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Abstract

We prove boundedness and polynomial decay statements for solutions of the spin
=+ 2 Teukolsky equation on a Kerr exterior background with parameters satisfying
la] < M. The bounds are obtained by introducing generalisations of the higher order
quantities P and P used in our previous work on the linear stability of Schwarzschild.
The existence of these quantities in the Schwarzschild case is related to the transfor-
mation theory of Chandrasekhar. In a followup paper, we shall extend this result to
the general sub-extremal range of parameters |a| < M. As in the Schwarzschild case,
these bounds provide the first step in proving the full linear stability of the Kerr metric
to gravitational perturbations.
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1 Introduction

The stability of the celebrated Schwarzschild [100] and Kerr metrics [72] remains one
of the most important open problems of classical general relativity and has generated
a large number of studies over the years since the pioneering paper of Regge—Wheeler
[98]. See [42,43] and the introduction of [31] for recent surveys of the problem.

The ultimate question is that of nonlinear stability, that is to say, the dynamic
stability of the Kerr family (M, g, ») (including the Schwarzschild case a = 0),
without symmetry assumptions, as solutions to the Einstein vacuum equations

Ric[g] =0, (1)

in analogy to the nonlinear stability of Minkowski space, first proven in the monu-
mental [26]. A necessary step to understand nonlinear stability is of course proving
suitable versions of linear stability, i.e. boundedness and decay statements for the
linearisation of (1) around the Schwarzschild and Kerr solutions. This requires first
imposing a gauge in which the equations (1) become well-posed. A complete study of
the linear stability of Schwarzschild in a double null gauge has been obtained in our
recent [31]. A key step in [31] was proving boundedness and decay for the so-called
Teukolsky equation, to be discussed below in Sect. 1.1, which can be thought to suit-
ably control the “gauge invariant” part of the perturbations. See already equation (2).
These decay results were then used in [31] to recover appropriate estimates for the
full linearisation of (1).

The purpose of the present paper is to extend the boundedness and decay results
of [31] concerning the Teukolsky equation (2) from the Schwarzschild ¢ = 0 case to
the very slowly rotating Kerr case, corresponding to parameters |a| << M. We give a
rough statement of the main result already in Sect. 1.2 below.

In part II of this series, we shall obtain an analogue of our main theorem for the
case of general subextremal Kerr parameters |a| < M. The extremal case |a| = M is
exceptional; see Sect. 1.3 for remarks on this and other related problems. In a separate
paper, following our previous work on Schwarzschild [31], we will use the above
result to show the full linear stability of the Kerr solution in an appropriate gauge.

We end this introduction in Sect. 1.4 with an outline of the paper.
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1.1 The Teukolsky Equation for General Spin

The original approach to linear stability in the Schwarzschild case centred on so-
called metric perturbations, leading to the decoupled equations of Regge—Wheeler
[98] and Zerilli [113]. The Regge—Wheeler equation will in fact appear below as
formula (7). This approach does not, however, appear to easily generalise to Kerr. Thus,
it was a fundamental advance when Teukolsky [107] identified two gauge invariant
quantities which decouple from the full linearisation of (1) in the general Kerr case.
The quantities, corresponding to the extremal curvature components in the Newman—
Penrose formalism [93], can each be expressed by complex scalars a2 which satisfy
a wave equation, now known as the Teukolsky equation:

2s 2s (a(r — M) cosf
Doc“hr—r—Maochr—( +i )3“[‘”
8 pz( )9, 0?2 A sin2g ) ¢
25 (M(r? —a?
+_S M—r—iaCOS@ at(x[S]
p? A
1
+—5 (s — s2 cot? 0)alsl =0, 2
p

withs = + 2 and — 2 respectively. The scalars are more properly thought of as spin &= 2
weighted quantities. This generalised an analogous property in the Schwarzschild case
identified by Bardeen and Press [14]. These quantities govern the “gauge invariant”
part of the perturbations in the sense that an admissible solution of the linearised
Einstein equations whose corresponding «[*2! both vanish must be a combination of
a linearised Kerr solution and a pure gauge solution [110].

Note that equation (2) can be considered for arbitrary values of s € %Z. Fors =0,
(2) reduces to the covariant wave equation Lgyr = 0, while for s = &1, (2) arises as
an equation satisfied by the extreme components of the Maxwell equations in a null
frame [22].

1.1.1 Separability and the Mode Stability of Whiting and Shlapentokh-Rothman

An additional remarkable property of the Teukolsky equation (2) is that it can be
formally separated, in analogy with Carter’s separation [19] of the wave equation
(i.e. the case of s = 0). The separation of the #-dependence is surprising in the case
a # 0 for all s because the Kerr metric only admits dy and 9; as Killing fields. It turns
out that considering the ansatz

(e s (aw, cos B)e™? 3)

where Slﬂ (v, cos 6) denote spin-weighted oblate spheroidal harmonics, one can derive
from (2) an ordinary differential equation for «, which in rescaled form (see (151))
can be written as

W+ Vo, m, 6, Hu=0 4)
where for s # 0, the potential V] is complex valued. (Here ’ denotes differenti-

ation with respect to r*. See Sect. 2.1.) See already (153). The separation (3) was
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subsequently understood to be related to the presence of an additional Killing tensor
[73].

Of course, the problem of decomposing general, initially finite-energy solutions of
(2) as appropriate superpositions of (3) is intimately tied with the validity of bounded-
ness and decay results, in view of the necessity of taking the Fourier transform in time.
A preliminary question that can be addressed already solely at the level of (4) is that of
“mode stability”’. Mode stability is the statement that there are no initially finite-energy
solutions of the form (3) with Im(w) > 0. This reduces to showing the non-existence
of solutions of (4) with Im(w) > 0 and exponentially decaying boundary conditions
both as r* — oo and r* — —oo0.

In the case a = 0, s = 0, then mode stability can be immediately inferred by
applying the physical space energy estimate associated to the Killing vector field 9; to
a solution of the form (3). The question is highly nontrivial for a # 0, already in the
case s = 0, in view of the phenomenon of superradiance, connected to the presence of
the so-called ergoregion where 9; is spacelike. For s = £ 2, the question is non-trivial
even in the case a = 0, as there does not exist an obvious conserved energy current.
(In separated form (4), this is related to the fact that the potential V*! is now complex
valued.) In a remarkable paper, Whiting [111] nonetheless succeeded in proving mode
stability for (2) for all s in the general subextremal range of parameters |a| < M by
cleverly exploiting certain algebraic transformations of the ode (4).

Mode stability has been extended to exclude “resonances” on the real axis,
i.e. solutions u of (4) with @ € R with appropriate boundary conditions, by
Shlapentokh-Rothman [104] in the case s = 0, who had the insight that the trans-
formations applied in [111] could be extended to the real axis using the theory of
oscillatory integrals. Together with a continuity argument in a, [104] can be used to
reprove the original [111], and this leads to certain simplifications. The argument gen-
eralises to s = % 2. See also [6] where the techniques of [104] are combined with an
alternative complex analytic treatment.

We emphasise that mode stability is a remarkable property tied to the specific form
of the equation (2) and to the specific Kerr background, even for s = 0. Indeed, mode
stability fails for a # 0 when an arbitrarily small Klein—~Gordon mass is added, as
was first suggested by [28,112] and proven recently in [103]. Even more surprisingly,
mode stability fails when a well-chosen positive compactly supported potential is
added to (2), or when the Kerr metric is itself sufficiently deformed, keeping however
all its symmetries and separation properties, in a spatially compact region which can
be taken arbitrarily far from the ergoregion [89].

1.1.2 Previous Work on Boundedness and Decay

The quantitative study of the Cauchy problem for (2) with s = 0, beyond statements
for fixed modes, has become an active field in recent years. The study for higher spin is
still less developed beyond the Schwarzschild case. We review some relevant previous
work below.

The case s = 0, |a| < M. An early result [75] obtained boundedness for solutions
to the Cauchy problem for the scalar wave equation on Schwarzschild (i.e. the case
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s = 0 and a = 0 of (2)) with regular, localised initial data. Even this involved non-
trivial considerations on the event horizon, which can now be understood in a more
robust way using the red-shift energy identity [39,43]. Following intense activity in
the last decade (e.g. [3,16,18,36,39—-41,43,108]) there are now complete boundedness
and decay results for (2) with s = 0 in the full subextremal range of Kerr parameters
la] < M [45].

The main difficulties in passing from a = 0 to a # 0 arise from superradiance,
mentioned already in the context of mode stability, and the fact that trapped null
geodesics no longer approach a unique value of r in physical space. The latter is
relevant because integrated local energy decay estimates, an important step in the proof
of quantitative decay, must necessarily degenerate at trapping.! One way of dealing
with the latter difficulty is employing the separation (3) as a method of frequency
localising integrated local energy decay estimates. See [40,43]. Once such an estimate
is obtained, the difficulty of superradiance can easily be overcome in the |a| < M
case as the error terms in the ergoregion are small and can be absorbed. For alternative
approaches, see [3,108].

The |a| < M case appears a priori to be much more complicated. It turns out,
however, that the Schwarzschild-like structure of trapping survives, when appropri-
ately viewed in phase space. Moreover, in the high frequency regime, one can quantify
superradiance with the help of the fact that, quite fortuitously, superradiant frequencies
happen not to be trapped. See [45]. These good high frequency properties, together
with Shlapentokh-Rothman’s real mode stability [104] and a continuity argument in
a, allow one to extend the exact same boundedness and integrated local energy decay
results originally obtained on Schwarzschild to the whole sub-extremal range |a| < M
of Kerr parameters. Suitable polynomial decay then follows from an application of
the method of r” weighted energy estimates [38,87]. See [45]. For comments on the
extremal case |a| = M, see Sect. 1.3.4.

The case s = +2, a = 0. As we remarked already above, the Teukolsky equation
with s = 2, a = 0 has been studied in our previous [31] as part of our complete
study of the linear stability of Schwarzschild.

The main difficulty of the s = £ 2 case as opposed to the case s = 0, is that,
as discussed already in the context of mode stability, there does not exist an obvious
analogue of the conserved energy associated to the Killing field 9. Thus, proving even
just boundedness for @ = 0 is non-trivial, even just far away from the event horizon.
The key to understanding (2) for s = +2, a = 0 in [31] was associating quantities
P21 to of*2] satisfying (2). These are physical space versions of transformations
first considered by Chandrasekhar [22] and are defined by the expressions>

! In the non-trapping case, such estimates are non-degenerate and can be derived by classical virial identities
whose use goes back to [86].

2 Unlike in [31] the definitions are not entirely symmetric for s = = 2. This is because the null vectors and
overall radial weights defining the al®2] scale differently from the null vectors defining the tensorial & and
a in [31]. See Sect. 2.4.
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pl+2l — _ 1 L ( r? L ((V - 2M)2 OC[+2])) 5)
20 —2M)— \r —2M— r ’

1 =
[-2] _ =3 .[-2]
P = 2(r—2M)L<r—2ML(r x )) ©)

Here L = 0; + 04, L = 0; — 0,4 are a null frame, where r* is the Regge—Wheeler
coordinate. The quantities W+21 = 3 PI+2] and w(=21 = 3 P[=2] can be shown to
satisfy the Regge—Wheeler equation’

r2 r

Q? 4 oM
e () +92( i )\Iﬂﬁl 0.

o [+2
where 4A[ ] denotes the spin-2-weighted Laplacian on the unit sphere

A L 9 (Gnel L 220 93 tdco?0F2.
= — — (| SINn0G — i CO
sin6 96 30 29 sin2g 7 +
®)

Remarkably, (7) is precisely the same equation which appeared as one of the equations
governing the “metric perturbations” approach discussed at the beginning of Sect. 1.1!

Unlike (2) with s = &£ 2, the above equation (7) can be estimated on Schwarzschild
just as for the wave equation s = 0, since (7) is indeed endowed with the usual
structure of energy estimates. In particular, both boundedness and integrated local
energy decay can be obtained. (For analysis of (7), see the previous [17,63] as well
as the self-contained treatment in [31].) Estimates for o!®2] could then be recovered
directly by integrating (5) as transport equations from initial data. Such integration
on its own would lead, however, to “loss of derivatives” in the resulting estimates for
o!*2!. The Teukolsky equation itself (2) can be viewed as a further elliptic relation
which allows one to gain back these derivatives, leading finally to boundedness results
without loss of derivative, as well as integrated local energy decay and pointwise
decay.

We remark that, beyond (2), in the context of the full proof of linear stability in [31],
further transport equations and elliptic equations could then be used to appropriately
estimate the remaining gauge dependent quantities.

Other spins. We note that the scheme of [31] has recently been applied also to the
s = =£ 1 case by Pasqualotto [94]. This gives an alternative proof of boundedness and
polynomial decay for the Maxwell equations on Schwarzschild, proven originally by
Blue [12]. See also [105]. Decay for Maxwell in the case |a| << M was obtained in

3 See Sects. 2.4 and 3.3 for the precise relation between the tensorial Regge—Wheeler equation defined in

[31] and equation (7). Note in particular that wl+2) gnd wi-2I satisfy the same equation, which explains

. L. o [£2
the appearance of a single Regge—Wheeler equation in [31]. We also note that both the operators 4A[ ! and

ZA[in =+ 2 have non-negative eigenvalues. See Sects. 6.2.1 and 6.2.2.
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[4]. For a direct treatment of (2) for s = £ 1 in the case |a| < M, generalising some
of the results of [94], there is the recent [81]. (This has more recently been followed
by [Mal8b]; see Sect. 1.3.9.) For the cases s = == 1/2 and s = 4=3/2 see [106]. See
[49] for the related massive Dirac equation not covered by (2). We note also the papers
[52,53].

1.2 The Main Result and First Comments on the Proof

The aim of the present paper is to extend the analysis of (2) for s = %2 from the
Schwarzschild a = 0 case considered in [31] to the very slowly rotating Kerr case
with parameters |a| < M. A rough version of our main result is the following:

Theorem (Rough version) Let |a| < M. Solutions &= to the spin s = + 2 Teukolsky
equation (2) on Kerr exterior spacetimes (M, g, p) arising from regular localised
initial data on a Cauchy hypersurface X remain uniformly bounded and satisfy an
rP-weighted energy hierarchy and polynomial decay.

The precise statements embodying the above will be given as Theorem 4.1. See
also immediately Corollary 4.1 and (38) for the pointwise decay statements obtained.

The proof of our Theorem combines the use of the quantities P! introduced in
our previous [31] with a simplified version of the framework introduced in [40,45]
for frequency localised energy estimates, which as discussed in Sect. 1.1.2 are useful
to capture the obstruction to decay associated with trapped null geodesics. (In the
special case of axisymmetric solutions, this frequency localisation can be avoided and
our proof can be expressed entirely in physical space. See already Sect. 1.2.5.)

The crucial observation which allows this technique to work is the following: In the
scheme introduced in [31], it is not in fact absolutely necessary that the quantities P!*2!
each satisfy a completely decoupled equation (7). It would have been permissible if
the equation (7) for PI*2I was somehow still coupled to «[*?! on the right hand side,
provided that this coupling was at a suitable “lower order”, in the sense that these
lower order terms can indeed be recovered by the transport (and elliptic equations)
which were used in [31] to estimate «[*2].

It turns out, remarkably, that when analogues of the quantities P!*?! are defined
for Kerr, even though the exact decoupling from o!*?], respectively, breaks down, the
resulting equations indeed only couple to o!*2! in the “weak” sense described above.

We explain below this structure in more detail, and how it is implemented in our
proof (where we will in fact be able to circumvent use of elliptic estimates).

1.2.1 The Generalisation of P=2! to Kerr

Our physical-space definition for PI*%], generalising (5), is given as

2 24172 2 22 3
P[+2]:_(r +a”) £<(r -Za) L(Az(r2+a2> 20([+2]>>. ©9)

2A -
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A similar formula holds for PI=2!. See already Sect. 3.1. A computation reveals that
the rescaled WI+2 = (r2 + az)% P!+2] satisfies an equation of the form

mI+H2hyl+21 — c1(r)dg (L“Hz]) + CQ(V)LO(H_Z] + 3 (V)3¢O([+2] + C4(r)oc[+2],
(10)

where SR172! is a second order operator defined on Kerr generalising the Regge—
Wheeler operator appearing on the left hand side of (7), which has good divergence
properties and thus admits energy currents. Consistent with the total decoupling in
the Schwarzschild case, the coefficient functions c; (r) above are all O (|a|). Provided
that «[*2! can indeed be viewed as being of two degrees lower in differentiability than
W(+21 then the right hand side is “zero’th order” in W[+21. Let us note, however, that
if we use only the transport relation (9), then the right hand side of (10) can only be
viewed as “first order” in W2, as integration of (9) does not improve differentiability.
Thus, to exploit fully this structure, one must also invoke in general elliptic relations
connecting /*? and WI*2! that can be derived by revisiting equation (2) itself. As
we shall see below, it turns out, however, that we shall be able to avoid invoking
this by exploiting more carefully the special structure and the non-degeneration of
the derivative 9,«W!F2l. We describe in Sects. 1.2.2-1.2.3 how these terms can be
controlled.

We emphasise already that the above structure of the terms appearing on the right
hand side of (10) is surprising. Upon perturbing (7) one would expect higher order
terms in W[*2] to appear which cannot be incorporated in the definition of SR[*2! 50 as
to preserve its good divergence properties. We note already that in the axisymmetric
case, the right hand side of (10) is of even lower order, as the 9y derivatives vanish.
The deeper reason why these terms cancel is not at all clear. See also the remarks in
Sect. 1.2.6 below.

1.2.2 Estimates Away from Trapping

Away from trapping, it suffices to treat the right hand side of (10) as if it were at the
level of a general “first order” perturbation in W!+2,

To see this, let us note first that suitably away from » = 3M, the f and y-multiplier
estimate of [31] leads in the Schwarzschild case to a coercive spacetime integral
containing all first derivatives of WI*2] (with suitable weights towards the horizon
and infinity). This coercivity property away from trapping is manifestly preserved to
perturbations to Kerr for |a| < ap <« M sufficiently small. We may add also a small
multiple of the r"-current for an n > 0 to generate extra useful weights near infinity.
Moreover, we may add a suitable multiple of the energy estimate associated to a vector
field 9, + x w4 0p which connects the Hawking vector field on the horizon with the
stationary vector field d;. This ensures positive boundary terms on suitable spacelike
and null boundaries, at the expense of generating an O (|a|) bulk term supported where
x’ = 0, which is chosen to be away from trapping. Thus, this bulk term can again be
absorbed by the coercive terms of the f and y-multipliers.
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On the other hand, commutation of equation (9) by the Killing fields 9, and 9,
allows one to estimate all terms involving « and L« and their derivatives appearing
on the right hand side of (10) from the spacetime estimate for W!*2! by appropriate
transport estimates. (Here, we note that we must make use of the extra r” weight, just
as in [31].) Thus, were it not for trapping, one could easily absorb the error terms on
the right hand side of (10).

1.2.3 Frequency Localised Analysis of the Coupled System Near Trapping

In view of the above discussion, the terms on the right hand side of (10) are most
dangerous near trapping. Let us take a more careful look at the structure of (9)—(10)
using our frequency analysis.

At the level of the formally separated solutions (3), the operator L takes the form

d iam

L= tio— oo, (1n)
where r* is a Regge—Wheeler type coordinate, the relation (9) reads
1
e = CulL (0L (w-u*)) (12)
where ul*? = AVr2 4+ a2+,
A
(13)

Y a2
and the “Regge—Wheeler” type equation (10) takes the form

d’ W (2 — w2 = ( m a>L [+2]
W (w =al(c(r)im cQ(r); L(u w)

+a’w (Q(r)%aim + c4(r)) @ w). (14

Here V is a real potential depending smoothly on a which reduces to the separated
version of the Regge—Wheeler potential for a = 0 and the ¢; are bounded functions.
Cf. (10) and see Appendix A.3.

At the separated level, using a frequency localised version of the current f of [31],
chosen to vanish at the (frequency-dependent) maximum of the potential V as in of
[40], together with a frequency localised y-current and the frequency-localised energy
estimate (multiplication by wW) one can prove the ODE analogue of a degenerating
integrated local energy decay for W[*2!, with a right hand side involving the right hand
side of (14). Considerations are different in the “trapped frequency range”

1<~ +s, (15)
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and the non-trapped frequencies. (Here 1,,¢ are the eigenvalues of the spin-weighted
Laplacian (8) reducing to £(¢ + 1) — s> > 2 in the case a = 0.)

In the trapped frequency range (15), the above multiplier gives an estimate which
can schematically be written as:

/ |\I_[[+2]|2 + |ar*\lj[+2]|2dr*
r~3M
< terms controllable by physical space estimates (cf. Sect. 1.2.2)
+ |al / (W 4§, w2y
r~3M
{(aim + DLW w) + a? (aim + 1) (ul“'w)}dr* . (16)

This should be thought of as a degenerate integrated local energy decay bound for
w2l Considering the right hand side of (16), we note that naive integration of (12)
as a transport equation is not sufficient to control the integral on the right hand side
by the left hand side. This is not surprising: In constrast to the considerations away
from trapping of Sect. 1.2.2, in general now only terms which can be truly thought of
as “zero’th order” in WI2! can manifestly be absorbed by the left hand side of (16),
in view of the absence of an w2|\IJ[+2] |2 and A|‘l'[+2] |2 coercive term.

One way to try to realise the right hand side of (16) as “zero’th order” in W[*2!
would be to invoke, in addition to the transport (12), also the elliptic estimates of
[31]. It turns out, however, that exploiting the presence of the good first order term
|9, WI*21|2 on the left hand side of (16), one can argue in a more elementary manner:
Indeed, by commuting (12) with 9, and exploiting the relation (11), one can indeed
rewrite the right hand side so as to absorb it into the left hand side.

Let us note finally that for “non-trapped” frequencies (i.e. outside the fre-
quency range (15)), one can arrange the frequency localised multiplier so that terms
m?| W22 and w?|W+21|2 appear on the left hand side of (16) without degenera-
tion. One can then easily absorb the right hand side just as in Sect. 1.2.2 treating it
essentially as one would a general “first order” term.

1.2.4 Technical Comments

Let us discuss briefly the technical implementation of the above argument.

As in [40], by using the smallness of the Kerr parameter a, the fixed frequency
analysis of Sect. 1.2.3, restricted entirely to real frequencies @ € R, can indeed be
implemented to general solutions 2! of the Cauchy problem for (2), despite the fact
that we do not know a priori that solutions are square integrable in time. This requires,
however, applying cutoffs to « in order to justify the Fourier transform, and thus one
must estimate inhomogeneous versions of (2) and thus also inhomogeneous versions
of the resulting ODE (14). These inhomogeneous terms must themselves be bound by
the final estimates.

As opposed to the cutoffs of [40,45], we here will only cut off the solution in
a region r* € [2A], 2A}] near trapping. Thus, the resulting inhomogeneous terms
will be supported in a fixed region of finite r*. Moreover, the fixed frequency ODE
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estimates of Sect. 1.2.3 will only be applied in the region r* € [A}, A7]. They will
be combined with physical space estimates of Sect. 1.2.2. These estimates are now
coupled however via boundary terms on » = Aj; and r = Aj. The fixed frequency
multipliers applied to W] are chosen so as to be frequency independent near A;
and A, and coincide precisely with those used in the physical space estimates in the
away region. As a result, after summation over frequencies, the boundary terms in the
mutliplier currents exactly cancel. This is similar to a scheme used previously in [7].
There are also boundary terms associated with the transport equations, but these can
be absorbed using the smallness of a.

The above argument leads to a degenerate energy boundedness and integrated local
energy decay for both W*2] and «!*2!, This preliminary decay bound will be stated
as Theorem 9.1. From Theorem 9.1, we can easily improve our estimates at the event
horizon, using the red-shift technique of [39], and then we can easily infer polynomial
decay using the weighted »” method of [38]—all directly in physical space.

1.2.5 The Axisymmetric Case

We have already remarked that in the axisymmetric case dy «[*2] = 0, the right hand
side of (10) is of lower order. An even more important simplification is that trapped null
geodesics all asymptote to a single value of 7 = ry,p Which is near 3M, independent of
frequency. As a result, there is no need for frequency-localised analysis and the whole
argument can be expressed entirely in physical space. This is convenient for non-linear
applications. We shall explain how this simplified argument can be explicitly read off
from our paper in Sect. 9.6.

1.2.6 Final Remarks

Given the analogue of [104] for s = £ 2, the argument can in principle be applied for
the whole subextremal range |a| < M following the continuity argument of [45], but
in the present paper we shall only consider the case |a| < M, where the lower order
terms also have a useful smallness factor bounded by a, and the relevant multiplier
currents can thus be constructed as perturbations of Schwarzschild. The general case
will be considered in part II of this series, following the more general constructions
of [45].

There are other generalisations of P[*2] to Kerr which have been considered pre-
viously in the literature, see [21,102] and the recent review [57]. In contrast to our
situation, the quantities of [21,102] do indeed satisfy decoupled equations, though the
transformations must now be defined in phase space, and the transformed potentials
are somewhat non-standard in their frequency dependence. It would be interesting to
find an alternative argument using these transformations. We hope to emphasise with
our method, however, that exact decoupling is not absolutely necessary for quantities
to be useful.
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1.3 Other Related Results

We collect other related recent results concerning the stability of black holes. The
literature has already become vast so the list below is in no way exhaustive. See also
the surveys [42,43].

1.3.1 Metric Perturbations

An alternative approach to linear stability in the Schwarzschild case would go through
the theory of so-called metric perturbations. See for instance [60,71] for estimates on
the additional Zerilli equation which must be understood in that approach. We note
the paper [35].

1.3.2 Canonical Energy

As discussed above, one of the difficulties in understanding linearised gravity is the
lack of an obvious coercive energy quantity for the full system, even in the a = 0 case.
The Lagrangian structure of the Einstein equations (1) does give rise however to a
notion of canonical energy, albeit somewhat non-standard in view of diffeomorphism
invariance, and this can indeed be used to infer certain weak stability statements. For
some recent results which have been obtained using this approach, see [69,97] and the
related [64].

1.3.3 Precise Power-Law Asymptotics

Though one expects that the decay bounds obtained here are in principle sufficient for
non-linear applications, it is of considerable interest for a wide range of problems to
obtain sharp asymptotics of solutions, of the type first suggested by [96]. For upper
bounds on decay compatible with some of the asymptotics of [96], see [47,90,91].
Lower bounds were first obtained in [76]. The most satisfying results are the sharp
asymptotics recently obtained by [1,2] for the s = 0, a = 0 case. Such results in
particular have applications to the interior structure of black holes (see [76]).

1.3.4 Extremality and the Aretakis Instability

Whereas some stability results for s = 0 carry over to the extremal case |a| = M, it
turns out that, already in axisymmetry [7], the transversal derivatives along the horizon
grow polynomially [7,8]. This phenomenon is now known as the Aretakis instability.
The Aretakis instability has been shown to hold also in the case s = +2 by [77].
Understanding the non-axisymmetric case is completely open; see [5] for some of the
additional new phenomena that arise.
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1.3.5 Nonlinear Model Problems and Stability Under Symmetry

Though nonlinear stability of both Schwarzschild and Kerr is still open, various model
problems have been considered which address some of the specific technical difficul-
ties expected to occur.

