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Abstract 

The ultrasonic reflection from a lubricated interface has been widely analyzed to measure fluid film 

thickness, with different algorithms being applied to overcome measurement accuracy and 

resolution issues. Existing algorithms use either the amplitude or the phase angle of the ultrasonic 

interfacial reflection. In this paper, a new algorithm (named the “exact model – complex”) that 

simultaneously utilizes both the amplitude and the phase of the complex ultrasonic reflection 

coefficient is proposed and mathematically derived. General procedures for theoretical analysis in 

terms of measurement accuracy and uncertainty are proposed and applied to the new algorithm, 

the beneficial features of which (as compared to other existing algorithms) can be summarized as: 

1) a direct calculation, instead of an iterative approximation, 2) guaranteed maximum 

measurement accuracy, and 3) acceptable measurement uncertainty. None of the existing methods 

have showed this combination of benefits. Moreover, two groups of raw data from previous 

experimental studies are utilized to further validate the practical feasibility of the new algorithm. 

Overall, the proposed “exact model – complex” algorithm fully exploits the potential of ultrasonic 

reflection for oil film thickness measurement, with an accurate and a convenient calculation suited 

to practical implementation.  
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measurement uncertainty. 
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Symbol 

𝑐0 acoustic speed in the film layer in the sandwich structure 

𝑐1 acoustic speed in the layer 1 in the sandwich structure 

𝑐2 acoustic speed in the layer 2 in the sandwich structure 

𝑓 signal frequency of the ultrasonic wave 

𝑓𝑐 central frequency of an ultrasonic transducer 

𝑓𝑟 resonant frequency of the exact model 

ℎ actual value of the oil film thickness 

ℎ̂ calculated value of the oil film thickness with ultrasonic techniques 

𝐾 stiffness of the oil film 

𝑅01 ultrasonic reflection coefficient at the interface 1 (oil – layer 1) in the sandwich structure 

𝑅20 ultrasonic reflection coefficient at the interface 2 (layer 2 – oil) in the sandwich structure 

𝑅𝑎 roughness of the metal surface 

𝑅𝑒  ultrasonic reflection coefficient of the exact model 

𝑅𝑠 ultrasonic reflection coefficient of the spring model 

𝑧0 acoustic impedance of the film layer in the sandwich structure 

𝑧1 acoustic impedance of the layer 1 in the sandwich structure 

𝑧2 acoustic impedance of the layer 2 in the sandwich structure 

𝜌0 material density of the film layer in the sandwich structure 

𝜌1 material density of the layer 1 in the sandwich structure 

𝜌2 material density of the layer 2 in the sandwich structure 

|𝑅𝑒| amplitude of the ultrasonic reflection coefficient  

Φ𝑅𝑒  phase angle of the ultrasonic reflection coefficient  
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1. Introduction 

The oil film thickness is a critical tribological variable that characterises lubrication behaviour. 

Too thin a lubricant film between sliding components indicates surface contact and wear, while 

too thick a film can indicate needless viscous dissipation [1]. The measurement of oil film 

thickness is important in aiding performance tests for formulated lubricants, optimization of 

surface texture for friction reduction, the development of engine speed control strategies for fuel 

economy improvement, the health monitoring and fault diagnose for lubricants as well as 

mechanical components, and so on. In the past decades, three main types of non-invasive liquid 

lubricant thickness measurement solutions have been developed, including optical techniques 

(though they are only applicable for transparent materials) [2]-[8], electrical capacitance and 

resistance (though they may suffer electrical short circuit issues during metal-to-metal asperity 

contact) [9]-[11], and ultrasonic techniques [12]-[14]. 

A schematic of the ultrasonic technique applied to oil film thickness measurement is shown 

in Figure 1, where a pulse is released by an ultrasonic transducer and is incident on a three-

layered sandwich structure, with the echo pulse reflected and received by the same transducer. 

The  ratio of the echo pulse to the incident pulse is known as the ultrasonic reflection coefficient, 

both the amplitude and the phase angle of which are measurable in practice and utilized for the 

oil film thickness measurement [15]-[17]. Recent research has focused on developing different 

algorithms that convert the amplitude or the phase angle of the ultrasonic reflection coefficient 

to the oil film thickness, with the goal of achieving higher measurement accuracy and less 

measurement uncertainties [18]-[25]. This has been necessary since, until recently, conventional 

ultrasonic techniques – such as the commonly used “spring model” [15]-[21] have a shortcoming 

that, for a given transducer frequency range, there is only a limited range of film thicknesses that 

could be measured. A recent contribution by Dou and co-workers [23], [24] has been important 

in showing that the range of measurable film thickness values could be significantly increased if 

the phase of the exact reflection coefficient model is analysed.  However, this method has the 

drawback of requiring an iterative solution (no closed form equation) and also it does not exploit 

all the available date in the complex reflection coefficient signal. 

In this paper, a new algorithm, named the “exact model – complex”, is proposed and 

mathematically derived, enabling: i) a direct calculation (instead of an iterative approximation), 

ii) guaranteed maximum measurement accuracy over the broadest range of film thickness, and 

iii) acceptable measurement uncertainty with the ultrasonic central frequency properly selected. 

