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ABSTRACT 

In this work, diffusive bubble growth in newtonian 

liquids and non-newtonian liquids of the power law type 

is studied. Three regions are considered, the first where 

growth is limited entirely by the arrival of diffusant at 

the bubble surface, the second where growth is limited 

entirely by hydrodynamic forces and the third, a general 

case, where both diffusion and hydrodynamics play a part. 

Previously defined parameters used to define regions where 

viscosity, inertia, surface tension and diffusion are 

important are shown to hold good for power law liquids. It 

is found that, all else being equal, bubbles in power law 

liquids grow more slowly the smaller the characteristic 

exponent. In general, bubbles in power law liquids grow 

more slowly but eventually approach the growth curve for a 

newtonian liquid of the same characteristic parameters; 

together they eventually approach the growth curve for an 

inviscid liquid and the whole group eventually approach 

the growth curve calculated for diffusive limitation alone. 

Experiments are carried out to test the diffusion 

limited asymptotic bubble growth theory of Scriven. In 

the three systems used, supersaturated solutions of carbon 

dioxide in water and in glycerol and oxygen in water, 

excellent agreement with the theory is obtained. This 

previously inadequately tested theory is thus concluded 

to be accurate, and suitable for use in calculations in 

some industrial applications which are briefly described. 
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CHAPTER 1 

INTRODUCTION 

In this chapter, the reasons for the present study 

will be discussed. Details of the organisation of the 

'thesis will be given. 
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In the last two decades there have been substantial 

and significant advances made in the study of bubble 

dynamics and phase growth. Much of the work has been 

directed towards a better understanding of the nucleate 

boiling process, prompted by the development of high flux 

heat exchange devices such as nuclear reactors and high 

pressure steam generating systems. In the design of these 

devices and others it is important to know the rate of 

bubble evolution and the limits and checks to evolution 

provided by the surroundings. A better understanding of 

cavitation, of the evolution of gas bubbles from a super- 

saturated solution and of the dissolution of gas bubbles 

in an undersaturated one has also been gained. 

The study is an important one. Apart from the many 

aspects of the boiling and cavitation investigation, it is 

necessary to be able to understand the behaviour of gaseous 

impurities dissolving in or evolving from liquids such as 

water or molten glass, the evolution of bubbles in vacuum 

degassing. processes (such as that of degassing a steel melt), 

the growth of bubbles in the dissolved air flotation process, 

the determination of coefficients of diffusivity by obser- 

vation of evolving or dissolving gas bubbles, the foaming 

of liquid plastics by gaseous evolution and the rate of 

solution of dispersed air bubbles in processes for BOD 

(biological oxygen demand ) reduction in pollution control. 

An increasingly important application which initially 

gave the impetus to this work was that of dissolved air 
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flotation. Froth flotation has been used as a mineral 

separation technique for several decades. Since its 

earliest times a controversy has raged over whether the 

flotation was due to injected bubbles striking mineral 

particles and attaching to them, or whether bubbles of gas 

grew on the particles from the solution, made suddenly 

supersaturated by the reduced pressure in the wake of 

impellers in the flotation cell. Much of the controversy 

was pursued in an unscientific fashion by designers of 

"novel" devices and their patent lawyers. It is apparent 

that both mechanisms can and do operate but that in mineral 

flotation, where relatively large particles are usually 

floated, the former is dominant. (The literature of 

flotation is enormous but for a discussion of this point 

see Sutherland and Wark (1955) and Klassen and Mokrousov 

(1963) ). That the mechanism of dissolved air flotation can 

also be a dominant one is proved conclusively and discussed 

at length by Packham and Richards (1972a, 1972b) who have 

designed dissolved air units to remove flocculate scum as a 

water treatment process. The number of applications for 

which the process is already used is shown by Packham and 

Richards to range from sewerage sludge flotation to flotation 

of multitudinous industrial wastes, to oil dispersions and 

algae. It is likely that this method will be increasingly 

used in waste disposal processes. Conditions of super- 

saturation will lie in the region described by the inad- 

equately tested theory-of Scriven (1959) ; it was decided 

that some conclusive experimental examination of the theory 

was required. This is done in the present work. 
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Investigation of the growth of gas bubbles in non- 

newtonian liquids of the power law type was undertaken 
because of the industrial importance of this class of mater- 

ial. Indeed plastics are often foamed by the nucleation and 

growth of bubbles of a diffusive substance. All the 

following remarks thus apply to both 'newtonian and non- 

newtonian liquids, perhaps more so to the latter since the 

former have been extensively investigated already. 

This study, then, is of the evolution of gas bubbles 

from supersaturated solution. In areal process, the total 

rate of dissolution is a function of the rate of nucleation 

and the rate of growth from the nucleus. The nucleation 

problem has been much studied and it seems that homogeneous 

nucleation is a relatively rare occurrence. Calculations 

show that extremely large superheats or supersaturations are 

needed, by which time heterogeneous nucleation has almost 

inevitably taken place at sites which probably consist of 

stabilised gas or vapour. A study of the mechanisms of 

nucleation is not a part of this work. (See Himmelblau 

(1972) and many others). In most experimental work on 

bubble growth, as in this instance, an artificial nucleation 

site is used and only the bubble growth from that site is 

studied. 

When nucleation has taken place, a bubble of gas or 

vapour begins to grow. The growth must self evidently be 

checked by some factor and it is possible that depletion of 

the diffusing species at the bubble wall and liquid inertia, 

viscosity and surface tension all have a role to play. The 

extent to which all these factors check the growth will he 
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examined. 

It should be plain that, no matter what limits the rate 

of bubble growth initially, the limitation of insufficient 

material is eventually arrived at. In the case of boiling, 

vapourisation of the material on the bubble wall will lead 

to a drop in -the temperature of the wall which in turn reduces 

the vapour pressure driving force. The wall temperature 

is maintained by a flow of heat from the bulk. When an 

evolving gas bubble is considered, diffusion of the evolving 

species to the bubble wall from the liquid bulk is not 

instantaneous so a concentration profile will eventually 

develop which will limit the rate of bubble growth. The 

development of this limitation and its characterisation will 

be examined. 

When simple diffusive limitation develops so rapidly 

that all other limitations can be neglected, a useful 

asymptotic solution can be found. This was best done by 

Scriven (1959) whose asymptotic theory predicts-that bubble 

radius should be proportional to the square root of time. 

Scriven gave expressions to calculate the constant of 

proportionality from the properties of the liquid and gas. 

Surprisingly, the theory of Scriven for the evolving bubble 

in supersaturated solution seems not to have been adequately 

tested, even for common systems, despite its simplicity and 

possible applications. For example, Buehl and Westwater 

(1966) report the only known results for the carbon dioxide- 

water system and the results are not particularly good. A 

thorough test of the asymptotic theory was felt to be 

necessary and this will be done with the carbon dioxide- 
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water, oxygen - water and carbon dioxide - glycerol systems. 

The mathematical problem, apart from the few asymptotic 

solutions which may be extracted by similarity and other 

methods, demands numerical solution. The equations of 

motion and diffusion may be linked and the problem is further 

complicated by the existence of a free boundary. This means 

that the location of the boundary is itself dependent on 

the amount of diffusant which has been brought up to it in 

the past. In the present work, suitable transformations 

of the spatial co-ordinates will be made, leaving linear, 

parabolic partial differential equations. These can be 

solved numerically by standard methods without too much 

difficulty. 

The problem of the rising bubble, dissolving or 

evolving as it goes, has not received much attention no 

doubt because of the extreme mathematical complexity of a 

translating free boundary. However, it is possible to examine 

it from the point of view of existing correlations for rising 

or sinking and dissolving solid spheres and this will be done 

briefly. 

Turning to the present work, Chapter 2 deals with the 

background to the problem and surveys some of the previously 

reported results of significance, both theoretical and 

experimental. Chapters 3 and 4 then examine the growth 

of diffusive bubbles in liquids, particularly non-newtonian 

liquids. In Chapter 3 'the governing equations are set up; 

in Chapter 4 they are solved numerically and the solutions 

reported and discussed. In Chapter 5 the experimental part 
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of the work will be discussed and the details of the 

apparatus and techniques will be given. In Chapter 6 

the experimental results will be presented and discussed. 

Chapter 7 is a chapter of discussion and conclusion. 

"I 
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CHAPTER 2 

THEORETICAL AND EXPERIMENTAL BACKGROUND 

In this chapter, the background to the work will be 

presented. Some major articles which provide compreh., nýi_ve 

treatments will be referred to but in addition, sevenI of 

the more significant publications will be discussed 

individually. Particular attention will be paid to public- 

ations not included in, or published since, the last major 

review of 1966. 

� 
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A review article by Bankoff (1964) surveyed the fields 

of heat conduction and diffusion with a change of phase. 

This review was mainly concerned with cases where the motion 

of the phase boundary was induced solely by the phase change 

and where the diffusion and momentum equations could be 

considered to be uncoupled. These cases include phenomena 

such as the freezing of a liquid surface, where the density 

change is negligible, the penetration of a reactant into 

an ion-exchange particle and the oxidation of a surface. 

Uncoupling implies that the momentum equation need not be 

considered in formulating the differential equation or the 

initial and boundary conditions for the diffusion equation. 

However, in such problems as diffusive vapour or gas bubble 

growth, particularly in the early periods of the growth, 

there is a large change in density between the phases which 

will induce a radial convective motion, which itself will 

modify the concentration and temperature fields surrounding 

the bubble and hence the radial motion of the front. In 

addition, inertial, viscous and surface tension effects may 

not be negligible. All these conditions may then appear 

linked to the diffusion equation or to its boundary 

conditions. 

It is'--to this more complex problem that Bankoff (1966) 

directs his second major review. In this article, Bankoff 

provides an excellent summary of the formulation of the 

general problem and of the simplifications made possible 

by the assumptions of spherical symmetry and uniform 

initial conditions, for the growth of both vapour bubbles 
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(the. major part) and of gas bubbles. He then surveys growth 

with non-uniform initial conditions and in multicomponent 
liquids as well as giving a brief examination of other 

pertinent areas such as nucleation. The growth of bubbles 

in non-newtonian liquids, a major part of the present work, 

attracts no attention from Bankoff. 

Bankoff (1966) also provides a summary of much of the 

experimental work which has been reported and so provides 
i 

a comprehensive summary of both the theoretical and exper- 

imental work in the field, up to 1965 . 

Several papers, including many published since Bankoff's 

1966 review have been of particular relevance to this work -- 

and will be discussed in more detail below. Both theoretical 

and experimental developments will be discussed. 

Lord Rayleigh (1917), in-a classic formulation dealing 

with the collapse of a spherical cavitation bubble, derived 

an equation which has since borne his name. By-assuming 

that the pressure within the cavity and in tihe liquid at a 

distance were constant, he deduced the radius - time 

relationship from an energy balance. Two cases were considered, 

one when the bubble contained only vapour and another when 

the bubble contained a gas obeying Boyle's law. Whereas 

Rayleigh had assumed a constant pressure in the liquid, 

Plesset (1949) considered the case of a bubble moving through 

a region in which the pressure varied rapidly, as would be 

found in, say, cavitation at a propeller tip. He derived, 

for an inviscid liquid, the following equation: 
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RR+2 R2 P(R) - P(t) 
Pg 

(2. I) 

where P(t) is the varying external pressure and P(R) the 

pressure at the bubble boundary. The original Rayleigh 

formulation is a special case where: 

P(t) - P(R) = Po =a constant (2.2) 

Plesset defined three regimes of cavitating liquid flow and 

used his formulation to investigate the second regime, 

cavitation at a number of sites in the field of flow. His 

experimental results in the regime were in fair agreement 

with the numerical solution of the formulation and this 

paper gave an impetus to the study of the collapse and 

growth of vapour bubbles and of gas bubbles. 

The first significant paper dealing with gas bubble 

growth was that of Epstein and. Plesset (1950). By neglecting 

any effects due to the translational motion of the bubble 

front, they found approximate solutions for the_rate of 

solution by diffusion of a gas bubble in an undersaturated 

solution and for the growth of a gas bubble in a super- 

saturated solution. They also considered the effect of 

surface tension on the diffusion process. 

By assuming that the transport term in the diffusion 

equation could be neglected i. e. the velocity of the liquid 

and convection caused by the growth or shrinkage could be 

neglected, and then applying Fick's second law of diffusion, 

Epstein and Plesset showed that, when surface tension is 
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neglected (and writing in the present nomenclature): 
for a bubble dissolving in an undersaturated solution: 

R 2( C 
sat 

c) Dt 
0R-1- (2.3) 

0 Pg R2 
0 

for a bubble growing in a supersaturated solution: 

R2( Co - csat )Dt 
=1+ (2.4) Ro pg R2 

0 

This was the first time that the radius and time had been 

linked through known properties of the gas solution. In 

discussing surface tension, Epstein and Plesset showed that 

the effect is a transient one. For a growing bubble, only 

a little longer is required before the surface tension forces 

are overcome and then growth is resumed at a rate which would 

obtain if the forces were absent; for the dissolving bubble, 

the surface tension forces ensured that the bubble dissolves 

somewhat more rapidly. A solution, similar in form to equations 

2.3 and 2.4 was given for the case when surface tension is 

not neglected. 

During the 1950's, a number of significant papers 

appeared concerning the growth of vapour bubbles in boiling. 

An early review by Westwater (1956) was an important summary 

of the experimental and theoretical developments in boiling 

theory. Authors were now taking into account the combined 

effects of heat and mass transfer. As the bubble grows, 

vapour passes from the superheated liquid into the bubble. 

Latent heat of vapourisation is removed from the surrounding 
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liquid, which cools and thus reduces the vapour pressure 

driving force between liquid and bubble. This temperature 

drop strongly affects the bubble's rate of growth and causes 

it to approach asymptotically a condition whereby the radius 

increases with the square root of time. A solution for heat 

diffusion across a spherical boundary with radial motion was 

presented by Plesset and Zwick (1952). By a procedure of 

successive approximations, they were able to predict the 

temperature field in the liquid provided it could be assumed 
a 

that the thermal boundary layer was thin and that translat- 

ional motion of the bubble could be neglected. 

Two progressive papers concerning the growth of vapour 

bubbles in superheated liquids were published simultaneously 

by Forster and Zuber (1954) and Plesset and Zwick (1954), the 

latter extending the work of their 1952 paper. Forster and 

Zuber, starting with Rayleigh's equation and assuming that 

there is thermodynamic equilibrium at the boundary so that 

the Clausius-Clapeyron equation can be used to relate the 

vapour pressure within the bubble to the surface temperature, 

derived an expression which includes inertial effects. When 

the bubble has reached its asymptotic stage and inertial effects 

have died away, the full expressions derived may be consid- 

erably simpified to: 

1pc( Tý - T) 
R= kt a t)2 Tr2 

1psa t)2 (2.5) 
L pv 

where eP is the heat capacity of the liquid, pl and pp 

are the densities of the liquid and vapour, L the latent 
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heat of vapourisation, T« and 

saturation temperatures and 

Ts the superheated and 

a the thermal diffusivity. 

In approaching the same problem but using the "thin 

boundary layer approach", Plesset and Zwick (1954) derive 

another asymptotic solution only LA,, that the constant n2 

is now (12/R )2 These two constants are only 9% apart 

so both solutions may be taken as adequate. 

The classic experiments of the period were those of 

Dergarabedian (1953). His work (and later work of 1960 ) 

has been much quoted and his experimental techniques used 

by other investigators. Dergarabedian used liquid uniformly 

superheated by infrared lamps. As a matter of interest, 

some results of Dergarabedian are shown along with the 

theoretical results of Plesset and Zwick (1954) in Figure 2.1. 

Agreement is seen to be very good indeed. In later exper- 

invents Dergarabedian (1960) used other liquids, carbon 

tetrachloride, benzene, ethyl alcohol and methyl alcohol and 

once again found good agreement with Plesset and Zwick. 

On the gas bubble side there was little comparable 

development. Liebermann (1957) concluded that the departure 

from the radius squared versus time relationship that he had 

observed in dissolving bubbles was due to surface contamination; 

certainly he was able to detect residues after the bubble 

had dissolved. Manley (1960)-also observed the same departure 

and again concluded that impurities were the significant 

cause due to their increasing effect on the diffusivity as 

they concentrated near the shrinking bubble. 
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Figure 2.1 Theoretical and experimental results 
of Plesset and Zwick and Dergarabedian for growth 
of vapour bubbles in superheated water. 

CD v Lfi rO 

4) 
CIS 

r 

.9 

ýo0 
V 

'a- 
00 

0 

b 

c+ý cd 
g1 
oý zi 

dom. 

onol cfi 
o .'U 

0 
ob 

`ý 
1 

0 

wý 
`p 

o 

M 
O 

o r' 

C 

13 

Ö 

r 

N 
r 

co 

C) 

c0 
T-- to 

C 
O 
U 

N 
U) 

OO `" 

0 

-t -+-- 

d) 
E 

O 

0 
T- 

N 

cO 

1 

C 
-4 
0 
Ö 

vi 
4-3 

UO 
GLý M 

r-1 IPA 

i-ý . --4 

Q) II 

U 

tA 

U) 
NO 

9: 4 LO 

r 
ai O 

C) II 

"ý E-+ 

C) 

N 
U 

U 

4J 

O 

CA 

cz 
u 

U 

0 
C) 

V) 

cl 
U 

C) 

ti) 
71 
0 

c;, 



-25- 

0 

The definitive formulation of the whole problem was 

given by Scriven (1959). (Some minor corrections were made 

to some of the expressions by Scriven (1962) and Pignet 

and Scriven (1972). These do not affect the final conclus- 

ions as the incorrect terms eventually disappear in the 

asymptotic solution). Firstly, Scriven presented all the 

equations governing spherically symmetric phase growth in an 

infinite medium and then simplified them, listing precisely 

all assumptiöns and restrictions, to describe growth 

controlled by transport of heat or matter. He obtained 

analytical solutions for the size of a vapour bubble in 

boiling pure liquids and binary mixtures in the asymptotic 

phase and also for the growth of gas bubbles from super- 

saturated solutions. He then went on to establish the ranges 

of pressure and superheat over which the approximate solutions 

of Plesset and Zwick (1954) and Forster and Zuber (1954) are 

accurate. Scriven concluded that, whit the similar results 

of the authors are in good agreement with the experimental 

results of Dergarabedian (1953) they would be in serious 

error if the vapour densities were large and/or the super- 

heats were small. 

Basically, Scriven's solutions can be summarised in 

the form: 

R=2ß Yl- -kt (2.6) 

where R, radius and t, time, are related through a 

dimensionless growth coefficient ß and the thermal diffus- 

ivity (k - a) or the mass diffusivity (k =D). Sc riven 
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gives a table of ß versus a quantity {£, ß} a super- 

heat or supersaturation parameter which can be calculated 

from the properties of the boiling liquid or the supersat- 

urated solution. He also obtained two asymptotic regions 

within the general asymptotic solution, for large and 

for small 0 

Following Scriven, most authors have concentrated on 

situations where an analytical-solution has become extremely 

difficult or, at present, impossible and have extended the 

work through analogue and digital computer studies. It is 

then possible to treat cases with initial and boundary 

conditions which, though more plausible from a physical 

point of view, lead to intractable analytical problems. Also 

it is easier to include effects due to surface tension, 

liquid viscosity and inertia, largely neglected in the 

asymptotic forms of solution. 

Marique and Houghton's (1962) analogue computer 

inv¬stigation of the growth of cavitation bubbles looked at 

the effects of various initial conditions and of liquid 

properties. The initial conditions applied varied from an 

initial wall velocity to a step increase in the bubble radius, 

so that the initial radius was instantly greater that the 

metastable equilibrium radius. They found that, at low 

initial wall velocities, the growth began slowly and increased 

rapidly as the surface tension was overcome. However, as the 

initial wall velocity was increased, the wall velocity passed 

through a minimum since, during the early stages, most of the 

energy supplied was used to increase the radius against 
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surface tension until these forces became insignificant. 

would be expected, they determined that a higher initial 

As 

pressure or larger initial radius more rapidly overcame the 

surface tension forces; also that a step increase in radius 

led to a more rapid growth. Increasing the surface tension 

led to a longer delay period of very slow growth, until the 

forces were overcome. Their studies of the effects of kine- 

matic viscosity showed that for light liquids such as water, 

the effect is negligible but as the kinematic viscosity is 

increased, the effect is to reduce the growth rate. This is 

somewhat ameliorated if there is a high surface tension to 

density ratio. 

Buehl and Westwater (1966) noted that most of the theor- 

etical studies of diffusional bubble growth had assumed con- 

ditions of spherical symmetry or hemispherical symmetry 

on a frictionless plane with an infinite or semi-infinite 

liquid surrounding the growing bubble. To take any account 

of the effect of contact angle was felt to be either too 

difficult or destructive to the simplicity of the results 

found by assuming symmetry. 

from 00 (tangent sphere) 

Possible contact angles range 

to 900 (sphere or frictionless 

hemisphere). 

An estimate of the effect of at least one contact angle, 

the case of a tangent sphere, had been made by Liebermann 

(1957). The electrical capacitance of a conducting sphere 

tangent to an infinite, plane, ungrounded conductor is reduced 

by a factor of ln( 2=0.693 and by making an analogy to a 

0 
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tangentially growing bubble, the growth rate should be reduced 

by some 30.7% Because this result is for a static sphere 

one would expect that such a correction would apply only for 

the limiting case of bubble growth extrapolated to zero 

growth rate. Buehl and Westwater derived a set of equations 

which did not assume spherical symmetry and solved these 

equations numerically to show that at low growth rates, the 

growth coefficient for a tangent sphere is indeed 30.7% less 

thanthat for an isolated sphere. As the driving force 

increases, the effect of the contact angle diminishes rapidly, 

there being a difference of less than 5% at a growth 

coefficient = 1. Since the two cases represent the extremes, 

calculations for other contact angles would show an inter- 

mediate effect. Thus an important conclusion was that contact 

angle was a weak variable and the neglect of the effect by 

almost all authors did not seriously weaken theoretical or 

experimental studies. A further implication was that the 

depletion of the diffusing solute is confined to a thin shell 

at larger growth rates. If the depletion was more general 

throughout the liquid, a tangent sphere would grow more 

slowly due to disturbance of the diffusion and flow fields 

by the plane. The smaller the shell, the less the effect of 

contact angle. Values of versus the driving force 

parameter o{e, ß} are shown in Figure 2.3, reproduced from 

their Figure 2 for both tangent sphere and isolated sphere 

(Scriven's result). 

Buehl and Westwater (1966) also published results of 

experiments of carbon dioxide bubbles growing from a super- 
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saturated solution in water, obtained by releasing the 

pressure on a pressurised saturated solution. An artificial 

nucleation site on a plane surface was used. It was hoped to 

vary the contact angle by coating the surface with various 

non-wetting agents. The results did not prove or disprove 

the theory because the growth rates used were reasonably 

large and the expected differences small and it was found that 

the contact angle varied as the bubble grew. In addition, 

the growth curve showed strange discontinuities, perhaps due 

to "friction" at the wall/ gas/ liquid interface as it moved 

across the surface. The bubbles also exhibited a growth 

rate greatly in excess of that predicted by Scriven. 's (1959) 

theory. Consecutive bubbles exhibited markedly different 

growth rates; some were different by a factor of three. This 

is illustrated by the reproduction of Buehl and Westwater's 

Figure 4, given here as Figure 2.2 

Buehl and Westwater's theoretical and experimental 

results have been given a fair amount of attention here 

because of concern about the effect of contact angle and 

the fact that, as far as is known, the experimental results 

are the only ones to have been published on this system, 

apart from the present work. This is extremely surprising 

as the system is a common one and known since antiquity 

through observation of natural waters and carbonated 

beverages. 

