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Abstract 

The coupled dynamic behaviour of planetary geared rotor systems is much less well understood 

compared to the classical geared rotor systems. For a better understanding, this research project 

investigates the coupled dynamic behaviour of planetary geared rotor systems and how the 

planetary gearbox parameters affect their global dynamics. In the numerical study, a six degrees 

of freedom hybrid dynamic model of a planetary geared rotor system is created in the recently 

developed “GEAROT” rotor dynamics software by considering gyroscopic effects. Based on 

the modal analysis results of the hybrid dynamic model, the vibration modes are classified as 

coupled torsional-axial, lateral and gearbox for the helical gear configuration, and torsional, 

axial, lateral and gearbox for the spur one. Modal energy analysis is used to quantify the 

coupling level between the shafts and planetary gearbox, which highlights the effect of a 

planetary gearbox on the dynamic behaviour of a rotating system. An extensive planetary 

gearbox parameter study including gear contact, gearbox mass and support, and planet gear 

parameters is conducted using the hybrid dynamic model to investigate the parameter effects 

on the modal behaviour of planetary geared rotors. The sensitivity of planetary geared rotor 

vibration modes to the gearbox parameters is determined by computing the frequency shifts 

and comparing the mode shapes between the two extreme cases. In the experimental study, 

free-free impact hammer tests are carried out on a planetary geared rotor assembly to validate 

the numerical modal analyses results in “GEAROT”. On the basis of both experimental and 

numerical modal analysis of planetary geared rotors, the lateral vibration modes are identified 

as “in phase” and “out of phase”. Briefly, the numerically identified lateral modal behaviour of 

planetary geared rotor systems is successfully validated with the experimental modal analysis 

results. 
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Chapter 1 

1 Introduction 

1.1 Background and motivation 

Rotating machinery vibration has always become a significant engineering problem in 

industries such as automotive, aerospace, turbomachinery and wind power etc. For optimum 

system performance, safety and customer satisfaction, the manufacturers aim to reduce the 

noise and vibration of their rotating machine products. Therefore, they conduct extensive 

numerical and experimental studies before mass production so as to predict the dynamic 

behaviour of the rotating machines accurately. So far, a good understanding of underlying 

physics of rotating systems has been achieved, including gyroscopic moments, centrifugal and 

unbalance forces. Rotor dynamic modelling approaches such as rigid and flexible disks, 

bearings and shafts, linear and nonlinear bearing stiffness and damping, asymmetric and 

symmetric rotor geometries, and vibrational behaviour of rotor systems in terms of uncoupled 

and coupled lateral, torsional and axial vibrations have been investigated in detail and shown 

by many basic rotor dynamics books [1–5]. 

 

Figure 1.1: Planetary gearbox applications, a) wind turbine [Source: General Electric], b) 

geared turbofan engine [Source: Rolls-Royce plc]. 

a) b) 
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A new trend couples rotating shafts with large planetary gearboxes in high power rotating 

machinery applications such as wind turbines and geared turbofan engines as seen in Figure 

1.1. Planetary gearboxes are widely seen in rotating systems because of their compactness, 

higher speed ratio, load sharing and power transmission capacity, and lower stress, vibration 

and noise advantages [6,7]. On the other hand, installation of a planetary gearbox into a rotating 

system introduces coupled dynamic problems which includes the dynamics of the gearbox and 

whole rotor system. The planetary gearbox can affect the global dynamic behaviour of the rotor 

system with its mass and inertia, stiffness and damping, and gyroscopic moments. As a result, 

it changes the modal properties of the global rotor system in terms of natural frequencies, mode 

shapes, frequency response functions and modal damping. Moreover, the planetary gearbox 

can become a new source of vibration by introducing new vibration excitations into the global 

rotor system. These are known as internal vibration excitations due to transmission error, 

manufacturing error, tooth profile modifications and time-varying mesh stiffness, and external 

vibration excitations due to the unbalanced rotating gear wheels, geometric eccentricities, and 

torque/speed fluctuations of gears [8–10]. Briefly, a planetary gearbox may have both positive 

and negative effects on the dynamic response of the global rotor system in terms of mechanical 

vibration.  

A large amount of research has been conducted on planetary gearbox dynamics to investigate 

the modal behaviour of planetary gears, the linear and nonlinear vibrations of the gears inside 

the planetary gearbox with the effects of internal and external excitations, and loss of tooth 

contact [6,7,10]. Overall, good progress has been made in understanding the linear and 

nonlinear dynamics of the planetary gearbox. A considerable amount of research has also been 

done for understanding the dynamic behaviour of geared rotor systems [9,11,12]. However, 

there is little work to understand the dynamic behaviour of planetary geared rotor systems since 

the complex interaction between the planetary gearbox and the rotor system makes the rotor 

dynamics problem challenging to solve numerically. Adding a planetary gearbox on high-speed 

rotating systems can directly affect their global dynamics due to the gyroscopic moments, 

flexibility, damping, mass and inertia of the planetary gearbox, additional excitation sources 

from the planetary gearbox, and coupling between the planetary gearbox and global rotor 

system. For a better understanding of the planetary gearbox effect on the dynamics of rotating 

systems with these considered effects, more research studies are needed. This is the main 

motivation of this PhD project. 
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1.2 Research objectives 

The main aim of this research project is to understand the dynamic behaviour of a rotating 

system with a planetary gearbox and to investigate how a planetary gearbox parameter 

influences the global dynamics of the rotating system. To meet this aim, six main objectives 

will be addressed in this research project: 

 

1. Create a six degrees of freedom hybrid dynamic model of the planetary geared rotor 

system with its damping, stiffness, mass and gyroscopic parameters, and employ the 

lumped parameter and finite element methods for the dynamic modelling of the 

planetary gearbox and rotor system, respectively.  

 

2. Develop a rotor dynamics software called “GEAROT” for predicting the dynamic 

response and analysing the dynamic behaviour of the planetary geared rotor system 

using the hybrid dynamic model. 

 

3. Identify the vibration modes of the planetary geared rotor systems with and without 

gyroscopic effects and analyse the impact of the planetary gearbox on the vibration 

modes of the global rotor system using the modal energy analysis. 

 

4. Investigate the effects of the gearbox parameters on the modal behaviour of the 

planetary geared rotor systems to determine the influential gearbox parameters on the 

global dynamics of the rotor system. 

 

5. Design a geared rotor test rig by coupling two shafts with a planetary gearbox to carry 

out the experimental modal analysis. 

 

6. Validate the numerical computations of the developed hybrid dynamic model against 

the experimental modal analysis results. 

 

In order to rise to these challenges and answer the research questions, numerical and 

experimental studies will be shown within the scope of this thesis.  
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1.3 Thesis outline 

This thesis investigates the coupled dynamic behaviour of a planetary geared rotor system with 

numerical simulations and experiments, showing gearbox parameter effects on the dynamic 

behaviour of the global rotor system with numerical simulations. It also presents a new method 

for quantifying the coupling level between the rotor system and planetary gearbox, highlighting 

the effect of a planetary gearbox on the dynamic behaviour of a rotating system. This thesis 

consists of seven chapters which include introduction, literature review, dynamic modelling, 

numerical analyses, experimental studies and conclusion parts. 

In the first chapter, the background and main motivation of this thesis are presented, which 

highlights the importance of the rotating machinery vibration and coupled rotor dynamic 

problem with the installation of a planetary gearbox. An explanation is also given for why more 

research is needed to understand the planetary gearbox effect on the dynamics of rotating 

systems. Following this, research objectives are lined up with six bullet points. Finally, an 

outline of the thesis is given. This chapter is a brief introduction to the thesis. 

In the second chapter, an extensive literature review is given in four main sections, including 

dynamics of rotating systems, gear dynamics, planetary gear dynamics and geared rotor 

dynamics research with their brief history. Crucial points in rotating machinery vibration, 

modelling and solution method of rotor dynamics problem are presented in the dynamics of 

rotating systems section. Linear and nonlinear gear dynamics research, gear dynamic modelling 

approaches, gear vibration and planetary gear dynamics research are presented in gear 

dynamics and planetary gear dynamics sections. Finally, geared rotor dynamics research is 

discussed in detail. 

In the third chapter, a six degrees of freedom hybrid dynamic model of a rotor system with a 

planetary gearbox is introduced where the dynamic models of the planetary gearbox and rotor 

system are created with the lumped parameter and finite element methods respectively. In the 

rotor system, the shafts are modelled with 1-D rotating Timoshenko beam elements and the 

bearings are assumed to consist of uncoupled linear spring elements. Finally, the equation of 

motion of the planetary geared rotor system is obtained by combining the dynamic model of 

the planetary gearbox and rotor system. 

In the fourth chapter, the theoretical background of the modal analysis of rotating systems is 

presented where the quadratic eigenvalue problem due to the damping and gyroscopic effects 

and the modal energy analysis are provided. The modal analyses are carried out for both helical 
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and spur planetary geared rotors with and without gyroscopic effects in order to determine their 

vibration modes and modal behaviour. Planetary gearbox effect on the vibration modes of the 

global rotor system is then quantified with the modal energy analyses. 

In the fifth chapter, the effects of the planetary gearbox parameters on the vibration modes of 

the planetary geared rotor systems are presented. Sensitivity of natural frequencies and 

vibration modes to the gearbox parameters are investigated for the gear contact parameters 

such as gear mesh stiffness, helix angle and pressure angle, gearbox mass and support 

parameters such as gear material density and support stiffness, and planet gear parameters such 

as number of planet gears and planet position errors (mistuning).  

In the sixth chapter, a spur planetary geared rotor test rig is presented, where free-free modal 

tests in the lateral directions are carried out to validate the numerical modal analysis results. 

Lateral modal behaviour of the planetary geared rotor assembly and shafts is shown separately 

with the experimental modal analysis. Finite element (numerical) modal analysis results of the 

shafts are validated with their experimental modal analysis results. For the free-free modal tests 

of the planetary geared rotor assembly, dynamic model of the planetary geared rotor system is 

updated. Then, the model validation is conducted with the experimental modal analysis results.  

In the seventh chapter, the main findings and conclusions are summarised, and 

recommendations for the future works are presented. 
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Chapter 2 

2 Literature review 

2.1 Introduction 

This chapter summarises the existing technical knowledge and research concerned with this 

PhD project. The main objective of this literature survey is to understand the state-of-the-art in 

the planetary gearbox and rotor dynamics and to introduce important topics related to the 

research problem which is described in the previous section. With the consideration of the 

combined engineering problem of the planetary gearbox and rotating system, the literature 

survey is divided into four main sections including dynamics of rotating systems, gear 

dynamics, planetary gearbox dynamics and geared rotor dynamics. 

2.2 Dynamics of rotating systems 

The long history of rotor dynamics commenced with the invention of the wheel and continued 

with water wheels, windmills and steam engines. Following the invention of the first steam 

engine, science and technology have hit the top with the development of turbomachinery. Rotor 

dynamics, as a scientific subject, has been at the centre of these developments in the 

technology. 

   

Figure 2.1 : Historical development in rotating systems, a) invention of the wheel, b) the 

water wheel, c) first steam engine, d) turbofan engine [4]. 

a) b) c) d) 
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Today, rotating systems can be seen in a wide range of engineering applications such as jet 

engines, wind turbines, steam turbines, combustion engines, automotive powertrains, marine 

propulsion systems and gearboxes. 

2.2.1 Vibrations of rotating systems 

Rotor dynamics is a special topic of dynamics focusing on the dynamic behaviour of rotating 

systems in lateral, torsional and axial vibrations [1–4]. The dynamic analysis of a rotating 

system is substantially different from the classical vibrating systems because the gyroscopic 

moments acting on the rotating system can affect its eigenvalues and eigenvectors with respect 

to the rotating speed of the system. Notably, lateral vibrations in a rotor system are more crucial 

compared with the torsional and axial vibrations due to the gyroscopic effects. Lateral vibration 

modes are speed-dependent due to the gyroscopic couples, whereas torsional and axial 

vibration modes are not generally dependent on the rotational speeds [3]. Axial vibrations in a 

rotor system can be seen in jet engines due to the thrust in the axial direction or helical gears 

due to the occurrence of axial forces [3]. Furthermore, torsional vibrations can originate from 

the crankshafts of internal combustion engines, sudden changes in the running condition, or 

uneven loads on the shaft. 

Vibration modes of the rotating systems are different compared with the non-rotating systems. 

The reason is that the gyroscopic couple results in backward and forward whirling modes in 

the rotating system where the forward whirling mode and the rotating speed are in the same 

direction while the backward whirling mode is in the opposite direction to the rotating speed 

[1–4]. It is worth stating that the backward whirling modes can be excited during a deceleration 

whereas the forward whirling modes can be excited during an acceleration in a single rotor 

system. Both forward and backward whirling modes can be excited simultaneously in a 

counter-rotating rotor system. When looking at the general equation of motion in the matrix 

form, the gyroscopic matrix has a skew-symmetric property. Therefore, both the skew-

symmetry property of the gyroscopic matrix and the spin speed have effects on the whirling 

modes.  

A special tool in rotor dynamics is the natural frequency map (Campbell diagram) [1–4] which 

shows the changes of natural frequencies with respect to the rotational speed, as shown in 

Figure 2.2. It should be noted that only the lowest backward and forward modes are shown in 

Figure 2.2. If the rotor speed matches with the natural frequencies of the system, larger 

amplitudes will occur due to the resonating structure [13]. This so-called critical speed must be 
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avoided to prevent catastrophic failures in the rotor system design. The speed dependency of 

the vibration modes is the most significant property of rotor dynamics.  

 

Figure 2.2 : Campbell diagram of a rigid rotor. 

Rotor coupling 

The coupling effect is an important research topic in rotating systems. Vibration in one 

direction can cause vibration in another direction due to the coupling phenomenon. Basically, 

lateral, torsional and axial vibrations can interact with each other in coupled rotor systems [3]. 

For example, coupled lateral-torsional vibrations is a commonly seen phenomenon in rotating 

systems where torsional excitations can trigger lateral vibrations. There are some articles in the 

literature to understand the torsional and lateral coupling effect [14–17]. For instance, Al-

Bedoor [14] developed a model for the coupled vibration of unbalanced rotors, and he showed 

a softening effect of rotor torsional stiffness due to the coupling and a nonlinear interaction 

between the lateral and torsional vibrations. Then, Patel and Darpe [15] extended this research 

by investigating coupled lateral-torsional vibrations of rotors with cracks and rub, causing even 

stronger nonlinearity. 

Excitation sources 

Imbalances and external forces are the main excitation sources of rotating systems [1,3]. The 

internal imbalances come from inaccuracies in the manufacture of the system, and they can 
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create lateral forces at the frequency of rotation. This excitation can lead to an increase in the 

vibration level of rotating systems in the vicinity of a shaft resonance [3]. The vibrations in 

rotor dynamic systems are typically divided into two main categories as synchronous or 

subsynchronous. The synchronous vibrations are caused by imbalances or other synchronous 

forces, whereas the subsynchronous vibrations can be generated by fluid-induced excitations 

in the bearings [1–4,18]. 

2.2.2 Rotor dynamic modelling 

A basic rotor system which consists of a single disk on a flexible shaft with bearings was first 

defined by Föppl in 1895, and it was refined by Jeffcott in 1919 after the damping addition to 

Föppl`s rotor definition [13,18]. The Jeffcott rotor model is quite simple to understand, and it 

forms the main backbone of rotor dynamics [13]. In a Jeffcott rotor, a rotating system 

fundamentally consists of a rotor, bearings and a rigid disk, as seen in Figure 2.3. The rotor can 

be modelled with a flexible beam and rigid disk, and the bearings may also be described with 

spring elements including stiffness [1–4]. 

 

Figure 2.3 : Jeffcott rotor model [18]. 

In classic rotor dynamics, bearings are often described with stiffness and damping elements 

which may have speed dependent properties because of the spin softening effect of certain 

bearing types [3]. Nonlinear behaviour of the bearings can make the rotor dynamics problem 

even more complicated since an amplitude-dependent bearing stiffness can considerably affect 

the dynamic behaviour of a rotating system [13,19,20].  

Another important modelling parameter in the rotor systems is damping which can exist in both 

shafts and bearings. Shafts may carry internal damping and bearings may have viscous 

damping property. It is important to state that the internal damping sometimes may have 

adverse effects on the rotor system, which can lead to instability [3]. Therefore, a reliable and 

well-controlled damping mechanism is crucial for a rotor dynamic system design. 
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Rotating beam theories 

There are two main rotating beam theories used in rotor dynamics, which are known as the 

Timoshenko and Euler-Bernoulli beam theories [2–4]. The whirling deflections and speed-

dependent modal properties of shafts can be calculated using both theories in the finite element 

method. The main differences between the two theories come from the assumptions. In the 

Euler-Bernoulli beam theory, shear deflections and rotary inertia effects are neglected while 

these effects are taken into account in Timoshenko beams [21,22]. When doing vibration 

analysis with an eigenvalue solution, the Timoshenko and Euler-Bernoulli beams give similar 

natural frequencies at lower frequencies, but they are considerably dissimilar at higher 

frequencies. The Timoshenko beam gives more accurate results than the Euler-Bernoulli Beam 

in modal analysis, but its implementation into a finite element solver can be somewhat more 

complicated. 

2.2.3 Dynamic analysis of rotor dynamic systems 

The dynamic solution of a simple rotor system such as the Jeffcott rotor is relatively easy. 

However, more complex systems which consist of a large number of elements represent a 

significantly bigger challenge. In order to solve the multi-degrees of freedom rotor systems, 

there are mainly two types of solution methods available, which are the transfer matrix method 

and the finite element method. In the past, the transfer matrix method [1–5] was a useful tool 

to solve the multi-degrees of freedom rotor systems. However, recently the finite element 

method has become much more popular tool to solve the rotor dynamics problems due to the 

decrease in the computation time with high performance computers [3,4,23]. Therefore, the 

finite element method will be the focus of this review.  

One of the main advantages of the finite element method is the accurate and fast solving of 

mechanical problems. On the other hand, it can require a huge calculation volume [3,4]. Finite 

element methods discretise the structure into small elements based on the selected mesh sizes 

[2–5,18]. For each element, mass, stiffness, damping and gyroscopic matrices are formulated 

based on their material and geometric properties. A topology matrix then defines the 

connectivity between each element. As a result, the global matrices are obtained using the finite 

element assembly procedure. Finally, boundary conditions, such as bearings as stiffness and 

damping elements and disk elements as mass and inertia elements are added to the global 

matrices to obtain the full model of the rotor dynamic system.  
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Eigenvalue solution of rotating systems 

Modal parameters such as eigenvalues and eigenvectors can be calculated using the final 

versions of the global matrices with the help of an eigenvalue solution of the dynamic problem. 

Eigenvalue solution of a mechanical system with damping or gyroscopic terms is more 

complicated since the damping and gyroscopic terms introduce the first derivative of the 

generalized coordinate to the equation of motion. The eigenvalue problem then becomes a 

quadratic eigenvalue problem, leading to a complex solution of the system [24,25]. The order 

of the linear differential equation can be reduced to one via a state-space model to solve the 

quadratic eigenvalue problem [26–30]. 

In large scale eigenvalue problems, matrices could have special properties; they may be 

symmetric, skew-symmetric, non-symmetric or Hermitian [31]. For example, the gyroscopic 

matrix for rotating systems is skew-symmetric, but the addition of damping leads to the loss of 

this property [32]. Therefore, the eigenvalue problem of the damped or undamped gyroscopic 

systems often requires special numerical methods for the correct solution, such as eigenvalue 

shifting techniques [33,34]. Various numerical methods and software tools have been 

developed to solve large-scale quadratic eigenvalue problems [31,35–37]. There are also 

existing studies investigating the solution of non-symmetric eigenvalue problems [38]. The 

Linear Algebra Package (LAPACK) [39], which  is one of the most well-known pieces of 

software, is used to solve eigenvalue problems, including those with non-symmetric matrices. 

Another important development in the solution of eigenvalue problems has been algorithm 

reduction techniques, allowing calculation of only certain eigenvalues such as largest or 

smallest in magnitude [31]. Algorithm reduction is a convenient tool for reducing the 

computation time. 

Eigenvalue problems can be formulated in two forms, (i) the standard eigenvalue problem 

(SEP) and (ii) the generalized eigenvalue problem (GEP). Inman [40] states that the standard 

eigenvalue solution is faster than the generalized eigenvalue solution in terms of computational 

performance. With this, it can be inferred that the standard eigenvalue solution is more 

advantageous than the generalized one. The global matrices of a dynamic system can 

sometimes be badly conditioned, which can lead to wrong solutions to the eigenvalue problem. 

Kannan et al. [41] emphasize the severity of ill-conditioning in the structural finite element 

analysis, and they state that modelling beam elements with large sections or small lengths can 

cause these kinds of problems.  
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2.3 Gear dynamics 

Gears are widely known machine elements for power and motion transmission in rotating 

machines where their main duty is to convert torque and speed between the input and output 

shafts. Two types of gears which are helical and spur are mainly used in gearboxes, as seen in 

Figure 2.4. Due to the higher contact ratio advantage of helical gears compared with spur gears, 

less contact stress and vibration occur in helical gears, and as a result, less gear noise [42]. 

       

Figure 2.4 : a) spur gear, b) helical gear [Source: Emerson Power Transmission]. 

The first known gear dynamics research commenced in the 1920s, focusing on the dynamic 

loads on the gear teeth [9]. The dynamic loads are required to calculate the dynamic factor [43], 

which is defined as the ratio of maximum dynamic mesh force to maximum static mesh force. 

After the mid-20th century, for understanding the dynamic behaviour of gears, dynamic models 

which include spring, mass and damper systems were started to develop with the consideration 

of gear teeth stiffness and friction damping between the gear teeth [9,10,44,45]. In general, 

gear dynamics research can be categorised into three groups: (i) gear vibrations, (ii) gear 

dynamic models and (iii) nonlinear gear dynamics. 

2.3.1 Gear vibrations 

A large amount of research [9,10] was conducted on the internal dynamics of gear pairs to 

understand the gear vibration and noise extensively. Two main excitation sources, which are 

internal and external, can excite the dynamics of the gear systems [10]. External excitations are 

generally seen at lower frequencies, whereas internal excitations appear at high frequencies 

[8,46]. Both external and internal excitations can lead to an increase in vibrations as well as 

noise inside the gear system. 

External excitations can occur due to the speed and torque fluctuations of gear shafts. Rotating 

mass unbalances on gear disks and geometric eccentricities may also become external 

excitation sources [8]. In practical gear applications, tooth separation or losing tooth contact is 

an inevitable case. Losing tooth contact within gear backlash (clearance between two gear 

a) b) 
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teeth) due to the physical relationship between the drag torque and gear inertia torque can result 

in heavy impacts between the gear teeth. In combination with external excitations such as the 

torque fluctuations and torsional vibrations on the gear pairs, these impacts can lead to 

excessive vibrations of the gear disks and the generation of broadband rattle noise [47–49]. 

Gear impacts are generally defined as (i) no impact, (ii) single side impact and (iii) double side 

impacts where the mean load on the gears determines the described conditions [8].  

Internal excitation mechanisms acting on the gear drive systems are caused by gear parameters 

such as transmission error, time-varying mesh stiffness, gear or manufacturing errors and gear 

tooth profile [8–10]. Internal excitations induce deflection of gear teeth under load, leading to 

gear whine noise (meshing noise). In gear dynamic models, the transmission error, which is 

defined as the relative displacement between two gears, is assumed to be a periodic 

displacement excitation at the gear mesh contact [8,42,50]. The period of the displacement 

excitation is equal to the gear meshing frequency, which is calculated by multiplying the 

rotating frequency of the gear disk with the corresponding number of gear teeth. Some research 

was carried out to understand the gear tooth profile effect on the gear dynamics showing that 

the gear tooth profile has a significant effect on gear vibrations as well as gear noise due to 

reducing the dynamic loads on gear teeth [10]. The gear vibrations caused by both internal and 

external excitations can be transmitted outward via the shafts. As a result, it can make the 

gearbox an additional excitation source for a rotor dynamic system. 

2.3.2 Gear dynamic models 

The teeth contact between the gear pairs creates a dynamic problem under the operating 

conditions. Therefore, mathematical modelling of gear dynamic problems have largely been 

investigated so as to compute gear dynamic forces and estimate modal behaviour and 

parameters of the gear systems [9,10]. 

Lumped parameter and finite element methods are commonly used techniques for the dynamic 

analysis of gear systems. Gear mechanisms can be modelled using a single degree of freedom 

(SDOF) and multi-degrees of freedom (MDOF) systems [10]. Main model types can thereby 

be found in the literature, (i) SDOF model with a gear pair, (ii) MDOF model with a single 

mesh gear pair and (iii) MDOF model with multi-gear pairs [10]. 

In the lumped parameter method, gear bodies are assumed to be rigid, whereas gear teeth 

contacts and bearings are accepted as flexible. There are different lumped parameter modelling 

approaches for the gear pairs in the literature [9,10,44,45]. They can be grouped as the purely 
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torsional model (PTM), the torsional-transverse model (TTM) and the three-dimensional 

model (TDM) [7]. The purely torsional model is a one-dimensional model, which only 

considers torsional gear mesh and bearing stiffnesses [9]. It can provide fairly good results to 

understand the dynamic behaviour of the spur gears if the lateral vibrations are negligible. 

Gyroscopic effects at higher operating speeds and rotating unbalanced masses can result in 

significant lateral vibrations. Therefore, the torsional-transverse model is used for the analysis 

of high-speed gear systems, which additionally includes the transverse motion, leading to three 

degrees of freedom [51]. Axial vibrations are inevitable in helical gear pairs due to the 

occurrence of axial forces, which leads to an extension of torsional-transverse models to the 

three-dimensional models [45,52]. The three-dimensional model is the most advanced model, 

including all six degrees of freedom. The PTM and TTM models are suitable for analysing spur 

gears, but for helical gears, a TDM is required due to the occurrence of axial vibrations in the 

gears. Recently, the numerical results of the lumped parameter models of gear systems have 

been validated with the experimental studies [51,52].  

