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Abstract 
This study describes the development and validation of Computational Fluid Dynamics 
(CFD) methodology for the simulation of dispersed two-phase flows. 

A two-fluid (Euler-Euler) methodology previously developed at Imperial College 
is adapted to high phase fractions. It employs averaged mass and momentum conser- 
vation equations to describe the time-dependent motion of both phases and, due to the 

averaging process, requires additional models for the inter-phase momentum transfer 

and turbulence for closure. The continuous phase turbulence is represented using a 
two-equation k- s-turbulence model which contains additional terms to account for 

the effects of the dispersed on the continuous phase turbulence. The Reynolds stresses 
of the dispersed phase are calculated by relating them to those of the continuous phase 
through a turbulence response function. 

The inter-phase momentum transfer is determined from the instantaneous forces 

acting on the dispersed phase, comprising drag, lift and virtual mass. These forces are 

phase fraction dependent and in this work revised modelling is put forward in order to 

capture the phase fraction dependency of drag and lift. Furthermore, a correlation for 

the effect of the phase fraction on the turbulence response function is proposed. The 

revised modelling is based on an extensive survey of the existing literature. 

The conservation equations are discretised using the finite-volume method and 

solved in a solution procedure, which is loosely based on the PISO algorithm, adapted 
to the solution of the two-fluid model. Special techniques are employed to ensure the 

stability of the procedure when the phase fraction is high or changing rapidely. 
Finally, assessment of the methodology is made with reference to experimental 

data for gas-liquid bubbly flow in a sudden enlargement of a circular pipe and in a 

plane mixing layer. 

Additionally, Direct Numerical Simulations (DNS) are performed using an 

interface-capturing methodology in order to gain insight into the dynamics of free 

rising bubbles, with a view towards use in the longer term as an aid in the develop- 

ment of inter-phase momentum transfer models for the two-fluid methodology. The 

direct numerical simulation employs the mass and momentum conservation equations 

in their unaveraged form and the topology of the interface between the two phases is 

determined as part of the solution. A novel solution procedure, similar to that used 

for the two-fluid model, is used for the interface-capturing methodology, which allows 

calculation of air bubbles in water. Two situations are investigated: bubbles rising in 

a stagnant liquid and in a shear flow. Again, experimental data are used to verify the 

computational results. 
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Nomenclature 

Normal symbols represent scalar quantities and boldface symbols represent vector and 
tensor quantities. Generally, boldface Roman symbols represent vector and boldface 
Greek symbols represent tensor quantities, but this rule is not adhered too religiously. 
Dimensions and units are given in terms of the full SI set, i. e. mass (M) in kg, length 
(L) in meters (m), time (t) in seconds (s) etc.. 

Roman Symbols 

Symbol Description Dimensions Units 

a Cube edge length L m 

or matrix coefficient 

a, b, c half axes of the ellipsoid or bubble L m 
A Multiplier term in an inter-phase momentum 

transfer term 

or Area L2 m2 

or amplitude 
[A] Square matrix of the coefficients 
A system of linear equations 
C Dimensionless coefficient (e. g. for drag - 1 

model) 
Cf Friction coefficient M/(L3t3) kg/(m3s3) 

d Diameter L m 

d Vector between two cells centres L m 

D Tube diameter L m 
[D] Square matrix of the diagonal coefficients 
f Function (e. g. Drag modifier) - 1 

f Acceleration vector due to body forces L/t2 m/s2 

F Flux 
F Force vector (e. g. for drag force) ML/t2 N 

g Acceleration vector due to gravity L/t2 m/s2 

H(x, t) step (Heaviside) function - 1 

I Identity tensor - 1 
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Symbol Description Dimensions Units 
j Drift flux L/t m/s 
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tum transport 
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n Unit normal vector - 1 
[N] square matrix of the off-diagonal coefficients 
p Pressure M/Lt2 Pa 
P Production of turbulent kinetic energy L2/t3 m2/s3 
q Turtuosity factor - 1 
R Source 
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Symbol Description Dimensions Units 

a Volume fraction -1 

a* Phase fraction at close packing -1 
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Symbol Description Dimensions Units 
or recombined value - 1 
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or very small scalar value 
Difference 
Vector in the non-orthogonality treatment L m 

77 Turbulent phase fraction diffusivity L2/t m2/s 
E Turbulent kinetic energy dissipation rate L2/t3 J/kgs 

-y Indicator function - 1 

or blending factor - 1 
r Diffusivity 

K Viscosity ratio - 1 

or curvature of the interface 1/L 1/m 
A Under-relaxation factor - 1 

µ Dynamic viscosity M/Lt Ns/m2 

V Kinematic viscosity M2/t m2/s 

w Shear rate 1/L 1/m 

p Density M/L3 kg/m3 

L0- 
Density ratio - 1 

0 tensorial quantity 
[ý] Column vector of dependent variable 

Q Surface tension M/t2 N/m 

or Schmidt number - 1 

T Stress tensor M/Lt2 Pa 

O Moment of inertia ML4 kgm4 

Dimensionless Numbers 

Symbol Description 

Ar Archimedes number 

Cd Drag coefficient 

co Courant number 

Civ Lift coefficient defined by Auton [10,9] 

Definition 
d39pcIOPI _p3 

Fd 
2PcAU2 

Co = 
Uf 

At 
d"S 
Fl 

pcVI0r"(VU) 
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Symbol Description 

Clw Lift coefficient defined by Magnaudet [260] 

Cip Lift coefficient 

eo Eötvös number 

a Deformation factor 

9 Morton number (original formulation) 

N Dimensionless group in drag model 

j Dimensionless group in drag model 

La Laplace number 

, 
Mo Morton number 

Re Reynolds number 

Rev Shear Reynolds number 

Sr Dimensionless shear rate 

st Stokes number 

We Weber number 

Subscripts 

Symbol Description 

Qa Q in phase a 
Qa Phase fraction 

Qb Q in phase b 

or Basset 

QB Q at the boundary 

QC Q in the continuous phase 
or centre 

or compression 

Definition 
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NOMENCLATURE 

Symbol Description 
Qcu¬ Q for a cube 
Qd Q in dispersed phase 

or Drag 
QDPE Q for a dispersed phase element 
QE Explicitly treated part 
Qe Eddy 
Qe$ Effective Q 
Qf Q at face f 

or face interpolation 
QF Q of the moving frame of reference 
Qh Projected 
Qhyd Hydraulic 
QI Implicitly treated part 
Ql Lift 

or left 
Qlat Lateral 
Qm Mixture 

or mixing 
QN Value of Q of neighbouring cell N 
Qo Other 
QP Q of cell P 
QV Q in phase co 
Qc, Q of property 0 

Qr Relative Q between two phases 

or right 
Qrise 

rise 
Qs Value of Q for the spurious current 
Qt Turbulent 
Qvm Virtual Mass 

Qw Water 

or width 
Qo Single dispersed phase element 
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Superscripts 

Symbol Description 
QC Calculated value 
QE Value for an ellisoid 
QC Convective component 
QD Diffusive component 
Q EkR Data of Ellingsen-Risso 
Qf at the first time step 
QH&R Correlation of Hadamard-Rybczynski 
Qhigh7Ze high Reynolds number 
Ql', ' low Reynolds number 
QMe Model of Mendelson 
Qn at the next time step 
Q° at the previous time step 
QSa Model of Saffman 
Qst Model of Stokes 
Qt Turbulent 
QT° Correlation of Tomiyama 
QT Total convective component 
Q* Predicted Q 

or modfied Q 

or smoothed Q 
QO Corrected Q 

Oversymbols 

Symbol Description 
Q Ensemble average 
(a' Fluctuations 

or value at the interface 

Value relative to the moving frame of reference 
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Chapter 1 

Introduction 

1.1 Background 

In many diverse industries, including process, power, aerospace and transport, flows 

with two or even more phases are common practice and often such flows are the rule 

rather than the exception. Multi-phase flows are encountered in very different types 

of equipment such as transportation lines, stirred vessels, furnaces, distillation and 
bubble columns as well as engine injection and coolant systems. In most cases, the 

proper functioning of the equipment crucially depends on the existence of two-phase 

flow. In other cases, they are unwanted, but may simply not be possible or economically 

feasible to avoid. Therefore, the analysis and understanding of two-phase flows is of 

paramount importance if processes involving two-phase flows are to be optimally and 

safely designed and controlled. 

The term "two-phase flow" covers an extremely wide range of flow patterns and 

regimes. It is useful to subdivide these into a small number of classes, to give a 

first impression of the physical processes involved. Two-phase flows are often broadly 

categorised by the physical states of the constituent components and by the topology 

of the interfaces. Thus, a two-phase flow can be classified as gas-solid, gas-liquid, solid- 

liquid, or in the case of two immiscible liquids, liquid-liquid. Similarly, a flow can be 

broadly classified topologically as separated, dispersed or transitional [29,144,165]. 

This variety of combinations makes the design of industrial equipment for two-phase 

flow applications a very difficult task. 
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In the process and associated industries it is usually difficult to obtain experimen- 

tal data from existing industrial processes since they are often carried out at elevated 

temperatures and pressures or might employ hazardous substances. In addition, the 

disruption caused by the installation of the measuring devices is often intolerable. 

Hence, the design process traditionally relies on experimental pilot scale studies and 

empirical correlations [29,139]. Pilot scale studies are carried out on a smaller scale and 

often at ambient temperature and pressure, as well as employing convenient modelling 

fluids. These experiments are usually expensive and time consuming. Furthermore, the 

use of pilot scale studies requires the use of scaling laws to the full-size plant, which 

may not be well established [29]. For two-phase flow applications, these difficulties 

are more pronounced because of the increased number of fluid properties as well as 

the variety of flow patterns and regimes. On the other hand, empirical correlations 

suffer from the disadvantage that the experimental information is encoded in an over- 

all/global parametric form, which effectively conceals detailed localised information. 

The latter might be crucial for a successful design process. 

From the above considerations, it is clear that the development of a methodology 

that predicts in considerable detail and with sufficient accuracy the entire flow field of 

a flow and, in particular, two-phase flow is highly desirable. Such a methodology exist 

in form of computational fluid dynamics (CFD). CFD is the analysis of engineering 

systems involving fluid flow, heat transfer and associated phenomena, such as two-phase 

flow, by means of computer-based simulation. 

The development of CFD is part of a general trend in the move away from ex- 

perimental studies and empirical correlations to more generally applicable and accu- 

rate mathematical models of engineering systems. Examples include computational 

solid mechanics [201,107] and molecular dynamics simulations [198]. Such method- 

ologies can be used with increasing confidence in areas outside those studied exper- 

imentally. Moreover, a far broader in-depth insight into the process can be gained. 

Overviews of application of CFD in the process and associated industries are given 

in [119,46,392,207,156,198]. It should be noted that CFD and other numerical 

methods are still under development in many ways and will continue to be so for the 

foreseeable future. However, at their present state they go a long way towards meeting 



1.1 BACKGROUND 

some of the requirements posed upon them 
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In addition, experimental and empirical 
methods are still being developed further. All of these methods are complimentary and 
benefit each other. 

Up to now, the development of CFD methodologies for dispersed two-phase flows 
has been focused on relatively low volume fractions (< 10%) of the dispersed phase. 
However, a number of important industrial processes are carried out at higher volume 
fractions. For example, bubble columns, mixer vessels and the production of liquid- 
liquid emulsions like margarine which operate at volume fractions of up to 90%. 

The prediction of these processes poses additional problems: firstly, the physical 

processes such as inter-phase momentum, heat and mass transfer as well as turbulence 

effects are not well understood; and secondly, the flow regime might change when the 

volume fraction of the dispersed phase is very high. The results of this transition might 
be an inversion or a complete separation of the phases. Phase inversion and separation 

occur either by design or by accident in many industrial processes. 
Phase separation processes are common in the chemical industry. Such processes 

are often employed to isolate products from unwanted by-products, e. g. in gravity 

settlers, bubble and distillation columns. These processes are relatively well researched 

and understood due to their widespread use. However, there are secondary effects which 

require further clarification. For example, the prediction of the entrainment of drops 

into the gas streams of bubble and distillation columns. 

On the other hand, phase inversion is usually unwanted and occurs, for example, 

when a liquid/liquid process is operated at very high volume fraction of the dispersed 

phase. The addition of very little amounts of dispersed phase or changes in the operat- 

ing conditions result in a rapid inversion of the phases, i. e. the dispersed phase suddenly 

becomes continuous and vice-versa. Examples can be found in the food industry and 

include the manufacture of many low-fat spreads and margarine. The understanding 

of phase inversion is limited as the detailed physics is not well understood and this is 

why the design of industrial devices has to rely on trial and error in dealing with phase 

inversion. 

In both, phase inversion and separating flows, regions where the originally dis- 

persed phase becomes the continuous phase and vice versa exist simultaneously. Be- 
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tween such regions thin transition regions exist, which are referred to as free-surfaces 

in this study. At free-surfaces, rapid changes in the flow properties occur. The repre- 
sentation of such singularities in a numerical method is often troublesome and many 
numerical techniques have been devised for this purpose. However, they usually in- 

crease the complexity of the numerical solution procedure. 
The remainder of this Chapter is structured as follows: In the following section, 

three well-known CFD methodologies for the prediction of the dynamics of two-phase 

flows are introduced, two of which are extensively used and developed further in this 

study. Then, the objectives of this work are stated in Section 1.4. The objectives 

are followed by a list of the specific contributions made to the field. Next, Section 1.5 

reviews previous and related studies and, finally, an outline of the contents of Chapters 2 

to 7 is given in Section 1.6. 

1.2 CFD Methodologies for Two-Phase Flow 

Any numerical methodology consists of a model and a solution procedure. A model is 

a mathematical representation, i. e. a set of equations, of the physical and/or chemical 

process to be predicted or simulated. Models usually neglect some less important or 

less influential phenomena. The solution procedure specifies the details about how to 

obtain an approximate solution to the model equations numerically. 

The dynamics of many two-phase flows encountered in engineering applications 

are adequately modelled by the Navier-Stokes equations augmented by a Newtonian 

law of viscosity and an equation of state. Heat and mass transfer as well as chemical 

reactions and phase changes are not considered in this study. The description is general 

in the sense that it is not restricted to a particular flow regime, e. g. laminar/turbulent 

or dispersed/separated. In principle, it is possible to obtain a numerical solution based 

on this model by direct numerical simulation. However, further simplifications might 

be needed in order to reduce the complexity of the final mathematical model. 
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In a Direct Numerical Simulation (DNS) of a two-phase flow, the Navier-Stokes equa- 
tions are employed without further manipulation and the topology of the interface 

between the two-phases is determined as part of the solution. No additional modelling 

assumptions are introduced. 

DNS requires very high resolution in order to resolve a broad range of temporal 

and spatial scales. These scales are associated with the topology of the interface, e. g. 

the size of the Dispersed Phase Element' (DPE), or with the fluid motion, e. g. the 

eddies encountered in the turbulent motion. Resolving these scales is computationally 

expensive both in terms of computer memory size execution time. Therefore, DNS is 

restricted to low Reynolds numbers and a few DPEs due to its high computational 

cost. 

Special numerical techniques are needed to keep track of the position of the 

interface between the phases. These techniques are often referred to as free surface 

solution procedures. Many of these have been devised and they are classified and 

explained in more detail in Section 1.5.1. 

DNS of two-phase flow has been employed mainly by the research community 

because of the in-depth insight which can be gained from its results. The applications 

often involve only single DPEs [333,71,385,53,76,49] because of the restrictions 

mentioned above. However, many applications are focused on the simulation of complex 

phenomena such as primary break-up of liquid jets [375,438], secondary break-up of 

drops [132], variable surface tension effects due to temperature gradients or presence 

of surfactants [290,180,181], deformation of fluid particles in shear flow [388,281,91, 

373,253,371] as well as phase change [390,22,48,192,193]. The interaction of many 

DPEs has been investigated by [92,93,94,42,188,157,158]. 

The applications mentioned above deal with laminar flows. However, virtually 

all flows of practical interest are turbulent, mainly caused by the large scale of the 

equipment. Unfortunately, DNS of turbulent flows is not feasible as part of the engi- 

neering design process due to the fact that turbulent flows exhibit an enormous range 

'In this study we use the term "Dispersed Phase Element" for bubbles, droplets and particles and 

the term "fluid particle" for bubbles and droplets 
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of spatial (and temporal) scales. These scales range from the Kolmogorov length scale 
to the size of the equipment under consideration and it is not feasible to resolve all 
these scales in a numerical simulation due to limited computer resources. 

Therefore, it is doubtful that DNS will become widespread in industrial appli- 

cations in the near future. However, its utility lies in the investigation of complex 

phenomena as well as the validation and development of models for the interaction of 
DPEs with the surrounding fluid. It is the latter application for which DNS is adopted 
in this study. 

Fortunately, the level of detail provided by DNS is not necessary in many engi- 

neering applications. For most purposes of equipment or process design, macroscopic 

information about the flow field is sufficient. Practical simulations of turbulent flows 

are therefore carried out using conservation equations which describe the mean proper- 

ties of the flow. Of course, turbulent fluctuations and the details of the two-phase flow 

need to be accounted for to the extent that they affect the mean flow properties. In 

this way, the computational effort needed to obtain a solution can be greatly reduced 

and a solution can be obtained in a reasonable time span. 

In mathematical terms, a macroscopic description is obtained by taking suitable 

averages of the microscopic conservation equations. Due to the loss of information as- 

sociated with the averaging process, additional terms appear in the averaged equations 

which require closure, Z. e. have to be expressed in terms of known, mean variables. For 

example, averaging the Navier-Stokes equations yields the Reynolds stresses, which 

have to be expressed through a turbulence model. 

Several models have been devised to describe two-phase systems on a macroscopic 

level. Two well-known models are outlined next. 

1.2.2 Discrete DPE Model 

The dispersed DPE model assumes that the topology of the two-phase flow is dispersed. 

The two phases are therefore referred to as the continuous and the dispersed phase. A 

macroscopic description of the dispersed phase is obtained by replacing the microscopic 

conservation equations with a discrete formulation. In this discrete formulation, the 

dispersed phase is represented by individual DPEs, which are tracked through the 
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Figure 1.1: Averaged modelling approaches for two-phase flow: a) discrete DPE (Euler- 
Lagrange) model and b) two-fluid (Euler-Euler) model. 

flow domain by solving an appropriate equation of motion. The equation of motion is 

the conservation equation of momentum expressed in the Lagrangian formulation, in 

which the dependent variables are the properties of material particles that are followed 

in their motion. On the other hand, the conservation equations for the continuous 

phase are expressed in the Eulerian frame, where the fluid properties are considered as 

functions of space and time in an absolute (or inertial) frame of reference. Because of 

this mixed treatment of the two phases, the discrete DPE model is also referred to as 

the Euler-Lagrange model. 

The model is depicted in Figure 1.1 a. As mentioned earlier, an Eulerian descrip- 

tion is used for the continuous phase (here Fluid 1). This is denoted by the velocity 

vectors (red), which are located at the cell-centres of the computational mesh used for 

the CFD solution. The trajectories of the DPEs (here Fluid 2) are shown in blue. 

In most applications of practical interest, the wide range of temporal and spatial 

scales encountered in turbulent flows precludes DNS of the microscopic conservation 

equations for the continuous fluid. Hence, the averaged Navier-Stokes equations accom- 

panied by a suitable turbulence model are employed. The averaging removes small scale 

fluctuations from the model. However, the effect of these fluctuations on the dispersed 

phase have to be taken into account if, for example, the dispersion of small particles 
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is to be predicted accurately. They are re-introduced through stochastic models which 
add local fluctuations on top of the mean values, e. g. [120,81,298,440,30,122]. 

For sufficiently dilute suspensions, where the particle size is small, the influence 

of the dispersed phase on the motion of the continuous phase can be neglected. The 

coupling between the phases is then said to be one-way. However, the matter is some- 

what complicated if the motions of the continuous and the dispersed phase are closely 

coupled, i. e. the continuous phase influences the motion of the DPEs and vice versa. 
This two-way coupling can be taken into account in the discrete DPE model with rel- 

ative ease and is done by accounting for the influence of the dispersed phase in the 

momentum equation and the turbulence model of the continuous phase [65,205]. 

An important advantage of the discrete DPE model lies in the possibility to store 

properties of the dispersed phase, e. g. size, shape or rotational speed, separately for 

each DPE. The effects of these properties on the DPE's motion are accounted for in 

the equation of motion, which is solved separately for each DPE. Of course, other 

physical and/or chemical processes such as heat and mass transfer can be included 

accordingly. In this way the distribution of properties in the ensemble as well as 

the cross-correlations between properties can be modelled accurately. Therefore, the 

discrete DPE model is well suited for cases where an accurate predictions of property 

distributions and cross-correlations is essential, e. g. evaporating droplets or combusting 

coal particles. 

However, problems arise when the phase fraction of the dispersed phase is high. 

The first problem is that the computational effort required for the dispersed phase is 

proportional to the number of DPEs because each DPE requires the solution of its 

equations of motion. The problem can be circumvented by calculating the motion 

of a finite number of computational parcels, each containing DPEs possessing the 

same characteristics such as size, velocity, shape etc.. However, the number of DPEs 

in a parcel may have a marked effect on some of the obtained statistics, as shown 

by [86,205]. Secondly, for moderate to high phase fractions, the increased coupling 

between the DPEs and the continuous phase can introduce numerical stability problems 

[205], which are difficult to handle in a mixed Euler/Lagrange framework. 

The discrete DPE model has been successfully applied to low volume fraction gas- 
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solid dispersed flows such as particle laden jets (e. g. [63,81,355,65] ), fuel injection 

systems (e. g. [80,169,205]) and bubble columns (e. g. [420,285,224,223,256,77,218]). 

1.2.3 Two-Fluid Model 

In the two-fluid model, both phases are described using Eulerian conservation equa- 
tions. Hence, the model is also referred to as the Euler-Euler model. Each phase is 

treated as a continuum, each inter-penetrating each other, and is represented by av- 

eraged conservation equations. The averaging process introduces the phase fraction a 
into the equation set, which is defined as the probability that a certain phase is present 

at a certain point in space and time [147]. 

Figure 1.1b shows a sketch of the two-fluid model. The velocity of each phase 
is represented by one set of velocity vectors, which are shown in red and blue for 

fluid 1 and 2, respectively. The phase fraction of the dispersed phase is shown by small 

numbers in the lower right corners of the cells. 

Due to the loss of information associated with the averaging process, additional 

terms appear in the averaged momentum equation for each phase, which require closure. 

In addition to the Reynolds stresses, which enter into the averaged single-phase flow 

equations, an extra term that accounts for the transfer of momentum between the 

phases appears. This term is known as the averaged inter-phase momentum transfer 

term and accounts for the average effect of the forces acting at the interface between 

continuous phase and the DPEs. 

The two-fluid methodology is applicable to all flow regimes, including separated, 

dispersed or intermediate regimes, since the topology of the flow is not prescribed. 

However, the formulation of the inter-phase momentum transfer term and the two- 

phase turbulence model is the crux of the two-fluid methodology because it depends 

on the exact nature of the flow. Consequently, the resulting predictive capabilities relie 

heavily on them. 

The derivation of the average inter-phase momentum transfer term starts from 

instantaneous momentum transfer term. The main components of this term are due to 

the drag, lift and virtual mass forces acting at the interface between the two phases. 

The relationships for drag and lift are the subject of this study and a review of the 
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physical phenomena and modelling approaches are given in Sections 1.5.3 and 1.5.5. 

It has been noted, that the dispersed DPE model allows quite naturally to rep- 

resent additional dispersed phase properties, e. g. size, shape and temperature, as well 

as their effect on the continuous phase. This is more difficult in the two-fluid model 
because the conservation equations, e. g. for the dispersed phase enthalpy, are employed 
in averaged form and extra terms, similar to those encountered in the averaged phase 

momentum equations, appear during their derivation, which require closure. Addi- 

tional problems arise if the distribution of a property is to be represented, e. g. size 
distributions. Two approaches can be employed in an Eulerian framework to represent 

the Probability Density Function (PDF) of a property: firstly, the PDF can be discre- 

tised into a discrete number of classes (population balance). In this case, a transport 

equation for the probability of each class is solved. Secondly, the form of the PDF can 

be presumed beforehand and a transport equation for each parameter of the presumed 

distribution is solved. In both cases, the effects of the property distribution on the 

average inter-phase transfer term have to be account for. 

In the process and associated industries, the size distribution of the DPEs is 

often very important for two reasons: firstly, it might be part of the specification of the 

final product and, hence, the quality of the product depends on it; and secondly, all 

inter-phase transport phenomena are governed by the mean area concentration, which 

is determined by the size distribution. Over the last ten years, several approaches of 

varying complexity have been proposed to account for size distributions of DPEs within 

the two-fluid model [238,250,126,259,1471. 

However, it should be noted that the two-fluid model, by definition, incorporates 

two-way coupling and, despite the other complexities, is the preferred method for 

engineering applications, especially when the phase fraction is high. For these reasons 

the two-fluid model is adopted in this study. 
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The research presented in this study formed part of a larger research project2 carried out 
under the auspices of the EEC BRITE/EuRam programme. This project involved three 

companies in the chemical and food industry, a commercial CFD software company and 
three academic institutions. 

In a precursor BRITE project3, research was focused on dispersed two-phase 

flow at relatively low phase fractions (< 10%) of the dispersed phase. As mentioned 
in Section 1.1, many important industrial processes are carried out at higher phase 
fractions. Therefore, the overall aim of the present BRITE project was to produce 

validated predictive methods applicable to two-phase flow at high phase fractions, 

eventually to be embodied in a commercial CFD code for the design of two-phase 

chemical processes. Since the industrial partners are mostly interested in dispersed 

gas-liquid and liquid-liquid flows, the project concentrated on these systems. 

There were many aspects to the projects mentioned above, including theoretical 

studies into local physical effects and experimental studies to provide suitable data 

for validation purposes. These investigations culminated in the formulation of suitable 

mathematical models, which were then integrated into a commercial multi-purpose 

CFD code. 

The principle objectives of the study described in this thesis are as follows: 

" Development of an improved numerical solution technique for the two-fluid model 

applicable to the full range of phase fraction. The new solution technique should 

combine numerical stability and computational efficiency, especially in situations 

where phase inversion or complete separation occur; 

" Determination of suitable physical models to close the two-fluid model, again over 

the full range of phase fraction. Such models include those describing drag, lift 

and turbulence effects for liquid-liquid and gas-liquid systems. Correlations for 

solid-liquid systems are included in this study because the examination of these 

2Project number BE 4322 - Development of a Computational Code for the Design of Multi-Phase 

Processes at High Phase Fractions. 
3Project number BE 4098 - The Development of Validated Predictive Models for the Optimal 

Design of Multi-Phase Chemical Processes. 
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systems has been found very useful in order to understand the more complex 

physics associated with systems of fluid particles (see footnote (1) on page 24); 

" Critical evaluation of the methodology with reference to the experimental data 

provided by the project partners and additional data obtained from the literature. 

1.4 Present Contributions 

This study is concerned with the simulation of dispersed two-phase flow at high phase 

fractions, excluding heat and mass transfer as well as phase change. It presents the 

author's contribution, which is a continuation of the efforts made by the author's 

predecessors and colleagues at Imperial College during the past decade, e. g. Politis 

[310], Oliveira [294], Hill [147], Ubbink [403], Weller [426,424], Brennan [39]. Their 

contributions are related to the modelling of solid-liquid [310,39], liquid-liquid [147] 

and gas-liquid [294,147] dispersed flows mostly at low phase fractions as well as the 

development and validation of improved solution procedures [310,294,147,403,426, 

424,39]. 

The following specific contributions have been made in this study: 

"A review and analysis of the literature with respect to: 

- Modelling of phenomena encountered in dispersed two-phase flow at high 

phase fractions, especially drag and lift; 

- Numerical methodologies for the solution of the two-fluid model; 

- Numerical methodologies for the DNS of two-phase flow; 

Test cases suitable for the validation. 

9 Research related to the DNS of two-phase flow: 

- Implementation and testing of a novel interface-capturing methodology; 

- Validation against experimental data: calculation of a free rising air bubble 

in water. Results for different bubble diameters are obtained; 

- Validation against experimental data: calculation of a free rising air bubble 

in linear shear flow. Here, the viscosity of the surrounding fluids is much 
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larger than that of water and the effects of different liquid viscosities and 
bubble sizes are shown. 

" Research related to the modelling of drag at high phase fractions: 

- Formulation of a new drag model applicable to high values of the phase 
fraction; 

- Validation of the new drag model against experimental data for sudden 

enlargement and plane mixing layer flows using the two-fluid methodology. 

9 Research related to the modelling of lift: 

- Performance of DNS of a free rising air-water bubble in linear shear flow to 

gain insight into the lateral motion of bubbles in this type of flow. Different 

shear rates and bubble diameters are investigated; 

- Validation of existing and improved lift models against experimental data 

for sudden enlargement and plane mixing layer flows using the two-fluid 

methodology. 

9 Research related to the modelling of two-phase turbulence at high phase fractions: 

- Formulation of an improved model for the turbulence response function Ct 

applicable to high values of the phase fraction; 

Validation of the new Ct-model against experimental data for sudden en- 

largement and plane mixing layer flows using the two-fluid methodology. 

" Research related to the two-fluid methodology: 

- Implementation and testing of an improved numerical algorithm for the two- 

fluid methodology which improves stability and convergence in situations 

where the phase fraction is high; 

- Assembly and implementation of improved models for the inter-phase mo- 

mentum transfer term suitable for higher phase fractions; 

- Validation against experimental data: calculation of sudden enlargement, 

plane mixing layer, separation tank and bubble column flows. 
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1.5 Previous and Related Studies 

An overview of the literature relevant to this study is presented next. In the first two 
Sections, the solution procedures for the two-fluid model and for the direct numerical 
simulation of two-phase flow are reviewed. Then, the physics and modelling approaches 

related to the drag and lift forces on DPEs in dispersed two-phase flow as well as 
turbulence are presented. However, it should be noted that detailed reviews of the 
individual drag and lift models are presented later in Chapters 6 and 7. Finally, 

validation test cases for the two-fluid methodology are reviewed in Section 1.5.7. 

1.5.1 Solution Procedures for the DNS of Two-Phase Flow 

Free-surface methodologies are numerical solution techniques for the prediction of two- 

phase flows where the topologies of the interfaces are also outcomes of the solution. 
Extensive reviews of such methods can be found in [349,347,99,395,339,321,102, 

266]. Free-surface methodologies can be classified into surface tracking, moving mesh 

and volume tracking methods [266] : 

Surface Tracking Methods define a sharp interface whose motion is followed. The 

interface is marked and tracked, either with a height function [292,99,96] or a 

set of marker particles/segments (see Figure 1.2a) [115,114,406,311]. 

Moving Mesh Methods associate the interface with a set of nodal points of the 

computational mesh. In this way, a sharp interface is maintained. The mesh 

might be adjusted to fit the interface (interface-fitted mesh methods, see Fig- 

ure 1.2b) [333,374,243,378,433,53,99] or following the fluid (Lagrangian 

methods) [106,108,188]. 

Volume Tracking Methods do not define the interface as a sharp boundary. 

Rather, the different fluids are marked either by massless particles [137,136, 

68,69,204] or by an indicator function, which may be a volume fraction (see 

Figure 1.2c) [155,404,49], a level set [300,367] or a phase-field [176,288]. 

Moving mesh and surface tracking methods maintain the exact position of the 

interface, which simplifies the analysis near the interface. On the other hand, the 
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Figure 1.2: Free-surface methodologies: a) surface tracking method with marker particles 
on the interface (Front-tracking method); b) moving mesh method (Interface-fitted mesh 
method); c) volume tracking method where the fluids are marked by the volume fraction 
field. 

mesh/marker particles/ segments have to be relocated and eventually re-meshed, when 

the interface undergoes large deformations, which adds additional complexity. Another 

drawback of these methods is that they require intervention to handle topological 

changes, e. g. the merging of two interfaces [394,395]. 

Surface tracking methods have the advantage that the representation of the sur- 

face is independent of the representation of the flow field. Hence, the resolution of the 

surface and that of the flow field may be chosen independently. Of course, the level of 
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detail should be comparable in order to resolve the fluid motion properly. However, this 
freedom is helpful, for example, in order to improve the accuracy of the evaluation of 
the surface tension force by increasing the resolution of the interface. However, surface 
tracking methods have the disadvantage that they do not strictly conserve the vol- 

ume of each fluid [395], whereas conservation can be enforced in some volume methods 
(when a volume fraction is used) and in some moving mesh methods. 

In volume methods, an indicator function (volume fraction, level set or phase- 
field) is used to represent the interface and one is confronted with the question how to 

convect the interface without diffusing, dispersing or wrinkling it. This is particularly 

troublesome, when the volume fraction is chosen as an indicator function because 

the convection scheme has to guarantee that the volume fraction stays bounded, i. e. 

remains within its physical bounds of 0 and 1. This problem has been addressed by a 

number of authors and two distinct methodologies to convect the volume fraction have 

emerged: volume-of-fluid (VOF) methods utilise convection schemes which reconstruct 

the interface from the volume fraction distribution before advecting it [155,437,6,321, 

331,49]. On the other hand, interface-capturing techniques use high-order convection 

schemes [403,404,57,432,74]. 

The surface tension term in the Navier-Stokes equation creates additional diffi- 

culties because it is a singular term. These difficulties manifest themselves in numerical 

instabilities and/or numerical noise as well as poor representation of capillary effects. In 

surface tracking and moving mesh methods, the surface tension force can be evaluated 

directly from the discrete representation of the interface. 

On the other hand, in volume methods, the exact position of the interface is 

unknown and the location of the interface is often represented by an indicator function. 

Here, the Continuum Surface Force (CSF) formulation by Brackbill et al. [37] is used 

to calculate the surface tension force from the distribution of the indicator function. 

An often reported problem is the existence of the so-called spurious "currents" 

in the flow field of the numerical simulations [214,311,431,403]. These currents are 

vortices which appear in the neighbourhood of interfaces despite the absence of any 

external forces. Lafaurie et al. [214] (see [339]) showed that the Reynolds number based 

on magnitude of the largest spurious currents Res around a bubble/drop is proportional 
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to the Laplace number fa: 

KRes=fa (1.1) 

where the Laplace and Reynolds numbers are defined as: 

La=apd 
µ2 

(1.2) 

pd Res (1.3) 

Here, u, p and a are the dynamic viscosity, density and surface tension, respectively. d 

and U, stand for the bubble/drop diameter and the velocity magnitude of the largest 

spurious current. 

They gave K= 100 for their algorithm and computations became difficult when 
fa exceeds 106, which occurs, for example, for a 14 mm air-water bubble or drop. 

Scardovelli and Zaleski [339] also reported that the problem is less pronounced in the 

marker method of Tryggvason and coworkers where K appears to be around 105. 

1.5.2 Solution Procedures for the Two-Fluid Model 

Various solution procedures have been proposed to solve the set of coupled differential 

equations arising in the two-fluid models. Most of them use segregated approaches, in 

which the set of equations is solved sequentially. Some authors have proposed other 

solution techniques which utilise Riemann [360] or partial block solution [229,228] 

techniques to handle the coupling between the equations in a more implicit manner. 

These techniques have not been investigated in this study, since they are often very 

demanding in terms of computational time, memory requirements and code complexity. 

Focusing on segregated approaches for two-phase flows, a number of different 

methodologies can be identified in the literature, e. g. IPSA [357], BRITE [310,147], 

ASTRID [376], two-phase ICE [196] and two-phase SOLA [152]. Among these there is 

little agreement concerning either the form of the equations to be solved or the solution 

procedure. However, certain similarities exist, for example, the use of the continuity 

equation in order to derive an equation for the pressure. The pressure change is then 

utilised to correct the velocities. 
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In this study, we adopt the modifications of Weller [426] to the BRITE solu- 
tion procedure. In addition, further improvements are proposed to make the solution 

procedure more stable. This is discussed in detail in Section 3.2. 

1.5.3 Modelling Drag 

One of Newton's important studies was on the laws governing the free-fall of particles 
in air. He measured the terminal velocity of particles with different diameters dropped 

from St. Paul's Cathedral in London [291]. He then derived a relationship for the 

particle drag as a function of the particle diameter and terminal velocity and found 

that the drag force on the particle is proportional to the square of the terminal velocity. 

This relationship was later extended to include the effects of different densities of the 

particle and the fluid as well as different fluid viscosities, e. g. [2,340,225]. 

Theoretical work on this subject started with the analytical work of Stokes [363]. 

He neglected the non-linear convection term in the Navier-Stokes equations and found 

that the drag force is proportional to the terminal velocity. The solution is only valid 

when the influence of convection can be neglected with respect to diffusion, i. e. for 

the creeping flow. His work was later extended by including the convection terms in 

linearised form, e. g. Oseen [299] (see [561). Since then, progress to obtain an analytical 

solution has stalled due to the complexity of the flow surrounding a sphere in all but 

the simplest flow regimes. 

However, numerical methods provide means to obtain approximate solutions to 

the Navier-Stokes equations, e. g. [325,164,105]. These direct numerical simulations 

provide valuable information about the drag on a sphere at intermediate flow speeds, 

but become increasingly expensive for turbulent flows for the reasons given in Sec- 

tion 1.2.1. Hence, most of the knowledge about the effect of free stream turbulence on 

the drag force of a spherical particle has been obtained experimentally, e. g. [55,1]. 

The results of all of these studies are usually presented in non-dimensional form 

as the "standard drag curve" depicted in Figure 1.3. In this representation, the drag 

coefficient Cd is plotted as a function of the Reynolds number Re, where the former is 

defined for a single DPE in an infinite medium as the drag force on the DPE divided 
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Figure 1.3: Drag coefficient as a function of the Reynolds number for solid spheres: a) Brauer 
[38]; b) Stokes' law [363] Cd =; c) Newton's law Cd = 0.44 (from [273]). 

by the dynamic pressure force, thus: 

Cd _1 
Fd Drag force 

(1.4) 
2 p, AUU Dynamic pressure force 

and Re is given as: 

Re _ 
pcUrd 

_ 
Inertia 

1.5 
µ Viscous 

Here, p and p, are the dynamic viscosity and density of the continuous phase, respec- 

tively. Fd and UT are the magnitudes of the drag force Fd and the relative velocity 

between the phases Ui., where the latter is defined as UT = Uc - Ud. A stands for the 

projected area of the DPE normal to U. For fluid particles, but also irregular shaped 

particles, it can be difficult to determine A. Therefore, A is often calculated from 

A= xr 42 
, where d is the nominal diameter, i. e. diameter of a sphere having the same 

volume V as the DPE. Hence, the influences of the shape, deformation or orientation 

of the DPE on the projected area are neglected. 

The laws of Stokes and Newton are also plotted in Figure 1.3. The drag coefficient 

is inversely proportional to the Reynolds number for low Reynolds numbers (Stokes' 
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law), whereas for high Reynolds numbers it is independent of it (Newton's law). Also 

shown are experimental and numerical data points from various sources as well as the 
drag curve due to Brauer [38]. 

Visualisation experiments and numerical simulations provide valuable insight into 

the flow structure around spheres. In the lower part of Figure 1.3, several well-known 
flow regimes are listed. They can be characterised as follows: 

" Re < 20: unseparated flow; laminar boundary layer 

" 20 < Re < 130: separated flow; steady, laminar wake; laminar boundary layer 

" 130 < Re < 450: separated flow; unsteady, laminar wake; Karman vortex street; 

laminar boundary layer 

9 450 < Re <3x 105: high sub-critical flow; laminar boundary layer 

9 Re >3x 105: critical transition and supercritical flow; turbulent boundary layer 

It should be mentioned that a similar sequence of regimes occurs in the flow 

around most bodies. 

The physics of the flow around fluid particles' differs in two ways from that 

around particles. Firstly, the momentum transfer from the continuous fluid results in 

circulation inside the fluid particle (internal circulation); and secondly, their shape is 

not fixed. 

For solid particles, the drag coefficient depends only on the characteristics of the 

flow surrounding the particle and is primarily a function of the particle Reynolds num- 

ber and the turbulence intensity of the continuous phase. In the case of fluid particles 

the drag coefficient is also dependent on the other fluid properties characterised by the 

Eötvös So and Morton . 
Mo numbers as well as the ratios of the fluid densities o and 

viscosities i. These dimensionless groups are defined as: 

7efILpId2 sU 
_a 

Mo = 
9efµc OPt 

P2 o3 PC 

Pd 
gyp- - 

PC 
Ad 

µc 

Gravity 
_ (1.6) 

Surface Tension 

= Material Group (1.7) 

(1.8) 
(1.9) 
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Figure 1.4: Shape regimes of fluid particles in unhindered gravitational motion through liquids 
(from [56]). 

where a is the surface tension and Op is the density difference between the continuous 

and dispersed phases, i. e. 0p= pd -Pc - g$ is the magnitude of the effective acceleration 

given by gef geffl = Ig - 
Dc ` where D stands for the substantive derivative, i. e. 

D= ät + U, " V. The effective acceleration takes into account the acceleration of 

the continuous fluid which can be appreciable, e. g. in vicinity of the mixer blades of a 

stirred tank. Note that the Morton number Mo is only a function of the fluid properties 

for fluid particles in quiescent liquids. It is a strong function of the viscosity of the 

continuous phase, which enters with a power of four. Its value ranges from 9.4 x 104 

to 3.1 x 10-12 for air bubbles in corn syrup and hot tap water, respectively. 

Figure 1.4 shows the characteristic shapes of fluid particles rising in a quiescent 
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fluid as a function of the Eötvös and Morton numbers. The diagram also gives the 
Reynolds number based on the terminal velocity as a function of the same parameters. 
It is apparent that for low So, e. g. for small fluid particles, a spherical shape is retained, 
whereas for high Eo the bubble takes an ellipsoidal or largely deformed shape. This 

effect is more pronounced for low 
. 
Mo, e. g. when the continuous phase has a low viscos- 

ity. For very low A46 and So around 3, e. g. millimeter-size bubbles in fluids with a low 

viscosity, an unstable or "wobbling" motion is encountered. This can be explained as 
follows: as a fluid particle rises through a continuous phase, work is done on the contin- 

uous phase by the fluid particle at a rate equal to the rise velocity times the buoyancy 

force acting on the fluid particle. In a very viscous fluid, this energy can be dissipated 

completely through laminar viscous dissipation, but in a low viscosity fluid some of it 

is also released through wake shedding. The onset of vortex shedding coincides with 
the appearance of path oscillations known as secondary motion [83,396,95] and it has 

been concluded that the path oscillations are caused by the vortex shedding. 
The unstable secondary motion of bubbles is very complex and has received con- 

siderable attention, e. g. [130,334,12,399,257,258,87,88,387]. It can be thought of 

as a superposition of two types of motion: firstly, oscillations in the bubble trajectory 

(defined as the path of the bubble centroid) combined with changes of the orientation 

of the bubble; and secondly, bubble shape oscillations. 

Regarding the first type of oscillations, instabilities of the bubble trajectory occur 

in the intermediate range of the bubble sizes. This regime is denoted "wobbling" in 

Figure 1.4. Small, nearly spherical, e. g. [334,12], and large, spherical-cap bubbles, e. g. 

[421], do not exhibit this type of oscillations and usually rise rectilinearly. Once the 

bubble becomes more deformed into an oblate spheroid, instabilities set in and result 

in a zigzag or helical (or spiral) trajectory. The zigzag trajectory is characterised by 

side-to-side movement in a vertical plane and the orientation of the plane has been 

observed both to remain constant, e. g. [334], or to change randomly as the bubble 

rises, e. g. [398]. The helical trajectory of a bubble assumes either clockwise or counter- 

clockwise direction, depending on the conditions where the bubble is generated [130]. 

The motion of a bubble may be first zigzag and then change into a helical one, but the 

reverse transition has never been reported [334,12,257,258]. Furthermore, it should 
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be noted that the rise velocity of zigzagging bubbles is usually smaller than that of 
those exhibiting a helical motion. 

There is no unanimous agreement on the conditions that decide whether the 

trajectory of a bubble is zigzag or helical. The type of oscillation seems to be controlled 
by two factors: the physical properties of the surrounding phase, especially the presence 

of surfactants, e. g. [398]; and the way the bubble is generated/released and thus the 

initial perturbations, e. g. [334]. Recently, it has been suggested by [87,88,387] that 

the dynamics of bubbles involves two natural modes of oscillations. The primary mode 
develops first, leading to a zigzag trajectory. Then, under certain circumstances, the 

secondary mode grows, causing the trajectory to progressively change into a circular 
helix. This conjecture helps to explain the effects of both initial perturbations and 

surfactants. 

Recently, Lunde and Perkins [258] performed experiments with expanded polystyrene 

spheroids and observed marked zigzag motion with angular displacements from the 

vertical of as much as 50°. This result is significant because it shows that path 

instabilities do not require shape variations or a shear-free boundary condition. Con- 

sequently, it can be concluded that the motion is controlled by the mode in which the 

bubble/ polystyrene spheroid sheds its vorticity. 

Figure 1.5 depicts the terminal rise velocity of air bubbles in water as a function 

of the bubble diameter. Three regimes can be identified: spherical, "wobbling" (here 

denoted ellipsoidal) and spherical-cap. In the shaded area, the bubble rise velocity is 

not simply a function of the bubble diameter and large variations of the rise velocity for 

a given nominal bubble diameter are found. For example, for a bubble with a diameter 

of 2 mm, the rise velocity varies by a factor of three. On the other hand, outside the 

shaded area, i. e. in the spherical-cap and most of spherical regime, the rise velocity is 

primarily a function of the bubble size. Unfortunately, many industrial applications 

operate in the "wobbling" regime and it follows that the quality of predictions hinges 

on its accurate description. 

Traditionally, the variation of the rise velocity for a fixed bubble diameter has 

been explained by the presence of surface-active agents (surfactants) [56,95]. Surface 

tension is reduced when surfactants accumulate at the interface. However, it is not 
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Figure 1.5: Terminal velocity as a function of diameter for air bubbles in water (from [56]). 

the uniform reduction of the surface tension which is important, but the effect of a 

gradually varying distribution of the inter-facial surfactant concentration. The mecha- 

nism can be described by the "surface tension gradient model" proposed by [241,84]: 

a gradually varying distribution of the inter-facial surfactant concentration produces a 

surface tension gradient, which in turn generates a tangential force acting against the 

flow causing the accumulation. For example, when a fluid particle moves through a 

continuous phase, the surrounding fluid tends to sweep the adsorbed surfactant to the 

rear and the resultant concentration gradient gives rise to a tangential force acting in 

the opposite flow direction. In this situation, the boundary condition is not a free-shear 

condition and the interface is said to be immobilised. 

The immobilisation of the interface has several effects on the fluid particle: firstly, 

it tends to damp out the internal circulation and thereby increases the drag on the 

fluid particle [33,1281. This increase of drag is only substantial for small fluid particles 

(d <1 mm) where the flow around the fluid particle is dominated by viscous forces. 

Provided the creeping flow approximation holds, the drag on the fluid particle can be 

approximated by the Hadamard-Rybczynski theory [131,332] for pure systems and 
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the Stokes' law for contaminated systems [56]. Secondly, more vorticity is generated 
at an immobilised interface than at a clean interface. This promotes early separation 
and increases the size of the wakes behind the bubble. This, in turn, reduces the 
pressure drop across the bubble and thus diminishes the bubble deformation, although 
the surface tension force is effectively reduced by the presence of surfactants, as noted 
earlier. The reduction of deformations has been shown experimentally by [397,56] and 
confirmed numerically by [67,180,181]. The larger wakes also indicate that the form 
drag increases, in addition to the increase in viscous drag mentioned earlier [180,181]. 

In order to attempt to take these effects into account, most drag models for 
bubbles available in the literature are derived with reference to a particular level of 
contamination, e. g. clean, slightly contaminated or fully contaminated. The available 

experimental evidence seemed to suggest that the rise velocity is highly sensitive to 

the presence of surfactants. Since it is nearly impossible to remove all surfactants from 

a system, even under laboratory conditions, most systems encountered in engineering 

applications are believed to be contaminated [56]. Consequently, in the case of an 

air-water system, tap water is regarded as a contaminated or slightly contaminated 

system. "Pure" water is only obtained by carefully distilling the water twice or more. 
Recently, Tomiyama et al. [387] challenged the view that the variation of the rise 

velocity for a fixed bubble diameter can be explained by the presence of surfactants 

alone. His group conducted experiments with air bubbles in clean, tap and contami- 

nated water and found that multiple stable states exist. For each of these states, the 

bubble assumes a particular shape and posses a characteristic rise velocity falling into 

the shaded area of Figure 1.5. They explained this as being due to non-linearities in 

the Navier-Stokes equations as well as the inter-facial conditions. They also found that 

the level of deformation, quantified by the bubble aspect ratio, correlated well with 

the rise velocity. In their experiments, the shape and the rise velocity of the bubbles 

was strongly affected by the initial perturbations exerted on the bubbles during gen- 

eration/release. For small initial perturbations, they showed that air bubbles in clean 

water rise with velocities that have been previously only reported for air bubbles in 

contaminated water. Under these conditions, the bubble trajectory is zigzag. On the 

other hand, for air bubbles in contaminated water, only a single state existed and the 
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rise velocity was independent of the initial perturbations. This was attributed to rapid 
damping of perturbations in the presence of surfactants. They concluded that the large 

scattering of the rise velocity is not primarily caused by the presence of surfactants, 
but variations in the initial perturbations. 

Finally, their results for bubbles in tap water were very similar to the results for 

bubbles in clean water. This showed that tap water should actually be considered as 

a clean system and that the variation of the rise velocity for a given bubble diameter 

should be explained with reference to the initial perturbations exerted on the bubble. 

They obtained a correlation for the bubble rise velocity as a function of the aspect 

ratio of the bubble, which is given by equation (6.42), but the latter quantity is itself 

a dependent variable and seems to depend on the history of the bubble. However, it 

should be pointed out that the existing correlations for clean and contaminated systems 

provide the limiting cases for air bubbles in clean as well as tap water. On the other 

hand, air bubbles in contaminated water are described well by the existing models. 

1.5.4 Modelling Drag at High Phase Fractions 

Many two-phase processes operate at high phase fractions, as outlined in Section 1.1. 

Their prediction relies on the accurate description of the effects that are caused by 

the presence of other DPEs in the vicinity of an individual DPE. Obviously, these 

effects are governed by the average distance between the DPEs, which depends on the 

phase fraction and the distribution of the DPEs in space. As an illustration, consider 

a regular lattice of spherical DPEs of diameter d located at the corners of a cube with 

an edge length of a. In this situation, a is also the closest distance between two DPEs 

and the phase fraction a is given by: 

VDPE 
_ 

7f d3 

Vcube 6a 

where VDPE and Vcvbe stand for the volume of the cube and a DPE, respectively. 

In Table 1.1, a is tabulated for several values of the normalised distance between 

the DPEs a/d. The phase fraction peaks at 53.5% for the smallest possible distance 

(a/d = 1) and decreases rapidly for increasing values of a/d. It is less than 1% for 

a/d = 4, but it is likely even then that two DPEs will have an appreciable influence on 
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a/d [-] 1 2 4 6 8 10 

c [-] % 52.3 6.54 0.818 0.242 0.102 0.0523 

Table 1.1: Relationship between the relative distance between the DPEs and the phase 
fraction. 

each other if they are located behind each other because of wake effects. Hence, some 
influence must be anticipated even at this relatively low a. 

The possible interactions between the DPEs are numerous. For solid particles 

settling in a vessel filled with a lighter fluid, Barnea and Mizrahi [15] identified the 

following effects: 

Pseudo-hydrostatic effect: The average hydrostatic pressure gradient in the sus- 

pension is greater than that in the fluid alone. Consequently, the buoyancy force 

acting on a particle in a suspension is also larger because it is the integral of the 

vertical component of the hydrostatic pressure normal to the particle surface. It 

follows that the mixture density must be used in the expression for the buoyancy 

force instead of that for the fluid [208,15,441]. 

Momentum transfer effect: The presence of other particles affects the momentum 

transfer between each particle and the fluid through distortions of the streamlines 

and wakes. Furthermore, the fluid flow around the particles is hindered by the 

other particles in the suspension. This effect is related, although not strictly 

equivalent, to the increase of the "apparent" bulk viscosity of the suspension 

which becomes evident when the latter is sheared. 

"Wall hindrance effect" : Significant effects are detectable even when a single par- 

title is settling in a closed vessel whose size is not sufficiently larger than that of 

the particle. The settling particle causes, via displacement, an opposite motion 

of the fluid, which causes additional friction between the fluid and the walls. In 

addition, the flow field around the particle is disturbed by the presence of the 

wall. Analogously, the following effects are felt by an individual particle in a 

suspension: firstly, additional drag is induced by the motion of the displaced 

fluid; and secondly, its flow field is restricted by the presence of the surrounding 

particles. 
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Segregation effects: Suspensions often contain particles of various shapes and sizes, 

which respond differently to the motion of the fluid. Hence, local inhomogeneities 

can develop, which are counteracted by dispersive effects. Suspensions at high 

phase fractions and those with narrow size distributions tend to exhibit weaker 

segregation effects [139]. In this study, segregation effects are neglected because 

we assume uniform size distributions. 

Other effects: Some interactions between the particles in a suspension are not 
through hydrodynamic effects. Examples include flocculation and aggregation. 
However, these effects are beyond the scope of this study. 

The effects outlined above usually increase the exchange of momentum between 

the particle and the fluid in a dense suspension. Hence, a particle in a suspension 

sinks slower than the same particle in an infinite fluid. However, it is well known that 

the drag on a particle is reduced if another particle is placed in front of it. This slip 

streaming effect can substantially increase the terminal velocity of a particles moving 

together in a cluster, e. g. Koglin [202] measured a maximum increase of the terminal 

velocity by a factor of three at an average phase fraction of 2%. However, it should be 

noted that the segregation of particles into clusters is less likely in a dense suspension 

and, therefore, this effect is not effective when the a is high [197]. 

The problem is complicated further if fluid particles are considered: firstly, these 

are deformable, which complicates their dynamics substantially, as outlined in the 

previous Section. Secondly, systems of fluid particles are inherently unstable due to 

the possibility of coalescence and, therefore, often need to be prepared shortly before 

their behaviour is studied experimentally. In this respect, liquid-liquid flows are often 

easier to handle because they can be stabilised with surfactants and a can then be 

pushed up to 70% while the flow is still dispersed. 