The rest of this paper is organized as follows: Section 2 reviews two classical models (the exact 

model and the spring model) that mathematically describe the relationship between the oil film 

thickness and the ultrasonic reflection coefficient. Based on the characteristics of these two 

models, existing algorithms for the oil film thickness calculation are introduced; Section 3 derives 

a new algorithm for obtaining film thickness with both the amplitude and the phase angle of the 

ultrasonic reflection coefficient employed simultaneously. General procedures for theoretical 
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assessment on the measurement accuracy and uncertainty are proposed, with a comprehensive 

comparison between the proposed and the existing algorithms performed; two groups of raw 

data from previous experimental tests are utilized in Section 4 to further validate the practical 

viability of the proposed algorithm, and conclusions are drawn in Section 5. 

 

Figure 1 Schematics of an ultrasonic wave travelling through a three-layered sandwich structure. 

2. Review of ultrasonic models and measurement algorithms 

This section reviews two classical models of the ultrasonic reflection coefficients in a three-

layered sandwich structure: the exact model and the linearized spring model. Based on the 

changes in the amplitude or the phase angle of the ultrasonic reflection coefficient, a group of 

existing algorithms that calculate the oil film thickness are introduced. 

2.1 Exact model of ultrasonic reflection coefficient 

An ultrasonic wave travelling through a three-layered sandwich structure is illustrated in 

Figure 1, where the incident pulse partially transmits through the interface 1, with the rest 

reflected back, due to the acoustic impedance mismatch between the layer 1 and the oil film. The 

same phenomenon occurs at the interface 2. The echo pulse is in effect an addition of multiple 

reflected waves, and the ultrasonic reflection coefficient (i.e., the ratio of the echo pulse to the 

incident pulse) in a three-layered sandwich structure can be mathematically expressed as below, 

which is known as the “exact model” [12], [13]: 

 𝑅𝑒 = −
𝑅01 + 𝑅20 ∙ 𝑒

(−2𝜋𝑓𝑖∙
2ℎ
𝑐0
)

1 + 𝑅01 ∙ 𝑅20 ∙ 𝑒
(−2𝜋𝑓𝑖∙

2ℎ
𝑐0
)
 (1) 

where ℎ is the oil film thickness, 𝑓 is the frequency of the ultrasonic incident pulse,  𝑅01 =
𝑧0−𝑧1

𝑧0+𝑧1
 

and 𝑅20 =
𝑧2−𝑧0

𝑧2+𝑧0
 are the reflection coefficients at the interfaces of “oil – layer 1” and “layer 2 – oil” 

respectively, 𝑧0, 𝑧1 and 𝑧2 correspond to the acoustic impedances of the oil, layer 1 and layer 2, 

and given as: 

echo pulse

incident pulse

ultrasonic transducer

+ -

layer 2

layer 1

oil filmℎ
interface 1

interface 2

ρ1, c1

ρ2, c2

ρ0, c0
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 𝑧0 = 𝜌0𝑐0, 𝑧1 = 𝜌1𝑐1, 𝑧2 = 𝜌2𝑐2 (2) 

where 𝜌0, 𝜌1 and 𝜌2 are the density of different materials, and 𝑐0, 𝑐1 and 𝑐2 are the acoustic speed 

in different materials. 

If 𝑧1 = 𝑧2, then equation (1) is written as: 

 𝑅𝑒 = −𝑅01
1 − 𝑒

(−2𝜋𝑓𝑖∙
2ℎ
𝑐0
)

1 − 𝑅01
2 ∙ 𝑒

(−2𝜋𝑓𝑖∙
2ℎ
𝑐0
)
 (3) 

If the reflection coefficient is known, the oil film thickness can be calculated by either the 

amplitude, |𝑅𝑒|, 

 |𝑅𝑒| = √
2𝑅01

2 [1 − cos (
4𝜋𝑓ℎ
𝑐0

)]

(1 + 𝑅01
4) − 2𝑅01

2 ∙ cos (
4𝜋𝑓ℎ
𝑐0

)
 (4) 

or the phase angle, Φ𝑅𝑒 , 

 Φ𝑅𝑒 = atan [
(1 − 𝑅01

2) sin (
4𝜋𝑓ℎ
𝑐0

)

(1 + 𝑅01
2) (1 − cos (

4𝜋𝑓ℎ
𝑐0

))
] (5) 

It is worth noting that the oil film thickness (ℎ) cannot be obtained directly from equation (4) 

or (5), and is normally ascertained by numerical iteration and approximation [23]. To enable 

direct calculation, the exact model is linearized and simplified as follows. 

2.2 Spring model of ultrasonic reflection coefficient 

Applying the Taylor expansion to the exponential items in (1) and omitting the high-order 

Taylor items, a linear form of the reflection coefficient, 𝑅𝑠, can be derived and it is commonly 

referred to as the “spring model” [14]-[15]. 

 𝑅𝑒 ≈ 𝑅𝑠 =
(𝑧1 − 𝑧2) +

𝑧1𝑧2
𝐾

∙ 2𝜋𝑓𝑖

(𝑧1 + 𝑧2) +
𝑧1𝑧2
𝐾

∙ 2𝜋𝑓𝑖
 (6) 

where 𝐾 (=
𝜌0𝑐0

2

ℎ
) is denoted as the oil film stiffness.  

