
Constraining low energy

effective field theories

via high energy axioms

Scott Andrew Melville

Supervisor: Claudia de Rham

Thesis presented for the degree of

Doctor of Philosophy

Department of Physics

Imperial College London

United Kingdom

February 2019

1



Constraining low energy effective field theories

via high energy axioms

Scott Andrew Melville

Abstract

Low energy effective field theories (EFTs) allow us to predict low energy (macro-

scopic) observables without specifying the high energy (microscopic) details of a

system. This is useful across many areas in physics, and particularly in situations

where the high energy is unknown or difficult to measure. However, the EFT is

not blind to all aspects of the high energy microphysics—certain consistency condi-

tions on very small scales are inherited as conditions on the large scale dynamics.

Physically, the high energy consistency conditions we wish to impose correspond

to locality, causality, unitarity and crossing symmetry. By exploiting the resulting

analytic structure of scattering amplitudes (S matrix elements), these translate into

rigorous constraints on the EFT. Failure to satisfy these constraints indicates that

no local, causal, unitary, Lorentz-invariant high energy completion of the low energy

theory can ever exist—the microphysics must be inherently incompatible with this

kind of quantum field theory. Here, such constraints are derived at nearly every or-

der in the EFT expansion, for massive particles of any spin with any kinematics. To

illustrate the power of these techniques, specific applications to various cosmological

field theories are presented—including the scalar, vector and massive gravity theo-

ries used in the early Universe for inflation and the late Universe for dark energy, as

well as non-singular bouncing cosmologies and gravitational waves. Exploiting rela-

tions between high and low energy in order to better constrain effective field theories

with fewer experimental data therefore proves itself to be a useful tool in a variety

of applications, and will guide our future efforts to construct both fundamental and

phenomenological models of the Universe in which we live.
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Conventions

Kinematics: The different particles in any two-to-two scattering processes will be

referred to as A + B → C + D, and the properties of particle A will be denoted

m1, S1, .... The momenta of the outgoing particles is defined such that
∑

i pi = 0.

The Mandelstam variables,

s = −(p1 + p2)
2, t = −(p1 + p3)

2, u = −(p2 + p3)
2 (1)

are related by u =
∑

im
2
i − s− t. We will also use,

S = s(s− 4m2) and U = u(u− 4m2). (2)

“Elastic” scattering denotes indistinguishable ingoing and outgoing states, so m1 =

m3, m2 = m4, etc. For elastic scattering, we define,

v = s + t/2−m2
1 −m2

2, (3)

which has the property v ↔ −v under p1 ↔ p3 or p2 ↔ p4.

Amplitudes: The flat space scattering amplitude from state |i〉 to state |f〉, con-
taining N particles, is given in terms of the S matrix by,

〈f | S − 1 |i〉 = i(2π)Dδ(D)

(

N
∑

i

pi

)

AN(pi) (4)

i.e. having extracted an overall i and D-momentum conserving delta function, and

is related to the N -point correlation function by the usual LSZ reduction. In prop-

agators, the +iǫ prescription is implicitly assumed.

For particles with spin, the subscripts λi denote helicities, while τi denote transver-

sities. The helicity amplitude is Hλi and the transversity amplitude is Tτi . Unless

otherwise stated, λ = λ1−λ2 and µ = λ3−λ4. The amplitude with s- and u-channel

poles subtracted is denoted B(s, t) for scalars, and T̃τi for spinning particles.
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Metric: The flat metric convention is ηµν = (−1,+1, ...,+1). Square brackets

denote the trace with respect to ηµν , and angle brackets denote the trace with

respect to the full gµν = ηµν + hµν . For example,

〈h〉 := hµνg
µν = hµν (η

µν − hµν + ...) := [h]−
[

h2
]

+ ... (5)

All momenta and polarization vectors are always contracted using ηµν .

Tensor indices in square brackets should be antisymmetrized as T[µν] = Tµν−Tνµ,
while round brackets indicate symmetrization, T(µν) = Tµν + Tνµ.

Spinors: Conjugate spinors are defined via,

v̄λ = uTλC, ūλ = vTλC (6)

with C = −iγ0γ2, and the γµ matrices are in the Dirac representation,

γ0 =













1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1













, γ1 =













0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0













, (7)

γ2 =













0 0 0 −i
0 0 i 0

0 i 0 0

−i 0 0 0













, γ3 =













0 0 1 0

0 0 0 −1
−1 0 0 0

0 1 0 0













, (8)

and γ5 = iγ0γ1γ2γ3.
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Introduction

Low energy effective field theories (EFTs) are ubiquitous in modern physics, used

to describe everything from fundamental particle interactions to phenomenological

models of the Universe. The mechanism that underlies their success is the decoupling

of high energy (UV) from low energy (IR) physics whenever there is a hierarchy of

scales. However, the resulting utility and universality of effective field theories are

both a blessing and a curse. While successfully describing the low energy world,

since predictions can be made without precise knowledge of an explicit high energy

completion, the EFT is also insensitive to the underlying microscopic dynamics

of the system. This suggests that all EFTs are equally valid candidates from a

theoretical point of view, and only experiments can distinguish them.

This picture of EFTs presents two serious shortcomings. Firstly, in many modern

fields (e.g. EFTs for inflation/dark energy, gravity or physics beyond the Standard

Model) observations and experiments are sufficiently limited that there remains a

wealth of candidate EFTs that can describe the same data—this degeneracy prevents

us from making unique, reliable predictions about presently unobserved quantities.

Secondly, several non-renormalizable theories (such as General Relativity and its

modifications) are nowadays viewed as EFTs, and so we seem forced to conclude that

there is no way to probe the underlying UV structure of such theories experimentally.

This thesis aims to expand and develop theoretical tools by which this impasse

may be overcome. Namely, although we have coarse-grained away the specifics of the

underlying UV completion in order to make our low energy EFT predictions, not all

information about the high energy physics is lost. By imposing various physically

motivated assumptions about the underlying UV physics, which is otherwise com-

pletely unknown, we can derive powerful constraints which must be satisfied by the

corresponding low energy EFT. Turning this on its head: if these constraints are not

satisfied, it tells us that no UV completion with our initial assumptions is possible.

Establishing the IR implications of UV completion is thus an essential ingredient

in solving the above two problems: it can place bounds on the undetermined EFT

parameters (using little to no experimental data), and can segregate different types

of EFTs according to the kinds of UV completions they admit (which can teach us

about the microscopic world from our purely macroscopic measurements).

10



Introduction Summary of Part I

In particular, this thesis will derive the conditions under which a low

energy EFT may admit a unitary, analytic, polynomially bounded,

Lorentz-invariant UV completion, and apply these constraints to

cosmological EFTs of scalars, vectors and gravity.

These constraints are known as positivity bounds. Following their recent reinitia-

tion by [Adams et al., 2006], such positivity bounds from the UV have enjoyed a wide

range of applications in recent years: constraining everything from pion scattering

in particle physics to inflation in the early Universe. An advance in our under-

standing of these bounds therefore translates into an improvement on a wealth of

existing calculations, as well as opening the door for novel applications which were

not previously possible.

Recent Successes: For instance, in the last few years there have been many

successes of these techniques in various areas:

• Dispersive techniques have allowed the detection of light scalar resonances

from collider data which would otherwise have been missed [Tanabashi et al.,

2018, p861],

• Positivity bounds have been used to establish monotonicity theorems along

renormalization group flows, such as the a theorem in four dimensions [Ko-

margodski and Schwimmer, 2011],

• Positivity bounds have been related to the Weak Gravity Conjecture [Che-

ung et al., 2018; Hamada et al., 2018], making contact with the Swampland

program [Vafa, 2005],

• Unitarity and crossing have recently been used to improve the conformal boot-

strap program [Arkani-Hamed et al., 2018b],

• A similar philosophy can also be combined with advanced numerics, known as

the S-matrix bootstrap [Paulos et al., 2017c,a,b]—this provides complemen-

tary constraints on EFT parameters.

Synopsis: This thesis is divided into two parts. The first concerns the formal

requirements placed on scattering amplitudes in general effective field theories. The

second applies these bounds to a variety of cosmological EFTs. A schematic outline

is given in Figure 1 to aid navigation. A short summary of each chapter and its

results is provided below.

11



Summary of Part I Introduction

Figure 1: Schematic outline of this thesis. For instance, Chapter 6 uses the results
and notation of Chapter 4, which in turn relies on the results of Chapter 2.

Summary of Part I

1 Preliminaries

The 4-particle scattering amplitude, A4(s, t), depends on the particle momenta via

two independent Mandelstam invariants, s = −(p1 + p2)
2 and t = −(p1 + p3)

2. At

high energies, it should obey causality (analyticity), unitarity, locality and crossing

symmetry. These are the central assumptions of the S-matrix program.

However, in the modern EFT framework, we imagine integrating out UV physics

to arrive at a (more tractable) IR description of our system. This then poses an

interesting question: how do the S-matrix axioms at high energies map onto the

Wilson coefficients of a low energy EFT? In particular, we will use the properties:

• Analyticity: The scattering amplitude is an analytic function of momenta,

up to known poles and branch cuts—this allows one to deform “low-energy”

contours into “high-energy” contours in the complex s plane;

• Unitarity: The optical theorem relates the discontinuity of the s-channel

branch cut to the total cross section, which is positive definite;

• Crossing: Relabelling indistinguishable particles leads to crossing relations

between the process A + B → C + D and A + D̄ → C + B̄, which fixes the

u-channel branch cut in terms of the (positive) s-channel branch cut;

• Froissart-Martin bound: Analyticity, locality and unitarity bound the high

energy growth of the amplitude which guarantees that contours in the complex

s plane can be closed at infinity.

12



Introduction Summary of Part I

2 Scalar Positivity Bounds

As a warm-up, we will first show that these S-matrix axioms at high energies can be

used to establish a bound on all sufficiently high derivatives of the pole-subtracted

propagator at low energies,

∂n

∂sn
[A2(s)− pole] > 0.

Not only is this bound also true for the forward limit 4-particle amplitude, A4(s, t =

0), but by going beyond the forward limit we show that there are bounds, Y
(r)
n+r, on

every derivative ∂rt ∂
n
sA4 for even n ≥ 2,

Y (0)
n : Bn > 0

Y
(1)
n+1 : ∂tBn +

n + 1

2M2
Bn > 0

Y
(2)
n+2 : ∂2tBn −

1

8
Bn+2 +

n + 1

2M2
Y

(1)
n+1 > 0

Y
(3)
n+3 : ∂3tBn −

1

8
∂tBn+2 +

n + 1

2M2
Y

(2)
n+2 > 0

...
...

where Bn(t) = ∂ns [A4 − poles] |s=2m2−t/2 and M2 is a fixed scale chosen so that

M2 > µb − 2m2 + t/2, where µb is the scale at which the s-channel branch cut

begins. A closed form for Y
(r)
n+r(t) is given in (2.82).

This gives a way of constraining the Wilson coefficients of the two-field and

four-field operators in any gapped scalar EFT which admits a Wilsonian UV com-

pletion consistent with the S-matrix axioms of unitarity, analyticity and locality.

Schematically, this corresponds to constraining the EFT coefficients of operators

like φ�nφ/Λn−2 and ∂2n+2rφ4/Λ2n+2r.

3 Spinning Positivity Bounds

To extend the bounds to particles with spin, one must overcome the more compli-

cated analytic structure and crossing relation of the amplitudes. This is achieved by

considering the transversity basis, in which the particle spins are quantized along

the normal to the scattering plane. The resulting amplitudes, Tτ1τ2τ3τ4 , obey a simple

crossing relation, and can be regularised in such a way that they share the analytic

properties of a scalar amplitude. Analogous bounds, Y
(r)
n τ1τ2 , may then be applied

to any gapped EFT which admits a unitary, analytic, local UV completion.

13



Summary of Part I Introduction

4 Weakly Coupled UV Completions

As written above, the Y
(r)
n+r bounds are not particularly restrictive if we have in mind

M2 ∼ m2, as then each Y
(r)
n+r will be dominated by the Bn ∼ ∂nsA4 term, which is

already positive from the Y
(0)
n bound. However, by carefully considering the loop

contributions which generate the branch cut, one can raiseM appreciably.

Tree: A tree-level EFT amplitude contains only heavy loops, and consequently µb ∼
Λ, the mass scale associated with the heavy physics. Atree

EFT therefore obeys the

Y
(r)
n+r bounds withM∼ Λ≫ m.

Loop: Including light loops in the EFT brings the branch cut scale down to µb ∼ m.

However, the low energy part of the branch cut (say between m and some

higher scale ǫΛ, with m
Λ
≪ ǫ ≪ 1) can be reliably computed in the EFT and

explicitly subtracted. The resulting
[

Aloop
EFT −

∫ ǫΛ

m
branch cut

]

therefore obeys

Y
(r)
n+r bounds withM∼ ǫΛ≫ m.

Although the tree-level amplitude in the EFT is a good approximation at leading

order1, generically speaking one cannot simply neglect loop contributions unless

there is some additional notion of weak coupling. In a more sophisticated EFT

power counting, which reflects both the mass (Λ) and interaction strength (g∗) of

the heavy physics, the light fields can be suppressed by a different scale than the

derivatives, e.g. L[g∗φ/Λ, ∂/Λ]. When the coupling g∗ is sufficiently small, one may

safely neglect loops (which ∼ g4∗) and apply bounds to the tree-level A4 in the EFT

(which ∼ g2∗). Alternatively, by including the light loops explicitly, one obtains an

upper bound on g∗. As we shall see in Part II, in many cases this bound requires

g∗ ≪ 4π, and forbids any UV completion which is strongly coupled.

5 Non-relativistic Backgrounds

The above constraints have been derived for relativistic theories with unbroken

Poincaré invariance. However, in many cases one would like to spontaneously break

some part of the Poincaré group—for instance by giving a time-dependent vacuum

expectation value to a scalar field to drive a de Sitter-like expansion in the early Uni-

verse. In these cases, it is not clear to what extent the previous bounds apply. Yet

similar ingredients are present: one would still like the EFT to respect some kind of

perturbative unitarity. We derive the corresponding optical theorem for scattering

on a non-relativistic background, and show how this constrains the sound speed and

operator coefficients of a single scalar field living on an FLRW background.

1where it is protected by the power counting, for instance loops of (∂φ)4/Λ4 do not give large
contributions until at least O(1/Λ8)
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Introduction Summary of Part II

Summary of Part II

6 Scalar Fields

Scalar fields are abundant in cosmology, used to model everything from inflation

to the present day dark energy. By applying positivity constraints from the (un-

known) UV, it is possible to infer constraints on any scalar effective theory (with

an arbitrarily small mass)—and hence impact a huge number of cosmological mod-

els and studies. In particular, applying the new positivity bounds to the massive

Galileon—a higher derivative scalar field theory—results in a significant reduction of

the parameter space. This can be further complemented by demanding the existence

of a working Vainshtein mechanism, to screen unwanted “fifth forces” (necessary to

match solar system tests), which reduces the available parameter space to a thin

wedge, shown in Figure 6.1.

7 Vector Fields

In recent years, cosmologies driven by vector fields have enjoyed numerous appli-

cations. Introducing a mass for a vector field softly breaks the gauge invariance,

allowing the helicity-0 mode to become dynamical. This then provides a novel dark

matter candidate, or a framework in which to describe dynamical departures from

isotropy on cosmological scales, as well as having interesting effects on inflation and

compact objects. Bounds on this theory are therefore important for guiding current

and upcoming phenomenological studies in vector field cosmology.

We build the most general massive spin-1 EFT using the Stuckelberg trick to

restore the (now non-linearly realized) gauge invariance, and then apply the posi-

tivity bounds of Part I to constrain the available parameter space. This is shown

in Figure 7.1, and summarized in Table 7.1. In particular, we find that the most

popular “vector Galileon” is completely ruled out—i.e. can never arise as the low

energy limit of a unitary, analytic and local UV completion.

8 Gravity

In this chapter, we consider the consequences of positivity in both General Relativity

(GR) and massive gravity.

As an EFT, the Einstein-Hilbert action of GR receives corrections from various

higher derivative operators, for instance the ghost-free Gauss-Bonnet term,

SGB =

∫

d4x
√−g λ RµνρσR

[µνρσ] ,
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and the next-to-leading operators,

SNLO =

∫

d4x
√
g
[

c1(RµνρσR
µνρσ)2 + c2(RµνρσR̃

µνρσ)2
]

.

Employing the positivity constraints developed in Part I, we will show that the EFT

coefficients are sign definite,

λ > 0, c1 > 0, c2 > 0.

Given that these operators are capturing genuine quantum gravity effects, it is

astonishing that they can be constrained by our assumptions without any data

even remotely near the Planck scale.

While GR has enjoyed much success in solar system tests, it remains difficult to

explain the large scale expansion of the Universe in a theoretically satisfactory way.

One potential resolution is to modify GR in the deep IR, on the scale of the Hubble

rate today, for instance by giving the graviton a small mass. While the mass term

for metric fluctuations softly breaks diffeomorphism invariance, which allows the

helicity-0 and helicity-1 modes of the field to become dynamical, the Stuckelberg

trick can be used to introduce fields which non-linearly restore diffeomorphisms.

The EFT is then naturally constructed in terms of these fields.

While the cutoff of the theory is näıvely Λ5 = (m4MPl)
1/5, wherem is the graviton

mass, the positivity requirements necessitate a particular tuning of the coefficients

which raises the cutoff from Λ5 to Λ3 = (m2MPl)
1/3 (at least for the coefficients

which enter into the four-point amplitude at leading order). This is very important,

because it shows that any UV complete theory of massive gravity would give rise

to a low energy effective description with an enhanced strong coupling scale—large

enough to render the theory perturbative on cosmological scales. This Λ3 theory is

known to satisfy the forward limit constraints in a finite region of parameter space,

and this turns out to be robust against the full set of more restrictive positivity

bounds—a promising sign that local UV completion of massive gravity may be

possible, providing it is sufficiently weakly coupled.

9 Bouncing Cosmologies

In General Relativity, any violation of the Null Energy Condition (NEC) typically

leads to classical instabilities and ghostly modes. However, there has recently been

a great deal of interest in the literature in generating small NEC violations over

short times, as this would allow for a “non-singular bounce” in the early Universe.

Such a bounce provides an alternative to the standard Big Bang picture (in which

we lose perturbative control of our theory as we approach the initial singularity).
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By considering the scattering amplitudes of fluctuations on FLRW backgrounds

which supposedly violate the NEC, we find that perturbative unitarity is often vio-

lated long before the NEC is violated, and so one cannot trust the EFT predictions.

However, by including higher derivative (irrelevant operator) corrections, motivated

by the theory’s unknown UV completion, it is possible to restore unitarity during the

bounce, and produce an EFT which can consistently describe a bouncing Universe.

10 Speed Limits

The recent direct detection of gravitational waves from a neutron star merger with

optical counterpart (GW170817) has been used to severely constrain models of dark

energy that typically predict a modification of the gravitational wave speed. How-

ever, the energy scales observed at LIGO, and the particular frequency of the neu-

tron star event, lie very close to the cutoff associated with many dark energy models.

While it is true that at very low energies one expects gravitational waves to travel

at a speed different than light in these models, the same is no longer necessarily

true as one reaches energy scales close to the cutoff. We show explicitly how this

occurs in a simple model with a known partial UV completion. Within the context

of Horndeski, we show how the operators that naturally lie at the cutoff scale can

affect the speed of propagation of gravitational waves and bring it back to unity at

LIGO scales. We discuss how further missions including LISA and PTAs could play

an essential role in testing such models.

A summary of Part II results is provided in Table 11.1. Altogether, these numerous

examples demonstrate that the tower of positivity constraints developed in Part

I can be fruitfully applied to phenomenologically relevant models of our Universe,

allowing us to better determine the EFT coefficients with fewer data.
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Constructing EFT Constraints

18



Chapter 1

Preliminaries

Contents

1.1 Scattering Theory . . . . . . . . . . . . . . . . . . . . . . . 20

1.1.1 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.1.2 S-Matrix Program . . . . . . . . . . . . . . . . . . . . . . 23

1.2 Properties of Amplitudes . . . . . . . . . . . . . . . . . . . 25

1.2.1 Crossing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.2.2 Analyticity . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.2.3 Unitarity . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

1.2.4 Froissart-Martin Bound . . . . . . . . . . . . . . . . . . . 34

1.3 Effective Field Theory . . . . . . . . . . . . . . . . . . . . 35

1.3.1 Top-down . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1.3.1.1 Wilsonian Effective Action . . . . . . . . . . . . 36

1.3.1.2 Simple Example . . . . . . . . . . . . . . . . . . 36

1.3.2 Bottom-up . . . . . . . . . . . . . . . . . . . . . . . . . . 39

1.3.2.1 Field Redefinitions . . . . . . . . . . . . . . . . . 40

1.3.2.2 Stable vs Natural Tunings . . . . . . . . . . . . 41

19



1.1. Scattering Theory Chapter 1. Preliminaries

Before proceeding with a derivation of the positivity bounds, this preliminary chap-

ter collects the pertinent results from older literature—this serves to fix notation

and to properly credit historical references.

In particular, in Section 1.1 we will review how the 4-particle scattering am-

plitude, A, can depend on the momenta through only two independent Lorentz-

invariants, which we take to be s = −(p1 + p2)
2 and t = −(p1 + p3)

2, and outline

how the properties of unitarity, analyticity and crossing symmetry formed the core

of the “S-matrix program”. Then in Section 1.2 we argue that these properties pro-

vide us with a scalar crossing relation, a partial wave expansion, the optical theorem

and finally the Froissart-Martin bound,

lim
s→∞
|A(s, t)| < s2 for all 0 ≤ t < 4m2 . (1.1)

These ingredients will be crucial for deriving a dispersion relation in Chapter 2, and

have been well-known since the 1960s [Eden et al., 1966].

The new player in the game is recent developments in Effective Field Theory

(EFT). In Section 1.3, we review the basic principles of constructing EFTs both

with and without knowledge of an explicit UV completion, which finally sets the

scene for the remainder of this thesis—which will combine these results of the S-

matrix program with the modern EFT framework, resulting in new constraints which

increase the predictive power of our low energy effective theories.

1.1 Scattering Theory

1.1.1 Kinematics

Consider an N -body scattering process,

1 + 2→ 3 + 4 + ... +N (1.2)

in D spacetime dimensions, in which we know the D-momentum of each particle,

pi.

Independent variables: A priori, there are ND independent variables charac-

terising this process: the number of momentum components. However, we have,

• D constraints from conservation of the D-momenta (translation invariance),
∑

i pi = 0,

• D(D−1)/2 free parameters in choosing a D-dimensional reference frame1, the

1the six parameters in D = 4 can be visualised as three Euler angles orienting an orthogonal xyz
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Chapter 1. Preliminaries 1.1. Scattering Theory

generators of the Lorentz group, SO(D − 1, 1),

• N mass-shell conditions, p2i = −m2
i , i.e. we assume the masses of the scattering

particles are fixed.

This leaves,

(D − 1)N − 1

2
D(D + 1) (assuming D ≤ N) (1.3)

independent kinematic invariants. This is plotted in Figure 1.1 for N = 3, 4, 5 and

6-point functions.

The expression (1.3) has assumed that every generator of SO(D − 1, 1) can be

used to fix a separate momentum component. While this is true in sufficiently small

D, when D is larger than N then the scattering process does not span the whole

spacetime, but rather an N -dimensional subspace with SO(N−1, 1) symmetry. The

number of invariants therefore saturates when D = N [Bae and Rey, 2014].

We will focus predominantly on the case N = 4, which can depend on at most 2

independent kinematic quantities. We take these to be the Mandelstam invariants,

s = −(p1 + p2)
2, t = −(p1 + p3)

2. (1.4)

It will prove convenient to also define u = −(p2 + p3)
2, which is related via,

u =

4
∑

i

m2
i − s− t . (1.5)

2 3 4 5 6
D

2

4

6

8

10
Variables

6-pt

5-pt

4-pt

3-pt

Figure 1.1: The number of independent kinematic variables for an N = 3, 4, 5 or
6-point function in D dimensions.

Dimensionally-dependent identities: Another way to view the constraints which

arise if D < N is to consider Gram determinant identities. For example, in D = 2,

system which moves with a given 3-velocity.
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1.1. Scattering Theory Chapter 1. Preliminaries

the four-point function can depend only on the total energy, s. This is because, of

the three inner products, {p12, p13, p23}, only two can be independent. Put another

way, we have the identity,

0 =
(

ǫαβγp
α
1p

β
2p

γ
3

)2

=

∣

∣

∣

∣

∣

p11 p12 p13

p12 p22 p23

p13 p23 p33

∣

∣

∣

∣

∣

, (1.6)

where ǫαβγ is the completely antisymmetric Levi-Civita symbol (which vanishes in

D < 3), which can also be written as a Gram determinant. Note that this is

independent of s + t + u =
∑

im
2
i , and together these two equations fix t and u

purely in terms of s.

We will generally assume that D = 4, but most of our conclusions apply for

general D > 2 (where s and t are independent).

Center of Mass frame: Let us now focus on scattering N = 4 particles in D = 4

dimensions. In the Center of Mass (CoM) frame, we boost our coordinates so that

the total 3-momenta is zero, and then rotate so that particles are incident along the

z axis, and scatter within the xz-plane,

p1 = (ω1, 0, 0, k) ,

p2 = (ω2, 0, 0,−k) ,
p3 = (ω3, k

′ sin θ, 0, k′ cos θ) ,

p4 = (ω4,−k′ sin θ, 0,−k′ cos θ) . (1.7)

In terms of the Mandelstam variables,

ω1 =
1

2
√
s

(

s+m2
1 −m2

2

)

,

ω2 =
1

2
√
s

(

s+m2
2 −m2

1

)

,

ω3 =
1

2
√
s

(

s+m2
3 −m2

4

)

,

ω4 =
1

2
√
s

(

s+m2
4 −m2

3

)

,

k2 = 1
4s
λ(s,m2

1, m
2
2),

k′2 = 1
4s
λ(s,m2

3, m
2
4),

cos θ =
s2 + s(2t−∑im

2
i ) + (m2

1 −m2
2)(m

2
3 −m2

4)
√

λ(s,m2
1, m

2
2)λ(s,m

2
3, m

2
4)

, (1.8)

where we have used the triangle function,

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2xz , (1.9)
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Chapter 1. Preliminaries 1.1. Scattering Theory

which is invariant under permutation of arguments. In the case of equal masses, we

have a simplification to something more memorable,

ωi =

√
s

2
, k = k′ =

√
s− 4m2

2
, cos θ = 1 +

2t

s− 4m2
. (1.10)

Taking t → 0 corresponds to the “forward limit” where θ = 0, while u → 0 corre-

sponds to the “backward limit” where θ = π. Of course, as the theory is Lorentz

invariant, one can always transform from this frame to any desired lab frame (general

expressions are given in [Byckling and Kajantie, 1973]).

Physical Domains: The most convenient pair of Mandelstam invariants to use

depends on the problem at hand. For example, we have been discussing the process

1+2→ 3+4, known as the s-channel process, in which s is the center of mass energy

and t is the momentum transferred between the particles. On the other hand, the

related t- and u-channel processes (a bar denotes the antiparticle travelling at −pi),

s Channel: 1 + 2→ 3 + 4 , s ≥ 4m2, t ≤ 0, u ≤ 0 , (1.11)

t Channel: 1 + 3̄→ 2̄ + 4 , t ≥ 4m2, s ≤ 0, u ≤ 0 , (1.12)

u Channel: 1 + 4̄→ 3 + 2̄ , u ≥ 4m2, s ≤ 0, t ≤ 0 , (1.13)

have center of mass energies t and u respectively, and so they are better described in

terms of (t, u) or (u, s). The three different parameter ranges (1.11-1.13) are known

as the s-, t- or u-channel physical domain, and correspond to the four momenta

being real (k2 ≥ 0, −1 ≤ cos θ ≤ 1). Later we will analytically continue between

these three disjoint domains to exploit crossing symmetry.

Mandelstam Triangle: The region between the three physical domains is known

as the Mandelstam triangle,

0 < s, t, u < 4m2. (1.14)

In this region, the amplitude is analytic, the partial wave expansions converge and

one can analytically continue into each of the s-, t- and u-channel domains [Man-

delstam, 1958; Martin, 1965]. It will play an important role in the development of

our positivity bounds.

1.1.2 S-Matrix Program

The S-matrix program was conceived in the 1960s as a way of describing strong

interactions (see [Chew, 1961; Frautschi, 1963; Eden et al., 1966] for the relevant
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1.1. Scattering Theory Chapter 1. Preliminaries

textbooks from that period). Instead of relying on a Lagrangian field theory de-

scription, it proposed to constrain scattering amplitudes directly from their desired

properties, such as:

• Relativistic: Physical observables should be representations of the Poincaré

group, so that observers with different coordinate reference frames can make

sense of their results,

• Linearity : Must respect the superposition principle of non-relativistic quan-

tum mechanics,

• Unitarity : Probabilities should sum to unity,

• Analyticity : Only poles and branch cuts are those required by unitarity—this

is often related to causality and locality, and allows us to make a good deal of

mathematical progress,

• Crossing : The processes,

A +B → C +D and A+ C̄ → B̄ +D and A + D̄ → C + B̄

are clearly not independent, so their probabilities should be related by some

kind of “crossing relation”.

The central object in this program is the linear operator, S, which acts as,

S|i〉 = |f〉 (1.15)

where “in” (“out”) states |i〉 (|f〉) belong to a complete basis of the Hilbert space

at time t = −∞ (+∞). The probability that an asymptotic in-state |i〉 will evolve
into the asymptotic out-state |f〉 is then given by,

Pi→f =
|〈f |S|i〉|2
〈f |f〉〈i|i〉 . (1.16)

In a free theory, S = 1, so we define the transition matrix iT = 1 − S, as this
captures the interactions more clearly. In a translationally invariant theory, the

total 4-momentum is conserved by interactions, and so it is conventional to factor

this out of the transition matrix elements,

〈f |T |i〉 = (2π)4δ(pi + pf)Ai→f . (1.17)

When discussing scattering amplitudes, Ai→f , the total momentum is implicitly

understood to be conserved.
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Chapter 1. Preliminaries 1.2. Properties of Amplitudes

Cross section: For the reaction,

|p1p2〉 = |i〉 → |f〉 = |q1q2...qn〉 (1.18)

we have a differential cross section,

dσ =
1

Φ
|A(i→ f)|2dΠn (1.19)

where the incident flux2 is given in terms of the triangle function (1.9) by,

Φ = 2ω12ω2

∣

∣

∣

∣

p1

ω1

− p2

ω2

∣

∣

∣

∣

= 2
√

λ(s,m2
1, m

2
2) (1.20)

and the phase space volume element is,

dΠn =
n
∏

j=1

d4qj
(2π)4

2πδ(q2j −m2
j ). (1.21)

For four-particle processes, (1.19) can be simplified. We can explicitly perform

the integration over d4q1d
4q2 in the CoM frame,

dσ

dΩ
=

1

64π2s

√

λ(s,m2
3, m

2
4)

λ(s,m2
1, m

2
2)
|A(s, t)|2 (1.22)

where dΩ = d cos θdφ is the relative solid angle. Note that in terms of the Mandel-

stam variables,

d cos θ =
2s

√

λ(s,m2
1, m

2
2)λ(s,m

2
3, m

2
4)
dt (1.23)

we have simply,
dσ

dtdφ
=

|A(s, t)|2
32π2λ(s,m2

1, m
2
2)
. (1.24)

It should therefore be kept in mind that, while much of our subsequent discussion

will focus formally on constraining the amplitude A(s, t), this straightforwardly

translates into constraints on physical cross sections.

1.2 Properties of Amplitudes

This section will be devoted to proving the following main results:

• Crossing: Relabelling indistinguishable particles leads to relations between the

process A+B → C +D and A+ D̄ → C + B̄,

2Note that the flux is only invariant under boosts along the collision axis—the cross section is an
area, and so boosts orthogonal to the collision axis will Lorentz contract this area.
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• Analyticity: The scattering amplitude is an analytic function of momenta, up

to known poles and branch cuts, and in particular admits a convergent partial

wave expansion with bounded coefficients,

• Unitarity: An unitary S-matrix gives rise to amplitudes that obey Cutkosky

cutting rules, which can also be used to independently bound the partial wave

coefficients,

• Froissart-Martin bound: Combining the bound from analyticity with the bound

from unitarity, one arrives at the Froissart-Martin bound for the forward limit

scattering of massive particles,

lim
s→∞

|A(s, t = 0)| . s log2s. (1.25)

These results are well-known, and can be found in many modern reviews and text-

books (for instance [Pancheri and Srivastava, 2017] and references therein). The

original Froissart-Martin bound was derived first heuristically in [Froissart, 1961],

and then from analyticity arguments in [Martin, 1963]. Here we will follow a more

modern proof3 from [Gribov, 2007], which also exploits the analytic structure of the

amplitude, but in a more transparent way.

1.2.1 Crossing

In this section, we study the consequences of crossing symmetry.

Relabelling: Consider the scattering processes,

A+B → C +D and A+ D̄ → C + B̄.

At the level of the Hilbert space, these are related by a simple reordering of annihi-

lation/creation operators. It is completely arbitrary what we choose to be “particle

1” and “particle 2”, and this is reflected in relations such as,

|ab〉 = b†a†|0〉 = (−1)NF a†b†|0〉 = (−1)NF |ba〉 (1.26)

where NF is the number of fermions in a and b. Now, the whole S matrix element is

really just a product of such creation operators, and (in a fully relativistic theory),

our identification of “ingoing” and “outgoing” particles is equally arbitrary.

3Note that there is an overall factor of 16π between the conventions of [Martin, 1963] and [Gribov,
2007] when defining the partial wave amplitudes.
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As a result, the S matrix elements are related by,

AAB→CD(p1, p2, p3, p4) = η AAD̄→CB̄(p1,−p4, p3,−p2) (1.27)

where η is an overall sign to account for the statistics of the particles.

Crossing: There is one more step that goes into a “crossing relation” between

amplitudes, and that is returning the momenta to the standard CoM configuration

(1.7). This is achieved by a complex Lorentz transformation, or equivalently an

analytic continuation of the momenta. For four scalar particles, which transform

trivially under the Lorentz group, (1.27) becomes simply,

AAB→CD(s, t) = AAD̄→CB̄(u, t) for scalars. (1.28)

This is the crossing relation between the s- and u-channels. There is an analogous

relation between the s- and t-channels,

AAB→CD(s, t) = AAC̄→B̄D(t, s) for scalars. (1.29)

For four indistinguishable scalars, there is no need to make the distinction be-

tween the different scattering processes, and therefore the crossing relation is sim-

ply,

Crossing =⇒ A(s, t) = A(u, t) = A(t, s) for scalars. (1.30)

In general, the crossing relation between the s-, t- and u-channel amplitudes

can be highly non-trivial. For particles with spin in particular, we must carefully

specify the asymptotic scattering states, as it is this choice which determines how

the amplitude transforms under the Lorentz transformation. We will return to this

in Chapter 3, where the crossing relations for particles of arbitrary spin are derived.

1.2.2 Analyticity

The requirement of “causality” can have many non-trivial consequences: for exam-

ple, it relates fluctuations and dissipation, and also the speed versus attenuation of

signals through a medium. But how do we impose this requirement on a quantum

field theory? What does an assumption of “causality” allow us to say about field

theories in general, and effective field theories in particular?

It is clear that in a non-relativistic context, answers to these questions are inti-

mately tied to analyticity in frequency space: “causal” interactions may only shift

power locally between different frequencies, and so any response function must be an
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analytic function of frequency. This analyticity then allows us to relate the real and

imaginary parts of the response function via the Kramers-Kronig relation. Similarly,

we expect causality in a field theory to manifest itself as analyticity of the S matrix,

and certain relations between the real and imaginary parts of scattering amplitudes.

In the 1960s, there was a lot of activity in trying to relate the mathematically useful

assumption of “maximal analyticity” to a physical statement about the structure of

spacetime, such as its causal structure (see [Schroer, 2012] for a review).

Here, we will focus on describing the features of analyticity which will be relevant

for our construction of positivity bounds in Chapter 2. A derivation of the analyticity

of scalar amplitudes from microcausality is included in Appendix A.1.

Branch cuts and poles: We would like to extend A(s, t) to the entire complex s

plane (at fixed t) as an analytic function. Causality requires that the amplitude be

analytic in the upper half-plane (see Appendix A.1), and the continuation to the

whole complex plane is achieved via the Schwarz reflection principle,

A(s∗, t) = A(s, t)∗. (1.31)

As we shall see in Section 1.2.3, unitarity requires a a branch cut along the real s

axis, s > (m1 +m2)
2, with discontinuity,

DiscsA(s, t) :=
1

2i
[A(s+ iǫ, t)−A(s− iǫ, t)] . (1.32)

For scalar fields (and in any system with time reversal invariance) the S matrix

is real analytic [Eden et al., 1966], and consequently DiscsA(s, t) = ImA(s, t).
More generally, this is referred to as the s-channel absorptive part of the amplitude,

AbssA(s, t),

DiscsA(s, t) =







ImA(s, t) for scalars (Chapter 2)

AbssA(s, t) for spins (Chapter 3)
. (1.33)

The other consequence of unitarity for our analytically extended A(s, t) is that poles
are required when any virtual particle goes on-shell [Cutkosky, 1960]—which for a

single scalar field corresponds to a pole in the scattering amplitude at s = m2.

As crossing symmetry is trivial in a correlation function of four identical scalars

(1.30), we also expect a branch cut from s = −t to −∞ at fixed t, and an additional

pole at u = m2.
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Partial wave expansion: We can expand the amplitude in z = cos θ using the

complete basis of Legendre polynomials4,

A(s, z) = 16πs
√

s(s− 4m2)

∞
∑

ℓ=0

(2ℓ+ 1)aℓ(s)Pℓ(z). (1.34)

This is useful because it captures the rotational invariance of scattering problems.

If the amplitude A(s, z) is also a real analytic function of z, then one can ana-

lytically continue the partial wave expansion from −1 < z < 1 to the region of the

complex z plane in which the ℓ series converges (at fixed s).

Convergence: How far can we extend the s-channel partial wave expansion? It is

easy to see that we shouldn’t be able to continue into the t-channel, because although

the aℓ(s) can contain the correct s poles, the only t dependence in (1.34) is through

the Legendre polynomials (which are entire functions of the complex variable z)—so

the t channel poles must manifest themselves in a divergence of the ℓ series.

Explicitly, we have the asymptotic behaviour,

lim
ℓ→∞

Pℓ(cos θ) ∼ eℓ|Im θ| (1.35)

and so convergence of the partial wave expansion relies on,

lim
ℓ→∞

aℓ(s) ∼ e−ℓ η(s) (1.36)

for some function η(s) ≥ |Im θ|. We see that the ℓ series converges in the z plane

only within the Lehmann ellipse [Lehmann, 1958], defined in terms of the asymptotic

behaviour η(s) via,
(

Re z

cosh η

)2

+

(

Im z

sinh η

)2

= 1. (1.37)

This is an ellipse with foci at z = ±1 and semiaxes of length cosh η and sinh η.

The faster the aℓ decay at large ℓ, the larger the domain of convergence of (1.34).

If the aℓ fall off with ℓ slower than an exponential, then η → 0 and the Lehmann

ellipse reduces to the physical domain −1 < z < 1. Significantly, for any finite

s, the domain of convergence is finite—this means that the s-channel partial wave

expansion can only capture the s-channel process, and although it may be extended

into the Mandelstam triangle, it can never fully capture the corresponding t or u

channel processes.

For instance, supposing that the nearest singularity of ImA(s, t) to the physical

region occurs at tp, then to ensure an appropriate radius of convergence we must

4the prefactor has been chosen to simplify the unitarity bound (1.54).
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have cosh η = 1+2tp/s. In the high energy limit, this gives an asymptotic behaviour,

lim
s, ℓ→∞

aℓ(s) ∼ e−ℓ 2
√
tp/s (1.38)

for the partial wave coefficients. In particular, note that for a single scalar we expect

the closest singularity to be at tp = 4m2.

Analyticity bound: The partial wave amplitudes, aℓ can be represented in terms

of the Legendre functions of the second kind, Qℓ, via
5,

aℓ(s) =
1

32π

∫ 1

−1

dz A(s, z)Pℓ(z) (1.39)

=
1

32π2i
lim
ǫ→0+

[
∫ −1

1

dzA(s, z)Qℓ(z + iǫ) +

∫ 1

−1

dzA(s, z)Qℓ(z − iǫ)
]

.

This is the Froissart-Gribov representation. Note that Qℓ(z) has a branch cut along

the real z axis between −1 and 1, and A(s, z) may have poles at t = tp and its

crossing image up, and branch cuts from t = tb and its crossing image ub (at fixed

s). The integration contour can be deformed in the complex z-plane (at fixed s) as

shown in Figure 1.2, giving,

16πaℓ(s) = Restp [A(s, z)]Qℓ(tp) + Resup[A(s, z)]Qℓ(up) (1.40)

+
1

2πi

∫ ∞

tb

dz Dt(s, z)Qℓ(z) +
1

2πi

∫ −∞

ub

dz Du(s, z)Qℓ(z)

where Dt and Du are the discontinuities of A(s, z) along its t- and u-channel branch

cuts in z at fixed s.

Assume that the discontinuities are polynomially bounded6 at large s by,

lim
s→∞

|Dt(s, z)|+ |Du(s, z)| < |z|nz (s/s0)
ns (1.41)

for some scale s0 and positive integers nz and ns. Then, using the asymptotic

properties of Qℓ, the Froissart-Gribov representation allows us to derive the following

bound [Gribov, 2007; Diez, 2013],

5Recall that
∫ 1

−1 dz Pℓ(z)Pℓ′(z) =
2

2ℓ+1δℓℓ′ and that limǫ→0+ [Qℓ(z + iǫ)−Qℓ(z − iǫ)] = −iπPℓ(z).
6In many cases, this polynomial boundedness of the scattering amplitude in s follows from having
locality as an axiom in the full UV theory. For instance, any field theory satisfying the Wightman
axioms automatically satisfies polynomial boundedness and analyticity of the S-matrix at fixed
momentum transfer [Bremermann et al., 1958; Epstein et al., 1969].
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Analyticity =⇒ lim
s→∞

32π2|aℓ(s)| <
(

s

s0

)ns

(

1− 2
√
tp√
s

)ℓ−nz

ℓ− nz
, (1.42)

for every ℓ > nz. (1.42) is a central consequence of analyticity, which will be used

later in Section 1.2.4 to derive the Froissart-Martin bound.

The axiomatic field theory results of [Martin, 1965] establish that A(s, z) for

identical scalars is always analytic inside the disc |t| < 4m2 at fixed s, and so one

may take tp to be (at least) 4m2. Furthermore, [Jin and Martin, 1964] establishes

that the growth of the discontinuities is at most s2 (at fixed t), and so by crossing

we have that ns is at most 2 and nz is at most 2. So the only arbitrariness in the

above bound is the choice of reference scale s0.

‐1 1 z (tb )z (tp )z (ub ) z (up )

z
C’

C

Figure 1.2: Integration contour for the Froissart-Gribov representation.

1.2.3 Unitarity

Unitarity of the S-matrix,

S†S = 1, (1.43)

ensures that the probabilities in our theory correctly sum to unity,

∑

k

Pi→k =
∑

k

|〈k|S|i〉|2

=
∑

k

〈i|S†|k〉〈k|S|i〉

= 〈i|S†S|i〉 = 1. (1.44)

Cutkosky rules: The unitarity condition (1.43) can be written in terms of iT =

1− S as,

i
(

T † − T
)

= T †T (1.45)
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and therefore scattering amplitudes obey,

i〈f |T † − T |i〉 =
∑

{n}
〈f |T †|n〉〈n|T |i〉 (1.46)

where {n} is a complete set of states. The left-hand side is nothing but twice the

discontinuity DiscAi→f defined in (1.32), while the sum over {n} can be written as

a sum over all N -particle states, with discrete quantum numbers {Q}, and on-shell

momenta q1, ..., qN ,

2Disc Ai→f =
∑

N,{Q}

∫

dΠNA∗
f→NAi→N (1.47)

where the N -body phase space measure is defined in (1.21). These relations between

on-shell branch cut discontinuities in particular channels and a sum over internal

insertions are known as Cutkosky rules. This non-linear condition on the amplitude

is difficult to implement fully. However, by specializing to 2-to-2 processes (in which

the outgoing particles have the same quantum numbers as the ingoing particles), we

can extract useful unitarity bounds. Figure 1.3 shows a pictorial representation of

the 2-to-2 Cutkosky rule.

Figure 1.3: Cutkosky rule for 2-to-2 scattering for all s > 4m2.

Figure 1.4: Cutkosky rule for 2-to-2 scattering below the three-particle threshold,
4m2 < s < 9m2.

Two-particle Processes: First consider 2-to-2 scattering at an energy 4m2 <

s < 9m2. Then the only intermediate states which appear in the sum over {n} are
also two-particle states, shown pictorially in Figure 1.4. The phase space integral can

then be evaluated analogously to the two-particle cross section calculation (1.22),

giving,

2ImAel(s, t) =
1

64π2s

√

s(s− 4m2)

∫

dΩqA∗(s, t2)A(s, t1) (1.48)
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where we have defined separate momentum transfers for each of the vertices,

t1 = −(p1 + q1)
2, t2 = −(q1 + p3)

2 . (1.49)

Performing a partial wave expansion of each A, we find,

Im aℓ =
∑

ℓ1,ℓ2

2ℓ1 + 1

2

2ℓ2 + 1

2
a∗ℓ2aℓ1

∫ 1

−1

dz

∫

dΩq
2π

Pℓ(z)Pℓ1(z1)Pℓ2(z2) (1.50)

which can be simplified using the orthogonality of the Legendre polynomials,

∫

dΩq
2π

Pℓ1(p̂1 · q̂1)Pℓ2(q̂1 · p̂3) =
2

2ℓ1 + 1
δℓ1ℓ2 Pℓ1(p̂1 · p̂3) , (1.51)

yielding simply Im aℓ = |aℓ|2. Noting that |aℓ| ≥ Imaℓ, we can express this unitarity

condition as,

0 ≤ |aℓ(s)|2 = Im aℓ(s) ≤ 1 ∀ 4m2 ≤ s < 9m2. (1.52)

This equality only holds for 4m2 ≤ s < 9m2. If s > 9m2, it is kinematically

possible for the intermediate i→ n and n→ f processes to be inelastic—i.e. there

will be more intermediate (n-particle) states contributing to the sum over {n}. This
can be expressed as,

2ImA(s, t) = 1

64π2s

√

s(s− 4m2)

∫

dΩqA∗(s, t2)A(s, t1) + I(s, t) (1.53)

where the inelastic factor I(s, t) captures the contribution from higher particle states,

and has the property that I ≥ 0 for physical s and t. This contribution relaxes the

equality in (1.52), and so we arrive at the following unitarity bound on the partial

wave amplitudes,

0 ≤ |aℓ(s)|2 ≤ Im aℓ(s) ≤ 1 ∀ s > 4m2. (1.54)

Optical theorem: Finally, suppose the initial and final states are kinematically

identical, so that t1 and t2 are equal. This corresponds to the forward limit, in which

case the sum over {n} is (up to a flux factor (1.20)) just the total cross section for

the 2-to-2 process,

2ImA(s, t = 0) = Φσtotal(s) . (1.55)

Pictorially, this is shown in Figure 1.5. This is known as the optical theorem, and it

is often written as an inequality, again by separating out the inelastic contributions.
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Figure 1.5: Optical theorem from Cutkosky rules.

1.2.4 Froissart-Martin Bound

We have derived two independent bounds on the partial wave coefficients, aℓ: one

from analyticity and the Froissart-Gribov representation (1.42), and one from uni-

tarity and the optical theorem (1.54). Schematically, these read,

Analyticity (1.42) =⇒ lim
s→∞
|aℓ(s)| < Canal.(s, ℓ) ,

Unitarity (1.54) =⇒ |aℓ(s)| < Cunit. .

Recall that with our conventions (1.34), these are explicitly,

Canal.(s, ℓ) =
1

32π2

(

s

s0

)ns

(

1− 2
√
tp√
s

)ℓ−nz

ℓ− nz
, Cunit. = 1 . (1.56)

The analyticity bound (1.42) gets stronger at large ℓ, while the unitarity bound

(1.54) is ℓ-independent. At which value of ℓ does (1.42) become the stronger bound?

Consider the ℓ∗ for which,

Canal.(s, ℓ∗) =
1

ℓ∗ − nz
< 1 = Cunit.. (1.57)

For all ℓ beyond ℓ∗, equation (1.42) is certainly the stronger bound [Gribov, 2007].

Explicitly, ℓ∗ is given by,

ℓ∗ =

√
s

2
√
tp
log

[

1

32π2

(

s

s0

)ns
]

. (1.58)

The two bounds can be applied to the full partial wave expansion as,

lim
s→∞
|A(s, z)| < 16π

[

ℓ∗−1
∑

ℓ=0

(2ℓ+ 1)Cunit.Pℓ(z) +

∞
∑

ℓ=ℓ∗

(2ℓ+ 1)Canal.(s, ℓ)Pℓ(z)

]

.

(1.59)

Now take the forward limit, Pℓ(z = 1) = 1. Since Cunit. is a constant, the first

sum evaluates simply to ℓ2∗ ∼ s log2s. The second sum, on the other hand, may

be estimated using the large ℓ behaviour of the aℓ. From (1.38), we have that

it is bounded by
∑

n(2ℓ∗ + 2n + 1)e−2n
√
tp/s → 2ℓ∗ at high energies, and so it is
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subdominant. Therefore it is possible to bound the total amplitude,

lim
s→∞

|A(s, t = 0)| . 4πn2
s

s

tp
log2

(

s

s0

)

. (1.60)

Within these assumptions of analyticity, [Jin and Martin, 1964; Martin, 1965] have

shown that tp, the first t-channel singularity at fixed s, is at least 4m2, and that

ns, the high energy growth of the branch cut discontinuity, is at most 2. Note that

these order one prefactors are often omitted, and this famous result is often quoted

as a bound on the total cross section,

lim
s→∞

σ(s) . log2 s. (1.61)

At finite t: We derived the above bound in the forward limit, t→ 0. However, as

shown in [Jin and Martin, 1964], it is possible to use the analyticity in t to extend

this result out as far as tp (which is at least 4m2 for scattering identical scalars).

That is to say, the elastic scattering amplitude satisfies an extension of the Froissart

bound,

lim
s→∞
|A(s, t)| < Cs1+ǫ(t), 0 ≤ t < 4m2, (1.62)

where C is a constant and ǫ(t) is strictly less than 1 in the range 0 ≤ t < 4m2.

The key result is that the amplitude growth at high energies is always quadratically

bounded,

lim
s→∞
|A(s, t)| < s2 for 0 ≤ t < 4m2, (1.63)

even away from the forward limit.

This concludes our summary of various key properties of scattering amplitudes.

The key results (1.30, 1.34, 1.54, 1.63) hold in all theories with a mass gap, and

more generally for any scattering amplitude for which no massless virtual particle

exchange can contribute. In Part II, we will always consider theories with a mass

gap—with the exception of General Relativity in Chapter 8.

1.3 Effective Field Theory

Here we review the basics of constructing and using effective field theories. There

are many lectures notes available, for instance [Stewart, 2014] and [Manohar, 2018].

There are two approaches: top-down and bottom-up. Top-down describes the

situation in which an explicit UV complete theory (or at least many features of

it) are known, and by integrating out heavy degrees of freedom (dof) an effective

description of the light degrees of freedom is obtained. Bottom-up, on the other
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hand, often describes model-building when no UV completion is known—when one

includes all available operators with a priori undetermined coefficients.

In both approaches, one begins by constructing a local quantum field theory

from the desired light degrees of freedom,

LEFT =
∑

n

cnOn[φ, ...] (1.64)

where On are local operators of the fields, φ, ..., and the cn are known as Wilson

coefficients or Low Energy Constants. In the top-down approach, the cn are fixed by

matching to known amplitudes computed in the full UV theory. In the bottom-up

approach, the cn must be fixed by comparing with experimental data.

1.3.1 Top-down

1.3.1.1 Wilsonian Effective Action

Consider the QFT defined by the path integral,

Z =

∫

DHDL eiS[L,H] (1.65)

where H denotes all of the fields with masses larger than some scale, Λ, and L

denotes all of the fields with masses lower than Λ. Performing the integral over the

heavy fields defines the effective action,

Z =

∫

DL eiSΛ[L]. (1.66)

This effective action depends only on the light degrees of freedom, and in general

is non-renormalizable. However, the resulting unitarity violation from higher mass

dimension operators can only occur at or above the scale Λ, as in the limit Λ→∞
the theory becomes UV complete.

1.3.1.2 Simple Example

Consider the UV complete theory of a light scalar, ϕ, coupled to a heavy scalar, χ,

L = −1
2
(∂χ)2 − 1

2
M2χ2 − 1

2
(∂ϕ)2 − 1

2
m2ϕ2 − λ

3!
ϕ3χ (1.67)

where the mass M is much larger than m.
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Integrating out: The equation of motion for the heavy field is then,

χ = − λ

6(−�+M2)
ϕ3 =

[

− λ

6M2
+O

(

∂2

M4

)]

ϕ3. (1.68)

When scattering particles at energies much below M , this allows us to integrate out

the heavy χ dof at tree level,

LEFT = −1
2
(∂ϕ)2 − 1

2
m2ϕ2 +

λ2

6!M2

[

10 +O
(

∂2

M2

)]

ϕ6. (1.69)

Physically, the χ dof is non-dynamical at low energies below M because its creation

is kinematically forbidden. However, it still contributes to low energy processes

virtually.

Using the equations of motion to replace χ with ϕ has therefore produced an EFT

which successfully captures the tree level amplitudes of the full UV theory.

Matching: In order for our EFT to capture the one loop amplitudes of the full UV

theory, we perform a “matching” between the hard part of the full amplitude and

the tree level EFT amplitude. The soft part of the full amplitude is automatically

generated by the EFT loop corrections. Explicitly, let us consider the four-point

amplitude at one loop, given by the diagrams,

AUV (1) = λ2
∫

dDk

(2π)D
1

(k2 +M2)((p− k)2 +m2)
(1.70)

AUV (2) = λ2
1

p2 +M2

∫

dDk

(2π)D
1

k2 +m2
(1.71)

where D is set to 4 after dimensional regularization.
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Expanding to order 1/M2, we find,

Asoft
UV (1) =

λ2

16π2

3m2

M2

[

−1 + log

(

m2

µ2

)]

,

Ahard
UV (1) =

λ2

16π2

[

3 +
3m2

M2
+
s+ t + u

2M2

]

, (1.72)

Asoft
UV (2) =

λ2

16π2

2m2

M2

[

−1 + log

(

m2

µ2

)]

,

Ahard
UV (2) = 0, (1.73)

and so the total one-loop UV amplitude is,

Asoft
UV =

10λ2

32π2

m2

M2

(

−1 + log

(

m2

µ2

))

, (1.74)

Ahard
UV =

3λ2

16π2

(

1 +
m2

M2

)

+
λ2

32π2

s+ t + u

M2
. (1.75)

Note that the non-analytic logarithms can only ever appear in the soft part of

the integral, because in the hard region we expand in k/M and the integral is

consequently analytic.

Now consider improving the tree-level EFT (1.69) by including all of the inter-

actions which can appear up to order 1/M2,

LEFT = −1
2
(∂ϕ)2 − 1

2
m2ϕ2 +

10λ2

6!M2
ϕ6

+
c1
4!
ϕ4 +

c2
4!M2

ϕ2�ϕ2 +
c3

6!M2
ϕ6 +O(M−4) (1.76)

where ci are undetermined Wilson coefficients.

In the EFT, we would compute the four point function to order 1/M2 via,

Atree
EFT = c1 − c2

s+ t+ u

3M2
(1.77)

Aloop
EFT =

c3 + 10λ2

M2

m2

32π2

(

−1 + log

(

m2

µ2

))

. (1.78)
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Now, matching Atree
EFT onto Ahard

UV fixes the Wilson coefficients,

c1 =
3λ2

16π2

(

1 +
m2

M2

)

, c2 = −
3λ2

32π2
, (1.79)

and comparing Aloop
EFT with Asoft

UV , we realize that no c3 is necessary, the light loops in

the EFT automatically match the soft part of the UV amplitude,

c3 = 0. (1.80)

On-shell Matching: Note that we have performed the matching off-shell, without

imposing s+ t+u = 4m2. Consequently, we have included c1 and c2 as independent

operators. Had we focussed on only matching the on-shell (physical) amplitudes,

then we would have found in the UV,

Ahard
UV

∣

∣

on−shell
=

λ2

16π2

(

3 +
5m2

M2

)

. (1.81)

This corresponds to removing the β operator from our EFT via the field redefinition,

ϕ→ ϕ+
4c2
3M2

ϕ3 (1.82)

which is equivalent, at this order, to setting,

c1 → c′1 = c1 −
4m2

3M2
c2, c2 → c′2 = 0, (1.83)

which preserves the matching between Atree
EFT and Ahard

UV . This is true in general, set-

ting the momenta on-shell in the amplitude when matching corresponds to removing

�ϕ operators in the EFT basis.

This concludes our example of fixing Wilson coefficients when an explicit UV comple-

tion is known, known as the top-down approach. Of course, in many cases (notably

in cosmological and gravitational systems), we do not know of any UV completion

which can be used to perform a matching. In this case, one can still construct the

low energy EFT by including all of the interactions up to a given order in the EFT

cutoff, but then the Wilson coefficients must be fixed in some other way (e.g. by

experiment). This is the bottom-up approach.

1.3.2 Bottom-up

It is important to bear in mind some results when constructing bottom-up EFTs.
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1.3.2.1 Field Redefinitions

Representation Independence: For any function F analytic about the origin,

the redefinition of a field,

φ→ χ+ F (χ) (1.84)

preserves the S matrix elements7, as the linear piece preserves the one-particle states.

This is known as the Representation Independence Theorem. Quantum mechanically,

the Jacobian of a local field redefinition contributes only to power law divergences

(and these vanish in dim reg)—and so such redefinitions just change the form of

counter terms.

Equations of motion: One can always remove operators proportional to the

equations of motion (eoms), and replace them with higher order terms. Explicitly,

consider an operator,

S = S0[φ] + λ O[φ] δS0

δφ
(1.85)

φ→ φ− λO[φ] =⇒ S → S0[φ] +O(λ2). (1.86)

Note that we can only “substitute the eoms into the Lagrangian” if the latter are

purely algebraic (so we are not inverting any �’s, otherwise such a substitution is

non-local and will not preserve the S matrix).

Apparent Ostrogradski ghosts: In the effective Lagrangian, one is often faced

with higher time derivatives. For example, in a simple scalar theory,

L = −1
2

[

(∂φ)2 +m2φ2 +
1

M2
(�φ)2

]

+ Jφ (1.87)

where M ≫ m, we would find a propagator,

1

k2 +m2 + k4/M2
(1.88)

which appears to have two poles, corresponding to the expected particle with mass

m + O(m3/M2), but also an additional particle of mass M + O(m). This latter

state has negative norm, and if we took this theory seriously at all scales then it

would represent a pathological “Ostrogradski ghost”. However, this Lagrangian is

really a truncation of an infinite series in k/M , and so to be consistent we should

7assuming there are no anomalies. Note that bosonic field redefinitions cannot generate anomalies.
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also truncate the propagator at the same order,

1

k2 +m2 + k4/M2
=

1

k2 +m2
− k4

M2(k2 +m2)2
+ ... (1.89)

and so really the effective theory only has a single pole at k2 = −m2.

This can be implemented at the level of the Lagrangian by performing field

redefinitions to remove any higher time derivatives. For example, the equation of

motion in our toy scalar theory is,

�φ = m2φ (1.90)

and so we can effectively move the higher time derivatives into the higher order

(neglected) parts of the Lagrangian,

L = −1
2

[

(∂φ)2 +m2

(

1 +
m2

M2

)

φ2

]

+

(

1 +
m2

M2

)

Jφ− J2

2M2
+ ... (1.91)

This gives the same propagator as before, and is now manifestly free of any Ostro-

gradski mode at this order.

