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Abstract

Simulating the impact of blue-green infrastructure on

the microclimate of urban areas

Ivo L. Suter

Under supervision of Dr Maarten van Reeuwijk

This dissertation covers the development of two numerical models to investigate the
impact of blue-green solutions on the urban microclimate; in particular, how vege-
tation and green infrastructure in cities influences the surface energy balance, how
much water and heat is exchanged by the surface, and how the resulting sensible and
latent heat fluxes feed back on the atmospheric flow. The first model is a relatively
simple energy balance model and is envisioned to be of use in the master planning
stage. The second model is a sophisticated three-dimensional unsteady large-eddy
simulation (LES) code which provides information with spatial resolutions of one
metre and sub-second time-intervals. This model will be of use primarily in the de-
tailed design phase and for scientific investigations.
The energy balance model MTEB is based on the Town Energy Balance (Masson,
2000). It was extended to incorporate the physics of green roofs; is capable of pre-
dicting the urban climate on a neighbourhood scale and to assess the scalability of
climate mitigation strategies. The MTEB model solves a set of ordinary differential
equations describing the evolution of heat and water on idealised urban surfaces such
as roads, walls and roofs. Air movement is not modelled explicitly; instead aerody-
namic resistances are used to describe the turbulent heat and moisture transport in
the atmosphere. This model was used to investigate the effect of evaporative cooling
from green roofs on outdoor air temperatures in an urban environment. Simulations
were performed for different climates and urban geometries, with varying soil mois-
ture content, green roof fraction and urban surface layer thickness. All simulations
show a linear relationship between surface layer temperature reduction (∆Tsl) and
domain averaged evaporation rates from vegetation. The slope of this relationship
is called the evaporative cooling potential with a value of ≈ −0.35K day mm-1. This
value is independent of the method by which water is supplied. Further, a simple
algebraic expression to predict the evaporative cooling potential was derived using a
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Taylor series expansion. For a London summer climate the results imply a maximum
achievable mean temperature reduction ≤ 0.4K. Thus, without additional watering
the outdoor cooling effect of green roofs on a neighbourhood scale is rather limited.
The detailed LES model, DALES-Urban (Heus et al., 2010, Tomas et al., 2015),
was extended in order to study the complex exchanges between the urban morphol-
ogy and the atmospheric air. Indeed, turbulence is very heterogeneous and depends
strongly on the local morphology and temperature distribution. Turbulence in turn
is a major contributor to momentum, energy and moisture fluxes. Wall functions
were introduced to model scalar and momentum fluxes at horizontal and vertical
structures such as roads, roofs and walls. Energy balances for all urban surfaces,
including wall heat flux, heat storage and radiation were fully integrated, where
the radiosity approach was being pursued to simulate short- and longwave radiative
exchanges. A detailed verification was carried out to ensure that the physics were
implemented correctly. These model capabilities allow to simulate urban processes
in unprecedented detail allowing to gain new insight into the complex urban micro-
climate and help urban planning and development.
DALES-Urban was used to perform a study of the effect of a green roof on the
“Eastside” building in South Kensington. The 3D building morphology was created
from LIDAR data. The results indicate that the presence of a single green roof does
neither affect the average wind velocities nor the average air temperature in any
substantial way. The green roof surface energy balance shows a clear shift from a
sensible to a latent heat flux, leading to cooler vegetated surfaces. The corresponding
humidity increase in the air is found to be marginal.
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1
Introduction

The fast growth of global population, mainly in urban areas (UNFPA, 2012) and
the concurrent increase in likelihood of extreme weather events (IPCC, 2014) due to
climate change forces cities to prepare for water scarcity and heat spells. Further-
more, air & noise pollution and other adverse impacts affect an increasing number
of people; posing severe threats to health and stability of cities in the future.
These problems are amplified due to the fact that the densely built environment of
cities differs strongly from a natural land surface. And as a consequence the inter-
play of many processes lead to an altered urban climate and to the urban heat island
(UHI) effect (Oke, 1982, Rosenzweig et al., 2015), the tendency that cities are hotter
than the rural surrounding. In particular effects of radiation, anthropogenic heating
and vastly different material and surface properties are responsible.
Vegetation has a large impact on the temperature close to the surface and can al-
leviate some of the temperature-related problems. Vegetated surfaces are generally
colder than classical building materials such as metal, brick or concrete as energy is
used for the evaporation of water. This energy would otherwise heat up the ground,
infrastructure and atmosphere (Getter & Rowe, 2006). Greening of façades and roofs
can mitigate the effects of the urban heat island (Santamouris, 2014), specifically,
improve thermal comfort and lower heat stress due to enhanced evapotranspiration
from vegetation during hot and dry periods. Green roofs or walls also lead to lower
indoor temperatures and reduce the energy demand for air conditioning (Castleton
et al., 2010). Consequently, the augmented installation of green infrastructure such

2



1.1 The heterogeneity of the urban canopy

as vegetated roofs or walls is a possible remedy for exceedingly hot cities and the
subsequent health problems.
Initiatives such as the Blue-Green Dream project that was funded by Climate-KIC
(Blue Green Dream, 2018, Climate-KIC, 2018) promote the increased use of vegeta-
tion in urban planning & development and show that these solutions are preferable
both from a sustainability and financial perspective (Bozovic et al., 2017). Plants
and other Nature Based Solutions (NBS) can bring many benefits to urban areas
compared to historically utilized methods of development. Air and water pollution,
flood risk and the urban heat island effect can be reduced; carbon dioxide emissions
are lower and additionally they are often preferential for financial and aesthetic rea-
sons (European Commission, 2012, United Nations Environment Programme, 2014,
Tzoulas et al., 2007). The Blue-Green Dream thus advocates the use of vegetation
and other NBS in urban development. However, developing adaptation and miti-
gation strategies requires state-of-the-art tools to predict and study the effects of
such measures. This dissertation is part of the Blue-Green Dream project and aims
to provide modelling tools to assess the climate in the urban environment. A large
number of scales and physical processes are involved in the formation of urban mi-
croclimates and we generally lack a profound understanding of the interplay of all
these factors. In the remainder of this chapter some of the most important processes
will be introduced. This thesis presents the efforts of capturing these processes and
developing a model to study the urban microclimate are presented.

1.1 The heterogeneity of the urban canopy

Figure 1.1 demonstrates clearly the heterogeneity of the urban landscape. The urban
structure1 varies strongly: roads can be built in patterns or grow more organically;
residential, commercial and industrial zones segment cities; and also vegetation and
open water lead to stark contrasts. Furthermore the patterns of surface cover and
the urban fabric, i.e. the material composition and texture of the urban surface,
is subject to great variability. This represents a major challenge to all attempts
of modelling, since, at its core, a model is an abstraction and simplification of the

1The three-dimensional configuration of urban elements
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1.1 The heterogeneity of the urban canopy

Figure 1.1: View of Seattle (US-WA). The landscape of cities is extremely heterogeneous. Vege-
tation and open water surfaces contrast with the built environment; buildings, roads and car parks
in various shapes and material composition.
From: https://pixabay.com, Creative Commons CC0 Licence.

problem. Urban processes take place on a large range of spatial- and timescales and
appreciating the range of scales involved is “probably the single most important key
to understanding urban climates” (Oke et al., 2017). Figure 1.2 shows a range of
typical time- and length scales of phenomena of the urban climate. In the macro-
scale the dynamics of large pressure systems take place. These processes may still
be influenced by large urban areas yet no details of cities are resolved. On the other
side of the spectrum, the smallest micro-scale processes include dissipation of kinetic
energy in Kolmogorov eddies (O(1mm)) or aerosol processes (O(1µm)). Also into
the micro-scale fall turbulent eddies forming around buildings, trees and other obsta-
cles. The range 100m-50km forms the local-scale, which is an integration of a mix of
microclimatic effects; and in turn the combination of individual local-scales plumes
produces the urban boundary layer (UBL), which is a meso-scale phenomenon. Be-
sides length scales also timescales vary substantially, and for many processes the two
are fundamentally linked.

4
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1.1 The heterogeneity of the urban canopy
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Figure 1.2: Time- and horizontal space scales of selected urban climate dynamics phenomena.
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et al. (2017).
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1.2 The urban energy balance

1.2 The urban energy balance

Any attempt to understand how the urban microclimate differs from the rural sur-
roundings must start with an analysis of their respective surface energy balances
(SEB). This section introduces the basic equation describing the energy exchange
taking place at any surface. Urban areas exchange energy in various forms (Erell
et al., 2011), such as incoming and outgoing longwave (L↓, L↑) and shortwave ra-
diative fluxes (K↓, K↑), the turbulent sensible heat flux (H), the turbulent latent
heat flux (E), ground heat flux (G) and the heat storage per unit time (dQ/dt, often
denoted ∆Q). Additional heat sources1, e.g. anthropogenic heating, could be added
if desired (O). These fluxes have to balance and the SEB is expressed as

dQ

dt
= (L↓ − L↑) + (K↓ −K↑) − (H + E +G) +O, (1.1)

where all the terms have unit W m-2. In this presentation a number of processes have
been introduced. For the transport of energy, three modes are possible:

• Radiation, transport by propagation of electromagnetic radiation: L↓, L↑, K↓

and K↑.

• Conduction, transport of energy through matter by molecular interactions: G.

• Advection, transport of energy by the movement of matter: H and E.

1.3 Electromagnetic radiation

Radiative fluxes occur on the whole electromagnetic spectrum. Nevertheless, only
two wavelength-bands contain a significant amount of energy in atmospheric pro-
cesses near the surface. These two bands are here called “shortwave” (< 4µm) and
“longwave” (≥ 4µm).: Shortwave radiation is radiation originating from the sun;
either direct, or after interaction with other surfaces or the atmosphere. The spec-
trum of solar radiation contains most energy in the visible light (0.4-0.7 µm). The

1Under certain circumstances anthropogenic energy fluxes can be the largest term in the SEB.
It is highly recommended to include the effects of HVAC and traffic in the future. Traffic is of
further interest since vehicles also displace considerable amounts of air and introduce turbulence.
However, modelling anthropogenic processes is largely beyond the scope of this thesis.
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1.4 Nature-based solutions & Blue-Green infrastructure

visible wavelength range is also the part of the spectrum that is used by plants for
photosynthesis Hall & Rao (1999).
Shortwave radiation thus depends on the daily and annual cycles of the sun/earth
and the state of the atmosphere. Furthermore, radiation will be partly absorbed
and partly reflected if it hits an object and so reflected radiation from other surfaces
has to be considered as well. In a very heterogeneous terrain such as cities, the
shadowing and reflection patterns can heavily influence the local SEB and thus tem-
peratures. Figure 1.3 shows how the angle of incoming shortwave radiation, shading
and reflections interact with the urban geometry. Radiation can be reflected multiple
times from different surfaces, each time losing some of its energy. The effect that it
is difficult for radiation to leave the urban geometry is called “radiation trapping”.
Longwave radiation originates from every object; surfaces and also the atmosphere;
based on the entities temperature. The largest part of longwave emission occurs
between 4µm and 100µm (Petty, 2006). Longwave radiation emitted by one surface
can be reabsorbed by another. For cases where the gap between two walls is rela-
tively small this also leads to “trapping”, since most of the emitted radiation will be
reabsorbed by the opposing wall (see Fig. 1.3). This medley of processes and their
strong influence makes the prediction of the surface energy balance a challenging
matter.

1.4 Nature-based solutions & Blue-Green infrastruc-

ture

Plants serve as an intermediary between the soil and the atmosphere. This Sec-
tion describes the process of evaporation and transpiration and the modification of
the near-surface atmosphere by vegetation. The behaviour of plants under various
environmental conditions has been studied extensively (Moene & van Dam, 2014),
especially for crops, and a host of models exist which exceed the needs of this project.
Processes like root water uptake, water flow within the plants or photosynthesis will
not be considered here. However, of major interest are the exchange of momentum,
heat and water between the surface and the atmosphere. Transpiration from plants
and soil evaporation extract water from the soil and release it into the air. Together
these terms are called evapotranspiration. Evaporation and transpiration occur si-

7



1.4 Nature-based solutions & Blue-Green infrastructure

shortwave

longwave

Figure 1.3: Top: Influence of solar angle on shortwave radiation, reflections and shading. The
temperature of surfaces and the space between buildings depends strongly on the interplay of
these two mechanisms.
Bottom: In narrow gaps a large fraction of emitted longwave radiation is reabsorbed by sur-
rounding surfaces. The longwave radiation is thus “trapped” between buildings leading to
warmer surfaces.
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1.5 Transport in the Atmospheric Surface Layer

multaneously and there is no easy way of distinguishing between the two processes.
Apart from water availability in the top soil, the evaporation from vegetation is de-
termined mainly by the solar radiation reaching the leaves. The phase change from
liquid water into water vapour in the air requires large amounts of energy, generally
provided by the radiation. Furthermore, the pores in the leaves, stomata, are open
during the daytime to allow the exchange of gases used in photosynthesis, facilitat-
ing transpiration. The energy exchange associated with the evapotranspiration is
called latent heat flux E. Yet, the air temperature close to the surface is largely
determined by the sensible heat flux H. Since the other terms in Eq. 1.1 remain
relatively constant between vegetated and unvegetated surfaces, it is due to this fact
that vegetation is generally attributed to cool the air in its vicinity. Tall vegetation
like trees also provide shade for lower surfaces. While trees are indeed a very inter-
esting topic in the area of urban climate, the focus of this thesis lies on the effect
of green roofs and trees and tall vegetation are not considered here. Heat transport
through the ground G is in reality also strongly modified by the presence of vegeta-
tion cover or snow, when freezing or thawing occurs and by flowing water within the
soil.

1.5 Transport in the Atmospheric Surface Layer

Mixing and transport of energy and water vapour in the atmosphere is mainly caused
by the movement of air. The mixing is generated by turbulence, the tendency that
the flow of the wind exhibits chaotic deviations in its characteristic properties, such
as its speed and direction. The extent of atmospheric turbulence depends upon the
nature of the flow itself and the effect of obstacles encountered. In the urban canopy
these obstacles are numerous and the drag on the wind produces turbulence, but de-
creases its average velocity. Within the surface layer the wind speed thus generally
increases with height. Yet, the presence of buildings and other obstacles forces the
air to flow around them, which can locally induce high wind speeds even at ground
level. Typically, the taller the building, the lower the pressure on the leeward side
and the higher the velocities that are induced (Erell et al., 2011). In the low-pressure
leeward wake, on the other hand, the local flow is often found to reverse direction.
A schematic diagram of the turbulence within the urban surface layer can be seen in
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Figure 1.4: Schematic diagram of roughness and inertial sub-layers. The urban surface layer
is very turbulent, especially within the canopy. The mean velocity increases with height.

Figure 1.4. The fact that the air has to flow around buildings implies that between
and just above those obstacles the mean turbulent quantities can vary drastically
and even well away the effect of the surface on the profiles of mean quantities re-
mains. The surface layer is thus often divided into sub-layers (e.g. Barlow, 2014).
The canopy layer reaches up to the mean height of buildings/trees, in the roughness
sub-layer the flow is still affected by individual obstacles. Above, in the inertial sub-
layer, a logarithmic wind profile develops.

To grasp the concepts of mean and turbulent characteristics mathematically, the
wind velocity (u) and scalar quantities are often split into two parts using Reynolds
decomposition:

ui = ui + u′
i (1.2)

ϕ = ϕ+ ϕ′ (1.3)

where ui are the components of the velocity vector and ϕ can be any scalar quantity,
including directional momentum ϕ = ρaui. The overlines ( ) indicate averaging and
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Figure 1.5: Increasing complexity of urban modelling tools: from tile representation of land-
scapes in climate & weather models over spatially averaged canyon representation in UEB to
fully obstacle resolved RANS, LES and DNS.

the primes ( ′ ) are the fluctuations, i.e. the deviations from those means. Commonly
the ergodic principle is applied and time averaging is done to obtain ui and ϕ (e.g.
Ghannam et al., 2015). Reynolds decomposition allows us to differentiate between
the fluxes due to mean transport and fluxes due to turbulence:

uiϕ = uiϕ+ ui′ϕ′ (1.4)

where uiϕ is the transport due to mean quantities and u′
iϕ

′ is the turbulent/eddy
flux of ϕ in the direction of ui. For example, the turbulent vertical flux of horizontal
momentum can be expressed as ρaw′u′.

1.6 Existing urban climate modelling tools

Several possible approaches for studying urban climate have been used, ranging from
observation to numerical simulations. In this context, the physical processes set out
in the preceding pages and their complex interactions must be taken into account
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(Mirzaei & Haghighat, 2010, Mirzaei, 2015, Moonen et al., 2012, Arnfield, 2003,
Rizwan et al., 2008, Grimmond, 2007, Barlow, 2014). A diagram showing different
approaches can be seen in Figure 1.5. One possible approach is the use of standalone
urban energy balance (UEB) models. UEBs are based on the concept that total en-
ergy in the urban boundary layer, the lowest few hundred meters of the atmosphere,
has to be conserved. UEBs are widely used as surface schemes in numerical weather
prediction and regional atmospheric models, such as the Town Energy Budget (Mas-
son, 2000, TEB) used by the French national weather service (Météo-France) or the
Joint UK Land Environment Simulator (Best et al., 2011, Clark et al., 2011, JULES)
by the UK Met Office. They are computationally inexpensive and include many phys-
ical processes, but are still very simplified representations of the urban environment.
The building geometry is often only represented in an averaged sense, and no single
building can be studied. Furthermore, the transport in the air is parameterised since
the Navier-Stokes equation (Eq. 3.2) describing air movement is not solved explicitly.
Other UEBs include variations of TUF (Krayenhoff & Voogt, 2007, Yaghoobian &
Kleissl, 2012), SUEWS (Järvi et al., 2011), RayMan (Matzarakis et al., 2010) and
the SOLWEIG model (Lindberg et al., 2008). An UEB is used in Chapter 2 to study
the effect of evaporative cooling on outdoor air temperatures.
A more complex approach is the use of computational fluid dynamics (CFD) mod-
els. The explicit simulation of the turbulent flow is computationally expensive and
many of the CFD models applied for urban climatology studies today are based on
the Reynolds-averaged Navier-Stokes (RANS) equation, e.g. MIMO (Ehrhard et al.,
2000), MITRAS (Schlünzen et al., 2003), ENVI-met (Huttner, 2012) and MUK-
LIMO3 (Sievers, 2016). RANS models predict the mean flow field. This allows for
use of relatively large time-steps and lower computational demands. On the down-
side small eddies interacting within the urban canopy will not be captured and thus
important processes in the heterogeneous terrain will not be reproduced, especially
in non-neutral situations.
Large-Eddy simulation (LES) tools are better suited for more detailed studies. They
resolve the large eddies containing the bulk of the turbulent energy spectrum explic-
itly, while parameterising only the small eddies. Examples of LES models capable of
dealing with urban terrain are PALM-USM (Maronga et al., 2015, Resler et al., 2017)
and OpenFoam2. However, most CFD models neither contain a representation of
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energy exchanges at the urban surface nor explicitly treat radiative fluxes. Coupling
of stand-alone energy balance models is a possibility (Musy et al., 2015), yet there
persist technical difficulties and different approaches in model design across research
groups. Due to the increase in computational resources in recent years LES models
are currently the most promising method to provide sufficiently detailed informa-
tion about the urban microclimate. For these reasons urban LES models are being
developed that include many of the important processes that shape the urban envi-
ronment, such as surface energy balances, treatment of radiation, effect of vegetation
and anthropogenic heating. In this project the Dutch Atmospheric Large-Eddy Sim-
ulation (DALES) model (Heus et al., 2010, Tomas et al., 2015) is being used and
further extended to include descriptions for radiation, vegetation and energy and
momentum fluxes from urban surfaces.
Little is known about how the air circulation is influenced by green infrastructure.
The plants themselves affect the flow around them by representing additional rough-
ness, essentially reducing wind velocity close to the surface. The exchange of water
and heat modifies the air’s buoyancy. This is of importance for the ventilation of ur-
ban street canyons, where the air often poorly mixes with air aloft, but most human
activities take place. It is thus the goal to be able to model the urban air flow with
the effects of buildings and green infrastructure on a neighbourhood scale.

1.7 Scope

The focus of this dissertation is the development of capabilities to predict the effect
of vegetation on the urban microclimate. A two-pronged approach has been taken
in which a rapid model has been developed for urban planning applications and a
LES model was developed for detailed scientific investigations. The fast method
estimating the effect of green façades and roofs can be used in integrated modelling
studies, e.g. in conjunction with building energy models, to facilitate urban planning
and design. The extended LES model accommodates the heterogeneity of the urban
landscape and includes the most relevant physical processes determining the urban
microclimate.
Therefore, the following objectives have been formulated:
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• Create a tool for integrated modelling of the effect of vegetation for urban
planning.

• Develop the capabilities to study vegetation and the urban microclimate using
LES. Including following processes:

– Long- and shortwave radiation.

– Representation of various surfaces properties and vegetated surfaces.

– Heat, moisture and momentum exchange on all surfaces.

– Wall & ground heat flux. Energy storage in walls, roofs and roads.

The desired applications of the resulting model include

• predicting the effect of the installation of green roofs and green walls on the
local microclimate.

• modelling the effect of shading and albedo on radiation and surface tempera-
tures.

• examining turbulent structures in the urban boundary layer and suburban-
urban transition.

• studying the urban heat island effect and the importance of thermal inertia.

Emphasis was placed on simulating dry and hot weather conditions and all assump-
tions were made on this basis; e.g. no modelling of snow and water cover on urban
surfaces.