Issues connected to the handling of decay for quadratic nonlinearities in deriva-
tives are addressed in the models considered in [79,80]. The Maxwell-Born—Infeld
equations on Schwarzschild were recently considered in [95]. This latter system, of
independent interest in the context of high energy physics, can be thought to capture
at the same time aspects of both the quasilinear difficulties as well as the tensorial
difficulties (at the level of s = 4 1) inherent in (1).

Turning to stability under symmetry, the literature is vast. For the Einstein—scalar
field system under spherical symmetry, see [23,36]. For the vacuum equations (1),
[62] provides the first result on the non-linear stability of the Schwarzschild solution
in symmetry, considering biaxial symmetry in 4 + 1-dimensions. This again reduces
toa 1l + 1 problem. Beyond 1 + 1, some aspects of the vacuum stability problem in
axisymmetry are captured in a wave-map model problem whose study was initiated by
[70]. Very recently, Klainerman—Szeftel [74] have announced a proof of the non-linear
stability of Schwarzschild in the polarised, axisymmetric case.

1.3.6 Analogues with A # 0

There are analogues of the questions addressed here when the Schwarzschild and Kerr
solutions are replaced with the Schwarzschild—(anti) de Sitter metrics and Kerr—(anti)
de Sitter metrics, which are solutions of (1) when a cosmological term Ag,,, is added
to the right hand side. These solutions are discussed in [20].

In the de Sitter case A > 0, the analogous problem is to understand the stability of
the spatially compact region bounded by the event and so-called cosmological hori-
zons. Following various linear results [13,37,48,59,109] the full non-linear stability of
this region has been obtained in remarkable work of Hintz—Vasy [67]. This de Sitter
case is characterized by exponential decay, so many of the usual difficulties of the
asymptotically flat case are not present. The stability of the “cosmological region”
beyond the event horizon has been considered in [101].

The case of A < 0 has been of considerable interest in the context of high energy
physics. Already, pure AdS spacetime fails to be globally hyperbolic. In general,
asymptotically AdS spacetimes have a timelike boundary at infinity where boundary
conditions must be prescribed to obtained well-posed problems.

For reflective boundary conditions, the analogue of equation (2) on pure AdS space
admits infinitely many periodic solutions. In view of this lack of decay in the reflective
case, it is natural to conjecture instability at the non-linear level [29], once backre-
action is taken into account.* This nonlinear instability has indeed been seen in the
seminal numerical study [15], which moreover sheds light on the relevance of resonant
frequencies for calculating a time-scale for growth. Very recently, the full nonlinear

4 In contrast, good quantitative decay rates for solutions the Bianchi equations on pure AdS with dissipative
boundary conditions have been proven in [61], suggesting nonlinear stability.
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instability of pure AdS space has been proven in the simplest model for which the
problem can be studied [88], exploiting an alternative physical-space mechanism.

In the case of Kerr—AdS, one has logarithmic decay [65]—but in general no faster
[66]—for the analogue of (2) with s = 0, on account of the fact that trapped null
geodesics, in contrast with the situation described in Sect. 1.1.2, are now stable. Again,
these results may suggest instability at the non-linear level, as this slow rate of decay
is in itself insufficient to control backreaction.

1.3.7 Scattering Theory

A related problem to that of proving boundedness and decay is developing a scat-
tering theory for (2). Fixed frequency scattering theory for (2) is discussed in [22].
It was in fact the equality of the reflexion and transmission coefficients between the
Teukolsky, Regge—Wheeler and Zerilli equations that first suggested the existence of
Chandrasekhar’s transformations [22]. A definitive physical space scattering theory
was developed in the Schwarzschild case in [32,33] for s = 0, see also [92], and was
recently extended to the Kerr case in [44] for the full sub-extremal range of parameters
lal < M.

Turning to the fully non-linear theory of (1), a scattering construction of dynamic
vacuum spacetimes settling down to Kerr was given in [30]. The free scattering data
allowed in the latter were very restricted, however, as the radiation tail was required to
decay exponentially in retarded time, and thus the spacetimes produced are measure
zero in the set of small perturbations of Kerr relevant for the stability problem.

For scattering for the Maxwell equations, see [9]. For results in the A > 0 case,
see [56,85] and references therein.

1.3.8 Stability and Instability of the Kerr Black Hole Interior

The conjectured non-linear stability of the Kerr family refers only to the exterior of
the black hole region. Considerations in the black hole interior are of a completely
different nature. The Schwarzschild case a = 0 terminates at a spacelike singularity,
whereas for the rotating Kerr case 0 < |a| < M, the Cauchy development of two-
ended data can be smoothly extended beyond a Cauchy horizon. The s = 0 case of (2)
in the Kerr interior (as well as the simpler Reissner—Nordstrom case) has been studied
in [46,50,51,58,76,78,83,84], and both CO-stability but also H 1—instability have been
obtained. See [54,55] for the extremal case. In the full nonlinear theory, it has been
proven that if the Kerr exterior stability conjecture is true, then the bifurcate Cauchy
horizon is globally C?-stable [34]. This implies in particular that the C” inextendibility
formulation of “strong cosmic censorship” is false. See [24].

1.3.9 Note Added
Very recently, [82] gave a related approach to obtaining integrated local energy decay
estimates for the Teukolsky equation in the |a| < M case, following the frequency

localisation framework of [40] and again based on proving estimates for ¥ defined by
generalisations of the transformations used in [31].
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1.4 Outline of the Paper

We end this introduction with an outline of the paper.

We begin in Sect. 2 by recalling the notation from [45] regarding the Kerr metric
and presenting the Teukolsky equation in physical space for spin s = £ 2.

We then define in Sect. 3 our generalisations to Kerr of the quantities P*?], the
rescaled quantities WIE2] and the intermediate quantities IJ)H:Z], as used in [31], and
derive our generalisation of the Regge—Wheeler equation for W*2!, now coupled to
P2 and of#21,

In Sect. 4 we shall define various energy quantities which will allow us in particular
to formulate our definitive (non-degenerate) boundedness and decay results, stated as
Theorem 4.1.

The first step in the proof of Theorem 4.1 is to obtain integrated local energy decay.
In Sect. 5, we shall prove a conditional such estimate, using entirely physical space
methods, for the coupled system satisfied by W#2] ([#2 and «*2]. In view of the way
this will be used, we must allow also inhomogeneous terms on the right hand side of
the Teukolsky equation. We apply the physical space multiplier estimates and transport
estimates and transport estimates directly from [31], except that these estimates must
now be coupled. The resulting estimates (see the propositions of Sects. 5.1 and 5.2)
contain on their right hand side an additional timelike boundary term on r = Aj
and r = Aj for A; < 3M < A,. To control these terms, we will have to frequency
localise the estimates in theregionr € [A, Az]. We also give certain auxiliary physical
space estimates for the homogeneous Teukolsky equation and its derived quantities
(Sect. 5.3).

The next three sections will thus concern frequency localisation. Sect. 6 will inter-
pret Teukolsky’s separation of (2) for spin s = £ 2 in a framework generalising that
introduced in [45] for the s = O case. In Sect. 7, we define the frequency localised
versions of P*2] and derive the coupled system of ordinary differential equations
satisfied by the PI*2] and «[*?]. In Sect. 8 we then obtain estimates for this coupled
system of ODE’s in the region r € [A1, Az]. The main statement is summarised as
Theorem 8.1 and can be thought of as a fixed frequency version of the propositions
of Sects. 5.1-5.2, now valid in r € [A], Az]. The estimate is again conditional on
controlling boundary terms, but the energy currents will have been chosen so that the
most difficult of these, when formally summed, exactly cancel those appearing in the
proposition of Sect. 5.1.

In Sect. 9, we shall turn in ernest to the study of the Cauchy problem for (2)
to obtain a preliminary degenerate energy boundedness and integrated local energy
decay estimate in physical space. This is stated as Theorem 9.1. To obtain this, we
cut off our solution of (2) in the future so as to allow for frequency localisation in
r € [A1, A2]. This allows us to apply Theorem 8.1 and sum over frequencies. We apply
also the propositions of Sects. 5.1-5.2 to the cutoff-solution and sum the estimates.
The cutoff generates an inhomogeneous term which is however only supported in a
compact spacetime region. By revisiting suitable estimates, the cutoff term can then be
estimated exploiting the smallness of a, following [40]. (We note that the fact that these
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cutoffs are here supported in a fixed, finite region of  leads to various simplifications.)
We distill a simpler purely physical-space proof for the axisymmetric case in Sect. 9.6.
The final sections will complete the proof of Theorem 4.1 from Theorem 9.1, by first
applying red-shift estimates of [39] to obtain non-degenerate control at the horizon
(Sect. 10) and then the r”-weighted energy hierarchy of [38] (Sect. 11). This part
follows closely the analogous estimates in the Schwarzschild case [31].
Some auxilliary computations are relegated to Appendix A and B.

2 The Teukolsky Equation on Kerr Exterior Spacetimes

We recall in this section the Teukolsky equation on Kerr spacetimes.

Webeginin Sect. 2.1 with areview of the Kerr metric. We then present the Teukolsky
equation on Kerr in Sect. 2.2, focussing on the case s = £ 2. This will allows us to
state a general well-posedness statement in Sect. 2.3. Finally, in Sect. 2.4 we shall
recall the relation of the s = % 2 Teukolsky equation with the system of gravitational
perturbations around Kerr.

2.1 The Kerr Metric

We review here the Kerr metric and associated structures, following the notation of
[45].

2.1.1 Coordinates and Vector Fields

For each |a| < M, recall that the Kerr metric in Boyer-Lindquist coordinates
(r, 1,0, ¢) takes the form
A ) 2 p* 2 292
8a,m = ——(dt —asin”0dp)” + Kdr + p2do
o

i 02
0
+ 2 (adt — (% + a?)d)’, (17
0

where
_ 2 2 _ 2_ .2 2 .2
re+ =M+ M>—a*, A= —ryr—ro), p-=r"+4+a“cos“ 0. (18)
We recall from [45] the fixed ambient manifold-with-boundary R, diffeomorphic to
RT x R x S? and the coordinates (r, t*, 0%, ¢*) on R known as Kerr star coordinates.
We recall the relations

t(t*, r)y =t*—1(r) , phi(¢*,r)=¢* —¢(r) mod27x , 6=0*

relating Boyer—Lindquist and Kerr star coordinates. We do not need here the explicit
form of 7(r) and ¢(r); see [45], Section 2.1.3 but remark that they both vanish for
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r > 9/4M. When expressed in Kerr star coordinates, the metric (17) (defined a priori
only in the interior of R) extends to a smooth metric on R, i.e. it extends smoothly to
the event horizon H™ defined as the boundary dR = {r = ry}.

It is easy to see that the coordinate vector fields T = 9;+ and ® = dy= of the fixed
coordinate system coincide for all a, M with the coordinate vector fields d; and 9y of
Boyer-Lindquist coordinates, which are Killing for the metric (17). We recall that T
is spacelike in the so-called ergoregion S = {A — a”sin> @ < 0}. Setting

. a
wy = ,
+ 2Mr+
we recall that the Killing field
K=T+ w+CI>

is null on the horizon H™* and is timelike in {ry < r < ry + Ry} for some Rx =
Rk (ag, M) where Ry — oo as ag — 0.
An additional important coordinate will be r* defined to be a function r*(r) such
that
* 2 2
dL _r +a (19)
dr A
and centred as in [45] so that ¥*(3M) = 0. Note that r* — —oo as r — ry, while
r* — oo as r — oo. Given a parameter R thought of as an r-value, we will often
denote r*(R) by R*.
The vector fields

a a

where 9,+ is defined with respect to (r*, ¢, 0, ¢) coordinates, define principal null
directions. We have the normalisation

A,o2

g(L,L)= —Zm .

The vector field L extends smoothly to H™ to be parallel to the null generator, while L
extends smoothly to H* so as to vanish identically. The quantity A~!L has a smooth
nontrivial limit on H*. The vector fields L and L are again T-(and ®-)invariant.

2.1.2 Foliations and the Volume Form
For all values t € R, we recall that the hypersurfaces X; = {t* = t} are spacelike

(see [45], Section 2.2.5). We will denote the unit future normal of X; by ny_ . We
recall the notation

Ro={t">0}, Rorn={0=<t"<t}, HJ=RoNH",
H(T)’T) =RonN HT.
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Fig.1 The region ﬁ(rl ,T2)

For polynomial decay following the method of [38,87], we will also require hyper-
surfaces ; which connect the event horizon and null infinity. For this we fix some
0 < n < 1 and define the coordinate

. 2M\" 2M\"
=r—&(r") (r*+2M <—) — Ry —2M (R—) —M) 1)

r n

where & is a smooth cut-off function equal to zero for r < R; and equal to 1 for
r > R, + M. Itis straightforward if tedious to show that for R, sufficiently large (and
a suitably chosen function &) the hypersurfaces X, defined by

S =1 =1) (22)

are smooth and spacelike everywhere, in fact ¢,r 717! < —g (Vi*, Vi*) < Cpr 17!
indicating that the hypersurfaces become asymptotically null near infinity. We take
this R, as fixed from now on.

We will in fact use coordinates (f*, r,0, (]5*) and perform estimates in the spacetime
regions

R(r,m) ={t <i* <n), Ro={i*=>0).

See Fig. 1.

We compute the volume form in the different coordinate systems (recalling that the
r and 6 coordinates are common to al// coordinate systems, SO ,o2 =r2+a%cos? 0 is
unambiguously defined)

2 : ,02A * o *
dV = p“dtdr sinfdOd¢ = ﬁdt dr™ sin0dfd¢
(r2 +a?)
= p2dt*dr sin0d0d¢ = p>di* dr sin0dode* . (23)

We will often use the notation
do = sin0d6d¢.
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Denoting the (timelike) unit normal to the hypersurfaces (22) by ng_ we compute
in coordinates (r, 0%, ¢*)

r*+a? 2
VEE 8y Lons, | =v(0)pPsint and /g5 ¢ (Lns)

=v(r,0) rl_+r;'0 sin 6 (24)

for a function v with C™! < v < C.In particular, the volume element on slices of
constant £* = t satisfies

Vg, = [g5.drd9dg = v (r,6)r>r~ F drdo

for a (potentially different) function v with C~! < v < C.

For future reference we note that, again in coordinates (r, 0%, ¢*), we have on
the null hypersurfaces corresponding to the horizon and null infinity respectively the
relations

r2+a2

VEH & < A L, L) =v(r,0)sinf and ,/g7+ g (L,A) =v(r,0) p2 sinf,
(25)

where the volume forms are understood to be themselves normalised by L and L,
respectively. The above will be the expressions that arise in the context of the diver-
gence theorem.

Finally, we note the covariant identities

1 2 2 1 2 2
Vo (2t e 20 and v, (2T % pa) 2o, (26)
p* A p* A

which are most easily checked in Boyer—Lindquist coordinates.

2.1.3 The Very Slowly Rotating Case |a| < ap <K M

In the present paper, we will restrict to the very slowly rotating case. This will allow
us to exploit certain simplifications which arise from closeness to Schwarzschild.

Recall that the hypersurface » = 3M in Schwarzschild is known as the photon
sphere and corresponds to the set where integrated local energy decay estimates nec-
essarily degenerate. In the case |a| < ap < M the trapping is localised near r = 3M
while the ergoregion S is localised near r = 2M. See the general discussion in [43].
Let us quantify this below by fixing certain parameters.

We will fix parameters A1 < 3M < A, sufficiently close to 3M. We note already
that for sufficiently small |a| < ay <« M, then all future trapped null geodesics
will asymptote to an r value contained in r € [A], Az]. (We shall not use this fact
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directly, but rather, a related property concerning the maximum of a potential function
associated to the separated wave equation. See already Lemma 8.2.1.)

We moreover can choose ag small enough so that in addition, Ry > A and so that
the ergoregion satisfies S C {r* < 4A7}.

Fixing a cutoff function y (r*) which is equal to 1 for r* < 4A7} and O for r* > 2A7}
we define the vector field T 4+ w4 x . We note that by our arrangement, this vector
field is now timelike for all » > r, Killing outside {4A} < r* < 2A7}, null on HT,
and equal to 7 on {r* > A7}.

Finally, let us note that, if A’l“ is sufficiently small, then restricting to small ag, we
have that r = ¢* for r* > 2A7 for all |a| < a.

We note in particular

t = t* =" in the region 2A] < r* < 24j.
2.1.4 Parameters and Conventions

This paper will rely on fixing a number of parameters which will appear in the proof.
We have just discussed the parameters 1 and

Al <3M < Ay

which have already been fixed.
We will also introduce fixed parameters

81,062,683, E

which will be connected to adding multiplier constructions on Schwarzschild, as well
as parameters Cy, ¢, C, delimiting frequency ranges. In particular, eventually, these
can be all thought of as fixed in terms of M alone.

We will introduce an additional smallness parameter ¢ associated to the cutoffs in
time. (This notation is retained from our [40].) Again, eventually, this will be fixed
depending only on M.

Finally, we will exploit the slowly rotating assumption by employing ag as a small-
ness parameter, which will only be fixed at the end of the proof.

We introduce the following conventions regarding inequalities. For non-negative
quantities &1 and &, by

ISR )
we mean that there exists a constant C = C(M) > 0, depending only on M, such that
&1 < C(M)&,.
We will sometimes use the notation

SS9+ &
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where Q is not necessarily a non-negative quantity. In this context, this will mean that
there exist constants ¢(M), C (M) such that

€1 < Q+C&.

Note that two inequalities of the above form can be added when the terms Q are
identical.

Before certain parameters are fixed, say §1, we will use the notation <s, to denote the
additional dependence on §; of the constant C (M, §;) appearing in various inequalities.

Only when the parameter is definitively fixed in terms of M, can s, be replaced by
<.

On the other hand, in the context of the restriction to ag < M, which will appear
ubiquitously, the constant implicit in <« may depend on all parameters yet to be fixed.
This will not cause confusion because restriction to smaller a will always be favourable

in every estimate.

2.2 The Teukolsky Equation for Spin Weighted Complex Functions

In this section we present the Teukolsky equation on Kerr.

We first review in Sect. 2.2.1 the notion of spin s-weighted complex functions and
discuss some elementary properties of the spin s-weighted Laplacian in Sect. 2.2.2.
We then recall in Sect. 2.2.3 the classical form of the Teukolsky operator for general
spin. Finally, specialising to s = 4 2 we derive in Sect. 2.2.4 rescaled quantities which
satisfy an equation regular also on the horizon. It is in this form that we will be able
to state well-posedness in the section that follows.

2.2.1 Spin s-Weighted Complex Functions on S? and R

The Teukolsky equation will concern functions whose (0, ¢) (or equivalently (6, ¢*))
dependence is that of a spin s-weighted function, for s € %Z. We will always represent
such functions as usual functions «(r, ¢, 6, ¢).

Smooth spin s-weighted functions on S? naturally arise, in a one-to-one fashion,
from complex-valued functions on 3 (viewed as the Hopf bundle) which transform in
a particular way under the group action on the S! fibres of 3, as will be described now.
(Note that this is indeed natural as $3 can be identified with the bundle of orthonormal
frames on S2, and the definition of the Teukolsky null curvature components indeed
depends on a choice of frame on S2. See Sect. 2.4.)

Viewing $3 as the Hopf bundle we have a U (1) action on the S ! fibres (correspond-
ing to a rotation of the orthonormal frame in the tangent space of $2). Introducing Euler
coordinates® (0, ¢, p) on S we denote this action by ¢/”. Now any smooth function
F : 8% — C which transforms as F (pei") = e IPSF (p) for p € S3 descends to a
spin-weighted function on S? (by choosing a frame at each point). More precisely, F

5 Euler coordinates cover $3 everywhere except the north and southpole at 6 = 0 and 6 = 7 respectively.
The ranges of the coordinates are 0 < 6 < 7,0 <¢ <27 and 0 < p < 4.

@ Springer



2 Page240f118 M. Dafermos et al.

descends to a section of a complex line bundle over S? denoted traditionally by B(R).
See [11,27].

Let Z1, Z>, Z3 be a basis of right invariant vector fields constituting a global
orthonormal frame on S°. In Euler coordinates we have the representation

Zy = —sin@dy + cos ¢ (csc 09, — cotHdyp) |
Zr = —CoS ¢dyp — sin ¢ (cscGBP — cot98¢,) , Z3 =0y . 27

A complex-valued function F of the Euler coordinates (8, ¢, p) is smooth on S3 if for
any k1, kp, k3 € NU {0} the functions (Z)* (22)*2 (Z3)*3 F are smooth functions of
the Euler coordinates and extend continuously to the poles of the coordinate system
atf =0and b = .

Since spin s-weighted functions on S? arise from smooth functions on S° as
discussed above, there is a natural notion of the space of smooth spin s-weighted
functions on S2: A complex-valued function f of the coordinates (0, ¢) is called
a smooth spin s-weighted function on S2 if for any ki, k2, k3 € N U {0} the func-
tions (Z)K (Z2)*2(Z3)%3 f are smooth functions away from the poles and such
that "¢ (Z K1 (Z2)*2(Z3)k3 f extends continuously to the north (8 = 0) pole and

e~ (Z)¥1(Zy)k2(Z3)ks f extends continuously to the south (9 = ) pole of the
coordinate system, where

Zy = —singdp + cos ¢ (—iscscd — cot0dy) |

Zy) = —cospdg —sing (—iscscO —cot0dy) , Z3 = d . (28)

The space of smooth spin s-weighted functions on S is denoted Yo[g]. Note that
considered as usual functions on S2, elements of 5%2;' are in general not regular at
0 =0.

We define the Sobolev space of smooth spin s-weighted functions on S2, denoted
[s1H™ (sin 8dOd ) as the completion of fégl with respect to the norm.

1LF 1 i sim by = Z > f|<zl)k'(Zz)"2<Zg)’“f| sin 0dOd¢ .

i=0 ki+ko+kz=i

Note that the space yo[g] is dense in L2(sin 0d0d¢).
We now define the analogous notions for functions f of the spacetime coordinates

t*,r,0,¢").

We define a smooth complex-valued spin s-weighted function f on R to be a
function f : (—o00, 00) X [2M, 00) x (0, ) x [0, 27) which is smooth in the sense
that for any k1, ko, k3, ka4, ks € N U {0} the functions

(ZDM(Z2)2(Z3)5 (@) 3)5s f

are smooth functions away from the poles and such that ¢/*? ((Z1)*1 (Z2)*2 (Z3)*3 (9,)%
(8,)% f extends continuously to the north (8 = 0) pole and eS¢ (Z)¥1 (Zy)*2 (Z3)ks
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(0)k4 (3))Fs f extends continuously to the south (¢ = ) pole. In particular, the
restriction of f to fixed values of #*, r is a smooth spin s-weighted function on S2.
We denote the space of smooth complex-valued spin s-weighted functions on R by
FER

o (R).

We similarly define a smooth complex-valued spin s-weighted function f on a slice
Y tobe afunction f : [2M, 00) x (0, w) x [0, 27) which is smooth in the sense that
for any ki, k2, k3, k4 € N U {0} the functions

(ZDM(Z)*(Z3)% (3) f

are smooth functions away from the poles and such that etisd (Z Dk (Zz)k2 (23)"3 (8,)1‘4
f extends continuously to & = 0 and 6 = m respectively. The space of such functions
is denoted 5”0[2] (2;). The Sobolev space “JH” (X,) is defined as the completion of
5”0[3] (X;) with respect to the norm

e, =3 3 /dVE (20 (Z2)2 (23 @) fP2.

i=0 ky+ky+k3+ks=i

If U is an open subset of ¥; we can define y;g](w and STH™ ) in the obvious
way. This allows to define the space [S]Hl'gc (X;) as the space of functions on X,
such that the restriction to any / € X, (meaning that there is a compact set K with
UCKcCXy)isinSTH™ WU).

We finally note that we can analogously define these spaces for the slices .,
i.e. define the spaces

SEED , MHME) , VHE(S).
2.2.2 The Spin s-Weighted Laplacian

Let us note that the operator defined in the introduction,

o [s] 1 0 . a 1 0s 6

=————|sin6— -2 dp + s cot? 6 — 29

4 s1n989< 89) sin2 ¢ Sls1 6 s 5 29

is a smooth operator on.%%). Indeed, a computation yields [(Z1)2+ (22)2 (23)2]” =

[—ZAM — s —s2]E. Note also the formula Z?:l |Zl~ E|2 |0g B u|2
35 EI? + s2|E|%.

The eigenfunctions of ZA[S] are again in Yo[é] and are known as s-spin weighted

spherical harmonics. We shall discuss these (and their twisted analogues) further in
Sect. 6.2.1.
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An integration by parts yields for & € YO[CS,]

T 2
/ / d¢d9sin9<4X[+2]E>§
0 0
T 2 s i
= d¢ df sin” 0 | 9 — 0
/o /o PO 00\ S50 ) T Gine ™ \sin2e
= i
x| 9 + —90 , 30
|:9<sin29> sinf ¢(sin29)] 0)

where the right hand side is manifestly non-negative.® Introducing the spinorial gra-
dient

&9]
&3]

]

78 = (98, 052 £2 i cosh E)

and defining
2 ) 1 _ . 12
Y B i=|0E| + —5=|0pE £ 2 icosHE|", 31)
sin” 6
we also have
T 2
/ / dq)d@sinG[ZA[ﬂ](O)j:z]E-E
0 0
T 2 1
. —12 — . —~12
=// d¢d9|:51n9|39a’ +,—|8¢a:|:2-zcoséa’i|
0 0 sin 6

T 2 o [4£2
=/ / d¢>d6?sin0|Y7[ a2, (32)
0 0

We note that for 2, IT € Yo[é]
b4 2
/ / de d6 sin 6 [ZA“EZ] (O)j:Z] = T
o Jo

7 2w o [£2 E]
= / / d¢ db sin 6 |:Y7[ ]E . W[ ]H . (33)
o Jo 2

Directly from (30) and (32) we deduce the Poincaré inequality

T 27
/ / d¢ dO sin 0
0 0

6 In fact, the right hand side vanishes for the first spin-weighted spherical harmonics.

o [42 T 2
4 'a|222/ f d¢ do sind|E|* . (34)
0 0
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Combining (32) and (34) we also deduce
T 27 o [42 1 [* 2«
/ / d¢>d0sin0|Y7[ ]E|2z—/ / d¢ do sin0|PE|* . (35)
o Jo 8Jo Jo

2.2.3 The Teukolsky Operator for General Spin s

Recall that the operator

1T ! 2s 3 2s (a(r — M) cos b .
@umzmam+_r_M3dﬂ+_( +i )3@'
& p2( o p? A sin26 ) ?
2s (M(r? —a? S| :
+—§ (M —r—ia cos@) 9ol 4 — (s — 52 cot? 0) ol
P A P

(36)

is the traditional representation (see for instance [99]) of the Teukolsky operator with
spins € %Z. In view of the comments above, this operator is smooth on Yo[é] (R\H™).

We will say that such an ol*! € yo[g] (R \ 'H™) satisfies the Teukolsky equation if the
following holds:

ghslglsl = 0. (37)

The operator (37) is not smooth on Ygf)] (R) itself. This is because it has been derived
with respect to a choice of frame which degenerates at the horizon. See Sect. 2.4. To
obtain a regular equation at the horizon, we must considered rescaled quantities. We
turn to this now.

