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Abstract

This thesis reports the use of computational fluid dynamics (CFD) to investigate 

geometrical effects on flows in idealised non-branching double curved geometries 

(Study A) and in realistic distal anastomoses where geometries have been determined 

in vivo using magnetic resonance imaging (Study B).

The purpose of this research is to improve understanding of the effects of geometri

cal configurations, especially curvature and non-planarity, on steady flow in idealised 

non-branching double curved geometries typical of arteries such as the aortic arch, 

the right coronary artery or the femoral arteries and on pulsatile flow in realistic 

distal anastomosis geometries. It is explained that the further knowledge gained 

from these idealised geometries can be useful to understand flows in anatomically 

correct geometries in order to optimise the design of end-to-side bypass graft vessels 

in clinical surgery.

In the Study A, three-dimensional computations of steady flows in planar and 

non-planar double bends with 8 = 0.25 (curvature ratio) at Reynolds numbers of 

125 and 500 were performed using the Navier-Stokes solver called Nektar that is 

based on spectral/hp element methods. The numerical haemodynamics analysis is 

presented in terms of the various mechanical factors which primarily involve axial 

velocity, transverse flows, vorticity, coherent vortical structure and wall shear stress. 

From these results, we can anticipate the wall shear stress distributions and sec

ondary flow patterns in various double bend geometries with different non-planarity 

at low Reynolds numbers. Non-planarity plays a significant role on the wall shear 

stress distribution and the mixing properties of flow in the double bends , both of 

which are believed to be important factors for the patency of bypass grafts.



In the Study B, Three sets of MRI data from patients undergoing turnelled or 

superficial femoral bypass surgery were proeessed to give input velocity waveforms 

and geometries. From the latter and using the same Navier Stokes solver, detailed 

patient-specific pulsatile haemodynamics were calculated. Wall shear stress and 

velocity are influenced by the anatomical geometry, and wall shear stress distribu

tions in pulsatile flow are compared with those in steady flow. The correlation is 

discussed between the haemodynamics and the remodelling of the vessel following 

bypass surgery determined in follow-up studies carried out a few months or a few 

years later. The results suggest that better designs should be possible for bypass 

grafts and indicate how inflow conditions can affect the flow field. The findings 

imply that proper anastomotical configurations might, induce haemodynamics en

vironments that may prevent cardiovascular disorders or delay the progression of 

vascular disease.
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Chapter 1

Introduction: m edical background 

and aims of this study

In this chapter, section 1.1 introduces vascular diseases and a common treatment, 

bypass graft surgery. Section 1.2 describes previous work in two categories in terms 

of flows in non-branching models or in branching models. The need for further 

investigation and the aims and contributions of this study are also discussed in this 

section.

1.1 Background : vascular diseases & treatm ents

Cardiovascular disease is the primary cause of morbidity and mortality in the 

western world [9]. Atherosclerosis occurring in the arteries supplying blood to the 

heart is a major cause of heart damage. Over 270,000 people in UK suffer from 

heart attack every year as British heart foundation reported. In addition, the most 

frequent symptom of peripheral arterial disease arising from atherosclerotic lesions 

is intermittent claudication. Population based studies have shown that 4% of those 

aged over 55 years experience claudication symptoms and asymptomatic disease is 

evident in a further 25% [10].

The progress of these significant arterial disease is tha t arteries become nar

rowed typically because of a build-up of fatty deposits. The disorder begins with



the accumulation of excess fats and cholesterol in the arterial wall. These substances 

infiltrate the walls of the arteries, gradually forming deposits called atheroma, or 

plaques. Over time, plaques can build up to form masses that impede blood flow. 

Atherosclerosis can occur anywhere in arterial geometries but is particularly preva

lent on the inner wall of curved arteries and the outer wall of bifurcations. An 

example of the location of atherosclerosis is clearly seen in the MR Image of F igure  

1.1. It is broadly accepted that most major cardiovascular events and peripheral 

arterial diseases are the result of atherosclerotic plaques.

Figure 1.1: The location of a stenosis due to atherosclerosis in an artery

Smoking [11], obesity, diet, drinking, diabetes [12] and renal failure [13] are ex

amples of systemic risk factors implicated in the development of atherosclerosis or 

re-stenoses. Among various risk factors, the concentration of cholesterol in blood has 

been considered the most important factor since the plaques are rich in lipid [14-16] 

and this has been studied experimentally in various animals by feeding them with 

a diet containing cholesterol [17, 18]. Other researches found that many patients 

suffering from atherosclerosis had normal levels of cholesterol. There are still doubts 

about how much cholesterol is involved in the genesis and development of atheroscle

rosis. However, there is another significant issue which cannot be explained by 

considering only lipid metabolism, that is the localization of atherosclerotic lesions 

in a human vessel. It is broadly accepted that local haemodynamic factors play a 

critical role in conjunction with systemic risk factors to produce localised disease,
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genesis, development and distribution of arterial disease. Further, it is important to 

understand fluid dynamics factors such as flow behaviour, velocity patterns and wall 

shear stress. These haemodynamic factors have been proposed as factors regulating 

blood vessel structure and influencing development of vascular pathology such as 

atherosclerosis aneurysms. Many researchers also have investigated pressure, veloc

ity distributions, velocity gradient and the influence of steady and unsteady shear 

stresses and the gradient of wall shear stress on the wall or on the blood cell in 

vascular configurations [19-21]. These mechanical factors are involved in the de

position of lipids, a cause of atherosclerosis. There seems to be general agreement 

that wall shear stress affects the development of atherosclerosis, however there is 

still uncertainty about the exact mechanism. Hypotheses include: a low levels of 

wall shear stress are atherogenic [20, 22]; others suggest the gradient or the level of 

oscillation of wall shear stress are atherogenic, while others believe that high shear 

stress can damage the endothelium leading to atherosclerosis [23, 24]. It has also 

been reported that high wall shear stress may be an influence on initiation of the 

disease in the very young, but that low wall shear stress may be an influence in 

adults [25-27].

Atherosclerotic lesions that can cause fatal arterial stenoses, critical ischaemia are 

commonly treated with surgical bypass grafts. Vascular bypass grafting is a surgical 

technique tha t enables the restoration of blood flow in diseased or blocked vessels 

by bypassing from above an occlusion to below as shown in F ig u re  1.2. The type 

of bypass operation that a patient requires depends on the severity and anatomi

cal extent of the occlusive disease. A bypass operation is named according to the 

anatomical names of the inflow and outflow arteries: for example, an aortobifemoral 

bypass is a graft whose inflow is the abdominal aorta and whose outflow is two 

limbs tha t go to each of the common femoral arteries in the upper thigh. There are 

two broad groups of bypass operations: 1. Anatomic - where the bypass graft runs 

alongside the affected arteries by turnelled techniques (e.g. aortobifemoral bypass). 

2. Extra-anatomic - where the bypass graft runs where there is no normal artery not 

in the anatomic plane by superficial techniques (e.g. axillobifemoral bypass). The
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type of bypass procedure also determines what type of bypass graft material among 

synthetic vessels and autologous veins is appropriate. In this research, the bypass 

conduits are autologous veins such as the saphenous or cephalic veins or synthetic 
material grafts.

There has been increasing awareness and understanding of the behaviour of pe- 

lipheral arteiial bypass grafts. This has led to the introduction of new materials and 

techniques that strive for higher long-term patency rates for prosthetic and autolo

gous graft conduits. Nevertheless, there still remains a significant rate of failure in 

autologous vein grafting that is associated with considerable morbidity and mortal

ity [28, 29]. Graft failure within the first few post-operative weeks is accounted for 

by poor patient selection 01 poor surgical technique. However subsequent failure is 

due to the development of myointimal hyperplasia (MIH) and later, atherosclerotic 

degeneration. The causes of the re-stenosis can be explained in association with the 
haemodynamic factors.

Figure 1.2: A right femoral by-pass graft (a) Location of femoral bypass 
giaft, (b) Operative appearance of the distal anastomosis, (c) Three dimen
sional post-operative (1 week) reconstruction of the distal anastomosis at
http://www.ae.ic.ac.uk/staff/sherwin/Smiths/Casel8/index.html
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1.2 L iterature rev iew  & need  for further in vesti

gation

Figure 1.3: The vascular system [1]

Vascular geometry is characterised by curvature, non-planarity and bifurcations 

as highlighted b\ Figure 1.3. In earlier studies, vessels were generally modelled by 

straight or simple planar curved tubes. Previous work on the motion of blood flow 

in vessels can be divided into the following three categories: (1) steady and unsteady 

flows in non-branching vessel models, (2) flows in branching vessel models.
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1 .2 .1  F lo w s in  n o n -b ra n ch in g  v e sse l m o d e ls

•S tead y flow

The effect of curvature was originally investigated for steady and laminar flow 

motion through a planar curved pipe [6, 30, 31] theoretically by Dean and exper

imentally by John [32, 33]. Dean gave formulations for fully developed flow for a 

loosely coiled pipe in terms of following equations [31]:

vV “ Y M  = i + (11)

where

2 . 1 /  T d T d \ _ o T „ cosa \  /iriX
- V j ^  +  -  i 4V—  -  J =  -2 a ; (sinau;r H-----— u;QJ (l-2)

V72 _  92 i l 8 i l d2 _ l 84< _ d'i j  V74v i -  Wi + +  ;*a^> u -  V -  —w  and Vj d2 , 1 8 . ,  
d?* ^  7 d r  "r

a d 2 
r^  da2

This report established that the relationship between pressure gradient and rate 

of flow through a curved pipe is not dependent on curvature. Dean proposed that the 

dimensionless number K, which is now known as the Dean number, is a measure of 

magnitude of the secondary flow [31]. Steady flow is characterised by the Reynolds 

number and Dean number, which relates the Reynolds number to the curvature 

ratio, the ratio of tube radius to radius of curvature.

K  =
2W$az 

iAR
(1.3)

where Wo is defined only as a constant having the dimensions of a velocity, a is the 

radius of bend, R  is the radius of curvature of bend and v is the kinematic viscosity. 

Namely, the original Dean number is proportional to the square of Re (centrifugal 

force and inertial force to viscous force). It is normally defined in the following form:

Dean No. (K) = 2^ R e 2m 
R

Where Rem is the Reynolds number based on mean flow and diameter. In general, 

the bigger the Dean number, the greater the distortion of the secondary streamlines 

[34]. There are confusions of the definition of Dean number in the literature, many
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Dean numbers have been defined for mathematical simplicity, for example. Another 

common alternative Dean number k is defined by Berger et al. (1983) [24] as

where Wq is the mean axial velocity in the pipe, k — (2A )1/2, when Wo =  Wo is 

taken. Despite of the many alternative definitions, in this study the original Dean 

number of Equation (1.3) was used.

Following Dean, other researchers have been carried out analysis for three-dimensional 

laminar flow through planar circular pipes with particular variations of curvature. 

Greenspan (1973) showed that the axial peak velocity moves further towards the 

outer wall of the tube as the Dean number increases [35]. He found that the di

rection of the core of the secondary flow streamlines is clockwise about the tube 

centreline up to D=500 and then for increasing D moves anticlockwise. Other au

thors have reported various numerical and experimental studies for a planar double 

reverse curved arterial geometry to suggest that lesion location at the inner curva

ture may be associated with secondary flows near the inner curvature [36-39].

While most previous works, however, assumed flows to be planar, in fact flows in 

vessels are commonly non-planar and three-dimensional. There has been a growing 

belief that the non-planarity of blood vessels can have a major influence on local 

haemodynamics in circulatory flows. As Caro et al. 1996 described in their literature 

review, many investigators have focused on the influence of non-planarity on flows in 

specific arterial locations: aortic arch [22, 40-45], branching of superficial coronary 

arteries [46-48], bifurcation of aorta [49], branching of femoral artery [50], distal 

femoral artery [4, 51], non-planar bifurcations [52, 53] and carotid siphon [54]. 

These studies represented the distribution of flow and wall shear stress in non-planar 

geometries and suggested that there is greater mixing and a circumferentially more 

uniform wall shear with a  non-planar than a planar geometry. Table 1.1 shows the
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previous studies of flows in double bend geometries. The results from this study are 

discussed and compared with the previous studies in Table 1.1 in Chapter 4.

Investigator Method curvature ratio Re inlet flow
Back(1988) f [36] E 0.02 - 0.03 192 - 580 parabolic
Back(1988)f [37] E 0.02 - 0.03 110 - 470 (Rep) pulsatile
Banerjee(1993)f [38] N 0.02 - 0.03 192 - 860 (Rep) parabolic
Hoogstraten(1996)f [55] N 0.077 120-960 (Rem) parabolic
Wada(2003) $ [56] N 0.054 250 (Rem) parabolic
Pitt(2005)f [57] N 0.25 125-500 (Rem) parabolic
Pitt(2005)f [57] N 0.25 250 (Rem) pulsatile
Present study(2006)]: N 0.25 125-500 (Rem) parabolic

Table 1.1: Previous studies ol flow in double bend geometries, f planar double 
bends, J non-planar double bends, E denotes experimental and N denotes numerical 
researches, Rem is the Reynolds number based on mean velocity and Rep is the 
Reynolds number based on peak velocity.

Figure 1.4: Reconstructed two double bend shaped bypass graft geometries caused 
by the occlusion of the proximal host vessel in the study of bypass grafts seen at 
www.ae.ic.ac.uk/staff/sherwin/Smiths.
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•U nsteady flow

Time-dependent flows are referred to either as oscillatory or pulsatile, depending 

on absence or presence of a mean flow. Womersley showed that the variation in 

velocity with frequency and viscosity can be expressed as a function of a single 

non-dimensional parameter, a ,

a = a

where a is the radius of the pipe, u  is the angular frequency of the sinusoidally- 

varying functions and u is kinematic viscosity of the fluid [58]. Womersley’s studies 

were based on flow through a straight tube. The first study of pulsatile flow in a 

curved tube was made by Lyne (1970), who introduced the non-dimensional param

eter /?, which represents the ratio of the thickness of the Stokes layer to the tube 

radius.

P = \ l ^ 2

where a is the radius of the tube [59]. He showed that the direction of secondary 

flow in the core is opposite to that in fully-developed, steady flow at certain points 

for small values of 0. He also found that secondary flow is governed by Res, the 

Reynolds number for secondary flow,

W? a
ilca — t ; •Ruj v

His results were demonstrated analytically [60] and experimentally [61] by using dye 

streaks in oscillatory flow formed by a  piston pump [62]. The study of pulsatile flow 

in an elastic curved tube was carried out experimentally by Chandran and semi- 

analytically by Ascough (1996) [63]. The various types of curved tube flow were 

described by Smith (1976) who illustrated ten types of flow for steady, pulsatile and 

oscillatory curved tube flows [64], while Sudo et al. (1992) presented five types of 

flow pattern in fully-developed oscillatory flow. Those were (1) Dean circulation, 

(2) deformed Dean circulation, (3) intermediate Dean and Lyne circulation, (4) 

deformed Lyne circulation, (5) Lyne circulation (Figure 1.5) [2]. For increasing a, 

secondary flow resembles the Dean vortices. On the other hand, the secondary flow 

is similar to Lyne vortices when a  decreases.
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Figure 1.5: Schematic diagrams of the secondary flow patterns (a) Dean circulation, 
(,b) deformed Dean circulation, (c) intermediate Dean and Lyne circulation, (d) 
deformed Lyne circulation, (e) Lyne circulation [2]

25



The primary aim of the study of steady flow is to improve understanding of the 

effects of geometrical configurations on the flow in double bends geometries which 

are chosen to model a right coronary artery or a femoral artery, neglecting branches. 

This further knowledge gained from idealised geometries can subsequently be applied 

to anatomically correct geometries, a right coronary artery, femoral arteries or even 

double bend shaped bypass grafts caused by the occlusion of proximal host vessel 

as shown in Figure 1.4. It may be valuable in future investigations as insights into 

the mechanisms of plaque vulnerability and the risk of atherosclerotic narrowing in 

non-branch vessels. Numerical models can be readily modified to study the effects 

of a given parameter such as the non-planar angles or artery diameters. Further, 

this simulation could greatly reduce the costs of predicting the relationship between 

blood flow and geometrical charateristics compared to those by experiments.

1 .2 .2  S te a d y  an d  p u lsa tile  flow s in  e n d -to -s id e  a n a sto m o se s  

or b ra n ch in g  v e sse ls

The first mathematical analysis of steady flow and pulsatile flow in end-to-side 

anastomosis geometries was made by Mable in 1979 [65, 66]. He suggested the use of 

an angle of the end-to-side anastomosis between 40° and 90°, a smaller diameter of 

graft than that of the host artery and a wide suturing area to reduce tensile stress on 

the suture line. Clinically, it is found that intimal hyperplasia occurs prevalently at 

the heel and the toe of the junction and on the bed across from the junction as shown 

in Figure 1.6 [3, 67]. The oe is area along the junction between the graft and distal 

host vessel, the heel is area along the junction between the graft and proximal host 

vessel and the floor is area faced to graft. This was confirmed experimentally in a 45° 

anastomosis model with sinusoidal flow (Re =  575, co =  2.9 Hz) by Ojha [68], Lei et 

al. (1996) extended the work numerically to a 30° anastomosis model in pulsatile flow 

to take account of the effect of curvature of the graft [69]. He also proposed a small 

angle, large flow area and the curvature of graft wall to  reduce the time-average 

wall shear stress gradient, in order to mitigate re-stenosis. Ethier et al. (1998) 

considered the effect of flow waveforms, femoral, iliac and coronary waveforms, on
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Figure 1.6: Spatial distribution of intimal hyperplasia shown in grey at the heel, the 
toe and the floor [3]

wall shear stress and wall shear stress gradient from Re =  125 to 230 with a =  2.4 

- 4.7 [70]. They showed that peripheral flow patterns (iliac and femoral waveforms) 

produce greater spatial and temporal wall shear stress gradients whereas a coronary 

waveform caused higher spatial and temporal wall shear stresses. The effect of non

planarity on steady and unsteady flows in idealised end-to-side anastomosis models 

has been also studied [53, 71]. A smaller region of low wall shear stress was found 

in non-planar models. Further, Lee et al. (2001) [72] studied numerically steady 

flow in a whole bypass geometry including proximal and distal anastomosis models 

to investigate the effect of the location of occlusion in the host artery and the effect 

of various angles of the graft between 35° and 90° at Re =  100, 200 and 400. They 

showed that the smaller the angle, the larger the recirculation zone at the inner and 

outer wall. They also reported tha t the location of the occlusion (left, centre or 

right) did not affect the flow much. More recently, studies have been made of flow 

patterns in realistic anastomosis models, which are reconstructed from MR imaging 

or CT imaging in animal vessels i.e. pigs or sheep [73]. To our knowledge, the only 

published paper that addresses realistic distal anastomosis models, reconstructed 

from MRI data in human femoral arteries to investigate the effects of non-planarity 

was made by Giordana et al. [4, 7]. Although the flow in anatomically correct
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geometries was studied, they did not consider the effect of the femoral waveform. 

Analysis of unsteady flow in the same two geometries as the previous work [4, 7], 

therefore comparisons steady flow with unsteady flow in the same two geometries 

are discussed in the chapter 6.