1.8 Structure of this thesis

This report is structured as follows. This chapter covers the background of urban
climate and how it is influenced by vegetation and radiation. In Chapter 2 an urban
energy balance model is adopted to predict the cooling over an urban area due to
evapotranspiration from vegetation. In Chapter 3 the LES model is introduced and
how we deal with boundaries in the fluid domain and the fluxes on those boundaries.
Chapter 4 is about urban facets, radiation and the implementation of a surface energy
balance into the LES model. Finally, in Chapter 5 the new model is applied in a
realistic case to highlight the new capabilities.
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2
Energy balance modelling

2.1 Introduction

This chapter focuses on evaluating the effect of evaporative cooling on outdoor air
temperatures in an urban environment and is adapted from the 2017 Urban Climate
article “A neighbourhood-scale estimate for the cooling potential of green roofs” by
Ivo Suter, Čedo Maksimović and Maarten van Reeuwijk (Suter et al., 2017).
Quantifying the cooling effect of green roofs on outdoor air temperatures is difficult
and various studies suggest only a small temperature reduction on street level (Li
et al., 2014, Gromke et al., 2015, Yang et al., 2016). Roofs with a high albedo,
so-called “cool roofs”, reflect a larger proportion of solar radiation than conven-
tional roofs and may excel in reducing outdoor temperatures (Mackey et al., 2012,
Georgescu et al., 2014, Santamouris, 2014), but they lack the additional benefits for
ecology and water management that green roofs provide (Oberndorfer et al., 2007).
Yet, to significantly improve thermal comfort both cool and green roof strategies
need to be implemented on a large scale. This brings up the question how efficiently
the implementation of green roofs can be scaled up. Li et al. (2014) and Sun et al.
(2016) describe a linear decrease of air temperature with green roof fraction, Mackey
et al. (2012) compare temperature reduction to the normalised difference vegetation
index (NDVI) from satellite measurements and also find a linear relationship. How-
ever, this dependency is not well understood, yet if it generally holds, a fast way of
determining the slope coefficient depending on urban characteristics will be of great
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support for decision makers and urban planners. To this purpose an established
urban energy balance model was modified to quantify the cooling potential of green
roofs and study the scalability of potential mitigation strategies. Specifically, this
chapter will

1. quantify the cooling of green roofs on an urban scale taking the UEB model
approach (Oke, 1988, Grimmond et al., 2010);

2. examine how the cooling relates to the evaporation rates;

3. derive a relatively simple equation for the cooling potential for a given amount
of water to evaporate.

In section 2.2 the original UEB model and the changes we made for simulating green
roofs in an urban environment are discussed. Section 2.3 presents steady and un-
steady diurnal cases simulated with the new model and investigates the effect of
surface layer thickness, urban geometry, method of water supply and evaporation
from green roofs on the surface layer temperature. In section 2.4 an algebraic equa-
tion to predict the cooling from green roofs is derived which is subsequently compared
to the findings in section 2.3. Finally, in section 2.5 we discuss our findings and set
them into context of application in real cities.

2.2 Urban Energy Balance Model

The coupling of numerical weather prediction models with the (urban) surface is
usually achieved by using land surface modules such as the Town Energy Budget
(Masson, 2000, TEB) used by the French national weather service (Météo-France)
or the Joint UK Land Environment Simulator (Best et al., 2011, Clark et al., 2011,
JULES) by the UK Met Office. These models are based on a surface energy balance
(Eq. 1.1). UEB models solve a set of ordinary differential equations describing the
evolution of heat and water on urban surfaces such as roads, walls and roofs. Air
movement is not modelled explicitly; instead aerodynamic resistances are used to
describe the turbulent heat and moisture transport in the atmosphere. We used the
open source TEB as starting point for our UEB model. Here we summarise the
principles underlying TEB, for a detailed description see Masson (2000). The urban
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Figure 2.1: a) Schematic of TEB. b) Schematic of the modified TEB scheme, including the surface
layer above the canyon and green roofs. The symbol T denotes temperature, q specific humidity, W
water, and r aerodynamic resistance. The subscript R stands for conventional roof, G for green roof,
r for road, w for wall, c for canyon, sl for surface layer and atm for the atmosphere. The geometry
is given by building height h, building width b and canyon width l. The middle of the surface layer
is at an elevation zsl and the atmospheric forcing height is zatm. fG is the fraction of green roof to
total roof area.

geometry in TEB is represented as a generic street canyon, including a single con-
ventional roof (R), wall (w) and road (r) surface (Figure 2.1a). The scheme assumes
isotropy for the street and house distribution on a large horizontal scale. Equations
describing directional process such as radiation are thus integrated horizontally over
360◦. TEB therefore does not represent single buildings, but rather the average over
a large domain. The canyons are represented by mean building height (h), building
width (b) and road width (l). Grimmond et al. (2010) have previously shown that
more complex UEB models do not necessarily yield more accurate results. Three
distinct energy budgets are considered for the roof, wall and road. The TEB scheme
thus takes the form of five coupled differential equations, three for the tempera-
tures and two for the water reservoirs on the roof and the road. The evolution of
temperature with time is described as

c⋆d⋆
dT⋆

dt
= K⋆ + L⋆ −H⋆ − E⋆ −G⋆, (2.1)

where T⋆ [K] represents the roof, wall or road temperature, respectively. The corre-
sponding heat capacity is c [J m-3 K-1] and the layer thickness d [m]. K is the net
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shortwave radiation, L the net longwave radiation, H the sensible heat flux, E the
latent heat flux and G the ground heat flux, all in W m-2. For roofs and walls the
ground heat flux G actually describes the conduction heat flux into the buildings, not
into the ground. Yet, since the temperature evolution inside both the buildings and
the ground below roads are not modelled explicitly, a distinction is not necessary.
The water (W ) budget on the roof and road is

dW⋆

dt
= P − E⋆

Lv
− R, (2.2)

where P [kg m-2 s-1] is the precipitation rate, Lv [Jkg-1] is the latent heat of vaporiza-
tion and R [kg m-2 s-1] is the runoff. The air inside the canyon is assumed not to have
any significant heat capacity and therefore its temperature adjusts instantaneously
to the flux balance between road, walls and canyon top. The sensible, latent and
ground heat fluxes are defined as,

H⋆ = cpρa(T⋆ − Tatm)
r⋆

, (2.3)

E⋆ = Lvρaδ⋆(q⋆ − qatm)
r⋆

, (2.4)

G⋆ = λ⋆
T⋆ − Tbld

d⋆

, (2.5)

respectively. Here cp [J kg-1 K-1] is the heat capacity of dry air at constant pressure
and ρa [kg m-3] is the density of air, δ⋆ [-] is the fraction of water on the respective
surface and q [kg kg-1] is the specific humidity. Sensible (2.3) and latent heat fluxes
(2.4) between wall, canyon and atmosphere depend on the aerodynamic resistances
r⋆ [s m-1]. These resistances describe the transport in the atmosphere and depend
on the atmospheric stability, i.e. on the local temperature and wind profile. Ground
heat flux (2.5) is based on one-dimensional thermal conductivity, where λ⋆ [Wm-1K-1]
is the effective thermal conductivity, d⋆ [m] is the layer thickness and Tbld [K] is the
constant internal building temperature, or, when considering roads, the constant
ground temperature, respectively. One has to keep in mind that a constant building
temperature is in reality only achieved by using HVAC, an effect which is currently
not being considered in this model. The walls, roof and roads are described as a single
layer with one effective resistance throughout this chapter. For a complete account
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of the TEB, especially the treatment of radiation and details on the aerodynamic
resistances, see the original model description by Masson (2000).

Since TEB is used as a surface parameterisation for numerical weather prediction
models, the fluxes from roof and canyon are directly linked to the atmosphere and
they are completely independent of each other (see Figure 2.1a). As a consequence it
is not possible to study the effect of roofs on canyon temperature. In order to allow
the roof to interact with the other surfaces, it is necessary to introduce an additional
air layer between the roof and the atmosphere (Figure 2.1b). The introduction of this
surface layer splits the original resistances into two parts. The surface layer air has
a moisture content (qsl) and a heat capacity, i.e. temperature (Tsl). The evolution of
the surface layer’s air temperature and specific humidity are given by

csldsl
dTsl

dt
= (aRHR + acHc + aGHG −Hsl) , (2.6)

ρaLvdsl
dqsl

dt
= (aRER + acEc + aGEG − Esl) . (2.7)

The fluxes from the canyon, conventional roof, green roof and surface layer are de-
noted with subscripts c, R, G and sl, respectively. The flux from the canyon is the sum
of the fluxes from the road and the walls. The surface layer stretches the entire area
of the urban unit, while the conventional roof, green roof and canyon only cover a
part of the area each. The fraction covered by the canyon, green roof and conven-
tional roof are ac = l/(b + l), aG = fGb/(b + l), aR = (1 − fG)b/(b + l), respectively.
Note that by definition ac + aG + aR = 1. The terms in (2.6) and (2.7) are thus
scaled accordingly. During extreme hot weather, open water surfaces on buildings
and roads are irrelevant and will not be considered. The green roof temperature TG

is governed by equation (2.1), whilst the green roof water WG, i.e. soil moisture, is
evolving according to

Lv
dWG

dt
= Lv(P − R) + fW − EG, (2.8)

where fW/Lv is the additional supply through watering of the plants in kg m-2 s-1.
The soil moisture WG is expressed in kg m-2 so that the values are consistent with
the water content on conventional roofs and roads W⋆. Furthermore the constant
thickness dG of the green roof can be omitted from equations. Dividing the values of
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WG by dG will lead to values for soil moisture in kg m-3. To represent the evaporation
from vegetation and soil the Penman-Monteith approach (Jarvis, 1976, Noilhan &
Planton, 1989, ECMWF, 2013) was utilised:

EG =
dqsat
dT

(K −G) + ρcp
ra

(qsat(T ) − qsl)
dqsat
dT

+ cp
Lv

(1 + rc
ra

)
(2.9)

where qsat [kg kg-1] is the saturation specific humidity and dqsat
dT

is the slope of the
saturation specific humidity in kg kg-1 K-1. The aerodynamic resistance ra is obtained
in the same way as all the other aerodynamic resistances as described in Masson
(2000). The resistance of the vegetation rc is parameterised as:

rc = rc,min

LAI
f1(K)f2(WG)f3(Tsl), (2.10)

f1(K) = min
(︄

1, c1K + 0.05
0.81(c1K + 1)

)︄−1

, (2.11)

f2(WG) = Wfc −Wwilt

WG/d−Wwilt
, (2.12)

f3(Tsl) = 1
1 − c2(Tsl − c3)2 . (2.13)

where c1 = 0.004m2 W-1, c2 = 0.0016K-2, c3 = 298K, LAI is the Leaf Area Index, d
[m] is the thickness of the soil layer, Wwilt [kg m-3] is the volumetric soil moisture at
wilting point and Wfc [kg m-3] is the volumetric soil moisture at field capacity.

2.3 Results

2.3.1 Steady state

In this section the modified TEB (MTEB) is used to study the effect of green roofs
on the local microclimate. Of particular interest is the relationship between air
temperature (T ) and latent heat flux (E), since the latter can be directly influenced
by increasing the area of green roofs or by additional watering of the plants. Four
steady state scenarios are being studied with different geometries and climates as
described in Table 2.1. All scenarios represent summer conditions, with no open
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water available for evaporation. Hot scenarios (H) are in an environment with high
atmospheric temperature (32◦C) and solar radiation (520W m-2), cool (C) scenarios
have lower temperature (22◦C) and radiation (480W m-2). The narrow (N) canyon
geometry has a street width of 12m and building width of 26m. The wide (W)
geometry features 20m wide roads and buildings.

Table 2.1: Scenario parameters: Case identifier, atmospheric temperature (Tatm), building height
(h), building width (b) and street width (l).

Case K [W m-2] Tatm [◦C] h [m] b [m] l [m]
CN 480 22 20 26 12
CW 480 22 20 20 20
HN 520 32 20 26 12
HW 520 32 20 20 20

For all cases external forcings, i.e. the incoming solar radiation and atmospheric
temperature, were held constant during the simulation, thus given enough time the
system attains a steady state. Therefore, the values for S and Tatm in Table 2.1 must
be interpreted as daytime means. In reality, urban climate never reaches a steady
state and the diurnal cycle plays an important role. Nevertheless, the steady state
results will prove to be representative also for cities with a diurnal cycle as will be
shown in Section 2.3.2.
The wind velocity at 48m was 3m s-1 and the longwave forcing was modelled as
in Swinbank (1963) and is a function of atmospheric temperature. The albedo of
the green roof was kept identical to the conventional roof to isolate the effect of
evaporative cooling. For each base scenario a series of simulations with combinations
of different surface air layer thickness, green roof fraction and varying soil moisture
content was carried out and analysed. To define the surface layer thickness the forcing
height of the atmosphere was set to 48m, 150m or 300m resulting in a thickness dsl of
28m, 130m and 280m, respectively. The fraction of roof covered by vegetation (fG)
was varied between 0% and 100% of b in 25% intervals. Soil moisture content WG

took one of the following values between wilting point and field capacity in [kgm-2]:
[56, 58, 60, 62, 65, 65.5, 66, 69, 74, 80, 88, 99, 103]. By varying the soil moisture content
the latent heat flux can be influenced while not directly affecting any of the other
fluxes. For a soil moisture content at the wilting point or below no evaporation
takes place, while the maximum evaporation is reached at field capacity. In all the
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Figure 2.2: (a) Change of surface layer temperature (∆Tsl) depending on surface layer thickness
dsl, (b) soil moisture content WG and (c) green roof fraction fG.

simulations no runoff was assumed and WG was held constant by supplying water
(fW) equal to the evaporation rate (EG). The additional water supply essentially is
a forcing on the system, which allows for a steady state to be attained. Thus, (2.8)
simplifies to

0 = fw − EG, (2.14)

Figure 2.2a shows the influence of the surface layer thickness on the surface layer
temperature ∆Tsl for the four scenarios with a green roof fraction of 50% and soil
moisture content of 65kgm-2. We find that in general the effect on ∆Tsl is very weak
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and the curves flatten for increasing layer thickness. A thicker surface layer leads to
slightly higher temperatures. This is the result of the resistances depending on the
surface layer thickness. The resistance between the surface layer and the atmosphere
rsl depends more strongly on the thickness than the resistance between the surface
layer and the roof rR. Thus, a thicker layer reduces the flux between the surface
layer and the atmosphere more than the flux between the roof and the surface layer.
Figure 2.2b shows the change in surface layer temperature depending on the soil
moisture content. The surface layer thickness is 130m and the green roof fraction
is 50%. We can see that the temperature reduction at the wilting point is 0 since
no evaporation occurs. Increasing soil moisture leads to more cooling, but with a
decreasing rate. The geometry with narrow roads also has wider buildings as can
be seen in Table 2.1; the same green roof fraction therefore corresponds to a larger
vegetated area. The cases CN and HN thus show a stronger temperature reduction
for a given soil moisture content. Temperature reduction is also larger in a hotter
climate.
Figure 2.2c shows the change in surface layer temperature depending on the fraction
of roofs covered with vegetation. The surface layer thickness is 130m and the soil
moisture content was 65kgm-2. We observe a linear relationship between temperature
reduction and green roof fraction. Again, hotter conditions lead to a stronger tem-
perature reduction for a given green roof fraction and the geometries with narrower
streets offer more roof area, leading to more cooling. These two effects coincidentally
lead to an almost identical graph for the HW and CN case.

By plotting surface layer air temperature reduction against the average latent
heat flux it is possible to capture all effects shown in Figure 2.2 in a single plot. Here
the latent heat flux is averaged over the entire horizontal area to remove the effect
of the different green roof fractions and roof sizes, i.e.

E = aGEG. (2.15)

Figure 2.3a shows a collapse of all the data on a single line of the form

∆Tsl = eE · ∆E, (2.16)
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where the gradient eE is the evaporative cooling potential with

eE = −0.014Km2W−1 (2.17)

for all scenarios. Alternatively, the relationship 2.16 can be expressed as

∆Tsl = eW ·mmW (2.18)

where mmW is the daily evaporated water column,

mmW = E

Lvρw

86400s
day , (2.19)

with the density of water ρw = 1000kg m-3. Equation 2.19 converts the energy
flux E into the water flux mmW with units mm day-1, which is commonly used
for precipitation measurements. Equation 2.18 thus facilitates relating the potential
cooling to the available precipitation. The resulting gradient is

eW = −0.35Kday mm−1. (2.20)

For the remainder of this section e will always be used in the SI form (eE). A
previous study by Li et al. (2014) found a comparable relationship between daily
mean near surface temperatures and domain average daily mean latent heat flux of -
0.018K m2 W-1 and for daily maximum near surface temperatures -0.022K m2 W-1 by
using the meso-scale atmospheric model WRF-PUCM to study the impact of green
roofs on the Baltimore-Washington metropolitan area. Equation (2.16) allows us to
assess the maximal cooling we can achieve with the available precipitation for the
given climate or we can estimate the effect additional watering would have on green
roof performance, with an upper limit given by green roof area and climate.

Figure 2.3b shows the temperature reduction inside the canyon. The slope is
somewhat smaller at -0.01K m2 W-1. This is expected since green roofs only interact
with the canyon via the surface layer and not directly. Since the resistance between
canyon and surface layer depends on the surface layer thickness, the corresponding
three cases can clearly be distinguished. We can also observe a deviation from the
linear behaviour for very small latent heat fluxes. Due to the indirect interaction of
the canyon and the green roof we will continue to focus on surface layer temperature.

25



2.3 Results

2.3.2 Diurnal cycle

We compare the steady state results to an unsteady case with an idealised diurnal
atmospheric temperature and radiation cycles. The forcing corresponds to the HW
case with a surface layer thickness of 300m and a green roof fraction of 50%. Daily
shortwave radiation is prescribed as K = K0 · max(sin(2π(t−4h)

32h ), 0), truncated and
repeated after 24h leading to 16h daylight per day. Radiation was set to zero during
night time resulting in a daily mean of 520W m-2. The atmospheric temperature
followed the same profile, with constant 293K during the night and a daytime mean
of 305K. The resulting surface layer temperatures are shown in the Figure 2.4a.
By changing the soil moisture content we can reproduce Figure 2.3 for daily mean

temperatures and maximum temperatures. The daily mean temperatures are the
average over the entire day and the maximum temperatures are the peak surface
layer temperatures that occur around 16:00 in the afternoon. Figure 2.4b reveals a
linear behaviour for both mean and maximum temperatures even under unsteady
conditions and confirms the assumption that the effect on mean temperature -
0.014K m2 W-1 is lower than on maximum temperatures -0.021K m2 W-1. Note that
the effect on mean temperature in the unsteady case is very close to the findings for
a steady state (shown as dashed line), it is thus assumed that the steady state case
can be used as an approximation of daily mean quantities. While the choice of daily
mean latent heat flux or evaporated water column is convenient for comparison with
available precipitation it is not ideal to examine temperature extremes. The tem-
perature maximum is a daytime phenomenon (under hot summer conditions) and in
this idealised case the day is 16h (td) and night 8h long. Since evapotranspiration
at night is minimal, mean daytime evaporation is approximately 24h/16h·E and we
indeed find

∆Tsl,max ≈ eE · 24h
td

· ∆E. (2.21)

2.3.3 Methods of water supply

So far the soil moisture WG was held constant by supplying water at a rate fW equal
to the evaporation rate EG during all the simulations, which is a necessary condition
to reach a steady state. In this section, the sensitivity on the method of water supply
is examined, namely:
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Figure 2.4: a) Diurnal cycle of surface layer temperature for the HW case for three different soil
moisture contents and b) reduction of daily mean and maximum temperature due to latent heat
flux from green roofs (bottom).
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2.4 A simple estimate of the evaporative cooling potential

1. No water supply, soil moisture slowly depleting

2. Using a time series of actual rainfall as forcing

3. Watering for 30min in the morning

4. Constant watering throughout the day, drip irrigation.

The time series of the water supply can be seen in Figure 2.5a. The rainfall data has
been collected during three summer days of the CAPITOUL experiment in Toulouse,
France (Masson et al., 2008) and amounts to 10.4mm over the three days. The total
water supplied by constant irrigation is 6.5mm and by morning irrigation 4.9mm
over three days, respectively. The geometry and diurnal forcing used were identical
to the unsteady case in section 2.3.2 and different evaporation rates were achieved
by varying initial soil moisture.

From the results shown in Figure 2.5b it is clear that the slope eE is robust and
does not significantly depend on the chosen supply method. The “mean” quantities
are averaged over the third day. E and ∆Tsl,mean are thus the 1-day averages of the
differences between a scenario with evaporation and one without. The temperature
reduction ∆Tsl,max is the difference between the daily maximum temperature of sce-
narios with and without evaporation during the third day. It is important to consider
that when plotting ∆T vs E, excess water does not show up in the graph, since it
runs off and does not evaporate. The water supply to green roofs in reality would
thus need to be larger than the evaporated water column suggests, since runoff can
usually not be completely avoided. It is thus recommended to choose drip irrigation
to avoid runoff of excess water.