In the finite element models, all the elements (gear bodies, contacts and bearings) are assumed 

to be flexible. Different hybrid modelling approaches such as finite element/contact mechanics 

model [53], finite element/lumped parameter model [54] and frequency domain finite element 

approach [55] have been proposed in the literature.  Although there are numerous linear and 

nonlinear vibration analyses done with the analytical models (lumped parameter models), 

fewer studies have been conducted using the finite element method. For the tooth modes, the 

lumped parameter models can give fairly good results which are found to be consistent with 

the results of the finite element models. On the other hand, flexible gear body modes can only 

be detected with the finite element models. The finite element models also have the capability 

of detecting dynamic coupling between the gear tooth and gear bodies. 

Gear contact dynamics 

The contact between the gear teeth can be modelled with stiffness and damping elements. The 

gear mesh stiffness is higher at the middle of contact and softer at the end [8,10]. The global 

effect thereby is a stiffening spring behaviour, which can significantly change the frequency 

behaviour of the gear system. This effect can be modelled with a stiffness value that changes 

during the contact period, leading to a time-varying mesh stiffness. In numerical analyses, 

constant or time-dependent mesh stiffness are employed depending on the investigated gear 

problem. For heavily loaded gears, the constant mesh stiffness approach can be utilized, 
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because it is assumed that when the gears are heavily loaded, the gear pairs are always in 

contact [8].  

Gear dynamic forces occur between the gear teeth driven by the stiffness and damping forces 

at gear meshes. The level of the gear dynamic forces depends on the mesh stiffness and 

damping, the gear mesh displacement vector and gear backlash during the gear contact period. 

In spur gears, only tangential forces at the gear mesh exist, whereas axial forces occur in helical 

gears.  

2.3.3 Nonlinear gear dynamics 

In gear vibration analysis, there are nonlinear factors such as clearance nonlinearity due to loss 

of teeth contact (gear backlash nonlinearity) and friction between gear teeth [8–10,56–58]. The 

linear gear dynamics models may not give accurate results at different operating conditions 

since the gear backlash acts as a nonlinear element. These factors are important to understand 

the nonlinear vibration characteristics of gear drive systems.  

The nonlinear dynamic behaviour of gear systems due to the loss of teeth contact is shown by 

both numerical and experimental studies [8,10,46,50,59–68]. The loss of teeth contact is 

mathematically modelled with clearance nonlinearity expression for nonlinear dynamic 

analyses, which can be excited by the transmission error [8] and multi-frequency excitations 

[69]. The loss of teeth contact phenomenon is also accepted as a vibro-impact problem, due to 

the impacts between gear teeth. Two types of vibro-impact models are proposed in the literature 

as rigid and elastic impact models for the impact analysis [10]. Interactions between time-

varying mesh stiffness and clearance nonlinearity have also been investigated in the nonlinear 

gear dynamic analyses [50,63,65,67,70]. Other nonlinear factors such as friction between gear 

teeth and nonlinear oil film forces have been less studied in the gear vibration analysis 

compared with the other factors [10,71–77]. 

A torsional dynamic model of a gear pair including clearance nonlinearity and time-varying 

mesh stiffness is shown in Figure 2.5 [8,67] where gear bodies are accepted as rigid, and the 

gear teeth contact is modelled with stiffness and damping elements. Equations of motion of the 

gear pair are written as 

𝐼1�̈�1 + 𝑐𝑚𝑟1 (𝑟1�̇�1 − 𝑟2�̇�2 − �̇�(𝑡)) + 𝑟1𝑘𝑚(𝑡)𝑞(𝑡) = 𝑇1,

𝐼2�̈�2 − 𝑐𝑚𝑟2 (𝑟1�̇�1 − 𝑟2�̇�2 − �̇�(𝑡)) − 𝑟2𝑘𝑚(𝑡)𝑞(𝑡) = −𝑇2,
 (2.1) 
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where 𝜃1 and 𝜃2 are the angular displacements, 𝑟1 and 𝑟2 are the radii of gears, 𝐼1 and 𝐼2 are the 

polar mass moment of inertias. Time-varying mesh stiffness and mesh damping, which are the 

gear teeth contact parameters, are represented by 𝑘𝑚(𝑡) and 𝑐𝑚, respectively. On the right-

hand side of Eq. (2.1),  𝑇1 and 𝑇2 represent the net torques acting on the gears.  In Eq. (2.1), 

𝑒(𝑡) represents the external displacement excitation and 𝑞(𝑡) below represents nonlinear 

displacement function written as 

𝑞(𝑡) = {

𝑟1𝜃1 − 𝑟2𝜃2 − 𝑒(𝑡) − 𝑏, 𝑟1𝜃1 − 𝑟2𝜃2 − 𝑒(𝑡) > 𝑏

0, |𝑟1𝜃1 − 𝑟2𝜃2 − 𝑒(𝑡)| ≤ 𝑏

𝑟1𝜃1 − 𝑟2𝜃2 − 𝑒(𝑡) + 𝑏, 𝑟1𝜃1 − 𝑟2𝜃2 − 𝑒(𝑡) < −𝑏

 (2.2) 

where 2𝑏 is the total gear backlash [67]. 

 

Figure 2.5 : Nonlinear torsional dynamic model of a gear pair. 

To analyse the nonlinear characteristics of gear transmission systems, there are two main 

computation methods which are classified as numerical and analytical methods. Analytical 

methods can be grouped as piecewise-linear techniques, the harmonic balance method, the 

perturbation method and the shooting method [10]. The harmonic balance method is thereby 

the most popular in the analytical methods, and mainly single term or multiple terms are used 

in this method [7,10]. The disadvantage of using the single term is losing the nonlinearity 

phenomenon and limited precision [7]. Using multiple terms has importance in the analysis of 

multi-mesh gear systems [10]. Apart from the nonlinear vibration analysis of a single-stage 

gear system, research on the nonlinear vibration analyses of multi-stage gear systems was also 

conducted [78]. 



Literature review  18 

 

2.4 Planetary gearbox dynamics 

Planetary gearboxes are widely used mechanical power transmissions in the industry because 

of their compactness, higher gear ratio and power transmission capacity, and lower noise and 

vibration advantages [6,7]. They can be seen in a wide range of military, helicopter, marine, 

automotive, aerospace and wind turbine applications. 

   

Figure 2.6 : Planetary gearbox, a) schematic [6], b) real application [Source: Pratt & 

Whitney]. 

Planet gear mechanisms mainly consist of a ring gear, a carrier, a sun gear and planet gears as 

seen in Figure 2.6. Motion and power are transmitted from the sun gear to the carrier or ring 

gear via the planet gears. The input and output shafts connected to the planetary gearbox are 

coaxially aligned, which makes planetary gearboxes as compact systems. Based on the 

application fields, planetary gearboxes can comprise of spur, helical or double helical gears. 

For instance, double-helical planetary gear sets are mostly used to cancel the axial gear mesh 

forces.  

2.4.1 Planetary gear dynamic modelling 

Dynamic modelling and linear analysis of planetary gearboxes with different configurations 

such as single-stage [79–82], two stages [83–85], multiple stages [86–91], compound [92–95] 

and double-helical [96–99] sets have been carried out extensively. Two main dynamic 

modelling approaches, flexible and rigid body models, have been employed by researchers.  

a) b) 
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In flexible body models, ring gears [54,85,100–104] and planet carriers [54,100] are common 

as flexible elements. A fully coupled dynamic modelling method using virtual equivalent shaft 

elements has recently been proposed [90,91]. Flexible body models can  be classified as two 

dimensional [101–103], including transverse (lateral) and rotational (torsional) degrees of 

freedom, and three dimensional [54,90,91,100] models.  

In rigid body models, the carrier and all gears (sun, planets, and ring) in the planetary gearbox 

are assumed to be rigid whereas the bearings and gear contacts are assumed to be flexible. 

Depending on the number of degrees of freedom, the rigid body dynamic models can be divided 

into three main groups: (i) purely torsional model, (ii) torsional-transverse model and (iii) 

three-dimensional model [7]. The purely torsional model has one degree of freedom per node 

and can be used for the analyses of spur planetary gearboxes if transverse, tilting and axial 

motions, and gyroscopic effects are negligible [86,88,92,95,105,106]. Expanding the purely 

torsional model to include transverse motions leads to the three degrees of freedom per node 

torsional-transverse model [80,83,107,108]. This modelling approach can be employed for 

high-speed applications of spur planetary gearboxes where gyroscopic effects can lead to 

motions in transverse directions [82]. Further modifications to the torsional-transverse model 

have led to the three-dimensional model which includes six degrees of freedom per node 

(torsional, transverse, tilting, axial), and allows the capture of axial and tilting motions of 

planetary gearbox members [79,81,84]. The three-dimensional model enables the analysis of 

helical planetary gear sets in which axial gear mesh forces can occur. Furthermore, dynamic 

models for double-helical planetary gear sets have been developed using the three-dimensional 

model approach [96–99,107]. Dynamic analyses of three-dimensional models have also been 

conducted with gyroscopic effects [81,84,99].   

2.4.2 Dynamic behaviour of planetary gears 

The modal analysis of a planetary gearbox provides an understanding of the internal motion of 

the members of the planetary gearbox. Depending on the complexity of the model, different 

types of mode shapes can be obtained. The purely torsional model can only detect torsional 

modes, which can either be global modes, or planet modes [80,82,83,107]. The torsional-

transverse model seen in Figure 2.7 can provide rotational, translational and planet modes for 

the spur planetary gearbox whereas the most advanced three-dimensional model approach leads 

to rotational-axial, translational-tilting and planet modes for the helical gearbox [81,97]. Lower 

and higher frequency modes are also identified as bearing and tooth modes, respectively, by 

some studies [6]. 
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To validate the modal behaviour of the dynamic models, some experimental studies have been 

performed for spur planetary gear sets. Computed rotational, translational and planet modes in 

the torsional - transverse model were correlated with these experimental studies [108–111]. 

Furthermore, experimental measurements show that all natural frequencies of planetary 

gearboxes increase with a higher torque level [112]. 

 

Figure 2.7 : Torsional-transverse lumped parameter model of planetary gearbox [80]. 

The sensitivity of modal parameters of the planetary gearbox (natural frequencies and mode 

shapes) with regards to the gearbox input parameters such as gear mesh and bearing stiffness, 

and gear mass, inertia and speed have also been analysed using these dynamic models 

[87,91,113,114]. Effects of the gear eccentricities, load and mesh stiffness variation on the 

dynamic behaviour of planetary gears have been investigated recently [115,116]. 

In addition to the linear dynamic analysis of planetary gears, a large amount of research has 

been carried out for the nonlinear vibration analysis of planetary gears [117–130]. Analytical 

and finite element models [123,124] have been used for the nonlinear vibration analyses of 

single-stage [118], multiple stages [119] and compound [128] planetary gearboxes. Multiple 

clearance nonlinearity has also been taken into account by several researchers [117,119,120]. 

Recently, the harmonic balance method has become popular for the nonlinear vibration analysis 

of planetary gears [126,128]. 
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2.4.3 Mechanical advantages of planetary gearboxes 

Noise, vibration and stress of planetary gearboxes could be reduced significantly with load 

sharing and mesh phasing mechanisms, which are the important mechanical advantages of 

planetary gearboxes compared with other types of gearboxes [6,7]. To counterbalance the axial 

forces in helical gears, thrust bearings are generally used, or double helical gears can be used 

for the cancellation of axial thrust forces [96]. Double helical gears also provide higher load 

capacity and lower noise than the others [98]. 

Load sharing 

Load sharing is one of the significant advantages of planetary gearboxes compared with other 

types of gearboxes such as parallel axis gear transmissions. So far, a good understanding has 

been achieved for the load sharing behaviour of planetary gearboxes with numerous studies 

[131–140]. With the load sharing mechanism, each planet gear can share the total loads on the 

gearbox equally (ideally carrying the same load), leading to  reduced gear contact forces for 

each gear [6]. The torque capability of planetary gearboxes increases with respect to the number 

of planet gears [7]. For these reasons, load sharing is still an important design parameter of 

planetary gearboxes. On the other hand, an increase in gear backlashes can affect the load 

sharing performance negatively [7]. 

Mesh phasing 

Mesh phasing is the phase difference between the gear contacts at different planet gears, which 

is another advantage of planetary gearboxes [79,141,142]. The mesh phasing is achieved by 

arranging the location of gear meshes such as sun-planet and ring-planet properly in order to 

obtain maximum vibration cancellation in total gear meshes [6,7]. This is a useful tool for noise 

reduction, which has been used in many industrial applications [143]. Unfortunately, the mesh 

phasing can also have a reverse effect between the rotational and transverse vibrations [7,79]. 

It is possible to see that rotational vibrations decrease while transverse vibrations increase at 

different phasing conditions. Therefore, the mesh phasing can be considered as an optimisation 

problem, and it can be said that there is no exact best phasing condition for a real planetary 

gear application [7,79].  
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2.5 Geared rotor dynamics 

Gear drive systems are often described as geared rotor systems which consist of shafts, bearings 

and gears [11,144]. In recent years, the gyroscopic effects on the gear drive system have been 

started to be taken into consideration by researchers [145–148]. Because gyroscopic effects can 

change the dynamic behaviour of the system with respect to the rotor spin speed. Geared rotor 

systems result in more complex rotor dynamic problems since the gears couple the dynamics 

of the two shafts rotating at different speeds, as well as introducing additional flexibility and 

inertia into the rotating system. Similar to general rotor systems, three main motions: axial, 

torsional and lateral, can be seen in geared rotors [11]. There are several numerical techniques 

available in the literature to analyse geared rotor problems, including lumped parameter and 

continuous system [9], and finite element methods [11]. 

2.5.1 Brief history of geared rotor dynamics research 

Early geared rotor research focused on the mass imbalance and eccentricity of the gears rather 

than the effect of the gear mesh dynamics. In the 1970s, uncoupled lateral and torsional models 

of geared rotors were found to be insufficient to calculate the natural frequencies correctly, and 

it was found that lateral and torsional coupling due to gear mesh could affect the dynamic 

behaviour of the system [9,11]. In the 1980s, the coupling between torsional and lateral 

vibrations in geared rotors was proven by several numerical and experimental studies [9,11]. 

Both finite element and transfer matrix methods were used to solve complex geared rotor 

problems [9,11]. It was also suggested that unbalance forces and gear errors might excite the 

torsional and lateral modes [9]. In the 1990s, bearing stiffness effects were studied, and they 

were found to be having an important effect on the natural frequencies of the geared rotors 

[144]. The axial torque effect on the lateral response due to torsional excitation was also 

studied, and it was to found to be negligible [149]. By the 2000’s, Timoshenko beam elements 

were introduced to the finite element and transfer matrix methods for modelling shafts with 

their gyroscopic and shearing effects [146,150]. Lateral, torsional and axial vibration coupling 

in helical gears [151], torsional and lateral coupling effect in herringbone gears [147] and 

nonlinear contact-impact analysis [152] in geared rotors were also studied in the last decade, 

highlighting the complexity of the geared rotor problem. 
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2.5.2 Dynamic behaviour of geared rotors 

The dynamic behaviour of geared rotor systems with gyroscopic effects has been studied in 

great detail with a focus on the coupling effects of the gearbox due to its torsional, axial and 

lateral stiffness. Lateral-torsional coupling in spur geared rotors and lateral-torsional-axial 

coupling in helical geared rotors have been shown by many studies [144,146–149,151,153–

156]. In addition, dynamic analyses for spiral bevel and face geared rotors were carried out, 

and their coupled dynamic behaviour was shown [157–159]. Among these studies, the finite 

element method has become a popular tool for the dynamic analyses [144–149,156,159–161]. 

Recently, coupling phenomena in geared rotors and their modal behaviour have been shown 

experimentally [52,162–166]. 

Torsional models may not be sufficient for the dynamic analysis of geared rotors, because 

lateral vibrations cannot be ignored in the rotors with relatively longer shafts. Thus, the three 

DOF torsional-lateral model is widely used in the dynamic analysis of geared rotors. On the 

other hand, the occurrence of axial forces in helical gears induces coupling between axial, 

torsional and lateral vibrations in geared rotors [151], leading to the use of six DOF torsional-

lateral-axial model for the analysis of helical geared rotors. 

 

Figure 2.8 : A double-helical geared rotor [146]. 

In geared rotor systems, coupling originates from gear teeth interactions at gear meshes as seen 

in Figure 2.8. Here, a linear gear mesh model is presented. The relative displacement vector of 

the gear mesh pair can be written in general form as [146], 



Literature review  24 

 

𝛿𝑚 = [(𝑥𝑝 − 𝑥𝑔) 𝑠𝑖𝑛 ∅ + (𝑦𝑝 − 𝑦𝑔) 𝑐𝑜𝑠 ∅ + (𝑟𝑝𝜃𝑝𝑧 + 𝑟𝑔𝜃𝑔𝑧)] 𝑐𝑜𝑠 𝛽

+ [(𝑟𝑝𝜃𝑝𝑦 + 𝑟𝑔𝜃𝑔𝑦) 𝑐𝑜𝑠 ∅ + (𝑟𝑝𝜃𝑝𝑥 + 𝑟𝑔𝜃𝑔𝑥) 𝑠𝑖𝑛 ∅

+ (𝑧𝑔 − 𝑧𝑝)] 𝑠𝑖𝑛 𝛽 − 𝑒𝑠𝑡𝑒(𝑡), 

(2.3) 

where 𝛽 is the helix angle, ∅ is the transverse pressure angle and 𝑒𝑠𝑡𝑒(𝑡) is the static 

transmission error. From the Eq. (2.3), it can be easily seen that the gear mesh relative 

displacement vector results in coupling between lateral, torsional and axial vibrations due to 

the helix angle 𝛽. If spur gears are used in the geared system, the helix angle 𝛽 becomes zero, 

leading to a decoupling of the axial vibration. The general equation of motion of a geared rotor 

can then be expressed as,  

[𝑴]�̈� + ([𝑪] + Ω[𝑮])�̇� + [𝑲] = 𝑭(𝑡), (2.4) 

where 𝒒 and Ω represent the generalized coordinates and rotor speeds respectively. 𝑴, 𝑪, 𝑮 

and 𝑲 are the global mass, damping, gyroscopic and stiffness matrices respectively. Here, 𝑭(𝑡) 

represents the internal or external excitations [146]. Internal vibration excitations [73,167–170] 

can occur because of the transmission error, manufacturing error, tooth profile modifications 

and time-varying mesh stiffness. In addition, external vibration excitations [148,171–175] can 

occur because of the rotating imbalance, geometric eccentricities, and torque/speed fluctuations 

of gears. 

Stiffness effects on geared rotors  

The stiffnesses of shafts, bearings and gear teeth can directly affect the modal behaviour and 

dynamic response of geared rotors [146]. Bearings on the geared rotors have a considerable 

effect on the dynamic forces at the gear contacts and the natural frequencies of the system 

[144]. It has also been shown that the gear mesh (contact) forces are approximately equal to 

the forces of stiff bearings in geared rotors [176]. There are also recent studies for the dynamic 

analyses of geared rotors on rigid bearings [177,178]. The gear mesh stiffness is usually higher 

than other stiffness components in geared rotor systems; therefore it can be a significant 

parameter for higher vibration modes [147,179]. Both gear mesh stiffness and gyroscopic 

effects can change the critical speeds in geared rotors [146]. It is worth stating that lower modes 

can be controlled with bearing stiffnesses and higher modes can be controlled with mesh 

stiffnesses. 
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2.6 Discussion 

Introducing a planetary gearbox into a rotating machine can directly affect its global dynamics 

due to the flexibility, damping and inertia of the planetary gearbox with gyroscopic effects, 

leading to a coupled dynamic response of the planetary gearbox and rotor. Due to the impact 

of a planetary gearbox on the dynamic response of the global system, the coupled dynamic 

behaviour of planetary geared rotor systems has recently become an important research topic. 

Although the dynamic behaviour of spur and helical geared rotor systems is well understood 

today, less research has been carried out to understand the dynamic behaviour of planetary 

geared rotor systems [180–188]. So far, one-DOF torsional [180–182], three-DOF torsional 

transverse [183], five-DOF lateral-torsional [184] and six-DOF lateral-torsional-axial [185–

188] models of planetary geared rotor systems have been investigated for wind turbine and 

geared turbofan engine applications. From this research, only two of the six-DOF models have 

taken gyroscopic effects into account for geared turbofan engine applications [187,188]. Wei 

et al. [188] considered the forced vibration analysis of a geared turbofan engine due to loss of 

a blade creating rotating imbalance. Tatar and Schwingshackl [187] used a low fidelity model 

of the planetary gearbox, including uncoupled gearbox stiffness, to investigate the planetary 

gearbox impact on the dynamics of the rotor system. However, the modal behaviour of a six-

DOF planetary geared rotor system with gyroscopic effects is still not clear and only partially 

understood. Therefore, more work is needed to provide a full understanding of the dynamic 

behaviour of such systems.   
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Chapter 3 

3 Dynamic model of planetary geared 

rotors 

3.1 Introduction 

In this chapter, a six-degrees of freedom hybrid dynamic model of a planetary geared rotor 

system is presented by considering gyroscopic effects. For this purpose, a three-dimensional 

model of an equally spaced planetary gearbox and a rotor system is created by employing the 

lumped parameter and finite element methods respectively. 1-D rotating Timoshenko beam 

elements for the shafts and uncoupled linear spring elements for the bearings are used to 

construct the dynamic model of the rotor system. The planetary gearbox members, which are 

the ring gear, carrier, planet gears and sun gear, are assumed to be rigid, and the gear teeth 

contacts (gear meshes) and bearing elements are assumed to be flexible. It is important to point 

out that the planetary gearbox is introduced to couple the shafts in the rotor system. 

A basic planetary geared rotor system consists of input and output shafts, several bearings and 

a planetary gearbox as shown in Figure 3.1. The input and output shafts rotate at different 

speeds, which are coupled by the planetary gearbox and supported via the bearing elements at 

each end. The planetary gearbox is also grounded via its bearings.  

 

Figure 3.1 : Planetary geared rotor system. 
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Coordinate system 

Throughout this thesis, the stationary coordinate system is employed for the dynamic model, 

and the generalized coordinates are written as 

𝒒 = [𝑥, 𝑦, 𝑧, 𝜃𝑥, 𝜃𝑦, 𝜃𝑧], (3.1) 

where the generalized coordinates include transverse(𝑥, 𝑦), axial(𝑧), tilting (𝜃𝑥 , 𝜃𝑦) and 

torsional (𝜃𝑧) motions.  

3.2 Rotor-Bearing System 

3.2.1 Shafts 

Longer rotating shafts can be modelled as flexible beams where their mass, stiffness and 

gyroscopic matrices can be obtained using the finite element method [3]. The shafts are 

discretised into small beam elements so as to obtain element mass, stiffness and gyroscopic 

matrices in the finite element method. Then, the global matrices are obtained using the element 

matrices in the finite element assembly procedure where the connectivity between beam 

elements is defined via a topology matrix. 

Modelling assumptions 

Due to the high number of modes included in this study, 1-D rotating Timoshenko beam 

elements are employed to capture potential shear deflection and rotational inertia terms [3]. 

Each beam element has two nodes with twelve degrees of freedom, including transverse, tilting, 

axial and torsional directions. The geometry of the beam element with its local coordinates can 

be seen in Figure 3.2. 

 

Figure 3.2 : The shaft finite element. 
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Finite element formulations 

The local coordinates, 𝒒𝑒(𝑡), and shape functions, 𝑵𝑒(𝜉), for the Timoshenko beam element 

can be expressed as [3] 

𝒒𝑒(𝑡) = [𝑥𝑒1(𝑡), 𝑦𝑒1(𝑡), 𝑧𝑒1(𝑡), 𝜃𝑥𝑒1(𝑡), 𝜃𝑦𝑒1(𝑡), 𝜃𝑧𝑒1(𝑡),

𝑥𝑒2(𝑡), 𝑦𝑒2(𝑡), 𝑧𝑒2(𝑡), 𝜃𝑥𝑒2(𝑡), 𝜃𝑦𝑒2(𝑡), 𝜃𝑧𝑒2(𝑡)],
 (3.2) 

𝑵𝑒(𝜉) = [𝑁𝑒1(𝜉),𝑁𝑒2(𝜉),𝑁𝑒3(𝜉),𝑁𝑒4(𝜉), 𝑁𝑒5(𝜉),𝑁𝑒6(𝜉),

𝑁𝑒7(𝜉), 𝑁𝑒8(𝜉),𝑁𝑒9(𝜉),𝑁𝑒10(𝜉),𝑁𝑒11(𝜉),𝑁𝑒12(𝜉)].
 (3.3) 

The deflections, 𝒒𝑒(𝜉, 𝑡), throughout the beam element can then be approximated by 

multiplying the shape functions and local coordinates with the Hadamard product as 

𝒒𝑒(𝜉, 𝑡) = 𝑵𝑒(𝜉) ∘ 𝒒𝑒(𝑡), (3.4) 

𝒒𝑒(𝜉, 𝑡) = [𝑥𝑒1(𝜉, 𝑡), 𝑦𝑒1(𝜉, 𝑡), 𝑧𝑒1(𝜉, 𝑡), 𝜃𝑥𝑒1(𝜉, 𝑡), 𝜃𝑦𝑒1(𝜉, 𝑡), 𝜃𝑧𝑒1(𝜉, 𝑡),

𝑥𝑒2(𝜉, 𝑡), 𝑦𝑒2(𝜉, 𝑡), 𝑧𝑒2(𝜉, 𝑡), 𝜃𝑥𝑒2(𝜉, 𝑡), 𝜃𝑦𝑒2(𝜉, 𝑡), 𝜃𝑧𝑒2(𝜉, 𝑡)].
 (3.5) 

Then, the kinetic, 𝑇𝑠, and potential, 𝑉𝑠, energies of an individual Timoshenko beam element 

become [3,4,146,149] 

𝑇𝑠 =
1

2
∫ 𝜌𝑒 {𝐴𝑒(�̇�𝑒

2 + �̇�𝑒
2 + �̇�𝑒

2) + 𝐼𝑒 (�̇�𝑥𝑒
2
+ �̇�𝑦𝑒

2
)

𝑙𝑒

0

+ 𝐽𝑒 [(Ω𝑒 + �̇�𝑧𝑒)
2
+ (Ω𝑒 + �̇�𝑧𝑒)(𝜃𝑦𝑒�̇�𝑥𝑒 − 𝜃𝑥𝑒�̇�𝑦𝑒)]} 𝑑𝜉, 

(3.6) 

𝑉𝑠 =
1

2
∫ {𝐸𝑒𝐼𝑒 (𝜃𝑥𝑒

́ 2
+ 𝜃𝑦𝑒

́ 2
) + 𝐺𝑒𝐽𝑒(𝜃𝑧𝑒

́ )
2

𝑙𝑒

0

+ 𝜅𝑒𝐺𝑒𝐴𝑒 [(𝑥�́� − 𝜃𝑦𝑒)
2
+ (𝑦�́� + 𝜃𝑥𝑒)

2] + 𝐸𝑒𝐴𝑒(𝑧�́�)
2} 𝑑𝜉, 

(3.7) 

where the dot ˙ and prime ˊ denote differentiation with respect to time (𝑡) and natural 

coordinates (𝜉), respectively. The kinetic energy includes the transverse, axial, tilting and 

torsional motions with gyroscopic terms. The potential energy includes the axial, torsional, 

bending and shear deflections where the shear constant, 𝜅𝑒, for a solid shaft is [3] 
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𝜅𝑒 =
6(1 + 𝜈𝑒)

(7 + 6𝜈𝑒)
, (3.8) 

where 𝜈𝑒 is Poisson`s ratio which is written as 

𝜈𝑒  =
𝐸𝑒

2𝐺𝑒
− 1. (3.9) 

Following the energy equations, the finite element formulations for the mass, gyroscopic and 

stiffness element matrices are obtained by applying the Lagrange`s equations of the second 

kind (see Appendix A).  

