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1 Introduction

Solutions of higher dimensional supergravity theories have played a key role in elucidating
the structure of string theory. Many interesting solutions have been found describing higher
dimensional black holes, black branes and their intersections, pp-waves and so on. However, two
recent discoveries suggest that higher dimensional gravity may harbour a much richer spectrum
of objects that remains to be discovered.

First, it has been suggested that there may exist a family of black brane solutions without
translational symmetry [I, 2]. There are no known exact solutions describing such objects but
there is numerical evidence [3], 4] that such solutions do exist. Secondly, an exact solution of the
five dimensional vacuum Einstein equations has been found that describes an asymptotically
flat black hole of topology S' x S?: a rotating black ring [5]. This is the first example of a
black hole of non-spherical topology. Furthermore, the existence of this solution implies that
the black hole uniqueness theorems cannot be extended to five dimensions, except in the static
case [0].

It is tempting to suspect that these new solutions are just the tip of the iceberg, and that
many more surprises will be found in higher dimensions. It is clearly desirable to have a better
understanding of exact solutions of higher dimensional supergravity theories. Unfortunately,
solving the Einstein equations is notoriously difficult even in four dimensions.

Supersymmetric solutions of supergravity theories are of particular importance in string
theory because such solutions often have certain stability and non-renormalization properties
that are not possessed by non-supersymmetric solutions. For example, it has been possible to
give a microscopic description of certain supersymmetric black holes [7]. However, this work
relies on the assumption that there is a uniqueness theorem for supersymmetric black holes in
four and five dimensions. For supersymmetric rotating black holes (which only seem to exist in
five dimensions), this might not be the case if supersymmetric black rings exist. It is therefore
of interest to examine the extent to which supersymmetry excludes some of the more exotic
solutions of higher dimensional gravity discussed above, or alternatively provides a setting in
which they can be studied in more detail. To do so, we would like to know the general nature
of supersymmetric solutions of higher dimensional supergravity theories.

Although there are many partial results for D = 10 and D = 11 supergravities concerning
manifolds with special holonomy, various brane solutions etc, a systematic classification of all
supersymmetric solutions remains a challenging problem. A more modest goal is to attempt a
similar classification for simpler supergravity theories, which can be viewed as a truncation of
the D =10 or D = 11 supergravity theories.

Some time ago, following [8], this was carried out for minimal N = 2 supergravity in D =4



by Tod [9]. It was shown that the supersymmetric solutions fall into two classes depending on
whether the Killing vector obtained from the Killing spinor is time-like or null. Moreover, the
general solution could be obtained explicitly in both cases. In the timelike case, one obtains the
Israel-Wilson-Perjes (IWP) class of solutions and the null case consists of pp-waves. There are
also supersymmetric solutions with sources, provided the sources saturate a BPS bound relating
the energy density to the electric and magnetic charge densities [§], [9]. Some generalizations
of this result for other D = 4 theories were presented in [I0].

The goal of the present paper is to extend this classification to the simplest higher dimen-
sional supergravity theory: the minimal N = 1, D = 5 supergravity theory constructed in [TT].
This is a similar theory in the sense that it has the same number of supercharges and further-
more after dimensional reduction on a circle it gives N = 2 supergravity in D = 4 coupled to
a vector multiplet. However, in five dimensions it is not possible to use the Newman-Penrose
formalism adopted in [0, [[0] and new techniques are required.

Following [12), I3], the basic strategy is to assume the existence of at least one Killing
spinor, and consider the differential forms that can be constructed as bilinear quantities from
this spinor. These satisfy a number of algebraic and differential conditions that then can be
used to deduce the form of the metric and the gauge fields. It is clear from the outset that for
this theory one should not expect to be able to explicitly construct all solutions in closed form,
since, for example, a simple class of solutions is the product of K3 with a flat time direction
with vanishing gauge fields, and the explicit metric on K3 is not known. Nevertheless, we are
able to give a simple set of rules for the construction of all supersymmetric solutions in this
theory.

We find that the supersymmetric solutions fall into two classes, as in [9], depending on
whether the Killing vector éy*e obtained from the Killing spinor ¢ is timelike or null. In each
class the solutions preserve 1/2 or all of the supersymmetry. In the null case, the general
solution can be obtained explicitly. It is a plane-fronted wave, specified by three arbitrary
harmonic functions on R3. This can be contrasted with the situation in the N = 2, D = 4
theory, where the null solutions are given by pp-waves. In our solution, pp-waves appear merely
as a special case specified by two harmonic functions on R3. Perhaps somewhat surprisingly,
our null family of solutions contains some familiar static spacetimes such as the supersymmetric
magnetic black string solution [I4], and its near horizon geometry, AdS3 x S?. The point is that
these spacetimes are boost invariant and therefore admit a null Killing vector field, and it turns
out that this is what is obtained from a Killing spinor.

In the timelike case we find that supersymmetric solutions are specified by the following data:
a hyper-Kéhler 4-manifold B describing the spatial base geometry orthogonal to the orbits of

the Killing vector field; a 1-form connection w defined locally on B and a function f defined



globally on B, satisfying a pair of simple equations. Solutions with non-vanishing w generically
describe rotating, or boosted, spacetimes.

The electrically charged rotating supersymmetric black hole of Beckenridge, Myers, Peet
and Vafa (BMPV) [I5] can be obtained as a solution of N =1, D = 5 supergravity [16]. In our
classification, it has base manifold B = R*. This solution has some rather peculiar properties.
For example, although the solution has angular momentum, the angular velocity of the horizon
is zero [I6]. Furthermore, there are closed timelike curves (CTCs) behind the horizon [I5],
and if the angular momentum is sufficiently large then the solution no longer describes a black
hole but is instead a geodesically complete asymptotically flat, supersymmetric time machine
[T7]. The appearance of naked CTCs was related to a breakdown in unitarity of the underlying
microscopic description in [I8§].

One result of our investigation is that CTCs seem to be generic for the timelike solutions in
five dimensions (this is similar to D = 4 as closed time-like curves are generic for the D = 4 IWP
solutions [I9]). It turns out to be rather difficult to find any new solutions which do not have
closed timelike curves or singularities. One of our solutions is of particular interest owing to
its close similarity to Godel’s four dimensional rotating universe solution [20]. Gddel’s solution
motivated interest in time machines in General Relativity because it is a homogeneous solution
with trivial topology R* yet contains CTCs through every point. Our five dimensional solution
has very similar properties and is slightly simpler than Godel’s.

It is interesting to note that there are some similarities with the equations arising in the
time-like case and those in the “Resolution through transgression” series of papers (see [32]
for a review). In particular, if the solutions are static then a harmonic function on the hyper-
Kéhler base appears in the D = 5 solution. Generically these are singular solutions in D = 5.
Stationary solutions, on the other hand, have the harmonic function replaced by a function that
solves a Laplace equation modified by the square of a self-dual harmonic two form, and we show
that these can lead to non-singular solutions.

For the timelike case with base space given by a Gibbons-Hawking space (the most general
with a tri-holomorphic Killing vector), we are able to show that the most general solution is
specified by four arbitrary harmonic functions on R3.

We have examined the further conditions required for our solutions to preserve maximal
supersymmetry. For the null case we are led to flat space, AdSs x S? and a certain plane-wave
solution [2T]. In the timelike case, flat space, AdSy x S® and the near horizon geometry of the
BMPYV solution are all known to be maximally supersymmetric but surprisingly it turns out
that the generalized Godel solution also preserves all eight supercharges.

The maximally supersymmetric timelike solutions just listed all have flat base space. How-

ever, maximally supersymmetric solutions can also be obtained from non-flat base spaces. For



example, there is a novel construction of AdS, x S® using a nakedly singular Eguchi-Hanson
space and another solution using negative mass Taub-NUT that gives rise to the Godel space-
time. These examples show that the five dimensional geometry does not uniquely determine
the base space of maximally supersymmetric solutions. Furthermore, it turns out that the
maximally supersymmetric null solutions have some Killing spinors that correspond to timelike
Killing vectors and hence these solutions must lie in both classes. In the timelike description, the
plane wave arises from a base space describing a smeared distribution of Taub-NUT instantons
and AdSs; x S? arises from another singular hyper-Kéhler base space. These examples illustrate
that physically interesting and regular five dimensional solutions can arise from a pathological
base space.

All of the solutions of minimal D = 5 supergravity can be uplifted to obtain solutions of
D = 10 and D = 11 supergravity. In general one expects that the uplifted solutions will
preserve either 4 or 8 supersymmetries for the generic and the maximally supersymmetric D=5
solutions, respectively. Surprisingly, we show that the Gdédel solution uplifts to a solution of
D = 11 supergravity that preserves 20 supersymmetries. Although general arguments have been
put forward for the existence of supergravity solutions preserving all fractions of supersymmetry,
and in particular between 1/2 and 1 [22], to date the only such solutions that have been found
are in the plane wave category [23]-[28]. This Gddel solution thus constitutes a new class of
solution preserving an exotic fraction of supersymmetry.

Our results constitute the first analysis of all supersymmetric solutions of a higher dimen-
sional supergravity theory. The results of this work provide encouraging evidence that the
strategy of [I2, 3] could be used to perform a similar classification of all supersymmetric so-
lutions of other higher dimensional supergravity theories. A key idea of [I2, [[3] is to relate
supersymmetric solutions to different kinds of G-structures and we will discuss this relationship
for D = 5. One motivation for studying the minimal D = 5 supergravity is that it is very
similar in structure to 11-dimensional supergravity. Supersymmetric solutions to D=5, N=1
supergravity coupled to matter have been studied in e.g. [29], [30].

The plan of the rest of the paper is as follows. In section Pl we show how various bosonic
quantities are constructed from a Killing spinor and derive differential and algebraic relations
between these quantities. Section Bl analyses the case when the Killing vector constructed from
the Killing spinor is timelike and includes several new solutions. Section Hl carries out a similar
analysis when the Killing vector is null. Section Bl discusses maximally supersymmetric solutions.
Section 6 discusses the connection with G-structures. Section [ uplifts the Godel solution to

D=11 supergravity and section i concludes. The paper contains two appendices.



2 D=5 supergravity

The bosonic action for minimal supergravity in five dimensions is

1 1 1 2

We will adopt the conventions of [I1] and these are outlined in appendix A!. The bosonic

equations of motion are
1
Rog + 2(Fo Fp7 — égaﬁFz) = 0

2
dxF+—FANF =0 2.2
3 (22)

where F? = F,3F*°. A bosonic solution to the equations of motion is supersymmetric if it

admits a a super-covariantly constant spinor obeying

1
Do+ ——= (7" — 46°47) F, | €* = 0. 2.3

where € is a symplectic Majorana spinor. We shall call such spinors Killing spinors. Our
strategy for determining the most general bosonic supersymmetric solutions? is to analyse the
differential forms that can be constructed from commuting Killing spinors. We first investigate
algebraic properties of these forms, and then their differential properties.

From a single commuting spinor €* we can construct a scalar f, a 1-form V' and three 2-forms
P = plab);

fe® = e, (2.4)
V€™ = e,4€°, (2.5)
(I)Zbﬁ = Eafyaﬁebu (26)

f and V are real, but ®!! and ®?? are complex conjugate and ®'? is imaginary. It is useful to

work with three real two-forms defined by
o = XU 4x@ ) = xO i x@ 902 = ixO) (2.7)

These quantities give a total of 1 +5 4 3 x 10 = 36 real degrees of freedom. To understand

this, note that €* has a total of 8 real components. The product ege% is symmetric in (a, a)

!The sign of the Chern-Simons term corrects that appearing in [11].

2Note that there are spacetimes admitting a Killing spinor that do not satisfy the equations of motion. These
can be viewed as solutions of the field equations with additional sources, and supersymmetry imposes conditions
on these sources. For example, in the case of solutions with a timelike Killing vector, the source must be a
charged dust with charge density equal to the mass density, analogous to the sources in [8, 9. Here we will
restrict ourselves to solutions of the field equations without sources.



and (b, 5). A symmetric 8 x 8 matrix has 36 components, corresponding to the 36 degrees of
freedom obtained above (by projecting with C', Cy, and Cv,s3) . Having said this, ege% is not
a general symmetric 8 x 8 matrix because it has rank 1 and only 8 real degrees of freedom. It
follows that there should be algebraic relations between the above quantities that reduce the
number of independent components from 36 to 8.
It will be useful to record some of these identities which can be obtained from various Fierz
identities. We first note that
V,Ve = f? (2.8)

which implies that V' is timelike, null or zero. The final possibility can be eliminated by noting
2Vy = €,'¢; > 0 in any region in which the Killing spinor is non-vanishing. We will work
in such a region, and analytically continue the metric to the fixed point sets of the isometry
generated by V' at which V vanishes. In later sections we will analyse the time-like and null

cases separately. We also have

XOAXD = 25, f %V, (2.9)

ivX® =0, (2.10)

iy« X0 = —fxO (2.11)

XOXD 5 =65 (2105 — VaVi) + e f XL (2.12)

where €123 = +1 and, for a vector Y and p-form A, (iyvA)a,..a, , = YﬁAﬁalmanl. Finally, it is
useful to record
Vay“e® = fe* | (2.13)

and
Lyl = 8 feclael). (2.14)

For the remainder of the paper we will usually suppress the symplectic indices on the spinors.
We now turn to the differential conditions that can be obtained by assuming that € is a

Killing spinor. We differentiate f, V', ® in turn and use (Z3). Starting with f we find
2

df = —%z’vF. (2.15)

Taking the exterior derivative and using the Bianchi identity for F' then gives
LyF =0, (2.16)

where £ denotes the Lie derivative. Next, differentiating V' gives

2 1
D,V = ﬁFag f+ ﬁeaweﬁ’%vi (2.17)



which implies D, V3 = 0 and hence V is a Killing vector [31]. Combining this with (TG
implies that V' is the generator of a symmetry of the full solution (g, F'). Rewriting (Z11) as

4 2
AV = SIF 4 e (FAY) (2.18)

and then taking the exterior derivative gives

2 2
0=—4|Ly*xF—1i d*F+—F/\F>]. 2.19
e (aere 219
The first term on the right hand side vanishes as a consequence of equations (ZI0) and the fact
that V is a Killing vector. The second term vanishes® if one imposes the equation of motion for
F.