2.4 A simple estimate of the evaporative cooling po-

tential

To better understand what processes influence the evaporative cooling potential e
and to estimate the value without having to solve the set of differential equations nu-
merically, we derive an algebraic expression for e. The MTEB model is a set of ODEs
describing the evolution of heat and water reservoirs over time. Every differential
equation is based on a flux balance. The exchange processes between the reservoirs
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Figure 2.5: a) Time series of the supplied water for each method of water supply and b) resulting
change of daily mean and maxima surface layer air temperatures depending on latent heat flux
from vegetated green roofs for each method. Daily evaporated water column corresponding to the
latent heat flux on top x-axis.
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2.4 A simple estimate of the evaporative cooling potential

and between the reservoirs and the atmosphere are described by various functions
depending on the current state of the system, x = [TR, Tw, TR, qsl, Tsl, TG,WG]T . A
very general way to express the MTEB model is then

C
dx

dt
= g(x) + f (2.22)

where C is a diagonal matrix containing the heat capacities. The external forcing
(f) on the system, notably the solar shortwave radiation and water supply (fw) is
given by

f = [KR, Kw, KR, 0, 0, KG, fw]T . (2.23)

The 7×1 column vector g = (g1(x), g2(x), ...) contains the energy and water balances
(equations 2.1, 2.2, 2.6, 2.7, 2.8) and defines the evolution of xi with time. To analyse
the reaction of this system to a perturbation from a reference state x0 we perform a
multivariate Taylor series expansion with result

C
dx

dt
= g(x0) + Jϵ + f + O

(︂
ϵ2
)︂
, (2.24)

where ϵ = x − x0 is the deviation from the reference state and Jij = ∂gi

∂xj
|x0 is the

Jacobian given by

J =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

J11 0 0 0 J15 0 0
0 J22 J23 0 J25 0 0
0 J32 J33 0 J35 0 0
0 0 0 J44 J45 J46 J47

J51 J52 J53 0 J55 J56 0
0 0 0 J64 J65 J66 J67

0 0 0 J74 J75 J76 J77

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2.25)

with e.g. J11 = ∂g1
∂TR

and g1(TR) = LR(TR)−HR(TR)−GR(TR) (from (2.1)). Thus the
change of the roof temperature with time depends on the roof temperature itself via
functions describing the longwave radiation, sensible heat flux and ground heat flux.
To keep the Taylor series tractable we ignore the dependence of resistances upon x.

We are interested in a change in forcing f = f0+fδ, where fδ = [0, 0, 0, 0, 0, 0,∆fW ]T

contains a change in water supply (in W m-2). Here, f = f0 corresponds to the steady
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2.4 A simple estimate of the evaporative cooling potential

state forcing in the reference state for which dx
dt

= 0 and ϵ = 0; hence g(x0) = −f0,
implying that the fluxes in the system balance the external forcing in the steady
state. Thus, it follows from (2.24) that the modified steady state of the system is
governed by

ϵ = −J−1fδ. (2.26)

Written out and making use of the fact that fδ contains zeros except for the last
entry, this relation reads

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∆TR

∆Tw

∆Tr

∆qsl

∆Tsl

∆TG

∆WG

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

J−1
17

J−1
27

J−1
37

J−1
47

J−1
57

J−1
67

J−1
77

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

∆fw. (2.27)

The evaporative cooling potential, e, which links ∆Tsl to the domain-averaged latent
heat flux E = aGEG is given by

eE = −J−1
57 a

−1
G , (2.28)

making use of (2.14).
The Jacobian J can be obtained readily by making use of symbolic mathematics
software such as MAPLE, after which J can be evaluated numerically and then
inverted for any reference state. This works for any UEB, as long as the functions g

and their derivatives are known. For the HW scenario with 50% green roof fraction
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2.4 A simple estimate of the evaporative cooling potential

and 28m surface layer thickness the result is

J =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−27.34 0 0 0 17.76 0 0
0 −14.1 5.45 0 4.47 0 0
0 12.9 −19.3 0 4.47 0 0
0 0 0 −96450 1.13 −0.69 2.07

4.44 4.47 2.23 0 −58.0 4.44 0
0 0 0 3122 13.22 −24.3 −8.30
0 0 0 3122 −4.54 2.74 −8.30

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.29)

and

J−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−38.7 −7.7 −3.7 0.0 −13 −2.2 2.2
−1.8 −102 −30 0.0 −11 −1.9 1.9
−2.5 −71 −73.3 0.0 −12.4 −2 2
0.0 0.0 0.0 −0.01 0.0 0.0 −0.0

−3.4 −12 −5.7 0.0 −20 −3.4 3.4
−2.2 −7.8 −3.8 0.0 −13.6 −3.9 3.9

1 3.9 1.9 −4 6.8 −11 −11

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

× 10−3. (2.30)

In this case −J−1
57 = −0.0034K m2 W-1. With the given green roof fraction and

geometry the green roof makes up 25% of the entire area, and thus eE = −J−1
57 /0.25 =

−0.0136K m2 W-1, which is very close to the value of −0.0135 we obtain by solving
the ODE numerically.
The approach above, although correct, is neither amenable to hand calculations, nor
does it provide insight into physical processes. We thus simplify (2.25) further by
assuming that feedback processes can be neglected for small ϵ. Without feedback
mechanism it is possible to reduce the number of equations required to determine
eE. A forcing on the soil moisture content WG will initially only affect EG, whose
derivatives appear in J47, J67 and J77. We can thus disregard the conventional roof
temperature TR =⇒ J1,⋆, Tw =⇒ J2,⋆ and Tr =⇒ J3,⋆ entirely. Since we are interested
in surface layer temperature and Tsl does not directly depend on qsl we can also ignore
J4,⋆. Furthermore, without feedback processes only the upper triangular part of this
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2.4 A simple estimate of the evaporative cooling potential

reduced matrix is important. The simplified Jacobian is then given by

Jf =

⎡⎢⎢⎢⎣
J55 J56 0
0 J66 J67

0 0 J77

⎤⎥⎥⎥⎦ (2.31)

and the simplified system is

ϵf = −

⎡⎢⎢⎢⎣
∆Tsl

∆TG

∆WG

⎤⎥⎥⎥⎦ = J−1
f

⎡⎢⎢⎢⎣
0
0

∆fw

⎤⎥⎥⎥⎦ . (2.32)

Specific to the current problem is that J67 and J77 are identical by definition,
as they both describe the same physical process, namely the evaporation from the
green roof which shows up both in the water and in the energy balance. Making use
of this inverting Jf yields an estimate for eE given by

eEf = −a−1
G

J56

J55J66
= −a−1

G

∂g5
∂TG

∂g5
∂Tsl

∂g6
∂TG

. (2.33)

We can verify that (2.33) corresponds to eEf by using that under the simplified
conditions eEf = a−1

G
−J56
J55

1
J66

= a−1
G

∆Tsl
∆TG

∆TG
a−1

G ∆E
, which is indeed the definition of eE

given by (2.16). In (2.33) g5 describes the evolution of surface layer temperature with
time and g6 describes the evolution of the green roof temperature. The only term in
g5 depending on the green roof temperature is the sensible heat flux from the green
roof and thus the numerator of (2.33) consists of a single term. The denominator
describes how the temperatures depend on themselves and contains all the terms
from the energy budgets Eq. (2.6) and (2.1), without the shortwave radiation. Thus,

eEf =
−a−1

G
∂HG
∂TG(︂

−∂Hsl
∂Tsl

+ ∂HR
∂Tsl

+ ∂Hc
∂Tsl

+ ∂HG
∂Tsl

)︂ (︂
∂LG
∂TG

− ∂HG
∂TG

− ∂GG
∂TG

− ∂EG
∂TG

)︂ . (2.34)

Most terms in (2.34) are simple to evaluate using (2.3) for sensible and (2.5) for
ground heat flux. Longwave radiation follows the Stefan-Boltzman law. Only the
term ∂EG

∂TG
depends on the model choice and is a lengthy algebraic expression. Specif-
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ically, eEf takes the form

eEf = −1
aG(−4ϵσT 3

G0 − ρacp

rR
− λR

dR
− ∂EG

∂TG
)

P
rR
, (2.35)

where P can be interpreted as a net parallel resistance associated with the surface
layer and is given by

1
P

=
⎛⎝− 1

rsl
+ aR

rR
+ ac

rR

⎛⎝ 1
3rR
rc

+ 1
− 1

⎞⎠+ aG

rR

⎞⎠ . (2.36)

The dominant term in (2.35) was found to be r−1
sl in our scenarios. This implies that

a vastly different stability between the surface layer and the atmosphere could lead
to significant changes in e. Yet, the surface layer is usually convective and resistances
are low during daytime urban heat island conditions, limiting the actual effect of rsl.
Evaluating eEs for the given reference values for the HW case results in

eEf = −0.0126Km2

W . (2.37)

This simplified expression (2.34) produces a reasonably good estimate for e com-
pared to the full MTEB model and can be used for any other chosen formulations
of energy fluxes in other UEB models or other tools to assess the urban climate.
The evaporative cooling potential can thus be derived without having to resort to
complicated modelling.

2.5 Discussion

The evaporative cooling potential is a useful tool for city planners to get a rough
first order estimate of how much cooling green roofs can provide. Indeed, we can use
ew to estimate the possible cooling from green roofs in a city by comparing the daily
evaporated water column to the mean daily precipitation in that city. For example,
London, with a mean summer precipitation of about 1.5mm day-1 (UK Met Office,
2018), can achieve an average surface layer temperature reduction of 0.4K if all
the water above urban areas could be retained and evaporated. Without additional
watering the outdoor cooling effect of green roofs in London will thus be rather small.
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However, the effect on daily maximum temperatures is larger and during very hot
days small temperature reductions can have a significant influence on health (Kovats
& Hajat, 2008, Luber & McGeehin, 2008).

The small amount of precipitation generally available during hot periods in mid-
latitudes indicates that neither the precise climate nor urban geometry are expected
to be the limiting factors in the cooling potential of green roofs and e is therefore
expected to be quite universal. Water availability appears to be the limiting factor.
Increasing the area of green roofs to retain more water is a possible way to achieve
more cooling. Yet, when capturing precipitation by other means (e.g. rain gutters)
and using it to water green roofs, relatively small green roof fractions can achieve
the same amount of cooling.

Most of human activities take place inside the urban canyon and it can thus
be argued that the effect of green roofs on canyon air temperatures is of greater
significance than on surface air layer. Green roofs appear to be an inefficient tool to
reduce canyon air temperature directly. Other blue-green infrastructure like green
walls may have a larger temperature impact. However, anthropogenic heat sources
have not been considered in this study. Indeed, HVAC (heating, ventilation and air
conditioning) units are often installed on walls and produce large amounts of heat
inside the canyons. Green roofs lead to cooler roof temperatures, and thus reduce
the heat flux into the indoor environment and could therefore indirectly influence the
canyon air temperatures significantly. There are further limitations to this study that
deserve detailed investigation, notably the effect of heterogeneous geometry and plant
albedo. Further research is also needed to assess other green infrastructure strategies
like e.g. green walls, swales and parks.
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3
Urban Large Eddy Simulation

3.1 Introduction

In Chapter 2 Urban Energy Balance modelling was used to predict the effect of green
roofs under idealised topographic and atmospheric conditions. While this method
can indeed be very useful to obtain information about large scale effects of blue-green
solutions, a different approach has to be taken to study smaller scale features and
local effects. One of the defining aspects of this problem is that on smaller scales the
turbulent nature of the atmosphere and the details of the urban form are of great
importance. Turbulence is a major contributor to fluxes of momentum, energy, mois-
ture and other scalar quantities. Turbulence on the other hand is very heterogeneous
and depends strongly on the local morphology and temperature distribution. The
review article by Barlow (2014) gives a clear overview of the current understanding
of the urban boundary layer, showing that especially buoyancy effects are still poorly
understood.

Simulating urban flow requires solving the Navier-Stokes equations, which will be
presented in section 3.2. This can only be done numerically, given the nonlinearities
in the governing equations. In general, the Reynolds Number (Re) of the atmosphere
is extremely high and current model resolution cannot capture all length scales of the
turbulent air (Sagaut, 2000). For this reason, large eddy simulation (LES) is used in
this thesis, which solves the equations of motion on a computational grid fine enough
to capture the energetically dominant part of the turbulent spectrum, i.e. large
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eddies, while smaller eddies are parameterised. For the simulation of the urban flow
a modified version of the Dutch Atmospheric Large Eddy Simulation tool (DALES
Nieuwstadt & Brost, 1986, Cuijpers & Duynkerke, 1993, Heus et al., 2010), which has
been used to study atmospheric processes for over 20 years, is employed. Recently
DALES was extended with an immersed boundary method to simulate obstacles in
the flow and study dispersion of pollutants in an urban environment (Tomas et al.,
2015, 2016). This code formed the starting point for this dissertation. However, in
the process of Tomas’ work some essential features for atmospheric studies, most
notably moist thermodynamic processes were removed. Thus, the missing physics
were first reintroduced based on the standard DALES version (Ouwersloot, 2017).
In sections 3.2 - 3.4 the numerics of DALES are introduced while from section 3.5
onwards my modification to the model are documented; namely the treatment of
fluxes of momentum, temperature and water from the ground and the immersed
boundaries.

3.2 Governing equations

The governing equations solved in DALES are within the Boussinesq approximation:

∂ũi

∂xi
= 0, (3.1)

∂ũi

∂t
= −∂ũiũj

∂xj
− ∂π

∂xi
+ g

θ0
θ̃vδi3 + Fi − ∂τij

∂xj
, (3.2)

∂ϕ̃

∂t
= −∂ũjϕ̃

∂xj
− ∂Rϕ,j

∂xj
+ Sϕ. (3.3)

Here ui is the component of the velocity vector along the base vector xi. Time is
denoted as t. The modified pressure is π = p̃

ρ0
+ 2

3e, where p is the pressure, ρ is
the density of air and e is the subfilter-scale turbulence kinetic energy. Denoted
by θv is the liquid water virtual potential temperature, δij is the Kronecker delta,
Fi represents other forcings and τ is the deviatoric part of the subfilter momentum
flux. The variable ϕ can represent humidity, temperature, particulates or chemical
species. The subfilter-scale scalar fluxes and scalar sources/sinks are Rϕ and Sϕ,
respectively. Where multiple indices (i, j) appear summation following Einstein
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3.2 Governing equations

notation is implied. The tildes denote spatially filtered mean variables. Filtering in
DALES is implicit: the grid itself acts as the low-pass filter.
The total water content in the air (qt) consists of specific humidity (q) and liquid
water (ql):

qt = q + ql (3.4)

To calculate the buoyancy and the vertical acceleration virtual potential temperature
θv is used. The virtual potential temperature can be approximated following Emanuel
(1994):

θv = θ
(︃

1 −
(︃

1 − Rv

Rd

)︃
qt − Rv

Rd
ql

)︃
, (3.5)

with

θ = TΠ−1, (3.6)

Π =
(︄
p

p0

)︄Rd
cd
, (3.7)

where θ is the potential temperature, Π is the Exner function, cd is the heat capacity
of dry air, Rd is the gas constant for dry air and Rv is the gas constant for water
vapour. The subfilter stresses are modelled as

τij = −Km

(︄
∂ũi

∂xj
+ ∂ũj

∂xi

)︄
, (3.8)

Rϕ,j = −Kh
∂ϕ̃

∂xj
(3.9)

where Km represents the eddy viscosity and Kh the eddy diffusivity. Various sub-grid
models are available in DALES to determine Km and Kh. Throughout this study the
Vreman subgrid-scale model (Vreman, 2004) is used. The Vreman model is of similar
complexity as the commonly used Smagorinsky model (Smagorinsky, 1963), but it
behaves better in near-wall regions. The eddy viscosity is expressed as:

Km = Cν

√︄
Bβ

AijAij
, (3.10)
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where Cν = 2.5C2
s = 0.07 is a constant model parameter related to the Smagorinsky

constant Cs. The matrix A contains the derivatives of the velocity field.

Aij = ∂ũj

∂xi
, (3.11)

and Bβ is given by

Bβ = β11β22 − β2
12 + β11β33 − β2

13 + β22β33 − β2
23, (3.12)

βij = ∆2
mAmiAmj. (3.13)

Explicitly this is:

β11 = ∆2

⎡⎣(︄∂ũ
∂x

)︄2

+
(︄
∂ũ

∂y

)︄2

+
(︄
∂ũ

∂z

)︄2
⎤⎦ , (3.14)

β12 = ∆2
[︄(︄
∂ũ

∂x

)︄(︄
∂ṽ

∂x

)︄
+
(︄
∂ũ

∂y

)︄(︄
∂ṽ

∂y

)︄
+
(︄
∂ũ

∂z
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∂ṽ
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, (3.15)

β13 = ∆2
[︄(︄
∂ũ

∂x

)︄(︄
∂w̃

∂x

)︄
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∂ũ

∂y

)︄(︄
∂w̃

∂y

)︄
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∂ũ

∂z

)︄(︄
∂w̃

∂z

)︄]︄
, (3.16)

β22 = ∆2
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)︄2
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∂ṽ

∂y

)︄2

+
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∂ṽ
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)︄2
⎤⎦ , (3.17)

β23 = ∆2
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∂ṽ

∂x

)︄(︄
∂w̃

∂x

)︄
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∂ṽ

∂y

)︄(︄
∂w̃

∂y

)︄
+
(︄
∂ṽ

∂z

)︄(︄
∂w̃

∂z

)︄]︄
, (3.18)

β33 = ∆2

⎡⎣(︄∂w̃
∂x

)︄2

+
(︄
∂w̃

∂y

)︄2

+
(︄
∂w̃

∂z

)︄2
⎤⎦ . (3.19)

The eddy diffusivity is related to the eddy viscosity via a constant turbulent Prandtl
number. The tildes (̃ ) will be omitted from here on for the rest of the thesis.

3.3 Numerical discretisation

DALES is based on an Arakawa C-grid (Arakawa & Lamb, 1977), see Figure 3.1.
Pressure, and scalar concentrations (ϕ) are defined at cell centres and the three
velocity components (u, v, w) are defined at the west side, the south side, and the
bottom side of the grid cells, respectively. Numerical advection is calculated via a
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Figure 3.1: Staggered grid used in DALES. The subscripts p and m indicate an increase or
decrease of the index by 1, respectively. The three velocity components (u, v, w) are defined at the
west side, the south side, and the bottom side of each grid cells, scalar quantities are defined in the
cell centre. The grid can be stretched vertically and along x, in which case ∆zf and ∆zh vary with
height or ∆xf and ∆xh along x, respectively. Tildes (̃ ) are omitted.
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second order central difference scheme.

∂uφ

∂x
=
Fi+ 1

2
− Fi− 1

2

∆x , (3.20)

Fi+ 1
2

= ui+ 1
2

φi + φi+1

2 , (3.21)

Fi− 1
2

= ui− 1
2

φi + φi−1

2 (3.22)

where φ = u, v, w, ϕ. Time integration is done by a third order Runge-Kutta scheme,
following Wicker & Skamarock (2002). The variable φn+1 at t + ∆t is calculated as
follows

φ∗ = φn + ∆t
3 f(φn), (3.23)

φ∗∗ = φn + ∆t
2 f(φ∗), (3.24)

φn+1 = φn + ∆tf(φ∗∗), (3.25)

where f(φn) is the right-hand side of the corresponding prognostic equation ((3.2),
(3.3)). This numerical scheme is stable for a Courant-Friedrichs-Lewy number (Courant
et al., 1928)

CFL = max
(︄

abs
(︄
ui∆t
∆xi

)︄)︄
< 1.5 (3.26)

and a diffusion number (Wesseling, 1996)

δ =
3∑︂

i=1

Km∆t
∆x2

i
< 0.25. (3.27)

DALES is written in Fortran and the code is parallelised using MPI. For the paral-
lelisation the domain is sliced along the y-direction.

3.4 Immersed boundary method

Many problems in fluid dynamics feature the interaction between the fluid and a solid
structure. Obstacles inside the flow often require methods like geometry conformal
grids, which usually need to be manually created in a cumbersome process. It is
common to refine the grid around an obstacle to avoid numerical instabilities caused
by a body. This uses less computational resources than reducing the grid spacing
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3.5 Wall functions

in the entire domain, but can still lead to significantly longer simulation times com-
pared to the same problem without obstacle since the pressure field cannot be solved
using efficient fast Fourier transform methods.
To circumvent these issues, the immersed boundary method (IBM) was first de-
veloped by Peskin (1972). It allows to model complex geometries on a Cartesian
grid by adding body force terms to the conservation equations of momentum and
scalars. Since its initial development, numerous modifications and refinements to the
immersed boundary method have been proposed. Improvements have been made
by Mohd-Yusof (1997), Verzicco et al. (2000) and Fadlun et al. (2000). Mittal &
Iaccarino (2005) provide an overview. An IBM has recently been implemented in
DALES (Tomas et al., 2015) following Pourquie et al. (2009), Verzicco et al. (2000).
This method has the advantage of being 2nd-order accurate but is limited to rectan-
gular, grid conformal obstacles. This limits somewhat the application of our model
to real cities. The key feature of IBM is the imposition of extra forces on the flow, i.e.
the momentum equation. The alignment of the obstacles with the Cartesian mesh
allows to apply exact forcings for wall normal velocity components at the boundaries,
such that all normal velocities vanish. In conjunction, boundary conditions for tan-
gential velocities and scalars are needed. Tomas used DALES in a DNS-like manner
and momentum flux was based on viscous shear stress. Temperature flux was then
simply related to the momentum flux by the Prandtl number. The wall function also
assumed neutral conditions and smooth walls. This approach is not satisfactory for
urban applications. In the following sections the theory and implementation of new
wall functions describing momentum, heat and water fluxes are described.