Whereas Buehl and lVestwater (1966) had investigated 

asymmetrical growth in an initially uniform concentration 

field, Cheh and Tobias (1968) reported theoretical calcul- 
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ations on hemispherical growth in a non-uniform concen- 
tration field where the initial concentration gradients 

at the infinite plane surface were either linear or expon- 
ential. They obtained numerical solutions for the case where 
the convective mass transport is negligible compared with 

the diffusive mass transport. 

Another interesting variation was taken up by Ready 

and Cooper (1966) who considered the case of spheres growing 

or dissolving in a solution, the density of which was a 

function of the solvent concentration. Again, they set up 

the appropriate differential equations and solved them 

numerically. 

The case of the dissolving bubble was taken up again 

in more detail by Cable (1967) and Cable and Evans (1967). 

Dissolving bubbles have often been used to estimate 

diffusivity coefficients of gases iri liquids. The work was 

undertaken because only approximate analytical solutions 

(including that of Epstein and Plesset (1950), see equation 

2.3 ) had been used for calculations involving dissolving 

bubbles. The asymptotic solution of Scriven (1959) for a 

growing bubble insists that the bubble has zero radius at 

zero time and so cannot be used for a dissolving bubble. Cable 

reports that many investigators (including Liebermann (1957) 

and Manley (1960) ), when plotting their results for 

dissolving bubbles in the form square of radius versus time 

noticed, instead of linearity, a decrease in the slope of 

the curve. They had inferred that an organic skin was 
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gathering at the surface and reducing the diffusivity as the 

bubble dissolved. Cable set up the equations and solved them 

numerically for a dissolving bubble with an initial radius 

and showed that the decreasing slope and the shape of the 

radius squared versus time curve was in fact correct and in 

no way due to any change in liquid or surface properties. 

When data on dissolving spheres from many authors were examined 

the theoretical solutions were found to give a good fit. The 

error had been in assuming that the solution of Epstein and 

Plesset (1953) was valid over the whole lifetime of the bubble. 

In fact, the results of Cable (1967) showed that, for a 

dissolving sphere, the approximate solution and the numerical 

solution were not too different down to sizes of about 60% 

of. ' the initial radius. Cable concluded that any calculation 

of diffusity coefficients could be based on the initial slope 

of the radius versus time curve without serious error. 

Florschuetz and Chao (1965), working in the areas of 

boiling and cavitation collapse, made an important advance 

when they were able to define a parameter which can be used 

to characterise the regime in which a bubble finds itself. 

The parameter, which they call B, is defined as: 

B= Jag 

G2 
(2.7) 

where Ja is the Jakob number, a driving force parameter 

and G is a dimensionless parameter which characterises the 

inertial properties of the system. Both Ja and G can 

be defined for both the heat transfer and mass transfer 

systems. The parameter B is then a measure of the relative 
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1% 

significance of diffusion and inertia. Whilst these two 

regimes had long been recognised in a broad sense, the con- 

ditions under which one or the other predominated had not 

been established. Florschuetz and Chao proposed a classif- 

ication whereby for 0<B<0.05 , diffusion limitation was 

the predominant mechanism, for B> 10 
, inertial limitation 

was the predominant mechanism and for 0.05 <B< 10 , an 

intermediate region, both mechanisms were important. This 

classification was decided by solving the appropriate 

differential equations numerically with different values of 

B and then looking at the deviations from the solutions which 

would be obtained for the limiting cases. In experiments 

on the collapse of a vapour bubble, they found significant 

justification for their choice of the parameter B to 

specify the regime. 

In a paper published at about'the same time, Cole and 

Shulman (1966) recognised that there was a discrepancy between 

expected and experimental results at high Jakob numbers, 

but did not use a regime characterisation parameter (such 

as the B of Florschuetz and Chao)to explain why. 

Florschuetz and Chao's work was extended to the case of 

growth of gas bubbles by Szekely and Martins (1971) who thus 

corrected the imbalance of attention which had been paid to 

mass transfer in comparison with nucleate boiling or cavit- 

ation. Szekely and Martins were unable to locate any 

quantitative information on the range of validity of the 

asymptotic solutions for mass transfer and set out to examine 
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the problem from the same viewpoint as Florschuetz and Chao. 

They set up the equations of motion and diffusion, along with 

the appropriate boundary conditions and then solved the 

equations numerically to show that the same parameter B 

could be used to characterise the three regimes. In addition, 

they defined another parmeter V, particularly useful in the 

inertia limited region, which characterises the importance 

of viscous effects: 

V= (2.8) 
G2 

where Sc is the Schmidt number and G is as previously 

defined. Viscous effects were only found to be important for 

V greater than 0.1 ; the values of B which define the 

diffusional, inertial and mixed regions were as previously 

defined. Szekely and Martins then reported the results of 

experiments on the growth of n-pentane bubbles in n-tetra- 

decane, under vacuum. Bubbles were"photographed at a pre- 

determined site. They were able to work in the region of 

B»1 (between 248 and 808) where inertia-would be 

expected to be the dominant mechanism. The experimental 

results show a remarkable agreement with the numerical 

solutions. The Scriven solution would have been quite unaccept- 

able, even as an approximation as it would have been in error 

by more than an order of magnitude. Similarly, an entirely 

inertial solution would have been in error; only the mixed 

solution was satisfactory. 

that the paramaters V and 

They were thus able to conclude 

B (and also ý, a surface 

tension parameter) were able to characterise the mass transfer 

system as well as the boiling/cavitation systems. 
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Szekely and Martins (1971) had made the usual assump- 

tion that a Henry's law equilibrium is obeyed at the bubble 

surface. Rosner and Epstein (1972) claimed that this is 

not always satisfactory and that there is often a departure 

from equilibrium at the gas-liquid interface owing to 

kinetic restrictions to dissolution. They looked at the 

effect of a kinetic law for dissolution of the type: 

m=Co 
sat (2.9) 

where m is the mass transfer flux across the interface, 

k is a constant and na kinetic order of the dissolution 

process. They derived a set of governing equations which 

include this rate process and treat the case where this limits 

the growth. They also considered the effects of surface 

tension and non-zero initial bubble size but did not treat 

the case where limitation to growth is a combination of 

non-equilibrium surface kinetics and hydrodynamics. 

In a recent paper, Szekely and Fang (1973) corrected 

this shortcoming in Rosner and Epstein's (1972) analysis 

by defining a new parameter Bk , consistent v. ith the old 

B parameter, to charnctcrise the region of importance of 

surface kinetics and hydrodymamics. They presented a 

considerable number of numerical solutions. 
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CHAPTER 3 

THEORETICAL ANALYSIS 

In this chapter the governing equations for the growth 

of gas bubbles in newtonian and non-newtonian (power law) 

liquids will be set up. Spherical symmetry will be assumed 

and the equations will include terms taking account of the 

liquid inertia, viscosity and surface tension and the concen- 

trations of the dissolved gas. Scriven's (1959) asymptotic 

solution for a diffusionally limited gas bubble will then be 

summarised and compared with earlier solutions. The governing 

equations will then be expanded and put into a dimensionless 

form suitable for numerical solution. 

A simple relationship, appropriate to the case of a 

bubble rising in a supersaturated solution, will be derived. 

The equations required for a numerical solution for the 

two limiting cases 

(i) limitation by diffusion 

(ii) limitation by the hydrodynamic properties of the 

liquid 

and the intermediate case where both diffusion and hydro- 

dynamics are important, are summarised in Section 3.9, 

together with the initial and boundary conditions. 
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3.1 -Derivation of the governing equations 

3.1.1 Basic assumptions 

Consider a spherical gas bubble growing in a quiescent 

supersaturated liquid of infinite extent. The bubble is grow- 

ing because of the transfer of dissolved gas from the liquid 

phase to the gas phase. The rate of growth is determined by 

the difference between the pressure within the bubble and the 

ambient pressure, liquid inertia, viscosity and surface tension, 

the diffusivity of the dissolved gas in the liquid and the 

concentration, or degree of supersaturation, of the dissolved 

gas. 

Assume that the bubble maintains a spherical shape 

because of surface tension. Further, that the centre of the 

bubble remains fixed and is the centre of a spherically 

symmetric co-ordinate system. The nomenclature of the 

co-ordinate system is shown in Figure 3.1 . 

The composition of the liquid phase is assumed to be 

initially homogeneous and the gas phase within the bubble is 

assumed to be at a uniform pressure, and homogeneous. The gas 

phase is at all times in thermodynamic equilibrium with the 

liquid phase, at the gas-liquid interface. 

Since--the system is assumed to be spherically symmetric, 

there is only a radial component of the liquid velocity; 

there is no angular dependence to be considered, i. e.: 

V-v (r) 
rr 

ve -0 

Vý 0 

where r is the radial co-ordinate. 

(3.1) 
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Figure 3.1 Coordinate system and nomenclature 
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3.1.2 Continuity equation 

The general equation of continuity in the liquid: 

op 
_-p(O"v) Dt 

becomes, for the case of spherical symmetry with no e or 
dependence, and constant liquid density: 

Vrr2 = k(t) =k (3.2) 

A mass balance readily yields k(t) When the rate 

of change of the density of the gas within the bubble is much 

less rapid than the rate of change of the volume of the 

bubble, equation 3.2 becomes: 

vrr2 =eR R2 (3-3) 

where: R= radius of the bubble 

R= velocity of the bubble surface 

dR 
dt 

1-p=1 for p« p2, (3.4) 
Qg 

3.1.3 Momentum equation 

The general momentum equation is: 

DV 

t- D -vp - (v "T) + PQ 

For spherical symmetry and no body forces, this reduces to: 

Favr avr 
Pt at yr 3r -- 

aP 
- --1a (r2z (3.5) 

ar r2 ar rr r 

When the pressure gradient term is replaced by a pressure 
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tensor with components: 

Prr ` `P Trr 
etc. 

(3.6) 

equation 3.5 can be rewritten as: 

p 
avr avr aprr T00+ Týý 2Trr (3.7) 
at + yr ar ar +r 

3.1.4 Diffusion equation 

The general diffusion equation for constant liquid 

density and constant gas diffusivity is: 

DC 
= DV2C +Q Dt 

When the rate of reaction term Q is zero, and with 

spherical symmetry this reduces to: 

aC a2C 2 aC] 
_ 

aC 
at -D ar' +r ar ýr ar 

(3.8) 

Substituting the continuity expression, equation 3.3, the 

equation 3.8 then becomes: 

ac 
_D 

2C 
+2 aC 

_ ERR2 aC 3.9 at r2 r ar r ar 

3.1.5 Diffusional mass balance 

The rate of change of the bubble mass is: 

8t 

(3n 
R3 P1 

(3.10) 
gý 

If it is assumed again that the rate of change of the gas 

density is much less than that of the bubble volume then 

expression 3.10 becomes: 

0 
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" 

7rR pR (3.11) g 

The rate of mass flow of the dissolved gas to the bubble 

surface is: 

C(R, t) (R - vom) 4w R2 +4 Tr R2 DäR (3.12) 

Equating 3.11 and 3.12 and writing: 

pv 

E_I-= 
kR 

equation 3.12 becomes: 

pg= C(R, t) (1 - OR +D 
ar (3.13) 

gR 

Equations 3.3,3.7,3.9 and 3.13 are now the basic 

equations governing the system. Some initial and boundary 

conditions have still to be obtained. 

3.2 Scriven's solution for diffusional bubble growth 

3.2.1 Derivation of the asymptotic solution 

Initially, the growth of the bubble depends very strongly 

on the inertia, viscosity and surface tension of the surroun- 

ding liquid. However, the growth soon becomes limited by 

the rate at which material can diffuse to the bubble surface. 

Thereafter, the growth is governed solely by the diffusion 

equation 3.9 and the diffusional mass balance equation 3.13 . 

Thus, solution of these two equations represents one asymp- 

totic solution, an other being when the growth is limited 

solely by the momentum equation 3.7 . This former case was 
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solved analytically by Scriven (1959) but for the case of 

a vapour bubble, with a footnote giving the final result for 

a gas bubble. The derivation for a gas bubble is described 

below. 

The diffusion equation 3.9 and the diffusional mass 

balance equation 3.13 are the basis for the solution. 

Initially the liquid is of uniform composition so: 

C(r, O) = C0 all r>R: t=0 (3.14) 

At large distances from the bubble, the concentration of 

dissolved gas remains unchanged so the boundary condition at 

infinity is 

C(co, t) = Co r=: all t (3.15) 

It is assumed that the gas inside the bubble is at the 

ambient pressure, P, and that the adjacent liquid is in 
00 

thermodynamic equilibrium with it. Hence, the boundary 

condition at the bubble surface is: 

C(R, t) = Csat r=R: all t>0 (3.16) 

Assume that it is possible to have a similarity solution of 

the form: 

c(S) = c(r, t) (3.17) 

S=r (3.18) 
where: 

2 IE 

Note that, at the bubble surface: 

R 2ßm (3.19) 
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where 0 is the dimensionless growth coefficient. 

Substituting equation 3.18 into equation 3.9 gives: 

23 dC_2 dC 
_S _ 

1+ 6ß (3.20) 
dS2 dS S2 

Integrating equation 3.20 once gives: 

dC 
_A _S2 _ 

2ca3 
_ (3.21) 

ds S2 
exp s 

where A is a constant of integration to be determined from 

the diffusional mass balance equation 3.13 . When this is 

done, equation 3.21 is integrated again and when the 

initial and boundary conditions 3.14,3.15 and 3.16 are 

substituted, the final result is: 

(DIE , ß} 
PQ, (Co 

sat (3.22) 

00 

203 eXp 2+ 2eß2 x-2 exp -x2 - 
2Xß3 dx 

Pg (p2 Csat) 

Equation 3.22 is that obtained by. Scriven-. The right 

hand side is easily integrated by numerical means and Scriven 

presents a table of values of ß versus ýP{e, ßl Since 

is readily., calculated from the known densities and concen- 

trations of the dissolved gas, the growth constant ß may 

be quickly determined. Equation 3.19 then gives-the relat- 

ionship between bubble radius and time, for this diffusion 

limited asymptotic solution. 
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3.2.2 Approximations for small and large 

Scriven showed that: 

(i) For small 

{e, ß} + 2ß2 

This is correct, within 5%, for < 0.025 

(ii) For large -ß 

3 

C}ß within 2.3%) 

This is correct, within 5%, for > 8.0 ,>8.0 

(3.24) 

3.2.3 Comparison with earlier solutions 

For the case of small growth rates, when equation 3.23 

applies, Scriven's solution may be written (for Csat " pQ) as: 

. 
2(. C -C) Dt 

R=0 sat (3.25) 
Pg 

Epstein and Plesset (1950) gave an approximate solution 

for growth from an initial size R0 . When written in the 

present nomenclature, the solution is: 

R= R2 + 
2(C0 - Csat) Dt 

op g 

This approaches the Scriven solution as R becomes 

increasingly greater than R0 , the initial radius. 

(3.23) 

,i<0.00125 

(3.26) 
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3.3 Expansion of the momentum equation for a newtonian liquid 

The momentum equation has-already been presented in a 

form (equation 3.7) which applies equally to a newtonian 

or a non-newtonian liquid. It will now be expanded for a 

newtonian liquid. 

The components of the stress tensor Tip of equation 

3.7 may be written, for yr = vr(r), v0 = 0, v=0 as: 

Trr = -2u 

Dv 
r 

ar 

V 
r 

Tý8 - -2u 

V 

Týý - -2 

From the equation of continuity 3.3: 

v r2 =eR R2 = k(t) =k 
r 

Substituting equation 3.3 into equation 3.27 gives the 

components as: 

4uk 
Tr, r - 

r3 

2pk 
T8e ý Týý -ý 

r3 

and_ so the momentum equation 3.7 becomes: 

avr avr aprr, 
_ 

12 uk 
+v4 pý 

at 
r ar Dr r 

(3.27) 

(3.3) 

(3.28) 

(3"'9) 

EquatiOn 3.29 can be arranged and integrated from the bubble 
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surface to infinity to yield: 

1 
ep 

[ 
rr«») - prr(R)] =RR+ 

0 

C2 - 
ýýR2 + 

4vR 
2R (3.30) 

The radial component of the radial stress at infinity 

prr(co) is simply the negative of the ambient pressure, P, 
), 

The normal stress at the bubble surface is given by: 

-Prr(R) = Pg - 
2a " 

+ p, (R - vr(R) ) vr(R) (3.31) 

The first term on the right hand side is the pressure inside 

the bubble, the second term is due to the surface tension 

and the third is due to the velocity difference across the 

moving surface at which there is a density discontinuity. 

This third term may be neglected when pg « pt When 

equation 3.31 is substituted into equation 3.30, the final 

result is: 
i 

" 
9 

POD 
=RR 

06 40 

+ (1 + )R2 +4R+ 
2a (3.32) 

ep2Re 
pt R 

P, 

It is convenient to put equation 3.32 into dimensionless 

form. The following substitutions are made: 

A=Ra R 
0 

Dt 
T- 

R2 
b 

0 

P- P 
g li = C 

P_ P 
o 

(3.33) 

AP p0 - p0 d 
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where: 

R2 AP 

D p2, 

Ro - the initial radius 

T- the dimensionless time 

e (3.33) 

PO = the equilibrium, pressure of the 

supersaturated solution 

11 the dimensionless pressure within 

the bubble 

G=a dimensionless parameter containing 

a measure of the liquid inertia and 

the pressure driving force. 

The final version of the momentum equation, for the 

case when c=1, can then be written as: 

A dT2 +2 dA -T 
)+4 

Sc 1 dA 
=G [II -Ä (3.34) 

where: Sc = Schmidt number = 

= surface tension parameter =2 AP R 
0 

indicates the degree of displacement of the initial radius 

from the equilibrium radius. If is less than unity the 

bubble will grow; if greater than unity it will dissolve. 

When ý=1, the bubble will be in equilibrium with the 

surrounding liquid. 

3.4 Expansion of the momentum equation for a non-newtonian 

(power law) liquid 

In this section, the case of a bubble growing in a 

non-newtonian liquid of the Oswald-de Waele (power law) 

type will be investigated. 
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The power law is a two parameter model of the form: 

-1 
dv dv 

dy -r -m ' (3 . 35) yx 
H1X 

For the case of n= 1 , it reduces to Newton's law of 

viscosity with m' = u The deviation of n from unity 

indicates the degree of departure from newtonian behaviour. 

For n less than unity, the behaviour is termed pseudoplastic; 

for n greater than unity, dilatant. Many fluids, especially 

solutions of polymers and many plastics, have their flow 

properties well described by the power law model. (See Reiner 

(1.960) and Skelländ (1967) ). It was felt that some recog- 

nition should be given to this class of material in terms of 

the current problem of diffusional bubble growth. 

Bird, Stewart and Lightfoot (1960) discuss how the 

general form of Newton's law of viscosity may be extended 

approximately to non-newtonian, incompressible liquids. 

Newton's law of viscosity for an incompressible 

liquid is: 

-ý __u (3.36) 

where t is the shear stress tensor and A, the rate of 

deformation-tensor. The "viscosity coefficient" u does 

not depend on either I or A For non-newtonian fluids 

the expression 3.36 is not correct but it is possible to 

write: 

-nA 
(3.. ) 
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where n is a non-newtonian "viscosity", a scalar and a 
function of t or d. In order for n to be a scalar of 
the tensor it must depend only on the invariants of 

A, those components of that transform as scalars when 

the co-ordinate system is rotated. The three invariants are: 

11= (A: 8) = 
I2 = (: L) 

2(v . 

13= detlA 

(3.38) 

For the incompressible fluid, the first invariant vanishes 

and so: 

Ti = n(I2, I3) 

For many flows, the third invariant is also equal to zero 

and even when it is not zero (as will be shown to be the case 

for an expanding bubble) its effect is usually assumed to be 

not very important. Certainly authors studying the flow of 

non-newtonian fluids around a sphere neglect it. (See, for 

example Adachi, Yoshioka and Yamamoto (1973) ). 

So, it will be assumed that equation 3.37 can be used 

in this case with the result that: 

Ti = n(I2) = rß(0 -ý ) (3.39) 

The power law model will thus be used in the form 

given by Bird, Stewart and Lightfoot (1960) (their equation 

3.6-9) viz: 

ml 1 -- n-1 I 
'Jýl (A* ifý) 

I ýA (3.40) 
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For the case of the expanding bubble with spherical 

symmetry, the components of the rate of deformation tensor 
d, are: 

av 
r irr 2 

ar 

V 
r X88 -2r 

V 

a00 =2r r 

ore ©er = Aeý = o4O Aro = Aor 

and the third invariant of the tensor is: 

v2 av 
I3 = det, QI8rr 

r ar 

As explained above, the dependence of Q on the third 

invariant will not be considered further. 

The second invariant with spherical 

symmetry is: 

(Q,; 0) 4 
vr 

2+2 
yr 

2 

3r r 

n-1 
av2 yr 

22 

or, n- m' 2r+2 
ar r 

The diagonal components of the stress tensor Z can be 

written as: 

(3.42) 

(3-43) 

(3-44) 

av 
T -2n 

ra (3.1 S) 
rr ar 

(3.41) 



-51- 

Tee = T4 _ 
bl (3.45) 

v 
2 'ý r 

r 

3.2 Substituting the equation of continuity 3-3, 

3.45 become: 

equations 

4nk 
Trr -3a 

r 
(3.46) 

2nk b Te6 = Týý _-3 
r 

If equations 3.44 and 3.46 are substituted into the 

momentum equation 3.7 1 it becomes, for a power law liquid: 

n-1 n-l 
avr 

+vavr 
aprr 

_ 
12 m'k (2) 2 (avr 2+2 yr 2 

pk at r ar ar4 

[(ar) 

r 

(3.47) 

Equation 3.47 can be rearranged and integrated from 

the bubble surface to infinity to yield: 

E1 
[prr (°)- p rr 

(R)] _ 
pR 

n+l 
2 

RR+ (2- 2)R2 + 
12 sn-1 mRn 

3nR 

(3.48) 

and is equivalent to the kinematic Note that m= MI 
pt 

viscosity coefficient of a newtonian fluid 

The normal stress at the bubble surface and at infinity 

are given by equation 3.31 and when these are substituted 

into equation 3.48 the result is: 

(3.49) 

n+l 
P 

E Pt 

.. +1+L. )R2 + 
12 

2 
enm 

"R+ 20 
RR (23nR 

ep 
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Equation 3.49 can now be conveniently put into dimensionless 

form, using the substitutions of equation 3.33 When c 
the final version of the momentum equation can be written as: 

n+l 

Ad 
2A 

+3 
dA 2+ 

12 2 :. 1 dA n 
dT 22 d-r 3n Sc 

dT G II (3.50) 

where Sc is a Schmidt number appropriate to this case: 

= Sc 
m R2( 1-n ) 

0 (3.51) 
D(2-n) 

and other groups are as previously defined. Equation 3.50 

is equivalent to 'equation 3.34 for the newtonian liquid and 

they are identical, of course, when n=1. 

