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Abstract  

This PhD project is concerned with fatigue crack nucleation in a range of superalloys, including single, 

oligo, and polycrystalline. An integrated experimental, characterization and computational crystal 

plasticity study of cyclic plastic beam loading has been carried out on these alloys in order to assess 

quantitatively the mechanistic drivers for fatigue crack nucleation.  

The experimentally validated modelling provides knowledge of key microstructural quantities 

(accumulated slip, stress and GND density) at experimentally observed fatigue crack nucleation sites 

and it is shown that while each of these quantities is potentially important in crack nucleation, none 

of them in its own right is sufficient to be predictive. However, the local (elastic) stored energy density, 

measured over a length scale determined by the density of SSDs and GNDs, has been shown to predict 

crack nucleation sites in the mechanical tests. In addition, the stored energy is also able to correctly 

identify where secondary fatigue cracks are observed to nucleate in experiments.  

Further, experimental and crystal plasticity modelling studies have also been carried out to investigate 

non-proportionality and stress state effects in fatigue in a 316 stainless steel and Ni-based alloy 

RR1000 which have been shown to have substantial effects on fatigue life. Stored energy density has 

provided a consistent and unifying explanation for the experimental observations of fatigue life in 

differing loading regimes (both proportional and non-proportional). A single fatigue property (the 

critical stored energy density, equating to new surface energy) determined from axial fatigue data 

alone has been shown to provide good qualitative and reasonable quantitative prediction of the 

experimental observations of the complex loading, providing a mechanistic explanation for the fatigue 

behaviour. 
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1. Introduction 

It is not uncommon that engineering components fail by fatigue, such as in gas turbine engines shown 

in Figure 1-1. The turbine blades are operated under critical environmental conditions and subjected 

to high centrifugal force due to high rotational speed during every startup and shutdown of the gas 

turbine engine, which potentially results in final failure of the turbine blade by fatigue cracking. In 

general, under low cycle fatigue, high cycle fatigue or thermal mechanical fatigue regimes, failures of 

materials or structures are considered to be described by fracture progression through cracking. 

Typically, in the case of low cycle fatigue, materials are cycled to stress levels beyond the elastic limit 

which leads to plastic deformation accumulation within the materials, with up to 105 fatigue cycles to 

failure. High cycle fatigue is recognised when the stress applied is low enough that the stress-strain 

relation can be considered elastic, for which the fatigue life is typically beyond 105 cycles. Thermal 

mechanical fatigue failure is caused by combined cyclical mechanical loading and thermal loading 

where both the stresses and temperatures applied vary with time.  

 

Figure 1-1 Image of a high-pressure turbine disk inside the GE engine, which failed in Oct. 28, 2016, shortly after 

taking off from Chicago’s O’Hare Airport, USA. (a) failed disk pieces; (b) location of fatigue crack on the disk 

fracture surface 
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Generally, fatigue failures can be divided into crack nucleation and propagation stages. Fatigue crack 

propagation can be reasonably accurately predicted [1, 2]. However conservative fatigue life 

prediction methods are currently often used in component design methodologies due to the large 

scatter of the observed fatigue life measurements argued to originate from the microstructural 

sensitivity of crack nucleation [3]. Due to the complexity of microstructure and the difficulty of direct 

measurement of the deformation quantities at such small scales, there remains a clear need to 

establish mechanistic understanding and hence quantitative predictive capability for crack nucleation 

processes [4, 5]. 

1.1 Materials 

In modern aero engines, nickel-based superalloys have been widely used for applications in vehicles, 

power and aerospace industries due to their excellent properties, with high strength, corrosion and 

temperature resistance.  

In order to obtain optimum mechanical properties, the compositions of superalloys and its influence 

on the microstructures are of significant importance. As the vast majority of the alloying elements are 

derived from the d block of transition metals, the impact of these alloying elements on the phase 

stability of austenitic γ and γ′ relies greatly on their positions in the periodic table, as shown in Figure 

1-2 [6]. Different categories of elements play differing roles on the phase formation within superallloys. 

Specifically, the first class of elements like Co, Fe, Cr, Ru, Mo, Re and W, have similar atomic radii to 

that of Nickel and are apt to partition to the γ phase and therefore stabilize it; the second group of 

elements include Al, Ti, Nb and Ta whose atomic radii are greater than that of Ni and thereby prefer 

to form γ′ phase; the third category of elements, including B, C, and Zr, which have very different 

atomic radii to Nickel, these tend to segregate to the grain boundaries of γ phase. In addition, these 

alloying elements can also promote the formation of carbides and borides [7]. 
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Figure 1-2. Important alloying elements within the nickel-based superalloys and their corresponding locations 

within the periodic table [6]. 

The matrix phase for the Ni-based superalloys is constituted by face-centred cubic (FCC) γ phase and 

the unusual high strength of this alloy system is conferred by the primitive cubic γ′  phase. The 

schematic crystal structures of both γ phase and γ′ phase are shown in Figure 1-3. A comprehensive 

review about the gamma, gamma prime and other phases can be found in [7]. 

 

Figure 1-3. Schematic diagrams illustrating the crystal structure of (a) γ phase and (b) ordered γ′ phase (Ni3Al) 

The strengthening mechanism of two-phase Ni-based superalloys, including grain size strengthening, 

solid-solution strengthening, precipitation hardening are imparted mostly by the ordered γ′ phase. 



4 
 

The mechanical behaviour, like creep resistance, high-temperature strength etc., depends strongly on 

the size and distribution of γ′ phase. In addition, the volume fraction of γ′ precipitates is found to 

have significant influence on creep life of Ni-based superalloys. A detailed description of the influence 

of the γ′ phase fraction on the mechanical properties is given in [7]; however, the ordered γ′ phase is 

rather complex and beyond the scope of this work. The typical microstructures in single crystal CMSX4, 

directionally-solidified and large grained oligo crystal MAR-002 are shown in Figure 1-4. 

 

Figure 1-4. Scanning electron microscopy images illustrate the size and distribution of γ and γ′ phases in Ni-

based superalloys (a) single crystal (after deformation) (b) directionally-solidified and large-grained oligo crystal 

(before deformation) 

The improvement of fabrication and moulding processes are also of great importance to these 

advanced superalloy. For instance, investment casting has been introduced to produce the single 

crystal turbine blading, replacing the traditional extrusion and forging operations [7]; thermally 

controlled solidification techniques have also been used to improve the castability and weldability of 

alloys; powder metallurgy processing routes have also been widely used for production Ni-based 

superalloys to provide optimum mechanical properties [7]. Therefore, the development of the next 

generation of alloys requires a better mechanical and physical understanding of polycrystalline alloy 

systems at the microstructural scale, including crystallography, geometry and morphology, grain size 

distribution, twin and twin boundaries, the size and shape of agglomerates and inclusions etc. These 
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microstructural features are well accepted to contribute to the local heterogeneity in stress, strain 

and dislocation density across grains [8-10], and the activities of anisotropic slips also give rise to much 

of the heterogeneity. The effects of these microstructural-sensitive mechanisms on material 

behaviour are of great interest amongst academic community as reviewed in Chapter 2, and also being 

addressed and studied further in this study. 

1.2 Fatigue Crack Nucleation 

 As crack incubation plays a significant role in fatigue failure, it is necessary to study the damage 

mechanisms within differing alloy systems. Typically, there are different characteristics in material 

that are studied widely by researchers:  

Fatigue cracking in a FCC nickel-based superalloy with a heterogeneous microstructure has been 

addressed in [11]. In their studies, the incubation and initiation of cracks are influenced by 

microstructural characteristics greatly, such as crystallographic orientation, grain boundaries and 

triple junctions. From their observations, the dislocation activities developed persistent slip bands and 

then the roughening of free surface, finally to give fatigue crack nucleation. Ultimately, accumulated 

plastic deformation contributes to the formation of cracks. More recently, [12] analyzed fatigue 

cracking in a nickel-based polycrystal using modeling techniques, their results also suggest that 

microstructural features play an important role in the nucleation of fatigue cracks, which act as 

barriers to the dislocation slip  thus to dislocation pile up.  

In addition, some alloys are produced by powder metallurgy (PM) routes due to their near-net-shape 

forming, high cost effectiveness, efficiency, and more homogeneous microstructure compared to 

other conventional forming methods [7]. However, it has been found that non-metallic inclusions and 

agglomerates are unavoidable in these alloy systems resulting from the manufacturing processes, and 

they significantly degrade mechanical properties and service life of these components. Fatigue failure 

which is driven by the presence of inclusions shows shorter lifetimes to fracture [13], and as a 
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consequence, their role has been investigated by many researchers [14-16], as well as for the effects 

of grain size distribution [8], twin and twin boundaries [9], the size and shape of agglomerate [10], 

which further illustrates the importance of fatigue in the presence of inclusions. However, it still 

remains a key scientific and technological challenge to establish full mechanistic and physical 

understanding of microstructure-sensitive crack nucleation at inclusions [17-22].  

A lot of research work has indicated that microstructure characteristics of the material dominate the 

fatigue crack and damage nucleation and evolution. As mentioned in the previous section, fatigue 

cracking may begin from the inherent defects in the material such as agglomerates/inclusions. 

Nevertheless, micro fatigue cracks nucleate at persistent slip bands are found in the case of Ni-based 

oligocrystals. Hence, developing a good understanding of fatigue crack nucleation on the basis of 

micro-length scale plasticity, associated with microstructural features is extremely important to 

improve material’s performance [23]. In the case of Ni-based superalloys, [24] described that 

anisotropic plasticity characteristics may play a significant role in nucleating fatigue cracks. Their work 

has shown that the grains oriented similarly or grains that have elevated Schmid factors are the 

potential location of fatigue crack nucleation. [25] studied the behavior of fatigue crack initiation of 

Rene 88DT by taking elastic anisotropy into account, using both modeling and HR-DIC. It is shown that 

the effect of elastic anisotropy on fatigue crack initiation in this engineering material cannot be 

neglected. 

Furthermore, fatigue crack nucleation from non-metallic inclusions in nickel superalloys has also been 

studied by Zhang et al, using high spatial resolution Digital Image Correlation (HR-DIC) and HR-EBSD 

together with CPFE modelling [26, 27]. In their Ni-agglomerate system, defect nucleation was found 

to occur by Ni matrix-agglomerate decohesion or by oxide-particle agglomerate fracture, as opposed 

to slip-driven, crystallographic crack nucleation. Strong slip localisation was found to occur at the 

agglomerates, together with residual stresses and high GND densities, but the primary driver for Ni-

agglomerate decohesion was found to be the interfacial normal stress. A study by Jiang et al. [28, 29] 
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focused on crack nucleation near a ceramic inclusion in an alternative Ni alloy (FGH96) system. The 

distribution and evolution of GND density and residual stress near inclusions were characterized by 

HR-EBSD, and the microstructure-sensitive slip accumulation during cyclic loading assessed using HR-

DIC. Jiang et al. noted that the geometry of the inclusion played a significant role in local 

heterogeneous slip and stress distributions, but also that local accumulation of GNDs is potentially 

important in micro-crack formation. Inclusion-driven fatigue crack nucleation has also been studied 

by Pollock et al. [9], in which  three different microstructures of Nickel-based superalloy Inconel 718 

containing non-metallic inclusions have been investigated subjected to the same strain level, utilizing 

EBSD characterisation. Their study addressed twins, twin boundary densities, grain size distribution 

and pre-cracked non-metallic inclusions in fatigue. Naragani and Sangid et al. used high energy 

synchrotron x-rays to track the evolution of microstructure and mechanical state at microlevel under 

cyclic uniaxial loading in a PM processed Ni alloy [16]. Their work indicated the importance of strain 

gradients in crack nucleation, and addressed debonding at the interface between inclusion and matrix. 

These collective studies indicate the potential importance of microstructure-sensitive stress, slip 

localisation (which may be in the form of persistent slip banding), GND and statistically stored 

dislocation (SSD) density in the nucleation of cracks, such that all of these quantities may be necessary 

drivers, but that no single quantity is sufficient in its own right to explain fully the nucleation process. 

To date, there are a few fatigue indicator parameters that have been developed to address fatigue 

crack nucleation in engineering materials, including accumulated plastic strain, flow stress and local 

stored energy, which have been reviewed thoroughly by [3]. They also proposed a new approach to 

predict fatigue crack nucleation in polycrystalline material based on local stored energy. In their 

criterion, it is pointed out that the fatigue cracks will not nucleate without reaching a critical stored 

energy density – Gc. Eight bcc ferritic steel specimens that have different microstructures were studied 

experimentally, and the crystal plasticity modelling approach was then used to estimate the 

experimentally observed microstructural-level quantities such as accumulated plastic slip, the GND 

and SSD densities at the fatigue crack nucleation location. Then this new stored energy density 
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criterion was used to predict the number of cycles to nucleate fatigue cracks for all eight testing 

specimens.  It is shown that the predicted fatigue lives to nucleate fatigue cracks, using this new stored 

energy density criterion, were correlated well with the experimentally observed number of cycles to 

crack nucleation. More recently, [30] investigated the fatigue response of RS5  Ni polycrystalline using 

CPFE modelling, and in their research, the stored energy density rate was calculated to predict fatigue 

crack nucleation without considering GNDs, and the results showed that stored energy at high slip 

accumulation spots were higher than other regions and tended to decrease with increasing strain 

range. The number of cycles to fatigue crack nucleation and fatigue scatter predicted by this criterion 

has shown considerable agreement with experiments. 

Over the past few years, the crystal plasticity finite element (CPFE) method, integrated with 

experimentally characterised microstructures and experiments, has been developed to capture the 

full-field stress and strain distributions under relevant loading regimes. Remarkably, the fatigue crack 

nucleation sites under cyclic loading can be accurately predicted [27]. In previous work, Korsunsky et 

al [31] analysed the effects of localized crystal slip within an idealised Ni-base superalloy on crack 

initiation using microstructure based CPFE modelling. It was suggested that fatigue cracks tend to 

nucleate at slip localization sites where the dissipation of energy is very high. In [32], geometrically 

necessary dislocation (GND) distributions at carbide particles in single-crystal Ni were studied with 

integrated  high-resolution electron backscatter detection (HR-EBSD) and CP modelling showing the 

development of local thermally-driven residual stress and GND density adjacent to the carbide, 

potentially influencing subsequent fatigue crack nucleation. Musinski et al [33] studied the influence 

of microstructure (grain size and γ′ precipitate volume fraction) on fatigue life of Ni-base superalloy 

IN100 when subjected to high temperature, using rate-dependent and microstructure-sensitive CPFE 

modelling. It was shown that larger notch sizes led to shorter fatigue life. Zhang et al [34] studied the 

full-field elastic strains developed in Ni alloy at an agglomerate resulting from thermal excursions, 

using combined  HR-EBSD and gradient-enhanced CP modelling showing good agreement. Non-
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metallic inclusions in Ni alloy Rene-95 were considered in [26, 28, 29, 35], and researchers have also 

examined other alloy systems including aluminium [36-40] and steels [41-44].  

1.3 Aims and Objectives 

Microstructurally-differing Ni bend test samples, including single crystal CMSX4, oligo crystal MAR-

002 and polycrystalline FGH96, will be analysed in this thesis to extract the experimentally observed 

sites of fatigue crack nucleation together with the numbers of cycles to cause crack nucleation. These 

samples will be modelled with explicit representation of both grain morphologies and crystallographic 

orientations using crystal plasticity which enables a detailed assessment to be made of key 

microstructure-level quantities such as accumulated slip, flow stresses local to the experimentally 

observed sites of crack nucleation.  

Crystal slip is facilitated by movement of dislocations, which play a significant role in developing highly 

localized stress and strain states, capable of causing localized cracking. We use crystal plasticity 

modelling that enables the explicit determination of full-field SSD and GND distributions along with 

the energy associated with the related material slip. The GND densities measured by HR-EBSD will be 

used to validate the modelling results. Hence, the contributions of both types of dislocations to fatigue 

crack nucleation could be quantified. 

In this thesis, the main objective is to find the mechanistic and physical basis of the nucleation of small 

cracks and also fatigue life scatters within FCC alloy systems, which are expected to provide the design 

fatigue curves for some typical structural materials and then lead to realistic estimates of fatigue lives 

for materials used in aerospace, car industries and power plant. 

We start by introducing the background knowledge of fatigue crack nucleation in different alloy 

systems using both simulation and experimental methodologies, as well as the fatigue lifetime 

variations under different cyclic loading paths (Chapter 2). This is followed by a preliminary study of 
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crystal plasticity theory implemented in the finite element method to provide a basic understanding 

of crystal behaviour at grain level (Chapter 3). Microstructurally sensitive fatigue crack nucleation in a 

range of Ni-base alloys is addressed in Chapter 4 (single and oligo crystals) and Chapter 5 (polycrystal 

including inclusions). Chapter 6 and 7 focus on studies to address non-proportionality in fatigue in 

316L stainless steel and Ni-base superalloy RR1000 respectively. The full presentation of results 

resulting from chapters 4-7 are assessed in Chapter 8. Finally, a future plan of this subject is addressed 

for researchers wishing to continue the study. 
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2. State of the art 

2.1 The Physics of Fatigue Crack Nucleation 

Fatigue cracking in FCC nickel-based superalloys has been studied by many authors e.g. [11, 12]. In 

these studies, micro fatigue cracks at persistent slip bands (PSBs) were observed. The dislocations 

within the developing PSBs roughened the free surfaces and led to fatigue crack nucleation. 

Ultimately, local accumulated slip contributes to the formation of cracks.  Figure 2-1 [45] shows the 

well-known Essmann model of the emergence of PSB at the free surface of materials. 

 

Figure 2-1. Essmann model of persistent slip band (PSB) emerging at the free surface, including the distribution 

of dislocations within PBS and matrix [45]. 

In addition, the total energy related to PSB formation has been associated with fatigue crack 

nucleation (FCN) in nickel-based alloys, which has been studied in [46, 47]. These authors calculated 

the energy of PSBs and defined a failure criterion based on the stability of dislocation movement. The 
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associated critical PSB energy has been used to determine the sites of FCN. Their work has also shown 

that fatigue cracks tend to nucleate at slip localization sites where the dissipated energy is high. Hence, 

it is argued that the PSBs and localized slip accumulation (plastic strain) are necessary factors which 

lead to fatigue crack nucleation.  

Fatigue crack nucleation has also been associated with microstructural features such as grain 

boundaries [48, 49] including special grain boundaries e.g. twin boundaries  [21, 50]. Miao et al 

showed that higher energy grain boundaries tend to have larger lattice misorientations and 

dislocations are more likely to pile up at high-angle grain boundaries. However, in the case of nickel-

based superalloys, cracks often nucleate along preferred-orientated ∑3 twin boundaries embedded 

in large grains (shown in Figure 2-2). The distributions of grain size in dual microstructural disk alloys 

has been investigated in [51, 52]. This work shows that the samples from coarse grain areas of the 

bulk show shorter fatigue life compared with the samples from finer grain areas and large grains tend 

to nucleate crystallographic grain facets where failure is most likely to originate.  

 

Figure 2-2. Schematic diagram of fatigue crack initiation in Ni polycrystalline Rene’ 88DT [21]  

The FCN mechanisms occurring in other alloy systems are often similar. For example, in FCC TiAl alloys 

the interactions between dislocations and grain boundaries or twin boundaries have been associated 

with fatigue crack nucleation [53]. The effects of phase transformation, twin boundaries and slip bands 
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on fatigue crack initiation in 304L stainless steel in the transitional fatigue life regime have also been 

studied in [54]. Their study suggested that grain and twin boundaries were the leading crack 

nucleation features and twin boundaries cracking were the most likely the ones to lead to final failure. 

In [55], the activated slip systems in Ti alloy under fatigue tests are found mostly to be of basal and 

prismatic slip orientation, and micro-textured areas are often found to be the initiation sites of fatigue 

cracks. The relationships between slip banding, Schmid factor and crack nucleation in 316L stainless 

steel have been investigated in [56]. These results show that most observed cracks nucleated within 

slip bands or at grain boundaries.  About two thirds of these cracks nucleate in slip systems with the 

highest Schmid factor, which have an orientation of approximately 45o in relation to the loading axis.  

Much related research demonstrates that grain size and crystallographic orientation have a significant 

influence on crack formation [57, 58]. It is therefore argued that fatigue crack nucleation is associated 

with key factors including accumulated slip, the formation of PSBs; GNDs that result from plastic strain 

gradients, localized stress and local stored energy. In addition, microstructural features such as 

agglomerates/inclusions, annealing twins, grain size distribution, inherent defects, and grain 

boundaries play a significant role in fatigue behaviour, because they significantly influence these local 

microstructural quantities.   

2.2 Crystal Plasticity Finite Element Modelling of Fatigue Crack Nucleation  

In order to simulate the behaviour of materials or structures at the microstructure level, it is of great 

importance that the crystal plasticity is well understood and addressed, as it is the underlying basis 

for microstructure rearrangement or evolution during plastic flow and also fundamentally associated 

with the dislocation nucleation and migration in alloys and metals [59]. In recent years, the crystal 

plasticity finite element (CPFE) modelling, as an appropriate technique, has been utilized to capture 

microstructure-based mechanistic behaviour to for instance, predict fatigue defect and crack 

nucleation (chapter 2.1). It is known that there are heterogeneous behaviour and characteristics 
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within single and polycrystalline materials, especially the changing plastic strain gradients across 

grains. For each alloy system, the slip emergences on specific crystallographic planes and directions 

under specific loading histories. The 12 possible slip systems in FCC materials have been listed in 

Appendix A.  

It is known that CPFE is a powerful tool for mapping diverse deformation mechanisms in the 

mesoscopic and microscopic regime, a detailed overview can be found in [60]. Zhang et al [34, 61] 

studied the full-field elastic strains developed in Ni alloy at an agglomerate resulting from thermal 

excursions, using combined the state-or-art experiment methods and gradient-enhanced CP 

modelling showing good agreement. In more recent work of [62], the plastic heterogeneity and 

fracture mechanism in a microscopic sense in pure copper foils were investigated using high resolution 

CP spectral technique with synthetic comparable microstructures showing the thickness of metal 

sheets to grain size, morphology and crystallographic orientation of adjacent grains, grain boundaries 

and trip junctions, potentially influencing subsequent damage and micro-crack initiation. Rousseau et 

al. [63] studied the microstructural changes in INCONEL690 alloy system under multi-impacts using 

dislocation dynamics based crystal plasticity laws. Their results show microstructural features such as 

crystalline disorientations and dislocation density were mainly affected by the first few impacts, and 

the local stress, strain and dislocation density variations within the investigated material were strongly 

related to microstructural accommodations. More applications of CPFE modelling technique can be 

found for example, in studies of anisotropic deformation in HCP alloys [64, 65], twining and phase 

transformation induced plasticity in steel [66, 67], recrystallization and texture evolution in hot rolled 

copper [68], predictions of fatigue behaviour (e.g. fatigue damage nucleation, fatigue crack initiation 

and propagation, fatigue lifetime) within FCC and BCC materials [69-72]. Although the discrete 

dislocation behaviour and the highly complicated microstructures are not considered, the constitutive 

CPFE models predict deformation behaviours reasonably well with good agreement with experimental 

observations across various material systems. 
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2.3 Experimental Methodologies for Micromechanical Deformation 

Measurement  

Micro-scale plastic and elastic deformation in engineering metals and alloys has been characterized 

by using combined high resolution digital image correlation (HR-DIC) and high resolution electron 

backscattered diffraction (HR-EBSD) and have been reviewed briefly below. Some known 

experimental work integrated with crystal plasticity modelling are reported as well. Furthermore, 

applications of cross-correlation based experimental techniques for assessing correlations of the local 

slip accumulation and GND localization with key microstructural features are also shown briefly. 

Digital image correlation is a technique for measuring strain and displacement, which works by 

comparing digital photographs of a test piece at different stages of deformation. In general, cross-

correlation of patterns of well-distributed nanosize particles on the sample surface at undeformed 

state are compared to the later deformed state can give local information on deformation processes. 

In this way, the in-plane displacements and subsequent deformation fields can be measured. 

Therefore, the HR-DIC technique has been utilized across various alloy systems  for investigations of 

the microscale deformation fields for example, in single, oligo and polycrystalline nickel-based 

superalloys [27, 29, 61, 73, 74], Ti-6Al-4V [75-77], dual-phase steels [78] and FCC stainless steel 

A316LN [79] etc.  

The Fourier-based cross correlation method [80] was developed to measure the elastic deformation 

in crystal lattice. High angle resolution allows the detection of small pattern shifts in zone axis positions 

hence the elastic strain and lattice rotation can be measured. In addition, for the past few years, HR-

EBSD has been utilized to measure the lattice rotation and residual elastic strain fields with a great 

spatial resolution (approximately 20nm) at microscopic scales, and the influence of a series of 

experimental parameters such as detector binning, step size, probe current and exposure time on 

precise of this technique are also described in [81]. A reference shifting methodology is presented to 

obtain full-field strain comparisons in the powder metallic superalloy RR1000 and hence allow 
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quantification analysis of residual elastic strain fields and the accumulated slip which result from a 

complex non-metallic inclusion [34]. In addition, geometrically necessary dislocation (GND) density is 

mapped by taking derivative of local lattice rotations around an embedded carbide particle in Ni alloy 

using cross-correlation based EBSD [82], hard inclusions around nickel under thermal and mechanical 

loading [83] as well as slip band and grain boundary interactions in CP-Ti are also studied by [84] using 

HR-EBSD. Moreover, grain scale fatigue crack formation has been learned using basic EBSD together 

with digital image correlation (DIC) technology. In recent work, strain in surface grains of Ni alloy and 

plastic strain accumulation with respect to micro-cracks are measured using HR-DIC and EBSD 

techniques [85]. In their studies, the grain and twin boundaries are divided into two categories 

(penetrable or impenetrable), and the relationship between the movement of dislocation and residual 

Burgers vector in boundaries is obtained. Like HR-EBSD, DIC also plays a significant role in crystal 

plasticity methods, though the resolution is limited by some factors such as speckle pattern that 

degenerates at high temperature. The joint high-resolution mapping of severely localized microstrains 

within ferritic grains in dual-phase [86] steel has been achieved by applying nanoparticle-based 

microscopic-DIC and EBSD techniques [87]. The changes of crystallographic orientation of the 

microstructures have been well characterized by concurrent EBSD technique, and then the experiment 

presented microstructures were used to generate microstructure-sensitive CPFE models. The 

microplasticity evolution has also been well captured by HR-DIC measurement. This approach was 

achieved by optimizing the current scanning electron microscopy (SEM) mapping conditions. More 

recently, the total plastic deformation and elastic deformation of a single Ni crystal were measured 

using HR-DIC and HR-EBSD respectively by [88]. In their study, the GNDs were captured as a result of 

plastic strain gradient, which highlighted the significance of these experiment tools in understanding 

the deformation behavior of deformed materials. 



