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Abstract  
 
A two-dimensional multi-scale modelling approach that concurrently couples discrete 

dislocation plasticity and crystal plasticity finite element has been applied to study the 

hardness variation of coating systems across different scales, covering nano- to micro-

indentation. The difference in indentation size sensitivity between film and substrate 

gives rise to three regimes of hardness, one typically dictated by the intrinsic coating 

indentation size effect, which is regulated by dislocations activity, and the other two 

linked to the continuum response of the coating and the substrate. We propose a new 

hardness formula that incorporates physics-based indentation size effects of thin films 

into established continuum hardness transition formulae. This formula is shown to 

substantially improve the hardness prediction of coating systems, particularly when 

relative indentation depth is at the nanometre scale. 
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1 Introduction 

Coating systems are extensively employed in industrial applications to reinforce the surface 

performance of substrate components, for instance mechanical strength, wear resistance, electrical 

conductivity, etc. The functions of coating systems have been serving industry for several decades; 

however, understanding the indentation response of crystalline coating systems across the scales 

remains a challenge to which scientists working in many fields, including e.g. materials and tribology, 

are routinely exposed. 

Hardness is one of the key properties [1] used to characterize the response of films and coating 

systems to interactions with other materials and surfaces. Wear resistance is also strongly linked to 

the surface hardness [2]. Nanoindentation tests are commonly implemented to determine the 

hardness of a coating system, whose response strongly depends upon indentation depth. A 

universally acknowledged rule to exclude the substrate contribution to the coating system is to limit 

the indentation depth to 10% of the film thickness [3]. The hardness variation is characterised by 

multiple length scales and one can identify two clear transition regions: one at the film thickness 

length scale from the film-dominated hardness to the substrate-dominated hardness for relatively 

large indentation depths [4]; the other manifests itself at the microscopic scale, when applied 

indentation depth is small compared to the film thickness, and identifies the indentation size effect 

(ISE) regime [5] before the macroscopic film-dominated hardness is reached (e.g.  Figure 3). The 

hardness of coating systems can be as high as three times the continuum value [6-8] within the ISE-

dominated region. It is therefore necessary to carefully consider the indentation depth crossing 

various length scales when the depth-dependent hardness of a composite system is studied.  

Most of existing models for predicting coating system hardness are derived from work-of-

indentation-based mechanisms [4], which are designed to capture the film-dominated to substrate-
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dominated transition. They provide the correlation between a coating system hardness and the 

relative indentation depth (RID) as: 

Hc = Hs +
Hf − Hs

1 + κ1β2
, (1) 

where Hc is the coating system hardness, Hs the substrate hardness, Hf the film hardness, and κ1 

the dimensionless parameter related to indenter geometry and that phenomenologically captures 

the film-dominated to substrate-dominated transition. In eq. (1), β is the RID, which is defined as 

the ratio between applied indentation depth and film thickness, viz. 𝛽𝛽 ≡ 𝛿𝛿/ℎ𝑓𝑓.  

Significant efforts have been made to attempt to improve the consistency between numerical 

prediction and experimental results by modifying eq. (1). Among those, Tuck et al. [9] relaxed the 

square form of RID, β, to a generalized exponent parameter and hence improved the genericity of 

the hardness formula. Bull [10] introduced the deformation volume and energy dissipation 

argument to the indentation-work model, and thus took indentation size effect of films as an 

additional term in the coating system formula. However, this phenomenological formula did not 

explicitly detail the dislocation activities within the film and hence lacks physical interpretation of 

ISE. Tuck et al. [11] proposed a dimensionless parameter for the exponent of RID, β , that was 

correlated to the indenter geometry and coating system deformation mode. Bull et al. [12] further 

compared the application of the hardness formula in single and multi-layer hard coating systems. 

Korsunsky et al. [13] reviewed the work of indentation model and argued that cracking and plasticity 

could be fully incorporated into the framework by fitting the parameters. Ma et al. [14] performed 

an important step forward and theirs was the first contribution attempting to provide a full 

spectrum of composite hardness over a large RID range, covering β = 0.1 − 5. In particular, they 

applied the original form of Nix and Gao’s formula based on strain gradient theory to incorporate 

ISE [15] in a continuum model and proposed a modification to the original formula by Korsunsky et 

al. [4] given in eq. (1). 
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From the brief overview of this research topic reported above and from screening the many 

publication dealing with indentation size effects, it is clear that the disparity of scales encountered 

as the indentation depth is increased, which characterise films and substrates, are not always 

considered in deriving expressions to estimate or predict hardness variation of coating systems.  