An implicit assumption in this section has been that 

the diffusivity remains constant. Now., it is known that 

diffusivity bears an inverse relationship with liquid 

viscosity, as shown by the well known Wilke and Chang (1955) 

equation (See Bird, Stewart and Lightfoot (1960) ). But in a 

power lawl. liquid, the apparent viscosity varies with the rate 

of shear and the question is whether this leads to a change 

in the diffusivity. Apparently this is not so, the diffusivity 

remaining approximately constant, at least for such power law 

liquids as solutions of polymers. This question is discussed 

further in Appendix A. 2 where justification for the 

assumption of constant diffusivity is made. 
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3.5 Intermediate liquid - the Sisko model 

Three parameter models would be expected to describe 

more: accurately than two parameter models, the behaviour of 

a non-newtonian fluid. A common model is the Ellis model: 

dy 1 ý2 
yx yx (3.52) 

which include Newton's law and the power law. For the pur- 

poses of analysis of the expanding bubble, it is more 
dv 

convenient to have T directly in terms of dy and a 

suitable model of this kind is the Sisko model (Sisko (1958)). 

This model is: 

T= -(x +x 
dvx n-1 

) 
dvx (3.53) 

yx 12 dy dy 

As in the Ellis model, it includes Newton's law (when n=1) 

and the power law (when x1=0). 

It is obvious that the expanded momentum equation for 

the Sisko liquid is just a combination of equations 3.34 and 

3.50 thus: 

n+l 
(3.54) 

d2A 
+3 

dA 2+ 
4 Sc l 'dA 

+ 
12 2S1 dA n= 

G n_ A 
dt 22 dT A dT 3n 

A dý A 
1] 

where: Sc = Schmidt number for the newtonian part 

p9 D 

Sc = Schmidt number for the power law part 

2(1-n) 
Jý 2Ro 

P2 D(2-n) 
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3.6 Expansion of the diffusion equation 

The appropriate form of the diffusion equation is 

given by equation 3.9 viz: 

ae D ra2c +2 DC ERR2 ac 
at Lare r Dr 

r2 ar (3.9) 

It is convenient to have equation 3.9 in dimensionless 

form so make the following substitutions; in addition to 

those of equation 3.33 : 

=R af 
0 

C 
sat C-_g 

0 sat 

(3.33) 

where a is a dimensionless radial co-ordinate distance and 

C is a dimensionless concentration. 

When put into equation 3. -9 with c =-1 , the result is: 

aC" 
=a 

2Cf 2_ A2 dA aC" (3-55) 
DT aa2 a a2 dT as 

3.7 Expansion of the boundary conditions 

Upon specifying an initial bubble size, zero initial 

growth rate and uniform solute distribution at zero time, 

the initial-and boundary conditions may be written as: 

R=R at t 
0 

R=0 at t 

C= Co at t=0: r, Ro 1(3.56) 
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The boundary condition assumes that the concentration 

remains unchanged at infinity: 

C= Co at r all t (3.57) 

At the bubble wall, the diffusional mass balance 

equation 3.13 , for e= 1, is: 

" 

pg R=D 3C (3.58) 
r R 

In addition, assume that the thermodynamic equilibrium 

at the bubble wall can be expressed by Henry's law: 

pg HCIR (3.59) 

When put into dimensionless form, equations 3.56 - 3.59 

become: 

A 1 T 0 a 

A= 0 T= 0ý b 

C TT O a31 C 

C= 1 a o: all T d 

aC 1 dA 
= Da Ja dT a A all T e 

A 

lI = 
. T. 

C"IA a= A all T f 

where: Ja = pC 
= the Jakob number 

g 

AC = Co - Csat 

(3.60) 
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3.8 "Film theory" approach to Scriven's analysis 

According to the Whitman two-film theory of absorption 

of gases (see Coulson and Richardson (1966) ), a general 

expression for mass transfer across a phase boundary is: 

Ng = k(Pg -P1) = kQ(C1 - Cý) (3.61) 

where N is the rate of mass tränsfer per unit area, kg is 
g 

the gas film mass transfer coefficient, k, is the liquid 

film mass transfer coefficient, P is the partial pressure 

of the soluble gas and C its concentration in the liquid. 

The subscripts gQ and i refer to the gas phase, liquid 

phase and interface respectively. Since the concentrations of 

dissolved gas at the interface are not generally known, it 

is usual to write equation 3.61 in the following form, for 

the case where the mass transfer is controlled by diffusion 

through the liquid film: 
1ý 

Ng = Kk (Co Csat) KQ AC (3.62) 

where K. is the overall liquid film mass transfer coeffic- 

Tent and Co and Csatare as previously defined. 

Now, in the asymptotic solution for bubble growth 

derived by Scriven (1959) and discussed in Section 3.2, it 

was assumed-that the rate of bubble growth is limited by 

diffusion on the liquid side. No attempt has yet been mace 

to apply an analysis simiLir to the film theory to the diff- 

usional bubble growth problemrm, though in both instances 

this same assumption is made. 
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Suppose it is assumed that the instantaneous mass trans- 

fer rate can be represented by an equation of the form of 

equation 3.62 . The rate of change of the volume of the 

growing bubble is then: 

dV 
dt 

ab 

Pg 

J 

where ab is the instantaneous bubble area. Rewriting 

equation 3.63 as: 

d434. Tr. R2 
ýR. 

N 
g 

dt 3-p 
g 

(3.63) 

ai 

(3.64) 

or 
dR 

_-= 

KQ. AC 

dt pg pg 

From the Scriven theory: 

R= 2ß -Dt (3.19) 

Substitution of equation 3.19 into 3.64b yields, after 

some rearrangement: 

Sh 
2R KQ 4 ß2 

D Ja 
(3.65) 

This gives a relationship between the instantaneous Sherwood 

number, Sh , the Jakob number, Ja , and the dimensionless 

growth coefficient 

When Scriven's asymptotic approximations for for 

small and large values of (D{c, B} (equations 3.23 and 3.24) 

are substituted into equation 3.65, the result is: 

Ja b 
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(i) For small ß 

e{e, ß}- = Ja -+ 202 (3.23) 

Sh -} 2 (3.66) 

(ii) For large ß 

{e, ß} = Ja - 

Sh } 
12 Ja 
lt 

B 3 (3.24) 

(3.67) 

This is a particularly interesting result as equation 

3.66 is identical to the classical Langmuir solution for 

diffusion from a stationary solid sphere into an infinite 

stagnant-medium (see Valentin (1967) ). The result suggests 

that the mass transfer to a bubble rising in a supersaturated 

solution might be able to be dealt with by existing correl- 

ations for moving solid spheres which involve the Reynolds 

and Schmidt numbers. Certainly, analytical or numerical 

solutions of the problem are extremely difficult and, to 

date, there does not appear to have been any successful 

attempts to investigate either. It is thus suggested that 

it is likely a correlation of the form: 

Sh = 
4Ja2 [l + f{Re, Sc} 

will be found to satisfy the case of a bubble rising in 

supersaturated solution. 

(3.68) 

Equation 3.65 and the asymptotes, equations 3.66 and 3.67 

are illustrated on Figure 3.2 A tabulation of equat1on 

3.65 is found in Appendix A. 1 a 
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Figure 3.2 Jakob number versus Sherwood number 

for a growing bubble 
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3.9 Summary 

In this chapter, the governing equations of continuity 

momentum and diffusion and the initial and boundary conditions 

have been derived and put into dimensionless form. To 

summarise, these equations are: 

(i) Momentum, for a newtonian liquid: 

Ad2A+3 dA ()2 
+4 Sc 1 dA G{ II -! 

} (3.34) 
dT22 dT A dT A 

ii Momentum, for a power law liquid: 

n+l 

A d2A 
+3 

(dA 2+ 12 2 
Sc 1 dA n_ 

GjI_cl 
(3.50) 

- -) dt2 2 dT 3n A dT A 

(iii) Diffusion: 

ac 
_ 

22C+ 2 A2 dA ac 
DT 3a2 a a2 dt as 

(iv) Initial and boundary conditions: 

A= 1 T= 0 

A= 0 0 

c= 1 T= 0: a> 1 

C _ a w all T 

1 dA 
a A all T 

as A Ja dT 

= C� a =A : all T A 

(3.55) 

a 

b 

c 

d (3.60) 

e 

f 
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There are three types of solution to be obtained from 

this set of equations. Firstly, if only diffusional mass 

transfer is limiting the bubble growth, equation 3.55 

governs. The solution for this asymptotic case was obtained 

by Scriven and summarised in Section 3.2. When liquid 

properties dominate the growth, equations 3.34 or 3.50 

govern. This asymptotic case has been solved numerically 

by Szekely and Martins (1971) for newtonian liquids and the 

solution for power law liquids will be investigated in 

Chapter 4. When both liquid properties and diffusion 

govern the growth, equations 3.34 or 3.50 and 3.55 

must be solved simultaneously. They are linked through the 

dimensionless pressure term H in equation 3.34 and its 

equality to the the dimensionless interface concentration, 

found in boundary conditions 3.59e and f. This case also 

will be investigated in Chapter 4, for newtonian and 

power law liquids. 

A relationship: 

Sh =42 Ja 1+ f{Re, Sc} 

has been suggested as a possible correlation for bubbles 

rising in a supersaturated solution. 
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CHAPTER 4 

NUMERICAL SOLUTION OF THE BUBBLE GROWTH EQUATIONS 

In this chapter, the equations derived in Chapter 3 

(equations 3.34,3.50,3.55 and 3.60 ) will be put into 

a form suitable for numerical solution. The method of 

solution will then be described. 

Firstly, the case where growth is limited by hydro- 

dynamic forces will be considered, for both newtonian and 

power law liquids. 

Secondly, the case where both hydrodynamic forces 

and diffusion are important will be considered, again for 

newtonian and power law liquids. 
1ý 

The case of diffusional limitation to growth will not 

be considered further but instead Scriven's (1959) solution 

will be taken for comparison with the other solutions. 

Values of parameters which define the range of applic- 

ability of each of the solutions will be determined. 

The results of the numerical solutions will be 

presented. graphically. 
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4.1 Growth limited by hydrodynamic forces 

4.1.1 Forming the appropriate equations for numerical 

solution 

When growth is limited by hydrodynamic forces only, 

diffusion to the bubble surface is relatively so rapid that 

at all times the concentration of the diffusing species at 

the surface is equal to its initial value. Thus the 

dimensionless pressure within the bubble, n, of equations 

3.34 and 3.50 is equal to unity throughout the whole growth 

period. 

So, in this instance the momentum equations 3.34 or 3.50 

and the initial conditions 3.60a and b are appropriate. 

In these momentum equations there are three parameters, 

the. inertia parameter G ,, the Schmidt number Sc or Sc , 

the surface tension parameter as well as the two variables 

A and T. The number of parameters and variables can 

be reduced from five to four by. making the following change 

of variable: 

I 

T= 
[-G] 

2T (4.1) 

Actually, any transformation T= (kG? 2T will be suitable 

but the factor 2/3 is included for consistency with the 

work of Florschuetz and Chao (1965) and Szekely and Martins 

11 n 

(. 1971). Also this transformation makes äT approach 

tunity, as T increases, for the case of Sc =0 and ,=0, 

which is a handy reference condition. 
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Making this substitution into equations 3.34 and 3.50 

and noting that now n=1, the equations which result are: 

for a newtonian liquid: 

A d2A 
+3f 

dA12 
+4 _(3 V1 dA 

_3 
rl 

- 
1] (4.2) 

dT2 2 Li ý2 A dT -2ýA 

for a power law liquid: 

3n 

A d2A 
+3 

1dA 222 32 V1 dA n3 
(4.3) 

dT2 2 dT +nA dT 2A 

where: 

Va 
G2 

(4.4) 

Sc b V= 
(1-2 

G) 

V and V" are measures of the relative importance of the 

viscous and inertial parameters. 

The initial conditions for both equations 4.2 and 4.3 

are: 

A=1T=0 a' 
(4.5) 

dA 
=0T=0b dT 

Equations 4.2 or 4.3 and 4.5 may now be solved 

numerically with different values of V and 
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4.1.2 Method of solution 

Equations 4.2 and 4.3 are non-linear, second order 

ordinary differential equations with initial conditions. 

Such equations may be solved readily by using the Runge- 

Kutta-Nyström method (see Kreyszig (1967) ). 

The problem to be solved is of the form: 

y" - f(x, Y, Y' ) 

with: y(x y o) o 

y'(xo) = y1 

The method involves the computation of the following 

auxiliary quantities, for the (n+l)th step: 

An -2 f (x 5 yn , y1 ) 

Bn =2 f (xn +2' yn + Be 5 y' +A ) 

cn _2 f (Xn +2 y, + Be , yn + Bn ) 

Dn _2 f (xn +2, yrn + De , y' + 2C 
n) 

where: h= step length 

h (, + 
An 

) Be yn 2 

De 
h (yn + Cn) 

(4.6) 

(4.7) 

Having calculated these quantities, the new values of ýx 

y and y' at the end of the step are approximated by: 

xn+1 xn +h 
(4-8) 

y=y+ h( yn + 
13 (An + Bjý +C)) 

n+l nn 
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yn+l - yn + 3( An + 2Bn + 2Cn + Dn) 

These values are then used in the next step. 

A computer programme (Program P1) was written to 

(4.8) 

enable this calculation to be performed. It uses exactly 

the nomenclature of equations 4.6,4.7 and 4.8 except 

y' is referred to as z in the programme. 

4.1.3 Computational procedure 

As mentioned above, it was found that the rate of 

increase of bubble radius 
äT 

approaches a constant value 

as T increases. - In fact, for an inviscid liquid with no 

surface tension, the result is A=T when T>2 This 

result suggests that a suitable range of integration might 

be from. T =0 to T = 100 , when A , for this limiting 

case, will vary from 1 to about . 
100 All other cases 

were thus integrated for T varying between 0 and 100 

A suitable step length AT had to be determined for 

the numerical solution. It was necessary to examine the 

stability and convergence of the solution for each set of 

parameters and chose an appropriate AT In this examin- 

ation, the steplengths were successively halved until, at 

T= 10 ,A 
did not vary by more than ±0.001 . This 

0 

was an absolute error of between 0.1% and 0.01% according 

to the rate of growth in the early stages. This step length 

was again halved before the full integration was finally 

proceeded with, using Program Pl. A variation of Program 

P1 was used to search for this step length. 
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The step lengths needed to give a stable solution and 

to satisfy the convergence criterion varied from T=0.01 

(resulting finally in' 1000 iterations) for the case of 

the inviscid liquid with no surface tension (V=0, =0), 

to T=0.01 ( 10,000 iterations) for a power law liquid 

of exponent 0.5 with V=2 and = 0.5 The slower 

the initial growth rate, the smaller the time step required. 

4.1.4 Results for newtonian liquids 

The results calculated for diffusional bubble growth 

limited by newtonian hydrodynamic forces only are shown, for 

various parameters, in Figures 4.1 to 4.5 . The values of 

the parameters are given on each figure. 

There are two limiting cases of special interest. 

Figure 4.1 shows bubble radius versus time T for the 

case where surface tension forces are absent (ý :=0). The 

viscous/inertia parameter V is varied between 0 and 10 . 

It is seen that the viscous forces start to become significant 

only when V exceeds about 0.1 . Figure 4.2 shows 

radius versus time T when only surface tension forces are 

significant (V=0 ). It is seen that there is only a 

short time during which the force is significant, after 

which bubble growth is resumed at the same rate as if the 

forces were absent. Even for the case of 4= 0.999 (i. e. 

the initial bubble size is only 0.1% larger than the 

equilibrium radius), the overall growth is not significantly 

retarded. 
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"Figure 4 .1 Hydrodynamically controlled bubL-A c growth 
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Figure 4.3 Hydrodynamically controlled bubble growth 
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Figure 4.4 Hydrodynamically controlled bubble growth 
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Figure 4.5 Hydrodynamically controlled bubble growth 
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4.1.5 Results for power law liquid_ 

The results calculated for diffusional bubble growth 

in power law liquids, when limited by hydrodynamic forces, 

are shown in Figures 4.6 to 4.14 . The remarks made 

above concerning the effect of the surface tension parameter 

apply equally to the power law case. Figures 4.7 to 4.14 

show that the most significant parameter is the power la%., 

exponent; the smaller the. exponent, the slower the initial 

bubble growth rate. 

11 
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Figure 4.6 Hydrodynamically controlled bubble growth 
Power law liquid 
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Figure 4.7 Hydrodynamically controlled bubble growth 
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Figure 4.8 Hydrodynamically controlled bubble growth 
Power law liquid 
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Figure 4.9 Hydrodynamically controlled bubble growth 
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Fisiure 4.10 Hydrodynamically controlled bubble 
Power law liquid 
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I 

Figure 4.12 (hydrodynamically controlled bubble grov. 'th 
Power law liquid 
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Figure 4.13 Hydrodynamically controlled bubble growth 
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Figure 4.14 Hydrodynamically controlled bubble groltith 
Power law liquid 
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4.1.6 Discussion of results 

The implications of the results for hydrodynamic 

limitation to growth in newtonian liquids have already been 

discussed by Szekely and Martins (1971). To summarise their 

conclusions, which are not altered by any of the results 

calculated here: 

(i) Viscous forces become significant only when V>0.1 

or so. As time T increases, the growth rate 
dA 
dT 

. approaches a constant value, which becomes less 

for smaller values of V 

(ii) The effect of increasing the surface tension 

parameter ý is to displace the whole growth 

curve along the time axis. When the surface 

tension is eventually rendered insignificant, 

growth is resumed at a rate which would have 

been achieved had these. forces been absent. 

The general remarks above apply equally well to the 

power law liquid with the addition: 

(iii) All else being equal, the bubble radius and growth 

rate at a given time T decrease with decreasing 

power law exponent. 

It is interesting to examine this behaviour of the 

power law liquid. Its trend is due to the rheological 

properties of a power law liquid; its magnitude is due 

partly to the physical properties and partly to the way in 

which the parameters are defined. When the bubble is just 

beyond its initial size and growing at a very slo\, T rate, 

the viscosity of the liquid looks very large to the bubble. 
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Its expansion will thus be substantially retarded. 

Restating the definitions of the parameters: 

G= 

= Sc 

.. `% _ 

R2 AP 
0 

Pt D2 

m R2(1-n) 
0 

D 2-n) 

1 

Rn 
0 

ai 

bi 

Sc 

Gil 2ý 

2-n 
PC 2 

=m" 

LAP] 

(4-9) 

CI 

d 

Considering the density of the liquid to be an unimportant 

variable and often close to unity for water-like liquids 

equation 4.9d can be written as: 

2-n 

v 

[pt, ] 2 
(4.10) 

AP Rn 
0 

Now, if the initial radius is that which can exist, in 

equilibrium with the supersaturated solution then, 

through the surface tension relationship: 

R1 
0 AP 

Substituting in equation 4.10 gives: 

(R0)' 

The expression illustrates the strong dependence of V 

(4.11) 

(4.12) 
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on the exponent n, for a given R. , assuming that R0 and 

AP are inversely proportional. This is a weakness in the 

suitability of the parameter but nevertheless the conclusion 

still holds that, for equal G, V and , bubble radius 

and growth rate at a given time decrease with decreasing 

power law exponent. It is not possible to say more than that 

in a general way, and it is a valid result. 

Note that the dimensionless time T and the dimension- 

less. radius A also include the value of R0 viz: 
3 

TaR2t 
0 

(4.13) 

A=R +l R 
0 

So all the parameters V" ,GT and A depend on 
J. 

the value of Ro and V" on n as well. That this is not 

as serious a weakness as it might seem is shown by Szekely 

and Martins (1971) . In calculations based on experimental 

results in a newtonian liquid, they used R0 = 10-2,10-3 

and 10-4 centimetres and showed that the actual value 

chosen for R0 did not materially affect the actual radius 

versus real time curve. 
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4.2 Growth limited by both hydrodymanics and diffusion 

4.2.1 Forming the appropriate equations for numerical 

solution 

When growth is limited by diffusion as well as by 

hydrodynamic forces, the concentration of the diffusing 

species at the bubble surface, and hence the pressure within 

the bubble, decreases as the bubble expands. It would be 

expected that, given long enough times, this mixed case 

would always approach the solution given for diffusional 

limitation alone. 

So, in this instance, all the equations 3.34 or 3.50, 

3.55 and 3.60a to f will be significant. Now there are a 

large number of parameters and variables involved in these 

equations and it is not possible to reduce their total number. 

Thus, the equations will be left in terms of the first dimen- 

sionless time Tr Some alterations will be made to the 

equations to put parameters in terms of their reference or 

initial values only, and to transform the radial coordinate 

to a more suitable quantity (see Figure 4.15) . The momentum 

equations 3.34 and 3.50 remain unchanged. 

Make the following change of spatial variable: 

x=a- A(-r) (4.1"! ) 

x is the dimensionless distance beyond the bubble surface 

and changes as the bubble grows. Hence the chain rule must 

to transform the differentials of C"(a, T) to those, 
vv 

oL C (x, T) , thus: 
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BC Ca, T ) aC Cx, T )+ aC(x, T ) ax 
aT aT ax 3T 

obviously: ax _ dA 
aT dý 

Cx, T) Also aC ac 
as ax 

and 
a2C. (a, z) a2C^(x, T) 

aal ax2 

Substituting the equations of 4.15 into 3.55, yields: 

C.. a2C" 
+2+1_ 

A2 dA aC 

aT ax2 Lx +A (x +A) 
2 dT ax 

The boundary condition 3.60e , which becomes: 

ýc dA 

ax 
x=O 

Ja dr 

may be put into a more convenient form by defining a 

reference value of the Jakob number: 

(4.15) 

(4-16) 

(4.17) 

Ja = 
AC (4.18) 

Pý 
pg 

This is the Jakob number calculated at the ambient pressure. 

Introduce a new quantity, the supersaturation driving 

force y which, when Henry's law applies at the interface is: 

AC AP 
Y 

Csat POO 
(4.19) 

Combining equations 4.18 and 4.19 with previously defined 
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dimensionless quantities, it can be shown that equation 

4.17 becomes: 

aCý 1+ IT y dA 
at x=0 

ax 
x_O 

Ja dT 
(4.20) 

Three other boundary conditions have to be changed to the 

new variable. Equations 3.60c, d and f become respectively: 

C=1 T= 0 x> 0 

C=1 all T: x= 

C" _ ýI x=0 

It is proposed to solve the equations numerically. 

(4.21) 

A suitable method will evaluate the solution at a fixed, finite 

number of points in the time and distance domains. That is, 

for a given time step, the concentration distribution in the 

x domain will be determined at a given number of points. 