If 𝑧1 = 𝑧2, then equation (6) is further simplified as: 
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 𝑅𝑠 =

𝑧1
𝐾
∙ 𝜋𝑓𝑖

1 +
𝑧1
𝐾
∙ 𝜋𝑓𝑖

=
(
𝑧1
𝐾
∙ 𝜋𝑓)

2
+
𝑧1
𝐾
∙ 𝜋𝑓𝑖

1 + (
𝑧1
𝐾
∙ 𝜋𝑓)

2  (7) 

The oil film thickness in the spring model can be expressed with respect to the amplitude of 

the reflection coefficient, |𝑅𝑠|, 

 ℎ̂ = ℎ3(|𝑅𝑠|) =
𝜌0𝑐0

2

𝜋𝑓𝑧1
√

|𝑅𝑠|
2

1 − |𝑅𝑠|
2

 (8) 

or with respect to the phase angle of the reflection coefficient, Φ𝑅𝑠 , 

 ℎ̂ = ℎ4(Φ𝑅𝑠) =
𝜌0𝑐0

2

𝜋𝑓𝑧1
∙

1

tanΦ𝑅𝑠
 (9) 

The variation of the amplitude and the phase angle of the reflection coefficient with respect 

to “frequency × thickness” (𝑓 ⋅ ℎ) are plotted in Figure 2, where both layer 1 and layer 2 are 

assumed to be steel with the material properties corresponding to Table I. It can be seen the 

spring model is identical with the exact model when 𝑓 ∙ ℎ ≪ 𝑐0, however, both the amplitude (|𝑅𝑠|) 

and the phase angle (Φ𝑅𝑠) of the spring model saturate at constant values when 𝑓 ∙ ℎ > 0.1 ∙ 𝑐0. In 

contrast, the amplitude ( |𝑅𝑒|) and the phase angle (Φ𝑅𝑒 ) of the exact model show periodic 

variation, with the first resonance occurring at 𝑓 ∙ ℎ = 0.5 ∙ 𝑐0, which is a beneficial phenomenon 

for oil film thickness measurement due to the high measurement resolution. Based on these 

characteristics, a group of existing algorithms, which have different suitable ranges of 𝑓 ∙ ℎ, have 

been reported to calculate the oil film thickness (ℎ) [19]-[24], as introduced in the following 

subsection.  

Table I Properties of different materials in three-layered structures 

Material Density (kg·m-3) Acoustic speed (m·s-1) Acoustic impedance (106 kg·m-2·s-1) 

oil 941 1461 1.37 

steel 7810 5818 45.4 

glass 2500 4540 11.4 
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Figure 2 Variation of the amplitude (left) and the phase angle (right) against “frequency × thickness (MHz × µm)” in 
the exact model and the spring model. 

2.3 Existing algorithms for oil film thickness measurement 

The measurable amplitude or phase angle of the ultrasonic reflection coefficient is employed 

to calculate the oil film thickness. Different algorithms have been put forward, and are 

implemented in practice depending on measurement resolution and accuracy requirements. 

They are categorized as follows. 

1) “exact model – amplitude” [23], [24]: ℎ̂ = ℎ1(|𝑅𝑒|), see equation (4); 

2) “exact model – phase” [23], [24]: ℎ̂ = ℎ2(Φ𝑅𝑒), see equation (5); 

3) “spring model - amplitude” [15]-[17], [21]: ℎ̂ = ℎ3(|𝑅𝑠|), see equation (8); 

4) “spring model – phase” [19]: ℎ̂ = ℎ4(Φ𝑅𝑠), see equation (9); 

The measurement resolution of the above four algorithms is high when 𝑓 ∙ ℎ < 0.05 ∙ 𝑐0 , 

however it is difficult to distinguish changes in the amplitude or the phase angle when 𝑓 ∙ ℎ ∈

[0.1 ∙ 𝑐0, 0.4 ∙ 𝑐0] , as indicated in Figure 2. Additionally, the algorithms of “spring model – 

amplitude” and “spring model – phase” may result in notable measurement error when 𝑓 ∙ ℎ >

0.05 ∙ 𝑐0, where the linearized spring model has a significant discrepancy as compared to the exact 

model. The algorithms of the “exact model – amplitude” and “exact model – phase” require 

numerical iteration and approximation to obtain the oil film thickness (ℎ̂), and thereby it makes 

the measurement less convenient. 

5) “resonance algorithm”: amplitude minima/phase zero crossing [14], [23] 

When 𝑓 ∙ ℎ = 0.5 ∙ 𝑛 ∙ 𝑐0, (𝑛 = 1, 2, 3, …), both “amplitude minima” and “phase zero crossing” 

occur, as shown in Figure 2, these phenomena can be utilized to find the corresponding oil film 

thickness. With the identified first resonant frequency 𝑓𝑟 , the oil film thickness is obtained as: 

 ℎ̂ = ℎ5(𝑓𝑟) =
𝑐0
2 ∙ 𝑓𝑟

 (10) 

This algorithm is with the least measurement uncertainty, due to the significant changes in 

both the measured amplitude and phase angle at around the resonant frequency. However, the 

f·h=0.05c0

f·h=0.10c0

f·h=0.50c0

f·h=0.05c0

f·h=0.10c0

f·h=0.50c0
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resonance algorithm is only applicable when 𝑓 ∙ ℎ > 0.5 ∙ 𝑐0  (i.e., even for a high frequency 

transducer of 10 MHz, it is only possible to measure films thicker than 73 µm). 

3. Proposed algorithm of “exact model – complex” 

To enable a direct calculation and ensure the measurement accuracy (in the non-resonant 

range of 𝑓 ∙ ℎ < 0.5 ∙ 𝑐0), a new algorithm that simultaneously employs the amplitude and the 

phase angle of the reflection coefficient in the exact model is proposed to calculate the oil film 

thickness. 

