work reported in previous Chapters. It aýso 

provides a list of suggestions for further work. 

There are four Appendices. The first, as already indicated, 

contains the measurements obtained in the self-preserving region of a 

round jet. In Appendix 11, some intermediate results# concerning the 

proposed method of analysis of hot-wire data, are reported. In Appendix III, 

the relevant software used for the on-line data acquisition is presented, 
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and is accompanied by a short description of how it is used and in- 

corporated into standard pr. ogramims already available. Appendix IV 

presents equations related with the calculation procedure. described in 

Chapter 5. 

0 

.0 
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Chapter 2- General Equations and Turbulence Models 

2.1 Introduction 

In this chapter, the averaged transport equations governing the 

statistical quantities that describe a turbulent flow'field'are introduced. 

A probability approach that contains the transport equations for all the 

one point velocity correlations is used and, as a consequence, the equations 

are derived from the transport equation for the one point probability 

density distribution of velocity, instead of the more familiar path using 

the Reynolds approach. Next, the problem of closure of the resulting 

hierarchies is considered. This includes an analysis of a proposal by 

Launder, Reece and Rodi (1975) for a closure that solves for the individ- 

ual components of the Reynolds stress tensor; the discussion raises doubts 

about the validity of the assumption of isotropic dissipation, but also 

shows that this assumption is redundant. -Finally a closure of the trans- 

port equation for the probability density distribution of velocity is 

proposed and is shown to contain Launder, Reece and Rodi's proposal; it 

can be considered as a basis for closures at any order of the hiewthy of the 

one point velocity correlation tensor. 

2.2 Transport equations 

A uniform property flow of a viscous fluid, in the absence of ex- 

ternal forces id described by the following forms of the continuity and 

Navier-Stokes equations: 

avi 
`0 axi (1) 

aulL au 11 ap 32u 

x. 
+u 7x- -ý 1; 5- +v 

xi x� ax i ax i 

where Ui is the instantaneous velocity vector and P is the instantaneous 
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pressure at location x and time t; p and v are the density and kine- 
I 

matic viscosity of the fluid. 7he solution of the above set of equations, 

i. e., the determination of relation of the type Ui-Ui (x, t) that satisfies 

(1) and (2) is dependent not only of the initial and boundary conditions 

but also of the ability of the flow field to absorb small instabilities., 

There are situations where steady boundary conditions do not mean the 

steady solution is the only solution, but one with a very low probability 

of occurrence. In real flows there are always small perturbations inside 

the field and it is its ability to cope with these instabilities that de- 

termines the nature of the solution. When the perturbations are not 

% 
damped, they will propagate and an unsteady solution for the velocity 

field arises. Experimental results show that, for every flow situation, 

there exists a critical value for the Reynolds number above which even 

infinitesimal perturbations will destroy the steady character of tho field. 

7be motion becomes r4ndom and the flow is known as turbulent. 

The uniqueness of a particular turbulent flow is not of practical 

concern. Interest is directed towards a knowledge of the statistical pro- 

perties of the cotion, as they represent the common features between two 

flows with the same geometric and dynamic characteristics. In a statis- 

tical context, the ensemble of velocities at a point is represented by 

its probability density distribution. Thus, it is necessary to derive 

relations reflecting the conditions (1) and (2) in terms of the probability 

density* distribution. This has been done by Lundgren (1967) . As the 

transport equation for the probability density distribution is intensively 

used in this Chapter, its derivation, based on Lundgren's (1967) approach, 

is presented next. 
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2.3 Transport equations in velocity space. Probability density 

distributions of velocity 

7be divergence of equation (2) and continuity lead to the equation: 

1a2p au au, 

- 
:a (4) P axiax, axi ax J, 

which, upon integration, yields; 

DU, 
m 

Du, 
n dxl 12ý7-x' 1 '; '; 

n 

where P is the pressure at point x. The pressure may be eliminated by 

substituting this result in -equation (2) 

i. e. 
a Ui a Ui au, au, 2 

+U-1a- [f Tmn dx 11 + v-! 
U' 

(6) at j ax 4n 3xi 2 
Xv 

A, -ýXl ax'n ax'm ax 

In order to introduce the probability density distribution, f(V, x, t), 

in equation (6), a formal relationship between thii quantity and the 

local velocity is required. If f(v, x, t)dv is the probability that the 

velocity U at x and t is contained in an interval of amplitude dy centred 

around v, f(v, x, t)is given by: 

f x, t) -<6t (X, t) - 

where 6 is the Dirac delta distribution defined by: 

a(U - V) -0 if UV 

(V) 6(U - v) dy - F(U) 

and <> denotes an enserble average. 
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Equation (7) shows that at a certain instant the probability den- 

sity of v is zero everywhere, except for v equal to the instantaneous 

local velocity, in which case it becomes infinite, but integrates to unity. 

Similarly, the two point joint ýrobability density distribution, i. e. the 

probability of the simultaneous occurrence of velocities v at x and vI 

at 11 is given by: 

(veyjz, x8 t) - (U (x, t) - v) 6 (U 9 Cxl�t) - ve» 

Relationship (10) can be extended to n points using the sama prin- 

ciples, i. e., a formal relationship of type (10) can be written# for the 

n point joint probability distributions 

fLvoxoe Z 
in) 

ei#! $# 1 
in) 

t) 

- <6(U(X, t)-z) acU8(X"t)-v, ) ... 6(u (n) (x (n) 
t) -v 

(n) )> (11) 

where f is a functionai of the spatial and temporal coordinates, x and t, 

and also of the velocity space, v. 

2.3.1 Formal properties of the probability density distributions 

Som of the properties of the f Is are discussed below and will be 

intensively used in section 2.5. 

a) Reduction property 

Upon integration over the velocity space, the distributions 

lower their order by one. 

f x, t) dv 
v 

f f(, Z, x, vl, xl, t)dvl- f(vgx. t) 

This is know as reduction property. 
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b) Separation property 

When two points are infinitely separated, the two distri- 

butions must be independent. Then, their joint probability dis- 

tribution -mat be the product of the single probability distri- 

butions at each point: 

Lim la-a, I -locof(v, xtvltxlot) - f(V, X, t) * f(vl, xl, t) 

. 
This is known as separation property. - 

c) Coincidence property 

For two points infinitesimally close, the instanteous velo- 

cities at the two points must coincidej their joint probability 

distribution can then be expressed as: 

Lim lx-xll-o, 0 
f(v, x, vl, xl, t) - f(V, X, t) 6(vl-v) 

Equation (15) shows that the probability of finding different 

velocities at the same time at two points infinitesimally 

close is zero. 

it is known as coincidence propertyl and it obeys the reduction 

property, as a result of (9): 

f f(v, x, tl 6(, xl-v) dv' - f(v-, Vx, t) f 6(vl-v) dvl - f(v, x, t) (16) 
vo Vs 

% 

d) Divergence property 

Making u3eof equation (9)0 Ui can be written as: 

Ui-fvi d(U-v) dv 
v 

Taking its divergence, it becomes: 

I 

(17) 

0m! -Ui .a[, V, 6 (U-v) dvl ax I ai 
ve 
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Ensemble averaging: 

0m( 
au au af 

vj. f (V x t) AV axi , X, X, 

This is called the divergence property for the one point distribu- 

tionj the extension to the two point distribution is i=ediate: 

Multiplying each te= of (18) by 6(U'-v') and ensemble 

averaging: 

0fvi f(V, x, V', x', t) dv (20) 

Relationships (19) and (20) are two of the forms assi, d 

by continuity when applied to the probability density distributions. 

0 

Other conditions that the distributions must satisfy include: 

The density of occurrence of infinite values for any velocity 

component is zero: 

Lim f- 
IVI * go 

(21) 

The distributions must tend to zero at a faster rate than the 

inverse of any power of v, otherwise,, infinite moments for 

the distribution would exist: 

Lim 111' f-0 for any n (22) 
IVI -6.40 

2.3.2 Transport equation for the one-point 12robability density distribution 

The above outlined properties allow the derivation of an equation 

for the one-point probability density distribution, 
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Noting that: 

aa au im (R -- Yj 
-5-t (V, X, t) - wt <6 (u N" t) -v)> -< -ý at a V, 

>0 (23) 

equation (6) can be multiplied by 2ý- 
and ensemble averaged to yield: av, 

a f(V, X, t) +U 3ui as > 

It --i 3xj "57, 

2. 
au, au, 

n*Mýu1 36 (24) 
ar-, 

1 

<f 1 
_] m CLX 80< v- Wir 

x@ lf 7x 1 ax'n ax 
2 

1-i 
-X� - W-m 

avi> i 
Dvi 

The different terms in (24) can be reduced to forms involving 

the probability density distributions. 

a) Convective term 

The independence between x and v allows-. 

.I 

T a<- U 
au 

i asd! - yj 
><u 

a(u 
i- vi) 

C jax i 
av, 5 ax 

i a(ui-vi) 

<u 
as( 

j ax 

Applying continuity: 

<U (U-V) > 
axi j 

and noting that U, 6 (U-v) - v, 6 (U-v) : 

f (V, X, t) (25) 
c ax, 

Ivi I 

b) Pressure term: 

Independence of x and x' allows: 
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aul au, 
Tm dxl *a8 

(R7-v) 
I- 47r T-x, 'Exi T2 ý -1 -il 

Inm 
IV, 

faIIaa)> dxl 41r ; v-j Wr -5=x. 4 UMN612-V 
mn 

Noting that 

utus M. f vlvl 4(Ul-vl) dvl 
mn Vj . za n 

and 

6(u! -vl) 6(u-v)> - f(vol"VoIX14,01 

T. 1a3133 [vlv' f(V, X, V',. h, t dxldvl f 77 mn--- m pr "-x, 
ma xn' «, vi x. eve (26) 

c) Viscous term: 

This term can be reexpressed in the following way: 

TV - 

?U 
(R-Y) 

; ý. .-v 
-a- 

< Lim 
2- 

[U, 16 (U-A 
ax 2aV, 1,7VT 

0aX; 
2 

i 

LIzing the same procedure as for. the pressure term,, it yieldst 

TVa Lim 32 
2f Vil f(v, x, j', xVt) dv' (27) 

v -v 
I-x . 0.0 Ve X; 

When (25), (26) and (27) are substituted in equation (25), there 

results: 
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f (-V, I, t) + vi af (V. X. t) 
at ax i 

X$, Vl 
V; VA f (V, x, v, x; t) dx dv' av, 

mn 

t) dy' (28) f vi f(-vtltX'PX 
avi 

1 

lg x1 -> 0 ýx3 V01 

Equation (28) represents' the conditions implied by continuity and 

Navier-Stokes equations over the one-point probability density distribution 

(p. d. d. ). The first term on the LHS, that will be referred to as Tt,,. -e- 

presents the time dependence of the one point p. d. d.; for a steady flow 

(in the sense that the statistical properties are not time dependent), it 

will be zero. The second term on the UIS, Te, is a result of the original 

convective term, where the velocity'a appears substituted by the independ- 

ent variable v; this fact yields a linear behaviour for this term, as 

opposed to the non-linear character of its equivalent in the Navier-Stokesý 

equations. The first term on the RHS, Tp, represents the influence of 

the pressure field over the one-point p. d. d.: it involves the two-point 

joint p. d. d., therefore the pressure links the local behaviour with ý 

finite region surrounding the point. It will be seen shortly (section 2.1s) 

how to use phenomenological concepts in dealing with its meaning. The 

second term on the RHS, Tv, represents the effect of the viscous fieldi 

its influence is determined by the behaviour of the two-point joint p. d. d. 

in the immediate neighbourhood of the point. 

The equation involves two unknowns: f(v, x, t) and f(v.. E,. M', x', t); 

there is one more unknown than the nurber of equations. An equation for 

f(v,. a, vl, xl, t) is, therefore, necessary, and it can be derived in a simi- 

lar way as for f(v, xt). However, this equation will introduce the three- 

point joint p. d. d. through the pressure and viscous terms and no matter 

how many transport equations are written, each equation will introduce 



- 28 - 

a new unknown. 7he set is, therefore, not closed. in section 2.5, this 

problem will be dealt with. First, however, some of the pro-? erties of 

equation (28) will be analysed. 

23.3 Time average transport equations for velocity correlations 

Equation (28) contains the transport equations for all the one 

point velocity correlations; this can be proved by showing that the know- 

ledge of the one-point p. d. d. is e4uivalent to the knowledge of all its 

statistical moments, i. e., the one-point velocity correlations. 

First, the uniqueness of the Fourier transform ensures that the 

knowledge of the one-point p. d. d. is equivalent to the knowledge of its 

Fourier transform, g(ý, x, Q: 

f exp(iý ivi) f(v, x, t) dv 
v 

From (29) it is evident that 

a91 
in vivj... vq exp(iýivt) f(v, xt) dy 

Ve 

and, at the origin, P-0: 

an9 
at, 3yj'* w Uju J9006 uIi 

(29) 

(30) 

(31) 

Now, if g is represented by its Taylor expansion around 

a* 
t) .nr0nq) ULU i--.., q n! 

(32) 

The quantity UiUj.... U9 is the n 
th 

order one point velocity correlation 

tensor. Then g is known provided that all the one point correlations are 
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known, and so will be f. This result allows the extension of the con- 

cept of homogeneity to the probability density distributions and will be 

used later in section 2.4. 

Next, transport equations for the one point correlations up to 

the second order will be derived. 

a) Continuity equation 

This equation can be seýn as the transport equation for the 

zero 
th 

order moment of f(v, x, t). Integrating every term in (28) 

over the space of velocities Vt there results: 

Time dependent term: 

f Tt (ýV maff tv, X, t) dv -a (1) -0 
v- 

at 
v 

ut 

Convective term: 

3-' f Tý 1. v - -L- f vj f (v, x, t) dv -u 
vý xi x---axjj 

Pressure term: 

fT dy 
vP 

=I- fIaa VIVI 
ý-x 

ý-Xq ( Jr fff af ýX] ý. v') dx' 41r 
mn VI mn[v ývi 

6 

f 

Starting the integration over V by the i component: 
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f TP 

v 

VIV 08 ý-, r -X. 
V, = 

'n f dv dv dv' ) dx' 
v. 

X1 3xý 3x"n 
Vý 

[f vi 
kL Vk # Vt vi 

where kik. The impossibility of non zero probýbilLty 

density for infinite velocity (eq. 21) irplies that the integrand 

is zero. Thus 
If 1, 

viý 

fT 4kv M0 
VP 

-Viscous term: 

TV dv VILm 
32 f 

vi 
af 

dy dyl 0 
v 12E I-XI -I. o ax, 

2 V, 
ve 

for the same reasons as for the pressure term. 

Thus upon integration over V, equation (28) yields: 

ýi 

in 0 (33) 
. ax, 

.0- 

This is the time averaged continuity equation for the uniform 

property case. 

S 

b) Transport equations for the mean momentum. 

, These equations can be derived by multiplying every term in 

(28) by v and integrating over Vs k 
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Time dependent term:. 

rUk 
f VkTt 4kv- at 

r vk f (v X't) LVI 
at v. 

Iv 

Convection term: 

jr VkTc Lv - -2- fvkvIf (v, x, t) dv 
v axj v 

ZUk 
u ax UkUj iii 

ax Bx k'uj 
iii. 

Pressure term: 

v k Tp OýV- "' f 
4 ir x -IE axe Vkv'v' dy dy' dx' axe mn avi 

V l' m n ,V 

4jr 
X$ 

[-at; 
TEý ---x ax; axe II f f. v kvm'vn' f) 

n V, V 
-- 

VIVI fý Cýv qv' ) dx' Lk mn . _ 

[_2 1 
11 

3a-- (UIUI + ulul) dx' 411 
xf ýxk 3xm 3xn' mnmn 

0 

0 
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Viscous te=*. 

f viv ILV --vx ILM 
9- 

Z2ff 
v' v 

2-f dv el 

12E x1 -> 0[ ax; vle ,, vi 
32 1 

v; f) 
- 

e- -vLim ff (vi kf v 2v -3, vý 
' -v 

lz 4- KI-: 0[ axý YI- 
1 

2 axi 

Thus,, for the first moment, equation (28) becomes: I 

a-a2 ýc Uk 
+v (34) at .+ 'ai 

axi 3 xj 
(Ukuj 

P axk ax 12 

This is the form the Navier-Stokes i. -quations assume when expressed 

in term of time averaged velocities. The lack of closure is here 

reflected through the gradient of the Reynolds stress tensoro Uku j. 

c) Transport equations for the Reynolds stress tensor 

The Reynolds stress tensor can be expressed ass 

Ukut 

Thus, multiplying equation (28) by (vkZj (vt -UP and in. tegrating over 

ý, -the transport equation for the Reynolds stress tensor must emerges 
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. Time dependent term: 

(vk - Uk) (vt - Ut) Tt iýv - Tt f (vk (Vt - 
'6t) f (v, x, t) dv 

vv 

a 
WILUX) Wt 

Convective term: 

v dy v Uk) (vt -'Ut) (vjf)dv 
k Uk) (vt- Ut) 7p k ax 

vv10 

ut 

ax ax i 
Nuej) + 

Cutuj 
ý-xj + Ukuj ax 

i 

Pressure term: 

vTv N Uk) t Ut) 
p V. 

axý 

VIV, 
3f 

dv I dv ) 4x 
mn 

(vt - Ut) N- Uk) ýv. 
VOZ' i 

x- 
+2 ax 

lax, 
ax, 

1 Zm i IM 1mn 

(ue'u' + 2Z-WU" dx' 
mnm n'6ik) 
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Viscous term: 

(v -) tim -2L ffV, f - Uk (vt -u kVTv 4-V 'o 
ILC, -X-I-* o ax 2 vtv i 

I(vt 
- -Ut)6ik +N- ýd U qv dv' 

a Uk Z Ut 2auZ 

ut. -? + uk 2 -- V 
a-2(ukuf) 

2 
Duk 

xj ax 
ixj', 

--xi , -xi 

1 

! Thus, the transport equation for the Reynolds stresses tensor reads: 

rUk rut 
Uu+ Uj 

kt -ý-Xj u I-xjuk tuj (u tu, ýxj+ ukuj 'ý-xj) 

0 

X, ukulul + 2tikuýU1) 6,1 + 
n 41r mn 

3- IC- 
n x x, m 

luo + 2u--&-u-'U') 6 dx' +Va2- 2v 
3uk 3u t 

(35) 
xj 

Uem nmn Lk ý-2 Ukut I-xi ax 
i 

7be L. H. S. of (35) is the derivative following the mean motion of the 

tensor. On the R. H. S., the first term contributes to the local value of 

the stress tensor whenever the third order correlation tensor has a non-zero 

gradient: it represents a turbulent diffusion. The second term on the 

R. H. S. of (35) is a source term, resulting from the interaction of the ten- 

sor with the local rate of strain. Both these terms were originated in 

the convective term of the transport equation (28). 
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The voli integral in (35) had its origin in the pressure term 

of (28). Mien reexpressed in terms of the pressure it reads: 

't 
- Ut) T dv tik Ut f (v 

ve 
kk ZP 

+ -L(PUt) 1+ Fl( 
5uk ýu Z 

3 xt p axk Pp+ 

+2 uku'U') dx 7-r ' 
x x'(ukum'un' mn- xe mn 

313Z +f Cu-� u -lu 1+2 =tu' d x' Zmn a axk 
X' 

12-11 axm 

5. ý -w(ukulul + 2ukuWý) 
xf pi--ýX-j 

B; 
z xmnmn 

6 

qX4 (36) axm' axn' (ueýuý +2 Ue; nj - 

The two first integrals in the R. II. S. of (36) vanish whenever 

the integrals over XI are constant; thus, they can be interpreted as a 

diffusion induced by the pressurej the last term contracts to zero, because 

of continuityl it has no overall contribution to ukuk; it can therefore 

be seen as redistributive between the different components of the stress 

tensor. 

Returning to the remaining terms in equation (35), both of these 

are viscosity dependent: the first has the form of a viscous diffusion, 

while the second is a source that, upon contraction, is intrinsecally 

negatives it represents a dissipation of the stress. 
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2.4 The problem of closure in theaveraged equations 

In section 2.3, it was shown that when the Navier-Stokes equations 

are averaged, an infinite hierarchy of equations emerges. Thus some 

kind of hypotheses have to be formulated and expressed mathematically 

in order to effect a closure at some finite order. Usually, any closure 

hypothesis stems from some kind of physical reasoning involving observ- 

able properties of the turbulent motion; Thus, they are of a phenowen- 

ological type. However in some cases, formal closures have been proposed, 

e. g. Lundgren , 1971. In this section only phenomenological closures 

are dealt with; they will be one-point closures, in the sense that the 

properties to be modelled are assu d to be locally determined, e. g. they 

are assil d not to depend on their boundary values; the remote field 

influence can only appear through values of the lower order non-modelled 

quantities. in theremainder of this Chapter, a resumg; of available one- 

point closures and the hierarchy of transport equations for the one-point 

velocity correlations is presented, followed by a proposal of a one-point 

closure upon the transport equation for the probability density distri- 

bution function. 

2.4.1 Resli ' of one point closuresupon the hierarchy of velocity 

correlations 

The most fequently used one point closures act upon the hieraichy 

of equations for the time averaged one point velocity correlations. rirst 

order closures deal with the gradient of the Reynolds stress tensor in 

the mean momentum equations. 7bey involve a "turbulent viscosity" hypo- 

thesis, in which a relationship between stress and strain of the same for- 

mal type as for a viscous fluid is used. This implies thaý the modelling 

is applied to situations where the relationship between the two tensors 
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can be represented by a scalars this is the case whenever the influence 

of one component of each tensor overshadows all the other influences, e. g.,, 

most boundary layer flows, where the only significant stress gradient 

refers to the Reynolds shear stress and the only significant strain is 

the cross stream gradient of the mean velocity. This class of model in- 

cludes Boussinesq's (1877) eddy viscosity.,, Prandtlls(1925) mixing length 

and Von Karman(1930) similarity hypotheses. Second order closures can 

involve the solution of a variable number of equations; this is linked 

with the fact that several transport equat ions exist for the second order 

one-point correlations or related quantities. Some of these closures still 

keep the concept of "turbulent viscosity% assumed to be the product of 

two scales characteristic of the turbulent motion# a velocity and a length 

scales. The increased generality stems from the allowance for the quantity 

to be dependent on some local properties of the turbulent field. The lower 

level closures of this type include the solution of a modelled form of 

the transport equation for the turbulent kinetic energy (this quantity can 

be looked at as the trace of the second order one point velocity correlation 

tensor)i Prandtl's 1945 model falls in this class. The characteristic 

velocity is taken as the square root of the turbulent kinetic energy and 

the length scale is prescribed algebraically. Kolmagorov's (1942) model 

is similar to Prandtl's, but the length scale is identified with the ratio 

between a characteristic velocity of the turbulent flow field (k 1/2 ) and 

a characteristic frequency of the energy containing motions. Bradshawls 

(1967) model also solves for the turbulent kinetic energy and uses an alge- 

braic relationship between this quantity and the Reynolds shear stress. 

All these models include assurptions that account for the unknown quantities 

in the transport equation for the turbulent kinetic energy; this equation 

contains third order diffusion, second order production, and dissipation 

W. 



- 38 - 

terms that need to be modelled. Typical ways of modelling these terms 

are described below. 

a) Diffusion can be modelled through a gradient type assurption, 

that makes use of the "eddy viscositya and Prandtl number concepts,, e. g. 

Launder and Spalding (1972). Another alternative Iput forward by Bradshaw, 

Ferriwand Atwell (1967) is to assu the turbulent transport or "diffusion" 

to be mainly due to the transport by large scales, thus seen as the 

product of the quantity times a veloc ity characteristic of these scales. 

b) Production, being a product between stress and strain is dealt 

with in a manner consistent with the modelling of the stress in the mean 

momentum equations. 

c) Dissipation is modelled on the basis that it c>ccurs at very 

small length scales, and at a rate controlled by the rate of production 

of these small scales. This production is then assumed to be dependent 

only on the total amount of turbulent kinetic energy and on a characteristic 

life time of the turbulence; this time scale is taken as proportional 

to the ratio between a characteristic velocity (k 1/2 ) and a characteristic 

length (mixing length, t). 

Other seccnd order closures use two transport equations for quantities 

that represent the characteristics of the turbulent fielde The concept 

of '"turbulent viscosity* is still preserved, but both parameters appear- 

ing in its constitutive relationship are determined through transport 

equations. Then# there is no need to prescribe beforehand any of the 

parameters. Probably the most successful of the two equation models is 

the k-c model proposed by Jones (1971); it uses the extra equation to 

solve for the dissipation of turbulent kinetic energy, CI tho physical 

modelling of dLssipation used in the kinetic energy equatipn allows the 

length scale to be expressed as a function of k and C. 

Itanjalic (1970) proposed a three equation model of turbulence 
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solving for k, c and the Reynolds shear stress, 7v. Although the model 

dispenses with the turbulent viscosity hypothesis, the need to solve for 

k and c stems from their appearance in the modelled terms of the `uv equation. 

Second order closures for the set of equations that govern the 

transport c5f the Reynolds stress tensor have been proposed, among others, 

by Rotta (1951), Naot, Shavit and Wolfshtein (1972), Lumley and Khajeh - 

Nouri (1973) and Launder, Reece and Rodi (1975). As this last model was 

used in the present work, a brief description and an analysis of the basic 

fnatures of the model is given next. 

2.4.2 The Launder. Reece and Rodiproposal for a closure in the Reynolds 

stress egMations 

Equation (35) shows that the equation for the Reynolds stress ten- 

sor involves higher order quantities in the diffusion, redistribution 

and dissipation terms. 

a) Diffusion has three different sources of which only the viscous 

part does not need further treatment. Of the other two# the turbulent 

diffusion introduces the third order velocity correlation and the pres- 
0 

sure induced diffusion involves an integral representing the influence of 

the far field on the local value. Launder, Reece and Rodi model the 

third order correlation through a simplification of the transport equation 

for the third order tensor, and propose the following relationship:, 

1-u -. u. tu 
7Uk 

j- 
ru 

iuu 
Tý zu-£ 1 

(37) ukuej »- '0 17. + ue. -ýý +im -'Wx- 
mmm 

The pressure induced diffusion is not modelled by these workersp 

its effect can either be assumed to have been neglected or included in 

the value of the parameter ca. This last viewpoint would mean that the 



- 40- 

pressure induced diffusion is modelled in the same way As the turbulent 

diffusion. Equation (37) translates anal-ytically the authors' irpres- 

sion that the skewness of the probability density distribuiLion is assoc- 

iated with the local value of its second order moments and with their 

gradients. 

b) Sedistribution has its origin in the pressure effects. When 

expressed in terms of the velocity and turbulent f ield through the 

Poisson's equation, the term can be split into two contributions, stem- 

ming f rom long range inf luences (equation 36) : one solely due to the tur- 

bulent. field and anotherdue to an interaction between the turbulent and 

the strain fields. 
.0 

, he first of these contributions is dealt with by Rotta (1951)1 

V using purely qualitative arguments, Rotta proposes that the term reflects 

a tendency towards isotropy: this tendency is assumed to be linear with 

the deviation from isotropy and is expressed as: 

1 ! )+. - 
3 

(U A) 3 dxl - - 

Z, -r-f. 1 13 12 (blau t 'Z* lK 0 'ýx 1 axý a xn' axZ xk 

(-ukut - -1 k 1T3 
6kt. ) (38) 

The multiplicative factor is. proportional to the inverse of a 

characteristic life time of turbulence. Lamder, Reece and Rodi equate 

this time scale to k/C. 

The second contribution in equation (36) is modelled on the 

assumption of homogeneity. As Rotta (1951) points out, under these 

circumstances, the term reduces exactly to: 

t 211 x le 20 -ä=x- Ti (7m'un' a xk ur ixt dxl tum n 
' X m n m n 
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u 32g-, 1 
Zu 

n(Zmt muk dr (39) 
dx 

f 
'-dr. dr + =r 

mRnt rn)! 
ýr 

where rB xl-x is the separation vector between the local point and 

the current point, xI , in space. Hanjalic and Launder modelled the 

RM of (39) based on the assumption that the integral over R is a linear 

form of the Reynolds stress tensor. Under this hypothesis, and after 

the constraints icposed by symmetry, continuity and homogeneity are 

applied, the relationship between equation (39) and the stress and strain 

tensors is defined at less than one parametert 

au a2 ul U 1nf(m 
271 ax 

mR 
3rkar 

n 

2- 
ul Muk dr 

3rer 
nr 

c+ au 2t 
3u 

k 2- 
ru 

M- Ei 61- Ukum -ax + uem 157 - _S umun - ax kt 
mmn 

30c ail 
2- 5a Uk a ut 8c 2-2M au 

M 
110 ++ 11 Uk um -xt +ueM axk - 

2- 
Ou 

(40) YU mun '5xm kt 
n 

It must be pointed out that whatever the multilinear form usýd 

to represent the relationship between the integral term in equation (39) 

and the Reynolds stress tensor, result (40) will always emerges Equation 

(40) can be seen as a first order approximation of the pressure induced, 

long range interaction between the turbul; nt and strain fields. The uni- 

versality of C2 can also be discussed: its spatial behaviour is dependent 

0 
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on the spatial behaviour of the fourth order tensort 

2- 2 
Ulu Rmi mi fIm 1dr 

n dr at, 2w Rr 
artar 

iRr Briar i- 

(41) 

Relation (41) shows that provided the two point correlation, after nor- 

malization by its value at the origin (r-o), can be expressed as the 

product of a universal function times a macro length scale, c 2* is uni- 

versal. in other words c2 is constant whenever the two point correlation 

tensor can be expressed by a universal tensorial function times a length 

scale. This condition does not seem to be very restrictive, at least 

for flow fields remote from solid boundaries. 

At this stage it is convenient to attempt a physical interpre- 

tation of these last two results. This can be probably best achieved 

if done on the light of the scales associated with the turbulent motion. 

For this purpose, it is convenient to write the transport equation for 

the correlation UiUj in wave number space in a homogeneous flow fieldl 

No generality will be lost by dealing with UiU i instead of the Reynolds 

stress, ui uj, as the latter can be identified with UiUj * if the be- 

haviour at zero wave number is cmitted. Following Batchelor (1953). 

the equation reads: 

tE* 
2a M-TW+ RI W- 2v kE (k) (42) at 

Ei i (k) is the spectral density of energy for the stress UiU j 

at wave number k. T*, (k) represents the effects of the inertia terms i- 

and satisfies the condition of: 

a f Ti*j dýý W -r- UjUjU (43) 
Kxmm 
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Using the homogeneity assumption: 

f Ti* 
K 

(44) 

This relation shows that the effect of the inertia terms is solely to 

transfer energy in wave nu=ber space, without effect on the total level 

of energy for the component UiU JO 

. R* ij has its origin in the pressure effects and, upon integration 

over k yields exactly: 

apu 
1ci- J) C45) ax ax 

that can be non-zero: However, upon contraction, it becomes: 

1 

(IPU, - 
Dpui 

o z- (46) 
a xi. ax 

Thus, the term redistributes energy between the different components of 

the tensor UiUj but does not affect the overall contents of energy, UiU 

This is the term that represents in wave number space the two redistri- 

butLvo terms in equation (36). 

7he last term, -21k 
2 E* (k),, is always a negative quantity, because ii 

E*,, being a density of energy cannot be negative. It is then a dissipative i 

term, and, being proportional to k 2, it is expected that its influence is 

dominant at high wave nu=bers or, what is equivalent, at small length 

scales. 

Returning to equation (44), it can be seen that if the integral is 

zero T*j changes sign at some finite wave number. This can be visualised i 

as follows: 
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it is expected that the energy transfer through the wave number 

space is more or less continuousl this translates the idea that tur- 

bulence enters the flow through big scales that break down into smaller 

scales, or in other words there is a "cascade" down the scale sizes 

(the "more or less" used in the last sentence being associated with the 

"leakiness" of the cascade). At the upper wave number region of the 

spectrum, the sink term represented by dissipation implies that the net 

transfer of energy is positive. Thus, it can be expected that at the low- 

er end the net transfer of energy is negative; and that a region at in- 

termediate wave numbers exists where the net transfer is zerol this is 

therefore# a region in dynamic equilibrium, where the influx of energy 

from lower wave numbers equals its net flux towards the higher wave numbers. 

This region is commonly named the inertial subrange and can be seen as 

corresponding to scales too small to be affected by the mean flow grad- 

ients and too high to suffer the effects of the viscosity. 

The connection between the co, ntsabout the spectrum E* and ij 

the redistributive terms in the Reynolds stresses equation can now be 

seen. If the Fourier transform of the Poisson's equation for pressure 

is taken, a relationship between the processes of energy redistribution 

and transfer emerges (see Batchelor, 1953): 

k2 (k) -- 
[keiTIj (k) + kejTj* Ri* i--t (hu (47) 

. 

This equation shows that in the inertial subrange, where T ij (k) - 0, 

the redistribution is also zero, as J! Ej will always be finite in this 

region. 

Recollecting the modelling of this quantity in the Reynolds stresses 

equations, it can be seen that two terms emerged: one modelled by equation 

0 
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(40) translating an interaction between turbulence and the mean flow, 

that can be associated with an effect upon the big scales of the motiona 

another, modelled by equation (38) that is unaware of the rMan flow 

gradients, thas probably with its influence located in the inertial sub- 

range (the other alternative would be to pertain to the dissipative 

scales of the motion, but this would collide with the origin of the term, 

that is a spatial volume integral), As phenomenological arguments have 

been used, with support to justify that no redistribution occurs in 

the inertial subrange, it seems 21ausible to expect that the contribution 

to redistribution due solely to turbulence and expressed by equation (38) 

does not exist in a homogeneous situation. 

One of the interesting consequences of this result is that if 

0 
anisýropy is present at the lower wave number end of the inertial sub- 

range, the anisotropy will be passed unaltered to the dissipation range, 

thus implying a non-isotropic dissipation. As will be shown later in 

the next section a term similar in form and magnitude to the RHS of 

equation (38) can be associated with the occurrence of non-isotropic 

dissipation; this term would explain the levels for the Reynolds stresses 

reported experimentally in homogeneous flows. 

Another irplication of the result reflects upon vorticity. As 

will be explained in the next paragraph the process of transfer of energy 

towards higher vortLcities will be associated mainly with a stretching 

of the vortices without cocplete loss of directional characteristics. 

The modelling of redLstribution used by Launder, Reece and Rodi 

will be retained, therefore, since the above discussion relates to a 

difference of opinion about the origin of one of the redistributive terms 

rather than to a different form of mc4alling. 

c) Dissipation is dealt with by Launder, Reece and Rodi in a two 

stage approach. First a model is used in order to express the dissipation 

0 
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of individual components of the Reynolds stress tensor as a function of 

the dissipation of turbulent kinetic energy. Secondly, a modelled trans- 

port equation is evolved for the latter. Due to the complexity of the 

physical processes involved, an analysis of the dissipation of turbulent 

kinetic energy must precede the presentation of the model. One of the 

most suitable ways of achieving this end is to use the transport equation 

for the vorticity fluctuations, supported by the fact that at high 

Reynolds number, dissipation can be taken as proportional to vorticity: 

P- t! 'v TiT, (48) 

The derivation of such an equation can be found in Tennekes and 

Lumley (1972) and reads, for high Reynolds numbers: 

a: c 

axi 

1a (u 
1-ix-j iwiwi) 

fl) 
-v 

-1 -(ji 

ax i ax i ax i 
(49) 

In this equation the viscous diffusive term, together with a 

production term involving the fluctuating strain rate and the mean and 

fluctuating vorticities are neglected on the grounds that their influence 

becomes negligible as the turbulent Reynolds number increases. 

on the MIS of equation (49), the first term has the form of ý 

turbulent diffusion. The second term is a source that results from the 

interaction between the vorticity and the fluctuating rate of strain. 

The third is also a source and represents an interaction between the riean 

flow and the fluctuating vorticityl the last term is viscosity dependent 

and, because of its square form, is always negative; it is therefore a 

dissipative term. 

au au 
W L) i+ : a) . 4, iý ax i ax i 
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An idea of the order of magnitude of some of the terms in equation 

(49) can be obtainedt if a situation occurs where the turbulence is 

in local equilibrium (i. e., the -production and dissipation of turbulent 

kinetic energy are locally balanced) , no transport of dissipation or 

vor, ticity will occur. Equation (49) reduces to: 

ZU, au i) 
+ 

Dui zu Dwi Dwj 
'w (- +(-+ ýý4 v ax ax (50) ii ax i axi ýx 

j axi -ii 

7be analysis of this equation shows that the MIS is associated 

with small scales and will always be positive. On-the LHS, the first 

term is the only quantity that involves exclusively small scalesl 

the second term is an interaction between these scales and the mean 

flow, therefore it has not an inbuilt ability to react i=rjediately to 

changes occurring in the range of small scales. This leaves the first 

term on the XKS to try to balance the RHS; thus it will be also gen- 

erally positive and its effect is to counterbalance the viscous dissi- 

pation of vorticity; it is a positive source of vort-icity and can be 

seen as a stretching of the turbulent vorticesi this is consistent with 

the expected result that the break down in size of the eddies must cor- 

respond to an increase in vorticity, if angular momentum is to be con- 

served. As the vortex filaments reach a certain level of vorticity, 

this, coupled with their physical size makes them vulnerable to viscous 

effects: they loose their vorticity and individuality, being then ab- 

sorbed by the mean flow. 

This leads to the expectation that the stretching and viscous 

dissipation of the vortices try to balance each other; but if the cor- 

rective effect by any of these terms takes too long, when a new equili- 

brLum is expected to be reached, the characteristics of the small scale 

motion had already changed, therefore, the dynamics of the motion pro- 

; 11 
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duces a non-zero difference between the two terms; these can be seen 

as two big quantities with a small difference. This led Lumley and 

Khajeh -Nouri (1973) to suggest that the difference between the two 

terms should be modelled, instead of each term individually. 

in the light of the above analysis, the modelling of dissipation 

by Launder, Reece and Rodi can now be dLscussed. 

7bese authors believe that the dissipative scales are isotropicl 

then they model the dissipative term in equation (35) as: 

2V 
Ut 2 C6, kt ax i ax J, 

1 kt 

where C is the dissipation of turbulent kinetic energy 

Before presenting a modelled form for the transport equation for 

C, it is interesting to see what would be the form for c ij if non-isotropic 

dissipation was assumed; in this case, a general linear form for C kt '51 

c k6kt) + C2 lC6kt (52) 
kt " Cl 'kl: (13iut - '31 

but, because C kk =- 2C, 

S(Z; u7t - -1 kkt) +Z cSkt (53) rkt w cl k33 

In this equation the first tem is the same as the redistributive 

termattributed to pressure effects by Rotta (1951), provided that the 

constants appearing in both terms are equall as these constants are 

determined on the basis of the measured values for the Reynolds stresses 

in homogeneous flow, the two final forms become indistinguishable. 
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The equation for e can be obtained from equation (491 through 

multiplication by v and use of relation (48) . The turbulent transport 

is mc4elled in the usual way as a gradient driven diffusion: 

ce (1 =) j ', 't 
2 äx 

j 
uJwiwi uxj c axt (54) 

The difference between the vortex stretching and the viscous 

dissipation terms is modelled as: 

au au 2 aw 
i Dw i 

V wiwi (-alL +cCc (55) 
x i axi ax ia xi Cl W- CC2 k 

where P is the production of turbulent kinetic energy. 

