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A SPARSE SPECTRAL METHOD FOR VOLTERRA INTEGRAL
EQUATIONS USING ORTHOGONAL POLYNOMIALS ON THE
TRIANGLE*

TIMON S. GUTLEB! AND SHEEHAN OLVER %

Abstract. We introduce and analyze a sparse spectral method for the solution of Volterra
integral equations using bivariate orthogonal polynomials on a triangle domain. The sparsity of
the Volterra operator on a weighted Jacobi basis is used to achieve high efficiency and exponential
convergence. The discussion is followed by a demonstration of the method on example Volterra
integral equations of the first and second kind with or without known analytic solutions as well as
an application-oriented numerical experiment. We prove convergence for both first and second kind
problems, where the former builds on connections with Toeplitz operators.

Key words. Volterra integral equations, spectral methods, sparse operators, orthogonal poly-
nomials
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1. Introduction. Define the Volterra integral operator

I(z)
(L1) (Vi) (z) = f K (. y)u(y)dy,

where K (z,y) is called the kernel, u(y) is a given function of one variable and the
limits of integration are either {(z) = x or [(x) = 1 — x. This paper concerns Volterra
integral equations of the first and second kind, that is, to find u satisfying

Vru =g or (M +Vi)u=g.

Numerous applications and the fundamental nature of Volterra integral and integro-
differential equations motivate research into efficient and accurate numerical solvers.
Various forms of Volterra integral equations are analytically well-understood [13, 41,
51], have been the subject of various numerical approximation schemes [13, 12, 5, 33],
and are encountered regularly in various scientific fields as well as engineering and
finance applications [13, 41, 49, 51, 28, 29].

In this paper we present a method to compute Volterra integrals and solve Volterra
integral equations by using orthogonal polynomials on a triangle domain [22, 39] to
both resolve the kernel and to reduce the equations to banded linear systems. The
method is in the same spirit as some previous contributions to the field of numerical
Volterra, Fredholm, singular integral and differential equations based on operators and
orthogonal polynomials such as [1, 27, 45, 26] but differs in choice of basis and domain,
leading to operator bandedness properties which can be exploited for significantly
increased efficiency. Notably the approach introduced in this paper can be used for
a wider range of kernels than many other Volterra integral equation solvers such as
the methods based on orthogonal polynomials due to Loureiro and Xu [32, 54], the
recently developed ultraspherical spectral method in [26] or the Fourier extension
method in [53] as it is not limited to convolution kernel cases, that is kernels of the
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2 TIMON S. GUTLEB, SHEEHAN OLVER

form K(x,y) = K(xr — y), but works for a wider class of kernels. We prove the
convergence of the proposed sparse spectral method for second kind Volterra integral
equations with general kernels which are sufficiently smooth to be approximated by
Jacobi polynomials as well as for first kind Volterra integral equations with sufficiently
smooth kernels where Yz € [0,1] : K(x,x) # 0.

The sections in this paper are organized as follows: Section 2 introduces the
required aspects of univariate and bivariate polynomial function approximation on a
real interval and the triangle respectively. Section 3 introduces an efficient numerical
method for Volterra integrals and integral equations and discusses how to approach
kernel computations using a multivariate variant of Clenshaw’s algorithm. In Section
4 we show the scheme in action in both toy and application-based examples. Proofs
of convergence for well-posed problems are discussed in Section 5.

2. Function approximation with orthogonal polynomials.

2.1. Jacobi polynomials on the real interval. Multivariate orthogonal poly-
nomials are ordered sets of polynomials satisfying a particular pair-wise and weighted
orthogonality condition, often of the form

(2.1) (P i, Pnj) = fQ P k(%) Py (x)W (x)dA = Cpmndji,

where C' # 0 and P, j are total degree m polynomials. Many such sets of orthogonal
polynomials are well-known and well-studied on various domains €2 such as R, real
intervals, simple 2D and 3D domains, as well as various higher dimensional spheres
and polygons [22]. The relevant set of orthogonal polynomials for this paper are the
Jacobi polynomials on the real line and on the triangle respectively. This section will
thus give a quick overview of Jacobi polynomials aimed at equipping us with the tools
needed to develop the Volterra integral equation solvers in later sections. We refer to
[22, 23] for introductions with broader scope.

The Jacobi polynomials are orthogonal on [—1,1]:

1
J C(a,ﬁ,m,n) (1 - m)a (1 + x)B P7(na7B) ('r)P’r(Laﬁ) (m)dx = 6nma
-1
where Wi 5)(%) = Cagmn) (1 —2)% (1 + x)ﬂ acts as the weight function and d,,,
is the Kronecker delta. While the choice of [—1, 1] is natural, the Jacobi polynomials
can be shifted to any real interval an application requires. For o = 8 = 0 the Jacobi
polynomials reduce to the Legendre polynomials [22].

One of the primary applications of interest for the study of orthogonal polynomials
are their applications in the expansion of non-polynomial functions:

f@) = 3 pu(@) fu = P@)E,
n=0

where f, is the function-specific coefficient of the n-th polynomial p,, and we use the
notation

po(z) fo
f.= | N
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A SPARSE SPECTRAL METHOD FOR VOLTERRA INTEGRAL EQUATIONS 3

For numerical applications one uses finitely many terms in the above sum to obtain an
approximation. If a distinction between different sets of polynomials and coefficient
vectors on different domains is required we specify by indicating the type of polyno-
mials using standard notation for the polynomials, such as P(®#) (x) for the Jacobi
polynomials on a real interval, and the domain using index notation, e.g. for the
bivariate orthogonal polynomial coefficient vector of g(x,y) on the triangle domain
we write ga.

To use function approximation of this type in a non-trivial numerical applica-
tion one needs ways to do computations on functions represented as coeflicient vec-
tors. Basic computations such as addition and subtraction of functions have obvious
element-wise implementations. Furthermore one can compute z f(z) if f(z) is already
approximated as a coefficient vector: to do this one uses multiplication operators X
which act as

P(J?)T)_(f[oyl] = .Tf(l‘)

This is efficiently possible because the Jacobi polynomials satisfy a three-term recur-
rence relationship, making X a tridiagonal operator, in fact it is the transpose of the
Jacobi operator associated with p,:

an bo
cog a; b
(2.2) J=XT= Co
' €1 az

Additionally, our approach to Volterra integral equations of the second kind will re-

quire explicit constructors for raising operators SEZB’B) SEZ g“ which are defined

to increment from the Jacobi bases P(®#) () to P(@+18) () and P(#+1) () respec-
tively. Increments to o and 8 can be computed using these operators but decrementing
is generally only well-defined in the sense of weighted lowering operators:

zf(z) = P(O‘_l’ﬁ)(x)TL(afl’ﬂ)f,

(a76)
(1—2)f(x) = P ()L VE.
The explicit forms of the operators X, SEZ?’B , ng g)ﬂ) LEZ 5 ) and LEZ g) D are

well known in the literature, see for example [35, 39, 22] and the references therein.