 ℎ̂ = ℎ6(|𝑅𝑒|, Φ𝑅𝑒) (11) 

The proposed algorithm is denoted as “exact model – complex”, and it is mathematically 

derived as follows. 

3.1 Mathematical derivation 

The complex value of the exact model of the ultrasonic reflection coefficient, 𝑅𝑒 , in Euler’s 

notation is: 

 𝑅𝑒 = |𝑅𝑒| ∙ 𝑒
𝑖∙Φ𝑅𝑒 = −

𝑅01 + 𝑅20 ∙ 𝑒
−2𝜋𝑓𝑖

2ℎ
𝑐0

1 + 𝑅01 ∙ 𝑅20 ∙ 𝑒
−2𝜋𝑓𝑖

2ℎ
𝑐0

 (12) 

It can be rearranged and given as: 

 𝑒
−2𝜋𝑓𝑖

2ℎ
𝑐0 =

−𝑅𝑒 − 𝑅01
𝑅20(1 + 𝑅𝑒𝑅01)

 (13) 

Taking log on both sides, yields, 

 2𝜋𝑓
2ℎ

𝑐0
= 𝑖 ∙ ln (

−𝑅𝑒 − 𝑅01
𝑅20(1 + 𝑅𝑒𝑅01)

) (14) 

If the amplitude and the phase angle of the item 
−𝑅𝑒−𝑅01

𝑅20(1+𝑅𝑒𝑅01)
 are assumed to be 𝑟  and 𝜃 

respectively, then, 

 2𝜋𝑓
2ℎ

𝑐0
= 𝑖 ∙  ln(𝑟𝑒𝑖𝜃) = 𝑖 ∙ ln(𝑟) − 𝜃 (15) 

As the item 2𝜋𝑓
2ℎ

𝑐0
∈ ℝ, thus 𝑟 = 1 and yields, 
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2𝜋𝑓
2ℎ

𝑐0
= −𝜃 = −atan (

−𝑅𝑒 − 𝑅01
𝑅20(1 + 𝑅𝑒𝑅01)

)

= −atan (
−|𝑅𝑒| ∙ 𝑒

𝑖∙Φ𝑅𝑒 − 𝑅01

𝑅20(1 + 𝑅01 ∙ |𝑅𝑒| ∙ 𝑒
𝑖∙Φ𝑅𝑒)

) 

(16) 

Therefore, the oil film thickness ℎ is finally given as a function with respect to |𝑅𝑒| and Φ𝑅𝑒 , 

 

ℎ̂ = ℎ6(|𝑅𝑒|, Φ𝑅𝑒) =
𝑐0
4𝜋𝑓

arg (
|𝑅𝑒| ∙ 𝑒

𝑖∙Φ𝑅𝑒 + 𝑅01

𝑅20(1 + 𝑅01 ∙ |𝑅𝑒| ∙ 𝑒
𝑖∙Φ𝑅𝑒)

)

=
𝑐0
4𝜋𝑓

atan (
|𝑅𝑒| ∙ sin(Φ𝑅𝑒) ∙ (1 − 𝑅01

2 )

𝑅01 + |𝑅𝑒|
2 ∙ 𝑅01 + |𝑅𝑒| ∙ cos(Φ𝑅𝑒) + |𝑅𝑒| ∙ cos(Φ𝑅𝑒) ∙ 𝑅01

2
) 

(17) 

where 𝑅01 =
𝑧0−𝑧1

𝑧0+𝑧1
 and the oil film thickness calculation does not require 𝑧2 (or 𝑅20). 

This closed form equation calculates film thickness using both the amplitude and phase 

information of the (measured) reflection coefficient.  The proposed algorithm “exact model – 

complex” is plotted in Figure 3-a), where the results with a group of representative ultrasonic 

central frequencies 𝑓𝑐 = 0.5, 1, 2, and 5 MHz are presented. It can be further interpreted by using 

the polar coordinate as shown in Figure 3-b), where both the variation of the amplitude |𝑅𝑒| and 

the phase angle Φ𝑅𝑒  are utilized to calculate ℎ ; in contrast, the algorithm 1) “exact model – 

amplitude” and 2) “exact model – phase” solely employ the information of |𝑅𝑒| (i.e., the radius 

value in polar form) and Φ𝑅𝑒  (i.e., the angular value in the polar coordinate) respectively. 

 

Figure 3 a) Proposed algorithm “exact model - complex” in Cartesian coordinates: the calculated oil film thickness (ℎ̂) 
with respect to the two measurable variables of amplitude (|𝑅𝑒|) and the phase angle (𝛷𝑅𝑒). A group of ultrasonic 

transducers are utilized separately, with the central frequency 𝑓𝑐  swept from 0.5 to 1, 2 and 5 MHz; b) location of the 
complex value 𝑅𝑒 with respect to the oil film thickness (ℎ = [5, 10, 15, 20, 25] 𝜇𝑚) in polar coordinates. The central 
frequency of the ultrasonic transducer 𝑓𝑐 = 1MHz. 

|Re|
ՓRe ՓRe

|Re|

h
 =

 h
 (
|R

e|
,  Փ

R
e
) 

 (
μ

m
)

ՓRe  (deg) |Re| (-)

a) b)

^
^
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A detailed assessment on both the measurement accuracy and the measurement resolution, 

together with a comparison to other existing algorithms, are performed in the following 

subsections. The investigations are only for the non-resonant range of 𝑓 ∙ ℎ < 0.5 ∙ 𝑐0 , as the 

resonance algorithm (amplitude minima/phase angle zero crossing) always has the priority to be 

employed when 𝑓 ∙ ℎ > 0.5 ∙ 𝑐0. 