The term involving the interaction of the fluctuating vorticity 

with the mean rate of strain is assumed to be zero, to be consistent 

wLth Jsotropic dLssipatLon: 

- 
au au, 

ca (56) axL3 ij ax 

Again, if dissipation is assumed non-isotropic, the contribution 

of this term can be shown to be included in (55)1 in this caset 

Bu 

auj ou, au Ni- (ýa +c su u(+2c Mp 1 (5 7) "OTJ 
axa1k13x1k i X, iiaX, 

therefore its influence can be assi d to be included in the constant 

c cl on the MIS of (55). 
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The modelled equation for C becomes, then: 

u C) c ý- 
(! ý ý& CP c2 (58) cc+cc1 -k -C2 -k 

The resulting modelled equation for the Reynolds stress tensor reads% 

- 
06 Ukut 

u CS C Yxi 

au u t 
Ukum 

m 

- 
ýuj;; 

+ Uem vs- x xm 

a Uk ut 
- +uu )+ Pkt 

im ax 
m 

c +8 30c -2 c2 '2- 
p 

aps 2 
týc I Ut 

-C 1 V(Ukut - -ik6kt) - 11 kt 3 kt) . 5.5 k(j. + yZ'-) 
t Nk 

8c 2 -2 22 
olct - -S P8kt kl 

(59) 

where: 
au a-u 

(60) 
u 

zý- Mm 

um ix- + Utum a ,t 
Xk 

lut. ruk 

kt w- ukum U-Xm +u tum 3-xm 

. The parameters of the model are determined as follows: 

*G by corputer optimization . 11 

*1 through the values of the Reynolds stresses in homogeneous 

flow 1.5 

*2 through the values of the Reynolds stresses in homogeneous 

flow . 4o 
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CC to be consistent with near wall values of dissipation . 15 

" Cl 
by computer optimization 1.45 

" c2 
through the values for the decay of grid generated 

turbulence 1.90 

In the next section# a closure on the transport equation for the 

probab.... ility density-distribution is proposed. The closure needs a trans- 

portequation for the dissipation of turbulent kinetic energy and involves 

the modelling of only one quantity; it will be shown that it contains 

Launder, Reece and Rodi's model as a particular case. 

Summary: A model proposed by Launder, Reece and RodL for a closure on 

the transport equations for the Reynolds stress tensor was presented and 

discussed. This model is based on the assumption, among others, that 

dissipation of turbulent kinetic energy is isotropic. It was also shown 

that there are grounds to doubt the validity of this assumption. However, 

it was demonstrated that for a closure at this level, the assumption is 

not necessary, as the complementary assumption yields the same final set 

of equations. 

2. S A Eroposed closure on the equation for the probability density 

distribution of velocity 

The relative spread and success of one-point closures, together 

with the tendency to bring the level of closure to higher orders suggests 

that a one-point closure on the transport equations for the p. d. d. should 

be tried. Such a closure would contain any closure based on the one point 

velocity correlations. Alternatively it allows a different type of approach 

to solving the equations for the time averaged one point, correlations: 
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the one-point p. d. d. can be represented to any order of its moments 

C-4 velocity correlations) by its Gram-Charlier approximation and this 

allows that an equation in probability space can be transfolmed into 

a number of transport equations for the coefficients of the approxi- 

mation. This point will be clarified in the end of this section. 

'The starting point for the search for a closure is equation(28), 

which will be rewritten in the form: 

.U 
(mlitt) + vi af (Z, X, t) 

at DXJ 

1aa1DD f 
xr 

f vlvl f(v, x, v1, xl, t)dvldxl - 
ixt 

Ejxi 
Ux: 2E mn vi mn 

tim a 
v! f(v, x, vl, xl, t)dvl (62) 2 k I-x I-). o ax; iV 

The analysis of the above equation shows that the two-point dis- 

tribution only appears in the integral forms of the type: 

I vI f(v, vl) dvI (63) 
n VI n 

i=f vlvlf(v, v') dv' (64) 
mn V, mn 

Maintaining the strategy to model unknown quantities, these two 

terms will be assumed to be locally determined, i. e., their local values 

are supposed not to be affected by their own transport. This will always 

be the case for homogeneous flow fields. In the present modelling, this 

assumption will be retained: the flow field is assumed to be homogenous 

in aregion where the integrals (63)'ýand (64) affect the transport equation 
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(62). Homogeneity is intended here to imply linear behaviour for mean 

velocities; as shown by equation (32), the unique relationship between 

the characteristic function and the probability density distribution im- 

plies that the one-point probability density distributions of the fluc- 

tuating velocity are, under this hypothesis, independent of x. For the 

two-point joint distributions of fluctuating velocities, it reduces the 

spatial dependence to the separation vector ra x-xl. Another immediate 

implication of homogeneity is that the two-point distributions have re- 

flexional symmetry: 

(65) 

where v*=- v-7U. 

In the remainder of this section, a closure based on a multilinear 

form for the unknown quantities is presented. The implications of homo- 

geneity are examined with respect to the pressure and viscous terms, 

followed by an analysis of the restrictions imposed by the same condition 

on the applicability of the model in 2.5.1. In 2.5.2 a multilinear re- 

lationship of known local quantities, linked with the unknown quantities, 

is formulated; this relationship is then made to satisfy the boundary 

conditions, continuity and homogeneity. The resulting expression is in- 

put to the pressure (2.5.3) and viscous (2.5.4) terms, yielding their 

final modelled forms. This is followed by a physical interpretation of 

the results which includes the version of the model for the fzeynolds stress 

transport equations. 

2.5.1 Inplications and validity of the homogeneity assumption 

The assumption of homogeneity does not restrict the generality 

of the viscous term appearing in equation (62), neither'does it change 
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its form, since'-the term only depends on the immediate neighbourhood of 

x. The form of the term under homogeneity is: 

2a 2-j 

-V Mm f v'* f (v* ,v dv'*l +Vn 
'äf (v*) 

v av* 2 
Vf* n2 av* 

n r+o Drt 
_a 

xy n 

(66) 

The implications for the pressure term can best be seen after rearrange- 

ment, to separate the effect of man pressure, i. e.: 

2- rau, au$ D U; A 
1mn f M) dxl 

dx, U7 Tx-zx- p 41r 
xi Lnmmn 

mil 
[lu, D M f-(f v'* f M, v dv dx' 

-. l. ax, a x' v' Xe *n 
- 

ýk 

nm 

x F7 
[T a2 (vl*vl* - ulu') f(v* qxl ý; ax v dvl 

Xi 
Xk 12ýý--XF] 

Mýý v 

(67) 

i) The first term on the RHS of this equation is taxactly: 

f ;pf (-V) 1 ýp T 
P1 pav 

(68) 
Vý Xk akP axk 

and represents the mean pressure influence on the transport equation 

for the probability density distribution; it does not need to be 

roodelled. 

ii)' The last term on the RHS, referred to as T 
p3' can be shown, under 

homogeneity to be identically zero: 

As said in 2.5, homogeneity allows the dependence on x or x' to 

be expressed in terms of r--= x- x'; this yields: 
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r2 J[I (vl* vl* - ulul ) f(v*, vl*)dvl* dr T 
p3 47T 

f 
3& 3ra 3r 

Vl* mnmn Rrmn 

(69) 

Due to the reflexional property of f(v*, vl*) the integral over V'* 

space is symmetric around r, and so is its second derivative, 

a2 /ar 
m 

ar 
n. 

Then the integrand of T 
p3 

becomes the product of a 

symmetric and an antisymmetric function (r. /r 3 ), which is anti- 

-symmetric; the integral over R is therefore zero. 

iii). There remains one term, T 
p2' 

th 
. 
at under homogeneity becomes: 

m T1mkfvf (v*, v qv dr (70) 
p2 2ff 3x 

n3 vi* R r: 
3 ar 

mI Vl* n 

The unknown quantity is the derivative of the integral over VI* 

of a function that involves the, two point distribution. However, 

by virtue of the separation and coincidence properties (equations 

14 and 15 in section.,; 2.3.1), the integral over VI* must satisfy 

the following conditions: 

I 
v'* f(v*, vl*) dvl* v* f(v*) for r=0 (71) 

Vj* nn 

ul f W) =0 for r+- (72) 
n- 

In physical terms, this quantity tends to zero with the inverse 

of the distance between the two points x and x', at a rate that 

is dependent on the size of the macro-length scale associated with 

the two point velocity correlations. As in equation (70) only 

its spatial derivative is used, and as it is expected a monotonic 

behaviour for the integral over V'* on R, the integrand of equation 

(70) must tend to zero at a faster rate than the RHS of equation (71). 
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Therefore the validity of homogeneity assumption is dependent 

on the size of the region where the spatial rate of variation of the two 

point correlations affects the value of equation (70). In flow regions 

remote from solid boundaries it is expected that the assumption is not 

too restrictive. 

2.5.2 Proposal fr the closure model 

The analysis of the unknown viscous and pressure contributions 

(equations 66 and 70) to the transport equation for the probability den- 

sity distribution shows the need to relate the quantity Qn, defined as: 

Qn =f v'* f(v*, v'*)dvl* 
V* n 

(73) 

with the known local properties of the flow field. Qn is obviously a 

function of r= x-xl; and, as equations (71) and (72) indicate, it is also 

expected to depend on v* and f(v*). Another quantity that is expected 

to influence the value of Qn is the gradient of f in the velocity space: 

a one-point distribution with a very narrow spread (high v-gradient) is 

associated with a higher rate of spatial variation of the quantity Q 
n' 

Based on these dependencies, a tensorial expression satisfying the di- 

mensionality of Qn can be written: 

af (V*) Qn : -- ant If (-V*)' + ýnpqr vq vi av* (74) 
p 

In this equation, ci a and ý 
npqr are only functions of the 

. 
separa- 

tion vector r; furthermore, the interchangeability of q and r implies 

that 0 
npqr ý Onprq* This yields the following general form for the two 

tensors: 

cc +A (75) 
nf- 2 -nrt 2 nZ r 
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and: AI -- .. 
A4 A 

rrrr+ -r r -7; -5 rr npqr r4npqrr2np qr +r2qr np 

,A6A7 
2 (r prq 

6nr + rprr6nq) + -2(rnr q6 pr +rnrr6 pq 
I 

rr 

A8 (6 
nr 

6 
pq 

+6 
nq 

6 
pr 

+A96 
np 

6 
qr 

(76) 

where AiIs are even 'functions of rEIr Relations (74) , (75) and (76) 

define the general form of the model, and, so far have not been subjected 

to the physical constraints. This is done next: 

i) Boundary conditions: these are expressed through the coin- 

cidence and separation properties of Q 
n* 

Applying these con- 

ditions, it is: 

A2ý1; Ai=0 for r=0 and i12 (77) 

Ai=0 for r -* cO (78) 

Furthermore, as the A's are even functions of r, all their 

odd derivatives at the origin will be zero; in particular: 

d1li 
__ =0 for r=0 (79) 
dr 

At infinity, the separation property also ensures that all the 

derivatives are zero: 

na Ci -i-0 
for r and for any integer n (80) 

dr n .1 
ii) Continuity: this condition can be applied to Qn under the form 

of equation (20). After differentiation of equation (74) with 

respect to rn, followed by the condition that the result must 

be independent of the values of. E, v*j f or Df/Dv*, the 
P 

following set of relations between the A's emerges: 
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d (-A +A +2A )= ýý(-A +A -2A jr- 356r356 

d (A +A -! (A +A +2A ); ý- 
(A +A -ý (A +A (81) Tr- 78r567 dr 49r46 

iii) Homogeneity: this condition is introduced through its im- 

plication over the two point velocity correlation tensor, 

R ij ; under this assumption: 

R ij- uiu i (r) =ui (-r)u 

(r) u 

R ji 

Using the identity: 

(82) 

Ri=I V* j ýV-* (83) i 
V* 

i 

to express equation (82) in terms of Q and substituting 

Q by its modelled form, the following relation between the 

A's emerges: 

A2 (A +A +A + 5A 
3457 

(84) 

Equations (77) to (81) and (84) represent the constraints to be 

satisfied by the coefficients Ai in order to obey coincidence, separation, 

continuity and homogeneity. These equations will be used in the algebraic 

manipulation as a means to obtain the final reduced forms of the pressure 

and viscous terms. 
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I 

2.5.3 The pressure term 

The modelled form of the pressure term can now be obtained; 

when the integral over V'* in equation (70) is substituted by its approxi- 

mation, represented by equation (74), the pressure influence becomes: 

Tu dr + 
If- V* rk ýOnpqr 

(85) {fv 
rk 

q. vrf3 -D rm drj 
p2 2 7r a)cn avk 

-tR 
r3 arm 

pRr 

el 

Substitution of the tensors any and ý 
npqr 

by their expressions 

(75) and (76), followed by the use of the conditions implied by separation, 

coincidence, continuity and homogeneity yields: 

T 
BUM 

V*v 
24 

fA3 dr 
P2 Tx-Z, ki i Dv* Dv* 35 r 

mnR 

V* 

2 
(ý4 

A3 
+v 

11 'dr 
+ i* 

m 35 fr 
avk* Dvn* 

R 

A3 
V*v - dr 

k n* ZvZav* 35 r 
m 

2A 
+ V*V* 

ýf L4 --3 dr -2+ mn Dv*av* 351 r5 kk 

+ v* 
Df (. ý24 A36A3 

35 - dr + 2) + v* (-26- f dr 
m avn* Rrn Zvm* 35 

Rr 

(86) 

Equation (86) represents the modelled form of the pressure term. 

The equation shows only one parameter, that is associated with a macro- 

length scale that characterizes the size of the spatial region where the 

velocities are correlated; the parameter is, therefore, expected to be 
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associated with the low wave number region of the spectrum of energy 

of the velocity fluctuations. For simplicity of notation, the para- 
1ý1 

meter will be represented henceforward by C2: 

A 
f3 dr (87) 2 35 
Rr 

It is appropriate, now, to derive the equivalent form of the 

result expressed through equation (86) for the transport equation of the 

Reynolds stress tensor; this can be obtained by multiplying equation 

(86) by v*vt and integrating over V: 13 

au 
vý7 T 

ui 
+ 

3) C-24 
jp2 ýv- (2a -x ax 2 

uk+-! uk2uk2 
uu (64C ++ cu, Tý 

a xj Juk 9xi Uk t '3 xy 2 

ZU 12Z Uk IUJ 
+i£6 ii) (8c + Uk 

Z x)c Xk 3. Z x£ 

(88) 

This equation contracts to zero and therefore its effect is 

purely redistributive of energy between the different components of the 

Reynolds stress tensor. It has the same form as proposed by Launder, 

Reece and Rodi. (1975) and by Naot, Shavit and Wolfshtein (1973). This 

should come as no surprise, bearing in mind the comments made in section 

2.4.2 concerning the redistribution of turbulence energy between the 

different components of the Reynolds stress tensor. obviously, the com- 

ments made there about the universality of the paraneter c2 are applic- 

able in full to the parameter C2 appearing in equation (88) . An interest- 

ing result is the fact that the part of energy redistribution attributed 
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by Rotta (19511 solely to turbulent interactions does not occur in this 

situation. It will soon be seen that a term similar to Rotta's appears 

associated with the viscous term. 

In the next section, the reduction of the remaining viscous 

term is achieved; and an analysis of the result is presented. 

2.5.4 The viscous term 

When the unknown part of the viscous contribution (equation 66) 

is expressed in terms of the model, equation (74), the following result 

emerges: 

v! f P-i'- 
2 
ant 

+ v*v* 
Lf t,. 

2 Onpqr 
(89) 

v2 Bv* 
n jr, 

2qr av* 3r 2 
_),. 0 

Brj ,I rl-* oi 

After calculation of the derivatives of the two tensors, Ota and ýnpqr 

equation (89) can be reduced through the use of the separation, coin- 

cidence, continuity and homogeneity to yield: 

T 10 V (A" + A" + SA") 
ý 

v2 457aI 
(vk* f+ 

+ v(SA" - A; + 3A")-ý-Mv* 
af 

46 9vý 3ja Vk* 

v(3A" + Ag + 10A") 
a 

(V* *g) (90) 57 av* j7i ; vý kI 

where, for simplicity of notation: 

A" m tim 1 (91). i 
dr 

2 
r0 
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Equation (901 shows the occurrence of three parameters, express- 

ed as linear combInations of the second derivatives of the A's at the 

origin. 

The physical interpretation of the result expressed in equation 

(90) is considered next, by recurrence to its form in the transport 

equation for the Reynolds. stress tensor. When that equation is multi- 

plied by v*v* and integrated over the velocity space, it yields the ij 

following contribution, due to-the viscous forces, in the transport 

equation for the Reynolds stress tensor; 

v*vj* TV (6A" + 22A") (u u 
Ukuk 

+ 
vi v2 -V 561i3 ij 

v(30A" + 40A") 
"kuk 

6 (92) 
463 ij 

The first term in the RHS of equation (92) contracts to zero: therefore 

the term redistributes energy between the components of the Reynolds 

stress tensor without altering the total level of energy. It will be 

shown next that the second term on the RHS of (92) represents the dissi- 

pation of the stress if the field were isotropic. This will be achieved 

through the use of some standard results of the theory of isotropic tur- 

bulence: 

In this theory, it is a well know result (e. g. Panchev, 1971) 

that there is a relationship between the viscous dissipation of turýulent 

kinetic energy, C, and the Taylor microscale, X 

5V (93) 7 ljkuk 

-The microscale X is defined through the behaviour of the two 

point velocity correlation tensor near the origin, as: 
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R 
Ukuk 

rr+ (1 
2 

(94) 
3 X2 ij ij ii ýý 1ý 

2 >1 

on the other hand, R0 can be expressed in terms of the pro- 

posed model, i. e.: 

f v* *** 
ýf 

ivl f dv* +ßfvvv U7 dv* (95) ij jt 
v* 

ipqrV*. j qrp 

0 
After integration and upon substitution of the Reynolds stress 

by their i sotropic values (u. u = ý/3 S,, ), equation (95) becomes: 
Ij 

R 
lukuk 

{ (-4A -A - 3A ) 
rr, 

+ (A -A - 2A -10A -5A )S 1 (96) 
11 3634r225689 ij 

Since the region of interest is the immediate neighbourhood of the 

origin, the above equation can be rewritten as: 

Ukuký 
I (- -1 A"-2A") r. r++r2 (3Aq, +4_Alo )] 61 (97) ij 32461j46 ij 

which, when identified with equation (94) yields: 

3A" + 4A" 
462 (98) 

and, through equation (93), 

3A" + 4A" (99) 46 5v ukuk 

Substituting this result in equation (92), 

f vi*v* T (6A"+22AZ)(uu _ 
ljk"k 

6)- -ý c6 
vj v2 

cýv- 5j3 ij 3 ij 

(100) 
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Before commenting upon the physical meaning of equation (99), 

an analysis of the parametric coefficient affecting its redistributive 

term is necessary. The second derivatives of the Ails at the origin 

are associated with the small scales of the turbulent motion, as opposed 

to. their integrals over the R space, that are linked with macro, --scales; 

therefore, the A? 's are expected to be of the same order of magnituder I 

0 IV (6A" + 22A") 0(v (30A" + 40A") 
5646 

0 -E: /kj (101) 

i. e.: 

V(6A" + 22A") C (102) 561k 

with C1 of order 1. Therefore, equation '(100) can now be rewritten 

as: 

f V*V* TC ýý- (7u-17, - -1 k -ý C6 (103) ij v2 lk 33 ij 

This equation shows two different types of viscous contributions: 

i) The first Part on the RRS is associated with the anisotropy of 

the turbulent field; its effect is to redistributerenergy 

between the components of the Reynolds stress tensor. It 

is of the same formal type and magnitude as the contribution 

attributed by Rotta (1951) to the pressure, scrambling due 

solely to the turbulent interactions. In section 2.4.2, 

when dealing with the pressure influence, it was concluded 

that such a term could not be associated with pressure if 

the flow field were homogeneous. This conclusion was reached 

by analysis of the behaviour of the Reynolds stress tensorial 
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equation in wave number space, and confirmed in section 

2.5.1. when dealing with the pressure influence in the 

. transport equation for the probability density distribution. 

However a term of this type is necessary in order to account 

for the measured levels of the Reynolds stresses in homo- 

geneous flow. It seems, therefore, that this contribution 

is associated with the viscous term; any anisotropy present 

at the lower wave number end of the inertial subrange would 

pass unaltered through this region as the size of the scales 

would be too small to be noticed by the mean flow field and 

too big to notice viscous effects. At the upper end of the 

inertial subrange, the long but thin "filaments" of fluid 

possess a very high vorticity that will be dissipated by 

viscous shear. 

ii) The other term in equation (103) represents the contribution 

to the dissipation of the stress that would be expected to 

occur in an isotropic flow field with the same turbulence 

intensity. 

The above comments suggest that equation (90) may be written in 

terms of the dissipation of turbulent kinetic energy and of two non- 

dimensional coefficients, rather than be expressed in terms of the para- 

meters involving the second derivatives of the Ai 's at the origin: 

V* T1+c3( kf) +21 (1 - Cl) 
ýV*- 

(VýV* 
v2 3k 3) 3 Vk* kJ 

+ (Cl- +c3D 25 TvT (T jD vf] 
(104) 
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The constant C3 makes its appearance for the first time. It can be seen 

that this constant does not appear in the transport equations for the 

velocity correlation tensors of order lower than the third; therefore 

it does not affect closures at the Reynolds stresses level. 

2.5--5. Final form of the set of equations. Determination of the 

- constants 

The problem is not yet solved, due to the introduction of the 

quantity C in the viscous term. A possibility for closure is to use 

the equation for the dissipation of turbulent kinetic energy, intro- 

duced in section 2.4.2. 

The closed set will, then, read: 

2- 
af- af I ap af Ui af 
5E -V p ax i av ax 2 IV, 

i 

au 2 
if ýýf 3 

, vz IV, av (-24C 2+ Vý vi* (64C 2+ ax 
i 

[ýi 

i 

+ V* *f (8c + v*v* 
f (-24C 

2 
kvj TV. 21j2 Dv k Vi 

+ v, * 
LL 

(224C + 2) + v* 
af 

(-56C 2 avi 2J avi 2- 
)l 

), (V*V* 3) (vk*f) + -2h(1 - Cl av v 3 
f(1 

+C av 
kjj 

cc 
(IL +3D- 

af 
(105) 23 vk 

(vý v; 5vj 
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and: 

cc ax 
71 Tt ýS-l +c el 

Lp- 
-c C2 

gk (106) Ui 
xi xt. k 

There remains the problem of assigning values to some of the 

constants appearing in the model;.. all the constants in equation (106) 

have been dealt with in section 2.4.2, The values of C1 and C2 

can be determined from the levels of the Reynolds stresses occurring 

in homogeneous turbulence; this yields values of 1.5 for C1 and 0.0045 

for C'; the determination of C requires the knowledge of the levels 23 

of the fourth order velocity correlation tensor, since in homogeneous 

I flow, the third order tensor is identically zero; however, the fornal 

similarity between the terms in C 1* and C3 suggests that C3 might take 

a value around 1.5. 

This concludes the objective set at the beginning of section 2.5, 

i. e. to find a phenomenological closure of the transport equation for the 

one-point probability density distributions. This was achieved by re- 

lating the behaviour of one quantity, involving the two-point probability 

density distribution, to local properties of the flow field. This quantity 

affected the transport equation for the probability density distribution 

. both through its rate of change in the neighbourhood of the point and 

through an integral behaviour; therefore, the model had to reflect these 

. 01 two types of effect, each of these demanding a separate physical inter- 

pretation. 

2.6. Final remarks 

The"proposed closure for the equation that governs the transport 

of the one point probability density distribution of velocity has been 

shown to contain the Reynolds stress tensor closure. The advantages of 
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the proposal have already been mentioned: it allows any model based on 

one-point velocity correlations to be obtained without further assumption 

thus guaranteeing the compatibility of the modelling of the differdnt 

quantities. It must be emphasized that the model involved one unknown 

quantity, and that the basic assumption, homogeneity, has enough gener- 

ality in flows remote from walls. The drawbacks of the model lie mainly 

in the increase of the number of independent variablesby three. However, 

some economy measures can be used to avoid this disadvantage. Apart 

from the cbvious possibility of solving for some of the lower order 

moments of the equation, another promising possibility is to use a series 

representationof the p. d. d.: whenever the one-point p. d. d. is unimodal, 

an excellent approximation can be obtained through its Gram-Charlier 

series;. the terms of this series are orthonormal and one of its pro- 

perties is that at any order, the number of moments that are exactly 

satisfied is known. The influence of each term can be quantified as 

today's experimental techniques allow the one-point p. d. d. to be deter- 

mined with a reasonable level of accuracy (see appendix i ), thus allow- 

ing the separation of the terms that best represent the probability density 

distribution. When this series development is used, the one equation 

in velocity space reverts to a discrete number of equations for the 

'moments of the series; thu. -T, it is an alternative of the same formal 

type to the solution of the transport equation for its moments. 
4 
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Chapter 3- E92ipment and Exý)erimental Procedures 

3.1 Introduction 

This Chapter contains a description of the experimental techniques 

used in the present work, and of the relevant instrumentation and data- 

processing. It is sub-divided into three sections, the first of which deals 

with the theoretical aspects of hot-wire anemometry and with the deriv- 

ation of equations relating the signals from the anemometers with the 

properties of the flow field; in the second section, a description of 

the instrumentation involved in the present work is given; and the third 

section deals with ancillary techniques and procedures that materialise 

the link between the theoretical results discussed in section one, the 

available instrumentation and the aims pursued in the present work; i. e., 

calibration, digital signal processing and data reduction. 

3.2 Hot Wire Anemometry 

This. section is concerned with the derivation of a data-analysis 

procedure for hot-wire signals. An equation is derived relating the elec- 

trical signal from a constant-temperatureanemometer and some nondimensional 

properties of the velocity and thermal fields surrounding the hot-wire 

transducer. The mathematical nature of such a relation does not aliow 

its direct use in practical situations; instead, an approximated form 

has, to be derived. This can be achieved in different ways; *these are dis- 

cussed and, as a result, a proposal is forwarded. The section includes 

a critical assessimnt of the accuracy of the approximation. 

3.2.1 Exchange laws for infinite wires 

When a current I is passed through an infinitely long cylindrical 

wire of resistance R, located in a flow field, the heat balance equation reads: 
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dr 
mc I= RI S dt R 

where mc is the heat capacity of the wire and Sa sink term due to the 

heat convected to the flow field. If the wire is maintained at a constant 

temperature, through adequate control of I, equation (1) becomes: 

E 

R is now constant since it is dependent only on the temperature. Thus, 

in order to determine the transfer function of a hot-wire of infinite 

length, S has to be determined. 

The dimensionless groups that affect the steady heat transfer (ex- 

pressed in terms of the Nusselt number, Nu) ard. -the Reynolds number (Re), 

the Prandtl number (Pr), the Grashof number (Gr) and the dimensionless 

over-heating ratio of the wire, (T 
w -T a 

UT 
a; 

Tw is the wire temperature 

and Ta the flow temperature. In the present application, buoyant effects 

are negligible; thus 

Nu gu{ Re, Pr, (T 
w -T a 

)/T 
a 

Several forms of equation (3) have been proposed, depending on 

the type of fluid; for the steady flow of air, Collis and Williams (1959) 

found that the experimental values were well correlated by the empirical 

equation: 

Nu= {A+ B( 
Ud 

)n. 
1Tw -T a Z-- ,{1+T 

V 
a 

where d is the wire diameter and V the kinematic viscosity of air. The 

coefficients A, B, n and m are independent on the Reynolds nunber for a- 

limited range of Re, i. e. for . 02 <Re< 44, A= . 24, B . 56 n= . 45 

and m . 17 and for 44< Re< 140, A=0, B-= . 48, n . 51 and m= . 17; 
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the discontinuity at Re = 44 is explaindd-by the occurrence of vortex 

shedding (Kovasznay, 1949). Collis and Williams proposal has been con- 

sidered by many authors and, for example, was recently checked by Bradbury 
I 

and Castro (1972). 

Although real flows are unsteady, a steady flow approach is justi- 

fied in many cases, including those considered here because, as indi- 

cated by Corrsin (1963), the time scale of the convective passage time 

3/4 1/4 
of the_smallest eddy scales (V C) is large compared with the time 

scale for the heat transfer between wire and surrounding flow. The con- 

vection microscale may be estimated as 

T=cj {. L 
*v 

3/4 
0{ 

1- 14 * 10-4 ) 3/4 
}-- 0{3* 10 sec 

cuc 1/4 30 (16-2)1/4 

and the viscous diffusion through the cylindrical boundary layer can be 

estimatea as: 

'. 
{ 12) 

2 
2.5 * 10-11 -7 200{-1= O{ 10 ) sec TV 
1.4 * C)-4 

For the'thermal field, the time scale is of the same order of magnitude 

as for the viscous diffusion, as the Prandtl number is of order 1. Another 

time scale can be associated with the radial conduction inside the wire 

but, because of the high wire conductivity, it is orders of magnitude 

smaller than any of the other scales. Therefore, it can be concluded that 

the steady flow approach is well justified in the present circumstances. 

3.2. '2 Effect of finite dimensions of the wire 

Equations (2) and (4) are applicable to infinite wires. In practice, 

finite wire dimensions make the temperature distribution not uniform. 

Thus, if z is a coordinate along the wire, and neglecting radial temper- 
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ature gradients, the conductive term changes the form of equation (2): 

i. e. 
iTd 

2d dO 
Z- T(k ý) = R* Is 

wz zz 

where e is the local overheat (T -T )/T ; in this case, R* and S are local 
waa 

values, through their O-dependence. 

In order to integrate (5), the two source terms in the equation have 

to be expressed in terms of 0. Corrsin (1963) solved (5) for small over- 

heat, to allow a linear dependence of R*, kw and S. This approach leads 

to a solution of the type: 

0=1 cos{f(U, I)z I 
00 cost f (u, ITM/2-j (6) 

where Z is the length of the wire and 00 the overheat at the junction of 

the wire with the prongs. Champagne et al. (1967) used a less restrictive 

hypothesis, allowing the source to be quadratic in the-overheating ratio; 

their solution is of the type: 

0 
-ä- = fi {f 

2 sinh (f 2 z) - cosh (f 2 Z» + (f 1+ 1) (7) 

with f1 and f2 functions of the velocity field, of the current through the 

wire and of the dimensions and electrical properties of the wire. They 

' made measurements of the temperature distribution that agree with equation 

(7) to better than 10% and found that for probes with t/d Z200, operating 

in typical conditions (overheating ratio of 0.8), the temperature is within 

2% over the central 100 diameters, for velocities as low as 5 m/s. Another 

very important conclusion from these measurements is that for wires not 

perpendicular with the velocity, the temperature distribution only changes 

- 11 
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slightly near the prongs - this allows the conclusion that the stronger 

cooling that arises in these circumstances is not due to a dependence of 

the end conduction losses on a but is due to cooling by the tangential 

component of the velocity. This led to the suggestion of the introduction 

of an "effective cooling velocity" of the type: 

u 
eff 

u eff 
(U 

n, u 

Hinze (1959) suggested, for the above relation: 

222 
Ueff = U{cos OL +k sin aj2 (8) 

222 ju +kUt 

Experimental evidence shows that k remains independent of U and (I for 

limited ranges of Re and (I intervals of around 760; of course, due to 

other effects introduced by the geometry of the probe,. k changes accord- 

ing to the type of the probe. Typical values of k for DISA probes of 

the A type are around . 2; for DISA probes of the F type (gold plated), k 

is generally smaller, 

Equation (8) is still not entirely satisfactory because of the in- 

fluence of the shape and dimensions of the probe. COmte- Bellot et al. 

(1971) quantified the influence of the disturbances due to prongs and stem 

for several types of probe, but the corrections involved are too cumbersome 

to be introduced in equation (8). An approximate way of introducing these 

further effects on (8), proposed by Rodi (1971) is to introduce a third 

term similar in form to the term of the tangential cooling; if is the 

angle of the probe stem with the velocity component normal to the plane of 

the prongs: 

N 

i 
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22222 2' 1 
u 

eff 2- Ujcos a(cos q+h sin +k sin a12 

222 
='Ju +hun+k 

Experimental evidence, e. g. Rodi (1971), shows that h is independent 

of velocity and that the dependence on $ is represented within 1% by 

the above relation. 

3.2.3 * Instantaneous response equation 

In a constant temperature anemometer, 0 does not change with time; 

thus the time dependent terms in equation (5) have to balance each other 

at every instant. An equation similar to (4) can be written and, in 

dimensions of energy, it becomes: 

2 
A' + B' 

or 

E. =C+c UM 
12 eff 

(11) 

E is the voltage applied to a hot wireinorder to keep its temperature 

constant, when in a flow field with an effective cooling velocity U 
eff" 

defined by equation (9). If a linear relationship between E and Ueff is 

desired, E has to be transformed according to the following transfer 

function: 

E0=G {E - (12) 

The relationship between E0 and U 
eff 

becomes linear when the parameters 

in (12) are set such that A=C1 and p= 1/m. This yields a ratio, S, 

between E0 and U 
eff 

that equals GC2p 



- 75 - 

e. E0SU 
eff 

When the electronic circuits permit relation (13), the arraagement is 

said to be "linearised". 

When a wire is located in a turbulent field, in the plane oxy of a 

coordinate system whose x direction coincides with the local rrjean flow 

direction (fig. 1), it is: 

x 

xy 
IV 

prongs 
A 

-sensor 

Fig. 3.1 Orientation of the wire relative to a x-streamlined coordinate 

system 

u 
ni 

(u + U) cosq +v SIM01 (14) 

u 
n2 w (15) 

Ut v cosa - (16 +, u) sina (16) 

Ot is the angle between the normal to the wire and the mean flow direction; 

is the mean value of the velocity; and u, v and w are the three com- 

ponents of the fluctuating velocity. Substitution of equations (14), 

(15) and (16) in (9) and (13) yields: 

h2w2221 
-+k (-tanct - tana + -n 2 

2 -2 u 
E=SU cosOt (1 + 21 + -Y tanot 1+ Cos au2 

0uu+R+v tan(x) 
uu 

(17) 
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Equation (17) represents the instantaneous response equation for a 

probe located in the plane oxy of an x-streamlined coordinate system, 

at an angle a with the mean flow direction. 

3.2.4 ApTroximted form of the response equation 

The statistical nature of the velocity field in a turbulent flow 

implies that only average properties of the hot-wire anemometer signal 

are of practical interest. Of these, the most easily accessible to 

measurement are its two first moments, i. e. the mean value and the stand- 

ard deviation. These two quantities are to be related with the values 

of the velocity components and the Reynolds stresses. However, equation 

(17) shows that the anemometer signal and the velocity are not linearly 

related; ultimately, an approximation has to be made in order to estab- 

lish a relationship between the values of the moments of the velocity dis- 

tribution and of theýsignal. 

The aims of the present subsection include a description and a com-- 

parison of some of the proposals for such an approximation; an outline 

of the method used in this work is presented next and is followed by an 

assessment of the accuracy of the. method. The remainder of the subsection 

deals with the explicit forms yielded by the present method for the in- 

stantaneous fluctuations;. this includes their presentation, an assess- 

ment of their accuracy and a comparison with another proposal to the. same 

end. 

3.2.4.1 Assessment of the different methods 

There are two main types of approach. 
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a) Approximation of equation (17) by a polynomial: 

- time averaging of the polynomial yields a relationship between 

the rman value of the signal and a polynomial function of the mean 

velocity and higher order moments of the velocity field; 

- the standard deviation of the signal can be related with the pro- 

perties of the flow field by averaging the square of the polynomial 

and subtracting it from the squared mean value of the polynomial. 

b) Squaring of equation (17) 

the mean square of the signal is then related with the mean 

velocity square and second order moments of the velocity field. 

- the mean value of the signal has to be obtained by a method of 

the type outlined in a). 

Method b) has been used by Rodi (1971) and Durao (1971). It does 

not entail any approximation for the mean square value. This value is 

related to the mean velocity square plus the Reynolds stresses; the 

dominant term is generally the first. The mean velocity contribution 

has to be subtracted for the overall term, therefore systematic errors 

due to the man velocity approximation may be introduced on the calculation 

of the Reynolds stress and will be amplified by the inverse of the square 

of the turbulence intensity. Therefore, a method of this type can only 

be used for high turbulence levels; a quantification of the error pro- 

pagation and its dependence on the turbulence level has been presented 

by Ribeiro (1972). 

Methods of type a) have been extensively used. Usually, they in- 

volve a binomial expansion of the square root term of equation (17) re- 

taining terms tillthe 4th order. This expansion is valid for low tur- 

bulence level (< 15%); but for higher values of the turbulence intensity 

the approximated response deviates as a power law from the actual response. 
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Champagne and Sleicher C19671 derived a set of equationrý explicit on 

the man velocity and Reynolds stresses; they include the effect of 

the tangential cooling but do not account for the influence of the 

disturbance induced by the probe geometry. 

A choice of the method to use can be made on the following basis: 

Both methods involve approximation of the response equations at one 

stage or- another. 

Methods of type (a) produce a smaller scatter of the results as the 

propagation of the error is smaller. 
_ 

- Method (b) entails one less approximation, even if this does not 

imply that the systematic error is smaller; the error in U2 is kept to 

2 
a minimum but the error in u is amplified by the inverse square of 

the turbulence intensity. 

- Truncation errors in methods of type (a) will increase with the tur- 

bulence intensity. If a binomial expansion is usedithe method cannot 

be applied for turbulence intensities above 15%. 

A better approximation than the binomial expansion would increase the range 

of applicability of the method (a) without loosing its characteristic 

of low random error; this approach has been chosen here and the poly- 

nomial is obtained through a least squares fit of the response equation 

in the range of values covered by the actual turbulence level. 

3.2.4.2 Outline of the present method 

The non-linear term in (17) is: 

+F+F -2 
(18) 

F1 and F2 are polynomial forms of the mean velocity and higher order 
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correlations: 

h2w22,2 
+k tana 31 

-tan -a) 
Cos 

2a -U2 V 

and 

F=R+v tana 2Uu (20) 

T is always positive and greater or equal to 1, therefore a linear 

approximation is sufficient: 

T sub I+c2F1 (1 +F2) -4 (21) 

In order to tranform the RHS into a polynomial, (1 +F2 )- 2 has to be 

approximated. Because of the type of function involved, a linear approx- 

imation is only valid for a very small range of values of the turbulence 

intensity; this led to the choice of a quadratic form: 

c1+c2F1 (c 
3+c4F2+c5F22) 

(22) 

The parameters c1 to c5 have values that for the specified turbulence 

intensity satisfy the conditions: 

C+CF (1 +F2_ T} 
2 

0, for i=1,2 (23) 
ac i1212 

c+cF+cF2 (1 +F )- 2}2 
0, for i ='3,4,5 ac 

1342522 

(24) 

In appendix II-1, a method for the determination of the range of fit 

is given. 

Equation (22) is then substituted into equation (17), to yield the 

approximated response: 
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SU Co SCL (1 + 31 
+, 

Z tanct )* 
0uu 

2 
12 L h 
__ 

2u 
tana) 

2] 
+k tarn -= cl + C2 

[cos2ct-d2 
uu 

Ic3 + c4 + tanot c (ý! + 2ý tancx 5u 'd 
(25) 

This equation is the approximated instantaneous response used in this 

work. 

3.2.4.3 Time average response equations 

The derivation of the equations for the mean and rms of the signal 

is presented in appendix 11-2. The results obtained there read: 

222 
SU com [ a, +a a5 v+a+a uv (26) 4a2 -ii2 6 -1ý2 7u2+ P1 

22 
e2 (a) =s 

2ii2cos2 

a 
Ea 2u+2aa-! IV +a2 -v (00] (27) 2; ET 23 ii2 3 ýF. + P2 

The coefficients ai and Pi are listed in appendixII. 2 (equations 

11.8,11.10 and II. 11). The a's are functions of ot, cls and directional 

characteristics of the probe. The P's are polynordals of 2nd ordejý cor- 

relations, with coefficients containing the als. 

The above equations apply to a wire located in a turbulent flow 

field, in the plane oxy of a coordinate system where x-direction coin- 

cides with the mean velocity direction; a is the angle of the x-direction 

with the perpendicular to the wire in the oxy plane. 

