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NONLINEAR DYNAMICS BY FINITE ELEMENT

MODAL SYNTHESIS

by

M. Nash, B.Sc.(Eng.), A.C.G.I.

ABSTRACT

Following a review of the finite element theories for small

strain geometric nonlinearity and of solution techniques for the non-

linear equations of dynamic equilibrium, the prohibitive cost of

solution of a problem requiring a long duration of response is recog-

nised and it is suggested that a fast, approximate solution technique,

applicable to structures of arbitrary geometry and adaptable to most

standard finite element programs, would be useful in investigating non-

linear response.	 The solution to low frequency free and forced vibration

problems is sought by representing displacements with a small number of

'modes' with characteristic low frequencies and, using Galerkin's

technique, generating modal equations which are solved using a direct

time operator technique with relatively large timesteps as a consequence

of the restriction to low frequency modes. 	 The technique is applied,

using modes of undamped, free vibration of the finite element represen-

tation for the linearised structure, to a series of cable structure

problems and comparison is made with solutions of the unreduced problems

obtained with a conventional numerical technique. 	 Having identified a

problem caused by the neglect of high order modes, a modification to the

basic approximate technique is formulated using a perturbation method

in which an improved solution is generated by successive perturbation

equations, only one of which need usually be solved •to obtain an estimate

of finite amplitude effects. 	 The modified technique is applied to the

analysis of free and forced vibrations of beams, arches and flat plates,

and modal equations for thin, elastic shells of rotation are generated,

comparison being made with other solutions wherever possible. 	 Some

interesting phenomena in the nonlinear response of shell structures are

displayed.	 The current technique proves to be acceptably accurate in

the analysis of these problems, while offering a considerable time saving

over conventional numerical finite element solutions. 	 It can be automated

and added to existing static finite element programs and will output

errors, or stop, if the modal idealisation is inadequate. 	 Finally, a

few points which may produce faster implementation of the present technique

and some further developments are suggested.
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I	 INTRODUCTION

The solution of a system of partial differential equations

having both spatial and temporal derivatives may, in general, be an

extremely complex pro-blem. However, the order of this problem may

be considerably reduced if the spatial derivatives are approximated

and the system of equations reduced to one in which only time deriva-

tives are present.	 In the case of the structural problem, spatial

derivatives are commonly represented in two ways; by the finite

difference technique in which derivatives are represented by the

'difference' of displacement variables fixed in respect of distance

from each other, and by the finite element method in which the global

displacement problem is piecewise approximated by simple polynomials

and the solution found in terms of the polynomial coefficients. 	 It

is not the purpose here to argue the merits of either of these two

representations, since they are in essence the same, but in many cases

the finite element method is preferred and the representation of dis-

placement will be restricted to the finite element technique in this

work.	 The finite element method does more than represent spatial

displacements and derivatives, for in the structural problem it allows

us to solve structures of arbitrary geometry having complex boundary

conditions, for which a system of partial differential equations may

not exist directly.	 Furthermore, the distribution of elements and

the boundary conditions may be changed almost at will, so that a great

deal of desirable flexibility is incorporated. 	 Once the decision on

•the representation of displacements and spatial derivatives has been

made, it only)remains to solve the time dependent equations of dynamic

equilibrium for structural vibrations.

For the dynamic problem in which the elastic forces are linear

funètions of the assumed displacement variables, a stage has been

reached where the time response of the structure may be rapidly and

easily obtained under almost all conditions of excitation. 	 To this

end, the.past two decades have seen the development of computer programs

to determine eigenvalues and vectors of large scale, linear, dynamic

systems in order that displacements may be represented by some, or all,
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of the eigenvéctors and the time dependency of the displacement modes

found analytically for either stochastic or deterministic applied forces.

In addition, or as an alternative,the transient problem or the long

time forced response problem may be reliably solved using an uncondi-

tionally stable time integration operator algorithm with the timestep

chosen in order to represent the forcing function accurately.	 The

choice between the use of the 'emi-analyticmodal technique or the

completely numerical time operator solution must depend on the number

of variables in the displacement representation and the nature of the

applied forcing function, but the linear dynamic problem is seldom a

daunting proposition either mathematically or economically.

The introduction of nonlinearity into the relationship between

structura-l---forces and displacements, whether in the form of inelastic

6goniometr\effects, completely alters the complexity and solution

timof- even the simplest dynamic problem. 	 The modal superposition

techniques of the linear problem are no longer directly applicable, but

a solution by time operator algorithms is still possible. 	 However,

the necessity of continually updating the stiffness of the structure,

dependent on the displacements and stresses, removes many of the

advantages of unconditional stability in time operator algorithms and

the solution technique may often become unreliable. 	 In the case of

'short time',.transient vibrations, the nonlinear problem remains

solvable by numerical time operator techniques at some expense, but for

the problem requiring 'long time' or steady state dynamic response the

frequency at which changes in the structural stiffness must be accounted

for may make the solution economically infeasible for the most simple

of structures, no matter which integration operator is used. 	 This

problem is emphasised in the analysis of complex structures which often

require substructuring and condensation techniques in order to reduce

the number of variables and obtain a practical timestep size for a

conditionally stable algorithm when one is faced with updating conden-

sation with the effects of nonlinearity.	 The work in this thesis is

limited to just one aspect of nonlinearity, that is small strain,

geometric nonlinearity, which must occur in any displaced structure and

• which often significantly modifies structural response. 	 The solution

cost of these problems cannot be easily understood without a detailed
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knowledge and comparison of the methods available to represent the non-

linearity and the time operator algorithms available for solution of

the time response, for which both accuracy and reliability should be

taken into account.	 For this reason, the review chapters which

directly follow this introduction serve to initiate the inexperienced

reader into the cost and complexity of solving such problems and to

introduce some of the theory and notation which is used in other parts

of this work.

It becomes clear from even an elementary study of the dynamic

problem incorporating geometric nonlinearity that a solution involving

much reduced computation time would be extremely desirable, even if

it should involve some loss of accuracy overall. 	 The purpose of such

a technique would be to allow us to study, quickly and cheaply, the

effect of changing various structural parameters, or perhaps the applied

force and to determine the 'worst case' for which a more detailed study

could be undertakenif necessary.	 To attemptsuch a saving for all 	
/

problems of geometric nonlinearity and all forms of applied force would

be prohibitively difficult, but there is a limited range of problems

where some considerable time saving may be made. This range of prob-

lems relates to 'long time' free or forced vibrations of structures 1

close to low natural frequencies of vibration of the linearised

structural system.	 For problems such as these, one may reintroduce

the idea of modal vibrations from the linear solutionand.hopefully solve

the problem approximately in terms of only a few variables with large

characteristic periods. 	 The time saving would then be accomplished not

only by the considerable reduction in the number of variables, but in

some cases by the favourable effect of the modal representation on the

stability of certain direct time operator solution techniques. 	 The

assumption of modal vibrations for the nonlinear problem is, of course,

not new. and there are several analytic or semi-analytic solutions of

specific problems which incorporate this idea.	 Since these all repre-

sent a different variation of the basic idea, it is worthwhile to con-

sider in some detail the most adaptable solutions before considering

what further ideas and innovations might be profitably included in a

modal. solution approximation.

As a purely mathematical exercise, Rosenberg 1 ' 2has dealt with
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nonlinear normal mode vibrations of systems having modal equations of

the form

d2	
k	

(k odd)

dt2

•	 The modes of vibration formulated are 'normal modes' in the sense

that they are capable of decoupling the equations of dynamic equilibrium

of the multi-degree of freedom system under study, but the system is

confined to vibrate syninetrically about the undisturbed equilibrium

position and a time dependency of the form sin wt (w = frequency of

vibration) is assumed.	 In latter studies, Mishra and Singh 3 ' have

developed Rosenberg's theories: and used them in the analysis of a

system of lumped masses configured to represent an orbital satellite.

This analysis has some direct relevance to structural vibrations and

in the context of nonlinear vibrations which may be analysed using

modal assumptions later, it may be useful to list the criteria for a

'normal' mode of vibration given by Mishra and Singh for a multi-degree

of freedom lumped mass system.

A system vibrates in a normal mode when:-

(I)	 All massess execute a periodic motion of the same period.

(2)	 All of them pass through the equilibrium position at the same

time.

(.3)	 All velocities vanish at a time t 1	t. (t, the initial time

at which the system is at rest).

(4)	 At any time, the position of all masses is uniquely defined by

any one of them.

In the mathematical sense, there appears to be no theory on the

existence of normal modes of vibration for nonlinear systems which

reduce to linear systems for small displacement amplitudes and the

existence of normal modes of.vibration of structures with non symmetric

response, and having perhaps several equilibrium positions, is not

defined.

In the field of structural vibrations, the representation of

displacements in the nonlinear range by a combination of modes of the
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linearised equations for the structure has found some favour. 	 Nayfeh,
5	 6

Mook and Sridhar and Nayeeh, Mook and Lobitz have used such a displace-

ment representation in an analysis of nonlinear vibrations of simply

supported beams.	 It is suggested that the linear mode shapes might

be generated numerically for the more difficult beam problems, such as

those incorporating a variation in cross section, and the modal equations

of motion are formulated using the Galerkin technique and the partial

differential equation of dynamic equilibrium for a small element of

beam.	 The resultant time dependent modal equations for symmetric

vibrations about the undefiected position are solved using the method

of multiple time scales, a perturbation technique developed b.y Nayfeh.

Some information is given on the stability of modal vibrations when

the effect of linking with other linear modes is taken into account.

The method of multiple time scales lends itself well to a stability

analysis involving one or two modes in free vibration, but is not easily

adapted for the general case in which either a forced or free vibration

study of a multiple mode analysis may need to be carried out. 	 In

addition, the method is applied here only for symmetric vibrations about

the unperturbed position and the introduction of quadratic amplitude

terms for asymmetric vibrations will require modification of the tech-

nique.	 The calculation of modal coefficients in the equations of

motion is specific to the beam problem and a separate formulation must

therefore be developed for any other structure, so the technique lacks

the flexibility necessary for rapid analysis of a general problem.

Of the purely analytic studies of nonlinear vibrations, perhaps
78

the best technique .for general 'application is that developed by Rehfield

whose approach to vibrations of elastic structures proceeds with the

aid of Hamilton's Principle and a perturbation procedure. 	 The theory

is analagous to the theory of initial postbuckling behaviour due to

Koiter 9 ' 10 and provides information regarding the first order effects

of finite displacements upon the frequency, period and dynamic stresses

arising in the free, undamped vibration of structures and with a later

development is suitable for forced vibrations. 	 Attention 'is restricted

to structures which are linearly elastic.	 The essential features of

the perturbation approach are reproduced by Rehfield and solutions of
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the governing equations are sought as a power series in the amplitude

• of the linear vibration mode and higher order effects are systematically

generated by successive perturbation equations. 	 The theory therefore

effectively reduces a nonlinear vibration to a system of linear partial

differential equations, only the first two of which need usually be

solved to obtain an initial estimation of finite amplitude effects.

An initial study was made of the nonlinear free vibration of beams and

•	 rectangular plates and a later application was made to the forced

response of shallow arches.	 The original work of Koiter was retrieved

using virtual work theory by Budiansky and Hutchinson 1 ' and Budiansky12

upon whose work Rehfieldts study is based.	 Budiansky discusses and

reviews the dynamic buckling of elastic structures subject to time

dependent loads, attention being restricted to structures that are

sensitive to initial imperfections. and hence are prone to catastrophic

failures.	 The use of a completely analytical technique, as in the

works above, is severely limited because the perturbation equations are

difficult to solve for structures other than those with elementary

geometry and the analytical solution for the time response is inflexible

if different forcing functions are to be applied. 	 The direct solution

of the time dependent equations does, however, have some advantage over

solutions in which the temporal variation is assumed beforehand. An

example of the errors it is possible to introduce is shown in a paper

by Mettler 13 , who studies an arch under the action of a central sinu-

•	 soidal load.	 His assumption that the arch response is also a sinu-

soidal funct.ion produces equations for a structure which vibrates

symmetrically about the undisplaced position, while it is clear that the

response of the shallow arch will not be symmetric.

A semi-analytic technique applicable to structures of arbitrary

geometry and widely variable applied forces has been utilised by Nickell1t'.

The approach is based on the linear modal solution and is essentially

a piecewise linearisation of the nonlinear problem. 	 The structure is

modelled using the finite, element technique and the displacement is

represented by a few linear modes so that the problem is initially linear.

Under the action of the applied force, the problem is solved as a linear

one using the Duhamel integral solution, but after some small time the

eigenvectors are re-evaluated to account for the change in structural
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stiffness and geometry and the solution proceeds as a linear problem.

with initial displacement, velocity and acceleration boundary conditions.

This technique has major disadvantages; the assumption of piecewise

linearity means that the time interval before re-evaluating eigenvectors

must be kept small if the nonlinear response is to be followed accurately

and computationally it would appear to offer little time saving over

numerical time integration solutions. 	 The technique may prove of some

use for 'short time' transient solutions, but is too costly to be

applied to 'long term' or steady state.vIbrations.

Of the range of approximate modal solutions to the nonlinear

dynamic problem undertaken up to this date, therefore, none offers

the combination of speed of application, generalisation to

arbitrary structures with initially unknown nonlinearity and ability

to solve simply and quickly for vibrations involving a substantial

timescale.	 The use of modal representation has a wide background of

application for the linear dynamic problem and some application to the

nonlinear problem, but.the assumption upon which the rapid solution of

linear problems is based, that is that the eigenvectors decouple the

linear equations of motion, is not directly applicable to nonlinear

theory.	 However, much effort has been expanded in developing techniques

to find eigenvalues and vectors of linear systems of equations produced

by the finite element technique which is applicable to almost any

structure, and it would seem illogical to.neglect this when looking for

a fast, approximate technique for the solution of a range of nonlinear

dynamic problems.	 The solution of the time response of modal equations

by purely analytic techniques as used in References 5, 6, 7 and 8 lacks

the flexibility to change from free to forced vibrations of structures

with different properties of nonlinearity without modification, and

such flexibility would seem to be given only by numerical techniques..

The aim of the current research, therefore, is to study the application

of finite element modal synthesis to the solution of complex, geo-

metrically nonlinear, structural dynamics problems with the intention

of producing an approximate technique offering considerable saving over

conventional numerical techniques for the range of problems under study.

Such a technique should be compatible with and capable of being added

to existing static and dynamic finite element programs and should, if
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possible, be. arranged so that analysis is automatic once the relevant

decisions have been made.	 However, becatIse of the restrictions of the

modal approximation, it is expected that some degree of personal

judgement will always have to be used in assessing the adequacy of the

displacement representation and that analysis must be restricted to

small, but finite, vibrations in which the nonlinear effects are not

gross.
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2 A REVIEW OF FINITE ELEMENT THEORIES FOR

GEU1ETRIC NONLINEARITY

During the first half of the twentieth century, much of the

literature an solid and structural mechanics was concerned with appli-

èations of long-standing linear theories to various boundary value

problems.	 Therewere notable exceptions, of course, such as develop-

ment of classical plasticity and viscoelasticity, attempts at developing

a unified theory of material behaviour, and studies of geometrically

nonlinear behaviour by some investigators who retained the relevant

nonlinear terms.	 To most engineers, however, practical applications

of solid mechanics meantthe solution of linear problems.

The reason for this is easy , to understand, for behaviour of most

practical structures in the past could be adequately described by

linear theories.	 The deformations of most structures under working

loads were so small that they were invisible to the naked eye and design

stresses were such that the constituitive equatiOns could usually be

treated as linear.	 With the exception of the initial buckling analyses

by Euler, Wagner and Timoshenko, nonlinear effects were often ignored

or at most accounted for by application of some empirical design criteria.

Today, the situation has changed radically. Many materials have

been introduced whose response cannot be described by classical linear

theories and deflections of some structures have now become large enough

for nonlinear geometric effects to become critically important.

Nonlinear effects are crucial in understanding buckling and postbuckling

of imperfection-sensitive structures which have no meaningful linear

solution.	 In the field of nonlinear equations only a handful of exact

solutions are available to specific problems, and these, in general,

deal with bodies of the most imp1e geometric shape. 	 Numerical tech-

niques must therefore be introduced to solve nonlinear problems approxi-

mately, and it is here that the advent of the digital ciomputer and the

finite element method has had a major impact.

The generalisation from the infinitesimal strain theory to

finite deformations opens up a tremendous field. 	 Nonlinear field
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theory is difficult and extensive and this study will therefore be

restricted to geometric nonlinearities for linearly elastic materials

with small strains. Classically, the analysis of continuous systems

begins with the investigation of effects on infinitesimal elements of

the system and behaviour of the system as a whole is obtained by

allowing the size of the elements to tend to zero as the number of

elements becomes indefinitely large.	 In contrast, the finite element

method begiñs.by investigating the properties of elements of finite

dimensions.	 Integrations are replaced by finite summations and partial

differential equations of the continuous media are replaced by systems

of algebraic or ordinary differential equations. 	 A continuum with

infinite degrees of freedom is thus replaced by a model with finite

degrees of freedom and if the correct conditions are satisfied, the

behaviour of the discrete system converges to that of the continuum as

the number of elements is increased. 	 A significant advantage of this

method is that it is in general applicable to any geometrical shape with

arbitrary boundary conditions.

Before considering in detail the formulation of geometrically

nonlinear theories, it is perhaps advisable to show by •a simple illus-

tration what is meant by a geometrically nonlinear problem. 	 Fig. 2.1(a)

shows a system of two pin'(inted bars of length 2. initially at rest

within supports placed 2d apart where d < 2.. 	 A force P is applied at

point Qin the direction shown and the bars are displaced so that they

are forced into compression. 	 It is easy to see that the ability of:

the structure to carry a transverse load is decreased as displacement

occurs until at some point the incremental resistance to loading becomes

zero and the bars "snap through" to a position of equilibrium given by

SRT.	 If the value of load P necessary to keep the bars in equilibrium

is plotted against displacement a diagram similar to Fig. 2.1(b) will

be produced which shows the overall nonlinearity of the system. 	 This

is a simple example of theeffects of geometric nonlinearity in causing

a structure to buckle under load and is perhaps one of the best known

forms of geometric nonlinearity. 	 The effects of geometric nonlinearity

will in many cases be much more complex than this.

We begin formulation of finite element theories for geometric

nonlinearity by a simplified consideration of the equations of continuum
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mechanics.	 Finite deformation analysis is characterised by the

necessity for specifying whether the stresses and strains are measured

with respect to the original configuration (Lagrangian description) or

with respect to the deformed configuration (Eulerian description).

Consider the transformation

x i	0 + U1

which maps the point P{ai} in a three dimensional space into a point

P'{xi} in the same space where both {x} and {a) are assumed referred

to the same rectangular cartesian coordinate system. 	 The vector {u}

is the displacement of the point, the coordinates {a} describe the

location of the particle in its original position and {x}its displaced

position.	 Now let us consider another point Q with coordinates

{ a + dai} in the neighbourhood of P which is mapped to the point

Q'{x1 + dx} after deformation.	 The vector {dai} defines the line

segment PQ in the original configuration and {dx} defines the segment

P'Q' in the deformed configuration.

writing	 dsz dc 1 .da 1 	ds2dx. dx1

then	 cls 2 - ds	 dx1,dx1- da1.da1

2E 1 cio 1 dci	 2e1dx1 dx
	

(2.1)

where E.. and e.. are respectively the Green and Almansi strain tensors

given by

1/2	 +	 +
	

(Green)	 (2.2)

[dc1	 do1 do 1 da

1I2	 + thi -	 (Almansi)	 (2.3)
[dxi 	dx 1 	dx 1 dx J

We see that the Green strain tensor relates strain to the displacements

and original coordinates of a point and represents the strain in a

Lagrangian frame of reference, valid for small rotations. 	 The Almansi

strain e 1 relates strain to the displacement and current coordinates

of a point and is the measure of strain in an Eulerian reference

system.
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For the measurement of stress in a Lagrangian system we use the

Symmetric Kirchoff stress tensor Sij, which is the Stress based on the

initial area of a body, and equations of equilibrium are given by

_ [Sjk 6ik	 ifl +XO
dak

ökKr0necker deLta	 (2.4)

where Xj are body forces.

The Euler stress tensor aj is the stress based on the current

deformed area of the body and the equations of static equilibrium are

given by

+ X 1 O
	

(2.5)

dx

Derivation of the above equations and more deLailed theory can be found

in the book by Fung15.

It is with this basis that we consider finite element formula-

tions for geometric nonlinearity in Eulerian and Lagrangian frames of

reference by the example of formation of the equations for static

equilibrium.

2.1	 Total Lagrangian Formulation

The formulation will be presented for a general three dimensional

case, but can be easily specialised to yield the equations of equili-

brium for such cases as shell theory.	 Notable contributions to the

finite element formulation of the Lagrangian approach are those of

Martin16 , in which equations for bar and beam elements are formulated,

and Mallett and Marcal 17 , whilst the present discussion follows the work

of Rajasekeram and Murray18.

The equations of equilibrium in a total Lagrangiansystem may be

written using the principle of virtual displacements as

•0	 JISJ(oE) dv	 (2.6)

where
	 LS I = 6 x I row matrix of the Kirchoff stress tensor

(ÔE)= corresponding column matrix of the Green strain
tensor = Sc	 i = 1,6
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5W = virtual work done on the deformed body by external

forces

V0 	indicates that the integral is carried out over the

volume of the initial body

and the Green strains are rewritten as E (i = ,6) where
E 1 	E2 E 2 E3 E33 £4 .4E12 +E21 J E5 zLE13+E)	 5z[E23+E32J

We can relate the stress Si to the strains by the relation

S i 	 Cjj Ej	 (2.7)

where the cjj are constants dependent only on the initial material

properties.

The strain energy of the body may then be expressed as

U :1/2J S E dv

1I2J: 1 c 1j cj dv	 (2.8)

where	 C1
	 (2.9)

linear strain

J . = nonlinear strain

and the compuijentary strain energy can be written as

+)c(L +)dv - qP	 (2.JO)

V0
	 (k1,m)

when q, Pk are the generalised displacements and forces respectively.

For a typical finite element the strain (2.9) may be written

using (2.2) in matrix form as

Ld .lJ2dTHd	 (2.11)

where	 L 1 is a. column vector and H1 a symmetric matrix
and	 d	 is the column vector of displacement gradients contributing

-	 toE1
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If the displacements within the element are expressed as

u.Nq
	

(2.12.)

where q are the element nodal displacements and N is a matrix of shape
functionsthen the expression for the displacement gradients d5
obtained as

d=Dq
	

(2.13)

where D is determined by differentiation of the shape functions N

The complimentary strain energy of the system may then be

determined as

k	
d i	 ci ( i:. d + dTH. d) dv+ 2'

-:qTP]
	

(2.14)

by summing the individual element energies over the total number of

elements n and after expansion of (2.14) will result in an expression

of the form

[qTJcDT(LLT
V0	

•)Ddq - 
qTp ]
	

(2.15)

-	 From Castagliano t s Theorem the equations for equilibrium of a

single element are obtained from (2.15) by differentiation as

	

-	
(i = 1,m for in generalised displacements

	

dq. -	
of element)	 (2.16)

and equations of incremental equilibrium are given by

	

_____	
(i = 1,m ; j = I,m)	 (2.17)

c1q1dq

so that we could, if we wished, carry Out the differentiation with

respect to the m element nodal displacements and derive equations of

equilibrium and incremental equilibrium.	 However, it would be tire-

some to do this for every single element type and so we attempt to
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represent the equations (2..15)-(2J7) in an easily reproduceable matrix

form.

We write the strain energy of the element as

u	 qkq +qTN 1q +qTN 2 q	(2.18)

where K5 a constant matrix and N 1 ,N 2 are linear and quadratic
functions of qrespectiveiy, so that equation (2.18) represents a system

of ordered: powers of displacement.

The complimentary strain energy (2.15), however, is a scalar so

that the matricesK,N 1 , N 2 could be written in several diffrent ways.

In order to simplify the formulation of the equations of equilibrium

and incremental eqilibrium (2.16), (2.17) therefore, we also specify

that the matricesK,N 1 , N 2 should repeat so that (2.16), (2.17) can

be written

[R++f 2 1q	 P	 (2.19)

ER +	 + N 21 Aq AP	 (2.20)

The coefficients for the matrices K, N 1 ,N 2 have been adjusted so as to
make the multiplying terms for each matrix in the incremental equilibrium

equation unity.	 From (2.17) we also see that each matrix must be

symmetric.	 It can be shoin that matrices which satisfy the necessary

conditions of symmetry and repeatability, producing equations (2.182.20)

are given by

K	 J cD L 1 L.D dv	 (2.21)

VO 

dTL IH J + L I dTHJ + Hd	 ) 0 dv	 (2.22)

N 2 _J j °( Hd dTH + dTHd H 1 ) 0 dv	 (2.23)

A detailed explanation of the formulation of (2.21)-(2.23) is

given in the work by Rajasekeram and Murray.	 The relevance of some

of the terms can be seen by comparing (2.21) with (2.15). 	 Several of
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the terms are reproduced exactly, the other terms in the equations

being added to assure repeatability and symmetry and being compensated

for by the introduction of the multiplying coefficients.

The equations for a body with initial stress in the undeformed

position can be formulated by adding the extra work term due to initial

stress in the work equation

i.e.	 (ÔE)dv	 (2.24)

where 1S0 1= 6 x row matrix of initial stresses which gives an

energy addition of

dv	 (i = 1,6)

V0

5 S01 I I	 dv	 (2.25)

V0

Using (2.11) we write (2.25) in matrix form as

s . 1d dv+JSdH1ddVJ 01

V0 	 V0Js 01 L. 1 Ddvq + L 

qTJsDTHDdvq	
(2.26)

V0V0

Upon differentiation of the first term in equation (2.26) with respect

to the nodal freedoms q we obtain the nodal forces necessary to keep
the element in its initial, stressed position. 	 The second term of

(2.26) gives the effect of initial stresses on rotation and modifies

•the equilibrium equation (2.19) to produce

ER +K G + 2 N 1 + 3 N 2jq 	 P	 (2.27)

where K G is the geometric stiffness, matrix-due to initial stress given
by

K6	 s 01 D H 1 D dv	 (i = 1,6)	 (2.28)

¼JV

The incremental equilibrium equation is similarly modified by

the addition of KG.
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By summing over all finite elements the equilibrium and incre-

mental equilibrium equations in the global .axis system may be formu-

lated as

(K ++N 1 + N2)r R	 (2.29)

and	 (K+N1+N2)L\r = AR	 (2.30)

when K,N 1 ,N 2 are assemblies of the element stiffness matrices based
on a transformation from the local axis system of the undeformed elements

to the global axis system and r, R are the global displacements and
applied loads respectively.	 Equations (2.29) and (2.30) are sometimes

written in the form

KNR
	

(2.31)

K 1Ar AR	 (2.31a)

where	 and KT are known as the secant and tangent stiffness matrices

respectively.

2.2	 Eulerian Formulation

Eulerian formulations are sometimes referred to as moving

coordinate formulations, but within this term there are two distinct

approaches.	 The first approach is that started by Turner et al 19 and

later carried on by Martin 20 and Felippa 21 .	 The term Eulerian approach

should be avoided here, because the Green expression for the strain

increment and the Kirchoff stress tensor are used, not the Eulerian

expressions for stress and strain. 	 This approach is more correctly

referred to as an incremental moving coordinate formulation or Updated

Lagrangian.	 A second and different approach is that of Argyris222

which results in the compact natural stress geometric stiffness formu-

lation and which may be formulated as a true Eulerian approach.

For both approaches, the characteristics of the analysis are

similar.	 Consider a body whose initial configuration is given by

coordinates {a} which under the action of some external load : (applied

in n increments) has moved to a position denoted by state n where the
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local reference system is {x}. 	 An increment in the applied load load

causes the body to move Lu 1 to a position state n+1 with local axes

{ yi}, see Fig. 2.2. 	 The coordinate system xj is referred to as the

'undeformed' position for displacement step n+1 (though it may in

reality be considerably deformed from the initial configuration) and the

body is considered to be without displacement in the local reference

system, but subject to an initial stress. 	 An assumption is usually

made that the reference system Xj} remains essentially orthogonal,

limiting the analysis to small strains. 	 We begin by formulating the

natural mode approach of Argyris.

The natural mode formulation is based on the idea that deformation

of a finite element may be represented by certain natural modes of

deformation	 The PN are natural strain fields corresponding to

natural, self-equilibrating stress fields, themselves in equilibrium

with groups of nodal forces, denoted PN .	 The N contain no

resultant and the PN strains no rigid body motions. 	 Thus the	 and

N and strains and stresses (,O ) are quite independent of global
coordinates and entirely dependent on local element axes. 	 The relation-

ship between strains and natural strain modes is given by

Y -ap f
	 (2.32)

where a is a function of the undeformed element geometry in its local
axis system, and the nodal displacements in the global fixd cartesian

coordinate system are related to the fJ by

PNNP
	

(2.33)

element nodal displacements in global coordinate system

is a matrix relating deformations at orientation of

current local coordinate system fxi} to global

Cartesian system

Using the principle of virtual displacements and (2.33) we can find the

relationship between the element nodal forces in the global axis frame

•and the 'DN as

pTP
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pTaF

(2.34)

The statement of global equilibrium of a general body at position

ii of Fig. 2.2 is thus given by 	 -

m

0	 -	 i QTQ flPNfl	 (2.35)

where in is the number of finite elements

U is boolean matrix

R is the applied load at position n

Consider that an increase in applied loadL\Rcauses the bodyto

be further displaced Ar0 a new position denoted n+I, then for a

typical element the nodal displacement increments in the global coordi-

nate system are given by

•	
paAr	 (2.36)

and the increment in natural deformation is given by

PN,	 0N,n+1 PL\	
(2.37)

where 0N 1 is understood to be a matrix dependenton the local

coordinate system {yj} after the displacement increment. 	 The strain

increment is given by

YL cLPN	 (2.38)

so thatthe strain increment is a true Eulerian strain increment,

dependent on the geometry at the end of the load step. 	 Natura], forces

at the end of the step are given by

nN.A

+ k N PN,	
(2.39)



25

where k N is the natural stiffness matrix which is, in general, dependent•
on the PN .	 We see therefore, that (2.39) is a nonlinear relationship

and that the equation of global equilibrium at position n-H given by

0 '(R+L\R) -
	 T0Tp	

(2.40)

must be solved by an iterative technique.

The equation of incremental equilibrium can be formulated by

considering, the change in nodal forces over the displacement increment

for an individual element.

At position n:-

-	 (2.41)

At position n+1	
T

+

	

(a	 + a)	 n +
	

(2.42)

or using (2.41)

Qfl 
+	 + NANA	

(2.43)

The last term in (2.43) is small for small displacement increments and

will therefore be neglected.	 Considering the other two terms separately,

therefore

QNflkN PN

c1NflkNuNflp
	

(2.44)

kEpt	 (2.45)

where k E is the element elastic stiffness matrix.

Writing a linear approximation to the remaining term the follow-

ing is obtained	 i

Hi Ni dUNI

(2.46)

k6 PL
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where kGfl is the geometric stiffness matrix dependent on the natural

forces PN , and GNat position n, the start of the load increment.

The equation of linearised incremental equilibrium can then be

stated as

AR	 (KE +KG )Ar	 (2.47)

where K E and K G are assemblies of individual element stiffness matrices

based on local coordinate systems {xi} and natural forces at position

n only.