1.3.2.2 Stable vs Natural Tunings

Once one has constructed the desired EFT, one must fix values for the Wilson

coefficients. This is often referred to as “tuning” the coefficients. A priori, any

numerical value may be used. A tuning is radiatively stable if it is preserved by

loops within the EFT, and is deemed technically natural if it is believed to be

preserved by UV loops as well (for instance, protected by some kind of symmetry).

Radiative Stability: At tree level, the EFT coefficients can be given any numer-

ical value, for instance nothing prevents tuning a particular c ∼ O(10−27). However,

if there are large quantum corrections to this coupling—for instance if loops induce a

running of c with some order unity coefficient—then there is no reason to trust this

classical tuning. The lowest order operators in an EFT are always radiatively stable

on purely dimensional grounds (see [Goon et al., 2016] and references therein).

Technical Naturalness: The most common example of technical naturalness is

a small parameter, g, which controls the breaking of a global symmetry. If the

symmetry is restored in the limit where g → 0, then any loop corrections which do

not respect the symmetry must be proportional to some power of g. Loop corrections

therefore remain small if the original parameter is small. An example of this is the

electron mass, which is protected by chiral symmetry.
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This concludes our introduction to the construction and use of Effective Field The-

ories.

Summary of Chapter 1

In this chapter, we have reviewed how the 4-particle scattering amplitude, as a

function of the two Mandelstam invariants s = −(p1 + p2)
2 and t = −(p1 + p3)

2,

obeys a crossing relation, a partial wave expansion, the optical theorem and the

Froissart-Martin bound of the S-matrix program. We have also seen how EFT

techniques allow one to pass from a UV complete description of a system to a

(often more tractable) low energy effective description. In the following chapter,

rather than assuming an explicit form of the UV theory, we will only assume that

it satisfies the S-matrix axioms, and ask how these conditions “match” onto EFT

constraints in the IR.
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2.1. Two Particle Amplitude Chapter 2. Scalar Positivity Bounds

In this chapter, we use properties of the two-point amplitude (A2) and four-point

amplitude (A4) to constrain the Wilson coefficients appearing in the EFT of a

massive real scalar, φ. For now we shall neglect any subtleties due to spin, which

will be addressed in Chapter 3.

Specifically, positivity of ImA2(−k2) leads to a bound on all derivatives of the

pole-subtracted propagator,

∂n

∂sn
[A2(s)− pole] > 0 (2.1)

in Section 2.1, and in Section 2.2 positivity of ∂Qt ImA4(s, t) leads to bounds on the

O(Λ2P+2Q) four-field operator of the form,

0 < Y
(Q)
P+Q(t) :=

∑

∆=0

∑

R=0

CP
∆R

M2∆
∂Q−∆−2R
t ∂P+2R

s (A4(s, t)− poles)
∣

∣

s=2m2+t/2
(2.2)

where CP
∆R are known numerical coefficients (given in (2.83)), andM is a fixed mass

scale determined by the branch cuts in A4 (discussed at length in Chapter 4). The

infinite tower of bounds (2.2) were first derived in [Melville et al., i].

These bounds will be applied to great effect in various cosmological EFTs in

Part II.

2.1 Two Particle Amplitude

2.1.1 Källén-Lehmann Spectral Representation

Before we discuss the four-point function, it will prove useful to analyse the analytic

structure of the two-point function. Specifically, we are interested in the momentum

space 2-point correlation function,

A2(p) = i

∫

ddx eip·x〈Tφ(x)φ†(0)〉 . (2.3)

The poles and branch cuts of this function are most easily seen using the celebrated

Källén-Lehmann representation [Kallen, 1952; Lehmann, 1954].

Källén-Lehmann spectral representation: Concise proofs of the representa-

tion can be found in many textbooks [Weinberg, 2005]. Schematically, one inserts a

complete set of momentum eigenstates,

〈φ(x)φ†(0)〉 =
∑

n

e−ipn·x|〈0|φ(0)|n〉|2 (2.4)
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Chapter 2. Scalar Positivity Bounds 2.1. Two Particle Amplitude

and then interchanges1 the
∑

n with the
∫

ddx,

∫

ddxe−ip·x〈φ(x)φ†(0)〉 =
∑

n

δ(p− pn) |〈0|φ(0)|n〉|2 =:
1

(2π)3
ρ(p2)Θ(p0) . (2.5)

Using the free correlator (ignoring the time ordering for now),

〈φ(x)φ†(0)〉 =
∫

ddp

(2π)d−1
e−ip·xδ(p2 −m2)Θ(p0) =: ∆+(x

2, m2) (2.6)

we see that,

∫

ddxe−ip·x〈φ(x)φ†(0)〉 =
∫ ∞

0

dµ ρ(µ)∆+(p
2, µ). (2.7)

The effect of the time-ordering is to replace ∆+ with the usual Feynman propagator,

so that,

A2(−p2) =
∫ ∞

0

dµ
ρ(µ)

µ+ p2 − i0 (2.8)

where the i0 represents the usual Feynman prescription for deforming the contour

(we will not write it explicitly from here on). Physically, this allows us to express

the propagator in the full interacting theory by an integral over free propagators,

weighted by a spectral density, ρ.

Singularities: We expect ρ(µ) to have support at m2 (the mass of the scalar φ),

and at µ ≥ 4m2 (the threshold for the first loop corrections to the propagator). This

motivates the decomposition,

ρ(µ) = Zδ(µ−m2) + σ(µ)Θ(µ− 4m2). (2.9)

As we shall see, Z is related to the wavefunction normalization of the particle, and

σ to the ‘cross section’ for 1→ 1 scattering.

For experimental purposes, it is often useful to also think of the complex energy

plane, where E =
√
s. Of course this introduces a second Riemann sheet, and then

one must make the distinction between the “physical” and “unphysical” sheets. As

we define the spectrum of our theory (normalizable one-particle states) according

to the poles and branch cuts which appear in the spectral function ρ(s), this means

that every singularity we can identify in (2.8) is on the physical Riemann sheet2.

1strictly speaking this is not a well-defined procedure when the integral is UV divergent, but this
subtlety is well understood [Zwicky, 2017], and is remedied by performing subtractions. We will
return to this point below.

2Additional poles, such as resonances, always appear on the unphysical sheet, see for instance
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2.1. Two Particle Amplitude Chapter 2. Scalar Positivity Bounds

Dispersion relation: This spectral representation is an example of a so-called

dispersion relation. These relate analytic scattering amplitudes to integrals around

their singularities, and essentially follow from Cauchy’s residue theorem in the com-

plex plane. Explicitly, as locality and causality mandate that A2(p) is analytic in

s = −p2, we can write it as,

A2(s) =
1

2πi

∫

C

dµ
A2(µ)

µ− s (2.10)

where C is any counterclockwise contour which encircles p2 but no other singularities

of the integrand. By deforming the contour so that it runs along the branch cut, as

shown in Figure 2.1,

A2(s) =
Resm2A2

m2 − s +
1

π

∫ ∞

4m2

dµ
DiscA2(µ)

µ− s (2.11)

where the discontinuity along the branch cut is related to the imaginary part by the

Schwarz reflection principle (1.31),

2iDiscA2(µ) = A2(µ+ i0)−A2(µ− i0) = A2(µ+ i0)−A∗
2(µ+ i0) = 2iImA2(µ) .

(2.12)

Therefore we see that the spectral density ρ can be written as,

Z = Resm2A2, σ(µ) =
1

π
ImA2(µ). (2.13)

Note that we could also have arrived at (2.13) from the optical theorem, which

in this case relates the imaginary part of the two-point function to the modulus

squared of the one point function (ρ). In particular, although it is clear from our

definition (2.5) that the spectral density is positive, ρ(s) > 0, this positivity also

follows from the optical theorem, which gives ImA > 0 for any n → n amplitude

between identical states. This will be our path forward for the 4-point function—to

derive a dispersion relation using analyticity, and determine positivity properties of

discontinuities using unitarity.

Subtractions: The Källén-Lehmann relation need not converge. In that case, one

may still derive a dispersion relation by first performing so-called “subtractions”.

Suppose that the spectral density is bounded at large s by σ(s) < sN . By taking

a sufficiently large number of derivatives, we can always construct a contour which

[Patrignani et al., 2016, p565] and references therein. As we will work entirely on the physical
sheet in this thesis, we will not comment any further on these.
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Chapter 2. Scalar Positivity Bounds 2.1. Two Particle Amplitude

μ

C’

C

m2 4m2

s

Figure 2.1: Using Cauchy’s theorem, the propagator can be written as a pole plus
an integral over a branch cut discontinuity. The contour at infinity is sensitive to
the UV, and may require a number of “subtractions” to remove this part of the
integration.

does converge,
∂N

∂sN
[A2(s)− pole] =

N !

π

∫ ∞

4m2

dµ
σ(µ)

(µ− s)N+1
. (2.14)

Then, by integrating this expression N times with respect to p2, remembering to

include undetermined integration constants, one obtains,

A2(s) =
Z

m2 − s +
∫ ∞

4m2

dµ

π

sNσ(µ)

µN(µ− s) +
N
∑

n=1

ans
n−1 (2.15)

where the an are referred to as “subtraction coefficients”. These undetermined sub-

traction coefficients are related to renormalization ambiguities in the UV. This is

now manifestly convergent, and referred to as a dispersion relation “with N sub-

tractions”.

Including Spin: We have derived the spectral representation for scalars—expressing

the interacting propagator as an integral over free propagators. An analogous result

exists for spinning particles,

〈φµ1...µS(k)φν1...νS(−k)〉 =
∫ ∞

0

dµ
ρ(µ)

µ− k2Π
µ1...µS,ν1...νS(k) (2.16)

where Π is the tensor structure of the free spin-S propagator.
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2.1. Two Particle Amplitude Chapter 2. Scalar Positivity Bounds

The propagator numerator is fixed by unitarity to be,

Πα,β(k) =
∑

i

ǫαi (k)ǫ
β∗
i (k) (2.17)

where the sum runs over all physical φ states with polarizations ǫi.

Sum rules: Without any further information about the field(s) involved, we can

already infer bounds from the spectral representation. For instance, by taking the

expectation value of the canonical commutation relations,

[∂tφ
†(t, x), φ(t, 0)] = −iδ(x) (2.18)

one arrives at the sum rule,
∫ ∞

0

ds ρ(s) = 1, (2.19)

assuming that no subtractions are required for convergence (i.e. that lims→∞ σ(s) =

0). Substituting in (2.9), one finds that3,

Z = 1−
∫ ∞

4m2

dµ σ(µ) ≤ 1. (2.20)

This tells us that a free theory (σ = 0) has residue Z = 1, while an interacting

theory has Z < 1. Furthermore, if the theory is to remain unitary, Z ≥ 0, then one

has a bound on
∫

ds σ(s) < 1.

We will now develop this line of argument further, and use the spectral repre-

sentation to derive bounds directly on the EFT coefficients.

2.1.2 Positivity from the Top Down

Assuming the heavy fields in the UV satisfy a spectral representation, then when

we integrate them out we can find strictly positive Wilson coefficients in the IR.

Imagine a heavy field, χ, which in the UV couples to a current of light fields,

LUV ⊃ g χµ1...µSJµ1...µS [φ] . (2.21)

At low energies, this contributes an operator to the EFT,

LEFT ⊃
g2

2
〈χµ1...µS(k)χν1...νS(−k)〉

∣

∣

k=0
Oµ1...µSν1...νS [φ] (2.22)

where Oµ1...µSν1...νS = Jµ1...µSJν1...νS .

3On the other hand, if lims→∞ σ(s) 6= 0, one must use the subtracted dispersion relation, which
relates Z and σ to the undetermined subtraction coefficients, an.
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Chapter 2. Scalar Positivity Bounds 2.1. Two Particle Amplitude

The spectral representation for the χ two-point function,

〈χµ1...µS(k)χν1...νS(−k)〉 =
∫ ∞

0

dµ
ρ(µ)

µ− k2Π
µ1...µS ,ν1...νS(k) (2.23)

can then be used to constrain the EFT coefficient of O.
Note that χ need not be a canonical spin-S state (it may be composed of many

heavy fields), and so in general one must include all possible representations of the

Lorentz group under which χ could transform. In practice, one first defines the light

current J [φ], and uses its symmetries to argue for the different spin states which

may live inside χ.

Example: For instance, consider Jµν = ∂µφ∂νφ. Then the field χµν can either

transform under spin-2 or spin-0 representations of the Lorentz group [Dvali et al.,

2012],

ρ(µ)Πµν,αβ(k) = ρ0(µ)η
µνηαβ + ρ2(µ)Π

µν,αβ
(2) (k) (2.24)

where Π(2) is the free massive spin-2 propagator, and ρ2 and ρ0 are separately posi-

tive. Consequently, we have that,

LEFT ⊃ (∂µ∂νφ)(∂αφ∂βφ)

∫ ∞

0

dµ

π µ

[

ρ0(µ)η
µνηαβ + ρ2(µ)

(

1

2
ηµ(αηβ)ν −

1

3
ηµνηαβ

)]

= (∂φ)4
∫ ∞

0

dµ

π µ

[

ρ0(µ) +
2

3
ρ2(µ)

]

(2.25)

from which we conclude that the EFT coefficient of (∂φ)4 must be positive

definite, if it has arisen from a UV field which admits a unitary Källén-Lehmann

representation. We will defer further examples of this approach to Part II.

Comparison: At this stage, we should remark on several advantages and limita-

tions in deriving positivity bounds from integrating out putative heavy fields in this

way. The main advantages are,

• One can constrain higher n-point interactions purely from the properties of

the two-point function,

• The Källén-Lehmann representation may have better convergence (require

fewer subtractions) than the four-point dispersion relation (which we will study

in Section 2.2).

However, there is also the drawback that some strong assumptions about the UV

physics are generally necessary. For instance,

• We need to know the spin representations in the heavy operators (or determine

them somehow from the symmetries of J),
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2.1. Two Particle Amplitude Chapter 2. Scalar Positivity Bounds

• We need to argue that this is the only contribution from heavy physics to the

Wilson coefficient O (or that other contributions are also sign-definite),

• While the number of subtractions for the four-point dispersion relation is

bounded (≤ 2, by the Froissart bound), the number of subtractions required

in the spectral representation for the UV field χ depends on the UV behaviour

of its σ(s).

An alternative way to leverage the unitarity and analyticity of the two-point function

is to work from the bottom-up, and use the dispersion relation to establish that

certain quantities entirely computable within the EFT must be positive.

2.1.3 Positivity from the Bottom Up

One important feature of the Källén-Lehmann representation (and of every disper-

sion relation) is that it relates low energy quantities to an integral over arbitrarily

high energies. For instance, in an EFT setting, if we take p2 to be much smaller

than the EFT cutoff Λ, then we can evaluate the left hand side explicitly within the

EFT,
[

A2(s)−
Resm2A2

m2 − s

]

EFT

=

[

1

π

∫ ∞

4m2

dµ
ImA2(µ)

µ− s

]

UV

. (2.26)

Evaluating the right hand side requires knowledge of the UV completion. However,

if the UV theory is unitary (and consequently has an optical theorem), then we are

guaranteed that this UV-sensitive integral over µ is strictly positive. If an EFT

is to be consistent with unitarity and analyticity at high energies, it is therefore

necessary that the pole subtracted two-point function be positive in the EFT for all

0 < s < 4m2,

ÃEFT
2 (s) :=

[

A2(s)−
Resm2A2

m2 − s

]

EFT

> 0. (2.27)

Note that Ã2(p
2) = 0 only when the theory is not interacting, and so we omit that

case from this (and all future) bounds.

Furthermore, any derivative of Ã2(s) must also be positive, because derivatives

of the integration kernel 1/(µ− s) are strictly positive for 0 < s < 4m2,

∂n

∂sn
ÃEFT

2 (s) =

[

n!

π

∫ ∞

4m2

dµ
ImA2(µ)

(µ− s)n+1

]

UV

> 0 . (2.28)

Example: Consider a canonically normalized single scalar field, with additional

two-field operators,

L = φ

[

�+ c1
�2

Λ2
+ c2

�3

Λ4
+ ...

]

φ. (2.29)
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The two-point correlation function is then,

A2(s) =
−1

s+ c1
s2

Λ2 + c2
s3

Λ4 + ...
=

1

s

[

−1 + c1
s

Λ2
+ (c2 − c21)

s2

Λ4
+ ...

]

(2.30)

and so the first two positivity bounds become,

Λ2Ã2

∣

∣

s=0
= c1 > 0 (2.31)

Λ4∂sÃ2

∣

∣

s=0
= c2 − c21 > 0 (2.32)

where we have assumed that no subtractions are needed to ensure convergence of

the spectral representation. In the event that N subtractions are needed, then one

should only apply the bounds with at least N derivatives.

We now turn our attention to positivity of the EFT four-point function.

2.2 Four Particle Amplitude

The seminal work on positivity bounds [Adams et al., 2006] derived a tower of

constraints on the s derivatives of forward limit scattering amplitudes. We shall

briefly review this derivation, before presenting the subsequent results of [Melville

et al., i] which extend this to all s and t derivatives, both at and away from the

forward limit.

2.2.1 Positivity in the UV

Here we will briefly review the UV quantities which are sign definite as a consequence

of unitarity.

Optical theorem: The traditional optical theorem was derived in Section 1.2.3,

where we showed that,

ImA4(s > 4m2, t = 0) =
√

s(s− 4m2) σ2→2(s) ≥ 0 (2.33)

where σ2→2 is the total 2 → 2 cross section. This positivity is confined to forward

scattering, t = 0, and hence the earliest positivity bounds were restricted to that

limit.

To go beyond the forward limit, we can perform a partial wave expansion (1.34),

∂nt ImA4(s, t)|t=0 =
16π
√
s√

s− 4m2

∞
∑

ℓ=n

(2ℓ+ 1)Im(aℓ(s))
2n

(s− 4m2)n
P

(n)
ℓ (1) . (2.34)
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2.2. Four Particle Amplitude Chapter 2. Scalar Positivity Bounds

Recall that unitarity constrains Im al(s) ≥ |al(s)|2 for all s > 4m2, ensuring that the

individual partial waves are positive. Since the Legendre polynomial derivatives are

also positive, ∂nt Pl(1 + t)|t=0 ≥ 0, it then also follows from analyticity and unitarity

that,

∂nt ImA4(s > 4m2, t = 0) ≥ 0 for all n. (2.35)

Free vs Interacting Theories: Note that if we exclude theories in which the

total 2 → 2 cross section vanishes for all s, then the traditional optical theorem

(2.33) becomes definite (> 0) rather than semidefinite (≥ 0).

Similarly, if we exclude theories in which A4(s, t) vanishes for all s and t (namely

cases in which aℓ = 0 for all ℓ), then (2.35) also strengthens into a definite (> 0)

inequality. To see this, imagine that there exists some n∗ which saturates the bound,

∂n∗
t ImA4(s, 0) = 0. This would require that the amplitude contains only finitely

many partial waves, aℓ(s) = 0 for ℓ ≥ n∗, which in turn implies ∂nt ImA4(s, 0) = 0

for all n ≥ n∗. But this is inconsistent with analyticity4, which can be used to

relate the different ∂nt ImA4. Since there can be no such lowest n∗, any theory which

respects locality and analyticity must have non-zero interactions with arbitrarily

high partial wave number (or vanish identically for all s and t).

From here on, we will implicitly assume that the theory under consideration

has non-trivial interactions at the level of 2 → 2 scattering, and hence write these

bounds as definite rather than semidefinite. We will also focus exclusively on the

four-point amplitude, and write simply A in place of A4.

Finite t: In a scalar theory, we expect the amplitude to have a simple t-channel

pole at t = m2, with a real s-independent residue. Therefore ImA(s, t) is analytic

with no poles in the entire region |t| < 4m2. The positivity properties (2.35) can

then be analytically continued to finite positive t,

∂nt ImA(s > 4m2, 0 ≤ t < 4m2) > 0 ∀ n. (2.36)

This is the positivity property we will make use in deriving our bounds on the EFT

amplitude. Note that it is a consequence of unitarity, locality and analyticity, and

can therefore be assumed of the UV amplitude in any Wilsonian UV completion.

Crucially, these bounds should not be directly applied to AEFT, as generically the

EFT is not unitary beyond its cutoff. First, one must relate AEFT to AUV using

dispersive techniques, which we shall now demonstrate.

4More precisely, it is inconsistent with the disperion relation (2.41). This was first pointed out in
the Appendix of [Melville et al., ii].
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2.2.2 Positivity in the EFT

2.2.2.1 Forward Limit Bounds

Dispersion relation: We can collect our unitarity and analyticity properties to-

gether into a powerful relation between the UV and IR regimes of the theory. As

discussed in Section 1.2.2, the four-point Green’s function for scalar fields is an an-

alytic function of (s, t) in the disk |t| < 4m2 for fixed s and in the twice cut plane of

s for fixed t (modulo the poles and branch cuts required by unitarity). Exploiting

this analytic structure of the amplitude, which is shown in Figure 2.2, we can use

Cauchy’s integral formula,

A(s, t) =
1

2πi

∮

C
dµ

A(µ, t)

µ− s , (2.37)

where C is a counterclockwise contour which contains the point s.

One can then deform C into an infinite circular contour going around the two

branch cuts plus two infinitesimal clockwise circles around the simple poles to obtain

A(s, t) =
Z

m2 − s +
Z

m2 − u(s) +
∫

C±
∞

dµ

2πi

A(µ, t)

µ− s

+

∫ ∞

µb

dµ

π

DiscsA(µ, t)

µ− s +

∫ u(µb)

−∞

dµ

π

DiscuA(µ, t)

µ− s , (2.38)

where u(s) = 4m2−s−t, C±∞ is the semicircle with radius µ→∞ in the upper/lower

half plane, and µb is the scale at which the branch cut begins5. Crossing symmetry

tells us that A(u(µ), t) = A(µ, t) for identical scalars, and (together with the Schwarz

reflection property (1.31)) this allows us to relate the two branch cuts,

2iDiscsA(µ, t) := A(µ+ iǫ, t)− A(µ− iǫ, t) = 2iImA(µ, t) , (2.39)

2iDiscuA(µ, t) := A(u(µ) + iǫ, t)− A(u(µ)− iǫ, t) = −2iImA(µ, t) , (2.40)

since u(µ) + iǫ = u(µ− iǫ), and so (2.38) may be written,

A(s, t) =
Z

m2 − s +
Z

m2 − u +

∫

C±
∞

dµ

2πi

A(µ, t)

µ− s +

∫ ∞

µb

dµ

π

(

ImA(µ, t)

µ− s +
ImA(µ, t)

µ− u

)

,

(2.41)

where now u can be read as u(s) whenever it appears. Crossing symmetry also

guarantees that the pole residues Resu=m2A(s, t) and Ress=m2A(s, t) are the same,

equal to an s-independent constant (for scalar particles), Z, which can be determined

5Typically µb = 4m2, but we shall keep it general in anticipation of Chapter 4, where we will
explicitly subtract part of the branch cut.
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–�b + 4m
2 – t

�

C’

3m2 – tm2 �b

C

s

Figure 2.2: The scattering amplitude can be analytically continued to the entire
complex s plane, with poles at m2 and 3m2 − t and a branch cuts beginning at the
scale µb and its crossing image. The EFT contour C is then deformed into the UV
contour C ′

within the low-energy limit of the theory and removed for convenience6,

B(s, t) = A(s, t)− Z

m2 − s −
Z

m2 − u . (2.42)

The Froissart-Martin bound (1.60) suggests that the contour integrals along C±∞
are not finite in the limit µ → ∞, and so the standard remedy is to perform at

least two subtractions, which amounts to taking at least two derivatives (in order to

reduce the denominators of the C±∞ integrals to ImA(µ, t)/µ3, which vanishes by the

Froissart-Martin bound),

[

∂2ns B(s, t)
]

EFT
=

[

(2n)!

π

∫ ∞

µb

dµ ImA(µ, t)

(

1

(µ− s)2n+1
+

1

(µ− u)2n+1

)]

UV

> 0 .

(2.43)

This is the powerful result on which the four-point positivity bounds are based.

On the left hand side we have a quantity which can be evaluated entirely within

the low energy EFT—it is the (pole-subtracted) scattering amplitude at an energy

0 < s < 4m2. On the right-hand side is a quantity which integrates deep into the

unknown UV—we do not know this quantity, but our assumption of unitarity in the

UV is enough to determined its overall sign.

6When quoting explicit scalar amplitudes in Part II, we will also subtract the t-channel pole,
Zt/(m

2 − t). As Zt cannot depend on s, this doesn’t affect any of our positivity analysis. This is
no longer true in Chapter 3, as for spinning particles Zt can be s-dependent, and so we will not
explicitly subtract the t pole as this may lead to B(s, t) violating the Froissart bound.
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Example: Consider, for example, the operator λ(∂φ)4/Λ4. This contributes a

contact term to the four-point amplitude,

A(s, t) = 8λ
s2 + t2 + u2

Λ4
(2.44)

and as a result one concludes from (2.43) that,

λ > 0 . (2.45)

Note that this agrees with the result of Section 2.1.2 from two-point positivity of

currents in the UV.

Mandelstam Triangle: While ImA(µ, t) is positive by the optical theorem, (2.43)

is only strictly positive if the kernel,

K(µ; s, t) =
1

(µ− s)2n+1
+

1

(µ− u)2n+1
(2.46)

is positive for all µ > µb. Since µb is at least 4m
2, this is guaranteed if we evaluate

∂2ns BEFT inside the Mandelstam triangle, so 0 < s < 4m2 and 0 < t < 4m2.

What about if m is very small (even approaches zero)? Then the Mandelstam

triangle shrinks to nothing as the two branch cuts approach the origin. In that case,

we can consider setting s =M2, an intermediate scale m2 ≪ M2 ≪ Λ2, so that we

can write,

K(µ;M2, 0) =
2

µ2n+1

(

1 +O
(

M2, m2

µ2

))

. (2.47)

For the large µ & Λ part of the integral, we can safely truncate this expansion. For

the small µ ∼ m however, we can only use this expansion providing ImA(µ, 0) ∝
µσ(µ) grows at low energy like ∼ µ2n+1/Λ2n+1 or faster, otherwise the leading order

term becomes singular, and the integral is dominated by IR (rather than UV) effects.

For instance, for our previous example, λ(∂φ)4/Λ4, the EFT cross section grows

like σ(µ) ∼ µ3/Λ8 at low energies. In that case, one can only leave the Mandelstam

triangle providing n = 1, i.e. that only two derivatives are taken [Adams et al.,

2006],
[

∂2sB(M2, 0)
]

EFT
=

2

π

∫ ∞

0

dµ
µσ(µ)

µ3
+O

(

M2, m2

Λ2

)

> 0 . (2.48)

In practice, this is because of the light loops in the EFT. For instance, from λ(∂φ)4/Λ4,

we expect a one-loop amplitude which schematically contains,

B(s, t) = λ
s2

Λ4
+ λ2

s4

Λ8
log(s) . (2.49)
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The one-loop term pollutes ∂4sB and higher, giving contributions which increase

logarithmically (or, worse, like 1/sn) at low energies. For instance, suppose we

wished to constrain the coefficient of an additional higher derivative operator, say

c6∂
12φ4/Λ12. The appropriate derivative of the amplitude,

Λ12∂6sB ∼ c6 + λ2
Λ4

s2
(2.50)

no longer constrains c6, because it is dominated by the IR effects of λ(∂φ)4/Λ4.

For the remainder of this chapter (and Chapter 3), we will work within the

Mandelstam triangle, setting 0 < s < 4m2 so that the dispersion relation kernel is

manifestly positive. In Chapter 4, we will discuss the contributions from loops in

more detail.

2.2.2.2 Beyond the Forward Limit

Before proceeding, it is helpful to introduce the kinematic variable,

v := s̄+ t̄/2 (2.51)

where x̄ := x − 4m2/3. The barred quantities are useful because the maximally

crossing symmetric point becomes s̄ = t̄ = ū = 0. In terms of v, the s↔ u crossing

symmetry becomes a Z2 symmetry, v ↔ −v. Since B(s, t) is crossing symmetric, it

has to be given by an analytic function of v2.

Dispersion relation: Consider the derivatives of the pole-subtracted amplitude,

B
(M)
2N+M(t) :=

1

M !
∂Mt ∂

2N
v B(s(v, t), t)|v=0 . (2.52)

Now, from the dispersion relation (2.41), these derivatives can be expressed entirely

in terms of UV integrals7,

B
(M)
2N+M(t) =

M
∑

p=0

(−1)p
p!2p

I
(M−p)
2N+M(t), (2.53)

I
(M)
N+M(t) =

N !

M !

2

π

∫ ∞

µb

dµ ∂Mt ImA(µ, t)

(µ̄+ t̄/2)N+1
> 0, (2.54)

which are positive by (2.36).

The left-hand side of (2.53) is a derivative of the pole subtracted amplitude eval-

uated at s ∼ m2, which can be computed in the EFT. This known quantity is related

7I
(M)
N contains M derivatives with respect to t and has an overall mass dimension of −2N .

56



Chapter 2. Scalar Positivity Bounds 2.2. Four Particle Amplitude

to the integrals I
(M)
N+M , which depend on the details of the full UV completion, and

are therefore not explicitly known—however, as we have argued, they are required

to be positive by unitarity and analyticity. The goal is now to use (2.53) to translate

the positivity of the integrals (2.54) into a bound on the different derivatives of the

low energy amplitudes. As crossing symmetry sets all B
(M)
M+2n+1 to zero, (2.52) is not

straightforwardly invertible for I in terms of B. However, one has the relation,

I
(M)
N+M <

N

M2
I
(M)
N+M−1 (2.55)

for any sufficiently large mass scale, for instanceM2 = µ̄b + t̄/2. This can be used

to replace odd integrals, I
(M)
M+2n+1, with even ones, I

(M)
M+2n, and then invert (2.52).

No t derivatives: Setting M = 0, we find immediately that B
(0)
2N(t) = I

(0)
2N > 0.

This is a generalization of the forward (t = 0) positivity bound originally discussed

in [Adams et al., 2006] to the region 0 ≤ t < 4m2. This extension has previously

been noted and used in [Pennington and Portoles, 1995; Vecchi, 2007; Manohar and

Mateu, 2008; Nicolis et al., 2010; Bellazzini et al., 2014].

One t derivative: The B
(M)
2N (t) withM > 0 do not immediately satisfy a positivity

condition due to the alternating sign structure (−1)k in (2.53). But if we use (2.55),

then,

B
(1)
2N+1 = I

(1)
2N+1 − 1

2
I
(0)
2N+1 > I

(1)
2N+1 −

2N + 1

2M2
I
(0)
2N . (2.56)

Since B
(0)
2N = I

(0)
2N , we can immediately define a manifestly positive quantity,

Y
(1)
2N+1 := B

(1)
2N+1 +

2N + 1

2M2
B

(0)
2N > I

(1)
2N+1 > 0 . (2.57)

This is a new result which goes beyond results presented previously in the literature,

and can be fruitfully applied to any gapped scalar field theory. We will discuss some

applications in detail in Chapter 6.

Two t derivatives: Proceeding onto a second t derivative, we have,

B
(2)
2N+2 = I

(2)
2N+2 −

1

2
I
(1)
2N+2 +

1

8
I
(0)
2N+2 . (2.58)

Since only one of the terms enters negatively it would be possible to perform just

one addition and end up with a quantity which is manifestly positive,

B
(2)
2N+2 +

2N + 1

2M2
Y

(1)
2N+1 > I

(2)
2N+2 +

1

8
I
(0)
2N+2 > 0 . (2.59)
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We can however construct a more restrictive bound by also removing the integral

I
(0)
2N+2 = B

(0)
2N+2,

Y
(2)
2N+2 := B

(2)
2N+2 +

2N + 1

2M2
Y

(1)
2N+1 −

1

8
B

(0)
2N+2 > 0 . (2.60)

General Strategy: The general strategy is now clear. First, split the sum into

even and odd I(M),

B
(M)
2N+M (t) =

[M/2]
∑

q

I
(M−2q)
2N+M

(2q)!22q
−

[(M−1)/2]
∑

q

I
(M−2q−1)
2N+M

(2q + 1)!22q+1
. (2.61)

Note that if we fix the overall mass dimension and consider the vector of t derivatives,

Bi = B
(2i+[N/2])
N , then we can express this as a linear system,

B = KeIe +KoIo (2.62)

where (Ie)j = I
(2j+[N/2])
N and (Io)j = I

(2j+[N/2]−1)
2N , with [N/2] = N mod 2, and the

matrices Ke and Ko are lower triangular,

(Ke)ij =
1

(2i− 2j)!22i−2j
, (Ko)ij =

−1
(2i− 2j + 1)!22i−2j+1

. (2.63)

In this matrix notation, the examples we have just seen are,









B
(0)
2N

B
(2)
2N
...









=









1 0 0 · · ·
1
8

1 0 · · ·
...

...
...

. . .

















I
(0)
2N

I
(2)
2N
...









+









0 0 0 · · ·
0 −1

2
0 · · ·

...
...

...
. . .

















0

I
(1)
2N
...









(2.64)









B
(1)
2N+1

B
(3)
2N+1
...









=









−1
2

0 0 · · ·
− 1

48
−1

2
0 · · ·

...
...

...
. . .

















I
(0)
2N+1

I
(2)
2N+1
...









+









1 0 0 · · ·
1
8

1 0 · · ·
...

...
...

. . .

















I
(1)
2N+1

I
(3)
2N+1
...









(2.65)

Ke is always strictly positive, and can be inverted. One particularly efficient way of

performing this inversion is to realize that,

cosh(x/2) =
∞
∑

n=0

x2n

n!2n
(2.66)
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and consequently the inverse8,

sech(x/2) =
∞
∑

n=0

x2ncn =⇒ (K−1
e )ij = ci−j . (2.67)

So first we invert Ke to isolate Ie in terms of B and Io,

K−1
e B = Ie +K−1

e Ko Io. (2.68)

This is the step which subtracts 1
8
I
(0)
2N in the M = 2 case.

(

1 0

−1
8

1

)(

B
(0)
2N

B
(2)
2N

)

=

(

I
(0)
2N

I
(2)
2N

)

+

(

0 0

0 −1
2

)(

0

I
(1)
2N

)

, (2.69)

(

1 0

−1
8

1

)(

B
(1)
2N+1

B
(3)
2N+1

)

=

(

I
(1)
2N+1

I
(3)
2N+1

)

+

(

−1
2

0
1
24
−1

2

)(

I
(0)
2N+1

I
(2)
2N+1

)

. (2.70)

Once this is done, the remaining negative entries in the other matrix can be

dealt with using (2.55). Noting that the entries of (Ko)ij are similarly related to the

expansion of −sinh(x/2), we have that9,

− tanh(x/2) =

∞
∑

n=0

x2n+1c̄n =⇒ (K−1
e Ko)ij = c̄i−j (2.71)

Crucially, the sign of c̄n alternates. However, we can easily split K−1
e Ko into its

positive and negative entries, and use the integral inequality, which yields,

K−1
e B = Ie +

(

K−1
e Ko

)

+
Io +

(

K−1
e Ko

)

− Io (2.72)

> Ie +
(

K−1
e Ko

)

+
Io +

1

M2

(

K−1
e Ko

)

− I′e , (2.73)

where the components of I′e are (N − 2j − [N/2])I
(2j+[N/2])
N−1 Explicitly, this replaces

(2.69) and (2.70) with,

(

1 0

−1
8

1

)(

B
(0)
2N

B
(2)
2N

)

>

(

I
(0)
2N

I
(2)
2N

)

+
1

M2

(

0 0

0 −1
2

)(

0

(2N − 1) I
(1)
2N−1

)

(2.74)

8cn can be written in terms of the Euler numbers as, 2−2nE2n/(2n!). The first few are: c0 = 1, c1 =
−1/8, c2 = 5/384, c3 = −61/46080.

9c̄n can be written in terms of the Bernoulli numbers as, −(22n+3 − 2)B2n+2/(2n + 2)!. The first
few are: c̄0 = −1/2, c̄1 = 1/24, c̄2 = −1/240, c̄3 = 17/40320.

59



2.2. Four Particle Amplitude Chapter 2. Scalar Positivity Bounds

(

1 0

−1
8

1

)(

B
(1)
2N+1

B
(3)
2N+1

)

>

(

I
(1)
2N+1

I
(3)
2N+1 +

1
24
I
(2)
2N+1

)

+
1

M2

(

−2N+1
2

0

0 −2N−1
2

)(

I
(0)
2N

I
(2)
2N

)

(2.75)

This is then used to define a vector, Ye, which is entry-wise strictly larger than

Ie,

Ye := K−1
e B− 1

M2

(

K−1
e Ko

)

− Y′ (2.76)

> K−1
e B− 1

M2

(

K−1
e Ko

)

− I′ = Ie +
(

K−1
e Ko

)

+
Io

> Ie > 0 ,

where the components of Ye and Y′
e are defined analogously to those of Ie and I′e.

This is exactly what we arrived at previously for one and two t derivatives,

(

Y
(0)
2N

Y
(2)
2N

)

:=

(

1 0

−1
8

1

)(

B
(0)
2N

B
(2)
2N

)

+
1

M2

(

0 0

0 1
2

)(

0

(2N − 1) Y
(1)
2N−1

)

>

(

I
(0)
2N

I
(2)
2N

)

> 0 (2.77)

(

Y
(1)
2N+1

Y
(3)
2N+1

)

:=

(

1 0

−1
8

1

)(

B
(1)
2N+1

B
(3)
2N+1

)

+
1

M2

(

1
2

0

0 1
2

)(

(2N + 1) Y
(0)
2N

(2N − 1) Y
(2)
2N

)

>

(

I
(1)
2N+1

I
(3)
2N+1

)

> 0 (2.78)

Explicitly, (2.76) is given by,

Y
(M)
2N+M(t) :=

M/2
∑

r=0

crB
(M−2r)
2N+M −

(M−1)/4
∑

k=0

c̄2k
2N + 4k + 1

M2
Y

(M−1−4k)
2N+M−1 (2.79)

where ck and c̄k are given by (2.67) and (2.71). For example, the third t derivative

can be easily read of as

Y
(3)
2N+3 := B

(3)
2N+3 −

1

8
B

(1)
2N+3 +

2N + 1

2M2
Y

(2)
2N+2 (2.80)

and the fourth t derivative,

Y
(4)
2N+4 := B

(4)
2N+4 −

1

8
B

(2)
2N+4 +

5

384
B

(0)
2N+4 +

2N + 1

2M2
Y

(3)
2N+3, (2.81)

and so on, to any desired order in t derivatives.
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Closed Form of the Bounds: One can solve the above recursion relation,

Y
(M)
N+M(t) =

M
∑

∆=0

(M−∆)/2
∑

R=0

CN
∆R

M2∆
B

(M−∆−2R)
N−∆ (2.82)

with,

CN
∆R = (−1)∆

R/2
∑

k1=0

R/2
∑

k2=k1

· · ·
R/2
∑

k∆=k∆−1

cR−2k∆

∆
∏

j=0

c̄2kj−2kj−1
(N + kj + 1). (2.83)

As a result, we have successfully constructed combinations of derivatives of the EFT

amplitude, Y
(M)
2N+M , which must be positive if there were to ever exist a local, analytic

and Lorentz invariant UV completion. Before we extend this result to particles with

spin, let us comment on a few generalizations of this scalar result.

2.2.2.3 Beyond Low Energy

We can apply many of these bounds away from v = 0. For instance, from,

B(v, t) = a0(t) +

∫ ∞

4m2

dµ

π(µ̄+ t̄/2)

2v2ImA

(µ̄+ t̄/2)2 − v2 (2.84)

∂v2B(v, t) =

∫ ∞

4m2

dµ

π

2(µ̄+ t̄/2)ImA

[(µ̄+ t̄/2)2 − v2]2
(2.85)

∂t∂v2B(v, t) =

∫ ∞

4m2

dµ

π

{

(µ̄+ t̄/2) (2∂tImA+ ImA)

[(µ̄+ t̄/2)2 − v2]2
− 4(µ̄+ t̄/2)2ImA

[(µ̄+ t̄/2)2 − v2]3
}

(2.86)

we can conclude that,

∂t∂v2B(v, t) +
2

M2
∂v2B(v, t) > 0 ∀ |v| <M2 . (2.87)

This bound will also prove useful in Part II.

2.2.2.4 Multiple Species

We now consider scattering between two different mass eigenstates. In order to use

the optical theorem at t = 0, we should consider transition amplitudes to final states

with m3 = m1 and m4 = m2. Without loss of generality, we can order m1 > m2.

Note that in order for the heavy particle to remain stable against decay into two

light particles, we further assume m1 < 2m2.

Analytic structure: In the complex s plane, by unitarity the scattering ampli-

tude must have poles at s = m2
1 and s = m2

2, and a branch cut from s = (m1+m2)
2
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Re s
(m1+m2)2

(m1−m2)2−t m2
2 m2

1

m2
1+2m2

2−t
2m2

1+2m2
2−t

Figure 2.3: The scattering amplitude on the real s axis in a theory with two massive
states. We can draw integration contours analogous to C and C ′ from Figure 2.2,
providing that none of the poles overlap with the branch cuts.

to infinity. The crossing relation then tells us that there are also poles at s =

2m2
1 +m2

2 − t and s = m2
1 + 2m2

2 − t, and a branch cut from s = (m1 − m2)
2 − t

to infinity. Note that since m1 < 2m2 the poles and branch cuts are separated. We

can hence proceed as before, providing that we have

0 ≤ t < m2
2 ≤ m2

1 < 4m2
2. (2.88)

The corresponding Re s axis (at fixed t) is shown in Figure 2.3.

One can construct a dispersion relation exactly as before, and confirm that the

positivity bounds, Y
(M)
2N+M , remain true even in this more general case. For scalar

particles this is an almost trivial generalization—in Chapter 3 we will need to work

a bit harder to establish positivity when the particles have different masses.

Summary of Chapter 2

We have successfully constructed an (infinite) number of positivity bounds which

must be satisfied by any gapped scalar EFT if it is to ever admit a Wilsonian UV

completion (compatible with the standard QFT axioms of causality, locality, and

unitarity). These bounds will be applied to various cosmological scalar field theories

in Part II.

One naturally wonders whether the above bounds can also be applied to particles

with spin. With the exception of the Higgs boson (and perhaps also the inflaton),

every fundamental particle we believe in today carries a nonzero spin, so such an

extension beyond scalars is certainly a worthwhile pursuit.
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This chapter will consider the positivity constraints which can be placed on particles

with spin.

There are two immediate complications when moving away from scalar particles:

(i) Additional non-analyticities: Having polarization tensors allows for terms in

the amplitude which are not analytic in s, t, u, but rather exhibit new (un-

physical) poles and branch cuts,

(ii) Non-trivial crossing: Most spin projections are not preserved under crossing,

so the u-channel branch cut is no longer guaranteed to be positive.

However, overcoming these difficulties will lead to a substantial payoff. As spinning

particles carry a polarization, ǫλ, there are many distinct four particle interactions,

Aλ1λ2λ3λ4 , for us to constrain. We will see that this allows for our positivity bounds,

which were previously strictly inequalities, to become equalities. This happens when-

ever an operator, say c4O4, contributes to different amplitudes with an opposite sign,

e.g. ∂2sA++++ = −∂2sA+−+− = c4 =⇒ c4 = 0 . (3.1)

An example of this is the vector Galileon AαA
α((∂µA

µ)2− (∂µAν)
2). Such an inter-

action can never be generated from an analytic, local, Lorentz invariant UV com-

pletion, without also generating other operators which are at least as important.

We will return to applications of these powerful bounds in Part II.

The technology needed to overcome the above difficulties was first developed

in [Melville et al., iv], and will be the subject of this chapter. In Section 3.1 we

define the transversity basis for scattering amplitudes, Aτ1τ2τ3τ4 , and several of its

useful properties. In particular, the s and u channel amplitudes are related by the

particularly simple crossing formula,

Asτ1τ2τ3τ4(s, t, u) = eiχAu−τ1−τ4−τ3−τ2(u, t, s) (3.2)

where χ is a (τ -dependent) phase, described in (3.20) and (3.35). Then in Section

3.2 we turn to analyticity properties of the four-point transversity amplitudes, and

construct a regulated transversity amplitude that has the same analytic structure as

a scalar amplitude,

A+
τ1τ2τ3τ4

(s, θ) = (
√
−su)ξ

(

√

s(s− 4m2)
)

∑
i Si

(Aτ1τ2τ3τ4(s, θ) +Aτ1τ2τ3τ4(s,−θ))
(3.3)

where Si is the spin of each particle, and ξ = 1 for boson-fermion scattering, and

is zero otherwise. This amplitude can be computed within any EFT of massive

spinning particles, and obeys an infinite number of positivity bounds, Y
(M)
2N+M(t) > 0,

constructed analogously to the previous chapter.
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Note that throughout this chapter we will adopt the shorthands1,

S = s(s− 4m2), U = u(u− 4m2) (3.4)

for combinations of Mandelstam invariants, and,

λ = λ1 − λ2, µ = λ3 − λ4 (3.5)

for differences of helicities. It will also be useful to use psθ to describe an on-shell

4-momentum in the xz-plane,

psθ = (ω, k sin θ, 0, k cos θ)|ω2+k2=m2 , (3.6)

where the superscript indicates that ω and k are fixed as in the s-channel (1.10).

3.1 Transversity Basis

In this section, we describe the key features of the transversity basis for scattering

amplitudes: their crossing relation, analytic structure and optical theorem. This

will allow us to construct a dispersion relation in Section 3.2 which parallels the

results of Chapter 2.

In order to compute a scattering amplitude between spinning particles, we need

to specify their asymptotic states—in particular, we need to know the spin quan-

tum numbers of the incoming and outgoing states. These are defined via rotation

operators in the usual way,

Ĵ2|j mθ〉 = j(j + 1)|j mθ〉, Ĵ · nθ|j mθ〉 = mθ|j mθ〉 (3.7)

where mθ is the projection of the spin along some direction nθ. We begin this

section by summarizing the most common spin projections (see Table 3.1), before

detailing select properties of the familiar helicity basis in Section 3.1.1, and then

summarizing key properties of the transversity basis in Section 3.1.2. Section 3.1.3

contains pedagogical examples of simple amplitudes written in the transversity basis

which illustrate the key properties, and finally Section 3.1.4 provides a rigorous proof

of the crossing relation. Appendix A.3 catalogues the transformation of transversity

amplitudes under the discrete symmetries C, P , and T—these are not essential for

deriving positivity bounds, but explain why only some amplitudes are found to be

non-zero when we consider explicit theories in Part II.

1this has the convenience that S and U are positive in both the s- and u-channels, so quantities like√
S are always well-defined.
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Canonical projection: In non-relativistic theories, one often chooses a “canon-

ical” spin basis |jmz〉, in which the spinning particle has definite spin projection

along the z axis. When going to a relativistic theory, one could continue to use the

same basis: providing that these quantities are defined in the appropriate rest frame

of the individual particles, they remain conserved quantities [Chou and Shirokov,

1958]. However, when defining multi-particle states and describing their interac-

tions, it becomes far harder to combine states of different total J and Mz. There

are alternatives choices of spin projection which are better suited to relativistic

scattering.

Helicity projection: In the S matrix element description of scattering ampli-

tudes, a more natural choice of spin quantization axis for our |j mθ〉 states would

seem to be the 4-momentum of the concerned particle, pµ, rather than some arbi-

trarily chosen z axis. If spin is quantized along the momentum, then mp = λ is

known as the helicity of the particle, which is a Lorentz invariant. Such a relativis-

tic description of the asymptotic scattering states for particles with spin was first

achieved by [Stapp, 1956] for spin-1/2 particles, then by [Chou and Shirokov, 1958]

for arbitrary spin particles, and finally the full helicity formalism was developed by

[Jacob and Wick, 1959] for two particle states2.

However, the crossing relations in this basis were later realised in [Trueman

and Wick, 1964] to be rather complicated. Analyticity does enforce simple be-

haviour near the forward/backward limit [Wang, 1966], however the behaviour near

thresholds (s = 4m2) and pseudothresholds (s = 0) is complicated—with constraint

equations relating many different helicity amplitudes [Cohen-Tannoudji et al., 1968].

Transversity projection: It has long been known that choosing a spin quantiza-

tion axis orthogonal to the scattering plane can simplify certain two body problems

[Dalitz, 1966]. The connection between this particular spin basis and crossing sym-

metry was first realized in [Kotanski, 1965], and subsequently elaborated in [Cohen-

Tannoudji et al., 1968]. At the thresholds and pseudothresholds, transversity am-

plitudes have much simpler behaviour than their helicity counterparts, however the

price to be paid is a more complicated forward/backward limit [Cohen-Tannoudji

et al., 1968], and unwieldy unitarity properties [Kotański, 1970], stemming from a

complicated partial wave expansion. As a result, contemporary literature focuses

almost exclusively on helicity amplitudes, with transversity amplitudes relegated

to the appendices of textbooks [Leader, 2001]. However, due to their favourable

crossing properties, it is the transversity basis in which positivity bounds take their

simplest form, and it is the basis which we shall adopt from Section 3.2 onwards.

2Three particle states were later described analogously by [Wick, 1962].
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Spin Projection

Property
Canonical Linear Helicity Transversity

Partial waves Hard Simple Simple Hard

Crossing Hard Simple (t = 0) Hard Simple

Near thresholds Simple Hard Hard Simple

Parity Simple Hard Hard Simple

Table 3.1: The (dis)advantages to different bases for our asymptotic spin states
(adapted from [Peters, 2004]).

Linear polarizations: Finally, note that if one describes a relativistic state in

terms of a polarization 4-vector3, ǫµ(k), a particularly common choice of asymptotic

states are those with real polarizations, namely ǫ∗µ(k) = ǫµ(k). The reality of the

polarization tensors can greatly simplify amplitudes, and makes certain aspects of

the crossing relation simpler because ǫoutgoingµ = ǫincoming
µ . However, the utility of real

polarizations is largely limited to the forward/backward limit, where crossing and

conservation laws take their simplest form anyway. Away from the forward limit, it

is almost always advisable to use different asymptotic states [Peters, 2004], [Melville

et al., iv].

3.1.1 Helicity Formalism

Plane wave states: One particle “plane wave” states are eigenstates of momen-

tum, with well-defined angular momentum in the rest frame

J2|p = 0, S, λ〉 = S(S + 1)|p = 0, S, λ〉, Jz|p = 0, S, λ〉 = λ|p = 0, S, λ〉 , (3.8)

where S is the spin of the particle. A nonzero momentum state is then constructed

by applying the appropriate boost from the rest frame. Note that rather than main-

taining a well-defined spin projection along the z axis, we can include a rotation in

our defining boost so that finite momentum states have well-defined spin projections

along the momentum axis,

J · p
|p| |p, S, λ〉 = λ|p, S, λ〉 . (3.9)

Physically, this is a sensible choice because the orbital angular momentum L = r×p
is zero along this axis. λ is called helicity, and is a good quantum number in all

3Of course, this is especially useful in the Lagrangian formulation of scattering amplitudes,
ǫµ1 ǫ

ν
2ǫ

α
3 ǫ

β
4Mµναβ , where Mµναβ is an amplitude tensor given by Feynman rules.
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reference frames [Jacob and Wick, 1959].

Two particle states are constructed simply as the tensor product of one particle

states

|p1p2λ1λ2〉 = |p1, S1, λ1〉 ⊗ |p2, S2, λ2〉. (3.10)

The particle spins are fixed, known quantities, so we shall omit them in the kets.

One can also factor out the center of mass motion [Jacob and Wick, 1959; Richman,

1984] and write the two particle state as |pθφλ1λ2〉, where p, θ, φ describe the 3-

momentum of particle A in the center of mass system. The two particle states are

then normalized as,

〈pθ′φ′λ′1λ
′
2|pθφλ1λ2〉 = δ(cos θ′ − cos θ)δ(φ′ − φ)δλ′1λ1δλ′2λ2 . (3.11)

A three-dimensional rotation (through Euler angles α, β, γ), is implemented by

a Wigner matrix [Wigner, 1931],

R(α, β, γ)|p j mz〉 =
j
∑

m′
z=−j

e−iαm
′
zdjm′

zmz
(β)e−iγmz |p j m′

z〉 . (3.12)

Helpful properties of the Wigner matrix djm′
zmz

are listed in Appendix A.2 for con-

venience.

Spherical wave states: While the plane wave 2-particle states |pθφλ1λ2〉 are
convenient for calculating scattering amplitudes, it is the spherical wave 2-particle

states |pJMλ1λ2〉 which provide the most convenient expression of unitarity. To

relate these two states, we can use the following trick: if the two particles collide

along the z-axis, then we have Jz|p00λ1λ2〉 = (λ1 − λ2)|p00λ1λ2〉. This fixes M =

λ1 − λ2 =: λ, when θ = 0. Then performing a Wigner rotation takes us to any

desired collision axis4,

|pθφλ1λ2〉 =
∑

J,M

√

2J + 1

4π
dJMλ(θ)e

iλφ|pJMλ1λ2〉 . (3.13)

The overall normalization is fixed by 〈pJ ′M ′λ′1λ
′
2|pJMλ1λ2〉 = δJ ′JδM ′Mδλ′1λ1δλ′2λ2 .

Helicity amplitude: Consider scattering from initial particles travelling along

the z axis, with momenta ps0 and p
s
π (corresponding to initial state |i〉 = |pi00λ1λ2〉),

to final momenta psθ and psπ+θ (final state |f〉 = |pfθ0λ3λ4〉). This scattering con-

4Since the system is symmetric with respect to rotations about the collision axis, the azimuthal
angle φ contributes only a global phase to the state, and so we may set φ = 0 throughout without
loss of generality.
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serves the total energy-momentum, and has center of mass energy, s. The helicity

amplitude Hλ1λ2λ3λ4(s, θ) is then defined via,

Hλ1λ2λ3λ4(s, θ) := 16π2

√

s

pipf
〈pfθ0λ3λ4|T̂ |pi00λ1λ2〉 . (3.14)

One can then transform to the spherical wave basis, in which the conservation of

angular momentum allows us to write,

〈pfJ ′M ′λ3λ4|T̂ |piJMλ1λ2〉 = δJJ ′δMM ′ T Jλ1λ2λ3λ4(s) (3.15)

and consequently the helicity amplitude can be written as,

Hλ1λ2λ3λ4(s, θ) = 4π

√

s

pipf

∑

J

(2J + 1) dJλµ(θ)T
J
λ1λ2λ3λ4

(s) , (3.16)

where we have defined the useful shorthand,

λ = λ1 − λ2, µ = λ3 − λ4. (3.17)

This is the partial wave expansion for helicity amplitudes, and T Jλ1λ2λ3λ4(s) are the

partial wave amplitudes.

Crossing: The amplitude associated with the s-channel (A + B → C + D) is

denoted Hs
λ1λ2λ3λ4

, and the corresponding u-channel (A + D̄ → C + B̄) amplitude

is Hu
λ1λ4λ3λ2

, where B̄ and D̄ denote the antiparticles of B and D. Under crossing

particles B ↔ D, we have [Trueman and Wick, 1964; Kotański, 1970; Hara, 1970,

1971]

Hs
λ1λ2λ3λ4

(s, t, u) =
∑

λ′i

C
λ′i
λi
Hu
λ′1λ

′
4λ

′
3λ

′
2
(u, t, s), (3.18)

where the crossing matrix can be decomposed into rotations of each of the four

particles,

Cλ′

λ = (−1)S2+S4eiπ(λ
′
1−λ′3)dS1

λ′1λ1
(χu)d

S2

λ′2λ2
(−π + χu)d

S3

λ′3λ3
(−χu)dS4

λ′4λ4
(π − χu) (3.19)

where the angle χu is given by

e±iχu =
−su∓ 2im

√
stu√

SU
, (3.20)

where recall that S = s(s− 4m2) and U = u(u− 4m2). Historically, there has been

some confusion regarding the overall phase of this relation [Hara, 1971], however we

have settled this issue by carrying out an alternative derivation using the multispinor
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framework [Bargmann and Wigner, 1948; Schwinger, 1966; Chang, 1967; Schwinger,

1979] which unambiguously fixes this phase [Melville et al., iv]. Both derivations

are described in Section 3.1.4 and Appendix A.4.

Since Hλ1λ2λ3λ4(s, t, u) contains a branch cut on the real axis of the complex s

plane between s = 4m2 and ∞, the crossing relation implies that there is a second

branch cut on the real axis between s = −t and −∞. However, it is apparent

from (3.18) that the crossing relations do not relate sign definite amplitudes to

other sign definite amplitudes, simply because the Wigner matrices will contain

both positive and negative terms. Helicity amplitudes are therefore of limited use

when it comes to establishing positivity bounds (unless χu = 0, corresponding to

the forward scattering limit t = 0).

To go beyond the forward scattering limit for non-zero spins, we first need to

diagonalize the crossing relation by going to the transversity basis. But first, let us

provide the polarizations tensors for a spin S particle in the helicity basis, as it will

prove useful for our explicit computations later.

Polarization Tensors: To explicitly construct the helicity polarizations, we need

plane wave solutions to the Dirac equation,

[−i/∂ +m]uλ(pθ)e
ipθ·x = 0 (3.21)

which have a spin projection of λ along pθ,

exp(iαĴ · pθ)uλ(pθ) = eiαλuλ(pθ). (3.22)

These are given, up to an overall normalization5, by,

uλ=1/2 =
1

√

2m(m+ E)













(E +m) cos(θ/2)

(E +m) sin(θ/2)

p cos(θ/2)

p sin(θ/2)













, (3.23)

uλ=−1/2 =
1

√

2m(m+ E)













−(E +m) sin(θ/2)

(E +m) cos(θ/2)

p sin(θ/2)

−p cos(θ/2)













.

The helicity anti-spinor states vλ can then be derived by charge conjugation,

v̄λ = uTλC , or ūλ = vTλC , (3.24)

5The overall normalization has been chosen so that ūλuλ = 1 and uλ is purely real.
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with the charge conjugation matrix C given by C = −iγ0γ2 and where we work in

the standard Dirac convention for the γ matrices.

The vector polarizations can be constructed out of the spinor polarizations as

follows,

ǫµλ=±1 = −
1√
2
v̄λ/2 γ

µ uλ/2 , ǫµλ=0 = −
1

2

(

v̄λ=1/2 γ
µ uλ=−1/2 + v̄λ=−1/2 γ

µ uλ=1/2

)

,

(3.25)

which gives,

ǫµλ=±1(pθ) =
−1√
2
(0, ± cos θ, i,∓ sin θ) (3.26)

ǫµλ=0(pθ) =
1

m
(p, E sin θ, 0, E cos θ) .

By construction, these vectors form a complete, orthonormal basis of helicity states,

psθ · ǫλ(pθ) = 0, ǫλ · ǫ∗µ = δλµ,
∑

λ

ǫµλ (ǫ
ν
λ)

∗ = ηµν+pµpν/m2 (3.27)

and fulfill the additional helpful property, ǫλ = (−1)λ ǫ∗−λ.
By combining helicity spinors in this way, we can construct helicity states for

particles of any spin. These results will prove useful when we come to construct the

analogous tensors in the transversity basis below.

Analyticity: A local, Lorentz invariant interaction will produce amplitudes that

depend only on,

pi · pj, pi · ǫλ(pj), ǫλ(pi) · ǫλ′(pj) . (3.28)

The first of these is familiar from the scalar case, where we have seen that it can be

written as an analytic function of the Mandelstam invariants: s, t and u. However,

the new dependence on the polarizations will also give rise to terms like,

cos
θs
2

=

√−u√
s− 4m2

, sin
θs
2

=

√−t√
s− 4m2

(3.29)

which gives rise to new non-analyticities (poles and branch cuts) in the complex

plane. These are known as kinematical singularities. They do not lie in the physical

s region, because there s → 4m2 requires t, u → 0 and the residue vanishes as one

approaches the pole.