The objective of the study of pulsatile flow in bypass graft geometries is to investi

gate accurate flow patterns, wall shear stress distributions in bypass graft geometries 

in vivo using computational techniques applied to MRI and ultrasound data and with 

realistic femoral waveform inflow and to relate these measures to myointimal hyper

plasia and atherosclerotic degeneration. We aim to better understand the effect of 

geometrical characteristics (i.e. curvature and non-planarity) of realistic peripheral 

bypass graft vessels on pulsatile flow. It can be useful in the future investigation as 

a non-invasive surveillance tool to identify graft stenosis and failure. In the future 

these methods may enable vascular surgeons to put into practice, realistic opera

tive approaches that could modify the construction of a distal anastomosis. These 

intra-operative adjustments may induce blood flow patterns that positively influence 

delay of the development of vascular diseases.

1.3 Overview o f the thesis

This thesis is an overview of blood flow in idealised non-branching geometries as 

a fundamental study and extends to blood flow in realistic anastomosis geometries. 

This work on idealised non-branching geometries reports on research into flow in 

models of the aortic arch, the right coronary artery and possibly the distal arte

rial bypass grafts with a well defined three dimensional non-planar double bends. 

This study investigates the influence of non-planarity and curvature, on blood flows 

particularly in arterial modelling, and the analysis of axial flow, transverse flow, 

vorticity, coherent vortical structure and wall shear stress are described in consid

erable depth. Further, the research of physiological flow in anatomically correct 

anastomosis geometries is carried out to study the effects of GPA (angle between 

a bypass graft and a proximal host vessel), non-planarity, pulsatility and the local
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geometrical configurations for the optimization of bypass graft in surgery.

Chapter 1 provides the clinical background and explains the relationship between 

arterial disorders and haemodynamics. Chapter 2 presents reconstruction technique 

from MRI and the numerical methodology, a high accuracy Navier-Stokes solver 

based on spectral/hp method for accuracy. The high order mesh generation by the 

Felisa system is also described. Chapter 3 shows a method for analysis of coherent 

vortical structure by A2 definition. Chapter 4 shows the analytical double bend 

geometries and discusses the results and compares the data for these simulations in 

the idealised non-planar double bends with previous studies. Chapter 5 presents the 

three representative distal anastomosis geometries obtained by the reconstruction 

technique and the physiological boundary conditions and discusses the physiological 

flow in the distal anastomosis geometries to investigate the effect of GPA and non

planarity. The last Chapter 6 draws conclusions and suggests future works with the 

limitations of this research.
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Chapter 2

M ethodology

The purpose of this chapter is to present the methodology from the definition 

of numerical geometries to numerical technique. Section 2.1 shows the process of 

reconstruction of vascular geometry from MRI. Section 2.2 explains the mesh gen

eration process as used by the program Felisa. Sections 2.3 and 2.4 introduce the 

concepts and principles of the spectral/hp element method that is based on the 

N tnrar  code. The expansions are described in one dimension by explaining the 

concepts of h-refinement, p-refinement and the elemental operation such as inte

gration and differentiation. These concepts are extended to multiple dimensions, 

two-dimensions and three-dimensions in section 2.6 2.7, respectively. The last sec

tion 2.8 presents the time-splitting algorithm used to discrétisé the incompressible 

Navier-Stokes equations.

2.1 R econstructed numerical geom etries from MRI

This section describes the application of implicit functions to the reconstruction 

of surfaces from 2-D contours obtained from the segmentation of MRI (medical 

resonance imaging), with the specific description of the in vivo acquisition of 3-D 

models of the distal anastomosis of peripheral bypass grafts. The process of the 

arterial reconstruction from MRI is seen in the Figure 2.1.



Figure 2.1: The process of reconstruction of vascular geometry from MR Images. 
’TO F’ - time of flight
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• A cquisition  of M R  Im ages

Tiie non-contrast MRI study of the structure of the anastomosis is obtained within 

the first few weeks after surgery. In addition, some follow-up MR scanning takes 

place every six months, although the presence of unusual blood flow features and 

configurations or the development of a stenosis would result in more frequent follow

up scanning. The MRI acquisition involves 2D time-of-flight sequences using 256 x 

256, 384 x 512 or mostly 512 x 512 pixels with 256 level grey scale intensity. Sections 

are acquired at 1mm or 1.5mm intervals and the scan is ECG gated to obtain images 

at the same phase in the cardiac cycle to reduce flow artifacts. In MR images the 

vessel lumen appears brighter than the surrounding tissue as seen in F igu re  2.2. The 

image slices are performed using a semi-automated protocol incorporating software 

(CMR tools gained from www.cmrtool.com) for the reconstruction.

(a) (b) •

Figure 2.2: (a) A patient in General Electric 1.5 Tesla scanner (b)Images from MRI 
above the knee popliteal vessel lumen appears brighter than the surrounding tissue.

• A pproxim ation  by B — sp line a lgorith m

The images from MRI scans are thresholded to isolate the two-dimensional con

tours that defined the lumen of the blood vessels. The threshold contours called
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pixelated contours later are represented by B-splines and stacked up in three di

mensions (F igure  2.3) and connected with straight cylinders. A B-spline is a gen-

(a) (b)

Figure 2.3: (a) The application of image segmentation algorithms: threshold of the 
level of 170 (b) MR image, the vessel lumen appears brighter than the surrounding 
tissue.

eralization of the Bezier curve. Let the knot vector, a discrete set of points on the 

curve, be defined by T  =  /,0, L, ■ • •, fm, where T is a nondecreasing sequence and 

define control points P 0, • • •, P n, the degree is defined asp = m  — n —l. The basis 

functions are defined recursively as

. .  ,.v i  1 * / U < t < t i+ 1 

I 0 otherwise

Ni*(t) = T ~ ~ r N i iP-i(t)  +  A +P+1- Z.L iv<+liP- 1 ( 0  (2 .1 )
*i+p ti tĵ -p-)_i

with p =  1,2,3.... Then the curve defined by
n

s(i) =  ^ P i i V iiP(i) (2-2)
i=0

is a B-spline. In this study, a cubic B-spline representation (p =  3) of s(i) is used,

n
s (i) =  ^ P i iV i ,3(f), (2.3)

i=0
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where is a cubic basis function centered at the knot and the coefficients P 8, 

called control points, determine the shape of the curve. The control points of the 

B-spline are seen in Figure 2.3. B-splines can be used to interpolate or approximate 

closed curves such as the 2-D contours of the lumen of vessels obtained from the 

segmentation of the images. The points that define a pixelated contour can be 

denoted as x* =  (xi, yi), for i =  1 ...N. If L is the total length of a contour, let t be 

the arc-length parameterisation of a contour so tha t U =  (xj — Xj_i)/L, for i =  2...N 

with t\ — 0. Then, a B-spline representation of the contour s(t) is computed using 

the implementation of Dierckx [74]. s (t) is determined with the number, the position 

of the knots and the control points. The minimum number of knots that are required 

to define a B-spline in the implementation of Dierckx that satisfies

N
Y  Will* -  s(ti)||2 <  s, (2.4)
< = i

where Wi are weights that here are taken to be 1 and S  is called the smoothing factor. 

According to equation (2.4), if the smoothing factor is zero the B-spline interpolates 

the points on the pixelated contour exactly. In this study, the smoothing factor is 

chosen interactively so that the approximating curves are not farther than one pixel 

from the contours obtained by the segmentation of the images.

• Surface interpolation by im plicit function

Slices are stacked and reconstructed in three dimensions using a mathematical 

protocol called surface interpolation by implicit function seen in Figure 2.4. The 

lumen surface is obtained by extracting the iso-contour corresponding to the zero 

value of the implicit function, while positive values at discrete points are inside the 

lumen. Turk and O’Brien [75] propose that the surface that interpolates the contours 

is defined as the zero-level isosurface of an unknown implicit function f (x ,  y, z) that 

is zero at a set of discrete points on each B-spline representation. When x  =  (x, y, z) 

represents a point in Cartesian coordinates, the arterial lumen is the surface /(x )  = 

0. A necessary condition to define is that the function /  must be positive inside the 

arterial lumen. The surface fitting problem then reduces finding a smooth scalar
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Figure 2.4: (a) The stack of the contour represented by the B-spline (b) The lumen 
surface is obtained by the extraction of the zero level iso-contour of an implicit 
function

field /  : !R3 —> !R that is zero on a first, set of discrete points lying on the B-spline 

representations of the contours, and that attains prescribed positive values on a 

second set of discrete points that lie inside the arterial lumen. The solution of the 

interpolation can he determined by solving a linear system if /  is defined as

n

/ ( x ) =  5 ^ Cii,(x _ X i )> (2-5)
i=i

where x, are the n data points and 4>(x — x,) is a generic basis function.

<I>(x) =  0(||x ||), X £ SR3, (2.6)

where || ■ |j denotes the Euclidean norm. Duchon [76] shows that the smoothest 

interpolant f  :lR3 —> SR has the form of

n
/(x )  =  P(x) +  ^ c i | | x - x <||3 (2.7)

1=1

where P(x)  is a linear polynomial p(x) = a + bx +  cy + dz. Thus, the function /  in 

equation (2.7) interpolates the data points and is defined by a conditionally positive 

definite radial basis function <p(r) = r 3, because the polynomial P does not affect the
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Figure 2.5: Schematic of the generation of the normal constraints of the interpola
tion. (not to scale)

interpolation very much when n > 12 [75]. In this study, surfaces are interpolated 

by a cubic radial basis function 4>(r) =  r 3, the three-dimensional analog of the cubic 

spline in one dimension.

When the smooth spline is within one pixel from the original contour, it is 

sufficient to evaluate the smooth spline at between 10 and 25 points, depending on 

the curvature variation of the slice. The total number of surface constraints per 

anastomosis is typically between 1500 and 2000, since the number of images per 

anastomosis is between 60 to 70, and about half of these images contain only distal 

native vessel. The in-plane normal is computed at each surface constraint so that 

a second set of points, denoted as normal constraints, is generated by displacing 

each surface constraint along its associated normal, towards the inside of the lumen 

for a fixed displacement of 0.1 pixels. An example of such a set of points is shown 

in F igu re  2.5. The function /  is set to 1 on these normal constraints. The total 

number of interpolation constraints, denoted as n, is double the number of surface 

constraints. For a typical anastomosis, n is between 3000 and 4000.

1

• E x trac tio n  of zero level iso — surface

The function /  is defined over 3ft3 once its coefficients are computed. The zero-level 

set of /  is the surface that smoothly interpolates the MRI data. The extraction of a 

triangulation of the zero-level set of /  is performed by the marching cubes algorithm 

[77] where the function /  is evaluated over a structured grid (figure 2.4(b)). This
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algorithm produces hexahedral voxels with eight nodes of the grid and generates a 

surface triangulation by splitting those voxels that lie across the isosurface /  =  0 

into triangles. A continuation algorithm for the polygonisation of implicit functions 

presented by Bloomenthal [78] allows the number of evaluations of /  to be decreased 

by interrogating the function only in the proximity of its zero-level isosurface.

•  Sm oothing by a m odified Gaussian algorithm

An implicit function described by a cubic radial basis equation interpolates n 

constraints therefore the /  =  0 surface lies exactly through the constraints. The 

interpolation constraints and interpolated surface can be affected by noise. Recon

structed geometires are obtained by means of a surface smoothing algorithm that 

take into account the whole surface instead of each contour separately. One of the 

most common smoothing method is the so-called Gaussian smoothing algorithm 

[79, 80]. This smoothing method is quite effective but its weaknesses are the shrink

age problem and the loss of analytical definition of the surface after the smoothing 

process. Taubin presented the modified Gaussian smoothing methods to prevent 

shrinkage [81, 82]. This modified smoothing algorithm consists of two consecutive 

Gaussian smoothing steps. The first step with a positive scale factor A is applied to 

all the vertices of the shapes,

where v* =  (x,, y^Zi) is the vertex i on the surface triangulation, 0 <  A < 1.

v 'j =  Vj +  AA Vi (2.8)

(2.9)

where the weights Wij are positive numbers tha t satisfy wij — 1- The second 

step with a negative scale factor p is applied to all the vertices to  prevent shrinkage.

v"j =  v'j +  /xAvj (2.10)

where 0 < A and /i < —A.
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The relation between A and // is given by

k is the positive value of bandwidth of frequencies [81, 82]. The value of k, A, n and 

the number of iterations determine the amount of surface smoothing is applied. In 

this study, the surface triangulation obtained from the reconstruction is smoothed 

using this low-pass biter (A =  0.6, /r =  — k =  0.01, 300 iterations) as the previous 

work [4, 7] as seen in Figure 2.6.

Figure 2.6: Reconstruction of a model after smoothing algorithm (a) original recon
struction showing the geometric noise; (b) geometry smoothed using the modihed 
Gaussian biter without shrinkage [4]

2.2 M esh  gen eration

The high order mesh generation was accomplished through the subdivision of a 

coarse mesh of linear elements [83]. A modihed advancing layers method is em

ployed in the region near the pipe wall with prismatic boundary layer mesh and 

an advancing front method which constructed a mesh for the rest of the domain 

from the boundary layer towards its interior by triangulation surface meshes and 

three dimensional tetrahedral volume meshes. The following hgures illustrate the 

progress of mesh generation. After dehning the double bend geometry of the model

(a) (b )
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configuration in F igure  2.7 or the bypass graft geometry given by points that are 

interpolated by the cubic B-splines of the implicit function, the computational do

main is constructed in terms of spline curves and spline patches in F igure  2.7 and 

the input is obtained as a series of points. A series of curves defines the surface 

which is topologically square.

Figure 2.7: The generation of curves and patches.

In the advancing front method, the boundary presented by discretised polygon 

is the initial front in 2D. Then, it adds triangles or tetrahedra into the domain, 

with at least one edge or face on the front [84], At each step, this will update 

the front. The surfaces of the domain are coarsely discretised into a triangulation 

according to the surface curvature as shown in F igu re  2.8 (a), then the high-order 

surface discretisation is generated where initially the trianles are discretised into 

P  +  1 points for a Pth order polynomial mesh. Consequently edges of the triangles 

are split with 2> points generated inside the faces as shown in F igure  2.8

(b), which shows the higher order surface mesh.

The boundary of the domain to be used in the computation is now defined. 

The prismatic boundary layer mesh is generated around the perimeter of the spline 

patches and grown in the direction normal to the surface. Both the number and 

thickness of layers can be defined. In these studies, one boundary layer with 0.1 D 

thickness is specified to define the region next to the wall in which all changes to 

flow occur and where shear stresses are significant and the inviscid-flow assumption
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(b)

Figure 2.8: (a) the solid surface mesh and (b) higher order mesh generation

may not be used in Figure 2.9.

The mesh generation is completed by a volume filling tetrahedrisation. Figure  

2 .1 0  shows the mesh generation for the double bend with polynomial expansion 

modes, as discussed in the next section.
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Figure 2.9: The generation of a boundary layer.
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h - type mesh

v , «r

p—type expansion

Figure 2.10: Mesh generation for non-planar double bend with expansion modes.
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2.3 Fundamental concepts of the spectral/hp  ele

m ent m ethod

The main differences between the various numerical solution techniques i.e. a 

finite volume method, a finite difference method, a finite element method, a spectral 

method, are associated with the way in which the flow variables are approximated 

and with the discretisation process.

In these studies, the numerical simulations were performed using the Ntnrar  

code, which is the basis of a new generation of spectral/hp element algorithms

[5]. Nenrar  uses hybrid spectral elements, both triangular and quadrilateral el

ements, and a hierarchical expansion basis, which produces well-conditioned ma

trix systems for high-order polynomial expansions. In the NeKrar code, the entire 

three-dimensional field is decomposed into hybrid polynomial elements and Galerkin 

modes are applied in all directions.

In an h-type method, a polynomial order is fixed in every element and the size 

of the elements is reduced in order to achieve convergence. The solution domain 

can be decomposed into small sub-domains or elements. The value of ’h’ denotes 

the characteristic size of an element in the h-type expansion. The advantage of this 

type of method is geometric flexibility. In addition, the accuracy of a computational 

fluid dynamics solution is governed by the number of cells in the grid. It is generally 

the case that the larger the number of cells the better the solution accuracy.

In a p-type method, the mesh is fixed and the polynomial order is increased in 

every element to achieve convergence. Typically, ’p ’ denotes the polynomial order 

in the p-type expansion. This method achieves convergence rapidly for smooth 

problems.

Szabo proposed and coined an improved method, the hp method for finite 

elements, to take advantage of both types of convergence in structural mechanics 

problems [85]. The number of sub-domains and the polynomial order within the
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element can be independently increased in the spectral/hp method combining both 

the h-type and the p-type element methods.

2.4 Technical principles of the spectral/hp  ele

ment m ethod

The governing incompressible Navier-Stokes equations, f  = — — u - V u — ^  +  

v V 2u — 0 and V • u — 0 are calculated by the spectral/hp element method. The 

starting point for the spectral/hp element method is the approximation of the differ

ential equation which is formulated into an integral form with respect to the scheme 

expansion basis (i.e. a Galerkin projection). Such that,

Ndoj-i  Nt , P

« * =  E  «■<“< =  E I > x
i=0 e=0 p=0

where 4>, and 4>i denotes the global mode and the local mode of basis functions or 

expansion functions, some of which are described in the next section 2.5.2. iV<k/ 

is the number of local degrees of freedom, Nei is the number of elements and P 

is the maximum polynomial order. This is substituted into a differential equation 

or integral equation upon the minimisation of the residual function the unknown 

coefficients Ui are computed as:

f  w(f(us) — f(u))dQ, = 0
Jsi

where Q, w, us and u denotes the whole domain, weighted functions, approximated 

solutions and exact solutions, respectively. The choice of different weight functions 

in an integral or weak form of the equation is used to construct many numerical 

methods i.e. collocation, sub-domain (finite volume), least-square and Galerkin 

methods. The h-refinement and p-refinement in one dimensional line elements are 

illustrated in the next section 2.5.1 and 2.5.2 to introduce the basic concepts for the 

spectral/hp element method.
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2.5 Expansions in one-dim ensional line elem ents

2 .5 .1  h -refin em en t

The strength of the spectral/hp element method is to resolve complex geometries 

for a numerical finite element approach. In the h-type method, the solution domain 

fi is subdivided or partitioned into non-overlapping sub-domains or elements within 

which a polynomial expansion is fixed. This capability is dependent on decomposing 

the solution domain into small sub-domains or elements. The union of these sub- 

domains is equal to the original domain, that is,
Net

fi =  U  where Q  fie — 0.
e=l e=l

Increasing the number of elements (the h-type extension, the size of the element 

h —► 0) leads to h-convergence. In the domain fi =  {x \ 0 < x < Z}, 0 =  x0 < aq < 

X2 < • • • < XNtl-i < XN', — l- Then the eth element is

=  {x I Xe- 1  < X < Xe}.

Taking the case of Nei — 3 domains as shown in Figure 2.11, there are Ndof = 4 

global degrees of freedom in this expansion given as 4>0(^), $1(0;), $ 2(^) and $3(3:). 

C° continuous is enforced in this expansion. Cn continuity means <f>, , 0 ,  ■ • •,

are continuous.