Finite element matrices 

The full mathematical derivation of the stiffness, mass, gyroscopic matrices and shape 

functions of the system can be found in reference [3], and the 12 DOF finite element matrices 

are also given explicitly in reference [146]. Here, the stiffness, mass and gyroscopic element 

matrices for a cyclically symmetric beam are listed. The stiffness element matrix of the 

Timoshenko beam element is written as 

𝐊𝑒𝑙 = 𝐊𝑙𝑎𝑡 + 𝐊𝑎𝑥 + 𝐊𝑡𝑜𝑟, (3.10) 

where the stiffness element matrix (𝐊𝑒𝑙) consists of three parts which represent lateral (𝐊𝑙𝑎𝑡), 

axial (𝐊𝑎𝑥) and torsional (𝐊𝑡𝑜𝑟) stiffness matrices of the Timoshenko beam element. The 

lateral stiffness element matrix, 𝐊𝑙𝑎𝑡 is written as 

𝐊𝑙𝑎𝑡

= ℂ𝑙𝑎𝑡

[
 
 
 
 
 
 
 
 
 
 
 

12 0 0 0 6𝑙𝑒 0 −12 0 0 0 6𝑙𝑒 0
0 12 0 −6𝑙𝑒 0 0 0 −12 0 −6𝑙𝑒 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −6𝑙𝑒 0 𝑘1 0 0 0 6𝑙𝑒 0 𝑘2 0 0

6𝑙𝑒 0 0 0 𝑘1 0 −6𝑙𝑒 0 0 0 𝑘2 0
0 0 0 0 0 0 0 0 0 0 0 0

−12 0 0 0 −6𝑙𝑒 0 12 0 0 0 −6𝑙𝑒 0
0 −12 0 6𝑙𝑒 0 0 0 12 0 6𝑙𝑒 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −6𝑙𝑒 0 𝑘2 0 0 0 6𝑙𝑒 0 𝑘1 0 0

6𝑙𝑒 0 0 0 𝑘2 0 −6𝑙𝑒 0 0 0 𝑘1 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

, 
  (3.11) 

where 𝑘1 and 𝑘2 are expressed as 
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𝑘1 = (4 + Φ𝑒)𝑙𝑒
2, 

𝑘2 = (2 − Φ𝑒)𝑙𝑒
2, 

(3.12) 

and the constant, ℂ𝑙𝑎𝑡 is 

ℂ𝑙𝑎𝑡 =
𝐸𝑒𝐼𝑒

(1 + Φ𝑒)𝑙𝑒
3. (3.13) 

Here, the constant Φ𝑒 is defined as 

Φ𝑒 =
12𝐸𝑒𝐼𝑒

𝜅𝑒𝐺𝑒𝐴𝑒𝑙𝑒
2. (3.14) 

The axial stiffness element matrix, 𝐊𝑎𝑥 is written as 

𝐊𝑎𝑥 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0
𝐸𝑒𝐴𝑒

𝑙𝑒
0 0 0 0 0 −

𝐸𝑒𝐴𝑒

𝑙𝑒
0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 −
𝐸𝑒𝐴𝑒

𝑙𝑒
0 0 0 0 0

𝐸𝑒𝐴𝑒

𝑙𝑒
0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 
 
 

. (3.15) 

Following, the torsional stiffness element matrix, 𝐊𝑡𝑜𝑟 is written as 

𝐊𝑡𝑜𝑟 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0
𝐺𝑒𝐽𝑒
𝑙𝑒

0 0 0 0 0 −
𝐺𝑒𝐽𝑒
𝑙𝑒

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 −
𝐺𝑒𝐽𝑒
𝑙𝑒

0 0 0 0 0
𝐺𝑒𝐽𝑒
𝑙𝑒 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 

. (3.16) 
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The mass matrix of the Timoshenko beam element is expressed as 

𝐌𝑒𝑙 = 𝐌𝑙𝑎𝑡 + 𝐌𝑎𝑥 + 𝐌𝑡𝑜𝑟 , (3.17) 

where the mass matrix (𝐌𝑒𝑙) consists of three parts which are lateral (𝐌𝑙𝑎𝑡), axial (𝐌𝑎𝑥) and 

torsional (𝐌𝑡𝑜𝑟) components of the mass matrix of the Timoshenko beam element. Lateral 

component of the mass matrix also includes translational (𝐌𝑡𝑟) and rotational (𝐌𝑟𝑜𝑡) mass 

matrices, which is written as 

𝐌𝑙𝑎𝑡 = 𝐌𝑡𝑟 + 𝐌𝑟𝑜𝑡. (3.18) 

Translational mass matrix, 𝐌𝑡𝑟 is expressed as 

𝐌𝑡𝑟

= ℂ𝑡𝑟

[
 
 
 
 
 
 
 
 
 
 
 
𝑚1 0 0 0 𝑚2 0 𝑚3 0 0 0 𝑚4 0
0 𝑚1 0 −𝑚2 0 0 0 𝑚3 0 −𝑚4 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −𝑚2 0 𝑚5 0 0 0 𝑚4 0 𝑚6 0 0

𝑚2 0 0 0 𝑚5 0 −𝑚4 0 0 0 𝑚6 0
0 0 0 0 0 0 0 0 0 0 0 0

𝑚3 0 0 0 −𝑚4 0 𝑚1 0 0 0 −𝑚2 0
0 𝑚3 0 𝑚4 0 0 0 𝑚1 0 𝑚2 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −𝑚4 0 𝑚6 0 0 0 𝑚2 0 𝑚5 0 0

𝑚4 0 0 0 𝑚6 0 −𝑚2 0 0 0 𝑚5 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

, 
    (3.19) 

and rotational mass matrix, 𝐌𝑟𝑜𝑡  is also expressed as 

𝐌𝑟𝑜𝑡

= ℂ𝑟𝑜𝑡

[
 
 
 
 
 
 
 
 
 
 
 

𝑚7 0 0 0 𝑚8 0 −𝑚7 0 0 0 𝑚8 0
0 𝑚7 0 −𝑚8 0 0 0 −𝑚7 0 −𝑚8 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −𝑚8 0 𝑚9 0 0 0 𝑚8 0 𝑚10 0 0

𝑚8 0 0 0 𝑚9 0 −𝑚8 0 0 0 𝑚10 0
0 0 0 0 0 0 0 0 0 0 0 0

−𝑚7 0 0 0 −𝑚8 0 𝑚7 0 0 0 −𝑚8 0
0 −𝑚7 0 𝑚8 0 0 0 𝑚7 0 𝑚8 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −𝑚8 0 𝑚10 0 0 0 𝑚8 0 𝑚9 0 0

𝑚8 0 0 0 𝑚10 0 −𝑚8 0 0 0 𝑚9 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

, 
(3.20) 

where 𝑚1, 𝑚2, 𝑚3, 𝑚4, 𝑚5, 𝑚6, 𝑚7, 𝑚8, 𝑚9, 𝑚10  are given by: 
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𝑚1 = 312 + 588Φ𝑒 + 280Φ𝑒
2, 

𝑚2 = (44 + 77Φ𝑒 + 35Φ𝑒
2)𝑙𝑒, 

𝑚3 = 108 + 252Φ𝑒 + 140Φ𝑒
2, 

𝑚4 = −(26 + 63Φ𝑒 + 35Φ𝑒
2)𝑙𝑒, 

𝑚5 = (8 + 14Φ𝑒 + 7Φ𝑒
2)𝑙𝑒

2
, 

𝑚6 = −(6 + 14Φ𝑒 + 7Φ𝑒
2)𝑙𝑒

2, 

𝑚7 = 36, 

𝑚8 = (3 − 15Φ𝑒)𝑙𝑒, 

𝑚9 = (4 + 5Φ𝑒 + 10Φ𝑒
2)𝑙𝑒

2, 

𝑚10 = (−1 − 5Φ𝑒 + 5Φ𝑒
2)𝑙𝑒

2
. 

(3.21) 

and the constants, ℂ𝑡𝑟 and ℂ𝑟𝑜𝑡 are expressed as 

ℂ𝑡𝑟 =
𝜌𝑒𝐴𝑒𝑙𝑒

840(1 + Φ𝑒)2
, (3.22) 

ℂ𝑟𝑜𝑡 =
𝜌𝑒𝐼𝑒

30𝑙𝑒(1 + 𝛷𝑒)
2
. (3.23) 

The axial (𝐌𝑎𝑥) and torsional (𝐌𝑡𝑜𝑟) components of the mass matrix of the beam element are 

written as 

𝐌𝑎𝑥 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0
𝜌𝑒𝐴𝑒𝑙𝑒

3
0 0 0 0 0

𝜌𝑒𝐴𝑒𝑙𝑒
6

0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0
𝜌𝑒𝐴𝑒𝑙𝑒

6
0 0 0 0 0

𝜌𝑒𝐴𝑒𝑙𝑒
3

0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 
 
 

, (3.24) 
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𝐌𝑡𝑜𝑟 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0
𝜌𝑒𝐴𝑒𝑙𝑒𝑑

2

24
0 0 0 0 0

𝜌𝑒𝐴𝑒𝑙𝑒𝑑
2

48
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0
𝜌𝑒𝐴𝑒𝑙𝑒𝑑

2

48
0 0 0 0 0

𝜌𝑒𝐴𝑒𝑙𝑒𝑑
2

24 ]
 
 
 
 
 
 
 
 
 
 
 
 
 

, (3.25) 

respectively. 

Finally, the gyroscopic matrix of the beam element is written as 

𝐆𝑒𝑙

= ℂ𝑒𝑙

[
 
 
 
 
 
 
 
 
 
 
 

0 −𝑚7 0 𝑚8 0 0 0 𝑚7 0 𝑚8 0 0
𝑚7 0 0 0 𝑚8 0 −𝑚7 0 0 0 𝑚8 0
0 0 0 0 0 0 0 0 0 0 0 0

−𝑚8 0 0 0 −𝑚9 0 𝑚8 0 0 0 −𝑚10 0
0 −𝑚8 0 𝑚9 0 0 0 𝑚8 0 𝑚10 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 𝑚7 0 −𝑚8 0 0 0 −𝑚7 0 −𝑚8 0 0

−𝑚7 0 0 0 −𝑚8 0 𝑚7 0 0 0 −𝑚8 0
0 0 0 0 0 0 0 0 0 0 0 0

−𝑚8 0 0 0 −𝑚10 0 𝑚8 0 0 0 −𝑚9 0
0 −𝑚8 0 𝑚10 0 0 0 𝑚8 0 𝑚9 0 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

, 
 (3.26) 

where the constant, ℂ𝑒𝑙 is expressed as 

ℂ𝑒𝑙 =
−𝜌𝑒𝐼𝑒

15𝑙𝑒(1 + Φ𝑒)2
. (3.27) 

Damping can also be added to the shaft model via proportional damping [189] as   

𝐂𝒔 = 𝛼1𝐌𝒔 + 𝛼2𝐊𝒔. (3.28) 

Finally, the global mass (𝐌𝑠), stiffness (𝐊𝑠), damping (𝐂𝑠) and gyroscopic (𝐆𝑠) matrices of 

the shafts are obtained using the finite element matrices. 
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3.2.2 Bearings 

Bearings are used to support rotating systems, which can be either rigid or flexible, depending 

on the application. Bearing element models are available in the literature, ranging from the 

simple linear models to advanced nonlinear dynamic models [3]. Floating bearings are also 

utilized in rotating systems so as to compensate misalignments by allowing to float radially, 

which can be seen in some applications such as planetary geared rotors [190]. 

Modelling assumptions 

In the present model, the bearing elements are assumed to be flexible and consist of linear 

translational and rotational spring elements. This thesis focuses on the understanding of the 

effect of a planetary gearbox on the dynamics of the rotor system. Therefore, basic bearing 

elements with no coupling terms are considered sufficient for this study. 

Matrix formulations 

 The stiffness matrix of the bearing elements, 𝐊𝑏: 

𝐊𝑏 =

[
 
 
 
 
 
 
𝑘𝑥 0 0 0 0 0
0 𝑘𝑦 0 0 0 0

0 0 𝑘𝑧 0 0 0
0 0 0 𝑘𝑄𝑥

0 0

0 0 0 0 𝑘𝑄𝑦
0

0 0 0 0 0 𝑘𝑄𝑧]
 
 
 
 
 
 

, (3.29) 

and the damping matrix of the bearing elements, 𝐂𝑏:  

𝐂𝑏 =

[
 
 
 
 
 
 
𝑐𝑥 0 0 0 0 0
0 𝑐𝑦 0 0 0 0

0 0 𝑐𝑧 0 0 0
0 0 0 𝑐𝑄𝑥

0 0

0 0 0 0 𝑐𝑄𝑦
0

0 0 0 0 0 𝑐𝑄𝑧]
 
 
 
 
 
 

, (3.30) 

are written as seen in Eq. (3.29) and Eq. (3.30) respectively [3]. When looking into these 

equations, the stiffness and damping matrices are in diagonal form, which means that the 

bearings consist of uncoupled stiffness and damping elements. Torsional stiffness, 𝑘𝑄𝑧
, and 

damping, 𝑐𝑄𝑧
, of the bearing elements will be assumed to be zero, allowing the shaft to rotate 

freely without any resistance.  
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3.3 Planetary Gearbox 

3.3.1 Modelling assumptions 

A basic single-stage planetary gearbox consists of a ring gear, a carrier, a sun gear and N planet 

gears. A six-degrees of freedom linear lumped parameter of a planetary gearbox is employed 

for the dynamic modelling from references [79,96]. In this model, all the members of the 

planetary gearbox, which are the sun, ring and planet gears and the carrier, are assumed to be 

rigid disks. The gear teeth contacts and bearing elements are assumed to be flexible. Linear 

time-varying mesh stiffness and clearance nonlinearity due to loss of teeth contact are 

neglected. All the planet gears have the same property, and they are equally spaced. It should 

be noted that the gearbox housing is neglected in this lumped parameter model [79,96]. 

As seen schematically in Figure 3.3, the gear teeth contacts are represented with linear springs, 

which are between the sun gear and planet gears (𝑘𝑠𝑝), and between the ring gear and the planet 

gears (𝑘𝑟𝑝). These gear teeth contacts are also known as gear mesh stiffnesses, which are 

assumed to be constant in the model due to the linear spring elements [79,96]. All the planetary 

gearbox members have six-DOF bearing elements, represented by linear springs (𝑘𝑟, 𝑘𝑐, 𝑘𝑠, 𝑘𝑝) 

defined in Eq. (3.29). 

 

Figure 3.3 : Dynamic model of a planetary gearbox. 

http://tureng.com/en/turkish-english/schematically
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3.3.2 Energy equations 

The equation of motion of the planetary gearbox is obtained using Lagrange’s equations. For 

this purpose, the total kinetic and potential energies of the system must be obtained. With the 

small rotation assumption in the 𝜃𝑥ℎ and 𝜃𝑦ℎ tilting directions, the kinetic energies of the 

central members (ring gear, sun gear and carrier) and planet gears can be written as 

𝑇ℎ =
1

2
∑ (𝑚ℎ(�̇�ℎ

2 + �̇�ℎ
2 + �̇�ℎ

2) + 𝐼𝑑ℎ (�̇�𝑥ℎ
2
+ �̇�𝑦ℎ

2
)

3

ℎ=1

+ 𝐼𝑝ℎ (Ωℎ
2 − 2Ωℎ�̇�𝑦ℎ𝜃𝑥ℎ + �̇�𝑧ℎ

2
)) , 

(3.31) 

𝑇𝑝 =
1

2
∑(𝑚𝑝𝑖(�̇�𝑝𝑖

2 + �̇�𝑝𝑖
2 + �̇�𝑝𝑖

2) + 𝐼𝑑𝑝𝑖 (�̇�𝑥𝑝𝑖
2
+ �̇�𝑦𝑝𝑖

2
)

𝑁

𝑖=1

+ 𝐼𝑝𝑝𝑖 (Ω𝑝𝑖
2 − 2Ω𝑝𝑖�̇�𝑦𝑝𝑖𝜃𝑥𝑝𝑖 + �̇�𝑧𝑝𝑖

2
)) , 

(3.32) 

respectively [3]. Here, ℎ is the central member index for the ring gear, carrier and sun gear. 

The kinetic energies include all motions in three dimensions with the gyroscopic terms, similar 

to the kinetic energy of the Timoshenko beam elements, defined in Eq. (3.6). The gyroscopic 

terms in the planetary gearbox originate from the �̇�𝑦𝜃𝑥 multiplication. The strain energies of 

the bearings for the central members and planet gears can be written respectively as [190] 

𝑉ℎ =
1

2
∑ (𝑘𝑥ℎ𝑥ℎ

2 + 𝑘𝑦ℎ𝑦ℎ
2 + 𝑘𝑧ℎ𝑧ℎ

2 + 𝑘𝜃𝑥ℎ
𝜃𝑥ℎ

2 + 𝑘𝜃𝑦ℎ
𝜃𝑦ℎ

2

3

ℎ=1

+ 𝑘𝜃𝑧ℎ
𝜃𝑧ℎ

2) , 

 (3.33) 

𝑉𝑝 =
1

2
∑(𝑘𝑥𝑝(𝑥𝑐 − 𝑥𝑝𝑖 − 𝑟𝑐𝜃𝑧𝑐 𝑠𝑖𝑛 𝛼𝑝𝑖)

2
𝑁

𝑖=1

+ 𝑘𝑦𝑝(𝑦𝑐 − 𝑦𝑝𝑖 + 𝑟𝑐𝜃𝑧𝑐 𝑐𝑜𝑠 𝛼𝑝𝑖)
2

+ 𝑘𝑧𝑝(𝑧𝑐 − 𝑧𝑝𝑖 + 𝑟𝑐𝜃𝑥𝑐 𝑠𝑖𝑛 𝛼𝑝𝑖 − 𝑟𝑐𝜃𝑦𝑐 𝑐𝑜𝑠 𝛼𝑝𝑖)
2

+ 𝑘𝜃𝑥𝑝
(𝜃𝑥𝑐 − 𝜃𝑥𝑝𝑖)

2
+ 𝑘𝜃𝑦𝑝

(𝜃𝑦𝑐 − 𝜃𝑦𝑝𝑖)
2
), 

 (3.34) 

where 𝛼𝑝𝑖 is the angular position of each planet, which can be defined for the non-rotating 

carrier configuration as 
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𝛼𝑝𝑖+1 = 𝛼𝑝𝑖 +
2𝜋

𝑁
. (3.35) 

Here, 𝛼𝑝1 represents the first planet gear`s angular position, which is assumed to be zero. The 

torsional bearing stiffnesses of the rotating members in the planetary gearbox are assumed to 

be zero based on the planetary gearbox configurations. For instance, torsional bearing 

stiffnesses of the ring, sun and planet gears are set as zero in the rotating ring-fixed carrier 

configuration since the gears rotate and the carrier does not rotate in this configuration. Another 

potential energy component given by the gear mesh strain energy due to the gear teeth 

deflections must also be included in the model [190] as 

𝑉𝑚 = ∑(
1

2
𝑘𝑠𝑝𝛿𝑠𝑝𝑖

2 +
1

2
𝑘𝑟𝑝𝛿𝑟𝑝𝑖

2)

𝑁

𝑖=1

, (3.36) 

where 𝛿𝑠𝑝𝑖 and 𝛿𝑟𝑝𝑖 represent the relative displacement between the sun-planet and ring-planet 

gear meshes respectively.  These relative displacements depend on the geometry of the gear 

meshes and can be expressed as 

𝛿𝑠𝑝𝑖 = [(𝑥𝑠 − 𝑥𝑝𝑖) sin𝜓𝑠𝑝𝑖 +(𝑦𝑠 − 𝑦𝑝𝑖) cos𝜓𝑠𝑝𝑖 + (𝑟𝑠𝜃𝑧𝑠 + 𝑟𝑝𝜃𝑧𝑝𝑖)] cos 𝛽

+ [(𝑟𝑠𝜃𝑥𝑠 + 𝑟𝑝𝜃𝑥𝑝𝑖) sin𝜓𝑠𝑝𝑖 + (𝑟𝑠𝜃𝑦𝑠 + 𝑟𝑝𝜃𝑦𝑝𝑖) cos𝜓𝑠𝑝𝑖

+ (𝑧𝑝𝑖 − 𝑧𝑠)] sin 𝛽, 

 (3.37) 

𝛿𝑟𝑝𝑖 = [(𝑥𝑝𝑖 − 𝑥𝑟) sin𝜓𝑟𝑝𝑖 +(𝑦𝑟 − 𝑦𝑝𝑖) cos𝜓𝑟𝑝𝑖

+ (𝑟𝑟𝜃𝑧𝑟 − 𝑟𝑝𝜃𝑧𝑝𝑖)] cos 𝛽

+ [(𝑟𝑟𝜃𝑥𝑟 − 𝑟𝑝𝜃𝑥𝑝𝑖) sin𝜓𝑟𝑝𝑖 + (𝑟𝑝𝜃𝑦𝑝𝑖 − 𝑟𝑟𝜃𝑦𝑟) cos𝜓𝑟𝑝𝑖

+ (𝑧𝑟 − 𝑧𝑝𝑖)] sin 𝛽, 

 (3.38) 

where 𝛽 is the gear helix angle. A spur gear configuration for the planetary gearbox can be 

obtained by setting the helix angle, 𝛽, to zero. In Eq. (3.37) and Eq. (3.38), 𝜓 is the angle 

between the plane of action and the vertical y axis, which is defined for a counter-clockwise 

motion of the sun gear as [96,190] 

𝜓𝑠𝑝𝑖 = 𝜙𝑠𝑝 − 𝛼𝑝𝑖,  (3.39) 

𝜓𝑟𝑝𝑖 = 𝜙𝑟𝑝 + 𝛼𝑝𝑖,  (3.40) 
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for the sun-planet and ring-planet gear meshes, respectively. Here, 𝜙𝑠𝑝 and 𝜙𝑟𝑝 are the 

transverse pressure angles of the sun-planet and the ring-planet gear meshes, respectively 

[96,190]. The total kinetic and potential energies of the planetary gearbox can then be 

expressed as 

𝑇 = 𝑇ℎ + 𝑇𝑝,  (3.41) 

𝑉 = 𝑉ℎ + 𝑉𝑝 + 𝑉𝑚.  (3.42) 

Finally, the planetary gearbox equation of motion can be derived using the Lagrange`s 

equations of the second kind (see Appendix A) as 

𝐌𝒈�̈�𝒈(𝑡) + [𝐂𝑔 + 𝐆𝑔(Ωℎ, Ωpi)]�̇�𝒈(𝑡) + 𝐊𝑔𝒒𝒈(𝑡) = 0, (3.43) 

which leads to the mass, 𝐌𝒈, stiffness, 𝐊𝑔, gyroscopic, 𝐆𝑔 matrices of the planetary gearbox. 

Proportional damping defined in Eq. (3.28) may also be employed for the damping of the 

planetary gearbox, 𝐂𝑔. It must be noted that 𝒒𝑔(𝑡) in Eq. (3.43) represents the generalized 

coordinates for the planetary gearbox. The full derivation of mass, stiffness and gyroscopic 

matrices can  be seen in references [79,96,190].   

The mass matrix of the planetary gearbox is in block diagonal form, and it can be expressed as 

𝐌𝒈 =

[
 
 
 
 
 
 
[𝐌𝑟] 0 0 ⋯ ⋯ 0

0 [𝐌𝑐] 0 0

0 0 [𝐌𝑝𝑖] 0

⋮ ⋱ ⋮
⋮ ⋱ ⋮
0 0 0 ⋯ ⋯ [𝐌𝑠]]

 
 
 
 
 
 

, (3.44) 

where 𝐌𝑟, 𝐌𝑐, 𝐌𝑝𝑖, 𝐌𝑠 represent the mass matrices of the ring gear, carrier, planet gears and 

sun gear, respectively, and they are expressed as 

𝐌𝑗 =

[
 
 
 
 
 
 
𝑚𝑗 0 0 0 0 0

0 𝑚𝑗 0 0 0 0

0 0 𝑚𝑗 0 0 0

0 0 0 𝐼𝑑𝑗 0 0

0 0 0 0 𝐼𝑑𝑗 0

0 0 0 0 0 𝐼𝑝𝑗]
 
 
 
 
 
 

. (3.45) 

Here, 𝑗 is the planetary gearbox member index (𝑗 = 𝑟, 𝑐, 𝑝𝑖, 𝑠) for the ring gear, carrier, planet 

gears and sun gear, respectively.  
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The gyroscopic matrix of the planetary gearbox is expressed as 

𝐆𝒈 =

[
 
 
 
 
 
 
[𝐆𝑟] 0 0 ⋯ ⋯ 0

0 [𝐆𝑐] 0 0

0 0 [𝐆𝑝𝑖] 0

⋮ ⋱ ⋮
⋮ ⋱ ⋮
0 0 0 ⋯ ⋯ [𝐆𝑠]]

 
 
 
 
 
 

 (3.46) 

where 𝐆𝑟, 𝐆𝑐, 𝐆𝑝𝑖, 𝐆𝑠 represent gyroscopic matrices of the ring gear, carrier, planet gears and 

sun gear respectively, which are expressed as 

𝐆𝒋 =

[
 
 
 
 
 
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 𝐼𝑝𝑗 0

0 0 0 −𝐼𝑝𝑗 0 0

0 0 0 0 0 0]
 
 
 
 
 

 (3.47) 

As can be seen from the mass, 𝐌𝒈 and gyroscopic, 𝐆𝒈 matrices of the planetary gearbox, they 

are uncoupled in lateral, axial and torsional directions. On the other hand, the stiffness matrix 

of the planetary gearbox, 𝐊𝑔 is coupled in all directions due to the relative displacement 

between gear meshes and helix angle as seen in Eq. (3.37) and Eq. (3.38). Figure 3.4, which 

represents the stiffness matrix of the planetary gearbox, also shows its coupled structure. 