When tITe six independent Reynolds stresses are not identically zero, 

assuming the mean flow direction known, the following set of orientations 
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of the wire will yield a set of quantities that allow the determination 

of the mean velocity and Reynolds stresses: 

Position Angle! Angle Ct, 

1 0 0 normal sensor 

2 0 71/4 

3 0 -iT/4 

4 iT/2 7r/4 slanting sensor 

S' iT/2 -IT/4 

6 7r/4 1r/4 

7 iT /4 -7r/4 

is the angle between the plane oxy and the plane of the probe, measured 

antic lockwise from oxy. The values obtained are correlated with the mean 

veloc ity and the Reynolds stresses th rough the following set of equations: 

2 2 

E= SU {a +aV+a 1156 
! L- + poll 
=2 U 

e2 S2 
2 

U2aa u- + PO 22 2 1 1 T2 

e2+ 2 e2 3 S2 -6 
2. 

bb -11 
2+bbv2 

222 2 33- 2 +P ' 0 
ý 

' 7 U 3 

e+ 4 e 5 SUbbuw 222-+bb-+ 3.3 j2 
Pe 4) (28) 

2e2=s2 2b b uv +p 2-3223 7ý2 
05 

e2-e2s2U2{ 2b b uw 
45223 

U2 
+ P69s) 

222 222 U2 u11 e+esbb+ ýF bbv+1bbbb+p 67222 ji2 33 U2 33 -ý5L2- 33 -62 71 
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The Pýýs are non-linear sources defined as; 

U2u2 7v 
ý2 

22 -2 

PO, 3a +- 3a, +a+H alqj v '-a 
V2 -d2 14 ii2 17 jj2 18 -j2 V2 -d2 - 15 

2+ -2 

+ 
'TV 

3a + 3La w- uy a, ý2 16 
u2 

20* -52 ý2 
21 

+ 2a 
U2 -52 20 

XIV Uv 2a 
ii2 -62 18 

(29) 

2222 
po =- !L 

[2a 

aa+U 4a,, alg a+ 3a R2 L L- (2a 
+W- 

C4 
aa+ 2 U2 -52 2 12 + 

ii2 10 12 
. 

-ý2 -j2 6 19 12 12 

2 
2-- 8a a1g) + Mv uv. 20al. alg + tw 68alga 
ii2 19 . 52 -Ij2 -d2 d2 19 

21-2 
ww 2a a+ 'ov 2v 4a a+ 

uw (20a 
a+ 12a a+ 

-2 -U2 26 -U2 -U2 10 12 -U2 -62 6 19 12 12) 
u 

w uw 4a a+ 20algalg + 4a a (30) 
-U2 -52 2 12 -U2 -d2 U2 56 

2222 -27 
6b b8+ 32-- [4b b +6b b+u 24b b+ 3L (6b b +4b b P'3 

-3ü! -2- 
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2 -2 -2 
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p* = (same as P*, but with v and w interchanged) (32) 
43 
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P*6 = (same as P5*, but with v and w interchanged) (Z4) 

P* 7= '21(P*3+P40) (35) 

The coefficients for the polynomials are: 
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2 b 2ýcl +c 2 (3c 3 +c 4)k2 b 12 =2c 2 (c 3 +c 4)h 
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a6 =c 2 CP 
2 b 3ýcl +c 2 (-C 3 +c 4)k4 b 13=b 12 
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b8 =c2(c3+3c4 +3c, )k 2 
b 1, =-2c2(c 4 +c 5)k 

2 
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(c 
4 

+C 
5 

)k2 

b loýc 2 (-C 3- 3c4 +c 5 )k2 b 
20 =b 19 

b 21-22b, g (36) 
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3.2.4.4*- Comments on the accuracy of the present method 

I 

The sources of inaccuracy of the present method can be divided into 

two types: 

a) Systematic errors in the approximated form of the response equation. 

b) Propagation of the random error in the measurement. 

a) There are two different sources: 

one represented by equation (21), whose influence is very small; 

for T changing between 1 and 1.42 (roughly corresponding to a turbulence 

intensity of 50%) the. maximum deviation between the "true" and the approxi- 

mated value is 1.09%; if the same terms of a truncated series were used, 

the deviation would be 6.06%. 

The second approximation needs a more careful analysis; 

after the first approximation, the equation reads: 

F11 
E0= Su cos a (1+F 2) 

[cl +c 2 (1+p 2) 
2j2 (37) 

When F2 approaches -1, the expression between brackets increases 

very rapidly; this makes an approximation of the quadratic type a poor 

representation in these regions. However, the term under the square root 

is "weighed" by (I+F 2 ), which tends to zero as fast as the denominator 

in the square root term. Then the influence of a bad representation 

in those regions is damped. This leads to the recommendation of the use 

of (1+F 2) as a weighting function in the determination of c VC4 and c5o 

The above comments lead to the expectation that turbulence in- 

tensities above 50% could be treated. However, the occurrence of reversion 

of the velocity direction will have the effect of the probe distorting 

the flow field. Then, turbulence intensities in excess of 50%, if handled, 

, It 

must be carefully interpreted, because of the inability of the wire to 
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deal with reverse flow. 

b) the propagation of the random error is not critical, because the 

quantities to determine are ofthe same order of magnitude and are strongly 

link. ed with the measured quantities. This is true provided that, at 

every location, a suitable set of orientations of the probe is chosen. An 

analysis of the error propagation for this type of method can be found 

in Ribeiro (1972) . 

ý. 2.4.5. Explicit form for the instantaneous fluctuations 

In several situations (e. g. time correlations, probability density 

distributions, energy spectra), knowledge of the instantaneous values of 

the velocity fluctuations is required. The hot-wire anemometer is not 

always the best tool to achieve this requirement as a result of the lack 

of linearity of the response equation. However, provided that the experi- 

mentalist is aware of the limitations of the technique, the results can 

provide very useful information about the structure of the turbulence. 

An explicit form for the instantaneous fluctuations can be obtained 

from equation 11.7 (Appendix 11-2). When orders higher- than the second 

are neglected and only the most significant second order term is retained, 

equation 11.7 becomes: 

E 'ý! SV coscL{(c +c ck2 tan 
2 
a) + (c +3c ck2 tan 

2a+cck2 
tan 

2a)R 
012312324 

tana (c - 2c ck2+cck2 tan 
2a+cck2 

tan 
2(l) M+ (c ch2 sec 

2 
a) w 

1232324u23 
ý--721 
u 

(38) 

Time averaging: 

ý-U Cosa {C +c ck2 tan 2a 
+c ch2 sec 

2aw 
012323 -la2 

(39) 
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if a cross-wire is located in a flow such that the axis of the probe 

is aligned with the mean flow direction and the two sensors are in the 

oxy plane, sensor 1 at an angle of -7r/4 with the mean velocity vector, 

the resulting set of equations allows u and v to be explicit in terms 

of the ac components of the signals, e (= E-E): 

c1 -4-C 2c3k el 
+e2 a=' 

-- - U2c1 +(3c 2c3 +c 2c4 )k 
21 ff 

1 
ET2 

k 

(40) 

v -1 
c1 +c 2c3k21 el e2 

-j c1 +(-c 2c3 +c 2c4 )k 2R1r2 

The suffices 1 and 2 refer to the two sensors. 

(41) 

3.2.4.6 Comments on the accuracy of the approximated instantaneous 

response 

As the starting point for the derivation of (40) and (41) was 

equation 11.7, all that was said in 3.2.4.4 applies here. Furthermore, 

the truncation made adds another source of error. Neglecting higher 

order effects, the absolute error introduced is: 

For equation (30) :=01 
! 

--(a u2 +a v2 +ae 
2 

6a Iu U2 45 

For equation - (31) ýaj, ý0(! --(a 7 uv)) (43) 
a, 

But 

0 {a 41 0 {a5l =0 {k 21*0 {a. ) =0 {a 
7} 

(44) 
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Representing the instantaneous level of turbulence by t and the mean 

level by T, algebraic rmnipulation of (42) and (43) yields: 

2 
01- o {t) (45) 

rju T 

L2 10. .1 :t0 (t cr Iv =0(T jo7l (46) 

This shows that v is more closely represented than u. Also, for mod- 

er - ate turbulent levels ( <30%) the expressions show that the error 

increases linearly with the turbulence intensity. 

3.2.4.7 Comparison with other methods 

Several other expressions have been proposed (Champagne and Sleicher, 

1967, Hill and Sleicher, 1969). As the second proposal is an extension 

of the first, the present proposal is compared with Hill and Sleicher's. 

To quantify the differences between the two proposals, consider a 

very low intensity flow field (< 5%). In this situation, 

c1C3 

c25 

c42. 

Substitution of these values in equations (40) and (4,1)yields-. '* 

e., e2 

2{K + ') (47) 1 E2 

11+0.5*k 212 

2 
1.5* k2 

Tr 1 72 (48) 
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Hill and Sleicher's set has the same equation as (47) for u/U- and, 

for v/u-: 
2ee 1+k 12 

22 IT (49) 
1-k 1 R2 

Therefore, the relative difference between the two proposals is: 

k4 -- k4 
(I+k 2) (1-1.5*k 2 (50) 

For a typical value of k =. 2, the difference between the two approxi- 

mations is lower than 0.2%, thus negligible when compared with the errors 

inherent to the truncation. 

3.3. Instrumentation 

The measuring system consisted of two constant temperature anem- 

meters (DISA 44DOI). They were connected to different types of probes 

according to the requirements of the quantities to be measured. The 

signals at the output of the anemometers were linearised using function 

generators of the exponential type, i. e. with a transfer function of 

type of equation (12) (DISA 55D10). 

The subsequent signal processing was determined by the particular 

type of measurement; in some situations, it involved some analogue 
I 

filtering of the signals before they were input to an A/D interface, 

where they were digitised, sampled and processed by a digital computer 

(Digital PDP8/E). 
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3.3.1 Probes 

All the probes had a platinum plated tungsten wire, 5pr diameter 

and a length to diameter ratio arourid 250. The measurement of the mean 

velocity and second order correlations was generally obtained with the 

single-wire probes, straight (DISA 55A25) and slanting sensor (DISA 55A29). 

For these types of probes, the connection between the probe body and matching 

support is not rigid enough to guarantee that the position of the probe 

is not affected when under rotation. This problem was cured by insert- 

ing the probe body and its support in a cylindrical tube of stainless steel, 

3.6mm, o. d., rigidly connected to the traversing mechanism. 

When the knowledge of the instantaneous values of the velocity 

fluctuations was required, cross wire probes were used (DISA 55A32). The 

sensors are perpendicular to each other in a plane parallel to the probe 

axis. The use of this type of probe may introduce further problems of 

aerodynamic interference. In addition to the effects present in single 

probes, there is (a) an effect of having two closely located sensors and 

(b) an effect due to the existence of 4 prongs instead of 2. Jerome et al 
(0 

(1971) shows that the. effectLcan be neglected provided the wire Reynolds 

nunber is sufficiently high. This'is the case in the present situation, 

where typical values for the wire Reynolds nunber were greater than 100. 

The effect (b) has been investigated by Strohl and Comte-Bellot (1973); 

they attribute an error, that can reach 6% for v, to the influence of the 

prongs; but for practical reasons, there were 8 prongs present in their 

investigation, and 4 of these were located in the plane of the wires, 

perpendicular to the mean velocity; thus they were probably introducing 

a. higher disturbance than the 4 prongs situated downstream. 

Another possible source of error lies in the difference between the 

nominal and actual values of the angle between the sensor and the probe axis. 
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Before using a new sensor, this angle was measured with a microscope; 

if it was found to differ from the noriinal value more than-! degree, 2- 

the prongs were filed in order to satisfy the above condition. 

Special care was taken with the state of the wire surface. Periodic 

visual checks were performed, and if it was found necessary, new wires 

were welded. 

Problems due to accumulated dirt on the wire surface were not 

present, as the air from the fans was filtered with electrostatic filters. 

Some dust could, however, find its way to the sensors through the entrained 

air. Thus, at the beginning and end of every run, the calibration pro- 

cedure was repeated. The measured values were rejected when it was found 

that the two calibration constants differed more than 1.5%. 

3.3.2 Anemometers 

The anemometers (DISA 55DO1) were operated in constant temperature 

mode, at an overheating ratio of 0.8 and a bridge ratio (resistance ratio 

between the active and passive bridge arms) of 1: 20. This yields a band- 

width in excess of 60khz, for the range of velocities considered. 

3.3.3. Linearisers 

With the present arrangement, linearisation (i. e. the achievement 

of a linear relationship between the measured quantity and the effective 

cooling velocity) could be achieved either through analogue or digital 

mans. If a good quality function generator is available, both methods 

are equally accurate. Thus a decision had to be made on what kind of 

linearisation should be used. 
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Digital lineArisation is easily achieved. Through suitable soft- 

ware, it is possible to read pairs of values from a Pitot tube trans- 

ducer and from the output of the anemometer, when both are located in 

a calibration rig. The values of the Pitot transducer are then converted 

into velocity and stored in a table jointly with the values of the signal 

from the anemometer. 

Analogue linearisation is a time consuming procedure, but has to 

be carried out only when a'new probe is brought into service. 

In the present situation, analogue linearisation was preferred, 

because it freed some of the computer core and because there were good 

linearisers available. The linearisers were of the exponential type 

(DISA 55D10) and have the facility of variable gain, allowing for a more 

efficient use of the range of the analogue/digital converter of the pro- 

cessor. 

3.3.4 Signal conditioning 

In some situations, the signals were processed before being input 

to the A/D interface. This was used: 

(a) in order to save time when information in the time domain was 

needed, e. g. temporal correlations. 

(b) in situations when only thý fluctuating component of the signai 

was needed. 

zA 
greater accuracy could be achieved by matching the ranges of the 

fluctuating signal with the range of the A/D converter. In these situ- 

ations, the d. c. component of the signal was removed through the use of 

the input preamplifiers of a DISA 55D70 analogue correlator. The lower 
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and upper frequency limits C-3dbI are respectively 0.8Hz and 1.5 HHz. 

Whenever the sum and difference was obtained by analogue proces- 

sing, the relevant circuits of the same instrument were used. 

3.3.5 Digital computer 

The on-line processing was achieved with the use of a minicouputer 

(DEC PDP8/E) . It is a single address, fixed word length (12 bit/word) , 

parallel transfer computer using 2's complementý arithmetic. The cycle 

time is 1.2 gs. 

it has 5 twelve bit registers, one of them available for arithmetic 

and logic operations. There is a 4096 12-bit words random address mag- 

netic core memory. The computer is interfaced with a multichannel analogue/ 

digital converter that will be described in detail in the next paragraph. 

Further details about its characteristics can be found in the manufacturers 

handbook; A teletype (ASR 33) provided the means of keyboard or paper 

tape input and printer or paper tape output. The relevant software is 

described in section 3.4. 

3.3.6 Analogue/Digital interface 

This inteiface provides the mans to digitise analogue signais 

in a suitable way for processing by the computer. It operates under 

program control and implements four single ended analogue input signals 

-for conversion to 10-bit binary words. 

The actual configuration includes * 
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- ability to sarple two signals simultaneously 

- ability to sample rapidly changing signals (up to 10 MHz) 

- choice of four different programmable gains 

- ability to deal with bipolar signals. 

The signals to be sampled are input to channels of a multiplexer, 

either directly or via sample and hold units. The selected signal is 

then amplified in a programmable gain buffer amplifier and passed to an 

A/D converter through another sample and hold unit. 

A block diagram of the interface is given in figure r. 3. A brief descript- 

ion of the units that integrate the interface is relevant here as this 

knowledge is fundamental if the sanpling ability is to be efficiently used. 

a) Sample and hold unit. 

This is a two-channel unit constituted by two sample and hold 

modules (Burr Brown SH40). These are switched simultaneously 

between the two modes by the processor through a suitable logic 

circuit (figure F. 4). They are intended to be used whenever the 

knowledge of two simultaneous voltages is required. Through a 

suitable control word, both channels are switched from the sample 

mode to the hold mode. This allows the rest of the system to 

sample sequentially the two channels. The relevant characteristics 

of the unit are: 

Aperture time (time to switch from the sample to the hold mode) 

: 40 ns. 

Aquisition time (time to switch from the hold to the sample mode) 

: 41Ls maximum. 

Dynamic non-linearity (hold mode) : .5 gV/gs maximum 
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bI Multiplexer and variable. gain buffer. 

The multiplexer (DEC A1241 is a four-pole, one-way switch whose 

operation is controlled by the processor; its maximum time delays 

are 200 ns for turn-on and 500 ns for turn-off. 

The variable gain amplifier (DEC A220) is a linear amplifier with 

four different gains (1,2,4 and 8, with voltage ranges respectively 

of ±10, ! 5, :t2.5 And :! 1.25 Volt) . Its settling time depends on the 

voltage swing at its output, resulting from a switch of channel and 

can reach a maximum value of 10 gs; this value is of the same order 

of magnitude as the A/D conversion, the total conversion time being 

the sum of both. This implies that a time delay is inserted between 

the transfcrof the control word and the beginning of conversion. As 

the length of this time delay is a function of the voltage swing during 

the switching between channels, the sanpling rate can be maximised 

in every situation by setting this delay as the minimum necessary 

for the voltage at the output of the buffer amplifier to stabilize. 

A procedure to carry out this adjustment is outlined in appendix III. 

c) Sample/Hold and A/D converter 

The converter (DEC A862) transforms the input signal into a 12 

bit word, the first two bits representing the polarity of the signal 

and the last ten the absolute value of the voltage. This is compatible 

with the internal code of the processor. 

It works by a successive approximation technique and the conversion 

time is around 14 gs; then, if the input signal changes considerably 

ý--"during this time, the conversion would not be reliable; this problem 

is prevented by the use of a sanple and hold unit (DEC A405) that is 

switched from sample to hold at the beginning of the conversion and 

restored to the sauple mode at the end. This reduces the aperture time 
ý i, 'ý ;,, 1, 

from 14 ps to 100 ns. 
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Mien the conversion is finished, the converter raises a flag 

that notifies the processor that the digitised value is aiailable for 

transfer to the main register of the computer. 

3.4 Ancillary techniques and procedures 

3.4.1 Calibration of the hot-wire probes 

Calibration of the probes was carried out in the potential core of 

a jet with a nozzle diameter of 25.4 mm. The exit velocity could be varied 

between 3 and 35 m/s. The turbulence level. in the potential core never 

exceeded 2%. A special yaw gear allowed rotation up to 1800, around 

the centre of the sensing element. The sensor and the Pitot tube were 

located 5 mm apart in the same cross-sectional plane, 1 diameter downstream 

from the nozzle exit. 

The outputs from the lineariser and from the pressure transducer 

were input to two channels of the A/D interface. Suitable software sampled 

the two signals and processed the information. 

For linearisation purposes, the probe axis was aligned with the 

axial direction. The velocity was changed and the linearisation was 

considered satisfactory when the ratio between the output from the linear- 

iser and the velocity, as calculated from the Pitot tube measure , did not 

qeviate by mre than 1.2% along the range of values of velocity between 

3 and 35 m/s. 

In the calibration, the calibration constant S, and the pitch and 

yaw factors, h and k, appearing in: 

E= SU 2222222 {Cos 01 Cos +h cos a sin +k sin a 12 

were 'determined. This was achieved through sets of measurements for three 

different pairs of values of (I and ý which were chosen in the region of the 

a 
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most frequent values of a and ý for the flow situation; this precaution 

was taken to ensure that the influence of a deviation from equation 

was kept small. 

For cross-wire probes special. care was taken, as both linearisations 

had to be as close as possible. Thus, at the end of the linearisation 

procedure, a test was carried out in order to ensure that the above con- 

dition was satisfied:. with the probes aligned with the mean flow direct- 

ion, the signals from both linearisers were input to the A/D interface 

and the multiplexer was switched between both channels at a rate of 1 

ms/channel. The input to the A/D converter was a. c. coupled and moni- 

tored in an oscilloscope set at . 02 Volt/cm. Any imbalance between the 

channels higher than 4mV would be detected as a square waveform on the 

screen. The behaviour along the velocity range was checked by varying 

continuously the velocity at the nozzle exit. The acceptable variation 

of S over the range 3 to 3.5 m/s was 1.5%. Typical values for h and k 

were respectively around 1.05 and . 15, with small variations from probe 

to probe. Due to the sensitivity of k to small errors in the measure- 

ments, of the angle, the uncertainty in its calculated value was 6%. 

3.4.2 Determination of flow direction 

3.4.2.1 Theoretical considerations 

In the measurements involving swirl, the mean flow direction is 

dependent on the location. This introduces two further unknowns,. the 

angles Ctand ý; then, at each location, two more measurements have to 

be made. However, practical limitations of hot-wire anemometry imply 

that if a reasonable level of accuracy is intended, the probe axis must 

coincide with the mean flow direction. In order to satisfy this require- 
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rent, prior to taki. ng the measurements that allow the determination of 

the mean velocity and Reynolds stresses, the two angles were determined. 

When a 45 0 slanting sensor p7robe is located in an arbitrary 

plane o x1y', and the angle between the component of the mean velocity 

and the normal to the sensor in o x1y' is W/4 + Act, the value of the 

effective cooling velocity is (neglecting the influence of the Reynolds 

shear stress in the mean value): 

u {Cos 2(7r 
+ &4(COS2 a+h2 sin 

2+k2 
sin 

2 
eff 44+ Aa)l 2 

If the wire is subjected to a rotation of 7r around its axis, the value 

of the effective cooling velocity becomes: 

2 JL 
_ (cos2ý 2 20) 22 (IT 

I 

eff 2ýu 
{Cos 

4 
Aa) +h sin +k sin 4- 

ACL)l 2 (53) 

Thus the axis of the probe can be aligned with the mean velocity component 

in the ox1y' plane, by changing the value of Aot till the mean value of the 

signal becomes invariant under a rotation of IT around the probe axis. 

When the process is repeated for the plane normal to o x1y', the man flow 

direction is then determined. 

The accuracy of the masurement of the two angles can be estimated 

as follows. Neglecting 3rd order terrm in equation (8) : 

u 
eff =U Cosa 

Upon rotation, the change in effective cooling is: 

cu- '2 U fcos (a + Aa) - Cos (a - Aa)) 
eff 

and: 

Au 
eff - -=- -2 tana Aet 

u 
eff 
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As a variation of 1% in U 
-F -F 

can be detected by the measuring system: 

Acl '01 2*tana 

then, for a 45 0 wire it is: 

Act 23 

3.4.2.2 Traversing mechanism 

The traversing mechanism is shown in figure F. 5; a lathe bed allowed 

displacements in the axial direction. A compound table was mounted over 

it and allowed displacements in the radial and horizontal direction up to 

30 cm, with an accuracy of . 025 mm. Radial displacements in the vertical 

direction were achieved with the use of a cathetometer mounted on the com- 

pound table; the maximum travel was 50 cm, with an accuracy of . 02 mm. 

Rotation of the probes in the vertical and horizontal planes was 

achieved with the probe holder shown in figureF. 6; horizontal rotation 

was obtained through relative movement of two base plates and vertical 

rotation was achieved by moving the probe support gear along the arc of 

circle rigid with one of the base plates. The probe support and the 

probe holder were connected through a device that allowed rotation of 

the probe around its axis: a choice of eight different and equally spaced 

orientations for the plane defined by the sensing element and probe axis 

was available, for the same orientation of the probe axis. The measure- 

mnt of the angles was made with an error not exceeding 0.3P which was 

compatible with the accuracy expected from the processing equipment. 

Disturbances introduced by the probe holder were kept to a minimum 

by avoiding the presence of flat surfaces perpendicular to the mean velocity. 
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The alignment of the traversi. ng mechanism with the axis of the 

t 
geometry was obtained wiýh the use of a telescope mounted on a 

cathetometer at the rear of the plenum chamber (see figure F. 1); a 

glass window fitted on the plenum allowed accurate positioning of the 

probe with the centre line direction. 

3.4.3 Transformation of the coordinate system 

Ultimately, the aim is to determine the three components of velo- 

city in an invariant coordinate system oxyz. 

The set of equations (28) allows the determination of the mean 

velocity and Reynolds stresses in a coordinate system o x1y1z' wi th 

the direction o xI coinciding with the local mean velocity direction, 

direction oz' is chosen in the plane defined by ox' and -oz. 

if a is the angle of the plane o xI z' with the axis ox and 0 is the 

angle of ox' with the plane oxy, the relationship between the values 

in the two coordinate system is: 

u= ulcosa Cosa 

Ulsina cosa 

Ulsiný 

and: 
22 12 22222 

u= Cosa cosý u+ sina v+ Cos a sin 0w 

-2 sina cosa cos a ulv" -2 coA sinO cosa7'-W- 

+2 sinacosasinavlwl 
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.1 
2 2a 

U12 + cos2ct V12 
2ýX 2ý 

W, 
2 

+ kuft Ot Cos -+ sin sin - 
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3.4.4 Data processing system 

The signal or signals from the linearisers were input to the A/D 

interface. Suitable programming organised the data sampling and processing. 
i 

For several variables of interest, the considerable processing involved 

was not possible with the 4K and the cycle time of the PDP, -8. On the 

other hand, intermediate output of the results was a lengthy job, as the 

speed of the available output device (Teletype) was 10 characters/second. 

In these situations, an intermediate data transfer was necessary; its 

contents and size were dictated by a compromise between processing 
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and output time. Subsequent treatment of these data tapes was per- 

formed in a CDC 6400 machine. 

The complexity and time involved in the initial processing had 

other implications, connected with the languages available for pro- 

gramming. In terms-of-execution time and core usage, efficient pro- 

gramming required the direct use of the machine language or its sym- 

bolic equivalent, the asserbly language. ' 

Machine language is time consuming in that it requires the ex- 

pression of complex jobs in terms of the elementary operations hard- 

wired in the processor. Programming time can be drastically cut by using 

a more elaborated language; the most efficient in this class of lang- 

uages is FOCAL (FOrmula CALculator), as it has been designed specially 

for this type of computer. Its implementation, however, is made through 

an "interpreter": a programme permanently stored in the core, that scans 

the user instructions, written in FOCAL, and performs the task through 

the call of suitable routines. This means the use of a considerable 

amount of the execution time decoding the instructions and of the avail- 

able core with utility coding; also, user oriented tasks are, in several- 

cases, inaccessible to the standard version of the language. 

In the present situation the advantages of the use of FQCAL were 

considerably extended. This was achieved through the use of overlays 

that allowed user oriented routines to be accessible through FOCAL; 
1 

when 

lopg repetitive jobs had to be performed, the control was transferred 

from the standard interpreter to routines written in assembly language; 

upon completion, these routines would return the control to the inter- 

preter. This programming technique was used when the storage limitations 

of FOCAL were compatible with the requirements of the data processing. 

In appendix III, a set of programmes written in assembly language 
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is listed and described. These are either self-contained programmes 

or overlays designed to be used with the FOCAL interpreter (both of the 

utility or user oriented types). 

In the following pages, a description of the techniques used 

for several types of measurement is given. 

a) Mean velocity and Reynolds stresses 

The procedure used in the determination of these quantities 

-involved the evaluation of the man values and standard deviations 

of the signals input't6. the A/D interface. Basically loops of 

384 or 768 samples were repeated between 200 and 400 times accord- 

ing to the low frequency behaviour of the signals. At the end 

of each loop, mean values and standard deviations for the loop 

were calculated and used to update the corresponding total meansý 

Upon completion of the execution, the values were either dumped 

for further processing, or used to evaluate directly the mean 

velocity and Reynolds stresses; this last situation was used 

whenever this was allowed by the local level of turbulence 

intensity. 

b) Single Probability Density Distributions 

Signals proportional to u, v or w were input to the A/D 

interface. The voltage range was divided into 128 equally spaced 

intervals, and to each interval a 24-bit binary word was associated. 

For each value sampled, the corresponding word was determined 

and its contents incremented by one. The total number of samples 

was 2x8 7 (4194304). The histogram obtained was aftezwards norma- 

lized for unit area and higher order moments were determined. 

Specific problems were due to the non-uniformity of the size 

of the voltage intervals; this was cured by obtaining the pro- 

bability density distribution of a ramp; weight factors for each 
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interval were determined from the distribution. 

Another possible source of error was the eventual presence of 

a dominant frequency in the signal; if a constant frequency samp- 

ling was used, the results were distorted by the beating of the 

two frequencies. This was circumvented by the use of a random 

time delay between two consecutive readings. 

c) Joint Probability Density DistributionA 

Basically, the process was the same as for the last case, but 

the two signals proportional to u and v or w were first "held" at 

the same instant, followed by the A/D conversion and storage of each 

of these. Afterwards, the "sample" mode was restored. 

The voltage range for both signals was divided into one array 

of 32 x 32 equally spaced intervals, each associated with a 24-bit 

binary word, whose contents was incremented by one each time the 

pair of voltages was inside the corresponding interval. The number 

of samples was 2*8 7; 
and the histogram obtained was further pro- 

cessed in a CDC6400 to yield the joint probability density distri- 

bution and related quantities. Specific problems were the same 

as for the last case and were solved in a similar way. 

d) Time correlations 

Time correlations were obtained by a sampling process similar 

to that already described in a) . Sets of 19 2 pairs of u and v 

for each instant were stored sequentially with u preceding v and 

contiguous pairs corresponding to a unit time delay. According to 

the desired correlations, values were cross-multiplied and each pair 

was used a number of times equal to the total number of discrete 

points constituting the correlation. After each set of 192 pairs 

was complete, and the values of the correlations for the different 
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delays were calculated, the values were used to update their cor- 

responding means. Execution of the programme ended when a new 

set did not influence any of the means by more than 1%. 

In order to determine the unit time delay, a dummy run was 

simulated and the period of the digital pulse controlling the logic 

commanding the A/D converter was measured. Different unit time 

delays were obtained by execution of a do-nothing set of instruct- 

ions a different number of times. The minimum elemental time step 

was 64 ps and could be indefinitely increased by steps of 1.2 gs. 
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Chapter 4- Measurements in Co-axial Jet Without Swirl 

4.1 Introduction 

The turbulent mixing 'of co-axial jets occurs in several practical 

industrial situations. This type of flow, particularly in the'developing 

region, has complicated turbulent processes which are not well understood 

and which strongly influence the position where self-similar flow is reached. 

one of the first related experimental investigations was carried 

out by Forstall and'Shapiro (1950), who measured the mean velocity and con- 

centration fields in a double concentric jet confined by a remote wall; 

this situation resembles the development region of. a round jet in non- 

stagnant surroundings. Chigier and Beer (1964b)also reported mean velocity 

profiles in a developing flow, with particular emphasis given to the re- 

circulating region downstream of the separation wall between the two streams. 

Champagne and Wygnanski (1970) were the first to report measurements of 

the Reynolds stresses, in addition to the mean velocity measurements; in 

their work, the separating wall between the two streams was very thin and 

their. inlet profiles corresponded to a potential core. Velocity ratios 

ranging from zero (single round jet) to ten were investigated for two differ- 

ent values of the outlet area ratio; for three of the velocity ratios, 

the axial, radial and shear stresses were reported. 

In 1972, Chriss and Paulk reported measurements of velocity and con- 

centration in co-axial free jets emerging from potential cores. The Reynolds 

shear stress was determined by integration of the axial momentum equation, 

neglecting the contribution of the Reynolds normal-stresses; the velocity 

ratios ranged between 0.12 and 1.52. 

Durao and Whitelaw (1973) measured the mean velocity and all the non- 

zero Reynolds stresses in the developing region of co-axial free jets emerg- 

ing from fully developed pipe and annular flows. Three different velocity 
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ratiosCO., 0.23'And 0.621' were investigated in a region from the pipes 

exit to eleven diameters downstream. - Besides showing a pronounced tend- 

ency for the self-preservation, their results also show that considerable 

changes in anisotropy of the Reynolds stresses occur in the near exit 

region. 

The-influence of the wake, in the region between the two streams, 

I on the development of a co-axial jet can be determined from the results 

of Matsumoto et al. C19731; these authors measured the mean velocity and 

22 
the three Reynolds stresses (u ,vr, uv r) 

for different velocity ratios 

and nozzle thicknesses. Their results show a strong influence of the 

nozzle -thickness on the development of the flow towards self-similarity, 

a very fast development being achieved for small values of the difference 

between the centre line and the secondary velocity. This is consistent 

with the results of Ribeiro (1972) (see also:., Ribeiro and Whitelaw, 1975zL) 

which show the occurrence of vortex shedding in the wake of the separating 

wall between the two streams; the net effect is an increase in the turbu- 

lent transport by the radial component, therefore increasing the mixing 

between the two streams. 

As the above text shows, the complexity of a co-axial jet flow field 

needs careful analysis so that, together with the usual information con- 

cerning the mean velocity and Reynolds stresses distributions, a better 

understanding of the characteristics of the turbulent field can be obtained. 

Indeed, the developing region of such a flow is complicated by the presence 

of a mixing layer and, more often than not, of a wake which can be subject 

to vortex shedding in the initial region. 

In the present work, previous investigations of the turbulent flow 

field in the developing region have been complemented by the measurement 

'N 

and analysis of two-dimensional joint probability density distributions of 
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the axial and radial velocity fluctuations. In addition to providing 

information on the turbulbnt field, the present measurements also pro- 

vide data that can be used to judge the ability of turbulence models, in- 

cluding those based on probability approaches, to describe this flow situ- 

ation. The remainder of this chapter gives an account of the flow con- 

figuration and the results obtained. In the next section, the geometry 

and initial conditions are described; this is followed by the presentation 

of the results and their analysis; in the last section, the main conclu- 

sions are summarised. 

4.2 Descriptio! 2 of flow confiquration and initial conditions 

The flow rig used in this work was basically the same as previously 

used by Durao (1971) and Ribeiro (1972), and a complete description can be 

found in the first of these works. 

Two separate centrifugal fans were used to blow atmospheric air 

into two independent settling chanbers, through electrostatic filters 

(figure F. 1) which cleaned the air and, thereby, minimized containination 

of the hot wire probes. The settling chambers delivered the air to two 

concentric pipes, one to the pipe with smaller diameter and the other to 

the annular region between the two Pipes. The inner pipe was 2.83m long 

1.61 cm i. d. and 2.16 cm o. d.; the outer pipe was 2.00m long and 4.49cm 

i. d.; the length of the pipes assured fully developed pipe and annular 

flows at the exit plane. The relative positioning of the two pipes was 

achieved through two sets of three blades that could be moved in a direct- 

ion perpendicular to the inner pipe wall. Each set of blades was part of 

a block rigid with the outer pipe (see f igure F. 7) . 

At the e. xit plane, a solid smooth wall 2.5 x 2.5 m was inserted in 

order to guarantee a symmetric pattern for the entrained air in the initial 
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region. The whole test region was surrounded by a c. age 2x2x 5m long, 

with a 1/16 in mesh, to minimise the possible influence of dra. ughts with- 

out affecting the entrainment of surrounding air. 

The measurements were performed for three values of the ratio be- 

tween the peak velocities at the pipe and annular exit planes; these 

values are shown below, together with corresponding values of the initial. 

Reynolds numbers based on the average velocities at the outlets of the 

pipe (Re and of the annulus (Re 
0 

Velocity ratio Re i Re 
0 

. 65 25600 58900 

46800 1.00 

1.48 

31300 

41000 41500 

At the beginning of the measurements, the axial symmetry of the 

geometry, under dynamic conditions, was tested. This was achieved through 

the measurement of the nean velocity at 0,1,4 and 8 diameters downstream 

of the inlet, each of the measurements consisting of two complete radial 

traverses in the horizontal and vertical directions. The geometry was 

considered to be symmetrical when the deviation between the four resulting 

radial profiles at each station were not larger than 1%. 

4.3 Presentation and analysis of the results 0 

In this section, the measurements obtained for the three sets of 

initial conditions of the co-axial jet without swirlýare presented. The 

, 
first part deals with the behaviour of the mean velocity and Reynolds stress 

components along the centre line and in cross-sectional planes at values 

of x/D of 0.2,1,3,6,10 and 15. In the second part, the results ob- 
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tained for the tw6-dimensional probability density distributions of the 

velocity fluctuations are presented and discussed; this is followed by 

the presentation of one-dimensional distributions of each of the fluctua- 

ting velocity components for which the accompanying orth. ogonal component 

is either positive or negative. 

4.3.1 Mean velocity and Reynolds stresses 

Figures 1 to 3 show the centre line profiles of the inverse of the 

mean velocity and of the Reynolds stresses for the three different velocity 

ratios investigated. The outer (annular) regime does not influence the 

man velocity at the centre line inside the first three diameters; it 

does, however, affect the Reynolds stresses, first through v2 and only r 

later through u2. Between three and six diameters, the'behaviour reflects 

the influence of the outer (annular) region. After six diameters, the 

centre line decay of mean velocity approaches an asYnPtotic behaviour 

inversely proportional to the distance from'the inlet. The Reynolds 

stresses, however show these influences more markedly. The normal stress 

in the axial direction, u2, has the main signature in the region between 

three and six diameters. This is particularly true for the inlet velocity 

ratio of 0.65, where the occurrence of a positive radial mean velocity 

gradient on thd inner side of the outer regime is responsible for high pro- 

duction of u2; these high levels of produqtion are a result of the mean 

velocity gradient, both directly through -2uv 3U/3r and indirectly through 
r 

2- the production uv r 
by -v r 

DU/Dr. After six diameters, the profiles 

of U2 and v2 follow a trend that conforms to the pattern of evolution to- r 

wards self-similarity; the peculiarity in this case, occurs for the velocity 

ratio of 0.65 where this tendency is slowed by the existence of a flat central 
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region in the radial distributions of mean velocity. However, at fifteen 

diameters, the behaviour of the mean flow and of the Reynolds stresses 

is no longer dependent on the initial conditions. 

Figure 4 to 7 show the radial distributions of the mean velocity 

and Reynolds stresses near the inlet region (x/D = 0.20). An interesting 

feature is that, while the axial normal stress, u2, still exhibits a 

double peak in the region of the inner pipe wall, the distribution of v2 r 

does'not; and in this region v2 is always higher than u2, and the ratio 
r 

between these two quantities is a maximum for the velocity ratio of unity. - 

This will be justified later in this Chapter as a result of the occurrence 

of vortex shedding in the wake of the inner pipe wall; as this phenomenon 

also affects the Reynolds shear stress, a high production of u2 should 

be expected. As u2 is still lower than v2, therefore the levels of stresses 
r 

cannot be locally determined. Probably the most important effect in this 

region is a radial transport by the radial velocity fluctuations. 

At a station located one diameter downstream, the distributions 

of mean velocity, figure 8, still exhibit a region of positive radial 

gradient located between two regions of opposite gradient; and the normal 

stress u2 (figure 9) still scales with the local mean velocity except 

in a small region between r/R tl 0.3 and r/R et 0.6. These two values can 

be seen as the boundaries of -the mixing region between the pipe and an- 

nular regimes. The distribution of v2, figure 10, does not show the high 
r 

magnitudes displayed at the initial station and its level is everywhere 

below that of u2. The radial profiles of the Reynolds shear stress, uv r 

shown in figure lltstill display the occurrence of two changes in the sign 

of the stress. This is in qualitative agreement with the occurrence of 

the two maxima and one minimum in the mean velocity profiles of figure 

ý-'8 (the spacing between consecutive measurement positions does not allow 

11, a'quantitative assessment of a possible discrepancy between zero mean 
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velocity. gradients and zero Reynolds shear stress). 

Further downstream, at x/b =; 3, the mean velocity profiles of 

figure 12 show that only for the velocity ratio of unity does the gradient 

cross zero at two points. The Reynolds stresses shown on figures 13 to 

15, show an individuality that was not present at the previous stations. 

This conveys the idea that the mixing between the two regimes has reached 

the centre line. The shear stress (figure 15) shows its absolute maxima 

located at the outer region of the flow (r/Rt! l. 0); this is an obvious 

result of the smoothing of the mean velocity gradients in the central region. 

