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Abstract

Results are presented of BiGlobal linear stability analysis of incompressible flow 

over a row of T-106/300 aircraft Low Pressure Turbine (LPT) blades. In particular 

the three-dimensional stability of two-dimensional steady and periodic states is in

vestigated for Reynolds numbers below 10,000, where the primary two-dimensional 

instability leading the flow through a Hopf-bifurcation from steady to periodic has 

been identified to be at a chord Reynolds number of Rec =  905 ±  1. Structured 

and unstructured meshes have been used while variation of the polynomial order of 

the numerical methods as well as extension of the domain under consideration has 

ensured numerical convergence. Furthermore, consistency between linear stability 

analysis and full Navier-Stokes solution is shown. The leading Floquet- and eigenval

ues of the LPT flow are observed at a range of Reynolds and span-wise wavenumber 

parameters. They show that the instability depends on the imposed periodicity in 

the two-dimensional plane of the computational model. Neglecting subharmonic ef

fects the flow undergoes a three-dimensional transition caused by three-dimensional 

long wavelength disturbances immediately after its two-dimensional instability. The 

associated unstable mode is related to the wake of the basic state. A second short 

wavelength stable mode has been identified to be associated to the separation bubble 

at the trailing edge. A pseudospectra analysis has also been performed showing sen

sitivity of the eigenvalue problem and the associated potential for transient growth 

due to the non-orthogonal properties of the eigenmodes. Three-dimensional direct 

numerical simulation (DNS) shows that three-dimensional transition is susceptible to 

the modes identified. Finally, a subsequent two-dimensional optimum growth anal

ysis based on a newly developed method related to the computation of the singular



values of the eigenvalue problem has been performed for flow past a cylinder and 

the LPT flow. Optimum modes that exhibit strong energy growth were identified 

and compared with the adjoint modes as found in the literature. The maximum en

ergy associated to sensitivity regions is located around the separation bubble at the 

trailing edge of the blade as they grow downstream. Demonstrating the potential of 

the developed method based on singular values, the purely two-dimensional results 

as presented in this work serve as a basis for future three-dimensional analyses.
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Chapter 1

Introduction

1.1 Hydrodynamic Stability

Leonardo da Vinci, renaissance philosopher, artist and scientist was intrigued by the 

physics of fluid motion and its turbulent nature, which he represented in drawings 

as could be seen during a special exhibition at the Victoria^Albert Museum (figure 

1.1). It had taken a few centuries, not to mention Newton’s Principia and Bernoulli’s 

Hydrodynamica, until science evolved to the state where it was able to describe the 

dynamics of fluids in mathematical terms.

In the late 19th century researchers like von Helmholtz (1868), Kelvin (1871), 

Lord Rayleigh (1880) and Reynolds (1883) conceptually related the idea of stability 

to the field of fluid dynamics and raised the connection between transitional phe

nomena from laminar to turbulent fluid motion and the notion of flow stability. The 

question of how to mathematically describe the stability of dynamical systems has 

been extensively addressed during the same decades, as for instance by the Russian 

mathematician Alexandre Lyapunov (1892).

Heuristically speaking, the state of system is said to be stable, if, after being 

slightly disturbed, it will find its way back to the original state. Respectively, if 

the system assumes a different state, one refers to the state as being unstable. For 

instance, the equilibrium state describing a pendulum at its lowest point is stable, 

whereas an upright rigid pendulum, although in equilibrium state, is unstable since



Figure 1.1: '‘Leonardo was fascinated by turbulent motion. Vortex motion 
was especially powerful, since a vortex speeds up towards its cen
tre. Using meticulous observation and intricate theory, he cre
ated compelling images of water in spiral motion. It reminded 
him, typically, of the curling of hair.” Experience, Experiment 
and Design, 14 September 2006 - 7 January 2007, V&A London, 
© T he Royal Collection 2006, Her Majesty Queen Elisabeth II.

it will obviously change that state when subjected to the slightest perturbation.

Ever since, scientists have applied mathematical tools of stability theory to fun

damental flows such as channel and pipe flow, and established a mathematical frame

work to quantitatively and qualitatively determine the stability of such flows and 

the associated transition to turbulence. If, in a fluid dynamical context, a (basic) 

state U describing a laminar flow field is stable, then perturbations v! do not affect 

the longterm characteristics of that state. If it is unstable, the flow will transition 

into another, usually more complex and possibly turbulent state.

Laminar flow through a pipe, for instance, has been observed by Reynolds to 

become turbulent after a certain threshold flow velocity. However, he noticed that 

the reproduction of that particular velocity when repeating the experiment would 

depend on how carefully the experimental setup has been isolated against distur
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bances.

This observation was in contradiction to the idea that infinitesimal small pertur

bation could cause a flow to undergo transition, as could be explained by wave-like 

disturbances discovered by Tollmien and Schlichting. These so called TS-waves 

have been found to sustain exponential growth in boundary layer or channel flow 

upon slightest excitation (similar to the pendulum). Mathematically the idea of 

(in)stability in that context can be expressed by the perturbation equation (1.1)

u(t) = U + eu'(t). (1.1)

Whilst t is assumed to be arbitrarily small, the disturbances tv! superposed onto the 

basic state U can exponentially grow and change the overall state u(t) (unstable) or 

decay so that the overall state remains unaffected by the perturbation as time passes 

(stable). The sought perturbations that potentially have these growing properties 

usually depend on spatial parameters, and for parallel flows the question of stability 

can be answered by solving the Orr-Sommerfeld equations (e.g. Drazin & Reid 

(1981)).

These linear mechanisms, explaining the propagation of disturbances as well as 

the transition in different flow scenarios, may be “bypassed” (e.g. Reshotko (2001)), 

for instance by processes that depend on a certain threshold perturbation, as in the 

previous situation that Reynolds observed for pipe-flow, decades earlier.

As we will see, the distinction between these two mechanisms, the linear growth, 

where infinitesimal perturbations cause transition as opposed to the so called tran

sient growth (TG), that, if large enough, will trigger nonlinear effects until three- 

dimensionality takes place, plays a major role in the present work. A schematic 

overview is shown in figure 1.2, describing the nature of the different growth mecha

nisms that might lead to transition. Scenario (a) illustrates the energy of exponen

tially growing perturbations, eventually reaching an energy E^u leading to transi

tion. Cases (b) and (c) represent the transient growth of perturbations that may or 

may not lead to transition, depending on the initial energy of the disturbance.

Only in the last two decades has a mathematical understanding of those phenom

ena in a stability context been developed for the above mentioned archetypal flows,

20



Figure 1.2: schematic linear growth scenarios: exponential growth (a), tran
sient growth, below the energy threshold required for transition 
(b) and transient growth large enough to transition (c).

where exponential growth does not explain transition (e.g. Trefethen k  M.Embree 

(2005), Trefethen et al. (1993) and Butler k  Farrell (1992)). The relation between 

initial disturbance energy and transition thresholds has been extensively studied by 

Reddy et al. (1998) for parallel flows.

For complex flow configurations such as the flow past a circular cylinder or the 

present flow past a turbine blade, the underlying equations describing the motion of 

the fluid arc difficult, if not impossible, to solve analytically. Therefore, within the 

field of numerical or computational fluid dynamics the strategy of solving the flow 

is, to mathematically discretise the continuous flow by a discrete system of, say, n 

degrees of freedom. (In the example of the pendulum n=2, since we need only two 

scalars to describe the state of the dynamical ’system’).

In order to describe the small scales of fluid motion usually millions of degrees 

of freedom are needed. Considering that the discrete elements usually interdepend 

on each other one can easily appreciate that we are limited by computational power 

when trying to solve the large set of equations.

Acknowledging a bound due to computational resources, the stability of complex 

dynamical systems, such as in the field of fluid dynamics, has received renewed 

impetus since the 1960’s, in line with ever increasing hardware capabilities. However, 

extrapolating the potential of computational power into the near future still suggests 

that current challenges in fluid dynamic related research require improved methods

21



and strategies in addition to faster computers to gain a physical understanding 

about the underlying physics of flows*. In this context, stability analysis constitutes 

a strategy promising crucial information about transition whilst reducing a complex 

problem to significant flow features involving computational resources on a feasible 

scale.

1.2 Low Pressure Turbine Flows

This thesis deals with flow stability within an aeronautical context and is motivated 

by the need to develop technologies and an understanding to optimise the fuel effi

ciency of jet-engines and turbo machinery. In particular, the boundary layer on the 

surface of low-pressure turbine (LPT) blades is known to be susceptible to laminar 

separation, which is mainly due to the fact that, during high altitude cruise, the 

Reynolds number in LPT flows can drop to relatively low values of order 25,000. 

The resulting boundary layer separation is associated with dramatic losses in tur

bine performance; hence the need for delaying or preventing separation (Fasel et al. 

(2003)). Figure 1.3 schematically shows a two-dimensional row of low-pressure tur

bine blades usually used to model the flow in the cascade.

Passive techniques such as modifying the blade surface by means of dimples 

significantly reduces boundary layer separation (Fasel et al. (2003) and Lake et al. 

(1999)). However, these techniques are limited when it comes to high Reynolds num

ber flows, where the unmodified blade geometry yields satisfactory turbine perfor

mance. Therefore, the influence of active control devices on the separation behaviour 

has been studied extensively by Bons et al. (1999), whose experiments showed that 

pulsed vortex generator jets (VGJs) have a dramatic effect on low Reynolds number 

separation in LPTs, yet the underlying physical mechanisms responsible for these 

results are not clearly understood.

State-of-the-art direct numerical simulation (DNS) investigations by Wu et al.

'Bewley (2001) illustrates the potential of appropriate strategies versus high-power parallel 

computing by referring to the just-about-equal chess match between Garry Kasparov and the 

chess computer Deep Blue, computing about 1011 moves per minute.
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inflow

Figure 1.3: Two-dimensional cross-section through a row of low-pressure 
turbine blades indicating typical boundary conditions.

(1999), Wu k  Durbin (2001), Fasel et al. (2003) and Wissink (2002) modelled the 

full three-dimensional flow in a LPT passage, which is characterised by Reynolds 

numbers of order 105. These investigations are based on different simplifications 

and modellings of the flow and the blade geometry as well as on different conceptual 

approaches toward the goal of flow control.

Fasel et al. (2003) employed active control using two- and three-dimensional DNS 

in order to shed light on yet unknown instability mechanisms which may success

fully improve flow performance in experiments. Wu et al. (1999) performed DNS 

modelling the blade geometry as well as the incoming wake in order to show the 

connection of classic Kelvin-Helmholtz/Tollmien-Schlichting (e.g. Kleiser k  Zang 

(1991)) and bypass transition mechanisms. It was found that instability in the 

chosen configuration shared principal characteristics with transient growth phenom

ena in archetypal flat-plate and channel flows (Grek et al. (1985), Trefethen et al.

23



(1993)).

Wu k  Durbin (2001) simplified the model by neglecting the periodic wake of 

the stator blade and assuming the incoming flow to be parallel, which revealed the 

correlation between longitudinal vortices1' in the free stream and counter-rotating 

vorticity inside the boundary layer. This vorticity can be associated to algebraically 

growing instabilities in the above mentioned canonical problems. Both DNS studies 

by Durbin and co-workers have identified transient growth to be a physical effect of 

rather higher significance compared with mean flow deformation inside the respec

tive boundary layer. Consequently, understanding and modelling transient growth 

mechanisms in this class of flows appears to be a key to devising successful flow- 

control methodologies;

The transient dynamics of these mechanisms as introduced in figure 1.2 can be ex

plained by considering the eigenmodes of the flow under investigation. Representing 

the energy of a mode as the magnitude of a vector, Figure 1.4 (Schmid k  Henningson 

(2001)) illustrates the connection between modes that decay after initial algebraic 

growth (transient growth modes) and modes that exhibit monotonic and exponen

tial growth characteristics (eigenmodes). The figure shows that the transient growth 

modes (which are also referred to as optimum growth modes) can be geometrically 

represented as linear combination of eigenmodes. Although the eigenvectors repre

senting the eigenmodes are characterised by decreasing length as time progresses, 

the optimal vector may grow temporarily, which is due to strong non-orthogonality 

of the eigenmodes.

Another measure of non-orthogonality is the sensitivity of eigenvalues due to 

forcing. Slightly perturbing the operators involved in the eigenvalue problem shows 

that the eigenvalues are sensitive to very small disturbanees, if the system is non- 

orthogonal. The spectrum arising from that random perturbations is called the 

pseudospectrum and may well extend into the unstable half of the complex plane, 

although the eigenspectrum remains in the stable half. Plane Poiseuille flow has 

been a well investigated example in that respect. Figure 1.5 by Schmid k  Henning-

tWithout claiming any connection to the investigated example, the flow in figure 1.1 consists 

of longitudinal vortices in the wake of the obstacle.
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Figure 1.4: Sketch by Schmid &; Henningson (2004) illustrating transient 
growth due to non-orthogonal superposition of two vectors de
caying at different rates as time evolves. The vectors $  repre
sent the eigenmodes and their lengths the associated energy of 
the mode. Although they are stable (they become shorter with 
time) it can be seen that the linear combination of the vectors, 
indicated by the arrow q can temporarily grow due to the non- 
orthogonal nature of the eigenmodes <Ê>. Plotting the energy of 
the vector q as a function of time illustrates the characteristic 
transient growth as can be seen in figure 1.2.
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Figure 1.5: Two-dimensional pseudospectrum of plane Poiseuille flow for 
Re= 10000 illustrating the sensitivity due to random perturba
tion. The circles (o) indicate the unperturbed eigenvalues of the 
the operator and the three branches exhibit a typical Y-shape. 
Perturbing the eigenvalue problem slightly, shifts the eigenval
ues within the complex plane at the intersection of the branches 
(small black dots). Performing the computation multiple times 
illustrates a triangular region where the eigenvalues can possi
bly move defining the pscudospectrum (Schmid k  Henningson 
(2004)).
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son (2001) illustrates the sensitivity of eigenvalues and their local distribution in a 

triangular region around the branches of the unperturbed eigenvalues. This random 

distribution is attributed to non-orthogonality and it can be shown that introducing 

forcing of sufficient magnitude will destabilise the eigenvalues.

Given the connection between pseudospectra or optimum growth modes and the 

eigenspectra, understanding transient growth mechanisms requires the knowledge of 

the (BiGlobal) eigenspectrum that might not only describe the linear (in)stability 

characteristics of LPT flows, but also indicates potential contributions of modes that 

interact with one another. In order to gain this fundamental knowledge, the present 

work focuses on a moderate-Reynolds number range, where the onset of primary 

and secondary bifurcations is expected to be.

Central to these investigations are the mechanisms that describe the three- 

dimensional nature of the instabilities of this class of flows. Yet the computational 

effort that underlies three-dimensional DNS renders this numerical approach acces

sible only via large-scale computations and is certainly inappropriate for parametric 

studies.

Therefore, as opposed to performing three-dimensional computations and ex

tracting the eigenspectra from large data sets, an alternative and more efficient 

methodology based on BiGlobal (Theofilis (2003)) linear stability analysis has been 

chosen in the current work. In this context, only a two-dimensional simulation 

need be performed, the results of which are analysed with respect to their stability 

against the full range of span-wise wavenumbers at each Reynolds number. This 

means that a three-dimensional problem is reduced to a two-dimensional one plus 

an eigenvalue problem for every spanwise wavelength, which yields the associated 

eigenmodes u’ . These modes represent the most significant flow features from a 

stability, or instability, point of view.