 

Figure 3.4 : Stiffness matrix of the planetary gearbox. 
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3.4 Assembly of planetary geared rotors 

The planetary geared rotor system created consists of input and output shafts with their bearings 

and a planetary gearbox with the bearings of planetary gearbox members. The details of the 

planetary geared rotor system are seen schematically in Figure 3.5 where the planet gears are 

connected to the ring and sun gears via gear meshes, and the planetary gearbox itself is 

grounded via the bearings of the carrier, ring gear and sun gear. The input and output shafts are 

also supported with the bearings at the edges. 

 

Figure 3.5 : Detail of the planetary geared rotor system. 

The general equation of motion of a planetary geared rotor system with n degrees of freedom 

system can be obtained after the assembly of the shafts, bearings and planetary gearbox 

matrices. The global mass, 𝐌, gyroscopic, 𝐆, stiffness, 𝐊, and damping matrices, 𝐂, are 

obtained using the standard assembly methods for the rotor dynamic analysis. These matrices 

are defined as 

[𝐌] = 𝐌(𝐌𝒔, 𝐌𝒈),  (3.48) 

[𝐆] = 𝐆(𝐆𝒔, 𝐆𝒈),  (3.49) 

[𝐊] = 𝐊(𝐊𝒔, 𝐊𝒃, 𝐊𝒈),  (3.50) 

[𝐂] = 𝐂(𝐂𝒔, 𝐂𝒃, 𝐂𝒈).  (3.51) 
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As seen from the Eqs. (3.48, 3.49, 3.50, 3.51), the global mass and gyroscopic matrices are 

obtained directly from the shafts and planetary gearbox. On the other hand, global stiffness and 

damping matrices include bearings in addition to the shaft and planetary gearbox. 

Figure 3.6 shows the general distribution of entries in the global matrices where mass and 

stiffness matrices are symmetric while the gyroscopic matrix is skew-symmetric. The planetary 

gearbox contribution in the matrices is highlighted by the red frames where the mass matrix of 

the planetary gearbox is in block diagonal form, and the gyroscopic matrix of the planetary 

gearbox is skew-symmetric. The stiffness matrix of the planetary gearbox makes the dynamic 

problem coupled since coupling terms arise.   

 

Figure 3.6 : Global mass, stiffness, gyroscopic matrices with 78 DOFs. 

Finally, the system equation of the planetary geared rotor system for free responses can be 

written as 

𝐌�̈�(𝑡) + [𝐂 + 𝐆(Ωℎ, Ωpi)]�̇�(𝑡) + 𝐊𝒒(𝑡) = 0. (3.52) 

In this model, the input and output shafts are rigidly connected to the input and output members 

of the planetary gearbox. For the rotating ring-fixed carrier gear configuration, the input and 

output members of the planetary gearbox thereby become the sun and ring gears, respectively. 

In the case of the rotating carrier-fixed ring configuration, the carrier becomes the output 

member whilst the sun gear remains the input member. Speed ratios of the planetary gearbox 

members can be obtained for the different configurations from the reference [191]. The model 

presented in this chapter allows analysing a rotating ring-fixed carrier configuration of the 

planetary gearbox. However, it is not sufficient to analyse a configuration with a rotating carrier 

since the spacing angles are currently constant, and the centripetal acceleration of the planets 

is not included in the formulation. 
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3.5 Concluding remarks 

A six-degrees of freedom hybrid dynamic model of a planetary geared rotor system is created 

using the lumped parameter and finite element methods for the modelling of the planetary 

gearbox and rotor system respectively. All the elements are assumed to be flexible in the rotor-

bearing system where 1-D rotating Timoshenko beam elements are used for the shaft modelling 

and uncoupled flexible spring elements are used for the bearing modelling. Members of the 

planetary gearbox, which are the ring, planet and sun gears and carrier, are assumed to be rigid 

disks, and the gear contacts are considered as flexible in the lumped parameter model of the 

planetary gearbox. Energy equations are given for the rotor-bearing system and planetary 

gearbox. Finally, the system equation of motions is obtained by applying Lagrange`s equations 

of the second kind. The dynamic model generated can be employed for the rotor dynamic 

analysis of planetary geared rotor systems. 
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Chapter 4 

4 Modal behaviour of planetary geared 

rotors 

4.1 Introduction 

In this chapter, coupled dynamic behaviour of equally spaced spur and helical planetary geared 

rotor systems and the planetary gearbox impact on the modal behaviour of the global system 

are investigated for both static and rotating (including gyroscopic effects) cases using the 

previously introduced dynamic model in Chapter 3. The modal analysis of rotating systems 

requires different solution techniques compared with the non-rotating systems because 

gyroscopic forces on the rotating systems change the natural frequencies and mode shapes. The 

eigenvalue problem of rotating systems becomes quadratic due to the gyroscopic matrix in the 

system equation of motion of rotating systems. To solve the quadratic eigenvalue problem, it 

can be converted into the first order via the state space method. In the first part, the generalized 

and standard eigenvalue solutions of the quadratic eigenvalue problem are explained. In the 

second part, vibration modes of the helical and spur planetary geared rotors and the gearbox 

itself are identified using the standard eigenvalue solution. Here, the main difference between 

the mode shapes of the helical and spur planetary geared rotors are discussed by considering 

the helix angle effect in gear teeth. To analyse the dynamic coupling between the planetary 

gearbox and rotor system, modal energy analysis is employed. With this, the modal energy 

percentage of the planetary gearbox for each global mode can be computed in the planetary 

geared rotor system. In the final part, the high-speed dynamic behaviour of the helical planetary 

geared rotor due to the gyroscopic effects is investigated. For this purpose, the mode shapes of 

the low and high-speed cases with and without the planetary gearbox are compared to see the 

direct impact of planetary gearbox gyroscopic terms on the global rotor modes at higher speeds. 
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4.2 Quadratic eigenvalue problem of rotating systems 

The natural frequencies and mode shapes of the previously introduced geared rotor system in 

Chapter 3 can be obtained with a free-free modal analysis by solving the eigenvalue problem. 

The modal analysis of a rotating system is slightly different from a static one since gyroscopic 

moments acting on the rotating systems affect their modal parameters in terms of natural 

frequencies and mode shapes. It is important to point out that gyroscopic effects cause the 

modal parameters to vary with the rotor speed. Similar to the damping terms, the gyroscopic 

terms introduce a term involving the first derivative of the generalized coordinate to the 

equation of motion. Therefore, the rotor dynamics problem becomes a quadratic eigenvalue 

problem [24]. In order to obtain the eigenvalues and eigenvectors, the quadratic eigenvalue 

problem can be expressed using the state space representation, which yields a first order 

eigenvalue problem [192,193]. However, this also doubles the sizes of the matrices in the 

eigenvalue problem, leading to an increase in computational time. 

There are two forms of eigenvalue problems, known as standard and generalized eigenvalue 

problem. There is one input matrix in the standard eigenvalue problem, whereas there are two 

input matrices in the generalized eigenvalue problem. In MATLAB, the generalized and 

standard eigenvalue problems can be solved using the eig or eigs functions. The eig 

function computes all the eigenvalues whereas the eigs function computes a subset of 

eigenvalues such as the smallest or largest eigenvalues, using algorithmic reduction techniques. 

MATLAB uses LAPACK [39] routines to calculate the eigenvalues; and the eigenvalue 

solution algorithm is determined based on whether the input matrices are real or complex, 

symmetric or non-symmetric, Hermitian or non-hermitian; or positive definite [194,195]. 

4.2.1 Generalized eigenvalue problem 

The generalized eigenvalue problem of gyroscopic systems [3] can be derived by first 

expressing the equations of motion from Eq. (3.52) in state space form as shown below:  

[
𝐂 + Ω𝐆(Ωℎ, Ωpi) 𝐌

𝐌 0
] {

�̇�
�̈�
} + [

𝐊 0
0 −𝐌

] {
𝒒
�̇�} = {

0
0
}. (4.1) 

Then, this equation can be rewritten using the state vectors  𝒙 =  {
𝒒
�̇�} and �̇� =  {

�̇�
�̈�
} as 

[𝐀]2𝑛 × 2𝑛{�̇�}2𝑛 ×1 + [𝐁]2𝑛 × 2𝑛{𝒙}2𝑛 ×1 = 0. (4.2) 
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The size of the eigenvalue problem is now 2n as can be seen from the matrix equations. 

Therefore, 2n eigenvalues and eigenvectors are obtained with the eigenvalue solution. Half of 

the eigenvalues and eigenvectors are the complex conjugates of the other half. After solving 

the standard eigenvalue problem, the eigenvalue and eigenvector matrices are given by:  

[𝜆]2𝑛 × 2𝑛, 

[𝜙]2𝑛 × 2𝑛, 
(4.3) 

respectively. It should be noted that these matrices consist of complex conjugate pairs. Finally, 

the mode shapes are extracted from the eigenvector matrix [𝜙], and the undamped natural 

frequencies are obtained using the eigenvalues [𝜆] as [40] 

𝜔𝑖 = √𝑅𝑒(𝜆𝑖)2 + 𝐼𝑚(𝜆𝑖)2. (4.4) 

In order to evaluate the accuracy of the generalized eigenvalue solution, a parity check can also 

be done with a residual matrix calculation as defined below 

𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙 = 𝐵 × 𝜙 + 𝐴 × 𝜙 × 𝜆. (4.5) 

The residual matrix calculation is a useful tool to quantify the numerical errors. 

4.2.2 Standard eigenvalue problem 

The system equation of motion of the planetary geared rotor system defined in Eq. (3.52) can 

be reformulated to construct the state-space representation via the inverse matrix operation as  

[40] 

�̈�(𝑡) + 𝐌−𝟏[𝐂 + 𝐆(Ωℎ, Ωpi)]�̇�(𝑡) + (𝐌−𝟏𝐊)𝒒(𝑡) = 0. (4.6) 

With the state vectors 𝒙 =  {
𝒒
�̇�} and �̇� =  {

�̇�
�̈�
}, the standard eigenvalue problem in matrix form 

is expressed as 

{
�̇�
�̈�
} = [

𝟎 𝑰
−𝐌−𝟏𝐊 −𝐌−𝟏[𝐂 + 𝐆(Ωℎ, Ωpi)]

] {
𝒒
�̇�}, (4.7) 

where 𝑰 represents the identity matrix. The matrix equation for the standard eigenvalue problem 

can then be rewritten as 
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{�̇�}2𝑛 ×1 = [𝐀]2𝑛 × 2𝑛{𝒙}2𝑛 ×1. (4.8) 

where A is called state matrix. As with the generalized eigenvalue problem, the size of the 

standard eigenvalue problem is 2n and half of them are the complex conjugates of the other 

half, but only one matrix needs to be computed for Eq. (4.8) instead of two for Eq. (4.2). The 

eigenvalue [𝜆] and eigenvector [𝜙] matrices are obtained with the solution of the standard 

eigenvalue problem. Similar to the parity check of the generalized eigenvalue solution, a 

residual matrix formula can be defined for the standard eigenvalue solution as 

𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙 = 𝐴 × 𝜙 − 𝜙 × 𝜆. (4.9) 

Throughout the numerical analyses in this thesis, the standard eigenvalue solution is going to 

be used rather than the generalized one to compute the eigenvalues and eigenvectors because 

of its computational performance [40]. 

4.3 Mode identification 

Mode shapes in rotor systems can either be uncoupled with no interaction between the lateral, 

axial and torsional vibration of the system, or coupled where these modes can interact. A simple 

cyclically symmetric rotor system can be considered as uncoupled [3], but the presence of a 

gearbox in the system can lead to lateral, torsional and axial mode interaction [151]. To 

quantify the impact of a planetary gearbox on the coupling behaviour of the global modes of 

the geared rotor system, a modal energy approach is used where the modal energy of the 

gearbox for each mode is compared to the total modal energy in the system. 

Modal energy analysis 

The total modal energies of the rotor system and the planetary gearbox are computed by 

summing their kinetic and potential energies. The kinetic, 𝑇𝑟, potential, 𝑉𝑟, and total, 𝐿𝑟, 

energies of the rotor system are written as 

𝑇𝑟(𝑖) =
1

2
[�̇�𝑟(𝑖)]

𝑇[𝐌][�̇�𝑟(𝑖)], 
(4.10) 

𝑉𝑟(𝑖) =
1

2
[𝒒𝑟(𝑖)]

𝑇[𝐊][𝒒𝑟(𝑖)], 
(4.11) 

𝐿𝑟(𝑖) = 𝑇𝑟(𝑖) + 𝑉𝑟(𝑖), (4.12) 
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in terms of discrete time. Similarly, the kinetic, potential and total energies of the planetary 

gearbox in the rotor system can be written, respectively, as 

𝑇𝑟
𝑔(𝑖) =

1

2
[�̇�𝑟(𝑖)]

𝑇[𝐌𝑔][�̇�𝑟(𝑖)], (4.13) 

𝑉𝑟
𝑔(𝑖) =

1

2
[𝒒𝑟(𝑖)]

𝑇[𝐊𝑔][𝒒𝑟(𝑖)], (4.14) 

𝐿𝑟
𝑔(𝑖) = 𝑇𝑟

𝑔(𝑖) + 𝑉𝑟
𝑔(𝑖). (4.15) 

In Eqs. (4.10), (4.11), (4.13) and (4.14), 𝒒𝑟 is the motion vector in translational and rotational 

directions for each mode, defined as  

𝒒𝑟 = [𝑞𝑟1, 𝑞𝑟2, 𝑞𝑟3, 𝑞𝑟4, 𝑞𝑟5, 𝑞𝑟6, ………………………… , 𝑞𝑟𝑘], (4.16) 

where 𝑘 represents the total number of degrees of freedom of the system and 𝑟 is the mode 

number. 𝑞𝑟𝑘 is defined as a function of time as [196] 

𝑞𝑟𝑘(𝑖) = 𝜙𝑟𝑘 sin (
2𝜋𝑡(𝑖)

𝜏𝑟
+ 𝜑𝑟𝑘), (4.17) 

where 𝑡(𝑖) is the discrete time for the simulation. 𝜙𝑟𝑘 and 𝜑𝑟𝑘 represent the individual elements 

of the 𝑟th eigenvector and its corresponding phase angle respectively. In Eq. (4.17), 𝜏𝑟 is the 

vibration period of the 𝑟th mode [196]. The discrete time is also defined as 

𝑡(𝑖) = [0: ∆𝑡: 𝑡𝑠], (4.18) 

where ∆𝑡 is time step, 𝑖 is the index for the number of time data points and 𝑡𝑠 is the vibration 

simulation time. By using the total energies from Eqs. (4.12) and (4.15), the mean values of 

the total energies of the global rotor system and the gearbox can be computed as 

𝐿𝑟 =
1

𝑛
∑𝐿𝑟(𝑖),

𝑛

𝑖=1

 (4.19) 

𝐿𝑟
𝑔

=
1

𝑛
∑𝐿𝑟

𝑔(𝑖)

𝑛

𝑖=1

. (4.20) 

The modal energy percentage of the gearbox then becomes 
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휀 =
𝐿𝑟

𝑔

𝐿𝑟
× 100, (4.21) 

which allows an estimate of the gearbox contribution to the overall dynamic response of the 

system. It should be noted that damping will be neglected in the following numerical analyses, 

since it does not affect the presented results significantly and the modal energy defined in Eq. 

(4.21) can only be computed for undamped cases (conservative systems). 

Rotor dynamics analysis software 

There are currently three rotor dynamics software suites based on the finite element method, 

written in MATLAB. They were developed by Bucher [197], Genta [198] and  Friswell et al. 

[199], called “RotFE”, “DynRot” and “Rotordynamics”, respectively. These software 

programs use four degrees of freedom, considering just lateral vibrations. Among these 

programs, Bucher [197] uses the generalized eigenvalue problem in his RotFE code whereas 

Friswell et al. [199] use the standard eigenvalue problem in their rotor dynamics software. 

During this PhD project, a novel six degrees of freedom finite element/lumped parameter based 

rotor dynamics software, called “GEAROT”, has been developed for the dynamic and modal 

analyses of geared rotor systems in MATLAB. The dynamic model defined in Chapter 3 and 

modal analysis theory defined in this chapter are used in “GEAROT” where just rotor system 

analysis can also be done without a gearbox. High or low order geared rotor models can be 

chosen depending on the analysis purpose. The main output of the analysis of the geared rotor 

system is the mode characterisation, modal energy analysis, obtaining the frequency response 

functions and Campbell diagrams. The flow chart of “GEAROT” is shown in Figure 4.1. 

 

Figure 4.1 : GEAROT software flow chart. 
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4.3.1 Helical planetary geared rotor 

Modal analysis of the helical planetary gearbox on its own, and also the corresponding geared 

rotor system were conducted.  Initially, an undamped non-rotating (static) case with the model 

parameters given in Table 4.1 was considered.  

Table 4.1 : Parameters of the planetary geared rotor system. 

Parameter 
Output 

Shaft 

Input 

Shaft 
Carrier Ring Planets Sun 

Length [m] 2 2 0.02 0.1 0.1 0.1 

Outer Diameter [m] 0.2 0.2 0.63 0.7 0.2 0.23 

Inner Diameter [m]   0.23 0.63 0.18 0.2 

Material density [kg/m3] 7800 7800 7800 7800 7800 7800 

Young`s modulus [GPa] 211 211     

Shear modulus [GPa] 81.2 81.2     

Proportional damping 𝛼1 constant 0 0 0 0 0 0 

Proportional damping 𝛼2 constant 0 0 0 0 0 0 

Bearing radial stiffness [N/m] 109 109 109 109 109 109 

Bearing axial stiffness [N/m] 109 109 109 109 109 109 

Bearing tilting stiffness [N.m/rad] 107 107 107 107 107 107 

Bearing torsional stiffness [N.m/rad] 0 0 1011 0 0 0 

Bearing radial damping [N/(m/s)] 0 0 0 0 0 0 

Bearing axial damping [N/(m/s)] 0 0 0 0 0 0 

Bearing tilting damping [N.m/(rad/s)] 0 0 0 0 0 0 

Bearing torsional damping [N.m/(rad/s)] 0 0 0 0 0 0 

Helix angle 𝛽 [deg]    30 30 30 

Transverse pressure angle 𝜙 [deg]    22.5 22.5 22.5 

Mesh Stiffness [N/m]    108 108 108 

Number of planets     4  

Number of beam elements 18 18     

The shafts from Figure 3.1 were modelled with 36 finite Timoshenko beam elements, and the 

planetary gearbox was modelled with seven rigid masses which represent the ring gear, carrier, 

sun gear and four planet gears. Modal analysis results are given for the first thirty modes as 

seen in Table 4.2 where natural frequencies and mode types of the planetary gearbox and the 

planetary geared rotor system are listed. It should be noted that the first mode of the planetary 

geared rotor and the gearbox on its own are rotational rigid body modes due to the free rotation 

of the shafts and gears in the rotational 𝜃𝑍 direction. In addition, the modal energy percentage 

of the planetary gearbox for each global mode was also computed using the Eq. (4.21), and it 

is shown in Table 4.2. 
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Table 4.2 : Modes of the helical planetary geared rotor and just the gearbox. 

 Helical Planetary Geared Rotor  Helical Planetary Gearbox 

Mode 

# 

Gearbox 

Modal 

Energy 

%  

Natural 

Frequency 

[Hz] 

Mode Type  
Natural 

Frequency 

[Hz] 

Mode Type 

1 27 0 

Torsional  

(Rigid Body)   0 

Rotational  

(Rigid Body) 

2 10 114 Lateral   299 Translational - Tilting  

3 10 114 Lateral   299 Translational - Tilting  

4 10 115 Lateral   324 Translational - Tilting  

5 10 115 Lateral   324 Translational - Tilting  

6 60 220 Torsional - Axial    524 Rotational - Axial  

7 29 301 Torsional - Axial   633 Rotational - Axial  

8 27 318 Torsional - Axial   642 Translational - Tilting  

9 94 322 Lateral   642 Translational - Tilting  

10 94 322 Lateral   711 Translational - Tilting  

11 17 333 Lateral   711 Translational - Tilting  

12 17 333 Lateral   735 Rotational - Axial  

13 15 346 Lateral   908 Planet  

14 15 346 Lateral   1018 Translational - Tilting  

15 20 466 Torsional - Axial   1018 Translational - Tilting  

16 62 508 Lateral   1227 Rotational - Axial  

17 62 508 Lateral   1895 Translational - Tilting  

18 97 595 Torsional - Axial   1895 Translational - Tilting  

19 23 601 Lateral   1905 Rotational - Axial  

20 23 601 Lateral   2263 Translational - Tilting  

21 32 649 Lateral   2263 Translational - Tilting  

22 32 649 Lateral   2332 Planet  

23 84 710 Lateral   2367 Rotational - Axial  

24 84 710 Lateral   2428 Planet  

25 18 782 Torsional - Axial   2437 Translational - Tilting  

26 28 873 Lateral   2437 Translational - Tilting  

27 28 873 Lateral   2464 Planet  

28 100 908 Gearbox    2484 Rotational - Axial  

29 18 943 Lateral   2869 Translational - Tilting  

30 18 943 Lateral   2869 Translational - Tilting  

Three main mode families can be identified from the modal analysis of the helical planetary 

gearbox, consisting of (i) rotational-axial, (ii) translational-tilting and (iii) planet modes. This 

definition is in accordance with Eritenel and Parker [81], where for the planet modes, the 

central members (ring, carrier and sun) do not move in any direction while the planets can 

freely move in all directions. In the case of the rotational-axial mode, the central members only 

move in rotational and axial directions while the planets move in all directions. Likewise, if 

the mode is translational-tilting, the central members only move in the translational and tilting 
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directions, and the planets move in all directions. These coupling effects in the planetary 

gearbox will have a significant impact on the geared rotor system, since it can lead to coupling 

terms in the equation of motion, and consequently lead to coupling between the two rotors that 

are connected via the planetary gearbox. This mode identification is valid for applications with 

more than one planet because one planet leads to coupled translational-tilting-rotational-axial 

modes. 

 

Figure 4.2 : Mode shapes of the helical planetary geared rotor system. 

As listed in Table 4.2, the mode shapes of the helical planetary geared rotor systems can be 

classified as (i) torsional-axial, (ii) lateral (bending) and (iii) gearbox modes. Figure 4.2 shows 

the first nine mode shapes of the rotor system in which the gearbox location is also pointed 

with the rectangles. As stated, the first mode is a pure torsional rigid body mode, where the two 

shafts rotate around their axes as rigid bodies, and the gearbox determines the speed ratio. The 

following lateral modes of the shafts come in orthogonal pairs, and they are coupled due to the 

translational and tilting motion of the gearbox. Due to the helical configuration of the gearbox, 

axial motion of the rotor can lead to a torsional motion and vice versa, which in turn leads to a 
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torsional-axial mode coupling, as can be seen in Figure 4.2 for modes 6, 7 and 8. In the coupled 

torsional-axial modes, mode shape decoupling in the axial direction can also be seen between 

the two shafts due to the relatively high shaft stiffness compared to the planetary gearbox. The 

final set of observed modes shapes for the planetary geared rotor system are the isolated 

gearbox modes, which are associated with the planet modes of the gearbox itself. As discussed 

previously for the gearbox planet modes, the central members do not move, and consequently 

no vibration transmission from the planets to the shafts can occur. Since these modes are 

independent of the rotor system, the resonance frequencies are identical to the gearbox only 

computation.  Figure 4.2 also shows that there is an asymmetric motion in the two shafts despite 

the fact that the planetary gearbox is located between the identical two shafts. This phenomenon 

occurs due to the different mass and inertia properties of the input and output members of the 

planetary gearbox itself. 

In order to better understand the gearbox contribution to the overall mode shape of the rotor 

system, the gearbox modal energy values from Table 4.2 can be considered. The planetary 

gearbox modal energy in the global system is 100% for each gearbox mode. These modes 

coincide with the planet modes of the gearbox itself. For example, the 13th mode of the 

planetary gearbox is a planet mode at 908 Hz, and also seen as the 28th mode of the planetary 

geared rotor system as a gearbox mode. There is no deflection on the shaft in any direction for 

these particular gearbox modes. There are also some other global modes in which gearbox has 

higher modal energies. For instance, the gearbox has higher modal energies for the 9th, 10th, 

18th, 23rd and 24th global modes where the modal energy percentages are 94%, 94%, 97%, 84% 

and 84% respectively. The 9th and 10th modes are lateral modes at 322 Hz, and they are very 

close to the 4th and 5th mode (transverse-tilting) of the gearbox at 324 Hz. Similarly, the 23rd 

and 24th modes of the global rotor system are the lateral mode at 710 Hz, which is very close 

to the gearbox transverse-tilting mode at 711 Hz. These results show that some global torsional-

axial and lateral modes are highly coupled with some of the rotational-axial and transverse-

tilting modes of the planetary gearbox respectively. 

The distributions of the total and gearbox modal energies during a vibration cycle are shown 

in Figure 4.3 for the first nine modes. Not surprisingly, the total modal energy of the global 

rotor system is constant during the vibration period (transfer of energy from potential to kinetic 

and back, no losses in the undamped system) while the modal energy of the gearbox is 

fluctuating except for the 1st mode, which is a rigid body torsional mode. This makes perfect 

sense since the modal analysis was carried out for the global rotor system, and the modal energy 
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of the global rotor system should be constant. However, the planetary gearbox is a part of the 

global rotor system, and the modal analysis of the system was not carried out using the mass 

and stiffness matrices of the gearbox. Therefore, the modal energy of the planetary gearbox 

fluctuates during the vibration cycle.  To capture this fluctuation, the time domain approach is 

used. Then, the mean value of the modal energy of the planetary gearbox was computed for 

each global mode by averaging the fluctuating modal energy, using the Eqs. (4.19) and (4.20). 