3.2 Theoretical assessment on measurement accuracy 

The procedures for the ultrasonic measurement of the oil film thickness, as well as the 

assessment on the measurement accuracy, are detailed in Figure 4, where the measurement error 

(denoted as the final output of “error”) is the discrepancy between the calculated and actual 

values of oil film thickness (i.e., |ℎ̂ − ℎ|). In practice, the actual value of the oil film thickness in an 

experimental apparatus can be directly obtained by devices such as a micrometer (as utilized in 

[23]); however, in the theoretical assessment, the actual value of the oil film thickness used for 

validation is given by the exact model (as detailed in Section 2.1), which has been proved to be 

accurate. 

The results of the comparison, in terms of theoretical measurement errors between different 

algorithms, are shown in Figure 5, where the proposed “exact model – complex” is always 

accurate in the range of 𝑓 ∙ ℎ < 0.25 ∙ 𝑐0, and a constant offset of 0.25 ∙ 𝑐0 is seen and can be easily 

compensated when 𝑓 ∙ ℎ ∈ [0.25 ∙ 𝑐0, 0.50 ∙ 𝑐0]; by contrast, the measurement errors produced by 

the conventional algorithms “spring model - amplitude” and “spring model – phase” are not 

negligible when 𝑓 ∙ ℎ > 0.05 ∙ 𝑐0. This suggests that, compared to other methods, the proposed 

“exact model – complex” enables a widest range of measurable film thicknesses for a given 

transducer. 

 

Figure 4 Procedures for the ultrasonic measurement of the oil film thickness and its accuracy assessment. The 
proposed algorithm “exact model – complex” is highlighted in blue. 

steel-oil-steel
echo wave

steel-air-steel

incident wave

incident wave reference wave

FFT

substract

coefficient 

amplitude

(|R|)
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phase angle

(ՓR)
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amplitude
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phase

h = h3(|Rs|)

actual value of oil film thickness: h 

h = h4(ՓRs)

error

error
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exact model - 

complex

h = h6(|Re|, ՓRe) error

+

-

+

-

+

-

FFT

amplitude

divide

phase

^

^
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Figure 5 Theoretical analysis of the measurement accuracy with algorithms “spring model – amplitude”, “spring model 
– phase” and proposed “exact model – complex”. The left plot shows the discrepancy between the actual and measured 
values in the range of 𝑓 ∙ ℎ < 0.5 ∙ 𝑐0, and the right one is a zoom-in view of 𝑓 ∙ ℎ < 0.1 ∙ 𝑐0. 

3.3 Theoretical assessment on measurement uncertainty 

The measurement uncertainty with respect to the oil film thickness (ℎ) has been a critical 

concern for the ultrasonic technique, as changes in amplitude (|𝑅𝑒|) or phase angle (Φ𝑅𝑒) are 

insignificant when 𝑓 ∙ ℎ > 0.05 ∙ 𝑐0. Different algorithms including 1) “exact model – amplitude”, 

2) “exact model – phase”, 3) “spring model - amplitude”, 4) “spring model – phase” have been 

employed or even alternated at different ranges of 𝑓 ∙ ℎ to improve the measurement resolution 

[20]-[24]. Furthermore, the ultrasonic central frequency (𝑓𝑐) also needs to be properly selected. 

 

Figure 6 Schematics of measurement uncertainty assessment procedures, with algorithms “exact model – spring”, 
“exact model – phase” and “exact model – complex” compared (ℎ = ℎ1 = ℎ2 = ℎ6, according to accuracy analysis). 
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ℎ1   ℎ1

ℎ2   ℎ2

ℎ6   ℎ6
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The schematics of measurement uncertainty assessment procedures with different 

algorithms are shown in Figure 6, where the calculated thickness results ℎ1(|𝑅𝑒|), ℎ2(Φ𝑅𝑒) and 

ℎ6(|𝑅𝑒|, Φ𝑅𝑠) correspond to equations (4), (5) and (17) respectively; and the uncertainty results 

 ℎ1,  ℎ2, and  ℎ6 are detailed as follows. Uncertainty results of the algorithms “spring model – 

amplitude, ℎ3(|𝑅𝑠|) ” and “spring model – phase, ℎ4(Φ𝑅𝑠) ” are not shown here, as they are 

respectively identical with “exact model – amplitude” and “exact model – phase” at low values of 

𝑓 ∙ ℎ, while have inaccurate measurement results when 𝑓 ∙ ℎ is large. 

Practically, |𝑅𝑒| and Φ𝑅𝑒  are measured with independent and random uncertainties, denoted 

as |𝑅𝑒|   |𝑅𝑒|  and Φ𝑅𝑒   Φ𝑅𝑒  respectively, where  |𝑅𝑒|  is determined by the voltage 

measurement resolution, while  Φ𝑅𝑒  is mainly affected by the sampling frequency. According to 

error propagation principles, the measurement uncertainty of the algorithm “exact model – 

amplitude” is: 

 
 ℎ1 =

 ℎ1
 |𝑅𝑒|

  |𝑅𝑒| =
1

 |𝑅𝑒|
 ℎ1

  |𝑅𝑒| (18) 

where the item 
𝜕|𝑅𝑒|

𝜕ℎ1
 is derived from equation (4) and shown in equation (19). 