Using the same methodology when investigating flow past a eylinder, the transi

tion scenario have been successfully explained by identifying mode A and mode B, 

eigenmodes that sustain linear instabilities in flow past a circular cylinder (Barkley 

&; Henderson (1996)); a fact encouraging the pursuit of the chosen strategy within 

the present research effort.
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The numerical solution of the two-dimensional Navier-Stokes equations is being 

performed by means of Nektar (Karniadakis & Sherwin (2005)), a DNS solver based 

on the spectral//ip element method. The subsequent instability analysis was also 

performed using a spectral element methodology in combination with the Arnoldi 

method (e.g. Saad (1992) and Tuckerman & Barkley (2000)). which has been shown 

in the past to be appropriate (as well as efficient) means to determine the most 

significant eigenvalues and eigenmodes of the spectrum of complex flows (of. that 

over a NACA0012 airfoil by Theofilis ct, al. (2002)).

As a first step, the two dimensional steady and time-periodic basic states, whose 

stability we are interested in, will be presented in chapter 3.1. Initially, the present 

work is devoted to investigation of alternative spatial discretization approaches for 

both the DNS and the BiGlobal stability analysis, showing numerical convergence 

of the discretised flow in chapter 3.2 and 3.4, prior to the presentation of the eigen- 

spectra in sections 3.3 and 3.5.

In order to shed light on the relation between linear and nonlinear stability 

characteristics of the investigated flow, three-dimensional simulations has been per

formed throughout this research for selected cases where onset to three-dimensionality 

is indicated by the linear stability analysis results.

After presenting the eigenspectrum in chapter 3, the subsequent analysis focuses 

on the generalised concept of Pseudospectra in chapter 4 as introduced in figure 1.5, 

addressing the non-orthogonal eigenspectrum of the flow, possibly accounting for 

transient growth mechanisms. In the last section of this chapter, optimum growth 

results will be presented based on a newly developed method. Using singular value 

decomposition in combination with a time-splitting scheme allows for the computa

tion of the optimum modes of complex flow configurations as introduced in figure 

1.4.
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Chapter 2

Methodology

Various approaches to determine the solution of partial differential equations based 

on discretisation of space and time frequently raise the question of efficiency of the 

method in use. Regardless of whether a Finite Volume Method, Finite Element 

Analysis or a Spectral Analysis is being utilised, the efficiency is generally deter

mined by the relation between convergence rate and computational costs.

2.1 Spectral/hp Element Method

The Spectral/hp-element method (e.g. Patera (1984), Deville et al. (2002) and Kar- 

niadakis k  Sherwin (2005)) employed throughout this research to solve the Navier- 

Stokes equations numerically is related to the Finite Element approach based on the 

Galerkin formulation. In classical FE schemes, the solution u is approximated by 

low order polynomials (typically linear or quadratic) whereas local approximations 

in the spectral/hp method are defined by polynomials of high order p. Using re- 

spcetively less elements of larger eharaeteristic size /i, this method has been shown 

to yield accurate and efficient results in related research projects (Theofilis et al. 

(2002)), given that for smooth solutions the ratio between convergence and work is 

based on exponential growth of the convergence rate with increasing p as opposed 

to computational costs, that grow only algebraically. Equations (2.1) and (2.1) 

estimate the convergence rate and the costs, respectively.



( i / h . y (2 .1 )

D I  M + l
(2 .2 )

where t represents the convergence rate, W  the computational effort and 1)1 M 

the spatial dimension of the problem. Choosing p large enough, the relationships 

(2.1) and (2.2) result in desirable efficiency if one is interested in a very accurate 

solution. As we will deal with a problem that requires a solution of high accuracy to 

identify very slight instability features, the Spectral//ip method with the possibility 

of employing high order of p is an appropriate method to take on this task.

In order to explain the basic principles of the Galerkin method central to the 

Spectral/hp formulation we will utilise an example based on the one dimensional 

Helmholtz equation in the following section 2.1.1 before illustrating the expansion 

functions of higher polynomial order in section 2.1.2

2.1.1 One-dimensional example: spatial discretisation of the 

Helmholtz equation

The following illustrates the basic concepts of the Galerkin method considering the 

example case of the linear one-dimensional Helmholtz equation.

d^u
•^5 -  Au +  /  =  0. (2.3)

Assuming a set of appropriate Dirichlet and Neumann boundary conditions, such a

. , du
u(0) = go, ^ ( 0  =  y/v, (2.4)

we wish to determine the solution in the interval 0 < x < l which we shall denote 

by for some positive constant A.

Seeking a numerical solution for equation (2.3) one approximates u(x) by a trial 

function u5(x), using a polynomial defined by p+1 coefficients. Introducing the 

trial function into equation (2.3) the equality is certainly not satisfied for arbitrary 

coefficients, and results in an error R.
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—  -  Au‘  + f  = R. (2.5)

Multiplying equation (2.3) by an arbitrary test function vs and integrating over the 

domain 0  we project the error R onto the test space and impose a condition upon 

the coefficients where the projections of the error vanish.

f  v6 2 dx — f  Av5usd x+  f  v6fdx — 0. (2.6)
Jn ux JQ Jn

Manipulating the first term using integration by parts (or equivalently using Gauss’ 

divergence theorem in higher dimensions) yields

a(vs,ud) = f {v 5). (2.7)

with

a(vs,us) =  -  Xvdud̂ j dx, f (v s) = J^v6fdx + vs(l)gN, (2.8)

where we incorporated the assumed Neumann boundary condition from equation 

(2.4) on the right hand side mf(vs).

The second step is to lift a known solution from the problem by decomposing 

us into a known solution satisfying the Dirichlet boundary conditions uD and a 

homogeneous solutions uH such that vf =  uD + uH. Hence, equation (2.7) becomes

In order to approach the discrete equation (2.7) computationally, we explicitly 

introduce the test and trial functions as

Ndoj
us(x,t) =  Ui(t)&i(x) (2.9)

i—l
and
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(2.10)
N d o f

vs(x,t) = Vi{t)^i(x),
i= 1

respectively, where # ,(x ) are vectors of expansion functions which satisfy all homo

geneous boundary conditions and û,(i) and Vi(t) the vectors of N^0j- sought coeffi

cients. The fact that trial and test functions are the same constitutes the usage of 

a Galerkin method.

Finally we introduce the discrete vectors of equations (2.9) and (2.10) into the 

lifted equation (2.9) to obtain

- [  ( d^
Vl ] {l \ dx dx

dx ùf

f  A&i<bjdx û f
Jn

+ * i  (^Hr)dx < - i  ““
- Vi &ifdx + Vi$i(l)gN, i = \...Ndof (2.11)

Jn

We note that the system of equations is independent of the test functions vt. 

After reordering the known terms to the right hand side, the system in equation 

(2.12) is written in terms of the forcing vector F including boundary conditions, and 

the global matrix A, consisting of the inner products of the homogeneous expansion 

functions

A û  =  F, (2.12)

with

A  = 

F

' d&i d$>
L  (  dx dx
j jn & i d & i

A3>i$jdx.

dx dx

) d x ~ L

^ dxûf — A&i&jdxû® + J $Jdx + <&i(l)sAr-

The first inner product of the Helmholtz matrix A ( ^ - )  is referred to as the Lapla- 

cian matrix, the latter term is called the mass matrix and in nodal representation 

is diagonal. The expansion functions still need to be mapped onto a local repre

sentation in order to automate the implementation of each element separately, as 

described in the next section.
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2.1.2 Expansion bases

It can be shown (Karniadakis & Sherwin (2005)) that choosing an orthogonal basis 

for the test and trial functions has computational advantages when constructing 

and inverting the global matrix A, which in that case is penta-diagonal. The set of 

Jacobi polynomials, denoted by P “ ,/3(x) exhibits exactly this orthogonal property. It 

represents the family of polynomial solutions to a singular Sturm-Liouville problem 

which, in the region — 1 < x < 1 is written as

d_
dx

{\ -  x )x+a{\ + x )l+00 -u p{x) Ap(l -  x)Q(l +  x)0up(x), (2.13)

with up(x) =  Pp'0(x) and Ap =  — p(a + 0 + p + 1). The orthogonality of P “ ,/3(x) 

regarding p can be shown when integrated with respect to (1 — x )1+Q(l + x )l+0 where

J '  (1 -  x )1+fl(l +  xY+0P f{x )P ^ \ x )d x  =  C8„, (2.14)

C being a function of p, a and 0. The polynomials can be generated using a three- 

term recursion relationship (Karniadakis &: Sherwin (2005)).

As mentioned above, we need to express our shape functions in a local repre

sentation, where we have to ensure continuity between the elements. Since this is 

not generally the case for the chosen set of orthogonal functions we need to modify 

the expansion. Therefore the following expansion basis consist of additional

boundary terms ensuring C° continuity. It is defined over the standard interval

= {£1 -  1 < £ < 1}:
/

M O  =

1

( ¥ )  ( ¥ )  pp-i(£)

(¥ )

p — 0

0 < p < P  

p = p,

(2.15)

where P  is the maximum polynomial order. It can be seen that the modes p =  0 and 

p = P  are the boundary modes, and correspond to the modes used in the standard 

linear finite element method, which can be considered as an expansion basis with 

only boundary modes. The other modes are interior modes, and are zero at the 

boundaries. We chose the Jacobi polynomial P£,0(x) with a = 0 = 1 since it proves
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Figure 2.1: Shape of two-dimensional expansion modes for a polynomial or
der of P = 5. Compared to a classical approach using linear or 
quadratic elements, it is easy to appreciate that sophisticated 
shapes can be approximated with relatively few modes (Kami- 
adakis & Sherwin (2005))

to maintain a high degree of diagonality, in this particular case the mass matrix will 

be largely penta diagonal. The normalised modes for P—5 are displayed in figure 

( 2.1).

This hierarchical or modal set of expansion bases constitutes the usage of a 

spectral/ hp element approach, as opposed to the set of non-hierarchical Lagrange 

polynomials, leading to the spectral element method (e. g. Deville et al. (2002)).

2.1.3 Extension to two and three dimensions

In order to represent the solution within a two-dimensional standard bi-unit square 

element defined as { —1 <  £1,62 <  1}, the bases is commonly expressed as tensor 

product of one-dimensional functions, as illustrated in figure (2.2) for a polynomial 

order of P=4

=  0 <p ,q ; p < P u q < P 2. (2.16)

This C° continuous modal expansion is the most commonly used hp-finite el-
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Figure 2.2: Shape of expansion modes for a polynomial order of P = 5 (Kar- 
niadakis & Sherwin (2005))

ement expansion in quadrilateral domains. As we will see in the next sections, 

the complex geometries involved in this work require geometrical flexibility of the 

method, meaning the usage of unstructured meshes and in particular, triangular 

meshes. The triangular elements can be closely related to quadrilateral ones, by 

means of a transformation shown in figure (2.3).

The coordinates (£i ,£2) of the triangular element are being mapped onto the 

unit-square element with coordinate (771, 772)- This leads to the introduction of a 

singularity in one of the corners of the triangular element, where collocation points 

concentrate. We will see however, that those singularities do not constitute a sig

nificant disadvantage when considering the solution in the next chapters.

Similar to the structured case, the expansion basis in triangular elements is 

defined as a tensor product of two modified principal functions (cf. Sherwin & Kar- 

niadakis (1995)), where now (j)bpq is a tensor taking account of the previous transfor

mation

=  <f>p(Vi)(t>bpq(r)2)- (2.17)

Given that the geometries considered in this work are homogeneous in the third 

dimension, a simple Fourier expansion is sufficient to represent the solution in that 

direction when considering a full three dimensional analysis
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Figure 2.3: Transformation between triangular and quadrilateral elements 
(Sherwin & Karniadakis (1996))



with 0r(£3) =  el/3ri:i. In the context of Direct Numerical Simulation and, as we will 

see, in that of the Linear Stability Analysis ¡3 is the spanwise wavenumber associated 

to the periodic wavelength Lz.

The two-dimensional structured and unstructured mesh has been generated using 

GID, a commercial mesh generator capable of creating hybrid grids consisting of 

triangular and quadrilateral elements. All figures within this section have been 

taken from Karniadakis & Sherwin (2005), which should also referred to for a more 

detailed description of the functions being used to spatially approximate the solution.

2.1.4 Discretisation of time and the solution of the incom

pressible Navier Stokes Equations

The underlying governing equation for the considered flow are the (non-dimensional) 

Navier-Stokes equations for incompressible flow, which can symbolically be written 

as

3 w (6 ,6 ,£ 3 )  =  2 )^ (6 ) ,  (2.18)

dtu (x ,y ,z ,t) =  - ( u - V ) u - V p + - ^ V 2u (2.19)

V u  = 0. (2.20)

where we defined the Reynolds number as Re =  Uqoc/v, with being the inflow 

velocity magnitude, c the axial aerofoil chord and v the kinematic viscosity.

According to the previous sections, equations (2.19) and (2.20) are discretised 

using the spectral/hp element method based on the solver Nenrar. The time- 

dependency of the Navier Stokes equations require a discretisation also with respect 

to time, which is described in the following. In particular a high order time splitting 

scheme (e.g. Orszag et al. (1986), Karniadakis et al. (1991) and J. L. Guermond 

(2003)) is employed, solving the nonlinear and linear terms separately. To illustrate 

the splitting nature of the algorithm we therefore decompose the governing equations 

into their linear and nonlinear parts to
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dtu ( x , y , z , t )  =  — V p  +  L ( u )  +  N ( u )

( 2.22)

(2 .2 1 )

V u  =  0.

L representing the linear diffusion operator and N the nonlinear advection operator, 

respectively. Upon integration of equation (2.21) over the time step At we find an 

expression for the unknown solution at time n+1

fin-1-1 /**n+l pt.n + 1

un+i _  un = -  / V pdt+  / L(u)d t+  / N(u)dt. (2.23)
J tu J tn ¿ti

The first step of the splitting (2.24) scheme is the explicit treatment of the nonlinear 

terms. The second step (2.25) the solution of the pressure terms, which can be 

rewritten as f.tn+1 Vpdt =  A fVpn+1 so that pn+1 is the scalar field that ensures 

that the final velocity field is incompressible at the end of time level (n+1). We

will describe the solution of that term in more detail later. Finally we solve the 

linear terms implicitly in equation (2.26), using the stable properties of implicit 

time integration schemes.

û -  u" Je- 1
(2.24)At 9=0

û — û
At =  -V p n+\ (2.25)

n+1 _  ^ Ji- 1
=  E ^ L (u”++ -

g=0
(2.26)At

Here, u and u are intermediate fields. •/, and Jt, determine the order of the scheme, 

in the following computations generally 2, and ¡3q and 7g represent appropriately 

chosen weights. The continuity equation will be incorporated when solving the 

pressure terms by projecting them onto a divergence free field, where we require

V  • û =  0, (2.27)
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to satisfy the incompressibility constraint. This is done by solving a Poisson equation 

for the pressure field,

V 2pn+1 = V
û
At

, in Q. (2.28)

A detailed description of solution strategies for this step of the splitting scheme 

can be found in Karniadakis et al. (1991) and Orszag et al. (1986).

2.2 Linear Stability Analysis

Central to linear flow stability research is the concept of decomposition of any 

flow quantity into a steady or time periodic laminar basic flow upon which small- 

amplitude multi-dimensional disturbances are permitted to develop (Drazin &i Reid 

(1981)). Without approximation, we can introduce the superposition of basic state 

U and perturbation u', i.e.

u = U + u', (2.29)

V =  P + P, (2.30)

and substitute into the Navier-Stokes equations (2.19) and (2.20) to obtain

dtW =  - ( u ' - V ) U - ( U - V ) u ' - ( u ' - V ) u ' - V p '  +  ^ W ,  (2.31)

V - u '  =  0. (2.32)

As we will see in the following, we chose the perturbation to be small, i.e. u' =  eu' 

and e 1, and therefore obtain a linearised set of equations

dtu' =  - ( u ' • V )U  -  (U • V ) u ' -  V p ' +  4 - W  (2.33)He
V - u '  =  0. (2.34)

We note that these equations are identical in form to equations (2.19) and (2.20) 

except that we replaced the nonlinear terms uV • u by the linearised expression (u' •
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V )U  +  (U ■ V)u'. Following Tuckerman & Barkley (2000) the pressure in equations 

(2.33) and (2.34) can be eliminated by solving the pressure poisson equation

V V  =  V • ((u' • V )U  +  (U • V )u '), (2.35)

and enforcing the divergence-free condition 2.34 on the velocity held. Therefore the 

linearized Navier Stokes equations can symbolically be written as

dtu =  N u(u ') +  L(u'), (2.36)

where Nu represents the linearised advection terms and L the linear terms related 

to the Stokes operator, without the explicit dependence on p ’ .