When parametrising helicity amplitudes, one often encounters such non-analyticities

(poles at s = 4m2, for instance), which do not seem to automatically vanish in the

physical s region. This allows one to derive kinematical constraints, which relate
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Figure 3.1: The difference between the helicity and transversity formalism. The
horizontal plane (xz plane) is the particle interaction plane. In the helicity formalism
particle spins are projected onto the direction of motion, while in the transversity
formalism particle spins are projected in the vertical direction, which is transverse
to the interaction plane.

the different amplitudes in such a way that these unphysical poles and branch cuts

correctly cancel. While these take a relatively simple form for spin-0-spin-1/2 scat-

tering [Jones, 1967] and spin-1/2-spin-1/2 scattering [Volkov and Gribov, 1963], the

kinematical constraints on general helicity amplitudes are somewhat cumbersome

[Cohen-Tannoudji et al., 1968].

3.1.2 Transversity Formalism

We define the transversity eigenstates [Kotanski, 1965; Kotański, 1970] as a partic-

ular combination of the helicity eigenstates,

|p, S, τ〉 ≡
∑

λ

uSλτ |p, S, λ〉 , (3.30)

where the unitary matrix uSλτ is simply the Wigner matrix associated with the ro-

tation R = e−iπ/2Jze−iπ/2Jyeiπ/2Jz . This has the virtue of diagonalizing any Wigner

dS matrix (see Appendix A.2 for properties of the uS matrices), and so will greatly

simplify the crossing relation (3.18).

The transversity amplitudes are thus related to the helicity amplitude via

Tτ1τ2τ3τ4 =
∑

λ1λ2λ3λ4

uS1
λ1τ1

uS2
λ2τ2

uS1∗
τ3λ3

uS2∗
τ4λ4
Hλ1λ2λ3λ4 . (3.31)

Physically, this corresponds to scattering particles with definite spin projection or-

thogonal to the scattering plane (see Figure 3.1). Rather than being eigenstates of

Ĵ · p, these are now eigenstates of the operator Ĵ · n, where nµ is the unit normal to
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the scattering plane [Cohen-Tannoudji et al., 1968],

nµ =
−2√
stu

ǫµνρσp
ν
1p
ρ
2p
σ
3 . (3.32)

Note that one requires three of the particle momenta in order to define this operator,

whereas to define the helicity operator we only required one. This means that we

cannot simply start over, and build one- and two-particle states of definite transver-

sity (as we did for helicity), and derive a partial wave expansion. Rather, we should

interpret (3.30) and (3.31) as the definition of the transversity basis, in terms of the

existing helicity basis, and hereby inherit the partial wave expansion and crossing

relation of the previous subsection.

Partial wave expansion: The partial wave expansion for transversity eigenstates

is rather complicated [Kotański, 1970; Peters, 2006], in essence because one cannot

define a rotationally invariant notion of transversity in a state with only two parti-

cles. Instead, we use the helicity partial wave expansion (3.16),

Tτ1τ2τ1τ2(s, θ) =
∑

Jλ1λ2λ3λ4

uS1
λ1τ1

uS2
λ2τ2

uS1∗
τ1λ3

uS2∗
τ2λ4

dJµλ(θ)T̄
J
λ1λ2λ3λ4

(s) , (3.33)

where we have defined,

T̄ Jλ1λ2λ3λ4 = 4π(2J + 1)

√

s

pipf
T Jλ1λ2λ3λ4 . (3.34)

Crossing: While the partial wave expansion may seem more complicated, the

crossing relation in the transversity basis simplifies enormously. The helicity crossing

relation (3.18) becomes,

T sτ1τ2τ3τ4(s, t, u) =
[

(−1)
∑

i Sieiπ
∑

i τi
]

e−iχu
∑

i τi T u−τ1−τ4−τ3−τ2(u, t, s) , (3.35)

where χu is given in (3.20). Note that the transversities have flipped sign because

exchanging particles B and D effectively reverses the direction of the normal to the

scattering plane. We shall be interested in elastic scattering, τ1 = τ3, τ2 = τ4, for

which the overall square bracket prefactor is simply unity.

Polarization Tensors: The transversity spinors uτ are simply a superposition of

the helicity ones

uτ =
∑

λ

u
1/2
τλ uλ , (3.36)
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where the Wigner matrix u
1/2
τλ is given by

u
1/2
τλ =

1√
2

(

1 i

i 1

)

, (3.37)

hence leading to the transversity spinors,

uτ=1/2 =
1√
2
(uλ=1/2 + iuλ=−1/2) (3.38)

uτ=−1/2 =
1√
2
(iuλ=1/2 + uλ=−1/2)

or more explicitly,

uτ (pθ) =
eiπ/4

√

4m(m+ E)













(E +m)e−iτ(θ+π/2)

(E +m)e−iτ(θ−π/2)

peiτ(θ−π/2)

−peiτ(θ+π/2)













. (3.39)

The vector polarizations can be constructed out of the spinors directly in transver-

sity as follows,

ǫµτ=±1 = −
1√
2
v̄τ/2 γ

µ uτ/2 , ǫµτ=0 = −
1

2

(

v̄τ=1/2 γ
µ uτ=−1/2 + v̄τ=−1/2 γ

µ uτ=1/2

)

,

(3.40)

or more explicitly,

ǫµτ=±1(pθ) =
i√
2m

(p, E sin θ ± im cos θ, 0, E cos θ ∓ im sin θ) (3.41)

ǫµτ=0(pθ) = (0, 0, 1, 0) . (3.42)

Again, these polarizations satisfy all the desired properties of a complete orthonor-

mal basis (3.27), and with the additional property that ǫτ = (−1)τ ǫ∗−τ .
The polarizations for arbitrary spin can be constructed out of the transversity

spinors in this way.

Analyticity: The transversity amplitudes may also possess unphysical “kinemat-

ical singularities” from the polarization tensors (which produce terms in cos θs/2

and sin θs/2, see (3.29)). For two-to-two scattering, one can show that there are (at

most) three different kinds of new singularity: these are known as “thresholds” (at

s = 4m2), “pseudothresholds” (at s = 0), and the “boundary of the physical space”

(at
√
stu = 0) in [Cohen-Tannoudji et al., 1968] and others. Near these singularities,
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the transversity amplitude obeys simple kinematical constraints [Kotański, 1968],

Pseudothreshold: s = 0, Tτ1τ2τ3τ4 = (−1)
∑

i SiT−τ1−τ2−τ3−τ4
Threshold: s→ 4m2, Tτ1τ2τ3τ4 ∼ (

√
s− 4m2)η

∑
i τi, η = sign(t− u)

Boundary:
√
stu = 0, Tτ1τ2τ3τ4 |√stu = −T−τ1−τ2−τ3−τ4 |−√

stu. (3.43)

Note that for elastic (equal mass) scattering, there is no singularity at s = 0 and the

first of these constraints does not apply. Importantly, the scaling behaviour near

s = 4m2 guarantees that any 1/(s − 4m2) pole will appear as an overall factor in

the transversity basis. Furthermore, with our choice of polarization basis, we have

that,

T−τ1−τ2−τ3−τ4(s, t) = T ∗
τ1τ2τ3τ4(s, t) (3.44)

and the third constraint implies that any
√
stu branch cut must appear only in the

imaginary part of Tτ1τ2τ3τ4 .
Finally, in the case of boson-fermion scattering, there is one more unphysical

singularity as a result of the crossing relation. In particular, from the crossing

factor,

eiχu
∑

i τi =

[

−su− 2im
√
stu√−su

√

−(s− 4m2)(u− 4m2)

]

∑
i τi

=

( √
U

2
√
S

)

∑
i τi [

1 +

√
u+ 2m

2
√
u

eiθu +

√
u− 2m

2
√
u

e−iθu
]

∑
i τi

(3.45)

we see that in addition to the kinematical singularities in s−4m2 and
√
stu described

above, there is also a branch cut in
√−u whenever

∑

i τi is odd. For boson-boson and

fermion-fermion scattering,
∑

i τi is even, so this additional cut can only appear in

boson-fermion scattering. However, the behaviour is fixed by the crossing relation—

like the s − 4m2 pole, it can only appear as an overall factor in the transversity

amplitude.

Altogether, we expect a general transversity amplitude in the physical s channel

to have the form,

T sτ1τ2τ3τ4(s, t, u) =
1

(
√−u)ξ(

√
s− 4m2)|

∑
i τi|

[

f1(s, t, u) + im
√
stuf2(s, t, u)

]

(3.46)

where f1 and f2 are analytic functions. We’ve introduced ξ = 1 for boson-fermion

scattering, and ξ = 0 otherwise. We shall return to these kinematical singularities

in Section 3.2, when we construct regulated transversity amplitudes which are free

from such non-analyticities.
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In the remainder of this section we shall provide some simple examples of ampli-

tudes in the transversity basis, then prove the stated crossing relations for helicity

and transversity amplitudes. The impatient reader may wish to turn directly to 3.2,

where we use the above properties to derive positivity constraints on transversity

amplitudes within an EFT.

3.1.3 Simple Examples

We shall consider some of the simplest scattering amplitudes between massive spin-

0, spin-1/2 and spin-1 particles, and show that they behave exactly as expected with

regards to their kinematical singularities and crossing properties.

Analytic Continuation: As the reader may wish to confirm some of the simple

amplitudes below, it is crucial at this stage to remark on the potential sign ambiguity

when passing from s channel to u channel kinematics. For instance, how does one

correctly relate
√−u in the physical s region (where u < 0) to

√
u in the physical

u region (where u > 0)? By writing
√−u =

√
s− x, with x = 4m2 − t > 0, we see

that the path s = x + ρeiθ in the complex s plane corresponds to
√−u =

√
ρeiθ/2.

Recall that the physical amplitude is defined by approaching the real s axis from

above, by taking θ → 0+. Analytically continuing from θ = 0+ to θ = π−, we have√−u = i
√
ρ = i

√
x− s = i

√
u. The analytic continuation that we shall employ is

therefore
√−u = +i

√
u in the u-channel.

3.1.3.1 Scalar-Spinor

The simplest non-trivial scalar-spinor amplitude is from a four-point interaction of

the form λφ2ψ̄ψ. For simplicity we consider scattering between four distinct parti-

cles (i.e. the two scalars are distinct—even if they carry the same mass—and so are

the two fermions).

• ψφ → ψφ scattering: Let us consider the interaction, Lint = λψ̄CψAφBφ
†
D , in

which the particles are distinguishable. In the helicity basis, the tree-level scattering

76



Chapter 3. Spinning Positivity Bounds 3.1. Transversity Basis

amplitudes for ψAφB → ψCφD are,

Hs
+0−0(s, t, u) = −Hs

−0+0(s, t, u) = λū−(p
s
θs)u+(p

s
0) = −λ

Es
m

sin θs/2

= − λ

2m

√−st√
s− 4m2

, (3.47)

Hs
+0+0(s, t, u) = Hs

+0+0(s, t, u) = λū+(p
s
θs)u+(p

s
0) = cos θs/2

= λ

√−u√
s− 4m2

. (3.48)

In terms of Es and θs the amplitudes are clearly finite, but when written in terms

of s, t, u we see that kinematical singularities have appeared. Compare these with

the transversity amplitude,

T s±0±0(s, t, u) =
λ√−u
√
s− 4m2

(

−u± i
2m

√
stu
)

, (3.49)

T s±0∓0(s, t, u) = 0 . (3.50)

Now we explicitly see that the kinematical singularities in
√−u and

√
s− 4m2 have

neatly factorized, and the branch cut
√
stu appears only in the imaginary part, as

required by the constraint (3.43).

The crossing relation (3.35) can also be verified, as we see that

e∓iχuT s±0±0(s, t, u) =
1√
US

(

−su∓ 2im
√
stu
)

(√
−su± is

2m

√
−t
)

=
λ√−s
√
u− 4m2

(

−s∓ i
2m

√
stu
)

= T u∓0∓0(u, t, s), (3.51)

where the u-channel process is ψAφ̄D → ψC φ̄B, and differs from T s only in its kine-

matics (because φ is its own antiparticle).

• φφ→ ψ̄ψ scattering: We now consider the interaction Lint = λφAφBψ̄CψD̄. The s

channel transversity amplitudes for the process φAφB → ψCψD are then

T s00τ3τ4(s, t, u) = T
φφ→ψ̄ψ
00τ3τ4

= λ 〈0|aCaD
(

ψ̄CψD̄φAφB
)

a†Ba
†
A|0〉

= λūτ3(θ3)vτ4(θ4) 〈0|aCaDa†Ca†D|0〉
= −λūτ3(θ3)vτ4(θ4)

= −λτ3
m

√
s− 4m2 δτ3,τ4 . (3.52)
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The corresponding u channel φAψD̄ → ψCφB transversity amplitude is

T u0τ2τ30(s, t, u) = T
φψ̄→ψ̄φ
0τ2τ30 = λ 〈0|aCaB

(

ψ̄CψD̄φAφB
)

a†
D̄
a†A|0〉

= λūτ3(θ3)uτ2(θ2)

=
λ

m
√
S√u

(

−τ3su− im
√
stu
)

δτ3,τ2 . (3.53)

This again confirms the crossing relation (3.35),

T s00τ3τ4(s, t, u) = −e−iχu(τ3+τ4)T u0−τ4−τ30(u, t, s) . (3.54)

3.1.3.2 Spinor-Spinor

Next, we consider spinor-spinor interactions arising from the simplest four-point

functions, λ(ψ̄ψ)2 and λ(ψ̄γµψ)
2.

• λ(ψ̄ψ)2 interaction: Let us again use distinct spinors, Lint = λ
(

ψ̄CψA
) (

ψ̄DψB
)

.

The s channel scattering process ψAψB → ψCψD then has amplitude,

T sτ1τ2τ3τ4(s, t, u) = λ 〈0|aCaD
(

ψ̄CψA
) (

ψ̄DψB
)

a†Ba
†
A|0〉

= λ (ūτ3(θ3)uτ1(θ1)) (ūτ4(θ4)uτ4(θ4))

= λ δτ1,τ3δτ2,τ4

{

1
s−4m2

(√−u+ iτ1
m

√−st
)2

if τ1 = τ2
s+u
4m2 if τ1 6= τ2

.

(3.55)

Note that if τ1 6= τ2, then
∑

i τi = 0 (since the amplitude is proportional to

δτ1,τ3δτ2,τ4), so the crossing relation and kinematical constraints becomes trivial. On

the other hand, when τ1 = τ2, then
∑

τi = ±2, and we have

T s±±±±(s, t, u) =
1

SU
(

su∓ 2im
√
stu
)2

T u∓∓∓∓(u, t, s)

= e−±2iχuT u∓∓∓∓(u, t, s) , (3.56)

which again confirms the crossing relation (3.35).

• λ(ψ̄γµψ)2 interaction: The next simplest operator is Lint = (ψ̄Cγ
µψA)(ψ̄DγµψB),

where again we consider all the fields to be distinct (even though they carry the

same mass and spin). The s-channel amplitude for ψAψB → ψCψD is then given by
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(ūτ3(θ).γ
µ.uτ1(0))(ūτ4(π+ θ).γµ.uτ2(π)), of which the only non-zero components are,

T s±∓±∓(s, t, u) =
u− s
4m2

, (3.57)

T s±∓∓±(s, t, u) = −T s±±∓∓(s, t, u) =
t

4m2
. (3.58)

T s±±±±(s, t, u) = −
s− u
4m2

− 2st

S ∓
is

mS
√
stu . (3.59)

Using the expression of the anti-spinor in terms of the spinors (3.24), we can rewrite

ψ̄DγµψB = −ψ̄B̄γµψD̄, from which we see that the u channel interaction ψAψD̄ →
ψCψB̄ is related by a minus sign,

T sτ1τ2τ3τ4(s, t, u) = −T uτ1τ2τ3τ4(s, t, u) , (3.60)

which explains why T s(s, t, u) is not crossing symmetric in s↔ u even when
∑

i τi =

0. For the
∑

i τi = 2 amplitude, the crossing relation (3.35),

T u∓∓∓∓(s, t, u) = e−2iχuT u∓∓∓∓(u, t, s) , (3.61)

again holds true.

3.1.3.3 Scalar-Vector

Finally, we shall consider a scalar-vector example: the simplest four-point interac-

tion λφ2AµA
µ.

•AAφB → ACφD scattering: First consider Lint = AµC
†
AAµφ

†
DφB, where again we

consider all particles to be distinct (even though the two vectors Aµ carry the same

mass m). The s channel, AAφB → ACφD, amplitude for the different transversities

are,

T sτ10τ30(s, t, u) = ǫτ1µ (θ1)
(

ǫµτ3(θ3)
)∗

(3.62)

=







1
S
(√−su − is

2m

√−t
)2

0 t
4m2

0 1 0
t

4m2 0 1
S
(√−su+ is

2m

√−t
)2






.

The u channel process is the same, AAφD̄ → ACφB̄, and again we see that crossing

(3.35) is satisfied.

•AAAB → φCφD scattering: Now consider an interaction Lint = AµBA
A
µφ

†
Dφ

†
C . The s
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channel amplitude is then

T sτ1τ200(s, t, u) = ǫµτ1(θ1)ǫ
τ2
µ (θ2) =







S
4m2s

0 s
4m2

0 1 0
s

4m2 0 S
4m2s






, (3.63)

while the corresponding u channel Aφ→ φA is given by

T uτ100τ2(s, t, u) = ǫµτ1(θ1)
(

ǫτ2µ (θ4)
)∗

=







U
4m2u

e−2iχu 0 u
4m2

0 1 0
u

4m2 0 U
4m2u

e2iχu






, (3.64)

which are now very clearly related by (3.35).

We will defer more involved examples to Part II, where we shall derive all leading

order transversity amplitudes in Proca and massive gravity theories. Before using

this transversity basis to derive positivity bounds in Section 3.2, it behooves us to

carefully derive the crossing relation (3.35). While it is borne out by all the examples

above, it is important that we can establish its validity on general grounds as it will

play a pivotal role in our derivations of positivity bounds.

3.1.4 Proving the Crossing Relation

In order to relate the discontinuities on the right- and left-hand branch cuts, we

must employ a crossing relation. In the scalar case, this is a trivial equality between

s- and u-channel amplitudes. As we have seen, the crossing for spinning particles

is more complicated. However, by working in the transversity basis, the crossing

relation takes the simple diagonal form (3.35). As this relation plays a central role

when establishing the positivity bounds of the next section, here we will give two

independent proofs of its validity. The first of these is perhaps the more physical, in

which one uses an explicit complex Lorentz transformation to send p2 → −p4 and

vice versa—the disadvantage is that ambiguities in the analytic continuation lead to

an undetermined overall phase. The second proof is one of our own making, which

extends what we have seen above in the explicit examples to particles of arbitrary

spin, with polarizations constructed as multispinors—this unambiguously fixes the

overall sign (with our polarization conventions), although is perhaps a more abstract

computation (the details of which can be found in Appendix A.4).

We will first revisit the “historical” approach found in the literature [Trueman

and Wick, 1964; Cohen-Tannoudji et al., 1968; Hara, 1970, 1971]. In these works

the crossing relations are given in terms of a complex Lorentz transformation, which
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acts on the helicity amplitudes as,

Hs
λ1λ2λ3λ4

(s, t, u) = ηu
∑

λ′i

eiπ(λ
′
1−λ′3)× (3.65)

dS1

λ′1λ1
(χu) d

S4

λ′3λ3
(π − χu) Hu

λ′1λ
′
4λ

′
3λ

′
2
(u, t, s) dS3

λ′4λ4
(−χu) dS2

λ′2λ2
(−π + χu) ,

where ηu is a statistics factors which is difficult to determine [Hara, 1970, 1971]. Its

value depends on the choice of branches for the phase of the arguments of each of

the Wigner matrices (which are only periodic in 4π for fermions). We shall first

derive this result in the helicity basis, and then transform to the transversity basis.

Permute particles: The scattering amplitude A + B → C + D depends on the

4-momenta of the external states, and can be defined in any reference frame,

AAB→CD
λ1λ2λ3λ4(p1, p2; p3, p4) . (3.66)

Introducing the polarization, εµii = εµiλi(pi), where µi denotes a collection of ten-

sor/spinor indices appropriate for particle i, we can write the amplitude as

AAB→CD
λ1λ2λ3λ4

(k1, k2; k3, k4) = εµ11 ε
µ2
2 ε̄

µ3
3 ε̄

µ4
4 MAB→CD

µ1µ2µ3µ4
(k1, k2, k3, k4) (3.67)

where MAB→CD
µ1µ2µ3µ4

(p1, p2, p3, p4) is the vertex one would calculate using Feynman rules

in the usual way. The crossing of particles B and D is implemented via the rear-

rangement

AAB→CD
λ1λ2λ3λ4

(k1, k2; k3, k4) = εµ11 ε̄
µ4
4 ε̄

µ3
3 ε

µ2
2 ηMAD̄→CB̄

µ1µ4µ3µ2
(k1,−k4; k3,−k2)

= ηeiπ(λ2−λ4) AAD̄→CB̄
λ1λ4λ3λ2

(k1,−k4; k3,−k2) , (3.68)

where η is an overall sign which depends on the statistics of the particles, and the

factor of eiπ(λ2−λ4) comes from the polarizations, which obey εµλ(k) = eiπλ ε̄µλ(−k).

Rotate to center of mass frame: The amplitude of the new channel A+ D̄ →
C+B̄ is no longer evaluated in the center of mass frame. To remedy this, we perform

a Lorentz transformation L̂ given by

L̂ ps0 = pu0 , −L̂ psθs = puπ , −L̂ psπ = pu−θu and L̂ psθs+π = puπ−θu . (3.69)

In the scattering plane, there are only three independent Lorentz generators, so

any three of these relations uniquely specifies L̂ (and the fourth is guaranteed by

momentum conservation). This transformation brings us to the u-channel center

of mass frame, which differs from the s-channel frame by a reversal of the normal
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to the scattering plane. The explicit form for this Lorentz transformation is well-

known, and it can be written [Trueman and Wick, 1964; Cohen-Tannoudji et al.,

1968; Hara, 1970]

L̂ = Bu
0Rχ̃1 (B

s
0)

−1 = Bu
πRχ̃2

(

Bs
θs

)−1
= Bu

−θuRχ̃3 (B
s
π)

−1 = Bu
π−θuRχ̃4

(

Bs
π+θs

)−1

(3.70)

where Bs
θ is a boost along ~p sθ of magnitude |~p sθ|, where the spatial part of psθ is given

in (3.6), i.e. Bs
θ · (m, 0, 0, 0) = psθ. B

u
θ is a complex transformation which sends the

rest frame, (m, 0, 0, 0), to the physical u-channel momentum puθ . Rχ̃ is a rotation of

angle χ̃ about the axis perpendicular to the scattering plane with6

χ̃1 = χ̃3 = π − χ̃2 = π − χ̃4 = χu , (3.71)

where,

cosχu = −
su√
SU

, sinχu = −
2m
√
stu√
SU

. (3.72)

Care has been taken to ensure that the square roots are well-defined in the s and u

physical regions, in which SU > 0, stu > 0. It is then unambiguous that cosχu < 0

and sinχu < 0, which implies that the range for the angle χu is −π/2 ≤ χu ≤ 0 in

the physical s and u regions7.

Reverse scattering plane normal: We have almost transformed back to the

standard kinematic setup (3.6), however now the normal to the scattering plane has

the opposite direction. We can account for this by noting that

AAD̄→CB̄
λ1λ4λ3λ2

(pu0 , p
u
π; p

u
−θu , p

u
π−θu) = (−1)λ−µAAD̄→CB̄

λ1λ4λ3λ2
(pu0 , p

u
π; p

u
θu , p

u
π+θu), (3.73)

which follows from the partial wave expansion of the u-channel amplitude.

So to bring the amplitude in (3.68) to the standard u-channel configuration, we

must apply the transformation L̂ (which acts on the particle states via the Wigner

6This tensorial Lorentz transformation only determines the angles χi up to a shift of 2π. Note that
when fermions are involved, one should also consider the spinorial Lorentz transform, generated
by − 1

4 [γ
µ, γν ], in place of the usual Lorentz generators. However, note that shifting any of the χi

by 2π will only introduce an overall sign, (−1)2Si , which can be absorbed into the overall statistics
prefactor η.

7Note that one often encounters the B ↔ C version of these relations. Naively, these are related
to the expression shown by t ↔ u. This is naive because of the non-analyticities: exchanging the
momenta p3 ↔ p4 in this case corresponds to

√−u → −√−t, √−t → √−u with our choice of
contour. In particular, the range of the analogous χt angle is 0 ≤ χt ≤ π/2 in the physical s and t
regions.
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matrices) and also reserve the scattering normal (which brings about an overall

sign),

L̂AAD̄→CB̄
λ1λ4λ3λ2

(ps1,−ps4; ps3,−ps2) = (−1)λ−µdχ1

1 d
χ4

4 d
χ3

3 d
χ2

2 ·AAD̄→CB̄
λ1λ4λ3λ2

(pu1 , p
u
2 ; p

u
3 , p

u
4) (3.74)

where di are the appropriate matrices for each particle, dχi

i = dSi

λiλ′i
(χi).

Now if we define,

Hs
λ1λ2λ3λ4

(s, t, u) := AAB→CD
λ1λ2λ3λ4

(ps0, p
s
π; p

s
θs, p

s
π+θs), (3.75)

Hu
λ1λ2λ3λ4

(u, t, s) := AAD̄→CB̄
λ1λ2λ3λ4

(pu0 , p
u
π; p

u
θu , p

u
π+θu) , (3.76)

we see that applying (3.74) in (3.68) yields the desired (3.65), up to an undetermined

phase ηu, which receives contributions from both the statistics factors associated

with permuting B ↔ D (generally known) and the choice of branch for the χi

angles (requires a particular convention for the analytic continuation).

To transversity basis: As can be seen from equation (3.65), the crossing relations

are highly non-trivial for helicity amplitudes, and in particular positivity of the

amplitude on its right hand cut (s channel) implies no particular sign on the left

hand cut (u channel). To be able to derive the relevant positivity bounds, we should

therefore work in terms of scattering amplitudes which are diagonal under crossing.

The Wigner small dS matrices that appear in the crossing relation are diagonalised

by,

uSab = e−iaπ/2dSab

(π

2

)

eibπ/2 (3.77)

(see Appendix A.2). These uS are precisely what transforms a helicity state into a

transversity state, which is why the transversity basis enjoys such a simple crossing

relation.

Acting on (3.65) with the four uS matrices, we find,

T sτ1τ2τ3τ4(s, t, u) = ηu(−1)S1−τ1(−1)S3−τ3eiπS2e−iπS4e−iχu
∑

i τieiπ(τ2+τ4) (3.78)

×
∑

λ′i

uS1

−τ1λ′1
uS2∗
−τ2λ′2

Hu
λ′1λ

′
4λ

′
3λ

′
2
(u, t, s)uS3∗

−τ3λ′3
uS4

−τ4λ′4
,

which becomes

T sτ1τ2τ3τ4(s, t, u) = η′ue
iπ

∑
i τi e−iχu

∑
i τiT u−τ1−τ4−τ3−τ2(u, t, s) , (3.79)

in agreement with (3.35), up to an overall sign, related to helicity relation sign by

η′u = (−1)
∑

i Si (−1)2S2 ηu.
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Determining the overall sign: To completely determine the crossing relations

we need to specify ηu (or equivalently η′u). This turns out to be quite difficult by

this method8. In [Hara, 1971] this is achieved by using closure, CPT and particle

exchange properties, as well as some example amplitudes. However, since these

coefficients only depend on the spins, by far the simplest way is to directly determine

η′u by computing explicit tree level examples, as we have done in the previous section.

To neatly generalize to all possible spins however, it is useful to follow the multispinor

approach pioneered in [Melville et al., iv].

The main insight in the multispinor approach is that, although our interest is

in the scattering of particles which are irreducible representations of the Poincaré

group, the crossing formulae apply equally for scattering of unphysical states which

sit in reducible representations, specifically those that are given as tensor products

of spin 1/2 representations. This is because all that is relevant is the transforma-

tion of states under complex Lorentz transformations. It is significantly easier to

derive the crossing formula for arbitrary reducible spin states. The wavefunction

for such a state of maximal spin 2S will be given by a multispinor with 2S compo-

nents [Bargmann and Wigner, 1948; Schwinger, 1966; Scadron, 1968; Chang, 1967;

Schwinger, 1979]

ψτ1...τ2Sα1...α2S
= Π2S

i=1u
τi
αi
(x) . (3.80)

By comparing the s- and u-channel amplitude for an arbitrary interaction between

these multispinors, one can uniquely fix the overall phase of the crossing relation.

The algebraic details of this (rather lengthy) multispinor calculation are included in

Appendix A.4. The final result is that

η′u = ηABηBCηCDηDAηBD(−1)2S3 . (3.81)

Focusing on the case S1 = S3 and S2 = S4, the crossing relation becomes simply

T sτ1τ2τ3τ4(s, t, u) = (−1)2(S1+S2)eiπ
∑

i τie−iχu
∑

i τiT u−τ1−τ4−τ3−τ2(u, t, s) , (3.82)

which is the result quoted earlier in (3.35).

Now that our crossing relation is on firm footing, we can proceed to establish posi-

tivity bounds analogously to the scalar case.

8See for instance the critical discussion in [Hara, 1971] which notes that the result given in [Cohen-
Tannoudji et al., 1968] is ambiguous due to an unclear specification of the branches of the arguments
of the Wigner matrices.
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3.2 Four Particle Amplitude

In this section we derive positivity bounds on the scattering of four particles with

spin. This was first achieved in the forward limit in [Bellazzini, 2017], and more

generally in [Melville et al., iv] (see also [Bellazzini et al., 2018] and [Melville et

al., v]). As we shall see, the key to going beyond the scalar result is the diagonal

crossing relation of the transversity basis.

To do this, we construct a regulated transversity amplitude which is free of kine-

matical singularities, and has the same analytic structure as a scalar scattering am-

plitude, with a positive discontinuity along both its left hand and right hand cuts.

This generalizes an approach given in [Mahoux and Martin, 1968] (for spin-0-spin-S

helicity amplitudes) to the case of general spins, but is far from straightforward, due

in particular to the complicated analytic structure for fermion scattering.

We’ll begin by considering the simple case where all four particle masses are equal

and the spin of particles 3 and 4 are equal to those of particles 1 and 2 respectively:

m1 = m2 = m3 = m4 = m, S3 = S1, S4 = S2 . (3.83)

The extension to unequal masses will be provided in Section 3.2.2.3.

3.2.1 Dispersion Relation

As in Chapter 2, the key properties that we will make use of are analyticity, unitarity

and crossing.

Analyticity: As in the scalar case, the scattering amplitude is analytic in Mandel-

stam variables [Mahoux and Martin, 1968], up to known “kinematical singularities”

[Hara, 1964] which we discussed in Section 3.1. Recall that these arose from re-

placing the physical scattering angle, θs, with the Mandelstam invariants (3.29).

The behaviour of transversity amplitudes near these new (unphysical) singularities

is given in (3.43), and the general form of the amplitude in (3.46), namely,

T sτ1τ2τ3τ4(s, t, u) =
1

(
√−u)ξ(

√
s− 4m2)|

∑
i τi|

[

f1(s, t, u) + im
√
stu f2(s, t, u)

]

where ξ = 1 for boson-fermion scattering and is 0 otherwise. Our first goal is to

construct a combination of transversity amplitudes which is free from kinematical

singularities, and hence has the same analytic structure as a scalar amplitude (with

physical poles on the real axis corresponding to stable particles, and a dispersive

branch cut corresponding to a non-zero cross section).

Since the singular behaviour in
√
s− 4m2 and

√−u factorizes, this can be
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straightforwardly removed by multiplying by a suitable prefactor. For instance,

we shall use,

(√
−su

)ξSS1+S2 Tτ1τ2τ3τ4(s, t, u) , (3.84)

where S = s(s − 4m2). While there are no kinematical singularities at s = 0

when all the masses are equal, we can harmlessly9 include extra powers of s in our

regularisation prefactor. This has the advantage that the prefactor remains positive

under crossing s↔ u, and will also connect more easily to the unequal mass case in

Section 3.2.2.3.

There is a potential branch point at stu = 0, which can be removed by taking

an appropriate combination of the transversity amplitudes [Martin, 1971]. Since√
stu = S sin θs/

√
4s,
√
stu↔ −

√
stu corresponds to θs ↔ −θs. Consequently any

even function of θs will not contain the branch cut. The two natural combinations

are

Tτ1τ2τ3τ4(θ) + Tτ1τ2τ3τ4(−θ) , (3.85)

√
stu (Tτ1τ2τ3τ4(θ)− Tτ1τ2τ3τ4(−θ)) , (3.86)

which extract the real and imaginary parts respectively.

In summary, we have constructed the following quantities,

T +
τ1τ2τ3τ4

(s, θ) =
(√
−su

)ξSS1+S2
(

Tτ1τ2τ3τ4(s, θ) + Tτ1τ2τ3τ4(s,−θ)
)

, (3.87)

T −
τ1τ2τ3τ4(s, θ) = −i

√
stu
(√
−su

)ξSS1+S2
(

Tτ1τ2τ3τ4(s, θ)− Tτ1τ2τ3τ4(s,−θ)
)

, (3.88)

where ξ = 1 for boson-fermion processes, and ξ = 0 otherwise. These regulated

transversity amplitudes are free of all kinematical singularities, and retain their

simple crossing relation (c.f. (3.35)),

T s+τ1τ2τ1τ2(s, t, u) =
SS1+S2

US1+S2

[

cos
(

χu
∑

i

τi
)

T u+τ1τ2τ1τ2
(u, t, s)

− 1√
stu

sin
(

χu
∑

i

τi
)

T u−τ1τ2τ1τ2
(u, t, s)

]

(3.89)

which does not mix different τ .

Following our previous discussion, T s+τ1τ2τ1τ2(s, t) can then be analytically con-

tinued to the whole complex Mandelstam plane in such a way that full crossing

symmetry is respected. Since positivity bounds will arise from fixed t dispersion

relations, it is sufficient to consider the properties of the transversity amplitudes in

the complex s plane, for fixed real t, accounting for s↔ u crossing symmetry. Once

9at the expense of performing additional (redundant) subtractions in the dispersion relation.
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the kinematical singularities have been removed, the remaining physical singular-

ities are the poles associated with physical particles, in this case a single pole at

s = m2 and the right hand (RH) branch cut s ≥ 4m2 associated with multi-particle

intermediate states. s ↔ u crossing symmetry requires that there is a second pole

at u = m2 as well as a second left-hand (LH) branch cut for u = µ ≥ 4m2 which

corresponds to s = 4m2 − t− µ, as was shown in Figure 2.2.

We will now study the consequences of unitarity for these regulated amplitudes,

and use the optical theorem to show that the branch cuts discontinuities are strictly

positive.

Unitarity: Since angular momentum is conserved in the scattering process, the

S-matrix can be block-diagonalised to different partial waves labeled by J . This

decomposition was carried out in the helicity basis (3.16) and transversity basis

(3.33) in Section (3.1). A unitary S-matrix requires that the partial waves obey,

i(T̂ J† − T̂ J) = T̂ J†T̂ J , (3.90)

where T̂ J is the J component of the partial wave expansion of the transition matrix

T̂ . For the helicity amplitudes, this implies [Mahoux and Martin, 1968]

2Abss T
J
λ1λ2λ3λ4 =

∑

z

zJ∗λ3λ4z
J
λ1λ2 where zJλ1λ2 = 〈z|T̂ J |JMλ1λ2〉, (3.91)

where the sum runs over all intermediate states and we have defined the s-channel

“absorptive” part of an arbitrary function f as,

2iAbss f(s) = lim
ǫ→0

[f(s+ iǫ)− f(s− iǫ)] , for s ≥ 4m2, (3.92)

which is precisely the discontinuity across the right hand branch cut. If the scattering

process is time reversal invariant, then the absorptive part is just the imaginary

part10—there was no need to make this distinction in the scalar case because any

scalar S-matrix element is real analytic [Eden et al., 1966].

It is tempting to now consider the elastic scattering between states of definite

helicity, λ3 = λ1, and λ4 = λ2. As in the scalar case, this produces a (generalized)

optical theorem,

2AbssT
J
λ1λ2λ1λ2

=
∑

z

|zJλ1λ2 |2 > 0 (3.93)

which establishes the positivity of the right hand branch cut of the amplitude

Hλ1λ2λ1λ2 (suitably regulated). However, that would still leave the task of estab-

10time reversal invariance implies that the Ŝ matrix (and hence T̂ matrix) is automatically real
analytic, i.e. that T J

λ1λ2λ3λ4
= T J

λ3λ4λ1λ2
.
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lishing positivity of the left hand branch cut. While for scalars this was somewhat

trivial, since crossing related A(u, t, s) directly to A(s, t, u), now we would have to

contend with the crossing relation (3.18).

But this is not the only way forward. The usefulness of AbssT
J
λ1λ2λ1λ2

> 0 is

not confined to the helicity basis, as the T J also appear in the transversity partial

wave expansion (3.33). So let us consider instead the elastic scattering of particles

of definite transversity, τ3 = τ1 and τ4 = τ2. Using the properties of Tτ1τ2τ1τ2(s, θ)
under θ → −θ we find from the partial wave expansion (3.33),

AbssT +
τ1τ2τ1τ2

=
(√
−su

)ξSS1+S2
∑

Jλ1λ2λ3λ4

uS1
λ1τ1

uS2
λ2τ2

uS1∗
τ1λ3

uS2∗
τ2λ4

(3.94)

(

dJµλ(θ) + dJµλ(−θ)
)

AbssT̄
J
λ1λ2λ3λ4

(s) .

Note that it is crucial to use the regulated T +
τ1τ2τ3τ4

, with all kinematical singularities

and branch cuts are removed, so that the discontinuity along the right hand cut arises

solely from the physical partial wave amplitude T̄ Jλ1λ2λ3λ4(s).

Using the Fourier series of the Wigner matrix, we can write dJµλ(θ) + dJµλ(−θ) as
a sum over cos(νθ) with real coefficients,

dJµλ(θ) + dJµλ(−θ) =







2ei
π
2
(λ−µ)∑J

ν=−J d
J
µν

(

π
2

)

dJλν
(

π
2

)

cos (νθ) if λ− µ even,

0 otherwise,

(3.95)

and so the right hand discontinuity is,

AbssT +
τ1τ2τ1τ2

(s, θ) = 2
(√
−su

)ξSS1+S2
∑

J,ν

cos (νθ) |zJντ1τ2(s)|2 , (3.96)

zJντ1τ2(s) =
∑

λ1,λ2

uS1
τ1λ1

uS2
τ2λ2

e−i
π
2
λdJλν

(π

2

)

zJλ1λ2(s). (3.97)

Now consider taking cos θ derivatives (equivalent to t derivatives, up to an overall

positive factor). We’ll make use of the properties of the Chebyshev polynomials for

integer ν,

Nn,ν =
dn cos(νθ)

d cosn θ

∣

∣

∣

∣

θ=0

=

n−1
∏

k=0

ν2 − k2
2k + 1

≥ 0, (3.98)

which is strictly positive for n ≤ ν and vanishes for all n > ν for integer ν. Then,

∂nAbssT +
τ1τ2τ1τ2

(s, θ)

∂ cosn θ

∣

∣

∣

∣

θ=0

= SS1+S2+ξ/2
∑

J,ν

|zJντ1τ2 |2






2Nn,ν for ξ = 0,
(

Nn,ν+1/2 +Nn,ν−1/2

)

for ξ = 1.

(3.99)

From this we conclude that all t derivatives are positive (at t = 0) along the right
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hand cut s > 4m2. This means that, since the transversity amplitudes are analytic

in t [Mahoux and Martin, 1968], we can analytically continue the optical theorem

for forward scattering Abss Tτ (s, 0) > 0 to the finite t case

∂nt AbssT s+τ1τ2τ1τ2(s, t) > 0 for 0 ≤ t < m2 , s > 4m2. (3.100)

Note that the analytical continuation cannot take us past the first pole in t, gener-

ally11 at t = m2. This is the precise analogue of the result (2.35) in the scalar case,

where ∂nt ImA > 0 in the physical s region.

Crossing: The discontinuity of the scattering amplitude across the left hand

branch cut, s ≤ −t,

AbsuT s+τ1τ2τ1τ2(s, t) =
1

2i

(

T s+τ1τ2τ1τ2(s− iǫ, t)− T s+τ1τ2τ1τ2(s+ iǫ, t)
)

(3.101)

can be determined by crossing symmetry (3.89),

AbsuT s+τ1τ2τ1τ2(s, t) = 2(
√
−su)ξSS1+S2

∑

J,ν

cos

(

νθu − χu
∑

i

τi

)

|zu,Jντ1τ2 (u)|2 ,

(3.102)

where zu,Jντ1τ2 (u) is the u channel equivalent of zJντ1τ2(s) defined in (3.97).

Note that both the crossing angle eiχu and the kinematic factor S can be written

as polynomials in eiθu ,

2
√
Se±iχu =

√
U
[

1 +

√
u± 2m

2
√
u

eiθu +

√
u∓ 2m

2
√
u

e−iθu
]

, (3.103)

S = (u− 4m2)(1 + cos θu)(u+ 4m2 + (u− 4m2) cos θu)/4, (3.104)

whose coefficients are strictly positive (when u > 4m2) Therefore any product of

powers of these two quantities is also a polynomial in eiθu with positive coefficients.

In particular,

[√
U cos

(

θu
2

)]ξ

SS1+S2 cos

(

νθu − χu
∑

i

τi

)

=

2|τ1+τ2|+ν
∑

p=−2|τ1+τ2|−ν
Cξ
ν,p(u)e

ipθu ,

(3.105)

where Cξ
ν,p > 0 is positive for u > 4m2, and Cξ

ν,−p = Cξ
ν,p is even in p (as the left-

hand side is even in θu). Then, proceeding exactly as before, using (3.98) to replace

11In special cases the one may be able to extend the range in t even further, for instance for purely
scalar scatterings, one can go as far as t = 4m2 [Melville et al., i; Melville et al., ii].
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dn cos(pθu)/d cos
n θu with Nn,p, we find,

∂nAbsuT s+τ1τ2τ1τ2(s, θ)
∂ cosn θu

∣

∣

∣

∣

θu=0

=
∑

J,ν

2(τ1+τ2)+ν
∑

p=0

2|zu,Jντ1τ2 |2Nn,pC
ξ
ν,p(u) (3.106)

where the right-hand side is manifestly positive for all u ≥ 4m2. Since all of these

cos θu derivatives are positive, therefore so are the t derivatives12, and once again

we can analytically continue to a finite t optical theorem,

∂nt AbsuT s+τ1τ2τ1τ2(u, t) > 0 for 0 ≤ t < m2 , u > 4m2. (3.107)

In the transversity basis, we have been able to establish that both the right and the

left hand branch cuts enjoy the property, ∂nt ImA > 0 from the scalar case. This

success hinges on the simple crossing relation (3.89).

Froissart bound: Due to the additional powers of s introduced by our regulari-

sation, the Froissart-Martin bound of Section 1.2.4 now becomes,

lim
s→∞
|T +
τ1τ2τ1τ2

(s, t)| < |s|1+ǫ(t)+NS−2 , (3.108)

where

NS = 2 + 2(S1 + S2) + ξ, (3.109)

with ξ = 1 for boson-fermion scattering, and 0 otherwise. The arguments of [Jin

and Martin, 1964; Mahoux and Martin, 1968] give ǫ(t) < 1, and so

lim
|s|→∞

|T +
τ1τ2τ1τ2(s, t)| < |s|NS . (3.110)

We thus conclude that the regulated amplitudes T +
τ1τ2τ1τ2(s, t) satisfy a dispersion

relation in s for 0 ≤ t < 4m2 with (at most) NS subtractions.

Dispersion relation: The transversity amplitude T +
τ1τ2τ1τ2

(s, t) contains a simple

s-channel pole (at s = m2) and u-channel pole (at u = m2). It proves useful to

define a pole-subtracted amplitude,

T̃ +
τ1τ2τ1τ2

(s, t) = T +
τ1τ2τ1τ2

(s, t)− Ress=m2T +
τ1τ2τ1τ2

(s, t)

s−m2
− Ress=3m2−tT +

τ1τ2τ1τ2
(s, t)

s+ t− 3m2
.

(3.111)

Now considering the contours shown in Figure 2.2, we can once again write a fixed

t dispersion relation between the EFT amplitude T̃ +
τ1τ2τ1τ2(s, t) and an integral over

12∂/∂ cos θu becomes a ∂t at fixed u, up to an overall positive constant.
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the unknown UV theory [Melville et al., iv],

∂NS
s T̃ +

τ1τ2τ1τ2(s, t) =
NS!

2πi

∮

C

ds′
T +
τ1τ2τ1τ2

(s′, t)

(s′ − s)NS+1
(3.112)

=
NS!

π

∫ ∞

µb

dµ

[

AbssT +
τ1τ2τ1τ2

(µ, t)

(µ− s)NS+1
+

AbsuT +
τ1τ2τ1τ2

(4m2 − t− µ, t)
(µ− u)NS+1

]

,

where the additional derivatives compared to the scalar case are required to elimi-

nate the contributions from the infinite arcs (as now the Froissart-Martin bound is

(3.110)). This is the central dispersion we will use to establish spinning positivity

bounds.

3.2.2 Spinning Positivity Bounds

In this section, we’ll describe how the regulated transversity amplitudes, which have

positive discontinuities on both branch cuts in the complex s plane, can be used to

derive an infinite number of positivity bounds. These are the analogue of our scalar

positivity bounds (2.79) from Chapter 2, Y
(M)
2N+M > 0.

3.2.2.1 Forward Limit Bounds

Since we have already established that the absorptive parts are positive on both the

RH and LH cuts, then the first positivity bound is the simple statement that

∂NS
s T̃ +

τ1τ2τ1τ2
(s, t) > 0 , −t < s < 4m2, 0 ≤ t < m2 , (3.113)

where the range of real s is determined by the requirement that µ − s > 0 and

µ − u > 0 in the integration range µ ≥ 4m2, and recall that a sufficient number of

subtractions is NS = 2+2S1+2S2+ ξ, with ξ = 1 for boson-fermion scattering, and

ξ = 0 otherwise. This is the direct generalization, for general spins, of the bound

given in [Adams et al., 2006] applied in a larger range of s and t. To make contact

with other notation in the literature [Cheung and Remmen, 2016a; Bonifacio et al.,

2016], we will also define,

fτ1τ2 := ∂NS
s T̃ +

τ1τ2τ1τ2
(s, t). (3.114)

3.2.2.2 Beyond the Forward Limit

The procedure for constructing bounds on the t derivatives of the EFT amplitude is

identical to that discussed in Chapter 2. The only distinction in the case of particles

with spin is that, since we must use the regulated amplitudes T̃ +
τ1τ2τ1τ2

(s, t), we have
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a larger number of subtractions NS ≥ 2, and the contributions from the LH and RH

cut are not identical.

Following our previous notation, we define derivatives of our pole subtracted

transversity amplitude as,

B
(M)
2N+M,τ1τ2

(t) :=
1

M !
∂Mt ∂

2N
v T̃τ1τ2τ1τ2(v, t)|v=0 , (3.115)

where v = s − 2m2 + t/2 replaces s in order to fully exploit the s ↔ u crossing

symmetry (corresponding to v ↔ −v). The dispersion relation (3.112) allows us to

express these derivatives in terms of the positive definite integrals,

I
(M)
N+M,τ1τ2

(t) =
N !

M !

1

π

∫ ∞

µb

dµ
∂Mt
[

AbssT +
τ1τ2τ1τ2

(µ, t) + AbsuT +
τ1τ2τ1τ2

(4m2 − t− µ, t)
]

(µ+ t/2− 2m2)N+1
.

(3.116)

Explicitly, we have that,

B
(M)
2N+M,τ1τ2

(t) =

M
∑

k=0

(−1)k
k!2k

I
(M−k)
2N+M,τ1τ2

(t) , ∀ N ≥ NS/2 , M > 0 . (3.117)

Now, while this has an alternating sign (so is not automatically positive by the

positivity of the I
(p)
N,τ1τ2

), we can use the integral inequality (for any positive definite

function ρ(µ) > 0),

1

M2

∫ ∞

µb

ρ(µ)

(µ− 2m2 + t/2)N
>

∫ ∞

µb

ρ(µ)

(µ− 2m2 + t/2)N+1
, (3.118)

where M2 = µb + t/2 − 2m2, to replace IN with IN−1/M2, where the branch cut

scale is at least µb = 4m2 in general (so the denominator µ − 2m2 + t/2 is always

positive).

For instance, the simplest bound beyond the forward limit is,

B
(1)
NS+1,τ1τ2

(t) +
NS + 1

2M2
B

(0)
NS ,τ1τ2

(t) > 0 , 0 ≤ t < m2 . (3.119)

We can now carry out the procedure from the scalar case as in Section 2.2.2.2,

generating the positivity bounds,

Y
(M)
2N+M,τ1τ2

(t) > 0 , ∀ N ≥ NS/2 , M > 0 , 0 ≤ t < 4m2 , (3.120)

where the Y
(M)
2N+M,τ1τ2

are determined by the recursion relation (2.79), now with pole-

subtracted regulated transversity amplitude B
(M)
2N+M,τ1τ2

(t)
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We have successfully constructed positivity bounds at each order in s and in t,

as in the scalar case, for every elastic combination of definite transversity states.

3.2.2.3 Multiple Species

In previous sections, we considered the simple case where the mass of all the particles

were the same m1 = m2 = m3 = m4. Having laid out the strategy in that case, we

can now follow the same steps to establish that the Y
(M)
2N+M,τ1τ2

bounds also apply to

the case of unequal masses, m1 6= m2.

Kinematics: Consider a theory with two available mass states, m1 and m2. As

in 2.2.2.4, we can order m1 > m2, and consider transition amplitudes to final states

with m3 = m1, m4 = m2, S3 = S1 and S4 = S2 (in order to apply the optical

theorem at t = 0). Recall that the mass difference ∆ := m2
1 − m2

2, and now the

quantities S, U and
√−su are replaced by,

S = (s− (m1 −m2)
2)(s− (m1 +m2)

2) , (3.121)

U = (u− (m1 −m2)
2)(u− (m1 +m2)

2) , (3.122)

Ψ = −su +∆2 . (3.123)

We now define Tτ1τ2τ3τ4 as the scattering amplitude between eigenstates of the

transversity operator,

τi = −
1

mi
wµW

µ(ki) with wµ =
−2ǫµνρσkν1kρ2kσ3√

−tΨ , (3.124)

where W µ is the Pauli-Lubanski spin pseudovector. This is exactly analogous to

(3.32), but with an overall normalization of
√
−tΨ in place of

√
stu.

Crossing: The amplitude obeys the crossing relation (assuming S3 = S1 and

S4 = S2),

T sτ1τ2τ3τ4(s, t) = (−1)2S1+2S2eiπ
∑

i τie−iχ1(τ1+τ3)e−iχ2(τ2+τ4)T u−τ1−τ4−τ3−τ2(u, t) , (3.125)

which is similar to (3.35), but now with two distinct u channel crossing angles

cosχ1 =
−(s +∆)(u+∆) + 4m2

1∆√
SU

, sinχ1 =
−2m1

√
−tΨ√

SU
, (3.126)

cosχ2 =
−(s−∆)(u−∆)− 4m2

2∆√
SU

, sinχ2 =
−2m2

√
−tΨ√

SU
, (3.127)
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which clearly reduces to (3.20) when the mass difference ∆→ 0. These follow from

the complex Lorentz rotations, or multispinor examples, given in Section 3.1.4.

Physical singularities: In the complex s plane, by unitarity the scattering ampli-

tude must have poles at s = m2
1 and s = m2

2, and a branch cut from s = (m1+m2)
2

to infinity. The crossing relation then tells us that there are also poles at s =

2m2
1 +m2

2 − t and s = m2
1 + 2m2

2 − t, and a branch cut from s = (m1 −m2)
2 − t to

infinity. The corresponding Re s axis (at fixed t) is shown in Figure 2.3.

Kinematical singularities: Just as in the case of a single mass, the transversity

amplitudes may possess different types of kinematical singularities or branch points

at:

• S = 0: When writing cos θ and sin θ in terms of s, t, one introduces spurious

singularities in 1/S. These are factorisable, and can be removed with a pref-

actor of SS1+S2 . This corresponds to removing the s−4m2 singularities in the

equal mass limit.

•
√
−tΨ = 0: When writing sin θ in terms of s, t, one further introduces an

unphysical branch point at −tΨ = 0. Since
√
−tΨ is odd under θ → −θ this

branch point is removed by taking the following even combinations,

Tτ1τ2τ3τ4(s, θ) + Tτ1τ2τ3τ4(s,−θ) or
√
−tΨ [Tτ1τ2τ3τ4(s, θ)− Tτ1τ2τ3τ4(s,−θ)] .

(3.128)

These are the exact analogue to (3.85) and (3.86) combinations that remove

the branch cut associated with
√
stu in the equal mass limit.

• Ψ = 0: For boson-fermion scattering, cos θ/2 creates an unphysical branch

point at Ψ = 0, which can be removed with a prefactor of
(√

Ψ
)ξ
, where as

before, ξ is 0 for BB or FF, and 1 for BF scattering. This corresponds to

removing the branch point at u = 0 in the equal mass limit.

To summarize, we can consider the combinations

T +
τ1τ2τ1τ2 = (

√
Ψ)ξSS1+S2 [Tτ1τ2τ3τ4(s, θ) + Tτ1τ2τ3τ4(s,−θ)] , (3.129)

T −
τ1τ2τ1τ2

= −i(
√
Ψ)ξSS1+S2

√
−tΨ [Tτ1τ2τ3τ4(s, θ)− Tτ1τ2τ3τ4(s,−θ)] , (3.130)

which are free of all kinematical singularities. These are both analytic in the twice-

cut s plane at fixed t, and therefore obey dispersion relations with NS = 2+ 2(S1 +

S2) + ξ subtractions.
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Positivity of the right hand cut: The relation between the transversity and

helicity basis, as well as the partial wave expansion of the helicity amplitudes, are

exactly as described earlier—even for unequal masses. Therefore T +
τ1τ2τ1τ2 , as defined

in (3.129), can be shown to obey the same positivity property (3.100) as its equal

mass limit,

AbssT +
τ1τ2τ1τ2 = 2(

√
Ψ)ξSS1+S2

∑

J,ν

cos(νθ)|zJντ1τ2(s)|2 , (3.131)

and so as in the equal mass limit, using
√
Ψ =

√
S cos(θ/2), and the fact that all

the Chebyshev polynomials Nn,ν defined in (3.98) are positive, we can infer all the

derivatives of (3.131) with respect to cos θ are positive (3.99). It then follows that

all t derivatives of the right hand cut are positive (3.100), in the physical s region

(which is now s > (m1 +m2)
2).

Positivity of the left hand cut: Having defined the appropriate quantity (3.131)

which is positive on the RH cut, we can now, exactly as before, establish the scat-

tering amplitude on the LH cut by crossing symmetry. We proceed as in the equal

mass limit and first relate the s channel transversity amplitude with the u channel

one as in (3.125)

AbsuT s+τ1τ2τ1τ2(s, t) = 2(
√
Ψ)ξSS1+S2

∑

J,ν

cos (νθu − 2χ1τ1 − 2χ2τ2) |zu,Jντ1τ2 (u)|2 .

(3.132)

Next we re-write this expression as a sum over cos(pθu). The only subtlety is that

we have now two different u channel angles χ1 and χ2 (defined in (3.126) and (3.127))

as opposed to only one χu in the equal mass limit. This implies the existence of two

separate sets of coefficients
√
Se±iχi =

∑

p c
±
i,p(u)e

ipθ as opposed to the only one set

in (3.103), but it nevertheless remains that c±i,p(u) > 0 for u > (m1 +m2)
2. Noting

again that S is still a sum of cos(pθu) with positive coefficients when u > (m1+m2)
2,

more precisely,

S =
U
4u2

[ (

u− (m1 +m2)
2
)

cos θu + u+ (m1 +m2)
2
]

×
[ (

u− (m1 −m2)
2
)

cos θu + u+ (m1 −m2)
2
]

, (3.133)

then we are led to precisely the same relation as in (3.105) with now

SS1+S2 cos (νθu − 2χ1τ1 − 2χ2τ2) =

2(τ1+τ2)+ν
∑

p=−2(τ1+τ2)−ν
Cν,p(u)e

ipθu , (3.134)
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where Cν,p(u) is analytic in u, and strictly positive for u > (m1 +m2)
2.

Using this expression in (3.132) and taking derivatives of cos(pθu) at θu = 0 as

in (3.98), we finally have

∂n

∂ cosn θu
AbsuT s+τ1τ2τ1τ2(s, t)

∣

∣

∣

∣

θu=0

=
∑

J,ν,p

|zu,Jντ1τ2 (u)|2Cν,p(u)







2Nn,p if ξ = 0
√
U
(

Nn,p+1/2 +Nn,p−1/2

)

if ξ = 1,
(3.135)

where the coefficients Cν,p(u) are all positive in the region u > (m1 +m2)
2 and so

are the Chebyshev polynomials Nn,p. This again establishes the positivity of the left

hand cut (3.107), for all physical u > (m1 +m2)
2.

Positivity bounds: We can now recover the dispersion relation (3.112), in the

case of scattering two different masses. The only remaining subtlety to bear in

mind is the existence of additional poles associated with the new mass eigenstate.

However, those can be subtracted as in the single mass case,

T̃ +
τ1τ2τ1τ2

= T +
τ1τ2τ1τ2

−
Ress=m2

1

s−m2
1

−
Ress=m2

2

s−m2
2

−
Resu=m2

1

u−m2
1

−
Resu=m2

2

u−m2
2

. (3.136)

We then have a dispersion relation with NS = 2 + 2S1 + 2S2 + ξ subtractions,

T̃ +
τ1τ2τ1τ2(s, t) =

NS−1
∑

n=0

an(t)s
n+

sNS

π

∫ ∞

µb

dµ
AbssT +

τ1τ2τ1τ2
(µ, t)

µNS(µ− s) (3.137)

+
uNS

π

∫ ∞

µb

dµ
AbsuT +

τ1τ2τ1τ2
(2m2

1 + 2m2
2 − t− µ, t)

µNS(µ− u) .

Then, we can follow the same steps as the equal mass case discussed in section 3.2.1

to derive positivity bounds, Y
(M)
2N+M,τ1τ2

(t) > 0.

3.2.2.4 Indefinite Transversity

The above positivity bounds have been established for any scattering process be-

tween particles of definite transversity. However, ideally one would like to exploit

a bound on every indefinite combination of transversities, i.e. between asymptotic

states of the form,

|p, S, ατ 〉 =
∑

τ

ατ |p, S, τ〉, (3.138)

where ατ is a 2S+1 dimensional complex unit vector. Indeed, previous forward limit

studies using helicity amplitudes have found that using an indefinite combination

of helicity states leads to far stronger bounds than the definite amplitudes alone
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[Cheung and Remmen, 2016a].

The amplitude corresponding to elastic scattering between the state |p1, ατ〉 and
|p2, βτ 〉 is,

Tα,β(s, t) =
∑

τ1τ2τ3τ4

ατ1βτ2α
∗
τ3
β∗
τ4
Tτ1τ2τ3τ4(s, t). (3.139)

In this subsection we shall show that these indefinite amplitudes obey the same Y
(0)
2N

bounds as their definite counterparts in the forward limit, and that in certain cases

it is possible to establish the full range of positivity bounds on these more general

quantities.