3.5 Wall functions

Nearly all urban surfaces can be considered to be aerodynamically rough. This
means that the roughness elements on a surface are much larger than the thickness
of the viscous sublayer which is adjacent to every interface between a fluid and a
smooth surface. Mean turbulent quantities can thus vary drastically close to walls
and processes near the wall cannot be resolved on the grid and therefore need to be
modelled; these models typically take the form of wall functions. In this context and
throughout chapter 3 any solid boundary is called a wall, not only vertical structures.
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3.5 Wall functions

Classically in computational fluid dynamics wall functions are used to describe the
resistance to momentum and heat transport through the very thin boundary layer
in a turbulent flow, that cannot be resolved on the grid. In our studies of green
infrastructure, the effect heat and moisture exchange is of particular interest, and wall
functions are needed that describe the scalar and momentum exchanges at horizontal
and vertical surfaces. Processes close to vertical walls are qualitatively different from
horizontal walls, particularly in presence of buoyancy (e.g. Hölling & Herwig, 2005).
However, vertical walls are commonly treated the same way as horizontal walls,
namely the formation of a constant stress layer with logarithmic wind profile is
assumed. This is due to the lack of established alternatives. Currently available wall
functions for LES include for example Parente et al. (2011) for neutral conditions,
Craft et al. (2006) and McDermott et al. (2017).
The goal of this section is to obtain a description of momentum flux (u2

∗), temperature
flux (θv ∗u∗) and moisture flux (q∗u∗) at the walls given the tangential velocities and
the temperature and humidity difference between the wall and the first fluid cell.
On surfaces there is no mean perpendicular wind velocity and the fluxes are purely
turbulent, i.e.:

u2
∗ = u′

PU
′
T

⃓⃓⃓⃓
⃓
s

, (3.28)

θv ∗u∗ = u′
Pθ

′
v

⃓⃓⃓⃓
⃓
s

, (3.29)

q∗u∗ = u′
Pq

′

⃓⃓⃓⃓
⃓
s

, (3.30)

where UT is the tangential wind speed and uP is the velocity component perpendicular
to the wall.

In what follows the selection and implementation of wall functions that are based
on Dirichlet boundary conditions will be described; as for urban applications bound-
ary conditions with given scalar values, as opposed to given fluxes, are better suited.
Generally temperature data is much more readily available since it can be acquired
from direct measurements and remote sensing observations.

A review of Monin-Obukhov similarity theory For atmospheric flow wall
functions on horizontal surfaces are commonly based on similarity laws determined by
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3.5 Wall functions

Buckingham Π analysis. Such similarity laws for the surface layer have been known
since the fundamental paper of Obukhov (1946) and subsequent work together with
A. Monin (Monin & Obukhov, 1954). Following Monin-Obukhov similarity theory
(MOST) mean vertical gradients and turbulent characteristics in the stationary and
horizontally homogeneous surface layer can only depend upon the surface stress,
represented by the friction velocity u∗ = (τ/ρ)1/2 [m s-1], kinematic vertical heat flux
Q0 = ρcpw′θ′

v [W m-2], the buoyancy parameter g/θv [m s-2 K-1] and the height above
the surface z [m] (Businger et al., 1971). According to the Buckingham Π theorem a
single dimensionless parameter can be formed from this set of variables, traditionally
defined as

ζ = z

L̂
= −κgw′θ′

vz

θvu3
∗

[−], (3.31)

where

L̂ = −θu3
∗

κgw′θ′
v

[m], (3.32)

is the Obukhov length, g is the Earth’s gravity [m s-2] and κ = 0.41 is the von
Kármán constant. Here the Obukhov length L̂ signifies the height at which buoyancy
production and shear production are of equal strength. The sign of L̂ depends on
the atmospheric stability. During stable stratification L̂ > 0, while during unstable
stratification L̂ < 0. The Obukhov length becomes infinite in the limit of neutral
stratification since w′θ′

v = 0. All normalised quantities, like the dimensionless wind
shear (φm) and dimensionless temperature gradient (φh) must thus be a universal
function of ζ:

φm(ζ) =κz
u∗

∂u

∂z
, (3.33)

φh(ζ) = κz

θv ∗

∂θv

∂z
, (3.34)

where θv ∗ = −w′θ′
v/u∗ is the characteristic temperature. The equations (3.33) and

(3.34) can be integrated following Panofsky (1963), Paulson (1970), Barker & Baxter

44
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(1975) and Louis (1979) to obtain the velocity and temperature profiles, respectively.

u(z) =u∗

κ

[︂
ln(z/z0) − ψm(ζ) + ψm(z0/L̂)

]︂
, (3.35)

θv(z) − θv 0 =PrT
θv ∗

κ

[︂
ln(z/z0) − ψh(ζ) + ψh(z0/L̂)

]︂
, (3.36)

with

ψm(x) =
∫︂ x

0

1 − φm(ζ ′)
ζ ′ dζ ′, (3.37)

ψh(x) =
∫︂ x

0

1 − φh(ζ ′)
ζ ′ dζ ′. (3.38)

The turbulent Prandtl number is PrT = 0.71. The aerodynamic roughness length
z0 [m] can be understood as the height where the mean wind velocity is zero. It is
noteworthy that z0 is not equal to the height of the roughness elements, yet deter-
mined by them. The potential temperature at z0 is θv 0 and is assumed to be identical
to the ground surface temperature θs. The functions φm and φh can be determined
experimentally (e.g. Businger et al., 1971, Louis, 1979, Holtslag & De Bruin, 1988).
By substituting equations (3.35) and (3.36) into equation (3.32) we obtain

L̂ = θvu
2

g∆θv

[︂
ln(z/z0) − ψh(ζ) + ψh(z0/L̂)

]︂
[︂
ln(z/z0) − ψm(ζ) + ψm(z0/L̂)

]︂2 , (3.39)

giving an implicit relationship between Obukhov-Length L̂ and the bulk Richardson
number

RiB = gz∆θv

θvu2 [−]. (3.40)

We are interested in the eddy fluxes u2
∗ and θv ∗u∗. These can be obtained from the

profiles by first expressing (3.35) and (3.36) as

u(z) =u∗

κ
ln(z/z0)

[︄
1 − ψm(ζ) − ψm(z0/L̂)

ln( z
z0

)

]︄
, (3.41)

∆θv =Prθv ∗

κ
ln(z/z0)

[︄
1 − ψh(ζ) − ψh(z0/L̂)

ln( z
z0

)

]︄
. (3.42)
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Rearranging (3.41) for u∗ and (3.42) for θv ∗ and multiplying with (3.41) results in

u2
∗ = u2κ2

ln(z/z0)2F1

(︃
z

z0
, L̂
)︃
, (3.43)

θv ∗u∗ = κ∆θv

Pr ln(z/z0)
F2

(︃
z

z0
, L̂
)︃

uκ

ln(z/z0)
F1

(︃
z

z0
, L̂
)︃1/2

, (3.44)

where F1 and F2 are given by

F1 =
[︄
1 − ψm(ζ) − ψm(z0/L̂)

ln( z
z0

)

]︄2

, (3.45)

F2 =
[︄
1 − ψh(ζ) − ψh(z0/L̂)

ln( z
z0

)

]︄
, (3.46)

respectively. We can then use the existing relationship between the bulk Richardson
number and the Obukhov length (3.39) to write

u2
∗ =u2 κ2

ln (z/z0)2Fm

(︃
z

z0
, RiB

)︃
, (3.47)

θv ∗u∗ =u∆θv
κ2

Pr ln (z/z0)2Fh

(︃
z

z0
, RiB

)︃
. (3.48)

The functions Fm and Fh describe the relationship between the atmospheric temper-
ature and wind profile and the corresponding surface fluxes. It is noteworthy that
(3.47) and (3.48) are often written as

u2
∗ =Cdu

2, (3.49)

θv ∗u∗ =Chu∆θv, (3.50)

where Cd [-] is the momentum transfer coefficient and Ch [-] is the heat transfer
coefficient. The parametric functions Fm and Fh have been approximated by Louis
(1979). Louis fitted analytical formulae to calculated values from Businger et al.
(1971). The result for stable cases is

Fm = Fh = 1
(1 + b′RiB)2 , (3.51)
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with b′ = 4.7 and for unstable cases

Fi = 1 − bRiB
1 + ci|RiB|1/2 , (3.52)

where b = 9.4. The parameter ci is given by

ci = di
κ2

ln (z/z0)2 b
(︃
z

z0

)︃1/2
, (3.53)

with dm = 7.4 and dh = 5.3, where i = m for momentum and i = h for heat. Given
the temperature and roughness of a surface and the velocity and temperature of the
adjacent fluid cell the surface momentum and temperature flux could then be calcu-
lated.

Wall roughness for momentum and heat In an urban environment surfaces
are generally not dynamically smooth. Protrusions such as window sills and shutters
lead to roughness. Momentum transfer has a strong dependence on the form drag
introduced by the pressure difference across those obstacles. However, for scalar
transport no equivalent principle to pressure exists. In fact, it has been shown (Gar-
ratt, 1994) that for rough surfaces scalar transport becomes less efficient compared
to momentum transport near the wall. We thus follow the approach of Cai (2012b)
and Uno et al. (1995) to use a separate roughness length zT ≤ z0 for scalars. The
wall roughness is often expressed as κB−1

h = ln(z0/zT) and empirically depends on
the roughness Reynolds number Re∗ (Garratt, 1994):

Re∗ = u∗z0

ν
, (3.54)

κB−1
h = 6.2κRe

1
4∗ − 5. (3.55)

Typical values for roughness Reynolds numbers are available in the literature for
various surfaces types such as grass (e.g. also in Garratt, 1994).
It is assumed that the temperature at zT, θT, is equal to the actual surface tempera-
ture θs. This leads to the problem that the temperature at the momentum roughness
length z0, θv 0, is not known anymore and therefore ∆θv = ∆θ0 = θv(z) − θv 0 and
RiB cannot be evaluated directly. Consequently, additional steps to find θv 0 need to
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z

z0

zT

θv(z)

θv 0

θT

θs

∆θ0 ∆θT

surface
Figure 3.2: Schematic representation of potential temperatures θ and levels needed in the wall
function. The surface roughness lengths for momentum and heat are z0 and zT with the corre-
sponding temperatures θv0 and θT, respectively. At a distance z from the wall the temperature is
θv(z).

be introduced.

3.5.1 Wall function for momentum and temperature

A wall function following the one-step iterative approach of Uno et al. (1995) to calcu-
late the heat and momentum transfer coefficients has been introduced into DALES.
This approach has been employed in LES studies before (Cai, 2012b) and is very
attractive given the fact that computational costs are low. The function takes the
surface temperature (θs), temperature of the first fluid cell (θv(z)), wall tangential
velocity in the first fluid cell (u) and the distance from the cell centre to the wall (z)
as input and returns the momentum and temperature fluxes (u2

∗ and θv ∗u∗, respec-
tively) with a single iteration. The various temperatures and vertical coordinates
used in this scheme can be seen in Fig 3.2. First the bulk Richardson number
RiB T (Eq 3.40) can be estimated based on the surface temperature, i.e. we assume
∆θv = ∆θT = θv(z)−θT. The stability functions Fm can then be evaluated according
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to Eq 3.51 or Eq 3.52. We then calculate RiB 0 according to

M(RiB) =Pr ln
(︃
z

z0

)︃ √︂Fm(RiB)
Fh(RiB) (3.56)

RiB 0 =RiB T − RiB TPrA

PrA+M(RiB T) (3.57)

where A = ln
(︂

z0
zT

)︂
. RiB 0 is the estimate for Richardson number based on the

temperature at z0, θv 0. Then Fm, Fh and M are reevaluated based on RiB 0. After
obtaining ∆θ0 from

∆θ0 =∆θT

[︄
PrA

M(RiB 0)
+ 1

]︄−1

, (3.58)

the surface fluxes can be calculated using Eq 3.47 & 3.48. The resulting momentum
transfer coefficients (Cd) and heat transfer coefficient (Ch) are shown in Figure 3.3
and 3.4, respectively. Figure 3.3 shows the dependence of the bulk transfer coefficient
for momentum on the bulk Richardson number (RiB), Von Kármán constant, and
the ratio between height and roughness height (z/z0). If the von Kármán constant
is chosen to be κ = 0.35, our implementation matches the original values from Uno
et al. (1995). However, it is more generally agreed that κ is close to 0.4 and κ = 0.41
was chosen in DALES. It is also evident that both Cd and Ch increase for rougher
walls (decreasing z/z0).

This method is used for vertical walls as well, where z and RiB are defined
perpendicular to the wall. By doing this, the Richardson number loses its context
and one must be careful interpreting its values. This approach has been used by Cai
(2012a,b) to study differential wall heating in a canyon and they argue that it is a
reasonable approximation for forced convection cases. Processes near vertical walls
are generally poorly understood and no other adequate wall function could be found
in the literature.

3.5.2 Wall function for moisture

The moisture flux from roof and wall facets can be described identically to the heat
flux (Eq. 3.36). However, it is not obvious what the moisture difference ∆q between
the wall and the atmosphere is, because water is usually not available directly on
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Figure 3.3: Bulk transfer coefficient for momentum Cd in terms of the bulk Richardson
number RiBT and roughness length for z/z0 = [102, 103] with z0/zT = 7.4. Values for "Uno
1995" and "Theoretical" are reproduced after Uno et al. (1995). F denotes results from the LES
model, and M indicates the use of matlab. The critical Richardson number (Ric) is 0.21.

Figure 3.4: Bulk transfer coefficient for heat and moisture Ch in terms of the bulk Richardson
number RiBT and z0/zT = 7.4. The critical Richardson number (Ric) is 0.21.
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Figure 3.5: Diagram of the resistances encountered in a simplified soil-plant-atmosphere system.
The water transport from the surface of the leaves or bare soil to the atmosphere is determined
by the aerodynamic resistance ra. If the evaporation is from bare soil, the soil resistance rs has to
be considered. Alternatively, the transport through plants encounters a canopy resistance rc that
describes the processes in cuticles and stomata.

the surface and therefore one cannot assume that the air close to the surface is satu-
rated with water vapour. Furthermore, open water surfaces are as of yet uncommon
on buildings and most of the flux will thus stem from vegetation or soil of green
roofs/walls. Plants lose water through opening their stomata, but also through their
outermost layer, the cuticle. A large number of processes is involved in transport
of water in soil and plants. Indeed, the nature of the ground influences the roots
and their water uptake; plants have a varying metabolism depending on age, size,
season etc.. Modelling these processes is seldomly done in detail in atmospheric mod-
els. We thus utilise a modified Jarvis-Stewart (JS) approach (Jarvis, 1976, Stewart,
1988). This approach adds additional resistance to the transport of moisture from
vegetation and soil to the atmosphere. The added resistance is based on empirical
functions depending on plant and environmental parameters. The resistances for the
plant canopy (rc [s m-1]) and for the soil (rs [s m-1]) can be expressed as:

rc = min
(︃
rmax,

rc,min

LAI
f1(K)f2(WG)f3(Ts)

)︃
(3.59)

rs = min (rmax, rs,minf2(WG)) (3.60)

where LAI [m2 m-2] is the leaf area index, the term f1 is a function of net shortwave
radiation K [W m-2], f2 depends on soil moisture content WG [kg m-2] and f3 on the
wall temperature Ts [K]. We follow Van den Hurk et al. (2000) for f1 and f2 and
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Moene & van Dam (2014) for f3 (see also (2.10)-(2.12)) and they are given by:

f−1
1 = min

(︄
1, c1K + 0.05

0.81(c1K + 1)

)︄
(3.61)

f−1
2 = min

(︄
1,max

(︄
0.001, WG/d−Wwilt

Wfc −Wwilt

)︄)︄
(3.62)

f−1
3 = max

(︂
0.001, (1 − c2(c3 − Ts)2)

)︂
(3.63)

hrel = max
(︃

0,min
(︃

1, 1
2

[︃
1 − cos

(︃
π
WG

Wfc

)︃]︃)︃)︃
(3.64)

where c1 = 0.004m2 W-1, c2 = 0.0016K-2, c3 = 298K, d [m] is the thickness of the
soil layer, Wwilt [kg m-3] is the soil moisture at the wilting point, Wfc [kg m-3] is the
soil moisture at field capacity and hrel [-] is the relative humidity above soil following
Noilhan & Planton (1989). The moisture flux from roof and wall facets is then
expressed as

q∗u∗ = qa − qsat(Ts)
1

uCh
+ rc

+ qa − qsat(Ts)hrel
1

uCh
+ rs

(3.65)

with the units [kg kg-1m s-1]. The aerodynamic resistance ra = (uCh)−1 is obtained
from the standard wall function (Eq. (3.48)) where the vegetation is considered with
appropriate roughness lengths. To determine the saturation specific humidity qsat

[kg kg-1] we use empiric formulas from Bolton (1980) and Murphy & Koop (2005)
that are accurate within normal temperature ranges encountered in cities:

psat = 6.112 exp
(︄

17.67(T − 273.15)
T − 29.65

)︄
[hPa] (3.66)

qsat = 0.62198 psat

p− psat
[kgkg−1] (3.67)

3.5.3 Integration into LES code

A schematic of the implementation and the order of several model routines are shown
in Figure 3.6. Every time-step (except the initial one) starts with applying the
conditions at the lateral boundaries, e.g. periodicity. Then the effects of moist
thermodynamics, such as temperature changes due to evaporating and condensing
water, are considered. In the advection step quantities are transported according to
the resolved velocity field. The transport due to the non-resolved sub-grid processes
is modelled directly after. Followed by additional forcings such as the Coriolis effect.
Finally, the top and bottom boundary conditions are applied and the immersed
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wall function water
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Figure 3.6: Schematic of the main routines in DALES.

boundary method ensures that there is no wind and transport into buildings. At
this point the momentum, temperature and moisture fluxes from the wall functions
are calculated for all surfaces based on their surfaces properties. The fluxes are then
added to the prognostic equations (3.2) & (3.3) before time integration is done and
a new time-step starts.
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3.6 Verification

This section demonstrates the correct implementation of the wall function approaches
(3.5.1 & 3.5.2). Comparison with experimental data is difficult. Wind-tunnel exper-
iments are scarce since it is challenging to obtain realistic Richardson numbers in an
experimental setup. The temperature difference between the air and the building-
model surface can exceed 100K which makes controlling the wall temperatures ar-
duous (Richards et al., 2006). Furthermore, the wall function depends on the Von
Kármán constant (κ), whose cited value usually lies between 0.35-0.41. Often it is
not explicitly stated which value of κ was used in a study. We have already shown
in Figure 3.3 that the wall function replicates the original Cd from Uno et al. (1995).
To ensure the correct behaviour of the wall function in an operational situation, we
examine the momentum flux over flat terrain under neutral conditions. In the ab-
sence of any explicitly resolved form-drag the mean surface momentum flux has to
balance the applied pressure force driving the LES simulation:

⟨︂
u2

∗

⟩︂
= ∂p

∂x

Lz

ρ
(3.68)

3.6.1 Momentum

Recalling equation 3.47 we can calculate the surface momentum flux if the drag co-
efficient and tangential velocity are known. For a neutral case, with z0 = 0.01m
and ∆z = 2m we find Cd = 0.00793 (see also Figure 3.3 for RiBT = 0). Figure 3.7
shows a comparison of the expected momentum flux to LES results for flows driven
along x and y direction by a pressure gradient. The momentum flux calculated by
the wall function in the LES matches the expected value given by the product of Cd

and the tangential velocity UT squared (see Eq 3.49) in all four cases. Furthermore
the mean momentum flux is indeed balancing the applied pressure force. It can thus
be concluded that the wall function for momentum is implemented correctly and is
working properly.
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(a) (b)

(c) (d)

Figure 3.7: Surface momentum flux for a) u > 0 b) u < 0 c) v > 0 d) v < 0. Momentum flux
(u2

∗) from LES output, reconstructed from velocity output (CdU
2
T ) and compared to the driving

pressure force ( ∂p
∂x

Lz

ρ ; ∂p
∂y

Lz

ρ ). Averaged over x and y. For (A) ∂p
∂x > 0, (B) ∂p

∂x < 0, (C) ∂p
∂y > 0, (D)

∂p
∂y < 0

3.6.2 Convective case

Verification of surface heat flux is more challenging. Results from DALES are com-
pared directly to LES results from Cai (2012b), since in his study Cai compares the
approach to wind-tunnel experiments of Kovar-Panskus et al. (2002) encountering a
series of difficulties.
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The simulation set-up is a flow over a canyon-like cavity (see Fig 3.8). The canyon
is h = 18m high and l = 18m wide. The domain size is 24m × 40m × 90m with
80 × 40 × 91 grid cells. This results in a resolution of 0.3m × 1m × 0.3m inside the
canyon; and a gradually vertically stretched grid above. The simulation is periodic
in x and y and driven by a constant free-stream velocity UF = 2.5m s-1. Two cases
are examined: 1) the downstream wall and roof are heated (T0+9K, assisting case)
2) the upstream wall and roof are heated (T0+9K, opposing case). In Case 1 the
buoyancy flux from the heated downstream wall will assist the recirculation forming
inside the canyon, while in Case 2 the additional buoyancy will oppose the general
flow in the cavity. Figure 3.9 shows good agreement in the time averaged developed
flow between results from DALES and Cai (2012b), for both the assisting and oppos-
ing case. Especially the location of the centre of the main circulation in the opposing
case is remarkably similar.
In Figure 3.10 the mean temperature fields for both cases are compared and show ex-
cellent agreement. In the assisting case the heat is concentrated on the downstream
canyon edge from where it is efficiently mixed with air aloft. The mean temperature
inside the canyon is thus only slightly elevated. In the opposing case the downdraft
along the heated wall leads to a more complicated flow patterns inside the canyon,
effectively reducing the exchange between the canyon and the atmosphere. As a
results, more heat is trapped inside the canyon, leading to increased temperatures.
The quantitative agreement with Cai (2012b) confirms the correct implementation
of the wall function for temperature for both horizontal and vertical walls.
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u

u

l

h

Cyclic BC

Figure 3.8: Schematic of the case setup in section 3.6.2 following Cai (2012b). The canyon
has a height h and a width l. Red surfaces are heated. Top: Assisting case; Bottom: Opposing
case.
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z/
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x/l

