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Abstract

I present my contributions towards constraining dark matter candidates with
global statistical analyses. In particular, I show results for global fits of axion
models and for gamma ray searches in dwarf spheroidal galaxies, looking for
weakly interacting massive particles.

For the former, I consider the scenario where the Peccei-Quinn symmetry
breaks before the end of inflation and the axion’s initial field value is a ran-
dom variable. I combine experimental results from astrophysics, cosmology,
and laboratory experiments to yield the most statistically rigorous constraints
on these models to date. This includes Bayesian and frequentist exclusion
regions for the various parameters and models while also considering the
effect of the potentially anomalous cooling in white dwarfs. Using Bayesian
techniques, it is possible to make statements about the parameters and abun-
dance of axions in this Peccei-Quinn symmetry breaking scenario. As a result,
axions probably make up a sizeable fraction – but not the majority – of dark
matter.

I then revisit different sources of uncertainties on the axion realignment den-
sity, estimating the statistical ones with analytical approximations.

Finally, I combine gamma ray data from �� dwarf spheroidal galaxies to place
limits on the dark matter annihilation into Standard Model particles. The
analysis carefully includes the uncertainties on the dwarfs’ dark matter con-
tent. The resulting constraints on the cross section are similar to previous
analyses for higher masses, while they are stronger for lower masses. As a
consequence, some of the remaining dark matter explanations of the Galactic
Centre excess can be ruled out.
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Preface

This thesis is a compendium of my efforts during my time at Imperial College London to
investigate the properties of dark matter candidates in global analyses. The goal of such
analyses is to test various models against most – and ideally all – of the available con-
straints. The models under investigation included QCD axions and axion-like particles,
but also weakly interacting massive particles.

Before introducing the research theme set out in the title and putting it into context,
I want to give a brief summary of the studies that I have conducted over the course of my
PhD and the contents of which are covered in this thesis.

• Reference [�]. S. Hoof, F. Kahlhoefer, P. Scott, C. Weniger, and M. White, “Axion
global fits with Peccei-Quinn symmetry breaking before inflation using GAMBIT.” J. High
Energ. Phys. �� (����) ��� [arXiv:1810.07192]. We performed a global analysis of
various models of QCD axions and axion-like particles using the GAMBIT software
framework. Chapter � is dedicated to the results from this study, while some more
general material has been incorporated into Secs �.�, �.�, and �.�.�.

• Reference [�]. S. Hoof, A. Geringer-Sameth, and R. Trotta, “A Global Analysis of Dark
Matter Signals from �� Dwarf Spheroidal Galaxies using Ten Years of Fermi-LAT Observa-
tions.” Submitted to J. Cosmol. Astropart. Phys. [arXiv:1812.06986]. We re-visited the
purported gamma ray signal excess in the dwarf spheroidal galaxy Reticulum II in the
context of a Bayesian and frequentist global analysis of �� dwarf spheroidal galaxies.
The results from this work can be found in Chapter �. Some parts were incorporated
into Sec. �.�.� and, due to the emphasis of this work on the statistical methodology,
larger parts were used in Chapter �.

In addition, Chapter �, Sec. �.�, also contains unpublished results on a systematic
assessment of the statistical uncertainties on the realignment axion energy density for
QCD axions.

The following paper does not form a chapter of this thesis. While it was written during
the time of my PhD, it revises, corrects, and extends previous results and findings consid-
ered in my Master’s thesis [�]. However, this work illustrates how axion phenomenology
can be sensitive to changes in the assumed cosmological history, and has therefore been
referenced where appropriate.

• Reference [�]. S. Hoof and J. Jaeckel, “QCD axions and axionlike particles in a two-inflation
scenario.” Phys. Rev. D ��, ������ (����) [arXiv:1709.01090]. We investigated the
phenomenology of QCD axions and axion-like particles in a cosmological scenario with
two episodes of inflation. A part of the introductory material has been incorporated
into Sec. �.�.�.
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I wrote all of the code and created all of the figures in the studies listed above. The
same is mostly true for the necessary, complementing calculations. However, I am grateful
to my collaborators for feedback resulting in the final appearance of the figures as well
as for checking my calculations and equations. I composed the major part of the initial
drafts for these papers. Again, the submitted versions of the papers are the result of, in
some parts substantial, edits and feedback from my collaborators. The proposal to use
GAMBIT to perform a global fit of axion models in Ref. [�] is due to Pat Scott and the idea
to re-visit Reticulum II for Ref. [�] is due to Roberto Ruiz and Roberto Trotta. For both
these works, I have subsequently been involved in directing and leading these projects,
crediting Alex Geringer-Sameth for substantial directional input for Ref. [�].

While the above body of work is somewhat diverse, I tried to develop a coherent
appearance and flow of this thesis. Its main theme is best summarised as the search
for dark matter and the use of global fits as a statistical method. To provide the most
relevant background and a broader context, the outline is structured as follows: After
an introduction, I consider open problems and potential hints for new physics in the
Standard Model. The focus there is on the dark matter question and axion physics. The
purpose of Chapter � is to introduce some background in astronomy and cosmology
that is useful for understanding the results and the phenomenology of axions and other
dark matter particles. The final introductory part, Chapter �, is to provide background
and remarks on the use of statistics in this thesis – in particular the differences between
Bayesian and frequentist notions. Chapters � and � then contain the results of the works
listed above. Finally, I present a summary of the research contained in this thesis and end
with several concluding remarks in Chapter �.

As common in particle physics and cosmology, I use natural units, i.e. set the vacuum
speed of light, the reduced Planck constant, and the Boltzmann constant equal to one:
c ⇤ ~ ⇤ kB ⇤ 1. Newton’s constant, GN ⇡ 6.71 ⇥ 10�39 GeV�2, generally appears in equa-
tions in favour of the Planck mass, mP ⇤ (8⇡GN)�1/2. Bold symbols such as �, J, . . . denote
vectors. Unless indicated otherwise, the variables t, p, p, x, and x stand for physical time
as well as three- and four-dimensional (energy-)momentum and space(time), respectively.
Single (Ẋ) and double dots (Ẍ) over physical quantities X denote dX/dt and d2X/dt2, re-
spectively. Where the ��% confidence interval (or credible interval for Bayesian statistics)
of a physical quantity is approximately symmetric around its estimator, the uncertainty
on the last digit(s) is quoted in brackets, such that, for example 0.12(3) ⇤ 0.12 ± 0.03. In
this thesis, I use the generic term “axion” to refer to both QCD axions and ALPs. The
more specific terms such as “QCD axion” are reserved for making more model-specific
statements.
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Introduction

The Standard Model of particle physics and its predictions have been confirmed as a more
than exquisite description of Nature. The Standard Model appears to be self-consistent
given that there are only a few experimental discrepancies which are not yet statistically
significant enough to be generally accepted as a breakdown of the theory. Where it
does not capture a phenomenon, such as gravity, there are usually alternative, effective
descriptions – some of which imply the existence of new particles. To the disappointment
of phenomenologists, however, there is seldom a clear indication of how to modify or
extend the Standard Model.

One of the yet-to-be-explained phenomena is the existence of dark matter, a new
form of matter that does not seem to interact with light as suggested by galaxy rotation
curves, large-scale structure, lensing, or analysing the Cosmic Microwave Background
radiation (see Sec. �.�.�). While the vast body of evidence for dark matter has been
accumulating ever since the first observational evidence �� years ago [�], its nature still
remains shrouded in mystery. In fact, it is arguably one of the most intriguing puzzles
in physics as the existence of dark matter might imply the existence of one or more new
particles. A plethora of potential candidates has been proposed by theorists and many
experimental efforts have since been directed towards confirming or ruling out these
candidates. Telescope searches to indirectly detect dark matter via their annihilation or
decay products are but one example of the growing trend in the physics community to step
up joint efforts between the particle physics, cosmology, and astrophysics communities
to this end [e.g. �, �].

Apart from dark matter, there exist other, more or less troubling, problems which can
also be regarded as a lead towards new physics. The strong CP problem for example asks
for the reason behind the relative smallness of one of the Standard Model parameters
relating to CP-violating effects. Such problems are also referred to as fine-tuning issues.
In other words, the experimentally determined or limited value of a model parameter
seems to not be in line with the order of magnitude of the other parameters. This is
begging the question if e.g. a yet undiscovered symmetry of the theory is the reason
behind the parameter’s value. While the definition and meaningfulness of fine-tuning
itself is debatable, it poses intriguing questions regarding the consistency of the theory.
In other words, these issues might only be a small crack in the Standard Model, but they
also might provide the entrance into a realm of new physics.

The most popular solution to the strong CP problem is the so-called Peccei-Quinn
mechanism [�, �], which dynamically drives the affected, fine-tuned parameter asymptot-
ically towards zero. This mechanism requires the introduction of at least two fields, one of
which gives rise to a new pseudo-scalar boson, the axion [��, ��]. This mechanism opens
up a comparably economical extension of the Standard Model and, what is more, the
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axion also turns out to also be a perfectly viable dark matter candidate [��–��] – despite
the fact that it was never designed to be one.

While this fortuitous coincidence can be regarded as a strong motivation to search
for axions, the theoretical predictions for the suppressed interactions of axions with light
and matter also mean that it will be experimentally very difficult – albeit not impossible
– to detect them. However, this is generically true for any good dark matter candidate,
lest they could not be the dark matter.

Another example of a viable class of dark matter candidates are the so-called weakly
interacting massive particles. Their popularity stems from the existence of the freeze-out
mechanism (see Sec. �.�.�), which allows them to be all of the dark matter in the Universe.
As in the case of axions, there exist numerous ways to search for them and one of the
most promising ones is indirect detection in dwarf spheroidal galaxies, which are a dark
matter-dominated galaxy type (Sec. �.�.�). However, even if this search strategy yields
some of the strongest limits on these dark matter candidates to date, they still require a
careful incorporation of background processes and interpretation of the data.

The two examples for dark matter candidates given above highlight the complexity of
experimental searches required to look for dark matter. Most of these searches include
many variables and uncertainties and the resulting, potentially high-dimensional param-
eter spaces pose additional challenges for the statistical analysis of experimental data in
this field. The situation is further complicated by the desire and necessity to include
multiple, complementary searches into the analysis. Each of these comes with a number
of assumptions and caveats. As a consequence, care has to be taken to combine them in
a consistent manner.

Since there is no obvious pathway to extend the Standard Model, a global analysis of
all the relevant data to test all of the promising models seems to be one of the few viable
options to make further progress. Such analyses require a sophisticated framework that
can connect different models and their respective predictions with the experimental data
in order to learn more about the parameter spaces and viability of the models. Even
if the outcome neither rules out nor strongly prefers any of the available candidates,
global analyses can be helpful: they provide the most complete picture of the state of
new models, which can guide experimentalists for the design of new experiments and
search strategies. This is because knowing the current state of constraints allows them
to design future experiments that are complementary to the existing ones. However,
an indispensable prerequisite for the feasibility of such ambitious studies is a close-to-
optimal implementation and performance of all the ingredients and parts of the analysis
framework.

From a practical point of view, the usefulness of such a software framework is further
enhanced if it is flexible enough to easily accommodate new models, new data and easily
allows for a variety of statistical methods to be used in a consistent manner regarding the
underlying assumptions and analysis choices. With GAMBIT [��],� an open-source soft-
ware suite developed by the GAMBIT Collaboration, there is such a modular framework
as a basis for the analysis of the many existing dark matter candidates.

�The acronym GAMBIT stands for The Global And Modular Beyond-the-Standard-Model Inference Tool.
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In this spirit, the present work uses and extends the available, sophisticated computa-
tional tools in order to obtain the most complete picture possible of the status of axion mod-
els as well as the detection of weakly interacting massive particles in dwarf spheroidal
galaxies.
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Chapter �
Beyond the StandardModel of particle physics

There are a number of shortcomings of the Standard Model (SM) of particle physics that
indicate the existence of new physics and that might imply the existence of new particles.
From a phenomenological perspective, the best starting point is to examine the available
anomalies and potential hints for new physics.

This includes in particular the incorporation of gravity, dark matter (DM), and dark en-
ergy. While the SM cannot account for these, and while their explanation might turn out
not to be connected to particle physics at all, the success of the SM should at least be seen
as a positive indication to keep extending it. There are several proposals that show that
physics beyond the Standard Model (BSM) is a viable option for solving the DM problem,
such as axions or weakly interacting massive particles (WIMPs).

In this chapter, I give a summary of where opportunities for new physics arise in
the SM. In particular, I focus on the two unsolved issues that are of relevance and serve
as motivation for this thesis: the strong CP problem and the nature of DM. Furthermore,
this chapter gives an overview of the background knowledge for the results presented in
the remainder of this work. Some of the concepts presented here are elaborated further
in Chapter �, such as the production of axions, which is initially discussed in Sec. �.�.�.