 

Figure 4.3 : Modal energy of the helical planetary geared rotor system over time. 

4.3.2 Spur planetary geared rotor 

Modal analyses of the spur planetary geared rotor system and the planetary gearbox were 

carried out by setting the helix angle of all gears zero. The system and gearbox parameters from 

Table 4.1 and the assumptions from Section 4.3.1 were used for the analysis. The results in 

Table 4.3 show that modes of the shafts for the spur planetary geared rotor system are identified 

as torsional, axial, lateral and gearbox modes for the first thirty modes. Moreover, modes of 

the spur planetary gearbox are also identified as rotational, axial, translation, tilting and planet 

modes. The modes which are rotational-axial and translational-tilting in the helical planetary 

gearbox becomes uncoupled in the spur planetary gearbox as rotational, axial, translational and 

tilting. Therefore, there is no coupling between the torsional, axial and lateral modes of the 

shafts. 
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Table 4.3 : Modes of the spur planetary geared rotor and just the gearbox. 

 Spur Planetary Geared Rotor  Spur Planetary Gearbox 

Mode 

# 

Gearbox 

Modal 

Energy % 

Natural 

Frequency 

[Hz] 

Mode Type  
Natural 

Frequency 

[Hz] 

Mode Type 

1 27 0 
Torsional 

(Rigid Body) 
  0 

Rotational 

(Rigid Body) 

2 10 113 Lateral    281 Tilting  

3 10 113 Lateral    281 Tilting  

4 8 114 Lateral    340 Tilting  

5 8 114 Lateral    340 Tilting  

6 57 256 Torsional    638 Axial  

7 29 298 Axial    640 Translational  

8 25 311 Axial    640 Translational  

9 16 333 Lateral    666 Axial  

10 16 333 Lateral    692 Rotational  

11 100 340 Gearbox    738 Translational  

12 100 340 Gearbox   738 Translational  

13 10 345 Lateral    1077 Planet   

14 10 345 Lateral    1081 Translational  

15 21 473 Torsional    1081 Translational  

16 62 509 Lateral    1462 Rotational  

17 62 509 Lateral    1790 Axial  

18 24 601 Lateral    1971 Translational  

19 24 601 Lateral    1971 Translational  

20 100 638 Gearbox    2197 Tilting  

21 24 655 Lateral    2197 Tilting  

22 24 655 Lateral    2332 Planet  

23 89 727 Lateral    2376 Planet 

24 89 727 Lateral    2385 Rotational  

25 17 789 Torsional    2461 Translational  

26 28 880 Lateral    2461 Translational  

27 28 880 Lateral    2524 Planet  

28 13 948 Lateral    2550 Rotational  

29 13 948 Lateral    2835 Axial  

30 100 1077 Gearbox   2898 Tilting  

As seen in Figure 4.4, the first mode is once more the torsional rigid body mode. The other 

modes are torsional, axial and lateral modes. The 7th and 8th axial modes show that the input 

and output shafts have independent dynamic behaviour since there is no deflection in the input 

shaft for the 7th axial mode and the output shaft for the 8th mode. The reason for this 

phenomenon is that the axial component of the gear mesh stiffness is zero due to the zero-helix 

angle in the spur gear configuration. As a result, there cannot be vibration transmission between 

the output and input shafts in these independent axial modes. In other words, no axial response 
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occurs in one shaft due to axial excitation from the other shaft. The asymmetric motion 

described for the helical planetary geared rotor is also seen for the spur planetary geared rotor 

in Figure 4.4.  

 

Figure 4.4 : Mode shapes of the spur planetary geared rotor system. 

In some modes, modal energies of the planetary gearbox were also computed as 100%, which 

are the 11th, 12th, 20th, 30th gearbox modes, respectively. These modes are associated with the 

4th, 5th, 6th and 13th modes of the planetary gearbox, and they were observed at precisely the 

same frequency for the global modes. Among these modes, the 4th, 5th and 6th modes are 

identified as carrier-planet, which means the carrier and planets can move freely and the 13th 

mode is identified as a planet mode, meaning that only the planets can move freely. Since the 

ring and sun gears do not move for these modes, no rotation or displacement occurs on the 

shafts. As a result, these modes are isolated from the shafts. The gearbox modal energies in 

Table 4.3 further highlight that even in the spur gear case some significant modal energy can 

be stored in the gearbox for some of the modes, highlighting the importance of the gearbox for 

the overall dynamic behaviour of the rotor system.  
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During a vibration period, the gearbox modal energy in the spur planetary geared rotor system 

can also be seen for the first nine modes in Figure 4.5. 

 

Figure 4.5 : Modal energy of the spur planetary geared rotor system over time. 

Figure 4.6 summarises the results of the modal energy analysis given in Table 4.2 and 4.3 for 

the helical and the spur gear configurations. 

 

Figure 4.6 : Modal energy of the rotor system, a) helical planetary gearbox, b) spur planetary 

gearbox. 

a) b) 
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4.4 High-speed modal behaviour 

Planetary geared rotors can work at higher operating speeds, and therefore gyroscopic moments 

can significantly affect their dynamic behaviour. To investigate the high-speed dynamic 

behaviour of the helical planetary geared rotor system, modal analysis was carried out at 8000 

rpm input speed. Lateral forward and backward whirling, coupled torsional-axial and torsional 

rigid body mode shapes were plotted for the first twelve modes, as seen in Figure 4.7. The 

speed ratio between the two shafts was determined as 3.04 based on the gear geometry given 

in Table 4.1. As a result, the input shaft rotates faster than the output shaft in this system. 

 

Figure 4.7 : Mode shapes of the helical planetary geared rotor system at 8000 rpm. 

In contrast to the previous investigation, which focused on a static case, the orthogonal modes 

now combine to give lateral backward (BW) and forward (FW) whirling modes, while the 

coupled torsional-axial and torsional rigid body modes remain the same. The natural 

frequencies of the lateral backward and forward whirling modes are dependent on the shaft 

speeds due to the gyroscopic effect. On the other hand, there is no gyroscopic term in the axial 
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and torsional components of the gyroscopic matrix, which leads to speed independent coupled 

torsional-axial modes.   

Table 4.4 : Low and high speed dynamic behaviour of the planetary geared rotor system. 

 100 rpm  8000 rpm 

Mode 

# 

Natural 

Frequency 

[Hz] 

Mode Type 
Frequency 

Shift % 
 

Natural 

Frequency 

[Hz] 

Mode Type 
Frequency 

Shift % 

1 0.0 Torsional  0.000  0.0 Torsional  0.000 

2 113.8 Lateral BW 0.001  113.4 Lateral BW 0.281 

3 113.8 Lateral FW 0.000  113.5 Lateral FW 0.222 

4 115.0 Lateral BW 0.001  115.2 Lateral BW 0.182 

5 115.0 Lateral FW 0.001  115.3 Lateral FW 0.292 

6 219.8 
Torsional - 

Axial  
0.000  219.8 

Torsional - 

Axial 
0.000 

7 300.7 
Torsional - 

Axial  
0.000  300.7 

Torsional - 

Axial  
0.000 

8 318.2 
Torsional - 

Axial 
0.000  317.8 Lateral BW 1.406 

9 322.2 Lateral BW 0.017  318.2 
Torsional - 

Axial  
0.000 

10 322.3 Lateral FW 0.017  326.6 Lateral FW 1.327 

11 332.6 Lateral BW 0.003  331.8 Lateral BW 0.244 

12 332.6 Lateral FW 0.003  333.3 Lateral FW 0.210 

The speed-dependent property of the lateral modes leads to a frequency split in the Campbell 

diagrams in Figure 4.8 where the natural frequencies of the lateral modes change with respect 

to the shaft speed whilst the torsional-axial modes are not affected by the shaft speeds. The 

forward whirling mode thereby experiences an increase in frequency, while the backward 

whirling mode sees a decrease in frequency.  

Gyroscopic moments can originate from the shafts and the rigid disk elements inside the 

planetary gearbox (gears and carrier). To understand the impact of the planetary gearbox 

gyroscopic moments on the frequency response, Campbell diagrams were generated with and 

without gearbox gyroscopic effects for two different frequency ranges in Figure 4.8. For 

instance, a significant gearbox gyroscopic effect is seen for the 9th and 10th lateral BW and FW 

modes (numbering from the static case). When plotting the Campbell diagram without the 

gearbox gyroscopic effect, the natural frequency change becomes very small for these modes. 

A small frequency change can still be observed due to the gyroscopic effects from the shafts. 

The frequency shifts between the static case and 8000 rpm for these modes are 1.41% and 

1.33% respectively, as seen in Table 4.4. On the other hand, the gearbox gyroscopic effect is 

just visible for the 2nd, 3rd, 4th, 5th, 11th, 12th lateral modes. The frequency shifts between the 
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static case and 8000 rpm are 0.28%, 0.22%, 0.18%, 0.29%, 0.24%, 0.21% for these modes, as 

seen in Table 4.4. The highest gearbox gyroscopic effect within the first twelve modes is 

observed for the 9th and 10th mode (in the static case) and the gearbox has a higher modal energy 

of about 94% for these modes. However, the gearbox has lower modal energy at a value of 

10% for the 2nd, 3rd, 4th and 5th modes and 17% for the 11th and 12th modes. It can be concluded 

that the planetary gearbox gyroscopic effect is much more dominant in some modes where the 

planetary gearbox has higher modal energy.  

   

   

Figure 4.8 : Campbell diagram, a) and b) with gearbox gyroscopic effect, c) and d) without 

gearbox gyroscopic effect for two different frequency ranges. 

a) c) 

d) b) 
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Table 4.4 also provides data for low speed (100 rpm) modal analysis, where the natural 

frequencies, mode types and frequency shifts can be compared to the high-speed case (8000 

rpm). It is clear that there is a natural frequency shift between the low and high speeds. To 

better understand the impact of the gyroscopic effects on the mode shapes, the Modal 

Assurance Criteria (MAC) is used to compare the eigenvectors at low and high speeds. The 

MAC formula is [26] 

𝑀𝐴𝐶(𝐿, 𝐻) =
|{𝜙𝐿}𝑟

𝑇{𝜙𝐻}𝑞|
2

({𝜙𝐿}𝑟𝑇{𝜙𝐿}𝑟)({𝜙𝐻}𝑞𝑇{𝜙𝐻}𝑞)
, (4.22) 

where 𝜙𝐿 and 𝜙𝐻 are the low and high-speed eigenvectors, respectively, and r and q represent 

the corresponding mode number. The resulting MAC matrices with and without gyroscopic 

effects in the gearbox are shown in Figures 4.9a and b, respectively. 

 

Figure 4.9 : MAC matrices for low (100 rpm) and high (8000 rpm) speeds, a) with planetary 

gearbox gyroscopic effect, b) without planetary gearbox gyroscopic effect. 

The MAC matrix in Figure 4.9a shows that modes eight and nine reverse their order due to the 

crossing in Campbell diagram (veering), while the other modes do not seem to be affected by 

the shaft speed. A further reduction in speed dependence can be observed when the gyroscopic 

effects of the gearbox are neglected, leading to a nearly 100% MAC diagonal in Figure 4.9b. 

The MAC is not 100% in Figure 4.9b because there is a small gyroscopic effect from the two 

shafts. In summary, it can be said that the rotor dynamic behaviour is only mildly affected by 

the rotational speed, and for modes with a high gearbox contribution stronger splitting of the 

frequencies may lead to unexpected mode veering regions. 

a) b) 
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4.5 Discussion 

The main focus of this investigation is to understand the impact of an equally spaced planetary 

gearbox on the global dynamic behaviour of a rotor system. Mode shapes of the helical 

planetary geared rotors are identified as coupled torsional-axial, lateral and gearbox modes 

whereas mode shapes with the spur planetary gearbox become torsional, axial, lateral and 

gearbox. The main difference between the spur and helical planetary geared rotors is the 

presence of coupling between torsional and axial modes in the latter due to the helix angle. The 

helix angle effect can be clearly seen in the composition of the global stiffness matrix of the 

planetary geared rotors in Figure 4.10. Here, it is clear that zero helix angle makes the gear 

mesh stiffness zero in the axial directions. Therefore, the input and output shafts have 

independent dynamic behaviours from each other in the axial modes, and the axial vibrations 

cannot transmit between them. Moreover, making the helix angle zero cancels the coupling 

term between the axial and torsional directions, resulting in uncoupled torsional, axial and 

lateral modes. In the case of helical gears, axial thrust forces can create unexpected torsional 

excitations on the shaft, which can be of great significance for geared turbofan engines where 

planetary gearboxes are commonly used. 

A further feature of the modes for both spur and helical planetary geared rotors is the 

asymmetric motion in the two shafts, although the planetary gearbox is located at the middle 

of the system and the shafts have identical properties. This breaking of the symmetry can be 

attributed to the different mass and inertia properties of the input and output members of the 

planetary gearbox itself, which are directly attached to the two shafts.  

   

Figure 4.10 : Helix angle effect on the global stiffness matrix, a) spur, b) helical. 

b) a) 
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To better understand the contribution of the planetary gearbox to the global modes of the 

system, the modal energy of the gearbox compared to the total modal energy of the system has 

been computed. Tables 4.2 and 4.3 summarise the results of this analysis for the helical and the 

spur gear configurations. It shows that there are some global modes in which no motion of the 

shaft is observed, and all the energy is stored in the gearbox. These modes can be directly 

related to the internal modes of the planetary gearbox where the planets or planets and carrier 

move in the case of the helical or spur planetary gearbox respectively, while the central 

members do not move, leading to a decoupling of the planetary gearbox and the shafts. They 

are classified as gearbox modes in the global rotor system. In contrast to these internal gearbox 

modes, the other modes in which the planetary gearbox has higher modal energy are highly 

coupled with the shafts. For these modes, the natural frequencies of the rotor system and 

planetary gearbox are very close to each other.  

An additional effect that needs to be considered when studying the dynamics of a geared rotor 

system is the gyroscopic effect originating from the planetary gearbox. This can lead to a mode 

veering phenomenon in the MAC comparison between low (100 rpm) and high (8000 rpm) 

speeds. In addition, they can significantly influence the natural frequencies of the backward 

and forward lateral modes of the planetary geared rotor system, particularly for the modes with 

higher gearbox modal energy.  

4.6 Concluding remarks 

The dynamic behaviour of two shaft rotor systems with equally spaced spur and helical 

planetary gearboxes were investigated in detail by considering the gyroscopic effects and 

neglecting damping. Modal analysis of the geared rotor system was conducted to study the 

impact of the planetary gearbox on the modal behaviour of the shafts. On the basis of mode 

shapes of the shafts, mode identification of the rotor system was carried out for the static case 

and the rotating case (including gyroscopic effects). The effect of the planetary gearbox on 

each global rotor mode was then quantified for the static case by the modal energy analysis. 

The effect of the planetary gearbox gyroscopic terms on the global rotor modes was also 

investigated.  

The modal analysis of the planetary geared rotor system highlights the strong modal coupling 

introduced by the planetary gearbox. Modes of the helical planetary geared rotors are identified 

as coupled torsional-axial, lateral and gearbox modes whereas spur planetary geared rotors 

have uncoupled modes, which are classified as axial, torsional, lateral modes and gearbox 
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modes. The gear helix angle is the main coupling parameter in planetary geared rotor systems, 

which makes torsional and axial modes coupled. It is also found that axial vibrations of the 

input and output shafts are uncoupled from each other in spur planetary geared rotors. In helical 

planetary geared rotors, coupled torsional-axial modes can also result in mode shape 

decoupling (discontinuity) in the axial direction between the input and output shafts of the 

planetary gearbox due to the lower axial stiffness of the planetary gearbox compared to the 

shaft stiffness. Gearbox modes are fully isolated from the shafts because no dynamic 

interaction between the shafts and gearbox occurs for these modes. Moreover, no displacement 

and rotation occur on the shafts for the gearbox modes. Therefore, the modal energy of the 

planetary gearbox for the gearbox modes is 100%. The natural frequencies of the gearbox 

modes, computed with a global rotor modal analysis, are directly associated with the planet 

modes, computed with an independent modal analysis of the planetary gearbox. Apart from the 

gearbox modes, the planetary gearbox has higher modal energy in some other modes where the 

coupling level between the gearbox and shafts is much higher. At these modes, natural 

frequencies of the planetary geared rotor system and the planetary gearbox are close to each 

other. This clearly shows that gearbox is dominant when there is a high coupling between the 

global rotor system and gearbox. As a result of the dominancy of the planetary gearbox, the 

natural frequencies computed from the independent modal analysis of the gearbox and the 

global rotor system become closer to each other. 

For the high-speed dynamic behaviour, the global backward and forward lateral modes in 

which the planetary gearbox has higher modal energy can experience significant gyroscopic 

effects due to the gearbox members. This can lead to significant changes in the natural 

frequencies of the global system. When compared to the gyroscopic effects originating from 

the shafts, the gyroscopic effects of the planetary gearbox can result in a mode veering 

phenomenon. 
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Chapter 5 

5 Planetary gearbox parameter effects on 

the vibration modes of geared rotor 

systems 

5.1 Introduction 

In this chapter, an extensive parameter study is presented to investigate planetary gearbox 

parameter effects on the vibration modes of planetary geared rotor systems. The parameter 

study is divided into three sections as gear contact parameters, planetary gearbox mass and 

support parameters, and planet gear parameters. The dynamic model of the planetary geared 

rotor system, introduced in Chapter 3, is used. Its baseline parameters are selected from Table 

4.1 throughout this chapter. In the first section, gear mesh stiffness, pressure angle and helix 

angle are selected as gear contact parameters and their effects on the vibration modes of the 

helical and spur planetary geared rotors are analysed. In the second section, gear material 

density and planetary gearbox support stiffness effects on the helical and spur planetary geared 

rotor vibration modes are investigated. In the third section, the number of planet gears that 

effect the vibration modes of the helical planetary geared rotor, and mistuning (positioning 

error of planet gears) effects on the vibration modes of both helical and spur planetary geared 

rotors are investigated. The sensitivity of the natural frequencies of planetary geared rotors is 

analysed by plotting the natural frequency maps and computing the frequency shifts between 

the two extreme cases. Mode shapes of the planetary geared rotors for the two extreme cases 

are compared using the modal assurance criteria. Sensitive vibration modes are also tried to be 

identified with the frequency shifts and mode shape comparisons. In the final section, a brief 

discussion for the gearbox parameters effects on the vibration modes is given to understand the 

influential gearbox parameters; and concluding remarks are presented. 
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5.2 Gear contact parameter effects 

5.2.1 Mesh stiffness 

Gear mesh stiffness is identified as the contact stiffness between gear teeth. It is one of the 

important stiffness parameters in gearboxes and geared rotor systems. In this parameter study, 

gear mesh stiffness is assumed to be constant for each case, which is a valid assumption for 

heavily-loaded gears [8]. In reality, gear mesh stiffness fluctuates during a contact period 

[8,10], which is explained in detail in Chapter 2, section 2.3.2. Numerous linear and nonlinear 

dynamic analyses have been undertaken for understanding the time-varying mesh stiffness 

effect on the dynamic behaviour of gear pair. On the other hand, there are only a few parameter 

studies that have investigated the constant gear mesh stiffness effect on the dynamic behaviour 

of planetary gearboxes and geared rotor systems. One parameter study was conducted for 

investigating the mesh stiffness effect on critical speeds of a double-helical gear transmission 

system by Chen et al. [146], highlighting the importance of the frequency veering phenomenon. 

Rao et al. [149] also showed a gear mesh stiffness region which affects the natural frequencies 

in geared rotors. However, they did not give a sufficient explanation for the mesh stiffness 

effect on modal behaviour. Apart from the geared rotors, Parker et al. did a sensitivity analysis 

of planetary gearbox vibration modes to the gear mesh stiffness. Despite these gear mesh 

stiffness parameter studies for gearboxes and geared rotors, no parameter study has been done, 

investigating the gear mesh stiffness effects on the vibration modes of planetary geared rotor 

systems. For this purpose, a gear mesh stiffness parameter study was carried out to investigate 

its effect on the modal behaviour of spur and helical planetary geared rotor systems.   

 

Figure 5.1 : Frequency shifts of planetary geared rotor vibration modes due to gear mesh 

stiffness, a) helical, b) spur. 

a) b) 
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Table 5.1 : Vibration modes of the helical and spur planetary geared rotors for various gear 

mesh stiffness. 

Helical Planetary Geared Rotor    Spur Planetary Geared Rotor  

  

km = 108 

[N/m] 

(Baseline) 

 km = 109 

[N/m] 
     

km = 108 

[N/m] 

(Baseline) 

 km = 109 

[N/m] 
    

Mode 

# 

Nat. Freq. 

[Hz]  

Nat. Freq. 

[Hz] 
Mode Type 

Freq. 

Shift 

% 

 Nat. Freq. 

[Hz]  

 Nat. Freq. 

[Hz]  

Mode 

Type 

Freq. 

Shift 

% 

1 0 0 Torsional  0  0 0 Torsional  0 

2 114 114 Lateral 0  113 113 Lateral  0 

3 114 114 Lateral 0  113 113 Lateral  0 

4 115 117 Lateral 1  114 115 Lateral  0 

5 115 117 Lateral 1  114 115 Lateral  0 

6 220 283 
Torsional - 

Axial  
29  256 369 Torsional  44 

7 301 305 
Torsional - 

Axial 
1  298 298 Axial  0 

8 318 373 
Torsional - 

Axial 
17  311 311 Axial  0 

9 322 328 Lateral 2  333 334 Lateral  0 

10 322 328 Lateral 2  333 334 Lateral  0 

11 333 335 Lateral 1  340 340 Gearbox  0 

12 333 335 Lateral 1  340 340 Gearbox 0 

13 346 352 Lateral 2  345 347 Lateral  1 

14 346 352 Lateral 2  345 347 Lateral  1 

15 466 522 
Torsional - 

Axial 
12  473 540 Torsional  14 

16 508 514 Lateral 1  509 514 Lateral  1 

17 508 514 Lateral 1  509 514 Lateral  1 

18 595 614 
Torsional - 

Axial 
3  601 602 Lateral  0 

19 601 602 Lateral 0  601 602 Lateral  0 

20 601 602 Lateral 0  638 638 Gearbox  0 

21 649 651 Lateral 0  655 655 Lateral  0 

22 649 651 Lateral 0  655 655 Lateral  0 

23 710 825 Lateral 16  727 834 Lateral  15 

24 710 825 Lateral 16  727 834 Lateral  15 

25 782 879 
Torsional - 

Axial 
12  789 918 Torsional  16 

26 873 929 Lateral 6  880 946 Lateral  8 

27 873 929 Lateral 6  880 946 Lateral  8 

28 908 1783 Gearbox  96  948 1061 Lateral  12 

29 943 1035 Lateral 10  948 1061 Lateral  12 

30 943 1035 Lateral 10   1077 2119 Gearbox 97 

Gear mesh stiffness ranges between 108 N/m and 109 N/m, up to 10 times, was selected for the 

parameter study. The first 30 modes and frequency shifts between 108 N/m and 109 N/m gear 
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mesh stiffness values were computed for both helical and spur planetary geared rotors as shown 

in Table 5.1 where the corresponding mode types can also be seen. It should be noted that km 

=108 [N/m] is the baseline gear mesh stiffness value as given in Table 4.1 previously. 

The gear mesh stiffness effect on the natural frequencies is shown for the significant modes in 

Figure 5.2. Overall, the natural frequencies increase with respect to the mesh stiffness. There 

is no significant change in the natural frequencies up to the 6th mode, therefore the first five 

modes were not plotted. To understand the reason for vibration mode sensitivity, the modes 

which have more than 10 % frequency shift were investigated further. 

 

Figure 5.2 : Visualisation of sensitivity of planetary geared rotor vibration modes to gear 

mesh stiffness, a) helical, b) spur. 

For the helical planetary geared rotor, higher frequency shifts were computed as 29 %, 17 %, 

12 % and 12 % at the 6th, 8th, 15th and 25th torsional-axial modes respectively. Similarly, the 

frequency shifts were computed as 16 % for the 23rd and 24th lateral modes and 96 % for the 

28th gearbox mode. In general, the torsional-axial modes in the helical planetary geared rotors 

are much more sensitive to the gear mesh stiffness change compared to the lateral modes. The 

so-called gearbox modes are directly affected by gear mesh stiffness change as clearly seen at 

the gearbox mode (28th mode). For the spur planetary geared rotor, higher frequency shifts 

were computed as 44 %, 14 % and 16 % at the 6th, 15th and 25th torsional modes, respectively. 

Moreover, the frequency shifts at the 23rd, 24th, 28th and 29th lateral modes were computed as 

15 %, 15 %, 12 % and 12 %, respectively, and 97 % for the 30th mode (gearbox mode). All the 

torsional modes within the first 30 modes are found to be much more sensitive to the gear mesh 

stiffness change in the spur planetary geared rotor. The axial modes of the spur planetary geared 

rotor are not sensitive to the gear mesh stiffness change since there is no axial component of 

the gear mesh stiffness in spur gears.  

a) b) 
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When comparing the helical and spur planetary geared rotor modes, there are some torsional-

axial modes in the helical planetary geared rotor, which are more sensitive to the gear mesh 

stiffness change due to the fact that the torsional vibrations are more dominant than the axial 

one at these modes. It can be directly inferred from the torsional and axial modes of the spur 

planetary geared rotor given in Table 5.1. 

 

Figure 5.3 : MAC for 108 and 109 N/m gear mesh stiffness, a) helical, b) spur. 

MAC matrices between 108 N/m and 109 N/m gear mesh stiffness values were created in Figure 

5.3 so as to see the difference between the mode shapes of the helical and spur planetary geared 

rotors for these stiffness values. For the helical planetary geared rotor, it is clearly seen that 

there is a good mode shape agreement up to the 26th mode and at the 28th mode. For the spur 

planetary geared rotor, a good mode shape agreement up to the 30th mode is also seen except 

the 26th, 27th, 28th and 29th modes due to the mode veering phenomenon at these modes, leading 

to unmatching cases in the MAC plot. Briefly, reduced MAC agreement is seen at the higher 

modes for both helical and spur planetary geared rotors, which indicates that a change in gear 

mesh stiffness mostly affects the higher global modes of a planetary geared rotor system.  