Attempts that have been made to capture hardness evolution, even when they try to capture 

transitions at the smallest of scales using mechanisms-based formulations [14], most often are 

based on a single-scale modelling methods. Furthermore, so far a physics-based modelling approach 

has not been adopted to reflect the explicit role played by dislocations structures on the ISE of films 

at the small scales.  Capturing such aspect of indentation response is extremely important as it 

translates into the hypothesis of spherical deformation volume not necessarily being valid [10, 16] 

and hardness deviation at small indentation depths [14]. Hence, it is essential to develop a multi-

scale, physics-based model, which can describe the coating system hardness behaviour over a wide 

range of length scales. The adoption of a multi-scale model can also provide a better physical 

interpretation of fitting parameters (such as κ1 in eq.(1)). In addition, the application of a multi-scale 

model reduces the computational expense required to study the entire indentation process using 

simulations methods capable of capturing the smaller scales [17, 18]; these are potentially 

associated with the need to model large regions of a coating system using microscopically-accurate 

models, especially when large indentation depths are to be explored [19, 20]. Finally, although 

atomistic or molecular scale models [21-23] have been recently proposed to study some 

fundamental aspects on indentation at the smallest of scales, they are too computationally 

expensive to address issues related to transitions across length-scales and macroscopic hardness.  

In this paper, we utilize discrete dislocation plasticity (DDP) as well as a multi-scale modelling 

approach [18] that couples DDP and crystal plasticity finite element (CPFE) subregions to analyse 

the indentation response of coating systems typically used in industrial applications. The aim is to 

capture the indentation behaviour in the ISE region with the accuracy required to study the 
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microscopic origins of such effect at dislocations level (DDP subregion) while still being able to study 

the microstructurally-insensitive response at large indentation depths. With the new insight gained 

from the explicit introduction of dislocations-scale simulations, a new hardness formula, similar to 

the modified version of eq. (1) proposed in [14] but which adopts an alternative correction for the 

ISE region, is proposed.  The functional form obtained is inspired by the DDP and the multi-scale 

coupling results and the formula is then used to describe hardness variation of indentation tests on 

different coating systems. The effectiveness of the newly proposed formula in capturing the 

hardness variations for different systems and over a large range of indentation depths demonstrates 

its suitability for incorporation in design methodologies for coating systems. 

2 Methodology 

First, studies are carried out to simulate indentation of thin coating films using DDP and CPFE 

individually to show how the two methodologies describe coatings indentation processes and to 

evaluate their hardness response.  After the initial studies have been conducted using individual 

modelling tools suitable to capture the behaviour at different time and length scales to highlight 

their strengths and potential limitations, a concurrent multi-scale model that couples DDP and CPFE 

formulations is applied to the coating systems under investigation to study the transition between 

ISE and the size-independent response of the coating as well as the effect of the substrate on the 

system response to indentation to overcome the issue encountered with the separate descriptions. 

2.1 DDP and CPFE formulations  

A planar, isotropic and isothermal DDP framework [18] is adopted to investigate the indentation 

size dependence of film behaviour under nanoindentation. Even though the 2D representation of 

this DDP methodology has its limitations in terms of generality and universal applicability, it is an 

extremely useful tool to provide localized information at the dislocation scale during plastic 

deformation and has been widely applied to indentations of thin films. The plastic flow within the 
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thin film results from the collective motion of dislocations gliding along predefined slip planes. There 

are three predefined slip systems in the DDP model oriented by  𝜙𝜙(𝑠𝑠) =  ±35.3, 90, 𝑠𝑠 = 1, 2, 3 with 

respect to the y-axis, which represents the activated systems in a typical FCC crystal. The linear 

superimposition scheme proposed in [24] is adopted herein to solve the boundary problem. The 

total displacement field 𝒖𝒖 is decomposed into a 𝒖𝒖 � field, which sums the displacement field 

contribution of dislocations, and an image field 𝒖𝒖�, which corrects the boundary conditions. The total 

stress 𝝈𝝈 and strain 𝝐𝝐 fields are analogously obtained by superimposition of the image field ( � ) and 

the sum of individual dislocation field ( � ) as: 