At six diameters downstream, the velocity profiles (figure 16) dis- 

play a monotonic behaviour. Their slope increases with the velocity ratio 

in the central region and this tendency is reversed at the edge. This be- 

2 haviour has its counterpart in the profiles for u (figure 17): in the 

centre line region, the higher levels of u2 are linked with the higher pro- 

duction associated with the higher velocity gradients for the case of 

U. /U = 1.48; whereas near the edge, the higher velocity gradients are 3.0 -The cLIVbUt-10AS Of -r,, L (, FýO- IS) " L-; 5he- I-aLt-ý Vdr"4'! j od tos; 
2 

linked with the lower velocity raj: Lo_; Y'_"as the production of vr is negligible 

for all the three velocity ratios and, at least in the ce"ntre line region 

the expected result of redistribution effects would have an opposite effect 

to the tendency displayed, it seems that the main process that defines the 

2 
level of vr is turbulent diffusion. The behaviour of the Reynolds shear 

stress is shown in figure 19; it already exhibits the same trend, but lower 

magnitude, as the self similar case. 

In figures 20 to 23, the radial profiles of mean velocity and the 

Reynolds stresses u2, v2 and uv , are presented for cross-sectional stations rr 

at x/D = 10 and 15. Figure 20 shows that, as far as mean velocity is con- 

cerned, the profiles are undistinguishable from self-similarity, inside ex- 

perimental scatter. The Reynolds stresses still display values below the 

expected levels for the self-similar case. This is especially true for the 
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Reynolds shear stress(figure 231. where the maximum level is still around 

0.012 (when normalized with the square of the mean velocity at the centre 

line). However, its maxima are already located at r/xt: 0.06, that is, 

the expected location for the occurrence of the maximum shear stress far 

enough downstream. 

The above analysis of the results allows some overall conclusions 

to be drawn. The evidence shown suggests that the dependence of the jet 

development on the velocity ratio is small, at least for the range of 

velocity ratios considered. The co-axial jet seems to develop faster than 

the single jet; this can be attributed mainly to the mixing region that 

lies between the two regimes and to the strong turbulent transport induced 

by the occurrence of the wake of the inner pipe wall. 

4.3.2. Probability density distributions 

This subsection deals with the presentation of the probability 

density distributions of velocity fluctuations. These were measured in 

a two-dimensional velocity space, and therefore may be seen as the result 

of integration of the three-dimensional distributions, f(v), over the 

unidimensional space of the third velocity component. The two dimensions 

concerned are the axial, u, and radial, vr, components of the velocity 

fluctuations; for simplicity of notation, the radial velocity component 

is referred to as v. The distribution, f (u, v) satisfies the following 

relationships: 

f (u, A=1, f (A dv, 
v6 
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If Cu, vl dv, = f Cul 
v 

I f(u, v)du = f(vl 
u 

ff 
f(u, v)du dv 

U, V 

(2) 

(31 

(A) 

In the above equations, f(u) and f(v) are the unidimensional, 

unconditional distributions of the axial and radial velocity fluctuations. 

The two-dimensional probability density distribution appears hence- 

forward normalized by its standard deviations, CY and CF , defined as: uv 

cr2 =u2= ff u2f (u, v) du dv (5) 
U'V 

22 
CY V v ff vf (u, v) du dv, 

U'V 

and is represented as B(u, v); therefore, equation (4) can be rewritten 

as: 

B(u, v) d(u/U ) d(v/Cf 
uv 

(7) 

B(u, v) is represented in figures 24 to 44 in two ways: (a) as 

a three-dimensional plot where u/Cju and v/(y v appear in an horizontal plane 

as independent variables, with B(u,, v) as a dependent variable in the verti- 

cal direction; and (b),. as lines of isoprobability, B(u, v) =c with the 

values of c given in table 1. 

In the same figures, the convention for the sign of the fluctuations 

, 
is as follows: for the axial component, u, the positive values correspond 

to fluctuations above the value of the mean velocity; for the radýal 
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contour C*I Value of c Contour N value of c 

1 . 0064 6 . 0784- 

2 . 0144 7 . 1024 

3 . 0256 8 . 1296 

4 . 0400 9 . 1600 

5 0576 

Table 1: Values of the probability density for the iso- 

probability lines of figures 4.24 to 4.45 

fluctuations, v, the positive fluctuationsare associated with a travel 

. 
ýowards the edge of the jet; the anbiguity of the sign of v at the centre 

line is solved by taking one of the directions arbitrarily as positive. 

The following five paragraphs provide a guide to the information 

which is extracted during the analysis of the results and indicates how 

it can be deduced: 

i) A distribution with a positive skewness in a certain direction 

exhibits in this direction a higher probability density in 

the region of high positive fluctuations than in the region 

of high negative fluctuations. 

.1 11) Given two distributions with different flatness factors, the 

higher flatness is usually associated with the distribution that 

exhibits comparatively lower densities for small values of the 

fluctuations; in other words, the distribution with higher 

spread has higher flatness. 

The contours are numbered from the outer to the inner region, each 
number referring to a contour that encloses the one with the immediately 
higher number and is enclosed by the one with the immediately lower 
number. 



- 116 - 

iii) Non zero values of the Reynolds shear stress? uv r can exist 

with fluctuations which have a preferred direction or no pre- 

ferred direction. In the former case, B(u, v) has symmetry 

axes which do not coincide with the u-and v-axes; in the 

latter case, the distrýbution is characterised by skewness. 

It will be shown later (4.3.2.1) that these two characteristics 

can be associated, rýspectively, with local production of tur- 

bulence and with turbulent transport. 

iv) The situations where the Reynolds shear stress is zero, but where 

u and v are not independent, can be identified in the probability 

density distributions as corresponding to a particular position- 

ing of the u-and v-axes; on the other hand, the independence 

between u and v yields a probability density distribution insen- 

sitive to the orientation of the two axes. 

V) A downstream turbulent transport in the axial direction occurs 

when the distribution exhibits a positive skewness for the u- 

componený. Similarly, a transport towards the edge is synonymous 

with a positive skewness for the v-component. 

The above paragraphs have provided a basis for the analysis of 

figures 24 to 44. 

Figures 45 to 65 present conditional distributions of one component 

of the fluctuating velocity according to the sign of the other component. 
I 

This'information is contained in the distributions of figures 24 to 45, 

but a bette-r physical understanding of the correlations between the two 

directions can be obtained from the presentation adopted on figures 45 

to 65. The formal link is given by the expressions: 
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Co 0 
(u) 

v>O 
fB (u, vl d (v/CI 

vp 
(u) 

v <'0 
f B(U, V) d(v/CY 

v 

P (v) 
u>O 

f 13 (u, v) d (u/cr 
u 

p(V) 
u<0fB 

(u, v) d (u/cY 
u 0 -Co 

The P's represent the c9nditional distributions. Three points 

are worthy of mention: 

i) At the centre line, P(u) P(U) and 
v>0 V<O 

P(v) P(-v) > or since this location corresponds to a 
U<>0 u< 

symmetry line for the v-component. 

ii) In a region where-the mean velocity gradient is non-zero, 

the difference between the mean values of the u-fluctuations, 

for the range of positive and negative values of the u-fluct- 

uations, allows an estimate of the size of the surrounding 

region where turbulent transport is effective; in other words, 

a macro7length scale of the type of the mixing length can 

be determined. This can be understood as follows: if an 

eddy is originated at a certain location, it is probable 

that it has a translational velocity similar to the local 

mean. If the eddy does not lose a significant amount of kinetic 

energy during its travel, it will cross the new location with 

a velocity characteristic of the region where it was originated. 

Therefore, the difference between its velocity and the local 

mean can be translated into terms of an average distance travel- 

led, if the local mean velocity gradient is known; i. e. 

I= 
-1 -u IV< 

0 u V>o 
2 all/ar 
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represents the average distance of travel and'Ulv, < 0 
is the 

man value of the u-fluctuations for positive/negative v. 

These distributions allow the contributions of local pro- 

duction and tUrbulent transport to the Reynolds shear stress 

to be identified; while a solely local dependence yields 

two symmett-Cfal distributions, with their mean values equally 

shifted from zero; a dependence solely on turbulent transport 

yields two skewed distributions with the same mean value. 

In the remainder of this section, figures 24 to 65 will be analysed. 

The firstpart of the text deals with figures 24 to 44; their analy- 

sis is detailed, since it will serve as a basis for the extraction of con- 

clusions associated with the process of turbulent diffusion. This pro- 

cess has implications for the Reynolds shear stress that are stronger 

than generally believed. 

The second part deals with the presentation and analysis of figures 

45 to 65; this part is short and serves the main purpose of readily 

showing the interdependence between the axial and radial fluctuations. 

4.3.2.1 Two-dirmnsional probability density distributions 

In figures 24 to 29, the probability density distributýons along 

the centre line are presented for the three velocity ratios. The deviations 

from symmetry around the u-axis reflect inaccuracy of the measurements, 

since the axial symmetry implies a symmetric distribution around the u-axis. 

In all figures but one (that represents measurements at three diameters 

downstream and the lowest velocity ratio), the most probable value for the 

u-fluctuations is positive; the skewness of the u-distribution along the 
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centre line is, therefore, negative. This behaviour has a counterpart 

in the axial man velocity gradient, as this quantity is negative every- 

where, except in a region between 2.5 and 5 diameters for tLe lowest 
L6 

velocity ratio, where it becomes positive (see figure 1). As the man 

velocity gradient is associated with the larger scales of the motion, 

this suggests that the skewness (thus the turbulent diffusion) is de- 

pendent on these scales. This is not consistent with the assumption, 

common in turbulence modelling, of representing higher order quantities 

by the immediately preceeding lower order quantities. Launder, Reece 

and Rodi (1975) and Daly and Harlow (1970), for example, propose models 

for turbulent diffusion that relate third order terms with products of 

second order terms and their gradients. However, a non-zero skewness can 

only be a result of the dominant occurrence of eddies moving with a 

velocity either much higher or much lower than the local mean velocity. 

These eddies must, therefore, have remote origins and be affected by 

the changes in the mean motion inside a finite region of space. This 

can be shown to be compatible with the measured dii3tribution as follows: 

Consider a location of the centre line where the mean velocity 

gradient is negative (e. g., figure 24(b)); the portion of the small 

volume surrounding this location where the mean velocity is lower than 

the local mean is larger than the portion where the opposite prevails. 

it is expected, therefore, that fluctuations with a large radial compon- 

ent have a characteritstic velocity that is lower than the local mean. 

This is confirmed from an analysis of figure 24(b), which shows positive 

u's occurring with small v1s, and negative u's co-existing with a wider 

range of v1s. The above evidence seems to be consistent with Townsend's 

(1956) and Bradshaw's (1966) arguments which attribute the turbulent 

diffusion mainly to the large scales. 
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Figures 30 to 32 refer to locations that belong to the inlet, 

station and to a station at one diameter downstream. The distributions 

labelled (b) exhibit a peculiar shape in the region of u and v both 

positive; this is due to the occurrence of vortex shedding in the 

wake of the inner pipe wall; in the central region of this wake, 

bimodal distributions occur; at its edges, there are only reminiscences 

of the two peaks, 'as the present figure shows. A detailed analysis of 

the above mentioned region is postponed to a later part of this section 

(page 123 The figure on the upper left hand side refer to a location 

close to the inlet plane and in the central core that resulted from the 

pipe flow; in this region, the mean velocity gradient is negative and 

the Reynolds shear stress positive. The figures show that the value of 

the shear stress is not only a result of (i), a preferred direction for 

the velocity fluctuations, but (ii), also of a high probability of 

occurrence of slow motions from the outer regions; the same pattern 

occurs at the equivalent location at one diameter, figures 30(c) to 32(c), 

the only difference being a stronger directional dependence of the fluc- 

tuations. 

Figures 33 to 35 show the probability density distributions 

further downstream, at three and six diameters; figures labelled (a) 

refer to the cross-section at x/D = 3, at locations in the region close 

to the centre line where the Reynolds shear stress is negative except 

for the lowest velocity ratio, where it is positive. In figures 34(a) 

and 35(a), the main contribution to the value of the Reynolds shear 

stress is a directional preference for the fluctuations, in the sense 

that high values of u tend to co-exist with high values of v of opposite 

sign, for both u positive and negative; thus, this contribution is of 

type'(i) above. In figure 33(a), however, and as already indicated by 
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figures 30,31 and 32, there is also a significant contributionlof 

type (iij , i. e., due to the distribution'being skewed in that particular 

direction. Since the contributions of the firs*t type are"the oLy one's 

that occur in a field wherethe mean velocity is linear, they may be seen 

as locally determined- by the mean velocity gradient. and, therefore, can 

be identified with the production term in the transport equation for the 

Reynolds shear stress. The second type of contribution, (ii), has the 

same origin as the third order velocity correlations, i. e., it is a 

result of a lack of linearity of the mean velocity profile in a region 

that affects the local values of the Reynolds stresses; thus, it is 

associated with turbulent transport from regions at a finite distance of 

the location. This argument is reinforced by the fact that, for small 

values of u and v and thus for eddies that originated in the immediate 

vicinity of the location, the isoprobability lines have an approximately 

elliptic shape; their elliptical symmetry is, however destroyed at 

higher values of the fluctuations. The isoprobability lines, therefore, 

contain information about the surrounding mean velocity field. 

The above observation is disturbing, since the experimental 

results so far show a direct influence of the surrounding field over the 

local values of the turbulence quantities; and, as one of the direct 

influencesof the near field appears through the pressure term, this 

throws doubt on the validity of the homogeneity assumption often used in 

the modelling of the pressure influence. 

Figures 33(b) to 35(b) 
; 

efer to the same downstream*station, 

x/D = 3, at locations with a low mean velocity gradient; according to 

the analysis just concluded, therefore, the main contribution to the 

shear stress should stem from turbulent transport; this is confirmed by 

the distributions obtained, which display high skewness, with high pro- 
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bability of occurrence on the side of negative values of u. 

At six diameters r figures 33 Ccl and (d) to 35 Cc) and (d) , 

the distributions are shown at locations where the values of the Reynolds 

shear stress is a maximum (r/x 2., 0.08) and where the mean velocity reaches 

half the centre line value. The patterns are similar to those shown by 

Ribeiro and Whitelaw (1975 b, see also appendix 1) for the self preserving 

region of a single jet: in the regions of maximum shear stress, this 

quantity can be seen as locally determined, since the tsoprobability lines 

are approximately symmetrical. At r/x 0.109, however, the hon-simul- 

taneous occurrence of high and negative values of u and v results in 

positive skewness and influences the local value of shear stress. At 

this location, values of axial momentum much higher than the local mean 

are associated with a long travel form the inner regions (v> 0), while 

fluctuations with an axial momentum much lower than the local mean seem 

to have a local origin (v Z" 0); therefore they represent local changes 

in the velocity field Untermittency) rather than being associated with 

a turbulent transport form the outer region. 

Figures 36 to 38 show probability density distributions 

at ten and fifteen diameters; they refer to locations where the shear 

stress is a maximum (r/x = 0.055) and where the value of the mean velocity 

equals a half of its centre line value (r/x = 0.097 at x/D = 10 and 

r/x = 0.087 at x/D = 15). The normalized distributions seem to be in- 

dependent of the axial distance and they are also similar to those shown 

in appendix 1. * The values of the Reynolds shear stress are still' changing, 

but the shape of the probability density distributions appears to be de- 

pendent only on the radial distance. In view of this apparent self- 

similarity, it is safe to assume that in this region, all the moments of 

distributions, normalized by-the standard deviations, are independent of 
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the axial distance and initial velocity ratio. it is expected, therefore, 

that self-preserv4tion is only dependent on the level of the Reynolds 

stresses, "rather than being reached in a step-by-step basis, with lower 

orders reaching self-similarity quicker than higher orders. These re- 

sults also confirm that a self-similar situation is achieved in a shorter 

distance for the present co-axial jets than for the single jet. 

The importance of the initial mixing region on the development 

of the co-axial jet has already been emphasized. In theý present case, 
I 

.ýp 

the mixing is enhanced by the occurrence of a wake downstream of the 

inner pipe wall. In a previous paper, by Ribeiro and Whitelaw (1975, a) 

the existence of vortex shedding was detected in this region and the 

kinetic energy spectra were measured. An attempt was also made to find 

the correlation between radial and axial fluctuations-by displaying the 

figures obtained when voltages proportional to these fluctuations were in- 

put to the horizontal and vertical deflection plates of an oscilloscope. 

In the present work, more quantitative results were achieved by building 

the joint probability density distributions for these fluctuations, as 

shown in figures39 to 44. They show the occurrenceof two peaks for all 

the three different ratios of inlet velocities. These peaks decay with 

. 
the axial distance and, at least in the initial region (x/D< 1.0) the decay 

is relative and mainly a result of the increasing influence of the tur- 

bulent kinetic energy: the spacing between the peaks remains essentially 

the same and, consequently, the amplitude of the periodic motions does not 

change significantly. 

The distributions in this region (x/D <1.0) can be considered 

the sum of two unimodal distributions surrounding each peak. In this 

context it is interesting to analyse the behaviour of thelýmimodal distri- 

butions" as this allows conclusions pertaining to the applicability of a 

/ 
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turbulence )model closed At the level of the Peynolds stresses to this region. 

Each unimodal distribution would yield a high value of the Reynolds shear 

stress: the distribution with the higher velocity as the most probable 

value., would originate a positive shear stress, and the other distribution, 

a negative shear stress. Thus, the final value of uv is much lower in 

magnitude than each of the individual contributions. Since the main source 

of turbulence, for a model closed at the Reynolds stresses level, is pro- 

portional to i7v-, it is expected that this model will yýeld a value of 

turbulence intensity which is too low in such a region. 

The ability of the model, proposed in Chapter 2 and based on 

a closure at the level of the transport equation for the probability den- 

sity distribution,. to cope with such a flow situation is also res- 

tricted. While the occurrence of a double peak could appear since the 

convective term has not been altered, the periodic nature of the fluctua- 

tions can not be predicted. 

Another distinctive feature of the distributions in this region 

is that they are spread over a wider range of values of uATU and vATv 

than in the case of a purely turbulent field. As the standard deviations 

are already very high, it is to be expected that the higher order even 

moments of the distributions are much higher than in the case where only 

turbulence occurs. This is particularly true for the v-direction and it 

helps to explain the disappearance of the bimodal radial distributions 

, 1/4: 
2ý- 1 

of v JU E that were expected to be associated with the outer region of 

the pipe flow ana with the inner region of the annular flow. As figure 

shows,. at x/D = 0.2, the two peaks have already merged for all the three 

. velocity ratios. 
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4.3.2.2,. Conditional one-dimensional probabiliýy density. distributions 

Figures 45 to 65 represent the one-dimensional probab., ' lity density 

distributions of one of the components of the fluctuating velocity, sub- 

ject to the condition of the sign of the other component. The distri- 

butions display information contained in the two-dimensional probability 

density distributions of figures 24 to 44 but, as already said, they allow 

tome characteristics to be observed more readily. 

Figures 45 to 53 show the evolution of the conditional distribut- 

ions along the centre line of the jet; the axial symmetry appears in 

the u-distributions as superimposed for v, >, ý 0, and in the v-distributions, 

as symmetric (but differentl around v=0. The figures show a negative 

skewness for the u7-distributions throughout, except for the case of low- 

est velocity ratio at three diameters downstream; this was already dis- 

cussed when dealing with the joint probability density distributions, 

and was attributed to the characteristics of the surrounding field. For 

the same reason and with the same exception, the v-distributions for posi- 

tive u are narrower than those for negative u. 

At the initial station (x/D = . 22, figures 54 to 56), the curves 

show values at the centre line, at a location where the mean velocity 

gradient is negative (r/R = 0.26), and at another iocation where this 

gradient ispositive 4r/R = 0.48). The common feature of the last two 

locations is that the u-distribution is dependent on the sign of v:, 

under homogeneity, it would be expected that the distributions for posi- 

tive v would be mirror images of the distributions for negative v since 

a non-zero Reynolds shear stress is a result of the non-coincidence of 

the more probable values for the distributions. This is not the case here 

and a high degree of skewness is inferred by the difference in standard 
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deviations of the conditional distributions, 

Figures 57 to 59 refer to radial stations at one diameter downstream. 

The influence of a turbulent transport in the value of the Reynolds shear 

stress is even more emphatic here: at r/R = 0.6, this is the only sig- 

nificant contribution because the distributions display a very small shift 

of their most probable values. 

At a cross-section at x/D = 6, figures 60 to 62, Uie distributions 

already exhibit strong similarities to those obtained for the self-pre- 

serving case; the main differences to this situation are, 

- at the centre line, the u-distributions eklibit higher skewness and 

lower flatness; 

- at the location where the Reynolds shear stress is a maximum, there 

is a wýder distribution for u associated with inwards transport and 

for v associated with the slowest motions. 

Figures 63 to 65 show the distribution obtained at fifteen dia- 

meters. They are undistinguishable from the self-preserving case, -and 

their analysis may be found in Appendix I. 

t 

4.4. Condluding remarks 

The results and discussion presented in the last section provide 

information that assists the understandinq of some turbulent processes 

in general, and of this flow field in particular. 

The general implications of the-measurements reported in this 

Chapter for turbulence models are considered next. Since this type of 

measurement allows the characteristics of the large scales of the motion 

to be identified, the behaviour of the turbulence models linked to these 

scales is considered. 
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In the Reynolds stress closure of Launder, Reece and Rodi, the 

modelled quantities that are affected by the large scales a-e. the tur- 

bulent diffusion and the pressure dependent terms. The implication over 

the modelling of turbulent diffusion have been dealt with extensively, 

and the conclusion extracted was that the form adopted by Launder, Reece 

and Rodi was not in accordance with the physical processes that govern 

diffusion. This is an important conclusion since the turbulent diffusion 

is the only mechanism, in the set of transport equations considered by 

this level of closure, that contains directly the third order correlations; 

these quantities are a "first order" measure of the asymmetry in the pro- 

bability density distributions. A model proposed by Bradshaw et al. 

(1967) for the turbulent diffusion of turbulent kinetic energy is consis- 

tent with the findings of the present set of measurements. These authors 

assume the diffusive flux of energy to be proportional to energy times 

a diffusive velocity, characteristic of the large scales of the motion. 

This velocity is taken as proportional to the square root of the average 

Reynolds shear stress across the field, on the grounds that the latter 

determines the production of the large eddies. 

The pressure term can be split into two different types of cont: ri. - 

bution, one diffusive and another-redistributive in nature. The influence 

of large scales on the diffusive contribution is unknown, since there is 

no available information about the correlation between pressure and velo- 

city fluctuations. An indication of the nature of this term can be obtained 

with the aid of a drastic simplification: if vorticity is assumed to be 

small inside the large scales, the pressure fluctuations are balanced by 

the fluctuations in kinetic energy; this hypothesis would yield a formal 

similarity between the pressure and turbulent diffusions. The remaining 

pressure term is redistributive of turbulent kinetic energy. The only part 
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of tlýis term in which the asymmetry of the fluctuation is relevant, is 

the integral over space of the. gradient of mean velocity multiplied by 

second derivatives of the second order correlations. The integral 

nature of this term implies that only the symmetric part of the inte- 

grand contributes to redistribution; thus the asymmetry of the large 

scale fluctuations only contributes when combined with the anti-symmet- 

ric part of the mean velocity gradient. It is therefore probable that 

the effects of the asymmetry of large scales on pressure redistribution 

is small. 

The implications of the reported measures on the modelled transport 

equation for the probability density distributions of velocity are con- 

sidered next. Since in this closure the part related to the instantaneous 

convection is exact, only the contributions-. to the pressure terms need to 

be considered. These contributions can be seen to imply the same type 

of restrictions as those implied over the Reynolds stress closure, since 

thet assumptions embodied inthe modelling of these terms are the same for 

both models. 

The above considerations were of a general nature and apply to situ- 

ations that deviate from homogeneity. The flow situation considered in 

this Chapter, displays some additional features that cannot be simulated 

by the two above mentioned models. 

One is the occurrence of vortex shedding in the wake of the inner 

pipe wall. The Reynolds stress closure, as it stands, cannot predict this 

feature. The closure on the transport equation for-the probability density 

distribution is not, in principle restricted to predicting unimodal dis- 

tributions; however, since the periodic nature of the fluctuations can- 

not be simulated, this model also fails to deal with the problem of vortex 
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shedding. 

Another possible source of disagreement between the bchaviour of the 

flow and that expected from the models is the intermittent behaviour of 

the fluctuations at the outer region of the Jet. Intermittency appears 

associated with strong asymmetry in the probability density distributions; 

since the Reynolds stress closure has no provisions to deal with the velo- 

city correlations of odd order, this closure will be particularly handi- 

capped to deal with this situation. 
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Chapter 5- Measurements in Co-axial Jet With Swirl 

5.1 Introduction 

This Chapter deals with the measurements obtained in a swirling 

co-axial free jet. The interest of this type of flow field stems from 

its complexity and practical relevance. When swirl is imparted to a free 

axisymmetric flow, the'width of"the flow and the turbulent mixing in- 

crease and, depending on the amount of swirl, the characteristics of 

the flow can be drastically changed with the possible occurrence of a 

reverse flow. These effects are used extensively, e. g. in combustion 

systems, where swirl is used as. a means of control and stabilization of 

the flames. 

Theoretical investigations concerning this problem have been carried 

out by a nunber of workers; Loitsyanskii (1953) and G6rtler (1954) 

obtained approximate solutions for the far velocity field of the laminar 

jet with weak swirl, and tried to extrapolate to the turbulent case through 

the use of the concept of effective viscosity. Steiger and Bloom (1962-) 

tried to calculate turbulent swirling flows with an integral method. A 

different and more promising type of approach to a solution of the turbir- 

lent case was initiated by Lee (1965): he avoided the problem of the un- 

known turbulence influence by using integral methods coupled with some 

closure hypothesis based on an integral property, e. g. an entrainment 

law. Chigier and Lorenz (1967) extended Lee's treatment to higher de- 

grees of swirl by relaxing the boundary-layer assumptions. Narain and 

Meroi (1974) suggested a different entrainment law, whereas M a-ger (1974) 

pre6cribes the centre-line pressure drop. 

All the above investigations are applicable only to the self-pre- 

serving region of the swirling jet and are intended to provide information 

about gross features of the flow rather than a detailed description of the 

mixing mechanisms involved. 



- 131 - 

Additional investigations relcUti. ng to the theoretical side of swirl- 

ing flows involve closure hypotheses in the differential forms of the 

transport equations, with consequent increased range of applicability; 

Lilley and Chigier (1971, a and b), see also Chigier (19721, presumed 

the failure of an effective viscosity hypothesis and suggested the use of 

a "directional" effective viscosity; they relate this quantity to a 

length scale which has more than one value at a point and, thereby ob- 

tain a relationship between stress and strain that is formally incorrect. 

Lilley (1973 and 1975)used this closure to generate solutions for the 

swirling jet in stagnant surroundings. Evidence of the applicability 

of more general types of closure can be found in Rendricks and Brighton 

(1975) who used a two-equation turbulence model proposed by Spalding 

(see Launder and Spalding (1972)), to predict Morton's (1968) data 

for a swirling jet in confined surroundings. 

Experimental works on this subject are relatively scarce. One of 

the first and more detailed investigations was carried out by Rose (1962) 

wh6 reported hot-wire measurements of the mean velocity components and 

one of the normal stresses in the developing region of a swirling jet; 

the initial conditions were those of a fully-developed turbulent pipe 

flow subject to solid body rotation. The jet possessed moderate swirl 

(S 1' 0.23) and the measurements covered radial profiles up to fifteen 

diameters and centre-line behaviour within seventy diameters. Chigier 
I 

and Beer (1964) reported inpact tube measurements of mean velocity and 

static pressure in swirling air jets issuing from annular nozzles-, 

the ratio between the area of the annular section to that of the block- 

age was 17; four swirl nunbers between 0.39 and 1.43 were investigated 

and the report includes details of the dimensions of the recirculating 

region downstream of the blockage. Craya and Darrigol (1967) made a hot- 
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wire investigation of a jet with swirl nunbers ranging'from 0 to 1.58; 

they claim to have measured the mean velocity components and five of 

the Reynolds stresses; the measurements reported are for a swirl num- 

ber of 1.18 and include radial profiles of axial and circumferential 

mean velocity, one normal stress N2) and one shear stress (uv 0r 

Chigier and Chervinsky (1967) reported pitot tube measurements of mean 

velocity for a jet, with swirl numbers ranging between 0.066 and 0.640; 

these authors claim self-similarity occurring at four diameters down- 

stream for weak and moderate swirl but the lack of axial symmetry dis- 

played by their mean velocity profiles raises serious doubts about the 

accuracy of such a statement (at four diameters, the cases referred to 

as self-similar, exhibit asymmetries on the mean velocity profiles 

ranging between 11% and 40% at r/x = 1.2). other experimental investi- 

gations of the single jet with swirl include Kawaguchi and Sato's (1971) 

and Pratte and Keffer's (1969 and 1972). The former reports radial dis- 

tributions of mean velocity and axial normal stress, and the latter ex- 

tended the measurements to the remaining components of the stress tensor; 

2. 
it also presentsspectral distributions of u 

The above comments indicate the need for additional experimental 

data pertaining to swirling flows. In the present investigation, swirl 

was imparted to the annular regime of a co-axial free jet in stagnant sur- 

roundings. The value of the swirl number was chosen inside the range of 

moderate swirl, i. e., the amount of*swirl is high enough to originate a 

non-negligible radial pressure gradient, but sufficiently low to prevent 

the occurrence of reversd"flow. 

In the next section, the relevant geometrical and initial conditions 

will be given. This will be followed in section 5.3 by the presentation 

and analysis of the results. The last section containsa summary of the 

main conclusions. 
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5.2 npýriýiptinn of fl6w 6ofifigýirciti6ri an! 2 inlet conditions 

The rig described in Chapter 4 was modifieato, accommodate swirl 

in the annular regime. This was achieved by replacing a portion of 

the outer pipe near the exit plane with a swirling chamber (figures 

F7 and FB). Swirl was generated in this chamber by the injection of 

.. e, C 
air through six equally spaced 4cm x 2mm tangential slots of length 

2.0cm, located at the outer wall 7cm irpstream from the exit. The swirl- 

ing flow was protected against- impingement of the axial stream by the 

insertion of a backward facing step immediately upstream of the slots; 

this also improved the axisymmetry of the flow due to the higher resi- 

dence time of the tangential motions inside the pipe. 

At the outlet of the pipes, the conditions were the following: 

Velocity ratio (between the peak values at the pipe and at 

the annulus): . 71 

Reynolds number at the-pipe exit (Re 1 . 27700 

Reynolds number at the annulus exit(Re 
0 

): 

co 2-g 
Swirl number, as fr Ve dr 

0 
s= 00 

-2 -2 fr (u 0) dr 
0 

53900 

-0.26 

The influence of the turbulence terms on the value of S has been 

neglected on the grounds that their contributionat the inlet station, 

to the radial integrals of the axial and angular momenta, is negligible 

compared with the mean flow contribution. 

The asymmetry of the geometry under dynamic conditions was checked 

by a procedure similar to that outlined at the end of section 4.2. 
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S. 3 Presentation and analysis of *the results 

The experimental investigation of the swirling flow covered the 

region between the inlet plane and a cross-sectional plane six diameters 

downstream; the measurements along the centre line were extended to 

fourteen diameters. The measured quantities included all the components 

of the Reynolds stress tensor; these will be presented in 5.3.1. In 

addition, one point joint probability density distributions for the pairs 

(u, vr) and (u, ve) of velocity fluctuations are reported in 5.3.2.; these 

measurements were carried out in order to establish the dominant processes 

occurring in the developing region, between this situation and that of the 

single and co-axial jets without swirl. 

5.3.1 Mean velocity and Reynolds stresses 

The behaviour of the mean velocity along the centre line is represent- 

ed in figure I as the distribution of the ratio between the inlet velocity 

(U ) and the local velocity (US); this ratio is shown to be linear with io 

the distance from the origin for distances higher than four diameters, 

and the virtual origin appears to be situated at a negative value of x, 

3.5 diameters upstream from the inlet. There is an expected similarity 

with the equivalent case without swirl; two main differences are: 

i) the swirling flow has a higher spreading rate. 

ii) in the initial region Cx/D < 0.3), the distribution of mean 

velocity exhibits a much faster decay. 

This is a direct result of the pressure sink term in the transport 
I 

equation for the axial momentum. The pressure deficit at the centre line 

is solely dependent on the radial behaviour ot the centrifugal force, 

-2 V. /r; in the region immediately downstream from the inlet, the sudden 
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removal of the confinement imposes a very high. rate of change upon 

the angular velocity field; the centre -line pressure will follow this 

change; therefore, a positive axial pressure gradient is established and 

acts as a sink of mean velocity. The effect will last only while the 

tangential velocity component readjusts itself to the disappearance of 

the outer wall. 

Figure 2 shows the evolution along the centre line of the normal 

stresses: 7he behaviour is similar to that reported in Chapter 4 (fig- 

ures4.2 and 4.3), except that a further development and higher values 

for the normal stresses occur in this case. 

Figure 3 to 5 represent the radial distributions at the inlet 

station of the components of the mean velocity and Reynolds stress tensor. 

In the inner region (r/R <0.36) the levels of the normal stresses are in 

agreement with those expected for pipe flow. The annular core, however, 

exhibits turbulence intensities around 20%, and these high values are 

partly attributable to the existence of the backward facing step and the 

consequent strong generation and transport of turbulence which occur 

throughout the whole of the annular region. Both the tangential and axial 

components of mean velocity have nearly linear distributions along the 

radial direction with maxima respectively near the outer and inner walls. 

The levels of the Reynolds shear stresses, uv r and uve, are accordingly 

high and the positive value for uve is due to a clockwise swirl; this 

also causes a negative value for Ve and for the swirl number. 

Figures 6 to 8 refer to a radial station one diameter downstream 

from the inlet. The axial component of the, mean velocity already possesses 

a flat central region which did not occur in the non-swirling flow un- 

til three diameters downstream. The tangential component of the mean velo- 
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city has spread into the inner region, and its radial gradient at the 

centre line ceased to be zero. The normal stresses (figure 71 in the 

radial and tangential directions show similar magnitudes an] a uniform 

behaviour along the radius; this feature exists at all the subsequent 

downstream stations and suggests a strong turbulent diffusion. The axial 

stress, u2, exhibits a less uniform behaviour, with a minimum occurring 

in the wake of the inner pipe wall; this conforms to the pattern ob- 

tained in the absence of swirl, and can be justified by a lower diffusion 

for the axial stress. The shear stress distributions are represented 

in figure 8; both uv r and uve change signs in the neighbourhood of the 

location where the maxima for '6 and V occur. The behaviour of vV 13 0 is 

more complex, as it is dictated by the relative weight of V. and its 

radial gradient, i. e. the production of vrv0 may be expressed in the form: 

(v 2N+2 ve 

r r'ýr 'o r 

The two normal stresses are similar; therefore, in regions where 

V and its gradient have the same sign (r/R = 0.8), their effects tend 0 

to cancel each other. For r/R greater than 0.8, both these quantities 

yield a negative value for VO vr and this is qualitatively confirmed 

by its measured distribution. 

Figures 9 to 11 refer to a radial station at x/D = 1.5. The develOP- 

ment of the axial component of mean velocity (figure 9) shows that the 

size of the central flat core has been considerably reduced and the 

production of u2 in the neighbourhood of the centre line increased with 

consequent disappearance of the minimum in the region downstream of the 

inner pipe wall (figure 10). A nearly isotropic distribution occurs 

in the central region, for r/R less than 0.6: not only are the normal 

stresses similar in magnitude but the shear stresses also exhibit very 

low levels. These quantities increase in magnitude outside this region, 
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and uv becomes the dominant stress. r 

At three diameters downstream (figures 12 to 14), the maximum for 

the axial velocity reached the centre line and the tangential component 

is now very small. The occurrence of a flat central region implies a 

lower production for u2 than in the outer region, where u2 is 25% higher 

than the other normal stresses (figure 13). The distribution of the 

shear stresses shows an increase in uv r' relative to the other two (see 

figure 14), reflecting the dominance of the axial component of mean velo- 

city over the tangential one. 

The remaining figures (15 to 20) show the radial distribution of 

the mean velocity and Reynolds ; tresses at five and six diameters. The 

radial profiles tend asymptotically to self similarity, with the normal 

stresses displaying much more uniform profiles than in the corresponding 

flow without swirl (figures 16 and 19) . 

The above discussion shows that the introduction of swirl is respon- 

sible for a considerable increase in the mixing process, which is achieved 

roughly as follows: 

The centrifugal forces impress a pressure gradient in the radial 

direction, whose effect is to increase the rate of spread of I 
the jet. This 

sets up strong changes in the velocity field, which in turn generate tur- 

bulence; as the turbulence levels increase so does the mixing and the rate 

of spread. Therefore the whole process appears to be dictated initially 

by the centrifugal forces, and gradually taken over by the increased tur- 

bulent mixing. 

5.3.2 Probability density distributions 

Probability density distributions were measured for (u, vr) and 

(u, v6) at the centre line, at radial locations in the cross-sectional 
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planes at x/D = o, 1,3,5 and 6, and in the xýegion of the wake of the 

inner pipe wall. in the first part of this sectiont the joint distributions 

are analysed; the remainder deals with the presentation of tabulated data 

pertaining to the individual fluctuations, described through three 

(or five) different single distributions corresponding to the uncondition- 

al distributions of the fluctuations and to distributions that arise 

for the fluctuations subject to a condition regarding the sign of another 

fluctuation. These distributions will be represented through their first 

four moments and through parameters, based on directional characteristics 

of the flow, that contain information on the type of correlation between 

fluctuations and on the characteristics of the local turbulent field. This 

information can be related to similar information in appendix I, where 

it is referred to the free jet. Related information can be derived for 

the co-axial jet without swirl and will be similar to that presented in 

this section. 

The development of the joint probability density distributions along 

the centre line is shown in figure 21. The analysis of these distributions 

seems to confirm the hypothesis of a correlation between the mean velocity 

gradient and the skewness of the distributions in the u-direction: at 

values of x/D equal to 0,1,5 and 6, both the skewness and the axial grad- 

ient (see fig. 1) are negative; at x/D = 2, both quantities are positive 

and at x/D = 3, they are both zero. This is in agreement with the findings 

I in Chapter 4, where these observations were used to suggest a dependence 

of the turbulent diffusion on the macroscales of the motion. 

Figure 22 refers to the inlet station. Distributions (a) and 

(b) represent respectively B(u, v r) and B(u, v at a location on the edge 

of the pipe flow, where uv r 
is high and positive and uv, is zero. The 

distribution of B(u, v ) shows that the magnitude of the stress uV is 
rr 

a direct result of a preferred direction for the fluctuations and since 
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the distribution does not exhibit high skewness in any direction, this shear 

stress is not affected by turbulent transport. According to the analysis 

in Chapter 4, therefore, the Reynolds shear stress is locally determined. 

This should not come as a surprise since the location under scrutiny be- 

longs to the pipe flow. Figure 22(bl represents the joint distribution 

of axial and tangential fluctuations. As it refers to a location where 

no gradients-occur in the axial or tangential direction, an expected cir- 

cular symmetry is obtained. Figures 22(cl and (d) represent the distri- 

butions at a location near the inner wall of the annulus, where the stresses 

uV r 
and uv 0 are small and have opposite signs; B(u, Vr) shows a depend- 

ence on long range transport from the outer region (v 
r< 

0) by scales 

with a characteristic velocity lower than the local mean (u < 0). This 

region is, therefore, affected only by diffusion of large scales pro- 

duced near the edge: this is confirmed by figures 22 (e) and (f) , belonging 

to the outer edge of the annulus, where the shape of the distributions 

clearly suggests a local production. It is interesting to see how much 

of the previous history is contained in these distributions. The pattern 

that emerged for the annulus is that of a field where the turbulence 

is produced near the outer wall and moves towards the inner wall through 

turbulent mixing. This conforms to a pattern in which swirl is introduced 

at the outer wall and causes very high turbulence levels that find their 

way to the inner regions by turbulent diffusion. 