2.2.4 Rescaled Equations
To understand regularity issues at the horizon we must consider rescaled quantities.

We will restrict here to s = + 2.
Define

A = A202 +ad) 1 G = A2 4l E L (38)

Define now the modified Teukolsky operator sl by the relation

Ap~2&) =~ (LL+ LL) + A s -3

at +a*r? —2Mr3
+2
(}’2 + a2)2

2aT® + a®sin0TT — 2isa coseT) +d, @39

| =

A
ey
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with ZAM denoting the spin £ 2 weighted Laplacian on the round sphere defined in
(29) and with the first order term t!*! given by

w’ r w’ r
(2 = — 2—L —8aw———>® and 2 =42+ 8aw———>® where
w r<+a w r<+a
A
W= —. (40)
(7 + )

One sees that (37) for s = + 2 can be rewritten as
25421 . 41)

On the other hand, we observe that T2 now is a smooth operator on 70[3] (R)
and that its second order part is hyperbolic, in fact, it is exactly equal to —[],.
Similarly, we see that (37) for s = —2 can be rewritten as

T (a2 =0, (42)
which in turn can be rewritten as

2 ./
[s[zl = 2%3L + t[zl] &2 =0, 43)

aux
w

where

t[—Z] _ p_2 [_4 (1’2 + aZ)/

A/
L+2—L -2
aux A 2 4+ a?) + A~ <

£>/ G a) A/}

A (r2 +a?) A

is a first order operator acting smoothly on 5”0[2] (R). Now we observe that -2

2 .
2% “-L also acts smoothly on ygg' (R) and that its second order part is exactly equal
to —[g. This will allow us to state a well-posedness proposition in the section to
follow.

Remark 2.1 The weights in (38) for 2! will be useful for the global analysis of the
equation, whereas the weights for & ~2! will only be useful for the well-posedness
below. For this reason, we shall define later (see Sect. 6.2.5) the different rescaled
quantities u*?1 = AF1/r2 + a2a!*?], and deal mostly with the further rescaled
quantities 2 . w. Note that

W2 =& but W w =+ az)fgoclle.
The first quantity is finite (and generically non-zero) on the horizon H* while the
second quantity is finite (and generically non-zero) on null infinity Z* which makes

them useful in the global considerations below. Note also that both quantities satisfy
the simple equations (41) and (42) respectively.
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2.3 Well-posedness

Standard theory yields that the Teukolsky equation in the form (41), (43) is well- posed
on R or Ro with initial data(oc0 , s]) defined on X in [¥! H’ (Xo) x [S]Hl (Zo)
resp. with 0 replacing ¥o. We state this as a proposition for reference

Proposition 2.3.1 (Well-posedness) For s = +2, let @& &y e BH! (50) x
[“]HI{)EI(EO) be complex valued spin weighted functions with j > 1. Then there

exists a unique Complex valued &%) on Ry sansfymg “n ( eqmvalently oS! satisfy-

ing (37)) with &1 € BIH! ($,), ny &1 € WH/'(S,) such that &t Uy, = =&,

(n>:06c[s])|E = ocl S In particular, if (& Ls] ~M) € Y[”(Eo) then &1 € ﬂm(R ).
The same statement holds with 20, ET, Ro in place of o, X+, Ry, respectively.

Proof cf. Proposition 4.5.1 of [40]. O

2.4 Relation with the System of Gravitational Perturbations

The Teukolsky equation (2) is traditionally derived via the Newman—Penrose formal-
ism [93]. One defines the (complex) null tetrad (¢, n, m, m) by

l:r2+a2L ’ n=r2+a2L ’
A 2p?
1 i
=——— (iasin08, + 89 + —39 ) , 44)
ﬁ(r+iacose)( ' sing

which is normalised such that
g,my=—-1, gmm)y=1, g(m,m)=g(m,m)=0.

Note that we can obtain an associated real spacetime null frame (¢, n, e, e2) by
defining e = % (m+m) and ey = ﬁ (m — m), which then satisfies in particular
gler,e1) =g (ez,e2) = land g (e1, e2) = 0.

The extremal Newman—Penrose curvature scalars are defined as the following com-
ponents of the spacetime Weyl tensor’

Vo=—-W(U,m,l,m) , VYy=—Wm,mn,m). 45)

Both ¥( and ¥4 vanish for the exact Kerr metric. Remarkably, upon linearising the
Einstein vacuum equations (1) (using the above frame) the linearised components ¥
and W4 are gauge invariant (with respect to infinitesimal changes of both the frame and
the coordinates) and moreover satisfy decoupled equations. Indeed, one may check
that & 72/ = (r —iacos0)* Wy and «lt? = W satisfy precisely the Teukolsky
equation (2) for s = —2 and s = 2 respectively.

7 Recall that the Riemann tensor agrees with the Weyl tensor for a Ricci flat metric.
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Instead of defining spin s-weighted complex functions ¥, ¥4 one may (equiva-
lently) define symmetric traceless 2-tensors « and « (living in an appropriate bundle
of horizontal tensors) by

a(ea,ep) =W (L,ea,Loep) . a(ea,ep) =W (L,ea, L, ep) .

Using the symmetry and the trace properties of the Weyl tensor we derive the relations

2

( )= —a( ) = ! 207 (W4 + Wy)
g 31, el - g 62362 - 2 }"2 +a2 4 4
and
( ) ( ) +1' —2'02 2(\1: W)
a(er,ey) =oaler,e1) = —1 — ,
seb =i 2 \r?2+a? e

which relate the spin 2-weighted complex function and the tensorial version of the
curvature components. Of course similar formulae are easily derived for «.

We can now connect directly to our previous [31] where we wrote down the
Teukolsky equation for the symmetric traceless tensors « and « in the Schwarzschild
spacetime.

As a final remark we note that in the Schwarzschild case considered in [31] the
null frame used to define the extremal Weyl components arose directly from a double
null foliation of the spacetime. In stark contrast, the algebraically special null frame
(I, n,eq, er) in Kerr for a # 0 does not arise from a double null foliation of that
spacetime.

3 Generalised Chandrasekhar Transformations for s = +2

In this section, we generalise the physical space reformulations of Chandrasekhar’s
transformations, given in [31], to Kerr.

In accordance with the conventions of our present paper, we will consider complex
scalar spin =+ 2 weighted quantities /2! in place of the tensorial ones of [31]. We
begin in Sect. 3.1 with the definitions of the quantities PI*?! associated to quantities
ol 2! If 2] satisfy the (inhomogeneous) Teukolsky equation, then we show in
Sect. 3.2 that P[#21 will satisfy an (inhomogeneous) Regge—Wheeler type equation,
coupled to al*2!. The latter coupling vanishes in the Schwarzschild case. The precise
relation with the tensorial definitions of [31] will be given in Sect. 3.3.

3.1 The Definitions of P[*2] W[*2] apd [+2]

Given functions «F2! we define

2 212 2 22 _3
pira J;Z Y LMV, <(r JFA" ) L'V, (A2 (rz +a2) 2 (x|+21))’

(46)
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2, 212 2, 22 3
pl-21 _ _%Lﬂvu <%L“Vﬂ <(r2 +az) 3 “[—2]))‘ 47)

These are our physical-space generalisations to Kerr of Chandrasekhar’s fixed fre-
quency Schwarzschild transformation theory.

Note that if &% e .72 W) for U ¢ R, then PIEY ¢ 7). We will
typically work with the rescaled functions

W2 = (42 4 423 plE2, (48)

which are of course again smooth.
As in [31], it will be again useful to give a name to the intermediate quantities {[*2!
defined by

1 +2 -3

Y+2 = _EA_% (r2 + az) LMV, (A? <r2 + az)  alt2h 49)
1

L +EA_%(r2 +a®)2 LI, (oc[‘zl(r2 + az)‘%) : (50)

We can rewrite (46)—(47) as

LMV, (ﬂ¢[+2]) — A2 4 a2l (51)
LMV, (VAP = —A(? 4 a®) 2wl (52)

Note that for &*2 smooth, it is the quantities «/Kll)[+2], («/K)_lll)[_ﬂ which are
smooth.

3.2 The Generalised Inhomogeneous Regge-Wheeler-Type Equation with Error

The importance of the quantities W ®2] arises from the following fundamental propo-
sition:

Proposition 3.2.1 If &2 sarisfy the inhomogeneous equations
F+2] <&[+2]) — p2 g R ( Az&[—z]) — A2F1-2 (53)
then the quantities W'*2 satisfy the equation
2 2
R EINE=) _% g2 _ P gl (54)

A

where
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Ap~2RB] = % (LL+LL)

A o ls1 o ) 6Mr r*—a? , A
s _rrr-ae 4 —}
+(V2—+-az)2{<4A R R s e A (r? + a?)?

= <2aT<I>+a2 sinZQTT—Zisacosé’T) , (55)
(r? +a?)

A . —8;2—1—2512 @_20a2r3—3Mr2+ra22+Ma2
) r<+a (}’2+612)

A
[+2] 2
X (\/le) ) + a —(r2 +a2)2

2 r O3 r*—a* + 10Mr3 — 6Ma?r
X | —=12———a
r2 +a2 (r2 +a2)2

3
« <(X|+21A2 (r2 +a2) 2)

2 2)2
@12 — %L((r —Za ) L( AzFHZ])) (56)
wp
and
2 2 3 2 2 2
g2 A . 8r2—83 a<I>—20a2r —3Mr +ra2+Ma (\/Klb[_zl)
(r2+a2) r<+a (r2+a2)
A 4 —a* 4+ 10Mr3 — 6Ma?
+a? 2[+122r 2a¢+3<r a+2 r22 ar>:|
(r2+a2) r*+a (r= 4+ a*)

x <oc[_2] <r2 +a2>_i) , (57)
2 2)2 3
el-21 :lL ((V + a?) I < A F[_2]>> . (58)

2 A wp?

Proof Direct calculation. See Appendix. O

We will call the operator Rl defined by (55) the generalised Regge—Wheeler
operator. We note that it has smooth coefficients on R and its highest order part
is proportional to the wave operator. The equation (54) reduces to the usual Regge—
Wheeler equation in the case a = 0:

Corollary 3.1 If a = 0 and F™*?! = 0 then W'*2! satisfies the Regge—Wheeler equa-
tion

Q2 /. 4 6M
LLwt 4 2 (o) el 4 g2 (— - —3) wEl =0, (59)

I‘2 r2 r
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where Q2 =1 — 27M

As discussed already in the introduction, we see that (54), although still coupled
to ol*?1, retains some of the good structure of (59). The operator (54) has a good
divergence structure admitting estimates via integration by parts, i.e. it does not have
the problematic first order terms of the Teukolsky operator T121, cf. (39). See already
the divergence identities of Sect. 5.1.1. Moreover, the terms 7*?! can be thought
of as lower order, from the perspective of WI*21_ as they only involve up to second
derivatives of al®2! (via the term ® (v Ap!E2))).

3.3 Relation with the Quantities P and P of [31]

As with the tensorial quantities o and « discussed in Sect. 2.4, in [31] the transforma-
tions to the quantities P and P (corresponding to the complex functions P21, p[=2]
in this paper) were again given tensorially. In particular, the Regge—Wheeler equation
for the symmetric traceless tensor W = 1> P was written tensorially using projected
covariant derivatives as (cf. Corollary 7.1 of [31])

4 oM

QY3 (QV4¥) — Q*AV + Q*VW =0 with V = it o

(60)

where Y3 and Y4 are projected (to the spheres of symmetry) covariant derivatives
in the null directions, A is the covariant Laplacian associated with the metric on the
spheres of symmetry acting on symmetric traceless tensors and Q2 = 1 — % Note

that unlike the operator ZA[S] considered in this paper, the operator A was defined as a
negative operator in [31].

Computing the equation satisfied by the components of W in the standard orthonor-
mal frame on the spheres of symmetry one obtains
cos 6
sin? 6
c

0s 6
W+ 4cot29\D12> +Q*VW, =0,

LL (W) + Q2 (—A(wn) +4 3y V1o +4cot29\1m> +Q*Vy =0,

LL (¥1p) + Q2 <—4A (Vo) — 4

from which one infers that the complex-valued functions W2l — gy F iV, satisfy
the Regge—Wheeler equation (59) for s = 2.8

4 Energy Quantities and Statement of the Main Theorem

We first give certain definitions of weighted energy quantities in Sect. 4.1. This will
allow us to give a precise statement of the main theorem of this paper (Theorem 4.1) in

8 Note that in this paper wi+2l = 3 p+2] for ¢ = 0 so when relating orthonormal components of the
tensor P and the complex function P21 there is an additional factor of r2. This factor disappears when
replacing the orthonormal frame on the spheres of symmetry with an orthonormal frame on the unit sphere
to express the components of P.
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Fig.2 Partitioning ﬁ(rl ,1T2)
and X

Sect. 4.2. We will finally discuss in Sect. 4.3 how the logic of the proof of Theorem 4.1
is represented by the sections that follow.

4.1 Definitions of Weighted Energies
We will define in this section a number of weighted energies. In addition to those

appearing in the statement of Theorem 4.1, we will need to consider various auxiliary
quantities.

4.1.1 The Left, Right and Trapped Subregions

We will in particular need to introduce energies localised to various subregions of s,
and R (1, 72). In anticipation of this, let us define the following subregions

Rt ) = Rt ) N{r < AL, RUM(r, 1) = Rz, 1) N {r > Azl
Raway(_[l 7)) = Rleﬁ(‘fl, ) U Rright(ﬁ, )
’]Etrap(-“, -52) = ﬁ(‘[l, ‘L'2) n {A] <r =< A2}

Note that

R (11, 1) UR™Y (11, 1) = R™ (11, 1) UR" (1, 72) UR"E (71, 70)
= R(t1, 12).

For i,, it will be more natural to consider
St =Sntr=a) S =SS0z SV =EtusE
See Fig. 2.
4.1.2 Weighted Energies for w!+2!

The energies in this section will in general be applied to W!*2! satisfying the inhomo-
geneous equation (54).
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Let p be a free parameter (which will eventually always take the values 0, 5, 1 or
2). We define the following weighted energies on the slices X

%[i2]\p[i2]|2r_2 + |\Il[i2]|2r_2

Eir’p I:\IJHZZ]] (f) = \/; drdo— <|L\Ij[i2]|2rp +
X
~|—r_1_’7‘£\y[i2]‘2) 7

E o [£2]
Bs p [‘I’[iz]] ()= f~ drdo <|L\IJHE2]|2r17 |9 22 g P

T

2 2
i Za Lw[ﬂ](z) . (61)

We remark that an overbar indicates that the energy has optimised weights near the

horizon. _
We will also consider the following energy through X" :

o

AT IR

EYY [@l#21] (¢) = drdo ‘L‘lf[ﬂ”z”p"‘
Sep ii{wi\y

+ w22 r]"‘L\Il[ﬂ]r) :

On the event horizon H™ we define the energies

153
Eypy [w[ﬂ]] (11, ) = f drdo|LWFI?

7]

Ep+ [\D[iz]] (11, 12) = /Q

7]

drdo (|\p[ﬂ1|2 LW |7°7[”w[ﬂ]|2> .
(62)

On null infinity Z+ we define the energies

2 < [5]
Er , [W*] (o1 m) = / drdo [w[ﬂnz 2y

71

% \Ij[:t2]|2+rp—2|\p—2|2> .

In addition to the energy fluxes, we will define the weighted spacetime energies

)
I, [\Il[ﬂ]] (11, ) = / dr/ drdo
7] s,

Ll . - LWl
r

P800 F3+80n F3+80n rltn ’

L A il i

(63)

@ Springer



2 Page360f118 M. Dafermos et al.

_ 2
I, [\-Il[ﬂl] (t1,2) = / d‘L’/ drdo
7 Pl

LWl ﬁ[ﬁ]\y[ﬂ]f |\y[i2]|2 ,

RERYE F3+80n £330 rl+n ’

1‘22(12 L\I’[izl 2

(64)

where 87, is the Kronecker delta symbol and also the degenerate spacetime energies

(%)
e [w[ﬂl] (t1. 1) = / dt /N drdo
71 pos

Ll 707&2]‘1’&2]‘2 |L\I,[ﬂ]|2
X - 5 — r PP x
r1+80 n r3+82n rlt+n
+2]|2 +2]|2
(@ - D e
rltn P38 |7
—de; d
I,* [‘I'[iz]] (z1, @) =1,* [‘Ij[ﬂ]] (1, 12)
. rP+a®
x but replacing L by L in the round bracket (65)

with j aradial cut-off function equal to 1 in r* € (—o00, AT]U[AJ, 00) and vanishing
in r* € [A}/4, A}/4]. Finally, we shall define

)
szay [\Il[ﬂ]] (11, ™) = / dr/N drdo
T Saway

LT 2 T O Tl
r1+55’7 r3+5§n rl+n r3+8§n

and

72 o [+2
H“ap[w[ﬂl](n,rz)=/ drﬂpd’daii(lwlﬂl|2+lv[ ]\If‘ﬂ|2+|w‘*2’|2>
T Erm

(L - LW 4 yqﬂﬂwz}. (66)

Note that

1 (W ] (11, 0) ST [ W] oy, 1) + 19002y, 1),
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4.1.3 Weighted Energies for [*21 1p[+2]
The quantities in this section will in general be applied to a!*2!, p[+2] arising from a

solution &[*2! of the inhomogeneous equation (53).
We define the following energy densities

ep [o([+2]] _ Z ‘F (oc[+2]A2 (rz +a2>_1> ‘zfsgnrp

refid, o)
+ ‘T (oc[+2]A2 (r2 + a2>_1> ‘Zrz‘” : (67)

e [1])[+2]] - ¥ ‘r (¢[+2]JZ) ’2;»—55'7#’ n }T (w[”]«/X) ’21"2_'7 . (68)
Trelid, ®)

With these, we define the following weighted energies on the slices s

Es. , [oc[+2]] (r) = é drdo e, [oc[+2]] ,

Es , [¢[+21] () = /N drdo e, [qﬂ”l] . (69)
PP

Remark 4.1 We remark already that while these energies contain the 7 and the ®
derivative only, we can obtain also the L and the L derivative if we control in addition
the energy (61) of WI+2l This is because of the relations (107) and (108) and the
relation L = —L + 2T + d.

2a
r2+a?
It will be useful to also consider separately

left [+2] _ [+2]
Eif,p [oc ](r) = /%Mt drdoe), [oc ] ,

gt [w“z] /N _drdoe, [w”zl] : (70)
o [ 0= it o]
S [0 0= o o8] g

We also use the notation E~ i; for the sum of the left and the right energies. On
(timelike) hypersurfaces of constant r = A > ry we define

Er—al|x [ +2J] (1, 2) = /fz dtdo e I:Oc[+2]:|

71

’

r=A

E,_, [ll) +2]] (11, 1) = /Tz dtdo e, [11)[+2]]

7

(72)
r=A
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In the limit » — 4 we obtain the energies the event horizon H+ which we denote

()

dtdo ey [OLHZ]]

Ep+ [oc[+2]] (t1, 1) = /

71

.

71

r=r4
2

dtdo e [11)[+2]]

r=r4

We also define the following weighted spacetime energies

%) 1

I, [od“l] (‘E],tz):f dtf drdo ~e, [od“l] ,
71 s, r
%) 1

I, [L])H'z]] (1, ) = f dtf~ drdo —ep [11)[+2]] .
T] o r

As with the fluxes, it will be useful to also define

_ v 1
Hllfﬁ [cxHZ] (t1, 1) = / dr/ drdo —ep [oc[+2]] ,
_ 7 i_l[eft r

(%) 1
Hleft [11) +21] (11, ™) = / dl'/N drdo —ep [lezJ] ,
7 El{eft r

”ght oc+2] (11, T0) = dt |  drdo —e,|oTH],
T irlghl r p

» 1
nght [w +2]] (t1, 1) = dt | drdo —ep [11)[+2]] .
T E?ght r

Finally, we define

1)
[erap [oc[+2]] (11, 1) = f dr f~l ) drdoeg [ocHz]] ,
o era

1)
[trap [¢[+2]] (11, 1) = / dt /~1 , dr do eg [ll)[+2]] .
o 2:‘[ra

We note the relations
I [ (. m) ST o] (o1, ) + 1790 [ 2] (31, 20)

%—Hnght[ [+Q]](f1,fz)-
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4.1.4 Weighted Energies for (21 [~

The quantltles in this section will in general be applied to =2, {!=2! arising from a
solution &2 of the inhomogeneous equation (53). _
We define the following weighted energies on the slices %, :°

Eg, [cx[_z]] () =/; drdo Z ‘F (rz+—a2%e[_2]) )Zr_l_", (81)
T re{id,T,®} A
_ VG2 4 a?)\ 2
Ex 1])[2]()=/Ndd F(—) =1 (82)
s, [v7] @ 5 Mre{idz;,@‘ = o

We also define the energies
Egr [oclle] () , ng [1])[72]] (1)

. . . . 2 2
by adding to the set I' in the energies without the overbar the vectorfield % L.
Hence an overbar again indicates that the energy has been improved near the horizon.

Remark 4.2 In analogy with Remark 4.1, note that in view of the relations (116) and
(117) controlling the energies above and in addition the energy (61) allows one to
control also the L derivative of «[=2 and {p!=2!. Together these allow one to control
the L derivative of «[=2! and [~2! (without the A~! -weight near the horizon) in view

of the relation L = —L + 2T + 25 ®.
We define
—_ igh — ighi —
B! [(X[ 21] . EE [¢[+21] ., E¥ t [“[ 2]] . t [lb[ 21]] ’

by appropriately restricting the domain in (81)—(82), in analogy with the definitions
(70)-(71).
On (timelike) hypersurfaces of constant r = A > r4 we define

o R R i i e

2 b
2 re{id,T,®) A r=A
1%} 11’[_2](7’2 4 (,12) 2
E—a [Ib[—z]] (11, 2) = / dtdo Z ‘F <?> ‘ (83)
o Tefid,T,®) A r=A

9 Note that in contrast to the [+2]- -energies, no p-weights appear. The underlying reason is that the transport
estimates for Ppl—2] and «[~2] will always be applied with the same r-weight. Note also in this context
that the E-energies for ol =21 and PI=21 on the slices $;in (81)—(82) carry the same r-weight as the
corresponding spacetime I-energies in (85)—(86). This arises from the fact that the transport for the [—2]-

quantities happens in the L-direction and the relation (24) between L and the unit normal to the slices

Xr.
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In the limit » — oo we define on null infinity Z©

oo o = [P 3 (SR

2 b
2 re{id,T,®) A r—00
o (=212 4 ¢2)\ 2
B+ [w[—”] (T11.1) = / dvds Y ‘F(‘%)’ . (84)
2 I'e{id,T,d} A r—>00

We also define the following weighted spacetime energies

© /2 24021\ 2
I [oc[_Z]] (11, 12) = f dr/N drdo Z ’F (%) ‘ r_l_”,
7] e

relid,T,®)
(85)
o (=212 1 2
H[ll)[le] (n,tz):/ d‘L’/N drdo Z ’F <w> ‘2r717,77
T X relid,T,®) N
(36)

and the energies
i [0([72]] (11, 2) ﬁ[ll)[le] (t1, ™2)

by adding to the set I" appearing in the definitions (85)—(86) the vectorfield % L.
We define again

Tleft [ oc[—z]] ’ left [11)[_2]] ’ [right [ oc[—z]] ’ right [11)[_2]] ’

by restricting the domain in (85)—(86), in analogy with (74)—(77). Finally, in analogy
with (78)—(79), we define

I[trap [“[—2]] , Htrap [11)[—2]] (87)
and we note the [—2] version of (80).

4.2 Precise Statement of the Main Theorem: Theorem 4.1

We are now ready to give a precise version of the main theorem stated in Sect. 1.2:

Theorem 4.1 Ler (&5, &) e =25/ (S0) x FHI 71 (S0) and &+ be as in
the well-posedness Proposition 2.3.1, and let oc[iz], P[i2], \Il[iz], 1])[i2] be as defined
by (38), (46), (47), (48), (49) and (50). Then the following estimates hold:

1. degenerate energy boundedness and integrated local energy decay as in Theo-
rem 9.1
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2. red-shifted boundedness and integrated local energy decay as in Theorem 10.1
3. the weighted r? hierarchy of estimates as in Propositions 11.2.1 and 11.2.2 (s =
+2)
as well as Propositions 11.3.1 and 11.3.2 (s = —-2)
4. polynomial decay of the energy as in Theorem 11.1.

For each statement, the Sobolev exponent j in the initial data norm is assumed large
enough so that the quantities on the right hand sides of the corresponding estimates
above are well defined.

Let us note that we can easily deduce from the above an alternative version where
initial data is posed (and weighted norms given) on X instead of f]o. We suffice here
with the remark that smooth, compactly supported initial data on X trivially give rise
to initial data on ¥ satisfying the assumptions of the above theorem.

As an example of the pointwise estimates which follow immediately from the above
theorem, let us note the following pointwise corollary (recall that 0 < n < 1 was fixed
in Sect. 2.1.2):

ﬂ], &[Iﬂ]) be smooth and of compact support. Then the solution

Corollary 4.1 Ler (&
& satisfies

|r3+Tn&[+2]| < le*|—(2—77)/2 . |r45([—2]| < C|t~*|—(2—ﬂ)/2

where C depends on an appropriate higher Sobolev weighted norm.

The above decay rates can be improved following [87].

Remark 4.3 Recall that the quantities &*2! are regular on the horizon and that near
34y 5+ 5+ - .
infinity r a2~ T 2 T Woand r* &2 ~ r 3l =21 ~ Wy, allowing

direct comparison with the null-components of curvature in an orthonormal frame (see
Sect. 2.4).

Remark 4.4 Note that, in view of Remark 4.3, one sees that the decay in r provided
for ¥ by Corollary 4.1 is weaker than peeling, consistent with the fact that, just as in
[26], our weighted energies do not in fact impose initially the validity of peeling. This
is important since it has been shown that peeling does not hold for generic physically
interesting data [25].

4.3 The Logic of the Proof

The remainder of the paper concerns the proof of Theorem 4.1.

Sections 5-8 are preliminary: Section 5 will prove an integrated energy estimate for
WiF2] l#2] and ol*2] arising from general solutions to the inhomogeneous s = =2
Teukolsky equations (53) outside of the region r € [A, A2], with additional boundary
terms on r = A;, as well as certain auxiliary estimates (Sect. 5.3) for WIE2] 2]
and o!*2! arising from a solution of the homogeneous equation (37). Sects. 6-8 will
concern so-called [A1, Az]-admissible solutions and will provide frequency-localised
estimates in the region [A], A;], again with boundary terms on r = A;.
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The proof proper of Theorem 4.1 commences in Sect. 9 where the degenerate
integrated local energy decay and boundedness statements are proven (statement 1.),
using the results of Sects. 5-9, applied to a particular solution olF 21 of the inhomo-
geneous equation (53) which arises by cutting off a solution « of the homogeneous
equation so that, when restricted to the r-range [A1, A2], cxg:_L s compactly supported
in t* € [0, Thna]. The estimate of statement 1. follows by appropriately summing the
estimates of Sects. 5 and 8 applied to x... We note already that when summing, the
most dangerous boundary terms on r = A; have been arranged to precisely cancel,
while the error term arising from the inhomogeneous term on the right hand side of
the equation of o< can easily be absorbed in view of its support properties and the
auxiliary estimates of Sect. 5.3. Finally, in Sect. 9.6, we will distill from our argument
a simpler, purely physical space proof of statement 1. for the axisymmetric case.

The degenerate boundedness and integrated local energy decay are combined with
redshift estimates in Sect. 10 to obtain statement 2.

Finally, the weighted r? estimates are obtained in Sect. 11, giving statements 3.—4.