Using equation (2.47) the static solution to a nonlinear problem

can be found in a linearised incremental sense, or using a combination

of equations (2.40) and (2.47). the fully nonlinear problem may be solved

by an iterative scheme such as the Newton-Raphson technique which is

reviewed later in this Chapter. The natural mode formulation is based

on .a true Eulerian increment of strain and produces natural forces

which are representative of Eülerian stresses, however, with the exception

of a few simple element types the 'natural modes' are difficult to

formulate and the relationship between global and natural forces,PQN,

is often complex.	 With this in mind, some consideration may be given

to the updated Lagrangian approach which is more easily implemented

because it is mathematically rather than physically biased and approxi-

mates an Eulerian approach.	 -

The incremental moving coordinate system or updated Lagrangian

- approach uses Lagrangian expressions for stress and strain increments

during displacement from position n to n+l, together with an initial

stress measured relative to the axis system {xj}in the state n. 	 The

derivation of the virtual work expression for the 'undeformed' coordinates

{x} follows the same procedure as that for the derivation in the

original coordinates {a1}. 	 The work below is based on that by Yaghami25.

The virtual work done in moving from position n to n-fl is given

by

	

-	 IS..	 Ô(E.. )dv	 oW- IJn	 -	 n+1	
(2.48)

where = cartesian component of the 2nd Piola Kirchoff stress

tensor at position n-H referred to coordinate system

{x} at position n
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increment of Green-strain (see 2.2) in going from

position n to n+I referred to axes at position n.

virtual . work done by external forces during the

displacement increment

and where	 dv is understood to mean that the integral is carried Out

over the volume of the body in the deformed position n.

The stress	 S j	is given by

sij,n	 oij,n +	 S ij,n	 (2.49)

where	 is the updated Cauchy stress tensor at position n and

the increment in Kirchoff stress during displac:ement.

Writing

LE1J	 LJijr1	 .	
(2.50)

where L j , 1jj are the linear and nonlinear parts of the strain

tensor respectively, we obtain

+ 5aiJflAIJdv

6W 1 -	 )dv	 (2.51)

vn

which we recognize as a nonlinear equation for the displacement increments

which when written in matrix form using the notation of the total

Lagrangian approach becomes

(K+K 6 + N 1 +N 2 )Ar R+AR - F	 (2.52)

where N 1 and.N 2 are understood to be functions of trand not the total

displacement, K 3 ± the geometric stiffness due to the O 	 and,

is the set of forces needed to keep the system in equilibrium with

stresses	 Oj	 so that for an exact solution

R -	 0	 (2.53)

J
E rsn §(E) dv

vii
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The linearised incremental form of (2.52) is

[K+K6}.Ar =L\R + (R-f)	 (2.54)

Further information on the implementation of this approach can

be found in the works by Washizu 26 and Bathe et a127.

Note that after each displacement increment the stresses must be

transformed from the local axis system {x) at position n to that at

position ni-I using a transformation of the form.

= 2	 'J Sa	 p= density	 (2.55)
PodXadX

where S apis the Kirchoff stress at position ni-I, but measured in the

coordinate axis system {x}.	 For small displacement increments this

is sometimes neglected and for small strain increments the term p/p0

is unity.	 The implementation of this approach is inconsistent with

a true Lagrangian representation and is only an approximate Eulerian

approach.	 However, the evaluation of geometric effects is considerably

easier than for the natural modes approach.

2.3	 Comparison of Finite Element Formulations

CompaiEison of the two formulations reveals that while they are

both obtained from the same basic principle of virtual work, they differ

appreciably in many details. 	 There are several poiiits worth noting.

The assumption that the local axis system of an- element in the

deformed position remains orthogonal in both of the 'Eulerian' formula-

tions restricts the validity of the formulations to small strains.

Element integrations at each new axis position should be carried out over

the deformed volume, but, in general, the volume is assumed to remain

constant, which is consistent with the small strain limitation. 	 The

assumption of continuing orthogonal axis systems also allows the con-

stituitive matrix relating stresses to •strains to remain constant

instead of changing with the deforming axis system of the Eulerian

approach, but the use of a constant constituitive matrix in the Eulerian

approach is equivalent to the use of a deformation dependent constituitive

matrix in the total Lagrangian approach. 	 This can be proved mathe-

matically, but is easily understood intuitively. 	 The total Lagrangian



29

approach itself is valid for large strains, but small rotations,

providing plasticity effects are taken into account, and all integrations

are for the initial volume of the element.

Stresses must be retained for the Eulerian approach, whereas they

may be computed simply from the displacements in the total Lagrangian

approach.	 It is true, however, that the stresses obtained in the

Eulerian formulation are the true stresses of the body in its deformed

configuration, which is easily understood in a physical sense, whilst

the stresses of the Lagrangian approach are referred to.:the initial

configuration, and are less easily understood. 	 On the consideration

of strains the reverse is probably true, it is more natural to relate

strain to the original configuration of the element. 	 The Kirchoff

stresses, however, can be transformed to Euler stresses in the deformed

configuration by use of the formula as given by Fung'5

	

o ..	 YEL	 i	 s	 (2.56)

	

Ii	
Pod0ac1I3

where for small strains the term p/p is unity. If the element local

axes xj are assumed to remain orthogonal then the terms dxj/dcla may be

considered as the direction cosines of the current local axes related

to the initial axis configuration and the transformation is straight-

forward.	 The necessity of retaining stresses in the Eulerian approach

is a disadvantage for computer implementation making it less efficient

for elements other than the simplest types.

The transformation matrix to global coordinates is independent

of the displacement in the total Lagrangian formulation, but in the

Eulerian formulation the transformation matrix is dependent on dis-

placements.	 This consideration often makes the total Lagrangian

approach more computationally efficient and also means that the equations

of equilibrium are a continuous system without need of any incremental

variables, which can be of advantage for some solution techniques.

For large rotations (> 100) the terms of third and higher order

which are omitted from the strain-displacement relationship of the total

Lagrangian approach will become important, causing the equilibrium

equations to become inaccurate. 	 For the majority of applications, the
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total Lagrangian formulation will, be adequate,.but for some cases the

higher order terms would need to be included or the updated Lagrangian

approach used instead.	 For comparable solutions with no accumulated

error the equilibrium equations must be solved by an iterative technique.

The updated 'Lagrangian approach is generally to be prefered to the

natural mode technique because of its more mathematical basis. 	 Natural

modesar'e.difficult to formulate for the more complex element and

require more work to find the corresponding natural forces. 	 However,

the physical arguments of the natural mode approach mean that only

linear strain displacement relationships are required' within the moving,

'underformed' element and the formulation requires essentially only

second order strain energy terms.

With the consideration of greater computational efficiency in

most cases and easier formulation ' than the true Eulerian approach the

total Lagrangian approach seems to be the best choice for general

problems of geometric nonlinearity. There remains, however, one

formulation for geometric nonlinearity which has yet to be examined, the

convected coordinate approach.

The convected coordinate formulation is based on the concept of

a point on the deformed body having ,the same coordinates relative to

the deformed, convected axes as it had relative to the undeformed axes

of the undeformed body.	 The strain in the body is measured by con-

sidering the elongation and rotation of the deformed local axis system

relative to the fixed global axis system. 	 The formulation has some

resemblance to the total Lagrangian approach and is valid for large

strains and rotations, however,, the greater complexity of the convected

coordinate formulation renders it less economic than the Lagrangian

approach, which will produce satisfactory. ' results for most problem of

practical application.	 For examples of the use of convected coordinate

finite eLement formulations the works by Oden 28 and Epstein and Murray29

are recommended.

As far as a formulation applicable to general problems of geometric

nonlinearity i's concerned, therefore, ut appears that the total

Lagrangian approach has advantages over the other formulations both in

case of evaluating the necessary element matrices and in computational
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efficiency.	 The main disadvantage-of the technique is that stresses

are produced referred to an unnatural axis system, which can be

remedied by transformation, and that accuracy will be impaired if highei

order strain-displacement relationships are not used for very large

rotations.	 This latter probleur is overcome by use of the convected

coordinate or Eulerian approaches at the cost of greater complexity, or

may be accommodated, if necessary, by an updated Lagrangian approach.

However, the total Lagrangian approach is in widespread use and is

applicable to a wide variety of problems with good accuracy. 	 Taking

these points into account, the total Lagrangian approach is used through-

out the current study and comparison is made with the Eulerian formu-

lation wherever it is thought useful.

2.4	 Solution of the Equations of Static Equilibrium

Solution of the equations of static equilibrium can be carried

Out lfl several different ways.	 Most techniques for solving the non-

linear equations of equilibrium involve incrementing the applied load

in steps and solving for successive displacement increments. 	 Solution

techniques for the nonlinear equations of static equilibrium are here

classified into four groups.

(a)	 Incremental Piecewise Linearisation or Tangent Stiffness

For a system having undergone n load stepsL\Rwith current load

R and displacement 1 , the tangent stiffness method is characterised

by

K L\r	 t\R
	

(2.57)

where K1 	 is the tangent stiffness based on displacements and stresses
after n load steps i.e. for total Lagrangian approach

K + N 1 (r) + N 2 (r
	

(2.58)

where N 1 (r ) indicates N 1 based on displacements r and the solution
is .of the form

Ar [K111AR
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+ Ar

(2.59)

R 1 Rt\R

The primary disadvantage of using this solution procedure is

that the equilibrium equations are never satisfied exactly and so the

incremental solution tends to drift away from the true solution unless

very small load increments are used. 	 This solution procedure is

generally conceded to be inferior to the other procedures and will not

be discussed further.

(b)	 First Order Self-Correcting

This method attempts to correct equilibrium by using also the

residual out of balance loads from the nth load step as loads in the

(n+1)th increment, that is

K1 Ar AR + (R n - F0 )	 (2.60)

where	 F	 Kr+	 (2.61)

Ar	 [KTfl ] 1 [AR + ( R_ F) 1	
(2 62)

r1r+Ar

The first order self correcting method is appealing since it

requires only one inversion per load step and is far superior to the

tangent stiffness method because the force inbalance from the last load

step is used as a pseudo load in the next step in order to reduce the

drift from the exact solution of the full nonlinear equations. 	 It

yields accurate solutions for reasonable size load steps, but in the

case of a problem of unknown linearity it is often necessary to carry

out the analysis using two different load steps, the second being

perhaps half the previous step size, and compare solutions to establish

that the nonlinear response has been adequately represeiited with the

load steps used.	 This method is often quite successful in tracing the

response of nonlinear structures up to the buckling point providing

a suitable step size is established as suggested.
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(c)	 Newton Raphson and Modified Newton Raphson

The Newton Raphson method is an iterative solution technique

capable of solving the fully nonlinear equations of static equilibrium

exactly.	 For the total Lagrangian formulation it has the form

Kr' +Nç 1 +
n^1

Ar' I K 11 1 ( R 1 - F	 )	 (2.63)

ç1+Ar'
where the superscript indicates the iteration number. 	 The solution is

assumed to have converged when the residual, unbalanced forces R.... - F	itil	 ri*i

reach a sufficiently small value compared to the total applied loadR1.

The tangent stiffness matrix is evaluated at each cycle of the iteration.

An initial guess is needed for the displacement r 141 , which for an
incremental loading solution would normally be

r	 Ar	
(2.64)

where	 Ar [KT i AR
It is, however, possible to solve the nonlinear equations of

static equilibrium by applying the total load in one step. 	 If an

initial estimate of the displacement of sufficient accuracy can be found,

the solution will converge towards equilibrium directly. 	 However,

if the initial guess is not near the true solution the process may

diverge.	 One should also notice that since the nonlinear equations

of equilibrium can be defined for the total Lagrangian formulation in

terms of the applied loads and a nonlinear function of displacement

only, multiple solutions of the problem cannot be ruled Out. 	 Multiple

solutions can be avoided by using the load incrementation procedure,

which also provides more accurate estimates of initial displacement at

each step.	 The Eulerian formulation of the Newton Raphson procedure

requires that the load response of the system be found by summation of

stresses etc., so that an incremental load procedure must always be

carried out.

A ndification of the Newton Raphson approach, in which the

tangent stiffness is held constant during the iteration taking the form
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KTfl	 f(r)	 (2.65)

based on displacements after n load steps, is sometimes used. 	 Clearly

a greater number of iterative cycles will, in general, be required to

reach equilibrium, though overall economy is achieved as only one stiff-

ness matrix has to be inverted. 	 However, convergence of this constant

stiffness matrix technique cannot be guaranteed and the optimum tech-

nique probably lies in updating the tangent stiffness every few cycles

of iteration.

What is essential in both nonlinear processes is a means of direct

calculation of the total force unbalance. 	 It is here that the total

Lagrangian approach has a considerable advantage, since the force

unbalance is readily found from the current displacements and applied

loads only.	 With the exception of a few cases, the Eulerian approach

will require that the force unbalance be found by summing the load

response for each load step, requiring further computational effort.

The Newton Raphson and modified Newton Raphson techniques are

illustrated graphically in Fig. 2.3 	 -

/

(d)	 Direct Minimisation of the Compl(i,thentary Strain Energy-Energ'

Search Methods

Direct minimisation of the complimentary strain energy of a

system is possible if the energy is expressible in terms of a set of

given variables, in this case the displacements. 	 The technique is

to apply the load in a single step and to use the search method to

modify the displacements until the complimentary strain energy is a

minimum.	 For the static equilibrium problem the minimum of the com-

plimentary energy functional (strain energy of system minus work done

by applied loads during displacement) is already known and will be zero

for a satisfactory equilibrium solution.	 There are many search

method algorithms, but the best for this application would seem to be

the method of steepest descent, or the methods of Powell or Fletcher

and Powell.	 Since the energy functional to be minimised is a nonlinear

function of displacement the possibility of multiple solutions is

apparent, also there is a possibility that a local minimum of the energy
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function which is not zero will be-reached and this is not a solution of

the static equilibrium problem. 	 Any solutions for which the energy

functional is zero are true solutions of the global equilibrium problem

but may not be stable solutions. 	 These techniques are not widely used,

and are, at the present time, computationally less efficient than the

Newton Raphson technique for problems involving more than a few variables.
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3 A REVIEW OF SOLUTION TECHNIQUES FOR THE

DYNAMIC EQUATIONS OF EQUILIBRIUM

Using the finite element formulations for geometric nonlinearity

established for the equations of static equilibrium, it is a simple

matter to proceed to the equilibrium equations for the dynamic problem.

Once again, there are differences between Eulerian and total Lagrangian

representations of the equations of motion which characterise the two

approaches.	 The equations of dynamic equilibrium are formulated by

considering the energy balance between T, the kinetic energy, U, the

strain energy, and the work done by generalised forces during displace-

ment.	 The application of Hamilton's Principle leads to the familiar

Lagrange's equation

d (dT \ cii	 dU

	

dtd 1 )dq 1 dq	 0ei
(3.1)

where qj are the generalised displacements and Qei are generalised forces

which we may take to include damping effects. 	 Once the nodal degrees

of freedom of the finite element idealisation have been defined, the

equations of dynamic equilibrium can be expressed as

total Lagrangian

M LI + CL + ( K +	 Rct	 (3.2)

Eulerian

ME + CEr +	 R (t)	 (3.3)

where once again the natural mode method has been used to represent the

Eulerian approach, r indicates the time differential of displacement and

R (t) is a time dependent force.

The elastic forces of the structure are represented by the

formulations described in Chapter 2, whilst the inertia and damping

forces are represented by M L r &.. C Lr , and M E r & C E r in the

Lagrangian and Eulerian systems respectively. 	 The mass matrices,

are characteristically different in the two approaches. 	 For the

Eulerian approach, in which the element local axis system is updated
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Te4J
pTNTN 

dv

V

then we obtain

(3.5)

where

j
vpNTN dv

the consistent element

mass matrix (3.6)
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with displacement, the mass matrix is dependent on the instantaneous

orientation of the element and as such must be a function of displacement.

The mass matrix for a total Lagrangian approach however, is related only

to fixed, initial configuration, element local axes and hence remains

constant during deformation. The element mass matrix may be formulated

by considering the kinetic energy of the element;

Element kinetic energy 	 Te 4Ipü j 2 dv	 elemunt local

VoI	 displacements

If the displacement within the element is represented by (2.12)

The volume integration is carried out over the initial volume for

a Lagrangian approach and over the instantaneous volume for the Eulerian

approach.	 Once again, for small strains the element volume may be

considered to remain constant. Formulation of element mass matrices

is the same in both approaches but, the transformation from local to

global coordinates is displacement dependent for the Eulerian approach.

Having accepted this, it is correct to say that for many element types,

the mass' matrix in the global coordinate system varies little with

element orientation and it is not unusual to keep a constant mass matrix

whilst using an Eulerian approach to the elastic forces.

The damping matrix C could, 'in principle, be derived from element
properties by integration procedures identical to those for the mass

and stiffness matrices, but it is doubtful whether the fundamental material

damping properties necessary are generally known. A more common approach

is to express the damping matrix as a linear function of the mass matrix

and linear, or nonlinear stiffness	 '
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CM +K

in which case coulmentA concerning these matrices apply. Most usually

the damping matrix is assumed constant but : could, of course, be a non-

linear function of velocity though it is not intended to pursue this

further here.

3.1	 Solution of the Equations of Dynamic Equilibrium

Having formulated the dynamic equations of equilibrium, it is

necessary to find a satisfactory technique for the solution of the non-

linear equations.	 For all but a very few problems, an 'exact' analytical

solution will not be possible, and the solution of the nonlinear dynamic

problem is therefore reduced to coupling an integration scheme in time

with the already established structural model. 	 The integration operators

may be split into two basic types, conditionally stable and unconditionally

stable.	 The conditionally stable types are formulated such that a

limitation on the characteristic time increment of the solution is

necessary in order to assure convergence of an iterative cycle. 	 The

unconditionally stable operators will produce nondivergent solutions for

any time increment, but also introduce undesirable characteristics into

the solution.	 The property of unconditional stability is based on the

solution of the linear problem, and there is an inherent assumption that

this property may be carried over to nonlinear problems, but this may

not always be correct.	 By the nature of a nonlinear problem, the

character of the response will depend on how the time operator interacts

with the overall solution scheme, whether the solution is direct or

iterative and whether equilibrium of forces is satisfied approximately

or exactly at every step, so that because of the complexity of the

problem the various approaches can only be examined in an empirical

sense.

All 'numerical integration operators try to represent the dis-

placements, velocities, accelerations etc. of the problem, during a

finite time step length by a polynomial defined by current or previous

solutions.	 It is' thenature of the polynomial description and the

method of solution which produces the different properties illustrated

here.
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3.2	 Conditionally Stable Integration Operators

(a)	 Central difference operator

The most direct solution scheme is obtained by use of the

central difference operator.	 The central difference operator can be

formulated from a parabolic interpolation of displacements at three

points in time, say t+1t, t, t-Lt which are separated by the constant

time increment tat. 	 The displacement of some point at these times is

We express the displacement during the time

increment 2Lt as

r a+ ä1 t+ 02T2

where 0	 2At and a, a 1 , a 2 are constants.	 Solving for the

coefficients a, a 1 , a2 from the known displacements defined at t+t,

t, t-t, the velocity and accelerationat time t may be obtained as

+- r f )	 (3.7)

2L\t
(3.8)

(r	 2rt +r At

At2
whilst the velocity at time t+Lt is given by

+ r
f-At	 (3.9)

2At

writing the equations of dynamic equilibrium (3.2) as

M	 -Kr - C. Rt,	 (3.10)

the solution cycle is formed by calculating the displacement rtfrom(3.8)

and using these values to compute the right hand side of (3.10) and so

obtain acceleration values for the next step.	 The central difference

operator is known to have the maximum stability limit for any explicit

operator of order two.	 It has the advantage of high accuracy and low

computer storage requirements, but the disadvantage of requiring very

small time increments and a special algorithm to generate the backward

time value of displacement at the start of the problem. 	 The very

small timestep necessary means that the central difference operator is

not wide used and it will not be discussed further here.
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(b)	 Linear acceleration algorithms

•	 The linear acceleration operator has, as its name suggests, a

linear interpolation for the acceleration during an individual time

interval.	 The method differs from the central difference approach

in that it uses at its base points only the current and future values

•	 of acceleration, the values of variables at past times are not required.

Using once again a single variable to illustrate the solution, we

consider accelerations at the beginning t, and end t 1 , of a time

incrnent, where t - t = At, to be i and i . 	 The acceleration
1	 0	 0	 1

during the time interval At is given by

r Q+	 (0	 T	 At)

where a , a are constants.0	 1

Solving for a0 , a 1 from the prescribed accelerations at the

beginning and end of the timestep the following may be obtained

i =r0(l-t//t)	 (3.11)

By integration the velocity and displacement at time t 1 , i.e. T =t

are found to be

r1 : r0 + At/2(i0 +i)	 (3.12)

r0 +	 ti'0 + t.t 2I6(2 0 + r)	 (3.13)

Solution of the equations of dynamic equilibrium follows an iterative

cycle.	 Given the value	 at t the procedure is started by assuming

that r 1 = r0 .	 Substitution in equations (3.12) and (3.13) yields

values which are used to compute the right hand side of (3.10) at

t = t 1 , allowing a new value of acceleration 	 to be founds in matrix

form, from

i+1
M 1 [-KC' - C' +R1	 (3.14)

where the superscript indicates the iteration cycle. 	 The procedure is

continued by substituting the corrected value of 	 into (3.12) and (3.13)
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and setting up an iterative cycle which is taken to have converged when

the change in all accelerations r1 is small, typically a few percent

of the last computed value. 	 The value of At necessary for convergence

of the iteration can be found for the linear, undamped problem by

rearranging the iterative cyële as

i.1i+1:: M 1 (	 + Ru 1 ) - Lt I6M K iy
	

(3.15)

where
	

F0 -K Cr0 +.tf + /t2,3i0)

and writing
	

ii + e1

i.y 
:j
	

+e'

	 (3.. 16)

i	 i+1
where	 is the exact acceleration vector at t = t 1 and e, e are the

vector errors on the ith, (i+1)th iterations respectively. 	 For a

convergent iterative solution we require that the errors are reducing,

i.e.	 <	 .	 Substituting equations (3.16) into (3.15) and

remembering that	 is the exact solution we obtain.

e 1 - At 2I6M K e'
	

(3.17)

1+1
In order that	 e <	 e	 the largest eigenvalue of the matrix

t 2ioM K must be less than unity or

It 2I5 X màx (M 1 K) <1	 (3.18)

where Xmax (	) indicates the maximum cigenvalue of the matrix. The

condition for convergence is thus given by

L\t < J5/42 T0min

i.e.	 t < 0.3892 T0 miri
	

(3.19)

when T0 mm is the minimum period of vibration of the structure.

In practice, a smaller timestep than this should be adopted for

rapid convergence, At = 0.2 	 mm would be suitable for most problems.
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The derivation of criteria for convergence of the linear problem above

does not include the effects of damping, but studies have shown that

positive damping tends to enhance the convergence of the algorithm.

The linear acceleration operator as formulated here is one of a family

of operators originated by Newmark 3 ° whose Newmark method is probably.

the most widely used.numerical integration operator for linear or non-

linear problems.	 The equations for velocity and displacement in the

method may be written as

11: r0 +(1-'y) ttr0 + y'ltI1

r1	r0 +	 t 0+(1I2-)	 t 2 U +	 t2.l	
(3.20)

so that the standard linear acceleration operator is equivalent to

= 1/6, y = 1/2.	 The value of	 can be adjusted in order to make

the algorithm unconditionally stable and this will be discussed later,

but the standard linear acceleration operator has the advantage of

high accuracy and low computer storage requirements whilst a much

larger time increment than for the central difference approach may be

used.

(c)	 Cubic interpolation of inertia

Cubic interpolation of inertia is a higher order formulation than

the linear acceleration algorithm, but is essentially similar. 	 For

this algorithm the inertial forces are assumed to vary cubicly between

the times t, t 1 and is expressed as a function of the inertia and its

derivative (i.e: m- nii ).	 This is usually the same as assuming a

cubic variation of acceleration over the time increment, but will be

different if the mass terms vary with displacement due perhaps to a

change in density through the volume of the body. 	 The inertia at any

point throughout the time increment is written as

m1 R1 °0 +	 + 0212 + 031	 (0< t < At) (3.21)

which after solving for the coefficients a ,a 1 ,a2 ,a 3 at t,t 1 results in

R1 (1-2t 2 +3t 3 )R10 + (t-2-t2+t3)R10

(3.22)

+ (31 2 - 2t) R11 + .( t2	c	 )
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where R10 , R ,	 are the inertia and inertia time derivative

at t0 , t 1 respectively.	 The bracketted terms in (3.21) are Hermitian

polynomials, often referred to as beam functions because of their use

in displacement interpolation of simple beam elements, so that the

interpolation represents a finit element in time with nodal values

R10 , R 10 , R 11 , R	 .	 After integration, the values of velocity and

displacement at t1 for the many variable case may be written in matrix

form as	
1

ç i + 112M C 6R1 +R10 6R11 -	 R11 )	 (3.23)

+ tI'+1t2/6OM C iR1 +3tR10 . gR11 - 2AitR 11 )	 (3.24)

and solution of the equations follows closely the iterative cycle

employed with the linear acceleration algorithm. 	 A flow chart for

computer implementation of the cubic interpolation of inertia algorithm

is shown in Fig. 3.1.	 Further detailsof the algorithm may be found

in the paper by Argyris et a1 31 in which it is shown, by a method

analagous to that used here for the linear acceleration algorithm, that

the cubic interpolation operator will converge for tt < 0.503 T0 mm.

Once again, in order to assure rapid convergence of the iterative

solution a smaller timestep, say 1t = 0.3 T 0 mm, is preferable. 	 The

stability of the cubic interpolation of inertia algorithm for a greater

timestep gives it an advantage over the linear acceleration algorithm

and because convergence of the iterative solution is based upon the

change in value of the inertia derivative a higher degree of accuracy

is possible, which will reduce drift from the 'exact' solution if a

large number of timesteps is contemplated. 	 The major disadvantage of

this method is that the use of inertia derivatives means that twice

the number of equations necessary for the linear acceleration algorithm

mast be used.

3.3	 Unconditionally Stable Algorithms

The term'unconditionally stable' is here taken to imply that for

the linear vibration problem, a perturbation in the solution at any

time will not grow larger, whatever the size of the tiiñestep chosen for

the integration algorithm.	 There are many algorithms having the

property of unconditional stability, each has a different degree of



47

accuracy, but all solution techniques using these operators employ a

direct solution involving inversion. For the nonlinear problem, the

direct solution may take two .f arms, a piecewise linear approximation

requiring one inversion per timestep, and an equilibrium iteration,

which is essentially similar to the Newton-Raphson technique for solution

of the static problem . .	 For a generalised unconditionally stable

algorithm the equations of dynamic equilibrium at time t+Lt are

formulated as

°t+t +At Rct+n + F	 (3. 25)

where 1 1 	 is the displacement at t+Lt, 	 is a matrix based on

,Rct+ti s the applied load andF is a load vector involving

displacements, velocities and accelerations at t, and in some cases

past displacements at t-t, t-Tht etc.	 The matrix Dt+t has the

general form

2M +	 +	
(3.26)

where a 1 , a2 are constants and	 the secant stiffness based on

displacements at t^tt so that (3.25) represents a set of nonlinear

equations, solution of which follows an iterative cycle. 	 Let us

represent theapproximate value of displacement on the ith iteration

as	 then the equilibrium error can be found from (3.25) as

Rt+n +F -	 (3.27)

and incremental corrections tothe displacement are generated from

	

D:+, Ar;+L	 (3.28)

where	 IdD)'	
2M + -C +	 .

dr t+L\t
the iterative cycle is completed by evaluating the corrected displace-

ments

1+1

r+L	r +L	 +	 .	 (3.29)
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Therefore, equations (3.26)-(3.29) taken together represent a form of

the Newton-Raphson technique similar to that used for the static problem,

but with 0 , O replacing K, K T .	 Once again, the:process.is

taken to have converged when the equilibrium error forces are sufficiently

small.

The piecewise linear solution equivalent to the first order

self corrector technique of the static problem, takes the form

D Ar	 Rt+ti + F	 (3.30)

and	 rfL\	 r + Ar	 (3.31)

where	
F = I	 LII

As in the case of the static problem, the use of piecewise lineari-

sation will involve drift from the 'exact' solution. 	 Equations (3.30)

and (3.31) are useful in providing an initial estimate of displacement

for the iterative cycle (3.20)-(3.29).

The components of matrices 0, F are given below for three of

the most widely used unconditionally stable operators, together with

some comments on implementation.

(a)	 Houboult Method

The Houboult method 32 is based on a cubic interpolation of dis-

placement between displacements at t+At,. t, t-t, t-21t where t is the

current time and t the step size. Acceleration arid velocity at t+Lt

therefore take the form

ii/t 2 2r5r + 4r	 2Lt	
(3.32)

r	 iiI4t (111	 _ l8r + 9rtt -2 rt2t)	 (3.33)
t+jt

and the components of the 0 and F matrices are

0	 211M2M +	 C +	 (3.34)

F = - iiit2M (- r +	 -	 - 2At	 (3.35)

-1/At0 (-18i + 9r _A_ 22At)
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This operator requires a special starting algorithm to generate

the values of displacement at negative time for the step beginning at

t = 0, this is often based on the assumption of constant acceleratIon

during the first few steps.	 The necessity tostor.edisplacements at

four different times means that •this algorithm is less efficient for

computer application than. some others. 	 Also, because backward time

differences are required, it is difficult to change the timestep

during computation. For the linear problem, it would not be necessary

to change timestep during a solution, but for highly nonlinear problems

a change in timestep as the solution proceeds may be necessary.

(b)	 Newmark Method

The unconditionally stable form of the algorithm of (3. 19) and

(3.20) uses the values	 = 1/4, y = 1/2 and is equivalent to taking

the average acceleration over the timstep based on the end values

t+txt:	
Velocity and displacement at t+t are given by

r	 r + LtI2( i + i	 )	 (3.36)
t+At	 t	 t	 t+it

+ LMit + L\t 2/4( r +	 )	 (3.37)

and the 0, F matrices take the form

D	 41L\t2frl + 2ItC +	
( 3.38)

F	 M( 4It2r +iti	
+

+ C ( 2IAtI	 - 1/21 )	
(3.39)

The implementation of this algorithm requires only the displacement,

velocity and acceleration at time t to be stored. 	 Since the operator

uses only forward differences, no starting algorithm is required.

(c)	 Wilson 0 Method

The method suggested by Wilson33 ' 3 is another modification of

the linear algorithm.	 The acceleration is assumed to vary linearly

between t, t+0tt (0	 1) but is based on the values of acceleration at
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t, t+it.	 Hence equations for- acceleration, velocity and displacement

at t+t are

(1- 0)
	

(3.40)

r	 + (1- e2I2)Ltç + 02/2.LtitAt	 (3.41)
t+ett

r et	 rt+ Lxt	 + Lt 2I2.(1 - o/3)+ e3/6. At2?t+t	 (3.42)

For the linear problem, the equations of dynamic equilibrium at t+Ott

would be solved directly in terms of variables at t+tt, but this is not

possible for the nonlinear problem which must be solved by rewriting

equations (3.41) and (3.42) in terms of r+ø	 using (3.40) to give

0	 611 eit)2 M +3/eAtC +	 (3.43)

F	 MC 6I(eAt?r + 6IeAtr + (31e2-1

+0 C 3/eAtr + (1-3Ie)1 - (1-0I2+3120 2 ç ) (3.44)

The equations of equilibrium may then be solved at t4-8t, but in order

to continue to the next step the values at t+t of displacement, velocity

and acceleration must be found by backward extrapolation. 	 It is

obvious, at this point, that the equations of dynamic equilibrium have

been satisfied at t+Ot, but they are not necessarily satisifed at t-4-it,

so that an equilibrium correction at t+.t must be included in the load

increment at the next time step. 	 This is so even for the linear problem.