(a)

z/
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x/l

(b)

(c) (d)

Figure 3.9: Mean velocity vectors (a&b) compared to Cai (2012b, c&d). Left column shows the
assisting case, right column the opposing case.
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z/
h

x/l

(a)

x/l

z/
h

(b)

(c) (d)

Figure 3.10: Mean temperature fields (a&b) compared to Cai (2012b, c&d), T0 was subtracted.
Left column shows the assisting case, right column the opposing case.
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4
Surface energy balance & radiation

4.1 Introduction

In chapter 3.5 the wall functions describing the turbulent fluxes between atmosphere
and surface were introduced and verified. The surface properties influencing these
fluxes (WG, Ts) can vary in time and are spatially heterogeneous. Most notably the
surface temperatures are determined by the surface energy balance:

dQ

dt
= (L↓ − L↑) + (K↓ −K↑) − (H + E +G). (4.1)

Often Eq. (4.1) is considered for a large area, averaging out many local features: in
urban energy balance models the horizontal scales are usually 102−104m (Grimmond
et al., 2010). Yet, from the perspective of a single surface all the terms are rather
intricate. The turbulent sensible and latent heat flux from a single surface changes
with every wind gust while the internal wall temperatures are much less sensitive
and vary on much larger timescales, since a large amount of heat is stored in the
material. Furthermore, the radiation terms depend strongly on the orientation of
the surface, shading and the field of view. For example, if a large portion of the field
of view of a surfaces comprises of other surfaces it likely receives only little direct
sunlight, since it is often shaded. On the other hand it is likely to receive a large
amount of longwave radiation from its surroundings as building walls are generally
warmer than the sky. Due to the large spatial and temporal variability in surface
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4.2 Urban facets

(a) (b)

Figure 4.1: Image of Hampshire House, New York. a) Thermal image. Sunlight is incident from
the left, leading to warmer facets (red). Walls at larger angles to the sun or in the shade appear
cooler (blue). Windows are relatively cool since they absorb little sunlight and are in contact with
colder indoor air. b) Normal photograph. From Nickolay Lamm (2018).

temperatures, especially in heterogeneous terrain, it is important to consider the sur-
face energy balance carefully to achieve more realistic urban representation in LES
models. To account for these effects, every surface in DALES is divided into several
smaller facets. The process how these facets are created for the entire domain is
described in section 4.2. The energy budget, including radiation, has to be evalu-
ated for each facet. As outlined in section 1.2, equation (4.1) shows that the surface
energy balance is influenced by sensible and latent heat flux, the ground heat flux,
the incoming shortwave radiation (K↓), the reflected shortwave radiation (K↑), the
incoming longwave radiation (L↓) and the outgoing longwave radiation (L↑).
This chapters will outline how all these terms are modelled in DALES. Before the
shortwave budgets can be calculated it is necessary to consider shading and reflec-
tions, for this purpose view factors will be introduced in section 4.3.1. Shortwave
radiation will be treated in chapters 4.3.2 and longwave radiation in section 4.3.3.
Finally, section 4.4 documents the modelling of heat storage and ground heat flux.

4.2 Urban facets

As is evident in Figure 4.1 the surface temperatures of buildings and roads can be
very heterogeneous. This can be caused by variable wind and radiation patterns or
differing building materials. To get a good representation of the urban landscape it is
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thus advantageous to divide big surfaces into smaller patches. In general, decreasing
the area of patches should lead to more accurate results but increases computational
demand. However, if for example the urban fabric is not well known, increasing the
resolution can actually be detrimental to the models performance. DALES accepts
grid-conforming immersed boundaries, i.e. cuboids, and for the calculation of the
surface energy balance it is necessary that each side of those blocks is either entirely
internal (i.e. towards the inside of a building), or external (i.e. towards the outdoor
environment). Accepting these constraints simultaneously leads to a finer representa-
tion of the surface. Every topographic element, like a building, is sliced into smaller
blocks. An example is shown in Figure 4.2. To reduce the number of elements, all
blocks that are entirely inside a building can be merged with neighbouring blocks as
long as they continue to form a cuboid.
Suspended and overhanging structures are currently not supported. Thereby every
block has only five sides that need be considered. The sides of a block are flat surfaces
and will be called facets for the remainder of the thesis. All facets are numbered ac-
cording to their orientation for easier referencing (1=top, 2=west, 3=east, 4=north,
5=south) as shown in Figure 4.3. Facets represent all types of surfaces present in
the urban landscape, such as roofs, walls, roads and green roofs. Every facet is thus
also assigned properties accordingly, needed for the wall function and energy balance
calculation. These are the momentum roughness length z0 [m], the heat roughness
length z0h [m], the shortwave albedo α [-] and the longwave emissivity ϵ [-]. Further-
more, every facet consists of multiple layers each with properties: thickness d [m],
density ρ [kg m-3], specific heat capacity cp [J kg-1 K-1] and thermal conductivity λ

[W m-1 K-1]. The last three terms can be combined to form the thermal diffusivity
κ = λ/(ρcp) [m2 s-1].
Furthermore, additional facets have to be introduced due to the fact that the ground

surface is not given as a topographic element. Voids between building-blocks (i.e.
roads, parks, etc.) need to be populated with facets. The floor facets immediately
adjoining a building are given the same length as the corresponding wall facets and
a width of one grid cell. This is necessary to correctly calculate radiative exchange
between two facets with a common edge, as described in section 4.3.1. The rest of
the floor is then filled with rectangles, restrained by a maximum side length. Al-
ternatively, if the nature and configuration of the floor is known in more detail the
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A

B

Figure 4.2: A building consisting of two blocks A and B. Block A ( ) remains intact, block B will
be divided into four smaller blocks ( , , , ), so all faces are either entirely on the in- or outside
of the building.

S
E

z

1

3
4

5

2

Figure 4.3: Numbering of block facets for easier referencing (1=top, 2=west, 3=east, 4=north,
5=south).
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facets can be created accordingly and be specified using the facet properties.

Domain boundaries Following Krayenhoff & Voogt (2007) we add a wall along
the domain edge of a height equal to the mean building height in the domain. This
wall is used to approximate the effect of the surrounding built environment on radia-
tion, that cannot be captured within the model domain. These bounding wall facets
are solely used for radiative calculations and do not appear in the LES simulation
and have thus no direct effect on air flow. A sample geometry including buildings,
floors and bounding wall can be seen in Figure 4.9. Once the geometry and all facets
are defined the radiative exchanges can be calculated. The process of generating
blocks has been automated entirely and will be discuss in detail in chapter 5.

4.3 Radiation

4.3.1 View factors

To calculate the radiative exchanges between two facets their geometric relation to
one another has to be determined and the radiative processes need to be described.
To achieve this there are commonly two alternative approaches pursued in the com-
plex urban structure: 1) Ray tracing and Monte Carlo simulation; and 2) radiosity
approach with configuration factors. For very complex or curved surfaces radiative
exchange is commonly determined by tracing randomized rays of a Monte Carlo sim-
ulation with considerable computational effort. This approach becomes more and
more feasible with increasing computational power and specialised GPU computing
platforms like CUDA. A big advantage of this approach is its potential to also handle
specular reflections. Ray tracing models have for example been used to study urban
photovoltaic energy potential (Erdélyi et al., 2014) and urban climate and meteorol-
ogy (Krayenhoff et al., 2014, Girard et al., 2017).
However, for planar surfaces, as are present in this study, the radiosity approach
is generally still faster (Walker et al., 2010). In this approach it is assumed that
the radiosity across a facet is uniform. This allows the separation of the geometric
relation between two facets from the radiative process itself (Howell et al., 2010).
View factors (configuration factors) describe this geometric relation. View factors
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4.3 Radiation

are often encountered in the context of urban climate in the form of sky view factors
(see section 4.3.1) and canyon view factors. However, the usage here is more general
and describes the radiative exchange of any two surfaces. The radiosity approach
has also been used to study urban climate (e.g. Aoyagi & Takahashi, 2012, Resler
et al., 2017). The approach currently employed follows Rao & Sastri (1996), who
found Gaussian quadrature to be capable to accurately calculate view factors. It has
to be noted at this point that several conventional assumptions were made regarding
the radiation and radiative properties of all the facets (e.g. Krayenhoff et al., 2014,
Howell et al., 2010), namely

• no wavelength dependency, except the separation into short- and longwave,

• facets are “grey” in the longwave regime, i.e. absorptivity = emissivity,

• facets are isothermal,

• reflections are diffuse,

• emitted radiation is diffuse,

• the radiosity (leaving radiant flux) is uniform across the facet.

For calculating both longwave and shortwave radiation, view factors are used.
The view factor ψi,j is defined as the ratio of radiation leaving the surface of facet
i hitting surface of facet j, divided by the total amount of radiation leaving facet i.
View factors thus take values between 0 and 1 and ∑︁

j∈q
ψi,j = 1, where q is the set

of all facets that can be seen by i (including the sky). All view factors ψi,j between
any two facets i and j have to be calculated. This makes the number of calculations
needed O(n2). Several numerical methods exist to calculate view factors between
surfaces, since in most cases the analytical solutions to the problem are not known.
Generally the view factor between two finite areas i and j is given by

ψi,j = 1
Ai

∫︂
Ai

∫︂
Aj

cos Θi cos Θj

πS2 dAjdAi, (4.2)

where S is the length of the vector connecting the infinitesimal elements dAi and
dAj and Θ is the angle between this connecting vector and the normal vector on dAi

or dAj respectively (see Figure 4.5).
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A1

A2a A2 A2b

ψ1,2b
ψ1,2a

ψ1,2

ψ2,1

Figure 4.4: The view factor ψ for two surfaces 1 and 2 of area A1 and A2, respectively, are
reciprocally related (Eq. (4.3)). The view factors between surface 1 and surfaces 2a and 2b added
together result in the view factor between surface 1 and surface 2 (Eq. (4.4)).

The analytical evaluation of Eq. (4.2) is only possible in special cases and various
methods to obtain the view factors have been discussed in the literature (Sparrow,
1961, Hottel & Sarofim, 1967, Howell et al., 2010). There are two general rules in
view factor algebra: the reciprocal relationship of view factors; and the additive
relationship of view factors (Threlkeld, 1970). The two relationships are illustrated
in Figure 4.4. The first rule states that for two surfaces 1 and 2 of area A1 and A2,
respectively, the view factors are reciprocally related

ψ1,2 = A2

A1
ψ2,1. (4.3)

The second rule states that when we subdivide surface 2 into smaller surfaces 2a and
2b of area A2a and A2b, respectively, the total amount of radiative energy emitted
from 1 and impinging on 2 (=2a+2b) remains unchanged:

ψ1,2 = ψ1,2a+2b = ψ1,2a + ψ1,2b. (4.4)

The fact that view factors only depend on the geometry of the problem and do thus
generally not change during the simulation, allows one to calculate all ψi,j a priori
and store the resulting matrix as input to the LES model.
Numerical integration is required to obtain the view factors. Considerable com-
putational savings can be achieved by replacing the integration over two areas in
equation (4.2) by integration over two surface boundaries (Rao & Sastri, 1996). This
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can be done using Stokes’ theorem (see Appendix A.1). The view factor can then be
expressed as

ψi,j = 1
2πAi

∮︂
Ci

∮︂
Cj

[ln(S)dxjdxi + ln(S)dyjdyi + ln(S)dzjdzi] (4.5)

where S is the distance between two infinitesimal line segments along the contours.
The numerical integration of ln(S) is done using 6th order Gauss-Legendre quadrature
(Appendix A.2), which is effective and accurate for straight-edged contours (Rao &
Sastri, 1996). The logarithm of S can vary substantially if the two line segments
are close and S is small, in which case the precision is increased by using higher
order quadrature. The evaluation of equation (4.5) is impossible in the case that the
two contours share a common edge, because ln(S) = ln(0) = −∞. Ambirajan &
Venkateshan (1993) provide an exact analytical solution for the contribution from
the element on the common edge of the two surfaces to the overall view factor:

∆ψi,j = L2
c

2π

(︃3
2 − ln (Lc)

)︃
(4.6)

where Lc is the length of the common edge. Since all facets are straight-edged, the
only error in this approach lies in the approximation of ln(S) within the elemental
intervals of the integration. High order quadratures thus ensure accurate numerical
results.

Blocked view & shadowing View factors can be calculated using equations (4.5)
and (4.6) as long as both facets can see each other entirely. Three important excep-
tions can be identified:

1. The facets cannot see each other at all, given their position and orientation.

2. A facet intersects the plane defined by the other facet (see Figure 4.6(a)).

3. The view is (partly) blocked by another surface (see Figure 4.6(b)).

The first case occurs frequently. E.g. any west facing facet cannot possibly see any
other west facing facet or any facet that is entirely to the east. This relationship is
reciprocal. For every facet pair it is thus first determined if they are in each other’s
field of view, and if not, ψi,j and ψj,i are immediately set to 0.
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Figure 4.5: Differential areas dA1 and dA2. The angles between the normal vector n and the unit
vectors are α, β and γ, respectively. S is the vector connecting dA1 and dA2.
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Figure 4.6: (a) The plane of facet i intersects facet j. The view factors can be correctly calculated
between i and the unshaded part of j. (b) The view between corner 1 of facet i and the corresponding
corner of facet j is blocked, resulting in pb = 0.875.
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Figure 4.7: Overlapping floor facets (dashed lines, dark grey area) get split diagonally resulting
in two trapezoidal facets 3 & 4.

The second problem can be circumvented by cropping the intersecting facet along
the intersection line. The view factors can then be calculated using the now smaller
facet and the result remains accurate.
There is no straightforward solution to the third problem, assessing if the view be-
tween two facets is blocked. Depending on how the facets are arranged and the
geometry of the object blocking their view, determining a precise view factor can be
difficult. To avoid computationally expensive solutions such as Monte Carlo simula-
tions we determine a percentage pb the facets can see of each other and multiply ψ
with that percentage. To obtain pb we define five points, the four corners and the
centre, on every facet and determine if they can see the corresponding point on the
other facet (see Figure 4.6(b)). The weight of the centre is 50% and the weight of
each corner 12.5%.

Three sided corners In section 4.2 it was described that floor facets need to be
added around buildings of the same length as the adjoining wall facet. This leads
to overlapping floor facets in three sided corners (where the two walls and the floor
meet). To calculate the view factors the overlapping facets are thus cut diagonally
(see Figure 4.7). The view factors between the now trapezoidal floor facets and any
other facet can then be calculated with the standard method.

Sky view factor The sky view factor (ψsky,i) denotes the fraction of radiation
leaving i that enters the sky vault and does not impinge on any other facet. It is the
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residual view factor after summing over all facets: ψsky,i = 1 −∑︁p
j=1 ψi,j, where p is

the total number of facets. The sky view factor is also used to determine how much
diffusive radiation from the sky any facet receives. Sky view factors have been used
intensively to study the UHI (e.g. Oke, 1981, 1988, Arnfield, 2003, Svensson, 2004,
Zhu et al., 2013).

4.3.2 Shortwave radiation budget

The net shortwave radiation K on a facet i is defined as

Ki = K↓
i −K↑

i [Wm−2], (4.7)

assuming no transmission of radiation through the surface. In this case the shortwave
absorptivity (ςS,i) and the albedo (αi) of the surface are directly related

αi = 1 − ςS,i [−], (4.8)

and the reflected shortwave radiation (K↑) can be expressed as

K↑
i = αiK

↓
i = (1 − ςS,i)K↓

i [Wm−2]. (4.9)

The incoming shortwave radiation (K↓
i ) can be divided into three parts (Oke et al.,

2017): direct solar radiation (Si), diffuse radiation from the sky (Di) and diffusely
reflected radiation from other facets (Ri):

K↓
i = Si +Di +Ri [Wm−2]. (4.10)

It is important to consider all three components. Many of the urban facets can be
completely shaded, thus Si = 0, but potentially receive diffuse radiation from the
sky or reflected radiation from other facets.

Direct solar radiation The direct solar radiation on a facet (Wu, 1995) is defined
as

Si = I cos(υ − ξi) cos(χi)fe,i [Wm−2]. (4.11)
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Figure 4.8: Angles describing the relation between a facet and the sun. Ω are the azimuth angles
from North and υ the zenith angle (the complement to the elevation angle).

The solar irradiance (I) is a model input and can be a constant or follow a diurnal
cycle; it is assumed that all effects of atmospheric turbidity and clouds are included.
The effect of geometry is captured by the sunlit fraction of the facet fe,i, the two
cosines account for the orientation of the facet in relation to the sun. The angle υ is
the solar zenith and ξi the slope angle of the facet (i.e. ξi = 0 for a horizontal facet
and ξi = π/2 for a vertical facet). The angle χi is constructed in the following way

χi =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
π/2, if surface faces away from sun

0, elseif the surface is horizontal

|Ωh − Ωi|. else

where Ωh is the solar azimuth and Ωi is the azimuth of facet i (see Figure 4.8). Like
the solar irradiance, the solar zenith and azimuth angles are also model inputs. Solar
angles for all coordinates, dates and times can be readily obtained from online sources
such as the “Solar Position Calculator” from the National Oceanic and Atmospheric
Administration (NOAA, 2018).
The facet azimuth angles are also used to determine whether the facet is shaded or
not. If |Ωh − Ωi| is larger than π/2, the facet is not oriented towards the sun and is
thus self-shaded. If the facet i is not self-shaded the sun might still be blocked by
another facet j. Therefore, the path between every non-self-shaded facet and the sun
is calculated and checked if it intersects with any other facet. This can potentially
lead to considerable errors, since for large facets it is not evident from which point
the path to the sun should be constructed. To alleviate this problem somewhat, we
use the same principle as for view factors and calculate the sunlit status for the four
corners and the centre of the facet, where the centre contributes 50% and each corner
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12.5% to the total sunlit fraction fe,i (see section 4.3.1).

Diffuse shortwave radiation The diffuse radiation (Di) is caused by light scat-
tering in the sky and is given by

Di = ψsky,iDsky [Wm−2], (4.12)

where Dsky, the total diffuse sky radiation, is a model input. The sky view factor
ψsky,i, is dependent on the urban geometry and has to be calculated for every facet
as detailed in section 4.3.1. In equation (4.12) we ignore the directionality of Dsky,
which is in reality anisotropic, and can thus use ψsky,i directly to calculate the frac-
tion of diffuse sky radiation impinging on i.

Reflected shortwave radiation Shortwave radiation reflected by the environ-
ment has to be considered as well. All reflections are currently assumed to be per-
fectly diffusive (Lambertian), i.e. the amount of reflected light on a given surface is
distributed equally in all directions. This is necessary to utilise view factors but does,
by definition, not allow specular reflections. The amount of reflected light arriving
at facet i is thus given by

Ri =
p∑︂

j=1
ψj,iK

↑
j [Wm−2] (4.13)

where ψj,i is the view factor between facet j and i and p is the total number of facets.

Shortwave algorithm The view factors for all pairs (i, j) can be calculated before-
hand, as outlined in section 4.3.1. To account for multiple reflections, the calculation
of K↑

i (Eq. (4.9)-(4.13)) has to be iterated for all facets using following scheme:

• first reflection (n = 0)

1. calculate all initial K↓
i,0 = Si +Di ((4.11), (4.12))

2. calculate all initial K↑
i,0 (4.9)
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3. calculate all Ri,0 (4.13)

4. recalculate all K↓
i,1 = K↓

i,0 +Ri,0

• iterate following steps for n = 1, 2, ..., until all changes are below a desired
threshold ϵk:

1. only the additional reflected radiation from the previous iteration is con-
sidered for further reflections, i.e. K↑

i,n = αiRi,n−1

2. recalculate all Ri,n based on the updated K↑
n

3. update all K↓
i,n+1 = K↓

i,n +Ri,n

4. test for cancellation: max
i

(︂
(K↓

i,n+1 −K↓
i,n)/K↓

i,n)
)︂

≤ ϵk

Thereafter K↓ and thus, according to (4.9), also K↑ are known for all facets.
This algorithm converges quickly, usually <10 iterations for <1% error, since albedos
are generally low resulting in a large fraction of the radiation being absorbed and
additional parts being lost towards the sky with every cycle. The convergence of this
algorithm is studied in section 4.3.4 and an example can be seen in Fig 4.11.

4.3.3 Longwave budget

The net longwave radiation L consists of three components.

Li = ςL,i(ψsky,iL
↓
sky + L↓

env,i) − L↑
i [Wm−2], (4.14)

where ςL,i is the longwave absorptivity and L↓
env,i is the incoming longwave radiation

from other facets. The incoming longwave radiation from the sky (L↓
sky) is given

as a model input. L↑
i is the outgoing longwave radiation depending on the surface

temperature Ts,i according to the Stefan-Boltzmann law

L↑
i = σϵiT

4
s,i [Wm−2], (4.15)

with the Stefan-Boltzmann constant σ ≈ 5.67×10−8W m-2 K-4 and ϵi is the emissivity
of facet i. Since ςL,i is generally close to unity for normal building materials, no
reflections are considered for longwave radiation. The incoming longwave radiation
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from the other facets is given by:

L↓
env,i = σ

p∑︂
j=1

ψj,iϵjT
4
s,j [Wm−2] (4.16)

where p again is the total number of facets, ψj,i is the view factor between facet j
and i, ϵj is the emissivity of facet j and Ts,j is the surface temperature of facet j.