5.2.2 Pressure angle 

Gear pressure angle is defined as the angle between the gear wheel tangent and the tooth 

face. In this section, a gear pressure angle parameter study is presented to investigate its effect 

on the vibration modes of the helical and spur planetary geared rotors. Gear pressure angle 

range from 10° to 30° degrees was determined for the parameter study based on its values in 

real gearing applications [191,200]. Similar to the gear mesh stiffness parameter study, the first 

30 modes were computed, and the frequency shifts between 10° and 30° degrees were plotted 

for the helical and spur planetary geared rotors as seen in Figure 5.4.  

a) b) 
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Figure 5.4 : Frequency shifts of planetary geared rotor vibration modes due to gear pressure 

angle, a) helical, b) spur. 

In addition, the gear pressure angle effect on the natural frequencies of the planetary geared 

rotors was plotted for the significant modes as shown in Figure 5.5. In general, there is no 

significant change in the natural frequencies as seen in both Figure 5.4 and 5.5. The modes 

having more than 1 % frequency shifting were investigated. For the helical planetary geared 

rotors, the significant frequency shifts were noted as 1.4 % at the 6th torsional-axial mode, 3.9 

% at the 23rd and 24th lateral modes and 2.3 % at the 28th gearbox mode. The natural frequencies 

of the torsional-axial modes nearly remain constant except the 6th torsional-axial mode, which 

gradually increases with respect to the increase in pressure angle. Similarly, the frequency 

shifts for the spur planetary geared rotor were computed as 1.5 % at the 6th torsional mode, 5.1 

% at the 23rd and 24th lateral modes and 2.7 % at the 28th gearbox mode. Here, the natural 

frequencies of the torsional modes slightly increase with respect to the pressure angle. 

 

Figure 5.5 : Visualisation of sensitivity planetary geared rotor vibration modes to gear 

pressure angle, a) helical, b) spur. 

a) b) 

a) b) 
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However, natural frequencies of the lateral modes have a decreasing tendency with respect to 

the pressure angle. The natural frequencies can increase or decrease, depending on the vibration 

mode. When looking at both vibration modes of helical and spur planetary geared rotors, no 

significant natural frequency shift was observed with respect to the gear pressure angle. 

 

Figure 5.6 : MAC for gear pressure angle, a) helical, b) spur. 

A MAC between 10° and 30° degrees of gear pressure angles was also created as seen in Figure 

5.6 to see the difference between the mode shapes of the helical and spur planetary geared 

rotors for these pressure angle values. Overall, there is a good mode shape agreement at all 

modes of the helical and spur planetary geared rotors, highlighting that no significant effect of 

the gear pressure angle on the modal behaviour of planetary geared rotors. 

5.2.3 Helix angle 

The gear helix angle is defined as the angle between the helical gear axis and the helix line. It 

is one of the main coupling parameters in geared rotor systems, leading to lateral-torsional-

axial coupling in single-stage geared rotors and torsional-axial coupling in planetary geared 

rotors. This section presents a parameter study of the gear helix angle in order to understand its 

effect on the modal behaviour of helical planetary geared rotors. Although there is one helix 

angle parameter study carried out on geared rotors to investigate its effect on the forced 

response [161], the helix angle effect on the modal behaviour of planetary geared rotors is still 

a pending research question. In this parameter study, gear helix angle was assumed to be 

varying from 10° to 30° with the consideration of helix angle values in single helical planetary 

gearbox applications [191,200]. The first 30 modes and their corresponding frequency shifts 

were computed for the helix angles varying from 10° to 30° degrees, which are given in Table 

5.2. The highest frequency shifts were noted as 14.4 % at the 6th mode (torsional-axial), 6.5 % 

a) b) 
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at the 18th mode (torsional-axial), 4.7 % at the 9th and 10th modes (lateral) and 16.3 % at the 

28th mode (gearbox). In general, the torsional-axial modes seem to be more sensitive to the 

helix angle than the lateral modes for the first 30 global modes. 

Table 5.2 : Vibration modes of the helical planetary geared rotor for various gear helix angle. 

Helical Planetary Geared Rotor  

Mode 

# 

Nat. Freq. [Hz] 

β = 10° 

Nat. Freq. [Hz] 

β = 30° Mode Type 
Frequency Shift 

% 

1 0 0 Torsional (Rigid Body)  0.0 

2 113 114 Lateral 0.5 

3 113 114 Lateral 0.5 

4 114 115 Lateral 0.5 

5 114 115 Lateral 0.5 

6 251 220 Torsional - Axial  14.4 

7 299 301 Torsional - Axial 0.6 

8 312 318 Torsional - Axial 1.9 

9 338 322 Lateral 4.7 

10 338 322 Lateral 4.7 

11 333 333 Lateral 0.1 

12 333 333 Lateral 0.1 

13 346 346 Lateral 0.2 

14 346 346 Lateral 0.2 

15 472 466 Torsional - Axial 1.3 

16 509 508 Lateral 0.1 

17 509 508 Lateral 0.1 

18 634 595 Torsional - Axial 6.5 

19 601 601 Lateral 0.0 

20 601 601 Lateral 0.0 

21 654 649 Lateral 0.8 

22 654 649 Lateral 0.8 

23 725 710 Lateral 2.0 

24 725 710 Lateral 2.0 

25 788 782 Torsional - Axial 0.7 

26 879 873 Lateral 0.7 

27 879 873 Lateral 0.7 

28 1057 908 Gearbox  16.3 

29 948 943 Lateral 0.5 

30 948 943 Lateral 0.5 

Natural frequency sensitivity to the gear helix angle was plotted for the significant modes as 

shown in Figure 5.7. When looking at both Table 5.2 and Figure 5.7, natural frequencies of the 

torsional-axial modes and lateral modes may increase or decrease with respect to gear helix 

angle. If the torsional vibrations are more dominant than the axial vibrations in the torsional-

axial modes, natural frequencies of the global rotor system decrease with respect to gear helix 
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angle. In contrast, the torsional-axial modes in which their axial vibrations are much more 

dominant than their torsional vibrations increase with respect to the helix angle. It makes 

perfect sense since increasing the helix angle reduces the torsional stiffness at the gear contacts, 

whereas the axial stiffness increases with an increase in helix angle. Similarly, there is a reverse 

effect between the transverse and tilting motions in the lateral modes when looking into the 

equation of motion of planetary gearbox in the dynamic models [96]. Therefore, the natural 

frequencies of the lateral modes can increase or decrease with respect to gear helix angle based 

on the dominancy of the transverse or tilting vibrations on each other. 

 

Figure 5.7 : Visualisation of sensitivity planetary geared rotor vibration modes to gear helix 

angle. 

Mode shape comparison between 10° and 30° degrees of gear helix angles was also made by 

using the modal assurance criteria as seen in Figure 5.8. It can be concluded that there is a 

reasonable mode shape agreement in most of the first 30 modes. 

 

Figure 5.8 : MAC for gear helix angle. 
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5.3 Planetary gearbox mass and support parameter effects 

5.3.1 Material density 

Natural frequencies of planetary gearboxes can be controlled easily by changing their mass and 

inertia parameters. There are some studies carried out in the literature to investigate mass and 

inertia parameter effects on the modal behaviour of planetary gearboxes [113,114]. However, 

there is no study, investigating gearbox mass and inertia effects on the modal behaviour of 

planetary geared rotor systems. In order to eliminate this research gap from the literature, a 

parameter study for gear material density of the spur and helical planetary geared rotors is 

presented in this section. It should be noted that the mass and inertia of gearboxes directly 

change with respect to gear material density. 

Aluminium, iron and steel are the commonly used gear materials in gearboxes [191,200]. Steel 

has the highest density value as 7800 kg/m3, and aluminium has the lowest density value as 

2700 kg/m3 among the stated materials above. For this reason, gear material density range from 

2700 kg/m3 to 7800 kg/m3 was determined for the parameter study. After the modal analysis 

was carried out, the frequency shifts between the two extreme cases, which are 2700 kg/m3 and 

7800 kg/m3, were computed for the first 30 modes as shown in Figure 5.9. 

 

Figure 5.9 : Frequency shifts of planetary geared rotor vibration modes due to change of gear 

material density, a) helical, b) spur. 

The gear material density value, 7800 kg/m3 is the baseline parameter for the vibration modes 

of both helical and spur planetary geared rotors. The corresponding vibration modes for the 

baseline parameter are presented in Table 5.1. The gear material density effect on the natural 

frequencies is shown in Figure 5.10 for the significant modes between the 6th and 25th modes 

since there is no significant change in the natural frequencies up to the 6th mode. The modes 

a) b) 
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having more than 20 % frequency shift were investigated comprehensively for a better 

understanding of vibration mode sensitivity.   

 

Figure 5.10 : Visualisation of sensitivity planetary geared rotor vibration modes to gear 

material density, a) helical, b) spur. 

In the helical planetary geared rotor, the important frequency shifts are seen at the 13th and 14th 

lateral modes as 58 %, and at the 15th, 18th and 25th torsional-axial modes as 24, 38, 28 %, 

respectively. Moreover, the lateral modes between the 21st and 30th modes show remarkable 

frequency shifts ranging from 24 to 27 %. The most significant change is also observed at the 

28th gearbox mode as 69 %. In the spur planetary geared rotor, the highest frequency shifts are 

seen at the 11th, 12th, 20th and 30th gearbox modes. Furthermore, the torsional mode at the 15th 

mode has 26 % frequency shift, and the lateral modes between the 21st and 30th modes show 

remarkable changes from 24 to 28 % similar to the lateral modes in the helical planetary geared 

rotor. On the other hand, axial modes of the spur planetary geared rotor are not sensitive to the 

density change due to the higher rigidity of the rotor system in the axial direction. Overall, the 

gearbox modes are more sensitive to the gear material density change compared to the other 

modes in both helical and spur planetary geared rotors. Another important observation is that 

the lateral modes are a bit more sensitive to the density change than the torsional and torsional-

axial modes. Briefly, natural frequencies of both helical and spur planetary geared rotors 

decrease with respect to gear material density. 

The mode shapes of the two extreme cases for the gear material density, which are 2700 kg/m3 

and 7800 kg/m3, were compared using the modal assurance criteria as shown in Figure 5.11. 

There is a good mode shape agreement up to the 8th mode for the helical planetary geared rotor, 

however, making an assessment for the mode shape agreement after the 8th mode is so difficult 

due to the mode veering and the distortion between the modes. When looking at the MAC 

a) b) 
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comparison of the spur planetary geared rotor, there is a relatively good mode shape agreement 

up to the 20th mode. There is a lower agreement after the 20th mode where the mode veering 

and distortion between the modes are the reason for the lower agreement. Overall, the spur 

planetary geared rotor has a better mode shape agreement compared to the helical one. 

 

Figure 5.11 : MAC for gear material density, a) helical, b) spur. 

5.3.2 Support stiffness 

Support stiffness is an important parameter to control vibrations and modal parameters of rotor 

systems, and it has been shown in many rotor dynamics books [1–5]. Support stiffness effect 

on the modal behaviour of geared rotors [144] and planetary gearboxes [113,114] was 

investigated in some studies. In planetary gearboxes, the effect of the radial support stiffness 

of ring gears on the forced vibration response was also investigated by Li et al. [201]. Despite 

these studies, planetary gearbox support stiffness effect on the modal behaviour of planetary 

geared rotors is still not clear in the literature. Therefore, a parameter study for the planetary 

gearbox support stiffness is presented in this section. 

There are four types of supporting structures in planetary gearboxes, which are the bearings of 

the ring gear, carrier, planet gears and sun gear. Baseline gearbox bearing stiffnesses given in 

Table 4.1 were reduced ten times for all gearbox bearings in the parameter study with the 

consideration of the bearing stiffness values of  planetary gearboxes provided in the literature 

[81,96]. The frequency shifts between the baseline and 0.1 times baseline were computed for 

the first 30 modes of the helical and spur planetary geared rotors as given in Table 5.3. It should 

be noted that the corresponding vibration modes of both helical and spur planetary geared 

rotors for the baseline parameters were previously given in Table 5.1. 

a) b) 
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Table 5.3 : Vibration modes of the helical and spur planetary geared rotors for different 

support stiffness of planetary gearbox. 

Helical Planetary Geared Rotor    Spur Planetary Geared Rotor  

  ksup*0.1 
Baseline 

ksup 
     ksup*0.1 

Baseline 

ksup 
    

Mode 

# 

Nat. 

Freq. 

[Hz] 

Nat. 

Freq. 

[Hz] 

Mode Type 

Freq. 

Shift 

% 

 
Nat. 

Freq. 

[Hz] 

Nat. 

Freq. 

[Hz] 

Mode 

Type 

Freq. 

Shift 

% 

1 0 0 Torsional  0  0 0 Torsional  0 

2 87 114 Lateral 31  87 113 Lateral  30 

3 87 114 Lateral 31  87 113 Lateral  30 

4 90 115 Lateral 28  92 114 Lateral  24 

5 90 115 Lateral 28  92 114 Lateral  24 

6 150 220 
Torsional - 

Axial  
46  176 256 Torsional  45 

7 218 301 
Torsional - 

Axial 
38  216 298 Axial  38 

8 231 318 
Torsional - 

Axial 
37  227 311 Axial  37 

9 107 322 Lateral 200  174 333 Lateral  91 

10 107 322 Lateral 200  174 333 Lateral  91 

11 174 333 Lateral 91  107 340 Gearbox  216 

12 174 333 Lateral 91  107 340 Gearbox 216 

13 209 346 Lateral 65  209 345 Lateral  65 

14 209 346 Lateral 65  209 345 Lateral  65 

15 192 466 
Torsional - 

Axial 
143  459 473 Torsional  3 

16 304 508 Lateral 68  328 509 Lateral  55 

17 304 508 Lateral 68  328 509 Lateral  55 

18 457 595 
Torsional - 

Axial 
30  377 601 Lateral  59 

19 377 601 Lateral 59  377 601 Lateral  59 

20 377 601 Lateral 59  202 638 Gearbox  216 

21 454 649 Lateral 43  456 655 Lateral  43 

22 454 649 Lateral 43  456 655 Lateral  43 

23 630 710 Lateral 13  635 727 Lateral  14 

24 630 710 Lateral 13  635 727 Lateral  14 

25 641 782 
Torsional - 

Axial 
22  669 789 Torsional  18 

26 780 873 Lateral 14  750 880 Lateral  17 

27 780 873 Lateral 14  789 880 Lateral  14 

28 564 908 Gearbox  61  1008 948 Lateral  7 

29 713 943 Lateral 32  937 948 Lateral  1 

30 713 943 Lateral 32   670 1077 Gearbox 61 

For both helical and spur planetary geared rotors, there are more than 10 % frequency shifts at 

all modes. The gearbox support stiffness effect on the natural frequencies was also plotted in 

Figure 5.12 for the modes between the 6th and 25th modes.  
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Figure 5.12 : Visualisation of sensitivity planetary geared rotor vibration modes to gearbox 

support stiffness, a) helical, b) spur. 

As a general overview, the natural frequencies of both helical and spur planetary geared rotors 

increase with respect to support stiffness. There are significant frequency shifts, and the highest 

frequency shifts are seen at the gearbox modes in both gearbox types. It is also observed that 

the lateral modes are more affected than the torsional-axial modes in helical planetary geared 

rotors and the uncoupled torsional and axial modes in spur planetary geared rotors. Due to the 

significant frequency shifts, there may be mode veering at some modes and significant changes 

in the modal behaviour. Therefore, it is difficult to make individual assessments for all modes.  

 

Figure 5.13 : MAC for gearbox support stiffness, a) helical, b) spur. 

The MAC comparison between the baseline and 0.1 times baseline also shows lower mode 

agreement for the helical and spur planetary geared rotors due to the mode shape distortion and 

mode veering phenomenon. Overall, the spur planetary geared rotor has a slightly better mode 

agreement than the helical planetary geared rotor due to the mode coupling in the helical. 

0.1 0.1 

a) b) 

a) b) 
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5.4 Planet gear parameter effects 

5.4.1 Number of planet gears 

Different number of planet gears are employed in planetary gearbox applications such as three, 

four, five, six and seven. The number of planet gears effect was investigated in some studies. 

For instance, Eritenel and Parker did modal analyses with their dynamic model for four and 

five planet gears, and they show the lowest ten vibration modes in their paper [81]. On the other 

hand, more research is required to investigate the number of planet gears effect on the modal 

behaviour of planetary geared rotors. For this purpose, a parameter study of the number of 

planet gears for the helical planetary geared rotor system is presented in this section. Two cases 

were determined as helical planetary geared rotors with three and five planets, and modal 

analyses were carried out for them. The results of the modal analyses are given in Table 5.4. 

Table 5.4 : First 25 modes for the helical planetary geared rotors with three and five planets. 

 Three Planets  Five Planets 

Mode 

# 

Natural 

Frequency 

[Hz] 

Mode Type  
Natural 

Frequency 

[Hz] 

Mode Type 

1 0 Torsional   0 Torsional  

2 114 Lateral  114 Lateral 

3 114 Lateral  114 Lateral 

4 115 Lateral  115 Lateral 

5 115 Lateral  115 Lateral 

6 197 Torsional - Axial   237 Torsional - Axial  

7 300 Torsional - Axial  301 Torsional - Axial 

8 316 Torsional - Axial  305 Lateral 

9 332 Lateral  305 Lateral 

10 332 Lateral  322 Torsional - Axial 

11 340 Lateral  333 Lateral 

12 340 Lateral  333 Lateral 

13 351 Lateral  346 Lateral 

14 351 Lateral  346 Lateral 

15 465 Torsional - Axial  467 Torsional - Axial 

16 509 Lateral  507 Lateral 

17 509 Lateral  507 Lateral 

18 602 Lateral  573 Torsional - Axial 

19 602 Lateral  598 Lateral 

20 622 Torsional - Axial  598 Lateral 

21 652 Lateral  645 Lateral 

22 652 Lateral  645 Lateral 

23 719 Lateral  705 Lateral 

24 719 Lateral  705 Lateral 

25 780 Torsional - Axial  786 Torsional - Axial 
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Mode shapes of the helical planetary geared rotors with three and five planets were plotted for 

the first 25 modes as shown in Figure 5.14 and 5.15 where rigid body torsional, lateral and 

coupled torsional-axial modes can be clearly seen.  

 

Figure 5.14 : Mode shapes of the helical planetary geared rotor with three planets. 

 

Figure 5.15 : Mode shapes of the helical planetary geared rotor with five planets. 

From the three planets to the five planets, natural frequencies of the torsional-axial modes have 

an increasing tendency except for the 20th mode of the system with three planets at 622 Hz, 

which nearly corresponds to the 18th mode of the system with five planets at 573 Hz. On the 
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other hand, natural frequencies of the lateral modes have a decreasing tendency with respect to 

the number of planets except for the first four lateral modes which remain constant. 

 

Figure 5.16 : MAC comparison between the helical planetary geared rotors with three and 

five planets.  

The mode shapes of the helical planetary geared rotors with three and five planets were 

compared using the modal assurance criteria as seen in Figure 5.16. There is a good mode 

shape agreement up to the 8th mode, where the modes 2 and 3, and the modes 4 and 5 reverse 

their order because of the mode veering phenomenon. There are also good mode shape 

agreements at the modes 15, 16, 17, 21, 22, 23, 24, 25. In the rest, mode veering phenomenon 

occurs at some modes and lower mode shape agreements are observed due to the mode shape 

distortions. Overall, there is a good mode shape agreement except for some distorted mode 

shapes when mode veering phenomenon is taken into account. 

5.4.2 Planet mistuning 

Planetary gearboxes are ideally designed and manufactured with equally space planet gears. 

However, there can sometimes be positioning error between the planet gears due to the 

unequally spaced planets, which breaks the cyclic symmetry of the planetary gearbox structure. 

This phenomenon is also known as planet mistuning in the literature where there are some 

studies related to this phenomenon. For instance, vibration mode sensitivity of planetary gear 

[113] and general compound planetary gear [114] to planet mistuning, and modal behaviour of 

mistuned planetary gears [102] were investigated by researchers. All these studies were done 

for planetary gearboxes only. However, no research has been conducted yet to investigate 

planet mistuning effect on the modal behaviour of planetary geared rotors. Therefore, a 
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parameter study for the planet mistuning is presented in this section to understand the modal 

behaviour of mistuned planetary geared rotors. Planet mistuning amount range was determined 

from 0° (baseline) to 14° degrees for only one planet gear in the parameter study. The frequency 

shifts between the baseline 0° and 14° degrees were computed and plotted for the helical and 

spur planetary geared rotors as seen in Figure 5.17.  

 

Figure 5.17 : Frequency shifts of planetary geared rotor vibration modes due to planet 

mistuning, a) helical, b) spur. 

Natural frequency sensitivity of the helical and spur planetary geared rotors to the planet 

mistuning were also plotted for the modes between the 6th and 25th modes as shown in Figure 

5.18. In general, there is no significant change in the natural frequencies as seen in Figures 5.17 

and 5.18. The modes having more than 1 % frequency shift were investigated further for 

identifying the sensitive modes.   

 

Figure 5.18 : Visualisation of sensitivity planetary geared rotor vibration modes to planet 

mistuning, a) helical, b) spur. 

a) b) 

a) b) 
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For the helical planetary geared rotor, the significant frequency shifts are seen at the 9th and 

10th modes as 2.6 %, at the 23rd mode as 1.2 %, and at the 24th mode as 1.3 %. It should be 

noted that these modes are originally lateral if there is no planet mistuning. The torsional-axial 

modes are found to be barely affected by mistuning compared to the lateral modes, which is 

less than 1 %. For the spur planetary geared rotor, the significant frequency shifts are seen at 

the 11th and 12th gearbox modes as 2.5 % and 2.7 % respectively, and at the 23rd and 24th lateral 

modes as 1.5 % and 1.7 %, respectively. In the spur planetary geared rotor, it is found that the 

axial modes are not sensitive to the mistuning because of no geometric interaction of the 

mistuning in the axial direction. Furthermore, the torsional modes are barely affected compared 

to the lateral modes.  

Due to the breaking cyclic symmetry of the planetary gearbox structure, the planet mistuning 

may result in lateral-torsional-axial coupling in helical planetary geared rotors and lateral-

torsional coupling in spur planetary geared rotors. Mode shapes of the highest frequency 

shifting observed modes in the helical planetary geared rotor was plotted in Figure 5.19, 

showing the coupled lateral-torsional-axial modes due to the planet mistuning effect. As a 

result, modes of the mistuned helical planetary geared rotors are coupled in lateral, torsional 

and axial directions. Depending on the vibration mode sensitivity levels, the coupled lateral-

torsional-axial modes can be clearly detected in their mode shapes. 

 

Figure 5.19 : Coupled lateral-torsional-axial vibration modes of the helical planetary geared 

rotor with unequally spaced planets. 
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The natural frequency shifts due to the planet mistuning were negligible in both helical and 

spur planetary geared rotors while it can directly affect their mode shapes. Mistuning can lead 

to an increase or decrease in the natural frequencies of the planetary geared rotors. 

 

Figure 5.20 : MAC for planet mistuning, a) helical, b) spur. 

Mode shapes of the tuned and mistuned cases were compared with MAC matrices for the 

helical and spur planetary geared rotors as seen in Figure 5.20. For the helical planetary geared 

rotor, there is nearly % 100 mode shape agreement at the torsional rigid body, torsional-axial 

and gearbox modes. In contrast, there is reduced MAC agreement at the lateral modes of the 

tuned system because of the occurrence of lateral-torsional-axial coupling at these modes in 

the mistuned case. For the spur planetary geared rotor, a good mode shape agreement can be 

observed at all torsional and axial modes and some gearbox modes. Lower mode shape 

agreements are also observed at the lateral modes of the tuned system due to the lateral-

torsional coupling in the mistuned one. Briefly, the reduced MAC agreement highlights lateral-

torsional-axial coupling in the helical one and lateral-torsional coupling in the spur one.  

5.5 Discussion 

Three main planetary gearbox parameters which are gear contact parameters, gearbox mass 

and support parameters and planet gear parameters are the main focus of this investigation to 

understand their effects on the modal behaviour of planetary geared rotors. The global rotor 

modes are going to be discussed here rather than the gearbox modes since the gearbox modes 

are isolated from the global system. In general, the first five modes of the spur and helical 

planetary geared rotors are found to be not sensitive to the parameter change except the support 

stiffness. Mass and support parameters have a significant effect on the modal behaviour of 

a) b) 
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planetary geared rotors in terms of natural frequency shifts and mode shape changes when 

compared with the gear contact parameters.  

The torsional-axial modes of helical planetary geared rotors and the torsional modes of spur 

planetary geared rotors are more sensitive to two gear contact parameters, which are mesh 

stiffness and helix angle, than their lateral modes. The other gear contact parameter which is 

pressure angle does not have a significant effect on the vibration modes compared with the 

other two gear contact parameters. For the gear mesh stiffness and pressure angle parameters, 

the dominancy of torsional components in the torsional-axial modes of helical planetary geared 

rotors determine the vibration mode sensitivity level because the axial modes in spur planetary 

geared rotors are not affected by these contact parameters. As a result, the torsional modes are 

sensitive to gear mesh stiffness and pressure angle. Gear mesh stiffness is more influential at 

the higher lateral modes when looking at the frequency shifts and mode shape comparisons at 

these modes. Natural frequencies of planetary geared rotor systems increase with respect to the 

mesh stiffness, whereas they can increase or decrease with respect to the pressure angle and 

helix angle, depending on the vibration modes. For instance, natural frequencies of the global 

system may decrease with respect to the helix angle based on the dominancy of the torsional 

components in the coupled torsional-axial modes of helical planetary geared rotors. If axial 

components of the coupled torsional-axial modes are more dominant than the torsional one, the 

natural frequencies of the global system may increase vice versa. This reverse effect exists due 

to dropping of torsional mesh stiffness and rising of axial mesh stiffness with respect to the 

helix angle. Similarly, another reverse effect of the helix angle in the natural frequencies may 

also be seen at the lateral modes based on the dominancy between the transverse and tilting 

components. In general, the mode shapes of both spur and helical planetary geared rotors are 

not significantly affected by the gear contact parameters. On the other hand, gearbox mass 

(related to the material density) and support stiffness can significantly affect the modal 

behaviour of the system more than the gear contact parameters. Lateral vibration modes are 

found to be more sensitive to the gearbox mass and support stiffness compared with the other 

global modes (coupled torsional-axial, uncoupled torsional and uncoupled axial modes). The 

gearbox mass effect can noticeably be seen at higher modes while the support stiffness effect 

can be seen at both lower and higher modes. As a result, lower vibration modes, particularly 

the lower lateral modes, can be controlled by the gearbox bearing stiffnesses. To sum up, the 

torsional and coupled torsional-axial modes are more sensitive to the gear mesh stiffness and 

helix angle, whereas the lateral modes are more sensitive to the gear material density and 
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support stiffness. As a piece of general advice, it is useful to control the torsional and torsional-

axial modes by changing the gear mesh stiffness and helix angle parameters and to control the 

lateral modes by changing the mass and support stiffnesses of the planetary gearbox. 