The algorithm is unconditionally stable for 0 > 1 .37, commonly used values

are 1.4 and 2.0.	 The piecewise linear, first order corrector form of

this algorithm is easier to apply and its application to nonlinear prob-

lems is ably demonstrated in Reference 34.

(d)	 Cubic Interpolation of inertia

The cubic interpolation of inertia algorithm discussed in section

3.2 can also be modified to be unconditionally stable. 	 The modification

changes the algorithm so that, using the notation of equations (3.23),

(3.24)
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+ M[ At/2( R10+R11 .) + t2I12(	 (3.45)

+ ttr+M [At 2I6(2R1 R11) +t3/24(R10 - R11 )] (3.46)

The unconditionally stable algorithm cannot be used to solve for

displacements only, but the equation of dynamic equilibrium at t+t (t1)

can be solved for displacement and velocity simultaneously. 	 The form

of the solution with this algorithm is modified in that it involves the

inversion of a non symmetric matrix, the constitutents of which are

given, for the linear problem, in the paper by Argyris et al 35 .	 The

equations of the nonlinear problem can easily be formulated by direct

substitution of equation (3.45), (3.46) into the dynamic equations	 <

of equilibrium and their time derivatives at t+t and will not be

derived here.	 The cubic interpolation of inertia is one of a family

of algorithms involving higher order interpolation polynomials for the

acceleration, as detailed in Reference 35.	 The necessity of inverting

a non symmetric matrix of order twice the number of degrees of freedom

is a major disadvantage for all the higher order algorithms when compared

with the linear acceleration types.

3.4	 Comparison of Solution Techniques for the Equations of Dynamic

Equilibrium

In comparison of solution techniques for the equations of dynamic

equilibrium, the various time operators will be considered for their

ability to solve general problems of geometric nonlinearity, ease and

reliability in useand computational efficiency. 	 Since conditionally

stable and unconditionally stable operators represent two different

approaches, it is perhaps best to compare operators in each category

separately and consider the best in each group for application to the

geometrically nonlinear problem.

Conditionally stable algorithms require a very small timestep in

order for the solution to remain bounded as has been shown previously,

but there are in practice some ways in which the time for the overall

solution of a problem can be reduced with little loss of accuracy.

The elastic forces for instance, can be represented by a linearisation
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over several timesteps so that they are calculated from the true elastic

forces, at step n say, plus the tangent stiffness measured at n multi-

plied by the displacement increments accumulated during the next few

steps, after which the elastic forces and tangent stiffness can be

updated.	 In this way, the secant and tangent stiffness matrices need

not be evaluated at every step, every tenth step is probably a useful

value for the minimum number of evaluations. 	 A solution of this sort

will not represent exactly the response of the structure, but will in

many cases be virtually indistiguishable from it.

The algorithms of section 3.2 have a couon requirement that the

mass matrix should be Invertedfor the solution. 	 For the consistent

mass matrix formulation the inversion can be. expensive, but since this

needs to be done once only the expense of inversion may be acceptable.

However, one should remember that even though the mass matrix is banded,

its inverse might well be a fully populated matrix and for even a

moderate number of degrees of freedom, therefore, the storage allocation

needed to retain the upper or lower triangle of the inverted matrix may

become unacceptably large. One solution to the storage problem is to

employ a direct solution technique using the mass matrix at each step,

another possibility is to use not the consistent mass matrix, but a

lumped mass type for which the inversion is trivial. 	 The use of lumped

mass matrices has a good physical basis, if not a correct mathematical

one.	 The elastic forces of the response are characterisied by first

or second order space derivatives of displacement, but the mass or

inertial effects are dependent only on time derivatives of displacement

and can therefore be. adequately represented by lower order displacement

polynomials.	 For the linear problem, the lumped mass approach has the

property of retaining, almost exactly, the low frequency modes, whilst

modifying considerably the high frequency ones. 	 For the nonlinear

problem, the modification of high frequency modes has the desirable

property of increasing the period of vibration and thereby allowing a

larger time increment to be used.	 Whenever lumped masses may be

employed, their use may. be recommended in order to reduce compuational

expense.

The small time increment needed for convergence of the conditionally
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stable algorithm is directly-related to the minimum period of the

structure under investigation.	 For the nonlinear problem, the period

is itself a function of displacement and in some problems, therefore,

a stage may be reached whereby the timestep in use is no longer capable

of assuring co!vergence.	 This •can easily be identified in the itera-

tive solution algorithms by checking the number of iterations needed for

convergence in each step. 	 Should the number of iterations become too

large, 4-5 iterations are normal for convergence of these algorithms, 10

iterations should be considered an absolute maximum, it is a simple

matter to begin the time increment again with a small timestep which

ought to assure rapid convergence. 	 If the number of iterations should

then fall to 2, it maybe taken as a sign that the timestep could

acceptably be increased.	 The iterative solution algorithms thereby

allow a check to be kept on the stability of the process as a matter of

course, however, the central difference approach, being a.one step

technique, cannot be guaranteed stable unless the maximum eigenvalue of

the system is re-evaluated or the initial time increment set so small

as to avoid all problems.

Since the central difference technique requires a. very small

timestep for accuracy (maximum step size is 0.154 times minimum period)

and a direct check on solution accuracy is not easily produced, it is

probable that the extra complexity of the multistep iterative operators

is justifiable, at least for the problem in which the likely order of

nonlinearity is unknown at the start. 	 Of the iterative solution

algorithms, the cubic interpolation of inertia operator will converge

for the largest timestep, but has the disadvantage of using twice the

number of unknowns used by the linear acceleration operator and therefore

requiring the solution of equations of order twice the number of degrees

of freedom. The cubic interpolation of inertia algorithm does not in

practice, however, require double the solution time of the linear

acceleration operator and is justifiable for its greater accuracy,

particularly if the response over: a long period is required.	 The

cubic interpolation of inertia algorithm is a member of a family of

successively higher order polynomials for interpolation of inertia. 	 In

general, it is true to say that the higher the order of interpolation,

the greater the allowable timestep for convergence, but it is doubtful
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whether a higher order interpolation than cubic could be justified for

most problems.

For the solution of a problem of initially unknown order of

geomtric nonlinearity the unconditionally stable algorithms have many

basic points in counnon. In order to examine the effects of using an

unconditionally stable algorithm it is, once more, useful to consider

the linear problem.	 The unconditionally stable algorithm has built

into it a form of numerical damping, which damps out vibrations of modes

with periods substantially smaller than .the:tmmestep used, but retains

the response of lower frequencies modes almost unchanged. The high

frequency modes of a system are a product of the finite element ideali--

sation used, and often have no real meaning as far as the physical

response of the structure is concerned. 	 It is therefore no disadvantage

that these modes, which would limit the size of the timestep to be used

if reproduced accurately, but have little overall effect on the dynamic

response, should be :inaccurately . reproduced.	 However, if too large

a time increment is used the effect on the desired response may be serious,

taking the form of elongating the period and modifying the amplitude.

Indeed, by examination of the generalised algorithm of section 3.3 it is

easily seen that the effect of using a very large time increment would

essentially be to reproduce the static rather than dynamic response.

The numerical damping effects must therefore be considered carefully when

applying unconditionally stable operators to the nonlinear problem.

The Houbolt algorithm is;shown by McNamara 36 to be the most stable

operator for the nonlinear problem either with equilibrium iteration or

piecewise linearisation.	 However, the criterion of stability is

-	 achieved at the expense of higher numerical damping than the other operators

mentiohed here, and thus the timestep used would have to be smaller than

the other types in order to maintain the same level of accuracy over

a large' number of time increments. 	 Since the Houbolt operator is a

backward difference technique, it does not easily lend itself to a

change of timestep during solution of a problem' should this become necessary.

The Newmark algorithm, being a forward difference techniue, has

the advantage that changes in the characteristic time increment are

easily accomplished and no starting algorithm is necessary. 	 For the
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linear problem at least, Argyris 35has shown that period elongation due

to numerial damping grows very rapidly for a time increment greater than

0.1 times the characteristic period of response, but this size of time-

step should not be contemplated for the nonlinear problem in any case.

Argyris . also shows that there is no possibility of this algorithm

'blowing up' for large timesteps providing the stiffness of the system

remains positive, a negative stiffness will, however, cause problems.

McNamara has concluded that this algorithm has only a limited stability

range which may be due to the slightly different form of solution chosen.

From a basis of computational efficiency, this is probably the best

operator, whether used in equilibrium iteration or piecewise linearisation.

The Wilson 0 method has similar numerical damping properties to

the Newmark algorithm for 0 = 1 .4, but has greater stability and consi-

derably greater numerical damping for 0 = 2.0. The operator is diffi-

cult to use in an iterative form and never satisfies equilibrium at the

beginning of a timestep for either equilibrium iteration or piecewise

linearisation solutions. 	 This algorithm should therefore be disqualified

because of computational difficulty in operation particularly when corn-

pared with Newmark .

The unconditionally stable form of the cubic interpolation of

inertia algorithm possesses less numerical damping than the other algorithms

mentioned here, but has the disadvantage that a large, non symmetric

matrix must be inverted at each step. 	 Argyris et al 35 have also shown

that unconditional stability can only be applied tentatively to this

algorithm for the nonlinear problem.

The conclusion must be that, of the unconditionally stable

algorithms, the Newmark method is almost certainly the most practical

algorithm, though the term 'i,nconditionally stable' may be applied only

tentatively.	 The tirnestep used should be small, certainly not greater

than 1/50th of the expected period of the response, though McNamara

concludes that 1/200th is a reasonable value.	 For this size of time

incfement numerical damping will have little effect and there would seem

to be little point in equilibrium iteration, though once again the

solution will 'drift' during a long period of response. 	 Unfortunately,

there would seem to be no easy way of assessing the order of this drift.

As a time integration operator for the solution of a general

•1



problem of unknown order of geometric nonlinearity, a choice remains

between the conditionally stable cubic interpolation of inertia

• algorithm and the unconditionally stable Newmarkalgorithm. 	 The

conditionally stable type obeys equilibrium, to any degree desired, at

every step and can be controlled to ensure convergence almost without

fail.	 The unconditionally stable algorithm can also provide an equi-

librium solution at every step, but at the expense of a costly inversion

at every iteration. The term 'unconditionally stable' may be applied

only tentatively and in this case it is not very easy to assess when a

change of timestep may be necessary, particularly if a piecewise

linearisation is used. 	 On this basis it is the author's opinion tiat

a conditionally stable algorithm of the cubic type is the best operator

available for solution of geometrically nonlinear problems of arbitrary

order, both in terms of reliability and accuracy. 	 The advantage of

the conditionally stable algorithm is greater if the problem to be

solved involves nonlinear damping as well as nonlinear elastic effects.

Computer storage requirements for the conditionally stable algorithm

are small, allowing large problems to be solved without difficulty and

when the large number of matrix inversions necessary for solution with

an unconditionally stable algorithm are taken •into account, the solution

time for the conditionally stable operator is very competitive. 	 The

unconditionally stable operator may, however, be tailored to some specific

problems, perhaps where the main modes of displacement are nonlinear

whilsthigh frequency modes are essentially linear. 	 However, uncon-

ditionally stable algorithms are known to work particularly badly for

impact problems.	 Algorithms of the unconditionally stable type should

not be used with the iterative solution technique for the conditionally

stable algorithms of section 3.2.because it is quite easily shown that

a smaller timestep than that necessary for the conditionally stable

formulation will be needed for convergence and the unconditional stabi-

lity property is lost.

The nonlinear problem by nature does not lend itself easily to

rigid conclusions and so there may be some cases where the suggested

techniques will fail or another prove more efficient. 	 It is clear,

however, that fora general nonlinear problem, solution of the full

equations of motion of even a moderate system will be costly, whether



an unconditionally stable or conditiorjlly stable algorithm is used.

For the problem in which the finite element idealisation involves

fl"- elements with a very high natural frequency, but the overall response

is a low frequency one and is required over a large time period, the

computation expense of the solution may make the problem economically

impossible. The most common example of this problem is the investi-

gation of low frequency free or forced vibrations for which it may be

desirable to locate resonance positions. For this class of problem,

a solution must be sought which, though not exact, will reproduce the

characteristics of the response at considerably reduced cost in com-

putation.	 Such a solution is most easily achieved by the use of a

semi-analytic technique.



58

Fig. 3.1 Flow Diagram for the Cubic Interpolation of

Inertia Algorithm
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4 APPROXINATE EQUATIONS OF DYNAMIC EQUILIBRIUM WITH A

REDUCED NUMBER OF VARIABLES

The range of geometrically nonlinear dynamic problems is wide.

For many problems a transient rsponse only is required and the time

integration operators of Chapter 3, applied to the discrete equations

of dynamic equilibrium, will form an adequate solution technique.

However, some problems will require a response over a considerable

duration of time because either the applied force or dominant mode of

vibration are slowly varying functions of time. 	 If such a response

duration is required and the finite element idealisation is such as to

incorporate modes of vibration with frequencies several orders of

magnitud:e greater than the frequency of response, a choice must be

made between utilising a great amount of computer time on the problem.

or seeking an approximate solution. 	 The most approximate techniques

in the past have involved applying time dependent forces. as static loads

in order to produce some mean amplitude of response, a solution which is

clearly unsatisfactory.	 For the linear problem, solution of the

equations of motion in terms of a reduced number of variables is a well

tried basis of solution for problems involving slowly varying forcing

functions.	 It is therefore logical to attempt to solve the nonlinear

dynamic problem by an inverse method in which the form of the displace-

ment response is described by a number of 'modes' of deformation and the

problem solved with a reduced number of variables.	 The 'modes' of

deformation are taken to be ny set of deflected shapes which may be

considered representative of possible displacements for the problem, and

may in many cases be eigenvectors of the linear dynamic system, though

this is not assumed at this stage.	 The benefits of such an assumption

are dual, firstly, the number of equations of motion to be solved is

reduced and the computation costs similarly reduced, secondly, if the

mode shapes have associated small natural frequencies (in the mean) the

equations may be solved using a conditionally stable integration operator

with a much larger timestep than necessary for the fully discretized

problem.	 Once such a set of modes has been chosen to represent the

spatial variables in the problem, it is then necessary to consider how

the reduced, approximate equations of dynamic equilibrium should be



60

formulated and indeed what the optimum solution method for the time

dependence of the problem should be.

4.1	 Formulation of the Modal Equations of Motion

The modal equations of motion are formulated in the present study

by the widely used Galerkin technique, which is one of a family of

weighted residual techniques.	 In the analytic form, the equations of

motion are formed by multiplying the global equations of motion by the

selected mode shapes and integrating over the space spanned by the

modes; the finite element implementation of this approach reduces to a

process of multiplication and summation. 	 The Galerkin. technique has

the property of making the solution error orthogonal to the chosen

modes, so that the residual forces in the full equations of dynamic

equilibrium produce no work during displacements represented by the

selected deflected shapes.	 No limitations are placed on selecting

modes at this time except that they should obey the boundary conditions

of the spatial discretisation.

Let the displacements at any time be represented by

r
	

(4.1)

where

a matrix of the n selected mode shapes and

A(A 1 A 2 .........A)

a vector of amplitudes which are taken to be functions of time only.

The equations of dynamic equilibrium for the finite element

discretisation of the structure are given by

M +C+Kr + 1I2N 1 r + 1I3N 2r Rt	 (4.2)

and the rth modal equation of dynamic equilibrium for the reduced system

is found using Galerkin's technique as

Mr	 +	 Cr	 +	 Kr
	

(4.3)

+ c1: r ( 112N 1 +i/3N 2 )r 	 Ru
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so that (4.3) represents the equality of two work terms such that the

work done by the sum of the inertial, damping and elastic forces in

the rth mode of displacement is equal to the work produced in that mode

by the applied forces. 	 The modal equations of motion for all n modes

can thus be written by substituting (4.1) in (4.3) as

M4A + ClA + 1TKA

+	 (1I2N 1 +1/3N 2 )	 A	 (4.4)

Assuming that the applied loads and damping are independent of displace-

ment, the first three terms on the left hand side of (4.4) and the term
on the right hand side are functions of time only so that (4.4) may be

rewritten as

mA + cA kA + 1J(112N 1 +1/3N 2 ) cl?A 	 Q) (4.5)

T

where	 m	 the modal mass matrix
T

C	 C	 the modal damping matrix

kTK	 modal stiffness matrix

modal force vector

The term involving the displacement dependent matrices N1 , N2 can

easily be evaluated at any time by reassembling the full displacement

vector using (4.1), formulating the necessary geometric matrices and

carrying out the pre and post multiplication by the selected modes.

Equations (4.5) could than be solved by using one of the algorithms of

Chapter 3 and at each step re-evaluating the full displacement vector r

calculating the matrices N 1 , N 2 and thereby finding the nonlinear

contribution to modal stiffness given by kT( i/2N 1 +113N 2) D.	 it would

be continuously necessary therefore, to interchange between the fully

discretized and reduced form of the equations of dynamic equilibrium

for the problem. 	 Were an Eulerian technique to be used to represent

the nonlinear geometric effects, this elementary, but time consuming

approach, would always be necessary, but by utilising the total

Lagrangian approach it is possible to remove the multiplications in

from the nonlinear term and represent itas a function of A only.

The ordering of strain terms in the total Lagrangianapproach is
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such that the matrices N 1 , N 2 are linear and quadratic functions of

displacement denoted here as

N 1 	N 1 (r), N 2 N 2 (r.r)	 (4.6)

so that by substituting (4.1) into (4.6) the following is obtained

N 1.	 >1N1(.)A1
i::1,n

N 2 	 >1>1N2NP.)AIAJ	
4.7)

i:1nj1,n
which allows the rth equation of (4.5) to be rewritten as

(mA + Cri A + k ri A 1 ) +1/2>1 >1N 1 ( 1 ) A.A.

(4.8)

+ 1/3>1 >1	 N 2 ( cP 1 .t)) kA. A.Ak
1 jl k1

or	 [mrjAj + C r jA j + k rj A i + >1 a1AA+ k1 rijkAjAjAk)]	 Qr(t)(49)

0 rij	 1I2 ('PN 1 (1'1 ) ct 	 rijk 1I3 1N 2 (l 1 )	 k	
(4.10)

The coefficients c •.,	 .. of the quadratic and cubic amplitude
nj	 nijk

dependent terms of (4.9) can be calculated easily at the beginning of an

analysis and remain constant throughout, the equations of motion for

each mode being formulatedby applying (4.9) and (4.10) for all n selected

modes.

By use of Galerkin t s technique and modal synthesis the equations

of dynamic equilibrium expressed inaLagrangianframe of reference have

been replaced by a reduced, approximate set of equations expressed as

Continuous functions of the modal amplitudes and their time derivatives.

The solution of the time dependent problem remaining has now to be

undertaken, and a solution technique chosen from the many applicable

to equations of the type (4.9).

4.2	 Solution Techniques for the Modal Equations of Motion

Solution techniques for equations of the type (4.9) can be split
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into two groups, those in which the form of the time dependence is

assumed and the equations reduced to a set of algebraic equations for

amplitudes of the time functions, and those which solve the equations

explicitly without any major assumptions. 	 For many problems. in which

an approximate response of the structure is required, the form of the

forcing function will be harmonic and in most other cases it can b

represented by a harmonic series.	 Most assumptions on the time solution,

therefore, involve the use of harmonic functions.

Techniques involving an assumption as to the form of the time

dependence are often used where steady state responses are required to

systems under harmonic excitation.	 For the problem involving a forcing

function of the form Q = Psinwt in which.. the modal equations of equi-

librium contain only cubic linking terms the most widely used assumption

is of the form

Ar	 0 r fWt4 brCOSWt	 (4.11)

for the damped problem, and the nonlinear algebraic equations are

formulated by substituting (4.11) into (4.9) and using Galerkin's

technique with weighting functions smut, coswt.	 This is a simple and

effective technique, but for the problem in which quadratic amplitude

terms occur there is no generally accepted expression for the assumed

time function, though it is easy to show that the solution must involve

harmonics of half or twice the forcing frequency. 	 For a general set

of modal equations in which the type of amplitude terms is not known

beforehand the technique is not easily applied, it must be applied on

an individual basis for each problem.

Collocation , techniques are also widely used in the solution of non-

linear problems.	 Fora typical solution, the timespace zero to

infinity is mapped into the region one to zero by a change of time

variable and the amplitude in the new time region as expressed by the

sum of a series of Lagrange polynomials, each of which becomes zero at

a spedific.timewiLthin.thenêw time region. 	 The o1ution is carried

out by solving the equations for dynamic equilibrium at the specific

times at which each polynomial becomes zero, to give the coefficient of



each polynomial and hence the time solution for each amplitude. 	 The

problem is thus reduced to the solution of a set of nonlinear algebraic

equations.	 Once again, implementation of this technique is difficult

for a general set of equations, but for readers interested in the

method the works by Serth 37 and::Br.unner 38 are recommended.	 A number

of perturbation techniques are also applicable to the solution of the

nonlinear problem, these are too numerous to mention in detail, but

the techniques usually result in the nonlinear problem being solved as

a series of linear problems. 	 For general information on the use of

perturbation techniques in nonlinear problems, the book by Nayfeh39

and the paper by Anderson' 0 are useful.

All the above., solution techniques require a direct assumption of

the form of the time dependence of the solution, whilst several require

the analysis of fairly large order nonlinear algebraic equations, the

solutions of which may be multivalued.	 Hence, one cannot assume that

any solution of the dynamic equations found this way is either the most

likely solution or indeed, a stable solution, so that a stability check

must always be made for each solution. • The use of algorithms of the

type described in Chapter 3, however, produces no special difficulty

and they are immediately applicable to any modal equations. 	 Though all

the solutions of a multivalued nonlinear problem cannot be reproduced,

the solutions. produced are stable and will represent any time response,

such as subharmonic oscillations, which might otherwise be neglected in

an analytic technique.	 Fqr these reasons, the conditionally stable

cubic interpolationof inertia' algorithm of section 3.2 was chosen as the

solution technique for solution of the modal equations produced in the

current study.	 .	 .

4.3	 Computer Implementation' and Solution of the Modal Equations

of Motion

-	 There are several points of a general nature which are of use in

the implementation and solution of the modal equations of motion. 	 The

following should be noted.

(1)	 'When evaluating the coefficients a ., 	 .. one can make use of
nj	 rijk



65

the common element displacement interpolation for all selected modes to

reduce the number of evaluations of the matrices N 1 , N 2 .	 The a,
are evaluated in blocks as

1I2 t1N 1 (	 t	 13,	 N 2(PP)	 (4.12)

where

a111 a112 .... . aim

a.	 a2	 .........

t3 liji .......131ijr

I3 nijl .......Pnjn

and the a,	 terms are stored to give a total of n2 acoefficients and

n 3 coefficients for each modal equation. 	 The matrix N 2(D 1 1) is in
general non symmetric so care must be taken to account for this in

formulation.

(2)	 For solution by the cubic interpolation of inertia algorithm,

the time differential of the nonlinear terms a .. A. A., 	 .. A. A. A
nj 1 j	 rijk 1 j k

is required.	 This is simply obtained by multiplying the a and 	 terms

by 2 and 3 respectively and replacing the last modal amplitude in the

term by the modal velocity of the same mode.	 This is equivalent to

using the incremental stiffness matrix multiplied by velocity in the

full equations of motion.

(3)	 If the modes selected are eigenvectors of the undamped linear

system the matrices m, k will be diagonal.	 The form of C will not

be diagonal unless

C 0M^bK

TAben eigenvectors are selected, the timestep suitable for the integration

algorithm may be estimated as a fraction of their associated cigenvalues.
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If the selected modes are not eigenval-ues, a suitable timestep must be

found from the eigenvalues of the modal, undamped problem

(k-m1O

4.4	 Validity of Modal Synthesis for the Nonlinear Dynamic Problem

When a set of modes are to be selected in order to reduce the

scale of the nonlinear dynamic problem an assessment must be made of

the degree of approximation incurred by the selection. 	 For a general

set of modes, perhaps evaluated by applying loads statically, one can

say very little as to the likely convergence of the problem to the

solution of the set of equations obtained from the full finite element

idealisation, and so the use of such modes must be viewed tentatively

unless a special reason exists for their adoption. 	 The use of elgen-

vectors ofthe linear undamped system of equations can, however, be

viewed in a more constructive manner. 	 The various vectors and matrices

associated with the N-dimensional finite element discretization of a

given problem may be viewed in terms of an N-dimensional vector space

and the analysis of the eigenproblem delivers a full set of basis

vectors spanning the N-spcce.	 Any vector in this space may be expressed

as a linear combination of the basis vectors, so that for the problem

in which n eigenvectors of the system are selected the solution of the

reduced modal form of the equations must converge to the solution of

the N-dimensional discrete problem as the number of selected modes is

increased.	 For the linear problem the eigenvectors are orthogonal and

the modal equations uncoupled, so that it is easily possible to select

a set of modal equations to be solved without involving the remaining

equations, but once the nonlinear matrices are taken into account the

selected vectors cease to decouple the modal equations and a displace-

ment of one vector may cause all other vectors to be displaced to some

degree. The selection of a limited set of vectors in a limited

frequency range consistent with the applied force frequency or expected

frequency of response is therefore equivalent to assuming that the

deflections of other modes will be small and that their influence on

the response of the structure can be neglected.	 For problems of mild

nonlinearity this appears to be an acceptable proposition.
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The solution of the modal equations of motion involves no assump-

tion on the nonlinear modal forces and modal equilibrium is satisfied

at all times whilst global equilibrium is satisfied in the mean.

Features of the transient and steady state response of the system will

be revealed exactly, within the • limitation of theselected modes, which

are chosen to represent the probable response of the system accurately.

An important feature of the formulation of the modal equations is that

the solution is totally independent of the original finite element dis-

cretization, which may involve a large number of elements. 	 This may

provide an important time saving over a modal solution using an Eulerian

approach which, for the great majority of cases, requires a return to

the full finite element formulation at every step.because the modal

forces could not be epxressed directly as a simple function of modal

amplitudes.

The modal equations of dynamic equilibrium have been formulated -

and a technique selected for their solution. 	 The validity of the

approximation will now be tested for a range of typical nonlinear dynamic

problems.
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5 APPLICATION OF MODAL SYNTHESIS TO CABLE PROBLEMS

One of the most commonly encountered geometrically nonlinear

structures is the cable.	 Whether a single cable, or a network, the

solution of the finite element representation of the structure by use

of a conditionally stable direct time operator is an extremely lengthy

process because the frequency of extensional vibration of the .cable

elements' is several orders of magnitude greater than the lowest

frequencies of vibration of th& structure that they represent. 	 A

cable structure is considered here as one in which individual elements

are incapable of carrying bending stresses, being effective in carrying

membrane stresses only.	 For the current investigation a cable is

represented by an assemblage of two node 'bar' elements with linear

interpolation of displacements along the element length and constant

strain throughout, so that individual cables or networks with a rapid

variation of tension may require many elements for a good representation.

The minimum period for a cable of constant cross sectional area is

essentially dependent on the length of the smallest finite element in

the idealisation.	 For a cable structure with equal length elements,

this may be roughly interpreted in terms of the solution time of the

full equations of motion by a conditionally stable operator as, com-

putation time varies approximately with the square of the number of

elements.	 It is clear therefore, that the analysis of low frequency

vibrations of such structures by solution of the full set of equations

of dynamic equilibrium would be computationally expensive and advantage

may be gained from the use of an approximate technique.

The problems examined here take the form of two simple structures

for analysis of the effectiveness of the approximate solution and two

problems of current practical interest.

5.1.	 Tensioned String with Point Load

One of the simplest geometrically nonlinear problems to formulate

is the stretched string with centrally applied point load. The string

in this case is modelled by ten pin jointed bar elements, each of which

is 'stretched' so that the prestress in the idealised string is constant

and equal to 1/10th of the total weight of the string. 	 The centrally
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applied point load has a value equal to twice the weight of the string

so that a highly nonlinear response may be expected. 	 Since the problem

is symmetric about the centre line of the string only symmetric modes

need be used, those used here are equivalent to harmonic m = 1,3,5 for

the exact linear mode shapes of a stretched string given by sin mrrx/2..

The mode shapes generated for the finite element representation of the

string are, of course, inaccurate due to the crude element mesh, so that

while the lowest frequency mode of vibration and its corresponding mode

shape are accurately represented, the other modes must be taken as only

qualitatively representing the modes of vibration of a string (see

Fig. 5.1).	 However, this in no way invalidates the use of the ideali-

sation, since the purpose of this problem is to study the similarity,

or dissimilarity, of the response of the idealised structure analysed

both by direct integration of the full equations of motion and an

approximate modal technique. 	 Damping for both solutions was chosen to

be comparable and is here represented as 5% critical damping for each

chosen mode in the analysis. 	 The idealised string was analysed, using

both Eulerian and Lagrangian formulations to represent the geometric

nonlinearity, for a sinusoidally varying force with frequency equal to

the lowest frequency of vibration of the string model. 	 The result of

the analysis ford	 element formulation was the same, producing a

highly nonlinear response with a very noticeable super harmonic vibration

appearing superimposed on the dominant forcing frequency, the first few

cycles of vibration are shown in Fig.5.2. 	 The approximate modal

technique reproduces the amplitude and nature of the 'exact t response

well, but the frequency of the vibration is seen to drift from that of

the 'exact' response as time increases. In the initial stages of the

response the deflected shape of the string was checked and found to be

well represented by the three modes chosen, but at the largest ampli-

tudes the 'exact' response shows some displacement in the direction of

the string axis which cannot be produced by the modal approximation

since the modes used contain only transverse displacements of the string.

This problem was indicated when examining errors in equilibrium of the

global equations of motion at each node for the approximate modal

technique when unbalanced forces in the direction of the string axis

indicated that axial displacements were likely.	 In order to reduce

the axial force errors, the lowest frequency axial mode of displacement
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was added to the assumed displacement variables and the modal analysis

carried out again.	 The effect of the inclusion of the axial mode is

shown in Fig. 5.2, the approximate response now following the 'exact'

response much more closely, though error forces at each node are nOt

greatly reduced.	 The linear response of the string subject to the

same loading is shown in Fig. 5.3 where a maximum amplitude equal to

3.5 times the lengthofthe string is reached, which is clearly unsatis-

factory.	 On comparing with the nonlinear results, the stabilising

effects of the nonlinearity are easily seen, the nonlinear response

reachiiig a steady amplitude much more quickly. 	 For the problem

therefore, the modal approximation using only the lowest frequency

modes of the vibration is capable of giving a good indication of the

amplitude and nature of the response, though it will not reproduce the

time response obtained by solution of the equations of the fully dis-

cretized system accurately. 	 The inclusion of axial modes of vibration

allows the approximate solution to reproduce the 'exact' response more

accurately, but incurs a penalty in solution time because the high

frequency axial modes necessitate a reduction in timestep for the con-

ditionally stable integration operator.	 Nevertheless, the time saving-

is substantial, the Lagrangian expansion using modal coefficients can

be integrated for this problem in only a few seconds compared with

several hundred seconds of computation time on a C.D.C. 6400 for the

solution of the equations of motion of the fully discretized system.

It is clear, however, that we must in future systematically incorporate

the effects of high order modes where it is necessary in order to correct

deficiencies caused by use of the restricted set of low frequency modes.