However, the variable x is inconvenient for numerical 

solution as it ranges from zero to infinity and it is diffic- 

ult to know where to terminate the grid of x-points 

(equivalent to altering the boundary conditions) to produce 

a finite range of integration. Also, the most interesting 

and significant events and the most rapid changes are 

occurring at the bubble surface and, to ensure accuracy, the 

spacing of the points at which the solution is evaluated 

should be closer near the surface. Such a dilemma may often 

be solved by transforming the spatial coordinate; a common 

transformation variable C is defined as: 

C=k ln( f{x} ) 
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Whilst this transformation will compress some points closer 

to the surface, it still leaves the problem of the infinite 

x domain. A more suitable transformation, applied to the 

present case, is to define a variable y; : 

y_x 
s+x 

The range is automatically restricted from y=0 (when 

(4.22) 

x= 0) to y=1 (when x=w) and the spacing of the 

points near the bubble surface is determined by the spacing 

parameter s. This is well illustrated in Figure 4.15 

So, this transformation enables the full range of 

integration to be handled and the spacing to be varied 

easily, to compress more points closer to the surface where 

needed, all with a finite number of points at which the 

solution is evaluated. 

Substitution of equation 4.22 into equations 4.16 

and 4.21 and recalling unchanged initial conditions 

3.60a and b gives: 

;. ff 

ac 
_ 

(1-y)4 a2C:: 
+ 

2(1-y) 
+ 1_ A(1-y) )2]dA (1--y)2 ac 

aT s2 ay2 A(1-y)+sy A(1-y)+sy dT s ay 

(4.23) 

with initial and boundary conditions: 

A- 1 T= 0a 

A- 0 T= 0b 

C=1 T= 0: y0 c' 

C=1 all tr : y= ld 

(4.24) 
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Figure -: . I5 Coordinate transformation nomenclature 
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ac 1+CY dA 

S ay 
y=0 

Ja dT 
y=0 

y=0 

e 

(4.24) 

11 =C fl 

The numerical solution will be performed on equations 

4.23 and 4.24 (coupled with 3.34 or 3.50 ). Though 

these may appear more complicated than the initial equations, 

they are more suited to accurate handling by numerical methods. 

The parameter B is also used: t 

ja 
L2 

_= (4.25) 

First suggested by Florschuetz and Chao (1965), defines 

whether a system is in a region of mainly diffusion control 

(B«1) or mainly hydrodynamic control (B»1). 

In examining the intermediate region, twelve different sets 

of the parameters V, G, Ja By and q will 

be examined. It is an unrealistic task to examine all the 

parameters in detail and the twelve sets were selected 

carefully to show the more significant results. This 

selection is discussed further in Section 4.2.4 

4.2.2 Method of solution 

Equation 4.23, though complicated, is of a standard 

form and is a parabolic, linear partial differential equation. 

Considerable time and programming effort was saved by the use 

of a suitable existing programme from the library facilities 

at Imperial College. 

The Harwell Subroutine Library (United Kingdom Atomic 
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Energy Authority (1973) ) includes a subroutine named DPOIA 

which solves a two point boundary value problem for a 
parabolic, linear partial differential equation, as described 
briefly below. 

When the equation is of the form: 

aC 
= a(y, t) a22 

+ b(y, t) ac 
at ay ay 

+ c(y, t) C+ d(y, t) (4.26) 

with=initial and boundary conditions of the form: 

b1 ac 
= b2 + b3 C+ b4 ac (4.27) 

at ay 

then DPOIA , given the solution, C0 , at t= to finds 

the solution at t=t0+ dt . 

The term 

formula: 

ac 
at t 0 

ac is first replaced by the Crank-Nicolson 
at 

+ ac 
att+6t 

0 

[c[+6 t- Cýol (4.28) 
t 6 

The equation is then rewritten as an ordinary second 

order differential equation and is solved by calling a 

subroutine DD01A . This subroutine replaces the differential 

equation by 
. -a 

finite difference approximation. An initial 

approximation to C is obtained by ignoring third and higher 

differences. Successive approximations are then obtained 

by applying correction terms based upon the third and fourth 

differences of the previous values of C Several other 

routines from the library ( MA07A, TA03A, TD01A, TB04AA ) 
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are called to be used during the solution. 

The subroutine is called by arguments thus: 

CALL DPO1A(C, YO, YN, NPT, TO, DT, CYO, CYN, DCDT, E, LIM, ERR, NUM) 

NPT is the number of equally spaced points at which the 

solution is evaluated, in the range YO to YN and includ- 

ing them. C, DCDT and E are one dimensional arrays of 

length NPT . TO is the value of t at which the initial 

solution is given and DT is the value, St , by which t 

is increased. TO returns with the value TO +DT . 

When the routine is called, C contains the solution 

at the NPT points at time TO , that is: 

C( 1)= C(YO, TO) 

C( k)= C(Yk, TO) 

C(NPT) = C(YN, TO) 

(4.29) 

On return, these values will be overwritten with the solution 

at time TO + DT 

If ät is known at the NPT points, at t= TO, then 

these values are placed in the array DCDT and the flag NUM 

is set to a number greater than zero. (If ät is not known 

then NUM is set equal to zero and the routine calculates 

its own approximation ). On return DCDT will contain the 

values of 
ät 

at t= TO + DT 

CYO and. CYN are one dimensional arrays of length four 

which contain the coefficients b1 of the boundary conditions 
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equation 4.27 : 

At YO CYO(i) = b. 
1 at YN CYN(k) = bk 

E contains, on exit from the routine, the difference 

between the solution obtained ignoring third and higher 

differences and the final solution obtained by taking these 

into account. E is ignored when the routine is entered. 

ERR is the absolute value of the accuracy required. 

LIM must be set to an integer greater than or equal 

to zero. If LIM equals zero, third and higher differences 

are never taken into account and the routine is left after 

solving the finite difference equations based on the first 

and second differences. In this case, both LIM and NUM 

are set to zero. If LIM is made greater than zero, then 

this value is the maximum number of times that correction 

terms based. on the third and fourthidifferences are calcul- 
accuracy 

ated. When the required/is attained, NUM is set equal to 

the number of times the correction terms have been calculated 

and the routine is left. If the correction terms are calcul- 

aced LIM times without reaching the required accuracy then 

the routine is left with NUM equal to -1 and DCDT 

equal to C 
at t= TO 

So, if the required accuracy is attained within LIM 

steps, the routine is left in a condition ready to commence 

the next step immediately. 

It is necessary to provide a subroutine FUNCT S to give 

the coefficients a, b, e, d of equation 4.26: 
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SUBROUTINE FUNCTS(A, B, C, D, T, Y, ID, IDU) 

A, B, C and D are the a, b, c and d of equation 

4.26. The arguments ID and IDU are dummies here; they 

are used in another routine DP02A which solves a non-linear 

parabolic differential equation. 

The routine uses an amount of COMMON storage as 

working space. (15*NPT + 6) spaces must be made available 

in an array W 

In order to test that the subroutine was working 

correctly, an equation with a known analytical solution 

was solved using it (see Appendix A. 3) . 

4.2.3 Computational procedure 

There are two equations and their associated boundary 

conditions to be solved together. Equation 3.34 (or 3.50 ) 

is an ordinary differential equation and is solved in each 

time step by the Runge-Kutta-Nyström procedure. Equation 

4.23 is a linear partial differential equation and is solved 

by routine DPOlA. The two are linked at the bubble surface 

by boundary condition 4.24f, n=C 

Initially, n is equal to unity and the first movement 

of the bubble surface must be limited by liquid properties. 

Subsequently, the concentration field around the bubble 

alters. The momentum'equation is first solved to find a new 

A and 
äA 

at the end of a time interval. These new values 
T 

are then substituted into the diffusion equation, and its 

boundary conditions, which is then solved to find the concen- 

tration field at the end of the time interval. This complete 
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solution includes a new value of the interface concentration, 
CI , which equals n The new value of n determines the 

solution of the momentum equation during the next time step. 
The procedure is repeated. A flow diagram for the computat- 

ional procedure is shown in Figure 4.16 

There remained to determine three parameters which must 

be chosen optimally to give a stable, convergent and accurate 

solution. These are NPT , the number of points at which the 

solution is evaluated, DT , the time step length and s, 

which determines how closely the points are to the bubble in 

the original r-domain. Considerable numerical experimentation 

was necessary to determine these three parameters. The 

calculated values of the interface concentration C. was 1 

used to compare results when examining various NPT , DT 

and s. 

With regard to the number of points, NPT , experiments 

carried out using 21,31,41,51 and 91 points showed that 

51 points (50 intervals ) were sufficient to realise 

accurate solutions at optimum s values. 

The optimisation of the spacing parameter s was 

reasonably time consuming, involving experiments on all 

twelve sets of conditions and at several different time steps. 

Again, the calculated interface concentration C was used 

to compare results. Naturally, if the time step taken is 

zero, the calculated interface concentration would remain at 

unity. Similarly, if s is zero, y is always unity for any 

value of x and so C would be expected to remain at the 
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Figure 4.16 Flow diagram for the solution of the 

complete bubble growth equations 

Input 

Data: V, y Ja ,B, G 

Initial conds: i[ ,C (y)5 A0 , 
dA 

T=0 
Boundary conds: yo, y 

n 
Step lengths: ST , NPT ,s 
Programme data: DCDT, CYO5 CYN2 

errors, flags, count limits 

CALL RUNKUT (T, AO, DAO, DT) 

Starts with A, dA 
T at 

T= T0 and returns with their 

value at T= T0 + dT 

Calculate the interface boundary 

conditions: 

1ac 
S. ay 

CALL DPOlA 

1+ Cý Y dA 

Ja dT 
i 

Starts with C and 
3c 

at 

T=T and returns with their 

value at T= TO + ST 

Calculate new n= C 
y=0 

Check for completion and 

count limits 
Yes 

No 

Increase 

time: 

TýT+a 00 

Complete solution 
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initial bubble surface value of unity. If s is very large, 

y is always zero and Ci would be expected to remain at 
the infinite boundary value, also unity. At intermediate 

values of s Ci would be expected to take values less 

than unity. At the point where there is the minimum change 

in Ci with s (i. e. I=0) the optimum s for a 

given time step and set of parameters is found. 

Determination of this optimum s was carried out as 

follows. Starting with the initial conditions, solutions 

were found for a given time step and set of parameters at 
J. a number of values of s The values of C" versus s 
1 

were plotted and the minimum point located, thus fixing the 

optimum s. The solution was then calculated for this 

optimum s and used as a starting point for a second set of 

solutions, again varying s Another optimum s was found 

for the second time step. Obviously this procedure, when 

fully carried out for all sets of parameters, was a lengthy 

one but there was found a particularly simple relationship 

between the optimum value of s and the absolute time at the 

end of the time step, for all conditions: 

s= 20 �T (4.30) 

As an, illustration of the procedure, the curves of 

versus s for two initial time steps and for a set of 

parameters are shown as Figure 4.17 .A similar curve was 

examined for the second time step. The relationship beti-. een 

optimum s and T is shown in Figure 4.18 . This deter- 

mination concluded the numerical experimentation. 
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Figure 4.17- Variation of interface concentration 

with spacing parameter, Set 4 
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Figure 4.18 Optimum spacing parameter versus initial 

time steps, Sets 1- 10 
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4.2.4 Selection of parameters for numerical solution 

It is apparent that there are too many parameters in 

equations 3.34 or 3.50,4.23,4.24 and 4.25 for a 

systematic evaluation. Some of the less significant will be 

neglected or not varied; only the more important will be 

considered. 

The surface tension parameter is less important 

since its effects are rapidly overcome as the bubble grows. 

It will be taken as zero in the numerical solutions. 

The driving force parameter y will be left constant 

at a value of 10 

This leaves three parameters, B, V and Ja 

V will be taken as either 0 (inviscid liquid ) or 1 

B will be given four values to range over the expected 

regions, diffusion controlled to strongly inertial controlled. 

These will be 0.1 ,1,10 and 100 Ja will take 

three different values 10 , 31.6 and 100.0 

(n .b. 31.6 =V 1000 )" The first would roughly correspond 

to a system of y= 10 at atmospheric pressure and the 

last to the same system operating subatmospherically where 

the gas density is small. The value 31.6 is intermediate. 

This 'leaves twelve sets of and Ja to be examined 

at V=0 and 1 and the sets where V=1 to be examined 

with power law exponents of 0.5,0.625 and 0.75 . 

Table 4.1 shows the values of the dependent parameters 

for these sets of conditions. 
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Table 4.1 Parameters used in the numerical solutions 

Set Ja G y 

1 100.0 1010 

2 0.1 31.6 108 10.0 0.0 

3 10.0 106 

4 100.0 108 

5 1.0 31.6 106 10.0 0.0 

6 10.0 104 

7 100.0 106 

8 10.0 31.6 104 10.0 0.0 

9 10.0 102 

104 10 100.0 

11 100.0 31.6 102 10.0 0.0 

12 10.0 1 
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4.2.5 Results of the numerical solution 

The results for the numerical solutions are shown 

graphically in Figures 4.19 to 4.22 where the curves for 

B=0.1,1,10 and 100 respectively are presented. 

It was found that, at each the shapes of the 

curves calculated for the three Ja , at each V and power 

law exponent were not too different; only the time scale 

was different, but in the range up to A= 100 , the curves 

were only about 1% or less apart in the ordinate. Thus 

there is no detectable error in using only one graph to 

represent all the results of different Ja for a given B 

The whole family of Ja curves is also made available, 

not just those at the three values calculated. 
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Figure 4.19 Bubble growth curves for the general case, Sets ],?, 3 
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Figure 4.20 Bubble growth curves for the general case, Sets 4, S, 6 

0 
0 
ri rH O 

now" O0-0 

_ý 
_. ___ 

N Ni 

CV) 

Ir- 

LO 
L) cv O 
t-- cU Ln 

O O O 

c 
0 

0 ri r-i r-I r 

11 11 II 11 il 

Q) 
'p > > > 

N 0 
+J .p .. .. 
0 P-4 

P. ý. rH 

cý 0 
V) +J C) 
ctS rd 3 ý 

O Q) N 0 

4 
ii "F "ý C) 

0 
C "r r-+ 

" r1 v) cti 
i-) -j -' 

Lf) L" 
LýA 

C) 

+p -i f--ý N M d L1') \ýO [- 
0 

CU) U 

I 

ýý'ý1 

Ln 

0 
O 

cv 
ro 

oýr 
r 

t- 
--{ 

It 
I~J 

OO r-1 
r-i rH 

N r-! 
t 

00 
r-A r--q 

ý 

7N 

ft 
O0 

co O 

r -j 
0 

C.. 

" i C. ' O C' 
0 r-i 

CD ea 
0 .. ýý 



-100- 
Figure 4.21 Bubble growth curves for the general case, sets 

, 8, y 
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Figure 42 
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4.2.6 Discus jos1 of results 

The implications of the results for the general case 

of growth in newtonian liquids have already been discussed 

by Szekely and Martins (1971) and by Florschuetz and Chao 

(1965), discussing the parameter F For completeness, 

their conclusions are summarised as: 

(i) The parameter B provides a good characterisation 

of the regime. The larger B becomes, the more the 

system approaches hydrodynamic limitation; the 

smaller B becomes, the more the system is 

limited by diffusion. 

(ii) In the earliest stages of every case, the growth 

rate is limited by factors other than diffusion. 

As time increases, there is a gradual approach 

to diffusive limitation. The rapidity of the 

approach depends on the value of 

(iý_i} Provided that B<0.1 ,, the time taken to reach 

a certain size may be estimated without serious 

error by the asymptotic diffusion limited theory. 

The general remarks above apply equally to the power 

law liquid with the addition that: 

(iv) All else being equal, the growth curve of a power 

law liquid approaches that of a newtonian liquid 

of the same V and The rate of growth and 

the radius at a, given time decrease with decreasing 

power law exponent. 

(v). As time proceeds, the solution for a power law 

liquid approaches that for a newtonian liquid; 
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they both approach the solution for an inviscid 

newtonian liquid and then all three approach the 

diffusion limited asymptote. The convergence to 

the diffusion limited asymptote is more rapid, 

the smaller the value of 

The same remarks made in Section 4.1.6 on the 

sensitivity of the parameters to R0 and the particular 

� sensitivity of V to the power law exponent also apply 

here. 
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CHAPTER 5 

EXPERIMENTAL - APPARATUS AND TECHNIQUES 

In this chapter, the apparatus and techniques used 

in the experimental part of the work will be discussed. 

The justification for the experiments is found in Chapter 1. 

The experiments were not difficult or complicated 

but care was taken in their execution and accurate records 

were made. The results obtained, presented and discussed 

in Chapter 6, justify the care taken. 

V 
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5.1 -Introduction 

The experiments were designed to test the mass diffusion 

limited theory of Scriven (1959). Saturated solutions of 

carbon dioxide and of oxygen in water or glycerol solutions 

were prepared, at elevated pressures and at a constant temp- 

erature. When the pressure was released to atmosphere, a 

supersaturated solution of known concentration was obtained. 

It was then necessary to be able to reliably initiate bubbles 

of gas, desorbing from the supersaturated solution, to 

photograph the growing bubbles and to analyse the film. 

5.2 Pressure vessel 

A glass pressure vessel was necessary in order to be 

able to photograph the growing bubble. The vessel used 

(shown full size in half section in Figure 5.1) consisted 

of a standard length of QVF nominal one inch bore glass 

pipe, re-annealed before use. The brass end plates were 

square and bolted together with four lengths of ä inch 

threaded rod. A seal was provided by standard QVF teflon 

gaskets. Into the top brass plate were soldered two lengths 

of 4 inch copper tubing to which the rest of the apparatus 

was joined by means of flexible terylene reinforced PVC 

tubing (which. has a bursting pressure of around 800 psi). 

From the top plate, a bubble initiator was suspended on 

a screw thread. 

Nominal one inch glass pipe has, according to the 

manufacturers specification, a safe working pressure of 

100 psig. The vessel was hydrostatically tested to this 
I 
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pressure but in use the largest applied pressure was 60 psig. 

5.3 Initiation of bubbles 

Bubbles in supersaturated or superheated liquids may 
be initiated relatively easily. Methods which have been 

used include a rapidly heated wire tip (Szekely and Martins 

(1971) ), release of an entrapped portion of gas or vapour 

(Florschuetz and Chao (1965) ), a drilled cavity (Buehl and 

Westwater (1966) ), a sealed capillary (Saddy and Jameson 

(1971) ) and a rough or discontinuous part of an otherwise 

smooth surface (Cole and Shulman (1966) ). In addition 

it is possible to hope that a random nucleation site will 

occur in the field of view. These are all methods of hetero- 

geneous nucleation; homogeneous nucleation is generally 

considered to be unimportant in all practical cases (Brinson 

(1966) ). Presumably a microscopic speck of vapour or gas 

is provided, upon which the bubble grows. 

The theoretical analysis assumes that the bubble is 

growing in a spherically symmetric, uniform concentration 

field so it is obviously desirable to approach this situation 

as closely as possible in experiments. One method of 

achieving this would be to initiate a bubble in space in a 

free falling apparatus so that the growing bubble would remain 

stationary, relative to the apparatus. This ambitious method 

was attempted by Florschuetz and Chao (1965) but was not 

particularly successful. Also their vapour bubbles were 

collapsing in a fraction of a second whereas the gas bubbles 

studied here took up to several minutes to evolves Absolute 



-108- 

spherical symmetry is, unfortunately, ruled out. However, 

if a bubble is initiated on a plane and grows tangentially on 
it, it does not exhibit marked differences from spherically 

symmetric growth rates provided that the growth coefficient ß 

is greater than unity. For very slow growth rates, the 

difference never exceeds 30.7% (Buehl and Westwater (1966) ). 

So, if a bubble can be initiated at a point to which its 

surface remains fixed as it grows, the growth rates would be 

expected to be between the spherically symmetric case and the 

wall tangential case (and in any case exhibit no differences 

for ß greater than unity). 

Firstly, attempts were made to bring about initiation 

on a glass filament (less than 0.02 millimetre in diameter), 

the tip of which was rendered hydrophobic by the method of 

Blake and Kitchener (1972). The results were poor and 

consistent nucleation could not be obtained so it was decided 

to use a sealed capillary tip as the nucleating device. This 

provided a small reservoir of gas upon which the bubble grew 

and proved-effective and. absolutely reliable in use. A piece 

of glass tubing was first sharply necked to about one quarter 

of its original diameter and allowed to cool. The necked 

portion was then placed in a small hot flame and rapidly 

drawn, giving a very fine capillary close to a strong support. 

The fine tube was then nicked and broken off until a clean, 

square break was obtained. Then, using a micro flame, this 

small capillary was sealed about two millimetres from the 

open end and the whole device bent into an appropriate 

shape and size, ready for mounting inside the pressure vessel 

The dimensions of three of the tips actually used in cxpcrim- 
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Figure 5.2 Bubble Initiating Tips 
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ents are shown in Figure 5.2, which is traced from a X50 

photograph. The known dimensions, measured microscopically, 

were used as reference dimensions in the photographs of 
the experiments. 

In the glycerol experiments, bubbles were initiated on 

the vessel surface by scratching the surface with a length 

of wire in an area upon which the camera had been previously 

focussed. 

5.4 Photography 

5.4.1 Camera 

Since the time of evolution of some of the bubbles was 

long, it was not feasible to photograph them using a normal 

movie camera, which exposes a full thirty metre spool of film 

in only a few minutes at normal framing rates. The camera 

chosen was a Vinten Mark 3 "Scientific", 16mm camera. This 

instrument features a constant speed motor and a gear box 

giving. -framing 
speeds of 8,16 or 24 frames per second. 

Alternatively it can be powered by an "intervalometer", an 

attachment using rotating notched cams to give a framing rate 

between one fran per2secondsand one frame per hour. The 

usual rate used in the experiments was one frame per two 

seconds for slower bubbles and eight frames per second for 

the more rapidly evolving ones. 

The accuracy of the intervalometer cam was tested by 

photographing a digital timer accurate to 0.01 seconds. Over 

a period of several minutes the cam was consistent to ± 0.02 

seconds with absolutely no drift. 
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The camera shutter is- of the rotating blade type, 

adjustable between 200 and 1100. The lens mount is a standard 
C-mount. The photograph had first to be composed and 
focussed with a focussing telescope in position. This was 
later removed and replaced with a loaded film magazine. 

In use, the camera was mounted on its side so that 

the longer side of the photograph was vertical. 

5.4.2 Optics 

As the pressure vessel was cylindrical, an amount of 

image distortion in one direction was unavoidable. This was 

minimised by placing the vessel in a water filled square 

perspex box (which also provided a constant temperature 

bath). Also the initiating tip was carefully made and posit- 

ioned to be exactly radially aligned with the camera and the 

final bubble size was quite small, about one millimetre 

radius at most. Under these conditions, distortion was thought 

to be negligible but was checked by photographing an approp- 

riately placed ruled gra. ticule (lmm by 0.01mm). No meas- 

urable distortion was recorded. 

Obviously, it was desirable to achieve a large magnif- 

ication for accuracy and ease of analysis. This was accom- 

plished by the use of extension tubes and a 25mm fl-4 Switar 

lens mounted in the reversed position. Reverse mounting of 

lenses in close-up situations gives better image quality, 

improved depth of field and a greater object-to-lens distance, 

an important point when the object is inside a vessel and 

approach is restricted. The combination was highly success- 
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ful. With forty millimetre extension tubes and reversed 
lens, approximately twice life size magnification was 

obtained; with seventy millimetres, approximately four times 

magnification. Yet the object-to-lens distance was around 

three centimetres, which approximates the film-to-lens 

distance in a normal situation. If the lens was in its normal 

mode, the object-to-lens distance with 70mm extension would 
be very small. 