𝒖𝒖 = 𝒖𝒖� + 𝒖𝒖�  

𝝈𝝈 = 𝝈𝝈� + 𝝈𝝈� (2) 

𝝐𝝐 = 𝝐𝝐� + 𝝐𝝐�  

Dislocations activities follow a series of governing laws, including nucleation, mobility, pinning, etc., 

but thermal effects on dislocations activities [25] are neglected. The rate-sensitivity of the DDP 

framework mainly comes from the mobility law [26], and diminishes when a relatively high strain 

rate is imposed on the sample. Details about the DDP numerical framework and simulation set-up 

of the nanoindentation are provided in [18] and [27], respectively. A rate-independent CPFE 

formulation [28], where the slip along slip systems occurs is dominated by thermal-activation 

process [29],  is adopted either to model the response of the coating and the substrate at the 

continuum level or to study the size-independent region response in the coupled simulations 

described below. The key formulations in the CPFE framework are concisely summarized herein, 

and more details can be found in Ref. [29] . The plastic velocity gradient 𝑳𝑳𝒑𝒑 sums up the slip rate 

𝛾̇𝛾(𝑖𝑖) along all active slip systems, which gives: 

𝑳𝑳𝒑𝒑 = �𝛾̇𝛾(𝑖𝑖)𝒔𝒔(𝑖𝑖)
𝑀𝑀

𝑖𝑖=1

⨂𝒏𝒏(𝑖𝑖) (3) 
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here 𝑀𝑀 is the total number of slip systems (𝑀𝑀 = 12 for an FCC crystal), 𝒔𝒔(𝑖𝑖) and 𝒏𝒏(𝑖𝑖) are the slip 

direction and normal direction vector of 𝑖𝑖𝑡𝑡ℎ slip system, respectively. The slip rate 𝛾̇𝛾(𝑖𝑖) along 𝑖𝑖𝑡𝑡ℎ slip 

system is constitutively governed by thermally activated dislocation escaping from obstacles (such 

as lattice defect, impurities, inclusions, etc), which is given by: 

𝛾̇𝛾(𝑖𝑖) = 𝜌𝜌𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑏𝑏2𝑣𝑣𝐷𝐷 exp �−
𝛥𝛥𝛥𝛥
𝑘𝑘𝑘𝑘�

sinh �
𝛥𝛥𝛥𝛥
𝑘𝑘𝑘𝑘

�𝜏𝜏(𝑖𝑖) − 𝜏𝜏𝑐𝑐
(𝑖𝑖)�� (4) 

where 𝜌𝜌𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠is the initial mobile statistically stored dislocation density, 𝑏𝑏 is the Burgers vector, 𝑣𝑣𝐷𝐷 

the dislocation jump frequency, 𝛥𝛥𝛥𝛥 is the activation energy, 𝑘𝑘 is the Boltzmann constant, 𝛥𝛥𝛥𝛥 is the 

activation volume, 𝜏𝜏(𝑖𝑖) and 𝜏𝜏𝑐𝑐
(𝑖𝑖) are the resolved shear stress and critical resolved shear stress on 

𝑖𝑖𝑡𝑡ℎ slip system, respectively. The critical resolved shear stress 𝜏𝜏𝑐𝑐
(𝑖𝑖)  increases with increased 

dislocation density. An appropriate combination of 𝛥𝛥𝛥𝛥  and 𝛥𝛥𝛥𝛥  effectively suppresses the rate 

sensitivity of the plasticity and macroscopic material response within a certain strain-rate range [30].  

 
Figure 1. stress strain response curve of DDP and CPFE single crystal under uniaxial loading. CPFE material 

properties are calibrated to match the DDP stress response, and stress field of the DDP single crystal is 
illustrated with corresponding dislocation structure when 𝜖𝜖𝑥𝑥𝑥𝑥 = 0.6%. 

2.2 Multi-scale coupling framework between DDP and CPFE  

The DDP parameters for modelling the thin films behaviour are chosen as to represent material 

behaviour for an aluminium-like single FCC crystal as shown in [31]. CPFE parameters are calibrated 
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to the corresponding stress-strain response of the DDP model under uniaxial tension as shown in 

Figure 1. The calibrated CPFE and DDP parameters are tabulated in Table 1, and further details can 

be found in Xu et al. [18]. The adopted activation energy and volume are in line with those reported 

in the literature [32, 33] and the combination of their values corresponds to a very low rate 

sensitivity of the thin films.  