17 
 

2.4 Effects of Non-Proportional Loading Paths on Fatigue Behaviour 

The safety and durability of in-service components is ever more important to avoid sudden failure of 

complex systems such as in nuclear power plants, automotive components, aerospace, and gas 

turbines etc., which may cause many injuries, much financial loss and environmental damage. Many 

engineering structures are subjected to repeated thermal and mechanical loadings in service, hence 

fatigue is a common problem and its evaluation remains one of the major considerations in the design 

and reliability assessment of materials [89, 90]. For many cases, fatigue failure results from complex 

multiaxial loadings such as non-proportional and out-of-phase loads; that is, the corresponding 

principal stresses change direction and their ratios change during a cycle in such loadings [91-94]. In 

particular, the changing of principal stress directions under non-proportional loadings is considered 

to contribute to fatigue life reduction of structures due to additional hardening arising from such 

loadings [95, 96]. Therefore, an understanding of multiaxial fatigue behaviour and non-proportional 

loading of structures which is based on mechanistic behaviour is necessary for life predictions. 

Over the last few decades, uniaxial fatigue behaviour of metals has been reasonably well quantified 

(if not fully understood) and described because of the relatively simple state of loading. However, very 

limited knowledge exists for multiaxial fatigue cases, because the responses of materials and 

structures are affected by many factors under such loadings, including the directions of the principal 

stresses [97, 98], the non-proportionality of loading paths [89, 99, 100], the ratio of stress components 

and mean stress [101-103], and the in-phase and out-of-phase angles [94, 104] etc. Various multiaxial 

fatigue criteria for metallic alloy systems have been proposed to address fatigue failure and correlate 

fatigue lives. In general, these criteria can be classified into stress or strain based failure or a 

combination of both, critical plane and energy-based criteria. Criteria based upon von Mises and 

Tresca methodologies, which focus on finding equivalent fatigue damage parameters, are assumed to 

generate the same fatigue damage as uniaxial loading [94]. These criteria have been studied and 

reported to give non-conservative life under non-proportional loading regimes [95, 105]. In order to 
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avoid this drawback, fatigue failure approaches based on critical plane and energy have been 

developed. For example, six differing critical plane approaches (e.g. Coffin-Manson model, Findley 

model and Fatemi-Socie model et al)  have been used to investigate the observed fatigue failures in 

nickel-based superalloy DD6 [106]. Moreover, a number of life prediction models which incorporate 

strain and stress components on the critical plane have been studied by other researchers [107-109]. 

In their studies, multiaxial fatigue criteria which explicitly include shear strain combined with normal 

strain or normal stress have been proposed and adopted. These methodologies have been evaluated 

for different material systems and reasonably good correlation of fatigue lives have been achieved 

and reported for shear fracture structures [96, 110]. Some early work has shown that the cyclic 

accumulated slip or plastic strain energy is closely associated with fatigue damage processes. For 

instance, in the study of Miller [111], they demonstrated that the shear strain energy accounts for the 

effect of shear plastic deformation and which correlated well with multiaxial fatigue data under 

tension-torsion fatigue loading conditions. In the recent work of Lee [112] and Noban [113], an elastic 

energy term has been added into the energy parameter proposed earlier, to overcome the 

shortcoming that limited plasticity occurs in the high and very high cycle fatigue regimes. More 

recently, a dislocation-based elastic stored energy criterion integrated within a crystal plasticity 

framework has been proposed to attempt to understand the contributions of local strain, stress and 

dislocation density to fatigue behavior of materials and structures [3, 114, 115]. This approach was 

used to predict fatigue life in polycrystalline Ni alloy RS5 and good correlations were reported in  [30]; 

the same stored energy approach has also been demonstrated to capture the microstructural sites of 

crack nucleation.  

Much work, including that recently reported in [116-118], addresses strain-controlled loading 

histories; similarly, stress-controlled fatigue has also been assessed together with mean stress effects. 

A better quantitative understanding of the mechanisms driving fatigue crack nucleation would lead to 

predictive lifing methods which do not need to be calibrated directly with the applied strain or stress 

state, the mean stress, the level of non-proportionality or multi-axiality for example; a successful 
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mechanistic model would implicitly capture all types of loading without the need for many empirically 

calibrated parameters. Many researchers therefore seek to establish the mechanistic drivers for 

fatigue.    

From the background studies, the significance of crystal plasticity finite element modelling as well as 

the consideration and implementation of length scale effects has been reviewed, in the context of 

fatigue crack nucleation at a fundamental level to investigate fatigue failure criteria. The 

understanding and development of early stage fatigue crack incubation through these studies is 

important. However, to date, there are no studies which enable the full and correct prediction of 

fatigue crack nucleation in a mechanistic way. Although some studies have shown that the location of 

fatigue crack nucleation can be reasonably well predicted at the grain level, the fatigue life scatter and 

variation under complex loading paths still remain unclear fundamentally. Further, there is no well 

published work which correctly predicts the secondary crack nucleation locations in the presence of a 

first crack at the grain scale. Therefore, a systematic study and quantification of microstructurally 

sensitive fatigue crack nucleation (both location and life prediction) are of interest in this framework. 
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3. Preliminary Modelling Studies 

In this chapter, a general overview of the methods employed in this study is described, including full 

quantitative characterization of the materials considered, the mechanical testing, and the crystal 

plasticity modelling approach adopted. 

3.1 Crystal Plasticity 

It is well known that plasticity origins from crystal slip in polycrystalline materials. Different materials 

may have different crystal structures, in which slip on certain crystal planes and certain specific slip 

directions may be incited under specific loading histories. In the work of interest, only face centered 

cubic (FCC) slip system is in focus. Figure 3-1 demonstrates the 12 slip systems in general FCC crystals. 

 

Figure 3-1. Identified and slip systems in FCC crystals. 

In general metals or alloys, the volume does not change greatly when plastic slip occurs as this is an 

incompressible process. To understand when plastic deformation of components occurs and when the 
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cracks begin to nucleate, it is of great importance to address the initiation of plastic slip in metals. 

Here, an example of a single crystal under tension in an idealized FCC crystal structure is demonstrated 

in Figure 3-2. The applied stress σ is in the direction of unit vector t which is parallel to the axis of the 

rod, an active slip plane with normal in direction of unit vector n and active slip direction in unit vector 

s exists in this single crystal.  

 

Figure 3-2. An example of single crystal rod tested in tension (direction t), containing slip plane with normal n 

and slip direction s. 

As this single crystal rod is subjected to tensile stress σ, the shear stress τ acting on the slip plane and 

in the slip direction can be expressed as: 

τ = σcosϕcosλ = σ(𝐭. 𝐧)(𝐭. 𝐬)                                                  3-1 

The crystal will begin to yield, that is, slip will start to take place on the slip system when τ reaches a 

critical value  τc, this is known as Schmid’s law. In the current study, different active slip systems have 

been considered to express plastic slip when the resolved shear stress is greater than the critical 

resolved shear stress τc.  

The strain and stress components are updated at the end of each time increment in an explicit 

integration scheme, as shown in Equation 3-2 and 3-3, where ∆t refers to the time step, ε̇ and σ̇ are 

strain rate and stress rate respectively. 
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𝛆t+∆t = 𝛆t + �̇�∆t                                                             3-2 

𝛔t+∆t = 𝛔t + �̇�∆t                                                             3-3 

The relationship between stress rate and strain rate can be expressed using Hooke’s law shown in 

Equation 3-4, 

�̇� = E(�̇� − �̇�p)                                                            3-4 

Where ε̇p is the plastic strain rate, which is non-zero when plastic slip occurs (namely, τ ≥ τc). This 

indicates that the material will behave elastically when the resolved shear stress is less than the critical 

resolved shear stress. Here, the plastic strain rate ε̇p is defined as 

�̇�p = sym∑ γ̇i(𝐬i ⨂ 𝐧i)n
i=1                                                        3-5 

The slip rate γ̇ is expressed using a simplified form shown in Equation 3-6, where α and β are the 

parameters which control the rate dependence of the material. 

γ̇i = α sinh[β(τi − τc
i)]                                                        3-6 

For preliminary FCC crystal studies, the equations described above are integrated into a user written 

MATLAB program, and a simplified physically-based constitutive single crystal model is developed to 

study a simple stress-strain response which has been plotted to correspond to the situation shown in 

Figure 3-3. 

 

Figure 3-3. Schematic diagram of a single FCC crystal element before (dashed line) and after (solid line) loading 
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The material used, FCC single crystal Ni CMSX4, has properties critical resolved shear stress τc of 350 

MPa and Young’s Modulus E of  133 GPa. In order to simplify the problem considered here, elastically 

isotropy is assumed and hardening effect is not considered. For plasticity, as stated before, plastic flow 

will occur once stress exceeds the yield point of the material. At this stage, specific slip systems will 

be activated and slip rate will become non-zero once the yield stress is reached. The yield stress σY 

can be computed by rearranging Equation 3-1 as  

σY =
τc

(𝐭∙𝐧)(𝐭∙𝐬)
                                                                3-7 

In order to understand the effects of slip rate sensitivity on stress-strain response of the material, a 

rate sensitivity study has been carried out by varying the sensitivity dependent parameters α and β. 

The model is subjected to a displacement-control loading which is applied at a constant strain rate of 

0.01s−1, with the time increment ∆t of 0.1s.  

 

Figure 3-4. Stress-strain response of a single crystal element subjected to straining at a constant strain rate but 

with different slip rate sensitivity parameters. (a) β = 0.01, varying α (0.1, 0.01, 0.001); (b) α = 0.01, varying β 

(0.1, 0.01, 0.001).  

Evidently from Figure 3-4, the lower the values of α and β, the higher the rate-dependent yield stress 

becomes. It can be seen that the resolved shear stress is inversely proportional to parameters α and 

β . Higher α  and β  increase the resolved shear stress τi  on all slip planes, consequently, the 
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macroscopic flow stress also shifts upwards. In addition, it can be observed from Figure 3-4 (b) that 

when the value of β decreases to 0.001, the yield stress increases exponentially. This indicates that 

the influence of material parameter β on plastic slip initiation is greater than that of α. The parameters 

α and β are properly written as [119, 120] 

α = ρgνb
2e(−ΔF kT)⁄                                                              3-8 

β = (γ0ΔV) (kT)⁄                                                              3-9 

Here, ρg  is the mobile dislocation density, b the magnitude of Burger’s vector, ν the frequency of 

dislocation attempts to jump energy barriers, successful or otherwise, ΔF the activation energy for 

dislocation escape from pinning, with corresponding activation volume ∆V, k the Boltzman constant, 

T the operating temperature, γ0 a representative shear strain. From both Figure 3-4 and Equation 3-

8 and 3-9, which suggests the thermodynamic activation volume ΔV and initial shear straining γ0 have 

greater influences on plastic slip initiation. 

Other studies, such as strain rate sensitivity or step time sensitivity on the stress-strain response of 

material can be found in the literature. In addition, when much more complicated polycrystalline 

structure is considered, within which each individual grain has specific crystallographic orientation and 

the properties will not be identical in all directions. Hence, it is necessary and of great importance to 

address the elastic anisotropy of the material. 

3.2 Elastically Anisotropic Single Element Crystal Model in ABAQUS 

In the previous study (section 3.1), elastic isotropy is assumed. However, real materials are never 

perfectly isotropic, the properties in different directions are often different. It is also known that 

different stress response of the material will be obtained when local crystal orientation (x-y-z) is 

rotated under any load applied in the fixed global configuration (X-Y-Z). Hence, it is of great 

importance to understand the stiffness behavior of the material which is associated with the 
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corresponding crystallographic orientation. In the modelling, three Euler angles (ϕ1, φ,ϕ2 ) and 

stiffness matrix are used to describe the elastic anisotropy behavior of the material. 

 

 

Figure 3-5. Schematic diagram of lattice rotation which is defined by three Euler angles (ϕ1, φ, ϕ2 ). X-Y-Z 

describes the fixed global coordinate system, and x-y-z describes the local coordinate system. 

Figure 3-5 declares how an FCC crystal is rotated from global configuration (X-Y-Z) to local 

configuration (x-y-z). The local stresses (𝛔L) and strains (𝛆L) can be related to global stresses (𝛔) and 

strains (𝛆) through transformation matrix T (see appendix B, 𝐓σ and 𝐓ε are stress and strain rotation 

matrix respectively). 

𝛔L = 𝐓σ𝛔                                                              3-10 

𝛆L = 𝐓ε𝛆                                                              3-11 

Considering Figure 3-6 (a), the single element is subjected to plane strain condition, the out-of-plane 

shear components thus should be zero. Following Hooke’s law for 3D stress-strain relation, the local 

stiffness matrix DL is given by 



26 
 

𝛔L =
E

1−v2

(

 
 
 
 
 

1 v v 0 0 0
v 1 v 0 0 0
v v 1 0 0 0

0 0 0
1−v2

E
G 0 0

0 0 0 0
1−v2

E
G 0

0 0 0 0 0
1−v2

E
G)

 
 
 
 
 

𝛆L = 𝐃L𝛆L                                   3-12 

The global strain 𝛆  can be divided into elastic 𝛆e  and plastic strain 𝛆p  term. For the plane strain 

problem considered here, the final global anisotropic stress strain relation for the full local orientation 

can be obtained by rearranging Equation 3-10, 3-11, and 3-12 

𝛔 = 𝐓σ
−1𝐃L𝐓ε𝛆

e = 𝐃𝛆e                                                   3-13 

where D is the global stiffness matrix, which describes the stress-strain response of the material in a 

fixed global configuration.  

A single element crystal model considering FCC anisotropy is developed in ABAQUS to provide 

fundamental understanding for further studies of the influence of elastic anisotropy on local stress 

and strain response of the material, as shown in Figure 3-6. 

 

Figure 3-6. (a) Single element crystal subjected to displacement loading in X direction with a strain rate of  0.01/s 

and α = β = 0.01, (b) Uniaxial strain loading direction with respect to the single crystallographic orientation 
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As shown in Figure 3-6 (a), an idealized FCC single element crystal is defined in ABAQUS and subjected 

to uniaxial straining with a strain rate of 0.01/s in the X direction. The rate sensitive parameters are 

the same as that of Figure 3-4 considered (α = β = 0.01). Initially, the local configuration of this FCC 

crystal is the same as the global configuration, as demonstrated in Figure 3-6 (b). After deformation, 

the stress-strain response of the material has been plotted in Figure 3-7 and the final deformed shape 

is also displayed and graphically shown on Figure 3-6 (a). Compared with the MATLAB solution shown 

in Figure 3-4 (blue solid line), it can be clearly observed that both solutions (MATLAB and ABAQUS) 

show similar behavior in terms of the yield strength and plastic deformation, which confirms the 

accuracy of both models. 

 

Figure 3-7. Stress-strain response obtained by ABAQUS simulation 
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4. Microstructurally-Sensitive Fatigue Crack Nucleation in Ni-based 

Single and Oligo Crystals  

4.1 Introduction 

In this chapter, a systematic fatigue study of crystallographic and grain-to-grain interaction effects is 

carried out by examining single crystal CMSX04 and oligocrystal MAR002 samples under three-point 

bending low cycle fatigue. Electron backscatter diffraction (EBSD) and HR-DIC were used to 

characterize the crystal orientations, developing distributions of geometrically necessary dislocations 

(GNDs), and the slip localisations with respect to crack nucleation sites. Microstructurally 

representative crystal plasticity finite element models were developed to capture local stress, strain, 

and dislocation density evolutions occurring over a number of fatigue loading cycles. These models, 

directly validated by HR-DIC measurements, are utilised to investigate the stored energy criterion for 

fatigue crack nucleation in the single and oligocrystal test samples. XFEM analyses also enable the 

investigation of nucleated cracks and their role in the redistribution of stored energy in order to assess 

observed secondary cracking. The CP and XFEM predicted and experimentally observed fatigue crack 

nucleation sites are compared and assessed.   

4.2 Experimental and Computational Background 

4.2.1 Sample Preparation and Three-point Bending Test 

Two CMSX4 single crystal and three MAR002 oligo-crystal nickel-based superalloy bars were provided 

by Rolls-Royce to study fatigue crack nucleation behaviour. These samples were cut into rectangular 

shape with dimensions of ~ 12mm (length) × 3mm (width) × 3mm (height)  using electro 

discharge machining. Dimension details are given in Figure 4-1 along with a schematic of the three-

point beam loading and the loading rig. The front and back surfaces of these specimens were polished 
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using a series of grit silicon carbide papers (800, 1200, 2000 and 4000 respectively). For EBSD 

characterization, the front surfaces were finished with colloidal silica suspension for 30 minutes to 

remove the surface deformation and residual stress. A layer of nano-size colloidal silica (250nm), was 

coated over the back surface region of interest (ROI) for subsequent HR-DIC measurement.  

 

Figure 4-1. (a) Schematic diagram of specimen geometry with marked regions of interest (ROI). The detailed 

dimensions are shown in (b); the three-point bending mechanical testing rig is shown in (c). An example 

oligocrystal is shown in (d).    

The crystal orientation and strain at the ROIs shown in Figure 4-1 were characterized and studied using 

EBSD and HR-DIC as discussed in [121], and the ROIs are marked using red and blue respectively. The 

three-point bending tests were carried out on a SHIMADZU mechanical testing machine.  The cyclic 

loading was applied with a loading ratio of R=0.1, and the loading history for each sample has been 

detailed in Table 4-1. Both single and oligocrystal samples have been investigated where for clarity, 

an oligocrystal (shown in Figure 4-1(d)) is in this thesis defined to be a polycrystalline sample 

containing a small number of grains which are prismatic through the sample thickness with respect to 

both morphology and crystallography. For single crystal SX1, and for directionally solidified 

oligocrystals DX1 and DX2, at the end of the prior loading specified, the maximum loads were 

increased to a higher peak magnitude for all-subsequent cyclic loading to generate fatigue cracks in 
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the regime of low cycle fatigue. Samples SX2 and DX3 were cyclically loaded throughout at the same 

peak load. Figure 4-1(c) shows the experimental three-point bending set-up. The test was interrupted 

after a given number of cycles, so samples were removed from the testing rig at selected intervals and 

inserted into an SEM chamber to capture SEM images for HR-DIC analysis. 

Table 4-1. The sample loading histories 

 

4.2.2 HR-DIC Measurement 

The HR-DIC technique enables the determination of full field, in-plane strain by calculating the relative 

shifts of speckle patterns within a region of interest (ROI) between two successive testing images. As 

there is no size limit for the images if the contrast and resolution are high enough to ensure the 

accuracy, this technique is used in determining total strain at the local microstructural scale. The 

accuracy of the DIC strain measurement is estimated as ~0.1% [26]. The detailed development and 

principles of this technique can be found elsewhere [26, 29, 88, 122]. 

Reference SEM images of the speckled ROI were collected in the undeformed state using an 

accelerating voltage of 20kV with a working distance of around 15mm. The brightness and contrast 

were carefully adjusted to ensure the white silica particles could be clearly seen as shown in Figure 4-

2. DIC analysis was conducted using in-house developed Matlab scripts in which the rigid body rotation 

and translation between frames were removed to improve the accuracy of strain measurement [27, 
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29, 88]. 100 × 100 pixels of the subset windows with an overlap of 90% were used as local strain 

gauges to measure and calculate strain maps [121]. 

 

Figure 4-2. A layer of silica suspension is coated on the sample free surface (single crystal SX1) to perform DIC 

measurement.  

Since the collected SEM images are 2D projection of the sample surface, there are some uncertainties 

which are argued to potentially contribute to the inaccuracy of in-plane strain measurement. For 

instance, the sample surface must be flat and parallel to the charge-coupled device (CCD) sensor, 

otherwise the out-of-plane movement will yield additional in-plane displacements by changing the 

magnification of the collected images, in turn leading to additional strain obtained. In Sutton’s work 

[123], this issue could be alleviated by increasing the distance between the sample surface and the 

camera or using a telecentric lens if necessary. In addition to this, geometric distortion of the imaging 

system can also lead to additional displacement, the influence of this problem on strain measurement 

can be minimized by implementing an image time integration procedure, which has been addressed 

and reported in detail in [124, 125]. A detailed review of this technique, as well as the potential issues 

linked and the corresponding solutions can be found in [126]. 
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4.2.3 Crystal Plasticity Finite Element Modelling 

In the previous work by Guan et al [121], crystal plasticity modelling has been developed for single 

and oligocrystal nickel alloys identical to those considered in this work. The calibration of the crystal 

model for the alloys, and the full-field, grain-level validation was also presented for small numbers of 

loading cycles, in the absence of fatigue crack nucleation. The model was demonstrated to capture 

single and multiple slip system activation, the spatial distributions of the slip lines on the free surfaces, 

the slip accumulation due to cyclic loading, and the full-field heterogeneous strain distributions. Hence 

a brief summary only is included here.   

The crystal plasticity equations are rate-dependent and implemented in the user material subroutine 

UMAT using ABAQUS standard/explicit analysis [11, 26, 30, 34, 121]. The total deformation gradient F 

is split into elastic 𝐅𝐞 and plastic 𝐅𝐩deformation gradient terms, where 𝐅𝐞 is responsible for lattice 

rotation and stretch while 𝐅𝐩 contributes to slip and continuum rotation.  

𝐅 = 𝐅𝐞𝐅𝐩                                                                        4-1 

The plastic velocity gradient 𝐋𝐩 is given by 

𝐋𝐩 = �̇�𝐩𝐅𝐩
−𝟏
= ∑ γ̇α𝐬α⨂𝐧α12

α=1                                                    4-2 

where 𝐬α  and 𝐧α  are the line vectors along slip direction and slip plane normal of slip system α 

respectively, and the slip rate   γ̇α on a given slip system α is expressed by 

                            γ̇α = ρssdmνb
2 exp (−

ΔF

kT
) sinh (

∆V

kT
|τα − τc

α|)                                   4-3 

Here, ρssdm is the mobile dislocation density, b the magnitude of Burger’s vector, ν the frequency of 

dislocation attempts to jump energy barriers, successful or otherwise, ΔF the activation energy for 

dislocation escape from pinning, with corresponding activation volume ∆V, k the Boltzman constant, 

T  the operating temperature, τα  the resolved shear stress for slip  system α  and τc
α  is the 
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corresponding critical resolved shear stress. The frequency of successful attempts to jump the 

obstacles is given by the term (ν exp (−
ΔF

kT
) sinh (

∆V

kT
|τα − τc

α|)), considering both forward and 

backward activation events [120]. 

In this study, a modified Taylor hardening rule is used to account for isotropic hardening 

 τc
α = τc0

α + G12 ∙ b ∙ √ρGND + ρSSD                                              4-4 

in which τc0
α is the initial slip strength, G12 the shear modulus, and ρSSD and ρGND are the statistically 

stored and geometrically necessary dislocation densities respectively. The evolution of SSDs is simply 

taken to evolve linearly with accumulated slip rate as follows 

ρ̇SSD = λ ∙ ṗ                                                                    4-5 

where λ is the hardening coefficient, and the effective plastic strain rate ṗ is given by 

                                                              ṗ = (
2

3
�̇�p: �̇�p)1/2                                                              4-6 

in which 𝛆p  is the plastic strain rate tensor (see Appendix C for the treatment of this for the 

experimental DIC measurements). The establishment of density distributions of GNDs is the result of 

strain gradients accommodating lattice curvature and Nye’s dislocation tensor Λ is used to compute 

the densities of GNDs obtained from 

𝚲 = curl(𝐅𝐏) = ∑ ρGs
α 𝐛𝛂⊗𝐦𝛂 + ρGet

α 𝐛𝛂⊗ 𝐭𝛂12
α=1 + ρGen

α 𝐛𝛂⊗𝐧𝛂               4-7 

where ρGs
α  are screw components on slip system α while ρGet

α  and ρGen
α  are edge components, 𝐛𝛂 is 

Burger’s vector on slip system α , and 𝐦𝛂 , 𝐧𝛂  and 𝐭𝛂  are an orthogonal unit vector set. The 36 

independent GND components (12 screw components and 24 edge dislocation components) need to 

be computed from 9 equations, hence equation 4-7 is expressed in matrix form: 

𝐀 𝛒𝐆 = �̅�                                                                            4-8 
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where �̅� is the 9 x 1 column vector form of Nye’s dislocation tensor, A is a tensor of size of 9 x 36 

which contains the basis tensors 𝐛𝛂⊗𝐦𝛂 , 𝐛𝛂⊗ 𝐭𝛂  and 𝐛𝛂⊗𝐧𝛂 , such that the 9 rows in A 

incorporate the 9 components for each calculated tensor product, for each of the 36 GND 

components. However, equation 4-8 cannot necessarily determine the 36 GND components uniquely. 