2.2. Jacobi polynomials on the triangle. We now briefly discuss how func-
tion approximation using bivariate orthogonal polynomials works in general and then
move on to discuss the Jacobi polynomials on the canonical unit simplex

2={(z,y):0<2,0<y<1—a}.

We use a basis on this triangle in the following sections to compute Volterra inte-
grals and solve integral equations. As in the univariate case, bivariate orthogonal
polynomials are said to be orthogonal with respect to an inner product akin to (2.1).

Analogously to how functions of a single variable may be expanded into a basis of
univariate orthogonal polynomials as f(z) = ZZO:O pn(2) fr. we can expand a function
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4 TIMON S. GUTLEB, SHEEHAN OLVER

of two variables in a basis of bivariate polynomials as

Z 2 Pk (%, Y) fr k-

n=0k=0
Writing the bivariate polynomials of total degree n as

Pn,0 (I7 y)

pn,l(xvy)
Pn(l’,y) = .

Pnn (x7 y)

allows for the following compact notation for the infinite-dimensional polynomial ba-
sis:

P(z,y) = | 1

In this notation the expansion of a function of two variables in the bivariate polynomial
basis becomes

xy):ZZ k(@) fre = P(z,y)"E.

For function approximation one simply uses an appropriate finite cutoff of this expan-
sion.

On the triangle T? we focus on the Jacobi weights 2%y”(1 —z —y)7. One elegant
way to define the corresponding Jacobi polynomials P(*#%)(z, ¢) on the canonical
triangle T2 is by referring to the Jacobi polynomials P(®?) (z) on the real interval
[—1,1] (compare [22, Proposition 2.4.1]):

2
23) PP (ay) = (1 - 2)f PEEFATITLA) (90 1) pOF) <1 y 1) '
, — T

Defined as such the triangle Jacobi polynomials are orthogonal with respect to a
weighted integral over the canonical triangle domain 7°2:

1—x
f J Pl —a— )WP,S:T’B"Y) (, y)P(a - ﬂ(;v,y)dydx = C(a,8,7)0k0mn-

The detailed form of the constant C(, g, is not important here but can for example
be found in [22]. We will primarily use the Jacobi polynomials shifted to the [0, 1]
interval and denote them by P(h) (x), which allows us to write the Jacobi polynomials
on the triangle as:

(24) P]E’U;jﬂv')’)(myy) — (1 _ x)kﬁ)"’(bikk-kﬁ"r’%‘rl,a) (Jf) F)}E’%B) (1 g x) .

As in the 1-dimensional case we can define multiplication operators X and Y, one for
each variable, which respectively act as

P(x?y>TXfA = ch(x,y),
P(xay)TYfA = yf(xvy)a
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for a given bivariate polynomial basis. Unlike the 1-dimensional Jacobi polynomial
case these operators are not tridiagonal but block tridiagonal Jacobi operators for the
triangle Jacobi polynomials [39]:

o Bs A5 By
C¥ AY BY cy AY BY
(2.5) X' = YT =

o a5 | o oay |

where AZ, AY e R(m+Dx(n+1) gz By ¢ R+1)x(+2) and 02 CY e RMF2)x(n+1),
Analogous operators to the raising and lowering operators discussed for the real in-
terval case can be constructed for the Jacobi polynomials on the triangle as well, see
[38, 39], but we omit their discussion as we will not make direct use of them in this
paper.

To make use of Jacobi polynomials for the approximation of functions on the trian-
gle domain in a numerical context one requires efficient algorithms to determine the
coefficient vector f, for a given function f(z,y) of two variables. This can be done
using an algorithm and its implementation in a C library by Slevinsky [42, 43, 44].

2.3. Function evaluation using Clenshaw’s algorithm. Clenshaw’s algo-
rithm provides an efficient and direct method to evaluate functions expanded into or-
thogonal polynomial bases at given points, i.e. to evaluate 22;0 Pn(X) frn at x4 € RY,
cf. [16, 39]. The algorithm makes use of the polynomial basis’ recurrence relationships
to reduce function evaluation to the solution of an upper triangular linear system us-
ing backward substitution. In this section we give an outline of how this is done for
Jacobi polynomials on the real interval and the triangle, which is discussed in more
detail in [39]. An operator valued variant of what is discussed in this section will be
used for efficient kernel computations for Volterra integrals in section 3.2. We mention
a major benefit of Clenshaw’s algorithm over building polynomials/operators via for-
ward recurrences is that there is substantially less memory needed in the intermediary
calculations.

For the case of Jacobi polynomials on a real interval, the three-term recurrence
relationship seen in the Jacobi operator in (2.2) can be used to write

Ly ()P (@) = e,
1
ap — Ty bo

Ln(zs) = Co a1 — Ty by

CN—2 aN—1—Tsx bn_1

where eq is the first standard basis vector with 1 in its first component and of appro-
priate length. Solving this lower triangular system via forward substitution provides a
way to recursively evaluate each component of P(*#)(z) and thus also P(*%) (z)Tf if
the coefficients of f(x) in this basis are known. Clenshaw’s algorithm is conceptually
similar but uses backward substitution on the system

(2.6) fe) =P (@) Ta = el Ly (zs) Ta,
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6 TIMON S. GUTLEB, SHEEHAN OLVER

where a is the column vector collecting ag to an. The case for the Jacobi polynomials
on the triangle was recently discussed in [39] and on the basis of the recurrence in
(2.5) involves a block triangular system for evaluation at x4 = (24, ys) instead:

1
AT — 2,1, B
Ly PPV (0) = | Do A a1, B PP (x,) = ey,

Cg Alf —ys 12 B%

where 1, denotes the k x k identity matrix. As this is not a triangular but a block
triangular matrix one cannot use forward substitution without first applying a pre-
conditioner:

Ly (x4) is then a proper lower triangular matrix and can be used in an analogous
system to the ones above to evaluate the polynomials, and thus a function expanded
into that polynomial basis, recursively via forward substitution. A preconditioner
which satisfies these requirements is the block diagonal matrix whose elements are
comprised of a left inverse of the blocks

By

such that B} B,, = 1,. Clenshaw’s algorithm for the triangle Jacobi polynomials is
thus

f(xs) = Pg\?’ﬁﬁ) (x*)TA = egﬁN(x*)_TA.

