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Abstract

To achieve climate protection goals set out by national govern-
ments and the United Nations, it is paramount to reduce so-
ciety’s dependence on fossil fuels and to introduce more sus-
tainable energy solutions. Furthermore, to not only protect our
climate but the natural environment in general, it is necessary
to reduce humanity’s waste production and to turn waste into
a resource wherever possible. The solutions to both of these am-
bitions will heavily rely on new chemical processes being dis-
covered and upscaled. Thus, with catalysis and photochemistry
at its heart, the challenge to build a greener and more sustain-
able future is largely a materials discovery and design problem.

In this work, I introduce a new way of aligning the electronic
energy levels of semiconductors with respect to redox poten-
tials which might facilitate in silico screening studies of mate-
rials suitable for photoelectrochemistry. In particular, I demon-
strate how continuum solvation models can be used to replace
computationally expensive atomistic descriptions of water when
describing an electrode-electrolyte interface. I tested this ap-
proach on rutile (TiO2) showing that, when combined with a
description of rutile’s electronic structure within many-body
perturbation theory, the proposed alignment procedure yields
the correct positioning of rutile’s band edges on the standard
hydrogen electrode scale. My investigation surfaced and ex-
plained important differences between atomistic and contin-
uum solvation models when describing the electric potential
across interfaces.
Furthermore, I present a detailed study of the electronic struc-
ture of osmium dioxide (OsO2) near its Fermi level. OsO2 is
closely related to important catalysts such as IrO2 and RuO2,
which also crystallise in the rutile structure. Specifically, by col-
laborating with colleagues specialised in experimental photo-
electron spectroscopy (PES), we highlight the importance of com-
putational insights for the correct interpretation of PES spectra.
By going beyond a simple comparison between the experimen-
tally measured PES spectrum and the computed single-particle
electronic density of states, we reveal that the spectrum of OsO2

features a rare low-energy bulk plasmon satellite.
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1
Introduction

1.1 Motivation

To avoid dangerous climate change, it is essential to realise
cost-effective and scalable ways of reducing the global green-
house gas emission. In the United Kingdom (UK), the amended
Climate Change Act 2008 demands a reduction of the UK’s
emission of all six Kyoto greenhouse gases (CO2, CH4, N2O,
Hydrofluorocarbons (HFCs), Perfluorocarbons (PFCs) and SF6)
by 100% compared to the net UK emissions of these gases in
the year 1990 by 2050. Thus, by its own laws, the UK is liable
to become carbon neutral by 2050

1 [1]. In addition, the Paris
Agreement which was negotiated by 196 countries in 2015 en-
courages all its members to act so that the increase in global
average temperature will stay well below 2 °C relative to pre-
industrial levels [2]. These targets will not be achievable unless
a global transition from fossil fuels to renewable energy sources
is successfully implemented.

Although wind and solar energy are already harnessed on
an industrial scale, their intermittent nature hampers the ambi-
tion of completely replacing fossil fuels with sustainable alter-
natives. To overcome this drawback, it is imperative to find a
solution to store the sustainably but also intermittently gener-
ated energy on a grid-scale. One possibility is to employ high
energy density batteries for grid management. While mainly
aimed at the transport and in particular the automotive sector,
in 2017 the UK made a major commitment to battery research
through the Faraday Battery Challenge which is part of the In-
dustrial Strategy Challenge Fund providing an investment of
£246 million over four years [3]. Another solution to the inter-
mittency problem of renewable energy sources is to convert the
energy they provide into fuels which could then release the en-
ergy again on demand.
Despite not having a very competitive energy density, hydro-
gen is a strong candidate for such an intermediate fuel [4, 5].

1 The Kyoto greenhouse gas emission is measured in carbon dioxide equivalent
(CDE).
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This is mainly because its chemical energy can readily be con-
verted into electricity via a fuel cell with high efficiency but
without any CO2 release [6–8]. Furthermore, hydrogen is also of
great industrial importance as it is a feedstock to many essential
chemical reactions such as desulphurisation of naphtha as part
of crude oil refining, or the Haber-Bosch process for ammonia
production [9]. In fact, oil refining and ammonia production are
currently by far the two biggest hydrogen uses worldwide [10].
However, while hydrogen is one of the most common elements
on earth, there are no known naturally occurring reservoirs of
hydrogen gas on our planet [9]. This is probably due to the high
diffusivity and reactivity of hydrogen. That being said, under-
ground hydrogen storage has been considered as a solution for
the hydrogen storage problem [11]. Given the lack of large natu-
rally occurring hydrogen reservoirs, all of the industrially used
hydrogen is produced by other industrial chemical reactions,
most of which currently still rely on fossil fuels [10]. Thus, it
is important to develop a sustainable and industrially viable
source of hydrogen not only to facilitate a hydrogen economy
but also to reduce the carbon footprint of all hydrogen-consum-
ing industries. The most promising candidate for such green
dedicated hydrogen production is water electrolysis [12].

An electrolyser is essentially the inverse of a fuel cell, mean-
ing that it can split water (H2O) into hydrogen (H2) and oxygen
(O2) gas whilst consuming electricity. Individual industrial elec-
trolyser units achieve gas flow rates of several dozen Nm3 per
hour2 [13, 14]. If a wind farm or a solar farm were linked to
an array of electrolysers, the resulting hydrogen gas would not
have any carbon emission; except from what occurred during
the production of the equipment. However, as of 2019, water
electrolysis accounts for only 0.1% of the global dedicated hy-
drogen production while the rest stems predominantly from
processing oil, coal, and natural gas [10]. About three quarters
of the annual global dedicated hydrogen production is gener-
ated via steam methane reforming thereby accounting for 6%
of the global natural gas usage [10]. During this process, a mix-
ture of natural gas and water steam is heated to 900 °C in the
presence of a nickel catalyst, i. e.

2 A normal meter cubed (Nm3) refers to the amount of gas contained in a
cubed meter under normal conditions.
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CH4(g) + H2O(g) Ni−−−→
900 °C

CO(g) + 3 H2(g).

Subsequently, more hydrogen can be extracted through the wa-
ter-gas shift reaction with the resulting carbon monoxide on a
CoIICoIII

2O4 catalyst at 450 °C [9]:

CO(g) + H2O(g)
CoIICoIII

2O4−−−−−−→
450 °C

CO2(g) + H2(g).

The steam reforming process is not limited to methane. Al-
though less common, methanol can also be used as hydrogen
source [9]. During the steam methanol reforming, a methanol
and water steam mixture reacts over a Cu catalysts supported
on a ZnO – Al2O3 matrix to carbon dioxide and hydrogen, that
is

H3COH(g) + H2O(g)
Cu/ZnO/Al2O3−−−−−−−−−→

270 °C
CO2(g) + 3 H2(g).

After steam methane reforming, coal gasification is the second
largest dedicated hydrogen source [10]. To optimise efficiency,
the coal can be oxidised over a wide range of catalysts including
alkali metal, alkaline earth metal, and transition metal catalysts
[15]. Lastly, oil refining does not only consume hydrogen but
also yields hydrogen as a by-product of some of its catalytic re-
forming processes [16]. Worldwide, this by-product hydrogen
satisfies 33% of the oil refineries’ total hydrogen demand [10].
The catalytic reforming processes mainly occur over platinum
or rhenium catalysts [17].
Facing a steadily growing global hydrogen demand, it is ap-
parent that the hydrogen production must become more sus-
tainable for climate change targets to be met. To make water
electrolysis financially viable and competitive, cheaper renew-
able energy sources are required [10]. Furthermore, for both
water electrolysis and fossil fuel based hydrogen production, it
is important to improve their yield. As illustrated above, many
industrially relevant chemical reactions occur over a catalyst
to maximise their efficiencies. Thus, to make a sustainable hy-
drogen economy possible, it is key to find better catalysts and
to explore new technologies to reduce or eliminate any green-
house gas emission during the hydrogen production.

A very similar argument could have been made based on
many other chemicals, for example sulfuric acid, sodium hy-
droxide, or chlorine, all of which are of utmost industrial im-
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portance and whose annual yield exceeds millions of tons with
a market value of many hundreds of billion of United States
Dollar (USD). This highlights the general need to make current
synthesis methods more efficient and more environmentally
friendly. As mentioned before, as long as renewable energy
sources are used to drive electrolysis, this method of synthe-
sising chemicals is extremely sustainable.
Motivated by these two factors, namely improved efficiency
and sustainability, this work first explores photoelectrolysis as
a direct route from solar energy to industrially important chem-
icals. In particular, I focus on photoelectrochemical (PEC) water
splitting at the (110) surface of rutile (TiO2) as a sustainable
source of hydrogen. Using this system, I introduce a novel com-
bination of methods which significantly speeds up the align-
ment of an electrode’s computed electronic energy levels with
respect to the standard hydrogen electrode (SHE) potential. This
workflow could potentially aid the in silico design and discov-
ery of new photoelectrode materials due to its superior compu-
tational efficiency over current state-of-the-art approaches.
Subsequently, I present an investigation of the electronic struc-
ture of osmium dioxide (OsO2) near the Fermi level. OsO2 is a
transition metal dioxide that is closely related to ReO2, RuO2,
and IrO2, all of which are important catalysts. In particular, I
demonstrate the importance of computational insights for the
correct interpretation of the experimentally obtained photoe-
mission spectrum of OsO2.

In the remainder of this introduction, I first introduce the
thermodynamic principles of photoelectrochemistry, and subse-
quently highlight the important link between a catalyst’s elec-
tronic structure and its activity. Both of these concepts further
motivate my research.
The introduction is followed by a method section which cov-
ers the two main theoretical methods I used within my work,
namely many-body perturbation theory (MBPT) within the GW
approximation, and joint density functional theory (JDFT) for
describing solid-liquid interfaces. As the computational imple-
mentations of both of these methods heavily depend on the
more familiar Hohenberg-Kohn density functional theory (DFT),
I provide a brief review of the latter too.
My results section first focuses on the alignment of rutile’s elec-
tronic band edges with respect to the SHE using a newly intro-
duced combination of methods. In my second results chapter,
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I shed light on the electronic structure of OsO2 and the im-
portance of considering plasmon satellites when interpreting
its photoelectron emission spectrum. Each results chapter also
covers the computational details of my work and a thorough
discussion of my findings.
The thesis concludes with a reflection on the insights I have
gained as a result of my work and how they might guide fur-
ther research aimed at finding materials that might facilitate a
more sustainable future.

1.2 Photoelectrochemical Water Splitting

Water (H2O) can be split into hydrogen (H2) and oxygen (O2)
gas by the means of electrolysis. The cell reaction of the elec-
trolysis of water is

2H2O(l) −→ 2H2(g) + O2(g)

and the associated half-reactions are the oxygen evolution reac-
tion (OER)

O2(g) + 4H+(aq) + 4e− 
 2H2O(l),

E−◦ (2H2O/O2) = 1.23 V,

and the hydrogen evolution reaction (HER)

2H+(aq) + 2e− 
 H2(g), E−◦
(
2H+/H2

)
≡ 0,

where E−◦ is the standard electrode potential on the SHE scale
[18]. To reduce the cell resistance, either sodium hydroxide
(NaOH) or sulfuric acid (H2SO4) is added to the electrolyte [9].

Conventional electrolysis of water relies on a voltage source
to drive the OER and HER. The idea of photoelectrolytic water
splitting is to use the Gibbs energy of a separated electron-hole
pair to reduce the proton and to oxidise the oxygen of the wa-
ter molecule [19]. There are several device structures, called PEC
cells, which are aimed to exploit this approach [20–22]. Not the
most efficient but the simplest one is illustrated in Figure 1.1. In
this case, a single photoelectrode is used for the photoelectroly-
sis. For this to be thermodynamically possible, the valence band
maximum (VBM) and the conduction band minimum (CBM) of
the employed semiconductor must straddle the energy levels
associated with the HER and the OER as indicated [23]. A pho-
ton with an energy equal to or greater than the semiconduc-
tor’s optical bandgap can be absorbed upon which an exciton
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Figure 1.1: Schematic of the basic principles of photoelectrolytic wa-
ter splitting. If the semiconductor’s band edges straddle
the redox potentials of water, an excited electron (hole)
can reduce (oxidise) a(n) solvated proton (oxygen atom of
the water molecule).

is created3. Presuming the excited electron and hole will be
fully separated, e.g. by thermal fluctuations, the energy levels
associated with the fundamental bandgap can be used for the
following argument: If the energy of the electronic state of the
excited electron (hole) is above (below) the energy level associ-
ated with the HER (OER), it will be energetically favourable for
the electron (hole) to reduce (oxidise) a(n) solvated proton (oxy-
gen atom of the water molecule), cf. Figure 1.1.
For the HER and OER to proceed at any significant rate, an addi-
tional driving potential on top of the difference between their
standard redox potentials, which is 1.23 V, is required as the
charge transfer across the semiconductor-electrolyte interface
is hindered by energy barriers which depend on the catalytic
activity of the photoelectrode. However, the larger the bandgap
energy required to straddle the redox levels of water and the
additional overpotentials, the smaller the fraction of the solar
radiation that can be absorbed and converted into chemical en-
ergy. Taking realistic estimates for all the involved losses into
account, it has been suggested that an ideal photoelectrode for
a device as illustrated in Figure 1.1 should have a fundamental

3 A semiconductor’s fundamental bandgap is the energy difference between
its first ionisation energy and its electron affinity. The optical bandgap is
smaller than the fundamental one due to interaction between the excited
electron and hole (exciton). The energy that is required to separate the hole
and the electron is the difference between the two bandgaps.
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bandgap of 2.03 eV [24]. Furthermore, the photoelectrode must
be stable under the operating conditions. It should also allow
for sufficiently high electron and hole mobilities, and long life-
times of the excited states to increase the probability of charge
transfer across the semiconductor-water interface. Last but not
least, it should be composed of abundant and non-toxic ele-
ments and easy to process.
Unfortunately, no material that fulfils all of the above criteria
has been found yet. Hence, current PEC cells do not work effi-
ciently enough for photoelectrolytic water splitting to be a vi-
able source of clean hydrogen. The performance of PEC cells
is measured in terms of their solar-to-hydrogen (STH) conver-
sion efficiency. The latter is defined as the hundredfold ratio
of the Gibbs energy that was required to produce the obtained
amount of hydrogen and the solar radiation energy that was
available to the PEC cell during the photoelectrolysis of the wa-
ter. A STH conversion efficiency of 15% would be required to
economically compete with more established methods of hy-
drogen production like steam methane reforming [25–27]. How-
ever, most PEC cells achieve STH efficiencies of only a few per-
cent in practice.

To improve the efficiency of PEC cells, there are two main
strategies: improving and exploiting device structures, and hon-
ing the understanding of the underlying physical and electro-
chemical processes to identify new materials which lead to a
better performance. While a lot of effort has been put into mod-
ifying the surfaces of existing photoelectrodes to improve their
activity, continuing the search for entirely new photoelectrode
materials is equally important [28]. It is apparent that the initial
criteria for this search must be the positioning of the candidate
material’s electronic band edges relative to the redox levels of
water. Even though the aforementioned straddling constraint
can be relaxed by the use of tandem cells, which utilise two
different semiconductors, namely one for the cathode and one
for the anode, the thermodynamic constraints that the HER re-
dox level must be below the semiconductor’s CBM and that the
OER redox level must be above the VBM remain [20, 29]. Thus,
the development of new photoelectrodes could be aided by a
computational procedure that allows us to accurately calculate
electronic energy levels of a semiconductor and to reliably align
them with respect to the redox levels of water. In Chapter 3, I
present such an approach which I developed with the aim of
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maintaining accuracy where required while exploiting compu-
tationally efficient methods where possible so that it might be
used as part of high-throughput photoelectrode materials dis-
covery investigations in the future.

1.3 Catalysis

A catalyst is a substance which increases the rate of a chemical
reaction without being consumed itself as part of the reaction
[30]. For example, the reaction

A + B
high−−−−−−→

temperature
AB

might occur at a higher rate and under more feasible conditions
if a suitable catalyst (Cat) was found and added, e. g.

A + B + Cat low−−−−−−→
temperature

ACat + B moderate−−−−−−→
temperature

AB + Cat.

While the net product of the catalysed reaction is the same as
that of the uncatalysed reaction reaction, the associated reac-
tion pathways differ from each other. That is, a catalyst does
not affect the end points of a reaction but unlocks new reaction
mechanisms which lead to the same products. The alternative
reaction pathways unlocked by the catalyst can have a smaller
activation energy than the original pathway. This enables the
reaction to proceed at more moderate conditions and to reach
sufficient reaction rates at lower temperatures. Furthermore, re-
placing stoichiometric reactions that yield chemical waste with
catalytic cycles can prevent or at least reduce waste and the as-
sociated costs and hazards [30]. Hence, catalysis is the key to a
sustainable green chemistry [30].
One usually differentiates between biocatalysis, homogeneous
catalysis, and heterogeneous catalysis [30]. Biocatalysis is facil-
itated by enzymes which are complex molecules with active
sites that act as highly selective and efficient catalysts. In ho-
mogeneous catalysis, the catalyst is in the same phase as the
reactants. For example, the breakdown of nitrous oxide (N2O)
gas into gaseous N2 and O2 is catalysed by chlorine (Cl2) gas
[9]. Finally, in heterogeneous catalysis, the catalyst is in a dif-
ferent phase than the reactants. The latter category applies to
(photo)electrolysis where the solid electrodes either act as cata-
lysts themselves or have coatings or adsorbates that act as cata-
lysts while the reactants are either in the liquid or the gas phase
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[31].

For heterogeneous catalysis, the chemical reaction takes place
at the surface of the catalyst and the catalytic cycle always starts
with the adsorption of some of the reactants [31]. The initial ad-
sorption of reactants is then followed by bond rearrangements,
or diffusion or coadsorption processes. For example, the first
step of the HER is the Volmer reaction which is the adsorption
of a hydrogen atom, i. e.

H+(aq) + e– −−⇀↽−− H(ad),

which is then followed, depending on the adsorbent, by either
the Tafel reaction or the Heyrovsky reaction, i. e.

2 H(ad) −−⇀↽−− H2(g) (Tafel reaction)

or

H(ad) + H+(aq) + e– −−⇀↽−− H2(g) (Heyrovsky reaction),

completing the HER [32]. When the chemisorbed hydrogen
binds very strongly to the catalyst’s surface, the Volmer reac-
tion is fast but the Tafel reaction will be slow due to the very
stable adsorbed hydrogen state. Thus, on such a catalyst, the
Heyrovsky reaction will be more active than the Tafel reaction.
The opposite case will occur on an adsorbent which does not
bind hydrogen very well. However, whatever the mechanism of
the second reaction step, to maximise the overall reaction rate
of the HER, the adsorption of hydrogen must not be too weak
nor too strong. This is known as the Sabatier principle which
is valid for almost all heterogeneous catalytic cycles [31, 32]. In
fact, it can be shown that the activation barrier between two in-
termediates, such as OH*, O* and OOH* during the OER, where
the asterisk indicates that the intermediate is adsorbed, is often
linearly dependent on their adsorption energies [33, 34]. Fur-
thermore, it has been discovered that the adsorption energies
of intermediates usually scale linearly with the adsorption en-
ergy of the bare atom through which they bind to the catalyst’s
surface [35, 36]. Thus, adsorption energies, and in particular
those of atomic C, N, O, S, and H, are powerful descriptors for
the entire catalytic cycle. Based on them, entire activity and se-
lectivity maps can be created which facilitate the discovery and
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design of new catalysts [37–39]. Due to the Sabatier principle,
these activity maps often show a distinct maximum resembling
the shape of a mountain and are therefore known as volcano
plots [40].
The extent to which the adsorbates are chemisorbed to the cat-
alyst’s surface depends on the catalyst’s electronic structure
which therefore determines the surface’s catalytic activity [41–
43]. In particular, if the catalyst has highly localised electronic
surface states, these states can couple strongly with the adsor-
bate’s electronic states. This coupling leads to the formation of
anti-bonding and bonding molecular orbitals [31, 42]. The bond-
ing orbitals are usually always fully occupied as it is assumed
that they fall below the catalyst’s Fermi level. However, the anti-
bonding orbitals can be completely empty, or partially or fully
occupied. Their occupation depends on the relative positioning
of the localised surface states and the catalyst’s Fermi level. If
the anti-bonding orbitals are below the Fermi level, they will
be fully occupied and the adsorption energy will be small, re-
sulting in a poor catalytic activity. However, if the anti-bonding
molecular orbitals are empty and only the bonding states are
occupied, the adsorption energy is large and negative.
This insight into the relation between a heterogeneous catalyst’s
electronic structure and the adsorption energies has driven at-
tempts to engineer the width and the positioning of the cata-
lyst’s surface states with the aim to optimise the catalytic ac-
tivity [44, 45]. Although it is the particularities of the surface
states that are important for the above reasoning, the electronic
structure of surfaces derives from the bulk electronic structure
[46]. Hence, as one of the first steps of understanding a cata-
lyst, it is important to study its bulk electronic structure. PES is
a powerful tool that permits the investigation of both a solid’s
bulk and surface electronic structure. Therefore, it is one of the
most important characterisation methods for catalysis [47].

In Chapter 4, I present a PES based investigation of the elec-
tronic structure of osmium dioxide (OsO2) and demonstrate the
importance of computational insights for the correct interpreta-
tion of experimentally obtained photoemission spectra. OsO2 is
a transition metal dioxide that is closely related to ReO2, RuO2,
and IrO2, all of which are important catalysts. Although OsO2

itself is not yet used as a catalyst, mainly due to its chemical
instability, a sound understanding of its electronic structure is
important as it is the parent oxide of OsO4 which catalyses the
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dihydroxylation of alkenes [48–52]. Furthermore, many higher-
order oxides of osmium, which might not have any catalytic
functionalities, have been shown to display other interesting
magnetic and electronic properties [53–59].





Part II

M E T H O D S

This part provides an overview of the main theoret-
ical methods I used as part of my research. First, I
briefly introduce Hohenberg-Kohn DFT and the Kohn-
Sham equations as together they form the computa-
tional basis of the other two methods I discuss subse-
quently, namely joint density functional theory, and
many-body perturbation theory within the GW ap-
proximation.





2
Methods

2.1 (Hohenberg-Kohn) density functional theory

After Erwin Schrödinger discovered the governing equation of
quantum mechanics in 1926, namely

ĤΨ = EΨ, (2.1)

where Ĥ, Ψ, and E are the system’s Hamiltonian operator, wave-
function, and total energy, respectively, Paul Adrien Maurice
Dirac famously noted that the "underlying physical laws neces-
sary for the mathematical theory of [...] the whole of chemistry are
[...] completely known, and the difficulty is only that the exact ap-
plication of these laws leads to equations much too complicated to be
soluble." [60, 61]. Indeed, Dirac’s statement is still true today,
and the exact solutions of quantum mechanical problems in
atomic theory have been limited to one- and two-electron sys-
tems [62]. The difficulty of solving even the time-independent
Schrödinger equation exactly is due to it being a partial differ-
ential equation of the 3N spatial coordinates of the N interact-
ing particles it describes. For example, assuming frozen nuclei,
the time-independent Schrödinger equation of an N-electron
system is(

−∑
i

h̄2

2me
∇2

i +
1
2

e2

4πε0
∑
i 6=j

1∣∣ri − rj
∣∣

− e2

4πε0
∑
i,I

ZI

|ri − RI |

)
Ψ = EΨ, (2.2)

with Ψ = Ψ (r1, r2, · · · , ri, · · · rN; R1, R2, · · · , RI , · · · , RM) where
ri and RI are the position vectors of the ith electron and Ith
nucleus, respectively, and ZI is the formal charge of the Ith nu-
cleus. It is implied that both summation indices i and j run from
1 to N. h̄, me, e, and ε0 are the reduced Planck constant, the elec-
tron rest mass, the elementary charge, and the vacuum permit-
tivity, respectively. Note that the electrostatic interaction term
between the frozen nuclei has been omitted in Equation 2.2 as
it does not affect the total energy of the electronic system but
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only that of the total system. The solution of Equation 2.2 must
obey both the Pauli principle, stating that upon the exchange of
the labels of any two electrons that have the same spin the sign
of the wavefunction must change, and the usual constraints as-
sociated with any Schrödinger equation, namely the solution
must be single-valued, continuous (and so must be its slope),
and the probability density associated with it must integrate to
N [18].