 
 (|𝑅𝑒|)

 ℎ1
=

4𝜋𝑓
𝑐0

𝑅01(𝑅01
4 − 2𝑅01

2 + 1) sin (
4𝜋𝑓ℎ
𝑐0

)

√2 (−2𝑅01
2 cos (

4𝜋𝑓ℎ
𝑐0

) + 𝑅01
4 + 1)

3
2
√1 − cos (

4𝜋𝑓ℎ
𝑐0

)

 (19) 

The measurement uncertainty of the algorithm “exact model – phase” is: 

 
 ℎ2 =

 ℎ2
 Φ𝑅𝑒

  Φ𝑅𝑒 =
1

 Φ𝑅𝑒
 ℎ2

  Φ𝑅𝑒  
(20) 

where the item 
𝜕Φ𝑅𝑒
𝜕ℎ2

 is derived from equation (5) and shown in equation (21).  

 
 Φ𝑅𝑒
 ℎ2

=
4𝜋𝑓

𝑐0

(1 − 𝑅01
2) cos (

4𝜋𝑓ℎ
𝑐0

)

(1 + 𝑅01
2) (1 − cos (

4𝜋𝑓ℎ
𝑐0

))
−

(1 − 𝑅01
2) sin2 (

4𝜋𝑓ℎ
𝑐0

)

(1 + 𝑅01
2) (1 − cos (

4𝜋𝑓ℎ
𝑐0

))
2

(1 − 𝑅01
2)
2
sin2 (

4𝜋𝑓ℎ
𝑐0

)

(1 + 𝑅01
2)
2
(1 − cos (

4𝜋𝑓ℎ
𝑐0

))
2 + 1

 (21) 

The measurement uncertainty of the proposed algorithm “exact model – complex” is: 
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 ℎ6 = √|

 ℎ6
 |𝑅𝑒|

  |𝑅𝑒||

2

+ |
 ℎ6
 Φ𝑅𝑒

  Φ𝑅𝑒|

2

 (22) 

where the items 
𝜕ℎ6

𝜕|𝑅𝑒|
 and 

𝜕ℎ6

𝜕Φ𝑅𝑒
 are derived from equation (17). 

 

Figure 7 Theoretical analysis of measurement uncertainties: a) “exact model – amplitude”, b) “exact model – phase”, c) 
“exact model – complex” and d) comparison between these three algorithms. 

Assuming  |𝑅𝑒| = 0.1% and  Φ𝑅𝑒  = 2π×0.1%, the measurement uncertainties  ℎ1,  ℎ2 and 

 ℎ6  are plotted in Figure 7-a), b) and c) respectively, where results with the representative 

ultrasonic frequencies 𝑓𝑐  = 1, 2 and 5 MHz are shown. For each algorithm, it can be seen 

measurement uncertainty (  ℎ ) increases as 𝑓 ∙ ℎ  increases. The algorithm “exact model – 

amplitude” benefits from with the lowest measurement uncertainty throughout the oil film range 

ℎ ∈ [0, 50] μm at the frequency 𝑓𝑐  = 1 MHz, while “exact model – phase” has the lowest 

measurement uncertainty when 𝑓𝑐 = 5 MHz. In contrast, the proposed algorithm “exact model – 

complex” slightly deteriorates the measurement uncertainty compared to other two algorithms, 

as indicated in Figure 7-d). This is due to the measurement uncertainties in both amplitude and 

phase being combined, as indicated by the variance formula of error propagation in equation (22). 

By considering this, an appropriate value of the ultrasonic central frequency needs to be selected 

fc = 1 MHz

fc = 2 MHz

fc = 5 MHz

fc = 1 MHz

fc = 2 MHz

fc = 5 MHz

fc = 1 MHz

fc = 2 MHz

fc = 5 MHz

fc = 1 MHz,  exact - amplitude 

fc = 1 MHz,  exact - phase 

fc = 1 MHz,  exact - complex 

fc = 5 MHz,  exact - amplitude 

fc = 5 MHz,  exact - phase 

fc = 5 MHz,  exact - complex 
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to satisfy both the objective film thickness range and the measurement uncertainty requirement, 

as detailed in Section 3.4. Overall, the slight deterioration in the measurement uncertainty will 

not limit the application of proposed algorithm in practical measurements. 

3.4 Selection of ultrasonic central frequency 

The theoretical analysis in Subsection 3.3 also shows the ultrasonic central frequency (𝑓𝑐) has 

significant influence on the measurement uncertainty (or resolution). In practice, since it is not 

feasible to change the ultrasonic transducer for a different value of 𝑓𝑐 , it should be properly 

selected to obtain decent measurement resolution in the required range of the oil film thickness, 

[ℎ𝑚𝑖𝑛, ℎ𝑚𝑎𝑥]. 