Increasing the number of planet gears leads to an increase in the natural frequencies of the 

torsional-axial modes, whereas leading to a decrease in the natural frequencies of the lateral 

modes in general. It means that a planetary gearbox behaves more rigid in torsional-axial 

vibrations and more flexible in lateral vibrations with the increase in the number of planet 

gears. From the modal behaviour perspective, it could be suggested that different number of 

planet gears can be used in order to control the natural frequencies of the torsional-axial modes 

and lateral modes. It should also be noted that there is a reverse effect between the torsional-

axial modes and lateral modes in terms of flexibility with respect to the number of planet gears. 

The planet mistuning study also shows that there are no significant frequency shifts due to the 

mistuning, which is nearly negligible. On the other hand, the planet mistuning results in 

coupled lateral-torsional-axial modes in helical planetary geared rotors and coupled lateral-

torsional modes in spur planetary geared rotors due to the breaking cyclic symmetry in 

planetary gearboxes. Furthermore, original lateral modes in the tuned system are more sensitive 

to the planet mistuning. It is important to point out that unexpected axial vibrations can lead to 

lateral vibrations in the mistuned helical planetary geared rotor systems due to the coupled 

lateral-torsional-axial modes. For instance, the axial thrust forces in geared turbofan engines 

may excite their lateral modes and vice versa. 

5.6 Concluding remarks 

In this chapter, a comprehensive planetary gearbox parameter study including gear contact, 

gearbox mass and support, and planet gear parameters is conducted on the hybrid dynamic 

model of the planetary geared rotor system in order to investigate the parameter effects on the 

modal behaviour of helical and spur planetary geared rotors. Gear contact parameter study 

consists of investigating the mesh stiffness, pressure angle and helix angle effects. The 

parameter study for the planetary gearbox mass and support stiffness includes investigation of 

the gear material density and gearbox bearing stiffness effects. The planet gear parameter study 

also covers the number of planet gears and planet mistuning effects. The natural frequency 

sensitivity is determined by computing natural frequency maps and frequency shifts between 

the two extreme cases. For the mode shape comparison between the two cases, modal assurance 

criteria is used throughout this chapter. 
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Modal behaviours of both helical and spur planetary geared rotors are much more affected by 

mass and support parameters compared to the gear contact parameters. It is found that the 

torsional and coupled torsional-axial modes are more sensitive to the gear mesh stiffness and 

helix angle, whereas the lateral modes are more sensitive to the gear material density and 

support stiffness. The axial modes of spur planetary geared rotors, in general, are found to be 

less sensitive to the gearbox parameters except for the support stiffness. Higher frequency 

shifts, mode shape distortions and mode veerings can occur due to the change in planetary 

gearbox mass and support stiffness parameters.  

The number of planet gear parameter study also reveals the reverse effect between the natural 

frequencies of the torsional-axial modes and lateral modes. With the increase in the number of 

planet gears, planetary gearbox becomes more rigid in the torsional-axial modes and more 

flexible in the lateral modes mostly. It is also important to point out that the planet mistuning 

results in coupled lateral-torsional-axial modes in helical planetary geared rotors and coupled 

lateral-torsional modes in spur planetary geared rotors, which is due to the breaking cyclic 

symmetric structure of the planetary gearbox (unequally spaced planets). However, the natural 

frequency shifts are nearly negligible because of the planet mistuning. 

To conclude, the presented results highlight the sensitivity of the vibration modes based on the 

planetary gearbox parameters and the importance of investigating gearbox parameter effects 

on the modal behaviour of planetary geared rotor systems. 
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Chapter 6 

6 Experimental modal analysis of planetary 

geared rotors 

6.1 Introduction 

In this chapter, the experimental lateral modal behaviour of an equally spaced spur planetary 

geared rotor system and its numerical model validation with the experimental modal analysis 

results are presented. The modal parameters which are natural frequencies, mode shapes and 

modal damping can be obtained experimentally with modal testing. For the lateral modal 

behaviour investigation, modal testing is carried out on a spur planetary geared rotor assembly 

and its input and output shafts. In the first part, the input and output shafts of the planetary 

geared rotor assembly are characterized by experimental modal analyses. Free-free impact 

hammer tests of the input and output shafts are done separately, and their modal testing 

procedure is shown explicitly. Their natural frequencies and mode shapes are then extracted 

from the experimental modal analyses to validate finite element modal analyses of the shafts. 

Hence, the modal behaviour and material properties of the two shafts are validated before 

starting the impact tests on the planetary geared rotor assembly. In the second part, the spur 

planetary geared rotor test rig is described, and the material and geometry properties of the 

planetary gearbox are provided. Free-free impact hammer tests are also conducted for the spur 

planetary geared rotor assembly. Its experimental modal analysis results and mode shape 

identification are then given. In the third part, the numerically computed modal analysis results 

of the planetary geared rotor assembly are validated with the experimental modal analysis 

results after updating the hybrid numerical model. In the final part, the experimental and 

numerical modal analysis results are discussed to understand the reason for the difference 

between them. Lastly, important findings of this chapter are given in the concluding remarks. 
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6.2 Modal testing 

In modal testing, the force as an input excitation and acceleration as an output response are 

measured simultaneously, with a force transducer and an accelerometer, respectively. Input 

excitations can be generated with different tools such as shakers and hammers [26]. The main 

aim of modal testing is to compute the frequency response functions by dividing the output 

responses by the input excitations. The so-called frequency response function is written as 

𝛼(𝜔) =
𝐴(𝜔)

𝐹(𝜔)
. (6.1) 

where 𝐴(𝜔) and 𝐹(𝜔) represent the output response and input excitation in terms of 

acceleration, and force, respectively. Here, 𝜔 also represents the frequency of the signals. From 

measured frequency response functions, the modal parameters, which are natural frequencies, 

mode shapes, and modal damping, can easily be obtained [26]. In order to build a mathematical 

model of a system from measured data, an experimental route which is shown in Figure 6.1 is 

followed. The experimental and theoretical routes are exactly in opposite directions. 

 

Figure 6.1 : Experimental route [26]. 

6.2.1 Experimental setup 

In this section, independent modal testing of the input and output shafts, and the spur planetary 

geared rotor assembly were carried out using an impact hammer. A PCB Piezotronics impact 

hammer and single-axis ICP accelerometers for measuring the force and acceleration data 

respectively, and a Data Physics SignalCalc Ace signal analyser for the data acquisition were 

used as the basic modal testing equipment as seen in Figure 6.2. 

       

Figure 6.2 : Testing equipment, a) SignalCalc Ace signal analyser [Source: Data Physics] b) 

PCB impact hammer, c) PCB single axis accelerometer [Source: PCB Piezotronics]. 

a) b) c) 
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After doing some initial tests with rubber, plastic and metal hammer tips, a plastic hammer tip 

was decided to be chosen for the modal testing of the input shaft, output shaft and spur planetary 

geared rotor in their lateral directions, since it gave the best balance between the frequency 

bandwidth and energy transfer. Both rubber and metal tips have advantages and disadvantages 

of vibration testing [26]. Plastic hammer tips stand between rubber and metal tips in terms of 

maximum excitation frequency and maximum energy transfer to structures. More energy can 

be given to structures with a rubber hammer tip, whereas it cannot excite higher frequencies. 

Conversely, a metal hammer tip can excite higher frequencies while less energy can be 

transferred to structures with a metal tip. Therefore, a plastic hammer tip was used for the 

modal testing of the shafts and planetary geared rotor assembly. 

 

Figure 6.3 : Experimental setup. 

The experimental setup for the impact hammer test is shown in Figure 6.3. Here, the 

accelerometer and impact hammer are connected to the signal analyser as input channels, and 

a computer is connected to the signal analyser as the output channel for the signal processing. 

Force and acceleration are measured from the structure via the force transducer on the impact 

hammer and the accelerometer respectively. 

6.2.2 Shafts 

Two steel homogenous and circular shafts containing two segments with varying cross-sections 

were manufactured for both input and output shafts. Both shafts have slightly different lengths 

and diameters, and the geometrical details of the input and output shafts such as the lengths 

and diameters of the two segments are shown in Figure 6.4. For the input shaft, the length of 

its longer and shorter segments are 570 mm and 30 mm, and their diameters are 16 mm and 14 
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mm respectively. For the output shaft, the longer segment has 570 mm length and 15 mm 

diameter whereas the shorter segment has 17 mm length and 14 mm diameter.  

  

  

Figure 6.4 : Technical drawings, a) input shaft, b) output shaft. 

The material properties of the input and output shafts are presented in Table 6.1. The material 

densities of the shafts were computed by measuring their mass and volume. Here, the Young`s 

and shear modulus of the shafts were also determined based on the experimental modal analysis 

results, presented in this section. 

Table 6.1 : Material properties of the steel shafts. 

Parameter Input shaft Output shaft 

Density [kg/m3] 7950 7850 

Young`s modulus [GPa] 190 208 

Shear modulus [GPa] 74 80 

The input and output shafts were divided into roughly twelve equal segments for their impact 

hammer tests, resulting in thirteen measurement locations as seen in Figure 6.5. The shafts 

were suspended with elastic cords from their left and right sides. In the input shaft test, 

suspension locations were between the measurement locations 3 and 4 at its left side, and 

between the measurement locations 11 and 12 at its right side. In the output shaft test, 

suspension locations were determined to be between the measurement locations 3 and 4 at its 

left side, and between the measurement locations 10 and 11 at its right side. 

The modal behaviour of homogenous and cyclically symmetric structures in both the horizontal 

(y) and vertical (x) directions should ideally be the same due to the presence of orthogonal 

modes. Therefore, the impact hammer tests for the input and output shafts were repeated in 

both the horizontal (y) and vertical (x) directions by measuring the excitation and response 

a) 

b) 
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signals in the same directions. When exciting the shafts horizontally, the acceleration signals 

were measured in the horizontal direction. Similarly, the acceleration signals were measured 

in the vertical direction when exciting the shafts vertically. For both the input and output shafts, 

the excitation and response signals were collected with 2048 Hz sampling frequency in the 

signal analyser since the first four modes were aimed to capture. Here, the maximum frequency 

was set as 800 Hz; hence the sampling ratio became 2.56. Due to negligible internal damping 

inside the shafts, the measurement periods for collecting the data were set as 16 and 32 seconds 

for the input and output shafts respectively, which were found to be sufficient to allow the 

response to decay. As a result, the frequency resolution became 0.0625 Hz and 0.03125 Hz, 

respectively. In order to improve the measurement accuracy and data quality, exponential 

windowing functions and averaging techniques were applied to the time data of the two shafts. 

The excitation and response signals were measured simultaneously three times, and the 

collected signals were then averaged. Exponential windowing was needed to minimize leakage 

on the signal by creating artificial damping [26]. 

  

 

Figure 6.5 : Modal testing setup, a) input shaft, b) output shaft.

The shafts were excited by the impact hammer at the measurement locations from 1 to 13 as 

shown in Figure 6.5. Throughout the impact hammer test of the two shafts, the acceleration 

a) 

b) 
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responses were measured with the accelerometer at the measurement location 2, which was 

kept constant. The excitation location was changed by moving the impact hammer from the 

measurement locations 1 to 13. For each test, 13 frequency response functions were measured 

in total by doing impact hammer tests at 13 different measurement locations. The point FRFs 

were also measured at the measurement location 2, and the cross FRFs were measured at the 

rest of the measurement locations. It should be noted that the shafts were excited from the 

opposite direction at their point FRF locations. 

Experimental modal behaviour 

The frequency response functions (FRFs) of input and output shafts in terms of accelerance 

were computed using the force excitation signal and acceleration response signal in vertical (x) 

and horizontal (y) directions. They were plotted up to 800 Hz for the first two elastic modes as 

seen in Figures 6.6 and 6.7, respectively, where the peak frequencies are also indicated. 

 

Figure 6.6 : Input shaft accelerance, a) horizontal direction, b) vertical direction. 

 

Figure 6.7 : Output shaft accelerance, a) horizontal direction, b) vertical direction. 

a) b) 

a) b) 
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For the input shaft, the peak frequencies were detected in the frequency response functions at 

197 Hz and 539 Hz in both of the horizontal “x” and vertical “y” directions. Similarly, the peak 

frequencies were detected at 200 Hz and 550 Hz in the horizontal “x” and vertical “y” direction 

FRFs for the output shaft. It is important to point out that these peak frequencies represent the 

natural frequencies of lateral vibration modes (elastic modes) of the shafts. The natural 

frequencies of the shafts in their horizontal “x” and vertical “y” directions are found to be same, 

which proves the homogenous and cyclically symmetric structure of the shafts. Furthermore, 

the peak frequencies at 0.6 Hz and 14.2 Hz in the FRFs of the input shaft represent the rigid 

body modes in the “x” and “y” directions respectively. Similarly, the peak frequencies at 0.6 

Hz and 15.5 Hz in the FRFs of the output shaft represent the rigid body modes in the “x” and 

“y” directions, respectively. 

 

 

Figure 6.8 : Lateral modes of the input shaft. 

Lateral mode shapes of the input and output shafts in the horizontal “x” and vertical “y” 

directions were plotted using the measured frequency response functions in Figures 6.8 and 6.9 

respectively. In total, four elastic lateral modes were found for both the input and output shafts 

up to 800 Hz. For the input shaft, the first and second modes were found to be at 197 Hz, and 
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the third and fourth modes were found to be at 539 Hz. For the output shaft, the first and second 

modes were found to be at 200 Hz, and the third and fourth modes were found to be at 550 Hz. 

Experimentally, lateral vibration modes of the shafts in transverse directions “x” (horizontal) 

and “y” (vertical) are clearly seen in these figures.  

 

 

Figure 6.9 : Lateral modes of the output shaft. 

Numerical modal behaviour 

After obtaining the natural frequencies and mode shapes experimentally, numerical modal 

analyses of the input and output shafts were performed using the Abaqus finite element 

software. The finite element models of the two shafts were created with 3D solid deformable 

elements in Abaqus, where beam elements are not used because of the varying cross-section of 

the shafts. With the modal analysis tool in Abaqus, the natural frequencies of the first and 

second lateral modes were computed as 196.9 Hz, and the natural frequencies of the third and 

fourth lateral modes were computed as 539.4 Hz in the horizontal “x” and vertical “y” 

directions for the input shaft. Similarly, the natural frequencies of the first and second lateral 

modes were computed as 200.5 Hz, and the natural frequencies of the third and fourth lateral 

modes were computed as 550.6 Hz in the horizontal “x” and vertical “y” directions for the 
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output shaft. The computed natural frequencies are the same in the horizontal “x” and vertical 

“y” directions because of the homogenous and cyclically symmetric structure of the input and 

output shafts. The numerically computed mode shapes in Abaqus finite element software are 

also shown in Figure 6.10 and Figure 6.11 for the input and output shafts, respectively. 

   
Figure 6.10 : Numerical modal analysis of the input shaft, a) first and second lateral modes, 

b) third and fourth bending modes. 

  

Figure 6.11 : Numerical modal analysis of the output shaft, a) first and second lateral modes, 

b) third and fourth bending modes. 

Table 6.2 : Comparison of natural frequencies of shafts. 

  Input Shaft   Output Shaft 

Elastic 

Lateral 

Mode 

# 

Numerical 

Nat. 

Frequency 

[Hz]  

Experimental 

Nat. 

Frequency 

[Hz]  

Error 

%  

Numerical 

Nat. 

Frequency 

[Hz]  

Experimental 

Nat. 

Frequency 

[Hz]  

Error 

% 

 
1 196.9 196.6 0.15  200 200.5 0.25 

2 196.9 196.9 0.00  200 200.5 0.25 

3 539.4 539.1 0.06  549.6 550.6 0.18 

4 539.4 539.2 0.04   549.7 550.6 0.16 

b) Lateral Mode = 551 Hz a) Lateral Mode = 201 Hz 

a) Lateral Mode = 197 Hz b) Lateral Mode = 539 Hz 
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The numerical modal analysis results in terms of natural frequencies and mode shapes are 

compared with the experimental modal analysis results as shown in Table 6.2. They are entirely 

consistent with each other, and the errors between them are negligible at a deviation of 0.25 %. 

Briefly, the numerically obtained first four elastic lateral modes of the shafts have been 

validated with the experimental modal analyses. 

6.2.3 Planetary geared rotor  

A planetary geared rotor test rig was built, and impact hammer tests were performed. The main 

motivation for building a test rig was to understand the modal behaviour of planetary geared 

rotors experimentally and then update the model parameters. Therefore, the experimental 

studies conducted on the planetary geared rotor test rig is a novel aspect of this project.  

Despite some experimental studies in the literature to investigate the dynamic and modal 

behaviour of geared rotors, there are insufficient studies to understand the experimental modal 

behaviour of planetary geared rotors [52,162–165]. Among these studies, only Saxena et al. 

[165] carried out FRF measurements on a basic single-stage geared rotor system to detect 

lateral vibration modes. They also validated their finite element vibration analyses with 

experimental results. Furthermore, Wang et al. [166] conducted research on lateral-torsional 

coupled dynamic behaviour of a two-stage planetary geared rotor system for the non-rotating 

(static) case. This is the only experimental study which investigates the modal behaviour of 

planetary geared rotors. In this study, the torsional vibration modes were determined with a 

harmonic response analysis using spinning tests, whereas lateral vibration modes were 

determined with an experimental modal analysis using impact hammer tests. 

 

Figure 6.12 : Planetary geared rotor assembly. 

The planetary geared rotor assembly basically consists of an input shaft, an output shaft and a 

spur planetary gearbox as seen in Figure 6.12. The input and output shafts are directly 
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connected to the planetary gearbox via interference-fit and screw connections respectively, 

which makes the coupling between the gearbox and shafts nearly rigid. Both the interference-

fit and the screw add additional joints to the system, but their impact was considered small 

compared to the effect of the planetary gearbox itself. In this planetary geared rotor assembly, 

the material and geometry properties of the input and output shafts were assumed to be those 

presented in Table 6.1. A Nema 34 86PX single-stage spur planetary gearbox was purchased 

from the market for this assembly as shown in Figure 6.13. The housing of this planetary 

gearbox (two sides flanges) was made of Aluminium whereas the sun and planet gears were 

made of steel. The parameters of the spur planetary gearbox are presented in Table 6.3. 

    

Figure 6.13 : Spur planetary gearbox, a) front view, b) rear view, c) isometric view. 

Table 6.3 : Spur planetary gearbox parameters. 

Parameter Value 

Gearbox mass [kg] 1.59 

Housing material density [kg/m3] 2700 

Gear material density [kg/m3] 7800 

Number of planets 3 

Speed ratio 4 

The Nema 34 86PX planetary gearbox was disassembled for inspection, as seen in Figure 6.14. 

It is clearly seen that the spur planetary gearbox consists of a sun gear, three planet gears and 

a carrier. Lubrication between the gear teeth is provided by grease. 

           

Figure 6.14 : Disassembled spur planetary gearbox, a) planet gears view, b) sun gear view. 

a)  b)  

c) b) a) 
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The technical drawing of the Nema 34 86PX planetary gearbox is shown in Figure 6.15. The 

output shaft on the planetary gearbox has 16 mm diameter, and the hole diameter inside the 

planetary gearbox for the input shaft is 14 mm.  

 

Figure 6.15 : Technical drawing of the spur planetary gearbox. 

The planetary gearbox housing has a square cross-section, and its length is 86 mm. Total height 

of the planetary gearbox with the output shaft is 114 mm. After the disassembly of the planetary 

gearbox, the gears and carrier geometry were also measured, which are presented in Table 6.4. 

Table 6.4 : Geometry of the gears and carrier. 

Parameter Carrier Ring Planets Sun 

Length [mm] 5 80 7 15 

Outer Diameter [mm] 50 86 20 20 

Inner Diameter [mm] 0 56 12 12 

The planetary geared rotor assembly was divided into twenty-four equal segments 

approximately for the impact hammer test, creating twenty-five measurement locations as seen 

in Figures 6.12 and 6.16. The planetary geared rotor assembly was suspended with elastic cords 

from the right side of the input shaft and the left side of the output shaft. Its suspension locations 

are between the measurement locations 2 and 3 at the left side, and between the measurement 

locations 23 and 24 at the right side.  

In order to identify the lateral modal behaviour of the planetary geared rotor, impact hammer 

tests were carried out by measuring the acceleration response signal in the horizontal (y) and 

vertical (x) directions with two single-axis accelerometers simultaneously. Basically, when 

exciting the structure horizontally, the acceleration signal was measured from the horizontal 

and vertical directions. Likewise, the acceleration signal was measured in the two directions 
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when exciting the structure vertically. Similar to the impact hammer tests of the shafts, the 

excitation and response signals were collected with 2048 Hz sampling frequency for 800 Hz 

maximum frequency in the signal analyser, making the sampling ratio 2.56. The planetary 

gearbox had relatively high damping compared to the shafts because of the lubrication grease 

inside the gearbox housing. Therefore, the measurement period was set as 4 seconds for 

collecting data, which was found to be sufficient after performing initial impact hammer tests. 

Thus, the frequency resolution during the impact hammer tests became 0.25 Hz. An 

exponential window and three averages were used for better data quality and measurement 

accuracy.  

 

Figure 6.16 : Hammer testing nodes on the spur planetary geared rotor. 

The planetary geared rotor assembly was excited by the impact hammer at the measurement 

locations from 1 to 25 as shown in Figure 6.16. The acceleration responses in the horizontal 

(x) and vertical (y) directions were measured simultaneously with two accelerometers at the 

constant measurement location 2. Only the excitation locations were changed by moving the 

hammer from the measurement locations 1 to 25 and repeating the tests in both horizontal and 

vertical locations. In total, fifty frequency response functions were measured with the impact 

hammer tests at twenty-five different measurement locations. The point FRFs were measured 

at the measurement location 2, and the cross FRFs were measured at the rest of the 

measurement locations. It should be noted that the planetary geared rotor assembly was excited 

from the opposite direction at its point FRF location. 

Experimental vertical modal behaviour 

The accelerance FRFs were computed using the force excitation signal in the vertical direction 

(y) and acceleration response signals in the horizontal (x) and vertical (y) directions in order to 

plot the 3D lateral mode shapes. The horizontal (x) and vertical (y) acceleration responses with 

respect to the vertical (y) excitation up to 500 Hz are shown in Figures 6.17 and 6.18, 

respectively. Six peak frequencies are indicated in each figure, representing the lateral resonant 

frequencies. 
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Figure 6.17 : Vertical (y) excitation, vertical (y) response. 

 

Figure 6.18 : Vertical (y) excitation, horizontal (x) response. 

The 3D lateral mode shapes of the planetary geared rotor were plotted using the measured 

frequency response functions in the horizontal “x” and vertical “y” directions, as seen in Figure 

6.19. In total, six lateral modes were detected up to 500 Hz. The first, second, third, fourth, 

fifth and sixth lateral modes were found to be at 16 Hz, 30 Hz, 114 Hz, 168 Hz, 305 Hz and 

468 Hz, respectively. Among these lateral vibration modes, the third and fifth modes are 

identified as “out of phase” modes whereas the second, fourth and sixth modes are identified 
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as “in phase” modes. It should be noted that the first mode is the rigid body mode and the rest 

of them are the elastic modes. When looking at the mode shapes, the vibrational motion of the 

input and output shafts are in the same direction for the in phase modes, and they are in the 

opposite direction for the out of phase modes. Therefore, “in phase” and “out of phase” mode 

definitions are used for the lateral mode shapes.  

 

 

 

Figure 6.19 : Vertical (y) excitation 3D mode shapes. 

Experimental horizontal modal behaviour 

The accelerance FRFs were computed using the force excitation signal in the horizontal 

direction (x) and acceleration response signals in the vertical (x) and horizontal (y) directions 

for plotting the 3D lateral mode shapes. The horizontal and vertical acceleration responses with 
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respect to the horizontal excitation were plotted up to 500 Hz as seen in Figures 6.20 and 6.21 

respectively. Six peak frequencies are indicated in each figure. These peak frequencies 

represent the lateral resonant frequencies. 

 

Figure 6.20 : Horizontal (x) excitation, horizontal (x) response. 

 

Figure 6.21 : Horizontal (x) excitation, vertical (y) response. 

The 3D lateral mode shapes of the planetary geared rotor were plotted using the measured 

frequency response functions in the horizontal “x” and vertical “y” directions, as seen in Figure 

6.22. In total, six lateral vibration modes were detected up to 500 Hz. The first, second, third, 
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fourth, fifth and sixth lateral vibration modes were found to be at 1 Hz, 20 Hz, 109 Hz, 158 Hz, 

264 Hz, and 454 Hz, respectively. These are the elastic modes except for the first mode, which 

represents the rigid body mode. Similar to the experimental vertical modal behaviour, the third 

and fifth modes are identified as out of phase mode, and the second, fourth and sixth modes 

are identified as in phase mode when looking at the mode shapes in Figure 6.22. 

 

 

 

Figure 6.22 : Horizontal (x) excitation 3D mode shapes. 

The natural frequencies of the lateral vibration modes were previously found to be same in 

vertical and horizontal directions for the shafts due to their homogenous and cyclically 

symmetric structures. However, they are not found to be the same for the planetary geared rotor 

assembly owing to the anisotropic stiffness parameters inside the planetary gearbox.    
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6.3 Dynamic model update and validation 

The main aim of performing modal testing is to determine the modal parameters such as natural 

frequencies, mode shapes and modal damping. The modal parameters can also be computed 

via numerical approaches such as lumped parameter and finite element methods without doing 

experiments. However, it is crucial to use real system parameters such as stiffness, mass and 

damping in order to compute correct modal parameters. This can be achieved by updating the 

system parameters in the numerical models using the experimental data. Then, the updated 

model can be validated with the experimental results. Model updating based on experiments is 

a significant topic in vibration engineering since time and costs could be reduced by using the 

correct dynamic models instead of expensive experiments. 