In 1964 Hohenberg and Kohn noted that this complexity can
be drastically reduced if one is only interested in the ground
state of a system [63, 64]. Using the electron density, ρe(r),
as a variable function, and based on the principle that a sys-
tem’s ground state energy, E0, is the lowest total energy the
system can possibly have, they showed that any ground state
electron density, ρe,0(r), uniquely defines the external potential
experienced by the many-electron system which this particu-
lar ground state electron density corresponds to. Furthermore,
they also demonstrated that, as the system’s total energy is a
functional of the many-electron wavefunction, it must also be
a functional of ρe(r). Therefore, the electron density that inte-
grates to the number of electrons in the system, Ne, and which
minimises the system’s total energy must be the ground state
electron density, i.e.

min
ρe

(E [ρe]) = E0 = E [ρe,0] , subject to
ˆ

ρe(r)d3r = Ne. (2.3)

Hence, for the ground state, the complexity of the total energy
functional can be reduced from 3Ne to three dimensions since
ρe(r) is a function of only three spatial coordinates.
While Equation 2.3 does not give direct access to the wavefunc-
tion, it still has a great appeal as many material properties, for
example equilibrium structures or defect energies, can be di-
rectly obtained via the system’s total energy and its derivatives
with respect to the atomic positions. However, the exact form of
such a density functional E [ρe] that describes the system’s total
energy is not known. Nevertheless, approximations for E [ρe]
exist, such as the Thomas-Fermi model which is based on the
non-interacting homogeneous electron gas and was formulated
even before the work of Hohenberg and Kohn [65–67]. Unfor-
tunately, the Thomas-Fermi model fails to describe any chem-
ical bonding [68]. This failure has been attributed to the poor
performance of the density functional used to describe the ki-
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netic energy of the electrons. Indeed, identifying an accurate or-
bital-free description of the electrons’ kinetic energy is still the
biggest challenge even for modern density functionals [69–71].
Inspired by Hartree theory and motivated by overcoming the
early limitations of pure density functionals, Kohn and Sham
described the electrons’ kinetic energy as the sum of the kinetic
energies of pseudo-independent single electrons whose orbitals
φKS

k , where k is some quantum number, yield the same density
as the true many-electron wavefunction when combined [72–
74]. Thus, they wrote the system’s total energy as

E [ρe] =

ˆ
ρe(r)Vnuc(r)d3r− h̄2

2me

occ

∑
k

ˆ
φKS

k
∗
(r)∇2φKS

k (r)d3r

+
1
2

e2

4πε0

¨
ρe(r)ρe (r′)
|r− r′| d3rd3r′︸ ︷︷ ︸

EH [ρe]

+Exc[ρe], (2.4)

with

ρe(r) =
occ

∑
k

φKS
k
∗
(r)φKS

k (r), (2.5)

where Vnuc(r) is the electrostatic potential due to the (station-
ary) nuclei and Exc[ρe] is the so-called exchange-correlation en-
ergy accounting for any contributions to the total energy that
have not been captured by the preceding terms [74, 75]. Apply-
ing the Hohenberg-Kohn variational principle to Equation 2.4,
i.e. minimising E [ρe] with respect to ρe(r), yields the Kohn-
Sham (KS) equation, namely− h̄2

2me
∇2 + Vnuc(r) + VH(r) + Vxc(r)︸ ︷︷ ︸

Veff(r)

 φKS
k (r)

= εKS
k φKS

k (r), (2.6)

where VH(r) and Vxc(r) are the Hartree potential and the ex-
change-correlation potential, respectively [74, 75]. The latter po-
tential is defined by the functional derivative

Vxc(r) ≡
δExc[ρe(r)]

δρe(r)
. (2.7)

Thus, the KS equation describes single electrons that move in
an effective potential which, by design, guarantees that the total



20 Methods

electron density calculated from Equation 2.5 minimises Equa-
tion 2.4. The fact that Equation 2.6 is a single-particle equation
makes it mathematically tractable. However, even though the
effective potential implicitly accounts, at least in principle, for
all of the ground state exchange and correlation interactions
with all of the system’s other electrons, the underlying many-
electron system cannot truly be viewed as a set of pseudo-inde-
pendent electrons. Hence, φk(r) must be describing fictitious or-
bitals which should be considered as a mathematical tool only.
Furthermore, the exact form of Exc[ρe], and therefore that of
Vxc(r), is not known. Therefore, the exchange-correlation po-
tential used in Equation 2.6 must be approximated.
As mentioned before, the exchange-correlation energy must ac-
count for all contributions to the total energy that are not cap-
tured by the other terms on the right-hand side of Equation 2.4.
Thus, progress towards finding suitable approximations can be
made by identifying the unaccounted parts. For example, the
single-electron kinetic energy operator is perfectly adequate
within the fictitious independent orbital picture, but in general

∑
i

ˆ
Ψ∗ (r, r2, · · · , rN ; {RI})∇2

i Ψ (r, r2, · · · , rN ; {RI})d3r2 · · ·d3rN

6=
occ

∑
k

ˆ
φKS

k
∗
(r)∇2φKS

k (r)d3r.

Therefore, the kinetic energy term used in Equation 2.4 is not
exact and Exc[ρe] must, in principle, account for the associated
difference. Furthermore, the Hartree potential leads to each KS
orbital artificially interacting with itself. The exact exchange-
correlation potential would have to correct this self-interaction.
Lastly, from Equation 2.2, only the Coulomb term yields explic-
itly any kind of electron-electron interaction, while the Pauli
principle contributes towards it implicitly. These two effects
give rise to the correlated motion of electrons. When discussing
electron-electron interactions, it is conventional to make the
somewhat artificial distinctions between exchange effects—at-
tributed to the Pauli principle—and the rest which is then sim-
ply referred to as correlation effects. Using this terminology, for a
given N-electron system, exact exchange is referred to as the dif-
ference between its full Coulomb interaction and the Hartree in-
teraction when working within Hartree-Fock theory [75].
Hartree-Fock theory does not simplify Equation 2.2 but only
assumes that the ground state many-electron wavefunction is
a single Slater determinant of single-electron states φk(r) [76–
79]. By construction, such a Slater determinant fulfils the Pauli
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principle and its kinetic energy is indeed simply the sum of the
kinetic energies of the single-electron orbitals. Hence, within
the assumption that the true many-electron wavefunction is a
single Slater determinant, Hartree-Fock theory is exact and the
resulting exchange potential is

Vk
X
(
r, r′
)
= −e2

occ

∑
m 6=k

φm (r′) φ∗m(r)
|r− r′| . (2.8)

However, the true many-electron wavefunction is not a single
Slater determinant and therefore a separate correlation potential,
Vc(r), is introduced to account for the associated error. This
correlation potential must then also contain the aforementioned
correction terms related to the self-interaction and the many-
electron system’s kinetic energy.
In practice, evaluating Equation 2.8 is computationally extreme-
ly expensive due to its explicit orbital-dependence. Hence, the
exchange potential is usually approximated by a simpler local
and orbital-free potential. DFT often works well because the er-
rors in the approximate forms of the correlation energy and
the exchange energy tend to cancel each other partially [64].

Figure 2.1: Iteration flow-chart for determining the self-consistent KS

orbitals that satisfy Equation 2.3.
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Nowadays there exists an entire zoo of approximate exchange-
correlation potentials and the success of DFT calculations often
depends on an appropriate choice of Vxc(r) [80–83]. Once an ex-
change-correlation potential has been selected, the KS orbitals
can be obtained self-consistently by following the scheme de-
picted in Figure 2.1. Of course, one can also directly minimise
E
[{

ψKS
k (r)

}]
if a parametric form of ψKS

k (r) is used, or alter-
natively, if a completely orbital-free total energy functional is
used, one could minimise E [ρe] with respect to ρe(r).

To conclude this introduction into DFT, I now highlight some
practical approximations to the exchange-correlation energy
functional. In general, the latter can be expressed in the form
of

Exc [ρe(r)] =
ˆ

exc
[
ρe(r′)

]
(r)ρe(r)d3r, (2.9)

where exc [ρe(r′)] (r) is the exchange-correlation energy per elec-
tron depending on the charge distribution ρe(r′) [64]. The earli-
est practical approximation to exc [ρe(r′)] (r) was introduced by
Kohn and Sham alongside the aforementioned KS formalism
in their original paper [74]. They suggested to locally approxi-
mate the exchange-correlation energy by that of a homogenous
electron gas of the local electron density at any point of the real
system, i.e.

Exc [ρe(r)] ≈
ˆ

euniform
xc [ρe(r)] (r)ρe(r)d3r. (2.10)

This is known as the local density approximation (LDA) and it
is formally valid in the limit of an almost constant or very
high electron density [64, 74]. For the spin-unpolarised homoge-
neous electron gas, the exchange contribution to euniform

xc [ρe(r)] (r)
is known to be

euniform
x [ρe(r)] (r) = −

3
2π

3√
3π2 3

√
ρe(r) (Ry) (2.11)

and the correlation part was later calculated for selected density
values by Ceperley and Adler, and parametrically described by
Perdew and Wang [79, 84, 85]. The associated exchange and cor-
relation potentials are still defined by Equation 2.7. In practice,
the LDA achieves fairly accurate results despite its simplicity.
However, it does poorly for systems which have very localised
features in their electron density, and it generally overestimates
bonding energies. A common way of correcting for some of the
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short-comings of the LDA is to apply a generalised gradient ap-
proximation (GGA) which does not only take the local value of
the charge density but also its local gradient into account, i.e.

Exc [ρe(r)] ≈
ˆ

eGGA
xc [ρe(r), |∇ρe(r)|] (r)ρe(r)d3r. (2.12)

One of the most popular GGA based exchange-correlation func-
tionals is the Perdew-Burke-Ernzerhof (PBE) functional [81, 86].
The next evolution of exchange-correlation functionals, and the
final one that still avoids any non-locality, are meta-GGA func-
tionals which also take into account the Laplacian of the elec-
tron density or directly the kinetic energy density [80]. The lat-
ter is given by

τ(r) =
1
2

occ

∑
k

∣∣∣∇φKS
k (r)

∣∣∣2 . (2.13)

Non-locale exchange-correlation functionals are often construct-
ed by mixing the exact and non-local Hartree-Fock exchange
with GGA exchange functionals [81, 87]. This approach gives
rise to so-called hybrid functionals.

2.1.1 Pseudopotentials

In practice, it is computationally advantageous to express φKS
k (r)

in a parametric form. Molecular DFT codes often employ Gaus-
sian basis functions to mimic hydrogen-like orbitals, but codes
that employ periodic boundary conditions to mimic extended
systems such as crystals usually use a plane wave basis so that

φKS
k (r) = ∑

G
ck(G) exp(iG · r) ≈

Gmax

∑
G

ck(G) exp(iG · r), (2.14)

where i =
√
−1, and G and ck(G) are a reciprocal lattice vector

of the supercell and the associated plane wave (Fourier) coeffi-
cient, respectively [75]. The plane waves only form a complete
basis set in the limit of |Gmax| → ∞, i.e. only when plane waves
with an infinitesimally short wavelength are included. However,
the more plane waves the basis comprises, the computationally
more expensive the DFT calculations become. In the following, I
introduce the idea of pseudopotentials which permit the usage
of a truncated basis set while maintaining an acceptable preci-
sion of the results [88].
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The regions in which the electrons have their highest kinetic
energy, and hence where the associated wavefunctions show
the sharpest spatial variations, are the vicinities of the nuclei
[18]. But it is generally the valence electrons, i.e. the electrons
whose density is mostly further away from any nucleus, that
govern the chemistry of an element and most of the physical
properties of molecules and solids [18]. Thus, when studying
materials’ properties there is usually no need to accurately re-
solve the electronic structure in the vicinity of the nuclei.
This motivates both the frozen core approximation and the
effective core potential (ECP) approximation [88]. The former states
that, since an atom’s core electrons are virtually unaffected by
any change of the atom’s environment, these core electrons re-
main frozen in the states they occupy in an isolated atom and
therefore it is enough to calculate these states only once. The
ECP approximation goes one step further and replaces all core
electrons with an effective potential experienced by the remain-
ing valence electrons.
However, the valence orbitals themselves would still have sig-
nificant spatial variations in the vicinity of the nuclei due to
the nodes that are required for them to remain orthogonal to
the core orbitals [75]. But, as mentioned before, it is mostly the
charge density further away from the nuclei that determines
materials’ properties. Hence, it is only important to describe
the valence electrons accurately beyond a certain distance, rPS,
away from the nucleus. This inspires the idea of replacing the
valence orbitals with pseudo-wavefunctions which match the
true valence orbitals, obtained from all-electron calculations of
the isolated atoms, in the interval [rPS, ∞), but are smooth and
nodeless in [0, rPS). Once an appropriate pseudo-wavefunction
has been found for a valence electron, the de-screened potential
that yields this pseudo-wavefunction can be determined and
used instead of the bare Coulomb potential. Note that here de-
screening means that only the interaction effects due to all other
valence electrons are removed from the resulting ionic pseudopo-
tential and treated explicitly, but, in the spirit of the ECP, the
de-screened ionic pseudopotential would implicitly include the
screening effects of the core electrons which would not be in-
cluded explicitly in the aforementioned KS formalism [75].

Using ionic pseudopotentials greatly reduces the computa-
tional cost of DFT calculations at an acceptable loss of precision.
This is because the quantitative error made by terminating the
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expansion in Equation 2.14 at a finite Gmax is usually small as
only relatively few plane waves are required to appropriately
describe the smooth pseudo-wavefunctions. The fewer plane
waves the basis comprises, and therefore the fewer coefficients
there are, the easier and faster it is to find the optimal configu-
ration of coefficients that leads to the approximate ground state
electron density. Thus, for the sake of computational efficiency,
there is a strong desire to keep the set of plane wave basis func-
tions as small as possible but as large as necessary to achieve an
accurate converged solution. This is reflective of the fact that the
accuracy of the pseudopotential method depends sensitively on
the chosen value of rPS; if it is small, the pseudo-wavefunction
will not be smooth anymore and the computational advantage
is lost, but if rPS is too large, the artificial pseudo-part of the
wavefunction will be too pronounced and will prevent the cor-
rect chemistry to be displayed. The accuracy is also affected by
the differentiation between core and valence electrons which is
not always obvious.
While the general ideas of ionic pseudopotentials, namely the
replacement of effects due to core electrons with an effective
potential, and the enforced smoothing of the valence orbitals
in the vicinity of the nucleus, are straightforward and intuitive,
the actual construction of transferable yet computationally ef-
ficient pseudopotentials is a delicate and challenging problem
[89–93].

2.1.2 Bandgap problem

Despite the many successes of DFT, it is famously known for
its failure when used for computing energy differences of sys-
tems with different numbers of electrons in practice [94–97]. For
example, within the aforementioned LDA, DFT underestimates
the fundamental electronic bandgap of insulators by up to 40%
[98]. Since the calculation of electronic energy levels is of central
importance to my research, I highlight this so-called bandgap
problem of DFT in the following.

A system’s fundamental electronic bandgap is defined as the
difference between its first ionisation energy (IE) and electron
affinity (EA), that is

Egap ≡ IE− EA =
(

EN−1
0 − EN

0

)
−
(

EN
0 − EN+1

0

)
, (2.15)
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where ENe
0 is the ground state energy of the system with Ne

electrons. Since the ground state energy obtained from DFT is in
principle exact, DFT formally also permits the exact evaluation
of Equation 2.15. This method of obtaining the fundamental
bandgap via the separate calculation of the three ground state
energies on the right-hand side of Equation 2.15 is known as
the delta self-consistent field (∆SCF) method [75].
In principle, atomic relaxations can contribute to changes in
ENe

0 as Ne changes. However, for large systems, it is often valid
to assume that the atomic relaxations are negligible since the
presence or absence of a single electron is unlikely to affect the
geometry of the entire bulk, unless it induces a polaron. Fur-
thermore, in the experimental methods that are usually used to
measure the electronic band edges of semiconductors, namely
(inverse) photoemission spectroscopy, it is assumed that the
electron transfer happens much faster than the atomic relax-
ations it triggers. With this in mind, one can use the vertical
IE and EA, defined purely as differences of the total electronic
energies, rather than their adiabatic definitions, and therefore

Egap = Eel
tot

[
ρN−1

e,0

]
− 2Eel

tot

[
ρN

e,0

]
+ Eel

tot

[
ρN+1

e,0

]
, (2.16)

where ρNe
e,0 is the ground state electron density of the system

with Ne electrons, and the total electronic energy is given by

Eel
tot [ρe(r)] =

ˆ
Vnuc(r)ρe(r)d3r

− h̄2

2me
∑
k

fk

ˆ
φ∗k (r)∇2φk(r)d3r

+
1

8πε0

¨
ρe(r)ρe(r′)
|r− r′| + Exc[ρe(r)] (2.17)

= ∑
k

fkεk −
(

EH +

ˆ
Vxc(r)ρe(r)d3r− Exc

)
,(2.18)

where fk and εk are the occupation number and the KS eigen-
value associated with φk(r), respectively [99].
Unfortunately, calculations of charged systems are notoriously
difficult for solids due to the necessity of having periodic bound-
ary conditions. Furthermore, as N becomes very large, so does
every term on the right-hand side of Equation 2.15, which would
require an extremely tight convergence to still obtain an accu-
rate value of Egap. This raises the question if it is possible at all
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to calculate Egap by the means of a single DFT calculation of the
charge neutral system. To answer this question, a closer inspec-
tion of Equation 2.18 and Equation 2.6 is instructive.
The difference in ρe,0 due to the addition or removal of a single
electron usually becomes negligible for large N, i.e.

lim
N→∞

(
ρN±1

e,0 − ρN
e,0

)
≈ 0 (2.19)

∴ lim
N→∞

(
EH

[
ρN±1

e,0

]
− EH

[
ρN

e,0

])
≈ 0. (2.20)

However, despite Equation 2.19, there is a finite change in the ef-
fective potential of Equation 2.6 even for an infinitesimal change
in ρNe

e,0 where Ne ∈ N [94, 95, 100]. Perdew and Levy, and
Sham and Schlüter concluded that this discontinuity of the ef-
fective potential must stem from a derivative discontinuity of the
exchange-correlation energy, i.e.

lim
γ+→0

 δExc[ρ
Ne
e ]

δρNe
e

∣∣∣∣∣
Ne+γ+

− δExc[ρ
Ne
e ]

δρNe
e

∣∣∣∣∣
Ne−γ+


= C

[
ρNe

e

]
≥ 0, (2.21)

which implies that

Vxc

[
ρ
Ne+γ+

e
(
r′
)]

(r)

= Vxc

[
ρ
Ne−γ+

e
(
r′
)]

(r) + C
[
ρNe

e

]
, (2.22)

where γ+ is an infinitesimally small positive number, and
C
[
ρNe

e

]
is a constant that functionally depends on ρNe

e [94, 95].

Hence, the Hamiltonian in Equation 2.6 will differ by C
[
ρNe

e

]
for ρ

Ne+γ+

e and ρ
Ne−γ+

e , and consequently

εk

[
ρ
Ne−γ+

e,0

]
6= εk

[
ρ
Ne+γ+

e,0

]
= εk

[
ρ
Ne−γ+

e,0

]
+ ∆xcε. (2.23)

Given these finite and discontinuous jumps of Vxc(r) in the
vicinity of ground state electron densities that integrate to in-
teger numbers, it follows from combining Equation 2.16 and
Equation 2.18 that

Egap ' εLUMO[ρ
N
e,0]− εHOMO[ρ

N
e,0] + ∆xcEgap, (2.24)
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where ∆xcEgap accounts for all the additive energy shifts associ-
ated with the derivative discontinuity of the exchange-correla-
tion functional.

In summary, even in the limit of Equation 2.19 and assum-
ing knowledge of the exact exchange-correlation functional, the
fundamental bandgap is not simply the difference between the
eigenenergies of the lowest unoccupied and the highest occu-
pied Kohn-Sham orbitals but also includes ∆xcEgap, a term stem-
ming from the derivative discontinuity of the exact exchange-
correlation energy functional. Hence, as ∆xcEgap is usually not
known, any attempt of calculating the fundamental electronic
bandgap with a single DFT calculation is doomed to always
wrongly approximate the true value by

Egap ' ε
(exact)
LUMO

[
ρN

e,0

]
− ε

(exact)
HOMO

[
ρN

e,0

]
. (2.25)

In practice, an approximate exchange-correlation functional
might yield Kohn-Sham eigenvalues for which Equation 2.25

agrees well with the true fundamental bandgap. However, as
this exchange-correlation functional could not be the exact one,
it would therefore be destined to have other shortcomings.
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2.2 Joint density functional theory

While an accurate description of the geometry and the elec-
tronic properties of an electrode or a catalyst are crucial for a
meaningful model of electrochemical reactions, an appropriate
treatment of the electrolyte is equally important. The electrolyte
can affect an electrode’s stability, its surface structure, and the
reaction barriers, and hence the rates, of chemical reactions oc-
curring at the electrode [31, 101]. The extent of these effects is
determined by the interaction between the solvent, that is the
electrolyte, and the solute, that is the catalyst or the electrode.
The big challenge for any model that tries to describe heteroge-
neous electrochemistry or catalysis is that it needs to do justice
to not only to the two phases in isolation but also to their in-
terface. The latter is without question the most difficult part.
Nevertheless, that is not to say that describing the two phases
in isolation is trivial. For the solute, whose atomic structure can
often be treated as rigid or sampled by averaging over only a
few configurations, DFT provides a powerful ab initio descrip-
tion. However, to capture the liquid structure of the solvent,
any atomistic model would have to contain a large number of
the solvent’s constituents, and also average any property of in-
terest over many configurations of these constituents to obtain
a precise estimate of the thermodynamic average. In practice,
this is difficult to achieve with DFT due to the large compu-
tational cost associated with having to describe many solvent
molecules explicitly. Computationally cheaper methods such
as using classical potentials for either molecular dynamics or
Metropolis Monte Carlo simulations often lack the required ac-
curacy when applied to problems that were not considered dur-
ing the construction of the model Hamiltonian [102].
An alternative model of liquids and gases which avoids the ex-
plicit treatment of the solvent’s constituents, and is therefore
computationally feasible, but still promises in principle exact
results is classical density functional theory (CDFT). In the fol-
lowing, I first introduce and review CDFT models for liquid wa-
ter and then summarise how these models can be joined up
with DFT to describe the heterogeneous solvent-solute system
via JDFT.
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2.2.1 Classical density functional theory (CDFT)

Thermodynamics is the study of the transformation of energy,
and gives insight into the equilibrium states of macroscopic sys-
tems [18]. From the fundamental laws of thermodynamics, it
follows that any macroscopic system adopts an equilibrium
state that minimises the system’s free energy (and therefore
maximises the combined entropy of the system and its surround-
ings). Statistical thermodynamics connects the microscopic scale
with a system’s macroscopic properties [18]. In particular, the
link between these two viewpoints is provided by the Boltz-
mann distribution and the system’s partition function. The for-
mer gives the probability of finding a system in a particular
state, and the partition function is a measure of how many
states are accessible to the system at any given temperature.
Furthermore, the partition function carries the complete ther-
modynamic information of the system.
In combination with the principle that a system’s equilibrium
state must minimise the system’s free energy—which is the
same variational principle exploited by Hohenberg and Kohn
as discussed in Section 2.1—it is therefore not too surprising
that the free energy of an atomic or molecular system can be
written as a functional of atom densities [103, 104]. Just as in
DFT, the density, which in this case is that of classical parti-
cles, namely that of the atoms, that minimises this free energy
functional is the equilibrium particle density. Another similar-
ity to DFT is that, in general, the governing free energy den-
sity functional is not known exactly, and that approximations
must be derived and used to make progress. In practice, it
is often tried to build these functionals as extensions or per-
turbations of exact solutions known for simpler model fluids.
To highlight some of the exact solutions used, and to demon-
strate how they are tried to be extended to real liquids, I now
first discuss a classical density functional (CDF) designed for
monatomic gases, and subsequently review two state-of-the-art
CDFs developed for liquid water.