Finally, differentiating X® gives

. 1 . : .
(1) _ [ i 4 i de i
DX{) =~ 27,8 (:X D)) = 2B° (X O) b mapF (+X9) (2.20)
which implies
dxX® =0, (2.21)
and )
dxs XD = - —_FAXOD (2.22)

V3
To make further progress we will examine separately the case in which the Killing vector is
time-like and the case in which it is null in the two following sections. More precisely, the case
in which f vanishes everywhere will be analyzed in section Bl If f does not vanish everywhere
then pick a point p at which f # 0. By continuity, f must be non-zero in a neighbourhood U of
p. The analysis of section Bl will give the general solution in ¢/ and this can then be analytically

extended to the whole spacetime.

3 The timelike case

3.1 Introduction

In this section we shall consider the case in which f is non-zero and hence V is a timelike Killing
vector field. Equation (ZIZ) implies that the 2-forms X® are all non-vanishing. Introduce

coordinates such that V' = 9/dt. The metric can then be written locally as

d82 = f2(dt + w)2 — f_lhmndxmd'rn (31)

3Note that this calculation indicates the consistency between the sign of the Chern-Simons term in the
supergravity action and the sign and factors appearing in the Killing spinor equation.




where we have assumed, essentially with no loss of generality, f > 0 (we shall return to this
point shortly). The metric f~'h,,, is obtained by projecting the full metric perpendicular to
the orbits of V. The manifold so defined will be referred to as the base space B and we will
deduce that h,,, is a hyper-Kéahler metric.
Define
e? = f(dt +w) (3.2)

and if 7 defines a positive orientation on B then we use ¢’ A n to define a positive orientation
for the D=5 metric. The two form dw only has components tangent to the base space and can

therefore be split into self-dual and anti-self-dual parts with respect to the metric h,,,:
fdw=G" +G~ (3.3)

where the factor of f is included for convenience. Equations (22TH) and (ZI8) can now be solved
for F', giving
1 1 1
F=43 (—§f—2v A df + 6G+ + 50—) : (3.4)

which can also be written

F= ﬁdeo - LG# (3.5)

2 V3
Note that for all previously known solutions, including the BMPV black hole [T5], [16] (which will
be briefly reviewed below), dw is anti-self-dual so the second term on the right-hand-side of (B3l)

is absent. The Bianchi identity and equation of motion for F' imply the following equations:
dG+ =0 (3.6)

and

AP = (G (3.7)

where A is the Laplacian in the metric h, and (G7)? = (1/2)(G")n(GT)™ where the indices
here are raised with h,,,,.

Equation (ZI0) implies that the 2-forms X can be regarded as 2-forms on the base space
and Equation (I1]) implies that they are anti-self-dual:

w1y XO = —xO (3.8)
where #, denotes the Hodge dual associated with the metric h,,,. Equation (ZI2) can be written

X0, X0 n = g 4 e X8 (3.9)



where indices m,n, ... have been raised with A™", the inverse of h,,,. This equation shows that
the X )’s satisfy the algebra of imaginary unit quaternions. Furthermore, we find that (Z2200)
yields

VX =0, (3.10)

where V is the Levi-Civita connection associated with h,,,. Combined with ([B3) this shows
that the base space does indeed admit an integrable hyper-Kahler structure.

We have exhausted the content of the equations satisfied by the bosonic quantities. We next
examine the Killing spinor equation itself and find that it imposes no further conditions. In an

orthonormal basis with time direction €° given by ([B3), equation [ZI3]) implies
0,
7e =€ (3.11)

Using this with (A3)) one can show that e is anti-self-dual with respect to the base space
metric and hence

e = 0. (3.12)

ij

Here i,7 = 1...4 refer to components in a basis orthonormal with respect to h,, (but v* is still
defined in terms of the five dimensional gamma matrices). Using these results, the 0 component
of the Killing spinor equation then implies that € is time-independent. The spatial components

are then solved if
e(t,z) = f?n(x) (3.13)
where n(x) is a covariantly constant spinor on the hyper-Kéhler base space. Now any hyper-
Kéhler space admits covariantly constant chiral spinors satisfying v'%4n = n if the Kahler-
forms are anti-self dual. Noting that this chirality condition is actually a consequence of (B.IT])
implies that (BII]) is the only projection imposed on the Killing spinors and we deduce that
the configurations preserve at least 1/2 of the supersymmetry.
We have imposed the Bianchi identity for F' and the F' field equation, so we should also
check whether the Einstein equations are satisfied. They are in fact automatically satisfied as
one can deduce from the integrability condition for the Killing spinor equation presented in

appendix B. From there we have that

ELVY =0
E E)S = 0 no sum on (3.14)

where £, = 0 is equivalent to the Einstein equations. Working in the orthonormal frame, the
first condition implies Ey = E;y = 0 and the second then implies E;; = 0.
In summary, the above analysis shows that the general supersymmetric solution in the

stationary case with f > 0 is determined by a hyper-Kéhler base 4-manifold B with metric



humn and an orientation chosen so that the hyper-Kéahler two-forms are anti-self-dual, together
with a globally defined function f and locally defined 1-form connection w on B. Writing
fdw = G~ + G, we have dGT = 0 and also Af~! = (4/9)(G*)% The field strength is then
determined as in (B4)). These solutions? preserve at least 1/2 of the supersymmetry, with Killing
spinors satisfying (BI1).

When f < 0 an identical analysis reveals that the most general supersymmetric solution
is simply obtained from this solution by simply taking t — —t,w — —w and reversing the

orientation on the base manifold B. In other words

ds® = |f2(dt +w)? = | f| " hopnda™da"

B YEI S
F = —(7d6 —EG>. (3.17)

with €® = | f|(dt + w) and positive orientation e A n, where 7 is a positive orientation on the
base manifold, is a supersymmetric solution with Killing spinors satisfying 7°e = —e provided
that h is a hyper-Kéhler metric with self-dual hyper-Kéhler two-forms, |f| is a globally defined
function and writing | f|dw = GT + G~ one demands dG~ = 0 and also A|f|™! = (4/9)(G™)?.
In subsequent subsections we will construct explicit solutions working with the case f > 0 for
definiteness. The subsections can be essentially read independently of each other. Subsection
discusses static solutions; solutions when the base space is compact; B4 the maximally
supersymmetric Godel-type solution; B some further solutions with a flat hyper-Kéahler base
space including a quick review of the BMPYV black hole; B.8l focuses on solutions with base space
Eguchi Hanson and Taub-NUT as there are some similarities with the “Resolution Through
Transgression” papers; B the general solution for the case that the base space has a Gibbons-
Hawking metric [33] and a discussion of how the IWP solutions of N = 2, D = 4 supergravity

can be obtained via dimensional reduction.

3.2 Static solutions

Proposition. The stationary Killing vector field V' is hyper-surface orthogonal if, and only, if

4Note that given a hyper-Kihler metric, the equations to be solved can be obtained from varying an action
functional on B. To see this we first introduce the field strength F = dw and then note that f must satisfy

AFF) =0, AF =g PEFEP (3.15)

where Ft = %(}" + %4 F). These equations follow from varying the action on B
4 1 o4 _iiriy2
S= [ dzvVh(=(80)* — —o L (FT) (3.16)
B 2 9
with respect to w and o, where o = f~1.

10



G~ =0.
Proof. 1t is easy to show that V is hyper-surface orthogonal if, and only if, dw = 0. Clearly

dw = 0 implies G~ = 0. Conversely, assume G~ = 0. Closure of G* then gives
df Ndw =0 = df N\GT =0. (3.18)

The dual of this gives
Om fGT™ =0, (3.19)

so that
(df AGT )G =0 = 8.1 (GY)* =0 (3.20)

Hence if G~ = 0 then either df = 0 or G* = 0. In the former case, the equation ([B1) for f
implies GT = 0. Hence G~ = 0 implies G = 0 and therefore dw = 0.

It follows from this proposition that if G~ = 0 then, at least locally, there will be a function
A(z) such that w = d\. A coordinate transformation ¢t = t' — A(z) then brings the metric to a

manifestly static form. The solution can then be written

ds®* = f2dt* — f hpnda™dx",
3

F o= gdf Adt, (3.21)
where f~! is a harmonic function on the base space. For a harmonic function with a single

pointlike source on a flat base space this gives the non-rotating black hole solution.
Note that these static solutions have vanishing magnetic charge. This does not mean that
there are no supersymmetric magneto-static solutions but simply that the static Killing vector
of such a solution cannot be written as év,e with € a Killing spinor. For example, it will be

shown in section Bl that the magnetic black string solution corresponds to the null case f = 0.

3.3 Solutions with compact base space

If the base space is compact then it must be K3 (with self-dual curvature) or 7. Suppose
f is smooth and non-vanishing on the base space. Integrating equation [B1) yields GT = 0
and hence f~! is harmonic. However there are no non-trivial smooth harmonic functions on a
compact manifold so f must be constant. By rescaling ¢, w and h,,,, we can set f = 1. This

leaves

dw =G, (3.22)

so G~ is closed and anti-self-dual and therefore harmonic. Taking the wedge product of this
equation with G~ and integrating over the base space shows that if G~ is non-zero then w

cannot be globally defined.

11



The only anti-self-dual harmonic forms on K3 (with self-dual curvature) or T* are the com-
plex structures so it follows that
dw = 4vJ, (3.23)

where J is an anti-self-dual complex structure and v a constant. The field strength is
F =2V3vJ, (3.24)

and the metric is
ds®> = (dt + w)? — hyppda™dx". (3.25)

These solutions describe rotating closed universes containing a constant magnetic field. The

case of T* can be discussed more explicitly. Local coordinates can be chosen such that

hmnda™dz"™ = (dx')? + (do?)? + (dz®)? + (dz?)?, (3.26)
and
J = (dz' A da® — dz® Nda?). (3.27)
One could then take
w =2y (z'de® — 2da’ — 2Pda? + 2 da?) . (3.28)

This is clearly not globally defined on T*. Rather than discuss this further we shall discuss the

analogous solution on the covering space of 7%, namely R*.

3.4 A supersymmetric analogue of the Godel universe

The supersymmetric Godel universe has metric given by (B.2H),[B.20),[B28) and gauge field
given by ([B2Z)). For simplicity we let v = 1/4. On the base space R?, write z' = r; cos ¢y,

2?2 = rysin ¢y, 3 = 79 cos ¢, 2t = rysin ¢y and using w as in (FZF) the solution can be written®

1 2
ds? — (dt + §(rqu51 — r§d¢2)) — (dr} + ride] + drl + r3de3)

3
F = g(rldrl N d¢1 — 7’2d7"2 N d¢2) (329)

The metric has coordinate singularities at 7, = 0 and ro = 0 but these can be removed by going
back to Cartesian coordinates. Note that 0/0¢; is timelike for r; > 2 so this solution has closed
timelike curves in those regions. Note that the signature remains Lorentzian. This is very similar
to what happens in the four dimensional Godel universe [20]. There are further similarities

between our solution and Gdédel’s. The Godel solution is defined on a manifold of topology

This solution has previously appeared in [34] as a footnote.

12



R*. Ours has topology R®. The matter content of Godel’s solution consists of pressureless dust
balanced by a negative cosmological constant. Calculating the energy-momentum tensor for the
F,,, of our solution one finds that it (and all the solutions of the previous section) has vanishing
pressure and constant energy density proportional to ~2, i.e., the electromagnetic field has the
same energy-momentum as pressureless dust. In addition, just like the Godel universe, this
solution is homogeneous; it was shown in [35] that the near-horizon geometry of the BMPV
black hole is also homogeneous. It is straightforward to verify that the following vectors in

cartesian co-ordinates are Killing vectors:

o 2?0 V:% o 2lo
Blzﬁ—%a, Bz—@+%3@,
Ri=ux %—az 821, Rg—:c?’%—:ﬁl% (3.30)

which act transitively. The last two Killing-vectors generate a U(1) x U(1) group of rotations in
R%. In fact, as we will see later (see equation (BZ3))) this is actually enlarged to an a SU(2)xU(1)
group of rotations, giving a 9 parameter family of isometries, the same number as for AdS; x S3
or AdS; x S2.

Surprisingly, this solution is maximally supersymmetric preserving all 8 supersymmetries of
the theory. Explicitly, using the obvious frame (€°, ¢') = (dt + w, dz?), the Killing spinors are
given by

e=0"+ (1+ Jz'v")0~ (3.31)
where 6* are constant spinors satisfying 7960+ = +0*.

We can determine the symmetry superalgebra using the method of [36] (see also [37, 38, 139]).
This is a Lie-superalgebra whose even subspace B is spanned by the above Killing-vectors and
the odd subspace F by the Killing spinors. The bilinear map B x B — B is the Lie-bracket of
the above vector fields. The map B x F — F is obtained from the Lie-derivative of the Killing
spinors with respect to the Killing vectors and the map F x F — B is deduced from the Killing-
vectors obtained by squaring the Killing spinors. It is straightforward to write all of these maps
out explicitly, but we shall just record the last map. We first note that for any two Killing
spinors €, € we can construct a Killing vector via K* = ey*e’. If we let e = 0 + (1 + Jy;2'7)60~
and € = p* + (14 J;;a'4?)p~ we find

VB, =0TV +0-p (=V — 2R, +2Ry) + (0t p~ + 0-~'p") B, (3.32)
where E,, are the vector fields dual to the frame introduced above.
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3.5 Further solutions with flat base-space

Let us now present some additional new solutions with base space R* that admit at least an
SU(2) sub-group of isometries of the SO(4) rotation group of R*. Tt will be useful to work with

SU(2) Euler-angles, which we introduce via

0 .
ol 4ix? = rcos§e’(w§¢)
0 -
it = rsinie’(w2¢) (3.33)

with 0 < 0 <7 0< ¢ < 2rand 0 < ¢ < 4w. We also work with left-invariant one-
forms o, satisfying doly = 1/2¢9%a), A % and right-invariant one-forms % satisfying do? =
—1/2¢% kai A c%. The subscripts refer to the fact that, for example, the left invariant one-forms
o, are dual to right vector fields that generate right actions. Explicit expressions can be found in
appendix A. A positive orientation is fixed by dz' Ada® Ada® Adx* = dr A (5)o R A(5)op A (5)oh, =
dr A (5)op A (5)o7 A (5)o3. The flat metric on R* is given by

2

ds? = dr? + %[(&)2 +(02)? + (0)? (3.34)

for either left or right invariant one-forms.
Let us begin by recording the rotating BMPV solution [I5, [[6]. We write the flat base using

left-invariant one-forms o%. As previously noted it has Gt = 0 and is given by:

-1 I

f = 1+T’_2

w o= g (3.35)
2r2 B ’

The ADM mass and angular momentum are given by

3T
M —
I
Jm
J = —=— 3.36
e (3.36)

This angular momentum corresponds to equal rotation in the 1-2 and 3-4 planes with opposite
sign. Recall that all closed timelike curves are hidden behind the horizon at r = 0 providing
that |j]| < p3/2.
A simple generalization of the BMPV black hole solution with G* # 0 can be obtained by
considering the general ansatz
w=V(r)o} (3.37)
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and assuming f = f(r). Demanding that G is closed implies that f(r¥’ + 2W¥) = yr? for
constant x. Solving (B) we then find

2

-1 _ I X 9
. A 3
v - +X,U_|_X 7’2+X—7°4 (3.38)

2r2 2 4 o4

for constant A, i, 7. This solution has

Gt = Z d(r20%) = x(da' A da® + da® A dzt) (3.39)

Supposing A # 0 we can always choose A = 1 by rescaling the radial and time co-ordinates. We
note that the solution will have closed time-like curves when W22 — f~1r2/4 is positive. When
X = 0 we return to the rotating black hole solution. When y # 0, the solution is no longer
asymptotically flat and is a rotating universe with both electric and magnetic fields and with
closed time-like curves.