4.3.4 Verification

This section illustrates the division of blocks, bounding walls and floors into facets
based on an example arrangement of urban elements. The resulting facets can be
seen in Figure 4.9. The sample elements were chosen to have a large variety of
geometric relations between facets for which view factors can be determined analyt-
ically. The bounding walls representing the surrounding urban landscape in terms
of radiation are included as well. View factors calculated by the method outlined in
section 4.3.1 (ψc) are compared to analytical solutions (ψp, see Appendix A.3). In
cases where the view between two facets is impeded as outlined in section 4.3.1 no
analytical solution is known and a range is provided in which the calculated view
factor has to fall. Table 4.1 provides a sample of the results.
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Table 4.1: Comparison of view factors calculated by the method outlined in section 4.3.1 com-
pared to analytical calculations. For partly blocked view the known analytical range in which the
calculated view factors should lie is given. See Fig 4.9 for facet numbers.

Comparison of view factors
Facet
pair

Analytic:
ψp

Calc.:
ψc

Abs. error:
ψc-ψp

Rel. error.:
ψc/ψp − 1

Description

13-17 0.0686 0.0686 0.0000 0% Identical, parallel, directly opposed
8-44 0.0222 0.0222 0.0000 0% Parallel
13-44 0.0083 0.0083 0.0000 0% Parallel
5-72 0.2570 0.2570 0.0000 0% Perpendicular, common edge
32-110 0.0452 0.0452 0.0000 0% Perpendicular
37-111 0.0852 0.0851 -0.0001 -0.11% Perpendicular
8-134 0.0046 0.0046 0.0000 0% Perpendicular
46-99 0.1200 0.1190 -0.0010 -0.83% Three sided corner
54-103 0.1200 0.1190 -0.0010 -0.83% Three sided corner
10-120 0.0023 0.0023 0.0000 0% Self shaded
56-61 0.0539 0.0539 0.0000 0% Self shaded
4-10 0.016-

0.065
0.0328 0.0169 to

−0.0328
105.5% to
−50%

Partly blocked

4-131 0.0019 -
0.0033

0.0029 0.0009 to
−0.0004

49.0% to
−12.5%

Partly blocked

35-61 0.0532 -
0.0604

0.0453 −0.0079 to
−0.0151

−15% to
−25%

Partly blocked

35-68 0.0043 -
0.0109

0.0082 0.0039 to
−0.0027

90.5% to
−25%

Partly blocked

It is evident that unobstructed view factors are accurate within 1% relative error.
View factors between self shaded facets are equally accurate. For partly blocked
view the calculated ψc are defined as a percentage of the unobstructed view factor.
In most cases ψc lies within the provided range. Yet, in cases where the two facets
are close, but the two facet centres cannot see each other, ψc can underestimate the
actual value of ψ. The shaded fraction of each facet is shown in Figure 4.10 for a
solar azimuth angle (Ωh) of 112.5◦ from north (→ east-southeast) and a solar zenith
angle (υ) of 45◦. Calculating the actual outline of the shadow is possible, albeit
computationally more expensive, and also shown in Figure 4.10. Comparing the
calculated shaded fraction as explained in section 4.3.2 to the shadow pattern shows
good agreement for most facets. Only some south facing facets (i.e. facets 19 & 46)
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4.3 Radiation

Figure 4.9: Blocks after assigning facets. The indices of the facets are displayed and the facets
are coloured based on their type and orientation: Wall north, Wall west, Wall south,
Wall east, Floor, Block south, Block west, Block top. Facets 99 and 103 are trapezoidal
since they form a three sided corner with facets 46 and 54.

Figure 4.10: Facets colour based on their sunlit fraction (fe,i). The vectors from all five points on
facet 134 to the sun are shown, two of which intersect with a building resulting in a sunlit fraction
of 75%. The outline of the actual shadows in thick black lines.
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roof/road

west

east

north

south

Figure 4.11: Left: Evolution of incoming shortwave radiation (K↓) during the iterative process as
described in 4.3.2. Right: Relative change of total incoming shortwave radiation between iterations.
The threshold ϵk = 1% was chosen. The lines are coloured according to the orientation of the facet
as can be seen in Fig 4.9: ↦→ , ↦→ , ↦→ , ↦→ , ↦→ .

are poorly represented in this example, since the outline of the shadow barely misses
the centre point of the facet, which weighs 50% in the calculation. How well the
shading of a facet is represented depends thus on the solar elevation and azimuth
and can generally be improved if the sun’s visibility is checked for more points on
the facets surface.
The iteration of the shortwave radiation is shown in Figure 4.11. The iteration
process is described in section 4.3.2. Every facet receives initially direct shortwave
radiation from the sun depending on its orientation and shading and diffusive
radiation from the sky. The reflected radiation received can be quite substantial,
but the additional amount decreases quickly with further iterations. A threshold of
1% change was reached within 5 steps for all facets. In cases where the reflectance
of the facets is extremely high, a slightly larger number of steps might be required.
This is, however, unlikely in urban applications.Harman et al. (2004) recommend to
consider one reflection event for radiation in urban canyons and above analysis shows
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that 5 reflections will suffice in a completely heterogeneous urban morphology. The
absolute errors quickly fall below an acceptable threshold of 1W m-2, or so. It is con-
cluded that the view factors calculations are accurate enough to calculate the energy
balance of urban facets. Notably the absolute errors from the view factor calcu-
lation, the shading and reflections, ultimately affecting the energy balance, are small.

4.4 Surface energy budget of ground, wall and roof

facets.

To calculate the temperature evolution of every facet, we assume that every wall and
roof consists of k layers of building material (see Fig. 4.12). The temperature at the
interface of layer k ∈ {1, ..., K} and k + 1 is defined as Tk. Furthermore, let TK be
the indoor temperature of the facet and T0 = Ts be the outdoor surface temperature
used for calculating radiation and convective heat fluxes. At every instant T0 is given
by the balance of energy fluxes at the surface:

− Γi(T0) = Ki + Li(T0) +Hi(T0). (4.17)

According to section 2.2 dry conditions are assumed and no water is available for
evaporation on non-vegetated surfaces and consequently the latent heat flux is omit-
ted. The values of H are the time mean fluxes provided by the wall function,
K only depends on the position of the sun and the incoming longwave radiation
(ςL,i(ψsky,iL

↓
sky + L↓

env,i)) can be calculated from the other facets temperatures. The
two remaining unknown terms are L↑

i and the surface conductive heat flux Γi.
A defining aspect of this problem is that the boundary condition at the surface,
which drives the energy exchange with the wall, is strongly non-linear and, under
the assumption that the surface heat flux (Γi) is purely conductive, i.e.

Γi = λ
∂T

∂z

⃓⃓⃓⃓
⃓⃓
s

, (4.18)
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T0 = Ts TKT1 T2

Exterior Interior

T ′
0 T ′

1 T ′
2 T ′

K

Tk

T ′
k

z

d1 d2

Figure 4.12: Grid layout used to model conductive heat flux. The wall or roof is divided into K
layers of thickness dK . The coordinate z points into wall the from the exterior surface. Temperatures
(T ) and temperature gradients (T ′) are defined at the layer edges.

Eq. (4.17) can be written as

λ
∂T

∂z

⃓⃓⃓⃓
⃓⃓
s

= ϵσT 4
0 + r, (4.19)

where r = −(K + H + L↓), λ is the thermal conductivity in W m-1 K-1 and z is
pointing into the layer. This boundary condition requires information about both
the temperature and its gradient at the boundary, and it would thus be very useful
to have a numerical method for which these both are available at the same location
without approximation. Conventional finite difference and finite volume approaches
do not have this feature.
Shown in Figure 4.12 is the grid layout that will be adopted in this work to represent
the temperature distribution in the facet. The variables are distributed in pairs of

the temperature Tk and its gradient T ′ = ∂Tk

∂z

⃓⃓⃓⃓
⃓⃓
k

on the cell edges, implying that there

are 2(K + 1) unknowns if the facet is discretised into K layers. This grid layout is
not conventional, but is closely related to Hermitian interpolation (Peyret & Taylor,
2012) and has been used for the prediction of non-hydrostatic free-surface flow (Van
Reeuwijk, 2007).
A solution will be constructed using a set of piecewise continuous quadratic poly-

nomials, which will turn out to be splines. Consider a second order polynomial

T (z) = a+ bz + cz2 (4.20)

valid over the interval zk < z < zk+1. Defining T (zk) = Tk, T (zk+1) = Tk+1,
T ′(zk) = T ′

k and T ′(zk+1) = T ′
k+1, it is straightforward to demonstrate that the
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quadratic is consistent with the following relation between the temperatures and its
derivatives

1
2
(︂
T ′

k + T ′
k+1

)︂
= Tk+1 − Tk

dk+1
, (4.21)

where dk+1 = zk+1 − zk. The coefficients a, b, c are determined by requiring that
T (zk) = Tk, T (zk+1) = Tk+1 and T ′(zk) = T ′

k, with result

T (z) = (z − zk)(zk+1 − z)
2dk+1

(︂
T ′

k − T ′
k+1

)︂
+ zk+1 − z

dk+1
Tk + z − zk

dk+1
Tk+1. (4.22)

Here, (4.21) was used to make the representation symmetrical in the arguments.
By evaluating the temperature and its gradient at zk and zk+1 it becomes clear
that (4.22) indeed satisfies the requirements of a spline, as a set of these functions
produces a curve which is continuous in both the temperature and the gradient
of the temperature. An important property of (4.22) is that, assuming the mean
temperature in the layer is given by

1
dk+1

∫︂ zk+1

zk

T (z)dz = 1
2(Tk + Tk+1) + dk+1

12 (T ′
k − T ′

k+1). (4.23)

The sum of the changes in mean temperatures across all layers corresponds to the
heat storage term from equations (1.1) and (2.1). The temperature evolution inside
the facet is described by an unsteady heat equation of the form

∂T

∂t
= ∂

∂z

(︄
κ
∂T

∂z

)︄
, (4.24)

where κ is the thermal diffusivity in m2 s-1. Integrating this equation over the interval
zk < z < zk+1 and substituting (4.23) results in the relation

d

dt

(︄
dk+1

2 (Tk + Tk+1) + d2
k+1
12 (T ′

k − T ′
k+1)

)︄
= κ(zk+1)T ′

k+1 − κ(zk)T ′
k. (4.25)

The facet consists of K layers, implying that there are 2(K+1) unknowns. Equations
(4.21) and (4.25) provide 2K equations, and two boundary conditions provide the
final two equations to close the system.
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Compact form At z = 0, we will apply the surface energy balance equation. The
outgoing longwave radiation is expressed in the form

L↑
i =

(︂
ϵiσT

3
0

)︂
T0. (4.26)

At the building interior we impose a constant temperature1 TK = TB,
dTK

dt
= 0. In

matrix form, the system of equations is then given by

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 . . . . . . 0
1
2

1
2 0 . . . 0

0 1
2

1
2 . . . 0

. . . . . .
0 0 . . . 1

2
1
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T ′
0

T ′
1
...
...
T ′

K

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c1

0
...
...
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c2 0 . . . . . . 0
−1
d1

1
d1

0 . . . 0
0 −1

d2
1
d2

. . . 0
. . . . . .

0 0 . . . −1
dK

1
dK

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T0

T1
...
...
TK

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4.27)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

d1
2

d1
2 0 . . . 0

0 d2
2

d2
2 . . . 0

. . . . . .
0 0 . . . dK

2
dK

2

0 0 . . . . . . 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
d

dt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T0

T1
...
...
TK

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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d2
1

12
−d2

1
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2
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−d2

2
12 . . . 0
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0 0 . . .
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K

12
−d2

K

12
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
d

dt

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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0

T ′
1
...
...
T ′

K
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−κ(z0) κ(z1) 0 . . . 0
0 −κ(z1) κ(z2) . . . 0

. . . . . .
0 0 . . . −κ(zK−1) κ(zK)
0 0 . . . . . . 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

T ′
0

T ′
1
...
...
T ′

K

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(4.28)

with c1 = −(Ki + ςL,i(ψsky,iL
↓
sky,i + L↓

env,i) + Hi)/λ1 and c2 = ϵiσT
3
0 /λ1. Equations

1While for thick roads this is a realistic boundary conditions, for walls and roofs this implies
that the indoor environment must be kept at a constant temperature through HVAC. Modelling
the heat output from HVAC should thus be considered in the future.
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(4.27) and (4.28) can be compactly written in the following form:

AT′ = b +BT, (4.29)

C
d

dt
T +D

d

dt
T′ = ET′. (4.30)

After rearranging and substitution of (4.29) into (4.30) we obtain;

(C +DA−1B)dT
dt

= EA−1BT + EA−1b, (4.31)

where −1 indicates matrix inversion. Note that we have assumed here that b does
not change during the integration step for simplicity. Time integration is done with
a fully implicit backward Euler step. Defining F = C + DA−1B, G = EA−1B and
c = EA−1b this results in

F
Tn+1 − Tn

∆tE
= GTn+1 + c, (4.32)

which can be rearranged as

Tn+1 = (F −G∆t)−1(FTn + c∆tE), (4.33)

where ∆tE is the time-step between updates of the surface energy budgets. Note
that the terms in c1 are based on the temperatures from the previous time-step.
This is necessary to avoid iteration over all facets during time integration, but
should be considered when choosing ∆tE.

Ground heat flux In this scheme the heat flux into the building interior or into
the ground (Gi) is analogous to the surface conductive heat flux and can be calculated
as

Gi = λ(zK)T ′
K . (4.34)
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4.4.1 Surface energy and water budget of vegetated surfaces

The surface energy budget of vegetated surfaces follows the description in section 4.4
very closely. Since no tall vegetation is currently being considered, we represented
vegetated surfaces as normal facets. The facet properties can be chosen accordingly,
e.g. green roofs are often thicker than conventional roofs and vegetation albedo
differs from building materials. To represent the additional roughness introduced by
vegetation z0 and zT can be adapted.
Additional to the terms in Eq (4.17) the latent heat flux E is being introduced:

Ki + Li(T0) +Hi(T0) + Ei(T0) +Gi(T0) = 0, (4.35)

The values of E are the time mean fluxes provided by the wall function for moisture
and are based on the surface properties from the previous time-step.
The soil moisture content is then updated according to the water balance of facets:

W n+1
G,i = max

(︃
0,W n

G,i + Ei

Lv
∆tE + P n

)︃
, (4.36)

where Lv is the latent heat of vaporization and P n is the additional water supply
during this time-step. Furthermore the terms for plant canopy resistances, soil resis-
tance and relative humidity at soil level used in the wall function for moisture (3.5.2)
are adjusted based on the new values of the green roof temperature, soil moisture
and radiation.

4.4.2 Integration into LES

The modified version of DALES, including immersed boundaries, wall functions and
the surface energy balance is called DALES-Urban. A schematic how the surface
energy balance is implemented can be seen in Fig 4.13. The calculation of the energy
and water budget is not done at every LES time-step (∆t), since the timescales
associated with the facets1 are generally much larger than the atmospheric ones.
The routines to update the energy balance are thus only invoked after several ∆t.
In every iteration of the main routines the surface fluxes are thus accumulated. If

1LES timescales are usually in the order of tenths of seconds while it takes roughly two minutes
to heat a 1cm thick layer of concrete by 1K assuming a high heat storage flux of 200W m-2.
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wall function momentum wall function temperature

wall function water

Init

thermodynamics

forcingstop / bottom boundaries

pressure

lateral boundaries

accumulate wall fluxes

time integration: t = tn+1
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calculate energy balance
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shortwave radiation

update facet temperatures,

soil moisture and canopy
resistances

subgrid processes

advection

immersed boundaries

Figure 4.13: Schematic of the main routines in DALES-Urban including the energy and water
balance of the surface facets.

between two energy balance time-steps m LES time-steps occur, the mean latent and
sensible heat fluxes during that time period can be calculated as

Ei = 1
∆tE

m∑︂
k=1

Ek
i ∆tk, (4.37)

Hi = 1
∆tE

m∑︂
k=1

Hk
i ∆tk. (4.38)

Further, the external forcings such as water supply (P ), solar irradiance (I), total
diffuse sky radiation (Dsky) and longwave sky radiation (L↓

sky) have to be known
for every energy balance time-step. After m time-steps the longwave and shortwave
budget are computed, the water budget is calculated according to Eq. (4.36) using
the values obtained from Eq. 4.37 & 4.38. The new facet temperatures are calculated
following Eq. (4.33) and subsequently the facet properties are updated accordingly.

4.4.3 Verification of the conductive heat flux and facet temper-

atures

To verify the proposed model to close the surface energy balance and obtain the wall
heat flux, an idealised case has been studied: a single wall with thickness d = 36 cm,
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uniform thermal conductivity λ = 0.615 W m-1 K-1 and thermal diffusivity κ =
2·10−7 m2 s-1. These material properties correspond to a generic brick wall. The inner
boundary of the wall was kept at a constant temperature TB=300K and an idealised
temperature flux corresponding to a mid-latitude summer day of φs = φ0 cos(ωt)
was applied to the surface, with φ0 = 5 · 10−5K m s-1 and earth angular velocity
ω ≈ 2π/(86400s). For such a case exists an analytical solution of the form:

T (z, t) = TB + φ0

κ

√︃κ
ω

exp
(︃

−z
√︃
ω

2κ

)︃
cos

(︃
ωt− z

√︃
ω

2κ − π

4

)︃
. (4.39)

Apart from comparing with the analytical solution, our wall model will be compared
to a conventional scheme based on second order finite difference method in space and
4th-order Runge-Kutta time integration method. The comparison was done in mat-
lab. The time series of the surface temperature and the temperature profiles inside
the wall can be seen in Figure 4.14. Using eight layers or more, both methods clearly
capture the temperature profile closely and give accurate estimations of the surface
temperatures. With fewer layers the new method performs better in predicting the
surface temperature, yet with less than four points (3 layers) the piecewise quadratic
splines don’t represent the internal temperature profile very well. The proposed
method works well and performs similar to a standard finite difference scheme but
allows us to directly impose the energy balance at the surface without interpolation
Figure 4.15(a) shows the relative root-mean-square errors of the surface temperature
(RMSE Ts) and the entire temperature profile (RMSE T ) over the course of one
day. The scheme is second order accurate in terms of spatial discretisation. For
large numbers of layers the error become basically constant, but small. This can be
explained by the fact that the analytical solution is only valid for an infinitely thick
wall and a small error is thus introduced at the interior side of the wall. This is also
supported by the fact that surface temperatures are captured more accurately than
the entire profile. The time integration is numerically stable and large time-steps
can be chosen. The root-mean-square errors depending on ∆t can be seen in 4.15(b).
The relationship is linear. The time required to solve the energy balance also de-
pends on the number of points as can be seen in Figure 4.16. The time constraint
comes from the matrix inversion or matrix left division which is computationally ex-
pensive for large matrices. The deviation from the linear relationship for very small
numbers of layers is caused by the large percentage of total execution time spent on
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overhead. The time spent on looping over the number of layers is small, while e.g.
the time for matlab to compile the script and allocate auxiliary variables remains
nearly unchanged.
From this analysis we recommend using four to eight points in a typical wall, since
less lead to inaccuracies and more increase the computational cost without providing
much benefit. While there is no clear constraint for the time intervals we can for
example choose that the typical temperature changes close to the surface are in the
order of ∆T = 1K for a given expected change of surface energy flux (φ′) within said
time interval. The penetration depth ∆d associated with the time ∆tE is given by

∆d =
√

2√︂
1

∆tEκ

(4.40)

We can then approximate the heat stored during time ∆tE and compare it to the
change in surface flux during that time:

∆T · A · ∆d · ρccc = A · φ′ · ρccc · ∆tE (4.41)

where A is an area and ρccc is the product of density and specific heat capacity of
the wall. These terms drop out and are just for clarification. Solving for ∆tE yields

∆tE = 2κ∆T 2

φ′2 (4.42)

For above wall properties and an estimate of φ′ = max(dφ0
dt

) · ∆tE that results in a
∆tE ≤ 3100s. For an LES case where wall fluxes vary more substantially in a short
time, the resulting timescales are ∆tE ≤ 360s.

4.5 Verification of the surface energy balance in

DALES-Urban

To study the behaviour of the surface energy balance in DALES-Urban a simple case
has been set up. The boundary conditions are periodic in x and y and a zero-flux
boundary is imposed at the top. The geometry and shading pattern are shown in
Figure 4.17. The focus here lies in the interaction of LES, wall function and surface
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Figure 4.14: Proposed method to calculate the wall heat flux and surface energy budget (full
lines) compared to a standard finite difference approach (dashed lines) and the analytical steady
state solution (black). a) Surface temperature evolution. b) Temperature profiles at midday.
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Figure 4.15: Relative root-mean-square error (E) of the method (see section 4.4) to calculate
ground heat flux for varying numbers of wall layers (a) and time-step (b).
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Figure 4.16: Runtime of the method (see section 4.4) to calculate ground heat flux for varying
numbers of wall layers.

(a) (b)

Figure 4.17: Geometry and shading of the surface energy balance test case. The facets are
coloured based on their type and orientation: Wall north Wall west Wall south Wall east

Floor Block south Block west Block top.

88



4.5 Verification of the surface energy balance in DALES-Urban

Table 4.2: Scenario parameters for the verification of the SEB in DALES-Urban. The solar
and radiation settings roughly correspond to Miami, Fl at 10:30 on July 25 (Jenkins, Thomas and
Bolivar-Mendoza, Gabriel, 2018). The material properties correspond to concrete (The Engineering
Toolbox, 2018).