2.2.1.1 CDFT of monatomic gases

For an atomic system with a constant number of atoms, and a
constant volume and temperature, i.e. one that can be thought
of as a canonical ensemble, the free energy whose minimum
marks the system’s equilibrium state is the Helmholtz energy A.
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For a monatomic liquid, the Helmholtz energy can be written
as

A [ρat(r)] =
ˆ

Vext(r)ρat(r)d3r + Amon
perf [ρat(r)]

+ Amon
int [ρat(r)] , (2.26)

where ρat(r) is the atom density, Vext(r) is any external poten- In an ideal fluid/gas
of classical particles
the interactions
between all particles
are the same, but in
a perfect gas, all
particles are
completely
non-interacting
[18].

tial acting on the system, for example, stemming from the so-
lute, Amon

perf [ρat(r)] is the Helmholtz energy of a perfect gas at
density ρat(r), and Amon

int [ρat(r)] accounts for the difference in
Helmholtz energy between the real interacting system and a per-
fect gas.
The only contributions to the canonical partition function of a
classical perfect monatomic gas come from the translational de-
grees of freedom, i.e. there are no contributions due to rotations
or vibrations. It follows that the Helmholtz energy of such a gas
is exactly

Amon
perf [ρat(r)] = kBT

ˆ
ρat(r)

(
ln
(

Λ3ρat(r)
)
− 1
)

d3r, (2.27)

where kB is the Boltzmann constant, T is the absolute temper-
ature, and Λ is the gas’s thermal wavelength [103]. The actual
exercise is then to find an approximation to Amon

int [ρat(r)]. For
example, the interaction of a van der Waals gas is described by

AvdW
int [ρat(r)] =

−
ˆ

ρat(r) (kBT ln (1− bρat(r)) + aρat(r))d3r, (2.28)

where a and b are the van der Waals coefficients accounting for
attractive and repulsive interactions between the particles, re-
spectively [18, 104].
Note that the interaction functional only needs to address the
difference between the free energy of the real gas and that of the
perfect gas which was used as underlying model. Hence, this
term is often called the excess free energy functional. It is com-
mon to further split the interaction functional into any terms
that are known exactly for any model gas or liquid used, and
a remainder excess free energy functional that then hopefully
needs to account only for a small difference between the true
free energy and that of the model liquid.
Another common ansatz to account for the interactions between
the gas’s constituents is to assume that they are essentially hard
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spheres. The hard spheres (HS) model is also the basis of many
of the more novel and advanced CDFs of water, for example the
Scalar-EOS functional developed by Sundararaman et al. which
I review in detail in the second part of Section 2.2.1.2 [105–108].

2.2.1.2 CDFT of water

It is apparent that building CDFs describing the free energy of
monatomic gases is a challenging but also very insightful task.
However, for most practically relevant applications, it is nec-
essary to deal with molecular liquids, and in particular with
water. This adds several new challenges to the development
of accurate CDFs. For example, clearly the interaction between
molecules is more complicated than that between individual
atoms. Furthermore, the atomic structure of the molecules must
be accounted for without treating the molecules themselves ex-
plicitly. The latter is especially important in the case of polar
molecules, such as H2O, so that the liquids dielectric response
can be captured by the CDF. In the following, I present two CDFs
specifically designed for water, first one developed by Lischner
et al. and then one developed by Sundararaman and others.

LISCHNER. Based on the work of Chandler et al., Lischner et
al. developed a general and practically useful CDF for liquids of
polar molecules which they later specifically parameterised to
describe liquid water [109–112]. They adopted the rigid molec-
ular geometry of the well established simple point-charge (SPC)
model of water and incorporated it as a constraint during the
minimisation of the free energy of the non-interacting, i.e. per-
fect, molecular gas [113]. Note, however, that this minimisation
is over effective potentials for each atomic site of the molecule.
These potentials then appear in addition to any external poten-
tial acting on the atomic site densities.
Next, they approximate the free energy associated with the in-
termolecular interactions of homogenous water, i.e. the free en-
ergy contributions of the undisturbed liquid that are not cap-
tured by the analytical solution for the perfect gas. They exploit
the fact that, in the case of rigid water molecules, an analytical
expression of the second order derivatives of this intermolecular
free energy with respect to the atomic site densities is known
in terms of the molecule’s site charges, and the macroscopic
dielectric constants of the true liquid, which can be measured
experimentally, and that of a hypothetical liquid composed of
the same molecules but without any intermolecular interac-
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tions. The latter dielectric constant was calculated using the site
charges of the extended SPC water model, and the experimental
oxygen site density [114].
Finally, Lischner et al. introduce two terms that attempt to ac-
count for any deviations of real homogenous water from the
aforementioned approximations. First, to account for any ex-
cess free energy contributions that do not depend on the atom
densities to the second degree, they fit a hexic polynomial of
weighted atomic site densities so that seven thermodynamic
and experimental macroscopic constraints are obeyed [112]. This
approach was inspired by weighted density functional theory
[115]. Note that, since all applied constraints are macroscopic,
this term is unlikely to account for any microscopic contribu-
tions to the free energy. Secondly, they introduce a matrix that is
essentially the difference between the true, but unknown, Hes-
sian of liquid water and the model Hessian described above;
its values are determined via the Ornstein-Zernike equation us-
ing experimentally measured correlation functions of homoge-
nous liquid water as input. As these correlations are on the
same length scale as that of the water molecules, this remain-
der Hessian is—in contrast to the first excess free energy term—
accounting for microscopic contributions to the liquid’s free en-
ergy.
Hence, rather than developing their functional based on the
free energy of an advanced model liquid, such as the HS model,
for example, Lischner et al. only used the exact solution for
the perfect gas of rigid water molecules and built the rest of
their functional on top of mostly physically motivated analyti-
cal expression whose parameters were then fit to reproduce the
experimentally measured pair correlation functions and impor-
tant macroscopic properties of liquid water.

The final model developed by Lischner et al. achieves excel-
lent agreement of the non-linear dielectric function when com-
pared to explicit molecular dynamic simulations [112]. Qualita-
tively, it also describes the surface cavitation energy, that is the
energy required to form a cavity within the liquid, of a spher-
ical void correctly but slightly underestimates it compared to
classical molecular dynamics simulations [107]. The experimen-
tal radial correlation functions of water are in very good agree-
ment with those predicted by the above model, except from
some spurious features the model predicts to appear before the
actual main peaks [107]. The good agreement is expected as
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the correlation functions were used for fitting the model’s pa-
rameters, and Sundararaman et al. argue that the short-range
artefacts can also be explained by the fitting procedure. The
latter shortcoming might also be responsible for the fairly poor
agreement between the predicted radial distributions of oxygen
around hard spheres with those obtained from classical molec-
ular dynamics [107].

SUNDARARAMAN. Following the work of Lischner et al.,
Sundararaman et al. also include the SPC structure of the wa-
ter molecule as a constraint during the minimisation of the free
energy of the perfect molecular gas [107, 108]. However, they
generalised this procedure and demonstrated that other inde-
pendent variables than the effective site potentials can be used
for this minimisation step. In particular, they write the perfect
gas’s free energy in terms of pω(r) defined as the probability
density of finding a water molecule at location r and in ori-
entation ω ∈ SO(3). It is this probability density than can be
either used as independent variable itself or expressed in terms
of other independent variables, such as the effective site po-
tentials. The atomic site densities ρα(r), where α denotes the
site’s type, are also readily deduced from ρω(r). Using this rep-
resentation, Sundararaman et al. achieved better convergence
behaviour, in particular in the presence of large spatial varia-
tions of the external potentials as often found in the vicinity
of charged electrodes where the electric field strengths can be
as high as several hundred megavolts per meter, and therefore,
under practical conditions, more accurate results [107, 116].
Contrary to Lischner et al., Sundararaman et al. base their free
energy functional for the interacting liquid water on the HS
model. They start with Rosenfeld’s fundamental measure theory
where the free energy of the HS system is formulated as an
integral over weighted local site densities [117, 118]. In partic-
ular, they employ the ‘White Bear mark II’ functional [119]. The
particles of the vanilla HS model are nonattractive; to extend
the model so that it includes attractive interactions between the
hard spheres, a perturbation is usually applied. Inspired by the
work of Peng et al., Sundararaman et al. employ an extension
of their bonded-voids model for this perturbation [106, 120].
Similar to Lischner et al., they also use the molecular geometry
and the site charges of the extended SPC water model. Their
ansatz includes an attractive short-range van der Waals interac-
tion term that depends on the distance between the molecules
as r−6, and a long-range dipole interaction term that scales with
r−3. This leads to an excess free energy functional AH2O

ex [ρO, ρH],
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which is added to the free energy of the perfect gas of water
molecules, of the form

AH2O
ex [ρO, ρH] ≈ AWBI I

HS [ρO] +

ˆ
ρO(r)AH2O

att [(wA ∗ ρO) (r)]d3r

+
Aε (T)

2 ∑
α,β∈{O,H}

ZαZβ

¨
ρα(r)K

(∣∣r− r′
∣∣) ρβ

(
r′
)

d3rd3r′, (2.29)

where AWBI I
HS [ρO] is the ‘White Bear mark II’ functional describ-

ing the excess free energy of the HS system, AH2O
att [ρ̄O(r)] is

the excess free energy per particle due to short-range attractive
intermolecular interactions, and ρ̄O(r) is the weighted site den-
sity resulting from the convolution of the weight function wA(r)
proposed by Peng et al. and the oxygen site density ρO(r) [119,
120]. Furthermore, Aε(T) ensures that the correct value of the
bulk dielectric constant is achieved, and Zi is the partial charge
of site i. Lastly, K (|r− r′|) is a modified Coulomb kernel ac-
counting for the long-range dipole corrections similar to that
employed by Lischner et al. [112]. For the exact expression of all
of these terms, the reader is referred to reference [106]. Impor-
tantly, AH2O

att [ρ̄O(r)] was constrained so that the Helmholtz en-
ergy of homogenous water, derived by integrating the Jefferey-
Austion equation of state (EOS) for water, is obtained [121]. This
gives this functional its name which is Scalar-EOS.
Due to its dependence on the HS model, Equation 2.29 depends
on the radius of the assumed hard spheres. Sundararaman et al.
chose its value so that the experimental surface tension of liq-
uid water is reproduced. The resulting value closely matches
the van der Waals radius of a water molecule which leads to
the general recommendation of using the van der Waals radius
as the hard sphere radius by default, for example when study-
ing other molecular liquids [108].
Sundararaman et al. later extended the long-range interaction
term of their functional to include not only effects due to the
rotational response of the water molecules but also molecular
polarisability effects [108]. However, for the already strongly
polar water molecule, these effects are negligible as the dielec-
tric response of liquid water is almost entirely accounted for by
molecular rotations only.

The Scalar-EOS functional leads to an under-structuring of
the water when compared to the experimental radial distribu-
tions [107]. However, it is in reasonably good agreement for the
oxygen distributions around hard spheres compared to classi-
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cal density functional theory [107]. Like the model developed
by Lischner et al., Scalar-EOS achieves very reliable predictions
for the non-linear dielectric constant of water, and for cavitation
energies.

2.2.2 Joint density functional theory (JDFT)

Equipped with a highly accurate theory for the solute, that is
DFT, and a powerful, and in principle exact, continuum theory
for the solvent, namely CDFT, the next challenge is to join these
two theories to permit the study of solvated systems. Indeed,
this has been achieved by Petrosyan et al. in the form of JDFT,
which, just as the two methods it stems from, is in principle
exact too [122]. They demonstrated that the total free energy of
the full solvated system, defined by the solute, the solvent it is
immersed in, and their mutual interface, can be written as

Ajoin
0 = min

ρel(r)

(
AHK [ρel(r); θ] + ∆lqA [ρel(r); θ]

)
(2.30)

with

∆lqA [ρel(r); θ] =

min
{ρat

i (r)}

(
Alq [{ρat

i (r)
}]

+ Aintf [ρel(r),
{

ρat
i (r)

}
; θ
])

, (2.31)

where θ = {ZI , RI} are the charges and positions of the solute’s
nuclei which are assumed to be fixed and enter as parameters
only, AHK [ρel(r); θ] is the full Hohenberg-Kohn DFT functional
only depending on the density of the solute’s electrons, and
Alq [{ρat

i (r)
}]

is a free energy CDF only depending on the sol-
vent’s atomic site densities. Aintf [ρel(r),

{
ρat

i (r)
}

; θ
]

depends
on both the density of the solute’s electrons and the solvent’s
atomic sites, and it acts as a coupling term capturing any free
energy contributions stemming from the interactions between
the solute and the solvent. Hence it is associated with the inter-
face of the two systems. Note that some of the free energy contri-
butions and interactions associated with the solvent’s electrons
are implicitly included in Alq [{ρat

i (r)
}]

[122]. In practice, it is
wrong to think of AHK [ρel(r); θ] and Alq [{ρat

i (r)
}]

as the free
energies of the isolated solute and solvent, respectively. This
is because even though these functionals only depend on the
densities of their respective system, in the full solvated sys-
tem, these two densities are not independent as they are linked
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through the coupling term Aintf [ρel(r),
{

ρat
i (r)

}
; θ
]
.

Both the solute and the solvent can be viewed as sources of
an external potential acting on the other system. In principle,
these potentials, stemming from the coupling term, account for
all electrostatic and quantum mechanical effects the systems
have on each other. For example, in KS-DFT, the perturbation
of the solute caused by the solvent is readily implemented by
adding

Esol =

ˆ
ρe(r)Vsol(r)d3r (2.32)

with

Vsol (r) =
δAintf [ρel(r),

{
ρat

i (r)
}

; θ
]

δρel(r)
(2.33)

to Equation 2.6. As a first approximation, Vsol(r) can be taken
to simply be the Coulomb potential energy of an electron due
to the electrostatic potential obtained by solving Poisson’s equa-
tion with the bound charges of the solvent as source term. In
addition to the electrostatic effects, more ambitious approaches,
as implemented in the software package JDFTx, try to include
exchange-correlation effects too [123, 124].
The potential due to the solute acting on the solvent can be
implemented in a similar way. It perturbs the initially homoge-
nous liquid whose short-range and long-range response is of-
ten largely incorporated into the CDF describing the solvent al-
ready [107, 112]. However, some short-range effects, such as
changes in the kinetic and exchange-correlation energies of the
solvent’s electrons, are more difficult to include. While the elec-
tron density of the solute is obtained using the computation-
ally expensive KS formalism which gives access to the associ-
ated KS orbitals which facilitates the use of orbital-dependent
functionals, the electrons of the solvent are not treated explic-
itly. Hence, their model wavefunctions are not available but
only their thermodynamically averaged density is. Even though
many successful true density functionals for the exchange-cor-
relation energy exist, such as the LDA or the PBE functional for
example, density functionals for the kinetic energy, such as the
Thomas-Fermi functional, do not perform well for real systems
[74, 86, 98, 100, 125]. This is problematic as it is known that the
Thomas-Fermi model does not allow for any chemical bonding
[68]. Thus, with the currently available density functionals for
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the kinetic energy, any solvent molecule that could potentially
be adsorbed onto the solute’s surface would need to be treated
explicitly and included as part of the solute itself for an accu-
rate model [124].

2.2.3 Polarisable continuum models

As foreshadowed by the notation of ∆lqA [ρel(r); θ] in Equa-
tion 2.30, a further common simplification is to derive a func-
tional for the free energy associated with the solvation whose
only explicit dependency is the solute’s electron density, and
which only implicitly depends on the electron and atom site
densities of the solvent [122, 126]. Pushed to the extreme, this
results in a polarisable continuum model (PCM), a class of mod-
els which have the advantage of not only being computation-
ally cheaper even than CDFT, but are also easier to implement
into existing DFT software packages. The latter is apparent from
from the existence of the well established ENVIRON module as
part of the Quantum Espresso software package, and the VASP-
sol module of the VASP code [127–129]. However, due to their
simplicity, PCMs lack the accuracy of real CDFs [130, 131]. Fur-
thermore, they usually only work reliably for solute systems
that were considered during the construction of the model, and
often they require many more fitting parameters and fitting
data than CDFs [132].
Nevertheless, great progress in terms of generalising PCMs, re-
ducing the number of their fitting parameters, and making them
less empirical has been made within recent years [130, 131,
133]. Modern PCMs attempt to describe the free energy contri-
butions due to the solvent’s non-local and non-linear dielec-
tric response, the electrostatic response of any ions in the sol-
vent, the formation of a cavity which is occupied by the solute,
and dispersion interactions between the solute and the solvent
[131, 133]. For example, the spherically averaged liquid susceptibil-
ity ansatz (SaLSA) achieves a fitting-parameter-free description
of the solvent’s non-local electric response capturing both the
polarization and rotational response of the solvent molecules
[131]. Compared to other PCMs, this non-local approach gives
SaLSA the ability to yield a more accurate picture of the charge
distribution near the solute-solvent interface. In addition to the
electrostatic response, SaLSA also includes a non-local cavity for-
mation free energy, and a correction accounting for dispersion
which relies on only a single fitting parameter. The small num-
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ber of fitting parameters required makes SaLSA a promising can-
didate for being a PCM that is applicable to many different so-
lute systems including charged or strongly polar ones. Further-
more, SaLSA has been used successfully to reliably predict the
difference in an electron’s electrochemical potential between a
solvated metal electrode and the bulk electrolyte at the point of
zero charge [133]. All of this made SaLSA the ideal PCM for my
work on titanium dioxide electrodes which I discuss in Chap-
ter 3.
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2.3 Many-body perturbation theory

From Section 1.2, it is apparent that an appropriate level of the-
ory for the description of a photoelectrode’s electronic band
structure must be central to any attempt of reliably predict-
ing the photoelectrode’s thermodynamic capability for water
electrolysis. DFT is inherently a ground state theory [63, 74, 75].
Hence, it can safely be used to calculate macroscopic electric po-
tentials as they only depend on the equilibrium electron density.
However, as discussed in Section 2.1.2, there are intrinsic prob-
lems with calculating a solid’s electronic bandgap energy with
DFT [96]. Even Janak’s theorem, which states that the eigenen-
ergy of the highest occupied KS orbital can be associated with
the system’s IE when expressed relative to the vacuum level,
cannot be applied reliably in practice. This is due to short-com-
ings of the approximate exchange-correlation functionals used
in practical calculations [134]. Nevertheless, one might be able
obtain a good approximation of the bandgap energy across a
range of different semiconductors with advanced exchange-cor-
relation functionals such as hybrid functionals. However, a pri-
ori, one cannot be confident about the absolute position of the
VBM and the CBM when using DFT. For example, Stevanović et
al. found that the predicted bandgap of Fe2O2 was the same,
namely 1.81 eV, compared to the experimental value of 2.1 eV,
for both a DFT and a more sophisticated MBPT approach but
that the latter shifted the positions of the IE and the EA by 0.6
eV [135].

Indeed, MBPT is currently considered to be the state-of-the-
art technique for the description of both neutral and charged
electronic excitations of real materials. The reasons for this are
two-fold: firstly, MBPT is in principle exact for the description
of these excitations and it has become analytically more acces-
sible thanks to the work of Hedin [136, 137]. Secondly, start-
ing with the work of Hybertsen and Louie, many workable
approximations and computer packages for MBPT have been
developed and successfully tested on real materials [138–142].
In the following, I review the basic concepts of MBPT that lead
to the approach for calculating single-particle addition and re-
moval energies implemented in the BerkeleyGW software pack-
age which I used for my work [143].
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2.3.1 Quasi-particles

A central concept of MBPT is that of quasi-particles. Due to ex-
change and correlation effects, an electron strongly repels other
electrons from its vicinity leading to a region around it which
has a positive net charge. This cloud of positive charge dress-
ing the electron is called the Coulomb hole and it screens the
bare Coulomb interaction, vC (r, r′), between the electron it is
centred on and the other electrons in the system. Naturally, the
Coulomb hole follows the electron since the latter is the cause of
the hole’s existence in the first place. Hence, the ensemble of the
Coulomb hole and the electron almost behave like a single par-
ticle, called a quasi-particle [144]. Since every electron causes
a Coulomb hole, the whole electronic system can be described
as a many-body system of quasi-particles. Analogously, the re-
moval of an electron from the many-electron system leaves be-
hind a small positive potential which locally attracts more elec-
trons than another point in the system. Hence this electron hole
is dressed by a cloud of electrons, and together they form a
quasi-hole.
The idea of thinking of a many-electron system as an ensem-
ble of independent electrons, as done in KS-DFT, usually breaks
down because the bare Coulomb interaction between the elec-
trons is too strong in real materials. However, due to their
coat of opposite charge, quasi-particles do not interact via the
bare but via a dynamically screened Coulomb potential, W.
This screened Coulomb potential is much weaker than the bare
potential, and therefore thinking of the many-electron system
as an ensemble of weakly interacting single quasi-particles is
much better justified; note that I deliberately avoided the term
independent quasi-particles as quasi-particles are by definition
the result of many-body interactions as will become more ap-
parent in the following sections.
The quasi-particle picture also motivates two other concepts of
MBPT that are of utmost importance: firstly, that of single-par-
ticle Green’s functions interpreted as propagators of the quasi-
particles, and secondly, that of the self-energy which is the dif-
ference between the eigenenergy of a quasi-particle and the
underlying independent bare particle [144, 145]. Both of these
concepts will be highlighted in more detail in Section 2.3.2 and
Section 2.3.3, respectively.
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2.3.2 Green’s functions

The addition and removal of an electron from the N-electron
system can be described in terms of field operators [145, 146]. In
particular, the creation operator ψ̂+(r, t) describes the addition
of an electron at space point r and time t to the system it acts
on. Analogously, the annihilation operator ψ̂−(r, t) describes
the removal of an electron from space point r at time t [147].
For example, starting with the ground state of the N-electron
system ΨN

0 , an electron is added by the sequence∣∣∣ΨN+1
〉
= ψ̂+(r, t)

∣∣∣ΨN
0

〉
. (2.34)

Let an electron be removed subsequently from space point r′ at
time t′, i.e.∣∣∣ΨN

〉
= ψ̂−(r′, t′)

∣∣ ψ̂+(r, t)
∣∣ΨN

0

〉
, (2.35)

before calculating the overlap of the resulting state with the
ground state of the N-electron system. The resulting probability
amplitude,〈

ΨN
0

∣∣∣ ψ̂−(r′, t′)
∣∣∣ ψ̂+(r, t)

∣∣∣ΨN
0

〉
, (2.36)

contains the information about the probability that the system
is left undisturbed by the addition of an electron at (r, t) and
the subsequent removal of an electron at (r′, t′) [147]. Although
electrons are indistinguishable and therefore it is not guaran-
teed that the electron removed at (r′, t′) is the same as the one
that was added at (r, t), Equation 2.36 can be interpreted as the
amplitude of the added electron propagating from r to r′ in
time t′ − t while interacting with the rest of the many-electron
system. This thought experiment can be done for a hole travel-
ling through the (N − 1)-electron system too. In that case, the
chronological order of the creation and annihilation operator is
swapped to ensure causality.
The same process, namely the propagation of a quasi-particle
from (r, t) to (r′, t′), is also described by the time-dependent
Schrödinger equation, i. e.