Further new solutions with flat base space can be found by working with right invariant

1-forms on SU(2), ¢%. We now look for solutions with
w=U(r)o: (3.40)

and f = f(r). Following the same steps as above we find the solution

2
f—1:A+/~L+X

27r6
A X’
Y = — — 3.41
where A, u1, ¥ are again constant. For this solution G is given by
X, |1

Let us now discuss this solution in more detail. We first restrict to A = 1 which can be achieved
by rescaling the radial and time co-ordinates when A # 0. It appears that these solutions are
non-singular at r = 0. For example, if one calculates F'?, which from Einstein’s equations is
proportional to the Ricci scalar, one finds for y # 0 it goes to zero like r*, while for y = 0 it
goes to a constant. Other curvature invariants also appear to be regular at r = 0.

Note also that if we set = x = 0 and v # 0, then the solution is given by

ds® = (dt+~r*os)? — (dr* +
xf V31,

~l0}) + (07) + (1))
F = (ro?}) (3.43)
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which is just the generalised Godel solution introduced above. We already have shown that the
solution has a 7 parameter family of isometries including U(1) x U(1) rotations in R%. In the co-
ordinates of this section, it is clear that the U(1) x U(1) symmetry is enlarged to SU(2) x U(1)
corresponding to right SU(2) actions and a left U(1) action (in the 3 direction).

Alternatively, we may set v =0, u # 0, x # 0. The metric is then asymptotically flat. The

ADM mass and angular momentum are given by

3T
M —
4G
X7
= 2 44
J e (3.44)

Here the angular momentum corresponds to equal rotation in the 1-2 and 3-4 plane since dw is
self-dual®. Furthermore, it is clear from examining the sign of f20?—172 f~! that there are closed
timelike curves for all values of p > 0 within 0 < r < rgy provided that x # 0. By analysing
the behaviour of massive test particles it appears that this geometry is geodesically complete
and that r = 0 exhibits a repulson behaviour. Moreover by tuning the angular momentum of
the test particle it can approach r = 0 arbitrarily closely and thus enter the time-machine. The
global causal structure of this spacetime is similar to that of the over-rotating BMPV solution
presented in [I7]. However, unlike the general family of rotating BMPV solutions, tuning M
and J in the region M > 0, J > 0 does not alter the causal structure of the spacetime.

There are a number of straightforward generalisations of the new solutions we have presented
here. For example, we could replace (B31),[BZ0) by ¥;(r)o".

3.6 Rotating Eguchi-Hanson and Taub-NUT

When G+ = 0 the function f~! is harmonic on the hyper-Kihler base. When G+ # 0 it is
modified by the square of a closed, self-dual and hence harmonic form via equation (B). This
is reminiscent of the equations arising in the “Resolution Through Transgression” papers (for a
review see [32]). In particular an interesting regular generalisation of both the Eguchi Hanson
space and Taub-NUT space with flux was constructed in section 3 of [40)]. We therefore examine
the Eguchi-Hanson and the Taub-NUT cases in more detail, finding regular supersymmetric
solutions, albeit with closed time-like curves.

Let us first consider the Eguchi-Hanson case. The metric is given by

2 2
ds? = Wldr? + %(@)2 +(02)?) + W%(agﬁ (3.45)
where
CL4
W=1-—7 (3.46)

60One can get a solution with the same quantum numbers as the black hole solution [B3H) by taking ¢ —
—t, ¢ < 1. This corresponds to switching to a solution with f < 0, as described at the end of section 3.1.
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This is a regular space provided that the range of v is 0 < ¢ < 27 and of r is a < r < o0 and
r = a is the S? bolt. We choose positive orientation to be given by dr A o} A o% Ao} so that
the three Kéhler forms are anti-self-dual. If w = 0 then the harmonic function f~! is constant

or singular. The singular solutions can be resolved in the following sense. We choose

Gt = —%d(r‘zai) (3.47)
and hence need to solve
Aft = 8x° (3.48)
9r8 ’

where A is the Laplacian with respect to the Eguchi-Hanson metric, and one should note a key

sign difference with the similar equation in [0)]. The general solution is given by

2 2 _ 2
SR S, S P Gl 3.49
/ 9a*r? +olog (r2 4 a?) (3.49)
where \, 0 are arbitrary integration constants. If we seek solutions of the form
w=V(r)o} (3.50)
we find \ ) 5 = 2)
X X X 4 4 r—a 2,2 2
= - — log ———== +2 3.51
4r2  Hdriat + 4r2a* (" = a”) log (r2 4+ a?) 20 4 or (3.51)
A regular solution can be obtained by first setting setting 6 = 0 to get
2
1 X
— A—
/ 9a*r?
A 3
o= A X yr? (3.52)

C4r? ' B4t

Restricting to x? < A\9a°, f~! will be non-zero for a < r < co. By calculating F? it appears
that this five-dimensional solution is regular, provided that we restrict x as stated. To eliminate
closed time-like curves as r — oo we set v = (0. However, it seems that there are always closed
time-like curves near r = a.

It is interesting to note that we can find analogous solutions if we start with a singular
hyper-Kahler space given by ([BZH) with W =1+ b*/r*. In this case there is no reason to take
¢ or 1 to have particular ranges. If we again choose (B41),([50) the solution is given by

2 2
1 X r
f = A+ ot 4+ J arctan B
XA X8 OX (a r? o o
Vo= —18 T papapt gl T O arctan o5+ b5 4w (3:53)

These solutions appear to be singular in general. Note that if we take 0 < ¢ < 27 and
0 <1 < 47 then the Eguchi-Hanson space is asymptotically Euclidean and the five dimensional

solution is asymptotically flat if the constants of integration are chosen appropriately.
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Surprisingly, if we set § = A = v = 0 we obtain the maximally supersymmetric AdS; x S3
solution as we will show in section Bl

Let us now consider the base space to be Taub-NUT space. The metric is given by

(r+a)

ds” = - —a)

2 2 2 142 212 o(r—a), 3.
dr 4 (r* —a”)((og)” + (0%)°) + 4a T (o) (3.54)

When a is positive, the range of ¢ is 0 < ¢ < 4x, and that of r is a < r < oo, so that the
topology of the space is R*. If we take positive orientation to be given by adr A ok A 0% A o3,

then the hyper-Kéahler forms are anti-self-dual. We now choose

G* = vd {EZ :r Z; o—;] (3.55)
and hence "
Af~ = 9@71@4 (3.56)

where A is the Laplacian with respect to the Taub-NUT metric. The solution to this is given
by

_ 22 )
1_ —

/ a(r+a) r—a (3:57)

As above we let
w=V(r)o} (3.58)

and find
16x3a 2x(2x? — 90a + 18Xa?)  4dxAa (r+a)
U(r) = — - .

(r) 27(r + a)?*(r — a) * Ir+a)(r—a) (r—a) + 7(r —a) (3.59)

In order to construct a regular solution, we set § = 0 and choose v = YA — x*/27a? to get

N
;o= 9a(r + a)
x(r —a)(27Aa*(r + a) — x*(r + 5a))

v = .
27a%(r + a)? (360)

Then f~! will be non-zero for a < r < co and note that ¥(a) = 0, indicating the regularity of
the solution. It is straightforward to check that F? is also regular everywhere, providing that
we restrict y as mentioned. Again this solution has closed time-like curves.

Once again we can build solutions from the singular negative mass Taub-NUT space by
letting a be negative. For example, if we take (B60) with A = 0 we will show in section Bl that

we get a maximally supersymmetric solution that is in fact the Godel solution.
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3.7 Solutions with Gibbons-Hawking base space

In this subsection, the equations for f and w will be examined in more detail for the case
of a Gibbons-Hawking base space. The solutions of the last three subsections will comprise
special cases. It has been shown [A1] that if a four dimensional hyper-Kéhler manifold admits a
triholomorphic Killing vector field, that is, a Killing vector field L that preserves the complex
structures (£, X = 0), then it must be a Gibbons-Hawking [33] metric:

ds*> = H ' (dz®+ Xidxi)2 + Hdz'dx', (3.61)
Vxx = VH.

The Killing vector field is 9/dz°. V is the flat connection on the Euclidean 3-space with

coordinates z* and H is harmonic on this space. The complex structures are given by [H1]
. ) ) 1 )
X0 = (dz® + x;dz’) A da'’ — §H€ijkdxj A da®. (3.62)

Anti-self-duality of these forms fixes the orientation of the base space so that the volume form
is
Hdx® A dx' A da? A da®. (3.63)

Examples of Gibbons-Hawking metrics are: flat space (H =1 or H = 1/|x]), Taub-NUT space
(H =1+ 2M/|x|) and the Eguchi-Hanson space (H = 2M/|x| + 2M/|x — xo|) [&]].
If the Killing vector 8/0x° is a Killing vector of the full five dimensional spacetime (i.e. if f

and w are independent of °) then the equations for f and w can be solved explicitly. Write
w = w; (da® + x;dz’) + wda’, (3.64)

and introduce an orthonormal basis

e’ = H™ Y2 (dz® + xida') el = HY2dzx'. (3.65)
Then ) .
G* = —514?:65 A€ F ZeijkA,fei Ael, (3.66)
where
A* = H 'f[HVws FwsVH FV x w]. (3.67)

In equations such as this written in three-dimensional vector notation, w refers to the three-

vector with components w;. Closure of G reduces to

V x At =0, (3.68)
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and
V- (HAT+xxAT)=0. (3.69)

The first of these yields
AT =Vp, (3.70)

for some locally defined function p. Substituting into the second gives
V2(Hp) = 0, (3.71)

and hence
p=3KH™* (3.72)

for some harmonic function K. The equation for f reduces to

2
VifTt=oH (Vp)? =V*(K*H™), (3.73)

and hence
f'=K*H'+1L, (3.74)

where L is another harmonic function. It remains to solve for ws and w;. Substituting the above
results into (B610) gives

HVw; —wsVH —V xw=3(K*+LH)V (KH™"). (3.75)

Taking the divergence of this gives the integrability condition

Viws =3H7 'V - [(K*+ LH)V (KH )] = V? (H—2K3 + gH‘lKL) : (3.76)
with solution ;
ws = H2K3 + 5H—lKL + M, (3.77)

where M is an arbitrary harmonic function. Substituting the solution back into ([BZH) then
gives an equation that determines w up to a gradient (which can be absorbed into ¢). The
above analysis yields the general solution for which the base space admits a tri-holomorphic
Killing vector field that extends to a Killing vector field of the five dimensional spacetime. It
is specified by four arbitrary harmonic functions H, K, L, and M. Solutions with G* # 0 are
much more complicated than those with Gt = 0 (i.e. K o< H), which are specified by three
harmonic functions H, f~! and ws.

It is worth remarking that the same solution can be derived under rather weaker assumptions,
namely that there exists a spacelike Killing vector field of the five dimensional spacetime that

commutes with V' and leaves the three complex structures invariant.
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The solutions with a flat base space that were discussed above can be easily recovered in this
framework. Introduce spherical polar coordinates (R, 6, ¢) on the three dimensional flat part of
the metric. Choosing

1

H= T X = cos 0do, (3.78)

gives a flat base space. Let R = r?/4 and 2° = v and the metric takes the form

7”2

ds? = dr® + 1 (dv® + d¢® + 2 cos Odpde + db?) . (3.79)

The coordinates (6, ¢,1)) are Euler angles on S®. The solutions constructed using the left-
invariant forms on SU(2) have w = U(r) (di + cosfd¢) and hence ws = ¥, w = 0. The full
solution is obtained by taking all of the harmonic functions to be spherically symmetric. The
solutions constructed using the right-invariant forms have w = W(r) (d¢ + cos 6dy) and hence
ws = U(r) cos B and w;da’ = U(r)sin? dé. An example is the Godel solution, which has Gt = 0
and is therefore specified by three harmonic functions: f~' =1, H = 1/R, w5 o< Rcos#.

The form of the Gibbons-Hawking metric lends itself naturally to dimensional reduction, so
the above solution yields a large class of solutions of the theory obtained by KK reduction of
the minimal five dimensional supergravity theory, namely N = 2, D = 4 supergravity coupled
to a vector multiplet. It is interesting to see how the solutions of pure N = 2, D = 4 can
be embedded in the five dimensional theory (for mazimally supersymmetric solutions, this was
done in [42]). To this end, consider a general five dimensional metric admitting a spacelike

Killing vector field 9/02° and write the metric as
ds® = e*ds% — e (dz® + A)2 : (3.80)

where ds% is the line element of the four dimensional Lorentzian metric and A is a one-form
potential on the reduced space. The constants o and (3 are chosen such that the reduced metric
is in the Einstein frame, with a canonically normalized scalar ¢. Write the five dimensional

vector potential as
A=A +0d°. (3.81)

where A’ is another one-form potential on the reduced space. The reduced theory has two
scalars ¢ and 0 and two one-forms A" and A. We want to truncate to get the pure N = 2,
D = 4 theory, so we have to set these scalars to zero. Consistency requires that their equations

of motion are satisfied, which gives
3
1 ¥ GAG+xF'NF' =0, (3.82)

and

3
§*4F’/\G—F’/\F’:O, (3.83)
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where G = dA and F' = dA’. The orientation 7 of the reduced spacetime has been chosen
such that dz® A 1 is negatively oriented in five dimensions because this is what happens for our

Gibbons-Hawking solutions. These equations are both satisfied by choosing

2
= ———— x4 F', 3.84
C=—5" (384)

which also eliminates the vector A4 as an independent field (its equation of motion is satisfied
using the Bianchi identity for F”). Finally we are left with a theory whose equations of motion

can be derived from the action

1 1 2 ,
S4:47TG4/<_ZR4*41_§*4F//\F)7 (385)

which is indeed the action for the bosonic sector of pure N = 2, D = 4 supergravity. To

summarize, a five dimensional solution with metric of the form (B:80) can be reduced to give
a solution of N = 2, D = 4 supergravity provided ¢ = 0, § = 0 (equivalently, F,; = 0) and
equation (B4 is satisfied.