5 Conditional Physical Space Estimates

In this section, we will derive certain physical space estimates for WIF21 p[#2] o[+2]
defined above, arising from solutions «[*?! of the inhomogeneous version (53) of the
Teukolsky equation.

We first apply in Sect. 5.1 multiplier estimates for solutions W*2! of the inho-
mogeneous equation (54) outside the region r € [Aj, Az]. Here, we use the good
divergence structure of the generalised Regge—Wheeler operator. We then estimate in
Sect. 5.2 the quantities P*2! and «/*?! via transport estimates. Taken together, these
should be viewed as providing a conditional estimate stating that an integrated energy
expression for WIF21 #2] and o*2! can be controlled from initial data provided
that boundary terms on r = A; can be controlled. (To understand the latter boundary
term, this estimate must be combined with that obtained in Sect. 8.)

Finally, we shall need some auxiliary physical space estimates (applied throughout
R) for WIF21 !#2] and !*2! arising from a solution of the homogeneous Teukolsky
equation (37). These will be given in Sect. 5.3.

Let us note that we may always assume in what follows that any %% referred
tois in 5”0[3[ 2 (ﬁo).

5.1 Multiplier Estimates for w/*2]

We will apply multiplier estimates for W#2!, The main result is

Proposition 5.1.1 Let a!*2! be as in Proposition 3.2.1, and p'*21, WI*21 pe as defined
in (46), (47), (49), (50). Let 61 < 1, 83 < 1 and E > 1 be parameters and let fy be
defined by (100) and yq be defined by (101). Then for sufficiently small §1 and & and
sufficiently large E, it follows that for sufficiently small |a| < ay < M, then for any
0 <11 < 19, we have
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Eeéwaz [\y[iz]] (1) + 2 [q,[ﬁ:Z]] (11, 1)

§51,82,E E%viaz [\y[jﬁ]] (t1)

+ 5"V, ) + Qs [WE ] (11 2) = Qe [ 9 (1)
+lal T [0 | (o1, ) + Jal T [ ] o, )

i igh
+1al 1 [ ] (21, ) + lal T [ 2] 21, ).

where Qr—4, [WE2l (1, 1) is defined by (103) and H™VY W2 (1), 1) is defined
by (104). Moreover the subindex [n] on the right hand side is equal to n in case of
s = 42 and it is dropped entirely in case s = —2.

We note already that the boundary terms Q,—4, [¥172!] (11, 12) — Q=4 [WIH2]
(11, 72) appearing above formally coincide with those of the fixed frequency identity
to be obtained in Sect. 8.2. Thus these terms will cancel when all identities are summed
in Sect. 9.

In what follows, our multiplier constructions will be identical for W[+2l and w{—21,
We will thus denote these simply as W. The spin weight will be explicitly denoted
however for the terms arising from the right hand side of (54).

5.1.1 Multiplier Identities

The proof of Proposition 5.1.1 will rely on various multiplier identities for (54). These
are analogous for standard multiplier estimates proven for solutions of the scalar wave
equation and in particular generalise specific estimates which have been proven for
the Regge—Wheeler equation (60) on Schwarzschild in [31].

The T + w4 x P identity. -
Multiplying (54) by (T + w4 x ®) ¥ (recall x was fixed in Sect. 2.1.3) and taking
the real part leads to (use the formulae of Appendix B.1 and B.3 and (289))

(L +L) [FLTILwM@} + (L —L) [ng‘;’+)(q’} 4 THwix®

— Re ((— (T + w, x®) V) (J[” + 95[”)) (88)

where = denotes equality after integration with respect to the measure sin 0d0d¢ and

1
FLp® = E{| (L+L)WP?+|(L—L)¥P

o [s] 6Mr r%—a? Ta’ A
+4w|Y7S\IJ|2+4w|:s2— rr—a a ]| E

2ra?r2 a2 2+ a?)?
—4a*wsin® O|TY|* — 8waw x| PW|* — 8wa’ sin® w4 xRe ((T¥)DW)

2 2
+ 4wy (X — %) Re (<I>\If (L —G—L) E) — 8swawy x cos OIm (W@@ },
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F e = é (—2Re (L — L) WTW) — 2w, xRe ((L — L) ¥(dV))),
JTH@+x® — %w+x’Re (L = LDv) (2W)). (89)

The y identity. Multiplying (54) by y (L — L) W for a smooth radial function y and
taking the real part produces (use the formulae of Appendix B.4)

L+ )@ -n R} +r
=Re (74 +61) (~y (L - L) 7)) (90)
where = denotes equality after integration with respect to the measure sin 0d6d¢ and
1 — — _
Fl,, =ZRe{y (L+ L)W ((L — L)V) + 2way®WLY — 2waydW LY
—2wa’sin? 0T W (y(L — L)@ — 4sa cos wylm (\IIW/) }

1 o [s]
Fly =] = S+ Dl = 2@ = Do+ 20y 9w

42 2 6Mr r*—a® Ta®> A P
w ST — —
Y 2ra2ri+a® 2+ a2

+ 4wayRe (CD\IJTW) + Zwya2 sin? 9|T‘~IJ|2 + 4sa cos wylm (lIl TW) }

y _y’ 2 2
P =2 [+ D+ | - pw]’]
6Mr r?—a? Ta’A ' o [s]
2 2 / 2
- - - w2 — W
<wy [s S g (r2+a2)2D W= = (wy) |V V|
o /|<1>\p|2+ baz A oW
> W w
2y a2 a2’ rr+ar”
—a[L (wy)]Re ((®W)(LW)) +a[L (wy)] Re (W) (LW))
— (wy)'a’sin? 0|T V|
1 ra A , —
Re (®W (L + L) W) —2sacos 6 (wy)'Im (VT V).

27 (2 +a2) r2 +d
oD

The h identity. Multiplying (54) by h'W for a smooth radial function / and taking real
parts leads to (use the formulae of Appendix B.2)

(L+L) R )+ (=L [Fl L} + 17 =Re (= (77 + &) nT)  92)
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where = denotes equality after integration with respect to the measure sin 6d6d¢ and

1 — _
i, = ZRe{ (L +L) Wh¥ — 2w’ sin® 6T Wh T
1 _
Fl_, = ZRe{ — (L —L)WhT +h/|qf|2}
h o [s]
1" = 21 = D9 =L+ L + 4wy WP ]

+[ W (52 6Mr r?—a? Ta A h//]|‘1’|2
wh|s® — — - —
1’2 + a2 r2 + az (1’2 + a2)2 2
+ 2wahRe ((TW)(®W)) + wa?® sin® 61| TW|* — 2sa cos Ghwlm (T VW) .
93)

The f identiry. Adding the y-identity with y = f and the h-identity with & = f” for
f a smooth radial function yields the identity (recall (289))

L+ L) [F @ - [F 417 =Re (= (5¥1+61) (1 0+2/T'))
94)

where = denotes equality after integration with respect to the measure sin 6d6d¢ and

L= %Re{f (L+L)W((L - L)) + 2waf WLT — 2waf QWL
—2wa?sin* 0T (f(L — L)V)

+ (L + L) W f'W — 2wa®sin2 6T f'F — 4sa cos OwfIm (\1@/) }

f
Fp

1 f 2 f 2 o [5]
Fl_, = Z{ — S+ L = S [ — D] 2wV 9P
6Mr r?—a? 7a’A

2 2 _ _ 2

+2uf |:s 2 ralr2+al (r2+a2)2}| |

+4wafRe (PWTW) + 2wfa*sin® 0| TW|?

— f'Re((L = L) W) + "W + 4sacos ufIm (WTF) |,
/

V=Ll - pef] - w i ep

n f 5 6Mr rr—a? Ta*A ' f" |‘-If|2
_ wls® — _ L
7'2 + 02 }"2 + 612 (7'2 + 02)2 2

2 ! 2
a dra A
2(—— w2 w2
+ <r2+a2w > | | +(r2+a2)2r2+a2wf| |

—a[L (wf)]Re ((PW)(LY))
+a[Lwf)|Re ((®W)(LY)) — (fw) a’sin® §|TW|?

@ Springer



2 Page460f118 M. Dafermos et al.

1 ra A — _
-3/ e —3Re (@W (L + L) V) —2sacosf fw'Im (VT W)

+2waf'Re (TW)(®W)) + wa’sin* 0 f'|TW|2. (95)

The rP-weighted identity. We multiply (54) by r? B4& LW with B4 = 1 + 4% and £ a
smooth radial cut-off satisfying & = 0 forr < Rand & = 1forr > R + M with R
is chosen directly below (99) depending only on M. After taking the real parts of the
resulting identity we obtain (use the formulae of Appendix B.6)

L{FY Y+ L{F )+ 17 =Re (= (79 + 6V)) g L) 96)
where = denotes equality after integration with respect to the measure sin 0d6d¢ and
) 1 1 — 1 _
F;' = 5s,:rl’ﬂ4|L\11|2 +3Re (atwr? By ®WLY) + 5waz sin? 0r? 4ERe (TWLW)
o7

6Mr r*—a? Ta? A |‘I’|2
r2 + a2 7'2 + (12 (r2 + a2)2

1 . [ 1
F = Swer g ¥ e+ <wr”/34é [s2
a’wr? 5
méﬂﬂ‘b‘m
1 — 1 2 .2 2
—;Re (a&wrP B4 dWLW) — wa’sin” 0517 By TV|

1 _
+ Ewa2 sin’ 0rP B4ERe (TlIJL\IJ), (98)

~
Il

+

% E(prr~ "+ O (rP2)) + &P Ba) ILW)?
1 2-p)  GB—-p2M _s §'w
+2<§[r3p + —i—O(r” )] )IW v
1 » $|: _ 6Mr r? —a? B Ta% A ]>/ wP

3 <wr ) R s g 2 + a2)? Ad

2 /
Re (PWLW) — ( 2.§wr”ﬂ4> |ow|?

+ %Re ((agwrrps) @ (L+L)F)

2ra$r1’ﬂ4w
r2 4 a?

+ %Re (agwrPpsdW [L, L] W) + % (s (wrPBs) + é/wr”ﬁ4> a’sin? 0|T V|
— 2sacos Owr? B4EIm (TWLW) . (99)

It is easy to see that we can choose R in the cut-off function such that the coefficients

o [s] . ..
of |ILW 2, |V ' W2 and |¥|2 in (99) are all non-negative in» > R 4+ M for p € [0, 2]
and we henceforth make that choice.

Remark 5.1 (Conversion into divergence identities) To convert the identities derived
in this section into proper spacetime divergence identities (from which the boundary
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contributions, etc., are most easily assessed) we recall the identities (26). Since the
left hand side of any multiplier identity above has the schematic form

L{FL}+ L{FL}+1+&=RHS

with f Esin6dOd¢p = 0, we can use (26) to convert them into the divergence form

1 r2+a? 1 r2+a? 1 r2+a2 1 r? 4 a2
V,| LY —= F LY— F |l———+&8————
a( 2 LYE 2T L) 2 A T2 a
1 2 2
— RHS—" ra
P A

This is easily integrated using Stokes’ theorem and making use of the formulae (24)
and (25) for the normals to the spacelike hypersurfaces (and the horizon and null
infinity). Therefore it is the above identity which provides the precise sense in which
the F’s in the identities indeed correspond to boundary terms. Note the term involving
& disappears after integration with respect to the spacetime volume form (23).

5.1.2 Proof of Proposition 5.1.1

Jo= (1 - 3—M) (1 + M) , (100)
r r

yo = 81((1 = x) fo(r) + x fo(r)) = 81 xr™" (101)

We define (cf. [31])

and

where x is a cutoff function such that y = 0 forr < 9M and ¥y = 1 forr > 10M.
We note the following Schwarzschild proposition

Proposition 5.1.2 [31] In the Schwarzschild case a = 0, then
o [£2]
/ (r2|(L — D)W 4 (1 =3M /)Ry W r3|\y[ﬁ]|2> do
S2
< f 1do.
S2
As a consequence, for 81 and 8> sufficiently small and arbitrary E we have
/ (2 +87r "L — DWEHE + (1= 3M/r)?sir (L + L)W=
S2

o [£2
+ &Erm LWF2 4 (1 — 3M/r)2r_3+'7|Y7[ ]\y[ﬂ]|2 + & wE Y ao

< f (170 4 10 4 EITH@+x® 4 5 1" do.
S2
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Note that in view of Remark 5.1, upon application of the divergence theorem, the
left hand side leads to a term which controls the integrand of ]I%eg.

Returning to the Kerr case, we add

1. the f-identity (94) applied with f = fj,
2. the y-identity (90) applied with y = yy,
3. E times the T 4 w4 x P identity (88)

4. &, times the r" identity (96)

integrated in the region
R™Y (11, 1) = R(11. 1) \ {A] <7 < Ay}

with respect to the spacetime volume form, and apply Remark 5.1. We always will
assume £ > land ) < 1,8, < 1.
We have:

1. Givenany E > 1, and sufficiently small 81, &7, then for |a| < ay <« M sufficiently
small, the resulting bulk term is nonnegative and in fact satisfies the coercitivity
estimate

1 r2 442

/N (If + 17+ EITTO® 321’”) — dVol
R&™(11,12) p

>, IV [w'ﬂl] (1, 7). (102)

This follows from (a) Proposition 5.1.2, (b) smooth dependence on a to infer
coercivity away from the horizon and away from infinity, (c) the fact that for all
a, the term I”" manifestly controls the integrand of szay for large r, (d) the fact
that by direct inspection, for sufficiently small |a| < a9 < M, the term I/ + I?
controls the integrand of I, near the horizon.

2. For sufficiently large E > 1, then for all §; < 1, §o < 1 the total flux terms on
HT and Z are nonnegative. This follows from Remark 5.1 and direct inspection
of the boundary terms F thus generated, together with the relations concerning
the volume form given in Sect. 2.1.2. (To avoid appealing to the fact that the flux
to Z is well defined, we may argue as follows: The identity can be applied in a
region bounded by a finite ingoing null boundary, making the region of integration
compact. The flux term on this boundary is manifestly nonnegative by the choice
of the multipliers. One then takes this null boundary to the limit.)

3. Again, by Remark 5.1, inspection and the relations of Sect. 2.1.2, it follows that
for sufficiently large E > 1, then for all §; < 1, 8 < 1, the arising flux term on
* = 1, controls the energy Edw‘lf] [w*2]] (r2) with a uniform constant.

4. Similarly, for sufficiently large E > 1, then for all §; < 1, 6, < 1, the initial flux
term on 7* = 77 is controlled by the energy anay [W*21] (7)), with a constant

depending on E.
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5. The remaining flux terms on » = Aj and r = A, produce exactly the expression

Qr=4, [ ﬁ]] (t1, ©2) — Qr=p, [\P[ﬂl] (11, ©2)

where (recalling (89), (91) and (95))

(%) T 2
Qr=4, (11, ) =/ dt/ do sin@/
71 0 0

dploFf +2F"  +2EF ). (103)

This again follows from Remark 5.1: In (t r*, 0, ¢)-coordinates we have that

ﬁar* is the unit normal to constant r* hypersurfaces and p Jgiﬁﬂ%ﬂ
sin 8d6d¢dt is the induced volume element. Using that 20, = L — L and that
dy+ 1s orthogonal to L + L the result follows. Observe that there is no contribution
from F”" in (103) because that multiplier is supported away from A».

6. The inhomogeneous term involving &*2! on the right hand side of (54) generates
the term

(7, 1) = / 621 (f.y. E.81,80dVol (104)

R (11,12)

where (recall again Remark 5.1)

2, 2
. r-+a
G (f ). E 81.8) = A {E ‘Re ((_ (T + i x @) V) Qj[ﬁ])
+Re (— ( U +2 foﬁ’) cﬂﬁl)
+8Re ((—2f06’) @[ﬁ]) 46 - Re (— (F Bt LT) @HEZJ) }
7. By Cauchy—Schwarz, the term generated by the inhomogeneous term involving

J'#21 on the right hand side of (54) can be bounded (with a constant depending
on E) by the expression

h
ja] 11T I:ﬂ)[ﬂ:Z ] (11, 72) + la| " [w[ﬁ]] (t1, )

+ lal T [ 1, 72) + 1al T [ ] o1, 22) + oy [wE ] (o1, ),

with the subindex [n] = 7 in case of +2, and [n] being dropped entirely in case of
s = — 2. Note that the last term can be absorbed in view of (102), for sufficiently
small |a| < a9 <K M

Thus, for E sufficiently large, and 81, 8, sufficiently small, one obtains immediately
the statement of Proposition 5.1.1.

In what follows, we will now consider E as fixed in terms of M, and thus
incorporate the £ dependence into the <, etc. We will further constrain §; and §,
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in Sect. 8.2 and thus we will continue to denote explicitly dependence of constants on
51, 82.

5.2 Transport estimates for {)!*2! and [+

For transport estimates, it is natural to consider the spin = 2 cases separately.

5.2.1 Transport Estimates for (2! and [*?2!
Proposition 5.2.1 Ler «[*?! be as in Proposition 3.2.1, and PpI+2, WH2l pe g

defined in (40), (49). Then we have for any p € {n, 1,2} the following estimate
in RUE (¢ 15):

EE™ [ () + L [ (1, 72) + By [ ] (11, )
i Erlght [¢[+2 ] (t2) + Hrlght [¢[+2 ] (t1. 1) + B, I:lp[+ ] (11, 12)
< T [w 2 @, +EE [o ] o)+ BEY [W ] @) 105)
and the following estimate in R (11, 1):
]Elgt’p [ocHz]] (r2) + Hljﬁ [ocHz]] (t1, 72) + Epg+ [ Hl] (1, ©2)

+ ]El)%?‘p I:Ib[+2]] () + Hl;ft [¢[+2]] (11, 12) + Egyt I:II)HZ]] (11, 72)

< [\IJHZ]] (11, 72) + ]Elieit,p [O(Hz]] (1) + El}%t;t’p [¢[+2]] (t1)
FE [ocHz]] (11, 72) + Bry, [11)[“]] (t1.12) . (106)

Proof We recall from (49) and (51) the relations

3

A 2
—ZWV All)[+2] = LaVa <A2 <r2 + a ) : [+2]> (107)
r a
A
(r2 n a2)2 \I;[+2] — La Va ( /A'LI)H_Z]) . (108)

From (107) we derive forn > 0

1r+a 2 2—32) ! Aa202 23 |
Vo | "' ———— re+a) *? +n—’cx[+]A r+a”) ?
e (- +a?) a2 o
2 2)2
_ _2ww;rn
Ap?
« <¢[+2] -l +21A2 (r2 +a2)—% F P2 o F2AZ (2 +a2)*%> , (109)
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and hence
2 2 21 A2 —1 21 A2
v r”Lr +a L“‘ ol T2IA 2 E,,n ‘ o 2IA 2
p* A 24 2\3 2 p2 12, 2\3
(r +a>2 (2 +a2)?
1 prtl [+2
= C oy VAY (110)

Moreover, the same estimate (110) holds replacing ol*?! by T2 (d«l+2]) on
the left and P!+2! by Tp[+21 (dp[+2]) on the right since the relation (107) trivially
commutes with the Killing fields T and & respectively. We will refer to those estimates
as the “7T-commuted and ®-commuted (110)” below.

Similarly from (108),

1
v, (r r2 Za LR +2]f|2) 2 |¢[+2 f|2
P

2
1 rn+1

<G —— WP (111
P (r2 + az)

and the same estimate replacing P21 by Tp[+21 (d1p[+2]) on the left and WIH2] by
TWw+2 (@wl*2l) on the right. We again refer to the latter as the “T-commuted and
®-commuted (111)” below.

Let us first obtain the estimate in R1ght (11, 72). The casein Rlett (71, T2) is analogous
but easier since weights in r do not play a role. We add

e (111)withn € {n, 1,2 — n}
e the ®-commuted (111) withn € {n, 1,2 — n}
e the 7T-commuted (111) withn =2 —n

integrated over ﬁrigh‘(tl, 77). Combining the above we conclude for p € {n, 1, 2} the
estimate

r1ght [¢[+21] (1) + By, [¢l+21] (r1, 72) + [ [II)HZI] (t1, )

o [+ [0 .

Turning to the estimate (110) we add

e (110)withn € {2+ 1,3,4 —n}
e the ®-commuted (110) withn € {2 +1n,3,4 — n}
e the T-commuted (110) withn =4 —n

integrated over ﬁ(rl, 7)) N {r > A,}. Combining the above we conclude for p €
{n, 1, 2} (note that for p = 2 there is an n-loss in the definition of the densities (67),
(68), ensuring that we can indeed set p = 2)
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< ]Ifyight [II)HZ]] (t1, 0) + E%grh; [oc[+2]] (T1) - (113)

Combining (113) and (112) yields the desired estimate to the right of trapping.
As remarked above, the estimate in the “left region” RIEft (7)) 15) is easier and left
to the reader. O

5.2.2 Transport Estimates for (=2 and ol =2

Proposition 5.2.2 Let x!=2! be as in Proposition 3.2. ],Na(tdll)[*ﬂ, W21 pe as defined
in (47), (50). Then we have the following estimate in R"E" (t1, 15):

n Eriight [11,[—2]] (1) + IMieht [1])[_2]] (t1,2) + Ez+ [ll)[_z]] (t1, 2)
S [ 2]] (71, @) + Eg ght [ ] (T) + ]Engm [w[izl] ()

+ By [« ] (1) + Er:Az [ 1w (114)
and the following estimate in ﬁleft(n, )

B [(X[—ﬂ] (1p) + Teft [oc[_z]] (t1. ) + Er—a, [“[_2]] (T1, ©2)
" Elgt [1])172]] (1p) + Teft [lp[*z'] (t1, ) + Erza, [lb[%]] (1, ©2)
S e e + B o o B W @ a1y

Remark 5.2 As the proof will show, these estimates also hold replacing I, [¥[~2]]
by Iy [wI=21] provided we drop the two terms on null infinity Z* in (114) and

weaken the r-weight in the energies E“ght [«I=2!] and E%ght [W=2] from r =177 to

r~1721; see (81), (82). This way one could avoid the r7 multiplier for Wi=2l (at the
cost of losing control over the generically non-vanishing fluxes on null infinity).

Proof We recall the relations

_3
2%@&*21 = L9V, (oc[z] (r2 +a2) 2) , (116)
r a
A
G +a2)2qj[ =L (\/_U')[ 2) (17

From (116) we derive (recall ,02 = r? + a® cos? ) for anyn,n € R

A\ 1\ 1 Vri+aZel22
Vo[ 5— 14— | L] —)
r? +a? ) p?

A2

@ Springer



Boundedness and Decay for the Teukolsky Equation on Kerr... Page530f118 2

1 2Mn(r2—a2) n A
+ I+ 2 e 2 2
ri (r? +a?) ritnrZ4a

1( A )_"_1+4)«/r2+a2a[_2]‘2

24 a2 A2

-2 <r2 +a2) w3 _A e 1 1+ r
r2 +a? p? i

(11)[‘2] /72 F a2el-2] /72 + a2 aza[—2]>

)
A2 _}_11)[ 1. N

and hence, choosing n = 3, we have for any n > 0 the estimate
Vr? + a2al=2 ‘ )

<<1 + ) e

! [(l . L) 6M(2—a®) A ] NN GET
2 +a2? 21 g2 | 2 A2

L +a?) -2 2

p? NI ) (r2+ a2)2

pltn

(118)

Moreover, the same estimate holds replacing 1 + by - on the left and r1*1 by

1= on the right (cf. Remark 5.2). Note that the estlmate (118) also holds replacing
cle by T ol =21 (@l =21y and PI=21 by 72! (&I ~21) in view of the relation (116)
commuting trivially with the Killing field 7 and ®. We will refer to those estimates
as the 7T- and ®-commuted (118) below.

[=2]/..2 2512
Yt +af)

VA

From (117) we derive
L I R G N TS I B L Gt g
) Py r2 + a2)2 Pl 2 g2 | p2

\Y% 1 ! ! L
a + r_n _02
A A
+77

<cC ‘\p 21( T) (119)

Moreover, the same estimate holds replacing 1+ by on the left and 7!+ by 17
on the right (cf. Remark 5.2). Note that the estlmate (1 19) also holds replacing 1])[ 2]
by TYP!=2 (dp!=2)) and w2 by TWw!=21 (@Wl-2l) in view of the relation (117)
commuting trivially with the Killing field T and ®. We will refer to this estimates as
the T- and ®-commuted (119) below. _

We are now ready to prove the estimate in Rleft(tl , T2).
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Integrating (119) and the T-commuted and ®-commuted (119) over ﬁleﬁ(tl, )
produces

B [ )+ 1 [0 )+ By [W T 1)

< I:\IJ[—2]] (t1.72) + Elgt [1])[72]] (71) . (120)

Integrating (118) and the T-commuted and ®-commuted (118) over ﬁleﬂ(tl, Tp) pro-
duces

El;gt: [06[_2]] (12) 4 Teft [“[_2]] (t1, 12) + E;=4, [06[_2]] (t1, 12)

ST [ oy, o) + BT [od 2] (o). (121)

Combining the last two estimates produces the desired estimate in ﬁleft(rl, 77). The
estimate in ﬁright(n , T2) is proven entirely analogously and is again left to the reader.
The only important observation is that the good -spacetime term generated from
(119) is stronger (in terms of r-weight) than what is needed on the left hand side of
(118). O

5.3 Auxiliary Estimates

We collect a number of auxiliary estimates we shall require.