Kinematical singularities: This amplitude has the same kinematical singulari-

ties as described in the previous sections, and are removed by considering,

T +
α,β(s, θ) = (

√
Ψ)ξSS1+S2 [Tαβ(s, θ) + Tαβ(s,−θ)] , (3.140)

T −
α,β(s, θ) = −i

√
−tΨ(

√
Ψ)ξSS1+S2 [Tαβ(s, θ)− Tαβ(s,−θ)] , (3.141)

where one can also note the usual property under reversal of the scattering plane

normal,

Tαβ(s,−θ) = Tα̃β̃(s, θ), α̃τ = α−τ . (3.142)

Positivity of right hand cut: Note that while the overall process is elastic, there

are cross-terms in the sum which correspond to inelastic processes. However, the

proof of positivity of the absorptive part along the cuts from unitarity can proceed

in exactly the same way. Note that, similar to Eq. (3.96) but making use of the

unitarity condition (3.91), we can write the transversity partial wave expansions

along the cuts as

Abss T +
τ1τ2τ3τ4(s, θ) = (

√
Ψ)ξSS1+S2

∑

J,ν,z

2 cos(νθ) zτ1τ2z
∗
τ3τ4 , (3.143)

Abss T −
τ1τ2τ3τ4

(s, θ) = −
√
−tΨ(

√
Ψ)ξSS1+S2

∑

J,ν,z

2 sin(νθ) zτ1τ2z
∗
τ3τ4

, (3.144)

and therefore,

AbssT +
αβ(s, t) = (

√
Ψ)ξSS1+S2

∑

J,ν,z

2 cos(νθ)
∣

∣

∑

τ1τ2

ατ1βτ2z
Jν
τ1τ2(s)

∣

∣

2
, (3.145)

AbssT −
αβ(s, t) = −

√
−tΨ(

√
Ψ)ξSS1+S2

∑

J,ν,z

2 sin(νθ)
∣

∣

∑

τ1τ2

ατ1βτ2z
Jν
τ1τ2

(s)
∣

∣

2
. (3.146)
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Positivity of left hand cut: The crossing relation (3.125) allows us to write the

Absu part,

Absu T s+τ1τ2τ3τ4(s, t) = (−1)2S1−2S2eiπ
∑

i τi(
√
Ψ)ξSS1+S2

·
∑

J,ν,z

2 cos [νθu − χ1(τ1 + τ3)− χ2(τ2 + τ4)] z
u
τ1τ2

zu∗τ3τ4 .

(3.147)

As before, we seek to write this as a polynomial in cos(pθu) with positive coeffi-

cients. Being very explicit,

(
√
S
)τ1+τ2

e−iτ1χ1e−iτ2χ2 =
(
√
U
)τ1+τ2

τ1+τ2
∑

p=−τ1−τ2
cτ1τ2p (u)eipθu, (3.148)

where cτ1τ2p (u) is a positive function of u > (m1 +m2)
2, we have that

(√
S
)2S1+2S2

2 cos (νθu − (τ1 + τ3)χ1 − (τ2 + τ4)χ2)

= (
√
U)2S1+2S2

τ1+τ2
∑

a=−τ1−τ2

τ3+τ4
∑

b=−τ3−τ4

c̄τ1τ2a (u)c̄τ3τ4b (u)2 cos((a+ b+ ν)θu) (3.149)

where c̄τ1τ2a are positive functions of u. Using (3.98) to replace the nth derivative of

cos(pθu) with Nn,p, we have,

∂n

∂ cosn θu
AbsuT s+αβ (s, t)

∣

∣

∣

∣

θu=0

(3.150)

= US1+S2
∑

J,ν,z,a,b

zaz
∗
b







2Nn,a+b+ν if ξ = 0,
√
U
(

Nn,a+b+ν+1/2 +Nn,a+b+ν−1/2

)

if ξ = 1,

where we have defined

za =
∑

τ1τ2

(−1)S1+τ1+S2+τ2ατ1βτ2 c̄
τ1τ2
a zτ1τ2 . (3.151)

Crucially, this is not in general a positive quantity. Rather than |z|2, we have the

product zaM
abz∗b , where Mab := Nn,a+b+ν .

Forward Limit: When n = 0, this matrixMab is positive semidefinite, and so once

more the left hand cut is positive and one can proceed as in the single transversity

case, deriving the powerful constraint,

B
(0)
2N,αβ(t = 0) > 0, (3.152)
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for any combination of transversities, {α, β}. Particularly striking is that, as an

arbitrary helicity state can be constructed in terms of transversity states (choosing

appropriate α and β), this proves that any helicity amplitude also enjoys a positivity

bound13.

Beyond the Forward Limit: To go beyond the forward limit, one should study

(3.150), and in particular under what conditions zaM
abz∗b is positive. This is left for

future work.

Summary of Chapter 3

We have now constructed the analogous tower of positivity bounds for particles with

spin. We have assumed unitarity, analyticity, crossing and locality in the UV, and

nothing more. As we have seen, the resulting bounds depend onM2 = µb−2m2+t/2,

where µb is the scale at which the s-channel branch cut begins. For instance, recall

the simplest beyond the forward limit bound,

B
(1)
NS+1,τ1τ2

(t) +
NS + 1

2M2
B

(0)
NS ,τ1τ2

(t) > 0.

The above form of this bound is not particularly restrictive if we have in mind

M2 ∼ m2, as it will be dominated by the second term. Since B
(0)
NS ,τ1τ2

(t) is already

positive from the zero t derivative bound (3.113), then there is little new content in

this new bound.

However, in practical cases, one may wish to impose a further helpful condition:

that of weak coupling in the UV. Assuming a weak coupling parameter allows us to

control a perturbative expansion in loops, and also allows other choices of µb to be

made. The following chapter will discuss what further progress can be made in this

case.

13Of course, as we have set n = 0 and taken the forward limit, the crossing relation degenerates
into A(u, t, s) = A(s, t, u), and it is not at all surprising that different spin bases are now equally
“positive”.
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Chapter 4. Weakly Coupled UV Completions 4.1. Tree-Level Bounds

Until now, we have assumed that the heavy physics is characterized by single mass

scale, Λ, which sets the scale suppression of all EFT operators. The next level of

generality would be to include, in addition to the mass scale, a coupling parameter,

g∗, which controls the interaction strength of the heavy degrees of freedom. The low

energy EFT of light degrees of freedom, Φ, may be structured in terms of Λ and g∗

in the form,

L =
1

g2∗

(

Λ4L0

(

g∗Φ

Λ
,
∂

Λ

)

+ g2∗L1 + . . .

)

, (4.1)

where L0 is the tree level part and L1 and higher are understood to come from loops

of the heavy fields integrated out. This “single scale–single coupling” assumption has

been considered in [Giudice et al., 2007; Liu et al., 2016] and is naturally preserved

under loops. The UV system becomes “strongly coupled” in the limit where g∗ →
4π, in which case we return to our previous single-scale construction1. At weak

coupling, g∗ ≪ 4π, the light loops of the EFT are suppressed relative to any tree-

level contributions.

In this chapter, we will show how a trustworthy loop expansion in the EFT (which

continues into the UV completion) can be used to improve the previous positivity

bounds. In particular, in Section 4.1 we show that the tree-level EFT amplitudes

obey the Y
(M)
2N+M bounds from Chapters 2 and 3 withM2 = Λ2

th, the threshold scale

at which new heavy physics must enter to preserve analyticity. Note that this is

distinct from the strong coupling scale which suppresses the EFT operators, Λpert,

the scale at which new physics must enter to restore perturbative unitarity. The

genuine EFT cutoff is set by whichever is the lower of these two scales. In fact,

we will see that there are cases in which the tree-level positivity bounds mandate

an analyticity threshold, Λth, which is parametrically lower than the usual unitarity

scale, Λpert.

Then in Section 4.2, we will consider loop-level EFT amplitudes, and show that

by carefully subtracting part of the low energy branch cuts the scale M2 can be

raised ≫ m2, significantly strengthening the Y
(M)
2N+M bounds, and allowing an upper

bound to be placed on g∗. This approach was first described in [Melville et al., ii],

and then discussed at length in [Bellazzini et al., 2018] and [Melville et al., v].

4.1 Tree-Level Bounds

In practice, the t derivative bounds are of limited use if näıvely applied to exact all

loop scattering amplitude. In this case, the threshold on the µ integrals must be

taken to be µb = 4m2, associated with e.g. one-loop processes with two intermediate

1In particular, note that in this context “strong coupling” refers to an order unity value of g∗, and
does not represent any breakdown of the EFT—the EFT remains valid so long as there is still a
hierarchy between ∂/Λ and Φ/Λ.
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scalars. This gives an,

M2 = µ̄b − t̄/2 ∼ m2 . (4.2)

If we use such anM, then B
(0)
2N is generically the leading term in Y

(M)
2N+M (in m/Λ),

and so the higher order ∂Mt bounds are simply reproducing the M = 0 bound.

The situation is very different however if the EFT has a weakly coupled UV

completion. In this case, we expect the scattering amplitude computed at tree level

to satisfy all of the properties that we have utilized, in particular the Froissart

bound. Given this, the positivity bounds can be applied directly to the tree-level

scattering amplitudes.

4.1.1 Branch Cut Scale

When deriving the dispersion relation for the 2-to-2 scattering amplitude, we as-

sumed that the branch cut started at 4m2 because, in general, unitarity requires

ImA(s, t = 0) 6= 0 for all s > 4m2, and hence the Schwarz reflection property of our

analytic continuation (A(s∗) = A(s)∗) requires a branch cut.

4mL
2 4MH

2

+

AEFT
loop

AEFT
tree

L L H

H

s

Figure 4.1: In the EFT, the tree level amplitude does not contain light loops (L),
and therefore the branch cut starts at a much higher scale, determined by the heavy
physics (H) which has been integrated out.

But let us now consider the case in which we have a trustworthy loop expansion,

controlled by a small coupling g∗. From the optical theorem, we have that ImA ∼
O(g4∗), and is therefore only present at one loop. The tree-level EFT amplitudes

do not include loops from the light fields and the branch cut will no longer start

at µb = 4m2 but rather at µb = Λ2
th, where the threshold energy Λth is defined as

the mass of the first heavy state (/non-analyticity) that lies outside of the regime of

validity of the EFT. This is shown in Figure 4.1. The EFT cutoff (the scale at which

predictions are no longer reliable) must be at or below Λth, as analyticity mandates

new heavy states there.

102



Chapter 4. Weakly Coupled UV Completions 4.1. Tree-Level Bounds

At a pragmatic level this means that, since for a well-defined EFT expansion

Λ2
th ≫ 4m2, the lower limit of the µ integrals may be taken to be µb = Λ2

th and

we may make use of stronger integral inequalities (2.55) with M2 = Λ2
th. Defining

Y
(M)
2N+M, tree through (2.79) but withB

(M)
2N+M now understood to be the pole-subtracted

amplitude computed to tree level only in the EFT, the positivity bounds are then

Y
(M)
2N+M, tree(t)

∣

∣

M2=Λth
> 0 . (4.3)

In some cases, this provides additional constraints on Λth in terms of the EFT

coefficients.

4.1.2 Constraining the EFT Cutoff

To see the power of these tree-level bounds, consider the general EFT amplitude

for four identical scalars at tree level, B(s, t). In terms of the crossing symmetric

variables,

x = −(s̄t̄+ t̄ū+ ūs̄) and y = −s̄t̄ū , (4.4)

where recall that x̄ = x−4m2/3, any such amplitude may be expressed as an analytic

expansion,

B(s, t) =
∑

nm

anm
Λ4n+6m

xnym , (4.5)

where Λ is some theory specific scale introduced to make the anm dimensionless. If

all anm are order unity, then Λ ∼ Λpert, the scale at which perturbative unitarity is

broken and the theory becomes strongly coupled.

Then the derivatives B
(M)
2N+M , evaluated at t̄ = 0, can be given in terms of the

anm,

B
(M)
2N+M(0) = (2N)!

∑

q

dq
Λ4N+2M

aN−M+3q,M−2q , (4.6)

where q!dq = (3/4)q(3q + N −M)2F1(−q, 2q −M, 1 −M + N + 2q,−1/3). Up to

eighth order in energy, we have four EFT coefficients (a00, a10, a01, a20), which are

bounded by,

Y
(0)
2 : a10 > 0 , (4.7)

Y
(1)
3 : a01 > − 3Λ2

2Λ2
th

a10 , (4.8)

Y
(0)
4 : a20 > 0 , (4.9)

and the bound provided by Y
(2)
4 ends up being automatically satisfied by the previous

ones. These bounds clearly distinguish two separate cases. If for a particular theory

a01 were found to be positive, then the bounds are satisfied provided a10, a20 > 0
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regardless of Λth. However, if for a theory a01 is negative, then for that theory we

can put an upper bound on the threshold Λth,

Λ2
th <

3a10
2|a01|

Λ2 . (4.10)

Perturbative unitarity: This bound on the cutoff of the theory is logically sep-

arate from the scale at which perturbative unitarity is broken. If we build an EFT

from the bottom up, without any initial knowledge of the true cutoff scale, then we

can separately compute Λpert (the scale at which perturbative unitarity is violated)

in terms of the EFT data Λ and anm, and independently use (4.10) to infer Λth

(the scale at which analyticity is broken) in terms of Λ and anm. If Λth is found

to be lower than Λpert then this implies we should have added irrelevant operators

suppressed by Λth. We will compare the cutoff implied by analyticity, Λth, with that

implied by unitarity, Λpert, explicitly in Chapter 6, and find that in some regions of

parameter space (4.10) gives a parametric separation between them.

4.2 Loop-Level Bounds

Suppose we wish to work with amplitudes in the EFT which are accurate to some

non-trivial order in loops. This would be necessary, for instance, if the UV is strongly

coupled (g∗ ∼ 4π). As pointed out in [Melville et al., ii] (see also [Bellazzini et al.,

2018] and [Melville et al., v]) the earlier scalar positivity bounds can be improved

by using our partial knowledge of the branch cut integral in the dispersion relation

(2.43). Specifically, assuming that perturbation theory can be trusted up to a scale

ǫΛ≫ m where ǫ≪ 1, then we may define,

B
(M)
2N+M,ǫΛ = B

(M)
2N+M −

M
∑

k=0

2(−1)k
πk!2k

(2N + k)!

(M − k)!

∫ ǫ2Λ2

4m2

dµ
∂M−k
t ImA(µ, t)

(µ+ t/2− 2m2)2N+k+1
,

(4.11)

which subtracts the portion of the branch cut discontinuity that we can compute

within the EFT. We can then compute Y
(M)
2N+M,ǫΛ(t) out of B

(M)
2N+M,ǫΛ(t) via the re-

currence relations defined in (2.79), and following the same arguments of Chapter 2

conclude that,

Y
(M)
2N+M,ǫΛ(t)

∣

∣

M2=ǫ2Λ2 > 0 . (4.12)

This is a stronger bound that the original Y
(M)
2N+M > 0 for two reasons: (i) B

(M)
2N+M,ǫΛ

is strictly smaller than B
(M)
2N+M , and (ii) nowM≫ m2, and so the higher t deriva-

tives enter in a way which is not as suppressed. Also, unlike the tree-level bounds,
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B
(M)
2N+M,ǫΛ has the feature that it depends on different powers of g∗, and so (4.12)

can be used to place bounds on how weakly coupled any putative UV completion

would need to be.

For example, focussing on the leading order bound, (4.12) with M = 0, N = 1,

B
(0)
2 (t) = ∂2sB(s, t)

∣

∣

∣

v=0
>

4

π

∫ ǫ2Λ2

4m2

dµ
ImA(µ, t)

(µ+ t/2− 2m2)3
. (4.13)

This is clearly stronger than the original bound, ∂2sB > 0. Further focusing on the

forward scattering limit, t = 0, and making use of the optical theorem to relate the

imaginary part of the scattering amplitude to the total cross section σtotal(s) for the

two particles to scatter, then we have

B
(0)
2 (0) >

4

π

∫ ǫ2Λ2

4m2

dµ

√

1− 4m2

µ2

µσtotal(µ)

(µ− 2m2)3
. (4.14)

Since we are now in the forward scattering limit, this bound is easily generalized to

elastic scattering of two arbitrary helicity particles λ1 and λ2,

B
(0)
2,λ1λ2

(0) >
2

π

∫ ǫ2Λ2

4m2

dµ

√

1− 4m2

µ2

[

µσλ1λ2total (µ)

(µ− 2m2)3
+
µσλ1−λ̄2total (µ)

(µ− 2m2)3

]

, (4.15)

where the combination σλ1−λ̄2total (µ) arises via crossing symmetry, since in the forward

limit crossing flips the sign of the helicity.

The next order forward limit bound is for example

B
(0)
4,λ1λ2

(0) >
4!

π

∫ ǫ2Λ2

4m2

dµ

√

1− 4m2

µ2

[

µσλ1λ2total (µ)

(µ− 2m2)5
+
µσλ1−λ̄2total (µ)

(µ− 2m2)5

]

. (4.16)

Such bounds can be written down for any desired number of s and t derivatives.

Summary of Chapter 4

We have shown how, by using our EFT knowledge of the branch cut at low s, we

can push the scale M2 up to some value ≫ m2, and hence the Y
(M)
2N+M bounds

established in the previous Chapters become even more restrictive. In particular,

if we build our low-energy EFT using both a heavy mass scale, Λ, and coupling,

g∗, then these loop-improved bounds serve as a constraint on how weakly coupled

g∗ must be. Further, if we assume that g∗ is sufficiently weak so as to control a

perturbative loop expansion in the EFT, then it is possible to apply our positivity

bounds directly to the tree-level amplitude, which yields a bound on Λth, the scale at

which new physics must enter in order to restore analyticity. This is distinct from
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the strong coupling scale usually inferred from the breakdown of unitarity alone,

and in some cases (as we will see in Part II), the analyticity threshold Λth can be

parametrically lower than the conventional unitarity-breaking scale.

In Part II, we will apply these constraints to great effect on a variety of cosmo-

logical field theories. However, there will be cases we would like to consider (notably

bouncing cosmologies in Chapter 9 and gravitational wave dispersion in Chapter 10)

where it is not a good approximation to treat the background spacetime as flat

Minkowski. In these cases, we should be careful about applying these positivity

bounds, as they implicitly assumed an underlying Poincaré invariance. In the fol-

lowing final chapter of Part I, we shall revisit the optical theorem and perturbative

unitarity of the EFT to include the effects of a non-relativistic background—arriving

at new bounds on the EFT coefficients which can be reliably applied away from flat

backgrounds.
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One often encounters cases in which the dispersion relation for the scattering quanta

is not relativistic, i.e. not of the form ω2 = k2+m2. For instance, Lorentz invariance

is spontaneously broken on any time-dependent background, such as cosmological

FLRW spacetimes. An order parameter for such symmetry breaking is 1− c2s, where
the sound speed cs captures the departure from the relativistic dispersion relation,

ω2 = c2sk
2 +m2 . (5.1)

In this chapter we will discuss the implications of perturbative unitarity for effective

field theories in which cs 6= 1, and in particular focus on cases where it may be very

small, cs ≪ 1. These considerations, and subsequent bounds on the Lagrangian

parameters, are generally applicable to any theory in which Lorentz invariance is

dynamically broken as in (5.1).

For illustration, we will focus on the particular case of a single scalar field on a

time-dependent FLRW background. In Chapter 9 we will show how these bounds

are brought to bear on non-singular bouncing cosmologies, as in [Melville et al., iii].

5.1 Leading Order EFT

Since our main interest is cosmology, the following analysis will take place for a

scalar field, ϕ, on a flat FLRW background with scale factor a(t). However, it

should be noted that the conclusions hold for any time-dependent background, and

the qualitative approach applicable to any matter content.

We will adopt an EFT power counting in which Λc represents the genuine cutoff

of the theory, and ∂2ϕ≪ Λ3
c is the small parameter in which we expand. Meanwhile,

ϕ and any component of ∂ϕ are assumed of order a different scale, Λ, which may be

considerably larger than Λc. This ensures that our analysis captures various dark

energy models which exploit the resummation of first derivatives into functions of

X = ∂µϕ∂
µϕ (for instance, P (X), Horndeski, etc.).

At quadratic order, the effective Lagrangian takes the form,

S(2) =

∫

dtd3x
a3

2

[

A(t)ϕ̇2 − B(t)

a2
(∂iϕ)

2 −A(t)m2(t)ϕ2

]

, (5.2)

where A, B and m2 depend on the background behaviour (here and in what follows

dots represent the physical time derivatives and ∂i designate spatial gradients). The

corresponding sound speed is c2s =
B
A
. The absence of a ghost then implies A > 0,

while the absence of gradient instabilities implies B > 0.

For the rest of the analysis we will assume that we are within the WKB regime,

meaning that we consider ϕ modes with frequencies well above the scale set by any
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background variation, Eback. Indeed to probe unitarity violation we are interested in

analysing the interactions of modes close to the strong coupling scale, which should

be much larger than the background scale for the effective field theory to make

sense. In particular, this allows us to neglect the mass, as well as the explicit time

dependence of A and B.

The leading order EFT also contains interactions,

SNML =

∫

dtd3x
a3−2L

ΛN+2M+4L−4
NML

ϕN ϕ̇M(∂iϕ)
2L , (5.3)

where N , M and L are arbitrary positive integers with N + 2M + 4L > 4 and the

scale ΛNML depends on the background and the particular theory one is dealing

with. In the simplest case, all ΛNML ∼ Λ, and this leading order EFT becomes

strongly coupled at Λ. Note that the cutoff of the EFT may be considerably lower

than Λ, and in our case will be set by the higher derivative corrections, such as

(�ϕ)2/Λ2
c , which we discuss in the following Section 5.2.

5.1.1 Operator Scales

Before formally deriving the bounds from perturbative unitarity on a curved back-

ground, it is useful to first estimate the strong coupling scale by simply studying

the scales which suppress the operators (5.3). This requires canonically normalizing

the field (so that it has a canonical propagator).

Canonical normalization: Since Lorentz invariance is spontaneously broken by

the FLRW background, the effective metric Zµν∂µϕ∂νϕ is not conformally flat. Be-

fore canonically normalizing the field, it is useful to perform the following coordinate

rescaling1

t̃ =

∫

cs(t)dt and x̃i = xi (5.4)

so that in this system of coordinates the effective metric becomes,

∫

dtd3x a3
(

−1
2
Zµν∂µϕ∂νϕ

)

=

∫

dt̃d3x̃ a3
B

2cs

(

(

∂ϕ

∂t̃

)2

− 1

a2

(

∂ϕ

∂x̃i

)2
)

. (5.5)

1As we shall see, as soon as the speed of sound approaches small enough (positive) values, the
whole EFT runs out of control and the classical background is not to be trusted, therefore there
is no sense in which the speed of sound ever actually vanishes, much less becomes negative. The
rescaling performed in this section is thus well defined.
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We can then simply canonically normalize the field by setting

ϕ =

√

cs
B
ϕ̃ = (AB)−1/4 ϕ̃ , (5.6)

and absorb any time derivatives of AB into the mass term.

Under this rescaling, the interaction (5.3) becomes,

SNML =

∫

dt̃d3x̃
a3−2L

µ̃N+2M+4L−4
NML

(∂̃iϕ̃)
2L

M
∑

j=0

(

∂t(AB)

csAB

)j

ϕ̃N+j (∂t̃ϕ̃)
M−j , (5.7)

where we have ignored signs and order one combinatoric numbers. The scale µ̃ is

given by

µ̃NML = A
N+3M+2L−2

4(N+2M+4L−4)B
N−M+2L+2

4(N+2M+4L−4)ΛNML . (5.8)

Now when rescaling back to the original coordinates, as an energy scale we have

µNML =
∂t̃

∂t
µ̃NML = cs µ̃NML , (5.9)

and so the scale that enters these interactions is

µNML = AnABnBΛNML , (5.10)

with

nA = − N +M + 6L− 6

4(N + 2M + 4L− 4)
and nB =

3N + 3M + 10L− 6

4(N + 2M + 4L− 4)
. (5.11)

This is the strong coupling scale set by a given operator which one would infer

simply from the Lagrangian. We shall confirm this schematic estimate by deriving

the scale at which perturbative unitarity is broken in 5.1.2.

For the EFT to remain a useful description of all scales of interest (such as Eback),

one must require that Min(µNML) is sufficiently large. In particular, we see that

whenever cs ≪ 1 (i.e. when A becomes parametrically large or B is parametrically

small), for a fixed scale ΛNML there are typically operators that enter at a paramet-

rically smaller scale µNML ≪ ΛNML and therefore spoil the validity of the effective

field theory at an unexpectedly low scale.

For these arguments to be valid one should have ∂t(AB)
AB

∼ Eback . Min(µNML),

(where Min(µNML) is the lowest of all the possible scales derived in (5.10) for any

non-negative integers N,M,L with N +2M +4L > 4). This allows us to ignore the
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contributions from ∂t(AB)
csAB

in (5.7). If ∂t(AB)
AB

∼ Eback was larger than any of those

scales µNML, then by definition the background would be varying faster than the

time scale set by the strong coupling scale of the effective theory and it would no

longer be possible to trust the validity of the background solution.

Marginal and Relevant Operators: Finally, we note that there are two inter-

actions for which N + 2M + 4L ≤ 4: the relevant Λ300ϕ
3/3! and marginal λϕ4/4!.

The previous rescaling can be also be performed and leads to

µ300 =
Λ300

(AB)3/4
, (5.12)

µ400 =
λ

(AB3)1/2
, (5.13)

where of course µ400 does not represent an actual scale but rather a dimensionless

coupling constant. Remaining in the perturbative regime requires the dimensionless

coupling constant to be2 µ400 ≪ O(16π) and the scale of the marginal operator to

be µ300 . Eback.

5.1.2 Perturbative Unitarity Bounds

The previous section provided a generic scaling argument to determine the typical

interaction scale of an operator on a FLRW background. We now provide more

substance to this argument by showing how it relates to the optical theorem for

scattering amplitudes.

Asymptotic States: In the WKB regime, before any canonical normalization,

the quantized modes can be decomposed in the following way

ϕ̂(t, xi) =

∫

d3ki
(2π)3a3

1
√

N (k)

(

â†(ki)e
i(k

∫ cs(t)
a(t)

dt−kixi) + â(ki)e
−i(k

∫ cs(t)
a(t)

dt−kixi)
)

.

(5.14)

The operators â and â† that appear in (5.14) are the creation and annihilation opera-

tors for one-particle states of definite momentum which obey the usual commutation

relations.

To derive the normalization N (k) we go back to the well-known definition of the

Klein-Gordon norm along a three-dimensional surface Σ with unit normal vector nµ

2for details on how to count factors of 4π for general operators, see [Gavela et al., 2016].
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and induced metric γµν ,

|ϕ̂|2 = −i
∫

Σ

d3x
√
γ nµ

(

ϕ̂
←→
∂µ ϕ̂

†
)

. (5.15)

Choosing a space-like surface t = const, the unit normal vector is nµ =
√
Aδµ0 and

the induced volume element is
√
γ = B−3/2, leading to the Klein-Gordon norm,

|ϕ̂|2 = −i
√
A

B3/2

∫

d3xa3
(

ϕ̂
←→
∂t ϕ̂

†
)

. (5.16)

We can therefore infer the field normalization,

N (k) =
∂F

∂ω
= 2Aω = 2(AB)1/2

k

a
, (5.17)

where we evaluated the mode on-shell, ω = csk/a, and where the function F deter-

mines the dispersion relation,

F = Aω2 −Bk
2

a2
= 0 . (5.18)

Optical theorem: In the high energy WKB regime, it is meaningful to talk about

an approximate S-matrix for scattering of quanta, provided it is defined over a time

scale shorter than the background variation ∆t ≪ 1/Eback, but much longer than

the frequency of the scattering particles. There are many constraints from unitarity

on this approximate S-matrix, however it is useful to focus in the special case of n

to n scattering, between states of equal momenta, |i〉 = |f〉 = |k1...kn〉. This gives a
unitarity bound for every integer n ≥ 2,

2Im (〈i|T |i〉) =
∑

N

〈i|T †|q1...qN 〉〈q1...qN |T |i〉 ≥ |〈q1...qn|T |i〉|2 , (5.19)

so that the scattering amplitudes A2n (with momentum conserving delta function

removed) should satisfy the following relation

2Im A2n(kj ; kj) ≥
∫

d3q1
(2π)3N (q1)

· · · d3qn
(2π)3N (qn)

|A2n(kj; qj)|2

×
[

(2π)4δ

(

c2s
a2

(

∑

k2j −
∑

q2j

)

)

δ(3)
(

∑

kj −
∑

qj

)

]

.

(5.20)

The scattering amplitudes may be computed using standard Feynman diagrams

with the WKB form for the propagator for scattering over time intervals shorter

than ∆t≪ 1/Eback.
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4-point function: In the case of n = 2, the two-body phase space factor on the

right hand side of (5.20) can be evaluated simply in terms of a center of mass energy,
√
s, and scattering angle, θ, giving the well-known optical theorem for the 2-to-2

scattering amplitude A4(s, θ). For our dispersion relation ω2 = c2sk
2/a2, a partial

wave expansion yields the following bound for every ℓ ≥ 0,

∣

∣

∣
A4,ℓ(s)

∣

∣

∣
≤ 8π2 ω

k/a
AB = 8π2 (AB3)1/2 , (5.21)

with

A4,ℓ(s) =

∫ 1

−1

d cos θ Pℓ(cos θ)A4(s, θ) . (5.22)

Now consider a cubic operator of the form given in (5.3) with N +M + 2L = 3

(keeping in mind we are still dealing with an irrelevant operator, N + 2M + 4L >

4). Taking into account the proper normalization of the propagator, such a cubic

operator would lead to a contribution to the 4-point function scaling as (at fixed

angle)

A(cubic)
4 ∼ k4L−2ω2M

BΛ
2(N+2M+4L−4)
NML

∼ A2L−1

B2L

( √
s

ΛNML

)2(M+2L−1)

, (5.23)

(keeping in mind that N = 3−M − 2L). We have ignored any combinatoric factor

in this estimation since we are mainly after a scaling argument. However once a

particular amplitude is diagnosed as being potentially problematic the proper factors

will be included. Now applying the bound (5.21), we determine that perturbative

unitarity gets broken at the scale

√
s ∼ A

3−4L
4(M+2L−1)B

3+4L
4(M+2L−1)ΛNML , (5.24)

which is precisely the scale µNML inferred from the simple scaling argument in

(5.10) when N = 3 −M − 2L. When dealing with the contribution to the 2-to-2

scattering amplitude from the cubic vertex ϕ3, we see that the amplitude (5.23) is

dominated instead by IR effects and one should go beyond the tree-level amplitude

when Λ300 & (AB)3/4Eback, as deduced in (5.12).

Similarly, we can consider a quartic irrelevant operator of the form given in (5.3)

with N +M + 2L = 4 (N + 2M + 4L > 4) which would lead to a contribution to

the 4-point function going as (at fixed angle)

A(quartic)
4 ∼ k2LωM

ΛN+2M+4L−4
NML

∼ AL

BL

( √
s

ΛNML

)M+2L

. (5.25)
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From the perturbative unitarity bound (5.21) we see that such a quartic operator

would be responsible for breaking perturbative unitarity at the scale

√
s ∼ ΛNMLA

1−2L
2M+4LB

3−2L
2M+4L , (5.26)

which is again precisely the scale µNML derived in (5.10) for N = 4−M − 2L.

One obvious worry is that cancellations could occur for instance between different

cubic operators or between the contributions from A(cubic)
4 and A(quartic)

4 . If that were

the case, it would simply imply that a field redefinition could be performed to remove

such operators (or part of them). For a simple scalar field effective theory we are

dealing with this is fortunately relatively straight-forward to monitor and provided

we are not dealing with an unnecessarily complicated formulation of the effective

theory the strong coupling scale would indeed be given by the smallest of the scales

µNML provided in (5.10).

2n-point function: To complete the perturbative unitarity requirement as di-

rectly imposed from the optical theorem, we provide here the bounds from higher

n-point functions. In that case the n-body phase space factor is a complicated inte-

gral over several momenta and scattering angles, but those do not affect the overall

scaling of the bound and we obtain the following perturbative unitarity bound for

the 2n-point functions,

|A2n| . A(3−n)/2B3(n−1)/2s2−n , (5.27)

where we have ignored order one numerical factors. We can again compare this

bound with the strong coupling scale we would infer from an operator (5.3) with

N +M +2L = 2n and we see that we infer precisely the same scaling for the strong

coupling scale in terms of A and B as was found in (5.10).

5.1.3 Field Redefinitions and Redundant Operators

The previous arguments to deduce the strong coupling scale and the breaking of

perturbative unitarity implicitly assumed that any operator of the form (5.3) leads

to a contribution to the tree-level scattering amplitude. There are of course cases

where this assumption fails:

(i) it may be possible that the contribution of an operator to a scattering am-

plitude accidentally cancels at tree-level. If the cancellation only occurs at

tree-level but the operator still contributes to loops with an order of magni-

tude comparable to what is estimated in for instance (5.25) or (5.23), then the
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argument would remain unaffected as the loops will still lead to a violation of

perturbative unitarity (even though this may occur at higher order in the loop

expansion).

(ii) the contribution of an operator to any scattering amplitude may exactly cancel

(to all orders in loops). This would simply mean that this operator is actually

not present and in a single scalar field theory (where there are no gauge issues)

this can only happen if that operator is simply removable by integrations by

parts.

(iii) the particular contribution of an operator may not cancel by itself but may be

cancelled by the contributions of other operators. If this cancellation does not

occur for scattering amplitudes and to all orders in loops, then the previous ar-

guments on the breaking of perturbative unitarity is effectively unaffected. On

the other hand, if this set of operators was simply removable by an appropriate

field redefinition without leading to other new higher order operators, then in

practice these operators are redundant and superficial to the description of

any physics. In practice when constructing a scalar field effective theory we

ought to have removed all such redundancies in the first place.

Besides these special cases, the arguments presented here are robust in diagnosing

the potentially dangerous operators and applicable to any scalar field effective field

theory which carries operators of the form (5.3). Once a diagnosis has been estab-

lished, one can directly compute the amplitude with the appropriate combinatoric

factors to fully determine the fate of unitarity.

The (infinite set of) constraints (5.27) can prove rather restrictive, and potentially

invalidate the predictions of many models in which cs is small. However, hope is not

lost. Unitarity can potentially be restored by considering new irrelevant operators

that arise at a higher scale and regulate any small cs instability. For instance,

including the irrelevant operator (�ϕ)2/Λ2
c can prevent the gradient instability which

plagues single-field nonsingular bounces [Creminelli et al., 2006; Buchbinder et al.,

2007]. In the following section we explore the effects of such an irrelevant operator

on the above unitarity bounds, and demonstrate under what cases these effects may

be able to heal unitarity violations at leading order.

5.2 Higher Derivative Corrections

We now consider the inclusion of high energy effects that would naturally enter any

EFT. For concreteness, we can imagine that the next massive particle enters with
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a mass Λc, and integrating out such a massive particle leads to an operator of the

form (�ϕ)2/Λ2
c in the low-energy effective action for ϕ, so that our Lagrangian is

now

S =

∫

dtd3x
a3

2

[

Aϕ̇2 − B

a2
(∂iϕ)

2 +
1

Λ2
c

(�ϕ)2
]

+
∑

N,M,L

SNML , (5.28)

where the interactions SNLM are defined in (5.3). In general we would expect the

scale Λc to also be background dependent, and hence to carry a time dependence

within this cosmological setup. Within the WKB approximation (keeping in mind

that we interested in energy scales much smaller than Λc) we shall ignore any possible

time dependence of Λc for the rest of the chapter.

5.2.1 Modified Dispersion Relation

At first sight, the inclusion of the operator (�ϕ)2/Λ2
c , suppressed by the large scale

Λc, would appear to have a negligible effect on the theory. Furthermore if it does

have an effect, one would worry that it would be necessary to include the infinite

number of higher order operators that enter at the scale Λc, such as (ϕ�n+2ϕ)/Λ2+2n
c .

However, in the cases we shall consider in Chapter 9, the sound speed cs becomes

very small, even passing through zero. The inclusion of the operator (�ϕ)2/Λ2
c then

creates a large correction (relative to the vanishing leading order terms), which must

be included, while at the same time higher order operators like (ϕ�n+2ϕ)/Λ2+2n
c

remain negligible. To see how this works, we note that on including the irrelevant

operator (�ϕ)2/Λ2
c to the scalar effective theory, the quadratic action for ϕ is then

S(2) =

∫

d4x
a3

2

(

Aϕ̇2 − B (∂iϕ)
2

a2
−m2ϕ2 +

1

Λ2
c

(

ϕ̈− ∂2i ϕ

a2

)2
)

(5.29)

where A,B andm are determined by the background behaviour and we will continue

to use the notation c2s = B/A. The expression for the function F that provides the

equation for the dispersion relation in (5.18) is then promoted to

F = Aω2 − Bk
2

a2
− 1

Λ2
c

(

ω2 − k2

a2

)2

= 0 , (5.30)

where we work with modes well above the background, so the mass term is safely

ignored in this expression. This can be solved as

ω2(k) = c2s
k2

a2
+

(A−B)2

A3

k4

a4Λ2
c

+O
(

k6/Λ4
c

)

. (5.31)
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In general the first term dominates in the naive region of validity of the EFT k/a≪
Λc. However, in cases where c2s could become very small, the second term then

regulates any instability that may occur, while the higher order correctionsO(k6/Λ4
c)

remain small in comparison.

In addition to the dispersion relation (5.31), there is a second solution which

would be the Ostrogradski ghost mode

ω2
ghost ∼ AΛ2

c

(

1 +O
(

k2

Λ2
c

))

. (5.32)

These non-unitary degrees of freedom must be excluded from the EFT, and since

they enter at an energy scale
√
AΛc, this sets the maximal value of the energy cutoff

of the theory on this background,

Λcutoff ≤ Λ′
c =
√
AΛc . (5.33)

In addition to Λcutoff , it will be useful in what follows to introduce the scale µc which

is the energy scale at which the dispersion relation transitions from the leading

ω = csk, to a form dominated by the operator (�ϕ)2/Λ2
c ,

µc = c2s
A3/2

(A−B)
Λc . (5.34)

Due to the background redressing, µc may differ significantly from the scale Λc

and from the cutoff of the theory. For instance if we were in a situation where

B ≪ 1≪ A then µc ∼ B/
√
AΛc ≪ Λc ≪ Λ′

c. In practice, the situations where the

irrelevant operator has an effect on the dispersion relation arises because the speed

of sound c2s = B/A is small, which implies that B ≪ A. In what follows we shall

slightly simplify the notation by making that assumption and hence write,

µc ∼ c2s
√
AΛc =

B√
A
Λc . (5.35)

From the quadratic action (5.29) (or the dispersion relation (5.31)), it is clear that

when considering modes k/a ≫ µc/cs – or equivalently when looking at energy

scales ω ≫ µc – the irrelevant operator takes over from the standard gradient term.

There are now therefore two different regimes to consider when checking perturbative

unitarity of the theory.

Intermediate energy modes, E2
back ≪ s ≪ µ2

c: For modes with energy well

below the scale µc (but yet well above any of the background scales) the Λc effects

are irrelevant and we can perform the analysis in the same way as we did in the
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previous section in the absence of the irrelevant operator (�ϕ)2/Λ2
c . We can therefore

infer that:

• If any of the energy scales µNML derived in (5.10) happened to be smaller than

the energy scale µc, then the smallest of those scales would be the maximal

value of the strong coupling scale and perturbative unitarity would break down

at that scale.

• If on the other hand all the energy scales µNML derived in (5.10) are larger

than µc then higher energy effects (which are still below the cutoff) ought to

be taken into account to properly diagnose the scale of perturbative unitarity

breaking and the scales computed in (5.10) should then be ignored.

High energy modes, µ2
c ≪ s ≪ Λ2

cutoff : For the high energy modes, µ2
c ≪

s ≪ Λ2
cutoff as we have seen already at the quadratic level, the irrelevant operator

k4ϕ2/Λ2
c takes over from the standard gradient term. At those energy scales, the

second contribution in (5.31) dominates the dispersion relation which hence becomes

ω ∼ 1

A1/2Λc

k2

a2
∼ c2s
µc

k2

a2
, (5.36)

and the scaling performed in section (5.1) should be re-investigated.

5.2.2 Operator Scales

Considering the operator (∂2i ϕ)
2/Λ2

c rather than the subdominant gradient term

B(∂iϕ)
2, the appropriate rescaling would then correspond to substituting B by

(k/aΛc)
2 ∼ (As/Λ2

c)
1/2. This is a slight abuse of notation, however when work-

ing in the WKB regime, such a rescaling can be justified. This means that an

operator of the form (5.3) (with N +2M +4L > 4) preserves perturbative unitarity

so long as the energy
√
s satisfies

µc .
√
s≪ AnA

(

As

Λ2
c

)nB/2

ΛNML , (5.37)

where the powers nA and nB are given in (5.11). If nB < 1 (N + 5M + 6L > 10),

this implies unitarity is broken above the energy

√
s ∼ A

N+M−2L+6
2(N+5M+6L−10)

(

ΛNML

Λc

)
4(N+2M+4L−4)
N+5M+6L−10

Λc for N + 5M + 6L > 10 . (5.38)
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On the other hand for nB ≥ 1, the bound (5.37) is always satisfied so long as it is

satisfied at s = µ2
c , i.e. so long as

ΛNML ≫ A− 2N+3M+6L−4
2(N+2M+4L−4)B

7N+11M+11L−22
4(N+2M+4L−4) Λc for N + 5M + 6L ≤ 10 , (5.39)

(and for N + 2M + 4L > 4). For the relevant and marginal operators ϕ3 and ϕ4,

this distinction between intermediate and low energy modes is unimportant and we

can follow the discussion of equations (5.12-5.13).

5.2.3 Perturbative Unitarity Bounds

The above argument required a perhaps dubious scaling which depended on mo-

menta. For a more rigorous treatment, one can instead directly compute the bounds

imposed by the optical theorem in the presence of the irrelevant operator and then

estimate the 2n point functions without the need of ever performing the rescaling

of the coordinates. Just as in Section 5.1.2, both methods give the same result.

When including the irrelevant operator, first notice that the correct normaliza-

tion of the field in (5.14) is still given by N = ∂F
∂ω

as in the first equality of (5.17)

but where the function F is now given by (5.30) and where the dispersion relation

ω = 1
A1/2Λc

k2

a2
, hence leading to

N =
∂F

∂ω
=

2

A5/2Λc

k2

a2
. (5.40)

This change of normalization N affects the momenta integrals in (5.20) which in

turns affects the bounds provided by the optical theorem. Taking these effects into

account, the perturbative unitarity bound from the 2n-point functions (5.27) now

becomes

|A2n| . A(n+3)/4

(√
s

Λc

)

3(n−1)
2

s2−n , (5.41)

again up to numerical factors that have been ignored.

Now if we consider the effect of an operator given in (5.3), with N+M+2L = 2n

and N + 2M + 4L > 4, it will lead to a contribution to the 2n-point function going

as

ANML ∼
k2LωM

ΛN+2M+4L−4
NML

∼ AL/2
ΛLc s

(M+L)/2

ΛM+2L+2n−4
NML

. (5.42)
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Of course this is only one contribution to that amplitude, and this does not account

for the very special case where this contribution happens to be precisely cancelled

that from another operator. This would mean that these two (or more) operators

are removable by field redefinition, as discussed in Section 5.1.3. This requires a

very precise tuning between these operators and simply means that the original

formulation of the theory was unnecessarily complicated. We deal with this here

by defining the relevant scale ΛNML after all the appropriate and relevant field

redefinitions have been performed. We have also ignored any combinatoric factors

that ought to be included when computing the amplitude, just like we have ignored

for now any factorial that enters in the definition of the operator (5.3) but those can

easily be accounted for once we have diagnosed the potentially dangerous operators

and amplitudes.

Then from (5.41), the contribution to amplitude (5.42) would diagnose a violation

of tree-level unitarity at the energy scale

√
s ∼ A

3−2L+2n
2(−5+2L+2M+n)

(

ΛNML

Λc

)
2(−4+2L+M+2n)
−5+2L+2M+n

Λc , (5.43)

for N + 2M + 2L > 5 (or N + 5M + 6L > 10), which is precisely the scale inferred

from the simple scaling argument in (5.38) when using N + M + 2L = 2n. For

operators with N +5M +6L ≤ 10 on the other hand, they respect unitarity so long

as they satisfy the same bound as that derived in (5.39).

Summary of Chapter 5

On a time-dependent background, the speed of sound of scalar fluctuations may

differ from unity—Lorentz invariance is spontaneously broken. As a result, the usual

optical theorem is replaced by (5.27), and demanding that the EFT is perturbatively

unitary results in a constraint on the different operator scales.

To illustrate this, we focussed on a scalar field EFT of the form,

S =

∫

d4x a3

(

A

2
ϕ̇2 − B

2

(∂iϕ)
2

a2
− 1

2
Am2ϕ2 +

∑

N,M,L≥0
N+M+2L≥3

ϕN ϕ̇M(∂iϕ)
2L

ΛN+2M+4L−4
NML a2L

+
(�ϕ)2

2Λ2
c

)

,

(5.44)

where A,B,m and the scales ΛNML are all functions of time and depend on the

precise theory one is dealing with. The scales ΛNML are the relevant scales of the

theory on the cosmological background after all the relevant field redefinitions have

been performed and typically ΛNML ≪ AΛc. We denote by Eback the scale of

the background, and work in the WKB regime where the frequency of the scattering
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quanta is much faster than Eback,m, or any time-dependence of the EFT coefficients.

Perturbative unitarity requires the following conditions on the scale of the different

irrelevant operators:

1. For any irrelevant operator,

A
− N+M+6L−6

4(N+2M+4L−4)B
3N+3M+10L−6
4(N+2M+4L−4)ΛNML ≫ µc ∼

B√
A
Λc (5.45)

2. For all irrelevant operators with N + 5M + 6L > 10,

A
N+M−2L+6

2(N+5M+6L−10)

(

ΛNML

Λc

)
4(N+2M+4L−4)
N+5M+6L−10

Λc ≫ Eback (5.46)

3. For all the irrelevant operators with N + 5M + 6L ≤ 10,

A
2N+3M+6L−4
2(N+2M+4L−4)B− 7N+11M+11L−22

4(N+2M+4L−4) ΛNML ≫ Λc . (5.47)

The strong coupling scale is designated by

Λs = MinN,M,L

(

A
N+M−2L+6

2(N+5M+6L−10)

(

ΛNML

Λc

)
4(N+2M+4L−4)
N+5M+6L−10

)

Λc , (5.48)

where the minimum is taken over all the N,M,L which satisfy N + 5M + 6L > 10

and where we have implicitly assumed that Eback & µc ∼ B/
√
AΛc and the second

condition (5.45) is satisfied. If Eback . µc, the last two requirements would be

irrelevant and the right hand side of (5.45) would simply be Eback instead of µc and

the strong coupling scale of interest would be instead given by the left hand side of

(5.45). These conditions should be taken as diagnosis: should any be violated, one

must go back and compute the explicit scattering amplitudes with all order one and

combinatoric factors to ensure that perturbative unitarity is truly violated.

When it comes to the relevant and marginal operators, since those operators are

renormalizable, one can in principle deal with those in the strong coupling regime.

Remaining in the perturbative regime requires

µ300 =
Λ300

(AB)3/4
. Eback and µ400 =

λ

(AB3)1/2
. O (16π) , (5.49)

(where λ is the coupling constant that enters for the ϕ4 operator), however we em-

phasize that breaking this bound (5.49) does not directly imply breaking of unitarity,

but rather that loops from these operators ought to be considered.
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These bounds are applicable to any scalar field on a time-dependent background.

In particular, in Part II we will use these perturbative unitarity bounds to constrain

nonsingular bouncing cosmologies (Chapter 9).
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Interlude

The Effective Field Theory (EFT) framework requires either accurate experimental

data (bottom-up) or an explicit UV completion (top-down) in order to fix its coeffi-

cient and become predictive. Näıvely, this seems to spell doom for modelling many

natural phenomena—not least of all in quantum gravity and cosmology—which are

all but impossible to accurately measure and are known to be non-renormalizable,

resisting our best attempts at UV completion.

However, in Part I of this thesis we have explored the consequences of some

very general properties of the UV—namely the S-matrix axioms of locality, causal-

ity (analyticity), unitarity and crossing. Instead of committing to a particular UV

completion, one remains agnostic about what degrees of freedom govern the very

small scale Universe, demanding only that it is consistent with a Wilsonian QFT

description. This translates into numerous conditions which the EFT coefficients

must satisfy. If one is trying to build a Wilsonian picture of some phenomenon,

then these constraints can be used to guide one’s efforts. Alternatively, if one can

measure some of the coefficients at low energies, these bounds allow one to an-

swer fundamental questions like: “could this system be the result of a Wilsonian

renormalization group flow from a UV fixed point”?

These new bounds can be applied to any Effective Field Theory with a suitable

analytic structure. They therefore have potential applications to a huge range of

different fields—from condensed matter, to particle physics, to hydrodynamics, to

name but a few areas in which the EFT framework applies. In particular, constraints

from the UV turn out to be particularly powerful in the context of cosmology. The

reason for this is two-fold:

(i) Many cosmological phenomena are captured by simple EFTs, dominated by

very few active degrees of freedom, leading to bounds which straightforwardly

restrict a small number of EFT coefficients,

(ii) Cosmology can let us sample a field theory in widely different energy regimes—

from the high scales of inflation all the way down to the small cosmological con-

stant of the present day—always underpinned by the extremely large Planck

mass. While the UV completion (quantum gravity) is completely unknown,
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the numerous large scale separations allow for the construction of many diverse

EFTs.

In the following Part II, a number of illustrative applications will be presented,

demonstrating the ability of our positivity constraints to restrict the available pa-

rameter and make EFTs more predictive. A summary of the results can be found

in Table 11.1.
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Part II

Applying EFT Constraints
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Chapter 6. Scalar Fields 6.1. Galileon

Low-energy effective field theories of scalar fields are part and parcel of cosmological

model building. They are a near essential ingredient in inflationary theories, and

form the basis of most theories of, or alternatives to, dark energy. In many pro-

posed models, the scalar is an assumed low energy field in an otherwise unknown

high energy (UV) completion. In the absence of explicit UV guidance, effective field

theories can be constructed according to the standard principle that every operator

consistent with the underlying symmetries and field content is included in the La-

grangian. The form of the scalar low-energy effective field theory is then significantly

controlled by the assumed symmetry, be it exact or approximate.

A special class of such EFT are the Galileon models [Nicolis and Rattazzi, 2004;

Nicolis et al., 2009] where the assumed global symmetry for the scalar field π is

the spacetime dependent transformation π → π + c + vµx
µ. At leading order in

derivatives, there is a unique cubic and a unique quartic operator which respect

this symmetry, with coefficients g3 and g4 defined in equation (6.14). The positivity

bounds developed in Chapter 2 give,

Positivity =⇒ 4g4 < 3g23 or Λ2
th < 2m27g

2
3 − 8g4

4g4 − 3g23

where Λth is an upper bound on the cutoff of the EFT, at which the effects of

new physics must enter to preserve analyticity. Interestingly, this is complementary

to the constraint coming from solar system tests. For instance, if we demand the

existence of a working Vainshtein mechanism to screen fifth forces,

Solar System Tests =⇒ g3 > −
√
g4, g4 ≥ 0.

At leading order, we show that the Generalized Galileon, and indeed any single

scalar EFT, can be rewritten as simply P (X) plus a Galileon. These bounds are

therefore widely application to all manner of scalar systems.

These bounds were first derived in [Melville et al., i] and [Melville et al., ii].

6.1 Galileon

When constructing scalar field theories, conventional wisdom often restricts one to

operators with at most single time derivatives, i.e. (∂π)2n. This guarantees that

the equations of motion are at most second order in time derivatives—solutions

require two initial conditions—and therefore the field carries the correct number

of degrees of freedom. However, it is now known that some theories with higher
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derivative operators can still possess second order equations of motion1. For a single

scalar field, these higher derivative terms are known as the Galileon interactions

[Nicolis et al., 2009]. They are the unique higher derivative operators in a single

scalar field, π, which evade the Ostrogradski ghost through a special antisymmetric

structure—which can also be understood as an enhanced shift symmetry,

π → π + c+ vµx
µ. (6.1)

Theories of this type were first discovered in the context of massive gravity theories,

originally in the Dvali-Gabadadze-Porrati model [Dvali et al., 2000], where π de-

scribes the degree of freedom associated with the helicity zero mode of the massive

graviton [Luty et al., 2003]. The covariantized version of these terms are the most

general second-order ghost-free scalar-tensor theory in four dimensions [Horndeski,

1974], and so provide a natural candidate for modifying gravity via the addition of

a single degree of freedom [Nicolis et al., 2009].

Existence of UV Completion: The Galileon is no stranger to positivity bounds.

In fact, the fateful coefficient of s2 in the four-point scattering amplitude is found to

be identically zero [Adams et al., 2006]—this unusual behaviour of the amplitude is

a consequence of the special soft scaling due to the Galileon symmetry (6.1) [Cheung

et al., 2015, 2016]. Consequently, the lowest order forward limit positivity bounds

seem to suggest that the Galileon has no standard UV completion. While it would

not necessarily be fatal if the Galileon did not possess a standard Wilsonian UV

completion2, it would be the first known example of such a theory departing from a

Wilsonian framework with clearly observable consequences.

However, (6.1) also forbids a mass gap, and so applying the positivity bounds

directly relies on a subtle procedure: introducing a mass as an IR regulator and

sending m → 0 at the end of the calculation. The status of bounds on gapless

theories is much less understood [Bellazzini et al., 2016].

Massive Galileon: Fortunately, the situation is much clearer when one considers

a massive Galileon theory. In fact, it is the massive Galileon which is more naturally

embedded in interacting spin-2 theories such as Λ3 massive gravity [de Rham, 2010;

de Rham and Gabadadze, 2010a; de Rham et al., 2011]—in which it corresponds to

the helicity-0 component of the massive graviton (we will return to massive gravity

1due to a symmetry, such as in the Galileons, or to a degeneracy between multiple degrees of freedom
[de Rham and Matas, 2016].

2there are several proposed alternatives for its UV regime [Dvali et al., 2011a; Dvali and Pirtskhalava,
2011; Dvali, 2011; Dvali et al., 2011b; Vikman, 2013; Kovner and Lublinsky, 2012; Keltner and
Tolley, 2015] which may be equally cosmologically relevant (they allow for a Vainshtein screening
mechanism, for example).
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in Chapter 8).

Despite näıvely breaking the Galileon symmetry, a mass term leaves intact the

Galileon non-renormalization theorem [Burrage et al., 2012]. This ensures that no

additional operators violating the Galileon symmetry are generated at any order in

loops by the presence of a mass term. This allows the construction of a Galileon

EFT in which a mass gap allows straightforward application of the positivity bounds

required for an analytic Lorentz invariant UV completion.

Section Outline: We begin in Section 6.1.1 by deriving the Galileon operators

from the condition of ghost-freedom at all energy scales, and proving their non-

renormalization theorem. This allows us to construct a Galileon invariant EFT in

Section 6.1.2, to which we apply constraints from positivity, unitarity and a working

Vainshtein mechanism in Section 6.1.2.1, show that cosmologically viable UV com-

pletions may indeed exist if the higher derivative terms are chosen appropriately in

Section 6.1.2.2, and present a toy UV completion in Section 6.1.2.3 for a trivially

Galileon invariant theory (of (∂∂π)n operators) to discuss some qualitative lessons

which can be learned about the UV structure of such higher derivative theories.

Finally, in Section 6.1.3 we discuss what further restrictions apply if the massive

Galileon is to admit a weakly coupled UV completion.

6.1.1 The Galileon Operators

Under the Galileon shift symmetry (6.1), there are two kinds of operators which

are invariant. The first are trivially invariant, and can be written as polynomials

in (∂∂π)—these do not change under the shift. The second kind is a Wess-Zumino

term3, which transforms only by a total derivative under the shift. In four dimen-

sions, the only operators of this latter type are [Nicolis et al., 2009],

π, π∂µ∂
µπ, π ∂[µ1∂

µ1π ∂µ2]∂
µ2π, (6.2)

π ∂[µ1∂
µ1π ∂µ2∂

µ2π∂µ3]∂
µ3π, π ∂[µ1∂

µ1π ∂µ2∂
µ2π ∂µ3∂

µ3π ∂µ4]∂
µ4π.

By performing an explicit degree of freedom (dof) count, we shall demonstrate that

these higher derivative terms evade the Ostrogradski theorem and are ghost-free.

Further, we shall show that they are not renormalized by quantum corrections (a

familiar property of Wess-Zumino terms), and that this protection persists even in

the presence of a mass term.

3this name originates from the geometric interpretation of the Galileons as Goldstone bosons
for spontaneously broken space-time symmetries [Goon et al., 2012]—coordinates on the coset
Gal(3 + 1, 1)/ISO(3, 1) [Creminelli et al., 2015], a contraction of the conformal SO(4, 2)/ISO(3, 1)
[Kamimura and Onda, 2013].
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6.1.1.1 Ghost-Freedom

There are many (equivalent) methods of demonstrating ghost freedom. The full

Hamiltonian analysis for the Galileon operators can be found in [Langlois and Noui,

2016]. We will consider a simpler approach, which uses the rank of the kinetic

Hessian matrix to determine the number of propagating degrees of freedom.

Hessian rank: To see how the Hessian rank condition works, let’s first consider

a toy example in 0 + 1 dimensions. For a single scalar field, π, coupled to n matter

fields qi, we might consider a theory,

L =
1

2
aπ̈2 +

1

2
k0π̇

2 +
1

2
kij q̇

iq̇j − V (π, q) (6.3)

where kij is a non-degenerate kinetic matrix. If we define a second canonical variable,

Q = π̇, we can write this as,

L =
1

2
aQ̇2 +

1

2
k0π̇

2 +
1

2
kij q̇

iq̇j − V (π, q)− λ(Q− π̇) (6.4)

where λ is a Lagrange multiplier. Then the Hessian, ∂2L/∂ẊI∂ẊJ , can be written,







a 0 0

0 k0 0

0 0 kij






. (6.5)

If the determinant of this matrix is not zero, then it can be inverted, allowing us to

solve for Q̇ = π̈ in terms of first order quantities, which will require 2(n+ 2) initial

conditions (for λ, π,Q, Q̇, qi, q̇i) [Langlois and Noui, 2016]. This demonstrates that

there are secretly n + 2 dof in this theory—one of which is the Ostrogradski ghost.

Put another way: in order to remove the extra dof, the rank of this matrix must be

n + 1 (the desired number of propagating dof). This requires4 setting a = 0.

Hessian ghost-free condition: Now, consider a relativistic d dimensional theory.

For a single scalar field on flat space, we can ask about the higher derivative addition,

L = Cµν,ρσ ∂µ∂νπ ∂ρ∂σπ . (6.6)

The function Cµν,ρσ(π, ∂π) should be a Lorentz tensor, and have the symmetries

Cµν,ρσ = Cνµ,ρσ = Cρσ,µν . (6.7)

4without the potential, k0 = 0 may also be an option—however in terms of Q the action is then a
nonlocal function of integrals of π.
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The most general such Cµν,ρσ is of the form,

Cµν,ρσ(π,A) =
1

2
α1η

µ(ρησ)ν + α2η
µνηρσ +

1

2
α3 (A

µAνηρσ + ηµνAρAσ)

+
1

4
α4

(

AµA(ρησ)ν + ηµ(ρAσ)Aν
)

+ α5A
µAνAρAσ, (6.8)

where Aµ := ∂µπ, we symmetrize without weighting, A(µν) = Aµν + Aνµ, and the

five αi are independent scalar functions of π and (∂π)2. Now if we treat Aµ as a

second canonical variable, we can write an equivalent expression,

L = Cµν,ρσ∂µAν∂ρAσ − λµ (∂µπ −Aµ) (6.9)

where λµ is a Lagrange multiplier. Note that ∂µAν = ∂νAµ allows us to rewrite

Ȧi = ∂iA0, so the only troublesome kinetic terms are those in Ȧ0,

L ⊃ C00,00Ȧ2
0 =

[

α1 + α2 − (α3 + α4)A
2
0 + α5A

4
0

]

Ȧ2
0 (6.10)

In order to ensure that we reduce the rank of Hessian by one, we therefore require

α1 = −α2, α3 = −α4, α5 = 0, (6.11)

which gives,

L = α1 ∂[µ1∂
ν1π ∂µ2]∂

ν2π + α3 ∂
µπ ∂νπ ∂µ∂[νπ ∂ρ]∂

ρπ, (6.12)

as the most general ghost-free interactions containing (∂∂π)2 for a single scalar field.