5.2	 Tensioned String with Evenly Distributed Load

Following on the analysis of the pretensioned string with central

point load, the same structure was analysed for a loading distributed

evenly along the length of the string, with time variation as before,

the total value of which was equal to the point load of the last

problem.	 Initially, the same three modes of vibration utilised in

the point load problem were used as representative displacement variables

and the modal analysis was compared with the 'exact' results obtained

by integrating the equations of motion for the fully discretized system
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subject to the same applied load and damping.	 The two sets of results

are plotted in Fig. 5.4 where one can see that the approximate modal

results are not in good agreement with the 'exact' solution to the

problem, the string central point amplitude being more than 25% in error

at several positions.	 On examining the shape of the modal represen-

tation of the string and comparing it with that of the solution of the

fully discretized system of equations at the same points in time, it

was found that the modal representation of the string was often inaccu-

rate, this being predominatly due to the spiky nature of the mode shapes

for this crude element mesh when compared with the smooth form of the

'exact' solution.	 However, this is not the only source of error for

this problem since the solution of the fully discretized string shows

considerable displacement in the direction of the string axis, but

this cannot be reproduced by the modal approximation since the lowest

frequency modes of vibration involve only transverse displacements of

the string.	 Fortunately an indication of this problem is also given

in the modal solution, where by evaluating errors. in.equilibrium of the

global equations of motion at each node one finds large unbalanced

forces in the direction of the string axis which is indicative that

displacements should occur inLthis direction as well as transversely.

In order to reduce these error forces and to test the effect on the

overall response of the string, the modal analysis was carried out

again with the lowest frequency axial mode of the string included, this

requiring a reduction of the timestep for the conditionally stable

integration operator to 1/5th of the previous value: 	 These results are

also shown in Fig. 5.4, the inclusion of the higher frequency axial

mode providing a remarkable change and improvemnt in the response.

An examination of global error forces at each node also showed a reduc-

tion.

5.3	 Hanging Cable with Constant, Distributed Load

This problem differs from the previous one in that the steady

state displacement of any point in the. cable is already known to be a

constant and thus the response of the structure when the load is applied

instantaneously should be a vibration converging towards the constant
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displacement expected. 	 The unloaded structure is a cable hanging

under the action of its own weight, which forms the well known, shape

of the catenary.	 The form of the catenary must be determined.before

beginning and this is itself a difficult nonlinear problem often

involving gross geometry changes. 	 Here the initial static equilibrium

position of the cable has been found by solving the dynamic problem

for a cable represented by ten pin pointed bar elements of unit length,

with the span of the catenary fixed at the start. 	 An initial position

for the cable was chosen as a parabola in which all elements were

stretched and which was thought to •be close to the exact equilibrium

position of the cable. 	 Applying the weight of the cable as a kine-

matically equivalent loading the equations of dynamic equilibrium were

integrated using a conditionally stable algorithm until a rest position

was reached.	 Normally, this would result in a very large computing

time because of the high frequency extensional vibrations of the

elements, but since only the equilibrium position of the structure is

wanted the dynamic response need not be accurately represented and a

considerable time saving can be obtained. 	 The maximum allowable time-

step is greatly increased by using an artifically large mass matrix

such that the maximum frequency of vibration of the structure is greatly

reduced and the structure is prevented from vibrating significantly by

uing almost critical damping. 	 This technique is known as 'dynamic

relaxation' and requires inversion of the mass matrix only, which may

be arbitrarily chosen to be diagonal, and is therefore simple in use.

For further reading on this subject the work by Otter, Cassell and

Hobbs 41 is recommended.	 In this case, the ten element idealisation

was found to give an , acceptably accurate representation of the catenary

and results in this problem as a catenary with a sag/span ratio of

approximately 0.14. After determining the equilibrium position, the

structure was set in vibration by instantaneously increasing its weight

to values ten and one hundred times the original weight. 	 Direct

integration of the fully discretized equations of motion and the

modal approach were compared for damping represented by 5% and 100%

critical in the primary mode of response.

Once again, this is a symmetric structure with symmetric loading,

so that only symmetric modes of vibration need be considered. 	 All
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modes of vibration of the complete hanging cable were determined arid

it was noticeable that the first symmetric mode has a fairly high

frequency of vibration, since symmetric distortion involves considerable

extension of the cable which is the direction of greatest stiffness.

The low frequency modes of the catenary are non symmetric, in plane,

swinging modes involving very little extension. 	 The modal analysis

was carried out initially using only the first symmetric mode of the

structure.

The results of the.analysis with a dead load of . ten times the

cable weight are shown in Fig. 5.5.	 The single mode response proves

adequate in representing the displacement of the structure and both

the 5% and 100% critical damping problems are reproduced accurately

with only a small error in the constant steady state displacement being

obtained.	 The results could probably be improved by the. use of one or

two more modes, but the results obtained were thought adequate to

demonstr.àte.the feasibility of a modal solution technique.

The results of the analysis with a dead load of one hundred

times the cable weight are less conclusive Fig. 5.6. 	 The steady state,

constant displacement of the cable can be produced with reasonable

accuracy using the first two symmetric modes, but..the transient vibration

with 5% critical damping deteriorates in accuracy quickly. 	 The problem

here is that the initial cable tension is so small that even the moderate

displacements occurring here are sufficient to cause some of the cable

elements to go into 'compression'.	 Since a real cable cannot physically

accept compression, this is simulated in the solution of the fully dis-

cretized equations of motion by removing all effects of elements which

would be in compression and restoring them only when a tensile state

is reached.	 The problem is effectively discontinuous therefore, but

this discontinuity cannot be represented in the modal formulation and

so compressiOn is allowed. 	 The agreement would proably be better if

the fully discretized system of equations was allowed a compressive

state.	 Nevertheless, this problem represents a limitation on the

use of the modal technique because such discontinuities as.compression

cannot be taken into account and so one is restricted to problems where

elements must remain permanently in tension. 	 Agreement between
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Eulerian and Lagrangian modal representations was close, confirming

that rotations were not large enough to cause the Lagrangian approach

to become inaccurate.

The time saving for this analysis is not so great because the

dominant mode of vibration of the catenary is anyway a high frequency

one and a total time saving of less than one order of magnitude must

be expected.

5.4	 Planar Cable Net

The planar cable net Fig. 5.7, is of the type sometimes known as

a cable truss and is a problem previously analysed by Jensen 42 arid

Morris 43 .	 The coordinates of the structure and cable member tensions

are those given by Morris and may be found in Tables 5.1 and 5.2.

Stiffness of the cables is given by EA = 10,500 kg.f for the hangars

and EA = 19,400 kg.f for the main cables.

Morris has analysed the frequency response of this structure, by

direct integration of the equations of motion of the fully discretized

system, for a sinusoidal load of I kg.f applied at Node 12 in the

direction of the y-axis of Fig. 5.7 and also gives the lowest frequency

modes for vibration of the complete net in the x-y plane.	 The net, for

which the frequencies of vibration were found experimentally by Jensen,

has lumped masses of 0.03 kg at the upper nodes and 1 kg elsewhere and

the five lowest, measured frequencies of vibration were 5.7, 8.7, 10.9,

12.7 and 12.8 Hz.	 Sufficient data is therefore available for a com-

parison with an approximate, modal technique to be easily and accurately

carried out.

As a prelude to the analysis proper, the linear mode shapes and

natural frequencies of the net were obtained. 	 The use of a lumped mass

matrix allows some saving in computational effort to be made by modi-

fying the standard eigenvalue problem as follows:-

The linearised equations of free undamped vibrationof the system are

+ KrO	 (5.1)

which reduces to the eigenvalue problem

[K -w2 MJO	 (5.2)
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For the particular case in which M is diagonal, the mass matrix

is easily inverted and the dynamic matrixII Ncould be simply evaluated

and a standard cigenvalue problem produced. 	 However, because M is

diagonal the matrix M K5 not symmetric and an algorithm to find the
elgenvalues and eigenvectors of a non symmetric matrix is much less

efficient than those for the standard symmetric problem. 	 The following

modifications are therefore introduced:

1/2

writing	 M	 1ii	 ...... . TJ	 (5.3)

5.2 may be rewritten as

112-1/2

[KM 
w2 M112 }M cJ = 0	 (5.4)

1/2	 -1/2

If we now write yM and premultiply (5.4) by M	 the

equation reduces to the standard eigenvalue problem

[R- w2Ily =0	 (5.5)

where	 K = tV1112K M'2 Symmetric

The determination of the five lowest frequencies of vibration

and their corresponding eigenvectors by this technique is extremely

rapid, requiring only a few seconds compution time on the C.D.C. 6400.

Table 5.3 gives the first five mode shapes for the planar net and their

corresponding frequencies of 5.71, 8.06, 10.45,. 11.95 and 12.93 Hz, which

are in close agreement with those frequencies found experimentally by

Jensen.

Mirris analyses this structure for two different mass distri-

butions.	 The unmodified structure proves to have a frequency spectrum

of 5.71-1558.67 Hz, but by changing themass distribution to values of

0.5 kgat each node the frequency spectrum is narrowed to 5.8-382.15 Hz,

the significant reduction in the highest frequency being expected as

the higher modes predominantly represent the oscillation of individual

nodal masses.	 Since the analysis carried out by Morris made use of a

conditionally stable time integration algorithm, the modified mass

distribution has a major advantage in allowing a much larger timestep
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to be used, whilst the response of the net remains virtually unchanged.

An eigenvalue analysis for this modified mass distribution was carried

out, revealing frequencies of 5.80, 8.19, 10.62, 12.15 and 13.17 Hz with

mode shapes substantially unchanged from those for the original mass

distribution which are sketched in Fig. 5.8.

Damping for the system was given by

C	 b 1 M + b2K	 (5.6)

with b 1	0.5 and b2 0.002

The nonlinear modal analysis for this structure was carried out

in several different ways.	 Firstly, a solution was attempted with the

single lowest frequency mode of the linear system. 	 With the selected

mode, the Lagrangian expansion detailed in Chapter 4 was used to deter-

mine the quadratic and cubic modal coefficients, but due to the

structure having an axis about which it is nearly doubly symmetric and

the mode selected, the quadratic coefficient is found to be small and

may be neglected in comparison with the cubic term. With this in mind,

an analysis of the forced response of the assumed mode shape was carried

out using an analytic technique for the solution of Duffing's equation

suggested by Stoker (see Appendix 1) and was compared with the solution

of the single mode equation obtained by direct integration in order to

establish how the integration algorithm would produce the jump phenomenon

associated with cubically stiffening structures.. 	 Secondly, the modal

equations of motion were integrated using a direct time operator with

three and five selected modes and the geometric nonlinearity represented

by both Eulerian and Lagrangian formulations for direct comparison.

,The results of the single mode nonlinear analysis is shown in

Fig. •5. and is compared with the linear response obtained using the

same mode and those given by Morris at three separate frequencies.

The characteristic 'leaning' of the amplitude frequency curve for

cubically stiffening structure is clearly visible. 	 Compared with the

linear response, for which there is only one possible amplitude at each

forcing frequency, there are, in the nonlinear case, at some forcing

frequencies three possible amplitudes . Of the three amplitude roots
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obtained analytically, the middle-value is unstable and it is difficult

to say which of the other two is the most likely to occur. 	 The

characteristic jump phenomenon refers to the 'jump' between the high

amplitude and low amplitude branches of the curve as the frequency is

increased.	 Damping for the single mode problem was 4.4% critical.

The single mode solution reproduces the general characteristics of the

response well, although detailed comparison is difficult because of

the small number of points obtained by Morris. 	 Comparing analytic and

direct integration solutions of the single mode equation of motion, it

is evident that the numerical technique cannot reproduce the full curve

for the nonlinear response. 	 As has been previously stated, the

direct integration algorithm will always produce a stable response and,

as expected, converges to the stable branch having the lowest energy

and thus displacement. 	 Nevertheless, it shows that a very good evalua-

tion of the response of a cubically stiffening structure can be made

by direct integration providing the nonlinearity is not too great and

indeed, the lowest energy solution obtained for frequencies where

multiple amplitudes are possible may reflect physical reality.	 During

the direct integration process at these frequencies, the amplitude could

be observed moving towards the unstable root, after which it dropped

rapidly to the lower stable branch.	 One point obtained by Morris

appears to represent an unstable solution, and it may be therefore,

that he did not wait long enough for the response to settle down. It

may be possible, by some numerical technique, to force the integration

algorithm to produce the higher stable amplitudes, but this must at the

moment be speculative.

Fig. 5.10 represents the results from the multi-mode study, the

damping being represented by 4% critical in the first mode and 2%

critical in the others, which is equivalent to the damping used by

Morris in his study.	 Once again, the general features of the response

are well represented, but some further details are added overall. 	 The

larger amplitude of vertical displacernent'of Node 3 over its image

point Node 12 above a frequency of 6.7. Hz is obtained and is clearly

shown in the analysis by Morris. 	 This effect, which is a result of

participation by higher frequency modes, cannot be produced by a single

mode solution.	 Three mode solutions were carried out using modes 1,2,3
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and 1,2,4 because mode 3. proved to participate very little in the

response and this substitution provides some interesting changes in

displacement at some frequencies.	 In general, there was little

difference between results obtained using an Eulerian:representation

of nonlinearity and the coefficient expansion of the Lagrangian formu-

lation.	 The effect of quadratic coefficients in the modal equations,

whereby a node will not displace the same distance in a negative

direction as in the positive direction, was quite noticeable at some

frequencies and therefore amplitudes at some points are averages.

Comparison of computation time for this problem shows the time

saving to be made by using this approximate technique. 	 For a three

mode solution, the evaluation of all necessary modal coefficients for

the Lagrangian expansion of Chapter 4 took 3 secs on the C.DC. 6400

• and numerical integration of the equations of motion up to a steady

state response, which often required approximately 20 cycles, took

about 10 secs.	 The same problem analysed using the Eulerian repre-

sentation of geometric nonlinearity took approximately 45 secs for

each frequency point, but it should be noted that the Euleriari formu-

lation for this element type is particularly rapid and one must expect

that most problems would show a greater bias in favour of the Lagrangian

coefficient analysis.	 An estimate has been made of the computer time

necessary for solution of the unreduced equations of motion by direct

integration and this in excess of 1000 seconds for each point, so that

the saving by the approximate technique is indeed very substantial.

In a subsequent paper, Morris 44 has recently carried out a non-

linear analysis of this structure by an approximate, modal technique.

Up to fourteen modes were used without convergence to the response

indicated by direct integration of the unreduced system being obtained.

The Newmark algorithm with = 1/6 (conditionally stable) was used to

integrate the modal equations of motion with the geometric nonlinearity

represented by what appears to be an updated Lagrangian technique.

The solution technique involved direct substitution of the algorithm

into the equations of motion with matrix inversion at every timestep

and several iterations per step, so that it was essentially the

solution technique given in Chapter 3 for the unconditionally stable

Newmark algorithm but with the conditionally stable formulation. 	 It
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is possible that the timestep used was too large, the iterative cycle

would not break down in this case, but errors in the response can grow.

Also it is possible that a linearisation of the elastic forces during

a timestep was used, which is invalid with the large timesteps taken.

Morris states that results compared well for a few cycles and then

drifted rapidly from the 'exact' result, which may be an indication

of the errors mentioned above.	 From the results of the study under-

taken here, it is difficult to see why such an analysis should not

have produced accurate results.

5.5	 Hyperbolic Cable Net

The hyperbolic cable net Fig. 5.11, was also the subject of an

analysis by Morris.	 The nodal coordinates and member tensions for

the structure, given by Morris, are reproduced in Tables 5.4 and 5.5,

the cable stiffness parameters being EA = 15,500 kg.f for interior

cables and 40,300. kg.f for boundary cables.	 The mass of the net is

represented by lumped masses of 0.5 kg at each interior node and

0.03 kg at the boundary nodes, whilst the system is excited by a sinu-

soidally varying load of 4.9 N applied parallel to the z axis at Node

12 for vibrations in the x-z plane (refer to Fig. 5.11).

Once again, the five lowestfrequencies of vibration of the

linearised structure and their corresponding mode shapes were found

directly and are given in Table 5.6. In his analysis, Morris found

frequencies of 8.16, 8.8, 9.65, 9.95 and 10.4 Hz, which is in close

agreement with the results of the current study at 8.15, 8.8, 9.65, 9.97

and 10.44 Hz.	 The frequency spectrum of the structure is such that a

solution of the equations of motion for the fully discretized structure

by a direct time operator of the conditionally stable type would require

a tirnestep of 0.00025 sec which was considered to produce too greater

computational cost for the frequency response analysis to be carried

out.	 Morris therefore modified the mass distribution of the structure

to lumped masses of 0.5 kg at each node, keeping the other parameters

for the net constant, thus admitting a timestep of O.0025 sec.. :An

analysis of the modified linear structure showed frequencies of 7.71,

8.57, 9.25, 9.43 and 10.26 Hz in the current study, the lower frequencies
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being expected because of the higher -overall mass of the net. 	 Morris

states that the modification of mass distribution has little effect on

the modes of vibration, but comparing the modes of the modified struc-

ture, Table 5.7, with those for the original mass distribution, it is

possible to see that though both have similar modes, they occur in a

different order.	 Nevertheless, it is probable that the response of

the modified structure will be of a similar nature, though points of

interest will occur at different places in the frequency spectrum.

An approximate, modal, nonlinear analysis of the modified

structure was undertaken using firstly, the single lowest frequency

mode with the forcing frequency varying between 7.5 and 8.2 Hz and

secondly, a multimode study (using 3 selected modes) with the forcing

frequency at 7.7 and 8.05 Hz at which frequencies Morris had obtained

results by direct integration of the unreduced system. 	 Damping used

was again 4% critical in the first mode and 2% critical in other modes.

The results of this study are shown in Fig. 5.12. 	 The lowest

frequency mode of this structure is also of such a form that the quad-

ratic	 coefficient of the Lagrangian expansion can be neglected in /

comparison with the cubic term, however, considerable difficulty was

found in predicting a frequency at which three roots of the Duffing's

equation solution to the problem could be found analytically, and as

it is felt that this frequency range is very small it s not shown.

The single mode response reproduces well the displacements of the

Node 12 at the two points available for comparison, but cannot show

the interaction of other modes which produces a smaller displacement

of Node 13 at 7.7 Hz- than for Node 12. 	 The three mode response shows

this effect, but cannot produce the same order of difference shown by

direct integration.. At the frequency of 8.05 Hz the results are more

ambiguous.	 From the single degree of freedom response one can con-

clude that this structure is not very nonlinear in this amplitude range,

a point also made by Morris in his study, and so one might expect linear

and nonlinear- results to be similar in nature. 	 Displacements obtained

from the three mode approximate nonlinear analysis show similar effects

to the linear analysis, though they of course include the effect of

cubic stiffening, but- are in disagreement with Morris' direct integration

results in regard to the displacement of Node 13. 	 It is possible that
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this discrepancy could be resoLved by the use of further modes. 	 A

similar analysis was also undertaken for the unmodified structure and

is shown in Fig. 5.13.	 The considerably larger displacements are

the expected reflection of the lower overall mass, the nature of the

response, however, remains similar to that of the modified system.

In his later paper on approximate modal analysis of cable net-

works, Morris undertakes the analysis of a hyperbolicnet of simpler

design, but similar nature, with apparently very good results.

Unfortunately, sufficient data is not given for these results to be

reproduced.	 However, taking into accountthe discrepancies, the

approximate analysis provides a.reaonsable insight into the response of

this cable net at a major saving in computational effort.

5.6	 Conclusion

A numerical technique has been developed for obtaining the

approximate dynamic response of cable structures up to steady state

amplitudes.	 It has been shown that for most problems a multi-mode

solution is necessary, the response of which can be easily and accurately

obtained using a direct time operator technique, whilst the Lagrangian

expansion for quadratic and cubic modal coefficients has proved rapid

and efficient.	 The present technique shows encouraging agreement with

results obtained by direct integration, yet offers large savings in

computation time.

Some, difficulties have arisen, most notably in the analysis of

the pretensioned string with point or distributed time varying load

when it became necessary to include axial, high frequency modes of

vibration.	 The inclusion of such high frequency modes has several

disadvantages; firstly, the high natural frequency necessitates a

decrease in timestep for the integration algorithm with a consequent

Increase in computation time, though this will still be shorter than

for the solution of the unreduced problem provided only a few modes are

used, and secondly, it now becomes necessary to find all modes of the

linear system and to exercise considerable insight when deciding which

high frequency modes should be used.	 Since the neglect of these modes

canin some cases considerably influence the response of the structure,
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it would be useful to have a method--which could include their effects

more easily.	 It is possible that the lack of an in plane extensional

mode is also responsible for the discrepancy of results found in the

hyperbolic cable net problem. 	 Hyperbolic membranes have almost

inextensional solutions to normal static loading and in plane modes

are therefore likely to be important.



83

NODE	 COORDINATES (cm.)

x	 I

	

1	 24.3	 -39.1

	

2	 25.0	 -5.9

	

3	 49.9	 -34.3

	4 	 49.9	 -10.8

	

5	 75.1	 -31.3

	

6	 75.3	 -13.3

	

7	 100.8	 -30.4

	

8	 100.9	 -14.5

	

9	 125.9	 -31.5

	

10	 125.9	 -13.3

	

11	 151.3	 -34.3

	

12	 151.4	 -10.8

	

13	 176.2	 -38.7

	

14	 177.7	 -6.3

	15	 201.6	 -44.7

	

16	 201.0	 -0.5

	

17	 0.9	 -44.6

	

18	 0.0	 0.0

Table 5.1 Coordinates for the Planar Cable Net
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TENSION (kg.f.) 	 EA (kg.f.)

1	 30.00	 19,400

2	 29.67

3	 29.40

4,5	 29.19

6	 29.46

7	 29.64

8	 29.91

9	 30.24

10	 29.55

11	 29.46	 ft

12,13	 29.19

14	 29.40

15	 29.64

16	 30.00

17-23	 2.25	 10,500

Table 5.2 flember Tensions and Stiffnesses for the

Planar Cable Net
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NODE	 tUCY (Hz)

	

5.71	 8.06	 10.45	 11.95	 12.93

	

1	 -0.325 -0.326 -0.546	 0.175 -0.563

	

2	 -0.322 -0.324 -0.545	 0.174 -0.564

	

3	 -0.476 -0.205 -0.149 -0.422	 0.120

	

4	 -0.477 -0.206 -0.150 -0.424	 0.121

	

5	 -0.339	 0.309	 0.361	 -0.574 -0.365

	

6	 -0.337	 0.310	 0.362 -0.576 -0.368

	

7	 0.007	 0.617 -0.001	 0.225 -0.426

	

8	 0.008	 0.619	 -0.001	 0.226	 -0.428

	

9	 0.346	 0.363 -0.560 -0.249 -0.059

	

10	 0.346	 0.363 -0.562 -0.251	 -0.059

	

11	 0.481	 -0.195	 -0.165	 -0.544 -0.078

	

12	 0.483 -0.196 -0.166 -0.548 -0.078

	

13	 0.527	 -0.378	 0.374	 0.027 -0.515

	

14	 0.335	 -0.388	 0.385	 0.029 -0.531

Table 5.3 First Five Modes for the Planar Cable Net
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NODE	 CO0RDINAT3 (cm.)

x	 y	 z

	

1	 -30.0	 60.0	 11.4

	

2	 0.0	 60.0	 9.7

	

3	 30.0	 60.0	 11.6

	

4	 -60.0	 30.0	 20.3

	

5	 -30.0	 30.0	 15.6

	

6	 60.0	 30.0	 14.1

	

7	 30.0	 30.0	 15.8

	

8	 60.0	 30.0	 20.2

	

9	 -60.0	 0.0	 21.4

	

10	 -30.0	 0.0	 16.9

	

11	 0.0	 0.0	 15.5

	

12	 30.0	 0.0	 17.2

	

13	 60.0	 0.0	 21.7

	

14	 -60.0	 -30.0	 19.9

	

15	 -30.0	 -30.0	 15.4

	

16	 0.0	 -30.0	 13.9

	17	 30.0	 -30.0	 15.6

	

18	 60.0	 -30.0	 20.2

	

19	 -30.0.	 -60.0	 11.1

	

20	 0.0	 -60.0	 9.5

	

2.1	 30.0	 -60.0	 11.3

	

22	 0.0	 -105.0	 0.0

	

23	 0.0	 105.0	 0.0

	

24	 -105.0	 0.0	 33.0

	

25	 105.0	 0.0	 33.0

Table 54 Coordinates for the Hyperbolic Cable

Net
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EMBER	 TENSION (kg.f.)	 Ek (kg.f.)

	1,2	 16.3	 15,500

3-6	 16.4

	

7-12	 16.7

13-16	 16.6

17,18	 16.4

19,20	 18.7

21-24	 18.9

25-30	 16.5

31-34	 16.6

35,36	 16.5

37-41	 101.0	 40,300

42	 104.7

43-47	 103.7

48'	 94.7

Table 5.5 Member Tensions and Stifmnesses for the

Hyperbolic Cable Net
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NODE	 FYUENCY (Hz)

	

8.15	 8.80	 9.65	 9.97	 10.44

	

1	 -0.083	 0.092 -0.079 -0.119 -0.088

	

2	 -0.029	 0.574 -0.481	 -0.033 -0.089

	

3	 0.064	 0.116	 -0.008	 0.116	 0.082

	

4	 -0.135	 0.032 -0.076 -0.133 -0.049

	

5	 -0.276	 0.251	 0.126	 -0.526	 -0.579

	

6	 -0.017	 0.591	 0.125	 -0.016	 0.036

	7	 0.264	 0.331	 0.132	 0.524	 0.700

	

8	 0.136	 0.042. -0.075	 0.139	 0.068

	

9	 -0.613	 -0.005 -0.519	 -0.198	 0.644

	

10	 -0.562	 -0.025	 0.311	 0.011	 -0.261

	

11	 0.030 -0.006	 0.659	 -0.007 -0.010

	

12	 0.603	 0.017	 0.282	 -0.017	 0.248

	

13	 0.625	 0.023 -0.538	 0.223 -0.625

	

14	 -0.159	 -0.010	 -0.063	 0.127	 0.021

	

15	 -.0.332 -0.281	 0.237	 0.786	 -0.277

	

16	 0.019	 -0.644	 0.178	 0.020	 0.017

	

17	 0.354 -0.309	 0.202 -0.787	 0.242

	

18	 0.151	 -0.029	 -0.072	 -0.128 -0.025

	

19	 -0.101	 -0.080	 -0.066	 0.142	 -0.013

	

20	 0.006 -0.656 -0.591	 0.041	 0.059

	

21	 .0.100	 -.0.094	 -0.074	 -0.138	 0.014

Table 5.6 First Five Modes for the Hyperbolic Cable

Net -. 0.03 kg. ma8ses at boundary nodes
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NODE	 FR1JECY (Hz)

7.71	 8.57	 9.25	 9.43	 10.26

- 1	 0.144	 0.140	 0.281	 -.0.122	 -0.145

2	 0.029	 0.565	 0.077 -0.436 -0.044

3	 -0.120	 0.203	 -0.245	 -0.153	 0.146

4	 0.198	 0.067	 0.288 -0.119 -0.086

5	 0.286	 0.232	 0.552	 0.186 -0.458

6	 0.018	 0.534	 0.035	 0.180	 0.021

7	 -0.268	 0.359	 -0.529	 0.129	 0.528

8	 -0.196	 0.112	 -0.274	 O.149	 0.107

9	 0.548 -0.001	 0.112 -0.498	 0.692

10	 0.481	 -0.042	 0.013	 0.310	 -0.112

11	 -0.024 -0.019 -0.023	 0.592 -0.010

12	 -0.517	 0.013 -0.037	 0.295	 0.098

13	 -0.557	 0.043 -0.085 -0.512 -0.692

14	 0.236 -0.035 -0.240 -0.127 -0.026

15	 0.340 -0.286 -0.632	 0.199 -0.392

16	 -0.023	 -0.592 -0.060	 0.164	 0.026

17	 -0.370 -0.345	 0.570	 0.223	 0.408

18	 -0.231	 -0.078	 0.247 -0.123	 0.025

19	 0.173	 0.118 -0.253	 -0.135	 -0.083

20	 -0.012 -0.609 -0.034 -0.583	 0.016

21	 -0.177	 -0.158	 0.249	 -0.129	 0.084

Table 5.7 First Five Modes for the Hyperbolic Cable

Net - 0.5 kg. masses at all nodes
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Frequency 5.71 Hz.

Frequency 8.06Hz.

Frequency 10.45 Hz.

Fig. 5.8 Five Lowest frequency modes for

the Planar Cable Net.



Frequency 11.95 Hz.

Frequency 12.93 Hz.

Fig. 5.8 continued.
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Fig. 5.11 HyperboLic Cabte Net

23

//\\

37 7 48

1g 220\3

38	 8

/1±22 
6f 2324

17	 4639	 1

24	 52	 28+29 1 13 30>25

	

10	 15	 18	 45
N 1_ 32 4 33347L7'

41	 11	 16 44

42 12 43

242	 g	 W	 ui	 25

x
22.23



-e-.
ci,

z

C)

0 U)
t	 ci)
()D

'1

o c

0=
0

ci	 -

0
>,

0
Lfl

CD

(I)
c C
00

t-

>
U)

ci) U)

ci

:3 ci

0_. -

E0

N

U
c
0)

0
C)

Li-

p

It,
N

L()

IL

102
9	 a,

cc

a.,	 -
- o
0)

Q'U)	 C
.	 (u).

-	
.!;'

U	 a.'	 j

	

-o.E	 •;	 U)

.-a) -

•-cO C
a	 a.'

	

L	 Ifl

L 1-	 W	 a.'
OC	 L0 L
i	 Qtfl ø -c

cC	 -.4	 N
CD	 CD	 c

(W3) ;uewernlds!a



103.
U,
a,

a,	 j
0

.E	 E
U)	 CV)

>.>;
- 0

0

U) -D

a.,E

N

>..

Q)
:
0
U)

IL

co

D
o
z 0

-c
-I-

-4-.

a)

U)
-fl 0

CQ
>-
I-

-
o c

U)ofl
>'

o o

Q) (4)

'cD

a-
(1)
U) 0

3
>'-o

)	 U)

crD

U)
i-	 (I)
*- U)

a)
-D
3 ci
t

0-cn

<0

Q

(4,

LI)

IL
d	 o

(w3) ;uawerndsi



1.04

6 A MODIFICATION TO INCLUDE HIGH ORDER MODES

For the approximate analysis of a geometrically nonlineai struc-

ture, a.' modal technique has been developed which utilises only the

lowest frequency linear modes of vibration to represent the displacements.

Under some circumstances, the inclusion of high frequency modes of

vibration, which in the nonlinear problem are always linked to the

lower frequency modes, may influence the calculated response of the

structure to such an extent that incorrect answers may be obtained with-

out them.	 However, up to this time it has been necessary to find only

the lowest frequency modes of vibration of the linear system and so the

inclusion of high frequency modes will make it necessary to find all

modes and to exercise considerable judgement in which modes to choose.

The selection of a larger number of modes in this case would also make

formulation of the modal equations more time consuming and increase

computational time for the analysis . of the response because of the con-

sequent necessary decrease in allowable timestep. Having taken these

factors into account, a method was sought to include the effects of

high frequency modes without finding all modes of the linearised system

or explicitly including high frequency modes in the reduced equations

of motion.	 Such a method was formulated by consideration of the

equations of motion for a single made vibrating in the nonlinear range.