5.3.1 The Homogeneous T + w x @ Estimate

Proposition 5.3.1 Ler «!*2! satisfy the homogeneous Teukolsky equation (37) and let
PYIE2L W2 pe as defined in (46), (47), (49), (50). Then we have forany0 < 11 < 15

Es, o [¢52)] @) S lallg® [95] (21, o) + lallyy [0 ] (o1, o)

Hally [« ] (21, 2) + Bg_o [ W] o). (122)

Here the subindex [n] is equal to n in case of s = 42 and it is dropped entirely in case
s = -2

Proof The inequality (122) follows from integrating the identity (88) associated with

the multiplier 7 + w x ® over the region R (71, 72) using Remark 5.1. The details
are as follows. Note that &!*] = 0 and that for the boundary terms one has

Es o I:\I,[iZ]:I (1) SEs. o [\I,[iz]] ()

dVol

THwyx® THwyx® 1 7'24—(12
+ L (D) PP (- L) FET)
R(r1,12) o
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while for the spacetime term clearly

1 2 2
/R —1T+w+x<'>?r Z“ dVol < |a|I™ [qﬂﬂ]] (1, 72) . (123)
(t1,72)

It remains to estimate the term

/N Re [— (T +w+xd>)\ll[i2]j[ﬁ]] . (124)
R(r1.12)

In view of the fact that the support of x is away from the degeneration of T9°¢ we
can easily control the w x ®-part by the right hand side of (122) using the Cauchy—

Schwarz inequality. For the remaining term Re [T\IJ[ﬂ]j [ﬂ]] we restrict the proof

to the s = 42 case, the s = —2 case being completely analogous. We recall from
Proposition 3.2.1 that

T = awe; (0@ (VAT + dPwerr) (VAP )

+ aSwC3 (r® (Az(r2 + az)_S/zaHz]) + a2wC4(r) (Az(r2 + a2)_3/2a[+2]) ,

where |c1(r)| < 1, [ea()] < r7 L Jes(r)] < r!and |es(r)] < 1. Note that unless
we are in the region near trapping all of these terms feeding into (124) are easily
controlled by the right hand side of (122) using the Cauchy-Schwarz inequality. We
can also assume without loss of generality 7o > 71 4+ 2 in (124) as otherwise we can
again apply Cauchy—Schwarz and estimate the spacetime integral of 7W!*2! by the
supremum of the energy through each slice f), and absorb the term on the left using
that a is small.
By the above considerations it suffices to estimate for 7o > 71 + 2 the integral

f~ Z - Re [—T\D[+2]j[+2]] , (125)
R(t1,12)

where 8 = E; (i*) E2(r*) is a smooth cutoff such that E; is equal to 1 in
[t1 + 1, 72 — 1] and vanishes for (z1, 2)° while &, is equal to 1 in [A}, A3] and
vanishes in (247, 2A’2‘)c. (Indeed, 1 — E is either supported away from trapping or in
a strip of time-length 1, where one can estimate the spacetime integral of 7W!*2! by
the supremum of the energy through each slice ., and absorb it on the left.) Note that
now when integrating (125) by parts (in 7', L, L) there will be no boundary terms in
view of the cut-off.
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Let c¢(r) denote a general bounded real-valued function with bounded derivative in
(r4, 00). For the first term of 7*2! inserted in (125) we have the identity (boundary
terms vanish!)

f e =coms [ (53120 [ e [55 (/591)
$2 ©

+ /52 da%r) E Re [(L — w2 (\/Xlﬁmj)]

o3 fooe (1 () (e

obtained by exchanging T, ®, using the definition of L and the transformation (51).
For the second term

(126)

/da Ec(r)Re[T\IJHZ]\/Zl/IHZ]] /dcr uc(r)Re[ +2]T\/_w[+2],
SZ
(127)

for the third

/sz do Ec(r)Re [T\U[+2Jq> (Az(rz + a2)*3/2a[+2]>] _
+ o (-2 (ZE2)) 07 ety R 1 (VAU o (8762 +a) 0l
+ /SZ do2E c(r)Re [T (ﬂm) d (ﬂm)] i (128)

obtained by using transformations (49) and (51) and integrating by parts, and for the
last

/ do Bc(r)Re [T\D[+2]a[+2]] = —/ do Ec(r)Re [\D[+2]Ta[+2]]
52 2
/ da(Tu)c(r)Re[ +21a[+2'] (129)

All terms on the right of (126)—(129) involve at most the non-degenerate derivative
(\IJ[“])/, Wl+2l jtself and (at most) first derivatives of y[*2], «[*2] and are hence
easily controlled by Cauchy—Schwarz. We conclude

Es [qj[iz]] () SEs [ iZ]] (T1) + |al sup Es [q,m]] @

e[, r+11U[n—1,12]

+ lally® (W ] (@1, ) + fall, |95 ] (@1, ) + Jall, [ ] o1, 20)

for o > 11 + 2 while, as mentioned already above, for 7o < 7] + 2 the same estimate
holds replacing Sup. ¢, 7, 41jU[ra—1.1,] PY SUPz e[z, rp]- ChoOsing ag sufficiently small
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we obtain the desired statement for s = +2 for every 71 < 7. As mentioned, for
s = —2, the procedure can be repeated, now using the transformation (52). O

Remark 5.3 A frequency localised version of this proof can be found in the proof of
Proposition 8.4.1.

5.3.2 Local in Time Estimates

Proposition 5.3.2 Ler &2 satisfy the homogeneous Teukolsky equation and let /2],

WIE2l pe as defined in (46), (47), (49), (50). Then for any Tsep > O there exists an
ag <K M such that for |a| < ag we have for any 11 > 0

sup Ei,,o [\Il[ﬁl] (1)

T STST+Tstep
SEs o[ W] () + laltaepe ™ Es, 1 [0 ] ()
+ laltaepeC @ Eg (1 [a[ﬂl] (1), (130)
Ip [\U[iZJ] (T1, T1 + Tseep) + L1y [q;lﬂl] (71, 71 + Tseep) + Iy [oclﬂj] (1, T1 + Tstep)

S terBs, o [V (@) + By [012)] @0 + Bg gy [ ) (131)

where C = C (M) (and the implicit constant in < is independent of both Tstep and Ty,
according to our general conventions). Here the subindex [n] is equal to n in case of
s = 42 and it is dropped entirely in case s = — 2.

Proof We first note that

sup (Eir,o [\Il[ﬁ]] (O +Es 1 [1l’[ﬂ]] (™ +Es, 1 [o‘[ﬂ]] (T)>

TI ST=T1+Tstep

< eCTser (Eif,o [\Il[ﬁ]] () +Eg_ [Ib[ﬂ]] () +Eg_ 1y [“[iZ]] (1:1)) i
(132)

This follows easily by the estimates of the previous sections.

We now apply (122) with 75 takenin 71 < 72 < T + Tgep, noting that the first three
terms on the right hand side can be bounded by |a| s times the right hand side of
(132). Restricting ag so that in particular |a|rstepeCTst°P < 1 we obtain (130).

We note that we can repeat the transport estimates of Sect. 5.2, now for the
homogeneous equations, and applied globally in R(t1, 71 + Tsep), Obtaining

Ity [ll’[ﬂ]] (t1, 71 + Tstep) + I [(X[ﬂ]] (1, T1 + Tstep)
SEs. i [ll)[ﬂ]] () +Es 1 [‘X[ﬁl] (T1)

+1, [\D[ﬁ]] (t1, 71 + Tstep)-
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Note that the term is I;, and not ngg.
In view of

I, I:\If[iz]:l (t1, 11 + 7:step) N /

7

T1+Tstep

Es, o [¥*] (0

< Tstep sup Es o [\plizl] (1)

TI=T=T1+Tstep

(note the n on the left but the 0 on the right hand side), we obtain (131) for sufficiently
small a. ]

Remark 5.4 We note that a more careful examination of the Schwarzschild case and
Cauchy stability yields that the inequality (131) can be proven without the zyep factor

on the first term of right hand side, provided I is replaced by ngg . We shall not
however require this here.

6 The Admissible Class and Teukolsky’s Separation

In this section we will implement Teukolsky’s separation [107] of (36) for s = £2.

To make sense a priori of the formal separation of [107], one must in particular
work in a class of functions for which one can indeed take the Fourier transform
in time. This requires applying the analysis to functions which satisfy certain time-
integrability properties. A useful such class is the “sufficiently integrable, outgoing”
class defined in [44,45] for the s = O case.

In the present paper, it turns out that we shall only require Fourier analysis in the
region r € [A1, A2]. We may thus consider the more elementary setting of what we
shall call the [A, A>]-admissible class where time square integrability is only required
forr € [A1, Az]. (We will in fact assume compact support in ¢* in this r-range.) This
leads to a number of useful simplifications. In particular, we need not refer to the
asymptotic analysis of the ODE’s as r* — +o00, as was done in [44,45], in order to
infer boundary behaviour.

The section is organised as follows: We will define our elementary notion of
[A1, Az]-admissible class in Sect. 6.1. We will then implement Teukolsky’s separation
in Sect. 6.2, deriving the radial ODE, valid for r € [A1, A>].

(We note already that, in practice, the results of this section will be applied to
solutions of the inhomogeneous Teukolsky equation which arises from applying a
suitable cutoff to solutions of (37). The restriction of Fourier analysis to the range
r* e [A], A3] will allow us to use a cutoff whose derivatives are supported in a region
of finite r* € [2A], 2A3], leading to additional simplifications with respect to [45].
We will only turn to this in Sect. 9.)

6.1 The[A;, A>]-admissible Class

We define an admissible class of functions for our frequency analysis. This is to be
compared with the class of sufficiently integrable functions from [44,45]. Since we will
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only apply frequency localisation in a neighbourhood of trapping, we only consider
the behaviour in the fixed r-region [A1, A>] with ry < A; < Az < oo defined in
Sect. 2.1.3. (Recall in this region that t = ¢* = 7*.) On the other hand, for convenience,
we will assume compact support in ¢ for these r-values, as this is what we shall indeed
obtain after applying cutoffs.

Definition 6.1 Letayg < M, |a| < ap and let g = g, p. We say that a smooth complex
valued spint2 weighted function & : R N {A] < r < Ay} — Cis [Ay, Az]-
admissible if it is compactly supported in 7.

Remark 6.1 One could work with the weaker condition that (cf. [45]) for all j > 1,
the following holds

sup / L (20" (222 T 0755
reldr, Az s? 0<11+12+13+z4+15<]
X sinf@ dt df d¢p < oo, (133)

with the only caveat that in the frequency analysis we would have to restrict to generic
frequency w for the ODE to be satisfied in the classical sense.

6.2 Teukolsky’s Separation

We will now implement Teukolsky’s formal separation of the operator (36) in the
context of [A1, Az]-admissible spin-s weighted functions ols] for s = +2.

We begin in Sect. 6.2.1 with a review of the basic properties of spin-weighted oblate
spheroidal harmonics and their associated eigenvalues A Li]e (v). We will then turn imme-
diately in Sect. 6.2.2 to some elementary estimates for the eigenvalues )LE;]Z (v) which
will be useful later in the paper. Next, we shall apply these oblate spheroidals together
with the Fourier transform in time 1n Sect. 6.2.3 to define coefficients oc (aw)( )
associated to [A1, Az]-admissible «!*1. We then give Proposition 6.2.1 in Sect 6.24,
stating that these coefficients satisfy an ordinary differential equation with respect to
r*; this is the content of Teukolsky’s remarkable separation of (36).

6.2.1 Spin-Weighted Oblate Spheroidal Harmonics

Letv € R, s = 0, £2 and consider the self-adjoint operator ZA[S] (v) defined by

o [s] 1 8 (/. 0E 928 9= 1
A (WVE=—-——F—|sinb +2scosfi— | —
sin @ 96 90 32 3¢ ) sin%0

—v?cos? OE +2vscosOE + s 2cot?0E — sE

]

on %3[2], which we recall is a dense subset of LZ(sin 6 d do).
This has a complete collection of eigenfunctions

(st e(” c0s 0}, (134)
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with eigenvalues k z € R, indexed by m € Z, £ > max(|m]|, |s|). These are known

as the spin-weighted oblate!? spheroidal harmonics. For each fixed m € Z, the Sﬂ
themselves form a complete collection of eigenfunctions of the following self-adjoint
operator with eigenvalues als ]4 (v):

o [s] 1 d (. d
=—— 2 (sin0 2
A )= =20 20 (m )

2ms cos 6
20

+ (—v cos’ 0 + 79 + 2vscosf + +s%cot? 0 — s) (135)

sin

Ay sl = A“}; () Sk (136)
The eigenfuctions themselves satisty
S8, cos )e™? e Sk
forallv e R.

We note the following familiar special cases:

1. For s = 0 one obtains the oblate spheroidal harmonics familiar from the angular
part of the separation equation of the scalar wave equation on Kerr [45]. The case
s = 0 and v = 0 recovers the standard spherical harmonics Sr[,? g (0, cos 9)e'™d =
Yne with eigenvalues £ (£ + 1).

2. For v = 0, then ZA[S](O) is the spin-s-weighted Laplacian and one obtains the
spin-weighted spherical harmonics, whose eigenvalues can also be determined
explicitly

MO +s =2 O —s =@+ -5 =2 (137)

where the last inequality follows from the relation [£| > |s|. For future reference
we note the relation

A0y = A8 0) = 12 cos? 6 + 2vs cos . (138)

We finally remark also the general relation
ML) s =2 w) — (139)
allowing us to restrict to s = + 2 without loss of generality when obtaining estimates

on the )‘E]z v).
For various asymptotics concerning the behaviour of XE;]E see [10].

10 The prolate case corresponds to the & being purely imaginary.
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6.2.2 Estimates on 1" ) (v) and Amz (v)

To estimate )‘Li]z (v) we compute from (136)

2
)\[Se(v)+s—// d¢ dO sin6

0 2
X |:|BQE[S]|2+ (% —v? cos? 0+2svcos@) |gl ]|2:| ,
sin

(140)

where 20! denotes (shorthand instead of the full (134)) a normalised eigenfunction
of the operator 4& (aa)) with eigenvalue als] ol (aa)) Using the variational characteri-

sation of the lowest eigenvalue of the operator Am (0) (which is 2 form = 0, 1 and
m (m + 1) — 4 form > 2 by (137) and the relation |m| < £) we conclude for

KB ) i= a8 ) 45 402 + 4w (141)
the bound
AR () > max (2, m(m + 1) — 4) (142)
ml = ’ '

Our ode estimates in Sect. 8 will only require (142). This motivates the following
Deﬁnltlon 6.2 A trlple (w, m, A) will be said to be admissible if w € R, m € Z and
A € R satisfies A > max(2, m(m + 1) — 4).

6.2.3 The Coefficients cxﬁi]é (@) and the Plancherel Relations

Given parameters a, M and s, we let ols] be [A1, A>]-admissible according to Defi-
nition 6.1.
We have

o, r,0,¢) = i/oo e &, r, 0, p)dow. (143)
2

—00

Setting v = aw, for each w € R we may decompose

&N, r,0,¢) = Z(x[” (@ §E) (aw, cos 0)e™?. (144)

We obtain then the representation

oI, r,60,¢) = / Y el B} @) (1)U (aw, cos 0)e™Pdw.  (145)
b b \/_ 9

me
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As in [45], we remark that for each fixed r, (143) and (145) are to be understood as

holding in Lstz, while (144) is to be understood in choLéZ Note that if ol¥! satisfies

Definition 6.1, then so do 3, a!*! and 9 !*! and we have

. o0
3,5t r, 0, ) = — f we & (w, r, 0, ¢p)dw,
21 J_ o

[o0]

dpod*l(t,r,6, ¢) = % / me™ ' &, r, 0, p)do,
T

—00

where these relations are to be interpreted in LtzLéz.
We also recall as in [40,45] the following Plancherel relations

2m  pmw poO 2
[LL [ phofae
2
/ // a8l sin0 dg do dr = / Z oc[s](“w) "E;]e’(“w)da),
2 pm 00
Ll
2
[N
0 0 —00

as well as

2 ‘a(x[r] '(80([“] ) [S]> —
/ / / o0 o

X (t,r,0,¢)sin6 d¢p db dt

o0
:/ Z )L[SZ (aa))+s)‘ (aw)(r)‘ dw
e
2 T 00
+ / / / (azcos29|a,am|2+Re(—ziascosea,amam))
0 0 —00

x (t,r,0,$)sin0dp do dt . (146)

L]

[5] (aw) (V)

2
dw,

o0
(t,r,0,¢)sinddpdo dt =f > o? ’oc’[;]e’(aw)(r)
0 e

)

From the inequalities of Sect. 6.2.2 we conclude

R LA N P I, s [s].(aw) , ~|?
/ / / v ] sin9d¢d9dt§/ ZA l(aw)’ (r)| de
0 0 —00

(147)

In what follows, we shall often write k (“w) for A[Y] (aw) and A (”w) for A[S > (aw).
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6.2.4 The Radial ODE

We here state a proposition that implements Teukolsky’s formal separation of (36) in
the context of [A, Az]-admissible spin- weighted functions.

Fix |a| < M and s = 0,£2. Let !*! be an [A1, A,]-admissible spin weighted
functions and ocm ¢ $1.(@9) 16 a5 defined in Sect. 6.2.3. Note that (recall (38)) defining

FlH2 = 2050+ A2p-21 - F-2) ( A2 &[72]) (148)
we have that FI¥1 is also [A[, A»]-admissible and the coefficients F, [s1.(@@) 2 be
defined.

Let us first introduce the following shorthand notation
K = (r2+a2)w—am
and
AE,JZ (@) _ )‘m/z (@w) +a’w? = 2amo. (149)
We have the following

Proposition 6.2.1 Fix|a| < M ands = 0, 2. Let ¥ be an [ A1, A>1-admissible spin

weighted function, F1 be as defined in (148), with coefficients oc[sg (@) , (p? F),0 [s]. (@)

as defined above. Then o Y]Z @) is smooth in r € [A1, Az] and satisfies the ordmary

differential equation

1 d doc 51, (aw) k2 —2is(r — M)«
L a (AS_H dr T ( ( ) + disor — AE:J&,(M))) o&:[l,(aa))

AS dr A

2 2\7/2
— (r +a ) F[S],(aa)) (150)
IOZA1+S/2 mé :

In view of our definitions, the proof is immediate from the usual formal derivation
of (150). See [68]. The s = 0 case corresponds precisely to Proposition 5.2.1 of [45].

Note the difference between (149) and our A[Y] (@) i (141). It is only the latter
quantity which will appear in the estimates of thls paper. We have retained (149) to
faciliate comparison with the literature.

6.2.5 The Rescaled Coefficients u

Let us fix parameters |a| < M and s, and consider a!*! as in the statement of Propo-
sition 6.2.1.
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Define the rescaled!! quantities

Wby ) = A2 a2 ol (), (151)
A
[s].(aw) _ [s],(aw)
Hyy " = S Fne - (152)

Equation (150) then reduces to

[s], (aw) [s], (aw) [s], (aw)
O VR () = 153
for
plsh@o) (s A pll@o) |yl
ml (}" ) - 2 2\2 ml + ’
(r2 +a?)
with
2 .
=~ [s1, (aw) L K< —2is (}" — M)K . [s]
Ve = A +4zsa)r—Ame,

yil,_ AT d (As+ld( AT >>
0 (,2+a2)%d” dr \\/r2 4+ a2 -

For s = 0, this reduces to the form of the separated wave equation used in [45].

7 The Frequency-Localised Transformations

In this section, we will define frequency localised versions of the quantities P2,

WE2] pF2] of Sect. 3 and the Regge—Wheeler type equation (54).

We begin in Sect. 7.1 with the definitions of the frequency localised version of the
null frame L, L. We then derive in Sect. 7.2 the frequency localised expression for
W(#2] followed in Sect. 7.3 with the frequency localised form of (54).

In what follows in this section, we will always assume «x'*?! is as in Proposi-

. . . [£2],(aw)
tion 6.2.1 with corresponding u .

mt

7.1 The Separated Null Frame
Note that (following the conventions in [45]) we have the following formal analogues:

—iw~ 8;,

im~ 3¢.

1 We note that this renormalisation is slightly different from [68].
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We define the separated frame operators (corresponding to the principal null direc-
tions (20)) by

iam

L= 4, fam (155)
= dr* r2+a?’

We have retained the notation of (20) without fear of confusion.
Also note that (138) implies the following formal analogue:

o

4&51 (aw) ~ 4&5,] ) + a’ cos? 9812 — 2isacos0o; .

7.2 The Frequency Localised Coefficients P[ﬂ] (aw) \IJ[iz @) and w[ﬁ (@)

We may now understand the relations between the quantities of Sect. 3.1 at the fre-
quency localised level.

Proposition 7.2.1 Ler ol*2! be as in Proposition 6.2.1 and consider P12, WI+21 gnd
1l)[+2] defined by (46), (48) and (49), respectively, and consider P21 wl=21 gng
P2 defined by (47), (48) and (50), respectively.

Let u[il2 @) b the arising coefficient of o1, Then P'F21, WIF2l and pl+2]

are [Ay, Aox]-admissible spin weighted functions and their coefficients PE;Z (aw)

\y’[nﬂzﬂ,(aw) and 1//,[:22]’((1”) are related by

11
(r2 +a ) \/_ w [+2], (aw) EEL( E;‘ez] J(aw) U)) , (156)
3/2 1
ly’[’:f],(aw) _ <r2 +a2) PIIVIZI,(uw) _ —L<( )J_ I/f[+2] (aa)))
w
11 /1 5
-1 <E£<”E’j@ ],(aw)_w))7 (157)
_ 11 _
(2 a?) Vo yl P = S (u P w) (158)
_ 3/2 1 _
plo2heo) _ (,z ta ) pl=2la =1 ((,2 +a2> Nk wr[nez],(am)
L1 (112w
= 5L (EL (b w) ). (159)
:|:2] (aw)

7.3 The Frequency Localised Regge-Wheeler Equation (54) for W

A straightforward computation now leads to
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[£2], (aw)

Proposition 7.3.1 Under the assumptions of Proposition 7.2.1, the ¥, ; satisfy
the equation
1
(q,}j}(aw)) + <w2 . Vr[;g,(aw)) lpr[n] J(aw) j[s J(aw) + @ 5], (aw) ’ (160)
where the potential V,[: l}’(aw) is real and defined by
A (km +a’w* + 5%+ s) +4Mramw — a*m?
plshao) _
" (2 + )
A 6Mr(r2 —a2) 742 A?
— —Ta
(,,2 + a2)2 (r2 + a2)2 (r2 + a2)4
=V v+ 0. (161)
and the inhomogeneous terms by
A —4 2 4 2 3 _ 3M 2 2 M 2
jm(aw) 5| 2 +2a aim — 20a2" d +ra2+ a
(1"2 +a2) r<+a (r2 +a2)

< (VEULH)

2 A r . r* —a* + 10Mr3 — 6Ma?r
+a —06s aim + 3
(r2 + 612)2 r2 + 612 (}’2 + 612)2

o [yt A

2 2)2
2@ _1, (V +a?) 1 (A plao
mi 2= A = ,02 me ’
2
- 1 [((r*+a? A
[-2].(aw) _ [—2],(aw)
(G =L ( L (wp2 F-, ) (162)
Proof See Appendix A. O

Remark 7.1 Note that 78! vanishes for a = 0. The second line of 7! contains only
linear terms in m (i.e. corresponding to only first derivatives in physical space). The
first line contains in this sense “first” and “zero” derivatives of ¥} and hence at most
(certain) “second” derivatives of u!*].

Remark 7.2 'We may rewrite the potential

V[iz A (K[ﬂ] — 4law| + 4) + 4Mramw — a*m?
0>+

(163)
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Here we see the dependence in the spin is entirely contained in the definition of A2

Remark 7.3 Let us note finally that if, for a fixed frequency triple (w, m, IN\), u is
simply assumed to be a smooth solution of the ODE (153) where )»Ef;]e(aa)) is replaced
by the quantity defined by A—s— (aa))2 — 4law| in view of (141), and P, ¥, v are
defined by relations (156), (157), (158), (159), then the identities of Proposition 7.3.1

again hold.

8 Frequency-Localised Estimatesinr € [A], A;]

The present section deals entirely with the system of relations satisfied by

s Vs Yt
at fixed frequency in the region r € [A], Az], for given inhomogeneous terms. The
main result will be Theorem 8.1, stated in Sect. 8.1, which can be thought of as a
fixed frequency version of an integrated local energy estimate for all quantities near
trapping, with boundary terms Q(A;) which will eventually cancel the boundary terms
appearing on the right hand side of Proposition 5.1.1 of Sect. 5.

We shall prove multiplier estimates for (160) in Sect. 8.2 and transport estimates for
(156)—(159) in Sect. 8.3. Together with an integration by parts argument, the transport
estimates will allow us to bound in Sect. 8.4 the inhomogeneous terms on the right
hand side of (160) arising from the coupling of the Regge—Wheeler equation for \IJ,(,;Z Z‘”)

with uf’fz’) and 1///51“?), thus will allow to complete the proof of Theorem 8.1
Just like with the analogous Theorem 8.1 of [45], the results of this section can
be understood as results about ODE’s, independently of the particular framework of

Sect. 6. We have thus tried to give as self-contained a statement as possible.

8.1 Statement of Theorem 8.1: The Main Fixed Frequency Estimates

In the present section we consider the coupled system of ODEs satisfied by u, ¥ and
W and state a fixed frequency analogue of local integrated energy decay, in the region
r € [A1, A>] near trapping.

8.1.1 Frequency Localised Norms

Before formulating the theorem, we define certain energy norms.

In view of Remark 7.3, the natural setting of the theorem refers only to an admissible
frequency triple (w, m, K) (cf. Definition 6.2) and associated solutions ul®21 of (153)
on [A1, A2] and yF2, WIF21 defined by (156)~(159), where A°} (aw) is replaced
by the quantity defined by A—s-— (aw)? — 4|aw| in view of (141). Recall that all
derived ordinary differential identities follow, in particular (54), as does the estimate
(142) of Sect. 6.2.2. In practice, of course, we will always apply this for u!*2! equal

to uﬁzl’(aw) and A equal to Xm’(“w).
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Given the above, let us define the quantities

A 2 2 ~ 2
||axvli21||2:/ U(qﬂﬂl)/ +((1—r*1rmp) (w2+A)+l) ](\y[ﬂ])‘ ]dr*,
A7

e
loy 22 = / @ +m® + D]y 2,
A

43
Pu™=2P2 = | (@ +m? + DI Par,
A7

as well as the boundary energies fori = 1, 2:

P2 (4) = (@ +m® + DIYFA) P,
loul*2112(41) = (@ +m® + D= A0,

In the above, ryp is a parameter depending on M, a and the frequency triple (w, m, A)
to be determined later. For “trapped” frequencies, we will have rg,, € [A]/4, A3/4],
but it will be important that in various high frequency but untrapped frequency ranges,
we can take rp = 0.

Note that since this is a region of fixed finite 7, bounded away from infinity and the
horizon, no r-weights or A-factors need appear in the above norms.

Finally, it will be convenient if we introduce the alternate notation

A_ = Ay, Ay = A

which will be useful when referring to boundary terms in contexts where the choice
of term depends on the spin.

8.1.2 Statement of the Theorem

Theorem 8.1 Given 0 < ayg < M sufficiently small, then the following is true.

Let 0 <a < agyandlet (w, m, K) be an admissible frequency triple. Let E > 1 be
the parameter fixed after Proposition 5.1.1. Given a parameter §1 < 1, let fy, yo be
defined by (100) and (100) as in the proof of Proposition 5.1.1.

Then one can choose sufficiently small §1 < 1 depending only on M, and functions
f, y and anr-value riap, depending on the parameters a, M and the frequency triple
(w, m, N\) but satisfying the uniform bounds

Ttrap = Oor r:;ap € [A’f/4, A§/4] (164)
IFI+ ][]+ S 1, (165)
f=folr), y=y) forrel[A}/2, A5/2], (166)
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such that, for all smooth solutions ul+2] of (153) on [A1, Az] and associated wlﬁ]
and W*2 then

2
W2 < 92 4 Q(A2) — QA + lal Y (w17 (4) + [ou*2 | (4))),
i=1

(167)
Y2 (A0) + 0u*22(Ax) + oy + ou®2)2
< HFH QA2 — QA + Py FH 2 (AL) + Iu® 2 (A L), (168)

where
A3
2] =/ B2 (f,y, E) - (w2 @lE2y gy,
A
2. (f, 1y E)- (0P, w2 = o fRe (wH'6TT) — f'Re (wHel2T)
—2yRe (\Iﬂﬁl’ﬁ)

+ Eolm (es[ﬁhmﬂ]) : (169)
and Q is given by (172).

8.2 Multiplier Estimates for w*2]

We begin in this section with frequency localised bounds for W*2!, Frequency locali-
sation is necessary to capture trapping, in the style of our previous [40]. The multipliers
will be frequency independent at r = A and r = Aj and will in fact match exactly
those applied in Sect. 5.1. This is ensured by (166). As aresult, in the setting of Sect. 9,
the boundary terms Q(A;) which will appear below, after summation over frequencies,
will exactly cancel the terms Q(A;) appearing in Proposition 5.1.1.