ĤQP φQP(r, t) = i
∂φQP(r, t)

∂t
, (2.37)

where ĤQP is the single quasi-particle Hamiltonian which,
through the self-energy, which will be discussed in Section 2.3.3,
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includes all interactions with the remaining many-electron sys-
tem, and φQP(r, t) is the quasi-particle’s wavefunction. Then, if
ĤQP is time-independent, it follows from Green’s functions the-
ory that φQP(r, t) is given by

φQP(r, t) =
ˆ

G+
(
r, r′, t, t′

)
φQP

(
r′, t′

)
d3r′, (2.38)

where G+ is the retarded Green’s function, i.e.

G+
(
r, r′, t, t′

)
=

G (r, r′, t, t′) for t > t′,

0 otherwise,
(2.39)

with G being the full Green’s function of Equation 2.37 [148,
149]. From Equation 2.38, it follows that G+ (r, r′, t, t′) is simply
the weight that the state φQP (r

′, t′) will result in φQP (r, t). Hence

G
(
r, r′, t, t′

)
= − i

h̄

〈
ΨN

0

∣∣∣ T̂
[
ψ̂−(r′, t′)ψ̂+(r, t)

]∣∣∣ΨN
0

〉
, (2.40)

where T̂ is the Wick time-ordering operator

T̂
[
ψ̂+(r, t)ψ̂−(r′, t′)

]
=

+ψ̂−(r′, t′)ψ̂+(r, t) if t′ > t,

−ψ̂+(r, t)ψ̂−(r′, t′) otherwise.
(2.41)

Thus, the single-particle Green’s function can not only be inter-
preted as the propagator of quasi-holes and quasi-electrons but
is also directly related to the (N ± 1)-electron states.
Depending on the domain one chooses to work in, e.g. the time
or the energy domain, or the real or reciprocal space domain,
the Green’s function can take many different analytical forms
[148]. One that is of particular interest for the study of single-
electron addition and removal energies is the Green’s function
in the energy domain given by the Fourier transform of the
time-dependent Green’s function, namely

G(r, r′; E) = ∑
f

〈
ΨN

0

∣∣ψ̂+(r)
∣∣ΨN−1

f

〉 〈
ΨN−1

f

∣∣ψ̂−(r′)∣∣ΨN
0

〉
E−

(
EN

0 − EN−1
f

)
− iη+

+∑
f

〈
ΨN

0

∣∣ψ̂−(r)∣∣ΨN+1
f

〉 〈
ΨN+1

f

∣∣ψ̂+(r′)
∣∣ΨN

0

〉
E−

(
EN+1

f − EN
0

)
+ iη+

, (2.42)

where η+ is an infinitesimally small positive number and ΨN±1
f

form a complete set of states of the (N ± 1)-electron system.
Equation 2.42 is known as the Lehmann representation of the
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Green’s function [144, 145, 147, 150]. It is apparent that the
poles of Equation 2.42, which is the exact propagator for a
single particle but obviously dependent on the many-electron
states, are indeed the true electron addition and removal ener-
gies.
For a system of non-interacting electrons with states φni

k (r), it
can be shown that Equation 2.42 is—apart from the factor i—
equivalent to

G(r, r′; E) = ∑
k

Gk
(
r, r′; E

)
=

occ

∑
k

φni
k (r)φ

ni∗
k (r′)

E− εk − iη+
+

empty

∑
k

φni
k (r)φ

ni∗
k (r′)

E− εk + iη+
, (2.43)

where εk is the eigenenergy of φni
k (r) [147]. Equation 2.43 has

poles at the energies associated with adding or removing an
electron to or from a single-particle state of the many-electron
system. As mentioned in Section 2.3.1, treating a many-elec-
tron system as an ensemble of independent quasi-particles is
often a valid approximation due to the quasi-particles’ weak in-
teraction via the screened Coulomb potential. Therefore, if the
quasi-particle approximation holds, it is justified to use Equa-
tion 2.43 as a starting point for evaluating the single-particle
Green’s function of the interacting system.
In reciprocal space, the single-particle Green’s function can also
be expressed in form of a Dyson sum, i.e.

G = G0 + G0ΣG (2.44)

= G0 + G0ΣG0 + G0ΣG0ΣG0 + . . . , (2.45)

where G is the propagator of the quasi-particle defined by Equa-
tion 2.40, G0 is the probability amplitude of the bare particle to
propagate freely through the many-body system, and Σ is the
electronic self-energy representing all the scattering events asso-
ciated with any many-body effects beyond the mean-field con-
tribution [144, 145, 151]. G0 can be obtained from Equation 2.43

by using wavefunctions and eigenenergies obtained by a mean-
field theory approach. In real space, Equation 2.45 can be writ-
ten as

G(r, r′; E) = G0(r, r′; E)

+

¨
G0(r, x; E)Σ(x, y; E)G(y, r′; E)d3xd3y, (2.46)
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which, however, is still often symbolically expressed as
G = G0 + G0ΣG [147, 151].

Equation 2.43 provides a very accessible form of the single-
particle Green’s function within the quasi-particle approxima-
tion as it only depends on single-particle wavefunctions and
energies. By substituting Equation 2.43 into the equation of mo-
tion of the single-particle Green’s function, namely

δ
(
r− r′

)
=

(E− h0(r)) G
(
r, r′; E

)
−
ˆ

Σ
(
r, r′′, E

)
G
(
r′′, r′; E

)
d3r′′, (2.47)

where the left-hand side is the Dirac delta function, and

h0(r) = −
h̄2

2m
∇2 + Vext(r) + vH(r) (2.48)

is the local effective single-particle Hamiltonian with vH(r) be-
ing the mean-field potential, Hedin and Lundqvist showed that
the quasi-particle states obey the Schrödinger equation

h0(r)φ
QP
k (r) +

ˆ
Σ
(
r, r′, E

)
φQP

k

(
r′
)

d3r′ = εkφQP
k (r), (2.49)

which is known as the quasi-particle equation [137].
Equation 2.49 has a striking similarity to the KS equation of DFT,
i.e. to Equation 2.6, but with the non-local, non-Hermitian, and
energy-dependent self-energy rather than the exchange-correla-
tion potential in the Hamiltonian. Hence, the eigenvalue εk is
complex with its real part being the quasi-particle’s energy and
its imaginary part is inversely proportional to the quasi-parti-
cle’s lifetime. The lifetimes of the quasi-particles are finite as
the real many-particle system is not truly an ensemble of inde-
pendent quasi-particles. However, as long as the quasi-particle
approximation holds, i.e. as long as Im (εk) is small, Re (εk)
can indeed be associated with the true electron removal and
addition energies of the many-electron system despite the fact
that Equation 2.49 looks like a single-particle equation [139, 151,
152].

Evaluating Equation 2.49 still requires good and workable
approximations to the self-energy. An often used starting point
for this challenge was laid out by Hedin who expanded the
self-energy in terms of the screened Coulomb potential which
leads to the so-called GW approximation [136]. I summarise
this approximation and its origin in Section 2.3.3.
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2.3.3 Self-energy and Hedin’s equations

As already mentioned in Section 2.3.1, the aforementioned self-
energy is the difference between the eigenenergy of a quasi-par-
ticle and that of the underlying independent bare particle [144].
Its name is motivated by the idea that the quasi-particle’s cloud
of opposite charge is the result of the interaction between the
bare particle and the remaining many-body system, but at the
same time the opposite charge of the quasi-particle’s cloud scat-
ters the bare particle itself; hence, the bare particle is interact-
ing with itself via the response of the many-body system which
causes a change of the particle’s own energy [144]. This change
in energy is therefore called self-energy.

To keep the notation succinct, the shorthand j =
(
rj, tj

)
,

j+ =
(
rj, tj + η+

)
, and

´
dj =

´
d3rj
´ ∞
−∞ dtj is used in the fol-

lowing. Formally, the self-energy can be written as

Σ(1, 2) = ih̄
¨

vC(1+, 3)
(
G(1, 4)G(3, 3+)

−G2(1, 3, 4, 3+)
)

G−1(4, 2)d3d4, (2.50)

where G2 is the two-particle Green’s function, and

vC(1+, 3) = vC (r1, r3) δ
(
t1 + η+ − t3

)
(2.51)

is the bare Coulomb potential [151]. Due to the appearance of
G2, Equation 2.50 is very complicated to evaluate. However,
Hedin showed that the self-energy can also be expressed ex-
actly in an infinite series expansion in terms of the screened
Coulomb potential W [136]. The latter is given by

W(1, 2) = vC(1, 2) +
¨

W(1, 3)P(3, 4)vC(4, 2)d3d4 (2.52)

=

ˆ
ε−1(1, 3)vC(3, 2)d3, (2.53)

where P is the system’s polarizability which defines the permit-
tivity through

ε(1, 2) = δ(1, 2)−
ˆ

vc(1, 3)P(3, 2)d3. (2.54)
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In particular, Hedin showed that

Σ(1, 2) = ih̄G(1, 2)W
(
1+, 2

)
−h̄2
¨

G(1, 3)G(3, 4)G(4, 2)W(1, 4)W(3, 2)d3d4

+ · · · (2.55)

= ih̄
¨

G(1, 3)W
(
1+, 4

)
Γ(3, 2; 4)d3d4, (2.56)

with

Γ(1, 2; 3) = δ(1, 2)δ(1, 3)

+

˘
δΣ(1, 2)
δG(4, 5)

G(4, 6)G(7, 5)Γ(6, 7; 3)d4d5d6d7 (2.57)

being the vertex function [153]. Together with

P(1, 2) = −ih̄
¨

G(1, 3)Γ(3, 4; 2)G(4, 1)d3d4, (2.58)

Equation 2.46, Equation 2.52, Equation 2.56, and Equation 2.57

form a set of equations that is known as Hedin’s equations [151,
153]. In principle, solving them self-consistently also solves the
many-body problem exactly. However, in practice solving them
is not possible due to the functional derivative in Equation 2.57

[151].
Nevertheless, Hedin’s equations motivate what is known as
the GW approximation to the self-energy. In particular, Equa-
tion 2.55 suggests that the self-energy can be approximated as

Σ(1, 2) ≈ ih̄G(1, 2)W
(
1+, 2

)
, (2.59)

which is justified as W is expected to be quite weak due to
it being a screened potential and hence Equation 2.55 should
converge quickly. More formally, Equation 2.59 is also obtained
by solving Hedin’s equations with

Γ(1, 2; 3) ≈ δ(1, 2)δ(1, 3), (2.60)

which assumes that all vertex corrections are neglected, and it
also yields

P(1, 2) ≈ −ih̄G(1, 2)G(2, 1). (2.61)
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Equation 2.61 is equivalent to the polarizability as calculated
in the random phase approximation (RPA) using the Adler-Wiser
formula, namely

P(r, r′; E) = ∑
k,k′

φQP
k (r)φQP∗

k′ (r)φQP∗
k (r′)φQP

k′ (r
′)

×
(

fk (1− fk′)

E + ∆εkk′ + iη+
− fk′ (1− fk)

E− ∆εkk′ − iη+

)
, (2.62)

with ∆εkk′ = εk − εk′ , where, in a crystal, k encloses both the
band index n and a point, k, in the first Brillouin zone, and fk
being the occupation number of state k [140, 151, 154–156].
Thus, within the quasi-particle approximation, both the single-
particle Green’s function G and the screened Coulomb poten-
tial W can be expressed solely in terms of single-particle or-
bitals and their eigenenergies. The associated expression for
W is obtained by combining Equation 2.62, Equation 2.54, and
Equation 2.53. Hence, evaluating Equation 2.59 with G0 and W0,
which are the Green’s function and the screened Coulomb po-
tential determined using KS orbitals and eigenenergies, starts
an iterative cycle of finding better and better approximations
to the true quasi-particle states within the GW approximation
since every new approximation to the self-energy via Equa-
tion 2.59 yields an update of the quasi-particle states and en-
ergies via Equation 2.49.
In practice, the KS orbitals are often already very good approxi-
mations to the quasiparticle wavefunctions with agreements of
more than 99% [152]. Therefore, it is common to update the KS
eigenenergies only once using the self-energy obtained with G0
and W0. Accordingly, this method of finding approximations to
the true electron addition and removal energies is referred to as
G0W0 approximation. In the following, I outline how this work-
flow is used in practice, for example with the freely available
and open-source software package BerkeleyGW.

2.3.4 GW in practice

As mentioned in Section 2.3.3, the KS orbitals are usually al-
ready very good approximations to the quasi-particle wave-
functions [152]. Thus, within the assumption that φKS

k ≈ φQP
k ,

the quasi-particle Hamiltonian of Equation 2.49 will be almost
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fully diagonal when expanded in the mean-field basis, namely
the KS orbitals, i.e. only the diagonal elements of〈

φKS
k

∣∣∣ĤQP
(

εQP
k

)∣∣∣ φKS
k′

〉
will be significant [143]. Provided that this assumption holds,
the quasiparticle energies can be approximated by

εQP
k =

〈
φQP

k

∣∣∣ĤQP
(

εQP
k

)∣∣∣ φQP
k

〉
≈

〈
φKS

k

∣∣∣∣−1
2
∇2 + Vion + VH + Σ

(
εQP

k

)∣∣∣∣ φKS
k

〉

=

〈
φKS

k

∣∣∣∣−1
2
∇2 + Vion + VH + Σ

(
εQP

k

)
+ Vxc −Vxc

∣∣∣∣ φKS
k

〉

=

〈
φKS

k

∣∣∣∣−1
2
∇2 + Vion + VH + Vxc

∣∣∣∣ φKS
k

〉
+
〈

φKS
k

∣∣∣Σ (εQP
k

)
−Vxc

∣∣∣ φKS
k

〉
= εKS

k +
〈

φKS
k

∣∣∣Σ (εQP
k

)
−Vxc

∣∣∣ φKS
k

〉
. (2.63)

To obtain the best possible approximation of the quasi-parti-
cle energies within the GW approximation, one would have to
solve the above equation self-consistently with respect to εQP

k .
In particular, as outlined in Section 2.3.3, a more accurate esti-
mate of the GW approximation to the self-energy operator, and
hence of the true quasi-particle energies, can be obtained with
every new evaluation of Equation 2.49. However, updating the
wavefunctions is computationally expensive and hence some
schemes only update G and W with the new eigenenergies ob-
tained from Equation 2.63.

Rather than solving Equation 2.59 self-consistently, a lower
but also simpler approximation of the quasi-particle energies
is obtained by correcting for the energy-dependence of the self-
energy, which is often almost linear, using a truncated Taylor
expansion about the KS eigenenergies, i.e.

Σ
(

εQP
k

)
≈ Σ

(
εKS

k

)
+

∂Σ (ε)

∂ε

∣∣∣∣
ε=εKS

k

(
εQP

k − εKS
k

)
, (2.64)
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which yields

εQP
k ≈ εKS

k +
〈

φKS
k

∣∣∣Σ (εKS
k

)
−Vxc

∣∣∣ φKS
k

〉

+

〈
φKS

k

∣∣∣∣∣ ∂Σ (ε)

∂ε

∣∣∣∣
ε=εKS

k

∣∣∣∣∣ φKS
k

〉(
εQP

k − εKS
k

)
= εKS

k + Zk

〈
φKS

k

∣∣∣Σ (εKS
k

)
−Vxc

∣∣∣ φKS
k

〉
, (2.65)

with

Zk =

[
1−

〈
φKS

k

∣∣∣∣∣ ∂Σ (ε)

∂ε

∣∣∣∣
ε=εKS

k

∣∣∣∣∣ φKS
k

〉]−1

(2.66)

being the so-called quasi-particle normalisation factor [143, 151].
To be able to utilise Equation 2.65, one still has to construct
the self-energy operator. Using the GW approximation, this
can be achieved by employing the KS orbitals and eigenener-
gies to evaluate the single-particle Green’s function within the
quasi-particle approximation, Equation 2.43, and the dynami-
cally screened Coulomb interaction based on the RPA permit-
tivity expressed within the Adler-Wiser formalism. Computing
the latter via Equation 2.53 involves the evaluation of Equa-
tion 2.61 and the subsequent inversion of the permittivity and
is therefore computationally very expensive.
Instead of calculating the permittivity’s exact energy-depen-
dence, Hybertsen and Louie developed a scheme within which
they extend the static permittivity to include an approximate
energy-dependence; their formalism is known as the generalised
plasmon-pole (GPP) model [139]. The name stems from the start-
ing point of the method that assumes that the imaginary part
of the inverted permittivity usually peaks distinctively at the
bulk plasmon frequency. In particular, with εGG′(q; E) being
the permittivity in reciprocal space, the ansatz is

Im
(

ε−1
GG′(q, E)

)
≈

− π

2
ΩGG′(q)
ω̃GG′(q)

(δ (E− ω̃GG′(q))− δ (E + ω̃GG′(q))) , (2.67)

which yields

Re
(

ε−1
GG′(q, E)

)
≈ δGG′ +

Ω2
GG′(q)

E2 − ω̃2
GG′(q)

(2.68)
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upon the application of the Kramers-Kronig relation [139]. For
each combination of the reciprocal lattice vectors G and G′,
Ω2

GG′(q) and ω̃GG′(q) are q-dependent model parameters which
are defined as follows:

Ω2
GG′(q) ≡ ω2

p
(q + G) · (q + G′)

|q + G|2
ρ (G + G′)

ρ(0)
(2.69)

and

ω̃2
GG′(q) ≡

Ω2
GG′(q)

δGG′ − ε−1
GG′(q; E = 0)

, (2.70)

where ρ is the charge density in reciprocal space and ωp =√
4πe2

me
ρ(0) is the classical plasma frequency [139]. Note that

both parameters are not adjustable but entirely determined by
the definition of ωp and the static permittivity. In reciprocal
space, the latter is given by

εGG′(q; E = 0) = δGG′ − vC(q + G)PGG′(q; E = 0), (2.71)

where q is a vector in the first Brillouin zone, and the static
polarizability is given by

PGG′(q; E = 0) =
occ

∑
n

empty

∑
n′

∑
k

Mnn′(k, q, G)M∗nn′(k, q, G′)
εn(k+q) − εn′k

,

(2.72)

with

Mnn′(k, q, G) =
〈

φn(k+q)

∣∣∣ exp (i(q + G) · r)
∣∣∣ φn′k

〉
(2.73)

being plane-wave matrix elements of the (approximate) quasi-
particle states φnk [143].

Equipped with the interacting single-particle Green’s func-
tion approximated by Equation 2.43 and the dynamically screen-
ed Coulomb potential obtained by using either the Adler-Wiser
formalism or the GPP model, one can now evaluate Equation 2.65

and therefore calculate reliable estimates of the true electron
addition and removal energies of a many-electron system. For
the exact computational implementation of this final step the
reader is referred to references [143] and [157]. A benchmark
study that aims at establishing the accuracy of GW and its dif-
ferent levels of self-consistency was conducted by Marom and
others [158]. They found that G0W0 performs surprisingly well
compared to more self-consistent approaches.





Part III

R E S U LT S

In this part, I first present and discuss my results on
the rutile(110)-water interface. In particular, I anal-
yse the electronic structure of bulk rutile calculated
using both DFT and MBPT within the G0W0 approx-
imation. Subsequently, I demonstrate how these re-
sults for the bulk structure can be used for the elec-
tronic energy level alignment across the semiconduc-
tor-water interface using JDFT. The subtle but crucial
differences between using JDFT rather than molecu-
lar dynamics for this alignment step are highlighted.
Next, I present my results on the photoemission spec-
trum of OsO2. I argue that to explain the experimen-
tally observed photoemission spectrum of OsO2, it
is necessary to account for plasmon satellites. This
hypothesis is supported by the calculated photoe-
mission spectra I discuss in the following.





3
Rutile (TiO2)

As highlighted in Section 1.2, PEC cells permit the conversion
of solar energy into chemical fuels and there is currently much
interest in the search for new materials for water splitting or
carbon dioxide reduction [159–162]. A photocathode can only
drive the HER if the quasi electrochemical potential of its elec-
trons is above the reduction potential of water, see Figure 3.1.
Therefore, accurate and efficient methods for predicting the
alignment between a semiconductor’s electronic energy levels
and electrochemical redox potentials are needed to facilitate the
computational discovery of photoelectrode materials.

Many computational studies have used DFT to calculate Kohn-
Sham energy levels of photoelectrodes. Often, these levels are
then referenced to the vacuum outside the photoelectrode, i.e.
to the semiconductor’s contact potential, to put them onto an
absolute scale [163–166]. However, as discussed in Section 2.1.2,
except for the energy of the highest occupied state, the Kohn-
Sham energies do not have the physical meaning of electron
addition or removal energies. Thus, Stevanović and coworkers
employed MBPT within the GW method to compute accurate
quasi-particle energy levels of several different common photo-
electrode materials [135]. After aligning the GW-corrected en-
ergy levels to the vacuum outside the photoelectrodes, they
concluded that, on average, an additional shift of 0.5± 0.3 eV to-
wards the vacuum level was needed to bring the computed en-
ergy levels into agreement with electrochemical measurements
at semiconductor-electrolyte interfaces. This is because using
the semiconductor’s contact potential as reference ignores any
effect the electrolyte might have on the position of the photo-
electrode’s electronic energy levels. For example, an interface
dipole usually forms at the electrode-electrolyte interface due
to the alignment of potentially polar solvent molecules or the
adsorption of charged species and the associated formation of a
space charge region. Such an interfacial dipole inevitably shifts
the semiconductor’s electronic energy levels.
It has become clear that such a rule of thumb as proposed by
Stevanović et al. is only of limited value for the search for new
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photoelectrodes as the effect of the electrolyte can vary signifi-
cantly for different semiconductors. For example, while the re-
duction of the ionization energy and the electron affinity by
0.5 eV yields good agreement with electrochemically measured
band edges at flat band conditions for the (101̄0) surface of
ZnO, other materials like TiO2, CdS, and SnO2 show a shift of
1 eV or more, while the shift for Fe2O3 and NiO is only 0.2 eV
[135].