2.2.1 Linear stability analysis of steady states

In order to transfer the idea of this general concept to the present context where the 

basic state is time-independent and homogeneous in its third dimension, we consider 

two relevant decompositions, given in the following by equations (2.37) and (2.38) 

for the case of incompressible how.

2.2.1.1 2D-Perturbations

Investigating the two-dimensional instability of a two-dimensional steady basic how, 

the appropriate decomposition is described by

u(x,y ,t) = ÏJ{x,y) + eû {x,y ) ewi + c.c.. (2.37)

where we have incorporated the pressure and the velocity to u =  (u,v,w ,p)T. 

Ü =  (u,v,w ,p)T is a steady solution of the two-dimensional continuity and Navier- 

Stokes equations (w =  0) and û =  (û,v,w,p)T represents the amplitude of the how 

perturbation, with w =  0 in this case.

2.2.1.2 3D-Perturbations

In order to identify transitional states from a two- to a three-dimensional how, the 

disturbance is permitted to assume a harmonic expansion in z, satisfying the Ansatz

u (x ,y ,z ,t) = ÏJ{x,y) +  eu(x,y) e[u;'+1 ^  +  c.c., (2.38)
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where the perturbation is now assumed to comprise of all three velocity components 

and is periodic over a domain of span-wise extent Lz — 2m//?, where (3 is a real 

wavenumber parameter.

At the first sight, the two as well as three-dimensional perturbations seem to 

represent only a particular set of perturbations, i.e.. perturbations that grow ex

ponentially depending on a specific parameter (3. However, as we will see in the 

following, the equations describing the growth of the disturbances, equations (2.40) 

through (2.43) are linear and periodic in z. Therefore modes with different ¡3 do not 

couple and any arbitrary perturbation can be expressed in terms of the above by 

means of the Fourier integral

ensuring generality of our approach (cf. Barkley k, Henderson (1996)).

2.2.1.3 The Eigenvalue Problem

Introducing the more general Ansatz (2.38) into the incompressible Navier-Stokes

(2.39)

equations, according to (2.33) a non-linear (in terms of both u and U) system 

of equations is obtained. The basic flow terms associated with U and satisfying 

equations (2.19) and (2.20) are then subtracted out and the resulting system is 

linearised about U assuming that f <C 1, to obtain a system of linearised equations

[ £  —  (T>xu)} û —  ( Vyu)v —  Vxp = u û, 

■(Dxv)û +  [ £  — {Vyv)] v —  Vyp =  u v,

(2.40)

(2.41)

(2.42)

(2.43)

Cw — i ßp =  Lü W 

VXÛ +  VyV +  i ßw — 0,

In equations (2.40) - (2.42) we note that

£  =  (1 /Re){V2x + V 2y -  ß2) -  UVX -  vVy, (2.44)

(2.45)

(2.46)

V x =  d/dx, 

V y = d/dy.
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The system is discretized in both the x and y spatial directions, resulting in the 

two-dimensional, partial derivative matrix eigenvalue problem (Theofilis (2003)) for 

a given set of parameters (3 and Re

A(f3, Re)u =  uu. (2-47)

This eigenvalue problem satisfies the relation A  =  N y + L. After having intro

duced decomposition (2.38) into the Navier-Stokes-equation (2.19) and (2.20) Nu 

represents the linearised contribution of the perturbed system and L the linear re

spectively. Furthermore the eigenvalue problem is subject to appropriate boundary 

conditions over the two-dimensional region Q. For the present problem these are 

the no-slip condition at the surface of the turbine-blade, zero velocity at the inflow 

and du/dn = dv/On =  0 at the outflow as well as periodic connectivity of all flow 

quantities at the lower and upper boundaries, as illustrated in figure 3.2.

In general the matrix-eigenvalue problem is complex and non-symmetric, al

though a redefinition of w can result in a real eigenvalue problem (EVP) (cf Theofilis 

(2003)) by substituting w such that w = iw. This redefinition has the advantage of 

halving the storage requirements for the solution of the eigenvalue problem which, 

in turn, is interesting since the leading dimension of the matrix A  is proportional 

to the degrees of freedom used to discretise the spatial domain. However, only real 

eigenfunctions can be obtained based on that substitution.

The high resolution requirements related to the sensitivity of our stability results 

in combination with the relative complexity of the geometry motivates the usage of 

a spatial discretisation scheme which provides optimal accuracy at a modest resolu

tion. As in the computation of the basic states using DNS, the spectral//ip element 

method, previously demonstrated on the problem of instability of a NACA0012 

aerofoil (Theofilis et al. (2002)), has been chosen to accomplish this target.

Equation (2.47) can also be expressed in the time-differential form as

du/dt — Au, (2.48)

In order to solve this equation in an efficient manner the Arnoldi algorithm, which
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is based on a Krylov subspace iteration method, has been used in combination with 

the exponential power approach. Both methods will be explained in more detail in 

the next sections. The exponential power method solves equation (2.48), which has 

the form

u (t + At) = Bu(i) =  u (t) eK ' A‘ AdT. (2.49)

Employing the Arnoldi algorithm on the evolution operator B evolves u (t +  At) 

from u(f) (and can be determined through a time-stepping algorithm) and yields 

the dominant eigenvalues of B = eAiA (where we have assumed A to be independent 

of time). The eigenvalues are the leading ones (i.e. the ones with the largest real 

part) of the matrix AL4 (Tuckerman k  Barkley (2000)). Since only the stability- 

significant leading eigenvalues are calculated, the run-time associated with the total 

process of building the Krylov subspace and obtaining the eigenvalues of the Hes- 

senberg matrix constructed by the iteration is a small fraction of that required by 

classic methods, such as the QZ algorithm (Theofilis (1998)).

2 .2.1.4 Arnoldi Method

Generally the usage of a ready made package allows for the the computation of 

the eigenvalues. The here utilised Arnoldi method (Arnoldi (1951)) is based on the 

strategy to only compute the least stable and, from a stability point of view, most 

significant eigenvalues (Saad (1992)). We term these the dominant eigenvalues of 

the operator A as defined in the eigenvalue problem (2.47).

The Arnoldi method generalises the power method, which allows for approxima

tion of one single leading eigenvalue. Herein, an arbitrary initial vector Uq is being 

repeatedly multiplied by the matrix in question, in this case A. The sequence of 

vectors obtained by the operation u„ =  Auo converges to the dominant eigenmode 

of A, and the dominant eigenvalue is then obtained as the Rayleigh quotient:

hn
u „A u „
U> n (2.50)

The extension of the power method now allows for the calculation of arbitrary 

many eigenvalues. Computing more pairs of eigenvalues renders the most dominant
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ones more accurate, since the additional eigenpairs, that will be determined to lesser 

accuracy, provide an error absorbing buffer.

We begin by defining the Krylov subspace of the form Km =  [u0, A u 0, .... A X-1u0], 

where I< is the number of eigenvalues we wish to determine, typically about 8. These 

vectors are orthonormalised to form a basis [iq, v2, ..., Vk }, known as Arnoldi vec

tors. We then define the K  x K  Hessenberg Matrix H =  VTAV  and the matrix 

V(i ,K)  =  Vk{i). Diagonolizing H, its eigenvalues approximate the K dominant 

eigenvalues and its eigenvectors, multiplied by V approximate the I< dominant of 

the eigenvectors of A.

2.2.1.5 Exponential Power Method

Dominant in the above context refers to the eigenvalue with the largest magnitude. 

In the Navier Stokes equations and most other reaetion diffusion equations, it is the 

negative eigenvalues corresponding to the most quickly damped modes that have 

the largest magnitude (Tuckerman & Barkley (2000)). We are instead interested 

in the leading eigenvalues, i.e. those of largest real part. Hence, the exponential 

formulation of the eigenvalue problem in equation (2.49) needs to be addressed. 

The leading eigenvalues of B (the dominant eigenvalues of A  =  Nf/ +  L) can be 

determined through the time-stepping procedure

u(i +  A i) =  (I -  A fL )-1 (I +  AtN v)u(t), (2.51)

which allows us to perform the operation in equation (2.49) without ever forming 

the matrix B explicitly. This is the crucial detail, which allows for the computation 

of complex geometries, where explicit formation of the operators in question would 

easily exceed computational storage requirements.

2.2.2 Linear stability analysis of periodic orbits - Floquet 

Stability Analysis

Often one is interested in the stability of periodic orbits rather than in the devel

opment of perturbed steady states, which requires a slightly modified algorithm.
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U = \J(x,y,t) =  V(x,y, t  + T). (2.52)

Especially since the Jacobian matrix is not steady but time-periodic, the stability 

can not be determined by the eigenvalues of A. Rather, stability is determined by 

the eigenvalues ¡1 of the monodromy matrix operator M  defined as

M  =  (2.53)

where we can see that it is equivalent to B when integrating over one period T. 

Equation (2.53) can heuristically be understood as how the perturbation evolves 

around one period. For that reason it should be taken care of the situation where 

growth and decay can both occur within one cycle and that by integrating over A(t)  

only the average growth will be determined. The eigenvalues ¡1 are called Floquet 

multipliers, /x > 1 describes a growing orbit, /x < 1 leads to a limit eyele respectively 

(Tuckerman k  Barkley (2000)).

The interpretation of T as a period can generally be extended and is not neces

sarily limited to the definition of a periodic cycle. Integrating equation (2.53) will 

yield a multiplier for a given time T, regardless of whether it refers to periodicity. 

This becomes useful when dealing with basic states that are not time periodic, as 

we will encounter in chapter 4.3.

2.3 Transient Growth Analysis

As mentioned earlier, the concept of transient growth has to be addressed, given 

that the above described approach of linear stability analysis does not account for 

interaction between linear modes, which may lead to growth although the involved 

modes decay, as illustrated in figure (1.4). In the present work, two strategies have 

been pursued, both of which have been successfully applied to explain transient 

growth characteristics in less complex flow configurations (e.g. Schmid k  Henning- 

son (2001)), where the operators involved are generally of tangible size and explicitly

F o r m a lly  sp e a k in g , th e  T -p e r io d ic  b asic  s ta te  is th e n  o f  th e  fo rm
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formed. However, as previously discussed, in the present strategies the operators 

are not explicitly formed as a matrix, so that we need to transfer the concepts of 

former transient growth analysis to the present context.

2.3.1 Pseudo Spectra Analysis

Within the Pseudospectrum analysis, we are interested in the modified system ma

trix A  =  L+N {/, from equation (2.49). We now seek the eigenvalues of the perturbed 

matrix A  +  E, the pseudo-eigenvalues z of A

u(A  + E) = zu. (2.54)

E is a random matrix with elements e,;; of dimension t < l .  Due to the high degree 

of non-orthogonality of A, a small perturbation may be enough to change the eigen

value significantly, or, vice versa, slightly perturbing the matrix in question, with 

the effect of a dramatically changing eigenvalue is the trademark of a highly non- 

orthogonal system. If eigenvalues move into the right half of the complex plane, the 

associated pseudomode represents a temporarily growing perturbation. Repeating 

the computation of the pseudoeigenvalues yields a distribution defining the pseu

dospectrum, depending on e, as can be seen in figure (1.5) for plane Poiseuille flow.

Since we never form the matrix A  we consequently can not add a random noise 

field E to our system matrix. We rather incorporate the noise by modifying equation 

(2.49), which represent the mapping of a state at a given time-step to another state 

through the operator B.

u(i +  Af) =  Bu(f).

The equivalent to disturbing A  from eigenvalue problem (2.54) is the perturbation 

of B within the time-stepping procedure.

u(f +  At) =  (B + E)u(f) =  Bu(t) +  Eu(t), (2.55)

which shows that we only need to add a constant perturbation vector e =  Eu to the 

current solution after every time-step, to achieve the sought disturbance. Since at
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the stage of this work, the physical computing memory would not be large enough 

to create the random matrix E. the vector e has been generated by means of two 

random vectors e, and tj acting on the solution u such that e* =  utjUj.

2.3.2 Singular Value Decomposition

The modes identified with pseudospectral analysis, however, do not necessarily rep

resent the optimum growth modes, i.e. modes that grow fastest in a given time T. 

Decomposing B in order to determine the operator’s values is an approach to find 

exactly these modes.

A matrix B can be decomposed using singular value decomposition (SVD) into 

a product of U, E and V 7 , such that

B = U E V t (2.56)

U and V 7 are column-orthogonal matrices, E is diagonal. 

(2.56) with the transpose B r with (E = E 7’)

Multiplying equation

B T =  V E U t (2.57)

yields

B r B = V E U tU E V t (2.58)

with U TU =  I it follows that

B r B Vj =  V E 2V tv „ (2.59)

which represents an eigenvalue problem for B TB, with Vj (the i-th column of V ) 

being an eigenvector.

The eigenvalues of B TB are the squares of the singular values E* of B. Since we 

already have the means necessary to compute the eigenvalues of B  it seems tangible 

to compute the eigenvalues of B TB, by time marching using the adjoint operator 

before the forward operator. First we compute the action of an exponential operator

U(t + At) =  e(Nu+L)A t-u ̂  (2.60)
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which is achieved by integrating the linearised equations via the linearised time

stepping from scheme equation (2.51). Second we compute the operation of the 

adjoint, namely B T

V{T) =  B 7V 0. (2.61)

Now, e ô A  ̂ has to be computed by time-marching over the solution of the 

adjoint system over one period. Performing the two actions consecutively, assuming 

V0 = U(T), leads to

V (T) = B tBU0 (2.62)

Therefore, time-marching twice over one time interval T, first by integrating the 

linearised Navier-Stokes equations and second by time-stepping through the adjoint 

system respectively yields the vector V(T). In the following we address the question 

of how we can represent the adjoint action of B in more detail.

2.3.2.1 The Adjoint Operator

Let us recall that we can represent a forward time-step by

un+1 =  Bu„ (2.63)

As we have seen in section 2.2, we can approximate this with equation (2.51), which 

we write as

un+1 =  L 1N[/i/n (2.64)

for the present considerations. Taking the transpose of the operator acting on un 

we can write the action of the discrete adjoint operator as

vn+1 = N lL ~ lvn, (2.65)

which is due to the symmetry of the linear Stokes operator. Equation (2.65) states 

that only the nonlinear contributions have to be transposed when operating on a 

vector vn. We therefore have to modify the inner product, needed for the Galerkin 

formulation as described in section 2.1 only for the linearised advection terms. It 

turns out that the adjoint of this inner product can be expressed by negating the 

forward call and adding a few extra terms, as the following section will illustrate.
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We begin with recalling the definition of the test function
N d o f

$  = C j^ z )  (2.66)
t-i

and consider the two terms of Np = U V u +  uV U  separately. The L2 inner product 

of the operator U V u and the shape function <E> is already provided and is defined 

as

(<f>, UVu),  (2.67)

which can be represented by a vector/matrix relation as

CiDijUj. (2.68)

Assuming that we are eventually interested in the transpose D r , i.e. D ? i, we can 

write the inner product as

2.3.2.2 Transposing the inner product of the advection terms

($, N 7 ) =  (U V$,u ) . (2.69)

which can be demonstrated for the three-dimensional case in index-notation. Al

though the basic state is homogeneous in z and has a zero w-componont, we consider 

all spatial components and define a set of indices m,n = 1,.'.., 3. Incorporating the 

test as well as trial function we require two more indices accounting for degrees of 

freedom of our approximation and hence i,j= 1, ..., N^f) *.