Recall the quantity 0w *21||2 defined in Sect. 8.1.1. The main result of the section
is the following:

Proposition 8.2.1 With the assumptions of Theorem 8.1, we have
P2 < G214 K21 4 Q4y) — Q(A) (170)

where K\*21 is defined by

A*
K12 — / 2 j[ﬂ:Z] (f.y, E)- (\p[iz], \Il[izl/) dar*,
A

*
1
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where

JEA (v, E) - (WEH w2y = o pRe (w[ﬁ]’J [ﬂ])
— f'Re (\y[ﬂ]j[ﬂ]) — 2yRe (q,[ﬂ]’j[ﬁ])

+ Eolm (J[ﬂhp[ﬁl) (171)

and Q is given by (172).

The estimate above differs from the estimate for ||oW!*2!|2 given by (167) as it is

still coupled with «®?! and y/[*2! in view of the presence of the term K[*21. We will be
able to replace K[*2! with $[*2] and the additional boundary term |a|||0y 21|12 (A1) +
la||[ou™21||2(A+) appearing in (167) in Sect. 8.4.

Proof The estimate (170) will be proven by using multiplier identities. The relevant
frequency-localised current templates, corresponding precisely to the physical space
multiplier identities used in Sect. 5.1, will be defined in Sect. 8.2.1 below. For a specific
combination of these currents, the bulk term will control the integrand of the left hand
side of (170) whereas the boundary terms (after summation over frequencies) will
correspond precisely to the boundary terms of Proposition 5.1.1. This coercivity is
stated as Proposition 8.2.2 in Sect. 8.2.2. The precise choice of the functions f and y
will be frequency dependent and is carried out separately for the frequency ranges G;
and G, in Sects. 8.2.3 and 8.2.4 respectively.

In the rest of this subsection, we will always write V in the place of W!'*2! as
the choice of the multipliers will not depend on the spin. We will write V in place of
VIE2 and A for A*2), remembering that the dependence of V'*2) on the spin in
the context of the separation is completely contained in the different definition of
A2 see Jormula (163). We will only refer explicitly to s = 42 when discussing
the inhomogeneous terms on the right hand side of (160).

8.2.1 The Frequency-Localised Multiplier Current Templates

Let us define the frequency localised multiplier currents which correspond to the
physical space multipliers of Sect. 5.1:

- 1
QW = f (WP + @ ~WIWP) + fRe (¥'F) — 3 f"1WP2,
QWI=y (WP + @ -VIvP),
Q' [¥W] = —wIm(W' D).

If ¥ satisfies
vV =H
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for an admissible frequency triple (w, m, 1~\), then, since V is real, we have

QW] =2f'|W')> - fV W) - %f”l\lflz +ReQfHVY + f'HY),
QW] =y (¥ + (@ = V)I¥*) — yV|¥|* + 2yRe(HY),
QT [¥]) = —wIm(H ).

Let us remark already that if « is an [A, Ap]-admissible solution of the inhomo-
geneous Teukolsky equation (53), such that the restriction of o« to r € [Aq, Az] is
supported in ¢ = t* = i* € (11, 12), then the identity corresponding to applying

Jax

to
A3
QA+ | QNG = (A,
1

resp. with Q7 QT yields precisely the identities of Sect. 5.1.1 applied in the region
R (1y, 15). (Note that by our choices from Sect. 2.1.3, we have T = T + wy x ®
in this region, and note moreover that the boundary terms on * = 7; vanish by the
restriction on the support.)

8.2.2 The Total Current Q and Its Coercivity Properties
For all frequencies, we will apply the identity corresponding to a current of the form
Q=Q/ +Q" +EQ", (172)

for appropriate choices of functions f, y. The coercivity statement is given by the
following:

Proposition 8.2.2 Let E and fy be as fixed in the proof of Proposition 5.1.1. Then one
can choose 81 < 1 sufficiently small, depending only on M, such that the following is
true:

There exist functions f and y and a parameter ryap depending on the parameters
a, M and the frequency triple (v, m, N\), satisfying (164), (165) and (166) and such
that Q defined by (172) satisfies

2 ~
v + ((1 - rtrapr”) <w2 n A) + 1) w2

SQ-TH(foy, E)- (W, W) =8 (f y E) - (W, W), (173)

Proof See Sects. 8.2.3 and 8.2.4 . O
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Let us note that integrating the equation
A3
Q(Ay) + Q'(r")dr* = Q(Az)
Af
we infer from (173) the inequality (170).

8.2.3 The G| Range

We define the range

~

G ={A > c@*} U{A 4+ o +m? < Cy) (174)

for some 0 < ¢, < 1 and C; > 1 which can be chosen finally to depend only on
M. The frequency range G 1ncludes thus * angular-dommated frequencies” A > o?

“trapped frequencies” A ~ ? and “low frequencies” A+ w? +m? < 1. We have the
following:

Proposition 8.2.3 For sufficiently small |a| < ay < M, then for all frequency triples
in Gy, there exists a function f and a parameter rmax With the following properties for
r* e [A7, A

1. f = foforr* € [A7/2, A5/21and | f| S 1, | f'] S 1in [A], AS],

2. |rmax — 3M| < c(a, M) with c(a, M) — 0 as a — O, in particular ag can be
chosen so that r{, ap € [A7/4, A5 /4], for m = O, rmax is independent of w and A,

3 =1,

4. —fv/ il (A(l—rmdxr HZ+1).

Proof Let VEEZEU denote the potential V' of (161) in the @ = 0 Schwarzschild case.
Writing this potential as in (161) as

VSchw = (VSchw)O + (VSchw)ls
we see easily that (Vscnw)o has a unique maximum at » = 3M, while
/> —4 / 1 "
Jozrr=2Myr™",  —foVsephw — Efo

(r —3M)?
= cr(r—2M) —E(E +1D+1
r2
so in particular, in the region r* € [A*, AZ], we have

1
521 = foVsenw — zf/” > (1—=3M/r)2e+1)+1.

We begin with a lemma concerning the behaviour of the potential V' in the G,
frequency range.
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Lemma8.2.1 Let 0 < ¢, < 1 and Cyz > 1 be arbitrary. For sufficiently small |a| <
ag < M, then for all frequency triples in the range G\, the potential Vy of (161) has
a unique maximum rmax Satisfying property 2. and

r — rma) " V) 2 K (175)

in [A1, A2]. If m = O, then rmax is manifestly independent of w and A.

Proof This is an easy computation in view of (163). For the region G \ (A+w?+m? <
C}, one uses the bound

A —4 |>17(+1 2> SRt 20w+ —m? in G \{A + & +m? < Cy)
- - - - - — in

aw| > 7 4cba) z7 4cbw 16m 1 o +m” < Cy
and the smallness of a. For the region {7\ +w?4+m? < C:} it suffices to use the general
bound A > 1 and the smallness of a. Notice that according to our conventions, the
constant in the 2 indeed only depends on M, since smallness of a can be used to

absorb the ¢, and Cy dependence. O

Let x(r*) be a cutoff function such that x = 1in [A]/4, A5/4] and x = 0 in
[A7/2, A5/2]°. We define now

f=<1_3M+X(r*)(rmax—3M)) (1+¥>. (176)

r

This function obviously satisfies property 1. and is easily seen to satisfy property 3.
It remains to show property 4. By (175) and the definition of f we have

—fV6 Z 7\(1 - rmaxr_l)z .

On the other hand, for |a| < ap < M sufficiently small, we have that | " — f"'| <
c(a), and thus

/ 1 " X —
_fVO_Ef Z (A1 = rmaxr 1)2+1)-

Finally, we note that V = Vy 4+ V| + Vs, and we have |V; — (Vscrw)1] < c(a),
Wa| < c(a) with c(a) — 0.

We have
/ 1 " __ / 1 " / / / /
_fV _Ef —_fv()_zf _f(VSchw)] +f(V1 _(VSchw)])_fvz
It follows readily that property 4. indeed holds for frequencies in Gj. O

Now, given a parameter §; < 1, we define the function
yi=381((1= ) f +xf). (177)
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Note that this function satisfies (166). We compute
C=81((L— ) f 3P =X "3 =8 — 2 178
Y1 1(( O +3xf°f X f+x 1) 281 — rmax) ( )

where we are using also that | f| < 1 implies that | f 3 <1l
Note on the other hand that for sufficiently small |a| < ag < M, we have

VISA+1, |V|SA+1

inr* e [A7, A3] for all frequencies in Gy, in view of the general bound

1, ~

2" +1<A (179)
and the bound

o <c'K+Ce,
which holds in G;. Thus
MY =3V S 8AU = rnar ™) + 1.

It follows that we may choose §; sufficiently small so as for
1 ~
=V =S VAV 307 2 R+ 810N (1 = rmar ™)+ 1. (180)
Henceforth, §; will be fixed. In particular, according to our conventions, we may
replace the 61 factor by 1 on the right hand side of (180).
In view of (180) and (178), examining the identities of Sect. 8.2.1, we have obtained
the degenerate coercivity of (QF +Qy.
We would like to improve this coercivity in the “angular-dominated” subrange of
G1. Let us now introduce a new parameter C, >> 1 and consider the range
GiN{A = Cyo’). (181)
Noting that we have
VZ2A+1

in Gy, it follows that for C, sufficiently large, we have

V—w?>2V2>A>A+o?
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in (181). Henceforth, C;, will be fixed. We may now define a new small parameter
83 > 0 and define a function

y2 = 83(rmax — )X,
where y is the cutoff from above. We have that for frequency triples in (181),
W@ =) 28, =V S8BA1 = rmar” )+ 1)
in [A}/4, A3 /4], while
yY =3V S8R = rmar™ D, 5] S8

in [A}, A]. In particular, we may choose 83 sufficiently small, with the smallness
requirement depending only on M, so that, defining

y=y1+y, (182)
we have
1
2f/+y/21» _fv/_zf///_y/v_"_yv/
+ 0%y Z (A + o83+ (1 = rmaxr D) + 1 (183)

in (181). Henceforth, &3 will be fixed.
We are ready now for our final definitions. In the range (181), we define y by (182).
Since §3 is now fixed we may now write

63+ (1 = rmaxr™ D% 2 1.
We thus can set 7yryp = 0. ~
For the remaining frequencies in Gy, i.e. for frequencies in G; N {A < Cba)z}, we
define simply y = y; and rpap = rmax-
Finally, we consider the current
EQT
for E the parameter fixed in Sect. 5.1.

Thus, applying the identity corresponding to (172) in view of (178), (180) and
(183), we obtain that Proposition 8.2.2 holds for all frequencies in G;.

8.2.4 The G, Range
We define this frequency range to be the complement of Gy, i.e.
Gr = {0* > ¢, "Ny N{A + o +m? > Cy). (184)
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These are the “time-dominated” large frequencies.
‘We may choose ¢, sufficiently small, and C; sufficiently large, so that for sufficiently
small |a| < ap < M, we have

1
=V > -’ |V/|§§w2 in G (185)

| =

Henceforth, ¢, and C; will be fixed by the above restriction. We note that it is
certainly the case that C, > cy.

Consider the function fj of the previous section. We define simply f = fy for
frequencies in G,.

Given the parameter §; fixed in Sect. 8.2.3, we define now y = § f. It follows from
(185) that in the range G, we have

1 -
Qf'+y)z 1, =V +yV)— Ef”’ +y (@ = V) 2 0?2 (0 + A2+ 1.

We may define thus the parameter r,, = 0 for the frequency range G,.
Finally, we may again add

EQT

for E the parameter fixed in Sect. 5.1.

Thus again applying the identity to (172) with the above definitions we obtain that
Proposition 8.2.2 holds for all frequencies in G,.

Since G; UG, contains all admissible frequencies, the results of this section together
with Section 8.2.3 imply that Proposition 8.2.2, and thus (170), indeed holds.

The proof of Proposition 8.2.1 is now complete. O

Let us recall that in the course of the above proof, we have fixed the param-
eter §;. This allows us to fix also 5, of Proposition 5.1.1. Since £ has been fixed
previously, it follows that all dependences on parameters can be removed from
the < in the statement of Proposition 5.1.1.

8.3 Transport Estimates for ¢/[*2 and 1[*?]

In this section we will prove frequency-localised versions for the transport estimates
of [31] to obtain estimates for u!™2! and ¥!*?! from Wl+2] as well as for =2 and
Wl=21 from W2 Jocalised in r € [A1, As].

The main result of the section is:

Proposition 8.3.1 With the assumptions of Theorem 8.1, we have the following esti-
mates:

w212 (A) + 0u =217 (Ag) + oy 2117 + foul=21)2
< IWE2 + oy (AL) + [pu ) (A). (186)
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Proof We consider first the case +2 of (186). L

Adding the identity arising from multiplying (157) by r+/A ¥+2] and its complex
conjugate by r+/Ay[*?] leads after integration and applying Cauchy—Schwarz on the
right hand side to the estimate

A3 A3
rIV Ay (A7) +f dr |V Ayt sf dr* W2 | VAy I (43)
Al Al

(187)

Similarly, adding the identity arising from multiplying (156) by rul*2lw and its com-
plex conjugate by rul*?\w leads after integration and applying Cauchy—Schwarz on
the right hand side to the estimate

A3 A3
rlult 2y (A%) +/ dr* ult )2 < / dr* |y A2 w2 (43) .
A% Al

(188)

Combining (187) and (188) yields (186) without the m? and w? terms in the norms on
the left.
To obtain the estimate with the m? and w? terms we define the frequency ranges

1 1
Ft= {w2ZZCb_lm2}, ]-"bz{a)2< ZCb_lmz}

where C), is the constant of Sect. 8.2.3. In view of the general bound (179) which holds
for all admissible frequencies, it follows that in the frequency range F”, we have

1 ~
waz < Zm2 <A

and thus " is contained in the frequency range (181). It follows that ryap = 0 for F b
i.e. these frequencies are not “trapped”.
Suppose first that (w, m) lie in the frequency range . Since Tap = 0, we have

*

A2 ~
[P B2 o 4 o 4 DR S 0w (189
"

Multiplying thus (157) and (156) by m and w and repeating the argument leading to
(187) and (188) immediately leads to (186).

Suppose on the other hand that (w, m) lie in the frequency range F*. Here we do
not have the m? and w? in (189) and thus we proceed as follows. Commuting (157)
by # leads to the identity

dr* r2+a

d | / /
< w4+ L’"2> (ﬂwm) - —w (q,[+2]> _ w2
v 2r 2y Ay, (190)

Fe—w -
r2 4+ a2

@ Springer



2 Page780f118 M. Dafermos et al.

——
Multiplying this by r («/K W”]) and adding the complex conjugate multiplied by

/!
r (\/Z v [+2]) we find, upon integration and using Cauchy—Schwarz on the right hand
side, the estimate

A3 e [ Far
A
< r‘ (\/ZI/,[—H])/ ‘2 (A2) + [ow!=2 )2

A3
+/ drra®m? |V Ay 212 (191)
A

*
1

(@wm])/ ‘2

Using the pointwise relation (157) and the definition of the norm oW *2]|| (as well
as the simple fact that fori = 1,2 |w+2)2 (Af) < [oWw*21|12), the estimate (191)
is also valid replacing on the left hand side ’ (\/Z'(//H_z])/ ’2 by ’L (\/ZWHZ]) ‘2 =
|wW!*2]|2. Using the relation (155) we therefore deduce
am 2 2 A3 am 2
(w _ m) ‘\/KI/,HZ]‘ (A7) + /A dr* (w _ m) ‘\/&//Hz]

*
1

‘2
+2]12 43 2.2 212 am ? 2%
< low2 +/ dr*a m |«/Z1ﬁ[+ l +(w_7r2+a2) ’\/ZwH ]’ (A;)
A}

(192)

In the range F?, restricting to sufficiently small |a| < ag < M, we have that

2
am
0’ <|ow-— 5> < w?
r-+a

It follows that in the inequality (192), we can replace the factor in round bracket on the
left hand side simply by w? and absorb the second term on the right by the left hand
side. This establishes (186) for the ¥[*2]-norm on the left. We can now multiply (188)
by m? and w? and use the estimate just obtained for (2! to establish the estimate
(186) also for the ult2w-term. The proof of (186) is now complete.

To prove (186) for s = —2 one follows the identical argument but choosing the
multiplier rl instead of r. O

8.4 Controlling the Inhomogeneous Term K[! in Proposition 8.2.1

Proposition 8.4.1 The term

A*
K2 = [ 720 (f,y By (w2, w2 g
A7
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appearing in Proposition 8.2.1 satisfies

(K] < Jal w22 + al oy =21 + |aoul*2] 2

2
+lal Y ARy A) + [[u*T2(A)). (193)

i=1

Proof Since f, f’ and y are all uniformly bounded we have by Cauchy—Schwarz:

/ B | fRe (\y[iZ]’_j[iZ]_> |+ |f'Re (\I,[ﬂ]_j[ﬁ]) | + |yRe (\p[iZ]’_j[iZ]) |
A7

< lalllPWE212 + jallpy ™22 + |a) o212 . (194)

. A3 —
For the last remaining term, | 4 @lm (j [ﬂ]\plﬁl), we observe that we only need
1
to estimate

A% A3 _
‘/ c(r)Im(imw[ﬂ]a)\ll[ﬁ])’ and ‘f c(r)Im(imu[ﬂ]a)\Il[iz])‘,
A} 1
(195)

where ¢ () denotes a generic bounded real-valued function with uniformly bounded
derivative in [AT, A;] (whose explicit form may change in the estimates below). This
is because the other terms appearing in 72! are again easily controlled via Cauchy—
Schwarz and satisfy the estimate (194). We show how to estimate these terms for
s = +2, the case s = — 2 being completely analogous.

For the first term of (195) we have

A3 - A3
[ ¢(r)Im (imlsz]w\Ile]) - / ¢(r)
A7 A7

% Im (m\p[+_2] (_LI/,[+2]_(I/,[+2]>/+ ;am wm]))
- r2 + a2

A; _ L
= / ¢(r) Im (m‘lf[”]w[“]) +c¢(r)Im (w[+2]m1p[+2]>
A

*
1

A3

Af

4 o
+/ ¢(r)Im (\1/[+21 myl+ ])
A

A% ., _
+/ " Im ((—c(r)mezl +c(r)m1//[+2]>iamw[+2]) (196)
A}

where we have used the (frequency localised) relation between W2l and v [+?2]
twice. Now the first three terms on the right hand side are again easily controlled
using Cauchy—Schwarz (as well as the simple fact that for i = 1,2 W22 (4¥) <

~

[oWw*21]12). For the term in the last line we integrate the first summand by parts while
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the second is already manifestly controlled by [|0v[#21||. This leads immediately to
(193).
For the second term of (195), write

A% A%
/ " e(r)Im (imu[”]w\ll[”]) = / “Re (mu[”]a) (c (") LYy e (r) K/IHZ])) :
Aj A
197)
The second term on the right is already manifestly controlled by [[0v/[*2!||? and for
the first we integrate by parts
4 ) 2 ) 2\ |42
_ / Re (mul+2lw (c (r) L™ 1)) — Re (mul+2lwc ) p+ ]) .
A7 1
A3 —
+/ ¢ () moly I 4 ¢ () Re (maul 2y 1) (198)
Al
from which the estimate (193) is easily obtained. O

Putting together Propositions 8.2.1, 8.3.1 and 8.4.1 , we obtain Theorem 8.1.

9 Back to Physical Space: Energy Boundedness and Integrated Local
Energy Decay

‘We now turn in this section in ernest to the study of the Cauchy problem for (37) fors =
= 2. The main result of this section will be a uniform (degenerate) energy boundedness
and integrated energy decay statement. This will be stated as Theorem 9.1 of Sect. 9.1.
This corresponds to statement 1. of the main result of the paper, Theorem 4.1.

The remainder of the section will then be devoted to the proof of Theorem 9.1. We
first define in Sect. 9.2 a cutoff version ocLi 2 of our solution ol*2! of (37) such that
ocgf 2l satisfies an inhomogeneous equation (53), whose inhomogeneous term F}EjE2 is
localised in time to be supported only “near” 7* = 0 and “near” i* = tgyy and in
space to be supported only in r* = [2A], 2A7]. The cutoff is such that restricted to
relA;, Az, ocLﬂ] is compactly supportedin r* € [0, Tfina]. This allows usin Sect. 9.3
to then apply the results of Sect. 8 to such OQE: 2], summing the resulting estimate over
frequencies. In Sect. 9.4 we shall combine this estimate with the conditional estimates
of Sect. 5, using also the auxiliary estimates of Sect. 5.3 to obtain a global integrated
energy decay statement, with an error term, however, on the right side arising from
the cutoff. Finally, we shall bound this latter error terms associated to the cutoff in
Sect. 9.5, again using the auxiliary estimates of Sect. 5.3, allowing us to infer the
statement of Theorem 9.1.

As remarked in Sect. 1.2.5, in the axisymmetric case, one can directly distill from
the calculations of this paper an alternative, simpler proof of Theorem 9.1 expressed
entirely in physical space. We do this in Sect. 9.6.
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9.1 Statement of Degenerate Boundedness and Integrated Energy Decay

Theorem 9.1 Let o/F2!, WIE2] gpd wliz] be as in Theorem 4.1.
Then, for we have the following estimates

e the basic degenerate Morawetz estimate

]I;i,eg |:lIJ[+2]] (0, Tﬁnal) + HT? [¢[+2]] (07 Tﬁnal) + Hn I:OCH_Z]] (07 Tﬁnal)

S Bz, [V @+ B, [0 @ +Bx, [ @ (99)
e the n-weighted energy boundedness estimate

Egge [ W] 0, thna) + s, [0 (Fona)

S B, [v9 @ +Eg, 00?0 +Es, [of?]©@ . 200

Similarly, for we have

e the basic degenerate Morawetz estimate

]Ifl,eg [\I/[_z]] (0, Thna) + 1 [ll)[_z]] (0, Thna) + 1 [06[_2]] (0, Tfina1)

S B, [V O+ [0 @+ B, [ H]0 eon
e the n-weighted energy boundedness estimate

Ep+ [‘1’[_2]] (0, inal) + E5_, [‘If[_z]] (Tfinal)

< Eg,, [‘IJH]] 0) +Es, [w[‘zl] (0) + Es, [oc[_zl] ©) .  (202)

Remark 9.1 In the case s = —2 one can prove these estimates using only the
Ex o [\IJ[_Z]]-energy. However, that energy is insufficient to eventually control the

energy flux of r 3«!=2! through null infinity, which is why we kept the estimate as
symmetric with the s = +2-case as possible. See also Remark 5.2.

In the proof of the theorem, we may assume for convenience that the data

(&([)ﬁ], &[ﬁ]) are smooth. It follows that all associated appropriately rescaled quan-

tities \Il[i]ZJ, etc., are smooth in Ry. To ease notation we define the data quantities

D2 0) = Eir,n [\y[+2]] 0) + Eir,n I:IbHZ]] 0) + ]Eirﬂ’] [o([+2]i| o),

D=2 0) =Eg,_, [\If” 2]] ©0) +Eg, [po 2]] ©0) +Eg. [od+2]] ©).  (203)
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9.2 The Past and Future Cutoffs

Let ¢ > 0 be a parameter to be determined. Fix tgp, > 0. One easily sees that one
can choose a smooth function E : R x R — [0, 1] with the properties:

E=0 if (r*, %) € [A}, A3] x {(—00, 0] U [Tfinal, 00)}
E=1 if (r*, %) € {(—00, 2471 U [24%, 00)} x RU [247, 2431 x [ 7!, Tna — &7 1]
9+E2=0 if (r*, %) € [A}, A3] x (—o0, oo)

S ElSe i) € [A], AS] X {10, e U [Tnal — &' Thnall}
10819528 <1 forall ¢*,7) e R x R

r* r*“

(204)

for all k1, ko > 0.
Define now

JEH T r, 0, 9) = B(F, &G, r, 0, ¢). (205)

~[£2]

We note that &.2 5’43] (R) and satisfies (53) with inhomogeneity given by

A /
F[ﬂ:Zl (LE)(L&*?)) + (LE)(L&*?) + (LLE)&*? — E(AE)&[ﬁ]
02 w

A
— ———— (2a(TE)(@&F?) + a*sin? 6 (TTE)&* + 2(T &) (T &*2)
(,,2 + a2)2

+2isacos6(T E)&[ﬁ]) . (206)

We define now al=?! to be given by (38), P to be given by (46)—(47), ¥F*! t0 be
given by (48) and ll)[ﬂ to be given by (49)—(50), where all quantities now have s<.

We note that F.Z 2] restricted to 0 < * < Tfpal is supported in the support of VE
(see the shaded regions of Fig. 3):

(10 <7 <&} U {thna — 7' <7 < thoa}) [ )247 < 7" <243} (207)

while
L
in {Al =r= AZ} N ({f* = 0} U {f* = Tﬁnal}-
Let us already note the following proposition

Proposition 9.2.1 Let \I/ 2 be as above and let &2 be the mhomogeneous term asso-
ciated to the generalised Regge—Wheeler equation (54) arising from F accordlng
to (56) and (58). Then we have the estimates
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Fig.3 Support of VE restricted *
9 PP t* = Tfinal

100 < 7 < Tfipgl

—

|
W

A SE22avol < ¢ (12110, e~") + TPy 0, 67
R13P (0, Tfinal)

+ &’ (Htrap[oc[iz]](fﬁnal —e! » Tfinal) + [rep N)[izl](fﬁnal —g! s Tﬁnal))

+e sup Eg o [wF, (208)

OSTSTﬁnal
/~ 2 2aVol < Ty [ *21(0, 1) + Iy (6210, 6~
Raway (O, tﬁnal)

+ H[n][“[izl](fﬁnal - 8717 Tfinal) + H[n] N’liz]](fﬁnal - 571 , Tfinal)
+e ' sup Eg  [¢F]. (209)

0=<7 <tfinal

Here the subindex [n] is equal to n in case of s = +2 and it is dropped entirely in case
s = =2

Remark 9.2 As the proof shows and is already clear from the support of the cut-offs,
only the spacetime integrals in the overlap region are needed on the right hand side of
(209).

Proof We first prove (208). Note that the support of & is manifestly contained in
the support (207) of E[(ﬂ]. Moreover, one easily sees that one obtains sum of terms
containing

L\I/[ﬂ], L\If[iz], \I,[iZ]’ T\I/[ﬂ], d>\I/[i2], Lq)[iZ], Lw[iﬂ’ Tl])[i2]’ @ll)[i2l7 ll)[iZ],
ch[ﬂ], L“[iZ]’ Tcx[:t2], q)o([ﬂﬁ]’ ol*21

with r and horizon weights which are uniformly bounded in view of the support. From
the conditions (204) defining Z, it follows that

LM LTk g <e  forr e [A), As] (210)
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for any ki + k + k3 > 1, where we have used also that ¢t = * = 7* in this region by
our choices in Sect. 2.1.3. It follows that all terms in the expression for & pick up an ¢
factor. The inequality (208) now follows from Cauchy—Schwarz, the definition of the
norms and Remarks 4.1 and 4.2 , where in addition we have appealed to the coarea
formula and size of 7*-support for the term involving W*2,

The proof is the same for (209), except that the nontrivial » dependence of E given
by (204) means that ¢ on the right hand side of (210) must now be replaced by 1
outside of r € [A], A»], and thus the &2 factor of (208) is no longer present in the
right hand side of the final estimate. O

We will in fact not use the bound (209) directly, but similar bounds for physical
space terms that arise from multiplying &\ and &d, V.

9.3 The Summed Relation

In view of the support of &E 2 and the smoothness of (2006), it follows that O(E: 2
manifestly satisfies the [A1, Az]-admissibility condition of Definition 6.1. In a slight
abuse of notation, we will denote the coefficients of ocLi 2], \IIEEZ]
subscript.!?