6.3.1 Model update  

In most of the real planetary geared rotor applications, the shafts and planetary gearbox are 

grounded via their bearings. A typical planetary geared rotor system was previously presented 

in Chapter 3, where the detail of the planetary geared rotor model is seen in Figures 3.1 and 

3.5. On the other hand, planetary geared rotor systems can be subjected to platform motions in 

some engineering applications, for instance in offshore wind turbines [202]. This phenomenon 

is described as base motion in the literature [203]. Similar to the base motion phenomenon, the 

planetary geared rotor assembly is also not grounded in the free-free modal analysis. Therefore, 

the dynamic model presented in Chapter 3 needs to be updated for the free-free motion. 

First of all, the lumped parameter model of the planetary gearbox model given in Figure 3.3 

has been updated to determine its bearing characteristics. In the free-free impact hammer test 

of the planetary geared rotor assembly, central members of the planetary gearbox which are the 

ring gear, sun gear and carrier are not grounded. The ring gear is rigidly fixed on the gearbox 

housing, and it moves with the movement of the gearbox housing. Due to no grounded support 

on the gearbox housing and the rigid connection between the ring gear and gearbox housing, 

the ring gear is assumed to be not supported, which makes its support stiffness and damping 

parameters zero if the elastic cord stiffness is neglected. On the other hand, the sun gear and 

carrier are attached to the gearbox housing via their bearings. Hence, the sun gear and carrier 

move in relation to the gearbox housing. Due to these relative motions, the strain energy 

equation of the bearings for the central members expressed in Equation 3.33 in section 3.3.2 

requires a model update for the displacement terms. For this purpose, strain energies of the 

central members are rewritten as 
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𝑉ℎ =
1

2
∑ 𝑘𝑥ℎ(𝑥ℎ − 𝑥𝑟)

2 + 𝑘𝑦ℎ(𝑦ℎ − 𝑦𝑟)
2 + 𝑘𝑧ℎ(𝑧ℎ − 𝑧𝑟)

2

3

ℎ=1

+ 𝑘𝜃𝑥ℎ
(𝜃𝑥ℎ − 𝜃𝑥𝑟)

2 + 𝑘𝜃𝑦ℎ
(𝜃𝑦ℎ − 𝜃𝑦𝑟)

2

+ 𝑘𝜃𝑧ℎ
(𝜃𝑧ℎ − 𝜃𝑧𝑟)

2. 

(6.2) 

Apart from updating the strain energy equation of the central members, total kinetic energy 

(𝑇 = 𝑇ℎ + 𝑇𝑝), the strain energy equation of the planet gear bearings (𝑉𝑝)  and the gear mesh 

strain energy equation (𝑉𝑚) of the planetary gearbox remain unchanged. Therefore, a change 

in just the total potential energy equation is experienced. It is also important to point out that 

the planetary gearbox housing mass is added to the ring gear mass in the dynamic model 

because of the rigid connection between them. With the updated energy equations, the new 

planetary gearbox equation of motion can be derived again using the Lagrange`s equations of 

the second kind, similar to the Eq. 3.43.  

System parameters of the planetary geared rotor system have been updated with the modal 

testing results presented in section 6.2. The updated system parameters are given in Table 6.5, 

where the geometry properties of the planetary geared rotor system were previously given in 

section 6.2. It should be noted that the lengths of the output and input shafts have been updated 

after the assembly because of their connection to the planetary gearbox. Material properties of 

the shafts were also directly taken from Table 6.1. Furthermore, bearing stiffness and damping 

parameters of the input and output shafts were set to be zero since the shafts are not grounded 

in the free-free experimental modal analysis. Internal damping of the input and output shafts 

were also not considered since it was negligible. Although the damping inside the planetary 

gearbox is one of the important unknown parameters, it was assumed to be zero. Planetary 

gearbox damping is neglected because the model updating is based on the natural frequencies 

and mode shapes. Among the gear contact parameters, the helix angle was exactly defined as 

zero because of the spur gears inside the planetary gearbox. Moreover, the transverse pressure 

angle and mesh stiffness values in Table 6.5 were determined with several numerical iterations 

in “GEAROT” by obeying their standard values in gear applications. These standard gear 

parameter values can also be found in references [191,200]. 
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Table 6.5 : Updated model parameters of the planetary geared rotor system. 

Parameter 
Output 

Shaft 

Input 

Shaft 
Carrier Ring Planets Sun 

Length [m] 0.621 0.570 0.005 0.080 0.007 0.015 

Outer Diameter [m] 0.015 0.016 0.050 0.086 0.02 0.02 

Inner Diameter [m]   0 0.056 0.012 0.012 

Material density [kg/m3] 7850 7950 7800 7800 7800 7800 

Young`s modulus [GPa] 208 190     

Shear modulus [GPa] 80 74     

Proportional damping 𝛼1 constant 0 0 0 0 0 0 

Proportional damping 𝛼2 constant 0 0 0 0 0 0 

Bearing radial stiffness (x) [kN/mm] 0 0 4.735 0 47.35 0.4735 

Bearing radial stiffness (y) [kN/mm] 0 0 13.42 0 134.2 1.342 

Bearing axial stiffness (z) [kN/mm] 0 0 5 0 50 0.5 

Bearing tilting stiffness (θx) [kN.m/rad] 0 0 9.47 0 94.7 0.947 

Bearing tilting stiffness (θy) [kN.m/rad] 0 0 26.84 0 268.4 2.684 

Bearing torsional stiffness [N.m/rad] 0 0 0 0 0 0 

Bearing radial damping [N/(m/s)] 0 0 0 0 0 0 

Bearing axial damping [N/(m/s)] 0 0 0 0 0 0 

Bearing tilting damping [N.m/(rad/s)] 0 0 0 0 0 0 

Bearing torsional damping [N.m/(rad/s)] 0 0 0 0 0 0 

Helix angle 𝛽 [deg]    0 0 0 

Transverse pressure angle 𝜙 [deg]    25 25 25 

Mesh Stiffness [N/m]    108 108 108 

Number of planets     3  

Prediction of the bearing stiffness values is one of the most challenging parts of model updating 

owing to the nonlinear, time-varying and load-dependent behaviour of bearings. It is known 

that the bearing stiffness can increase with respect to the load on the bearings, leading to 

hardening spring behaviour [3]. The weight of the planetary geared rotor system leads to an 

increase in the bearing stiffnesses in the vertical direction. Therefore, the radial and tilting 

bearing stiffness values were updated in the vertical and horizontal directions individually. As 

seen in Table 6.5, the bearing stiffnesses in the vertical (x) direction are higher than the bearing 

stiffnesses in the horizontal (y) direction. Moreover, all members of the planetary gearbox 

(carrier, ring gear, sun gear and planet gears) were able to rotate freely due to not having 

grounded bearings. Therefore, the torsional stiffnesses of the planetary gearbox bearings were 

set to zero. The bearing and gear mesh stiffness parameters of the planetary gearbox were the 

main unknowns in the experimental setup. Briefly, values of the bearing stiffnesses, gear mesh 

stiffnesses, transverse pressure angles in Table 6.5 were determined with several numerical 

iterations in “GEAROT” after comparing them with the experimental modal analysis results.  
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6.3.2 Model validation  

After updating the dynamic model with the parameters from Table 6.5, a numerical modal 

analysis of the planetary geared rotor assembly was carried out in the “GEAROT” software for 

an undamped non-rotating (static) case. The input and output shafts were modelled with 48 

Timoshenko beam elements. For the output and input shafts, 25 and 23 beam elements were 

used respectively due to their different lengths in the assembly. 

Numerical modal analysis results are presented for the first twelve modes in Table 6.6. Similar 

to the experimental modal behaviour of the planetary geared rotor assembly, the elastic lateral 

vibration modes of the planetary geared rotor are identified as “out of phase” and “in phase”. 

2D mode shapes of the lateral vibration modes are shown in Figure 6.23, where the horizontal 

and vertical displacements are seen separately. In order to see the lateral vibration modes in 3D 

space, the 3D mode shapes were also plotted in Figure 6.24, where the horizontal and vertical 

modal behaviour of the planetary geared rotor system for the lateral vibration modes are clearly 

seen. It is worth stating that both Figures 6.23 and 6.24 reveal the out of phase and in phase 

mode when looking at mode shapes.  

Table 6.6 : Experimental and numerical natural frequency comparison of the spur planetary 

geared rotor. 

Lateral Mode 

# 

Experimental Nat. 

Frequency [Hz] 

Numerical Nat. 

Frequency [Hz] 
Mode Type Error % 

1 1 0 Rigid Body -- 

2 16 0 Rigid Body -- 

3 20 21 In Phase 4.8 

4 30 29 In Phase 3.4 

5 109 121 Out of Phase 9.9 

6 114 124 Out of Phase 8.1 

7 158 161 In Phase 1.9 

8 168 169 In Phase 0.6 

9 264 264 Out of Phase 0.0 

10 305 304 Out of Phase 0.3 

11 454 431 In Phase 5.3 

12 468 464 In Phase 0.9 

Experimental and numerical natural frequencies for the lateral vibration modes were also 

compared with the error percentage as shown in Table 6.6. It is clearly seen that the error 

percentages are less than 10 % for the elastic lateral modes, which include in phase and out of 

phase modes. It is important to point out that experimentally detected in phase and out of phase 
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lateral vibration modes are substantially captured with the numerical modal analysis, 

highlighting the achievement of the “GEAROT” in numerical modal analysis. 

 

Figure 6.23 : 2D numerical elastic lateral mode shapes. 

On the other hand, the numerical model could not predict the first two lateral modes, which are 

the rigid body modes, correctly in terms of natural frequencies because of the numerical 

assumptions. Basically, the stiffnesses of the elastic cords used in the impact hammer tests 
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were not included in the free-free numerical model analysis while the experiments were carried 

out using the elastic cords. Therefore, the numerical and experimental natural frequencies for 

the rigid body modes cannot be matched, and the error between them is not specified in Table 

6.6. 

 

Figure 6.24 : 3D numerical elastic lateral mode shapes. 
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6.4 Discussion 

A better understanding of the lateral modal behaviour of spur planetary geared rotors using 

experimental modal analysis and dynamic model updating with the experimental results were 

the main aims of this study. To achieve this goal, impact hammer tests on the spur planetary 

geared rotor assembly and its components, which are the input and output shafts, were carried 

out separately.  

The planetary gearbox acts as a rigid mass on the rotor system, and its structure is different to 

a rotating flexible shaft element. Therefore, an impact hammer test was not performed for the 

planetary gearbox. Experimental and numerical modal analyses were successfully achieved to 

compute the natural frequencies and mode shapes for the input and output shafts with the 

impact hammer tests and finite element analyses in Abaqus, respectively. The numerically 

computed first four elastic lateral vibration modes of the input and output shafts are consistent 

with the experimental modal analysis. The errors between the numerical and experimental 

results in terms of natural frequencies and mode shapes are negligible. The impact hammer 

tests of components (shafts) are required to confirm their material and modal properties before 

the impact hammer test of the coupled structures (planetary geared rotor assembly).  

For the planetary geared rotor assembly, experimental modal analysis was performed after the 

impact hammer tests. The hybrid numerical model was validated with the experimental modal 

analysis using the known and estimated system parameters. In the hybrid numerical model, 

only the strain energy equations of the bearings of the ring gear, carrier and sun gear were 

updated for the free-free modal analysis because of the free-free motion of the planetary 

gearbox. The lateral vibration modes of the planetary geared rotors are clearly divided into two 

groups as “out of phase” and “in phase”, which appear in both the numerical and experimental 

modal analyses.  It has been found that the natural frequencies of the planetary geared rotor are 

slightly different in the vertical and horizontal directions, while they were found to be same in 

the vertical and horizontal directions for the shafts because of their homogenous and cyclically 

symmetric structures. When the planetary geared rotor assembly is hung from close to the edges 

of the shafts, the gearbox starts to sag in the vertical direction due to its heavy mass. Therefore, 

loads on the gearbox bearings increase with sagging, leading to increases in bearing stiffnesses 

in the vertical direction (hardening spring behaviour). Different hanging configurations were 

also tried to investigate the sagging effect on the lateral vibration modes in vertical directions 
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by measuring horizontal levels with a tubular spirit level. It has been found that the natural 

frequencies of the lateral vibration modes increase with the level of sagging. 

Validation of the numerical modal analysis of planetary geared rotor with the experimental 

modal analysis is found to be very difficult due to the unknown system parameters and 

numerical assumptions. In terms of natural frequencies, the maximum error between the 

numerical and experimental results is found to be less than 10 % after dynamic model updating. 

Regarding the mode shapes, the experimentally found first two lateral modes, which are rigid 

body modes, could not be computed correctly in terms of natural frequencies with the 

numerical modal analysis because of not including elastic cord stiffnesses in the free-free 

numerical modal analysis. On the other hand, computing the rigid body modes were not the 

main priority compared with the elastic modes. Among the gearbox parameters, the gear mesh 

stiffness, gear pressure angle, bearing stiffness, damping inside gearbox and gearbox housing 

rotary inertia were unknown parameters. Gear teeth contacts and gearbox bearings have 

nonlinear and time-varying features in reality, therefore the constant stiffness value assumption 

for the meshes and bearings is a weakness in the numerical model. Furthermore, hardening 

spring behaviour of the bearings is another difficulty in the bearing stiffness prediction. The 

interference-fit and screw connections between the shafts and the planetary gearbox also create 

additional unknown contact stiffnesses in the assembly. Due to the complex structure of the 

planetary gearbox, rotary inertia of the gearbox housing is an unknown parameter, and the 

housing mass is added onto the ring gear as a basic assumption. Briefly, all these unknown 

parameters and numerical assumptions make the model validation of the planetary geared rotor 

assembly very difficult.  

6.5 Concluding remarks 

Experimental investigation of the lateral modal behaviour of a spur planetary geared rotor 

system and the validation of the numerical modal analysis were the main aims of this chapter. 

Free-free impact hammer tests were carried out for the planetary geared rotor assembly and its 

shafts separately. Independent modal analyses of the shafts are required to validate their 

material properties. Numerical modal analysis of the shafts and planetary geared rotor assembly 

for the free-free boundary conditions were conducted with finite element analysis in Abaqus 

and updated hybrid numerical model in “GEAROT”, respectively.  

Both experimental and numerical free-free modal analysis of the input and output shafts were 

found to be consistent in terms of natural frequencies and mode shapes for the first four lateral 
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vibration modes, validated with a high level of accuracy. On the other hand, the numerical 

modal analysis of the planetary geared rotor assembly was validated substantially with the 

experimental modal analysis for the first twelve modes due to the unknown gearbox parameters 

such as stiffness, damping and inertia, and numerical assumptions. Based on the numerical 

modal analysis of planetary geared rotors, the lateral vibration modes were identified as “in 

phase” and “out of phase”, and they were validated with the experimental modal analysis. 

Basically, the input and output shafts move in the same direction in “in phase lateral modes” 

whereas they move in opposite directions in “out of phase lateral modes” during a vibration 

cycle. The planetary geared rotor assembly has different natural frequencies in the horizontal 

(x) and vertical (y) directions. The natural frequencies in the vertical direction were found to 

be higher than the natural frequencies in the horizontal direction because of the loads on the 

gearbox bearings in free-free experimental modal analysis of the planetary geared rotor system. 

Gearbox sagging on the rotor system due to its own weight leads to increased loads on the 

bearings, and as a result, increasing bearing stiffnesses in the vertical direction. Briefly, a 

planetary gearbox can provide higher stiffness value in the vertical direction than the horizontal 

direction when it sags on a rotor system. 

In conclusion, there is a reasonable correlation between the experimental and numerical results 

of the planetary geared rotor assembly when the unknown system parameters and numerical 

assumptions are taken into account. The “out of phase” and “in phase” mode shape definition 

is thought to be one of the important findings of this research project. 
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Chapter 7 

7 Conclusions and Recommendations 

7.1 Conclusions 

The main objectives of this research project were understanding the coupled dynamic 

behaviour of planetary geared rotor systems with numerical and experimental studies, and the 

numerical investigation of planetary gearbox parameter effects on the modal behaviour of 

planetary geared rotor systems. These objectives were achieved by developing a rotor dynamics 

software called “GEAROT” for the numerical studies and a planetary geared rotor test rig for 

the experimental studies. The summary of this research project and its main findings are 

provided below. 

Within the numerical studies, a six degrees of freedom hybrid dynamic model of a planetary 

geared rotor system was created by taking gyroscopic effects into account in “GEAROT” rotor 

dynamics software, where the planetary gearbox and rotor system were modelled using the 

lumped parameter and finite element methods, respectively. In the finite element model of the 

rotor system, the shafts and bearings were assumed to be flexible and modelled with 1-D 

rotating Timoshenko beam elements and uncoupled flexible spring elements, respectively. In 

the lumped parameter model of the planetary gearbox, the carrier and gear wheels were 

assumed to be rigid while assuming the gear contacts as flexible. After having defined the 

energy equations for the rotor-bearing system and planetary gearbox, the system equation of 

motions was obtained using the Lagrange`s equations. Then, the coupled modal behaviour of 

both spur and helical planetary geared rotor systems and the gearbox parameters effects on the 

vibration modes of the planetary geared rotor system were investigated with linear modal 

analyses. Given the detected strong influence of the planetary gearbox on the rotor dynamics, 

and the significant uncertainty surrounding the input parameters for the planetary gearbox, the 
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parameter study was conducted to identify the most sensitive parameters and highlight their 

impact on a planetary geared rotor system.  The sensitivity of planetary geared rotor vibration 

modes to the gearbox parameters was determined by computing the frequency shifts and 

comparing the mode shapes between the two extreme cases using the modal assurance criteria. 

In the planetary gearbox parameter study, sensitivity analyses of vibration modes were 

conducted for the gear contact parameters such as gear mesh stiffness, gear helix angle and 

gear pressure angle, gearbox mass and support parameters such as gear material density and 

support stiffness, and planet gear parameters such as number of planet gears and planet 

mistuning (positioning error of planet gears). To quantify the coupling level between the rotor 

system and planetary gearbox, the modal energy analysis was used, revealing the planetary 

gearbox effect on the modal behaviour of the global rotor system numerically. Gyroscopic 

effects of the planetary gearbox on the vibration modes of the planetary geared rotor system at 

higher speeds were also investigated. All numerical analyses in this thesis were carried out in 

the so-called “GEAROT” rotor dynamics software, which has been developed during this 

research project and one of the important outcomes of the project. 

Within the experimental studies, a spur planetary geared rotor test rig was designed for the 

lateral modal behaviour investigation of planetary geared rotor systems. Before starting the 

impact tests on the spur planetary geared rotor assembly, the numerical modal analyses of the 

input and output shafts were undertaken in Abaqus finite element software. Following, free-

free impact hammer tests were undertaken on the shafts so as to validate their material 

properties and modal behaviour. After completing the independent modal analyses of the 

shafts, free-free impact hammer tests were carried out on the spur planetary geared rotor 

assembly to validate the numerical modal analyses results in “GEAROT” rotor dynamics 

software, where the hybrid numerical model had been updated for representing the spur 

planetary geared rotor system in the free-free impact hammer test. Finally, the numerically 

identified lateral modal behaviour of the spur planetary geared rotor system was successfully 

validated with the experimental modal analysis results.  

For clarification, the main original contributions of this research project are listed in detail 

below: 

• A six degrees of freedom hybrid dynamic model of a planetary geared rotor system has 

been proposed using the finite element and lumped parameter method for the first time. 

The proposed hybrid dynamic model of planetary geared rotor systems can be 

employed for their multi-purpose rotor dynamic analyses. It is absolutely necessary to 
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incorporate a reasonably detailed planetary gearbox model in the rotor system in order 

to obtain an accurate dynamic response prediction of a planetary geared rotor system. 

 

• Vibration modes of the helical planetary geared rotors are identified as coupled 

torsional-axial, lateral and gearbox modes, whereas they are classified as axial, 

torsional, lateral and gearbox modes in the spur planetary geared rotors. Torsional and 

axial vibrations of the planetary geared rotors are coupled in helical planetary geared 

rotors because of the gear helix angle effect. It is also found that there is no axial 

vibration transmission between the input and output shafts in spur planetary geared 

rotors due to the uncoupled axial modes. Gearbox modes in both spur and helical 

planetary geared rotors are found to be completely isolated from the shafts because of 

no dynamic interaction between the shafts and gearbox at these modes, where no 

displacement and rotation occur on the shafts. 

 

• The modal energy analysis highlights the numerical influence level of the planetary 

gearbox on the global vibration modes of the planetary geared rotor system. The 

planetary gearbox has higher modal energy in some global modes (except the gearbox 

modes) of the planetary geared rotor system, where the natural frequencies computed 

from the independent modal analyses of the planetary geared rotor system and planetary 

gearbox are found to be close to each other. This phenomenon explicitly reveals the 

dominancy of the gearbox at these modes. The entire modal energy of the planetary 

geared rotor system is stored in the planetary gearbox at the gearbox modes; thus, no 

coupling between the shafts and gearbox occurs.  

 

• At higher speeds, the global backward and forward lateral modes of the planetary 

geared rotor system in which the planetary gearbox has higher modal energy can 

experience significant gyroscopic effects due to the gearbox members, leading to 

significant changes in natural frequencies of the planetary geared rotor system.  

 

• The planetary gearbox mass and support parameters are found to be more influential 

than the gear contact parameters to control the modal parameters of both helical and 

spur planetary geared rotors in terms of their natural frequencies and mode shapes. The 

coupled torsional-axial modes of helical planetary geared rotors and the torsional modes 

of spur planetary geared rotors are more sensitive to the gear mesh stiffness and helix 
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angle whereas their lateral vibration modes are more sensitive to the gear material 

density and support stiffness.  

 

• The axial vibration modes of spur planetary geared rotors are found to be less sensitive 

to the gearbox parameters such as gear mesh stiffness, gear pressure angle, gear material 

density and planet gear mistuning, whereas these vibration modes can be effectively 

controlled with the axial support stiffnesses. 

 

• The parameter study for the number of planet gears shows the reverse effect between 

the natural frequencies of the torsional-axial modes and lateral modes. Increasing 

number of planet gears leads to an increase in natural frequencies of torsional-axial 

modes while decreasing natural frequencies of lateral modes. Briefly, planetary 

gearboxes behave more rigid in the torsional-axial modes and softer in the lateral modes 

with respect to the increase in the number of planet gears. 

 

• The parameter study for planet gear mistuning reveals that the mistuning leads to 

coupled lateral-torsional-axial modes in helical planetary geared rotors and coupled 

lateral-torsional modes in spur planetary geared rotors. These coupled vibration modes 

occur in the mistuned planetary geared rotors because unequally spaced planets break 

the cyclic symmetric structure of the planetary gearbox. On the other hand, the planet 

mistuning effect on the natural frequencies is found to be negligible. 

 

• Experimental modal analysis of the planetary geared rotor assembly reveals that the 

lateral vibration modes can be divided into two groups as “in phase” and “out of phase”. 

Similarly, these lateral modes are observed in the numerical modal analysis of planetary 

geared rotors. When looking into the movement of the input and output shafts during a 

vibration cycle, both shafts move in the same direction in “in phase” lateral modes, 

while moving in the opposite direction in “out of phase” lateral modes. 

 

• Numerical lateral modal behaviour of the planetary geared rotor assembly is 

satisfactorily validated with the experimental modal analysis. Both numerically and 

experimentally obtained lateral mode shapes are found to be consistent with high 

accuracy. There are slight differences between the numerically and experimentally 
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obtained natural frequencies at some lateral modes because of the unknown gearbox 

parameters and numerical assumptions.  

 

• In the experimental modal analysis of the planetary geared rotor assembly, natural 

frequencies of the lateral modes are found to be higher in the vertical direction than 

the horizontal direction, which implies the unsymmetrical dynamic structure of the 

system and having higher stiffness in the vertical direction. Basically, planetary 

gearbox sagging on the rotor assembly causes higher loads on the gearbox bearings in 

the vertical direction, resulting in stiffening effect in the vertical direction. 

Consequently, a planetary geared rotor system can behave more rigid in the vertical 

direction due to the higher vertical loads on its bearings. 

As a final statement, the planetary gearbox and shafts cannot be considered separately in a 

geared rotor system for a correct dynamic response prediction. 

7.2 Future Recommendations 

During this PhD research project, some topics in the investigation of planetary geared rotor 

dynamics have been considered as potential research areas. The following topics are suggested 

for further studies:  

i. Analysing parameter sensitivity of planetary geared rotor vibration modes using modal 

energy analysis. 

 

ii. Forced vibration response analysis of planetary geared rotors due to the imbalance of 

gears and the gear transmission error excitation. 

 

iii. Investigation of the nonlinear gear backlash effect on the modal behaviour and vibration 

responses of geared rotor systems. 

 

iv. Modifying the hybrid dynamic model of the planetary geared rotor system by 

considering the flexibility of gear bodies. 

 

v. Investigation of the planetary gearbox damping effect on the modal behaviour of 

planetary geared rotor systems. 
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vi. Torsional vibration analysis of a planetary geared rotor system by using a continuous 

system model. 

 

vii. Forced and free vibration analysis of planetary geared rotor systems under variable 

operating temperature. 

 

viii. Modal analyses of planetary geared rotors with different gear materials. 

 

ix. Comparison of the dynamic response of planetary geared rotor systems with rotating 

carrier-fixed ring and rotating ring gear-fixed carrier planetary gearbox configurations. 

 

x. Aeroelastic dynamic analysis and modal behaviour investigation of a planetary geared 

fan system.  
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Appendix A 

Lagrange`s equations 

Lagrangian function is expressed as  

𝐿 = 𝑇 − 𝑉, (A.1) 

where 𝑇 and 𝑉 are the kinetic and potential energies respectively. Then, the Lagrange`s 

equations of the second kind can be written as 

𝑑

𝑑𝑡
(
𝜕𝐿

𝜕�̇�𝑖
) −

𝜕𝐿

𝜕𝑞𝑖
= 0  (𝑖 = 1, 2, … , 𝑛), (A.2) 

by using the kinetic and potential energies. Here, 𝑞𝑖 is generalized coordinate. 𝑡 and 𝑛 represent 

time and number of degrees of freedom respectively. 
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