This system can be solved via backward substitution in optimal O(N?) complexity if
one chooses B, carefully, see [39].

3. A numerical method for Volterra integral equations.

3.1. Volterra integrals on the triangle. In this section we describe how to
represent Volterra integrals using bivariate orthogonal polynomials on a triangle do-
main by moving to a view of operators acting on coefficient vectors. The following
section extends this method to Volterra integral equations of the first and second kind.

We first describe the idea behind the relevant operators and their use before
determining their entries in matrix representation. The first operator we need is the
integration operator for a function given as the coefficients of orthogonal polynomials
on a triangle. We label this operator Q, and it acts as

11—z
P ()" WqQyf, = fo f (@, y)dy,
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where Wq is a to-be-determined weight function which depends on the used basis.
The reason for the limits of integration to be defined in this way for Q, will become
clear once we discuss the explicit form of these operators and how one can make
optimal use of the triangle domain’s symmetries. Second, we need an operator E,
which extends a one-dimensional function on [0, 1] to one on 72, that is:

P(z) fjo1) = P(z,y) "Eyfjo 1

Together these two operators can be used to compute integrals of the form

11—z
L fy)dy = P(z)TWqQ,E,fjo, 1)

with function f depending on a single variable. To instead integrate from 0 to z
we use a reflection operator. Due to symmetries of the polynomials, particular basis
changes in a Jacobi basis obey the simple rule [35, 22]:

P (@) = (~1)"PP(1 ~ a).

We use R to refer to the operator that uses the above property to reflect the function
on the [0, 1] interval via an appropriate basis change. The operators X and Y have
important commutation relations with the introduced Q, and E,, operators. As the Q,
operator integrates with respect to y and collapses a bivariate coefficient vector back to
a univariate one the multiplication-with-z operator changes from being multiplication-
with-z on the triangle (= X) to being multiplication-with-z on the real interval (= X)
when pulled through the Q, operator. A similar relation holds for similar reasons for
Y and E,:

(31) QyXfA = XnyA7
YE,fio1] = B, Xfjo.1].

We now give the explicit matrix representations for the operators Q, and E, and
discuss a sensible polynomial basis choice. The explicit form of the Jacobi operators
on the real line is known in the literature (e.g. [22, 39]) and thus receives no further
discussion here. To determine the explicit form of Q, we begin by plugging in the
polynomial expansion of f(x,y) into the intended integral operation and using the
Jacobi polynomials on the triangle domain as seen in (2.4) for our basis p, , with

a=0=v=0:
1-z 1—z
PO(2)TWaQyfs - f
0

fla,y)dy = L DD Pk, y) fardy
n=0 k=0

1-x
5 ; (0, Y
- P [ (£ ) ay
0 x

1
1 — o)kt pERELO) (4 J P (s)ds,
0

i

I M: I M:

~(0,0)

where a substitution of £~ — s was made in the last step. As P,g are just

the Legendre polynomials on [0,1] we see that Sé }5,50’0) (s)ds = 0,Yk > 0 and
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8 TIMON S. GUTLEB, SHEEHAN OLVER

Sé P9 (s)ds = 1, resulting in

o0
PO ()T WqQufs = Y fuo(l — 2)P{M0 ()

n=0

for integration from 0 to 1 — z. By using the reflection operation we obtain an
analogous result for integration from 0 to x. This derivation shows that starting in the
Jacobi polynomial basis on the triangle T2 with o = 3 = v = 0 for the approximation
of f(x,y) results in the following block diagonal structure for the integration from 0
to 1 — x operator with weight Wq = (1 —z):

1]

Qy = 1 0 0

where the n-th block is an n-dimensional row vector with 1 in the first element and 0
in all remaining elements. An additional (—1)™ term and change of basis changes this
integration to be from 0 to z instead. The expansion operator E, from the P10 (z)
basis to the canonical triangle Jacobi polynomials where a = 8 = «v = 0 has the block
diagonal structure

where the n-th block is an n-dimensional column vector whose j-th entry is given by

(12— 1)

n

Importantly, multiplication of Q, and E, yields a diagonal matrix whose n-th entry
can be directly generated without any matrix multiplication being required (compare
35):

()

(QyEy)n,n = (Dy)n,n = n

These observations justify the basis choices as well as the choice of the limits of in-
tegration for Q, from the standpoint of computational efficiency. Defining Q, as the
integration operator from 0 to z does not avoid the reflection step and only results in
a less efficient or equivalent placement for it.

3.2. Kernel computations using Clenshaw’s algorithm. Putting all the
above observations together means one can save a significant amount of computation
time by the use of a recurrence when simultaneously using an operator valued poly-
nomial approximation for the kernel K (X,Y) and then using the known commutation
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relations in (3.1-3.2). To illustrate the idea behind this approach we first discuss how
to do this for a monomial kernel (or equivalently a kernel approximated in a monomial
basis) and then show how these ideas can be expanded to arbitrary polynomial bases
for the kernel using a variant of Clenshaw’s algorithm.

Assuming a monomial expansion for the kernel, i.e. K(z,y) = 3", Z;Lo knjx™ Iy,
the primary part of the Volterra integration operator has the form

[oe)

n o0 n
Q,K(X,Y)E, = Q, (2 > kan”ij> B, = > ) kX" QuE,X,

n=0;=0 n=0;=0

where we have used the commutation relations in (3.1-3.2) to rewrite the summation
using the Jacobi operator for the interval Jacobi polynomials. Recalling that Q,E,
is a diagonal matrix which can be generated without any need to separately compute
and multiply Q, and E,, all that is left to compute are the required combinations
of Q,E, with the Jacobi operators, which can be built up recursively. This kind of
recursive computation of all the required elements for the kernel can save significant
computation cost if executed correctly. Since only the coefficients of K (z,y) for this
basis actually change across different problems one can in principle also store the basis
elements X" 7 QyEy)_(j and re-use them making this numerical evaluation of Volterra
integrals even faster upon repeated use. This approach differs slightly depending on
whether one intends to compute integrals from 0 to 1 — x or to compute integrals
from 0 to x. In the case of integrals from 0 to z, one is either required to supply
K (1 — x,y) to the algorithm or alternatively the Jacobi operators on the left can be
replaced by (1 — X) to account for the reflection, meaning that the basis elements
become (1-X)"7Q,E,X’. Taking the weight W¢, into consideration the full Volterra
integral operator is then

R(1 - X)Q,K(X,Y)E, = R(1 - X) i i ke (1 —X)"1Q,E, X7,
n=0;=0

This straightforward approach evidently only works if the kernel is of a form that may
sensibly be approximated using monomials but it inspires an analogous approach
based on expanding the kernel in its own orthogonal polynomial basis which need
not be the same as those used to expand the function f. We use a variant of the
Clenshaw algorithm introduced in section 2.3 to build the kernel in terms of the
Jacobi operators. In principle one could compute K(X,Y) as a full multiplication
operator acting on a triangle Jacobi coefficient vector using an operator-valued version
of Clenshaw’s algorithm as discussed in [39]. This is not the most efficient way to
approach this problem, however, as it would mean losing the diagonal Q,E, since for
such an operator the multiplication with K (X,Y) would need to happen between Q,
and E,. Nevertheless, we will briefly discuss how to generate this multiplication by
K (X,Y) operator in order to see which modifications one can make to this approach
in order to respect the symmetries of the triangle and end up with recursive basis
generation similar to the monomial kernel expansion case.