We define thus the coefficients u

, etc., without the s<

[£2], (aw)
ml

and we apply Theorem 8.1 with the

admissible frequency triple (w, m, 1~\£:22]’(“w)). We now integrate over w and sum
over frequencies:

00
/ da)Z.
o0 ml

From summing the relations (167)-(169), we hence obtain in view of the Plancherel
relations of Sect. 6.2.3 (applied to ocgf 2], d)E 2 and \IJEEZ]):

Proposition 9.3.1 Let the assumptions of Theorem 9.1 hold. Define the cut-off quanti-

ties o2 WE and WIEH as in (205), (38) and (46)—(50). Then we have the estimates

TP W E211(0, 2ha) < H™PIWER] 4 Q—a, [WE(0, Tinal) — Qrea, [WEP(O, Tina)
2

+lal Y (Epma, OEO, thna) + B, 02110, e 211
i=1

1P 22110, Tinar) + I™PLaZ(0, Thnat) + Ea [0 + Ermp [o2)]
< AW 4+ Qo [WEN0, Tinal) — Qi [WE(0, Thna)
+ Er—a, [WE0, Thna) + Ereay [0, Tinal). (212)

12 This will not be a source of confusion because we will never apply frequency analysis directly to ol+21,
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where

~6trap[\y[i2]] . /OO dwz/‘Az dr* 6((1&))
o= - ~ B ml
- 1

+2], +2],
(f((w))’ y’(:[w)’ E) . (\p,!n[ ] (aw)’ (\y/)En[ ] (aw)).

9.4 Global Physical Space Estimates

Let us first combine the above estimates with the conditional physical space estimates
proven in Sect. 5.

Proposition 9.4.1 Let the assumptions of Theorem 9.1 hold. Define the cut-off quanti-

ties chi 2 ll)[ﬁl \Il[ﬁ] as in (205), (38) and (46)—(50). Then we have the estimates

ES™ 105 (thna) + I [WE10, tinan) + T (0E1(0, 2hinar)
+ T [oE21(0, Thna) < HIWEH] + D2 (0) (213)

2
D B EP1O, Thna) + Erma, (2100, 7i0a) S SIWE] + D (0),

(214)
where
HIEEZ] = w2 4 g w2,

In the above, the subindex [n] is equal to n in case of s = + 2 and it is dropped entirely
incases = —2.

Proof We add the estimates of Proposition 9.3.1 with those of Sect. 5 as follows.

Let us consider first the +2 case. We first add the first estimate (105) of Proposi-
tion 5.2.1 (applied to o2 [£2] and 1|)[jEz with 71 = 0, T2 = Tfina and with p = n) to a
suitable constant times the estimate (212) of Proposition 9.3.1. The constant ensures
that the terms [E,— 4, on the left hand side of (105) is sufficient to absorb the analogous
term on the right hand side of (212). Finally, we now add to the previous combination
a suitable constant times the second estimate (106) of Proposition 5.2.1, again so that
the boundary terms on [E,— 4, are now absorbed. We obtain thus

110, Tna) + T (€221, 7ana) S T [ WE ]+ D2 0) @15)
2

D Erea WEPO. Thina) + Er—a, [6d210, Thina))

i=1

ST Wl ] + D o) (216)
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in the case of +2. For the —2 case, we choose the relative constants in the reverse
order, starting with the second estimate (115) of Proposition 5.2.2. We obtain again
(215) in the —2 case, as well as the estimate (216) for the boundary terms.

We now similarly add Proposition 5.1.1 (applied to \IIEEZ] with 71 = 0, ) = Tfinal)

to (211), noting that the Q boundary terms exactly cancel. This gives thus

d
EL (0L () + LW E20. i) < W)

+la T L2100, Thna) + lallp [0, thna) + DE20). (217)

We fix now a sufficiently small parameter e depending only on M. It follows that,
restricting to ap < e, we may sum ex (215) with (217) to absorb both the first term
on the right hand side of (215) and the middle two terms on the right hand side of
(217). The desired (213) follows.

The estimate (214) again follows from (216) and (213). O

In the rest of this subsection, we proceed to remove the =< from the quantities on
the left hand side of (213).

Putting together the local-in-time Proposition 5.3.2 and the (7' + x w4 ®)-energy
estimate Proposition 5.3.1 we obtain first the following:

Proposition 9.4.2 With the notation of Proposition 9.4.1, we have the additional esti-
mates

ds _ _ _
L, 8 19 #2100, thnat — ) + Ty 2100, Thnat — &™) + Ty [0, tina — &1

S O 47D 0), (218)
2
D Erma, OO, Thna — &™) 4 Epma, [0, Thiga — &)
i=1
< U+ a7 D= (o), (219)

sp B o [WE] (%) S lal 9L 467D (0), (220)

0<t* <Tfina —¢~!
sup Eg . [w[m] (") +Eg, 1 [(x[iZ]:I (%) < W 4 oD (0

0<t*<Tfipa—& !

221)

Here the subindex [n] is equal to n in case of s = +2 and it is dropped entirely in case
s = =2

Proof For estimate (218) one applies Proposition 5.3.2 (applied with 7; = 0 and with
Tstep = 8_1) and Proposition 9.4.1 and the fact that the cutoff & = 1 identically in the
region * € ¢!, Thna — ¢~ '] and in the region {r* > 2A%} U {r* < 2A7}. Estimate
(219) follows similarly from (214).

Estimate (220) now follows from (218) and Proposition 5.3.1 applied with 7; = 0

and 0 < 1) < Tfinal — el
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Finally, to obtain (221), we argue as follows. Revisiting the transport estimates of

Sect. 5.2, we can estimate the left hand side from initial data, ]Ideg[\II[jE2 100, Thinal —
e~ 1), the left hand side of (219) and the left hand side of (220). m]

Using once again the auxiliary estimates of Sect. 5.3, we can now improve this to:

Proposition 9.4.3

I W 21100, Thnar) + T [WE2100, Thna) + T [ F211(0, Thna)

< 9w 4 2D () (222)
sup Eg o[WE2 (%) < Jal H[9E?) + e 2D (0). (223)
0<t*<tfina

-1

Proof Appealing to Proposition 5.3.2 with t; = Tfpa — ¢~ ! and with Tseep = €, and

using (221), we obtain

T2 W 21100, ha) + Ty (WE2100, Thna) + Ty [ *2110, Thinar)
< HIWE + e IDE 0) + e B ([ WE (g — 7D (224)

Finally, we apply (220) to absorb the last term on the right hand side, obtaining thus
(222). Repeating now the proof of (220) we obtain (223). O

[i2]]

9.5 Controlling the Term $H[ V.-~ ] and Finishing the Proof of Theorem 9.1

Finally, we control the error term 55[\1132]] arising from the cutoff.

Proposition 9.5.1

1w < sup s B, o[¥*()

~Y
{0=<t<e~1}U{tfina— ' <T<Tfinal}

+ el W (Thnal — €71, Thnar) + el [WEH0, 671
+ el Lo (Thnal — €71, Thnal) + el [d*21(0, 671
+ el"*P[WEH(0, Thna) + e 2DEH(0). (225)

Proof Recalling
HIWEZ] = Wl 4 gy w2

let us further partition .ﬁ’)“ap[\llLﬁ]] as f)“ap[\ll}[(ﬁ]] = 91 + > where we define
owE] = / do Z / Ewlm qs[ﬂ \mﬂl) dr*, (226)
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o8]

A3 _ ESAPE=])
mdw%/T ( 2fRe(\If es[ﬂl)

— f'Re (\p[ﬂ]m) —2yRe (\D[ﬁ]/m)) dr*.  (227)

MW = /

We will show the above estimate for $;, > and ﬁawaY[wLﬂ]].
Let us first deal with the term f)away[‘lfl(ﬂ]]. This is supported in

(0= =) Ulmmma — &7 <7 < mna)) N 24] = 7% <243) (228)

and consists of quadratic terms one of which always contains a W!*?!-term. Thus, by
Cauchy—Schwarz this can easily be bounded by the first three lines of the right hand
side of (225), where an ¢! factor is introduced on the ¥ term, compensated by an
¢ on the other terms. (The extra & factor in £~ arises from estimating a spacetime
integral by the supremum. Cf. the proof of (209).)

For 91, by the exact Plancherel formulae of Sect. 6.2.3, the integral (226) transforms
into a physical space integral supported in

(0= <e™ Ultma— ¢! =7 < moa)) N (AT =7 <43} 229)

which similarly to before, is obviously estimable from the first three lines of the right
hand side of (225). (In fact, one could replace the factor £~2 with 1, since, just as in
the proof of (208), 7* derivatives of the cutoff E always generate extra ¢ factors; we

will use this idea below for estimating the remaining term.)

For 95, we first apply Cauchy—Schwarz, introducing a e~ L

00 A}

+2 2 - +2], +2],

952 < / > / Cdrte 6 I el (W () P,
% me 1

where we have used (165) to bound the f, f" and y factors uniformly over frequencies.
We now apply Plancherel. We note that by Proposition 9.2.1, the first term on the right
hand side is bounded by ™! x the right hand side of (208) while the second term is
manifestly bounded by

el™P W0, zhipar).
We obtain (225) for §», finishing the proof. O
Proposition 9.5.2 For sufficiently small ap < ¢ < 1, we have

[91421] < e~DE2 () (230)

Proof Apply Proposition 5.3.1 of Sect. 5.3 to the estimate of Proposition 9.5.1 and
combine with Proposition 9.4.3. O
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Now let ¢ be fixed by the requirement of the above proposition. From (230) and
Proposition 9.4.3 all statements of Theorem 9.1 now follow.

9.6 Note on the Axisymmetric Case: A Pure Physical-Space Proof

We note that in the axisymmetric case 9y ol*21 = 0, the physical space multiplier and
transport estimates of Sect. 5 can be applied directly globally in the region R(z1, 12),
i.e. without the restriction to R*™® (t, 12). This leads already to a much shorter proof
of Theorem 9.1 which can be expressed entirely with physical space methods. We
explain how this physical-space proof can be distilled directly from the more general
calculations of Sect. 8 done at fixed frequency.

Given |a| < a9 < M sufficiently small, let ryap be the unique value given by
Lemma 8.2.1 and define f by (176) and y by 81((1 — x)f + x f> — 81x(r)r™")
where y is the cutoff appearing in (177) and y is the cutoff appearing in (101). The
calculation of Sect. 8.2.3 now shows that the coercivity property of the physical space
current 1/ + 17 holds globally in R'3P (7, 15) and thus (102) holds when integrated
globally in R(zy, 72), i.e. without restriction to the “away” region and with [*V%Y

replaced by ngg. One also produces an estimate for the future boundary term:

E, [lllﬁ] (2) 231)

in view of property 3. of the proof of Proposition 5.1.1.

We apply this estimate then in the region R(0, ) directly to WI*2] arising from a
solution a!*2! of the homogeneous Teukolsky equation (37).

We must estimate the error term arising from the coupling 71*2!. For this we turn
first to global transport estimates.

Note that in the axisymmetric case, the simple estimate applied in Sect. 8.3 for
frequencies in the range F* applies now for all frequencies (since 7> = @ if m = 0)
and corresponds to commuting the transport equations by 9, and integrating by parts.
This physical space procedure, say in the [+2] case, allows one to obtain the estimate

Er:Al [ocl+2jj| 0, ) + Er:Al [lp[+2]] 0, 1) + Etrap [(x[-&-zj] (1) + Etrap I:(XHZJ] (12)

+ 10 [l 2] 0, 72) + 190 [p121] 0, 72) S 10 [WEH] 0, 72) + DIF(0),
(232)

Note that I'P(0, 15) is degenerate and thus controlled by ]I?]eg (0, 7). Summing (232)
with the estimates obtained from (105) and (106), as in the proof of Proposition 9.4.1,
allows one to estimate finally

By [a*2] (@) + B, [a*2] () + Ty [o#] (21, )

o [ ] (o1 ) ST [0 ] () + D). 233)
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With this we estimate the new contribution to J*2! coming from the region
R™P (11, 12). The only difficult term is the one arising from the 7 multiplier. In the
fixed frequency estimate of Sect. 8.4, this corresponded to passing an @ from ¥ to
W before applying Cauchy—Schwarz. In physical space, this corresponds simply to
integration by parts in ¢. By this physical space estimate, we obtain that the resulting
term is bounded by

aI™P[@10, 72) + lalI™ [0, 2) + |l 10, 72)
+lalEEP W] () + 0 EE? [ (o) + 0B [912)] (r2) + a DD ),
(234)

where the future boundary terms arise from this integration by parts. (Note that all
other terms in 72! are estimated by the first line of (234) alone.) Combining with
the original statement of Proposition 9.4.1, this yields

Bs,, [V ] + 12 [052)] (0, 7)< DE10) + 234). (235)

In view of (233), for sufficiently small |a| < ap < M, one can absorb the terms
(234) on the right hand side of (235) into the left hand side. The remaining statements
of Theorem 9.1 follow immediately.

10 The Redshift Effect and Its Associated Morawetz Estimate

In this section we will obtain statement 2. of Theorem 4.1 concerning the boundedness
and integrated local energy decay of the so-called red-shifted energy. The required
statement is contained in Theorem 10.1 below.

10.1 Statement of Red-Shifted Boundedness and Integrated Decay

Theorem 10.1 Ler «*21, W+l gnd p[+2] be as in Theorem 4.1. Then the following
holds for any 7o > 11 > 0.

e the basic degenerate Morawetz estimate

ﬁieg [‘1’[+2]] (1, ) + I [¢[+2]] (T, 2) +1 [(XHZ]] (w1, ™)

S B, [ ] @) +Es,, [0 @) + B, [of @)L 236)

e the basic non-degenerate Morawetz estimate
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T, [q,[+2]] RSN [quz]] () +Eg_, [11,[+2]] (T1)
+Eg,, [« ] @)

+Es , [m[“l] () +Es, , [Txpl“J] () +Es_, [TocHzJ] @) ,
(237)

o the n-weighted energy boundedness estimate

By [\1:[+21] (t. o) +Es_, [\szl] (1)

SB[V @+ B, [0 @0+ B, [ @ @39)

e the basic degenerate Morawetz estimate

L [ ] + 1[0 e + 1o (1w

< By, [v¥] @ +Bg, [0 ] @) +Bs, [P ] @), @39)

e the basic non-degenerate Morawetz estimate

I, [q,l—zj] (@™ < Bz, [\I,[—zj] (1)) + B [ll)l—ZJ] (1) + Ex. [cx[—ZJ] (1)

+ B, [TV @) + B [T ] @) + B [Tod @)L 40)

o the n-weighted energy boundedness estimate

Epe [\DHI] (t. ) + B, [\11'*2‘] ()

SB[V @+ B, [0 @+ B, [P ] @) @4

10.2 Proof of Theorem 10.1

We only prove the s = + 2 case. The s = — 2 case is completely analogous and slightly
easier because the term 712! has stronger degeneration near the event horizon. Note
that in Sect. 9 we have already proven the estimates (236) and (238) provided we
drop all overbars from the energies that appear. The estimate (237), which does not
degenerate in a neighbourhood of » = 3M but loses a derivative, is a simple corollary
of (236) and (238) again provided we drop all overbars from the energies. Hence the
only task left is to improve the L derivative in the energies that appear. This is achieved
using the redshift multiplier of [39,43]:
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The redshift identity. Recall the notational conventions of Sect. 5.1.1. Multiplying
G4 by Y = %E LW (with & a smooth radial cut-off function equal to 1 for » €

[r+, ry + }‘M ] and equal to zero for r > ry + %M ) and taking the real parts yields
(use the formulae of Appendix B.5)

L{F Y+ L{F} + 1" =Re (— (741 + ot) %ELW) (242)

y _ 11 2, 1 Ty Le 20 N7
F = EEHLM +§a§Re(<I>\IJ£lIJ)+§Ea sin”6Re (TWLW), (243)

1 ol 1 6Mr r*—a*  Ta’A
FY =2 w24 - - N wr
7 2§|W | +2(5 [S 2 +alr2+a? (r2+a2)2])| |

2

a 21 o le a0 2
+r2+a2g|q>\1/| —EaéRe(CD\IfL\IJ)—ESa sin“ 0| T V|
1
+ E";‘az sin? 0Re (TWLW), (244)
1 ! 1 .
=L (E) ey Lepop
2 \w 2
1 6Mr r—a? Ta2A !
S GIE A R, S R N w|?
2 re+acrc+a (rs+a®)

2ra& a? 2
———Re (PVLY) — |L| 5—— v
s ¢ (PULY) [_<r2+a2§>:|| |

— %a&’Re (PW(L+L)W¥) - %aSRe (oW [L, L] V)

1 _
— Eé’az sin? 0|TW|* — 2sa cos O&Im (TWLW) . (245)

We apply the identity (242) to the equation satisfied by W!*2!, In particular, &5 = 0
because o [+2] satisfies the homogeneous Teukolsky equation. Upon integration over
R (t1, 12) (recalling Remark 5.1) we obtain (236) and (238) after making the following
observations:

e The first term in F LY and the first term in F LY are manifestly non-negative and
produce precisely the desired improvement in the L derivative and the missing
angular derivative in the horizon term respectively. All other terms appearing as
boundary terms can now be controlled using Cauchy—Schwarz and (35) by the
energies without the overbar (sometimes borrowing an € from the just obtained
good L-derivative term and the good angular term respectively is required).

e Examining (245), the term %é z—; |LW|? is manifestly positive and produces pre-
cisely the desired improvement of the |[LW|? in the spacetime energy without the
overbar. All other terms can be controlled by the spacetime energy without the
overbar, sometimes borrowing an € from the improved |LW|? term.
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e The error term

1. 12442
[+2] © LY —
J wé_ 2 A

/M(TI»TZ)

is controlled using Cauchy’s inequality with € and the energies I [1])”2]] (11, )+
Io [od*21] (71, 7).

Finally, the estimate (237) follows from its un-overbarred version by adding the
just established (236).

11 The r”-Weighted Hierarchy and the Main Decay Result

To complete the proof of Theorem 4.1, it remains to obtain statements 3. and 4. con-
cerning the r”-weighted hierarchy and polynomial decay. The required statement is
contained in Theorem 11.1 below.

11.1 Statement of the Decay Theorem

Theorem 11.1 Let o!*21, WIF2 gnd pI+21 pe as in Theorem 4.1. Then the following
holds for any T > 19 = 0.

For we have

Eir,ﬂ I:\I;[—&-Z]] () + Efr,n I:lp[+2]:| () + Eiz,n I:(XHZ]] ()
Dy [\y[+2]’ ¢[+2], oc[+2]] (t0)
< .

~

o (246)

for the initial data energy

1

D22 [‘I’HZ], P, (XHZ]] (t0) = Z (Ei,,z [Tk‘I’HZ]] (7o)
k=0

+Es, [Tklp[+2]] (0) + Ex, [Tkoc[+2]] (ro))

+ Es_, [T2\y[+2]] (o) +Ex_, [T2¢[+21] (o) +Ex_, [TZO(HZ]:I (t0) .

For we have

Es, , [\p[—ZJ] (1) +Eg, [11,[—2]] (o) + Es, [cx[‘z]] @

[=2] =21 Hl-2]
- Dy o [W2, =21 =2 (1)
~ ‘[2_”

(247)
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and

Es. , [\y[—ZJ] (r) +Eg_ [11,[—21] () + Fg, [a[_z]] @

D [=2] =21 Hl-2]
- Dy o [WH2, 21 &2 (1)
~ ‘[2_71

(248)

for the initial data energy

1
D2 [ 0172, 012, o] () = 3 (B, o [ 7401 (o)

+Es. [qu)[—z]] (10) + Es, [Tk:“[—zl] (To))
+Es_, [T2\y[72]] (10) + B, [szp[*”] (10) + Es, [Tzoc[*ﬁ] (t0) .

and with ﬁz,z [‘-Il[’z] =21 oc[’zl] (t0) defined by putting an overbar on all energies
appearing in D; » [\I—’[_z], q)[—z]’ oc[_z]] (10).

11.2 Proof of Theorem 11.1 fors = +2

The s = 42 case of Theorem 11.1 will be proven in Sect. 11.2.3 by combining basic
estimates from the »7 hierarchy associated with the inhomogeneous wave equation
satisfied by Wl*2] (derived in Sect. 11.2.1) and basic transport estimates for Isz] and
ol*2! (derived in Sect. 11.2.2).

11.2.1 The Weighted ? Hierarchy for W(*2] in Physical Space

Proposition 11.2.1 Under the assumptions of Theorem 11.1 we have for any 1o >
1 > 0andfor p =2, p = 1and p = n the estimate

—deg

Es,, [w[+21] () +1, [w[+2]] (t1, ) + Ez+ [‘Wzl] (71, 72)

<Es , [\I,[Jrz]] (t) +Es_, [¢[+21] () +Es , [“Hzl] (1)
and the non-degenerate estimate
Es , [‘1‘[+2]] () +1, [‘PHz]] (t1. @) + Ez+ [\p[+21] (11, 1)
< Eir,p [\p[+2]] (t) +Ex_, [¢[+21] () +Ex_, [oc[+2]] (1)

+Es , [quHz]] () +Es_, [Tq)[ﬂ]] () +Es, , [T(XHZ]] ).

Proof Given a!*2! we apply the multiplier identity (96) to W!*2]. To the identity that
is being produced after integration over R(ty, 72), we can add a large constant B
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(depending only on M) times the basic estimate (236) such that the following holds:
For the boundary term we have for all p € [n, 2]

/ (L{F”’}+L{F"’})ir2+a2dVol+B-E~ [0 )
R LTI TR Fe

2b- By, |94 (@) - B-Bg, |9 @) + b Bz, |9 (71 m)

(249)
For the spacetime term we have
1 r2+a? —de
/ (1’”) A el + BT [w[“]] (11, 72)
R(t1.12) p* A !
=5 T, v (@) (250)

for p € [n,2) and for p =2

n 1 +a
f I 2r dVol + B - Hdeg[ +21] (T1. 12)
p= —2_ n.p= =2 R(fle)

=5 I [W (o), 251)
the latter case being special because for p = 2 we lose control of the angular derivatives

in (99). For the error term (which in view of & being supported for large r is supported
for large r) we have, for any A > 0,

v/ﬁ(ﬂ ,72)

17+]
S / Vo lr +a ()\ p— ]|L\I’[+2 1> + ‘J[+2]|2>
R(t1,12) ,0 A

THA1g | Ballr? LY +2]| dVol

<[ [ +2]] (1. 1) + 1_2 (}1,, [1];”2]] (t1, 72) + I, [oc[+2]] (t1, Tz)) :

Note that there is no ®*?! error term as FI*?] = 0 and hence &*?! = 0. Com-
bining the above estimates yields the first estimate of the Proposition after using the
basic estimate (236) yields and choosing A sufficiently small (depending only on M).
The second estimate follows immediately by combining the first one with the non-
degenerate (237). O

11.2.2 Physical Space Weighted Transport for \[*2l and P[*2]
We now turn to deriving weighted Morawetz and boundedness estimates for 1p[+?]

and «[*2! from the transport equations they satisfy. Combining (105) with the basic
estimate (236) we immediately obtain
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Proposition 11.2.2 Under the assumptions of Theorem 11.1 we have for any 1 >
71 > 0 and for p € {n, 1, 2} the estimate

LS [a[+z1] (r) +1, [(x[+z1] (71, 2) ST, [w[ﬂ]] (1, 1) + Bg._, [a[m] )
(252)

and the estimate

Es. , [w[“]] () +1, [w[“]] (t1, 72) STI9E [wl+2l] (1. 12)

+Es , [11)“2]] (m) +Eg,, [‘If[“]] () +Eg_, [oc[+2]] )  (253)

11.2.3 Completing the Proof of Theorem 11.1

Combining the estimate of Proposition 11.2.1 with that of Proposition 11.2.2 we
deduce for p € {n, 1, 2} (first for K = 0 and then by trivial commutation with the
Killing field T for any K € N) the estimate

Z (Ei,p [Tk oc[+2]] () +E5., [Tk¢[+2]] () +E5., [T"\IJ[“]] (T2)>
k=0

+ ];) (1, [T e ] 21w + 1, [T (@1 ) + 1% [TH0 (2, )

< g) (Eghp [Tkod+2]] (t) +E5., [Tklez]] (1) + Ei,,p [Tk\sz]] (fl))

K

(254)

and also
ZK: (E?:T,p [Tk(x[+2]] () +Es_, [Tkll)[+2]] () +Es [qu,[+2]] (tz))

n i (1 [T ] (@1, ) +1, [ TR0 ] (@, v + T, [ TR0 ] (1, )

k=0
K
< Z (Efr,p [Tkamj] (t1) +Es,, [qu)[-i—ZJ] (t) +Es,, I:Tk\yl+2l] (n))
k=0
+Es_, [TK+1“[+2]] (t)+Es,_, [TK+1¢[+2I] (Tl)+E§f,n [TK+1\I,[+2]] ().

(255)

Let us denote the right hand side of the second estimate on the initial data slice o
(i.e. for 1) = 10) by Dg 41, p [WIH2 P2 &H21] (7).
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Applying (255) for K = 1 and p = 2 implies (after using a standard argument
involving dyadic sequences) along a dyadic sequence t,, ~ 2" 1 the estimate

M_.

(]Ei,,l [Tk (x[+2]] () + Eg, [qu)m]] () +Eg_, [Tk\p[+2]] (,n))

~
Il
=}

Dz,z [q;[+2]7 ¢[+2]’ o([+2]] (70)

Tn

S

Using the above and applying (254) for p = 1, K = 1 between the time t; = 7, and
any 1z € (1, tn+1] yields the previous estimate for any t, not only the members of the
dyadic sequence. Turning back to (255) now with K = 0 we use the previous estimate
and a similar dyadic argument to produce along a dyadic sequence the estimate

Eg. ., [a[+2]] (w) +Es,, [¢[+2]] (@) +Bx [\Il[+2]] )

Ds, [\y[+2]’ wHZ]’ oc[+2]] (t0)
S — .
T}’l

Using the above and applying (254) with p = n and K = 0 now yields the estimate
(246) of Theorem 11.1.

11.3 Proof of Theorem 11.1 fors = —2

The s = — 2 case of Theorem 11.1 will be proven in Sect. 11.3.3 by combining basic
estimates from the »” hierarchy associated with the inhomogeneous wave equation
satisfied by WI=2! (derived in Sect. 11.3.1) and basic transport estimates for (! =2! and
ol =21 (derived in Sect. 11.3.2).

11.3.1 The Weighted r? Hierarchy for ¥{~21 in Physical Space

Proposition 11.3.1 Under the assumptions of Theorem 11.1 we have for any 15 >
11 > 0and for p =2, p = 1and p = n the estimate

= — —d — _
B, [02] @) + 1% [0 (@, m) + EBre, [907] (@1, o)

< Ei,,p [\11[72'] (1) + Ex. [tblle] (1) + Eg, [oclle] (t1)
+ lal (Ez [W7] (o1, 22) + B [ (1, 72) (256)
and the non-degenerate estimate
Ez , [\11[*2]] () +1, [\IJH]] (11, ) + Ez+ [\y[*zl] (t1.12)

SEs,, [v7) @) + B, [ ] @)+ Bg, [o ] o)
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+ Bz, [TV ] @)+ Eg, 1o ] @)+ Bg, [Tl ] @)

+a(Ep [012] (0, 0) + Bre [ (1, 2). (257)
Proof The proof is exactly as in Proposition 11.2.1 except that we need to inspect
carefully the error term 712!, (This is of course because the Regge—Wheeler operators

are almost identical for s = £ 2.) Checking the r-weights in the application of the
Cauchy—Schwarz inequality, the analogous computation
r? +a?