Property Value
Domain size 72 × 72 × 72m
Solar elevation 45◦

Solar azimuth 90◦, E
I 750W m-2

Dsky 100W m-2

L↓
sky 200W m-2

Facet albedo 0.5
Facet emissivity 0.85
Nr. of wall layers 3
Wall thickness 3 × 0.1m
Road thickness 3 × 0.33m
Freestream velocity U 2m s-1

Building temp. 301K
Initial air temp. 300K

energy balance. The sensible heat flux H is calculated by the wall function at every
LES time-step (O(1s)) and the heat is added/removed from the fluid. This flux is
integrated between energy balance time-steps by using Eq. (4.38) with ∆tE = 300s.
For the boundary conditions chosen, the temperature change of the fluid has to equal
the total energy flux from the surface. Figure 4.18 shows that the sum of the sensible
heat fluxes from all facets indeed matches the internal energy change precisely. This
confirms that the heat fluxes from the wall are correctly added to the fluid cells in
DALES-Urban.
Figure 4.19(a) shows the temperature evolution of all facets. It is evident that the
temperatures will largely be influenced by the solar radiation, accordingly east-facing
facets are the warmest. Furthermore, one of the roof facets was given green roof
properties, resulting in lower surface temperatures and it clearly stands apart from
the other roofs. Figure 4.19(b) shows the surface fluxes of a single road facet. Net
shortwave radiation K is unchanged throughout the simulation and L only varies
slightly since most facets don’t experience a large surface temperature change. The
sensible heat flux H show fluctuations due to the turbulent nature of the flow. Figure
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4.5 Verification of the surface energy balance in DALES-Urban

Figure 4.18: Total accumulated heat flux from all facets (
∑︁
htot∆t) compared to the total energy

change in the air (i.e. air temperature, ∆Qatm) for the simulation case described in section 4.5.

4.19(b) also demonstrates that the net flux (K + L + H) matches the ground heat
flux / surface temperature gradient (λ∂Ts

∂z
) predicted by the energy balance, verifying

that the energy balance is correctly linked to the wall functions.

Comparison to MTEB The case presented in this section is very idealised and
is thus well suited to be studied with the MTEB model from chapter 2 as well.
Most of the parameters can be carried over directly. Solar/radiation properties, air
temperature and surface properties are identical to Table 4.2. To obtain the idealised
canyon geometry in MTEB we can consider the total area covered by buildings and
roads. This results in a building width b = 72 · (14 · 82)/(722) = 12.44m, canyon
width l = 72 − 12.44 = 59.56m and a building height h = 8m. The initial surface
temperatures in MTEB were chosen to be the mean of the corresponding facets
in DALES-Urban. The energy balance of the entire domain is determined by the
balance of the net shortwave and net longwave at the top. The effective albedo of
the morphology can be calculated in DALES-Urban since the absorbed shortwave
of all facets and the incoming shortwave at the top is known. Whereas all the
facets have an albedo of 0.5 the resulting effective albedo is ≈ 0.35 due to radiation
trapping. In MTEB the resulting effective albedo is 0.37 and thus in good agreement.
The net longwave on the other hand evolves during the simulations since the surface
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roof

west

east

north

south

(a) (b)

Figure 4.19: Temperature evolution of all building facets (a) and all the energy fluxes of a single
floor facet (b). Shown are initial values, the mean over the first 300s and the 300s-means leading
up to every full hour. For the simulation case described in section 4.5. The orientation of the facets
can be seen in Fig 4.17(a): ↦→ , ↦→ , ↦→ , ↦→ , ↦→ .

temperatures change. Figure 4.20 shows the total energy in the system over time
for both the DALES-Urban and MTEB runs. The canyon in MTEB does not have
a heat capacity, this leads to an initial jump of energy in the system at the start
of the simulation. Over time the two curves agree well. Since the two models are
completely independent this is a good indication that the surface scheme in DALES-
Urban produces plausible results.
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Figure 4.20: Comparison between DALES and MTEB of the total energy change of the air over
time.
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5
Demonstration of model capabilities

5.1 Introduction

To highlight the capabilities of the model developed in this dissertation, this chapter
discusses the effect the installation of a green roof on a single building has on the
local microclimate. Green roof installations are often considered to be beneficial for
the local climate and were a focus of the Blue-Green dream project. As part of
this project, a green roof was installed on an auxiliary building of Imperial College
London, called “Eastside”. Other PhD research projects are and were concerned with
the green roof performance, studying different vegetations or how to achieve better
integration of such building measures in architectural and planning processes. The
green roof is also instrumented with various measurement devices for atmospheric
and soil properties. A detailed validation of DALES-Urban against measurements is
beyond the scope of this thesis. “Eastside” nevertheless offers a good opportunity to
employ the new version of DALES-Urban and investigate the effect of a green roof
on the air flow and temperatures in its vicinity.

5.2 Case set-up

The test area is the Imperial College campus in South Kensington, London. The
green roof was installed on the “Eastside” building (see Fig. 5.1). The meteorological
conditions were those of 21st June 2017, the hottest day in Heathrow, London in 2017.
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5.2 Case set-up

Figure 5.1: Top: “Eastside” building (orange box) and surrounding in South Kensington, London
from Google Maps (2018). Bottom: LIDAR data of the same area from UK Environment Agency
(2018).

Air temperatures reached 35◦C at around 16:00h, wind was easterly and the sun was
at an elevation of 36◦ and an azimuth of 130◦ from north, counterclockwise.
Before the simulation the morphology input files had to be prepared. The building
heights were derived from geospatial data. All manipulations of vector data were
done with geographic information systems (SAGA GIS & QGIS), and the resulting
raster data was refined in MATLAB. Since building height geo-information is not
always available for free for all areas the building mask of the British Ordnance Sur-
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5.2 Case set-up

vey and 50cm resolution LIDAR data of the British Environment Agency (see Fig.
5.1) were used to obtain the building height (EDINA, 2018). Every building was
assigned a typical height h = 0.5(hmean + hmax), where hmean is the average height
of all the LIDAR pixels within a given building and hmax is the maximum height
of said building. The resulting structures thus have flat roofs and the heterogene-
ity that can exist on top of a single building is not captured. The selected area of
interest was then cropped and rasterised in the desired resolution. The rasterised
data of building heights can in fact be treated as a grayscale image and a MATLAB
routine was developed to automate the further image processing. Small gaps along
the building walls were closed, small objects and any pixel with only one neighbour
removed. Finally, depressions inside buildings (courtyards, etc.) were filled. The
result is shown in Figure 5.2. These modifications simplify the landscape and reduce
the number of blocks in the domain. A newer version of the pre-processing does not
fill large courtyards, since this is not strictly necessary. Yet, small depressions should
be removed since the circulation in such enclosures cannot be accurately represented
by the LES model.
The buildings were thereafter sliced as explained in section 4.2, the ground was pop-

ulated with road facets and a bounding wall was created. The results of this division
can be seen in Figure 5.3. View factors between the facets were then calculated and
stored. For simplicity all facets were assumed to have identical properties shown
in Table 5.1. The horizontal domain size is 960m×480m with a resolution of 2.5m
in each dimension. Vertically the grid was 2.5m within the canopy and gradually
stretched above to a total height of 768m, resulting in 384×192×192 grid points.
The simulation (10h) was run on 16 CPUs on a single workstation for ≈ 125 hours.
The lateral boundary conditions were periodic and 7 hours of neutral conditions were
simulated to allow the development of turbulence in the domain. The facets were ini-
tialised with outside temperatures corresponding to their radiative equilibrium and
a linear internal temperature profile. The radiative equilibrium temperatures are
generally too hot and for applied studies of the urban environment it is important
to consider these initial conditions carefully. It was assumed that unlimited water
for evaporation was available in the soil. The atmosphere was set to a uniform tem-
perature of 300K. The spin-up was then continued for an additional hour to allow
the development of thermal effects and convection. After 8 hours two simulations

95



5.2 Case set-up

Figure 5.2: Original gridded topography (top) and after refinement (bottom). 2.5m resolution of
a 960m x 480m area (384×192 pixels).

Wall properties
z0 [m] zT [m] α ϵ d [m] ρcp [ J

m3K ] λ [ W
mK ] κ [m2

s ]
0.05 0.00035 0.5 0.85 3×0.12 2.5 · 106 1 4 · 10−7

Table 5.1: Wall properties of facets in the “Eastside” simulation. The defined material properties
corresponds to concrete (Asadi et al., 2018, The Engineering Toolbox, 2018).
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5.2 Case set-up

(a)

(b)

Figure 5.3: Morphology of South Kensington Campus and surroundings divided into building
blocks and overlaid over aerial image.

with and without green roof on “Eastside” were run for an additional hour and then
compared.
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5.3 Results

Figure 5.4: Domain averaged temperature evolution.

(a) (b)

Figure 5.5: a) Time and horizontally averaged u-velocity profile for the “Eastside” simulations
with and without green roof. b) Time and horizontally averaged temperature profiles.

5.3 Results

Wind It is to be noted that due to the nature of the simulations differences in
velocities and scalar quantities can be caused by a number of effects and not just
the direct presence of the green roof. The slight perturbation of the initial and
boundary conditions can lead to substantial differences after some time and due
to the strongly coupled nature of the system complex flow patterns can emerge
and turbulent structures can persist for a prolonged period. Furthermore transient
processes are present, driven by the slow warming of the entire domain. In Figure 5.4
we can see how the average fluid temperature evolves over time. Since the simulations
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were periodic in the x- and y-dimension the total amount of energy in the domain
increases over time. This is caused by the overall positive radiative energy balance
at the surface. The mean quantities of the simulations will consequently evolve over
time and ideally ensembles runs would be studied for better statistics. Figure 5.5
shows the time and horizontally averaged u-velocity and temperature profiles for the
two runs. It is evident that the presence of the green roof does neither affect the
average velocities nor the average temperature in any substantial way, as can be
expected. The mean temperatures in the urban canopy even appear to be slightly
elevated whereas the temperatures above the obstacles are marginally lower. This
could be caused by reduced mixing. Yet, the difference is minuscule and cannot be
attributed to the green roof without any further investigation.
Figure 5.6(a) shows the streamlines of the u and w components of the velocity field
for the simulation with a conventional roof. In slice 2 in the centre of the “Eastside”
building a clear recirculation area can be identified on the leeward side of the build-
ing. On the northern edge the recirculation zone is pressed against the building, while
it moves away from the building and dissolves completely on the southern end. This
is caused by a slightly northerly wind in the building wake leading to diverging flow
on the southern side and a complete breakup of the recirculation there. This effect
is somewhat more pronounced in the simulation with green roof (Fig 5.6(b)). In this
case the streamlines of slice 1 all skim over the building downstream of “Eastside”.
In addition to the streamlines, the w-velocity differences between the two cases are
shown as contour slices. The vertical velocities at the southern end are more positive
for the green roof case, whereas w is generally more negative at building height an
below on slice 3. In the simulation with green roof the flow thus exhibits stronger
convergence in the northern part of the courtyard and correspondingly stronger di-
vergence on the southern end. However, this effect is most likely not directly caused
by the green roof. Larger scale flow patterns dominate over the localised roughness
and buoyancy effects of the vegetation. The large impact of both corners and the
alignment of buildings and gaps on the flow demonstrates that air flow around 3D
structures is complex and that CFD models are necessary to accurately capture the
flow in an urban environment. Indeed, the flow cannot be categorised as one of the
three canonical flow regimes for uniformly spaced buildings (isolated roughness flow,
wake interference flow and skimming flow; Oke (1988)).
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5.3 Results

In Figure 5.7(a) the one hour mean u velocity profiles upstream, on top and down-
stream of “Eastside” are shown. The profiles are generally very similar. The differ-
ences in the approaching flow are difficult to interpret and likely only indirect effects
of the green roof as mentioned in the initial sentences of this paragraph. Also the
fact that the green roof is rougher is not clearly evident. This is also not to be
expected, since the roof is simply to short for the flow to lose a considerable amount
of momentum. Comparing the three profiles at location c) gives another view on
the flow pattern in the building wake. In profile 1c the u velocities are near zero.
Profile 2c reveals the clear recirculation, with a u > 0 reverse flow close to the bot-
tom. Whereas 3c exhibits negative u-velocities throughout the building wake, with
slightly higher velocities for the green roof case.

Air temperature and humidity While cooler roof temperatures can be signif-
icant for indoor climate, most of the outdoor activities take place on street level.
LES is ideal to study how the air from above the roofs is transported and mixed
throughout the atmosphere. In Figure 5.7(b) the one hour mean temperature pro-
files upstream, on top and downstream of the “Eastside” are shown. All profiles
clearly show convective conditions, with the warmest temperatures closer to the
surface. The green roof case shows a constant mean temperature or even a small
decrease from location a to b on the lowest level (1.25m above the roof). This indi-
cates that the heat flux from the vegetated surface is smaller than the average the
approaching flow previously encountered. The conventional roof on the other hand
generally shows an increase from location a to b in temperature of the first level.
Figure 5.8(a) shows the difference between one-hour means of the temperature fields
from a simulation with and without the green roof. It is evident that air tempera-
tures change much less than the 10K change of the facet temperatures, even directly
above the vegetated surface. The time an air parcel takes to pass over the area is in
the order of seconds, limiting the amount of heat that can be exchanged. Maximum
air temperature reductions are thus in the order of 1K. Most of the temperature
reduction is focused downstream of the roof at roof elevation. Vertical mixing in
the building wake leads to temperature reductions of 0.2-0.3K on street level. The
temperature difference on and before the northern leading edge of the green roof is
likely either caused due to the periodicity of the system or different time averaged
flow behaviour between the two simulations. When studying human comfort humid-
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(a) Streamlines conventional roof

(b) Streamlines green roof & ∆w

Figure 5.6: a) Streamlines of the (u,w) velocity field for the simulation with conventional roof.
The locations of the velocity profiles in Figure 5.7 are marked in red. b) Streamlines (u,w) for the
simulation with green roof and contours for vertical velocity differences (wGR −wconv.). “Eastside”
building coloured in darker grey.
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5.3 Results

 Downstream  Downstream

(a) Velocity profiles

 Downstream  Downstream

(b) Temperature profiles

Figure 5.7: a) Mean velocity profiles at nine locations around the “Eastside” building. The three
profiles in the same row form a group: upstream, on top and downstream of the building. b) Mean
temperature profiles at the same locations. The locations of the profiles can be seen in Figure
5.6(a).
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ity plays an important factor as well. Figure 5.8(b) shows the difference between
one-hour means of the specific humidity field from a simulation with and without
the green roof. We can observe clear downward mixing in the building wake. Since
there is no other humidity source in the domain, the humidity difference can be at-
tributed entirely to the presence of the green roof. On street level a mean increase
in specific humidity of 0.01g kg-1 – 0.1g kg-1 can be observed. This corresponds to a
almost insignificant difference in relative humidity, since at 30◦C a relative humidity
change of 1% equals a specific humidity change of ≈0.3g kg-1.

Facet temperatures Facet temperatures at the end of the simulation are visu-
alised in Figure 5.9(a). Temperature maxima occur in west and south facing walls
exposed to the sun, with temperatures up to 335K or 62◦C. North and East facing
facets on the other hand are close to the air temperature of ≈ 303K (not visible).
While roofs are exposed to a large shortwave forcing, the sensible heat flux is usually
larger than for vertical surfaces due to the higher tangential wind velocities, leading
to somewhat cooler surfaces. The green roof stands clearly apart from other roofs;
the temperature remains also very close to the air temperature even though it is
directly exposed to the sun. The resulting latent heat flux from soil and vegetation
leads to a surface temperature reduction of ≈ 10K. This can also be seen when
comparing the internal temperature profiles of a simulation with and without green
roof in Figure 5.9(b). The temperature profiles between the four resolved points
were reconstructed following Eq. 4.22. From Figure 5.9(b) it is also evident that the
initial temperatures of the roofs were chosen too high and the roof has been cooling
down over time highlighting the importance of accurate initial conditions. Yet, this
is nearly impossible to avoid since the internal temperature profiles are usually not
known and depend on past environmental conditions due to their long associated
timescale.

Figure 5.10 shows the temperature evolution and surface energy fluxes of the “East-
side” roof for both cases. The surface temperatures of both the conventional and
green roof decrease over the course of the simulation. The temperature reduction
is largely driven by the latent heat flux (E) and by the sensible heat flux (H) for
the green and the conventional roof, respectively. For the green roof the radiative
fluxes on the facet surface almost balance. Net shortwave radiation (Knet) does not
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(a) Temperature difference TGR − T

(b) Specific humidity difference qGR − q

Figure 5.8: Three vertical and one horizontal slices through difference between one-hour means of
simulations with (TGR, qGR) and without green roof (T, q). “Eastside” building coloured in darker
grey.
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(a) Facet temperatures

green roof

conventional roof

atmosphere

(b) Temperature profiles in roofs

Figure 5.9: a) “Eastside” building and surrounding with building facets coloured based on their
surface temperature. Floors are not colored for clarity, grey surfaces are building internal. View
from direction of the sun. b) Internal roof temperature profiles for simulations with and without
green roof on the “Eastside” building. The roof coordinate is the reverse of the depth z defined in
Fig 4.12. It points from the roof interior to the outside.
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change during the simulation, since the solar position does not change. There is a
minute shift in incoming longwave radiation (Lin) due to the temperature change
of surrounding facets. However, only a tiny fraction of the field of view of a roof
facet on “Eastside” is occupied by other facets; the sky constitutes the largest part.
The magnitude of the emitted longwave (Lout) follows the Stefan-Boltzmann law
and decreases along with the facet temperature. The remaining three fluxes are the
surface conductive heat flux (λ∂Ts

∂z
), the sensible and the latent heat flux. These

three fluxes vary more substantially on short timescales. The surface energy balance
was calculated every ten seconds and thus the turbulent fluctuations of the sensible
and latent heat flux can still be distinguished. For the green roof the sensible heat
flux is relatively small, since the temperature difference to the air is minor. The net
energy loss that leads to the cooling is thus caused by evapotranspiration from the
vegetation. The latent heat flux is also a function of the temperature difference to
the air and we can see a decline over time. For the conventional roof the radiative
fluxes are close to balance as well, but no evapotranspiration is possible and E = 0.
The strong temperature difference initially leads to very large sensible heat fluxes.
The large temperature gradient within the roof further causes substantial heat con-
duction into the roof. As the surface cools down these fluxes also taper off.
In Table 5.2 the surface energy fluxes of the green roof at the end of the simulation
are listed together with values from the literature. The value of the incoming long-
wave radiation appears to be somewhat small compared to Feng et al. (FENG, 2010)
and presumably also compared to Heusinger & Weber (HEU, 2017). The site stud-
ied by HEU was located in Berlin Brandenburg Airport, Germany, and the summer
shortwave radiation is thus comparable to London. However they report a net radi-
ation of 350W m-2 contrasting the 82.5W m-2 on “Eastside”. The sensible and latent
heat fluxes are similar to the values found by FENG for a well irrigated extensive
green roof. HEU on the other hand measure over a prolonged time in summer and
water was not always available, the latent heat flux is thus small and the Bowen ratio
(β = H/E) is also > 1. However, in general one expects an irrigated green roof to
have β < 1 (e.g. Cirkel et al., 2018). The ground heat flux is comparable and gen-
erally relatively small. The residual heat flux leads to a temperature change of the
roof. Since the facets of “Eastside” were initially quite hot, the residual is negative
and the green roof cools down. This is not to be expected at the warmest point of
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Green

(a)

Conv.

(b)

Figure 5.10: a) temperature evolution of a green roof facet and the corresponding surface energy
fluxes. b) temperature evolution of a conventional roof facet and the corresponding surface energy
fluxes. The markers are for the sake of clarity, the data was plotted every 10s and the markers do
not correspond to particular data points.

the day as also clearly illustrated by the positive residuals in HEU and FENG.
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Table 5.2: Energy fluxes of the green roof at the end of “Eastside” simulation compared to
values from the literature. All values in W m-2.1 Heusinger & Weber (2017) only give the total net
radiation, including Lnet.

Knet Lin Lout H E G residual
DALES-Urban 314.5 171.2 -403.2 -0.2 -163.5 -9.8 -91
Feng et al. (2010) 390 445 -500 -28 -139 -23 145
Heusinger & Weber (2017) 3501 - - -190 -70 -30 60
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6
Conclusion & recommendations

The aims of this thesis were to develop the capabilities to predict the effect of vegeta-
tion on the urban microclimate. In particular the creation of an integrated modelling
tool for urban planning and the extension of LES for urban applications; including
radiation, wall fluxes, vegetation and heat storage. This chapter is organised as fol-
lows. Section 6.1 contains a summary of the work presented in this thesis. Section
6.2 provides some lessons learned and recommendations for modelling the urban en-
vironment and in section 6.3 ongoing and possible further work on the models is
discussed. Finally, the thesis closes with the acknowledgments 6.4.