As will be discussed in great detail in Section 3.1.1, the proper
way of comparing a photoelectrode’s electronic energy levels
with other redox potentials is by aligning them with respect
to the contact potential of water. Hence, to explicitly capture

Figure 3.1: Schematic illustration of a photoelectrochemical cell com-
posed of a hydrogen electrode (left) and a photoelectrode
(right). Thermodynamically, the HER is only possible if the
(quasi) electrochemical potential of an electron (denoted
by green lines) is higher in the photoelectrode than in the
hydrogen electrode. The electrochemical potential of the
majority charge carriers in the semiconductor is mainly
determined by the degree of doping and closely related to
the semiconductor’s CBM (blue line) or VBM (red line). The
difference in electrochemical potential of the electrons be-
tween the two electrode compartments, ∆µ̃e, determines
the direction of the current and hence whether the photo-
electrode can drive the redox reaction of interest.
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the effect of the electrolyte, several groups carried out ab initio
molecular dynamics (AIMD) simulations of the photoelectrode-
water and the water-vacuum interface [161, 167–171]. By aver-
aging the electric potential of many structural configurations,
the difference between the inner electric potential of the photo-
electrode and the outer electric potential of water was deter-
mined. This potential difference was then used to obtain ab-
solute photoelectrode energy levels on the SHE scale. Unfortu-
nately, the computational expense of such simulations is very
high as large unit cells and long simulation times are needed
for precise thermodynamic averages. As a consequence, such
methods cannot easily be used in high-throughput computa-
tional searches for photoelectrode materials.
As described in Section 2.2, PCMs and CDFs of electrolytes are
computationally inexpensive alternatives to atomistic simula-
tions of liquids at solid-liquid interfaces [115, 172]. Both of these
continuum solvation models directly yield averages of proper-
ties such as number densities of atoms or electric potentials,
and avoid the computationally expensive sampling of atomic
configurations. Thus, JDFT is a promising method which might
be able to replace AIMD for the study of solid-liquid interfaces
without compromising rigour and thereby permitting trustwor-
thy high-throughput photoelectrode materials searches in silico.
However, so far the use of JDFT for the alignment of electronic
energy levels has hardly been explored and is only poorly un-
derstood. Ping and coworkers recently employed a PCM to study
band edge positions of several well-known photoelectrodes. By
modelling the photoelectrode-electrolyte interfaces, they refer-
enced the photoelectrodes’ electronic energy levels to the inner
electric potential of the electrolyte. Despite this being a differ-
ent reference point than the outer electric potential of water,
which is the one used to calculate the absolute SHE potential as I
discuss in Section 3.1.1, they reported good agreement of their
results with experimental data [173]. However, so far no expla-
nation for this quantitative agreement, despite choosing incon-
sistent reference points, has been given. This demonstrates that
the determination of absolute electronic energy levels, which is
well established for atomistic solvation models, is qualitatively
different and much less well understood for continuum solva-
tion models.

In this chapter, I rigorously explain the above observation
made by Ping et al. by directly comparing approaches for calcu-
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lating absolute energy levels of photoelectrodes based on atom-
istic solvation models and JDFT using both a PCM and a CDFT
description of water for the latter. By doing so, I also intro-
duce an new energy level alignment workflow that combines a
MBPT treatment within the G0W0 approximation for the photo-
electrode with a CDFT description of water. As a test system, I
investigated a prototypical rutile (TiO2) photoelectrode as this
material has been extensively studied and there exists a wide
range of experimental and theoretical reference data. As will
be shown, the employed PCM and CDF yield significantly differ-
ent results for the change in electric potential across both the
rutile(110)-water and the water-vacuum interfaces. Despite this
disagreement for each interface in isolation, their predictions
for the absolute positions of the rutile’s electronic energy lev-
els agree closely with each other and with that based on the
atomistic solvation model. I explain the observed disagreement
for the individual interfaces by analysing how the different ap-
proaches describe the interfacial charge distribution.

In the following, I first outline the methods and the computa-
tional details that were used to align rutile’s electronic energy
levels with the SHE potential. I start by highlighting the impor-
tance of the absolute SHE potential and its physical meaning.
The latter motivates the aforementioned energy level alignment
procedure via the changes of the electric potential across the
photoelectrode-water and the water-vacuum interfaces. Next, I
present my results for the electronic structure of bulk rutile,
and the structure of the rutile(110)-water and water-vacuum
interfaces. Finally, the main differences between atomistic and
continuum solvation models are discussed which highlights im-
portant subtleties that need to be taken into account when in-
terpreting the results of the latter.

3.1 Methods

3.1.1 Standard hydrogen electrode (SHE)

The calculation and alignment of energy levels is a paramount
part of the theoretical treatment of photoelectrochemistry. It is
essential to have a sound understanding of the physical mean-
ing of the involved energy levels and how they can be com-
pared to each other. This is particularly true for the SHE poten-
tial as it serves as the reference for all other electrode potentials
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by convention. Thus, in the following, I outline Trasatti’s anal-
ysis of the absolute electrode potential of the SHE which gives
physical meaning to this potential in isolation rather than just
treating it as a reference point for relative comparisons [174–
176].

Any redox reaction is characterised by the transfer of elec-
trons from one species to another and can always be expressed
as the difference of two reduction half-reactions. Each reduction
half-reaction defines a redox couple comprising an oxidising
agent (Ox) and a reducing agent (Red), i. e.

Ox + νee− → Red, (3.1)

where νe is the stoichiometric coefficient of electrons transferred
during the half-reaction [18]. In electrochemistry, the HER is of
outstanding importance as it is the half-reaction associated with
the hydrogen electrode and thus, under standard conditions,
i.e. with a proton activity of unity, aH2(g) = 1, corresponding
to pH = 0, and a fugacity of the hydrogen gas of 105 Pa, the
reference for all other half-reactions by convention. This means
that the reaction Gibbs energy, ∆rG, of the redox reaction

2Ox + ν′eH2(g)→ 2Red + 2ν′eH+(aq), (3.2)

where standard conditions are enforced for the SHE, is used
to compare the energetics of different reduction half-reactions
with each other. Here, ν′e is the stoichiometric coefficient of
electrons of the half-reaction that is compared against the SHE
rather than that of the full redox reaction which would be
νe = 2ν′e. The reaction Gibbs energy is defined as Stoichiometric

numbers are the
negative and the
positive of the
stoichiometric
coefficients of the
reactants and the
products,
respectively [18].
While
stoichiometric
coefficients are
always positive,
stoichiometric
numbers have a
sign.

∆rG = ∑
J

νJ µ̄
α
J , (3.3)

where νJ and µ̄α
J are the stoichiometric number and the electro-

chemical potential of species J, respectively, and α refers to the
phase the electrochemical potential is associated with.
The potential E (Ox/Red) associated with the reaction Gibbs
energy, ∆SHE

r G, of Equation 3.2 is called the electrode potential
of the reaction given by Equation 3.1. These two quantities are
related as follows

−νeeE (Ox/Red) = ∆SHE
r G, (3.4)

where e is the elementary charge. The electrode potential is rel-
ative to the absolute potential of the standard hydrogen electrode,
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(a) Schematic of an electrochemical cell comprising the SHE on the left-hand
side and a generic metal electrode compartment on the right-hand side.
The two electrode compartments are joined by a salt bridge which ideally
cancels any potential drop across the two electrolytes.

(b) Illustration of the SHE and the Born-Haber cycle associated with it. The
standard dissociation energy ∆disG◦ is the energy required to split the
hydrogen molecule into two separate hydrogen atoms at standard condi-
tions, and the standard ionisation energy ∆ionG◦ is the energy required
to ionise a hydrogen atom.

Figure 3.2: Overview of an electrochemical cell and the standard hy-
drogen electrode.
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i.e. relative to U−◦ (H+/H2). This becomes more apparent when
writing it as follows

E (Ox/Red) = U (Ox/Red)−U−◦ (H+/H2). (3.5)

On the electrochemical scale, U−◦ (H+/H2) is set to zero for con-
venience. The electrode potential is related to the standard elec-
trode potential E−◦ (Ox/Red) by the Nernst equation, namely

E (Ox/Red) = E−◦ (Ox/Red)− RT
νeF

ln

(
∏

J
aνJ

J

)
, (3.6)

where aJ is the activity of species J [18]. The standard electrode
potential refers to the situation when both the HER and the sec-
ond half-reaction occur under standard conditions. With these
definitions in mind, the physical meaning of the electrode po-
tentials, and in particular their absolute positions, can be dis-
cussed.

Despite being of such central significance in electrochemistry,
there has long been great confusion about the exact meaning
of the absolute electrode potential and the implications of set-
ting the potential of the SHE to zero. The following clarification
is a summary of Trasatti’s argument which finally settled this
dispute [174]. The analysis is based on the electrochemical cell
shown in Figure 3.2a. Using the conventional notation—see ref-
erence [18]—this cell can be written as follows

M′2(s)|M1(s)|H2(g)|H+(aq) ‖ Mn+
2 (aq)|M2(s). (3.7)

The redox couple of the left electrode compartment is clearly
that of the hydrogen electrode, and, as indicated in Figure 3.2a,
standard conditions are implied. According to Kirchhoff’s sec-
ond law, the potential drops across the different parts of the cell
must add up to zero, i.e.

∆M1
M′2

φ + ∆H2
M1

φ + ∆H+

H2
φ + ∆Mn+

2
H+ φ + ∆M2

Mn+
2

φ + ∆M′2
M2

φ = 0, (3.8)

where

∆α
βφ = φα − φβ (3.9)

and φα is the inner electric potential, often called Galvani poten-
tial, of phase α. The inner electric potential’s gradient ‘is equal
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to the negative of the electric field strength within the [associated]
phase’ α [177]. It differs from the outer electric potential ψα, of-
ten called contact potential or Volta potential, by the surface
potential χα, i.e.

φα = ψα + χα. (3.10)

From Equation 3.8, it follows that

∆M2
M′2

φ ≡ φM2 − φM′2

= ∆M1
M′2

φ + ∆H2
M1

φ + ∆H+(aq)
H2

φ

+∆Mn+
2 (aq)

H+(aq) φ + ∆M2
Mn+

2 (aq)
φ

= ∆M1
M′2

φ + ∆H+(aq)
M1

φ + ∆M2
Mn+

2 (aq)
φ

= E
(
Mn+

2 /M2
)

, (3.11)

where the second and third term of the second line were group-

ed together to give ∆H+(aq)
M1

φ, acknowledging that their sum
is the potential drop between the electrolyte and the metal
M1. Furthermore, an ideal behaviour of the salt bridge was as-

sumed, i.e. ∆Mn+
2

H+ φ = 0. Even though it cancels the potential
drop between the two electrolytes, the salt bridge does not al-
low for an electronic equilibration of the two electrode compart-
ments with each other. Thus, as long as the two terminals of the
cell are not connected to each other, i.e. as long as no current
flows through the cell, chemical equilibrium is only reached
within the two half-cells. As the state of chemical equilibrium
implies the equality of the electrochemical potentials across the
entire compartment, it follows for the left-hand side that

µ̄
M′2
e = µ̄M1

e = µ̄
H+(aq)
e . (3.12)

Hence,

µ
M′2
e − eφM′2 = µM1

e − eφM1 (3.13)

∴ ∆M1
M′2

φ =
µM1

e − µ
M′2
e

e
, (3.14)
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where µα
j is the chemical potential of species j in phase α. Since

µ
M′2
e = µM2

e , substituting Equation 3.14 into Equation 3.11 yields

E
(
Mn+

2 /M2
)
=

(
∆M2

Mn+
2 (aq)φ−

µM2
e

e

)
−
(

∆M1
H+(aq)φ−

µM1
e

e

)
, (3.15)

which is clearly of the form of Equation 3.5. Thus, the question

arises if the second term, ∆M1
H+(aq)φ−

µ
M1
e
e , does indeed represent

the hydrogen electrode and, if so, what its physical meaning is.
Intuitively, one would draw the Born-Haber cycle associated
with the SHE as shown in Figure 3.2b, where

α−◦ ,H2O
H+ ≡ µ−◦ ,H2O

H+ + eχH2O (3.16)

is the standard real potential of a proton solvated in pure water,
and the definition of the absolute SHE potential given in Fig-
ure 3.2b is that of the International Union of Pure and Applied
Chemistry (IUPAC) [178]. Energy conservation demands that

0 = ∆disG−◦ + 2∆ionG−◦ + 2∆H2O
g µ̄◦H+ + 2∆M

g µ̄◦e

+ ∆rG−◦
(
H+/H2

)
. (3.17)

The reaction Gibbs energy, ∆rG−◦ (H+/H2), is the maximum
non-expansion work that can be extracted from this reaction.
Equating it to the electric work done during the HER yields

∆rG−◦
(
H+/H2

)
= 2

(
e∆H2(g)

H+(aq)φ− e∆H2(g)
M φ

)
, (3.18)

and, with identities obtained analogous to Equation 3.14, which
is valid since chemical equilibrium can be assumed, namely

e∆H2(g)
M φ = µ

H2(g)
e − µM

e and e∆H2(g)
H+(aq)φ = µ

H2(g)
e − µ

H+(aq)
e , this

gives

∆rG−◦
(
H+/H2

)
= 2

((
µ

H2(g)
e − µ

H+(aq)
e

)
−
(

µ
H2(g)
e − µM

e

))
= 2

(
µM

e − µ
H+(aq)
e

)
= 2e∆M

H+(aq)φ. (3.19)

Substitution into the discussed Born-Haber cycle, Equation 3.17,
and rearrangement yields

e∆M
H+(aq)φ + ∆M

g µ̄◦e =

−
(

1
2

∆disG−◦ + ∆ionG−◦ + ∆H2O
g µ̄◦H+

)
. (3.20)
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Figure 3.3: The Born-Haber cycle for the SHE as suggested by Trasatti
[175].

Clearly, this cannot be directly associated with the second term
of Equation 3.15, especially since ∆M

H+(aq)φ and µ̄−◦ ,M
e appear to

have the same sign.

The Born-Haber cycle Trasatti used for the derivation of the
given identity for U−◦ (H+/H2) is shown in Figure 3.3 [175]. He
acknowledges that the electrons involved in the HER are sup-
posed to be on the electrode and not in the vacuum above
the water but argues rightfully that this difference will be ac-
counted for by ∆rG−◦ . Therefore, if one was to measure the SHE
with the above reference point for the electron, i.e.

2H+(aq) + 2e− (g above H2O)→ H2(g), (3.21)

against a conventional standard hydrogen electrode, i.e.

2H+(aq) + 2e−(M)→ H2(g), (3.22)

the net reaction would be

2e− (g above H2O)→ 2e−(M). (3.23)

Thus,

∆rG−◦ (H+/H2) = ∑
J

νJ µ̄J = 2µ̄−◦ ,M
e − 2µ̄

−◦ ,(g above H2O)
e . (3.24)

Solving the Born-Haber cycle shown in Figure 3.3 for the stan-
dard reaction Gibbs energy yields

− 1
2

∆rG−◦ (H+/H2) = µ̄
−◦ ,(g above H2O)
e − µ̄M

e

=
1
2

∆disG−◦ + ∆ionG−◦ + µ̄H2O
H+ − eψH2O. (3.25)
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Choosing the chemical potential of an electron in vacuum at

infinity to be zero, one can write µ̄
−◦ ,(g above H2O)
e = −eψH2O.

Using Equation 3.10 and the definition of the electron work
function, Φα

e , i.e.

Φα
e ≡ − (µα

e − eχα) , (3.26)

one can then rewrite Equation 3.25 as follows

µ̄
−◦ ,(g above H2O)
e − µ̄M

e = −eψH2O −
(

µM
e − eφM

)
= −eψH2O −

(
µM

e − e
(

χM + ψM
))

= −
(

µM
e − eχM

)
︸ ︷︷ ︸

ΦM
e

+e∆M
H2Oψ

=
1
2

∆disG−◦ + ∆ionG−◦

+ µ̄−◦ ,H2O
H+ − eψH2O︸ ︷︷ ︸

α
−◦ ,H2O
H+

, (3.27)

and therefore

∆rG−◦
(

1
2

H2(g)→ H+(aq) + e− (g above H2O)

)

=
1
2

∆disG−◦ + ∆ionG−◦ + α−◦ ,H2O
H+

= ΦM
e + e∆M

H2Oψ. (3.28)

This identity finally gives some insight into the physical mean-
ing of the energy levels associated with the hydrogen electrode.
Equation 3.28 states that the energy associated with oxidising
the hydrogen is equal to the Gibbs energy required to extract
an electron from the bulk of the metal that serves as contact to
the SHE, and to subsequently move it from a position just above
the metal to somewhere just above the water surface. Therefore,

U−◦
(
H+/H2

)
=

ΦM
e
e

+ ∆M
H2Oψ

=
1
2

∆disG−◦ + ∆ionG−◦ +
α−◦ ,H2O

H+

e
(3.29)
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defines the absolute SHE potential as the difference between the
Fermi level inside the metal contact of the SHE and the contact
potential of water. Thus, any energy level that is to be com-
pared with U−◦ (H+/H2) on the absolute scale must be refer-
enced with respect to the vacuum above the water too. The
right-hand side of Equation 3.29 gives a thermodynamic inter-
pretation of the SHE and also reveals the not quite so intuitive
fact that U−◦ (H+/H2) is independent of the metal used as SHE
contact. Based on the thermodynamic entities involved, the ab-
solute SHE potential has been calculated to be

U−◦
(
H+/H2

)
= 4.44± 0.02 V (3.30)

at T=298.15 K [175, 178].

Going back to Equation 3.15, and rewriting the second term
as

∆M1
H+(aq)φ−

µM1
e

e
=

(
ψM1 + χM1

)
−
(

ψH+(aq) + χH+(aq)
)
− µM1

e

e

=
ΦM1

e

e
+ ∆M1

H+(aq)ψ− χH+(aq) (3.31)

shows, upon comparison with Equation 3.29, that one needs to
add χH+(aq) to give it the real meaning of the SHE, i.e.

U−◦
(
H+/H2

)
= ∆M1

H+(aq)φ−
µM1

e

e
+ χH+(aq). (3.32)

Accordingly, χH+(aq) needs to be added to the first term of Equa-
tion 3.15 too, i.e.

U
(
Mn+

2 /M2
)
=

ΦM2
e

e
+ ∆M2

H+(aq)ψ. (3.33)

Although the above equation is explicitly written for expressing
the work function of a metal in an aqueous environment on the
absolute scale, it can be generalised to any energy level such
as the VBM and CBM of a semiconductor. Thus, Equation 3.33

finally gives a formalism to express the band edges of a semi-
conductor in aqueous environment on the same scale as the SHE
potential which allows a direct comparison. It should be noted
that Cheng et al. developed another formalism, the so-called hy-
drogen insertion method, which allows to directly reference bulk
electron energy levels of an electrode to the SHE without the
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need for alignment via the vacuum above the water [169]. How-
ever, this method requires the calculation of solvation free ener-
gies and is thus computationally very expensive as an extensive
sampling over molecular dynamics (MD) trajectories is required
to obtain reliable thermodynamic quantities.

3.1.2 Electronic energy level alignment at photoelectrode-electrolyte
interfaces

Following the reasoning presented in Section 3.1.1, aligning
electronic energy levels across photoelectrode-electrolyte inter-
faces requires the choice of a common energy reference point
[169]. In this work, I follow Trasatti’s recommendation by choos-
ing this reference point to be the contact potential of liquid wa-
ter, ψH2O, i.e. the potential in vacuum located far enough above
the water surface so that effects of image charges are negligi-
ble [175]. By analysing the associated Born-Haber cycle and
using experimental values for the involved energy differences,
Trasatti determined the work required to bring an electron from
the SHE to this point to be 4.44± 0.02 eV [175]. The associated
electric potential an electron experiences at this point is the zero
of Trasatti’s absolute scale.
To express the electronic energy levels in the photoelectrode on
this absolute scale, I follow a two-step procedure. First, the en-
ergy levels of the bulk photoelectrode are calculated using the
G0W0 method described in Section 2.3.4. In the second step,
the quasi-particle energies of the bulk photoelectrode—most
importantly, the VBM and the CBM—are referenced to the outer
electric potential of water. For this, I first reference the quasi-
particle energies to the average electric potential in the bulk of
the photoelectrode, φ̄PE, with the electric potential being here
calculated as

φ(r) = − e
4πε0

ˆ
ρe(r′)
|r− r′| d3r′ − 1

e ∑
I

Vloc
I (|RI − r|) , (3.34)

where Vloc
I (r) is the local part of the pseudopotential associated

with an atom core located at RI . The latter is not unique and
therefore depends on the pseudopotentials used. I define the
average electric potential, φ̄(z), as

φ̄(z) ≡ 1
a

ˆ a
2

− a
2

〈φ〉xy(z + z′) dz′, (3.35)
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Figure 3.4: Qualitative profile of the average electric potential (green)
along the z-direction of the vacuum-photoelectrode-water-
vacuum slab structure comprised by the computational su-
percell. The outer electric potential of water is chosen to
be zero.

where a is the lattice parameter of the photoelectrode’s sur-
face unit cell in the z-direction which is parallel to the surface
normal, and 〈φ〉xy(z) is the average in the (x, y)-plane. Fur-
thermore, it is implied that 〈φ〉xy(z) is averaged over different
atomic configurations where applicable.
After referencing the quasi-particle energies to φ̄PE, the differ-
ence between φ̄PE and ψH2O is computed. In principle, this re-
quires a unit cell containing a slab with a photoelectrode layer,
a water layer and a vacuum layer, see Figure 3.4 [169, 170]. In
practice, first-principles calculations for such systems are ex-
tremely challenging because of the large system size and the
need for configurational averages. As the water surface should
be independent of the chosen photoelectrode material, the cal-
culation of φ̄PE − ψH2O is therefore usually split into two parts.
First, the inner electric potential difference

∆PE
H2Oφ̄ ≡ φ̄PE − φ̄H2O, (3.36)

where φ̄H2O denotes the average electric potential in the bulk
liquid water, is calculated using a unit cell that does not con-
tain any vacuum but only a slab of the photoelectrode whose
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periodic images are separated by the water. In the second step,
the surface potential of water,

χH2O ≡ φ̄H2O − ψH2O, (3.37)

is determined using a unit cell that contains only a liquid water
layer and a vacuum layer, but no photoelectrode. As discussed
by Kathmann et al., experimental measurements of the water
surface potential depend sensitively on the probe used; electron
holography experiments suggest a value of around 3.5 V, while
electrochemical measurements in which protons, as hydronium
ions, sample the potential, yield values of around 0.1 V [179].
Finally, the outer electric potential difference is defined as

∆PE
H2Oψ ≡ ψPE − ψH2O = χH2O + ∆PE

H2Oφ̄− χPE, (3.38)

where χPE ≡ φ̄PE − ψPE denotes the surface potential of the
photoelectrode. Note that ∆PE

H2Oψ is experimentally measurable,
for example by two-photon photoemission, and, as discussed in
Section 3.1.1, relates electronic energy levels referenced to the
vacuum above the photoelectrode, e.g. the electron affinity and
ionization energies, to absolute energy levels referenced to ψH2O

[180]. For example, the absolute value of the CBM is given by

ECBM(abs) = −EA− e∆H2O
PE ψ. (3.39)

3.2 Computational details

3.2.1 Electronic energy levels of bulk rutile

I first determined the atomic structure of bulk rutile TiO2 us-
ing DFT with the revised Perdew-Burke-Ernzerhof (PBEsol) ex-
change-correlation functional (PBEsol-DFT) [181]. The calculations
employed a plane wave basis and Garrity-Bennett-Rabe-Van-
derbilt (GBRV) ultrasoft pseudopotentials with kinetic energy
cutoffs of 200 Ry and 40 Ry for the electron density and the
wavefunctions, respectively [90, 91]. The Brillouin zone was
sampled with a 5 × 5 × 7 Monkhorst-Pack grid, which was
shifted by half a grid step in each principal direction [182]. Lat-
tice parameters and atomic positions were obtained through a
variable-cell geometry optimization using the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithm. All calculations were car-
ried out using the Quantum Espresso software package [127].
Next, quasi-particle corrections to the DFT band structure were
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determined using the G0W0 method. For this, I first computed
DFT energies and wavefunctions using the PBE exchange-corre-
lation functional (PBE-DFT) and Optimized Norm-Conserving
Vanderbilt (ONCV) pseudopotentials with a kinetic energy cut-
off of 80 Ry for the wavefunctions [86, 92, 93]. For titanium, the
valence electrons comprised the 3s, 3p, 3d, and 4s states. For the
MBPT calculations, I employed a one-shot G0W0 correction with
a plane wave cutoff of 50 Ry for the dielectric matrix. The fre-
quency dependence of the screened Coulomb interaction was
treated within the Hybertsen-Louie GPP model [139]. Empty
state summations employed an explicit set of 2875 conduction
states and an additional static remainder correction [183]. These
calculations were performed using the BerkeleyGW software
package [143].
To establish the accuracy of my G0W0 calculations, the resulting
EA and IE of a rutile(110) surface were determined following
the method of Fall et al., originally developed for the accurate
calculation of electron work functions [184]. Hence, DFT calcu-
lations on relaxed rutile(110) slabs were performed to reference
the G0W0 energy levels to the vacuum level, ψTiO2 . In these cal-
culations, a shifted 8× 4× 1 k-point sampling was used and
the results were carefully converged with respect to the thick-
ness of the rutile slab and the vacuum region. This resulted in
a final slab thickness of 15 TiO2-layers and a vacuum thickness
of 10 Å. Note that for consistency with my bulk calculations, I
used GBRV pseudopotentials and the PBEsol functional for struc-
ture relaxations and ONCV pseudopotentials and the PBE func-
tional to determine electronic properties of the optimized sur-
face structures. The reason for choosing the PBEsol functional
for the structural relaxations was that it greatly improves the
convergence of rutile’s surface properties with respect to the
slab thickness compared to PBE. The PBE exchange-correlation
functional was chosen for the electronic structure calculations
for the sake of easing comparison with previous work on rutile.