�.� Problems, anomalies, and hints for new physics

Phenomenology as a discipline deals with the interplay of theory and experiment in that
it investigates the observational consequences of an existing theory or new hypothesis. If
there is an indication that a well-established theory, such as the SM, might fail to satis-
factorily describe an observation, there is a real opportunity to consider the predictions
from rivalling BSM hypotheses to establish evidence for new physics.

A similar logic can be applied to solutions of the various fine-tuning issues of the SM.
Here, the SM is in principle capable of accounting for all of the observed data, but an
accurate prediction requires parameter values that seem to beg for an explanation as to
why they are so peculiar. While the concepts of “fine-tuning” or “naturalness” are not
uniquely defined, and therefore to some degree arbitrary, it is known that symmetries
of the theory can account for the absence of certain terms in the Lagrangian. However,
invoking a new symmetry or extending the particle sector of the SM can have observa-
tional consequences, whose phenomenology can be studied and subsequently tested by
experiments.
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In any case, hints for the breakdown of the SM or its fine-tuning issues are one of the
possible strategies to make progress in understanding Nature. This is also the approach
and rationale behind this work.

�.�.� The strong CP problem

To determine the Lagrangian for a given quantum field theory, one approach is to consider
all possible terms that are allowed by the symmetries and that give a perturbatively renor-
malisable and Lorentz-invariant theory. Turned around, this argument implies that one
would expect that all terms allowed by these conditions are realised – and at some level
relevant – in Nature.

The symmetries of the SM Lagrangian LSM permit a contribution in the Quantum
chromodynamics (QCD) sector of the form

LSM � �
↵S
8⇡ ✓QCD Ga

µ⌫
HGµ⌫,a , (�.�)

where Ga
µ⌫ is the gluon field strength, a is the SU(3) gauge index and ↵S is the strong

coupling constant. The angle ✓QCD is an unknown, 2⇡-periodic parameter and HGµ⌫,a ⇤

✏µ⌫�Ga
�/2. A contribution is also generated by chiral transformations due to the chiral

anomaly, which replaces ✓QCD by an effective angle,

✓eff ⌘ ✓QCD � arg [det(YdYu)] , (�.�)

where Yd and Yu are the down- and up-type Yukawa matrices, respectively [��, Sec. ��.�].
The G HG term is anti-symmetric under the discrete parity (P) and charge-parity (CP) trans-
formations.� While (�.�) is a total derivative and does not enter any observables through
perturbation theory, non-perturbative instanton solutions� cause observable effects. Due
to the presence of (�.�), one would naïvely expect the strong interaction to show some CP-
violating effects – especially because weak interactions are known to violate P maximally
and CP mildly. There is no CP violation in the QCD sector if and only if ✓eff vanishes (or
if it is a multiple of 2⇡).

Experiments trying to measure the CP-violating electric dipole moment of the neutron
can place limits on the value of ✓eff. Within ��–��% uncertainty, the dipole moment
induced by the G HG term is given by [��–��]

|dn | ⇡
⇣
2.4 ⇥ 10�16 e cm

⌘
|✓eff | , (�.�)

where e ⇤ 1.602 176 634 ⇥ 10�19 C is the elementary electric charge. The current limit on
the electric dipole moment of the neutron is |dn | ⇠< 3.6 ⇥ 10�26 e cm at ��% confidence
level [��], which means in turn that |✓eff | ⇠< 10�10 at ��% confidence level.

This observation poses a fine-tuning issue in the SM, commonly referred to as the
strong CP problem. In particular, it seeks to find an explanation for why the dimensionless

�The parity transformation is defined as P : x 7! �x, while charge conjugation C reverses all quantum
charges of a particle [��].

�Instanton solution are solutions to the classical (Euclidean) equations of motions that vanish/are pure
gauge at (Euclidean) infinity and posses a finite, non-zero action. It has been explicitly shown that they exist
in non-abelian gauge theories [��]. Through the chiral anomaly, they contribute a term of the form (�.�),
guaranteeing its presence despite being a total derivative and not contributing to perturbative effects.
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number ✓eff is extremely close to zero even though there is no apparent reason for it to
be small in the SM. This is even more puzzling, given that ✓eff in (�.�) is the difference of
two numbers that seem to cancel to a very high degree of accuracy.

�.�.� The nature of darkmatter

Throughout the long history [��, ��] of the DM problem, a large body of evidence has
been accumulated, and numerous solutions have been proposed. While some of them do
not require the existence of one or more new particles, there are many possible candidates
for DM from particle physics. Investigating two of these candidates, together with the
theme of global statistical analyses, form the common denominators of this thesis.

On the other hand, solutions that do not involve the existence of new particles are e.g.
Modified Newtonian Dynamics [��] and its relativistic generalisations, such as Tensor-Vector-
Scalar Gravity [��, ��]. These theories generally show good agreement [��, ��] with galaxy
rotation curves, introduced in the next subsection. However, they are problematic in the
context of galaxy clusters, where the observed rotation velocities are higher than pre-
dicted, which can be interpreted as evidence for missing mass in the form of particle dark
matter. Furthermore, large scale structure and the cosmic microwave background (CMB)
observations are in tension with Modified Newtonian Dynamics (see Refs [��, ��] for
reviews).

Another example for a non-particle DM candidate are primordial black holes [��, ��].
While they might contribute some fraction of the total DM density of the Universe, it
appears that they cannot account for most of the observed DM in most of the parameter
space.�

In support of taking the particle physics approach it should be noted that neutrinos
are a known form of hot DM, i.e. DM that is relativistic when it decouples from the
photon bath and starts to stream freely. For neutrinos, this happens at a temperature of
around 1 MeV [��, Sec. �.�.�], which is about two orders of magnitude larger than the
upper limit on the mass of any neutrino [��]. While the neutrino cosmological abundance
today is basically insignificant,� they at least provide an example of a particle that acts as
DM and that is not completely decoupled from the SM. Of course, this also implies that
dark sector could consist of more than one new type of particle. These arguments, the
so far successful description of observations by the SM, and the existence of viable DM
candidates should be motivation enough to pursue that idea.

Evidence for the existence of darkmatter

The evidence for DM comprises observations on many different length scales. In this
section, I want to summarise some of the most compelling ones. More exhaustive reviews
on the evidence and the physics behind them can be found in the literature [e.g. �].

�The analysis of these constraints depends on the adopted mass function such that assuming certain
extended mass functions might still provide all of the DM (see e.g. Ref. [��], but also Ref. [��]).

�Neutrino oscillations have shown that at most one neutrino can still be massless and that one of the
neutrinos masses (and therefore their sum

P
m⌫) is at least 0.05 eV [��, Ch. ��]. The latest Planck results

constrain
P

m⌫ to be less than 0.12 eV at ��% CL [��]. Since the energy density is given by ⌦⌫h2 ⇡
P

m⌫/94 eV [��, Sec. �.�.�], we have 5 ⇥ 10�4 < ⌦⌫h2 < 10�3.
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Figure �.� |Extended rotation curve of the galaxy M��. The figure shows the observed data
for the radial velocity of test objects at a given distance from the centre of the galaxy (black
& grey dots and error bars; Ref. [��]) and the theoretical expectation from visible matter
alone (dashed white curve; Ref. [��]). Background image: Spitzer Space Telescope image
of M��, courtesy NASA/JPL-Caltech.

One of the first lines of evidence, together with velocity dispersions of stars in galax-
ies [��, ��], consists of galaxy rotation curves such as the one shown in Fig. �.�. This data
can be obtained from observing the motion of test bodies, such as stars, about the centre of
a galaxy. The theoretical expectation for the velocity v(r) of a test body at distance r from
the centre, rotating around an enclosed mass M(r), is given by Newtonian mechanics:

v(r) ⇤

r
GN

M(r)
r
. (�.�)

However, at smaller radii, the density of objects inside the galaxy increases and the
system is better modelled as a rigid body than via (�.�). In this case, the scaling behaviour
of the velocity is v(r) / r instead. The overall behaviour of v(r) can then be described as
a mixture of the two scaling behaviours, where the change from predominately one to the
other happens around some critical radius. Figure �.� shows that the expected velocity
curve inferred from the visible matter in the galaxy (dashed line) is in conflict with the
measured and averaged velocities at a given distance (data points).

Starting from Ref. [�], the application of gravitation curves as evidence for the exis-
tence of DM was repeated in later years, including notable work such as Ref. [��]. The
discrepancy between expected and observed rotation curves is now a very well estab-
lished fact: studies can confirm the behaviour sketched in Fig. �.� even using rotation
curves samples as large as O(1000) galaxies [e.g. ��].

While galaxy rotation curves are perhaps the most illustrative piece of evidence for
DM, other, much more compelling arguments exist. One example is the application
of gravitational lensing to galaxy clusters since it allows us to infer the approximate
distribution of DM and compare it to the distribution of luminous matter (which can be
observed directly). The so-called Bullet Cluster [��, ��] for example is evidence in favour
of DM and can be used to place limits on the DM self-interactions [��]. This is because the
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luminous and the dark matter distributions in this cluster are clearly separated, which
is in agreement with DM self-interactions that are significantly smaller than those of
baryons.

Even more evidence for DM comes from CMB measurements since the observations
are in line with the standard model of cosmology. The latest results obtained from
analysing the CMB power spectra – combined with input from baryon acoustic oscillations
and gravitational lensing – very precisely determine the amount of DM in the Universe
to be ⌦DM h2 ⇤ 0.120(1) [��]. This corresponds to about ��% of all the matter in the
Universe (in terms of energy density). It should be noted that the local DM density of
the Milky Way, which is e.g. important for the axion haloscope data used in Chapter �,
is different from ⌦DM and more difficult to constrain. A good estimate can however be
determined from stellar and gas kinematics in the Galaxy [e.g. ��, ��].

Properties of viable darkmatter candidates

The evidence for DM, briefly sketched in the previous paragraphs, also implies that DM
must have certain properties. Any viable DM candidate should possess these or one
has to find a way to circumvent the associated requirements. A good overview of these
properties is for example provided by the “ten-point test” in Ref. [��], which I summarise
below.

Apart from the already mentioned requirement that a DM candidate should at least
not exceed the relic abundance,⌦DMh2 ⇤ 0.120(1) [��], it should also be sufficiently cold,
i.e. non-relativistic. Relativistic, hot DM particles, such as neutrinos, alter the formation
of structures in the Universe, which restricts their allowed relic abundance. Dark matter
therefore has to behave as an almost pressureless perfect fluid on large scales.

It is also not possible, at least for DM particles with a relevant cosmological abun-
dance, to carry quantised electric charge. It has been speculated that particles with
fractional electric charge might exist, although this possibility is increasingly constrained
by experiments [��].

Two other places where DM constraints can potentially apply are Big Bang Nucle-
osynthesis (see Sec �.�) and stellar evolution (Sec. �.�). Further constraints on DM self-
interactions arise from e.g. the aforementioned Bullet Cluster.

Finally, DM interactions are restricted by direct and indirect searches (Secs �.�.�
and �.�.�; Chapter �), which impose limits on the size of their interaction strengths
that have to be respected.

Both classes of DM candidates considered in this thesis, axions and WIMPs, satisfy
the requirements for viable candidates. However, some of the constraints listed above
significantly reduce the available parameter space for some of these models. This applies
in particular for indirect constraints from dwarf spheroidal galaxies (cf. Sec. �.�.�) or the
Sun (cf. Chapter �) on the interactions of WIMPs and axions, respectively.

�.�.� Other potential hints for new physics

Apart from the DM and strong CP problems, there are others anomalies in (parti-
cle) physics. I briefly mention some of them as they provide potential starting points
for the search of BSM physics, focusing on the ones most closely connected to this thesis.

��



In fact, for the first three issues mentioned below it has actually been shown that they
might have a connection with axion physics, realised in the so-called SMASH model [��].

One unexplained piece of the SM is the origin of the neutrino masses and their flavour
mixing. While the observed non-vanishing neutrino masses [��–��] themselves are tech-
nically an extension of the SM, how they come about and why they are relatively small is
still not entirely clear. The most promising (or at least most popular) explanation seems
to be using one of the existing incarnations of the see-saw mechanism (first developed in
Refs. [��–��]).

After the realisation that the early Universe was hot [��–��], which implies that par-
ticles and antiparticles were in thermal equilibrium, explaining the observed asymmetry
between matter and antimatter became a pressing problem. In particular, accounting for
the fact that there is no significant amount of baryonic antimatter around today, while the
matter-antimatter asymmetry in the early Universe was only of order a few times 10�10,
poses a serious problem for the Standard Models of particle physics and cosmology (see
e.g. Ref. [��] for a review).