Global modes can be expressed in terms of two linearly varying functions also 

shown in Figure 2.11. The ID standard element, fist can be expressed as

n *  =  U I  - 1  <  £ <  1}

MO =  <

l=i0 £  G  f i s t2
0

h C ^ f i r t

MO = <f C G f i s t

t 0 £  £ ^ * t

The technique of expressing the global coordinate, x, in terms of the local ex

pansion function is known as parametric mapping.

3- X (0 2 xe—1 H — xe, £ G figt =  (¡>oXe—i +  (f>iXe
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Figure 2.11: Elemental decomposition of the solution domain fl into three elements 
and fl3. d»o(a;), $i(a:), $ 2^ )  and $ 3(0:) are the global expansion modes and 

M O  are the local expansion bases.

The xe(0  expresses the global coordinate x  in terms of the local coordinate £ as 

above.

\ X e X e— 1 )

The approximation solution us can be expressed in terms of the global modes 

<I>,(:r) (finite element approximation) and in terms of local expansion modes <t>p(0  

as:
.Siu

N dof-l Net P

' ( x )= ui$ ï (xq) = J 2 J 2 ûep<t>ep( 0
i=0 e=l p= 0

2.5.2 p-refinem ent

•Jacob i — fam ily expansion , th e  basis o f th e  N ek tar code

The most commonly used set of orthogonal polynomials in modal expansions 

come from the Jacobi polynomials set. These polynomials represent the family of 

polynomial solutions for a singular Sturm-Liouville problem which in the region
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(—1 <  x < 1) is written:

d_
dx

{ i - x )l+a{i + xy +̂ p Z ' 0(X) = \ p( l - x ) a(l + x f p ^ ( x ) ,  (2.11)

where P " ,/3(x) is the Jacobi polynomial of order p, and

Ap = ~P(a + P + P+ 1). (2.12)

These polynomials satisfy the orthogonal relationship

/  (1 -  x)“ (l +  x f P ^ ' fi{x)P^'li(x)dx =  (2.13)

where C is dependent on a , (3 and p. This states that Pp 'li{x) is orthogonal to all 

polynomials of order less than p, when integrated with respect to (1 — x)Q(l +  x)13. 

In order to implement the boundary and interior mode decomposition the following 

expansion basis, is defined over the standard interval =  « I  —l < i < l } :

<M0 =  • ( ¥ )  ( ¥ )  * ( 0

m

p =  0

0 < p < P  

p =  p

(2.14)

where P  is the maximum polynomial order. It can be seen that the modes p =  0 

and p =  P  are the boundary modes, and correspond to the modes used in the 

standard linear finite element method, which can be considered as an expansion 

basis with only boundary modes. The other modes are interior modes, and are zero 

at the boundaries. The choice of the P 1,J( 0  family of polynomials means that to 

benefit from the orthogonality relationship (2.13) requires integration with respect 

to (1 — £)(1 +  0 )  which is proportional to the first two factors of the interior modes. 

The shape of all modes for P=5, normalised to have a maximum value of one, are 

shown in F ig u re  2.12.

2

MO =  < 2̂  2Î ^P-1 (0
i±£

2

P =  0

0 <  p <  P  

p =  p
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Figure 2.12: Jacobi-family modal expansion modes for a polynomial order of P=5
[5]-

2 .5 .3  E lem e n ta l o p e r a tio n s

The form of numerical integration known as Gaussian quadrature is used to complete 

the Galerkin method mentioned in section 2.4. Gaussian quadrature defines a series 

of nodal, integration points upon which all values of the integrand or derivative must 

be known. The fundamental concept is the approximation of the integral by a  finite 

summation of the form
f i
/  ti(0 d f «  y^Wiufo) ,

»=0
where wt are weights & denotes an abscissa of Q distinct points in the interval 

—1 <  & < 1- It can be expressed as

, i  Q-1
/  u(Z)d£ =  V  wMti)  +  R(u),

•/ - 1 i=0

where R(u) is the approximation error. The concept of differentiating a function is,

du ( 0  | . //. \

^  j=o

There are three different types of Gaussian quadrature: Gauss, Gauss-Radau and 

Gauss-Lobatto. In Gauss, Gauss-Radau and Gauss-Lobatto, zeros are included only 

interior to the interval ( -1  <  & < 1), one end-point of the interval ( - 1  <  & < 1) 

and both end points of the interval ( -1  <  & < 1), respectively.
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2.6 Expansions in two dimensional triangle and

quadrilateral elem ents

2 .6 .1  C o lla p sed  tw o -d im e n sio n a l c o o r d in a te  sy s te m

The definition of the triangular region in terms of the coordinate system is iden

tical to the definition of the standard quadrilateral region in terms of the Cartesian 

coordinates.

Figure 2.13: Triangle to rectangle transformation

* = ’{ B i f - 1 p-i5>
rt¿ =

The inverse transformation is,

=  ( l + M l Z S l  -  ! (2.16)
2

6  =  m-

The two-dimensional bases can be constructed by a  simple product of the one

dimensional basis, which can be thought of as one-dimensional tensors, in each of 

the Cartesian coordinate directions, tha t is,

M i i , 6 )  =  0 <  p,q; p <  Pi, <? <  P2 (2.17)
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where Pi and P2 represent the maximum polynomial order in the £1 and £2 directions 

respectively. F igure  2.14 shows the construction of a two-dimension basis from the 

product of two modal one-dimensional expansions in a standard quadrilateral region.

Figure 2.14: Construction of a two-dimensional expansion basis from the product of 
two modal one-dimensional expansions of order P=4

The two-dimensional basis is generated from the product of two modal one- 

dimensional expansions in a standard quadrilateral region can he expressed as Eq. 

2.18 in F igure  2.14.

4>pq(6,6) =  0 <p,q; p < Pi, q <  P2 (2.18)

where Pi and P2 represent the maximum polynomial order in the r]\ and 772 directions 

respectively. The notations for different expansion bases denotes in the Table 2.1 

[5].

2.7  E xpansions in th ree-d im en sion a l prism atic and  

tetrah ed ra l e lem en ts

2.7.1 Collapsed three-dim ensional coordinate system

The meshes used for this study are hybrid meshes, prismatic elements for the 

thin boundary layer and tetrahedral elements for the internal volume meshing. The 

three-dimensional region is defined in a very similar way to the two-dimensional

50



vuV2 ,m

Local Cartesian coordinates. 

Local collapsed coordinates.

$pq{£ 1 ) £2)

0pçr(£l» £2» £3)

General expansion basis for any 2D region 

General expansion basis for any 3D region

%  (fh ) » i’lq (% ), i)%r (% ) Modified principal functions

ID Lagrange polynomial of order p 

2D Lagrange polynomial though Nm points £f

Table 2.1: Notation for expansion bases

cases in terms of the collapsed coordinate system as shown in the Table 2.2 and 

F igu re  2.16.

A three-dimensional basis from a triple tensor product of one, two and three 

dimensional tensors can be expressed as Eq. 2.19 in F ig u re  2.10.

<?W(£i ,£2 ,£3 ) =  i’p M i ’pqimWpqri'1ft) 0  <  P < Pi, <7 <  ^2, T <  P 3

where P i, P2 and P3 represent the maximum polynomial order in the rji, % and 773 

directions respectively. The modified principal functions define as described in the 

E q u a tio n  (2.20, 2.21 and 2.22) [5].

(2.19)

/

W(z) = * i < i < i  . ( 2 .20)
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<tv,tai2)= vî ,(i2)

Figure 2.15: Construction of a two-dimensional triangular expansion basis from the 
product of two modal one-dimensional expansions of order P=4.

i = 0, 0 < j  <  J

V&(*) =
( V ) i+1 i < * < C  J = o

i < i < h

( 2.21)

VA*) = I, 0 < j < J

i = 0, 0 < j < J , 0 < k < K

0 < i < I, j  = 0, 0 < k < K

( ^ ) i+i+1 1 < i < I, 1 < j  <  J, fc = ()

(if£ )i+i+1(i±£ )Pfc2.+i2i+i,iw 1 < i < I , 1 < j < J 1 < k < K

</&(*) 0 < i < /, j  =  J, 0 < k < K

i =  I, 0 < j  < J, 0 < k < K

(2 .22)
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Figure 2.16: Planes of constant value of the local collapsed Cartesian coordinate 
systems in the hexahedral, prismatic, pyramidical, and tetrahedral domains. In all 
but the hexahedral domain, the standard Cartesian coordinates &, £2. £3 describing 
the region have an upper bound which couples the coordinate system as shown in 
table 2.2. The local collapsed Cartesian coordinate system 1/2,773 represents a 
system of non-orthogonal coordinates which are bounded by a  constant value within 
the region.
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Table 2.2: The local collapsed coordinates which have constant bounds within the 
standard region may be expressed in terms of the Cartesian coordinates 6 , 6 , 6 -  
Each region may be defined in terms of the local coordinates as having a lower bound 
of — 1 < 6 ,  £2, £3 and upper bound as indicated in the table. Each region and the 
planes of constant local coordinates are shown in figure 2.16.______________ _

Region Upper bound Local collapsed coordinate

Hexahedron 6 , 6 , 6  < 1 6 6 6

Prism 6  < 1 ,6  +  6  < 0 2P+fr) 1 
(1-C3) 1 6 6

Pyramid 6  + 6 , 6  +  6 ^ 0 W = (1-Î3) 1 P3 = 6

Tetrahedron 6  +  6  +  6  < - 1 m = 2U+ft) 1
(-Î2-Î3) m  =  6

2.8 Application of the spectral/hp  elem ent m ethod  

in the solution o f the incompressible Navier- 

Stokes equations

The governing equations are the incompressible Navier-Stokes equations written as

=  -V p  +  , (2.23)
n ,convective term ¿.diffusive term

V • u =  0 (2.24)

We can also condense the equation by denoting the convective non-linear term by 

N  and diffusive linear term by L to obtain,

^  =  - V p  +  vL(u) + N(u)
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For a general multi-step method, the time derivative in the equation can be approx

imated as:
du _  
' d t =:f

as 7o un+1

A high-order stiffly stable splitting scheme propagates the velocity and pressure at 

time tn over a time step A t in three sub-steps in order to determine the fields at 

f„fi. The primitive variables (u,p), and the linear and non-linear terms can be 

treated independently explicitly and implicitly, respectively in the splitting scheme

as,
7o un+1

A t

j -1 
9-0 OtiU J - 1

= -v Pn+1+ x ; w ^
9—0

-9 ) + vL(un+'),

where J  is the order of the stiffly stable scheme [86], coefficients 7,, aq are the weights 

or standard coefficients of the .Jth order implicit stiffly stable schemes. In the Adams- 

Bashforth explicit scheme, 3q are integration weights of stiffly stable schemes. In the 

first step, the nonlinear term is approximated via an explicit scheme, subsequently 

a Poisson equation for pressure is solved from the divergence-free equation on the 

intermediate velocity field from the first step. Lastly, the viscous linear term is 

approximated via an implicit scheme. The three sub-three steps are :

* 1 
U ~ ¿2 q=0 ***iU "

J -l

A t 9=0

û — û 
A t = -V p„+ 1

(2.25)

(2.26)

70un+1— û 
A t =  - i /V 2un+1 (2.27)

The coefficients aq, /3q, 7, are shown in Table 2.3. The first order scheme corre

sponds to an Euler-forward/backward integration rule.

A Poisson equation (Equation 2.26) is solved for the pressure and the Helmholtz 

equation (Equation 2.27) is solved for the velocity components and
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Coefficient 1st order 2nd order 3rd order

7o 1 3
2

n
6

«0 1 2 3

«1 0 1
2

3
2

«2 0 0 1
3

A> 1 2 3

A 0 -1 -3

A 0 0 1

Table 2.3: Coefficients of the stiffly-stable splitting scheme.

[86]
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Chapter 3

D ata analysis: The identification  

of coherent vortical structures

3.1 The identification of a vortex

A vortex can be described as a circulating region of a  flow. The presence of 

vortices in a flow may exert a strong influence on its behaviour. When considering 

the processes of mixing and transport by the flow, the influence of vortices or vortical 

structures are particularly important. Further, coherent vortical structure helps us 

to understand turbulence and separated phenomena like entrainment and mixing, 

heat and mass transfer, chemical reaction and combustion, drag and aerodynamic 

noise generation [87]. Still, it may be difficult to track vortices as they can evolve 

rapidly. The most common intuitive indicator of vortices (i.e. pressure minimum) 

is unsatisfactory to track vortices, as pressure minima can exist in the absence of 

vortical structure by the effects of unsteady straining and vortices can be generated 

with centrifugal force balanced by viscous forces. Some of measures for identify 

vortical structures was discussed by Jeong & Hussain [8]. They also suggested a 

new measure for better indicator for coherent vortical structure by a A2-definition.

•| uj | —definition



In this definition, vortical structure is equivalent to the region of vorticity 

magnitude greater than a certain threshold. Vorticity magnitude (| ui |) has been 

widely used to educe Coherent Structure and represent the vortex core. However, it 

fails to properly represent vortical motion near a wall or in a boundary layer [88]. 

Moreover, this definition is subjective, since it requires an arbitrary threshold on

I ^  I-

•A  -  definition

In this definition, vortical structure corresponds to the region of complex eigen

values of V«. Chong et at. (1990) proposed that a vortex core is a region with 

complex eigenvalues of Vu. Complex eigenvalues imply that the local streamline 

pattern is closed or spiral in a reference frame. In linear algebra, the characteristic 

equation of matrix A is the equation in one variable A.

det(A — XI) =  0,

where det is the determinant and /  is the identity matrix. The solutions of the 

characteristic equation are precisely the eigenvalues of the matrix A. For 3 x 3  ma- 

trix(A) where a^; i , j  = 1,2,3 are the components of the matrix A, the characteristic 

equation can be found from its determinant and trace (t r (A )) to be

- x 3 -I- tr(A) x 2 +  -  a«ajj)(l -  Stj) x + det(A) = 0

1 if i=j
Where x is a characteristic variable and is the Kronecker delta (¿¿j =  { .)

0 otherwise
Therefore, the eigenvalues, a  , of Vu satisfy the characteristic equation

a 3 — P a 2 +  Qo  —  R  =  0

where P = uitj =  0 (incompressible flow), Q  =  i ( u ^  -  UijUjti) = —\uijUjj  and 

R  =  Det(uitj ) are the three invariants of Vu.  Complex eigenvalues will occur when 

the discriminant (A) is negative. The discriminant of the cubic equation (a3X3 + 

a,2X2 +  axx +  ao =  0 is :

A =  i2 4a0a'3 — 4a3 0,3 +  18flofli&2®3 — 27flo^3
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Therefore, the discriminant of the characteristic equation of Vu is;

A  =  -4 Q 3 -  27R 2 < 0, (^Q )3 +  ( i / i )2 > 0.
O ¿t

The boundary of this region is given by the surface

A  =  ( j ^ ) 3 + ( \ R f  =  0

The definition based on A  does not have a problem in detecting a vortex near a 

wall unlike the | u  ¡-definition. It is still not sufficient to detect a vortex due to a 

noisy boundary which overestimates both the vortex core size and the predominance 

of small scales in flows containing helical vortex lines and strong axial flow [89], in 

a circular jet [87] or in mixing layer [90] (i.e. the layer that is initialized with a 

hyperbolic tangent streamwise velocity profile and a sinusoidal spanwise distribution 

of streamwise vorticity, at the time of shear layer rollup).

•Q  — definition

Hunt et al. (1988) proposed an ’eddy’ or CS as the region with positive second 

invariant of Vu, Q, with the additional condition that the pressure be lower than 

the ambient value. The second invariant Q is defined as

Q = | ( « m -  Uijuj'i) = = ^(|| f2 ||2 -  || S  ||2),

where || S  ||=  [tr^SS4)]*, || il ||=  [£r(Qr2t) ] i , S  and i) are the symmetric and 

antisymmetric components of Vu. Further, the region of positive Q can be described 

as Q = |( | |  il ||2 -  || S  ||2) =  — ̂ (Ai -I- A2 +  A3); Ai >  A2 >  A3. Where the three 

As are eigenvalues of S 2 +  Q2. The physical interpretation of Q is the local balance 

between shear strain rate and vorticity magnitude. Q can be interpreted as the 

source term of pressure in the Navier-Stokes equations. From the Poisson equation 

for pressure (V2p =  2pQ) and the maximum principle, The conclusion that pressure 

maximum occurs only on the boundary if Q > 0 and the pressure minimum occurs 

only on the boundary if Q > 0. However, there is no explicit connection between 

a region with Q > 0 and a region of a pressure minimum. Even though the results
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from positive Q definition turn out to be equivalent with these from A2 definition 

in most situations in planar flows, it does differ in axisymmetric axial vortex within 

a vortex ring and a conically symmetric vortex with axial velocity [8]. There axe 

difficulties in identifying vortices when vortices are subjected to a strong external 

strain.

•X2 — defin ition

A new measure were introduce for identification of a vortex core as region

of minimum pressure neglecting the effects of unsteady straining and viscosity [8].

The inconsistency between the existence of a pressure minimum and the existence

of a vortex core arises due to two effects: (i) unsteady staining, which can create a

pressure minimum without involving a vortical or swirling motion and an unsteady

straining is observed when they are pulled apart at different rates in time.(ii) viscous

effects, which can eliminate the pressure minimum in a flow with vortical motion.

We begin with the Navier-Stokes equation

du p „
—  + u - Vu = —V - + vV 2u. at p

Taking the gradient of the Navier-Stokes equations

3tl T)
V-j— + Vtr • Vu + u ■ V(Vu) = -V V -  + zA72u. at p

It can be expressed in terms of tensors as:

1
P,<j d" vUijkk-

where ptij is the symmetric pressure hessian and the velocity gradient tensor

_  duj
Vu<i = Bn, =

(3.1)

can be decomposed into symmetric part S  and antisymmetric part Q:

5's = i[v» + (Vu)7'), n  = i[V u -  (V tif].

d" VUijkk
1
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T flifcflfcj "b &ik^kj\ T [ ”1“ DikSkj "i" îfcflfcj] V^^ijjkk T Dijtkk)Dt Dtv>
sym m etric asym metric

The equation for the transport of Q, the antisymmetric part of the Equation 3.1 

is the well-known vorticity transport equation so is identically zero;

DiliHJ
Dt — +  ^ik^kj ) T

The remaining symmetric part of the Equation 3.1 is therefore;

DS»
Dt +  Dik^lkj T  SikSkj vSij'kk (3.2)

D SNeglecting the unsteady strain term -¡g - and the viscous term uSijtkk, it can be 

expressed;

pP<V .. DikDkj T SikSkj•

Thus, we consider only S 2 +  Q2 to determine the existence of a local pressure mini

mum due to vortical motion and define a vortex core as a connected region with two 

negative eigenvalues of S 2 +  il2. Aj, A2 and A3 are eigenvalues where Ax > A2 >  A3, 

we can define a vortex core as the region satisfying A2 < 0. where A2 is the second 

largest eigenvalue of S 2 +  fl2.

Ai a2 A3 Negative A2 Positive Q

— + — — vortex core vortex core

+ + — — vortex core not vortex core

— + + — not vortex core vortex core

+ + + -1- not vortex core not vortex core

Table 3.1: The differences of the definitions based on positive Q and on negative A2
[8]

The list of the possible choices of eigenvalues and the differences of the two defi

nitions based on positive Q and negative A2 are shown in T ab le  3.1.