Let’s apply this to our solutions with Gibbons-Hawking base space. The metric can be

written
. o  fw N\
ds? = A1 fH! (dt + cu,~cl:)s’)2 — frHda'dat — A (da:5 + xidx' — T5 (dt + widx’)) , (3.86)
where
A= frHT - A (3.87)

It can be verified that all of the consistency conditions for the dimensional reduction are satisfied

if we choose the harmonic functions L and M such that

K? K
[l=ap+H  ws=5f (3.88)
and
Vxw=2KVH —-2HVK. (3.89)
The reduced metric can be written
dsi = |V (dt + widz') — |V|"*da’da’, (3.90)
where
V'=H +iK, (3.91)
w is given by
Vxw=i(VI'VV I —-vIivV), (3.92)
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and the field strength is

V3

Fl=F=-X°
4

Vi(V+V)edne - gz’eijkvk (V-V)&ne, (3.93)

where €° = |V (dt + w;dz") and é = |V|~1dz’ is an orthonormal basis for the four dimensional
metric. This is precisely the form of the IWP metric given in [9]. So the entire timelike class of
supersymmetric solutions of the N = 2, D = 4 theory can be obtained by reduction of a subset
of our solutions with Gibbons-Hawking base space. Note that the four dimensional metric is
static if w = 0, which requires K oc H, which is true if, and only if, G = 0. For example,

setting K = 0 gives w = ws = 0, f~' = H and the five dimensional metric is
ds* = H?dt* — H*dz'da' — (da® + Xidxi)z : (3.94)

which give the electrostatic Majumdar-Papapetrou solutions in four dimensions. Taking H =
1/]x| gives a flat base space and the four dimensional metric is AdSy x S? (the five dimensional
metric is AdSy x S3). H = 1+ 1/|x| gives a Taub-NUT base space and the four dimensional
metric is extremal Reissner-Nordstrom. Multi-centre Taub-NUT gives multi-centre Reissner-
Nordstrom. Eguchi-Hanson gives a two centre AdS; x S? solution, and multi-centre Eguchi-
Hanson gives multi-centre AdS, x S?. Taking K to be a non-vanishing multiple of H just

corresponds to a duality rotation of the four dimensional gauge field.

4 The null case

4.1 The general solution

In this section we shall find all solutions of minimal N = 1, D = 5 supergravity for which the
function f introduced in section 2 vanishes everywhere.
First introduce coordinates as follows. From (ZI8) it can be seen that V satisfies VAdV =0

and is therefore hypersurface-orthogonal. Hence there exist functions v and H such that
V = H 'du. (4.1)

A second consequence of ([ZI7) is
V.-DV =0, (4.2)

so V' is tangent to affinely parametrized geodesics in the surfaces of constant u. One can choose
coordinates (u,v,y™), m = 1,2, 3, such that v is the affine parameter along these geodesics, and
hence

V= (4.3)
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The metric must take the form:
ds* = H™' (Fdu® + 2dudv) — H*ypy (dy™ + a™du) (dy™ + a"du) (4.4)

where the quantities H, F, v, and @™ depend on u and y™ only (because V' is Killing). Note
that there is a lot of gauge freedom remaining. For example, a coordinate transformation of
the form y — v'(u, y) could be used to eliminate ™. However, this freedom will be more useful
shortly.

Equations (ZZI0) and [I1) imply that X@ can be written

X0 = XDy A dy™. (4.5)

Closure of X® then gives
Om XY =0, (4.6)

and hence locally there exist functions z(u,y) such that
X0 =9,,a". (4.7)

Now we can exploit the freedom to do a coordinate transformation y — y'(u,y) by choosing
7' (u,y) as our new coordinates. The metric takes the same form as above but with x’ replacing
y™. In these coordinates,

X = du A da'. (4.8)

Equation (ZI2) now gives
Yij = 0ij, (4.9)

so in these coordinates, the surfaces of constant u and v are flat. The full metric can be written
ds*> = H™' (Fdu® + 2dudv) — H?(dx + adu)?, (4.10)

where bold letters denote three dimensional quantities, e.g., (a); = a', with no distinction
between “up” and “down” indices for such objects.

It is convenient to introduce a null basis of 1-forms as follows
et =V = H 'du, e =dv+ %fdu, e' = H (dz' + d'du) . (4.11)
These obey the orthogonality relations
e el =P, (4.12)

where n™~ =7~ =1, ¥ = —§,; and other components vanish. We also choose €, _123 = 1.
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Equation (ZI3) implies
. 1 ) .
F=Fg et Ne' + §Fijel Ael. (4.13)

Substituting into equation (ZIJ) gives

Fy = —?H—%ijkvkﬂ, (4.14)

where V), = 0/0x*. Equation (Z20) gives

Fy— —%H%kvjak. (4.15)
Hence the field strength is
F = —%Ei]‘kv]‘ (H?’ak) du A dxt — ?eijkaHdati A da?. (4.16)
The Bianchi identity reduces to
V*H =0, (4.17)
0. VH = %v x (H*V x (H%a)), (4.18)

The equation of motion for the field strength turns out to be identically satisfied.
Equation (ZI3) implies that the Killing spinor satisfies

vFe=0. (4.19)

Writing out the Killing spinor equation using the above expressions for the connection and field
strength, and using (EE19), one finds that it reduces to

e = 0. (4.20)

Hence the Killing spinor is constant. Since the only restriction is equation (EI9), it follows
that, in the null case, as in the timelike case, all supersymmetric solutions preserve at least half
of the supersymmetry.

The above analysis yields the general spacetime that admits a constant Killing spinor and
satisfies the equations for the field strength. However, the function F(u,x) is still completely
unrestricted so it is necessary to look at the Einstein equations for further information. As in
the time-like case we can deduce a lot from the integrability conditions discussed in appendix
B. Working in the above basis, (B.H) implies that E,_ = 0 and (B.8) give £,; = E;; = 0. Hence

we just need to impose the +-+ component of the Einstein equation, which gives
2
ViF = 2H2DuWii + QHW(ij)W(ij) + gHW[z’j}W[ij]a (4.21)
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where
Du = 8u — aiVZ-, (422)

and
I/V,'j = DuH(SZ] — HVjai. (423)

The solution is now specified as follows. First pick a harmonic function H(u,x). Next
consider equation (EI8). The general solution will be the sum of a particular integral and the

general solution of the homogeneous equation
V x (H?V x (H’a)) = 0. (4.24)
This equation can be integrated to give
V x (H?a) = H*V¢, (4.25)
for some function ¢(u,x). The integrability condition for this is
0=V-.(H*V¢) = HV*(H¢), (4.26)

and hence
¢p=KH* (4.27)

for some harmonic function K (u,x). Next, equation (EE2ZH) can be integrated to determine H3a
up to a gradient. This gradient arises from the gauge freedom v — v + g(u,x) and therefore
can be removed (see the next subsection). So the general solution to equation (EIF]) involves
a single additional harmonic function K. Finally, equation (EZI]) can be solved to determine
F up to another arbitrary harmonic function Fy. Hence the general solution involves three
arbitrary u-dependent harmonic functions H, K and F.

Recall that a spacetime is said to be a plane-fronted wave if it can be foliated by a family
of hypersurfaces u = constant such that du is null, geodesic and free of expansion, rotation and
shear. This is indeed the case for our solution. In other words the general null supersymmetric
solution is always a plane-fronted wave (even though it can be static in special cases, such as the
magnetic string). A plane-fronted wave is said to be a plane-fronted wave with parallel rays (pp-
wave) if du is also covariantly constant. For our solution, this occurs if, and only if, H = H(u).
For such a wave, it can be seen from the definition of u (equation (ETl)) that one can take H = 1
without loss of generality (see next subsection) so this solution is specified by just two harmonic
functions. It is interesting to note that in four dimensions, the null supersymmetric solutions

are pp-waves but in five dimensions they are more general plane-fronted waves.
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4.2 Changes of coordinate

Note that there is some unfixed gauge freedom in the solution. These correspond to co-ordinate
transformations that leave the form of the metric and the field strength invariant. First, equation
(T does not define u uniquely. One could instead work with v’ = «/(u) and H' = Hdu'/du.
This also affects the definition of x: x’ = xdu/du’. Next, in defining v by V' = 9/0v, there is

freedom to specify the surface v = 0. This corresponds to the coordinate transformation
v="1"+g(u,z), (4.28)
which has the effect of replacing a and F in the solution by
a =a— H Vg, F' = F+20,g—2a-Vg+ H>(Vg)*. (4.29)
This gauge-freedom can be used to impose a gauge condition such as
V.-a=0, (4.30)

or

Wi = 0. (4.31)

Finally, it is clear from the definition of the coordinates x that there is a gauge freedom x —
x — v(u) for an arbitrary u-dependent vector v(u). These three gauge transformations will be
used repeatedly to simplify solutions.

There are other coordinate transformations that do change the form of the solution but are
also useful. The coordinates 2’ defined above are not arbitrary Cartesian coordinates but are
related to the 2-forms X® by equation (EEN). Note that these coordinates are defined in terms
of covariantly constant 2-forms in exactly the same way as the Cartesian coordinates on the
transverse two-space of a four dimensional pp-wave [43]. Any other Cartesian coordinate system

on R? will be related to these coordinates by a u-dependent rotation and translation:
x = O0(u) - x' + v(u), (4.32)

where O(u) is an orthogonal matrix, which we choose to have determinant +1. The effect of
such a transformation is to rotate the 2-forms: X — O#%X0U). The derivative D,, is invariant
under such a transformation. However, the general form of the solution does not transform
covariantly — the solution as given above is valid only in terms of the preferred coordinates .
In particular, the above transformation affect a differently in the metric and field strength. The
new metric will be of the same form of as the old one but with x replaced by x’ and a replaced
by

a =0 (a+ O-x’+v), (4.33)
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where a dot denotes a u-derivative. The left-hand side of equation ([EZ1]) for the metric function
F is unchanged since V2 = V'2. Note that if one wants to write the right-hand-side in terms of
primed quantities, one should substitute W = OW'O~! + HOO™!. The field strength is given
by

i 3 i :
} du A dz'* — %eijkV;Hdzz/ Adx” . (4.34)

1 — / / —1r
~ 5 |H7V; (HP4) +1(070)

Note that one can reach 8’ = 0 (and therefore eliminate dudz’ cross terms from the metric)

jk

precisely when a satisfies Killing’s equation Va; = 0, i.e, when
a=xxw(u)+ b(u), (4.35)

for some vectors w(u) and b(u). After changing coordinate to eliminate a from the metric, a
du A dz’* term remains in the field strength so the solution in the new coordinates is not of the

same form as the solution in the original coordinates.

4.3 pp-waves

As mentioned above, pp-waves have H = 1. Equation (1Y) gives
Vxa=Vo (4.36)

for some function ¢(u,z). The integrability condition for this equation is that ¢ must be
harmonic
V2 = 0. (4.37)

The solution then takes the form

ds* = Fdu®+ 2dudv — (dx + adu)?

1
——_du A dg, V xa=Ve. 4.38
Nk ¢ a=Vo¢ (4.38)

The function F is given by solving [EZI).” Without loss of generality, we impose the gauge
condition V -a = 0, so that ([E2]]) becomes
1

If Viajy = 0, ie., if a = x x w(u) + b(u) then one can remove a from the metric by a
coordinate transformation as described above, and V¢ = —2w(u) is independent of x. The

orthogonal matrix occuring in the coordinate transformation must obey

Oij (u) = =€ Ok (w)wi(u). (4.40)

"Some similar ten dimensional pp-wave solutions were given in [44].
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In the new coordinates, the solution is

ds? = Fdu® + 2dudv — dx"

1 ; 2 4
F = —ui(u)du N da”, V°F = -w'"™. 4.41
) y (1.41)
where w'(u) = O~ (u)w(u). Note that w’ = O~ (u)w using [@EAT). Hence «’ is independent
of w if, and only if, w’ is (in this case, O can be taken as a rotation about an axis parallel to
w, giving w’ = w). The maximally supersymmetric plane wave solution arising from a Penrose

limit (see below) is of this type.

Another special case is that in which F' = 0, so that the space is a solution of pure gravity,
and the Killing spinors are covariantly constant. This case was analysed in [45], where it was
shown that the holonomy must be in R?* C SO(4,1). Setting F = 0 gives V x a =0, s0 a is a

gradient and can therefore be set to zero by v = v' + g(u, x). The solution is then
ds® = Fdu® + 2dudv — dx*, VAF = 0. (4.42)

The solution given in [45] (modulo a typo) is related to this by a Euclidean transformation.

In section B7), we saw how the timelike class of minimal N = 2, D = 4 supergravity (with
action ([B:8H)) can be oxidized to give a subset of our timelike class of minimal N =1, D =5
supergravity. We can now do the same for the null class given in [9]; this was done in [42] for the
special case of the maximally supersymmetric plane wave solution. Consider a pp-wave with

a = x X w(u) and consider a coordinate transformation x = O(u)x’ with

O5(u) = —geiklokj(u)wl(u). (4.43)

Note that this is not the same coordinate transformation as used to eliminate a from the metric.