The multiplication by K (z,y) operator, which we label M, can be written in an
operator Clenshaw approach as (see [39, 36, 50]):

(3.3) Mg = (e ®@ 1)L TK,,



323
324

325

326

327
328
329
330
331
332
333
334

335

336

337

&

339
340
341
342
343
344
345
346
347

348

10 TIMON S. GUTLEB, SHEEHAN OLVER

where ® denotes the Kronecker product and L is defined as

(1, ®1)
(AF®1) - (1 ®X) (Bf®1)
(Ap®1)— (1,1 ®Y) (By®1)
L= (CF®1) (AT ®1) - (1. ®X) (Bf®1)

(Cf®1) (AT®1) - (1.®Y) (B{®1)

As discussed for the Clenshaw evaluation method in section 2.3 this system requires
preconditioning to become solvable via backward substitution. For this case the pre-
conditioner is

(1, ®1) N
(B ® 1) )
’ Bron  |L=L

with the B defined as in section 2.3. Using such an operator valued Clenshaw algo-
rithm one can compute Mg and thus obtain Q,K (X, Y)E, via Q,MkE,. However, as
discussed above, for our purposes of Volterra integral operators this is computationally
wasteful and misses the chance to take advantage of the triangle symmetries which
allow for QuE, to be directly computable and diagonal. So instead we replace the K,
in (3.3) by (KA ®QyE,). The relations (3.1-3.2) then imply that all X operators may
be replaced by a left multiplication with X and all Y operators may be replaced by
a right multiplication with X (respectively denoted by a ¢ on the appropriate side).
The system to solve thus becomes

Q,KX,Y)E, = (e0 @ 1)Ly (Kx ® Q,E,),

with
(Lel)
(AF®1) — (1, ®Xo) (By ®1)
(A§®1) — (1; ®oX) (By®1)
Ly = (C2®1) (AT ®1) - (1:®Xe) (Bf®1)

(Co®1) (AT ®1) - (L. ®X) (Bi®1)

After preconditioning as above, this allows the recursive and efficient computation
of QyK(X,Y)E, via an operator valued Clenshaw-type algorithm while at the same
time taking advantage of the diagonal nature of QyE,. As in the monomial case,
this approach has to be modified when integrating from 0 to x instead of from 0 to
1 — 2. In the 0 to x case one needs to take the reflection into account, which ends
up either replacing all the left multiplications with X by left multiplications with
(1 — X) for the same reasons as above, while the right multiplications corresponding
to y multiplication remain the same, or requiring that K(1 — x,y) be supplied to
the algorithm. Finally, this operator still requires left multiplication with the basis
dependent weight Wq to represent the full Volterra integral operator for this approach.
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3.3. Numerical solutions to linear Volterra integral equations. The com-
putational method for Volterra integrals described above has a natural extension to
solving Volterra integral equations, which we describe in this section. Most generally
a Volterra integral equation is any equation in which the unknown appears at least
once as the integrand of a Volterra integral as defined in (1.1) above. One usually dis-
tinguishes between at least two types of Volterra integral equations which are labeled
Volterra integral equations of the first and second kind respectively. The Volterra
integral equation of the first kind we will be interested in takes the following form:

(3.4) j " K y)uly)dy = g(),

where u(x) is the unknown function to be solved for, K(x,y) is a given kernel and
g(x) is a given function. Volterra integral equations of the second kind we will be
interested in take the following form':

(3.5) u(z) - j K (2, y)uly)dy = g(x),

where once again u(z) is the unknown function and K (x,y) and g(z) are given. While
this is not further explored in this paper, there are natural extensions of these meth-
ods for other linear Volterra-type integral equations such as the third-kind equations
discussed in [2, 3, 46].

Whenever we write Q, K (1 —X,Y)E, in the coming sections, we mean to imply that
this operator is computed using the Clenshaw approach detailed in section 3.2.

3.3.1. Equations of the first kind. Extending the above methods for Volterra
integrals to Volterra integral equations is straightforward, though one needs to be
mindful of the appropriate reflections. Using the above notation conventions, one
way to write the Volterra integral equation of the first kind is

PO ()T(1 — X)Q,K(1-X,Y)E,u = PO ()T,

= POO()Tu = PO ()T (1 - X)Q,K(1 - X, V)E,) &

The notation g is used to indicate that we are directly supplying the coefficients of
the reflected g(1 — z) to save an unnecessary additional reflection step, as formally we
are solving the equivalent

1-t

(3.6) . K(1 —t,y)u(y)dy = g(1 —1).

All function coefficient vectors in this section are initially expanded in the P(1:0)(z)
basis. This method works in numerical experiments but deriving convergence prop-
erties for it proves to be difficult (as is usual for Volterra equations of the first kind).
g(1—=)
1—x

However, under the condition that we can expand the function ¢(z) = instead

of g(1—z) in P9 (z), one can find convergence conditions (see section 5 for details).
Note that solvability of the Volterra integral equation of the first kind implies that
both g and ¢ must vanish when the upper limit of integration vanishes. When using

IFor simplicity, we have divided through by X and incorporated into K and g.



386

418
419

420

123
124

12 TIMON S. GUTLEB, SHEEHAN OLVER

q to denote the coefficient vector of ¢(z) = % the method then becomes

PO (2)TQ, K (1 - X, Y)E,u = P1O(2)Tq,
= PO (2)Tu = PUO ()T (Q,K(1 - X, Y)E,) " q.

meaning that solving this type of equation for u(z) is as simple as computing the
coefficient vectors and operators (see the respective sections above for efficient ways
to do so) and then solving a banded system of linear equations.