Galileon operators: Of course, these represent irrelevant operators, and so di-

mensionally they must enter the action suppressed by some scale, Λ. In particular,

if we expand to quartic order in π,

α1 =
g3
3!Λ3

π, α3 = −
2g4
4!Λ6

(6.13)

where Λ is a scale introduced to make the gi dimensionless, this gives the Lagrangian,

LGal. =
g3
3!Λ3

π ∂[µ1∂
ν1π ∂µ2]∂

ν2π +
g4
4!Λ6

π ∂[µ1∂
ν1π ∂µ2∂

ν2π∂µ3]∂
ν3π (6.14)

which clearly does not contain any quadratic terms in π̈. These are the leading order

Galileon operators which we shall consider in this Section. We will turn to arbitrary

functions α1(π, (∂π)
2) and α3(π, (∂π)

2) in Section 6.2.
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6.1.1.2 Non-Renormalization Theorem

In order to derive the positivity bounds in Part I, we assumed the existence of a

mass gap—this guaranteed the Froissart-Martin bound on the high energy growth

of the four-point amplitude. While including a mass term would seem to break the

Galileon symmetry (6.1), we will now show that this soft symmetry breaking affects

only the propagators, and does not generate any non-Galileon-invariant operators

into the EFT.

Massive Galileon Effective Field Theory: Consider the Lagrangian for a mas-

sive Galileon in four flat spacetime dimensions,

LmGal[π] = LGal[π]−
1

2
m2π2

=

5
∑

n=2

gn
n!Λ3(n−2)

πΠµ1
[µ1
· · ·Πµn−1

µn−1]
− 1

2
m2π2 (6.15)

= −1
2
(∂π)2 − 1

2
m2π2 +

g3
3!Λ3

π
[

[Π]2 − [Π2]
]

+
g4
4!Λ6

π
[

[Π]3 − 3[Π][Π2] + 2[Π3]
]

+ . . . ,

where we have used the notation Πµν = ∂µ∂νπ, square brackets represent the trace

of a tensor, and antisymmetrization is defined without weighting, e.g. A[µν] =

Aµν − Aνµ. It is convenient to use the standard canonical normalization for the

scalar field g2 = 1/2. The dimensionless coefficient g3 (or g4) could be absorbed in

the definition of Λ but we keep it separate for later convenience. These are all of

the operators which contribute to the 2→ 2 amplitude at order 1/Λ6.

Wilsonian Action: When viewed as an effective field theory, the Galileon must

be supplemented by an infinite number of higher derivative operators which also

respect the Galileon symmetry. As a result, the full Wilsonian action for this massive

Galileon EFT SW [π] is then,

SW [π] =

∫

d4x
(

LmGal[π] + Lh.d.(∂
2π, ∂3π, ∂4π, . . . )

)

, (6.16)

where Lh.d. is a scalar function constructed from all the possible tensor combinations

of two or more derivatives acting on the field. The precise form of Lh.d. depends

strongly on the renormalization scheme employed to compute loops since these op-

erators are expected to receive order unity renormalizations5.

5One may define SW in the Euclidean as the effective action arising from integrating out the trees
and loops of the heavy fields (for all momenta) and low energy field π (for momenta above the scale
Λth). The cutoff for the remaining light loop integrals is Λth. However, a more practical definition
is to define SW as the Wilsonian action for which the remaining π loops can be computed in
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Stated differently, the massive Galileon may be defined as any effective field

theory for which the action transforms under the transformation π → π + c+ vµx
µ

as

δc,vSW = −
∫

d4xm2π (c+ vµx
µ) . (6.17)

The massive Galileon has several important properties that put it on the same

footing as its massless counterpart6:

1. Quantum corrections preserve the Galileon symmetry (provided that the Galileon

couples to all other fields through Galileon invariant interactions),

2. Quantum corrections do not renormalize the coefficients of the Wess-Zumino

Galileon operators in LmGal, gn, nor the mass scale m.

To demonstrate this, it is simplest to consider the expression for the one-particle

irreducible effective action Γ[π], (see [Burrage et al., 2012]),

exp

[

i

~
Γ[π]

]

=

∫

Dπ′ exp

[

i

~
SW [π′]− i

~

δΓ[π]

δπ
(π′ − π)

]

. (6.18)

The 1PI effective action can be split into its classical and quantum parts,

Γ[π] = SW [π] + ~Γq[π], (6.19)

and performing a similar split in the integration measure of the path integral π′ =

π +
√
~χ we then have

exp iΓq[π] =

∫

Dχ exp

[

iF [π, χ]− i
√
~
δΓq[π]

δπ
χ

]

, (6.20)

where

F [π, χ] =

∞
∑

n=2

~
(n−2)/2 1

n!

δnSW [π]

δπn
χn . (6.21)

As is well known the path integral may be evaluated to determine Γq[π] as an

expansion in powers of ~. The key observation is that although the addition of

a mass term to SW breaks the Galilean symmetry of SW , it nevertheless leaves

invariant δn

δπnSW [π] for n ≥ 2. This is manifest since

δ2

δπ(x)δπ(y)
SW [π] =

δ2

δπ(x)δπ(y)
(SGalileon[π] + Sh.d.[π])−m2δ4(x− y) , (6.22)

dimensional regularization. There is no loss of generality since the terms discarded in dimensional
regularization are precisely local operators already included in Lh.d.

6For a recent discussion on non-renormalization theorems of this type see [Goon et al., 2016].
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and for all higher functional derivatives the mass term does not enter, e.g.

δ3

δπ(x)δπ(y)δπ(z)
SW [π] =

δ3

δπ(x)δπ(y)δπ(z)
(SGalileon[π] + Sh.d.[π]) . (6.23)

We may thus conclude that F [π] and hence Γq[π] is manifestly Galileon invariant

F [π] = F [π + c+ vµx
µ] =⇒ Γq[π] = Γq[π + c + vµx

µ] . (6.24)

This argument is easily generalized to include the Galileon interacting with other

fields, provided that the interactions to the other fields are themselves manifestly

invariant under the Galileon symmetry.

The second part of the non-renormalization theorem states that neither the

Galileon operators SGal nor the mass term are renormalized by quantum correc-

tions [Luty et al., 2003; Nicolis and Rattazzi, 2004]. This follows simply from the

observation that δ2

δπ(x)δπ(y)
SW [π] and all higher derivatives depend on π only in the

combination of functions of Πµν and its derivatives. For instance, for the leading

massive Galileon operators

δ2SmGal[π]

δπ(x)δπ(y)
=

[

�−m2 +

5
∑

n=3

gn
(n− 2)!Λ3(n−2)

Πµ1
[µ1
· · ·Πµn−3

µn−3
∂µn−2∂µn−2]

]

δ4(x− y) ,

(6.25)

are explicitly only dependent on π through powers of the invariant combination Πµν .

Similarly since Sh.d. itself only depends on functions of Πµν and its derivatives then

the same clearly holds for all functional derivatives with respect to π. This implies

that the local counter terms generated in Γq[π] will contain only local functions of

Πµν and its derivatives. However, SmGal[π] contains a dependence on π through

fewer than two derivatives. Thus no local counter-term generated in Γq[π] can

renormalize SmGal[π], although they will renormalize Sh.d.[π] which is precisely why

the latter terms are included. Once again, the addition of a mass term does not

affect this property since the mass only arises as a constant, π independent term in
δ2

δπ(x)δπ(y)
SW [π].

Mass Parameter and Pole of the Propagator: A clear product of these results

is that “mass” of the Galileon defined as the non-derivative coefficient of π2 term in

Γ[π], i.e.

m2 = −
[∫

d4xeik.xδ2Γ/δπ(x)δπ(0)

]

π=0,k=0

,

will also receive no quantum corrections. However the physical mass, defined as the

pole of the propagator will receive finite quantum corrections from higher derivative

terms. These occur because loops can generate terms in Γq[π] of the Galileon invari-
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ant form π�1+nπ/Λ2n (with n ≥ 1) which will shift the physical pole mphys away

from m,

m2
phys = m2

(

1 +
∞
∑

n=1

dn
m2n

Λ2n

)

. (6.26)

A small Galileon mass is technically natural as long as m≪ Λ, which is a manifes-

tation of the t’Hooft naturalness argument.

In practice however, when computing the scattering matrix, it is always possible

to ignore higher derivative contributions in SW to the quadratic action

∆SW =

∫

d4x

∞
∑

n=1

fn
π�1+nπ

Λ2n
, (6.27)

the reason being that all such terms can be removed by a field redefinition of the

form

π → π +
∞
∑

n=0

f ′
n

�n

Λ2n
π , (6.28)

that has the virtue of preserving the Galileon symmetry. The field redefinition will

have the affect of adjusting the coefficients in the Galileon invariant interactions and

we can take the point of view that this has already been done from the outset.

6.1.2 Tree Level Bounds

6.1.2.1 Leading Order EFT

Now let us apply positivity bounds to the tree level 2-to-2 scattering amplitude of

the massive Galileon. To leading order O(1/Λ6), the 2-to-2 scattering amplitude for

the massive Galileon (6.15) in the center of mass frame is given by

A(s, t) = As + At + Au + A4 , (6.29)

with

AX =
g23X

2 (X − 4m2)
2

16Λ6 (m2 −X)
, and A4 = g4

stu

4Λ6
. (6.30)

The pole subtracted amplitude is then

B(s, t) = a00 + a10x+ a01y, (6.31)

which depends on {s, t, u} via the crossing symmetric combinations,

x = − (s̄t̄+ t̄ū+ ūs̄) , y = −s̄t̄ū (6.32)
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where the bar denotes ā = a− 4m2/3, with coefficients,

a00 =
m6

Λ6

[

16g4
27
− 295g23

144

]

, a10 =
m2

Λ6

[

−g4
3
+

3g23
8

]

, a01 =
1

Λ6

[

−g4
4

+
3g23
16

]

.

(6.33)

Significantly, for order unity g3 and g4, we see that a10 ∼ m2

Λ2 a01. This is related to

the fact that the massless Galileon has enhanced soft behaviour due to the Galileon

symmetry [Cheung et al., 2015, 2016], as in the limit m→ 0 we need a10 to vanish.

Note that our leading order EFT (6.15) gives a scattering amplitude truncated

at sixth order in energy, and so from the results of [Adams et al., 2006] and [Melville

et al., i] we have two independent positivity bounds,

Y
(0)
2 : a10 + a01t̄ > 0 (6.34)

Y
(1)
3 : a01 +

3

2Λ2
th

(a10 + a01t̄) > 0 , (6.35)

where as described in Chapter 4, Λth is the threshold scale at which new physics

must necessarily enter to restore analyticity and unitarity (since we are dealing with

the tree-level amplitude). For the massive Galileon EFT to make sense at all, Λ2
th

should lie above the scale 4m2 and ideally around or above the scale Λ2.

We can distinguish between 3 different scenarios, depending on the ratio g4/g
2
3,

1. If g4/g
2
3 ≤ 3/4, then both bounds (6.34, 6.35) are satisfied for any value of

0 ≤ t < 4m2, and without any restriction neither on Λth, nor on the mass (this

implies that the Galileon mass can be taken to be arbitrarily small, without

violation of these bounds).

2. For 3/4 < g4/g
2
3 ≤ 7/8, analyticity imposes the following upper bound on

Λth,

Λ2
th < 4m2

7
8
− g4

g23
g4
g23
− 3

4

. (6.36)

Interestingly the strongest form of this bound arises not in the forward scat-

tering limit t → 0, but rather in the opposite limit t → 4m2 and the above

upper bound corresponds to t = 4m2. This illustrates the power of extending

the constraints beyond the forward scattering limit.

3. For g4/g
2
3 > 7/8, the Galileon model can enjoy no local, analytic and Lorentz

invariant UV completion.
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The allowed region of parameter space is shown in Figure 6.1. Even though the

ratio g4/g
2
3 can in theory be larger than 3/4, since the EFT only makes sense if Λ2

th

is parametrically larger than m2, in practice g4/g
2
3 must lie . 3/4.

Figure 6.1: Summary of constraints imposed on cubic (g3) and quartic (g4) Galileon
coefficients to respect (i) the existence of a hypothetical local, analytic UV com-
pletion, (ii) a cutoff which is above the Galileon mass, and (iii) the existence of a
static and spherically symmetric Vainshtein mechanism. The boundary between no
analytic Wilsonian UV completion and a potential UV completion with an unac-
ceptably low cutoff is at g4 = 7/8g23. For g4 < 3/4g23 there is no known obstruction
to the existence of an analytic UV completion.

Strong Coupling Scale: It is interesting to relate this to the scale for which

perturbative unitarity breaks down for 2 → 2 scattering. This occurs when any of

the partial waves violate the optical theorem, |aℓ(s)| < 1. In this case, the largest

multipole moment is at ℓ = 0,

32π

√

s

s− 4m2
a0(s) =

∫ 1

−1

d cos θ P0(cos θ)A(s, t)

= (3g23 − 4g4)
s3

24Λ6
−
(

g23 − 2g4
) 2s2m2

3Λ6
+O

(

sm4

Λ6

)

, (6.37)

focusing again on tree-level contributions. Then the strong coupling scale implied

by this process is

Λstrong coupling ∼
Λ

|4g4 − 3g23|1/6
, (6.38)
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unless we artificially tune (4g4 − 3g23) to be small (i.e. of order m2/Λ2 or smaller).

Given this it is more natural to define Λ (which has so far remained a free parameter–

degenerate with both g3 and g4) as the strong coupling scale in the m → 0 limit,

one should set |4g4 − 3g23| = 1 and treat {Λth, g3} as the independent parameters.

With this convention we see that the bound on Λth in the region 3/4 < g4/g
2
3 ≤ 7/8

is,

Λ2
th <

1

2
m2g23. (6.39)

Taking g3 to be of order unity, we would find at best Λth ∼ m, which renders the

EFT inconsistent. This is an example where analyticity acts as a stronger constraint

on the cutoff of an effective field theory than perturbative unitarity alone.

Field redefinitions: This combination of parameters (4g4 − 3g23) has a natural

explanation. In the absence of a mass term, we can use the Galileon duality trans-

formation [de Rham et al., 2014a,c] to remove the cubic interaction and put it in

the quartic interaction (and quintic one, which is irrelevant to this discussion). The

combination g′4 = g4 − 3g23/4 is precisely the new coefficient of the quartic Galileon

operator after this transformation has been performed. Thus tuning g4−3g23/4 = g′4

to be small is in effect artificially making the strong coupling scale (related to tree-

level 2→ 2 scattering) large by switching off interactions.

Vainshtein Mechanism At this stage it is interesting to compare how these

bounds overlap with the requirement that the Galileon exhibits a Vainshtein mech-

anism [Nicolis et al., 2009]. Although not central to their use as effective field theo-

ries, for the majority of phenomenological applications it is necessary that Galileons

possess a screening mechanism such as Vainshtein, which suppresses their contribu-

tions to fifth forces and evades otherwise strong solar system constraints on modified

gravity.

For instance, for a spherically symmetric source, such as a star, the Vainshtein

mechanism requires that we can find a real regular solution to the static spherically

symmetric Galileon equations. When working with the leading Galileon operators

LGalileon, since the quintic Galileon vanishes in 3d, i.e. vanishes in any static configu-

ration, then the quintic Galileon (or the coefficient g5) does not enter this argument.

From equations (57-60) of [Nicolis et al., 2009], we see that the Vainshtein only works

in that static and spherically symmetric configuration if

g3 > −
√
g4 , g4 ≥ 0 . (6.40)

We will discuss the Vainshtein screening mechanism in more detail in Section 6.1.3.

Altogether, this demonstrates that there are currently no obstructions to a stan-
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dard UV completion for the Galileon with a working Vainshtein mechanism (such a

model can be used to describe dark energy, or early Universe scenarios), providing

that

m > 0 , g4 > 0 , g3 >

√

4g4
3
. (6.41)

6.1.2.2 Beyond Leading Order

Having shown that the massive Galileon is consistent with the leading order posi-

tivity constraints, we may look to higher order bounds Y
(M)
2N+M > 0. Based on the

tree level computation done so far involving the operators in LmGal, we have that

B
(M)
2N+M = 0 for all 2N + M ≥ 4, which automatically violates the higher order

positivity bounds. Whilst loops from the light fields will generate a non-zero contri-

bution to these B
(M)
2N+M , the tree level bounds are putting constraints on the unknown

heavy physics which UV completes the Galileon. This heavy physics which has been

integrated out gives rise to higher derivative operators in the EFT, previously de-

noted as Lh.d. in (6.16), and will contribute to B
(M)
2N+M at tree level. Consequently

analyticity and unitarity of the unknown UV physics will impose constraints on the

coefficients of these higher derivative operators.

For instance, to account for next-to-leading order contributions to the 2 → 2

scattering amplitudes from this heavy physics, we must include the following cubic

and quartic higher derivative interactions up to O(1/Λ8),

Lh.d. =
1

Λ5

(

c1[Π
3] + c2[Π

2][Π] + c3[Π]
3
)

+
1

Λ8

(

d1[Π
4] + d2[Π

3][Π] + d3[Π
2][Π]2 + d4[Π

2]2 + d5[Π]
4)
)

. (6.42)

On dimensional grounds alone, these tree level interactions will give a contribution

to scattering amplitude which scales as s4/Λ8, hence will show up as a finite contri-

bution to the higher order Y
(M)
2N+M , 2N +M = 4 bounds. Although at the level of

the Lagrangian we seem to have 8 undetermined coefficients at this order in deriva-

tives, they are actually related by various field redefinition redundancies and total

derivatives (for instance the [Π]3 is actually equivalent to 3[Π][Π2] − 2[Π3], and a

similar relation holds for [Π]4).

Explicitly, the pole subtracted scattering amplitude is

B(s, t) = a00 + a10x+ a01y + a20x
2 , (6.43)
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where x and y are as defined in (6.32), and

a10 =
m2

Λ6

[

−g4
3

+
3g23
8

]

+
m4

Λ8

[

2d2 + 4d3 +
8

3
d4 −

g3
12

(57c1 + 14c2 − 72c3)

]

,

(6.44)

a01 =
1

Λ6

[

−g4
4

+
3g23
16

]

+
m2

Λ8

[

−2d1 − 3d2 + 4d4 −
g3
8
(3c1 + 2c2)

]

, (6.45)

a20 =
1

Λ8

[

d1
2

+ d4 +
g3
4
(3c1 + 2c2)

]

. (6.46)

These are bounded by,

Y
(0)
2 : a10 + a01t̄+

3

2
a20t̄

2 > 0 , (6.47)

Y
(1)
3 : a01 + 3a20t̄ +

3

2Λ2
th

[

a10 + a01t̄+
3

2
a20t̄

2

]

> 0 , (6.48)

Y
(0)
4 : a20 > 0. (6.49)

These are the only independent bounds at this order. The higher order bounds with

2N +M > 4 cannot be computed without a knowledge of the amplitude beyond

O(1/Λ8). The first two bounds are the same as equations (6.34) and (6.35), but

now include small corrections (of O(1/Λ8)) from higher order derivative terms. The

bound of Y
(0)
4 yields

d1
2

+ d4 +
g3
4
(3c1 + 2c2) > 0 . (6.50)

This bound is of course easily satisfied as we have (superficially) 4 new parameters

that enter unsuppressed. In practice not all of these parameters are independent

because of the ability to do field redefinitions, however the combination d1
2
+ d4 +

g3
4
(3c1 + 2c2) is automatically invariant under field redefinitions. Crucially, it is not

possible to set d1 = d4 = c1 = c2 = 0. Thus the existence of a local UV completion

requires that the EFT has non-zero higher derivative operators.

That higher derivative terms are vital if the theory is to have a UV completion

is perhaps not too surprising from an EFT point of view, as these operators will

inevitably be generated from loops of the heavy fields. The new input is that already

at tree level it is necessary to include these operators, i.e. it is not possible to tune

the theory so that all these higher derivative terms vanish at some scale. They

necessarily arise from integrating out the heavy fields that UV complete the theory.

Once again, if light loops are computed in dimensional regularization, then they will

make only (m/Λ)4 suppressed contributions to the coefficients at this order.

This trend will continue if we look at higher order contributions to the amplitude,
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as more indices will come in and thus more possible operators at each order. For

example, up to O(1/Λ10) we need to include operators that schematically are of the

form

Lh.d. ⊃
1

Λ7
∂2Π3 +

1

Λ10
∂2Π4 . (6.51)

At each new order we will obtain new bounds, but the increase in the number of new

coefficients will adequately compensate this. Once we reach the order 1/Λ12 then in

the absence of a weak coupling parameter the one-loop of the light field contribute

at the same order. The higher loops remain suppressed as long as m ≪ Λ. It is

then necessary to either apply the exact version of the bounds, or partially subtract

the branch cut and impose the bounds Y
(M)
2N+M,ǫΛ(t) > 0 as discussed in Chapter 4.

6.1.2.3 Toy UV Completion

In this subsection, we consider a simple UV completion of a massive Galileon, ob-

tained via the introduction of a single heavy field H of mass MH . After integrating

out the heavy field, we obtain manifestly Galileon invariant interactions for the

light Galileon field π. This EFT is comprised only of the mass and trivially in-

variant terms, of the form (∂∂π)n. See [Keltner and Tolley, 2015] for a detailed

discussion of UV completions of the Wess-Zumino Galileon operators.

Manifestly Invariant Formulation: Remembering that a massive Galileon can

be defined as a theory for which under the Galileon transformation π → π + vµx
µ

the Lagrangian transforms as δL = −m2πvµx
µ up to total derivatives, then it is

straightforward to see that the following renormalizable theory respects this sym-

metry:

SUV[π,H ] =

∫

d4x

(

−1
2
(∂π)2 − 1

2
(∂H)2 − αH�π − 1

2
m2π2 − 1

2
M2

HH
2 − λ

4!
H4

)

.

(6.52)

Here we require |α| < 1 to avoid a ghost instability and MH ≫ m to set an appro-

priate EFT hierarchy that allows us to integrate out the heavy field. The Wilsonian

effective action for the massive Galileon is defined via the path integral

eiSW [π] =

∫

DH eiSUV[π,H] , (6.53)

and will take the form of an expansion in loops of the heavy field

SW =

∞
∑

n=0

S
(n)
W , (6.54)

where n counts the number of heavy loops (i.e. of loops of the heavy field H).
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Explicitly integrating out the heavy field H to determine S
(0)
W corresponds to

solving the classical equation of motion for H to give Htree, and then substituting

back in the Lagrangian. This leads to

S
(0)
W =

∫

d4x

[

− 1

2
(∂π)2 − 1

2
m2π2 +

α2

2M2
H

π�2π +
α2

2M4
H

π�3π +
α2

2M6
H

π�4π

+
α2

2M8
H

π�5π − λα4

4!

(�π)4

M8
H

+O
(

1

M10
H

)]

. (6.55)

As mentioned above, the higher derivative quadratic terms can be removed by a

field redefinition at the price of redefining the coefficients of the interactions. To

this order however the resulting interactions are relatively uninteresting since for

example the operator (�π)4, although Galileon invariant, can be field redefined into

m8π4+. . . , and so at tree level in the heavy fields there are no truly higher derivative

interactions.

The situation is different if we include loops from the heavy fields. For instance,

at one-loop the action picks up a contribution

S
(1)
W =

∫

d4xL(1)
W = −1

2
Tr ln[�−M2

H − λH2
tree(x)] . (6.56)

Expanding this we will, for example, obtain terms of the form

L(1)
W ⊃

λ2

M2n
H

H2
tree�

nH2
tree , (6.57)

and since Htree depends on π, Htree ∼ −α�π/M2
H + . . . then this corresponds to

interactions

L(1)
W ⊃

α4λ2

M8+2n
H

(�π)2�n[(�π)2] . (6.58)

Once again, these interactions are manifestly Galileon invariant, as required by the

non-renormalization theorem, and can be field redefined into

L(1)
W ⊃

α4λ2m8

M8+2n
H

π2�nπ2 + . . . , (6.59)

corresponding to genuinely non-trivial higher derivative interactions. These show

up in the scattering amplitude as s dependent contributions

A(s, θ) ⊃ κn(θ)
α4λ2m8

M8+2n
H

sn , (6.60)

which we will see explicitly in the exact form of the scattering amplitude given

below.
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Diagonalized Formulation: In practice, to calculate the scattering amplitude

in the UV theory, it is easier to work with an action in which both the kinetic and

mass terms are diagonalized. This is achieved by performing the field redefinitions,

π̃ =
M2

2
√
2αM2

HM1

[

(M2
1 +M2 −m2)π − 2αM2

HH
]

,

= (π − αH) +
α (α2 − 1)Hm2

M2
H

+HO
(

m4

M4
H

)

, (6.61)

H̃ =
M3

2
√
2αM2

HM1

[

(M2
1 −M2

H +m2)π + 2αM2
HH
]

,

=
√
1− α2H − α

√
1− α2m2(αH − π)

M2
H

+HO
(

m4

M4
H

)

, (6.62)

where,

M4
1 = 4α2m2M2

H +
(

M2
H −m2

)2
, (6.63)

M2
2 =M2

1 +m2 +
(

2α2 − 1
)

M2
H , (6.64)

M2
3 =M2

1 −m2 −
(

2α2 − 1
)

M2
H , (6.65)

β =
M3 (M

2
H −m2 −M2

1 )

M2 (M2
H −m2 +M2

1 )
= −α

√
1− α2m2

M2
H

+O(m4), (6.66)

which gives,

SUV =

∫

d4x

(

−1
2
(∂π̃)2 − 1

2
(∂H̃)2 − 1

2
m̃2π̃2 − 1

2
M̃2H̃2 − λ̃

4!
(H̃ + βπ̃)4

)

. (6.67)

The natural mass and coupling constants in the redefined Lagrangian are

m̃2 =
2m2M2

H

m2 +M2
H +M2

1

= m2

(

1 +O
(

m2

M2
H

))

, (6.68)

M̃2 =
2m2M2

H

m2 +M2
H −M2

1

=
M2

H

1− α2
+

α2m2

1− α2
+O

(

m4

M2
H

)

, (6.69)

λ̃ = λ

(

M2
1 +M2

H −m2

√
2M1M3

)4

. (6.70)

The salient point is that forMH ≫ m, m̃ ∼ m, M̃2 ∼M2
H/(1−α), π̃ = π−αH ,

H̃ ∼
√
1− α2H , β ∼ −α

√
1− α2m2/M2

H . In this form the Galileon symmetry is

realized in the sense that,

π̃ → π̃ + vµx
µ ,

H̃ → H̃ − βvµxµ , (6.71)

L → L−
(

m̃2π − βM̃2H̃
)

vµx
µ .
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Figure 6.2: π̃π̃ → π̃π̃ diagrams up to 1-loop in the heavy field. We emphasize that
from the EFT picture these are all tree-level diagrams of the light field.

Even though the heavy field shifts in this representation, the non-renormalization

theorem remains unaffected since the shift is linear.

We are interested in calculating the 2 → 2 scattering amplitude between the

light fields, π̃π̃ → π̃π̃. According to (6.70), the π and π̃ fields are slightly different,

but as a result of the equivalence theorem and the LSZ formalism the S-matrix for

the two sets of asymptotic states evaluated on-shell are the same. Up to one loop in

the heavy field, we only have the diagrams given in Fig. 6.2 for the 2→ 2 scattering

of π̃. The amplitude is given by

A = As + At + Au + A4 , (6.72)

where,

A4 = −λ̃β4 , (6.73)

AX = − λ̃
2β4

32π2

∫ 1

0

dx ln
M̃2 −Xx(1− x)

µ2
, (6.74)

computed using dimensional regularization (λ̃ → µ4−dλ̃) in the MS subtraction

scheme.

The closed form of the integral AX depends on the value of X . To make use

of our positivity bounds, we can focus on the range 0 ≤ X < 4m̃2 ≪ 4M̃2, within

which we have

AX = − λ̃
2β4

32π2



ln
M̃2

µ2
− 2 + 2

√

4M̃2 −X
X

arccsc

(

2M̃√
X

)



 . (6.75)

Due to the absence of cubic interactions, the amplitude A does not have poles

at the mass m̃2, so the pole-subtracted amplitude B = A. Note that as argued

in Chapter 4, only the light field loops contribute to the imaginary part of the

amplitude ImA(µ, t) when µ lies in the range 4m̃2 to M̃2. So for our positivity

bounds, we may chooseM2 ∼ M̃2. In this explicit example it happens that there
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are also no tree level contribution from the heavy field H and so the real threshold

for new physics is 4M̃2. So, explicitly, we can choose M2 = (8M̃2 − 4m̃2 + t)/2

in calculating Y
(M)
2N+M(t). Up to the leading t dependence, the first few positivity

bounds are

Y
(0)
2 (t) =

λ̃2β4

32π2

1

M̃4

[

1

15
+

(4m̃2 − t)
70M̃2

+O
(

m̃4

M̃4

)]

> 0 , (6.76)

Y
(1)
3 (t) =

λ̃2β4

32π2

1

M̃6

[

3

280
+

5 (4m̃2 − t)
1344M̃2

+O
(

m̃4

M̃4

)]

> 0 , (6.77)

Y
(0)
4 (t) =

λ̃2β4

32π2

1

M̃8

[

2

105
+

2 (4m̃2 − t)
231M̃2

+O
(

m̃4

M̃4

)]

> 0 , (6.78)

Y
(1)
5 (t) =

λ̃2β4

32π2

1

M̃10

[

1

308
+

61 (4m̃2 − t)
32032M̃2

+O
(

m̃4

M̃4

)]

> 0 , (6.79)

Y
(2)
6 (t) =

λ̃2β4

32π2

1

M̃12

[

5

2464
+

185 (4m̃2 − t)
128128M̃2

+O
(

m̃4

M̃4

)]

> 0 , (6.80)

Y
(0)
6 (t) =

λ̃2β4

32π2

1

M̃12

[

20

1001
+

2 (4m̃2 − t)
143M̃2

+O
(

m̃4

M̃4

)]

> 0 , (6.81)

...
...

which are manifestly positive definite for 0 ≤ t < 4m2, as required7. Higher or-

ders are just proportional to powers of (4m̃2 − t) which are negligible given the

assumed hierarchy M̃ ≫ m̃. In this example, we see this to be a weakly coupled

UV completion of the massive Galileon, with the small parameter

g ∼ β4 ≪ 1 . (6.82)

For example at one-loop in the light field, we will have a term with two Atree = −λ̃β4

vertices coming in at order λ̃2β8 which is suppressed by β4 relative to the heavy loop.

Massless limit: Having given an explicit UV completion of a massive Galileon, it

is interesting to explore how this is consistent with known properties of the massless

limit. In this concrete example, the cutoff of the low energy effective theory is

the mass of the heavy particle M̃ ≈ MH . In a standard massless Galileon theory in

which all the coefficients are of order Λ, the leading term in the scattering amplitude

is of the form

A ∼ (s3 + t3 + u3)

Λ6
, (6.83)

7The bounds in this case are also satisfied for all positive t < M̃2, since the first t-channel loops
which disrupt analyticity come from the heavy field H̃ .
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whereas by contrast in this UV completion the analogous coefficient at this order is

A ∼ λ2
m8

M8
H

λα4

M6
H

(s3 + t3 + u3) . (6.84)

Identifying the two we see that Λ ∼ MH(MH/m)4/3λ−1/3α−2/3 and so Λ → ∞ in

the limit m → 0. In other words, the massless limit of our massive Galileon UV

completion, is not a massless Galileon but simply a free theory. This is transparent

from the action (6.52) where in the limit m → 0 we may redefine π = π̂ − αH to

give an interacting heavy field and a decoupled free scalar π̂:

lim
m→0

SUV[π,H ] =

∫

d4x

(

−1
2
(∂π̂)2 − 1

2
(1− α2)(∂H)2 − 1

2
M2

HH
2 − λ

4!
H4

)

.

(6.85)

Stating this differently, in the limitm→ 0, keeping Λ fixed, the cutoff of the Galileon

EFT MH ≪ Λ tends to zero. This is consistent with the statement of [Adams et al.,

2006] that the massless Galileon may not have an analytic UV completion.

Weakly Coupled UV Completions: It is possible to argue quite generally that

if the massive Galileon has an analytic UV completion, and if it is not strongly

coupled, then it becomes a free theory in the limit m → 0 [Bellazzini, 2017], as in

the above example. Let us assume that the threshold for new physics is some heavy

mass MH , and introduce a weak coupling parameter g so that the tree level massive

Galileon scattering amplitude takes the form

Atree(s, θ) ∼ g

(

d1(θ)
m2s2

M6
H

+ d2(θ)
s3

M6
H

+ d3(θ)
s4

M8
H

+ . . .

)

. (6.86)

Here d2(θ) are the usual Galileon interactions that already arise in the m = 0 limit,

d1(θ) are the corrections that arise when a mass is included and d3(θ) + . . . come

from the higher derivative operators that we have seen must necessarily be included.

Loop corrections will kick in at

Aone−loop(s, θ) ∼ g2
s6

M12
H

d̃0(θ) + . . . , (6.87)

and the regime of validity of perturbation theory is expected to be
√
s≪MH/g

1/6.

Focussing on the leading forward limit bound B
(0)
2 (0) > 0 we have

∂2sB(s = 2m2, t = 0) =

∫ ∞

4m2

4dµ

π

ImA(µ, 0)

(µ− 2m2)3
> 0 . (6.88)

Separating out the light and heavy parts of the integrals and using the positivity of
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the integrand for all µ ≥ 4m2 as a result of the optical theorem we also have

∂2sB(s = 2m2, t = 0) >

∫ M2
H

4m2

4dµ

π

ImA(µ, 0)

(µ− 2m2)3
. (6.89)

Using the scattering amplitude to one loop order, then evaluating the left and right

hand sides for m≪MH this approximates to

gm2

M6
H

& g2
M8

H

M12
H

⇒ g .
m2

M2
H

. (6.90)

We thus conclude that since m ≪ MH , any such UV completion will be weakly

coupled g ≪ 1 and that in the massless limit m→ 0, the theory becomes free g → 0

[Bellazzini, 2017].

Defining the usual Galileon scale Λ by comparing the coefficients of s3 in the

tree amplitude then we have

Λ6 =M6
H/g &

M8
H

m2
, ⇒ MH . (m2Λ6)1/8 . (6.91)

The tree level EFT Lagrangian for such a weakly coupled UV completion will take

the form

LW [π] = LmGal[π] +
Λ6

M2
H

L̃h.d.

(

∂2π

Λ3
,
∂3π

MHΛ3
,
∂4π

M2
HΛ

3
, . . .

)

, (6.92)

where L̃h.d. is a dimensionless scalar function of all contractions of its arguments with

order unity coefficients. Now we see in order to be in a region where the leading

Galileon operators dominate the classical solution, the gradients of the classical

field configurations need to satisfy ∂ ≪ MH . Nevertheless, from this argument the

weakly coupled UV completion is not in conflict with the possibility of a Vainshtein

mechanism, provided the bounds derived in section 6.1.3.3 are satisfied and the

gradients are under control.

6.1.3 Weakly Coupled UV Completions

We now assume the existence of a weakly coupled UV completion for the Galileon

for which the low energy EFT may be structured in terms of a single scale Λ and a

small coupling constant g∗ in the form [Melville et al., ii]

L =
1

g2∗

(

Λ4L0(π/Λ, ∂/Λ) + g2∗L1 + . . .
)

, (6.93)

where L0 is the tree level part and L1 and higher are understood to come from loops

of the heavy fields integrated out.
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The Lagrangian should be Galileon invariant, which means that L0 will take the

form [Nicolis et al., 2009]

Λ4L0 = −1
2
(∂π)2 − 1

2
m2π2 +

4
∑

n=2

αnΛ
3 EEη4−n

(

∂∂π

Λ3

)n

π (6.94)

+
∑

βp,qΛ
4

(

∂

Λ

)p(
∂∂π

Λ3

)q

,

where the αn terms are the leading Galileon operators, the βp,q are shorthand for

all scalar operators built out of contractions of ∂µ∂νπ and derivatives thereof, and

we assume αn and βp,q are all order unity or less. As discussed in Section 6.1.1, the

mass term for the Galileon does not violate the non-renormalization theorem, and

so this represents a natural IR extension of the massless Galileon [Burrage et al.,

2011]. The leading αn interactions are written in shorthand where, for example,

α2Λ
3 EEη2

(

∂∂π

Λ3

)2

π means α2Λ
3 EabcdEABCDηaAηbB

(

∂c∂Cπ

Λ3

)(

∂d∂Dπ

Λ3

)

π ,

(6.95)

i.e. where η and ∂∂π are contracted between the pairs of Levi-Civita symbols.

6.1.3.1 Coupling to Matter

The Vainshtein mechanism is determined by the coupling to matter, and to be con-

sistent with how the Galileon arises in massive theories of gravity it is the canonically

normalized πc that couples to T with 1/MPl strength, and so in the above parame-

terization the coupling is
1

g∗MPl
πT . (6.96)

Alternatively, canonically normalizing π = g∗πc then the leading action is

L = −1
2
(∂πc)

2 − 1

2
m2π2

c +

4
∑

n=2

αnΛ
3
∗ EEη4−n

(

∂∂πc
Λ3

∗

)n

πc (6.97)

+
∑

βp,q
Λ6

∗
Λ2

(

∂

Λ

)p(
∂∂πc
Λ3

∗

)q

+
1

MPl

πcT + . . . ,

where we have defined

Λ3
∗ =

Λ3

g∗
. (6.98)

The Vainshtein mechanism kicks in when the value of ∂∂π ≥ Λ3, or equivalently

when ∂∂πc ≥ Λ3
∗. At this point the leading αn Galileon operators renormalize the

kinetic term for π, and as long as ∂∂∂π ≪ Λ4 the βp,q terms are all parametrically

smaller even if βp,q ∼ 1 since they contain at least two extra derivatives’ suppres-

sion, ∂2/Λ2 ∼ 1/(Λ2r2V ) ≪ 1. In the full picture of the Vainshtein resummation
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mechanism, it is assumed we can push deep into the region where ∂∂π ≫ Λ3 and

the β terms in the second line of (6.97) organize themselves into an expansion such

that their magnitude is still suppressed relative to the α terms, just because of the

overall derivative suppression. This could occur by a special resummation of the ∂∂π

structure, or simply by imagining that all the terms βp,q with q > 3 are suppressed.

A concrete example of the former is given in section 6.1.3.3.

More precisely, the Vainshtein region is defined at distances r < rV , or ener-

gies which satisfy E > 1/rV , where the Vainshtein radius rV is determined by the

requirement that ∂∂πc ∼ Λ3
∗, which for a source of mass M0 is when

M0

r3VMPl

∼ Λ3
∗ , (6.99)

or when

rV =
M

1/3
0

M
1/3
Pl Λ∗

. (6.100)

To be absolutely sure that we can describe the Vainshtein region within the regime

of validity of the EFT, we only require that r−1
V ≪ Λ, since in the worst case scenario

we expect new states of mass Λ to arise in the contribution to the forces at these

distances.

The hierarchy r−1
V ≪ Λ can easily be achieved while maintaining g∗ ≪ 1, since

it requires that

Λ∗

(

MPl

M0

)1/3

≪ Λ = g1/3∗ Λ∗ (6.101)

so therefore,
(

MPl

M0

)

≪ g∗ ≪ 1 . (6.102)

Since the massM0 of most astrophysical objects dominating the Vainshtein screening

(e.g. Earth, Sun) is very large in Planck units, this double hierarchy is easy to

achieve.

6.1.3.2 Loop Level bounds

Now if we were to factor in the improved positivity bound (equation (4.14) for the

massive Galileon [Melville et al., ii]) obtained by matching to the IR cross section,

we would have a bound on the mass like

g2∗m
2

Λ6
'
g4∗
Λ4
ǫ8 , i.e. m2 ' g2∗Λ

2ǫ8 = g8/3∗ Λ2
∗ǫ

8 , (6.103)

where we have neglected order unity factors for simplicity. Here ǫ enters via the

integral over the IR cross section with the maximum taken at µ = E2 = ǫ2Λ2.
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In the worst case scenario, let us take8 ǫ ∼ 1 and suppose that we just saturate

this bound. Then we may use it to infer g∗,

g∗ =

(

m

Λ∗

)3/4

. (6.104)

With the expected scale for Horndeski dark energy, Λ3
∗ = m2MPl, then

g∗ =

(

m

MPl

)1/4

. (6.105)

The requirement of the existence of the Vainshtein regime described within the

validity of the low energy EFT is then

(

MPl

M0

)

≪
(

m

MPl

)1/4

. (6.106)

The scale Λ at which derivative corrections might be expected to kick in is

Λ ∼ g1/3∗ Λ∗ =

(

m

MPl

)1/12

Λ∗ . (6.107)

Since in the usual assumption m ∼ 10−32 eV,

(m/MPl) ∼ 10−60 , (6.108)

and so 1/Λ ∼ 105/Λ∗. This is clearly much worse than normally assumed, but what

is important is that there is still a region in which the Vainshtein mechanism takes

place and we have not reached the scale Λ, since we can still satisfy r−1
V ≪ Λ, and

therefore even within the third approach, there is still room for a standard Wilsonian

UV completion while entering the Vainshtein mechanism.

With the standard choice that m is order Hubble scale or so, then 1/Λ∗ is of the

order 1000 km, and so 1/Λ ∼ 100 million km. This is about the distance between

the Sun and Venus, and so the EFT could be used to describe the solar system from

Venus out, which is all well inside the Vainshtein radius (typically kpc for the Sun).

The fact that we have measured with good precision the trajectory of Mercury

around the Sun does not rule out this low energy EFT as a valid description of

gravity at distances from Venus onwards (i.e. most of the solar system and all

the way up to cosmological scales). It just means we need to find a partial UV

completion that can push to higher energy. Moreover, the coupling of the Galileon

to matter is suppressed by at least 8 orders of magnitude when entering the region

8Including the factors of ǫ does not substantially change any of the following conclusions, it only
allows g∗ to be slightly larger.
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where a completion is required, and the force mediated by the Galileon is hence 8

orders of magnitude smaller than that of GR:

FFifth Force(r = Λ−1)

FGR(r = Λ−1)
∼
(

r

rV

)3/2

∼
(

Λ∗
Λ

)3/2

∼ 10−8 , (6.109)

which illustrates the fact that while the Galileon has large self-interactions, it lives in

a sector that decouples from the tensor modes and the Standard Model. Expecting

that a UV completion of Galileons would reverse this screening and start suddenly

enhancing the force mediated by the Galileon to a point which would be observable

by current tests of GR would require a very particular tuning. There is indeed

no indication that the relative force mediated by the Galileon would suddenly get

enhanced when considering the strongly coupled region. Quite the opposite, since

it is highly unlikely that a strongly self-interacting theory can propagate long range

forces. The fact that we have tested GR outside the regime of validity of the standard

Galileon EFT by no means implies that observations rule out the Galileon EFT

altogether. As we have emphasized, all it implies is that a better description of the

system is required to fully understand its behaviour beyond the EFT regime (if one

follows a standard weakly coupled EFT picture with the requirement of a standard

Wilsonian UV completion in which the terms which arise beyond the decoupling

limit can be used to respect the positivity bounds).

6.1.3.3 Vainshtein Resummation

The usual assumption of the Vainshtein mechanism is that the β terms on the second

line of (6.97) resum around a background configuration π̄, for which the leading α

terms receive a kinetic renormalization Zµν(π̄), so that the scale at which derivative

interactions enter is now Λc =
√
ZΛ. This is then the cutoff in the presence of a

background. This is a highly nontrivial assumption about the UV completion, but

by no means an impossible one.

There are a couple of ways that we might imagine this to happen. For example,

if the masses of all the heavy fields (collectively symbolised here by a single scalar

H) scale with Z, i.e. in the form

LH ∼
1

g2∗

(

−1
2
∂µH∂νHη

µν − 1

2
Λ2 (1 + Tr[Z])H2 + λH�π . . .

)

. (6.110)

then it is clear that integrating out H already at tree level will generate interactions

with the natural derivative suppression 1
Λ
√
Z
∂ for Z ≫ 1. Furthermore this property

will be preserved by loops.

Alternatively, we can imagine that the massive states which are integrated out
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to generate the β operators have kinetic terms governed by the Zµν inferred from

the leading α terms, e.g. that the heavy particles H couple via a tree level action

of the form

LH ∼
1

g2∗

√
DetZ

(

−1
2
∂µH∂νH(Z−1)µν(π)− 1

2
Λ2H2 . . .

)

. (6.111)

In such an example, integrating out H at loop level will clearly generate β terms that

automatically restructure themselves around a background so that the derivative

expansion is controlled by ∂∂/(Z̄Λ2), where Z̄ denotes the background value of this

order parameter.

In the case of a cubic Galileon, in the Vainshtein region we have

Z ∼ ∂∂πc/Λ
3
∗ ∼ (rV /r)

3/2.

The region in which we can describe the Vainshtein screening within the validity of

the low energy EFT is then

1

r
≪
√
ZΛ = (rV /r)

3/4Λ , (6.112)

which we can rewrite as

r ≫ Λ−1

(ΛrV )3
. (6.113)

This is easy to satisfy given a large hierarchy between rV and 1/Λ.

For illustrative purposes, we can estimate the resummed cutoff Λc at the surface

of the Earth, with now the Earth as the main screener. One finds the usual answer

of 1cm, rescaled by 1/g
1/3
∗ ,

Λc = (rV /r)
3/4Λ = (rV /r)

3/4Λ∗g
1/3
∗ =

(

1cm/g1/3∗
)−1

(6.114)

i.e. a distance scale of

1cm×
(

MPl

m

)1/12

∼ 800m , (6.115)

where we have made the usual assumption that the mass is of order the Hubble

scale. This means that the EFT can be used to describe the Earth–Moon orbit, but

will break down at distances of order km, so we cannot in principle use it to describe

table-top experiments9. However, this certainly does not rule out massive Galileons

as an IR modified theory valid at solar system and cosmological scales—it simply

means that we need to find a (partial) UV completion to describe local physics. To

actually rule out an EFT, one would have to show that it gave a wrong answer for a

9In itself, this is not technically correct, since for any experiment the local environment needs to be
included and in turn redresses the scale at which the EFT breaks down [Berezhiani et al., 2013].
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physical observable in the regime we can trust the EFT, e.g. for lunar laser ranging

and the Earth–Moon orbit.

Moreover, as emphasized earlier, the virtue of the Vainshtein mechanism is to

entirely decouple a sector (in this case the Galileon to the Standard Model), so while

at distances shorter than the order of km the Galileon EFT breaks down, it does so

in a sector which becomes increasingly decoupled from observables. The couplings

of the Galileon to matter is indeed suppressed by 5 orders of magnitude as compared

to GR. Once again, it is highly unlikely that the strong coupling effects that would

occur in this theory at shorter distances would suddenly revert this suppression, as

strongly coupled systems typically do not propagate long-range forces.

Having discussed the Galileon at length, we now turn our attention to more gen-

eral scalar theories. We will find that, up to field redefinitions and higher order

corrections, the most general single scalar EFT can be written as a leading (∂φ)4

operator plus Galileon invariant terms, and hence the above analysis is more widely

applicable than it may have seemed at first glance.

6.2 Generalized Galileon

Now we consider the generalized Galileon,

L[φ] =
d
∑

n=0

An
(

φ, (∂φ)2
)

∂µ1∂[µ1φ...∂
µn∂µn]φ. (6.116)

This is the most general single scalar theory with at most second order equations

of motion, as derived from the Hessian condition in Section 6.1.1.1. While ghost

freedom is not a particularly well-motived condition to impose on a bottom-up EFT,

this particular theory arose in recent studies of dark energy [Deffayet et al., 2011], as

it captured the (previously separate) k-essence, Galileon, k-Mouflage and kinetically

braided scalar theories.

When (6.116) is expanded up to dimension ten quartic operators, one finds the

EFT,

L[φ] = −1
2
(∂φ)2 − 1

2
m2φ2 +mc30φ

3 +
c32
Λ
φ(∂φ)2 +

g3
3!Λ3

φ ∂[µ1∂
µ1φ ∂µ2]∂

µ2φ

(6.117)

+ c40 φ
4 +

c42
Λ2
φ2(∂φ)2 +

c44
Λ4

(∂φ)4 +
g4
4!Λ6

φ∂[µ1∂
µ1φ ∂µ2∂

µ2φ ∂µ3]∂
µ3φ ,

where X[µν] = Xµν −Xνµ. (cnm, gn) represent 7 undetermined EFT coefficients, and

Λ is an arbitrary scale introduced to make them dimensionless.
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The most general pole subtracted 2-to-2 scattering amplitude for a single scalar

field, up to O (Λ−6), is then given from (6.117) as,

A(s, t) = As + At + Au + A4 (6.118)

AX =
1

m2 −X

[

6mc30 − c32
X + 2m2

Λ
− g3

4

X(X − 4m2)

Λ3

]2

, (6.119)

A4 = 24c40 − 8
m2

Λ2
c42 + 2c44

s2 + t2 + u2 − 4m4

Λ4
+
g4
4

stu

Λ6
. (6.120)

This gives rise to the pole subtracted amplitude

B(s, t) = a00 + a10x+ a01y, (6.121)

with

a00 = 24c40 +
36m

Λ
c30c32 −

m2

Λ2

(

19c232 + 8c42
)

+O
(

m3

Λ3

)

, (6.122)

a10 =
1

Λ4
[4c44 − c32g3] +

m2

Λ6

[

−g4
3

+
3g23
8

]

+O
(

m4

Λ8

)

, (6.123)

a01 =
1

Λ6

[

−g4
4
+

3g23
16

]

+O
(

m2

Λ8

)

. (6.124)

Note that a10 is no longer m2/Λ2 suppressed, which means that for this case the

t dependence of the positivity bounds can be viewed as a small effect, as it is

suppressed by m2/Λ2.

Y
(0)
2 : 4c44 − c32g3 > 0 , (6.125)

Y
(1)
3 :

Λ2

Λ2
th

>
g4 − 3

4
g23

6(4c44 − c32g3)
. (6.126)

Including a nonzero c44 or c32 makes it much easier to satisfy the positivity bounds

for a wide range of (g3, g4). This is not surprising, the source of tension between

Galileon theories and positivity has always been that Galileon symmetry seemed to

prevent operators from contributing to B
(0)
2 , and so discarding the Galileon symme-

try naturally eases this tension.

Note that, by the arguments of the preceding section, we expect there to exist

a field redefinition which simplifies (6.117) to only X2 = (∂φ)4 and the quartic
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Galileon. For example, consider

φ→ φ+
d20
Λ
φ2 +

d30
Λ2
φ3 +

d22
Λ3

(∂φ)2 +
d32
Λ4
φ(∂φ)2 +

2d222
Λ6

∂µφ∂
µ∂νφ∂νφ+ ...

(6.127)

where we will work to order φ4 only. Performing this field redefinition on (6.117) we

find that, at this order, it transforms into itself with modified coefficients,

c′30 = c30 − d20
m

Λ

c′32 = c32 − 2d20 − d22
m2

Λ2

g′3 = g3 − 4d22

c′40 = c40 +
3m

Λ
c30 d20 −

m2

2Λ2

(

2d30 + d220
)

(6.128)

c′42 = c42 − 3d30 − 2d220 + 5c32 d20 +
3m

Λ
c30 d22 −

m2

Λ2
(d32 + d20d22)

c
′

44 = c44 + 2d20d22 − c32d22 −
1

2
g3d20 +

m2

2Λ2
d222

g′4 = g4 + 12d222 − 6g3 d22

again up to total derivatives and �φ operates which can be removed by a further

redefinition. This transformation preserves S matrix elements, and indeed we find

that the amplitude (6.118) is invariant.

This ability to perform field redefinitions represents a degeneracy in our EFT

parameters, seemingly different (cnm, gn) are describing identical theories. This de-

generacy can be removed by fixing a choice of the four coefficients dnm in (6.127).

For example, one can use d20 and d22 to set c32 = g3 = 0, and then d30 or d32 to

set c42 = 0. This leaves us with the massive Galileon (6.15) plus an c44X
2 operator,

together with a π3 and π4 vertex which do not contribute to the large s behaviour

of the amplitude (and hence do not affect the unitarity of a UV completion). Un-

surprisingly, it is the X2 operator which dominates the positivity bounds, due to

the soft suppression of the Galileon amplitudes (which must scale as m2/Λ2).

In summary, we have explicitly shown that the most general ghost-free scalar field

theory can be field redefined into,

L = −1
2
(∂φ)2 −m2φ2 + gφ3 + λφ4 (6.129)

+
a10
Λ4

(∂φ)4 +
g4
Λ6
φ∂µ1∂[µ1φ∂

µ2∂µ2φ∂
µ3∂µ3φ∂

µ4∂µ4]φ+O
(

1

Λ8
, φ5

)
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and the existence of a UV completion requires,

a10 > 0, Λ2
th <

a10
g4

Λ2 (6.130)

unless a symmetry imposes a10 = 0 (such as the Galileon shift symmetry), in which

case,

g4 <
1

8
, or Λ2

th < 4m21− 8g4
8g4

if 0 < g4 <
1

8
, (6.131)

which matches (6.36) after removing g3 via field redefinition.

6.3 General Single Scalar

If we discard the requirement of ghost-freedom at arbitrarily high energies (which

is potentially overly restrictive, given that the EFT only captures physics below a

finite cutoff), are there new operators which cannot be redefined into P (X) plus

Galileon terms? Given a single10 scalar field φ, it is straightforward to construct all

possible local operators up to any given mass dimension or number of fields. Up

to mass dimension 12, all four-field operators (regardless of ghost-freedom), can be

written as P (X) plus Galileon terms.

Cubic operators and pole residues: The only cubic operator necessary in our

scalar EFT basis is φ3—every other cubic operator can be field redefined into quartic

operators. Physically, the reason for this is that while gφ3 contributes a pole in the

s channel with constant residue g, which is allowed, any higher derivative operator

would näıvely give a pole residue which scales like s, and this is not possible for a

scalar field (generically the pole residues scale like sJ , where J is the total angular

momentum).

To see this explicitly, first consider using integrations by parts to remove all

derivatives from one term,

φ∂nφ∂nφ (6.132)

Then if we integrate by parts, dropping �φ operators (which can be removed by

field redefinitions), we find that,

φ∂nφ∂nφ = −∂µφ∂n−1φ∂µ∂n−1φ = +∂µφ∂
µ∂n−1φ∂n−1φ (6.133)

and so this operator vanishes up to total derivatives and field redefinitions. This

argument holds for every integer n > 0, and fails when n = 0 because φ3 is an

allowed operator.

10Crucially, we will ignore the coupling of this scalar to other fields, as then care must be taken when
doing field redefinitions.
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Quartic operators and S matrix crossing: Crossing and analyticity guarantee

that the Taylor expansion of the amplitude can be written as,

A4(s, t) =
∑

pq

cpqx
pyq (6.134)

where,

x = st + tu+ us, y = stu (6.135)

are the only allowed scalar invariants compatible with crossing symmetry.

If we go up to dimension 12, we therefore expect tree level 2-to-2 amplitudes of

the generic form,

A4(s, t) = a00 +
a10
Λ4

x+
a01
Λ6

y +
a20
Λ8

x2 +O
(

1

Λ10

)

. (6.136)

Note that this form is completely independent of integrations by parts or field redef-

initions, as these do not affect the S matrix, and so immediately tells us a minimum

number of operators we require.

One such basis of operators is,

Opq = φ φµ1...µpν1...νpα1...αqβ1...βqφ
µ1...µpα1...αqγ1...γqφν1...νpβ1...βqγ1...γq

(6.137)

for all p > 0 and q > 0, which corresponds to each of the xpyq terms. Note that this

is a complete basis for every quartic operator in any scalar field theory.

Therefore, if we are interested in up to quartic operators in φ, which would be suf-

ficient for computing tree level four-point functions, then the set {φ2, (∂φ)2, φ3,Opq}
form a complete operator basis.

Shift Symmetric Scalar: If we wish to restrict our attention to shift-symmetric

scalars, then one discards every Opq with fewer derivatives than fields. This leaves

the interactions, up to dimension 12,

O10 = φ φµνφ
µφν ∼ φ4

α (6.138)

O01 = φ φαβφ
αγφβγ ∼ φ∂[µ1∂

µ1φ∂µ2∂
µ2φ∂µ3]∂

µ3φ (6.139)

O20 = φ φµ1µ2ν1ν2φ
µ1µ2φν1ν2 ∼ (φ2

µν)
2 (6.140)

where ∼ denotes an equivalence up to total derivatives and �φ operators.

This shows that up to quartic operators, any shift symmetric scalar field is

captured by P (X) plus the quartic Galileon,

L = −1
2
(∂φ)2 +

a10
Λ4

X2 +
a01
Λ6

φ∂[µ1∂
µ1φ∂µ2∂

µ2φ∂µ3]∂
µ3φ+O

(

1

Λ8
, φ5

)

(6.141)

157



6.3. General Single Scalar Chapter 6. Scalar Fields

This was also recently observed in [Solomon and Trodden, 2017].

Summary of Chapter 6

Since its first appearance within the context of (soft) massive gravity theories, the

consistency of Galileon EFTs has remained a matter of much debate over the past

decade [Adams et al., 2006]. While a mass would technically break the Galileon

symmetry, it does so in a way that preserves the non-renormalization theorem and

all the essential features of the Galileon. Moreover in most of its known realizations,

i.e. within the context of massive gravity theories, the Galileon appears as the

helicity-0 mode of the graviton in a particular decoupling limit and is massive away

from that decoupling limit. It is therefore natural to include the mass as part of the

Galileon EFT.

Using all of our tree-level positivity bounds, we have shown the existence of an

entire region of parameter space which shows no obstruction (at tree-level) to the

potential existence of a standard Wilsonian UV completion. A direct consequence of

the positivity bounds derived in [Melville et al., i] is that higher derivative operators

(that also respect the Galileon symmetry) are necessarily required to be present if

the EFT is to have a standard Wilsonian UV completion.

Our results are consistent with the recent findings that forward limit positiv-

ity bounds are satisfied for various IR extensions of the Galileon (massive gravity

[Cheung and Remmen, 2016a], and pseudo-linear massive gravity / Proca theory

[Bonifacio et al., 2016]). While one might have concluded from these that the non-

scalar modes in massive gravity play an important role in satisfying the positivity

requirements, based on the massive Galileon results we see that these requirements

are already satisfied for the massive scalar sector alone.

Further requiring the existence of an active Vainshtein mechanism for static

and spherically symmetric configurations does reduce this region but not entirely.

However it should be emphasized that the analysis performed in this section has

nothing to say about the validity of the Vainshtein regime where the field is strongly

coupled (see [de Rham and Ribeiro, 2014] for a discussion on this point).

The absence of direct obstructions to the potential existence of a standard Wilso-

nian UV completion from 2 → 2 tree-level considerations alone, are by no means

to be taken as an indication that such a UV completion will definitively exist. For

a particular massive Galileon EFT we were able to provide an explicit example of

UV completion, which illustrates the fact that a Wilsonian UV completion is indeed

possible and even explicitly constructible in some of these massive Galileon EFTs.