3.2.2 Rutile(110)-water interface

I calculated the difference between the average electric poten-
tials in the rutile(110) photoelectrode and water, i.e.

∆TiO2
H2Oφ̄ = φ̄TiO2 − φ̄H2O,

using both JDFT and classical molecular dynamics combined
with subsequent DFT calculations (MD+DFT).
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For the JDFT calculations, the water was described using both
CDFT and a PCM. In particular, I used the Scalar-EOS CDF and
the SaLSA PCM introduced in Section 2.2 [107, 108, 131]. I also
carried out JDFT-CDFT and JDFT-PCM calculations of rutile(110)-
water interfaces with an explicit monolayer of water molecules
adsorbed to the fivefold-coordinated titanium atoms exposed
at the rutile(110) surface. The initial configurations of the water
molecules, which were assumed to be those found by Patel et
al., were relaxed using the BFGS algorithm [185]. In reality, the
water molecules of the first monolayer at the rutile(110) surface
are very likely to be at least partially dissociated [186]. How-
ever, as the focus of this work is on the comparison between
atomistic and continuum solvation models, I only require con-
sistency between these two methods. Therefore, any possible
dissociation of the water molecules was ignored in both cases
for the sake of simplicity.
All JDFT calculations employed GBRV ultrasoft pseudopotentials
and the PBEsol exchange-correlation functional and were car-
ried out using the JDFTx software package [187–189]. To avoid
inconsistencies due to the choice of the pseudopotentials and
to make use of the potential-subtraction method implemented
in JDFTx, I ran the JDFT calculations with and without the liq-
uid electrolyte to first determine the difference ∆TiO2

H2Oφ̄− χTiO2

which was then added to χTiO2 = φ̄TiO2 − ψTiO2 as calculated
with ONCV pseudopotentials and PBE-DFT to obtain the final in-
ner electric potential difference between rutile(110) and water
[190].
For comparison, MD+DFT simulations of the rutile(110)-water
interface were performed using the interaction potentials of
Predota et al [191, 192]. In these calculations, a rutile(110) slab
comprising 3× 2 rutile(110) surface unit cells with a thickness
of 7 TiO2-layers separated by 72 water molecules was used. To
be consistent with the JDFT calculations, the geometry of the
TiO2 slab was relaxed in the presence of an adsorbed mono-
layer of water molecules using PBEsol-DFT and then frozen dur-
ing the MD simulations so that only the water molecules were
free to move. The MD calculations were performed by Kahk us-
ing the Large-scale Atomic/Molecular Massively Parallel Simu-
lator (LAMMPS) software package [193, 194]. A time step of 1.2
fs and a Nosé-Hoover thermostat with a damping parameter of
0.1 ps were used. After equilibrating the system for 1 ns within
a canonical ensemble at 300 K, 30 Snapshots of the atomic con-
figurations were taken every 20 ps on which I subsequently
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performed PBE-DFT calculations employing ONCV pseudopoten-
tials to obtain the associated average electric potentials.

3.2.3 Water-vacuum interface

Referencing the photoelectrode’s electronic energy levels to the
outer electric potential of water also requires the calculation of
the water surface potential, χH2O. Again, both JDFT and MD+DFT
simulations were utilized to study the water-vacuum interface.
For the JDFT calculations, the water slab was constrained to a 45

Å wide region using an artificial electron density which acted
as a hard wall, and, as before, both CDFT and PCM approaches
were employed to describe the water. Note that electrostatic in-
teractions of the liquid with the constraining electron density
were cancelled using a coincident positive charge density.
For the MD+DFT calculations, I modelled the water surface as a
slab comprising 256 water molecules in a 15× 15× 100 Å3 sim-
ulation cell. Using the extended SPC model, the water was equi-
librated for 2 ns at 300 K using the canonical sampling through
velocity rescaling (CSVR) thermostat in CP2K, a time constant of
10 fs, and a time step of 0.5 fs before 80 snapshots of atomic con-
figurations were obtained from simulations in a microcanonical
ensemble at a temperature of 308.4 K every 20 ps [114, 195–198].
Finally, PBE-DFT calculations employing ONCV pseudopotentials
were carried out for these snapshots to compute the average
electric potential. Due to the asymmetric nature of the water
slab configurations, a dipole correction was used for the latter
[199].

3.3 Results

3.3.1 Electronic energy levels of bulk rutile

The converged PBEsol-DFT lattice parameters of rutile are a =
4.5944 Å and c = 2.9404 Å, comparing well with the experi-
mental estimates of a = 4.5937 Å and c = 2.9587 Å [200]. For
the converged structure, PBE-DFT predicts a bandgap of Eg =
1.95 eV. The G0W0 correction significantly increases this value
to 3.42 eV in good agreement with experimental values which
range from 3.3± 0.5 eV to 4.0± 0.2 eV [201–206]. By combining
photoemission spectroscopy and inverse photoemission spec-
troscopy results, Rangan et al. obtained a presumably very ac-
curate estimate of rutile’s fundamental electronic bandgap of
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Table 3.1: First ionization energy (IE) and electron affinity (EA) of a
rutile(110) surface from DFT, G0W0 and experiment [209].
All energies are given in eV.

Method IE EA

DFT (PBE) 7.18 5.23

G0W0 (PBE) 8.37 4.95

Exp. 8.2± 0.3 4.7± 0.3

3.6± 0.2 eV [204]. Previous GW studies reported a wide range
of values for the bandgap of rutile. For example, Patrick et al.
carried out G0W0 calculations on top of a PBE+U mean-field
calculation with U chosen to minimize the G0W0 self-energy
correction [207]. However, the resulting bandgap Eg = 2.85 eV
is significantly smaller than the experimentally measured gap.
In contrast, a quasi-particle self-consistent GW calculation by
van Schilfgaarde et al. yielded Eg = 3.78 eV [208].

To determine the IE and EA of rutile(110), I first calculated
the rutile surface potential finding χTiO2 = 12.70± 0.02 V. Ta-
ble 3.1 shows the resulting values of the IE and EA from PBE-
DFT, G0W0 and photoemission experiments. The increase in the
G0W0 bandgap is mostly caused by a shift of the VBM—mea-
sured relative to the average electric potential φ̄TiO2—to lower
energies, while the CBM increases by only 0.28 eV. The experi-
mental estimate of the EA was obtained by adding the funda-
mental bandgap, which was assumed to be 3.5 eV, to the exper-
imentally measured IE. While my G0W0 results agree well with
experiment, there is a significant discrepancy of 1.0 eV between
PBE-DFT and experiment for the IE.

3.3.2 Rutile(110)-water interface

Figure 3.5 shows the electric potential profiles from MD+DFT
snapshots of the rutile(110)-water interface and the associated
average electric potential. The resulting inner electric potential
difference is ∆TiO2

H2Oφ̄ = 8.00 V.
The electric potential profiles of the rutile(110)-water interface
from JDFT-CDFT and JDFT-PCM are shown in Figure 3.6 and
the resulting potential differences are summarized in Table 3.2.
JDFT-CDFT yields ∆TiO2

H2Oφ̄ = 9.26 V for the pristine rutile(110)
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surface, somewhat larger than the MD+DFT result. Explicitly
including the first monolayer of water molecules reduces this
value by 0.29 V. Figure 3.7 shows the oxygen number density
nO(z) of water at the rutile(110)-water interface. The MD pre-
diction of nO(z) exhibits two large peaks corresponding to two
water layers which are strongly bound to the rutile surface. The
JDFT-CDFT density profile also exhibits several peaks at the inter-
face, but with a significantly smaller height and a wider spacing
between them reflecting the inability of the Scalar-EOS approx-
imation to describe strongly adsorbed water molecules. Inclu-

Figure 3.5: (a) Illustration of the atomic structure of the rutile(110)-wa-
ter interface [210]. Note that I assumed a fully molecular
rather than a (partially) dissociated structure of the first
monolayer of water molecules. (b) Electric potential pro-
files at the rutile(110)-water interface based on the atomic
configurations obtained by the means of MD+DFT. The thin
colourful lines represent that planar average electric poten-
tials of the individual atomic configurations.
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Figure 3.6: Average electric potential profiles at the rutile(110)-water
interface from (a) JDFT-CDFT and (b) JDFT-PCM.

sion of an explicit monolayer of water molecules in JDFT leads
to a better description of the interface.
In contrast, JDFT-PCM yields a significantly larger value of ∆TiO2

H2Oφ̄

than MD+DFT and JDFT-CDFT, namely ∆TiO2
H2Oφ̄ = 12.07 V. This

value is reduced by 0.54 V when an explicit monolayer of water
is included in the calculation. The large discrepancy between
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Figure 3.7: Normalised oxygen number densities at the rutile(110)-
water interface.

JDFT-PCM calculations and the MD+DFT and JDFT-CDFT results is
further analysed in Section 3.4.
I also carried out DFT calculations with an adsorbed monolayer
of water molecules and no additional description of the elec-
trolyte, see Figure 3.6(a). This yields a surface potential of 11.63

V, i.e. a reduction of χTiO2 by 1.07 V compared to the pristine
surface.

3.3.3 Water-vacuum interface

Figure 3.8 shows the average electric potential of the water-
vacuum interface from MD+DFT. From this, the resulting water
surface potential is χH2O = 3.46± 0.03 V. This value is similar
to previous results by Pham et al. and Leung who reported
χH2O = 3.75± 0.10 V and χH2O = 3.63± 0.04 V, respectively
[168, 212]. Note that the value of χH2O depends on the pseu-
dopotential, see Equation 3.34. Furthermore, the average elec-
tric potential obtained by the means of CDFT and a compari-
son of the normalised oxygen site densities are also shown in
the same figure. For the water surface potential, CDFT yields
χH2O = 2.93 V. The decay of the oxygen site density profile
agrees well between CDFT and MD indicating the absence of
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Table 3.2: Electric potential differences between TiO2 and water at the
rutile(110)-water interface, and between water and vacuum
from MD+DFT, JDFT-PCM and JDFT-CDFT with and without
an explicit monolayer (ML) of adsorbed water molecules.
The resulting absolute values for the CBM of rutile, i.e. refer-
enced to the outer electric potential of water, are also shown.
All potential differences are given in V and electronic ener-
gies in eV.

MD+DFT
JDFT JDFT+ML

Exp.

PCM CDFT PCM CDFT [180, 211]

∆TiO2
H2Oφ̄ 8.00 12.07 9.26 11.53 8.97 —

χH2O 3.46 0‡ 2.93 0‡ 2.93 —

∆TiO2
H2Oψ 1.24 0.63 0.51 1.17 0.80 0.95

ECBM(abs) −3.71 −4.32 −4.44 −3.78 −4.15 −4.10

‡Note that any PCM is unsuitable for describing the water-vacuum in-
terface as a perturbing electric field that could induce a response in the
PCM is missing. The resulting absence of any surface charge leads to
χH2O = 0. Nevertheless, in the case of water, this happens to be in fair
agreement with the expected value, cf. Section 3.4.

any spurious features due to the confining potential described
in Section 3.2.3. Lastly, the PCM yields χH2O = 0 as there is no
external perturbation which induces any polarization response
in the liquid.

3.3.4 Absolute electronic energy levels

Table 3.2 shows the resulting absolute values of rutile’s CBM.
MD+DFT yields ECBM(abs) = −3.71 eV, significantly higher than
the results of both JDFT-CDFT and JDFT-PCM. Again, the agree-
ment is improved when an explicit monolayer of adsorbed wa-
ter molecules is included in the JDFT calculations.
Experimental measurements suggest that ECBM(abs) = 4.1 ±
0.1 eV [211, 213]. Specifically, Chandra et al. obtained
ECBM(abs) = −4.35 ± 0.05 eV at pH = 1 using electrochemi-
cal techniques [211]. Using the Nernst equation to adjust this
value to pH = 5.5± 0.5, which corresponds to the point of zero
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charge of the rutile(110) surface, yields ECBM(abs) = −4.1 ±
0.1 eV [192, 211, 214, 215]. A similar value was also found in
measurements of the flatband potential of a reduced rutile(110)
surface by Nakamura et al. [213].
In addition to the absolute energy levels, it is also possible to
measure ∆TiO2

H2Oψ. Using two-photon photoemission, Onda et al.

found ∆TiO2
H2Oψ = 0.95 ± 0.05 eV [180]. This value is in agree-

ment with ∆TiO2
H2Oψ = 0.6± 0.4 eV obtained from Equation 3.39

when the experimental EA and ECBM(abs) are used. Table 3.2
shows that JDFT-PCM and JDFT-CDFT significantly underestimate
the experimental two-photon photoemission value of ∆TiO2

H2Oψ by
almost 0.5 V, while MD+DFT overestimates it by 0.3 V. For both
JDFT methods, the agreement with experiment is improved by
including an explicit monolayer of adsorbed water molecules.

Figure 3.8: Average electric potential profiles derived from PBE-DFT

calculations on 80 independent water(SPC/E)-vacuum con-
figurations (faint green line) and a CDFT calculation on a
45 Å wide water slab (solid green line). The graph also
shows the oxygen number densities, normalised by the
experimental value for bulk water, as obtained with MD

(SPC/E) and CDFT.
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3.4 Discussion

The results presented in Section 3.3 show good agreement be-
tween the absolute electronic energy levels of rutile calculated
with atomistic models and those calculated with continuum
solvation models. There is also good agreement with experi-
mental measurements. However, in my calculations I assumed
an ideal stoichiometric rutile surface, whereas real rutile photo-
electrodes can have a variety of surface structures, morpholo-
gies, chemistries, defects, and impurities [216]. Furthermore,
as mentioned previously, the structure of the first monolayer
of water molecules at the interface may differ from the one
assumed here [185, 186]. Direct comparison with experiment
requires careful consideration of these issues and I emphasise
that my focus is not on comparison with experiment, but on the
comparison between atomistic and continuum solvation mod-
els of the electrolyte.

Despite the good agreement between different models for the
absolute electronic energy levels, there is a substantial discrep-
ancy of several volts in the values of ∆TiO2

H2Oφ̄ and χH2O calculated
from MD+DFT, JDFT-CDFT and JDFT-PCM, see Table 3.2. Interest-
ingly, these differences almost cancel when ∆TiO2

H2Oψ and the ab-
solute energy levels are calculated. This can, at least partially,
be explained by differences in how these models describe the
charge distributions in water at interfaces, as I now explain.
There has been much discussion in the literature about how to
define, and to calculate, the change in potential across an in-
terface, with particular interest in the water surface potential
[179, 212, 217–220]. However, a consensus has yet to emerge on
a rigorous theory—one that would be equally applicable to a
molecular liquid and to a crystalline solid. I do not attempt to
propose such a theory here, but I note that χH2O can be writ-
ten as a sum containing terms that are the same for all water
interfaces, which I refer to as the bulk and the frozen interface
contributions, and a term that is different for each water in-
terface, which I call the interface relaxation contribution. These
three contributions are depicted schematically in Figure 3.9.
The bulk contribution arises from the microscopic charge den-
sity in the bulk of water and is that which, in the context of elec-
tron wave refraction, is often referred to as the mean inner poten-
tial (MIP) [221]. It is the time average of the potential one would
calculate by solving Poisson’s equation for the instantaneous
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microscopic bulk charge density, if one neglected boundary
terms. The MIP was analysed in the context of crystalline solids
by Bethe who showed that, for a hypothetical crystal composed
of spherically-symmetric atoms, it can be expressed in terms of
the spherical second moment of the electron density [222]. Be-
cause MD+DFT simulations provide the microscopic charge den-
sity everywhere in the electrolyte, they include this bulk con-
tribution denoted by φ̄MIP. By contrast, continuum models of
liquids can only predict a time-averaged charge density which
is zero in bulk water. Consequently, continuum solvation mod-
els do not describe φ̄MIP.
To understand the interface contributions depicted in
Figure 3.9b and Figure 3.9c, it is useful to imagine creating an
interface from bulk water in two steps. First, a surface is created
by inserting a plane and removing all of the charge on one side
of it. The remaining semi-infinite bulk can be placed in contact
with the semi-infinite bulk of another phase to create a hypo-
thetical unrelaxed, or frozen, interface. The change in the aver-
age electric potential across this unrelaxed interface is what we
refer to as the frozen interface contribution, ∆frozenφ̄. This con-
tribution is described by both the MD+DFT calculations and the
JDFT-CDFT approach. The JDFT-PCM approach does not capture
∆frozenφ̄ as this method only describes changes in the charge
density induced by an external potential. Recall that JDFT-CDFT
reconstructs the electron density from the average nuclear den-
sities and therefore does not require an external perturbation
to predict a non-zero surface charge density, see Section 2.2.
Due to the liquid nature of the aqueous electrolyte, and the as-
sociated lack of long-range order, ∆frozenφ̄ is the same for any
interface of liquid water with another phase. Therefore, it can
also be considered a property of the bulk since it is interface
independent. Indeed, as Finnis has shown, neither the frozen
interface contribution nor the bulk contribution to the electric
potential is well defined because each one depends sensitively
on the precise position of a notional boundary plane separating
interface from bulk regions. However their sum is independent
of the position of this plane and is well defined [223].
The second step in creating an aqueous interface is to allow
the nuclei and electrons to relax. The resulting change in the
interfacial charge density gives rise to the interface-specific re-
laxation contribution to the inner electric potential, ∆relaxedφ̄, see
Figure 3.9c. This contribution is captured by the MD+DFT simu-
lation and also by the JDFT-CDFT and JDFT-PCM methods.
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I have decomposed χH2O into three terms to make it clear that
different models of the electrolyte yield different electric poten-
tial profiles across an interface and that this is not only due to
inaccurate formulations or parametrizations of these models. It
is also a consequence of different levels of detail in their descrip-
tions of the charge density. Differences in the effective charge
density are also partially responsible for the different values
of χH2O obtained by electrochemical measurements and elec-
tron holography experiments because protons, or H3O+ ions,
sample space on a different time scale to electrons and thus
experience a different charge density. In addition to this, the
sampling of space by high energy electrons is relatively unbi-
ased, whereas ions do not sample space close to nuclei [179].
However, it is important to remember that the determination of
absolute quasi-particle energy levels requires the simulation of
two aqueous interfaces, the photoelectrode-water and the water-
vacuum interface. As both these interfaces need to be crossed
when going from the interior of the electrode to the vacuum
above the water, the bulk contribution, φ̄MIP, and the frozen in-
terface contribution, ∆frozenφ̄, to the inner electric potential of
water precisely cancel when absolute energies are calculated. In
contrast, the relaxed interface contributions to the electric po-
tential are very different for the rutile(110)-water and the wa-
ter-vacuum interface. In particular, Figure 3.7 and Figure 3.8
suggest that the alignment of water molecules is much weaker
at the water-vacuum interface than at the rutile(110)-water in-
terface. Indeed, according to the MD+DFT calculations and the
value of ∆TiO2

H2Oφ̄ predicted by JDFT-PCM when the first monolayer
of water molecules is explicitly accounted for, ∆relaxedφ̄ is only
a very small part of χH2O, see Table 3.2.

The above discussion explains why JDFT-PCM predictions for
absolute energy levels agree with atomistic and JDFT-CDFT re-
sults despite JDFT-PCM’s incomplete description of the charge
density. The small value of ∆relaxedφ̄ for the water-vacuum in-
terface and the fact that the bulk and frozen interface contribu-
tions to the electric potential, which JDFT-PCM does not capture,
would cancel are also the reasons why Ping et al. obtained ac-
curate results for the absolute electronic energy levels of photo-
electrodes when using JDFT-PCM even though they did not in-
clude the water surface [173].
Previously it has also been noted that the shift of rutile’s elec-
tronic energy levels due to an aqueous electrolyte is numer-
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ically very similar to that observed when only a monolayer
of adsorbed water molecules is considered [224]. The latter is
∆TiO2

H2Oψ = 1.07 V, in good agreement with experiment, see Fig-
ure 3.6 and Table 3.2. While it is at first surprising that a sin-
gle monolayer of water molecules can capture the combined ef-
fect of the rutile(110)-water and the water-vacuum interface, my
analysis might offer an explanation for this as well. The mono-
layer of water molecules adsorbed to the pristine rutile(110) sur-
face is structurally very similar to that at the actual rutile(110)-
water interface, see Figure 3.7. The strong alignment of the wa-
ter molecules in this first monolayer suggests that they should
be responsible for the main part of ∆relaxedφ̄ across the
rutile(110)-water interface. Thus, this interface contribution is
reasonably well described by the single monolayer of adsorbed
water molecules and, as before, ∆relaxedφ̄ from the water surface
can be numerically neglected due to its small value.