The resonance algorithm (amplitude minima/phase zero crossing) has priority to be 

employed due to the guaranteed measurement accuracy and the highest measurement resolution, 

the central frequency 𝑓𝑐 is selected to satisfy the following conditions, 

 
0.5 ∙ 𝑐0
 ℎ𝑚𝑎𝑥

> (𝑓𝑐 −  𝑓),
0.5 ∙ 𝑐0
 ℎ𝑚𝑖𝑛

< (𝑓𝑐 +  𝑓) (1) 

where [𝑓𝑐 −  𝑓, 𝑓𝑐 +  𝑓] is known as the frequency bandwidth of an ultrasonic transducer. It can 

be seen higher frequency transducers lead to the measurement possibility of thinner oil film 

thickness. However, the signal attenuation cannot be ignored when it is with an extremely high 

frequency. For example, a 25 MHz ultrasonic wave can only penetrate 10 mm thickness of bearing 

steel (equivalent to the layer 1 in Figure 1), while 3mm penetration depth for 50 MHz signal 

transmission [17]. 

If such an ultrasonic transducer cannot be selected with a feasible value of 𝑓𝑐 satisfying the 

conditions in (1), which is likely to happen for most lubrication systems in the hydrodynamic 

lubrication regime, then the proposed algorithm “exact model - complex” becomes an alternative 

solution with 𝑓𝑐 properly selected. For example, if the objective film thickness ranges ℎ ∈ [0, 50] 

μm and the uncertainty is required as  ℎ ≤ 5 μm, then the central frequency needs to satisfy 𝑓𝑐 ≤ 

2 MHz, as indicated in Figure 7-c). 

All algorithms for the oil film thickness are concluded in Table II, as compared to the 

conventional algorithms 1)-4), the proposed algorithm “exact model - complex” enables: 

 A direct, closed form calculation, instead of requiring iterative approximation (as is the 

case for the algorithms of “exact model – amplitude” and “exact model – phase”, which 

make the measurement less convenient in practice). 

 Guaranteed measurement accuracy (while the algorithms “spring model – amplitude” and 

“spring model – phase” have notable measurement errors when 𝑓 ∙ ℎ > 0.05 ∙ 𝑐0 ), as 

detailed in Subsection 3.2. 

 Acceptable measurement uncertainty with an appropriate value of ultrasonic central 

frequency selected, as shown in Figure 7-c). 
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Table II Comparison between different algorithms for oil film thickness measurement 

Algorithm Equation Suitable Range Direct Calculation 

1) Exact model – amplitude [23], [24] ℎ̂ = ℎ1(|𝑅𝑒|)  𝑓 ∙ ℎ < 0.10𝑐0  No 

2) Exact model – phase [23], [24] ℎ̂ = ℎ2(Φ𝑅𝑒)  𝑓 ∙ ℎ < 0.10𝑐0  No 

3) Spring model – amplitude [15]-[17], [21] ℎ̂ = ℎ3(|𝑅𝑠|)  𝑓 ∙ ℎ < 0.05𝑐0  Yes 

4) Spring model – phase [19] ℎ̂ = ℎ4(Φ𝑅𝑠)  𝑓 ∙ ℎ < 0.05𝑐0  Yes 

5) Resonance algorithm [14], [23] ℎ̂ = ℎ5(𝑓𝑟)  𝑓 ∙ ℎ > 0.50𝑐0  Yes 

6) Exact model – complex ℎ̂ = ℎ6(|𝑅𝑒|, Φ𝑅𝑒)  𝑓 ∙ ℎ < 0.10𝑐0  Yes 

4. Experimental validation 

In this section, the raw data from two groups of previous experimental tests, which are with 

the glass-oil-glass and the steel-oil-steel structures respectively, are utilized here to further 

validate the practical feasibility of the proposed algorithm “exact model – complex”. 

4.1 Tests with a three-layered sandwich structure of glass-oil-glass 

In an experimental study with the algorithm “spring model – phase”, a three-layered structure 

of “glass-oil-glass” is employed and the utilized ultrasonic transducer has a central frequency of 

𝑓𝑐 = 2 MHz [19]. The material properties of the glass and the oil correspond to Table I and the oil 

film thickness varied in the range of ℎ ∈ [5, 35] μm (the actual value of which is obtained 

independently by measuring the weight, and dimeter of the sandwiched oil of known density 

[19]).  

The procedures for the ultrasonic measurement of the oil film thickness mainly refer to Figure 

4 and are further detailed as follows. 

 The oil film in the three-layered sandwich structure is firstly removed, the reflected signal 

from the “steel-air-steel” structure is then taken as the reference signal. 

 A group of the echo signal from the “steel-oil-steel” structure in the time domain is 

captured, with the oil film thickness swept within ℎ ∈ [5, 35] μm. 

 FFT is performed to both the above reference signal (from the “steel-air-steel” structure) 

and echo signal (from the “steel-oil-steel” structure) to obtain their representation in the 

frequency domain. 

 The amplitude of the ultrasonic reflection coefficient, |𝑅𝑒|, is the amplitude spectrum of 

the echo signal (from the “steel-oil-steel” structure) divided by that of the reference signal 

(from the “steel-air-steel” structure), while the phase spectrum of the echo signal is 

subtracted by that of the reference signal to yield Φ𝑅𝑒 .  
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 The oil film thickness is finally calculated by using the proposed algorithm of “exact model 

– complex”, ℎ̂ = ℎ6(|𝑅𝑒|, 𝛷𝑅𝑒) in equation (17). 