In gas-liquid flows, coalescence cannot be controlled as effectively and the bubbles 

quickly form gas pockets. The flow is now said to be in the slug or churn turbulent 

regime. It should be noted that the models presented in this study are derived for 

dispersed flows and cease to be valid in other flow regimes. Unfortunately, the exact 

conditions for the transition depend on the apparatus and the flow rates etc.. However, 

it is interesting to note that Liu and Bankoff [249] were able to operate a vertical pipe 
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flow in the dispersed flow regime at average and maximum local phase fractions of 41% 

and 52%, respectively. On the other hand, Serizawa et al. [346] found that they were 

not able to stabilise a bubbly flow in the same type of device beyond an average and 

maximum local phase fraction of 20% and 30%, respectively. 
Over the years several models have been proposed to determine the drag on 

DPEs at elevated phase fractions. They can be categorised into different modelling 

approaches, which are summarised in Table 1.2. A short description of the main 
features of each category is given below: 

Friction Factor: Some authors [341] prefer to use a friction coefficient Cf instead of 

a drag coefficient to express the inter-phase momentum transfer due to drag Mä, 

thus: 

Mä=CfUT (1.11) 

where Mä is the inter-phase momentum transfer due to drag per unit volume. 

Note that Cf is not dimensionless. 

Drift flux: Drift flux models have been widely used to express the influence of the 

phase fraction on drag. See Wallis [414] for a general introduction. In general, 

drift flux models take the following form: 

- a(1 - a)'z (1.12) 
Uro 

where j stands for the drift flux defined as: 

j= a(1 - a)Ur (1.13) 

The empirical coefficient n depends on the phase fraction and Re. Correlations 

for n are derived by fitting measurements. 

Drag Coefficient Ratio: In this approach, the measured ratio of the drag coefficient 

to its single-particle value is fitted to a function of the phase fraction [208,429], 

such that: 

Cd 
= ,f 

(a) (1.14) 
CdO 
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Theoretical Model: The effect of the phase fraction on the drag is derived theoreti- 

cally, for example, by considering the pairwise interactions between two particles 
[369,187]. 

Mixture Viscosity: The presence of other DPEs is taken into account by considering 
their effect via a mixture viscosity. This mixture viscosity is then used to define 

the Reynolds number appearing in a suitable drag correlation [15,168,208]. 
) 

Ergun type correlation: The correlation by Ergun [90] provides the pressure drop 

across a closely packed bed of particles as a function of Re. It has been extended to 

cover fluidised beds of particles and swarms of droplets by introducing additional, 

empirical parameters [5,307]. 

1.5.5 Modelling Lift 

The interest in the transverse lift acting on a particle can be traced to the time of 
Poiseuille [309], who reported that blood cells keep away from the walls of capillaries. 
It was not clear what causes this phenomena for a long time until the remarkable 

observations by Segre and Silberberg [342,343] that small neutrally buoyant spheres of 

various sizes suspended in a Poiseuille flow in a tube migrated slowly to a position about 

0.5 to 0.7 tube radii from the tube axis. This experiment demonstrated convincingly 

the existence of a lateral force on spherical particles. At the same time, Oliver [297] 

investigated buoyant particles in the same type of flow. He found that downward 

settling particles in downward flowing liquids move towards the wall, whereas upwards 

moving particles moved towards the axis. Since then, considerable work on inertial lift 

of particles in suspension has been conducted, mostly for flows in tubes and channels, 

e. g. [116,62,400]. 

Most experimental work to quantify the lateral forces on DPEs has been carried 

out using the following types of experiment: 

Levitation experiment: the DPE is maneuvered into an equilibrium position within 

a shear flow. The shear flow might be produced by an inclined circular pipe [85] 

or a rotating cylinder [287]. The lateral forces due to the shear are then inferred 
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from the equilibrium position and the other forces of known magnitude, e. g. drag, 

buoyancy and virtual mass. 

Pendant experiment: the DPE is suspended into a vertical shear flow using a rod 
[434,435] or a thread [2801. The pendant assumes a stable position slightly 

off the vertical axis due to the lateral forces acting upon the DPE. This type 

of experiment has been carried out for particles in air and the shear flow was 

produced by a grid of parallel rods, which were not equally spaced. 

The lateral forces on the sphere can be calculated from the equilibrium position 

or the surface pressure distribution. In the former method, the lateral forces 

are inferred for the equilibrium position from the inclination angle and the other 

forces of known magnitude [434,435,280]. In the latter method, the surface 

pressure distribution is measured by pressure transducers embedded into the 

sphere and the lift coefficient is calculated by numerical integration over the 

surface [434,435]. 

Tracking experiment: the trajectory of the DPE is recorded using Particle Image 

Velocimetry (PIV) [359,104], (high speed) video camera [389,212,51] or strobo- 

scope photography [195]. Usually, the experiment is designed such that the flow 

field of the continuous fluid is known a-priori, e. g. by using an apparatus similar 

to the one shown in Figure 7.4a. However, the flow field of the continuous fluid 

can be determined simultaneously, for example, if PIV is used to trace the DPE 

[359,104]. 

The analysis of the experiments mentioned above is further complicated if the 

flow becomes unsteady, e. g. because of boundary layer separation or oscillations in the 

trajectory. Therefore, most of the work has focused on low Re flows to avoid these 

additional complications. 

Another problem is that of repeatability if free-moving DPEs are considered. The 

trajectories are often random due to turbulence and/or the manner of introduction into 

the flow. Indeed, in the case of bubbles, the phenomenon of helical and zigzag tra- 

jectories has been attributed to varying injection arrangements and conditions in the 

experimental setups of the different researchers, as outlined in Section 1.5.3. Therefore, 
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Figure 1.6: Shear-induced lift on a spherical particle: a) A schematic diagram shows how 
incident vortical elements are tilted and stretched (double arrow indicate the direction of the 
vorticity w). b) Shows a numerical solution of the high Reynolds number flow (Re = 500) 
Legendre and Magnaudet [235] illustrating the horseshoe vortex. The iso-contours correspond 
to constant values of the stream-wise vorticity wy one diameter downstream of the bubble 

centre (from [261]). 

a large number of trajectories have to be recorded to obtain reliable averages, which 

often surpasses the acquisition, storage and processing capabilities of most commer- 

cially available video equipment [280]. However, this problem can be avoided (at least 

for particles) if tethered rather than free-moving DPEs are used. 

There are several causes for lateral lift forces on a DPE: 

Shear of the Fluid: a lateral force can be induced by shear in the surrounding con- 

tinuous phase itself. This effect is named after Saffman [335], who derived an 

expression for it for very low Re. 

In contrast to two-dimensional flows past rigid bodies, where an initially uniform 

vorticity field remains uniform because vortical elements are not stretched, three- 

dimensional bodies moving in a uniform shear field permanently alter the vorticity 

field by stretching and tilting vortical elements that move with the fluid. This 

is described by the Cauchy-Helmholtz-Kelvin result [19]. An essential feature 

of sheared flow past a rigid body is the generation of vorticity parallel to the 

direction of motion, which manifests itself as an attached horseshoe vortex. As 
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Figure 1.7: Sketch of the flow field around a DPE in linear shear. The shedding of non- 
symmetric vortices could produce an average lateral lift force towards the lower velocity side. 

illustrated in Figure 1.6, the horseshoe vortex induces a down-thrust on the fluid 

and the body feels a corresponding lift force. This kind of lateral force acts to 

move the body towards the higher velocity side, as depicted in Figure 1.6. 

Wake Phenomena: even for uniformly approaching flows it is well known that wake 

forces are of major concern to offshore civil structures [338,246,247]. Moreover, 

Jordan and Fromm [191] showed that a cylinder in a weak shear flow experiences 

an instantaneous lateral force due to vortex shedding, which is approximately 16 

times larger than the average lateral force produced by shear. In view of this 

evidence, it is surprising how little attention has been given to vortex shedding 

and wake effects on lateral forces. 

When a vortex is shed, the space it occupied behind the body is replaced by 

liquid moving more slowly than the rotational velocity of the vortex. A significant 

velocity reduction occurs due to the sharp turn that the incoming fluid has to 

make to occupy the volume immediately after the body. The Bernoulli equation 

predicts that this decrease in the velocity of the fluid will generate an increase in 

pressure. Therefore, when a vortex is shed, a transient lateral force on the body 

will arise. After averaging over an appropriate period of time, this effect will 
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Figure 1.8: Sketch of an a) undeformed and b) distorted DPE. Note that the distorted bubble 
may experience a lift force acting towards the lower velocity side. 

generate a non-zero lateral force if the wakes on either side of the centreline are 

not symmetric as depicted in Figure 1.7. This necessarily always happens in a 

shear flow and the flow visualisation of [337] as well as the numerical simulations 

of [191,17] show very clearly how this mechanism may produce a non-zero average 

lateral force. Interestingly, this net force acts in opposite direction to that induced 

by the shear of the fluid, i. e. towards the lower velocity side. Wake phenomena 

become crucial when the density ratio is large, e. g. in bubbly flows, because, 

in this case, the liquid-phase vortices shed by the bubble deliver considerable 

momentum to it. 

It should be noted, however, that the flow around a fixed body differs considerably 

from the flow around a freely moving one. This alters the forces on the body 

and, hence, the above argument can only provide an idea for the mechanisms 

that govern the lift force acting on a moving DPE. 

Deformation: the phenomena discussed are altered for non-spherical DPEs, but the 

exact mechanisms are not very well understood. Furthermore, fluid particles 

deform substantially when the shear of the fluid is strong enough and this feeds 

back on the hydrodynamic forces. This coupling between shear and deformation 

manifests itself in a spectacular way in the lateral migration of non-spherical 

bubbles. Kariyasaki [195] and Tomiyama et al. [389] reported measurements 

that show that strongly deformed bubbles rising in a vertical linear shear flow 

migrate in the direction opposite to that followed by spherical bubbles. Several 

authors [373,386,91,253] have performed direct numerical simulations showing 
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the same tendency. A possible reason for this effect is illustrated in Figure 1.8. 

The fluid particle may be deformed such that it assumes an airfoil-like shape and 

could experience a lateral force towards the lower velocity side. 

Rotation: rotation of a solid particle moving in a fluid results in different local relative 

velocities and causes a lateral force. This effect is named after Magnus [262]. 

The rotation may be caused by collisions with a wall, inter-particle collisions or 

simply because of the shear of the fluid. It must be pointed out that it is difficult 

to measure the rotational speed of a particle accurately and it is impossible to 

calculate it without detailed knowledge of the mechanics of inter-particle and wall 

collisions. The Magnus effect described above is caused by solid body rotation 

and, hence, does not apply to bubbles and droplets, which do not rotate in the 

same way. 

Surfactants: the presence of surfactants on the surface of small fluid particles is known 

to produce inter-facial shear stresses and therefore to increase the drag as dis- 

cussed in Section 1.5.3. It is likely that surfactants also have a considerable 

influence on the lateral force because the amount of inter-facial vorticity may be 

several orders of magnitude larger than for a clean interface [236]. However, to 

the author's knowledge no studies have been carried out to quantify this effect. 

We shall now discuss some results for the lift force acting on a clean spherical 

bubble, i. e. a sphere under a shear-free boundary condition instead of a no-slip one. 

One can of course argue that in most practical situations bubbles are neither clean nor 

spherical. However, the study of the lift force on a clean spherical bubble is interesting 

in order to identify the influential dimensionless groups in this limiting case. 

Auton [10,9] showed that the lift force F1 on a clean spherical bubble in steady 

inviscid flow is proportional to the cross product of the vorticity of the continuous phase 

VxU, and the relative velocity U, between the two phases. Hence, he proposed the 

following definition for the dimensionless lift coefficient C1 for a single DPE in an infinite 

55 

medium: 

cl = 
Fl (1.15) 

PcvIUTX(VXU)I 
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Figure 1.9: Lift coefficient for a clean spherical bubble in a linear shear flow as a function 
of the Reynolds number. Solid line: analytical solution for inviscid flow; dotted lines: curve 
fit for the numerical results for Sr = 0.02 (") and Sr = 0.2 (A); dashed lines: analytical 
solution for creeping flow for &=0.02 and Sr = 0.2 (from [235]). 

With this definition, the lift coefficient is a constant (Cl = 0.5) for the case of a 

spherical bubble in weakly sheared inviscid flow. 

In the limit of creeping flow, the theoretical result of Saffman [335] for particles 

has been extended by [267,236] to the case of clean spherical bubbles. In this case, Cl 

depends on the characteristics of the surrounding flow and is primarily a function of 

Re and the dimensionless shear rate Sr, defined as: 

Sr = 
IVUCId 

Ur 
(1.16) 

In another study, Legendre and Magnaudet [235] used direct numerical simulation 

to study the lift force on a clean spherical bubble in a linear shear flow in the range 

0.01 < 7Ze < 500 and 0.01 < Sr < 1. Their work is interesting because it enables 

the determination of the range of validity of the analytical solutions very low Re and 

inviscid flow. 

All of the results mentioned above are plotted in Figure 1.9. It is evident that Cl 

approaches a constant value of 0.5 for high Reynolds numbers. On the other hand, for 

low Reynolds numbers, the lift coefficient is a function of the Reynolds number and the 

shear rate. For low shear rates (Sr = 0.02), it is evident that Re has to be less than 0.1 
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to match the analytical result of Legendre and Magnaudet [236]. However, at higher 
&=0.2, the their result works up to a Reynolds number of unity. It is interesting 

to note that the shear rate has no influence on the lift coefficient at moderate to 
high Reynolds numbers (Re > 5). The analytical result for inviscid flow by [10,9] is 

recovered for Reynolds numbers larger than 100. 

A Reynolds number of 100 corresponds to an air-water bubble with a diameter 

of approximately 0.7 mm and a terminal velocity of 0.13 m/s, as evident from Fig- 

ure 1.5. A bubble of this size is almost spherical and, therefore, the analytical result 
for inviscid flow should apply provided surface contamination is kept to a minimum. 
Unfortunately, these assumptions do not hold in most practical situations. Firstly, 

the bubbles in practical equipment are often larger and deformed; secondly, the flow 

is usually turbulent; and finally, the effects of neighbouring bubbles when the phase 

fraction is high is not taken into account. 

Given the large number of influencing factors listed above and the limited under- 

standing of the physical processes involved, it not surprising that no model exists that 

predicts the lateral force on DPEs with satisfactory accuracy. This is also evident from 

the varying values used for the lift coefficient in different CFD calculations using the 

two-fluid model. A short overview of these is presented next. 

Lahey et al. [216] compared the modelling used in several studies of bubbly flows 

by the groups at the Renslaer Polytechnic Institute (RPI) and the Ecole Centrale de 

Lyon (ECL). For small bubbles, they proposed constant lift coefficients of 0.1 (RPI) 

and 0.25 (ECL). Subsequently, the latter value has been confirmed for a plane mixing 

layer by Hill et al. [148,147] and a lower value of 0.1 was successfully utilised for bubble 

plumes by Sheng and Irons [351,348]. Despite these successes, several authors showed 

that in order to fit the experimental data of bubbly flow in a sudden enlargement of a 

vertical circular pipe, the lift force would have to act in the opposite direction to that 

implied by a positive lift coefficient, i. e. "negative" lift occurs [25,228,416]. This was 

also observed in the measurements of Rinne and Loth [326,327]. Furthermore, Aloui 

and Souhar [3,4] found a qualitatively different void fraction distribution for horizontal 

air/water bubbly flow in a symmetric duct of rectangular cross-section undergoing a 

sudden enlargement. Grossetete [129] applied the two-fluid model to developing bubbly 
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flow in a vertical pipe and found that for some injection conditions the lift coefficient 

would have to be negative in order to fit the experimental data. A similar result has 

been found for bubble columns [391,368,177,127,149,32]. Here, a negative lift 

coefficient is needed to predict the increase of the phase fraction towards the centreline 

of the column. 

The importance of the lift force in the prediction of the phase fraction distribution 

of bubbly flows in vertical pipes has been stressed by many researchers. Numerous 

experimental studies have been undertaken in order to elucidate the flow patterns in 

such flows, e. g. [346,141,443,444,410,345,248,249,129,289,59]. Utilising these data 

sets, several researchers have then proposed lift models to predict the phase fraction 

distribution, e. g. [31,419,215,216,220,443]. By simplifying the two-fluid momentum 

equations and introducing an appropriate turbulence model they obtained an equation 

for the phase distribution across the pipe for fully developed flow. They were then able 

to infer the value of the lift coefficient by comparing the model predictions and the 

experimental data. 

Wang et al. [419,215] correlated the data for a number of cases and found that Cl 

is a function of the local phase fraction, bubble Re, Sr, the ratio of the bubble and pipe 

diameters as well as the ratio of the mean gas and terminal bubble velocities. The lift 

coefficient diminished exponentially with the local phase fraction and ranged between 

0.01 and 0.1, which is far from the "classical" value of 0.5 for high Re. Beyerlein et al. 

[31] utilised a similar approach to derive a correlation for the lift coefficient. Their 

correlation is simply a function of the phase fraction and decreases rapidly with the 

mean phase fraction. 

On the other hand, it has been clarified through a number of recent experimental 

studies [345,444,248,129] that the lateral migration of bubbles in co-current pipe flow 

also depends strongly on the bubble size. Smaller bubbles with diameters up to 5 mm 

tend to migrate towards the pipe wall. This leads to a saddle-shaped phase fraction 

distribution with a pronounced maximum close to the wall, which is referred to as a 

"wall peak" distribution. On the other hand, larger bubbles accumulate in the centre 

of the pipe ("core peak" distribution). Tomiyama et al. [389] attributed this marked 

change to the increased deformation of the bubbles subjected to a shear flow because, 
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as shown earlier, their deformation can change the direction of the lift. 

Despite these enormous efforts, the prediction of the phase fraction profile for a 
bubbly flow in a circular pipe remains a difficult task because of the coupled effects 

of shear, wake phenomena and deformation on the lift force as well as the turbulence 

of the continuous phase. Hence, to the author's knowledge no model exists that takes 

into account all these factors to predict the distribution of bubbles with satisfactory 

accuracy. 

Another route to obtain insight into the motion of DPEs is provided by direct 

numerical simulation. Such research has been undertaken by several authors, their 

main areas of interest being the shape of single rising bubbles [333,53,385,49] or 

drops [71,36], bubbles [388,373,91] or drops [281] in shear flow as well as bubble- 

bubble interactions [92,93,94,42,188,157,158]. 

Nearly all of the above research work has been conducted for bubbles in fluids 

with high liquid viscosities, i. e. at high Morton numbers, in order to keep the Reynolds 

number small and to save computational resources. Furthermore, numerical difficulties 

arise when the surface tension force is high, as mentioned in Section 1.5.1. Hence, 

none of the above studies are concerned with air bubbles in water. This is extremely 

unsatisfactory since low Morton number fluids are typical of many industrial applica- 

tions. It should be mentioned that although interesting conclusions can be drawn from 

the existing results, extrapolation to air-water systems, with extremely low Morton 

numbers, is of dubious validity. 

In this study, an interface-capturing technique is used to calculate the dynamics 

of single air-water bubbles. The motivation for this work stems from the fact that, as 

noted above, very little is known about the lift force on bubbles, especially when the 

Morton number is low. A new interface-capturing methodology due to Weller [424] will 

be outlined in Chapter 4. This methodology is then used to investigate two situations: 

the rise of single bubbles in a quiescent liquid and in a linear shear flow. 
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1.5.6 Two-Phase Turbulence Modelling 

As outlined in Section 1.2.3, the two-fluid model requires closure relations for the 

Reynolds stresses, which arise in the momentum equations as a result of the averaging 

process. These unknown stresses represent the effects of turbulence on the average 

phase momentum and need to be expressed in terms of known quantities. 

Before we discuss the different approaches to two-phase turbulence modelling, it 

should be mentioned that velocity fluctuations in the continuous phase arise from a 

number of sources. The first source may be identified as that of "ordinary" single- 

phase turbulent fluctuations, i. e. fluctuations resulting from the existence of an energy 

cascade fed by mean velocity gradients, which will be referred to as shear-induced 

turbulence. Other sources are associated with the presence and relative motion of the 

DPEs, as follows [219,228] : 

1. One contribution comes from the random stirring of the continuous phase in- 

duced by the relative motion between the phases. These perturbations have a 

magnitude comparable to the magnitude of the relative velocity and a length 

scale of the order of 3-4 DPE diameters. These fluctuations do not constitute 

turbulent motion in the usual sense and after Lance and Bataille [219], this source 

of fluctuations is often referred to as "pseudo-turbulence" in order to distinguish 

it from "true turbulence" ; 

2. A second contribution stems from the existence of wakes behind the DPEs. If the 

wakes are turbulent, bubble-induced "true turbulence" with length scales smaller 

than the DPE diameter is generated. However, the fluctuations produced by 

laminar wakes should be considered as another source of pseudo-turbulence; 

3. A third contribution originates from the deformation of the interfaces of fluid par- 

titles due to acceleration, presence of shear or interaction with turbulent eddies. 

Again, this mechanism does not constitute "true turbulence". 

Turbulence modelling for two-phase flows has been reviewed recently by several 

authors [147,228,231,417]. They tend to focus on the specific turbulence effects, in 

which the individual author is interested, and the equations derived can vary signifi- 

cantly due to the simplifying assumptions introduced in the derivation. 
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As in single-phase flow turbulence modelling, second-order closure models, which 

solve transport equations for each component of the Reynolds Stress, constitute the 

highest level of closure currently feasible for practical applications. So far, only two 

authors [252,221] developed two-phase Reynolds stress turbulence models, whereas 

the majority of authors invoke the Boussinesq hypothesis [35] and model the turbulent 

stress-strain relation analogous to the constitutive relation of a viscous fluid, e. g. [251, 

233,121,376,27,350,370]. The turbulent viscosity is then related to the fluid's 

turbulent kinetic energy k and its dissipation rate E, which are governed by their own 

transport equations. These two-equation models represent the minimum level of closure 

that allows an internal length scale to be calculated and the additional computational 

effort required to solve the equations is moderate. Two-equation models have been 

applied successfully to numerous single- and two-phase flows and, hence, their strengths 

and weaknesses are well known. Due to these facts, two-equation models are frequently 

employed in practical calculations. 

Most two-phase turbulence models of dispersed flows are based on a single-phase 

turbulence model for the continuous phase. The presence of the dispersed phase is 

accounted for by additional terms, e. g. [251,233,121,376,27,350,3701. Recently, 

Tabor [370] outlined a more elaborate, four-equation model where separate k-E systems 

are assembled for each phase. This model requires additional closure and more effort 

is needed to finalise the coupling terms. 

In this study, the two-phase two-equation turbulence model by Gosman et al. [121] 

is adopted. It consists of the standard k- E-model [230] with additional source terms 

to incorporate the effects of the dispersed phase on the turbulence. The dispersed phase 

turbulence is related to that of the continuous phase through a turbulence response 

coefficient Ct, which is defined as the ratio of the r. m. s. velocity fluctuations of the 

dispersed phase Ua to those of the continuous phase Ub: 

ct= 
U al 

ý b 

(1.17) 

This approach is more attractive than other practices because of its simplicity. 

However, its implications have to be carefully considered [147]. In particular, a scalar 

relationship for Ct implies that the velocity fluctuations in each direction are related 

by the same coefficient. This is not necessarily the case for all flows, as shown by [89], 
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and more elaborate models have been derived, which treat Ct as a vector, albeit with 
limited success. 

At low phase fractions, Ct is governed by the density ratio p6/pa, the size of the 
DPE compared to that of the turbulence eddies d/L as well as the ratio of the response 
time of the DPE and a characteristic turbulence time scale, Z. e. Stokes number &, 
defined as: 

St = 
pdd2 Ur 
18p, vvL 

(1.18) 

where µ, p, and pd are the dynamic viscosity and density of the continuous and 
dispersed phase, respectively. L denotes a characteristic length scale for the turbulence 

eddies, e. g. the Lagrangian integral length scale [151]. d and Ur stand for the nominal 
diameter of the DPE and the magnitude of the relative velocity vector Ur, respectively. 

For d/L < 1, Ct takes values close to unity if the response time is small compared 

to the turbulence time scale, i. e. St «1 [66]. This is the case for small particles 

or bubbles which follow the continuous flow exactly. On the other hand, for large 

Stokes' numbers, the value of Ct depends on the density ratio. Thus, Ct is smaller 

than unity for large density ratios, i. e. heavy particles, because they are unaffected by 

the surrounding turbulence field. However, it is larger than unity for gas-liquid flows 

[328,89]. Expressions for Ct have been put forward by various authors [121,310,171, 

174,52] by considering simplified equations of motion for single DPEs encountering 

a turbulence eddy within the continuous phase under the assumption that L is much 

larger than d. 

Recent experimental data [109,227,7] suggest that both phases fluctuate in 

unison as one entity when the phase fraction is high. Consequently, Ct approaches a 

constant value close to unity as the phase fraction increases. This effect is not taken 

into account in the current Ct-models and a modified expression will be proposed and 

tested in Chapter 5. 

1.5.7 Validation Test Cases for the Two-Fluid Methodology 

The accuracy of two-phase flow models and the accuracy and robustness the solution 

procedure have to be assessed against well-defined validation test cases, so that defi- 

ciencies can be localised and further improvements can be made. An ideal test case 
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Test Case Source(s) low a high a steady Modelling req. 
Vertical Pipe e. g. [346,419, � � � Lift & Wall Forces, 
Flow 249,129] Near Wall 

Turbulence 
Sudden [25,26,28, � � Lift Force, 
Enlargement 222] Turbulence 
Venturi [377] � � 
T-Junction [312,142,34] � � 
Bluff Body [160,436, � Lift Force 

190] 
Bubble Plume [82,20,21, � Turbulence 

118,306,317] 

Bubble Jet [366,365, � (�) Lift Force, 
163,162] Turbulence 

Bubble Column e. g. [322,150, � � Coalescence (het. 
271,126] regime), Lift Force 

Mixer Vessel [41,100,13, � cavities MRF Lift Force, 
282] Break-Up, 

Coalescence 
Homogenous [219,89,227] � � � Turbulence 
Turbulence 

Homogenous [221,222] � � Turbulence 
Shear Flow 

Plane Mixing [329,328, � � (� ) 
Layer 222,227] 

Boundary Layer [283,222] � � Lift Force 

Rotating Pipe [277] � cavities � 

Centrifugal [276] � 
Pump 

Table 1.3: Overview of gas-liquid validation test cases. 

should have a well-characterised geometry and boundary conditions. Also local mea- 

surements of the phase fraction, phase velocities and turbulence quantities should be 

available. 

Tables 1.3 and 1.4 give an overview of test cases, which have been identified in the 

present study as suitable for validation purposes. It is striking that there are far more 

test cases available for gas-liquid systems than for liquid-liquid ones. This reflects 

the relative ease of measuring events in gas-liquid systems as well as the enormous 
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Test Case Source(s) low a high a steady Modelling req. 
Vertical Pipe [97] � � Lift & Wall Forces, 
Flow Near Wall 

Turbulence 
Plane Mixing [8,7] � � (�) Lift Force 
Layer 

Homogenous [7] � � � Turbulence 
Turbulence 

Pipe Mixer [380,199, � � Break-Up 
182,183,184] 

Pin Stirrer [407] � Break-Up, 
Coalescence 

Model Extraction [206] � Break-Up, 
Column Coalescence 

Table 1.4: Overview of liquid-liquid validation test cases. 

importance of gas-liquid reactors and heat and mass transfer equipment in the process 

and associated industries. 

The present research is concerned with dispersed flows at high phase fractions. 

Therefore, the dispersed phase fraction should be relatively high (a > 10%). Of the 

test cases which reach into the high phase fraction regime, the most suitable in the 

context of this work are: 

Plane Mixing Layer (g-1) : The hydrodynamics of a gas-liquid mixing layer at low 

phase fractions has been investigated first by [329,328]. Here, it was found that 

the lateral expansion in bubbly flow is more pronounced than in single-phase flow. 

Furthermore the velocity fluctuations in the liquid phase are strongly modified 

from their single-phase values, but could be approximated by the superposition 

of shear-induced and bubble-induced contributions. 

The measurements have been extended to higher phase fractions by Larue de 

Tournemine et al. [227] 
. The behaviour of these flows exhibits a high sensitivity 

to small volume fraction differences between the two inlet flows. In the range of 

investigated flow parameters, the local volume fraction seems to strongly affect 

the flow pattern. In the case of mixing layers with an initial imposed gradient of 

the volume fraction, buoyancy effects control the development of the flow leading 
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to a highly non-stationary behaviour. 

Bubble Plume and Jet (g-1) : In this type of flow, the gas or gas-liquid mixture is 

injected locally into a column filled with pure liquid. For small gas flow rates, the 

gas forms a bubble plume, which oscillates periodically from side to side. The 

flow turns into a turbulent jet if the gas flow rate is increased sufficiently and the 

local phase fraction can then reach value up to 80% close to the injector. 

Several authors, e. g. [82,265,348,284,439], performed calculations and com- 

pared them with the experimental data. They found that an accurate prediction 

of this type of flow depends strongly on the turbulence and lift models. 

Sudden Enlargement (g-1) : Gas-liquid flow in a sudden enlargement of a circular, 

vertical pipe is an important building-block flow and has been investigated ex- 

perimentally by Bel F'dhila [25]. Several validation studies [27,25,228,418, 

416,103,393] have been performed utilising his data and it has proven to be 

challenging for the modelling as well as the numerical aspects. In particular, the 

inclusion of lift effects, using current practices, leads to unacceptable results, e. g. 

[228, p. 139]. 

Bubble Column (g-1) : Gas-liquid reactors in the form of bubble columns and mixer 

vessels have an enormous importance in the process and associated industries. 

Hence, they received considerable attention, both in terms of experimental and 

theoretical efforts. 

For bubble columns, a number of data sets are available from the literature, 

which contain local measurements of velocities, phase fraction, bubble size and 

often turbulence quantities. Some of these extend to very high phase fractions 

(> 40%). These have been utilised by a number of authors [126,210,179,177, 

314,156] as test cases in their numerical studies. 

Mixer Vessel (g-1): This type of two-phase reactor has been investigated thoroughly 

and some important experimental studies, which are suitable for validation pur- 

poses are given in Table 1.3. It should be noted that the mean phase fraction 

is usually less than 5% in the mixer vessels mentioned in the table. However, 
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even at these relatively low phase fractions, the gas tends to accumulate in the 
low-pressure region behind the impeller blades. These gas cavities significantly 

alter the trailing vortices behind the impeller blades and thus have a marked ef- 
fect on the impeller performance and mixing characteristics [411]. Unfortunately, 

detailed measurements in the proximity of the gas cavities are very difficult to 

obtain. 

Several CFD studies have been carried out to investigate the flow of gas-liquid 

mixtures in mixer vessels, e. g. [121,13,78,156,75]. The problem of gas cavities 
behind the impeller blades has been addressed recently by several authors [316, 

324,323,315] using numerical calculations to investigate their formation and 
break-up. 

Bluff Body (g-1) : An alternative to the study of cavities behind impeller blades is to 

examine flows around bluff bodies. Interestingly, it appears that the experimental 

results around bluff bodies show a different behaviour in that the phase fraction 

increases in front of the body and decreases in its wake. Two-phase flows around 

bluff bodies have been investigated numerically by [405,364,393]. The authors 

obtained reasonable results for the flow around a circular cylinder and were able 

to predict the decrease in the phase fraction profile downstream of the cylinder, 

but failed to predict the increase in front. 

Plane Mixing Layer (1-1) : As mentioned earlier, data sets suitable for validation of 

liquid-liquid systems are extremely rare. Recently, a liquid-liquid mixing layer has 

being investigated by Augier et al. [8] 
. This study includes local measurements 

of phase fraction, phase velocities and turbulence intensities. 

In the mixing layer flow investigation, two distinct configurations were studied. 

The first was a volume fraction induced mixing layer where the dispersed phase is 

injected only on one side of the separating plate. In this case, the flow structure 

is non-stationary and is governed by the difference of apparent densities between 

the layers. Large scale, low frequency fluctuations develop in the flow, which are 

essentially described by the unsteady mean momentum balance equation. The 

behaviour is essentially analogous to the gas-liquid mixing layer investigated by 
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The second type of mixing layer flow studied was induced by a velocity gradient 

of the continuous phase on each side of the dividing plate, with no significant 

volume fraction gradient. The results show that the mixing layer diffuses more 

rapidly when the phase fraction is increased. This enhancement in diffusion could 

not be explained by the increase in the tangential component of the Reynolds 

stress as is the case in single-phase flow. 

In this thesis, three flows are calculated using the two-fluid methodology to assess 

the numerical solution procedure as well as the models for the inter-phase momentum 

transfer (drag and lift) and turbulence, which are either identified in the literature or 
derived in the present study. The test cases are: a plane mixing layer (g-1) [328,222], 

a sudden enlargement (g-1) [25,222] and a bubble plume (g-1) [118,306]. Liquid-liquid 

flows are not computed in this study because these often require additional modelling, 

e. g. for break-up and coalescence, as shown in Table 1.4. Hence, the validation work 

conducted concentrates on gas-liquid flows. 

1.6 Thesis Outline 

The remainder of this thesis is organised as follows. Chapter 2 describes the funda- 

mentals of the finite volume discretisation. No reference to a specific set of governing 

equations is made at this point. The discussion covers spatial, temporal as well as 

equation discretisation along with the numerical boundary condition treatment. Next, 

the structure of the resulting systems of linear algebraic equations is discussed with re- 

spect to boundedness and convergence. Finally, a finite volume notation is put forward, 

which is then utilised in the following Chapters to describe the solution procedures for 

the two-fluid and interface-capturing methodology in concise and unambiguous man- 

ner. 

The next two Chapters present the two CFD methodologies used in this study, 

namely the two-fluid and interface-capturing methodology. Each of the Chapters starts 

by stating the governing equations. Then, the solution procedure is discussed by pre- 

senting the discretised equations together with the overall solution procedure. Finally, 
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both methodologies are validated against suitable test cases. 
In Chapter 5, a revised model for the turbulence response function at high phase 

fractions is put forward, which is based on recent experimental data. The new correla- 
tion is incorporated into the two-fluid methodology and assessed against experimental 
data for two test cases. 

Next, the modelling of drag in dispersed two-phase systems is discussed in Chap- 

ter 6. The subject has a long history and previous modelling efforts are summarised in 

a comprehensive literature survey. The review focuses on gas-liquid and liquid-liquid 

systems. However, for completeness, correlations derived for solid-liquid systems are 

also included. Additionally, a new correlation for all systems is proposed. Finally, 

several models are compared with data from the literature in order to assess their 

validity. 

The objective of Chapter 7 is to contribute to the development of correlations 

for the lift force in dispersed two-phase systems. First, the literature related to the 

modelling of the lift force in dispersed gas-liquid and liquid-liquid systems is reviewed. 

For completeness, correlations derived for solid-liquid systems are also included in this 

study. The performance of several models is assessed against experimental data for 

two test cases. Finally, novel results for a free-rising air-water bubble in linear shear 

are presented. These results are used to explain some of the modelling deficiencies that 

are evident in the two-fluid simulations. 

Finally, in Chapter 8, the main findings and conclusions are summarised. Various 

outstanding issues are identified and suggestions for future research are given. 



Chapter 2 

Finite Volume Discretisation 

The term discretisation means approximation of a continuum problem into discrete 

quantities. The finite volume method and others, such as the finite element method, 

all discretise the problem as follows: 

Spatial discretisation Splitting the space domain into a set of cells that fill and 

bound it when connected; 

Temporal discretisation For transient problems, dividing the time domain into a 

finite number of time intervals, or time steps; 

Equation discretisation Generating a system of algebraic equations in terms of dis- 

crete quantities defined at specific locations in the domain, from the governing 

equations that characterise the problem. 

This Chapter describes the fundamentals of the finite volume discretisation. The 

technique has been described by many authors [301,99,413,153,255] and is used 

extensively in this study. No reference to the specific set of governing equations is 

made at this point. They will be presented in the following Chapters. 

2.1 Discretisation of the Solution Domain 

Discretisation of the solution domain is shown in Figure 2.1. The solution domain con- 

sists of a space and a time domain. The space domain is subdivided by a computational 

mesh on which the governing equations are subsequently discretised. Discretisation of 
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Figure 2.1: Discretisation of the solution domain (from [255]). 

time, if required, is simple: it is broken into a set of time steps At. The time step 

may change during a numerical simulation, either pre-specified or depending on some 

condition calculated during the simulation. 

Discretisation of space requires the subdivision of the domain into a number of 

cells, or control volumes. The cells are contiguous, i. e. they do not overlap with one 

another, and completely fill the domain. It follows naturally that the boundary of the 

space domain is decomposed into faces connected to the cell next to it. 

Two typical cells are shown in Figure 2.2. A cell is bounded by a set of faces, 

given the generic label f. The cell faces are divided into two groups - internal faces 

(between two cells) and boundary faces, which coincide with the boundaries of the 

space domain. The position vector of the centre of a flat' face xf is defined, such that: 

f(x-x)dS=o (2.1) 

In this study, all faces are flat. However, the treatment of non-flat faces is explained 

in [255]. 

Dependent variables and other properties are stored at the centre P of the cell. 
'For a flat face, all vertices lie in one plane. 
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f(x-xp)dv 
=0 (2.2) 

The face area vector S is normal to the face and its magnitude is equal to the 

area of the face. It points out of the cell of interest P into the neighbouring cell N. 

The unit vector n normal to the face is defined as n= IS1and d denotes the vector 
between the centre of the cell of interest P and the centre of a neighbouring cell N, 

i. e. d- XN - Xp. A computational mesh is orthogonal when d is orthogonal to the 

face plane, Z. e. parallel to S, for each face in the mesh. 

The software library used in this study [255,427] does not impose a limitation 

on the number of faces bounding each cell. The only requires that each cell must be 

convex. This kind of mesh is often referred to as "unstructured" [99,153] and offers 

great freedom in mesh generation and manipulation, in particular when the geometry 

of the space domain is complex or changes in time. 

It should be noted, however, that in this study only static meshes are employed. 

The geometry of a static mesh does not change in time with respect to the local frame of 

reference. However, the local frame of reference might be moving relative to an inertial 

frame of reference. In this case, the acceleration of this moving frame of reference has 

to be accounted for in the governing equations. This is the case for the simulation 

of single bubbles using the interface-capturing methodology and will be explained in 

detail in Section 4.1.3. 
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Figure 2.3: Two types of variable storage arrangements: a) volume field: values are stored 
at the cell centres; b) face field: values are stored at the face centres (from [255]). 

2.2 Arrangement and Storage of Variables 

The first issue when discretising the governing equations is to select the locations in 

the domain at which the values of the dependent' and other variables are to be stored. 

There are several alternatives and two which are typical for the finite volume method 

are depicted in Figure 2.3: In the first, the variables are stored at the centre of each 

cell of the space domain and at the face centres of the boundary faces. This storage 

arrangement will be referred to as a "volume field" in the remainder of this study. The 

second storage arrangement is termed "face field" and the variables are stored at the 

centre of each face. 

The obvious choice is to store all dependent variables at the cell centres (i. e. 

in volume fields) and to use the same control volumes for all variables; this is called 

the "collocated" arrangement. In the "staggered" arrangement [137,154,301] the 

velocities are stored at the cell faces (in a face field) or vertices, separate from other 

variables. 
2Dependent variables are determined by solving a governing equation for them. 



2.3 EQUATION DISCRETISATION 73 

The collocated arrangement, however, has significant advantages: firstly, the 

number of coefficients that must be calculated is minimised because each of the govern- 
ing equations is discretised using the same control volume. Secondly, it has significant 

advantages in complex solution domains, especially when the boundaries have slope 
discontinuities or the boundary conditions are discontinuous [99]. 

However, the collocated arrangement was not used for a long time because of 
difficulties with pressure-velocity coupling and the occurrence of oscillations (checker- 

boarding) in the pressure field [301,99,413,305,304]. A simple cure for this problem 

was proposed by Rhie and Chow [318] and since then the collocated arrangement has 

been adopted by most CFD codes, including commercial ones. 

In this study, the collocated variable arrangement is adopted, although it has 

been found that a revised solution procedure is sometimes necessary to handle sharp 

density gradients frequently encountered in the solution of the two-fluid and interface- 

capturing models. The revised solution procedure mimics the operation of a solution 

procedure devised for a staggered variable arrangement, but keeping the collocated 

variable arrangement. Details of this procedure will be given in Sections 3.2 and 4.2. 

2.3 Equation Discretisation 

The purpose of equation discretisation is to transform one or more governing equa- 

tions into a corresponding system of algebraic equations. The solution of this system 

approximates the solution to the original equations at some pre-determined locations 

in space and time. Consider the generic form of the standard transport equation for 

any tensorial quantity 0: 

apq 

time derivative 

+D" (pUO) 
convection term 

o"(roc)+ S (o) 
diffusion term source term 

(2.3) 

where p is the density, U is the velocity, IF is the diffusivity and St (O) represents 

a source term. The terms in the standard transport equation represent the rate of 

change per unit volume (time derivative), the efflux by convection per unit volume 

(convection term), the rate of transport due to diffusion (diffusion term) and the rate 

of production/destruction per unit volume (source term). 



2.3 EQUATION DISCRETISATION 74 

In the following Sections, the standard transport equation is used as an example 
to explain equation and temporal discretisation. However, more complex transport 

equations are frequently encountered in multi-phase flow and other complex physics 

applications. The finite volume method is, of course, not limited to the discretisation of 

governing equations similar to the standard transport equation and the discretisation of 

additional terms which are encountered in the applications of this study are discussed 

along with the discretisation of the terms in the standard transport equation. 

A finite volume discretisation of equation (2.3) is formulated by integrating over 

the control volume Vp and time: 
t+ot aTo 

dV+ V"(pUo)dV dt 
t vP at vP (2.4) 

t+ot 

=V" (FVc)dV +S (B)dV dt 
it 

v Vp 

Most spatial derivative terms are converted to integrals over the surface S bound- 

ing the volume using the generalised form of the Gauss's theorem: 

f v0 0 dv= is Os (2.5) 

where dS is the outward pointing differential of the surface area vector. The symbol 

® is used to represent any tensor product, Le. inner, outer or cross, and the respective 

derivatives: divergence V"0, gradient Vq and curl Vx0 when the particular derivative 

is defined. The volume and surface integrals are then approximated using appropriate 

schemes. 

In the remainder of this Section, details of the discretisation practices utilised to 

approximate the volume integrals of equation (2.4) are discussed. The discussion is 

not carried out on a strict term-by-term basis in order to be able to introduce some 

notation for face interpolation (Section 2.3.1) and face gradients (Section 2.3.2). This 

notation is then utilised in the discretisation of the convection (Section 2.3.4) and 

diffusion (Section 2.3.5) term. The discretisation of the time integrals of equation (2.4) 

is considered in Section 2.5. 

2.3.1 Face Interpolation 

Interpolation of the cell-centred values to the face centres is fundamental to the finite 

volume method. It is utilised by many discretisation practises discussed in this Section 
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and is therefore outlined next. 

Many face interpolation schemes have been devised and reviews can be found in 
[99,301,185,286,304]. The face value Of (Fs,, -1) can be evaluated from the values in 

the neighbouring cells using a variety of schemes, denoted by S, which may require a 
flux F through face f and in some cases one or more parameters -y. 

The exact definition of the flux depends on the governing equations and the 

numerical solution procedure. The flux field (a face field) is usually a result of the 

numerical solution procedure and satisfies continuity constraints. Its calculation will 
be discussed in Sections 3.2 and 4.2. For the discussion in this Section, the mass 
flux through face f might serve as an example. It is defined as F=SS. (pU) f. This 

choice is consistent with the flux used in the discretisation of the convection term of 

equation (2.3) presented in Section 2.3.4. 

The face interpolation schemes used in this study are discussed next: 

Central differencing (CD) is second-order accurate [99], but the solution can be 

unbounded3 [301,99,301]: 

Of(CD) = fxOP + (1 - fx)ON (2.6) 

where ff = IXf-XNI 
IXf-XNI+IX f-Xpl 

Note that of stands for O f(CD) for brevity. 

Upwind differencing (UD) determines of according to the direction of the flow 

[60,112,14]. The scheme is given by: 

Op forF>0 
Of(F, UD) 

ON for F<0 
(2.7) 

UD guarantees boundedness of the solution, but it is only first order accurate. It 

can be shown that the leading truncation error of UD resembles a diffusive flux, 

e. g. [99, p. 72]. This effect is termed numerical diffusion and can severely distort 

the solution on coarse meshes. The boundedness of the solution is effectively 

ensured at the expense of accuracy. 
3The physically realistic value of a property (like density, phase fraction or turbulent kinetic energy) 

lies within proper bounds. These should be guaranteed by the numerical scheme. 



2.3 EQUATION DISCRETISATION 
76 

Blended differencing (BD) schemes combine UD and CD in an attempt to preserve 
boundedness with reasonable accuracy. They are linear combinations of UD and 
CD: 

Of(F, BD, ry) = (1 
- i') Of(F, UD) + 70f(CD) (2.8) 

The blending factor 0<y<1 determines how much numerical diffusion will 
be introduced. Several expressions have been proposed to select the blending 

coefficient y and state of the art is reviewed by [99,185,286,304]. In this study, 
the Gamma differencing scheme (GD) introduced by Jasak et al. [186,185] is 

utilised. 

2.3.2 Gradient 

The gradient term, VO, can be evaluated in a variety of ways. In this study, the 

following two methods are utilised: 

Gauss integration This operation yields the cell-centred gradient of 0. The discreti- 

sation is performed using the standard method of applying the Gauss's theorem 

to the volume integral: 

v 
Vo dV = 

is [dSS1 

f 

(2.9) 

where the value of on face f can be evaluated in the variety of ways described 

in Section 2.3.1. However, in this study, CD is used exclusively. 

Face normal gradient is the inner product of the face gradient Vf0 and unit normal 

to the face n, i. e. Vf q=n" Vf0. Here, Vf0 denotes the gradient at the face. 

It does not, however, imply a specific discretisation technique. The face normal 

gradient can be approximated using the scheme: 
ON - OP 2.10) 

fý= Id) 
ý 

This approximation is second order accurate when the vector d between the centre 

of the cell of interest P and the centre of a neighbouring cell N is orthogonal 

to the face plane, i. e. parallel to S. In the case of non-orthogonal meshes, a 

correction term could be introduced which is evaluated by interpolating cell- 

centred gradients obtained from Gauss integration (see above). 
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Discretisation of the time derivative such as ä of equation (2.3) is performed by 

integrating it over a control volume. In this study, the Euler implicit time differencing 

scheme is used exclusively. It is unconditionally stable, but only first order accurate 
in time. For the static meshes employed in this study, assuming linear variation of 

within a time step gives: 

faPO 
JV at 

n on 

dV 
PPP 

At 
PPYP 

VP (2.11) 

where ýn - q(t + At) stands for the new value at the time step we are solving for and 
0- q(t) denotes old values from the previous time step. 

2.3.4 Convection Term 

Discretisation of convection terms such as V V. (pUO) of equation (2.3) is performed by 

integrating over a control volume and transforming the volume integral into a surface 

integral using the Gauss's theorem as follows: 

v 
V. (PUO) dV =s dS " (PUo) -, 1: S- (PU)fof(F, s) = 

1: FOf(F, s) (2.12) 
ff 

where F is the mass flux through the face f defined as F=SS. (pU) f. Again, the value 

of on face f can be evaluated in the variety of ways described in Section 2.3.1. 

2.3.5 Diffusion Term 

Discretisation of diffusion terms such as V V. (IFV ) of equation (2.3) is done in a similar 

way to the convection term. After integration over the control volume, the term is 

converted into a surface integral: 

f V. (rod) dV =f dS" (rod) -- Z Ff (S . of0) (2.13) 

Note that the above approximation is only valid if IF is a scalar. 

On orthogonal meshes, the face normal gradient Of0 defined in Section 2.3.2 is a 

second order accurate approximation for the face gradient used in the approximation. 
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However, on non-orthogonal meshes, an additional correction term is introduced in 

order to preserve second order accuracy. Thus the full gradient approximation reads: 

orthogonal contribution non-orthogonal correction 

(2.14) 

where 0 and k are vectors to be determined by the non-orthogonality treatment. 
Non-orthogonality treatments have been subject to intensive research [99,286]. In this 

study the over-relaxed approach by Jasak [185] is utilised. 

2.3.6 Source Term 

Source terms, such as SO(O) of equation (2.3), can be a general function of 0. Before 

discretisation, the term is linearised: 

SO(0)=OSI+SE (2.15) 

where SE and SI may depend on 0. The term is then integrated over a control volume 

as follows: 

f 
S)d V= SIVpOp + SEVp (2.16) 

The importance of linearisation becomes more clear after the discussion of tem- 

poral discretisation in Section 2.5. There is some freedom on exactly how a particular 

source term is linearised. When deciding on the form of discretisation, its interaction 

with other terms in the equation and its influence on boundedness and accuracy should 

be examined. This is discussed in detail in Section 2.6.1. 

2.3.7 Curl 

The curl, Vx0, is only defined for vectors. It could be determined by invoking the 

Gauss's theorem. However, it computationally less expensive to calculate it from the 

cell-centred gradient described in Section 2.3.2 using the following relationship: 

Vx0=2 *(skew VO) 

where the antisymmetric part of the second rank tensor T is defined as skew (T) _ 

2 ýT - TT) and the Hodge dual of T is a vector whose components are given by 
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*T= (T23) -T13, T12). Note that both operations are only defined for second rank 
tensors. 

2.3.8 Average 

Under some circumstances it is necessary to create an average over some region of space 

e. g. for smoothing or for numerical stability. Such averaging procedures are denoted 

(O)o, e. g. (0)o is the average of 0 over the computational molecule of V operator. The 

average is defined as: 

WQ= 
N 

ý7 op 
P=Q 

(2.17) 

where Q is a set of cells over which the average is taken and N is the number of cells 
in Q. 

One group of particularly problematic terms have the form which cannot be 

evaluated numerically in the limit of 0-0 even if the gradient also approaches zero. 
Consider the case that the cell centre value of 0 is zero but a neighbour cell value is not. 

In this situation it is not possible to divide by the cell-centre value. This problem can 

be avoided if the denominator is averaged over the computational molecule of the V 

operator, i. e. (Oý5 where 6 denotes a small stabilising factor added to the denominator 

when (0)o is positive (or subtracted when (0)o is negative). 

2.4 Boundary Conditions 

A continuum problem is not complete without boundary and initial conditions. The 

latter are only necessary for transient problems and will be specified together with the 

particular problems in the relevant Chapters of this study. Boundary conditions can 

take many forms, but most of them can be divided into two types: 

Dirichlet prescribes the value of the dependent variable on the boundary and is there- 

fore termed "fixed value" ; 

von Neumann prescribes the gradient of the variable normal to the boundary and is 

therefore termed "fixed gradient" 
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Some of the discretisation practises discussed in the previous Section involve the 

sum over faces Ef of the face interpolate of or the face gradient Vf0. The numer- 

ical boundary condition treatment is invoked when the sum over faces f includes 

boundary faces. Therefore, a numerical boundary condition must be specified on every 

boundary face and for each dependent variable. 

A few additional parameters are required for the following discussion. Figure 2.4 

shows a control volume P. One of its faces coincides with the boundary of the space 

domain. This face is labelled b. The vector between cell centre P and the centre of the 

boundary face is denoted by d and its component normal to the boundary face by dn. 

In the following, it is assumed that the boundary condition specified is valid for the 

whole face. The numerical implementation of fixed value and fixed gradient boundary 

conditions is described next: 

Fixed Value A fixed value is specified at the boundary OB, hence: 

" It is substituted in cases when the discretisation requires the value on a 

boundary face, i. e. Of = cB, for example, in the convection term discussed 

in Section 2.3.4. 

" In terms where the face gradient V1 is required, e. g. diffusion term (Sec- 

tion 2.3.5), it is calculated using the boundary face value and cell centre 
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value: 

S. Vfq= ISIOb - OP 
(2.18) 

doj 

This practise is second order accurate if OB is constant along the face. It 

is only first order accurate when cB varies along the face and the mesh is 

non-orthogonal. However, a correction term could be introduced similar to 

the one discussed in Section 2.3.5 in order to improve accuracy. 

Fixed Gradient The fixed gradient boundary condition is a specification of the face 

normal gradient gB = Vf O at the boundary, hence: 

" When the discretisation requires the value of on a boundary face the cell 

centre value is extrapolated to the boundary: 

Of = op + do " VfO 
= op +I do 19B 

(2.19) 

" gB can be directly substituted in cases where the discretisation requires the 

face gradient to be evaluated: 

S. Vfc = ISI9B (2.20) 

The discretisation practices for the fixed gradient boundary condition are second 

order accurate if gB is constant along the face. They are only first order accurate 

when cbB varies along the face and the mesh is non-orthogonal. Here, do usually 

does not point to the middle of the boundary face. However, Jasak [185] showed 

that an error of the same type is neglected for the internal faces of the mesh and 

a correction is omitted for the sake of consistency. 

Zero Gradient The zero gradient boundary condition is a fixed gradient boundary 

condition with 9b =0 and the discretisation practises outlined above are applied. 
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2.5 Temporal Discretisation 

In the previous Section, we have described the discretisation of the volume integrals in 
the standard transport equation in integral form presented in Section 2.3: 

t+ot ap' 
dV +VV. (PUO) dV dt 

it 

Vp 
at 

up 

t+ot 
o 

(2.4) 

=" (FVc)dV +S (0) dV dt it vp Vp 

Using equations (2.11), (2.12), (2.13) and (2.16) and assuming that the control 

volumes do not change in time, equation (2.4) can be written as: 

ft 
t+Ot 0n 

_ 
oo 

PP At 
Vp +E Fof (Fs) dt 

f 
jtt+At >FfS. Vfq+SIVpqp+SEVp Cat 

f 

(2.21) 

This expression is usually referred to as a "semi-discretised" form of the transport 

equation [153]. 

We now need to consider how to treat the time integrals of equation (2.21) be- 

cause there are several alternatives to express the temporal integrals. Furthermore, the 

temporal variations of Op, the face values and gradients have to be expressed. Reviews 

of different discretisation practises are given in [153,301,185]. 