3.5 Conclusions

In summary, I introduced a new approach for determining ab-
solute electronic energy levels of photoelectrodes by combining
G0W0 calculations of bulk quasi-particle energies with JDFT sim-
ulations of electrode-water and water-vacuum interfaces. I ap-
plied this method to rutile photoelectrodes and obtained good
agreement with experimental results when an explicit mono-
layer of adsorbed water molecules was included in the JDFT
calculations. I also compared my results to atomistic MD+DFT
simulations of the interfaces. Again, good agreement for the
absolute energy levels was found despite observing significant
discrepancies for the electric potential differences at the indi-
vidual interfaces. This paradoxical situation was resolved by
analysing the interfacial potential differences in terms of inter-
face and bulk contributions. I found that the different methods
yield very different values for the bulk contributions, which,
however, cancel when the effects of both water interfaces are
combined to calculate the absolute electronic energy levels.
The presented workflow might permit high-throughput search-
es for novel photoelectrode materials. I note, however, that ad-
ditional work is needed to develop better CDFs which can cap-
ture the effect of strongly adsorbed water molecules in order to
avoid the need to include any explicit water in the JDFT calcula-
tions.
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4
Osmium dioxide (OsO2)

While rutile (TiO2) is a large bandgap semiconductor, the same
(rutile) crystal structure gives rise to a metallic nature if tita-
nium is exchanged for osmium which is also a transition metal.
In fact, there is a whole group of transition metal dioxides
that are metallic and crystallise in the rutile structure, e.g. IrO2,
RuO2, ReO2, and MoO2. All of these last four oxides are used
as catalysts for a variety of different chemical reactions [225–
235]. Despite the success and importance of these compounds,
OsO2 is not studied extensively and does not have any notable
applications yet. This is partially due to its tendency to further
oxidise to OsO4 which is highly volatile and toxic. However,
regardless of its toxicity, OsO4 is a very important catalyst, es-
pecially for the hydroxylation of alkenes [48–52]. OsO2 is also
the parent oxide to many ternary and quaternary oxides of os-
mium which might not have any catalytic functionalities but
have been shown to display other interesting magnetic and elec-
tronic properties [53–59]. Hence, even though OsO2 itself is not
a promising candidate for any important applications at the mo-
ment, it is still worthwhile to carefully investigate its electronic
structure because a sound understanding of this binary oxide
may form the basis for further research into potentially useful
osmate materials.
Thus, Regoutz et al. studied the electronic structure of single
crystal OsO2 by the means of photoelectron spectroscopy (PES)
[236]. As I will discuss in this chapter, the experimentally mea-
sured PES spectrum did not agree with the calculated single-
electron density of states (DOS) near the Fermi level. Starting
with basic PBE-DFT, I demonstrate that this discrepancy is nei-
ther explained by the explicit inclusion of spin-orbit coupling
(SOC) effects nor by any short-comings of DFT, but that one
needs to go beyond a simple comparison between the single-
electron DOS and the measured photocurrent. By calculating
the actual many-electron DOS from first principles, I show that
OsO2 has a low energy bulk plasmon which leads to satellite
features in the PES spectrum that explain the aforementioned
discrepancy. I stress that all of the experimental results pre-
sented here have been provided by courtesy of Regoutz et al.,
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and my contribution to this work are the computational find-
ings discussed in the following [236].

In this chapter, I first provide a brief introduction into the rel-
evant experimental methods employed by Regoutz et al., namely
reflection electron energy loss spectroscopy (REELS), used to experi-
mentally measure the bulk plasmon energy of OsO2, and photo-
electron spectroscopy (PES). Next, I review the theory of photoe-
mission in more detail and introduce a state-of-the-art method
for calculating photoelectron currents from first principles de-
veloped by Guzzo and others. The theoretical treatment of pho-
toemission is closely linked to the many-electron problem dis-
cussed in Section 2.3. Subsequently, I present both the main
experimental results obtained by Regoutz et al. and my own
complementary computational results regarding the PES spec-
trum of OsO2. The chapter concludes with a discussion of these
results, and a brief summary that highlights once more the im-
portance of computational and theoretical insights for the cor-
rect interpretation of experimentally obtained PES spectra.

4.1 Methods

4.1.1 Experimental methods

4.1.1.1 Reflection electron energy loss spectroscopy (REELS)

All electron energy loss spectroscopy (EELS) methods employ elec-
trons as probes which are accelerated towards the sample. The
probing electron interacts with the sample and thereby loses
some of its kinetic energy due to inelastic scattering events. The
main inelastic scattering mechanisms are excitations of phonons,
plasmons, or single-electrons, and the emission of bremsstrahl-
ung due to deceleration of the probing electron [237]. Single-
electron excitations can lead to either a neutral excitation in
the form of an electron-hole pair, or to secondary electrons
which are electrons that escaped from the sample. Depending
on the experimental setup used for EELS, the probe either travels
through the entire sample or is reflected by it. In either case,
the kinetic energy spectrum of the probing electrons after the
interaction with the sample, and in particular the energy they
lost relative to their initial incident energy, gives insight into the
frequency and, when combined with theoretical considerations,
the nature of the different inelastic scattering mechanisms that
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occurred [237].
For the current work, my experimental collaborators used
REELS, where the energy loss spectrum of the reflected elec-
trons is analysed, to study plasmon excitations in OsO2 [236,
238]. Plasmon excitations usually dominate the low energy loss
spectrum. This is because the energy loss due to phonon ex-
citations is generally between 10-100 meV and therefore not
resolved in the EELS spectrum [237]. Furthermore, the energy
loss associated with excitations of a single valence electron can
typically range up to 50 eV but those excitations are relatively
infrequent. However, the energy required to excite a plasmon
ranges from 1 eV to 30 eV, and the probe’s mean free path be-
tween plasmon scattering events is usually about 100 nm which
results in a high frequency of plasmon scattering events [237].
Other scattering events, such as the excitation of core electrons,
occur at much larger energies. Hence, in the EELS spectrum, the
first main peak observed after the elastically scattered electrons
is attributed to plasmon excitations. The position of this peak
relative to the zero-loss peak gives the bulk plasmon energy,
i.e. the energy required to excite a single bulk plasmon, and its
width is determined by the plasmon’s lifetime and the instru-
mental resolution.
In this low loss region, where the energy loss is dominated by
neutral electronic excitations, the signal is determined by the
sample’s macroscopic dielectric function. In particular, the low
loss signal is proportional to the imaginary part of the inverse
macroscopic dielectric function, i.e.

EELSlow ∝ − Im
(

ε−1
macro

)
. (4.1)

Hence, by calculating the dielectric function with suitable ap-
proximations, such as the RPA mentioned in Section 2.3.3, one
can predict the low loss EELS spectrum and the position of the
plasmon peak.

4.1.1.2 Photoelectron spectroscopy (PES)

Amongst the different PES methods, angle-resolved photoelec-
tron spectroscopy (ARPES) provides the most information about
the sample’s electronic structure as it can measure both the elec-
trons’ binding energies and their momenta. The latter allows
the sample’s electronic band structure to be probed directly in
reciprocal space. However, in the present case of interest, the
angle-integrated PES spectrum is the only concern. Thus, the
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following discussion will only cover the underlying theory for
measuring the binding energies and I ignore the additional as-
pects associated with ARPES. Reference [239] provides an excel-
lent introduction to PES in greater detail.
All PES methods are based on the photoelectric effect, which
was first observed by Hertz in 1887 and later famously ex-
plained by Einstein, and all of them yield a spectrum of the
photocurrent with respect to the binding energies of the sam-
ple’s electrons [240, 241]. During the measurement, the sam-
ple is exposed to monochromatic electromagnetic radiation. As-
suming that only one photon is interacting with the sample at
any time, let the sample’s energy prior to the interaction be EN,
where the subscript indicates the number of the electrons in the
sample. Given that the incident photon’s energy is larger than
the sample’s electron work function Φ, the photon can excite a
bound electron into an unbound state. Let the total energy of
the sample immediately after the interaction with the photon
be E∗N−1 where the asterisk indicates that the energy generally
corresponds to an excited state of the (N − 1)-electron system.
Note that the value of E∗N−1 depends on which electron is re-
moved from the sample. Energy conservation requires

EN + h̄ω = E∗N−1 + Ekin (+Eloss) (4.2)

E∗N−1 − EN = h̄ω− Ekin (−Eloss) , (4.3)

where ω is the angular frequency of the incident photon, and
Ekin is the kinetic energy of the extracted electron when it leaves
the sample. Eloss accounts for any losses, such as inelastic scat-
tering events. The smallest possible value of E∗N−1 − EN, which
is EN−1 − EN, i.e. the ground state energy of the (N − 1)-elec-
tron system minus the ground state energy of the initial N-elec-
tron system, gives the negative of the sample’s Fermi energy
relative to the vacuum level, i.e it gives the sample’s electron
work function Φ. Often it is convenient to express all observed
values of E∗N−1 − EN relative to this smallest energy difference.
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On this scale, the energy difference E∗N−1 − EN is referred to as
the binding energy of the removed electron, i.e.

Eb ≡
(
E∗N−1 − EN

)
− (EN−1 − EN)︸ ︷︷ ︸

=Φ

(4.4)

=
(
E∗N−1 − EN

)
−Φ (4.5)

= h̄ω− Ekin (−Eloss)−Φ (4.6)

∴ Ekin = h̄ω− Eb − Eloss −Φ. (4.7)

Assuming the absence of extrinsic losses, which are energy losses
associated with scattering events occurring after the initial pho-
toexcitation, Equation 4.6 suggests that, in a non-interacting elec-
tron picture, the kinetic energy of the photoelectron directly
maps to the binding energy of the initial state the electron was
removed from. Hence, in this simplified picture, the photoelec-

Figure 4.1: Schematic of the simplified relationship between the DOS

of pseudo-independent electrons and the associated PES

signal. Adapted from [242].
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tron current I(Eb) should be directly proportional to the single-
electron DOS, i.e.

I (Eb) ∝
1

ΩBZ

occ

∑
n

ˆ
BZ

δ (Eb − εn(k))d3k, (4.8)

where εn(k) is the energy of the single-electron state φnk(r)
with band index n and momentum k. This concept is schemat-
ically shown in Figure 4.1. Despite the gross approximations
made in the justification of Equation 4.8, it illustrates that PES
can be a powerful tool for gaining insight into the electronic
structure of a material. For example, PES is a standard tool to
measure a metal’s electron work function or a semiconductor’s
VBM.

However, to understand and explain real, experimentally mea-
sured PES spectra, Equation 4.8 is inadequate; in reality, the pho-
toemission process is a complicated many-body problem, and
the assumptions that there are no extrinsic losses and that the
electrons are pseudo-independent fail. Even if extrinsic losses
are ignored, it is necessary to acknowledge the quantum me-
chanical nature of the interaction between the incident pho-
ton and the many-electron system which includes an adequate
treatment of the (N − 1)-electron system. How this can be
achieved is discussed in Section 4.1.2.

4.1.2 The theory of photoemission

From Section 4.1.1.2, it is apparent that PES probes the energy
difference between the initial N-electron system, which is as-
sumed to be in its ground state, and the (possibly excited)
(N− 1)-electron system resulting from the sample’s interaction
with an incident photon whose energy is greater than the sam-
ple’s electron work function Φ.
Using perturbation theory, one can derive Fermi’s golden rule,
which gives the rate wi f of an N-electron system with an ini-
tial electronic state ΨN

i transferring into the final state ΨN
f upon

a perturbation, from the time-dependent Schrödinger equation
[243, 244]. In general, the final state is still an N-electron system.
Assuming that the perturbation is indeed a photon, Fermi’s
golden rule states

w f i =
2π

h̄

∣∣∣〈ΨN
f
∣∣Ĥint

∣∣ΨN
i

〉∣∣∣2 δ
(

EN
f − EN

i − h̄ω
)

, (4.9)
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where Ĥint is the Hamiltonian describing the interaction between
the incident photon and the many-electron system. Due to the
Dirac delta function, wi f is only non-zero if EN

f = EN
i + h̄ω, i.e.

the delta function enforces the conservation of energy. In the
case of PES, and assuming the absence of any extrinsic losses,
the energy of the final state can be decomposed into the kinetic
energy of the free photoelectron and the energy of the remain-
ing, and possibly exited, (N − 1)-electron system, i.e.

EN
f = Ekin + E(N−1)

f , (4.10)

and therefore

w f i =

2π

h̄

∣∣∣〈ΨN
f
∣∣Ĥint

∣∣ΨN
i

〉∣∣∣2 δ
(

Ekin + E(N−1)
f − EN

i − h̄ω
)

, (4.11)

where
∣∣∣〈ΨN

f

∣∣Ĥint
∣∣ΨN

i

〉∣∣∣2 is the probability that Ĥint
∣∣ΨN

i
〉

will

result in state ΨN
f . In reality, ΨN

f is the result of the entire
photoemission process starting from the initial photoexcitation,
which is followed by the travel of the excited electron to the
surface, and concluded by the escape of the photoelectron into
vacuum through the sample’s surface. Breaking the photoemis-
sion process down into these three steps is known as the three-
step model [239, 245]. The scattering events the excited electron
undergoes on its way to and at the surface are the aforemen-
tioned extrinsic losses.
To make progress with evaluating Equation 4.11, one usually fo-
cuses on the initial photoexcitation step only and applies the so-
called sudden approximation. This approximation means that the
response of the remaining (N − 1) electrons to the potential as-
sociated with the induced hole is instantaneous, and that, apart
from the initial photoexcitation, there is no further interaction
between the photoelectron in vacuum and the (N− 1)-electron
system. This then justifies to write the final state as a product
of a plane wave free electron wavefunction, φk f , where k f is the
free electron’s wavevector, and the many-body wavefunction of
the remaining electrons, Ψ(N−1)

f , i.e.

ΨN
f = Âφk f Ψ

(N−1)
f , (4.12)

where Â is an operator which ensures that ΨN
f is antisymmetric

[245]. Note that Ψ(N−1)
f is generally not simply ΨN

i with one of
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its electrons removed and the rest of the electrons being frozen,
i.e. ∣∣∣Ψ(N−1)

f

〉
6= ψ̂−ki

(r, t)
∣∣∣ΨN

i

〉
, (4.13)

where ψ̂−ki
(r, t) is the annihilation operator removing a single-

electron from the state φki of the initial N-electron system, but
could be any excited state of the (N− 1)-electron system as long
as energy conservation is obeyed. The probability amplitude
c f ki of finding the system in any possible final state Ψ(N−1)

f is
given by

c f ki =
〈

Ψ(N−1)
f

∣∣∣ ψ̂−ki
(r, t)

∣∣∣ΨN
i

〉
. (4.14)

Assuming the initial state ΨN
i can be expressed as a linear com-

bination of Slater determinants, it can be written in terms of the
product of φki and Ψ(N−1)

ki
= ψ̂−ki

(r, t)
∣∣ΨN

i
〉
, namely

ΨN
i = Âφki Ψ

(N−1)
ki

. (4.15)

The probability amplitude of finding a photoelectron with ki-

netic energy Ekin =
h̄2k2

f
2me

that originated from state φki is then
given by〈

ΨN
f
∣∣Ĥint

∣∣ΨN
i

〉
=〈

φk f

∣∣Ĥint
∣∣ φki

〉
∑
f ′

〈
Ψ(N−1)

f ′

∣∣∣ ψ̂−ki
(r, t)

∣∣∣ΨN
i

〉
, (4.16)

where the sum is over all allowed states of the (N− 1)-electron
system with total energy E(N−1)

f . Substituting Equation 4.16

into Equation 4.11 yields

wk f ki =
2π

h̄

∣∣∣Mk f ki

∣∣∣2 ∑
f ′

∣∣∣c f ′ki

∣∣∣2
× δ

(
Ekin + E(N−1)

f ′ − EN
i − h̄ω

)
, (4.17)

with Mk f ki =
〈

φk f

∣∣Ĥint
∣∣ φki

〉
. The total photocurrent is propor-

tional to the sum of all the transition probabilities, i.e.

I(k f ) ∝ ∑
f ′,ki

∣∣∣Mk f ki

∣∣∣2 ∣∣∣c f ′ki

∣∣∣2
× δ

(
Ekin + E(N−1)

f ′ − EN
i − h̄ω

)
. (4.18)
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Hence, to calculate the photocurrent associated with the initial
photoexcitation is a two-step problem: one needs to compute
first the probability that an electron can be removed from φki ,
which is given by

A−(ki, E) ≡∑
f

∣∣c f ki

∣∣2 δ
(

E + EN−1
f − EN

i

)
, (4.19)

where A−(ki, E) is the single-electron removal spectral function

and E =
h̄2k2

f
2me
− h̄ω, and secondly the single-electron dipole ma-

trix elements Mk f ki . The latter can be calculated assuming the
initial state of the removed electron can be represented as a
combination of atomic orbitals. The spectral weight function is
closely related to the single-electron Green’s function. Specifi-
cally, it can be shown that

A− (ki, E) = − 1
π

Im
(

GR (ki, E)
)

, (4.20)

where GR (ki, E) is the retarded Green’s function [239, 242]. Thus,
if one knew the full interacting single-electron Green’s func-
tion, one would automatically get access to the spectral function
which would then account for all possible scattering events be-
tween the hole and the (N − 1)-electron system, and thus for
all possible excited states of the electron system.

4.1.2.1 Calculating the single-electron spectral function

From Equation 2.44, it follows that

G =
1

1
G0
− Σ

(4.21)

and therefore

Ak(E) =
1
π

|Im (Σk(E))|(
E− εKS

k − Re (Σk(E))
)2

+ |Im (Σk(E))|2
, (4.22)

were Ak(E) is the spectral function for the quasi-particle state
φQP

k (r) [137, 246]. Equation 4.22 is exact as long as the exact
self-energy is used. With the many-body electronic density of
states (MB-DOS) given by

MB-DOS(E) = ∑
k

Ak(E), (4.23)

it is clear that Equation 4.22 captures the quasi-particle part
of the PES spectrum since the spectral functions peak when
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E− εKS
k − Re (Σk(E)) disappears. Equation 4.22 also allows for

features such as satellites which are manifestations of many-
body correlation effects and of the structure of Im

(
ε−1(E)

)
to

appear in regions over which |Im (Σk(E))| has a local maximum
and where Re (Σk(E)) is almost constant at the same time. How-
ever, in practice, Equation 4.22 does not correctly describe fea-
tures such as satellites for real materials when evaluated within
the GW approximation to Σ [247]. In particular, using the GW
approximation to evaluate Equation 4.22 can lead to an arti-
ficial peak which was initially assigned to a plasmaron excita-
tion which was thought of as a coupling between a hole and
a plasmon [248, 249]. In the predictions, this peak usually ap-
pears at binding energies that are 1.5-2 times the plasmon en-
ergy higher than the main quasi-particle peak [247]. Examples
of real materials for which the existence of such an artificial
plasmaron peak is predicted by Equation 4.22 are Si, Al, and
Na [250–253]. Guzzo provides a careful review of the history
of the plasmaron peak and its interpretation [247]. He notes
that while this peak persists even if the single-particle Green’s
function is calculated self-consistently, Equation 4.22 could po-
tentially correctly describe satellite features if, in addition to
G, the screened Coulomb potential W was also calculated fully
self-consistently. An even more promising approach than calcu-
lating the GW self-energy self-consistently would be to include
vertex corrections, i.e. additional terms of Equation 2.55, when
computing the self-energy which has produced good results
for model systems [247, 254, 255]. However, fully self-consis-
tent GW calculations are notoriously expensive and difficult to
perform for real materials.
Equation 2.44 is not the only way to express and access the in-
teracting single-particle Green’s function; to get a handle on G,
one can also start with the Green’s function’s equation of mo-
tion. This leads to the Kadanoff-Baym equation which is a non-
linear functional differential equation and therefore extremely
difficult to solve [253, 256, 257]. Lani et al. derived an approxi-
mate but linearised form of the Kadanoff-Baym equation [258].
Employing an exponential expression for the Green’s function
as ansatz and using a plasmon-pole model for the screened
Coulomb interactions, Guzzo et al. solved the linearised Ka-
danoff-Baym equation [247, 251]. With the aforementioned ap-
proximations, their solution is

Gk(E) = e−ak
∞

∑
n=0

an
k

n!
1

E− εQP
k − nh̄ωpl

, (4.24)
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where ωpl is the system’s plasma frequency. Since Σk is a non-lo-
cal, non-Hermitian, and energy-dependent operator, the eigen-
values εQP

k are complex [152]. Hence, Equation 4.24 is of the
form

G = ∑
n

cn

a− ib

= ∑
n

cn
a + ib

a2 + b2 . (4.25)

Ergo, with Γk = Im
(

εQP
k

)
being the quasi-particle’s lifetime,

Im (Gk(E)) =

e−ak
∞

∑
n=0

an
k

n!
Γk(

E + nh̄ωpl − Re
(

εQP
k

))2
+ Γ2

k

, (4.26)

where ak = (1− Zk)/Zk with Zk being the quasi-particle renor-
malisation factor [247, 251, 252]. Contrary to Equation 4.22,
Equation 4.26 is not explicitly dependent on the self-energy. It
is written solely in terms of quasi-particle properties, which can
be calculated within the GW approximation, but because Equa-
tion 4.26 was derived not making any assumptions about the
self-energy, it does still include all many-electron correlation
effects in principle.

4.1.2.2 Single-electron photoionization cross-sections

From Equation 4.18 it is apparent that the total photocurrent
does not only depend on the electronic structure of the (N− 1)-
electron system but also on Mk f ki which describes the interac-
tion between the incident photon and the electron that is re-
moved from the N-electron system. The interaction of a photon
with single-electron states has been studied extensively within
the context of photoemission spectra of isolated atoms [259,
260]. In particular, Scofield calculated photoionization cross-sec-
tions σα

nlj(ω) which are a measure of the probability that the
interaction of atom α with a photon with energy h̄ω will re-
sult in the ionisation of atom α by the removal of an electron
associated with the orbital specified by the quantum numbers
n, l and j [259, 261]. Note that the photoionization cross-sec-
tions depend on the photon energy, and therefore so does the
photocurrent. Hence, the experimentally measured photoelec-
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Table 4.1: Lattice parameters of OsO2 in Å.

Ref. [262] PXRD PBE-DFT

a 4.500 4.499 4.5036

c 3.184 3.186 3.2054

c
a 0.708 0.708 0.712

tron current I(Eb, ω) is often compared to the single-electron
photoionization cross-section weighted DOS, i.e.

I(Eb, ω) ∝ ∑
α,n,l

σα
nl (ω)PDOSα

l (Eb) , (4.27)

where σα
nl is the sum over σα

nlj appropriately weighted based on
the occupation of the states with different total angular momen-
tum. However, as discussed in Section 4.1.2, using the projected
density of states (PDOS) calculated with DFT is insufficient to
accurately predict the relative photocurrrent intensity, and in-
stead one needs to weight the projected MB-DOS by the pho-
toionization cross-sections.
For each quasiparticle state φk(r), where k encloses the band
index nB and wavevector k which is within the first Brillouin
zone, Equation 4.26 gives direct access to one term of the total
MB-DOS via Equation 4.20. To correctly weight Equation 4.26 by
the photoionization cross-sections, φk(r) was projected onto the
atomic orbitals φα

nl(r) comprised by the OsO2 unit cell which
yielded the projection coefficients cα

nlk. The photocurrent was
then calculated as

I(E, ω) ∝

∑
α,n,l,k

σα
l (ω) cα2

nlke−ak
1

∑
m=0

am
k

m!
exp

−
(

E− Re(εQP
k ) + mEpl

)2

2Γ2
k

 , (4.28)

where Epl = h̄ωpl. Note that I replaced the Lorentzian of equa-
tion Equation 4.26 with a Gaussian function and I terminated
the second sum after its second term.