In the new coordinates, the solution takes the form

1 2
ds* = Fdu®+ 2dudv — (dx’ — §X/ X w'(u)du) :

1 y
F = —uwiduAdz", 4.44
N (4.44)
where w'(u) = O™ (u)w(u). Now take w' = (wi(u),0,wh(u)) and let v = v' — 33/ (Wh(u)az’ —

wi(u)z"). The solution takes the form

3

1 y
F = —uwj(u)du A dx", 4.45
i) (1.5

2 2
ds* = Fdu®+ 2dudv’ — da”? — dz* — (dy' + = (wya’ — wiz’)du) :
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where

1 2
F' = F o glufa’ — i) = goy — 2y (@l — i), (4.46)

It is always possible to choose F obeying ([EZT) such that F' is independent of 3. The solution
can then be KK reduced on the Killing vector field 0/0y’. In the language of section B, we
have A = 2(w}(u)2’ — wi(u)z’)du and it can be checked that the consistency conditions for the

reduction are obeyed. Explicitly, the four dimensional solution is

ds® = Fldu®+ 2dudv — dz’* — d2'?,

1
F' = —du (Wda' + whd?'), 4.47
A (wfda + ) (1.47)

where F'(u,z’, 2'), must obey (using (E46) and @21))

2 PN\ ., 16

4.4 Black String, Penrose limits and Plane Wave

Probaby the best known solutions in the null class are the static black string solutions [I4].
These have F = a = 0 and H = H(x). A single black string is obtained by choosing the

harmonic function H to have a single centre:

ds* = H'(2dudv) — H*(dx)?
V3 R

F = _TfijkkadIi A dl’j, H=1+ Z (449)

The tension and magnetic charge per unit length of the string are both proportional to R.
The near horizon limit of this solution is obtained by taking » — 0 and hence dropping the
1 in the harmonic function. One then obtains AdS; x S?, which is maximally supersymmetric.

This can be written in global coordinates as

1
ds* = R*[cosh? pdt* — dp? — sinh? pdy)? — Z(d92 + cos? §d¢?)]

F = \ER cos 0dO N do (4.50)

where 0 < Y, ¢ < 2w and 0 < 6 < 7.
The maximally supersymmetric plane-wave solution presented in [21I] can be obtained as a

Penrose limit. Explicitly if we introduce the new coordinates

_ ¢ R ¢
u—t+2, v—2(t 2),

[ ——— (4.51)
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and then take the limit R — oo we get

2
ds* = 2dudv+ (2% + %)diﬁ — (dr? + r*dy® + dz2?)

F = ?du/\dz (4.52)

Note that this solution is of the form (ZI]) with w = (0,0,3/2). Note also that there is a
similar Penrose limit of AdS, x S3, the near horizon limit of the electric black hole solution,

that gives the same maximal supersymmetric plane-wave solution.

5 Maximally supersymmetric solutions

5.1 Introduction

The above results for the timelike and null cases show that Killing spinors always come in pairs
(of Dirac spinors) obeying the same projection ([BIl). Therefore the solutions all preserve at
least half of the supersymmetry. It is natural to ask which solutions preserve more than half of
the supersymmetry.

A pair spans a two dimensional subspace of spinors. Every spinor in this subspace gives
rise to the same function f and Killing vector V. Let ¢; and €5 be a pair. If there is an extra
linearly independent Killing spinor €3 then it must also have a partner e;. Let f’, V/ denote the
function and Killing vector that arises from this second pair.

Consider first the case in which ¢4 is not linearly independent: €, = ae; 4+ [Bes + ves, for
some functions «, 3,7. Since each ¢; is Killing and, by assumption, €, €5 and €3 are linearly
independent, we conclude that «, 3, are actually constants. In addition € = ae; + [ey is a
Killing spinor obeying the same projection as €4, i.e., it forms a pair with e3. It follows that €
gives rise to the function f’ and Killing vector V’. But, being a linear combination of ¢; and e,
¢ must give rise to the Killing vector V. Hence we must have V' =V’ and similarly f = f’ (at
least up to a positive constant of proportionality). However, this implies that ¢, obeys precisely
the same projection (equation (ZI3))) as €; and ez, which contradicts the linear independence
of e3. Hence ¢, must be linearly independent of €, €5 and e3. So if a solution preserves more
than 1/2 supersymmetry then it must preserve all supersymmetry.

The goal of this section is to identify those solutions preserving all supersymmetry. This can
be done by examining the integrability conditions. If there are four independent Killing spinors
then it is easy to argue that there must exist an open set U in which these Killing spinors
are pointwise linearly independent and hence form a basis for all spinors. The integrability

conditions are algebraic and must therefore hold for an arbitrary spinor in /. This yields an
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identity of the form
Xa57’77 + Yagfy(s’)ﬂ& =0, (51)

where X and Y are tensors formed from the field strength and Riemann tensor. By analytic
continuation, this must hold everywhere, not just in &. This expression can only be valid if X
and Y vanish separately. Our strategy will be to examine what further restrictions this gives
for the solutions classified above. Rather than computing X and Y directly from the Riemann
tensor and field strength, it turns out to be simpler to write out the Killing spinor equation
in components and rederive the integrability conditions component by component, which will

clearly give identical results.

5.2 Maximal null supersymmetry

In the above analysis, we showed that the null solutions admit Killing spinors obeying the
projection v e = 0. We now want to find the maximally supersymmetric solutions and must

therefore relax this condition. Any spinor € can be written as
e=¢ey +e_, (5.2)

where e, = (1/2)y"y e and e_ = (1/2)y y"e. Substituting the known form of the null solution

into the Killing spinor equation yields the following components:

1 .

Oy, + §H_2VZ-H7W+6_ =0, (5.3)
Ope_ = 0, (5.4)

1 1 i+ Lo +
Ve, — §H gHV[iaﬂ +Wapy | Ve — 6H €k Vjapy e~ =0, (5.5)
Viee — H eV Hy e =0, (5.6)
(0 — a'V;) er — ZV,- (FH ) y'yre_ =0, (5.7)
(8u — aZVZ-) €_ + gEijijCLk”yZE_ =0. (58)

Consider the integrability condition for (3] and (BH). Using (4l) and (B6), this reduces to
[H2V,V;H - 3H*V,;HV,;H + H*(VH)?6;] v/7Te_ = 0. (5.9)

We now apply the argument outlined above: e_ can be replaced by € in this expression, and
we are demanding that there exist eight independent solutions. This can only be true if the

expression within square brackets vanishes, which is equivalent to
V.V,H?=2(VH )5, (5.10)
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This equation is easy to solve (e.g. first consider the components with i # j) and has solutions
H = H(u) or H? = f(u)"2(x+b(u))>. In the latter case, one can exploit the unfixed
coordinate freedom x — x — c(u) to set b = 0. In the former case, it was argued above that
one can change coordinates so that H = 1. Hence

H=1, or H = f(ru>, (5.11)

where r = vx2.
Consider first the case H = f(u)/r. The integrability condition of (57) and (B3] implies

(using (B4)) and (EX))

-5

Oy (H?V;H) — —— Vil (Vi (H?a;) — V; (H?a;)] =0, (5.12)
and
VH -V xa=0. (5.13)
Multiplying the first equation by V,;H leads immediately to 9, f = 0 and hence
R
H=— 14
= (514)

for some constant R, and a factor of 2 is inserted for convenience. Equations (1) and (T3
then imply
V x (H’a) =0, (5.15)

which implies that a can be gauged away by a transformation of the form v — v — g(u, x).

Hence we can assume a = (. Integrability of (B3) and (1) then implies
VF xVH =0, (5.16)

so F = F(u,r). Equation ({Z]]) implies that F is harmonic, hence
fi(u)

r

F=

+ fo(u). (5.17)

Finally, by considering a coordinate transformation of the form v = v + Pi(u)/r" + Pa(u),
r = 1r'P3(u), u = Py(u') for appropriate choices of the functions P; one can bring the solution

to the form
ds? = A= du/dv’ — — 2~ 402 F = Y2 Rvol(S?), (5.18)

which is clearly the maximally supersymmetric AdSs x S? solution ([EER). If we drop the primes
on the coordinates then this solution is simply given by setting F = a = 0, H = R/2r and,
continuing to use the frame ({LIT]), the Killing spinors are easily found to be

€. =@y, (5.19)

33



v
€y =1t + E7+77—> (5.20)

where X = x/r and 7. are arbitrary constant spinors obeying y*n. = 0.
Now consider the case H = 1. Integrability of (E0) and ([&8) gives

V xa=—2w(u), (5.21)
where w(u) is an arbitrary u-dependent vector and hence
a=x X w(u), (5.22)

where an arbitrary gradient can be removed by a shift in v. Integrability of (BH) and (B1) then

gives
w = constant, (5.23)
and 5
VZV]]-" = § (5ijw2 + Bwiw]—) s (524)
with solution )
F= 5 (w?x* + 3 (w - x)?) + alu) - x + Bu). (5.25)

The arbitrary functions a(u) and (u) can be removed by a combined transformation of the

form x — x — v(u) and v — v — A(u) - x — §(u). Hence the final form of the solution is

ds* = — (wx®+3(w-x)%) du? + 2dudv — (dx + x x wdu)®,

O =
—_

F = —wdu A dz’, 5.26
7 (5.26)

where w is an arbitrary constant 3-vector. It is now easy to solve for the Killing spinors:

e- = [cos (2wu/3) + @' sin (2wu/3)] n_, (5.27)
1 i+ 1 +
e+:n+—|—6(x/\w)ﬂy e~ — X wyTe, (5.28)
where w = |w|, @ = w/w, and 7y are arbitrary constant spinors obeying the projections

¥ns = 0. In the coordinate system of equation (EATI), the solution is (using w’ = w)

1 1 -
ds? = & (w2x’2 +3(w- x')2> du? + 2dudy — dx?,  F = peidundi' (5.29)

We thus conclude that the only maximally supersymmetric solutions in the null class are
AdSs x S? and the maximally supersymmetric plane wave. It turns out that both of these
solutions also belong to the timelike class. In other words, some of the Killing spinors correspond

to a null Killing vector but others correspond to a timelike Killing vector. This is easy to see
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using the explicit expressions for the Killing spinors given above. For the plane wave, take a
Killing spinor with 7, = 0 and imagine repeating the analysis of this paper with this spinor as

the fiducial spinor. One then obtains

f= —gx cwnlin_, (5.30)

which is clearly non-zero (although we need to restrict to x - w < 0 for f > 0). Similarly, for

the AdSs x S? solution one obtains from the general Killing spinor
1 . )
— =i (", ). 5.31
f Vo G (5.31)

where i denotes the real part, which is also non-zero in general. These solutions can be cast
into the timelike form of section Bl as follows.
For the plane wave, a Killing spinor with 1, = 0 gives the Killing vector

o 4 0
_ 4 2,2 5.32
ou 3 0xt (5:32)
where we have normalized so that 77T_77_ = /2. We want to write the solution in the timelike
form, so we need to choose new coordinates (¢,3™) such that V' = 9/0t. A natural guess is to
choose new coordinate (t,2°,x’) where t = u, 2° = v and
or'
ot
A solution is to take x = O(t)x’ where O(t) = exp(At) is orthogonal and the antisymmetric

4
= —gai (5.33)

matrix A is given by
4

Note that the same coordinate transformation was used above in the dimensional reduction of

the null class. In these new coordinates, the solution takes the form

vds® = f? (dt+w)2 —ft [f_l (dx5 +x- alx/)2 +fdx’2} ,

1 i
where 5 1
f — _gxl . w’ X — g}(/ X w’ w = f_2 (d[[’s + X . dxl) . (536)

The solution is now written in the timelike form. The base space is a Gibbons-Hawking space
with a linear harmonic function H = f, corresponding to a constant density planar distribution
of Taub-NUT instantons. In the language of our general analysis of solutions with a Gibbons-
Hawking base space, this solution has K = 1 and L = M = w = 0. Note that K/H is not

constant, so this solution has G+ # 0.
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For AdSs x S?, the Killing vector V constructed from the general Killing spinor turns out
to be rather complicated, but it is possible to proceed by trial and error. First, note that we
can rotate S? and normalize the spinor so that f = cosf. Now the solution can be massaged

into timelike form by writing AdSs in a form with F = R/2r (as discussed above):

2 2 r R, R 2 | 2 2
ds* = du®+ 4Edudv — 4—ﬂdr ~ (d9 + sin” Odo ) ,
F = ?R sin 0df A d¢. (5.37)

Letting u = t, v = 2%, ¢ = ¢’ — 2t/ R, the solution can be written

ds? = fA(dt +w)’— f7!

2 32 2
H (dr2 + 7r2d6? + r* sin? 9d¢/2> +H? (dm5 + Mdsﬁ/) ] ;

4r
F o= ?smﬁ (thd0+ gde/\dgﬁ'), (5.38)
where 2r R?%sin? 0 R?cos 6
f = cos®, W= g (d:)s5 + ngb') , H= e (5.39)

The base space is a Gibbons-Hawking solution with a dipole source for H. K has a monopole
source: K = R/2r and L = M = w = 0. Once again, K/H is not constant so this solution has
Gt #0.

It is noteworthy that both of these regular maximally supersymmetric solutions can be cast
in the time-like form using singular hyper-Kahler base spaces. Note also that for both solutions,
the null Killing vector field 9/9v coincides with the triholomorphic Killing vector field 9/0z°.
Both solutions are special cases of the class of timelike solutions given in section B with
L=M=w=0(so f7'!=K?*/H and ws = (K/H) f~!) for which 9/0x° is null.

It was remarked in [42] that AdSs; x S? can be obtained as a limit of the maximally super-
symmetric near horizon geometry of the BMPV black hole discussed in [16]. It is interesting
to see how this works in our framework. The near horizon geometry of BMPV has a flat base
space and G* = 0. In Gibbons-Hawking form, H has a monopole source and f~! and ws are
proportional to H. More generally, consider a solution with Gibbons-Hawking base, f~! = H

and ws = ¢H for some constant c:

ds* = H72dt* +2cH 'dto — (1 — *)o? — H?dx?, o = da® + ydz',
V3

Fo= (—dt Ad(H™Y) + %eijkadei A d:cj) : (5.40)

For ¢® < 1 one can KK reduce on 9/9x° as described in section B (after rescaling co-ordinates).

If ¢ = 1 then 9/0x° is null and this reduction is no longer possible (although the metric remains
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non-degenerate). However, one can introduce new coordinates

t /
t = — 2 = V1 - c22® (5.41)
/—1 — C27 )

and then take the limit ¢ — 1 with ¢ and z% held fixed. This is not the same as setting ¢? = 1

in the original solution. For ¢ — 1 we get

3 . :
ds* = H! (—de5/2 + 2dt'da:5/) — H%dx?, F = %eijkade’ A dx?, (5.42)
which is a solution belonging to the null class with u = 2%, v =/, F = —H and a = 0.8 This

limit must therefore involve a boost. If H has a monopole source then the above procedure

takes the near horizon geometry of BMPV to AdSs; x S? written in null form.