Several other open issue may be solved by inflation [��, ��], an era defining the “Big
Bang” when the Universe supposedly underwent an accelerated expansion of space in all
directions. Inflation was proposed to solve the horizon and flatness problems, details of
which will be discussed further in Sec. �.�.�. It has not been demonstrated that inflation
indeed took place and, if it did, then the nature of the field(s) responsible for it is yet
to be discovered. While some earlier candidates, such as the originally proposed single
scalar field with quadratic potential, have essentially been ruled out [��], there are still
numerous viable candidates [e.g. ��]. Related to inflation are also the details of the
mechanism that created a thermal bath of SM model particles after the end inflation,
known as reheating. The inflationary paradigm therefore has to be related to particle
physics and the SM.

The SM also suffers from a hierarchy problem, originally investigated in Refs [��–��].
Hierarchy problems are fine-tuning problems, asking for the reason behind the large
separation, or hierarchy, between fundamental scales that are related in some way. The
current hierarchy problem considers the ratio of the (squared) Higgs vacuum expectation
value (VEV) and the Planck mass, which is O(GN/GF) ⇠ 10�33, where the Fermi constant
GF ⇡ 1.17 ⇥ 10�5 GeV�2. The problem arises because corrections to the Higgs mass are
expected to be generated by new physics, which might not appear until the Planck scale.
If that is so, the necessary cancellations that have to occur between the SM and BSM
terms have to be of the order quoted above to keep the Higgs mass finite. A number of
ideas that solve the hierarchy problem are currently under investigation [e.g. ��], out of
which the so-called relaxion mechanism [��] is arguably the most relevant in the context
of this thesis. This mechanism is in some sense a generalisation of Sec. �.�, where the
relaxation of the axion field towards the minimum of its potential is used to solve the
strong CP problem. The additional idea is to couple the axion field to the Higgs, which
dominates the effective axion potential in the early Universe compared to the usual period
potential. However, the latter becomes eventually important and causes the axion field
to settle down in a local minimum of its potential, effectively setting the Higgs mass.
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Another potential puzzle, which recently became even more intriguing, is posed by
the anomalous magnetic dipole moments of the electron, ae , and muon, aµ. The latest
measurements for ae [��] and aµ [��] show discrepancies with theory predictions from
the SM [��, ��] of more than 2� and 3�, respectively (depending on the analysis and
uncertainties taken into account). Interestingly, the measured values are respectively
lower (for ae) and higher (for aµ) than their SM values. Previously proposed solutions
for the aµ discrepancy, such as a solution [��] using a “dark photon” [��, ��],� have been
ruled out experimentally or by their inability to account for the opposing directions of
the two anomalies. However, it has also been shown that e.g. scalar singlet models [��]
can provide a simple solution.

Finally, there have been a number of potentially very exciting, anomalous measure-
ments in B meson physics. These occur in multiple observables and can be in conflict
with the SM at levels of multiple standard deviations. It appears to be possible to account
for the observed deviations with a single vector leptoquark, i.e. particles that carry both
lepton and baryon number (see e.g. Ref. [��] for a review).

�.� Axions as a solution to the strong CP problem

The mechanism put forward by Peccei and Quinn [�, �] – hereafter referred to as Peccei-
Quinn (PQ) mechanism – solves the strong CP problem, discussed in Sec. �.�.�, by intro-
ducing a new global and axial U(1) symmetry. This symmetry is spontaneously broken
by the VEV v of a complex scalar field. The resulting Nambu-Goldstone boson is the
QCD axion, a pseudo-scalar field denoted by a(x) [��, ��]. It adds another contribution
to ✓eff of the form Na(x)/v, where the non-zero integer N is the colour anomaly of the
PQ symmetry. The associated shift symmetry can then be used to cancel the ✓eff term
by driving ✓eff + Na(x)/v to zero. Ignoring potential interactions of the axion with other
fields, the QCD Lagrangian (�.�) is extended to

LQCD ! LQCD + La ⇤ · · · � ↵S
8⇡

 
✓QCD +

a(x)
fa

!
Ga
µ⌫

HGµ⌫,a , (�.�)

where fa is related to the VEV v via v ⇤ N fa .
In fact, it can be shown by the Vafa-Witten theorem [��, ��] that the axion dynamically

and asymptotically relaxes ✓eff to the CP-conserving minimum at ✓eff ⇤ 0. In Euclidean
space, the effective axion potential is given by
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�A hypothetical new U(1) vector boson with kinetic mixing to the photon.
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where Aa
µ and  are the gluon field and fermionic fields, respectively. I omitted the

indices from the second step onwards and followed the presentation in Ref. [��].
The strong CP problem is therefore effectively solved by promoting ✓eff to a dynam-

ical degree of freedom. The beauty of this construction is that it is guaranteed to work
regardless of the initial value of ✓eff. This is because a(x) is driven asymptotically to
the minimum of its potential, where a(x) ⇤ �✓eff fa .� As shown in Sec. �.�.�, the ax-
ion field today oscillates around this minimum with a tiny, but potentially detectable
amplitude [e.g. ��].

�.� Axionmodels and properties

In this subsection, I provide a brief overview of axion physics in terms of the possible
realisations of the PQ mechanism. I postpone a discussion of the specific implementation
of axion models in GAMBIT to Sec. �.�. More detailed descriptions of the landscape of
axion models can also be found in the literature [��, ��–��].

The initial type of QCD axions [�–��] were linked to the weak scale. They have been
quickly ruled out by experimental searches such as kaon decay (see Ref. [��, Sec. �.�]
for an overview). However, if the connection to the weak scale is removed, axions can
evade detection and become “invisible” to any existing experimental searches. While
these models have escaped all detection attempts so far, one of the many ongoing and
upcoming experimental searches might change that situation (see Ref. [��] for an up-to-
date review on axion searches).

�.�.� QCD axionmodels

In the following, the various axion models considered in this work will be discussed,
with a focus on the interactions between axions and other particles. Thanks to the explicit
breaking of PQ symmetry (due to the instanton-like effects in the QCD case) axions
acquire a mass, so that they interact gravitationally. Furthermore, QCD axions interact
via strong interactions. For more generic, so-called axion-like particles (ALPs), however,
it is not clear a priori what the PQ charges of SM particles are, nor whether the axion
interacts with a given particle at tree level or only at higher orders in perturbation theory.

To study axion phenomenology and to identify useful observables, axions have been
embedded into an effective field theory framework [��–��], which can be adjusted to a
given energy scale and scenario. One can then apply exclusion limits on the effective in-
teractions to specific axion models that establish a relation between the effective couplings
and the fundamental axion parameters; examples of such models include the so-called
KSVZ model [��, ��] and the DFSZ model [���, ���].

One important consequence of the fundamental, continuous shift symmetry of the
PQ U(1) phase is that axions can only directly interact with matter via derivative cou-
plings. Below the electroweak scale, the effective Lagrangian for axion-SM interactions is

�In what follows, the physical axion field will be defined such that a(x) ⇤ 0 corresponds to the minimum
of the potential. This shift does not affect the axion field equations.
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given by

La ⇤ �
X

 

1a  

2m 
 ̄ �µ�5 @µa �

1a��

4 aFµ⌫HFµ⌫ � ↵S
8⇡

a
fa

Gb
µ⌫

HGµ⌫, b , (�.��)

where a is the axion field, HF and HG are the duals of electromagnetic and strong field
strengths and 1a  and 1a�� are effective coupling constants of mass dimension �1. In
principle,  runs over all SM fermions with mass m , but the couplings most relevant for
axion searches are those to electrons and nucleons, the latter arising from matching the
effective field theory to chiral perturbation theory [��].�

The continuous shift symmetry also forbids any mass terms for the axion at the
Lagrangian level. In the presence of an aG HG term in the Lagrangian, however, this
symmetry is broken after the QCD phase transition due to instanton-like effects, leaving
only a discrete shift symmetry of size 2⇡ fa . The resulting effective potential can be
calculated using chiral perturbation theory [���, ���]. By integrating out pions after they
obtain a VEV, the effective potential reads

V (a) ⇤ �m2
⇡ f 2

⇡

s

1 � 4mu md

(mu + md)2 sin2
 

a
2 fa

!
, (�.��)

where mu and md are the up-type and down-type quark masses, respectively, while f⇡
and m⇡ are the decay constant and mass of the pion, respectively. This potential is
often approximated by a simple cosine shape which, at low temperatures, is not a good
approximation for high field values [e.g. ���]. However, as shown later, the axion field
values are relatively small in the regime of low temperatures. It is therefore justified to
approximate the full potential (�.��) by the cosine shape.

The zero-temperature axion mass, first derived in Ref. [��], can be obtained from
expanding (�.��) to second order to get

m2
a ,0 ⇤

mu md

(mu + md)2
m2
⇡ f 2

⇡

f 2
a
. (�.��)

Numerical values for (�.��) have recently been obtained in a study using next-to-
leading order chiral perturbation theory, including various uncertainties [���]. The re-
sulting value, dependent on fa , is

ma ,0 ⇤ 5.70(7) µeV
 

1012 GeV
fa

!
. (�.��)

At temperatures exceeding the QCD scale, the axion mass ma (T) becomes increasingly
light as the instanton-induced explicit symmetry breaking become suppressed. More
precisely, this suppression comes from the scaling behaviour of the the instanton action,
which is proportional to the inverse of the strong coupling constant Sinst / 1/12

S (as can
be seen from e.g. dimensional transmutation arguments [���]). The running of 1S is such
that QCD becomes “asymptotically free”, i.e. 1S ! 0 for high energy or temperature

�The same matching also gives rise to interactions between axions and mesons, which can in particular
induce flavour-changing rare decays. While of phenomenological relevance for heavier ALPs [���], these
processes do not lead to relevant constraints on the parameter space considered in the present work.
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scales, causing a suppression of the order exp(�Sinst) of the axion potential and hence of
the axion mass [��].

Numerical estimates of the temperature dependence can be obtained directly from
recent lattice QCD simulations [���, ���]. At higher temperatures above some value T�,
these results are well-approximated by a power law, ma (T) / T��/2 for some � > 0. This
also agrees with the behaviour predicted from the finite-temperature dilute instanton gas
approximation [���].

At lower temperatures, chiral perturbation theory is valid and the QCD axion mass
tends to the constant value (�.��). This behaviour has been parametrised in the literature,
using various ansätze. The most common one is simply to match the two regimes at the
critical temperature T� [��, ���–���], such that

ma (T) ⇤ ma ,0

8>>
<
>>
:

1 for T  T�
�
T�/T

��/2 otherwise
. (�.��)

Using the lattice QCD results from Ref. [���], we have obtained best-fit parameters
of � and T�, which are �̂ ⇡ 7.94 and T̂� ⇡ 147.0 MeV (see Sec. �.�.�). For the purposes of
this thesis, the axion potential will be parametrised as

V (a) ⇤ f 2
a m2

a (T)
"

1 � cos
 

a
fa

!#

, (�.��)

where ma (T) is the temperature-dependent axion mass. Since we solve all relevant
equations numerically in this work, it is straightforward to include the full lattice QCD
results and calculate the axion mass at every given temperature instead of using (�.��).
However, including the associated statistical uncertainties is most easily and efficiently
achieved by having a parametrised form of the temperature dependence of the QCD axion
mass, for which (�.��) and (�.��) are justified choices. The parametrised forms will be used
in Chapter �, while I will go beyond this assumption and include the full lattice results
with uncertainties in Sec. �.�.

For specific realisations of the QCD axion model, the effective coupling terms in the
Lagrangian (�.��) can be derived from the fundamental model parameters. The original,
archetypical QCD axion models are the so-called KSVZ [��, ��] and DFSZ [���, ���]
models. In the former the PQ symmetry and scalar are supplemented by a heavy quark,
while in the latter case there is an additional complex scalar singlet. The axion-photon
coupling in (�.��) for both these types of models is given by

1a�� ⇤
↵EM
2⇡ fa

✓ E
N
� HCa��

◆
, (�.��)

where ↵EM is the fine-structure constant and E/N is the ratio of the electromagnetic and
colour anomalies in the given KSVZ- or DFSZ-type model. The axion-electron coupling
in (�.��), on the other hand, vanishes at tree-level for KSVZ-type models,� while an
example for a possible DFSZ value is

1aee ⇤
me

3 fa
sin2(�0) , (�.��)

�In Sec. �.�.�, we include loop-inducted contributions to this coupling.
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where tan(�0) is the ratio of the two Higgs VEVs in a given DFSZ model [��]. More details
can be found in reviews [e.g. ��] and Sec. �.�.�, where axion models are discussed in the
context of the global analysis presented there.

�.�.� Axion-like particles

The initial concept of QCD axions was also generalised to ALPs, which can arise in
the context of BSM physics such as string theory [���–���] (see e.g. [��, ���] for more
general reviews). For the purposes of this thesis, an ALP is a pseudoscalar particle with
a fundamental shift symmetry.