5.4.3 Illumination 

The light source was a 1000 watt projector bulb illum- 

inating a white card behind the pressure vessel. This 

provided sufficient light to enable an exposure of about 

250 second at an aperture of f16. 

5.4.4 Films and Development 

Kodak Plus-X negative film (80 ASA) was used in all 

runs and developed, for greater contrast, in Kodak D19 

Developer, five minutes at 20°C . 

5.5 Film Analysis 

Films were analysed on a Vanguard Motion Analyser, 

Model C11 with projection head Model M16C. This instrument 

has a screen with moveable cross hairs which can be positioned 

to one thousandth of an inch and the co-ordinates read from 

two dials. During the course of the work, a P. C. D. Limited 

Digital Data Reader Model ZAE 3A was purchased by the Depart- 

ment. This instrument can be set as accurately as the 

Vanguard (and uses the same projector) but has the additional 
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advantages of variable electronic scaling and production of 
digitised co-ordinates on punched paper tape. This 

instrument was used only for examination- of bubble growth 

in glycerol. 

5.6 Chemicals used 

Water used in the experiments was single distilled 

(stainless steel still) and reboiled. Thus it could not 

be considered free from surface active contaminants. 

The glycerol used was Laboratory reagent grade, minimum 

98% assay, from B. D. H. Chemicals Ltd. 

Carbon dioxide was obtained from the Distiller's Company 

Limited and conformed to BS 4015 for fitness for use in 

laboratories. It contained not more than 0.20% by volume 

residual gases and not more than 0.05% by weight of water. 

Oxygen was obtained from B. O. C. and was the standard 

laboratory grade. 

5.7 Other apparatus used 

During experiments, the temperature was maintained at 

20 °C 
- 0.050C by a "Tempunit" water bath temperature cont- 

roller which also circulated the water. The temperature was 

measured with a Sugden-Powell thermometer of range 0°-50°C 

by 0.01°C and certifed correct to ±0.00°C at 20°C. 

Pressure was measured with one of two new Barnet 

Instruments Type 401-1 bourdon tube pressure gauges, calibrated 

in psig units and supplied with calibration certificates. 
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Viscosity of the glycerol solutions was determined with 
a Ferranti Viscometer Type VM which, immediately prior to 
its use had been overhauled and recalibrated by the manuf- 

acturer. Density of the solutions was measured with a 25m1 

pycnometer and all the correction terms were applied to 

yield an accuracy estimated at ± 0.05. 

5.8 Experimental procedure 

A diagram of the complete experimental set-up is 

given in Figure 5.3. 

When the capillary tip was made, it was carefully posit- 

ioned inside the glass pressure vessel which was then assem- 

bled and made tight. The whole interior was then cleaned 

overnight (this was also done between runs) with a 5% 

solution of Decon 90, a rinseable surface active agent. Before 

any experiments, the vessel was thoroughly rinsed several 

times with distilled water and then enough reboiled water to 

cover the tip to a depth of about five centimetres was added. 

The vessel was connected to the carbon dioxide (or oxygen) 

cylinder and the pressure gauge with reinforced flexible PVC 

tubing and the air in the system purged by passing gas for 

about ten minutes. The vessel was then inclined so that the 

tip was out of the water and the required pressure applied. 

The vessel and contents under pressure were shaken in a water 

bath for eight hours to produce a saturated solution (at 

least 36 hours for the glycerol solutions). It was then 

removed from the bath and placed in the perspex viewing box 

and the camera, on a sturdy tripod, was positioned and 

focussed on the tip. Pressure was then released and a bubble 
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figure 5.3 
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formed immediately on the tip, due to the expansion of the 

small quantity of pressurised gas in the capillary section. 

Sometimes small nucleation sites produced rogue bubbles but 

these could usually be extinguished by applying and releasing 

the pressure several times. When a gas bubble was judged 

nearly ready to break off the tip, the pressure was applied 

again and the bubble shrunk in size. The focussing was 

checked and the focussing telescope replaced with the loaded 

film magazine. The experiment was then ready to commence. 

The camera was started and the pressure released. The first 

spurious bubble expended to its full size rapidly and soon 

broke off. Subsequent bubbles formed at the tip unaffected 

by this pressure impulse and were the ones analysed. At 

least five bubbles were usually photographed in their 

entirety. 

A typical sequence is given as Figure 5.4, showing 

five bubbles. Note that the tip which appears horizontal in 

these photographs was of course vertical (the camera was 

mounted on its side). 
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CHAPTER 6 

EXPERIMENTAL RESULTS 

In this chapter, the sources of data used in calcul- 

ations will be given. The conditions under which the 

experiments were carried out will be tabulated and calcul- 

ations made to check that the experiments were carried out 

in the appropriate theoretical regime. Details of the 

analysis and statistical analysis will be given and the 

results presented graphically or in tabular form. 

The results will then be discussed. 

4 
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6.1 Data Sources 

Data needed to calculate the theoretical parameters, 

given the experimental conditions, were taken from the 

literature. 

For the solubility of carbon dioxide in water, the data 

of Houghton et al (1957) were used. They provide useful 

tabulations of the Bunsen absorption coefficient and the 

mole fraction of dissolved carbon dioxide in water at nine 

temperatures between 0°C and 100°C and at nineteen pressures 

from one atmosphere to thirty-six atmospheres. The results 

have been taken from several sources and are claimed to have 

an accuracy better than 3%. At 20°C and in the range 

to 10 atmospheres, the data correlates as: 

x=0.6971 P-0.005321 P2 

where x is the mole fraction of carbon dioxide and 

the pressure in atmospheres. 

0 

(6.1) 

P is 

Data for the solubility of oxygen in water at a number 

of temperatures are given by Perry (1963) in the form of a 

Henry's law constant. At 20°C H 4.01 x 104 atmospheres 

per mole fraction oxygen. 

Data for the solubility of carbon dioxide in glycerol 

solution was interpolated between two sources. In Lawrie 

(. 1928) data are found giving the Bunsen absorption coefficient 

at 15°C against weight percent of glycerol in water; in 

Seidell (1940) data are found giving the Ostwald coefficient 

at 25°C against the number of gram moles of glycerol per 
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litre of solution. These data may be found in Appendix A. 4 

where they are recalculated to the same basis and an inter- 

polation made to give results at 20°C. 

In calculating the solubilities from the known gas 

pressure and atmospheric pressure of the experiments, the 

vapour pressure of water at 20°C (approximately 17mm 

mercury) was neglected. 

Diffusivity data for carbon dioxide in water were 

taken from Pratt et a1 (1973) and Davidson and Cullen (1957) 

who were also the source of data for the diffusivity of 

oxygen in water. At 

DCo2 = 

DD = 
2 

20°C : 

1.65 x 10-5 cm2/sec 

2.00 x 10-5 cm /sec 

Reported results for diffusivities of sparingly soluble gases 

vary greatly. The values for carbon dioxide seem to suffer 

less from this variability than those of oxygen. The 

above should be considered as "best estimates". No attempt 

was made to include corrections for the effect of concen- 

tration on diffusivity. Diffusivity data for carbon dioxide 

in glycerol solutions were harder to come by but some are 

given by Astarita (1964). This data had to be extrapolated 

to be used for one of the experiments so must be considered 

only moderately reliable. (No other data supporting 

Astarita's values were found). 

The relationship between viscosity and weight percent 

glycerol was found in Kaye and Laby (1966). Values of 
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specific gravity. versus weight percent glycerol were taken 
from the International Critical Tables, Volume III. 

It was assumed that the dissolved gas could be considered 

undissociated or that the time constant for the carbonic acid- 

carbon dioxide reaction was an insignicant factor compared 
to the rates at which the bubbles were evolving (Quinn 

and Jones (1936) ). 

6.2 Lxperimental Conditions 

All experiments were conducted at 20°C ± 0.05°C. 

Table 6.1 gives the conditions for the experiments involving 

carbon dioxide and oxygen in water; Table 6.2 gives the 

conditions for the carbon dioxide in glycerol experiments. 

The carbon dioxide - water system was the most fully exam- 

fined since it is an everyday system yet no reliable results 

are known to have been reported for it. The results of 

Buebl and Westwater (1966) are by their own admission not 

very satisfactory, exhibiting strange discontinuities and 

much more rapid growth than had been expected. (See- 

Figure 2.2 which is their Figure 4 ). 

At this stage, the assumptions of Scriven's asymptotic 

theory should be justified, that is the viscous, inertial 

and surface tension forces should be negligible with the 

growth simply controlled by mass diffusion. In terms of the 

parameters previously defined, it has to be shown that 

and c«1. . 

Take, as an example, conditions slightly more severe 

than those encountered in the experiments. Consider a 
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bubble growing at ambient pressure from carbon dioxide 

solution previously saturated at six atmospheres and using 

the smallest initiation tip, radius 0.03 millimetres. Take 

the surface tension of water as 70 dynes/cm and the viscosity 

as 1 centipoise. Then: 

AP =5 atm 

AC = 8.1 x 10-3 g/cm3 

pg = 1.86 x 10-3 g/cm3 

Ja = 
AC 

= 4.4 
Pg 

R =2 AP = 9.6 x 1013 
0 
2 

G= 
R° A2 

= 16.7 x 1010 
2 

pZ D 

G2 -4 . 1x1 0 

Sc D=6.1 x 102 

V 1.5 x 10-3 
G1 

IgJ=4.9 x 10-5 
G2 

The values of B, V and are all much less than unity 

so the experiments lie well within the domain of a Scriven 

solution. 
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Table 6.1 Experimental conditions 
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Table 6.1 (continued) Experimental conditions 
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'fable 6.2 Experimental conditions for 

carbon dioxide and glycerol system 

Experiment 15 16 

Filming rate 
(frames per sec) 0.2 0.2 

Glyy 6rol density 
() 1.2415 1.2169 

Glycerol viscosity 
(centipoise) 380 86.4 

Weight % 
glycerol 

92.5 83.5 

Diffusivity coeff. 
(cm2/sec, x 107) 1.56 4.50 

Bunsen absorption 35 0 36 0 
coefficient . . 

Gas pressure Po 60.0 20.0 (ps ig) 

Atmospheric pressure 758 761 (mm Hg )P 
CO 

AP 
(atm) 4.08 1.36 

cocm3 
x 1.03 (gm/ 3.28 1.57 

103 gmý 3 0.65 0.67 ) ( f cm x 

AC3 3 (gm/cm x 10) 
2.63 0.90 

Calculated 1: 44 0.49 
(D{E, ß} = Ja 

Calculated 1.83 0.77 
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6.3 Analysis of experimental results 

The instrument used for the analysis of the film was a 
Vanguard Motion Analyser (see Section 5.5). In the case of 

carbon dioxide and oxygen in water, the glass initiating tip 

provided a known dimension which was used as a reference. For 

the glycerol experiments where much smaller bubbles were 

growing on the glass wall of the vessel, the reference dimen- 

sion was the wire of known diameter used to initiate the 

bubble by scratching the wall. During the early and middle 

stages of the growth, the bubble had a spherical surface. As 

the bubble reached a certain size, bouyancy forces caused it 

to become slightly elongated in the vertical direction, before 

the forces overcame the surface tension forces holding the 

bubble to the tip and caused it to break off. -This elongation 

occurred in about the last 20% of the growth period (see 

Figure 5.4). The diameter measured was the average of the 

two principal diameters. 

In all cases the exact zero time is unknown. The Scriven 

solution forces the bubble to have zero radius at zero time 

but obviously the bubbles here had an initial size equal to 

the radius of the glass tip. In the absence of any limitation 

except for mass diffusion the growth soon approaches the 

asymptotic solution so the zero time, or the hypothetical time 

at which the bubble would have had zero radius may be inferred 

from the values of the radius at later times. Thus it is the 

shape of the measured radius versus time curve which is 

important, rather than the absolute values of the time. 

The statistical analysis of the data was directed first 
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towards an examination of the exponent term of the bubble 

growth equation: 

R- 2ß(D t)n 

In the Scriven solution n is 

(3.19) 

2 but, in experiments in 

boiling Saddy and Jameson (1971) had found exponents up to 

1.0 and report that other authors had made similar observ- 

ations. An explanation offered was that the translational 

motion of the growing bubble caused a more rapid growth; 

this conflicts with the calculations of Buehl and Westwater 

(1966) who show that whilst the growth coefficient ß could 

be affected by the motion of a tangentially growing bubble, 

the exponent would not be. Another explanation is that the 

radiant heating system used (also used by Dergarabedian (1953), 

(1960) ) could häve heated the vapour in the bubble and 

caused it to expand. ' In any case, it was decided to examine 

the present data with a model of the form: 

R=2 VD (te - to )n (6.3) 

where to is the experiment time and to a notional 

correction to force a co-incidence with the asymptotic 

solution. The growth coefficient ß, the exponent n and 

t are all treated as unknown parameters. This model presents 
O 

a need for data fitting by a non-linear regression method 

and the procedure of Law and Bailey (1963) was adopted. (See 

Appendix. A-5 for more details). 

The results of this examination are given in Table 6.3. 
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Table 6.3 Experimental values of the 

bubble growth exponent 

Experim- 
ent 

Number 
of 

Value of exponent 

Set Bubbles Minimum Maximum Average 

1 3 . 52 . 57 . 55 

2 5 . 50 . 58 . 55 

3 5 . 53 . 59 . 56 

4 5 . 51 . 56 . 55 

5 6 . 55 . 56 . 55 

6 6 . 56 . 57 . 56 

7 8 . 55 . 58 . 56 

8 6 . 53 . 59 . 57 

9 9 . 46 . 56 . 52 

10 4 . 55 . 57 . 56 

11 4 . 55 . 60 . 57 

12 5 . 52 . 66 . 57 

13 6 . 56 . 63 . 60 

14 4 . 46 . 60 . 55 
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It is plain that the exponent is not significantly different 

from 0.5, especially considering the slight distortions 

to the smaller measured radii that the tip must make. 

Having examined this aspect, it was assumed that the 

growth could be satisfactorily represented by the square root 

law so the data were recalculated to determine the growth 

coefficients ß This time a small correction was included 

to account for the effect of the tip. The area of the bubble 

surface available for diffusion is, approximately: 

AeXP = 4ýReXP - nrt (6.4) 

where rt is the inside radius of the tip and nrt the non- 

diffusing portion of the apparent bubble area. This is not 

an exact correction but in any case its effect soon dies 

away as the bubble expands. So, for the examination of 

the model fitted was: 

R=4 ß2 D(t -t)- 
rt (6.5) 

eo4 

with ß and to as parameters. 

For the glycerol experiments there was no tip to be 

concerned with and the model fitted was: 

R=2ßD (te - to) (6.6) 

The results for the sixteen series of experiments are 

presented in Figures 6.1 to 6.16. The expected growth 

curve (Scriven solution) is shown on each figure as a dashed 
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line and the curve of best fit from the model (Equation 6.5 

or 6.6) is shown for each bubble as a full line. It should 

be noted that the time scale is floating and only the shapes 

of the curves are important when comparing theoretical 

predictions and experiment. The values of the growth 

coefficients in the experiments are compared with the 

theoretical predictions in Figure 6.17 and in Table 6.4 . 
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Figure 6.1 Experimental Results -Radius vs Time- Sot i 
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Figure 6.2 Experimental Results -Radius vs Time- Set 2 
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Figure 6.3 Experimental Results -Radius vs Time- Set 3 
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Figure 6.4 Experimental Results -Radius vs Time- Set 4 
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Figure 6.5 Experimental Results -Radius vs Time- Set 5 
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Figure 6.6 Experimental Results -Radius vs Time- Set 6 
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Figure 6.7 Experimental Results -Radius vs Time- Set 7 
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Figure 6.8 Experimental Results -Radius vs Time- Set 8 
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Figure 6.9 Experimental Results -Radius vs Tinte- Sct 9 
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Figure 6.10 Experimental Results -Radius Vs Time- Set 10 
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Figure 6.11 Experiinental. Results -Radius vs Time- Set 11 
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Figure 6.12 Experimental Results -Radius vs Time- Set 12 
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Figure 6.13 Experimental Results -Radius vs Time- Set 13 
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Figure 6.14 Experimental Results -Radius vs Time- Set 14 

m 
0 
0 

0 

0 
0 

0 

CV 

o 

U 00 
"i °o 

r ° 

U 

o 
o 

N RS 
4J \ 
j co `--ý 

m 
m 

N II 

t. C 

X a- 
0 a 0 N, 

C) 
0 
0 04 

C) 0 

0 
0 
0 

C) 
0 

O 

C 
v uý 

d 

U 
a) 
N 

a) E 
I- 



-145- 

Figure 6.15 Experimental Results -Radius vs Time- Set 15 
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Figure 6.16 Experimental Results -Radius vs Time- Set 16 

\U 

U\ 

r-I 
\ 

O° 

N\ 
U\o 

rH \ 
U\ 

\° 

U 4) \ 

O co 
Q ri ° 

0AN 

Uaý 

0 

"j 
dý 

u. 
C) 

0 

0 
0 
It- 

0 
Lf) 

0 

) 
C 

a-º 

U 

a) N 

0) 

F -- 



-147- 

6.4 Discussion of results 

The previous pages have shown graphically the results 
for the sixteen sets of experiments. Table 6.4 shows the 

calculated and experimental values of the dimensionless 
0 

growth coefficient for consecutive bubbles and these values 

are represented graphically in Figure 6.17 . 

The greatest deviation between experimental and theor- 

etical growth coefficient is in Set 15, carbon dioxide in 

glycerol, where the experimental value is 25% less than 

expected. It is not the error which is surprising but the 

agreement, considering the uncertainty of the solubility and 

diffusivity of carbon dioxide in glycerol. Where these 

figures are known accurately, for carbon dioxide - water 

and oxygen - water, the results are most encouraging. Only 

two bubbles out of the seventy examined show more than 20% 

deviation and inspection of Figure 6.17 shows that there 

does not appear to be any consistent direction to the dev- 

iation from the theory. 

The following conclusions are drawn from the experiments: 

(i) The Scriven function D{e, ß} , calculated from 

the liquid and gas properties is accurate and 

reliable as a predictor of the dimensionless 

growth coefficient This has not been con- 

clusively established previously. 

(ii) The growth is well described by the parabolic law. 

This has never really been questioned except in 

some experiments in boiling. 
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(iii) The growth was in all cases steady, continuous and 

consistent. There were none of the alarming and 

unexplained discontinuities exhibited in prey- 

iously reported results. 

(ivy There was no consistent increase or decrease in 

growth coefficient from one bubble to the next; in 

fact it is surprising how consistent the results arc 

within each set. The maximum deviations of exp 
from the mean are, for carbon dioxide - water, in 

Set 13 where for bubble 28, ß is 5.1% greater 

than the mean; for oxygen - water in Set 14 where 

for bubble 1, ß is 13.2% greater than the mean. 
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Table 6.4 Calculated and experimental values of the 
dimensionless growth coefficient for consecutive bubbles 

Set Set Set 
Calc. Exp. Calc. Exp. Calc. Exp. 

1 1.54 1.62 6 1.54 1.62 10 2.71 2.34 
1.61 1.62 2.29 

1.63 1.69 2.26 
2 1.51 1.68 1.61 2.20 

1.62 1.61 11 3.27 2.68 

1.61 1.60 2.58 

1.60 7 2.12 2.35 2.59 

1.60 2.36 2.69 

3 1.84 1.. 97 2.33 12 2.46 2.38 

1.99 2.36 2.37 

1.90 2.36 2.23 

2.02 2.31 2.36 

2.00 2.31 2.35 

4 2.18 2.35 2.39 13 3.01 2.84 

2.37 8 2.75 2.86 2.91 

2.34 -2.80 2.81 

2.40 2.79 2.84 

2.35 2.76 2.91 

5 0.97 0.96 2.74 3.04 

0.97 2.68 14 0.32 0.36 

0.97 9 2.14 2.07 0.31 

0.98 1.93 0.32 

1.00 1.95 0.28 

0.98 15 1.83 1.38 

16 0.77 0.67 

Not consecutive bubbles: Bubble numbers 2,10,18,23,27,28. 
c-r 

ý, ý 
/ß(`6Z r'ý "may 3.22 

2? 
c-3 

, 



-150- 

Figure 6.17 Calculated and experimental values 

of the dimensionless growth coefficient 
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CHAPTER 7 

CONCLUSIONS 
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The theoretical and experimental results have been 
discussed in detail in appropriate places in the text, see 
Sections 4.1.6,4.2.6 and 6.4 . 

In concluding, we may say that, for the theoretical 

study of bubble growth in power law liquids: 

(i) The previously defined parameters G, V, 4, 

B and Ja are as useful in characterising the 

behaviour of bubbles in a power law liquid as in a 

newtonian liquid. 

(ii) When B«1, the growth approaches limitation 

by diffusion only and there is no difference between 

bubble behaviour in newtonian and power law liquids. 

(iii) When B»1, the growth approaches limitation 

by hydrodynamic forces only and the rheological 

properties of the liquid begin to have a dominant 

effect. All else being ecjual, a bubble will grow 

more slowly in a power law liquid than in a newton- 

ian liquid. The smaller the characteristic exponent 

of the power law liquid, the slower the growth. 

(iv) When 9 is in the critical region, 0.1 to 10 , 

neither the diffusion limited solution nor the 

hydrodynamically limited solution are particularly 

accurate. The effect of the exponent in the power 

law solution is noticeable. 

v 
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For the experimental study of gas bubbles evolving 

from supersaturated solutions: 

(v) A parabolic law, radius proportional to the square 

root of time, is followed. 

(vi) It has not been previously established conclusively 

that the constant of proportionality in the parabolic 

law is that given by Scrivens asymptotic solution. 

This has now been done. 

(vii) Growth of bubbles can be expected to be steady and 

consistent and, within reasonable limits, show 

little effect of solute depletion. 

(viii) In calculations for processes using growing bubbles, 

where their growth is limited by diffusion only, 

the Scriven solution may be used with confidence 

and accuracy. 
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APPENDICES 
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APPENDIX A. 1 

Table showing the relationship between the dimensionless 

growth coefficient, the Jakob number and the Sherwood 

number for an expanding bubble 

Dimensionless 
Growth 

Coefficient 

Instantaneous 
Jakob number 

Ja 

Instantaneous 
Sherwood number 

Sh 

0.08 0.01120 2.286 

0.10 0.01697 2.357 

0.15 0.03546 2.538 

0.2 0.05881 2.721 

0.3 0.1166 3.087 

0.4 0.1850 3.459 

0.6 0.3420 4.211 

0.8 0.5152 4.969 

1.0 0.6977 5.733 

1.5 1.175 7.660 

2.0 1.668 9.592 

3.0 2.671 13.48 

4.0 3.683 17.38 

6.0 5.719 25-18 

8.0 7.760 32-99 

10.0 9.803 40-80 
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APPENDIX A. 2 

Mass diffusivity in highly viscous newtonian liquids and 
in non-newtonian liquids. 