4.2 Results

4.2.1 Experimental results

Please note that all experimental results reported in Section 4.2.1
were not obtained by myself but are provided courtesy of Re-
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goutz et al. [236]. They studied single crystals of OsO2 by the
means of hard X-ray photoelectron spectroscopy (HAXPES) and
REELS.
The OsO2 single crystals which measured several millimetres in
size were grown using the oscillating chemical vapor transport
method as reported in reference [262]. Their purity was con-
firmed using powder X-ray diffraction (PXRD) which also yielded
the lattice parameters given in Table 4.1. The PXRD pattern was
recorded with a Bruker D8 using copper K-α radiation and a 2θ

step size of 0.01943◦.
The OsO2 HAXPES data shown in Figure 4.2a was collected from
single crystals at the I09 beamline of the Diamond Light Source
(UK). Three different photon energies were employed, namely
2.50 keV, 5.93 keV, and 8.14 keV. The spectrum collected at
a photon energy of 1486.6 eV was measured with a Thermo
ScientificTM K-Alpha+ X-ray photoelectron spectrometer (XPS)
at Imperial College London. All presented spectra are consis-
tent with each other and composed of the following four fea-
tures: a prominent peak (I) at about 1.0 eV below the Fermi
energy, and three more subtle peaks (II, III, IV) at binding ener-
gies of approximately 3.0 eV, 6.0 eV, and 8.5 eV, respectively. It is
noteworthy that the relative intensities of these four features do
not change significantly as the photon energy increases. With
increasing photon energy, the fraction of the XPS signal that is
due to electrons that came from the bulk of the OsO2 sample in-
creases. Thus, the fact that the relative intensities of these four
features do not change with increasing photon energy suggests
that none of them are associated with surface phenomena.
The REELS results were obtained on a Thermo ScientificTM Nex-
saTM XPS system employing primary electrons with an energy
of 980 eV. From Figure 4.3, it is apparent that the low energy
REELS signal is dominated by the primary peak, but magnify-
ing the signal clearly reveals a shoulder centered at an energy
loss of 1.83 eV. As discussed in Section 4.1.1.1, a peak in this re-
gion is usually associated with a plasmon excitation. Hence, it
was concluded that the experimentally measured bulk plasmon
energy of OsO2 is 1.83 eV.
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(a) PES signal of OsO2 measured at photon energies of 1.5 keV, 2.5 keV, 6.0
keV, and 8.0 keV.

(b) PBE-DFT DOS with and without SOC.

(c) PBE-DFT PDOS without SOC.

Figure 4.2: Experimentally measured PES spectrum (a), and the calcu-
lated DOS (b) and PDOS (c) of OsO2.
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Figure 4.3: REELS spectrum of OsO2. The position of the low energy
loss peak suggests a plasmon energy of h̄ω

exp
pl ≈ 1.83 eV

4.2.2 Computational results and discussion

My computational investigation of bulk OsO2 started with DFT
calculations using the Quantum Espresso software package [127,
128]. The unit cell of OsO2 has the same crystal structure as
rutile TiO2. Its first Brillouin zone was sampled using a very
fine 21× 21× 31 Monkhorst-Pack k-point grid displaced from
the origin by half a grid step in each principle direction. ONCV
pseudopotentials as distributed with the JDFTx software pack-
age were employed in combination with the PBE exchange-cor-
relation functional [86, 263]. With these pseudopotentials, the
kinetic energy cutoffs for the wavefunctions and for the charge
density was 100 Ry and 400 Ry, respectively. Furthermore, a
Marzari-Vanderbilt cold smearing of 2 mRy was used for the
occupation near the Fermi level [264].
A full relaxation of the unit cell, including the atomic coor-
dinates, yielded lattice parameters of a = 4.5036 Å and c =
3.2054 Å as reported in Table 4.1. The computed values of both
lattice parameters agree well with the experimental references.
Using this relaxed geometry, the DOS and PDOS of bulk OsO2

were calculated, see Figure 4.2b and Figure 4.2c, respectively.
It is apparent that the DOS, which was calculated with PBE-DFT
and a smearing of 300 meV to match the experimental resolu-
tion, can justify the peaks I, III, and IV observed in the ex-
perimental PES spectrum. However, comparing Figure 4.2a and
Figure 4.2b clearly shows that there is a large gap over a range
of almost 2 eV in the computed single-electron DOS where the
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signal associated with peak II is observed in the experimental
data.
The atomic number of osmium is 76 and its electron configu-
ration is [Xe] 4f14 5d6 6s2. The spin magnetic moment of the p,
d, and f electrons interacts with the magnetic moment arising
from the orbital angular momentum. This interaction is known
as spin-orbit coupling (SOC). Depending on the alignment of
these two moments, an electron can have slightly different en-
ergies in the same orbital. The amount of energy by which an
electron’s energy level is shifted, ESOC, is proportional to the

(a) Single-electron DOS computed by summing Gaussian functions centred
on the quasi-particle energies.

(b) Approximate MB-DOS based on the first two terms of Equation 4.26.

Figure 4.4: Single-electron DOS and MB-DOS of OsO2 based on quasi-
particle energies which were calculated within the G0W0

approximation and assuming a broadening of 300 meV.
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dot product of the two momenta, and in particular, for a free
atom,

ESOC =
1
2

hÃj(j + 1)− l(l + 1)− s(s + 1), (4.29)

where j, l, and s are the quantum numbers specifying the total,
orbital, and spin angular momentum, respectively, and Ã is the
spin-orbit coupling constant [18]. As the magnitude of s can
only be 1

2 , the importance of SOC increases with increasing l.
Furthermore, Ã depends on the nuclear charge, and the SOC ef-
fect is greater for heavier atoms since a greater positive charge
leads to the electrons experiencing a stronger magnetic field
[18]. From Figure 4.2c, it is apparent that peak I and III which
frame the gap in the DOS mainly comprise the PDOS associated
with the Os 5d and the O 2p orbitals. Combined with osmium’s
relatively high atomic number, SOC could be particularly impor-
tant for the Os 5d states which could lead to a broadening of
the I peak and therefore a narrowing of the observed gap in
the computed DOS. To test this hypothesis, I recalculated the
DOS including an explicit treatment of SOC effects. The result,
which was obtained using fully relativistic ONCV pseudopoten-
tials with the same cutoff parameters as before, is also shown
in Figure 4.2b [265]. Indeed, a widening of the Os 5d peak is
observed and its left edge extends slightly less than 100 meV
further into the aforementioned gap. However, it is clear that
even with an explicit treatment of SOC, the origin of feature II
in the experimental PES spectrum cannot be explained by the
DFT-based DOS alone.

As discussed in Section 2.1, KS eigenenergies generally do not
bear any physical meaning and as outlined in Section 2.3, MBPT
within the GW approximation to the self-energy is a more ap-
propriate method of calculating single-electron eigenenergies
and therefore the DOS. The shift in the electrons’ eigenener-
gies due to solving the quasi-particle equation rather than the
KS equation leads to a change in the electronic DOS and could
even yield the emergence of new features. Hence, I calculated
osmium dioxide’s DOS based on the quasi-particle energies ob-
tained within the G0W0 approximation to test if these effects
can explain the existence of feature II. The G0W0 calculations
were based on the wavefunctions obtained with the non-rela-
tivistic ONCV pseudopotentials and the PBE exchange-correla-
tion functional. I employed the GPP model for the calculation
of the permittivity. The energy cutoff for the dielectric matrix
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Figure 4.5: Imagninary part of the inverse of the energy-dependent
macroscopic permittivity of OsO2 calculated within the
Adler-Wiser formalism.

was 40 Ry. For numerical reasons, the evaluation of quasi-parti-
cle energies of metals within the BerkeleyGW software package
requires the calculation of the dielectric matrix on a relatively
coarse Monkhorst-Pack grid in reciprocal space, and also for
a very short q-vector on a much finer Monkhorst-Pack grid
[143]. The coarse grid was 6 × 6 × 8 while the fine grid was
15 × 15 × 23, and the short q-vector was q0 =

(
1
15 , 1

15 , 1
23

)
in

crystal coordinates. The evaluation of Equation 2.72 included
1499 bands in total on the coarser grid and 299 bands on the
finer grid. Finally, the G0W0 self-energy and the associated en-
ergy corrections to the KS eigenenergies were calculated for the
first 40 bands on the 6× 6× 8 Monkhorst-Pack grid using an
energy cutoff of 100 Ry and 40 Ry for the bare and screened
coulomb interaction, respectively. The resulting DOS is shown in
Figure 4.4a. It is apparent that the G0W0 correction of the elec-
trons’ eigenenergies did not result in any significant changes
of the DOS, that is, the quasi-particle DOS and the PBE-DFT DOS
of OsO2 share the same features, including the gap at binding
energies of around 1.5–3 eV. Hence, it can indeed be concluded
that peak II observed in the experimental PES spectrum is not
due to the DOS of pseudo-independent electrons, and that the
associated signal must stem from other effects.

As highlighted in Section 4.1.2, the photoemission of an elec-
tron from a solid is a complicated many-electron problem and,
while often providing a useful and insightful starting point, the
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pseudo-independent electron picture and hence the idea that
the photocurrent is solely depended on the single-electron DOS
and the photoionization cross-section is not correct. The theo-
retical results discussed so far clearly demonstrate this for the
case of OsO2. Hence, I calculated the MB-DOS of OsO2 to cap-
ture the many-body aspect of the photoemission process as out-
lined in Section 4.1.2. For the reasons given in Section 4.1.2.1, I
performed this calculation based on Equation 4.26 rather than
Equation 4.22. In particular, I evaluated Equation 4.20 using the
first two terms of Equation 4.26 for each occupied quasi-parti-
cle state φQP

k (r) with the already discussed quasi-particle ener-
gies and renormalisation factors which were obtained within
the G0W0 approximation. Equation 4.26 was terminated after
only two terms as ak is positive but smaller than unity and
hence the series converges quickly. Furthermore, knowing from
Figure 4.3 that the plasmon energy is 1.83 eV, it can only be
the first plasmon satellite that could possibly account for fea-
ture II. To determine the plasmon energy from first principles,
I calculated the complex and fully energy-dependent permit-
tivity of OsO2 within the Adler-Wiser formalism introduced
in Section 2.3.3 using the BerkeleyGW software package. The
imaginary part of the inverse of the macroscopic permittivity is
shown in Figure 4.5. The very sharp peak in the loss function
suggests that OsO2 has a bulk plasmon energy of 2.45 eV. This
is 0.6 eV larger than what was observed in the REELS measure-
ment, see Figure 4.3. Plasmons are pure signatures of correla-
tion and thus the overestimate of the plasmon energy might be
due to the G0W0 approximation used; a better agreement with
experiment might be obtained if W was calculated self-consis-
tently. Although a disagreement of 0.6 eV would be a much
smaller relative error for many other materials, e.g. Na, Li, or
Si whose bulk plasmon energies are 5.7± 0.1 eV, 7.1± 0.1 eV,
and 16.6± 0.1 eV, respectively, it is a large relative error com-
pared to the 1.83 eV measured by Regoutz et al. for OsO2 [236,
266, 267]. Thus, I used the experimentally measured plasmon
energy rather than my computational result to evaluate Equa-
tion 4.26. However, Figure 4.5 still verifies that the plasmon-
pole models exploited in both the derivation of Equation 4.26

and the calculation of the quasi-particle energies should be jus-
tified. The resulting MB-DOS is shown in Figure 4.4b, and it is
indeed non-zero everywhere throughout the region of interest.
Therefore, this result strongly suggests that feature II of the ex-
perimentally measured PES spectrum of OsO2 is not due to any
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Figure 4.6: Calculated and experimental PES spectrum, both sepctra
correspond to a photon energy of hv = 6.0 keV. The Fermi-
Dirac distribution was used to taper off the calculated
spectrum.

extrinsic effects but has a dominantly intrinsic origin, namely
the excitation of a bulk plasmon in addition to the removal of a
photoelectron whose true binding energy would be within the
range of peak I.
However, despite the apparent success of the MB-DOS based on
the Kadanoff-Baym equation to predict a potential for a pho-
tocurrent throughout the valence band of OsO2 as it is observed
experimentally, comparison of Figure 4.2a and Figure 4.4b clear-
ly shows that the relative intensities of its features do not agree
with the experimental PES spectrum. This is because, as dis-
cussed in Section 4.1.2 and Section 4.1.2.2, the MB-DOS alone is
not equal to the photocurrent and the individual spectral func-
tions its composed of need to be weighted by the matrix ele-
ments Mk f ki . To account for this, the actual photocurrent was
predicted using Equation 4.28 with the photoionization cross-
sections calculated by Scofield [259] assuming an incident pho-
ton energy of 6 keV. This gave my final prediction of the PES
spectrum which is compared to the experimentally measured
one in Figure 4.6. To ease the comparison, the predicted pho-
tocurrent was scaled so that the areas under both curves up to
the Fermi energy are the same. While the relative intensities of
the four main features are still not exactly as observed in exper-
iment, the overall agreement is much better than with any of
the previous PES proxies. In particular, the relative intensity of
feature II is significantly increased which reaffirms the conclu-
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sion that this feature is indeed a plasmon satellite.
Further improvement of the agreement between the experimen-
tal and the theoretical results could be achieved by account-
ing for extrinsic losses due to the interaction between the pho-
toelectron and the remaining hole, and any scattering events
the photoelectron undergoes after the initial photoexcitation as
demonstrated by Guzzo et al. [251]. However, this was not done
here for two reasons. Firstly, because the result presented in
Figure 4.6 is already sufficient to clarify the origin of feature II
and therefore answers the main question of this investigation
as it is, and secondly, the validity of the sudden approxima-
tion, and hence the exclusion of any extrinsic losses, increases
with increasing incident photon energy. As mentioned before,
Figure 4.2a clearly shows that the discussed PES spectrum is
essentially converged with respect to the photon energy.

4.3 Conclusion

The electronic structure of bulk OsO2 was probed by the means
of PES. Comparison of the measured photocurrent with the sin-
gle-electron DOS calculated via DFT raised the question of the
origin of feature II which falls into a gap of electronic energy
levels. This gap remained upon including SOC corrections on a
DFT level and quasi-particle corrections via the G0W0 approx-
imation. Thus, the MB-DOS of OsO2 was computed using the
formalism derived by Guzzo et al. to include the possibility of
plasmon satellites and other correlation effects [247, 251]. Us-
ing the experimentally measured plasmon energy of 1.83 eV,
the photocurrent predicted by the photoionisation cross-section
weighted MB-DOS indeed includes a signal which coincides with
feature II. Thus, my work leads to the conclusion that feature II
has a dominantly intrinsic origin and that it can be interpreted
as a plasmon satellite of the Os 5d peak.





Part IV

C O N C L U S I O N





5
Conclusion

5.1 Summary

In this thesis, I addressed the need for the discovery and devel-
opment of new photoelectrode materials and catalysts which
are required to avoid dangerous climate change and to protect
our natural environment. The aim of my work was to explore
how state-of-the-art computational methods can contribute to
the associated materials discovery challenge.

Using the prototypical rutile (TiO2) photoelectrode as an ex-
ample, I showed in Chapter 3 how a combination of a descrip-
tion of a semiconductor’s electronic structure within the G0W0
approximation and a JDFT approach for the semiconductor-wa-
ter interface can yield accurate positions of the semiconductor’s
electronic energy levels on the SHE scale. By doing so, I high-
lighted and explained the differences in the description of the
charge distribution at interfaces between atomistic and contin-
uum solvation models. The workflow I established can be used
to replace computationally expensive AIMD simulations when
calculating the alignment of a semiconductor’s electronic band
edges with respect to other redox potentials. However, as of
now, an accurate description of the semiconductor-water inter-
face within the JDFT formalism requires the explicit treatment of
at least a single monolayer of water at the interface. It is likely
that this is due to the lack of accurate pure density functionals
for the kinetic energy of the electrons as discussed in Section 2.2.
Since the structure and the alignment of the water molecules at
the interface with a semiconductor is generally not known a
priori, having to include the first monolayer of water explicitly
is a big obstacle for realising the full potential of JDFT for high-
throughput photoelectrode materials discovery studies.

In Chapter 4, I demonstrated the need for theoretical insights
for the correct interpretation of experimentally measured PES
spectra based on the case of OsO2. PES is one of the most im-
portant characterisation techniques for catalysts and photoelec-
trode materials [47]. Thus, highlighting its success’ dependence
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on computational contributions and being able to provide these
when and where necessary is important. To explain the ob-
served PES spectrum of OsO2 it was necessary to go beyond
a simple comparison between the measured photocurrent and
the calculated single-particle DOS even when the latter was com-
puted within the G0W0 approximation. In the end, I could ac-
count for the finite photocurrent recorded where there was a
gap in the single-particle DOS by using the formalism devel-
oped by Guzzo et al. which yields the true many-electron DOS
[247, 251]. This unveiled that the PES spectrum of OsO2 displays
a rare low-energy plasmon satellite which is a pure signature of
electron correlation. However, the bulk plasmon energy that I
calculated within the Adler-Wiser formalism was almost 0.6 eV
larger than the experimentally measured one, showing that a
purely ab initio description of PES spectra remains a challenging
task in practice.

5.2 Concluding remarks and future work

Photoelectrochemistry appears to be an extremely elegant solu-
tion to directly convert solar to chemical energy. Thus, it is not
surprising that the challenge to find suitable photoelectrodes
for PEC water splitting or CO2 reduction has become something
like the quest for the Holy Grail since successful, albeit ineffi-
cient, PEC water splitting was first reported in 1972 [268–271].
The difficulty of this task arises from the many criteria an effi-
cient and practically useful photoelectrode needs to meet. That
is, in addition to having an electronic bandgap that is small
enough to maximise the photoabsorption but large enough to
provide enough free energy to drive the redox reactions of in-
terest, the employed semiconductor must also have the right
positioning of its band edges relative to the other redox lev-
els as discussed in Chapter 3. Furthermore, the photoelectrode
must be stable under the operating conditions. It should also al-
low for sufficiently high electron and hole mobilities, and long
charge carrier lifetimes to increase the probability of electron
transfer across the semiconductor-water interface. As discussed
in Section 1.3, ideally the photoelectrode should also directly
catalyse the reaction of interest or at least support a suitable
catalyst to minimise the overpotentials. Last but not least, it
should be composed of abundant and non-toxic elements and
be easy to process.
From the above list of materials requirements, it is apparent
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that a search based on the positioning of the candidate ma-
terials’ electronic energy levels alone cannot be sufficient but
only a first step. This becomes even more evident when con-
sidering that semiconductors whose band edges are well posi-
tioned for PEC water splitting are already known, for example
CuFeO2 in its delafossite structure which—despite its appar-
ently ideal electronic structure for being a photocathode for
the HER—seems to perform disappointingly in practice [272–
275]. The exact reasons for the underwhelming efficiencies of
CuFeO2 photocathodes are not understood yet but it is specu-
lated that detrimental defect states or self-trapping of the ex-
cited electrons might be responsible for it [275, 276]. This is
especially frustrating as CuFeO2 is composed of cheap and non-
toxic elements and easy to process [272]. Furthermore, it is ex-
tremely stable; a property it shares with many other promising
metal oxide photoelectrodes such as hematite (α-Fe2O3), CuO2,
BiVO4, and WO3 [277–281].
Hence, it is instructive to not get too carried away with the
pursuit of finding new photoelectrode materials but to also try
to better understand and improve the already known candidate
materials. For CuFeO2, this could be achieved by a careful inves-
tigation of surface states ideally going beyond the stoichiomet-
ric surface structures assumed in most high-throughput studies
by determining the interface structure under operating condi-
tions. Furthermore, theoretical investigations of the charge car-
rier lifetimes, e.g. based on electron-phonon interactions, or of
electron transfer processes at the semiconductor-water interface
would also be extremely insightful [99]. However, as of now,
these are challenging tasks which require careful considerations
for each candidate material at a time. Thus, a more holistic ap-
proach for high-throughput photoelectrode materials searches
based on several descriptors and not just the electronic band
edge positions seems to be out of reach. Nevertheless, while
working towards such a holistic method, it is important that
each aspect developed for it is highly optimised and employs
an appropriate level of theory.
Based on my own work, I recommend employing JDFT-CDFT
for the electronic energy level alignment process as discussed
in Chapter 3 but to use DFT in combination with hybrid ex-
change-correlation functionals instead of MBPT to compute the
electronic structure of the candidate materials. This is because
calculating the quasi-particle corrections is currently computa-
tionally extremely expensive and hybrid implementations such
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as the Heyd-Scuseria-Ernzerhof (HSE) functional yield accept-
able band edge shifts relative to the underlying PBE values
when compared to G0W0, especially for bandgaps in the region
of interest [282, 283]. While CDFs which can reliably predict
chemical bonding and dissociation of water molecules at a semi-
conductor surface are still unavailable, an intermediate solution
could be to run short AIMD simulations of the first monolayer
of water at the interface within the JDFT framework. This could
permit rapid determination of a representative water structure
at each new interface and therefore a successful application of
JDFT for the calculation of interfacial electric potential steps.
However, the fact that still no industrially viable PEC water split-
ting devices have been developed after almost half a century
since successful water photoelectrolysis was first reported by
Fujishima and Honda highlights the complexity of this tech-
nology [268]. Separating the solar energy harvesting from the
catalysis and electrolysis greatly reduces the complexity as it
allows each aspect to be optimised independently of each other.
Thus, it is not surprising that it seems to become more and
more apparent that a highly efficient solar cell connected to
an electrolyser employing the best catalysts for the redox re-
actions of interest is actually a much more viable and realistic
solution than any PEC alternative [284–288]. Hence, as noble
as the quest for a purely PEC based hydrogen production is, it
begs the question if these efforts are not wasted and if the re-
search community should focus entirely on the development of
cheaper, cleaner, and more efficient and stable solar cells, and
better catalysts instead.

Reflecting on my work on OsO2, it is apparent that it has
less of an imminent impact on a specific materials discovery
challenge than my findings presented in Chapter 3. However,
Chapter 4 does serve as an additional use case of a current state-
of-the-art method for theoretical PES, which so far has mainly
been tested on simpler materials such as Si, Na or Al, success-
fully applied to a metal oxide [247, 251, 252, 289–291]. As of
now, there are only few records of similar investigations of
metal oxide materials [292, 293]. Thus, my research on OsO2

should further contribute to the trust build in the methods de-
veloped by Guzzo and others.
Furthermore, it paved the way for future investigations into a
couple of theoretically very intriguing questions. Firstly, it re-
mains unanswered why the plasmon energy of OsO2 derived
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from the permittivity calculated within the Adler-Wiser for-
malism overestimates the actual value by 0.60 eV. This could
be further explored by computing osmium dioxide’s permittiv-
ity self-consistently, or by comparing the results obtained for
OsO2 with related oxides such as RuO2 and IrO2. While the
former approach might unveil a methodological reason for the
observed disagreement, a comparison between these three tran-
sition metal oxides which all crystallise in the same rutile struc-
ture could shed light on the question whether the overestima-
tion of the plasmon energy is specific to OsO2 or not.
Secondly, as mentioned in Section 4.1.2.1, the MB-DOS can also
be calculated based on Equation 4.22 which is exact in prin-
ciple. As OsO2 does exhibit a low energy plasmon satellite, it
provides a great opportunity to study the implications of differ-
ent approximations to the self-energy for the MB-DOS computed
via Equation 4.22. For example, one could systematically use
higher orders of self-consistency for the GW approximation. In
particular it would be interesting to see if a plasmaron peak
would be observed. Similarly, one could include vertex correc-
tions by going beyond the first term of Equation 2.55 to study
the resulting effects on the MB-DOS. However, these additional
investigations would be computationally very expensive.
Lastly, a further possibility of future work on the PES spectrum
of OsO2 is the inclusion of extrinsic losses as done by Guzzo et
al. for bulk silicon [251]. This would yield an even more realistic
prediction of the photocurrent.
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