6.1	 An Example of Linking with a High Frequency Mode

As an example of a problem in which the link with a high frequency

mode may be important, a straight, pin ended beam is chosen.	 If the

beam vibrates in its lowest frequency transverse mode of vibration

with amplitude A 1 , the linear, quadratic and cubic elastic forces can

be represented by

linear	 K1 A1
quadratic	 lI2N1(1) t1 A

cubic	 1i3N2(c111:1) l
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An elementary study will show that in the Lagrangian

frame of reference, the quadratic force vector is along the axis of

the bar, whilst the linear and cubic vectors are transverse, so that

the quadratic forces are orthogonal to the selected transverse mode

of vibration.. Since the axial forces produced by the transverse mode

must produce some displacement, one concludes that an axial, high

frequency mode of displacement (1) 2 , amplitude A2., must also be

included in any analysis.	 Forming the modal equations in these two

modes one obtains the form.

m 1 A1 + c1 A 1 + k1A1 
+	 + a112 A 1 A2 a121 A2A1 o	 (6.1)

m 2 A2 + c 2A2 + k2 A2 + a 211 A	 0	 (6.2)

On examiñiñg equation (6.2) for the high frequency mode, one sees that

the vibration of such a mode is apparently a forced linear response with

forcing function equivalent to -c 211 A l 2 .	 Furthermore, if A1

vibrates at low'frequency, and(6.2) is an equation for a high frequency

mode, one might expect the response of A 2 to be quasi-static, so that

one might say

A2
	 (6.3)

On substituting (6.3) into (6.1), we note that the terms

and a 121 A2A1 become cubic in A 1 and represent the changes in nonlinearity

of the selected low frequency transverse mode due to the presence of

axial displacements.	 Here, only one axial, high frequency mode has

been included, but in general all such modes would be subject to a

similar response, and it would therefore be useful if they could all be

included automatically. 	 Noting the points made above, that such modes

may occur linearly and quasistatically, a formulation may be evolved

to include the effect of these modes without having to explicity pro-

duce modal equations.
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6.2	 A perturbation Technique Co Include Effects of Linked High

Frequency Modes

Consider the equations of motion for the free, undamped

vibration of a body in the nonlinear range,where the displacement is

chosen to be represented by a linear mode	 .	 The linear mode is

no longer an exact mode of vibration of the body, so that considering

the unreduced equations of motion we have

M d?1 A 1 + K 1 A1 +1/2N11A + 1I3N2 ? 1 t 31	 0

R	 say (6.4)

where R is a residual, out of balance force and A 1 is the amplitude

of the selected modewhich satisfies

T'.	
^ K 1 A1 + 1/2N 1 A + 1/3N 21	)	 0	 (6.5)

Then 1R ü , the residual error is orthogonal to the selected mode

shape as expected from the use of the Galerkin technique in (6.5).

Assuming, in general, that the quadratic force vector of the selected

mode N 1(t 1 ) 1 5 not orthogonal to the chosen mode, then

ct	 (6.6)

At this point, we introduce the idea that jus.t as any displace-

ment in the N-dimensional vector space associated with the finite

element discretization can be represented by a linear combination of

the N independent eigenvectors, then the nonlinear elastic force vectors

due to our selected mode may be represented by a linear combination of

the linear elastic forces vectors due to the N-eigenvectors, each of

which does work only in its own mode. 	 Using this idea, we split the

vector 1/2N 1 into two terms

iting	 k1

then	 1I2N 1 (l 1 ) ct'1 2tuK 1 + [112N t 1 )cp1 - 2niK	 1	 (6.7)
k 1	 k1	 1

and rewrite (6.4) as



.s.

+ K1 1A+	 K 1 A + E1I2N 1V 1)t 1 - iii.K, ]Ai
1 k1

+ 1/3N 2( 1 1 CP1 ) t 1 A 	 R	 (6.8)

cL 111 .' ,+. 2
the force -j----r'4A1 does work only on the eigenvector '' whilst

the term in brackets ( I in (6.8) does no work in this mode and is
orthogonal in the sense that

[112N 1 ( ct 1 ) .t 1 - EflK 1 1A	 0	 (6.9)
k1

Clearly, the orthogonal force vector of (6.9) will lead to further dis-

placement, and it is assumed here that such displacement will occur

linearly and quasi-statically (i.e. that it represents a 'stiff' mode

of deflection).	 The additional, perturbed displacement q 2 is then

found from

Kq 2 + E iI2N 1 ('1?1 )t 1 -	 in K 1 ]A	 0	 (6.10)
k1

From (6.10) it is clear that

1Kq2.o

i.e. that q 2 is a linearcombination of the remaining eigenvectors of

the linear system of equations and with.similar properties of orthogo-

nality.	 The perturbed displacement may then be written as

(6.11)

The introduction of further displacement other thah the selected

mode	 must, however, affect the global equations of dynamic equili-

brium, and ignoring inertial terms associated with q one may obtain

the following equation involving the interaction between 1 and the

perturbed displacement

M 1 A1 +K 1 A1 +	 +
k1

[ 1I3N 2 (1 11) 1 +1/2N 1 (1 1)1 2 +112N (2)1 1A
(6. 12)

+ higher order terms	 R1
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whee P 1 is a modified residual equilibrium error or order A 1 3 and
higher.

The equation of modal equilibrium f or the mode	 (Equation

(6.5)) is also modified, and using the notation of Chapter 4 may be

written as follows

A 1 + kA 1 + a 111 A + L	 2121 ] A	 0	 (6.13)

when	
121	 a112 

1/2	 N;() 2 	 (6.14)

and where terms 'of higher order than A 1 3 have been neglected in (6.13).
The equations of approximate global dynamic equilibrium have now

been modified to a form in which only force vectors in A 1 3 and above
have force components which are orthogonal to the selected mode

and are therefore incapable of being equilibrated without the intro-

duction of further displacement.	 Once again, the vectors dependent

on A1 3 can be rearranged into a multiple of the linear elastic force
vector K 1 and a vector orthogonal to this mode which is equilibrated

by introducing further linear, quasi-static displacements q3dependent

on A 1 3 , which are easily shown to be given by

q3 	 3A i 	 k 1[2N1N 1 ' 1 2 +1/2N 1 ( 2 ) 1 + 1/3N2(1k1)

I iiiiHi ) K1 1 IA3-	
k1	 1	 (6.15)

where q3 is orthogonal to	 in the same sense as q2

Using the same technique of reorganization of force vectors,

residual forces could be removed at all levels. 	 The technique is a

perturbation method which assumes that linear modes of vibration forced

by the displacement of the selected large amplitude mode 1 will occur

at such small amplitude that they may be considered linear, and that

the inertia of these perturbed modes can be neglected (i.e. that a

static rather than dynamic relationship applies). 	 For many appli-

cations, high frequency modes are predominantly forced by the quadratic

force vector dependent on	 and it is expected that is will be

adequate to find only l 2 and the consequent adjustment in the coefficient
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of A 1 3 for most cases.	 The mqdal equation of motion for the eigen-

vector P1 is. then taken to be of the form (6.13), where terms of O[A1]

and above are neglected. 	 The displacement in such cases will be given

by

4)1A1^	 2 A 1	 (6.16)

where the displacements	 are small compared toA 1 .	 In the case

of a forced or damped motion, only the 'primary mode	 is assumed to

be directly affected by applied or damping forces, the secondary modes

of displacement ( 2 etc) occurring only as a consequence of the dis-

placement of the primary mode.

6.3 Multi-Mode Solutions

In many problems it is necessary to include several modes of

vibration directly in the modal equations of motion either because they

are all subject to applied forces, or because the problem is such that

their inertial forces are thought to be important. 	 In this case, the

application of Galerkin's technique and the solution of the reduced

form of the problem will provide a response such that the residual

equilibrium errors in the unreduced equations of motion are orthogonal

to all the included modes. 	 These equilibrium errors must therefore

cause the displacement of other modes of the linear system which can be

found by a generalisation of the method used above for a single mode.

Consider the selected modes as

1.1	 2,i ......n,1

then the quadratic orthogonal force is found as

{'	 (1/2N(. ).
i1	 j1	 '	 1•	 1,1	 ii

n

I	 Kkl)AIAJ]
k1 kk

(6. 17)

secondarymode displacements may then be found from

q2 K1R1J	 (6.18)

and by expansion, the modification to' the mixed cubic terms in the



various mode amplitudes can be found.

In general, the solution using equations (6.17) and (6.18) can

be long, and the evaluation of necessary modal coefficient terms even

longer.	 This modification must therefore be limited to a small

number of selected modes, perhaps not more than two or three.

6.4	 Conclusion

A method has been formulated to include statically perturbed

displacements in modal vibrations, primarily in order to assess the

effects of high frequency linear modes in low frequency nonlinear

vibrations.	 The formulation does not require that all modes of the

linear system should be found explicitly or that modal equations should

be formulated for all modes, and represents only a small increase in

effort over the basic approximate modal technique.
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7 APPLICATION OF MODAL SYNTHESIS TO Sfl"IPLE BENDING PROBLEMS

One of the simplest classes of problems involving significant

nonlinear geometric effects occurs in vibrations which in the linear

sense are predominantly concerned with 'bending'. 	 Considering as an

example the case of a simple pin ended beam, it is most easy to see

that for the linear problem, membrane and bending stiffnesses are

decoupled, so that any transverse mode of vibration will concern only

bending stresses, whereas axial modes of vibration concern only

membrane effects.	 For a beam problem such as this, particularly if

the beam is slender, the bending stiffness is small compared to the

axial stiffness and hence axial modes have much higher natural

frequencies than transverse modes.	 The introduction of geometric non-

linearity links bending and membrane stresses such that solution of

the predominantly bending problems by application of a conditionally

stable time operator algorithm to the unreduced equations of motion

becomes prohibitively expensive and a fast approximate technique would

be advantageous.

In this chapter, therefore, the approximate modal technique is

applied to problems modelled by one and two dimensional bending elements.

The nature of these problems is such that the formulation for tracing

the effect of linked high frequency modes developed in Chapter 6 can

be used and any improvement in results measured. 	 in some cases there

are exact analytical solutions to the problems considered and these

provide an effective measure of the accuracy of the finite element

technique used in this study.

7.1	 Free Vibration of Beams

A uniform, straight beam with various support conditions at

either end was analysed in order to obtain the relationship between

amplitude and frequency of vibration for the lowest frequency mode of

vibration.	 For the cases in which boundary conditions at each end of

the beam are the same, advantage was taken of the symmetry of the

problem and the half beam was analysed . .using a mesh of ten constant

length beam elements, otherwise ten elements were used to represent the

complete beam.	 Full details of the finite element used in this analysis
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are given in Appendix 2, but, in short, displacements are represented

by a linear interpolation of axial displacement and a cubic interpolation

of the 1-lermitian type for transverse displacement. 	 The strain-displace-

ment relationship used within the element is given by

du	 d2w 
+ 1I2--	 (7.1)L x	 - Z-2	

dxI

so that bending terms are linear and the nonlinearity is represented
du2

by membrane stresses only.	 The term (-) is considered to be small
dw 2	du

compared to	 (-)	 or	 and is neglected in this analysis.

For each problem considered, an eigenvalue analysis was carried

out using the equations for the linear system. The consistent mass

matrix for the finite element was used and all eigenvalues and their

associated vectors were found by householder reduction and the QR

algorithm.	 For the linear problem, the axial and transverse stiff-

nesses are decoupled and the low frequency modes are bending modes

involving transverse displacements only.	 The lowest frequency mode

was selected in each case and the modalcoefficient expansion carried

out as detailed in Chapter 4.	 Since the lowest frequency mode has

only transverse displacements, the quadratic modal coefficient is zero

and all quadratic forces lie in the direction of the beam axis. 	 The

method of Chapter 6 was , used to compute the static displacements caused

by these forces and modifications were made to the cubic coefficient of

the selected mode accordingly. 	 The amplitude frequency response of 	 the

beam was then determined by following the modal equation of motion

through one cycle using a direct integration algorithm and separately

by the use of Galerkin's technique assuming a time response of the form

A Asinwt.	 The analytical solution is easily carried out by con-

sidering the undamped modal equation as

mA + kA ^ 3A3 	(7.2)

and assuming the time variation of the response is sinusoidal, the sub-

stitution A = Asinwt is made in (7.2) which after the use of Galerkin's

technique yields the amplitude frequency relationship

W2	-	 A2	 (7.3)
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where w is the natural frequency of vibration for the amplitude A.

Figure 7.1 shows the results obtained for a beam pinned at both

ends.	 The results are.plotted in non dimensional form for solutions

assuming only the transverse mode shape and including the effect of the

quadratic axial mode, and are compared with an analytic solution of the

problem by Chu ajid Herrmann' 5 . The solution including the effects of

linked axial displacements agrees almost exactly with the analytical

solution by Chu and I-Ierrmann, while the finite element modal solution

using the cubic coefficient unmodified by axial displacement produces

the correct form.of response, but has an error in ratio of nonlinear

period to linear period of about 10%. 	 The effect of high frequency

modes is in this case significant and necessary. 	 Table 7.1 gives a

more detailed comparison of results with two other analytic solutions

by Woinowsky-Kreiger 6 and Srinivasan 7 ,and a finite element technique

by Chu-Mei 8 .	 In each case the agreement with the current study is

good.

Figure 7.2 gives results for beams clamped at both ends and

clamped at one end, pinned at the other.	 Both sets of results include

the effect of axial deformation. 	 As expected, the fully clamped beam,

which involves most bending, has the least nonlinear amplitude-frequency

response, while the clamped-pinned results fall between those for the

clamped-clamped and pinned-pinned beam. 	 Analytical analysis for both

these problems is more difficult because the linear modes of vibration

are not so easily solved as in the case of the beam with pinned ends.

In the finite element technique there is no difference in difficulty

between any of the three analyses carried out, solution to each problem

being obtained in only a few seconds.	 The solution of the reduced

problem in this case shows a time saving of at least an order of magñi-

tude over a solution using direct integration of the complete equations

of motion for the same finite element mesh. The problem of the beam

with initial stress is also easily treated by the inclusion of a geo-

metric stiffness matrix in the linear eigenvalue analysis, while non-

uniform beams can be treated with a little modification.

7.2	 Free Vibration of Shallow Circular Arches

The large amplitude vibration of arches is a more complicated
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problem than large amplitude vibrations of beams.	 The transverse
stiffness of the arch increases or decreases as the displacement is

outwards or inwards, becoming negative for a sufficient inward

displacement (and sufficient initial rise). 	 This results in a corn-

plex re.lationship between frequency and amplitude of vibration as

'snap-through' takes place.	 Indeed, the relationship between stiffness

and inward displacement is often so complicated that even a static

analysis is difficult because incremental loading techniques such as

that of Newton Raphson tend to •fail at the buckling point and the

further response of these structures cannot be reproduced. 	 In the

post buckling range, the stable static solutions can easily be repro-

duced by analysing the dynamic problem with large damping in order to

bring the structure quickly to rest at an equilibrium position and

this may often he the only possible solution technique for such problems.

In addition there are other phenomena which may be investigated using

a dynamic analysis, such as buckling under impact loading.	 At this

stage of the study, however, we will be principally concerned with

indicating the dependence of the frequency-amplitude relationship on

initial rise by investigating the vibration of three arches having the

same span, but varying radius of curvature.

Figure 7.3 shows the local coordinate system, properties and

dimensions for the arches in the current study. 	 In each case, the

span of the arch is 100 in, while the radius of curvature takes values

of 800, 400 or 250 in and thus produces arches with differing degrees

of initial rise.	 For the local coordinate system in which u and w

are the displacements tangential and normal to the arch surface the

strain-displacement relationship is given by

du w	 d2w	 dw2
(7.4)+	

- dx2	d x!

and is dependent on the radius of the arch. 	 For the current study,

however, the arch was modelled by a series of straight beani elements

placed around the curve of the arch, and using the strain-displacement

in the beam local axes (7.1) which can thus be expected to b adequate

provided the radius of curvature is large conipared with the amplitude

of displacements.	 Since only symmetric vibrations of the arch were
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to be studied at this stage, half the arch was used as the basis of

the study and was modelled by ten straight beam elements of equal

length.	 In order to validate the adequacy of this model a study was

made of the static response of the arch with smallest radius of

curvature (250 in) under an applied point load at the centre, the ends

of the arch being pinned. 	 The load was increased up to the point of

buckling and the results, Fig. 7.4, compared with those obtained by

Sabir and Lock who used curved arch elemeiits in their study. 	 The

straight beam model proves to be an accurate representation up to the

point of buckling which was thought to be satisfactory to indicate the

capability of the straight beam model.	 Sabir and Lock show load-

displacement curves up to much larger amplitudes in their work.

An analysis of the free vibration response of the three circular

arches studied here was also made by Sabir and Lock using a finite

element approach and direct integration of the time response of the

unreduced system of equations.	 'rhe technique used was to displace the

arch in the form of a sine wave (w = A sin1 ) and then to calculate

extensional displacement analytically using the assumption that the

thrust in the arch remains constant. 	 The technique used here is

different.	 The lowest frequency mode of each arch model was determined,

this is not a 'sine wave' because of coupling between displacements

normal and tangential to the arch in the linear equations, and the

quadratic and cubic Lagrangian coefficients for the mode found as before.

In the case of the arch the quadratic coefficient is not zero, but very

large and so. using the formulation of Chapter 6 with the quadratic

coefficient, a quadratic mode was found and the cubic modal coefficient

suitably modified.	 For the problems considered here, thew displace-

ment at the arch centre in the quadratic mode is not zero and the mode

is not purely extensional.	 This means that the linear mode of vibra-

tion is considerably modified as the arch is deflected. 	 It is difficult

to say with any certainty what the mode of vibration of an arch might

be at large amplitude, since there are in general no theories on the

existence of nonlinear modes for bodies having non symmetric energy-

displacement relationships (in this case a cubic term exists). 	 After

inclusion of the effect of the quadratic mode in the primary mode cubic

coefficient terms of higher order were neglected in each case.
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For an equation of motion in which one term is dependent on

the square of the amplitude there is no easy analytical solution for

the frequency displacemen-t relationship.	 The use Of a numerical

integration technique is thus a considerable advantage in this case.

The frequency-displacement relationship was found by giving the arch

an initial amplitude and integrating the undamped equations of free

vibration over a complete cycle, using a very small timestep (approxi-

mately 1/50th of the linear period) in order to obtain good definition

of the period.

Figure 7.5 shows the amplitude frequency response for the arch

of radius- 800 in.	 The graph must be nterpreted in a different way

from the resuts for the straight beam. 	 The frequency of vibration

refers to. vibrations between a point on the positive amplitude side of

the curve and a corresponding point on the negative amplitude limb of

the curve, thus vibrations with a frequency of 70 Hz occur in Fig. 7.5

between amplitudes C 1 -D 1 or E 1 -F 1 respectively. The frequency of

vibration of the arch decreases steadily from its value at point 0,

which corresponds to the small amplitude linear free vibration and

becomes a minimum for vibrations between the points A 1 and B 1 . In

their study Sabir and Lock suggest that the point B 1 corresponds to

the point of inflexion on the statical load-deflection curve for the

arch under the action of a central point load, but this effect is merely

fortuitous, because analysis of the single mode static load-deflection

curve produced here shows that B 1 is not at the point of inflexion,

which corresponds to an amplitude of approximately -1.6 in. 	 For an

initial positive amplitude greater than A 1 the arch vibrates to a point

beyond B 1 , where the rapidly increasing stiffness has the effect of

increasing the frequency.	 However, the results of the current study

agree well with those of Sabir and Lock which were assessed from their

paper and are shown for comparison in Fig. 7.5.

A similar behaviour is exhibited by the arch having a radius of

curvature of 400 in in Fig. 7.6. 	 The minimum frequency occurs for

vibrations between points A2 , B2 and is much more pronounced than was

the case with the shallower arch. 	 Sabir and Lock suggest that B2

is at the minimum of the static load-deflectIon curve for the arch under

central point load, but once again an examination of the static load-
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deflection curve for the single mode in which this arch is assumed to

vibrate in the current study shows that B 2 is not at the minimum, which

occurs at approximately -3.3 in. 	 The point at which minimum secant

stiffness of the structure occurs cannot therefore be taken as a guide

to the point at which the minimum frequency of vibration will occur for

the nonlinear system.	 The static load-deflection for the single

selected mode for each arch in this study is shown in Fig. 7.7

An examination of Fig. 7.7 for the modal load-deflection curve

of the 250 in radius arch reveals that for this mode of deflection

there are three possible positions of equilibrium.	 This is reflected

in the amplitude frequency response graph for the structure, Fig. 7.8.

The minimum frequency of vibration, which is zero, occurs at the points

A3 , B 3 , D 3 .	 B 3 as we see from Fig. 7.7 is a position of equilibrium,

so that should the arch be released from positions A 3 or D 3 it will

displace to the point B 3 where it will remain and hence, these positions

correspond to a vibration of zero frequency. 	 By solution of the

modal equation for static equilibrium, the three equilibrium positions

were found as 0, the origin with zero displacement, B 3 at -6.68 in

and C 3 at -9.55 in arch central displacement.	 The trequency at C3

therefore, is the small amplitude frequency for a form of inverted arch.

The vibration of the arch may be described as follows: for positive

amplitudes greater than A 3 the arch vibrates to a negative amplitude

on the branch D 3-E 3 , for positive amplitudes less than A 3 vibration

occurs in the region of the curve A 3-0-B 3 about the stable position of

equilibriumat 0.	 In addition, a small negative displacement from

the unstable equilibrium position B 3 may cause the arch to vibrate

about the other position of stable equilibrium. 	 It is not possible

therefore, to deduce the curve B 3-D 3-C 3 by giving the arch an initial

positive deflection and in order to obtain this section of the curve

the arch was displaced slightly beyond C 3 and released. Since the

perturbed, quadratic mode is particularly, important in this problem,

the form of the linear and quadratic modes is shown in Fig. 7.9.

The amplitude-frequency response for three shallow, circular

arches has been obtained using the solution of a single degree of freedom

equation and in all cases shows good agreement with results obtained

by Sabir and Lock for :the analysis of the fully discretized, many degree
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of freedom problem. 	 A statically linked quadratic mode was included

and has a considerable effect on the accuracy of the response. 	 The

time saving over a discrete solution of the unreduced equations of

motion for the problem is substantial.

7.3	 Asynunetic Buckling of a Shallow Circular Arch

For the arch analyses carried out up to this time, the response

has been restricted to normal displacements symmetric about the arch

centre point and for this reason the finite element model has represented

only half of the arch. 	 However, there are some conditions under which -

the assumption of symmetric displacement may be invalid. 	 One such

case is the static response of a shallow arch under the action of a

central point load or symmetric pressure load which for favourable arch

properties and dimensions may produce displacements with a large amount

of asymmetry .f or a slight eccentricity in loading.	 For this reason,

it was decided to analyse an arch in which an asymmetric mode of dis-

placement was incorporated in the displacement variables and to subject

it to a constant applied lad with a small degree of asymmetry. 	 An

examination would then be carried out of the circumstabces under which

a greatly asymmetriä response would occur.

In Fig. 7.7 the static modal load-deflection curve for three

arches each having a span of 100 in, but with different radius of

curvature has been shown.	 Plainly, each response is different in

nature.	 The 800 in radius arch shows no buckling tendency and is a

monotonic arch most closely approximating a beam, the 400 in radius

arch has two 'buckling points', but is in unloaded equilibrium only for

the undisplaced position, while the 250 in radius arch not only has

two 'buckling points', but two possible unloaded equilibrium positions

beside the undeflected state. 	 Which sort of static load-deflection

curve is likely to be indicative of an arch that may deflect asymmetrically

even under symmetric loading? What then will be the effect of asym-

metry on the load deflection curve? 	 These are the basic questions

which should be answered by analysis.

Taking as displacement variables the lowest frequency symmtric

and non symmetric eigenvector for a typical arch normalised so that

Mc1 zi	 the resultant linked nonlinear modal equations

of motion take the form
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2	 2	 3
A1 + c 1 A 1 + wA 1 + a111 A1 +	 1111A1

p1122 + p1212 + p
1221 }AA	 P1	 a)

A 2 	c2A2+	
+	

212 a221)A1A2 + P 2222 4	 (7.4)
+ p2211 + 2l2l	 p2112 )A 2 A	 P2	 b)

where (7.4a) represents the equation for the symmetric mode and (7.4b)

that for the non symmetric mode.	 For the case of buckling, P 1 is a
constant load and P 2 is a small constant load representing a slight

eccentricity in loading which may be large enough to cause large

asymmetric displacements in the structure at some stage.	 The long

term solution of equations (7.4) is a constant displacement involving

some combination of the amplitudes A 1 , A2 , but by considering the.
equation for the non symmetric mode separately it is possible to show

the conditions under which asymmetry may occur for symmetric loading.

The possibility of asymmetric displacement may be tested by examining

the static solution of (7.4b) for P = 0.

wA 2 + ( a212 + 221 ) A1 A2 + p2222 4	 /
+	 2112 ) A 2 A 	 0

or by rearranging

[w	 + (a 2 +a221 ) A1 +	 + 2l2l + p
2112 )A IA2

+ p 2222 4 0	 (7.5)

From (7.5) we see that there may be three possible amplitudes A 2 for
any value of symmetric mode amplitude A 1 . The most obvious solution

is A2 = 0 at all times, in which case no asymmetric displacement will
occur, but disregarding this other solutions are possible if

+ ( a212 + a2211 + (p2211+ 2l2l + 2112 ) A 1 < 0	 (7.6)

From (7.6) it is a simple matter to determine the conditions and range

of values of A 1 for which asymmetry can exist. 	 Clearly there can be
no asymmetry unless
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dw

B - z -
dx

(7.11)
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2	 2
(a 2+ ct221 )	 - 4w2	

2211 +	 + 132112)	 0	 (7 .7)

and so (7.7) involving terms dependent on the mode shapes and initial

properties of the arch determines the conditions under which asymmetry

may occur.	 However, this is of no direct help in a finite element

analysis in determining arch geometry for asymmetric instability

because one might have to produce modal equations for a large number

of arch structures before (7.7) is satisfied. 	 Fortunately, a simple

analytical study may be undertaken in order to determine the necessary

arch geometry and properties.

Let us assume that the displacement for the circular arch may

be represented by

w a1 sin rcxll + a2 sin 2rcxI(	 (7.8)

where w is the displacement normal to the arch surface and I is the arc

length of the arch.	 For a shallow arch we take the induced axial

stress to be uniform and using (7.4) write

gy w	 dw2
B	 d 

+ — +1/2(—\	 (7.9)
x R	 dxJ

where B is a constant. 	 On rearranging (7.9), the equation may be

integrated to give the tangential displacement u in terms of the assumed

normal displacement (7.8) and using the boundary conditions for the

pinned arch, u = 0 at x = 0, 1 we may solve for B as

222	 2
B	 2uIR +	 141.[a1 + 202]'	 (7.10)

Having solved for the constant membrane stress B, the total stress

is given by

and using (7.11) the strain energy for the arch is simply evaluated and

static equations of modal equilibrium for the assumed displacements
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derived by differentiation. 	 After some manipulation, the analytical

form of the equation (7.7) is found to be

-	 (4A
R	

6	
(7.12)

itI

so that from (7.12) one can calculate the necessary radius of curvature

of the arch for any combination of I, A and L .	 Interestingly, (7.12)

is also the condition under which an arch deflected only symmetrically

w a sin TtxIt) will have more than one possible equilibrium position

without any applied load, so that any such arch may also be subject to

asymmetric instability. 	 For the arch properties used in the free

vibration analysis and given in Fig. 7.3thismeans that the radius of

curvature must be less than approximately 320 in.

The arch selected for the current study has a radius of curva-

ture of 200 in, span 100 in, and all other properties as given in

Fig. 7.3.	 Ten straight beam finite elements were used to model the

arch and the lowest frequency symmetric and non symmetric eigenvector

of the linearised equations of motion were found numerically. 	 For

theshallow arch, the non symmetric mode has almost exactly the same

frequency of vibration as the first anti-symmetric mode for a straight

beam of equivalent length and for this geometry has a lower natural

frequency than the symmetric mode. 	 Since the non symmetric mode of

displacement represents the lower stiffness displacement, one might

expect its effect tobe particularly significant. 	 Following previous

analyses, perturbed quadratic modes were found using the technique of

Chapter 6. In this problem, three secondary modes of displacement

were found, whose amplitudes are dependent on A l 2 , A2 2 and A 1 A2 and

using these,corrections to the cubic modal coefficients of equations

(7.4) were made.	 The secondary modes produce corrections to the terms

in A 1 3 and A2 2A 1 in (7.4a) and terms in A2 3 and A l 2A2 in (7.4b), these

terms being modified sufficiently that (7.7), the eqiation for asymmetry,

can be satisfied after correction although it was not satisfied without

the inclusion of quadratic modes.	 The form of the quadratic modes is

of interest, the mode in A l 2 , produced by quadratic forces from the

primary syunetric mode is synuüetric as is the mode in A 22 produced b
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quadratic forces from the primary anti-symmetric mode, while the mode

in A2A 1 is anti-symmetric in terms of displacements normal to the arch.

All quadratic modes are orthogonal to the primary symmetric and anti-

symmetric mode.

Having obtained the modified modal equations, they were solved

in two ways.	 Firstly, the equations were solved purely statically,

with asymmetric load P 2 = 0, by incrementing A1 , the symmetric mode

amplitude, testing for asymmetry using (7.6) and if an asymmetric ampli-

tude was indicated (7.5) was solved for the amplitude A 2 .	 This study

reveals that asymmetric displacements could occur for arch central

point displacements between approximately -1.7 in and -11.5 in.	 The

degree of asymmetry and its effect on the modal load-displacement

relationship is shown in Fig. 7.10 and 7.11. 	 The modal load-displace-

ment curve is shown in Fig. 7.10 with and without the effects of asym-

metric displacement and one can see immediately that once asymmetric

displacement occurs, the slope of the load-displacement curve becomes

negative and so the structure buckles immediately. 	 In this case, the

inclusion of asymmetry causes a considerable decrease in buckling load

when compared to the solution for purely symmetric displacement.	 The

degree of asymmetry can be judged from Fig. 7.11 where the displacement

of two points on either side of and equidistant from the central point

of the arch ar.e plotted against arch central point displacement.	 The

distance of these points from the centre is 0.2 times the arc length

of the arch.

In a second study, the dynamic equations of equilibrium (7.4)

were solved for constant loads P 1 , P 2 , where P 2 was very much smaller

than P 1 .	 The damping was chosen to prevent any major vibration of the

structure and to cause it to reach an equilibrium point quickly, a

value of approximately 50% critical proving suitable for this application.

Applying a symmetric modal load of approximately -1.5 x 10, the struc-

ture was allowed to displace into the region where asymmetry could occur,

where it was noticed that even the small asymmetric load P2 is sufficient

to cause considerable asymmetry. 	 Unfortunately, using the dynamic

solution of the equations the structure cannot be brought to rest in

this region because the slope of the asymmetric modal load-displacement

curve is negative, and any overshoot of the equilibrium position therefore
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produces a decreasing elastic resistance and encourages, the arch to

displace further, into the region where significant asymmetric dis-

placement is no longer likely. 	 Thus we see the approximate mechanism

of dynamic buckling involves travelling through a region of asymmetry

to reach a final symmetric rest position with central point amplitude

in excess of 20 in.

The inclusion of an anti-symmetric mode as a further generalised

freedom has shown that there are regions in the response of simply

supported arches which may involve considerable asymmetric displacements

for equilibrium under a constant symmetric load. 	 The instability

analysed here is purely a static instability, occurring in this case

when the arch has more than one possible equilibrium position without

any applied load. 	 It must be emphasised that this is not a dynamic

instability which would affect the symmetric free vibration of the arch

because the natural frequencies of vibration of the two selected modes

are not correctly related.	 However, a dynamic instability concerning

the first symmetric and antisymmetric mode may occur in the case of a

straight beam where the frequencies are simple multiples of each other.