Figure 23 shows the distributions at locationsone diameter downstream 

where the mean velocity (r/R = 0.53) and uv r 
WR = 1.00) have maxima. 

In the first of these locations, figure(a), the shape of the distribut- 

ion suggests very high probabilities of occurrence of slow scales from far 

regions and this guarantees that the local mean velocity gradient in the 

axial direction is large and negative. The distribution B(u; vo) (figure 

(b)) on the contrary, shows an independence between the axial and the 
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tangential fluctuations. At r/R = 1.00, where uv r 
is large and positive 

(figure (c)), a pattern similar to that occurring in the self-preserving 

region of a free jet (fig. 4.33 (d)) starts to emerge; in the absence 

of swirl, this does not occur before six diameters. in figure (dI in 

contrast to figure (b), a dependence, but not a correlation, can be 

seen to occur between u and v with both slow and fast axial motions 

having very small tangential fluctuations. 

Figures 24 to 26 show the development towards self-similarity. 

They pertain to cross-sectional planes at 3,5 and 6 diameters, at locat- 

ions where the stress uv r 
is maximum (distribution (al and Ml and 

where the mean velocity is half of its centre line value (distributions 

(c) and (A)). The patterns for the (u, v r 
distributions are similar 

to those obtained in the far region of both the single jet and the co- 

axial jet without swirl; this demonstrates not only a faster tendency 

towards self-similarity, resulting from the swirl, but also a similar 

pattern for the turbulent field. The (u, v ) distributions((b) and (d)) 

exhibit similar shapes to those of figure 23 (d) , implying that u and ve 

are uncorrelated but dependent. 

In figure 27, the distributions obtained in the wake of the inner 

pipe wall are shown. Distributions (c) and Cel show that vortex shedding 

still occurs, despite the presence of swirl. It is, however, less intense 

than in its absence. This is partly due to the steeper velocity gradient 

on the side of the annulus, generated by the backward facing step. 

The remainder of this section deals with the single probability 

distribution. 

Table 1 allows a comparison between the different one-dimensional 

distributions. In addition to the single p. d. d., f(vi), obtained through: 
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+Co 
f (V 

ii= Co 
B (vif vjl dv 

if 

+ _(vij are represented; these are3", ' two other distributions, labelled f (v and f 

obtained after integration restricted to the positive and negative values 

of vi: 

Co 
f+ (v f B(Viiv dv 

0 

0 
f_(v 13(visv )dv 

and exhibit differences in behaviour of the fluctuating velocity vif 

associated with the direction of another fluctuation. 

The tabulated values include, apart from the skewness and flatness 

of each distribution, the difference in mean value and the ratio of stand- 

ard deviations for the distributions f+ and f-. The first of these 

quantities may be scaled with the local mean velocity gradient to yield 

a length representative of the average travel of the energy containing 

scales (as in Chapter 4, section 4.3L2). The second quantity, i. e., the 

ratio between standard deviations of the positive and negative distributions, 

in a measure of directional variation in size of the length scale. 

The values of table 1 are used in conjunction with the mean velocity 

and Reynolds stresses to yield a macro-length scale, t, defined as: 

'Ivr >0 --u IV <0 

2r, DUU/D r 
(2) 

where r ji is the radial distance where the mean velocity is a half of its 

centre line value in the same cross-sectional plane. The values of Z/r 

d 
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0 F-I 
r-4 

M to 
U) Ca I V O 3 lc l 

Vl- C4 
E-4 
ri) 

E-1 
< V 0 

Il 
u v5c) 

N 0 
u Ul 

u 

Ecr i I u vco 
ol 0. u - -0.1199 2.90 

0.30 u - -0.044 2.72 

Vr>o -0.110 2.78 

Vr<o 1 
0.021 2.73 0.36 11.00 

V()> 0 -0.105 2.76 

vo<o -0.086 2.68 -0.04 1.01 

0.50 u -0.386 3.10 

Vr>o -0.336 3.10 

Vr<o -0.391 3.01 0.18 0.92 

V()>O -0.386 3.10 

vo(o -0.350 3.01 0.02 1.01 

0.75 u 0.012 2.60 

vy>o -0.119 2.67 

Vr<O 0. -141 2.71 0.46 1.00 

veýo -0.151 2.65 

vo<o 0.058 2.65 0.25 1.05 

0. u -0.232 3.16 

0.53 u -0.383 3.19 

VI? o -0.282 3.00 

v 40 -0.462 3.27 -0.04 0.90 
r 

v? O 0.285 3.00 

V(ýo 0.241 3.00 0.14 0.98 

*1 -. 00 u 0.156 2.35 

v>0 -0.149 2.44 r 

vf 0 0.422 2.71 0.60 11.09 

vE? o 0.157 2.54 

V40 0.106 2.58 0.12 '1.06 

Table 'I. 
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lu I 
- 

l U, I Edj 

m 
ý V >O vzo 

Il 
v>O 

ý4 Z >ý 

u [cr�] V <0 

3. 0. -0.235 3.10 

0.17 u 0.117 2.40 

vo -0.269 2.60 

vý 0 0.356 2.72 0.73 1.12 

vd>o 0.196 2.60 

vj 0 0.075 2.55 -0.12 0.97 

0.23 u 0.492 2.67 

v> 0 0.153 2.34 
r 

v ýc 0 0.622 3.06 0.59 1.30 
r 

vi 0 00.535 3.01 

V0 0.405 2.84 -0.10 1.00 

5. 0. u - -0.268 2.90 

0.15 -0.212 -2.68 

v >o -0.066 2.74 
r 

v< 0 0.406 3.02 0.60 1.11 
r 

vi. 0 0.357 2.95 

VJ0 0.160 2.76 -0.06 1.01 

0.22 u 0.562 2.87 

v>0 0.302 2.51 
r 

v<0 0.676 3.24 0.48 1.26 
r 

vi 0 0.615 3.19 

vdýO 0.492 2.99 0.04 1.02 

6. 0. -0.180 2.81 

0.12 0.121 2.65 . 11 
v >0 -0.097 . 

2.80 
r 

v <0 0.275 2.81 0.59 1.07 
r 

vo 0.196 2.71 

V4C0 1 
0.137 2.74 0.00 1.00 

0.156 u 0.297 2.69 

v>0 0.392 2.67 
r 

v< 0 0.442 2.92 0.57 1.15 
r 

vj 0 0.357 2.85 

vj 0 1 0.313 1 2.87 0.08 1.00 

Th1 "1 (�-. 
t-4- " 
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1ý4 0 
H 
E-1 
H 

En E/) V IV I 

U370 U<o U>O $4 

V) R dv 0 u -ul 
0. 0. - -0.009 3.22 

r 
U>o -0.009 3.16 

U<o -0-003 3.11 0.02 0.84 
0.30 v - -0., 168 3.16 

r 
U>o -0.160 3.2-1 

U<o l -0.093 3.11 0.37 0.91 

v 0.060 3.06 

U), o 0.023 3.02 

U-co 0.098 3. OB -0.04 0.99 

0.50 v -0.200 3.40 
r 

U>o -0.103 3.32 

u,, O -0.162 3.15 0.16 0.79 

v E) -0.271 3.17 

wo -0.330 3.15 

U<o -0.313 3.15 0.02 0.92 

0.75 v 0.049 3.16 
r 

wo 0.085 3.20 

U(o 0.102 3.119 0.46 0.94 

ve - 0.000 2.75 

U)o -0.109 2.8-1 

U<o 
1 

0.129 2.77 0.24 0.95 

0. v - -0-012 4.02 
r 

U>O -0-007 4.59 

U<O -0.012 3.58 0.06 0.88 

0.53 v 0.008 3. jB r 
wo 0.000 3.10 

UO -0.027 2.88 -0.06 0.75 

v ; -0.292 3.08 

Wo -0.257 3.00 

wo -0.279 3.05 0.116 0.90 

1.00 v -0-007 2.93 
r 

U>o -0.099 2.95 
U<o -0.051 2.99 0.64 1.07 

ve - 0.145 2.58 

U>o 0.157 2.54 

U, ( 0 0.106 
1 

2.60 0.08 I. OB 

Table I (cont. ) 
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vi lcf l v u>o 14 
U) 

0 
E, CIV ICIVIU<0 

u u tr) 

3. 0. v - -0.080 3.20 
r 

u>O -0.070 3.06 

mo -0.100 3.28 -0.04 0.93 
0.470 v 0.197 2.76 

r 
u>O -0.054 2.76 

-u<0 
'0.227 3.04 0.75 1.17 

v E) -0., 630 2.86 

u>O 0.003 2.85 

u<0 -0.027 2.83 -0.15 1.10 
0.230 v 0.290 3.26 

r 
wo 0.068 2.86 

u<o_ -0.100 3.07 0.65 1.37 

7-0i033 3.11 

u: o 0.026 2.74 

mo 0.038 3.07 -0.13 1.38 
5. 0. v 0.003 2.83 

1 

wo -0.019* 2.98 

u, ýO 0.009 2.60 -0.01 0.83 

0.150 
.v 0.199 2.91 

wo -0.010 2.85 

u(0 0.154 1 3.00 0.63 1.19 

v , -0.017 2.71 e 
wo 0.011 2.72 

u<0 -0.008 2.60 -0.12 1--12 
0.220 v - 0.217 3.41 r 

wo 0.033 2.91 

u<0 -0.232 1 3.19 0.56 1.40 
v 0.100 3.12 E) 

u>O 0.089 2.71 

ue0 0.192 2.98 1 -0.04 1.43 

Table 'I (cont. ) 
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En 
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7 
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E-4 u o U< 0 v U>O 
$4 

H 
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0 
u 

iý 1 
v Ecr 1 

v U. 40 

6. 0. v 0.039 2.77 
r 

wo 0.018 2.93 

U<o 0.041 2.56 -0.02 0.84 

0.120 v 0.160 2.84 
r 

U>o -0.030 2. B6 

U<o 0.186 2.94 0.60 11.14 

ve -0.005 2.64 

U>o -0.020 2.72 

U<o 0.020 2.51 -0.06 1.05 

0. '156 v 0.224 3.05 
r 

U>o 0.014 2.90 

U, eo 0.070 3.01 0.62 1.26 

v 0.074 2.75 

u>O 0.031 2.68 

U<o 0.122 2.63 0.02 1.20 

Table -1 (cont. ) 
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for the region outside the centre line downstream at a cross section at 

x/D =3 are represented in Table 2. 

r/x X/D Z/r 

. 17 3 los 

. 23 3 . 105 

. 15 5 . 110 

. 22 5 . 094 

. 12 6 . 105 

. 156 6 . ioc- 

Table 2 

The constancy of the value of C/r for values of x/D greater than 

three emphasizes the fast development of the co axial jet with swirl; 

values of t1r 
Jý for the region where x/D is lower than three are not pre- 

sented, in view of the difficulty of finding a suitable scaling parameter 

in this region. 

in table 3, a quantitative comparision is made between the distri- 

butions and their sixth order Gram-Charlier approximation (Lumley, 1970; 

Frenkiel and Klebanoff, 1973): 

6 
12 

fGC (vi) exp (- 
2 Vi) 

j0A jHj (Vi) 
(21T) 

where: 

4c* 
Afn (vi) f (v. ) dv, (4) ij-. 

00 
11 

and 

H (vi e xp (. L 
v 

2) [exp(- L2 
212 vi 

Vi 



- 148 - 

A3A4A5 446 ý47 "7A m8 14 8A 
DEV 

x ý4 

0 0 u . 0330 -. 0040 -. 0042 -. oOo6 -10.2 -12.0 76.0 8.35 1.2 

v . 0030 . 0094 . 0002 -. 0005 -2.4 -2.0 140.2 131.8 0.5 
r 

. 30 u . 0073 -. 0116 -. 0008 . 0008 -2.6 -2.8 62.4 61.4 0.6 

v . 0280 . 0066 -. 0004 -. 0003 16.5 14.8 130.3 122.7 
1 
1.4 

r 

ve -. 0103 . 0025 . 0002 -. 0003 5.17 5.3 111.5 108.0 o. 6 

. 50 u . 0644 . 0042 -. 0022 -. 0006 33.9 31.7 131.6 116.0 1.5 

v , 0333 . 0166 -. 0006 -. ooo6 19.5 17.6 173.6 159.6 1.7 r 

v6 - 0451 . 0070 -. 0021 -. 0607 22.2 21.8 124.3 122.8 1.5 

. 75 u -. 0019 -. 0164 . 0012 . 0014 - .8 -. 1 49.3 48.2 3.1 

v -. 0081 . 0068 . 0000 -. 0002 5.3 4.8 133.3 130.8 1.0 
r 

v * 0000 -. 0105 -. 0005 ooo6 .8 .7 64.3 64.7 o. 5 

1 0 u . 0386 . 0067 -. 0027 -. 0001 -17.8 -17.3 137.0 125.0 1.3 

v . 0321 . 0425 . 0009 . 0009 -23.0 -19.6 328.9 270.7 2.4 
r 

. 53 u . 0639 . 0081 -. 0001 . 0009 -39.2 -35.1 156.6 133.6 1.1 

v -. 0013 . 0074 . 0021 -. 0010 -3.6 -2.2 125.0 123.8 1.0 
r 

ve . 0487 . 0033 -. 00lo . 0002 -27.2 -25.2 122.4 112.5 0.9 

1.00 u -. 0260 -. 0271 . 0031 . 0039 8.2 9.1 36.8 21.3 6. o 

v . 0012 -. 0028 10010 -. 0000 -3. o -3.2 90.9 90.8 0.9 
r 

Ve -. 0148 -. 0075 . 0014 . 0000 5.8 6.1 70.4 73.4 4.2 

Table 3. 
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AAA 345 A6 M7 m 7A m 8 m 8A 
DEV 

% 

3. 0, u . 0392 0041 . 0000 '. 0002 *-23.8 ý-21,5 : 126.1 115.6 0.6 

Vý . 0221 0084 -, 0005 -. 0013 -43,3 -11,3 122.8 125.3 1.4 

I 1 1 

. 17 u -. 0195 -. 0250 . 0029 . 0032 5.3 6.9 36.0 22.6 3.3 

v 0328 -. 0098 . 0055 ooo4 8.5 8.7 65.4 65.5 2.1 
r 

v 0051 -. 0054 . 0005 -. 0005 -3.4 -3.4 73.3 78.7 6.1 

. 23 u -. 0820 -. 0138 . 0123 . 0024 23.8 28.9 71.6 52.8 9.1 

v -. 0485 . 0107 . 0043 -. 0019, 19.7 20.2 125.1 128.3 2.4 

v 0055 0044 . 0003 -. 6019 -3.6 -3.5 98.4 103.7 9.8 

S. 0 u . 0047 -. 0043 -. 0035 10006 19.6 19.5 93.2 87.1 0.9 

vr 0006 -. Q071 0004 OQoo . 3. .2 71.91 74.7 1.3 

. 15 u -. 0353 -. 0135 0023 . 0022 16.6 15.4 76.1 56.2 2.0 

vr -. 0331 -. oo36 . 0042 -. 0003 11.2 11.7 83.9 85.6 3.5 

v0 * 0028 -. 0121 --ý. 0002 -. 0008 -. 8 -1.3 60.3 59.3 6.8 

. 22 u -. 0938 -. 0055 . 0109 C*21 33.6 35.2 103.6 74.1 lo. 

vr -. 0362 . 0172 . 0025 -. 0020 16.6 16.7 156.7 157.4 3.4 

vo -. 0167 . 0051 . 0016 -. 0014 7.6 6.9 108.5 112.9 11.4 

6. 0 u . 0301 -. 0080 -. 0024 . 0008 -12.8 -12.9 79.0 74.3 1.1 

vr . 0065 -. 0096 . 0012 . 0003 1.5 1.9 65.3 66.9 1.5 

. 12 u -. 0203 -. 0145 . 0019 . 0013 7.7 8.3 56.9 53.0 1.9 

vr . 0267 -. 0066 . 0032 . 0002 9,. 2 9.9 76.5 76.9 3.1 

v 0010 -. 0150 . 0002 . 0012* .6 -. 8 53.6 50.6 4.8 

. 156 u -. 0562 -. 0058 . 0053 . 0009 22.6 23.2 89.6 82.7 2.4 

vr -. 0374 . 0022 . 0038 -. 0008 14.6 14.9, 102.5 104.8 3.3 

I v61 -. 0123 -. 0101 . 0019 . 0005 3.9 
. 

4.0. 6G. 1 65.6 7.4 

Table 3 (cont. ) 
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This type of approximation has the property of satisfying exactly 

all the moments up to the order of the expansion. In the table, the 

values of the next two moments not necessarily satisfied are listed, both 

the actual values (M 7 and M8) and those yielded by the approximation 

(M 7a and M 8a 
). The maximum deviation between the actual and approximate 

distribution in the interval (-a, +G1 is also listed, as a percentage 

of the probability density of the mean value. The results shows a reason- 

ably good agreement over the whole field and allow expectations that an 

approximation of this type might be used to satisfy the transport equation 

of the probability density distribution (see Chapter 2, equation 105); 

this would reduce the problem of solving for the three dimensional dis- 

tribution to that of finding a discrete number of coefficients of the 

Gram-Charlier approximation, since Kampe"de Feriýt (1966) has extended 

this type of approximation to the multi-dimensional case. 

5.4 Concluding remarks 

In this Chapter, results were presented pertaining to measurements 

of properties of the mean velocity and turbulent fields of a free co-axial 

jet with swirl. An analysis of these results has shown that the resulting 

flow configuration evolves towards a pattern of self-preservation similar 

to that occurring in the absence of swirl, albeit at a much faster rate. 

The centre line velocity starts decaying linearly with the inverse of the 

distance from the inlet for dLstancesup to four diameters downstream. The 

low levels of anisotropy obtained along the centre line and týe absence 

of steep radial gradients of the Reynolds normal stresses, -indicate a 

high turbulent diffusion. A steep velocity decay in the first 0.3 diameters 

was noticed and attributed to a pressure rise along the centre line, to 
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match the spread of angular momentum that arises downstream of the con- 

finement. Measurements of a length scale of the mixing length type 

yielded a fairly constant value of around 0.105 for all the measured 

l6cations downstream a cross-section at three diameters; this is a scale 

associated with a radial transfer and does not have a counterpart in the 

tangential direction. 

With regard to further implications of the ýresent 
results on the 

modelling of turbulence discussed in Chapter 2, the remarks made in the 

last section of Chapter 4 apply fully to this situation. Furthermore, 

the results obtained for the one-dimensional probability density distri- 

butions are well represented by a low order (= 6) Gram-Charlier approxi- 

mation; this suggests that simplified versions of equation 105 in Chapter 

2 may be within reach. 

f 

$ 
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Chapter 6- Calculations of the Co-axial Jet Flow Configurations 

6.1 Introduction 

This Chapter reports the results obtained with a c=tlculation 

a 

procedure used to predict the experimental data reported in Chapters 4 

and 5. The procedure involved the solution of partial differential equations 

of parabolic form that represent the boundary-layer versions of the 

transport of mean velocity, Reynolds stresses and dissipation of tur- 

bulent kinetic energy. The solution algorithm was that proposed by 

Patankar and Spalding (1970). The closure of the set of equations was 

th at of Launder, Reece and Rodi (1975), except for the turbulent diffusion 

term, which was modelled according to Daly and Harlow (1970). This 

model is of the same formal type as that of Launder, Reece and Rodi, 

i. e., the turbulent diffusion of the Reynolds stresses is assumed to 

be proportional to the spatial rate of change of these stresses times 

their gradients. It has been preferred because it is less complicated 

than, and produces similar results to the model proposed by Launder, 

Reece and Rodi (see, for example, Pope, 1976). Daly and Harlow (1970) 

propose the following relationship: 

ak a ýc 
-u -ý-xj tuiujuk) Dx -S c 1 

iuz 5xz i 

The insertion of this term in the proposal of Launder, Reece 

and Rodi yields the following set of equations for the turbulent field: 

X. 

ýk 

ýz 
cs Uu 

x 
('Tk7Z) 

ý+ 
Pk 

3 ax 
icim 

ax 

kS )c 
+13 

3 kZ - 
? 
111 

{ PkZ - '31 P6kZ 
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and 3k2 -U. ac 
= 7'j-uZ -. 
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+ c,: 1 
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3 ax 
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There are three sections to this Chapter. Section 6.2 gives 

a brief description of the calculation procedure; Section 6.3 deals 

with the presentation and discussion of the results, and comments and 

conclusions pertaining to the applicability of the model to the type 

of flows considered in this work, are provided in the last section. 

6.2 outline of the calculation procedure 

The computer programme used to perform the present set of 

calculations was developed by Morse(1976) and uses the marching pro- 

cedure of Patankar and Spalding (1970). This procedure solves the para- 

bolic versions of the transport equations expressed in a coordinate system 

akin to that of Von Mises, where the independent variables are the dis- 

tance from the origin in the streamwise direction (x), and a dimension- 

less stream function (W). The solution algorithm uses the implicit 

method of Crank-Nicholson. The algorithm is applied after the finite 

difference form of the equations is obtained and integrated over micro- 

control volumes centred around each grid node. 

The problem of free boundaries is handled by an entrainment 

law proposed by Patankar and Spalding (1970). This law is obtained 
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from the transport equation for the mean axial momentum at a location 

near to the free boundary, where the diffusion becomes the dominant 

transport process. 

The programme has the capability to deal with axisymmetric 

geometries; problems related with variables which have non-zero grad- 

ients at the axis of symmetry (i. e., the three Reynolds shear stresses) 

were solved by Morse(1976). In the transport equations for these vari- 

ables, the diffusive terms were transformed so that the operands 

became quantities having non-zero gradients at the axis of symm--try 

2 (i. e., uv r 
/r, : ýrve/r and uv 0 M. 

The case of co-axial jet without swirl required the solution 

of six equations. This nunber was increased to nine in the presence 

of swirl. Table 1 shows the quantities that were calculated through 

transport equations. 

Configuration 

Quantity Non Swirl Swirl 

v v 

rV v 

k v v 

2 
u v v 

v2v2 r 
v 

uv v 

uv 

vrv 

c 

0 

Table 1. Quantities that, in the calculation procedure, were 
calculated through transport equations. 
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The transport equations were solved sequentially so as not 

to require mre than one array for the coefficients of the finite 

difference equations. The form of the equations in the (xp) co- 

ordinate system is shown below, for a generic quantity 0: 

ao wr Elýý'E a0 3ýp 
+S 

ax mc P, ) 9w aw U 
(7) 

The quantities and "' are, respectively, the radius at, rE 111ý 

and the inwards mass flux through the external boundary. ýE and ýI 

are the values of the stream function at the external and internal 

boundaries; w is a non-dimensional stream function defined as: 

V- vi 

IP 
Eý 

IP 
(8) 

S represents the conbined sources for the quantity 0; and. 

(p is a term whose form depends on the behaviour of 0 with r at the 

axis of synumtry: 

r2 pIr y DO 
for 0 

(ýE ý1) 2 aw r 

r3 FU y 
0-)2 

Ow for r 
ýI 

4- 
r pu Y (9; /r2 for 91 -r2 

(ýE - ýI) 2 

y is the diffusive coefficient for the property 0. The express- 

ions of y and S for each of the quantities appearing in Table 1 are 

listed in Appendix IV. In this appendix, the values of the constants 

appearing in the turbulence model adopted in the present calculations 
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are also listed. These values differ slightly from those presented in 

Chapter 2, and were those which gave better agreement with the experimental 

data. 

23,000 (60 bit) words of CDC 6600 central core memory were 

necessary for the solution of 6 equations with 30 grid nodes. An ex- 

ecution time of 15 seconds was. required to cover the first 16 diameters 

in 150 forward steps. These values clearly show the economy of the 

programme and its competitiveness for the solution of boundary-layer 

type flows, when compared with the more elaborate schemes that solve 

for the elliptic forms of the equations. 

6.3 Presentation and discussion of the results 

In this section, a comparison between calculated and experi- 

mental results reported in Chapters 4 and 5 is provided. However, be- 

fore examining the results, it is advisable to recall some of the features 
I 

exhibitedby the present set of experiments and features of the turbulence 

model and of the calculation procedure which may be possible sources 

of disagreement between the experimental and calculated results. 

6.3.1 Preliminary remarks 

Two features of the turbulent field, in the initial region of 

the co-axial jet, which are not represented by the turbulence model adopt- 

ed in this work, are as follows: 
I 

(i) It was shown in Chapters 4 and 5 that in this initial region, vortex 

shedding occurred with the effect of increasing the mixing. In the tur- 

bulence model, analysed in Chapter 2, the production of turbulent kinetic 

energy was kept in its exact form but dissipation was modelled using phys- 

ical assumptions related to turbulence. A calculated increase in pro- 
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duction in this region will, therefore, be due to turbulent production 

rather than to periodic velocity fluctuations; the modelled dissi- 

pation sources (equation 55, chapter 2) will try to lower the tur- 

bulence level in a manner proportional to the amount of production. 

Furthermore, the inability of a time averaged set of equations to pre- 

dict the occurrence of a non-random oscillating velocity field implies 

that the total amount of mixing is underpredicted. These effects 

will, together, reduce the initial spreading rate of the jet. 

- (ii) It was suggested in Chapters 4 and 5 that the diffusive mech- 

anism is associated with the larger scales of the motion and could 

not be represented by the models proposed by Launder, Reece and Rodi 

or by Daly and Harlow. This is particularly true in regions close to 

the free boundary, where intermittency occurs: the local turbulent 

field is strongly asymmetric and, therefore, the third order cor- 

relations play an important role on the transport of the Reynolds 

stresses. Since the opposite is assumed in the Reynolds stress clos- 

ure, i. e., the third order correlations are supposed to be determined 

by the second order correlations and their gradients, the inability 

of such a model to handle the regions of the flow where intermittency 

occurs is evident. It was su4gested in Chapter 4 that a model for 

turbulent diffusion proposed by Bradshaw (1967) can be more closely 

identified with the physical processes involved in turbulent diffusion. 

Such a model cannot, however, be incorporated in the calculation pro- 

cedure; Bradshaw's model would render the Reynolds-stress equations 

hyperbolic, while Patankar and Spalding's procedure can only handle 

parabolic equations. 

The above paragraphs dealt with particular features of the 

flow that cannot be simulated by the present Reynolds stress closure. 
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This paragraph deals with another possible source of discrepancy be- 

tween measurements and calculations that is not restricted to the pre- 

sent flow configurations. Pope (1976) used the Reynolds stresses 

closure to predict wake flows and concluded that one of the main short- 

comings of the model is the proposed form of the equation for the trans- 

port of dissipation of turbulent kinetic energy. Pope concludes that 

a dissipation equation closed by quantities pertaining to low wave 

numbers, has no foundation in non-similar flows; in the present cases, 

the flows are clearly non-similar. 

Another problem that may affect the agreement between the ex- 

perimental and calculated data is related to the coordinate system 

used to represent the present flow configurations. The use of a 

(x, w) coordinate system assumes that the stream lines are parallel 

to the axial direction. However, in the initial regions of the flows 

considered in this work, the spreading rate is high and consequently 

the stream lines near the edge of the jet are strongly deflected to- 

wards the centre line. This problem is particularly acute in the case 

of swirl and, as will be shown later, it has prevented the calculations 

from starting at the inlet station. The overall results of the lack 

of parallelicity between the stream lines and the axial direction are 

(a), an overprediction of the mean velocity at the edges and (b), an 

inability to introduce the axial gradient of the normal stresses in the 

transport equation for the axial momentum. This last point is partic- 

ularly criticalin the present flow configurations, since it is expected 

that the axial gradients of the normal stresses are an important factor 

in the mixing process at the outer edge of the jet and at a region of 

the centre line, between six and ten diameters, for the co-axial jet 

without swirl, where the turbulence intensity rises very steeply. (see 

figures 4.2 and 4.3, Chapter 4). This defficiency could be removed by 
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the use of an elliptic, rather than parabolic procedure; but this 

would be an expensive solution, considering the benefits expected from 

such a change. 

6.3.2. Description of initial conditions and analysis of results 

An extensive description of the procedure and an analysis of 

the results is now presented for the case of no swirl and the highest 

velocity ratio. This is followed by a discussion of the results ob- 

tained for the three different cases of the velocity ratio. Later in 

this sub-section, the calculations pertaining to the co-axial jet with 

swirl are also presented and discussed. 

Co-axial without swirl: Three different sets of calculations, relating 

to the highest velocity ratio, are presented. They refer to the use 

of different initial conditions and to an alteration in the form of 

the combined sources appearing in the equation for the dissipation of 

turbulent kinetic energy. 

i) One set, 

measured values 
2 

stress, v, o was 

labelled I in figures 2 to 5, was obtained using the 

of u2, v2 and 7v- at x/D = 0.2; the third normal rr- 

assumed to be equal to v2 at the same cross-section r 

(x/D = 0.2). The initial distribution of dissipation of turbulent kinetic 

energy was obtained with the assumption that a "turbulent effective 

viscosity", taken as the ratio between the local Reynolds shear stress, 

uv r, and the rate of strain, can be scaled by the local turbulent 

kinetic energy and its dissipation (e. g. Launder and Spalding, 1972) 

Uv- 2 
i. e. r=ck (12) Pe ff BVI DrAC 
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For near-equilibrium flows, i. e., flows where the production 

and dissipation of turbulent kinetic energy are almost equal, the 

parameter cA is around 0.09; in the present situation, its value was 

chosen so as to give the same rate of decay for the centre line velo- 

city as the experimental data; this value was found to be 0.045. 

The initial levels for the dissipation of turbulent kinetic energy 

were, therefore, a half their expected values for local equilibrium. 

The need for such low values was expected, since the mixing region 

downstream of the inner pipe wall is a region of very strong production, 

to which the dissipation cannot respond immediately. The parameter cA 

was found to converge to a value around 0.09 inside the first 1.5 dia- 

meters downstream of the inlet station. Nevertheless, the initially 

low values of dissipation had the effect of setting a high "viscosity" 

region close to the inlet and originated a high spreading rate. 

The results obtained for the radial distributions of man 

velocity further downstream (x/D> 6) show that this quantity is under- 

predicted almost over the whole range of values of r/x. Figure 2 shows 

that this is partly due to a discrepancy in the region where. r/x <0.01. 

The predicted man velocity falls too steeply in the neighbourhood 

of the centre line, probably due to the absence of the contribution 

of the axial gradients of the normal stresses in the mean velocity 

equation. This is confirmed by figures 4.2 and 4*. 3 (Chapter 4) which 

show a steep rise in the values of the axial normal stresses around 

x/D = 6. 

ii) The insertion of the axial gradients of the Reynolds stresses in 

the transport equation for the axial momentum creates problems with 

the distribution of grid nodes. This is so because the calculation pro- 

cedure yields axial gradients that are not smooth. Therefore, their 

irregularities will appear in the mean velocity which in turn affects 
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the distribution of nodes, since the radial distances are obtained from 

the calculated values of mean velocity. 

The results obtained with case 1, howeverf show the need to in- 

crease the "viscosity" in the developing region. This can be obtained 

by increasing the initial values of the Reynolds shear stress. It was 

found that, if these values were multiplied by 1.8, the mean velocity 

distribution was fairly well represented (see case II, figure 2). However, 

as might be expected, the Reynolds stresses (more particularly the shear 

stress) appear overpredicted. 

This type of approach involves the use of unrealistically high 

values of the Reynolds shear stress and is, therefore, vulnerable-to 

criticism. The analysis of the turbulence model and of the solution pro- 

cedure has shown, so far, that there are defficiencies in both of these. 

These defficiencies present difficulties in predicting this flow config- 

urations. A possible remedy based on physical grounds is beyond the 

scope of the present work since it would involve major changes in the cal- 

culation procedure and would imply a steep increase in the amount of 

storage and time to perform the calculations. 

The above comments and a necessity to achieve agreement be- 

tween calculated and experimental mean velocity distributions of a co-axial 

free jet without swirl for a variety of initial velocity ratios, led to 

the use of unrealistically high initial values of the Reynolds shear 

stress. 

(iii) Reasonable agreement for the mean velocity field can also be ob- 

tained in the following way: Since the main reasons for discrepancy are 

identified, the effects can be simulated by decreasina the dissipation of 

turbulent kinetic energy through its transport equation rather than by 

changing the initial values of the Reynolds shear stress. An obvious 



- 162 - 

possibility is to act upon the dissipation sources in equation 58 

(Chapter 2) in such a way that, in regions of high anisotropy, the 

dissipation is not allowed to respond immediately to the high levels 

of normal stresses. There is some physical support for such an 

assumption, namely that if anisotropy is high, a comparatively high 

amount of turbulent kinetic energy lies in the region of low wave num- 

ber, and does not necessarily correspond to proportional increase in 

the flux of energy down the inertial subrange. However, the insertion 

of such a damping factor in the sources of dissipation must be seen,, 

in the context of this work, as a necessity to simulate an effect with 

a different cause. The factor used was: 

fA t: (1 - A) 1 

where A is the local anisotropy, defined as: 

2 

k2 
(u i uj - -y k ij) 

The transport equation for the dissipation of turbulent kinetic 

energy becomes: 

"r 
Lp- 

c2 u--t. ! ý- 1fA 
jxic ax 

ic axt Ik c2 k 

The calculations obtained with this modification are shown 

in figures 2 to 5 as case III. They are similar to those of case II, 

except that, for x/D < 3, the values of the Reynolds stresses are in 

better agreement with the experimental results than the values obtained 

in case II. 

A choice of one of the three alternatives just described, 

to obtain the calculated results for the two other cases of initial velo- 

city ratio was necessary. Case II was preferred to case I, since the 
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discrepancies between calculated and measured mean velocity fields were 

smaller; and it was also preferred to case III because such a change 

in the model as that embodied by this case must be tested in a situation 

where a changing anisotropy is the main feature of the turbulent field. 

The results obtained are shown in figures I to 13. in these 

figures, the symbols represent the experimental data, and the solid lines 

the calculated equivalents. Figure 1 shows the behaviour of the centre 

line velocity, plotted as its inverse non-dimensionalised by the inlet 

centre line velocity. The figure shows that, as the axial distance in- 

creases, the predicted values tend to decay rather more quickly than 

the experimental data. This is a defect of the model, since it is found 

that, for regions far downstream (and therefore independent of the 

initial conditions), the model predicts a too high spreading rate; the 

self-preserving value of r /x (i. e., the locatio4 at a cross-sectional 

plane, where the value of the mean velocity is a half of its value at 

the centre line) is 0.11, against an experimental value between 0.085 

and 0.090 (e. g., Wygnanski and Fiedler, 1969; also Rodi, 1972) In the present 

situationj the interest is restricted to the first 15 diameters (the 

measurements have shown that the man velocity field can be assumed for 

practical purposes as self-similar at this distance), and the behaviour 

of the model in regions 'far downstream is not of particular concern. 

The remaining figures show, radial profiles at cross-sectional 

stations 1,3,6,10 and 15 diamters downstream. Figures 2,6 and 

10 show man velocity distributions respectively for UjO/UO of 1.48,1.0 

and 0.65; the agreement is satisfactory, and small discrepancies 

in the outer region of the radial profiles are mainly a result of the 

local lack of orthogonality between x and W. 

The radial distributions of the normal stresses in the axial 
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direction, u2, are shown in figures 3,7 and 11, The. a§reement is 

satisfactory for values of x/D > 3, for lower values of x/D, the in- 

fluence of the increased values of uv r on the production o: * u2 is the 

source of higher levels for this quantity. 

The radial distributions of the normal stress v2 are s hown 
r 

in figures 4,8 and 12; the agreement is worse than that for u2, but 

the influence of this stress on the mean velocity profiles in negli- 

gible. 

The radial distributions of the stress uv r are shown in figures 

5,9 and 13. The levels of uv r* ' are grossly overpredicted especially 

at the highest velocity ratio, fig. 5. Bowever, as said before, it is 

this increased level of uv r 
that simulates the effects of the high 

turbulent mixing due both to the vortex shedding and to the normal stresses 

axial gradients. 

Swirling co-axial jet: In this case, the spreading rate of the 

jet is mainly due to the pressure source term in the mean axial momentum 

equation. Since the radial pressure distribution can be obtained accurate- 

ly enough through the equation forthe angular momentum, the calculation 

of the axial pressure gradient does not pose any problems. The dominance 

of the pressure source over the turbulence dependent source suggests that 

the influence of the turbulence model is not as critical as it was in 

the absence of swirl. However, the occurrence of an excessively 

high axial pressure gradient immediately downstream of the pipes exit 

causes a "short lived" high spreading rate that cannot be handled by 

the calculation procedure, because of a strong deviation from orthogonal- 

ity between x and w. Therefore, the calculations were started at one 

diameter downstream. The initial valueswere those obtained through 

measurement for the axial and tangential conponents of the mean velocity 

and for all the components of the Reynolds stress tensor. The initial 
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values for dissipation were those obtained from equation (12), with 

c,, = 0.09; This was so because the initial station CX/D = 1) was located 

downstream from the shedding region. The agreement achieved is, in general, 

fairly good. The centre line decay of mean velocity is shown in figure 14; 

the cross-sectional distributions of the mean axial velocity, of the three 

normal stresses and of the shear stress uv r are plotted in figures 15 to 

19, for downstream values oý x/D of 1.5,3,5 and 6. As shown in the 

absence of swirl, the turbulence model has a tendency to yield high values 

of the stress uv r ;, as a result, it is expected that further downstream, 

the spreading rate will be overestimated. 

6.4 Final remarks 

This Chapter has shown that an economical calculation procedure 

is able to give an assessment of the mean velocity and turbulent fields 

in the developing regions of a co-axial jet, in the presence and in the 

absence of swirl. The procedure was developed by Patankar and Spalding (1970) 

and was extended by Morse (1976) to incorporate a turbulence model based 

on a closure at the Reynolds stresses level proposed by Launder, Reece 

and Rodi (1975). 

It was found that good agreement for the mean velocity field in the 

absence of swirl could only be achieved after multiplication of the 

initial distribution of the Reynolds shear stress by a factor of 1.8. 

This necessity was attributed (a) to the inability of the turbulence model to 

represent certain physical phenomena (e. g. vortex shedding, turbulent dif- 

fusion) and (b) to the simplified forms of the transport equations in a 

calculation procedure that could not handle the effect of the normal stresses 

over the transport of the axial momentum, and that could only give approxi- 

mated results in the outer regions of the jet, due to deviations from ortho- 
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gonality of the two independent variables in the coordinate system. 

The calculations for the swirling co-axial jet were less sensitive 

to the modelling of turbulence, since the high spreading rate of such a 

jet was strongly dependent on an axial pressure gradient. However, the 

limitations due to a non-orthogonality between the independent variables, 

Prevented the solution domain to start at the inlet plane. The calcu- 

lations started at a cross-section one diameter downstream from the inlet. 
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Chapter 7- Closure 

7.1 Achievements and Conclusions 

A summary of the achievements and of the main conclusions is given 

in this section, which is followed by a section which expresses some 

views about the ways in which future work should progress. 

The achievements and conclusions are classified under the main 

headings associated with the objectives specified at the beginning of this 

thesis. 

Measurements in the co-axial Jet configurations 

The configurations were those of non-swirling and swirling turbulent 

flows, free from solid boundaries, emerging from a long pipe and annulus 

co-axial with the pipe. The measured'quantities included the distribution 

of mean velocity and Reynolds stresses and the joint probability of two 

components of the fluctuating velocity. 

In the absence of swirl, it was found that this flow configuration 

approaches a self-similar state more rapidly than the single jet; inside 

experimental error, mean velocity profiles were indistinguishable from those 

corresponding to self-similarity after ten diameters downstream. The fast 

development of this flow was attributed to a strong turbulent diffusion 

due to two reasons: one was the existence of a mixing region between the 

two streams, the other was the occurrence of vortex shedding downstream of 

the inner pipe wall. The influence of the initial velocity ratio on the 

development of the flow could only be noticed inside a region extending 

from the outlet of the pipes to a distance six diameters downstream. 