($ ,U V u)  = Ci*iUT1 dx
$  f/ — 1t̂'-'m

O X m
"]tl■

Transposing (swapping i and j in the brackets) gives

d*ia> jjj \J Tt
dXr, (UV4>. u).

(2.70)

(2.71)

Writing out the inner product in index notation is

[  U V $ u d s =  f Urnp ~ Urid s=  f 8̂ Um\ n ds, (2.72)
Jn Jn dxm Jn dxm

*As can be seen the coefficients of the test functions will be unaffected when transposing the 

operator involved and for illustration purposes we therefore write $  as a scalar being applied to 

each of the 1 1- 3 components of the nonlinear operator equally, as opposed to forming a diagonal 

matrix containing elements of different test functions
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w h ere  w e u sed  th e  p r o d u c t-r u le

d<W„
c)tL/ĵ m

lLn Urr
_cM>
dx,

■un +  $ OUn
dx„

-Un

and required that we have a divergence free field (<I>V • U = 

applying the product rule for

d(un<wm) _  d(<s>u,

aUrr
dXm

()Xn dx,
m! dunun +  — d* Ur,

dx,,

yields

/ d {W m)un ds =  / d(Un$Um} dun
d x m OXm

ds.

(2.73) 

0). Again

(2.74)

(2.75)

Applying the divergence theorem on the first part of the integrand leads to

durJ (un d* Urn) nT,idF I
Jnr Jn dx,

-d>[/„, ds. (2.76)

The latter Integral is already provided, since

du
I dxr.

d>i/m ds =  (d>,UVu). (2.77)

Hence

(d>, (UVu)T) = /  Kd>f/m)nmd r - ( d > ,U V u ) .  (2.78)
J Sir

This shows, that the adjoint inner product of the first part of the linearized non

linear terms U V u can be achieved by negating the forward procedure and adding 

a boundary expression. However, within the stability analysis, we encounter only 

homogeneous boundary conditions, which renders the integral over the boundaries 

irrelevant (Barkley (2007)). For the second term of the linearized advection operator 

uVU , we briefly state that upon transposing, the inner product assumes the form 

«41 . The proof is similar to the above transposition. It is

easy to appreeiate that we require only little modification of the method to express 

the adjoint operator in the frame work of the Galerkin method. Results regarding 

the singular values and their interpretation for this particular ease can be found in 

chapter 4.4.
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Chapter 3

Linear Stability Analysis

As discussed in chapter 2, linear stability analysis is performed in two subsequent 

steps; first, the computation of the base flows and second, the analysis of their sta

bility characteristics. Chapter 3.1 introduces the two-dimensional direct numerical 

simulation of steady and time-periodic basic states U(x,y) (c.f. equation (2.29)), 

whose three-dimensional (in)stability we are interested in.

In the next chapter 3.2 we present a convergence study of the numerical methods 

used, focusing on steady basic states before launching into the linear stability analy

sis of these steady states in chapter 3.3, seeking and analysing significant instability 

modes u ’(x,y). Considering Reynolds numbers above the primary instability, the 

subsequent chapters 3.4 and 3.5 are dedicated to convergence studies and Floquet 

stability analysis of time-periodic basic states U(x,y,t), respectively.

3.1 Direct Numerical Simulation of two-dimensional 

basic states

Initially, the LPT-blade geometry and discretised computational domain is intro

duced in section 3.1.1 together with the boundary conditions applied. The next 

section 3.1.2 presents the spatial structure of basic states and highlights the most 

significant flow features. Basic flow quantities, such as the Strouhal number and



pressure distribution around the blade are discussed to complete the studies regard

ing basic states in sections 3.1.2.1 and 3.1.2.2.

3.1.1 Discretisation

When investigating low-pressure turbine flows, we are particularly interested in the 

fluid dynamics past an array of turbine blades, as can be seen in figure 3.1.

The nature of the cascade configuration (figure 3.1, left) is such that it is usually 

modelled by imposing all flow quantities to be periodic between the blades, a priori 

assuming that the flow characteristics are equal past each individual blade. This 

results in the simplification of considering only one single blade, a three dimensional 

representation of which is shown in figure 3.1 (right) as well. As we will see in the 

following this is done by imposing periodic boundary conditions between the blades.

Since the periodicity of the flow in both, direct simulations and linear stability 

analysis is imposed, this assumption consequently implies that subharmonic flow 

properties are not represented, a constraint whose validity will be subject to further 

investigations within the next chapter.

For future reference, figure 3.1 defines the spanwise wave length Lz as well as the 

axial chord length c, providing measures to relate sought and given flow features, 

such as Reynolds number and significant wave numbers to the involved geometry.

3.1.1.1 Structured vs. unstructured grid generation

As mentioned in the previous Chapter, the spectral//¿p element method has been 

employed in the context of the Nektar code (Karniadakis & Sherwin (2005)), which 

permits use of both structured and unstructured meshes, based on triangular and/or 

quadrilateral elements. In order to yield optimum performance of the computations 

the possibilities of the code were exploited by generating two different grids.

Figures 3.2 and 3.3 illustrate the generated meshes around a T-106/300 low- 

pressure turbine blade. Both meshes consist of curved quadrilateral elements form

ing a boundary layer around the blade. Outside of the boundary layer region the 

elements remain quadrilateral in the mesh presented in figure 3.2 and are triangular
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* -L -*  Lz

Figure 3.1: Two-dimensional cascade of LPT blades (left) and a single 
three-dimensional blade indicating wave length Lz and axial 
chord length c (right).

in the mesh presented in figure 3.3. Since the mesh in figure 3.3 consists of mainly 

unstructured triangular elements, it will be referred to as the unstructured mesh, 

the grid in figure 3.2 is referred to as the structured mesh. As the flow is periodic 

in y, in- as well outflow have to be chosen to be parallel to that coordinate. The 

periodic boundaries themselves can be chose arbitrarily.

Most computations have been performed on the unstructured mesh, employing 

the same structured strategy to resolve the immediate neighbourhood of the blade. 

Compared with the structured-, the hybrid strategy has the advantage of permitting 

selective resolution of critical regions in the flowfield, such as the vicinity of the tip 

and the wake regions of the blade.

In both cases the blade geometry is approximated by 200 coordinates, which are 

used in cubic B-spline interpolations to obtain a smooth blade surface representation. 

The coordinates can be found in the appendix. Results concerning convergence and 

accuracy using the different meshes will be discussed in the following sections. In 

order to gain a basic understanding of the flow and its stability characteristics, initial
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inflow

Figure 3.2: Structured domain consisting of approximately 200 quadrilat
eral elements (left) and collocation points using polynomial or
der p=4 around the LPT blade surface (right).

Figure 3.3: Unstructured domain consisting of approximately 2000 elements 
(left); detail view of the blade (right).
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3.1.2 Steady and periodic basic states

To obtain the steady states as a basic state for the linear stability analysis, two- 

dimensional simulations of the flow have been performed for different Reynolds num

bers in the expected range of the first two-dimensional instability. Figure 3.4 illus

trates the vorticity of the computed domain for the flow of Reynolds numbers 890, 

after a steady state has been reached. The steadiness has been determined by fol

lowing at least the sixth significant digit of the two velocity components at different 

points of the domain, ensuring convergence with respect to time.

Computations for Re — 905 lead to qualitatively analogous results, whereas the 

flow for Re =  906 becomes time-periodic as illustrated in figure 3.4 for a Reynolds 

number of 2000. The transition from steady state to periodic flow was identified for 

the unstructured mesh based on 2000 structured elements. Re =  906 is therefore an 

initial estimate of the first critical Reynolds number Rec.

In the following some integral steady flow properties are presented. Figure 3.4 

highlights one particular feature of the basic state, on which attention will be drawn 

in subsequent instability analyses, namely the existence of a steady separation re

gion at the trailing edge of the LPT blade. The size of and strength of recirculation 

in the separation zone grows with increasing Reynolds number. Once unsteadiness 

has been established, the primary reattachment zone of the trailing-edge separation 

bubble breaks up periodically in a manner reminiscent of the vortex shedding found 

by (Theofilis (2000)) as being the result of linear amplification of a BiGlobal eigen

mode. A trailing-edge separation region was also discovered by Theofilis et al. (2002) 

on the NACA-0012 airfoil at an angle of attack, where (stable) BiGlobal eigenmodes 

were also identified. It is thus considered important to understand the BiGlobal in

stability mechanisms operating in this region and their potential association with 

the generation of global instability in the LPT blade wake.

Associating this threshold Reynolds number Rec to an equivalent bluff body 

distance D allows the comparison with the well studied flow past a circular cylinder,

c o m p u ta tio n s  w ere b a se d  o n  th e  less e x p e n s iv e  s tr u c tu r e d  m e sh .
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Vorticity

Figure 3.4: Top: Time-independent base flow vorticity for Re =  895 ob
tained (top) and time-periodic base flow vorticity for Re =  2000 
(bottom) using 2000 unstructured elements and 6th-order poly
nomial. A steady separation bubble at the trailing edge can 
be seen in the figure. Bottom: Growing separation bubble at 
the trailing edge for different Reynolds number Re =  500(a), 
Re =  750(b) and Re =  1000(c)
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Figure 3.5: Determination of the equivalent bluff body distance D on a line 
perpendicular to the flow in the far wake.

whose primary instability takes place at Rec =  46 (Barkley & Henderson (1996)). 

For this purpose, the equivalent distance D has been taken between the local maxima 

of the velocities on a line as illustrated in figure 3.5. This line is touching the trailing 

edge and is perpendicular to the flow in the far wake. Describing the line using the 

coordinate £, the equivalent bluff body distance can be expressed as

D =  \£{maxi\U\) -  Z(max2\U\)\ (3.1)

For flows close to the transitional state D sa 0.3c and hence the Reynolds number 

based on this length ReDc is of 0(300). Determining the equivalent quantity for 

the flow past a cylinder yields approximately ReDc 150, showing that the Hopf 

bifurcation in a periodic array of LPT-blades occurs at a Reynolds number of similar 

order as in the case of the isolated circular cylinder.

In order to examine the difference of factor two, two-dimensional DNS was per

formed by Tempelman et al. (2005) for a periodic array of cylinders placed at the 

same distance from each other as the LPT blades under consideration. This place

ment did not change the 0(50) critical Reynolds number (based on the cylinder’s 

diameter) for the first transition on the cylinder, which leads us to attribute the 

difference in Reynolds numbers associated to reasons other than the periodic nature 

of the cascade configuration.
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Figure 3.6: Strouhal vs. Reynolds number in the investigated regime

Possibly, the increase might be due to the a bigger velocity gradient within the 

shear layers, stabilising the two-dimensional flow and increasing Rec. Furthermore, 

it should not be forgotten that the geometry under question is very asymmetric, 

accelerating the flow and bending the mean flow velocity over 90° as opposed to 

bluff body flow where symmetry is maintained. The lack of symmetry could possibly 

favour stability, but has not been investigated furthermore. Possible test cases would 

be a stability analysis of the flow past a rotating circular cylinder or an inclined 

elliptical cylinder to introduce asymmetries into the geometry.

Another important measure to relate the flow considered to flow features of bluff 

bodies is the frequency of vortex shedding as presented in the following section.

3.1.2.1 Shedding frequency

The dimensionless shedding frequency as a function of axial chord Reynolds number 

S =  fc/U is shown in figure 3.6 for Reynolds numbers up to 104. We can observe 

that the frequency is still growing with increasing Reynolds number, as opposed 

to the flow past a cylinder, where the Strouhal frequency saturates for a Reynolds 

number of order 103 before the drag crisis occurs.

Again we find that the characteristics of bluff body flows are present at higher

5 8



Figure 3.7: Time-averaged (^-distribution on the blade surface at Re=820 
(left), Re=1000 (middle) and Re=10000 (right)

Reynolds numbers in LPT flows, an observation that is consistent in what follows 

when considering three-dimensionality in the next chapters.

3.1.2.2 Pressure distribution

In order to complete the results of the two-dimensional flow as shown in figures 

(3.4) and (3.5), the pressure- and 6 P-distribution is considered at different Reynolds 

numbers. As can be seen from figure 3.7, the time averaged lift distribution does 

not change qualitatively with changing Reynolds number.

Interestingly, in figure 3.8 one can observe a distinct area of reduced pressure 

(increased suction) on the pressure surface at the very trailing edge, which results 

in a ’’ kink” of the Cp-coefficient at x/c ~  1 in figure 3.7. Initially, this phenomenon 

was attributed to poor resolution of the trailing edge since it does not seem to 

agree with experimental data nor with results obtained from large eddy simulations, 

as compared by Postl et al. (2004). However, after further investigation the area of 

reduced pressure was present even after several mesh-refinements and using different 

polynomial orders. Using two- and three-dimensional DNS Postl and co-workers 

found a very similar ’’ hump” without being able to explain the discrepancies between 

experimental data and DNS. Since the presented results are in line with the three- 

dimensional data, which has been performed for Reynolds numbers of one magnitude 

higher, we can consider the hump as a feature of the converged flow field at the 

present parameters.

To complete the present section where we have introduced the basic states for the
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Figure 3.8: Time-averaged pressure distribution for Re=1000 (left), trailing 
edge indicating the region of reduced pressure (right)

following linear stability analysis, we finally state that for the considered Reynolds 

number regime the two-dimensional periodic states do not exhibit any qualitative 

change after the Hopf bifurcation caused by the primary instability.

In section 3.3.1 we show consistent results between the above nonlinear direct 

simulation and linear stability analysis in a purely two-dimensional sense followed 

by an analysis investigating the three-dimensional linear stability of the previously 

determined two-dimensional basic states in sections 3.3.2 and 3.5. Here we are 

most importantly interested in whether the two-dimensional flow, subjected to small 

three-dimensional perturbations, assumes a different, three-dimensional and poten

tially time-dependent solution.*

However, before considering the entire range of wave lengths perturbations that 

could possibly cause growth, we undertake a convergence study in section 3.2 with 

respect to both, h as well as p-refinement. As we will see, the prediction of stability 

features will requiring very accurate and reliable predictions regarding growth rates.

*We note that the two-dimensional basic states are a (not necessarily stable) solution to the 

full three-dimensional Navier Stokes equation.
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element count leading damping- frequency

eigenvl. rate uir ui,

Structured Ul -0.557930

Grid (224 elements) U>2 -1.119470 ±2.08443

Unstructured Ul\ -0.589960

Grid (1586 elements) Ul2 -1.04967 ±1.70023

Unstructured UJi -0.589963

Grid (2028 elements) U1 2 -1.05098 ±1.70362

Table 3.1: First two leading eigenvalues for a variation of mesh density and 
its element distribution at Re=700 using polynomial order p 7.

3.2 Convergence studies of linear stability analy

sis of steady basic states

3.2.1 /i-refinement

The integrity of the results is demonstrated by employing meshes of different den

sities delivering results that tend toward a converging value. For that purpose, a 

structured as well as different unstructured grids have been generated. A mesh 

refinement using unstructured triangular elements allows a more flexible distribu

tion of mesh density at specific locations of interest and of necessary resolution at 

the trailing and leading edge. In order to ensure adequate /¿—refinement with the 

unstructured mesh, the number of elements was increased by up to an order of 

magnitude when compared to the structured grid. This necessarily results in higher 

computational cost per time step when using the unstructured mesh. Comparisons 

of the results using the structured mesh and two different unstructured meshes with 

various mesh densities can be seen in table 3.1 at a single Re =  700.

The differences in the results on the damping rate of the leading eigenvalues, as
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generated by the inexpensive structured and either of the unstructured meshes, is 

confined in the third significant figure; that between the well-resolved unstructured 

meshes is of 0(10 6). For Re=700 the first leading eigenvalue is real.

As the flow comes closer to the onset of two-dimensional instability (see also fig

ure 3.11), convergence is increasingly challenging to obtain. The highest-Reynolds 

number results shown in this figure have been obtained using a refined mesh with 

more than 2000 unstructured elements. As we will see, extrapolation of these re

sults leads to a prediction of the critical Reynolds number for amplification of two- 

dimensional instabilities at Rec & 905. Considering that both growth rate and fre

quency change only slightly in this range of mesh resolution, it can be concluded that 

the following computations and the identification of the primary critical Reynolds 

number are accurate in terms of h-refinement.