3.3.2. Equations of the second kind. Using the above-introduced weighted

lowering operator ng’g; which shifts to the P9 (z) basis while multiplying with

(1 — z), reflecting the result and then using a raising operator Sgé’gg to return to the

P(1:0)(z) basis we can write Volterra integral equations of the second kind as

PO (1= SERLEAQ (L - X VB, ) u = PO

-1
5(1,0), AT 5(1,0) /T 1,0 0,0
= PU ()T = POO@)T (1= SHURLEDQE(L - X, YIE, ) g,
which can once again be solved for u(x) using any linear system of equations solver.
Reflecting without the lowering and raising operator is not possible (although there
are alternative ways to use such operators to accomplish the same goal) as this would
result in an inconsistency between the bases used for the two appearances of u.

3.3.3. Different limits of integration. As mentioned above, a similar deriva-
tion leads to an analogous method for Volterra integral equations of the first and
second kind with different limits of integration:

(3.7) 0 T K (@y)uly)dy = g(2),
11—z
(3.8) u(r) — . K(z,y)u(y)dy = g(x),

This results in an identity operator replacing the reflection and conversion operators
in the above solution methods and in fact makes these types of equations even more
efficient to solve but limits of integration of this sort are seen less often in applications.
In particular, the operator version of Volterra integral equations of the first kind with
limits of integration 0 to 1 — z is:

p(10 (x)TQyK(va)Eyu =pto (x)TQv
= PLO)Tu =P (Q,K(X,Y)E,) "q

where now q is the coefficient vector of ¢(x) = %. Equations of the second kind

with these limits of integration can be written as:

:[:‘)(LO) (CE)T (]l _ (]l _ X)QyK(X7Y)Ey) u = f’(LO) (gg)Tg7
_ P(l’o)(x)Tu _ p(l,O)(x)T (]]_ _ (]L _ X)QyK(X, Y)Ey)il g.

We present an implementation of both options for the limits of integration in the next
section.
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4. Numerical examples. We present four sets of numerical examples to vali-

date our implementation. The first set concerns itself with Volterra integral equations
of the first kind and the second with Volterra integral equations of the second kind
with kernels of varying oscillatory intensity. In the third set we study a parametrized
set of Volterra integral equations requiring increasing orders of polynomials to accu-
rately approximate and the fourth set discusses a singular Volterra integral equation
stemming from a heat conduction problem with mixed boundary conditions. In the
third set we also provide performance comparisons to the state-of-the-art collocation
method package Chebfun [40, 8, 21] which introduced an option for Volterra inte-
gral equations in [20]. As oscillatory functions require high orders of polynomials to
approximate accurately and the method was not designed for singular kernels, the
second, third and fourth set are also designed to test the method’s stability.
The computations presented in this section have been performed with an implemen-
tation of the scheme in the Julia programming language [9] in the framework of
ApproxFun.jl and MultivariateOrthogonalPolynomials.jl [37, 36, 47]. The coefficients
of the solution have relative accuracy with standard floating point arithmetic, even
as they decay below machine precision. Values for absolute errors presented in this
section converge beyond the precision of 64-bit floating point numbers because of the
rapid convergence of the method and the way ApproxFun.jl implements function ap-
proximation (cf. [37, 36, 47])—the only time beyond 64-bit floating point precision
numbers (via the inbuilt BigFloat type) were used is in the analytic solutions used
as comparisons, as otherwise the convergence of the error would be capped by the
precision at which the analytic solution is evaluated.

4.1. Volterra integral equations of the first kind. We investigate the nu-
merical solution of the following two example Volterra integral equations of the first
kind:

€T
(4.1) e +e"(—-1+2z) = 4J eV uy (y)dy,
0
sin(47%x?)

(4.2) .

- Jw e*lo(zf%)zflo(y*%fuz(y)dy'
0

The analytic solution to the first equation can be found to be:

up () = xe®.

We present the absolute error between the analytic and numerical solution for u;(z)
using the orthogonal polynomial method introduced in this paper in Figure 1A for dif-
ferent matrix dimensions n x n and the absolute error between the numerical solution
for us(z) and a high degree solution computed with n = 5050 in Figure 1B.

4.2. Volterra integral equations of the second kind with oscillatory ker-
nels. We seek numerical solutions w1, us and uz to the following three Volterra inte-
gral equations of the second kind with kernels of varying oscillatory intensity:

(4.3) ui(z) = e~ 197% (14-20m) —2+cos(10mz) +sin(10mz) + f 2Sin2(57'r(x —y)uy (y)dy
0

207
(4.4) us(z) = ; L " (sin(1072) + cos(10my)) ua(y)dy
(4.5) ug(x) = e” 2 4 L h (=22 + y + sin(252° + 87y)) us(y)dy.
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We include contour plots of the specified kernels on their natural triangle domains in
Figure 2. One can find an analytic solution to the first equation:
up(z) = e 107,

For the other two equations, we instead compare to a numerical solution of high
degree (n = 5050). We plot the absolute error convergence of the numerical solutions
in Figure 3. Due to the oscillatory character of these kernels and the number of
coefficients involved, this can be considered a moderate stress test of the Clenshaw
approach to computing Volterra integral operators.

4.3. Performance comparison for high polynomial orders. In order to
visualize the performance improvements one gains from making use of the bandedness
of the Volterra operator, we turn to the following parametrized example of a Volterra
integral equation of second kind:

T

(4.6) (@) = gile) + f (z + y)un(y)dy,

where k € N and g (z) is

cos (k2x2) + 2k2sin (k2x2) -1 z /r VEke o y?
gr(z) = 9%2 Tk §L S 9 dy.

While gg(x) in this example contains a so-called type-S Fresnel integral [35, 7.2(iii)]
which can be thought of as a special case Volterra integral with kernel K (z,y) = 1,
there is little reason to compute Fresnel integrals using a Volterra operator approach,
as accurate high performance code for these already exists in most programming
languages. The analytic solution to the above integral equation can be found to be

ug () = sin(k?2?),

for all £ € N. With increasing k the solution to this integral equation rapidly becomes
increasingly oscillatory and thus requires high orders to accurately approximate. This
parametrized set of Volterra integral equations provides us with a structured way
to capture performance improvements over dense collocation methods. We compare
computation time and error compared to the analytic solution for the proposed sparse
spectral method and Chebfun’s implementation of Volterra integral equations [20] for
different parameter values k in Table 1 and present a visualization of convergence
rate for the sparse method in Figure 4. Exponential convergence is observed once
the polynomial order is high enough to resolve the frequency of the solution. For
reasons discussed above we start benchmarking time after the approximation of the
Fresnel integral with Julia and MATLAB internal tools to avoid Julia’s faster Fresnel
integral computation influencing the results. However, even taking the computation
and approximation of the Fresnel integral into account for the benchmarking, the
sparse method never exceeded 1s of CPU time.