Therefore, the L2-norm minimization method is utilised to make the sum of the weighted squares of 

the resulting GND densities minimal [127, 128] . The L2-norm is written as the sum of the squares of 

the  ρGet
α ,  ρGen

α  and ρGs
α  edge and screw dislocation density components which yields a scalar density 

of GNDs on each individual slip system [128], given by 

                                          ρGND = √ρGs
2 + ρGet

2 + ρGen
2                                                        4-9 

The initial crystal slip strength and isotropic hardening coefficient λ in equations 4-3, 4-4 and 4-5 were 

determined by simulating polycrystal response under uniaxial tensile test conditions and seeking best 

agreement with experimental data. Other properties arising in the slip rule have been obtained from 

the literature (the anisotropic elastic stiffnesses, Burger vector magnitude, Boltzman constant, 

representative initial mobile dislocation density). Note that the activation energy ΔF was selected to 

give negligible rate sensitivity at room temperature. The same crystal slip rule properties are 

employed for both the single crystal (CMSX4) and oligocrystal (MAR002) studies in this thesis.  The 

properties so determined are listed in Table 4-2 and example predicted polycrystal responses for R=-

1 and R=0 loading for randomly textured polycrystal are given in Figure 4-3.  We note that kinematic 

hardening is not explicitly include in the slip rule, though the evolution of GNDs provides a contribution 

to kinematic hardening through the establishment of back stresses influencing hardening through 

equation 4-4. It is known that kinematic effects are potentially significant in cyclic plasticity, notably 

in dissipated energy as demonstrated by Morrison et al [129]. However, it has not yet become possible 

to measure microstructure-level hysteresis behaviour with which to demonstrate agreement with 

crystal plasticity models, so we do not attempt to include these effects in the crystal slip rule.  
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Table 4-2. Material properties for crystal slip in Ni-base alloy CMSX04 and MAR002 

 

 

Figure 4-3. CPFE model predicted stress-strain response to xx-stress-controlled (R=-1 and R=0) loading of a 

random polycrystal   

4.2.4 Stored Energy Density Criterion for Fatigue Crack Nucleation 

Many researchers have sought fatigue indicator parameters (FIPs) in polycrystalline materials, and 

they have been based on a range of quantities including energy, stress, and plastic strain. Accumulated 

slip, for example, was found to be suitable in one study [130]. However, a range of recent work [3, 17, 

26, 27, 29, 131] in nickel and other alloys addressing fatigue crack nucleation utilising high resolution 
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DIC and EBSD has demonstrated that quantities including local stress, accumulated slip (within PSBs), 

and GND density are necessary but not sufficient indicators of fatigue crack nucleation. While one or 

more of these quantities is usually associated with the site of defect nucleation, any one of them is 

not in its own right predictive. Some studies [3, 29] have, however, shown that a local stored energy 

density (a Griffith-like quantity) does provide reasonable consistency and importantly, is dependent 

upon and therefore rationalises all the separate quantities sometimes used. In the local criterion of 

Wan et al. [3, 30], a microstructure-level stored energy is determined and it is argued that a critical 

value is necessary to be achieved whose value relates to the energy required in order to generate new 

free surfaces.  The local densities of both SSDs and GNDs generating a structural contribution to local 

elastic energy are important and the latter introduces a length scale associated with the defect 

nucleation.  

As a length scale is introduced in the modelling framework in this thesis, it is important to address the 

effect of microstructural length scale on the macroscopic behaviour of FCC polycrystalline. In Nickel 

single and oligo crystals, the strain gradient region is relatively small compared to the grain size, 

therefore there is only a low number of dislocations developed within the grains. Hence, in modelling, 

the material response is considered to be mesh insensitive in such large-grained materials. However, 

in fine-grained specimens (e.g. grain size is less than 10 μm), the GNDs generated from the strain 

gradients are argued to far exceed the SSDs and hence dominate the flow stress of the materials, 

which is grain size dependent in FCC polycrystalline. Through other researchers’ studies, it is found 

that mesh sensitivity issues become more significant with decreasing grain sizes. This issue cannot be 

solved by further mesh refinement as more severe strain gradients will be obtained which yields 

higher GND density. Therefore, for all the material considered in this thesis, reasonable mesh size is 

chosen for each model to give the correct macroscopic as well as microscopic response compared to 

experiment results. A detailed study of the effects of length scale at microstructural level on the 

behaviour of FCC materials have been reported in [132]. 
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Figure 4-4 shows schematically a location within a microstructure at which slip localisation occurs, 

leading to dislocation pile-ups, the development of plastic strain gradients maintained by GND build-

up, and the consequent concentration of stress. The resultant local stored energy is high and after a 

critical number of cycles becomes sufficiently large such that it exceeds that needed to generate new 

free surfaces over a length scale determined by the density of dislocations.  

 

Figure 4-4. Schematic diagram showing a grain boundary at which persistent slip develops establishing a 

localised region of high slip, dislocation pile-up, lattice curvature and stress and hence local stored energy over 

a length scale determined by the dislocation density (the EBSD map shown in this figure has been reported in 

[133]) 

To begin, the dissipated energy U̇ (J/m3) per cycle at a microstructural point can be calculated by 

integrating over a complete loading cycle as  

U̇ = ∫|𝛔: d𝛆p| = ∫(|σxxdεxx
p
| + |σyydεyy

p
| + |σzzdεzz

p
| + 2|σxydεxy

p
| + 2|σxzdεxz

p
| +  2|σyzdεyz

p
|)      4-10                                                                                                                                                    
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As the energy is associated with fatigue crack nucleation, the volume within which energy is stored 

can be expressed as: 

                                               ∆Vs = λ
′∆As =

∆As

√ρSSD+ρGND
                                                   4-11 

where ∆Vs is the storage volume, ∆As is the surface area, and λ′ is the mean free distance of immobile 

dislocations. Hence, the stored energy density per cycle (Ġ) can be written as 

                                                 Ġ =
U̇∆Vs

∆As
= ∫

ζ|𝛔:d𝛆p|

√ρSSD+ρGND
                                                  4-12 

in which ζ represents the fraction of the dissipated energy that is stored elastically as dislocation 

structures within the storage volume, giving the stored energy rate Ġ with units of J/m2per cycle. 

It is argued that the stored energy increases rapidly in the early fatigue life but that the subsequent 

rate of change decreases once dislocation structures are formed after the first few cycles. Littlewood 

et al. [130] have shown this phenomenon in their experiments. Therefore, we argue that the stored 

energy rate per cycle achieves a steady state when the accumulated slip and dislocation evolution 

rates achieve a steady state. Hence, it is consequently believed that the balance between stored and 

dissipated energy has, by this stage, also achieved the steady state and for this reason, we argue that 

the fraction of plastic energy which is stored (ζ) is taken to be fixed. The precise magnitude remains 

to be determined but the often accepted fraction of dissipated energy emerging as heat is well 

documented to be about 95% [134-136], and it is for this reason that we take the fraction of dissipated 

energy to be stored to be 5% (i.e. ζ=0.05). 

The stored energy criterion introduced here results from the relationship between local stress, strain 

and dislocation densities, i.e. when it becomes energetically favourable for a crack to nucleate. This 

criterion is concerned with the energetics of crack nucleation. It should be noted here that for all the 

energy-based failure criteria, the energy associated with new surfaces formation and propagation (e.g. 
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two surfaces at a crack tip) is the surface energy (no matter 2D or 3D cracks), which is an incremental 

quantity and has a value per unit area, like the Griffith energy. 

Here, in order to have confidence in results from model predictions at the grain level, the predicted 

local stress, strain and dislocation densities are expected to be validated experimentally at the length 

scale related to microstructure. For instance, in-situ HR-EBSD could be utilized to measure the residual 

stress and GND density distributions at each loading state, and the total strain could be measured by 

in-situ HR-DIC simultaneously; X-ray diffraction (XRD)/transmission electron microscopy (TEM) can be 

used to evaluate the total dislocation density. Therefore, SSD can be determined indirectly in this way. 

However, there are also many uncertainties which can contribute to the inaccuracy of experimental 

measurements. For example, the effects of lens aberrations, sample position, sample surface quality, 

pattern centre location and detector distance etc cannot be ignored if the HR-EBSD method is 

employed [137]; in HR-DIC, bad sample surface quality and geometric distortion of the imaging system 

may cause analysis errors [126]; in TEM, the contribution of dislocations is difficult to be differentiated 

from other effects as there are always some dislocations satisfying the invisible conditions et al [138]. 

In this study, only HR-EBSD and HR-DIC measurements are carried out to provide experimental 

evidence for simulation results, and the other experimental validations are beyond the scope of this 

project. 

The evolution of stored energy, G, is therefore written in terms of that accumulated rapidly in the first 

few cycles (typically 20), Gi, and that which accumulates subsequently per cycle, Ġss, once the steady 

state is achieved so that 

                                                    G = Gi + ∫ ĠssdN                                                              4-13 

in which N is the number of steady state cycles.  The condition for fatigue crack nucleation is then 

achieved when the stored energy equates to a critical value, GC, thereby giving the number of cycles 

required to nucleate the crack, Nnucleation.  In the CPFE implementation, for every model sample 
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(single or oligocrystal), the stored energy rate is calculated fully coupled within the CP model using 

equation 4-12 and is updated (everywhere in the model) at every time integration step in the analysis 

until a steady state (approximately constant rate of evolution) of stored energy rate Ġss (energy per 

cycle) has been achieved. Samples for which the loading was separated in to prior and subsequent 

regimes (see Table 4-1) were analysed in exactly the same way. The stored energy at the first few 

cycles is labelled Gi. Subsequent to this, the evolution is simply taken to be given by ∫ ĠssdN and Ġss 

is the steady state constant stored energy rate and this may be carried out (separate to the full CPFE 

analysis) over however many cycles is necessary to obtain the cycles to achieve the critical stored 

energy, GC, and hence crack nucleation at any given location. 

4.2.5 Introducing Nucleated Cracks with XFEM 

The extended finite element method (XFEM) is introduced to model cracks that have nucleated at 

experimentally observed and predicted sites in the Ni single crystal bend fatigue samples.  The XFEM 

method allows the introduction of arbitrary discontinuities (e.g. cracks) in the finite element 

displacement field of an element that is enriched with additional displacement field terms but with 

the standard FE basis functions still used [139-141]. The Abaqus implementation of XFEM utilises the 

phantom-node formulation proposed by Song et al [142] and the ‘propagating crack formulation’ in 

Abaqus does not include crack tip enrichment which makes it effectively identical to a cohesive zones 

approach for the investigation presented here where the cracks introduced are stationary.  

The methodology adopted in this work for crack nucleation in the model single crystal bend fatigue 

samples is to identify the location of fatigue crack nucleation predicted from the stored energy 

described in Section 4.2.4, and to introduce an XFEM crack at this location, of length and orientation 

obtained from the corresponding experimental observations.  The consequence of the introduction of 

the nucleated crack is to precipitate the redistribution of all local microstructural quantities including 

slip, stress, GND density and stored energy. These quantities are then assessed in the context of the 
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nucleation of the experimentally observed secondary cracks, specifically in order to determine if the 

secondary crack nucleation sites are correctly predicted by the stored energy density. This 

investigation is described fully in a later section. 

4.3 Results 

4.3.1 Experimental and Crystal Plasticity Model Cyclic Testing of Single and Oligocrystal Beams 

The regions of interest (ROIs are indicated in Figure 4-1) on the single and oligocrystal beams tested 

under cyclic three-point loading are shown in Figure 4-5 (column 2) to reveal the local microstructures. 

The HR-DIC measured and CPFE predicted total xx (bending) strains after 20 fatigue cycles at the ROIs 

of each sample are given in Figure 4-5 (column 3 and column 4). Note that differing strain range scale 

bars are utilised for each sample in order to highlight the strain distributions.  The detailed 

crystallographic orientations at ROIs of the oligocrystal samples are shown in Figure 4-7. 
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Figure 4-5.  Single crystal and oligocrystal microstructures of the five samples (second column), and DIC 

measured (third column) and CPFE predicted (fourth column) xx strain at ROIs of the five samples at the end of 

cycle 20. Red triangles show experimentally observed sites of crack nucleation; black lines represent grain 

boundaries.  

Crystal plasticity modelling in all cases is 3D, fully representing the samples’ morphologies and 

crystallographies for both single and oligocrystal samples. Details are given in Appendix D. 

In the single crystals (SX1 and SX2), the slip initially occurs along discrete, well-separated slip planes 

that develop by thickening with subsequent cyclic loading eventually to establish more uniform strain 

fields, which are shown by the CPFE models (which, of course, are unable to capture the early, highly 

discrete slip). The strain distributions for both single crystal samples are asymmetric since the 
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crystallographic orientations are such that principal material axes are not coincident with the loading 

axes. HR-DIC measured and CPFE predicted bending strains are also shown where available for the 

oligocrystal beams in Figure 4-5, for which reasonable qualitative comparisons are obtained.  

A more quantitative comparison is shown in Figure 4-6 along the paths indicated within the ROI. With 

the possible exception of the shear strain along path AA’ (Figure 4-6(b)), reasonably good quantitative 

agreement is seen within the oligocrystal and very wide ranges of strain accumulation are seen. For 

example, in Figure 4-6(a), the bending (εxx) strain along path AA’ is low within the upper grain but up 

to about 5% in the lower one, demonstrating the very strong heterogeneity and the strong variation 

from grain to grain successfully captured by the model. The shear strain variations along paths CC’ and 

DD’ are particularly well represented by the model. The rotations 𝜔𝑋𝑌, firstly, reflect that the vertical 

symmetry anticipated from the continuum macroscale is largely maintained, despite the anisotropy 

at the grain scale. 

 

Figure 4-6. Quantitative comparison of crystal plasticity calculated (red) and DIC-measured (black) strains and 

rotations after cyclic bend testing (at cycle 20) of Ni oligocrystal 2 (back surface) for the ROI indicated in the 

experimental sample 



44 
 

The focus of this thesis, however, is the subsequent fatigue response of the single and oligocrystal 

beams including the onset of fatigue crack nucleation and microstructurally sensitive growth. For each 

beam sample, the site or sites of fatigue crack nucleation are shown by the red triangles that were 

always found to occur at or near the front central bottom base of each sample where the highest 

tensile bending stress presents. However, within this region, much microstructural sensitivity of 

fatigue crack nucleation was seen, as shown in Figure 4-5. For the oligocrystal samples, grain 

boundaries were found to play a significant role in all cases.  

 

Figure 4-7. EBSD measured crystallographic orientations within ROIs for oligocrystals (a) DX1, (b) DX2 and (c) 

DX3.  

4.3.2 CPFE Assessment of Experimental Observations  

The results of the CPFE analyses, including accumulated plastic strain and GND density distributions 

for all beams are shown in Figure 4-8. Note that the xx bending stresses shown are at the fully loaded 

state of the 20th cycle. Full loading histories of samples can be found in table 4-1.  
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Figure 4-8.  Comparisons of the CPFE predicted distributions of strain, GND density and stress at the ROIs of five 

nickel-based samples prior and post the load increase (where appropriate).  

The results reveal that increasing the peak load in the cycles lead to an increase in magnitude of 

accumulated plastic strain, GND density and stress without significant change to the nature of the 

distributions of these quantities.  The accumulated plastic strain in single crystals SX1 and SX2 shows 

quite significant localization. Also, interrogation of the local CPFE results shows that the peak strain 

attained in the prior loading for sample DX1 is less than 2.0% but increases to greater than 7% in the 
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subsequent loading. In oligocrystal DX1, the plastic strain develops within two grains well orientated 

for slip which straddle a small central grain badly orientated for slip, within which very little plastic 

strain develops. In sample DX3, high-accumulated plastic strain develops in the large left-side grain 

and a strong strain gradient can also be seen within this grain. There is also strain localization within 

the right-side grain over a small region in the vicinity of the grain boundary, but much less slip is 

predicted at other regions within the same grain. The distributions of GNDs in the oligocrystal samples 

are almost completely associated with grain boundaries, indicating these are the locations where 

GNDs are necessary in order to accommodate lattice mismatch. In the single crystals, one of the two 

cracks nucleated (shown in Figure 4-8 by the red triangles) for each case coincides with high GND 

density, and largely, the crack nucleation sites in the oligocrystals are associated with higher GND 

density, although locations with yet higher GND density exist in the absence of (sub-surface) cracking. 

The experimentally observed fatigue crack nucleation sites are not always found to coincide with 

locations of highest accumulated plastic strain, or slip, but in fact mostly do so. The exceptions relate 

to those cases where there is more than one nucleated crack for the two single crystal beams.  

The bending stresses in the oligocrystals show perturbations local to the grain boundaries but the only 

case for which a high stress is unequivocally associated with fatigue crack nucleation site is that for 

oligocrystal DX3. In summary, therefore, in keeping with other studies [3, 17, 26, 27, 29, 131], it is 

found that there is an absence of unambiguous correlation between fatigue crack nucleation site and 

microstructure-level bending stress, GND density or accumulated slip magnitude, although certainly 

for the oligocrystals (i.e. with grain boundaries), the accumulated slip is a reasonable predictor of crack 

nucleation site.  

4.3.3 Fatigue crack observations  

A summary of the three-point bending test results on the single and oligocrystal samples is shown in 

Figure 4-9 (loading histories and fatigue bending test setup can be found in Table 4-1 and Figure 4-1). 

Two columns are given in which the early stage corresponds to observations as close to crack 
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nucleation as is possible, and the late stage to substantial crack lengths, where cracks are a significant 

fraction of sample size. The total number of fatigue cycles to give the observed cracks and the 

corresponding crack length are measured and listed in Figure 4-9. The lengths of the first-observed 

cracks for the different samples, shown in the early stage column in the figure, vary significantly which 

can be clearly seen in SEM images as shown in Figure 4-9 (though crack nucleation was not captured 

for sample DX1). The locations of each crack with respect to the beam sample front faces may be 

referenced from Figure 4-8 (red triangles). Noticeably, the cracks are only captured on the sample 

front faces, though these cracks are 3D in nature. 

 

Figure 4-9. Experimental observations of fatigue crack nucleation sites and growth paths for all the samples. The 

crack length and number of fatigue cycles are denoted as li and N respectively. (*Optical image) 

In single crystal SX1, from optical and SEM observations (Figure 4-9), there are two nucleated cracks, 

labelled crack 1 and crack 2, which are found at the bottom free surface of the sample. Crack 1 

propagates with increasing cycles while crack 2 showed no further growth from 10721 fatigue cycles. 

The propagation paths are observed to be crystallographic in nature and parallel with slip planes. 
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Similarly, for single crystal sample SX2, two cracks (crack 3 and crack 4) are observed to nucleate from 

the bottom free surface and then also to grow crystallographically along crystal slip planes. Crack 3 

was found to be the more substantial and life-controlling defect in this sample, as was crack 1 for 

single crystal sample SX1.  Both single crystal samples, each with different crystallographic orientation, 

developed two discrete cracks under fatigue and in both cases, one crack effectively ceases growth to 

leave the other crack to be that which dominates.  

Crack nucleation was not captured for oligocrystal DX1 such that only the fatigue life to fracture was 

obtained together with the site of crack nucleation. Crack 5 nucleates in the vicinity of a small grain 

(see Figure 4-8 and 4-9) and then propagates within the large left-side grain until sample failure. The 

propagation path is much more complex than that of the single crystal cases, and is initially 

crystallographic following the active slip plane direction until it diverts with significant curvature.  

In oligocrystal DX2, two cracks (crack 6 and crack 7) nucleate and are captured at lengths of 60 and 

130μm respectively in Figure 4-9. Crack 6 nucleates on a grain boundary (see Figure 4-8 also) whereas 

crack 7 is very much transgranular. Crack 7 continues to grow rapidly with cycles but crack 6 terminates 

at a length of 60μm leaving crack 7 to dominate the failure.  

In the case of oligocrystal DX3, the presence of a grain boundary seems to play a significant role in 

fatigue crack nucleation and propagation, again resulting in a more complex fatigue behaviour than in 

the single crystals. A micro-crack (crack 8) is observed to have nucleated close to, but not at a grain 

boundary, and is shown initially at a length of 26μm. This crack is short, extending transgranularly. 

The final crack length is also shown in Figure 4-9, but a more detailed evolution of growth of this crack 

is shown in Figure 4-10.  Crack 8 nucleates within the first 20 fatigue cycles and then extends to meet 

a grain boundary after 200 cycles. It remains terminated at the grain boundary for a further 3050 

cycles at which point it is seen to traverse the grain boundary. Growth then continues transgranularly 

until sample failure after a further 1250 cycles. 
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Figure 4-10. Crack nucleation and propagation in oligocrystal DX3, with recorded crack length and number of 

fatigue cycles. 

For the purposes of subsequent analysis, crack nucleation is defined as when crack length reaches 

~1/50th of the average grain size, and the latter is measured to be 1220μm in the oligocrystal samples. 

Hence, crack nucleation is defined to be 25 microns to ensure crack nucleation length is small 

compared with the grain size. 
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4.3.4 Assessment of Crack Nucleation Using Stored Energy Density  

 

Figure 4-11. (a)-(c) and (d)-(f)) show the distribution of accumulated plastic strain p and stored energy density 

G, as computed by CPFE, in single crystal SX1 and SX2 respectively. (g) and (h) show loading histories, 

crystallographic orientations and the mapped ROIs of SX1 and SX2. (i) and (j) are partial enlarged views of (e) 

and (f) with the location of peak value of stored energy G marked by black arrows. (k)-(m) show the evolution of 

stored energy over 20 fatigue cycles at key crack and other locations  
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Figure 4-11(a) and (b), (d) and (e) show the accumulated slip and stored energy density after 20 fatigue 

cycles in single crystal beam SX1 for the prior and subsequent loading respectively. The stored energy 

density evolution of various ‘hotspots’ as well as at the locations of cracks 1 and 2 are shown in Figure 

4-11(k) and (l) for the prior and subsequent loading respectively. It can be clearly seen that the 

structure and spatial distribution of both accumulated slip and stored energy density remain the same 

for both the early and subsequent loading stages for sample SX1, and that the key effect of the 

subsequent load increase is to markedly increase the magnitudes of accumulated slip and stored 

energy rate. Figure 4-11(k) and (l) show that in the early stage (lower) loading, the rate of evolution of 

stored energy stabilises to become very low. The subsequent (higher) loading develops a rapid 

increase in the magnitude of stored energies and a higher rate of evolution. For sample SX2, the peak 

load is constant for all 20-fatigue cycles shown in Figure 4-11(h). Field plots of the accumulated slip 

and stored energy density distributions are shown in Figure 4-11(c) and (f) respectively, with a zoomed 

view at first crack nucleation site (crack 4) shown in Figure 4-11(j). 

The crack nucleation sites for samples SX1 (crack 1) and SX2 (crack 4) are unambiguously 

demonstrated to occur at locations of highest predicted stored energy, G, within regions of high 

accumulated slip. The locations of cracks 2 and 3, however, are predicted to have much lower stored 

energy. Crack 1 is the dominant crack in sample SX1, but it is crack 3 in sample SX2 that dominates in 

experimental observations. Figure 4-11(l) and (m) also show the evolution of stored energy at a variety 

of sites local to the crack locations and demonstrate a clear demarcation of high stored energy at sites 

of cracks 1 and 4. However, once a crack has nucleated, generating new free surfaces, local energy is 

released thus changing the local lattice curvatures and stress states, but this cannot yet be captured 

in the CPFE model.  

In order to investigate further the crack nucleation behaviour in the presence of first-generated cracks 

in both single crystals SX1 and SX2, the extended finite element method (X-FEM) is used to introduce 

cracks at the predicted crack sites for cracks 1 and 4 in Figure 4-11, so that the resulting redistribution 
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of stress, slip accumulation, GND density and stored energy may be re-assessed to take account of the 

nucleation of the cracks and the consequences for secondary crack nucleation. Consider single crystal 

SX1 first. 

It can be seen from Figure 4-11 that for single crystal SX1, crack 1 is predicted to nucleate first. Hence, 

an initial small and stationary (X-FEM) crack of length 240μm at the location of crack 1 (crack growth 

is beyond the scope of this project, hence only a static crack is introduced here) is introduced into the 

model sample where crack nucleation is both predicted (Figure 4-11) and observed from the optical 

image (Figure 4-9). The resulting accumulated slip and stored energy distributions that are predicted 

to develop after a further cycle of loading are shown in Figure 4-12. The slip and stored energy fields 

at the crack tip (crack 1) are highly concentrated but away from the tip, and closer to the sample free 

surface, are now considerably lower than has been established at the location of the experimentally 

observed crack 2. Hence, the nucleation of crack 1 has led to the redistribution of slip, stress and 

dislocation density such that the distribution of stored energy has also changed considerably, as 

shown in Figure 4-12(c). In the presence of crack 1, the new free-surface location of peak stored energy 

transpires to occur precisely where crack 2 is experimentally observed to nucleate, and this is shown 

by the line graph of stored energy along the sample free surface A-A’ in Figure 4-12(d).  
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Figure 4-12. Sample SX1 showing (a) SEM image of ROI with crack 1 and crack 2 indicated, (b) accumulated plastic 

strain distribution, (c) stored energy density distribution within the ROI, and (d) line graph of stored energy 

density along sample free surface A−A′. 
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Figure 4-13. Sample SX2 showing (a) optical image of the ROI with crack 3 and crack 4 indicated, (b) accumulated 

plastic strain distribution over the ROI, (c) stored energy density distribution within the ROI, and (d) line graph 

of stored energy density along sample free surface A−A′. 

Similarly, the same method has been utilized to analyse the second crack nucleation behaviour in 

single crystal SX2. In this case, a crack (400μm) is introduced at the location of crack 4 since it is at this 

location where crack nucleation is first predicted to occur. As before, the loading has then been 

continued for a further full cycle and the new distributions of slip accumulation, and stored energy 

obtained as shown in Figure 4-13.  
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In a similar way for sample SX1, the re-distributed stored energy in the presence of crack 4 in sample 

SX2 leads to the highest stored energy occurring at precisely that location where crack 3 is 

experimentally observed to nucleate and subsequently grow. Hence, it is argued that the stored 

energy density distributions successfully identify locations of primary crack nucleation, and when 

account is taken of the presence of the newly nucleated cracks, the resulting redistributions of stored 

energy indicate where secondary crack nucleation is expected to develop. So far as the authors are 

aware, this is the only demonstrable quantitative prediction of primary and secondary fatigue crack 

nucleation sites observed in experiments. We next consider the oligocrystals DX1, DX2 and DX3. 