The expression of Wilke and Chang (1955) has been 

widely used in predicting diffusivities of gases in 

newtonian liquids but has not been found entirely satis- 
factory for systems involving a small solute gas molecule 

such as hydrogen or helium or for systems having viscosities 

greater than a few centipoise. (Akgerman and Gainer (1972) 

proposed a new equation for these situations and claimed to 

be able to predict diffusivities more accurately in high 

viscosity solutes). The Wilke-Chang expression predicts 

that diffusivity is inversely proportional to viscosity, 

all else being equal. The experimental results of Astarita 

(1964) for the diffusivitY of carbon dioxide in glycerol 

solutions, in the range 1 to 100 centipoise, showed that: 

-0.72 .1 DCp3 

Use of the Wilke-Chang expression would soon lead to serious 

error so the experimental results of Astarita (1964) were 

used in the present work although some extrapolation was 

necessary. 

In the text, the equations for the growth of a gas 

bubble in a n'on-newtonian liquid were derived. In that 

derivation, it was assumed that the diffusivity coefficient 

of the gas in the liquid was constant. Now, a non-ncwtonian 

liquid is often a solution of a polymer and the apparent 

viscosity can change as a result of tile polymer concentration 
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as well as the shear applied to a given solution. Osmers 

and Metzner (1972) and Astarita (1965) measured diffusivities 

in polymer solutions with different concentrations of polymer 

and found that in no case was the decrease in diffusivity 

as strong as the increase in apparent viscosity; in some 

cases the diffusivity even increased slightly with 

increasing apparent viscosity. Clough et al (1962) measured 

the effect of applied shear on the diffusivity in solutions 

of polymers and slurries and found that there was no signif- 

icant change. It was concluded by all that the macroscopic 

viscosity is not a suitable index of resistance to the 

molecular motions of diffusion. 

On the basis of the experimental evidence, it was 

concluded that the assumption of constant diffusivity made 

in Chapter 3 is justified. 
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APPENDIX A-3 

Test the computer programme DP01A. 

DPOlA is a Fortran Subroutine used for solving a 

linear parabolic partial differential equation. The manner 
in which this routine was used to solve the diffusion 

equation has already been described in the text. (See 

Section 4.2.2 ). 

The routine was however first tested by using it to 

solýe an equation with a known analytical solution. A 

suitable "known" equation is presented by Smith (1965), 

where both an analytical solution and numerical solutions, 

using various explicit and implicit methods of solution, 

are described and the results tabulated. 

The equation is a simple one: 

;u a2U 

at ax2 
(A. 3.1) 

This is a dimensionless equation which represents the 

distribution of U (say, temperature) at a distance x 

from the end of a thin uniform rod after time t- If 

the initial distribution of- U is: 

U=2x 0< x. 2: t0 
(A. 3.2) 

2(1 - X) 2 

and the boundary conditions are: 

U_ X0 all t> 0 
(A. 3.3) 

U 0 X1 all t> 0 
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then the analytical solution is known to be: 

2 7r 2 -t ) 
Z1 (siri-ý'! nff)(sin nnx)exp(-n 7T 

i n2 
(A. 3.4) 

Such an equation and set of initial conditions and boundar-,, 

conditions provide a reasonable test because there is a 
discontinuity in the initial value of 3U/ýx , from +2 to 

-2 at x=0.5 Comparison of the calculated U's will 
be made at x=O. s 

Equations A. 3.1,2,3 were prepared in the form 

required for routine DPOIA and the equation solved i,., ith 

various time steps and with ten x-intervals in the range 

Ux1.0 . 

The results of the investigation are tabulated in 

Table A. 3.1, . Inspection-of the table shows that tho 

routine DPOIA is indeed as accurate as the Crank-Nicolsoii 

implicit method of solution for similar time steps; both 

methods are computationally more rapid, and more accurate, 

than the explicit methods. The routine DPOIA was thus 

confidently appliod to the solution of the diffusion equation, 

subject of course to appropriate numerical experimentation 

to determine suitable step lengths and other factors 

pertinent to, 
_that 

particular equation. 
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Table A. 3-1 Values of U at x-0.5 
for the solution of equations A. 3.1., 2,3 
by various-miethods. 

Vý 0 
0 0 0 0 

914 0 0 0 
4--) 0 0 0 
. r-j II co I- (y) 

U) 4j H 

H 
0 0 CD 
0 0 CC) 00 LO 

f-4 0 0 
0 (. D 

0 m 
CN CD 

0 Qo m 0 
0 r-- (D (Y) 

C/ý 4-J 

0 0 0 0 
0 0 0 LO 
0 r- CT) 0 

P-1 00 rizi 
41 0 

< ls-ý 4-J 

LO 
0 0 C"i CD 
0 0 m: j- 4-; 

0 co co 0 H 
(Y) u 

4-1 
< 

0 0 Cy) CY) 
0 0 LO r- 

r-A CC) co 0 U) 4-) 4--J 

0 
CY) (1) C) 

0 
P-4 

4--) u 
r-i 4J 4-) < 

I u 

P4 P4 

L) 0 G) r-i x 

.H r-4 C\j u Pi ýw 

4-3 4-j co 0 

:: s CD 

CIO 0 

-Cý ýJý 
4-) 4J 4-J 

.H 
0 clli 0 E 

0 0 0 V) Uý 

0 0 0 0 



-161- 

APPENDIX A. 4 

Solubility of carbon dioxide in glycerol solutions 

Seidell's Data (1940) Calculated from Seidell 

Moles glycerol Ostwald Coef f Weight % Bunsen Coeff 
per litre soln at 25 0C glycerol at 2S 0C 

0.0 0.826 0.0 0.756 

2.0 0.666 18.0 0.610 

4.0 0.516 34.0 0.474 

6.0 0.453 49.0 0.414 

8.0 0.384 63.5 0.352 

Lawrie's Data (1928) 

Weight % Bunsen Coeff Weight % Bunsen Coeff 

glycerol at 150C glycerol at 15 0C 

0.0 1.003 73.4 0.449 

26.1 0.785 , 77.8 0.430 

26.7 0.800 87.4 0.422 

4 :3.7 0.639 90.8 0.404 

46.6 0.620 96.6 0.415 

62.1 0.511 99.3 0.410 

Houghton et al Data (1957) 

Temperature Bunsen Coeff 
0c (pure water) 

15 0.990 

20 0.855 

25 0.749 
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APPENDIX A. 5 

Statistical anal sis of data 

A. S. 1 The procedure of Law and Bailey (1965) 

It has been necessary to fit different mathematical 

models to a large number of data to determine experimental 

parameters, for comparison with theoretical predictions. 

A usual approach is to apply a "least squares" method to the 

determination of the parameters. That is, the sum of squares 

of the deviations between the observed and predicted values 

is minimised by the appropriate choice of parameters in a 

given model. 

The linear *least squares regression regression is perhaps 

the most widely known statistical method. Even when the 

original equation to be fitted is non-linear, it is often 

possible to transform the variables to yield a linear form 

(Miller and Freund (1965) ). However, an important model 

fitted in this work had the following non-linear form, 

(equation 6.3) : 

R=2ß �D (te - to)' 

where ß 

sum of : 

, to and n 

(R 
observed + 

ýA. 5.1) 

had to be selected to minimise the 

R 
predicted) 

If the equation was transformed by taking the logarithm of 

both sides., the parameter to would still be included in a 

non-linear term. In addition, the transformation of variables 

automatically weights the data in some way. Taking the 

logarithm would lend increased importance to the smaller 
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values of the data. It was therefore decided to apply a 
non-linear regression technique, due to Law and Bailey (1963). 

A computer programme (Program P3) was written to 

perform the non-linear least squares regression. A description 

of the method of Law and Bailey (1963) follows, along with 

the flowsheet presented in their paper. 

Supposing we wish to fit an equation of the form: 

4ý{XjB kI±ey (A. S. 2) 

where Y the dependent variable 

X the independent variable 

Bk the unknown parameters 

i 1525 ...... ýP P= the number of data points 

kM= the number of parameters 

eY experimental error in the Yi assumed 

normally distributed. 
, 

If is a linear function, the parameters Bk can 

be determined by standard methods in one step; if (D is 

non-linear, the best parameters must be found by iterative 

calculations. 

In the function (D is differentiable with respect to the 

parameters and if it is desired to seek an unrestricted 

minimum of the sums of squares of the deviations, then Law 

and Bailey show that m simultaneous equations can be 

obtained and represented in matrix from, for the j-th iter- 

ation as: 

Zb =C (A . s. --)) 
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ol 

where: 
pp 
YZ 

1z YZ zm 
i=l i=j 

pp 
YZ 

mz10 
YZ 

mzm L i=l j=j 

aý - Zk =C aß kj (A. S. S) 

esl 

b= 
(A. 5.6) 

DB 
m 

AB k (B k)j+I - (B 
k)i (A. 5.7) 

c 

Lcmi 

p 
ck si zkj (A. S. 9) 

and S (Y - 4ý (A. S. 10) 

From Equation A. 5-3: 

i7 = Z-1 Ci (A. 5.11) 

which ena-bles the vector of AB's to be determined and flius, 

since (B k)i 
is known, allows (B k )j+l to be found. This 

new value can then be used in the next iteration until the 
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correction terms AB k 
become negligibly small. 

Law and Bailey then describe how c-onvergence can be 

assured from any starting values of Bk if there is a 

unique solution. They show that, if the corrections ABk 

are restricted by a fraction a thus: 

AB kr = a(AB k) (A. S. 12) 

and if: 

m Dt-XDk :-Y (AB kCk) (A. S. 13) 
k=l k=l 

then: 

AS2 (2 a a2 )D (A. S. 14) lr t 

where A2 Sý, is the change in the sum of squares for a linear 

function over the restricted range. 

Def ining: 

I 

s2 (S 2 
ar a 

(S 2 
ar J+ 

(A. 5.15) 

actual change in sum of squares 

for the restricted range 

and AS 2 (S 2) 
aj 

(S 2) 
a 

(A. S. 16) j+1 a 

actual change in sum of squares 

for the unrest ricted range 

2 
where S 

p 
(Y 2 

p2 
S i a 

aciual sum of squares 

and S2 actual sum of squares using the 
ar 

restricted paramoters. 
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Finally, Law and Bailey state their convergence 

criteria: 

1. 
t 

in equation A. 5-13 must be positive. If it is 

negative, the signs of all the AB k must be changed. 
2. If AS 

2 is positive, the unrestricted calculation a 
is converging. If negative, it is diverging and the 

corrections must be restricted. However, the 

convergence may be slow. A criterion 

AS 2 
AS 

20 
ar 1r 

ensures convergence and avoids a slow convergence. 

f 

Law and Bailey recommend that divergent calculations be 

restricted by a successive halving of until convergence 

is obtained, and that a suitable value for ý in equation 

A. S. 18 is 0.25. 

The flow diagram for the procedure is shown as 

Figure A. 5.1 and the computer programme is number P3. The 

nomenclature of Law and Bailey has been followed as closely 

as possible above and in the programme. 

A. '5.2 Usin the computer programme 

The above procedure was programmed in the FORTRAN IV 

language. The programme was in the form of a subroutine 

called BAILEY and information is passed to and from the 

subroutine by arguments. Because of the use of variable 

dimensions, any number of data points may be manipulated but, 

as written, the programme can handle up to only five param- 

eters and five constants in the model fitted. Only 

DIMENSION statements must be altered to accommo&,, ite more flian 

five par, -imeters and constants. Labelled COMINION is used 
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Figure A-5.1 
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diagram for the non-linear regression technique 
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within the routine in two blocks known as /LAWA/ and /LAWB/ . 
No blank COMMON is used. 

0 

Matrix inversion in the programme, required by equation 

A-5-11 , is performed by the algorithm of Crout, described 

by Lapidus (1962). This is a fairly suitable method if the 

matrix of Z's is likely to be dense and without zero elements 

on the principal diagonal. 

Within the programme, a check is kept on the number of 

iterations made in both the unrestricted and restricted loops 

of Law and Bailey's method. If more than twenty iterations 

are needed, the p*rogramme is stopped. No more than five or 

six iterations have usually been found necessary to achieve 

the required convergence, provided that the starting values 

of the parameters are intelligent estimates and at least 

within an order of magnitude of the converged values. 

A subroutine called MODEL must be supplied to give the 

values of the calculated Yi's and the Zk's for any 

required model. 

The subroutine is called as follows: 

CALL BAILEY(Y, XNDBTOLNPCONYCAL) 

where: 

is a one dimensional array of the experimental 

values of the dependent variable, 

x is a one dimensional array of the experimental 

values of the independent variable, 

ND is the integer number of data points, 

B is an array of the parameters. It contains the 

jýarting estimates on ontry and is overwrittell 
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on exit with the converged values, 

TOL is an array of the relative (per unit) tolerances 

for each parameter, used as the convergence 

criteria . 
NP is the integer number of parameters, 

CON is an array of any constants used in the model, 

YCAL is a one dimensional array, output from BAILEY, 

giving the calculated values of the dependent 

variable using the converged parameters. 

The subroutine MODEL must be specified similarly: 

SUBROUTINE MODEL(IYX, NDCONB) 

where: 

I represents the i-th data point 

and Other arguments are as above. 

In subroutine MODEL the function: 

Y. 
1 

and the derivatives: 

Zk 

= ý(Xj5B k, CON i) 

a (D 
3Bk 

k=1,2 ...... 5NP 

must be written as: 

PHI (Xi5B k 
CON 

z (1) 
aBk 

ZW 
DBk 

and the results put in a labelled COMMON block: 

COMMON /LAIVA/ PIIIZ 
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APPENDIX A-6 

Tables of experimental results 

Time 

(secs) 
Radius 

I 
(mm) 

Time 
(secs) 

. 

Radius 

(mm) 
Time 

(secs) 
Radius 

(MM) 
Time 

(secs) 

N 

Radius 

(MM) 

Set 1 78.0 . 653 26.0 . 501 104.0 . 713 
1/1 80.0 . 675 28.0 . 534 106.0 . 732 

2.0 . 212 82.0 . 701 30.0 . 569 108.0 . 761 
4.0 . 289 84.0 . 736 32.0, '. 599 110.0 . 787 

6.0 . 341 86.0 . 7S2 34.0 . 625 112.0 . 813 

8.0 . 386 88.0 . 788 36.0 . 657 114.0 . 839 

10.0 . 434 90.0 . 810 38.0 . 683 116.0 . 856 

12.0 . 466 1/3 40.0 . 706 118.0 . 878 

14.0 . 502 108.0 . 161 42.0 . 729 120.0 . 901 

16.0 . 527 110.0 . 232 44.0 . 761 122.0 . 921 

18.0 . 563 112.0 . 289 46.0 . 787 124.0 . 953 

20.0 . 588 114.0 . 341 48.0 . 804 : 126.0 . 976 

22.0 . 617 116.0 . 392 50.0 . 826 2/3 

24.0 . 653 118.0 . 424 52.0 . 856 140.0 . 153 

26.0 . 679 120.0 . 460 54.0 . 875 142.0 . 228 

28.0 . 698 122.0 . 495 56.0 . 895 144.0 . 277 

30.0 . 724 124.0 . 527 58.0 . 921 146.0 . 332 

32.0 . 756 126.0 . 560 60.0 . 947 148.0 . 374 

34.0 . 775 128.0 . 585 62.0 . 976 150.0 . 413 

36.0 . 797 130.0 . 624 2/2 152.0 . 456 

38.0 . 817 132.0 . 653 74.0 . 137 154.0 . 488 

40.0 . 852 134.0 . 682 76.0 . 208 156.0 . 524 

1/2 136.0 . 704 78.0 . 270 158.0 . 550 

54.0 . 167 138.0 . 733 80.0 . 319 160.0 . 579 

56.0 . 238 140.0 . 756 82.0 . 368 162.0 . 605 

58.0 . 296 142.0 . 788 84.0 . 407 164.0 . 631 

60.0 . 347 144.0 . 807 86.0 . 446 166.0 . 664 

62.0 . 386 146.0 . 836 88.0 . 482 168.0 . 693 

64.0 . 428 148.0 1 . 862 90.0 . 514 170.0 . 709 

66.0 . 466 Set 2 92.0 . -543 172.0 . 735 

68.0 . 498 -2/1 94.0 . 576 174.0 . 761 

70.0 . 531 18.0 . 293 96.0 . 602 176.0 . 787 

72.0 . 560 20.0 . 374 98.0 . 631 178.0 . 810 

74.0 . 588 22.0 . 420 100.0 . 660 180.0 . 833 

76.0 . 624 24.0 5 q- 102.0 . 683 182.0 859 
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Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
ai 

Radius 

, (mm. ) 
- 

Time 
(secs) 

Radius 
(MM) 

Time 
(secs) 

Radius 
(MM) 

184.0 . 882 2/ 5 22.0 . 487 108.0 
. 428 

-186.0 . 901 274.0 . 150 24.0 . 537 110.0 . 484 
188.0 . 921 276.0 . 218 26.0 . 583 112.0 . 534 
190.0 . 944 278.0 . 273 28.0 . 632 114.0 . 586 
192.0 1 . 976 280.0 . 325 30.0 . 675 116.0 . 619 

2/4 282.0 . 374 32.0 . 711 118.0 . 665 
206.0 . 153 284.0 . 413 34.0 . 741 120.0 . 702 
208.0 . 218 286.0 . 449 36.0 . 781 122.0 . 741 
210.0 . 280 288.0 . 485 38.0 . 817 124.0 . 777 
212.0 . 332 290.0 . 511 40.0 . 853 126.0 . 810 

214.0 . 374 292.0 . 537 42.0 . 883 128.0 . 843 

216.0 . 413 294.0 . 569 44.0 . 919 130.0 . 873 

218.0 . 452 296.0 . 595 46.0 . 949 132.0 . 906 

220.0 . 488 298.0 . 628 3/2 134.0 . 952 

222.0 . 514 300.0 . 651 58.0 . 231 3/4 

224.0 . 547 302.0 . 680 60.0 . 323 146.0 . 198 

226.0 . 576 304.0 . 706 62.0 . 389 148.0 . 277 

228.0 . 602 306.0 . 729 64.0 . 451 150.0 . 352 

230.0 . 634 308.0 . 752 66. Q . 501 152.0 . 415 

232.0 . 657 310.0 . 781 68.0 . 553 154.0 . 474 

234.0 . 687 312.0 . 800 70.0 . 593 156.0 . 520 

236.0 . 713 314.0 . 826 72.0 . 636 158.0 . 567 

238.0 . 739 316.0 . 843 74.0 . 678 160.0 . 609 

240.0 . 765 318.0 . 872 76.0 . 715 162.0 . 659 

242.0 . 787 320.0 . 901 78.0 . 751 164.0 . 698 

244.0 . 810 322.0 . 914 80.0 . 787 166.0 . 731 

246.0 . 830 324.0 . 944 82.0 . 823 168.0 . 767 

248.0 . 852 326.0 
_-970 

84.0 . 850 170.0 . 804 

250.0 . 875 Set 3 86.0 . 886 172.0 . 846 

252.0 . 888 3/1 88.0 . 912 174.0 . 886 

254.0 . 908 12.0 . 138 90.0 . 949 176.0 . 916 

256.0 . 934 14.0 . 237 3/3 178.0 . 952 

258.0 . 947 16.0 . 313 102.0 . 207 180.0 . 985 

260.0 . 970 18.0 . 382 104.0 . 296 3/5 

20.0 It 41 106.0 375 192.0 214 
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Time 
(secs) 

Radius 
(MM) 

Time 
(secs) 

Radius 

(mm) 
Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(MM) 

194.0 . 300 50.0 . 428 128.0 . 856 40.0 . 442 
196.0 . 372 52.0 . 501 130.0 . 899 42.0 . 455 
198.0 . 441 54.0 . 573 132.0 . 942 44.0 . 468 
200.0 . 487 56.0 . 626 134.0 . 988 46.0 . 488 
202.0 . 534 58.0 . 685 4/5 48.0 . 498 
204.0 . 576 60.0 . 744 142.0 . 231 50.0 . 511 
206.0 . 619 62.0 . 790 144.0 . 339 52.0 . 524 

208.0 . 662 64.0 . 843 146.0 . 428 5/2 

2 10 .0 . 705 66.0 . 886 148.0 . 504 112.0 . 100 

212.0 . 741 68.0 . 929 150.0 . 563 114.0 . 139 

214.0 . 784 70.0 . 972 152.0 . 619 116.0 . 173 

216.0 . 817 4/3 154.0 . 738 118.0 . 202 

218.0 . 850 78.0 . 250 156.0 . 787 120.0 . 229 

220.0 . 876 80.0 . 362 158.0 . 830 122.0 . 252 

222.0 . 909 82.0 . 445 160.0 . 876 124.0 . 279 

224.0 . 939 84.0 . 511 162.0 . 929 126.0 . 299 

226.0 978 86.0 . 576 164.0 . 962 128.0 . 319 

Set 4 88.0 . 639 Set 5 130.0 339 

4? 1 90.0 . 688 5/1 132.0 . 359 

12.0 . 214 92.0 . 751 8.0 . 083 134.0 . 378 

14.0 . 343 94.0 . 797 10.0 . 123 136.0 . 395 

16.0 . 435 96.0 . 840 12.0 . 159 138.0 . 408 

18.0 . 507 98.0 . 879 14.0 . 189 140.0 . 422 

20.0 . 570 100.0 . 929 16.0 . 219 142.0 . 438 

22.0 . 636 102.0 . 965 18.0 . 246 144.0 . 448 

24.0 . 688 4 /4 20.0 . 266 146.0 . 465 

26.0 . 744 110.0 . 254 22.0 . 292 148.0 . 478 

28.0 . 794 112.0 . 359 24.0 . 309 150.0 . 491 

30.0 . 840 114.0 . 448 26.0 . 332 152.0 . 505 

32.0 . 883 116.0 . 517 28.0 . 349 154.0 1 . 518 

34.0 . 919 118.0 . 583 30.0 . 365 5/3 

36.0 . 955 120.0 . 642 32.0 . 385 214.0 . 073 

42 122.0 . 705 34.0 . L102 216.0 . 1-1-6 

46.0 . 231 124.0 . 754 36.0 . 418 218.0 153' 

48.0 346 126.0 . 807 38-0 Ll 220.0 186 
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Time 
(secs) 

Radius 
(mm) 

Time 
(secs) 

Radius 
(mm) 

Time 
(secs) 

Radius 
(mm) 

Time 
(secs) 

Radius 
(mm) 

222*0 . 212 350.0 . 455 530.0 . 292 84.0 . 793 
224.0 . 239 352.0 . 471 532.0 . 312 86.0 . 823 
226.0 . 266 354.0 . 485 534.0 . 332 88.0 . 846 
228.0 . 285 356.0 . 498 536.0 -352 6/2 
230.0 . 309 358.0 . 511 538.0 . 375 100.0 . 166 
232.0 . 332 1 5/5 540.0 . 392 lo2.0 . 239 
234.0 . 345 418.0 . 093 542.0 . 405 104.0 . 299 
236.0 . 365 420.0 . 136 544.0 . 418 106.0 . 345 
238.0 . 382 422.0 . 169 546.0 . 435 108.0 . 392 