In the coupled simulations the ISE-dominated film sub-region is modelled using DDP and the 

remaining part of the sample is modelled using CPFE. The multi-scale coating system with two sub-

regions is sketched in Figure 2(a). The indentation process is divided into several time steps; at each 

load increment, the film subregion (ΩDDP) receives boundary conditions from the indenter and 

previous CPFE calculations, and outputs traction via nodes along the coupling interface (ΓDDP). The 

substrate sub-region (ΩCPFE) inputs tractions received from ΩDDP and feedbacks displacement field 

via the coupling interface (ΓCPFE) for the next DDP calculation. 

Table 1. Material properties in DDP and CPFE modelling 

Subregion Parameter Name Symbol Unit Value 
 Young’s modules  𝐸𝐸 GPa 70 

Both Poisson ratio 𝜐𝜐 - 0.33 
 Burger’s vector 𝑏𝑏 nm 0.25 
 Spacing of slip planes - b 100 
 Drag coefficient 𝐵𝐵 Pa · s 10−4 
 Annihilation distance 𝐿𝐿𝑒𝑒 b 6 

DD Mean source strength  𝜏𝜏̅𝑛𝑛𝑛𝑛𝑛𝑛 MPa 50 
 Obstacle strength  𝜏𝜏𝑜𝑜𝑜𝑜𝑜𝑜 MPa 150 
 Source density 𝜌𝜌𝑛𝑛𝑛𝑛𝑛𝑛 𝜇𝜇𝜇𝜇−2 40 
 Obstacle density 𝜌𝜌𝑜𝑜𝑜𝑜𝑜𝑜 𝜇𝜇𝜇𝜇−2 80 
 Critical resolved shear stress  𝜏𝜏𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 MPa 12 
 Hardening coefficient 𝜆𝜆 𝜇𝜇𝜇𝜇−2 2.0 

CP Mobile dislocation density 𝜌𝜌𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝜇𝜇𝜇𝜇−2 1.2 
 Activation energy ∆𝐻𝐻 kJ ∙ mol−1 110 
 Activation volume ∆𝑉𝑉 − 50b3 

 

An iterative scheme (illustrated in Figure 2(b)) is adopted to achieve both traction and displacement 

compatibility at the coupling interface the film and substrate [34, 35]. The indentation boundary 
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condition updates until convergence is achieved at the current indentation depth. More specifically, 

the DDP subregion outputs the stress field to the CPFE subregion via the interface boundary, and 

the CPFE subregion uses this to enforce new traction boundary conditions for its advancement. Then 

the CPFE subregion passes its displacement field back to the DDP subregion such that the latter can 

start iterating the calculation with the updated boundary conditions until equilibrium and 

consistency are enforced throughout the sample. 

 
Figure 2. (a) Schematic diagram of the multi-scale coating system containing two subregions under wedge-
shaped indentation (b) Traction and displacement exchange via coupling interface between DDP and CPFE 

sub-regions.  

The coupling interface between the DDP and CPFE subregions is modelled transparent to dislocation 

transmission [34]. The dislocations approaching the coupling interface (the critical distance is set as 

100b in this study) are removed from the DDP subregion, but the stress field introduced by those 

dislocations is fully transferred by utilizing the iterative scheme (Figure 2(b)) between the DDP and 

CPFE subregion. Therefore, the incompatibility between DDP and CPFE subregions’ fields due to the 

singularity of individual dislocations no longer hinders the concurrent coupling approach. The 

methodology and algorithm describing the “quasi-transfer” of dislocation’s flux from the DDP 

subregion to the CPFE subregion (i.e. the CPFE subregion absorbs dislocations via field exchange) is 

detailed in [34]. The singularity due to the dislocations near the coupling interface is hence resolved 

without losing information from the dislocation scale to the crystal scale. Alternative schemes can 
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also be easily implemented within the coupling framework to include effects such as the presence 

of grain boundaries (e.g. modelling dislocation pile-ups) and discontinuities between the DDP and 

CPFE regions. For a more detailed description of the iterative scheme and multi-scale coupling 

methodology is referred to Xu et al. [18].  