These ALPs are appealing for theorists and model builders because of the shift sym-
metry and the ability of their field values to undergo relaxation in the same manner as
QCD axions. While they do not necessarily solve the strong CP problem, they can –
under the right circumstances – be successful DM candidates. ALPs can e.g. arise from
the breaking of a U(1) symmetry at some scale fa and generate a mass from explicit
breaking of the residual symmetry at scale ⇤. As a result, they can be fairly light with
masses of the order ma ⇠ ⇤2 �

fa , and have suppressed couplings to the SM. Due to the
lack of a direct relation between the two scales involved ( fa and ma), they occupy a larger
parameter space than QCD axions. More details on the theory and phenomenology of
these particles can be found in the literature [��, ��, ���].

�.�.� Axions as darkmatter candidates

Axions are excellent DM candidates [��–��], as they can account for the entire cosmo-
logical abundance of DM in the Universe through a variety of mechanisms. This is
true despite QCD axions (with roughly µeV- to meV-scale masses) and many ALP mod-
els being generically lighter than other hypothetical particles, such as WIMPs (typically
GeV- to TeV-scale masses) [�]. For a thermal DM candidate, this would be problem-
atic, as DM would not be sufficiently non-relativistic today to reproduce the observed
large-scale structure of the Universe. However, although a small population of axions is
produced thermally, the relic abundance is typically dominated by non-thermal mech-
anisms, namely the realignment mechanism and decay of topological defects. In this
work, I focus on the realignment mechanism, which allows axions to be both ultra-cold
and extremely light at the same time.

Realignmentmechanism

QCD axion [��–��] and ALP [��] cold dark matter can be produced non-thermally by the
so-called realignment (or misalignment) mechanism. It gets its name from oscillations of
an axion field that initially is not in the minimum of its potential. Since the associated
calculation requires knowledge of and benefits from the thermal history of the Universe,
this section is to schematically introduce the realignment mechanism, while I discuss
further details in Sec. �.�.�.

An overview of the idea behind this mechanism is provided in Fig. �.�. In the early
Universe, the temperature is high (T � T�) and the axion potential is approximately zero.
Quantum fluctuations can therefore cause the axion field to move around in field space.
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Figure �.� |Schematic illustration of the realignment mechanism. Left: The axion field (blue
dot) can initially (T � T�) move around freely in field space since the potential is zero.
Right: After the potential (blue line) switches on, the field finds itself at a random point
in the periodic potential and rolls down toward the minimum (T ⌧ T�).

At later times (and correspondingly lower temperatures) instanton-like effects explic-
itly break the residual shift symmetry of the axion field and the potential transitions from
flat to cosine-like (in the QCD axion case). Since the potential of any ALP is periodic
in a/ fa , the normalised axion field a/ fa can, without loss of generality, take values be-
tween �⇡ and ⇡. If the transition in the axion potential happens on short timescales,
the potential (and therefore the axion mass) effectively “switches on”. Due to quantum
fluctuations of the axion field, the initial field value of the axion field is random and
generally not close to the minimum of the potential. This field value is hence referred to
as the initial misalignment angle of the axion field.

The axion field will then roll down its potential and dynamically relax to the minimum
at zero field value. At late times (T ⌧ T�) this relaxation corresponds to a weakly damped
harmonic oscillator. Using e.g. a WKB ansatz to describe the oscillating regime, it can
be shown that the time-averaged comoving number density of axions is a conserved
quantity, which is expected for pressureless DM particles [��].

Topological defects

Because axions arise from the breaking of a U(1) symmetry, topological defects known as
cosmic strings and domain walls can appear [���, ���]. Decay of these defects to axions
will increase the axion DM density. They have been studied extensively in the literature,
but the relative importance of their contribution is still not firmly established [���–���].

Some authors have parametrised the topological defect contribution relative to the
realignment contribution⌦realign

a via a scaling factor ↵, i.e. the total axion energy density
today is given by ⌦a ⇤ ⌦

realign
a (1 + ↵). Including ↵ as a nuisance parameter would

remove much of the predictability of axion models, and would assume similar scaling
of the energy density contributions. This might not be a good assumption given recent
results on the interplay of string-domain wall networks and the energy density from
realignment, which means that these contributions do not necessarily scale linearly with
each other [���].�

�Julia Stadler, private communication.
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In Chapter � the PQ symmetry breaks before inflation and any topological defects
and their contributions to the axion energy density are most likely diluted away during
inflation [���]. I will therefore ignore this contribution for the remainder of this thesis.

Thermal creation

Axions are also thermally produced in the early Universe [���, ���]. The resulting abun-
dance is dependent on the additional new field content associated with the axion.

For the QCD axion, the Boltzmann equations for the least model-dependent pro-
cesses give useful estimates. The contributions of low-temperature processes such as
⇡ + ⇡ ⌦ ⇡ + a have been computed [���, ���–���], including all combinations of pionic
states ⇡. Thermal axion production during reheating has also been studied [���–���]. As
hadronisation would not yet have taken place by the time of reheating, these calculations
consider processes like axion-gluon interactions, i.e. 1+1 ⌦ 1+a. Recent calculations also
considered model-dependent processes with quarks q, i.e. q+ q̄ ⌦ 1+ a and q+1 ⌦ q+ a,
which can be dominant in the early Universe [���].

A significant abundance of thermal axions modifies the effective number of relativistic
species, which can be used to set limits on the axion mass [���–���]. Generally speaking,
thermally-produced QCD axions with a mass of more than O(eV) are hot DM with a
relic abundance comparable to that of neutrinos and photons. Those axion models are
therefore excluded, as they would exceed the observational bounds on the fraction of DM
that can be hot [e.g. ��, ���, ���]. However, such bounds have some dependence on the
choice of cosmological datasets [���], and the limits can be relaxed if the Universe had a
non-standard thermal history [e.g. ���].
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Chapter �
Astronomy and cosmology for particle physics
phenomenology

The aim of global fits is to combine all available data and information, meaning that these
analyses generally require input and results from various sub-disciplines of physics. This
is also the case for axions and WIMPs, thanks to the availability of observable signatures
not only in the laboratory, but also in astrophysics and cosmology.

In this chapter, I review selected aspects of these areas of physics that are relevant for
the results of this work. In particular, I focus on the expansion history of the Universe
and a more in-depth discussion of DM production.

�.� The Friedmann equations

According to General Relativity, the equation that governs the interplay between space-
time and matter is given by [���, ���]

Gµ⌫ ⇤ 8⇡GN Tµ⌫ �⇤ 1µ⌫ , (�.�)

where GN is Newton’s constant, 1µ⌫ is the metric of spacetime, and Gµ⌫ is the Einstein ten-
sor, while Tµ⌫ and ⇤ are the energy-momentum tensor and cosmological constant, re-
spectively. To apply (�.�) to the Universe, one has to find a metric that is a solution to these
equations and also describes the universe that we live in. Two starting points, justified
by observations on larger scales,� are isotropy of space (the Universe “looks the same” in
every direction on large scales) and the so-called cosmological principle. The latter states
that there is no preferred frame of reference in the Universe. From these two ingredients
it also follows that the Universe is homogeneous. Several authors have shown that there
exists a unique family of metrics that satisfies the above conditions [���–���]. The general
form of the line element associated with a metric from that family, often referred to as
Friedmann-Lemaître-Robertson-Walker metric, is given by [���, Eq. (�.�.�)]

ds2
⇤ dt2 � a2(t)

 
dx2

+ K
(x · dx)2

1 � K x2

!
⌘ 1µ⌫ dxµdx⌫ , (�.�)

where a(t) is a function of time, called the scale factor, and K 2 {�1, 0, 1} is the (nor-
malised) spatial curvature of the Universe.

�A recent Bayesian analysis supports isotropic expansion of the Universe [���], while homogeneity is
supported by galaxy surveys, e.g. Ref. [���], which suggest that the transition to homogeneity happens
around a scale of 60 h�1 Mpc, while homogeneity is apparent at scales larger than about 300 h�1 Mpc.
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Assuming that the contents of the Universe can be described as perfect fluids on
large scales, we can solve (�.�) with (�.�) to obtain the so-called Friedmann equations [��,
Sec. �.�.�]:

H2
⇤

8⇡GN
3

X

i

⇢i �
K
a2 , (�.�)

ä
a
⇤ �4⇡GN

3

X

i

�
⇢i + 3Pi

�
, (�.�)

where H ⌘ ȧ/a is the Hubble parameter and ⇢i and Pi are the energy density and pressure
of the ith constituent of the Universe, e.g. baryonic matter, DM, radiation, cosmological
constant, and potentially others.

Energy density and pressure for perfect fluids are generally related by an equation
of state (EOS) parameter, i.e. Pi ⇤ wi ⇢i for some constant wi 2 R. For a flat universe,
K ⇤ 0, the total energy density is equal to what is defined as the critical energy density
⇢crit ⌘ 3H2/8⇡GN. It is useful to express the energy density of the ith constituent relative
to the value the critical energy density today. Such a relative value is commonly denoted
by ⌦i ⌘ ⇢i/⇢crit. I will also follow the convention of replacing the present-day value of
the Hubble parameter, H0, by h, which is defined via H0 ⌘ 100 km s�1 h Mpc�1.

Data from the CMB – in conjunction with data from lensing and baryon acoustic
oscillations – suggest that the associated energy density is ⌦K ⇤ 0.001(2) [��]. This
implies that the Universe is very close to being spatially flat, K ⇤ 0, which simplifies (�.�)
and (�.�) but also begs the question why that is. I will discuss this further in Sec. �.�.�.

�.� A brief history of theUniverse

A concise, if incomplete, overview of the Universe’s history from the thermal perspective
is depicted in Fig. �.�. The figure indicates a number of events or time windows that are
most relevant for the physics described in this thesis. Since some of the descriptions in
what follows remain brief or omit details that are not directly relevant, a more detailed
description can be found in classic textbooks [���] or lecture notes, such as Ref. [��], on
which this section is largely based.

According to the Big Bang model of cosmology, the Universe began by expanding its
volume rapidly in all directions over an incredibly small amount of time. After this period,
which is known as inflation (Sec. �.�.�), the field(s) responsible for inflation transferred
their energy into the SM sector during the so-called reheating period (not shown in the
plot). At this point the Universe entered a radiation-dominated epoch, where the further
expansion was dictated by the energy density and EOS of relativistic degrees of freedom.

The Universe then started to cool down by its further, but not accelerated, expansion.
After going through the electroweak and QCD phase transitions and forming baryons,
the nuclei of hydrogen and, to a lesser amount, helium and a few heavier elements were
formed. This happened during Big Bang nucleosynthesis (BBN; see e.g. Refs [���, ���]
for recent reviews). While BBN lasted for only about �� minutes [���], it marks a crucial
point in the cosmic evolution. This is especially true from a theoretical perspective since
the cosmological history after this point is rather tightly constrained. Any extensions
or modifications of the standard cosmological picture after BBN tend to be difficult to
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Figure �.� |A brief thermal history of the Universe. The figure shows the fractional energy
densities of the radiation (red), matter (orange & blue), and dark energy (purple) compo-
nents at a given scale factor relative to the scale factor today (labelled “Now”) as well as
several selected events. These are the beginning of reionisation and formation of the first
stars at a redshift of z ⇠ 20, the CMB formation, matter-radiation equality (aMR), approx-
imate start of Big Bang nucleosynthesis (“BBN”), the QCD phase transition (“QCD”),
WIMP freeze-out (with a mass of 10 GeV and thermal cross section), and the moment
QCD axions with ma ,0 ⇤ 100 µeV start behaving as dark matter, i.e. ma ⇤ 3H.

implement compared to the amount of freedom allowed at earlier times. The alternative
cosmological history that we investigated in Ref. [�] also builds on this.

At a scale factor of aMR ⇡ 2 ⇥ 10�4, the energy densities of radiation and non-relativistic
matter became equal and the expansion of the Universe became matter-dominated. After
the temperature fell well below the binding energy of hydrogen atoms, these atoms
formed from the hydrogen nuclei in the plasma following BBN. This is often referred
to as recombination (“CMB formation” in Fig. �.�). As a consequence, the plasma in
the Universe disappeared and the Universe became transparent to photons, which had
previously been trapped in the plasma due to their interactions with the ionised medium.
The resulting free-flowing photons are what we can observe as CMB radiation today,
which has a temperature of TCMB ⇤ 2.7255(6) K [���] and relative fluctuations at the level
of 10�5 [��].

Eventually, the first stars and galaxies formed, allowing us to use theories of their
formation and evolution as well as observations today to test BSM physics. Some of the
strongest constraints in Chapters � and � derive from observations of galaxies and the
evolution of stars.