5.3 Maximal Timelike Supersymmetry

We now determine the maximally supersymmetric solutions which are associated with a timelike
killing vector by analysing the Killing spinor equations in the timelike background described in
section 3. We decompose the Killing spinor as € = ¢~ + f 2¢* where 2et = €. Then the

Killing spinor equations may be written as

Ot = ="'V, fe” (5.43)
f2 -
atG_ = F’Y”G—FUE_ (544)
. 1 . .
Viem +wiy'Vfe — §G+,~ﬂje_ — G ive =0 (5.45)
and
_f + gk L TSR S -
V,-e — E(UZG jk’}/] € + §f (Sijka’}/] € + §f V,fe =0 (546)

In the above equations, all spatial indices are with respect to an orthonormal basis with respect
to the base space metric h, and V is the covariant derivative with respect to h.

To proceed, we evaluate the integrability conditions of these equations. First, for maximal
supersymmetry, the integrability condition of (B-44]) and (40 gives

Vi(f2GT0) — FOVifoH G 1y + FoiVifoF Gy + [V f Gy — YV fGTy =0 (5.47)

8The observant reader will notice a discrepancy in the sign of the field strength between this equation and
(I8). This arises because the null solutions have no preferred orientation. The sign can be fixed by x — —x.
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The integrability condition between (B.43)) and (540 is
1
2f
The integrability condition of (E26) is

2,1
= ViVif + 570507V Vf + 3 f2(§G+,~p + G )0 GT ;=0 (5.48)

2 1

Ciqu = f[ - §G+ijG+pq + 1_8G+mnG+mn(5ip5jq - 5jp5iq + Eiqu)] (5-49)

where C'is the Weyl tensor, and the integrability condition of (EZ3) is

— VG + (VifG i = Vi fG i = Vo fG™ i) + (050G 0™ " Vi f — 000G jind™" Vo f)

1 1
+§(V[fG+ij + VifGT 0=V, fGTi) — g(éngJ’imém”an — 684G 0"V f) = 0(5.50)
Let us first investigate the special case Gt = 0. From (549) we immediately conclude that
the base space is flat. In fact, the square of (.49 relates the square of the Weyl tensor of the
base space to the square of GT and hence a maximally supersymmetric solution has flat base

space if, and only if, G = 0. Solving (E48) we find that the two possible solutions are:

f = aor, (5.51)
f = %xmxm:%r2 (5.52)

for o > 0 constant.
We consider first the case f = a. Then (&A0) implies that G~ is covariantly constant. Now

any anti-self-dual two form can be expanded in terms of the standard anti-self-dual complex

structures J = 1d[r?o}] on R* as G~ = A"J® and we deduce that the A" are constants; so
>\i 2
W= 4; o (5.53)
The five-dimensional metric is given by
2 2 AT? s 177,21 2702
ds® = o’ (dt + 1o op)" —a [dr® + r2dSs7) (5.54)

and is the maximally supersymmetric Godel type solution investigated previously.
Let us now consider the case f = %7’2. We introduce a new basis of anti-self-dual two forms
QY = d[r~%0%]. Then writing G~ = A\72Q® we find on substituting into () that the \!

must be constant. Hence 5
ar
The five dimensional spacetime geometry is given by

w =

Nty (5.55)

Oé2

2 2
d52 = I?'A(dt + @)\ O'R)2 - @[d'fj + T2dQ32] (556)
This geometry is the near-horizon geometry of the rotating BMPV five-dimensional black hole

which was shown to be maximally supersymmetric in [T6]. Setting A" = 0 gives AdSy x S°.
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5.3.1 Maximal supersymmetry with G* # 0

If G # 0 then the above equations are much more complicated. Before solving these equations,
it is useful to consider two examples of maximally supersymmetric solutions with G* # 0. Both
examples use a singular hyper-Kahler base, the first a singular version of Eguchi-Hanson and
the second negative mass Taub-NUT. Surprisingly, both examples are related by co-ordinate
transformations to time-like solutions built from a flat base space with G™ = 0. This emphasizes
the point that G is defined with respect to a particular four dimensional base space, which
in turn is defined by a timelike Killing vector constructed from a Killing spinor. For solutions
with maximal supersymmetry it is possible that the extra Killing spinors give rise to a different
timelike Killing vector and hence a different base space, and in this case there will then be no
simple relation between the old and new G™.
Consider first the singular Eguchi-Hanson Solution with base metric on B given by

2 7,2

ds? = Wldr? + = ((0})? + (03)2) + T W (o})? (5.57)

where W =1 + . Take the solution given by (B53)) with 6 = A=~ =0:

2 3

I X o X 3
= e YT el
X - _ X r
Gt = —Zd(r 207, G ~ 68 —(dr nop - §UL No7). (5.58)

It is straightforward to show that all of the integrability conditions given above are satisfied.

The metric is

37\ * 3h % b\ X’
gs? — (7) A dei - (1 + ﬁ) dr? — 2 [(o})? + (02)2 + (03)?] . (5.59)

Now perform a coordinate transformation
dv=dt+ F(r)dr,  d¢' =do+ G(r)dr = o} = o} + G(r)dr, (5.60)

with F and G chosen so that the coefficients of dr? and dr(c3 )’ vanish. The new metric is

3\ 4 rh 2 2 ]
e (B (o Lo s ()] o

Finally, let

5 3\ 2 2
The metric is now
L4 <6_b2)2 p2] a — 2dvdp - (46 + sin? 0y + (A" + cosbdv)’ . (5.63)
N 360" '
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This is clearly AdS, x S? where the radius of the AdS, is given by x/(6b%) and the radius of the
S3 by x/(3b%). Note that r corresponds to the global radial coordinate p, with r = 0 the origin
of AdS,. This contrasts with the description of AdSs x S® with a flat base space, for which 7 is
the horospherical “radial” coordinate.

Our next example has negative mass Taub-NUT as its base space. The solution is given by

setting v = 0, a = —b < 0 in (B60). Explicitly, the base space metric is

o (r=0) , 2 _ g2 142 22 2 (r—1b)
pu— - 4 . 4
ds (T+b)dr + (r* = %) ((og)” + (0%)°) + b(r—b)( 3)? (5.64)
and the solution is given by
a2 _ X (r=5b)(r+b) 4
= ey YTam Goog R
Gt = Xd[(r ) o3, G- =X (r+9) [2bdr A o + (1? — b*)op Aog] . (5.65)

(r —0) 6b (r — b)>

It is straightforward to show that these expressions satisfy the integrability conditions. Surpris-
ingly this solution is just the maximally supersymmetric Godel type solution. To see this we
first note that in going from positive mass parameter Taub-NUT to negative mass Taub-NUT
there is a change of orientation. Hence it is natural to work with right invariant one-forms
rather than left-invariant one-forms. This is simply achieved by interchanging the coordinates
¢ and . If we do this then the metric becomes

812 3 2y?

ds* = 4—X4(7’ — b)2dt* — ﬁ(r — 5b)(r + b)dto} — 0 + b)d 2
22 X 312
= oy rHD((e1)* + (01)%) + 55 (r +b)(r = Th)(01) (5.66)
Let ¢/ = ¢ — (3/x)%*t and r = —b + p?/(8b). The metric becomes
952\ * 80 p? ?
ds? = (?) {dt . (%) ( 121;4) (de/ +cosed¢)]
052\ ~ ,
- (F) [d + 2 (de +sin? 0d? + (d¢ + cos Odap) )} (5.67)

which, after rescaling ¢ and p, is the generalized Godel solution (BZ3) with v = —3/16x.

To proceed with finding the maximally supersymmetric timelike solutions with G # 0 it is
convenient to prove the

Proposition. The hyper-Kahler base space B of the maximally supersymmetric solutions
is Gibbons-Hawking. Moreover, the tri-holomorphic Killing vector is a Killing vector of the

five-dimensional solution.
Proof.
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Using (B41), (B48) and (B200) it follows that
K'= f(G" - 3GV, f (5.68)

satisfies V(;Kj) = 0 and Lxg X () = 0. So if K # 0, as for the negative mass Taub-NUT example
presented in the previous section, it follows that the base space is Gibbons-Hawking. Moreover,
it is clear that Lxf = 0. In order to show that this solution falls into the classification of
Gibbons-Hawking solutions presented previously, we also require Lxw = 0. In fact, it suffices
to show locally that Lxdw = 0. To do this, we note that on contracting (B.47) with f2G™? we
find 2% = f*G*;;G™ is constant; z # 0. Then it is straightforward to see from the integrability

constraints that
52

: 3
fIK(GYy 4+ G yy) = Vi(ﬁf‘?’ — /GG (5.69)
and hence d(igdw) = 0.

It is however also possible that K = 0, as it is for the singular Eguchi-Hanson example
discussed in the previous section. To proceed in this case, we note that K = 0 together with

(E50) implies that f2G~ is covariantly constant. It is then convenient to define
K, = f2G=,V'f . (5.70)

Note that if K vanishes, or f is constant, then the base space must be flat. Hence we shall
consider K # 0. It is straightforward to show that K is a Killing vector. Furthermore, without
loss of generality we have f2G~ = X (1, Next, note that (E48) implies that

Lo g _ 2
5/ VIVif=gf T ta (5.71)

for constant «. Hence we find that

2

aZX-(-l) i z

VZK] - —F ij a

Gty (5.72)

Furthermore, when K = 0 the integrability conditions imply the following useful identities:

1 - 3

w o= —— K, 3G +Gt=—— " dfNK
flaf?+ %) flaf?+ %)
3 1 3 1 2
Gt = Sd—K], G =-—d——K 5.73
2 [af2+;—8 ] 212 [af2+§—8 | (5:73)

To proceed we define the following vector fields;

% f 7 1\¢ f 1\ij
§ = — 1 _Vif =L (xY)iy,
N T Z) [ (o) (Oéf2+f—8)( )V f
2

(0% = (@f?+ )XV (0N = (af + XIS (5T4)
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and we note that K = é(an + f—;)al, SO w = #01 and G~ = d(fo'). In addition, we

1
note that the following constitutes an orthonormal basis of 1-forms;

2 4
af 18 \/7 2 et = \/7 3 (5.75)
and so the metric on the base space is

/ f2 (O‘fZ"‘%)

2
" e+ 2f

(@' + L2 + () (5.76)
where as a consequence of the integrability conditions the o satisfy
dot =0*No®, do*=ac® No', do®=aoct No?. (5.77)

To continue, it is useful to introduce some local co-ordinates. In particular, we find from the
integrability conditions that [.S, K | = 0 and so we can introduce local co-ordinates y and ¢ such
that 5 8

S= K = 5.78
and let the remaining two co-ordinates be 6, . In particular, as S(f) = 1 and K(f) = 0, it

follows that f =y + Q(6,1). Moreover, we note that igo’ = izo? =igo® =0 and igzo' = 2
and therefore we find that Lg((02)? 4 (¢2)?) = L ((0?)? 4+ (¢*)?) = 0. Hence we can write

(6 + (6®)?) = H(6,1)?*(db* + sin® Ode)?)
ol = —d¢+73( L) dap (5.79)

where H, P are constrained by the integrability conditions. In particular, requiring that f2G

be covariantly constant together with the vanishing of the Ricci tensor implies

073 o 2
50 = +H"sind (5.80)
together with
OlogH =1 — oH? (5.81)

where [0 denotes the Laplacian defined with respect to the 2-metric dsy? = df? + sin 0?dy?. It
is convenient to write the metric on the unit 2-sphere in terms of complex co-ordinates Z, Z

where Z = cot e, Z = cot §e";

| 4 ;
d822 = d92 -+ sin 92d'¢2 = dedZ (582)
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then (B8l can be written as (1 + ZZ)zagaZ logH = 1 — a’H?. On setting H = (1 + ZZ)G we

observe that

82
0207

There are therefore three cases to consider. In the first, o = 0 and so G = "7 where F(Z)

logG = —aG? . (5.83)

is holomorphic in Z. Hence, by making a holomorphic co-ordinate transformation, we can set

G = 1 which corresponds to taking H = sin ™2 g, P = F2sin 2 g. The base metric is

f
2 2
——ff —l—ﬁ(gdgb:FQsm drﬁ) +2s1n

(d6? + sin® 0dq)?) (5.84)

l\DIQb

and it is straightforward to show that this metric is Gibbons-Hawking with tri-holomorphic

1

Killing vector which clearly preserves o

%7
In the second case, @ > 0 and so the general solution to the Liouville equation (B83) is

G = a1+ FF)2L zg where F(Z) is holomorphic in Z. So by making a holomorphic

change of co-ordinates we can set H = % which corresponds to P = Fa~'cosfl. The metric on
the base is then

f(af2 )1df2 j;(d92+sir129d2/12) —(af*+ )(3dgz5ZFa LeosOdy)?  (5.85)

2f 18

which is Gibbons-Hawking with tri-holomorphic Killing vector - Wthh preserves o'.

In the last case, a < 0, and so on setting § = —a, the general solution to the Liouville

equation (B83) is G = 71 (F+F) 2L zg where F(Z) is holomorphic in Z. Hence, by making

a holomorphic co-ordinate transformation, we can take H = % Then the base metric
[ sin 6 cos Y

is given by

_f f

23 sin? 6 cos? 1

S (=Bf+ ) df* + (d6” + sin® 0dy*) + ( BF*+ 3d¢ + Pdy)?

(5.86)
On making a change of co-ordinates dfl = sin 6dy together with a shift

27 18)(

oP
where 090 =+ Bsin 6 0052 N

in ¢ this metric can be rewritten as

_f f
23 cos? ¥ 2f

which is Gibbons-Hawking with tri-holomorphic Killing vector % which preserves o!'. Q.E.D.