3.2.2 p-refinement

The high-order spectral/hp scheme has been applied using different polynomial or

ders p in order to investigate the correlation between the accuracy of the solution 

and the chosen polynomial expansion. The objective here is to employ polynomial 

orders of sufficient degree to describe the flow physics and yet low enough for the 

computations to remain efficient. Table 3.2 summarises results based on the struc

tured mesh for different values of p at Re =  870.

Comparing the leading eigenvalue with the polynomial order shows that p =  

8 yields satisfying results to two significant figures in terms of p—resolution. A 

convergence study for the unstructured mesh yields the results shown in the same 

table 3.2.

As expected the polynomial degree to reach convergence when using the un

structured mesh is lower than that required by the structured code; p= 5 yields 

satisfactory convergence to three significant figures. Also, the sequence of compu

tations using the unstructured mesh converges much faster than the one based on 

structured elements. This result raises the question of optimisation of p- versus 

/t-refinement with respect to computational effort and obtained accuracy. Although
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stru c tu re d u n str u c tu r e d

p UJr U)i U)r OJi

3 -0.213743 ±1.69066 -0.199461 ±1.63790

5 -0.187792 ±1.62469

6 -0.218046 ±1.67449 -0.187688 ±1.62462

7 -0.155037 ±1.59812

8 -0.149364 ±1.58672 -0.187697 ±1.62444

9 -0.153072 ±1.58980 -0.187684 ±1.62445

10 -0.154779 ±1.54819

11 -0.150711 ±1.55559

Table 3.2: Variation of the polynomial order p and the obtained eigenvalues 
for Re=870 using Arnoldi, structured and unstructured meshes

the leading eigenvalues converge with increasing p, there is a significant difference 

between the eigenvalues to which the two parameter-studies for the different meshes 

converge. We will see in the following that variation of in- and outflow as well as 

h-refinement will not effect the presented results. Also the geometry in both meshes 

has been approximated with the same accuracy and a more accurate description of 

the blade’s geometry is not possible. We therefore attribute the difference to the 

poor h-resolution of the structured grid that could not be compensated by increasing 

the polynomial order.

3.2.3 Mesh-extension

While p- and /¿-refinements have been used to show numerical convergence, the 

question of whether the geometrical model of the domain is adequate can be shown 

by extending the domain appropriately. The distance between the periodic bound

aries is predefined and the the blade’s geometry is described by 200 coordinates. 

The only variable parameter regarding the geometrical model is the distance of in-
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mesh uJ f  (àJ ì

inflowO 

inflow 1 

inflow 2

-0.187688

-0.190672

-0.191463

±  1.62462 

±  1.63403 

±  1.63627

outflowO -0.187688 ±  1.62462

outflow 1 -0.187771 ±  1.62479

outflow2 -0.188251 ±  1.62577

outflow3 -0.187794 ±  1.62484

Table 3.3: different in- and outflow extensions of the unstructured mesh and 
the obtained eigenvalues at Re=870

and and outflow respectively. The extensions of the domain at these boundaries are 

illustrated in figure 3.9 and 3.10.

Table 3.3 summarises the results obtained with linear stability analysis for dif

ferent extensions of the domain. As it can be seen, the leading eigenvalues do not 

change significantly with both, in- and outflow extension. Therefore all following 

computations have been performed with the unmodified domain (inflowO, outflowO).
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Figure 3.9: Extension of the computed domain, original mesh (left), ex
tended outflow (middle and right)
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Figure 3.10: Extension of the computed domain, original mesh (left), ex
tended inflow (middle and right)
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3.3 Stability analysis of steady basic states

Except in the simple cases of instability of one-dimensional shear-flow profiles (e.g. 

Drazin & Reid (1981)), where Squires’s theorem provides some guidance, there is no 

general rule to answer the question whether the first instability to be observed will 

be two- or three-dimensional. Even in that narrow context, numerical solutions of 

the boundary layer stability equations (Mack (1984)) are necessary in order to shed 

light into the different flow ranges where two- or three-dimensional instabilities will 

first be amplified. In the case of two-dimensional base states evidence from a handful 

of analysed flows can be contradictory. As an example, while the steady state of the 

circular cylinder first becomes unstable to two-dimensional modes through a Hopf 

bifurcation and subsequently through three-dimensional instability of the ensuing 

time-periodic state (Barkley & Henderson (1996)), the lid-driven cavity flow becomes 

unstable to three-dimensional disturbances prior to the onset of 2D unsteadiness 

(Theofilis (2000); Theofilis et al. (2004)). In the present problem, it is therefore 

necessary to also investigate the instability of the steady flow past the LPT-blade 

with respect to two- and three-dimensional disturbances.

3.3.1 Two-dimensional stability of steady states

As will be shown in the following, linear stability analysis confirms the above results 

predicted by the DNS approach regarding the transition from steady to periodic 

flow. According to decomposition (2.37), the case /3 =  0 represents a purely two 

dimensional stability analysis and serves as test bed against the results obtained via 

two-dimensional DNS where we identified Rec, the Reynolds number at which the 

flow changes from steady to periodic. Based on that decomposition, the basic states 

at Reynolds numbers below Rec have been analysed using the Arnoldi algorithm to 

compute the leading eigenvalues of the system (2.47).

Figure 3.11 summarises the growth-rates for different Reynolds numbers, assum

ing no perturbation in span-wise direction. As the critical Reynolds number for 

unsteadiness is approached, increasingly long time-integration is required to reach 

steady state. However, a linear extrapolation of Re and the leading eigenvalue, as
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Reynolds number

Figure 3.11: Linear correlation between Reynolds number and growth rate 
of the leading eigenvalue. Extrapolating yields a value for Rec 
consistent with the primary instability identified in DNS.

shown in figure 3.11, suggests that the flow becomes unstable to two-dimensional 

disturbances at Re ~  905.5. This result in consistent with that of the DNS from 

the previous chapter.

To extend the linear stability study to Reynolds numbers above Rec is only 

possible where we can force the basic state, which is then unstable, to remain steady 

and in its unstable solution, possibly using artificial boundary conditions. In the 

cylinder flow, this could be enforced by introducing a symmetry condition on the 

centre line in the wake of the cylinder. However, in the present example a difficulty 

arises due to the lack of symmetry of the base flow, but could be possibly achieved 

by solving the steady Navier-Stokes equations to obtain unstable steady states above 

Rec.

The least stable eigenmodes at Re =  820 and Re =  893 are shown in terms of 

amplitude functions of the disturbance flow vorticity in figure 3.12; due to its corre

lation with the wake pattern of the base flow we term this structure the wake mode. 

As the critical Reynolds number for amplification of two-dimensional disturbances 

is approached, the intensity of the wake mode increases and the amplitude function
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Figure 3.12: Least stable eigenmode for Re — 820 (left) and Re =  893 
(right, same isocontours), since the pattern directly relates to 
the assumed vortex shedding that the basic flow assumes after 
the instability, this structure is termed the wake-mode
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Figure 3.13: Kinetic Energy distribution of the wake-mode at Re =  905 and
0  =  0

tends toward the trailing edge.

Plotting the kinetic energy \u\2 associated to this mode reveals its rather po

etic nature as can be seen in figure 3.13. Since the energy assumes a form with 

potential for obvious analogies, I alternatively would like to suggest to name this 

two dimensional amplitude function the love-mode to account for its heart shaped 

pattern. *

Summarising the results of the present section (Abdessemed et al. (2004)), BiGlobal 

instability analysis of two-dimensional perturbations predicts the least-damped wake 

eigenmodes, whose function is to lead the steady two-dimensional basic state to 

unsteadiness through a Hopf bifurcation. As such, the natural extension of the 

work from this point is to enquire the predicted scenario in the context of three- 

dimensional ¡3 ^  0 BiGlobal instability. If unstable 3D eigenmodes exist, the Hopf 

scenario will be of academic value, since three-dimensional flow would become un

stable before the Hopf bifurcation could be reached; cf. the lid-driven cavity flow by

tThe love-mode can also be identified for flow past a cylinder, representing BiGlobal perturba

tions with linear amplification in a purely two-dimensional sense.
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Figure 3.14: Damping rates (first leading eigenvalues) of perturbations at 
different wave lengths Lz for increasing Reynold numbers. The 
dotted line represents the eigenvalues associated to the real 
eigenmodes, the dashed line the ones associated to the complex 
eigenmode at a constant Reynolds number of Re=850.

Theofilis (2000). Otherwise, one possible mechanism leading flow to transition will 

be sought through Floquet analysis of the periodic basic state in section 3.5, which 

ensues the first two-dimensional bifurcation; cf. the cylinder flow as investigated by 

Barkley & Henderson (1996).

3.3.2 Three-dimensional stability of steady states

Subsequently, the flow has been analysed with respect to the leading eigenvalues 

assuming the decomposition of the flow into a two-dimensional basic state and a 

¿/¿ree-dimensional perturbation of different span-wise wave lengths Lz =  ‘hi / based 

on equation (2.38). Figure 3.15 summarises the results of a parameter study based 

on changing Lz at fixed sub-critical Reynolds numbers.

All real-parts of the eigenvalues remain negative, with a tendency toward the 

positive complex plane for increasing Reynolds number and increasing Lz, suggesting 

that three-dimensional linear instability does not occur below Rec. The leading
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eigenvalues obtained for Lz < 1 are real, the ones obtained for Lz > 1 are complex 

and so are the associated eigenmodes as shown in figures 3.15(b) and (c).

Interestingly, it appears that the long-(span-wise)-wavelength results shown in 

figure 3.15(c) are associated with the wake pattern, as known from the two-dimensional 

DNS and which we termed, in a vorticity context, the wake-mode (cf. figure 3.12), 

while the short-wavelength results shown in figure 3.15(b) are associated with an 

instability arising in the trailing-edge region where separation of the basic state 

occurs. We term this the bubble-mode instability.

As already mentioned, the importance of the separation bubble has been a sub

stantial motivation for the present work and its relation to the results obtained by 

Fasel et al. (2003), who have shown the significance of instabilities in this region in 

terms of control of the flow over the LPT blade surface.

The key feature of the bubble-mode is that it exhibits a connection between the 

trailing edge with the wake of the blade. As such it provides a potential mechanism 

to connect unsteadiness between the separation region and the wake. The structure 

of the mode is reminiscent of the global eigenmode discovered on the adverse pressure 

gradient laminar separation bubble by Theofilis et al. (2000).

However, the bubble-mode is more strongly damped than the wake mode at 

Reynolds number values subcritical to Rec and even if there was an instability 

associated to the separation region, it would arise later than the instability associated 

to the wake mode, which initially causes the flow to transition from two-dimensional 

steady to two-dimensional periodic flow. Hence, this potential instability could arise 

only from Floquet modes above Rec or as linear superposition of such time-periodic 

eigenmodes which will be subject to further investigated in chapters 3.5 and 4.
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Wavelength Lz = 2-k/P

Figure 3.15: The least stable eigenmodes for Lz — 0.25 (a, real bubble 
mode) and Lz =  2 (b, complex wake mode) and the steady base 
flow at Re=895 (c). Damping rates of perturbations at differ
ent wave lengths Lz (right) for Re=895 including the eigenval
ues associated to the real bubble-mode (+ ) and the complex 
wake-mode (x).
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3.4 Validation and convergence of Floquet stabil

ity analysis

3.4.1 Comparison to flow past a circular cylinder

Before launching into parametric studies regarding time-periodic LPT flows, the 

methodologies utilised in the present research have been checked by reproducing 

the case of flow past a circular cylinder to ensure the validity of the method being 

applied.

Table 3.4 shows the leading Floquet multipliers for Re=200 and different wave

lengths Lz. Qualitatively they agree well with the results found in the literature 

(Barkley & Henderson (1996)) in figure 3.17, given that an unstable range of ¡i >  1 

with a peak at (5 =  4 could be identified for the chosen Reynolds number. They are 

all associated to long wavelength disturbances, whose associated amplitude function 

of the disturbance vorticity of the well known leading A-mode is depicted at one in

stant of its periodic motion together with the basic state in figure 3.16 (Abdessemed 

et al. (2005)).

Lz

3 0.93

4 1.16

5 1.06

6 0.97

Table 3.4: Validation for the flow past a cylinder. Floquet multipliers at 
different wave-lengths Lz for Re=200.

Regarding flow past the LPT blade, preliminary Floquet instability analyses 

have indicated instability at a specific range of parameters around Re =  2000, Lz 

=  8. The Floquet multipliers obtained correspond to unstable three-dimensional 

perturbations p > 1 and for that parameter set the integrity of the results is shown 

in the next section.

7 4



Figure 3.16: Temporal snapshot of the periodic base flow vorticity at 
Re=200 (bottom) and the associated leading mode-A (top) 
for wavenumber /3 =  4 has been reproduced to confirm the 
methodology involved.

Re

Figure 3.17: Region of unstable wavelength perturbations related to mode- 
A and mode-B for different Reynolds numbers (Barkley & Hen
derson (1996)).
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p ¡¿comp

6 1.003445 1.00295

7 1.003857 1.00135

8 1.004331 1.0036

9 1.004111 1.00393

10 1.004243 1.00426

11 1.004248 1.00202

Table 3.5: Variation of the polynomial order p versus converged real Flo- 
quet multipliers for Re=2000 and Lz =  8 (middle). The right 
column shows computed results ¡iCOmp including an error due to 
inaccurate representation of the base flow’s periodicity, which 
has been compensated ( / tr) by relating the results to ft—\ for 
each case.

3.4.2 p-refinement

Similar to the steady considerations, the high-order spectral/hp scheme has been 

applied using different polynomial orders p to investigate the correlation between 

the accuracy of the solution and the chosen polynomial expansion. Again, the 

objective is to employ polynomial orders of sufficient degree to describe the flow 

physics and yet low enough for the computations to remain efficient. Table 3.5 

summarises results for different values of p at Re — 2000.

Comparing the leading eigenvalue with the polynomial order shows that p =  8 

yields satisfactory results to four significant figures in terms of p—resolution.

3.4.3 Mesh extension

In addition, the study of the effect of different domain sizes as could be seen in 

figures 3.10 and 3.9 in the previous section 3.2 on the eigenvalues (now the Floquet 

multipliers) was repeated in the context of the present secondary BiGlobal instability 

analyses; the results are shown in Table 3.6. In this study, it is also seen that the 

original baseline hybrid mesh is adequate for the efficient description of secondary
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mesh mesh

outflowO 1.00135 inflowO 1.00135

outflow 1 1.00187 inflow 1 1.00100

outflow2 1.00163 inflow2 1.00142

Table 3.6: In- and outflow extensions of the unstructured mesh and the 
obtained leading Floquet multipliers at Re=2000 and Lz =  8

instability and has, therefore, been used throughout the subsequent analyses.

3.4.4 Discretisation of the periodic orbits

In order to ensure that the time-periodic state is captured adequately over one 

period, a study with different time discretisations was undertaken. Table 3.7 shows 

results of Floquet stability analysis for discretisation of the periodic orbit into 8, 

16 and 32 time-slices. As it can be seen, the accuracy of ¡ir is up to the fourth 

significant figure. Hence, all computations (that have been performed with at least 

16 time-slices) can be considered to be accurate regarding the discretisation of the 

time-periodic orbit.

z f,lr

8 0.883832

16 0.883892 

32 0.883892

Table 3.7: Discretisation of the periodic orbit in z time-slices and the ob
tained Floquet multipliers at Lz =  0.3 and Re=2000

It may be mentioned that the accuracy of the stability analysis is highly de

pendent on the accurate representation of the periodicity of the basic state. With 

increasing Reynolds number, the computational time required to reach a perfectly 

periodic state increases due to higher mesh resolution requirements. Figure 3.18 

illustrates the periodicity of four different points distributed over the domain, in

cluding the inflow, trailing edge and outflow. Considering the phase space u(v) for
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Figure 3.18: Base flow phase space u(v) of 4 points (x,y) in the computed 
domain for Re=2000

10 periods illustrates the closed rings of the orbits highlighting the periodicity of 

the base flow.