It has been customary to neglect the temporal variation of Op, the face values 

and gradients [301]. They are assumed to be constant during a time step. However, a 

choice has to be made about the way qp, the face values and gradients are evaluated 

in terms of new and old values: 

Explicit uses explicit discretisation of the spatial terms, thereby taking old values 0°. 

op _cP (2.22) 

Of = Of (2.23) 

S. Vf0 = S. pf0° = JD1pf o° + k. (po°) f 
(2.24) 

It is first order accurate in time and is unstable if the Courant number Co is 

greater than 1. The Courant number on the face is defined as: 

Co = 
Uf " 

At (2.25) 
d"S 
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where Uf is a characteristic velocity. e. g. velocity of a wave front or the velocity 
of a flow. 

Euler implicit uses implicit discretisation of the spatial terms, thereby taking new 

values 0': 

op =op (2.26) 

Of = Qf (2.27) 

s"Vfo=S"Vf¢n=IAIVfO'+k" (Vc°)f (2.28) 

It is first order accurate in time, guarantees the boundedness of the solution and 
is unconditionally stable. It should be noted, however, that in order to guarantee 
boundedness, the non-orthogonal correction has to be treated explicitly. This 

will be discussed in more detail in Section 2.6.1. 

In this study. the Euler implicit method is used exclusively and the final discre- 

tised standard transport equation now reads: 

n_ , /, o 

PP \t`V 
VP + FQf(F, S) = rf S. ýfýn + SjVpon + SEVp (2.29) 

ff 

2.6 Solution Techniques for Systems of Linear Al- 

gebraic Equations 

The discretisation and linearisation procedure outlined in the previous Sections pro- 

duces a linear algebraic equation for each control volume. For example, equation (2.29) 

is obtained for the standard transport equation (2.3). The exact form of these linear 

algebraic equations depends on the governing equation and the discretisation practises 

used, but they can be re-written in a generic form, such that: 

ap p+EaNO =Rp 
N 

(2.30) 

The value of 0P depends on the values of the neighbouring cells, thus creating a system 

of linear algebraic equations with one equation (or row) for each cell of the space 

domain. These systems of linear algebraic equations can be expressed in a matrix form 
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as: 

[A] [q] _ [R] (2.31) 

where [A] is a sparse square matrix with coefficients ap on the diagonal and aN off 
the diagonal. [0] is the column vector of the dependent variable and [R] is the source 
vector. The description of [0] and [R] as "vectors" comes from matrix terminology 

rather than being a precise description of what they truly are: a list of values defined 

at the centres of the control volumes. The matrix [A] can be decomposed into two 

matrices containing the diagonal [D] and off -diagonal [N] coefficients, such that: 

[A] _ [D] + [N] (2.32) 

In general, each term of a governing equation, contributes to the matrix coef- 
ficients [A] and/or the source vector [R]. Terms which are treated implicitly always 

contribute to the matrix coefficients and may contribute to the source vector. Explicit 

terms, however, contribute only to the source vector. 
The system of linear algebraic equations (2.31) is solved using an appropriate 

numerical technique to yield a value for 0. This can be done in several different ways 

and summaries are given in [99,117,379]. In essence, solution algorithms fall into two 

main categories: direct and iterative methods. Direct methods give the solution of the 

system of algebraic equations in a finite number of arithmetic operations. Iterative 

methods start with an initial guess and then continue to improve the current approxi- 

mation of the solution until some tolerance is met. For direct methods, the number of 

operations necessary to reach the solution scales approximately with the cube of the 

number of equations/unknowns, making them prohibitively expensive for large systems 

[413,99,379,286]. On the other hand, iterative methods are often more economical, 

but they usually impose some requirements on the matrix. 

The matrices resulting from the discretisation discussed in this Chapter are 

sparse, i. e. most of the matrix coefficients are equal to zero. Hence, the computer 

memory requirements could be significantly decreased by choosing a solver which can 

preserve the sparseness of the matrix. Unlike direct solvers, some iterative methods 

preserve the sparseness of the original matrix. 
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Furthermore, the discretisation error is usually much larger than the accuracy of 
the computer arithmetic and, hence, there is no merit in solving the system to this 

extreme level of accuracy -a solution somewhat more accurate than the discretisation 

scheme is sufficient. 

These properties make the use of iterative solvers very attractive and the Con- 

jugate Gradient (CG) method, originally proposed by Hestenes and Stiefel [143] (see 

[117,99]), is often utilised. The original CG method guarantees that the exact so- 
lution will be obtained in a number of iterations smaller or equal to the number of 

equations/ unknowns in the system. The convergence rate of the solver depends on 

the dispersion of the eigenvalues of the matrix and can be improved through pre- 

conditioning. In this study, the Incomplete Cholesky preconditioned Conjugate Gra- 

dient (ICCG) solver is used for symmetric matrices. The method is described in detail 

by Jacobs [175]. The solver adopted for asymmetric matrices is the Bi-CGSTAB by 

Van Der Vorst [409]. 

Iterative solvers require diagonal dominance in order to guarantee convergence. 

A matrix is said to be diagonally equal if the magnitude of the diagonal coefficient 

is equal to the sum of magnitudes of off-diagonal coefficients, i. e. j ap i_ EN JaN 
. 

The additional condition for diagonal dominance is that the magnitude of at least one 

diagonal coefficient is larger than the sum of magnitudes of the off-diagonal coefficients 

in its row, i. e. ja pj>ENI aN L. In order to improve the solver convergence, it is 

desirable to increase the diagonal dominance of the system whenever possible. 

The structure of the matrix is closely linked to the issue of boundedness. The 

sufficient boundedness criterion for systems of algebraic equations (see Hirsch [153) 

states that the boundedness of the solution will be preserved for diagonally equal 

systems of equations with positive coefficients. This allows us to examine the discretised 

form of all the terms in the transport equation from the point of view of boundedness 

and diagonal dominance and identify the "troublesome" parts of discretisation. 

2.6.1 Analysis of Matrix Structure 

The structure of matrices arising from the discretisation procedures outlined in this 

Chapter has been analysed in detail by Jasak [185] and Versteeg and Malalasekera 
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[413]. The discussion concentrates on the analysis of the discretisation on a term- 
by-term basis. In reality, all of the above coefficients contribute to the matrix, thus 
influencing the properties of the system. 

The discretisation of the temporal derivative, equation (2.11), creates only a 
diagonal coefficient and a source term contribution, thus increasing the diagonal dom- 

inance. Unfortunately, the sufficient boundedness criterion cannot be used to examine 

the boundedness of the discretisation, since it does not take into account the influence 

of the source term. However, this term will not cause the appearance of new extrema 

in the solution because of its inertial nature. 

The contribution of a convection term, equation (2.12), is examined next. A 

requirement for boundedness of the solution is the simultaneous satisfaction of an 

appropriate continuity constraint. Consider the following transport equation without 

diffusion and additional sources: 

aPo 
+V" (PUq) =0 (2.33) 

at 
Equation (2.33) can be re-written, such that: 

p(ý+ (U " V) O +0 
( ýt 

+D" (pU) 1 =0 (2.34) 

The first term on the l. h. s. contains the substantive derivative of 0. Hence, the 

solution of equation (2.34) is bounded if the second term is zero. The second term 

vanishes only if the mass continuity equation (2.35) is satisfied simultaneously, which 

reads: 

Op +o" (pu) =o at 
(2.35) 

A similar constraint can be derived for incompressible flow, i. e. p= const. The 

transport equation (2.33) now reads: 

0ý+V. (uff) =0 of 
(2.36) 

Here, the solution will only be bounded if the transport velocity U satisfies the 

continuity constraint: 

V. U=0 (2.37) 
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The continuity constraint is enforced through utilisation of "conservative" fluxes 

in the discretisation of a convection term, equation (2.12). A flux field is said to be con- 
servative if it satisfies a continuity constraint such as equation (2.37) or equation (2.35). 

If the flux is conservative, the convection term contributes a diagonally equal 

matrix only if UD is used. Any other differencing scheme is likely to create negative 

coefficients, violate the diagonal equality and potentially create an unbounded solution. 
In the case of CD on a uniform mesh, the problem is further complicated by the fact 

that the contribution from the convection term to the central coefficient is equal to 

zero. 

However, it is important to note that the solution of equation (2.36) will always 

be limited by zero even if a non-conservative flux is used in the discretisation. This is 

true regardless of the initial conditions provided UD is used and the fixed boundary 

conditions for this problem have the same sign. For example, for a field 0 with values 

between 1 and 2, the lower bound will converge towards zero in regions where the 

flow diverges. Furthermore, the solution is limited by the largest (or smallest negative) 

boundary value and is therefore not guaranteed to be physically bounded at both ends. 

Nevertheless, the statement above is often used to limit the solution of equations, 

such as the phase continuity equation in the two-fluid methodology (see Section 3.2.6), 

at zero. This can be examined by considering the extreme case of a cell for which all 

fluxes are positive, i. e. no flow is entering the cell. In this case, the off-diagonal matrix 

coefficients are zero and the solution for this cell will therefore converge towards zero. 

On the other hand, consider the case of a cell for which all fluxes are negative, i. e. no 

flow is leaving the cell. In this case, the convection term does not make a contribution 

to the central coefficient and the value in this cell would diverge to infinity or minus 

infinity depending on the initial value. 

The contribution of the diffusion term, equation (2.13), are examined next. Con- 

sider the following transport equation without convection and additional sources: 

ao 
=o" (FVO) at 

(2.38) 

Equation (2.38) is only physically meaningful and bounded for positive diffusion 

coefficients (assuming that the solution is carried out forward in time). 

The contribution of the diffusion term is a diagonally equal matrix if the mesh 
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is orthogonal. However, on non-orthogonal meshes, implicit treatment of the non- 
orthogonal correction term in equation (2.14) would introduce the "second neighbours" 
of the control volume into the computational molecule with negative coefficients [185]. 

This violates diagonal equality and, consequently, the boundedness of the solution 

cannot be guaranteed. A thorough discussion and evaluation of several discretisation 

practices is given in Jasak [185] and Ferziger and Peric [99]. In this study, the face 

normal gradient is treated fully implicitly, however, the non-orthogonal correction is 

evaluated explicitly by interpolating cell centre gradients obtained from Gauss integra- 

tion. This is expressed in equation (2.28). 

Discretisation of the linear part of the source term, equation (2.16), only affects 

the diagonal coefficients of the matrix. If Si < 0, its contribution increases the diagonal 

dominance and Si is included into the diagonal coefficients. In the case of Si > 0, 

diagonal dominance would be decreased and it is more effective to include this term 

into the source, which is updated when the new solution is available [99,301]. However, 

this measure is not sufficient to guarantee the diagonal dominance of the matrix. 

2.6.2 Under-Relaxation 

In steady-state calculations, the beneficial influence of the temporal derivative on the 

diagonal dominance does not exist. Hence, if there is no linear source term with SI <0 

which can be incorporated into the diagonal, the matrix is at best diagonally equal and 

not suitable for most iterative solvers. In order to enable the use of iterative solvers, the 

diagonal dominance needs to be enhanced in some other way, namely through under- 

relaxation. Consider the generic algebraic equation for each control volume presented 

in Section 2.6: 

p 
I: + aNgN = RP apg5 

N 

(2.30) 

Diagonal dominance is created through addition of an artificial term to both the 

left and right hand side of equation (2.30): 

ap +1 apýP + aNON = RP +1 
Aapop 

(2.39) 
N 
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or 

aP 
on on RP+1- 

AaPc0 
(2.40) A 

ýP + aNýN -A 
N 

Here, 0' and 0° represent the value of 0 from the new and previous iteration, 

respectively. A is the under-relaxation factor (0 <A< 1). Hence, a system of linear 

algebraic equations can be under-relaxed by dividing the diagonal by A and adding 

an additional term to the source, leaving the off-diagonal coefficients unchanged. The 

additional terms cancel out when the solution converges, i. e. ýn = ý° 

2.7 Finite Volume Notation 

In previous Sections, the finite volume method has been introduced and the discreti- 

sation of the standard transport equation has been given as an example. However, it 

is often necessary to solve the governing equations in non-standard form4, usually, in 

order to guarantee boundedness of the solution. Examples for non-standard governing 

equations can be found in many complex physics applications like multi-phase flow 

and combustion. In this study, the phase fraction continuity equation in the two-fluid 

methodology (see Section 3.2.6) is solved non-standard form. 

The extra terms of these governing equations often require special numerical treat- 

ment and the exact details of discretisation might vary for each individual term. Hence, 

Weller introduced a finite volume notation which allows unambiguous specification of 

the discretisation practices [425]. 

In this notation, the discretised expression arising from an implicit operator C 

is denoted by QL [c]. The operator might be a spatial or temporal derivative or an 

implicit source term. The dependent variable in the single square brackets is treated 

implicitly and must be identical in each term of an equation. Note that, explicit terms 

are not put into double brackets. In this way a distinction between implicit and explicit 

treatment can be made. A summary is given in Table 2.1. 

Following this notation the system of linear algebraic equations arising from the 

4A differential equation is in "non-standard" form when at least one of its terms does not correspond 
to a term in the standard transport equation (2.3). We will refer to these terms as "extra" terms. 
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Term Term in Finite Discretised Term Volume Notation 

Time Derivative 
aI 

LJ PPoP P, 4V 

at At P 
1: FOF, s) Convection Term liv. (F[]f(Fs))J1 

f 

Diffusion Term [V . (rp[ON EFfS. Vfon 
f 

Divergence Term VO O S" Of 
f 

Cell Gradient Term VO ESýf 

f 

Curl Vx02 *(skew 170°) 

Implicit Source Term QSI[cb] SIVpcn 

Explicit Source Term SE SEVP 

Cell Average (0)0 NY0 
OP 

P=0 

Table 2.1: Finite volume notation. 

discretisation of the standard transport equation (2.3) can be written as: 

90 

ap[ol 
+p. (Pu[]f(PUS)) 

= QV V. (FV [U])ý + QSI [o] + SE (2.41) 
at 

where A denotes a system of linear algebraic equations. The discretised equation for 

each cell is identical to the one previously given in equation (2.29). 

Once a system of linear algebraic equations is assembled, special operators can 

be invoked to extract its matrix coefficients and the source vector using AA =-[A] and 

As - [R] 
, respectively. Additionally, matrices containing the diagonal and off-diagonal 

coefficients are obtained from AD 
-- 

[D] and AN - [N] 
, respectively. 

The "H" operator AH, introduced below, is used extensively in the numerical 

procedures outlined in Chapters 3 and 4. At this point, it is introduced by consider- 

ing the Jacobi iteration scheme. This scheme provides a simple way of obtaining an 

approximate solution to the system of discretised equations by iterating over: 

A31 AH = 
AH 

(2.42) 
AD 
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Note that the inversion of a diagonal matrix is trivial and that we denote this operation 
by the division operator for reasons of better readability. AH is the "H" operator 
defined as: 

AHAS 
- ANb 

2.8 Closure 

(2.43) 

In this Chapter we have described the basis of the finite volume discretisation tech- 

nique adopted in this study. First, discretisation of the space and time domain were 
discussed, followed by the variable arrangement and its implications on the pressure- 

velocity coupling technique. Next, equation and temporal discretisation along with 

the numerical boundary condition treatment have been outlined. Furthermore, the 

structure of the resulting systems of linear algebraic equations has been discussed with 

respect to boundedness and convergence. Finally, a finite volume notation has been 

put forward which will be utilised in the following Chapters to describe the numerical 

solution procedures for the two-fluid and interface-capturing methodology in concise 

and unambiguous manner. 



Chapter 3 

Two-Fluid Methodology 

In this Chapter, the two-fluid methodology is described. Firstly, the governing equa- 

tions are stated along with basic turbulence and inter-phase momentum transfer mod- 

elling. Then, the numerical solution procedure is discussed and the discretised equa- 

tions are presented together with the overall solution procedure. Finally, the stability 

and speed of the solution procedure are assessed. The test cases chosen for this purpose 

are: a sudden enlargement in a circular pipe; phase separation in a tank and a bubble 

plume. 

3.1 Governing Equations 

3.1.1 Averaged Phase Momentum and Continuity Equations 

As outlined in Section 1.2.3, practical simulations of turbulent flows are usually carried 

out by solving averaged conservation equations, which describe the mean properties of 

the flow. In the following, the averaged conservation equations for mass and momentum 

for an incompressible two-phase system are presented. 

Several authors [165,121,294,231] derived averaged equations for the two-fluid 

model. The final results are very similar and in what follows we present the results of 

the work of Weller [426] who extended the work of Hill [147]. Both used conditional 

averaging based on the work of Dopazo [79]. In conditional averaging, the equations 

are multiplied by an indicator function, which is 1 in phase cp and 0 elsewhere, before 

standard averaging techniques are applied. 
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For incompressible fluids, the conditionally averaged momentum and continuity 

equations for each phase cp are given by: 

aaýo Uýo 
V. aUU+D" (a Reff) +a -ý 

M`° 
at 

( 
ýv ý w) sv Wp Avg (3.1) 

Pw 
aý 
at +v" ýUýaývý =0 (3.2) 

where the subscript cp denotes the phase, a is the phase fraction, RO is the combined 
Reynolds (turbulent) and viscous stress, M, is the averaged inter-phase momentum 

transfer term. The last two terms arise from the averaging process and require mod- 

elling. 

Combining equation (3.2) for two phases with co =a and b yields the volumetric 

continuity equation for the mixture, which will be utilised later to formulate an implicit 

equation for the pressure. The volumetric continuity equation reads: 

v"U=0 

where U= aaUa + CYbUb. 

(3.3) 

The averaged equations representing the conservation of mass and momentum 

for each phase have been presented. In the two following Sections the exact form of 

the closure terms will be given. 

3.1.2 Inter-phase Momentum Transfer 

In the averaged phase momentum equations for each phase, an expression for the 

averaged inter-phase momentum transfer term M,, is needed. Conservation of global 

momentum dictates that the total momentum transfered between the phases is zero, i. e. 

M, =0 where the sum is performed over all phases. Hence, after averaging, the total 

averaged inter-phase momentum transfer also vanishes, i. e. EM, =0. Furthermore, 

it follows for two-phase flows that one expression accounting for the averaged inter- 

phase momentum transfer from or to one of the two phases is sufficient to close the 

system. Its derivation starts from the instantaneous forces acting on this phases. 

This study deals with the simulation of dispersed flows. Hence, the instantaneous 

inter-phase momentum transfer is determined by assembling the forces acting on the 
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Dispersed Phase Elements' (DPEs). Its main contributions are due to drag, lift and 
virtual mass forces. The expressions for some of these forces are the subject of this 

study and a review as well as revised modelling are presented in later chapters. In this 
Section, only basic modelling is stated, which will be used to test the performance of 
the two-fluid solution procedure. 

In a second step, the instantaneous inter-phase momentum transfer is averaged. 
In the averaging process, several additional terms may be produced, most notably the 

so-called turbulent drag term. In this study, the result obtained by Gosman et al. [121] 

is utilised. 

The instantaneous inter-phase momentum transfer term can be naturally decom- 

posed into its components indicating their different origins: 
Ma V 

=Fd+F, +F��+Fo 
a 

(3.4) 

where the subscript a denotes the dispersed phase. V stands for the volume of the DPE 

and Fd, F1, F1, ß, 1, and Fo represent respectively the instantaneous drag, lift, virtual mass 

and other forces like the Basset force [260,18], which is neglected in most practical 

calculations [359,104]. The functional forms of the instantaneous forces have been 

subject to intensive research [274,260,11,264]. In most two-fluid calculation the 

following functional forms are utilised: 

Fd =I PbACd I UT I U, (3.5) 
2 

F1 = CIPbV Ur X (V X Ub) (3.6) 

DbUb DaUa 

Fvm = CvmPbV 
Dt Dt 

(3.7) 

where Ur = Ub - 
Ua is the relative velocity. A denotes the projected area of the DPE 

normal to the relative velocity and Dt stands for the substantive derivative which is 

defined as: 

Dý, 
=a+U. v Dt Ot 

(3.8) 

The coefficients Cd, C1 and C�m are usually determined empirically and depend 

on the properties of the DPE (spherical, rigid etc. ). They are also functions of the local 

11n this study we use the generic term "Dispersed Phase Element" for bubbles, droplets and 

particles. 
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flow field around the DPE [56,261]. The empirical correlations have been a subject 
of this work; a review as well as further developments will be presented in Chapters 6 

and 7. 

A set of simple and reliable models is utilised in this Chapter to study the per- 
formance of the numerical solution procedure (Section 3.3). For the drag coefficient Cd 

the solid particle drag model of Schiller and Naumann [340] is chosen, which reads: 

Cd - 
24 (1 + 0.15Reo. ss7) 
Re 

(3.9) 

where Re is the particle Reynolds number based on the particle diameter d and the 

relative velocity Ur and is defined as Re = PblUrld 
Ab 

For the virtual mass coefficient C, m, a fixed value of 0.5 [11,260] is used throughout 

the present study. In the calculations presented in this Chapter the contribution of the 

lift force is neglected and its coefficient is set to zero. 

In their derivation of the averaged momentum equations, Gosman et al. [121 

arrive at an averaged form of the momentum transfer term Ma which contains an 

additional term, the so-called turbulent drag term. This term accounts for additional 

drag due to the fluctuations in the dispersed phase. However, fluctuations occurring 

in the virtual mass and lift forces are neglected. Their model proposed for the total 

inter-phase momentum transfer reads: 

da l Ur l Ur Ma = CeaCd 
34 

da 
Drag 

+ aaCilpbUr X (V X Ub) 

7Dbf b DaUa 
+ aaCvmpb Dt Dt 

- 
Cd 

3 Pb vt 
I Ür IV as 

4 daa 

Lift 

Virtual Mass 

Turbulent Drag 

(3.10) 

where vt is the turbulent viscosity given in Section 3.1.3 and da, is the diameter of a 

DPE. 

Equation (3.10) cannot be used to model phase inversion or separating flows, 

e. g. in a bubble column (see Section 1.1). In such flows, regions where the originally 

dispersed phase becomes the continuous phase and vice versa exist simultaneously. 

This is not taken into account in equation (3.10), which is formulated assuming that 

phase a is dispersed in phase b. However, in regions where cxa -f 1, phase b is dispersed 
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in phase a and, for example, a different particle diameter should be used in the drag 

term. This second diameter db is defined as the diameter of a characteristic DPE of 
phase b in the now continuous phase a, e. g. the diameter of a droplet in a gas phase. 

It has been proposed by Weller [426] to use the following simple model over the 
full range of phase fractions for testing the numerical stability of the solution procedure: 

Ma =3 aaab fa 
CdaPb 

+ fb 
C! dbPa IUr Pr Drag 

4 da db 

+ aaabfa (ClaPbUr X (V X Ua) ) 

Lift 
+ aaabfb (ClbPaUr X (V X Ub) ) 

+ aaab (f 
aCvmapb + fbCvmbPa) 

DbUb DaUa 

Dt Dt Virtual Mass 

(3.11) 

where the modifier function fa is a function of the phase fraction such that fa -0 for 

cxa->0and fa--+ lforaa -->l. fbis given by fb=1- fa. 

In the limit of fa, -* 1, the momentum transfer is modelled as if the previously 

continuous phase b is now dispersed in phase a. To do this realistically, a second 

diameter db as well as a second set of model coefficients, e. g. Cdb, are required. 

In the limit of fa, -ý 0, equation (3.11) is equivalent to equation (3.10) except for 

the turbulent drag term. Close to a free surface (see Section 1.1), the phase fraction 

changes rapidly and its gradient is infinite. Hence, terms which are proportional to the 

phase fraction gradient, such as the turbulent drag term, are infinite and cause severe 

numerical instabilities. It should be mentioned that the turbulent drag term is not 

applicable the vincinity of free-surfaces, but should be applied elsewhere. However, the 

turbulent drag is neglected in equation (3.11) and further modelling work is required 

to derive a more general formulation. 

Weller [426] originally proposed fQ, = a,,. However, this formulation is not very 

realistic when Cda, pbdb < Cdb pads, or vice versa because the terminal velocity of DPEs 

comprised of phase a in phase b is reduced heavily even for moderate values of the 

phase fraction. This problem can be overcome by choosing a stronger function of the 

phase fraction to calculate fa. One possibility, which proved satisfactory in this study, 

is: 

1+ tanh (Ku, (aa - Kr)) (3.12) 
, 
fa= 

2 
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Figure 3.1: Modifier function f, as a function of the phase fraction a for different values A 
and B. 

where Ku, and K, define respectively the width and centre of the transition region in 

a space. Equation (3.12) is plotted in Figure 3.1 for several values of A and K, In 

this study, Ku, = 20 and KK = 0.5 are used. 

The inter-phase momentum transfer term (3.4) can be written in a generic form, 

which is used in the following discussion of the solution procedure where the exact 

formulation of the inter-phase momentum transfer model is not important. It reads: 

Ma = AdUr Drag 

+A1bUrx (VXUb) 
Lift 

+ AlaUr X (V X Ua) (3.13) 

DbUb DaUa 
Virtual Mass Avm 

Dt Dt 

+ A, 1 7a Turbulent Drag 

where Ad, A1, A, m and Aa are multiplier terms, which are defined by comparison 

with a particular inter-phase momentum transfer model, e. g. equation (3.10) or equa- 

tion (3.11). They are summarised in Table 3.1. 
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multiplier Gosman et al. [121] Weller [426] 
term equation (3.10) equation (3.11) 

Ad as 
3 P-b 

d Ur Q Cý 3( CdaPb _%d Pa A4 
da 

cIIab4 fa 
d 

fb d Ur 
ab 

Ala 0 c'acbfaclapb 

Alb aaClpb aaabf bclbpa 

Avm aaCvmPb aaab (f 
aCvmaPb + fbCvmbPa) 

A 3C` U0 a4d, Pb = rl 

Table 3.1: Multiplier terms in inter-phase momentum transfer term. 

Cµ Cl C2 C3 7k 0, E 0a CZ 

0.09 1.44 1.92 1.0 1.0 1.3 1.0 Ct 

Table 3.2: Coefficients in the two-phase k- ar-model. 

3.1.3 Turbulence Model by Gosman et al. [121] 

Two-fluid turbulence models have been reviewed in Section 1.5.6. In this study, the 

turbulence model by Gosman et al. [121] is adopted. Recent developments of this model 

have been published in [172,174,173,23,24]. It consists of the standard k- E-model 

[230] with additional source terms to incorporate the effects of the dispersed phase on 

the turbulence. The modified k- s-model equations are: 

(rVkb) akb 
(UV) kV= Pb - Eb + Sk (3.14) 

at l O'k 
äßb 

+ (Ub 
" V) Eb -V" 

vb (VEb) 
=b (ClPb 

- C2Eb) + SE (3.15) 

at l uE kb 
Here, Pb stands for the production of turbulent kinetic energy and is defined as Pb = 

2vbCvUb " dev 
(vtJb 

+ (VUb)T)) 
. 

The effective viscosity of the continuous phase 

vb is calculated from yr = vb + vt where vt is given by vt =CN, 
Eb 

. 
The values of both 

the Schmidt numbers Uk and a as well as the model coefficients Cl and C2 are left 

unchanged from those originally derived for single-phase flow. They are summarised 

in Table 3.2. 
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The additional two-phase source terms are: 

Sk = 
2kbaaAd`Ci 

- 1) 
+ 

Pb 

se = 
2C3EbaaAd(Cj - 1) 

Pb 

Advt Va" 
ýr 

Pb0a ab 
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(3.16) 

(3.17) 

Here, the drag multiplier term Ad, which depends on the exact form the inter-phase 

momentum transfer, is defined in Table 3.1. The coefficient CZ is set equal to the 

turbulence response function Ct, Z. e. Ci = Ct. Ct is defined as the ratio of the r. m. s. of 
dispersed phase velocity fluctuations to those of the continuous phase, given by: 

i 

Ct = 
Ua 
Ub 

(1.17) 

where Ua and Ub are the r. m. s. of the fluctuations in the velocities of the dispersed and 

continuous phase, respectively. 

Various authors have derived equations for Ct, e. g. [121,171,52,24]. In this 

Chapter, we use the one proposed by Issa [171] which was validated by Hill et al. 
[148,147] in a related study. It is derived by considering the Lagrangian equation of 

motion for a single DPE within a turbulent continuous phase and is given by: 

Ct = 
3+0 

(3.18) 
I+0+ZPdlPb 

_ 
2AdLe 

0 (3.19) 
Pbvbat 

where vb is the kinematic viscosity of the continuous phase and at is the turbulence 

Reynolds based on the eddy length scale Le and the r. m. s. of the liquid velocity fluc- 

tuations Ub: 

Ret = 
UbLe (3.20) 

vb 
k1 

Le=Cµ (3.21) 
Eb 

Ub = 
/-2-kb 

(3.22) V3 

Using the definition of Ct, the turbulent kinetic energy and the effective viscosity 

of the dispersed phase can be calculated from ka = Ct lib and vä = va + Ct2 vt, respec- 

tively. The model presented above does not take into account the effect of the phase 
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fraction on Ct. Hence, a modified version of this model will be developed and validated 
in Chapter 5. 

Finally, the Reynolds stresses are obtained from the Boussinesq hypothesis [35], 

which models the turbulent stress-strain relation analogous to the constitutive relation 

of a viscous fluid. It is given by: 

R. _ -v (VU, + VUco - 
2IV 

" UýO) + 
2Ikýo 

(3.23) 
33 

Basic Mixture Turbulence Model 

The above turbulence model is not suitable for cases where the phases separate com- 

pletely, for two reasons: firstly, the kb and Eb equation are not well defined when aa 

approaches unity; secondly, the turbulent drag term AaV as is infinite close to a free- 

surface, as explained in Section 3.1.2. Hence, for the numerical tests conducted in this 

chapter the following simpler model, which does not exhibit these singularities, is used. 

alp+V"(Uk)-V" (ivk) 
=P-6 (3.24) 

at O'k 
t äE 

+ v" (Uý) -D"v 
(VE) 

_- (c1P - C2E) (3.25) 
ät QE k 

Here, k and E are defined as mixture properties and the production term P is based 

on the mixture velocity defined as U= cra, Ua + abUb. The model is not claimed to be 

rigorous and is only intended to serve as a vehicle to test numerical solution procedure 

under extreme conditions until a better model becomes available. 

3.2 Solution Procedure 

The numerical solution procedure for the two-fluid methodology is described in this 

Section. It is based on the procedures described by [426,295,147] and utilises the 

PISO (Pressure Implicit with Splitting of Operators) algorithm [170] to handle the 

pressure-velocity coupling. It involves a momentum predictor and a correction loop in 

which a pressure equation based on the volumetric continuity equation is solved and 

the momentum is corrected based on the pressure change. This part of the procedure 

is given in Section 3.2.1 to 3.2.4. The transport equations for the phase fraction as 

well as the turbulent kinetic energy and its dissipation rate are solved only once per 
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time step/iteration at the end of the sequence. Sections 3.2.6 and 3.2.7 deal with the 
details of their solution, respectively. Next, the boundary conditions are specified in 
Section 3.2.8 and, finally, the solution procedure is summarised in Section 3.2.9. 

3.2.1 Phase-Intensive Momentum Equation 

In the limit of one of the phase fractions approaching zero, the momentum equation 
becomes singular for that phase when written as in equation (3-1). Various numerical 
tricks may be used to avoid this problem, e. g. limiting aýo such that aP --* 6 where 
0<8 «1 or by forcing lima, 

-. o Uý = U, where U* is some limiting value of U1P 

obtained from a model. 

None of these approaches is satisfactory and Weller [426] proposed to circumvent 
the problem by dividing the phase momentum equation by a. in order to produce a 
"phase-intensive" version of the momentum equation equation (3.1). 

au 
atw + üW " Vü,, +v"R 

Va_ 
Reff + 

Mw 

g+ 

aw Pw a aPw 
(3.26) 

The problem has been solved in a similar fashion by Kashiwa et al. [196]. They 

motivate their choice of working variables as follows: "Using velocity rather than mo- 

mentum; one does not have to divide out the total mass to define the velocity from 

the total momentum. This avoids numerical noise from creeping into the data as the 

phase fraction approaches zero. " 

Two terms in equation (3.26), the fourth term on the l. h. s., which represents parts 

of the Reynolds stress term, and the inter-phase momentum transfer term, contain the 

phase fraction in the denominator. However, they do not become infinite when the 

phase fraction vanishes for the following reasons: the former term is also multiplied 

by the gradient of the phase fraction. As outlined by Weller [426], the ratio of the 

phase fraction gradient and the phase fraction approaches zero as the phase fraction 

vanishes and this term is discretised as outlined in Section 2.3.8 to ensure stability. 

The inter-phase momentum transfer term is comprised of several contribution, which 

are summarised for two models in Table 3.1. It is evident, that every term in the 

model of Weller [426] contains the product of the phase fractions aacrb and, hence, 

can be divided by aa or ab without problems. On the other hand, the drag, lift and 
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virtual mass terms in the model by Gosman et al. [121] contain only the dispersed 

phase fraction. Here, problems arise for ab -f 0. However, it should be noted that 

this model is not applicable in this situation, as pointed out earlier. Similar arguments 

apply to the turbulent drag term: for a,, - 0, the turbulent drag term is proportional 

to °" 
, which is finite; and for ab -4 0, the model is not applicable. Oz a 

3.2.2 Discretisation of the Phase Momentum Equations 

Let us consider the convective and diffusive transport terms, i. e. the l. h. s. of the phase 

momentum equation (3.26): 

aus 
+üý. °üý+°. R +° 

aaa,, "R at = ... 
(3.27) 

For numerical implementation it is useful to decompose the Reynolds stress terms into 

a diffusive component and a correction: 

Reff = ReOD + f- (3.28) 
ww 

-eff 

w vU here R_v VUý and =R +v W. 

Modelling the Reynolds stress according to the Boussinesq eddy viscosity hy- 

pothesis, equation (3.23), leads to a Reynolds stress correction term of the following 

form: 

-ý eff Refp 
= -vý 

(v, T 
-2 IV " Uý + 

2Ikw 
33 

(3.29) 

Re-substitution of equation (3.28) into the l. h. s. of the phase momentum equa- 

tion (3.27), gives: 

ý aIt 
+ IJ " VUýp - V. (v; vUw) +V" Rw + 

ac. v at 
" Rw (3.30) 

`ý 

where a total phase velocity is defined as: 

LJG = Uý -v 
eff V a`° (3.31) 

`o aýo 

Starting from equation (3.30), the convective and diffusive transport terms are discre- 

tised. The time derivative, convection and diffusion terms are handled implicitly and 



3.2 SOLUTION PROCEDURE 103 

the Reynolds stress correction is handled explicitly. The discretised terms for the l. h. s. 

of phase momentum equation then read: 

aAol 
+ 

ýV. (If(, 

S)) 
( 

at gyp) (P 

e$ - -e c VcE , -e. c 
(3.32) 

ýV 
. 

(1/cp ý [Ü ý) ý+QV. Ra+ 
ýa, 

+ 5R'a 

Here, O' denotes the total phase flux. It is calculated by interpolating equa- 

tion (3.31) to the face centres, thus: 
1 

OT =OW -f 
7f a (3.33) 

SP faWf+ý 

where q,, is the volumetric phase flux defined as 0. =SS. (Uý, ) 
f. 

However, it is a 

result of the pressure-velocity solution procedure outlined in Section 3.2.4 and is not 

evaluated by taking the dot product of the face area vector and the face interpolate of 

the velocity as this would not obey continuity 

We will now focus our attention to the treatment of the terms on the r. h. s. of the 

phase momentum equation (3.26). They are: 

vp 
+g+ 

Pca aýoPýo 
(3.34) 

where Ma = -Mb is given by: 

Ma = AdUr 

+ A,, U, X (V X Ub) 

t4jaUr x (V X Ua) 

DbUb 
_ 

DaUa Avm 
Dt Dt 

Drag 

Lift 

Virtual Mass 

ý- A, Va Turbulent Drag 

(3.13) 

Almost all of the terms in equation (3.34), such as the pressure gradient and 

inter-phase momentum transfer term, require special treatment. For example, it is well- 

known that careful discretisation of the pressure gradient prevents pressure-velocity 

decoupling and the occurrence of oscillations (checker-boarding) in the pressure field 

[301,99,413,305,304]. In this study, the simple cure proposed by Rhie and Chow 

[318] has been adopted. However, similar problems arise with other gradient terms, 
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in particular, the turbulent drag term, which is proportional to VaP. It is therefore 
treated along with the pressure gradient term in a Rhie and Chow-like manner, which 
is explained in detail in Sections 3.2.4 and 3.2.6. The remaining contributions to the 
inter-phase momentum transfer term are due to drag, lift and virtual mass forces. 
Section 3.2.5 is devoted to the discussion of their discretisation. The discretised terms 

arising from these terms are denoted 
, M.,,. 

Initial estimates for the phase velocities can be obtained by solving the complete 

systems of discretised equations for the two momentum equations, which now read: 

Týp vp 
+g+M- - 

AaVap 
Pw P,, a0 

(3.35) 

The solution of equation (3.35) yields estimates for the velocity, which are not 

guaranteed to obey continuity. Continuity is achieved by correcting the velocities using 

an updated pressure field, which is chosen such that continuity is satisfied. 

3.2.3 Phase Momentum Correction Equations 

The phase momentum correction and pressure equation will be derived from a semi- 

discretised form of the momentum equation: 

(A 
DUW=(A H_ 

Vp_AaVCL. 

Pw a. P. 
(3.36) 

where the "H" operator OH and diagonal OD operator are defined in Section 2.7. , r4,, 

denotes the system of linear algebraic equations arising from the discretisation of the 

phase momentum equations without terms which are proportional to Va. or VP: 

Ap: =T, =g+M, (3.37) 

In the spirit of Rhie and Chow [318], these gradient terms are not discretised 

at this stage. Rearranging equation (3.36) yields the phase momentum correction 

equations: 

Ü =(A 

)H 

- 
( )D PýO ( )D 

Aa Vc 

(3.38) 

Later, Equation (3.38) will be used to correct the velocities after an updated 

pressure field is obtained by solving the pressure equation. 
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3.2.4 Pressure Equation 

105 

In single-phase pressure correction methods the continuity equation is recast into one 
for pressure by substituting the momentum equation into it [301,99,413]. Such an 

equation for pressure may be derived in differential form [379]. However, subsequent 
discretisation of this equation may be inconsistent with the discretisation of the mo- 

mentum equation and is inadvisable. Instead, a semi-discretised momentum equation 
is substituted into the continuity equation. 

The solution of the pressure equation provides corrections for updating pressure, 
fluxes and velocities so that continuity is obeyed. However, in the two-fluid model, 

there are two phase continuity equations and, therefore, there is more freedom and 

more difficulty in formulating the pressure equation. A general approach is to form a 

mixture continuity equation by linearly combining the phase continuity equations 3.2 

using appropriate weighting factors wýo: 

Pa ÖCYa 
+ 

Pa V* (Uaaa) + Pb aab 

+ 
Pb 

_V. (Ubab) =0 (3.39) 
Wa & Wa 2Ub 19t Wb 

The above equation becomes the mixture mass continuity equation if the weighting 

factors are unity, and the volumetric mixture continuity if the weighting factors are 

the phase densities. 

Carver [44] and Vaidya et al. [408] noted that the lighter phase is poorly conserved 

when the mixture mass continuity equation is used. This is due to the fact that the 

lighter phase hardly influences the mixture mass imbalance. This problem can be 

considerably alleviated by using volumetric mixture continuity instead. Following this 

route, we chose to solve for the mixture pressure by recasting the volumetric mixture 

continuity equation (3.3) into one for pressure. To achieve this, it is formulated at the 

cell faces, such that: 

V V. (aafOa + abfOb) _0 (3.40) 

Next, expressions for the volumetric phase fluxes 0,, for each phase are derived 

by interpolating the momentum correction equation (3.38) to the face centres. Using 

central differencing, they are given by: 

=0 *1 ISI Vp (3.41) ý`ý(p(A'c)D) 
f 
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where the flux predictions 0, are given by: 

(Aw)D f 
"S- 

(PD)f 
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AafISIWc (3.42) 
awf 

The flux predictions are composed of two parts: the first contribution originates 
from the "H"-operator, which is evaluated by re-substituting the velocity estimates ob- 
tained earlier into their discretised equations and the second one is due to the turbulent 
drag term. 

Now, the advantages of discretising terms which are proportional to gradients in 

the pressure and the phase fraction separately become apparent. Discretisation of the 

phase fraction gradients is performed for each face, requiring a smaller computational 

molecule and, hence, is more stable. However, more importantly, the pressure equation 

can now be constructed by substituting equation (3.41) into equation (3.40) and the 

pressure gradient is discretised implicitly as a diffusion term: 

11 r_ý, ) =v' (af +bff 

((aai 

Pa (�ý ̂ a) 
D+ 

abf 
(PbD)f) 

(3.43) 

In essence, the mixture pressure field is determined in a way that guarantees continuity 

of the volumetric mixture flux. The individual phase fluxes are corrected after the 

pressure solution using equation (3.41). It has to be noted that these are not guaranteed 

to obey conservation at this point; this task is left to the solution of the phase continuity 

equations explained in detail in Section 3.2.6. 

3.2.5 Practices for the Inter-phase Momentum Transfer Term 

The magnitude, linearity and uniformity of the inter-phase momentum transfer term 

in the momentum equation (3.4) are known to affect the robustness and stability char- 

acteristics of the two-fluid solution procedure. Therefore, its numerical treatment de- 

serves special attention. A generic equation (3.13) for the inter-phase momentum 

transfer term has been defined in Section 3.1.2. Its main contributions are drag, lift 

and virtual mass and turbulent drag. The turbulent drag term requires special treat- 

ment, which is discussed in detail in the Sections 3.2.4 and 3.2.6. Hence, no further 

discussion is needed here. 
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In the following, the terms due to drag, lift and virtual mass forces are discretised. 

The discretised terms are denoted M 
,, 

A41, 
p and A4,, ' and their total contribution to 

the discretised momentum equation (3.35) is . Mý = and + Ml +M 

There are many ways to implement the drag, lift and virtual mass terms and 

common implementation strategies are discussed next on a term-by-term basis. For 

the drag term AdUr, several options have been discussed in the literature: 

1. The drag term is treated semi-implicitly in the dispersed phase momentum equa- 

tion and fully explicitly in the continuous phase momentum equation. This treat- 

ment has been preferred by Politis [310] and is written using the finite volume 

notation as: 

(3.44) Md abAd (Ub 
a Pa 

Md _ 
aaAd UT (3.45) b 

Pb 

2. The drag term are treated semi-implicitly in both the dispersed and continuous 

phase momentum equations and the discretised terms read: 

. 
'd = 

abAd (J T[Ualll 
l 

(3.46) 
aP 

a 

b_ 
aaAd (Ua (3.47) 

b Pb 

3. The partial elimination method of Spalding [356] uses the discretised momentum 

equations to partially eliminate the phase velocities from the drag terms. Vari- 

ations of this method have been used by [135,134, 294,296] in their two-phase 

flow solution procedure and implementation details are given there. 

4. For highly non-linear drag situations, Hill [147] proposed to solve the difference of 

the discretised momentum equations for UT iteratively on a point-by-point basis. 

The updated values are then used in the partial elimination method (option 3) 

to construct Md 

The first three options have been investigated by Oliveira and Issa [296]. They 

came to the conclusion that although options 1 and 3 behave similarly when the drag 

multiplier is not too large, only option 3 ensures convergence when it is high or very 
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non-uniform. However, this is not the case in the present study and option 2 is used 
throughout this study. 

Treatments for the virtual mass term A,,,,, ('J 
- DD al have not been discussed I 

in the literature, but a semi-implicit treatment similar to option 2 for drag is used in 

this study. It reads: 

. Mvm = 
abAvm (DbUb 

- 
Da [: U,, ] 

a Pa Dt Dt 
(3.48) 

. 
Mbm = 

aaAvm (DaUa 
- 

DbýUbý 

Pb Dt Dt 
(3.49) 

where the explicit substantive derivatives are given by: 

DaUa 
_ 

8Ua 
+l UaV " (0a) (3.50) Dt at 

(ýa Uaf(ma, 
s)1 

DbUb C9Ub 

Dt at 
+VV. ( 

bUbf(0b, s)) - UbV . (cb) 3.51) 

Note that the third terms on the r. h. s. of equations (3.50) and (3.51), can be important 

in gas-liquid flows despite the fact that their values are usually quite small. This is 

the case for the explicit part of equation (3.48) where the substantive derivative of the 

continuous phase velocity is multiplied by 500 because of the large density ratio. 

Unfortunately, the functional form of the lift force -AIUr x (V X Ub), which has 

a pronounced effect on the phase fraction distribution in some cases, makes its implicit 

treatment extremely difficult. Although an explicit treatment is known to compromise 

convergence, it has been adopted in this study: 

, %Vtä=- 
aaAlpaa 

Urx(VxUb) - aaAlbpa 
UTx(V xUb) (3.52) 

= 

Ala 
- 

Alb 
Mb 

abPb 
Ur x (0 X Ub) + 

abPb 
Ur X (V X Ub) (3.53) 

3.2.6 Solution of the Phase Continuity Equations 

The phase fractions are obtained from the solution of the phase continuity equa- 

tion (3.2). The discretisation of these should be efficient and most importantly yield 

a conservative and bounded result. Several approaches have been proposed over the 

years and, recently, some of them have been tested by Vaidya et al. [408] and Oliveira 

[295] : 
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1. The obvious way to advance the phase fraction field is to solve one of the phase 
continuity equations in its original form, i. e. equation (3.2): 

acta 
+O" (Uac 

a) =0 (3.54) 
at 

It is then discretised as: 

a`aa1 
+ý" 

at 
(Oa 

a(3.55) 

where 0a, is the volumetric flux of phase a obtained from the momentum correction 

equation (3.38) after the solution of the pressure equation. 

This approach has been utilised in the previous BRITE projects [147,310] and 

the following deficiencies have been identified. Although, aa in equation (3.54) 

can easily be bounded by zero, boundedness by one cannot be guaranteed since 

0a, is non-conservative. This has been discussed in detail in Section 2.6.1. In 

this context, Carver [43] proposed to locally adjust the under-relaxation factors 

for cells where aa approaches one. This can lead to convergence problems in 

steady-state calculations and is clearly not suitable for transient calculations. 

2. In order to solve the problem of unboundedness, Spalding [358] suggested that 

equation (3.54) should be solved for as and its counterpart for ab, the solutions 

should then be recombined: 

* 
aa 

CYa= 
as+ab 

(3.56) 

The new phase fraction field aä will be bounded by zero and one only if as and ab 

are both larger than zero and it follows that appropriate differencing is essential. 

In effect, equation (3.56) overwrites the phase continuity equations (3.54). There- 

fore, phase continuity is not guaranteed until convergence, i. e. aa, + ab = 1. This 

is not an issue in steady-state calculations, but has to be considered in transient 

applications. 

3. Another drawback of the approach of straightforward solution of the aa equation 

is that it takes insufficient account of the coupling between the phases. Carver 

[43,45] therefore suggested to handle the interaction between the phases via a 
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composite solution for aa, and ab. In this, the two phase continuity equations are 

subtracted and the resulting equation for aa reads: 

2 
aaa 

+, 7. (Uaaa) +V" (Ubaa) 
-V" 

(Ub) 
=0 (3.57) 

at 
Vaidya et al. [408] compared this approach with the recombination method by 

Spalding [358] and found no significant differences in the convergence rate for a 

steady-state two-phase flow in a U-bend, but preferred Carver's approach because 

it is computationally more efficient since it requires the construction and solution 

of only one transport equation instead of two. A major disadvantage of this 

approach is that even the converged solution is neither strictly conservative nor 

bounded. 

4. Weller [426] re-arranged the phase continuity equation (3.2) so that all terms are 

in conservative form and as can be bounded at both ends, as follows: 

OC+ 

' 
(Üüa) +17. (Üraa(l 

-c a)) =0 

ot 
(3.58) 

where U= aaUa + abUb and Ur = Ua - Ub. This approach also couples the 

two phases more implicitly through the presence of the relative velocity Ur in 

the third term. 

Equation (3.58) is discretised as follows: 

at 
a+" ([aa]f(s)) + 

ýV- (qra[aa1f(ra, 
s)) =0 (3.59) 

at 
where 0, = abf(-�r, s) r and 0, = Oa - O6. 

In the second term, aa is bounded at zero as well as one, since the volumetric 

mixture flux 0 satisfies the mixture continuity equation exactly. In the third 

term, bounding of aa is achieved by using 0, in the convection scheme to inter- 

polate aa to the face and -0r in the face interpolation of cab. This treatment is 

quite diffusive if UD is used. However, using an higher order differencing scheme 

instead, reduces the numerical diffusion, but might compromise the boundedness 

of the solution. 

The most serious limitation of this approach stems from the fact that equa- 

tion (3.58) in non-linear in aa. Therefore, boundedness at both limits can only 
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be guaranteed if the equation is solved fully implicitly aa and ab. Thus, solu- 
tion with linear solvers requires iteration. Unfortunately, experience has shown 
that the iteration is not always convergent, especially when the Courant number 
is not sufficiently small. This is usually not so much of an issue for transient 

problems because a low Courant number is required for time accuracy. However 

for steady-state problems, where boundedness is of paramount importance and 

a conservative solution is only required when overall convergence is achieved, 
the approach by Spalding [358] could be used in conjunction with the modified 

a-equations. 

5. The inter-phase momentum transfer term (3.4) may contain a turbulent drag 

term, which is proportional to V as and has a diffusive effect on the phase frac- 

tion distribution. This term can lead to decoupling of the momentum and phase 

continuity equation, compromising convergence especially in steady-state situa- 

tions, as shown in Section 3.3.1. In essence, the problem is very similar to the 

well-known problem of pressure-velocity coupling solved by the Rhie and Chow 

technique [318] and an analogous solution is proposed here. The diffusive nature 

of the turbulent drag term can be shown by substituting the phase momentum 

correction equation (3.38) for phase a into the phase fraction equation (3.54), 

such that: 

äa,, 
+V " V* 

at (vk)D 

1 

Pa(Aa)pvP _v" (_A Aa 
Vaa 

=0 Pa('4a)D 

(3.60) 

The problems arise from the last term, i. e. fourth term on the l. h. s., since it is not 

discretised implicitly. A simple solution is to treat this term implicitly as a dif- 

fusion term. However, this remedy suffers from the same deficiencies as option 1, 

in the sense that the flux featuring in the second term is non-conservative and, 

consequently, boundedness of the solution can not be guaranteed. This situation 

can be overcome by starting from equation (3.58) instead of equation (3.54). 

Furthermore, the discretisation of the second and third term on the l. h. s. of equa- 

tion (3.60) can be avoided by correcting the phase velocities for the contributions 
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of the turbulent drag term which are now treated implicity in the diffusion term. 
The corrected phase velocities read: 

Uý=Uýý 
Aa 

Pý0 (4v)D 
ýaý (3.61) 

Sustitution of equation (3.61) into equation (3.58) yields: 
a(xa 

+, 7 " 
(Uaa) +V"U (ka(l - aa) 

at 
-17 " A, 

ab 
+ 

aa 
Vaa =O 

Pa(�A'a)D p6(Ab) D 

(3.62) 

where U# = Uä - Ub. 

This transport equation for the phase fractions aa is discretised along the guide- 
lines given for option 4, equation (3.59), resulting in: 

+V. 
([a]f(, 

s)) 
+ 

\v" 

(a 
[]f(baras))- v. 

`vaf 
V [aaJ)= o 

(3.63) 

where ýa = CYbf(_Oga 
s, )0# . 

The diffusion coefficient vaf is evaluated at the cell 

faces as: 

1/af = Aaf abf 

1+ 
aaf 

A1- 
(3.64) 

(pa()D)f (PbD)f) 

The corrected relative flux 00, is then calculated by removing the contribution of 

the turbulent drag term from the volumetric phase fluxes. This result is: 

Y'r 
Or + 

vaf 
ISI Vas 

aafabf +6f 
(3.65) 

The solution of a diffusion term does not compromise boundedness if its coeffi- 

cient is positive, which is always the case, since the diagonal coefficients used in 

equation (3.64) are positive (a requirement of the iterative solvers). It follows 

that the solution of equation (3.63) is guaranteed to be bounded under the same 

conditions as previously outlined for equation (3.59). 

It has been found that solving only for the dispersed phase fraction is adequate for 

most cases. However, for cases where there are significant regions where the dispersed 
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phase fraction is very high, it has proven to be advantageous [295] to solve for both 

as and ab and then to correct for unboundedness (option 2). However, this treatment 
does not guarantee phase continuity until overall convergence and should, if possible, 

only be used in steady-state simulations. In this study, options 4 and 5 are utilised; 

sometimes in conjunction with option 2, if necessary. 

3.2.7 Solution of the k- E-Turbulence Model 

The two transport equations for the kb - Eb turbulence model are discretised in straight- 

forward manner: the unconditionally negative source terms are treated implicitly, thus 

strengthening the diagonal dominance of the matrix, whereas the positive source terms 

are incorporated explicitly. The result reads: 
e. u 
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ýV " (Ob) [kb]D 
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The discretised equation for the basic mixture turbulence models are not given here, 

but are easily obtained by replacing the working variables, fluxes and source terms in 

the above equations. The transport equation have to be complemented by appropriate 

boundary condition, which are outlined in the next section. 

3.2.8 Boundary Conditions 

The specification of boundary conditions is an interpretation of the true behaviour be- 

cause real boundary conditions are generally defined by some physical attributes rather 

than the numerical descriptions given in Section 2.4. The numerical representation of 

the boundary conditions used with the two-fluid methodology is very similar to the 

practises used for laminar single-phase flow [147]. However, two issues require further 

discussion here: the pressure boundary condition at a no-slip impermeable wall and 

near-wall turbulence. 
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In single-phase flow the dynamic pressure gradient at the wall is specified to be zero, 
implying that the pressure gradient at the wall equals pg. In the two-fluid methodology, 
difficulties arise from the fact that the system is modelled in such a way that it has 

only a single pressure, but two fluids with possibly very different densities. Consider 

the averaged momentum equations presented in Section 3.1.1: 

aaýpUýo 

at 
+ V" (c tY tc)+V"(c -eff )=-aýVp+aog+M'v 

Pcp Ps 
(3.1) 

For a no-slip impermeable stationary wall, the velocities at the wall are zero and 
the l. h. s. of the above equation as well as the momentum transfer term vanish. The 

remaining pressure gradient and buoyancy term can be rearranged, yielding expressions 
for the pressure boundary conditions: 

(, 7p) f=P, g (3.68) 

The problem is now immediately noticeable. In order to satisfy the momentum equa- 

tions at a non-vertical wall, the pressure gradient has got to be different for each phase. 