S(=B+ ) df*+ o= —(d* +dy*) + ( B+ )(3d¢¢6 "tandpdy)? (5.87)

18

5.3.2 Maximally Supersymmetric Gibbons-Hawking Solutions

We have shown that in all cases the base space corresponding to the maximally supersymmetric
timelike solutions is Gibbons-Hawking, and moreover, the tri-holomorphic Killing vector pre-

serves f and w. Hence, these solutions fall into the classification of Gibbons-Hawking solutions
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given in Section 3.7. It remains to examine the constraints imposed on the harmonic functions
H, K, L and M by the integrability conditions.
To proceed, we note that (247) implies that

K L

d(=)Nd(=)=0 5.88
() A () (589)
We shall assume that % is not constant, as if % is constant then G = 0 and the base is flat;
we have already considered these solutions. Hence % =F (%) for some function F; in fact as a

consequence of the harmonicity of L, H and K we have L = SH + vK for constants 3, v. In
addition, it is clear that as K is defined only up to a shift of a multiple of H, we may without
loss of generality set v = 0, and so L = SH. To continue, we note that (B48)) implies that

K g
d(=)NdM + =K) = .
() Ad(M + £ ) =0 (589)
and hence M + gK = H(L£) for some function H to be determined. However (BAR) also forces
‘H to be constant, and so without loss of generality we obtain M = —gK . The remaining

components of (B4F)) together with (249) imply the following constraints of on H and K:

2p0;; = V,V,[HK(BH? + K*)7?]
2x0i; = ViV[(K? = pH?)(BH? + K*)7%] (5.90)
where V denotes the covariant derivative with respect to the flat metric on R3, and
= —(BH*+ K*>) ™' 2HK(BH? — K*)(|[VK]* = B|VH|*) + (K* — 68H*K* + 3*H")VH.VK]
x = (BH*+ K*) ™ (K* - 68H?K* + 3°HY)(|VK|* — B|VH|*) + 8HK(K* — BH*)VH.VK]
(5.91)
Note that (E290) imply that p and x are constant, and it is straightforward to show that p =0
ifft K = 0. Given these constraints, all of the remaining integrability conditions then hold
automatically.
So, setting Y1 = pr? + \iz' + o and Yy = xr? + p;at + «y for \;, o, p;, v constants, (B00)
imply
HEK(BH*+ K*)7 = Y,
(K* - BH*)(BH*+ K*)™? = Y, (5.92)
Hence (B92) fixes H and K according to

K =6H (5.93)



where ¢ satisfies

Ys
R S 94
5 (5.99)
and H is given by
H? = i(/6 +6) 72 = __n (5.95)
Yy S(APY? + YY) '
With these constraints the five-dimensional spacetime geometry is simplified. In particular,
f o= H
~ BH?2+ K2
K
Wy = ﬁ(6H2 + K2)
Vxw = 20(KVH - HVK) . (5.96)
Using these identities, the five-dimensional metric can be written as
ds* = —fldz® — B K(BH? + K*)7'dt + (xi — B K(BH? + K*)~'w,)dx')?
+ BNBH? + K?)7Y(dt + wdz®)? — (BH? + K?)dx? (5.97)
for 0 # 0 and
ds* = H*K~4dt* + 2K 'dt(da® + y,da’) — K2dx> (5.98)
for g = 0.

5.3.3 Classifying the Solutions

We shall neglect cases in which Y5 or Y; vanish, or for which Y5 o Y; as this corresponds to

setting G = 0, which we have already classified. To proceed we shall consider the cases 3 = 0

and 3 # 0 separately; in the following (r, 0, ¢) are standard spherical polar co-ordinates on R3.
If 3 =0 then from (E292) it is clear that there are two possibilities. In the first,

K=m, H = n;x’ (5.99)

for m, n; constants; m # 0 and n; not all vanishing. By changing co-ordinates according as

2t =m713, t = m3t and 2° = m~22° we can without loss of generality set m = 1; hence it is

clear that this solution is the maximally supersymmetric plane wave.

Alternatively, one has

ko oni
K=" A L (5.100)

r r 73

for m, k, n; constants, m # 0. The five dimensional metric can be written as

nsin’é

ds® = m_47’4(ﬁ 4 1 cosf

r2

. V2dt? 4+ 2m~lrdt(da® + (kcos 6 — —)do)
— m2r2(dr? + r*(d6* + sin® 0d¢?)) . (5.101)
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It is then convenient to change co-ordinates as ¢ = ¢ — #t’ ,r=nr',t =n"'t. In these new

co-ordinates the metric is
ds* = m™H(1+k>")dt?+-2m™ ' dt (dx® 4k cos 0d@' ) —m>r'~2dr"? —m? (d6? 4-sin® 0d¢'?) . (5.102)

If k = 0 then this metric is AdS3 x S?. If k # 0 then by a re-scaling of " and 2° we may without
loss of generality set £ = 1, and the curvature invariants of this metric are unchanged from the
case when k = 0.
Next consider the cases when 3 # 0. Then H? and K? can be written as

1 [ Ys - 1

203 45Y12 + Y22 /455/12 Y7
1 Y5 1

2 ] . (5.103)

- +
ﬂwﬁ+ﬁ VABYE £ Y2

It is useful to define Py = /Y5 £+ 2y/—3Y;. Then

H? = ]

K? =

(Pr+P_)* )| Y5 n 1
PEP2 TMABYR+YE T \JABYE+ YP
Hence, if § < 0 then P, are real, and it follows that

] (5.104)

1 1 1
1.1 1
§[Eip_+]’

H =

K = (5.105)

SO P—li must be harmonic. This then implies that there are two sub-cases. In the first

1 n
H=— — K=m--]. 5.106
Vel o =] (5.106)
If there exists a point at which H > 0 and f > 0 then we require fmn > 0. So m and n have
opposite sign, and the Taub-NUT base space has negative mass.

For this solution,

yidr' = \/L—/B cos 0do | widx’ = —4mn~/—f cos Odo (5.107)

and hence the five-dimensional metric is

ds* = —p[dx° + - (mr —n)dt + \/nj_ﬂ cos 0d¢)* — 477:”5 [dt — 4mn/— [ cos Od¢]”
+ égiz[dTQ—k72(d92—ksh129d¢9)]. (5.108)
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By changing co-ordinates as x° = ﬁ(t’ —np), t = dmn/—BY and r = 16%, (ET08) can be

simplified as
ds® = [dt’ + %(dw — cos 0de)]* — [dp* + & (0l92 + sin 02d¢® + (dip — cos 0dp)?)) (5.109)

This is the Godel solution.
In the second sub-case H and K have two poles given by Ry = v/r2 + 2\rcosf + \2

1 'm n m n
H— - K= — 5.110
i tr R, R (5.110)

for A > 0 constant. Again, if there exists a point at which H > 0 and f > 0 then Smn > 0,

so m and n have opposite sign. For this solution, it is most convenient to make the following

changes of co-ordinate:

' = MWR2—1sinf cos¢’ , 2> =IR2—1sin#sin¢’, 2°=ARcost
1 /—
= =t t= Tﬁw (5.111)
and we obtain
1

H = )\\/__ﬁ(R2_00829/)((m+n)R+(n—m)cos@)
1 /
K = )\(Rz_coszel)((m—n)ﬁ’—(m—irn)cosﬁ)
Yidr' = ! ((m +mn)cos R? + (m —n)sin® @' R — (m + n) cos §')d¢’

V—B(R? — cos? 0)
i _ 4mn\/__6 (R2 — 1) /
widr' = — 3 (RZ = cos? 9/>d¢ (5.112)

and defining x by x = ¢’ — we obtain the metric

4mn

1 dR?
ds* = (dt' + Z(m_1 +n"Mcos@dy + (m —n)Rdy)* + 4mn(R2R_ Tt (d6')?)
Loy 2 2 2
+ —sin 0'(dy)* + 4mn(R* — 1)dx” . (5.113)
Next consider the case when 3 > 0. Then P. are complex and
1 1 1 1 1
H = ——|= — 5] =—=m(=
5 Tﬂ[P— P+] NG ()
1.1 1 1
K = = 114
55 +P+] Re(5-) - (5.114)
Write P_ = /71r2 + Q;at + v where 7, ; and v are generically complex constants. Requiring
that 5- be harmonic imposes the constraint 7v — (03 + Q3 + Q3) = 0. There are again two

sub-cases.
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In the first, 7 # 0 and by making appropriate real shifts and rotations we can set

P_ = (V712 + 2idrcosf — \2 (5.115)

for ¢ € C/{0} constant, and A > 0 a real constant. Note that if i € R then the harmonic
function H corresponds to a singular Eguchi-Hanson base space. For this solution it is convenient

to change coordinates as

' = MWR2+1sin€ cos¢’ , x°=IV/R2+1sinfsing’, 2*>= ARcost

5 _ %w, 1= V0, (5.116)

v A
so that, on setting ( = a +ib for a,b € R, P = (A\(R+icos#') and

1 1

H = - N, K= _ '
VAP +cos g e 0) s B = ey oy P
i 1 ) L
Wt = o gy SV R asit R —beost)dg

VB (R*+1)
AIC|? (R? 4 cos? 6)

w;dx’

d¢’ (5.117)

and on defining ¢’ by ¢’ = ¢’ + |(|?« the five dimensional geometry is given by

ds* = —(dy+bcosf'da — %dt’)2 + #(H2 + 1)(dt')?
2
- L( ar + (d0')?) — |¢|*sin® €' (der)? . (5.118)

I R2+1

In the second sub-case, 7 = 0 and without loss of generality we can set
P_=(Vrsinfes (5.119)

for ¢ € C/{0} constant. By making a rotation, we can take ¢ € R/{0}. The metric for this case
is given by taking

1 sin? 1 [0) ;
H = ————2_ K=————cos—, ot = —(2 ot Odr |
CVB\/rsind (Vrsinf 2 “ B g
, o s ¢ : .
xidx' = — r2(sinf) 2( cos =df + sinf cos fsin =d¢) . 5.120
—=r(sind) con ° ) (5120)

In fact this solution is once more the maximally supersymmetric plane wave. To see this first
note that by examining HK(BH? + K?)~2 it is clear that this solution has p = 0 and hence
corresponds to one of the degenerate cases (B84)), (E8AH) or (E87) for which K = 0 as discussed

previously. Moreover, the Ricci scalar of the five-dimensional geometry vanishes, and so the
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solution must correspond to (B84), as this is the only case for which the Ricci scalar vanishes.

Hence the five-dimensional geometry is given by

2 _ g2 .z RN

ds® = f(dt—|—6f2(3dq5+2sm 2d1p))
2

z

9 0
- FSrd @(gdqs + 2500~ Zdy)? +

0
gsin_4§(d92 + sin? Odwp?)] . (5.121)
This metric is however equivalent to that given in (E35) under the co-ordinate transformation
_zo1 .2 0 3 _ 0 o _ 37 5_ 2 . : . :
f=3r, 1" = V2 cot 5 CO8Y , 17 = V2 cot 5siny, t = 2t and x° = ¢ —1) with the identification
w = (—2,0,0) with respect to Cartesian co-ordinates z', 22, 2®. Hence the solution is the

maximally supersymmetric plane wave.

5.4 Summary

In this section we have determined the most general solutions preserving maximal supersym-
metry. We analysed the solutions that exist in the null class and the timelike class separately.
In the null class we found flat space, the plane wave and AdS; x S? and we subsequently saw
that each of these also arise in the timelike class. The base space of the timelike class is always
of Gibbons-Hawking (GH) type. Ignoring flat space, let us summarise our findings:

e Plane wave: this is in the null class and also in the time-like class, where it arises with
a smeared Taub-NUT base space (see (299)). It also arose with the GH base space given in
(E120); it would be interesting to check whether or not this base space is distinct from smeared
Taub-NUT.

e AdS; x S?%: this is in the null class and also arises in the timelike class with a GH base
with a dipole source (E35).

o AdS; x S3: this has two timelike forms with base space given by flat space or singular
negative Eguchi Hanson (see discussion following (B51)).

e Generalised Godel: this has two timelike forms with base space given by flat space or
negative mass Taub-NUT (see the discussion following (B64)).

e Near Horizon BMPV: this has a timelike form with flat base space.

In addition the timelike analysis revealed three more geometries with GH base spaces given in
(E102) with £ # 0, (BI13) and (BII8). It seems plausible to us that these are all related to the
BMPYV solution. Strictly speaking we analysed necessary conditions for maximal supersymmetry
and to confirm that these three geometries are indeed maximally supersymmetric solutions, one
either needs to find a coordinate transformation confirming that they are indeed the BMPV
solution, or perhaps another maximally supersymmetric solution listed above, all of which are

known to be explicitly supersymmetric, or alternatively exhibit the Killing spinors directly.
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6 (G-Structures

We have obtained simple forms for all bosonic solutions of minimal D = 5 supergravity that
preserve some supersymmetry. Following [I2, [[3], our method can be related to the notion of
G-structures. Recall that a G-structure is a reduction of the principal frame bundle F' with
structure group GL(n,R), to a subbundle P with structure group G (see eg [47]). Typically such
a reduction is equivalent to the existence of certain globally defined tensors which are invariant
under the group G and it is often convenient to refer to this set of tensors when talking about
a G-structure. In the present setting we assume that the D = 5 manifold has a Lorentzian
metric g and a spin structure and hence generically has a Spin(1,4) structure. The existence
of a globally defined Killing spinor €, with isotropy group G C Spin(1,4), gives rise to a G-
structure. In particular, various G-invariant tensors can be formed from bilinears in the Killing
spinor and these are equivalent to a G-structure.

There are two maximal subgroups of Spin(1,4) that leave a spinor invariant [46]. They are
characterised by whether the corresponding vector built from the spinor is time-like or null. In
the former case the subgroup is SU(2) while in the latter case it is R3. In other words for the
supersymmetric solutions admitting a Killing spinor giving rise to a time-like Killing vector the
D=5 geometry admits an SU(2) structure while if it gives rise to a null killing vector it gives rise
to an R3 structure. In each case the G-structures are characterised by the algebraic properties
satisfied by the metric g, the vector V and the two forms X*, which we derived in section 2.

Actually, we should be a little more precise. In the null case, the vector is null everywhere
and hence the R? structure is indeed globally defined. However, in the timelike case the vector
can become null, for example at the horizon of a black hole. Our analysis in section 2 was
based on a neighbourhood where K was timelike. In this topologically trivial neighbourhood
the Killing spinor defines an SU(2) structure. This fact in itself is rather trivial since locally
the frame bundle can always be trivialised. However, the Killing spinor defines a privileged
SU(2) structure satisfying certain differential conditions which are not trivial and in fact allow
one to deduce the local form of the solution. The full solution can then be obtained by analytic
continuation. Note that outside of regions where K becomes null it defines a global SU(2)
structure.

Following [46], these structures can be seen rather explicitly by exploiting the isomorphism
Spin(1,4) ~ Sp(1,1). We realize Spin(4,1) as 2 x 2 quaternionic matrices A that satisfy
ATQA = @), where

10
©= ( 0 —1 ) '

The spinors are identified with vectors in H? and the action on spinors is just given by matrix
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multiplication, A - s = As. The two types of spinors together with the stabilizer groups are:

s = ( 1 ) with stabilizer G = {( ! j]— 1 1__qq )’ q€ ImH} ~ R? (6.1)
and,
s= (") withstabilizer G ={( 1 Y gesp)} ~sv). (6.2)
0 0 ¢

t . . .
We can identify R*! with matrices of the form m = ( ~ ) , with ¢ = o1 +ixe + jas+kxy € H.