In the presence of swirl, the mixing was further enhanced by the 

occurrence of a radial pressure gradient due to centrifugal effects. At a 

distance three diameters downstream from the outlet of the pipes, the velo- 
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city maximum in a cross-sectional plane was already located at the centre 

line. A region of strong centre-line velocity decay was detected extend- 

ing from the outlet of the pipes to a cross-section 0.3 diameters down- 

stream. 

Measurement techniques 

A method of obtaining mean velocity and Reynolds stresses from 

the reduction of hot-wire signals was proposed and used. The method 

is expected to be valid for turbulence intensities below 50%. It is 

based on a linear approximation of the instantaneous response equation, 

which satisfies a least squares criterion. There are five parameters 

in the approximated response, which are dependent on the local turbulence 

intensity. The method was shown to contain a-method proposed by Champagne 

and Sleicher (1967) as a limiting case for low tuibulence intensity. 

An experimental technique that, among other quantities, allowed 

the measurement of joint probability density distribution of velocity 

fluctuations, was devised. It involved the use of a small computer on- 

line with analogue equipment. These measureimnts provided detailed in- 

formation of the influence of'the asymmetries of the motion in the local 

behaviour of the turbulent field. 

Turbulence mdels 

A reassessment of a proposal for a closure of the transport 

equations for the Reynolds stresses, made by Launder, Reece and Rodi 

(1975), provided evidence that, contrary to general belief, the re- 

distributive effect upon the Reynolds stresses due to interactions in- 
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volving solely the turbulent field, might not exist in homogeneous flows. 

Simultaneously, the hypothesis of'isotropic dissipation of turbulent kinetic 

energy was also contested. However, it was found that the modelled terms 

of the transport equations for the Reynolds stress tensor remain the same 

albeit with different origins. 

The information gathered from the measured probability density dis- 

tributions of the fluctuating velocity has shown that the modelling of 

turbulent diffusion adopted in Launder, Reece and Rodi's proposal is con- 

ceptually wrong. Turbulent difffusion was seen to be associated with the 

asynm)etries of the large scales of the motion. A proposal by Bradshaw et 

al. (1967) for this process was found to be physically realistic. 

A closure based on the transport equation for the probability density 

distribution of velocity was proposed. Contrary to an earlier attempt by 

Lundgren (1971), this proposal was of a phenomenological type. The im- 

plication of the assumptions were discussed against a physical background 

and the order of magnitude of the parameters involved was determined. This 

proposal was shown to contain Launder, Reece and Rodi's proposal for a 

closure at the Reynolds stress level. The final form of the equation retains 

the terms that had their origin in the instantaneous convection without 

need of modelling assumptions; therefore the contribution of turbulent 

diffusion is exact. This fact renders the model particularly suitable for 

free flows where the influence of this processis important. Furthermore, 

simplified forms of this closure my be used exploiting the fact that, in 

most flow configurations, the probability density distribution can be 

approximated closely by a series of Gaussian functions. 

Calculations of the co-axial Jet configurations 

An economical parabolic procedure used in conjunction with the 

Reynolds stress closure of Launder, Reece and Rodi (1975), was found suit- 
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able for the prediction of the main features of the inean velocity field 

of the present flows. However, this was achieved only after using physi- 

cally unrealistic initial c9nditions for the Reynolds shear stress and for 

the dissipation of turbulent kinetic energy. The necessity for such initial 

conditions was attributed partly to defects of the turbulence model and part- 

ly to the calculation procedure. A more complicated procedure of an 

elliptic nature was not considered as it was thoi4ght that the improvement 

that could be achieved would not justify the increased cost in computer 

storage and execution time. 

7.2 Suggestions for further work 

Further work on the topic of this thesis should be geared towards 

an improvement of the basic assumptions involved in turbulent modelling 

Parallel to this objective, additional work must be directed towards de- - 

vising different approaches to this problem. These objectives need con- 

certed work on the experimental, theoreticai and computational aspects of 

turbulence and specific suggestions are provided in the following para- 

graphs. 

The role of the experimental work in the fulfilment of these object- 

ives is essential. The necessity to stress this role arises from a tend- 

ency among a sizeable number of woehers to do experiments in which the 

link to the mathematical side of the problem is often forgotten. This is 

best illustrated by the following quote from D. Coles (in Murthy, 1974): 

"There is a divergence of interest between modellers and eddy-chasers. 

These two groups are. going 1860 apart and the. gap is opening rapidly. " The 

contribution of the future experimental work towards the achievement of 

more accurate turbulence models will be necessary in the fields of the 

behaviour of large scales and of generation of small scales of the motion. 
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The interdependence between the la. rge scales and the pressure field is not 

as yet understood. Measurements of two-point probability density distri- 

butions of fluctuating velocity will be of assistance in achieving this 

objective. These measurements should cover not only points in the same 

cross-section but also points located along the same streamline ; in this 

last case, there is the problem of interference of the wire with the flow 

but since the probes need notbe closely-spaced, this is not a major pro- 

blem. The measurement techniques are already available*and this can be 

seen as a short term taský The results will allow decisive conclusions 

about the influence of non-homogeneity of turbulence in the local behaviour 

of the turbulent field. They will also help in quantifying the influence of 

pressure driven diffusion, since this quantity is related with the rate of 

change of the two-point probability density distribution. 

The processes of production of small scales also need further experi- 

mental Uarification. The experimental techniques available are not as 

yet in a state of development that allows a unequivocal description of the 

physical processes involved. Howeversome measurements can be carried out, 

that will go some way towards contributing to the understanding of these pro- 

cesses. The measurements of joint probability density distributions of 

velocity and velocity derivatives will help in finding if a correlation be- 

tween scale sizes and their rate of change exists. It will also be interest- 

ing to know the degree of correlation between spatial derivativesof the velo- 

city fluctuations in the different directions. This can be achieved by 

measuring the joint probability density distributions of velocity deri- 

vatives. Another potentially helpful experiment is the measurement of 

the degree of correlation between the different conponents of the Fourier 

transform of the velocity fluctuations. This would help to find out how 

"leaky" is the cascade associated with the-energy transfer along wave-nunber 

space. The experiments suggested above on the processes of energy transfer 
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through the range of scale sizes will need both very accurate measurement 

techniques and very fast rates of sampling. The need of a "continuous" 

signal in the time domain meýans that these experiments should be tried in 

flow configurations where the characteristic frequencies of the motion are 

low, i. e. flows in large geometries with low velocities. This is desirable 

not only because the frequency range of the signals is low, but also because 

it allows larger separation between measuring probes. Unfortunately, 

the physical size of the rig involved is a problem, since a ten fold in- 

crease in its dimensions only yields a reduction by a decade of the char- 

acteristic frequency range. The use of water, rather than air, will also 

bring down the frequency range by a fai:: tor of 15. The need to have a very 

accurate representation of velocity is an argument in favour of using 

laser anemometry techniques. This has to be carefully weighed, however, 

against the better ability of hot-wire anemometry to produce a continuous 

signal. The need for fast sampling rates is no longer a major difficulty; 

but for the time being, high speed analogue to digital conversion is still 

an expensive technique. 

On the theoretical side, a fresh approach is needed to deal with the 

dissipation of turbulent kinetic energy. Nowadays, there is no longer doubt 

about the importance of such a scale in characterizing non-equilibrium flows. 

Unfortunately it is not of very much help for the turbulence modeller to 

build a mechanism of energy transfer without the help of a solid background 

of experimental information. A promising approach to the closure problem 

due to Tchen (1973) is based on the partition of the energy into small' 

domains in wave-number space. This technique allows the use of physical 

assumptions in the modelling of terms in each of the resulting equations 

that separate the magnitude of the influence of the different processes de- 

pending on the range. But work. on this type of approach must be speculative 
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due to the non-existence of experimental background. 

Another potentially useful area is related to the type of approach 

to the problem of turbulencp modelling. The early success of turbulence 

models soon gave rise to an excessive confidence in the technique, and 

nowadays, it is frequent to hear turbulence modellers refer to a "uni- 

versal" model. The only "universal model" is the instantaneous form 

of the Navier-Stokes equations, which cannot be used at turbulent Reynolds 

numbers because of the inadequacy of computing facilities. There are 

always assumptions contained in a model and there is no need to have uni- 

versal models. In each situation, a model should be used that takes into 

account the main processes occurring in the situation. The nature of the 

modelling assumptions can change from situation to situation, since the 

dominant processes also change. For example, if in a particular flow 

configuration the influence of vorticity exceeds that of kinetic energy, 

the pressure fluctuations should be equated with the former quantity, 

rather than with the latter. The above comments are especially connected 

with flows where turbulent diffusion is important. As in most situations 

(e. g. confined flows) this process is negligible, there has not been 

enough attention given to its contribution. It would be very interest- 

ing to see what calculation procedurest4ith this effect correctly in- 

corporated would yield for free flows; this refers to procedures that 

do not need models for turbulent diffusion or procedures that involve model- 

led transport equations for the third order correlations. 

It will have been noticed that specific suggestions have been made 

regarding experimental work, while the other aspects of the subject have 

been dealt with in a less specific manner. This reflects the view that 

the main problems to be solved in turbulence modelling lie in the lack 

of experimental information. 



- 174 - 

REFERENCES 

Antonia, R. A. (19721. "Conditionally sampled measurements near 
the outer edge of a turbulent boundary layer. " J. Fluid 
Mech. 56, p. l. 

Arutyunov, V. A. (1963). "Concerning mixing processes in co-axial tur- 
bulent streams. " Izvestiya Vysshikh Uchebneykh Zaredeniy, 11, 
p. 207. 

Batchelor, G. K. (1953). "The'Theory*of Homogeneous Turbulence" 
Cambridge Univ. Press. 

Blackwelder, R. F., Kovasznay, L. S. G. (1972). "Tim scales and 
correlations in a turbulent boundary layer. " The Phys. of 

-Fluids, 
15(9), p. 1545. 

Boussinesq, T. V. (1877). Mom. Pres. Acad. Sci., Third edition, Paris XXIII, 
p. 46. 

Bradbury, L. S. J., Castro, I. P. (1972). "Some Comments on heat transfer 
laws for fine wires. "J. Fluid Mech. 51, p. 487. 

Bradshaw, P. , Ferriss, D. H. (1966). Nat. Phys. Lab. Aero. Rept. no. 1217. 

Bradshaw, P., rerriss, D. H., Atwell, N. P. (1967). "Calculations of 
boundary layer development using the turbulent energy equation. " 
J. Fluid Mech. 28, p. 593. 

Champagne, F. H., Sleicher, C. A. (1967). "Turbulence measurements with 
inclined hot wires. Part 2. Hot-wire response equations. "J. Fluid 
Mech. 28, p. 177. 

Champagne, F. H., Sleicher, C. A., Wehrmann, O. H. (1967). "Turbulence 
measurements with inclined hot wires. Part 1. Heat Transfer 
experiments with inclined hot wires. " J. Fluid Mech. 28, p. 153. 

Chlampagne, F. H., Wygnanski, 1. (1970). "Co-axial turbulent jets. " Boeing 
Scientific Research Laboratories, Dl-82-0958. 

Champagne, F. H., Pao, Y. H., Wygnanski, 1. (1973). "On the two-dimensional 
mixing region. "Dept. of App. Mech. and Eng. Sci. Univ. of 
California - San Diego, La Jolla, Calif. 92037. 

Chigier, N. A. (1972). "Gas Dynamics of swirling flows in combustion 
systems. " Astronautica Acta 17, p. 387. 

Chigier, N. A., Be4r, J. M. (1964a). "Velocity and static-pressure distri- 
butions in swirling air jets issuing from annular and divergent 
nozzles. " J. Basic Engg., Trans. ASME, Series D, 66, p. 788. 

Chigier, A. N., Be4r, J. M. (1964b). "The flow region near the nozzle 
in double concentric jets. P J. Basic Engg., Trans. ASMS, series D, 
86, p. 797. 

Chigier, N. A., Chervinsky, A. (1967). "Experimental investigation of 
swirling vortex motions in jets. " J. Appl. Ilech., Trans. ASME, 
Series E, 89, p. 443. 



- 175 - 

Chigier, N. A., Lorenz, D. H. (19671. "Axisymmetric free turbulent ro- 
tating jets. " The Phys, of Fluids, 10, no. 9. p. 2084. 

Chriss, D. E., Paulk, R. *]N. (1972). "An experimental investigation 

of subsonic co-axial free turbulent mixing. " Arnold Engineer- 
ing Development Center, AEDC-TR-71-236, AFSOR-TR-72-0237. 

Collis, D. C., Williams, H. J. (19593. "Two dimensional convection 
from heated wires at low Reynolds numbers. " J. Fluid Mech. 
6, p. 357. 

Comte-Bellot. G., Strohl, A., Alcaraz, E. (1971). "On aerodynamic 
Disturbances caused by single hot-wire probes. " J. Appl. 
Mech. 38, Trans. ASME, Series E, 93, p. 767. 

Corrsin, S. (1963). "Turbulence: Experimental methods. " in 
"Handbuch der Physic", VIII/2, Springer-Verlag, p. 524. 

Craya, A. , Darrigol, M. (1967) . "Turbulent swirling jet. " The 
Phys. of Fluids Supplement, p. 5197. 

Daly, B. J., Harlow, F. H. (1970). "Transport equations of turbulence. " 
The Phys of Fluids, 13, p. 2634. 

Digital Equipment Corporation (1971): I'PDP8/r, small computer handbook" 
DEC., Mass. 

Durýo, D., Whitelaw, J. H. (1973). "Turbulent mixing in the developing 
region of co-axial jets. " J. Fluids Engg. , 95, p. 467. 

Durao, D. (1971). "Turbulent mixing of co-axial jets. " M. Sc. Thesis, 
Univ. of London. 

Forstall, W. Jr., Shapiro, A. H. (1950). "Momentum and mass transfer 
in co-axial gas jets". J. Appl. Mech. 17, p. 399. 

Frenkiel, F. N., Klebanoff, P. S. (1973). "Probability distributions 

and correlations in a turbulent boundary layer. " The Phys. 
of Fluids, 16, no. 6, p. 725. 

G6rtler, H. (1954). "Decay of swirl in axially symmetrical jet far 
from the orifice. " Revista Matematica Hispano-Americana, 
14, no. 4, p. 143. 

Gupta, A. K., Kaplan, R. E. (1972). "Statistical characteristics of 
Reynolds stresses in a turbulent boundary layer. " The Phys. 
of Fluids, 15, no. 6, p. 981. 

Hanjalic, K. (1970). "Two dimensional asymmetric turbulent channel 
flow in ducts. " Ph. D. Thesis, Univ. of London. 

Hendricks, C. J., Brighton, J. A. (1975). "The prediction of swirl 
and inlet turbulence kinetic energy effects on confined jet 

mixing. " J. Fluids Engg. 97, p. 51. 



- 176 - 

Hill( J. C. Sleicher, C. A. (1969). "Equations for errors in 

turbulence measurements with inclined hot-wires. " The Phys. 

of Fluids, 12, p. 1126. 

Hinze, J. C1959). "Turbulence. " McGraw-Hill, N. Y. 

Jerome, F. E., Guitton, D. E., Patel, R. P. (1971). "Experimental 

studies of the thermal wake interference between two closely 
spaced wires of an X-type hot-wire probe. " Aeronautical 
Quarterly, 22, p. 119. 

Jones, B. G., Planchon, H. P., Ilammersley, R. J. (1973). "Turbulent 
space-time correlation measurements in a plane two stream 
mixing layer at velocity ratio 0.3. " A. I. A. A. paper no. 
73-225. 

Jones, W. P. (1971). "Laminarization in strongly accelerated 
boundary layers. " Ph. D. Thesis, Univ. of London. 

Jones, W. P., Launder, B. E. (1972). "The prediction of 
laminarization with a two-equation rmdel of turbulence. " 
Int. J. Heat Mass Transfer, 15, p. 301. 

Kawaguchi, D., Sato, G. T. (1971). "Experimental investigation 

of premixed swirling jet flames (velocity and turbulence 
intensity of swirling air jets). " Bulletin of the J. S. M. E. 
14, no. 69, p. 248. 

I Kampe de Ferie"t, J. (1966). David Taylor Model Basin Rept. 2013, 
Naval Ship Research and Development Center, Washington, D. C. 

Kolmogorov, A. N. (1942). "Equations of turbulent motion of an 
incompressible fluid. " Itr. Ak. Nauk. SSSR. (Translation 
from Russian by D. B. Spalding, Imperial College, 1968). 

Kovasznay, L. S. G. (1949). "Hot-wire investigation of the wake 
behind cylinders at low Reynolds numbers. " Proc. Royal Soc. 
London, Series A, 198, p. 174. 

Kovasznay, L. S. G., Kibens, V., Blackwelder, R. F. (1970). "Large 
scale motion in the intermittent region of a turbulent 
boundary layer. " J. Fluid Mech. 41, p. 283. 

Launder, B. E., Reece, G. J., Rodi, W. (1975). "Progress in the 
development of a Reynolds stress turbulence closure. " 
J. Fluid Mech. 68, p. 537. 

Launder, B. E., Spalding, D. B. (1972) "Mathematical models of 
turbulence. " Academic Press, London. 

Lee, S. (1965). "Axisymmetric turbulent swirling jet. " J. Appl. 
Mech. 32, Trans. ASME, Series E, 87, p. 258. 

Lilley, D. G. (1973). "Prediction of inert turbulent swirl flows. " 
A. I. A. A. Journal, 11, p. 955. 



177 - 

Lilley, D, G. (1(1751, "Combustion swirl flow modelli. n(J. " A, I. A. A. 
journal, l3f p, 419. 

Lilley, D. G., Chigier, N. A. C1971al. "Non-isotropic turbulent 
stress &stribut, ion in swirling flows from mean value dis- 
tributions. " Int. J. Reat Mass Transfer, 14, p. 573. 

Lilley, D. G., Chigier, N. A. (1971b) "Non-isotropic exchange co- 
efficients in turbulent swirling flames from mean value 
distributions. " Combustion and rlame, 16, p. 177.. 

Loitsyanskii, L. G. (1953). "The propagation of a twisted jet in 
an unbounded space filled with'the same fluid. " Prikladnaya 
Matematica i mekhanika, 17, p. 3. 

Lumley, J. L. (1970). "Stochastic tools in turbulence" Academic Press. 

- Lumley, J. L., Khajeh-Houri, B. (1973). "Computational modelling of 
turbulent transport. " Pennsylvania State Univ. Rept. 

Lundgren, T. S. (1967). "DistribUtion functions in the Statistical 
Theory of Turbulence. " The Phys. of Fluids, lo, no. 5, p. 969. 

Lundgren, T. S. (1971). "A closure hypothesis for the hierachy of 
equations for turbulent probability density distribution 
functions', ' in "Statistical Models and Turbulence", Springer- 
Verlag, N. Y. , 1972, p. 70. 

Mager, A. (1974). "Steady, incompressible swirling jets and wakes. " 
A. I. A. A. Journal, 12, no. 11, p. 1540. 

Matsumoto, R.,, Kymoto, K., Tsuchimoto, N. (1973). "A study on double 
concentric jets. " Bulletin of J. S. M. E., 16, no. 93, p. 529. 

Morse, A. P. (1976). "on the calculation of axisymmetric flows 
with a Reynolds stress closure: 1. Solution of the equations 
for two-dimensional parabolic flows. " To be published as 
internal report, Mech. Eng. Dept., Imperial College, London. 

Morton, H. L. (1968). "Effect of swirl on turbulent jets in ducted 
streams. " M. I. T. Gas Turbine Laboratory Rept. 95. 

Murthy, S. N. B. (1974). Proceedings of the Project Squid Workshop on 
"Turbulent mixing in non-reacting and reactive flows" held 
at Purdue Univ., May 20 - 21. Plenum Press. 

Naot, D., Shavit, A., Wolfshtein, M. (1973). "Two point correlation 
model and the redistribution of Reynolds stresses. " The Phys. 
of Fluids, 16, no. 6, p. 738. 

Narain, J. P., Weroi, M. S. (1974). "The swirling turbulent plume. " 
J. Appl. Mech. 41, p. 337. 

Panchev, S. (1971). "Random, Functions*and Turbulence. " Pergamon Press. 

Patankar, S. V., Spalding, D. B. (1970). "Heat and Mass Transfer in 
Boundary Layers - A*General calculation procedure. " 
Intertext Books, London. 



178 - 

Pope, S. B, (19761. "The calculation of the flow behind bluff bodies 
with and without combustion, " M. D. Thesis Univ. of London. 

Prandtl, L. (19251. "Uber die au. sgebildete Turbulenz. 11 Z. Angew. 
Math. Mech. 5,1ý. 136. 

Prandtl, L., Wieghardt, K. (1945). I'Mer ein neues Formalsystem fur 
die ausgebildete Turbulenz. " Nach. Akad. Wiss. Gottingen 
Math-Phys. Kl., p. 6. 

Pratte, B. D., Keffer, J. F. (1969). "Swirling turbulent jet flows. 
Part I: The single swirling jet. " Univ. Toronto, M. E., 
TP6901. 

Pratte, B. D., Keffer, J. P. (1972). "The swirling turbulent jet. " 
J. Basic Engg. 94, series D, p. 739. 

Ribeiro, M. M. (1972). "Turbulent mixing of co-axial jets. " M-Sc. 
Thesis, Univ. of London. 

Ribeiro, M. M., Whitelaw, J. H. (1975a) "Turbulent mixing of co-axial 
jets with particular reference to the rear exit region. " 
ASME paper 75-FE-36. 

Ribeiro, M. M. Whitelaw, J. H. (1975b). "Statistical characteristics 
of a turbulent jet. " J. Fluid Mech., 70, p. l. 

Rodi, W. (1971). "A new method of analysing hot-wire signals 
in highly turbulent flow and its evaluation in a round jet. " 
Imperial College, Mech. Eng. Rept. ET/TN/B/10. 

Rodi, W. (1972). "The prediction of free turbulent boundary layers 
by use of a two-equation model of turbulence. " Ph. D. Thesis 
Univ. of London. 

Rose, W. G. (1962). "A swirling turbulent round jet. " J. Appl. 
Mech. 29, p. 615. 

Rotta, LT. (1954). "Statistical theory of non-homogeneous turbulence. " 
Papers 1 and 2, translated by W. Rodi. imperial College, 
Mech. Eng. Rept. TWF/TN/38 and TWF/TN/39,1968. 

Sabot, J., Comte-Bellot, G. (1972). "kIpmoires des fluctuations longi- 
tudinales de vitesse en conduite lissecirculaire. " 
C. R. Acad. Sci. Paris, 274, Serie A, p. 1647. 

Sabot, J., Renault, J., Comte-Bellot, G. (1973). "Space-time 
correlations of the transverse velocity fluctuation in 
pipe flow. " The Phys. of Fluids, 16, no. 9, p. 1403. 

Stark, S. B. (1953). "Mixing of gas streams in a flame. " Zhurnal 
Tekhnichskoy Fiziki, 23, no. 10, p. 1802. 

Steiger, M. H., Bloom, M. H. (1962). "Axially symmetric laminar 
free mixing with large swirl. " J. Heat. Transfer, 
Trans. ASME, Series C, 83, p. 370. 



- 179 - 

Strohl, A., Comte-Bellot, G, (1973). '%arodynamic effects due 
to configuration of X-wire anemomemeters. " J. Appl. Mech. 
40, P. 661. 

Tchen, C. M. (1973).. "Repeated cascade theory of homogeneous tur- 
bulence. " The Phys. of Fluids, 16, no. 1, p. 13. 

Tennekes, H., Lumley, J. L. (1972). "A First Course'in Turbulence" 
M. I. T. Press. 

Townsend, A. A. (1956). "The Structure'of*Turbulenct Shear Flow" 
Cambridge Univ. Press. 

Von Karmän, T. (1930). "Mechanische Ahnlichkeit und Turbulenz. " 
Nach. Ges. Wiss. Gottingen, Math. Phys. Kl. 58. 
Translated into English in NACA TM 611 (1931). 

Willmarth, W. W., Lu, S. S. (1972). "Structure of Reynolds stresses 
near the wall. " J. Fluid Mech. 55, p. 65. 

Wygnanski, 1.2 Fiedler, H. (1969). "Some measurements in the self- 
preserving jet. " J. Fluid Mech. 38t p. 577 

Zaric, Z. (1972). "Analyse statistique de la turbulence pres dlune 
paroi par echantillonage conditionel. 11 C. R. Acad. Sci. 
Paris, 275, Serie A, p. 513 

I 

4 



- 180 - 

Nomenclature 

The definition of the symbols is provided in the text; this list is 

inserted to provide a guide to the main syrrbols. 

Aj, A 2"**** scalar functions of distance CChapter 21 

al, a 2"' coefficients , in approximated hot-wire response(Chapter 3) 

B(u, v) two-dimensional probability density distribution of velocity 

b lb2"*'*' coefficients in approximated hot-wire response (Chapter 3) 

C l'C2'C3 constants in modelled terms of probability density dis- 

tribution of velocity 

c Ic 'c constants in modelled terms of Reynolds stresses l s 2 

c Vc. 2 ...... coefficients in approximated hot-wire response (Chapter 

cA constant in effective viscosity 

cC, c el" c E: 2 constants in modelled dissipation of turbulent kinetic 

energy 

D diameter of outer pipe (Chapters 4,5,6) 

D kt tensor appearing in modelled redistribution of Reynolds 

. stresses 

E voltage from a hot-wire anemometer 

E* ij spectral density of energy for component Uiuj 

e a. c. voltage from hot-wire anemometer 

F1F2 functionsof velocity fluctuations, defined in equations 

3.19 and 3.20 

f probability density distribution of velocity 

f GC Gram--Charlier approximation of probability density distribution 

h pitch factor of a hot-wire 

0. 
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I vector defined by equation 2.63 
n 

i tensor 2,64 
mn 

K wave-number space 

k turbulent kinetic energy 

k yaw factor of a hotýwire probe (Chapter 3 and Appendix II) 

k vector in wave-number space 

macro-length scale 

P production of turbulent kinetic energy 

mean pressure 

PkZ production of Reynolds stresses 

P(U), P(V) One dimensional probability density distribution 

P fluctuating pressure 

Qn vector defined by equation (2.73) 

R radius of outer pipe 

R two-point velocity correlation 

R* ij pressure term in spectral energy equation 

Re Reynolds number at outlet of pipe 3. 

Re 0 
annulus 

ri orthogonal coordinate system 

S source term in general form of transport equations 

(Chapter 6, Appendix IV) 

S swirl number in Chapter 5 

S calibration constant of a hot-wire (Chapter 2, Appendix II) 

T convective term, is transport equation for f(v, x, t) c 

TP pressure go if it 11 11 of 
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Tt týme-dependent term, is transport equation for f(v, x, t) 

T viscous 
v 

T* ij 
inertial term in spectral energy equation 

t time 

U, V, W velocity components in rectangular coordinate system 

U, VVr cylindrical coordinate system 

u, v, w fluctuating velocity components in rectangular coordinate 

system 

U, V VO r 
fluctuating velocity components in cylindrical coordinate syster-' 

U 
eff effective cooling velocity (Chapter 3) 

U io centre line velocity at outlet from the pipe 

UO maximum annulus 

V position vector in velocity space 

V* fluctuating velocity space 

XIYIIZ orthogonal coordinates 

xt, yI, zI 

CL yaw angle of a hot-wire 

a nt 
tensor defined in equation (2.75) 

a pitch angle of a hot-wire 

Onpqr tensor defined in equation (2.76) 

diffusive coefficient CChapter 6, Appendix IV) 

Dirac delta function 

ij Kronecker delta 

Iý 
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C dissipation of turbulent kinetic energy 

C ij Reynolds stress uiU 

overheat ratio of a hot-wire 

Taylor microscale 

molecular viscosity 

"eff effective turbulent viscosity 

P density 

V kinematic viscosity 

Cr standard deviation 

TC 'T v 
time microscales for hot-wire response 

stream function (Chapter 6) 

non-dimensional stream function (Chapter 6) 

fluctuating vorticity 
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Statistical characteristics of a turbulent jet 
By M. M. RIBEIRO AND J. H. WHITELAW 

Department of Mechanical Engineering, Imperial College, London 

(Received I July 1974 and in revised form 12 December 1974) 

Velocity probability distributions and autocorrelation functions were measured 
in the self-preserving region of a round free jet at 57 diameters. On-line digital- 
sampling procedures were used to interpret the signals from a crossed hot-wire 
probe. Particular attention was paid to the probabilities of the axial and radial 
velocity components and of the angle between them at radial locations corres- 
ponding to the centre-line and the location of maximum shear stress and at all 
edge location rlx = 0-087. 

The results show, for example, that the probability of the axial velocity on 
the centre-line is slightly non-Gaussian and that, in general, the observed devia- 
tions of the probabilities of u depend upon the difference in behaviour of the 
corresponding distributions for positive and negative v; outward transport 
(positive v) is associated with near-Gaussian it distributions whereas inward 
transport (negative v) is associated with skewed u distributions. The probability 
of the fluctuating vector (u, v) becomes more asymmetric with increasin 

" radius 
'with the dominant direction corresponding to positive W. The measured auto- 
and cross-correlations are shown to be largely independent of radius. 

1. Introduction 
The turbulence properties of self-preserving round jets have previously been 

considered by, for example, Gibson (1963) and Wygnanski & Fiedler (1969). 
The information presented in these papers is extensive but does not include 
measurements of probability density distributions although, as observed by 
Gupta & Kaplan (1972) and Antonia (1972) in their investigations of wall 
boundary layers, such measurements can provide additional and useful infor- 

mation on the turbulent flow. 
The present paper establishes that the jet flow under consideration possesses 

profiles of mean velocity and Reynolds stresses at 57 diameters downstream 

which accord -%vith expectations based on previous investigations. It then 

presents autocorrelations and velocity probability distributions measured in 

the self-preserving region. Particular attention is paid to the probabilities of the 
0* 

axial and radial velocity components and of the angle between them and rele- 
vant physical information and implications are examined. 

The measurements were obtained using on-line digital sampling of the *Signals 4D 0 from a crossed bot-wire probe. The sampling and averaging tecluliques did not 000 incorporate conditional sampling procedures and the averages include, therefore, 
WLM 70 
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contributions from signals obtained at times when the velocity was turbulent 
and non-turbulent. Tile principal radial measuring stations corresponded to the 
centre-line, the location of maximum Reynolds shear stress and the location 
where the mean velocity was half the centre-line value. 

The paper is divided into three sections, which describe the apparatus and its 
operation, present and discuss the results and offer concluding remarks. Tile 
apparatus consisted of a jet, hot-wire instrumentation and a data-processing 
computer; these, and the associated signal-processing procedure, are described 
in the next section. The following section presents measured values of the mean 
velocity and Reynolds stresses and demonstrates that they are in agreement 0 
with the measurements of previous authors; probability distributions and auto- 
correlations are then presented and discussed. The concluding remarks relate 0 the present measurements to previous measurements and present general 
conclusions. 

2. Experimental apparatus and procedure 
2.1. Jet arrangement 

The jet arrangement used for the present investigation was similar to that 
previously used by Rodi (1972). It consisted of an orifice 12-9 mm in diameter 
located in one surface of a1 -06 x 0-52 x 0-52 m plenum chamber which con- 
tained two screens and two sections of honeycomb. A fan delivered air through 
an electrostatic filter to another plenum chamber, where pressure pulsations 
were damped, before passing it to the plenum chamber containing the orifice. 
The average jet orifice velocity for the present measurements was 83-4m/s, 
corresponding to a Reynolds number of 7-1 x 104. 

A screen cage 2x2x5m long with a -& in. mesh surrounded the jet flow on 
three sides and minimized the possible influence of draughts. The hot-iiire 
probe holder was supported on a cathetometer -%ihich, in turn, was secured to a 
small milling table: this arrangement allowed precise movement of the probe 
holder in three orthogonal directions. 

2.2. Ilot-wire and data-processing equipment 
A line diagram of the signal-processing equipment is presented in figUre I and 
indicates that the signals from a crossed hot-urire probe (DISA 55A32) were 
passed to linearizers (DISA 55D 10) through constant-temperature anemometers 
(DISA 55D01). The voltage signals from the linearizers were supplied to sample- 
and-hold units (Burr Brown SMI 40) which, in turn, were controlled and 
sampled by a small computer (Digital PDP8E). This sampling arrangement 00 C5 
permitted samples to be obtained at a frequency of 20 kHz. 

2.3. Experimental procedures 
Calibration. The anemometers were linearized and calibrated with the probe 
in the potential core of a calibration jet, using digital techniques. The turbulence 
intensity was less than 2% and the velocity was continuously variable. The 

I 
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llý. Zýý, 
I- 

Difrercncc 
amplifier 

Sum 
amplificr 

. and data 
Maunr 1. Diagram of data-acquisition arrangement. -, --- , route for mean velocity 
andReynoldsstresses; route for probability density distributions and time 
correlations. 

calibration arrangement allowed rotation of the probe around a fixed point on 
the axis of the jet one nozzle diameter downstream from the exit. 

The output E from the linearizer was compared with the velocity U measured 
by a Pitot tube placed in the same axial plane as the hot wire but 5 mm away. 
Signals from the linearizer and pressure transducer were input to the AID 
interface. The velocity was determined from. the Pitot tube and tho ratio be- 
tween the velocity and linearizer output calculated for several values of the 
velocity between 5 and 35 m/s. Exponent and zero settings of the linearizer were 
adopted until a satisfactory linearization was achieved; typical values obtained 
are summarized in table 1. After linearization, the relationship between E and 
U was 

R- suff, (1) 
where U,, jt =f (a) U with f (a) dependent only on the yaw aiigle a. 

1-2 
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VelocitY. U (mls) E (from linearizer) ]Ratio, FIU 
35-002 3-6915 0-1055 
32-324 3-4084 0-1055 
27-113 2-8600 0.1055 
22-587 2-3847 0.1056 
18-848 1-9894 0.1056 
15-487 1-0270 0.1051 
12-167 1-2747 0-1048 
8-8887 0-9370 0-1054 
5-5307 0-5858 0.1059 

TAimn I 

With the cosine law of Champagne & Sleicher (1967) the above relationship 
becomes 

E2 = S2U2 (cos2 a+7,2 sin2 a). 

Thus the calibration determined both the calibration constant S and the yaw 
factor k- (typical values of k- were 0- 1 and 0- 17); for each velocity, two values of a 
are needed to determine S and k. Because the cosine law only holds for a limited 
range of a, angles were chosen near the working values of a for the flow situation 0 (30", 45' and 60'). For example, for a, = 30" and a2 = 45% S2 and V become 

2E2(30)-, rý2(45) 3E2(45) - 2E2(30) 
S2 = U2 , 

k2 = 
-E2(45)+2E2(30)' 

Calibration was carried out for each wire, and by suitable adjustment of the 
gain of the linearizers, the values of S were made to coincide. 

The response from the two anemometers was tested with the axis of the probe 
aligned with the flow direction in the calibration rig. The signals from both 
linearizers were input to the AID interface and the multiplexer switched between 
the two channels, at a rate of I ms/channel, by suitable software. At the same 
time, the velocity was continuously changed. The output from the multiplexer 
was a. c. coupled and monitored in an oscilloscope set at 0-02 V/division. Any 
imbalance between the channels would have appeared as a square wave form 
on the screen. No square wave forms were observed. 

Mean velocity and Reynolds 8tresses. A schematic diagram of the data acquisi- 
tion is shown in figure 1. Signals from the cross-wire probe, with its axis aligned P ED 
with the mean flow direction, were linearized and input to the AID interface 
through the sample-and-hold circuits. With the wires in the plane Oxr and 
with the axis of the probe aligned -%v ith the mean flow direction, linearized signals 
are related to the velocity field (Champagne & Sleicher 1967) by the following 
equations: 

2! S(l + ik2- ik') 

(EI (3) 

222 
1 1 +L2 + 2EIE2 

(L' 
+'1ý2 - 2) 

4 2 E2 rj 
'I 

L, 12 ý BJL 
-p'2 2 

Aaf 
2) 
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+ 
v2 1 +)L2 2 +1,2 11,2 2 

u2 - -4) 
ýý7 1-3Ä2+4" 21 

(El E2 TV- 1(1+7, C2 2 
2), 

-U2 2i R12 C, 2 
12 

(6) 

where E represents a linearized signal, S the calibration constant and k- the yaw 0 factor; the subscripts I and 2 refer to wires I and 2 and overbars denote time 
averages. U represents the mean velocity, ýi and P are the Reynolds normal 
stresses in the axial (x) and radial (r) directions and Vv- is the Reynolds shear 
stress in the plane Oxr. 

Knowledge of 21, 
-229 

fl-E 
2, 

Kf and T2-2 is sufficient to deteýmine the mean 
velocity and the three Reynolds stresses in the plane Oxr. Values of E, (t) and 
E, (t) were sampled in the way described in the last paragraph. Basically, loops 

of 384 samples of El and E2 were repeated 20G-400 times, according to the 
flow characteristics at the probe location. At the end of each loop, mean values 
for the five quantities were calculated for the loop, and used to update the 
corresponding total mean. Finally, the mean velocity and Reynolds stresses were 
calculated according to the above set of equations. 

Time correlation. Time correlations were obtained by a sampling process 
similar to that described in th6 last paragraph; sets of 192 pairs (u, v) for each 
instant were stored sequentially with it preceding v and contiguous pairs corres- 
ponding to a unit time delay. To obtain the desired correlation, values were 
cross-multiplied and each pair was used a number of times equal to the total 
number of discrete points constituting the correlation. After each set of 192 0 
pairs was complete and the values of the correlation for the different delays 
had been calculated, these values were used to update the corresponding means. 
Execution of the program ended when a new set did not influence any of the 
means by more than I %. 

In order to determine the unit time delay, a dummy run was made and the 
period of the digital pulse controlling the locric commanding the A/D converter C5 0 ID C, 
was measured. Different unit time delays were obtained by execution of a do- 
nothing set of instructions a different number of times. The minimum elemental 
time step was 64 Its and could be increased indefinitely by steps of 1-2 Ps. 

Single probability density distributions. For an ideal X-,. Niro array aligned with 
the flow direction and with the wires in plane Oxy, Champagne & Sleicher (I 9G7) 
indicate that 

u=I *(el + e2) a(e, + C2)3' 
21S(i + ILA 

- 
jk4) 

V=I(i 
+k2 

(el - e2) = P(el - e2), j-IS (1-3k2+4k. 4) I+ik2-g'k4 I 

where S is the calibration constant, k the yaw factor and q and e2 the a. c. com- 
ponents of E, and E2 (linearized outputs from wires that react dominantly to 
im positive and negative, respectively); u and v are the velocity fluctuations in 

0 the axial and radial directions. 
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Thus E, and E2 were input to high-pass filters, added and subtracted to yield 

voltages proportional to it and v. Each voltage was applied to the A/D interface 

and sampled. The voltage range was divided into 128 equaI13 spaced intervals 

and a 24 bit binary word was associated with each interval. For each value 
sampled, the corresponding word was determined and its value increased by 

one. The total number of samples was 2x 87 (4194304). The histogram obtained 
was afterwards normalized to have unit area and higher-order moments were 
calculated. 

Specific problems were the following. 
(i) Non-uniform. size of volta(YO intervals: this was cured by obtaining the 

probability density distribution of a ramp; weight factors for each interval 

were determined from the distribution. 
(ii) High frequencies present in the signal, implying voltage changes during 

the process of A/D conversion, were cured by the insertion of a sample-and-hold 
circuit between the multiplexer and the AID converter. Aperture times were 
reduced from 24 ps to 100 ns. 

(iii) Dominant frequencies eventually present in the signal jointly with a 
single frequency of sampling could distort the results; this problemwas cured 
by the insertion of a random time delay between two consecutive readings. 