3 Numerical Results and New Hardness Formula 

3.1. Discrete Dislocation Plasticity Simulations 

We start by focusing on a discrete dislocation plasticity analysis (i.e. without coupling to the crystal 

plasticity substrate), which was conducted on two films of thickness ℎ𝐷𝐷𝐷𝐷 = 2µm and ℎ𝐷𝐷𝐷𝐷 = 10µm 

indented by a wedge-shaped indenter with 𝜔𝜔 = 5° to show the level of details achieved with such 

simulations. The simulations were performed with the thin films bonded to a rigid substrate i.e. the 

degree of freedoms along the bottom surfaces are constrained. While highlighting the physical 

insight that these simulations can produce, we also look at the main limitations of the method, 

which is that it can only be used to study the behaviour of the film for limited indentation depths 

compared to the sample thickness – note that a rigid substrate bonded to the thin film is 

conventionally assumed rather that explicitly modelling the presence of the substrate and its 

characteristics explicitly due to the expense involved with explicitly modelling the dislocation 

activity within the substrate and across the boundary. The indentation pressure response  

(commonly referred to as hardness in this context), which is calculated as the ratio between the 

reaction force and the contact size, as a function of the applied indentation depth is reported in 

Figure 3 for both films. 
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Figure 3. Indentation pressure response as a function of the applied indentation depth of two films with 

different thickness modelled using discrete dislocation plasticity. 

When indentation depth is small (𝛿𝛿 < 0.06µm), the indentation pressure decreases with applied 

indentation depth, and the trend appears similar for the two film. The discrepancy at extremely 

small indentation depths is caused by the mesh sensitivity of contact resolution [36]. However, 

indentation pressure increases for the thin film when plastic flow reaches the rigid boundary 

(compressive stress through the film shown in the contour plot), which is given by dislocations 

approaching and piling up at the bottom boundary; this causes significant back forces are developed 

when the indentation depth exceeds 10% film thickness. 

It is worth noticing that the presence of the substrate is already felt at a smaller level of RID (δ =

0.3µm,𝛽𝛽 = 3%) compared to the conventional continuum estimation (𝛽𝛽 = 10%) for thin films [3]. 

This is attributed to discrete nature of dislocation movement towards the rigid boundary that 

triggers the substrate effect sooner than continuum plastic flow.  For the thick film, its indentation 

pressure continues to decay until an indentation size independent plateau (𝑝𝑝𝑁𝑁 ≈ 218MPa ) is 

achieved. In this case, the stress field contour shows that the plastic flow introduced by collective 

dislocation glide is still far from the rigid boundary at indentation depth δ = 0.3µm (note that the 

contours are plotted at the same indentation depth for both films). These simulations allow to 
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capture the variation of indentation pressure within ISE regime in thick films (without considering 

the effect of the rigid substrate), which has been quantitatively investigated using DDP analysis [27] , 

and is given by a modified form of Nix and Gao’s formula [15]: 

H = Hp + H0 �1 + δ
δ�
�
−η

, (5) 

where Hp is the size-independent continuum hardness, H0 the initial hardness, δ� the length scale 

parameter associated with dislocation source spacing, and η a power-law exponent usually in the 

range between 0.5 and 0.7 [27]. 

3.2. CPFE and Coupled Simulations 

Analogous calculations were performed using CPFE only (shown in Figure 1 for the larger of the two 

domains). The film hardness is predicted by the CPFE to be 165MPa, close to three times the flow 

stress for this specific material, as expected from classical macroscopic plasticity arguments [37], 

and does not exhibit an indentation size dependent regime. Note therefore that there is a difference 

between the DDP computed hardness (218MPa, denoted by the dashed red line, Figure 4 – not 

reported in legend as not obtained directly by simulations but estimated using the DDP-only results) 

and the continuum equivalent value (165MPa, denoted by the dashed green line, Figure 4).  This is 

likely due to the fact that, although the two descriptions have been calibrated under uniaxial tension, 

some differences emerge when the state of stress is multiaxial and the DDP response is computed 

in an inhomogeneous system. 