3.5 Floquet stability analysis of periodic basic states

3.5.1 Eigenspectra and Floquet-modes

In the following, Floquet multipliers p have been computed for different wave lengths 

Lz and different Reynolds numbers above the first instability Rec for periodic states. 

Figure 3.19 summarises this parameter study with respect to Lz for constant Reynolds 

numbers, one right after the two-dimensional transition at Re=910 and one at 

Re=2000. We recall that Floquet multipliers below 1 indicate a decaying (periodic, 

three-dimensional) perturbation whereas p > 1 are associated with an unstable 

solution respectively.

By contrast to the analysis of the steady state, all leading Floquet multipliers p
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Figure 3.19: Floquet multiplier /x over wave length Lz for Re=910 (left) and 
Re= 2 0 0 0  (right), where +  and * are real, x represents complex 
multipliers. LZtCrit indicates the onset to three-dimensionality,
L z ,sb represents the local maximum of the short wavelength 
perturbation related to the bubble mode and LZjmax the glob
ally most unstable Floquet multiplier

in figure 3.19 remain real, indicating that the frequency of the modes is locked with 

that of the baseflow.

Since the curve in figure 3.19 exceeds n =  1 for Lz > 5 and Re=910 the flow be

comes three-dimensionally unstable right after its two-dimensional transition. This 

critical wave length where the flow undergoes its secondary instability is named 

L z ,c r it• This instability is characterised by long wavelength perturbations that can 

be seen in figure 3.21 for the flow at Re=910 and Re=2000.

The identification of LZtCrit for the entire Reynolds number regime under con

sideration is shown in figure 3.20. The shaded region in this figure illustrates the 

unstable regime of the flow for different Reynolds numbers and span-wise perturba

tions where the boundary of that region has been obtained by means of interpolation 

of the above parameter studies for different Reynolds numbers. For all Reynolds 

numbers LZtCrit is characterised by long wave lengths above Lz>crit =  2.4.

In both sets of results in figure 3.21 the short-periodicity-length perturbations 

corresponding to Lz < 1 appear to belong to a mode distinct from that which 

becomes unstable at Lz «  5. The monotonic dependence of the leading Floquet
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multiplier on the spanwise wavenumber at low Reynolds numbers changes in char

acter and a second local maximum LZ)Sj, for Lz < 1 is found, which evolves such that 

an inflection point in the dependence of // on Lz appears as the Reynolds number 

increases. This maximum is associated with short wave lengths while the eigenfunc

tion remains stable for all Reynolds numbers considered up to 104. However, the 

amplitude functions are a weak function of the Reynolds number, as can be seen in 

figure 3.20.

In order to highlight the most significant instability features when considering 

the associated Floquet-modes, a third wavelength of significance is defined at the 

unstable global maximum Lzmax for long wavelengths. As opposed to flow past a 

cylinder, the maximum Floquet multiplier at Lz>max does not grow significantly with 

increasing Reynolds number which will be addressed later.

The instability is characterised by relatively small growth, which raises the ques

tion of whether the numerical model with its highly complex geometry is accurate 

enough to capture these slight instability properties qualitatively and quantitatively 

to our satisfaction. However, for span-wise wave numbers (5 =  2it/Lz tending to

ward zero the growth-rate approaches p, =  1, which represents the growth rate of the 

two-dimensional basic flow with homogeneous flow quantities in z-direction. Since 

this is analytically expected, it can be used as measure of the accuracy of the pe

riodicity of a particular basic state and the numerical method and hence helps to 

demonstrate that our computations are sufficiently accurate to determine all major 

instability characteristics.

It is of interest to identify the neutral curve for secondary instability of the 

time-periodic flow as was presented by Barkley & Henderson (1996) in figure 3.17. 

This result is shown in Figure 3.20 (left) in terms of the dependence of the critical 

spanwise wavelength on Reynolds number. The overall minimum value for three- 

dimensional instability of the time-periodic flow occurs at the critical conditions (Re 

=  1400, Lz,crit =  2.4). The shape of the curve obtained is plausible for low Reynolds 

numbers, at which the flow has been found to be stable with respect to BiGlobal 

instability below Recrit,2D- Also the prediction that the flow is stable for very low 

spanwise periodicity lengths seems reasonable; however, it is intriguing that at high
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unstable

Figure 3.20: Left:The line illustrates the marginal stability at LZ}Crit for dif
ferent Reynolds numbers, the shaded area represents the un
stable regime. Right: local maximum related to the bubble 
mode.

Reynolds number results the leading mode is becoming stable with respect to both 

small- and medium-wavelength three-dimensional perturbations. It was not however 

possible to investigate this path further within the scope of this work and we consider 

the flow linearly stable for higher Reynolds number and investigate potential reasons 

for the instability in the shaded region of figure 3.20 in section 3.5.4.

In view of the potential significance for the separation bubble on the trailing- 

edge of the LPT blade to sustain global instabilities, Figure 3.20 (right) presents 

the dependence of the wavelength at which short-wavelength secondary BiGlobal 

instability originating at the trailing-edge separation region reaches its maximum, 

L z,m ax,S B  ■ Interestingly, while at the lower Reynolds number values there is a de

crease of Lz max S B  with increasing Re, at the highest Reynolds number values ex

amined, of 0(5000), this quantity appears to reach a plateau at a short wave length, 

1/4 < < 1/3.

The spatial structure of basic state and its associated long wavelength eigenmode 

obtained for the two different Reynolds numbers and the respective most unstable 

Lz,max is shown in figure 3.21. As in the steady case, we will refer to the modes 

associated to long wavelength perturbations at LZtmax as wake-mode, reflecting dis

turbance activity in the wake. As can be seen, it is the spanwise vortex cores of the 

respective base flow where the Floquet, modes concentrate their spanwise vorticity.
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Figure 3.21: span wise vorticity distribution of the basic state (upper), of 
the most unstable wake-mode associated to long wavelength 
perturbations at Lẑmax (middle) and least stable bubble-mode 
associated to short wavelength disturbance at LzjS6 (bottom), 
each set obtained for Re=910 (Lz =  16 and Lz =  1/2, left) 
and Re=2000 (Lz =  12 and Lz — 1/3, right)
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In contrast, figure 3.21 (right) also shows the associated short wavelength Flo- 

quet mode, which again we will refer to as the bubble-mode, due to the vorticity 

concentration in the separation region.

Similar to the steady case (cf. figure 3.15) it appears that the trailing-edge 

separation region may be involved in two processes; the potential generation of 

secondary instability and the connection of such instability on the surface of the 

blade with that in the entire wake. Figure 3.21 demonstrates this for both Reynolds 

numbers; in the short-wavelength eigenmode the connection of the disturbance flow 

field in the trailing-edge separation region with that in the wake is clearly visible.

Figure 3.22 compares the short and long wavelength modes in the trailing edge 

region at constant Reynolds number Re=2000. In both figures it can be seen that 

the wake is composed of pairs of isolated vortices connected by shear layers. As 

such, connections may be attempted with results of classic one-dimensional linear 

theory, which can deal with different instability phenomena, e.g. the instability 

of isolated vortices and that of shear layers. Such a connection may be possible, 

especially in the far-wakes of the flows shown in figure 3.21, but will not be attempted 

here. Instead, the point of view has been taken that such instabilities are parts of 

a single eigenmode, namely those resolved by secondary BiGlobal analysis. This 

argument is supported by the fact that the near-wake field has a rather complex 

structure, which can only be resolved by the large-scale computations performed in 

the framework of this BiGlobal analysis, or DNS. If conclusions on the instability 

properties in the wake are sought, especially in terms of frequencies to be utilised for 

flow control, the structure of the entire wake should be taken into account. However, 

the question whether instability at the trailing edge gives rise to that in the wake or 

vice versa is possibly ill-posed. The present results indicate that the elliptic partial- 

differential-equation-based secondary BiGlobal eigenvalue problem admits solutions 

that simultaneously affect both regions in the flow; attempts to isolate and treat 

independently the different flow instability mechanisms could lead to potentially 

incomplete results (Theofilis et al. (2006)).

Figures 3.23 and 3.24 summarise the results regarding the two-dimensional struc

ture of the first two leading Floquet modes indicating their occurrence in the param-
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Figure 3.22: Short wavelength perturbation inode (left) and long wave
length perturbation mode (right) at Re=2000, illustrating the 
vorticity at the trailing edge. The short wavelength mode ex
hibits energy in the region of the separation bubble.

eter space and illustrating the contributions of the velocity components, including 

the overall kinetic energy. Since the first leading eigenmode exhibits a steady sepa

ration region we refer to it as the stationary branch.

3 .5 .2  Spatial structure of perturbed baseflow

The two- and three-dimensional structure of the perturbed basic state can be seen in 

figure 3.25. For visualisation purposes the combination of base flow and eigenmode 

has been imposed according to u (x,y,t)  +  20(u)(x,y) elwi+1 However it should 

be emphasised that this ratio of basic state and perturbation does not satisfy the 

initial assumption of a small perturbation e as defined in equations (2.37) and (2.38).

3 .5 .3  Nonlinear validation

In the following we illustrate the consistency between the above results obtained 

using Floquet stability analysis and the nonlinear solution of the full Navier-Stokes 

equations, including the spanwise wavelength in the third dimension for an example 

case at Re=2000. The DNS results are based on initial conditions as illustrated in
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Stable Short-Wavelength 
real 1st mode

Unstable Long-Wavelength 
real 1st mode

Stable complex 
2nd mode

Figure 3.23: Amplitude function of the normed disturbance velocity com
ponents (u,v) of the first two leading Floquet eigenmodes at 
Re =  1000. The unstable branch of Floquet multipliers (+ ) 
is real. Since the separation region remains steady the asso
ciated mode is also referred to as the stationary mode. The 
stable branch (x) is complex and is associated to a new fre
quency introduced into the flow.
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Figure 3.24: Amplitude function of the disturbance energy and normed ve
locity components (u,v and w, from top to bottom) of the first 
two leading Floquet eigenmodes at Re =  2000.
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Figure 3.25: left: Vorticity fields of base flow (top), leading eigenmode (mid
dle) and the two superposed fields (bottom), right: Three- 
dimensional vorticity structure of the superposed field accord
ing to u (x ,y ,t)  +  20(u)(ar, y) e[wi+1 ^  at Re=2000 and Lz= 12

figure 3.25 where the obtained two-dimensional Floquet-mode has been superposed 

on the basic-state with a factor of 10-5 . The solution of the spanwise direction is 

approximated by only the first non-constant Fourier-mode. Since the assumptions 

of equation (2.38) are therefore satisfied one expects to obtain the same growth-rate 

as predicted by the Floquet-analysis. Figure 3.26 illustrates the decay of the energy 

with time for different wavelengths Lz.

The comparison between the growth-rate p obtained from Floquet Analysis and 

the equivalent measure I-Idns is shown in table 3.8. For all values under consider

ation, three-dimensional DNS agrees with the results obtained by Floquet analysis 

satisfactory, for both, the LPT-model and the reproduction of the results of flow 

past a cylinder (Barkley & Henderson (1996)).

3 .5 .4  Extension of the dom ain comprising two blades

Despite the potential importance of the two identified modes, the fact that the 

growth rates of the instabilities remain relatively small raises the question of their
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Figure 3.26: Energy over time for different wavelengths Lz as obtained solv
ing two-dimensional DNS with one Fourier mode representing 
the third dimension. The initial conditions are based on the 
identified Floquet modes.

Lz Hdns

0.2 0.795 0.797

0.3 0.8839 0.8846

0.75 0.8247 0.8261

4 1.0004 1.001

Table 3.8: Comparison of growth-rates obtained from Floquet analysis (p) 
and 3D-DNS (pdns)- The DNS was performed with initial con
ditions incorporating the Floquet mode perturbing the baseflow.
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Figure 3.27: Extension of the domain comprising two blades. The right 
figure reveals a slight phase lag between the two vortex streets 
of the base flow. Reynolds number Re=2000.

significance for onset of three-dimensional instabilities and their importance for tran

sition to turbulence. If, for instance, we assumed a perturbation with an associated 

Floquet multiplier of, say // =  1.005, it would take Zn(10)//n(1.005) ss 460 peri

ods to grow about one magnitude (two magnitudes regarding the associated kinetic 

energy).

In the following a domain consisting of two blades confined to the same peri

odic boundary conditions is considered and has been tested for a set of pertinent 

parameters for the instability characteristics of the flow considered in a single-blade 

periodic domain. Observing the base flow in figure 3.27, the investigations show 

that there are no major interactions between the two wakes. However, an important 

observation is a slight phase lag between the shedding of the two wakes which shows 

that indeed subharmonic effects occur in rotationally symmetric turbine flows. Com

paring the original with the domain consisting of two blades in table 3.9 and figure

3.28 reveals one important qualitative difference: The suppression of subharmonic
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Lz h Mexi

0.2 0.795 0.7939

0.3 0.8839 0.8822

0.4 0.8775 0.8755

4 1.0021 0.9955

8 1.0036 0.9965

16 1.0034 0.9982

32 1.0005 0.9990

00 0.9997 0.9993

Table 3.9: Comparison of Floquet multipliers based on the domain consist
ing of one blade (¡1 , unstable for long wave-lengths perturbations) 
and of two blades (¡¿ext), stable for all perturbations

effects yields unstable eigenvalues while relaxing these constraints leads to flow that 

remains linearly stable - for all Reynolds numbers investigated. Hence, the linear 

instability appears to be dependent on the periodic boundary conditions generally 

assumed to be valid in turbine flows and therefore the exponential growth does not 

seem to be significant for three dimensional transition. Accepting the limitations 

of the model, we consider the original domain and keep in mind that the presented 

results are based on the model neglecting subharmonic effects. Future instability 

results should therefore be confirmed using the extended domain comprising two 

blades.

Summarising one could say that, on the first sight, the lack of linear amplifica

tions within the framework of Floquet stability analysis appears to be a humbling 

discovery considering that in flow past a cylinder, linear instability mechanisms 

describe the onset to three-dimensionality very well.

However, the phenomenon of stable eigenvalues for the entire parameter range 

of Reynolds numbers and linear perturbations is known from more archetypal flows, 

such as pipe Poiseuille flow (Drazin & Reid (1981)). Transient growth mechanisms 

allow, and as a matter of fact require, damped disturbances as was illustrated in
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Lz

Figure 3.28: Stable Floquet multipliers p for all spanwise wavelength distur
bance Lz when investigating a domain consisting of two blades, 
Re=2000

figure 1.4. In the following chapter 4 we will investigate the potential of the bubble 

and wake-mode to contribute to disturbances that may exhibit transient growth 

characteristics due to linear interactions between modes that, until now, have been 

treated individually and in an uncoupled manner.

The fact that the comparisons of crucial stability characteristics of the LPT 

flow with the one past a cylinder revealed major differences, raises the question of 

the general nature of the flow. Possibly, the flow past the blades will have to be 

considered similar to a deformed parallel flow rather than comparing the geometry 

with that of a bluff body.

91



Chapter 4

Transient Growth Analysis

In this chapter we present the transient growth (TG) analysis results of flows in 

complex configurations (i.e. nonparallel and non-symmetric). While the theory 

pertinent to one-dimensional (’’ parallel flow” ) profiles is well-developed (Schmid 

k  Henningson (2001)), to-date little transient growth investigations of essentially 

nonparallel flows has been attempted in the literature.