This is of course impossible in a single pressure system and the problem can only be 

shifted from one equation to another. 

Consider a bubbly jet impinging downwards onto a horizontal wall. The density 

ratio is large and equation (3.68) consequently demands that the wall pressure gradient 

in the lighter phase is much smaller than that in the heavier phase. However, the phase 

fraction close to the wall is very small if the jet is not strong enough to drag the bubbles 

towards the wall. In this situation, the momentum equation for the lighter phase is 

singular near the wall. This is not the case for the heavier phase and in fact the 

correct pressure gradient is needed here to ensure that the flow aligns with the wall. 

On the other hand, for a high speed jet, the phase fraction close to the wall could be 

appreciable. In this case, it is not obvious how to set the wall pressure gradient -a 

correct specification for both phases is impossible in a single pressure system. 

The specification of pressure boundary conditions depends on the exact defini- 

tion of pressure. In incompressible flow calculations, the pressure is often modified to 

remove possibly steep gradient arising from hydrostatic effects as well as simplifying 
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the specification of the wall pressure boundary condition. This route is adopted here, 

and we define a modified mixture pressure according to our earlier choice as: 

p* =P - Pbg"x (3.69) 

where Pb is the density of the heavier phase and x is the position vector. After sub- 
stitution into equation (3.34) and some rearrangements, the r. h. s. of the momentum 
equations read: 

__ 
Pb Ma 

Pa 
+1 

Pa 
g+ 

aaPa 
(3.70) 

yp* Mb 
""" _-+ (3.71) 

Pb abpb 

Near-wall Turbulence 

The physics of turbulence in the vicinity of walls is considerably different from that in 

the other parts of the flow. It is therefore necessary to use appropriate modelling in 

the near-wall region. In this study, the near-wall region of high gradients is bridged 

by using the so-called wall-function approach by Launder and Spalding [230], which 

creates an additional term in the momentum equation in order to compensate for the 

increased shear stress at the wall. The additional drag is treated as a change in the 

effective viscosity at the "wall face", carrying the difference between the assumed linear 

and the logarithmic velocity profile between the cell centre and the wall. For the k 

and E transport equations, the situation is somewhat different: wall-functions use the 

local equilibrium assumption and prescribe the generation of k and the value of E in 

the near-wall cell. 

Very little is known about the exact nature of turbulent boundary layer in two- 

phase flow, so the validity of the wall-function approach is not known. Following Politis 

[310], it is assumed that the effects of the second phase on the turbulent boundary layer 

are adequately accounted for by including the phase fraction to account for the effective 

reduction of the wall surface area in contact with the considered phase. 

Summary of Boundary Conditions 

In this study, the following types of boundary conditions are utilised and the corre- 

sponding numerical boundary conditions for each variable are summarised in Table 3.3: 
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Variable Wall Inlet Outlet Symmetry Plane 
Ua Fixed Value Fixed Value Zero Gradient Mirror Image 
Ub Fixed Value Fixed Value Zero Gradient Mirror Image 

as Zero Gradient Fixed Value Zero Gradient Zero Gradient 

p Zero Gradient Zero Gradient Fixed Value Zero Gradient 

k Fixed Value Fixed Value Zero Gradient Zero Gradient 

E Fixed Value Fixed Value Zero Gradient Zero Gradient 

Table 3.3: Boundary conditions applied to each equation for each boundary type. 
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Inlet The velocity fields at the inlet are supplied and, for consistency, the boundary 

condition on the modified pressure is zero gradient. In addition, fixed value 

conditions for the dispersed phase fraction, the turbulence kinetic energy as well 

as its dissipation rate are specified; 

Outlet The modified pressure field at the outlet is supplied and a zero gradient bound- 

ary condition on velocity is specified. Furthermore, zero gradient boundary con- 

ditions are applied to the dispersed phase fraction, turbulence kinetic energy as 

well as its dissipation rate; 

No-slip impermeable wall The velocities of the fluids are equal to that of the wall, 

i. e. a fixed value condition is specified. The dynamic pressure is specified to 

be zero gradient since the flux through the wall must be zero. Zero gradient 

boundary conditions are also used for the additional scalars if appropriate; 

Symmetry plane In a problem whose solution domain and boundary conditions are 

symmetric about a plane, usually only half of the domain to one side of the 

symmetry plane is modelled. The boundary condition for any field is obtained 

by considering its mirror image as outlined in [255], which simplifies to a zero 

normal gradient condition for scalar fields. 

3.2.9 Sequence of Solution 

The sequence of operation for the solution procedure is summarised in Table 3.4. The 

solution procedure is based on the PISO algorithm [170] to handle the pressure-velocity 

coupling. This requires a momentum predictor and a correction loop in which the 
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I. Calculate coefficients Ad, A, and A,?,,,, defined in equation (3.13). 

2. Solve the momentum equations, equation (3.35). 

3. PISO-Loop: 

(a) Predict fluxes using equation (3.42). 

(b) Construct and solve the pressure equation (3.43). 

(c) Correct fluxes, equation (3.41). 

(d) Correct velocities, equation (3.38). 

4. Correct the substantive derivatives using equations (3.50) and (3.51). 

5. Solve k- Eequations equations (3.66) and (3.67) (if required). 

6. Solve the aa, -equation (3.58). 

Table 3.4: Two-phase numerical solution procedure. 
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pressure equation is solved and the momentum corrected based on the pressure change. 

The exact equations solved have been discussed in detail in the preceding Sections. 

There are many variations on this theme, especially for steady-state calculations 

where the stabilising influence of the time derivative is missing from the equations. 

In this study, steady-state calculations are performed in two ways: either by under- 

relaxing the equations and using just one iteration in the PISO loop as employed in the 

SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) algorithm [302,301] 

or by keeping the time derivative and using a large time step (Co > 1) to march through 

time until steady-state is reached. Again, only one iteration is performed in the PISO 

loop and it follows that the solution is not time accurate because of the non-linearity 

inherent in the "H" -operator. This is referred to as a pseudo-transient steady-state 

calculation. The SIMPLE algorithm offers more flexibility, since each of the equations 

can be under-relaxed individually. This can be utilised to reduce the number of time 

steps needed to reach a certain residual tolerance. 

Several options for the treatment of the phase continuity equation and the inter- 

phase momentum transfer term have been outlined in the previous Sections. The 

choices made in this study are summarised as follows. In the momentum predictor, the 

drag (option 2) and the virtual mass terms are both treated semi-implicitly. The lift 

term is treated explicitly. 
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The phase continuity equation is solved once per time step/iteration at the end of 
the sequence. Its position in the solution procedure is not important, but simplifies the 

coding of option 5, which requires the diagonal coefficients of the momentum matrices, 
which only become available after step 2. The exact equations solved are given in 
Section 3.2.6. 

3.2.10 Solution Procedure of Weller 

It will be shown in Section 3.3 that the pressure-velocity handling as outlined in Sec- 

tion 3.2.4 is not sufficient when the flow exhibits regions where the phase fractions 

changes abruptly and the densities of the two-fluids are very different, for example, a 
bubbly flow where complete phase separation occurs. The problem is not specific to the 

two-fluid methodology and has also been recognised by Brennan [39] who computed a 
flow in a settling tank using a simplified two-fluid model. 

The problem stems from the choice of the collocated variable arrangement and 

does not occur if a staggered variable arrangement were used. For this reason, the 

staggered arrangement has been utilised in most solution procedures for the two-fluid 

methodology [357,376,152,231], partly because of the its stability properties and 

partly because of the fact that most of the geometries under consideration have been 

fairly simple. The collocated variable arrangement is currently used by the groups at 

Imperial College [147,294] and Los Alamos [196] as well as some commercial CFD 

codes. It has been noted, however, that special care has to be exercised to ensure 

adequate pressure-velocity coupling, especially when the flow exhibits rapid changes in 

the phase fraction [196,295]. 

To overcome the problem Weller [423] revised the previously described solution 

procedure so that it mimics the operation of a solution procedure devised for a stag- 

gered variable arrangement, but keeping the collocated variables. The structure of this 

new procedure is very similar to the previous one, in the sense that it consists of a 

momentum predictor and a correction loop in which the pressure equation is solved 

and the momentum corrected based on the pressure change. The key novelty is that 

the velocities are obtained from the corrected flux fields using a reconstruction proce- 

dure. This reflects the view that the flux should be the primary variable representing 
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the velocity, since it is located in such a way that pressure-velocity decoupling cannot 
occur. The cell-centred velocity is merely regarded as a secondary variable, which is 

used in the construction of the momentum equation. 
This alternative solution procedure will now be outlined, following the same pat- 

tern as the derivation of the previous solution procedure. The discretised momentum 
equations are identical to those used in the previous solution procedure, with the ex- 
ception that the buoyancy term and explicit part of the drag term are treated at the 

cell-faces. For the derivation of the momentum correction and pressure equation, a 

semi-discretised form of the momentum equations is used: 

( \H 
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where A, and A, denote the systems of linear algebraic equations arising from the 

discretisation of the phase momentum equations without the turbulent drag term, the 

pressure gradient term, the buoyancy term and the explicit part of the drag term. They 

are given by: 

abAd 

Po 
[ 

ýG} (3.74) 

where ?W denotes the discretised terms due to convective transport and diffusion, i. e. 

the l. h. s. of the phase momentum equations and is defined in equation (3.32). 
,M 

and , 
M. 

Q stand for the discretised terms arising from the contribution of the virtual 

mass and lift forces to the inter-phase momentum transfer, respectively. 

Rearranging equations (3.72) and (3.73) yields the phase momentum correction 

equations, which are not used in this solution procedure, but are needed in the deriva- 

tion of the flux predictor and corrector as well as the pressure equation: 
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The flux predictor and corrector are then derived by interpolating the momentum 

correction equations using central differencing: 

oýO = 0, -( AP ("4W) D 

), 1 
Isiof p (3.77) 
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1. Calculate coefficients Ad, Al and A, 
-,,,,, defined in equation (3.13). 

2. Construct A, equation (3.74). 

3. PISO-Loop: 

(a) Predict fluxes using equations (3.78) and (3.79). 
(b) Construct and solve the pressure equation (3.43). 
(c) Correct fluxes, equation (3.77). 

(d) Reconstruct velocities. 

4. Correct the substantive derivatives using equations (3.50) and (3.51). 

5. Solve k- Eequations equations (3.66) and (3.67). 

6. Solve the aQ-equation (3.58). 

Table 3.5: Two-phase numerical solution procedure of Weller [423]. 

where the flux predictions c, *, are expressed by: 
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The sequence of solution for this procedure is summarised in Table 3.5. The solu- 

tion sequence is almost identical to that of the previous solution procedure summarised 

in Table 3.4. The alternative procedure requires modification to steps 2,3a, 3c and 

3d. In steps 3a and 3c the new flux predictor, equations (3.78) and (3.79), as well as 

the new flux corrector, equation (3.77), are used. In step 3d, the velocity corrector is 

replaced by a procedure, which reconstructs the cell-centred phase velocities from the 

phase fluxes. This reconstruction procedure is outlined in more detail in [255]. 

Finally, it has been found that the solution of the momentum predictor in step 2 

may destabilise the solution procedure for challenging test cases and, hence, the dis- 

cretised momentum equations are only constructed, but not solved. This imposes a 

restriction on the time step in transient calculations. However, this has not been found 
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to be a serious limitation so far. However, it should also be noted that not solving the 

momentum predictor may slow down convergence of steady-state calculations. 

3.3 Basic Tests of the Solution Procedure 

In this Section, the stability and speed of the solution procedure outlined in the previous 
Section are assessed. The test cases chosen for this purpose are: a sudden enlargement 
in a circular pipe, phase separation in a tank and a bubble plume. 

3.3.1 Test Case: Sudden Enlargement in a Circular Pipe 

The case studied here is that of a turbulent bubbly air/water upward flow through 

a pipe with a sudden enlargement, for which experiments have been carried out by 

Bel F'dhila [25]. Several authors used his results to validate their solution procedures 

and models [228,393,418,416,295,25,27]. The following Section investigates conver- 

gence problems associated with the turbulent drag term and demonstrates the benefits 

of the modified phase fraction equation with implicit diffusion treatment (option 5) 

introduced in Section 3.2.6. 

Setup 

The geometry is depicted in Figure 3.2. The diameters of the two pipe section are 

50 mm and 100 mm, respectively. In the experiments, the profiles of mean and r. m. s. 

velocities (axial and radial components) and of the phase fraction are measured at six 

cross-sections (x = -20,70,130,180,250 and 320 mm). 

Several sets of measurements for different liquid and gas flow rates have been 

conducted by Bel F'dhila [25]. Here, we chose to compare with the data for case 1.2, 

for which the maximum local phase fraction is measured to 25%. At the inlet, the mean 

liquid and relative velocity between the liquid and the gas phase are 1.57 and 0.3 m/s, 

respectively. The Reynolds number based on the smaller pipe diameter and the mean 

liquid velocity is Re = 78500. The bubble diameter is estimated at da =2 mm. 

This problem is essentially two-dimensional and the calculations are therefore 

performed on a two-dimensional axi-symmetric geometry. In the radial direction, the 
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Figure 3.2: Sketch of the setup for the sudden enlargement test case. 
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large pipe radius is represented by 20 and 40 cells for the coarse and fine mesh, re- 

spectively. In axial direction, the space domain extends from x= -20 to 700 mm in 

order to ensure negligible influence of the outlet boundary on the region of interest. 

Furthermore, the mesh is graded in order to provide a higher mesh density towards the 

sudden enlargement. Altogether, the computational meshes comprised approximately 

1900 and 6200 cells for the coarse and fine version, respectively. The lower section of 

the fine mesh up to xr 225 mm is plotted in Figure 3.3a. 

The inlet conditions for the gas phase fraction and the liquid velocity are taken 

directly from the measurements at x= -20 mm. The turbulence kinetic energy of 

the liquid phase is calculated from the axial velocity fluctuations assuming isotropy. 

Measurements of the gas phase velocity and dissipation rate of kinetic energy of the 

liquid phase are not available. Therefore, the gas phase velocity is calculated by assum- 

ing that drag and buoyancy are in balance, whereas the dissipation rate of the kinetic 

energy is inferred from a mixing length hypothesis. 

The numerical solution procedure as well as the models are described in the pre- 
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ab Ua Ub pke 
O 0.7 0.7 0.3 0.9 0.9 
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Table 3.6: Under-relaxation factors A used for the sudden enlargement test case. O denotes 
values that are varied in the calculations. 

vious Sections. The models utilised in the calculations are therefore only stated briefly. 

The calculations are obtained using standard inter-phase transfer modelling (3.10), in- 

cluding drag, virtual mass and turbulent drag, but neglecting lift. The detrimental 

effect of the lift term has been noted by many authors and will be discussed in detail 

in Chapter 7. Drag is modelled using the simple drag model by Schiller and Naumann 

[340] given in equation (3.9). The turbulence model by Gosman et al. [121] is used, as 

outlined in Section 3.1.3. 

Two options for the solution of the phase continuity equations are investigated. 

These are options 4 and 5 of Section 3.2.6. The flow is nominally steady and the 

steady-state solution is obtained by using SIMPLE as well as by pseudo-transient time 

marching. Both solution procedures are outlined in Section 3.2.9. The under-relaxation 

factors are given in Table 3.6. The value of the under-relaxation factor for the phase 

fraction is varied in this study and its value will be given along with the results. All 

the results are obtained using the standard pressure-velocity solution procedure and 

upwind differencing on all convection terms. 

Results 

Figure 3.3b shows the vector field of the mean liquid velocity Ub. As expected, there 

is a large recirculation zone behind the enlargement, similar to the behaviour in a 

single-phase flow. In Figure 3.3c, the distribution of the gas phase fraction is pictured. 

It is highest close to the wall of the small pipe section and diffuses slowly further 

downstream. As outlined in Section 1.5.5, the accumulation of bubbles at the wall is 

characteristic for certain vertical pipe flows and is often referred to as a "wall peak" 

distribution. Its prediction remains a difficult task because of the coupled effects of 

shear, wake phenomena and deformation on the lift force as well as the turbulence 

of the liquid phase. However, in the calculations presented here, the phase fraction 

profile at the inlet has been prescribed according to the measurements and no attempt 
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Figure 3.3: Results for the sudden enlargement test case: a) lower section of the computa- 
tional mesh; b) mean liquid velocity Ub; c) gas phase fraction aa; d) turbulent viscosity 
vt. 

is made to predict the "wall peak". In the region just behind the enlargement the gas 

phase fraction is very small, since the recirculation is not strong enough to drag bubbles 

back towards the enlargement and in this way to support an accumulation of bubbles 

in this region. This shows the effectiveness of using the phase-intensive momentum 

equations instead of standard ones for cases where one of the phases is not present 

locally. The turbulent viscosity vt is shown in Figure 3.3d. It is noticeable that most 

of the turbulent diffusion is produced far away from the enlargement. This is due to 

bubble-induced turbulence, which is represented by the additional two-phase source 

terms in the k- E-model, i. e. (3.16) and (3.17). 

The residuals for the gas phase fraction are shown in Figure 3.4. For pseudo- 

transient time marching, convergence is very smooth and residuals of the order of 10-7 
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Figure 3.4: Residuals in the dispersed phase continuity equation for the coarse mesh. Resid- 
uals for the phase continuity and the pressure equation are denoted by solid and broken lines, 
respectively. 

are obtained after approximately 3000 times steps. The large number of iterations 

can be explained by the fact that the solution is advanced with a small time step of 

At =1x 10-4 s; resulting in a maximum Courant number of Co = 0.86. However, it has 

been found that the time step cannot be increased without compromising the stability 

of the solution process. This imposes a serious limitation on the rate of convergence. 

Nevertheless, this is an improvement over the previous solution procedure used by Hill 

[147] where convergence could not be obtained to this level, as shown by Oliveira [295]. 

The problem has been analysed further using the SIMPLE algorithm, since it 

allows us to adjust the rate of convergence for each transport equation individually 

through the under-relaxation parameters. Interestingly, it was found that a converged 

result cannot be obtained even if the under-relaxation factors are reduced to very small 

values and that the problem does not occur when the turbulent drag term is excluded 

from the calculations. This suggests that the treatment of this term is not adequate. 

Evidence of the problem is pictured in Figure 3.5 where the cell values of the 

dispersed phase fraction are shown for the last few rows of cells close to the outlet. 

The distribution of phase fraction field is checker-boarded and the oscillations increase 

with the increasing under-relaxation factors. It could be argued that this problem 

is related to the implementation of the outlet boundary condition. However, various 
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Figure 3.5: Cell values of the dispersed phase fraction at the outlet of the sudden enlargement 
for dispersed phase fraction under-relaxation factors of a) A=0.05 and b) A=0.25. 

alternative implementations have been tried out with no success. Therefore, a more 

physical approach was sought and it was found that treating the turbulent drag term 

implicitly cures the problem effectively. This has been described in detail as option 5 in 

Section 3.2.6. Using option 5 for the solution of the phase continuity equation removes 

the limitations on the under-relaxation factor for the dispersed phase fraction and it 

can now be advanced using under-relaxation factors similar to those used for ordinary 

scalars. The enormous benefits in terms of solution efficiency are shown in Figure 3.4 

for the coarse mesh and in Figure 3.6 for the fine mesh. Numerical instabilities in the 

residual of the pressure equation are noticeable for the fine mesh results using pseudo- 

transient time marching. These have to be attributed to the inadequate discretisation 

of the turbulent drag term, but disappear if option 5 is used to solve for the phase 

fraction equation. 

3.3.2 Test Case: Phase Separation in a Tank 

Complete phase separation, where the phase fraction approaches 0 or 1, has proven to 

be a very challenging test case for the stability of the numerical scheme. The setup 

of the test case is very simple and consists of a tank, which is initially filled with a 

mixture of air and water left for gravitational separation. Here, we simulate a square 



3.3 BASIC TESTS OF THE SOLUTION PROCEDURE 

100 

10-i 

10-2 

- 
1Q-3 

cz 
70 

10 
Q) 

105 

10-6 

10-' 

10-8L 0 

Iteration 

127 

Figure 3.6: Residual in the dispersed phase continuity equation for the fine mesh. Residuals 
for the phase continuity and the pressure equation are denoted by solid and broken lines, 
respectively. 

cross-section of 1mx1m, which is discretised using 20 cells in each direction. The 

difficulties in this test case are twofold: 

1. The two phase momentum equation becomes singular in the limit of the phase 
fractions approaching the extrema. This leads to numerical oscillations and the 

stability of the solution procedure is easily destroyed. This problem is over- 

come by utilising the phase-intensive momentum equations, as described in Sec- 

tion 3.2.1. 

2. The pressure-velocity coupling becomes increasingly troublesome when the densi- 

ties are very different. This stems from the fact that the pressure gradient changes 

rapidly across the free-surface. In fact, the ratio of the pressure gradients in the 

pure fluids is of the order of the density ratio. Therefore, any inconsistencies in 

the pressure-velocity coupling quickly result in erroneous results. The solution 

procedure of Weller [423] outlined in Section 3.2 solves this problem and in this 

Section its performance is compared against the standard solution procedure. 

The calculations start from the bubbly mixture, but eventually regions of pure 

phases are generated as expected. Hence, appropriate modelling has to be used. The 

inter-phase momentum transfer is modelled using equation (3.11). This model neglects 

500 1000 1500 2000 2500 3000 
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the turbulent drag force to avoid numerical difficulties in the proximity of the free- 

surface. Drag is modelled using the simple drag model by Schiller and Naumann [340] 

given by equation (3.9). Furthermore, the basic k- e-model given by equations (3.24) 

and (3.25) is utilised. All calculations are obtained running in the transient mode. 
Gamma differencing [186,185] with r=0.5 is used on all convection terms. 

The phase fraction is solved for using option 4 in conjunction with option 2, 

as described in Section 3.2.6, in order to ensure boundedness of the solution in this 

extreme case. 

Results 

The time evolutions of the liquid and gas velocity fields (vectors) as well as phase 
fraction distribution (iso-lines) are shown in Figure 3.7 for a density ratio of 20 using the 

Weller [423] solution procedure. The time step used in the calculations is At = 0.02 s 

and the time difference between each picture is 2 s. During the process, the "gas" 

bubbles rise and a sharp front between the pure gas and the mixture is formed at the 

top of the tank. A second front is evident between the mixture and the pure liquid. 

Eventually, the gas separates completely from the liquid and the free surfaces between 

the gas and the liquid is resolved over less than two cells. No numerical difficulties are 

evident in the velocity field. It is interesting to note that the liquid velocity in the pure 

gas phase does not vanish, but instead approaches the terminal velocity of droplets. A 

similar effect can be noticed for the gas velocity in the pure liquid, which is equal to 

the terminal velocity of bubbles. Of course, these velocities are fictitious because the 

phase fraction vanishes. 

Figure 3.8 shows results for the standard solution procedure at t=4s. The gas 

and liquid velocities are staggered, i. e. they point in different directions from one row of 

cells to another. Furthermore, their magnitude increases rapidly with the height of the 

column. Interestingly, examination of the gas phase fluxes (not shown) revealed that 

they are zero within the solution tolerance in the upper part of the column. The pres- 

sure field (not shown), however, oscillates widely around the analytical (hydrostatic) 

solution. Note that the time step had to be reduced by a factor of 20 to At = 0.001 s in 

order to stabilise the solution procedure and to cope with the unphysical oscillations. 
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Figure 3.8: Time sequence of the phase fraction (iso-lines) and the velocity fields (vectors) 
for the phase separation test case using the standard solution procedure. pb/pa = 20. 

The strength of the Weller [423] solution procedure is further demonstrated in 

the Figure 3.9 where the density ratio is increased to a more practical value of 1000. 

No oscillation in the velocity fields are noticeable and this technique has therefore been 

adopted for cases where free surfaces are present. 

3.3.3 Test Case: Bubble Plume 

The third test case is that of a bubble plume produced by injecting air through a sparger 

at the base of a rectangular vessel. Usually, in multi-phase flow calculations attempts 

are made to create some kind of "top-surface" boundary condition, which does not 

allow the liquid to leave the domain but allows the gas to escape. If one considers a 

typical startup condition where the column is initially only filled with liquid, it is not 

clear how the liquid displaced by the in-flowing gas is dealt with and one has to assume 

that some sort of continuity error is compensating for the effect. 

However, with the capabilities of the Weller [423] solution procedure, this case can 
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for the phase separation test case using the Weller [423] solution procedure. pb/pa = 1000. 
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Figure 3.10: Sketch of the setup for the bubble plume test case. 
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be calculated by including the region above the liquid in the domain, with the position 

of the free-surface being determined as part of the calculation wherever necessary. A 

simple outlet boundary is imposed at the top of the domain to allow the gas to escape. 

Setup 

The domain chosen corresponds to the column investigated by Gomes et al. [118] and 

Pfleger et al. [306]. The apparatus is a flat laboratory-scale bubble column with the 

main dimension 20 x 100 x5 cm (W xHx D). Initially the column is filled with tap 

water and the static water level is 45 cm. Compressed air is injected through a plate, 

which has 8 holes with a diameter of 0.4 mm in a rectangular configuration. The air 

flow rate is varied between 20 and 180 1/h, but in this study, calculations were only 

performed for 20,48 and 90 1/h. The mean phase fraction in the column is of the order 

of 1%, but local values exceed 5%. The bubble size is approximately 2 mm. 

Measurements of the liquid velocities were taken by means of Laser Doppler 

Anemometry (LDA) at various locations inside the column. Three points (A, B and 

C) have been selected for comparison. All three points are located 25 cm above the 
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base and in the middle of the back and front wall. The locations only vary in their 

position from the vertical centreline: x= -4,0 and 9.8 cm for locations A, B and C, 

respectively. 

The domain is decomposed into 25 x 60 x7 control volumes, giving a total of 
104 cells. The air is injected into five cells in the centre of the the base. Here, a phase 
fraction of 10% is assumed and the inlet velocity is then chosen to match the given 

volume flux. 

As mentioned before, the calculations are performed for the bubbly mixture as 

well as the region above the free-surface. Therefore, modelling has to be used, which 

can handle situations where complete separation of the phases occurs. In fact, the 

modelling and numerical solution procedure is identical to the one for the previous test 

case. The time step is set to At = 0.01 s; resulting in a maximum Courant number 

between Co = 0.18 and 0.33 depending on the gas flow rate. 

The phase fraction is solved for using option 4 in conjunction with option 2, 

as described in Section 3.2.6, in order to ensure boundedness of the solution in this 

extreme case. 

Results 

The motion of the bubble plume is transient and typical results for the phase fraction 

(iso-lines) as well as the gas and liquid velocities (vectors) are shown in Figures 3.11 

and 3.12 for an air flow rate of 48 1/h. A periodic meandering motion of the plume 

is clearly visible. A large vortex spanning about half of the height of the column is 

induced by the rising bubbles on one side of the plume. On the opposite, outwards 

bent side of the plume two small vortices, one close to the free-surface and one close 

to the base, are generated. An animation of the time sequence has been produced and 

is available on the CD-ROM accompanying this thesis. 

The time averaged results for the phase fraction, liquid and gas velocity are shown 

in Figure 3.13. On average, the gas rises in the centre of the column, dragging the liquid 

along and generating a large scale recirculating motion of the liquid, which is clearly 

evident from the plot. 

The liquid velocity in the vertical direction at locations A, B and C is plotted 
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Figure 3.11: Time sequence of the phase fraction (iso-lines) and the gas velocity field (vectors) 
for the bubble plume test case. Narrow pictures show a side view onto the x=0 cm plane. 
The air flow rate is 48 1/h and the time difference between each picture is At =2s. 

in Figure 3.14. The periodic signals induced by the plume are clearly noticeable. The 

mean velocity is highest at location B, the centre of the plume, and lowest at location C, 

close to the side wall. This is expected and explained by the recirculating motion of the 

liquid. Furthermore, the period and amplitude of the fluctuating motion is influenced 

by the air volume flux. This will be investigated next by spectrum analysis. 

Figure 3.15 pictures the Fourier transforms of the velocity signals in vertical 

direction presented earlier in Figure 3.14. The different curves represent different air 
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Figure 3.12: Time sequence of the phase fraction (iso-lines) and the liquid velocity field 
(vectors) for the bubble plume test case. Narrow pictures show a side view onto the x=0 cm 
plane. The air flow rate is 48 1/h and the time difference between each picture is At =2s. 

flow rates and locations within the column. With the increasing air flow rate, the 

period of the dominant frequencies is reduced, Le. the plume plume oscillates more 

violently. The periods at location B on the centreline (solid lines) are approximately 

half of those at location A on the l. h. s. of the column (broken lines). This is explained 

by the fact that location B is affected equally well by the vortices travelling down on 

either side of the column increasing the liquid velocity on the centreline, as indicated 

by the ellipses in Figure 3.12, and causing the halving of the period of the dominant 



3.3 BASIC TESTS OF THE SOLUTION PROCEDURE 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

. 

..... 

..... 

..... 

..... 

..... 

..... 

..... 

........ 

........ 

........ 

........ 

........ 

........ 

........ 

...... 

..... 

..... 

..... 

..... 

..... 

..... 

..... 

..... 

1St,, 

. 

. 

. 

. 

. 

. 

. 

. 

, 

. 

. 

. 

. 

. 

. 

. 

. 

, 

. 

. 

. 

. 

. 

. 

. 

. 

, 

. 

. 

. 

. 

. 

. 

. 

. 

t 

I f 

t I 
rr 

j 
ý 

t t t t I 
, 
, ' t f t 

t t t tI I 
tI 

t t t t 

t t t tý + t t t t 
t t t t t t t t 

t t t t? , t t t t 

t t t tý ? t t t t 

t t t t 

i'' "-' 
t t t t 

t t t t 
l1 

t t t t t 

t t t t" ? t t t t 
t t t tF 

1 
t t t t 

, 
t t t t+ e t t t t 

t t t t1 
T 

I t ? ? ? 

t t t tl I ý 
-4 

? t t t t t t t t? , ( t t t t t 

t t t tt 
e 

( 
', 

p t t t t 

t t t tI t t t t 

t t t tt I t t t t 

t t t tt t t t t 

t t t tt t t t t 

t t t t? ? t t t t 

t t t t t t t t t 

t t t tt It t t t t 

t t t tt ': Jt t t t t 

t t t tt I li I t t t t 

t t t t? ý I I L1t t t t t 
t t t t? , III ,I t t t t t 
t t t t , I I t t t t t 

t t t t J I B t t t t t 
t t t tt ; 1I I t t t t t 
t t t tI A J I, It t t t t 
t t t t R t t t t 

t t t t? t t t t t 
t t t t II t t t t t I 
t t t t 
t t t tr t t t t t 

t t t t t t t t tt 

t t t t , t t t t 
t t t t 1 t t t t 

t t t 
\1 t t t 

f t //// tttt t t t 

a) 

136 

1 
1 
1 
1 
! 
l 
l 
1 
t 
l 

1 
1 
1 
1 
! 
l 
l 
1 
l 
i 

1 
1 
1 
1 
l 
l 
l 
1 
l 
l 

1 
1 
1 
1 
l 
l 
l 
1 
l 
i 

1 
1 
1 
1 
l 
l 
l 
1 
l 
l 

1 
1 
1 
1 
l 
l 
l 
1 
l 
i 

1 
1 
1 
1 
i 
l 
l 
1 
l 
l 

1 
1 
i 
1 
l 
l 
l 
1 
i 
i 

111 
111 
lli 
111 
lll 
lll 
lll 
111 
lll 
ll1 

1 
1 
l 
1 
l 
l 
1 
1 
1 
1 

1 
1 
i 
1 
l 
l 
1 
1 
1 
1 

1111 
1111 
llil 
111i 
illl 
llll 
1111 
illl 
1111 
1111 

1 
1 
1 
l 
l 
l 
1 
l 
1 
1 

1 
1 
1 
l 
l 
l 
1 
t 
1 
1 

1 
1 
1 
l 
l 
i 
1 
l 
1 
1 

1 
1 
1 
l 
l 
l 
1 
l 
1 
1 

1 
1 
1 
l 
l 
l 
1 
i 
1 
1 

1 
1 
i 
t 
t 
l 
t 
l 
1 
1 

: 

. 

" tt f f º , 

" " "t t t º " * . . 6 

1 , , " . i'r 1 f I t 
, " " . . " 

" . " 

ý1 
1 f f . . . . " . 

. . . . t " I 
11 " " . " 

" . . . . 

r' 
t t t t 

. . 1 1 

4 a , , " tt t t ft 
" , 

. . . . t t t ,t . . I $ 6 

4 t t 
. . . . 

* t . , 7 f t . " " . " " 

" " " , . t t t . , . 

" " $ . t. f f f t 
" " , , , " 

t " " , . t f f " , . $ , " 

" " . $ 
`f f f 

I 
. , , " " " 

. , . 

*t 
t f t , , . " " " 

" " , ff f f 1 , " " t 

" 1 " . tf t t t . , . " " a 

" " " º I f f f " . . " " " 

" " " , ff f f f . , 8 " " " 

. º . . ff f f t " , . " " a 

" " tf f f f . " " + 

" " . 
ff t f t " , , 4 " " 

" 1f f f t 

1 1ý f `t 

r' f " r 

b) 

Figure 3.13: Time averaged phase fraction (iso-lines) and the velocity fields (vectors) for the 

bubble plume test case. The air flow rate is 48 1/h: a) gas velocity; b) liquid velocity. 
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Figure 3.14: Liquid velocity in the vertical direction at three locations (location A: black; B: 

red and C: green). The air flow rate is: a) 20 1/h; b) 48 1/h; c) 90 1/h. 

frequency. 

The periods determined from the liquid velocity in the horizontal and vertical 

direction at locations A and B are plotted as a function of the gas flow rate in Fig- 

ure 3.16. The periods are reduced by the increasing air flow rate, as shown earlier in 

Figure 3.14, and are in good agreement with the experimental data, which are denoted 

by the circles. 

It has been noted earlier that the periods of the vertical motion of the liquid 

at location B are half of those at location A. This is also evident from Figure 3.16. 

time [s] 

time [s] 



3.3 BASIC TESTS OF THE SOLUTION PROCEDURE 

0.15 

0.1 
E 

ii I- 20I/h 
'' - 48I/h 

- 90 I/h 

II 
II 

II, /f 
II/ 

ß 

E 
< 0.05 

06 
0 1u 1b 20 25 30 

Period [s] 

138 

Figure 3.15: Fourier transform of the liquid velocity in the vertical direction at two locations 
(location A: broken lines; and B: solid lines) and different air flow rates. 
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Figure 3.16: Variation of period of the vertical liquid velocity with the air flow rate at 
locations A and B. The circles denote the experimental data. 

However, a similar reduction is not noticeable for the periods of the liquid's motion 

in the horizontal direction. This can be explained by the fact that the vortices on 

each side of the bubble plume act in concert to generate the liquid flow in horizontal 

- Location B, horiz. dir. 
- Location B, vert. dir. 
- Location A, horiz. dir. 
- Location A, vert. dir. 

direction. 
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This Chapter described the basic two-fluid methodology used later in this study. First, 

the governing equations of the two-fluid model were stated and turbulence and basic 

inter-phase momentum transfer modelling were introduced. Then, the numerical so- 

lution procedure was discussed. The discretised equations were presented along with 

the overall solution procedure. Here, several options for the numerical treatment of 

the drag term, phase continuity equation as well as the pressure-velocity coupling were 

summarised. 

Finally, solutions for three challenging test cases were obtained to assess the 

stability and speed of the solution procedure. Some preliminary comparison with ex- 

perimental data was also conducted. The numerical results are in good agreement with 

the experiments. However, further modelling efforts are needed, in particular, regard- 

ing the inter-phase momentum transfer term and the influence of the phase fraction on 

it. Those will be dealt with in later Chapters. 



Chapter 4 

Interface-Capturing Methodology 

This Chapter presents the interface-capturing methodology utilised later to perform 

direct numerical simulations to examine the influence of shear on the motion of air 

bubbles in water. First, the governing equations are stated. The space domain is 

translated along with the rising bubble in order to minimise the computational effort 

and an additional acceleration term has to be included into the momentum equation 

in order to account for this motion. Then, the discretised equations are presented and 

the numerical solution procedure is discussed. This Section is complemented with an 

outline of the numerical treatment of the boundary conditions as well as two adjustment 

procedures: the first procedure updates the velocity of the moving frame of reference; 

and the second adjusts the time step of the simulation. The discussion of the numerical 

solution procedure concludes with a summary of the overall solution procedure. Finally, 

the complete methodology is validated for two test cases where experimental data are 

available. The first case is that of single air bubbles of different sizes in quiescent water 

and the second one deals with single air bubbles in glycerol-water solutions under the 

influence of shear. 

4.1 Governing Equations 

In this Section, a mathematical representation of the simultaneous flow of two immis- 

cible, incompressible fluids, each having a constant viscosity, is presented. This math- 

ematical representation includes surface tension, but neglects heat and mass transfer. 
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It is based on writing one set of conservation equations for the whole flow field 

where the material properties and the flow field are, in general, discontinuous across 
the boundary (or interface) between the fluids. An alternative, however equivalent, 

representation can be found in most standard textbooks. It is obtained by writing 
down the conservation equations separately for each fluid and matching them at the 

interface. 

In this single-field representation, the fluids are identified by a step (Heaviside) 

function H, which is 1 in one particular fluid and 0 elsewhere. Hence, the density as 

well as any other material property, can be written in terms of their constant values 

on either side of the interface and the Heaviside function: 

p (x, t) = PaH (x, t) + Pb (1 -H (x, t)) (4.1) 

where t is the time, x is the position vector and p,, stands for the density in phase co- 

The interface itself is marked by a non-zero value of the gradient of the step func- 

tion. The representation of inter-facial phenomena such as surface tension is achieved 

by adding the appropriate interface terms to the governing equations. Since these 

terms are concentrated at the interface, they are represented by three-dimensional 

5-functions. The three-dimensional 5-function is constructed by repeated multipli- 

cation of one-dimensional Dirac 6-functions: 

6(x) = 6(x)6(y)6(z) (4.2) 

4.1.1 Momentum and Continuity Equations 

The fluid motion is assumed to be governed by the Navier-Stokes equations for an in- 

compressible fluid. Nethertheless, in a single-field formulation, the conservation equa- 

tions have to account for both the differences of the material properties as well as 

the surface tension force acting at the interface. The mass continuity and momentum 

equations read [394,395] : 

V. V=0 (4.3) 

aPV 
+ V. (PVV) = -VP +V .r+ pf +u n'6(x - x')dS (4.4) 

at s(t) 
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where t is the time, V is the velocity field, -r is the stress tensor and f stands for the 

acceleration due to body forces. In this study, the only body force acting on the system 
is gravity, i. e. f=g. 

The last term in equation (4.4) represents the source of momentum due to surface 
tension. It only acts at the interface as indicated by the integral of a three-dimensional 
6-function over a the entire surface of the interface S(t), i. e. fs(t) 8(x - x')dS. Of 

course, this integration is neither practical nor necessary for every point in the flow 

and we shall rewrite this term in Section 4.2.2 before numerical implementation. The 

other variables in this term denote the surface tension coefficient a as well as the 

curvature ic and the normal vector n of the interface. Primed variables denote values 

at the interface. 

It should be noted that equations (4.3) and (4.4) are valid for the whole flow 

field including the interface. As outlined earlier, an alternative, however equivalent, 

representation can be found by writing down the conservation equation separately 

for each fluid and matching them at the interface. The boundary conditions can be 

obtained by integrating the equations over a small volume enclosing the interface. 

Integrating the momentum equation (4.4) in normal direction to the interface yields the 

usual statement that the normal stresses are balanced by surface tension. Integrating 

the tangential component shows continuity of the tangential stresses across the interface 

and integrating the mass continuity equation (4.3) shows that the normal velocities are 

also continuous. 

The Navier-Stokes equations have to be supplemented by an equation, which 

relates the deformations and the stresses within the fluids. The fluids investigated in 

this study obey the Newtonian law of viscosity. Hence, the stress tensor is given by: 

T=µ 
(vV + VVT) (4.5) 

where µ is the kinematic viscosity. 

4.1.2 Indicator Function 

As outlined in Section 1.5.1, the interface-capturing methodology employs the volume 

fraction as an indicator function to mark the different fluids. The interface is not 
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defined as a sharp boundary and a transition region exist where the fluid is treated as 

some mixture of the two fluids on each side of the interface. In reality, this transition 

region is a discontinuous step. The indicator function is defined as: 

1 for a point inside fluid a 

'Y = 0<-Y< 1 for a point in the transitional region (4.6) 

0 for a point inside fluid b 

where 'y is the indicator function. It is associated with each fluid and is hence prop- 

agated with them as a Lagrangian invariant [155]. Therefore, it obeys a transport 

equation of the form: 

a (4.7) 

Using the indicator function, the local density p and the local viscosity µ of the 

fluid are given by: 

P='YPa+(l-1')Pb 

/I _ 'Yµd + (1 - 'Y)µ6 

where the subscripts a and b denote the different fluids. 

4.1.3 Non-Inertial Frame of Reference 

(4.8) 

(4.9) 

In this study, the space domain is moved along with the rising bubble and its velocity is 

adjusted so that the bubble is kept centred within the domain. In this way, the domain 

size can be minimised and local refinement can be applied to increase mesh resolution in 

the vicinity of the bubble. However, the frame of reference of the space domain is now 

non-inertial and its acceleration has to be accounted for in the momentum equation. In 

the case of steady rotating motion, this results in the familiar Coriolis and centrifugal 

terms (see Batchelor [19, p. 139]). 

Figure 4.1 depicts the situation for a bubble rising in a quiescent liquid. The 

bubble rises with respect to the inertial frame of reference (x - y), but remains centred 

within the space domain with its non-inertial frame of reference (x - y). The velocities 

on the boundary of the space domain UB are equal to the negative velocity of the 
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Figure 4.1: Sketch of the space domain and its non-inertial frame of reference (: i - y) relative 
to the inertial frame (x - y). 

moving reference frame. The velocity and acceleration of the moving reference frame 

relative to the inertial reference frame are given by: 

VF = 
dXF 

(4.10) 
dt 

aF_ 
dVF 

(4.11) 
dt 

where XF, VF and aF denote the position, velocity and acceleration of the moving 

reference frame, respectively. The velocity of the moving reference frame is adjusted 

in at the beginning of each time step. Its position and acceleration are then evaluated 

numerically. This adjustment procedure will be outlined in Section 4.2.6. 

We noted before, that the acceleration of the moving reference frame has to be 

accounted for in the momentum equation (4.4). In our case, the moving reference frame 

is translated with a variable velocity, but not rotated. Hence, only a linear acceleration 

term aF has to be added on the l. h. s. [19, p. 139]: 

apt 
+ PaF + V* (PUU) 

at 
(4.12) 

Note that the momentum equation is now expressed in terms of the velocity 

relative to the moving reference frame U and that the same transformation has to be 

applied to the transport equation for the indicator function, equation (4.7). 
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This completes the mathematical description of the system. The solution proce- 
dure is described next. 

4.2 Solution Procedure 

The numerical solution procedure for the interface-capturing methodology is presented 
in this Section. It has been developed by Weller [424] and it is similar to that proposed 
by Ubbink [403,404]. Its main ingredients are outlined next: first, a bounded com- 

pression technique for the indicator function -y is described in Section 4.2.1. Then, the 

calculation of the surface tension term from a smoothed indicator function is outlined in 

Section 4.2.2. Next, the solution procedure of Weller [423] presented in Section 3.2.10 

is adapted to handle the pressure-velocity coupling. This requires the construction of 

the discretised momentum equation and a correction loop in which the pressure equa- 

tion is solved and the momentum corrected based on the pressure change. This part of 

the procedure is given in Section 4.2.4. Finally, the boundary conditions as well as the 

adjustment procedures for the frame velocity and time step are given in Sections 4.2.5, 

4.2.6 and 4.2.7, respectively. After detailed description of the ingredients, the overall 

solution procedure is summarised in Section 4.2.8. 

4.2.1 Indicator Equation with Bounded Compression 

The choice of the phase fraction as an indicator function is a popular one, but it is 

prone to problems associated with the convection of a step function. Many researchers 

have proposed techniques for this purpose and some alternatives are reviewed in [403, 

404,320]. In the Weller scheme [424], the necessary compression of the interface is 

not achieved by using a compressive differencing scheme, but rather by introducing an 

extra, artificial compression term (the third term on the 1. h. s. of equation (4.13) below) 

into the indicator function equation: 

'7 +V" (U-Y) +'7- (U, -Y (1 - 'Y)) =0 (4.13) 
at 

Here, Ur is a velocity field suitable to compress the interface. The artificial 

term is only active in the thin interface region because of the multiplication term 
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'y (1 - ry). Therefore, it does not affect the the solution significantly outside this region. 
The advantage of equation (4.13) is that its solution for -y can be bounded between 

zero and one using the discretisation practises discussed in Section 3.2.6. Note that 
Equation (4.13) is identical to equation (3.58). Following the practices outlined in 

option 4 of Section 3.2.6, the discretised transport equation for the indicator function 

reads: 

_0 (4.14) a[-, J +A+ 
ýV. (b[1frb, 

S 
)ý 

a 
where 0 is the volumetric flux and 0Tb stands for Orb = (1 - "y)f(_'OT s) 

07.. The volumetric 
flux is defined as 0=S" Up It is a result of the pressure-velocity solution procedure 

outlined in Section 4.2.4 and is not evaluated by taking the dot product of the face 

area vector and the face interpolate of the velocity as this would not obey continuity. 

There are many possible formulations for the compression velocity UT. In this 

study, we use one that is based on the maximum velocity magnitude in the transition 

region. The compression should act prependicular to the interface. This is achieved by 

multiplying the maximum velocity magnitude by the normal vector of the interface: 

Kn* max 
n* 
ßs12 

(4.15) 

where KK is an adjustable coefficient which determines the magnitude of the compres- 

sion. Preliminary studies have shown that KK = 1.5 gives good results. The unit 

normal vector n* of the interface is evaluated from the smoothed indicator function. 

This is explained in the next Section. 

One of the desirable properties of the indicator function 'y is that of a sharp 

interface, with the transition region being as thin as possible. However, this require- 

ment renders the accurate determination of its gradient impossible. This gradient is 

needed to calculate the unit normal vector of the interface, which is then used in the 

calculation of the curvature of the interface. In order to alleviate this problem, many 

authors followed Brackbill et al. [37] and convolve -y with a smooth kernel to construct 

a smoothed function 'y* from which to obtain the gradients and curvature more accu- 

rately. The accuracy and convergence properties of some of these kernels have been 

discussed by Williams et al. [431]. In this study, the smoothed indicator function is 
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obtained by elliptic relaxation: 

v "(\Idl/z (4.16) 

where d denotes the vector between the centre of the cell of interest P and the centre 

of a neighbouring cell N, as shown in Figure 2.2. w., is an adjustable coefficient 

related to the width of the transition region of the smoothed indicator function -y*. 

Preliminary studies have shown that w. y = 0.5 gives good results. After this smoothing 

operation, the interface unit normal vector is evaluated at the cell faces from the 

smoothed indicator function. It is given by: 

n* = 
(o. r*) f (4.17) 

(V-y*)fI +6 
where n* is the interface unit normal vector and 5 is a small number in order to stabilise 

the calculation in regions outside the transition region where I V-y* I 0. Throughout 

this study, b= 10-5 is used. 

4.2.2 Calculation of Surface Tension 

The surface tension force acts on the interface between the two phases. However, in 

the interface-capturing methodology (and other volume methods) the interface is not 

tracked explicitly and, consequently, its exact shape and location are unknown. There- 

fore, the surface integral in equation (4.4), which represents the source of momentum 

due to surface tension, cannot be evaluated directly. Brackbill et al. [37] overcame this 

problem with their continuum surface force (CSF) model, which represents the surface 

tension effects as a continuous volumetric force acting within the transition region. It 

reads: 

a, 'n'6(x - x')dS : arV-y (4.18) 

s(t) 

where ' is the curvature of the interface, given by: 

ýc O" 
\ýý'Yý/ 

(4.19) 

It should be noted that the CSF model neglects the effects of a variable surface 

tension coefficient. In the solution procedure, the curvature is calculated from the 
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interface unit normal vector such that: 

K_ -V " n* (4.20) 

It should be noted that the total surface tension force over a closed surface equals 
to zero [395,394,311], i. e. 0= fs(t) arndS. This property is important and errors 

result in an unphysical net force. However, it cannot be ensured in this technique 

and evidence of this problem is given in Section 4.3.1. Unfortunately, the problem 

is fundamental because, as mentioned above, the surface is not defined as a sharp 
boundary in volume methods such as interface-capturing and surface integrals such as 

above can therefore neither be evaluated accurately nor strictly obeyed. In fact, the 

above also applies to the closedness constraint, i. e. 0= fs(t) ndS, which is not enforced 

in the current method. On the other hand, constraints based on the surface can be 

enforced in surface and moving mesh methods. However, as noted in Section 1.5.1, 

it is impossible to strictly conserve the volume of each fluid in surface methods. The 

strict, simultaneous assertion of both, conservation of volume and surface constraints, 

can only be achieved in some moving mesh methods. 

4.2.3 Final Form of the Momentum Equation 

Before discretisation, two terms of the momentum equation (4.4) are reformulated: 

firstly, the modified pressure is introduced into the equation; and secondly, the viscous 

stress term is expanded. The final form of these terms is presented in this Section. 

Furthermore, the modelling introduced in the previous Section is substituted into the 

momentum equation. 

The specification of the pressure boundary conditions is simplified if the modified 

pressure is used as a dependent variable. It is defined as: 

p*=p-pg"x (4.21) 

where p* stands for the modified pressure, which is obtained by removing the hydro- 

static pressure from the pressure. Hence, assuming a quiescent liquid, the modified 

pressure is zero far away from the bubble. This is advantageous for the specification of 

the pressure at the boundaries of the space domain. However, this change of working 
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variables has to be accounted for in the momentum equation. This is achieved by 

taking the gradient of equation (4.21) and substituting the result into the momentum 

equation. The gradient of equation (4.21) reads: 

Vp* = Vp -0 (Pg"X) 

= Vp - pg - g"xVp (4.22) 

In addition to the advantage of a simpler specification of the pressure boundary 

condition, this treatment enables efficient numerical treatment of the steep density 

jump at the interface by including the term g" xVp into the Rhie and Chow interpo- 

lation. This is explained in the next section. 

The viscous stress term is reformulated because its numerical evaluation is more 

efficient in this way. It reads: 

v" T= D. 
(tt (vu 

+ (VU)T/ 
J 

=D" (µýU) +OV. 
(µ (VU)T) 

=O" (µ, 7U) + (DU) " Oµ + µO (V " U) 

=DV. (µVU) + (VU) " Oµ (4.23) 

Finally, the final form of the momentum equation is assembled. Starting from 

equation (4.4) and utilising equations (4.12), (4.18), (4.22) and (4.23), the momentum 

equation expressed for the non-inertial frame of reference (see Section 4.1.3) used in 

this study reads: 

OPU 
+ PaF +V' (PUU) 

at (4.24) 

op* +o" (Aou) + (VU) " oµ -g" XoP + uro-y 
Note that the second term on the l. h. s. is due to the acceleration of the moving 

frame as discussed in Section 4.1.3. 

4.2.4 Pressure-Velocity Solution Procedure 

The solution of the pressure-velocity system is obtained by adapting the alternative 

pressure-velocity solution procedure of Weller [423] outlined in Section 3.2.10. Use of 

this technique is necessary because of the large density ratios encountered in gas-liquid 
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flows. The problem arises in conjunction with the collocated variable arrangement and 
has been discussed earlier in Sections 2.2 and 3.2.10. 

It should be noted at this point that the collocated variable arrangement has not 
been adopted by the interface tracking community [394,214,311] with the noteworthy 

exception of Ubbink [403]. There are two reasons for this: firstly, the requirements 

in terms of mesh complexity are usually very low as most calculations are performed 

on very simple geometries. Secondly, the preservation of sharp an interface between 

the fluids is a key goal of the numerical techniques, putting an extra burden onto the 

pressure-velocity coupling. 

The derivation of the pressure-velocity solution procedure follows the one in Sec- 

tion 3.2.10. Special attention needs to be given to the discretisation of the surface 

tension and buoyancy terms to avoid unphysical oscillations as well as spurious cur- 

rents. 

The momentum correction and pressure equation will be derived from a semi- 

discretised form of the momentum equation: 

ADU = AH - pp* -f" xVp + ciV-y (4.25) 

where the "H" operator OH and diagonal OD operator are defined in Section 2.7. A 

denotes the system of linear algebraic equations arising from the discretisation of the 

phase momentum equations without surface tension and buoyancy terms. It reads: 

._ 
ap[U] + paF +o" 

(pf[u]f(PfS)) 
= Qo " (µfo[Um + (VU) " oµf 

(4.26) 

The momentum correction equation is obtained by decomposing the semi- 

discretised momentum equation in equation (4.26) into diagonal and "H" parts and 

rearranging. This yields: 

AH Vp* f"xVp+UKV'y 
AD AD AD �4. D 

(4.27) 

The flux predictor and corrector are then derived by interpolating the momentum 

correction equation using central differencing: 

0= 0* -s v p(4.28) 
(D)f 
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where the flux prediction 0* is expressed by: 
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0*_ 
AH 

"S- 
1 

(f"X) ISIw1p+ 1 
aý S01 4.29 AD 

, 
QD ff,, QD 

()fIIf i' () 

fff 
The continuity equation is then recast into one for pressure. This is achieved 

by formulating the continuity equation (4.3) at the cell faces and substituting the flux 

corrector equation (4.28) into it. The final result reads: 

Qý(CAD), °[P*] )ý - 
(4.30) 

The solution of the pressure equation (4.30) provides corrections for updating 
fluxes and velocities so that continuity is obeyed. 

4.2.5 Boundary Conditions 

As outlined in Section 4.1.3, the space domain is moving along with the rising bubble 

and its velocity is adjusted so that the bubble is kept centred within the domain. 