CPFE predicted accumulated slip and stored energy density results for the three oligocrystal cyclic 

loading tests are shown in Figure 4-14, together with the experimentally observed crack nucleation 

sites (again shown by red triangles). Crack nucleation is seen to be associated with free-surface grain 

boundaries in samples DX2 (crack 6) and DX3 (crack 8) but not so for samples DX1 (crack 5) and DX2 

(crack 7). Hence both intergranular and transgranular crack nucleation are observed experimentally, 

with both occurring in sample DX2. Crack 5 in oligocrystal beam DX1 nucleates at a strain accumulation 

hot spot, as shown in Figure 4-14(g). However, this is not the case for oligocrystals DX2 and DX3 shown 

in Figure 4-14(h) and (i) for which the crack nucleation sites do not coincide with peak slip 

accumulation. For crack 8 in sample DX3, the crack nucleates at a grain boundary in between two 

regions of high slip. 
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Figure 4-14. The subsequent loading histories for oligocrystal samples DX1, DX2 and DX3 are shown in (a) – (c) 

respectively, with the associated local ROI morphology of each sample given in (d) – (f). (g) – (i) show the CPFE 

predicted distributions of accumulated plastic strain while (j) – (l) show the corresponding stored energy density 

distributions after 20 loading cycles, with a partial enlarged views shown in the left corner of (j) – (l) respectively 

showing peak values of stored energy density identified by black arrows. The evolution of stored energy G over 

20 loading cycles at the experimentally observed sites of crack nucleation (red triangular symbols), and other 

local hotspots, is shown in (m) – (o).  

The stored energy density, determined from local accumulated slip, GND and SSD density, and stress 

proposed in [3] is shown in Figure 4-14(j), (k) and (l). Peak values of stored energy are found to occur 

at all of the observed crack nucleation sites in the oligocrystal beams, whether intergranular or 

transgranular, and unambiguously demarcates the crack nucleation sites in all samples with the 

possible exception of crack 7 in sample DX2. However, the stored energies at all the sites of crack 

nucleation and at other sites are shown in the graphs in Figure 4-14(m), (n) and (o). For sample DX2 

and cracks 6 and 7, the stored energies at the crack nucleation sites and between these two locations 

are shown in Figure 4-14(n) where it is apparent that the stored energies at cracks 6 and 7 remain 
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considerably higher than at locations in between. The peak stored energy values for samples DX1 and 

DX3 at cracks 5 and 8 shown in Figure 4-14(m) and (o) are markedly higher than at other locations in 

the vicinity.    

4.3.5 Predicted Fatigue Crack Nucleation Life 

In the case of oligocrystal beam DX3, the nucleated crack length (see Figure 4-10) is measured to be 

26μm after 20 cycles of loading, and this is defined to be crack nucleation. As mentioned before, the 

nucleation length is chosen simply to ensure the crack is small compared to the corresponding grain 

size. The critical stored energy density corresponding to this crack nucleation is therefore extracted 

using the crystal plasticity model for this sample and found to be Gc=1,498 J m2⁄  (the establishment 

of a critical stored energy density based on all tested nickel samples in this study is not possible due 

to the number of cycles to crack nucleation not being captured experimentally for all of the nickel 

samples). In this work, this critical value, together with CPFE predicted stored energy density rate Ġ 

(J m2⁄  per cycle) at each experimentally observed crack nucleation site (Figure 4-8 and 4-9) are used 

to calculate the required number of cycles for crack nucleation utilising equation 4-13 in the other 

oligocrystal samples (DX1, DX2). 

Predicted cycles to fatigue crack nucleation for the single crystal beams (SC1 and SC2) transpire to be 

short, and this is reflected in the experiments also where cycles to crack nucleation (i.e. a crack length 

less than 25μm ) were difficult to capture experimentally. The cycles to crack nucleation in the 

oligocrystal beams, however, were typically much (two to three orders of magnitude) higher with the 

exception of oligocrystal DX3. Predicted cycles to nucleation together with experimentally observed 

cycles to beam sample failure are shown together for discussion in Figure 4-15. However, the key point 

is that the crack nucleation process is found to be strongly microstructurally sensitive both in the 

oligocrystal experiments, and as captured by the crystal plasticity model. The figure makes clear the 

experimentally verified role of microstructure sensitivity in fatigue; higher cyclic loads would 
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otherwise be anticipated to lead to lower cycles to nucleation and failure, but clearly this is not found 

to be so in the oligocrystal samples.   

 

Figure 4-15. Applied cyclic loading vs number of fatigue cycles to predicted crack nucleation and experimentally 

observed sample failure for the oligocrystal beam samples 

4.4 Discussion   

Fatigue crack nucleation and microstructurally sensitive crack growth are complex processes that in 

many ways continue to elude quantitative prediction, largely because of the absence of mechanistic 

understanding. Substantial progress has been made recently, achieved by bringing to bear advanced 

microscopy and characterisation techniques (HR-EBSD, HR-DIC) combined with high fidelity 

microstructure-level modelling. This study addresses the mechanistic basis of fatigue crack nucleation 

by considering simple, model nickel alloy systems in single and oligocrystal form. This methodology 

facilitates quantitative surface characterisation which is representative of sub-surface behaviour and 

which provides the ability to utilise dislocation-based crystal plasticity modelling to examine in detail 

the quantitative mechanics directly at the locations where fatigue cracks are observed to nucleate and 

grow. It allows full and direct representation of some of the microstructural features argued to be 
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important in fatigue crack nucleation and by bringing together the characterisation, measurement and 

modelling methods, provides interesting insights in to the quantitative mechanistic basis of fatigue 

crack nucleation in engineering alloys.  

A growing range of experimental studies indicates the relevance of localisation and accumulation of 

slip in fatigue crack nucleation [3, 11, 17, 26, 27, 29, 131, 143]. Studies have also suggested the 

distribution of geometrically necessary dislocations may be important [32, 34, 82], along with the local 

stress distributions [18, 108, 144, 145]. GND coupling with slip hardening provides better prediction 

of lattice rotations and distributions of local stress and strain, and incorporates the length scale in 

CPFE modelling [32]. It can be seen from the field plots of GND density (shown in Figure 4-8) that the 

grain boundaries play an important role in the dislocation pileup in the oligocrystal samples. For 

example, the GND density in the single crystals computed by the CPFE models is of order ~ 1 ×

1012 m−2 , which is a little smaller than that found for the oligocrystals (~ 3 × 1012 m−2 ). The 

differences in GND densities for each beam result from the differing microstructures and local 

crystallographic constraints. The presence of grain boundaries, twins, and any irregular geometry (for 

example, oxide agglomerates or second phases) may play a role in dislocation pile-up. For instance, 

the average GND density at the interface of a carbide and surrounding nickel matrix is  ~ 3 ×

1014 m−2 [82]. GND densities of ~ 1014 m−2 have also been observed in Ni polycrystals containing 

non-metallic inclusions [34]. Hence, it is argued that high densities of GNDs can be found at locations 

generating inhomogeneity such as triple junctions, twin boundaries, and inclusions where significant 

lattice rotations and strain gradients are expected. Nevertheless, locations of high GND density do not 

always show direct correlation with the locations of fatigue crack nucleation for most of the samples 

studies in the present work. There are many experimental results showing the potential importance 

of GND density and other quantities but also that they do not, in their own right, provide the 

mechanistic basis nor unambiguous prediction of either crack nucleation site nor of the number of 

cycles necessary to cause nucleation [3, 17]. This study has focused particularly on the sites of fatigue 

crack nucleation, recognising that the latter is a process dominated by microstructure, thereby 
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showing marked microstructural sensitivity. Understanding microstructural sensitivity of the site of 

fatigue crack nucleation must surely be crucial to quantitative mechanistic understanding and is an 

absolute prerequisite to understanding subsequent growth rate and crack path. Any model for fatigue 

that fails to identify firstly where in a microstructure fatigue cracks nucleate, it is argued, cannot be 

strongly mechanistic.       

This study, and several preceding it, has assessed slip accumulation and localisation, local stress, and 

GND density distributions in fatigue crack nucleation and in this study demonstrated evidence that 

these quantities are necessary but not sufficient in their own right to drive nucleation. A stored energy 

density, determined at the appropriate microstructural length scale, and which crucially depends on 

the above quantities, has in the current work been shown to unambiguously identify the locations of 

experimentally observed crack nucleation in single and oligocrystals in cyclic plasticity and fatigue. 

Importantly, it has also been shown that once primary fatigue cracks nucleate, redistribution of key 

quantities (such as stress, GND density, accumulating slip) occurs thus leading to new locations of peak 

stored energy such that secondary crack nucleation may occur. The mechanistic basis argued is that a 

local (elastic) stored energy density, developed through slip localisation, dislocation pile-up and lattice 

curvature formation by GNDs, resulting in locally high stresses, is established.  With further cycling, it 

increases (in the absence of relaxation and recovery processes) until such time that a critical value, Gc, 

is achieved which is equal to that necessary to generate new free surfaces; i.e. to nucleate a fatigue 

crack.  This mechanism has been demonstrated quantitatively to predict the sites of fatigue crack 

nucleation for cracks in single crystals where the strain inhomogeneity develops because of the non-

coincidence of the principal material axes with loading direction. In the presence of grain boundaries 

(and other important microstructural features such as triple junctions, twins and second phases of an 

appropriate length scale), the key drivers for heterogeneity are different and stronger than those for 

the single crystal case and result from the local elastic strain incompatibilities at grain boundaries, the 

farther field stresses developed by the crystallographic elastic anisotropies, and importantly the 

plastic anisotropies defined by the local crystallography. Previous studies have examined the latter 
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effects in some detail [121].  It is for these reasons that the stored energy density captures fatigue 

crack nucleation sites in oligocrystal beam samples which are both transgranular (DX1 and DX3) and 

intergranular (DX2) in nature, as shown in Figure 4-14, reflecting the differing microstructural drivers 

for local heterogeneity, in turn driving high stored energy and crack nucleation.  

4.5 Conclusion  

In this study, three-point bending tests, HR-DIC measurements and microstructure-representative 

CPFE together with X-FEM crack modelling have been carried out to provide insight in to the 

quantitative mechanistic basis of fatigue crack nucleation in model nickel-base superalloys, including 

single crystal CMSX04 and oligocrystal MAR002. The experimentally observed fatigue crack nucleation 

sites have enabled a focused assessment of key microstructural quantities which arguably drive crack 

nucleation, namely accumulated slip, stress, and GND density.  

The key conclusion is that no one of these quantities alone establishes the fatigue crack nucleation 

site unambiguously. It is, however, argued that they are necessary but not sufficient in their own rights 

to drive crack nucleation. The quantity which does identify all fatigue crack nucleation sites in the 

single and polycrystal samples analysed is the local (elastic) stored energy density, measured over a 

length scale defined by the dislocation density. In addition, when primary fatigue cracks which are 

predicted and observed to nucleate in the single crystal samples are introduced in to the crystal 

models, the secondary fatigue crack nucleation sites observed experimentally are also predicted. The 

key role of microstructure (here crystallography, grain boundaries and constraint) is to determine the 

localisation of slip, stress and GND density which drive local stored energy, which in turn leads to 

fatigue crack nucleation.   
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5. Mechanic Basis of Crack Nucleation in Polycrystalline FGH96 

Containing Inclusions   

5.1 Introduction 

The work presented in this chapter addresses crystallographic slip driven fatigue crack nucleation 

which has been observed in a rather different Ni-agglomerate system (FGH96) described in [29] in 

which the agglomerate, or inclusion, is ceramic based and for which Ni matrix – inclusion decohesion 

does not occur. This allows a fully integrated quantitative experimental characterisation and CPFE 

modelling study to seek the mechanistic basis of slip-driven fatigue crack nucleation.  Concurrent CPFE 

modelling, together with detailed HR-EBSD for GND measurement and HR-DIC for total strain 

measurement local to fatigue crack nucleation sites are presented for cyclic bend tests to generate, 

identify and quantify microcracks, their nucleation sites, and their drivers. An assessment is carried 

out of the key quantities (micro-texture, slip, stress, GND density, and stored energy density) with 

respect to the experimental fatigue crack nucleation sites. The materials and methods employed are 

described first in the next section, including full quantitative characterisation of the agglomerate and 

Ni alloy considered, the mechanical testing, and the crystal plasticity modelling approach adopted. 

This is followed by the full presentation of results obtained from the experiments and modelling, in 

turn leading to discussion of these results and conclusions. 

5.2 Methodologies 

5.2.1 Experimental Methodology  

A rectangular-section beam with dimensions of 3mm×3mm×12mm was cut from bar stock to contain 

the ceramic inclusion and then deformed under three-point bending, as illustrated schematically in 

Figure 5-1(a). This sample was provided by AVIC-BIAM and manufactured via a PM route. Prior to 
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mechanical test, this sample was annealed at 750℃ for 7h to release residual stress and energy stored 

within the sample during manufacturing processes. The free surface of this sample was polished to 

obtain a high-quality metallographic finish using a series of grit silicon carbide, finished with colloidal 

silica suspension for 40 mins to remove the residual deformation induced during sample preparation 

processes and obtain the required surface quality for EBSD characterization. The main chemical 

compositions of this alloy is shown in Appendix E. 

 

Figure 5-1. (a) Schematic diagram of the three-point bending beam with (b) the applied cyclic loading of 12 cycles 

with increasing peak load, and (c) EBSD map of agglomerate region in FGH96 Ni polycrystal with (d) a zoomed in 

view showing the agglomerate and surrounding grains which were modelled explicitly in simulation. 

Interrupted cyclic three-point bending testing was carried out on this prepared nickel sample with a 

force ratio of R=0. For each cycle, the peak force was increased, as described in Figure 5-1(b). The 

sample was loaded to 3650N in the first cycle, followed by subsequent cycles with a load increment 

of 200N until the peak load reached 5900N. At the final stage (unloaded state from 5900N), several 

micro-cracks were observed to be apparent local to the non-metallic inclusion. At the unloaded state 
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of each cycle, the sample was removed from the testing rig and loaded into the scanning electron 

microscope (SEM) chamber for SEM imaging, HR-DIC or HR-EBSD measurements to identify and 

quantify microcracks, as well as to quantify the slip and GND densities developed. 

Prior to the mechanical test, the crystal orientations around the inclusion region were characterized 

by EBSD, as shown in Figure 5-1(c). The measured initial microstructure local to the ceramic inclusion 

is shown with respect to the loading direction and revealed by inverse pole figure (IPF) map. The 

inclusion is located at the centre of the EBSD map and highlighted by the white line, as shown in Figure 

5-1(d), which shows a zoomed in view of the inclusion and surrounding nickel matrix that are modelled 

explicitly using a three dimensional CPFE beam sub-model. It can be seen from the EBSD map that a 

great number of annealing twins exist in this nickel polycrystal.  

The establishment of GND densities and in-plane strains, under three-point bending, are analyzed 

utilizing HR-EBSD and HR-DIC techniques, which have been reported in detail elsewhere [29]. 

5.2.2 Material Properties 

The crystal plasticity theory has been depicted in detail in Chapter 4.2.3. Uniaxial tensile testing was 

carried out on polycrystal alloy FGH96, and the experimentally measured macroscopic true stress-

strain curve is shown in Figure 5-2. The critical resolved shear stress and SSD hardening parameter λ, 

were identified and obtained using the uniaxial tensile test data. A 3-dimensional finite element model 

with representative volume element (RVE), comprising 1000 randomly orientated grains, was 

developed for calibration. The properties so determined are listed in Table 5-1. According to Frost and 

Ashby [146], the activation energy ∆F can be estimated by ∆F = ωGb3, where ω is a constant and 

depends on the strength of the obstacles. In this study, taking ω = 0.024 in order to give undetectable 

strain rate sensitivity at room temperature, with shear modulus G = 90GPa, burger’s vector b =

2.54e-4μm, then ∆F is computed as 3.456e-20 J atom⁄ . The initial mobile dislocation density ρssdm is 

estimated as 0.01μm−2 [147]. The activation volume ∆V is associated with the motion of the climbing 
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dislocation segment and has a magnitude of λpbd, where d is the length of the activation event and is 

approximated to be equal to burgers vector b, λp is the obstacle spacing and is taken to be 30nm 

(=11.6b), hence the activation volume ∆V is given by ∆V = 11.6b3 [148]. The frequency of dislocation 

escape attempts from obstacles ν is taken to be 1 × 1011s−1 [17] which is considerably smaller than 

the Debye frequency, determined from Debye temperature and the Boltzman and Planck constants 

as ~1 × 1013s−1 [149], in order to minimise strain rate sensitivity in this study. 

The computed stress-strain response obtained from the model is also shown in Figure 5-2, giving 

reasonably good agreement with experiment data.  

 

Figure 5-2. Stress-strain response with dislocation based hardening law in comparison with experiment results 

Table 5-1. Material properties for crystal slip in PM Ni polycrystalline FGH96 

τc0(MPa) b(μm) λ(μm−2) ν(s−1) ΔF(J atom⁄ ) ρssdm(μm−2) k(JK−1) ΔV(μm3) 

460 2.54e-4 10 1.0e+11 3.456e-20 0.01 1.381e-23 11.6b
3
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5.2.3 Crystal Plasticity Sub-Model   

The EBSD image of the region of interest of the tested beam, containing the non-metallic inclusion, is 

shown in Figure 5-1(c), with a magnified view of the non-metallic inclusion shown in Figure 5-1(d). A 

microstructural sensitive crystal plasticity finite element sub-model, comprising the inclusion and 

surrounding nickel matrix, was then developed using 30,292 3-dimensional 20-noded user-defined 

elements with reduced integration (C3D20R). The microstructure representation of the sub-model is 

shown in Figure 5-3(a), consisting of a homogeneous non-metallic inclusion surrounded by fine-

grained nickel matrix. Figure 5-3(a) demonstrates the appropriate crystallographic orientations 

implemented in the CP sub-model. In addition, the microstructures are assumed to be prismatic 

through this small depth due to the absence of knowledge of the 3D grain morphologies and 

orientations. This is a necessary simplification but nonetheless enables a quantitative comparison of 

the key metrics with respect to fatigue crack nucleation sites for fixed, given microstructural 

representation. Comparative results are therefore useful but clearly, any quantitative, absolute results 

for the experimental microstructure would ideally need to take full account of the sub-surface grain 

structure also. 
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Figure 5-3. (a) Schematic diagram of 3D CPFE sub-model, and (b) front view of the CPFE model with colours 

differentiating the agglomerate, surrounding fine nickel grains and surrounding uniform nickel medium. (c) DIC 

measured xx total strain map at the end of first cycle, and region over which average strains are obtained from 

DIC and CP model, and (d) corresponding CP computed and HR-DIC measured average xx strain obtained at the 

unloaded state of each cycle of loading (the regions over which xx strains were averaged has been highlighted 

in red in (a) and (c) respectively). 

In the modelling, the experimentally characterized ceramic inclusion (coloured in green in Figure 5-

3(b)) is assumed to be elastic only, the fine nickel grains around the inclusion (given by different 

colours in Figure 5-3(b)) are modelled using elastically anisotropic crystal plasticity with the 

crystallographic orientations identical to the experiment and obtained from EBSD, and the outer nickel 

matrix region (coloured in red in Figure 5-3(b)) is modelled by crystal plasticity but assigned a 
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reference crystallographic orientation (ie, [100] parallel to the x-direction etc) in order to make the 

computations tractable. This is reasonable since the primary zone of interest, where fatigue cracks 

nucleate, is at the Ni-agglomerate interface at which the full surface grain morphologies and 

orientations are fully represented. The inclusion is assumed to be perfectly elastically isotropic in the 

modelling work, such that differences observed between modelling and experimental results may 

result from this simplified assumption. In fact, the inclusion is highly porous and this may affect the 

deformation and fatigue behaviour of adjacent nickel grains. 

The determination of the appropriate boundary and loading conditions for the CP sub-model is 

necessary in order to obtain the correct mechanical and physical behaviour developed in the 

experiments. Hence, a macroscopic finite element three-point beam model with Mises isotropic 

hardening was developed to represent the beam test shown in Figure 5-1(a). The boundary and 

loading conditions were applied to reproduce the experimental loading history shown in Figure 5-1(b). 

Under three-point bending conditions, the inclusion region is deformed effectively under uniaxial 

loading and the shear effects can be neglected as they are anticipated to be very small near the beam 

free surface. In addition, the agglomerate region is sufficiently small with respect to the beam and 

applied loading that it becomes very reasonable to argue that locally, the loading is uniform and 

uniaxial. In this way, the macroscopic finite element beam model in Figure 5-1(a) has been used to 

establish the average peak loading to impose at the sub-model agglomerate scale shown in Figure 5-

3(b). However, local plasticity at the agglomerate region means that the local mean stress developed 

by the three-point bending is not known, and so this has been determined using the CP sub-model to 

ensure that the experimentally (DIC) measured average strains are captured correctly by the model. 

The corresponding sub-model applied loading is shown in Figure 5-4, and the comparisons between 

the CP computed and DIC-measured average strains at the agglomerate region are shown in Figure 5-

3(d). In addition, the spread of strains along the edge regions indicated in Figs. 3(a) and (c) for both 

DIC measurement and CP computation are shown by the error bars in Figure 5-3(d).     
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Figure 5-4. Applied load boundary condition for the sub-model 

5.3 Results 

5.3.1 Cyclic Crystal Plasticity Modelling and Experimental Measurement  

The effective plastic strains at the unloaded states of cycle 1 (3650N), 3 (4100N), 7 (4900N) and 11 

(5700N) predicted by the CPFE sub-model and those measured by HR-DIC are shown in Figure 5-5(a)-

(d) and (e)-(h) respectively. Both CPFE computed and HR-DIC derived accumulated slip maps show a 

significant sense of localization and heterogeneity. The plastic strain heterogeneity is revealed at the 

beginning of the cyclic deformation, as shown in Figure 5-5(a) and (e). The strain is accumulated 

progressively and extends from the inclusion into the Ni matrix with subsequent cyclic loads. The 

surface effective plastic strains indicate a tendency to form bands at ~45o to the loading axis arising 

from directions of maximum macroscale shear. However, increasing strain with cycles shows a strong 

dependence on microstructure. From observation of the CPFE and HR-DIC maps, plastic strain initiated 

at the inclusion and the strain pattern is established at the beginning of the cyclic deformation and 

tends to increase with cycling. Two ‘butterfly’ deformation bands develop in the HR-DIC measured 

strains showing significant localized within these two bands, adjacent to the inclusion. However, the 
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qualitative (contour plot) strain pattern is slightly different in the CPFE computation compared to 

those in HR-DIC measurement. Only one obvious ‘butterfly-shaped’ strain band is observed at the top 

of the inclusion, and the strain bands at the top left and bottom right (indicated using red ellipses in 

Figure 5-5(d)) are not as clear nor high in magnitude as those from DIC measurement in Figure 5-5(h). 

This difference may result from the assumption of the perfectly dense and elastic nature of the 

inclusion considered in modelling, which in fact is highly porous and brittle and which may even 

contain pre-existing cracks, in turn affecting the fatigue behaviour of the neighbour grains. 

 

Figure 5-5. (a)-(d) Effective plastic strain distributions by CPFE prediction and (e)-(h) HR-DIC measurement at the 

end of cycle 1 (3650N), 3 (4100N), 7 (4900N) and 11 (5700N) respectively. 

However, quantitative assessment of the plastic strains in the region of interest is facilitated by 

extracting the strain values from CPFE calculation and HR-DIC measurement. The effective plastic 

strain evolution at nine arbitrarily selected points, shown in Figure 5-6(a), are plotted in Figure 5-6(b)-

(j). These points are selected to facilitate quantitative comparison and present the assessment 

between the simulation and experiment results. As expected, both CPFE predicted and HR-DIC 

measured strains tend to increase with increasing cyclic load, with the exception at location 5. 

However, it can be seen from the qualitative assessment in Figure 5-5 and the quantitative result in 

Figure 5-6 that the strain at location 5 is very small (~0.1%) such that the experimentally measured 



71 
 

strain at this location is likely noise. In addition, at location 4, the HR-DIC measured plastic strain 

develops much more quickly than that indicated by the CPFE model. The qualitative assessment in 

Figure 5-5 indicates that initially higher strained regions (e.g. ‘butterfly’ bands) continue to develop 

more quickly than low strain regions with progressive loading. Hence, with the exception of location 

4, the crystal model gives strain evolutions with cycling in good agreement with the DIC measured 

strains. 

 

Figure 5-6. (a) Microstructure of agglomerate and surrounding fine nickel grains and the corresponding points 

1-9 at which effective plastic strain were extracted from the CPFE simulation and HR-DIC measurement at the 

end of each cyclic loading shown in figure (b)-(j) respectively. 

CPFE predicted full-field Mises stress (Figure 5-7(a)-(d)) and hydrostatic stress (Figure 5-7(e)-(h)) are 

shown at the unloaded state (that is, they are local residual stresses) for cycle 1 (3650N), 3 (4100N), 7 

(4900N) and 11 (5700N) respectively, which show considerable heterogeneity around the 

agglomerate. In addition, careful examination shows that the stress hotspots show progressively 

increasing residual stress with cycling, reflecting the local accumulation of plastic strain shown in 

Figure 5-5.  Comparison of stress distributions with the microstructure shown in Figure 5-6(a) reinforce 

the effects of grain boundaries, local crystallographic orientations and the geometry of the non-
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metallic inclusion on stress distributions. Mises stress discontinuities arise at grain boundaries on 

account of the differing crystallographic orientations, and of course the stress distributions near the 

inclusion are strongly affected by its complex geometry. Consideration of SEM images (see later) 

shows that the fatigue microcracks tend to nucleate at high stress locations, but they do not always 

match with the highest stress locations. The Mises stress variations around the inclusion can 

reach~1500 MPa.  