4.4. Singular Volterra integral equation of the second kind in heat con-
duction with mixed boundary conditions. Finally we discuss a more application-
oriented example discussed in a handful of different variations in [19, 18, 17, 52, 7]:

€T -1
y“’

(4.7) u(z) = g(x) +J

o u(y)dy.
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To see how equations of this type can result from heat conduction problems of the form
% — %g—“ = 0 with mixed boundary conditions, see for example [18]. This equation
varies botﬁ in its singularity properties as well as its number of solutions depending
on the parameter . This example equation stemming from an application of Volterra
integrals demonstrates that the method developed in this paper has a broader range
of applicability and can in some cases extend to certain classes of singular problems
as well, despite this not being part of the considerations during the development of

the method. For testing purposes we choose the following for g(x):

g1(z) = (1 +x + 2?)

(1 + 4m22?)sinh(27z) — 27zcosh(27x)

ga(x) = 47242 )

The following analytic solutions to these equations can be found for general p for g;
(e.g. in [52]) and for p = 3 for gs:

7 +u+1x+u+2ﬁ’
p—1 % p+1
ug(x, p = 3) = sinh(27x).

i (2, 1) =

As the kernel is separable, the problem can instead be treated as

X

() = aig(z) + f yLu(y)dy,

which can be solved by appropriately adding multiplications with Jacobi operators
or altering the supplied g(z) in the method to solve Volterra integral equations of
the second kind. We plot numerical solutions obtained for g;(z) with p = 7 and
g2(z) with g = 3 in Figure 5. The naturally more error prone neighborhood of the
singularity can be well approximated arbitrarily close to the singularity (though not
at the exact point of the singularity itself) using higher values of n if needed. For
g2(z) the method shows no instability at the singularity of the kernel.

10°° 100

10-10

abs. error
abs. error
=
o
i
5

10-15

10-2 10-20

107% 10-30

n n

() (b)

Fig. 1: (a) shows absolute error between (4.1) and the known analytic solution while
(b) compares (4.2) to a solution computed with n = 5050.
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Fig. 2: Contour plots of oscillatory kernels for equations (4.3-4.5) on their natural
triangle domains.

100} 100
10710 |8
. 10720 L

10-30}

abs. erro
abs. error

10-10
10-40}

107501 10-15

2145 78 120 171 231 300 378 465
n n

(a) (b)

Fig. 3: Absolute errors for equations (4.3-4.5). wj(x) is compared to the analytic
solution, us(x) and ug(x) are compared to a solution computed with n = 5050.

k (Sparse) CPU time approx. order abs. error

1 0.001s 19 7.8e-16
10 0.002s 128 4.0e-14
50 0.08s 2200 9.0e-13
75 0.29s 3850 3.1e-12
k (Chebfun) CPU time autom. order abs. error
1 0.18s 17 1.0c-15
10 0.48s 119 2.9e-14
50 27.0s 1768 7.9e-13
75 163.5s 4096 2.0e-12

Table 1: Quantitative performance comparison of sparse method and Chebfun for
Equation (4.6). Chebfun’s approximation order was automatically chosen, while the
sparse method can generate results with similar accuracy in less time. CPU time
measured on Intel Core i7-6700T CPU @ 2.80GHz.
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1000

10-25

10-50

abs. error

10-75

10—100

3000 3200 3400 3600 3800
n

Fig. 4: Sparse method absolute errors for Equation (4.6) with k& = 75.

3.5

n=90 250 n =300
o analytic o analytic

3.0

u(x)

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X X
(a) g1(x) with p =7 (b) g2(z) with p =3

Fig. 5: Numerical and analytic solutions to the problem in (4.7).

5. Convergence of the method. In this section we make use of the fact that
the coeflicient space of orthogonal polynomials is equivalent to an infinite-dimensional
Banach space (in particular a sequence space). We prove convergence of the proposed
method for second kind problems with general kernels which are sufficiently smooth to
be approximated by Jacobi polynomials and for first kind problems with sufficiently
smooth kernels given that Vo € [0,1] : K(x,x) # 0. The strategy for the analysis of
the method is to show that the operators to be inverted for Volterra integral equations
of the second kind can be written as compact perturbations of the identity (compare
[36, 45, 31]), i.e. can be written as

(5.1) 1+ Ku=ug,

where /C is compact. Operators of this form are either invertible or neither injective nor
surjective by the Fredholm alternative, cf. [6, 30]. The assumption of well-posedness
for the equation thus guarantees that an operator of this form is invertible and stan-
dard convergence results for finite section methods [11] then guarantee convergence.
We begin by discussing the solver for Volterra integral equations of the second kind,
as the analysis for first kind problems is more involved.

5.1. Equations of the second kind.
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DEFINITION 5.1. We define the projection operators P, : {2 — (2 which map a
given coefficient vector to a truncated version of itself with non-zero entries for the
first n coefficients only.

DEFINITION 5.2. The analysis operator £ : L?(0,1) — (2 is the inclusion of a
square integrable function into the €2 coefficient space of the complete basis of or-
thogonal Jacobi polynomials and is a bounded operator. The synthesis operator is its
inverse £1 : 12 — L2(0,1), which is also bounded. Note the terms analysis and
synthesis are terminology in frame theory [14, 15].

LEMMA 5.3. The coefficient space Volterra integral operator V i is compact, where
Vi : 02 — (2 for a given kernel K(x,y) € L?[T?] with limits of integration 0 to
acting on the coefficient vector Banach space £? of the Jacobi polynomials P(l’o)(x) 18
of the form
0,0
Vi = L0 QK (1 - X, Y)E,,

with the respective operators defined as in section 3.

Proof. Vi = LE?’S; QyK (1 —X,Y)E, follows from the definition of the involved
operators, see section 3. To see compactness of Vi we consider the following diagram
of functions between Banach spaces which represents the formalized version of the

method:

%

L2(0,1) —=— 12(0,1)
gk [51
2 2
¢ Ve ¢

Vi for a kernel K (z,y) € L?[T?] is the Volterra integral operator for said kernel acting
on L?(0,1). Tt is a classical result of functional analysis that such Volterra integral
operators Vi are Hilbert—Schmidt operators and thus compact [34]. It follows that
Vi = EoVk o0& is a finite composition of bounded and compact operators between
Banach spaces and hence itself compact. 0

LEMMA 5.4. For Vi and P, defined as above, we have

lim |V — P, VP = 0.
n—0o0

Proof. This follows directly from the compactness of Vi and the fact that 2 is
a Hilbert space and thus has the approximation property [30]. ]

The above lemma justifies referring to the finite-dimensional projections P,V P,
of the Volterra operator as approximations.