In the context of the specific UV complete example we have found, we can man-

ifestly see that in the massless limit, the Galileon EFT either becomes a trivial

free theory or its cutoff vanishes. This realization is fully consistent with the re-
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sults found in [Adams et al., 2006] arguing for the absence of standard Wilsonian

UV completion for the massless Galileon. For that case, alternatives to the usual

Wilsonian picture seem to remain as the only possibility [Dvali et al., 2011a; Dvali

and Pirtskhalava, 2011; Dvali, 2011; Dvali et al., 2011b; Vikman, 2013; Kovner and

Lublinsky, 2012; Keltner and Tolley, 2015].

This concludes our discussion of cosmological EFTs of a single scalar degree of

freedom. We have shown that, at leading order up to four-point interactions, the

P (X) plus Galileon operators capture the most general dynamics, with coefficients

that are constrained by unitarity, analyticity and locality. We will now move on to

fields with spin, beginning with the spin-1 Proca theories.
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Chapter 7. Vector Fields 7.1. Proca Field

In the same spirit as the Galileon, the ghost-free interactions of a single massive

vector field (also called “generalized Proca”) were first studied in [Heisenberg, 2014;

Tasinato, 2014], and systematically enumerated on curved space in [Allys et al.,

2016; Beltran Jimenez and Heisenberg, 2016]. In recent years, they have enjoyed

many applications, including novel cosmologies [Heisenberg et al., 2016; De Felice

et al., 2016; de Felice et al., 2017], inflation [Emami et al., 2017], black hole solu-

tions [Cisterna et al., 2016; Chagoya et al., 2017; Babichev et al., 2017; Heisenberg

et al., 2017a,b], numerical simulations of neutron stars [Kase et al., 2018], cosmo-

logical anisotropies [Heisenberg et al., 2016], and as a dark matter candidate (see

[Heisenberg, 2017] and references therein). Bounds on this theory are therefore im-

portant for guiding current and upcoming phenomenological studies in vector field

cosmology.

This Proca theory also provides a natural IR completion of the scalar Galileon of

Chapter 6. Suppose the Galileon transformed non-linearly under some gauge group.

This would describe a cosmological scalar with a (non-trivial) charge, but can also

be viewed (going to unitary gauge) as a massive vector field.

In this section, we present Proca as the most general theory of a massive vector

field, and discuss the impact of positivity constraints on its parameter space. These

constraints first appeared in [Bonifacio et al., 2016] and [Melville et al., vi].

7.1 Proca Field

In this section, we construct a generic massive spin-1 effective field theory from the

bottom up, and then derive constraints on the parameter space from the positivity

bounds assuming the existence of a standard UV completion.

7.1.1 Stückelberg Fields

It is useful to first start the discussion with a massless spin-1 field Aµ. Then U(1)

gauge invariance1 implies that the EFT description of such a theory is built out the

Maxwell tensor Fµν and its derivatives2. Assuming an EFT with a cutoff ΛA for a

1An analogous EFT may be constructed for a multiplet of spin-1 fields, Āa
µ, which furnishes some

non-Abelian gauge group in the massless limit. For that case, one additional subtlety is that the
colour structure allows for different traces, e.g. 〈F aF a〉〈F bF b〉 versus 〈F aF b〉〈F aF b〉, which are
related by algebraic identities that depend on the rank of the group.

2the Lagrangian may be built out of other operators for which the gauge invariance is not manifest,
but is a symmetry of the equations of motion. In practice, any such operator can be redefined
back to Maxwell tensors and their derivatives [Deffayet et al., 2014], see [de Rham et al., 2014c]
for some examples.
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massless spin-1 field, we then ought to consider all the following operators

LA = Λ4
AF

(

∂

ΛA
,
F

Λ2
A

)

, (7.1)

where here and in what follows F designates a dimensionless Lorentz scalar formed

from its arguments.

Now considering a symmetry breaking scheme that may occur at a different scale

and generates new operators that involve the helicity-0 mode φ of the now massive

spin-1 field. The U(1) symmetry is now non-linearly realised as,

φ→ φ−mǫ, Aµ → Aµ + ∂µǫ (7.2)

for small m. Then in addition to the operators in (7.1), the EFT also involves

operators built out of the covariant derivative,

φµ := Dµφ := ∂µφ+mAµ , (7.3)

leading to an additional sector of the form

Lφ = Λ4
φF

(

∂

Λφ
,
φµ
Λ2
φ

)

, (7.4)

where the cutoff scale Λφ for the symmetry breaking sector may be independent of ΛA

(note that for the EFT description to make sense we require m≪ ΛA,φ). Quantum

corrections generically cause the scales to flow between different operators, so care

must be taken if one is to ensure that the Wilson coefficients are reliably of order

unity. For instance, since (∂µφν − ∂νφµ) = mFµν the symmetry breaking sector

generates interactions of the form (schematically)

∆Lφ ⊃ Λ4
φ

(

Dφ

Λ2
φ

)2(

mF

Λ3
φ

)2

+ Λ4
φ

(

mF

Λ3
φ

)4

∼
(

m2

Λ6
φ

)

F 2(Dφ)2 +
m4

Λ8
φ

F 4 , (7.5)

which tells us, for instance, that Λ4
A must be at least Λ8

φ/m
4, or else will be brought

down to that scale by quantum corrections. Note that although the cutoff in the

symmetry breaking sector is Λφ, we do not generate pure gauge interactions at Λφ

due to the fact that in the limit m → 0 the two sectors decouple. This is easily

shown for light loops since in dimensional regularization all diverging momentum

integrals are replaced by positive powers of m and thus loop corrections are m/Λφ

suppressed. This means that, generically speaking, all radiatively stable choices for

ΛA and Λφ have a parametric separation of scales, Λ1+q
φ & mΛqA ≪ ΛA for some

positive rational number q.
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Although the Lagrangian terms may have multiple suppression scales, we stress

that the theory still only has a single strong coupling scale, determined by the

breakdown of perturbative unitarity. Generically, we expect the higher derivative

operators to break perturbative unitarity at energies s ∼ Min
{

Λ2
φ,Λ

2
A

}

.

7.1.2 Building the EFT

Since we are interested in applying the tree-level 2-to-2 amplitude positivity bounds,

it is sufficient to focus on the following contributions to the Proca EFT,

LProca ⊃ −
1

4
F ν
µF

µ
ν −

1

2
φ2
µ +

a0
Λ4
φ

(φαφ
α)2 (7.6)

+
1

Λ6
φ

(

a3(φα∂
αφµ)

2 + a4(φ
α∂µφα)

2 + a5φαφ
α∂µφν∂

µφν
)

+
1

Λ4
A

(

c1F
µ
νF

ν
ρF

ρ
σF

σ
µ + c2(F

ν
µF

µ
ν )

2
)

+
m2

Λ6
φ

(

C1φµφ
νF αµFαν + C2φ

2
µF

2
αβ

)

,

where we have used integration by parts and field redefinition to eliminate redundant

terms.

Removing EFT operators: As an example of operators which can be removed

from the EFT, consider,
λ3
Λ3
φ

φµφν∂µφν . (7.7)

By sending,

φ→ φ+
λ3
2Λ3

φ

φαφ
α (7.8)

we have,

δ

[

−1
2
φαφ

α

]

→ − λ3
Λ3
φ

φµφν∂µφν −
λ23
2Λ6

φ

(φα∂µφα)
2 (7.9)

δ

[

λ3
Λ3
φ

φµφν∂µφν

]

→ +
λ23
Λ6
φ

(φα∂µφα)
2 (7.10)

so that,

−1
2
φαφ

α + λ3φ
µφν∂µφν → −1

2
φαφ

α +
λ23
2
(φα∂µφα)

2 . (7.11)

As S matrix elements are invariant under field redefinitions, this implies that these

leading cubic operators can be absorbed into a4. This is true for all cubic vertices,
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as one can always integrate by parts and then discard terms in ∂ · A.
In general, field redefinitions can be used to replace any operator containing the

leading order equations of motion (∂µFµν or ∂
βφβ) with higher order operators. Such

operators have therefore not been included in (7.6).

Scale separation between sectors: Note that while ΛA will generally be para-

metrically larger than Λφ for any UV completion which preserves the decoupling of

the sectors as m→ 0, there are various choices which could be made. For example,

• if Λ2
φ ∼ mΛA, then we expect c1,2/Λ

4
A to be of order m4/Λ8

φ, and these terms

will be subdominant,

• if Λ3
φ ∼ mΛ2

A, then c1,2/Λ
4
A will be of order m2/Λ6

φ and will the contribute to

the amplitudes at the same order as a3,4,5 and C1,2.

Both of these choices of hierarchy between Λφ and ΛA are radiatively stable3 (pre-

served under quantum corrections), and which is most relevant depends on the sys-

tem one is trying to describe. For instance, in a massive gravity context (where φ and

Aµ play the roles of the helicity-0 and helicity-1 components of a graviton of mass

m), one expects ΛA ∼ (mMP )
1/2 and Λφ = (m2MP )

1/3, and so there Λ3
φ ∼ mΛ2

A.

While many different hierarchies are available, the four-particle positivity bounds

only distinguish between whether Λ3
φ & mΛ2

A or Λ3
φ ≪ mΛ2

A, and we shall provide

the results for both cases.

Unitary gauge: For explicit calculations of scattering amplitudes, it is convenient

to choose the unitary gauge (φ = 0), so the EFT becomes

Lunitary
Proca ⊃ −

1

4
F ν
µF

µ
ν −

1

2
m2AµA

µ +
m4a0
Λ4
φ

(AµA
µ)2 (7.12)

+
m4

Λ6
φ

(

a3AµAν∂
µAρ∂

νAρ + a4AµAν∂ρA
µ∂ρAν + a5AµA

µ∂αAβ∂
βAα

)

+
1

Λ4
A

(

c1F
µ
ν F

ν
ρ F

ρ
σF

σ
µ + c2(F

2
µν)

2
)

+
m4

Λ6
φ

(

C1AµA
νF αµFαν + C2F

2
µν AαA

α
)

.

Here and in the following, by using ⊃, we mean only to include terms that will

contribute to the leading order four-point amplitude. Note that the suppression

scales in the unitary gauge look far from intuitive, which is the reason that we

power count in the Stückelberg formalism and then take the unitary gauge. In the

following, we will constrain the parameter space of this theory using the positivity

bounds of Part I.
3Note that while the radiative stability of (mF/Λ3

φ)
n for arbitrarily large n would require Λ3

φ & mΛ2
A,

we shall focus our attention on the leading F 4 operator only, in which case Λ2
φ & mΛA is enough

for stability.
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7.1.3 Positivity Bounds

Even though we will apply most of our bounds in the definite transversity basis, it

is useful to define the indefinite polarizations,

ǫµα =
∑

τ

ατ ǫ
µ
τ (7.13)

and express our results compactly in terms of the scalar-vector components,

α± ≡
1√
2
(α−1 ± α+1) , β± ≡

1√
2
(β−1 ± β+1) . (7.14)

Amplitudes: To leading order at tree-level, the only independent elastic ampli-

tudes in the transversity basis are

T +
0000 = 2s2s̃2

(

24
m4

Λ4
φ

a0 − 8
m6

Λ6
φ

(a4 + C1 + 2C2) + 8
m2 (6m4 + x)

Λ6
φ

(c̃1 + 2c̃2)

)

,

(7.15)

T +
−11−11 = 2s2s̃2

[

x− 4m2(t− 4m2)

Λ4
φ

(

a0 −
1

2

m2

Λ2
φ

(a4 − 4(c̃1 + 2c̃2) + C1)

)

+
3

8

y

Λ6
φ

(a3 + a4 − 2a5)−
m2su

Λ6
φ

(

3

2
a3 − a4 + a5 +

3

2
C1 + 2C2

)

]

, (7.16)

T +
0101 =

m2s2s̃(st− 4m2u)

Λ4
φ

[

4a0 −
1

2

u

Λ2
φ

(a3 + C1) + 2
s− t
Λ2
φ

c̃1 (7.17)

+
t

Λ2
φ

(−a4 + a5)− 4
2t− 4m2

Λ2
φ

c̃2 + 2
t− 4m2

Λ2
φ

C2

]

+
m2s2s̃3(s− u)

2Λ6
φ

(a3 + 4c̃1 + C1) ,

T +
1111 =

2s2

Λ4
φ

[

s̃2(t2 + ts̃+ s̃2) + 4m2s(8t2 + 8ts̃+ s̃2)
]

(

a0 +
2m2

Λ2
φ

(c̃1 + 2c̃2 − C2)

)

+
s2s̃

4Λ6
φ

[

s̃2(4m2s− 3tu) + 16m2t(t + s̃)(3s− 4m2)
]

(a3 + a4 − 2a5) , (7.18)

where we write s̃ = s − 4m2 and c̃1,2 = c1,2Λ
6
φ/(m

2Λ4
A), and denote the Lorentz

crossing-symmetric invariants as x = −(st + su+ ut) and y = −stu.
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Forward Limit: The contributions of the previous operators to the forward limit

bound is

fαβ

∣

∣

∣

t=0
=

8

Λ4
φ

(

a0 −
1

2

m2

Λ2
φ

(a4 + C1)

)

|α+|2|β+|2 (7.19)

+
4m2

Λ6
φ

(a3 − 2a4 + 2a5 + C1 + 4C2)
(

Re[α∗
0α+]Re[β

∗
0β+]− Re[α∗

−α+]Re[β
∗
−β+]

)

+
2m2

Λ6
φ

(a3 + C1)
(

|α+|2|β|2 + |α|2|β+|2
)

+
8m2

Λ6
φ

c̃1
(

|α0|2 + |α−|2
) (

|β0|2 + |β−|2
)

+
8m2

Λ6
φ

(c̃1 + 4c̃2)
(

|α0β0 − α−β−|2 − 2Im[α∗
0α−]Im[β∗

0β−]
)

,

where fτ1τ2 is defined in (3.114) as the appropriate derivative of the regularised

transversity amplitude. This can be simplified by exploiting the normalization |α|2 =
|β|2 = 1 as we shall do below. However first we notice that so long as a0 > 0, we need

not worry about the contributions from the second line. Indeed the second line can

only contribute if α+β+ 6= 0, in which case the term proportional to a0 dominates

anyway (as we shall see later in Section 7.2, the situation is quite different if the

operator a0A
4
µ is suppressed).

With a0 > 0 as our first requirement, the rest of the bounds can be determined

by assuming β+ = 0 without loss of generality. The indefinite positivity bounds

then require

(a3 + C1) |α+|2 + 4c̃1
(

1− |α+|2
)

(7.20)

+ 4(c̃1 + 4c̃2)
(

|α0β0 − α−β−|2 − 2Im[α∗
0α−]Im[β∗

0β−]
)

> 0 ,

for all choices of normalized states with β+ = 0.

• Now if Λ2
A ≫ Λ3

φ/m, this implies c̃1,2 ≪ 1 and the above bounds will simply

be satisfied by

a0 > 0 , and a3 + C1 > 0 , for Λ2
A ≫ Λ3

φ/m . (7.21)

• On the other hand if Λ2
A = Λ3

φ/m then choosing say α0 = β− = 0, we see

immediately that the first line should be positive, leading to the two conditions

a3 + C1 > 0 and c1 > 0. Finally by spanning over the possible states, we see

that the only last condition is c1 + 8c2 > 0, so in summary, the positivity
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bounds set the requirements

a0 > 0 , c1 > 0 , c1 + 2c2 > 0 , and a3 + C1 > 0 , for Λ2
A = Λ3

φ/m .

(7.22)

We can also notice that truncating the Proca EFT at this order leads to bounds

that would seem to be violated, for instance for states with α±1 = ±1/
√
2, α0 = 0

and β±1 = 1/
√
2, β0 = 0 we would have fαβ = 0. In reality this simply expresses the

need for higher order operators to enter the EFT and contribute at order m4/Λ8
φ in

fαβ .

Beyond the forward limit: The leading contribution to the first t derivative is,

∂

∂t
fαβ

∣

∣

∣

t=0
=

3

4

a3 + a4 − 2a5
Λ6
φ

|α+|2|β+|2 . (7.23)

Remembering the general form of the first t derivative bound

∂

∂t
fτ1τ2 +

NS + 1

2M2
fτ1τ2 > 0 . (7.24)

where here NS = 2 + 8 = 10 and since we are applying tree-level bounds then

M2 = Λ2
th, the mass of the next lightest state not included in the EFT. Since in a

weakly coupled UV completion we expect Λφ ∼ Λth, we may choose to define the

Lagrangian parameters so that Λφ = Λth. Then with only the further assumption

of the hierarchy m≪ Λφ, the first t derivative positivity bound amounts to

3(a3 + a4 − 2a5) + 112a0 ' 0 . (7.25)

Note that as stated this is a linear condition on dimensionless coefficients which are

expected to be of order unity in a Wilsonian sense. Crucially this is quite indepen-

dent of the forward limit bounds and so provides new information on the parameter

space and constrains the operators of the form A2(∂A)2 in a way which would not

have been possible without going beyond the forward limit. This demonstrates the

usefulness of non-forward limit positivity bounds.

These bounds are the ones derived for a generic Proca EFT with the scale count-

ing as explained above. Note that this scaling differs from that we would encounter

in a “charged Galileon” effective theory where a Galileon shift symmetry is imposed

for the helicity-0 mode—a symmetry which is then only softly broken by other op-

erators. In such an EFT, operators that break the Galileon invariance (for instance

operators of the form (∂φ)4) are required to be additionally suppressed by powers of

m2/Λ2
φ. Such a tuning is expected to be radiatively stable and hence self-consistent
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[Luty et al., 2003; Nicolis and Rattazzi, 2004; de Rham et al., 2012].

7.2 Charged Galileon

For a generic scalar field with a shift symmetry φ → φ + c (c being constant),

one expects the leading interaction (∂φ)4/Λ4 to enter the EFT and set a cutoff Λ.

However, in theories with a Galileon symmetry (6.1), this operator is forbidden.

This generalized shift symmetry protects the soft behaviour of the amplitude: it

removes all operators of the form (∂φ)n (except for the canonical kinetic term).

This enhanced soft behaviour is related to φ’s interpretation as a Goldstone for

spontaneously broken diffeomorphisms in massive theories of gravity (see for example

[de Rham, 2014; de Rham et al., 2016]).

Now, consider a nonlinearly realized gauge group, under which the scalar field

transforms as in (7.2). The leading (∂φ)4/Λ4 is gauged into the (Dφ)4/Λ4 which

dominated the positivity bounds in Section 7.1. However, if the original scalar

enjoys a Galileon shift symmetry, which forbids the coefficient of (∂φ)4/Λ4, then on

introducing the gauge field we find an EFT of the form (7.6) but only now with

a0 ∼ m2/Λ2
φ in order to respect the soft Galileon amplitude behaviour.

The renormalization of the EFT coefficients (in any scheme which respects the

power counting) is such that the leading derivative operators are not renormalized.

This particular tuning, a0 ∼ m2/Λ2, is therefore stable against loop corrections, i.e.,

the (softly broken) Galileon symmetry is preserved in the gauged EFT.

Alternative Decoupling Limit Construction: As we have seen in the Proca

theory, for an EFT with a nonlinearly realized gauge symmetry, employing the

Stückelberg trick was useful in correctly assessing the suppression scales of the op-

erators. Before turning to the positivity bounds for this charged Galileon EFT, we

wish to make a brief digression on the construction of such EFTs directly in the

unitary gauge.

There have been a few attempts to construct charged Galileon EFTs while impos-

ing a “ghost-freedom” condition: that is, including only operators (with appropriate

scales) so that in a suitable decoupling limit the scalar mode reduces to the Galileon

and hence there is no Ostragraski ghost in this limit (its equations of motion remain

second order). Imposing ghost-freedom in such a decoupling limit ensures that the

cut-off of the theory can be at least as large as the fixed decoupling limit scale, when

näıvely it might have been much lower. For example, a charged Galileon theory in
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the unitary gauge would be constructed as

L = −1
4
F µ
ν F

ν
µ −

m2

2
AµA

µ +
g3m

3!MPl
AµAν∂µAν +

g4
4!M2

Pl

δµ1µ2ν1ν2 A
µAµ∂µ1A

ν1∂µ2A
ν2

+
α1

M2
Pl

δµ1µ2ν1ν2
Aα∂µ1A

αAµ2∂
ν1Aν2 +

α2

M2
Pl

δµ1µ2ν1ν2
AµA

µ∂µ1Aµ2∂
ν1Aν2

+
α3

M2
Pl

δµ1µ2µ3ν1ν2ν3 Aµ1A
ν1∂µ2A

ν2∂ν3Aµ3 , (7.26)

which corresponds to the choice of Λ3
φ = m2MPl and Λ2

A = mMPl for the scales.

This ensures that the Lagrangian reduces to the Galileon theory (in φ) in the Λ3

decoupling limit

m→ 0, MPl →∞, Λ3 = (m2MPl)
1/3 fixed (7.27)

and with Aµ → Aµ + ∂µφ/m.

However, the ghost-free condition is not particularly well-motived from a stan-

dard Wilsonian EFT point of view: generically when integrating out degrees of

freedom from the UV theory, ghosts are usually introduced in the EFT but at the

mass scale of the removed heavy particles. From a strict bottom-up perspective, one

should simply write down all of the available local operators and any ghost that is

introduced should simply be interpreted as imposing an upper bound for the cutoff

of the theory.

Nevertheless, to leading order in 2-to-2 tree level scattering, the two approaches

are equivalent. This is because, starting from any arbitrary local Lagrangian in

terms like ∂A3 and ∂2A4, one can always perform a field redefinition to bring it

to the form (7.26) (to this order in power counting at the level of amplitudes and

up to total derivatives), much like in Section 6.3. Of course, going beyond leading

order, this is no longer the case. Generally, fixing the operators and their scales

to engineer a desired decoupling limit will differ from the standard Wilsonian EFT

construction.

Therefore, for charged Galileon, we may continue using Proca theory in (7.12),

with a vital difference: for charged Galileons the a0 term has an extra m2/Λ2
φ sup-

pression.

Forward limit: The forward limit bounds can be read of from the expression for

fαβ given in (7.19) with again a0 → a0m
2/Λ2

φ. This implies that a0 > 0 is not

necessarily sufficient to guarantee the first two lines of (7.19) to be positive.
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For simplicity we re-write the quantity fαβ in terms of five relevant parameters

fαβ

∣

∣

∣

t=0
=

8m2

Λ6
φ

[

µ1|α+|2|β+|2 + µ2

(

|α+|2 + |β+|2
)

(7.28)

+ µ3

(

Re[α∗
−α+]Re[β

∗
−β+]− Re[α∗

0α+]Re[β
∗
0β+]

)

+ µ4

(

|α0|2 + |α−|2
) (

|β0|2 + |β−|2
)

+ (µ5 − µ4)
(

|α0β0 − α−β−|2 − 2Im[α∗
0α−]Im[β∗

0β−]
)

]

,

with

µ1 = a0 −
1

2
(a4 + C1) , µ2 =

1

4
(a3 + C1) , µ3 = a4 − a5 − 2C2 −

1

2
(a3 + C1)

(7.29)

µ4 = c̃1 and µ5 = 2(c̃1 + 2c̃2) .

In this form, we quickly see that the positivity bound requires µ1 +2µ2 > 0, µ4 > 0

and µ5 > 0. In addition to these four bounds (which had an equivalent in the Proca

EFT (7.22)), there are now new bounds on µ3, such as |µ3| < X , where the precise

expression for X is non-trivial to compute explicitly, but X should be at least

X ≤







Min
[

µ1 + 4µ2 + µ5,
1
2
(µ1 + 6µ2 + 4µ5)

]

if Λ3
φ & mΛ2

A ,

0 if Λ3
φ ≪ mΛ2

A .
(7.30)

In particular, notice that if Λ3
φ ≪ mΛ2

A and the c1, c2 operators are unimportant,

then by scattering α+ = β+ = ǫ≪ 1 and either α− = β− = 1−ǫ2 or α0 = β0 = 1−ǫ2
we find that either µ3 > 0 or µ3 < 0. The union of these positivity constraints

therefore forces |µ3| = 0, which in terms of the original EFT variables sets,

a4 − a5 − 2C2 −
1

2
(a3 + C1) = 0 if Λ3

φ ≪ mΛ2
A . (7.31)

We will return to this in Section 7.3.

Altogether, we can express these conditions as,

a0 +
1

2
a3 −

1

2
a4 > 0, c̃1 > Min[0,−2c̃2], and |µ3| < X . (7.32)

The first bound corresponds to SSSS scattering, and coincides with the result

of [Bonifacio et al., 2016]. The final bounds depends in general on a non-trivial

function of the EFT parameters, X , which can be determined numerically. Note

that X always lies in the range (7.30).
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0 3a0

0

- X

X

at+3a0

�3
All forward

� t bound

SSSS

Figure 7.1: Parameter space for charged Galileon theory constrained by analytic-
ity. A suppressed a0 ∼ m2/Λ2

φ is required to recover a Galileon symmetry in the
decoupling limit. The forward limit bound from scattering four scalar modes was
previously found in [Bonifacio et al., 2016], which excluded the red region. By
looking at scattering superpositions of modes, one can use forward limit bounds to
further restrict the parameter space to a semi-infinite strip (the white region plus
the light green region) in the parameter space spanned by (µ3, āt + 3ā0). Utilizing
the first ∂t bound (i.e., going away from the limited forward limit formalism), we
reduce this semi-infinite strip even further, potentially greatly, depending on the
sign of 3ā0 = 3a0 − a5 − C1 − 4C2. In terms of the EFT coefficients in (7.6), we
have 2āt = a3 + a4 − 2a5, µ3 = a4 − a5 − a3/2 − C1/2 − 2C2. The SSSS bound
corresponds to āt + 3ā0 − 2µ3 > 0. X is defined in (7.30).

First t derivative: The leading contribution to ∂fτ1τ2/∂t (7.23) is not affected by

the ordering of a0. However, given the current scaling of a0 then the contribution

going as fαβ in (7.24) is suppressed by m2/M2 ≪ 1 as compared with the term

coming from ∂tfαβ and so the positivity bounds require the quantity ∂tfαβ (7.23) to

be positive by itself, hence leading to

āt =
1

2
a3 +

1

2
a4 − a5 > 0 . (7.33)

Again, going away from the forward limit in this way has given us a new constraint

which could not have been derived from forward limit considerations alone. These

bounds are plotted in Figure 7.1, demonstrating that this t derivative constraint can

be orthogonal to the previous forward limit constraints.
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7.3 Vector Galileon

To provide a concrete example, consider the following fine tuning of (7.6): set to

zero all of the Wilson coefficients at this order, except a1 and a5. This is equivalent,

up to a field redefinition and boundary term, to the following unitary gauge action,

L = −1
4
F ν
µF

µ
ν −

1

2
m2A2

µ +
g3m

3

Λ3
AµA

µ∂νAν +
g4m

4

Λ6
AµA

µ
(

(∂νAν)
2 − ∂αAβ∂βAα

)

(7.34)

where g3 and g4 play the role of a3 and a5. Note that this is not a particularly natural

thing to do from an EFT perspective, nor is such a tuning preserved under radiative

corrections. Nonetheless, due to its relative simplicity and superficial similarity

to the scalar Galileon, the above action is a particularly simple realization of Proca

theory which has provided a useful testing ground for many ideas in recent literature.

For example, there is an exact solution for g3 = 0, it allows for black hole vector hair

[Chagoya et al., 2016; Heisenberg et al., 2017a,b] and also numerical simulations of

neutron stars [Kase et al., 2018].

Positivity bounds show that a Wilsonian UV completion of the above vector

Galileon would require,

Λ4f−11 =
2m2

Λ2
(−3g23 − g4) > 0 (7.35)

Λ4f11 =
2m2

Λ6
(g23 + g4) > 0 (7.36)

or put another way,

3g23 < −g4 < g23 . (7.37)

This is clearly not possible unless g3 = g4 = 0 at this order, and subleading terms

in the EFT come in to satisfy these bounds.

So the theory (7.34) cannot admit a Lorentz invariant UV completion unless

additional operators are included at the same order. An example of such an operator,

which still preserves the “ghost-freedom” of the original theory, is,

L = −1
4
F ν
µF

µ
ν −

1

2
m2A2

µ +
C1m

2

Λ6
(AµFαµ)

2 (7.38)

+
g3m

3

Λ3
AµA

µ∂νAν +
g4m

4

Λ6
AµA

µ
(

(∂νAν)
2 − ∂αAβ∂βAα

)

.
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The positivity bounds are then,

Λ4f−11 =
2m2

Λ2
(C1 − 3g23 − g4) > 0 (7.39)

Λ4f01 =
m2

Λ6
C1 > 0 (7.40)

Λ4f11 =
2m2

Λ6
(g23 + g4) > 0. (7.41)

This opens up an allowed window of parameter space,

3g23 − C1 < −g4 < g23 =⇒ C1 > 2g23 > −2g4. (7.42)

Interestingly, the simulations of [Kase et al., 2018] with g3 ≈ 0 have shown that

the sign of g4 corresponds to whether Proca neutron stars would be larger or smaller

than in General Relativity without a Proca field,

g4 > 0 =⇒ rProca < rGR

g4 < 0 =⇒ rProca > rGR

where r is the radius of the neutron star observed in the simulations. Here, we have

shown that in this region of parameter space (g3 ≈ 0), g4 favours small positive

values, suggesting that if a cosmological Proca field plays a role in the formation of

neutron stars, then they should be consistently smaller than in GR4.

So the moral of the story is: while the finely-tuned (7.34) seems appealing for its

computational simplicity, in order to admit a standard Wilsonian UV completion

other operators must be included, with coefficients which are of the same order as

g3 or g4. This has significant bearing on future phenomenological studies, and can

provide constraints on (among other things) neutron star properties, black hole hair,

and cosmological anisotropy.

Summary of Chapter 7

In terms of the EFT coefficients defined in (7.6) and (7.33), we have the following

positivity constraints:

4Of course, the caveat here is that [Kase et al., 2018] used C1 ≈ g3 ≈ 0, and so this finding may
change if updated with a more complete basis of EFT operators.
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with 1
Λ4
φ
(Dµφ)

4 with m2

Λ6
φ
(Dµφ)

4

Forward limit a0 > 0 a0 +
1
2
a3 − 1

2
a4 > 0, |µ3| < X

c1 > 0, 2c2 > −c1 c1 > 0, 2c2 > −c1
∂t bound 6āt + 112a0 > 0 āt > 0

Table 7.1: Summary of Vector field positivity bounds, where the coefficients are as
defined in (7.6) and (7.33).

In particular, the simplest “vector Galileon”, while being very appealing for

numerical simulations, is ruled out by these positivity constraints.

This concludes our constraints on theories of a massive spin-1 field. We now

turn to the case of spin-2, and discuss how constraints from unitarity, analyticity

and locality can shape our theories of gravity.
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Despite much effort, we lack a UV complete understanding of gravity which correctly

reproduces low energy observations. Regarding gravity as the low energy EFT of a

spin-2 field, it seems we must then fix its higher derivative Wilson coefficients via

observations—which must be conducted near the Planck scale! This is, of course,

not ideal. Instead, in this chapter we shall explore the consequences of positivity

bounds on gravitational theories, and show that (despite our ignorance of physics

at the Planck scale) it is possible to bound these Wilson coefficients.

In particular, in Section 8.1 we will constrain the R2 and R4 higher derivative

operators which supplement the Einstein-Hilbert action of General Relativity, and

then in Section 8.2.1 we will constrain the leading potential operators in the most

general theory of a massive spin-2 particles, before turning in Section 8.2.2 to the

particular ghost-free tuning known as Λ3 massive gravity. The postivity bounds on

General Relativity were first found in [Cheung and Remmen, 2016b] and [Bellazz-

ini et al., 2016], while the massive gravity results have appeared in [Cheung and

Remmen, 2016a], [Melville et al., v] and [Bellazzini et al., 2018], [Melville et al., vi].

Throughout this chapter we will be considering scattering amplitudes between

metric fluctuations, hµν , on a flat background spacetime, ηµν . Square brackets denote

the trace with respect to ηµν , and angle brackets denote the trace with respect to

the full gµν = ηµν + hµν . For example,

〈h〉 := hµνg
µν = hµν (η

µν − hµν + ...) =: [h]−
[

h2
]

+ ... (8.1)

Momenta and polarizations are always contracted using ηµν .

8.1 General Relativity

General relativity has a long history as an Effective Field Theory [Donoghue, 1995].

The leading order term in the Lorentz-invariant EFT of a massless, spin-2 field

is,

S =

∫

d4x
√−g M

2
P

2
R[g] (8.2)

where R is the Ricci scalar curvature derived from gµν as a metric. This is known

as the Einstein-Hilbert term, and this action coincides with the theory of General

Relativity.

The one free coefficient at leading order (the mass scale MP ) is fixed by demand-

ing agreement with Newtonian gravity in the weak field non-relativistic limit,

M2
P =

1

8πGN
, (8.3)

where GN is Newton’s constant. We refer to this as the Planck scale—the scale at
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which the gravitons of General Relativity become strongly coupled.

As an EFT, the Einstein-Hilbert action (8.2) receives corrections from various

higher derivative operators. Insisting that no ghosts are introduced, the next-to-

leading order correction comes from the Gauss-Bonnet term [Lovelock, 1971],

SGB =

∫

d4x
√−g λ δµνρσαβγδ RµνρσR

αβγδ. (8.4)

In general, if one allows for field redefinitions and integrations by parts to remove

redundant operators, the first non-trivial corrections to (8.2) come in at fourth order

in the Riemann tensor [Fulling et al., 1992],

SNLO =

∫

d4x
√
g
[

c1(RµνρσR
µνρσ)2 + c2(RµνρσR̃

µνρσ)2
]

. (8.5)

In this section, we shall use the positivity constraints developed in Part I to show

that,

λ > 0, c1 > 0, c2 > 0. (8.6)

Given that these operators are capturing genuine quantum gravity effects, it is

astonishing that they can be constrained without any data even remotely near the

Planck scale.

8.1.1 Gauss-Bonnet

The leading order correction to the Einstein-Hilbert term which preserves ghost-

freedom is the Gauss-Bonnet term (8.4). Also known as the Euler density, this term

plays an important role in renormalization group flows and the a theorem [Osborn,

1989; Jack and Osborn, 1990; Osborn, 1991; Komargodski and Schwimmer, 2011;

Komargodski, 2012; Luty et al., 2013; Baume et al., 2014]. Despite being a total

derivative inD = 4 (and therefore not contributing to the flat space 2-to-2 scattering

amplitude), the coefficient of the Gauss-Bonnet operator can be constrained using

the two-point function arguments of Section 2.1.2, as first shown in [Cheung and

Remmen, 2017].

First, we allow ourselves the freedom to perform field redefinitions. The Einstein

field equations relate Rµν to the matter field stress-energy tensor, Tµν , and so both

Rµν and R can always be traded for interactions in the matter sector (plus higher

order corrections in the gravitational sector). With this in mind, the non-trivial part

of the Gauss-Bonnet term is the RµνρσR
µνρσ piece. An equivalent operator which

captures this correction is therefore the Weyl-squared operator,

CµνρσC
µνρσ = RµνρσR

µνρσ − 4

D − 2
RµνR

µν +
2

(D − 1)(D − 2)
R2. (8.7)
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Next, now that we have written in the operator in a factorisable form, we shall

speculate that in the UV there exists a renormalizable coupling between Cµνρσ and

some heavy field (or combination of heavy fields) which we denote χµνρσ,

SUV =

∫

d4x
√−g y Cµνρσχµνρσ , (8.8)

where y is a constant coupling strength. Recall from Section 2.1.2 that, if these

heavy fields are to be consistent with unitarity and analyticity, they must admit a

Källén-Lehmann spectral representation,

〈χµνρσ(k)χαβγδ(−k)〉 =
∫ ∞

0

dµ
ρ(µ)

µ− k2Πµνρσ,αβγδ(k). (8.9)

Integrating out χ at tree level, we therefore conclude that the EFT contains the

operator,

SIR =

∫

d4
√−g

[

CµνρσCαβγδ y
2

2

∫ ∞

0

dµ
ρ(µ)

µ
Πµνρσ,αβγδ(0) + ...

]

. (8.10)

As (8.8) is the leading order operator that one could construct from the metric which

cannot be removed by a field redefinition in the UV, we expect that this provides

the leading contribution to the Wilson coefficient of every Weyl-squared operator in

the IR.

Finally, all that remains is to find an expression for the propagator Πµνρσ,αβγδ. As

χ need not transform in a single spin representation of the Lorentz group, in general

Π can have a complicated index structure. However, it must obey the properties,

• Πµνρσ,αβγδ(k) can be built from ηµν and kµ only,

• Πµνρσ,αβγδ = Παβγδ,µνρσ from the exchange of the two χ’s,

• Π(µν)ρσ,αβγδ = Πµν(ρσ,αβγδ = 0 and Πµνρσ,αβγδ = Πρσµν,αβγδ from the index

properties of the Weyl tensor,

• Πµ[νρσ],αβγδ = 0 from the Bianchi identity,

• kµΠµνρσ,αβγδ = 0 and ηµρΠµνρσ,αβγδ = 0 as Π is constructed from transverse,

traceless polarization tensors as in (2.17),

• Π µνρσ
µνρσ = 1

12
(D + 1)D(D − 1)(D − 4), the total number of polarizations

that χ could have, given the way that it couples to the Weyl tensor.

This is enough to completely fix Π, which is given fully in [Cheung and Remmen,
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2017]. Crucially, the IR limit of Π in (8.10) yields,

SIR =

∫

d4x
√−g CµνρσCµνρσ

[

y2

2

∫ ∞

0

dµ
ρ(µ)

µ

]

, (8.11)

from which we conclude that the GB coefficient of (8.4), is positive definite,

λ = y2/2

∫ ∞

0

dµρ(µ)/µ > 0 . (8.12)

There were two main assumptions in this argument,

(i) Convergence: we assumed that the Källén-Lehmann spectral representation

(8.9) converges without the need for any subtractions. In the event of UV

divergences, the renormalization ambiguity manifests itself as undetermined

subtraction coefficients in (8.9), which may have either sign.

(ii) Naturalness : we assumed that the UV coefficient y is O(1), and not somehow

suppressed. In the event that y ≪ 1, the dominant contribution to λ in the

IR may come from a different operator in the UV which is not necessarily

positive.

We now turn our attention to the next-to-leading operators (8.5), which represent

the first corrections to the 2-to-2 scattering amplitude on flat space.

8.1.2 Higher Derivative Corrections

A complete basis of EFT operators in D = 4 up to eighth order in derivatives is

given by (8.5). Schematically, it is constructed as follows:

• Diffeomorphism invariance requires that metric interactions take the form of

products of Riemann tensors and its contractions,

• Field redefinitions can then be used to remove all terms which involve Ricci

tensor or scalar, as these can be replaced by matter fields (at leading order),

• Finally, dimensionally-dependent identities can be used to remove certain

products of Rµνρσ, as described in [Fulling et al., 1992]. For example, it is

well-known that the Gauss-Bonnet term is a total derivative in D = 4.

The 2-to-2 scattering amplitude in the forward limit was found in [Bellazzini

et al., 2016],

Aα(s, t = 0) ⊃ s4

M8
P

(

c1 cos
2 α + c2 sin

2 α
)

(8.13)
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where α is the angle between the incoming graviton polarizations, and the scattering

is elastic (outgoing polarizations are identical to ingoing) so that the optical theorem

applies. Positivity of ∂4sB, the fourth derivative of the pole-subtracted amplitude,

for all polarization combinations, then requires that,

∂4sBα(s = 2m2, t = 0) > 0 =⇒ c1 > 0, c2 > 0. (8.14)

t-channel pole: One may wonder whether a further constraint could be placed on

{c1, c2} by considering the ∂2sB positivity bound. However, there is a complication.

From the t-channel exchange of a massless graviton, the amplitude contains,

A(s, t) ⊃ s2

t
. (8.15)

Recall that only the s and u-channel poles are manifest in the dispersion relation,

and so one cannot naively subtract this t-channel pole and be guaranteed that the

Froissart bound still holds1.

This divergent t-channel pole presents an obstruction to applying positivity

bounds, and has been discussed in various places [Adams et al., 2006; Bellazzini

et al., 2016; Hamada et al., 2018]. However, since it scales at tree level at worst like

s2, the argument of [Bellazzini et al., 2016] is that it does not contribute to quantities

like ∂4sB(t) (with more than two s derivatives), which then have well-defined forward

limits in which positivity bounds are expected to hold. It is not clear whether the

positivity bound with only two subtractions, ∂2sB(t), should hold in the presence of

massless spin-2 exchange.

Having derived the positivity constraints on the leading operators which correct the

Einstein-Hilbert term, we now turn to the analogous problem for massive gravity.

As we shall see, giving the graviton a mass will resolve the issue of the t-channel

pole and allow the full array of positivity bounds to be reliably applied, vastly

constraining the parameter space.

1A separate issue is whether the Froissart bound still applies when considering the exchange of
massless gravitons. If the amplitude of the UV completion grows faster than s2 at large s, then
the bounds (8.14) do not apply. Put another way, (8.14) should be read as diagnosing whether a
UV completion which obeys the Froissart bound could ever exist.
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8.2 Massive Gravity

8.2.1 Λ5 Massive Gravity

In this section, we present the bottom-up construction of an EFT for a single massive

spin-2 field on flat space, and then derive constraints on its parameter space from

our Part I positivity bounds. While a massless spin-2 particle would be described

by the familiar Einstein-Hilbert term of GR, introducing a mass (softly) breaks

diffeomorphism invariance. As we have seen in the Proca theory, it is beneficial

to reintroduce this symmetry via the Stuckelberg trick, as this will allow us to

determine operator scales which are preserved under RG flow.

In a generic theory of Lorentz invariant massive gravity, the first natural scale

that appears is the Λ5 scale, where Λ5
5 = MPlm

4. For instance, if we take the

Einstein-Hilbert kinetic term, and simply add the Fierz-Pauli mass term for the

metric perturbation hµν = gµν − ηµν , it is straightforward to show that such a

theory breaks perturbative unitarity at the scale Λ5 [Arkani-Hamed et al., 2003].

In fact, in the absence of any specially tuned structure, this is the highest scale to

which such an EFT can be trusted. As is now well known, there is a special structure

which can raise the cutoff scale to Λ3, where Λ
3
3 = m2MPl [de Rham and Gabadadze,

2010b,a; de Rham et al., 2011]. Remarkably we shall find below that the positivity

bounds themselves will impose precisely this specially tuned structure, and demand

that the cutoff be at least Λ3, at least to quartic order in the field.

8.2.1.1 Building the EFT

In order to aid comparison with the Λ3 theory to be discussed later, it is helpful to

introduce the Stückelberg fields

φa = xa − V a

mMPl
− ∂aπ

m2MPl
, (8.16)

and define the tensor Kµ
ν [de Rham et al., 2011] via

Kµ
ν = δµν −

√

gµω∂ωφa∂νφbηab . (8.17)

In unitary gauge, φa = xa, then

Kµ
ν =

1

2
hµν +O(h2) , (8.18)

implying that Kµ
ν is just a particular choice of variables encoding the metric per-

turbations. In the Λ5 decoupling limit, defined by taking MPl → ∞ and m → 0,
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keeping Λ5 fixed, then

Kµ
ν →

1

m2MPl
∂µ∂µπ =

m2

Λ5
5

∂µ∂µπ . (8.19)

To understand why Λ5 is the natural scale for massive gravity, it is sufficient to

note that a generic mass potential in unitarity gauge of the form (index structure

suppressed for interactions)

Lmass ∼ −
1

8
m2M2

Pl

(

h2µν − h2 + ah3 + . . .
)

(8.20)

is re-expressible as

Lmass ∼ −
1

2
m2M2

Pl

(

Kµ
νK

ν
µ −K2 + a′K3 + . . .

)

. (8.21)

Then focusing on the generic cubic interaction, in the Λ5 decoupling limit we have

− a′

2
m2M2

PlK
3 → −a

′

2
Λ4

5

(

∂∂π

Λ3
5

)3

, (8.22)

meaning that unless we engineer the cubic interactions to vanish (a′ = 0), or be total

derivatives in the decoupling limit (as in the case of the Λ3 theory), we inevitably

generate a dimension 5 operator at the scale Λ5. When interpreted as a Wilsonian

EFT, we expect whatever physics resolves perturbative unitarity at the scale Λ5 will

generate an infinite number of other operators who shall naturally come in the form

∆L = Λ4
5L0

(

Λ2
5

m2
Kµ

ν ,
∇µ

Λ5
,
Rµ

νρσ

Λ2
5

)

, (8.23)

where L0 accounts for all scalar operators build out of its arguments, with order

unity or smaller coefficients. Thus the full form of the Λ5 Wilsonian action is

S =

∫

d4x
√−g

[

M2
Pl

2

(

R [g]−m2
(

Kµ
νK

ν
µ −K2

))

+ Λ4
5L0

(

Λ2
5

m2
Kµ

ν ,
∇µ

Λ5

,
Rµ

νρσ

Λ2
5

)]

.

(8.24)

Note that, according to this counting, we can generate a Λ8
5K

2/m4 ∼ (�π)2/Λ2
5

term which breaks the Fierz-Pauli tuned mass structure. However the associated

Boulware-Deser ghost will have a mass at the scale Λ5 and so from an EFT point

of view such terms are allowed since the ghost cannot be excited in the regime of

validity if the EFT.

A generalization of this to a “single scale- single coupling” theory (see [Melville
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et al., v] and references therein) by introducing a weak coupling parameter g∗ is

S =
1

g2∗

∫

d4x
√−g

[

M2

2

(

R [g]−m2
(

Kµ
νK

ν
µ −K2

))

+ Λ4
5L0

(

Λ2
5

m2
Kµ

ν ,
∇µ

Λ5
,
Rµ

νρσ

Λ2
5

)]

,

(8.25)

where M2 = M2
Plg

2
∗ and Λ5 is now Λ5 = (m4M)1/5 is the cutoff of the effective

theory. The virtue of introducing a weak coupling parameter g∗ ≤ 4π is that loop

corrections to the above effective action can be made arbitrarily small while leaving

intact the form of the tree interactions, up to an overall normalization—this was

first pointed out in [Bellazzini et al., 2018] and [Melville et al., v].

8.2.1.2 Positivity Bounds

The generic form of the even part (which removes the
√
stu branch cuts) of the

tree-level 2-2 scattering amplitude for a generic polarization is then

Tτ1τ2τ3τ4(θ) + Tτ1τ2τ3τ4(−θ) ∼ (8.26)

g2∗
Λ10

5

[

∑6
a=0 c

s
at
a(m2)6−a

m2 − s + (t pole) + (u pole) +

a=5,b=5
∑

a+b≤5,a=0,b=0

Cabs
atb(m2)5−a−b

]

+
g2∗
Λ12

5

[

∑7
a=0 d

s
at
a(m2)7−a

m2 − s + (t pole) + (u pole) +

a=6,b=6
∑

a+b≤5,a=0,b=0

Dabs
atb(m2)6−a−b

]

+O
(

g2∗/Λ
14
5

)

+ kinematic poles at s = 4m2 ,

where the τi dependent coefficients cs,t,ua , ds,t,ua , Cab and Dab are dimensionless and

naturally of order unity or vanishing. Additional constraints can be found by im-

posing crossing symmetry [Bonifacio and Hinterbichler, 2018], but will not concern

us here. The above scalings are indicative of the fact that the helicity-2 poles come

in at the scale 1/M2
Pl = (m8g2∗)/(Λ

10
5 ), however the helicity-1 and helicity-0 are addi-

tionally enhanced by up to four powers of 1/m2 from the unitary gauge polarization

structure and external state normalization. Regardless, the leading interactions then

enter at the scale g2∗/(Λ
10
5 ) and higher dimension operators in the effective theory

expansion will be further suppressed by positive integer powers of 1/Λ2
5, indicative

of new states at this scale.

When applying the positivity bounds under the assumption that the UV com-

pletion is weakly coupled, we may take the threshold scale M2 ∼ Λ2
5. Given the

above form for the amplitude, the higher derivative EFT corrections which come in

at O (g2∗/Λ
12
5 ) are 1/Λ2

5 suppressed relative to the leading interactions, and these are

of the same order as the 1/M2 terms in the positivity bounds that arise from the

leading amplitude.

Focussing on the leading order O (g2∗/Λ
10
5 ) interactions, then given a large hier-
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archy Λ5 ≫ m, the positivity bounds may be simplified to

∂2N

∂vN
fαβ

∣

∣

∣

t=v=0
> 0 , ∀ N ≥ 0 , (8.27)

∂2N

∂vN
∂M

∂tM
fτ1τ2

∣

∣

∣

t=v=0
> 0 , ∀ M ≥ 1, N ≥ 0 , (8.28)

for all those N and M for which the LHS is non-zero, together with

fτ1τ2(v, t) > 0, for |v| ≪ Λ5 (8.29)

∂

∂t
fτ1τ2(v, t) > 0, for |v| ≪ Λ5 , (8.30)

where fτ1τ2 is defined in (3.114) as the appropriately subtracted regularised transver-

sity amplitude. From the leading EFT amplitude, there are only ever a finite number

of v derivatives which are non-zero. Although there are an infinite number of nonzero

t derivatives due to the t-channel pole, in practice anything beyond the first few t

derivatives will be dominated by the t channel pole, and will eventually degenerate

into the statement that the residue of the t-channel pole must be positive.

We thus conclude, that it is consistent to first truncate the scattering amplitude

to the leading O (g2∗/Λ
10
5 ) interactions and to impose the simplified positivity bounds

(8.27–8.30) to the scattering amplitude for those finite number of terms that give

non-trivial independent information. Once this has been done, the O (g2∗/Λ
12
5 ) EFT

corrections may be included which compete with the 1/M2 suppressed terms from

the leading interactions. The bounds should then be applied for only those terms for

which the leading interactions contributed zero. Repeating this process, nontrivial

bounds may be applied to the coefficients of the interactions to any order in the

EFT expansion.

Scattering Amplitudes: Following the above discussion, we may first consider

only the leading interactions that come from the mass potential, which may in

unitary gauge be written in the form:

L ⊃ M2
Pl

2

(

R [g]− m2

4
V (g, h)

)

. (8.31)
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In order to compare with previous works we further parameterize the interactions

to quartic order in the manner2

V (g, h) ⊃ 〈h2〉 − 〈h〉2 + c1〈h3〉+ c2〈h2〉〈h〉+ d1〈h4〉+ d3〈h2〉2

= [h2]− [h]2 + (c1 − 2)[h3] + (c2 +
5

2
)[h2][h] (8.32)

+ (d1 + 3− 3c1)[h
4] + (d3 −

5

4
− c2)[h2]2 .

Here [h] = ηµνhµν , [h
2] = ηµνhµαη

αβhβν , etc.. The expected order of magnitude for

the coefficients c1, c2, d1, d3 can be determined by matching in unitary gauge to the

expansion of the action (8.24) or (8.25). In order to bridge comparison with previous

treatments and the Λ5 theory we shall however continue to remain agnostic about

their magnitude. The fluctuations are then canonically normalized by performing

the redefinition hµν → 2hµν/MPl so that the propagator is

Dµναβ(p) =
1

p2 +m2

(

1

2
ΠµαΠνβ +

1

2
ΠµβΠνα −

1

3
ΠµνΠαβ

)

, Πµν = ηµν +
pµpν
m2

.

(8.33)

It is convenient to define

d3 = −d1/2 + 3/32 + ∆d, c2 = −3c1/2 + 1/4 + ∆c, (8.34)

and interpret the bounds on the parameter space {c1, d1,∆c,∆d}. ∆c = ∆d = 0

corresponds to the special tuning which lifts the cutoff from Λ5 to Λ3, as we will

discuss in Section 8.2.2.

We can express a general spin-2 state in the transversity basis via a five compo-

nent vector ατ ,

ǫ(α)µν =
∑

τ

ατǫ
(τ)
µν . (8.35)

These polarizations are related to the standard SV T decomposition by
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. (8.36)

2There are a few parametrization for the mass terms. The relation between c3 and d5 and α3 and
α4 is given right after equation (23) of [de Rham et al., 2011]: α3 = −2c3 and α4 = −4d5. The
relation between αi and βi can be found, for instance, in equation (6.24) of [de Rham, 2014].
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It is more useful to express the residues fαβ in terms of αS,V,T because these polar-

izations have definite scaling with s

ǫ(T ) ∼ s0, ǫ(V ) ∼ s

m
, ǫ(S) ∼ s2

m2
, (8.37)

and correspond more closely to scattering φ, A or h Stückelberg fields.

Forward Limit: We construct the regulated transversity amplitude,

fτ1τ2 =
1

10!

∂10

∂s10
[

s4(s− 4m2)4 (Tτ1τ2τ1τ2(s, θ) + Tτ1τ2τ1τ2(s,−θ))
]

, (8.38)

as described in Chapter 3.

In the forward limit, we have the leading order bound

2M2
Plm

6 ∂
2

∂v2
fαβ |t=0 =

352

9
|αSβS|2 (∆c (−6 + 9c1 − 4∆c)− 6∆d)

+
176

3
αSβS(αV1βV1 − αV2βV2)∆c (3− 3c1 + 4∆c) . (8.39)

where ατ and βτ are purely real3. Significantly, there exists a choice of polarizations,

namely,

αS = ǫ, |αT1|2 + |αT2|2 = 1− ǫ2 − |αV1|2 − |αV2 |2 , (8.40)

such that

2M2
Plm

6 ∂
2

∂v2
fαα|t=0 =

176

3
(αV1αV1 − αV2αV2)∆c (3− 3c1 + 4∆c)

(

ǫ2 +O(ǫ4)
)

.

(8.41)

This must be positive for all values of αV1 and αV2 (with |αV1 |2 + |αV2 |2 ≤ 1), and

therefore one is forced to set

∆c = 0 (8.42)

to this order4, which further imposes ∆d ≤ 0. Remarkably one of the Λ3 massive

gravity tunings which raises the cutoff from Λ5 to Λ3 is then forced on us by the

positivity bounds.

The other forward limit bound is quite cumbersome to display, but can be written

more succinctly by noting that only certain combinations of the polarization ατ

3Considering complex ατ and βτ does not yield stronger bounds, so for brevity we shall quote the
real expressions.

4In principle, it could be O(1/MPl) in such a way that higher derivative operators are capable of
satisfying the bound.
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appear,

α2
V = α2

V1
+ α2

V2
, (8.43)

α2
T = α2

T1
+ α2

T2
, (8.44)

XS = αSβS , (8.45)

XV+ = αV1βV1 − αV2βV2 , (8.46)

XV− = αV1βV2 + αV2βV1 , (8.47)

XT = αT1βT1 − αT2βT2 , (8.48)

XSV = α2
Sβ

2
V + β2

Sα
2
V , (8.49)

XST = α2
Sβ

2
T + β2

Sα
2
T , (8.50)

XV T = α2
V β

2
T + β2

V α
2
T , (8.51)

XSTV V = αS
(

αT1(β
2
V1 − β2

V2)− 2αT2βV1βV2
)

+ (α↔ β) , (8.52)

XSV V T = αS (αV1(βV1βT1 + βV2βT2) + αV2(−βV1βT2 + βV2βT1)) + (α↔ β) . (8.53)

Then we have

2m2M2
Plfαβ |t=0 = 2α2

Tβ
2
T +X2

S

(

55

18
+

10

3
c1 − 2c21 −

32

9
d1 +

32

3
∆d(2− 11

v2

m4
)

)

+X2
V+

(

−7
2
+ 12c1 −

15

2
c21 − 16∆d

)

+X2
V−

(

6− 6c1 +
9

2
c21 − 4d1

)

+XSV

(

8− 9c1 +
9

2
c21 −

8

3
d1

)

+XSXV+

(

18− 38c1 + 21c21
)

+XST

(

16

3
− 4c1

)

+XSXT

(

−52
3

+ 32c1 − 24c21 +
32

3
d1 −

64

3
∆d

)

+XV+XT

(

12− 24c1 + 12c21
)

+XV T (4− 3c1)

+
√
3XSTV V

(

4

3
− 2c1 + 3c21 −

8

3
d1

)

− 1√
3
XSV V T

(

3c21 − 2
)2
.

(8.54)

Note that a negative ∆d can relax the bounds imposed by SS, V1V1 and V2V2

scattering. Finding the analytic minimum of this expression (a quartic form in

ατβτα
∗
τβ

∗
τ ) is an NP hard problem [Cheung and Remmen, 2016a], so we present an

allowed region of parameter space which is found numerically (see Figure 8.1).

We see that the forward limit positivity requirements on the four point function

require that the coefficients c1, c2 are tuned to the special Λ3 massive gravity values,

but d1 and d3 may so far differ. In particular, minimizing the bound numerically, it

is found that when considering the leading order bound alone in the forward limit,

then analyticity prefers a large negative ∆d. This situation is changed dramatically

when we consider the t derivative bounds.
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First t derivatives: The leading s5 contribution gives5

2M2
Plm

8∂t∂
2
vfαβ ∝ ∆c2 |αS|2|βS|2, (8.55)

which vanishes to this order when we take ∆c = 0 to satisfy the forward limit

bounds. The other t derivative bound may be written as

2M2
Plm

4 ∂

∂t
fαβ

∣

∣

∣

t=0
= +2α2

Tβ
2
T +X2

V+

(

41

4
− 33

2
c1 +

27

4
c21

)

+X2
V−

(

8− 12c1 +
9

2
c21

)

+X2
S

(

925

36
− 43c1 + 21c21 −

32

9
d1 +

32

9
∆d(−6 + 22

v

m2
)

)

+XV T (4− 3c1) +XST (7− 6c1)

+
√
3αSβS (αSβT1 + βSαT1)

(

−4
9
+ 2c1 −

16

9
d1 +

32

9
∆d

)

+ (α2
Sβ

2
V1 + β2

Sα
2
V1)

(

40

3
− 21c1 +

33

4
c21 −

32

3
∆d

)

+ (α2
Sβ

2
V2

+ β2
Sα

2
V2
)

(

44

3
− 23c1 +

45

4
c21 −

8

3
d1

)

+ αSβSαV1βV1

(

101

6
− 33c1 +

33

2
c21 −

176

3
∆d

)

+ αSβSαV2βV2

(

43

6
− 11c1 +

27

2
c21 −

32

3
d1 + 16∆d

)

. (8.56)

These tree-level amplitudes can be used in the positivity bounds withM5 ∼ Λ5
5 as

the cutoff, and as we have discussed for the leading interactions it is consistent to take

the bounds (8.27)-(8.29). Assuming a hierarchy between m2 and µb & Λ5 (the scale

at which the branch cut begins), we can consider |v| in the range m2 ≪ |v| ≪ µb,

and the first t derivative bound gives,

∂

∂t
fSS(v, t) ∝

m2v

Λ10
5

∆d+O
(

m4

Λ10
5

)

> 0 . (8.57)

As v can take either sign, this enforces the condition,

∆d = 0. (8.58)

Of the parameters which appear in the 2-to-2 scattering amplitude, analyticity re-

quires the special Λ3 tuning.

Goldstone Equivalence: The bound which forces ∆d = 0 beyond the forward

limit is from SS scattering. While scattering indefinite transversities do not obey

5Note that the t derivative bounds only apply for definite transversity; here the use of fαβ is only
for book-keeping, i.e., to write the various independent fτ1τ2 quantities in more compact way.
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Figure 8.1: Parameter space of massive gravity constrained by analyticity. The
forward limit bounds on Λ5 massive gravity (left) gradually constricts as ∆d is made
more negative. However, going beyond the forward limit (8.57) rules out ∆d 6= 0
completely. In Λ3 massive gravity (right), the higher t derivative bounds marginally
restrict the forward limit bounds. This lends further evidence to the idea that Λ3

massive gravity may admit a Wilsonian UV completion within this narrow island.
c3 and d5 and related to c1 and d1 by (8.60).

positivity conditions in general beyond the forward limit, this particular combination

does because it has trivial crossing properties at high energies

ǫS =
1

2
ǫτ=0 +

√
6

4
(ǫτ=+2 + ǫτ=−2) . (8.59)

Significantly, while the forward limit bound strengthens gradually as ∆d is made

more negative (imposing −0.3 . ∆d ≤ 0), as shown in Figure 8.1, the first t

derivative bound imposes the much stricter requirement that ∆d = 0. It is this

analyticity result that makes raising the cutoff from Λ5 a well-motivated thing to do

in the massive spin-2 EFT, supposing that the theory had come from an underlying,

analytic, local, Lorentz-invariant UV completion, then the näıvely eight-dimensional

parameter space in {ci, di} is (at least partially) projected onto Λ3 ghost-free massive

gravity.