For the static arch problem analysed here, asymmetric displacement

causes the buckling load to be reduced and buckling occurs immediately

there is any asymmetry.

7.4	 Free Vibration of IsotropiC Rectangular Plates

For most structures small vibrations may be considered linear.

However, in some structures even small vibrations will involve con-

siderable nonlinearity.	 One such case is that of , rectangular, flat

plates where the response is nonlinear for out of plane displacements

of the order of the thickness, even if the edges are free to extend.

In such problems, where the lowest frequency linear modes of vibration

involve purely out of plane displacements, a technique for the approxi-

mate incorporation of stiff extensional modes is of some interest.

The current analysis is for the free,.undamped vibration of a uniform,

simply, supported, rectangular plate.	 The rectangular plate is the

nearest equivalent to a two dimensional' beam, and one might therefore'

expect the amplitude-frequency response for a narrow plate to be similar
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to that for a beam. 	 In practice, the presence of Poisson's ratio

effects prevents exact agreement, though agreement could be obtained

for a very narrow rectangular plate with Poisson's ratio equal to zero.

In order to determine the effect of the ratio of the lengths of the

sides for the rectangular plate, an analysis was carried out with side

ratios of 1.0, 0.75, 0.5 and 0.25.

The finite element used in this analysis may be considered as a

compound of two commonly used elements. 	 Out of plane displacements

of the plate are represented by a bicubic interpolation of the type

suggested by Adini and dough 50 , and Nelosh 51 , while in plane displace-

ments are interpolated by a linear polynomial which represents the

constant strain '-ectangle. 	 The resulting element is nonconforming

(continuity of slope and displacement is not satisfied , everywhere along

the sides).	 The convergence of the bicubic element A.C.M. has been

demonstrated, the nonconformity. producing convergence from above rather

than from below for conforming displacement elements (see Fig. 7.12),

and the performance of the constant strain rectangle is well known.

Stiffness matrices for the element were evaluated using Gaussian inte-

gration, a total of nine Gauss points being used for the constant

linear stiffness and twenty five Gauss points for the nonlinear stiff-

ness terms.	 A brief description of the element, including the strain-

displacement relationship and shape functions, is given in Appendix 3.

Free vibrations of the rectangular plate were studied for the

lowest, frequency mode of vibration.	 The resulting problem being

symmetric, the analysis was carried out for a quarter of the plate with

a 3 x 3 finite element mesh proving adequate to represent the lowest

frequency mode adequately.	 The low frequency mode involves displace-

ments out of the plane of the plate only, and so the perturbed, in

plane, quadratic displacements were evaluated as before and the necessary

modification to the cubic modal coefficient mode. 	 The results of the

amplitude-frequency investigation are given in Fig. 7.13, a Poisson's

ratio of 0.318 being used as typical of aluminium. 	 The plate with

the smallest aspect ratio, r = 0.25, has the greatest decrease in

period of vibration with displacement amplitude and does indeed approach

the ,curve for the simply supported beam.	 Comparison with the results

of Chu and Herrmann 5 , .who use a dynamic analogue of the von Karmann
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equations in their solution, shows an error of less than 5% in all

cases.	 For the plate of aspect ratio 0.25 at aü'amplitude equal' 'to

the thickness, Chu and Herrmann predict a period ratio (TNL/TL) of

0.638, compared with approximately 0.62 for the present study, so that

the present results represent a structure which is too stiff, which

may be expected from an analysis using only a few constant strain

elements in the plane of the plate.	 In order to avoid the use of

large element meshes to improve in plane displacement representation,

it would be better to use an element for which in plane displacements

are represented by a higher order polynomial function.

7.5	 Conclusion

The current investigation has proved the ability of a technique

to include the effects •of high frequency modes for problems in which

the dominant mode of vibration is a low frequency one. Though the

whole field of nonlinear vibration is complex, the problems studied

represent some interesting and typical effects of geometric nonlinearity

in the vibration of structures. 	 In each case, the approximate modal

finite element solution has provided good agreement with results

obtained either analytically or by solution of the unreduced finite

element problem with a capability of time saving over the conventional

finite element technique and of incorporating boundary conditions as

required without the changes necessary for analytic solutions. 	 The

capability of the technique to deal wit.h multi-mode problems has been

demonstrated for the static instability problem of asymmetric buckling

in shallow arches. 'The accuracy of some answers is, however, dependent

on the finite element idealisation of the structure and there are some

valuable points which can be made concerning the use of elements in

this chapter.

As a test of the capabilities of the Lagrangian beam element, a

cantilever under the actionof a transverse tip load was selected. 	 A

static analysis was carried out using the Newton-Raphson technique to

solve the equations of static equilibrium and a comparison was made

with results obtained using an Euleria'n representation of the geometric

nonlinearity which is known to comp'ar.e well with a theoretical solution
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to the problem.	 The cantilever chosen for test was slender, the

slenderness ratio (ratio of length to radius of gyration) being 150,

so that the bending stiffness is very much lower than the extensional

stiffness, which has been found to provide difficulties in many other

analyses.	 An initial tip load given by PL 2 /EI	 0.5 was applied,

which is sufficiently small that the resulting transverse displacement

should be predicted accurately by linear theory, and the Newton-Raphson

procedure was assumed to have found the correct equilibrium position

when residual loads at any point were less than 0.1% of the applied

load.	 The cantilever was modelled using a small number of elements

initially and the number of elements increased to test the convergence

of the solution, the result of this study is shown in Fig. 7.14.

Using linear theory or an Eulerian formulation, a maximum of five

finite elements would be satisfactory for determination of these dis-

placements, but the Lagrangian formulation will not produce satisfactory

results untilabout twelve finite elements are used. 	 This is predomi-

nantly due to the rapid change in the gradient du/dx (u,x along original

axis of cantilever) which necessitates many elements each having con-

stant du/dx.	 The need to use a large number of elements is removed by

using an element with cubic axial displacement interpolation when

t exact t answers are obtained with only four elements. 	 We see there-

fore that nonlinear analysis using the Lagrangian formulation may

require different displacement interpolations to those used in a linear

or Eulerian finite element analysis.	 This has also been noted in the

solution of a similar problem using the convected coordinate formulation

by Epstein and Murray29 .	 In order to see if a large number of linear

axial displacement interpolation elements would be necessary for all

such cantilever problems, another cantilever was analysed, this time

with a slenderness ratio of only 10.	 In this case a tip displacement

of the correct magnitude could be obtained with the use of only five

elements, indicating that results are highly dependent on the slender-

ness ratio of the individual elements.	 As an approximate guide it

has been established that slenderness ratios of individual elements

should be less than JO and preferably of the order of 5 for applications

in slender beam problems.

In a further study, the tip load was increased in order to
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produce deflections expected to be far beyond the capabilities of a

Lagrangian representation.	 It was found that results were much better

than expected, particularly if terms in (du/dx) 2 were included in the

• nonlinearity, the primary limitation on the formulation being th

purely linear bending stiffness associated with the original cantilever

orientation.	 Having noted the effect of including the nonlinear

term (du/dx) 2 in the matrix formulation, some of the problems of this

chapter were analysed again with the inclusion of this term. 	 In all

cases no significant effects could be noticed from this inclusion.
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A1IPLITUDE	 NONLINEAR FREQUENCY
r	 LINEAR FREQUENCY

-	 WOINOWSKY	 SRINIVASAN	 CHU MEl	 PRESENT
- KRIEGER	 STUDY

	

0.0	 1.0000	 1.0000	 1.0000	 1.0000

	

0.1	 1.0009	 1.0009	 1.0009	 1.0009

	

0.2	 1.0037	 1.0037	 1.0037	 1.0038

	

0.4	 1.0149	 1.0t49	 1.0148	 1.0149

	

0.6	 1.0331	 1.0330	 1.0329	 1.0333

	0.8	 1.0580	 1.O83	 1.0578	 1.0585

	

1 .0	 1 .0892	 1 .0897	 1 .0889	 1 .0901

	

1.5	 1.1902	 1.1920	 1.1902	 1.1931

	

2.0	 1.3178	 1.3220	 1.3183	 1.3240

	

3.0	 1.6257	 1.6370	 1.6260	 1.6413

	

4.0	 1.9760	 2.0000	 1.9715	 2.0029

	

5.0	 2.3501	 2.3850	 2.3850	 2.3886

r2=EI

For a beam of depth h r = W(12)

Table 7.1 Amplitude - frequency response for Free Vibration

of a Simply supported, Uniform Beam
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8 NONLINEAR MODAL EQUATIONS FOR THIN ELASTIC SHELLS

The field of shell theory .and the finite elements associated

with its study is both large and complex. 	 To make a study of the

effect of geometric nonlinearities in the dynamic response of shell

structures in general would therefore be a task of great length, and

so this study is restricted to a particular class of shell problems,

which tend to be split into two groups, those concerning thin shells

and those concerning thick shells.	 In very many applications use is

made of the ability of shell structures to withstand large loads by

the action Of membrane stresses, this necessitating only thin, light

structures, and the use of thin walled structures is prevalent in the

aerospace field.	 Thin shell theory is in some ways more difficult

than the corresponding theory for thick shells and bearing in mind the

large number of applications for thin shells, it was decided to restrict

the present study to thin, elastic shells.	 Though, in principal, any

shell geometry can be modelled using the finite element technique, the

formulation of a general finite element for the modelling of shells of

arbitrary shape is still a matter of study and there is much' disagree-

ment on the best element to use in such situations. 	 Taking into

account that for reasons of manufacture most thin shells are axisymrnetric,

this study is further restricted to thin shells of revolution where a

finite element model is ' most easily formulated. 	 The nature of thin

shell vibrations is such that even the lowest frequency flexural vibra-

tions of such structures occupy a relatively hi'gh frequency in an

absolute sense.	 Once again, however, predominantly membrane, modes of

the structure are of such a high frequency that vibrations of the struc-

ture involving a long time scale are prohibitively expensive. 	 Modal

techniques are widely used in the linear analysis ofshell structures

and may therefore be usefully extended to the nonlinear response.

For the finite element analysis, the shell is divided by nodal

surfaces into a series of frusta with curved meridians, a typical

element being 'shown in Fig. 8J. Variations of displacement are des-

cribed by Fourier series in the circumferential direction, each har-

monic associating with a polynomial in the meridional coordinate variable.

The polynomial may be o.f any order of complexity, but is in this case
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expressed as third order Hermitian functions in terms of the nodal

variables and their derivatives at the end nodes. 	 Since it is desired

to preserve continuity of the meridian curve, the geometry of the ele-

ment is similarly described as a cubic Hermitian polynomial in terms

of the radius and its derivative at each node.

Harmonic interpolation is widely used in shell finite elements

for linear problems, the imposed linearity resulting in the effect that

displacements and stiffnesses for individual harmonics are independent

and decoupled.	 Once the assumption of linearity is dropped however,

the nonlinear terms result in a complex coupling of harmonics which

must be determined, and which, as will be shown later, is dependent

on the sums and differences of individual harmonic numbers. 	 For a

general form of nonlinear response displacements should be represented

by the sum of a Fourier sine and cosine series, displacements in either

the sine or cosine mode being linked by the nonlinearities. 	 For the

linear problem, the coefficients of the cosine or sine series are

decoupled and can be determined seperately, so it is not uncommon to

use only one series and obtain displacements in the other series by,

as it were, rotating the element through 900.	 In order to simplify

the nonlinear analysis and reduce the number of coupling terms, it was

decided to represent the displacements using only one series as (see

Fig. 8.)	

. 00

•	 bsinne	

(8.1)

	

w C0	 CCOS8

i.e. the formation is symmetric about the origin 0 = 0.

The use of this representation has a limiting effect on some problems

of vibration which will be detailed as they occur.

There have been many formulations of the nonlinear strain-dis-

placement relationship for thin elastic shells, most notably those by

Flugge, Donnell, Love and Novizhilov, but in this analysis the non-

linear relationships developed by Sanders 52 are used.	 Sanders' strain-

displacement relationships are detailed,together with the general finite
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lement formulation, in Appendix 4. 	 They incorporate some nonlinear

terms of importance only for large rotations about the normal to the

surface of the shell.	 In the current investigation these terms have

been neglected for simplification and, together with the assumption

of linear bending,. restrict the amplitude of displacements of the

present study to a small multiple of the thickness of the shell.

Shell elements are assumed to be of uniform thickness throughout, though

variable thickness could be incorporat1 with little difficulty.

The matrix formulation for the shell element detailed here

necessitates the formulation of the strain energy for each element.

Owing to the harmonic interpolation used for displacements, the strain
energy incoporates quadratic, cubic and quartic terms in harmonic

'functions sin nO, cost nO,the integral of which must be found analytically.

Details of all necessary integrals and their values may be found in

Appendix 4, but some generalisations on the existence of these integral

linking terms can. be made.	 The quadratic energy term, which repre-

sents the linear stiffness, will have a value only if both terms are of

the same harmonic number, thus the independence of individual harmonics

in the linear anlaysis is fully represented. 	 The cubic integral

function, which in general may involve three different harmonics, say

n = A, B & C, will exist if

A±B±C = 0
	

(8.2)

and will be zero otherwise.

The quartic term, which may be assumed to involve harmonics

n = A, B, C & D will have a value after integration if

A±B±C ±D = 0
	

(8.3)

and will be zero otherwise.	 (See Appendix 4).

Remembering that it is the cubic energy term which produces the

effect of quadratic nonlinearity in the equilibrium equations and that

the quartic terms produce cubic nonlinearity, it is possible to predict

some interesting effects. 	 For a displacement assumed to be in a single

harmonic n, using (8.2), we see that a structure cannot behave differently
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for positive and negative displacements unless n = 0. 	 For any choice

of n, the nonlinearity must have a cubic component from (8.3). 	 At

this point, an interesting comparison may be drawn between the element

used in this study, which is based on a Lagrangian approach, and the

well known SABA shell element 53 which is based on a system of moving

•coordinates.	 The SABAelement formulation involves a geometric stiff-

ness matrix which is dependent on the integral of a cubic harmonic

function only.	 Therefore, restricting comparison to a single mode,

n 0, with the same interpolation functions used here, the geometric

stiffness cannot exist for the single mode case since (8.2) cannot be

satisfied and any nonlinear effects must be due only to the rotation

of the linear stiffness matrix, consistent with the updated coordinates.

This is an effect of neglecting the highest order (quartic) terms in
the strain energy formulation, but the importance of this assumption

cannot be specified except by comparison of solutions to some problems

on an individual basis.

For a given combination of modes, assembly of the modal equations

of motion proceeds as before in Chapter 4. 	 The general form of the

quadratic and cubic linking coefficients is

1/2	 N1(k)1

and

Irijk 1 I3rN2( j l)	 k

but for the shell analysis it is necessary to remember that mode shapes

' 1	 my involve a different displacement interpolation in
the form of harmonics cos nO, sin nO for each case. 	 Hence, due to the
formulations of N 1 , N 2 given in Appendix 4, it is necessary to assemble
a matrix N 1 , N 2 for each arjj ' 3rtjk	 rather than evaluating
several terms simultaneously as in Chapter 4.

Considering the existence of quadratic and cubic terms repre-

sented by (8.2) and (8.3), a computer program was written to formulate
coefficients	

j	 for any combination of meriodional mode

shapes and their associated circumferential harmonics.	 The existence
of terms	 I3rijka5 first tested using (8.2) or (8.3) and, if
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existence proved positive, evaluation of the related coefficients was

carried out using Gaussian integration for the variation of displace-

ment along the meridional surface.	 The modal equations of motion

formulated in this way were applied to the analysis of some problems

for which analytical comparisons were available.

8.1	 Free Vibrations of Uniform, Circular, Flat Plates

For a shell of arbitrary geometry, the equations of dynamic

equilibrium are such that bending and membrane stiffnesses are linked,

so that even the lowest frequency modes are not purely flexural, but

involve some membrane effects.	 The circular, flat plate however,

the equations for which may be considered as a degenerate form of the

shell equations, has a geometry such that bending and membrane effects

are decoupled.	 Thus, when analysing the lowest frequency modes of

vibration a situation is found where these modes involve only displace-

ments out of the plane of the plate, just as in the rectangular plate

case.	 Once again, the effect of quadratic forces in the plane of the

plate is determined by using statically linked high frequency modes.

An amplitude-frequency analysis was carried out for the lowest

frequency, circumferentially symmetric (0 Harmonic),linear mode of. the

circular plate subject to the edges being either simply supported or

fully clamped.	 The plate was modelled using five shell elements of

constant slant length and restricted toO'th Harmonic vibrations. 	 An

examination of Appendix 4 will show that at the centre (r = 0) the stiff-

ness will be infinite, which will produce computational difficulties.

However, element integration is carried out using Gaussian integration,

which means that the stiffness at the centre is never evaluated

directly since the first point of the Gaussian integration represents

a small radius value. 	 After assembly of the stiffness and mass matrices,

the modes of vibration of the linearised system of equations were found

using Householder reduction and the QR algorithm.	 The value of Poisson's

ratio used was 0.3.

Figure 8.2 shows the results of the amplitude-frequency analysis

for each boundary condition of the isotropic circular plate. 	 A corn-

parison is made with results obtained by Venkateswara Rao, Kanaka Raju
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and Raju 51', who use a technique based on an iterative eignvalue analysis.

The agreement of results is good and similar agreement can be found with

results by Srinivasan 1' 7 .	 Both of the above analyses neglect in-plane

inertia of the plate which is similar to the quasi-static assumption

of the present study.	 As expected, the plate with clamped boundary,

which must involve more bending stresses in displacing, has the smallest

nonlinearity and this is consistent with the assumed strain-displacement

relationship which results in linear bending stiffness.	 The result

for the simply supported plateis slightly more nonlinear than that for

comparable displacement of a simply supported rectangular plate.

8.2	 Free Vibrations of Simply Supported Isotropic Cylinders

One of the simplest and most commonly encountered types of shell

is the cylinder, which is a shell'of constant radius exhibiting the

linking between bending and membrane stiffnesses even for linear vibra-

tions.	 The cylinder is one of the very few shells for which some

analytical solutions to nonlinear vibrations are available for compari-

son and is therefore used as a model to test the accuracy of the modal

finite element tehcnique developed here.

Using an analytic technique, Radwan and Genin 55 determined nodal

equations of nonlinear vibration for a simply supported cylinder. 	 In

the case of a simply supported cylinder, the linear modes of displace-

ment are easily obtained and are used by Radwan and Genin to develop a

linearised set of modal equations in order to determine the lowest

frequency of the linear mode and thereafter to calculate the form of

its nonlinearity.	 The mode of vibration of a simply supported cylinder

used in the above study is given by

u	 A cos mTCxIL cos nO
mn

v	 BmnSfl rnTtxIL sin nO

(8.4)
w	 Cmn sin mttx/L cos no

where L is the length of the cylinder, R the radius and u,v,w refer to

displacements as shown in Fig. 8.1 . 	 For each choice of m or n there-

fore, there are three possible modes of vibration, each having a
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different ratio of Amn : Bmn : Cmn. Using the strain-displacement

relationships developed by Sanders, Radwan and Genin determine both

the lowest frequency of vibration and nonlinear coefficients for dis-

placement in the assumed mode shape. 	 Vibrations in this case are

restricted to the mode m =1 in (8.4), while the value of n is varied.

For the ith mode shape, the equations of free vibration may be written

as

+	 +	 0	 (n	 0)	 (8.5)

A comparison is obtained by evaluating the nondimensional

terms
R4	 2 (R\and	

c /

where t = cylinder thickness

E = Young's Modulus

rn = mass/unit area

c	 Et/(1-v 2 )	 v = Poissons ratio = 0.3

For the current investigation a slightly different approach was

used.	 The half cylinder was idealised by three finite elements and

the mass and stiffness matrices assembled subject to the correct

boundary conditions. 	 The lowest frequency of linear vibration and

its associated mode shape were then found numerically and the nonlinear

modal coefficient calculated as previously explained. 	 The nondimensional

coefficients for comparison were thus calculated without making any

direct assumptions on the meridional displacementvariation of the modes

of vibration.	 The comparison was carried out for a cylinder with

L/R = 4, t/R = 0.01 and for values of n, chosen by Radwan and Genin,

between 3 and 7.

The results of the comparison are shown in Tables 8.1 and 8.2,

Table 8.1 concerning agreement of eigenvalues of the linear systemand

Table 8.2 the values of the cubic modal coefficients. The values of

the nondimensional linear coefficients are not in good agreement with

those obtained by Radwan and Genin, differences of up to 15% occurring

in some cases.	 Since it was possible that these differences were due
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to the number of finite elements used being insufficient for this

application, the finite element mesh was increased to five elements for

the half cylinder.	 This produced only minor changes in the lowest

frequency of vibration and thus confirmed the previously calculated

values of the non dimensional coefficient. 	 It appeared possible,

therefore, that an error had occurred in the formulation of the element

stiffness matrix and in order to test this a comparison was undertaken

with a similar problem analysed by the finite element technique in

another work.	 Adelman, Catheines and Walton 56 use a method for the

computation of vibration modes and frequencies of thin shells of

revolution based on a finite element formulation with strain-displacement

relationships developed by Novozhiiov. 	 Comparisons of all natural

frequencies for the modes m = 1, n = 4 and 5 are shown in Table 8.3.

Agreement of these results is good showing only a small difference.

Though some difference may be due to the minor difference in strain-

displacements used, the major source of disagreement for the lowest

frequency modes of vibration and n large is probably due to the dis-

continuity in bending moments of the finite element used in the current

study.	 This problem is never very serious and could be removed by the

use of a fifth order polynomial for displacement interpolation. 	 It is

difficult to see why any major disagreement should occur between the

results of Radwan and Genin and the current investigation therefore,

unless, it is concerr'ted with the a priori choice of mode shapes.

The values of the non dimensional cubic coefficient in Table 8.2

show good agreement in general.	 The difference in absolute size of

values may be due to a slight difference in mode shapes, indicated by

the differences found in the results for the linear coefficient. 	 A

further study was undertaken for a cylinder with L/R = 8, all other

properties remaining the same, which confirmed that the value of the non

dimensional cubic coefficient is virtually independent of the length of

the cylinder.

A finite element technique for the study of large amplitude

asymmetric vibrations of thin shells of revolution was developed by

Kanaka Raju and Venkateswara Rao 7 who studied single mode vibrations

of several shells including a cylinder.	 In order to ascertain the-

accuracy of the formulation of Appendix 4, an analysis was made of the
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amplitude frequency relationship of the cylinder whose dimensions and

support conditions are given in Fig. 8.3, this problem having been

examined by Rao and Raju using an iterative eigenvalue technique.

The cylinder is allowed to vibrate in the lowest frequency mode of

vibration with 4th harmonic displacement variation in the circum-

ferential direction. 	 For a comparison, the lowest frequency mode of

vibration of the cylinder was determined using a' mesh of five finite

elements to represent half the cylinder for this meridionally symmetric

problem and the cubic modal coefficient was found by expansion of the

Lagrangian stiffness with the assumed mode shape.	 At this stage, the

effect of any other modes linked to the primary mode of vibration was

not taken into account.

The lowest frequency of linear vibration of the cylinder was

determined to be 8550.7 Hz which is in very close agreement with the

frequency given by Rao and Raju at 8554.9 Hz and confirms that the

finite element mesh chosen is adequate for a representation of the

structure.	 The amplitude-frequency response for the assumed mode is

shown in Fig. 8.4 and is typical for a 'hardening' structure. 	 The

ratio of nonlinear period divided by linear period at an amplitude

equal to the shell thickness was determined by this study as 0.9688

which is slightly different from the iterative eigenvalue study of Rao

and Raju who determined it at 0.9777. The error grows considerably

greater as the amplitude is increased further, resulting in a period

ratio of 0.786 at amplitude/thickness = 3.0 compared with 0.838 of the

refernce study.	 At amplitudes of this order the terms in Sanders'

theory neglected in this study, , but included by Rao and Raju may be

responsible for some of the difference.	 An analysis was carried out

of the effect of a statically linked displacement mode dependent on

the cube of the primary mode amplitude, which was determined as detailed

in Chapter 6.	 It was found that such a mode produced only very minor

differences in the amplitude-frequency response and its inclusion was

not of very much value.	 In order to determine whether an increased

number of elements might provide better results an analysis was carried

out with seven finite elements which produced almost exactly the , same

results as for the five element mesh.	 The present study therefore

produced a response of acceptable accuracy within the amplitude range

in which it was expected to work for the small effort involved.
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Returning once again to equation (8.3), which determines the

existence of quadratic forces, we see that in the problem above the

restriction of displacements to only one harmonic (n 0) means that

the modal equation can never have a quadratic term and the response

must always be symmetric about the undeformed position. 	 However, this

is not to say that quadratic forces, dependent on the square of the

amplitude of the nth harmonic mode, do not exist, it simply means that

they do not occur with nth harmonic circumferential variation and are

orthogonal.	 Therefore, a similar situation has occurred to that

previously encountered for flat plates and beams where modes out of

plane produce forces in plane and thus cause the displacement of modes

orthogonal to the original displacement. 	 In this case, however, the

orthogonality is imposed by the method of displacement representation

and one must find the circumferential variation of displacements caused

by displacing the structure primarily with the selected harmonic varia-

tion. Fortunately, this is simply done by considering equation (8.3)

and setting B = C = n, to account for the effects of displacements and

stresses with nth harmonic circumferential variation, when the value

of A will indicate the harnomic variation of displacements perturbed by

the primary nth harmonic mode. Thus one obtains

A±n±n	 O
	

(8.6)

Restricting A to a positive.integer, (8.6) can be satisfied for two

values of A, A 0 or A = 2n, so that any displacement with nth harmonic

circumferential variation will always cause displacements to occur with

0th harmonic (axisymmetric) and 2nth harmonic circumferential variation.

Of course, these perturbed displacements will themselves cause dis-

placements to occur with other harmonic variations, but the effect of

these may be expected to be small unless the nth harmonic displacement

becomes very large. 	 The problem analysed above in which displacements

are restricted to the 4th harmonic is therefore seen to be an unrealistic

one, since the effects of linked harmonics are not included. 	 Indeed,

using the solution method of Rao and Raju it would be difficult to

include linked harmonic modes and to establish the effect of their

inclusion on the primary mode of vibration in a typical problem.



1t,t)

For an assumed displacement of the nth harmonic mode tn with
amplitude An in the nonlinear range, the residual, out of balance forces

for the free vibration are found from the unreduced equations of

dynamic equilibrium as

MA + KA + 1i2N1(l)A2
finn	 nnn nfl

+1I3N 2 (CPCP)() A3	 0	 P	 (8.7)
n nfl

where subscript n indicates mass or stiffness for the nth harmonic.

of the terms in (8.7). The term in An 2 does not have nth harmonic

variation, but varies as the 0th and 2nth harmonics and may thus be

written as

	

112N 1 (l) )A2	 FA2 	F A2	(8.8)

	

nnn	 U ri	 2n fi

where	
,	

represent force vectors with 0 and 2nth harmonic circum-

ferential variation. Assuming that displacements in the perturbed

harmonics 0,2n occur only linearly for small An the displacements caused

by the forces in (8.8) may be found seperately because harmonics are

uncoupled for the linear problem and one may therefore write

M4+K0q 0 A 	 a)

2	 (8.9)
M2 q2 + 	 A	 b)

Previously, we have assumed that the perturbed displacements

consist of a linear summation of modes with substantially higher

frequency than that of the dominant mode of vibration and have therefore

found the displacements quasi-statically as

q 0 -K 0 A 	 q2=-	 (8.10)

However, for the s'iell problem a decision must be made as to whether

the quasi-static approximation is always justified. 	 Turning to Table

8. 1 an example of the linear analysis of a typical shell problem one

sees that the minimum frequency of vibration of the shell is associated

with a 4th harmonic circumferential displacement variation, so that if
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the primary mode of vibration were chosen in this case to be a 2nd

harmonic mode, a link would be established with 4th harmonic modes

and the quasi-static approximation will not be valid. 	 For most prac-

tical problems the circumferential displacement variation will be

represented by a small value of •n, which will probably never exceed

10 even in the worst problem. Therefore, it is unlikely in most cases

that the 0th harmonic, axisymmetric modes, which represent a stretch of

the circumference of the cylinder, will be of a lower frequency then

the lowest frequency nth harmonic mode and in the majority of problems

the axisymmetric frequencies will be so high that the quasi-static

approach of (8.10) will be justified.	 It may often be the case that

the lowest frequency mode having 2nth harmonic variation is of suff i-

ciently high frequency that the quasi-static approximation is valid,

but. it is suggested that an eigenvalue analysis for both the 0 and 2nth

harmonics should be carried out in order to be certain. 	 Should it be

discovered that the linear frequency of vibration of the linked modes

is small enough for inertia terms to be important, such modes as are

thought expedient could be contained directly in the coupled, nonlinear,

modal equations of dynamic equilibrium, while the amplitude of remain-

ing higher frequency modes was found quasi-statically. 	 However, this

requires considerable judgement in selecting the necessary modes and

some manipulation of the linear and nonlinear modal equations, so an

approximate but very much faster technique for determining the ampli-

tude of linked modes including the effects of inertia could be an

advantage.

Returning to equations (8.9) and taking the 0th harmonic equation

as a typical case, for axisyminetric modes	 and amplitudes A01 the

solution of (8.9a) may be written

q 0 	A.	 •.	 (8.11)

and the ith modal equation for the axisymmetric system is formulated

by premultiplying (8.9a) by 4)0 to give

m . A	 + k A :-f A2	(8.12)
Ot	 01	 01 01	 01
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An approximate solution to equation (8.12) can be found by assuming

that the vibration of the primary nth harmonic mode differs little

from linear vibration and may be approximated as

A sin W1t

where w is the linear frequency of vibration of the selected nth

harmonic mode.	 The solution of (8.12) for zero initial A ., A . is01	 01
then

A01 =

cos 2Wt	
1-2

2m01 Lk 	(k01/m0.-4W} ] Ar..

1	 cos 2Wt

2m	 W0	 (w1 - 4w) 1
Oi

(8.13)

However, for a fast solution of the nth harmonic equation with linked

modes included it would be preferable to have (8.13) in the form

2
A	 constant x A

n

and (8.13) is therefore approximated as

- f0	 1	
(8.14)

m0. (W_4W

The approximation (8.14) has the following charactersitics

(1) >> 4w 2 quasi-static approach reproduced, but displace-

ments slightly greater than for (8.13).

(2) <<	 time dependent displacement of (8.13) reproduced

accurately, but constant displacement has wrong

sign and is too small.

(3) w	 4w 2 such modes should be included directly in the01	 fl

coupled, nonlinear modal equations since they may

occur at large amplitude
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The formulation (8.14) is therefore capable of producing some'

of the effect of inertia in the low frequency modes while retaining

the quasi-static response of the high frequency modes. 	 In most cases,

it is elementary to find all the axisyininetric modes for the finite

element representation of the shell and to compute the amplitude of

each mode using (8.14.) after which the total perturbed axisymrnetric

displacement can be found using (8.11). The perturbed 2nth harmonic

displacements may be similarly found using modes applicable to (8.9b).

If 4wn 2 is not near to one of the natural frequencies of vibration of

the 0 or 2nth harmonic linear systems, an alternative may be to invert

a dynamic matrix directly to find q 0 , q2giving

q 0 - [ K0 - 4WM0 1 F A

-1	 (8.15)
q2 ': - [K-4wM21

Some difficulty may be found in restricting the size of inver-

sion errors in the form (8.15) however.	 It must be stated that none
of the formulations (8.10), (8.14) or (8.15) is exact, but that they

should provide reasonable estimates of the response if applied correctly.