Joint probability density distributions. Basically the process was the same as 
for the last case, but the two signals proportional to it and v respectively were 
first 'held' at the same instant, followed by the A/D conversion and storage of 
each of these. Afterwards the 'sample' mode was restored. 

The voltage range for both signals -, vas divided into one array of 32 x 32 

equally spaced intervals, each associated with a 24 bit binary word whose 
contents were increased by one each time the pair of voltages was inside the 

corresponding interval. The number of samples was 2X 87; the histogram 

obtained was further processed in a CDC 6400 to yield the joint probability 
distribution and related quantities. 

Specific problems were the same as for the last case and were solved in similar 
ways. 

3. Mcasurements and discussion 
3.1. Preliminary remarks 

The present jet had previously been used by Rodi (1972),, who reported exten- 
sive measurements of the mean velocity and turbulent quantities in the self- 
preserving region. All the discussion that follows refers to the measurements 
at three radial locations 57 diameters downstream of the inlet, for which the 
values of the mean velocity, turbulenco intensities and skewness and flatness 
factors are shown in table 2. 

3.2. Probability distributions 
Probability density distributions have been measured for u, v, v1v and (ZI, v) at 
, radial locations corresponding to the centre-lino, and the position of maximum 
turbulent shear stress (rlx = 0-056) and at the location where the mean velocity 
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rIx U/UT, 
ru"lu 

m'v'/u 

0.000 1 0; 244 0-193 -0-01 -0-01 2.08 2-98 
0-036 0-749 0-325 0-232 0-22 0-38 3.06 3-28 
0-087 0.503 0-457 0.310 0-4G O-GI 3-45 3.90 

TABLu 2 

U10. 
FicuRE 2. Probability density distributions of the u component of the fluctuating velocity 

at x1D = 57.0, r/x = 0-000; [: ], rIx = 0-056; 0, r1x = 0-087. 

is half the centre-line value (rlx = 0-087). The measurements correspond to the 
cross-sectional plane at x1D = 57. 

Figure 2 presents the probability distribution P(u) of u and indicates nearly 
symmetrical behaviour on the centre-line: the existence of a small asymmetry 
is confirmed by the distribution of (u, v) which is presented later in this section. 
At the higher values of rIx there is a positive skewness with a flat region for ujo- 
between -I and 0- 1; the cause of this behaviour is revealed in figure 3, where 
the probability distributions of u at the three radial locations have been separated 
according to the sign of v. On the centre-line, by virtue of the symmetry, no 
dependence on the sign of v occurs, but away from the centre-line, the it distri- 
butions depend strongly on the sign of v: for positive v, the it distributions are 
nearly symmetrical with the mean value shifted towards the high velocity region 
(0-29o- for r/., c = 0-056 and 0-34o- for rIx - 0-087), whereas for negative v, dis- 
tributions of u are positively skewed (0-31 at rlx = 0-056 and 0-57 for rlx - 0-087) 
and their most probable values are less by 0-6cr than the mean values of the 
overall distribution. The occurrence of differently located distributions enables 
the determination of a length scale of the mixing-lengrth type, by relating the 

-3 -2 -1 0123 
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FIGURE 3. Probability density distributions of the u component of the fluctuating velix-ity 
divided according to the sign of v, at x1D = 57. Open symb0h, V>0, sohd symbols, 
v<0. r/., c values for symbols as in figure 2. 

ebaracteristio velocity, i. e. the mean value of it for positive and negative v, of 0 the two distributions to the local mean velocity: if no appreciable dissipation of 
x momentum occurs inside the region that affects the local velocity, it is given by 

0 
AU 

bUlbr 
(A U being half the difference between the characteristic velocities of the separate 
distributions for v ý, >, 0). 

When L is normalized by ri, and the other quantities by measured quantities, 
the above expression becomes 

LX U/Z. )'>O 

rj rj e(UNIORVIX) 

> 0; o-,, is the standard are the mean values of the u distribution when v< 
deviation of P(u). Length scales were obtained with the aid of the data in tables 
2 and 3 and figure 2 and had values of 0-123 for r/x = 0-050 and 0-122 for 
rlx = 0-087. 

It is interesting to note that, even for a, nearly Gaussian distribution of it, 
when v is positive (fiure 3) its contribution to the turbulent shear stress is 
significant and stems from the fact that its mean value is shifted from the overall 
mean value. 

Figure 4 presents the probability density distributions of v at the same three 
radial locations. A symmetrical distribution occurs at the centre-fine while as 
rjx increases a positive skewness develops. Away from the centre-linc, the tails 
of the distribution indicate higher flatness factors; the most probable valiles 
appear to be less displaced from the mean than for the corresponding it distri- 
butions and the distributions seem far from Gaussian. However, in figure 5, 

where the v distributions are split according to the sign of it, it can be seen that 
the individual distributions are much closer to Gaussian than flaure 2 would 
suggest. The distributions of v at the centre-lino are particularly interesting in 
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FiGURE 5. Probability density distributions of the v component of the fluctuating velocity 0 divided according to the sign of u, at xID = 57. Open symbols, u>0; solid symbols, 
u<0. rjx values for symbols as in figure 2. 

that, unlike those of it, they are symmetrical but have different standard devia- 
tions with higher probabilities for high IvI correspondin(y to negative u (see table 
3 for the ratios of standard deviations for both distributions). This is consistent 
with the impression that high values of IvI must correspond to larger distances 
of travel and that the associated eddies originate far from the centre-line; it 
also emphasizes the asymmetrical behaviour of u at the centre-linc. 

-2 -1 0123 

via- 

FxaimE 4. Probability density distributions of the v component of the 
fluctuating velocity at x1D = 57. Symbols as in figure 2. 
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Ul rjx 
u0 

0.050 
0-087 

v0 
0.050 
O-OS7 

(U. i)ii) < Ol(O-uj)WJ [ulidj)UJ>0 - 

1-02t 
0-05 
0.80 
1-13 
0-88 
0-72 

0-021 
0-29 
0-31 
0-02: 
0-29 
0-31 

t This number should be 1-0 by virtue of symmetry around the x axis at the centre-line. 
These values should be zero for the same reasons. 

TAuLu 3 

Table 3 shows a comparison of the u and v distributions: tho difference between 
the mean values for positive and negative velocities is the same for it and v at 
each radial location. The ratio of the standard deviations of the negative and 
positive distributions decreases when rlx increases, and changes at a faster rate 
for u than for v. 

Table 4 shows quantitatively the deviation of the distributions from Gaussian 
behaviour, by comparing the experimental results with sixth-order Gram- 
Charlier expansions (Lumley 1970, p. 39; Frenkiel & Mebanoff 1973). 

Ia fac(uj) =Z AjIIj(uj), 
2,, ), 

exp( Ju1j), 
0 

with Aj (u, )f (u, ) du, 

and Hj(ui) exp (Jul, ) 
ul exp (- I ul). 

It shows that, generally, the conditional distributions are more closely approxi- 
mated than the overall distributions; this is mainly true for it, thus emphasizing 
the difference between the behaviour associated with transport towards the 
centre-line and that for transport towards the edge. 

Thus a general conclusion is that the deviation of the probability density 
distributions of u and v from Gaussian behaviour is largely dependent on the 
difference in behaviour of the corresponding distributions for positive and ne " a- 
tive v. Positive-v distributions are associated with a nearly Gaussian behaviour 
for u, whereas negative-v distributions (inwards transport) may be coupled -with 
positively skewed distributions for u. 

Figure 6 presents probability density distributions of the direction of the 
fluctuating vector (it, v) at the three radial locations under examination. The 
centre-line distribution is symmetrical about the axial direction; it shows maxima 
close to the radial direction and a minimum in the axial direction with a ratio of 
approximately 2-7. This implies that the probability of JvJ being greater than 
Jul is higher than the reverse. However, U2 is larger than v1; thus axial fluctuations 
are larger than radial fluctuations but less probable (this is consistent with the 
fact that energy spectra of v contain less energy than those of u but have higher 
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FIGURE 0. Probability density distributions of the direction of the 
fluctuating vector (u, v) at x1D = 57. Symbols as in figure 2. 

density in the high frequency region). As rlx increases, the asymmetry of the 
distributions increases with the dominant directions shiftin(y towards the first 
and third quadrants (uv positive). The two maxima occur close to each other 
because, as a result of an anticlock-wise shift, the maximum in the fourth quadrant 
moves to the first quadrant. The ratio between the maximum and the minimum 
increases to 5-2 at rlx = 0-056 and 7-8 at rlx - 0.087 and indicates a corres- 
ponding increase in the time for which IvI> ju I. 
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Maximum 
deviation 

Distri. Condi. in region 
bution. tion F/X A, A, A, A, (-47, +a)t 

U - 0 -0-012 0.0066 0.0008 -0-0004 1% 
V>0 0.004 0-0058 0.0000 -0-0004 0.3% 

<0 0-000 0.0030 0-0000 -0-0004 0-3% 

- 0-056 -0-045 0-0082 0-0034 -0-0011 0-3% 
>0 0-004 0-0040 -0-0004 0-0002 0-8% 

V<0 -0-051 0-0039 0-0031 -0-0010 1% 

- 0-087 -0-093 -0-0021 0-0063 -0-0023 5% 
V>0 0-022 0.0106 0-0004 -0-0008 1.5% 

0 -0-090 -0-0087 0.0038 0-0020 3% 

V 0 -0-002 0-0114 0.0000 -0-0008 2-5% 
U>0 -0-001 0-0042 -0-0002 0.0000 0-4% /0 
U<0 -0-010 0-0211 0-0015 -0-0021 0-3% 

- 0-056 -0-054 0-0022 0-0060 -0-0001 5% 
U>0 0-002 0.0068 0-0007 0.0000 0-3% 
U<0 -0-055 0-0013 0-0048 0-0004 5% 

- 0-087 -0-108 -0-0279 0-0050 0-0002 10% 
U>0 -0-017 0-0035 0-003-1 0.0005 0.5% 
U<0 -0-048 -0-0110 0.0005 0.0015 0% 

t 0, %ring to the nature of the approximation, values that exhi bit higher deviations are 
located in regions wh ere u, jo- < 1. 

TAwx 4 

Figure 7 shows joint probability distributions of u and v as lines of constant 
density. These functions are defined by the equations 

P(u, v) du dv = P(u* c- [tt, te + du], v* c- [v, v+ dv]l, 

d(ultr. )f P(u, v) d(vlo-�) f 

-+. 

Co 

with o-,, and o-, representing the standard deviations of P. (u) and P. (v), the 
probability density distributions of u and v. At the centre-line, the isodcnsity 
lines are symmetrical about u=0, and thus the zero shear stress at this location 
stems from the particular location of the axis and not independence of u and v. 
For high values of -u, the v distribution exhibits a small flatness, which in- 
creases with u. The high values of v tend to coexist with negative values of it, 
i. e. the probability of occurrence of IvIo-, j =2 is greater for u/0-. I than for 
u=0; thus high deficits in the axial mean velocity are coupled with strong radial 
fluctuations. 

At rIx = 0-056 and 0-087, the above tendency is reversed and high positive 
values of u coexist with bigh positive values of v. There appears to be no counter- 
part in the inward turbulent transport and thus it is nearly Gaussian travel 
towards the edge of the jet, rather than a ske,, ved behaviour related to inward 
x-momentum transport, which is the main contributor to the Reynolds shear 
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-2 

-3 

vlo-, 
FIGunn 7. Joint probability density distributions of the u and v components of the fluc. 
tuating velocity at xID = 57. Curves represent isodensity locii with the following pro- 
babilities: 1,0-14477; 2,0-10725; 3,0-06505; 4,0-03230; 5,0-01313; 6,0-00437. (a) 

r/. T = 0-000. (b) r/x = 0-056. (c) r1x = 0-87. 

stress. A further contribution to high values of the Reynolds shear stress stems 
from the fact that, in the second and fourth quadrants, u and v tend to inhibit 
each other, contrary to the situation in the first quadrant. 

3.3. Correlation fanctions 

Fio, Ure 8 presents autocorrelations for u and v and the uv cross-correlation in the 0 time domain for the radial locations r/x = 0-056 and 0-087. 
The non-dimensional function Ru. appears to be independent Of t, 113 radial 

location when the time is non-dimensionalizcd with the integral time scale 2", 

Ruudt, + Co fo 
and follows closely an exponential law. As expected, an increase in rIx results 
in greater influence of the low frequency motions and the time during which the 0 Eulerian co-ordinate remembers its past history also increases. No change in 
sign of R.. was detected inside a time interval 3-5 times the integral time scale. 0 The independence of R,,,, and rlx is also shown and the lower values of the 
integral time scale indicate that the length scales in the r direction are smaller 
than those in the x direction (T, = 2-88T, ). The changO in the sign of R,. after 
a time interval five times the integral time scale implies the existence of a rela- 
tive maximum in the high frequency region of the v spectrum. 

The cross-correlation between u and v is also independent of r/. r for the two 
locations considered but integral time scales depend on the sign of the time 
delay. Thus R.,, has not only a symmetrical component around 7=0, but also 
an antisymmetrical contribution implying a uv phase spectrum and a tiv modulus 
spectrum. 

-3 -2 -1 0123 -3 -2 -1 0123 ý-3 -2 -1 0123 
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FIGURE B. Auto- and cross-correlations of the fluctuating components u and v at XID = 57. 
(a) Autocorrolation of the u component: [], rIx = 0-036, T. = 5-815 n-1s; 0, r/x = 0-087, 
P. = 7-217 Ins. (b) Autocorrelation of the v component: [j, rjx = 0-056, P, = I-OGS ms; 
0, rix = 0-087, T, = 2-755 ms. (c) Cross-correlation of u and v: [], rjx = 0-050, 
T., = 1-428 ms, u correlated with. future v; 13, rIx = 0.050, T., = 1-684 ms, u corre- 
lated with. past v; 0, r1x = 0-087, T.. = 3-339 ms, u correlated with future V; 
rjx = 0-087, T., = 2.281 ms, u correlated with past v. 

4. Concluding remarks 
Experience -%iitli the on-line digital-sanipling procedure has shown it to be a 

convenient and precise method for quantifying the statistical characteristics 
of turbulent flows at least in the region of the flow where the intermittency is 
low. The results presented for the downstream region of a turbulent free jet 
provide further insight into the nature of this flow. For example, they reveal the 
dependence of the probability distribution of the axial velocity on the sign of 0 
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- transport. the radial velocity and, therefore, on the direction of the turbuler'. 
They also quantify the deviations of the various measured distributions from 
Gaussian. 

There is a need for further measurements of the present type but also for 
attempts to relate the results to design-oriented calculation methods. The present 
finding that the length scales are essentially constant over the non-intermittent 
region of the jet is consistent with Prandtl's assumption, but this is far from 
sufficient to characterize the other observations. Similar measurements in re- 
lated but significantly different flows, for example swirling jets, will undoubtedly 
reveal non-constant and non-isotropic length scales; it will be interesting to 
determine the extent to which these can be related to the corresponding prob- 
ability distributions.. 

The authors wish to thank Mr S. B. Pope for many useful discussions during 
the courscof their work and MrJ. Laker for assistancewith electronic components. 
One of the authors (M. M. R. ) wishes to express his gratitude to the University of 
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Appendix 11, Rot-wire anemomet 

This appendix deals with the derivation of some results related to 

the method presented in Chapter 3, for the reduction of data obtained from 

hot-wire anemometry. There are two sections to the appendix. Section II. 1 

provides a method for the evaluation of the range of fit of the approxi- 

mated response equation; this is necessary in order to determine the . 

parameters c1 to c5 appearing in equation 22, chapter 3. Section-II. 2 

presents the derivation of the approximated form of the time average 

response equation. 

IIA Determination of the range of fit for the approximated resT)onse 

In Chapter 3, sub-section 3.2.4.2, a method was suggested for . 

the determination of the five parameters, c1 to c5 appearing in-the 

approximated form of the response equation. Prior to the determination 

of the parameters, it is necessary to find the range of fit. This can 

be done as follows: 

The non-linear term appearing in equation 17, Chapter 3, is: 

+F1 (1 +F 

The term is first approximated to: 

cI+d2F1 (1 +F2 )- 2 

The range for the approximation can be determined through an esti- 

mate of the turbulence level. This can be obtained through the relation- 

ship: 

E2 

iý2 
(3) 

-2 E and E are, respectively, the mean square and 'the square of the 

mean of the signal from a wire perpendicular to the mean flow direction; 
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tis the approximate tuKbulence intensity. 

From equation ClL, the lower limit of T is 1; the vpper limit 

is a function of the turbulence intensity: if the maximum value for 

the correlation is taken as cr times the turbulence intensity, equation 

(1) leads to: 

t2c2 1/2 

upper Cos 
2a [l 

-t r(l 
+1 tanal 2) 

The second approximation is: 
2 

(1 +FF2=c+cF+cF2 234252 

Thus, the limits are: 

2 )- 
2 

pe r 
tc 

r 
(1 + Itanal )]-2 

UP 

(1 +F )- 211 
tanal 

2 
2 lower ý[+ tcr(l + 

Therefore, the range of fit is: 

For equation 23, Chapter 3: 

t262 
l< T< 1+ 

Cos 
2 

(X 

r2 (5) 

: tcr (i +I tan a 

For equation 24, Chapter 3: 

-2 <FF 2< tc (i + tan a -2 11 + tc (i +I tanCt 2 

(6) 

Relations (5) and (6) may be used to determine the upper and lower 

limits of the fit. There remains the problem of assigning a value 

to cr. Generally, the probability density of the fluctuations decreases 

exponentially with the square of their magnitude. Therefore, a value of 

Cr=I is satisfactory in most situations. Because of the small sensitivity 
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of the parameters c1 to C5 to the turbulence intensity, the first cal- 

culated values (based on An eptimate of the turbulence intensity) are 

satisfactorily accurate. 

11.2 Time average response equations 

The starting point for the derivation of the time averaged response 

equations is equation 25 of Chapter 3. When this equation is written 

- as a polynomial of the velocity fluctuations, it becomes: 

222 
E= su cosa {a +a+a 2-ýta u+a 2L +a K-. 

012U3U 4' 
u25u26 -j2 

3322 
"V +a 11 + 2ý- + uv +uv. 7 
U-2 

8u39 -g3 10 -j3 11 -U3 

uw vw u uv 
3u3v 

a+a 13 ý3- +a ýT a+a:: ý- +a 12; 
U73 

14 15 
U4 

16 
u 

17 
U4 

2222222 
uv+uwvw+ Uvw (7) 18 -- :: T- + 

-U4 21 -U--4 u4 
19 

u 
20 

The coefficients are defined as: I 

a1=c1 +c 2c3k2 tan 2a 

a2 C1 +c 2 (3c 3 +c 4 )k 2 tan 
2a 

2.22 
a 2c ck +C (c +c )k tan a tan(% 3 

[Cl- 
23234 

22 
a4c2 (3c 3 +3c 4 +C 5 )k tan a 

a5=C2 [C3 +(-2c 3 -2c 4 +c 4 tan 
2a +c 5 taným)tan 2 

(X] k2 

a6 = c2c3 h2 /Cos 2a 

*7 C2' [-4c 
3- 2c 4+ C2c 3 +4c 4 +2c 5 )tan 2 

ct] k2 tan cc 

*8 c2(c3 +3c 4 +3c 5 )k 2 tan 2a 
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2*22 
a9C2 

[c3 +c 4+ 
C-2c 4 -2c 5 +c 5 tcln. ot I tan CLI k tana 

a 10 c2 
Ic3 

-1-C 4+ C-2c 3 -6c 4 -4c 5 +2c 4 tan 
2 

+5c 5 tan 
2 

tan 
2 
a] ik2 

* ll c2 
[- 2c 3 -4c 4 -2c 5 4CC 3 +5c 4 +7c 5 )tan 2 

a] k2 tana 

* 12 c2 (c 3 +c 4 )h 2 /Cos 2 
ct 

* 13 =c2 (c 3 +c 4 )h 2 
tan(x/cos 

2a 

* 14 =C2 (c 4 +3c 5 )k 2 tan 
2a 

a 15 C2 (c 4 +c 5- 2c 5 tan 2 
a)k2tan 

2a 

a 16 =C2 [204 +2c, +(-2c4-8c5 +2c5 tan 2 a)tan 201] k2 tanCl 

* 17 C2 
P 2c 4- 4c 5 +(2c 4 +8C 5 )tan2a] k2 tana 

* 18 c2 
[C4 +c 5 +(-4c 4- loc 5 )tan 2a +(C4 +7c 5 )tan 4 a] k2 

* 19 C2 (c 4 +c 5 )h 2 /Cos 2 
(X 

* 20 c2c4 +c 5 )h 2 tan 2 
a/cOS2 a 

0 

a 21 =C2 (2c 4 +2Q 5 )h 2 tana/cos 2a (8) 

Averaging equation (7) yields the mean value equation. The 

equation for the squared rms of the signal can be obtained by squaring 

and averaging equation (7); from the result, the square of the rjean value 

equation is subtracted. 

When this process is carried out, terms involving correlations of 

order higher than the 2nd appear; they will-be expressed in an approxi- 

mate way through a set of relations that involve the -assumption of 

Gaussian behaviour; this is done without appreciable loss of accuracy, 

as it is only applied to third or higher order terms. 

To reduce all correlations to 2nd order it is assurwd that: 

1. All odd correlations are assumed zero. 

2. For the mean correlations, assume (i yf JI: 
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Following the procedure outlined above and eliminating the higher 

order correlations through the set. (9), the time average response becomos: 

Mean value: 

2222 
S-u cos cy a +a u+a 3L- + -ý 2v + 3a 31- - ýL- + 14:: 71 5 -j2 7 -U2 14 ii2 -U2 
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Appendix III 

This appendix lists the programmes, written in machine language, 

which were used in order to achieve the on-line data proccasing of hot- 

wire signals. A description of how to use each of the programmes is pro- 

vided. Programmes that are self-contained include those that build his- 

tograms of one and two variables, the arctan of their quotient and their 

nK)dulus; Programmes which are incorporated in the FOCAL interpreter 

are used in the masurement of man values and standard deviations and 

of time correlations; these programmes share a sampling routine that 

fills a section of the memory with measured values of voltage from the 

output of hot-wire anemometer systems. 

I 



- 2o9 - 

PAL-01 

1. objective 

This programme is used to obtain one-dimensional histograms of one 

signal fed into channel 0 of the A/D interface. 

Core Usage 

Location 0070,0100 and 0177; Locations 1600 - lG36,2600 2656, 

3000 - 3577; starting address is 3000. 

Comments 

ý The range of the input signal is set in location 0100; if the contents 

of this location is 0000, the voltage interval extends from -10 to +10 Volt. 

When its contents is 0100,0200 or 0300, the voltage range is, respectively, 

5 to +5 volt, -2.5 to +2.5 volt and -1.25 to +1.25 volt. 

A random delay between two consecutive samples of the A/D interface 

can be obtained by lifting switch register 0& 

The histogram is punched into paper tape, the nunber of occurrences 

of each of the 128 voltage intervals is represented as an 8 digit octal 

-number. The first nunber refers to the lowest voltage in the range, and 

the subsequent nuirbers are ordered in increasing values of the voltage. 

4. Loading 

Using binary loader. 



210 

PROGRAM TO CALCULATE PROBABILITY 
DENSITY DISTRI13UTIONS OF ONE SIGNAL 
FED INTO CHANNEL 0 OF A/D INTERFACE 

E VALUE OF VOLTAG IS DIVIDED INTO 128 
EQUALLY SPACED INTERVALS FOR FULL 
SCALE * NUMBER OF SAMPLES IS 4194304 
(2*gt7) AND CAN BE CHANGED THRU 
"HIGKNT". IF SERVO IS USEDj CAN 
CHANGE GAIN BY TYPING M AND REPLYING 
WHIT, 0.9 1,2 OR 3 TO THE OUESTION 
"GAIN"s OUTPUT IS IN THE FORM OF 8 
DIGIT OCTAL WORDS WITH THE NO OF 
TIMES EACH INTERVAL OCCURRED; FIRST 
VALUE REFERS TO L014EST VOLTAGE.. LAST 
VALUE TO HIGHEST. 

N. B. -IF SERVO IS USED, LOAD SERVO 
AFTER PDD 
PROGRAM IS RELOCATABLE INTO ANY OTHER 
PAGE, *BUT CARE MUST SE TAKEN A13OUT 
STORE OF RESULTS; ALSO PROGRAM MUST 
START AT FIRST LOCATION OF NEW PAGE 

M. RISEIRO JUNE/73 

SAMPLE=6142 
HOLD=6144 

*3000 
3000 '7300 PDDp CLA CLL 
3001 6046 TLS 
3002 6142 SAMPLE /MAKE SURE S111 IS SAMPLING 
3303 4577 JMS 1 177 /dUMP TO SERVO 
3004 430P tjms LIMPA /CLEAR STORE OF VARS 
3005 7300 CLA CLL 
3006 11100 TAD G AN HO 
3007 3367 DCA GWORD /GONTROL WORD FOR AD01 
3010 ý 1355 TAD TiIGKMT 
3011 ý3370 DCA KOUNT /SET COUNTER OF SAMPLES 
3312 A367 CICLOP TAD CWORD 
3313 4316 tJMS SAD01 /READ A/D 
3114 1356 TAD P2000 
3415 7012 RTR 
3316 7012 RTR /DIVIDE FULL SCALE BY 16 
3A17 '0357 AND M0177 
30 20 7104 CLL RAL /MPY BY 2iFOR REL LOC 
3121 1353 TAD CINIT /ADDS INITIAL ADDRESS 
3122 3371 DCA CADR /SAVE CUR ADD(LOW MANTISSA) 
3423 7040 CMA 
3324 1371 TAD CADR 
3325 3372 DCA SCADR /01IGH MANTISSA) 
3,126 2771 ISZ I CADR /INCREMENTS CONTENTS 
3427 7410 SKP 
3030 2772 ISZ I SCADR /OF ADDRESS 
3431 4324 tIMS RTDELAY /RANDOM TIME DELAY 
3: 132 2373 ISZ IlCOUNT /ING. LOW COUNTER 
3333 5212 tJMp CICLO 
30311 2370 ISZ KOUNT 
3335 5212 tjmp GICLO 
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U36 4271 
3037 7040 
3340 13-53 
3041 3251 
3042'ý 1354 
3443 3370 
3044 1360 S, 
3945 3374 
3046 1361 Ts 
3347 3375 
3050 4763 K, 
3051 0000 W, 
3052 2251 
39153 2ý70 
3054 7410 
3355 5267 
3056 2375 
3,1157 5250 
3060 4470 
3161 3164 
3062 2374 
31363 5P46ý 
3364 4470 
3065 316 5 
3066 5244 
3PJ67 11271 END, 
3370 5202 
3071 0000 TRAIL, 
3072 1366 
3073 3370 
1474 6041 
3375 5274ý 
3376 60146 

. "37 7 2370 
3100 5274 
3101 5671 
31 tip. 0000, LIMPA, 
3103 7300 , 
3104 1354 
3105 3370 
3106 7040 
3107 1353 
3110 3371 
3111 3771 
3112 2371 
3113 2370 
31119 5311 
3115 5702 
3116 ooooý SADOI, 
3117 6535 
3120 653 1, 
3121 5320 
3122 6532 
3123 57,16- 
3124 0000 RTDELAYj 
3125 'ý17 6 (14 
3126 -0362, , 
3127 '7650, 
3130 -' 

' 57 24 
3131, 1350 
3132 

-7 006 
3133 1351 
3134- ' 3350 . 
3135 1350 
3136 7006 

Jms TRAIL 
CMA 
TAD CINIT 
DCA W 
TAD M400 /COUNTER FOR 
DCA HOUNT /NO OF WORDS 
TAD MOOS 
DCA COOS /COUNTER FOR OTTY/LINE 
TAD M002 
DCA C002 /COUNTER FOR WORDS/OTTY 

'ims I OCTA 
0 
ISz W 
ISZ KOUNT 
SKP 

, imp END 
IsZ C002 

timp K 
WRI TE 
SPACE 
Isz C008 

, iMP T 
WRITE 
CRLF 

, imp s 

'ims TRAIL 
JMp PDD+2 /END OF PROGRAM 
0 /SU8ROUTINE FOR 
TAD M050 /BLANK TAPE 
DGA KOUNT 
TSF 

'imp . -I 
TLS 
isz KOUNT 
JMP . -4 
imp I TRAIL 
0 
GLA GLL 
TAD M400 
DCA KOUNT 
CMA 
TAD. GINIT 
DGA GADR 
DCA I CADR 
ISZ CADR 
ISZ KOUNT 
imp 0-3 
imp I LIMPA 
0 
ADSG 
ADSF 
imp . -I 
ADRB 
imp I SADOI 

0.0 
LAS 
AND M4000 
SNA CLA 
JMP I RTDELAY 
TAD RPIA 
RTL 

TAD RP2A 
DCA RPIA 
TAD RPIA 
RTL 

/SUBROUTINE FOR 
/CLEAR STORE 

/SUBROUTINE TO 
/SAMPLE AD01 

/SUBROUTINE FOR 
/RANDOM TIME DELAY 
/IF SRO UPPDELAY 
/OTHERWISE JMP OUT 



3137 1351 TAD RP2A 
3140 3351 DCA RP2A 
3141 1351 TAD RP2A 
3142 0352 AND MASC 
3143 7040 GMA 
31144 7001 IAC 
3145 7440 SZA 
3146 5344 JMP . -2 
3147 5724 JMP I RTDELAY 
3150 1233 RPIA, 1233 
3151 -7622 RP2A, 7622 
3152 0; 17 MASCýt_ 0177 

/CONSTW JTS 
3153 3201 GINIT, 3201 
3154 74PO M40O. - -400 
3155 

'60,00 
ifIGKNT, 6000 

3156 2000 P2000, 2000 
3157 0177 M0177o 0177 
3160 -17770 M008, -10 
3161 7776 M002j- -2 
3162 4000 M4000o 4000 
3163 1600 OCTA, SOCT AL 
3164 4000 SPACE, 4000 
3165 3700 GRLF, 3700 
3166 

. 
7730 M050, -50 

:',, " /VARIABLES 
3167 '0000 GWORD, -0 
3170 0000 I(OUNT, 0 

. 3171 0000 GADR, 0 
3172 

ým 
VI 00 SCADR, 0 

3173 0000 IKOUNT, 0 
3174 0000 G008o 0 
3175 0000 C002, 0 

/PAGE Z ERO 

00 
0100 000jo GANHO, 0 

*177 
0177 00 ?0 SERVO, 2000 

1 *70 
0070 2600 TYPX 

/DUMMY CALL OF SERVO 

*2000 
2000 '00 00 DUMMY., 0 
2001 '5600 JMP I DUMMY 

*2600 
9.600 

10000 
TVPX, 0 

2601 CLA CLL 
2602 1600 TAD I TYPX 
2603 321 

'4 
DCA TYPNT 

2604 -2200 *ISZ TYPX 
2605 ' 1614 TYPXI, TAD I TYP I NT 
2606 7002 BSW 
2607 4215 JMS TYPY 
2610 161ý TAD I TYPNT 
2611 2214 ISZ TYPNT 
2612 4215 JMS TYPY 
2613 5205 Jmp TYPX 1 
2614 0000 TYPNT, 0 
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2615 0000 TYPYp 0 
2616 0233 AN D TK77 
2617 7450 SNA 
2620 5600 JMP I TYPX 
2621 123/4 TAD TKM37 

2622 7440 SZA 

2623 5226 JMP TYPY 1 
2624 4237 JMS TCRLF 
2625 ý5615 JMp I TYPY 

2626 7510 TYPY I SPA 
2627 1235 TAD TX100 
2630 1236 TAD TK237 
2631 4251 Jms TLSX 
P. 632 ý615 jmP I TY PY 

2633 0077 TIM, 77 
263ý4 -7741 TKM37, -37 
2635 0100 TKIOO, 100 
2636 ý, 0237ý TK237, 237 

2637ý 0000 TGRLF, 0 
2640 1247'ý TAD ASCCH 
2641 ý7200 CLA 
2642 1247 TAD ASCCR 
2643', ý425 I' JmS TLSX 
'2644 1250 TAD ASCLF 
26115 4251 tjmS TLSX 
2646 5637, JMP I TCRLF 

26147 0215 ASGCR, 215 
2650 0212 ASCLF, 212 

2651 0000 TLSX,, 0 
2652ý 6041 TSF 
2653 5252 JMP *-I 
2654 6046, TLS 
2655 7200 

' 
CLA 

2656 565 I ' JMP I TLSX 
_ ,. *1600 

16oo 0000 SOGTALo 0 
1601 ý 7300ý, CLA CLL 
1602 1600,, TAD I SOCTAL 
1603. 3233 DGA NUMBER 
160/1 :, 3234: DCA STORE 
1605 60/16 TLS 
1606 -1230 TAD M4 
1607 3232ý, DCA DIGCTR 
1610 

, , 
1633, TAD I NUMUER 

1611 7004 - PAL 
1612 1234 PNPACK, TAD STORE 
1613, 

ý7004 
PAL 

1614 
"-7006 

RTL 
1615, 3234 DCA STORE 
1616 1234 TAD STORE 
1617 0227 AN D MASK7 
1620, 1231 TAD K260 
1621 - ,. 4636 tjms I STLSX 
1622 -ý2232ý ISZ DIGGTR 
1623- 5212 i, IMP UNPACK 
1624 ý7300, CLA CLL 

1625 - 2200 ISZ SOCTAL 
1626 5600' ' tjl4p I SOCTA), 

- 213 - 



1627 0007 MASK7, 7 
1630 7774 M4, -11 214'- 
1631 0260 K26 VJ, 260 
1632 0000 DIGGTR, 0 
1633 0000 NUMBER, 0 
1634 0000 STORE, 0 
1635 0000 LASTLA 0 
1636 2651 STLSX, TLSX 
ASCGR ''2647 . 
ASCLF 2650 
CADR 3171 
CICLO 3012 
CINIT 3153 
CRLF 3165 
CWORD 3167 
C002 3175 
coog 3174 
DIGCTR 

ý1632 
DUMMY 2000 
END 3067 
GANflO 0100 
IfIGKNT 3155 
HOLD 6144 
MOUNT 3173 
K 3050 
KOUNT ý3170 
X260 1631 
LASTL -1635 
LIMPA 3102 
MASC , 3152 
KASK7 1627 
t4002 ý3161 
142918 3160 
M0177 3157 
14050 3166 
144 ý., 1630 
Moo 3154 
M4000 (3162 
NUMER 1633 
OCTA ýý3163 
PDD 3000 
P2000 '3156 
1031 A 3150 
RP2A -3151 
HTDELA 3124 
Sý %3044 
SAD01 ý3116 
SAMPLE 6142 
SCADR 3172 
SERVO 0177 
SOCTAL 1600 
SPACE 3164 
STLSX 1636 
STORE 1634 
T 3VJ46 

_- 4 TCRLF 2637 
TKM37 2634 
TK 100 2635 
TK237 . 2636 
TK77 2633 
TLSX 2651 
TRAIL 3071 
TYPNT 2614' 
TYPX 2600 
TYpXl 2605 
Typy 2615 
Typyl 2626 
'1ý-JPACX 1612 
w 3051 
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PAL-02 

1. Objective 

This programme is used to obtain two-dimensional histograms of two 

signals fed into channels 0 and 1 of the A/D interface 

2. Core usage 

Location 10000 - 1377,3200 - 7200. Starting address is 1000. 

'3. Comments 

The ranges of the input signals are set in location 1056 for channel 

0 and 1057 for channel 1. Default ranges are (-10., +10. ). Change the 

contents of 1061 and 1062 to 0100 and 0101, for a range (-5., +5), 0200 

and 0201, for a range C-2.5, + 2.5), and to 0300 and 0301 for a range 

(-1.25, +1.25). 

The histogram is punched into paper tape, the number of occurrences 

of each of the 32 x 32 voltage intervals is represented as an S-digit 

6ctal nurrber. Each set of 4 lines with 32 numbers corresponds to intervals 

where the value of signal in channel I is in the same interval; these 

32 values are ordered following increasing values of the voltage intervals 

for channel 0. These sets (of 32 values) are ordered following increasing 

values of the voltage intervals for channel 1. 

4. Loading 

Using binary loader. 

I 



1,311 6532 
I '19 2 6 142 
1 ý11 ell 3 4271 
1 t"i 11 -4 1 If! "2 

16 1253 
1 "'17 3255 

/I /. I 1-0 0 

.57 
41311 

I" 13 32 6,0 
1-1111 1256 

10 17 61,42 
1 1121 1 12 50 

1265 
I P- 61204 
11193 12 63 
1 12-11 .3P. 66 
11425 1 ; ý; 3 2 

0 5, 
112.7 64 

3267 
7!, Irl I 

11335 1257 
['ý! 30 327,1; 
V137 'ý57 fJ ý Vill 52A 2. 

711"il' 
2255 
: 52 1 

11-17 /, 717, 
7 

1,153 G, 3 T" L0 -1 
-1 1 13 CT 

1,155 W, I'l LO'y CIT., 

7 111 C 110 13 

1'153 32ý 10 S32 Cl') 
37 13 7 

c I-)! v; L, 
57 '1 "'1 "J, CLO C I., 

SJ, iYJTIrJE. TI) StTL- "J ; fl) V ''J i. JSTi. T 
T: t. . ju L3T DiS iTY ( j, J) 

US-, -S S/il BEFORIE, IIIULTIPLLX! ýR ', J. 4ild I) 

t-wi?, GIARIDO RlfýF-I*Ro OGTOý3ER 73 

TT-S 
DR 3, 

-1 .1iSLIr 1111-11-1 TAE STO HAt; 1-, nPh; i-i 

TAJ iflljý-f C0U, ', j T L; 1i 
DGA /IS 
TA 1) L --) -ý! /SET 
DCA L04GAT / dilh'. 
qQ LU 
TAU COURD2 
jvs ADJ1 /HEADS V 
DGA A. 
T, 'W Giý0 iý!. ) I 
Jms WAI 
DGM A 
SAHM, 
Tso vi 
TAJ, V 21 V 11/3777 
1" Tj J i, j 37 /NORMALIZE V "IT"WO 0/374) 
TAO S3241 /ADD 5Tn? T Tw! . -4J, &V i 
DGA conGE /sAU FOH pnu n (170 W) 
Tnu A 
TAD 12, viumozz" j inwasn V3777 
XJU M37"Y /dOWALIZE j AZT ýna -/37 1'j 
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PAL- 03 

1. Objective 

This programme is used to obtain histograms of the modulus and of the 

angle of a vector whose orthogonal components are input to channels 

0 and 1 of the A/D interface. 

2. Core usage 

Locations 0007,0070 and 0075; Locations 0110 - 0113,0135 - 0142, 

1000 - 1200,2000 - 2163,2200 - 2374, plus space for extended floating 

point package. 

Comments 

The ranges of input signal can be fixed in locations 0110 and 0111, using 

the same procedure as outlined in PAL-01 and PAL-02. The angle is obtained 

by division of signal at channel 0 by signal at channel 1, followed by 

the calculation of the arctan of the quotient. The range of angles is 

divided into 128 equally spaced intervals, ordered from the lowest to the 

highest in the range between -, n/2 to U/2. The modulus is obtained by 

squaring and adding the squares of both signals, followed by the evaluation 

of the square root. The scaling factor of signal in channel 0 to signal in 

channel 1 has to be stored in locations 0135 - 0137, as a floating point 

number (i. e., the exponent in location 0135, higher order mantissa in 0136 

and lower order mantissa in location 0137). Both histograms are punched 

in paper tape; the number of occurreýces of each interval is represented 

by an 8-digit octal number. The two distributions are labelled "ANG" and 

"MOD" in the paper tape. 