One of the key messages of the abbreviated and simplified description is that the
physics at these times was governed by the temperature scale of the thermal bath of
particles in a given sector. Due to that dependence on the temperature scales, for the
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interpretation of Fig. �.� it is useful to keep in mind that the photon temperature T and
the scale factor a are approximately related as T ⇠ 1/a via conservation of entropy. I will
now discuss some of the events above in the following sections and in chronological order.

�.�.� In�ation

The fact that the observed spatial curvature today is close to ⌦K ⇤ 0 poses a potential
problem. This is because the critical energy density of spatial curvature is proportional
to the square of the comoving Hubble radius, i.e.⌦K / (aH)�2 in the early Universe [���,
Sec. �.�]. To explain the degree of flatness that we observe today would require that |⌦K | ⇠<
10�16 around BBN and even smaller values for earlier times [���, Sec. �.�]. While these
considerations are of course irrelevant if one postulates that the Universe is inherently flat
and K ⇤ 0 exactly, finding a solution that is independent of the initial conditions would
arguably be more satisfying.

Another, perhaps more important puzzle is known as the horizon problem. It deals
with the surprising degree of homogeneity of the observed CMB radiation across the
entire sky. To see this, consider that – in a cosmological history without inflation – any
two points on the sky more than about 2° apart at the distance to the CMB have never
been in causal contact. This can be seen by comparing the causal horizon of any particle at
the time of the CMB formation with the angular diameter distance from us to the CMB.�

Both these problems can be solved by postulating a period of accelerated expansion of
the Universe, called inflation [��, ��]. The basic idea behind the solution is to use a period
of accelerated expansion to “flatten” any spatial curvature and to “quickly” expand one
causally disconnected region into the right size to contain the observable Universe today.
The second Friedmann equation (�.�) implies that the perfect fluid responsible for an
accelerated expansion, ä > 0, must have an EOS parameter of w < �1/3. There are
numerous models that result in such a cosmology [e.g. ��], but I restrict the discussion to
the most basic description that is useful for understanding the relation of the PQ symmetry
and inflation.

The equation of motion for a homogeneous scalar field �(t) with potential V (�) in a
Friedmann-Robertson-Walker-Lemaître universe reads [���, App. B.��]:

�̈ + 3H�̇ +
�V (�)
��

⇤ 0 . (�.�)

If the energy density of the scalar field � dominates the expansion history of the Uni-
verse, the Hubble parameter (�.�) is determined by the energy density of the scalar field
alone, i.e.

H ⇤
8⇡GN

3

✓1
2 �̇

2
+ V (�)

◆
. (�.�)

A well-studied case of inflation is the so-called slow-roll regime, which is valid as long
as the two following conditions are fulfilled [���, Sec. �.�]:
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�
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�This result can be obtained by comparing the size of the particle horizon, dhor ⇡
⇤ aCMB

0 H(a)�1a�2 da,
at CMB formation, i.e. aCMB ⇡ 10�3, with the angular comoving diameter distance from us to the CMB,
dcom ⇡

⇤ 1
aCMB

H(a)�1a�2 da. The resulting angle is 2dhor/dcom ⇡ 1.8°.
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These two conditions imply that the Hubble parameter (�.�) is approximately constant
and that the evolution of the scalar field from (�.�) is approximately given by

�̇ ' �V0(�)
3H

. (�.�)

where V0(�) has been used to denote the functional derivative of the potential V with
respect to the field �. Equation (�.�) can be integrated independently of the potential,
which essentially means that the slow roll conditions define a class of models that generi-
cally generate inflation. The solution associated with them is approximately exponential,
i.e. a(t) ⇠ eHt with and EOS parameter of w ⇠ �1.

Inflation then proceeds for some time, usually measured in the number of e-folds Ne

of the scale factor from its initial value ai, i.e. Ne ⌘ ln (aend/ai). The scale factor aend at
the end of inflation is defined at the point when the slow roll approximations (�.�) are no
longer valid.

If the field(s) responsible for inflation are in some way coupled to the SM, their energy
density can be converted into relativistic degrees of freedom in a process referred to as
reheating [���, ���]. More details regarding reheating and inflation in general can be
found in reviews and lecture notes [e.g. ���, ���].

�.�.� Axion darkmatter from the realignmentmechanism

The most general equation of motion for the normalised QCD axion or ALP field ✓(x) ⌘
a(x)/ fa , where a(x) is the dimensionful axion field from (�.�),� with potential V (✓) in a
Friedmann-Robertson-Walker-Lemaître universe reads [���, App. B.��]

✓̈ + 3H(t) ✓̇ +
r2✓
a2(t)

+
1
f 2
a

�V (✓)
�✓

⇤ 0 . (�.�)

In this thesis, the realignment mechanism is the only contribution to the axion energy
density that is considered. I will argue later on that it is indeed sufficient to consider the
homogeneous axion field, ✓(x) ⇤ ✓(t), i.e. the axion field as function of time alone. As a
consequence, the axion field equation (�.�) simplifies to the same form as (�.�),

✓̈ + 3H(t) ✓̇ +
1
f 2
a

�V (✓)
�✓

⇤ 0 , (�.��)

and, using the canonical axion potential (�.��) for both QCD axions and ALPs, we can
further simplify (�.��) to read

✓̈ + 3H(t) ✓̇ + m2
a (t) sin(✓) ⇤ 0 . (�.��)

The axion �eld at early times

Right after reheating, the early Universe is typically very hot (implying that T � T� for
QCD axions) and 3H � ma . The differential equation (�.��) is therefore an overdamped
oscillator. Since the Hubble damping is much larger than the axion mass, 3H � ma , one
can neglect the mass term in (�.��), which means that

✓̈ + 3H ✓̇ ⇤ ✓̈ +
3ȧ
a
✓̇ ⇡ 0 . (�.��)

�Introducing the normalised axion field ✓ is also useful in order to distinguish it from the scale factor,
which I denote as a or a(t) in what follows.
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Equation (�.��) can be integrated with boundary conditions ✓(ti) ⇤ ✓i and ✓̇(ti) ⇤ ✓̇i,
where the value ✓i of the axion field at the initial time ti is what was called the initial
misalignment angle in Sec. �.�.�. The resulting expression for the axion field is

✓(t) ⇤ ✓i + ✓̇i

⌅ t

ti

✓ ai
a(⌧)

◆3
d⌧ ⇤ ✓i + ✓̇i

⌅ a

ai

a3
i

H(↵)↵4 d↵ , (�.��)

where ai ⌘ a(ti). The second term in (�.��) is often discarded because it is singular
for a ! 0 [���, p. ���] or by assuming that ✓̇i/Hi ⌧ 1 [���, p. ���]. This may be
justified for early times in standard cosmology but, in other cosmological scenarios,
neglecting this term can miss important effects. An example for a cosmology where
the second term in (�.��) becomes important is e.g. the two-inflation scenario that we
investigated in Ref. [�]. There, the condition 3H � ma occurs right after reheating. Using
H(a) ' Hi(ai/a)3(w+1)/2 we found the solutions for w , 1 in the form of [�]

✓(t) ⇤ ✓i +
2✓̇i

3(1 � w)Hi

"

1 �
✓ ai

a(t)

◆3(1�w)/2#

. (�.��)

There can therefore be an asymptotic behaviour of the axion field after the second reheat-
ing in the two-inflation scenario investigated in Ref. [�] and the axion field ✓ may take on
values outside of the canonical field range from �⇡ to ⇡ as a consequence.

In standard cosmology, on the other hand, the axion field at early times is simply
“frozen” in time at the value of the initial misalignment angle, i.e. (�.��) simply evaluates
to ✓(t) ⇤ ✓i at early times.

The axion �eld at later times

Around the time when 3H ⇠ ma ,� the system (�.��) becomes critically damped and the
field starts to oscillate.

At even later times, in the regime of 3H ⌧ ma , the axion field oscillations are adiabatic,
while their amplitude continuously decreases due to Hubble damping. In other words, at
some time t?, the axion field evolution is guaranteed to enter an epoch where |✓(t) | ⌧ 1
for all t > t?. A consequence is that sin(✓) ' ✓ and the axion field equation (�.��) is a
weakly damped harmonic oscillator with time-dependent damping and mass terms. For
3H ⌧ ma , which is typically equivalent to the adiabatic limit, the field evolution is very
well described by the WKB approximation [��]

✓(t) ⇤
✓?

cos(�?)

✓ ma (t?)
ma (t)

◆1/2 ✓ a(t?)
a(t)

◆3/2
cos

 ⌅ t

t?
ma (⌧) d⌧ + �?

!
, (�.��)

where I have modified the ansatz in Ref. [��] to match the numerical result at some time
t? with the phase �?, given by

�? ⇤ � arctan
"

3H?

2ma ,?

 
1 +

2✓̇?
3✓?H?

+
ṁa ,?

3ma ,?H?

!#

, (�.��)

�This is the most commonly chosen point for the start of the field oscillations, but this choice is not
unique. The exact numerical value and definition of the proportionality factor is not important for this work
since the equations are being solved numerically around this point. A more general discussion on this issue
can be found in e.g. Ref. [��, Sec. �.�].
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Figure �.� |Evolution of different quantities relevant for the realignment mechanism. The
figures show (from top to bottom) the time evolution of the EOS parameter, the axion
comoving number density ncom

a (in arbitrary units), the normalised axion field value ✓,
and the ratio of Hubble parameter and axion mass, 3H/ma . The time variable t is
normalised to tosc, implicitly defined as the onset of axion field oscillations via 3H(tosc) ⌘
ma (tosc).

and where the index ? refers to evaluation at time t?. Terms that do not vanish when
using the approximation (�.��) in the equation of motion (�.��) correspond to adiabatic
conditions for H, m, and ṁ – in addition to 3H ⌧ ma and the harmonic limit of ✓ ⌧ 1. The
ansatz (�.��) is therefore only a good approximation if these conditions hold. However,
the condition 3H ⌧ ma is usually sufficient to imply that the others hold as well.

A complete overview of the axion field oscillations for the example of a QCD axion
can be found in Fig. �.�. The behaviour of the axion field value (second panel from the
bottom) changes from frozen to oscillating around the time when ma ⇠ 3H (bottom panel;
dashed vertical lines).
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The ansatz in (�.��) can also be used to demonstrate that axions behave like cold DM
at sufficiently late times by averaging the energy density of the axion field,

⇢a ⇤
1
2 f 2

a ✓̇
2
+ V (✓) , (�.��)

over an oscillation period. The result is the effective behaviour of the energy density,
averaged over time is given by [��]

h⇢i / ma a�3 . (�.��)

At late times, once the mass becomes constant for QCD axions, this is exactly the
scaling behaviour of cold matter. We can rephrase this statement for non-relativistic
axions to see that the (averaged) comoving axion number density is conserved:

ncom
a ⌘ ⇢a3

ma
. (�.��)

This quantity is also shown in the second panel from the top of Fig. �.�. In particular,
the (averaged) comoving number density seems to be already conserved after a few
oscillations of the axion field. To complete the picture, I also show (in the top panel of
Fig. �.�) the EOS parameter of the axion field,

w ⇤
f 2
a ✓̇

2 � 2V (✓)
f 2
a ✓̇2 + 2V (✓)

, (�.��)

which starts to oscillate rapidly in time between w ⇤ �1 and w ⇤ 1 as the axion field itself
starts to oscillate. While the initially frozen axion field has w ⇤ �1, as a field responsible
for inflation would have, the average EOS parameter at later times is hwi ⇤ 0, and the
axion field behaves like cold dark matter.

To determine the axion energy density of the homogeneous field today, it would be
beneficial to stop the numerical integration at some point and extrapolate to the axion
abundance today. In fact, there is an adiabatic invariant, which has been studied in the
literature for QCD axions and ALPs [��, ��, ���]. However, if the initial misalignment
angle is large, ✓i ⇠ O(1), the adiabatic invariant is not sufficient to describe the system,
and anharmonic effects arising from the full potential must be taken into account. These
have been estimated and calculated by several authors [��, ���, ���, ���, ���]. It is therefore
simpler to use the conserved quantity (�.��) directly in the numerical calculations.

Assuming conservation of entropy between the time t? and today [e.g. ���, Sec. �.�],
we can simply use (�.��) to relate the energy density at t? to its value today, which is

⇢a ⇤
ma ,0
ma ,?

✓ a?
ao

◆3
⇢a ,? ⇤

ma ,0
ma ,?

1S (TCMB)
1S (T?)

✓TCMB
T?

◆3
⇢a ,? , (�.��)

where TCMB ⇤ 2.7255(6) K [���] is the CMB temperature and 1S is the number of effective
entropic degrees of freedom.