61



In this study, we plot the iso-contour of A2 =  —0.3 to gain a qualitative figure 

of coherent vortical structures present within the flow. This scaling is essentially 

arbitrary, but enables to reduce for a reasonable viewing size of coherent vortical 

structure.
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Chapter 4

Study A: R esults Sz discussion: 

steady flow, idealised double bend  

m odels

4.1 The definition of idealised double bend m od

els

Steady flows in double bends were studied in the series of idealised geometries 

shown in F ig u re  4.1. The diameter of double bend vessel geometries and the ra

dius of curvature of the bends were chosen to correspond to physiologically realistic 

vessels, particularly the right coronary artery and the femoral artery. The study 

of steady in double bends itself is an important research topic for improved under

standing of the effects of non-planarity and curvature as fundamental study. It also 

benefits to anticipate flow and can be applied for flow in realistic vessels.

The numerical model consists of a circular tube of straight inflow region, a double 

bend of two consecutive reverse quarters of a circle and a straight pipe outflow region. 

A steady Poiseuille profile is imposed at the entrance of the inflow length, which is 

two diameters long. The straight inlet entry pipe is followed by a  90° bend which 

has a radius of curvature of 2D, where D is the diameter of the tube. Therefore, the 

ratio of tube radius to radius of curvature is Next there is an another 90° reversed



bend with the same radius of curvature, but it lies out of plane of curvature of the 

original bend with azimuthal angles 0 = 45°, 0 =  90° and 0  =  135° in F ig u re  (4.1)

(b), (c) and (d) respectively. Afterwards, the straight outlet region is of length 8D. 

In addition, we have consider two other models which lie in the same plane; The 

second bend of the 0° model has opposite curvature to the original bend in the same 

plane and the another planar model is a simply single U-bend which we refer to as 

the 180° model. By comparing flows in the three non-planar models against flows 

in the standard planar double bends we will identify the effects of non-planarity.

Flows in two planar double bends (0° model and U-tube 180° model) have been 

investigated in many previous works, the comparison of the results are carried out 

later in the Discussion.

4 .1 .1  A ssu m p tio n s  a n d  b o u n d a ry  c o n d it io n s

Steady flow is characterised by both the Reynolds number and the Dean number, 

which relates the Reynolds number to the curvature ratio, the ratio of tube radius 

to radius of curvature. In these five models, steady flow was studied at Reynolds 

numbers of 125 and 500 (Dean number K  =  7812.5 and 125000 or k — 125 and 500), 

which correspond to the Reynolds number in medium sized human arteries based 

on the mean and peak velocity [91].

We assume that the governing equations are the Newtonian incompressible Navier- 

Stokes equations for blood flows in arteries:

^  +  w  Vu =  - ^  +  i/V2u (4.1)at p v '

V • u =  0 (4.2)

Where u is the fluid velocity vector, p is the pressure, p is the fluid density and v 

is the kinematic viscosity of the fluid. Although blood is a non-Newtonian fluid, it is 

a commonly adopted assumption that blood flows can be modelled as Newtonian in 

larger vessels at the Reynolds numbers typical of arterial flow. We are also making 

the assumption that the distensibility of the arterial walls has a negligible effect.
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(a) 0° model (b) 45° model

(e) 180° model (d) 135° model

Figure 4.1: Five double bend models (a) 0° model, (b) 45° model (c) 90° model, (d) 
135° model, (e) 180° model and (f) all five models
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The boundary conditions are as follows: Poiseuille inflow, no-slip on the pipe wall, 

zero pressure gradients and zero pressure at the outlet. For medium-sized vessels, 

eg. femoral artery, the flow at peak systole resembles a Poiseuille velocity profile 

were shown by Schultz (1972) [92] and Smith (1976) [64]. Pressure at the outlet 

boundary is prescribed to be a constant and is typically set to zero, since only the 

gradient of pressure enters the equations. Physiologically realistic pressures can be 

recovered simply by adding the appropriate gauge pressure.

4.2 Steady flow in idealised double curved vessel 

geom etries

Steady flow in two planar and three non-planar idealised double bends were sim

ulated to investigate the effects of curvature and non-planarity. The solutions are 

initially computed with p=5, then increased up to 8 and 10. In order to check the 

convergence of the solution, The wall shear stress was evaluated at Re =  125 in the 

45° model, firstly increasing the polynomial order from 5 to 8 resulted in a 7.8% 

change in the mean wall shear stress. A further increase to 10 caused only a 1% 

difference. The high convergence is obtained with polynomial order 8. As a conse

quence, in this study, solutions are computed with the polynomial order 8. Steady 

flow in the five idealised vessel geometries at Re =  125 and 500 is investigated in 

terms of the mechanical factors (axial velocity, transverse flow pattern, vorticity, co

herent vertical structure and wall shear stress). Section 4.2.1 presents the transverse 

flow pattern and axial velocity in eleven cross sections throughout the double bends 

to understand the flow field in terms of the primary and the transverse flows. Whilst 

the transverse flow is often considered as a  small flow superimposed on a larger flow, 

the transverse flow in these cases can be as important as the axial flow. Transverse 

flows, known as secondary flow, are found in many flow situations such as the bends 

of rivers, swept aircraft wings and turbo machinery. Section 4.2.2 presents the nor

mal vorticity contours in the same eleven cross sections throughout the double bends 

to show the sign (direction) of rotation and the size of the zone of the circulation
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in the transverse flow field. Emphasis in this chapter is given to the comparison 

between mechanical factors in planar double bends and lion-planar double bends. 

In Section 4.2.3, the coherent vortical structures, described in the previous Chapter 

3, are shown to dominate the evolution of the flow field structures in the double 

bends. These structures include: (i) a counter-rotating vortex pair aligned with the 

double bend trajectory that is associated with the curvature and non-planarity of 

the double bends, (ii) transverse shear-layer vortices on the downstream wall of the 

double bend. The last section 4.2.4 shows the wall shear stress distributions associ

ated with velocity gradients to identify the regions that may be potentially at risk 

of developing atherosclerosis. Atherosclerotic lesions co-localise with regions of low 

wall shear stress throughout the arterial tree i.e. coronary [93, 94], femoral arteries 

[95] and arterial bifurcation [96, 97]. Low wall shear stress regions are prevalent at 

atherosclerosis-prone sites as the previous works reported.

Figure 4.2: The eleven cross sections taken in a double bend.
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The eleven cross sections of interest shown in Figure (4.2) were selected to 

present the contours of velocity and vorticity. Each cross-section was mapped onto 

a grid as shown at the top of the Figure 4.2. The eleven cross sections are the 

start of the first bend (cross section 1), the slice of the first, bend at =  60° to the 

horizontal (cross section 2), at d\ =  30° (cross section 3), the end of the first bend 

and the start of the second bend where 6  — 0° (cross section 4), the slice of the 

second bend at 62 =  15° (cross section 5), 02 =  30° (cross section 6 ), 92 = 45° (cross 

section 7), 62 =  60° (cross section 8), the end of the second bend where 02 =  90° 

(cross section 9), one diameter after the second bend (cross section 10) and four 

diameters after the second bend (cross section 11). All of the slices for the contours 

of axial velocity, transverse flow and vorticity are oriented so that they appear to 

an observer at the start of the vessel looking downstream. In the contours, the 

direction of F (flow) is perpendicular to the page. The directions of T (Top) and 

R  (right) are marked in the Figure 4.3. The frame of reference T,R>F are plotted 

in the Figure 4.3 (a) for the 0°, 45°, 90° models which has reversed curvature, while 

the vectors are plotted in the same figure (b) for the 135°, 180° models which does 

not.

4 .2 .1  A x ia l flow  w ith  tra n sv e rse  flow

The axial velocity contours with transverse flow streamlines on eleven cross sec

tions throughout the double bends are shown in Figures 4.6 for Re =  125 and 4.9 

for Re =  500. In the second bend, the combination of the effect of the curvature of 

the first bend and the second bend and the effect of the non-planarity cause com

plex patterns (i.e. relative positions, rotation, skewness and so on) of axial flow and 

transverse flow.

R e =  125

•P lanar 180° m odel in Figure 4.6 (e) (Dean flow)

The steady, laminar, incompressible Poiseuille parabolic profile is established 

at the inlet as seen in section el. As the fluid moves along the bend, the crescent
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(a)
T

(b)

Figure 4.3: The frame of reference plotted in the geometries for the contours of axial 
velocity and vorticity (a) 0°, 45°, 90° models, (b) 135°, 180° models.

shaped maximum velocity profile evolved from the parabolic inflow moves towards 

the outer wall, because the axial momentum is advected along the helical transverse 

paths. The crescent shaped maximum velocity tends to recover towards parabolic 

flow gradually under the action of viscosity. The downstream flow includes two
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regions: (a) an inviscid core in which the centrifugal force is balanced by the pressure 

gradient directed towards the centre of the curvature, (b) a thin boundary layer in 

which the centrifugal force is balanced by the viscous force and the inertia force. The 

axial velocity profiles with the contours of the axial velocity present the development, 

of the flow along the second bend for better understanding in three dimensions in 

F igu re  4.7. The bulk flow moves towards the outer surface of the bend as seen in 

simplified F ig u re  4.4 and F igu re  4.7 (e). The tendency of the inertially dominated 

fast moving core flow to maintain its tangential trajectory causes the peak of the 

axial velocity profile to move outward.

The transverse flow towards the inner wall of the bend at the first onset of the 

bend could be attributed to the presage of downward flow or the ’potential vortex 

regime’ studied by Agrawal et al. (1978) [98]. He described the bulk flow moving 

slightly toward the inner surface of the bend with small curvature ratio at the start 

of the bend. In the curved bend, the centrifugal force causes the pressure gradient 

seen in F ig u re  4.5, while uniform pressure over the cross section were shown before 

a curved bend. The centrifugally-induced pressure gradient drives the faster-moving 

fluid in the core towards the outer wall of bend, while the slow-moving fluid near the 

wall moves along the wall from the outer wall to  inner wall and inwards to maintain 

the continuity of the fluid. This motion of transverse flow under the action of the 

pressure gradient which is no longer balanced by the centrifugal force presents a pair 

of counter-rotating vortices known as Dean vortices seen in the simplified F igu re  

4.4 and F igu re  4.6 (e) throughout the curved bend for the 180° model.
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Figure 4.4: Axial velocity profile and secondary motion in a curved pipe [6].

p: 0.311521 0.934562 1.5576 2.18064 2.80369 3 42673 4 04977 4.67281

Figure 4.5: Pressure distribution in 180° model at Re =  125 {Pa).
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(a) 0° model

(b) 45° model

(c) 90° model

(d) 135° model

(e) 180° model

p: 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.5___1.6__ 1 7

Figure 4.6: The axial velocity contours with transverse flow streamlines in five 
models at Re =  125 (y)(a) 0° model, (b) 45° model (c) 90° model, (d) 135° model 
and (e) 180° model
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(e) 180° model

Figure 4.7: The axial velocity profile from two different perspectives in the second 
bends of five models at Re =  125 (a) 0° model, (b) 45° model (c) 90° model, (d) 
135° model and (e) 180° model

73



Figure 4.8: Axial velocity profile in the 0° model at Re =  125

•P la n a r  0° m odel in  F igu re  4.6 (a)

The same tendency of flow behaviour (i.e. the displacement of the peak 

crescent-shaped velocity and classical Dean vortex pattern) is shown in the first 

bend in all five models. Therefore, the flow in the second bend to study the effect 

of curvature and non-planarity is focused. The bulk flow moves toward the outer 

wall of the first bend along the first bend and moves back towards the outer wall of 

the second bend which has the opposite reversed curvature along the second bend 

in F ig u re  4.8. The centrifugal force in the opposite direction caused by the reverse 

curvature encourages the relative position of the velocity core to move towards the 

centre of the bend and then towards the outer wall of the second bend. In the out

flow (position 11 for (a), a l l :  4D after the second bend), the shape of the velocity 

core almost returns to flow in the straight pipe, as the viscous effects from the wall 

begin to restore the fully developed profile.
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The flow pattern in the first bend is a classical Dean vortices type whereas the 

second reversed curved bend neutralises the first bend effect and allows a modified 

Dean vortex pattern, which is the coexistence of two pairs of transverse motions 

shown at section a5 (9 =  15°). However the transverse flow streamline generated 

by the first bend disappears while the transverse flow streamline generated by the 

second bend dominates in the rest of the second bend. The transverse flow pattern 

at 4D after the second bend is very similar to the transverse flow pattern at the 

entrance of the first bend.

•N o n  — p la n a r 45° m odel in F ig u re  4.6 (b)

As mentioned before, flow behaviour in the first bend is not very different from 

the planar bend while, the non-planarity induces the rotation of the axial velocity 

core slightly in the anti-clockwise direction and inclination to the left as viewed 

from the inlet in the second bend. The reversed curvature leads the axial flow to 

move back towards the outer wall centrifugally, simultaneously the non-planarity 

and the motion of transverse flow lead it to move back along the axis as oblique as 

approximately through the angle (f> from the halfway of the second bend (section 

b7). The bulk flow is blunter in the second bend due to the effect of combination of 

curvature and non-planarity than planar model cases seen in F ig u re  4.7 (b). Flow 

after the second bend has a tendency to the recovery to parabolic flow at section 

b l l .  In combining the effects of curvature and abrupt torsion, non-planarity causes 

a relatively complex pattern compared with planar model cases.

The single stronger vortex tends to dominate the whole transverse flow at the 

entrance of the second bend at section b5 (9 =  15), while the axis of the cores of 

the two vortices rotates due to non-planarity. However, the double-spiral transverse 

motion is recovered quickly at section b6 (6 = 30) and persists along the double 

bend until the fluid reaches the end of the second bend. The cores of the one pair 

of transverse flows with small asymmetry rotate approximately <t>, the angle of non

planarity, in the anti-clockwise direction viewing from the inlet of the double bend 

about the centre of the second bend shown at the section b7 (0 = 45°). Single
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spiral transverse flow is shown at the last section b l l  (4D after the second bend), 

because the high degree of asymmetry encourages the stronger vortex to dominate 

the transverse flow field. In this case, the non-planarity has a greater effect on 

encouraging the mixing and the domination by the single stronger vortex rather 

than the simple effect of curvature.

•N on  — planar 90° m odel in Figure 4.6 (c)

The velocity has very similar characteristics (i.e. the angle of rotation and 

the direction of movement in the second bend) to that in the 45° model. The 

axial velocity core rotates more than the 45° model case. The axial velocity core 

rotates by an angle which is again approximately proportional to the non-planarity 

(4>). At section e l l ,  the axial velocity has not recovered to parabolic flow and is 

significantly blunter than the velocity profiles of other models. Typically the greater 

non-planarity, the blunter the axial velocity and this is especially for the 90° model 

as seen in F igure  4.7 (c). The great dissimilarity of velocity profile would result in 

the difference of wall shear stress distribution among other models.

A Dean vortex pattern along the first bend and a slightly asymmetric single 

pair of vortices rotated by <f> along the second bend are also noticeable. Dean vortices 

do not persist any longer, however, breaking down at the section e l l  (4D after the 

second bend). The domination of one stronger vortex by the merging of the first 

and the second vortices seen in the 45° model, is not observed.

•N on  — planar 135° m odel in Figure 4.6 (d)

The same tendency as the 45°, 90° cases of the axial velocity in the non-planar 

models (i.e. the angle of rotation and the direction of movement in the second 

bend) is also observed for the 135° model. The reversed curvature and transverse 

flow cause the axial velocity core to move towards the inner wall of the second bend 

consistent with the centre axis of the transverse streamline. In spite of the high 

degree of asymmetry of the transverse velocity streamline, the axial velocity is able
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to recover a parabolic profile and in fact is very similar to that in the planar 180° 

model.

The transverse flow pattern has the same characteristics (i.e. the rotation 

angle of the vortices and asymmetry) as with the other non-planar models. A pair 

of asymmetric Dean vortices, which has one stronger vortex, is found at slice d l l  

as in the 45° model with the same non-planarity. However, the one stronger vortex 

does not dominate the whole transverse flow field. Probably this is due to the fact 

that the double bend has the same curvature as the first bend instead of a reversed 

curvature as in the 45° model case.

R e =  500

As the Reynolds number and Dean number increase, the more crescent shaped 

peak velocity and the greater displacement of the peak velocity at the centre of the 

first bend towards the outer wall of the bend becomes more pronounced, as can 

be seen in Figure 4.9. This ten d en cy ^  caused by the effects of the motion of 

transverse flow, centrifugal and inertial forces. This tendency is pronounced at high 

Re, because increasing Re means that perturbations in the interior of the flow field 

are increasingly influenced by inertial force effects vis-a-vis viscous effects.

•P lanar 180° m odel in Figure 4.9 (e)

As Re increases, the peak velocity moves further towards the outer wall of the 

first bend, that is, the gradient of the axial velocity increases along the outer wall 

with increasing Re. Ignoring as insignificant the effect of viscous diffusion, axial 

momentum is advected along the paths of transverse flow, leading to more distinct 

crescent shapes and the spread of axial velocity with the larger gradients of axial 

velocity.

A pair of Dean vortices with larger zones of circulation is seen than the Re =  

125 case in the first bend. This is consistent with the pattern observed in a  curved 

pipe at higher Dean number in previous studies [2, 24, 31]. As the fluid moves
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(a) 0° model

(b) 45° model

(c) 90° model

(d) 135° model

(e) 180° model

1 ■ I I i mm
p: 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.5 1.6 1.7

Figure 4.9: The axial velocity contours with transverse flow streamlines in five 
models at Re — 500 (y ) (a) in 0° model, (b) in 45° model (c) in 90° model, (d) in 
135° model and (e) in 180° model

along the second bend, a new transverse flow pattern is observed with three pairs 

of vortices. A single pair of vortices, surrounded by the pair of vortices generated 

in the first bend, is produced by the second bend at the centre from the start of 

the second bend. The vortices at the centre rotate in the opposite direction to the 

vortices surrounding. The vortices at the centre encourage the main Dean vortices 

to be divided into two pairs of vortices. Therefore, three pairs of the vortices are
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(c) 90° model
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(d) 135° model

17 J Id J'V w W__j  ^ > 3

(e) 180° model

Figure 4.10: The axial velocity profile from two different perspectives in the second 
bends of five models at Re =  500 (a) 0° model, (b) 45° model (c) 90° model, (d) 
135° model and (e) 180° model

79



found in the second bend (one pair of Dean vortices generated by the first bend, 

divided into two pairs by the vortices created by the second bend) from the section 

e4 (9 = 0) to e6 (9 = 30). This vortices at the centre cause the fast-moving flow to 

move towards the outer wall of the second bend and result in the intricate vortex 

patterns and mixing. Hence a blunt velocity profile is induced along the second 

bend from section e5 to e8, as compared with Re — 125. Afterwards two pairs of 

the vortices generated by the first bend join together and the other single pair of 

vortices made by the second bend gradually disappear, although they persist until 

the end of the second bend from the section e7 (9 =  45) to e9 (9 = 90).