The indentation pressure response of the multi-scale coating system (ℎ𝑐𝑐 = 10µm) against relative 

indentation depth is reported in Figure 4. Here ΩDDP corresponds to the film domain were most of 

the dislocation activity is concentrating (top, ℎ𝐷𝐷𝐷𝐷,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 2µm) and ΩCPFE is used to model the 

remaining part of the film region, away from where the indentation size effect is captured. 
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Figure 4. A comparison between the indentation pressure response of the multi-scale coating system, the 

film modelled using DDP only (ℎ𝐷𝐷𝐷𝐷 = 10µm), the full system modelled using CPFE only (ℎ𝐶𝐶𝐶𝐶 = 50µm). The 
stress field of the multi-scale coating system is illustrated in the inset of the figure also to highlight traction 
compatibility achieved at the coupling interface. The hardness response of a DDP-Elastic coating system is 

also included to demonstrate the necessity of assigning the CPFE material properties to the substrate 
subregion to correctly capture the system behaviour. 

Therefore, given the hardness values reported above for the separate materials’ description, this 

sample corresponds to a coating system characterised by a coating slightly harder than the substrate. 

The indentation pressure response of the DDP film of thickness ℎ𝐷𝐷𝐷𝐷 = 10µm  and the results 

obtained using CPFE in a large domain, ℎ𝐶𝐶𝐶𝐶 = 50µm, are also included. The hardness evolution of 

the coating system shows a typical indentation size effect regime and is dominated by DDP film 

behaviour when relative indentation depth is small, i.e. 𝛽𝛽 < 10%. However, the presence of the 

CPFE substrate is felt when the indenter penetrates further into the film. Even for a film of 

thickness 10µm there is a tangible difference between the film analysed used DDP-only and the 

results obtained through the coupling scheme, as the multi-scale DDP-CPFE model produces a softer 

response; this is likely due to the fact that the DDP and the CPFE descriptions have been matched 

with a calibration aimed at capturing the macroscopic response of the material under uniaxial 

tension rather than the local response; this is bound to cause discrepancies when the two 

descriptions are used to capture important strain gradients localised underneath the indenter tip. 
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Nevertheless, the coupling scheme ensures that the transition to the macroscopic response of the 

coating is captured. 

An additional multi-scale coupling simulation, which replaces the CPFE subregion in Figure 2 with 

the corresponding anisotropy elastic material (i.e.  by setting the CRSS value to infinity) was also 

conducted, the hardness response of which is represented by the blue curve in Figure 4. As expected, 

the use of the elastic substrate substantially overestimates the hardness the coating system when 

the indenter feels the substrate, 𝛽𝛽 > 5%; this is due to the large equivalent stiffness of the elastic 

substrate compared to the more compliant response of the CPFE, which allows to better 

accommodate deformations and the development of plastic strains within the material.  This further 

demonstrates that an accurately calibrated CPFE substrate is essential for representing the multi-

scale coating system. 

3.3. Proposed Hardness Formula to Capture the Behaviour across the Scales 

Our previous study [27] on the dependence of the hardness response of thin films on dislocation 

structures has provided a microstructure-dependent hardness formula that should be applied when 

the indentation depth is relatively small compared to the film thickness. The multi-scale coupling 

results shown in Figure 4 suggests that the hardness transition between the DDP domain (which can 

be used to describe the behaviour of the thin coating) and the CPFE domain (which can be used to 

model the substrate or the region far from the large strain gradients near the indenter tip for 

relatively thick coatings) has been captured by the hybrid modelling method.  The scheme can be 

used to explore the subtleties of the transition between film and substrate and to correctly mimic 

the hardness variation of a coating system across the scales. By incorporating the recent DDP analysis 

of the film response in the ISE and the concurrent multi-scale coupling results in the conventional 

descriptions of hardness for thin films, we propose a new hardness formula for a coating system, 

which simultaneously captures both the indentation size effect regime and the hardness transition 
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regime from film to substrate. The continuum-based formula (eq.(1)) proposed by Korsunsky and 

co-workers [9, 38] is used as our starting point; however, the invariant film hardness is replaced by 

the indentation size dependent formula that capture the transition between ISE-dominated and film-

dominated region (eq. (5)), which gives: 