6.1 Contributions

Population growth and climate change forces cities to prepare for water scarcity
and heat spells (IPCC, 2014), posing severe threats to future health and stability
of cities. These problems are related to the urban heat island (UHI) effect, caused
by difference of radiation, anthropogenic heating and material between rural and
urban environments (Oke, 1982, Rosenzweig et al., 2015). Greening of façades
and roofs can potentially mitigate the urban heat island effect (Getter & Rowe,
2006, Castleton et al., 2010, Santamouris, 2014). High resolution modelling tools to
predict the effects of mitigation strategies are not commonly available as of yet, as
a large number of scales and physical processes are involved in the formation of the
urban microclimate. In this thesis my work on developing modelling tools to assess
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the impact of vegetation on the urban climate has been documented. Two models
were modified to include many relevant processes of the urban environment. Below
a summary of each chapter is presented and how the work relates to the objectives
listed in section 1.7

Chapter 2 focused on evaluating the effect of evaporative cooling on outdoor air
temperatures in an urban environment on a neighbourhood scale. For this purpose
the urban energy balance model TEB (Masson, 2000) was extended to include an
atmospheric surface layer and a green roof representation. The new model MTEB
(Suter et al., 2017) can be used to quickly study a large variety of different urban
structures, green roof surface covers and meteorological conditions. Specifically,
it can be examined how the temperature reduction through green roofs relates to
the evaporation rates and water availability. MTEB is well suited to be run as an
integrated model and to assess the effect of vegetation on the local temperature on
a neighbourhood scale.

Chapter 3 describes the large eddy simulation model DALES and how morpho-
logic elements are handled. To study small scale urban features and local effects the
UEB approach from chapter 2 is ill-suited. A defining aspect of the urban microcli-
mate is that on small scales the turbulent nature of the atmosphere and the details
of the urban structure and fabric are of great importance. Turbulence is a major
contributor to fluxes of momentum, energy, moisture and other scalar quantities.
Turbulence itself on the other hand is very heterogeneous and depends strongly on
the local morphology and temperature distribution. For these reasons the estab-
lished Dutch Atmospheric Large Eddy Simulation tool (Heus et al., 2010, Tomas
et al., 2015) was adapted for urban applications (DALES-Urban). The governing
equations and numerical discretisation follow the original DALES. To study the ef-
fect of green infrastructure the effect of heat and moisture exchange is of particular
interest, and wall functions were introduced into DALES to model scalar and mo-
mentum exchanges at horizontal and vertical surfaces based on work by Uno et al.
(1995), who consider different surface roughnesses for momentum and heat. A mod-
ified Jarvis-Stewart approach was used to model evapotranspiration from vegetated
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surfaces and the transport of water trough plants. This method can be combined
seamlessly with the transfer coefficients from the standard wall function. Differ-
ent building materials and surface roughnesses can be represented by changing the
momentum and heat roughness lengths.

Chapter 4 documents the treatment of radiation, the calculation of ground heat
flux and the surface energy balance. Urban surfaces experience a large spatial and
temporal variability in surface temperatures and fluxes, especially in heterogeneous
terrain. To better account for these effects in DALES-Urban, all surfaces are di-
vided into several smaller facets based on the urban morphology. Facets represent
all types of surfaces of the urban landscape, such as roofs, walls, roads and green
roofs. The properties of every facet, needed for the wall function and energy bal-
ance calculation, are assigned individually according to the surface they represent.
To calculate radiative exchange we followed the radiosity approach of Rao & Sastri
(1996). Long- and shortwave radiative exchange processes between facets are based
on view factors which can be calculated and stored prior to LES simulations. To
account for the effect of the extending urban landscape outside the model domain a
bounding wall was introduced. The incoming solar radiation is being evaluated for
every facet depending on its orientation to the sun and the shadowing through other
buildings. The effects of shadowing and blocked view between facets is considered by
determining a percentage pb the facets can see of each other. To calculate the tem-
perature evolution of surfaces, every facet is divided into multiple layers. A model
for ground heat flux where the temperature and temperature gradient are collocated
was developed. The method is related to Hermitian interpolation (Peyret & Taylor,
2012, Van Reeuwijk, 2007). This method provides the surface temperature which is
needed for the calculation of longwave radiation, allows the use wall functions and
is simultaneously suited to close the surface energy budget. Thus, heat storage and
thermal inertia, important aspects of the UHI, can be reliably represented in the
DALES-Urban framework. Furthermore the information about ground heat flux al-
lows to estimate the energy consumption for heating or cooling the building interiors
and therefore estimates of the heat release through HVAC are also possible.

In Chapter 5 an application of the model was demonstrated through the inves-
tigation of a single green roof on the “Eastside” building during a hot summer day.
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Prior to the simulation the pre-processing steps to obtain the urban morphology
from LIDAR data and the creation of all the urban facets are shown. This test case
clearly highlights the capabilities for future investigation of the urban microclimate
with the newly developed model. DALES-Urban offers 3D velocity, temperature,
humidity and passive scalar fields in a high temporal resolution. Furthermore for
every facet the surface energy fluxes, the layer temperatures and layer temperatures
gradients are available. All this information is relevant to investigate the UHI and
the urban microclimate in detail.

6.2 Conclusions

The aim of this dissertations was to explore the impact of green infrastructure on
the urban microclimate. The results of chapter 2, which was based on the MTEB
model, revealed a linear relationship between air temperature and evaporation rates.
This relation shows that green roofs have a limited capability to reduce the UHI,
unless very large quantities of water are being evaporated. Indeed, water availability
appears to be the limiting factor in general. For London, with a mean summer pre-
cipitation of about 1.5mm day-1, we find an average temperature reduction of 0.4K
if all the water above urban areas could be retained and evaporated. Green roofs
further appear to be rather inefficient in reducing mean street level air temperatures
directly. These findings agree with values from the literature. Green walls could not
be studied but are being considered by a MSc student (Thorgeirsson, 2018). It can
be expected that these are much more efficient in reducing street level temperatures
as they are situated in the street canyons rather than on the roof.
DALES-Urban was used in chapter 5 to simulate the effect on the microclimate of a
green roof on the “Eastside” building in the South Kensington area. The presence
of a green roof leads to an air temperature reduction of ≈ 0.5K in the direct vicinity
of the roof. Downstream the effect is quickly diluted and road level temperatures
in the recirculation area of the building are lowered by ≈ 0.1K. Specific humidity
is elevated by a marginal amount (≈ 0.05g kg-1) in the recirculation area due to
evapotranspiration from the vegetation. These results corroborate that the effect of
a small green roof area on the local microclimate is rather limited, both in terms of
magnitude and in its area of influence.

112



6.3 Future work

This dissertation clearly demonstrates that a one-size-fits all model does not exist.
Depending on the intended use of a model, different modelling strategies will be
required. Urban planners need models that provide nearly real-time feedback which
makes models like MTEB very attractive, as it is able to provide reasonably accurate
predictions within a very short time. LES is on the other side of the spectrum. It is
computationally expensive, but provides unprecedented spatial and temporal detail
to the predictions. A simulation technique which sits between these two extremes
is RANS, which models the turbulence entirely and considers average flow fields
only. Hence, RANS is much less computationally expensive and often used to study
flow around buildings (Blocken, 2018). However, for transient and unsteady prob-
lems LES is better suited, including problems like personal exposure (Nielsen, 2015).
Overall the performance of LES should be superior to RANS simulations, producing
more accurate and reliable results. However, there is as of yet a lack of best prac-
tice guidelines for obstacle resolving LES, concerning sub-grid models, in/out-flow
conditions, grid resolution etc. (Blocken & Gualtieri, 2012, Blocken, 2018, Gousseau
et al., 2013).
It is crucial that detailed field data is collected that can be used to validate LES
studies. The “Eastside” building was fully instrumented, but the main focus was on
the green roof itself. As a consequence, only basic local meteorological information
is available which can be expected to make it hard to constrain the data. This is
particularly true since DALES-Urban is spatially and temporally resolved. Indeed,
appropriate selection of the boundary conditions is crucial as these can strongly af-
fect the local microclimate. Point measurements are insufficient to constrain the
data, and measurements techniques like LIDAR are extremely helpful for validation
purposes. The measurements should be augmented by detailed radiation measure-
ments to determine surface fluxes and temperatures. Imaging techniques like infrared
imaging could be of use.

6.3 Future work

Considerable effort was invested in making sure that all the model parts of DALES
work as intended and are combined in a functioning model. Nevertheless, no full
validation of the entire model against measurements and observations has been
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done to date. A green roof is installed and instrumented on the “Eastside” building,
offering an ideal validation case. The extent of such a task was unfortunately not
achievable within the time-constraints of a single PhD. It is thus important that a
careful validation is carried out. Furthermore, it would be extremely valuable to test
the sensitivity of the model to various input parameters such as building materials,
roughness lengths or the dependence of the building shapes on the grid size.
The capabilities developed in this dissertation allow for systematic investigation of
a large variety of interesting urban phenomena: 1) the effect of the installation of
green roofs and green walls on the local microclimate; 2) the urban microclimate
in general, the effect of shading, albedo changes, turbulent structures in the urban
boundary layer and suburban-urban transition; 3) the effects of thermal inertia on
temperatures and the urban heat island effect.
Although not the focus of this work, the model can also be used to investigate
urban dispersion of active and passive substances (Grylls et al., 2019). The current
development was realised with studying hot and dry summer conditions in mind.
Therefore, many important processes for other climatic and weather conditions are
not considered. There are many opportunities to extend the model, some of which
are currently pursued in my group at Imperial College. The introduction of tall
vegetation such as trees is very interesting since trees are often discussed as possible
remedies against exceedingly hot temperatures. In LES trees are a challenge, since
they not only affect the radiative transfer, act as heat, moisture and momentum
sources/sinks, but also affect the local turbulence. Another extension might be the
inclusion of open water surfaces such as ponds, lakes and rivers. Such surfaces can
be included in the current framework of urban facets and solely introducing a wall
function describing the exchange processes might suffice.
Another extremely interesting aspect of urban climate is air conditioning. Especially
during hot summer days heat exhaust from AC units could potentially contribute
significantly to local peak outdoor temperatures. With the current wall model
energy demand of ACs could for example be estimated depending on the wall heat
flux. Some of the potential extensions of DALES are shown in Fig. 6.1. Some
of these extensions might improve existing features, such as adding a model for
soil moisture might more accurately predict the long-term behaviour of vegetated
surfaces, especially under conditions where water is less readily available. If building
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1

2

3

5

4

6

Figure 6.1: Processes that are potentially desirable to be implemented into DALES in the
future: 1) Heating, ventilation and air conditioning (HVAC), 2) tall vegetation and trees, 3)
model for soil moisture, 4) open water surfaces, 5) indoor climate and building energy balance,
6) radiation transmission and specular reflections.

energy balances are to be studied the inclusion of windows as semi-transparent
surfaces is to be considered. MTEB also still offers many interesting future
applications. Although other UEB models might already include more details of
the urban environment, the relative simplicity of MTEB can be of great use when
trying to understand the interplay of processes. It is also extremely helpful to have
a fast model at hand to obtain estimates used for urban planning. Such estimates
can further be compared to simulation results from DALES. Some future extensions
to MTEB could include the implementation of HVAC, green walls or tall vegetation.
It has to be concluded that studying the urban climate remains challenging and
fascinating in the future. With computational advances offering the power to model
ever more processes in greater detail. Urbanisation and climate change will continue
to urge us to better understand the climate of cities. I am personally looking
forward to future modelling and field research in this area and hope that my work
contributes to its progress.
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A
View factor calculation

A.1 Contour integration for view factors between

two finite areas

By employing Stokes’ theorem the area integrals for view factor (Eq. (4.2)) can be
transferred to contour integrals. The significant advantage of this transformation is
the reduction of integrations that need to be carried out from four to two. Following
Howell et al. (2010) Stokes’ theorem in three dimensions can be expressed as

∮︂
Ci

Pdx+Qdy +Rdz = (A.1)∫︂
Ai

[︄
cosα

(︄
∂R

∂y
− ∂Q

∂z

)︄
+ cos β

(︄
∂P

∂z
− ∂R

∂x

)︄
+ cos γ

(︄
∂Q

∂x
− ∂P

∂y

)︄]︄
dAi

where P , Q and R are twice differentiable functions and α, β and γ are the angles
between the axes and the local surface normal (see Fig. 4.5). The view factor between
a differential area element di and a finite area j is defined as:

ψdi,j =
∫︂

Aj

cos θi cos θj

πS2 dAj. (A.2)
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The integrand in Eq. (A.2) is (cos θi cos θj/(πS2))dAj. Using vector geometry the
two cosines can be expressed as:

cos θi =xj − xi

S
cosαi + yj − yi

S
cos βi + zj − zi

S
cos γi (A.3)

cos θj =xi − xj

S
cosαj + yi − yj

S
cos βj + zi − zj

S
cos γj. (A.4)

Substituting (A.3) and (A.4) into (A.2) gives:

ψdi,j =
∫︂

Aj
S−4((xj − xi) cosαi + (yj − yi) cos βi + (zj − zi) cos γi) (A.5)

×((xi − xj) cosαj + (yi − yj) cos βj + (zi − zj) cos γj) dAj.

Let

l = cosα, m = cos β, n = cos γ,

f =(xj − xi)li + (yj − yi)mi + (zj − zi)ni

πS4 .

Equation (A.5) can then be written as:

ψdi,j =
∫︂

Aj
(xi − xj)flj + (yi − yj)fmj + (zi − zj)fnj dAj. (A.6)

Comparing Eq. (A.6) to the right-hand side of Eq. (A.1) Sparrow (1963) found

P =−mi(zj − zi) + ni(yj − yi)
2πS2 ,

Q = li(zj − zi) − ni(xj − xi)
2πS2 ,

R =−li(yj − yi) +mi(xj − xi)
2πS2 .

Using Stokes’ Theorem ψdi,j is then given by

ψdi,j =
∮︂

Cj

(Pdxj +Qdyj +Rdzj) . (A.7)
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The view factor between the two finite areas i and j is related to ψdi,j via

Aiψi,j =
∫︂

Ai

ψdi,j dAi, (A.8)

= 1
2π

∮︂
Cj

[︄∫︂
Ai

−mi(zj − zi) + ni(yj − yi)
S2 dAi

]︄
dxj (A.9)

+ 1
2π

∮︂
Cj

[︄∫︂
Ai

li(zj − zi) − ni(xj − xi)
S2 dAi

]︄
dyj

+ 1
2π

∮︂
Cj

[︄∫︂
Ai

−li(yj − yi) +mi(xj − xi)
S2 dAi

]︄
dzj.

Stokes’ theorem can again be applied on each of the area integrals in Eq. (A.9).
Suitable solutions following Sparrow & Cess (1978) are P = lnS, Q = 0, R = 0. The
view factor ψi,j can then be calculated according to

ψi,j = 1
2πAi

∮︂
Cj

[︃∮︂
Ci

lnSdxi

]︃
dxj (A.10)

+ 1
2πAi

∮︂
Cj

[︃∮︂
Ci

lnSdyi

]︃
dyj

+ 1
2πAi

∮︂
Cj

[︃∮︂
Ci

lnSdzi

]︃
dzj,

or more compactly

ψi,j = 1
2πAi

∮︂
Ci

∮︂
Cj

[lnSdxjdxi + lnSdyjdyi + lnSdjdi] . (A.11)

A.2 Gauss - Legendre quadrature

Quadrature is used in numerical analysis to approximate the integral of a function f
over an integration domain [a, b]. For this the integration domain is commonly first
changed to [−1, 1] according to:

∫︂ b

a
f(x)dx =b− a

2

∫︂ 1

−1
f

(︄
b− a

2 x+ a+ b

2

)︄
dx (A.12)

Gauss-Legendre quadrature assumes that f(x) can be expressed as g(x) multiplied
by a weight function w(x):

∫︂ 1

−1
f(x)dx ≈

∫︂ 1

−1
w(x)g(x)dx, (A.13)
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where g(x) is approximately polynomial. The quadrature rule can then be written
as

∫︂ 1

−1
w(x)g(x)dx =

n∑︂
i

wig(xi), (A.14)

where xi are the nodes and wi are the quadrature weights. Equation (A.14) contains
2n free parameters and we can choose wi and xi such that the integral of g, were it a
polynomial of degree 2n− 1, could be evaluated exactly. For this the nodes x1, .., xn

should be chosen to be the roots of the degree-n Legendre polynomial Pn(x) and the
weights are then given by

wi =
∫︂ 1

−1

n∏︂
k=1,k ̸=i

x− xi

xk − xi

dx. (A.15)

The Legendre polynomials can be defined via the recursive relation:

Pn+1(x) =2n+ 1
n+ 1 xPn(x) − n

n+ 1Pn−1(x), with P0(x) = 1, P1(x) = x (A.16)

Roots and weights for Gauss - Legendre quadrature are readily available in the
literature, e.g. Lowan et al. (1942).

A.3 Analytical solutions for view factors

For certain configurations of planar surfaces i and j the view factors can be calculated
analytically Wu (1995), Howell (2018). Some analytical solutions were compared to
numerical ones in section 4.3.4 to verify the numerical computation. The formulae
for all cases shown in Figure A.1 are given below, where the cases are numbered left
to right, top to bottom.

Case 1 represent the solution for two identical, parallel, directly opposed rectan-
gles. The view factor ψi,j is calculated between the surfaces i and j, which both
have the dimensions y1 × z1 and are separated by a distance x1. In this situation
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Figure A.1: Relevant geometries for which analytical solutions for view factors are known.
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ψi,j = ψj,i, since the area of i and j are identical and ψi,j is given by:

a = z1

x1
, b = y1

x1

ψi,j =F1(x1, y1, z1) (A.17)

= 2
πab

⎡⎣ln
√︄

(1 + a2)(1 + b2)
1 + a2 + b2 + a

√
1 + b2 arctan a√

1 + b2

+b
√

1 + a2 arctan b√
1 + a2

− a arctan a− b arctan b
⎤⎦ .

Case 2 represent the solution for two parallel rectangles with one side of equal
length and one “common” edge. The solutions for cases 2-5 can be derived using the
additive and reciprocal rules (Eq. (4.4) & (4.3)) together with the analytical solution
for case 1.

ψi,j =F2(x1, y1, z1, z2) (A.18)

= 1
2y1z1

[y1(z1 + z2)F1(x1, y1, z1 + z2)

− y1z1F1(x1, y1, z1) − y1z2F1(x1, y1, z2)] .

Case 3 represent the solution for two parallel rectangles with one side of equal
length.

ψi,j =F3(x1, y1, z1, z2, z3) (A.19)

=z1 + z2 + z3

z1
F1(x1, y1, z1 + z2 + z3)

− F1(x1, y1, z1) − F2(x1, y1, z1, z2)

− z2 + z3

z1
[F1(x1, y1, z2 + z3) + F2(x1, y1, z2 + z3, z1)] .

138



View factor calculation

Case 4 represent the solution for two parallel rectangles with one “common” cor-
ner.

ψi,j =F4(x1, y1, y2, z1, z2) (A.20)

= 1
2y1z1

[(y1 + y2)(z1 + z2)F1(x1, y1 + y2, z1 + z2)

− (y1 + y2)z1F1(x1, y1 + y2, z1)

− (y1 + y2)z2F1(x1, y1 + y2, z2)

− (y1 + y2)z2F2(x1, y1 + y2, z2, z1)

− y1z1F2(x1, y1, z1, z2)

−y2z1F2(x1, y2, z1, z2)] .

Case 5 represent the solution for two parallel rectangles with arbitrary size and
separation. With these 5 solutions all view factors between parallel rectangles can
be calculated and the following cases deal with surfaces on perpendicular planes.

ψi,j =F5(x1, y1, y2, y3, z1, z2, z3) (A.21)

=F4(x1, y1, y2 + y3, z1, z2 + z3) − F4(x1, y1, y2 + y3, z1, z2)

− F4(x1, y2, y2, z1, z2 + z3) − F4(x1, y1, y2, z1, z2).
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View factor calculation

Case 6 represent the solution for orthogonal rectangles with one side of equal
length and a common edge.

a =z1

y1
, b = x1

y1

ψi,j =F6(x1, y1, z1) (A.22)

= 1
πa

⎧⎨⎩a arctan 1
a

+ b arctan 1
b

−
√
a2 + b2 arctan 1√

a2 + b2

+ 1
4 log

[︄
(1 + a2)(1 + b2)

(1 + a2 + b2)

×
(︄
a2(1 + a2 + b2)

(1 + a2)(a2 + b2)

)︄a2

×
(︄
b2(1 + b2 + a2)

(1 + b2)(b2 + a2)

)︄b2⎤⎦⎫⎬⎭ .
Case 7 represent the solution for orthogonal rectangles with one side of equal
length. This and the following two solution can be derived using the additive and
reciprocal rules together with the analytical solution for case 6.

ψi,j =F7(x1, x2, y1, z1, z2) (A.23)

= 1
x1y1

[y1(x1 + x2)F6(x1 + x2, y1, z1 + z2)

− y1(x1 + x2)F6(x1 + x2, y1, z1) − x2y1F6(x2, y1, z1 + z2)] .

Case 8 represent the solution for orthogonal rectangles with one common corner.

ψi,j =F8(x1, y1, y2, z1) (A.24)

= 1
2x1y1

[(y1 + y2)x1F6(x1, y1 + y2, z1)

− x1y1F6(x1, y1, z1) − x1y2F6(x1, y2, z1)] .
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View factor calculation

Case 9 represent the solution for orthogonal rectangles of arbitrary size and sepa-
ration.

ψi,j =F9(x1, x2, y1, y2, y3, z1, z2) (A.25)

=z1 + z2

z1
[F8(x1 + x2, y1, y2 + y3, z1 + z2)

− F8(x1 + x2, y1, y2, z1 + z2) − F8(x1, y1, y2 + y3, z1 + z2) + F8(x1, y1, y2, z1 + z2)]

+ z2

z1
[F8(x1 + x2, y1, y2 + y3, z2)

− F8(x1, y1, y2 + y3, z2) − F8(x1 + x2, y1, y2, z2) + F8(x1, y1, y2, z2)] .
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