240.0 . 402 424.0 . 202 548.0 . 451 110.0 . 425 

242.0 . 415 426.0 . 232 550.0 . 465 112.0 . 465 

244.0 . 432 42.8.0 . 256 552.0 . 478 114.0 . 498 

246.0 . 445 480.0 . 282 554.0 . 491 116.0 . 531 

248.0 . 458 432.0 . 302 556.0 . 511 118.0 . 564 

250.0 . 475 434.0 . 325 558.0 . 521 120.0 . 591 

252.0 . 488 436.0 . 345 Se t 6 122.0 . 624 

254.0 . 498 438.0 . 362 6 /1 124.0 . 6S4 

256.0 . 511 440.0 . 382 48.0 . 113 126.0 . 677 

5/4 442.0 . 402 50.0 . 199 128.0 . 707 

318.0 . 106 444.0 L[18 52. ,0 
. 266 130.0 . 730 

320.0 . 146 446.0 . 432 54.0 . 315 132.0 . 760 

322.0 . 179 448.0 . 451 56.0 . 365 134.0 . 780 

324.0 . 209 450.0 . 465 58.0 . 408 136.0 . 807 

326.0 . 232 452.0 . 478 60.0 . 448 138.0 . 830 

328.0 . 259 454.0 . 495 62.0 . 481 140.0 . 853 

330.0 . 279 456.0 S08 64.0 . 518 6/3 

332.0 . 299 458.0 . 521 66.0 . 548 150.0 . 110 

334.0 . 325 5/6 68.0 . 578 152.0 . 199 

336.0 . 345 516.0 . 073 70.0 . 607 154.0 . 266 

338.0 . 365 518.0 . 113 72.0 . 637 156.0 3 12 

340.0 - . 378 520.0 . 156 74.0 . 671 158.0 339 

342.0 . 395 522.0 . 186 76.0 . 694 160.0 . 418 

344.0 . 412 524.0 . 219 78.0 . 727 162.0 . 471 

346.0 425 526.0 . 246 80.0 . 750 164.0 . 505 

348.0 442 528.0 . 269 82.0 . 770 166.0 . 541 
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Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 

I 
Radius 

(mm) 
168.0 . 574 6/5 324.0 . 591 78.0 . 828 

170.0 . 607 250.0 . 120 326.0 . 617 80.0 . 871 

172.0 . 644 252.0 . 206 328.0 . 654 7/3 

174.0 . 667 254.0 . 272 330.0 . 684 86.0 . 080 

176.0 . 697 256.0 . 319 332.0' . 710 88.0 . 239 

178.0 . 727 258.0 . 372 334.0 . 734 90.0 . 349 

180.0 . 754 260.0 . 408 336.0 . 760 92.0 . 432 

182.0 . 783 262.0 . 445 338.0 . 783 94.0 . 509 

la4.0 . 800 264.0 . 478 340.0 . 803 96.0 . 572 

186.0 . 823 266.0 . 511 342.0 . 830 98.0 . 632 

188.0 . 853 268.0 . 544 344.0 1 . 853 100.0 . 691 

6/ 4 270.0 . 574 Set 7 102.0 . 748 

198.0 . 120 212.0 . 601 . 
. 
7/1 104.0 . 794 

200.0 . 209 274.0 . 641 32.0 . 106 106.0 . 844 

202.0 . 269 276.0 . 664 34.0 . 259 108.0 . 887 

204.0 . 319 278.0 . 694 36.0 . 372 
. 
7/4 

206.0 . 372 280.0 . 720 38.0 . 452 114.0 . 126 

208.0 . 408 282.0 . 744 40.0 . 525 116.0 . 239 

210.0 . 445 284.0 . 770 42.0 . 588 118.0 . 372 

212.0 . 478 286.0 . 800 44. .0 
. 645 120.0 . 455 

214.0 . 511 288.0 . 817 46.0 . 705 122.0 . 519 

216.0 . 544 290.0 . 837 48.0 . 758 124.0 . 578 

218.0 . 574 292.0 . 866 50.0 . 808 126.0 . 648 

220.0 . 604 6/6 52.0 . 854 128.0 . 705 

222.0 . 644 302.0 . 093 54.0 . 904 130.0 . 758 

224.0 . 667 304.0 . 179 7/2 132.0 . 801 

226.0 . 697 306.0 . 246 60.0 . 170 134.0 . 851 

228.0 . 724 308.0 . 312 62.0 . 299 136.0 . 901 

230.0 . 750 310.0 . 352 64.0 . 396 7/5 

232.0 . 770 312.0 . 398 66.0 . 472 142.0 . 160 

234.0 . 793 314.0 . 432 68.0 . 545 144.0 . 299 

236.0 . 813 316.0 . 468 70.0 . 612 146.0 . 392 

238.0 . 837 318.0 . 501 72.0 . 668 148.0 . 475 

240.0 866 .0 320 . 531 74.0 . 728 150.0 . 542 

322.0 . 561 76.0 . 774 152.0 . 602, 
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Time Radius Time Radius Time Radius Time Radius 
(secs) (mm) (secs) (mm) (secs) (mm) (secs) (MM) 

154.0 . 658 232.0 . 442 70.0- 
. 866 16.25 . 633 

1 

156.0 . 721 
. 
234.0 . 512 8/4 17.50 . 666 

158.0 . 768 236.0 . 578 76.0 . 232 18.75 . 686 
160.0 . 814 238.0 . 638 78.0 . 378 20-00 . 713 
162.0 . 868 240.0 . 691 80.0 . 451 21-25 . 739 
164.0 . 931 242.0 . 741 82.0 . 578 22.50 . 759 

7/6 244.0 . 791 84.0 . 661 23.75 . 782 
170.0 . 179 246.0 . 831 86.0 . 734 25.00 . 802 
172.0 . 309 248.0 . 877 88.0 . 800 26.25 . 821 
174.0 . 392 Set 8 90.0 . 860 27.50 . 844 
176.0 . 475 8/1 8/5 28.75 . 864 
178.0 . 538 18.0 . 202 96.0 . 186 30-00 . 891 
180.0 . 595 20.0 . 375 98.0 . 349 9/2 
182.0 . 658 22.0 . 495 100.0 . 461 34.75 . 096 
184.0 . 715 24.0 . 598 102.0 . 551 35.25 . 132 

186.0 . 768 26.0 . 677 104.0 . 637 35.75 . 165 

188.0 . 814 28.0 . 754 106.0 . 714 36.25 . 191 

190.0 . 654 30.0 . 827 108.0 . 783 36.75 . 218 

192.0 . 894 32.0 . 886 110.0 . 853 37.25 . 244 

7/7 8/2 8/6. 37.75 . 264 

198.0 . 143 36.0 . 169 116.0 . 083 38.25 . 287 

200.0 . 283 38.0 . 345 118.0 . 289 38.75 . 310 

202.0 . 382 40.0 . 461 120.0 . 412 39.25 . 327 

204.0 . 455 42.0 . 558 122.0 . 511 39.75 . 343 

206.0 . 525 44.0 . 644 124.0 . 591 40.25 . 356 

208.0 . 582 46.0 . 730 126.0 . 677 40.75 . 376 

210.0 . 651 48.0 . 800 128.0 . 747 41.25 . 389 

212.0 . 705 50.0 . 863 130.0 . 810 41.75 . 406 

214.0 . 75 15 8/3 O . 866 132. 42.25 . 419 

216.0 . 801 56.0 . 212 _ Set 9 42.75 . 1135 

218.0 . 848 58.0 368 9/1 43.25 449 

220.0 . 891 60.0 . 481 10.00 . 465 43.75 . 462 

7/8 62.0 . 578 11.25 . 505 44.50 . 482 

226.0 . 113 64.0 . 657 12.50 . 538 45.25 . 498 

228.0 . 259 66.0 . 737 13.75 . 571 46-00 518 

. 366 230.0 68.0 . 807 15.00 G0 It 6.75 
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Time 

(secs) 

Radius 

(mm. ) 

Time 

(secs) 

Radius 

(mm) 

Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(MM) 

47.50 . 544 76.50 . 376 4.50 . 219 10/ 2 
48.25 . 564 77.00 . 396 5.00 . 259 29.38 . 086 
49.00 . 581 77.50 . 409 5.50 . 289 29.87 . 139 
49.75 . 600 78.00 . 419 6.00 . 315 30.37 . 182 
50.50 . 617 78.50 . 439 6.50 . 342 30.87 . 219 

51.25 . 633 79.00 . 449 7.00 . 371 31.37 . 252 

52.00 . 647 79.75 . 475 7.50 . 391 31.88 . 282 

52.75 . 666 80.50 . 488 8.00 . 411 32.37 . 308 

53.50 . 676 81.25 . 508. 8.50 . 434 32.87 . 332 

54.25 . 693 82.00 . 528 8.00 . 454 33.37 . 352 

55.00 . 706 82.75 . 541 9.50 . 474 33.87 . 378 

55.75 . 722 83.50 . 561 10.00 . 491 34.38 . 395 

56.50 . 736 84.25 . 574 10.50 . 507 34.87 . 418 

57.25 . 746 85.00 . 587 11.00 . 521 35.37 . 438 

58.00 . 759 85.75 . 607 11.50 . 541 35.87 . 458 

58.75 . 772 86-50 . 630 12.00 . 554 36.37 . 471 

60-00 . 795 87.25 . 647 12-50 . 570 36.88 . 481 

61.25 . 818 88-00 . 660 13.00 . 587 37.37 . 407 

62.50 . 838 88.75 . 676 13.75 . 610 37.87 . 524 

63.75 . 858 89-50 . 693 14.50 . 637 38.37 . 541 

65.00 . 877 90.25 . 706 15.25 . 657 38-87 . 554 

66.25 . 901 91.00 . 719 16-00 . 683 39.37 . 574 

9/3 92.25 . 749 16.75 . 703 40-12 . 590 

70.5 
.0 

. 099 93.50 . 769 17.50 . 726 40.87 . 620 

71.00 . 132 94.75 . 792 18.25 . 743 41.62 . 647 

71.50 . 165 96.00 . 808 19.00 . 763 42.37 . 667 

72.00 . 191 97.25 . 835 19.75 . 786 43.13 . 687 

72.50 . 218 98.50 . 854 20-50 . 803 43.87 . 710 

73.00 . 244 99.75 . 881 21.25 . 816 44.62 . 726 

73.50 . 270 101.00 . 897 22.00 . 836 45-37 . 746 

74.00 . 290 Set 10 22.75 . 856 46.12 . 766 

74.50 . 307 10/1 23 . 50 . 866 146 
. 88 . 786 

75.00 . 327 3.00 . 090 24.25 .885 47.62 . 799 

75-50 . 343 3.50 . lq 3 25.00 . 902 48.37 .81, -1 

76.00 . 363_ 11.00. . 186 119.12 . 832 
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Time 
I 

(secs) 
Radius 

(mm) 
Time 

(secs) 
. 

Radius 
OTIM) 

Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(mm) 

49.87 . 856 73.75 . 773 98.62 
. 677 20.0 . 737 

50.63 . 866 74.50 . 793 99-38 . 693 20.5 . 757 
51.37 . 892 75.25 . 803 100-12 . 716 21.0 . 773 
52.12 . 909 76.00 . 822 100-87 . 733 21. S . 793 

10/3 76.75 . 842 101-62 . 756 22.0 . 810 
56.25 . 073 77.50 . 856 102.37 . 769 22. S . 826 
56.75 . 116 78.25 . 872 103.13 . 789 23.0 . 840 
57.25 . 159 79.00 1 892 103.87 . 806 23.5 - 856 
S7.75 . 199 10/4 104.62 . 829 24.0 ' 873 
58.2S . 232 84.12 . 080 105 . * 846 24.5 . 889 

58.75 . 262 84.62 . 126 Set 11 24.87 . 899 

59.25 . 289 85.12 . 169 11/ 1 11/ 2 

59.75 . 318 85.63 . 202 8.5 . 093 27.5 . 063 

60.2S . 342 86.12 . 235 9.0 . 163 28.0 . 123 

60.75 . 365 86.62 . 262 9.5 . 216 28.5 . 183 

61.25 . 385 87.12 . 289 10.0 . 259 29.0 . 229 

61.75 . 40S 87.62 . 312 10.5 . 299 29.5 . 275 

62.25 . 42S 88.13 . 338 11.0 . 335 30.0 . 309 

62.75 . 444 88.62 . 358 11.5 . 365 30.5 . 342 

63.25 . 464 89.12 . 378 12.0 3'95 31.0 . 37,, 1) 

63.75 . 481 89.62 . 401 12.5 . 421 31.5 . 402 

64.25 . 497 90.12 . 421 13.0 . 448 32.0 . 425 

64.75 . 507 90.63 . 438 13.5 . 478 32.5 . 4115 

65.25 . 524 91.12 . 4S4 14.0 . 491 33.0 . 471 

65.75 . 544 91.62 . 474 14. S . 511 33.5 . 491 

66.2S . 557 92-12 . 491 is. 0 S34 34.0 . 514 

67.00 . 580 92.62 Sol 1S. 5 . 551 34.5 . 531 

67.75 . 607 93.13 . 521 16.0 . 571 3S. 0 . 554 

68.50 6 3'0 93.62 534 16.5 . 591 3S. 5 S74 

69.25 . 650 94.12 . 554 17.0 . 614 36.0 . 594 

70.00 . 673 94.87 . 567 17. S . 631 36. ý, . 617 

70.75 . 693 9S. 63 . 594 18.0 . 650 37.0 . 631 

71.50 . 713 96.37 . 614 18.5 . 677 37.5 . 650 

72.25 . 736 97.37 . 630 19.0 . 700 38.0 . 670 

73.00 . 756 97.87 . 653 19 -5 
7 17 3-8.5 6, ýý, 7 
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Time 

(secs) 
T im 

(s e cs 

Time 

sec 
e 
s 

F Radius 
(MM) 

Time 
(secs) 

Radius 

(mm) 
Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(MM) 
u s us 

9c . 39 . CO . 700 58-75 . 657 78.75 . 640 33.75 . 649 
39E 39 5E . 720 59.25 . 674 79.25 . 654 4 34.25 . 664 
40.0 . 733 59.75 . 687 79.75 . 680 79 34.75 . 679 
40.5 . 747 60.25 . 704 80-25 . 697 35.25 . 694 
41.0 . 767 60.75 . 723 80.75 . 713 35.75 . 709 
41.5 . 780 61.25 . 740 81.25 . 730 36-12 . 718 
42.0 . 796 61.75 . 750 81.75 . 743 12/2 
4205 . 806 62.25 . 770 82.25 . 760 64.75 . 175 
43.0 . 823 62.75 . 786 82.75 . 780 65.25 . 211 
43.5 . 836 63.25 . 793 83.25 . 796 65.75 . 241 

44.0 . 850 63.75 . 816 83.75 . 806 66.25 . 272 

44.5 . 860 64.25 . 830 84.25 . 823 66.75 . 302 

45.0 . 876 64.75 . 843 84-50, . 830 67.25 . 323 

45.5 . 889 65.25 . 856 Set 12 67.75 . 347 

45.87 . 899 65.75 . 869 12/1 68.25 . 371 

11 /3. 66.25 . 886 23.25 . 169 68.75 . 395 

48.75 . 070 66.88 . 903 23.75 . 214 69.25 . 411 

49.25 . 129 11/4 24.25 . 244 69.75 . 435 

49.75 . 186 69.75 . 070 24.75 . 278 70.25 . 456 

50.25 . 226 70.25 . 123 25.25 . 296 70.75 . 477 

50.75 . 275 70.75 . 176 25.75 . 329 71.25 . 504 

51.25 . 305 71.25 . 219 26.25 . 356 71.75 . 522 

51.75 . 338 71.75 . 256 26.75 . 377 72.25 . 537 

52.25 . 368 72.25 . 292 27.25 . 404 72.75 . 555 

52.75 . 392 72.75 . 325 27.75 . 426 73.2S . 580 

53.25 . 418 73.25 . 358 28.25 . 444 73.75 . 595 

53.75 . 441 73.75 . 385 28.75 . 471 74.25 . 616 

54.25 . 468 74.25 . 418 29.25 . 492 74.75 . 634 

54.75 . 491 74.75 . 445 29.75 . 513 75.25 . 649 

55.25 . 508 75.25 . 475 30.25 . 534 75.75 .., 64 

55.75 . 534 75.75 . 489 30.75 . 552 76.25 . 685 

r -524 31.251 . 567 1 76.751 
56.25 

1 
ý, Sj 

1 76.251 . 697 

56.75 
1.574 *1 76.751 . 544 1 31.751 - 5819 177.25 1 . 721 

57 . 25 . 597 77.25 . 564 32.25 . 607 77.751 7 R, 

57.75 . 617 77 . 75 . 587 32.75 . 622 ]-ý /3 

58.25 . 637 1 78.25 . 617 33.25 
t 

6 3) Ll i Oil -0 
1L. 3 

I 
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Time 
(secs) 

Radius 
(mm) 

Time 
(secs) 

Radius 
(MM) 

T ime 
(secs) 

Radius 
(MM) 

T ime 
(secs) 

Radius 
(MM) 

104.5 . 202 148.0 . 401 193.0 . 555 13/10 
105.0 . 235 148.5 . 426 193.5 . 574 31.50 . 084 
105.5 . 263 149.0 . 447 194.0 . 592 31-62 . 111 
106.0 . 293 14ý. 5 . 465 194.5 . 610 31.75 . 135 
106.5 . 320 150.0 . 489 195.0 . 625 31.88 . 159 
107.0 . 344 150.5 . 504 195.5 . 640 32-00 . 177 
107.5 . 362 151.0 . 522 196.0 . 655 32-13 . 195 
108.0 . 386 151.5 . 540 196.5 . 673 32.25 . 213 
lb8.5 . 404 152.0 . 555 197.0 . 691 32.37 . 231 
109.0 . 426 152.5 . 574 197.37 1 * 697 1 32.50 . 246 
109.5 . 444 153.0 . 592 Set 13 32.63 . 264 
110.0. . 465 153.5 . 610 13/ 2 32.75 . 279 

. 
110.5 . 483 154.0 . 622 4.75 . 090 32.87 . 291 
111.0 . 490 154.5 . 640 4.88 . 114 33.00 . 306 
111.5 . 513 155.0 . 652 5.00 . 132 13/18 

112.0 . 531 155.5 . 661 5.13 . 153 20.25 . 087 

112.5 . 546 156.0 . 679 5.25 . 174 20.37 . 108 

113.0 . 561 156.62 . 694 5.38 . 189 20.50 . 132 

113.5 . 577 12/5 5.50 . 204 20.63 . 153 

114.0 . 592 185.0 . 169 5.63 . 219 20.75 . 168 

114.5 . 610 185.5 . 205 5.75 . 234 20.88 . 186 

115.0 . 625 186.0 . 241 5.88 . 249 21.00 . 204 

11S. 5 . 640 186.5 . 275 6.00 . 261 21.12 . 219 

116.0 . 652 187.0 . 305 6.13 . 276 21.25 . 231 

116.5 . 667 187.5 . 332 6.25 . 291 21.38 . 246 

117.0 . 679 188.0 . 356 6.38 . 303 21.50 . 261 

117.5 . 694 188.5 . 380 6.50 . 315 21.62 . 276 

12/ 4 189.0 . 404 6.63 . 627 21.75 . 288 

144.5 . 19 -3 189.5 . 426 6.75 . 340 21.88 . 303 

145.0 229 190.0 07 6.88 . 349 22.00 . 312 

145.5 . 272 190.5 . 465 '00 7. . 358 22.13 . 324 

1146.0 . 299 191.0 . 483 7.13 . 370 22.25 . 337 

146.5 . 332 191.5 . 501 7.25 . 382 22.37 . 346 

147.0 . 353 192.0 . 52S 7.38 . 388 22-50 . 351) 

147.5 380 192.5 . 540 22.63 . 364 
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Time 

e cs (Secs 

F 
im, 

ec 
e Radius 

(mm) 
Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(mm) 
Time 

(secs) 
Radius 

(MM) 

75 . 376 22 54.00 . 192 20.0_ . 214 440.0 . 681 
13/23 54.12 . 210 30.0 . 229 458.0 . 697 

35.50 . 084 54.25 . 228 40.0 . 249 14/2 

35.63 . 108 54.38 . 240 50.0 ---. 265 532.0 . 034 

35.75 . 132 54.50 . 258 60.0 . 284 540.0 . 070 

35.88 . 150 54.63 . 276 70.0 . 299 550.0 . 099 

36.00 . 168 54.75 . 288 80.0 . 321 560.0 . 127 

36.12 . 186 54.87 . 306 90.0 . 340 570.0 . 150 

36.25 . 201 55.00 . 315 100.0 . 355 580.0 . 170 

36.38 . 219 55.13 . 327 110.0 . 370 590.0 . 189 

36.50 . 231 55.25 . 340 120.0 . 386 600.0 . 204 

36.62 . 249 55.37 . 352 130.0 . 404 610.0 . 222 

36.75 . 261 55.50 . 361 140.0 . 417 620.0 . 240 

36.88 . 273 55.63 . 373 150.0 . 432 630.0 . 260 

37.00 . 285 55.75 . 382 160.0 . 443 640.0 . 273 

37.13 . 300 13/ 28 170.0 . 454 650.0 . 286 

37 . 25 . 309 59.63 . 129 180.0 i . 465 . 300 660.0 

37.37 . 321 59.75 . 150 190.0 . 480 670.0 . 311 

37.50 . 334 59.87 . 174 200-P . 493 680.0 . 323 

37.63 . 343 60-00 . 192 210.0 . 502 690.0 . 331 

37.75 . 355 60.13 . 213 220.0 . 512 700.0 . 344 

37.87 . 364 60.25 . 228 230.0 . 521 710.0 . 355 

38.00 . 376 60.37 . 243 240.0 . 534 720.0 . 368 

38.13 . 385 60.50 . 258 250.0 . 545 730.0 . 382 

38.25 '. 397 60.63 . 276 260.0 . 555 740.0 . 391 

38.38 . 403 60.75 . 288 270.0 . 562 750.0 . 403 

38-50 . 412 60.88 . 303 280.0 . 571 760.0 . 413 

38.62 . 421 61-00 . 315 290.0 . 581 770.0 . 422 

38.75 . 427 61.12 . 327 300.0 . 588 780.0 . 432 

25 61 . 337 320.0 . 605 . '141 790.0 
13/27 . 

38 . 102 53 61.38 . 349 340.0 . 618 . 453 800.0 
. 