LEMMA 5.5. SE;:S%RLE?:S;QyK(]l — X,Y)E, is compact on ¢? and thus Volterra
integral equations of the second kind can be written in the form (1 + K)u = g with K

compact.

Proof. The operators Sgé’gg and R acting on the Banach space £? can both readily
be seen to be bounded operators from their definitions from the Jacobi polynomial’s
recurrence relationships [35, 18.9.5]. The result then follows from the observation

that the Volterra integral operator LE?’gngK(]l —X,Y)E, was shown to be compact
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and composition of bounded operators with a compact operator yields a compact
operator. 0

An analogous chain of arguments immediately establishes:

LEMMA 5.6. The Volterra integral operator for the limits O to 1 — x is compact
and can be written as

Vi = (1 -X)Q,K(X,Y)E,.

The method is thus also of the form in (5.1).

COROLLARY 5.7. The method described in section 3.3 converges like [u—Ppul| —
0 as n — oo for well-posed Volterra integral equations of the second kind.

Proof. As the method is of the form in (5.1), i.e. (1 + K)u = g with X compact,
the result is a corollary of the above results combined with the known invertibility
and convergence properties for problems of this form in finite section methods, see
e.g. [11]. O

5.2. Equations of the first kind. The Fredholm alternative and Neumann
series arguments underlying the proofs above break down for first kind problems as
the Volterra operator Vi : £2 — ¢2 is compact on the infinite dimensional Banach
space ¢? and therefore is strictly singular, cf. [6]. Thus, while the finite dimensional
approximations V,, of the Volterra operator may have an inverse V1, it is not obvious
that u,, = V, !q converges to u in the limit. The problem can be made well-posed,
however, if one considers the Volterra operator as a map between two different ap-
propriately chosen Banach spaces. Under sufficient continuity assumptions as well
as the assumption that a given Volterra integral equation of the first kind has a so-
lution, this problem may then be salvaged by finding a preconditioner which allows
us to rewrite it as a problem involving operators which are compact perturbations of
Toeplitz operators. We begin by assuming a polynomial kernel from where an exten-
sion argument directly yields that it also applies for the non-polynomial case. Note
that in this section we will prove convergence of the method only for the case of limits
of integration 0 to 1 — z. This is not a limitation for the case of integral equations of
the first kind, since solving

fo K(t y)uly)dy = g(t).

and

l1—-x

. K(1 -z, y)u(y)dy = g(1 — ).

are formally equivalent, as solving one automatically solves the other with t = 1 —
x. The reason for the particular choice for our proofs is that some arguments are
more clear in this variant. Furthermore, as the monomial expansion and Clenshaw
algorithm based Volterra operators are the same for polynomial kernels the analysis
will make use of the simpler structure of the former.

To discuss invertibility for equations of the first kind we need to reframe the Volterra
operator as a map between two different Banach spaces, which are similar in spirit to
Sobolev spaces.
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DEFINITION 5.8. Let £3 with A > 0 denote the Banach space with norm

[e%)
2
Julez = 5| D5 (L4 n)Mun|)® < 0.
n=0

Any u € ¢3 corresponds uniquely to a u € ¢? so we have £3 — (?> whereas the
converse is clearly not the case.

~ LEMMA 5.9. Let Vi : 02 — (3 denote the Volterra operator in coefficient space of
P10 (x) with limits of integration 0 to 1 — x for a given polynomial kernel

M n
K(z,y) = Z Z knjz" ™y’
n=0;=0
Then

M n
Vi = (1 -X)D (D—l > kan"—jDXj> :

n=0 j=0
with D = QyEy: D: /2 — é% and D1 E% — 02

Proof. That D = Q,E, is diagonal with entries (712:“ is due to properties of the
Jacobi polynomials, see section 3 as well as [35, 18.6.1 and 18.17.1]. The important
observation to make is that D can be thought of as D : 2 — (2, which makes D a
bounded and invertible operator with D=1 : ¢2 — (2. With Vg and K (z,y) as above,
we thus have

M n M n

Vi =(1-X) ) Y X"DX/ = (1 -X)D <D1 > kan”jDXj> ,
n=03j=0 n=0; =0

via Section 3.2. O

DEFINITION 5.10. When solving Volterra integral equations of the first kind with
the method described in Section 3.3, it is useful to distinguish the operator without the
weight (1 — x) which is to be inverted from the full Volterra operator. We will denote
this operator Vi : (2 — 2, where

(1-X)Vg = Vg.
We furthermore see that

M n
Vg =D (D—l > kan”_jD)_(j> :
n=0;=0
as an immediate corollary of Lemma 5.9.
LEMMA 5.11. Vg may be written as
Vi = D(T[f] + K),

where T[f] is a Toeplitz operator with symbol f and K is compact. Furthermore, the
symbol is uniquely determined by the coefficients of the polynomial kernel K (z,y) =

M s
Do Z?:o knjz™ 7y’ to be

M n
0 i
f(z) = Z Z kpj cos®™ (2> where z = ¢l

n=035=0
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Proof. From the Lemma 5.9 we see that the first statement is equivalent to the

claim that
M

n
D1 kDX DX
n=0;=0
is of the form T 4+ K and thus asymptotically Toeplitz. To show this we need two
observations: First, under sufficient continuity assumptions for the kernel, which are
satisfied due to the kernel being polynomial, we have that

(5.2) T[a]T[b] = T[ab] — H[a]H[D)], 0

and in particular

Tla]Tla] = T[a*] — H[a]H[a],

where H[a|, H[a] and H[b] are compact Hankel operators [10]. Thus any asymptot-
ically Toeplitz operator (of sufficiently continuous symbol) raised to a finite power is
again an asymptotically Toeplitz operator, as (T'+K)? = T? + TK + KT + K? and T2
is again Toeplitz plus something compact via the above relation. The composition of
bounded operators with compact operators is compact making TK + KT + K2 com-
pact. An induction argument demonstrates that this is true for any power n € N. In
particular, since it is known that X is a compact perturbation of a Toeplitz operator
[35] we know that X7 is a compact perturbation of a Toeplitz operator as well. The
second observation is that for the banded operator X7, the operator D~'X"~7D is
also a compact perturbation of a Toeplitz operator and in fact we have that X™~7 and
D~!'X”ID differ only in their compact part, i.e. have the same Toeplitz component.
Via (5.2) we thus have that 27]\;{:0 pI kn;D1X"7IDXY is of the form (T + K) and
thus asymptotically Toeplitz.