4. Loading 

I Using binary loader. Load also the extended floating point package, 

if not in core. 

k 
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Or qULl1PLJCqTiQAhv AKQ RLlJRPý Tj VQLAL 411P THL VALUL THU% 941; 1- 
M IN THL FLOMING ALCO"ULATur; THIS QLUF 1ý THLN IPANSFLkPCD T- 

THE ýiyllfJL. T-104-to 
ht, 110PHALIZATI(if 1, a LAPTIE. ) ')UT', 11 THIS IS 

ULSIRLD, MUL11PLY T"L VALJL OF T"L UITPUT rcýv ThL RUUTIWL 
(X A IPL V00110" LALL) KY *00170 SoUAR0. JPIS WILL 
COMM TOL WIPUT 1010 VOLT SO=Le 000 9F,! KALLY* 
THL 010000 Ul LVIrY VALUR BY THL OWL FnR Kko TIME ULLAY IS 

5 LUI%, ilrIU- 

USI(, Ib 1; 111)1',, Y LUAPE-11% AT MIJY TI-IL 1117TER IIIIIIALI/AlION UF FOCAL. 

i1 

It I 
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G PL , v, iI 

SU II ýIF, TO Cfýj CTJ1, ý)T t-, 'J' T GO -ýT TO M. S 

'-5 TTH TIV-*; JSE 014' t)A. T, UrS tiv 14'. ")A, 
GATA, ý-iy -qhsi yl=n 
TuKQTTFI&S THn KimmMioh F"v TIN ITHST OU4mTTTv 
POD XR=H, fTDnmTJFTES THE mjM"ER OF 90YUS 
00-MSTHEW W"EHE T4E Sv=0 wUomTTTý. LIKS 
WE oumn nF TTHES A CHARILMT101 IS OMMMAo 
IS DEPWOWT 00 mt. IF 19=1 IT "TLL "s 
OJE TO THE WAV IMNOHMMT16A IS STOHED, 
1, NUST ENJAL 2*Au+X3, allERE 40 IS TIE MUMHE4 
OF DOWOSTHEAM 4OHDS FnR Tql SAME GqP&MEL AMD W3 
IS WT4ER 7EHO OR OmE, DK%mDTmG nm TV. 
TMFORHATInm HETmw IM THE SAME C"AMMEL 
nH IM = OT"ER* 

1140 RiHEIRIO SEPTEMBEP 73 

Fj YHR IF A0 II I'l (4 

FJWWHT FPUT=6wWO 
F T'ýPl iý I Fl'ý ET=, ', ', ' mH 
F 1, < t, " HIýi, f 07 '0 fo' (A 

EFUN31=0136 
TNTEGGY=0003 
G"A4=0466 

zi 37 7* L1377 

1 .1*41 

"i 14 P F1,179, i, FOOR 

. -0001 
1I 2, i1 

Kj 02 

211 3306 
5,410 1311 
, 9111 3312 
51 It P. 4453 77. o 
zol I1 13 12 
S4111 331p 

131 P. 
37q6 

17 p 3,46 

? 574 / GOO-o" I-'Op ýG(IP 
*- 50 "1 ýý 

GI., lA GIJ. 

Lh; 1ý R t., . 11' +Y 
Dc A ýýES+ I 
J)c A Rj-ýs 
TAD PP0D 
DCA PHOD+l 
TAD XI /GET INITIAL ALDD OF COPE 
1) GA XP 11"U'r IT WIIERL IT GAN HE ClIANIGED 

. 1r, lS IIMTEGF, R 
TAi) X /Iluo IOPUT TO GET ISTO? All)) ADD 
!)GA x ýý 
TF-10 "Y P- 

OU A I ()I')+ I SAV tý IT 
IS7 Dý10 0+ 1 
1) 1si I-I 
Apl; 
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T(I 1 IA 
--); ý 12 
73 --) (i 
3 32 1 
1707 G ý) M T., 
3311, 

31J 17114 
'3 1 3V)115 
43 P. 1313 

, )-133 3"'I/Ill 
51314 311110 
"1'35 14 4 lvý 7 
ý136 70 ýA 0 
5137 11313 
511111 13 (42 
5)4 1 6.3 2- 

"1,43 3t !7 
54411 23617 
5! 45 P3 10 
Iýj ill 6 P- 31 (1) 
SA47 231-1 
ý4 5 "1 73 91 

1316 
, 5-15 3 7710 

57,57 30116 
5A60 13 2', j 

5 
5,363 700 

iý 16: 5 'A 3 15 P. 
51,56 3 Tý ý3, 

67 1414 0M 

117 6 
-/1`13 1317 
S-47-14 76 110 
ý'z 47 53(11 
ý,, m7 ill-vlr4 
15 771b 12 

t4 1 5541 

RES, 
0 13 "10 

KIP 
d4u 7z /KAJ OF 
GLP 
0GA GOUNI, 
Tk01 
uGq XIG /FLOATS 
TAU 1 P400+3 
DCA 
TOD MOE 
O&A 44 /FLOATS 
UGA 46 
iWAGV 
WOR 
FmpV WIGE 
FADD HES 
FPUT RES 
FEXT 
IsZ PR00+2 
IsZ pwoo+ý? 
M QP00+3 
IST 000M 
lsz Go u MT 
CLA OLL 
TAO OROM 
TAU L 10 
SPA GLA 
0"o G0 0'1* 
TOD G0'jMT 
DG A /15 
DGA 46 
TAO G13 
DCA 4 14 
y0A01 el, 
Fmolý 
FOUT COUNTSI-i 
FGiT R's 
YWW GAWTER 
FG YT 
JIM I EFjM3l 

mn o 
TAO CUM-? 
TqD "GOMMIA 
s7A G%A 
dow . +4 
pisAl 
WAL-1 
140 
POW 

'4 
1' 
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til (15 5 1147 vjo(ý 1), DW) D+ ýj 
! )I Ali 00;; ) 1) (1) 
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XTG 

2777 1. P-777 
7 75211, ? 4(, 0141.14., 75214 

SIP, 13 C 13, 13 

512P n oo o COUNTER, 
'5123 o (A! ", m M 
51 P4 00140, 

kllfl 51/17 2' 
IfITTO M fj 0 3t3 
Of AH 

4T 511 
T K512 

13 51 PIA 
ýiu^13 1 0136 
util, 1613 

S tH P. 
HIT101 04 H 

0 (; ) 53 

M, 01"ýi A 51 17 
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t OCAL OZ 

I lJojf-Cl1vtý 

FALILITY Tj SAWIF AHD SUN VOLTAKS FROK TOO LHA"nLLS 
rRg" r"i A/0 INTERFACL; TOIS IS 9OLL LuriECHTIVELTv dLT4LL, '4 

44)Q AkU 5VU0 K TPt COW ITS rAlk USL AILL KL 
TO PKLVfRL bAln TO BL USLO IN AOTOCOPPELATIor? A50 LAOSS- 
CURRLLATIOPS. 

2 LURL USA6E 

f 

LOCi,, rlf)fjS 7bu6 TO 7))6.116ELS SPACL t'T)LVl0lJSL Y REE LfýVLP, FOR 
DISK LOVMAI-41: TfloS HEVU oSL *L4 C0.1,10roin, IF 
FS1-iL VS J11 ThL COW * 111 Till- hINCTION TABUS,, RLPLACLS FX, 

6 ýUIJCJVýll (, i%LL 

CikLL. LL, BY X=l S. )Lt )*. '10 t'LED FUR I-011C T 1(. 'j Af? bUVLNT 

LUIlt-IDIT'S 

ACCWýý: l ill(y T- VALIZ3 !; TMOM III' LOCAT I UhS Vý4 14 ArJ) 7ý145 
VAL U. SA11,111-L-h VAl-'JL") I IWI THL A/0 I(; lr'lF, ', LE; IF' ACIVAL r, c 

ARE HL I il, I i; L 0, f1! ýST SA VAL. IjE: I Cl W4 FLDII if 
GA IN 19T, 111. iI C- lid li Jl- L1'. v ITII GA 1.1 1; Is I fit,. LS IItK Sl V ALUI. 
11-1 LUL AT I Of I It 4J09 11 Ir SFCoi 4t) IiI LUC Al I Qj 14 it oiTt, L bL T w(j 
V ALOL -b lit. S, ll'Ll. o v; IIi1A2 13 ,. IC "10' LLUhO OF LYU T'-q LL: IIi IL FS 
t. [O THL St * CO, ji) ( T. iT -S [it LP, YIS 'JO TLU. ,IP OL A, -, L F- I t. 11 I LN T UPS 
f, *jjU OrTitlilo4 vjllJ!; L OL)i Al lOi- Ib, LUNTVEA. L. EJ: BY THL 
COUTLIJI!, ý W LUCATI'lliS 7547 APr- 7")56; j%T T11j: P-ID Of 11115 LOW'o 
PLI'LA Ib 3AVPL 11,6 UVII If TAk I CHArl- II Lzi Ab LlLr w [7 91 uiD b7Ut%L, ) lllý 
VESULTb, Ifl L, jC, %TIL, l S +14jrl 4N) 414J6; PLE: jTL, *ý5j T; I[ *0c, l'! OTfllld(-v* 
t, OOPv LrC; LX11 (S NllL! J LOCiJI0, ii L1777 IS FLACIU-)o 

OR ,,, #'IY Mt, GAINS ARL TJ [, )F-- IF CLMIPUL Ik 
11001FILU-9 THLY LA, J LE 'IIJTLT A., ý, r! 'A-LU. 5: 

JIDJ VAT11 I Arili J L)CTi", L OlulTS; F3t, 1=0, THL GAIN rjlLL. 
Df: 1; l=ls GAIlj IS 2; I=Pi GAll,, j IS ; I=39 C-Al! l IS be 
IF J lb SU. ECTED CHAI-1.1-L v. 'ILI. t, L iývjj2t3i RLSPLClIVr'LY. 

Tflf. OC-SULTIAG CT"TOUL ii-XIM, S AhL Ifi., Li-rt: Lj IN LOCATIONF) 
75114 A"Jr. fb'6, T IL. C01111--'11'; OF 75114 CU11TROLLIM3 THL ý IRST CHAIINLL 
TO bt- biA(lfLL:. )t %flU THL. Cl"); JTEtIT, i OF 7545 CUi. 'fl ijLLII'JU 111E -SLCCIIJD- 

IF TPIL DLLAY 1% To BE ClJAi', UEL)v ALTEr, T10- L014TENTS OF 'l! j47 
All, )/UR 7b")Jv A. 'i F(A [-OwS: 

LI iA; IU[7 SI (ji IIVI Cill', I LY 111L 
.T 

It. (-' r)LLAY TI it', 01-! C'I. LOC AII UN 7b,, 7: 

r--,!, 
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, S, r, ltJ-Lt. t, T IIFIý%Y J. 'j Ohl-AUJEL) UY IlýrllLiiTTF. G T177 TIJ 7bý 71 AND 111(iliLS1 
13Y IlJSLPTl`I(; 0000; 

CII It, 4t. 7[ Io t) F-I TLYIIIETT, IE1, ý- L. AY T (it IL17b 5' 0 
SAALLLOT hljl-, W-I. AYS (MT1111I. IJ okS FUiý -1-, 47. 

0i: LKE., Slf, U C[jiJL;, TS OF 7547 [, Y Oi, j- hik, ", Tý, J- Z! 04 LFFLLT AS 
DECI%LA-SJI,; () IiIE Col,, TlLtlT: S nf 75")CI P5Y 1777. 

ThL Tjt,, t- DLLAY Uwi blL 11-AS, 01' LP, US1116 AIJ W', c 1LL0', 1L0PL: 
CiiU Uz) f-A6-J. T. IAi I'L I-TIAF 1-0 3 1' ,(I, -69 FUR 7b: 47 7bbU BOTH 7771 

USE ZU C/Cm) . W-STi, PT r C)C., 'd- Ili L(-)CPTI( 11 0;? DU. 
LRITL 4ý flvoul-iol OF 1ýff. T)'Pr: 

*F 1=1 1 it 100 J J=It It I'D D9; 'i X=V, -)ý'IL ()* 
FLLU Tllfý S16T-'o'%L I-R011 AS11i rl, '), 11 roii* (A/0 ThTFPFALL) IN70 

TIM SLOP[.. TljL- SAt, 41" Il; PUTS, A, ", TO TljL 11JI'Ll"'171, U. e., ILL APPLAR IV Tllf' 
1; CR[. L1, Jv AT TTALS iýY T1,111D HURIZU. Joi. T! ALýLS OF 
i. VJf'%jk11U1' ?8 THL UN AY 1ýj(' SLTS OF 
RCAULI, ibý' IS Tilt. DiTLIWAL 'tiLT, 4f-En Ai, 1"F'Al, AljCt 11; Of A FAIR Ur 

Ib LIJAUJI-I(, 

OSI'I'J bl-ý'Ai, y L-( 40'11'Tv AT r%*IY 71hL AFlf-k IbITIALIZATION OF FOCAL, 
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1 11377 

/ Ff)cmý 02 
SU640MIME FSDK FOR YoGnL-ho 
NO "isr, OF S/14 
SMOKY MjtS WRnm TWO CNAMOMS PMD STOPES TA&I 
GnOSEGMTOILLY HETWEEM m&"o pno bomi 
MESE UALUES G"AMIED. LNGRTIOMS ARE SPECTFTmO P] 

LISTIM0 

TO "E USED OMN DELAY HKVJmEj m/o G9mVwPSloAS IS 
IMTSME0. CAq HE USED FOR THE Sm"K Gmmmm. 
MCAV 1S CONTROLLID By U441AHLES SOAQ)4446) 
Wfl) Fl) (Flwh). 6ATO AOD CqAMMKLL QjMKiP ARE 

/ SET IM "04DI (IST G0&qKRSiO0)PKu 4"402 (POO GnNOIHST"q) 

M. --eTi3týTHO DEGEMHEH 1973 

*0035 
HOTTOM, 4377 

7503 F-*\TI*Ai-., FSJOL 
kP203 

'2 6 Z4 M /G()1 )6 FOH FSOM 
k7 5613 

"i'l-l 73 'A (A FS W" ("J. A GLI, 

, 14"3 In 3,4/13 DC A X: ý STo:,. wE 
1-3cl/l )(, TIM ý,; ChlDl / fit. "r GWWP, ýJli, ilf)"O Fl), ý (; 1.4.1 

75,. I-l 1ý323 Ims P. 
75F, 3 743 Oc AT 

ýs t4 S -1 ý, i, ) "i t; T GO 1,1 ý0 1,1" 1" 1 G, I 

It 3 ý-13 I I, ) S iA Iw, ! V0 
A 17 it 3 1)(" A1X, ý, /PlOO S; 0, '-, S 

k, I il 3 j S7, Y"-! 

13 it 3 Tn -) Wp /TEST 1ý 
I ILI T 'ý 1) 1.1 ,1TT i -- 4;! i, i; ji,,, 

7: )?, l '77 10 -SO A Gl'o 
5 3.3 1 61). 

1; 11-3 T tF 31 1 1) 11 FTIS; i Al 

TI) ! -Vo 

7? 1,! -A 1-4i, l AD 111 

li27 

JHO T AL)i"ll 

/SuP. Tn ý4W`rý A 

7 ), j 1 13147 T J) S. 9 
I '? ! -) P. S 
0 4-j 

.3 1 .3 --) c4 F T 1) rv 
l, s3, (l 33 Sýý Dc oF GWITýý()LLEP 

T S) 7 

I illi p 

IS7 s 
ý)3 3, i FOL 
S. 3 0 -INIP X 
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751111 (4, -; l ;I 
('j I ý; 

7: 5 it 6 P777 I, TT 'r 777- TTT ST 

-S T KO 'R 
7-SI47 77 4' J 1ý SO, 77f, ) 0 /ColkRs)-, or., ), Av 
/., )5,4 lifiom ý7 1), . ,, ". -, 'I ('! 
7551 (. l!, i cjo 

-S, (A 
y fA 

7 
-S 53 S- C; eý , 7 -3 77-SG /'; DAGf', .r rT P 14 St 

EFU IJ 31 =4 13 6N 

"Jim 1 7 .5 ýý. 3 
, y)-rum 14 03 -5 
I-Y-. LA%' '153 1 
U -13 i P 136 
F 755P 
Fi) 7550 
Flo, 7 53: 3 
iilTiý. -j ol /I 12 
FSOL, 75 03 
I. PITT 7 546- 
5 7: 5 51 
Sý) 7.547 
5111pr; " 7 ') -') -i 

91 75A .4 
7S A5 

y 750,;. ý 
llý 1 754!;? 
W 75143 
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F UCAL 03 

1 oulif c 11. VL 

ToiS WfITI, lf KEW ". S11111L. TAýI[ClUS, (r(l TIML) k-CLT;, bLS OF I wO CHA- 
11FILLS A: 3) '114-11, VAI-11JU's LL, rWf-L1! 4400 AVA) 'AUU 

2 CUM'. USAýA-' 

LOLA II (Jili 71)U3 "it ý '7t)4P 00 ; SPACr I VINICAI'Ly PL. SLHVLj) 1"Ok THL 
DISK I'IU(, Ilfll' Ilill-k 'ýCTIVE IN Vlj1iCTT(j1t TAbLLS, IJbt. S SrACI. ' 
ALL ULAIL 1) P) I Ae 

31 UNCTIOli CALL 

CALLL[l IsY *S X=j Ijt-F 4 . 1-1 F-Ut, ANY A2GOliLIA 

4 LOM! - DMý 

1111S ý%OOTJi, L eijke. f-s USE UF t'OHO , -PIM14 3/11 r1cfýULf, ")o 11IMS ITS 
USE Toi%T lilE IV,: ) IfJP11j Sl(-NALS Al? [- I-WS7 I-LU 
TU Till- Tý, '() 4-, 'J ; /'I ADOL11-1-F o', r, r) IT IS THL OUTPUT UV THF-SL till" 
THAT 16 lu i, o ot 'nic Ckf, "WELS UF TH17 slý; Oi; If-, CILFA, ILT VALULZI, 
AHL Wý, Li., TI! L: IjL AtýE Clifqjriý. I-S 11 A,., D -L WA) Tl'iL (, Alh IS UIJIT( FCR 
BOTH LHAF1fiF-Lz,. 

A LALL. (11' FSS: 1 T: 11(; (, I. Pr, THE FOLI-6141M., SET Cr UFLI'lATIOWS: 

11 T -it I i-. ý uSA [- Af J0 11 . 11 -U 110 JU1. L%A; F ';.,. II IL 11 LDFRU 16, TII 
*. 'j1\hI'LL st IW IfIE. *iifll, L)* (-'T1 r. . IjIF VALUI- (T ThL IhPUT IN 
CIIAIINLL (f P, I LAD P,. jt) WMIED 1"I L9LATJOI! (440ý T1 L VikLt)L 
QT THL 113TT Ili Criol, 111-1. I IS i, E0J i0l, ) STOKc: L, It. L. (-, LAI 10;. 4401" 

ThL S, )i-PLL 1S hiLf. ' RLSTOVED 1-4. Tj-, L ý/tl Vt. DULLý', * 

21 Iiil'-4 Pr%c(Tbli IS REFEATLL) C; L-. l IU, l T-if- TV-0 VALLLS rli, l- 
GOINU I--) SC 3TUI(Lb PJ Thl- NCXT T,,, ) ; oci, TIU; 1ý'. ')F ý, VAILAHLL 
CORE SICFAGI.. 

3) 4, ir. 11 L. 00kTION 50CO 1,3 l(LACIIEF)i TI: L EXLCUTIOIJ 13 TRIAtib- 
Fj: vRLD TO IHL FOCAL PtiOG 'f'tk Ii. 

IF Ilir GAIWý AHL) ClIA'JllV'LS Af E To Ul' ollrDIF11 lp, CVIAI-VbL T11F CONTL-111-ý 
OF LULI%Tl(lf]S VAO ; %fit) 7541 TO Thr. jiLiq V; XLUI-*Sv DEMWIlliEl. ) '. cCrPUl"! ( 
TO 114L I'IMLLj. UlL UPTLILED 111 5.3 

5 LUALýIIIC, 

USINL7 B11, A. tY I-Ow f-Rs AT ALY Tl-, -L' AFUR It! ITIALIZATION UF r*OCAL, 
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/ F() C, Ill. IAI? 
FSSM FOH FOGAL. -OP 

, )/4 NI(Ily-ji'lýs I 
Fkf)ýA T, -10 AMD STORES Ttif-I 

/014'1 ANIJ) t)('11161 
(TIfESE VALUES C, 'Af\i BL LOG, ýTIOMS AHE SP--GIFP--D 

LT ST I "Yi 

TO r', ir, JSfý), ) T, J() DIFFILREi, 11' 

wr siýmF- I1,1STA1, -)T Iw I*Ttir, 

(34IM w1j) GIIAMNh. LL i\1jM, 3EVi ARE 

s)FT '. 10PD2 CptIj) 

i-114I R11"ET-Ro 1073 

91435 '11377 RnTTn-o4, Z1377 

ýWlp 7503 PITANH, FSSM 

-ý, - !?, ý? ., 13 
? M3 2677 2 67 7 /CODE FOýi F. SSm( 

*7 5w3 
7 73M C4 FJS., ý,, 4,1, CLA GLL 
75#. jzj 1336 TA DXI 1HITIALIZES 
75,15 

.33 37 DGA yp /FOP SToHlim,, F, nof)Ht., SS 
75, A6 614/t X, 
7-)(, 17 13,40 TAID 1-10 *ti j) I GET GONTP(11, -YnPu Foiý (; q. 1 

751(1 4323 IINIS /A)) 01 rýEADS tý/O 
7511 3737 DG, AI 1<2 /A`JD SAVES T11F, UAL-Jlt-, 
75 1p P337 j!; 7 X P- 

75 1', j 1: 3111 TAD "i 0R 1) p /GrýT G06TRUL 'IMPt) G-f. 2 
7 --) I it it 32 3 IWIS ACY; i I /PEADS AID 

71 
.jI . 

9j 6 111? SA!, 4T-"J, F, 
751.5 3737 DGA I XP /A. \TD SAVES 
7: 517 ? 337 IS7 
752o 5331 Tý,, p Gn TImU 

7523 
752-j ovy(i ADM I fj P F, Al. ) 
?: 3 ? It 6: 536 AL)SC 
7 6;. -, 5 65: 3 1 ADSF 
75P6 5325 1 
76 P7 6539, ADR8 IT)IF- VALUE 
7530 5723 11^11P IAD t4 1 

7! 531 1337 TAD X2, 
75.32 13ZIP TjAt) j-. IrtTT 
7: 5.11 77 10 SPA GLA 
71)3ij ,53 1ýi 6 P111. ) x 

: 553t) 'Imp I i. FUIN1131 

W- 
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7 -i"17 (A A, 4 11 
'I lit li ",; I, ýl fI ") , -, 1) *'-ý 01, 
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5zt P777 1. T ý-, l TT777 '1 -5 1/1 14 N 

, IOLE)=6 1 /14 
SFUN13 I =li 136 

AD-31 7 5P3 
tý)TTOIM (3035 
CO I IT PJ 7531, 
OýF'j "13 1M 136 
PPITA. ri OZ41 2 
FS s t"I . 

7503 
'01.1) 61/111 
LlUTIT 7 511: ý 

61 ZIP 
'00 R 1) 1 75414 
4c) P, L) 7 Sn I 
y 7506 
-t 1753 "1 
Y2 71)37 
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T ',, I TT T/; 1- 'kj)H=; SS o")h PO Ti\iTe. X 

STORA6h, 
ISET kOp, 50,40 
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FOCAL L14 

1 UL, JLC II VL 

A SLI OF 4 F-UT114-S THAT PR(jVIr: L A PILANS (T CALCULATINU LITIILH 
THL MLAI! (W TýIL 1, Lo'ij WIL, flit ldP,;, J Sut. )ARK VýA. jr 

- 
''S W 014C S1GW%L 

FEO UJI6 JU UF Tfil CHAT1.1-S FF IIIL A/D INTERFAU's 

2 CURE USAUL 

LOUAllohs 6002 Tn 5166 WEVIOUSLi OSED lY PAT" Ano VLUU); 
LULAIJO"S ibH6 10 7b3q WREVIOUSL! UAD FOP DISK VUNITUR 

INILHfLTJVC CCHoAhl); UWA SPACf Ik FUHCTljh IALLLS ALLULAUD li 
FCOPi VDISo FVXP APB VY. 

-3 FUNC71C. 11 CALL. 

I-OF C I-sillP *S X=I 2 IS THL FOR THE SiýMPLTN'G 
IItI! '. oklU VITLRFACE AND IfAS THE ltr`t ', ýLAWNU A0 ' DES- 

LP IbLU 11; ý-, 03 
F-UR FLIC, IS X=1 L. IC(K)*-* TV K IS 19 WHUJ FAvfý JS kL. XT CALLLD 

AHD AT ALL S1Jb'; (*ýjJoJjT Tl*,, I[-% t, LFORE: ý, LAJ, L UF FLIC, 
Ofll. 

ýY 
THL 1`11 All VAI UP' 01- T1IL Si'J PLL XW -11411) UT FIASP wILL 

l, E C, \L. LULi%TE_D. I r' K IS 09 F-AVU IS SL T 10 CALL I IL it IL 

VOTH THE : *1, iA(J All') -TAr, S-ýXARL VALI. IrS' GF 7HIL 14MI'LLs 
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FOCAL 04 

SET OF 4 ROUTINES FOR FOCAL THAT 14ILL'CALCULATE 
THE MEAN OR THE MEAN AND MEAN SOUARE OF SIGMALS 
FED INTO CHANNELS OFýA/D 

NO USE IS MADE OF BURR-BROWN S/H MODULES 

SHORT DESCRIPTION 
----------------- 

FSMP(Z)-SAMPLES 1000(8) VALUES FROM THE A/D 
FROM CHA'k\li\]EL I, 11ITH GAIN J. # SUCH 
THAT Z= LOG J(2)* 64 +I 

FLIG(K)-SETS FAVG TO CALCULATE MEAN VALUES 
OR 14EAN I-IND MEAN SQUARE VALUES 
IF K=Oo CALCULATES MEAW AND HEAN 
SQUARE VALUES 
IF K=l, CALCULATES ONLY MEAN VALUES 

FAVGO -CALCULATES MEAN OR MEAN AND MEArl 
SQUARE VALUES OF SAMPLE OBTAINED 
TRU FSMP(Z). p ACCORDING TO THE LAST 
CALL OF FLIC; BUT ONLY TRANSFERS 
DIRECTLY THE VALUE OF THE MEAM 

FMSQo -TRANSFERS TliE VALUE OF T)IE MEAN 
SQUARE, CALCULATED BY FAVO 

M* RIBEIRO NOVEMBER 1974 

FIXMRI FADD=1000 
FIXHRI FMPY=4000 
FIXMRI'FDIV=3000 
FIXMRI FPUT=6000 
FIXMRI FGET=0000 
FIXMRI FNOR=-7000 

END OF REDEFINITION OF F/P SET FOR FOCAL 
EFUN31=0136 
INTEGER=0053 
*35 /DELIMITER FOR AVAILABLE CORE 

0036 4377 BOTTOM. 9 4377 
1 ý, , *411 

W41 1 5002 FNTABP FAVG 
*377 

0377 ý075 FNTAC, FMSQ 
*110 3 

W103 5126 FNTAD, FLIC 
11 *412 
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PA12 7503 FOTAF. -FSMP 
*2202 

2202 2567 2567 
*2170 

2170 2653 2653 
P. 17 

2174 2605 2605 
- *2203 

2203 P. 666 2666 
*5002 

5002 7300 FAVGA CLA CLL 

/CODE FOR FAVG-AVERAGE OR MEAN 

/GODE FOR Ft-ISQ-MEAN SQUARE 

/CODE FOR FLIC-FLICK BEWEEN PROGRAMS 

/CODE FOR FSMP-SAMPLE 

0 DCA MFAN+l 
5304 3321 DCA MEAN+2 
5305 3323 DCA MEAN2+1 
51,06 3324 DCA MEAM2+2 
5007 1307 TAD C13 
5310 3317 DGA MEAN 
5911 1307 TAD C 13 
5412 3322 DCA MEAN2 
5013 1702 TAD I GWORD 

-" 14 7002 BSW 
5015 0310 AND M003 
5316 7 @4 1 CMA IAC 
5017 1307 TAD C13 
5120 33011 DCA EXP 
5321 1303 TAD INAD 
5ý2.2 3306 DCA CAD 
5023 3301 DGA GH 
&124 1706 LOOPO, TAD I GAD 
5025 33 15 DCA LOC+ I 
5026 3316 DCA LOC+2 
5027 130/4 TAD EXP 
5030 3314 DCA LOG 
5031 4407 FPACK 
5332 (1314 FG LT LOC 
5033 7000 EFL I C, FNOH 
5034 6314 FPUT LOC 
5035 4314 FMPY LOC, 
5136 1322 FADD MEAN2 
5037 -6322 FPUT MEAN2 

. A40 0314 FGET LOG 
fA41 1317 FADD MEAN 
5042 6317 FPUT 14EAN 
5043 0000 FEXT 

ý'5044 7300 FFLIG, CLA CLL 
5045 2306 ISZ CAD 
5046 2301 Isz Cif 
5047 - 1306 TAD CAD 
5050 1305 TAD LIMIT 
5051 7710 SPA CLA 
5052 5224 JMP LOOPQ 
5053 1301 TAD Cif 

/FROM HERE TO 

/)iERE., WASHES STORE FOR RESULTS 
/GET CONTROL WORD FOR FX, * AND 
/PREPARES 
/RIGTH 
/EXPONENT 
/FOH FLOATING 
/RF, AD OF FX. 
/INITIAL ADDRESS 
/AND SAVE IT. 
/"CH" BECOMES COUNTER FOR THE SUM 
/MAIN LOOP FOR SUMS STARTS IIERF, 

/CURRENT READING SAVED. 

/NORM. INST- VALUE 

/SUM OF INST* SQUARES 

/SUM OF INST. VALUES 

/UPDATES CURRENT ADDRESS 
/INCREMENTS COUNTER OF SUMS 

/TEST IF LAST ADDRESS REACHED 

/END OF MAIN LOOP 
/PROCEEDS TO CALCULATE MEANS 

$1, 
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5154 3045 
SA55 30146 
51356 1307 
5357 30,14 
5; 60 4407 
5161 7000 
5,062 3311 
57563 6314 
5164 0322 
$165 3314 
5166 4311 
5ý167 6322 
5170 0317 
5,171 3314 
5172 6317 
5073 0000 
5274 5536 

5375 4407 FMSQv 
5376 0322 
5077 ocloo 
51 CJO 5536 

1 
5101 0001A cjj, * 
5102 7533 C1,10RD, 
5103 4400 INAD. P 
5104 0000 EX P, 
5147,5 3001 LIMIT., 
5106 00 00 CAD, 
5107 0013 3, Cl. 
5110 0003 M003, 
5111 7772 GNIORM, 
5112 2377 

"5113 2064 
5111, 00,00 LOCo 
5115 0000 
5116 orloo 
5117 (10-10 MEAN, 
5120 0000 
5121 0000 
5122 0000 MEAN2, 

ý, -5123 0000 
519-4 000p) 
5125 0002 P002, 

5126 4453 FLIG, 
5127 7650 
5130 5346 

DCA 45 
DCA Z16 
TAD C 13 
DCA 144 
FPACI'ý' 
FNOR 
FDIV CNORM 
FPUT LOC 
FGET IIEAM2 
FDIV LOC 
FMPv CNORM 
FPUT MEAN2 
FGET MEAN 
FDIV LOC 
FPUT MEAN 
FEXT 
J14P 1 EFUN31 

FPAC% 
FGET MEAN2 
FEXT 
JMP I EFUM3I 

0 
WORD 
4400 
0 
7777-4776 
0 
13 
0003 

/UUMBER OF SUMS IS FLOATED 

/AND NORMALIZED 
/PUTS A/D VALUES BETWEEN 0-10 V. 

/MEAN2 IS NOW THE MEAN SQUARE 

/MEAN IS NOT THE MEAN 

/WAY OF TRANSFER MEAM2 TO SYMBOL TABLE 

7772 /. 00976 (10) 
2377 
2064 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0002 

JMS I INTEGER 
SNA CLh 
J14P XO 
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5131 1359 TAD I INST I / LOCATION WERE IST SET 
5132 3365 R DGA GINST 1OF INSTRUCTIONS IS LOGATED 
5133 1363 TAD M4 
513zi 3366 DCA COUNT 
5135 1362 TAL) IND 
5136 336LI DGA CUR 
5137 1765 Y, TAD I GINST 
51/49 3764 DCA I CUR 
5141 2365 ISZ GIMST 
5142 23614 ISZ CUR 
5143 2366 ISZ COUNT 
5144 5337 imp y 
5145 5536 imp I EFUN31 
5146 1351 XO, TAD IINST2 
5147 5332 imp R 
5150 5152 1IMSTI, INSTI 
5151 5156- IINST2, INST2 
5152 1317 IMSTI, FADD MEAN 
5153 6317 FPUT'MEANI 
5154 0000 FEXT 
5155 52114 JMP FFLIC 
5156 ! 6314 IMST2, FPUT LOG 
5157 4314 FMPY LOG 
516o 1322 FADD MEAN2 
5161', 6322 FPUT MEAN2 
5162 5033 1MD, EFLIC 
5163 77711 M/41 -4 
5164 0000 CUR, 0 
5165 oworl CIm ST, 0 
5166 0000 COUNT, 0 

*7503 
7503 -4453 FSMP, JMS I INTEGER 
7504 3333 DGA WORD 
7505 1331. TAD X1 ýMITIALIZES POINTER 
7536 3332 DCA X2 /FOR STOHAGE ADDRESS 
7507 1333 X, TAD WORD / GET CONTROL WORD FOR CH* 1 
7510 4323 tims ADO I / READS A/D 
7511 3732 DCA I X2 /AND SAVES THE VALUE 
7512 2332 ISZ X2 /INCREMENTS THE POINTER 
7513 13321, TAD X2 /TEST IF i 
7514 1334 TAD LIM2 /STORAGE FULL 

, 7515 7710, SPA CLA 
7516 5307- imp x 
7517 5536' imp I EFUN31 /JOB FINISHED; 

SUB. TO READ A/D 

*7523 
7523 (3000 AD01, 0 /READ 

I 
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75iiii 6535 
7! )PS 6531 
7526 5325 
7527 6532 
7536 5723, 

7531 4400 
,, 

), 'Ip 
75- 32 , . 0000 ,X2,, 
7533 000 11 W0RD. P 
7534 2777* LIM2, * 

ADO 1 7523 
TOTTOM 0035 
CAD 5106 
Cif 5101 
WIST 5165 
CIJORM 5111 
COUNT 5166 
CUR 

. 
51614 

NORD 5102 
Cla 5107 
EFL IC 5033 
EF UN 31 0136 
E(P 51 04L 
FAVG 5002 
FFL IC 50114 
FLIC 5126 
FIISO 5075 
FIJTAIJ 0411 
FIJTAC ý 0377 
FUTAD 0403 
MTAF 0412 
FS I'l p 7503 
JINST I 5150 
IINST2 5151' 
PJAU 5103 
IND 5162 
IPJST 1 5152 
INST2 5156 
PITEG E 0053 
LIMIT 5105 

1142 7534 
U) C 5114 
LOOTIQ 5024 

4F. AN 5117 
WAN2 5122 
wi 913 5110 
VA 5163 
P002 5125 
R 5132 
WORD 7533 
x- 7507 
x0i 5146 
X1 7531 
Y-2 7532 
y 5137 

ADSC 
ADSF 

,, JMP 
ADYM /THE VALUE 

JMP I ADOI 

4400 /INITIAL ADRESS FOR POINTER 
0000 

0001 
7777-5000 / LIMIT FOR STORAGE 

k 
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Appendix IV 

This appendix lists expressions which appear in the boundary 

layer forms of the transport equations written in the (xp) coordinate system. 

The general form of the equations was given in Chapter 6 (equation 7). 

In these equations, the dif f usive coef f icient Y and the source term S 

have the expressions given below. 

Diffusive coefficients: 

The expressions of Y appearing in equations 9 to 11 of Chapter 6 

are: 

= Y(rV0) =V (1) 

'y(u 2 
y(k) y(v 

2_v2 
-«uv y (uvo Y (vrv 

rr 

k2 
cs F- 

vr (2) 

,( (E: )=c 
2L 

v2 (3) 
E: Cr 

Source terms: 

The expressions of S appearing in equation 7 of- Chapter 6 are. 

r 
rv22_ 

v2) 
S (U) 

r 

ve 
dr (4) r r T(ruvr ax rr 0 

27- 
v7 S (rV, ) =-- 3- v) r 

(r 
rr 

(uv 
r 

2 DU 2C222 S (u. -2 Uvr C-C, jý (U k) + 4ý (u 

production diss. redistribution 

-* au 
--a(ve S (k) uv T- rv vo C r rrr Dr 

production dissipation 
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2222 
22 ve 2kv O-vr vo-v r (va -v -4 0-4 2r cv 4c 

rr. 
Es 

rE 2scr 

-2 
kvvevv k[ v Ovr 

+ 8c vvr2+ 4rv ro + 24 
s X-c r0 -ý r2 rve ýrsc2s -c r 

diffusion remnants 

v rVO c22 2_ 2 
- (rV c0 (v v 

r Dr 81 T(V, -v, )' .er 

production redistribution 

(B) 

22 VO 
+c2k 

uvr] 
_c 

VO- vr 

r) r Dr svrcrsc uv r2 r 

2ak uv 0 v0vr k-v rve k'-U- 3[ uv 
rc -4c uv 6 -2 -cs v- -tl rscr2sc6 ar r rr 

diffusion remnants 

v 02 3U C uv ITV -r -vr cl iý uvr + (uv (9) 
r 

production redittribution 

22 
v uv v-v 0a2kkr 

(UVO) uv -+ -sr- 
IC 

vT -'s F -'E) rrsrr2 r 

r2ach 
uvr v0vr 

+ 4c h uvr vrvo, h70-! [uvr 
75r 

1scrr21scr 
Dr r1 

diffusion remnants 
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a Ve "vr ýTr - vrve '9-r 

production 

c uv, +ý (7uve 

redistribution 

(10) 

2.2) VO 2kvr ve vrv 
(V vvv+2rcv -4c v -V _v sr r 3r s 

ý2 
r 0) ý0rE: 

r2E 
r) 

r 

22 

- rc 
1 -v 

vo- vr 

sc rvO ýr 2 
-r 

k22vrv0 2_ 2kv0v rl 
- 6c (ve-V - r( v)aI sc r) 2 : vO r3r cs c2 rr 

diffusion remnants 

v2+2v+ 4D (Vav 
r ar vo -r cl 0 vr r 

production redistribution 

EP C2 S (C) CE1 T'- - CC 2 K- (12) 

The contributions to redistribution represented by iD in equations 

6,8,9,10 and 11 have the following expressions: 

2c2+ ý-u 2 
(u 2 uv -p+ (13) 

r Tr -S 33 

c +8 v 2_ 22r0 (X7V-0 4) (v, vr 11 

ý-2 

r Fr 

8c 2- 2vv 
2 ar (. rv + 2uv 

ý-u 
(14) 

rr ar 
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c +8ý 2 av, 
2- ve -2 aTi 13C2 2 
-- uv -. - V= -U r or Tr -uvO ar 

f- -VI 

30c 2- 2, fk ý-U 
55 Dr (15) 

c +8 vo 8c 2- 2v 
2 'o 

(uv -uv vv uv 
rr0r ýr 11 rr 

c2 +8 
(v )f2 

ýVO 

+2 
r0r ýr- VO 

sc -2 ýve 1 30 -2 22 V19 2 C2 
kr v uv rr-e Tr Vo -ý-r 55 _Vre 

(1.7) 

P is the production of turbulent kinetic energy, and its expression 

can be found in equation (7) . 

The parameters cs. c. 1rc C PC and c appearing in the above 2' C cl, c2 

equations had the following values: 

0.21; cl = 1.50; c 0.43 2 

0.15; c cl ý 1.47; c c2 ý 1.87 
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Figure F. 6 Apparatus used in determination of mean flow direction 
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