This is depicted in Figure 4.1 for a rising bubble in quiescent liquid. In this case, the 

velocities on the boundary of the space domain UB are equal to the negative velocity 

of its moving reference frame. Next, consider a space domain moving in a simple linear 

shear, given by: 

v=ýý) (4.31) 

where w stands for the shear rate. In this case, the velocities on the boundary of the 

space domain are given by: 

_o UB -OF+(woF)+( 
0 

Ö (4.32) 

where UB denotes the boundary velocity, IF stand for the x-component of the position 

vector relative to the inertial frame xF and x is the x-component of the position vector 

relative to the moving reference frame x. These quantities are defined with reference 

to Figure 4.1. The first term on the r. h. s. of equation (4.32) arises from the motion 

of the non-inertial frame of reference. The second is due to the frame position within 

the inertial frame of reference. The last term imposes a linear shear onto the velocity 

boundary conditions. 
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In principle, equation (4.32) could now be applied at all boundaries using an inlet 

boundary condition, as described in Section 3.2.8. However, this treatment does not 

allow the vorticity generated by the bubble to be convected out of the domain. To solve 

this problem an outlet boundary condition must be applied where the flow is leaving 

the space domain. The problem is complicated further if the bubble follows a complex, 

e. g. helical, trajectory. In this situation, the boundaries to the side of the bubble are 

inlets or outlets depending on the instantaneous lateral motion of the bubble. 

In order to overcome the above difficulties, inlet or outlet boundary conditions 

are applied on a face by face basis depending on the direction of the flow given by 

equation (4.32). For faces where UB "S<0 (i. e. inflow) an inlet boundary condition 

is used. For the other faces, an outlet boundary condition is applied. 

4.2.6 Motion of the Moving Reference Frame 

This Section gives details regarding the numerical calculation of the position, velocity 

and acceleration of the moving reference frame. As outlined in Section 4.1.3, the space 

domain and the frame of reference connected to it are translated along with the rising 

bubble. Their velocity is adjusted so that the bubble is kept centred within the space 

domain. This can be achieved in many ways. In this study, a correction for the velocity 

of the moving reference frame is obtain from the following expression: 

Xd - xd 
- 

ýF, 
oxd 

- xd (4.33) 
OVF = AFf 

At At 

where At =t- to is the current time step and Xd is the centre of mass of the bubble 

relative to the moving reference frame calculated from equation (A. 3). The superscripts 

f and o denote values at the first and the previous time step. AF f and AF, stand for 

appropriate under-relaxation factors. 

The first term in equation (4.33) represents the velocity, which would be sufficient 

to translate the bubble back to its original position relative to the moving reference 

frame within a single timestep. However, this term on its own leads to overshoots 

even when under-relaxation is applied. The reason for this lies in the fact that the 

corrections are accumulating until the bubble reaches its original position. Hence, the 

second term is introduced, which represents the bubble velocity relative to the moving 
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reference frame. When this term cancels with the first one, no correction is applied. 
For example, this is the case when the bubble moves towards its original position with 

a velocity equal to that given by the first term. Furthermore, the second term applies a 

correction in situations where the bubble has reached its original bubble position, but 

is still travelling with a finite velocity. Damping of the two terms is provided through 

the under-relaxation factors '\F f and AFo. It was found that AF f= AFo = 0.1 yields 

good results. 

The acceleration and position of the moving reference frame have to be evaluated 

during the course of the interface tracking calculation because they appear in the 

momentum equation (4.12) and equation (4.32) for the boundary velocity. In order to 

obtain their values the time derivative of the frame velocity as well as its integral over 

time have to be determined. This is done by evaluating the following expressions: 

aF __ 
OVF 

(4.34) 
At 

XF =2 OVF + VOOt + XF (4.35) 

where VF and xF stand for the frame velocity and frame position at the old time step. 

The numerical scheme to determine the frame acceleration given in equa- 

tion (4.34) is only first order accurate. However, this is consistent with the dis- 

cretisation of the time derivative and, hence, there is no need to improve the accuracy 

of this term. 

4.2.7 Time Step Control 

At the beginning of each (time) iteration, the time step is adjusted such that it is 

sufficiently small in order to ensure stability of the numerical solution procedure. The 

time step restrictions of a numerical solution procedure are usually expressed in di- 

mensionless form of a maximum Courant number. The local Courant number Co at a 

cell face is defined in Section 2.5 as: 

Co = 
Uf -S At 
d"S 

(2.25) 

The time step should be adjusted in a smooth fashion such that the maximum 

Co is around a predefined target value Cot which ensures the stability of the numerical 
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solution procedure and some under-relaxation has proved to be beneficial in achieving 
this goal. However, if the maximum Co is much smaller than its target value, for 

example, during start-up when the calculation is initialised with a very small time 

step, the new time step could be several times larger than the previous one even with 

under-relaxation. In this case, the new time step should be limited to an appropriate 

multiple of the old time step. On the other hand, more drastic adjustments are needed 
if the maximum Co overshoots by a specified tolerance. In this case, the time step is 

set to the one given by the target Co. A suitable prescription for the new time step is 

found to be: 

1min 
(Ot° + At (Ott - Ot°) , 20t°) for Coo < KiCot 

Otn = (4.36) 

I Ott for Coo > K1Cot 

where Cot, At and K1 are the target Courant number, the under-relaxation factor and 

the limit for overshoots, respectively. Ott =öL t° is the time step given by the target 

Courant number Cot. Coo stands for the maximum Courant number evaluated from the 

results of the last time step. 

Experience has shown that the stability of the numerical solution procedure is 

ensured if the Courant number is kept below 0.5. In this study, good results are 

obtained by using Cot = 0.5, Kl = 1.05 and At = 0.1. 

4.2.8 Sequence of Solution 

The sequence of operation for the solution procedure is summarised in Table 4.1. The 

solution procedure is based on the PISO algorithm [170] to handle the pressure-velocity 

coupling. 

At the beginning of each time step, adjustments of the time step and the frame 

velocity are carried out. This is done in steps 1 and 2. The position of the moving ref- 

erence frame is needed to update the boundary conditions (step 4) and the acceleration 

of the reference frame has to be accounted for in the momentum equation. They are 

calculated in step 3. Next, the transport equation for the indicator function is solved 

in step 5. The result is then smoothed before the unit normal vector and curvature are 

evaluated (step 6). The pressure-velocity algorithm requires the construction of the 
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1. Adjust time step, equation (4.36). 

2. Adjust frame velocity, equation (4.33). 

3. Calculate frame position and acceleration, equations (4.35) and (4.34). 

4. Adjust boundary conditions, equation (4.32). 

5. Solve the -y-equation (4.14). 

6. Smooth -y field and calculate the unit normal vector as well as curvature, 
equations (4.16), (4.20) and (4.17). 

7. Construct A, equation (4.26). 

8. PISO-Loop: 

(a) Predict fluxes using equation (4.29). 

(b) Construct and solve the pressure equation (4.30). 

(c) Correct fluxes, equation (4.28). 

(d) Reconstruct velocities. 

Table 4.1: Interface-capturing numerical solution procedure. 
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discretised momentum equation (step 7) and a correction loop (step 8) in which the 

pressure equation is solved and the momentum corrected based on the pressure change. 

4.3 Test of Numerical Methodology 

4.3.1 Free Rising Bubbles 

The dynamics of free rising single bubbles in quiescent liquids have been investigated 

by several authors. Detailed measurements of rise velocity, shape and trajectory are 

available in the literature. In this Section, the motion of bubbles of different sizes is 

compared with experimental results from two sources: firstly, the predicted rise veloci- 

ties are compared with the empirical correlation proposed by Tomiyama et al. [384,383]; 

and secondly, the transient bubble motion is compared with recent measurements by 

Ellingsen and Risso [88,87]. 
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Figure 4.2: Sketch of the setup for free rising bubbles in a quiescent liquid. 
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The simulations are for air bubbles in water. The Morton number (see equation (1.7) ) 

for this system is log(. Mo) = -11. Bubbles with nominal diameters between 1 and 5 mm 

are investigated. The nominal diameter is defined as the diameter of a sphere having 

the same volume as the bubble. The Eötvös numbers So (see equation (1.6)) for these 

bubbles vary between 0.14 and 3.50 and the Reynolds numbers Re (see equation (1.5)) 

lie between 300 and 1200. 

The three-dimensional space domain is depicted in Figure 4.2. Its size of 8d x 

10d x 8d (W xHx D) has been chosen so that the boundaries do not interfere with 

the flow field of the bubble. Here, d is the nominal diameter of the bubble. In the 

region around the bubble, the computational mesh is refined by cell splitting (embedded 

refinement) so that the close proximity of the bubble is resolved using 15 cells across 

the diameter. The total number of cells is approximately 105. 

As outlined in Section 4.2.7, the time step is adjusted such that the maximum 

Courant number is approximately 0.5. Therefore, the time step is a function of the 

flow field and the cell size which both vary for different bubble sizes. The time step 

also fluctuates over the duration of the calculation as a result of the unsteady motion 

of the bubble. The mean time steps for the calculations conducted in this Section fall 
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Figure 4.3: Rise velocity as a function of time for bubbles with nominal diameters between 1 
and 5 mm: a) Overview; b) Close-up. 

between At = 7.7 x 10-5 s and 4.1 x 10-4 s for bubbles with a nominal diameter of 1 

and 5 mm, respectively. 

Results 

In Figure 4.3, the rise velocity relative to the inertial frame of reference is given as 

a function of time for bubbles with nominal diameters between 1 and 5 mm. It is 

evident that the motion of bubbles with a nominal diameter of 1 mm is stable. For 

larger bubbles a transition occurs shortly after the start of the calculation and the rise 

velocity oscillates smoothly. It can also be seen that the average rise velocity decreases 

with increasing bubble diameter. 

This transition can also be observed by examination of the velocity fields shown 

in Figure 4.4. It is evident that a stable wake is formed behind the bubble when the 

bubble is sufficiently small. However, as the size of the bubble increases, a transition 

occurs and the wake of the bubble oscillates from side to side which in turn decreases 

its rise velocity as discussed earlier. This transition is also evident in the bubble 

shapes as pictured in Figure 4.4. The smaller bubbles are almost spherical because of 

dominant surface tension forces. In fact, the magnitude of the surface tension term 

scales inversely proportional to the square of the bubble diameter. 

0.5 1 1.5 
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Figure 4.4: Characteristic velocity fields around free rising bubbles, log(Ab) = -11: a) d= 
1 mm; b) d= 22 mm; c) d=3 mm; d) d=4 mm; e) d=5 mm. 

In Figure 4.5, a top view of the bubble trajectories is plotted. After an initial 

acceleration phase, bubbles with a nominal diameter of 2 mm and 3 mm prescribe 

a zigzag trajectory. For larger bubbles, this motion turns into a helical one. The 

existence of these types of bubble motion as well as their preferred occurrence for 

similar bubble sizes is well established in the literature, e. g. [334,12,258,88,387] (see 

Section 1.5.3) and are reproduced here numerically. The motion of the bubble with a 

nominal diameter of 2.5 mm has been analysed further in the light of the experiments 

conducted by Ellingsen and Risso [88] and the results are discussed towards the end of 

this Section. 

The trajectories in the vertical x-y plane are shown in Figure 4.6. There is 

evidence of a periodic lateral motion (zigzag or helical) for most bubbles. However, 

for the 2 mm bubble, the zigzag motion evident in Figure 4.5a is not noticeable in 

Figure 4.6a because it is aligned with the vertical y-z plane. 

Inspection of the trajectory of the smallest bubble (d =1 mm) reveals that it 

drifts in x-direction with a constant velocity. This is shown in Figure 4.5a as well as 
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Figure 4.6: Bubble trajectories in the vertical x-y plane for bubbles with nominal diameters 
between 1 to 5 mm: a) 1 <d<2.5 mm; b) 3<d<5 mm. 

Figure 4.6a. It should be noted that in this case the magnitude of the lateral velocity 

is only 6% of the rise velocity. However, this is a deficiency of the numerical solution 

procedure. It stems from the fact that the discretisation of the surface tension term 

does not guarantee that its surface integral over a closed surface equals zero. This has 

been explained in Section 4.2.2. 

Figure 4.7 shows a comparison of the calculated and measured Re as a function 

of So for bubbles with diameters in the range of 1 to 5 mm. Also shown are Tomiyama 

et al. 's [384] empirical formulae for clean, slightly contaminated and contaminated 
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Figure 4.7: Calculated and measured bubble Re as a function of So. 

d 

[mm] 
UTo 

[m/s] 
UF&R vc 

[m/s] [m/s] 

UC-UT0 

UTo 

1.0 0.275 0.297 +8.0% 
2.0 0.283 0.284 +0.4% 
2.5 0.261 0.309 0.282 +7.6% 
3.0 0.248 0.252 +1.6% 
4.0 0.234 0.226 -3.4% 
5.0 0.231 0.217 -6.1% 

Table 4.2: Comparison of calculated and measured bubble rise velocities. 
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water, equations (6.30), (6.35) and (6.36), respectively. Typical numerical values for 

the mean rise velocity and relative differences with Tomiyama et al. 's [384] correlation 

for clean systems are given in Table 4.2. The agreement with the empirical formula for 

clean water is excellent and the relative differences are within 8%. 

Recently, Ellingsen and Risso [88,87] measured the motion of a bubble with a 

nominal diameter of 2.5 mm rising in water using two high speed video cameras. They 

observed that the bubble dynamics involves two modes. A primary mode develops first, 

leading to a zigzag trajectory. A secondary mode then grows, causing the trajectory 

to progressively change into a circular helix. They went on to characterise this motion. 

For the first mode, the measured trajectories in the principal plane varied very little 

from a sin-curve. This holds even when the second mode develops. The principal plane 

is then rotating around the vertical axis. In addition, it was found that the vertical 

1234 
Eotvos number Eo [-] 
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Figure 4.8: Time sequence of the velocity fields around a free rising bubble, d=2.5 mm, 
log(Mo) = -11. The time difference between the pictures is At = 18 ms. 

motion exhibits weak oscillations at twice the frequency of the horizontal motion. 

They then determined the periods OTrise = 80.6 ms and OTlat = 161 ms for 

the motion in vertical direction as well as in the principal plane, respectively. The 

amplitudes were measured as Arise = 13.7 mm/s and Al,,, t = 84.5 mm/s. The mean 

rise velocity of this bubble was 0.309 m/s, which is 18% larger than the value given by 

Tomiyama's correlation, as shown in Table 4.2. However, the present numerical result 

is only 8.7% smaller than Ellingsen and Risso's measurements. 

A time sequence showing the velocity field and the shape of a bubble with a 

nominal diameter of 2.5 mm is shown in Figure 4.8. The deformation and the wake of 

the bubble are clearly visible. The shape of the bubble is that of an ellipsoid with a 

flattened front. An animation of the time sequence has been produced and is available 

on the CD-ROM accompanying this thesis. 

The trajectory of a bubble with a nominal diameter of 2.5 mm in the horizontal 

x-z plane is shown in Figure 4.5a. It is evident that the motion is confined to a plane, 
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z. e. a zigzag trajectory. During the duration of the computation (2 s), a transition 
into the second mode as observed by Ellingsen and Risso [88,87] does not take place. 
However, helical motion is predicted for larger bubbles with nominal diameter between 
3 and 5 mm, as evidenced in Figure 4.5. For the 3 mm bubble, the motion is initially 

a zigzag trajectory which is then developing into a helical one. It can therefore be 

concluded that the model is able to capture the principle modes of bubble motion. 
The reason for the absence of the second mode for the 2.5 mm bubble might lie in the 

short simulation time (2 s). It is possible that transition occurs at a later stage of the 

calculations because the disturbances did not have enough time to grow sufficiently 
during the course of the calculation. Another reason might be sought in the relatively 

coarse mesh. 

The computed rise and lateral velocity variations for a bubble with a nominal 
diameter of 2.5 mm are plotted in Figures 4.9 and 4.10, respectively. The periodic 

movements in vertical as well as lateral direction are clearly evident. The velocities in 

the two lateral directions are shifted by 7r/2. This is further evidence that the bubble is 

moving in a zigzag trajectory, as shown earlier in Figure 4.5. However, this is fortunate 

for the quantitative analysis since it is easier to determine the amplitude and frequency 

of a zigzag trajectory than a helical one, but it should be noted that Ellingsen and Risso 

[88] developed a method to analyse helical bubble motion. 

The present velocity oscillations have been analysed by spectrum analysis and 

their Fourier transforms are depicted in Figure 4.11. As expected, the periods of 

the oscillations in the two lateral directions are identical. This is also true for the 

amplitudes, indicating that the bubble is oscillating in a plane which forms an angle 

of 45° with x-z plane. This is probably due to numerical reasons and might explain 

why transition to an helical motion as observed in some of the experiments is delayed. 

Further investigations, especially employing finer meshes, are needed to resolve this 

issue, but could not be carried out in the course of this study due to limited computer 

resources. 

Table 4.3 compares the calculated and measured periods and amplitudes. The 

vertical motion exhibits oscillations at twice the frequency of the horizontal motion 

which is in agreement with the experiments. However, the calculated periods are 
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Figure 4.9: Rise velocity of bubble with a nominal diameter of 2.5 mm as a function of time. 
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meas. calc. meas. -calc. 
meas. 

OTrise [MS] 80.6 60 +26% 
OTiat [ms] 161 125 +22% 

Arise [mm/s] 13.7 6.0 +56% 
Alat [mm/s] 84.5 60.1 +29% 
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Table 4.3: Comparison of calculated and measured velocity periods and amplitudes for a bubble with a nominal diameter of 2.5 mm. 

somewhat smaller than what has been measured. 
The calculated amplitude of the lateral velocity is also smaller than the measured 

one. Note that the amplitudes in x- and z-direction have been combined to give the 

amplitude of the oscillation in the principal plane, i. e. \" Atat =" 42.5 mm/s = 
60.1 mm/s. The measured value is 84.5 mm/s and the relative error is therefore 29%. 

Some of these discrepancies can be explained by the fact that the calculated bubble rise 

velocity is smaller than the measured one by 8.7%, as shown in Figure 4.2. However, 

some of the error has to be attributed to the relatively coarse mesh. In contrast, the 

amplitude of the rise velocity is under-predicted by 56%. This large error is not too 

surprising considering that the oscillations are much weaker in this direction. It is 

likely that better results could be obtained by refining the mesh. 

4.3.2 Free Rising Bubbles in Linear Shear 

Very few experiments have been carried out to measure the dynamics of bubbles in shear 

flow. Recently, Tomiyama et al. [389] conducted detailed measurements of trajectories 

of single bubbles in linear shear. Their experimental setup and results are outlined in 

Section 7.2.5 and it is this test case which has been chosen to validate the interface- 

capturing methodology for cases where shear has an effect on the bubble dynamics. 

Setup 

The setup is very similar to that used in the previous Section for the free rising bubbles. 

In particular, the three-dimensional space domain, which is depicted in Figure 4.12, is 

identical to that used in the previous calculations and consists of approximately 105 

cells. Its size of 8d x 10d x 8d (W xHx D) has been found to be large enough to ensure 
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Figure 4.12: Sketch of the setup for free rising bubble in linear shear. 
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negligible effects by the boundary conditions on the flow field of the bubble. However, 

the simulations differ in two important points: firstly, a linear shear is imposed which 

is given by: 

vc =(ö) (4.37) 

where w and x denote the shear rate and x-coordinate, respectively. 

Secondly, the simulations are now obtained for air bubbles in glycerol-water so- 

lutions. The viscosities of the glycerol-water solutions chosen by Tomiyama et al. [389] 

are approximately 18 to 80 times higher than that of water in order to suppress the 

oscillating motion frequently encountered for bubbles in low viscosity fluids. 
. 
Mo for 

these systems are between log(Mo) = -5.3 and -2.8. In comparison, , 
Mo for an air- 

water system is approximately log(. Mo) = -11. Calculations for free rising air-water 

bubbles in a linear shear flow are presented in Section 7.5. 

Characteristic results of Tomiyama et al. 's [389] experiments are shown in Fig- 

ure 7.5, which were then used to infer the lift coefficient Cl (see equation (1.15)) and the 

projected diameter. These properties are also not immediate results of the simulations 

and some post-processing is required to extract their values. To determine Cl from the 

calculated bubble trajectory, a procedure similar to the one employed by Sridhar and 

\\ 
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Figure 4.13: Velocity field around sheared free rising bubbles, log(Mo) = -5.3, w= -3.8 1/s: 
a) d=2.84 mm; b) d=4.16 mm; c) d=4.85 mm. 
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Figure 4.14: Streak-lines coloured by velocity magnitude around sheared free rising bubbles, 

log(. Mo) - -5.3, w= -3.8 1/s: a) d=2.84 mm; b) d=4.16 mm; c) d=4.85 mm. 

Katz [359] is utilised. The projected diameter has to be calculated from the phase frac- 

tion distribution and, in this study, is obtained by comparing the moments of inertia 

of the calculated bubble and an ellipsoid. Details on these post-processing procedures 

are given in Appendices A and B, respectively. 

Results 

The velocity fields and the shapes of bubbles with nominal diameters of 2.84,4.16 

llllllllllil'. 
11111{1111111 

li1/111111111111.. 

I/llllliý"1.111� 

. .. 
11ý ... ""111 

.. . 
. ý 

11ý "... .,. 11111 
.. ; 11111ý............ i1111! 

. li 
11141 .. 11111"........... " 1111 

.... 1.1! : li. 11111ý... ",..... "I 1111 
. .. 1111 ":.. 

1111 . """" ". l 1111 
I. 

Illl: 
. :1ý 

. 
1111 1""'"'"" ""11111! 

ý : IIiJ 

iJ1J{li ! l111111.11ý . 111111.. """"""""". 11111! 

1! 1111! 
Il1i1111111 1111111.. ".. "".. "i111111 

.. t !1N I111"lllllý I11l111ý""""ýý1ý 1111 

..: 
11 1lilli: ltliý- I tlllllll""ý. "ý"1i 11111. 

__ 
/ 

liillllilll: ý tlltlll"1"li""i"1ý111111 

111{ IJJI{ii 
11111111111.. 

. 1111111111ý"lil"1111111ý 
'. I{11111"Ili""ýý1111111iý 

.., 
'. tl 

1111.1illlil" "111111111iý1111111111111 
/lllllltlil" '. IIIlllllllli1111411114 

,_ i+ 

1 
1111111: 1,,. '11111111111111111111111. 

. '1111111 1ý 1111111 

. 111111 11111. 

1111111 1111111. 

111111111111111114111 

and 4.85 mm are shown in Figure 4.13. The corresponding So are 1.65,4.40 and 
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Figure 4.15: Calculated and measured Reynolds number Re as a function of Eötvös number 
So, log(Mo) = -5.3, w= -3.8 1/s. 

6.57, respectively. The shear rates w and Mo are both set constant at w=- 3.8 

1/s and log(Mo) = -5.3, respectively. The imposed shear is noticeable in that the 

y-component of the velocity decreases in direction of x. Furthermore, the deformations 

of the bubble shapes and the wakes of the bubbles are clearly evident. 

Figure 4.14 shows streak-lines coloured by velocity magnitude around the fore- 

mentioned bubbles. For the smallest bubble the flow is practically symmetric with 

respect to the y-z plane, but for larger bubbles an appreciable asymmetry is noticeable. 

It is also interesting to note that some of the streak-lines enter the bubble, mainly 

through the rear. This is not physical and can be attributed to numerical errors in the 

procedure for generating the streak-lines. 

A comparison of the calculated and measured Re as a function of So based on the 

nominal diameter is shown in Figure 4.15. The nominal diameters of the bubbles are 

2.84,3.52,4.16,4.85 and 5.54 mm. Also shown are Tomiyama et al. 's [384] correla- 

tions for the rise velocity of bubbles in clean, slightly contaminated and contaminated 

systems, equations (6.30), (6.35) and (6.36), respectively. The agreement with the em- 

pirical formula for clean systems is very good with the relative differences within 7% 

for larger bubbles. However, the relative difference for the 2.84 mm bubbles is slightly 

higher at 15%. 

X 

x 

- Tomiyama et al., clean 
- Tomiyama et al., slightly cont. 
- Tomiyama et al., cont. 
x Calculations 

Figure 4.16 shows the trajectories in the x-y plane for the fore-mentioned 
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Figure 4.16: Bubble trajectories in the vertical x-y plane for bubbles with nominal diameters 
between 2.84 and 5.54 mm, log(. Mo) = -5.3, w= -3.8 1/s. 

bubbles. The smaller bubbles up to a nominal diameter of d=4.16 mm rise in a 

straight line, whereas the larger bubbles oscillate periodically. Further evidence of the 

transition into unsteady bubble motion in Figure 4.17 which shows the lift coefficient 

Ci as a function of time. On the other hand, for higher 
, 
Mo, the bubbles always rise 

in a straight line (not shown) even for the largest bubbles investigated in this study. 

The same transition has been confirmed experimentally by Tomiyama et al. [389], as 

evident from Figure 7.5. However, they found that it occurs at log(. Mo) = -5.5 and 

d=5.68 mm, i. e. for slightly larger bubbles in a slightly less viscous fluid. The 

discrepancy is probably due to perturbations induced by the numerical technique used 

in this study, but no effort has been made to investigate it further because the accuracy 

of the technique is sufficient for the purpose of this study. 

Furthermore, it is evident from Figure 4.16 that the direction of the lateral motion 

changes when the diameter increases sufficiently. Smaller bubbles migrate towards the 

r. h. s., i. e. "positive" lift, whereas larger ones move in the opposite direction. 

Next, the results for different Mo and So are summarised in Figure 4.18. For most 

data points, Cl (t = 0.75 s) is plotted as a function of So, but for unsteady bubbles the 

time-average is taken and the data point is denoted by filled symbols. The circles denote 

results for the smallest w investigated by Tomiyama et al. [389]. w is kept constant 
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Figure 4.17: Lift coefficient C1 as a function of time for bubbles with nominal diameters 
between 2.84 and 5.54 mm, log(Mo) = -5.3, w= -3.8 1/s. 

for constant A46, but varies slightly with Mo such that w= -3.0 1/s, -3.1 1/s, 

-3.7 1/s and -3.8 1/s for log(Mo) = -2.8, -3.6, -4.2 and -5.3, respectively. For 

log(Mo) = -5.3, results for w= -6.2 1/s have also been obtained which are denoted 

by +-symbols. Also plotted are Tomiyama et al. 's [389] experimental results, denoted 

by x -symbols, as well as their curve fit, equation (7.19). 

It is evident from the results for log(Mo) = -5.3 that for the low and high shear 

rate, i. e. blue lines with circles and plus-symbols, that Cl is not affected by w. This 

result confirms the findings of Tomiyama et al. [389] who found that Cl is independent of 

w for all , 
Mo and w investigated by them. The calculated Cl are somewhat smaller, but 

still in reasonable agreement with the experimental findings. However, they deteriorate 

as , 
Mo becomes higher and bigger differences, including qualitative ones, are apparent. 

This result is in contrast to Tomiyama et al. 's [389] findings who found no appreciable 

influence of Mo on C1. 

The discrepancy between the calculations and measurements needs further inves- 

tigation, but it is possible that viscous effects in the vicinity of the bubbles surface 

are not taken fully into account for the high 
, 
Mo where Re is around 10. However, it 

is important to note that the results for lower 
, 
Mo are in reasonable agreement with 

the experimental findings. This gives some confidence to the results presented in Sec- 

tion 7.5 where the lift coefficients of air-water bubbles (a system with a low 
, 
Mo) are 
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Figure 4.18: Calculated and measured lift coefficient Cl as a function of the Eötvös number 
Soh. Circles and plus-symbols denote results for low and high w, respectively. Filled symbols 
denote results where the bubble exhibits unsteady periodic motion. 

investigated. 

The experimental findings show a change of the direction of the lift force for 

bubbles with an So larger than 6, which is manifested in a change of the sign of the 

lift coefficient. The same trend is evident in the numerical results, however, at smaller 

So. So far this phenomenon has not been fully explained, but it seems likely that the 

interplay of small bubble deformations and the wake dynamics is responsible for this 

drastic effect. 

4.4 Closure 

This Chapter described the interface-capturing methodology, for which further results 

are presented later in this thesis. First, the governing equations were stated, followed 

by the discussion of the numerical solution of the partial differential equations. The 

discretised equations were presented along with the overall solution procedure due to 

Weller [424]. Finally, direct numerical simulations were carried out to investigate the 

dynamics of single bubbles. Free rising bubbles in quiescent water and under the 

influence of shear were calculated and the results were compared against experimental 

data. 

0-0 log(Mo) = -2.8 
0-Q log(Mo) = -3.6 
G- log(Mo) = -4.2 
0-0 log(Mo) = -5.3 
- curve fit 
x measured data 

......................................... 

As a result, it became apparent that the new numerical solution procedure is 
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capable of predicting the dynamics of bubbles accurately if the Morton number is 

sufficiently small (log(. Mo) < -4.2). The main experimental findings of Tomiyama 

et al. [389] have been confirmed numerically: firstly, the lift coefficient is independent 

of the shear rate in the regime investigated; and secondly, the lift changes sign for large 

Eötvös numbers. The methodology has also been used to tackle the problem of lift on 

air-water bubbles, which has been identified to be an important factor for the correct 

prediction of the phase fraction distribution in cases where large shear occurs. These 

results are presented in Section 7.5. 



Chapter 5 

Turbulence Response Coefficient 

Modelling 

In Chapters 3 and 4, the two-fluid and interface-capturing methodologies have been 

presented and validated. These will be utilised in the following Chapters to test and 

improve the modelling of dispersed two-phase flows. This Chapter is concerned with the 

modelling of two-phase turbulence at high phase fractions. The two-phase turbulence 

is expressed in this study through the model by Gosman et al. [121] presented in 

Section 3.1.3. It is based on a concept that relates the dispersed phase turbulence 

to that of the continuous phase through a turbulence response coefficient Ct, which 

is defined as the ratio of the dispersed phase velocity fluctuations to those of the 

continuous phase (1.17). 

At low phase fractions, expressions for Ct have been put forward by various 

authors [121,310,171,174,52] by considering simplified equations of motion for single 

DPEs encountering a turbulence eddy within the continuous phase. However, recent 

experimental data [109,227,7] suggest that both phases fluctuate in unison as one 

entity when the phase fraction is high. Consequently, Ct approaches a constant value 

close to unity as the phase fraction increases. This effect is not taken into account 

in the current Ct-models and a modified expression will be proposed in the following 

Section. 

The new formulation is then implemented in the two-fluid methodology and val- 

idated against two gas-liquid test cases: the sudden enlargement of a circular pipe (at 
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Figure 5.1: Turbulence response function as a function of the phase fraction. 

high gas phase fraction) and the plane mixing layer (at low gas phase fraction). Even 

without taking into account the effect of oz on Ct, the results for the latter, low phase 
fraction case are already in good agreement with the experimental data and the reason 
for reexamining it is to verify that the new formulation for Ct remains valid. 

5.1 Turbulence Response Coefficient at High Phase 

Fractions 

Recently, Larue de Tournemine et al. [227] and Augier [7] measured Ct for turbulent 

gas-liquid and liquid-liquid flows at high phase fractions, respectively. Their results are 

shown in Figure 5.1. It is evident that for both classes of flow Ct is a strong and nearly 

identical function of the phase fraction and approaches a constant value close to unity 

for phase fractions as low as 6%. Similar results have been obtained independently by 

Garnier et al. [109] for a different gas-liquid flow. 

A correlation for the above data is proposed here that takes into account the 

effect of a on Ct and reverts to the dilute model (3.18) when a-0. It is plotted in 

0.1 0.2 0.3 0.4 
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Figure 5.1 and takes the form: 

Ct(a'a) = 1+ (Cto - 1)e-. f(aa) (5.1) 

f (aa) = 180aa - 4.71 x 103aä + 4.26 x 104aä (5.2) 

where Cto = Ct (k, e, Ur, d, 
... 

) stands for the limiting value of Ct when ctia -+ 0. This 

is determined from equation (3.18) and is recovered by the new correlation as cxa ap- 

proaches zero, as evident from equation (5.1). The coefficients in f (aa, ) are determined 

by minimising its r. m. s. deviation from the data using the non-linear fitting procedure 
implemented in the graph plotting package "grace" [125]. 

5.2 Two-Fluid Methodology: Sudden Enlargement 

of a Circular Pipe 

The case studied here is that of a bubbly air/water upward flow through a pipe with a 

sudden enlargement, for which experiments have been carried out by Bel F'dhila [25]. 

This case has been utilised in Section 3.3.1 to test the two-fluid solution procedure and 

is described there. In this Section, it is used to assess the effects of the phase fraction 

dependence of Ct. 

Setup 

The setup of this case and the modelling utilised in the calculations are essentially the 

same as outlined in Section 3.3.1. The only difference between the two calculations 

presented in this Section is that they use different formulations for Ct, i. e. the dilute 

formulation (3.18) and the phase fraction dependent one (5.1). 

Results 

The development of the two-phase flow behind the sudden enlargement has been il- 

lustrated in Section 3.3.1 and the results obtained in the present calculations show no 

qualitative differences, so the presentation will focus on qualitative comparisons. 

Profiles of the axial liquid velocity at five cross-sections at x= 70,130,180,250 

and 320 mm downstream of the sudden enlargement are shown in Figure 5.2. For 
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Figure 5.2: Results for the sudden enlargement test case: predicted profiles of the mean axial 
liquid velocity compared with experimental data (circles). The lines represent predictions 

with the dilute and the phase fraction dependent Ct-model. 
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the dilute Ct -model, the velocity difference generated by the enlargement is quickly 
diffused and further downstream at x= 250 mm the velocity profile is almost uni- 
form over the pipe radius. These results are not in agreement with the experimental 
data, but generally improved predictions are obtained for the phase fraction dependent 
Ct-formulation, especially closer to the inlet and away from the centreline. Here, the 

agreement between the calculations and the measurements is excellent. However, some 
discrepancies are noticeable towards the outlet. For example, at the last station, the 

centreline velocity is overpredicted by 31%. This may be attributed to other deficiencies 

in the turbulence modelling. 

In Figure 5.3, the results for the gas phase fraction field are shown. The peak at 

the first measuring location at x= 70 mm originates from an accumulation of bubbles 

at the wall of the small pipe section. This "wall peak" distribution is characteristic for 

vertical pipe flow and has been prescribed in the calculations as a boundary condition 

according to the measurements, as outlined in Section 3.3.1. 

The dilute Ct-formulation overpredicts the accumulation of bubbles shortly be- 

hind the recirculation zone at x= 70 mm. Although the profile at x= 320 mm 

is predicted correctly by the dilute model, the experimental data upstream shows a 

slower replenishment on the centreline. In fact, the calculated centreline phase fraction 

diminishes between x= 70 and 180 mm before it recovers rapidly between x= 180 

and 250 mm. 

With the present model, the phase fraction profiles are better predicted at stations 

close to the inlet, but the discrepancies with the experimental data increase towards 

the outlet. In particular, the rate of development towards fully developed pipe flow is 

underpredicted. The reduced bubble diffusion is a consequence of a smaller turbulent 

viscosity vt, which affects the phase fraction through the turbulent drag term as well 

as the velocities. The deficiencies are somewhat surprising in the light of the vastly 

improved velocity predictions, as shown in Figure 5.2. However, it is possible that 

the deficiency lies in the correlations for the drag and lift coefficients, which will be 

investigated further in Chapters 6 and 7. 

Turbulent kinetic energy profiles are shown in Figure 5.4. A significant improve- 

ment is obtained with the present Ct-formulation throughout the flow, which predicts 
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Figure 5.3: Results for the sudden enlargement test case: predicted phase fraction profiles 

compared with experimental data (circles). The lines represent predictions with the dilute 

and the phase fraction dependent Ct-models. 
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Figure 5.4: Results for the sudden enlargement test case: predicted profiles of the turbulent 

kinetic energy of the continuous phase compared with experimental data (circles). The lines 

represent predictions with the dilute and the phase fraction dependent Ct-models. 
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a lower level of turbulent kinetic energy compared with the overpredictions of the dilute 

model. However, there is still room for further improvements, especially on the centre- 
line at x= 180 and 250 mm. The overall reduction of the kinetic energy is expected 
for the range of aa, values in this test case because Ct is close to unity thereby dimin- 
ishing the two-phase turbulence production terms given in equations (3.16) and (3.17). 

Lower turbulent kinetic energy results in smaller turbulent viscosities and, therefore, 
less diffusion of momentum and bubbles, as pointed out earlier for Figures 5.2 and 5.3, 

respectively. 

5.3 Two-Fluid Methodology: Plane Mixing Layer 

The case studied here is that of a bubbly air/water upward flow of two separate inlet 

streams brought together to form a plane mixing layer within a square duct. A series 

of 8 experiments were carried out by Roig [328,329,222] and several authors have 

used this test case to validate their two-fluid models, e. g. [228,393,147,148,328]. 

In this study, only the data from one of the experiments is simulated because it is 

representative for the other experiments, which are also carried out at similarly low 

mean phase fractions. 

Setup 

The geometry of the plane mixing layer is shown schematically in Figure 5.5. Two 

separate inlet streams, initially separated by a2 mm thick splitter plate, which is 

tapered at its trailing edge to reduce the influence of the wake, are brought together to 

form a plane mixing layer within a square test section of 2w x 2w = 400 mm x 400 mm. 

The experimental apparatus provides independent control of both liquid and gas flow 

rates in each stream. Air is introduced uniformly into the flow via three perforated 

injection tubes for each stream positioned normal to the splitter plate, which produce 

bubbles of approximately 1.5 to 2.5 mm diameter. In the predictions, a uniform bubble 

diameter of d=2 mm is assumed. 

In the experiment selected for comparison, the average liquid velocities were 

0.94 m/s and 0.60 m/s for the right and left inlet stream, respectively. The phase frac- 
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Figure 5.5: Sketch of the setup for the plane mixing layer test case. 

180 

tion was set to a uniform 1.9% in both inlets. The mean and fluctuating velocities for 

both phases were measured in flow direction at five cross-sections (x = -10,60,200,400 

and 600 mm) using Laser Doppler Anemometry (LDA). In addition, the local phase 

fraction was measured at the same locations using a fibre-optic probe. The Reynolds 

numbers for the right and left inlet stream are Re, = 251000 and Re, = 160000, re- 

spectively, based on the average liquid velocity and the hydraulic diameter dhyd of each 

stream. The latter is dhyd =3w for a rectangular inlet stream of wx 2w. 

The calculations are performed on a 2D geometry. In the flow direction, the 

space domain extends from x= -10 to 1100 mm in order to ensure negligible influence 

of the outlet boundary conditions. The duct is subdivided by a mesh with 80 x 104 

cells in the lateral and flow directions, respectively. Furthermore, the mesh is graded 

towards the splitter plate as well as the inlets in order to provide higher mesh density 

in these regions of large flow gradients. Altogether, the resulting computational mesh, 

plotted in Figure 5.6d, consists of approximately 8300 cells, which provides adequate 

resolution, as shown by Hill [147]. 

The inlet conditions for the gas phase fraction and the liquid velocity are taken 



5.3 TWO-FLUID METHODOLOGY: PLANE MIXING LAYER 181 

directly from the measurements at x= -10 mm. The turbulent kinetic energy kb 

of the liquid phase is calculated from the velocity fluctuations of the liquid assuming 
isotropy. 

Measurements of the gas phase velocity and dissipation rate of kinetic energy 
of the liquid are not available and their values at the inlet are estimated as follows: 
for the determination of the gas phase velocity, it is assumed that the bubbles are in 

equilibrium and rise with their terminal velocity, which is estimated at 0.3 m/s. To 

obtain the gas velocity, the terminal velocity is simply added to that of the liquid. The 

dissipation rate of the kinetic energy Eb is inferred from a mixing length hypothesis 

[413,151]: 

Sb = Cµ Lý1.5 (5.3) 
m 

where Lm stands for the mixing length, which has to be prescribed. 

Hill [147] found that the accurate representation of the boundary layers on either 

side of the splitter plate is crucial for the simulation of this test case and used the 

following expression for the mixing length which is based on Nikuradse's formula [413, 

151]: 
01 

KX* 

Lm \i 

12 (0.14-0.08(1- 2, ü*)2 -0.061- 2w*)4J 

C6 
rb 

<1 
r. 6 

(5.4) 

1< ý* 
-s 

Here, w stands for width of the inlet streams and x* is the normal distance to the 

closest wall. The boundary layer 6 is prescribed independently for each boundary layer 

on the left and right hand side of the splitter plate by inspection of the experimental 

velocity profiles. 6i and Sr were determined to 30 and 8 mm, respectively. The boundary 

layers in vicinity of the outer walls are neglected because they are expected to have 

a negligible influence on the development of the mixing layer. Finally, i and A stand 

for the von Karman constant and a constant of the mixing length model, which take 

values of 0.435 and 0.09, respectively. 

The modelling utilised to calculate this case is essentially the same as that used 

for the previous one. However, it should be noted that lift force is now accounted for 

in the interface momentum transfer term because it is essential in order to accurately 
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predict the phase fraction distribution in this test case, as noted by [147,148]. The 

effect of the lift force on the results will be discussed in more detail in Chapter 7. 

Results 

In Figure 5.6a, the distribution of the gas phase fraction is pictured. Although the phase 
fraction was set to an average 1.9%, it is much larger in vicinity of the splitter plate. 
This accumulation of gas is a result of the migration of bubbles towards the wall and is 

often termed the "wall peak" phenomenon. It is characteristic of vertical pipe flow and 
originates from lift effects, as discussed in Section 1.5.5. In the present calculations, 

no attempt is made to predict it accurately, but the peak has been prescribed at the 
inlets at x= -10 mm according to the measurements. Figure 5.6b shows the vector 
field of the mean liquid velocity Ub. As expected, the sharp velocity jump generated at 
the inlet is diffused slowly upstream. This behaviour is similar to a single-phase flow. 

The turbulent viscosity vt is given in Figure 5.6c. It is largest immediately upstream 

of the splitter plate because the shear rate is largest in this region. 

Profiles of the measured and calculated gas phase fraction at five cross-sections 
(x = -10,60,200,400 and 600 mm) are shown in Figure 5.7. As mentioned before, the 

inlet profiles have been prescribed from the measurements and are therefore identical. 

Around the splitter plate, the aforementioned wall peak is noticeable, which is slowly 

diffused further downstream. Overall, excellent agreement between the calculations 

and the measurements is found. The differences between the two Ct-formulations are 

negligible. This is fortunate, since the results obtained without taking into account the 

effect of the phase fraction on Ct are already in good agreement with the experimental 

data. 

Figure 5.8 displays profiles of the liquid velocity at the aforementioned cross- 

sections. The profile at x= -10 mm is shown in the first picture and has been 

prescribed using the experimental data. The velocity jump between the two inlet 

streams as well as the boundary layers on either side of the splitter plate are clearly 

noticeable. Further downstream, the boundary layers are diffused slowly, but there is 

evidence of the velocity jump at all stations. The calculations are in excellent agreement 

with the experimental data and differences between the dilute and the phase fraction 
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Figure 5.6: Results for the mixing layer test case: a) gas phase fraction aa; b) mean liquid 

velocity Ub; c) turbulent viscosity vt; d) computational mesh. 
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186 1 

dependent formulations for Ct are again not noticeable. 
In Figure 5.9, the profiles for the turbulent kinetic energy in the liquid phase kb 

are given. Inspection of the measured kb on the centreline reveals that the peak evident 
at the inlet, is quickly diffused and not apparent at x= 60 mm. However, turbulent 
kinetic energy is generated within the mixing layer and an increase of kb is evident at 
later stations. Furthermore, the level of kb is reduced between x= -10 and 60 mm 

and then stays almost constant further downstream. 

Similar trends are evident from the calculated profiles, but some differences be- 

tween the measured and calculated profiles are noticeable. For example, the decay of 
kb is less rapid in the calculations and is still taking place towards the end of the test 

section. Furthermore, a peak in kb is apparent on the centerline at x= 60 mm, whereas 
it is not evident in the measurements as pointed out earlier. The overall agreement 

with the measured data is reasonable for both Ct-formulations, especially towards the 

later stations. However, the present model is in better agreement with the experimen- 

tal data because it predicts an enhanced dissipation of kb. The differences between the 

two models are not as drastic as for the sudden enlargement flow because aa is lower 

and, consequently, the present correlation for Ct yields values close to Cto. 

5.4 Closure 

In this Chapter, a new correlation for the turbulence response coefficient Ct was put 

forward, which takes into account the influence of the phase fraction and was derived 

using recent experimental data. This model was then implemented in the two-fluid 

methodology and assessed for two gas-liquid flows, i. e. in a plane mixing layer and a 

sudden enlargement of a circular pipe. 

With the present Ct-formulation the already excellent predictions for the plane 

mixing layer, in particular for the phase fraction and liquid velocity, did not change. 

Furthermore, the results for the turbulent kinetic energy improved slightly. On the 

other hand, the predictions for the sudden enlargement flow were generally better, 

especially for the turbulent kinetic energy and the liquid velocity. Some discrepancies 

with the experimental data were noticeable in the turbulence predictions for both cases. 
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There are many possible causes including weaknesses of the Ct concept and modelling, 

the basic model k- e-model as well as the additional source terms that incorporate 

the two-phase effects. However, this has not been investigated further in the present 

study. 

The results for the phase fraction improved close to the inlet and away from the 

centreline, but discrepancies with the experimental data on the centreline increased 

towards the outlet where the development towards fully developed pipe flow was un- 
1 

derpredicted. It is possible that the deficiency lies in the correlation for the drag or lift 

coefficients, which will be investigated further in the following Chapters. 

I 

I 



Chapter 6 

Drag Modelling 

In the modelling of dispersed two-phase flow, closure laws to represent the inter-phase 

momentum transfer are needed. They are usually described by simple correlations 
for the forces, e. g. drag, lift and virtual mass, acting on a single DPE in an infinite 

medium, which are derived either empirically or from simple analysis. However, a 

number of important industrial processes are carried out at higher phase fractions 

where the presence of surrounding DPEs has an influence. Hence, it is the objectives 

of this Chapter to identify correlations to determine the drag force on a DPE at high a. 

These correlations are intended for the two-fluid methodology presented in Chapter 3, 

but the same formulations can be used in other CFD methodologies for the prediction of 

the dynamics of two-phase flows, e. g. the discrete DPE model outlined in Section 1.2.2. 

An appropriate drag correlation should be applicable to dispersed flow at high as 

well as low phase fractions simultaneously. The latter is important because regions of 

low and high phase fraction co-exist in many two-phase flows. However, the conven- 

tional approach to develop a correlation which spans a parameter range is to divide it 

into several distinct regimes and fit the experimental data in each separately. Conse- 

quently, the resulting correlations do not match at the boundaries between the regimes 

unless care is exercised. These discontinuities are clearly not physical and can lead to 

difficulties in numerical calculations [147]. 

In the introduction to this thesis, some definitions and modelling strategies have 

been outlined in Sections 1.5.3 and 1.5.4. In this Chapter, the literature related to 

the modelling of the drag coefficient in dispersed systems at all phase fractions is 
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reviewed more thoroughly and the equations are quoted. Correlations applicable to 

a single DPE are included in this review because they are often invoked to construct 

models for higher phase fractions. Consequently, the accuracy of the drag predictions 

at high phase fractions hinges on those for a single DPE. Unfortunately, an up to date 

and comprehensive review on the drag on single DPEs does not exist to the author's 
knowledge and is hence presented below. In addition, new correlations for the influence 

of the phase fraction on the drag on particles, droplets and bubbles will be proposed. 

The correlations are then compared with data from the literature in order to 

assess their validity. Finally, the most promising ones are implemented in the two-fluid 

methodology and validated against two gas-liquid test cases: the plane mixing layer 

(at low gas phase fraction) and the sudden enlargement of a circular pipe (at high gas 

phase fraction). 

6.1 Definitions 

The drag coefficient Cdo on a single DPE in an infinite fluid is governed primarily 

by the Reynolds Re, Eötvös So and Morton Mo numbers [56]. The definitions of 

these dimensionless groups have been given in Section 1.5.3 and are repeated here for 

convenience: 

Fdo 
CdO 

-_ 1 2 
P AU c T 2 o 

PcUrod ao _ Pc 

9eff l Apl d2 
so = 

yef'c 
(ýh 

Aý= 
Jý/ý(J 20r3 PC 

Ad 

µc 

Drag force (1.4) 
Dynamic pressure force 
Inertia (1.5) 
Viscous 

Gravity 
Surface Tension 

Material Group (1.7) 

(1.9) 

In the definitions given above, p, and pc are the dynamic viscosity and density of 

the continuous phase, respectively. a is the surface tension and Op is the density 

'. geff denotes difference between the continuous and dispersed phases, i. e. Ap = Pd - pC 

the magnitude of the effective acceleration given by gell =l geffj _1g- DDt °I where De 

is the substantive derivative defined in equation (3.8). Fd and UTo are the magnitudes 
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of the drag force Fdo and the relative velocity U,. o vectors, respectively. The latter is 

defined as UrO = Uc - Ud. A stands for the projected area normal to UrO, which, for 

practical reasons outlined in Section 1.5.3, is usually calculated from A= 7r 42 where d 

is the nominal diameter, i. e. the diameter of a sphere having the same volume V as the 

DPE. Hence, the influences of the shape, deformation or orientation on the projected 

area are neglected. 

Several authors work with the Morton number in its original form 9, which is 

defined as follows: 

9µC 
= 

Pc 

Pc03 I API 
(6.1) 

An alternative set of dimensionless groups to the Eötvös and Morton numbers 

is formed by the Weber We and Laplace Ca numbers, which are widely used when 

break-up and coalescence are considered. Their definitions are also given here because 

they are used in some drag models for bubbles: 

We =p 
dU° 
Q 

Ca = 
p, ud 

µC 

, Re 2 
0 

kin. Energy 

surface energy 
(6.2) 

Surface Tension 

Viscous 
(6.3) 

For a single DPE moving steadily with the terminal velocity in an uniform, infinite 

medium, only the buoyancy and drag forces have to be considered. In this case, the 

equation of motion for a single DPE (B. 1) simplifies to: 

0=V (Pd -PJ g+ 
1PcACd01Ur0 1Ur0 
2 

(6.4) 

The above can be re-written in non-dimensional form in terms of the Archimedes 

and Reynolds number as: 

Ar =3 4Cdo1? eö (6.5) 

where the Archimedes number is defined as: 

d39PcJOPI 
-- 

E (6.6) 
µC 

At higher phase fractions, the drag coefficient for a DPE in a cluster of DPEs 

is expressed in the same way as for single DPEs, i. e. equation (1.4). However, the 
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subscript 0 is now dropped in order to indicate the fact that we are now dealing with 

multiple DPEs. Hence, the definition of the drag coefficient is: 

2 
Fd Cd = 

pcAUT 
(6.7) 

Some authors prefer to use a friction coefficient Cf to express the inter-phase 

momentum transfer due to drag in the momentum equation (3.1) directly as: 

Md, a =C fUr (1.11) 

where Md, Q, denotes the inter-phase momentum transfer due to drag per volume. Note 

that Cf is not dimensionless, which is undesirable. 

The analysis of the motion of single DPEs can be extended to clusters of DPEs if 

the differences are properly recognised and accounted for. As outlined in Section 1.5.4, 

the average hydrostatic pressure gradient is affected by the presence of the other DPEs. 

Consequently, the buoyancy force has be calculated using the density of the mixture, 

not the continuous phase. The balance between buoyancy and drag, previously given 

by equation (6.4) now becomes [208,15,441]: 

0=V(Pd-Pc)(1-a)g+ 
1PcACdIUrIUr 
2 

(6.8) 

This equation can be re-written in non-dimensional form in terms of the Archimedes 

and Reynolds number as: 

. Ar(1-a)= 
3CdRe2 

4 
(6.9) 

where the Archimedes number and Reynolds number are defined in equations (6.6) and 

(1.5), respectively. 

6.2 Models for Single DPEs 

Comprehensive reviews of correlations available from the literature for the drag on 

single DPEs can be found in Clift et al. [56] and Wallis [414]. Unfortunately, these are 

fairly dated and do not reflect the newer literature. More recent results for the drag on 

bubbles have been reviewed by Fan and Tsuchiya [95, chapter 2] and Tomiyama et al. 

[384]. Some analytical results obtained for droplets and bubbles have been summarised 

by Harper [140]. 
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6.2.1 Analytical Results 
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Analytical solutions to the Navier-Stokes equation are difficult to obtain and such 

solutions are only known for a small number of geometrically simple cases and under 

certain assumptions. A well known example is Stokes' law for the creeping flow (Reo 

1) around a solid sphere which has been outlined in Section 1.5.3. Later, his work 

was generalised by Hadamard [131] and Rybczynski [332] to fluid spheres. Under the 

assumption that the surface of the fluid sphere is completely free of contaminants 

allowing it to be completely mobile, the drag coefficient is given by: 

24 H&R 24 2+3rß 
CdO = aoK = Reo3+3r, 

(6.10) 

where KH is termed the Hadamard-Rybczynski correction and K stands for the vis- 

cosity ratio given by equation (1.9). For -4 oo, equation (6.10) reduces to the 

expression originally obtained by Stokes [363] for solid spheres. The other extreme 

n -+ 0 corresponds to negligible viscosity of the dispersed phase, i. e. to bubbles. 

For high Re, Levich [241] obtained a first order approximation for the drag on 

clean spherical bubbles by calculating the viscous energy dissipation from the flow field 

determined from potential flow theory, giving: 

_ 
48 ýi dp a0 (6.11) 

The above result has been subsequently extended by Moore [278] who solved the 

boundary layer equations analytically to include the contribution from the boundary 

layer and the wake. The drag coefficient is then given as: 

C, ao = 
48 

1-2.21 +0 (_5/6)) (6.12) 
Reo Zo 

This equation holds for 80 < Reo < 500 to 700, where the bubble deformation is not 

too large. An extension of this theory to take into account bubble deformation has 

been presented by Moore [279] and Harper [140]. 

When the bubbles are very large, the effects of surface tension and viscosity are 

negligible. While the shape of a large fluid particle cannot be predicted analytically, the 

terminal velocity can be obtained by solving for the potential flow around a specified 

shape. Using this approach, Davies and Taylor [73] give for spherical-cap bubbles and 
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droplets: 

UTo = 1.00 gd IAPI 
(6.13) 

2 P, 

which is equivalent to: 

g 
(6.14) CdO 

3 

This result is valid when the Reynolds number is sufficiently large (Reo > 150) and the 

fluid particle has the shape of a spherical-cap. The latter applies when So > 40. 