Along with the above observations, Equation (5.2) tells us that we can compute the
symbol of the Toeplitz part of a product of operators which are compact perturbations
of Toeplitz operators if we know the symbols of the individual Toeplitz components.
Due to bandedness it is straightforward to confirm that the symbol of the Toeplitz
part of the multiplication operator X is (3 + 2 + 2) = cos? (g) for the Jacobi polyno-
mials P(1-0) (x), which is thus also the symbol of the Toeplitz part of D™!XD. Note
at this point that ‘

(D!XD)" =D 'X"D

due to the outer operators cancelling. Given these tools as well as the linearity of the
Fourier series it follows that the symbol of the Toeplitz part of the Volterra operator
\7K is the linear combination

f(z) = f i knj cos®™ (g) .

n=03j=0

THEOREM 5.12. The method described in Section 3.3 converges for well-posed

Volterra integral equations of the first kind with limits of integration 0 to 1 — x

VKu =8,
rewritten as ~

VKll =q,
with q(z) = % for a polynomial kernel K (z,y) € L?[T?] and with q € (3, subject to
the symbol of the Toeplitz part of Vi not vanishing on the complex unit circle. This
condition is fulfilled if and only if Yz € [0,1] : K(z,x) # 0.
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Proof. The requirement q € 2 arises formally due to the need to first invert D and
can be understood as stemming from the inverse integration being a differentiation.
The invertibility conditions of asymptotically Toeplitz operators of the form (T + )
are known in the literature (see e.g. [25, 11] and the references therein): A compactly
perturbed Toeplitz operator on #2 is invertible if it is a Fredholm operator, its index is
0 and it has a trivial kernel [24, 11, 25]. Furthermore, a compactly perturbed Toeplitz
operator is Fredholm if its symbol (which is just the symbol of the Toeplitz part) does
not vanish anywhere on the complex unit circle.

In general, it holds that the index of a Toeplitz operator which is Fredholm is
the sign-flipped winding number of its symbol on the complex unit disk [11]. Since
the symbol of the Toeplitz part of the unweighted Volterra operator is real-valued
and continuous its index is thus 0 if and only if it does not vanish anywhere on the
complex unit circle, which is a necessary condition for it to be Fredholm in the first
place. Since cos? (4) € [0, 1], the symbol vanishes at some point 6 € [0, 2], i.e.

M n 0
nj COS -] =0,
> 3 bgeos® (5

n=0;=0

if and only if for some z € [0, 1] we have

M n
Z Z kn]—x" = 0.

n=0;=0

This in turn is precisely the condition that K(x,z) = 0, since

M n
K(z,y) = Z Z Fpja™ Iyl

n=0j=0

Conversely, if Vo € [0,1] : K(x,x) # 0 then the Volterra operator is Fredholm because
the symbol of its Toeplitz part has no roots on the unit circle and as this symbol is
real valued its winding number and thus index is 0. This necessary condition for
invertibility of the operator becomes a sufficient condition if in addition to this we
have ker(T + K) = {0}, as this yields injectivity and via the index formula [11]:

ind(T) = ind(T + K) := dim(ker(T + K)) — dim(coker(T + K)),

with ind(T + K) = 0 also implies surjectivity. ker(T + K) = {0} is a consequence of
the classical result that the Volterra integral operator has no non-zero eigenvalues.
The convergence of the method is then a consequence of known results in the theory
of finite section methods, see e.g. [25]. 0
Remark: The motivation for solving Vu = q with ¢(z) = & instead of Vxu =g

—T

directly can be understood at this point, since for Vg the symbol of the Toeplitz part

is instead found to be
Z Z kp; sin <) cos>" (> ,
2 2

n=0j5=0

which always has a root on the complex unit circle at § = 0 and thus its induced
Toeplitz operator is not Fredholm and not invertible. Therefore the presented proof

strategy only succeeds if ¢(z) = 51'(702 may be used instead to get rid of the additional
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sine terms. The symbol of the Toeplitz part of Vg is comparably very well-behaved
for a variety of kernels.

So far we have only been working with polynomial kernels of order M, henceforth
denoted K, when it comes to Volterra equations of the first kind. We will need the
following theorem (see [4, 48]) which we restate without proof for the extension of the
above arguments to a non-polynomial kernel:

THEOREM 5.13. Let X and Y be normed linear spaces with one or both being
Banach spaces and let T : X — Y be a bounded and invertible operator with T ' :
Y — X. Then if the bounded operator M : X — Y satisfies

1
M =T < i,
IM=T] < =gy

it follows that M is also invertible with bounded inverse operator M~ :Y — X and

_ T

M 1 < H ,

M < T =
—127 _

1 1y < JTPIT = M)

L— [T T = M|
LEMMA 5.14. Given that

Vi — Vil SV 0

for a sequence of Volterra operators induced by polynomial kernels Ky (z,y) and a
not necessarily polynomial kernel K(x,y), we have

lurs —uf ——0,
M —o0
where s is the solution to the approxrimated problem
VKM up = q.

Proof. The method can be extended to more general K = K(xz,y) if Ky is
interpreted as the polynomial approximation of order M of the full kernel K. To show
that the method can be extended sensibly to non-polynomial kernels what remains to
be shown is that |up — u| Sy 0. This can be achieved by use of Theorem 5.13:

The assugnptionspf the theorem are satisfied when setting T =~\~/K and M = VKM
since if [|[Vg,, — Vk| ST 0 then for some M all subsequent V,, satisfy
—00

H\N/K — Vi | <=

" IVE

This immediately yields invertibility of V,, and more importantly the desired result
that _ _ ~

IV Vin — Vil

Vet — Vi < L% s
Far TR V|V, — V| M=o

which justifies calling the solution uy; = V}Lq an approximation to u = V;(lq. O
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6. Discussion. The method proposed in this paper can efficiently compute
Volterra integrals as well as solve Volterra integral equations of the first and sec-
ond kind with high accuracy using bivariate orthogonal polynomials to resolve the
kernel along with an operator valued Clenshaw algorithm and is not restricted to
convolution kernels. Numerical experiments suggest it can even be applicable to cer-
tain singular equations. Our approach takes advantage of the sparsity of the required
integration and extension operators which are due to the symmetries of the Jacobi
polynomial basis on the triangle domain. The method was shown to converge for
well-posed Volterra integral equations of the first and second kind, using a link to
compact perturbations of Toeplitz operators.

Extensions of this approach to various so-called integro-differential equations of
Volterra-type, where both differentiation and Volterra operators act on the unknown
function, as well as extensions to non-linear Volterra equations, where the unknown
function can appear in non-linear fashion in the Volterra integral, while non-trivial
are conceivable and will be addressed in future work.
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