 

Figure 5-7. (a)-(d) Mises stress and (e)-(h) Hydrostatic stress distributions by CPFE prediction at the end of cycle 

1 (3650N), 3 (4100N), 7 (4900N) and 11 (5700N) respectively. 

The change in GND density between initial unloaded state and after 12 loading cycles has been 

determined from both the CPFE computation (Figure 5-8(a)) and HR-EBSD measurement (Figure 5-

8(b)), and the overall GND density is observed to increase significantly from both methods, showing 

considerable spatial variation. The HR-EBSD measured GND distribution prior to cyclic deformation 

has been shown in Figure 5-9, giving a low density before the application of cyclic loading, likely 

generated by the differing thermal expansions of the Ni matrix and non-metallic inclusion during heat 

treatment [29, 34]. It is noted that the Ni regions above and below the inclusion show high GND 

density, whereas a low density is observed at the left and right of the inclusion, as shown in Figure 5-

8(a) and (b). The changes in average GND density (calculated over the region of interest) determined 

by HR-EBSD measurement and CPFE modelling are 1.05 x 1014 m-2 and 7.8 x 1013 m-2 respectively. 
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Experimentally measured GND density increases are found generally to be higher than those predicted 

by the CPFE model, but this has been observed and addressed by other authors [150].  In addition, the 

GND density is predicted by the CPFE model to increase rapidly in the first cycle of loading, and at a 

much lesser rate with subsequent cycles, which is in a good agreement with previous interrupted 

progressive GND studies near an inclusion [29].  

 

Figure 5-8. illustrates (a) the CPFE predicted change in GND density distribution from the undeformed state to 

the final state after 12 loading cycles), and (b) the corresponding HR-EBSD measured change in GND density 

distribution. (Note the colour legends are different) 

 

Figure 5-9. GND distribution over region of interest before cyclic loading by HR-EBSD 

The GND density is further quantitatively analyzed by comparing model with experimental results at 

the unloaded state of cycle 12, along the two paths chosen in Figure 5-10(a), and the line graphs 
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showing spatial variation of GND density are given in Figure 5-10(b) and (c). The localization of GND 

density at the inclusion interface is observed in both paths AA’ and BB’. In addition, the predicted 

heterogeneous distributions of GND density along the two paths are also captured rather well. These 

two paths are chosen arbitrarily in order to assess the agreement (or otherwise) between predicted 

and experimental measured GNDs. This, together with the good agreement for slip accumulation, 

provides the confidence to utilize the CP model to investigate the key crack nucleation drivers at the 

locations where cracks are observed to nucleate in the experiment.  

 

Figure 5-10. (a) Agglomerate and surrounding microstructure with corresponding paths AA’ and BB’ along which 

GND density is compared from CP model and HR-EBSD. (b) GND density along path AA’ and (c) BB’ at the end of 

cycle 12 (5900N). 
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Note that the colour scale bars for strain, stress and GND are chosen to maximize contrast, and where 

comparisons are presented, colour scales for model and experiment results are not the same. 

5.3.2 Experimental Observations of Crack Nucleation and CP Analysis of Local Slip  

Six microcracks were experimentally observed [29] to occur around the non-metallic inclusion. These 

tiny cracks nucleate at or in some cases possibly within the inclusion and then extend to the Ni matrix 

within one grain. It is noted that the observed cracks tend to extend along slip traces within the Ni 

grains, indicating a strong dependence on crystallographic orientation and slip system activation. The 

locations of crack nucleation are identified and labelled in Figure 5-11. From knowledge of the SEM 

images shown in previous work [29], it is noted that crack 1 is observed to nucleate at the end of cycle 

4100N (cycle 3), whereas cracks 2-5 and crack 6 have been found to form at cycle 4900N (cycle 7) and 

cycle 5700N cycles (cycle 11) respectively.  

 

Figure 5-11. SEM image showing six micro-crack nucleation locations around the non-metallic inclusion (taken 

from [29]) 

The inclusion in this study is rather porous, containing an apparent large void at its central region. The 

presence of these pores may be important for the effective stiffness of the inclusion, such that Ni – 
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inclusion decohesion is not observed and instead, crystallographic slip-driven cracks in the 

surrounding Ni alloy are found to develop, unlike that for the agglomerate studied in Zhang’s et.al 

work [26, 27], in which the decohesion of Ni matrix/oxide interfaces is argued to be the main 

mechanism of crack nucleation. The slip lines on the sample surface shown in Figure 5-11 provide 

confirmation of accumulated plastic deformation local to the agglomerate. The six local crack regions 

have been identified and assessed experimentally and computationally (CP), as shown in Figure 5-12. 

 

Figure 5-12. The six micro-cracks which nucleate at the interface between nickel matrix and inclusion, 

corresponding SEM images and EBSD maps captured at the end of cycle 12 (5900N). CP predicted slip on relevant 

activated slip systems are shown (colour legend shows slip magnitude), followed by identification of CP 

predicted (red) and experimentally observed (blue, broken) slip traces on the sample surface around six micro-

crack regions. 

Crack 1 is observed to extend along active slip planes within grain 1. From the observations of the 

activated slip systems, both slip systems 7 and 8 are activated, but it is noted from the model 
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prediction that slip system 7 is more heavily activated and hence dominates. The intersections of these 

two slip systems with the sample surface illustrate that crack 1 is slip dominated. 

Crack 2 is found to extend from the inclusion to the high accumulated slip region within grain 2, 

whereas crack 3 is nucleated from the inclusion and propagates along a grain boundary (grain 3). The 

directions of these two cracks are argued to be crystallographic slip system dominated within grain 2 

and grain 3. 

Crack 4 is found to extend away from the inclusion along the boundary of grain 4. Slip system 9 is 

dominant within grain 4, so crack nucleation and growth is crystallographically controlled and growth 

occurs along this slip system direction.  

Crack 5. There are multiple slip systems activated in Grain 5, but slip systems 10 and 11 show greater 

slip than for systems 1 and 3. The propagation direction of crack 5 is observed to be parallel with the 

observed slip traces for systems 10 and 11.  

Crack 6 is observed to nucleate from the boundary of grain 6 and propagates within the same grain. 

Slip systems 3 and 12 are predicted to be activated within this large grain. From the observations of 

the local SEM images and the slip traces on the surface, it seems that crack 6 does not propagate along 

slip system 3 or 12. In addition, there is some slip found to occur within the twin region, but no micro-

cracking at the twin is observed. 

It is noted that all bar one of the microcracks are crystallographic in nature; that is, they nucleate and 

grow along activated slip systems.  However, the magnitude of slip is not in itself a strong indicator, in 

that there are examples of higher slip accumulation but the absence of crack nucleation.  

5.3.3 Crack Nucleation Mechanisms 

To further assess the relationship between stress, dislocation density, strain and experimentally 

observed crack locations (Figure 5-11), these key quantities from the CPFE model are extracted along 
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the complete path DD’ (highlighted by the red line in Figure 5-13(a)) forming the perimeter of the 

inclusion, at the final stage (the unloaded state of 5900N), as all six microcracks are observed to 

become very apparent by the end of cycle 12 (5900N). The GND density and Mises stress along path 

DD’ have been plotted in Figure 5-13(b) and (c) respectively, and the perimeter locations at which the 

cracks are observed to nucleate have been identified. From the observations of the line graphs, it is 

apparent that there is no over-riding correlation between crack nucleation sites and the GND or stress 

hotspots. Although most of these cracks are generated at locations of high stress or high GND density, 

cracks are also found not to nucleate at locations of higher or highest stress or GND density, also 

indicated by the field plots shown in Figure 5-7 and Figure 5-8. Hence, these quantities seem to be 

relevant to crack nucleation, but not to be sufficient in their own rights to be diagnostic. 

 

Figure 5-13. (a) Microstructure of the agglomerate and surrounding nickel fine grains and the corresponding 

path DD’ along which (b) GND density and (c) Mises stress were extracted and analysed at the end of cycle 11 

(5700N) from CPFE simulation, the location of six micro-cracks were labelled in the line graphs. 
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CPFE predicted effective plastic strain along path DD’ (Figure 5-13(a)) is plotted in Figure 5-14 at the 

unloaded states of cycle 1, cycle 3, cycle 7 and cycle 11. The strains at the experimentally observed 

crack nucleation sites have been enlarged in the inset figures for clarity. The sites of crack nucleation 

show much stronger correlation with the high effective strain locations. It is again apparent from the 

line graphs that the accumulated plastic strain pattern of spatial distribution around the inclusion 

remains largely unchanged and that the subsequent cycling has the effect of increasing the strain 

magnitudes at the locations where slip localisation has already occurred. This confirms the same result 

from the strain maps shown in Figure 5-5. However, there are some strain hotspots where no crack 

nucleation is observed to occur. For instance, in Figure 5-14, the peaks at the left side of crack 5 and 

right side of crack 1 are higher than the strain at crack 4, but no crack is found to nucleate at these 

sites. In addition, it is also found from the strain distributions shown in Figure 5-5 that there are some 

sites far from the inclusion, which have very high strain magnitudes, but do not generate crack 

nucleation. The relationship between slip accumulation, persistent slip band formation, and crack 

nucleation is ubiquitous across the literature in fatigue and hence we argue that is a necessary 

requirement for crack nucleation, but not sufficient.  

 

Figure 5-14. CPFE computed effective plastic strain and along path DD’ (Figure 12(a) for reference), with 

magnified views shown at the locations of six micro-cracks.  
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From the study of Findley et al. [151], fatigue crack nucleation in Ni-base superalloys has been found 

to be shear-dominated microstructurally and also to correlate well with the Fatemi-Socie (FS) fatigue 

indicator parameter (FIP) PFS, which is defined by 

                 PFS = [
∆γmax
p

2
(1 + k

σn,max

σy
)]                                                          5-1 

where ∆γmax
p

 is the maximum range of cyclic plastic shear strain, σn,max is the maximum tensile stress 

normal to the plane associated with the maximum shear range, and σy is the cyclic yield strength. 

Hence in this work, we assess this criterion, together with that of dissipated energy, against the 

experimental observations. In equation 5-1,  k is related to material properties and chosen to be 0.5 

for Nickel alloy systems [108, 151, 152]. We calculate the FS measure at the grain/subgrain scale, and 

its value along path DD’ (Figure 5-13(a)) at cycle 12 (5900N), is shown in Figure 5-15. The results 

indicate some correlation between the FS measure and the occurrence of fatigue crack nucleation, 

but it is noticeable that there are multiple locations around path DD’ for which a high value of the FS 

parameter is determined but for which no cracks are observed in the experiment.  

 

Figure 5-15. Fatemi-Socie FIP extracted around path DD’ at the end of cycle 12 (5900N) from the CPFE simulation, 

with the location of the six micro-cracks indicated. 

Following the previous study, the dissipated energy (Jm-2) per cycle can be calculated over a complete 

loading cycle from 

∆U = ∫|𝛔: d𝛆p| = ∫(|σxxdεxx
p
| + |σyydεyy

p
| + |σzzdεzz

p
| + 2|σxydεxy

p
| + 2|σxzdεxz

p
| + 2|σyzdεyz

p
|)      5-2 
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where 𝛔 and 𝛆 are stress and plastic strain tensors respectively. The energy dissipated at the end of 

cycle 12 (5900N) has been extracted along path DD’ (Figure 5-13(a)) and shown in Figure 5-16 from 

which it is seen that the observed fatigue crack nucleation sites correlate reasonably well with the 

high dissipated energy locations, but it is also apparent that some high dissipated energy sites don’t 

generate crack nucleation. For example, the two energy peaks between the sites of cracks 5 and 6, 

which have high dissipated energy, do not occur at sites of crack nucleation.  

 

Figure 5-16. Dissipated energy extracted around path DD’ at cycle 12 (5900N) from the CPFE simulations, with 

the locations of the six experimentally observed micro-cracks indicated. 

A local stored energy criterion has been proposed by Wan et al [3, 30] and by Chen et al [153] recently 

for crack nucleation. The criterion is closely associated with slip localization, stress state, SSD and GND 

densities, and follows from the idea that it is the local elastic sored energy density, driven by 

dislocation pile-up and structure formation, over a length scale determined by the local dislocation 

density, which balances with the surface energy needed to establish the new crack. It is therefore 

Griffith related in the stored energy density sense, but considered at the microstructural scale, and 

Stroh-related since the local dislocation density, or number per unit area, contributes to the local 

stress as the driving force.  The calculation and implementation of stored energy in crystal plasticity 

has been described in detail in Chapter 4.2.4. 

In this study, the energy density which is stored in the first and subsequent cycles local to the inclusion 

are assessed and shown in Figure 5-17, from which the pattern of spatial distribution is observed to 



82 
 

remain throughout the cyclic loading, as was the case for accumulated plastic strain. The highest 

stored energy points are located around the inclusion, and the experimentally observed crack 

nucleation sites are found to coincide with local peak value of stored energy. This is confirmed by the 

line graph shown in Figure 5-18, in which the stored energy density is extracted from the CPFE 

calculation along path DD’ (Figure 5-13(a)) around the inclusion at the end of cycle 1, cycle 3, cycle 7 

and cycle 11. Again, with cycles, the spatial distribution remains largely unchanged but the magnitudes 

of the stored energy density increase with increasing load. It is found that the six observed 

experimental cracks are generated at the six locations at which the highest stored energy density 

magnitudes are found to occur along the inclusion perimeter. The stored energy density is the only 

quantity of all of those considered for which this has been found to hold. Comparing figures 5-16 and 

5-18 for the dissipated energy and the stored energy density respectively shows strong agreement, 

but it is notable that for the stored energy density, the high magnitudes obtained between cracks 1 

and 2 are lower than that for crack 4. In contrast, the dissipated energy in figure 5-16 indicates that 

cracks would preferentially nucleate at multiple other sites in preference to that for crack 4 (since they 

give higher dissipated energies). The stored energy criterion therefore, which explicitly accounts for 

dislocation density, provides a more accurate prediction over all the previous indicator quantities, 

including Fatemi-Socie and the dissipated energy, for crack nucleation, in the sample considered in 

this thesis.  

 

Figure 5-17. The evolution of stored energy density distribution at the end of cycle 1 (3650N), 3 (4100N), 7 

(4900N) and 11 (5700N) has been shown in (a)-(d) respectively. 
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Figure 5-18. CPFE computed stored energy along path DD’ (Figure 5-13(a) for reference), with magnified views 

shown at the locations of the six micro-cracks.  

5.4 Discussion 

In this study, microstructure-sensitive CPFE modelling with integrated experimental studies are 

utilized to provide new insights in understanding the physical and mechanical basis of crack/defect 

nucleation in PM Ni polycrystalline alloy FGH96, containing a non-metallic inclusion. It is ubiquitous 

from many experimental studies that crack nucleation requires the localization of strain, in turn 

resulting from slip, for fatigue micro-cracks to nucleate. The present experimental and computational 

studies reinforce this conclusion but with the proviso that the slip accumulation is a necessary 

condition, but by no means sufficient.  Crack nucleation in Ni polycrystalline FGH96 containing a non-

metallic inclusion was observed to appear at the Ni matrix/inclusion interface, and extend into the Ni 

matrix with increasing loading cycles. Crystallographic slip was found to be a major factor at the 

location of crack nucleation and in influencing the subsequent crack propagation direction. The CP 

modelling performed well in capturing the experimentally observed slip activation where the cracks 

were nucleated, as recently reported in [133, 153], and more generally at arbitrarily chosen points in 

the microstructure in successfully reproducing experimental DIC strain measurements. In addition, 

the quantitative comparison of HR-EBSD measured GND densities with the Nye-based formulation for 
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its determination from CP computations also showed very good agreement, in keeping with previous 

studies [17].  

In this thesis, the initial GND density near the inclusion quantified by HR-EBSD is consistent with other 

observations in similar alloy systems. For instance, the average GND density at the interface of 

carbide/nickel matrix measured using HR-EBSD in a directionally solidified Ni alloy subjected to 

thermal and mechanical loading was found to be ~3 x 1014 m-2 [82]. An average GND density of ~1014 

m-2  in Ni polycrystalline with a non-metallic inclusion was also observed and reported in the study of 

Zhang et al [26, 27, 34]. This is found to be consistent with the related work by Jiang et al [154, 155], 

in which the GND density is measured in deformed copper under cyclic loading. It can be seen from 

the field plots of GND density shown in Figure 5-8 that the geometry of the inclusion and grain 

boundaries play important roles in the dislocation distribution. The GND density near the inclusion in 

the current study determined by HR-EBSD is also ~1014 m-2. Following deformation, high GND densities 

were found at the locations generating heterogeneity such as grain boundaries, triple junctions, sharp 

corners of the inclusion/matrix interface and twin boundaries where large strain gradients are 

expected. From the observations of GND distributions (Figure 5-8), while high GND density is strongly 

associated with crack nucleation site, there are many locations with high GND densities where fatigue 

cracks do not nucleate. This observation is also confirmed by other studies [26-29, 34]. This illustrates 

that crack nucleation is not uniquely implied from high GND density alone.  

Hence consideration of the local stored energy density as a mechanistic driver for fatigue crack 

nucleation was argued to be reasonable given that all the quantities upon which it depends (local slip, 

stress, and GND density) have all been demonstrated to be well captured by the CP model. A 

significant range of experimental anaysis has brought to light the potential roles of microstructure-

level stress, slip accumulation and density of GNDs in fatigue crack nucleation. Some studies have in 

isolation implicated, for example, the role of GND density in capturing crack nucleation site and 

subsequent crack growth path [22]. However, (many) other studies reinforce the role of accumulated 
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slip, and yet others that of stress. Hence there is considerable collective evidence that all of these 

quantities are potentially important in  fatigue crack nucleation.   The results reported in this thesis 

may provide a unification of the experimental observations through the concept of the local stored 

energy density.  The stored energy density has been shown to be highest, above all other locations, 

where the experimentally observed cracks are found to occur. The other fatigue indicator parameters 

(accumulated plastic strain, Fatemi-Socie, dissipated energy) all give one or more predicted locations 

of high magnitude at which cracks are not observed in the experiments (where the magnitude of the 

FIP is higher than that for locations where experimental cracks are observed). However, these FIPs do 

show some success in capturing some of the observed crack nucleations.  

5.5 Conclusion 

Fatigue crack nucleation in a powder metallurgy nickel alloy containing a non-metallic inclusion has 

been investigated through integrated small-scale bend testing, quantitative characterisation using HR-

EBSD and HR-DIC, and computational crystal plasticity which replicates the experimental 

microstructures. 

Multiple sites of fatigue crack nucleation were observed to occur at the nickel matrix-inclusion 

interface and the cracks were found to be driven by local crystallography and slip. Crack growth 

direction was found to be crystallographic in all cases but one, and where multiple slip systems were 

active, that with the highest slip magnitude controlled the crack direction.      

Crystal plasticity modelling was used to replicate the microstructure in terms of the nickel polycrystal 

morphology and crystallographic orientations, and the non-metallic inclusion. The CP model was 

demonstrated to reproduce the experimentally DIC-measured strains and their distributions, and the 

HR-EBSD measured GND density distributions. At the nickel matrix-inclusion interface where crack 

nucleation occurred, the CP model provided quantitative detail of slip activation, GND density, stress, 

dissipated energy, the Fatemi-Socie FIP, and stored energy density so that a quantitative assessment 
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of the drivers of the observed crack nucleation could be obtained. Slip activation, stress, and GND 

density were all found to be involved, but no one of them proved to be uniquely identifiable as the 

primary driving force, although slip was found to be a necessary, but not sufficient condition for 

cracking. Highest magnitudes of local stored energy density, however, were found to correlate with 

the experimentally observed crack locations, and comparisons were presented with other fatigue 

indicators (e.g. Fatemi-Socie and dissipated energy). 
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6. Non-Proportionality and Stress State in Fatigue in 316L Stainless 

Steel 

6.1 Introduction 

The work presented in this chapter addresses multiaxial and non-proportional effects on the fatigue 

life of stainless steel 316L using a dislocation-based elastic stored energy crystal plasticity approach. 

The loading characteristics addressed include pure uniaxial cyclic loading, pure torsional cyclic loading, 

out-of-phase non-proportional fatigue, and the superposition of large-amplitude proportional stress 

cycles and higher frequency, smaller-amplitude non-proportional stress cycles (fatigue noise). To 

compare the fatigue lives in these differing loading conditions, equivalent von Mises stress σa
eq,VM

 is 

used to define the stress amplitude of any loading. The experimental data has been established in the 

recent work of Janssens [93]. In the latter study, different stress-based failure criteria have been 

evaluated to determine which of them can represent the experimentally observed fatigue lifetime 

differences best. However, a mechanistic explanation for the observed lifetimes and endurance limits 

under those differing loading paths does not yet exist, and this is addressed in the present thesis. An 

assessment is carried out of the key quantities, including micro-texture, slip, stress and elastic stored 

energy density, at the microstructural level with respect to the experimental fatigue lifetimes and also 

the fatigue scatter witnessed in the samples tested. The materials and methods employed are 

described first in the next section, including the mechanical testing and the crystal plasticity modelling 

approach adopted. This is followed by the full presentation of results obtained from experiments and 

modelling, in turn leading to discussion of these results and conclusions.  

6.2 Experimental and Computational Methods 

An austenitic stainless steel of grade AISI 316L is considered in this study. The development of a 

representative microstructural model using CPFE modelling is based on the EBSD characterisation of 
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the 316L specimens. Experimental fatigue tests were performed under a number of loading conditions 

for austenitic 316L steel and the corresponding test results provide information on fatigue life 

difference and scatter under various loading paths. 

6.2.1 Materials Characterisation and Mechanical Tests 

The geometry of the austenitic steel grade 316L fatigue test specimens is shown in Figure 6-1(a) [93] . 

A number of tested tubular samples were cut and manufactured from a 20mm thick hot-rolled plate, 

and all the specimens were extracted at a sufficient distance from the edge of the rolled plate, in order 

to avoid any influences caused by microstructural variations that are typically observed at the edge of 

the rolled sheet metals [93]. The investigated material was subjected to an etching procedure to 

highlight the grain boundaries and the corresponding microscopic images can be found in [90]. From 

the microscopic image provided by our collaborator K.G.F. Janssens at PSI, Switzerland, the grain size 

was found to vary significantly from small grains of ~10μm to large grains of ~120μm, with an 

average grain size of ~50μm. Further, it is observed from the pole figures shown in Figure 6-1(b) 

(provided by K.G.F. Janssens) that the investigated material shows minimal preferred crystallographic 

orientation. With the microstructural information provided, the corresponding representative volume 

element (RVE) models of this steel based on both texture and morphology can be generated. 

 

Figure 6-1. (a) Dimensions of fatigue test specimens [93], (b) pole figures of gauge region (this data is provided 

by K.G.F. Janssens at PSI, Switzerland) 
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The fatigue tests were carried out on the 316L steel under five different loading paths at room 

temperature by Janssens [93], and the results are summarised in Figure 6-2. It can be seen that fatigue 

life varies considerably with loading type and that significant scatter is observed within any one 

loading type. Loading histories were performed on a hydraulic, axial-torsional testing system, including 

fully reversed uniaxial loading (labelled A) which was applied along the x-direction (Figure 6-1(a)), fully 

reversed torsional loading (T) that was achieved by applying an equal but opposite direction torque at 

the planes perpendicular to sample x-axis at both ends, 90°  out-of-phase combined tension and 

torsion loading (A+T), a superposition of a larger-amplitude base uniaxial loading with a 10 times 

smaller-amplitude but 10 times higher-frequency uniaxial noise loading component (A+AN), a 

superposition of a larger-amplitude base uniaxial loading with a 10 times smaller-amplitude but 10 

times higher-frequency torsional noise loading component (A+TN). All the fatigue tests reported in 

this study are stress-controlled loading consisting of an R=-1 sinusoidal loading curve (or a 

superposition of two sinusoidal loading curves) with a base frequency of 10Hz. The loading forms are 

detailed in Table 6-1. Examination of the 316L steel fatigue samples tested to failure demonstrated 

fatigue crack nucleation and ultimately failure within the gauge region of the tubular bar. 

 

Figure 6-2. Fatigue lifetime data of 316L steel at room temperature plotted using the von Mises equivalent stress 

amplitude under (a) all five loading cases (b) pure axial (A), pure torsional (T) and axial+torsional (A+T) cases (c) 

pure axial, axial+axial noise (A+AN) and axial+torsional noise (A+TN) cases 

To compare the fatigue life obtained under different loading conditions, including uniaxial, torsional, 

90° out-of-phase non-proportional, and non-proportional noise, we use the equivalent von Mises 
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stress σa
eq,VM

 to define the stress amplitude of any loading, and this is plotted as a function of the 

experimental observed fatigue cycles to failure across all tested samples, as shown in Figure 6-2(a). 

Green diamonds indicate pure axial fatigue (σa
eq,VM

= σa ), black squares indicate pure torsional 

fatigue tests (σa
eq,VM

= √3τa ), blue crosses represent 90°  out-of-phase non-proportional loading 

histories  

Table 6-1. Five different cyclic loads and boundary conditions applied in experiment and in the RVE models  
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(σa
eq,VM

= √σa
2 + (√3τa)

2 ), purple circles and red triangles show axial base loading with axial noise 

and axial base loading with torsional noise data points respectively. To facilitate comparison among 

differing loading histories, the data points in Figure 6-2(a) are separated into two groupings, which 

have been plotted in Figure 6-2(b) and Figure 6-2(c) respectively. Green trend lines for the purely 

uniaxial fatigue behaviour, including range of scatter, are included in all graphs for comparison. The 

uniaxial lifetime (green solid line) is plotted using the Coffin-Manson equation (1) (provided by our 

collaborator K.G.F. Janssens), which is valid for low cycle fatigue conditions. 

                                                σa
eq,VM

= 248(Nf)
−0.00309 + 105(Nf)

−0.836                                                 6-1 

The green dashed lines indicate an error-band of 10% in stress based on the fitted uniaxial lifetime 

curve.  