8.2.2 Ghost-free Massive Gravity

In this section, we consider the consequences of the “ghost-free massive gravity”

tuning [de Rham and Gabadadze, 2010a; de Rham et al., 2011] which raises the

cutoff of massive gravity from Λ5 to Λ3.

Raising the cutoff: As we have discussed, generic massive gravity has a unitarity

cutoff at Λ5 = (m4MPl)
1/5. In the EFT construction, this manifests itself as an

SSSS interaction which scales as s5/Λ10
5 . This cutoff can be raised as high as
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Λ3 = (m2MPl)
1/3 by performing the tuning

c1 = 2c3+
1

2
, c2 = −3c3−

1

2
, d1 = −6d5+

3

2
c2+

5

16
, d3 = 3d5−

3

4
c3−

1

16
. (8.60)

This removes the s5 and s4 contributions to every four-point function at tree-level.

As discussed earlier, performing these tunings is not, a priori, a particularly natu-

ral thing to do in a bottom-up approach of EFT, although it is technically natural

(see discussions in [de Rham et al., 2012, 2013]). However, we have seen that ana-

lyticity/positivity requires that the coefficients are tuned precisely in this manner.

This is a novel and unexpected result, which could not have been derived from

considerations of the EFT alone.

Focussing on this Λ3 theory, we can continue to exploit positivity of fαβ to

constrain the remaining EFT parameters {c3, d5}.

8.2.2.1 Tree Level Bounds

Forward Limit: The forward limit bounds can be written in the form,

2M2
Plm

2fαβ |t=0 = n0 + n1c1 + n2c
2
2 + n3d5 > 0, (8.61)

where the strictest ni coefficients are found by scanning over all possible ατ , βτ

polarizations. This has been carried out numerically, and the resulting contours

plotted in Figure 8.1.

For an approximate analytic solution, note that the most restrictive directions

are approximately:

αS, βS αV1 , βV1 αV2 , βV2 αT1 , βT1 αT2 , βT2

(i)
√
3√
8
,
√
3√
8

1√
2
,− 1√

2
0, 0 − 1√

8
,− 1√

8
0, 0

(ii) 0, 0 1, 1 0, 0 0, 0 0, 0

(iii) 0, 0 1, 0 0, 1 0, 0 0, 0

(iv) 1
2
, 1
2

0, 0 1
2
, 1
2

2√
8
, 2√

8
0, 0

(v)
√
2750
100

,
√
2750
100

√
2350
100

,−
√
2350
100

√
4500
100

,
√
4500
100

−
√
50

100
,−

√
50

100

√
350
100

,−
√
350
100

(8.62)

which correspond to bounds,

n0 n1 n2 n3

(i) 11
8

51
8

−273
8

0

(ii) 5
8

9 −30 0

(iii) 23
8

−9 18 24

(iv) 1.423 5.621 −30.72 −9.566
(v) 1.327 5.039 −20.13 10.92

(8.63)
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The first two rows restrict c3 to the interval

− 0.0582 ≈ 9− 2
√
39

60
< c3 <

51 +
√
14613

546
≈ 0.315, (8.64)

while the next two rows restrict d5 to a finite region

1

24

(

−23
8

+ 9c3 − 18c23

)

< d5 . 0.149 + 0.588c3 + 3.21c23. (8.65)

The final row demonstrates the small improvements which can be achieved by con-

sidering increasingly complicated superpositions, which rule out the lower left corner

of the island:

If − 0.0582 . c3 . 0, then d5 > −0.122− 0.461c3 + 1.84c23. (8.66)

First t derivative: The bound from ∂fSS/∂t has already been plotted in Fig-

ure 8.1 (∆d = 0 corresponds to Λ3 massive gravity). Significantly, we see that even

with the Λ3 massive gravity tuning, one still gains a new constraint on the parameter

space by studying the first t derivative – it rules out the lower right hand corner of

the forward limit island. Explicitly, this is the ∂tfSS bound,

25 + 4c3(−37 + 63c3) + 64d5 > 0 . (8.67)

Higher t derivatives: Taking higher t derivatives picks out the residue of the t

channel pole, which is,

Rest=m2 [fαβ ] =
1

4
YαYβ + 12(c1 − 1)2αSαV1βSβV1 , (8.68)

for the combinations,

Yα = −2α2
T + (3c1 − 4)α2

V + (6c1 − 7)α2
S. (8.69)

This must be positive for any definite transversity scattering. The strongest such

bound is from scattering τ = 0 with τ = ±2, which yields,

(

c3 −
2

5

)(

c3 −
5

6

)

> 0. (8.70)
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As the other positivity bounds have already restricted us to c3 below
2
5
, this does not

yield any new information. As shown in Figure 8.1, if the EFT satisfies the leading

forward and first t derivative bounds, then it will satisfy all higher t derivative

bounds.

8.2.2.2 Loop-Level Bounds

The application of the improved loop-level positivity bounds, (4.15), to the scatter-

ing amplitudes of massive gravity has recently been considered in [Bellazzini et al.,

2018] and [Melville et al., v].

For the elastic scattering of a given set of polarizations, P1, P2, the tree-level

amplitudes of the previous section take the form,

∂2sBP1,P2

∣

∣

s=2m2 =
g2∗m

2

Λ6
FP1P2 , (8.71)

where the coefficients FP1P2 are dimensionless functions of the two free dimensionless

parameters in the leading order interactions: c3 and d5. The tree-level positivity

bounds plotted in Figure 8.1 are that FP1P2 > 0.

The improved bounds (4.15) take the form

g2∗m
2

Λ6
FP1P2 >

g4∗
Λ4
ǫ8CP1P2 , (8.72)

where CP1P2 are also known order unity functions of c3 and d5.

(8.72) is identical in form to the bound for the massive Galileon with the only

difference being the multiplicity of bounds from the different polarization states.

Just as in the massive Galileon case, the left-hand side of this inequality vanishes as

m→ 0, due to the soft scattering properties associated with the Galileon symmetry,

whereas the right hand side is finite as m → 0 but is additionally suppressed by

g2∗. We thus conclude that a UV completion of massive gravity will similarly require

weak coupling g∗ ≪ 1. Given the factor of ǫ8 on the right hand side, we can safely

satisfy the loop-level bounds if

g2∗ ≤
m2

Λ2
. (8.73)

This is equivalent to

g∗ ≤
(

m

Λ∗

)3/4

=

(

m

MPl

)1/4

, (8.74)

and choosing the mass scale to be of order the Hubble rate leads to g∗ . 10−14.

Once g∗ is in this range, the right hand side is sufficiently negligible that we return

to the allowed range of parameters given by the tree-level bounds, determined by
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Figure 8.2: Regions allowed in the {c3, d5} parameter space of massive gravity. Those
determined by subtracted bounds from definite SVT scattering (as in [Bellazzini
et al., 2018]) are provided in blue, and the unsubtracted bounds from indefinite
scattering (as in [Cheung and Remmen, 2016a]) are provided in orange. The figure
over c3 has been maximised over the allowed values of d5 and vice versa. The vertical
lines correspond to couplings of g∗ = 2 × 10−10 (in bold), and 2 × 10−9, 10−9 (thin
lines) with a mass of m = 10−30eV. [Bellazzini et al., 2018] focused on the two
last values of g∗ (thin lines), which have no particular physical meaning. As is
transparent from the figure, for small couplings, g4∗ . 10−8.8(m/eV), subtracting
part of the cut from SVT amplitudes does not improve on existing constraints.
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FP1P2 > 0. This is shown in Figure 8.2—the loop-level bounds rule out the entire

parameter space unless g∗ is sufficiently weak (g∗ . 10−8.8(m/eV)), in which case

they are automatically satisfied by the tree-level bounds.

Summary of Chapter 8

This concludes our discussion of positivity constraints on gravitational field theories.

We have seen that the coefficients of the leading quantum corrections to GR must

be positive definite, but the full power of the bounds is limited by the massless

t-channel pole. Massive gravity, on the other hand, has no such complication, and

the union of positivity bounds restricts the parameter space hugely. Nonetheless,

a non-trivial region remains viable from a UV perspective, providing the coupling

which controls loops is sufficiently weak.
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Chapter 9. Bouncing Cosmologies

Describing the earliest moments of our Universe remains one of the greatest chal-

lenges of physics. Although inflation is widely regarded as the standard paradigm,

there are a variety of alternative early Universe scenarios which may be preferable.

For instance, a “bounce” from an initially contracting phase into the expanding

phase we live in today would remove the need for a Big Bang singularity—and if

the bounce happens at sufficiently low scales, our current QFT technology could

describe it without the need for quantum gravity.

However, such a non-singular cosmological bounce can only take place if the

Null Energy Condition (NEC) is violated in the Einstein frame. In this chapter, we

explore situations where a single scalar field drives the NEC violation and apply the

constraints imposed by demanding tree level unitarity on a cosmological background

derived in Chapter 5. We then focus on the explicit constraints that arise in P (X)

theories and show that constraints from perturbative unitarity make it impossible

for the NEC violation to occur within the region of validity of the effective field

theory without also involving irrelevant operators at a higher scale—such as those

which would arise from integrating out more massive degrees of freedom.

We shall focus our attention on the requirements set by perturbative unitarity

(and particularly tree-level unitarity) within the vicinity of a NEC violating region,

so as to determine whether a classical NEC violation can be trusted. We will provide

an example where this NEC violation leads to a cosmological bounce, but stop short

of incorporating this bounce into a full cosmological scenario.

We will begin with a brief review of non-singular bouncing cosmologies and their

relation to the NEC in Section 9.1, before constructing an EFT for scalar fluctuations

about a cosmological FLRW background which can violate the NEC in Section 9.2.

We then focus our attention in Section 9.3 to P (X) models that violate the NEC, and

show that high energy irrelevant operators are needed to help regulate the classical

gradient instabilities as well as heal a violation of unitarity at the onset of a NEC

violation. These high energy effects have to occur at a sufficiently low scale to restore

unitarity, but at a sufficiently large scale to preserve the weakly coupled EFT. This

provides a restricted window of possibility. We show that a level of tuning is required

for those models which may call into question their naturalness, but show that in

principle a violation of the NEC could occur while maintaining classical stability

and perturbative unitarity once a particular (albeit technically unnatural) tuning

is chosen. We illustrate this result by providing an explicit covariant example of a

P (Φ, X) model that can allow for a bouncing solution while preserving perturbative

unitarity. The results of Section 9.3 first appeared as [Melville et al., iii].
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9.1 Non-singular Bouncing Cosmologies

How did our Universe begin? The singularity theorem states that if the Universe

is described by General Relativity (GR) with an FLRW metric and matter that

respects the Null Energy Condition (NEC), then extrapolating backwards in time

our present understanding must break down and “new physics” has to become im-

portant. This can happen in one of two ways,

(i) the Hubble parameter reaches Planckian values at very early times, and the

effects of quantum gravity become important (“Big Bang singularity”),

(ii) the Null Energy Condition (NEC) is violated and the Universe underwent a

cosmological bounce.

While theories of quantum gravity are still in development, scenario (ii) may be

amenable to current QFT techniques. A great deal of recent work has focussed on

constructing an early Universe cosmology which takes advantage of NEC violation

in order to have a non-singular bounce, some of which can even provide an alterna-

tive to inflation [Barrow, 1993; Gasperini and Veneziano, 1993; Khoury et al., 2001;

Steinhardt and Turok, 2002; Khoury et al., 2002; Arkani-Hamed et al., 2004; Buch-

binder et al., 2007; Novello and Bergliaffa, 2008; Lehners, 2010; Ijjas and Steinhardt,

2015; Brandenberger and Peter, 2016].

Null Energy Condition: The Null Energy Condition is the weakest of the com-

mon energy conditions—it is implied by the Strong, Dominant and Weak Energy

Conditions. It is commonly quoted as a constraint on the stress-energy tensor,

Tµνv
µvν ≥ 0 (9.1)

where vµ is a null direction along the lightcone. For a perfect fluid of energy density

ρ and pressure p, this requires,

ρ+ p > 0. (9.2)

The NEC has several important consequences:

• In the Einstein frame, the NEC forbids an FLRW bounce ([Novello and Bergli-

affa, 2008] and references therein),

• Together with the Raychauduri equation, the NEC gives the Hawking-Penrose

singularity theorems [Penrose, 1965],

• The NEC forbids traversable wormholes [Hochberg and Visser, 1997, 1998a,b].

The energy conditions also have connections with the junction conditions which

must be imposed when joining spacetimes [Marolf and Yaida, 2005].
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NEC Violation: There are many reasons that one might want to violate the NEC

[Visser and Barcelo, 2000]. In addition to allowing nonsingular bouncing cosmolo-

gies and traversable wormholes, a period of NEC violation has been proposed as a

mechanism for quintessence [Schulz and White, 2001], and solving the cosmological

constant problem [Abbott, 1985; Arkani-Hamed et al., 2004; Alberte et al., 2016].

For the remainder of this chapter we will focus on nonsingular bouncing cosmolo-

gies, but the analysis also applies to any period of NEC violation on a cosmological

FLRW background.

Whether NEC violation can ever be stable (free of ghosts and gradient insta-

bilities) has been the subject of much discussion [Holdom, 2004; Cline et al., 2004;

Dubovsky et al., 2006; Creminelli et al., 2006]. In the context of a single scalar

degree of freedom coupled to gravity (Horndeski [Horndeski, 1974] or Generalized

Galileons [Deffayet et al., 2009]), it is known that there is always a ghost or gradient

instability in any bouncing solution [Rubakov, 2013; Libanov et al., 2016; Kobayashi,

2016; Akama and Kobayashi, 2017]. However this instability can be made to occur

long before or after the NEC violation [Ijjas and Steinhardt, 2016], or in some cases

removed by imposing particular asymptotic conditions [Ijjas and Steinhardt, 2017].

We wish to definitively answer both this and also the broader question of whether

the theory can remain under perturbative control through a period of NEC violation.

To achieve this, we will employ the constraints derived in Chapter 5. In particular,

we will focus on a single scalar field driving an FLRW background.

P (X) bounces: Within the context of single scalar field P (Φ, X) theories, where

X = −1
2
(∂Φ)2 (which we denote as simply P (X) unless we wish to emphasize the

distinction), it is well-known that the bounce, or the onset of the NEC violation, is

necessarily linked with a vanishing speed of sound, and potentially classical instabil-

ities. A way out is to include higher derivative operators in the effective field theory

(EFT) which may naturally capture the effect of high energy degrees of freedom

without needing to commit to a particular UV completion of the scalar effective

field theory considered. Such additional higher derivative operators were previously

used in an attempt to regulate the sound speed in these simplest scalar field P (X)

theories [Arkani-Hamed et al., 2004], for example by adding higher spatial derivatives

and arranging for the instability to be much slower than the Hubble rate [Creminelli

et al., 2006].

In addition to potential classical stability issues linked with a vanishing speed

of sound in a relativistic field theory, we emphasize here that there are strong cou-

pling issues associated with it which signal the breakdown of the quantum effective

field theory. This can be seen intuitively by noting that the non-Gaussianity typi-

cally scale as fNL ∼ c−2
s . A vanishing of the sound speed therefore directly implies
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that the effect from the higher order operators dominate and hence a breakdown of

perturbative unitarity. To make this statement more concrete and quantify it, we

consider the scattering amplitude of high frequency fluctuations on a given bouncing

background and determine the energy scale at which perturbative unitarity is vio-

lated. Strong coupling effects from cubic operators in P (X) cosmological bounces

were previously discussed in [Koehn et al., 2016]. Here we explore all the operators

that enter the EFT (cubic and beyond) and fully investigate the effect that a small

sound speed has on the validity of the EFT. In particular we show that a vanish-

ing sound speed inexorably leads to a vanishing of the strong coupling scale, which

would be unacceptable.

However, by including irrelevant operators that enter from high energy effects,

we show that it is possible to restore perturbative unitarity throughout the bounce

in P (X) theories. This was originally noted in [Creminelli et al., 2006; Buchbinder

et al., 2007] as a way of avoiding gradient instabilities. We show explicitly here how

these operators affect the strong coupling scale. In particular we show that for these

high energy irrelevant operators to “save” perturbative unitarity their associated

scale needs to be chosen carefully: it must be low enough to restore unitarity, but

high enough so as to decouple the low-energy effective field theory from specific

high-energy completions.

Finally we should stress that the unitarity conditions which we employ are merely

necessary conditions. In particular, away from the decoupling limit one may en-

counter additional strong issues in the tensor sector. There are also tight constraints

on non-singular bounces coming from phenomenological considerations: for exam-

ple, at small sound speeds one typically produces too much non-Gaussianity [Quintin

et al., 2015] or too many primordial black holes [Quintin and Brandenberger, 2016].

9.2 Constructing the EFT

To set the stage, we start by considering the theory of a single scalar field Φ coupled

to a metric gµν , with no mention of any additional high derivative operators. The

consistency of this EFT requires absence of gradient and ghost instabilities as well

as unitarity (in the sense that any n-point scattering amplitude should satisfy the

optical theorem).

We will focus on a decoupling limit of the full theory, which is designed to focus on

the leading interactions which determine the strong coupling scale of the theory, i.e.

the scale at which perturbative unitarity is broken. The existence of this decoupling

limit comes from the assumption of a hierarchy of scales Λ ≪ MPl, where Λ is

the typical interaction scale for the scalar field. Any stability and unitarity bounds

determined in that limit represent necessary conditions which must be satisfied by
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the full theory. In other words, it is sufficient to use the decoupling limit to infer the

strong coupling physics1, even if not the full cosmological predictions (e.g. power

spectrum, bi-spectrum etc.). Crucially, this limit will continue to allow for bouncing

solutions which temporarily violate the null energy condition.

Effective action for fluctuations: To derive the decoupling limit, we will begin

with an action of the form

S[gµν ,Φ] =

∫

d4x
√−g

(

M2
Pl

2
R + L(g,Φ)

)

. (9.3)

We then expand this action around the cosmological background describing the

bouncing solution (γ̄µν and φ), defining the perturbations in an arbitrary gauge (hµν

and ϕ) via

gµν = γ̄µν + hµν and Φ = φ+ ϕ . (9.4)

The physical action for the perturbations is (schematically)

S[hµν , ϕ] =

∫

d4x
√−γ̄

(

−M2
Pl B̄(γ̄)(∂h)2 − R̄(γ̄)h2 +M2

Plf1(γ̄)h(∂h)
2 + · · · (9.5)

−Z(γ̄, φ)(∂ϕ)2 −m2(γ̄, φ)ϕ2 + f2(γ̄, φ)ϕ(∂ϕ)
2 + f3(γ̄, φ)ϕ

3 + · · ·

+f4(γ̄, φ)h∂
2ϕ+ f5(γ̄, φ)hϕ+ f6(γ̄, φ)h

2∂2ϕ+ · · ·
)

,

where the last line represents all the potential mixing between h and ϕ. All the

functions B̄, R̄, Z and fi depend on the background (and of course carry indices),

however their exact expressions are irrelevant for the rest of the scaling argument.

The scale of the background naturally enters all these functions—for instance, R̄(γ̄)

is related to the background curvature. In principle, the linear kinetic mixing be-

tween h and ϕ could be taken care of by performing an appropriate field redefinition

and absorbing the function f4/M
2
Pl in the expression of Z. In practice however such

a shift is irrelevant in the decoupling limit we will consider below as it is suppressed

by the Planck scale.

The first step in dealing with this effective field theory of hµν and ϕ is to properly

canonically normalize the fields. In this case, the appropriate canonical normaliza-

1The reason for this is that, if one goes away from the decoupling limit, new tensor operators will
be included but these cannot improve the unitarity behaviour of the amplitude (as they do not
introduce any new symmetry).
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tion of the field is2

h̃µν ∼
1√
B̄MPl

hµν and ϕ̃ ∼ 1√
Z
ϕ . (9.6)

and the action is (again symbolically)

S[h̃µν , ϕ̃] =

∫

d4x
√−γ̄

(

− (∂h̃)2 − R̄

B̄ h̃
2 − (∂ϕ̃)2 − m2

Z
ϕ̃2 (9.7)

+
1

MPl

f1
B̄3/2

h̃(∂h̃)2 +
f2
Z3/2

ϕ̃(∂ϕ̃)2 +
f3
Z3/2

ϕ̃3 + · · ·

+
f4

MPl

√
B̄Z

h̃∂2ϕ̃+
f5

MPl

√
B̄Z

h̃ϕ̃+
f6

M2
PlB̄
√
Z
h̃2∂2ϕ̃+ · · ·

)

.

Decoupling Limit: Our working assumption will be that the scalar field contains

interactions at the scale Λ, such that L(g,Φ) ∼ Λ4, and that there is a large hi-

erarchy Λ ≪ MPl. If this is the case then we typically expect Ḣ ∼ Λ4/M2
Pl. The

leading interactions which determine the strong coupling physics will be determined

principally by the scalar field, with those that arise from the mixing with gravity

being MPl suppressed. As such we may take a decoupling limit MPl → ∞, keeping

Λ fixed.

Taking a limit where MPl →∞ in (9.7), while maintaining the scales that enter

the scalar field background fixed, we see that the entire third line becomes unimpor-

tant, and the scalar field fluctuations ϕ̃ entirely decouple from the metric fluctuations

(which becomes a trivial free theory). A significant virtue of this decoupling limit,

is that the gauge degrees of freedom remain in h and decouple. This procedure is

thus insensitive to any gauge issues. For this reason, it will be unnecessary to work

with the comoving curvature perturbation ζ , or similar gauge invariant variables

(this point is discussed in more detail at the end of this subsection).

The relevant effective action in this limit is hence solely that of the scalar field

fluctuations

Sdec =

∫

d4x
√−γ̄

(

−(∂ϕ̃)2 − m2

Z
ϕ̃2 +

f2
Z3/2

ϕ̃(∂ϕ̃)2 +
f3
Z3/2

ϕ̃3 + · · ·
)

, (9.8)

where the ellipses carry operators to all orders in ϕ (and potentially ∂ϕ and even

∂2ϕ and higher order in derivatives). Although gravity has decoupled, this is not

the same as the scalar theory on Minkowski spacetime. Information about the

background is carried through the process, and we are effectively looking at a scalar

2In practice the tensors B̄ and Z are usually not conformal with respect to the background metric
and the rescaling should be taken with slightly more care (as was performed in Chapter 5), however
those subtleties do not affect the essence of the decoupling limit.
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field on a curved background.

Limitations of Decoupling Limit: Before proceeding, it is worth noting that

a decoupling limit of this form is not always appropriate, for example in slow roll

inflation, the flatness of the potential means that the interactions coming from the

mixing with gravity are actually the dominant ones, and it would be incorrect to

perform the above limit. Another example would be if the interactions with the

metric were made artificially large, for instance in the following example,

S =

∫

d4x
√−g

(

M2
Pl

2
R +

MPl

Λ
RΦ2 − 1

2
(∂Φ)2 +

1

Λ4
Φ4

)

, (9.9)

where Λ≪MPl. In this case the mixing term between the metric and the scalar field

fluctuations ought to be taken into account for background configurations with φ ∼
Λ. Of course in this case, we can simply remedy this issue by first going to Einstein

frame, which automatically accounts for the scalar/gravity mixing. When dealing

with generic scalar-tensor theories there is not necessarily a covariant definition of

Einstein frame, however the appropriate procedure would simply be to first go to the

relevant Einstein frame at the perturbed level about the cosmological background

and then perform the appropriate decoupling limit.

We emphasize that our concern here is about the consistency of the effective

action, and the scale at which perturbative unitarity breaks down. This is a very

different question than that of say, the precise form of the power spectrum or bispec-

trum. For precise questions of this sort, performing a decoupling limit and focusing

on the scalar field effective action would not provide an accurate answer. How-

ever, for the question of perturbative unitarity we wish to address, focusing on the

scalar field decoupling limit on the appropriate background gives necessary condi-

tions which must be satisfied.

WKB Approximation: We will consider explicit solutions in which φ(t) remains

finite in the limit MPl → ∞. This behaviour is typical, if φ is sub-Planckian and

varies with time on scales ∆t ∼ 1/Λ. In other words, the scalar field is varying at a

time scale 1/Λ which is much faster than any background scale, Eback, where

Eback = Max
(

H,
√

Ḣ,m, φ̇/φ, φ̈/φ̇, · · ·
)

. (9.10)

This allows us to compute scattering amplitudes as we would on a flat background,

and employ the LSZ reduction to S matrix elements described in Chapter 5.

Gauge issues: Before analyzing this decoupling limit we briefly comment on the

gauge issues that have been highlighted in the literature (see for instance [Koehn
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et al., 2016] for a recent discussion). In particular if we first chose a gauge where the

scalar part of hij vanishes we would find that the constraints for the shift and the

lapse would impose them to scale as (M2
PlH)−1. The resulting Lagrangian (before

taking any decoupling limit) would then involve inverse powers of M2
PlH . Since

we expect H ∼ Λ3/M2
Pl, this scaling would seem to invalidate the decoupling limit

arguments. Moreover there would seem to be an ‘apparent’ singularity at the bounce

itself (i.e. when H = 0). This should come as no surprise since it is impossible to

fix the gauge hscalarij = 0 when H = 0, so the previous apparent singularity is simply

a gauge artifact—as is the scaling found in that gauge.

Switching to comoving gauge however does not help with the previous issue

since in that gauge the kinetic coefficient of the curvature perturbation then scales

as H−1, which makes it impossible to properly normalize the field near the bounce.

Rather than focusing on either of these gauges (or any standard “local” gauge), the

problem at hand can be entirely dealt with by going for instance to de Donder gauge

or any other gauge of that form (or by going to harmonic gauge at leading order

as performed in [Battarra et al., 2014]). The appropriate way to perform this is to

consider the action (9.3) and add the appropriate Fadeev-Popov gauge fixing terms

so that they combine with the Einstein curvature term to give kinetic terms for the

metric fluctuation that take the remarkably simple form, M2
Plh

µν�̄
(

hµν − 1
2
hγ̄µν

)

,

where �̄ is the d’Alembertian with respect to the background metric γ̄µν . In this

language there is no constraint to solve for since the gauge fixing terms are precisely

there to break gauge invariance. The absence of constraints ensures that at no

point one would need to perform an inversion of the Hubble parameter and the

appropriate canonical normalization follows the same behaviour as in (9.6) (where

B is manifestly finite and is trivial in the flat space limit). The breaking of gauge

invariance from the gauge fixing terms comes at the price of including other spurious

degrees of freedom, however it is well understood how to remedy this by introducing

the Fadeev-Popov ghosts. In particular, these subtleties only contribute to loops.

All the tree-level amplitudes computed with these de Donder gauge fixing terms are

the same as that of the original theory. In this formulation, the decoupling limit

can therefore be taken precisely as discussed previously. For the questions we are

interested in (namely the size of the strong coupling scale, whether or not the theory

preserves tree-level unitarity, etc...), we can therefore safely perform this decoupling

limit and work with the low-energy effective field theory for the scalar field ϕ on the

cosmological background.

In summary, we have justified an EFT for scalar fluctuations of the form,

L =
A(t)

2
ϕ̇2 − B(t)

2a2
(∂iϕ)

2 + Λ4

[

Lint

[

ϕ

Λ
,
(∂ϕ)2

Λ4
, ...

]

+O
(

Λ

MP

)]

(9.11)
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where the Λ/MP corrections (which contains the tensor interactions) do not con-

tribute in the decoupling limit. We shall now use the perturbative unitarity bounds

developed in Chapter 5 to constrain nonsingular bouncing backgrounds driven by

different Lint.

9.3 P (X) Bounce

Not only are P (X) theories among the simplest scalar theories (lacking ghosts since

the number of derivatives is restricted), they are also incredibly useful in a cos-

mological context: any perfect fluid can be described using an appropriate P (X)

theory. From an EFT point of view, they are the leading terms in an expansion

in derivatives-per-field—we will return to their higher derivative corrections later in

this section.

The model considered here does not attempt to circumvent the no-go mentioned

in [Rubakov, 2013; Libanov et al., 2016; Kobayashi, 2016; Akama and Kobayashi,

2017]. Rather, the approach of this chapter is that our P (X) theory ought to

successfully capture the duration of the bounce, but that this low energy effective

field theory will likely break down (and new physics ought to be included) if followed

sufficiently far in the past (well before the bounce or the start of the NEC violating

region).

We now focus the discussion of perturbative unitarity to P (Φ, X) theories near

a NEC violating region. In that case the scalar field Lagrangian in (9.3) takes the

form

S[gµν ,Φ] =

∫

d4x
√−g

(

M2
Pl

2
R + P (Φ, X)

)

, (9.12)

with

X = −1
2
gµν∂µΦ∂νΦ , (9.13)

and as before, we will be interested in the effective scalar field theory for ϕ on

the FLRW cosmological background where we have set Φ = φ(t) + ϕ(t, xi) and

the background satisfies the appropriate equations of motion. In particular the

background energy density is given by

ρ = −P̄ + P̄,X φ̇
2 , (9.14)

where “bar” quantities are related to the background, i.e. X̄ = 1
2
φ̇2 and P̄ =

P (φ, X̄).

The kinetic coefficients and the mass that determine the quadratic action for ϕ
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are given by

A = 2X̄P̄,XX + P̄,X , B = P̄,X and m2 = ∂t[P̄,ΦX φ̇]− P̄,ΦΦ , (9.15)

and stability of the theory requires these three functions to be positive. Note that

when accounting for the kinetic factors A and B, the effective mass scale “perceived”

by the properly normalized scalar field is given by

m2
eff = A−1m2 = A−1

(

∂t[P̄,ΦX φ̇]− P̄,ΦΦ

)

. (9.16)

The operators SNML (5.3) of the effective theory on the cosmological background

can be derived for any given P (Φ, X) model, and the scales ΛNML are given by

Λ
−(N+2M+4L−4)
NML =

M/2
∑

j=0

(−1)Lφ̇M−2j

2j+LN !L!j!(M − 2j)!
∂NΦ ∂

M+L−j
X P̄ . (9.17)

Without having more insight on the precise form of the function P and whether or

not it truncates at any order in Φ or X , there is little more one can say about those

scales. In what follows we will hence take into account the fact that the function

P allows for a NEC violation, and even consider the case where P is such that a

cosmological bounce occurs. We will first focus on the case without any higher order

effects before including their effects in Section 9.3.2.

9.3.1 At Leading Order

When considering a pure P (Φ, X) model, without the inclusion of higher energy ef-

fects as mimicked by the operator (�Φ)/Λ2
c in Section 5.2, the background equations

of motion are simply

3M2
PlH

2 = ρ = −P̄ + 2P̄,XX̄ , (9.18)

M2
PlḢ = −1

2
(p + ρ) = −X̄P̄,X . (9.19)

It is well-known that in a P (Φ, X) theory, at the onset of a NEC violation3

NEC Violation =⇒ P̄,X = B → 0. (9.20)

3From the Raychaudhuri equation (9.19) we could try to onset the NEC by setting φ̇ = 0 rather
than P̄,X = B = 0. However setting φ̇ = 0 would also imply Ḧ = 0 at that time, which would mean
that we are not within the NEC violating region unless one also had

...
H = 0 at that time, which

itself also implies P̄,X = 0 (or φ̈ = 0, in which case the same story continues). So to summarize,

starting outside the NEC region Ḣ < 0, one can never enter within the NEC region Ḣ > 0 without
passing through a point for which P̄,X = 0 in a pure P (Φ, X) theory. We can therefore assume

that φ̇ 6= 0 at the onset of the NEC violation without loss of generality.
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Even more worrisome than the standard stability issues caused by the gradient

terms vanishing or becoming negative, we can directly see that the onset of the

NEC violation in any “pure” P (Φ, X) theory is inexorably linked with a violation of

unitarity which makes it impossible to trust the fact that the NEC violation actually

occurred in the first place.

Indeed, if B → 0 the strong coupling scale derived in (5.10) (or in (5.48)) vanishes

(hence signalling violation of perturbative unitarity at an arbitrarily small scale)

unless all the operators with 3N + 3M + 10L > 6 vanished (or could all have

been simultaneously removed by a field redefinition) which means there can be no

interactions at all, which of course means there could not have been any operator

to set a NEC violation in the first place. So without including higher energy effects,

even putting aside any stability issue that may occur at the classical level, there

can be no NEC violation within the regime of validity of a pure P (Φ, X) model.

In what follows we shall therefore include the high energy effects that are naturally

expected to be present in any effective field theory. Notice that we still work within

the low-energy effective field theory and therefore should not be sensitive on the

exact details of the UV physics nor its exact realization, but their effect plays the

role of a regulator for the low-energy effective theory which are crucial for the onset

of a NEC violation in P (Φ, X) types of theories.

9.3.2 Including High Energy Corrections

When including the operator4 (�Φ)2/Λ2
c , i.e. when considering the following action,

S[gµν ,Φ] =

∫

d4x
√−g

(

M2
Pl

2
R + P (Φ, X) +

1

2Λ2
c

(�Φ)2
)

, (9.21)

the background equations of motion are slightly modified to

3M2
PlH

2 = −P̄ + 2P̄,XX̄ +
1

2Λ2
c

[

−φ̈2 + 2φ̇
...
φ + 6Ḣφ̇− 9H2φ̇2

]

, (9.22)

M2
PlḢ = −X̄P̄,X +

1

Λ2
c

[

φ̇
...
φ + 3Ḣφ̇2 + 3Hφ̇φ̈

]

. (9.23)

The effect of Λc on the Friedman equation is irrelevant when working within the

regime of validity of the effective field theory, but it allows for a violation of the

4Even though the operator considered here carries more than two time derivatives, as we shall see
the would-be Ostrogradski ghost associated with it is not present since its mass lies above the
cutoff of the EFT. In what follows we take great care in making sure that in the regime of validity
of the cosmological bounce, the would-be ghost is not present, see [Burgess, 2007; Creminelli et al.,
2011; de Rham et al., 2014b] for a discussion of this point.
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NEC at finite positive B,

B = P̄,X =
2

Λ2
cφ̇

(...
φ + 3Hφ̈

)

> 0 when Ḣ = 0 . (9.24)

As mentioned in (9.10), the scale of the background, Eback, is given by

Eback = Max
(

H,
√

Ḣ,m, φ̇/φ, φ̈/φ̇, · · ·
)

&
√
BΛc , (9.25)

where the last inequality is valid when Ḣ ∼ 0. Preserving perturbative unitarity

requires the background scale to be smaller that the strong coupling scale derived

in (5.48)

Eback ≪ Λs (9.26)

which requires

√
BΛc ≪ Λs . (9.27)

Some of the literature does also require the background energy density ρ to be much

smaller than the strong coupling scale of the perturbed effective field theory ρ≪ Λ4
s.

This is certainly a safe requirement to impose as one would not expect the EFT to

be stable under quantum corrections otherwise. From a purely unitarity-preserving

perspective however, we are not forced to impose that condition.

Since we can assume φ̇ 6= 0, and since the derivatives of the background should

be small compared with the scale of high energy physics Λc, we can immediately

infer the hierarchy

B ≪ A and B ≪ 1 when Ḣ = 0 , (9.28)

which implies that the speed of sound ought to be small in this model for a NEC

violation to occur. A small sound speed may not necessarily be problematic at

the classical level, especially not when the high energy effects regulate any gradient

instability that could occur, but as we shall see it greatly affects unitarity.

To establish whether or not perturbative unitarity can be preserved in the vicinity

of a NEC violating region we start by looking at the effect of the intermediate

modes as described in section 5.2. We therefore consider modes with energy scale

E2
back ≪ s ≪ µ2

c . In that regime, if any of the scales derived in (5.10) happened to

be smaller than µc ∼ BA−1/2Λc ≪ Λc, with now the ΛNML given by (9.17) (and

keeping in mind that B ≪ A ∼ 2X̄P̄,XX), then that scale would set the strong

coupling scale.
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Breaking the shift symmetry: Let us start by considering a P (Φ, X) theory

which does not necessarily preserve the shift symmetry (i.e. has explicit Φ depen-

dence). We also start by making the very natural assumption that the fundamental

theory does not carry any hierarchy of scales by which we mean that one can for-

mulate the function P (Φ, X) in terms of just one scale Λ(≪ Λc ≪ MPl) and order

one dimensionless coefficients cℓ,m,

P (Φ, X) = Λ4
∑

ℓ,n

cℓ,n
Λℓ+4n

ΦℓXn . (9.29)

We would then have ∂4ΦP̄ ∼ 1 (or ∂4ΦP̄ ≫ 1 if the background involved φ ≫ Λ or

X̄ ≫ Λ4, but we would not be able to have ∂4ΦP̄ ≪ 1 unless a very specifically tuned

cancellation occurred precisely at the onset of the NEC violation). Similarly we

would never expect to have ΛN+4M−4∂NΦ ∂
M
X P̄ ≪ 1 unless a very particular tuning

was set to occur precisely at the onset of the NEC violation, or unless the shift

symmetry or another precise type of symmetry was present. So in a typical the-

ory (9.29) with no hierarchy of scales, we expect ΛNML ∼ Λ for all N+2M+4L 6= 4.

With this assumption in mind, we can consider the quintic operator

L500 =
ϕ5

Λ500
with Λ500 = 5!

(

∂5ΦP̄
)−1 ∼ 5!Λ . (9.30)

As we have seen, to avoid any breaking of unitarity this operator should satisfy the

requirements (5.45) and (5.47), leading to

Λ & (A3B5)−1/4Λc , (9.31)

which further requires A & B−5/3(Λc/Λ)
4/3 ≫ 1, which is only possible if some of

the coefficients present in (9.29) are much larger than unity. Once the door is opened

for such a special tuning (i.e. when some coefficients cℓ,m in (9.29) are allowed to

be parametrically much larger than others), any vertex can in principle dominate

the scattering amplitudes and lead to much stronger bounds than would be inferred

from the other vertices.

Preserving the shift symmetry: An obvious way to evade the previous ar-

gument is to keep the shift symmetry and hence avoid any operator that depends

explicitly on ϕ. We can start by assuming as we did earlier that the covariant theory

contains no large hierarchies,

P (X) = Λ4
∑

n≥1

cn
Λ4n

Xn , (9.32)
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with all the cn of order 1, with the possibility that some of them may vanish and

that the sum may truncate at order N̄ . In that case one should have Λ4(n−1)∂nX P̄ ∼ 1

(or ≫ 1) for any 2 ≤ n ≤ N̄ unless there is particular artificial tuning (or hierarchy

of scales). In this case the most stringent bounds come from the cubic and quartic

operators ϕ̇(∂iϕ)
2 and (∂iϕ)

4 which impose the requirement (5.45) Λ & c
1/4
s Λc. Since

cs ≪ 1 at the onset of the NEC violation in these types of theories, this requirement

is not a priori unreasonable, but it does constrain the theory. Once this constraint

is satisfied, none of the other operators of the theory would break perturbative

unitarity so long as no artificially large coefficient is included in P (X). Expressed

as a constraint on P (X) we see that perturbative unitarity requires

1≪ Λ4
cP̄,XX ≪ c−1

s , (9.33)

(where the lower bound is coming from the requirement that Λ≪ Λc).

The previous unitarity bound was derived by estimating the contribution of the

cubic and quartic vertices to the 2 − 2 scattering amplitudes. Having identified

the potentially most dangerous vertices, we can go ahead and compute their actual

contributions to the tree-level scattering amplitudes to ensure that no ‘accidental

cancellations’ occur. The direct calculation of the 2 − 2 tree scattering amplitude

taking into account both the cubic and quartic vertices is in complete agreement with

the estimations and provides the following upper bound, Λ4
cP̄,XX ≪ 192π2/(103cs).

Summary of this section: To summarize, a NEC violation in shift-symmetric

P (X) theory is in principle possible so long as higher energy effects enter at a

sufficiently low energy scale to regulate the scattering amplitudes, but still at suffi-

ciently high energies not to entirely spoil the low-energy EFT. With these conditions

in mind we obtain a limited, but not necessarily empty, window of possibility.

In practice however, when it comes to obtaining explicit bouncing solutions,

breaking the shift symmetry may make the bounce ‘easier’ to model. In the absence

of a protecting shift symmetry, the unitarity bounds are tighter and require an

additional level of tuning of the model. These additional tunings imply that the

2-to-2 scattering is no longer necessarily the dominant scattering amplitude and all

processes should be examined with care to determine whether unitarity is preserved.

One should also ensure that the effective mass and couplings of the marginal and

relevant operators are sufficiently small. This can be done explicitly, and to illustrate

the process we now provide an explicit model which allows for a stable cosmological

bounce that preserves unitarity at the price of introducing an unnaturally small

parameter.
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9.3.3 Some Examples

9.3.3.1 Pure Ghost-Condensate

For the pure ghost-condensate [Arkani-Hamed et al., 2004; Creminelli et al., 2006;

Buchbinder et al., 2007; Koehn et al., 2016]

P (X) = −pX +
q

Λ4
X2 , (9.34)

a violation of the NEC is possible if p > 0. In that case the standard vacuum 〈φ〉 = 0

carries a ghost, but no ghost is present in the ‘ghost-condensate phase’ (〈φ̇〉 6= 0)

where the quadratic terms X2 become relevant. Just like any other P (Φ, X) theory,

this model is unstable and breaks unitarity even before entering the NEC violating

region, unless higher energy effects are considered as discussed in section 9.3.2.

Including high energy effects entering at Λc, we will see that the unitarity bounds

put severe constraints on the high energy operators—in particular, they must break

the shift symmetry.

The expression for the kinetic coefficients are

A = −p + 6qX

Λ4
and B = −p+ 2qX

Λ4
, (9.35)

so interestingly the variations of A and B are linked, Ȧ = 3Ḃ, and we have

X =
Λ4

4q
(A− B) . (9.36)

As a consequence, we therefore have

Ẋ

X
=
Ȧ− Ḃ
A− B =

2Ḃ

A− B and similarly
Ẍ

X
=

2B̈

A− B . (9.37)

Now from the Raychaudhuri equation, within the NEC violating region Ḣ > 0, we

have

0 < B < O
(

1

Λ2
c

Ẍ

X

)

, (9.38)

where the exact expression on the right hand side depends on the very precise

operators that enter at Λc (and could also for instance involve terms of the form

HẊ/Λ2
cX), but this analysis is independent of the precise form (as it should). We

merely use the fact that they involve higher derivatives as is required if those terms

are to cure the instabilities associated with pure P (X) bounce. Then from (9.37)
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within the NEC violating region we ought to have

A−B < O
(

1

Λ2
c

B̈

B

)

. (9.39)

Requiring that the background does not vary faster than Λ′
c =
√
AΛc sets B̈/B ≪

AΛ2
c , which therefore implies that

1− c2s ≪ 1 , (9.40)

i.e. the speed of sound should be very close to luminal. Now for a P (X) model with

close to luminal speed of sound the unitarity bound (9.33) cannot be satisfied.

One may be worried that the bound (9.33) is not technically valid if the speed

of sound is not small since in going from (5.34) to (5.35) we have assumed A≫ B.

It is straightforward to rederive the bound (9.33) when this assumption is relaxed

and we then find that unitarity imposes

1≪ Λ4
c P̄,XX ≪

(1− c2s)4
cs

, (9.41)

which is even more impossible to satisfy when 1− c2s ≪ 1. So we can conclude that

a pure ghost-condensate model of the form (9.34) can never give rise to a unitarity

NEC violation (let alone a bounce) even when introducing higher derivative terms at

a higher energy scale. The only way to avoid this argument in the ghost-condensate

model is if the higher energy effects also involve operators which that are not higher

derivatives, i.e. involve terms that break the shift symmetry at high energy.

This tells us that, in order to safely violate the NEC, we must either,

(i) break the shift symmetry,

(ii) include up to X3 terms.

We will consider option (i), remaining at order X2 but now allowing for explicit

breaking of the shift symmetry.

9.3.3.2 Exponential φ(t) Bounce

We now present an explicit model of the form (9.21) with

P (Φ, X) = −Λ4V (Φ) + p(Φ)X +
q(Φ)

Λ4
X2 , (9.42)
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so the background equations of motion are given by

3M2
PlH

2 = Λ4V + pX̄ +
3

Λ4
qX̄2 +

1

2Λ2
c

[

−φ̈2 + 2φ̇
...
φ + 6Ḣφ̇− 9H2φ̇2

]

,(9.43)

M2
PlḢ = −pX̄ − 2

q

Λ4
X̄2 +

1

Λ2
c

[

φ̇
...
φ + 3Ḣφ̇2 + 3Hφ̇φ̈

]

. (9.44)

We can then explicitly check that the following profile

φ̇ = Λφ, H =
Λ3

M2
Pl

h(φ) . (9.45)

is an exact solution of the background equations of motion if we choose the following

potential and functions of Φ

V (Φ) = −1
4
q(Φ)

Φ4

Λ4
+

(

3
Λ2

M2
Pl

h2(Φ) + Φh′(Φ)

)

− Φ2

2Λ2
c

(

1 + 3
Λ2

M2
Pl

h(Φ)

)2

,

p(Φ) = −q(Φ)Φ
2

Λ2
− 2

Λ2

Φ
h′(Φ) +

2Λ2

Λ2
c

[

1 + 3
Λ2

M2
Pl

h(Φ) + 3
Λ2

M2
Pl

Φh′(Φ)

]

, (9.46)

and for any pair of free functions q(Φ) and h(Φ). This freedom ensures that we can

choose a profile that undergoes a cosmological bounce while preserving unitarity5.

Focusing on the decoupling limit about the FLRW background as discussed in

section 9.2, the coefficients of the kinetic matrix are then given by

A = 2q(φ)
φ2

Λ2
− 2

Λ2

φ
h′(φ) + 2

Λ2

Λ2
c

[

1 + 3
Λ2

M2
Pl

(h(φ) + φh′(φ))

]

, (9.47)

B = −2Λ
2h′(φ)

φ
+ 2

Λ2

Λ2
c

[

1 + 3
Λ2

M2
Pl

(h(φ) + φh′(φ))

]

, (9.48)

and so the sound speed is given by

c2s =
φh′(φ)− φ2

Λ2
c

φh′(φ)− q φ4
Λ4 − φ2

Λ2
c

+O
(

Λ

MPl

)

. (9.49)

For example, if we choose

φ(t) = φ0e
Λt , (9.50)

h(Φ) = − Φ

φ0

1− Φ2/φ2
0

1 + Φ4/φ4
0

Φ10/φ10
0

1 + Φ20/φ20
0

, (9.51)

5This approach of fixing V (Φ) and p(Φ) to ensure certain background behaviour is similar in spirit
to the ‘Inverse method’ described in [Ijjas et al., 2016; Ijjas and Steinhardt, 2016, 2017], however
crucially we have ensured that the resulting conditions (9.46) are analytic local functions of the
field. Otherwise one will unknowingly encounter strong coupling and positivity issues, because the
action will no longer be a sum of well-defined local operators.
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Figure 9.1: The behaviour of the specific example provided in (9.52). The time is
given in Planck scale units. The Hubble parameter is measured in terms of the scale
Hm = Λ3/M2

Pl. The sound speed is manifestly positive throughout the NEC violating
region. On the lower plot, the relevant scales of the system are represented relative to
MPl. Λ

′
c represents the scale at which the higher energy effects enter, ρ is the energy

density of the background, m the mass of the perturbed scalar field and Eback is the
background scale and is manifestly smaller than the scale Λs at which perturbative
unitarity breaks down. That scale is dominated by the cubic and quartic operators
ϕ̇(∂iϕ)

2 and (∂iϕ)
4. For comparison µ500 represents the scale at which the operator

ϕ5 breaks tree-level unitarity. The example (9.52) is specifically engineered so that
the contribution of that operator and any other operator is sub-dominant.
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Figure 9.2: The example provided in (9.52) obeys the WKB conditions. Strong
coupling is set by the decoupling limit interactions, and not the time-dependence of
the underlying spacetime.
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then the Hubble parameter goes through a bounce at t = 0,

H(t) =
Λ3

2M2
Pl

sinh(Λt)

cosh(2Λt) cosh(10Λt)
, (9.52)

which is a smooth bounce that violates the NEC for a time ∆t ∼ Λ−1 and produces

a Hubble rate on the order of Hm ∼ Λ3/M2
Pl on exiting the NEC violating region.

This is shown in Figure 9.1. To ensure that the perturbed field on that background

is well-behaved, we can for instance choose,

q(Φ) =
Λ2

M2
Pl

(

1 + q1
φ4
0/Φ

4

(1 + Φ/φ0)

)

. (9.53)

As discussed in section 9.3.2, without a shift symmetry the model has to involve a

hierarchy of scales and the ratio Λ/MPl is chosen to that effect (hence Hm, q, etc. are

parametrically smaller than näıvely expected). This model would give the desired

bouncing solution for φ(t), H(t), when Λc → ∞, however in that limit fluctuations

on this background have negative sound speed (there is a gradient instability), and

it badly violates unitarity. To remedy this, we switch on the high energy effects

(i.e. bring Λc to a finite value) and include the irrelevant operator (�Φ)2 at that

scale. As derived previously, this scale should be in the appropriate range to ‘save’

unitarity, but without spoiling the low-energy effective theory.

For concreteness we plot the behaviour of the background and the strong coupling

scale for the following specific choices of parameters,

Λ = 10−3MPl , φ0 = 0.5MPl , q1 = 6.4 and Λc = 0.028MPl . (9.54)

For this choice of parameters, we now have a finite positive sound speed and satisfy

tree-level unitarity throughout the bounce. The strong coupling scale is indeed

set by the cubic and quartic operator ϕ̇(∂iϕ)
2 and (∂iϕ)

4, while the higher order

effective interaction scales are all much larger than the strong coupling scale Λs.

This example has indeed been specifically engineered so as to suppress the effect of

any other operator.

Strong Coupling Scale: An explicit calculation shows that within the NEC vi-

olating region, we have A ∼ 2, B ∼ 2× 10−3 and the strong coupling scale deduced

from the 2 − 2 scattering amplitude (including all the operators that would affect

that amplitude) is Λs ∼ 10Λ. Then we can check that the mass of the fluctuations

on that background is indeed small,

m2
eff ∼ Λ2 ∼ 10−2Λ2

s (9.55)
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and that we are in the WKB regime (Figure 9.2). Furthermore, the scale associated

with the relevant operator ϕ3 is sufficiently small, µ300 ∼ Λ and so is the dimen-

sionless coupling constant in front of the marginal operator ϕ4, µ400 ∼ O(1). As for
all the infinite number of irrelevant operators, their respective scales should be at

least Λs. A direct calculation shows that within the region of interest (i.e. within

the NEC violating region), all the requirements derived from tree–level unitarity in

(5.49–5.47) are indeed satisfied. For illustration purposes, we represent the scale µ500

we would have naively derived from where the quintic operator ϕ5 breaks unitarity

in Figure 9.1 and it indeed lies above Λs throughout the bounce. The same remains

true for all the other operators (other than ϕ̇(∂iϕ)
2 and (∂iϕ)

4).

We can also directly see that the derivatives of the background remain small,

obviously φ(n+1)/φ(n) ∼ Λ ≪ Λs (the hierarchy involved in the example is not an

important one, but it simply serves as an illustration of the principle). Moreover we

can check that the variation of the mass and the coefficients of the kinetic matrix

are small, Ḃ/B ∼ 10−6MPl, and Ȧ/A ∼ 1.5× 10−3MPl, which is actually what sets

the scale of the background, Eback ∼ 1.5Λ.

We have therefore shown how, for couplings given by (9.46), and solution (9.52),

while if one took Λc → ∞ the bounce would have a classical gradient instability

and would badly violate perturbative unitarity, this can be remedied by including

high energy effects that are present at sufficiently high energy (finite Λc) without

severely affecting the predictions of the low energy EFT. For a bounce to occur

without violating unitarity in a P (Φ, X) theory, the parameters have to be carefully

tuned and a hierarchy of scale had to be introduced already in the P (Φ, X) model.

Summary of Chapter 9

While solutions that violate the NEC condition are relatively easy to find classically,

they may not be trusted if they are derived beyond the regime of validity of their

effective field theory. In this chapter, we have derived the conditions set by tree-level

unitarity on NEC violating effective field theories on a cosmological background.

In P (Φ, X) theories minimally coupled to gravity, without including any higher

energy effects, it is impossible to describe a NEC violation (much less a complete

bounce): Any classical solutions automatically severely violates unitarity and cannot

be trusted. A natural resolution is to include the high energy effects, irrelevant

operators suppressed by a higher energy scale that are naturally expected to be

present. We have shown that these can regulate not only the classical instabilities

that arise in these classical NEC violating solutions, but can also regulate scattering

amplitudes, hence providing a much better handle on unitarity. We have derived the

precise requirements set by tree-level unitarity in P (Φ, X) models with additional

irrelevant operators, and shown that while the theory should be very carefully tuned,
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in principle there is a open window of possibility for a stable cosmological bounce

that preserves unitarity. To further illustrate the constraints set by unitarity and

level of tuning required, we have presented an explicit P (Φ, X) that generates a

stable cosmological bounce and perseveres unitarity within the region of the bounce,

albeit at the price of introducing an unnaturally small parameter into, and hence

finely tuning, the EFT.
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Chapter 10. Speed Limits

The recent direct detections of gravitational waves (GWs) have had an unprece-

dented impact on our understanding of gravity at a fundamental level. The first

event alone (GW150914 [Abbott et al., 2016]) was already sufficient to put bounds

on the graviton with better precision than what we know of the photon. Last

year, the first detection of GWs from a neutron star merger (GW170817), some

1015 light seconds away, which arrived within one second of an optical counterpart

(GRB170817A), allowed us to constrain the GW speed with remarkable precision

[Abbott et al., 2017a,b,c]

−3× 10−15 ≤ cT
cγ
− 1 ≤ 7× 10−16 , (10.1)

with cT the GW phase velocity and cγ the speed of light.

Such a constraint has had far-reaching consequences for models of dark energy.

Within the context of the Effective Field Theory (EFT) for dark energy [Gubitosi

et al., 2013], it was rapidly pointed out that (10.1) was sufficient to suppress the EFT

operators that predict non-luminal gravitational propagation[Lombriser and Taylor,

2016; Lombriser and Lima, 2017; Creminelli and Vernizzi, 2017; Sakstein and Jain,

2017; Ezquiaga and Zumalacárregui, 2017; Baker et al., 2017; Akrami et al., 2018;

Heisenberg and Tsujikawa, 2018; Beltran Jimenez and Heisenberg, 2018]. In particu-

lar, within the framework of scalar-tensor theories of gravity, Horndeski [Horndeski,

1974] has played a major part in the past decade as a consistent ghost-free EFT in

which the scalar degree of freedom could play the role of dark energy. Yet the in-

terplay between the scalar and gravity typically implies that GWs would not travel

luminally. The LIGO constraint on the GW speed only leaves out the generalization

of the cubic Galileon [Deffayet et al., 2010], which is severely constrained by other

observations. As a result the Horndeski EFT seems almost entirely ruled out as a

dark energy candidate 1.

Nevertheless, it should be noted that the recent LIGO bound applies to GWs

at a frequency of 10 − 100Hz, while the EFT for dark energy is “constructed” as

an effective field theory for describing cosmology on scales 20 orders of magnitude

smaller. When it comes to constraining such EFT parameters, it is therefore im-

portant to recall that they could in principle depend on scale: generically, the GW

speed may depend on the frequency at which it is measured, cT = cT (k). The LIGO

bound (10.1) should therefore be read as a constraint on cT (k) at frequencies on

the order of k ∼ 10 − 100Hz, and from their very construction we expect EFTs

1The impact of (10.1) is not limited to scalar-tensor theories of gravity—other models of dark
energy, such as vector-tensor gravity or scalar-vector-tensor gravity, have also seen their parameter
space remarkably affected (see however [Heisenberg and Tsujikawa, 2018; Beltran Jimenez and
Heisenberg, 2018; Belgacem et al., 2018c] for models that survive the bound). Lorentz-violating
theories have also been profoundly constrained [Mirshekari et al., 2012; Yunes et al., 2016; Blas
et al., 2016], although we shall focus on theories which are fundamentally LI here

219



10.1. Toy Scalar Example Chapter 10. Speed Limits

such as Horndeski to break down at a cutoff ∼ 100Hz if not much lower. If the

theory is to ever admit a Lorentz-invariant (LI) high energy (UV) completion, then

the front velocity 2 must be luminal which implies that the sound speed cT (k)

will necessarily asymptote to exactly luminal at high frequencies. While the

EFT of dark energy may predict a GW sound speed that departs from unity at

low energy, it is nonetheless natural to expect a speed arbitrarily close to lumi-

nal at higher frequencies. In the case of Horndeski, the scale of the cosmological

background generally requires that new physics ought to enter at (or parametrically

before) the energy scales observed at LIGO, where it would be natural to observe a

luminal velocity. We shall present how this would naturally occur in a simple scalar

field model (Fig. 10.1) before turning to the full-fledged scalar-tensor theory and

discussing the implications of LI–UV completions to Horndeski.

These insights were well-known to some in the EFT community, though did not

appear in print until [Melville et al., vii].

10.1 Toy Scalar Example

We start by looking at a simple yet representative scalar EFT example3

LM = −1
2
(∂φ)2 +

1

2Λ4
(∂φ)4 +O

(

(∂2φ)2

M2

)

, (10.3)

where M is the scale of new physics. φ could be a placeholder for dark energy—

for instance, let us set 〈φ〉 = αΛ2t as the background and consider fluctuations

φ = 〈φ〉 + δφ. As is well known, on this spontaneously Lorentz-breaking (sLB)

background the sound speed for δφ is

c2S = 1−∆0 = 1− 4α2

1 + 6α2
, (10.4)

leading to an order one deviation from luminality if the parameter α ∼ O(1). At this
stage, we may wonder if we can trust a background configuration close to the strong

coupling scale Λ. This question has been the subject of extensive work [de Rham

and Ribeiro, 2014]. Here, we take the approach that the EFT can be re-organized

as a derivative expansion in which, while the field gradient may be “large”, higher

2Strictly speaking, the front velocity is defined as the speed of the front of a disturbance [Brillouin,
1960; Milonni, 2004]. In practice, the front velocity is defined as the high frequency limit of the
phase velocity [Brillouin, 1960; Milonni, 2004; de Rham, 2014],

cfront = lim
k→∞

cT (k) . (10.2)

3The argument goes through essentially unaffected if instead of (10.3) we had chosen an arbitrary
function Λ4P ((∂φ)2/Λ4). We chose the particular form of (10.3) for concreteness.
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derivatives of the field are suppressed. This means that a profile with φ̇ ∼ Λ2 may

be considered without going beyond the regime of validity of the EFT so long as

higher derivatives are suppressed: ∂nφ≪ Mn+1 . Λn+1 for any n ≥ 2. Concretely,

this implies that background configurations with α ∼ O(1) do not necessarily lead

to order one contributions from other irrelevant operators. We follow this approach

here as it is the one used in the context of Horndeski models of dark energy.

EFT Cutoff: The model (10.3) predicts a speed of sound (10.4) which appears

to be the same irrespective of the frequency of the δφ fluctuations. Yet if we con-

sider δφ-waves at sufficiently high frequencies, they should be insensitive to the sLB

background. LI should be restored and hence high-frequency δφ waves should be

exactly luminal. The reason this is not manifest in (10.4) is because we are working

within the EFT (10.3), which is only consistent at frequencies much smaller than the

cutoff, M . Interestingly, in the context of the GW170817 detection, the frequency

of the GWs span from 24Hz to a few hundred Hz, which is perilously close to the

strong coupling scale associated with Horndeski dark energy models,

M . ΛHorndeski ∼ (MPlH
2
0 )

1/3 ∼ 260Hz (10.5)

where H0 is the Hubble parameter today4. At those scales, the EFT (10.3) can

no longer be the appropriate description for the δφ-waves, as we have neglected

operators of the form (∂2φ)2/M2, where M is the cutoff. The existence of such

higher derivative operators cannot be ignored—they are mandated by our positivity

bounds if this theory is to admit a sensible Wilsonian UV completion.