A study on flow past a cylinder (Giannetti k  Luchini (2004)) has recently been 

performed, solving the adjoint eigenvalue problem explicitly (not by means of sub

space iteration and time-splitting as in the present context). The meaning of the 

adjoint operator is thought to represent the idea of sensitivity regions that are sus

ceptible to perturbations. The following chapter will elaborate on that concept in 

section 4.4 incorporating the adjoint operator into the present BiGlobal linear sta

bility analysis context. Initially we will, however, follow a path investigating the 

sensitivity of the eigenvalue problem to random disturbances.

4.1 Pseudospectrum analysis

The BiGlobal TG analysis proceeds by computing the pseudospectrum of the matrix 

discretizing the linearised disturbance equations, via computation of the eigenspec- 

trum z of the matrix A, perturbed by a small amount, according to



(A  + E)x =  zx,

which we have already seen in equation (2.54). Here E is of the same dimension 

as A  and contains elements of order e <C 1. Schmid & Henningson (2001) use the 

definition of the norm || E || in order to quantify the perturbation of A  , which may 

be related with the present simpler definition. The eigenvalues, z, of A  + E are the 

pseudo-eigenvalues of the operator A  and serve as a measure for non-orthogonality.

The sensitivity of eigenvalues can also be represented using the resolvent (zl — 

A ) -1 , leading to a similar definition of the e-pseudo eigenvalue z. According to 

Schmid & Henningson (2001) a large norm of the resolvent implies strong sensitivity 

to forcing, which in turn may be related to transient growth.

In the following, results are presented from pseudospectrum analysis using the 

tools discussed in chapter 2 to solve the eigenvalues of an operator, in this case A + E . 

In this study, steady flow at a subcritical Reynolds number of Re =  820 is considered, 

requiring the solution of the BiGlobal eigenvalue problem. Ideally, the full spectrum 

of the perturbed matrix should be computed within a TG analysis, in order to assess 

the potential of different parts of the eigenspectrum to sustain the TG phenomenon. 

Note that in the case of wall-bounded shear flows, it is the strongly stable members 

of the eigenspectrum in the intersection of the eigenvalue branches that exhibit the 

highest sensitivity. In the nonparallel basic flow problem at hand, the computing cost 

of the Arnoldi approach scales with the dimension of the Krylov subspace utilised, 

such that computation of a large number of eigenvalues is impractical. On the other 

hand, one can safely assert that perturbations of the matrix used to unravel TG in 

the resolved spectrum would lead to TG in the full-spectrum as well, given that we 

compute the most unstable eigenvalues. The spectrum of the first few eigenvalues 

(typically of 0(10)) has been obtained at e =  0(10~5) for an example spanwise 

periodicity length Lz — 1/3.

All eigenmodes, indicated by (o) in the top Figure 4.1 (and by (+ ) in the bottom 

one), are strongly stable, as discussed in section 3.3 where the least-damped (station

ary) mode has been identified to correspond to the ’’ bubble” mode, while the next in
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Im(z)

Figure 4.1: Top: First 5 obtained pseudo eigenvalues z for different pertur
bation orders, (o) represents the eigenvalues of the unperturbed 
system. Bottom: The BiGlobal pseudospectrum of LPT flow 
at Re =  820, Lz =  1/3 with (+ ) representing the eigenvalues of 
the BiGlobal eigenspectrum of the flow

significance, from a stability analysis point of view, is the ’’wake” mode previously 

discussed. The damping rate of the bubble mode is of O(10~2), meaning that if a 

perturbation were introduced into the flow with a small amplitude of Ao — O (10 1), 

it would take a time A T  =  0 { - ln (  10~ 12)/2 ) «  14 (units scaled with the free-stream
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Figure 4.2: Dependence of the pseudo-amplification rate on the order of 
perturbation introduced into the matrix. Using a first order 
interpolation, zero-crossing occurs at e ph 10 4 7

velocity and the chord length) for the perturbation to subside to machine accuracy 

levels Ai =  O(10-16); if introduced at A0 =  O(10~6), the time elapsing for the per

turbation to reach machine zero would be AT = 0 ( —ln( 10 l0)/2 ) «  11.5 (Theofilis 

et al. (2006)).

However, a very different picture emerges from the pseudospectrum analysis by 

computing the leading five pseudo-eigenvalues for different perturbations of order t € 

[1CU6,1CU4], units scaled with the free-stream velocity where the pseudo-eigenvalue 

corresponding to the bubble mode has a zero-crossing. In other words, perturbations 

of O (10“ 4) in the original matrix suffice to result in linearly unstable flow through 

a BiGlobal TG mechanism, although linear BiGlobal theory based on the original 

eigenvalue problem predicts strong stability. A more systematic set of computations 

of the same phenomenon, scanning the parameter range shown, allows us to plot the 

boundary curve corresponding to each level ot perturbation; which is also shown in 

Figure 4.1 . While perturbations of O(10-6) result in a more-or-less uniform shift of 

the eigenspectrum toward the Im(z) =  0 axis, mild subsequent increases of t result 

in a strong destabilisation of the bubble mode. Figure 4.2 shows the monotonic 

increase of the leading pseudo-eigenvalue with increasing perturbation order. These
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Figure 4.3: Upper-to-lower: velocity components (it, v, w)T of the amplified 
eigenmode of the perturbed system. Bottom: corresponding 
disturbance energy.
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Figure 4.4: Energy-growth of the most unstable perturbation at Re=820,
Lz =  1/3, e =  10“4. The disturbance velocity has been super
posed onto the basic state with the factor 10 3 resulting in an 
initial energy of O(10-11)

results may be used in order to interpolate an approximate matrix perturbation 

value for which the original linear system becomes unstable, e 10~4-7.

It is interesting to visualise the eigenfunctions corresponding to the unstable 

pseudo-eigenmode. Disturbance velocities shown in Figure 4.3 have been scaled with 

the absolute maximum of the largest component, which is the transverse velocity 

component v for this case. Interestingly, the entire wake is involved in this instability 

mechanism, although, one may identify that the disturbance velocity component on 

both, the suction and pressure surface of the trailing-edge region is also active. On 

the basis of these results, the disturbance energy is computed and plotted in Figure 

4.3. Finally, initialising a three-dimensional DNS with the most unstable pseudo

mode at an amplitude of OrderC 1 results in the characteristic of TG curve shown 

in Figure 4.4; an initial algebraic growth of the perturbation energy is followed by 

exponential decay. This is the hallmark of TG (although in a BiGlobal context here), 

in turn confirming the results presented on the basis of pseudospectrum analysis.

Generally, the question of whether a particular algebraic growth is sufficient 

to reach a threshold energy triggering nonlinear effects has to be addressed using 

a full three-dimensional simulation, as attempted in the next section for higher 

Reynolds numbers. For the above case under investigation, the energy growth is
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certainly not high enough to cause three-dimensionality, taking into account that 

the primary two-dimensional instability occurs at a Reynolds number higher than in 

the present example.* However, it was shown that the developed methodologies are 

capable of identifying algebraic growth phenomena due to non-orthogonality, leading 

our analysis to higher Reynolds numbers in the following. Prior to performing a 

pseudospectrum analysis for higher Reynolds number regimes, initially a full three- 

dimensional simulation of the unperturbed flow has been performed that can be 

compared to simulations involving potential pseudo modes.

4.2 Full Navier-Stokes Simulation

Pursuing unstable disturbance functions with the aim to identify possible mecha

nisms for transition, linear stability analysis has been performed for a chosen set of 

parameters at relatively high Reynolds numbers of Re =  104, closer to the Reynolds 

number regime where LPT flows operate and where large full-scale DNS is usually 

performed (e.g. Fasel et al. (2003) and Wu & Durbin (2001)).

For this Reynolds number the short wavelength mode still exhibits a stable Flo- 

quet value of /r =  0.92 for a spanwise wavelength of Lz =  1/3. We recall that based 

on the previous Floquet analysis we found that shorter wavelengths are all stable 

as well. Subsequently, a full three-dimensional and nonlinear DNS has been un

dertaken using the same parameters as in the previously performed linear stability 

analysis, i.e. spanwise periodicity Lz= 1/3 at Re=10000. Implicitly we therefore 

accommodate smaller wavelengths than 1/3. However, longer wavelengths are ex

cluded and consequently all perturbations potentially leading to transition can be 

represented by modes that have been shown to be associated to wavelengths not 

susceptible to linear amplifications, i.e. stable. The three-dimensional DNS was 

initialised by superposing a random noise onto the initial conditions, consisting of 

the two-dimensional flow field.

Figure 4.6 illustrates the nonlinear transition of the flow monitoring the kinetic 

energy with time. After an initial drop, all Fourier modes grow nonlinearly until 

•Full three-dimensional analysis under R e c showed that the flow remains two-dimensional.
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Figure 4.5: Two-dimensional vorticity field of the three-dimensional com
putation.
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Figure 4.6: Three-dimensional energy evolution of the unperturbed base 
flow.
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Figure 4.7: Evolution of the energy of the first 8 Fourier modes upon dis
turbance with the pseudo mode as identified in figure 4.3.

they are saturated at a level two magnitudes above the initial state. The growth 

of these modes represents the increasing three-dimensionality of the flow with time. 

A two-dimensional slice of the three-dimensional structure can be seen in figure

4.5 Highly complex structures can be seen in the figure, already evolving within 

the separation region. The shear layer at the trailing edge seems to exhibit a two- 

dimensional spatially periodic pattern, which is likely to be related to a shear layer 

instability of Kelvin-Helmholtz kind.

As a second step, the applied initial conditions were constructed using a super

position of the two-dimensional basic state with the pseudomode associated with 

an e-eiganvalue of 16.4. The result is illustrated in figure 4.7. Again the energy in

creases until reaching a plateau. An important difference however is, that the initial 

decrease can not be observed, indicating that the initial conditions, which have been 

identified by pseudo spectral analysis enhance nonlinear growth. Figure 4.8 shows a 

snapshot of the vorticity field after saturation. Observing the region of the trailing 

edge, a distinct shear layer instability can be observed similar to the case of the 

unperturbed simulation, where the Kelvin-Helmholtz instability extends well into 

the separation bubble region. As we will see in section 4.4, the shear layer seems
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Figure 4.8: Two-dimensional vorticity field indicating shear layer instabil
ity in the separation region of the trailing edge (top) and three- 
dimensional vorticity isocontours showing the blade (blue) and 
the flow’s three-dimensional nature (red) after transition (bot
tom)
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to play a significant role for transient growth mechansims. Visualizing isocontours, 

figure 4.8 shows strong three-dimensional structures of the flow. Interestingly, the 

Kelvin-Helmholtz-like pattern has not been observed when performing linear sta

bility analysis. This raises the question whether Tollmien-Schliehting waves, from 

parallel flow known to be convectively unstable and possibly responsible for the 

observed pattern, could be captured at all. However, the spatially periodic pat

tern in the trailing edge region could be the consequence of a different instability 

mechanism, still to be identified. To quantify the relation between different initial 

conditions of varying magnitudes requires a systematic DNS investigation at several 

Reynolds numbers, where nonlinear effects are considered separately. For parallel 

flows this has been successfully done by (Reddy et al. (1998)). The present work 

however is limited to demonstrate the potential of these pseudo modes to enhance 

nonlinear instability without identifying a critical Reynolds number for transition.

4.3 Floquet Stability Analysis with periodic in

flow conditions

In the previous section we saw that the eigenvalue problem is sensitive to random 

perturbations due to non-orthogonality of the system matrix A. We are now inter

ested in perturbations that arise from a physical source rather than creating artificial 

numerical noise, aiming to relate these disturbances with one another.

In all previous simulations we have assumed a uniform inflow and will now release 

that constraint. In particular, time periodic inflow boundary conditions that model 

the incoming wake from the stator blades will be employed in context of Floquet 

stability analysis. Figure 4.9 by Suzen et al. (2003) illustrates this idea for the actual 

simulation of the cylinder’s time-periodic wake upstream of the blades.

Within the DNS community this type of inflow conditions is usually generated 

(Wu & Durbin (2001), Lardeau & Leschziner (2006)) by projecting the velocity 

profile in the wake of a passing cylinder onto the inflow boundary as illustrated in 

figure 4.10 and we will therefore be satisfied with limiting the investigations to the
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Figure 4.9: Simulation by Suzen et al. (2003) of the incoming wake gener
ated by a circular cylinder upstream of the blade.

time-averaged velocity profile based on parameters found in the literature (Wu &; 

Durbin (2001)). For the following considerations, the upstream forcing cylinder is 

assumed to have a diameter of d/c =  10~2 and crosses the free stream in a distance 

of three chord lengths c upstream of the inflow. According to the cylinder’s velocity 

based on its passing frequency fcyi the velocity profile was determined using DNS, 

the result of which can be seen in figure 4.10. The characteristic lengths as well as 

freestream velocity have been set to unit scale and therefore the Reynolds number 

has been scaled to R e ^ 98. Upon simulation a normal distribution of the time- 

averaged wake velocity profile has been assumed and the inflow boundary conditions 

were expressed as k\e~k2̂ 2\ which approximates the profile to form a shear layer in 

the cylinder’s wake, as can be seen in figure 4.11.

The fact that the profile is moving along down the y axis is accounted for by 

substituting y =  y +  P fcyit, P=0.9409 being the pitch between the cylinders. The 

constants fc, =  200 and k2 =  3 have been chosen to represent the profile in figure 

4.10.

The two-dimensional base flow with time-periodic boundary conditions can be 

seen in figure 4.11. The shear layer of the “cylinder’s wake” breaks down and 

creates the vortex pattern as could be seen in the simulation shown in figure 4.9 and
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Figure 4.10: Inflow boundary conditions in the wake of a flow past a cylinder 
(left). Time-averaged u-velocity profile as obtained by DNS of 
the flow past a cylinder with diameter D = l, Uinf —1 and Re=98 
(right).

Figure 4.11: Vorticity of the base flow with periodic inflow boundary con
ditions simulating the time-averaged flow in the wake of the 
passing cylinder
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we consider the inflow conditions as qualitative valid approximation to the vortex 

shedding caused by a real cylinder.

The vortices embracing the blade change the two-dimensional basic state drasti

cally. Besides introducing subharmonic frequencies one magnitude higher than the 

blade’s shedding frequency (which again depends on the cylinder’s frequency fcyi), 

the centerline of the blade’s wake assumes a spatially periodic shape. Most impor

tantly, it can be seen that the shear layer is deformed when comparing it with the 

unperturbed scenario in figure 3.21.

The two-dimensional spatially periodic pattern in the separation bubble and the 

shear layer in the separation region as presented in figure 4.8 can be estimated to 

extend over the non-dimensional length of l/6c. Therefore the frequency f (ryi, which 

has been chosen in the proximity of the blade’s shedding frequency, is high enough 

to possibly trigger these patterns as the shedding of the cylinder’s wake is at least 

one magnitude higher.

Having introduced this inflow unsteadiness into the flow, we can again solve 

the eigenvalue problem determining the three-dimensional stability of our new basic 

state, currently using one periodic blade height. We note, that we only perturbed the 

flow features through the base flow. In pseudo-spectrum analysis, the entire matrix 

A, including contributions from the small perturbations u(x, y, z) are disturbed by 

the noise E.

The Floquet analysis was performed for three different frequencies f cyi, close to 

the original shedding frequency S of the blade’s wake at Re=2000. The simulation 

of the base flows showed, that the shedding frequency depends on the frequency of 

the inflow forcing. In order to maintain periodicity for Floquet analysis, each case 

had to be adapted to the new overall period, determined by the modified frequency 

of the blade’s shedding.

Whilst the flow remains stable for f cyi =  0.9S and f cyi =  S, figure 4.12 sum

marises unstable Floquet multipliers for f cyi =  LIS', showing the potential of phys

ical disturbances to cause linear instabilities. For the chosen set of parameters, the 

core of the instability is in the wake, similar to the unperturbed case.