Where applicable, the quasi-static solution (8.10) must produce only

very minor error.

Having found the perturbed displacements for the linked harmo-,:

nics, their effect on the nth harmonic dominant mode of vibration can

now be found by calculating the change in cubic amplitude coefficient

in the modal equation of motion. By analogy to previous corrections,

the modified cubic coefficient is

+

+1I23N 1 (q2 )+ 1I2N 1( t r) ) q2	
(8.16)

and solution of the single modal equation of vibration for the nth

harmonic mode may proceed as before, all terms of higher order than

normally being neglected for displacements of the order of the shell

thickness.
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Few solutions can be found for vibrations of thin, axisymmetric

shells which include the effects of coupled modes. 	 Those solutions

which exist are entirely analytic in nature and refer to vibrations of

freely supported cylinders, for which the linear modes of vibration

are easily obtained.	 An assessment of the accuracy of the current

formulation can therefore be obtained only by comparison with

analytic solutions for this simple shell structure. 	 Several investi-

gators have included the effects of coupled axisymmetric (0th Harmonic)

modes, the most informative works onthis subject being by Evensen and

Fulton 58 , Evensen 59 , and Radwan and Genin 60 .	 The solution by Evensen

involves the selection of an axisymmetric mode of vibration which

approximately satisfies the boundary conditions for the.cylinder and

the condition of periodic continuity on the circumferential displacement

V, which may be stated as

v(x,9,t)	 v(x,6+2t,t)	 (8.17)

This has some significance for the solution of the analytical.equations,

but is satisfied automatically using the finite element approach.

There is no elementary criterion for the selection of the axisymmetric

displacement and yet the choice of deflected shape plays an important

role in the outcome of the results. 	 Radwan and Genin employ a

technique allowing any number of axisymmetric modes to be linked to the

vibration of the selected asymmetric mode. 	 There is no general criterion

for the number of modes which needs to be included in the analysis, but

each axisyinmetric mode must be determined seperately and its effect

assessed.	 In some cases as many as 45 axisymmetric modes have been

employed.	 Both the above studies make attempts to include the effects

of inertia in the coupled modes, the work by Evensen having the most

correct treatment.

Only one investigation has been found which includes the effects

of linking both perturbed axisymmetric and asymmetric, modes of vibra-

tion to the dominant asymmetric displacement. The study by Chen and

Babcock 61 employs a perturbation technique to solve the partial

differential equations for the motion of the shell directly, so that

no a priori assumption is necessary concerning the displacement of the
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shell.	 The effect of inertia for the coupled axisymmetric and asymmer

tric modes is taken into account in the perturbation equations. 	 The

solution of equations for a freely supported cylinder is most complete,

but due to the nature of the solution it cannot be quickly and flexibly

applied to a shell of arbitrary meridional geometry.	 In order to vali-

date the technique of the current investigation comparisons were made

with problems studied by both Evensen and Fulton, and Chen and Babcock.

The problem studied by Evensen and Fulton was the free vibration

of a freely supported cylinder having a length/radius ratio.of ii and a

thickness/radius ratio of 0.001. 	 The predominant mode of vibration is

assumed to be the lowest frequency mode with 10th harmonic circumferential

displacement variaiion and Poisson.s ratio is 0.3. 	 For the present

analysis, the half cylinder was modelled by five finite elements

(vibration is symmetric about the centre of the cylinder) and the lowest

frequency mode of vibration for the 10th harmonic was found.	 Evensen

includes only a linked axisymmetric mode in his study, found by satis-

fying (8.17), and so it was decided in the current investigation to

find the effects of coupled axisyinmetric displacements only at first and

to include asymmetric coupled modes afterwards.	 The smallest eigen-

value for a vibration with 10th harmonic displacement variation was

found to be 4.155 x	 while the smallest eigenvalue for axisymmetric

vIbrations of the cylinder was 3.106 x 10!U, which is sufficiently high

that the axisyminetric response may be regarded as quasi-static. 	 The

amplitude of linked axisymrnetric displacements was therefore calculated

using (8.10) and the effect of these displacements on the modal equation

of motion for the assumed 10th harmonic mode was ascertained.	 The

results of this study are shown in Fig. 8.5 and compared with results

given by Evensen.	 As is evident, the present study predicts that the

response including the effect of perturbed axisymmetric modes only is

still of the hardening type, while Evensen's results predict that the

nonlinearity ' is softening.	 Although Evensen's calculated axisyminetric

mode does not correctly obey the boundary conditions at the ends of the

cylinder, representing something between simply supported and fully

clamped, the primary difference must result from Evensen's use of an

inextensional formulation which has no displacement along the meridian

of the shell and can include in the stress function the effects of
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of stresses with double harmonic variation which can only be reproduced

in the present analysis by including a linked asymmetric mode. 	 For

further comparison, therefore, the effect of linked quasi-static modes

with 20th harmonic circumferential variation was found and the ampli-

tude-frequency response modified.	 This time, the response is softening,

though the effect is now small and the response almost linear, being

close to that predicted by Evensen, especially if the nonlinear inertia

terms of his formulation are neglected.	 It seems that the difference

between the techniques lies in .the use of inextensional theory by

Evensen, but for the present technique the effect of linked asymmetric

modes is found to be important in modifying the response.

in order to verify that the modal linking formulation of the

current study was essentially correct, a comparison with the cylinder

problem studied by Chen and Babcock was also made. 	 The cylinder under

study has a length/radius ratio of 2 and a thickness/radius ratio of

0.0025 and is allowed to vibrate in the lowest frequency mode with

6th harmonic circumferential displacement variation. 	 The boundary

conditions are those for a freely supported cylinder. The lowest fre-

quency mode for the 6th harmonic was found and the amplitude of coupled

axisymmetric and asymmetric modes found directly using equation (8.10).

A comparison with the amplitude-frequency results given by Chen and

Babcock is shown in Fig. 8.6.	 Both studies show the nonlinear response

to be of the softening type though its effect is so small that the ampli-

tude-frequency response is almost linear in this range. 	 The results

are actually quite close, though on the expanded scale of Fig. 8.6 the

difference seems large.	 As a further modification, the effect of 5th

order terms in the modal equation of motion is included and produces

a slight decrease in the softening effect. 	 In fact the current investi-

gation. used a slightly different stiffness/density ratio to that used

by Chen and Babcock while these invetigators use the slightly less

accurate Donnell shell theory (valid for n > 5) and not Sanders theory

as used in this study.	 An investigation of the lowest frequencies of

vibration for the 0 and I 2th harmonic modes showed that the quasi-static approach

would be valid for the axisyuimetric modes, but an inaccuracy might occur

because some 12th harmonic modes had eigenvalues comparable with that

of the dominant 6th harmonic mode.	 However, no major inaccuracy



u = a cos nO
n

v = b sin nO
n

w = c cos nO
n

(8.18)
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appears to have occurred by using the quasi-static assumption which may

well be explained if the perturbed displacement with 12th harmonic

circumferential variations is composed only of higher frequency modes.

'Thile this may be correct in some cases, it may be better to assess the

effects of including inertial terms as well for the general problem.

The modified Galerkin technique of the present study is there-

fore shown to be capable of predicting the nonlinear amplitude-frequency

curvesfor cylinderical shells vibrating in a single dominant mode with

comparable accuracy to a direct analytic solution. The inclusion of

both coupled axisymmetric and asymmetric displacements has been shown

to be necessary and a simple technique for their calculation has been

formulated.	 The use of the finite element technique allows solutions

to be found for shells of different shape and arbitrary boundary con-

ditions with no modification to the formulation.

8.3	 Parametrically Excited Vibration of a Cylinder

Returning to the beginning of this chapter, it was stated that

the circumferential variation of displacement for an axisymmetric shell

should be represented by the sum of a Fourier sine and cosine series,

but in order to reduce the possible number of coupling terms, a single

series expansion of the type given in equations (8.1) was used for the

current investigation. 	 The consequence of neglecting the alternative

Fourier series terms is a restriction of a form of nonlinear vibration

which may occur in certain shell structures. 	 The nature of such

vibrations may be explained without recourse to explicit mathematical

formulations and is an aid to the understanding of the restriction on

the current investigation.

Consider a mode of vibration having a circumferential variation

of displacement of the form-given in equantions (8.1), but restricted

to a single harmonic n.	 This mode is then given by

where u,v,w, a ,b ,c are functions of the shell meridional variable x.
n n n
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The mode, eqn. (8.18), is forced by an applied load with a similar

harmonic variation and is termed the 'driven' mode. 	 Taking terms from

the alternative Fourier series for displacement variation gives a mode

sin nO
n

	

n cos nO.	 (8.19)

w	 sin nO
n

which is termed the 'companion'• mode. 	 It is not difficult to visualise

that for linear vibrations both the driven and companion modes have

the same natural frequency, but by virtue of the geometric nonlinearities

occurring in the shell,both modes are coupled. 	 The nature àf this

coupling is such that for a shell with initial imperfection or in which

the companion mode is perturbed, both modes may occur together, even

though only one mode is subject to an applied force. 	 The phenomenon

of companion mode vibrations has been analysed by both Evensen 59 and

Chen and Babcock 61 so that it is possible to make some conclusions on

the amplitude of the companion mode. The displacement of the companion

mode is highly dependent on the applied force in the driven mode and the

level of damping, but is unlikely to exceed the amplitude of the driven

mode because both modes represent displacements of equal stiffness.

There is a possible solution for which the companion mode is the pre-

ferred displacement and occurs at higher amplitude than the driven mode,

but this solution is unstable and vibration reverts to the response of

the single driven mode. 	 tn some cases it is possible to obtain a non

stationary response with amplitude drifting between the two modes.

The companion mode. response isa phenomenon of large amplitude and

large applied forces, and occurs for vibrations near the freqency of

the linear problem.	 It would be possible to include companion modes

in the finite element formulation with some effort, but its omission

is felt to be acceptable in most cases.

Disregarding companion mode oscillations there is a further form

of coupled mode vibration which may occur under favourable conditions

and which takes the form of a parametric excitation. 	 This coupled

mode response differs from the companion mode solution in that coupling

takes place between displacements having like circumferential variation
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of the form, equations (8.18), but having a different value of harmonic

number n.	 As an example of such a vibration, consider oscillations of

a simply supported cylinder of the form equations (8.4) having defining

parameters (m 1 , n 1 ) and (m 2 , n2 ).	 The modal equations of motion may

be stated as

mode 1, (m,n ):
1 • 	2 2

m11 A 1 + c 11 A 1	 k11 A1 + Z >1 (ci A A + ii 3	 A A.Ak
i1 j1	 1 'i	 J	 k1 lijk

P1(t)
mode 2, (m2 , n2):	

2 2	 2
v- r.	 .

m 22A2 + c 22 A 2 + k22A2 + L_ L_ tO. A A + L. P2IJkA A A
i1 j1	 2ij	 k1	 I	 J	 k

(8.20)
P2(t)

It is found from consideration of equation (8.2) that

a 121 and a112 0
	

unless n 1 = 0 n2 = 0 or n2 = 2n1

a122 0	 unless n and n = 0 or	 = 2n2

Asimilar result is obtained for mode 2 with 1,2 or n1,n2interchanged

and so for a generalisationwe might have n 1 = n2/2 then the modal

equations become

m11 A 1 + c11 A 1 + k11 A 1 + La121 + a112 ) A 1 A2 +
	

A

+	 1122 +	 1212 + p1221 ) AA
1	(t)

(8.21)

m A+c A+k A+a A2+
22 2	 22 2	 2	 211 1	 p2222 A

2211	 p2121 + p2112 ) A A
2	 (t)+

Making P 1 (t) = 0, we excite mode 2 (m 2 ,n 2 ,m 2 odd) at a frequency w'

near its natural frequency and examine the effect on mode I (m1,n1).

writing
	

P2(t)	
2	

wt

we expect
	

A2	
'2 

COS W't
	

(c22 small)



1.63

then for small vibrations of mode I the equation of motion is

negLecting cubic terms

m 11 A1 + c A 1 + k11 A1 + ( cx112 + a121 ) 2 co W, t A 1	0	 (8.22)

Equation (8.22) can be rewritten if we realise that c 	 = c	 < 0
112	 121

A 1 + 2	 + Q 1 (1 - 2cos W't)A 1	(8.23)

Equation (8.23) is of the Mathieu-Hill type which predicts regions of

instability for the modal amplitude A and is treated in detail by

Stoker.	 The instability is worst if us' = 	 so that a particularly

bad combination of responses could occur if w' =	 = 2c ] , where

and 2 are the linear frequencies of vibration of modes I and 2

respectively..

Favourable conditions for unstable oscillations of this sort

may exist in many shell structures, but one such structure is a simply

supported cylinder having a length/radius ratio of 2.5 and t/R = 0.01.

The coupled modes of vibration are those having 4th and 8th harmonic

circumferential variations and the smallest natural frequency in each

case, that is n 1 = 4, n 2 = 8, m 1 = m2 = I.	 The applied load in the

8th harmonic is taken to be an axial stress having a value of some small

percentage of the classical buckling stress for the cylinder and is

given by

P	 2TtRtA	 a cosw't .6	 m = odd	 (8.24)
2	 m2,n2 0

A= axial displacement amplitude from equations (8.4)

and where the classical buckling stress is given by

Et
00	 (8.25)	 -

RJ3(1v2)

In the present analysis a half cylinder was modelled using five

finite elements and the lowest frequency modes in the 4th and 8th

harmonics were determined.	 The frequency of the modes was found to be

3227.5 Hz for the 4th harmonic mode and 6344.8 Hz for the 8th harmonic

mode, giving a frequency ratio of	 1.966 which is sufficiently

close to 2.0 for practical purposes.	 The amplitude of the 8th
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harmonic axial displacement (Am2, n2 ) was determined from the finite

element analysis and the modal load calculated from equations (8.23)

and (8.24).	 The problem of parametric excitation in a simply supported

cylinder has previously been analysed by Radwan and Genin 63 , who

include in their study the effects of axisymmetric displacements pro-

duced by coupling with the 4th and 8th harmonic modes, but not the

effects of linked asymmetric displacements.	 In order to determine the

results of such an omission, a preliminary analysis of the forced res-

ponse of the 8th harmonic mode, without participation of the 4th har-

monic displacement, was carried out for two cases, with and without the

inclusion of linked asymmetric modes, using the technique of Appendix 1.

The results of this study are shown in Fig. 8.7. 	 The response for

= 0.01, with linked axisymmetric modes only, is similar to that

obtained by Radwan and Genin, and shows the effects of hardening pro-

duced by a positive cubic coefficient in the modal equation. 	 When the

linked asymmetric displacement (16th harmonic) is included, the cubic

coefficient becomes small and negative (softening) which produces a

major change, the response tending towards near linearity in this ampli-

tude range.	 Damping in all cases was 0.5% critical. 	 The importance

of including linked asymmetric as well as axisyrnmetric modes is clearly

demonstrated and it is believed that the present study is a more accu-

rate representation of shell behaviour than that of Reference 63.

The analysis of the parametric response requires a little more

manipulation of the various linked displacements. 	 The effect of linked

axisymmetric and 1 6th harmonic modes on the 8th harmonic displacement

had already been determined and so the next step was to determine the

effect of displacements in 0 or 8th harmonics perturbed by the selected

4th harmonic mode on the response of the 4th harmonic mode. 	 The link

between the 4th harmonic mode and axisymmetric displacements is

easily established, but for the link to the 8th harmonic modes,

the lowest frequency 8th harmonic mode, which is already fully included,

was deleted and the effect of perturbation of all other 8th harmonic

modes was established separately.	 It is easily seen that axisym-

metric displacements caused by the 4th harmonic mode displacement will

also influence the response of the 8th harmonic mode and vice versa

(this produces modifications to terms in A l 2A2 and A22A1 ) and so these
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effects were also determined.	 As-a final step, the effects of 12th

harmonic displacements caused by quadratic forces with amplitude

dependent on A2A 1 was also established.	 The final analysis included

therefore, displacements with 0, 4th, 8th, 12th and 16th harmonic cir-

cumferential displacement variations, representing in this case a

possible 140 separatemodes of vibration for the simply supported

cylinder.	 In the analysis by Radwan and Genin terms of order A22A1

and A l 2A2 have been neglected.

The solution of the time dependency of the parametric response

was carried out by direct integration of the modal equations using the

cubic interpolation of inertia algorithm.	 The calculated modal load

was applied to the 8th harmonic mode equation with time varitaion cos Cut

and the 4th harmonic mode was given a small initial amplitude to simu-

late the effect of an imperfection or perturbation, the value of this

initial amplitude being given by amplitude/radius = 5 x 10 	 in this

case.	 The coupled equations of motion were solved for two values of

applied force, S = 0.02 at ' = 2cl and	 = 0.01 at u'	 .S1 2 and

0.98Q.	 Damping in all cases was 0.5% critical. From an examination

of Fig. 8.7 it is seen that the first forced response would, for the

single 8th harmonic mode, represent a fairly small 8th harmonic mode

amplitude, whilst the frequency is. such that the effect of the coupling.

may be optimum.	 The second force amplitude and frequency would, without

the effect of coupling, represent a fairly large 8th harmonic amplitude,

since the forcing frequency. is very near to resonance. 	 It is apparent,

therefore, that these two frequencies may be the points at which the

effects of parametric excitation will be most noticeable. 	 The results

of these analyses are shown in Fig. 8.8 and Fig. 8.9. 	 In both cases

the driven mode begins to. reach the amplitude region predicted by the

previous single mode analysis, but the instability in the 4th harmonic

mode is apparent and it quickly reaches an amplitude comparable with

that of the driven mode.	 There is an area in which energy is inter-

changed between modes causing one amplitude to become large with a

consequent drop in the amplitude of the other mode and the response

appears nonstationary.	 This effect is particularly noticeable in the

secondcase,but it eventually dies out and the response becomes stationary.

Figure 8.8 represents about 850 cycles of the applied force. 	 The
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final response in both cases is significant.	 The amplitude of the 8th

harmonic mode is much smaller than predicted by the single mode analysis

and the amplitude of the coupled 4th harmonic mode in each case greatly

exceeds the amplitude of the driven mode on which the applied force

acts.	 The effect of the parametrically excited mode proves, therefore,

to be very important.

The response of the parametrically excited mode, is not unexpected

if one considers the physical basis of the equations of motion. 	 The

basis of coupled mode vibrations is that the driven mode shares energy

with the mode to which it has been coupled. 	 This has two basic effects.

(a) the amplitude of the coupled mode grows;

(b) the amplitude of the driven mode decreases because energy has

been transferred to another mode.

In the case of companion mode oscillations the coupled mode

represents a system of equal stiffness to the driven mode, and so a

small percentage of transferred energy cannot represent a larger dis-

placement than that of the driven mode.	 In the case of the parametric

excitation of .the present study, however, the parametrically excited

mode represents a system of lower stiffness than the driven mode and

hence, even a small proportion of energy transferred from the driven

mode may cause the lower stiffness system to occur at large amplitude.

The amplitude of the parametrically excited mode is determined by both

the amplitude and frequency of the driven mode and also by the level

of damping, an increase in which will delay the instability both by

dissipating more energy in the parametrically excited mode and by

reducing the amplitude of the driven mode.	 However, by altering the

size and frequency of the applied force a region of instability can be

found.. The incidence of parametric excitation is limited to a small

frequency range near to the frequency of the parametrically excited

mode, outside this range the response will revert to the single mode

vibration of the driven mode.	 This phenomenon is demonstrated in

Fig. 8.10 for 5 = 0.01 and W' = 0.98Q2 , when the 8th harmonic mode

rapidly reaches the expected single mode solution while vibration of

the perturbed 4th harmonic mode decays.

The existence of a form of parametric excitation occurring in
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certain shell structures has been demonstrated and an analysis carried

out using the finite element method.	 Although this form of dynamic

instability is less common than the 'companion mode' oscillation, it

represents a greater change in the response when it occurs. 	 The form

of classical resonance is lost. 	 The possible existence of such

unstable oscillations should always be borrin mind thenconsidering the

forced response of any shell structure near to a resonant frequency.

8.4	 Conclusion

A finite element method has been developed for nonlinear,

asymmetric free and forced vibrations of shells of revolution and

circular plates.	 It has been shown to be comparable in accuracy to

analytical techniques whilst having the principal advantage of the

finite element technique in allowing arbitrary geometry and boundary

conditions tobeincorporated at will. 	 The importance of including the

effects of both axisymmetric and asymmetric displacements perturbed by

the primary mode of vibration is also demonstrated. 	 The examples

analysed in this study have resulted in a 'softening' response, but it

should not be assumed that this will be the case for shells in general.

The finite element model does not at present incoporate the ability to

analyse 'companion' mode oscillations, but this could be incorporated

at some greater complexity. 	 However, a further mechanism of parame-

tric excitation has been identified and shown to lead to serious modi-

fications of the expected shell response under favourable conditions.

Emphasis must be placed on the economy of this technique when compared

with a conventional finite element solution. 	 The longest analysis of

the parametric response occupied approximately 100 sec on the C.D.C.

6400 for the current investigation while analysis of the comparable

problem using a direct time operator solution and the fully discretized

finite element model is estimated to require in excess of 100,000 sec of

computation time on the same machine.
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n	 3	 4	 5	 6	 7

	

- 3.888	 3.075	 5.347 10.520 19.423	 RADWAN &
GENIN

	4.073	 3.479	 5.996 11.465 20.716	 PRESENT
STUDY

Table 8.1 Non dimensional coefficient Q. 2ffiR2/c (x103)

for cylinder L/R = 4, t/R = 0.01, mode in = 1

3	 4	 5	 6	 7

	

17.19	 62.00	 164.59 358.79 685.85	 RADWAN &
GENIN

	

14.22	 57.85	 158.37	 349.21	 671.15	 PRESENT
STUDY

Table 8.2 Cubic non dimensional coefficient 11.iR4/Et

for cylinder L/R = 4, t/R = 0.01, mode in = 1

2	 -2.	 2	 -2w (sec. )	 w (sec. )
.n=4	 n=5

	

NASA TN .	 PRESENT	 NASA TN	 PRESENT
-D--4972	 STUDY	 -D-4972	 STUDY

	

2.17401x106	2.19401x106	 1.11765x106	 1.14837x106

	

1 .04833x10 10	1 .04851x10 1 °	 1 .60902x10 1 °	 1 .6082x101°

	

3.09779x10°	 3.09779x101°	 4.68747x101°	 4.6885x101°

Table 8.3 Correlation of Frequency Parameter 	 for

freely supported cylinder as computed by

Present Study and solution from NASA TN-D-4972

( Dimensions of isotropic cylinder as NASA TN-D-4972 p55 )
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Cylindrical shell dimensions

Lrr/2in. RtOin.

Thickness tO.O1 in.

Youngs Modulus 2.961O lb/in

Poissons ratio O.29

Density 7.33x1O	 tb-s2/in

Boundary conditions

edges. u:vwO

centre, udv/dx dwldx=O

Fig.8.3 Characteristics of the cylindrical shell

problem of Rao & Raju.
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9 DISCUSSION AND CONCLUSION

Having tested the effectiveness of an approximate modal technique

for the nonlinear dynamic analysis of a variety of structural elements,

it is now necessary to consider the successes and failures, advantages

and disadvantages, of the basic Galerkin technique and its modification

which uses a perturbation technique in order to better approximate the

structural response.	 Furthermore, there are a number of modifications

which could be made to speed the application of the approach and some

possible additions to •the method as it stands. From a consideratian

of the technique used here and some possible improvements deductions

can then be made on the type of structural problem for which approximate

metFods of this form may prove most effective.

The basic Galerkin technique using finite element modal synthesis

which was formulated in Chapter 4, was used to analyse a number of cable

structures of differing geometry whose structural simplicity belies the

complexity of their dynamic responses. 	 In almost all cases. the

responses obtained from the approximate modal technique were sufficiently

accurate to indicate the response of the unreduced system of equations

for the structure whilst providing a major saving in computational

effort.	 Thus, particularly in the case of the planar cable net,

where the typical 'strain hardening' amplitude frequency curve was

accurately produced, solutions of the reduced system of equations could

be used to estimate the frequency at which a solution of the unreduced

system of equations could be undertaken in order todetermine dynamic

stresses more accurately should this be necessary. 	 Most analyses of

this sort have provided a good indication of the amplitudes which may

be expected for the response but, there remains a difficulty in choos-

ing suitable modes to represent all the displacements likely to occur.

The choice of suitable low frequency modes at or near a resonant

frequency is not difficilt, but the possibility of_exc1ud'ing necessary

high frequency modes is always present. 	 Fortunatelyhere is a simple

technique which will yield an indication of the sufficiency of the

selected modes for the analysis. 	 Having obtained the solution of the

modal equations of motion at some suitable time, the fully discretized,

unreduced system of equations can easily be reassembled using iTalues of
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displacement, velocity and acceleration from the modal analysis and

residual error forces can be evaluated at all the nodes. 	 The solution

of the modal equations of motion satisfies equilibrium in the mean, of

course, but not at each nodal point,and so the residual normalised force

errors are an indication of the accuracy of equilibrium represented by

the modal displacements in a global sense.	 If these residual errors

are everywhere small the modal representation is probably acceptable but,

should they be large, they can provide a qualitative indication of mode

shapes which it might be wise to include in the analysis. 	 It is true,

however, that the selection of further modes becomes a matter of

personal judgement and that the analysis reduces to trying modes for

their effectiveness in improving the residual error forces aL the nodes.

It is also apparent that in many cases all the modes of vibration may

not be obtainable from the linearised system of equations without con-

siderable computational expense and it was for these reasons that a

perturbation technique was added to the basic Galerkin method.

Furthermore, if the inclusion of a high frequency mode of vibration

directly into the modal equations becomes necessary there is a con-

sequent decrease in acceptable timestep for the integration algorithm

and an increase in computational time, though this will almost always

be less than integrating the unreduced system of equations. 	 Examination

of nodal equilibrium error forces is particularly easy for an Eulerian

representation of nonlinearity as the elastic forces in the unreduced

system of equations must then, in general, be found at every step, but

this is also relatively simple in the Lagrangian approach whose modal

equations of motion may be solved more quickly.

For the Lagrangian representation of the nonlinearity which has

been assumed here, the nonlinear terms in the modal equations have been

formulated by evaluating the nonlinear stiffness based on modal dis-

placements and deriving a series of modal coefficients, which, when

multiplied by products of the modal amplitudes and summed, produce the

correct modal forces.	 The number of modal coefficients which are

separately evaluated and stored is dependent on the number of assumed

modes, being equal to the number of modes cubed for quadratic forces

and the number of modes to the fourth power for cubic forces. 	 A

large number of modal coefficients have to be derived and stored,
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therefore, and it is apparent that. for a certain number of assumed

modes a situation will be reached where it may be computationally more

efficient to evaluate elastic forces in the unreduced system of . equations

and premultiply by the selected modes transposed in order to find modal

forces.	 The evaluation of nonlinear stiffness matrices in the fully

discretised system of. equations will almost certainly require numerical

integration and so the time taken to formulate the modal forces from

elastic forces in the unreduced system of equations will depend both

on the complexity and number of finite elements in use. 	 Once the modal

coefficients are found, however, the Lagrangian expansion is indepen-

dent of the number and type of finite elements in use, so there is no

exact way to evaluate the number of modes for which the current expan-

sion would become less efficient.	 However, it is possible to decrease

the number of modal coefficients which must be evaluated and stored,

and consequently the time taken to evaluate the nonlinear modal forces.

At this stage of the formulation, no assumption has been made as the

similarity of individual modal amplitude coefficients and each one is

evaluated separately.	 It is clear, however, that for example in the

rth mode the quadratic amplitude coefficients a .. and a .. are equal
nj	 .rji

(i	 i) and that the cubic coefficients rijk
	 rjki = rkij (i i and

k r).	 Consequently, these coefficients need only be evaluated once

and the sum of the nonlinear terms simplified to

arjjAjAj +	 rji AA 1	2a11i A 1 A	 (9.1)

riJk AIAJAk + 1 rJki A J A I(Ai+ I3rkij Ak A i A J	 l3rijk A I A J Ak	 (9.2)

In order to take advantage of the equivalence of the above terms some

complexity must be added in programming to account for correct

ordering when storing the amplitude coefficients and when evaluating the

modal forces from'them.	 Since it was intended to use only a few modes

in this study, such a modification was not thoughtnecessary, but the

increased complexity may be outweighed by savings in computer time and

storage if a larger number of modes is to be used.

The direct Galerkin formulation of the modal equations of motion
proves in most cases to be a reasonably accurate and attractive tech-

nique which, in general, produces the correct form of nonlinearity

though with varying accuracy.	 An exception to this is the thin shell
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problem where a 'stiffening' response is often produced when the true

response should be softening. For the case in which eigenvectors of

the linear system of equations are used the technique has the ability

to produce exact results as the number of modes is increased and if all

modes are readily available. 	 The technique can provide a useful

decrease incomputation time and can give a qualitative indication of

•errors resulting from 'missing modes' and the steps necessary to bring

about a cure.	 In unmodified form the technique appears to work

particularly well for problems involving cable structures.

Though it is certain that the unmodified modal approximation

technique will converge to the exact solution of a nonlinear vibration

problem as the number of modes is increased, the necessity of including
certain high frequency modes and of exercising judgement in their choice

led naturally to the development of the simpler perturbation technique.

The high frequency modes obtained from a finite element analysis often

have little iesemblance to physical modes of vibration of the structure,

being merely dependent on the finite element idealisation, and so little

is lost in terms of physical understanding and much is gained in com-

putational cost, if such modes need not be found and included in the

modal equations of motion explicitly. 	 How then should the perturbation

technique used here be considered in a physical sense? 	 Selected low

frequency modes are allowed to occur fully nonlinearly, so that their

equations of motion are nonlinear, but in addition orthogonal error

•	 forces dependent on various orders of selected mode amplitudes are

-	 produced and allowed to cause small displacements in a linearised static

sense.	 Thus the assumption is that the dominant displacement is that

of the selected modes while perturbations about these modes are so

small that they can be considered linear and their frequency of vibration

so high that their response is quasistatic. 	 The validity of the

assumption that high frequency modes occur linearly can often be seen

by analysing the results of a direct integration solution of the fully

discretized system of equations subject to a low frequency forcing

function and has proved completely satisfactory. 	 However, there may

be cases in which the perturbation technique produces displacements

whose constituent modes are of sufficiently low frequency that not only

might inertial effects become important, but the assumption of linear
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response may no longer be valid.	 A situation in which second order

perturbed displacements involve linked modes of vibration of similar

frequency to the dominant displacement mode and in which the dominant

mode vibrates symmetrically about the undisplaced position has already

been examined in the form of thin shell structures and inertia terms

from the perturbed displacement included approximately. 	 However, in

other classes of problem in which the displacement response is no

longer symmetrically biased about the equilibrium position (for

instance the arch free vibration problem) there is no easy way of

including the inertial terms of the perturbed modes in the perturbation

technique.	 Fortunately, an indication that the assumed small

variations about dominant mode shapes involve low frequency modes is

of ten given directly by the quasi-static analysis of the perturbation

technique.	 If the link involves low frequency modes it is most often

found that the displacements given by the quasi-static approximation

are significant compared with those'of the dominant modes except for

very small amplitudes and the assumption of small variations becomes

invalid.	 If all the low frequency mode shapes are available, the

constituent modes of the perturbed displacement vector can easily be

identified and the modal equations of motion re-evaluated including

other low frequency modes. 	 If this is done both inertia and non -

linearity are accounted, for directly and a further analysis to deter-

mine small quasi-static variations about the mode shapes can be under-

taken.	 However, the use of the perturbation technique of Chapter 6

becomes rapidly. more difficult as the number of assumed modes is

increased and so an alternative to direct inclusion of perturbed low

frequency modes in the full modal equations may be to neglect their

inertial contribution and assume that they occur quasi-statically,

but nonlinearly.	 This would involve carrying out a nonlinear static

analysis using the inertia vectors of the selected modes (product of

mass matrix and selected eigenvector) as an applied force, but scaled

to produce displacements in a selected range. 	 From the resulting

displacement'á set of perturbed displacement vectors dependent on

quadratic and cubic amplitude products can be derived which are ortho-

gonal to the assumed mode shapes and valid approximately up to the

maximum displacement reached in the static analysis. 	 The assumption
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is once again that displacements will occur dominantly in the form of

the selected modes with small variations about them. 	 Let us say that

at some value of applied inertia load the global displacement vector

is given by r , then the amplitude of the ith selected mode making up r

is given by

(9.3)

and displacements orthogonal to the n selected modes are

x	 r - jA11
	

(9.4)

Then one assumes that X is made up of displacement vectors with

amplitudes dependent on products of the A. as

x	 [q	 1IqIk Ak] 
A.A.	 (9.5)

1:1 J l	k1

Equation (9.5) is not in itself solvable for one value of X
but by generating a series of X for different values of applied load

vector a system of equations of the form (9.5) can be formulated and

solved.	 Savings are made, of course, by recognising that several

amplitude products in (9.5) are the same and it is also recommended

that values of X should be determined by loading the structure with

both positive and negative applied inertia load vectors. 	 This tech-

nique then recognises the nonlinearity of elastic forces within a

certain amplitude range while neglecting coupled nonlinear inertia

terms.	 It has the disadvantage of requiring a full nonlinear statics

analysis, which is often computationally costly, and is equally as

complex as the perturbation technique of Chapter 6, but it may be valid

up to greater amplitudes than the technique used in the present work.