50 . 123 53 61-50 . 364 360.0 . 633 . 462 820.0 

. 
. 141 61.62 . 376 380.0 . 644 840.0 . 489 
2. 53.6 

14 400.0 . 659 860.0 . ý05 
53.75 . 156 Se t 

420 0 . 671 880.0 . 517 
53.88 . 174 14 /1 -- 
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Time, Radius Time Radius I Time Radius Time Radius 
(secs) 

I 
(mm) (secs) (MM) (secs) (MM) (secs) (mm) 

900.0 . 533 1450.0 
. 462 1950.0 

. 360 150.0 1 
. 141 

920.0 . 547 1460.0 
. 469 1960.0 

. 373 Se t 16 
94 

. 
0.0 . 463 1480.0 

. 488 1970.0 . 383 5.88 . 011 
970.0 . 589 1500.0 

. 507 1980.0 . 390 6.38 . 013 
1000.0 . 608 1520.0 . 532 1990.0 . 402 6.88 . 014 
1030.0 . 628 1540.0 . 553 Se t 15 7.38 . 015 
1060.0 . 651 1560.0 . 570 5.0 . 024 7.88 . 016 
1090.0 . 663 1580.0 . 588 10.0 . 036 8.38 . 018 
1120.0 . 686 1600.0 . 609 15.0 . 045 8.88 . 019 

14/ 3 1620.0 . 621 20.0 . 055 9.38 . 019 
1190.0 . 042 1640.0 . 633 25.0 . 064 9.88 . 020 

1200.0 . 079 1660.0 . 651 30.0 . 068 10.37 . 021 

1220.0 . 137 1676.0 . 658 35.0 . 077 10.87 . 023 

1230.0 . 161 14/4 40.0 . 077 11.37 . 021 

1240.0 . 186 1744.0 . 034 45.0 . 084 11.87 . 022 

1250.0 . 206 1750.0 . 059 50.0 . 087 12.50 . 024 

1260.0 . 232 1760.0 . 085 55.0 . 089 14.37 . 028 

1270.0 . 249 1770.0 . 110 60.0 . 095 16.25 . 031 

1280.0 . 263 1780.0 . 131 65.0 . 099 18.75 . 033 

1290.0 . 280 1790.0 . 149 70.0 . 100 21.25 . 037 

1300.0 . 293 1800.0 . 167 75.0 . 105 23.75 . 040 

1310.0 . 308 1810.0 . 183 80.0 . 107 26.25 . 041 

1320.0 . 322 1820.0 . 202 85.0 . 109 28.75 . 045 

1330.6 . 334 1830.0 . 22Q 90.0 . 111 31.25 . 
0141 

1340.0 . 346 1840.0 . 235 95.0 . 116 33.75 oso 

1350.0 . 359 1850.0 . 251 100.0 . 115 36.25 . 052 

1360.0 . 370 1860.0 . 262 105.0 . 119 38.75 . 0511 

1370.0 . 380 1870.0 . 276 110.0 . 123 41.25 . 055 

1380.0 . 392 1880.0 . 288 115.0 . 124 43.75 . 055 

1390.0 . 402 1890.0 . 298 120.0 . 128 46.25 . 058 

1400.0 . 412 1900.0 . 308 125.0 . 128 51.25 . 061 

1410.0 . 423 1910.0 . 317 130.0 . 131. 56.25 . 064 

1L120 .0 434 1920.0 329 135.0 . 136 61.25 . 067 

1430.0 . 447 1930.0 . 338 140.0 . 139 66.25 . 073 

1440.0 * 452 1940.0 
1 

. 3q9 
I JLIS .0# 

143 107.0 . 093 
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COMPUTER PROGRAMMES 
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Pro. grams P1 

Solution of the hydrodynamically 
_limited 

bubble growth equations 

PROGRAM NEWT (INPUT 9 OUTPUT* TAPE5= INPUT-* TAPE6 =OUTPUT) 
C** NEWTONIAN FLUID 
C** INTEGRATING THF FOUATION WITH SUITABLE STEP LENGTH 

100 

1000 

1001 

1002 
1003 

1004 
1005 
2000 
2001 

C** 
C** 
C** 
C** 

COMMON /CMNN/ P*SqPL 
PFAD(592000) NPESULT 
DO 100 NRES=IONPFSULT 
PFAD(592001) PISOH 
PL = 1*0 
WPITE(6*1001) 
WPITE(69100s) 
WRITE(691000) 
WP I TE (6 * 1002) 
WPITE(6*1003) PqSqH 
WPITE(6*1004) 
CALL PUNKUT(H) 
WPITE(691005) 
CONTINUE 
FORMAT( IOXOIDIFFUSIONAL BUBBLE GROWTH LIMITED By HYDRODYNAMI, 

IFORCESI/) 
FORMAT(IHI) 
FORMAT(JOX91NEWTONIAN FLUID'/) 
FORMAT(IOXqtSUPFACE TENSION PARAMETER 

IOX91VISCOUS/INERTIA PARAMETER 
IOXqtlTERATION STEP LENGTH(DT) 

FORMAT( 9X*5(3X9, T**5X*lAlq4X)/) 
FORMAT(//////////) 
FORMAT(TS) 
FORMAT(3FJO. S) 
STOP 
ENE) 

FUNCTION F(TtAqDA) 

91 oF6*3/ 
914F6*3/ 
91 9F6*3/) 

THIS IS THE HYDPODYNAMICALLY LIMITED FOUATION 

FOP A NEWTONIAN FLUID 

COMMON /CMNN/ PoSoPL 
Tj = Is'-9*(IoO-P/A) 
TP = 1*5*DA*DA 
Tj = (SOPT(? 490)*S*DA)/A 
F= (TI-T2-T3)/A 
PFTUPN 
END 



-185- 

C** 
C** 

100 

1000 

1001 

1002 
1003 

1004 
1005 
2000 
2001 

C** 
C** 
C** 
C** 
C** 
C** 
C** 
C** 

PPOGRAM POWLAW(INPUT*OUTPUT*TAPES=INPUTtTAPE6=OUTPUT) 
POWER LAW FLUID 
INTEGRATING THE EQUATION WITH SUITABLE STEP LENGTH 
COMMON /CMNN/ P9S9PL 
READ(542000) NRESULT 
DO 100 NRES=INPESULT 
PFAD(5*2001) PLOP#SIH 
WPITE(691001) 
WPITE(691005) 
WPITE(691000) 
WPITE(691002) PL 
WpITE(691003) P4S9H 
WpITE(6*1004) 
CALL RUNKUT(H) 
WpITE(691005) 
CONTINUE 
FORMAT( IOX91DIFFUSIONAL BUBBLE GROWTH LIMITED By 

1FOPCESI/) 
FORMAT(IH1) 
FORMAT(IOX90POWEp LAW FLUID EXPONENT 9l9F6*3/) 
FORMAT(IOX91SURFACE TENSION PARAMETER 9o9F6*3/ 

I IOX%IVISCOUS/INERTIA PARAMETER 9t*F6*3/ 
2 j0Xs'ITEPATION STEP LENGTH(DT) 9t9F6*3/) 

FORMAT( 9X45(3Xq#T'-i5X9fA'44X)/) 
FORMAT(//////////) 
FORMAT(IS) 
FORMAT(4FIO*5) 
STOP 
END 

FUNCTION F(T*A4DA) 

THIS IS THE HYDRODYNAMICALLY LIMITED 

FOR BUBBLE GROWTH IN A NON-NEWTONIAN 

Or THF POWER LAW Klt", ]D* 

P IS THE SURFACE TENSION PARAMETER 

S IS THE VISCOUS/INERTIA PARAtAETER 

PL IS THE POWER LAW EXPONENT 

EQUATION 
FLUID 

COMMON /CMNN/ P*S*PL 

Tj = I. E5*(J*O-P/A) 
T2 = 195*DA*DA 

(1.5*PL)*S*(DA/A)**PL)/PL T3 = (SQRT(3o0)*(2*0)** 
F= (TI-T2-T3)/A 
PF. 'TUPN 
END 

HYDRODYNAMP 
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SUBROUTINE RUNKUT(H) 
DIMENSION XP(5)9YP(5)9ZP(5) 
X= 0*0 
y= 100 
Z= 0*0 
HN = 290/H + 0*5 
NH = HN 
DO 104 I=lolO , 
DO 103 11=1-05 
DO 102 J=19NH 
AN = H*F(X,, YOZ)/2*0 
BF = H*(Z + AN/2*0)/2*0 
XX =X+ H/2*0 
yy =y+ BE 
ZZ =Z+ AN 
BN = H*F(XX9yy9ZZ)/2*0 
Zz =Z+ BN 
CN = H*F(XX*YY*ZZ)/2*0 
OF = H*(Z + CN) 
Xx =X+H 
Yy =Y+ DE 
Z7- =Z+2* O*CN 
DN = H*F(XXqYY4ZZ)/2oO 
xX+H 
Y Y+ H*(Z+(AN+Bt4+CN)/3*Of 
Z Z+(AN+2oO*BN+2*0*CN+DN)/3*0 

102 CONTINUE 
XP(11) =x 
YP(11) =y 
zp(II) =z 

103 CONTINUE 
WPITE(6*1001) (XP(K)tYP(K)t K=115) 
WpITE(691002) (ZP(K)s K=195) 

104 CONTINUE 
PFT(JRN 

1001 FOPMAT( 9Xq5(F5*l*F7*2s2X)) 
1002 FORMAT(9-X*5(lPE14#2)) 

END. 
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Program P2 

Solution of the gene'ral case of bubble growth 

PROGRAM AASPL ( INPUT #OUTPUT *TAPES= INPUT9 TAPE6=OUTPUT) 
DIMENSION C(51)ODCDT(51)*E(51)"CYO(4)'CNýN(4)*W(800)tTITLE(5) 
COMMON W 
COMMON /CMNI/ SCoGIP19PHI 
COMMON /CMN2/ AfDA9S 
COMMON /POWER/ PL 
RFAL JABAR 
NPT = 51 
RFAD(541004) PL 

1004 FOPMAT(FlOoS) 
RFAD(541000) NSETS 
00 400 NSET = 19NSETS 
READ(591001) (TITLE(IT)o IT IoS) 
READ(591002) VqGAMMAoPHI9JABAR9BBAR9G 
READ(5#1003) KLIM4DT9AMAXsERROR 
SC = V*(G**(I*O-PL/2*0)) 
DO 100 1 I-vNPT 
DCDT(l) 0*0 

100 C(l) = 100 
P1 = 1*0 
Yo = 000 
YN = 100 
AO = 100 
DAO= 000 
A= AO 
DA = DAO 
T= 000 
DY = (YN-YO)/FLOAT(NPT-1) 
NUM =2 
LIM =4 
KOUNT =0 
CYO(l) = 000 
CYN(l) = 0#0 
CYN(2) =-100 
CYN(3) = 100 
CYN(4) = 000 
TMCON= 4*0*JABAR*jABAR/3e14159 
TTCON= SORT(200*G/3*0) 
SL = DT 
S= pOoo * SOPT(OT) 
WPITE(6*2000) 
WPIT, E(642001) 
WpITF(692002) (TITLE(IT)t IT=lt5)9 PL 

2002 FORMAT(jX95AjO*EXP0NFNT =*F7*3) 
WRITE(6v2OO3 

-) 
SC s NPT 9Go GAMMA * DT 9V4TI CON PH I TMCON JABAR 9 BBAR ERR01 

WPITE(642001) 
WpITE(692004) 
WpITE(692005) KOUNT9T%A9DAsSL9S9C(l) 

200 CALL RUNKUT(TsAOqnA04SL) 
A= AO 
DA = DAO 
S= 2060 * SOPT(T) 
T=T- SL 
Cyo(2) = -DA/JABAR 
CYO(3) = -GAMM. A*DA/JA6AR 
CYO(4) = 16*0/S 
CALL DPOIA(_COY09YNoNPToTtSLqCyOtCYNqDCDT9E4LIMtERRORtNUM) 
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WPITE(6-P2005) KOUNTeTtAiDAiSL*SoC(I)OY95oX95tNUM 
IF(KOUNT *GE* KLIM) GO TO 300 
IF'(A *GF* AMAX) no To 300 
GO TO 200 

300 WOTTF(6*2004) 
WPITE(6*2001) 

400 CONTINUE 
1000 FOPMAT(IS) 
1001 FORMAT(SA10) 
1002 FORMAT(SFl0e39El0*3) 
1003 FOPMAT(llOq2Fl0&99El0*3) 
2000 FORMAT(IHI) 
2001 FORMAT(lXv106(lH*)) 
2003 FORMAT(* SC **FI2*1** NPT *914/ 

1G oFI3*19/ 
2 GAMMA*oFI2*19* DT *9F12*7/ 
3v TICON*%EI394/ 
4 PHI *sF12*14* TMCON*qEI3*4/ 
5 JABAP*vFI2*1/ 
6 68APR*9Fl2slt* EPPOP*91PE13*4/ 

2004 FORMAT (IX9 14X*T*l 1 X*A* IOX*DADT*l IX*SL*l 1X*S*9X*C(O)*7X*Y95*7X*X95 
14X*NUM*) 

2005 FORMAT(IX915*lPEl5o39OPFlOo3o2(lPE14*3)90PF10939FI29692FIO*4915) 
STOP 
END 

SUBROUTINE FUNCTS(AA*BBoCCiDDqTtYoIU*IDUDX) 
COMMON /CMN2/ AgDAIS 
Z 0-Y 
ZP=ZI*Zl 
Z3=z2*Zl 
Z4=Z3*Zl 
AA=Z4/(S*S) 
E31=A*ZI+S*Y 
BF: t=(? &O*ZI/81 + (I*O-A*A*Z2/(BI*Bl))*DA)*Z2/S 
cc=ooo 
Df)=O *0 
PFTURN 
END 

SUE3ROUTINE RUNKUT(XOY9Z9H) 

AN H*F(XvYOZ)/2*0 
PF H*(Z + AN/2*0)/2*0 
XY X+ H/2#0 
yy Y+ BE 
Z7 Z+ AN 
BN H*F(XX*YYqZZ)/2&0 
Z7 =Z+ BN 
CN = H*F(XXtYYqZZ)/2oO 
Dr = H*(Z + CN) 
XX =X+H 
YY =Y+ DE 
Z7 =7+ 2*0*CN 
DN = H*F(XX4YY*ZZ)/2*0 
XX+H 
Y Y+ H*(Z+(AN+nN-1-C-N)/3'*0) 
Z Z+(AN+290*BN+2oO*CN+DN)/3*0 
PFTUPN 
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FUNCTION F(T*AODA) 
C*** NEWTONIAN FLUID 

COMMON /CMNI/ SCiG9PI9PHI 
Tj = G*(Pl - PHI/A) 
Tp = 1*5*DA*DA 
T3 = 4*0*SC*DA/A 
F (TI-T2-T3)/A 
RETURN 
END 

FUNCTION F(T*AODA) 
C*** POWER LAW LIQUID# EXPONENT PL 

COMMON /CMNI/ SC*G*PltPHT 
COMMON /POWER/ PL 
Tj = G*(PI - PHI/A) 
Tp = I#S*DA*DA 
T3 = (1290**((PL+IoO)/2*0))*SC*(DA/A)**PL/(3*0*PL) 
F= (Tj - T2 T3)/A 
PFrTUPN 
END 
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Program P3 -190- 

Non-linear leastsquares reg_ression 

SUBROUTINE BAILEY(YqXgND*BqTOLtNP#CONOYCAL) 
DIMENSION Y(ND)iX(ND)IYCAL(ND)*TOL(5)$CON(S)tB(S)oZ(5)$ZZ(595)o 

lC(5)qDELB(5) 
COMMON /LAWA/ PHI*Z 
COMMON /LAWB/ SSQ*ZZvC 
IKOUNT =0 
JKOUNT =0 
B FTA = 0*25 
CALL SUMSQ(Y#X9NDqCON9B) 
S, SQA = SSG 
WpITE(692000) 
WpITE(6, o2OOl) 
WPITE(692002) IKOUNT9JKOUNT9(B(K)s K=19NP)oSSQA 

100 ALPHA 1*0 
IKOUNT IKOUNT +I 
IF(IKOUNT *GE* 20) GO TO 400 
CALL MATZZC(Y*XtNDtCONqBoNP) 
CALL CROUT(DELBsZZOCqNP) 
DT = 090 
DO 102 K=IqNP 

102 DT = OT + C(K)*DELB(K) 
IF(DT *GFo 090) GO TO 104 
00 103 K--I*NP 

103 DELB(K) -DELS(K) 
DT = -DT 

104 DO 105 K=19NP 
105 B(K) = B(K) + DELS(K) 

DO 106 K=1#NP 
IF( A8S(DELB(K)/S(K)) *GT9 TOL(K)) GO TO 300 

106 CONTINUE 
DO 107 K=ItND 
CALL MO0EL(K9YvX4NDvCONqB) 
YcAL(K) = PHI 

107 CONTINUE 
CALL SUMSQ(YvXsND9CON46) 
WPITE(6*2003) 
WPITE(692004) (B(K)q K--14NP)qSSG 
Go TO 500 

300 JKOUNT =1 
301 SsQ8 = 0*0 

CALL SUMSO(Y*XvND4CONqB) 
sc 3()9 = ssog, + SSO 
WpITF'(6-v2002) IKOUNToJKOUNT*(B(K)o K=1qNP)9SSQB 

IF(SSOA-SSOB-BETA*DT*ALPHA*(2*0-ALPHA) eGE& 0*0) GO TO 303 

ALPHA = AI. PHA/2*0 
Do 302 K=l-tNP 

302 B(K) = B(K) 
,- 

ALPHA*DELB(K) 
JKOUNT = JKOUNT +1 
IF(JKOUNT *GE* 21) Go TO 400 

GO TO 301 
303 SSQA = SSOB 

Go TO 100 
400 WPITE(692005) 
Soo PFTURN 

2000 FoPMAT(I(YXt*LAW AND BAILEY NON-LINEAR REGRESSIONK*//) 

2001 FORMAT( 1OX 9 *VALUES OF PARAMETERS AND SUM OF SQUARES AT EACIA ITEPt 

JION*) 
2002 F0RMAT(qX*2j396(jPEj5o4)) 

METERS AND FINAL SSQ*) 
2003 FORMAT(20X**CONVEPGED VALUES OF PARA 

20o/j 
I, 

A AZI, Fmýj§ýhEE15#4)) 
IT[RATIONS-CALC STOPPED*) FNCE AFTFR 20 7 "qc, 
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SU9POUTINE SUMSO(Y%XoNDvCON*B) 

DIMENSION Y(ND)*X(ND)qCON(9)*B(5)*Z(5)tZZ(595), C(S) 
COMMON /LAWA/ PHI oZ 
COMMON /LAWB/ SSQ*ZZvC 
sso = 000 
DO 100 K=14ND 
CALL MODEL(K9yoX9ND*CON, B) 

100 SSQ = SSQ + (Y(K) - PHI)**2 
RFTUPN 
END 

SUBROUTINE MATZZc(YqXtNDqCONqBqNP) 
DIMENSION Y(ND)gX(ND), CON(S)qB(S)qZ(S)vZZ(595)tC(5) 
COMMON /LAWA/ PHI 9Z 
COMMON /LAWB/ SSOOZZIC 
DO 100 K=IoNR 
C(K) = 0*0 
DO 100 L=19NP 

100 Z7(K4L) = 0*0 
DO 101 J=1*ND 
CALL MODEL-(J9y9X9NDvCON*B) 
DO 101 K=19NP 
C(K) = C(K) + (Y(J) - PHI)*Z(K) 

Do 101 L=19NP 
101 ZZ(K*L) = ZZ(KqL) + Z(K)*Z(L) 

RFTURN 
END 
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SUBROUTINE CPOUT(X4A', lAT9CMAT-wNP) 
DIMENSION X(5)vAMAl-(5v5)*CMAT(5)9A(5*6) 
N= NP 
NN= N+l 
DO 600 1=19N 
A(IoNN) = CMAT(I) 
DO 600 J=19N 

600 A(Iii) = AMAT(Ioj) 
DO 601 JJ=ItN 
J= N+2-JJ 

601 A(1*J) = A(l-J)/A(llj) 
M=1 

602 M= m+l 
MM=N+2-M 
jM 
DO 603 11=29MM 
I N+2-11 
KK= J-1 
DO 603 K=I*KK 

603 A(19J) = A(19J) - A(I-vK)*A(K-oJ) 
I=M 
M", = MM- I 
DO 605 JJ=IgMr,!, 
J= N+2-JJ 
JTEST =J 
KK = 1-1 
DO 604 K=I*KK 

604 A(I, J) = A(I*J) - A(I-PK)*A(KtJ) 
605 A(I*J) = A(19J)/A(III) 

Ir ( JTEST - (N+I)) 6029606v606 
606 X(N) = A(NiNN) 

DO 608 11=29N 
I= N+1-11 
KK= 1+1 
G= 0o 
DO 607 K=KKsN 

607 G=G+ A( 14K)*X(K) 
608 X(I) = A( I tNf, 4)-G 

PF-CURN 
END 
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(Excluding other author's nomenclature 

used in Chapter 2 and in Appendix A. 5) 
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a Dimensionless radial coordinate distance 

A Dimensionless bubble radius 

ab Instantaneous area of a bubble 

Ja 2 
-r Growth 
,2 

regime characterisation paranieter G 

-ja 2 

1 Reference valu e of B 
G -2 

C Concentration of dissolved gas 

C0 Concentration in equilibriumýwith P0 

C 
sat 

Concentration in equilibrium with P., 

CC 
C sat Dimensionless concentration 

Co Csat 

AC C-C 
o SCI L 

D Diffusivity coefficient 

D Total differential 

9 Acceleration due to gravity 

R2 AP 
G 0 Inertial characterisation parameter 2 D P9 

H Henry 's law coefficient 

Ja AC Jakob number 
P9 

Ja AC Reference value of the Jakob number 
Pg P 

oo 
k Const ant in continuity equation 3.2 

k. Mass tra nsfer coefficient 
I 

Kk Overa ll mass transfer coefficient, liquid film 

MI "kinematic vic0sitY coefficient" for a 
M Pk 

power la w liquid 
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mf Coeffient in power law 

n Power law liquid exponent 

N9 Dissolved gas mass transfer flux 

P Pressure 

P0 Initial pressure, saturated pressurised 

P9 Pressure inside bubble 

POO Ambient pressure 

AP P-P 
0 CO 

r Radial coordinate distance 

'R 
Bubble radius 

R Initial bubble radius 0 
Velocity of bubble surface 

R Acceleration of bubble surface 

Re Reynolds number 

S Spacing parameter 

S Similarity transformation 

SC 2ý Schmidt number, newtonian liquid 
1. D 

mR2 
(1-n) 

0 Sc 
D 

(2-n) 
Schmidt number, power law liquid 

Sh 
2RK 

91 Sherwood number 
D 

T ime 

1 2G )2 TA dimensionless time T 

V Velocity 

V 
SC Viscous/inertia parameter, newtonian 
G 

V 
SC as above, power law liqtiid 

( J-E) 
G 
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x=a-A Dimensionless di stance beyond the 
bubble surface 

yx Spatial transformation variable S+x 

Greek letters 

Dimensionless growth coefficient 

AC 
y Supersaturation driving force 

sat 
Unit tensor 

Rate of deformation tensor 

A 
11 

Component of 

P9 

PP. 

A spatial transformation variable 

'n Scalar function of power law 'ViscoSitY' 

X1 Parameters in Sisko flow model (Equation 3.53) 
X2 

Viscosity coefficient 

VP Kinematic viscosity 
P9, 

TT 3.14159.... 

P9 PCO Dimensionless pressure 

PP 
0 00 

a Surface tension 

T 
Dt Dimensionless time 
12 R ., - 0 

I Shear stress tensor 

Component of T 

}Driving f orce parameter f or bubb 1e grourth 
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2a Surface tension parameter AP RO 

*1 Parameters in Ellis flow model (Equation 3.52) ý2 

Subscript_ýý_- and superscripts 

9 Gas phase 

i Interface 

Liquid phase 

r In radial direction 

R At bubble-surface 

In 0 direction 

In direction 

CO At a distance or ambient 
4q,, oxcjL,, Pvjr For a power law liquid 

Differentiation with respect to time 

. 11 