•P lanar 0° m odel in Figure 4.9 (a)

The axial velocity at Re =  500 has the same trend as for Re =  125. However, 

the crescent shaped velocity is spread more in the azimuthal direction by the advec- 

tion of the momentum, and axial velocity profiles are much blunter along the whole 

double bend, than for Re =  125. Further, a nearly uniformly shaped flow, instead 

of the recovered parabolic flow is seen for Re =  125 at the last section a l l .

The Dean vortex pattern is presented in the first four sections (al to a4). At 

section a5 (9 = 15), the cores of the transverse flow produced by the first bend move 

towards the outer wall of the second bend due to the effects of the strong centrifugal 

and inertial forces of the second bend and still dominate the transverse flow field. 

The other pair of vortices produced by the second bend which surround the first 

vortex pair gradually dominate the whole transverse flow field, while the pair of 

vortices generated by the first bend gradually weakens and disappears at section 

a8 {9 — 60). This coexistence of the vortices generated by the first bend and the 

second bend prolongs further than at Re =  125. At the last section a l l  (4D after 

the second bend), the pair of vortices caused by the curvature of the second bend 

is still present. That is, the flow takes longer to recover the parabolic flow profile 

through the double bend as compared to the Re =  125 case; this is consistent with 

the smaller viscous effect for a higher Reynolds number.
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•N o n  — p la n a r 45° m odel in F ig u re  4.9 (b)

The maximum axial velocity has also been displaced near the outer wall of 

the first bend. The movement of the peak axial velocity in the first bend is similar 

to that in the planar 180° model. The peak axial velocity core rotates slightly as 

the 45° model case at Re =  125. A very distinct stretched crescent shaped axial 

velocity with a large gradient of axial velocity is displayed throughout the whole 

double bend compared to all models at Re =  125 and other planar models at Re 

=  500. The remaining transverse flow depresses the top of the peak axial velocity 

core, which is in process of recovery to parabolic flow and leads to a ’heart’ shaped 

core at the last section b l l .

The transverse flow streamline pattern is very similar to tha t at Re =  125 

except for the large skewness of the transverse flow along the second bend. The 

rotation of the transverse flow streamline caused by the effect of non-planarity takes 

place within 6 — 30 of the second bend (section 6). In spite of the high asymmetry of 

the transverse flow, two vortices still coexist without the domination by one stronger 

vortex even at section b5 (0 =  15) and b l l  (4D after the second bend). This is unlike 

the Re - 125 case.

•N o n  -  p la n a r 90° m odel in  F ig u re  4.9 (c)

The tendency of the development of peak axial velocity along the double bend 

is not very different from that at Re =  125. The maximum axial velocity core rotates 

by roughly (¡> unlike for the Re =  125 case. After the double bend, the axial flow 

pattern is the same as that for the 0° model at sections clO and e l l .  Compared 

with the Re =  125 case there is blunter and much more distorted velocity profile in 

the inviscid core region caused by the non-planarity. This is shown in F ig u re  4.10

(b).

Along the first bend, the transverse flow patterns in the 0° and the 90° models 

are very similar. This pattern does not change at all throughout the second bend
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in contrast to Re =  125. Even the higher degree of skewness of the transverse 

flow could not be observed. Despite the 90° model being a non-planar geometry, 

the rotated transverse flow recovers more quickly in a similar manner to the planar 

models at Re =  125. The single pair of vortices generated by the first bend persist 

and dominate the transverse flow field throughout the double bend. At the last 

section e l l  (4D after the second bend), in contrast to strong transverse flow and the 

pattern of transverse streamlines are not detected.

•N on  — planar 135° m odel in Figure 4.9 (d)

The 45° (b), 135° (d) and 180° (e) models have similar evolutions of the max

imum axial velocity until the flow reaches the section d6 (0 — 30) in the second 

bend. Up to the section d6, the velocities vary more quickly with the radius near 

the outer wall of the first bend and are linked to the inner wall of the second bend. 

From then on, the relative positions and the directions of movement of the core are 

influenced by the transverse flow and curvature until the section 11 (4D after the 

second bend). From the section d7 onwards (6 =  45), a similar pattern to the 180° 

model is noticeable.

The transverse flow pattern along the first bend is close to that in the 45° model 

at Re =  500 (b), a complex transverse flow pattern with three cores of transverse flow 

streamlines, is seen in the second bend. It is not possible to clarify the transverse 

flow field in terms of the effects of curvature and non-planarity with these results 

(d) from section d4 (6 = 0) to d6 (6 = 30). in the Section 4.2.2 this transverse 

flow pattern will be investigated together with the results from the axial vorticity 

and the coherent vortical structure. About halfway through the second bend the 

double-spiral transverse motion recovers with high skewness and persists until the 

fluid reaches ID after the second bend due to the curvature effect. Despite the high 

asymmetry of the transverse flow, two balanced double-spiral transverse flows are 

observed at 4D after the second bend.
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Sum m ary of study of axial flow w ith  th e transverse flow

As fluid moves along the bend, the axial momentum is advected along the helical 

transverse paths, leading to a crescent shaped maximum velocity. As Re increases, 

axial velocity becomes more crescent shaped due to the effects of stronger advection 

and smaller viscous diffusion and the axial velocity profile becomes blunter. The 

blunter velocity profiles in the non-planar models at Re =  125 and the more distorted 

velocity profiles in the non-planar models at high Reynolds number are highlighted.

The centrifugally-induced pressure gradient causes a transverse flow moving to

wards the outside of the curve, with a compensating inward flow near the walls, 

therefore classical Dean vortex patterns dire generally seen in all the first bends. 

The classical vortices rotate by an angle, close to 0, the angle of non-planarity of 

the geometry, in the second bend at Re =  125. The pattern of the transverse flow in 

the other models with various non-planarity at Re =  125 can be easily predicted by 

interpolating these results. At Re =  500, the skewness of the transverse flow with 

a high degree of asymmetry is marked, especially in the non-planar 45° and 135° 

models. Further, different patterns, multi-pairs of vortices or three cores (stagna

tion points) of transverse flow (i.e. two pairs in the 0° model, two and three pairs 

in the 180° model and three cores of transverse flow in the 135° model), as well as 

asymmetric transverse flow are shown in the second bend. In axial velocity profiles, 

larger mixing of fluid is evident in the second bend, especially at the start of the 

second bend, in the non-planar models.
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4 .2 .2  V o r tic ity

F igu res 4.11 and 4.12 present the contours of the axial component of vorticity in 

the eleven cross sections in the five models at Re =  125 and 500, they show the sign 

(direction) of rotation and the extent of the vortices more clearly. The anti-clockwise 

flow (viewing from the inlet of the double bend) is shown in blue and clockwise flow 

is shown in red. These eleven sections illustrate Dean vortices generated by the first 

and the second bends, as well as the reaction of the boundary layers which are the 

consequence of the zero velocity at the wall.

Re =  125

•Planar 180° m odel in Figure 4.11 (e)

The classical Dean vortices generated by the curvature of the first bend and 

the thin boundary layers of vorticity tha t develop at the wall as the reaction to the 

Dean vortices are displayed through the whole bend. The classical Dean vortices are 

observed along the first bend and then they are modified and reduce in size of the 

circulation zone at the start of the second bend. All contours of the axial vortices 

are almost the same in the second bend from the section e4 (6 = 0) to e9 (6 = 90). 

After the second bend, the weakening of the vortices is clearly shown at the section 

elO and e ll .

•P lanar 0° m odel in Figure 4.11 (a)

The classical Dean vortex pattern is also presented in the first bend as in the 

180° model. However, the Dean vortices and the thin boundary layers of vorticity 

reduce by the effect of reversed curvature. As the flow travels through the second 

bend, it is noted that a distinct pair of crescent shaped vortices, detaching the 

boundary layer of vorticity from the surface of wall and diffused into the flow, 

developed between the first pair of vortices and the wall from the section a4 (6 =  0) 

to a8 (6 =  60). New boundary layers of vorticity with opposite sign of rotation at the 

wall as a reaction to the newly established second pair of vortices are observed. The
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(a) 0° model

(b) 45° model

(e) 180° model

Figure 4.11: Contours of the axial vorticity in five models at Re =  125 (a) in 0° 
model, (b) in 45° model (c) in 90° model, (d) in 135° model and (e) in 180° model

development of two pairs of vortices arise by the combination of viscous diffusion 

and advection. The second pair of vortices annihilate the first pair of vortices, as 

the regions of vorticity of opposite sign cross-diffuse into each other, superseding the 

first pair and progressively dominating the transverse flow field.

•Non — planar 45° model in Figure 4.11 (b)
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The counter-rotation vortices in the first bend are the same as with the planar 

0° model from the section b l (9 =  90) to b4 (0 =  0). As the flow moves into the 

second bend, the thin boundary layer of vorticity starts to detach from the outer 

wall at the section b5 (9 — 15) due to the reversed curvature. The detached vortex 

(shown in red) produced by the reaction vorticity layer links to the vortex generated 

by the first bend (shown in red), while the other vortex (shown in blue) made by the 

reaction vorticity layer weakens between the section b6 (9 = 30) and b7 (9 — 45). 

The decrease of the other vortex formed by the wall reaction (shown in blue) causes 

the asymmetric vortices. In the end, the merged vortex (shown in red) tends to 

dominate the transverse flow field. Still, the other vortex (shown in blue) generated 

from the reaction vorticity boundary layer persists and prevents the domination by 

the stronger vortex up to section blO (ID after the second bend). The slope of the 

axis of the two vortices is close to (j), the angle of the non-planarity at section b8. At 

the last section b l l  (4D after the second bend), the existence of only the stronger 

vortex, which dominates the field, is obvious.

•N on  — planar 90° m odel in Figure 4.11 (c)

Dean vortices are the same as with the previous models up to section c3 

(9 =  30), at the section c4 (9 — 0), the deformed Dean vortex pattern (type II)

[2] are observed. Each of the Dean vortices merges with the vortex of the same 

colour (rotating in the same direction) produced by the reaction vorticity layer until 

halfway round the second bend, section b7 (9 =  45). When they link, they rotate 

and also re-established through the angle of non-planarity. The counter-rotation 

vortices are seen up to the last section e l l .

•N on  — planar 135° m odel in Figure 4.11 (d)

The geometry of the 135° model does not have a reverse curvature similar 

to the 180° model, therefore vortices with the opposite sign caused by the reverse 

curvature are not observed. The non-planarity induces the rotation of the counter

rotating vortices and the asymmetric vortices in the second bend at section d5
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(0 =  15) to (18 (0 =  60).

R e =  500

(d) 135° model

(e) 180° model

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 4.12: The contours of the axial vorticity in five models at Re =  500 (a) in 0° 
model, (b) in 45° model (c) in 90° model, (d) in 135° model and (e) in 180° model

•Planar 180° model in Figure 4.12 (e)
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Larger Dean vortices are found at the section e2 (9 =  60) than with Re =  

125. Classical Dean vortices convert to crescent shaped Dean vortices at section 

e3 (9 =  30) and the reaction vorticity to the latter thickens. At this Re case, 

the boundary layer of vorticity remains much more rigidly attached to the wall 

throughout the second bend, presumably necessary to maintain the no-slip condition 

at the wall as a reaction to the stronger first pair of vortices. The section e4 (the start 

of the second bend) presents not only the phenomenon, a crescent pair of vortices 

and a pair of reaction vortices rolling up , but also the generation of another pair of 

vortices at the centre, surrounded by the crescent vortices. Another pair of vortices 

made by the second bend grows gradually up to section e6 (9 =  30) and there is 

insufficient circulation of this new vortex pair to overcome the first vortices. The 

second vortices are instead annihilated by the combination of destructive cross

diffusion with the first vortices and advection by their own induced transverse flow 

pattern throughout the second bend. Further, the pair of crescent vortices tends to 

divide into two pairs of vortices in the second bend. One strong pair of vortices are 

clearly prolonged until the flow reaches 4D after the second bend. Additionally, the 

pair of rolled-up vortices made by the wall reaction persists weakly and links to the 

other vortex produced by the second bend from the section e4 to e8.

•Planar 0° m odel in Figure 4.12 (a)

The evolution of Dean vortices has a similar tendency to the Re =  125 case. 

The coexistence of both a pair of Dean vortices and a pair of additional vortices 

produced by the reaction to the Dean vortices is also noticeable from section a5 

(9 = 15) to a7 (9 =  45). The first Dean vortices exist near the outer wall of the 

second bend due to stronger centrifugal force effects and persist longer compared to 

the first Dean vortices found at the centre at Re =  125. The vortices generated by 

the wall reaction grow more slowly than those at Re =  125 up to section a9 (the 

end of the second bend) and dissipate at section a l l .

•Non -  planar 45° model in Figure 4.12 (b)
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The development of the Dean vortices (winding up of the crescent vortices 

and the vortices formed by the wall reaction) in the first bend is as with the planar 

180° model (e). Each vortex produced by the first bend is inclined to link to a 

vortex of the same sign, generated by the wall reaction. The blue Dean vortex links 

first while the red Dean vortex tends to connect at the section b5 (9 =  15). At 

the section b6 (9 =  30) the red Dean vortex unites with the vortex formed by the 

reaction, meanwhile the connection of the blue Dean vortex is broken. Still the blue 

Dean vortex separated from the blue vortex produced by the wall reaction remains 

throughout the second bend without annihilation. The domination by the stronger 

vortex is not observed because of the perseverance of two vortices generated by the 

first bend throughout the second bend, unlike the Re =  125 case.

•N on  -  planar 90° m odel in Figure 4.12 (c)

Dean vortices with blunt ends formed by the first bend are displayed as seen 

in the 0° model (a). The merging between the first vortex and the boundary vortex 

layer persists shorter within 30° of the second bend compared to that at Re =  

125, while the vortex patterns are generally similar to the Re =  125 case. As Re 

increases, the marked phenomena that are induced by the effects of curvature and 

non-planarity at Re =  125 can not be seen except for the sharp Dean vortex shape 

compared to the rounded crescent Dean vortex form.

•N on  -  planar 135° m odel in Figure 4.12 (d)

The rolled-up vortices resemble the 45° (b) and 180° (e) models at Re =  500. 

At the section d5 (9 =  15), the blue Dean vortex is disconnected at the middle 

of the vortex, while this vortex merges with another blue vortex produced by the 

wall reaction at section d5 (9 =  15). Further, another asymmetric pair of vortices 

are formed at the centre by the second bend as with the 180° model (e) and the 

stronger vortex of the pair lasts throughout the double bend. Moreover, the red 

vortices generated by the wall reaction persist and merge into the red Dean vortices 

produced by the first bend at the section d7 (9 — 45). The independent coexistence
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of the vortices generated by the first bend, the second bend and the wall reaction 

throughout the second bend induces the unexpected large mixing patterns of the 

vortices as well as the high asymmetry of the vortices.

Summary o f study of axial vorticity  contours

The classical Dean vortex patterns in the first bend in all five models are observed. 

As Re increases, the area of circulation by the Dean vortices increases. In both 

planar models, symmetric counter-rotating vortices and a pair of vortices produced 

by the first bend and boundary layers of vorticity as the reaction to the first vortices 

are present. In the non-planar models, at Re =  125 the vortices in the second 

bend entangle and rotate by <f>, the angle of the non-planarity of the geometries, 

with asymmetry due to the effect of non-planarity. When Re =  500, non-planarity 

encourages complex or intricate vortex patterns and the tangling of vortices of the 

different signs in the non-planar models.
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4 .2 .3  C o h eren t v o r tic a l s tr u c tu r e s

In order to demonstrate the vortical core structure in the different flows that have 

been studied, the iso-contours of A2, are visualised a value of -0.3 in Figure (4.13 

- 4.16). This structure clearly shows that the major effect of non-planarity and 

increasing Re is that a change in the vortical structure occurs. Figure 4.13 and 

4.14 show the same results for Re =  125 from different points of view. Figure 4.15 

and 4.16 show the same results for Re =  500 from the different points of views, 

respectively the same as for Re =  125.

R e =  125

•P lanar 180° m odel in Figures 4.13 (e) and 4.14

The development of the ordinary Dean vortex structure is obvious throughout 

the whole bend. The vortex structure is initiated at the onset of curvature and 

persists and goes into the outflow until it is diffused by the effect of viscosity.

•P lanar 0° m odel in Figures 4.13 (a) and 4.14 (a)

F ig u re  (4.13) (a) illustrates two unconnected vortical structures. The smooth 

vortices in the shape of Dean vortices are generated and grow in the first bend. 

Shortly afterwards, they are annihilated in the front part of the second bend; this 

may be seen in F ig u re  (4.14) (a). Subsequently vortices are initiated independently 

at the onset of the reversed curvature by the effect of the curvature of the second 

bend in F ig u re  (4.13) (a). The sign of the vorticity generated by the second bend 

is opposite to that generated by the first bend.

•N on  — planar 45° m odel in Figures 4.13 (b) and 4.14 (b)

In the first bend, the same Dean vortical structure is seen as the planar models. 

However, the non-planarity causes asymmetry in vortical structures. One of the 

vortices generated in the first bend is not annihilated by the presence of the second
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bend but instead persists throughout the second bend and goes into the outflow. 

The right vortex of the first bend (RF) viewed from the inlet of the double bend 

(clockwise vortex shown in Figure 4.11 (b)) twists and connects into the left vortex 

in the second bend (LS) viewed from the inlet of the double bend (clockwise vortex 

shown in Figure 4.11) of the outflow, unlike the 0° model with the same reverse 

curvature. The vortical structure demonstrates the domination of the transverse 

flow field by a vortex, which is connected and grows stronger and longer than with 

the planar models.

•N on  — planar 90° m odel in Figures 4.13 (c) and 4.14 (c)

The first Dean vortical structure is close to tha t in the 0° model at Re =  

500. Afterwards, the vortices generated by the first bend and the wall reaction also 

connect throughout the first half of the second bend. The vortex generated by the 

first bend is destroyed in the second half of the second bend. Despite the connection 

of the two vortices, the vortical structure in the second bend is symmetric and very 

similar to the planar 0° model when Re= 125.

•N on  — planar 135° m odel in Figures 4.13 (d) and 4.14 (d)

Similar asymmetrical coherent vortical structures are observed in the 45° and 

the 135° models. The coherent vortical structure in the second bend shows the 

domination by a connected vortex in the 135° model, while it is not clearly shown 

in the results of the transverse flow streamline and normal vorticity. This is because 

the Dean vortex pattern is emphasised and becomes predominant by the stronger 

effect of curvature vis-a-vis the effect of non-planarity.

R e =  500

•Planar 180° m odel in Figures 4.15 (e) and 4.16 (e)

The same counter-rotating vortical structure is also illustrated for Re =  125. 

However, the intricate vortex patterns tha t are seen in the normal vorticity in Figure
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4.12 (e), cannot be observed studying the coherent vortical structure. This is because 

the large vortical structure produced by the first bend encloses the intricate vortical 

structure at the centre produced by the second bend. Increasing Re causes the much 

longer persistence of the Dean vortical structure.

•Planar 0° m odel in Figures 4.15 (a) and 4.16 (a)

Two unconnected independent Dean vortical structures, each of them cor

responding to a pair of Dean vortices, have the same structure as for Re =  125. 

Increasing Re causes the longevity of the vortices generated by the first bend as 

well as the longer persistence of the Dean vortical structure generated by the second 

bend.