Sound Speed near the Cutoff: The low-energy EFT (10.3) is appropriate when

considering δφ-waves at frequencies k/M ≪ 1, however at higher frequencies one

should include the irrelevant operators that naturally enter the EFT at the scale M

and modify the dispersion relation,

c2S(k) = 1−∆0 +∆2
k2

M2
+O

(

k4

M4

)

, (10.6)

where the running ∆2 is controlled by the higher order operators. This scale-

dependence of the sound speed is unavoidable: not only are the next-to-leading

order operators required in order to properly renormalize divergences within the

EFT, they also naturally arise from a generic UV completion. Of course when

4A skeptic reader may worry about an EFT with such a low cutoff of the order of 10−13eV when
GR is clearly valid and predictive over a much broader set of scales. Yet we should bear in mind
that such a theory is typically introduced to tackle dark energy and would be valid from a scale of
the order 10−33eV, that is at 20 orders of magnitude lower than that cutoff.
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reaching the scale M , we lose control of the EFT and the precise details of the UV

completion are essential in determining the sound speed of δφ-waves (even if—as we

have argued—the background configuration itself may not be sensitive to the UV

completion).

To give a precise example of how UV physics may affect the sound speed at

frequencies close to M , consider the following specific situation where the massless

scalar φ couples to a heavy scalar χ via,

LΛ∗ = −1
2
(∂φ)2 − 1

2
(∂χ)2 − 1

2
M2χ2 +

χ

Λ∗
(∂φ)2 , (10.7)

where χ becomes dynamical aroundM and strongly coupled at a scale Λ∗. For (10.7)

to represent a (partial) completion of (10.3) with an extended region of validity, we

require the scale hierarchy Λ∗ ≫M implying

M ≪ Λ = (MΛ∗)
1/2 ≪ Λ∗ . (10.8)

Even though (10.3) only becomes strongly coupled at the scale Λ, its cutoff is in fact

even smaller M ≪ Λ (see [Bellazzini, 2017], this hierarchy also appears in the case

of Galileons [Melville et al., ii] and massive gravity [Melville et al., v]). Integrating

out χ at tree level gives the EFT (10.3) with additional irrelevant operators

L = −1
2
(∂φ)2 +

1

2Λ4
(∂φ)2

M2

M2 −�
(∂φ)2 . (10.9)

Including these irrelevant operators, we find a dispersion relation

ω2 = k2 − 4α2

1 + 2α2

ω2M2

M2 − ω2 + k2
, (10.10)

which matches the leading order EFT sound speed (10.4) at sufficiently small fre-

quencies k ≪ M but leads to luminality at higher frequencies ω2 = k2 (1 + · · ·),
where the ellipses vanish at high energy and their precise form depends on the de-

tails of the completion. The exact behavior of the sound speed as a function of

frequency for various values of α is depicted in Figure 10.1. Since the consistency of

the two-field model requires the hierarchy M ≪ Λ, for concreteness we can imagine

an example where M = 10−3Λ, so that the partial UV completion (10.7) remains

a valid description up to the scale Λ∗ = 103Λ. In that case if we were to draw

an analogy with the frequencies observed at LIGO (i.e. starting at about 24Hz),

and considering the scale Λ to be given by about 260Hz as in equation (10.5), then

kLIGO > 10−1Λ ∼ 102M , and we clearly see from Figure 10.1 that at sufficiently high

frequencies, we expect the sound speed to be arbitrarily close to luminal, despite

the low-frequency sound speed being potentially significantly subluminal.
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It is worth noting that the precise slope in Figure 10.1 should be taken with a

grain of salt—they are merely provided to illustrate the point in this simple scalar

field model and the precise way the sound speed returns to being luminal at high

energy depends on the details of the (partial) UV completion. The purpose of this

toy model is simply to illustrate that the measured GW speed at LIGO frequencies

may be significantly different than the cosmologically relevant c2T—in practice, the

precise numerical running and hierarchy between these two speeds will be determined

by whatever physics UV completes Horndeski.
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Figure 10.1: Sound speed for δφ fluctuations in the model (10.7). While subluminal
at k ≪ M , luminality is recovered above the cutoff (here, M = 10−3Λ). The EFT
can safely describe cosmology from today H0 to before recombination Hrec, but may
receive order one corrections in the LIGO band.

10.2 Horndeski Dark Energy

We now turn to Horndeski as a dark energy EFT. As is well-known, the scalar field

present in Horndeski can play the role of a dark energy fluid driving the late-time

acceleration of the Universe. In doing so, the Universe is filled with a medium

(the dark energy condensate) which in turn affects the GW speed. For illustration

purposes, consider the following Horndeski dark-energy model,

LH =
M2

Pl

2
R− 1

2
Gab∂aφ∂bφ , (10.11)

Gab = gab + c2
MPl

Λ3
Gab + c3

MPl

Λ6
R̃aµbν∇µ∇νφ , (10.12)

Gab being the Einstein tensor and R̃aµbν the dual Riemann tensor, and we have

defined the scale Λ as (H2
0MPl)

1/3 as given in (10.5). The solution 〈φ〉 = αMPlH0t

leads to an accelerated expansion with Hubble parameter H = βH0, where the
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coefficients α and β are determined in terms of c2 and c3 and are order one when

c2,3 are order one. There is a region in parameter space where the accelerated

solutions are stable (no ghost nor gradient instabilities). In order to exhibit the

scales involved, it is useful to normalize metric fluctuations gµν = γµν + hµν/MPl, so

that the c2,3 terms enter at the scale Λ,

LH ⊃ (∂h)2 + (∂δφ)2 + (∂δφ)(∂δh) +
1

Λ3
∂2h(∂δφ)2. (10.13)

At first sight the c2,3 terms in (10.11) would also seem to generate operators at

a much lower scale, for instance 〈φ̇〉∂2h∂δφ/Λ3 ∼ ∂2h∂δφ/H0, however all those

operators are total derivatives.

At low frequencies with respect to the cutoff M of the Horndeski EFT, tensor

modes have a subluminal speed,

c2T (k) = 1− 2c2α
2β2 + 6c3α

3β3

2 + c2α2β2 + 6c3α3β3
+O

(

k2

M2

)

, (10.14)

where M is at most the strong coupling scale of the EFT, M . Λ.

As was the case for the scalar field theory (10.3), the existence of a UV completion

mandates the existence of other irrelevant operators in addition to the Horndeski

ones. Precisely which operators would enter depends on the UV completion and

within an EFT approach one should allow for all operators to be present. However,

for concreteness, we present here a class of operators that would typically enter the

Horndeski EFT at a scale M . Λ,

L(n)
higher−der =

(

M2
PlGµν

) �n

M2n+4
n

∂µφ∂νφ , (10.15)

with n ≥ 2 and appropriate scales Mn, which we now study. First, notice that such

operators affect the background solutions by an amount proportional to

E (n)
EH
∼ H

2(n−1)
0 Λ6

M2n+4
n

, (10.16)

where symbolically E (n) is the contribution from L(n) to the background equations

of motion and EH that from the Horndeski Lagrangian (10.11). Trusting the back-

ground provided by the Horndeski EFT (10.11) requires this ratio to be small. So

in principle the scale of the higher derivative operator L(n) could be as small as

say M2n+4
n ∼ H2n−4

0 Λ8 ≪ Λ2n+4 and these operators would still not significantly

affect the background. Furthermore, on this background the higher derivative terms

(10.15) lead to operators that scale at worst as (∂n+1h)2∂δφ/ (H0M
2n+4
n Λ−3), (for

n ≥ 2), so if those were at all representative of the types of operators we would
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expect from the UV completion, it would mean that the Horndeski EFT (10.11) can

be trusted until the strong coupling scale Λ∗,

Λ∗ = minn
(

M2n+4
n H0Λ

−3
)1/(2n+2)

. (10.17)

It will depend on the precise UV completion whether all the Mn are the same order

(maybe all set to Λ or a lower scale M) or whether they scale so that Λ∗ > Λ.

For now we simply point out that we have a great deal of flexibility in the scales

Mn which do not alter the background evolution, yet do affect the GW speed. For

instance

L = LH +
∑

n≥2

cnL(n)
higher−der (10.18)

modifies the GW dispersion relation (symbolically) as,

ω2 ∼c2T (0)k2 +O(H2
0 ) (10.19)

+
∑

n≥2

cnΛ
6

3M2n+4
n

(

−ω2 + k2
)n−1

(ω2 +O(k2, H2
0)) ,

where at frequencies close to Mn the (−ω2 + k2)
n−1

terms push the GW speed

arbitrarily close to unity.

Conspiracy vs Lorentz-invariant UV completion: The fact that the Horn-

deski cutoff is close to the LIGO band (and particularly the GW170817 event) was

noticed in [Creminelli and Vernizzi, 2017], who pointed out that from a bottom-up

approach it would seem unlikely that order one effects entering at the cutoff would

conspire to precisely cancel c2T − 1 within an accuracy of one part in the 1015. How-

ever from a top-down approach, it is very unlikely that the UV completion knows

anything about the special structure of the sLB background. Quite the opposite,

we expect that at sufficiently large energies modes should be insensitive to the sLB

cosmological solution and we would naturally expect a return to luminality. Indeed

the operators presented in (10.15) (and (10.7)) have in no way been tuned so as to

precisely cancel c2T − 1. Rather the operators simply satisfy LI and at sufficiently

high energy that symmetry is restored. It is important to note that for the GW

speed to be unity at LIGO frequencies, the EFT must breakdown at scales lower

that Λ.

Modified Gravity: One motivation for studying Horndeski is that these scalar-

tensor theories can mimic the behaviour of some modified gravity models [Nicolis

et al., 2009]: for instance the decoupling limit of DGP [Chow and Khoury, 2009],
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cascading gravity [Agarwal et al., 2010] and massive gravity [de Rham and Heisen-

berg, 2011]. Since some Horndeski EFTs arise from the decoupling limit of various

theories of modified gravity, it is clear that Horndeski can be seen as an EFT with

an infrared cutoff (of the order of the Hubble parameter today), as well as a UV

cutoff and we could take the perspective that these models of modified gravity are

in fact what (partially) “completes” those Horndeski theories. Interestingly in all

these models of modified gravity, while the dispersion relation is modified at very

low frequencies (of the order of the effective graviton mass), the sound speed remains

luminal independently of the background configuration. This suggests that Horn-

deski EFTs could very easily be implemented within some completion for which the

GW speed at LIGO frequencies is luminal to impeccable precision. All such EFTs

may remain viable in the wake of GW170817.

Gravitational Rainbows: Throughout this section, we have raised the possibility

that the frequencies observed at LIGO are at the edge of (or even beyond) the

regime of validity of the Horndeski EFT and shown how the speed of GWs could

be close to unity at those scales even though the low-energy EFT may predict a

subluminal propagation. By no means do we suggest that every time an observation

is performed, one should simply shield the EFT from constraints by invoking a lower

cutoff. However, within the context of Horndeski and current LIGO observations,

the frequencies observed are dangerously close to the cutoff if the EFT is to describe

dark energy and in a standard EFT approach new physics is required to enter at or

below that scale.

Turning towards future surveys, the upcoming LISA mission will have peak sen-

sitivity near 10−3 Hz, at which scale k/Λ ∼ 10−5. If LISA were to bound the speed

of GWs5 with a similar precision as LIGO but at such low frequencies, it would be

very hard for a Horndeski EFT to remain viable as a model of dark energy and still

have an interesting regime of predictability. Such observations would be complemen-

tary to those from future ground-based interferometers like the Einstein Telescope

[Sathyaprakash et al., 2012] that may help distinguish between various dark energy

models [Belgacem et al., 2018a,b].

Summary of Chapter 10

In one of its simplest formulations [Gleyzes et al., 2013], the EFT of dark energy

has only four free functions of time6. One of those free functions (m4) is directly

related to the GW speed. While recent observations have been very successful at

5Interestingly gas bounds to Black Holes in the LISA band may produce an X-ray signal [Haiman,
2017].

6In addition to those that determine the background cosmological history.
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reducing the large parameter space, we stress that those quantities are typically

scale-dependent (in addition to their time dependence) and the current constraints

(m4(kLIGO) ≈ 0) may not necessarily imply m4(k ∼ H0 . 10−20kLIGO) = 0.

In particular, we have focused on a picture where new physics enters the low-

energy EFT at a scale below Λ = 260Hz so as to restore perturbative unitarity. We

should stress that even if the UV completion were to be manifestly Lorentz-violating,

one would not expect the scale of Lorentz breaking at high energy to be linked to

the scale of sLB at low energy and thus we would still expect a running of the speed

of GWs.

We emphasize that the aim of this chapter has not been to revive Horndeski

or any specific EFT as a particular model for dark energy. Rather the aim is to

bring across the subtleties related with measurements such as the sound speed when

dealing with EFTs, especially when the effective cutoff may be relatively low and

comparable to the scale associated with the measurement. In the coming age of

precision cosmology, correctly interpreting what EFT corrections mean for these

measurements will be more important than ever before and crucial for discriminating

between different classes of models.
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In this thesis, we have explored and developed powerful constraints which any low

energy Effective Field Theory (EFT) would necessarily inherit from an underlying

Wilsonian UV completion. These follow from the analyticity (causality), polynomial

boundedness (locality), and unitarity of elastic scattering amplitudes between four

particles of any spin and any kinematics. In Part I, we established much of the

required formalism and derived explicit relations between the EFT coefficients. In

Part II, we demonstrated that in many cosmologically relevant cases these new

constraints can take us much further into the unknown without the need for new

experimental data.

Relativistic S-matrix elements on flat space obey dispersion relations which relate

the UV to the IR, and allow us to translate S-matrix axioms of the UV completion

into positivity bounds on the Wilson coefficients of the EFT. We stress that many

more bounds are available as one goes to higher and higher orders, and that in

Forward bound First t derivative

Galileon m2 > 0 g4 . 3/4g23

Proca a0 > 0 6āt + 112a0 > 0

c1 > Min[0,−2c2]

Charged Galileon a0 +
1
2
a3 − 1

2
a4 > 0, |µ3| < X āt > 0

c1 > Min[0,−2c2]

Λ5 Massive Gravity ∆c = 0, ∆d . 0 ∆d = 0

Λ3 Massive Gravity −0.058c3 . 0.32 (see Fig. 8.1)

n3d5 > −n0 − n1c3 − n2c
2
3

Table 11.1: Summary of the leading order positivity bounds for massive spin-1 and
spin-2 EFTs. See equations (7.6, 7.33, 8.32, 8.34, 8.63) for definitions of these EFT
coefficients. The Λ3 bounds can be improved numerically by scanning indefinite
combinations of transversities in the forward limit. The forward limit bounds on
the charged Galileon agree with those of [Bonifacio et al., 2016], as do the forward
limit bounds on Λ3 massive gravity with [Cheung and Remmen, 2016a].
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principle it is possible to constrain the new coefficients which appear at every order

(not just leading order). The leading order calculations presented here are not only

valuable for potential cosmological applications of these models, they are also an

important proof of principle: that positivity bounds provide tight constraints on

the parameter space, and that going beyond the previous forward limit bounds

provides genuinely orthogonal information to the forward limit bounds alone.

The leading order bounds presented in this thesis are summarised in Table 11.1

for the Galileon, Proca and massive gravity theories. For example, it is found that

massive gravity can admit no local, Lorentz invariant UV completion unless the

parameters (which contribute to 2-to-2 scattering at tree level) are fixed in such

a way that the strong coupling scale is raised from Λ5 to Λ3, as in “Ghost-free

massive gravity”, and the UV completion must possess a weak coupling parameter,

g∗ . 10−14.

On a non-trivial background, quantized fluctuations can obey a non-relativistic

dispersion relation—however they remain bound by perturbative unitarity. In par-

ticular, unitarity forbids a small sound speed. This is problematic for any field

which violates Null Energy Condition (NEC). By including higher derivative cor-

rections to our EFT, perturbative unitarity can be restored even in cases of small

sound speed. This allows NEC violation, and opens the door for novel theories of

nonsingular bouncing cosmologies, traversable wormholes, and quintessence which

previously could not be kept under perturbative control.

Finally, while the recent multi-messenger detection of electromagnetic and grav-

itational waves from GW170817 have taught us a great deal, it is important to

appreciate that these measurements are performed very close to the cutoff of most

dark energy models. Consequently, this measurements is sensitive to the higher

derivative operators in the EFT—precisely the operators which are constrained by

positivity bounds.

Validity: The results in this thesis rest on a number of assumptions. Most notably,

we have assumed various properties of the (otherwise unknown) UV completion.

Consequently, there are a number of ways in which the analysis could be improved,

• The need to perform subtractions to ensure a convergent dispersion relation

immediately excludes bounding any operator with mass dimension < 8 (in

D = 4). In particular, simple interaction potentials such as φ4 or (ψ̄ψ)2 are

not constrained—at least not without stronger assumptions than the Froissart

bound, such as Regge behaviour at high energies [Adams et al., 2008]. Another,

complementary, approach which does bound these couplings is the numerical

S-matrix bootstrap program [Paulos et al., 2017c,a,b].
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• Many proposals for quantum gravity predict some degree of non-locality at

high energies. For instance, [Giddings and Porto, 2010] conjecture that strong

gravity effects lead to amplitude which grow exponentially at large s. The

positivity bounds presented here can only diagnose UV completions which

satisfy the Froissart bound (or are at least polynomially bounded at large s).

However, being able to assess from purely low energy measurements whether

the underlying microphysics has this degree of non-locality is still a very useful

state of affairs.

• In practice, the positivity bounds can only be usefully applied in cases where

there is weak coupling in the UV. In order to check for the existence of a

strongly coupled UV completion, one would need a way to compute amplitudes

in the EFT without relying on any tree/loop split.

• The full tower of positivity bounds relied on having a flat space background

on which to define a Poincaré invariant S-matrix. Of course, in cosmology,

ideally one would work on a curved background (or at the very least de Sitter).

Although there are recent analogous analyticity results for amplitudes on de

Sitter [Arkani-Hamed et al., 2018a], and something like a dispersion relation

[Bros et al., 1994; Bros and Moschella, 1996; Bros et al., 1998], it remains

to work out how unitarity is best implemented to constrain de Sitter EFT

coefficients.

Future Directions: There are a number possible avenues for further exploration.

From the point of view of developing the formal constraints at our disposal:

• As we saw in Chapter 1, unitarity bounds each of the partial wave coefficients

individually. Although this is required for the Froissart bound, we did not use

this information explicitly when constraining the EFT amplitudes. The issue

with mapping a constraint on a single partial wave coefficient in the UV to a

constraint in the IR is that under crossing a given aℓ is mapped into a sum

over every other aℓ′ . This is something which has been explored, for instance

the Roy and Roy-Steiner equations provide a scheme to perturbatively apply

unitarity bounds to each partial wave coefficient [Roy, 1971; Hite and Steiner,

1973].

• We have always linearized the unitary condition, S†S = 1. In principle, there

is far more information than just ImA > 0, but rather the fully non-linear

condition ImA ∝ |A|2. Implementing this nonlinear condition was one of the

sticking points of the original S-matrix program.
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• We have only made use of s ↔ u crossing symmetry. For scattering four

identical particles, there are additional constraints coming from the s ↔ t

crossing symmetry. Finding a way to build these in to a dispersive approach

would result in stronger constraints.

• Finally, in addition to two-point and four-point amplitudes, one might natu-

rally ask whether analogous constraints can be derived on the higher n-point

EFT amplitudes. This turns out to be complicated by the fact that not all

branch cuts are constrained by unitarity—for instance for the 6-point ampli-

tude, although the 123 → 456 cut is positive definite, the 12 → 3456 cut is

not. However, recently some progress has been in this direction by identify-

ing a special choice of kinematics (akin to the forward limit) in which certain

contributions to the dispersion relation vanish [Chandrasekaran et al., 2018].

And from the point of view of applying our existing bounds, there are several promis-

ing directions:

• We have considered here the simplest field theories for cosmology - focussing

on single degrees of freedom and taking various decoupling limits to remove

gravitational effects. Ideally one would use a more general EFT which captures

a variety of scalar-vector-tensor perturbations, such as [Lagos et al., 2016, 2018]

and hence describes a wider range of phenomena.

• Aside from further cosmological applications, there is a host of particle physics

applications. For example, the Standard Model is, at best, a low energy ef-

fective theory, destined to receive higher derivative corrections from the new

physics which accommodates gravity/the dark sector. The Standard Model

Effective Field Theory (SMEFT) is well-established, with a complete operator

basis known up to dimension-8. A recent analysis of vector-boson scattering

via dimension-8 SMEFT operators found that only ≈ 3% of the parameter

space satisfied the positivity bounds [Zhang and Zhou, 2018]. This is very

suggestive that, although the sheer number of dimension-8 operators is quite

intimidating, experiments need only fix a small handful of them, and then

positivity can handle the rest.

• The a theorem in four-dimensions can be related to the positivity of ∂2sA4

[Komargodski and Schwimmer, 2011]. Attempts to extend this to higher di-

mensions have been foiled by the fact that the A4 in question vanishes in the

forward limit [Elvang et al., 2012; Elvang and Olson, 2013]. What is required

is a version of positivity which applies away from the forward limit, such as

the bounds developed in this thesis.
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The robust connections which this thesis has made between the low energy EFTs in

the IR and the new and unknown physics in the UV have remarkable consequences

for a range of cosmological theories and beyond. They will serve as important

consistency conditions for future model-building, guiding our efforts to build ever

more accurate and fundamental descriptions of our Universe.
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A.1. Causality implies Analyticity Appendix

A.1 Causality implies Analyticity

In this Appendix, we review how the analyticity of scalar amplitudes follows from

the causal structure of the underlying flat spacetime.

Microcausality: In a relativistic quantum field theory, we would like to impose

the notion that measurements made in causally disconnected regions of spacetime

do not influence each other. This kind of microcausality is encapsulated in the

mathematical statement that local operators with a space-like separation commute

[Bogoliubov et al., 1959],

[O1(x1),O2(x2)] = 0 if (x1 − x2)2 > 0 . (A.1)

From this humble beginning, it is possible to show1 that the four-point Green’s

function for scalar fields is an analytic function of (s, t) in the disk |t| < 4m2 for

fixed s and in the twice cut plane of s for fixed t (modulo the poles required by

unitarity).

Analyticity: The connection between the analyticity of the scattering amplitude

for fixed momenta transfer, and causality is well established. We will review here

the essential details of the proof without dwelling on the lengthy mathematical

subtleties—we will focus on scalar particles, but this can easily be extended to

general spin by utilizing the appropriate helicity wavefunctions and accounting for

statistics. There are three steps:

(i) Relate the scattering amplitude to a space-like commutator (which is con-

strained by causality),

(ii) Use the Breit coordinate system to show that the s-channel amplitude is an-

alytic in the upper half of the complex energy plane, while the u-channel

amplitude is analytic in the lower half of the complex energy plane.

(iii) Show that the s and u-channel amplitudes are identical within the Mandelstam

triangle (a consequence of crossing), and so both may be analytically continued

into the entire complex energy plane.

• (i) Amplitude to commutator:

Defining a†A as the creation operator for a particle of type A, and a†
Ā
for the as-

sociated anti-particle (with relativistic normalization [aA(k), a
†
B(k

′)] = (2π)3δ3(k −
1The original rigorous proofs of this only applied for t ≤ 0 [Bogoliubov et al., 1959; Hepp, 1964]
or some intermediate positive value [Bremermann et al., 1958], however the later results of [Bros
et al., 1964; Martin, 1966] extend these to |t| < 4m2 by making additional use of the unitarity of
the scattering amplitude [Martin, 1963; Jin and Martin, 1964].
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k′)2ωkδAB), then the s-channel A+B → C+D scattering amplitude is (Ŝ = 1+iT̂ ),

〈0|aC(k3)aD(k4)T̂ a†B(k2)a†A(k1)|0〉 = 〈k3|aD(k4)T̂ a†B(k2)|k1〉
= −i〈k3|aD(k4)[Ŝ, a†B(k2)]|k1〉 , (A.2)

where in the last step we have used the fact that 〈k3|aD(k4)a†B(k2) = 0 unless B

is identical to C or D, in which case it will correspond to a non-scattering process

which drops out of T̂ . Denoting the (in general complex) free fields by

φA(x) =

∫

d3k

(2π)32ωk

(

eik.xaA(k) + e−ik.xa†
Ā
(k)
)

(A.3)

then it is straightforward to show2,

[Ŝ, a†A(k)] =

∫

d4x eik.x
δŜ

δφA(x)
. (A.5)

Then using the property of the stability of the one-particle states Ŝ|k〉 = |k〉 = Ŝ†|k〉,

〈0|aB(k3)aD(k4)T̂ a†B(k2)a†A(k1)|0〉 = −i
∫

d4x eik2·x〈k3|aD(k4)
δŜ

δφB(x)
S†|k1〉

= −
∫

d4x eik2.x〈k4|aD(k4)ĴB(x)|k1〉 (A.6)

where we have defined the current operator ĴB(x) = i δŜ
δφB(x)

Ŝ† = −iŜ δŜ†

δφB(x)
. Simi-

larly using,

[aA(k), Ŝ] =

∫

d4x e−ik.x
δŜ

δφĀ(x)
, (A.7)

we have,

〈0|aC(k3)aD(k4)T̂ a†B(k2)a†A(k1)|0〉 = −
∫

d4x

∫

d4y e−ik4y+ik2x〈k3|
δĴB(x)

δφD̄(y)
|k1〉 .
(A.8)

Causality is encoded in the statement that (this is expounded on in [Bogoliubov

et al., 1959], section 17.5)

δĴB(x)

δφD̄(y)
= 0 if (y − x)2 > 0 or y0 < x0 . (A.9)

2This just follows from the canonical commutation relations, which lets us write the commutator
as a derivative,

[φB(y), a
†
A(k)] =

∫

d4x eik.xδABδ
4(x− y) =

∫

d4x eik.x
δφB(y)

δφA(x)
, (A.4)

and the fact that the commutator respects the Leibniz rule.
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Roughly speaking, the response of the S-matrix to the fluctuation at x described by

ĴB(x) cannot influence fields outside of the future lightcone of x. From the definition

of ĴB(x), we have that,

δĴB(x)

δφD̄(y)
= i

(

δ2

δφD̄(y)δφB(x)
Ŝ

)

Ŝ† + i
δŜ

δφB(x)

δŜ†

δφD̄(y)
(A.10)

and so outside the future lightcone,

(

δ2Ŝ

δφD̄(y)δφB(x)

)

Ŝ† = − δŜ

δφB(x)

δŜ†

δφD̄(x)
= −ĴB(x)ĴD̄(y) if (y−x)2 > 0 or y0 < x0 .

(A.11)

Using the commutativity of functional derivatives δ2

δφD̄(y)δφB (x)
Ŝ = δ2

δφB(x)δφD̄(y)
Ŝ, we

arrive at the more familiar statement of causality: that operators commute outside

of the lightcone,

[ĴB(x), ĴD̄(y)] = 0 , for (y − x)2 > 0 . (A.12)

Putting this together we have

δĴB(x)

δφD̄(y)
= 0 = θ(y0 − x0)[ĴB(x), ĴD̄(y)] + contact terms (A.13)

where the contact terms vanish for x0 6= y0, i.e. they are (derivatives of) delta

functions. The precise form of these contact terms cannot be determined by causal-

ity (since they are instananeous) or unitarity. In momentum space, the contact

terms correspond to polynomial functions of energy/momenta and so their addition

is equivalent to modifying the subtraction terms in the dispersion relation. Con-

sequently it is sufficient to derive a dispersion relation assuming no subtractions

are needed (i.e. no contact terms), and include the subtractions at the end of the

calculation. With this in mind the scattering amplitude can be taken to be

〈0|aC(k3)aD(k4)T̂ a†B(k2)a†A(k1)|0〉

= −
∫

d4x

∫

d4ye−ik4.y+ik2.xθ(y0 − x0)〈k3|[ĴB(x), ĴD̄(y)]|kA〉 . (A.14)

Using the translation properties of momentum eigenstates to remove an overall

momentum conserving delta function, the stripped s-channel scattering amplitude

is

AA+B→C+D(k1, k2; k3, k4) =

∫

d4x e−i(k2+k4)
x
2 θ(x0)〈k3|[ĴD̄(

x

2
), ĴB(−

x

2
)]|k1〉 .

(A.15)
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An identical calculation for the u-channel amplitude would give

AA+D̄→C+B̄(k1,−k4; k3,−k2)

=

∫

d4xei(k2+k4)
x
2 θ(x0)〈k3|[ĴB(

x

2
), ĴD̄(−

x

2
)]|k1〉

= −
∫

d4xe−i(kB+kD)x
2 θ(−x0)〈k3|[ĴD̄(

x

2
), ĴB(−

x

2
)]|k1〉. (A.16)

• (ii) Breit coordinates:
Focussing on elastic scattering, mA = mC and mB = mD we may choose the Breit

coordinate system

k1 = (
√

p2 +m2
A,p) , k3 = (

√

p2 +m2
A,−p),

k2 = (E,−p+ λe) , k4 = (E,p+ λe) (A.17)

where e · p = 0 and |e| = 1. In terms of Mandelstam variables we have t = −4p2

and E =
√

p2 + λ2 +m2
B = (s+ t/2−m2

A−m2
B)/(

√

4m2
A − t). Then the s-channel

amplitude is

AA+B→C+D(k1, k2; k3, k4) =

∫

d4x eiEx
0−ie·x

√
E2−m2

B+t/4θ(x0)〈k3|[ĴD̄(x2 ), ĴB(−x
2
)]|k1〉 .

Analyticity in s at fixed t < 4m2
A corresponds to analyticity in E at fixed t. From the

above expression, to define an analytic continuation we must carefully deal with the

convergence of the integral associated with the analytic continuation of the square

root
√

E2 −m2
B + t/4. However, if we focus purely on the high energy regime we

may approximate this as

AA+B→C+D(k1, k2; k3, k4) ≈
∫

d4x eiE(x0−e·x)θ(x0)〈k3|[ĴD̄(x2 ), ĴB(−x
2
)]|k1〉 . (A.18)

Since the integrand vanishes for |x|2 > (x0)2 and x0 < 0, we conclude that the

domain of integration is x0 − e · x ≥ 0 and so the s-channel scattering amplitude

may be extended to an analytic function of E in the upper half complex energy

plane since

eiE(x0−e·x)θ(x0 − e · x)→ 0, as x0 − e · x→∞ , for fixed Im(E) > 0 . (A.19)

Similarly at high energies the u-channel amplitude at high energies takes the

form

AA+D̄→C+B̄(k1,−k4; k3,−k2) ≈ −
∫

d4x eiE(x0−e·x)θ(−x0)〈k3|[ĴD̄(x2 ), ĴB(−x
2
)]|k1〉 ,
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where now the integrand has support for x0 − e · x ≤ 0 and so may be taken as

an analytic function of E in the lower half complex energy plane. These results

can be extended to low energies as well (e.g. [Bogoliubov et al., 1959; Hepp, 1964;

Bremermann et al., 1958]), modulo the poles required by unitariy.

Now one can appeal to crossing to argue that the s-channel and u-channel am-

plitudes coincide in the Mandelstam region (we will show explicitly how this comes

about in (iii)). This allows us to infer that the scattering amplitude is analytic in

the whole complex E plane, at fixed t (modulo poles and the branch cuts along

the real axis gapped by the Mandelstam triangle). Since Eu = (s + t/2 − m2
A −

m2
B)/(

√

4m2
B − t), this is equivalent to analyticity in s at fixed real t < 4m2

B. The

original rigorous proofs of [Bogoliubov et al., 1959; Hepp, 1964] only applied for

t ≤ 0 or some intermediate positive value [Bremermann et al., 1958], however the

results of [Martin, 1966] extend these to t < 4m2
L where mL is the lightest particle

mass, by making additional use of the unitarity of the scattering amplitude (that

does not immediately follow from the above integral representation).

• (iii) The Mandelstam triangle:

To justify that the s- and u-channel amplitudes really are identical inside the Man-

delstam triangle, return to the integral expressions (A.15) and (A.16). It is clear that

the only difference between channels is the choice of retarded θ(x0) versus advanced

−θ(−x0) boundary conditions (up to a sign). As a consequence, their difference is,

AA+B→C+D(k1, k2; k3, k4)− AA+D̄→C+B̄(k1,−k4; k3,−k2)

=

∫

d4xe−i(k2+k4)
x
2 〈k3|[ĴD̄(x2 ), ĴB(−x

2
)]|k1〉 . (A.20)

Inserting a complete set of positive energy multi-particle momentum eigenstates |pn〉
this can be written as

AA+B→C+D(k1, k2; k3, k4)− AA+D̄→C+B̄(k1,−k4; k3,−k2)

= (2π)4
∑

n

[

〈k3|ĴD̄(0)|pn〉〈pn|ĴB(0)|k1〉δ4(q + k1+k3
2
− pn)

− 〈kc|Ĵb(0)|pn〉〈pn|Ĵd̄(0)|ka〉δ4(q − ka+kc
2
− pn)

]

(A.21)

where q = 1
2
(k2 + k4). As a function of q, this is only non-zero if either (q ±

k1+k3
2

)2 ≥ m2
L where mL is the mass of the lightest particle (corresponding to the

lightest pn) or ≥ 4m2
L if the pole terms corresponding to single particle intermediate

states are subtracted out. In terms of Mandelstam variables, this is s ≥ 4m2
L

or u ≥ 4m2
L. The region where this is not satisfied is precisely the Mandelstam
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triangle and so we conclude the the s-channel and u-channel functions are identical

in the analyticity window of the Mandelstam triangle and are elsewhere analytic

continuations of each other. The full rigorous proof of this is lengthy (see [Bogoliubov

et al., 1959; Hepp, 1964; Bremermann et al., 1958]) but relies only on the above

physical considerations.

A.2 Properties of Wigner Matrices

The Wigner (small) d matrices are defined as

dJab(β) = 〈Ja|e−iβJy |Jb〉 , (A.22)

which are related to Wigner’s D matrices via DJ
ab(α, β, γ) = e−iaαdJab(β)e

−ibγ that

furnish the 2J + 1 dimensional irreducible representations of the rotation operator

R(α, β, γ), i.e.

R(α, β, γ) |Jb〉 =
J
∑

a=−J
DJ
ab(α, β, γ) |Ja〉 . (A.23)

Since 〈Ja|Jy|Jb〉 are purely imaginary, it is clear that djab(β) are real quantities,

which implies that

dJab(θ) = dJba(−θ). (A.24)

When θ is real, the dJm′m(β) matrix by definition is unitary (so |dJab(θ ∈ R)| ≤ 1),

and, thanks to the above properties, djab(β) can be analytically continued to be real

analytic: dJab(θ
∗) =

[

dJab(θ)
]∗
. Also, from the definition (A.22), we can see that

dJab(θ1 + θ2) =

J
∑

c=J

dJac(θ1)d
J
cb(θ2). (A.25)

The dJab(θ) can be represented in a number of ways:

• Wigner himself gave an explicit formula [Wigner, 1931], which is easy to eval-

uate for small J ,

dJab(θ) =

Min(J−a,J+b)
∑

k=Max(0,b−a)
w

(Jab)
k

(

cos
θ

2

)2J+b−a−2k (

− sin
θ

2

)a−b+2k

(A.26)

with

w
(Jab)
k =

(−1)k
√

(J + a)!(J − a)!(J + b)!(J − b)!
(J − a− k)!(J + b− k)!(a− b+ k)!k!

. (A.27)

That is, the summation of k is such that the factorials are nonnegative. This
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formula can be derived using the trick of decomposing the angular momentum

algebra into an algebra of two uncoupled harmonic oscillators [Sakurai, 1994;

Wigner, 1931]. From Eq. (A.22), it is clear that

dJab(−θ) = (−1)a−bdJab(θ), (A.28)

dJ−a,−b(θ) = dJba(θ), (A.29)

dJab(π) = (−1)J+aδa,−b. (A.30)

By Eq. (A.30) and Eq. (A.25), we also have

dJab(θ + π) = (−1)J−bdJa,−b(θ). (A.31)

• For asymptotic properties (such as large J or small θ), the closed expression

in terms of Jacobi polynomials is useful [Mahoux and Martin, 1968]

dJab(θ) =

√

(J + b)!(J − b)!
(J + a)!(J − a)!

(

sin
θ

2

)b−a(

cos
θ

2

)b+a

P b−a,b+a
J−b (cos θ) (A.32)

where the Jacobi polynomials are defined as

P α,β
n (z) =

(−1)n
2nn!

(1− z)−α(1 + z)−β
dn

dzn
[

(1− z)α(1 + z)β(1− z2)n
]

, (A.33)

for integer n, α, β. However, note that this formula is only valid for b ≥ |a| as
the Jacobi polynomial is only defined for b ≥ |a|, but the properties (A.24),

(A.28) and (A.29) can be used to generate all other cases.

• It is also useful to Fourier-expand dJab(θ), which is a periodic function of period

2π (or 4π) when J is an integer (or a half integer). To achieve this, note that,

by a standard Euler angle counting, we have

|Ja〉y ≡ ei
π
2
Jx|Ja〉 = e−i

π
2
Jze−i

π
2
Jyei

π
2
Jz |Ja〉. (A.34)

Then its Fourier decomposition is given by [Feng et al., 2015]

dJab(θ) =
J
∑

ν=−J
e−iνθt(Jab)ν , (A.35)

where

t(Jab)ν = 〈Ja|Jν〉y y〈Jν|Jb〉 = ei
π
2
(b−a)dJaν

(π

2

)

dJbν

(π

2

)

. (A.36)

This can also be written as a real series in cos(νθ) when b − a is even and
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sin(νθ) when b − a is odd. The Fourier coefficients t
(Jab)
ν have the following

properties [Tajima, 2015; Feng et al., 2015]

t(Jab)ν = (−1)2J+a+bt(Jab)−ν , (A.37)

t(Jab)ν = t(J,−b,−a)ν = (−1)b−at(Jba)ν , (A.38)
∑

ν

t(Jab)ν = δab . (A.39)

The following is a summary of some useful properties of dJab(θ) matrices [Mahoux

and Martin, 1968; Tajima, 2015; Feng et al., 2015]:

dJba(θ) = dJ−a,−b(θ) = dJab(−θ) = (−1)b−adJab(θ), (A.40)

dJab(π − θ) = (−1)J+adJa,−b(θ) = (−1)J−bdJ−ab(θ), (A.41)

dJab(π + θ) = (−1)J−bdJa,−b(θ) = (−1)J+adJ−ab(θ), (A.42)

dJab(θ + 2π) = (−1)2JdJab(θ) (A.43)

dJab(π) = (−1)J+aδa,−b, dJab(−π) = (−1)J−aδa,−b, (A.44)

dJab(0) = δab, dJab(2π) = (−1)2Jδab, (A.45)

dJab(θ1 + θ2) =
∑

c

dJac(θ1)d
J
cb(θ2), (A.46)

dJab(θ
∗) =

[

dJab(θ)
]∗
, |dJab(θ ∈ R)| ≤ 1. (A.47)

The unitary matrices that transform the helicity to transversity states can be

written via the Wigner DS matrices

uSab = DS
ab

(π

2
,
π

2
,−π

2

)

, (A.48)

where S is the spin of the relevant particle. Note that t
(Sab)
ν = uSaν(u

S
bν)

∗. From the

properties of dJab(θ), it is straightforward to derive the following properties of uSab
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[Kotanski, 1965]:

uSba = uS−a−b = uSab, (A.49)
(

uSab
)∗

= (−1)a−buSab, (A.50)

uSa,−b = eiπS
(

uSab
)∗
, (A.51)

(

uSa,−b
)∗

= e−iπSuSab, (A.52)
∑

b

uSabu
S
bc = eiπSδa,−c, (A.53)

∑

b

uSab(u
S
−bd)

∗ = δa,−d, (A.54)

∑

b

uSabe
iπbuSbc = eiπcδac (A.55)

∑

b,c

uSabd
S
bc(θ)u

S
cd = eiπSeiaθδa,−d. (A.56)

In particular, the Wigner dS matrices can be diagonalized with the uSab matrices

∑

b,c

uSabd
S
bc(θ)(u

S
dc)

∗ = eiaθδad . (A.57)

These relations are particularly relevant when deriving the relations between the

helicity and transversity amplitudes.

A.3 Discrete Symmetries of Transversity Ampli-

tudes

This Appendix documents the properties of the amplitudes under C, P and T. These

are operators which act on the Hilbert space, and throughout we will adopt the

notation, for such an operator X

X : A = 〈f |T̂ |i〉 → 〈Xf |T̂ |Xi〉 = A′ (A.58)

i.e. the amplitude A is mapped under X to another function A′, related to A by

the relevant operator acting on each of the incoming and outgoing states.

A.3.1 Parity

We define our rest frame helicity states as eigenstates of P

P|0λ〉 = ηP |0λ〉 (A.59)
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where ηP is a phase which is independent of λ (because P commutes with J) and

must be ±1 (because P2 = 1). Parity commutes with rotations, but not with boosts.

Applying a boost in the z direction gives

P|p0, λ〉 = ηP (−1)S+λ|pπ,−λ〉 . (A.60)

The two-particle state then transforms as3,

P|pθ, λ〉 = ηP12(−1)S1−S2+λ|pπ+θ,−λ1 − λ2〉 . (A.62)

Therefore under a parity transformation, the helicity amplitude transforms as

P : Hλ1λ2λ3λ4 → ηP1234(−1)S1−S2−S3+S4(−1)λ−µH−λ1−λ2−λ3−λ4 . (A.63)

and so the transversity amplitude transforms as

P : Tτ1τ2τ3τ4 → ηP1234(−1)τ1+τ2−τ3−τ4Tτ1τ2τ3τ4 . (A.64)

Finally, for an angular momentum state

P|p, JM, λ1λ2〉 = ηP12(−1)J−S1+S2 |p, JM,−λ1 − λ2〉 (A.65)

and so the partial wave amplitude then transforms as

P : T Jλ1λ2λ3λ4 → ηP1234(−1)S1−S2−S3+S4T J−λ1−λ2−λ3−λ4 . (A.66)

Utilizing the partial wave expansion, we see that this agrees with (A.63), since

dλµ(θ) = (−1)λ−µd−λ−µ(θ).

A.3.2 Time Reversal

Time reversal is an anti-unitary operator which commutes with rotations and re-

verses the direction of boosts

T−1JiT = −Ji, T−1KiT = Ki

3Note that this can also be written as,

P|pθ,φλ〉 = ηP e−iπS |pπ−θ,π+φ,−λ〉 (A.61)

where the momentum undergoes a standard inversion. We will not use this expression however,
because it sends our φ = 0 states to φ = π states, and would require keeping track of the azimuthal
phase.
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=⇒ T−1RφθϕT = Rφθϕ, T−1Bi(p)T = Bi(−p) .

On one particle states, T can be implemented by

T|p0, λ〉 = ηT e−iπJy |p0, λ〉 (A.67)

where ηT can be an arbitrary constant phase (because of antiunitarity, T†T is guar-

anteed to be unity for any phase). Therefore our two-particle states transform as

T|pθλ1λ2〉 = ηT12|pπ+θ, λ1λ2〉 (A.68)

where ηT12 = ηT1 η
T
2 is the product of the particle phases. The resulting action on the

helicity amplitude is straightforward

T : Hs
λ1λ2λ3λ4

→ ηT1234Hs
λ1λ2λ3λ4

. (A.69)

Since T is antiunitary and antilinear, invariance under T requires T†ST = S†, so

that

〈Tβ|S|Tα〉 =
(

〈β|T†ST|α〉
)∗

=
(

〈β|S†|α〉
)∗

= 〈α|S|β〉 . (A.70)

Therefore,

T invariance =⇒ HA+B→C+D
λ1λ2λ3λ4

(s, θ) = ηT1234HC+D→A+B
λ3λ4λ1λ2

(s,−θ)
= ηT1234(−1)λ−µHC+D→A+B

λ3λ4λ1λ2
(s, θ) (A.71)

and so the transversity amplitudes would obey

T invariance =⇒ Tτ1τ2τ3τ4 → ηP1234(−1)τ1−τ2−τ3+τ4Tτ1τ2τ3τ4 . (A.72)

On the angular momentum states,

T|p, JM, λ1λ2〉 = ηT12(−1)J−M |p, J −M,λ1λ2〉 . (A.73)

Physically, time reversal inverts both momenta and spin vectors, so although the

helicity is preserved, the Jz projection flips sign. Consequently,

T : T Jλ1λ2λ3λ4 → ηT1234T
J
λ1λ2λ3λ4 (A.74)

and so,

T invariance =⇒ T Jλ1λ2λ3λ4 = ηT1234T
J
λ3λ4λ1λ2

(A.75)
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which confirms that (A.71) agrees with the partial wave expansion, since

dλµ(θ) = (−1)λ−µdµλ(θ).

A.3.3 Charge Conjugation

Under charge conjugation, the quantum numbers are conjugated, but the kinematics

(momenta and helicities) are unaffected. This means it is particularly trivial to write

down the action of C on our states. Introducing a label a for the particle species

(i.e. all of the quantum numbers excluding spin and momentum)

C|pθφ, λ, a〉 = ηC |pθφ, λ, ā〉 (A.76)

where ā is the antiparticle of a, with inverse charges. ηC is an overall phase, which

must be ±1 (because C2 = 1) and cannot depend on the helicity (because C com-

mute with J). C acts on each particle in a multi-particle state

C|pθφ, λ1λ2, a1a2〉 = ηC12|pθφ, λ1λ2, ā1ā2〉 (A.77)

and does not affect the kinematics or relative phases. On the helicity amplitude, we

therefore have a trivial replacement of particles with antiparticles

C : HA+B→C+D
λ1λ2λ3λ4

→ ηC1234HĀ+B̄→C̄+D̄
λ1λ2λ3λ4

. (A.78)

The action on transversity amplitudes is analogous.

A.3.4 CPT

Now it is simply a matter of combining the previous results. For the underlying

QFT to be consistent, the amplitudes must respect CPT invariance. The action of

CPT on a 1-particle state is

CPT|pθλa〉 = ηCPT (−1)S−λ|pθ,−λ, ā〉 (A.79)

i.e. both P and T effectively invert the momentum, P inverts the helicity, and C

replaces particle with antiparticle. ηCPT is the product ηCηPηT , which we can set

to unity. Then, for two particles,

CPT|pθ, λ1λ2, a1a2〉 = (−1)S1±S2−λ|pθ,−λ1 − λ2, ā1ā2〉 . (A.80)
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So under CPT, we find

CPT : HA+B→C+D
λ1λ2λ3λ4

→ eiπ
∑
SieiπλiHĀ+B̄→C̄+D̄

−λ1−λ2−λ3−λ4 . (A.81)

As an antiunitary, antilinear operator, CPT invariance requires

〈CPTβ|S|CPTα〉 =
(

〈β|(CPT)†SCPT|α〉
)∗

=
(

〈β|S†|α〉
)∗

= 〈α|S|β〉

and so we arrive at,

Hλ1λ2λ3λ4 = ±(−1)S1−S2+S3−S4H−λ3−λ4−λ1−λ2 (A.82)

where the sign is + for B + B → B + B or F + F → F + F and − otherwise,

and arises from permuting the creation operators. The corresponding transversity

condition is

Tτ1τ2τ3τ4 = ±(−1)2S1+2S4Tτ1τ2τ3τ4 . (A.83)

The combined sign ±(−1)2S1+2S4 is + for BB → BB, BF → BF , FB → FB and

FF → FF , and − otherwise—i.e. CPT prevents a particle from changing its total

spin.

A.4 Crossing Relation from Multispinors

In this appendix we will derive the crossing formula by calculating tree level scat-

tering amplitudes for arbitrary spin particles,

T A+B→C+D
τ1τ2τ3τ4

(k1, k2; k3, k4) . (A.84)

To do this we will make significant use of transversity spinors, and so we first set

notation. Throughout we will consider scattering in the xz-plane. Using Lorentz

invariance to fix the total 3-momentum to be zero, on-shell conditions to fix the

energies in terms of the 3-momenta, and overall momentum conservation, one can

write the scattering amplitude as a function of just two variables namely the 3-

momentum |p| = p and the scattering angle θ. The four-momentum of each particles

is then given by

ki =
(√

s/2, p sin θi, 0, p cos θi
)

, with p = 1
2

√
s− 4m2 , (A.85)

with a respective angle for each particles in the scattering process A+B → C +D:

θ1 = 0 , θ2 = π , θ3 = θ and θ4 = π + θ . (A.86)
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Multispinors Although our interest is in the scattering of particles which are ir-

reducible representations of the Poincaré group, the crossing formula apply equally

for scattering of unphysical states which sit in reducible representations4, specifi-

cally those that are given as tensor products of spin 1/2 representations. This is

because all that is relevant is the transformation of states under complex Lorentz

transformations. Since it is significantly easier to derive the crossing formula for ar-

bitrary reducible spin states we shall do so here. The wavefunction for such a state

of maximal spin 2S will be given by a multispinor with 2S components [Bargmann

and Wigner, 1948; Schwinger, 1966; Scadron, 1968; Chang, 1967; Schwinger, 1979]

ψτ1...τ2Sα1...α2S
= Π2S

i=1u
τi
αi
(x) , (A.87)

and the associated quantum field for particle A takes the form

ΨA
α1...α2S

=
∑

τi

∫

d3k

(2π)32ωk

[

(

Π2S
i=1u

τi
αi
(k)
)

âA,τ1...τ2S(k) +
(

Π2S
i=1v

τi
αi
(k)
)

â†
Ā,τ1...τ2S

(k)
]

.

(A.88)

Here âA,τ1...τ2S(k) annihilates a particle A with transversity string τ1 . . . τ2S corre-

sponding to a reducible representation of total transversity τ = τ1 + . . . τ2S , and

â†
Ā,τ1...τ2S

(k) creates the associated anti-particle Ā and the canonical normalization

is such that

[âA,τ1...τ2S(k), â
†
B,τ ′1...τ

′
2S
(k′)] = 2ωkδABΠ

2S
i=1δτiτ ′i (2π)

3δ3(k − k′) . (A.89)

Consider an interaction process A+B → C +D in which each particle is repre-

sented by a multispinor field. By angular momentum conservation, S1+S2−S3−S4

is an integer. Let us assume for now that the overall integer is positive, so that there

are more incoming spinor indices than outgoing. In this case, to construct a scalar

interaction we will need to contract incoming indices, which is naturally achieved

with the charge conjugation matrix since

uτ1α (k1)Cαβu
τ2
β (k2) = v̄τ1(k1)u

τ2(k2) . (A.90)

To begin with, let us consider the case S3 ≥ S1, S2 ≥ S4 and define L = S1 + S2 −

4Although reducible representations will necessarily contain ghost states, e.g. 1/2 ⊗ 1/2 = 3 ⊕
1(ghost) these states will still have to respect crossing symmetry in the same way and so this need
not concern us in deriving the crossing relations.
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S3 − S4. With this choice, we can consider the following interaction Lagrangian

L =
∑

I

(

Ψ̄
α1...α2S1−Lγ1...γ2S3−2S1+L

C ÔIΨA
α1...α2S1

)

(A.91)

×Cα2S1−L+1ρ1 . . . Cα2S1
ρL
(

Ψ̄
β1...β2S4
D ÔIΨ

B
β1...β2S4

γ1...γ2S3−2S1+Lρ1...ρL

)

.

Here Ψ̄α1α2... = Ψ†
β1β2...

(γ0)α1β1(γ0)α2β2 . . . is the multispinor generalization of the

Dirac conjugate [Doughty and Collins, 1986], and the operators Ô are tensor prod-

ucts of operators acting in the Min(2S1, 2S4) dimensional spinor space. The simplest

choice Ô = 1 will preserve total transversity τ1 + τ2 = τ3 + τ4 and so to be more

general we will consider operators of the form

ÔI = γµ1 ⊗ γµ2 . . . 1⊗ 1 , ÔI = γµ1 ⊗ γµ2 . . . 1⊗ 1 (A.92)

and
∑

I =
∑

µ1,µ2...
and we will assume the number of γ factors is κ ≤ Min(2S1, 2S4).

The s-channel scattering amplitude is schematically given by (we take the initial

state in the form â†B â
†
A|0〉 and the final state â†Dâ

†
C |0〉)

T sτ1τ2τ3τ4(s, t, u) = ηDCηDA (ū(k3)γµu(k1)ū(k4)γ
µu(k2))

κ × (A.93)

(ū(k3)u(k1))
2S1−κ−L (ū(k3)u(k2))

2(S3−S1)+L ×
(ū(k4)u(k2))

2S4−κ (v̄(k1)u(k2))
L ,

where ηDCηDA are the usual statistics factors arising from reordering creation and

annihilation operators (ηij = −1 if both particles i and j are fermions and +1

otherwise). More precisely

ηDCηDA = 〈0|âC âDâ†C âAâ†DâBâ†B â†A|0〉 . (A.94)

In writing this short hand, we understand (ū(k3)u(k1))
2S1−κ−L to mean a product of

2S1−κ−L factors in which each u and ū has a distinct transversity, similarly for the

other factors. The total transversity for particle A is the sum of all the individual

τ1’s for each element uτ1(k1) in the string, and similarly for the other particles τi.

The u-channel amplitude for the same process is

T uτ1τ2τ3τ4(s, t, u) = ηABηBDηBC (ū(k3)γµu(k1)v̄(k2)γ
µv(k4))

κ × (A.95)

(ū(k3)u(k1))
2S1−κ−L (ū(k3)v(k4))

2(S3−S1)+L

(v̄(k2)v(k4))
2S4−κ (v̄(k1)v(k4))

L ,
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in the same shorthand notation where the statistics factor is now

ηABηBDηBC = 〈0|âC âB̄ â†C âAâD̄â†B̄ â
†
D̄
â†A|0〉 . (A.96)

Consider then the ratio

T sτ1τ2τ3τ4(s, t, u)

T u−τ1−τ4−τ3−τ2(u, t, s)
= ηDCηDAηABηBDηBC F

κ
1 F

2S1−κ−L
2 F

2(S3−S1)+L
3 F 2S4−κ

4 FL
5 ,

(A.97)

where being more explicit about indices for individual factors

F1 =
ūτ3(k3)γµuτ1(k1)ūτ4(k4)γ

µuτ2(k2)

[ū−τ3(k3)γµu−τ1(k1)v̄−τ4(k2)γ
µv−τ2(k4)] |s↔u

, (A.98)

F2 =
ūτ3(k3)uτ1(k1)

[ū−τ3(k3)u−τ1(k1)] |s↔u
, (A.99)

F3 =
ūτ3(k3)uτ2(k2)

[ū−τ3(k3)v−τ2(k4)] |s↔u
, (A.100)

F4 =
ūτ4(k4)uτ2(k2)

[v̄−τ4(k2)v−τ2(k4)] |s↔u

, (A.101)

F5 =
v̄τ1(k1)uτ2(k2)

[v̄−τ1(k1)v−τ2(k4)] |s↔u
. (A.102)

The last four factors are easiest to determine as they are diagonal. We note that

given our conventions

ūτ3(k3)uτ1(k1) =

√

s+ u

4m2
eiχ̃(τ1+τ3)δτ1τ3 (A.103)

where

eiχ̃(s,t,u) =

√−su+ is
2m

√−t
√

s(s− 4m2)
√

s+u
4m2

. (A.104)

Similarly

ūτ4(k4)uτ2(k2) =

√

s+ u

4m2
eiχ̃(τ2+τ4)δτ2τ4 , v̄τ4(k4)vτ2(k2) = −

√

s+ u

4m2
eiχ̃(τ2+τ4)δτ2τ4 .

(A.105)

Since

eiχ̃(s,t,u)+iχ̃(u,t,s) =

√

u(u− 4m2)
√

s(s− 4m2)

(√−su+ is
2m

√−t√−su− iu
2m

√−t

)

= e−iχu(s,t,u) (A.106)

then we infer that

F2 = −eiπ(τ1+τ3)e−iχu(τ1+τ3)δτ1τ3 , F4 = eiπ(τ2+τ4)e−iχu(τ2+τ4)δτ2τ4 . (A.107)
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To determine F3 we need

ūτ3(k3)uτ2(k2) =

√

1− u

4m2





√

−t
s−4m2 − i

√
s

2m

√

−u
s−4m2

√

1− u
4m2





τ3+τ2

δτ3τ2 , (A.108)

and

ū−τ3(k3)v−τ2(k4) =
i

2m

√
s− 4m2 e

iπ
2
(τ2+τ3)δτ2τ3 = −

1

2m

√
4m2 − s e iπ

2
(τ2+τ3)δτ2τ3

(A.109)

where in the last step we have analytically continued from s > 4m2 to s < 4m2

via an anticlockwise contour which avoids right hand branch cut corresponding to√
s− 4m2 → i

√
4m2 − s. Then

F3 = −e−iπ
2

(τ2+τ3)





√

−t
s−4m2 − i

√
s

2m

√

−u
s−4m2

√

1− u
4m2





τ3+τ2

δτ2τ3 , (A.110)

= −eiπ(τ3+τ2)e−iχu(τ3+τ2)δτ2τ3 . (A.111)

To compute F5 we need

v̄τ1(k1)uτ2(k2) = −2τ1
1

2m

√
s− 4m2δτ1τ2 (A.112)

and

v̄−τ1(k1)v−τ2(k4) = 2τ1

(

(2τ1)
√−t + i

2m

√−su√
s− 4m2

)

δτ1τ2 . (A.113)

Again analytically continuing this into the region s < 4m2 along an anticlockwise

contour that avoids the right hand branch cut then

F5 =

√
s− 4m2

2im
(

(2τ1)
√
−t+ i

2m

√
−su√

4m2−u

)δτ1τ2 = eiπ(τ1+τ2)e−i(τ1+τ2)χuδτ1τ2 . (A.114)

Finally after some algebra (checking all 24 combinations)

F1 = −eiπ(τ1+τ2+τ3+τ4)e−i(
∑

i τi)χuδ(τ1+τ4)(τ2+τ3) . (A.115)

In the above we have calculated each ratio for a given spinor factor. The full ampli-

tude is a product of such factors, however we have written each factor so that the
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product is straightforward to take5 with the result that

F κ
1 F

2S1−κ−L
2 F

2(S3−S1)+L
3 F 2S4−κ

4 FL
5 = (−1)2S3eiπ

∑
i τie−i(

∑
i τi)χu , (A.116)

where τi now denotes the total transversity which is a sum of all the τi transversities

for each element in the string.

Thus the crossing relation takes the form

T sτ1τ2τ3τ4(s, t, u) = η′ue
iπ

∑
i τie−iχu

∑
i τiT u−τ1−τ4−τ3−τ2(u, t, s) , (A.117)

where

η′u = ηABηBCηCDηDAηBD(−1)2S3 . (A.118)

Although this was derived under the assumption S3 ≥ S1, S2 ≥ S4 and S1 + S2 ≥
S3 + S4, the final result cannot depend on this fact, which can be demonstrated

by recomputing for interactions in the opposite case following the same procedure.

Focusing on the case S1 = S3 and S2 = S4 this becomes simply

T sτ1τ2τ3τ4(s, t, u) = (−1)2(S1+S2)eiπ
∑

i τie−iχu
∑

i τiT u−τ1−τ4−τ3−τ2(u, t, s) . (A.119)

which is the result quoted in (3.35).

5For instance the factor eiπ(τ1+τ2+τ3+τ4) in F1 is always unity, but including it allows us to combine
F1 into the general answer.
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