Figure 8-left shows the raw data of the echo signal (from the “steel-oil-steel” structure) in the 

time domain, and Figure 8-right gives the final calculated values of the oil film thickness (ℎ̂) using 

the proposed algorithm “exact model – complex”. It can be seen the calculated values ( ℎ̂ ) 

essentially correspond to the actual values (ℎ). 

Considering the above test conditions of ℎ ∈ [5, 35] μm and 𝑓𝑐 = 2 MHz, which satisfy 𝑓 ∙ ℎ <

0.05 ∙ 𝑐0 , all the conventional algorithms (“exact model – amplitude”, “exact model – phase”, 

“spring model – amplitude”, and “spring model – phase”) are applicable and have similar 

measurement results as those with the proposed “exact model – complex”. The proposed “exact 

model – complex” benefits with a direct calculation, as compared to “exact model – amplitude” 

and “exact model – phase”. 

 

Figure 8 Experimental test results with a three-layered structure of glass-oil-glass: left) the raw data of the echo signal 
captured in the time domain, with the oil film thickness swept from 5.08 μm  to 31.47 μm; right) the calculated value 

of the oil film thickness (ℎ̂) using the algorithm “exact model – complex”, as compared the actual value (ℎ). 

4.2 Tests with a three-layered sandwich structure of steel-oil-steel 

In another experimental study previously performed for the validation of “exact model – 

phase”, a piezo actuator is employed to precisely control the oil film thickness (ℎ) from 4.23 μm 

to 104.51 μm, and the central frequency of the utilized ultrasonic transducer is 𝑓𝑐 = 7 MHz [23]. 

The raw data is utilized with the same procedures in Subsection 4.1 applied again to assess the 

proposed algorithm “exact model – complex”.  

It is worth noting that ℎ ∈ [4.23, 61.56] μm falls in the non-resonant range and is finally 

calculated by using the proposed algorithm of “exact model – complex”, ℎ̂ = ℎ6(|𝑅𝑒|, 𝛷𝑅𝑒), as 

given in equation (17). In contrast, ℎ ∈ [72.57, 104.51] μm is within the resonant range (with the 

bandwidth of the ultrasonic transducer taken into account), where the “resonance algorithm” 

(amplitude minima/phase zero crossing), ℎ̂ = ℎ5(𝑓𝑟), as given in equation (10), can be employed. 

reference signal

5.08 μm

31.47 μm
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The raw data of the echo signal for ℎ ∈ [4.23, 61.56] μm in the time domain (the reference 

signal in the dashed line) are presented in Figure 9-left. The final calculated values of the oil film 

thickness (ℎ̂) are compared to the actual values (ℎ), and plotted in Figure 9-right. Despite the 

variation of different echo waves being “squeezed” and difficult to distinguish, the “exact model – 

complex” still properly utilizes the phase difference information and shows decent measurement 

accuracy, as the calculated values (ℎ̂) have a good agreement with the actual values (ℎ); whereas 

a small error (ℎ̂ − ℎ) is seen when ℎ = 39.14, 50.64, and 61.56 μm, this is due to the increased 

measurement uncertainty in the range of 𝑓 ∙ ℎ ∈ [0.2 ∙ 𝑐0, 0.3 ∙ 𝑐0], as indicated in Subsection 3.3. 

Considering the above test conditions of ℎ ∈ [4.23, 61.56] μm and 𝑓𝑐  = 7 MHz, neither the 

conventional algorithm “spring model – phase” nor “spring model – amplitude” are applicable due 

to the notable measurement errors (ℎ̂ − ℎ) in the range of 𝑓 ∙ ℎ > 0.05 ∙ 𝑐0; the algorithm “exact 

model – phase” has essentially the same measurement results (which are shown in [23]) as “exact 

model – complex”, which benefits direct calculation. 

 

Figure 9 Experimental test results with a three-layered structure of steel-oil-steel: left) the raw data of the echo signal 
captured in the time domain, with the reference signal in the dashed line and the oil film thickness swept from 4.23 μm 

to 61.56 μm; right) the calculated value of the oil film thickness (ℎ̂) using the algorithm “exact model – complex”, as 
compared to the actual value (ℎ). 

5. Conclusions 

A new algorithm for the ultrasonic measurement of oil film thickness, named the “exact model 

– complex”, is proposed and mathematically derived in this paper. This consists of a closed form 

equation (17), which calculates film thickness as a function of both reflection coefficient 

amplitude and phase. A comprehensive theoretical assessment in terms of the measurement 

accuracy and the measurement uncertainty is performed to investigate the proposed “exact 

model – complex”, which enables 1) direct calculation, instead of iterative approximation (as is 

the case for the algorithms of “exact model – amplitude” and “exact model – phase”), 2) 

guaranteed measurement accuracy, while the algorithms of “spring model – amplitude” and 

“spring model – phase” have notable measurement errors when 𝑓 ∙ ℎ > 0.05𝑐0, and 3) acceptable 

reference signal

4.23 μm

61.56 μm
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measurement uncertainty with an appropriate value of ultrasonic central frequency, despite a 

slight deterioration is seen as compared to other algorithms. 

Moreover, the proposed algorithm is proved to be practically feasible through two groups of 

experimental results, where the calculated film thickness essentially agrees with the actual value. 

Overall, the proposed algorithm “exact model – complex”, together with the existing 

resonance algorithm (amplitude minima/phase zero crossing), will be able to fully exploit the 

potential of the ultrasonic technique and to deal with most oil-lubricated systems, with 

measurement accuracy and calculation convenience provided. 
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