Evidently from Figure 6-2(b), 316L stainless steel exhibits significant life scatter for the same stress 

ratio (R=-1) and stress magnitude. Significant scatter exists even for the case of pure uniaxial loading; 

for example, a maximum applied stress of 250MPa leads to lives from 104.6  to 105.2  cycles, 

demonstrating large variation. Similarly, the observed fatigue lifetime for pure torsional loading and 

90° out-of-phase non-proportional tension-torsion loading also reveal scatter. Given this, it is difficult 

to argue that there is significant difference observed between uniaxial and torsional loading fatigue 

life, indicated by the corresponding trend lines in Figure 6-2(b), although the torsional behaviour tends 

towards the upper stress bound for the uniaxial behaviour. However, the 90°  out-of-phase non-

proportional tension-torsion (A+T) data points are below the lower stress bound for the pure tension 

fatigue behaviour at low applied stress amplitude (no data are available for high applied stress), which 

is clearly differentiated and leads to a reduction of life compared to tension and torsion respectively 

as is clearly observed in Figs. 2 (a) and (b). For the axial-torsional fatigue experiments involving a base 

uniaxial loading cycle and a non-proportional axial or torsional noise loading component, the fatigue 

data points are compared to pure uniaxial data, as shown in Figure 6-2(c). From the observations, both 
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axial and torsional fatigue noise tend to reduce the lifetime of the tested samples when compared to 

a lifetime curve based on fully reversed, stress-controlled uniaxial loading cycles. In addition, it is noted 

that the lifetime is reduced slightly more under the condition of torsional fatigue noise than that of 

axial noise, although the difference is small. More noticeable is that the reduction in life is much more 

apparent at low applied stress amplitude than for high stress, and for the latter, the inclusion of the 

‘noise’ non-proportional loading diminishes away to near zero compared to pure uniaxial loading.  

A range of interesting effects of non-proportionality and multi-axiality are therefore observed; notably, 

both non-proportional tension – torsion loading and the inclusion of low amplitude, high frequency 

non-proportional loading superposed on to axial fatigue lead to some life reduction, which is stress 

dependent. These are features which any mechanistic model will need to capture in order to be 

persuasive.     

6.2.2 Computational Crystal Plasticity and Stored Energy  

To capture and explain the experimentally observed fatigue life variations and scatter under different 

loading conditions of 316L stainless steel, we use crystal plasticity modelling together with a fatigue 

crack nucleation criterion based on elastic stored energy density to simulate the detailed fatigue 

specimen microstructure. In this thesis, a 3-dimensional representative grain geometry and 

morphology that is similar to the experimental characterized samples is generated using VGrain [156, 

157]. The generated 3D RVE model is then meshed in Abaqus CAE. A user defined material UMAT 

subroutine incorporating crystal plasticity is then used for analysing the fatigue behaviour at the grain 

length scale. 

6.2.2.1 Model Development 

Three-dimensional controlled Poisson voronoi tessellation within VGrain has been developed by 

Zhang et al [156, 157], which has been utilized to generate the representative microstructural model 

in this study. The mean grain size and grain size distribution function were chosen to represent the 
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experimental microstructures. Evidently from the experimental characterisation shown in [90] as well 

as information provided by Janssens, the minimum, mean and maximum grain size within this material 

are ~10μm, ~50μm, ~120μm respectively. Therefore, the grain size control parameter here was set 

to give a distribution of normalised grain sizes as shown in Figure 6-3(a). The texture in the investigated 

316L stainless steel samples is shown in Figure 6-1(b) and this information has been utilized to 

construct the RVE model in Figure 6-3. The representative polycrystalline model has been shown to 

reproduce the average stress-strain response at different strain rates at a temperature of 20° (see 

below). In this study, several differing morphological representations have been developed, whilst 

maintaining the same crystallographic orientations, in order to assess their role in predicted stored 

energy and hence fatigue life. 

 

Figure 6-3. CPFE model illustrating (a) distribution of grains against normalized grain size (b) surface grain 

morphology (c) 3D network of internal and external grain boundaries (d) the tetrahedral element meshed model 
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The tubular fatigue test samples were presented in Figure 6-1(a) for which most of the observed 

sample failure occur within the gauge length of the specimen. Hence, only a small 300μm cuboidal 

volume within the gauge region of the fatigue tested sample was simulated. The size of this RVE model 

is chosen to ensure boundary condition effects are minimised and so that a reasonable number of 

grains is included in the analysis. The effect of grain numbers on fatigue behaviour of nickel alloys has 

been reported in [47].  The controlled Poisson voronoi tessellation model generated by VGrain was 

then imported into ABAQUS CAE to mesh. This model includes 216 surface grains, as shown in Figure 

6-3(b). An extremely complex grain boundary network within this 3D polycrystalline model resulted, 

illustrated in Figure 6-3(c). 171,947 ten-noded tetrahedral elements (C3D10) with an average element 

size of ~13μm were employed in the model shown in Figure 6-3(d). 

It should be noted that the RVE model with tessellated grains generated here is unable to reflect the 

exact grain morphology. From other microstructure level studies utilizing crystal plasticity finite 

element method [158-160], it is found that RVE models, which contain sufficient number of grains and 

finite elements, are able to mimic the bulk polycrystal behaviour, as well as capture grain averaged 

strain and stress distributions at microscopic scale. However, generating true grain morphology based 

on experimental characterization remains necessary and important within simulation to predict 

intragranular strain and stress behaviour [161]. In this work, only a standard RVE model with real grain 

size distribution and texture information is considered and adopted for predicting fatigue life scatter 

under differing complex loading paths. Features like twins and small particles within the real 

microstructure are argued to play a role in both slip activation and defect nucleation, but these effects 

are likely to be reasonably uniformly distributed throughout the polycrystal. Hence in the current 

study, these microstructural features are not explicitly represented in the 3D polycrystalline RVE 

model. 
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6.2.2.2 Constitutive Equations 

The crystal plasticity theory has been described in detail in Chapter 4.2.3, therefore, no further 

description is stated here. In this study, a modified Taylor hardening rule is used in equation 6-1, where 

τc0  is the primary critical resolved shear stress and G12  is the in-plane shear modulus. As an 

assumption of isotropic hardening is used in this study, the hardening rates of the 12 slip systems are 

the same. 

τc
α = τc0 + G12 ∙ b ∙ √ρSSD                                                    6-1 

The development of sessile SSDs provides hardening through shear resistance on each slip system.  

6.2.2.3. Stored Elastic Energy Implementation 

A detailed description of stored energy criterion has been introduced in Chapter 4.2.4. The stored 

energy required to drive fatigue crack nucleation is called the critical stored energy to generate new 

crack surfaces and may be written in general and without assumption of a linear cyclic accumulation 

                                                                    Gc = ∫ Ġ
cycles

dN.                          6-2 

If the rate of accumulation of stored energy saturates cyclically, then this may be simplified to 

                                                                       Gc = ĠNf                                                                6-3 

6.2.2.4. Crystal Plasticity Calibration  

The material studied in the current work shows strong strain rate sensitivity even at room temperature 

[162, 163]. The uniaxial stress-strain response of the 316L steel is used in order to calibrate the crystal 

plasticity model described above. Uniaxial strain controlled loadings with different strain rates have 

been applied in the x-direction up to 5% strain. The slip related parameters and hardening coefficient 

λ in the crystal plasticity model have been identified and determined by ensuring the bulk uniaxial 
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hardening response of FCC polycrystalline austenitic steel is appropriately captured by the model. All 

other material property values for the investigated material are those specified by Facheris et al [162].  

The properties so determined are listed in Table 6-2. The computed crystal plasticity stress-strain 

responses at different strain rates obtained from the model are shown in Figure 6-4, giving reasonably 

good agreement with experiment data that provided by K.G.F. Janssens at PSI, Switzerland. This CP 

model is implemented into the finite element-based software ABAQUS using a user defined material 

subroutine (UMAT). 

Table 6-2. Materials properties for crystal slip in 316L steel 

τc0(MPa) b(μm) λ(μm−2) ν(s−1) ∆F(J atom⁄ ) ρssdm(μm
−2) k(J K⁄ ) ∆V(μm3) 

97 2.54

× 10−4 

175 1

× 1011 

2.6 × 10−20 0.01 1.381

× 10−23 

39.37b3 

 

 

Figure 6-4. Calibrated CPFEM response against experimental (provided by K.G.F. Janssens at PSI, Switzerland) 

macroscopic stress strain data for 316L at room temperature  
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6.2.2.5 Multiaxial Fatigue Boundary Conditions 

The experimental fatigue loading conditions described above and shown schematically in Table 1 are 

imposed on the model RVE by firstly encapsulating the RVE into a homogeneous elastic medium as 

shown in Figure 6-5. The experimental loading conditions are imposed on the boundaries of the model 

shown in Figure 6-5(a) and thus indirectly transmitted to the crystal plasticity RVE region. For the latter, 

the grains are modelled using elastically anisotropic crystal plasticity with the crystallographic 

orientations representative of the pole figures shown in Figure 6-1(b). An X-plane cut view of the 

model is shown in Figure 6-5(b) with a magnified map of the central surface grain morphologies 

exhibited in Figure 6-5(c).  

 

Fig 6-5. (a) Large elastic steel matrix incorporating the representative polycrystalline model; (b) an X-plane cut 

view which has been highlighted in (a); (c) close-up grain map of region marked in (b); the applied maximum and 

minimum load on the outer surface along AA’ (highlighted in (a)) for pure axial and pure torsional specimens 

with the max von Mises equivalent stress of 240MPa have been shown in (d) and (e) respectively, and the 

corresponding stress amplitude on the inner RVE surface have been plotted along BB’ (highlighted in (c)). 
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The determination of the appropriate boundary and loading conditions for the CP model is necessary 

in order to obtain the correct mechanical and physical behaviour developed in the experiments. 

Therefore, a path has been defined on the outer surface of the large steel matrix and inner surface of 

the CP model respectively, that is, AA’ (marked in Figure 6-5(a)) and BB’ (marked in Figure 6-5(c)), in 

order to ensure that the appropriate loading is applied to the polycrystalline model. Evidently from 

Figure 6-5(d), under stress-controlled pure uniaxial conditions, the applied maximum and minimum 

load along AA’ is almost identical to the stress generated on the inner RVE surface along BB’, although 

there are small fluctuations (~10MPa) observed. Similarly, a reasonably good representation has 

been obtained between the load applied on the outer surface and the load induced on the inner 

polycrystal surface under the condition of pure torsion, as shown in Figure 6-5(e). The influence of the 

observed stress fluctuations in both cases are anticipated to be very small with respect to the load 

applied. In addition, the dimensions of the RVE model are sufficiently small compared to the tubular 

sample and applied loading that it becomes very reasonable to argue that locally, the loading is 

uniform. In this way, the applied loading paths for pure tension, pure torsion, 90°  out-of-phase 

tension and torsion, tension with tension noise and tension with torsion noise listed in Table 6-1 have 

been developed and multiple peak loadings (Ai = 220, 230, 240, 250, 270, 300 and 320 MPa) have 

been investigated for each loading case, in order to compare with experimental observations. 

6.3 Results 

6.3.1 Cyclic Plastic Strain and Stored Energy Density Rate by CPFE 

In this study, we focus only on two key quantities for analysing the fatigue behaviour of the tested 

316L stainless steel, namely (i) cyclic effective plastic strain ṗ (ie plastic strain per cycle) at steady state 

(given by integrating Equation 4-6 over a complete fatigue cycle), and (ii) cyclic stored energy density 

Ġ which is defined by Equation 6-2. ṗ and Ġ are assessed for their ability to differentiate and explain 

the experimentally observed fatigue failures. In addition, the overall distributions of the accumulated 
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slip and stored energy density over a number of cycles are also investigated in order to explain the 

experimental observations. The modelled fatigue specimens are subjected to 10 cycles of R=-1 stress-

controlled loading. It is found from our earlier work [3, 28, 30, 61, 114] that even a relatively small 

number of cyclic loadings may be sufficient to allow the local spatial development of dislocation 

densities, the networks of stresses and accumulated slip in the microstructure to be established. While 

the magnitudes of the quantities continue to evolve with cycling, the spatial distributions tend not to 

change with subsequent cycles. In other words, the evolutions of slip, stress and dislocation fields tend 

to be stable over a certain number of cyclic loadings and then plastic shakedown may occur to enable 

sensible extrapolations to be made for subsequent fatigue cycles. Notably, in order to facilitate 

comparison, the five load cases have been separated into two groupings in the subsequent analysis, 

that is, one grouping contains assessment of pure tension, pure torsion, out-of-phase non-

proportional tension and torsion, and the other pure tension, pure tension with non-proportional 

tensile noise, and pure tension with non-proportional torsion noise. 

The predicted relationships between peak (that is, microstructurally local) RVE cyclic plastic strain ṗ, 

and the applied stress (with the latter expressed in terms of von Mises stress amplitude) for 316L 

stainless steel, for the different loading cases, are plotted in Figure 6-6(a) and (b). As expected, the 

cyclic plastic strain increases with increasing amplitude of the maximum applied stress for all five 

loading paths. However, there is a clear differentiation of cyclic strain under the loading condition of 

90° out-of-phase non-proportional tension and torsion (A+T), compared to that of pure axial (A) and 

pure torsional (T) loading, as shown in Figure 6-6(a). For the A+T non-proportional loading, the cyclic 

strain accumulation is significantly higher, suggesting shorter fatigue life (and see experimental 

observations in Figure 6-2(b)). It can be seen that cyclic plastic strain for uniaxial loading is slightly 

lower than that for torsional loading at lower stress levels (e.g. σa
eq,VM

≤ 270MPa), and the difference 

increases at higher stress level (e.g. σa
eq,VM

≥ 270MPa) suggesting shorter torsional fatigue life. This 

is contrary to the experimental observations in Figure 6-2(b) in which torsional fatigue life (for given 
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applied Mises stress) is higher. In addition, Figure 6-6(b) demonstrates that the computed cyclic plastic 

strain doesn’t show obvious differences for pure axial, axial with axial noise and axial with torsional 

noise loading conditions at low applied stress amplitude, although the cyclic plastic strains for axial 

load with noise (axial or torsional) are higher than that of pure axial loading conditions at higher stress 

level. The possible inference from this is that the A+AT and A+TN fatigue lives would be anticipated to 

be lower than that for the pure axial (A) loading; this is supported by the experimental observations 

in Figure 6-2(c) at least for lower stresses.  

 

Figure 6-6. Calculated cyclic slip rate against experimental applied stress (von Mises equivalent stress amplitude) 

for 316L steel for (a) pure axial, pure torsional and non-proportional axial+torsional loads (b) pure axial, 

axial+axial noise and axial+torsional noise 

Considering the results for the local energy stored per cycle (Equation 6-3), a clearer and more 

consistent picture emerges.  The stored energy at the highest hotspots is assessed for all samples 

across all loading paths, as shown in Figure 6-7(a) and (b). For each loading case, the cyclic stored 

energy becomes larger with higher applied stress. From Figure 6-7(a), the model predictions suggest 

significant difference in energy stored per cycle for non-proportional and pure axial/pure torsional 

loading, with significantly higher cyclic stored energy for the non-proportional loading, indicating 

shorter fatigue life, which is consistent with experiment observations in Figure 6-2(b).  In addition, a 
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higher cyclic stored energy is predicted for pure axial loading compared to pure torsion, suggesting 

that the torsional loading should give rise to longer experimental fatigue lives. Figure 6-2(b) shows 

that the torsional fatigue lives lie at the upper range of the uniaxial lives for given stress.  Comparing 

with the cyclic plastic strain in Figure 6-6(a), it’s noted that the pure axial and torsional results are 

inverted such that the cyclic plastic strain fails to capture the longer torsional fatigue lives whereas 

the cyclic stored energy picks this up.  

Further, it is observed from Figure 6-7(b) that the CPFE modelling predicts cyclic stored energy Ġ to 

be higher for the fatigue noise cases than it is for the pure uniaxial loading, for all applied stress levels. 

Moreover, although the difference is small, non-proportional torsional and axial noise superposed on 

axial fatigue give higher Ġ than that for pure axial fatigue. This observation indicates that the fatigue 

life is anticipated to be reduced by torsional or axial noise superposed on the axial fatigue loading. 

This behaviour is shown by the experimental data in Figure 6-2(c).  Hence the cyclic stored energies 

calculated are consistent with experimental (proportional and non-proportional) fatigue life 

measurements whereas cyclic plastic strain accumulations are not.   

 

Figure 6-7. Calculated stored energy density rate against experimental applied stress plotted using the von Mises 

equivalent stress amplitude for 316L steel (a) pure axial, pure torsional and axial + torsional loads (b) pure axial, 

axial+ axial noise and axial + torsional noise  
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Considerable differences in cyclic stored energy arise from the differing fatigue loading types in Figure 

6-7, but in addition, quite considerable fatigue life scatter is observed for (eg) pure uniaxial loading in 

Figure 6-2(a), giving error bounds of +/-10%. It is useful, therefore, to assess the range in magnitude 

of cyclic stored energies arising from random microstructural variation versus that arising from 

differences in loading type in order both to interpret the significance of stored energy magnitude with 

loading change and to explain fatigue scatter arising for the same loading type. In order to do this, five 

different sets of microstructure realisations (grain morphology) but maintaining the same random 

texture (Figure 6-1(b)) have been analysed under pure uniaxial fatigue loading over 10 cycles (as 

before) with stress ratio of R=-1 and peak Mises stresses of 220, 230, 240, 250, 270, 300 and 320MPa 

respectively. For each applied stress, the average of the five peak values of cyclic stored energy Ġ 

obtained has been determined and plotted in Figure 6-8. In addition, the range of peak energy over 

the five realisations, resulting solely from microstructure morphology variation, is also shown by the 

error bars for each stress. Firstly, Figure 6-8 shows that the variation of cyclic stored energy at a given 

stress resulting from microstructural differences alone is a small fraction of the differences in stored 

energy arising from loading type (eg proportional versus non-proportional in Figure 6-7(a)). Hence the 

big differences in stored energy shown in Figure 6-7(a) cannot arise from morphological arrangements 

alone; hence they are significant and originate from load path change. Second, the variations in cyclic 

stored energy for given stress which do result from morphology change reflect the fatigue scatter that 

would be anticipated in repeating the same kind of test. The variation in cyclic stored energy is about 

10% with morphology variation, and if we simplify to assume steady state (plastic shakedown) 

conditions have been achieved, then equation 6-3 holds and we would anticipate a range of scatter 

on life of about 10%. This isn’t far off what is experimentally observed for pure uniaxial fatigue in 

Figure 6-2(b).    
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Figure 6-8. Calculated stored energy density rate vs stress applied using the von Mises equivalent stress 

amplitude under pure axial loading conditions for five different microstructures but with the same texture 

To facilitate the qualitative comparison between modelling and experimental results further, the 

inverse cyclic plastic strain ṗ−1 (which may be considered a potential indicator of fatigue cycles to 

failure) is calculated at the hotspot with highest cyclic plastic strain for all stress-controlled loading 

histories shown in Table 1. As shown in Figure 6-9, predicted ṗ−1 is plotted on log-linear scales against 

the applied Mises stress amplitude for the different loading conditions. From Figure 6-9(a) and (b), 

clear differentiation has again been captured between non-proportional tension-torsion loading and 

the proportional loading cases as observed in the experimental results in Figure 6-2(a) and (b). For 

pure tension and pure torsion loading paths in Figure 6-9(b), the difference in ṗ−1 becomes larger at 

lower stress level, but again wrongly suggests that the pure torsional loading leads to fewer fatigue 

cycles to failure for all stresses. In addition, it is observed from Figure 6-9(c) that axial fatigue with 

superposed non-proportional axial or torsional noise leads to lower ṗ−1implying shorter fatigue lives 

than pure axial fatigue. This is observed in the experiments in Figure 6-2(c). At higher applied stress 

level (> 270MPa), the ṗ−1 for axial load with superposed axial and torsional noise converges with that 

for pure axial loading suggesting fatigue lifetimes also converge for higher stress. This is observed in 

the experiments in Figure 6-2(c). 
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Figure 6-9. Applied stress (using the von Mises equivalent stress amplitude) vs the predicted inverse 

accumulated slip rate in log scale at the highest accumulated slip spot and (a) all samples (b) samples which are 

subjected to pure axial, pure torsional and combination of axial and torsional loading (c) samples which are 

subjected to pure axial, axial with axial noise and torsional noise respectively 

A similar analysis has been carried out for the inverse cyclic stored energy, Ġ−1, which is argued to be 

a better measure indicative of fatigue cycles to failure, as described by equation 6-3. Figure 6-10(a) 

and (b) show clear differentiation of the non-proportional (A+T) loading giving significantly shorter 

fatigue lives than that for proportional tension and torsion, again in agreement with experimental 

observations in Figure 6-2(b). In addition, Figure 6-10(b) indicates that at stresses < 240 MPa, pure 

torsional fatigue gives rise to lower fatigue cycles to failure than pure uniaxial fatigue. Conversely, 

stresses above ~240 MPa are predicted to reverse this leading to longer fatigue lifetimes in torsion. 

The experimental data in Figure 6-2(b) show longer fatigue lives in pure torsion than in pure uniaxial 

loading for stresses between 250 to 270 MPa. Figure 6-10(c) shows that the superposition of non-

proportional axial or torsional noise leads to a fatigue lifetime reduction, especially at low stress, 

which diminishes away for stresses above about 270 MPa.  This behaviour is very nicely observed in 

the experimental data shown in Figure 6-2(c).  
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Figure 6-10. Applied Mises stress amplitude vs the predicted number of cycles per Joule of energy stored at the 

highest stored energy density hotspot for (a) all samples (b) samples which are subjected to pure axial, pure 

torsional and non-proportional axial and torsional loading (c) samples which are subjected to pure axial, axial 

with axial noise and axial with torsional noise respectively 

In order to assess further the influence of fatigue noise on fatigue lifetime of 316L steel, additional 

simulated tests involving superposed non-proportional axial and torsional noise (see Table 6-1) ten 

times the frequency of the base axial loading has been carried out with increasing noise amplitude. 

The axial base loading remains the same as described in Table 1. Figure 6-11 (a) and (b) show reciprocal 

cyclic plastic strain at steady state against the von Mises stress amplitude with noise amplitudes of 5% 

and 15% of the axial base loading respectively. As before, the effect of the supposed high frequency 

noise (whether axial or torsional) is to indicate a reduction in the cycles to failure, particularly for low 

applied Mises stresses. An increase in the noise loading leads to a further reduction in fatigue life. The 

results when considering the stored energy rate Ġ−1 indicate the same detrimental effect to fatigue 

life by increasing superposed noise, but interestingly, the roles of axial and torsional noise now 

become differentiated showing a more detrimental effect on life by a torsional noise.   This is also 

observed in the experimental response in Figure 6-2(c), as is the tendency for the effect of superposed 

noise to diminish with increasing base axial load. 
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Figure 6-11 (a)-(b) CPFE calculated reciprocal cyclic plastic strain and (c)-(d) reciprocal stored energy rate, against 

the von Mises equivalent stress with superposed noise of 5% ((a) and (c)) and 15% ((b) and (d)), under axial base 

loading with axial torsional noise, (a)&(c) with a noise level of 5% of the axial base loading; (b)&(d) with a noise 

level of 15% of the axial base loading. 

Example stress-strain responses at the microstructural hotspot with the highest stored energy density 

for each loading case over the tenth fatigue cycle, with stress ratio R=-1 and the applied maximum 

Mises stress of 270MPa are shown in Figure 6-12. It is evident that fully reversed cyclic plasticity occurs, 

but note that these are local stresses therefore not necessarily equating to the remote applied stress. 

The cyclic behaviours for axial loading, axial loading with axial noise and axial loading with torsional 

noise naturally are very similar to each other (with noise at 10%). It might be inferred that it is likely 

differing slip system activation is developed in the non-proportional A+T loading compared with pure 

axial and pure torsion and this has been assessed by considering spatial variation of accumulated 

plastic strain, Mises stress and stored energy density in Figure 6-13. Note the Mises stresses shown 

are at the fully loaded state of the 10th cycle (that is, at the state for which the highest Mises stress is 
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achieved). The full loading histories of the samples are shown in Table 1. Significant strain localization 

is found for each loading condition, especially for the non-proportional tension and torsion case, in 

which the distribution of accumulated plastic strain is very heterogeneous throughout the 

microstructure. In addition, the strain accumulation for the A+T loading is much higher than for the 

pure axial or the pure torsion indicating more slip system activation in this loading type.  In the pure 

tension, pure torsion and fatigue noise loading, the plastic strain develops within grains well 

orientated for slip which straddle some which are badly orientated, within which very little plastic 

strain develops, as evident in Figure 6-13. The distributions of effective stress show perturbations 

locally for all five loading cases but these see seen to be strongest for the A+T loading. The spatial 

distributions of stored energy density are somewhat different to those for the corresponding 

accumulated plastic strain for each loading case, since the former quantity derives from contributions 

from local accumulated slip, SSD density and the stress (Equation 6-2). The CPFE results reveal that 

compared to the uniaxial loading case, the superposed axial and torsional noise leads to quite strong 

increases in the magnitude of the stored energy density without significant change to the nature of 

the spatial distributions of these quantities, explaining the reduction in cycles to failure indicated by 

the model and as observed in the experiments for lower applied stresses. 
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Figure 6-12. Local stress component XX vs strain XX at the highest stored energy density location in pure axial, 

axial+axial noise and axial+torsional noise samples, and stress XY vs strain XY at the highest stored energy density 

location in pure torsional and axial+torsional samples, after 10 fatigue cycles for R=-1 stress ratio with the max 

von Mises stress of 270MPa 

 

Figure 6-13. Comparisons of the CPFE calculated distributions of accumulated plastic strain, Mises stress and 

stored energy density after 10 fatigue cycles for R=-1 stress ratio with the max von Mises equivalent stress of 

270MPa in all cases.  
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Significant heterogeneity is observed together with strong localization of accumulated strain across 

the microstructure and within individual grains for each of five investigated loading paths, so a more 

quantitative assessment of the frequency distribution of plastic strain accumulation for maximum 

applied Mises stresses of 220MPa, 270MPa and 320MPa after ten loading cycles is presented in Figure 

6-14(a)-(e). For all loading paths, the range of plastic strain observed increases with applied stress. In 

particular, for the same applied stress magnitude, the non-proportional A+T loading generally 

generates a narrower range of strain activation than that for the other loading cases, which reflects 

more uniform slip over the entirety of the microstructure and the distribution is likely to be less 

heterogeneous as shown in Figure 6-13. This loading leads to shorter experimental fatigue lives than 

for axial or torsional fatigue because of the resulting higher stored energies.  It is interesting that the 

torsional loading shows a slightly broader range of strain activity than that for pure axial, particularly 

for lower stresses. At low stress, recall that torsional loading is predicted from stored energy density 

(and experimentally observed) to give a longer fatigue life than axial loading for given applied Mises 

stress, notwithstanding the broader strain activation indicating an increase in heterogeneity.   