•N on  -  planar 45° m odel in Figures 4.15 (b) and 4.16 (b)

F ig u re  4.15 (b) indicates a larger Dean vortical structure compared to the 

Re =  125 case. The connection between the vortex generated by the first bend 

and the boundary vortex layer generated as the reaction to the first vortices is also 

seen. However, this connection does not influence the vortical structure throughout 

the second bend very much. The pair of vortices persists together without the 

domination by the stronger single vortex. This is unlike the Re =  125 case, because 

the high Dean number dominates the flow in the second bend.

•N on  -  planar 90° m odel in Figures 4.15 (c) and 4.16 (c)

The structure of the coherent vortical structure throughout the double bend is 

very similar to that in the planar 0° model (a) at Re =  500. The vortex within the 

first bend also links into or merges together in parallel with a vortex produced by 

the reaction at the wall at the entrance of the second bend. It has no effect at all on 

the vortical structure in the second bend. Increasing Re leads to the growth of the 

distinct vortices generated by the wall reaction. The first Dean vortical structure 

affects less the reaction vorticity layer structure in the second bend than in the other
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non-planar double bends. The decrease of effect of non-planarity might be due to 

flows in the first bend going perpendicular to the flows in the second bend.

•N o n  -  p lan a r 135° m odel in  F igu res 4.15 (d) a n d  4.16 (d)

The coherent vortical structure shows the influence of the single curvature 

without reversed curvature and the non-planarity. Yet, the asymmetric vortical 

structure is not observed as for the cases in the 45° and 135° models when Re =  

125. The vortical structure is close to the 45° model (b) due to non-planarity and 

also close to the 180° model (e) due to the single long curvature, therefore the 

vortices extend much farther in the 135° model compared to the 45° model (b) at 

Re =  500.

S um m ary  of th e  s tu d y  o f co h eren t vo rtica l s tru c tu re s

A classical Dean vortical structure generated by the long single curvature in the 

180° model is illustrated in F igures 4.13 (e) and 4.15 (e). The independent gen

eration of the unconnected vortices produced by the first bend and by the wall 

reaction is apparent in the planar 0° model in F igu res 4.14 (a) and 4.16 (a). In the 

non-planar 45° and 135° models with the same non-planarity, asymmetric coherent 

vortical structure, with the domination by the single stronger vortex, are observed 

when Re =  125 in F igu res 4.13 (b), (d) and 4.14 (b), (d). However, the domination 

of the transverse flow field by a stronger vortex and the asymmetric vortical struc

ture, caused by the link between the vortices generated by the first bend and the 

wall reaction are not observed at Re =  500. This is because the high Dean number 

dominates the flow in the second bend. The special characteristics (perpendicular 

geometrical configuration) of the 90° model leads to a similar vortical structure to 

the planar models. At Re =  500, a similar vortical structure is generated compared 

to the Re =  125 case in the two planar models and the 90° model. As Re increases, 

the vortices generated by the wall reaction and the longevity of these vortices are 

distinctly shown.
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(a) 0° model (b) 45° model

(c) 90° model

(d) 135° model

Figure 4.13: Coherent vortical structure at Re =  125 (a) 0° model, (b) 45° model
(c) 90° model, (d) 135° model and (e) 180° model. RF, LF, LS denotes the right 
vortex of the first bend, the left vortex of the first bend and the left vortex of the 
second bend, respectively.
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(a) 0° model

f

(b) 45° model

(c) 90° model

(e) 180° model (d) 135° model

Figure 4.14: Coherent vortical structure at Re =  125 (a) 0° m odel, (b) 45° m odel
(c) 90° m odel, (d) 135° m odel and (e) 180° m odel.
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(c) 90° model

(e) 180° model (d) 135° model

Figure 4.15: Coherent vortical structure at Re =  500 (a) 0° m odel, (b) 45° m odel
(c) 90° m odel, (d) 135° m odel and (e) 180° m odel
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(c) 90° model

(e) 180° model (d) 135° model

Figure 4.1G: Coherent vortical structure at Re =  500 (a) 0° m odel, (b) 45° m odel
(c) 90° m odel, (d) 135° m odel and (e) 180° m odel
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4 .2 .4  W all sh ear  s tr e ss  d is tr ib u tio n

Wall shear stress distributions at Re =  125 and 500, normalised by the wall shear 

stress at the inlet of a straight pipe for Poiseuille flow at the same Reynolds numbers, 

are presented in F igures 4.17, 4.18, 4.19 and 4.20. While there seems to be general 

agreement that wall shear stress affects the development of atherosclerosis, there is 

still uncertainty about the exact mechanism. Hypotheses include: a low levels of 

wall shear stress are atherogenic [20, 22]; others suggest the gradient or the level of 

oscillation of wall shear stress axe atherogenic, while others believe that high shear 

stress can damage the endothelium leading to atherosclerosis [23, 24]. It has also 

been reported tha t high wall shear stress may be an influence on initiation of the 

disease in the very young, but that low wall shear stress may be an influence in 

adults [25-27].

In the following section, the shear stress distribution will be shown in the various 

planar and non-planar models at different Reynolds numbers.

R e =  125

•Planar 180° m odel in Figures 4.17 (e) and 4.18(e)

Wall shear stress distribution is associated with the variation of gradient of 

velocity near the wall. As the axial velocity gradient component has the greatest 

magnitude, the axial flow provides the most significant contribution to the wall 

shear stress distribution. Hence, in terms of the velocity profile, the following can 

reasonably be expected to be observed: a decrease of wall shear stress upon the 

inner wall of the bend and conversely a local maximum of wall shear stress at the 

outer wall at the start of the second bend. As the fluid moves into the first bend, 

the shear stress increases along the outer wall in the first bend and peaks from the 

middle to the end of the first bend as in Figures 4.17 (e). This is because along the 

outer wall the peak axial velocity moves towards its outer surface due to the effect 

of curvature and the gradient of the velocity increases. As the fluid moves into the 

second bend, the shear stress along the outer wall first decreases and then increases

99



again near the end of the second bend. A low level of wall shear stress is distributed 

along the whole inner wall of the whole bend as shown in Figure 4.18, and as the 

low gradient of axial velocity can be seen there as in Figure 4.6.

•Planar 0° m odel in Figures 4.17 (a) and 4.18(a)

At the onset of the first bend, a slight increase in the wall shear stress is ob

served, which could be attributed to the potential vortex regime studied by Agrawal 

et al. (1978). As the fluid moves into the first bend, the wall shear stress also 

increases along the outer wall in the first bend as for the 180° model. The peak 

wall shear stress exists at the end of the first bend and the start of the second bend 

where the outside of the first bend changes into the inside of the second bend. The 

maximum movement of the peak velocity towards the wall, leading the high gradient 

of velocity is observed due to the effect of discontinuous curvature at this location. 

Then, the wall shear stress decreases along the inner wall of the second bend. This 

low level of wall shear stress is shown along the whole inner wall of the first bend 

and outer wall of the second bend of the 0° model in F ig u re  4.18. Further, the 

lowest wall shear stress is distributed along the outer wall of the second bend.

•N on  -  planar 45° m odel in Figures4.17 (b) and 4.18(6)

The wall shear stress has a similar distribution to that in planar models, it 

increases along the outer wall of the first bend and decreases along the inner wall 

of the second bend. The peak wall shear stress occurs at roughly halfway through 

the first bend to the start of the inner wall of the second bend. This region of peak 

wall shear stress is wider than that in the planar 0° model. The area of low wall 

shear stress reduces compared to the planar models in F ig u re  4.18. The low level 

of wall shear stress is shown from the middle of the outer wall of the first bend to 

the middle of the inner wall of the second bend. The lowest wall shear stress region 

is found near the start of the outer wall of the second bend.

•N on  -  planar 90° m odel in Figures 4.17 (c) and 4.18(c)
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The wall shear stress is overall much lower than in the other models, because 

of the blunter and different velocity profile shown in Figure 4.7 (c) and the smaller 

gradients of axial velocity near the wall shown in the velocity contours Figure 

4.6 (c). This will result in a much lower magnitude of wall shear stress in this 

geometry than in the other models. However, the overall pattern of wall shear stress 

distribution pattern is not different; the wall shear stress first increases and then 

decreases along the outer wall of the first bend. Peak wall shear stress exists at the 

start of the inner wall of the second bend. Afterwards, the wall shear stress decreases 

quickly along the inner wall of the second bend. The lowest wall shear stress occurs 

along the inner wall of the first bend, then the wall shear stress increases along the 

outer wall of the second bend in Figure 4.18.

•N on  -  planar 135° m odel in Figures 4.17 (d) and 4.18(d)

The wall shear stress distribution is also similar to that for other cases, being 

similar to the non-planar 45° model. The lowest wall shear stress is found at the 

inner wall within the first bend and the low level of wall shear stress is distributed 

along the inner wall of the first bend and the initial part of the second bend. From 

these results for wall shear stress distributions in Figure 4.18. It is found that the 

region of the low level of wall shear stress along the inner wall reduces and occurs 

earlier along the inner wall of the first bend in the non-planar models compared to 

the planar models.
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(a) 0° model
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1.71429
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the colour map for WSS

(b) 45° model

(c) 90° model

Model 4

(e) 180° model (d) 135° model

Figure 4.17: Wall shear stress distribution at Re =  125 (a) U° m odel, (b) 45° m odel
(c) 90" m odel, (d) 135° m odel and (e) 180° m odel.
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(a) ü° m odel (b) 45° m odel

sÌ 2.53571 
2.37143 
2.20714 
2.04286 
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1.71429

1.38571
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1.05714
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0.728571
0.564286

(e) 180° model (d) 135° model

Figure 4.18: Regions of low level of wall shear stress at Re — 125 (a) 0° m odel, (b)
45° m odel (c) 90° m odel, (d) 135° m odel and (e) 180° m odel.
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Re =  500

•P la n a r  180° m odel in F igu res 4.19 (e) a n d  4.20(e)

The wall shear stress distribution is rather similar to that at Re =  125, al

though the spatial gradient of wall shear stress is much larger in the first bend than 

that at Re =  125. The peak wall shear stress region occurs earlier near the entrance 

of the first bend than for Re =  125. The low wall shear stress is also present along 

the inner walls of the first and the second bend. The region of the lowest wall shear 

stress exists at the inner wall of the first bend in F ig u re  4.20. The axial velocity 

spreads in azimuthal direction and moves move toward the outer wall of bend with 

increasing Re, therefore the wall shear stress rises over the sides of bend due to the 

increase of velocity gradient.

•P la n a r  0° m odel in  F igu res 4.19 (a) a n d  4.20(a)

The increase of the wall shear stress along the outer wall of the first bend 

and the decrease of the wall shear stress along the inner wall of the second bend 

are also shown at Re =  500. Meanwhile, the peak wall shear stress region reduces 

compared to the Re =  125 case. The results from the first bend region clearly show 

that the wall shear stress at the outer wall of the first bend is much larger than the 

wall shear stress at the inner wall of the first bend, which may be attributed to flow 

impingement at the outer wall of the first bend. The wall shear stress a t the outer 

wall of the second bend is smaller than at the outer wall of the first bend in the 

models. The region of the low level of the wall shear stress is located a t the outer 

wall of the second bend like that at Re =  125.

•N o n  -  p la n a r 45° m odel in  F ig u res  4.19 (b) a n d  4.20(6)

The great increase in the region of the peak wall shear stress results from the 

larger gradients of axial velocity near the outer wall of the first bend as shown in 

F igu re  4.9 (b). The earlier occurrence of the low shear stress region at the inner 

wall of the first bend instead of at the outer wall of the second bend can be seen
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in F igu re  4.20 (b). This compares to results for previous planar models and in the 

same 45° model at Re — 125.

•N on  — planar 90° m odel in Figures 4.19(c) and 4.20(c)

The wall shear stress distribution along the outer wall of the first bend and 

the inner wall of the second bend is remarkably similar to the distribution in the 0° 

model at Re =  500. The peak wall shear stress appears rotated because it exists 

at the start of the outer wall of the non-planar second bend. However, the wall 

shear stress distribution is noticeably different from that in the 0° model along the 

inner wall of the first bend and the outer wall of the second bend. As shown in 

F igu re  4.20 (c), the region of low wall shear stress reduces and occurs earlier, that 

is near the start of the first bend, as the degree of non-planarity of the double bends 

increases.

•N on  -  planar 135° m odel in Figures 4.19 (d) and 4.20(d)

The wall shear stress distribution along the outer wall of the first bend and 

the inner wall of the second bend is similar to the distribution in the 45° (b) and 

the 180° (e) models at Re =  500. High wall shear stress distribution is similar to 

that in the non-planar 45° model and smaller than that in the 180° model. On the 

other hand, low shear stress along the inner wall of the double bends is close to that 

in the 90° model while the region of the lowest wall shear stress is wider in Figure

4.20.

Summary of study o f th e wall shear stress distribution

The wall shear stress distribution is dominated by the axial velocity components. 

Overall, The geometrical configurations determine the location of the regions of low 

and high wall shear stress. Further, the non-planarity of the geometry dictates the 

location of peak wall shear stress and the specific location and the size of the area 

of low wall shear stress. In Figure 4.20, emphasis is given to the area of low wall 

shear stress at the inner wall of the first bend and the outer wall of the second bend.
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In the second bend of the planar models, the low wall shear stress is observed from 

the middle of the inner wall of the first bend to the middle of the outer or inner 

wall, depending on the planar models, F ig u re  4.20. In the non-planar models, the 

low wall shear stress region occurs earlier, that is near the start of the inner wall 

of the first bend, and lessens compared to the planar models due to the effect of 

non-planarity. F ig u re  4.21 simply shows the movement and the difference of the 

region of the low wall shear stress between the planar and the non-planar models. 

However, the non-planarity does not have much effect on the pattern and the size 

of low wall shear stress regions at the outer wall of the start of the first bend and 

at the inner wall (0°, 45° and 90° models) or the outer wall (135° and 180° models) 

of the end of the second bend.
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the colour map for WSS (c) 90° model

(e) 180° model (d) 135° model

Figure 4.19: W all shear stress distribution at Rc =  500 (a) 0° m odel, (b) 45° m odel
(c) 90° m odel, (d) 135° m odel and (e) 180° m odel.
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(e) 180° model (d) 135° model

Figure 4.20: Regions of low level o f wall shear stress at Re =  500 (a) 0° m odel, (b)
45° m odel (c) 90° m odel, (d) 135° m odel and (e) 180° m odel.
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Y Y

(a) (b)

Figure 4.21: The decrease and earlier occurrence of the low shear stress region due 
to non-planarity at Re =  500 (a) Low wall shear stress region in planar 0° model, (b) 
Low wall shear stress region in non-planar 45° model.

109



Figure 4.22: 0° model: The isocontours shows the A2 coherent vortex structure at 
Re =  125, highlighting the two Dean vortex patterns set up in each quarter bend. 
The inset sections correspond to the numbering in figure 4.3(a). The top slices show 
axial velocity at Re = 125 and Re — 500, respectively.

4.2.5 Sum m ary o f steady flow in double bend

In figure 4.22 we show the 0° model case. The isocontour on the right shows the A2 

isocontour in this geometry at Re — 125. Also shown in this figure are a series of 

axial velocities with transverse streamlines also indicated. The top series of slices is 

at Re = 125 and the bottom series of slices is at Re — 500.

Initially considering sections 1 —4 which are within the first quarter toroidal 

bend we observe that two counter rotating vortices are established, these are the 

well known Dean’s vortices [31]. Directly associated with these secondary vortices 

is a displacement of the axial velocity profile towards the outside of the bend due to 

the centripetal force associated with the toroidal geometry. This type of pattern is 

established in the first bend of all configurations. However the increase in Reynolds 

number, which necessarily also increases the Dean number leads to a more energetic 

secondary flow and a larger associated crescent shape in the axial flow profile. 

Sections 5 — 9 of figure 4.22 show the sectional profile during the second bend
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Re=125 Re=500

Figure 4.23: (a) 45° model, Re =  125,500: The isocontour shows the A2 coherent 
vortex structure highlighting the vortex patterns in each quarter bend. The inset 
sections correspond to the numbering in figure 4.3(a). The top two slices are axial 
velocity at Re =  125 and Re =  500 respectively. The bottom slices show axial 
vorticity at Re = 500.

where the curvature has now been reversed. We observe that the reverse curvature 

of the second bend first overcomes the initial Dean vortex pattern of the first bend 

and then establishes a new Dean vortex pattern (of opposite rotation) by section 9. 

This is also shown in the A2 iscontour. A similar trend is seen at both Re — 125 and 

R =  500. This is in contrast to the work of P itt [? ] where a double bend of similar 

curvature of radius but only a 45° sweep angle (i.e. an eighth of a toroidal bend) 

was investigated. W ith a reduced sweep angle at a Reynolds number of Re =  500 

the initial Dean vortices were able to overcome the influence of the second bend.

In figure 4.23 we show similar data to tha t in figure 4.22 but for the 45° model 

geometry again at Re — 250 and 500. In this configuration a similar Dean vortex 

pattern is established in the first bend. However when we introduce a 45° non

planarity during the second bend the rotation of the non-planar bend enhances one 

of the Dean vortices and diminishes the other. This is particularly evident in the 

A2 isocontour for the Re = 125 case where we observe that one of the Dean vortices 

within the outflow region is longer than the other.
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Figure 4.24: (a) 90° model, Re =  125: The isocontour shows the A2 coherent vortex 
structure highlighting the two Dean vortex patterns set up in each quarter bend. 
The inset sections correspond to the numbering in figure 4.3(a).

It is interesting to note that increasing the Reynolds number (and implicitly the 

Dean number) reduces the asymmetry of the A2 iso-contours within the outflow and 

leading to a similar type pattern to the A2 isocontour shown in figure 4.22. However 

the axial vorticity plots shown in the bottom series on figure 4.23 demonstrate that 

mixing is still present at this Reynolds number. The initial rotation of the vortices 

is indicated in the plot of section 4.

We next continue to increase the non-planarity and consider the 90° geometry as 

shown in figure 4.24 at Re = 125. Unlike the 45° model at this Reynolds number, 

shown in figure 4.23, we observe that the Dean vortices do not show the asymmetry 

in the A2 pattern. Although we observe some realignment of the first bend Dean 

vorticity between sections 4 - 5  very rapidly the second toroidal bend establishes a 

Dean vortex pattern consistent with the bend’s curvature. By section 8 two Dean 

vortices are established and we note that the point A is now located at the top of 

the outflow branch making the vortices consistent with the A2 isocontours.
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Figure 4.25: (a) 180° model, Re =  500: The isocontour shows the A2 coherent 
vortex structure highlighting the two Dean vortex patterns set up in each quarter 
bend. The inset sections show the axial velocity (top) and vorticity (bottom) and 
the numbering is consistent with figure 4.3(a).

The next level of non-planarity was the 135° model which has similar dynamics 

to those as observed in the 45° model and so we shall not consider it further here. 