Hc = Hs +
Hf,p + Hf,0(1 + β

β�
)−η − Hs

1 + κ2β2
 (6) 

where Hc is the size-dependent hardness of the coating system, Hf,p the size-independent hardness 

of the film, Hf,0 the initial hardness of the film, which can be determined from material elasticity and 

indenter geometry [39], β�  the relative length scale parameter, Hs  the continuum hardness of 

substrate, and κ2  the modified dimensionless hardness transition parameter. The relative length 

scale parameter β� is the same as the length scale parameter δ� in eq.(5) (the nomenclature has been 

adapted here so that the parameter can be directly related to the RID , β), and captures the hardness 

reduction within the indentation size effect regime. The magnitude of the length scale parameter 

β� has been correlated to the dislocation spacing of the materials under investigation [27], which in 

turn can be linked to manufacturing processes, residual strain, etc. 

It should be noted here that although the proposed formula in eq. (6) resembles the correction 

proposed by Ma et al. [14], its nature and derivation stems from a different perspective. In this paper 

we make use of the explicit knowledge obtained using DDP simulations and the new insight provided 

by looking at the influence of dislocations structures on ISE [27] to provide a different interpretation 

of the correction obtained by Ma et al. [14] using more conventional strain-gradient plasticity 

predictions.  The newly proposed formula therefore fully incorporates its physics-based ingredients, 

in the order of length scales, as follows: (a) the depth-sensitive hardness variation (i.e.  indentation 

size effect) of the film predicted using the improved understanding obtained using DDP [27] ; (b) the 

continuum hardness transition between the film and the substrate provided by the work-of-
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indentation-based mechanisms [4] ; (c) the depth-insensitive, continuum  hardness of the substrate 

that is physically governed by its flow stress [37].   

The difference between the two descriptions of the hardness response as function on indentation 

depth provided by eqs. (1) and (6) is schematically depicted in Figure 5. Here it is emphasised how 

the newly proposed formula provides the necessary means to include the contribution of the ISE for 

very small indentation depths.  This could then potentially used to interpret and predict the 

behaviour of different coating materials and substrates across the scales. 

 
Figure 5. Schematic representation of the response of different coating systems provided by the classical 

continuum-based transition formula and the newly proposed formula to predict hardness variation in thin 
films as a function of indentation depth. 

4 Discussion 

Experimental results are now used to show how the new formula can be used to provide a better 

description of the indentation process of thin coating films. Comparison of the fitting for 

nanoindentation experimental data obtained for two different coating systems using the 

conventional continuum formula, eq.(1), and the proposed multi-scale formula, eq.(6), is shown 

Figure 6. Figure 6(a) illustrates the hardness variation of a nickel ( Hf,p = 2.26GPa  and Hf,0 =

5.70GPa) / copper (Hs = 0.29GPa) coating system recorded through nanoindentation tests [9]. This 

represents a typical hard-soft combination of film and substrate used extensively for industrial 

applications. Compared to the fitting obtained using eq.(1), eq.(6) substantially improves the fitting 
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quality, especially in the ISE-dominated region of nanoindentation and provides better prediction 

within the whole span of relative indentation depth. Figure 6(b) illustrates the hardness variation of 

an aluminium (Hf,p = 0.45GPa , Hf,0 = 2.5GPa) / glass (Hs = 6.8GPa) coating system [14], which 

represents a soft-hard combination encountered in various applications. The hardness of the 

coating system initially decreases to the size-independent hardness of the film and then increases 

when the influence of the stiffer substrate affects the system behaviour. The newly proposed 

formula is capable of predicting these two transitions effectively, especially when the indentation 

size is small. By contrast, the conventional formula eq.(1) can only fit the hardness of a coating 

system well when the indentation depth is large. It should be noted here that the modified 

continuum model proposed in [14], in spite of representing the general trend of hardness variation 

within a relatively large range of relative indentation depths, fails to capture the transition in the 

ISE-dominated region. Furthermore, the parameter that captures the transition between the film 

and substrate dominated regions (κ2) may be strongly affected by the coupling between the scales, 

i.e. in case the films are extremely thin and the two transitions (identified by 𝛽̅𝛽 and κ2 respectively) 

are relatively close; this is certainly the case in Figure 6(b), where any form of fitting other than eq.(6)  

would fail to capture the correct hardness variation. In general, this implies that the values obtained 

for κ2 and κ1 may also differ. The exponent fitting parameter 𝜂𝜂 can be fixed within a narrow range 

as shown with DDP analyses in our previous contribution [40]. The fitting parameters obtained using 

both equations for the two types of coating systems are tabulated in Table 2.  