 

Figure 6-14 Normalized frequency distribution plots of plastic strain after ten fatigue cycles for R=-1 with max 

Mises stress of 220MPa, 270MPa and 320MPa respectively 
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In a similar manner to Figure 6-14, the normalized frequency distributions of the stored energy density 

after ten cycles of loading are shown in Figure 6-15. The torsional loading in Figure 6-15(b) at a stress 

of 270 MPa shows a lower peak stored energy than that for axial loading, thus predicting a longer 

fatigue life, in spite of the broader heterogeneity of strain shown in Figure 6-14(b). The experimental 

data in Figure 6-2(b) show typically that between 250 to 270 MPa (for which data are available), the 

torsional fatigue life is longer than that for axial.   The non-proportional (A+T) loading in Figure 6-15(c) 

shows the highest stored energy and larger range for given applied stress of all the loading types 

reflecting the predicted shortest fatigue lives, in turn agreeing with the experimental observations in 

Figure 6-2(b). The axial base fatigue with superposed axial and torsional noise show considerably 

higher peak magnitudes of stored energy in Figure 6-15(d) and (e) than that for pure axial in Figure 6-

15(a) indicating reduced fatigue life, as reflected in the experimental observations in Figure 6-2(c) for 

lower applied stresses. For the highest stress (320 MPa) in Figure 6-15(d) and (e), the peak stored 

energy for the A+AN and A+TN loadings is the same and close to that for the pure axial loading (A) 

suggesting convergence of fatigue life, as observed in the experiments. However, for the lower 

stresses, quite considerable differences exist in the peak stored energies for the A+AN and A+TN 

loadings with the A+TN showing the highest stored energy peaks, predicting a shorter fatigue life for 

A+TN compared to A+AN loading. This is what the experimental observations in Figure 6-2(c) also show. 
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Figure 6-15 Frequency distribution plots of stored energy density after ten fatigue cycles for R=-1 with max Mises 

stress of 220MPa, 270MPa and 320MPa respectively 

6.3.2 Predicted Multiaxial and Non-Proportional Fatigue Life  

The stored energy density rates described above facilitate the ranking of the observed fatigue 

behaviour of the tested stainless steel specimens with higher Ġ indicating shorter fatigue life, as 

demonstrated in Figure 6-10. A more quantitative assessment, however, is possible since it is argued 

that fatigue crack nucleation occurs once the local stored energy G, which accumulates over fatigue 

cycles, achieves the critical value, Gc sufficient to generate new surfaces with surface energy equating 

to Gc. The evolving stored energy, G, is calculated using Equation 6-2 and 6-4 within the CP model 

during cyclic loading. It only remains to determine the critical stored energy Gc and this is obtained 

from consideration of the axial fatigue data alone. To do this, the cyclic rate of change of G is obtained 

from the model at the end of ten cycles at which point it is reasonably assumed that it has stabilised 

and has ceased to change in subsequent cycles. Hence utilising Equation 6-3 in combination with the 

experimental axial fatigue life data in Figure 2(a) enables the critical stored energy to be determined 

as 376 J m2⁄ . We note that the cycles to crack nucleation are here equated to the experimentally 
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observed cycles to failure, but the fatigue lives for most of the tested samples are high and close to 

the high cycle fatigue regime in which fatigue crack nucleation dominates and accounts for most of 

fatigue life.  

With the critical stored energy established for the 316L steel, it then becomes possible to predict all 

the fatigue lives for the torsional (T), axial plus torsional (A+T), axial plus axial noise (A+AN) and axial 

plus torsional noise (A+TN) fatigue tests.  The predicted fatigue life results obtained together with the 

experimental data are shown in Figure 6-16. Here, as before, the symbols correspond to experimental 

data and lines to model predictions. The green shaded region corresponds to the 10% range on the 

axial fatigue only. Good agreement is obtained for the axial fatigue (given these experimental data 

were used to extract the critical stored energy), though we note for subsequent discussion that the 

fatigue crack nucleation criterion requires only a single material property; the critical stored energy 

Gc. Moving to the pure proportional torsional loading and the non-proportional axial plus torsional 

loading also shown in Figure 6-16(a), the longer fatigue lives associated with the former, and the 

significantly shorter lives observed for the latter are both predicted by the stored energy. The CP 

model based on stored energy is therefore able to differentiate these loading types and their 

respective fatigue life rankings without any empiricism or fitting, therefore at least indicating that 

some of the important slip mechanisms contributing to the fatigue life differences are captured. Mises 

stress approaches to fatigue life would not, of course, show any difference in fatigue life originating 

from axial and torsional loading carried out at the same Mises stress; the current stored energy 

approach captures this effect directly, as indeed it does for the non-proportional loading. Further, the 

experimental data for the non-proportional (A+T) loading shows that the divergence from the 

independent axial (A) and torsional (T) loading increases detrimentally in fatigue life with decreasing 

stress. Conversely, at higher stresses, the non-proportional loading lifetimes converge with those for 

axial loading. Both of these features are also nicely captured by the stored energy criterion.  
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Figure 6-16(b) shows predicted and experimental fatigue lives corresponding to the axial fatigue plus 

fatigue noise loading together with the pure axial data for comparison. The detrimental effect of the 

introduction of the non-proportional axial and torsional noise loading is captured by the stored energy, 

showing that for low stresses < ~270 MPa, substantial decreases in fatigue life are observed and 

captured by the stored energy, but that for higher stresses > ~270 MPa, the non-proportional effects 

diminish away. In addition, while the predicted differences are quite small, the stored energy also 

indicates that the superposition of torsional noise is more detrimental than that for axial fatigue noise.  

This behaviour is also very nicely observed in the experimental data shown in Figure 6-16(b). 

 

Figure 6-16. S-N diagrams for 316L stainless steel predicted from stored energy and observed experimentally for 

the range of proportional and non-proportional loading regimes and stress states shown. The critical stored 

energy is obtained from consideration of axial loading only. The shaded green region indicates 10% range on the 

axial fatigue data. 

6.4 Discussion  

In this thesis, CPFE modelling with a stored energy criterion is utilized to provide new insights in to the 

physical and mechanical basis of fatigue lifetime variations under differing loading paths, including 

axial, torsional, out-of-phase non-proportional, axial base with axial noise and axial base with torsional 

noise, in 316L stainless steel. Increasingly, both experimental and micromechanical studies have 

indicated that fatigue crack nucleation relies upon the establishment of slip localization for its onset 
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and that it is a necessary condition, but that it is not in its own right sufficient. The present study, 

which draws together a range of proportional and non-proportional fatigue studies in 316L steel, with 

representative CP modelling, reinforces this. The local stored (elastic) energy density, which can only 

be approximately determined with modelling at the crystal level, provides a much better predictor of 

the fatigue responses observed and has thrown up some interesting observations.  

Considering first simply the proportional axial and torsional loading for a given applied Mises stress, it 

is apparent from the experimental data in this study (and in the literature) that these loadings give 

rise to differing fatigue lives, even for the same Mises stress. The stored energies in the two cases are 

shown to be different, resulting from the slip system groups activated, resulting in differing fatigue 

lives. The torsional fatigue gave rise in experiments to longer fatigue lives, for the applied stresses 

considered, than the axial fatigue tests. This is nicely captured and explained by the stored energy, 

but cannot be explained on the basis of the slip accumulation nor the slip heterogeneity (which in fact 

would wrongly suggest longer fatigue lives in axial loading).  

Many independent studies show that experimental non-proportional axial and torsional loading gives 

rise to shorter fatigue lives for given Mises stress than for either of the respective proportional axial 

or torsional loading. The stored energy captures this experimental observation, and it is noted that 

the cyclic plastic strain also does so. This is argued to result from the many more slip systems activated 

by this loading, leading to the development of higher plastic strains, giving additional cyclic hardening, 

in turn leading to increasing stored energy, earlier fatigue crack nucleation, and shorter fatigue lives 

under non-proportional loading, which has been reported in many studies. The slip distribution shown 

in Figure 6-14 reinforces this conclusion.  

The fatigue tests which included small amplitude higher frequency axial or torsional oscillations 

superposed on base level axial fatigue were found to be mildly detrimental to fatigue life, particularly 

for low applied stress levels. The stored energy density captured these observations, also showing that 

as the applied base axial stress level increased, then so the detriment to fatigue life introduced by the 
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fatigue noise decreased. Also, as the magnitude of the fatigue noise increased, so the fatigue life was 

anticipated to drop. Interestingly, for the lower applied stresses for which the effect is most significant, 

the superposed torsional noise fatigue was predicted by stored energy density to be more damaging, 

and hence detrimental to life, than the axial fatigue noise. This transpired to be demonstrated also in 

the experiments.   In contrast, consideration of the cyclic plastic strain indicated wrongly a reversal of 

the observations; that is, that the axial noise fatigue would be more detrimental than the torsional. 

The superposed noise fatigue had two effects in the loading which were to increase moderately the 

effective amplitude and to introduce a small degree of non-proportionality, both of which are 

detrimental to fatigue life.  

In this thesis, a number of experimental fatigue tests under differing loading histories have highlighted 

the influence of loading path and microstructure on fatigue lifetime of 316L stainless steel, and the 

ability of the stored energy density to differentiate these behaviours has been explored. This is 

perhaps of most significance for more complex (and hence often realistic) loading histories relevant 

to engineering components. For example,  some studies have demonstrated that plastic strain criteria 

tend to give non-conservative results [94, 164]. Stored energy density has also been assessed in 

capturing fatigue crack nucleation location in a range of materials from single crystal, oligo-crystal to 

full polycrystal alloys containing particles [3, 30, 114, 115] which, together with the current work, is 

primarily aimed at improving mechanistic understanding of fatigue crack nucleation, although only 

number of cycles to fatigue failure for each tested specimen is available, by making the reasonable 

assumption that 𝑁𝑛𝑢𝑐𝑙𝑒𝑎𝑡𝑖𝑜𝑛 = 𝑁𝑓 , such that the stored energy gives us appropriate guidance and 

direction on fatigue life mechanisms. 

6.5 Conclusion 

Crystal plasticity finite element modelling with stored energy density has been utilized to assess 

effects of proportional and non-proportional loading and stress state on fatigue in austenitic 316L 
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stainless steel. Experimentally characterized microstructures provided grain morphology and texture 

information from which microstructurally representative polycrystal plasticity models were developed. 

Mechanical fatigue tests conducted by Janssens [93] under a variety of loadings (axial, torsional, 90° 

out-of-phase non-proportional, axial base with axial noise and axial base with torsional noise loading)  

have provided experimental observations for comparison.  

Stored energy density has been found to capture and explain the experimental observations in 

proportional, non-proportional and differing stress state fatigue loadings on the basis of a single 

fatigue property: the critical stored energy.  The following additional conclusions are drawn. 

a) The differing loading states considered (e.g. proportional and non-proportional axial and 

torsional fatigue) give rise to substantially larger differences in peak stored energies than 

result from microstructural (morphological) differences in randomly textured polycrystals. 

Hence stored energy captures both fatigue scatter from microstructural variation and the very 

different fatigue lives resulting from loading regime stress state. 

b) Torsional fatigue loading (for given Mises stress) is less damaging than that for axial fatigue. 

Stored energy captures the experimentally observed differences.  

c) Non-proportional loading is detrimental to fatigue life and results from broader slip system 

activation and higher overall strain accumulations, driving elevated stored energy levels. The 

stored energy criterion captures the experimental observations. 

d) The effect of non-proportional axial and torsional noise on fatigue lifetime is well captured by 

stored energy density, showing good agreement with the corresponding experimental 

observations. 

e) A critical stored energy of 376 J/m2 was extracted for the 316L steel considered from axial 

fatigue data alone enabling good qualitative and reasonable quantitative prediction of fatigue 

life across the loading regimes considered. 
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7. Proportional and Non-Proportional Tension-Torsion Fatigue Study 

in Fine-Grained Nickel-based Superalloy RR1000 

7.1 Introduction 

The work presented in this study addresses the influence of five different stress-controlled loading 

paths on the fatigue behaviour and fatigue life variations of Ni-based alloy RR1000. These typical 

conditions include pure tension (UX), pure torsion (TS), in-phase tension-torsion (IP), non-proportional 

tension cycle followed by torsion cycle (AT), square loading (SQ) path. To compare the fatigue life 

under these differing loading conditions, von Mises stress is used to define the stress amplitude of any 

loading. With the knowledge of the experiment results which are provided by Ross-Royce, a systematic 

CPFE modelling study is carried out to seek the mechanistic explanation for the lifetime and endurance 

limit of the samples under differing loading paths. An assessment is conducted on key grain-level 

quantities, including stress, slip, dislocation density and stored energy density, with respect to the 

experimental fatigue lifetime scatters witnessed in the samples tested. 

7.2 Methodology 

Ni-based high performance alloy RR1000 is considered in this study. The development of a 

representative microstructural model using CPFE modelling is based on the experimental measured 

grain size distribution of the RR1000 samples. Experimental fatigue tests were performed under a 

number of loading conditions for RR1000 and the corresponding test results provide information on 

fatigue life difference and scatter under various loading results. 

7.2.1 Mechanical Tests 

A series of multi-axial load-controlled fatigue tests were conducted by Rolls-Royce. Thin-walled hollow 

cylindrical test specimens were used for the stress-controlled fatigue test programme, as shown in 
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Figure 7-1. The specimen was internally reamed and honed, and externally polished across the gauge 

length to a consistent surface finish. Conical ends to the specimen ensure a uniform circumferential 

mechanical interface and enable the firm application of torsional loads across a fully reversed load 

cycle.  

 

Figure 7-1. Schematic diagram of fatigue test specimens 

In total, twenty-eight load-controlled fatigue tests were completed to provide the majority of the test 

data in the assessment of the fatigue criterion. 

Specifically, five different load paths were investigated to determine the uniaxial and multi-axial 

fatigue behaviour of fine-grained RR1000 at room temperature. Table 7-1 shows the applied tension-

torsion stress paths and the corresponding loading histories for 1 complete fatigue cycle, where σxx 

and τxy are the applied axial and shear stress respectively. Three different proportional loading paths, 

including a pure uniaxial (UX), pure torsion (TS), and a proportional in-phase (IP) test. In addition, there 

were two non-proportional loading paths, including a square (SQ) and a uniaxial cycle followed by a 

pure torsion cycle (AT) fatigue tests. All the tests were carried out at stress ratio R = −1. 
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Table 7-1. Stress-controlled fatigue loading paths 

 

The tension-torsion fatigue test results for the multi-axial load-controlled fatigue tests have been 

summarised in Figure 7-2. In order to facilitate comparison, the tests results were plotted against the 

von-Mises stress range at the test fatigue life, as shown in Figure 7-2. From the data obtained, it can 

be observed from the overall trend that the non-proportional tests give a shorter fatigue life for the 

same applied von-Mises stress than the equivalent proportional tests. This difference increases as the 

von-Mises stress range decreases. It means the non-proportional paths cause more damage. This may 

be attributed to the different number of slip systems that are activated during non-proportional 

loading, enabling more slippage of planes as compared to that of proportional loading, where less slip 

planes are activated.  The related in-depth literature work can be found in other studies, e.g. [165].  In 

addition, there is a clear separation of fatigue life at the same applied stress range for pure uniaxial, 

pure torsion and in-phase tension-torsion tests. In general, the data points under pure tension locate 

on the left side of the ones under pure torsion and in-phase loading. Under the same stress range 

applied, pure torsion tests give the longest fatigue life. 
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Figure 7-2. Effective (von-Mises) stress amplitude against life to failure for multi-axial fatigue tests 

Therefore, a range of interesting effects of non-proportionality and multi-axiality are observed. 

Evidently, non-proportional tension-torsion fatigue tests lead to a reduction of life compared to 

proportional loading, at the same von-Mises stress range. And the fatigue life of in-phase tension-

torsion is observed between pure tension and pure torsion, which is also stress dependent. Hence, in 

order to capture these features, crystal plasticity modelling together with a fatigue crack nucleation 

criterion based on elastic stored energy density are utilized to explain the experimentally observed 

fatigue life variations under different loading conditions for fine-grained Nickel RR1000. 

7.2.2 Model Development 

The crystal plasticity method is based on the explicit consideration of slip systems and the 

crystallographic orientation which operates at the continuum level. A slip rule is utilized to calculate 

the amount of slip in each slip system. In this study, the crystal plasticity model we used which is 

originally proposed by Dunne et al [120] has shown to accurately represent the deformation of various 

materials, including Nickel-based alloy [30, 34, 133], Titanium [166], Zirconium [167] et al. The crystal 
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plasticity theory used in this study has been depicted in Chapter 4.2.3, where the values of 

properties/parameters defined in the crystal plasticity theory in Equation 4-3 to 4-8 for fine-grained 

Nickel alloys RR1000 have been summarized in Table 7-2. 

Table 7-2. The variables used in the crystal plasticity theory 

Parameter ρssdm 
(μm−2) 

b 
(μm) 

ν ΔF 
(J) 

k 
( J/K) 

T 
(K) 

Value 0.05 3.5072E-4 1.0E+11 3.456E-20 1.382E-23 293 

Parameter γ0 ρ 
(μm−2) 

τc0 
(MPa) 

G12 
(MPa) 

λ 
(μm−2) 

 

Value 8.33E-6 0.05 450 90E+3 150 
 

The crystal plasticity is typically implemented in the user material sub-routine (UMAT) in Finite 

Element Method (FEM) codes. It should be noticed that the computational cost of running FE 

simulations poses a significant difficulty for fatigue studies and it is impossible to run high numbers of 

fatigue loading cycles. Therefore, the prediction of number of cycles to fatigue crack nucleation and 

fatigue failure requires extrapolation from only a small number of fatigue cycles (e.g. 10 fatigue 

loading cycles).  

To generate a 3D digital microstructure for use in the property prediction from microstructure, the 

statistics of RR1000 grain size information are incorporated into the generation procedure using 

commercial 3D microstructure construction software DREAM.3D, which contains many of its 

algorithms, specifically synthetic instantiation optimization techniques.  

Evidently from the experimental statistics, the minimum, mean and maximum grain size within this 

material are ~1μm , ~5μm , ~20μm  respectively. Therefore, the grain size distribution of the 

microstructure has been set to match the real material such that an applied loading matches the 

measured material response, as shown in Figure 7-3(a) and 3(b). For the fine-grained RR1000 
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considered in this study, there is no obvious texture from experiment obtained microstructural 

information. Therefore, a random-textured microstructure (Figure 7-3(c) shows the simulated texture 

information) with illustrative grain size distribution, representative computationally comparable 

model of RR1000 is generated in order to perform detailed fatigue lifing studies, as shown in Figure 7-

3(d). 

 

Figure 7-3. (a) Simulated grain size distribution in RR1000; (b) the experimental measured grain size (solid line) 

and the predictive grain size distribution (dashed line); (c) simulated texture information (pole figures) (d) 

DREAM.3D generated synthetic microstructure which is grounded in the microstructural information and 

statistical data shown in (a)-(c). 
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Having generated a RVE crystal plasticity model to study fatigue behaviour of RR1000. The mesh 

resolution is examined next. This grain resolution sensitivity study has been carried out to produce a 

stable response in the FEM with crystal plasticity. The sampling filter in DREAM.3D performed the 

downsampling and upsampling [168, 169]. 

The model has 178 grains in total, which is argued to give a reasonable level of accuracy on capturing 

the fatigue life scatter [47, 158]. There are three microstructures were meshed and modelled with the 

finite element method, as shown in Figure 7-4. It should be noticed that all three models are from a 

single instance. The ‘fine’ is down sampled to ‘medium’ by a factor of 1.5 in each dimension and 

‘medium’ is down sampled to ‘coarse’ by a factor of 1.5 in each dimension. The model dimensions 

were also adjusted accordingly, specifically, there was 30*30*30 voxels in ‘coarse’, 45*45*45 voxels 

in ‘medium’, 68*68*68 voxels in ‘fine’. 

 

Figure 7-4. Three synthetic microstructure (a) ‘coarse’, (b) ‘medium’, (c) ‘fine’, downsampled from a single 

instantiation, refinements used for the FEM resolution sensitivity study. 

Figure 7-5 describes the total accumulated slip distribution across the microstructure after 1 stress-

controlled fatigue cycle for pure tension, at the same von-Mises stress range. It can be observed that 

only minor variations in strain magnitude and distribution resulted from variations in resolution. The 

distribution of accumulated slip was similar and largely coincident when compared across the different 

resolutions, although a larger right tail bin appeared in the ‘coarse’ model. Hence, in order to save the 
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computational cost for further fatigue lifing studies and also maintain the accuracy of FEM, the 

‘medium’ resolution was utilized in the following analysis. 

 

Figure 7-5. Predicted frequency distributions of accumulated slip after 1 tensile fatigue cycle for three 

refinements, at the same applied stress range. 

7.3 Results 

In simulation work, maximum von-Mises stresses with magnitude of 1000MPa, 1050MPa and 

1150MPa are applied with stress ratio of R=-1 are considered for each loading case. Figure 7-5(a) – (e) 

shows the Mises stress distributions for R=-1 stress ratio with maximum applied stress of 1050MPa 

for the same crystallographic realisation under five different loading paths, that is the five samples 

have same assigned crystallographic orientations. Evidently from Figure 7-5(a) – (e), different loading 

paths generate quite different stress heterogeneity within each of the five samples. This is further 

highlighted by the different locations of stress hotspots identified. For example, under pure tension 

(Figure 7-5(a)), the effective stress hotspots A and B are all found on the top surface along grain 
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boundaries, while the hotspots were also found on the surface but in different locations and grains 

under pure torsion and in-phase tension-torsion (Figure 7-5(b) and (c)). For non-proportional loading 

paths (Figure 7-5(d) and (e)), some stress hotspots are not highlighted on the figure as it is located on 

the other face of the 3D-model. To further interpret the stress distribution shown in Figure 7-5(a) - (e), 

a quantitative assessment of the frequency distribution of von Mises stress for maximum applied 

stress range of 1050MPa at 10th loading cycle is presented in Figure 7-5(f). For all loading paths, the 

stress range across the microstructure is from ~950MPa to ~1150MPa, the average mean stress 

under each specific loading condition is around ~1050MPa, which shows agreement with the applied 

stress range level. 
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Figure 7-5. Distributions of Mises stress after 10 fatigue cycles at R=-1 and 1050MPa stress under (a) pure tension 

(b) pure torsion (c) in-phase tension and torsion (d) tension and torsion (AT) (e) non-proportional square (SQ) 

loading path; (f) frequency distribution plots of Mises stress for the crystal plasticity polycrystal model under 

each loading case 

The distributions of GNDs after 10 fatigue cycles under five loading paths with maximum applied stress 

level of 1050MPa are shown in Figure 7-6. It is evident that different GND heterogeneity within each 



127 
 

of the five specimens are generated by different loading paths, showing considerable spatial variation. 

The location of the highest GND hotspot is marked with black arrow and varies under each of five 

loading conditions (for pure tension and in-phase tension-torsion, the highest GND location is hid on 

the other face of the model).  

Further, an assessment has been carried out of the GND density at the predicted highest hotspot in 

order to investigate whether this quantity may be identified demonstrably to be associated with the 

measured fatigue life to failure under five loading paths. Therefore, the values of GND density and 

their evolutions over 10 fatigue cycles at the location of highest hotspot (marked and highlighted on 

the Figure 7-6(a) – (e)) are extracted from full field crystal plasticity calculations and plotted in Figure 

7-6(f). From the GND density plot shown in Figure 7-6(f), it is observed that the GND density rapidly 

increases and then shows very slightly perturbations over more fatigue cycles under pure torsion and 

non-proportional tension-torsion (AT) compared to pure tension and in-phase tension-torsion, where 

the GND densities are almost unchanged after first fatigue cycle. It is also interestingly observed that 

the perturbation of GND density under non-proportional square loading path is more significant 

compared to other four loading cases. In addition, in terms of the absolute value of the maximum GND 

density, pure torsion exhibits the most significant GND density (~5.2 × 1013 J m2⁄ ) and the uniaxial 

shows the least GND density (~1 × 1013 J m2⁄ )  developed over 10 fatigue cycles. Therefore, this 

quantity does not correlate directly with fatigue failure. 
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Figure 7-6. Distributions of GND density after 10 fatigue cycles at R=-1 and 1050MPa stress under (a) pure 

tension (b) pure torsion (c) in-phase tension and torsion (d) tension and torsion (e) non-proportional (SQ) loading 

path; (f) GND evolutions at the GND hotspot for each loading case over 10 fatigue cycles (the hotspot varies with 

different loading path) 

Significant strain localization is found for each loading condition, especially for the non-proportional 

tension-torsion (AT) case, in which the distribution of effective strain is very heterogeneous and 

almost all over the whole microstructure. For example, it is evident from Figure 7-7 that under pure 

tension (UX), pure torsion (TS) and in-phase tension-torsion (IP) loading conditions, the plastic strain 
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tends to develop within grains well orientated for slip which straddle some badly oriented grains, 

within which very little plastic strain develops. The highest strain hotspot is marked and highlighted 

on the figure, but note that the hotspot is located on the other surface of the model for pure tension, 

torsion and non-proportional tension-torsion (AT). 