The causal structure of theUniverse

In the previous section, I summarised how to, at least numerically, calculate the axion
energy density today. It is possible to parametrise this calculation by an overall transfer
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function F, with the properties that F is bounded from below and that F becomes constant
in the harmonic limit |✓i | ⌧ 1 [��, ���, ���]. This allows us to conveniently write the
axion energy density in the Universe today as

⇢a ⇤ F
�|✓i | ; �, T� , ma ,0

�
✓2

i , (�.��)

where the dependence of the transfer function F on the values of the axion parameters
has been explicitly emphasised. From a computational perspective, the transfer function
– and hence the axion relic density – could be determined once for a given set of these
parameters and used in subsequent calculations. This may facilitate sampling over the
parameter space instead of solving the full field equation again and again for each sampled
point.

In any case, I still have to explain why it is sufficient to consider the homogeneous field
equation (�.��), as it is not obvious that this is sufficient for determining the energy density
in axions today. Consider the two possible scenarios in a cosmology with inflation: either
the PQ symmetry breaks after inflation, or it breaks before inflation ends.

In the first case, the Universe consists of a large number of causally disconnected
regions where the initial misalignment angles take random values from a uniform dis-
tribution on the interval from �⇡ to ⇡ [��]. As a consequence, the initial misalignment
angle ✓i effectively becomes a function of space. Nonetheless, the resulting overall energy
density in axions is fixed because it can be calculated as the average over all the misalign-
ment angles in all the causally disconnected regions. As ✓i is constant within the regions,
we may use (�.��) to calculate the result:

⇢post-inf
a ⇤

1
2⇡

⌅ ⇡

�⇡
F (|✓i |) ✓2

i d✓i ⇤
1
⇡

⌅ ⇡

0
F (|✓i |) ✓2

i d✓i . (�.��)

The axion energy density in this scenario hence becomes independent of the initial
field values in each of the causally disconnected regions. Fixing the temperature de-
pendence of the axion mass and assuming a scenario for the cosmological history, the
averaged value of the axion energy density of QCD axions from realignment only depends
on the QCD axion mass or, equivalently, on the value of fa . Using that F is bounded from
below, the (absolute value of the) integral (�.��) is also bounded from below, by virtue
of the triangle inequality for integrals. This then sets a limit on the axion mass [��] since
the energy density must not exceed the total amount of DM observed in the Universe.
However, the limit on the axion mass in this scenario should also consider the contribu-
tion from topological defects. In particular, cosmological strings may have a significant
impact, although the precise amount is somewhat uncertain [���, ���, ���, ���, ���].

In the second case, where the PQ symmetry breaks before the end of inflation, one
causally connected region gets blown up to at least the size of the observable Universe.
The axion field after inflation is therefore homogeneous, with a random initial value in
the interval ✓i 2 (�⇡, ⇡], and a solution for a given ✓i can be calculated via (�.��). The
stochastic nature of the initial misalignment angle gives rise to a physically motivated prior
probability for ✓i in a Bayesian analysis, which is discussed in more detail in Sec. �.�.

Perturbations from inflation are a major issue in this scenario, which will affect the
initial misalignment angle by some amount that depends on the energy scale of infla-
tion [see e.g. ���]. It has been argued that this scenario is therefore finely-tuned to a
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degree that can be considered “worse” than the strong CP problem itself [���, ���]. Since
the necessary additional implementation of inflationary models is beyond the scope of
this work, I will neglect the issue of field fluctuations during inflation in what follows.

Finally, I want to comment on overproduction of DM from the realignment mecha-
nism. Many approximations for ⇢a in (�.��) or, equivalently, ⌦a have been given in the
literature [��, ���–���, ���, ���, ���]. Using a simplified version of Ref. [���], the energy
density in axions is approximately of the order

⌦a h2 ⇠ 0.09 ✓2
i

 
76
1osc

!0.41  
fa

1012 GeV

!1.19
, (�.��)

where fa is the QCD axion decay constant and 1osc are the effective relativistic degrees
of freedom when the axion starts to become dynamical. Using relation (�.��), the critical
energy density of QCD axions today would exceed the observed amount of dark matter,
⌦DMh2 ⇡ 0.12 [��], for fa ⇠> 1012 GeV and ✓i ⇠ 1. This fact is relevant for either one
of the two possible PQ symmetry breaking scenarios if one is concerned with having a
“natural” DM candidate.

However, axion models with higher values of fa are potentially interesting within
the framework of String theory [���–���] or non-supersymmetric (non-SUSY) SO(10)
GUT models with an additional PQ symmetry [���]. In these contexts, it would therefore
be useful to include a mechanism to dilute the axion energy density from realignment in
order to make higher values of fa viable again. Such a dilution can happen by entropy
dilution [��, ���–���], hidden magnetic monopoles [���], as well as during primordial
inflation [���], late inflation [���] or by introducing a second inflationary era [���]. We
further investigated the latter possibility in Ref. [�].

�.� Weakly interactingmassive particles

Since the DM abundance today,⌦DM h2 ⇤ 0.120(1) [��], is the most precise piece of infor-
mation that we have about DM, it is crucial for any successful DM candidate to not exceed
this value. An even more exciting prospect would be, of course, if the relic abundance
of a DM candidate generically turned out to match that value. WIMP DM generated
much attention and interest over the past decades because of generically giving the right
order of magnitude for the DM abundance as demonstrated in (�.��). This observation
is, rightly or wrongly [���], referred to as the “WIMP miracle”.

WIMPs are not just an ad hoc candidate since they appear in – or can at least be
integrated into – the framework of other BSM theories. The most important example is
perhaps the lightest of the supersymmetric particles in supersymmetric extensions of the
SM. In these models, fermions and bosons in the SM are related to bosonic and fermionic
SUSY particles, respectively. The lightest SUSY particle is stable in models with R-parity,
a discrete symmetry that relates SM and SUSY particles and forbids direct decays from
SM particles into SUSY particles [e.g. ���].

�.�.� The freeze-outmechanism

The WIMP abundance today comes about via a mechanism called thermal freeze-out.
Understanding the idea behind this mechanism will be useful for the discussion of indirect
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DM detection in dwarf spheroidal galaxies in Sec. �.�.� as well as the associated results
presented in Chapter �.

At early times in the Universe, the abundances of particles interacting with each
other are, generally speaking, in thermal equilibrium. That is to say that the rate of e.g.
a particle � and its (distinct) antiparticle �̄ annihilating into some other (anti)particles, X
and X̄, is the same as for the reverse reaction,

� + �̄ ⌦ X + X̄ . (�.��)

This is true as long as the mass m� of the particle � is smaller than the temperature of
the thermal bath at that time, i.e. T � m�. At early times, chemical potentials of particles
are generally negligibly small [��, Sec. �.�.�] and the number density n� of that particle
scales as n� / 1(T) T3, with 1 effective degrees of freedom. At later times, T ⇠< m�, the
particles become non-relativistic and number density scales as

n� ⇤ 1(T)
✓ mT

2⇡

◆3/2
e�(m��µ� )/T , (�.��)

where µ� in the potentially non-negligible chemical potential of particle �.
Another important consideration through the cosmic evolution is the value of the

Hubble rate H compared to the interaction rate of (�.��), denoted by �. At earlier times,
many interactions can take place within one Hubble time 1/H, i.e. � � H, and (�.��)
stays in equilibrium. However, since H drops faster than � over time, the reaction (�.��)
freezes out once � ⇠< H. While the particle X might still be in thermal equilibrium with
the thermal bath due to some other reactions, the particle � loses contact with the thermal
bath at this point if that contact is through interactions with X alone.

�.�.� Thermal abundance ofWIMPs

Assuming that the particle X stays in thermal equilibrium with the thermal bath until
after � freezes out, the Boltzmann equation describing the number density n� of particle �
takes the form

ṅ� + 3Hn� ⇤ � h�vi
⇣
n2
� � n2

�,eq
⌘
, (�.��)

where n�,eq is the equilibrium number density of the particle � and h�vi is the thermally-
averaged cross section times relative velocity (hereafter simply referred to as cross section).
The equation above generally does not posses an analytic solution. However, it is still
possible to obtain an estimate for the relic abundance of particle � of the form [��,
Sec. �.�.�]

⌦�h2 ⇠ 0.1
✓ xf

10

◆  
10

1(T ⇤ m�)

!1/2 10�8 GeV�2

h�vi , (�.��)

where xf ⌘ m�/Tf is the ratio of WIMP mass and the temperature of the Universe at freeze-
out. We can see that WIMPs with a weak-scale cross section of h�vi ⇠ 0.01 GF can repro-
duce the observed DM abundance. The canonical value is given by h�vi ⇠ 3 ⇥ 10�26 cm3/s
= 3.5 ⇥ 10�7 GeV�2, but the more precise result shows a mass dependence [���]. In fact,
for a given WIMP model, mass and cross section can also be related, which uniquely fixes
the value of h�vi.�

�Ignoring potentially relevant, model-dependent effects such as resonances, threshold effects, or co-
annihilation [e.g. ���].
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�.�.� Indirect darkmatter detection in dwarf spheroidal galaxies

There are many completed, ongoing, and proposed searches for WIMPs. Like most other
DM experiments they can be broadly classified as direct or indirect searches and possibly
subcategories thereof. Existing reviews provide the full picture of the state of these efforts,
displaying the amazing progress in determining, reducing, and rejecting the background
noise and systematics for such searches [e.g. �, �].

For this thesis, I focus on indirect detection methods where DM is detected through
the SM model particles that appear at the end of a, possibly complex, chain of interactions
involving DM and SM particles. Two of the most generic examples are DM-DM annihila-
tion and DM decay, where the former is potentially incredibly rare while the latter might
not happen at all if the DM is stable. Since the number of observed events depends on
the first (for decays) or second (for annihilation) power of the DM number density, such
an observation is ideally done in an environment that has a high DM density.

Dwarf spheroidal galaxies

While a general review of indirect detection would be too extensive for the scope of this
thesis (see e.g. Refs [���, ���]), I want to discuss selected aspects on gamma ray searches
in dwarf spheroidal galaxies (dSphs). These galaxies are prime examples for that class
of DM searches because they present a comparably ideal environment for a number of
reasons.

As mentioned above, indirect searches ideally focus on objects or environments con-
taining a large number of DM particles in a suitably small region of space. From that
perspective, dSphs are promising targets since they mostly consist of DM and neither
contain many stars, nor much gas. They therefore are an environment with comparably
low backgrounds [���]. Their relative proximity to us and large separations from poorly
understood photon sources are additional benefits for indirect searches in dSphs.

Gamma ray observations towards dSphs from instruments such as the Large Area
Telescope [���] onboard the Fermi Gamma-ray Space Telescope have been shown to
be powerful for detecting – or at least constraining – DM models [�, ���–���]. The
strongest of these limits are able to rule out WIMPs that make up all of the DM for
masses m� ⇠< 100 GeV [e.g. ���, ���] or some of the DM interpretations of the Galac-
tic Centre excess [���–���].

Calculating the expected darkmatter signal

Due to the fact that DM decay cannot occur at all if DM is absolutely stable, I focus on
the possibility that the DM particles self-annihilate into SM states. For typical WIMP DM
particle with masses m� ⇠> GeV, the final state of the annihilation generally includes the
emission of gamma rays.

Consider therefore a WIMP DM candidate � with cross section h�vi and mass m�

inside a dSph with density distribution ⇢�. The differential photon flux (in units of
photons per time and area) per energy E and solid angle⌦, coming from sky direction n
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toward the dSph, is given by

d2�(E, n)
dE d⌦ ⇤

h�vi
8⇡ m2

�

*
.

,

X

f

dN f

dE
b f

+
/

-|                      {z                      }
“particle physics”

⌅
d` ⇢2

� (`; n)

|           {z           }
⌘dJ (n)

d⌦

, (�.��)

where b f is the branching fraction for annihilation into various final states f and dN f
dE is

the corresponding emission spectrum for the number of gamma rays per annihilation.
The so-called “J-profile” dJ (n)/d⌦ is determined by the astrophysics of the system, i.e.
the macroscopic distribution of DM in the dSph [���–���]. Since DM annihilation is a
DM-DM self interaction, the DM density squared enters in (�.��) and is integrated along
the line of sight in the direction n.

There is an extensive literature on determining J-factors of dSphs [���–���]. Typically,
studies constrain the dark matter distributions within dSphs by using their member stars
as tracers of the gravitational potential. When in statistical equilibrium, these tracers obey
the Jeans equation [���]. Applying the Jeans equation to spectroscopically-determined
line of sight velocities of individual stars yields constraints on the J-factor thanks to being
able to derive constraints on the dark matter profile parameters.