Table 2. Fitting parameters using eq.(1) and eq.(6) for the two coating systems 

Film/substrate 𝜿𝜿𝟏𝟏 𝜿𝜿𝟐𝟐 𝜷𝜷� 𝜼𝜼 
Ni/Cu 24 20 0.0007 0.68 
Al/glass 0.05 0.04 0.0045 0.65 
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Figure 6. Comparison between fitting experimental data ([9, 14]) of nanoindentation on two coating 

systems composed of (a) nickel-copper (b) aluminium-glass using eq.(1) and eq.(6), respectively. 

Although the constitutive law and formula proposed by Ma et al. [14] generally was shown to match 

the hardness variation of a number of coating systems well, the use of the original form of Nix and 

Gao’s formula to qualitatively capture the behaviour in the ISE region, which has been shown to 

leads to discrepancies in predicting hardness at small indentation depths [41, 42]. Furthermore, the 

numerical model used in Ma et al. [14] to study the transitions of hardness response across the 

scales is still based on the continuum finite element calculations, and it relies on strain-gradient 

theory rather than the analysis of dislocation-scale deformations, particularly the stress field due to 

dislocation activities [43, 44] near the indenter tip. It should be noted that the individual terms 

provided in the formula proposed in this paper can all be linked to the physical interpretation of 

response to indentation and terms governing different length scales are also linked to relevant 

materials length scales as proposed in Ref. [27]. 

The multi-scale coupling between the DDP and CPFE subregions has not only acted as an inspiration 

for the development of the new formula (eq.(6)), especially in the effort to study the dislocation-

mediated response over large regions of material, but has also provided the tools to enable the 

physical interpretation of the hardness transitions between the regions controlled by dislocation 
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structures (ISE-dominated) and between the coating film and the substrate with the support of 

explicit outputs in terms of dislocations, plasticity and dislocation-mediated stress distributions. (as 

shown in the inset Figure 4). The use of the different simulations tools provides us with an 

opportunity to clarify the different mechanisms taking place at different scales and gives the reader 

the reasoning behind the physical interpretation not only of the formula but also of the transition 

parameters (e.g. 𝜅𝜅1 in eq.(1)), which is key for enabling researchers (and industries developing new 

materials and coatings) with the understanding needed and the prediction capabilities to produce 

new innovative solutions. Furthermore, the use of the concurrent coupling between DDP and CPFE 

has the potential to provide detailed information about the deformation process that cannot be 

obtained by the two descriptions in isolation and has enabled us to shed light into the correlation 

between the microstructure and hardness variation and to show when such transitions take place 

as a function of the indentation depth. 

5 Conclusion 

Many attempts of using single-scale models to study coating systems (including those reviewed here 

and many others, e.g. [45, 46]) have hardly shown to be capable of capturing the hardness response 

of coating systems across the scales. Better predictive capabilities have been shown in this respect 

by embedding strain-gradient theory into a continuum description to capture the materials 

behaviour in the ISE-dominated region [14]. Here, inspired by the use of a multi-scale model that 

couples DDP and CPFE to track the detailed material deformation (especially the details of 

deformation given by the discrete nature of dislocations within the DDP subregion) and hardness 

transitions during indentation process, we have taken this one step further. Thanks to the insight 

gained from the study of the effect that dislocation structure have on the ISE, a modified form [27] 

of Nix and Gao’s formula has been used to propose a new hardness/indentation depth formula. This 

resolves the issues encountered in the past to capture thin films behaviour in size-sensitive regions 
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and hence improves the hardness prediction for coating systems. Moreover, the length scale 

parameter 𝛽̅𝛽 in eq.(6) has also been shown to be linked to dislocation source spacing, and therefore 

provides a physics-based interpretation of how microstructural changes induced by e.g. heat 

treatments may affect the ISE regime and the overall thin film indentation response. 

To conclude, the proposed formula substantially improves the capability to capture size-dependent 

hardness variation with indentation depth for various coating systems; its use and physical 

interpretation of the parameters used to describe the transitions of the response across the scales 

and to match experimental data enables the design of new materials, treatments and solutions to 

improve coating system performance. 
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