Under these five loading paths, the evolution of accumulated slip at the highest strain hotspot (marked 

on the figure) can be seen to vary greatly across specimens where loading path AT shows the highest 

evolution of accumulated slip and pure tension exhibits the lowest slip after 10 fatigue cycles, as 

shown in Figure 7-7(f). In addition, it can be observed from Figure 7-7 (a)-(e) that a wider range of 

strain activation for AT and SQ loading paths than that for the pure tension loading is generated, which 

reflects more slip developed over the entirety of the microstructure. It is observed that the 

approximate steady state rates of cyclic slip accumulation are achieved at different numbers of fatigue 

cycles for different loading conditions, indicating the role of loading paths. 

In addition, it is found in other studies (e.g. [17]) that cyclic accumulated slip can be used to predict 

the fatigue behaviour of the investigated specimens but accumulated slip (absolute magnitude) does 

not. Therefore, the accumulated slip rate versus the absolute value of accumulated slip after 10 

fatigue cycles are plotted at the highest strain hotspot under all five loading paths, as plotted in Figure 

7-7(g). It is found that increasing accumulated slip with its rate with an exception of pure torsion case.  
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Figure 7-7. Distributions of accumulated slip after 10 fatigue cycles at R=-1 and 1050MPa stress under (a) pure 

tension (b) pure torsion (c) in-phase tension and torsion (d) tension and torsion (e) non-proportional (SQ) loading 

path; (f) accumulated slip at the highest slip location for each case over 10 simulated cycles; (g) accumulated slip 

rate against the total accumulated slip at 10th cycle at the highest slip location for each case 

In this study, in order to have a better fundamental understanding of fatigue behaviour under different 

loading paths, a local elastic stored energy criterion originally proposed by Wan et al [3] has been 

assessed here.  

Local plastic strain-gradient is existed due to the generation of dislocation structures such as 

dislocation cells, GND distributions or the formation of PSBs, which are related to the energy within 

the material. It is argued that the densities of both SSDs and GNDs are important microstructures to 

cause highly stress concentration and then localized cracking. A detailed description of the local stored 

energy density used in this study can be found in Chapter 4.2.4. 

As described in Equation 4-12, the stored energy density assessed in this study involves accumulated 

slip, stress and SSDs and GNDs. In order to assess the importance and contribution of local density of 

GNDs to local elastic stored energy in fine-grained RR1000, another group of simulations was 
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conducted on the same model introduced in section 7.2 but with the GND density being switched off. 

Figure 7-8 shows the ranking of stored energy rate (both with and without GNDs) under differing 

loading paths, with the same applied stress range of 1050MPa. It is found from Figure 7-8(a) that the 

magnitude of stored energy density per cycle under pure tension is the lowest and therefore is 

predicted to lead to longest lifetime compared to other loading cases under the same stress level 

when turn off GNDs, which is opposite as experiment results. In addition, the difference of stored 

energy density rate is larger between pure torsion and in-phase tension-torsion loading conditions 

when GNDs are present, which shows good agreement with experimental observations, where there 

is a clear separation of fatigue lifetime between TS and AT. Therefore, it is argued that in fine-grained 

RR1000, GNDs play a significant role in generating structural contribution to local elastic energy, hence 

it is of importance to introduce a length scale which is associated with the defect nucleation here. 

 

Figure 7-8.  Computed stored energy density rate without considering GNDs (a) and with GNDs (b) against the 

tested number of cycles to failure under differing loading paths, but at the same applied stress range (1050MPa) 

Therefore, the remaining simulations under all applied stress level and loading paths are evaluated 

and the energy stored per cycle at the highest stored energy density hotspot is also determined using 

Equation 4-12, the inverse stored energy rate Ġ−1 which is indicative of the number of cycles to crack 

nucleation is plotted for all simulations in Figure 7-9. It is found that significant scatter of stored energy 
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density rate is predicted by the models at energy hotspot identified for all five loading paths. At lower 

stress range, wider scatter is witnessed in the models, which is opposed to the high stress range 

(1150MPa) which shows much tighter scatter of Ġ−1. Noticeably, the inverse of stored energy density 

per cycle means the number of cycles per joule of energy stored at the energy hotspot, as a result, 

higher stress range leads to a reduction of number of cycles required to store the same level of energy 

required to generate new surface.  

 

Figure 7-9. Effective stress against the inverse of stored energy density per cycle 

The cyclic stored energy density rate and cyclic accumulated slip rate, which are calculated for the 

tenth fatigue loading cycle, and the applied von Mises stress range against the experimental measured 

number of cycles to failure are plotted in Figure 7-10. For instance, under stress level of 1000MPa, the 

stored energy density rate calculated at the highest energy hotspot are seen to increase consistently 

with decreasing fatigue life, while the accumulated slip rate does not. Similarly, under the peak applied 

stress range of 1050MPa, the same trend is obtained for cyclic stored energy density with an exception 

of pure tension case, where the stored energy per cycle is lower than that of non-proportional square 

loading case but shows the same fatigue life. Again, the accumulated slip rate does not directly 
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correlate with experimental measured fatigue life. The variations of number of cycles to failure with 

the same applied stress range reflects the effects of different loading paths for the same 

microstructure investigated. Here, however, we are able to explain why it is that different loading 

paths give rise to deterministic variations in fatigue life. 

 

Figure 7-10. stored energy density per cycle and accumulated slip rate at the 10th cycle, with the cyclic load of 

(a) 1000MPa stress (b) 1050MPa stress (c) 1150MPa stress applied to cycles to failure for each loading path (the 

hollow symbols represents accumulated slip rate and the solid symbols are stored energy density rate) 

It is evident from Figure 7-9 and Figure 7-10 that stored energy density per cycle largely facilitate the 

ranking of the fatigue behaviour of RR1000 under various applied stress range and various loading 

paths. Therefore, in order to determine the critical stored energy density for RR1000 to reproduce the 

experimental results given in Figure 7-2, these data are utilized in conjunction with equations 6-2 and 

6-3. 
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Note the number of cycles to crack nucleation is assumed to be approximately equal to number of 

cycles to fatigue failure here. This assumption is argued to be reasonable as the life for most 

investigated specimens are high enough and fatigue crack nucleation may account for most of fatigue 

life. Hence, in this study, the calculated Ġ for pure tension tests at all applied stress range (1000MPa, 

1050MPa and 1150MPa) and the corresponding experimental measured fatigue life, together with 

Equation 6-3 is used to determine the critical stored energy density, which is determined to be 339 

J m2⁄  in this way. Due to a lack of the experimentally measured fatigue crack nucleation life for all 

investigated samples, this critical value can only be used to give an indication on the lifetime of fatigue 

failure of RR1000. 

The results of fatigue life prediction using the stored energy criterion are shown in Figure 7-11. It can 

be seen that all the data points are correlated well and located within the +/- 3 standard deviations 

boundary lines, although some of the proportional conditions such as in-phase tension-torsion and 

pure torsion data gives non-conservative results. Noticeably, the predicted fatigue life data are only 

available for peak stress level of 1150MPa (high), 1050MPa (middle) and 1000MPa (low) under each 

five loading paths, therefore, only partial experimental data (corresponding to the predicted data) is 

shown in Figure 7-11. 
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Figure 7-11. Experimental observed fatigue life against predicted life based on stored energy criterion for all five 

loading paths, the bounds of three times of the fatigue life are plotted as dashed lines. 

7.4 Discussion 

In this work, crystal plasticity finite element modelling together with a length-scale based stored 

energy criterion are utilized to provide fundamental understanding of fatigue lifetime variations for 

fine-grained Nickel alloy RR1000 under different loading conditions, including proportional loading 

paths (pure tension, pure torsion and in-phase tension-torsion) and non-proportional loading paths (a 

uniaxial cycle followed by a pure torsion cycle and a square loading path). It is known from both 

experimental and CPFE studies that fatigue failure requires strain localization, which results from slip. 

The computational study in the present work demonstrates that slip is a necessary condition for 

fatigue failure but not sufficient in its own right to establish fatigue crack nucleation and fatigue failure, 

so does dislocation densities.  
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The experimental results shown in Figure 7-2 demonstrates that non-proportional loading conditions 

lead to shorter fatigue lives compared to that of proportional loadings. This observation has been well 

captured by computed stored energy density rates. The inverse of stored energy rates under different 

stress range for all five loading cases are plotted using the von Mises stress amplitude in order to 

facilitate comparison (Figure 7-9). Note the inverse energy rate is indicative of fatigue lifetime 

(Equation 6-3). It can be observed that pure torsion induces longest lifetime and higher endurance 

limit and non-proportional loading paths show shorter fatigue lives compared to proportional loadings 

under the same applied stress range, which show good agreement with experiment observations. In 

addition, when moving from high stress range to low stress range, the scatter of stored energy density 

rate becomes wider, this is also identified in experiment results. In simulation, it is found that non-

proportional loading leads to more strain development within the sample and the evolution rates of 

both slip and stored energy also larger than it is for pure tension loading case. This is argued that 

additional hardening may be caused by non-proportional loading conditions compared to uniaxial 

fatigue.  

The CPFE model based on length scale based stored energy criterion differentiates the differing 

loading types and their respective fatigue life rankings without any empiricism or fitting, therefore at 

least indicating that some of the important slip mechanisms contributing to fatigue life differences are 

well captured. And the fatigue life prediction results of Ni-based superalloy RR1000 also prove that 

the stored energy criterion has good performance to evaluate multiaxial fatigue life. 

In this chapter, consideration of the local stored energy density and its rate as mechanistic driver for 

fatigue defect nucleation and hence fatigue failure were argued to be reasonable given that all 

quantities on which it depends (slip, stress, dislocation density) to be well captured by the CP model. 

A significant range of experiment fatigue tests under differing loading histories have highlighted the 

influence of loading paths on fatigue lifetime of RR1000. Some studies have demonstrated that 

effective plastic strain criterion tends to give non-conservative results [94, 164]. However, this 
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microstructure-level parameter and local stress are potentially important in fatigue behaviour of 

structures which have been reinforced by many other studies. The results reported in this study may 

provide a new insight of the experimental observations through the concept of the local stored energy 

density which has been shown to be the only quantity which provides unambiguous cause and effect 

in fatigue behaviour of various alloys [3, 30, 114, 115]. 

7.5 Conclusion 

This study attempts to investigate the fatigue behaviour and lifetime variations of Ni-based superalloy 

RR1000 under various loading paths, utilizing crystal plasticity finite element modelling based stored 

energy criterion. The experimental characterization of grain size distribution and texture information 

have been used to generate a microstructurally representative volume element model. And the 

mechanical fatigue test results which are provided by Rolls-Royce on RR1000 under pure tension, pure 

torsion, in-phase tension-torsion, a tension cycle followed by a torsion cycle, square loading paths, 

providing experimental proof for CPFE predictions.  

Stress, dislocation density, accumulated slip and stored energy density and their rates are assessed to 

provide mechanistic and physical basis of fatigue lifetime scatters and variations for RR1000. The key 

conclusion of current study is summarized below: 

a) Differing fatigue loading paths lead to large scatters in peak stored energy density rates, which 

is also stress-dependent. The stored energy criterion captures the fatigue lifetime scatters 

resulting from loading regime stress state successfully. 

b) Under the same applied stress range, torsional loading gives rises to less damaging and longer 

lifetime than other four loading cases, this is identified by stored energy parameter. 

c) Non-proportional loadings (both AT and SQ) lead to a reduction of fatigue life and results from 

higher energy level, which involves the combination effects of slip activation, stress and 

dislocation density. 
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d) A critical stored energy of 339 J m2⁄  was determined for the RR1000 considered solely from 

tension fatigue data, enabling considerable good qualitative and quantitative prediction of 

fatigue lifetime variations under differing loading regimes investigated. 
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8. Summary 

8.1 Fatigue Crack Nucleation in Ni-based superalloys  

An integrated experimental, characterization and computational crystal plasticity study of cyclic 

plastic beam loading has been carried out for nickel single crystal (CMSX4), oligocrystal (MAR002) and 

PM polycrystalline FGH96 containing inclusions, in order to assess quantitatively the mechanistic 

drivers for fatigue crack nucleation. The nucleation and evolution of fatigue damage in these Nickel 

superalloys have been characterized utilizing high angular resolution EBSD and high spatial resolution 

DIC. Slip driven fatigue crack nucleation within the tested samples has been captured by SEM. 

Significant strain localization at the region of interest of Ni single crystal and oligocrystal, was 

established by cyclic fatigue loading and measured by HR-DIC. In addition, the GND density and its 

evolution resulting from subsequent fatigue loading at the region of interest in each Ni specimen was 

measured by HR EBSD. Based on the experimental characterizations, the corresponding crystal 

plasticity models have been developed. 

Crystal slip is facilitated by movement of dislocations, both GNDs and SSDs play a role in developing 

highly localized stress states and strain states, capable of causing localized cracking. The CP model 

enables the explicit determination of full-field SSD and GND density distributions along with the 

energy associated with the related material slip. The GND densities measured by HR-EBSD were used 

to validate the modelling results, where good agreement is achieved between CPFE prediction and 

experimental measurement. Hence, the contributions of both types of dislocations to fatigue crack 

nucleation are quantified. Besides, various micromechanical quantities, such as effective stress, 

accumulated slip, stored energy, which are available from the CPFE model, have been assessed. The 

experimentally validated modelling provides knowledge of key microstructural quantities 

(accumulated slip, stress and GND density) at experimentally observed fatigue crack nucleation sites 

and it is shown that while each of these quantities is potentially important in crack nucleation, none 
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of them in its own right is sufficient to be predictive. However, the local (elastic) stored energy density, 

measured over a length scale determined by the density of SSDs and GNDs, has been shown to predict 

crack nucleation sites in the single, oligo and polycrystalline tests. It was also witnessed that once 

primary nucleated cracks develop and are represented in the crystal model using XFEM, the stored 

energy correctly identifies where secondary fatigue cracks are observed to nucleate in experiments.  

A complex microstructural crystal plasticity sub-model generated of Nickel polycrystal containing a 

non-metallic inclusion with texture and morphology reproduced to experimentally characterized 

sample showed excellent agreement with experimental measurements for the distribution of effective 

plastic strain and GND density. The CPFE sub-model was utilized to predict local stress, strain, 

dislocation conditions within the microstructure considered, particularly local to the inclusion. The 

captured heterogeneity in the sub-model shows the capability of capturing the microstructural 

dependent of fatigue crack nucleation. Local calculations and analysis of slip accumulation, stress and 

geometrically necessary dislocations were found to be necessary conditions for crack nucleation, and 

that in addition, multiple crack nucleations occurred at the nickel matrix-inclusion interface and both 

nucleation and growth were found to be crystallographic with highest slip system activation driving 

crack direction. Further, a range of popular fatigue indicators were also assessed against experimental 

data, including Fatemi-Socie and dissipated energy, showing generally good but not complete 

agreement. However, the local stored energy density (of a Griffith-Stroh kind) identified all the crack 

nucleation sites as those giving the highest magnitudes of stored energy.  

8.2 Non-Proportionality in Fatigue 

Utilising the stored energy criterion developed by Wan et al. [3], an RVE microstructural polycrystalline 

model of 316 stainless steel and RR1000 were generated respectively, with comparable texture and 

morphology reproduced to experimentally characterised sample showed considerable good 

agreement with experimental measurements for the fatigue life. The CPFE modelling has been used 
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to provide new insights in understanding the physical and mechanical basis of fatigue lifetime 

variations under differing loading paths, both proportional and non-proportional. From both 

experimental observations and CPFE predicted slip distributions, non-proportional loading condition 

leads to a reduction of fatigue lifetime. This is argued to result from the additional hardening induced 

in the material, in stress-controlled constant stress amplitude fatigue tests. However, the local 

accumulated slip seems to be not sufficient alone to predict fatigue life scatters for all loading cases 

considered, such as pure tension and pure torsion. Some studies have also demonstrated that 

accumulated slip and its rate tends to give non-conservative predictions [94, 164]. 

However, local calculations show that stored energy criterion captures fatigue scatters from 

microstructural variations successfully, and also the different fatigue lives from different loading states 

applied (eg proportional and non-proportional). It was also witnessed that non-proportional loading 

is more damaging than that for proportional fatigue (eg pure axial and pure torsional). Stored energy 

density has provided a consistent and unifying explanation for the experimental observations of 

fatigue life in differing loading regimes. The consideration of the local stored energy density and its 

rate as mechanistic driver for fatigue defect nucleation and fatigue failure were argued to be 

reasonable, given that all quantities on which it depends to be well captured by the CP model. The 

experiment fatigue tests under differing loading conditions have highlighted the influence of loading 

paths and microstructures on fatigue lifetime of the investigated materials. 

A single fatigue property (the critical stored energy density, equating to new surface energy) 

determined from axial fatigue data alone has been shown to provide good qualitative and reasonable 

quantitative prediction of the experimental observations of the complex loading, providing a 

mechanistic explanation for the fatigue behaviour. The determined critical stored energy is 376 J/m2 

for the 316L steel and 339 J/m2 for RR1000. 
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9. Conclusions and Future Work 

Micromechanical test, high resolution EBSD and DIC characterisation, and CPFE modelling has been 

utilized to study fatigue crack nucleation in a range of Nickel-based superalloys. Full and explicitly 

representation of the experimentally characterized microstructures of Ni single crystal, discretionally-

solidified large-grained oligocrytal and power metallurgy polycrystalline containing non-metallic 

inclusion, have been developed in simulation work. In addition, RVE microstructural crystal plasticity 

models have been generated for 316L stainless steel and Nickel polycrystalline RR1000 with 

comparable texture and grain size distribution reproduced to experimentally characterised specimens, 

to study the multi-axial fatigue behaviour and observed fatigue lifetime variations under differing 

loading paths (both proportional and non-proportional). A local stored energy density criterion (micro-

level quantity) together with other microstructural sensitive parameters (e.g. stress, strain and 

dislocations et al) have been assessed for all studies conducted in this thesis. The key conclusions can 

be drawn as follows: 

 The length scale based local stored energy density criterion has the ability to identify all fatigue 

crack nucleation sites in the tested Nickel samples, while other fatigue indication parameters (e.g. 

effective stress, accumulated slip dislocation densities, dissipated energy and Fatemi-Socie et al)) 

cannot establish the fatigue crack nucleation sites unambiguously alone. 

 The slip localization, stress and GND density which is determined by the microstructure (e.g. 

crystallographic orientations, grain boundaries and constraints et al) drive local stored energy and 

lead to fatigue crack nucleation in turn. 

 In the tested Nickel samples, the fatigue crack nucleation sites were found to be driven by local 

crystallography and slip, and the crack growth directions were also found to be crystallographic in 

most cases, and for some cracks, where multiple slip systems were activated and hence the crack 

directions were controlled by the highest slip magnitude or the combination of the activated slip 

systems.In both 316L stainless steel and Nickel RR1000, the non-proportional loading is more 
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detrimental to fatigue life compared to proportional loading, this is argued to result from broader 

slip system activation, which drives elevated stored energy levels. This observation is well 

captured by stored energy criterion. 

 Cyclic stored energy density also captures the fatigue scatter resulting from microstructural 

variation and also fatigue lifetime variations resulting from differing loading regime stress states. 

 The critical stored energy density, based on uniaxial data alone, are determined to be 376 J/m2 

for 316L stainless steel and 339 J/m2 for RR1000 respectively. Utilizing the so determined critical 

stored energy density, the prediction of fatigue lifetime across the range of experimental 

specimens and differing loading regimes considered, have been shown to demarcate correctly 

over the range of experimental steel and nickel polycrystals. 

9.1. Recommendations for Future Work 

The present study has successfully achieved the objectives defined in Chapter 1.3. In particular, 

microstructurally-differing Ni bend test samples have been analysed to extract the experimentally 

observed sites of fatigue crack nucleation together with the numbers of cycles to cause crack 

nucleation. These samples have been modelled with explicit representation of both grain 

morphologies and crystallographic orientations using crystal plasticity which has enabled a detailed 

assessment to be made of key microstructure-level quantities such as accumulated slip, flow stresses, 

geometrically necessary dislocation densities local to the experimentally observed sites of crack 

nucleation. In addition, the experimental observations in proportional, non-proportional and differing 

stress state fatigue loadings have been well captured and explained by stored energy density criterion. 

With all this data and research that has been conducted to date, a future plan of work has been 

addressed and will consider, 

 As described in the introduction part, nickel-based superalloy has excellent mechanical properties 

at high temperatures and hence has been used wildly in the turbine engines. During service, the 
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turbine blade and disk section, especially the bore regions, are subjected to various kinds of loads, 

including centrifugal load, temperature load and vibration load etc. The fluctuation of stresses and 

temperatures during take-off, cruise and landing will lead to cyclic and localized plastic strains in 

the materials. In this sense, it is of great importance to evaluate the fatigue performance in a harsh 

service environment. Then the safety service of the superalloys may be guaranteed and the 

development and production also can be promoted [170-172]. The common and leading failure 

mode of the components is fatigue cracking, which often results from the large thermal and 

mechanical stresses resulting from the temperature and mechanical loading gradient. Therefore, 

thermal mechanical fatigue (TMF) behaviour of Ni-based superalloys is of interest. However, as 

far as the author is aware, the mechanistic understanding towards fatigue cracking under TMF 

loading seems to be challenging due to the various test conditions and alloys. Therefore, in order 

to seek the physical and mechanistic basis of thermal mechanical fatigue behaviour, a range of 

TMF tests are planned to be carried out on large-grained, bamboo structure Ni-based oligocrystals 

(RR’s MAR002) over a temperature range such that visco-plastic (ie thermally enhanced slip but 

deformations not dominated by diffusion/mass transport) behaviour dominates. In general, 

thermal mechanical fatigue is grouped into in-phase, out-of-phase and isothermal TMF based on 

the stress-temperature relationship [173]. The stress-temperature relationship will be considered 

is summarized in Figure 9-1. 

Figure 9-1. Schematic illustration of stress-temperature relationship in TMF testsIn order to conduct the 

TMF tests with in-situ optical DIC measurement on the mini-beam in air, a new TMF system has 

been designed and shown below. 
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Figure 9-2. Thermal mechanical fatigue system for mini-beam testing 

In addition, the development of stable DIC pattern on the sample surface at elevated temperature 

is also challenging and of great importance to measure the in-plane strain accurately.  

 The fatigue behaviour of engineering alloys subject to uniaxial loading in tension or compression, 

bending or torsion has been studied by many researchers and also is well understood. In reality, 

for instance, for rotating parts in a gas turbine engine, these loading conditions may occur 

simultaneously, leading to multi-axial stress states in materials. From literatures and the studies 

conducted in Chapter 6 and 7, the multi-axial loading can lead to either a reduction or increase of 

fatigue life, depending on the specific loading condition. Hence, it is vital to predict the effects of 

various loading paths on fatigue lifetime precisely. The previous multi-axial study carried out in 

this thesis can give us a guidance and direction on understanding the non-proportional and 

proportional fatigue behaviour. However, in order to further investigate the accuracy of the 
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fatigue criterion assessed, a more systematic study of non-proportional fatigue is needed to give 

a complete overview and understanding of the fatigue variations under differing loading paths, 

giving the best direction to pursue for future analysis, including conduct more mechanical tests to 

generate a reliable S-N curve for each different loading conditions, and also evaluating various 

fatigue models to seek fundamental understanding of proportional and non-proportional fatigue 

life scatter and variation. 
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Appendix 

A. Numbered Slip Systems in FCC Materials 

 

Figure A. Numbered 12 slip systems in FCC Materials considered in this study  

B. Rotation matrices incorporating local to global orientations 
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C. Effective plastic strain 

In the calculations, the effective plastic strain p is defined as 

p = (
2

3
𝛆p: 𝛆p)

1

2
= [

2

3
((𝜀𝑥𝑥

𝑝
)2 + (𝜀𝑦𝑦

𝑝
)
2
+ (𝜀𝑧𝑧

𝑝
)
2
+ 2(𝜀𝑥𝑦

𝑝
)2 + 2(𝜀𝑦𝑧

𝑝
)2 + 2(𝜀𝑥𝑧

𝑝
)2)]1/2       (C1) 

where 𝛆p is the plastic strain tensor. In the experiments [88], two dimensional (surface) DIC measures 

total strain components 𝜀𝑥𝑥, 𝜀𝑦𝑦, and 𝜀𝑥𝑦 on the free surface, but the out-of-plane components 𝜀𝑧𝑧, 

𝜀𝑥𝑧 and 𝜀𝑦𝑧 are inaccessible. Hence, the DIC measured effective strain p is determined from 

p = (
2

3
𝛆: 𝛆)

1/2
= [

2

3
(𝜀𝑥𝑥

2 + 𝜀𝑦𝑦
2 + 2𝜀𝑥𝑦

2)]1/2                                        (C2) 

The elastic strains are small enough to be considered negligible compared to the plastic strains in the 

region of interest such that 

p = (
2

3
𝛆: 𝛆)

1/2
≈ (

2

3
𝛆p: 𝛆p)

1/2
                    (C3) 

is a reasonable approximation. In addition, by virtue of the bending loading conditions, the in-plane 

𝜀𝑥𝑥  strain dominates such that the contribution to the effective strain from the out of plane 

component is not significant.   
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D. Single and Oligocrystal Model Sample Finite Element Representations and 

Mesh Refinements 

 

E. Chemical compositions of Ni-based superalloy FGH96 [174] 

Element Cr Co W Mo Ta Nb Al Ti Zr Si 
wt.  % 15.57 12.25 4.12 3.87 0.1 0.73 2.27 3.51 0.05 < 0.05 

Element Ce Fe Mn N O C S P B Ni 

wt.  % 0.01 0.17 < 0.01 0.0018 0.0042 0.043 0.002 < 0.01 0.014 Bal. 

 