LS

The norm of a vector is then given by det(m) = t*> — qg. Given a spinor s = ( Z ) we can

construct a vector V(s) by:

pp+qq =~
pq
V(s) = ( q% brtas ) - (6.3)

Using this explicit construction we see that the spinors with stabilizer SU(2) give timelike
vectors, while the ones with R? give null vectors.

Lets consider first the timelike spinors which define an SU(2)-structure. Let gy = dt? —
S°1 | da? be the standard Minkowski metric on R*! and let,

Vo = 0O

XV = da'? — da

X = do'® + da*

Xé?’) = da" —da* . (6.4)

The subgroup of Spin(1,4) that leaves (go, Vb, X V) invariant is SU(2), C SU(2), x SU(2)p ~
SO(4) C Spin(1,4). The three forms Xé define an almost hyper-Kéhler structure on the
space transverse to the orbits of the vector V5. A five dimensional manifold M is said to
admit an SU(2)-structure if there exists a non-degenerate metric g, a vector V' and three one
forms X such that at each point p there is a map « : T,M — R*! under which (g,V, X @)
are identified with (go, Vo, X(g ). Using these tensors one can consistently reduce the structure
group to SU(2).

Let us now discuss the null case. We saw above that we have an R?® structure in this case.

Consider the metric gy = 2dztdx™ — daz'dz’ on R*! and let:

Vo = 04
Xo(i) = do~ Adz' . (6.5)

A five dimensional manifold M is said to admit an R® structure if there exist (g,V, X®) such
that at each point p there exists a map « : T,M — R*! under which (g, V, X)) are identified
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with (go, Vo, X3”). The action of a' € R® on T*R is given by:

!

de™ = dxz~
det' = dat +r?daT +V2d'dat
dz’ = da' 4+ V2a'dx~ (6.6)

2 = a'a’. Given this explicit action it is clear that (go, Vo, X{) are left invariant under

where r
the action of R and thus form an R? structure.

The G-structures of interest here can be classified by taking the covariant derivative of the
tensors defining the G-structure with respect to Levi-Civita connection and then decomposing
into G-modules. Such a decomposition defines the intrinsic torsion of the G-structure. For
example, if all of the G-modules vanish, which is equivalent to the tensors defining the G-
structure being covariantly constant, then the Levi-Civita connection has holonomy contained
in GG. This is what occurs in the D=5 supersymmetric solutions for vanishing field strength:
R? and SU(2) holonomy for the null and timelike cases, respectively. When the field strength
is non-vanishing the R? and SU(2) structures are more general and their type is specified by
the differential conditions imposed upon the tensors that we derived using the Killing spinor
equation in section 2. For example, the vector V in both cases is not arbitrary but must
be a Killing vector and, for the time-like case, the almost hyper-Kéhler structure is actually
integrable.

Since we were able to fully characterize the supersymmetric configurations by the condi-
tions imposed on the tensors g, V, X* we conclude that the types of G-structure that arise in
each case provide both necessary and sufficient conditions for the existence of supersymmetric
configurations of D = 5 minimal supergravity. This was also true for the class of solutions of

D = 10 supergravity discussed in [12, [13].

7 The Godel solution in D = 11 supergravity

All of the solutions of N = 1, D = 5 supergravity can be uplifted on a flat six space to
obtain solutions of D = 11 supergravity. Perhaps the most surprising solution that we found is
the maximally supersymmetric Godel solution. Uplifting it to D = 11 gives another surprise:
naively one would have expected it to still preserve 8 supersymmetries but in fact it preserves
20 supersymmetries.

The solution in D = 11 can be written

ds®* = —(dt +w)* + ds*(E*) + ds*(E°)
F = 7JAK (7.1)
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where J, K are Kihler forms on E*, E®, respectively given by

J = dx* ANdx® + dad A dat

= da® Nda® + da” A da® + da® A dat (7.2)
and
W= %(—xzd:cl + 2tda? — 2tda® + 2da?) (7.3)
and hence
dw=~J . (7.4)

It is straightforward to show that this solves the equations of motion given by

1 01020,
R, — E(FWNNBFV 102098 Egquz) =0
1
d*F+§F/\F = 0 (7.5)
where €p1234567304 = 1. To determine the amount of supersymmetry we first note that the

conventions we are using have ['g193456780s = 1 and hence the Killing spinor equation is given by
1
V;LE + @[Dmﬁuzuam _ 85;1FV2V3V4]FV1V2V3V45 =0. (76)

Next introduce the obvious orthonormal frame: (dt +w), dz’, dz® withi =1,2,3,4,a =5,...,f.
It is useful to introduce spinors with three upper indices, €, each taking the value + which

specify the chirality with respect to I'sgrs, I'7gey and I'gse:

Tserge™ = £
F789ﬁ€.i. = :tE.:t.
F056€“i = :i:Eni . (77)

We then find that the following constant chiral spinors are killing spinors:

e et e (7.8)
In addition

e=0"""+ (1 —4Jyz' T~ (7.9)
for constant ==, 6~~~ are also Killing spinors. There are no other Killing spinors. Hence the

solution admits precisely 20 Killing spinors corresponding to 5/8 supersymmetry.
The solution has topology R and has closed time-like curves. Note that one can dimension-
ally reduce this solution on the 2! direction to obtain a type ITA solution and then T-dualise to

obtain a type IIB solution each of which preserves 20 supersymmetries. These solutions would
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involve Ramond-Ramond fields but their simplicity and high degree of symmetry suggests that
it might be interesting to study string propagation in these backgrounds.

It is interesting to note that Godel-like solutions of string theory have been obtained before.
A class of exact string backgrounds with vanishing Ramond-Ramond fields was obtained in
[A8]. One of these solutions (equation 4.11) was interpreted as a rotating universe. String
quantization in this background was studied in [49, K0]. Surprisingly, it was not noticed in any
of these papers that the solution contains closed timelike curves or that it describes a Godel-like

solution.

8 Discussion

We have shown that any supersymmetric solution of minimal N = 1, D = 5 supergravity can
be written in one of two simple forms. Solutions with Killing spinors giving rise to timelike
vectors have SU(2) structures while those giving rise to null Killing vectors have R3-structures.
We have also determined the most general solutions preserving maximal supersymmetry. We
have presented many new solutions but reasons of space have prevented us from analyzing most
of them in any depth. It is obviously desirable to study our solutions more carefully to see if
they contain any further surprises.

Our work generalizes the analysis of Tod [d] on the minimal N = 2, D = 4 theory, which can
be obtained via dimensional reduction and truncation. The obvious next step is to undertake a
similar analysis of the minimal N = 1, D = 6 supergravity theory, which also has 8 supercharges.
In D = 4, all solutions could be obtained in explicit form but in D = 5 this is only possible in
the null case, with the timelike case involving an arbitrary hyper-Kahler manifold. In D = 6
there is only a null case [46] and this seems to lead to the supersymmetric solutions exhibiting
SU(2) x R* structures. It will be interesting to see if integrable hyper-Kihler structures appear
or whether something more general happens.

It would also be interesting to know the extent to which the method can be extended to
non-minimal theories. Tod examined the minimal N = 4, D = 4 theory [I)] (which is non-
minimal in N = 2 language) but was unable to find all solutions, or provide (as we have) a
simple algorithm for constructing solutions. However, since minimal N = 1, D = 5 reduces to
minimal N = 2, D = 4 coupled to a vector multiplet, our results show that the latter theory
must be tractable. Indeed, it is natural to conjecture that the dimensional reduction of our
solutions with Gibbons-Hawking base space gives the entire timelike class of this D = 4 theory.
The tractability of this theory suggests examining the general case of minimal N = 2, D =4
coupled to arbitrarily many vector multiplets.

Gauged supergravities play an important role in the AdS/CFT correspondence, so a full
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understanding of the supersymmetric solutions of these theories is clearly desirable. As far as
we know, no-one has examined this problem even for the simplest case of minimal N = 2,
D = 4 gauged supergravity. We expect that this theory and the minimal N =1, D = 5 gauged
supergravity can both be analyzed using the techniques presented in this paper.

Our interest in understanding the general supersymmetric solutions of a higher dimensional
supergravity theory was motivated in part by a desire to know whether there exist exotic
supersymmetric black holes in five dimensions. Although we have not found any such solutions,
our general solution is sufficiently complicated that it is not obvious that such solutions do not
exist. It is clearly desirable to have a uniqueness theorem for supersymmetric black holes in
order to justify the assumptions made in the black hole entropy calculations.” For the minimal
N = 1, D = 5 theory, proving black hole uniqueness would involve showing that the only
black hole solution belonging to our general solution is the BMPV solution. A first step might
be to use asymptotic flatness to constrain the base space to be asymptotically Euclidean and
therefore flat, if complete [51]. However, as we have seen, there is no reason to suppose that
the base space has to be complete and once one permits incomplete metrics, there are many
asymptotically Euclidean hyper-Kahler manifolds.

It is interesting that the maximally supersymmetric Godel type solution of D = 5 supergrav-
ity lifts to a solution of D = 11 supergravity that preserves 20 supersymmetries. The simplicity
of the solution suggests that there may well be other similar solutions preserving exotic frac-
tions of supersymmetry. Of course the solution does have closed time like curves and thus its
interpretation is not clear. More generally, one of the conclusions of the work presented here
is that closed time-like curves are a commonplace amongst supersymmetric solutions. Perhaps
there is a good reason why such solutions are not relevant in M-theory. On the other hand

maybe they have a novel dual description waiting to be discovered.
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non-extremal, the usual uniqueness theorems apply so this problem may not be of great physical interest, in
contrast with the higher dimensional case.

95



A Conventions

We shall essentially use the conventions of [T1], but it should be noted that unlike that reference
our spinors are commuting spinors, throughout. The metric has signature (+,—, —, —, —).
Tangent space indices will be denoted «, (... and curved indices by u,v,.... The gamma

matrices obey
{Va: 8} = 21as (A1)
and satisfy
()" = 7* = 10770 (A.2)
The antisymmetrization of five gamma matrices is given by

YapByde = €aprdes (A3>

where €01234 — 601234 = +1.

We use symplectic Majorana spinors €2, a = 1, 2, which are defined as follows. First let
€0 = Eap€', (A.4)

where €., is antisymmetric with €5 = 1. It is convenient to introduce € such that €' = 1.
Now define
& = e,10. (A.5)

The symplectic Majorana condition is
& =, (A.6)
where the charge conjugation matrix is real and antisymmetric and satisfies
C1C7 =70 (A7)

Note that
@Ea’7a1---amxb = _Xb'yam---mwaa (A8)

Given a spinor €, one can construct bosonic quantities

X8 = € Yarap€ - (A.9)
These quantities obey
Xgllj ap _Xza @ (AlO)
..Qp DO

as a consequence of equation ([A.§). Furthermore,

<X“b )* = €600 X (A.11)

aq...0p aq...0p°
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The Fierz identity is given by:

1 1
€1€2€3€64 = 1 <€1€4€3€2 + E170€1E37" €q — 551701664537&562) . (A.12)

Most of the algebraic identities we recorded in section 2 were obtained by using the Fierz identity
with & = €, €5 = €%, €3 = € and then setting in turn ¢, = €®, v,¢* and ’ya5€b. The remaining
identites were obtained using €, = €2, €, = Y,€?, €3 = € and ¢, = vgeb.

In various places we parametrise the 3-sphere SU(2) by Euler angles (6, ¢, ) with ranges
0<0<m0<¢<2rand0 <1 <4r. The detailed parametrisation we use is described in
more detail in Appendix A of [53]. The left-invariant or “right” one-forms on SU(2) are given
by

ot = —sinvydf + cost)sin Odo
ot = cosdf + sin ) sin Ode
ot = dip 4 cosfdo (A.13)

The right-invariant or “left” one-forms are given by

ol = sin¢df — cos ¢ sin Od)

oY = cospdf + sin ¢ sin Odip

oy = d¢+ cosfdy. (A.14)
The superscript R (L) refers to the fact that the left (right) invariant one forms are dual to left

(right) invariant vector fields &7 (¢5) which generate right (left) group actions. We will also
refer to £ as a right vector field and to &F as a left vector field. The right vector fields are

given by
i cos 1
¢ = —cotfcos YOy — sin 0y + p— O
. sin ¢
& = —cotfsinydy + cospdy + o O
& = 0, (A15)
and the left vector fields by
¢ = —:;g)aw + sin ¢dy + cot 8 cos P,
— lerrllqgaw + cos 0y — cot 0 sin g0,
¥o= 0y (A.16)
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B Integrability condition

We record here an integrability condition obtained from the Killing spinor equation. Taking the

second covariant derivative of the Killing spinor equation and anti-symmetrising we obtain:

V[PVME 4\/— (V[Mulm + 47V15E3)VP}FV1V2E
1 140% 1% 14 g10 (o} (o)
+ 48 =" + 4y 15[;)(’71)} 7+ dy 15p]2)Fu1Vchr102€ (B.1)
and hence
1 1/11/2 1 viv2 vy SV2
Rp/wwﬂ = _—(7[u + 4y 5[H)VP]FV1V2€

8 44/3

1
+ 48( —2F%y,, —AF2 "+ AF 0Ny 4 12F,, Fjy

+ 4F1/1V2Fl/3p7/1,/1y2y3 - 4FI/1V2FV3LL’VPV1V2V3)E (B2)

where F? = F,, F" and F/fu = F,,F,°. Now contracting both sides of this equation with +*
and using the Bianchi identity R, = 0 we deduce the integrability condition:

1
0 = (Rpu+ 2(F5u - ggpuﬁa))”y%

1 2
— — |*(d*xF+—=FANF 200, — Vou )€
\/g ( \/g ) (gp fyp)

- 6\/7 V1V2V3 (7 v — 65:17112”3)6 (B?))

If we assume that a configuration admits Killing spinors and satisfies the equation of motion

and the Bianchi identity for F' we conclude that
Eye=0 (B.4)
where £/, = 0 is equivalent to the Einstein equations. If we hit this with € we deduce that
E,VY=0 (B.5)
On the other hand if we hit it with £,,7” we conclude that

E.ES =0 no sum on g (B.6)
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