Mendelson [270] suggested an analogy with wave theory in order to express the 

terminal velocity of single bubbles at intermediate Reynolds numbers where the bubble 

rise is still dominated by surface tension, expressed via the Eötvös number. Their result 

has been extended for droplets by Marruci et al. [263], who found: 

Uro = 
2Q 

+ 9d IOpl 
(6.15) TT 2 pc 

This can be recast into: 

cg 
So (6.16) d0 3Eo+4 

Note that the Davies-Taylor equation (6.13) is a special case of equation (6.15) for very 

large bubbles. 

Although Mendelson's [270] simple wave analogy works reasonably well, no ra- 

tional explanation has been given to justify its derivation. However, it is interesting 

that Lehrer [239] derived an almost identical equation based on an energy argument 

with the only difference being that the coefficient in the first term (surface tension) of 

equation (6.15) changes from 2 to 3. 

6.2.2 Empirical Correlations for Particles 

For the past 80 years, considerable attention has been paid to the determination of 

the terminal velocity and the drag coefficient of particles. Clift et al. [56] critically 

reviewed the older published data and presented a correlation based on it (see [56, p. 

112] ), which is piecewise and consists of ten separate equations with a total of 18 fitted 

constants. It is valid up to Reo 106, but also fairly complex, expensive to evaluate 
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and exhibits small jumps (< 1%) as well as gradient discontinuities due to the piecewise 
fit. Therefore, the simpler expressions presented next should be used instead which 

offer a similar degree of accuracy and range of applicability while being continuous. 
In many particle-fluid systems of practical interest the particle Reynolds number 

is less than 1000 and the drag coefficient may be expressed after Schiller and Naumann 

[340] as: 

CdO = 
24 (1 + 0.15Reo. 687) 

Re oI 
(3.9) 

which fits the experimental data to within +5%. For Re greater than about 1000, the 

drag is approximately constant up to the critical point with the value Cdo = 0.44 as 

suggested by Wallis [414, p. 178]. 

Clift and Gauvin [54,55] extended Schiller and Naumann's [340] expression for 

the sub-critical region Re0 <3x 105 and give: 

CdO = 
24 (1 + 0.15Reo. 687) + Re0 

0.42 
1+4.2 x 1O4RE0 1.16 (6.17) 

where Reo <3x 105. The deviation in Cdo from the measurements is given by Clift 

et al. [56, p. 112] as +6 to -4%. 
Recently, two new correlations have been developed by Flemmer and Banks [101] 

and Torton and Levenspiel [402]. The former propose: 

24 0.2611? eo"369-0.105Re0.431-1+(1 s0.124 lo Two) Cdo = Re01ý 
(6.18) 

where Reo <3x 105. The coefficients in the above have been determined using exper- 

imental data from two sources. The number of data points used to fit the correlation 

has not been given by the authors. The deviation in Cdo is approximately between +4 

and -8%. 
Turton and Levenspiel [402] re-fitted the parameters in Clift and Gauvin's ex- 

pression to obtain: 

24 
CdO = Reo 

(1 +0.1737?. 657 + 
0.413 

1+1.63 x 1O4%? eo 
1.09 (6.19) 

where 7? eo <2x 105. 

The expression of Turton and Levenspiel [402] performs better than that given 

by Clift et al. [56, p. 112] when compared to 408 data points from 18 sources reported 
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in the literature: 90.4% of the data points fall within ±10%. It combines simplicity, 

accuracy and a wide-range of applicability and is therefore recommended by Karamanev 

and Nikolov [194] for use as a standard drag curve for solid spheres in the sub-critical 

regime. 

6.2.3 Empirical Correlations for Droplets 

Harmathy [138] obtained an empirical correlation for the drag coefficient of large 

droplets and bubbles in turbulent flows. He assumed that the drag coefficient on a 
fluid particle is only a function of the shape, i. e. viscous effects are negligible and the 

drag coefficient is only a function of the Eötvös number. From a fit to experimental 

data, he then obtained: 

Cdo = 0.57\ (6.20) 

This result is valid when the Reynolds number is sufficiently large (Reo > 500) and the 

Eötvös number is in the range 1< So < 13. 

Early attempts to correlate the terminal velocities of droplets in liquids (mainly 

water) have been made by Klee and Treybal [200] and Hu and Kinter [159]. Johnson 

and Braida [189] extended the modelling approach of Hu and Kinter [159] to systems 

of organic liquids falling in a glycerol solution. Their result is given by two empirical 

expressions for stable and oscillating drops, respectively: 

I 0.798? - 0.784 for 2< R< 70 
ý_ - (6.21) 

(3.707-( 0.422 for 70 > 7-1 

where 

Aloo- + 0.75 (6.22) 

4 -0.14 

7l= ý'o. o-0.15 
µ (6.23) 

3 Aw 

and µu, is the viscosity of water, which is taken as 9x 10-4 [Pa s] . 
The data used in the 

fitting process covers the range 1.3 x 10-11 < Mo < 1.7 x 10-6 and 3< Re0 < 1100. Hu 

and Kinter's [159] expression can be recovered by setting µ=1. A potential problem 

arises from the fact that equation (6.21) is not valid for N<2, i. e. for small particle 



6.2 MODELS FOR SINGLE DPEs 197 

sizes because N is proportional to So, as can be seen from equation (6.23). The use 
outside this range yields negative relative velocities, which is clearly unphysical. 

Grace et al. [124] collected a large body of experimental data (ri 1700 data points) 
for droplets as well as bubbles and applied three types of correlation to it, namely: 
the one proposed by Klee and Treybal [200]; that given by Hu and Kinter [159] and 
its extension by Johnson and Braida [189] as well as the wave analogy suggested by 
Mendelson [270] which had been extended to drops by Marruci et al. [263]. They found 

that the type of correlation used of Hu and Kinter [159] and Johnson and Braida [189] 

gave the best fit, after adjustment of the coefficients. They obtained: 

I 0.94N 0.757 for 2< R< 59.3 
J= (6.24) 

I 3.42110.441 for 59.3 > 'H 

where 

7_x0 0.149+0.857 (6.25) 
-0.14 4 

&-0.149 µ (6.26) 
3 /1w 

This equation holds in the range 1.5 x 10-12 < . 
Mo < 10-3, So < 40 and Reo > 0.2 

and is recommended by Clift et al. [56, p. 176] for calculating the drag coefficients of 
bubbles and droplets, since none of the earlier correlations covers such a broad range 

of conditions. Grace et al. [124] also give a modification for pure systems. 

Grace et al. 's [124] expression suffers from the same potential problem as that of 

Johnson and Braida since it yields negative relative velocities for 7-l < 2, corresponding 

to small Re. 

6.2.4 Empirical Correlations for Bubbles in Clean Water 

For the case of clean bubbles, Moore's [278] classic analysis may be applied in the range 

80 < Reo < 500 to 700 where the Reynolds number is large enough for boundary layer 

theory to be valid. However, the bubble has to be small enough that its deformation is 

not significant. Lain et al. [218] decided to use Moore's [278] result in their correlation 
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for bubbles in clean water. They propose: 

1 16ReO 

CdO = 

14.9Reo-o. 78 

48 1 2.21 ) 
jo Re-0 

1. $6 x 10-1546.756 

2.61 

for Reo < 1.5 

for 1.5 < Re0 < 80 

for 80 < Reo < 700 

for 700 < Reo < 1530 

for 1530 < Re0 

198 

(6.27) 

Unfortunately, Lain et al. [218] did not compare their correlation with experimental 
data. Furthermore, the piecewise correlations do not match exactly at Reo = 1.5 and 
80 which could lead to instabilities in numerical calculations. To avoid this problem, 

the regime transitions should be modified to Reo = 1.38 and 56.9, respectively. 
At larger Reynolds numbers (Re > 500), the bubble rise is dominated by surface 

tension, i. e. the Eötvös number. In this regime, Mendelson [270] suggested an analogy 

with wave theory in order to determine the terminal velocity of single bubbles (see 

equation (6.15)). No rational explanation has been given to justify this, therefore it 

seems reasonable to fit the coefficients to experimental data. This has been done by 

Clift et al. [56, p. 172] with the result: 

_ 
2.65Eo 

CdO 
E'o+4.26 

(6.28) 

for 500 < Reo < 5000. Johansen and Boysan [187] used this equation as a basis for a 

correlation for finite a (see Section 6.3.3). In this situation the Morton numbers are 

usually extremely low (, Mo N 10-13) and one can expect spherical-cap bubbles. 

Wang [416] derived expressions to fit the experimental data obtained by Haber- 

man and Morton [130] for clean bubbles in distilled water by using a least squares 

method. This correlation was used during the BRITE-II project [416,146]. Wang's 

[415] expression for the drag coefficient reads: 

01 

loge 24 - loge Reo for 7o<1 

loge CdO = 2.70 - 0.336 loge ao - 7.14 x 10-2(loge Ro)2 for 1< ao < 456 

-51.8 + 13.2 loge ao - 0.824 (loge Reo) 2 for 456 < Reo < 4000 

(6.29) 
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Tomiyama et al. [384,383,381] developed empirical correlations for the drag 

coefficient of a single bubble. They combined and modified the correlations given by 

Hadamard and Rybczynski at low Reynolds numbers, Schiller and Naumann at inter- 

mediate Reynolds numbers and Mendelson at high Reynolds numbers. The proposed 

correlation consists of three equations, which respectively correspond to pure, slightly- 

contaminated and contaminated systems. The correlations for contaminated systems 

are given in the next Section; the one for pure systems is: 

CdO = max min 
16 (1 + 0.15aO. 687) 

, 
48 8 So ) 

(6.30) 
o Re0 3Eb +4 

Tomiyama et al. [384,383] used the dataset of Grace [123], who collected 247 data 

points for 21 air-liquid system from 8 sources covering 10-3 < Re0 < 105,10-14 < 

. 
Mo < 107 and 10-2 <&< 103 to assess the validity of their approach. They also 

found that it gives better fits than that proposed by Peebles and Garber [303] and Ishii 

and Zuber [168]. 

6.2.5 Empirical Correlations for Bubbles in Contaminated 

Water 

The aforementioned results are only applicable to clean systems, where the concentra- 

tion of surfactants is negligible. However, it should be noted that even small amounts 

of surfactants have an enormous effect on bubbles in the range d<1-2 mm because 

their interfaces are quickly saturated with surfactants. Furthermore, bubbles of this 

size are almost spherical and, consequently, the standard drag law for solid particles 

can be used. For example, Schiller and Naumann's [340] expression has been used 

by Mudde and Simonin [284] and Thai Van et al. [376] in order to calculate various 

bubbly two-phase flows. Some authors also incorporated this correlation into their own 

(Tomiyama et al. [384], Lain et al. [218]). Lain et al. 's [218] correlation is: 

20 (1 + 0.157Ze0 687 

Cdo 9.5 x 1O-5a 397 

2.61 

for Reo < 700 

for 700 < Reo < 1500 

for 1500 < Reo 

(6.31) 

As for their clean bubble correlation, Lain et al. [218] did not compare with experi- 

mental data. 
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The terminal velocity of rising bubbles in liquids has been investigated by Peebles 

and Garber [303]. They obtained 146 data points for 22 gas-liquid systems, used to 
derive the following empirical correlation: 

24Reý 1 for Re0 <2 Region 1 

1g 77? eo 0.68 for 2< Reo < 4.02G-0- 214 Region 2 
CdO = (6.32) 

0.0275gReö for 4. O2g-0.214 < Reo <3 1g-0.25 Region 3 

O. 820D. 25Re0 for 3.1 0.25 < Re0 Region 4 

Here, is the Morton number in its original form as defined in equation (6.1). 

Peebles and Garber [303] give the following descriptions for the various regimes: 

" Region 1: Stokes regime, spherical bubbles moving on rectilinear paths; drag 

coefficients agree with the Stokes' law; 

" Region 2: spherical bubbles moving on rectilinear paths with drag coefficients 

slightly lower than those of an equal-volume solid sphere; 

" Region 3: deformed bubbles of ellipsoidal shape moving in zigzag or helical paths 

with drag coefficients increasing sharply with Reynolds number; 

" Region 4: Greatly deformed bubbles assuming mushroom like shape, rising in a 

nearly rectilinear path with drag coefficients increasing with Reynolds number, 

but not so sharp as for Region 3. 

Peebles and Garber's [303] data do not extend very far into the spherical-cap regime 

and it is therefore not surprising that their correlation does not obey the spherical-cap 

limit obtained by Davies and Taylor [73], namely Cdo = 3. Glaeser and Brauer [113] 

modified Peebles and Garber's [303] correlation to give this behaviour, thus: 

16ReO1 

14.9Re0 0.78 
Cd0= 

0.0275CRe0 

2.61 

for Re0 < 1.4 

for 1.4 < Re0 < 3.73-0.209 

for 3.73g-0.209 <o<3.1G-0.25 

for 100 < 3.1g`0.25 < ReO 

(6.33) 
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Kuo and Wallis [211] studied the terminal velocity of bubbles in water. For 

Reo < 100, they found that the drag coefficient is only a function of the Reynolds 

number, whereas it is only a function of the Weber number when the bubble become 

very distorted. They propose: 

CdO 

16ReO 1 for Reo < 0.49 

20.68Re 0.643 for 0.49 < Re0 < 100 

6.3Reo 0.385 for Re° > 100 

for Reo > 2065.1/We2.6 

8 for We>8 3 

(6.34) 

This correlation is valid for bubbles in tap water and has been used by Boisson 

and Malin [32] in their calculation of a bubble column. It should be noted that a 

similar correlation is available for clean water 

As mentioned earlier, Tomiyama et al. [384,383,381] developed empirical cor- 

relations for the drag coefficient of a single bubble in pure, slightly-contaminated and 

contaminated water. The correlation for pure systems has been presented in the pre- 

vious Section; the ones for slightly contaminated and contaminated systems are 

Cdo = max min 
24 (1+0.15 aO. 687) 

1 
72 8 So 

7? eo 1 Re0 3So+4 

and 

24 
Cdo = max 

(ao 

, respectively. 

oss7 8 SO 
(1+0.15a0 ), 

3t0+4 

6.2.6 Other Empirical Correlations for Bubbles 

(6.35) 

(6.36) 

As has been shown, the conventional approach to develop a correlation is to divide the 

whole parameter range into several distinct regimes and fit the experimental data in 

each. This can lead to difficulties in numerical calculations [147] when the correlations 

do not match at the boundaries between one regime and another separately. In this 

context, it is noteworthy that Fan and Tsuchiya [95, p. 43] developed a correlation 
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that is continuous in all of its derivatives. It is based on the well-known equations of 
Stokes [363] and Mendelson [270] with re-fitted coefficients and reads: 

Uro =1 (6.37) 
J(Ustyn 

+ (UMe)-n 

USt = 
pgd2 (6.38) r Kbµc 

Ul= 
2ca 

+ gd (6.39) 
pad 2 

Here, Kb, c and n are empirical coefficients fitted to experimental data sets for air 

bubbles in 20 different liquids from three sources in the range 10-12 < Mo < 105. The 

subscripts S and M stand for the laws of Stokes [363] and Mendelson [270], respectively. 

Fan and Tsuchiya [95] found that the values for c and n can be determined for a 

specific liquid at a given level of contamination. It is recommended to use c=1.2 and 

1.4 for mono-component and multicomponent liquids, respectively. The recommended 

values for n range from 0.6 to 1.6 depending on liquid purity and have been tabulated 

by the authors. The value of Kb was found to vary from one liquid to another, ranging 

from 12 to 40. The behaviour of Kb can the correlated by the following relation Kb = 

KbO o. o38, where Kbo = 14.7 and 10.2 for aqueous solution (and water) and organic 

solvents/mixtures, respectively. The best fit for air bubbles in water was obtained 

with Kb= 37 and c=1.2. The coefficient n was set to n=1.6 and 0.8 for clean and 

contaminated water, respectively. 

Equation (6.37) approaches equation (6.38) for small Reynolds numbers and equa- 

tion (6.39) for large ones. These equations can be reformulated to give the drag coef- 

ficient in terms of the Reynolds number, resulting in: 

C, st 
_ 

4Kb (6.40) 
3Reo 

C, Me __ 
8 So (6.41) Cd Me 

It has been noted earlier that Fan and Tsuchiya [95] choose Kb as a fitting pa- 

rameter. With their recommended value for bubbles in water Kb= 37, equation (6.40) 

becomes Cd t= 49.3Reý 1. This is somewhat different from the analytical results of 

Stokes [363], Hadamard [131] and Rybczynski [332] for creeping flow and closer to the 

results of Levich for slightly higher Reynolds numbers (10 < Reo < 100). This leads 
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to the conclusion that Fan and Tsuchiya's [95] expression is not strictly valid at small 
Reynolds numbers and should not be applied there. 

Recently, Tomiyama et al. [387] challenged the view that the variation of the rise 

velocity for a fixed bubble diameter from one experiment to another can be explained 
by the presence of surfactants. His group conducted experiments with air bubbles in 

clean, tap and contaminated water and found that multiple stable states exist. For each 

of these states, the bubble assumes a particular shape and possesses a characteristic rise 

velocity falling into the shaded area of Figure 1.5. These results have been presented in 

more detail Section 1.5.3. They then derived a correlation for the bubble rise velocity 

as a function of the aspect ratio E of the bubble which is given by: 

UTo = 
sin-1 1-E2-E 1-E2 

1-E2 
8a 

E4ý3 +I 
OP I9d E2/3 

V Pad 2p, 1- E2 
(6.42) 

Unfortunately, E is itself an dependent variable and seems to depend on the 

history of the bubble. Hence, Tomiyama conducted additional work to identify the 

dimensionless groups which govern the aspect ratio. However, no final conclusion was 

presented. 

6.3 Influence of Phase Fraction on the Drag Coef- 

ficient 

Up to date and comprehensive reviews of correlations for the drag on multiple DPEs 

are not available. However, the older literature for particles, droplets and bubbles has 

been reviewed by Wallis [414]. More results for bubbles can be found in Lahey et al. 

[217] and in Steiner and Hartland [361] for droplets. Drag models often used in CFD 

calculations have been listed by Hjertager [156] and Jakobsen et al. [178]. 

The majority of the correlations presented in the following Sections are empirical 

and the data used in their derivation have often been obtained from fluidisation and/or 

sedimentation experiments [15]. In the former, the DPEs are suspended in a column by 

a stream of fluid. Once steady-state is reached, the drag and buoyancy forces are (on 

average) in equilibrium and the phase fraction is determined from the height of the bed 

formed by the suspended DPEs. On the other hand, in a sedimentation experiment, 
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the two-phase mixture is left for gravitational settling and the height of the mixture is 

then recorded over time. 

The fluidisation/sedimentation experiments are relatively easy to conduct with 

particles, but they are much more complicated if droplets or bubbles are investigated 

for two reasons: firstly, the fluid particles are usually generated during the experi- 

ment; and secondly, their size might change in the course of the experiment due to 

break-up and coalescence. Hence, their size has to be obtained in the experiment, e. g. 

photographically. 

Experimental investigations on droplets are often carried out in spray columns 
[361,308]. In this device, the droplets are dispersed into the continuous fluid through a 

distributor. The dispersed phase velocity is either measured directly, e. g. cinematically, 

or calculated from the dispersed phase throughput and the phase fraction where the 

latter is determined by sudden isolation of a section of the column. 

6.3.1 Empirical Correlations for Particles 

For fluidised and sedimenting particles, the relationship between the relative velocity 

and the phase fraction has been investigated by several authors, e. g. [197,5,15,110, 

362,319,429,428,240,168]. 

Drift flux models have been widely used to represent the influence of the phase 

fraction on drag. See Wallis [414] for a general introduction. In general these models 

take the following form: 

3r 
=arl_a)' 

0lI 

where n is an empirical coefficient and j is the drift flux defined as: 

j =a(1-a)Ur 

Equation (1.12) can be recast in terms of the drag coefficient, thus: 

Cd=Cdp(1-a) 3-2n 

(1.12) 

(1.13) 

(6.43) 

where Cdo is the drag coefficient for a single DPE in an infinite medium. 
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For particles, Wallis [414, p. 182] has given the following empirical formula for n, 
which compares very well with the earlier ones obtained by Richardson and Zaki [319]: 

n=4.7 
1+0.15Reo. ss7 
1+0.253Reo 687 (6.44) 

Barnea and Mizrahi [15] used a mixture approach to express the drag at elevated 
phase fraction. They define the Reynolds number and drag coefficient as: 

am = 
PdUTd 

/-fim 
(6.45) 

Cdm = (6.46) 
2p, AUr 

F(1m 

+ al/3) 

where subscript m demotes mixture. 

Here, /im is the effective mixture viscosity of the suspension: 

µm = p, exp 
(3(l 5a 

a) 
(6.47) 

With these definitions their drag correlation is: 

Cdm = 0.63 + 
4.8 2 

(6.48) 
! ým 

This can be recast in terms of Cd using the following relationship: 

Cd = Cdm (1 + a1/3) (6.49) 

In their study, Garside and Al-Diboui [110] observed that the relative velocity 

normalised by the terminal velocity of a single particle can be fitted by the following 

equation: 

U* 
- 

KA 

= 0.0671.2-a 

KB_U* 
(6.50) 

where U* is the normalised velocity magnitude U* = Uro and the empirical coefficients 

are the following functions of a: KA = (1- a)4.14 and KB = (1 - a)2.65 for a<0.15 or 

KB = 0.8(1-a) 1.28 for a>0.15. The coefficients were obtained from the best fit for 379 

data points from 17 sources in the range 10-3 < Reo <3x 104 and 0.01 <a<0.62 with 

a standard deviation of 9%. Equation (6.50) can be reformulated to give an expression 

for Cd, thus: 

11+0.06R, eö 2-`x 2 

Cd=Cdp(1-a) (6.51) 
KA+0.06KBao 2-« 
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Garside and Al-Diboui [110] compared their relationship with the one of Richardson 

and Zaki [319] and Barnea and Mizrahi [15] and found better agreement with the 

experimental data. 

Wen and Yu [429] proposed a model for the drag on particles at elevated phase 
fractions by assuming that the ratio of the multi-particle and single-particle drag co- 

efficient Cd/Cdo can be expressed as a function of phase fraction. They found: 

Cd = 
24 (1 + 0.15Reo. 687) (1 - a)-1.7 as 

(6.52) 

where the Reynolds number 1? es is based on the superficial velocity, i. e. Res = 
(i-«)C d 

µý 
Note that for low Reynolds numbers this equation reverts to that of 

Richardson and Zaki [319]. The correlation has been validated against experimental 

data from 4 sources. It has also been used by Simonin et al. [27,284] to calculate drag 

on bubbles at elevated phase fractions. 

Andersson [5] modified the classic Ergun [90] equation for packed beds by includ- 

ing a tortuosity factor q and a cross-section factor z. Both of those are phase fraction 

dependent. The result is presented in the from given by Mewes [273]: 

24(zq2) a for Ar <1 
CdO 7&0 1-a (6.53) - 

24(zq2) a+ 8C* 3 for Ar >1 Re0 1-a d0q 

where 

1 
Cdo - 

24 (6.54) Cäo =g Reo 

_ 
1-a 2.5a 2_ (6.55) zq 2a eXP 1-0.61a 

0.45 

q3 =5aa 
(6.56) 

1- 

and 6x 10-2 < Ar < 6x 105 and 0.05 <a<0.55. Cdo is the drag coefficient on a single 

particle. Various expressions for the latter are given in Section 6.2.2 and Turton and 

Levenspiel's [402] expression is used in the present study. However, it is unfortunate 

that the equation diverges for low phase fractions, as will be shown in Section 6.4.3. 

This renders it unsuitable for CFD calculations, where generality and robustness are 

key requirements. 
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It has been noted by Pilhofer and Mewes [308] that Andersson's [5] correlations 

were able to predict particle swarm velocities more reliably than that of Barnea and 
Mizrahi [15]. They therefore decided to extend Andersson's [5] correlation to liquid- 

liquid systems. 

Ishii and Zuber [168] (see [166,167]) studied the drag on DPEs and proposed 

several models for the drag coefficient for wide ranges of the phase fraction, Reynolds 

number and flow regime. They identified the following flow regimes: the Undistorted 

regime for particles, droplets and bubbles; the Distorted regime for droplet and bub- 

bles; the Newton regime for particles; and the Churn Turbulent regime for bubbles. 

In the undistorted and Newton regime, the confinement effect of the surrounding DPEs 

is represented using a mixture viscosity approach, in which the latter is calculated from: 

Am= PC (1- 
a 2.5GY* µd+0.4µc 

Ad + /A c 

a* 
(6.57) 

where a* is the maximum phase fraction, which takes a value of approximately 0.62 

for solid particles and 1.0 for fluid particles. 

In this Section, only correlations applicable to particles are given, whereas Ishii 

and Zuber's [168] correlations applicable to fluid particles will be presented in Sec- 

tions 6.3.2 and 6.3.3. For particles in the undistorted and Newton regimes, they give 

the following correlations based on the mixture viscosity: 

{t(l+o. 
lm) 

Cd = 

0.45K1(a) 

Undistorted DPE regime 

Newton's regime 

(6.58) 

In the undistorted regime, Ishii and Zuber assume that a complete similarity 

exists between Cd based on Reo for a single DPE and Cd based on Rem for a cloud 

of DPEs. Therefore the multi-particle drag coefficient can be determined from the 

single-particle one using 'Rem instead of Reand a drag law similar to that proposed by 

Schiller and Naumann's [340] is used for this purpose. 

However, in the Newton regime, Cd is assumed to depend only on the phase 

fraction, i. e. the effect of the neighbouring particles is through the phase fraction alone. 

Hence, the relation between Cd and Cdo, i. e. Kl (a), can be obtained by considering 

a special case of the terminal velocity particles in an infinite medium. Briefly, the 

terminal velocities for single-particle and multi-particle systems are compared at the 
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Fluid particle system 
Bubble in liq. Drop in liq. Drop in gas 

208 

a* ti 1 
µd+0.4µc 0.4 

µd+µß 

µm/µc a)-i 
K2(a) 

,ý 
(1 

- a)1.5 

0.7 
(1 

_ a1-1.75 

ß (1 
_ x)2.25 

0.62 to 1 

1 
(l 

- co-2.5 rl_o 

,ý ý1 _ aýs 

Solid particle system 

e"d 0.62 

1 
(1 

- oO-1.55 

n/a 

Table 6.1: Magnitudes of various terms in the model of Ishii and Zuber [168] 

transition point between the undistorted and the Newton regime. At this point, the 

relative velocity given by the two models should be identical. From this argument the 

following function for Kl is obtained: 

_ 
1+17.6(K2(a))6/7 

2 

Kl(a) 
18.67K2(a) 

(6.59) 

where K2 is defined as K2(a) =1 --a 
. The magnitudes of the terms in the 

model of Ishii and Zuber [168] for bubble, droplet and solid particle flows are given in 

Table 6.1. 

6.3.2 Empirical Correlations for Droplets 

The drag force on droplets at high phase fractions has often been expressed by extending 

models for particle systems. For example, Pilhofer [307] based his model on the ideas 

of Andersson [5], whereas Barnea and Mizrahi [16] extended their mixture viscosity 

approach by taking into account the circulation within the droplets, but not their 

deformed shapes. The latter give: 

KB + 
µý 

lam _- {Lc KB 
* 

KB + µa 
(6.60) 

where µä is the "apparent" viscosity of the dispersed phase, KA =2 5µ +2 5µd and KB = 

exp 
('). With these definitions, equation (6.46) can be applied. However, no way 

was found of evaluating µd, so Barnea and Mizrahi [16] recommend to use µd instead. 

Kumar et al. [209] also addressed this problem and suggested to avoid the evaluation 

µd by using the equation of Leviton and Leighton [242] instead of equation (6.47): 

µ,, z = µc exp 2.50.4µc 
+ µd (a + a5/3 + all/3) (6.61) 

µß+µd 
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Kumar et al. [209] simplified the approach of Barnea and Mizrahi [16] and rede- 

209 

fined the drag coefficient for the mixture as: 

Cdm = 
Fd (6.62) / 1p AU, 2 11-i-a'/3 

n 

2\ 1-a / 

Cd is related to Com via: 

I+a' 3n 
Cd=Com 

1-a 
(6.63) 

where Cdr,,, and n have constant values of 0.49 and 1.834, respectively. These cor- 

relations were validated against experimental results consisting of 591 data points 

for 16 liquid-liquid systems from 8 sources covering the range 7< Re < 2450 and 

0.01 <a<0.75. Kumar et al. [209] also compared their predictions with those of 

Pilhofer's [307] and Barnea and Mizrahi's [16] correlations and found that their corre- 

lation predicts 69.5% of the data points to within a deviation of 10%, whereas the other 

two correlations only predict 35.7% and 34.7% of the data sets with this accuracy.. 

It is interesting to note that Kumar et al. 's [209] correlation is independent of 

the droplet Reynolds number for all phase fractions. This is clearly not physical in 

the single droplet limit. Kumar and Hartland [208] later rectified this problem and 

presented another empirical expression for the prediction of the droplet rise velocity 

which is a function of the Reynolds number. The new correlation, which is not based 

on Barnea and Mizrahi's [16] approach, is: 

12 (12 2 4Ar 
f (a = -K 

i+ Kl + 3Kl a) 

f (a)= 
1-a 

1+kan 

where k=4.56, Kl = 0.53 and n=0.73 and Cd can then be expressed as: 

Cd= 
(Ki+ 2(1+kcx") 

ýZe 

(6.64) 

(6.65) 

(6.66) 

This correlation has been validated against 998 published experimental results 

for 29 liquid-liquid systems from 14 different sources covering the range 9x 10-3 < 

a<0.75,0.16<Lo< 6.41 and 0.16<Re<3169. 
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Pilhofer [307] (see [308,209]) extended the approach of Andersson [5] from par- 
titles to droplets. He obtained for Ar < 1: 

Cd = 

2 zq = 

24(zq2) 
Re 

1-a 
2a 

a 
1-a 

ex 
2.5a 

Kx&R p1-0.61a 

(6.67) 

(6.68) 

where a>0.06 and KH&R is the Hadamard-Rybczynski correction given in equa- 
tion (6.10). 

For higher Archimedes numbers (Ar > 1), Cd is given by: 

Cd = 
24(zq 2) a+ 8Cd0g3 

Re 1-a 

_1 
Ar co 

d6 __ - 3KHRRe0 
0 

1-a 2.5a l 

zq 
22 

exp C 
1-0.61a 1 

KHR 

2.21-a eX 
0.44a l KHR P( `1-0.61a) HR 

0.45 

Q3=5 1_a 
KH1.5 R 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

where Reo is calculated from Hu and Kinter's [159] equation (6.21). Note that for 

oscillating bubbles/ droplets with p, < µd and R> 70, CO has to be multiplied by an 
Y1* 74 

additional correction factor 1- a1.29 
(Ar-394Jy{0 0.27527s 

394jVb- 

Pilhofer's [307] approach suffers from the same deficiency as Andersson's [5] in 

the sense that it diverges for low phase fractions and, therefore, lacks the necessary 

generality required for use in a CFD code. 

As outlined in Section 6.3.1, Ishii and Zuber [168] developed a unified model for 

particles, droplet and bubbles. In what follows the formulation for his distorted particle 

regime (droplets) is given. In this regime, the drag coefficient for a single fluid particle 

is assumed to depend only on the Eötvös number and the phase fraction, but not on 

the Reynolds number, i. e. Harmathy's [138] result for large droplets and bubbles is 

used. However, it should be noted that Ishii and Zuber [168] modified the constant 

given by Harmathy from 0.57 to 0.66. 

Ishii and Zuber [168] express the dependence of the drag coefficient on the phase 

fraction by making the assumption that the increase in drag can be determined by 

for 0.06 <a<0.55 

for 0.55<a<0.74 

the expression used for particles in the Newton regime for particles. In other words, 
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they assumed that regardless of the difference in Cdo in these regimes, the effect of 
increased drag in the distorted particle regime can be predicted by using the same 
function Kl (cx). This model is: 

ýid =3 

ß' 
K1(a) 

{*('+o. 
1ie75) Undistorted DPE regime 

Distorted DPE regime 
(6.73) 

where Kl (a) is defined in equation (6-59). Rem is based on the mixture viscosity 
defined in equation (6.57) in which a* takes a value of 1.0 for droplets, extending the 

range of application for densely packed systems. During the BRITE-II project Hill 
[147,145] used this correlation for the calculation of liquid-liquid flows in a pipe mixer, 
but neglected the influence of a on the drag coefficient because the phase fraction was 
low. 

The use of Drift flux models for droplets in fluids has not been studied as exten- 

sively as for bubbly flow (see Section 6.3.3 for details). However, Wallis [414, p. 382] 

presented considerable evidence that a direct analogy between bubbly and droplet flow 

can be assumed and suggests to use n=2.0 in equation (1.12). 

6.3.3 Empirical Correlations for Bubbles 

Drift flux models for bubbly flow have been discussed by Wallis [414, p. 252]. He 

made the simple assumption that the relative velocity decreases linearly with the phase 

fraction and, therefore, recommended n=2.0. However, there are strong indications 

that the value of n is not always 2.0. Zuber and Hench [442] (see [414, p. 255] ) 

presented analytical as well as experimental results and recommended the following 

values for n depending on the regimes used by Peebles and Garber [303] : 

n= 

2.0 for Reo <2 Region 1 

1.75 for 2< Reo < 4.02g-0.214 Region 2 

not given for 4. O2g-0.214 <03.1g-0.25 Region 3 

1.5 for 3.1g-0.25 < Reo Region 4 

(6.74) 

Unfortunately, a value for the very important regime 3, which covers 1 to 10 mm air 

bubbles in water, was not been given. Here, Tomiyama et al. [382] used a constant 
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value of n=1.75 in their calculation of a transient bubble-induced circulation in a 
bubble column. 

Schwarz and Turner [341] presented a very simple model for the rise velocity of 

contaminated bubbles in liquids. It is given in the form of a constant friction factor 

which is defined in equation (1.11) : 

Cf=5X104 Lm3si (6.75) 

This corresponds to a constant relative velocity of about 0.2 m/s and is a good ap- 

proximation to the terminal velocity of single air bubbles in water when the diameter 

is in the range of 1 to 10 mm. The slip velocity is almost constant over this range 

of diameters because of increasing non-sphericity. The correlation can be cast into a 

relation for Cd: 

Cd=6.7x 104(1-a) 
d k9 

pCIUrI m3s 
(6.76) 

This correlation has been used for CFD calculations of bubble columns by [352,353, 

391] and of gas-stirred baths by [341]. 

Johansen and Boysan [187] studied bubble stirred metallurgical ladles and mod- 

ified equation (6.28) by using Tsuji et al. 's [401] experimental data on the drag coef- 

ficients of two spheres behind each other for 'Re < 200 in order to account for phase 

fraction effects. Their equation for the drag coefficient, in the form presented by 

Hjertager [156], reads: 

o Cd = CdO (1 - a0.667)= 
2.65E 

2+4.26 
(1 - a0.667) (6.77) 

valid for 500 < Re < 5000. 

The model predicts a reduction of the drag coefficient with increasing phase frac- 

tion. This is not in agreement with the trend predicted by many other well established 

= (1- a) -0.5 models, e. g. Wallis [414, p. 382] and Tomiyama et al. [382] which give CdO 

and (1-a)-1, respectively. Furthermore, the experimental data presented in Section 6.4 

confirms that the drag coefficient increases with increasing phase fraction. Therefore, 

Johansen and Boysan's [187] model does not seem to be appropriate under these con- 

ditions. 
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The model of Ishii and Zuber [168] has been used by several authors [282,103] to 

correlate the drag on bubbles. It is applicable to particles, droplets as well as bubbles, 
but only the correlations applicable to bubbles are given here: 

24 (1 + 0.1 % m75 ) 

Cd=3/ K1 (a) 

3`1_x)2 

Undistorted DPE regime 

Distorted DPE regime 

Churn turbulent regime 

(6.78) 

where Kl (a) is defined in equation (6.59). Rem is based on the mixture viscosity 
defined in equation (6.57) in which a* takes a value of 1.0 for bubbles. 

Ishii and Zuber's [168] correlation only gives criteria for transition from the undis- 
torted particle to distorted particle regime. Therefore, Morud and Hjertager [282], who 

used it in order to calculate bubbly air-water flow in a stirred vessel, assumed the flow 

to be in the distorted particle regime (bubbles) for a<0.3, in the churn turbulent 

regime (see Section 1.5.4) for 0.3 <a<0.7 and again in the distorted particle regime 
(droplets) for a>0.7. 

6.3.4 New Correlations 

Most of the correlation discussed in the previous Sections suffer from the limitation 

that they do not revert to a single DPE drag correlation when the phase fraction 

approaches zero. Even if they incorporate a single DPE model, it often does not 

represent the current state of the art. This is especially the case for correlations for 

systems of droplets. 

It therefore seems desirable in the present study to formulate the effects of the 

presence of other DPEs independently from the model used in the low phase fraction 

limit. In this respect, this new correlation is similar to the drift flux approach. In the 

new correlation, the drag coefficient is expressed as a correction to the drag coefficient 

of a single DPE: 

Cd = Cdof(a, Ar,... ) (6.79) 

where f is a function of the phase fraction, the Archimedes number and other param- 

eters of the flow. An obvious constraint on f is that it must approach unity when the 

phase fraction vanishes. 
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Plots of the ratio Cd/Cdo versus a derived from the experimental data are pre- 

sented in Figure 6.1 for particles, droplets and bubbles. The selection of the exper- 
imental data as well as the evaluation of Cd/Cdo from it is described in Section 6.4. 

In general, the relative velocity of a DPE surrounded by other DPEs decreases, as 
discussed in Section 1.5.4 and, therefore, the ratio Cd/Cdo increases with increasing 

phase fraction. It is also evident, that it tends to unity for very low phase fractions, 

although for bubbles there is a large amount of scatter indicating that not all of the 

important effects are taken fully into account in the single bubble drag law. This will 
be discussed further in Section 6.4.5. 

For particles, a weak dependency on the Archimedes number is noticeable from 

Figure 6.1a in that Cd/Cdo takes larger values with increasing Archimedes numbers. 

Unfortunately, this dependency cannot be confirmed for fluid particles, as can be seen 

from Figure 6.1b and c, where other effects seem to have a much stronger influence on 

the multi-particle dynamics. 

The experimental data in Figure 6.1 suggests that Cd/Cdo is primarily a function 

of the phase fraction. The increasing influence of Ar is weak for particles, but cannot 

be confirmed for droplets and bubbles. Therefore, in a first step, it is assumed in the 

present study that f is only a function of a. Hereby, a suitable functional form is 

chosen for f in the light of the experimental data. Its coefficients are evaluated by 

minimising its r. m. s. deviation from the data using the non-linear fitting procedure 

implemented in the graph plotting package "grace" [125]. 

It is evident from Figures 6. la and b that f increases exponentially for high phase 

fractions, whereas for values up to a: 0.3, f seems to rise initially and then tail off. 

Therefore, a combination of a power law and an exponential function is chosen as a 

fitting function, thus: 

f (a) = exp(Kia) + aK2 (6.80) 

The coefficients Kl and K2 have been determined for the different systems using 

the non-linear fitting procedure implemented in the graph plotting package "grace" 

[125]. The resulting values are tabulated in Table 6.2. 

It should be mentioned that the new correlations derived in this Section are for 

dispersed flows. However, a gas-liquid flow at very high phase fractions (a > 0.3) 
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Particles Droplets Bubbles 

Kl 2.68 2.10 3.64 

K2 0.430 0.249 0.864 

Table 6.2: Coefficients in new correlations. 

might be in the churn turbulent rather than the dispersed flow regime, as discussed in 

Section 1.5.4. In this case, different correlations must be used. 

6.4 Model Selection and Testing 

The objective of this Section is to select drag correlations from those presented in 

Sections 6.2 and 6.3 for implementation into the two-fluid methodology described in 

Chapter 3. The selected correlations are then implemented in the two-fluid methodol- 

ogy and validated against two test cases for which experimental data are available: the 

plane mixing layer (at low phase fraction) and the sudden enlargement of a circular 

pipe (at high phase fraction). 

The final expressions have to be applicable to two-phase systems at the full range 

of phase fractions. However, many drag correlations are based on those for single DPEs 

and, therefore, the best of the latter have to be selected first. The drag correlations for 

single particles have been validated extensively against experimental data by several 

authors [56,101,402,194] and further work in this field is outside the scope of this 

study. Hence, we follow Karamanev and Nikolov's [194] recommendation to use the 

correlation of Tierton and Levenspiel [402]. However, less work has been conducted 

for single bubbles and droplets, and the correlations presented earlier are therefore 

compared against each other in Sections 6.4.1 and 6.4.2, respectively, in order to assess 

their validity. 

Finally, the correlations for particles, droplets and bubbles at high phase fractions 

are assessed against each other as well as experimental data from the literature in 

Sections 6.4.3,6.4.4 and 6.4.5, respectively. 
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6.4.1 Bubbles at Low Phase Fraction 

The performance of the various drag correlations is best analysed by plotting the drag 

coefficient Cdo as a function of the Reynolds number Reo and the relative velocity Uro 

as a function of the diameter of the DPE d. For this purpose, equation (6.5) is solved 

numerically using the Newton-Raphson method, [313, p. 376] [272, p. 278]. Properties 

of an air-water system under atmospheric conditions are used in the calculations. 
Figure 6.2a and b show the results for correlations suitable for clean gas-liquid 

systems, i. e. those proposed by Tomiyama et al. [384], Fan and Tsuchiya [95], Wang 

[415], Lain et al. [218] as well as the analytical result of Moore [278]. Very good 

agreement between the correlations for Uro can be observed for larger bubbles with d> 

1 mm or Reo > 400, although that of Lain et al. [218] seems to somewhat overestimate 

in the intermediate regime. Nearly all models obey the limit for spherical-cap bubbles, 

Z. e. Cdo 3, except that of Wang [415], as this one is only valid up to a Reynolds 

number of 5000. 

On the other hand, appreciable differences are apparent for d<1 mm or 7Zeo < 

400, when the bubbles maintain their spherical shape. For extremely pure systems Cdo 

should approach 16ReO 1. This has been recognised in the correlation of Tomiyama 

et al. [384] (clean systems) and in that of Lain et al. [218]. Nevertheless, even very 

small amounts of contaminants immobilise the surface of very small bubbles. In this 

case, Cdo should approach 24R 1 as used by Tomiyama et al. [384] (slightly contam- 

inated) and Wang [415]. However, in the latter case the limit was added at a later 

stage of the modelling after the curve fit for Reo >1 had been obtained, leaving an 

unmatched regime transition at Reo = 1. Fan and Tsuchiya's [95] correlation predicts 

drag coefficient that are somewhat higher than those given by the other models because 

it approaches Cds = 49.3aß 1 for small Reynolds numbers, as shown in Section 6.2.6. 

Hence, this expression is not strictly valid at small Reynolds numbers (Reo < 40) and 

should not be applied there. 

Figure 6.2c to f show the results for correlations suitable for contaminated gas- 

liquid systems, i. e. those proposed by Peebles and Garber [303], Grace et al. [124], 

Glaeser and Brauer [113], Clift et al. [56], Ishii and Zuber [168], Kuo and Wallis [211], 

Schwarz and Turner [341], Fan and Tsuchiya [95], Tomiyama et al. [384] as well as 
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Lain et al. [218]. By comparing Figure 6.2c and d with Figure 6.2e and fit is apparent 
that the more recent correlations dating from the 80's and 90's are in better agreement 

with each other than the earlier ones. Two of the very early expressions suffer from 

the deficiency that the spherical-cap regime is not recovered for high a. These are 
the ones of Peebles and Garber [303] and Grace et al. [124]. However, Glaeser and 
Brauer [113] seem to have rectified this problem in their correlation, but it gives higher 

values for the rise velocity for small bubbles than any other model. It is interesting 

that Peebles and Garber's [303] formulation for region 3 (Cdo = 0.0275gRe4) seems to 

be more appropriate for contaminated systems, where a noticeable decrease in the rise 

velocity is found for moderate bubbles sizes of 1 mm <d< 10 mm. 

The correlation proposed by Grace et al. [124] has a relatively small range of 

applicability, but it is also applicable to liquid-liquid flows. As mentioned earlier, 

its functional form leads to unphysical behaviour when used outside its bounds for 

moderately small Reynolds numbers as indicated in Figure 6.2c. 

From Figure 6.2b it is evident that Schwarz and Turner's [341] assumption of a 

constant friction factor is a good approximation for air-water bubbles in contaminated 

water of the size 2 mm <d< 10 mm. Interestingly, it gives slightly smaller rise 

velocities than the other models. Nevertheless, it lacks the necessary generality. 

Again, there seems to be some confusion in the low Reynolds number limit in the 

earlier as well as in the more recent expressions, but in the light of the previous com- 

ments we simply note that Cdo = 24ReO 1 should be used for bubbles in contaminated 

systems. This was done by Peebles and Garber [303], Ishii and Zuber [168], Tomiyama 

et al. [384] and Lain et al. [218]. 

The correlations proposed by Ishii and Zuber [168] (contaminated systems), Fan 

and Tsuchiya [95] (clean and contaminated systems), Tomiyama et al. [384] (clean 

and contaminated systems) and Lain et al. [218] (contaminated systems) capture the 

overall trends very well. Tomiyama et al. [384] validated their model slightly more 

thoroughly than Fan and Tsuchiya [95], although both references used the extensive 

data set collected of Haberman and Morton [130], but Lain et al. [218] unfortunately 

did not conduct a validation study. Tomiyama et al. [384] note that their correlation 

performs better than that of Ishii and Zuber [168], which has the advantage of being 
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applicable to higher phase fractions. 

220 

Overall, we recommend the use of Tomiyama 

et al. 's [384] correlation for clean as well as contaminated single bubbles. 

6.4.2 Droplets at Low Phase Fraction 

Essentially, two correlations have been proposed in the literature for the rise velocity 

of single droplets, namely those of Harmathy [138] and Grace et al. [124]. It has 

been shown in the previous Section that the functional form of the latter leads to 

unphysical behaviour when used outside its bounds for moderately small Reynolds 

numbers. Similar restrictions apply to Harmathy's [138] expression which is only valid 
in the range 1< go < 13. Therefore, it has to be concluded that a general correlation 
for the terminal velocity of a single droplet in an infinite medium is not available at 

present. 

6.4.3 Particles at High Phase Fraction 

The dynamics of falling particles have been researched quite extensively and a large 

body of literature is available which has been reviewed by [15,110]. The data selected 

for comparison have been obtained from fluidisation experiments. This type of experi- 

ment has been outlined in Section 6.3 and yields the mean phase fraction and the mean 

relative velocity on a macroscopic scale, e. g. for whole column. The experimental data 

have been obtained by 3 authors and have been chosen so that a wide range of the 

Archimedes number is covered. They are assembled in 4 data sets which are tabulated 

in Table 6.3. 

The data are compared with the following correlations which are described in 

Section 6.3.1: drift flux model (equation (6.44)), Ishii and Zuber [168] (undistorted 

and Newton regime), Barnea and Mizrahi [15], Andersson [5], Wen and Yu [429], 

Garside and Al-Diboui [110] as well as the formula developed in the present study 

which is denoted "new correlation". Some formulations require an expression for the 

drag on a single particle and we use the best available to us - in this case the one of 

Turton and Levenspiel [402]. As mentioned earlier, Andersson's [5] correlation is not 

valid for a<0.05 and we use dashed lines to indicate this. The performance of the 

various formulations is analysed by plotting Cd -a and UT - a. The predictions for Cd 
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Data Set 

P1 

P2 

P3 

P4 

Reference 

Hanratty and 
Bandukwala [133] 

Wilhelm and Kwauk [430] 

System 

steel spheres, glass spheres 
in glycerine-water solution 

sea sand in water 

221 

Ar 

<1 

8.3 x 102 

Wilhelm and Kwauk [430] sacony beads in water 2.1 x 105 

Wen and Yu [429] 

Wilhelm and Kwauk [430] 

Wen and Yu [429] 

glass spheres in water 1.2 x 105 

glass beads in water 1.9 x 106 

glass spheres in water 1.8 x 106 

Table 6.3: Data sets chosen for comparison with drag correlations for particles at high phase 
fraction. 

and Ur are obtained using the same numerical techniques as outlined in the previous 

Section, but equation (6.9) is now solved instead of equation (6.5). Equation (6.9) is 

also utilised to calculate Cd from the experimental data, which usually contains only 

Ur, as pointed out earlier. The properties utilised in the calculations are taken from 

the references mentioned above. In addition, the data is normalised by the model's 

prediction for a=0, i. e. Cd/Cdo and UT/Ur0. However, this is not possible for the 

formula of Andersson [5] because it is not defined in the single particle limit. Instead, 

Turton and Levenspiel's [402] expression is utilised. 

Figure 6.3 shows the drag coefficient and the relative velocity as well as their 

normalised (by single particle values) values as functions of the phase fraction for data 

set PI. This is for glass and steel spheres falling in glycerine-water solution for which 

the Archimedes number is less than 1. The corresponding Reynolds numbers are of 

the order of 10-2 for data points close to the single particle limit and 10-3 when the 

suspension is dense. The flow is therefore in the creeping flow regime. Unfortunately, 

Hanratty and Bandukwala [133] published only the normalised relative velocity and it 

is therefore impossible to calculate Ur or Cd for this data set. 

It is evident from Figure 6.3a that all correlations predict roughly the same trend, 

namely that the drag coefficient rises when the phase fraction increases. However, 

there are large differences in behaviour in the proximity of the maximum packing limit 

(approximately 0.62 for particles). Here, the expressions of Barnea and Mizrahi [15] 

and Ishii and Zuber [168] predict a sharp increase of the drag coefficient. Reference to 

equation (6.57) reveals that the model of Ishii and Zuber [168] is actually singular at 
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Figure 6.3: Comparison of the predictions of various drag correlations for particles with data 

set P1 (Ar < 1): a) Cd - a; b) Cd/Cdo - a; c) Ur - a; d) Ur/U,. o - a. 

this point. This behaviour is not physical because the pressure drop and, consequently, 

the drag coefficient in a packed bed of particles are always finite. The former is given 

to good approximation by the well-known Ergun [90] equation. 
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It is further noticeable from the plot that the correlation of Barnea and Mizrahi 

[15] and that proposed in the present study give slightly higher values for low phase 

fractions, although the differences are fairly small. In particular, they predict a sudden 

increase in the drag coefficient for small cr which will be discussed further in the light 

of the other experimental data at the end of this Section. 

The relative velocity and its normalised value are shown in Figure 6.3c and d, 

respectively. As expected, the rise in the drag coefficient with increasing phase fraction 
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corresponds to a decrease of the relative velocity with increasing phase fraction. This 
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Figure 6.4: Comparison of the predictions of various drag correlations for particles with data 
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is shown in Figure 6.3a and c. The results of the different correlations are very similar, 

although some predict slightly smaller relative velocities for a<0.3 most notably that 

of Barnea and Mizrahi [15] and that developed in the present study. However, it should 

be mentioned that all models produce nearly identical values for the terminal velocity 

in the single particle limit, i. e. they all revert to Stokes' law. Very good agreement 

can also be found for the normalised relative velocity as a function of a, as shown in 

Figure 6.3d. All correlations predict the normalised relative velocity within the scatter 

of the experimental data, with the exception of that of Barnea and Mizrahi [15] and 

that proposed in the present study which give slightly lower values for a<0.3. 

Figure 6.4 shows the same comparison for data set P2. The Archimedes number 

for this set is higher than for set P l. Therefore buoyancy is more important which 
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results in larger relative velocities. The Reynolds number is now approximately 20 for 
data points close to the single particle limit. 

The predictions for the drag coefficient, plotted in Figure 6.4a, are in reasonable 

agreement with the experimental results. However, none of the expressions captures 
the trend indicated by the two data points around a -: 0.42; those are assumed to 

be anomalous. From the plot, it is evident that the model of Ishii and Zuber [168] 

gives lower values when a<0.4, whereas that of Barnea and Mizrahi [15] and that 

developed in the present study predict larger ones. The best agreement is obtained for 

the correlation of Wen and Yu [429] and the drift flux model. 

The relative velocity is shown in Figure 6.4c. Some discrepancies are noticeable 

even for the single particle limit. Here, the drift flux model can be taken as a reference, 

since it is based on the single particle drag model by Turton and Levenspiel [402] which 

is deemed to be the most recent and accurate. The relative differences between the 

predictions of the drift flux model and those of the models of Ishii and Zuber [168] 

and Barnea and Mizrahi [15] are +10% and -6%, respectively. The relative differences 

in the drag coefficient are -18% and +13%. This level of uncertainty should be kept 

in mind when assessing the predictions for droplets and bubbles in Sections 6.4.4 and 

6.4.5. 

Figure 6.5 shows Cd and UT as well as their normalised values for data set P3, 

for which the Archimedes number is approximately 105. The set contains data from 

two sources and some variation between them is evident. This is probably due to the 

slightly different Archimedes numbers. The Reynolds numbers for this data set are in 

the range of 120 to 750, for high and low phase fractions, respectively. At this Re, the 

use of Ishii and Zuber's [168] model for the Newton regime is justified and results for 

this model are included into the graphs. 

Reasonable agreement is obtained for all correlations except for those of Ishii 

and Zuber [168] which substantially underpredict the drag coefficient for a .;: 0.4 and, 

hence, overestimates the relative velocity by up to 100%. Furthermore, the correlations 

of Ishii and Zuber [168] predict that the relative velocity is a concave function of a, i. e. 

a<0, which is not in agreement with the other expressions nor the experimental 
, gar 

data. For high values of the phase fraction, they also give a sharp increase of the 
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Figure 6.5: Comparison of the predictions of various drag models for particles with data 

set P3 (Ar : 1.6 x 105) . Wilhelm and Kwauk [430] (circles), Wen and Yu [429] (squares): 
a) Cd - a; b) Cd/Cdo - a; c) UT - a; d) U/Uo - a. 

drag coefficient amounting to an underprediction of the relative velocity by an order of 

magnitude for a 0.6. There is virtually no difference between the two formulations 

for the undistorted and the Newton regime. 

The other expressions are in much better agreement with the experimental data, 

although some differences are noticeable in the range 0.1 < oz < 0.3, where the those 

of Andersson [5] and Barnea and Mizrahi [15] as well as that proposed in the present 

study seem to match the data better than the expression of Wen and Yu [429] and the 

drift flux model. 