In figure 4.25 however we consider the 180° model. This model is a half a toroidal 

geometry and therefore is analogous to a classical Dean flow throughout the geom

etry. One significant point of interest at Re — 500 however is highlighted in the 

secondary flow patterns between section 4 — 6 where we observe that the strength 

of the primary Dean vortices are sufficient to lead to secondary eruption of vorticity 

from the wall which is also wrapped around a the primary vortices to create an 

internal set of vortices. A tertiary set of vorticies can also be observed in secondary 

streamlines at the bottom of sections 4 and 5. As we progress down the pipe the 

vortices merge and annihilate leaving a weaker set of vortices at the pipe outflow.
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4 .2 .6  F u rth er  d iscu ss io n  &: su m m a ry  o f  th e  e ffe c ts  o f  th e  

cu rv a tu re  an d  th e  n o n -p la n a r ity

Details of the flow behaviour in a double bend have been in this chapter. The flow 

in the planar 0° double bend is compared with results for some previously published 

studies of the planar and non-planar s-shape geometries mentioned in Table 1.1 in 

Chapter 1. The peak of the initially parabolic axial velocity profile moves towards 

the outer wall of the first bend in the first bend of the 0° model at both Re =  125 

and 500, but it is more pronounced as Re increases. Along the second bend, the 

peak of the velocity moves towards the outer wall of the reverse curved second bend 

and this tendency is more evident as Re decreases. At the lower Reynolds number, 

the geometrical configurations dominate the flow, while the inertial force and the 

effect of the Dean flow dominates the flow at the higher Reynolds number. Those 

results are consistent with observation of Hoogstraten et al. (1996) [55] and Pitt 

et al. (2005) [57]. This conclusion, however, is slightly different from the results 

by Banerjee et al. (1993) [38] that geometrical configurations dominate the flow 

field as Re increases. The direction of secondary flow is opposite to other previously 

published papers because of different Dean number, as reported by Greenspan [35].

The two independent Dean vortex pairs and the annihilation of the first vortex 

Dean pair in the second bend were also observed at low Reynolds numbers in planar 

double bend models in previous studies [55, 57]. The longer persistence of the first 

Dean vortex pair at higher Reynolds numbers, as observed by Hoogstraten et al. 

(1996) and P itt (2005), is confined by this study. However, the first Dean vortex pair 

persists much further along the whole double bend and is still present in the outflow 

in the previous works. This is because the previous models have smaller curvature 

or shallow curves in the double bends are shorter compared to the geometry in this 

study.

The local high wall shear stress at the end of the outer wall of the second bend 

and the local low wall shear stress along the inner wall of the first bend and outer 

wall of the second bend is in good agreement with previous research [38, 55, 57].
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Further, the wall shear distribution in the non-planar 45° model corresponds to the 

previous work of Wada et al. (2003) [56] that investigated flows in a non-planar 

multiple bend quite similar to the current 45° model.

The blunter velocity profiles, one of the indicators that quantify with the bulk flow 

mixing properties, is more marked in the non-planar models compared to the planar 

models at Ee =  125. Further, the multiple and various intricate vortex patterns are 

induced by the curvature and non-planarity, being especially pronounced in the 45°, 

135° and 180° models at Re =  500. The 45° model has a reversed curvature, while 

the other 135°, 180° models have a consistent curvature of one sign. The geometrical 

configurations have major effects on the flows at Re =  125, while the flow inertia 

and Dean vortex indicated by the Dean number dominate the flow fields at Re =  

500. Both the curvature and the non-planarity determine the localization of the low 

and peak wall shear stress, and moreover the non-planarity determines the decrease 

in area of low wall shear stress.
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Chapter 5

Study B: R esults and discussion: 

P ulsatile flow, anastom oses

5.1 The definition o f realistic anastom osis m odels

5 .1 .1  T h ree  n u m erica l m o d e ls  an d  c la ss ific a tio n  o f  th e  d is ta l  

a n a sto m o sis  g e o m e tr ie s

The vascular configuration can be quantified by considering the planarity of the 

aortic bifurcation acquired from in-vivo MRI, as proposed by Friedman and Ding et 

al. [99]. The planarity is defined with regards to the angle that the axis of the parent 

vessel forms with the plane that contains the axis of the two daughter vessels. In 

such a cases the daughter vessels are actually just one artery. Therefore the proximal 

and distal host vessel may lie on a straight or almost straight line depending on the 

inter-patient variability and on the surgical technique used while performing the 

anastomosis. A similar approach was followed by Giordana (2005) [7] to quantify 

the planarity within distal anastomosis geometries without drawbacks shown in the 

earlier study. Anastomosis geometries were classified in terms of angles between 

vessels and non-planarity defined by the thinning algorithm [7] to categorise them 

as a tunnelled bypass graft or a  superficial bypass graft. The anastomoses belong 

to tunnelled grafts are more fiable to have a narrow GPA and to be more planar.



However, in some unusual cases, i.e. turnelled graft via inter-osseal membrane, 

the anastomoses are inclined to have a narrow GPA and to be non-planar instead 

of planarity. Conversely, the anastomoses including superficial bypass graft is apt 

to have wide GPA and to be non-planar. In this study, the distal anastomosis 

geometries are characterised by the non-planarity and the three angles defined by 

the graft, the proximal and the distal host vessels: GPA (angle between the graft 

and the proximal host vessel, GDA (angle between the graft and the distal host 

vessel) and PDA (angle between the proximal and the distal host vessels as shown 

in Figure 5.1. The reference plane is defined as a least-squares fit to the points 

on the medial lines of the proximal and distal host vessels. The angle between the 

medial line of the graft and the reference plane denotes non-planarity as seen in 

Figure 5.2 [7]. The geometry groups are classified among forty one reconstructed 

geometries in terms of the angle between graft and proximal vessels (GPA) and 

non-planarity. Three representative geometries in Study I, II mid III focused on 

this research are seen in Figure 5.3. The geometry in Study I is planar with a 

shallow GPA, the geometries in Study II and Study III are both non-planar, but the 

geometry in Study II has the narrow GPA while the geometry in Study III has the 

wide GPA.

Figure 5.1: (a) The characteristic angles of an anastomosis in a model case. The 
largest cylinder represents the graft (b), (c) a, (3, 7  denotes GPA, PDA and GDA, 
respectively in planar models [7].

( a ) (b) (c)
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Figure 5.2: (a) The angle between the graft and the reference plane measures pla
narity, (b) Example of a planar anastomosis. The letters G, P and D stand for 
graft, proximal and distal host vessels. [7],

5.1.2 A ssum ptions &; boundary conditions including inflow  

velocity  waveforms

The inflow velocity and flow waveforms are obtained from MRI. MR velocity data 

(solid line) and mean velocity (dotted line) at the bypass graft inlet is plotted in Fig. 

5.4 for Study I in the F igu re  5.3 (a). Although flow waveforms me very complex, 

we can consider a sinusoidal variation.

Pulsatile flow which is periodic in time can be expressed as the sum of a series 

of sine and cosine function using Fourier analysis as described.

Noo

m = E  A + Bncos(nwt) + Cnsin(nwt)
n=0

In this study, P th Fourier harmonic functions denotes the function /(f) , where 

N  =  P.

The measured mean velocity waveforms were approximated by truncated Fourier 

series. Generally the second and the third Fourier harmonic functions can contribute 

significantly to the inflow velocity, and inflow waveform can be approximated very 

closely by the first tenth or higher harmonic waves. The number of terms needed was 

determined from the power spectrum, i.e. F igu re  5.6. The F igu re  5.6 represents 

the amplitude and the normalised amplitude of each harmonic. In Study I, the 

amplitude of the first harmonic is approximately a fourth of the mean velocity, 

while the second harmonic has amplitude of a tenth of the mean velocity as seen
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Figure 5.3: Classification of anastomosis models (a) Study I : planar geometries with 
shallow GPA, (b) Study II : non-planar geometries with shallow GPA (c) Study III 
: non-planar geometries with wide GPA G, P, D denotes bypass graft, proximal host 
vessel and distal host vessel, respectively, (d), (e) and (f) indicate the graft path for 
the anastomoses shown in the figures (a), (b) and (c), respectively

in Figure 5.6. The next harmonics contribute less and less to the waveform. In 

Study I, the only first harmonic function was taken as the first approximation by 

consideration of contributions to waveform and the reduction of computational time, 

the higher order harmonic functions could be considered for the further research to 

investigate the effect of inflow waveform.

The approximated inflow illustrated in Figure 5.7 is specified at the inlet of 

graft vessels in each case. The velocity waveform for study I is imposed at the inlet 

in the geometry of study II due to the absence of velocity data from MR A for this 

case.
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Figure 5.4: The inflow velocity waveform (solid line) and mean velocity (dotted line) 
(jj£) as function of time (msec) in Case A.

Figure 5.5: The original velocity data (jj&) (solid line with point) compared with 
the first (dotted line), the second (dash dot line) and the third Fourier harmonic 
function (dashed line) in time (msec)at bypass graft in case A.

Considering the frequencies of chosen harmonic functions, the kinematic viscosity 

to the frequency and tube radius, the patient’s specific Womersley number a  =  4 

and mean velocity Reynolds number Rem = 250 in Study I and II. Flow in Study III 

is studied at patient’s specific Rem — 140 and a = 2.4. These parameters correspond 

to those describing the flow within a human femoral artery, in relaxed conditions 

[100]. Further, the no-slip boundary condition is applied at the vessel walls and zero 

pressure is specified at the outlet of the proximal and distal host vessels.
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(a) (b)

Figure 5.6: (a) The magnitude of a velocity wave form with respect to the polynomial 
order of harmonic functions in study I, (b) The normalized magnitude (amplitude) 
of a velocity wave form normalized by time-average velocity with respect to the 
polynomial order of harmonic functions in study I.

Figure 5.7: The approximated inflow velocity (cm/msec) in time (msec) (a) Study I 
and II: Planar anastomosis with narrow GPA (b) Study III : Non-planar anastomosis 
with wide GPA.

5.2 P u lsa tile  flow in th e  an atom ica lly  correct anas

tom osis geom etries

Pulsatile flows in three anatomically correct anastomosis are representative of 

three groups: Study I. a planar anastomosis with narrow GPA (Angle between 

the bypass graft and the proximal host vessel), Study II. a non-planar anastomosis 

with the narrow GPA and Study III. a non-planar anastomosis with a wide GPA. 

Geometrical features are given in F igure 5.8.
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Proximal Host 
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Bypass
Proximal host Graft

Figure 5.8: The toe, the heel, the floor, the outer walls and the inner walls of bypass 
graft, proximal and distal host vessels (a) study I, (b) study II, (c) study III

5.2.1 Study I : Planar anastom osis w ith  narrow GPA

To begin with study I, the geometry is characterised by a small GPA, planarity 

and approximately uniform cross-sections of vessels. The geometry is quite regular 

and the processed data are computed on a mesh with approximately 2083 spectral 

elements with p=3, p=5 and p=7 order polynomial expansions. This corresponds 

to a maximum of 20830, 73000 and 175000 local degrees of freedom per variable. 

Increasing the polynomial order from 3 to 5 results in approximately 9% change in 

the mean shear difference, while the mean shear stress change from 5 to 7 is 1%. 

Therefore, the polynomial 5th order was chosen.

Calculations were made for the patient-specific inlet velocity waveform shown in 

Figure 5.9. Following times were chosen to display the haemodynamics: C l (inlet 

peak velocity), C2 (inlet time-average velocity during the deceleration, the maximum 

acceleration ^ )  , C3 (inlet minimum velocity) and C4 (inlet time-average velocity 

during the acceleration, the minimum acceleration ^ ) .  Again, these are shown in 

F igure 5.9.
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Figure 5.9: Study I, II smoothed time periodic inlet velocity waveform over the 
cardiac cycle, U: mean velocity in the cross-section at the inlet, 0 : the time-average 
value of mean velocity at the inlet cross-section.

N orm al velocity  con tou rs

We begin with the periodic pulsatile laminar, incompressible Womersley flow with 

local Rem = 250 and a  =  4 a t the bypass graft inlet. Although the magnitude of the 

velocity varies, the pattern and displacement of flow axe similar, during the cardiac 

cycle, seen in F ig u re  5.10. As fluid moves along the bypass graft, the crescent 

shaped maximum velocity, evolved from parabolic flow, moves close to the outer 

wall of the graft vessel, because the momentum is advected along a helical transverse 

path. The crescent shaped fast-moving fluid moves outwards in the distal host vessel 

with respect to the centre of curvature, while the slow-moving fluid tends to move 

inwards in the distal host vessel and recover towards parabolic flow gradually under 

the action of viscosity in the proximal host vessel. The tendency of the inertially 

dominated fast moving core flow to maintain its tangential trajectory causes the 

peak of the velocity profile to move outward in the bypass graft.

Iso-surfaces o f n o rm al velocity

F ig u re  5.11 shows the iso-surfaces of velocity, U =  0.8U (U denotes the inlet 

time-average velocity as shown in F ig u re  5.9) at four times during the cardiac 

cycle. Dining the cardiac cycle, the flow is very slow in the vicinity of toe, the 

heel and the floor, well-known risk regions in anastomosis [3, 67]. The flow with

123



the velocity (0.8(7) is mainly directed towards the distal host vessel during whole 

cardiac cycle. The existence of flow in the proximal host vessel is observed as the 

inlet velocity increases above the inlet mean velocity. The displacement of fast- 

moving fluid towards the outer wall of the bypass graft and the high gradient of 

velocity at the outer wall of bypass graft are seen in F ig u re  5.11 (c). It is expected 

that the high wall shear stress would be located at the outer wall of the bypass 

graft. As the inlet velocity increases from the minimum velocity, the part of flow 

with the velocity (0.8(7) occupies the bypass graft but a smaller part travels through 

the distal host vessel especially the entrance of the distal host vessel in F ig u re  5.11

(d).

F igu re  5.12 shows the iso-surface of velocity at time C2 in F ig u re  5.9 as the 

iso-surface value increases. The fast-moving core of the flow from the bypass graft 

primarily travels along the distal host vessel, while the slow-moving flow near the 

wall directs towards the proximal and the distal host vessels. The deceleration of 

flow can be noted at the expanded anastomosis regions: the toe, the heel and the 

floor.

W all sh ea r s tre ss  d is tr ib u tio n  (F ig u re  5.13)

The distributions of wall shear stress are normalised by the wall shear stress in 

steady Poiseuille flow at the inlet of a  straight pipe at the same Reynolds number. 

The distribution of wall shear stress associates with the gradient of velocity. The 

location of high wall shear stress is not identical dining the cardiac cycle because the 

distribution of gradient of velocity varies in time. The low wall shear stress is located 

in the toe, the heel and in the very small region of the floor, this has been noted 

by other authors in idealised anastomosis geometries. The outwards movement of 

the peak velocity by the curvature induces a higher gradient of velocity on the outer 

wall, therefore the high wall shear stress is seen primarily in the outer wall of the 

bypass graft. The wall shear stress in the proximal host vessel is lower than in the 

other vessels because of the lower gradient of velocity with the low velocity that is 

observed in the proximal host vessel.
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The wall shear stress distribution for steady flow [4] at time-average Reynolds 

number and the time-average wall shear stress distribution for pulsatile flow are 

very similar as can be seen in Figure 5.14. The low wall shear stress is located 

in the toe, the heel and the floor in the both cases. Nevertheless, compared with 

steady flow [4], the regions of low level of time-average wall shear stress for pulsatile 

flow is somewhat less and a higher level of time-average wall shear stress is observed 

in the distal host vessel.

S tu d y  of follow-up geom etry (Figure 5.15)

The first non-contrast MRI scans of the anastomosis are obtained within the first 

few weeks after surgery. For clinical reasons, some follow-up MR scanning takes 

place normally every six month, although the presence of unusual blood flow features 

and configurations or the development of a stenosis would result in more frequent 

follow-up scanning. In Study I, the first MRI scan was obtained within the first week 

as shown in Figure 5.15 (a). Two subsequent scans were taken at six weeks and 

four months after surgery; these are shown in Figure 5.15 (b) and (c), respectively. 

The occlusion of the proximal host vessel is clearly seen in Figure 5.15 (b) and 

(c). There is some evidence that the haemodynamics correlates with this occlusion, 

the remodelling of the vessel from the observation tha t the proximal host vessel 

is occluded in the follow-up study. Comparing the wall shear stress distributions 

in Figure 5.13 (b) and 5.14 with the second post-operative reconstruction, the 

reconstructed follow-up geometry is equivalent to the surface except the regions of 

low wall shear stress shown in blue in the Figure 5.13. The reconstructed follow

up geometry-gets narrow near the toe, corresponding to the iso-surface of velocity 

U = 0.8U of Figure 5.11. The narrowing of areas of slow-moving and recirculating 

flow can be observed in Figure 5.15.
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Host vessel
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(c) ( d )

Figure 5.10: Normal velocity contour (j )  in the planar geometry with the narrow 
GPA (a) C l, at peak, (b) C2, at mean, (c) C3, at minimum and (d) C4, at mean 
flow of F igu re  5.9.
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Figure 5.11: Study I: The iso-surface of normal velocity U = 0.8(7 over the cardiac 
cycle at times (Study I) (a) C l, (b) C2, (c) C3 and (d) C4 of F ig u re  5.9.
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Figure 5.12: Study I: The iso-surfaces of velocity at time C2 of F ig u re  5.9 (a) 
U — 2.0(7, (b) Iso-surface of U = 1.8(7, (c) Iso-surface of U — 1.6(7, (d) U = 1.2(7, 
(e) U = 0.8(7 and (f) U = 0.4(7.
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Graft

Figure 5.13: Study I: Normalised wall shear stress at times (a) C l, (b) C2, (c) C3 
and (d) C4 of F igu re  5.9 and (e) the colour map for WSS.
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Figure 5.14: Study I: (a) Wall shear stress distribution for steady flow and (b) 
Time-average wall shear stress for pulsatile flow.

(a) (b) (c)

Figure 5.15: Study I: The reconstructed geometry after the bypass surgery (a) one 
week later, (b) six weeks later (c) four months later.
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5 .2 .2  S tu d y  II: T h e  n o n -p la n a r  a n a sto m o sis  g e o m e tr y  w ith  

narrow  G P A

In study II, the geometry is characterised by a narrow GPA (26°), non-planarity 

(30°) and irregular cross-sections of roughly straight vessels with tight curvature 

near the anastomosis region. The processed data for this geometry are computed 

on a mesh with approximately 5020 spectral elements with p=3 and p=5 order 

polynomial expansions, which corresponds to a maximum of 50200 and 175000 local 

degrees of freedom per variable. The same inlet velocity waveform as for Study I 

as seen in Figure 5.9 was also imposed due to the absence of the patient’s specific 

velocity data for this study.

Norm al velocity  contours

Figure 5.16 shows sets of normal velocity contours at times C4 and C l. At local 

Rem =  250 and a  =  4, the periodic pulsatile laminar, incompressible Womersley 

flow at the bypass graft inlet travels faster near the anastomosis junction due to 

reduction of diameter of the bypass graft vessel. The tight curvature in the vicinity of 

the suture line leads to a displacement of peak velocity at the anastomosis junction. 

The fast-moving flow tends to be directed to both the proximal host vessel and the 

distal host vessel as seen in Figure 5.16 (a) at C4 of Figure 5.9. At the time C l 

in Figure 5.9, the fast-moving flow also goes to both host vessels, but travels more 

in the distal host vessel as seen in Figure 5.16 (b).

Iso-surfaces o f normal velocity

Figure 5.17 shows the iso-surfaces of velocity at C4 at various iso-surface values. 