Following Ref. [���, Sec. �.�] with updated numbers relevant for Chapter �, an opti-
mistic estimate for necessary J-factor to detect one photon can be obtained from (�.��). To
do so, the flux (�.��) is multiplied with the total exposure time, effective area, and subse-
quently integrated over the energy range and solid angle. For the Large Area Telescope,
these are ttot ⇡ 10 years at the time of writing, Aeff(E) ⇠ 0.6–0.9 m2 for the energy range
of E 2 [0.3, 300] GeV and �⌦ ⇡ 3.5 ⇥ 10�4, respectively. For m� ⇤ 10 GeV and thermal
cross section, h�vi ⇠ 3 ⇥ 10�26 cm3/s, the integrated gamma ray flux (�.��) is about

� ⇠ 4.2 ⇥ 10�32 cm�2s�1
 

J
GeV2/cm5

!
, (�.��)

i.e. the number of detected gamma rays (⇤ � · Aeff · ttot) is at least of O(1) if the J-factor
is at least J ⇠> 1019 GeV2/cm5. This value is of the same order of magnitude as some of
the individual J-factors in currently known dSphs [e.g. ���]. However, to obtain a more
realistic estimate of the number of photons seen in a telescope search, the flux (�.��) has to
be convolved with the instrument’s response function. These further details also depend
on the data cuts and will be discussed when they become necessary in Chapter �.

�.� Starsand stellarevolutionasopportunities for particlephysics

The environment of stellar interiors offers unique opportunities to test QCD axions and
ALPs. Since axions only interact weakly with matter, they can efficiently transport energy
away from stellar systems and hence influence stellar structure and evolution; their
phenomenology is therefore similar to that of neutrinos [e.g. ���].

Once created, axions can also transport energy over large cosmic distances, which
might explain why highly-energetic gamma rays seem to experience significantly less
attenuation through intergalactic space than expected [���–���].
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While some of these constraints are fairly robust, others rely on assumptions behind
the modelling of the observed systems or difficult systematics in the observations them-
selves. Although this may impede the strength of these constraints, stellar and other
astrophysical probes still allow us to place competitive constraints on all axion interac-
tions. These constraints are particularly important for the interactions that are usually
not well constrained otherwise, e.g. the axion-electron and axion-neutron couplings [e.g.
��].

In this section, I review some aspects of stellar physics that are relevant for the
results presented in Chapter �. In particular, I want to review the so-called cooling hints
in white dwarfs. An indispensable reference for the physics underlying the interplay
between axions and stellar evolution is Ref. [���], which I also used to prepare this
section.

White dwarfs

White dwarfs (WDs) present the final stage of stellar evolution for stars, which have a
mass of less than 10 M�, i.e. ten solar masses (where M� ⇡ 2 ⇥ 1030 kg). They mostly
consist of electron-degenerate matter and are therefore supported by Fermi degeneracy
pressure. As a result, they are dense systems with comparably small radii [���, Sec. �.�.�]

R ⇤ 0.15 R�
✓0.6 M�

M

◆1/3
(2 Ye )5/3 , (�.��)

where M is the mass of the WD, Ye the number of electrons per baryon (which is Ye ⇡ 1/2
to good approximation because WDs do not contain hydrogen), and R� ⇡ 7 ⇥ 108 m the
solar radius. Equation (�.��) shows that WDs have relatively high densities compared to
other stellar systems. This is of interest for particle physics phenomenology since even
rare processes involving electrons have an increased chance of occurring compared to
other environments, which mostly have a lower electron density.

White dwarf observables

Another appealing property of WDs is that they cannot replenish their energy in any
way, i.e. they simply cool down over the course of their lifetime. Their internal energy U
therefore obeys a simple loss equation of the form

dU
dt

⇤ �
⇣
L� + L⌫ + La

⌘
, (�.��)

where L�, L⌫, and La are the luminosities of photons, neutrinos, and axions, respectively.
The luminosity contribution from neutrinos is slightly more important than the photon
cooling at higher internal temperatures, while the photon contribution is more important
than any contribution from axions or other exotic physics, which was established from
observational constraints [���, Sec. �.�.�]. Any new physics would significantly alter the
shape of the luminosity function in WD systems if their couplings to electrons were too
strong.

A useful observable to infer the cooling rate is the so-called period decrease in variable
WDs, i.e. WDs that periodically change in brightness over time. These systems show pul-
sations due to oscillations in their residual atmospheres. The related oscillation period⇧
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changes over time as the temperature of the WD decreases. In fact, one can show that
generally

⇧̇

⇧
⇠ �a

Ṫ
T
� b

Ṙ
R
⇡ �a

Ṫ
T
, (�.��)

where T and R are the internal temperature and radius of the WD, respectively, while a and
b are numerical constants of O(1) [���, Sec. �.�.�]. The second approximation ignores
the change in radius since it is typically negligible for the observed, low-luminosity
dwarfs [���].

Cooling hints

Observation of the period decrease (�.��) is also what has lead to an increased interest in
WDs as probes of new physics. The analysis of several observations and comparison with
the results of simulations of WD evolution found hints for the presence of an additional
cooling channel [e.g. ���]. Such a cooling channel could be due to new, feebly interacting
particles such as axions (see Refs [���–���] for the most recent analyses). Combing data
from a number of these variable WDs and performing a joint fit leads to a value of the
axion-electron coupling of 1aee ⇠ O(10�13) [���].

It should be noted that the observations of the period decrease (�.��) are not without
problems: typical values for the pulsation period ⇧ are of the order of a few minutes,
while the (inherently dimensionless) period decrease ⇧̇ is only of order O(10�14) [���,
Sec. �.�.�]. Furthermore, there are also uncertainties involved in the modelling of these
systems and their pulsations, which can be difficult to quantify. For these reasons, the
global fit of axions models in Chapter � only considers the somewhat speculative cooling
hints in a separate section.
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Chapter �
Probability, statistics, and sampling algorithms

One advantage of performing global analyses within a modular and easily extendable
software framework (such as GAMBIT) is flexibility. The same data can be analysed using
different statistical techniques or physics codes without the need to make significant al-
terations when switching between the various computer codes and libraries that perform
these tasks. On a fundamental level, this is facilitated by the fact that both statistical
paradigms, Bayesian and frequentist, use the likelihood function as a basic input of the
analysis.

The results of this thesis are based on both interpretations and I will therefore intro-
duce both statistical paradigms. In particular, this chapter will focus on how to perform
parameter inference and model comparison/hypothesis testing. While the fundamental
equations and rationale behind each paradigm are presented here, I will postpone the
discussion of more advanced concepts and applications to where they become necessary.
This includes the concept of posterior predictive distributions, which I will introduce in
the context of Sec. �.�.�. More rigorous and detailed discussion can also be found in
the literature [��, Chs ��, �� & refs therein]. In Sec. �.�, I will also briefly introduce the
sampling algorithms used in this thesis.

�.� The two interpretations of probability

From the frequentist point of view, the probability of an event is defined as the frequency
with which it would occur if an experiment (e.g. repeatedly throwing dice) were pre-
formed infinitely many times, assuming that the inherent probability of the event does
not change after any repetition [e.g. ���]. Although intuitive, this is of course strictly
speaking not possible in reality. Any physical experiment can neither be repeated in-
finitely many times, nor would the conditions and the environment in any subsequent
repetition of the experiment be identical to any of the previous ones. However, it can be
argued that certain experiments – such as particle colliders – come very close to the ideal
of identical repeatability for a large number of times.

It is often claimed that the appealing feature of frequentist statistics is that the anal-
ysis can be regarded as inherently objective – at least more objective than the Bayesian
approach.� If one accepts this notion, objectivity as a highly desirable feature is the main

�Of course, selecting a subset from all the data obtained in the experiment for analysis is not straight-
forward to objectify. In addition there are other issues, such as the so-called “look-elsewhere effect” or
confirmation bias, that have to be carefully considered when analysing data and interpreting results.
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argument for why e.g. the experimental high-energy physics literature tends to be a do-
main of frequentist statistics. The existence of asymptotic results for likelihood-based
tests [���] might be another consideration for applying frequentist statistics where jus-
tified. This is because their universal applicability is guaranteed if the collected data
sample is sufficiently large. While determining whether or not this and other conditions
are met will depend on the problem at hand, the mathematically rigorous statements
underpinning this universality justify their (careful) use.

In practice, there are situations and experiments that cannot be readily repeated when
desired (e.g. the observation of a highly energetic cosmic ray) or where the external
conditions at the start of the experiment are not easily reproducible or comparable (e.g.
forecasting the weather for a specific day). In such situations, the concept of probability
as a frequency of events can be replaced by what is often called a degree of belief. This is
the basic understanding and definition of probability in the Bayesian framework, making
it more general than the frequentist concept.

While using this concept allows us to determine, in principle, the probability of any
class of events, it also depends on one’s prior degree of belief in measuring certain ob-
servables or a hypothesis being true. From a Bayesian perspective this is considered an
advantage since it allows us to incorporate prior knowledge from e.g. previous analyses
into future statistical inference. This encodes a learning process that is arguably very nat-
ural and logical. Similarly, calculating the posterior predictive distribution for a physical
observable (defined in Sec. �.�.�) is an example of how a recent analysis of a model and
its parameters can be turned into signal predictions for other data. In Sec. �.�.�, posterior
predictive distributions are used to identify the most promising dwarf spheroidals for
seeing an excess in the data, which allows one to select the most informative set of dwarfs
for ruling out the signal hypothesis. More generally, this technique can be used to see
how a model, via the posterior distribution of its parameters, would manifest itself in the
observables of any existing data set.

Nonetheless, opponents of the Bayesian paradigm caution against prior dependence�
of results obtained from Bayesian inference – in particular where the available prior
information is not generally accepted. However, once the prior is defined, the Bayesian
framework has the advantage of being completely well-defined in a logical, mathematical
manner and, by varying the prior assumptions, the range of possible outcomes can be
explored. Such an investigation is usually considered good practice in Bayesian inference
since it shows if and how different priors change the conclusions obtained from the same
data. It also makes the analysis more robust. While there might be disagreement on the
choice of paradigm in general, there are fields where it is hard or impossible to make a
case for the use of frequentist statistics (e.g. cosmology). It is therefore not a surprising
observation that Bayesian inference is the main interpretation used in such areas.

Despite the differences between the two paradigms, there is a certain amount of com-
plementarity between them. This is also because, in some cases, the questions that a
Bayesian or frequentist approach try to answer are different in their nature. For exam-

�Note however that the proportionality of likelihood and prior in Bayes’ theorem (�.�) implies that at
least the result of parameter inference from the posterior becomes asymptotically independent of the prior.
This is to say that adding more and more data to the combined likelihood function will eventually dominate
any prior that does not vanish in a region of the possible parameter space.
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ple, determining a unique best-fit point of a model (assuming it exists) in a frequentist
approach gives the solution that maximises the likelihood function, i.e. identifies the best
possible description of the data, within that model. However, Bayesian statistics always
considers the most plausible solutions to a problem, i.e. weighs the “goodness” of the
solution with a measure of how “contrived” or “fine-tuned” solutions are depending on
prior knowledge of the model parameters. On the one hand, phenomenological studies
are often concerned with establishing that it is possible for the best-fitting parameters of
a models to address a given problem. If one is only concerned with proving that e.g.
a new mechanism can work, there is no need to consider potential ambiguities due to
prior choices. On the other hand, to address e.g. a fine-tuning issue, it is crucial to estab-
lished that the fine-tuning of that new mechanism improves over the original fine-tuning
problem. In other words, a Bayesian asks if the proposed solution is probable. In that
sense the two approaches have their strengths and weaknesses with respect to certain
tasks. Depending on the problem at hand, one might argue that Bayesian inference is
more useful for comparing two or more statistical models, while parameter estimation is
potentially more interesting in a frequentist framework.

There seems to be a tendency amongst physicists to strongly advocate one or the other
approach, depending on the discipline of the individual concerned. Since global fits aim
to take into account – if possible – all available information, it seems to me that the arguably
opportunistic stance of considering both frameworks with their different interpretation
of the data. Along the lines of the previous paragraph, the method should be chosen
depending on the task at hand and, in particular, based on which questions are the most
interesting to ask. Such a more balanced stance is what the discussion of the results in
the remainder of this thesis is based on. For another somewhat balanced discussion (if
slightly biased towards the Bayesian perspective) of frequentist and Bayesian methods in
the context of particle physics, see also Ref. [���].

In this spirit, recall that both Bayesian and frequentist statistics base their inference
on the likelihood function p (d | ✓). It assigns a probability to obtaining some form of
data d given some model parameters ✓, where these generally are just described by a set
of real numbers. For the frequentist paradigm, the likelihood is also the only object under
consideration.