The results for data set P4 are plotted in Figure 6.6. These relate to an 

Archimedes number of approximately 106 and Re in the range 420 to 2500. As 
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Figure 6.6: Comparison of the predictions of various drag correlations for particles with data 

set P4 (Ar = 1.9 x 106). Wilhelm and Kwauk [430] (circles), Wen and Yu [429] (squares): 

a) Cd - a; b) Cd/Cdo - a; c) UT - a; d) Ur/Uro - a. 

previously evidenced for data set P3, the Ishii and Zuber's [168] model substantially 

underpredicts the drag for low phase fractions and overpredicts it for large ones. There 

is now a noticeable difference between the formulations for the undistorted and Newton 

regime, largely due to the different formulations in the single particle limit. 

The expression of Wen and Yu [429] performs well for data set P3, but the 

predictions for data set P4 substantially overestimate the relative velocity for a<0.4. 

This seems to be due to the underlying single particle model; they used that of Schiller 

and Naumann [340] which is only valid for Reo < 1000. Much better agreement with 

the experimental data is obtained for the correlation developed in the present study as 

well as that of Garside and Al-Diboui [110], especially for lower phase fractions. Nearly 
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perfect agreement is noticeable for the formula proposed by Andersson [5]. 
In essence, the correlations of Ishii and Zuber predicts larger relative velocities 

at a<0.4 than the other models. This is especially the case for higher Archimedes 

numbers, i. e. data sets P3, P4 and to lesser extent for P2. Furthermore, it was found 

that the Ur -a relationship is a concave function of a which is not in agreement with 
the experimental findings or the predictions of the other expressions. This problem 
stems from the formulation of the mixture viscosity, which seems is underestimated 

at low phase fractions and overestimated at high values. Barnea and Mizrahi [15], 

whose formula also uses a mixture viscosity approach, seem to compensate for this 
deficiency by modifying the definition for Cd with an additional factor of (1 - a)1/3, as 

evident from equation (6.49). This leads to a sharp increase in the drag coefficient for 

small a which yields better agreement with the experimental data for high Archimedes 

numbers (P3, P4), but introduces a problem at low Archimedes numbers where the 

relative velocity for a<0.2 is underpredicted (PI). 

It is interesting to note, that the effect of the phase fraction on the drag coefficient 
diminishes with higher Archimedes and Reynolds numbers, as evidenced by comparing 

the normalised drag coefficient in figures 6.3d, 6.4d, 6.5d and 6.6d. 

Overall, the expressions proposed by Garside and Al-Diboui [110] and Andersson 

[5] seem to give the best results for the terminal velocity of particles falling in liquids. 

However, Andersson's [5] formula suffers from the deficiency that it cannot be applied to 

systems at low phase fraction (less than 5%), as mentioned earlier. The new correlation 

yields reasonable results and could be improved if the influence of the Archimedes 

number was taken into account. Hence, it lacks generality and we recommend to use 

the correlation by Garside and Al-Diboui [110]. 

6.4.4 Droplets at High Phase Fraction 

Fluid-fluid systems have been researched extensively and there are approximately 17 

sources of data available in the literature on the velocity of falling or rising droplets 

in multi-droplet systems. Reviews of these data sets are given in [308,2081. In this 

study, four sets have been chosen so that a wide range of the Archimedes numbers 

(30 < Ar < 1.4 x 106) is covered. Unfortunately, the data for intermediate Archimedes 
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Data Set Reference System Armin 

Dl Barnea and Mizrahi [15] 

D2 Vedaiyan et al. [412] 

D3 Vedaiyan et al. [412] 

D4 Loutaty et al. [254] 

D5 Garwin and Smith [111] 

brine in butanol 

methyl iso-butyl 
ketone in water 
benzene in water 
kerosene in water 
benzene in water 

30 

228 

Armax 

91 

1.1x105 4.2x105 

3.5x105 1.4x106 

8.6x104 3.0X105 

3.4 x 105 1.0x 106 

Table 6.4: Data sets chosen for comparison with drag correlations for droplets at high phase 
fraction. 

numbers was not available to the author. In the experiments, the size of a droplet 

and bubble cannot be fixed easily and is a result of the generation process as well as 

secondary effects, e. g. break-up and coalescence. Therefore, the Archimedes number 

is no longer a constant for a given system. The data sets are tabulated in Table 6.4 

together with the range of Archimedes numbers prevailing. All of the experiments 

were carried out in spray columns and the diameter of the droplets was obtained 

photographically. 

The data are compared with the following correlations which are described in 

Section 6.3.2: drift flux model (equation (1.12)), Ishii and Zuber [168], Barnea and 

Mizrahi [16], Pilhofer [307], Kumar et al. [209], Kumar and Hartland [208] as well as 

the formula developed in the present study which is denoted "new correlation". Some 

formulations require an expression for the drag on a single droplet and, as previously, 

we use the best available to us - in this case the one of Grace et al. [124]. However, 

this expression is not valid when 71, as defined in equation (6.26), is smaller than 2 

and the standard particle drag law is used instead. This is justified since in this case 

Re is usually small and Stokes' law should apply. As mentioned earlier, Pilhofer [307] 

derived his correlation from that proposed by Andersson [5] for multi-particle systems 

and, hence, it is not valid for a<0.06. Again, a dashed line indicates this and Grace 

et al. 's [124] correlation is used to calculate the normalised quantities. 

Figure 6.7 shows the comparison for data set DI, which is for relatively small 

brine droplets (0.5 mm <d<1.0 mm) falling in butanol. The Archimedes number is 

of the order of 30 - 90. The corresponding Reynolds numbers are of the order of 0.7 

for a single droplet and 0.2 for a dense suspension. 
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Figure 6.7: Comparison of the predictions of various drag correlations for droplets with data 
set D1 (30 < Ar < 91): a) Cd - a; b) Cd/Cdo - a, c) Ur - a; d) Ur/UTo - a. 

The drag coefficient and its normalised value are plotted in Figure 6.7a and b. 

Similar to the results for particle systems, Cd increases with increasing phase fraction, 

but it is evident from Figure 6.7a that the differences between the correlations are 

much larger than for particle systems. The differences extend over the whole range of 

the phase fraction and even in the single droplet limit they can be as large as an order 

of magnitude. 

The predictions of the model of Ishii and Zuber [168] (distorted regime) and 

Kumar et al. [209] are particularly low. This can be explained by examination of the 

expression used in the single droplet limit, which is that of Harmathy [138]. It was 

derived for large drops and bubbles and the Eötvös number should be larger than 1 

for it to be applicable. This is not the case for data set DI where the Eötvös number 
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is approximately 0.37 and clearly a different correlation should be used instead to 
determine the single droplet drag coefficient. 

For Kumar et al. 's [209] expression, it is fair to note that the conditions of set 
PI are outside its range of applicability, because it has only been validated for a>7, 

where for data set D1 the Reynolds number is lower than 0.7. They addressed this 

problem in the revised version of their model Kumar and Hartland [208]. 

From Figure 6.7a and b it is noticeable that Pilhofer's [307] correlation exhibits a 
jump at a=0.55. This is due to the fact that equation (6.71) for zq2 is constructed in 

two discontinuous parts. The problem is less noticeable for higher Archimedes numbers; 
however, it could lead to serious numerical problems when used in CFD calculations. 

The relative velocity and its normalised value are shown in Figure 6.7c and d. 

Reasonable agreement is obtained for the correlations of Barnea and Mizrahi [16], 

Kumar and Hartland [208] and Pilhofer [307] as well as that proposed in the present 

study. The one of Ishii and Zuber [168] (undistorted regime) also gives quite accurate 

predictions since the small droplets in this data set can be approximated reasonably 

well by solid spheres. 

Data set D2 contains data for methyl iso-butyl ketone droplets in water. The 

droplet diameter varies between 3.5 and 5.4 mm and the Archimedes number is much 

higher than for data set D1, lying in the range of 1.1 x 105 and 4.2 x 105. The Reynolds 

numbers are between 130 and 600 in the dense and dilute limit, respectively. 

The results are given in Figure 6.8. Large differences between the correlations 

are apparent and most of them yield drag coefficients that are smaller than the mea- 

surements. This is especially the case for Ishii and Zuber's [168] model (undistorted 

regime) which does not seem to be appropriate for this set, probably because of the 

high Reynolds numbers. Only the models of Ishii and Zuber [168] (distorted regime), 

Kumar et al. [209], Pilhofer [307] and the new correlation give reasonable results. 

Figure 6.9 shows the comparison for data set D3 relating to benzene droplets rising 

in water. The droplet diameter is between 5.0 and 9.3 mm and the Archimedes number 

ranges between 3.5 x 105 and 1.3 x 106. The corresponding Reynolds numbers are of 

the order of 1300 for a single droplet and 300 for the dense system. It is noticeable that 

the expressions of Pilhofer [307] and Kumar et al. [209] as well as the new correlation 
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Figure 6.8: Comparison of the predictions of various drag correlations for droplets with data 
set D2 (1.1 x 103 < Ar < 4.2 x 103) : a) Cd - a; b) Cd/Cdo - a; c) UT - a; d) UT/Uro - a. 

give the best results. However, it is evident from Figure 6.8c and d that the model of 

Kumar et al. [209] agrees accidentally because it underpredicts the normalised relative 

velocity and by doing so, gives reasonable predictions for the relative velocity. 

Plots showing the results for kerosene droplets rising in water are given in Fig- 

ure 6.10 (data set D4). Here, the Archimedes number is around 6x 105 and the 

corresponding Reynolds numbers are 730 and 130 in the dilute and dense limit, respec- 

tively. The relative velocity is plotted in Figure 6.10c. The correlations of Pilhofer 

[307], Kumar and Hartland [208], Barnea and Mizrahi [16] as well as the new correla- 

tion are in good agreement with the experimental results. Barnea and Mizrahi's [16] 

expression predicts very small rise velocities for a>0.6 which are not supported by 

the experimental findings. 
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Figure 6.9: Comparison of the predictions of various drag correlations for droplets with data 

set D3 (3.5 x 103 < Ar < 1.3 x 104) : a) Cd - a; b) Cd/Cdo - a; c) Ur - a; d) U,. /Uro - a. 

The results for data set D5 are depicted in Figure 6.11. The data were collected 

by Garwin and Smith [111] for benzene droplets rising in water. The Archimedes 

numbers are between 3.4 x 105 and 1.0 x 106 and the corresponding Reynolds numbers 

are in the range of 150 to 930. Large discrepancies between the correlations and 

the experimental data are noticeable for the relative velocity as well as for the drag 

coefficient. The best fits are with the correlations of Kumar et al. [209], Pilhofer [307] 

and the new correlation. Again it has to be noted that Kumar et al. 's [209] expression 

obtains good results only by compensating its errors through its formulation of the 

single droplet drag law. 

It is interesting to note that the correlation of Kumar et al. [209] apparently gives 

better predictions for the data sets D2, D3 and D5 than its revised version (Kumar 



6.4 MODEL SELECTION AND TESTING 

101 

ýe 100 
U 

00 0 

Dritt Flux 
ishiiM84Dist 
ishiiM84UDist 
barneaM75 
pilhofer74 
kumarVH80 
kumarH85 
new Correlation 

0 0.2 0.4 0.6 0.8 
a (-ý 

a) 

0.2 

0.15 

E 0.1 

0.05 

n 

- Drift Flux 
ishiiM84Dist 

- ishiiM84UDist 
- barneaM75 

L pilhoter74 
kumarVHSO O 
kumarH85 
new Correlation 

0 

0 0.2 0.4 0.6 0.8 
a [-] 

0 
0 

c) d) 

0.2 0.4 0.6 0.8 
a [-] 

Figure 6.10: Comparison of the predictions of various drag correlations for droplets with data 

set D4 (8.6 x 104 < Ar < 3.0 x 105) : a) Cd - a; b) Cd/Cdo - a; c) Ur - a; d) U,. /Uro - a. 

and Hartland [208]). Interestingly, Kumar and Hartland [208] derived the coefficients 

of their revised model from a large collection of experimental results, which does not 

include the aforementioned data sets. However, they do not give a reason for discarding 

them. 

Some similarities between particle and droplet systems are noticeable from the 

previous plots. For instance, when comparing the normalised drag coefficient plotted 

in figures 6.7d and 6.8d, both show that the effect of the phase fraction on the drag 

coefficient becomes less pronounced with higher Archimedes and Reynolds numbers. 

In essence, it is evident from these results that the dynamics of droplets are much 

more complex than that of particles: firstly the correlations of the various correlations 

deviate more strongly; and secondly there are larger differences between them and the 
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Figure 6.11: Comparison of the predictions of various drag correlations for droplets with data 
set D5 (3.4 x 105 < Ar < 1.0 x 106): a) Cd - a; b) Cd/Cdo - a; c) Ur - a; d) Ur/U,. o - a. 

experimental results. Overall, the expressions given by Pilhofer [307] and Kumar et al. 

[209] as well as the new correlation seem to give the best predictions for the terminal 

velocity of droplets in liquids. As mentioned earlier, Pilhofer's [307] correlation suffers 

from the deficiency that it cannot be applied to systems at low phase fraction, where 

the phase fraction is less than 6%. On the other hand, Kumar et al. 's [209] expression is 

not applicable at low Archimedes and Reynolds numbers. Hence, both correlations lack 

the generality required for wide use and it is recommended to use the new correlation. 

6.4.5 Bubbles at High Phase Fraction 

Gas-liquid systems are of paramount importance to the chemical process industry and 

the dynamics of these systems have been researched extensively. However, most of 
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Data Set Reference 

Bl 
Liu and Bankoff [249] 

Larue de Tournemine [226] 

B2 Liu and Bankoff [249] 

Larue de Tournemine [226] 

B3 
Liu and Bankoff [249] 

Larue de Tournemine [226] 

B4 Liu and Bankoff [249] 

System 

air in water 

air in water 

air in water 

air in water 

air in water 

air in water 

air in water 

235 

Armin Armax 

5.4x 104 1.5x 105 

2.5 x 104 1.5 x 105 

1.5x 105 2.5x 105 

1.7x 105 2.1x 105 

2.5 x 105 5.0 x 105 

2.9 x 104 

5.0 x 105 

4.4 x 105 

1.0 x 106 

Table 6.5: Data sets chosen for comparison with drag correlations for bubbles at high phase 
fraction. 

the experimental studies are concerned with bubble columns and it would be difficult 

to disentangle the various effects, i. e. large scale internal circulation, turbulence and 

phase fraction, on the bubble rise velocity. 

In this work, we therefore rely on the data obtained in upward pipe flow. One 

set was obtained by Liu and Bankoff [249], who measured the phase fraction, bubble 

diameter, phase velocities and phase r. m. s. velocities in a pipe with a diameter of 

38 mm. The second set was recently produced by Larue de Tournemine [226] for 

bubbles in homogeneous turbulence. The data have been split into five data sets 

according to the Archimedes number, which is closely related to the bubble size. The 

resulting conditions for each set are tabulated in Table 6.5. 

The data are compared with the following correlations which are described 

throughly in Section 6.3.3: drift flux model (equation (1.12)), Ishii and Zuber [168], 

Johansen and Boysan [187], Schwarz and Turner [341] as well as the formula developed 

in the present study which is denoted "new correlation". Although the expression of 

Wen and Yu [429] is derived for solid particles, it is included because it has been used 

by some authors to correlate the rise of systems of bubbles, e. g. [27,293]. Some formu- 

lations require an expression for the drag on a single bubble and, as previously, we use 

the best available to us - in this case the one of Tomiyama et al. [384] (contaminated 

systems). 

Figure 6.12 shows the drag coefficient and the relative velocity as well as their 

normalised values for data set B1. This is for small bubbles (1.4 mm <d<2.5 mm) 

and the Archimedes number is of the order of 2.5 x 104 to 1.5 x 105. The corresponding 
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Figure 6.12: Comparison of the predictions of various drag correlations for bubbles with data 

set B1 (2.7 x 105 < Ar < 7.8 x 105). Liu and Bankoff [249] (circles), Larue de Tournemine 
[226] (squares): a) Cd - a; b) Cd/Cdo - a; c) U,. - a; d) Ur/U,. o - a. 

Reynolds numbers are between 300 and 820. 

The drag coefficient is shown in Figure 6.12a. Large discrepancies between the 

correlations are noticeable and it is also surprising that they do not even give a con- 

sistent trend for the influence of the phase fraction on the drag coefficient. Those of 

Johansen and Boysan [187] and Schwarz and Turner [341] predict a decrease of the 

drag coefficient over the whole range of a. The latter assumes a constant slip velocity 

and the reduction of the drag coefficient is a consequence of this assumption. On the 

other hand, Johansen and Boysan's [187] model is derived by considering the special 

case of two particles behind each other, for which experimental results are available. 

The result is then cast into a relationship for the drag coefficient. As outlined in Sec- 

tion 1.5.4, the drag on a particle in a suspension is always larger than that for a single 
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particle if a is not too low. This trend is confirmed for bubbles in Figures 6.14,6.15 

and 6.16. Hence, it can be concluded that practices of Johansen and Boysan [187] and 
Schwarz and Turner [341] are not valid. 

Figure 6.12c shows the relative velocity as a function of the phase fraction. A 

comparison of the correlations reveals that most are in close agreement in the single 

bubble limit. Only that of Johansen and Boysan predicts larger rise velocities, since 

it utilises the modified wave analogy model of Clift et al. [56] which is only valid for 

a>500. 

It striking that the experimental data exhibit large scatter, especially at low 

values of the phase fraction. The variations can be quantified with reference to Fig- 

ure 6.12d. From this plot it is evident that the relative difference can be up to 100% 

and -50%. This is perhaps not surprising because the rise velocity of single bubbles in 

the "wobbling" regime is not well understood, as discussed in Section 1.5.3. Further- 

more, it has been shown by Eppinger [89] that turbulence has a pronounced effect on 

the rise velocity of bubbles. He found in his study of bubbles rising in homogeneous 

turbulence that the rise velocity in the range of 1 to 2 mm diameter decreases by 45% 

when the turbulence intensity is increased from 3% to 18%. The same trend is evident 

from Figure 6.13, which shows the normalised bubble velocity plotted against the tur- 

bulence intensity for all data points in data sets BI to B4. The detrimental effect of 
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Figure 6.14: Comparison of the predictions of various drag correlations for bubbles with data 
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the turbulence intensity on the rise velocity is clearly noticeable. However, it has to be 

noted that bubble size is only approximately constant and the bubble diameter varies 

in the range 1.8 to 2.8 mm. 

The results for data set B2 are given in Figure 6.14. Here, the bubble diameter 

varies within 2.5 and 2.9 mm, giving Archimedes numbers in the range between 1.5 x 105 

and 2.5 x 105. The corresponding Reynolds numbers are in the range of 350 and 960. 

It is evident from Figure 6.7a that Cd increases with increasing phase fraction and, 

correspondingly, the relative velocity shows a decrease. This is in accordance with the 

results for particles and droplets. 

Figures 6.15 and 6.16 show results for data sets B3 and B4. Here, the bubbles 

have diameters between 3.0 and 3.7 mm and between 3.7 and 4.7 mm, respectively. 
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Figure 6.15: Comparison of the predictions of various drag correlations for bubbles with data 

set B3 (2.7 x 105 < Ar < 7.8 x 105). Liu and Bankoff [249] (circles), Larue de Tournemine 
[226] (squares): a) Cd - a; b) Cd/Cdo - a; c) UT - a; d) Ur/Ur0 - a. 

The Archimedes numbers are approximately 4x 105 and 8x 105, respectively. Good 

agreement is obtained for the expression of Wen and Yu [429] as well as the new 

correlation, whereas the predictions of the drift flux model and the model of Ishii and 

Zuber [168] (undistorted regime) are less satisfactory. 

As mentioned earlier, the relative velocity is a concave function of the phase 

fraction according to the model of Ishii and Zuber [168]. Consequently, it substantially 

underpredicts the drag for ar0.3 and overestimates the relative velocity by up to 

50%. Not surprisingly, large differences between the distorted and the undistorted 

formulations occur. However, it is interesting to note that the undistorted formulation 

predicts lower relative velocities and, therefore, agrees better with the experimental 

data than the distorted formulation. This is surprising, since the Eötvös numbers in 
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Figure 6.16: Comparison of the predictions of various drag correlations for bubbles with data 

set B4 (2.7 x 105 < Ar < 7.8 x 105). Liu and Bankoff [249] (circles), Larue de Tournemine 
[226] (squares): a) Cd - a; b) Cd/Cdo - a; c) U,. - a; d) UT/U,. o - a. 

this regime are high enough to justify the use of Harmathy's [138] simple drag law. 

Unfortunately, the uncertainties in the experimental data, especially related to 

turbulence effects, make a quantitative assessment very difficult. Nevertheless, it is 

evident from the previous results that overall, the correlation developed in the present 

study seems to give the best predictions for the terminal velocity of bubbles in liquids 

at high phase fraction. It is also interesting to note that reasonable predictions can 

be obtained from the expression put forward by Wen and Yu [429], although it was 

originally derived for solid particle systems. 

It should be mentioned that the expressions presented in this study are for dis- 

persed flows. However, a gas-liquid flow at very high phase fractions (a > 0.3) might 

be "churn turbulent" rather than dispersed, as discussed in Section 1.5.4. In this case, 
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6.5 Calculations Using the Two-Fluid Methodol- 

ogy 

In Chapter 5, two test cases were used to evaluate the different formulations for Ct: 

the plane mixing layer (at low phase fraction) and the sudden enlargement of a circular 

pipe (at high phase fraction). The same cases are now employed in order to assess the 

drag correlations selected in the previous Sections. 

Setups 

The geometry and setups for the sudden enlargement and the plane mixing layer flows 

were explained in Sections 3.3.1 and 5.3, respectively. The complete two-fluid method- 

ology was described in detail in Chapter 3 and the version utilised in the present 

calculations is essentially the same as the one presented in Section 3.3.1. In particu- 

lar, the standard interface transfer modelling (3.10), including drag, virtual mass and 

turbulent drag, is employed. The inclusion of the lift term has a detrimental effect on 

the results for the sudden enlargement flow, but is essential to obtain good predictions 

for the mixing layer flow, as outlined in Sections 5.2 and 5.3. Hence, the lift term 

is included in the present calculations for the plane mixing layer, but is neglected in 

the ones for the sudden enlargement. The issue will be discussed in more detail in 

Chapter 7. Furthermore, the new expression for Ct is always used. In the following, 

the drag correlations used in this validation study are outlined. 

Even at low phase fractions, there are many uncertainties about the parameters 

governing the terminal velocity of single bubbles, e. g. contamination with surfactants 

and history effects. Their effects have been discussed in detail in Section 1.5.3, but, up 

to now, correlations which take them into account have not been presented. However, 

the majority of measurements for the terminal velocity of single bubbles fall between the 

existing correlations derived for clean and contaminated systems. These correlations 

can be regarded as limiting cases and are utilised in this Section for validation. It has 

been shown in Section 6.4.1 that the more recent correlations give very similar results. 
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However, overall, the expressions by Tomiyama et al. [384] have been identified as the 

most suitable for implementation into the two-fluid methodology and are chosen here 

for the validation work presented in this Section. 

At higher phase fractions, several correlations for the calculation of drag in gas- 
liquid systems at elevated phase fractions have been compared against experimental 

data in Section 6.4.5. Overall, the correlation of Wen and Yu [429] and that proposed 

in the present work seem to give the best results and are selected for further testing. 

In addition, the correlations of Tomiyama et al. [384] for single bubbles in clean and 

contaminated water are included for reference. 

Results for the Plane Mixing Layer 

In Figure 5.6, the development of the two-phase flow within the plane mixing layer 

was discussed giving contour and vector plots of several flow properties. The model 

used there is very similar to the one used here and the results show no qualitative 

differences. Hence, the plots are not repeated and the reader may consult Section 5.3 

for further details. 

Profiles of the measured and calculated gas phase fraction at five cross-sections 

(x = -10,60,200,400 and 600 mm) are shown in Figure 5.7. As mentioned before, the 

inlet profiles have been prescribed from the measurements and are therefore identical. 

Around the splitter plate, the aforementioned wall peak is noticeable which is slowly 

diffused further downstream. The results using the two drag correlations of Tomiyama 

et al. [384] are very similar. However, the ones for bubbles in contaminated water are 

slightly larger and this is explained by the lower terminal velocity due to the increased 

drag on the bubbles. As mentioned before, there are many uncertainties about the 

influencing factors governing the rise of single bubbles and the correlations used here 

represent the limiting cases identified in the literature. The differences in the results 

are small and probably within the uncertainties in the measurements. Therefore, it 

can be concluded that the formulation of the drag model (within the limiting cases) 

has only limited effect on the phase fraction distribution in this test case. 

Figure 6.18 displays profiles of the axial liquid velocity at five cross-sections within 

the plane mixing layer. At the first station, the velocity jump between the two inlet 
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streams as well as the boundary layers on each side of the splitter plate are clearly 

noticeable. Further downstream, the velocity jump is slowly diffused whereas there is 
little evidence of the boundary layers at x= 400 mm. At every measurement station, 
the calculation are in good agreement with the experimental data. The predictions for 

the two drag formulations of Tomiyama are almost identical. This is expected because 

the dispersed phase has very little influence on the continuous one in this case because 

the liquid velocity is much larger than the terminal velocity of the bubbles. 

Results for the Sudden Enlargement of a Circular Pipe 

In Figure 3.3, the development of the two-phase flow behind the sudden enlargement 

was discussed giving contour and vector plots of several flow properties. The model 

used there is very similar to the one used here and the results show no qualitative 

differences. Hence, the plots are not repeated and the reader may consult Section 3.3.1 

for further details. 

Profiles of the axial liquid velocity at five cross-sections at x= 70,130,180,250 

and 320 mm downstream of the sudden enlargement are shown in Figure 6.19. The 

agreement between the calculations and the measurements is excellent at stations close 

to the enlargement, but the discrepancies increase towards the outlet, e. g. the centreline 

velocity is overpredicted by 31% at the last station. This has to be attributed to 

deficiencies in the turbulence modelling. Finally, differences between the results for 

different drag correlations are not noticeable. 

The results for the gas phase fraction field are given in Figure 6.20. They agree 

well with the measurements at stations close to the inlet, but the discrepancies in- 

crease towards the outlet. In particular, all correlations overpredict the accumulation 

of bubbles shortly behind the recirculation zone at x= 130 mm and underpredict the 

development towards fully developed pipe flow. The latter, is apparent from the a 

value on the centreline. For x> 130 mm, the predicted level diminishes whereas the 

measurements shows an earlier replenishment. These deficiencies are somewhat sur- 

prising since the liquid velocities are predicted well and at present cannot be explained, 

but it is possible that the deficiency lies in the lift coefficient correlation. This will be 

investigated further in Chapter 7. 
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Figure 6.21: Relative difference in cti calculated from equation (6.82) as a function of the 
liquid velocity Ub,.,. 

The different drag formulations give similar results. The largest variations are 

occur towards the pipe wall, i. e. on the r. h. s., over the whole length of the pipe. This 

is interesting because the phase fraction is relatively low in this region and one would 

expect very little difference between the correlations for low and high phase fractions. 

However, appreciable differences are noticeable in this region and they can be explained 

by the back-flow within the recirculation zone. Consider the gas flux in axial direction 

through a control volume which is given by: 

V. = üAUa, x 
(6.81) 

where A is the area of a normal cross-section of the control volume. 

Assuming that the gas flux through the control volume as well as the liquid 

velocity, as shown in Figure 6.19, remain constant when the relative velocity changes, 

i. e. the a different drag correlation is used. With these assumptions, it is easily shown 

that the relative difference in cr in the control volume, i. e. 
a/a a, changes according to: 

aý -a= Ub, x + Ur, x (6.82) 
cx Ub, x + Ur, 

x 

where the primed quantities denote values after changing the drag correlation. 

Equation (6.82) is plotted as a function of the liquid velocity Ub, ý in Figure 6.21. 

The black and red line are calculated for reductions of the relative velocity from 0.25 

-0.5 0 0.5 
liquid velocity Ub 

X 
[m/s] 
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m/s to 0.225 m/s and 0.20 m/s, respectively. These reductions are characteristic if the 
influence of the phase fraction on the drag coefficient is taken into account, as shown 
in Figure 6.12c. It is apparent from the plot that the phase fraction in the control 
volume changes only slightly for extreme values of the liquid velocity. However, the 

phase fraction changes rapidly if the liquid and relative velocities are similar. This is 

often referred to as the flood point [273,308]. In the recirculation zone, areas with 

appreciable back-flow exist. Hence, the predicted phase fraction is more sensitive to 

changes of the drag formulation in this region. 

6.6 Closure 

This Chapter reviewed, formulated and selected correlations to determine the drag force 

in dispersed two-phase systems at high concentrations of the dispersed phase. First, it 

presented a comprehensive literature review of the state-of-the art in drag modelling 

for particles, droplets and bubbles at low and elevated phase fractions. Next, a new 

correlations at high phase fractions were put forward. The models were then compared 

against each other as well as experimental data from the literature. 

In the case of drag correlations for solid particles at high phase fractions it can 

be concluded that several give reliable results. Overall, the model by Garside and 

Al-Diboui [110] meets the requirements in terms of accuracy and generality best. 

The new correlation proposed in the present study requires some refinement at low 

Archimedes/Reynolds numbers. 

When examining the experimental data and correlations for liquid-liquid and 

gas-liquid systems, it becomes evident that the dynamics of fluid particles is not as 

well understood as that of solid particle systems. This is apparent from the deviation 

between the various correlations as well as the large differences between them and the 

experimental data. It should also be noted that currently no accurate and reliable 

model for the drag on single droplets exists. This issue needs to be addressed by future 

research. Nevertheless, some of the models for elevated phase fractions were able to 

give reasonable predictions, although some of them lacked generality. It is therefore 

recommended to use the new correlation. 
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A large number of models for the drag on single bubbles in an infinite domain have 
been published. Unfortunately, the effects of surfactant concentration, turbulence and 
history of the bubble are not well understood. These uncertainties make a quantitative 

assessment of the individual parameter effects very difficult and limit the quality of the 

predictions at elevated phase fractions. This should be addressed in future research 

effort. Nevertheless, it is evident from the results that overall, the new correlation gives 
the best predictions for the terminal velocity of bubble swarms. It is also interesting to 

note that reasonable predictions can be obtained from the model put forward by Wen 

and Yu [429], although it was originally derived for solid particle systems. 

Finally, the most promising models were implemented in the two-fluid method- 

ology and validated for two gas-liquid test cases, Z. e. the plane mixing layer and the 

sudden enlargement of a circular pipe. In both test cases the influence of the exact 

drag formulation on the liquid velocity profiles was negligible. However, differences 

were noticeable in the phase fraction profiles. These were more pronounced in the sud- 

den enlargement test case. Here, the influence of the drag formulation is exaggerated 

by the back-flow generated behind the enlargement. 

In essence, it can be concluded that the exact drag formulation does not have a 

big effect on the predictions obtained for the two test cases investigated here. In the 

case of the plane mixing layer, the already excellent predictions did not change. On 

the other hand, the discrepancies found for the sudden enlargement test case cannot be 

explained by the influence of the phase fraction on the drag coefficient and a remedy 

has to be sought elsewhere. 



Chapter 7 

Lift Modelling 

In the modelling of dispersed two-phase flow, closure models to represent the inter- 

phase momentum transfer are needed. These are based on the determination of the 

forces (drag, lift and virtual mass) on a single DPE and are usually in the form of 

simple expressions obtained either empirically or from simple analysis. 

The objective of this Chapter is to provide correlations for the lift force in dis- 

persed two-phase systems. These are intended for the two-fluid methodology presented 

in Chapter 3, but the same models can be used in other CFD methodologies for the 

prediction of the dynamics of two-phase flows, e. g. the discrete DPE model outlined in 

Section 1.2.2. 

In the introduction to this thesis, several causes for lateral forces on a DPE have 

been identified (see Section 1.5.5) and some results for bubbles were stated. In this 

Chapter, the literature related to the modelling of the lateral forces due to the shear 

of the fluid, wake phenomena and deformation is reviewed more thoroughly and the 

equations for several models are quoted. These models are of theoretical as well as 

empirical nature and cover particles as well as bubbles. Specific models for droplets 

are not reported in the literature. 

Very little is known about the influence of the phase fraction on the lift coefficient. 

The only correlation reported was that by Beyerlein et al. [31] who based it on their 

own experiments of bubbly air-water flow in a vertical pipe. Their data are utilised 

here to derive a new, modified correlation which is then assessed using the sudden 

enlargement and plane mixing layer test cases. 



7.1 DEFINITIONS 
252 

The most promising models are then implemented in the two-fluid methodology 

and validated for two test cases: the plane mixing layer (at low phase fraction) and 
the sudden enlargement of a circular pipe (at high phase fraction), as described in the 

previous chapter. Finally, DNS of an air-water bubble in linear shear flow is carried 

out to enhance the understanding of the lateral motion of bubbles in this type of flow. 

7.1 Definitions 

Several expressions have been used to define a dimensionless lift coefficient for a single 

DPE in an infinite medium. In Section 1.5.5, the one by Auton [10,9] is given. It 

reads: 

cw= Fl 

pcVlUT x (V x UC) 
(1.15) 

With this definition, the lift coefficient is a constant (Cl. = 0.5) for the case of a 

spherical bubble placed in a weak shear flow of an inviscid fluid. 

For DPEs in a low Reynolds number flow, a slightly different expression has been 

proposed by Magnaudet [260] : 

ccv = 
Fl 

pcV (UT " (VUc) (7.1) 

Note that equations 1.15 and 7.1 lead to identical results for the case of linear shear. 

Lateral forces on DPEs are not necessarily caused by shear within the surrounding 

fluid. Other causes include wake-effects as well as rotation and deformation of the DPE. 

In these cases, the shear within the fluid might be zero and the expressions stated above 

are not suitable. Instead, the lift coefficient should be defined by dividing the lift force 

by the relative dynamic pressure force, so that: 

Fl 
2pAUT CIP (7.2) 

The lift force on a DPE is primarily governed by the Reynolds number Re and the 

dimensionless shear rate Sr. In the case of fluid particles, the Eötvös So and Morton 

A46 numbers are also important. The definitions of these dimensionless groups have 

been given in Section 1.5.3 and Section 1.5.5 and are repeated here for convenience: 

Re = 
pcUrd 

µc 

Inertial forces 
Viscous forces 

(1.5) 
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(1.16) 

(1.6) 

(1.7) 
In the definitions given above, p, and p, are the dynamic viscosity and density of the 

continuous phase, respectively. a is the surface tension and 0p stands for the density 

difference between the continuous and dispersed phases, i. e. Op = Pd - pc. ge$ denotes 

the magnitude of the effective acceleration given by geff = IgefI = jg-DUc/Dtj where Dt 

is the substantive derivative defined in equation (3.8). Fl and Ur are the magnitudes of 
the lift force Fl and the relative velocity UT vectors, respectively. The latter is defined 

as UT = Uc - Ud. A stands for the projected area normal to UT which, for practical 

reasons outlined in Section 1.5.3, is usually calculated from A= it 42 where d is the 

nominal diameter, Z. e. the diameter of a sphere having the same volume V as the DPE. 

Hence, the influences of the shape, deformation or orientation on the projected area 

are neglected. 

7.2 Models for Single DPEs 

Recent reviews of efforts to model lift on single particles can be found in Moraga et al. 

[280] for particles as well as Legendre and Magnaudet [237] and Magnaudet and Eames 

[261] for bubbles. Jakobsen et al. [178,177] reviewed several models for the lateral 

migration of particles and bubbles in order to improve the predictions of vertical bubble 

driven flows, especially bubble columns. 

7.2.1 Analytical Results 

Analytical solutions for the linear shear flow around bubbles and particles are available 

in the low Reynolds number and inviscid flow regime. Investigations at finite Reynolds 

numbers are much more difficult and still in their infancy. The extensive literature 

available on particles moving in inhomogeneous flows under low Reynolds number 

conditions has been reviewed by Leal [232]. 



7.2 MODELS FOR SINGLE DPES 
254 

It is long known that no shear-induced lift force can appear if inertia is neglected, 
i. e. creeping flow [40]. Therefore, the lift force is clearly an effect associated with 
inertia. Combining several refined techniques with matched asymptotic expansions, 
Safman [335] succeeded in obtaining the following expression for the lift force on a 
small particle in uniform shear: 

3.08 33 Cio= -33 (7.3) Resr 32 

This can be reformulated into an expression for Clp: 

Cip=4.11 - 
llsr 

(7.4) 
Fjýý 

8 

for Re « 1ZeSr « 1. The product ReSr is the shear Reynolds number Rev = 
pcIvucId2 It should be noted that these conditions, i. e. the inequalities given above, µC 

have to be satisfied simultaneously. They correspond to very large shear rates in 

conjunction with to very small relative velocities and are rarely satisfied in real flows. 

Consequently, McLaughlin [267] extended Saffman's analysis to the more realistic case 

where Re and )Ze r are independently much smaller than unity. The result can be 

written as: 

C, iv _ 
27 

J(s) _ 
33 

_ 
3.08 J(E) 

_ 
33 (7.5) 

27 r2 a& 32 Sr 2.255 32 

or in terms of Cip: 

Clp = 4.11 
J(s) 

- 
11 

sr (7.6) 
Fjý; 

2.255 8 

where E denotes the ratio Sr/Re and J(E) is a monotone function of e which tends 

towards zero when E -p 0 and to 2.255 when E -* oo, the limit considered by Saffman. 

McLaughlin [267] tabulated numerical values for J(E) which were then fitted by Mei 

[268] with the following curve: 

J(¬) 1 0.6765 (1 + tank (2.5 loglo s+0.478)) (0.667 + tank (6E - 1.92)) (7.7) 

where 0.1 <E< 20. There is some confusion due to a missing bracket in the original 

equation given by Mei [268]. However, of the possible remedies, i. e. positions of the 

missing bracket, the equation above represents the data of McLaughlin [267] best. 
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It should be noted that the second term on the r. h. s. of equations (7.3), (7.4), 
(7.5) and (7.6) is a second order correction, which is only effective for large values of 
ReSr, as evident from equation (7.3). This is at odds with the assumptions made in 
the derivation, i. e. 1ZeSr « 1, and this term is therefore often neglected. Saffman 
[335] also gives a third term which accounts for particle rotation. 

The case of a clean spherical bubble was first considered by Mei and Klausner 
[269], but their analysis was incomplete and led them to an erroneous result. The 

complete analysis was performed by Legendre [234] (see [236]) who showed that in 
this case the lift force is (2/3)2 times that experienced by a solid sphere, i. e. the lift 

coefficient in equation (7.5) should be multiplied by 0.444. The factor 2/3 corresponds 
to the ratio of the magnitudes of the vorticities at the surfaces of particles and bubbles. 
The final equation reads: 

C, ̀v _6 J(E) _ 
0.270 J(E) 

7r2 Rehr ja 2.255 
(7.8) 

Equation (7.5) and equation (7.8) imply that C1v decreases very rapidly with Re, 

as shown in Figure 1.9. 

The determination of the lift force in inviscid shear flow is a difficult problem. 
The difficulty comes from the fact that, owing to the vortex stretching mechanism, 

vorticity is distorted during its advection along the particle surface. Therefore solving 

the Helmholtz equation [19] in order to evaluate the velocity perturbation and then 

the pressure is not a simple matter. Lighthill [244] derived analytical expressions for 

the flow generated by a clean spherical bubble in a weak, linear shear flow, for which 

it could be assumed that the vortical elements are advected passively by the potential 

flow past the sphere. The distortion of passive vortical elements is clearly related to 

Darwin's [72] concept of drift and led Lighthill to develop a Lagrangian drift coordinate 

system to calculate the rotational component of the flow. Important contributions to 

this problem were given by Lighthill [244] and Cousins [61] until Auton [10,9] succeeded 

to obtain the final simple result: 

Clw = 0.5 (7.9) 

for Sr « 1. Later, Naciri [287] extended Auton's [10] result to ellipsoids using a slightly 

different technique to avoid the calculation of a singular integral. 
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7.2.2 Computational Results for Particles 

Dandy and Dwyer [70] performed the first DNS of a flow around a rigid sphere in a 
linear shear flow and obtained numerical results for the lift force. Re ranged between 
0.1 < Re < 100 and Sr was varied within 0.01 < Sr < 0.8. Their results were later 

correlated by Mei [268] using the data within 0.2 < Sr < 0.8 and 0.1 < Re < 100. He 
gives: 

clp 
(1 

- 0.2343 lexp (-O. 1Re) + 0.2343 for 7Ze < 40 I 
CºSa - (7.10) 

lp 0.0371 Sra fora > 40 

where Clpa is given by equation (7.4). 

Dandy and Dwyer's [70] predictions displayed some anomalous features for the 
lowest Re and lowest Sr considered. Here, McLaughlin's [267] analysis should applies 
because Re «1 and TZeýr « 1, but Saffman's result does not because a> 7Zesr. 

However, Dandy and Dwyer's [70] results show the opposite behaviour, i. e. they agree 

with Saffman's solution, but differ significantly with McLaughlin's. Later, Legendre 

and Magnaudet [235] showed that the accuracy of the results of Dandy and Dwyer [70] 

was compromised by the small size of their computational domain (25 sphere radii). 

Low Reynolds number flows are dominated by viscous effects and, for the flow around 

a bluff body, the undisturbed flow field is only recovered far away from the body. If 

the domain boundaries are placed too close, subtle distortions of the flow field are 

introduced which have a marked effect on the lift force. This result emphasises the fact 

that the computation of the lift force is not a trivial matter. 

Recently, Cherukat et al. [50] considered the same problem, i. e. a rigid sphere in 

a linear shear flow, at low Re in the range 0.04 < Re <2 and a wide range of Sr within 

0.02 < Sr < 5. Their results confirm that McLaughlin's [267] approximation apply 

reasonably well up to Re of the order of unity. It should be noted that Cherukat et al. 

also considered rotating spheres. 

Komori and Kurose [203,212,213] investigated rotating and non-rotating spheres 

at higher Re ranging between 1< Re < 500 and with Sr varying within 0.1 < Sr < 0.4. 

While the results of Dandy and Dwyer [70] show that C1p tends towards a constant 

positive value with increasing Re and a given Sr (see equation (7.10)), those of Komori 
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Figure 7.1: Lift coefficient Clp for a sphere in a linear shear flow as a function of the Reynolds 
number Re. A: Sr= 0.1; Q: &= 0.2; Q: Sr= 0.3; V: Sr= 0.4 (from [212]). 

and Kurose display a completely different trend: Clp becomes negative for Re > 60 as 

shown in Figure 7.1. They confirmed this result in an experimental study described in 

the next Section. 

7.2.3 Empirical Correlations for Particles 

The first quantitative measurements on particles suspended in shear flow were per- 
formed by Eichhorn and Small [85]. In their levitation experiment, the spheres were 

suspended into a developed Poiseuille flow within an inclined tube. The particle Re 

was between 80 < Re < 247. However, their technique is limited to moderate Reynolds 

numbers because an equilibrium position for the particle cannot be established once 

vortex shedding sets in. They correlated their experimental data in terms of the lift 

coefficient as a function of Re, Sr and the ratio of the particle and tube diameter and 

obtained: 

C1 =7X14 
Sr d2 
aD (7.11) 

where D stands for the tube diameter. It is evident that their measured lift coefficients 

were always positive. It has been noted by Eichhorn and Small [85] that another 

drawback of their technique is the fact that important variables, such as rotation speed 

of the particle and radial position, are related and cannot be varied independently. 
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However, it is possible to overcome the problem with eccentrically weighted particles 
[297]. 

The first detailed measurements of the lift force on different types of DPEs (solid 

particles, droplets and bubbles) in linear shear were performed by Kariyasaki [195]. 

Here, the results for particles are presented, whereas those for fluid particles can be 
found later in Section 7.2.5. The shear flow was produced in a vertical channel whose 
side walls consisted of two counter-rotating belts. The continuous fluids were paraffin 

and glycerine-water solutions. Re was small (Re < 1.4), but Sr was relatively large 

(1.2 < Sr < 28). They found that their lift coefficient data for particles agreed rea- 

sonably well with the expression of Saffman [335] for low values of the shear Reynolds 

number Rev = Re& and that of Rubinow and Keller [330] for rotating spheres for 

large Rev. 

Also at low Re, Cherukat et al. [51] measured at the lateral migration velocity of 

spheres sedimenting in a linear flow field produced in an apparatus in which two rubber 

timing belts move in opposite directions. The falling particles were followed using two 

synchronised video cameras positioned such that a sphere passing from the field of view 

of one camera to the other could migrate a reasonable distance in lateral direction. Re 

and Sr varied between 0.20 < Re < 2.8 and 0.069 < Sr < 0.48, respectively. They 

found that their migration velocities agreed well with McLaughlin's [267] results. 

Yamamoto et al. [434,435] performed pendant as well as tracking experiments 

on spheres in a square, vertical wind tunnel. The particle Re and Sr were varied 

between 4000-36000 and 0.02-0.1, respectively. In the pendant experiment, a rod was 

used to tether the particle, which was equipped with pressure transducers. This setup 

avoids the problems associated with particle rotation and repeatability. However, the 

authors reported that the pendant oscillated due to vortex shedding. The lift force was 

calculated from the surface pressure distribution as well as the mean inclination of the 

pendant. Tracking experiments were also carried out using stroboscope photography 

to verify the results by comparing calculated and recorded trajectories. 

In all of their experiments the lift force acted from the higher to the smaller 

velocity side, i. e. producing "negative" lift. They reported that the lift coefficient 

obtained from the inclination of the pendant scattered broadly and Clp increases as a 
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function of Sr. However, the only quantitative result reported from this investigation 
is that Clp = -0.02 for 4000 < Re < 7000 and Sr = 0.08. This value of Clp = -0.02 
was found to give good results when the trajectories of free-falling particles at similar 
Re and & were calculated and compared with the measured ones. 

The surface pressure distribution was only measured for much larger Re, namely 
between 15000-36000. The lift coefficient, obtained by integrating the pressure over 
the surface of the sphere numerically, was found to vary as: 

CIP=-5&r 
4 

(7.12) 

This correlation yields a much larger value for Clp than that measured in the 

pendant experiment. Unfortunately, the authors do not attempt to explain this dis- 

crepancy. However, it is likely that this is caused by the uncertainties inherent in the 

surface pressure measurements and the numerical integration procedure as well as the 

different parameters used in the different experiments. 

In an experimental investigation accompanying their computational study, 

Kurose and Komori [212] confirmed their predictive result that for high Re the lift 

force on a rigid particle acts in the opposite direction to that suggested by the ana- 

lytical result of Saffman [335]. Their experimental apparatus consisted of a tank filled 

with a glycerin-water solution in which a linear shear of Sr ,: 0.013 was produced by 

two submerged belts moving in opposite directions. Iron spheres with three different 

diameters were dropped and their trajectories were recorded using a high speed video 

system. The particle Re were 98.8,167.1 and 276.1 for the three sizes, respectively. Of 

the 200 spheres dropped of each size, 53.5%, 66% and 76.5%, respectively, migrated 

towards the lower velocity side, i. e. experienced "negative" lift. 

Recently, Moraga et al. [280] investigated the lateral force on tethered spheres 

submerged in a turbulent (1200 < Re < 18800), uniform shear flow (0.04 < Sr < 

0.2). Periodic and non-periodic motion of the sphere was observed depending on the 

flow conditions. The authors adopted a statistical approach to determine the average 

position of the pendant. Their technique uses two parallel laser beams which are 

positioned on a traversing table such that they are interrupted by the pendant's thread. 

The average position of the pendant can be determined by traversing the laser beams 

and recording the time sequence of of beam interruptions for each position of the beams. 
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Figure 7.2: Lift coefficient C1, calculated from equation (7.13) for a solid sphere in a linear 
shear flow as a function of the Reynolds number Re and the dimensionless shear rate Sr. 

The results of their experiments were found to correlate with the product Re2Sr. They 

give: 

22 

Clw = 
(0.2exP 

5-0.12 exp (7.13) 
3.6 x 10 3.0 x 107 

Equation (7.13) is plotted in Figure 7.2 as a function of Re. Note that a sign 

reversal occurs for c 2Sr > 18400. This was explained by assuming that the lateral 

force on a sphere is the consequence of two forces acting in opposite direction, namely, 

inviscid and vortex-shedding-induced lateral forces, as explained in Section 1.5.5. The 

latter are dominant at higher Re and, therefore, Cla becomes negative. It is interesting 

to note that equation (7.13) yields very large, negative values for large values of the 

product Re2Sr, which seems unphysical. 

It is of interest to compare Moraga et al. 's [280] results with those reported earlier. 

For Re = 5500 and Sr = 0.08, Yamamoto et al. [434,435] gave Clp = -0.02, which 

corresponds to C1, = -0.13. This compares favourably with Moraga et al. ' s [280] 

correlation, which yields C1, = -0.19 in the same situation. However, Moraga et al. 's 

[280] results are at odds with those of Kurose and Komori [212] who did not quantify 

the lift coefficient, but found that it was clearly negative for Re = 276.1 and Sr = 0.013, 

i. e. Re2& = 991.1, whereas Moraga et al. 's [280] correlation yields a positive one. 

-- ----------------------------------------------- 

- Sr=0.05 
- Sr=0.1 
- Sr = 0.2 
- Sr = 2.0 
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This brief summary of the experimental findings for particles shows that the 

situation concerning the lift force on a solid sphere is not clear at the present time, 

except in the low Reynolds number limit for which the asymptotic results of McLaughlin 

are available and reasonably accurate. At higher Re, there are strong indications that 

the lift coefficient becomes negative and is dominated by wake rather than inertial 

effects. 

7.2.4 Computational Results for Bubbles 

Few experimenters attempted to quantify the lift force on bubbles moving in sheared 

flows at moderate to high Reynolds numbers due to the difficulties involved. A large 

part of the present knowledge concerning the alterations of these forces by viscous 

effects comes from Direct Numerical Simulations (DNS) performed in recent years. 

Legendre and Magnaudet [235] used DNS to study the case of a spherical bubble 

in clean water, i. e. a sphere under a shear-free instead of a no-slip surface condition. 

They used a stationary, body-fitted grid to represent the bubble, i. e. deformations of 

the bubble were not allowed. Of course the assumption of a spherical bubble completely 

free of surfactants is not valid in most practical situations. However, their results are 

important in order to examine the range of applicability of the analytical solutions 

derived by Auton [10,9] for inviscid flow and by McLaughlin [267] for low Re, as 

discussed in detail in Section 1.5.5. Legendre and Magnaudet [235] investigated the 

range 0.01 < Re < 500 and 0.01 < Sr <1 and give the following curve-fit to their 

predictions: 

- 

ýjow7&, 
2 

+ l7.14 lw 
(ChighRey 

UO C 

where C1 at low and high Re are taken as: 

cll? e =6 JI(E) (7.15) 
7r2ý 

ýa& 

C, hi9hý 
_ 

11 + 167Ze-1 (7.16) 
lw 21 + 29Re-1 

Equation (7.14) is plotted in Figure 1.9. It should be noted that it corresponds to 

the result of Auton [10,9] at large Re. Similarly, equation (7.15) approaches Legendre's 
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analytical result for low Re given by equation (7.8), but the tabulated function J(E) in 
the latter is replaced by an analytical expression J'(E) = J(°°)-2352 for e>0.8. (1+0.2E- 

As mentioned in Section 1.2.1, the effect of bubble deformation on the lateral 

force has been investigated numerically by several authors, using different solution 

procedures [388,373,371,91,253,281]. All of this work has been conducted for bubbles 

in fluids with high liquid viscosities, i. e. at high Morton numbers (log(, Mo) > -5), in 

order to keep Re small (Re < 50). In this way, the computational resources needed 

are not too large, as compared with high Re. Numerical difficulties also arise when 

the surface tension force is high, as explained in Section 1.5.1. Surface tension is 

important when the bubbles are nearly spherical or ellipsoidal which is the case for 

diameters smaller than approximately 5 mm. 

In a series of investigations, Taeibi-Rahni et al. [372,371,253] simulated two- 

dimensional single bubbles in a free shear layer using a front-tracking technique. The 

time and length scales of the bubble and the shear layer were comparable, therefore, 

strong interactions between them were observed. The hydrodynamic forces were in- 

ferred from the trajectory using the equation of motion given by Auton et al. [11]. The 

surface tension coefficient was parametrically varied in order to explore the effect of the 

bubble's deformation on its dynamics. Concerning the lift force, they found that its 

time-averaged value is close to Auton's value of Cis., = 0.5 if the bubble shape is close 

to spherical. However, large transient fluctuations were observed. For smaller surface 

tension, the deformation of the bubble resulted in negative lift. 

Figure 7.3 shows the predicted trajectories and the evolutions of the shape for 

bubbles at different So and fixed Mo rising in linear shear flows of various strengths. 

It is apparent from Figure 7.3a that the direction of the lateral force alters when 

the shear rate is increased. On the other hand, when So is increased, very deformed 

airfoil-shaped bubbles result which always migrate towards the centre of the duct, 

as shown in Figure 7.3b. The explaination is that the vortex behind a deformed 

bubble becomes slanted and, consequently, the bubble migrates towards the pipe centre. 

This implies another kind of lift force, which is caused by the interaction between the 

bubble wake and the external shear field. Although these results were for hypothetical 

two-dimensional bubbles, similar three-dimensional calculations are reported by [373, 
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Figure 7.3: Bubble trajectories in linear shear flows (from [388]). 
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91] and show qualitatively similar behaviour. However, sufficient data to derive a 

correlation for Cl has not yet been gathered, due to the enormous computational effort 

required. 

7.2.5 Empirical Correlations for Bubbles 

It has been pointed out in Section 1.5.5 that lift coefficient data have often been 

derived from measured phase fraction distributions in vertical pipes. These results are 

not repeated here and the reader is reffered there for details on how this can be done 

as well as the results obtained by various researchers. 

Kariyasaki [195] conducted detailed measurements of the lift force on different 

types of DPEs (solid particles, droplets and bubbles) in linear shear. The results 

for solid particles as well as a discussion of the experimental setup can be found in 

Section 7.2.3. The results for fluid particles are presented below. 