The flow (U = 1.0U) which has the same velocity as the mean inlet velocity is 

directed towards the proximal and the distal host vessels, while the small amount 

of faster-moving flow (U =  1.5f?) at the centre of the bypass graft increases at the 

midway of the bypass with the tight curvature in the vicinity of the suture line and 

primarily travels along both sides of host vessels. The flow (U = 2.0U) does not 

exist in the bypass graft and the heel and the part of the floor which links to the
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Figure 5.16: Study II: Normal velocity contours at times (7-j) (a) C4, at mean and 
(b) C l, at peak in Figure 5.9.

proximal host vessel.

W all shear stress d istrib u tion  (F igure 5.18)

Distributions of wall shear stress, normalised by the wall shear stress in steady 

Poiseuille flow at the inlet of a straight pipe at the same Reynolds number, are shown 

in Figure 5.18. High wall shear stress is observed near the anastomosis junction, 

at the heel, the toe and part of the floor. The wall shear stress distribution for 

steady flow in Figure 5.18 (d) is similar to the wall shear stress distribution at the 

inlet peak velocity F igure 5.18 (a). The wall shear stress in the distal host vessel 

is highest, while the wall shear stress in the bypass graft vessel is lowest over the 

whole cardiac cycle.

S tu d y  o f follow -up geom etry  (F igure 5.19)

In study II, the follow-up MRI scan was made one week and eight months after

surgery as illustrated in F igure 5.19 (a) and (b), respectively. Despite patency of
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(a) (b) (c)

Figure 5.17: Study II: The iso-surfaces of velocity at time C4 in F igu re  5.9 (a) Iso
surface of U = 1.0U, (b) Iso-surface of U =  1.5t7 and (c) Iso-surface of U = 2.01?.

the bypass graft being reported after three months by eight months the bypass graft 

had failed, with an occlusion being evident in F ig u re  5.19 (b). Less evidence of 

correlation between the haemodynamics and the vascular remodelling, was found in 

the follow-up outcome for Study II compared Study I.

To sum up the haemodynamic results, the flow at the inlet accelerates along 

the distal anastomosis, whereby the fast-moving and slow-moving flows go into the 

anterograde flow and the retrograde flow as shown in F ig u re  5.17. Low wall shear 

and the existence of slow-moving flow are observed mainly at the inlet of the bypass 

graft compared with the host vessel. This is because the flow accelerates as seen 

in F igu re  5.18. Theses haemodynamics results gave rise to an expectation of good 

patency for the bypass graft and the proximal host vessel. Despite the narrowing 

of the bypass graft near the heel of the graft, the proximal host vessel still exists. 

The occlusion in the bypass in the vicinity of the suture line is clearly as shown 

in F ig u re  5.19 (b). The place near the suture line in the bypass graft where the 

reduction of diameter induces the existence of fast-moving flow was not a potential 

risk region of occlusion. As the influence of four inflow waveform in terms of the
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amplitude of peak flow and a negative deflection on early graft failure were studied 

clinically [101], other important factors might have been neglected for this case, e.g. 

the absence of patient specific inlet waveforms or the patient’s special conditions.

5 .2 .3  S tu d y  III: T h e  n on -p lan ar  a n a sto m o sis  g e o m e tr y  w ith  

w id e  G P A

In Study III, the geometry is characterised by a wide GPA (80°), non-planarity 

(32°) and irregular cross-sections of the straight vessels. The processed data for this 

geometry are computed on a mesh with approximately 9297 spectral elements with 

p=3 and p=5 order polynomial expansions, which corresponds to a maximum of 

92970 and 325000 local degrees of freedom per variable.

The haemodynamic results will be presented at times CC1 (the first peak of inlet 

velocity), CC2 (the first minimum of inlet velocity) , CC3 (the second peak of inlet 

velocity) or CC4 (the second minimum of inlet velocity) in this patient’s specific 

cardiac cycle in Figure 5.20.

Norm al velocity  contours

Figure 5.21 shows the normal velocity development starting with the pulsatile 

laminar, incompressible Womersley flow at the bypass graft inlet at local f?eme0n =  

140 and a  =  2.4. The patterns of velocity vary during the cardiac cycle. An ap

proximately parabolic shaped maximum velocity is observed along the quite uniform 

straight bypass graft vessel at CC1 in Figure 5.20. The inertial force induces the 

parabolic shaped maximum velocity to move along a path in the straight bypass graft 

vessel near the inner walls, while the very slow moving flow is found near the outer 

wall of the graft vessel due to the expansion of the graft vessel. The fast-moving flow 

moves towards both the outer and the inner walls of the proximal host vessel and 

the outer walls of the distal host vessel. The fluid recovers towards parabolic flow 

gradually under the action of viscosity in both the proximal and distal host vessels. 

The velocity pattern in the bypass graft is similar, The slow-moving fluid mainly 

goes into the proximal host vessel and faster-moving fluid goes into the distal host
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vesse l at tim e  C C 2.

Iso-surfaces o f velocity

F ig u re  5.22 shows the iso-surfaces of velocity at different times in the cardiac 

cycle. At the peak inlet velocity, the slow-moving flow with velocity 0.8^ is directed 

towards the entrance part of the proximal host vessel as well as the whole distal host 

vessel as the peak velocity moves along the bypass anastomosis at CC1 in F ig u re

5.20. The fast-moving fluid with the velocity 2.5V is observed in the anastomosis 

part as well as the graft vessel. The flow exists in the toe, the heel and the floor, 

well-known risk regions in bypass anastomosis. The occlusions or narrowing are 

expected in the expanded part of the bypass graft vessel and the proximal vessel.

W all sh ea r s tre ss  d is tr ib u tio n  (F igure  5.23)

The distributions of wall shear stress are normalised by the wall shear stress for 

steady Poiseuille flow at the inlet of a straight pipe at the same Reynolds number. 

Although the area of high wall shear stress varies over the cardiac cycle, high wall 

shear stress is mainly observed at the floor, heel and toe. It is not consistent with the 

observations that atherosclerotic-prone sites are in the floor, heel and toe of planar 

anastomosis which co-localised with the regions of low wall shear stress in many 

previous researches [3, 96, 97]. The distribution of wall shear stress associates with 

the gradient of velocity. The non-uniform cross-sections of anastomosis geometry 

causes non-uniform wall shear stress distribution on the walls. At CC2 in F ig u re

5.20, the high spatial variations of wall shear stress near the floor, heel and toe 

is seen in the F ig u re  5.23 (b). The wall shear stress at the proximal host vessel 

is lower than that at the distal host vessel. The reduction of wall shear stress is 

obvious where the increase of diameter of vessels appears, especially at the place in 

the graft vessel with the larger diameter.

The wall shear stress distribution for steady flow [4] and the time-average wall 

shear stress distribution for pulsatile flow are also very similar as seen in F ig u re  

5.24. High wall shear stress exists in the toe, the heel and the floor. Nevertheless, 

the regions of low level of time-average wall shear stress for pulsatile flow slightly
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decreases and a higher level of time-average wall shear stress is observed in the distal 

host vessel than the wall shear stress for steady flow.

Study o f follow-up geom etry (Figure 5.25)

In study III, the first MRI scanning was obtained one week later as shown in 

Figure 5.25 (a). Afterwards, further scanning was obtained two years and four 

months after the surgery two years and four months later in the same figure (b). 

Figure 5.25 shows the process of occlusion of the proximal host vessel, the flow can 

hardly be detected by the 2D TOF MR sequence. The patency of the bypass graft 

is good and the patency of the proximal host vessel is much longer than the study I 

case. Comparing the iso-surface of velocity V =  0.8K shown in Figure 5.22 (a), the 

remodelling of vessels in the follow-up case corresponds to the iso-surface of velocity. 

The anastomosis geometry attains uniform geometry by narrowing the parts where 

there was the slow-moving flow. The region of low wall shear stress at the peak 

inlet velocity either gets narrow or occluded, it corresponds to the development 

of occlusion of the proximal host vessel Figure 5.23 (a). A correlation between 

haemodynamics and the patency of the vessel is found in this study.
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Figure 5.18: Study II: Normalised wall shear stress from two different perspectives 
(a) C l, at peak (b) C4, at mean (c) C3, a t minimum (d) for steady flow and (e) the 
colour map for WSS.
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Figure 5.19: Study II: The reconstructed geometries after surgery (a) one week later 
(1)) eight months later.

Figure 5.20: Study III: Smoothed periodic inlet mean patient-specific velocity wave
form, V: mean velocity, V: time-averaged value of the mean velocity in the cross- 
section at the inlet.
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Figure 5.21: Study III: Axial velocity contour at times (^ )  (a) CC1, at peak (b) 
CC2, at minimum and (c) CC3 in F ig u re  5.20.
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Figure 5.22: The iso-surface of velocity in the planar geometry with the narrow GPA 
(Study III) (a) Iso-surface of V =  0.8 V at CC1, (b) Iso-surface of V =  2.5 V at CC1, 
(c) Iso-surface of V  =  0.15V at CC2 and (d) Iso-surface of V  =  0.6V at CC2.
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(c) (cl)

Figure 5.23: Wall shear stress for two different views on pulsatile flow and steady 
flow in the non-planar geometry with the wide PDA (a) at CC1, (b) at CC2, (c) at 
CC3 and (d) the level of normalised WSS map
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(a) (b)

Figure 5.24: (a) Wall shear stress distribution on steady flow and (b) Time-average 
wall shear stress on pulsatile flow

z

Figure 5.25: The reconstructed geometries in one week after surgery shown in blue 
and in two years and four months after surgery shown in red
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The summary of pulsatile flow in the realistic anas

tom osis m odels

In the planar model with the narrow GPA (study I), the fast-moving flow moves 

towards the outer wall of the bypass graft and the outer wall of the distal host 

vessel due to the anatomical curvature. The higher gradient of velocity caused by 

this displacement leads to high wall shear stress in these regions. Further, a low level 

of wall shear stress is observed in the toe, the heel and in a small region of floor. 

When the inlet flow is faster than the time-average inlet flow, the flow is directed 

towards both the proximal and the distal host vessels. When it travels more slowly 

than the time-average inlet velocity, the flow is directed primarily towards the distal 

host vessel. The observation that the proximal host vessel is occluded in the follow

up study implies that there is some correlation between haemodynamics and the 

remodelling of the vessel.

In the non-planar model with the narrow GPA (study II), the tight curvature in 

the vicinity of the suture line causes the displacement of peak velocity in the anasto

mosis junction, while the smaller diameter of the bypass vessel causes acceleration of 

flow. Further, this flow induces a high wall shear stress in the heel, the toe, part of 

floor and near the anastomosis junction. The flows including the slow-moving flow 

are directed to the proximal and the distal host vessels. Although there are some 

correlations between haemodynamics and the remodelling of the vessel, we still need 

to investigate how much the haemodynamic factors influence the remodelling of ves

sel. The other important factors to understand the flows might have been missed in 

this case, e.g. the absence of the patient’s inflow waveform and the patient’s specific 

Womersley number.

In the non-planar model with the wide GPA (study III), the expansion of the 

diameter of bypass graft leads to slow-moving flow at the outer wall of the expanded 

bypass graft. The varying cross-section of the anastomosis geometry causes a non- 

uniform wall shear stress distribution. High wall shear stress is mainly observed at
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the toe, the heel arid the floor during the cardiac cycle. Although slow-moving flow is 

directed to the proximal and the distal host vessels, the fast-moving flow is directed 

primarily into the distal host vessel and partly in the entrance of proximal host 

vessel. The patient’s outcome, the presence of part of the proximal host vessel in 

the twenty eight months follow-up study also implies that there is some correlations 

between haemodynamics and the patency of the vessel.
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Chapter 6

Conclusions

6.1 Conclusions of this thesis

The steady flow patterns observed in the idealised non-planar double bend ge

ometries at Re = 125 and 500 have been investigated by consideration of how 

the primary and the transverse flows are affected by curvature, non-planarity and 

Reynolds number. The analysis highlights the complex and sometimes intricate 

secondary flow patterns which are possible within these types of configurations at 

physiologically relevant parameters.

W ithin a quarter toroidal of the first bend, a Dean vortex pattern is estab

lished. In the planar configurations investigated we observed that in the double 

bend (0° model) the local curvature of each separate bend ultimately dictates the 

Dean pattern in each bend. Within the half toroidal (180°) model, we observed the 

generation of secondary and tertiary vortex pattern at Re =  500 due to a boundary 

layer eruption promoted through the strength of the primary vortices.

The introduction of 45° and 135° non-planarity cause a strengthening of one 

of the Dean vortices and associated weakening of the other vortex. The flow is 

noticeably asymmetric for the both configurations. The re-arrangement of vortical 

structures from one bend to the next is likely to have have significant consequences 

for mixing. Increasing the Reynolds number in these configurations leads to a more



rapid realignment of the vortices leading to a more symmetric Dean vortex configu

ration in the outflow region. A larger degree of non-planarity, as in the 90° model, 

does not enhance this mechanism but rather leads to a more symmetric Dean vor

tex patterns at both Re =  125 and 500. Therefore as a final conclusion, we note 

that there appears to be an optimal non-planar angle (45° and 135°) to achieve 

asymmetry in the Dean vortex pattern.

Turning to the second study, pulsatile flow observed in realistic anastomosis ge

ometries has been studied by consideration of how velocity and wall shear stresses. 

We find that these properties are influenced by the geometrical configuration, i.e. 

global features such as the curvature, the GPA (the angle between graft and prox

imal host vessel), the non-planarity and Womersley number and the local features 

such as the variation of cross-sectional area and cross-sectional morphology along 

the axes. The faster moving fluid primarily tends to be directed into the distal host 

vessel, while the slower flow near the wall is directed to the proximal and the distal 

host vessels in the more planar geometry (study I). On the other hand, the faster 

flow is directed into both the proximal and the distal host vessels and mixes with the 

slower flow near the wall in the more non-planar anastomosis models (study II and 

III). The increase of non-planarity encourages local mixing of the retrograde flow 

which may have possible benefit for long term patency of the proximal host vessel. 

Two out of three cases considered in this study show occlusions in the proximal host 

vessel in which slow-moving flow is observed. The regions of remodelling of vascular 

geometry reasonably compared to the regions of faster-moving fluid and the pres

ence of mixing between fast and slow moving fluid as supported by a study of the 

iso-surfaces of velocity. Comparing the haemodynamic knowledge and remodelling 

of vessels, we can see how the proximal host vessel and bypass graft have narrowed 

and occluded and how the anastomic regions have maintained their basic form.

The dimensionless parameter a , the Womersley number, indicates the relative 

importance of inertial forces and viscous forces dining one period of motion at the 

frequency / .  As discussed by Caro et al. [102], the Womersley number also indicates
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how the velocity profile in a laminar flow in a straight long pipe differs from the 

Poiseuille profile when the flow is driven by an oscillating pressure gradient. For 

low values of the Womersley number i.e. a < 4 the flow can be considered as quasi

steady. This is supported by the fact that in these cases, time-averaged wall shear 

stress distribution of the unsteady flow has good agreement with wall shear stress 

distribution on steady flow in spite of a higher time-averaged wall shear stress when 

compared to the steady computations. This is because Womersley numbers range is 

between 2 and 4, so the distortion of steady flow is not present. The magnitude of 

wall shear stress oscillates around the steady flow values, however the distributions 

of wall shear stress are very similar.

Local configuration, (i.e. the varying cross-sectional area) plays an impor

tant role in the wall shear stress distribution. Local lumen morphology significantly 

affects haemodynamics within the distal anastomosis geometries. Varying cross- 

sectional area induced non-uniform wall shear stress distribution in study III and 

the regions of the occlusion in the proximal host vessel co-localise with the area 

of low wall shear stress, which is hypothesized as a risk factors for atherosclerosis. 

The vascular geometrical evolution of study I and III shows how the vascular re

modelling tends to narrow or disappear in areas of slow, recirculating flow that are 

characterised by low wall shear stress. To conclude, flow analysis and corresponding 

remodeling of vessels are consistent with the hypothesis that haemodynamic proper

ties contribute importantly to conditions that favour remodelling and atherosclerotic 

lesions.

Clinically, bypass geometries with a wider GPA (the angle between the Graft 

and the Proximal host vessel) are more likely to be observed in superficial grafts, 

while conversely anastomoses of tunnelled grafts have a narrow GPA. In addition, 

the superficial grafts tend to be non-planar compared to the tunnelled grafts [4]. 

The surgical technique or the location of the anastomosis can determine the flow 

patterns and so these factors could be used in possible future therapeutic strategies. 

If surgeons could control the GPA and non-planarity by choosing the path of the
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graft, this could have a positive influence on the flow field within the distal anasto

moses. It is implied tha t non-planar geometry might be helpful in suggesting graft 

configurations for bypass operations.

6.2 Suggestions for further research

In the idealised non-planar double bend, the idealised assumptions i.e. rigid wall, 

regular morphology and steady flow are reasonable assumptions for fundamental 

study [91]. However, further research could be taken to understand the effects of 

realistic physiological parameters that will be encountered for e.g. more complex 

morphology, pulsatile flow to check whether those physiological factors cause sig

nificant changes in local haemodynamics. Double curved vessels can be obtained 

at femoral arteries or right coronary arteries from MRI to model a realistic mor

phology. In addition, the common physiological inlet waveform [91] can be imposed 

at the inlet to study unsteady flow. A full investigation in this area would benefit 

from comparisons of flows in idealised non-branching models and flows in realistic 

non-branching models. The non-planar double bend study could be extended to ge

ometries with various degrees of non-planarity (e.g. 30° and 60°) at high Reynolds 

number. It could improve our understanding of fluid mechanics in this geometry 

and many other curved geometries. Additionally, further research is required in the 

study of the effect of various curvatures and deflections, because many arteries have 

a significant curvature e.g. the curvature ratio of the aortic arch is approximately 

0.25. In a sequence of bends, the flow response to bends with high deflection (90°) 

in this research is significantly different from that with modest (45°) deflection [57], 

due to the generally less intense interaction between the core and the wall layers of 

the fluid.

Suggestions for further research in the field of realistic distal anastomosis geome

tries are divided into three: further work in the reconstruction process and further 

haemodynamic research of more cases. Although the resolution of MR scanners is 

constantly improving, the sensitivity of the reconstructions to the thresholding of
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the MR images should be investigated by comparison of sensitivity for the same 

anastomosis. The limitations on the number of surface constraints can be surpassed 

with more efficient implementation that use different basis functions. The sensitiv

ity of the reconstructions to the thresholding of the medical images could be better 

assessed by comparisons of reconstructions of the same vascular geometries from a 

single set of images interpolated at high resolutions. These additional studies are 

important, because the wall shear stress distribution is primarily affected by the 

local configurations, i.e. surface irregularity and morphological variations.

It is also necessary to further study the non-planar anastomosis geometry with 

a shallow GPA to better understand the effect of the GPA. Our observations are 

limited to only three out of the forty-two available studies. However if the results 

in this thesis are investigated in a larger number of cases, it may be possible to 

suggest ways to optimize bypass grafts to maintain patency longer. The haemody

namics in the realistic distal anastomosis geometries studied in this thesis need to 

be supplemented by further data acquired in vivo to lead to the identification of 

the relationship of haemodynamics between the idealised models and the realistic 

models and to suggest ways of applying this information clinically.
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