It is worth emphasising that by introducing more parameters to the analysis,
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Figure 4.12: Left: Floquet multiplier for flow with time periodic inflow 
boundary conditions. Overall eight shedding periods have been 
considered, showing the linearly unstable nature of the flow for 
increasing wavelengths Lz > 1. Right: Floquet mode associ
ated to a multiplier n= 1.26 for long wavelength disturbances 
at Re=2000. Similar to constant inflow conditions in figure 
3.21 the highest disturbance is found in the wake.

such as fcyi or the size of the cylinder, the task of making general statements about 

potential disturbances for transition rapidly increases. The reason is the depen

dence of the entire flow on these parameters, not to mention the influence on the 

basic states and consequently on the involved Floquet stability analysis. To get 

an understanding about the instabilities undertaking additional parameter studies 

contributes to the complexity of the problem and possibly reaches the scope of full 

three-dimensional simulations. Instead of elaborating on the identified modes and 

their instability due to forcing, which has only been shown for one particular exam

ple case, we recall that the initial strategy was to reduce a complex flow to a problem 

of feasible scale. Ideally we seek disturbances inherent to the internal dynamics of 

the flow and independent of unsteady external forcing. The next section attempts 

to find a more general approach to unravel disturbances leading to transition.
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4.4 Singular Value Decomposition

In the previous pseudospectra analysis we were randomly perturbing the eigenvalue 

problem (2.54) or employed particular physical conditions onto the system bound

aries. In both cases we introduced forcing into the system. The former strategy 

constitutes a statistical approach, and the computations have to be performed for 

a large set of random perturbations. The latter one certainly does not represent a 

universal set of physical perturbations that could possibly be introduced into the 

system and rather serves as an example case. However, in both attempts it was 

possible to relate disturbances to linear instability characteristics.

The notion of optimal growth modes allows us to describe perturbations that 

do exhibit more general properties (and yet probably different from inflow forcing). 

The optimal modes are the modes that grow fastest in a transient growth context. 

Referring to figure 1.4, they can be understood as the temporarily fastest growing 

linear combination of a set of decaying eigenmodes. The singular value as defined 

in equation (2.59) serves as a measure for that transient growth. In chapter 2.3.2 

we attributed this dynamics of eigenmodes and their linear combination to strong 

non-orthogonality.

The following analysis is an attempt to employ the methodologies used for linear 

stability analysis to transient growth analysis within the context of complex geome

tries. Initially, results for plane Poiseuille flow are shown to confirm the methods in 

use for parallel flows before showing results of the optimum growth modes past a 

cylinder. The last section will finally deal with optimum growth of LPT flows.

4.4.1 Two and three-dimensional transient growth analysis 

of plane Poiseuille flow

For a given set of parameters, including Reynolds number, streamwise and spanwise 

wavenumbers a and ¡3, respectively, a channel (figure 4.13) with spatially periodic 

boundary conditions has been investigated in order to validate the methods involved 

by comparing against established methods by Schmid & Henningson (2001) in table 

4.1. The two- as well well as three-dimensional singular values could be reproduced
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Figure 4.13: Top: Mesh (showing collocation points) used to discretize 
plane Poiseuille flow. Bottom: Two-dimensional mode asso
ciated to the singular value for a — 1 , ¡3 =  0 and Re=1500.

case present analysis direct solution BTB (Sharrna et al. (2005))

a =  1, p = 0, T=12.2 10.33 10.335

a =  0 , (3 =  2 , T=115.115 440.7 440.7

Table 4.1: Comparison of singular values for plane Poiseuille flow at 
Re=1500 as obtained in the present studies by means of time
splitting scheme and by explicit solution of eigenvalues of BTB

without forming the system matrix explicitly, flattening the ground for more complex 

geometries, where we face non-symmetric and non-parallel flow and curved elements.

4 .4 .2  Tw o dimensional transient growth analysis of the flow 

past a cylinder

For the case of the flow past a cylinder, two-dimensional perturbations are sought 

that exhibit optimum growth characteristics by choosing (3 =  0 and computing 

the associated singular values E. In the present study, we are still limited to time 

independent flows and therefore investigate the flow at a Reynolds number below
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the primary instability at Re- 15.

Following how the perturbation evolves in time T=4.87, its energy contribution 

can be seen in the bottom of figure 4.14. The perturbation travels downstream 

and grows with a factor of o\ =  8.5 in a time close to the shedding period after 

the primary instability. We recall that <ti is the largest singular value of E as 

defined in equation (2.56) The initial condition of the optimum mode exhibits strong 

concentration in the separation region, which has also be found in the work that 

computed the eigenvalues of the adjoint operator ET by Giannetti & Luchini (2004), 

as can be seen in figure 4.15

4.4.3 Two-dimensional transient growth analysis of the flow 

past the LPT blade

The following results are concerned with the optimal two-dimensional perturbations 

for the steady base flow past the Low Pressure Turbine blade, whose linear stability 

has been extensively investigated in the previous chapter.

Figure 4.16 shows the complex two-dimensional configuration of the blade and 

the mode associated to the largest singular value. Surprisingly a strong energy 

concentration can be made out in the shear layers around the separation bubble, 

which is suspected to be the origin of instability and potential transient growth for 

this flow. Interestingly the elliptic pattern at the suction side of the trailing edge 

repeats with a similar wavelength as found in the previous three-dimensional DNS 

studies as could be seen in figure 4.8. Given that the SVD modes can be understood 

as regions of particular sensitivity, a disturbance frequency triggering that pattern 

might be of possible significance for perturbations leading to transition.

The shape that the mode evolves into after a given time T -0.8 is shown in 

the same figure. The perturbation moves downstream and assumes a pattern that 

could possibly be associated with the wake-mode, or love-mode as we became ac

quainted with in figures 3.12 and 3.13. Considering how the perturbation evolves in 

a given time T=0.8, one can see that the energy of the here identified mode grows 

significantly as it travels downstream.
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Figure 4.14: Two-dimensional optimum growth analysis of steady flow past 
a cylinder at Re=45. Top: Initial condition singular vector 
(Eigenmode of B*B), ax =  8.5. Energy distribution shows con
centration in the separation region and the near wake. Bottom: 
Final condition SVD-mode (Eigenmode of B B *) at T=4.87. 
The energy has increased about the singular value a and con
verted downstream
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Figure 4.15: Energy distribution of the adjoint mode in a related study of 
flow past a cylinder by Luchini and Gianetti 2005 at Re=50. 
The green area indicates very similar sensitivity regions as seen 
in figure 4.14. The red line represents the boundary of reversed 
flow of the steady (two-dimensionally unstable) basic state

Figure 4.16: Two-dimensional transient growth analysis for steady LPT 
flow at Re=820. Left: Initial condition singular vector (Eigen
mode of B*B), o\ =  418. The high value indicates that non- 
normality is important in this case right: final condition SVD- 
mode (Eigenmode of BB*).
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Chapter 5

Conclusions and Outlook

The maturing of numerical methods for the accurate description of incompressible 

flows in complex geometries (e.g. Karniadakis Si Sherwin (2005), Deville et al. 

(2002)), as well as those for the solution of the associated large eigenvalue prob

lems (e.g. Theofilis (2003)) has permitted performing the first BiGlobal instability 

analyses of incompressible LPT flows. A model T-106/300 LPT blade has been 

considered, in spectral/hp element tessellations of the entire domain at onset of 

instabilities.

Initially, steady inflow, normal outflow and periodic boundary conditions have 

been imposed in the domain. This analysis identified the critical Reynolds number, 

Rec =  905 ± 1 ,  for the primary bifurcation, from steady to time-periodic flow. 

The complementary two- dimensional simulations and the two-dimensional stability 

analysis agreed well with one another. The linear instability, causing the Hopf- 

bifurcation is located in the wake of the blade, similar to the primary instability of 

the flow past a circular cylinder, although the critical Reynolds number Rec turned 

out to be higher than in the comparison with the bluff body flow.

A subsequent three-dimensional linear stability analysis of steady states identi

fied two modes of significance: The wake-mode, associated to long-wavelength per

turbations and the bubble-mode, sustained by short-wavelength disturbances and 

exhibiting high energy in the region of the separation bubble. The latter mode 

is characterised by a spatial connection between the trailing edge and the wake.



This discovery hints at the global nature of the flow’s (in)stability characteristics, 

or at least, that a global strategy needs to be pursued as undertaken in this study. 

However, all three-dimensional wavelength perturbations were found to be stable, 

naturally leading the investigation to Reynolds numbers above Rec.

A subsequent study analysed the solutions of the eigenvalue problem associated 

with the time-periodic flow established in the LPT passage after the primary bi

furcation at Rec based of Floquet theory. In addition, three-dimensional DNS was 

performed in order to independently verify the stability analysis results and to follow 

amplified modes into transition.

The analysis was performed at chord Reynolds numbers Re € [900,10000], where 

the leading Floquet eigenvalues were obtained for a wide range of spanwise wavenum

ber parameters p. In the entire range investigated unstable three-dimensional modes 

were observed. As the 3D flow approaches the two-dimensional limit (P —> 0), the 

time-periodic basic state is recovered. At P =  0 (1 ), the most significant Floquet 

eigenmode is qualitatively similar to mode-A of cylinder flow. Regarding the nature 

of that instability the flow becomes three-dimensionally unstable right after the 

two-dimensional transition for long wave-length perturbations of Lz crit >  5.8 ±  0.05 

in the range Rec < Re <  910.

However, the transition to three-dimensionality has been shown to be due to sup

pressed subharmonic effects, on account of imposed periodic boundary condition (in 

turn, appropriate to model turbine flows). Furthermore, by contrast to the flow past 

a cylinder, the secondary instability was rather insensitive to parameter changes, 

which raises the question as to how far this streamline body can be compared to a 

bluff body regarding their three-dimensional linear instability characteristics. The 

lack of significantly unstable eigenvalues and Floquet multipliers provided motiva

tion for a non-modal linear analyses, successfully describing transition mechanisms 

in parallel flows.

Subsequently a pseudspectra analysis, previously applied to channel and pipe- 

flows by Trefethen et al. (1993), was pursued. Once again we adopted a time

splitting scheme which allows for the computation of the pseudospectra in complex 

flow scenarios for the first time.
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Returning to low Reynolds numbers below Rec, where steady states exist, the 

pseudospectrum was evaluated by perturbing the original eigenvalue problem, in

vestigating the sensitivity of the problem to random noise. Small perturbations of 

order 10” 5 significantly shifted the eigenvalues, in the unstable half of the complex 

plane. The associated pseudo modes were determined showing transient growth 

characteristics when superposing them into a Navier-Stokes simulation allowing for 

the associated three-dimensional waves to develop.

Investigating possible transitional phenomena due to nonlinear interaction, the 

pseudo mode was utilised as initial condition for a full three-dimensional DNS at a 

higher Reynolds numbers Re=10,000. The disturbance based on this pseudo mode 

enhances interaction between three-dimensional Fourier modes, as opposed to sim

ulations without superposing this mode onto the initial state.

An important results of that study is the location of the pseudo-mode’s highest 

energy, namely the near wake, suggesting that it is not necessarily the trailing edge 

separation region accounting for transient growth phenomena, as initially speculated. 

Yet, as the nonlinear simulation progresses, two-dimensional shear layer instabilities 

could be identified in the trailing edge separation region, raising the question if those 

have been caused by the pseudo mode disturbance (which would then have to be 

absolutely unstable, due to its upstream propagation).

In order to substantiate this finding, a more systematic investigation has to 

be undertaken, covering the entire parameter space, including the magnitude of 

the introduced noise at different Reynolds numbers and spanwise wavelengths. To 

bypass this challenging and time-consuming parameter scan, an alternative and 

rather physical, source for perturbation was sought, aiming to cover contributions 

of the pseudospectrum analysis simultaneously. Similar to strategies in the literature 

(as summarised by e.g. Hodson & Howell (2005)) the potential of incoming wakes 

to allow for destabilising perturbations has been shown when performing Floquet 

stability analysis with periodic boundary conditions, simulating the time-averaged 

wake of a passing cylinder in the inflow.

Similar to the previous study, the two-dimensional periodic basic state seems 

susceptible to these perturbations in the shear layers at the suction surface of the
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blade. Again, a three-dimensional stability analysis identified unstable eigenvalues, 

possibly enhancing three-dimensionality and eventually transition, which could not 

be shown in the scope of this work.

Finally a strategy to project the eigenmodes onto a basis consisting of optimum 

growth modes has been developed based on singular value decomposition. The 

method has been validated reproducing two and three-dimensional channel flow 

results as well as investigating flow past a cylinder, confirming results by Giannetti 

& Luchini (2004).

With regard to the LPT flow for a two-dimensional, steady example, it was 

shown that there exist areas of higher sensitivity around the trailing edge, indicating 

of transient growth in that region. However, it is not believed that this mode plays 

a role for the analysis in a purely two-dimensional context, given that the Hopf- 

bifurcation leading the flow from steady to periodic state is caused by a linear 

instability located in the wake. Nevertheless, this mode could play a predominant 

role in a three-dimensional context. A three-dimensional in-depth analysis of that 

kind still needs to be performed contributing to the objective of identifying optimum 

growth modes with the potential of leading to three-dimensionality and eventually to 

transition. Using these optimum modes as initial conditions of different magnitude, 

as performed throughout the present study for eigenmodes and pseudomodes for 

example cases, a full three-dimensional analysis could potentially help quantifying 

the mechanisms triggering transition above a certain perturbation threshold.

1 1 5



Appendix A

T-106 LPT blade geometry

To complement the investigations throughout this research, the geometry of the 

well-documented “European” T-106 LPT blade model, shown in figure A. I is de

fined in the following using 200 coordinates, as specified in table A .l. It may be 

noted that other research groups (e. g. Fasel et al. (2003)) have been investigat

ing the “American-model” , which is not to believed to exhibit different stability 

characteristics.

Figure A .l: Definition of the blade the geometry using 200 coordinates



P re ssu re  sid e S u c tio n  sid e

X y

0 .0 0 0 .0 0

3.61 1.89

9.21 11.69

16.02 22.84

22.37 31.42

28.50 38.31

34.53 44.03

40.56 48.94

46.64 53.28

52.75 57.17

58.83 60.62

64.81 63.63

70.67 66.19

76.38 68.28

82.47 70.07

89.07 71.74

95.66 73.15

102.27 74.26

108.90 75.05

115.70 75.49

122.77 75.56

130.15 75.24

137.81 74.51

145.71 73.38

153.79 71.85

161.99 69.92

170.26 67.62

X y

-1.87 1.52

-3.14 9.76

-0.67 26.13

2.80 38.97

6.92 50.02

11.65 59.87

17.02 68.76

23.02 76.78

29.59 83.93

36.68 90.23

44.22 95.66

52.14 100.23

60.36 103.93

68.80 106.76

77.39 108.79

86.14 110.05

95.01 110.55

103.98 110.30

113.01 109.31

122.02 107.62

130.96 105.31

139.81 102.48

148.56 99.20

157.19 95.56

165.70 91.61

174.08 87.41

182.32 83.01
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P re ssu re  side S u c tio n  sid e

X y X y

178.52 64.97 190.40 78.45

186.73 61.99 198.31 73.79

194.84 58.73 206.03 69.05

202.78 55.21 213.54 64.27

210.54 51.50 220.84 59.49

218.05 47.63 227.89 54.75

225.31 43.66 234.70 50.06

232.29 39.64 241.25 45.47

238.96 35.62 247.51 40.99

245.32 31.65 253.48 36.66

251.36 27.78 259.14 32.51

257.07 24.04 264.47 28.55

262.43 20.48 269.46 24.81

267.45 17.12 274.10 21.32.

272.09 14.00 278.37 18.08

276.36 11.14 282.25 15.14

280.23 8.56 285.72 12.49

283.68 6.28 288.77 10.16

286.68 4.31 291.37 8.16

289.22 2.67 293.52 6.52

291.27 1.36 295.18 5.25

292.79 0.39 296.50 4.00

295.45 0.28 296.87 2.45

Table A .l: Coordinates defining the blade’s geometry
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