The most striking finding of Kariyasaki's [195] study was that the lift force on 

bubbles (and droplets) can act in the opposite direction to that described by low Re 
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Figure 7.4: a) Sketch of the experimental apparatus; b) Lift coefficient as a function of the 
bubble diameter (from [389]). 

analysis given in Section 7.2.1. He also derived a model for the lift force on highly 

deformed fluid particles by considering an analogy with a flat, two-dimensional plate 

suspended in a linear shear flow and determined the model coefficients using his exper- 

imental data. He obtained: 

Clu, = -40.9Zh2 (7.17) 

Here, De = ä+b is the deformation factor where a and b are the major and minor half 

axes of the fluid particle, respectively. He also deduced the following correlation from 

his experiments: 

De e 0.43 (ýrWe7? e)o 6=0.43Sro. so. sý-o. s£1. s (7.18) 

Unfortunately, Kariyasaki [195] does not report the parameters of the experi- 

mental setup for fluid particles in sufficient detail to allow deduction of the parameter 

space investigated by him. However, from the limited data given in his paper, it can 

be concluded that . 
Mo is large and the range of Sr is similar to the values reported by 

him for particles. 

Recently, Tomiyama et al. [389] investigated bubbles using a similar apparatus, 

which was driven by a single belt as depicted in Figure 7.4a. The bubble trajectories 
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and shapes were measured using a high speed video camera and are shown in Figure 7.5. 
Different glycerol-water solutions were selected for the continuous phase giving viscosi- 
ties between 18 to 80 times that of water, in order to suppress the oscillating motion 
frequently encountered for bubbles in low viscosity fluids. Consequently, a was mod- 
erate (3.7 < Re < 210). The other parameter ranges were -5.5 < log(, Mo) < -2.8, 
1.39 < Eo < 5.74 and 0.036 < Sr < 0.27. They found that the lift coefficient is a strong 
function of So and almost independent of the shear rate. The latter finding is in contrast 
to some of the direct numerical simulations discussed in the previous Section. How- 

ever, this might be due to the limited parameter range, especially in Sr, investigated 
by Tomiyama et al. [389]. They then utilised collected data to derive the following 

empirical correlation for the combined effects of shear-induced and wake-induced lift 

on a single bubble: 

min [0.288 tanh(0.1211? e), f (Eoh)] for Loh <4 

C1 f(Eoh) for4<Eoh<10 (7.19) 

-0.29 for %h > 10 

where f (Soh) = 0.00105Eoh - 0.0159Eoh - 0.0204Eoh + 0.474 and 160h is based on the 

projected diameter (as defined in Appendix A) of the bubble. 

Tomiyama et al. [389] used their correlation to extrapolate to the case of an 

air-water system with a Morton number of log(Mo) = -11. The resulting predicted 

variation of the lift coefficient as a function of the bubble diameter is shown in Fig- 

ure 7.4b. Cl changes sign at 5.6 mm, so that, for example, in vertical, bubbly pipe 

flow, bubbles larger than 5.6 mm will migrate towards the pipe centre and smaller ones 

to the pipe wall. This is consistent with the observations reported by several authors 

and reviewed in Section 1.5.5. It has to be noted, however, that an extrapolation over 

several orders of magnitude to an extremely low 
. 
Mo is rarely valid because low Mo 

bubbles frequently exhibit unsteady trajectories and this instability is damped by the 

high viscosity of the continuous phase used in Tomiyama et al. 's [389] experiment. An 

example of the unsteady motion of the bubbles is pictured in the lower right corner 

in Figure 7.5, which relates to the lowest Mo and largest Eo considered by them. Re 

was approximately 210. A direct consequence of unsteady motion is that more data 

have to be acquired before an average lift coefficient can be calculated with reasonable 
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Figure 7.5: Trajectories and characteristic shapes of bubbles of five size classes in three 

glycerol-water solutions. The symbols denote the trajectories for different shear rates ranging 
between 0 and 6.4 1/s. y* and z* stand for the y- and z-coordinates normalised by the 

bubble diameter (from [389]). 
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accuracy. This was probably the reason why they could not conduct experiments for 
fluids with much lower viscosity. 

The lift force on stationary bubbles within a rotating cylinder was measured by 
Naciri [287] using a levitation experiment, in which the equilibrium position of the 
bubble within the cylinder was determined and the lift force was inferred from the 
balance of drag, buoyancy and lift forces. Unfortunately, this technique requires a 
stable equilibrium point and, therefore, it is impossible to use it for high Re flows. 

Hence, they investigated air bubbles between 0.8 <d< 12 mm in glycerol-water 

solutions, for which 10 < Re < 100. For Sr = 0.1, Clpwas found to increase moderately 

with Re from 0.2 to 0.3 -a trend opposite to the numerical results of Dandy and 
Dwyer [70] which showed a strong, decreasing influence of the Re, giving a Cl, value 
lower by almost an order of magnitude for 7? e = 100. However, it has to be noted 
that Dandy and Dwyer's [70] results are obtained for particles, so this difference is 

not surprising, but it indicates that one should be extremely cautious when applying 

particle lift models to deformable DPEs. 

Particle Image Velocimetry (PIV) is a promising technique for the measurement 

of lateral forces, since it allows the simultaneous determination of the instantaneous 

velocity field and the bubble position. In this way, complicated flows, usually unknown 

a-priori, can be examined and the validity of the models can be checked for these 

flows. Sridhar and Katz [359] successfully employed PIV to measure the lift force on 

small bubbles (500 <d< 800 µm) entrained in a laminar ring vortex generated by 

moving a piston immersed in a tank of water. Their experiments were for moderate 

Re (20 < Re < 80) and low Sr (0.01 < Sr < 0.1). They found that Clp is independent 

of the Reynolds number in the considered range. A curve-fit to their data is: 

Clp = 0.50Sro, 25 (7.20) 

This expression can be reformulated to give an expression for Cl,: 

C1W = 0.388r-°. 75 (7.21) 

They then compared their data with published measurements for spinning spheres 

and found large quantitative and qualitative differences which has to be expected be- 

cause of the different physical nature of the two situations. However, good agreement 
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d [mm] 1.5 2.5 3.5 4.5 
Cl, [-] 0.04 -0.09 -0.06 -0.7 

Table 7.1: Experimental results obtained by Ford and Loth [104]. 

was found with Naciri's [287] data. 

Ford and Loth [104] employed PIV to gain fundamental knowledge about the drag 

and lift forces exerted on single, ellipsoidal bubbles (1.5 <d<4.5 mm) in a turbulent 

shear layer, with 150 < Re < 2050 and Sr < 1. They found that the instantaneous 

lift forces varied similar to a sin-function in time, but were generally out of phase with 

the predictions of the theoretical model of Auton [10,9]. They then calculated time- 

average values of Cl, � which are given in Table 7.1. For bubbles with diameters between 

1.5 <d<3.5 mm, C1 is almost constant and varies only slightly between 0.04 and 

-0.09. However, for the largest bubble (d = 4.5 mm) investigated, the time-averaged 

C1, drops to -0.7. 

7.3 The Influence of Phase Fraction on the Lift Co- 

efficient 

Given the limited understanding of the lift force on a single DPE, it is not surprising 

that studies on the influence of the phase fraction on the lift force are extremely rare. 

To the author's knowledge, this effect has only been investigated in the two studies 

of Wang et al. [419,215] and Beyerlein et al. [31]. In both, the lift correlation and 

other coefficients in simplified two-fluid models are adjusted so that best agreement 

is obtained for the phase fraction distribution in co-current bubbly flow in pipes, as 

outlined in Section 1.5.5. Unfortunately, a measurement technique allowing direct 

determination of the lift force on an individual DPE in a dense two-phase flow does 

exist. 

Wang et al. [419,215] deduced lift coefficients in the manner described above 

for a range of conditions and correlated the data as a function of the local phase 

fraction, the ratio of the bubble diameter and the pipe diameter as well as several other 

parameters. They found that the lift coefficient diminished exponentially with the local 
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Figure 7.6: Lift coefficient as a function of the phase fraction. Original correlation by Beyer- 
lein et al. [31] and the model developed in the present work. 

phase fraction and ranged between 0.01 and 0.1. Unfortunately, their correlation can 

only be applied to flows in pipes because it depends on the pipe diameter. 

A reduction of the lift coefficient with increasing phase fraction may be expected, 

since the vorticity around a bubble will become increasingly dominated by that con- 

tained in the wakes of the bubbles in front of it. In this case, the lift force depends 

only weakly on the mean flow, but strongly on the position of the surrounding bubbles. 

Hence, the effective lift coefficient diminishes for increasing phase fractions. 

Beyerlein et al. [31] utilised a simplified two-fluid model, in which the liquid 

velocity was assumed to be undisturbed by the bubbles to derive a correlation for the 

lift coefficient. Hence, their study is limited to very low phase fractions. They found 

that C1,, could not be independent of the phase fraction if the profiles of the latter 

were to be predicted accurately. They correlated C1 as a function of the mean phase 

fraction ä, as follows: 

Clw = 1.65 x 10-3x_0.78 (7.22) 

Equation (7.22) is plotted in Figure 7.6 and it is evident that it decays rapidely with 

increasing ä. C1 tends to zero even at moderate phase fractions. Unfortunately, this 

correlation is suspect and of limited utility, since C1 must clearly depend on the local 

phase fraction. The validity is particularly suspect near the wall of a pipe flow where 



7.4 CALCULATIONS USING THE TWO-FLUID METHODOLOGY 270 

the peak phase fraction can be several times larger than the mean value and where the 

vorticity and, hence, lift force are strongest. 

This problem has been addressed in the present study fitting the data using the 

peak phase fraction value a instead of the mean one. Unfortunately, the peak values 

could only be extracted for three of the eight cases investigated by Beyerlein et al.. 
However, this is sufficient if one retains the functional form of equation (7.22). The 

modified correlation is shown in Figure 7.6 and given by: 

Clu, = 6.51 x IO-4a-1.2 (7.23) 

7.4 Calculations Using the Two-Fluid Methodol- 

ogy 

In the Chapters 5 and 6, two test cases were used to evaluate the different correlations 

for drag and the turbulence response function Ct: the plane mixing layer (at low phase 

fraction) and the sudden enlargement of a circular pipe (at high phase fraction). The 

same cases are now employed in order to assess some of the lift correlations presented 

in this Chapter. 

As shown in Figure 6.17, good results for the plane mixing layer are obtained using 

a constant lift coefficient of C11, = 0.25. On the other hand, the same value for the lift 

coefficient yields unsatisfactory results for the sudden enlargement, as reported by many 

authors, e. g. [27,25,228,418,393]. Hence, the calculations presented in Sections 6.5 

and 3.3.1 were obtained for C1, = 0. However, a general lift correlation should be able 

to predict both cases reasonably well because they share many similarities. 

In both cases, the fluid flow is in vertical, upward direction. Furthermore, both 

flows are turbulent with Reynolds numbers based on the mean liquid velocity and 

the characteristic length scales of the devices of 78500 and 160000 for the sudden 

enlargement and the plane mixing layer, respectively. In addition, the mean bubble 

diameter is identical with d=2 mm. It therefore follows that the bubble dynamics and 

in particular the relative velocity between the phases are very similar. Finally, both 

flows are mainly driven by the liquid and not the bubbles, as evident by comparison of 

the liquid and relative velocities. Hence, the bubbles have a relatively small influence 
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Figure 7.7: Contour plot of the dimensionless shear rate Sr: a) mixing layer and b) sudden 
enlargement test case. 

on the flow field of the liquid. 

However, two significant differences between the test cases can be identified. 

Firstly, the mean as well as peak phase fraction are much higher for the sudden enlarge- 

ment, as evident from Figures 6.17 and 6.20. As discussed in Section 7.3, the presence 

of other DPEs seems to cause a reduction of the lift force. Secondly, the magnitude 

of the dimensionless shear rate Sr is larger for the sudden enlargement, as shown in 

Figure 7.7, and varies by almost an order magnitude between the two cases. Note that 

the scales for the two contour plots in this figure are different. 

In the following discussion, correlations are selected and tested which predict a 

reduction of the lift coefficient under conditions similar to those found in the sudden 

enlargement. It is hoped that these models will also give reasonable results for plane 

mixing layer. These models are then implemented into the two-fluid methodology and 

validated against the two cases. 

Setups 

The geometry and setups for the sudden enlargement and the plane mixing layer were 

explained in Sections 3.3.1 and 5.3, respectively. The complete two-fluid methodology 
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was described in detail in Chapter 3 and the version utilised in the present calculations 
is essentially the same as the one presented in Section 6.5. In particular, the expressions 
for Ct and drag developed in this study are employed. In the following, only the lift 

correlations used in the validation study are outlined. 
Four lift correlations have been selected for assessment: the first one is that of 

Moraga et al. [280] and is given by equation (7.13). It takes into account the influence 

of Re and & on the lift coefficient, as shown in Figure 7.2. It is evident from this plot 
that C1, decreases as & and Re increase. This trend is consistent with the requirements 

outlined above. The second model is that of Beyerlein et al. [31], which is given by 

equation (7.22). It centres on the effect of increasing phase fraction and has been 

modified in the present study to give Ciu, in terms of the local phase fraction rather 
than the mean one. This variant is given by equation (7.23). Finally, results for 

conventional lift modelling, i. e. a constant lift coefficient of C1, = 0.25, are included. 

Some of the correlations presented earlier are based on very interesting experimen- 

tal results, but have not been included in this study because they would not improve 

the predictions. For example, the correlation of Tomiyama et al. [389] yields a constant 

C1, for a given bubble diameter and therefore does not vary between the two test cases. 

On the other hand, Sridhar and Katz's [359] expression predicts a reduction of C1, with 

&, but yields rather large C1, of 5.6 and 0.38 for Sr = 0.1 and 1, respectively, which 

is inappropriate for the sudden enlargement test case. 

Results for the Sudden Enlargement of a Circular Pipe 

Plots of the local variation of the lift coefficients calculated with the different correla- 

tions are given in Figure 7.8. It is evident that the correlation of Moraga et al. [280] 

produces negative C11, in regions of high shear immediately after the enlargement. How- 

ever, the values are very close to zero elsewhere. On the other hand, the correlation 

of Beyerlein et al. [31] gives non-zero C1 only in regions within the recirculation zone 

where the phase fraction is low. The differences between the results with the original 

and modified version are very small. 

The predicted phase fraction profiles obtained with the different lift correlations 

are given in Figure 7.9. They are all in reasonable agreement with the measurements, 
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Figure 7.8: Contour plots of the lift coefficient for the sudden enlargement test case: a) Mor- 
aga et al. [280] b) Beyerlein et al. [31] c) present correlation. 

except the results with C1, = 0.25, for which it is apparent that an unphysical ac- 

cumulation of the bubbles within the recirculation zone at x= 130 mm is produced. 

This limitation is well known and has been reported by several authors, as discussed 

earlier. The results for the other models are very similar and capture the phase frac- 

tion distribution at the first three stations better, but there is still room for further 

improvements. Further downstream at x= 180,250 and 320 mm, some discrepancies 

with the measurements are noticeable especially on the centreline. Here, the presence 

of the dispersed phase is underestimated in the calculation in all cases. However, in- 

spection of a profile further downstream (not shown) revealed that the experimental 

behaviour is eventually recovered. The redistribution of bubbles towards the centreline 

is governed by bubble diffusion and remedy has to be sought in the modelling of the 
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Figure 7.9: Results for the sudden enlargement test case: predicted phase fraction profiles 
compared with experimental data (circles). The four lines represent predictions with different 
lift correlations. 

0L 
0 

25 r 



7.4 CALCULATIONS USING THE TWO-FLUID METHODOLOGY 275 

turbulent drag term. 

Figure 7.10 shows profiles of the axial liquid velocity. There is only very little 
difference between the predictions using the various lift correlations, except for those 
with C1, = 0.25, which are slightly smaller on the centreline. In general, the agreement 
is excellent up to x . 01180 mm. However, the velocity on the centreline is overpredicted 
further downstream, as noted previously in Section 6.5. 

Results for the Plane Mixing Layer 

The spatial variations of the lift coefficients for the plane mixing layer are shown in 
Figure 7.11. The variations are confined to the region downstream of the splitter 

plate and are small for all correlation, except for the present one. On average, the lift 

coefficient given by the latter is very small even for the relatively low phase fractions 

found in the plane mixing layer and is even smaller for the original version. The Moraga 

et al. [280] model predicts that C1 reaches its maximum value of 0.08 (according to 

this correlation) everywhere in the field. 

The experimental comparison for the phase fraction distribution is plotted in 

Figure 7.12 and it is evident that the extrema, which originate from those prescribed at 

the inlet, are slowly diffused. This is captured well in the calculations with Clu, = 0.25, 

but all other models overpredict the redistribution of bubbles. In the case of Beyerlein 

et al. 's [31] model, it must be concluded that the proposed formulation approaches zero 

too rapidly as the phase fraction increases. The present correlation performs slightly 

better, but the diffusion of the phase fraction extrema is still overpredicted. 

As mentioned earlier, the correlation of Moraga et al. [280] yields its maximum 

value of 0.08 everywhere in the field, which is too low to obtain reasonable predictions. 

However, the expression was originally derived for particles and it therefore seems 

appropriate to change the first constant in equation (7.13) from 0.2 to 0.37 for the 

purpose of this study. Using this variant, the result for the plane mixing layer (not 

shown) is similar to that obtained with Clu, = 0.25, but that for the sudden enlargement 

(not shown) deteriorates and the bubbles accumulate in the recirculation zone. 

Profiles of the x-component of the liquid velocity are shown in Figure 7.13 and 

it is evident that the lift correlations have negligible effect on this quantity. 
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Figure 7.10: Results for the sudden enlargement test case: predicted profiles of the mean 

axial liquid velocity compared with experimental data (circles). The four lines represent 

predictions with different lift correlations. 
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Figure 7.11: Contour plots of the lift coefficient for the mixing layer test case: a) Moraga 
et al. [280]; b) Beyerlein et al. [31]; c) present correlation. 

It can be concluded from these two cases that the new lift models identified in 

the literature yield better results for the sudden enlargement, but poorer ones for the 

plane mixing layer. In particular, the unphysical accumulation of bubbles within the 

recirculation zone behind the sudden enlargement, which is obtained with Clu, = 0.25, 

is greatly reduced and the predictions are in better agreement with the experimental 

findings. However, the results for the mixing layer are less favourable since the magni- 

tudes of the local phase fraction extrema are reduced noticeably. None of the lift models 

tested yields reasonable results for both flows, which suggests that lift modelling by 

itself is not responsible for the errors. 

7.5 Interface Capturing Methodology: 

Rising Bubble in Shear Flow 

In this Section, the dynamics of single air bubbles in water are investigated using DNS. 

The motivation for this work stems from the results of the validation work presented 

in the previous Section which showed that none of the lift models tested yields rea- 
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d 

[mm) 
so 

[-] 
w 

[1/s] 
Res 

[-] 
& 

[-] 
Ur 

[m/s] 
Re 

[-] 
Clw 

[-] 
1.0 0.14 -10 640 0.0337 0.230 296.5 0.618 
1.0 0.14 -50 3200 0.467 0.107 107.1 1.12 
2.5 0.88 -10 4000 0.0874 0.286 715.4 -0.234 
2.5 0.88 -20 8000 0.175 0.286 715.8 -0.128 
2.5 0.88 -50 20000 0.708 0.177 441.5 0.809 
2.5 0.88 -100 40000 1.82 0.138 344.0 0.619 
5.0 3.5 -10 16000 0.224 0.223 1116 -0.127 
5.0 3.5 -20 32000 0.448 0.223 1115 -0.399 
5.0 3.5 -30 48000 0.839 0.179 894.3 -0.281 

Table 7.2: Parameters of the calculations and time-averaged results for the relative velocity 
and lift coefficient. 

sonable results for both the plane mixing layer and the sudden enlargement test cases. 

Therefore, a more fundamental study is carried out to enhance the understanding of 

the lateral forces acting on bubbles under conditions similar to those generated in the 

two test cases under investigation. 

Previous research into the dynamics of deformable bubbles in shear flows using 

numerical techniques was presented in Section 7.2.4. Nearly all of this work has been 

conducted for bubbles in high Mo fluids and/or in two spatial dimensions to save 

computational resources. As outlined in Section 1.5.1, additional numerical difficulties 

arise when the surface tension force is high. This is the case for air-water bubbles 

with diameters smaller than approximately 5 mm, which are found in many industrial 

applications. 

Setup 

In the calculations presented below, the interface-capturing methodology of Weller 

[424] presented in Chapter 4 has been used. It has been validated for the case of single 

free rising air bubbles in quiescent water (high 
, 
Mo) as well as free rising air bubbles 

subjected to a linear shear flow in glycerol-water solution (low Mo). This work was 

presented in Sections 4.3.1 and 4.3.2, respectively. 

Here, three-dimensional air bubbles rising in water are subjected to a linear shear 
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flow. The setup is essentially the same, as outlined Section 4.3.2, except for the fluid 

properties. The 
, 
Mo for this system is log(Mo) = -11. Nine calculations were per- 

formed for different bubble sizes and shear rates. The conditions for each calculation are 

summarised in Table 7.2. The bubbles have nominal' diameters between 1 and 5 mm 

and So is between 0.14 and 3.5. The resulting bubble Re lie between 107 and 1120. 

The shear rate w is varied between -10 and -100 1/s which yields 0.03 < Sr < 1.82. 

Theses values have been selected such that they are similar to those found in the plane 

mixing layer and sudden enlargement (see Figure 7.7). 

A Reynolds number characterising the shear flow Re, can be determined based 

on the width w of the computational domain and velocity difference DU, across it, 

thus: 

Res = 
p, AUcw 

_ 
pccvw2 (7.24) 

/Lc /is 

where w is given by w= 8d, as evident in Figure 4.12. 

The Res for the calculations performed in this study are given in Table 7.2. It 

is apparent that Res becomes quite large, especially for larger bubble diameters, since 

it is proportional to the square of the bubble diameter. A fully developed flow of 

this kind would certainly be turbulent. However, in the calculations no attempt is 

made to resolve the turbulent fluctuations accurately and although the instantaneous 

Navier-Stokes equations are employed in the calculations, it should be noted that the 

spatial and temporal resolutions are not adequate to resolve the turbulent scales. This 

problem should be addressed in future research and some suggestions can be found in 

Section 8.2. 

Results 

Figure 7.14 shows the velocity fields and the bubble shapes for two calculations at 

different shear rates (w = -10 and -100 1/s). The nominal diameter is constant 

with d=2.5 mm. From the plot, the imposed shear flow is clearly noticeable; the 

y-component of the velocity decreases in the x-direction. Animations of these results 

have been produced and are included on the CD-ROM accompanying this thesis. 

'The definition of the nominal diameter is given in Appendix A. 
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Figure 7.14: Time sequence of the velocity fields around free rising air-water bubbles 

(log(Mo) = -11) in linear shear flows with two different shear rates (w = -10 and -100 1/s). 

The nominal diameter is d=2.5 mm in both calculations and the time difference between 

each picture is At = 18 ms. 
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The results for w= -10 1/s are given in the first three rows of Figure 7.14. The 
deformation of the bubble shape and the wake of the bubbles are clearly noticeable. 
Some unsteadiness in the bubble wake was noticeable, but no oscillating motion, as 
observed for a bubble rising in quiescent water and shown in Figure 4.8, occurred. 
Hence, this relatively low shear has a stabilising effect on the wake dynamics. The 

shape of the bubble is similar to that found in absence of shear, but its orientation is 

now constant. The last three rows of pictures show the results for w= -100 1/s. As the 

magnitude of the shear increases, two marked changes are evident: firstly, the bubble 

shape appears to be less deformed and some of the pictures show almost circular cross- 

sections. However, it is evident that the shape of the bubble is not constant. Secondly, 

no wake can be seen behind the bubble. 

Figure 7.15 shows the projections of the trajectories to the horizontal x-z plane 

(l. h. s. ) and the vertical x-y plane (r. h. s. ). Each row of graphs in the figure corresponds 

to a nominal diameter, d=1.0,2.5 and 5.0 mm, respectively. Two shear rates (w = -10 

and -50) have been investigated for the smallest d=1 mm bubble. It is evident from 

the x-z plot that the bubbles move in a straight lines, which are almost parallel to 

the x-coordinate, towards the higher velocity side. Hence, they experience "positive" 

lift. Furthermore, their motion is steady - oscillations are not noticeable. The bubble 

subjected to the weaker shear (black line) drifts slowly in the z-direction. It should 

be noted that the magnitude of the relative velocity in the z- direction, i. e. the drift 

velocity, is only 1.4% and 7.4% of that in the y- and the x-direction, respectively. 

However, this is a deficiency of the numerical solution procedure and similar drift 

velocities have been reported in Section 4.3.1 for bubbles of the same size rising in 

quiescent water. The deficiency stems from the fact that the discretisation of the 

surface tension term does not guarantee that its surface integral over a closed surface 

equals zero. This has been explained in Section 4.2.2. 

The graphs on the r. h. s. of Figure 7.15 show the bubble's motion in the vertical 

x-z plane. Most of the bubbles prescribe parabolic trajectories. This is explained as 

follows: consider a bubble migrating with a constant relative velocity in x-direction 

due to the lift force acting on it. Since the bubble moves within a linear shear flow, 

the liquid velocity in the z-direction decreases proportionally to the distance travelled 
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Figure 7.15: Bubble trajectories in a horizontal x-z plane (l. h. s. ) and vertical x-y plane 
(r. h. s. ) (log(Mo) = -11). 
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in the x-direction. The bubble is advected with this flow and, hence, its trajectory is 

similar to a parabola. It should be noted that the scales in the x- and the z-direction 
are very different. For example, a bubble with a nominal diameter of d=2.5 mm in 

a shear flow with w= -50 1/s travels 15 m in vertical direction, but only 0.3 m in 
horizontal direction. This is, of course, an extreme example, but the corresponding 
dimensionless shear rate of Sr = 0.7 is easily obtained (at least locally) in the sudden 

enlargement, as shown in Figure 7.7. 

The trajectories of bubbles with d=2.5 mm and -100 1/s <w< -10 1/s 

are given in the middle row of graphs in Figure 7.15. It is striking that the direction 

of the lift force changes when the shear acting on the bubble is increased. The lift 

coefficient is positive for strong shear (-100 <w< -50 1/s) and negative for weak 

shear (-20 <w< -10 1/s). For the strongest shear (w = -100 1/s), appreciable 
drift in the z-direction is noticeable. It is, however, unlikely that the drift is caused 

by the numerical deficiency mentioned above, for two reasons: firstly, appreciable drift 

is only obtained for the largest shear rate, whereas in the results presented for the 

smaller bubbles with d=1 mm the drift was only apparent for low and zero shear 

rates. Secondly, the drift velocity is much larger than the one found for d=1 mm. 

However, further investigations are needed to clarify these results. 

In the bottom row of the Figure 7.16, the results for d=5 mm and -30 1/s < 

w< -10 1/s are shown. It is apparent that the motion of these bubbles is oscillatory. 

The trajectory in the horizontal x-z plane is a superposition of a helical motion and 

a translation due to lift. It should be noted that helical bubble motion was previously 

found for bubbles of the same size rising in a quiescent liquid, as evident in Figure 4.4. 

However, it is interesting that this kind of motion is not noticeable for bubbles with 

nominal diameters of d=2.5 mm because the wake dynamics is altered by the shear, 

as shown in Figure 7.14. In the x-y plane, the parabolic trajectories found for smaller 

bubbles are superimposed with a sinusoidal motion in x-direction. 

In Figure 7.16, the magnitude of the relative velocity Ur (r. h. s. ) and C1 (l. h. s. ) 

are plotted as functions of time for the fore-mentioned bubbles. For the smallest bubble 

with d=1 mm, it is evident from the relative velocity plot that the motion is steady. 

This is also true if the bubble is subjected to relatively strong shear flow (w = -50 1/s, 
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Figure 7.16: Magnitude of the relative velocity -Ui. (l. h. s. ) and lift coefficient (r. h. s. ) as 

functions of time (log(Mo) = -11). 
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Sr=0.467) 
. However, a reduction of Ur is evident in this case. On the right hand side, 

plots of C11, as a function of time are shown. Some numerical noise can also be seen 
in these results. It originates from the evaluation of the bubble acceleration which is 
needed in the calculation of the virtual mass term as outlined in Appendix B. 

The predictions for bubbles with d=2.5 mm and -100 1/s <w< -10 1/s are 
given in the middle row of graphs in Figure 7.16. For weak shear rates, Ur is similar to 
that of a bubble in quiescent water, as shown in Figure 4.9. However, a reduction in 
Ur occurs as w increases. Furthermore, it is evident that the bubble motion is almost 
steady for small w and oscillating for large ones. 

The results for the lift coefficient Ciu, for this bubble size are discussed next. It 
is striking that C1,, oscillates for all w considered. In fact, the fluctuations in C1, are 
largest for w= -10 1/s and are reduced for w= -20 1/s. The time average of C1 

is given in Table 7.2. For weak shear, the time-averaged lift coefficient is negative. 
However, it is interesting to note that it changes sign and becomes positive at extreme 

shear rates. This phenomenon, which has never been reported before, is probably due 

to the marked effects that the shear flow exerts on the bubble shape as well as its wake, 

as shown in Figure 7.14. In fact, the present study is the first of air-water bubbles at 
Sr>1. 

In the bottom row of the Figure 7.16 the results for d=5 mm and -30 1/s < 

w< -10 1/s are shown. They are very similar to those for d=2.5 mm. Again, for 

weak shear rates, the magnitude of the relative velocity is similar to that of a bubble 

in quiescent water, as shown in Figure 4.3. However, an appreciable reduction of Ur 

and larger velocity fluctuations are evident for the strongest shear rates investigated 

(w = -30 1/s). It is also interesting to note that, in contrast to the results for 

d=2.5 mm, C1, is always negative and does not change its sign for strong shear 

although Sr for d=5 mm, w= -30 1/s and d=2.5 mm, w= -50 1/s are very similar. 

Next, the time-averaged values for C1, (see Table 7.2) are compared with results 

given by other authors. For d=1 mm and w= -10 1/s, the present result agree quite 

well with Auton's [10,9] analysis for inviscid flow, i. e. Ciu, =0.5. This is encouraging 

because his theory should apply when the bubble is almost spherical, i. e. when Re is 

large and Sr is small. However, at w= -50 1/s the results deviate significantly from 
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this value because Sr is no longer small in this case. 
It has been mentioned that Tomiyama et al. [389] extrapolated their experimental 

results obtained for air bubbles in glycerol-water solution to an air-water system. As 

shown in Figure 7.4b, their correlation predicts that the lift coefficient changes sign at 
d=5.6 mm and is positive for smaller bubbles. For bubbles with d<4.3 mm, it takes 

a constant value of 0.288, unless Re < 2.5. This finding is contradictory to the results 

presented in this study. However, this has to be expected and supports the view that 

extrapolation over several orders of magnitude to an extremely low 
. 
Mo is of dubious 

validity because the unsteady motion and wake effects do not occur at high Mo. 

The only experiments conducted at conditions similar to the ones considered in 

this study are those of Sridhar and Katz [359] and Ford and Loth [104]. Details of 

these are given in Section 7.2.5. Ford and Loth [104] reported lift coefficients measured 

in a turbulent shear layer for four bubbles sizes, which are given in Table 7.1. Un- 

fortunately, they only give an upper bound to the dimensionless shear rate (Sr < 1), 

which complicates the comparison with the numerical results. For the smallest bub- 

ble (d = 1.5 mm) investigated by them, the value given by them (Clu, = 0.04) falls 

between those obtained in this study for weak flow, i. e. Cl j=0.618 and -0.234 for 

d=1.0 and 2.5 mm, respectively. For the larger bubbles with d=2.5 and 3.5 mm, 

they measured C1 = -0.09 and -0.06, respectively. These values are slightly larger 

than those determined for weak shear in the present study, i. e. Clu, = -0.234 and 

-0.128. However, larger discrepancies are apparent for the largest bubble (d = 4.5 mm) 

considered by Ford and Loth [104]. Here, their value of C1, = -0.7 is much smaller 

than that calculated for d=5 mm. 

The results reported by Sridhar and Katz [359] are for relatively small, almost 

spherical bubbles (0.5 <d<0.8 mm) entrained in a laminar ring vortex. They 

investigated moderate Re (20 < Re < 80) and low Sr (0.01 < Sr < 0.1). For the 

smallest bubble and the weakest shear rate considered in the present study, i. e. d= 

1 mm and Sr = 0.03, their correlation (7.21) yields Clu, = 4.8, which is almost an order 

of magnitude larger than the value found in this work. However, Sridhar and Katz's 

[359] result is also at odds with the DNS performed by Legendre and Magnaudet [235] 

who give values of around C1, = 0.35 for similar Re, as shown in Figure 1.9. 
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This Chapter reviewed and formulated correlations to determine the lift force in dis- 
persed two-phase systems. First, a comprehensive literature review of the state-of-the 
art in lift modelling for particles, droplets and bubbles, including the influence of ele- 
vated phase fractions, was presented 

Next, the most promising models were implemented in the two-fluid methodology 
and validated for two gas-liquid test cases, i. e. the plane mixing layer and the sudden 
enlargement of a circular pipe. The importance of having a correct model for lift has 
been demonstrated by many authors, e. g. Lathouwers [228, p. 139] and Bel F'dhila 
[25], in that they could not obtain reasonable predictions of the phase fraction for the 

sudden enlargement test case when using C1, = 0.25. However, the same model yields 

excellent results for the plane mixing layer, as shown by Hill et al. [148,147]. These 

observations were confirmed in this study. 

The lift models identified in the literature yield better results for the sudden 

enlargement. In particular, the unphysical accumulation of bubbles within the recir- 

culation zone, which would be obtained with C1,, = 0.25, is greatly reduced and the 

predictions are in better agreement with the experimental findings. However, the re- 

sults for the mixing layer were shown to be less favourable because the local extrema 

in the phase fraction profiles are reduced noticeably. In essence, it can be concluded 

that none of the lift models tested yields reasonable results for both the plane mixing 

layer and the sudden enlargement test cases. 

As a step towards finding a general lift correlation, DNS calculations of single 

air bubbles in water were carried out to investigated their dynamics under conditions 

similar to those found in the two test cases. The results of this fundamental work 

stressed the marked influence of the wake dynamics. For example, for bubbles with 

d=2.5 mm, weak shear has a stabilising effect on the wake dynamics and the lift 

coefficient takes negative values, whereas when the bubbles are subjected to stronger 

shear, their wake is suppressed and the lift coefficient becomes positive. 

Some of DNS results agree favourable with the experimental data, whereas others 

clash considerably. However, it should be noted that the experimental findings are often 

contradictory amongst themselves because of the difficulties and uncertainties inherent 
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in the experimental techniques. Hence, it was impossible within this study to collect 

enough numerical and/or experimental data to derive a reliable lift model. 



Chapter 8 

Closure 

This research work has been concerned with the development and validation of CFD 

methodology for simulating dispersed two-phase flows at high phase fractions. In this 

study, two-fluid and interface-capturing methodologies have been developed further, 

validated and utilised. Contributions have been made towards improved numerical 
techniques as well as mathematical models of key physical phenomena. 

This last Chapter concludes the thesis and is divided in two Sections. The first 

Section summarises the conclusions acquired from this work and the second one makes 

suggestions for future work. 

8.1 Conclusions 

The results of the present study have been extensively assessed and discussed in the 

previous Chapters. In the following, the most important conclusions are summarised. 

" Our current understanding of lateral forces on DPEs is far from complete. For 

high Reynolds numbers and/or high shear rates, the direction, let alone the mag- 

nitude, of the lift force is often unknown. Furthermore, deformations of fluid 

particles can produce negative lift and there is strong evidence, that the lift force 

is strongly affected by the dynamics of the wakes. Given this limited insight at 

low phase fraction, it is not surprising that very little is known about the influ- 

ence of neighbouring DPEs on the lift force. However, there is evidence that the 

lift force diminishes rapidly as the phase fraction increases. 
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" The importance of having a correct model for lift was demonstrated in that rea- 
sonable predictions for the phase fraction profiles in a gas-liquid sudden enlarge- 
ment flow cannot be obtained using the conventional lift model with C1 = 0.25. 
However, this model yields excellent results for a gas-liquid plane mixing layer 
flow. These findings are in good agreement with previous calculations performed 
by Lathouwers [228], Bel F'dhila [25] and Hill et al. [148,147] 

" The lift models identified in the literature yield better results for the sudden 
enlargement flow than those obtained with conventional lift modelling. In par- 
ticular, the unphysical accumulation of bubbles within the recirculation zone is 

greatly reduced. However, the previously excellent results for the mixing layer 

deteriorate when the new models are used. In particular, the magnitudes of the 

local maxima and minima of the volume fraction profiles are reduced noticeably. 
Therefore, it must be concluded that none of the lift models tested can yield 

reasonable results for both flows. 

9 The new interface-capturing methodology of Weller [424] is suitable for the DNS 

of millimeter-size air bubbles in water if the Morton number is sufficiently small 

(log(Mo) < -4.2). In particular, the findings using this method are: 

- The computational results for air bubbles rising in quiescent water showed 

many features previously described by experimentalists, e. g. path instabil- 

ities and the shedding of wakes. Two types of trajectories were observed 

depending on the bubble size: bubbles with nominal diameters larger than 

2 mm prescribe a helical trajectory, whereas smaller bubbles exhibit zigzag 

motion. 

- The predicted terminal velocities of air bubbles in water with nominal di- 

ameters between 1 and 5 mm agree well with the empirical correlation of 

Tomiyama et al. [384,383]. 

- The velocity fluctuations of a 2.5 mm-bubble were compared with recent 

measurements by Ellingsen and Risso [88,87]. The velocity in the hori- 

zontal direction are reasonably predicted, but the results for the vertical 

fluctuations are less favourable. 
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- For air bubbles in shear flow generated in a viscous liquid, the key experi- 
mental findings of Tomiyama et al. [389] were confirmed numerically, namely 
that the lift coefficient is independent of the shear rate in the parameter 
space investigated and that it changes sign for large Eötvös numbers. The 

results for the lift coefficient are in reasonable agreement with the measured 
ones if Mo is small. However, for larger 

, 
Mo, large discrepancies are notice- 

able. These are probably due to the relatively coarse mesh, which should 
be refined in future studies. 

9 DNS calculations of single air bubbles in water were carried out to investigate the 
dynamics of the bubbles under conditions similar to those found in the mixing 
layer and sudden enlargement flow. The results of this work stress the marked 
influence of the wake on the bubble motion. For example, for bubbles with 
d=2.5 mm, weak shear has a stabilising effect on the wake dynamics and the lift 

coefficient takes negative values. On the other hand, when the bubble is subjected 

to stronger shear, its wake is suppressed and the lift coefficient becomes positive. 

Unfortunately, it was not possible during this study to generate enough data with 

the given resources to derive a lift model based on the numerical results. 

9 Recent experimental data suggest that the turbulence response function is a 

strong function of the phase fraction and approaches unity as the phase fraction 

increases beyond a certain limit, which could be as small as 6%. A modified 

expression for Ct was proposed based on these data sets and has then been 

validated for the plane mixing layer and the sudden enlargement flows. 

For the sudden enlargement flow, the previous Ct-model of Issa [171] overpredicts 

the turbulence kinetic energy of the continuous phase, with the consequence that 

the liquid velocity profiles are too diffused. However, the level of continuous phase 

turbulence obtained with the new model, is in much better agreement with the 

experimental data and it follows that the liquid velocity profiles are also greatly 

improved. The phase fraction field is much better predicted at stations close to 

the inlet and within the recirculation zone, but discrepancies with the experiments 

increase towards the outlet. Here, the redistribution of the bubbles towards the 
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centreline and, hence, the development towards fully developed two-phase pipe 
flow is underpredicted. 

For the plane mixing layer flow, excellent predictions are obtained with the pre- 

vious model, which are largely unchanged with the new formulation, except for 

the continuous phase kinetic energy, whose level is lower and in better agreement 

with the measurements. 

" At low phase fractions, the drag on particles has been researched extensively 

and many correlations are available. They are believed to be accurate, although 

this has not been checked in this study. For single bubbles, a large number of 

models have been published in the literature and the recent models in particular 

yield very similar results. However, the effects of the surfactant concentration, 

the turbulence within the surrounding fluid and the history of the bubble are 

not well understood and not taken into account in the correlations. For single 

droplets, no accurate and reliable model is currently available. 

" At elevated phase fractions, a comparison of particle drag models against experi- 

mental data showed that a number of correlations give reliable results. However, 

for fluid particles, large deviations exist not only between the models and the ex- 

perimental evidence, but they are often contradictory amongst themselves. This 

is partly due to the fact that the dynamics of fluid particles at low phase frac- 

tions is not as well understood. Nevertheless, some of the correlations for elevated 

phase fractions are able to give reasonable predictions, although some of them 

lack generality. 

" New drag correlations applicable to particles, droplets and bubbles at high phase 

fractions were put forward, which agree with the experimental data reasonably 

well. However, the correlations for particles could be improved at low Archimedes 

numbers by including the influence of the latter. 

" Assessment of the drag models has also been carried out through application of 

two-fluid methodology to two test cases. The results for the plane mixing layer 

and sudden enlargement flows showed that the influence of the drag correlations 

on the liquid velocity profiles is negligible for both test cases. However, differences 
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are noticeable in the phase fraction profiles, which are most pronounced in the 
sudden enlargement flow. Here, the influence of the drag formulation is amplified 
by the back-flow generated behind the enlargement. However, the discrepancies 
between the measured and calculated phase fraction profiles for this flow cannot 
be explained by the dependence of the drag on the phase fraction. 

9 The standard solution procedure for the two-fluid methodology based on those 

outlined in [426,295,147] employs phase-intensive momentum equations. It is 

stable in situations where the phase fraction vanishes gradually and the conver- 

gence problems reported in earlier studies are avoided by preventing the phase 

momentum equations from becoming singular when the phase fraction approaches 

zero. However, the turbulent drag term compromises convergence if the related 
diffusion term in the phase fraction equation is discretised explicitly. 

" The standard solution procedure is not sufficiently stable in cases where the 

phases separate and a decoupling of the pressure and the velocity field occurs. 

This can be prevented by using the solution procedure of Weller [423, which is 

stable even for high density ratios. 

The advantages of the Weller [423] solution procedure were shown in two calcu- 

lations: firstly, the separation of a gas-liquid mixture in a tank; and secondly, the 

transient motion of a bubble plume. In both cases, the calculation includes the 

region above the liquid, with the position of the free-surface being determined 

as part of the calculation wherever necessary. For the bubble plume, a prelimi- 

nary comparison with experimental data was carried out, which showed that the 

motion of the plume is captured well. 

8.2 Suggestions for Future Work 

Before we proceed with recommendations for the future work, the important role of 

measurements has to be emphasised. Many sub-models in the two-fluid model rely 

on the availability and accuracy of measurements. Therefore, only more extensive 

experimental data will reduce the uncertainty inherent in some of the models and/or 

will give evidence of phenomena currently unaccounted for. 
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The author is not an expert in the experimental methods. Therefore, the sugges- 
tions which follow will be mainly directed towards researchers in the field of modelling 
and numerics. Tasks which are, arguably, of the most priority are as follows: 

" Derivation of accurate and reliable correlations for the drag on fluid particles. 
In particular, no accurate and reliable model currently exists for droplets. For 

bubbles, the effects of surfactant concentration, turbulence and the history of the 
bubble should be taken into account in the correlations. 

9 Performance of DNS of single bubbles in shear flow to gain better insight into the 

nature of the bubble wake and its effect on the bubble dynamics. Eventually, the 

data collected from these simulations should be used together with the available 

experimental data to derive a lift model for low 
. 
Mo. Such two-phase DNS can 

also provide valuable insight into many complex phenomena involving two-phase 

flow, e. g. turbulence, heat and mass transfer and phase change. 

" Inclusion of Large Eddy Simulation (LES) turbulence models in the interface- 

capturing calculations. The shear flows investigated in this study had relatively 

high shear Reynolds numbers (7.24). However, in order to accurately represent 

the turbulence in these flows, very high resolution would be required. The main 

idea of LES is to filter the small scales out of the Navier-Stokes equations and 

resolve the larger ones. The smaller scales are represented using a so-called 

sub-grid model by relating the sub-grid Reynolds stress tensor to the sub-grid 

fluctuations. 

41 Validation of the current two-fluid methodology against a more complete set of 

experimental data. Several test cases were presented in Section 1.5.7. Of the 

cases listed there, the following ones could yield new insights: 

- Bubbly jets exhibit regions of high shear within the liquid phase and the 

accurate prediction of bubble distribution has been shown to depend on the 

lift modelling [439]; 

- Bubble-driven flows where liquid velocity is smaller than or similar to the 

terminal velocity. In such cases, bubble-induced turbulence and large scale 

instabilities cause additional difficulties [227,8]. 
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Depending on the operating conditions, both types of flow can also exhibit regions 
where the phase fraction is high. 

" Improvements in the turbulence modelling for the two-fluid methodology. Al- 
though the influence of turbulence modelling has not been investigated exten- 
sively, it is very likely that some of the discrepancies discovered in this study 
are due to deficiencies in the models used. For example, it is very difficult to 
incorporate the effects of large scale eddies, so-called coherent structures, on the 

averaged inter-phase momentum transfer. 

However, the behaviour of bubbles within these coherent structures is described 

reasonably well by the equation of motion and the instantaneous forces therein, 

in particular the lift force. Therefore, a possible route is to derive a two-phase 

LES model, in which the coherent structures are not averaged, but fully re- 

solved and an expression for the averaged inter-phase momentum transfer is not 

needed. However, the effects of the bubbles on the sub-grid Reynolds stress and 

the sub-grid inter-phase momentum transfer now require modelling. Initial LES 

calculations for gas-liquid flows are presented in [393]. 

The present study should be regarded as a further step towards the accurate 

simulation of dispersed two-phase flows. The two-fluid model presented in here has 

not addressed many important phenomena, such as heat- and mass transfer, size dis- 

tribution effects as well as phase change. The inclusion of these into the framework 

of the two-fluid model is by no means uncharted territory and many researchers have 

made contributions towards it. However, it is unlikely that a single model will emerge 

eventually because of the many ways these phenomena interact with each other. More 

likely, several two-fluid methodologies will co-exist, each specialising in the aspects 

most relevant to the particular industrial application in mind. In this respect, it is the 

hope of the author that this study might serve as a tool-box to other modellers and 

engineers in industry who attempt the prediction of two-phase flows. 



Appendix A 

Determination of the Projected 

Diameter from Interface-Capturing 

Calculations 

The characteristic diameter of a deformed bubble can be defined in many ways. Two 
definitions are in common use: 

nominal diameter is defined as the diameter of a sphere having the same volume V 

as the Dispersed Phase Element (DPE); 

projected diameter is defined as the diameter of a circle with the same area as the 

projection of the DPE normal to the relative velocity. 

In principle, the projected diameter should be used to calculate the projected area 

used in the expression for the drag force. However, in most engineering calculations 

the projected diameter is unknown and difficult to obtain. Therefore, the nominal 

diameter is used instead. 

Tomiyama et al. [389] choose the projected diameter to correlate their experi- 

mental data for the lift coefficient. They obtained it from high speed camera pictures 

taken during the experiments. In order to be able to compare their results with the 

interface tracking calculations, the projected diameter has to be determined from the 

calculations. This is, however, complicated by the fact that an exact full 3D description 

of the surface is not available. 
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An approximate solution to this problem is outlined next. Ellingsen and Risso 
[88,87] investigated the shape and orientation of bubbles rising in still liquids. They 

found in their experiments that the bubble shape is an oblate ellipsoid of constant 

shape; and secondy, that the axis of symmetry of rising bubbles is parallel to the 

velocity of the bubble. 

In following, it is therefore assumed that an ellipsoid, as shown in Figure A. 1, 

is a good approximation for a DPE. The lengths of its half axes a, b and c can be 

determined by comparing the principal moments of inertia of the distribution of the 

indicator function with the analytical results for an ellipsoid. In order to simplify the 

analysis, we require that the DPE is spherical or flat as well as axisymmetric with 

respect to the z-axis of the local coordinate system of the ellipsoid, i. e. a, b<c and 

a=b. It is also assumed that the relative velocity is parallel to the z-axis. These 

assumptions hold for the high 
. 
Mo bubbles investigated in Section 4.3.2, as evident 

from Figure 4.13. However, none of these restrictions are strictly necessary and the 

analysis could be refined further in future. 

In the general, the moment inertia of an arbitrary body is given by the following 

symmetric second rank tensor [422] : 

O= (Ir12I - rr) dV (A. 1) 

v 
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where 6 is the moment of inertia. p and I denote the density and the identity tensor, 

respectively. r stands for the vector between dV and a reference point, usually the 

centre of mass. The principle moments of inertia are obtained by taking the eigenvalues 

of O. 

First, we obtain the moment of inertia of a DPE from the results of the interface- 

capturing calculations. The moment of inertia tensor is approximated by: 

eC-Pa E 
"YP(IXP-XdI2I-(XP-Xd)2)VP 

P=all 
(A. 2) 

where pa, is the fluid density. Here, V stands for the volumes of the computational cells 

and x is the position vector. The subscript P denotes the value for the cell P and the 

indicator function -y is defined in Section 4.1.1. xd is the centre of mass of the DPE, 

which is calculated from: 

X: 
P=all YPXPVP 

Xd = EP=all 'YPVP 
(A. 3) 

The orientation of the DPE is unknown in the calculations and the principal 

moments of inertia are therefore obtained by calculating the eigenvalues of Oc which 

are denoted by E )c e and Oz 
. 

This numerical result is then compared with the analytical result for an ellipsoid, 

as depicted in Figure A. 1. With respect to the three local coordinate axes, the principal 

moments of inertia are given by Merziger and Wirth [272, p. 495] as: 

OE =p4 7rabc (b2 + c2) (A. 4) 
15 

py =p4 7rabc (a2 + c2) (A. 5) 
15 

OE =p4 7rabc (a2 + b2) (A. 6) 
15 

In our case, we assume that the ellipsoid is symmetric with respect to z-axis, 

i. e. a=b, and the result can be further simplified: 

E)E =p 
g 
15 

(14m) (A. 7) 

E=E4 7f 
(14m + 12m3 (A. 8) 

Oxx Oyy =P 15 

where l=a=b is the major axis and m=c is the minor axis of the ellipsoid. 
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The minor and major axes of the DPE are obtained by replacing the analytical 

results for the principal moments of inertia by the numerical ones. Finally, after sub- 

stitution of equation (A. 7) into equation (A. 8), algebraic expressions for 1 and m are 

obtained: 

l= '0 152 (e z)3 (A. 9) 
82ýr2p2 20c - ec yy zz 

150zz (A. 10) m= 81FP14 



Appendix B 

Determination of the Lift 

Coefficient from 

Interface-Capturing Calculations 

The lift coefficient is not an immediate result of the interface-capturing calculations 

and some post-processing is required to obtain its value. In this study, a procedure is 

utilised similar to that employed by Sridhar and Katz [359] who determined the lift 

coefficient from bubble trajectories. Here, it is adapted to obtain the lift coefficient 

from interface-capturing calculations. 

Consider the equation of motion for a Dispersed Phase Element (DPE) given by: 

- pdV ddVd t= 
Fb + Fp + Fvm + Fb + Fd + FL + Fb 

dt (B. 1) 

where the terms on the r. h. s. are, in order, buoyancy, pressure, virtual mass, drag, lift 

and Basset forces. Sridhar and Katz [359] showed that for small bubbles in a shear flow 

the Basset force only accounts for up to 6% of the buoyancy force and it is therefore 

neglected. 

The functional forms for these forces have been subject to intensive research 

[274,260,11,264]. In this study, we follow Sridhar and Katz [359] and use: 

Fb =V (Pd - Pc) g (B. 2) 

DFV 
Fp=PTV Dt 

(B-3) 
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Figure B. 1: Forces on a dispersed phase element in a simple shear flow. 

Fvm = PcV cvm dVd D, V, 
dt Dt 

Fd =1 pcACdl VrI Vr 
2 

Fc = pcVClvr x (V X Vc) 
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(B. 4) 

(B. 5) 

(B. 6) 

Here, p and V stand for the density and velocity, respectively, and the subscripts c 

and d for the properties of the continuous and dispersed material. Vr is the relative 

velocity defined as VT = Vc - Vd. The volume of the DPE and its projected area 

normal to VT are denoted by V and A. Cd, Cl and C, m, are the coefficients in the drag, 

lift and virtual mass models. 

The velocity of the continuous fluid V, at the centre of the DPE, its substantive 

derivative DDt ° and its vorticity VxV,, appear in the above equations. These quantities 

have to be evaluated in absence of the DPE, i. e. V, is the so-called unperturbed velocity 

[260]. In this study, the motion of a single DPE in simple shear flow is investigated. 

Such a flow is depicted in Figure B. 1 and is defined by: 

vc = 
(4x) 

(4.37) 

where w and x denote the shear rate and x-coordinate, respectively. The vorticity 
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of this flow is given by vxV, _ 
(ö) 

and it can further be shown that DD r- = 0. 
This simplifies the analysis substantially and the following expression for the sum of 
the drag and lift forces FT is obtained after substitution of equations (B. 2) and (B. 4) 

into equation (B. 1): 

Fr =V (Pc - Pd) ö-V (Pd + C'vmpc) 
dVd 

(13.7) 
dt 

Finally, FT is decomposed into its components, i. e. drag and lift, using: 

Fd = iV T (B. 8) 
rI 

Fl = Fr - Fd (B. 9) 

and the associated coefficients are then easily calculated from: 

Cd = 
2IFdj 

2 
(B. 10) 

PýAV T 
Cl = 

21F11 (B. 11) 
PcV I Vr x (V x VC) 1 

What remains is to give details of the determination of the bubble velocity Vd, 

its acceleration dd and the position of the bubble Xd, which is needed to calculate 

the velocity of the continuous fluid from equation (4.37). These quantities are needed 

relative to the inertial reference frame and are not directly available from the interface- 

capturing calculations, which are performed relative to a moving reference frame, as 

outlined in Section 4.1.3. However, they can be determined from the velocity of the 

reference frame VF and the bubble position relative to the frame Xd, which are de- 

termined from equations (A. 3) and (4.33), respectively, and recorded for each time 

step. The analysis requires numerical differentiation and integration and is performed 

a-posteriori, i. e. after the CFD calculations. In this way, the values for the next time 

step are available and the derivatives can be evaluated more accurately using central 

differences. The numerical schemes are second order accurate and given by: 
i+l i-1 

ii xd - xd $. 12 Vd =VF+ ti+l -ti-1 

() 

(dVd Z Vi+l 
- 

Vi-1 

dt ti+1 - ti-1 

V3 + Vj+1 F2F (t' - ti-1) (B. 14) xd = xd + 1: 
j=2... i 

Here, the superscript denotes values at specific time steps. 
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