It is quite likely that only second order(quadratic) displacement

variations need be found from (9.5) for sufficient accuracy.

The basic Galerkin technique developed in the first part of the

current work is valid for any assumed displacement mode shapes,

whether or not they be orthogonal.	 It should be remembered however,

that the perturbation technique of Chapter 6 and the modification above

use the property of orthogonality as an essential part of the formu-

lation and so the form of the mode shapes can no longer be arbitrary.
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This means that mode shapes are restricted to modes of vibration of

the linearised structural system equations or perhaps buckling modes

based on a given loading distribution.	 Indeed, the use of static

buckling modes may be advantageous either for the dynamic buckling

case or when the dynamic solution algorithm is to be used to solve an

essentially static problem whose solution passes through the buckling

point.	 If several buckling modes are used, one must remember that

the modal mass matrix is no longer diagonal and include all the necessary

coupling terms.

One advantage of the , formulation of the current work, in which

fully nonlinear time dependent equations for the selected modes are

solved by use of a direct time operator algorithm, is 'that no specific

statement has to be made onthe size of the modal load. A conventional

perturbation solution of the fully discretized equations of motion

would require that the equations be separated into groups for each

power of perturbation parameter so that the applied force must be

classifed into one of these groups by assuming its dependence on the

perturbation parameter. 	 It is quite likely that the final result of

any' calculation could be influenced by the initial assumption of the

order of the applied force and it would be best to avoid this limi-

tation if possible.	 The technique of the current study allows forces

of arbitrary size in the modal equations, but stipulates that variations

about assumed modes, which are not influenced by externally applied

forces, should be small.	 Solution of the modal equations is easily

accomplished for any modal force time function.

It is possible to question the validity of using a modal dis-

placement representation with applied forces whose spatial distribution

might, in general, be arbitrary.	 However, if the structure is

vibrated near a resonance frequency and the damping is small, which is

the assumption of the present investigation, the response will be

dominated by the resonant mode for any reasonable spatial distribution

of the forcing function, unless some form of dynamically unstable coupling

occurs.	 The action of the applied forces on modes other than the

resonant one will probably be small enough that they will not modify

the overall displacement response significantly, but their inclusion

would lead toa better representation of the dynamic stresses. 	 The
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present study has the capability to include a certain number of modes

with frequencies of vibration near that of—the resonant mode at some

computational expense, but it also seems possible that the effect of

low frequency forcing functions on modes of vibration of significantly

higher frequency could be included on a quasi-static linear basis.

The assumption of quasi-static linear response is based on the comparable

improvement of dynamic stresses produced by the same assumption for the

linear modal analysis and will probably be sufficiently accurate for the

nonlinear analysis.	 The quasi-static forced displacements would have

to be introduced into the fully nonlinear modal equations producing a

series of time dependent modal amplitude coefficients which could be

dealt with by modifying the time operator algorithm used for solution.

The use of the direct timeintegrator. solution technique for

solution of the time dependent modal equations, with its inherent

flexibility has proved most satisfactory. 	 The ability to solve prob-

lems of cubic or compound quadratic and cubic nonlinearity subject to

forcing functions of arbitrary time variation is a major advantage.

Though all the possible solutions to a set of equations which may have

multivalued responses cannot be reproduced, the results obtained always

represent a stable solution in the lowest energy state, which is often

the most likely in physical occurrence.	 Providing the nonlinearity is

not too great therefore, an acceptable resonant response curve will be

reproduced by. direct integration such as those of the cable net prob-

lems in earlier chapters.	 In the case of the single mode cubic stiffen-

ing problem subject to a sinusoidal forcing function, where only the

steady state response is wanted, one must advocate the use of Duffing's

technique since it is considerably faster than direct integration tech-

nique and will produce all the possible solutions. 	 In the case of the

multi-mode problem, however, the direct integration technique offers

the advantage of producing sub or super harmonic vibrations, wherever

they exist, without modification and in a time not substantially different

from an analytical solution of the nonlinear equations of motion.

The modifications mentioned in the above paragraphs are designed

to render both the basic Galerkin technique, and its development

to include perturbed displacements, faster and more effective for
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the range of problems for which such techniques are most useful.

Clearly, the present study has been most effective in determining free

or forced vibrations of various types of structure at or near a

resonant frequency where displacements can be represented by a small

number of modes with some accuracy.	 Modes used throughout the current

investigation have been eigenvectors of the linearised equations of

motion which it is believed will generally provide the best displace-

ment representation for the nonlinear, near-resonance problems for

which the current technique was designed. 	 In the case of dynamic

buckling, which.may also be an application for the techniques developed

here, there may be advantages in using buckling modes together with the

perturbation technique and. this could also yield answers for static

displacements in the post buckling range, since going through the

buckling point produces no difficulties for the dynamic solution

algorithm.	 One possible further use for a modification of the basic

technique is for stochastic forcing functions, such as wind forces.

For the structural problem, stochastic wind forces usually.consist of

a very slowly varying component and a more rapdily varying 'gust' force

and the most usual solution for the linear problem involves the use of

a quasi-static response for the very slowly varying component. and only

the lowest frequency mode for the gust response, which is still slowly

varying compared to the natural frequencies of vibration of most

building structures.	 The nonlinear response could be synthesised using

a quasi-static nonlinear analysis allied to a forced direct integration

response ofa single nonlinear mode of vibration with the nonlinearity

determined by the techniques developed here.	 The current technique

is also particularly applicable to structures consisting of mixed low

and high stiffness components (such as the guyed mast, where the cables

are very stiff in tension, but the mast itself has low bending stiffness)

where conventional techniques would need to take account of the high

frequency vibrations in the stiffest parts of the structure.
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1. SOLUTION OF DUFFING 'S EQUATION

The equation. of dynamic equilibrium for the forced response

of a damped single degree of freedom system with cubic nonlinearity

may be written as

A^ cA+w 2A+13A3 =PsinWt
	

(Al .1)

where W is the natural frequency of vibration of the linear osc-

illator. Equ'n (A1.l) is comronly known as miffing's equation and

is most easily solved using a technique suggested by Stoker62.

The presence of damping causes a phase difference between the applied

force and the response and in the solution it is easier to fix the

phase of the response and leave the phase of the imposed force to

be determined. Thus the equation is written

A + cA + w 2A + 13A3 = R sinQt + S cosQt	 (Al .2)

2	 2	 2
where P =R +5

and assume a response of the form

A = A sinQt (Al .4)

Substituting (Al.4) into (Al.2) and writing sin3Qt 3/4 sinç?1 -ill.
sin3Q, Galexkin's technique with weighting functions sinQt and
cosQt gives

( ç 2 + w 2 ) + 3/4	 = R
	

(Al .5)

cQ=S
	

(Al.6)

Upon squaring (Al.5) and (Al.6) and adding, the following equation

is obtained

2	 2 2	
c2 ]	 + 3/4 3(w	

_2)4 
+ 9/16[(wa - Q)+

R2+S2P2	 (A1.7)

(Al.7) is a cubic equation in the amplitude of response squared,

having 1 or 3 real rots depending on the frequency Q. The equation

was solved by findingone root using New-ton's technique, this root

being eliminated to form a quadratic equation with two real .or

imaginary roots.
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2. STIFFNES3 HATHICES FOR THE TVIO DI1ENSIONAL
BE1Th ELELENT

rz
•i1 ue4 1	1	 e
I-.-	 2	

2
x

Beam Iençth I

The Green strain for -the 2D beam is given by

2	 2
= u, + u,	 + w, )	 where , denotes d/dxx	 x x	 x

and the bending strains are given 'by	 = -zw,	 , so that

the complete axial variation of strain is

2	 2
= u, -zw,	 + +(u,	 + w, )

x	 x	 xx	 x	 x

Neglecting the term in u, 2 we write the strain in matrix terms as

= 
Ltd + dtH d

where	 = [u, w,	 w,x	 x	 xx

Lt =Ei 0 -z]

H =ro 1 0 j
Using a linear interpolation for the axial u displacement and a

cubic interpolation for the w displacements, the necessary

displacement derivatives are given by

-(	 0	 0
£

=	 o	 ('x 4-,x\ (-x+3
\	 'U -

o	 (	 \ 1-' ^G

o	 0

a I x	 (.2) ± 3	 0

i'
o ( C -'2.\ (-3 +\	 I

f;:



-1 0	 0
12E1	 L

i-El
-r

-t-E!\ (Ui2—J)

1-EAeI

o
o o

0	 o
0

-2

0	 o	 io
2.

o
0

4 j_

o 0

o o
—1

0	 0
0

Qo
o 0

0 0
0
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The linear stiffness matrix is given by

ic	

VL	

DeL L.D

-EA	 0-r	 -EI	 ET
o	 T3	 •-:j2_.I
o

()	 0
i I -Lt

T
1 Er
T

The quadratic stiffness matrix terms are given by

N1JED(LH+LdH1HdL)D
V L

After some mathematical manipulation the following is obtained

o 0 00 0
—cc,

'01.	 0	 _	
tO..

00

2

N



L

'.5

0

0
2

0

0

-f EAO2

,-&	 30

0	 0

oc 0
o-

0

= 3 EA (uj2-ui)
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N2	 fa D ( H d cd &H +. - dtl-Idi-1)D c\y

vo_

o o 00 0
•12	 -	 L

35L 0 35L2 3

g!5 0 35Q 0

00	 C)

35q2- 35L
.3

4 EA
2

00 0 00 0
3

Q (40 0 3SQ $1)
Q.

2(0 0 ,+,	 jjb

00 0

	

3	 L

	

3s	 $40

35

00000 0
3	 -., -J_

0 3 .Q 10

Q.	 -.L.	 -

Co O	To

00 0
1 L

35Q. i40
2

._q.3gZ 35L 0 3S2.. 2 0140 0	 4O03sL 2 0-J-('10
1- 3EA Gw-w')

L

O 0 o O 03	 _j__
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C)	 o	 CC)	 0
-±3.	 ±i-	 -3
3&LZ -?
	

° :4SL2

o 0 0
-1 •3
35J2

ti-C)

o 00 0

00

-t- 3EA
	

1-0 0 :L 2O

o

•	 iwJ
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3 • TIE PLATE BENDING ELEMENT

12	 y

thickn:s

b	

W. 3

/w.y3

Non dimensional coordinates = x/a 11= y/b

Strain - displacement relationships:

C 1 = C7 =	 - zw, +	 +	 +

C = C =	 - zw,	 + f(u, 2 + v, 2 + w, 2)
2	 y	 yy	 y	 y	 y

=	 = (u, + v, ) - 2zw,	 + (u, u, + v, v, + w, w, )
3	 xy	 y	 x	 xy	 y x	 y x	 y x

Stress - strain relationship:

o	 1 V 0
x

o	 =	 E	 V 1 0
y

2
i-v

o	 0	 o(1-v)
Xf	

2

Displacement interpolations:

u=s 1 u 1 +82u2+83u3+s4u4

V S1V1 + 2'2 + 33 + 34v4

where	 = (1-c) (1-i)

S31'

84_ 1(1-)

C
x

C
y

.Yxy
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The displacement nonial to the surface of the element is interpolated

as:

w = s5w1 + s6w, 1 + 87W, 1 +	 + S9W, 2 +

+ S fl W3 +	 + S 13W, + S 1 W +	 + 516w,4

where	 s5_21-u(rn-1i(1I2(1++rn1-crnJ

S6	 -a(rn-1H-i)2

57=

= 2 (rn-i)	
22 3I2 -1Irn)

59 = -c(rn-1)(-i)2

= b (i'-i )2

= 2 1-rn2- 2 -1/2 +3I2(rn 11

=

13 
= b2(rn-i)

14 = 2 rn (c-i) rn2

s15

16 
=-b rn2( c- 1) rn-1

The matrices necessary for the formulation of all element stiffness

matrices are then given by

dTr= [ U,	
U,	 V,	 V,	 W,	 W,	 W,	 W,	 W,

x	 y	 x	 y	 x	 y	 xx	 yy	 xy
L=[i 0 0 0 0 0 -z 0 o]

L=[o 00 1 00 . 0 -z 0]

L=fo 1 1 0 0 0 0 0 _2z]

H 1 = IT 0 1 0 1 0 0 0 oJ

10	 i 0 0

(continued overleaf)
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010000

1 0 0 0 0 0 I (6x3)

0 0 0 1 0 0 Block

H3= o 0 1 00 0 'zero

0 0 0 0 0 1

0 0 00 1 0

(3x6) Block	 (3x3) Block

zero	 zero
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4. TITh ELASTIC THIN SHELL FRt TUM ELEIITENT

Coordinate systems and shell properties used in this section are

illustrated in the shell frustum element diarim of Fig. 8.1. The

strain - displacemsnt relationships are those derived by Sanders

and are given by

6 =	 E12

= E2 —2J(

•3 =3.zYi:3

where
-	 --	 • (,4Z	 ,4z\

OU	 1 U'	 T_(//I 'f' )•	 2.

= .L V +J... ra ^.
2

E3 =	 cV +!	 - L ar V1 1- J , çb2

I;;.	 r	 r J	 .2

J't( =	 cfI

	

= ±	 çz --j. r 4'	r 	 r

=	 +j-	 1 —L--r-	 -5	 Lz R1j

and

4 =—aIo^L

-f-V

R2.

4,	 .LLLrV±V —±au.r
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2 

L	
Rtjx

+ 2. ar w
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The strain - displacement relationships are generalised for a

shell of revolution so that

r,R 1 ,R2 = f(x) only

In adition the terms of Sanders' strain - displacement relationships

concerning rotations about the normal to the shell surface are

neglected resulting in the following strain terms

tLt ±u + I Iju	 -ZU dt	 1-
R,

ELèv 1-J_rL& +u)

L	 -J

E 3 =V +..Lèi.J. —j rV+ Ia(,Jaw —vdw
r	 r	

L 
r

— .L u u + tLV

R1f

-	 -ii	 u - L a1 t2
Ri

=	 2U) +J 2w - i	 w -f- i ar U
N	 rI	 .	 r	 a.

= — • +t lv r
2	 R.JC

+L F3 _LliàL&

2L	 jri

—zè)

The above expressions involve a total of twelve displacements and.

displacement derivatives which are

LA	 &	 • V 2W , 2w , u, aw au ,	 2lkA)	 CW
i-	 ae



w

aax

c2vaJAx
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For the n'th harmonic, the displacement variation is given

by

u	 (x) cosne

v v(x) sinne

w = w(x) cosnO

Using this form of displacement representation, the twelve displace-

ments and displacement derivatives for the strain - displacement

relationships may be written

V

a ui

COSfl.O	 0	 0	 0	 0	 0	 0

o	 0	 c4SrtO	 0	 0	 0	 0

o	 0	 0	 SA9 0 O	 0

o	 0	 0	 0 co YLG	 0

o	 tcre 0	 0	 o	 0

o	 o	 0	 0	 a	 0

o	 o	 fLCfL9O	 00	 0

o	 0	 0	 0	 0

o	 0	 0	 0 $'4t$tOO	 0

o	 0	 0	 0	 0	 0

o	 0	 rt,t9 0	 0	 0	 0

o	 0	 0	 0	 0 -rs..trt90

V

ai

a
c (,.)/c'*

d
	

C
	

d

4.1 Linear Stiffness Terms

The linear strain - displacement relationships may be written

as	
Epa. =	 -	 r= 3,2,3

i-T	 •.-j	 •IT
L P M U	 ZLp3

where LPM,LPB represent membrane and bending terms respectively.
These matrices are then given by

I	 t
L 1M	 1 0	 1 0 0 0 0 0 0 0 0 0



0	 00-I 00o 0001

L M 	 [r	 R 0 0 •j:	 00	 0 0 0 0 o]

LT	 r, dr	 ,' 4r
L '	 0 0	 ; r?	 F2	 0 0 0 0 0

LT 	]3H{000000.0	 r	 i	 r	 o	 o

- 1
L B 	 0	 0	 J Z' aI r	 r J

The stress - strain relationship is of the form

01	 C11	 C12	 0

02	 = C2l	 C22 0	 62

03	 0	 0	 c33	 63

'where for an isotropic material

	

c =c = E	 c	 c = yE	 = E	 -
11	 22	 -	 12	 21	 2	 33

(1-v')	 (1-v )	 2(1+v)

The meridional variation of displacements and displacement

derivaUvcs i r€.presented by

dDq

where .0 consists of cubic Henitian polynomials and their derivatives
and q are the displacement variables at the two nodal circles i.e.

qT	 [	 .,	 1	 (U/?(fi.	 V2

W (wI)2 I

and
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0 0 0 0 f3 14 0 0 0 0

o	 fl 
2 

o 0 0 0 f3 f4 0 0

o o 0	 •	
' i	 2	

0 0 13 £4

00 0 0 g3 g4 0 0 0 0

o o g1 g2 0 0 0 0 g3 g4 0 0

o 0 0 0 g1 g2 0 0 0 0 g3 g4

o 0 0 0 h1 112 0 0 0 0 113 114

The f are Hermiti8n polynomials given by

fi = l32^23
	

f2

13 = 32	 £4 =

where is a nondimensiona3. variable 	 xIL	 O

= df/dx	 11 = d2f/dx2

The shell radius r is interpolated using the same Hermitian

functions

r = [f1 f2 f3 f4 ]	 r.

(dr/dx)1.

r2

(dr/dx)2

All term$ necessary for the evaluation of the linear stiffness
matrices have now 'been assembled. The stiffness matrix vill be

divided into two terms,	 involving cosine in'terpo1atei terms only

and	 involving only sine interpo1aed. terms. These are then given

by	 (21t

ii oTGT[t[LlML2M][:i1i2][L]

[Li3L23 [ :; 

[H1° 
D r do dx
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I21t

J J DTG [ L3MC33LT3M i2 L3BC33 LT3B] GD r do dx
00

For the linear problem, there is no coupling between displacements

with different harmonic circumferential displacement variation. Hence

the form of the analytical integrals in K c , K	 are easily det-

ermined and are

- Ii..

Kc:	 cos2ne do	 = 2Tt

K: J sin2ne do	

=

The integral over the meridional variable is determined using

3 point Gaussian integration in the current formulation. Owing to

the results of the integrals of the harmonic functions, it is not

necessary to evaluate K for an axisyminetric problem. The resulting
linear, stiffness is given by

K=K
	

axisymmetric displacement

K,	 n/O

4.2 The N 1atrix Terms

The nonlinear matrix terms require only membrane strains and

stresses to be evaluated (the bending terms integrated over the shell

thickness produce zero resultant) and this allows some saving to be

made by reducing the number of displacements and their derivatives

which must be formulated. On examining the membrane strains for the

the axisyinmetric shell only 9 terms are necessary;
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dT ::	
U. u eia aw/c- ?4v/àe	 v 6\vIax uIà& àdae]

Once again, the circumferential variation of u,v and w is

represented by harmonic functions allowing the matrix d to be
written as

d:: CSGd

where
	

I cosne '	 0
(55)	 (5x4)

CS::
L(4x5)

100000

001000

0 0 0 1 0 0

000001

On0000

0 1 • 0 0 0 0

000010

-n 0 0 0 0 0

0 0-n b 0 0

U

a::

du/dx

dv/dx

dw/dx

and	 d::Dq
where 0 now consists of only the first 6 rows of the matrix used
for the linear matrix terms

The general form of the membrane strains, including nonlinear
terms, may be written in matrix terms as

T	 I
L.d + 1/2 d H1d
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Then the	 & H matrices for the three membrane strains of the

present analysis are given by

L 1 E o	 i 0 o!oo 00]

L
T2	

[ 
j.dr	 L
r	 f2 0 0	 000]

L1 3	 [	
:_lar	 I

=	 o	 o o c 0	 rI r 0]

H1=

0	 0	 f	 I

	

0	 0	 0	 0	 4XSBLO(.K

	

o	 0	 0	 0	 ZER.o

	

,	 0	 o

5x+	 .ocK	 &

2D	 ZERO

H2=

SxS &,oct<	 5x4	 occ

2o

I	 .L

	

R	 0 0 r?a

4)(S8LOck	 0	 o	 a	 0

7.Efto	 0	 0	 0

	

I.i	 -I-

	

r1	 0	 0	 r
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-tIRz. 0	 0

	

5X5BLocsz	 I 0	 o	 0	 0

	

2ER0	 ID	 o	 o	 o
I R2.	 0	 0	 r

H	 ' lo	 a o
3	 i-

f1Sz	 0	 0	 ..	 O

o	 0 0 0	 O
o	 0 0	 0	 Of	 zRo

-.1-	 Irt	 0	 0	 i

Due to the use of a harmonic variation for the circumferential

displacement representation, it is necessary to evaluate a general
form of N 1 which might produce forces in a mode with harmonic
number A say, due to stresses in a mode with harmonic variation B

and displacement with harmonic variation C. Hence, the general form

of N 1 is

Fr1jfABC

	 0 G CS[ ( dLI H J + LdHJ

0 0

+ H J dB LI I )CS C G C D rdedx

1:1,3 j:1,3

This formulation is quite complex and requires several analytical
integrations to be carried out in the e variable. The integration
with respect to the meridional variable x is carried out numerically

using Gaussian integration. It is sufficient therefore to work out

the form of the matrix involving all the e variables and thus we

evaluate here the matrix

CS[ Cj (dL,H + L 1 dHJ ^ HdBL,)] CS
ABC

:1,3	 j:1,3

This matrix is evaluated here seperately for each of the c

and results in the following terms
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1.) c	 terms

c,1 (	 cas/ie cøBe

-- c ( ci
	 -	 casAecøsI3ew

(RI

.L I
o	 Ri' fs 0 0 I
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0 0	 0 I 5x4 o'ic
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0	 R1	 o 0

o 0 00
_-_-J__

1-XS Bl.oC

2Ro

2.) c12 terms

	

c ( ts i-t)	 Ae.e&c.e.H2
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(•	 r	 /

o 0 0 0

5x S 8Loci	 0	 0 rRt

i	 0	 0	 •F
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+xE e'wci< I	 4X* BLoc*(
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ZE10	
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c (tt ar t	 c, A e cs	 H1
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R 1	 ai

2dr
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gg2	 0	 0	 Sxi
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r%	 f2	 o	 0	 r	 iao

o o1
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Boc-*(	 14X48L4X1(

4.)	 terms
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'rR.ô.%	 o	 0

	

IL	 _i
5x5 oCr	 0	 0	 rK

2*o	 0 0	 0

	

0	 0 0	 0
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rR	 0 0

41- BL.O

2E
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5.)	 terias

c 3 	 dr •i-	 — UB
r J

-1
5x5	 o 0 ,z:a1

LoCXI 0	 0 0 0

2gOlo	 000

a a

ô O0

+x5	 4+BiacK

BLOCx	 2D

2E.O i

I-	 I	 -,
5x5 B'.oc-(	 Si.+

2

^ a _	
0 0	 0 1

r J	 0 0 0	 °

o o o 0	 2ao

F

+ c3 ,	 1-	 tZ
r	 )

1.idrJ.	 -I-
X&	 rFti 0

2RO	 I 0	 0 0 0

I 0	 0 0 0
I	 -L

	

r	 -t	 r 0

	

0	 0 00
- 4 ———----

4x4 ouc

2E.Fo	 (

c.asc&

r	 )

5 (S B.0C4(	 S)C4 BLOC-tc

- 2ERo

-! dr	 tdr
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..L
0 0	 1 01 1X4kOCK
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'x1 SLocic

1-c33

gt	
(Sj);J	

jrR2z

4X5u'cK I f

Z6o	 i
.L dr-

Ir2

The matrix evaluation is finalised by adding all the above

terms in c , c , c , c , c and carrying out the integrals with

respect to the circumferential variable, the complete N 1 may then

be formulated by carrying out the necessary matrix multiplications

and integrating with respect to the meridional variable x. The value

of all necessary e integrals is given in Table A4.1. This enables

a check to be made of the existence if the N 1 matrix for given

A, B & C. If all 0 integrals produce zero resultant, the Gaussian
integration for the meridional variable need not be carried out.

4.2 The N 2 atrix Terms

The nonlinear matrix N 2 involves only nonlinear terms from

the strain - displacement relationships, which allows a further

reduction in the number of displacements and derivatives necessary

for the formulation. On exathn:bion of the nonlinear strain terms

used in the current formulation it will be found that only four
terms are involved allowing the d matrix to be reduced to

I

d[ u dw/dx

dCSGd

v dw/de I
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where

cs
cosn8 cosne

cosne cosnO

o	 0

0	 0

0	 0

0	 .0

siimO sinnO

slimO siirnO

p-	 1°
0

L0

000

00	 1

1	 00

0-n 0

ru

w

dw/dxj

The matrix N 2 must in the general case be evaluated for a mix
of fou.r different harmonic circumferential variations given by n = A,

B, C, & D. In addition the meridional derivatives occurring in the

matrix are different for harmonics B & C and are thus denoted by.

subscripts. The form of the N2 matrix is thus

(2Tt

N2JJ T ?T
tO u, CS[c( H 1 ddH +' +dH1dH)1

• CS D G D D r.de dx

kl,3 j1.3

•	 The integration with respect to the meridional variable x is

carried out numerically, but it is necessary to find the form,

position and value of the e integral, functions analytically. In

order to do this it is enough to evaluate the matrix

N2- CS[( H 1 ddH + 2 dHdH) I CS D	 i1,3 j1,3

which we shall do here. With the reduced number of derivatives the

H matrices are given by
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r
I Riz	 R1

H1kt
Io	 o

L°

00
00
o 0

00

H2[o
000

00 0

o rR r

H3z
f12 R2
.1

r

j -1
R4I2	 r11
-J • 	.L

r

O	 0

0	 0

The following terms the result for N2

1.5 C11 f	 - aw81 u . -G cAecoe coCe c.c.Pe

I.	 ' R	 lit R1	 cbc. /

+(o.sc21 i-C33( V4-	 8'(V	 H1
t-	 r	 J	 J

.1- 1(0.5 Ct7. C3.') ( t48 -à	 -	 cBe c4sC.e

I	 .) R	 c/

+ .s c	 -t-	 . i-c JsZ,cAe SBesccesP9] .
? 2 r	 /g	 r )	 J

+ (c +o.sc ')	 -i-C	 t.Ag cSe LCO sDe
J	 r	 )

+ I.sc(	 i-st\	 C9SI39atsCet.D91 .Er	 JR	 )t-1	 J

F	 —ctA& i.&9csCO ct9
'1	 r	 Jp	 %)

C33R 1	r )5Ae8esc9Pe].E
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where

j_	 -j_
o 0 R,R2

-i.	 I

00 R	 r

E	 0 0

00 0 0

The values of all integrals w.r.t the 0 variable for the N2
matrix are given in Table A4.2. Once again, for a given integer set

A, B, C & D it is possible to check using Table .A4.2 on the values

of the 0 integrals. If all these integrals are zero, the numerical

integration w.r.t the meridional variable x need not proceed.

Sufficient information has been given for the finite element

used in this study to be reproduced. An examination of the number of

matrices which must be evaluated and the number of integrals carried

out shows the complexity of the general formulation, which would

become considerably more complicated if terms from the alternative

harmonic series to that used for the current displacement inter-

polation were included. It would be possible to include these terms

with some considerable manipulation. Cotnputer implementation of this

.element is not as difficult as a cursory glance at this appendix

might imply.



'236

ARGtJLET OF	 INTEGRAL FUNCTION

RESULTANT

COSINES	 cA cB cC	 sA cB	 sC	 ok sB	 sO	 sA sB cC

	

A+B+C=O?	 +1	 -1	 -1	 -1

	

A+B-C=O?	 +1	 ,+1	 +1	 -1

	

A-B+C=O?	 +1	 -1	 ' .1-1	 +1

	

A-B-C=O?	 +1	 +1	 -.1	 ^1

To find the value of the integral of the function ( e.g. cA cB cC

= cosAe cosBe cosCe ) add values in columns for each cosine argument

satisfied 'and multiply total by Tt/2. If an argument is not zero,

nothing should be added or subtracted.

Table A4.1 Values of the Integral of Functions of e used in

the Analysis of the 1atrix N1
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ARGUMENT OF	 INTEGRAL FUNCTION

RESULTANT _________ 	 ____________ ____________ ____________

COSINFS	 cA cB cC cD si cB cC sD cA c13 eC aD cA sB sC eD

A+B+C+D=O?	 +1	 -1	 -1	 -1

A4-B-4-C-D=O?	 +1	 +1	 +1	 -1

A4-B-C+D=O?	 +1	 -1	 +1	 +1

A+B-C-D=O?	 +1	 +1	 -1	 +1

A-B+C+D=O?	 +1	 -1	 -1	 +1

A-B^C-D=O?	 +1	 +1	 +1	 +1

A-B-C-i-D=O?	 +1	 -.1	 +1	 -1

A-B-C-D=O?	 +1	 ^1	 -.1	 -1

sA sB cC cD sA sB sO aD sA cB sC c]) cA sB cC aD

A+E^C+D=O?	 -.1	 +1	 -1	 -1

A+B+C-D=O?	 -1	 -1	 -1	 +1

A+B-C+D=O?	 -1	 -1	 +1	 -1

A+B-C-D=O?	 -1	 +1	 +1	 +1

A-B^C+D=0?	 ^1	 -1	 -1	 +1

A-B-i-C-D=O?	 +1	 +1	 -1	 -1

A-B-C+DO?	 +1	 +1	 -i-i.	 +1

A-B-C-D=O?	 +1	 -1	 +1	 -1

To find the value of integral ( e.g. sA cB cC aD = sinAO cosB6

cosCe sinDO ) add values in columns for each argument satisfied and

multiply total by it/4. If an argument is not zero nothing should

be added or subtracted.

Table A4.2 Values of the Integral of Functions of e used in

the Analysis of iatrix N2
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