/ﬁ(n ,T2) Apz

2 2 p+l

r a r

< /~ dVvol +2 <Arp1|L\IJ[2]|2 - —‘J”MZ)
R(r1,72) Ap A

[q,[—Z]] (11, 1) + % (]I [11)[_2]] (t1,2) +1 [“[—21] (1, 12))

2

T2 g1 BalrP L2 dvol

—deg
<
<l

is seen to be valid only for p € [5,2 —n]. For p = 2 we need to integrate by
parts. Note that the two worst (the others being controlled by the above estimate for
A depending only on M) contributions from the error 7!~ 4&r” LW can be written
(omitting taking real parts for the moment)

ar—?® (\/K@h[fz]) LW =L (aCD (\/Kl,//[fz]) m>
+aA (rz +a2)_2 (@W[le)m, (258)

and

-3/2
a2r2 (rz +a2)

—_— —3/2 R
ol P2 Lwl-2l = <a2 <r2 + az) / (X[—2lq;[z]>

2
_ Az (@wHJ) =l
(2 +a?)

where we have used the relations (52) and (51). Now upon taking real parts and
integration, the second term in each line can be controlled by the basic Cauchy—
Schwarz inequality, the integration by parts having gained a power in r. The first term
in each line is a boundary term and controlled by the terms appearing on the right hand
side of the estimate (256), where for the boundary term on null infinity we borrow
from the term Ez+ , [¥72] (7, 12) appearing on the left hand side. o

11.3.2 Physical Space Weighted Transport for p[=2! and w(—2!

Proposition 11.3.2 Under the assumptions of Theorem 11.1 we have for any 15 >
71 > 0 the estimate
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Egr [0([_2]] () +1 I:OC[_Z]] (11, ) + Ez+ I:OC[_Z]] (11, 12)

<10 @) +Bs, [o ] o) (259)
and the estimate

Es, [0 @) + 1[0 ] (01, m) + Bz [0 (@ )
ST [e] @, ) + s, [w] @)

+Bs,, [0 @ + Es, [ @) (260)

The same estimates hold with an overbar on all terms.

Proof Multiply (119) by a cut-off function & which is equal to 1 for r > 9M and
equal to zero for r < 8 M. Bringing & inside the first bracket produces an error-term
supported in [8M, 9M], which (upon integration) is for any n controlled by the basic
estimate (239). Upon integration of the resulting identity we deduce (260) for I" being
the identity in the energies appearing. Now we observe that the same estimate holds for
the 7 and & commuted equations (note that (117) commutes trivially with the Killing
fields 7" and & so the estimate (111) trivially holds for the commuted variables).
The estimate (259) is proven completely analogously except that here no cut-off is
required in view of the non-degenerate norm of {p! 2! appearing on the right hand side:
One first applies (118) and the same estimate for the 7 and & commuted variables.
To obtain the estimates with an overbar one first commutes (117) and (116) with L
and notes that the analogue of (119) and (118) can now be applied with the error from
the commutator [L, L] ~ r“—3CI> being controlled by the previous step. Secondly, one

commutes (117) and (116) with the vectorfield % L which extends regularly to the
horizon and observes that the additional commutator term leads to a good sign (near
the horizon) in the estimates (119) and (118). O

11.3.3 Completing the Proof of Theorem 11.1 fors = —2

Combining the estimate of Proposition 11.3.1 with that of Proposition 11.3.2 we
deduce for p € {n, 1, 2} (first for K = 0 and then by trivial commutation with the
Killing field T for any K € N) the estimate

i (EE, [Tk (X[—z]] () + B, [Tkll)[—z]] () + Ei,,p [quj[—zl] (12))

k=0

n ;é (H [Tkoc[_z]] (1, 2) + 1 [T’&p[—zl] (r1, 1) + 15 [Tk\ll[_zl] (11, 1’2))

5 (s, 1ol o + s, [T02] (00 + B, , [T )

k=0

N

(261)
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and also

i (Ei, I:Tk“[—Z]:I (m) + B, I:Tklb[—Z]] (@) + 5., [qu,[—z]] (72))

k=0

n i (JI [Tkoc[_z]] (t1, 1) + 1 [T’&p[—zl] (t1. 1) + 1, [Tk\lf[_z]] (1, rz))

k=
<3 (s, [t o + B, [P0 o + s, , [rE0i2] an)
k=0

+Es

(=)

T

I:TK-H(X[—Z]:I (1) +Es, [TK+11|)[—2]] (r)+Es I:TK+1\I,[—2]] ).
(262)

Let us denote the right hand side of the second estimate on the initial data slice o
(i.e. for 7 = 10) by Dg g1, [¥I72L P2, =2 (7).

Applying the estimate (262) for K = 1 and p = 2 implies (after using a standard
argument involving dyadic sequences) along a dyadic sequence 7,, ~ 2" 1 the estimate

1
~ - ~ - T kyl-
b3 (Bs, [T o] @)+ Bg, [7590Y] @) + By, [T491Y ] @)
Ds.» [\Ij[—2]7 P2, (x[—2]] (t0)

Tn

<

Using the above and applying (261) for p = 1, K = 1 between the time 7] = 7,, and
any 1 € (T, Tnt1 ] yields the previous estimate for any 7, not only the members of the
dyadic sequence. Turning back to (262) now with K = 0 we use the previous estimate
and a similar dyadic argument to produce along a dyadic sequence the estimate

Es, [ @) +Bs, [ @) +Bs,, [977] @)

[=2] =21 Hl-2]
- Dy o [W2, P21 =2 (1)
~ 2777 *
Tn

Using the above and applying (261) with p = n and K = 0 now yields (247) of
Theorem 11.1. To obtain the second estimate, one simply repeats the above proof using
that the estimate of Proposition 11.3.2 also holds for the energies with an overbar.
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A Derivation of the Equation for W!*!
A.1 The Teukolsky Equation

Recall from (13) the definition w = —=-=. Using (39) the inhomogeneous Teukol-

(2)

sky equations (53) can be written in physical space as

/
— LL&T2 = _2£L&[+2]
L e

Tw (&HZJ +(42) — 2aT® — a®sin® 6T T + 2i(+2)a coseT) &L+

4 2.2 3
—2M A
a¢&[+2] + (_3wa +(:12 :— a2)2 r + 2w> &[+2] _ ?F[+2]
(263)

-
—3w(+2
w(+ )r2+a2

and

— L1 (A%07Y) = L) (a2a02)
- w
tw (AHZ] 4 (=2) —2aT® — a2 sin2 6TT + 2i(=2)a coseT) (AZ&H])
r 2 ~[-2]
r2 4+ azacI> (A @ )

4 2.2 3
a*+ar-—2Mr 2 ~[-2] A (—2]
+ (—3w ot Zw) (a2a-2) - F

— 3w (—2)

respectively. Introducing the physical space operators

4 2.2 3
(2] _ r a*+a‘r-—2Mr
Q = F6 2+a2ad>—3 Ry +2 (264)

L2 = A2 4 (£2) — 24T ® — a®sin? OT T + 2i (£2)a cosOT (265)

as well as recalling the definitions

L& = 2uwvApt? | L («/Zmp[“]) — wwl+2 (266)
L(AZ&[_Z]) —2uwvAplY | (f Apl- 2) w2 (267)
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we can write (263) as

/
A
) L( /_Ad)[“]) _9 /—Awml% A I e

wp
(268)
L (JZq)[—21> _oyapiaY o (AZ&[—Z])
- w
21 (a2a0-2) - A pa
- A&‘)——F‘ . 269
+Q ( wp? (269)
For the separated form of the Teukolsky equation, using the relation
" w/ 2 " w/ 2
w——Z%—Vg“]—zw: oyl 2) — Vi 42w
w w w w
3 a*+a*r? —2Mr3 )
= —3Ww w,
(r2 + a?)?
it is easy to see that we can write (153) for spin s = 4+2 and s = —2 as'3
w/
2L (@wm) _ zﬂw[+2lg - (A,[;ez]’(m) 4 2) (uH'z]w)
A 2
+ o+ <M[+z]w> -0 L2 @), (270)
!/
-2 ) [~21,(aw) -2
—oL (d&/ﬂ 1) —2V/AyAS — (Ame aw) _ 2) (u[ ]w>
(21 (,[-2] A 2w

+0 (U u)) - w_szmg , (271)

where

. a* + a%r? — 2Ms3
iam — 3 R +2.

[+2 _ "
Q T2

We observe that Q1?1 is the separated analogue of the physical space operators Q!*2!
defined in (264). Similarly, the separated analogue of the operator £*?! is easily seen

tobe the operator &, (aw)+2+a2w? —2ame which has eigenvalues A E::Zz]’ (@) 4o,

see (135), (136) and (149). Note the symmetry between the physical space formulation
(268), (269) and the separated form (270), (271).

13 As mentioned in Sect. 7.1 we denote the separated frame operators (155) and (154) also by L and L
[(£2].(aw) , g 1ﬁ[iKZ],(aw)
m

respectively. We have also dropped the subscripts m ¢ and the superscript aw fromu,

to ease the notation.
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A.2 Derivation of the W!*! Equation in Physical Space

We derive the equation for s = +2 in physical space. Observing the commutation
relation

[L L]— dra o
S I

we obtain after applying L to the Teukolsky equation (268) recalling (266) and that
£+2] commutes with L:

2L (w\p[+2]) n 8ra_ . (sz[ﬂ]) w2 4o (\/le[”]) <%>/

r2 +a?
— _wrlt2 (ﬂ¢[+2]) _ 2wt (Jpr[+2])
n [L, Q[+21] <&[+2]> _£<wip2F[+2]> ’ 272)

which we immediately simplify to

w

L (\I,[+2]> + r;‘f’az . (ﬂ¢[+2]) + (ﬂw[ﬂ]) % (K/)/

— i (ﬂ¢[+2]) _ g+ (ﬂ¢[+2]) zi [ L. Q[+2]] 5121
()

We now apply another L derivative, which produces

LL(\I/[+2])+w 8: . ¢w[+2]+wQ[+2]\p[+z]+< ) W2l | pl+20 g 142
w
r 1w

_ T wyy _ (+2] [+2]

—(4"(,2+a2>®+<w<w)> 2[£’Q ])(ﬁw )
1 1 1 A

+|L, — [L7 Q[+2]] &2 -L|~-L Fl+2 . (274)

2w 27 \w™ \wp?

Using elementary algebra we simplify the terms in the first line of (274) to

2

LL<\I,[+21)+w2r7” W Ly (o2 g 6Mr 9742 ) Wit
rz—l—a2 r r2~|—a2

(275)
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which can be written more succinctly as

6M r* — a?
(LL+LL) (WH) 4w (02 g 220 21
r rr4+a?

1
3 - 7a2w> wl+2 - (276)

The terms in the second line of (274) simplify to

) 3 _ 32 20 a2
wl—8a- T ¢ 4+ 20a2" retra + MaT ) R o7
r2+a2 (r2+a2)2

Finally, for the double commutator term in the third line of (274) we obtain

r 5 rt—at+ 10Mr3 — 6Ma2r:| &+ 278)

3
|:—|—12a wr2 s ® — 3a“w Pt ad)

Combining the previous equations we have therefore established the formula of Propo-
sition 3.2.1 for s = 42. The formula for s = —2 is proven entirely analogously
exchanging the roles of L and L. For completeness, we nevertheless explicitly derive
the (equivalent) separated form of the equation for s = —2 in the next section.

A.3 Derivation of the W*! Equation in Separated Form

As mentioned at the end of the previous section and mainly to illustrate the equivalence
between deriving equations in the physical space and the separated picture, we now
derive the equation for W[=2! in separated form from (271). Recall that L and L are now
given by the separated frame operators (155) and (154). Observing the commutation
relation

[L L]— dra .
L, _—r2+a2w-zm,

we obtain after applying L to the separated Teukolsky equation (271) recalling the
separated relations (158) and (158)

+2L (w\yl—2j) n r28_:aa2w Cim (ﬂw[—ZJ) w2 (ﬁwl—2l) <1;)/)/
= 2w (A[—zl,mw) _ 2) <ﬂw[72]) +2wol? (\/Kilf[d])

ml

A3
2 2 [ 2],((1&))
+ (ar* Q[ ]) (M[ ]w> — I (T F ¢ ) s

which we immediately simplify to

1
r w

(02 (V) - () ()
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_ (A’[11—€2],(aw) _ 2) («/ZWH]) + o2 («/KWH])

1 ' 1 A?
_— [72]) ( (-2] )_ L Fl-2l@o) )
+ 2w (Q )T wp? M

We now apply another L derivative, which produces

L (W) —w ;‘f S im0l g2
r a

w’ _
- (—) w2 4w (A;ﬁ‘“‘”) - 2) wi2l
w

- [n () (5 (7)) 2ty vmo
+ [(ﬁ (Q[”])/)] (u[—2]w) - %L (%L (wA—;F,fj]’(”“’)>> . (279

Using elementary algebra we simplify the terms in the first line of (279) to

LL (\11[72]) +w— e imw!=2!
r a
- 6M r* —a*
+w (AEMZ]’(‘“”) P2 - 7a2w> w2, (280)
r r a

which can be written more succinctly as

_ 6M r* — a*
(LL+LL) (W) +w <A,[ﬂj]~(““’) +2- =4 7a2w) w2,
r re+a
(281)

1
2

The terms in the second line simplify to

2.2 3 _3pp2 24 a2
w | +8aim - -9 4 2042" rtra A MaT ) Ayt (28
r2 + a? (r2 + 02)2

Finally, for the third line of (274) excluding the inhomogeneous term we obtain

4 _ 4 3 2
— 10Mr> — 6M
—124%w im— 3a2wr a ! ar (u[_z]w) . (283)
72 + a2 (V2 + a2)2
In summary, we have established the following formula for s = —2:
1 [s] A (5] 2,2 2 [s]
_E(LL+LL)\I/‘ ——(AM—Zamw—l—a o +s —I—s)lIJ‘

ey
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A 6Mr r?—a? [s] A2

A
2 [s] _ [s] [s]
—— V¥ == (CLE
+ (r2+a2)2 2 rtalrita? a 2 + a2 pzj +
(284)
where the right hand is side given by
2 2 _ 2 3 _ 302 2 4 Ma?
Tkl = d 5 —4sr2 azaim — 20a2r SMr +ra2+ = («/Z‘/fm)
(r2 + a2) r<+a (rZ + aZ)
2 4_ 4 3 2
) 0 _ r . r*—a*+ 10Mr°> — 6Ma“r [s]
o (r2+612)2 [ 6Sr2+a2alm+3< (r* +a?)? <u w> ’
(285)
3
e L (L (A g o2 = L (Lo (A pa)) . (2s6)
2= \w™ \wp? ’ 2 \w \wp?
We have therefore proven Proposition 7.3.1 for s = —2. The s = +2 case is proven

entirely analogously or can be easily deduced directly from the physical space formula
of Proposition 3.2.1.
Finally, note that we can write (284) also as

" A !
(\ym) n (wz _ V{+2]> wls! — ?j[s] 1 @l
for the potential

A ()LE;][ + a2 + 52+ s) +4Mramow — a*m?
(2 +a?)’
A 6Mr(r2 — az) 742 A2
— —Ta
(r2+a%? (r2+a?? (r? +a?)*
=V vl i (287)

plsl —

B Auxilliary Calculations for Physical Space Multipliers
We first recall the relations

L+L=2T+2—2 & |, L—L=20-.
r2 +a?

We will consider the identities generated by the following four multipliers (the smooth
radial cut-offs x, & and the smooth radial functions f, &, y are chosen appropriately
in the body of the paper)

1. The T-energy: TW
2. The Lagragian multiplier: 7/
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The ®-multiplier: w, x ®W (x a radial cut-off)

The y-multiplier: f (L — L) ¥

The redshift multiplier: %f;‘ LW (£ aradial cut-off near the horizon)

The r? weighed multiplier: ? 8,& LW with B = 1 + k% (¢ aradial cut-off near
infinity)

AR ol

each acting on the second order terms in the equation (54), namely (recall w =
A
(2 +a2)’
1

L3 (L[% +LL)W

L why ©)W =L (66 4 86) v
. w2aT oW
IV. wa?sin> 0T TV

The point is that the 0/ order terms in (54) are easy to handle while for the (only)
first order term in (54), 2iswa cos 0TV, we observe that for X any real vectorfield
commuting with 7" we have

2iswacos 0TWXWV = T (2iswacos WX V) — X (2iswa cos QW T V)
+ X Qiswacos0) VTV
+ 2iswacos O XWT W, (288)

and hence

Re (2iswa cos OT\IJXE) =T (iswa cos Q\IIXG) - X (iswa cos G‘PT@
+ X (iswacos @) WTW

=-T (swa cos OIm\IIXW) + X (swa cos OIm\IITG) — X (swacos ) Im¥TW.
(289)

In particular for X = T the right hand side is zero while for X = w_ x ® only the first
two terms survive (and only the first after integration in ¢).

B.1 The 7-multiplier: T ¥

B.1.1 Partl: 5 (LL + LL) ¥

%Re (LL+LL)Y TV = %Re (L+L)(L+L)YTY — %Re (L-L)(L-L)¥YTV
- Zl‘Re(L +L) [ (L+L)wTT) - éT[| (L+L)wp]
1

—ZRe(L—L)[(L—L)qJTE]+éT[|(L—L)\IJ|2} (290)
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which we write as

1 — 1
SRe(LL+LL)WTW = (L + L)

< {1 (L +L) WP+ (L-L)wP - 4aa2Req>W(L +L)w)

r?+
o e et (ISR TR ICEPALTD
1
4

(L~ L)Re| (L~ L) w7} (291)
B.1.2 Partll: w (4&,[;] ) + s) W (After Integration Over f sin 0d0d ¢, See (33))
I 1 s
wRe (4&,[;] 0) + s) UTY = +—T[u)|77m\ll|2} (292)
2
B.1.3 Partlll: w2aT dW
w2aRe TOWTT = CD{awlT\If|2} (293)

B.1.4 Part IV: wa? sin2 0T T W

2 .2 T3 1 2.2 2
wa’ sin? 0Re TTUTV = zT{wa sin2 0|T V| } (294)

B.2 The Lagrangian Term: 1

B.2.1 Partl: § (LL + LL) W

(LL + LL)ReWhV = % (L+L)(L+L)ReWwhW¥ — i (L—L)(L—L)ReWhV

| =
—

= (L+L)Re| (L+L)\Ilh@]—i(L—L)Re[(L—L)\IJh@]

I = DR 1@+ D]+ (L - ) 1ep
— % (L +L)Re| (L+L)whw} - % (L - L) { (L - L) Rewhw — /v

1 2 2 1 " 2
+ I = LR =L+ LW P ] = 30w (295)
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B.2.2 Part ll: w (AS] ) + s) W (After Integration Over [ sin 0d0d¢)

w (ZAEE] 0) + s) VI = +hw|y v (296)

B.2.3 Partlll: w2aT ®W

w2aRe(TOWhW) = dRe (w2aTVhW) — w2ah Re{(TV)(d W)} (297)

B.2.4 Part IV: wa? sin2 0T T W

wa® sin® GRe{TTWAhW) = T Re (wa2 sin’ 9T\w@) — wa?sin? Oh|TW? (298)

B.3 The ® multipier: v x d¥

B.3.1 Partl: 5 (LL + LL) W

(LL+ LL)Re{¥w, x PV} =

: (L—L)(L—L)Re{¥w,xdW}

41_‘ (L+L)(L+L)RefWawydW}

| =

T4
- i (L+L) Re{ (L +L)\Ilw+x<1>3} - %q’{wﬂ (Z+L) ‘I”Z}

1

4

— (L= L)Re[ (L - L) b, x 0¥} + éd){uurx (L -1)w*}

+ %w+ x'Re (L — L)W) (W) (299)

B.3.2 Partll: w (4&,[;] ) + s) W (After Integration Over [ sin 0d0d )
° — 1 o
wRe (4&51 0) + s) Y ®F = +50 <w+x|Y75\I'|2) (300)
B.3.3 Partlll: w2aT W

w2aRe(TOWw , x DT} — T{waw+x|d>\ll|2} 301)
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B.3.4 Part IV: wa?sin2 0T T W

wa? sin® ORe(TTVw  x PV} = TRe{ wa? sin® Owi x (T\II)GJW}

1 22 2
2@ wa” sin“ Qw4 x| T Y| (302)

B.4 The y-Multiplier: y(L — L)W
B.4.1 Partl: § (LL + LL) W
%Rd@L+LQ4%ﬂL—QWN=%Rd@+LML+Qq%ﬂL—Q3N
1 _
— gRe((L L) (L - L) ¥ (y(L - )T}
1 1
= Re(L+L) [y (L+L)w(L-Lw) |- o -1){y|c-Dw]]

—1@—LHH@+LN¥}+}«ﬂﬂ—gL+Lth+QW}

oo

1
+ v [[e+ el + @ - pvf] (303)

Using the commutator identity

A A ) Adareweretets
r2+a (r2+a2)’ri+a
we conclude
%(LL+LL)\IJ(y(L—L)\If)=%Re(L+L)ly(L—i—L)\Il((L—L)\I/)]
—%@—LHM@+ANP+M@—LWV}
+%y/[|(L+L)\IJ|2+|(L—L)\IJ|2]
oy Re(®W (L + L) T}

(r2 + a2)2 r2 +a?

B.4.2 Partll: w (4&,[;] 0) + s) W (After Integration Over f sin 0d0d¢)

Re / sin 0d0d¢ w (Zaf,j] 0) + s) W (y(L — L))
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=4 (L- L){/sin9d9d¢wylyo7[S]‘I’|2}

l\)l»—[\)|.—

[(L - L) wy)] / sin0dode |7 w2 (304)

B.4.3 Partlll: w2aT ®W

w2aRe{T OV (y(L — L)¥)} = wayRe{<L+L 2 . q>> PV ((L — L)W)}
2 2 2
_ _q>Re{ j_ wy(®W) (L — L)j}—i—(L L){—wy|©\p|2}
a2
- [(L—L)<r2+ )} 0w + 0 [wayLw?] - SolwayiLer]
4ra> A
(2+a2)2r2+a2
+alL (wy)]Ref{(PW)(LW)} — a [L (wy)] Re{(PW)(LW)} (305)

wy|OW|?

—L Re[waycb\llélll} + LRe{wayCD\IfL\I/}

B.4.4 Part IV: wa?sin2 0T T W

wa? sin? ORe{TTW (y(L — L)T)} = TRe{wa2 sin 0TW (y(L — L)) }
- % (L-1L) {wa2 sin26y|T\y|2]

+ (wy) a?sin? 0|TW|? (306)
B.5 The Redshift Multiplier: L LW

B.5.1 Partl: J (LL + LL) W

1 1 1 1 1
ERe (LL+LL)V <Eggy) =LLV <55L‘1’> - ERe ([L, L)V (Eggw»

(Lo (5 pwp s e
_2L<wg|gp|> 2<w> |[LV| +r2+ Re(dD\I/L\II) (307)

B.5.2 Partll: w (4&,[;] ) + s) W (After Integration Over [ sin 0d0d¢)

o [s 1 — 1 ° 1 o
Re (w (&' @ +5)w (Esgw» = 5 L]V PR} + SE1ver Gos)
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B.5.3 Partlll: w2aT oW

T
w2aT O <—g£\p) — at (L +L— 2%cb) PWL
w r<—+a
2 2

_ —Q{%E(Q\D)LW} +L{

(-2 £ |<1>\If|2+1c1>[ag|uy|2}+achI>\IfLE. (309)
- 2+a2 2 = =

r

r2 +a2$|<1>\11|2}

In view of

aELOVLY = L (a§PVLY) — a&'®VLY — af PV [L, L]V — aE PWLLY
=L (aPVLY) — a&'®WLY — a DV [L, L]V — L (a§ VL)
— &' OVULVY + aé DLYLY (310)

and hence

2Re (a LOWLY) = L (agRe (PWLW)) — a&'Re (®W (L + L) V)
—aéRe (PV [L, L] W)
— L (a&Re (PWLW)) + ® (agRe (LWLVY))

we conclude from (309)

Re (wZaTdD\I/ (Lsgﬁ))
w

242 1 1
= of - S ERe (OULT) + SabRe (LULT) + Jas L]
a 1 — 1 _
+L{mg|cb\y|2 ~ jaéRe (PWLT) ] +L (5a§Re (GNJL‘P))

2 1, 1 —
- [L(ﬂ’iiazs)] WP — Jag'Re (9W (L + L) W) - atRe (9W [L. L] V) .

(311)
B.5.4 Part IV: wa?sin> 0T T W
1 _
Re <wa2 sin” 0T T W <—§L\I/>> = T[gaz sin” ORe (TWLW) }
w
1
- Eg{gcﬂ sin29|TlI/|2}
1
- Eg’az sin? 6|TW|. (312)

@ Springer



Boundedness and Decay for the Teukolsky Equation on Kerr... Page 1130f 118 2

B.6 The 7 Multiplier: r” 8.£ L'V with g, = 1 + k£

B.6.1 Partl: 3 (LL + LL) W

Re (% (LL+LL)W (rpﬁkng) =Re (LLV (r?Br& L))
+Re G [L,L]w (MﬂgL@)
1 1
= L (e8It w?) +5 (5 (o' + 0 (r772)) + 677 ) ILWP
2ra&r? Brw

B.6.2 Partll: w (4&,[;] ) + s) W (After Integration Over f sin 0d0d¢)

Re (i (41 © +5) w (PeLw)) =+ 1 |wer periwr)
w5 ([ G224 EE2E 2 o () |+ ) iwwe e

2 ri3=r ré=r

B.6.3 Partlll: w2aT oW

Re (w2aT ®W (1P B LT)) = Re (aswr"ﬁk (L +L- 2#17612(1’) <1>qu$>

2 2 o 2
- —(D{Re (ﬁmﬂ’mwwnw) } +L[ s Ewr? |0V }

a? ! 1
- (mswr!’ﬂk) oW | + E(D{aéwr”ﬁle\l’lz} +Re (awrP B LOWLY) .
(315)
In view of
agwr? B LOVLY = L (agwr? B dWLY) + (a&wrP ) OWLY
+ agwr? grdW [L, L]V — awr? B ®WLLY
= L (atwrP r@WLY) + (agwrP B) WLV + agwr? frdW [L, L] W
— L (agwr? B®WLW) + (akwrP ) @WLY
+ @ (akwr? B LYLW) — aEwr? fr LY L OV
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we conclude from (315)

Re (w2aT & (1P Bt LT)) = q>{ —Re (2;' f’z gﬂk(qny)L\y) + %aéwr”ﬁkw\lﬂz

+ %Re (awr? B LY LYD) }
2
A U 0w — JRe (abur’ OWLT) |
+L{%Re (a&wr? BrdWLWY) }
a2 p / 2 1 P / -
_ (méwr ,3k> | W +§Re((a§wr ,Bk) o)) (L +L) w)

+ %Re (agwrP BV [L, L] W) .

B.6.4 Part IV: wa?sin2 0T T W

Re (wa2 i 0TTW (7 B L) ) = T | wa? sin’ 077 piéRe (TWLT) |

L{wa sin2 0&rP By | T | }

NI»—‘I\JI

( & (wrPBr) +§’wrp,3k) a2 sin2 0T W2 . (316)
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