In contrast, the Bayesian posterior probability distribution, for some model parame-
ters ✓, given data d, is obtained as a normalised product of the prior probability density
function (PDF) for the model parameters, p (✓), and the likelihood p (d | ✓) via Bayes’
theorem [���]:

p (✓ | d) ⇤
p (✓) p (d | ✓)

p (d)
. (�.�)

In a frequentist framework, the prior is not defined and parameter estimation is based
on the likelihood alone – with a different interpretation from the Bayesian posterior [e.g.
���], as will also become clear from considering the differences in parameter estimation
and model selection in the two frameworks.
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�.� Parameter estimation

The full amount of information on the parameters is contained in the likelihood function
and posterior PDF for the frequentist and Bayesian approach, respectively. However, due
to the limitations of visualising data and the fact that some models parameters are often
not of primary interest, one usually wants to summarise statistical inferences on one or
two parameters at a time. This makes it necessary to eliminate in a suitable manner the
parameters that are not the focus of attention.

Let p (✓ | d) be the n-dimensional posterior of some model parameters ✓, where
✓ ⇤ (✓1 , ✓2 , . . . , ✓n) is the vector of the parameter values. The Bayesian approach is to
marginalise over the nuisance parameters. If e.g. parameters ✓1 and ✓2 are the parameters
of interest, then the two-dimensional marginal posterior is given by

p (✓1 , ✓2 | d) ⇤
⌅

p (✓ | d) d✓3 . . . d✓n . (�.�)

Credible regions (CRs) for the parameters ✓1 and ✓2 can be derived by finding regions
over which the posterior integrates to a specified probability value, using some scheme
for determining the integration regions. I will mostly show CRs of highest posterior
density (HPD) in this thesis, which are the smallest regions possible that contain the
desired posterior probability. However, it should be noted that HPD regions are not
the only possible choice and that, for a given problem, others might make more sense.
Particularly reasonable choices for the one-dimensional case include central intervals
around the mean, equal-tailed intervals that exclude the same probability form each tail
of the distribution, or integration including the lower (upper) end of the prior to obtain
upper (lower) limits.

In contrast, the frequentist approach is to profile over the nuisance parameters, i.e.
to eliminate them from the likelihood by replacing them with their most likely val-
ues (✓̂3 , ✓̂4 , . . . , ✓̂n) that locally maximise the likelihood p (d | ✓) for specific, local values
of ✓1 and ✓2:

Lp(✓1 , ✓2) ⌘ p
⇣
d �

�
�
✓1 , ✓2 , ✓̂3(✓1 , ✓2), . . . , ✓̂n (✓1 , ✓2)

⌘
⌘ sup
✓3 ,...,✓n

p (d | ✓) . (�.�)

The construct Lp is called the profile likelihood, and it maps out the best-fitting solutions
for the problem at hand. In this sense, frequentist statistics can find the best possible
description of a given dataset, using a given model. It also provides a first starting point
for investigating the phenomenology of a model in the best-case scenario with a, possibly
unique, set of parameter values.� However, as discussed in Sec. �.�, fine-tuning of model
parameters is a real concern for theorists. In some cases, the best-fitting solution to a
problem possesses a similar goodness-of-fit as another solution that, however, is superior
in terms of its “naturalness”. Incorporating fine-tuning and quantifying this naturalness
is possible via the choice of prior and Bayes’ theorem, which is not possible in frequentist
statistics due to the absence of prior information (see e.g. Ref. [���] for a Bayesian analysis
of the naturalness in minimal SUSY models). These considerations also play an important
role for the next section, where I discuss how to choose between two or more models (in

�In a Bayesian framework, typical estimators are the posterior mean and the point with highest posterior
probability density, if they uniquely exist.
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the Bayesian framework) or to test whether a model hypothesis is tenable in light of the
data (in the frequentist framework).

�.� Model selection

Regarding selection of the “best” models, the Bayesian answer can again be given using
only the posterior probability to determine the degree of belief in a given hypothesis. The
result will depend on one’s prior belief in the hypothesis. However, the Bayesian setup is
fairly generic and selecting a preferred model via their posterior probability is in principle
possible without any restrictions regarding the two hypotheses in question. An example
for a commonly encountered requirement in frequentist analyses is that the models must
be nested, i.e. the parameter space of one model is a subset of the parameter space of the
other model.

It is therefore possible to consider two hypotheses, H0 and H1, consisting of different
models and sets of parameters ✓0 and ✓1. The ratio of posterior probabilities, or posterior
odds, is then given by

p (H1 | d)
p (H0 | d)

⇤

⇤
p (d | ✓1 , H1) p (✓1 | H1) d✓1⇤
p (d | ✓0 , H0) p (✓0 | H0) d✓0|                                    {z                                    }

⌘B10

p (H1)
p (H0)

⌘ Z1
Z0

p (H1)
p (H0)

, (�.�)

where B10 is the so-called Bayes factor [���–���] between the two hypotheses (B10 > 1
favours hypothesis H1) and p (✓0 | H0) and p (✓1 | H1) are the priors for ✓0 and ✓1 under
hypotheses H0 and H1, respectively. The integralsZ0 andZ1 are called Bayesian evidence
or marginal likelihoods.

In the case where an equal prior probability is assigned to both hypotheses, p (H1) ⇤
p (H0) ⇤ 1/2, the Bayes factor B10 in (�.�) is identical to the posterior odds. The Bayes
factor can thus favour either H0 or H1, and it includes an automatic “Occam’s razor” effect,
disfavouring models with a large numbers of parameters that are not required to fit the
data (see Ref. [���] for details). From a Bayesian perspective, the best model is the one
that balances quality-of-fit (measured by the likelihood value) and predictivity (measured
by the ratio of the prior and posterior volumes).

Hypothesis testing from a frequentist perspective is concerned with rejecting the null
hypothesis H0, which states that the effect one is looking for is absent. The null hypothesis
is rejected when the probability of obtaining data as “extreme” or “more extreme” than
what has been observed is small under the null hypothesis. This is usually achieved by
defining a test statistic (a function of data) and a prescription of which values of the test
statistic would result in rejecting H0 at a certain confidence limit (CL). An often-used test
statistic is the likelihood-ratio,

⇤ ⇤
p (d | H1)
p (d | H0)

. (�.�)

In general, it is crucial to know the distribution of the test statistic (�.�) in order to
construct confidence intervals for the parameters via the Neyman construction [���] or
the unified Feldman-Cousins approach [���].

Furthermore, the Neyman-Pearson lemma states that (�.�) is the optimal test statistic
for testing two simple hypotheses, i.e. hypotheses without nuisance parameters [���]. For
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example, to consider only two parameters, one defines the profile likelihood ratio

⇤p(✓1 , ✓2) ⇤
Lp(✓1 , ✓2)

p(d | ✓̂)
, (�.�)

where ✓̂ denotes the global maximum-likelihood estimator and Lp is the profile likeli-
hood (�.�).

When constructing confidence regions for the parameters, the frequentist logic re-
volves around the concept of coverage. This is to say that when different experiments
construct intervals for a parameter at a given CL then, after many experiments construct-
ing confidence regions in the same way, a fraction of these intervals corresponding to the
CL will contain the true value of that parameter.

Wilks’ theorem now states that, under some regularity conditions, the test statistic
of �2 ln⇤p(✓1 , ✓2) in (�.�) is asymptotically �2-distributed (with two degrees of free-
dom) [���]. Using this result, the profile likelihood ratio (�.�) can easily be turned into a
statistical test to obtain a p-value, the probability of the test statistic being more extreme
than the observed data (under the null hypothesis). The boundary of the confidence
region at confidence level ↵ is then found by setting the p-value equal to ↵ and deter-
mining the corresponding parameters values that enclose the region (inside which the
p-value is larger than ↵). This leads to the familiar prescription that for example the
��.��% confidence interval for one parameter ✓ is bounded by values where �2 ln⇤p(✓)
has dropped by one unit from its maximum value.

One of the regularity conditions of Wilks’ theorem is that the hypothesis being tested
must not lie on the boundary of the parameter space. For example, the null hypothesis of
no DM signal in a gamma ray observation (see Chapter �), which is equivalent to setting
the thermally-averaged cross section velocity h�vi to its boundary value h�vi ⇤ 0, the
regularity condition is not met and Wilks’ theorem does not apply.� There is no guarantee
that the ensuing distribution for the test statistic is anywhere near the �2 distribution (see
e.g. Ref. [���]). However, for the purpose of setting an upper limit, the usual prescription
still applies if one considers the unphysical region where h�vi < 0 as part of the parameter
space.

�.� Sampling algorithms

Like for any other fundamental building block of GAMBIT, there is module dedicated to
sampling algorithms and scanning techniques. This module, named ScannerBit, is set
up to easily facilitate communication between the (physics) model and the composite
likelihood with a range of sampling algorithms. In fact, once set up, changing from
a Bayesian to a frequentist analysis and vice versa can be done by changing one line in
a text file, and there is no need to recompile the code. Similarly, definitions of priors,
output formats, or selection of additional information to save can be changed in this
fashion. Here, I briefly review the algorithms and underlying sampling techniques used
throughout this thesis. I will not discuss the specific settings, which will be given where
necessary in the context of the corresponding results. A general study of the settings for

�In this case, Chernoff’s theorem should be used for hypothesis testing instead [���].
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the algorithms’ parameters, including recommendations for their values can be found in
Ref. [���].

�.�.� The case for using a variety of sampling techniques

Finding the highest-likelihood regions and accurately sampling the posterior PDF are
crucial for parameter estimation and determining the size of their uncertainty in each
of the two statistical frameworks. As explained in Sec. �.�, this means in general for a
frequentist analysis that the likelihood function has to be optimised and the region around
the best-fit point needs to be explored sufficiently well to determine the iso-likelihood
curves corresponding to a given CL.

For the Bayesian analysis, accurate sampling of the posterior PDF is important since
determination of the CRs requires integrating the posterior over the large parts of the
parameter space. Drawing samples from the posterior PDF is, generally speaking, eas-
ier from a computational perspective than direct numerical integration to obtain e.g.
marginalised posterior PDFs. It also allows for greater flexibility when it comes to chang-
ing the desired value of the CRs or marginalising over different parameters.

This already sets out two classes of problems that need to be tackled and will re-
quire different capabilities from an algorithm. Of course, this is but the first layer of
requirements as the shape of the likelihood function (and prior in Bayesian analyses) in
combination with the dimensionality of the parameter space will determine how easy or
difficult it is for a given technique to optimise/explore/sample the likelihood or posterior.
While previous works in the literature have been using sampling techniques primarily
geared towards Bayesian analyses to map out the likelihood function, it has been pointed
out that using profile likelihood functions obtained in such a way is prone to insufficient
exploration of the highest-likelihood regions [���]. This is because the (profile) like-
lihood map is just by-product of any primarily Bayesian technique and can only yield
a satisfactory result with carefully chosen settings and at an increased computational
cost [���].

Any algorithm for which convergence or accurate sampling can be guaranteed would
eventually succeed in tackling these problems. However, efficiency is another, crucial
consideration due to the fact that there is neither an infinite amount of time nor large
amounts of computing resources available to researchers. Apart from a lack of efficiency,
an often correlated characteristic is the correctness of the results, i.e. how reliable the
best-fit point estimate and how well-sampled a posterior PDF is.

One example is random sampling used in a frequentist context, i.e. selecting a certain
number of random parameter points from a sensible parameter range with a “metric”
defined on that range e.g. the logarithm of the interval [1, 10].� Random sampling has
been employed in high-energy physics studies [���–���] of parameter spaces. While it

�In a Bayesian analysis, the range plus “metric” corresponds to the prior, which does not appear in a
frequentist analysis. However, at least for numerical or illustration purposes, prior-like ranges have to be
defined even in the frequentist setting. While frequentist results do not fundamentally depend on the choice
of parameters, this choice can affect the performance of the algorithm. A straight-forward example to see
this is the optimisation of a function f (x), with a unique maximum at x ⇤ 2, across the range x 2 [1, 106].
This can be done by finding the zero of f 0(x) by means of bisection. In this setup, using x as variable will
take longer to converge than e.g. using log10(x).
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is possible to explore the parameter space using this technique – which might even yield
acceptable results and performance in a low-dimensional parameter space – it quickly
becomes inefficient as the dimensions of the parameter space increase. The reason behind
this inefficiency is that the algorithm is not adaptive in the sense that the selection of
parameter points is literally random. This ignores additional available information, such
as the likelihood values of the parameter points. Furthermore, this deficiency generically
leads to a large number of likelihood evaluations, and hence computation time, that are
being wasted in irrelevant regions of the parameter space with extremely low likelihood
values.

Random sampling is therefore not only inefficient, but also gives potentially extremely
poor estimates for the best-fit point. The underlying problem here is that there is no guar-
antee of any form of convergence. Depending on the “metric” (defined in the previous
paragraph) imposed on the parameter space and the size of the highest likelihood region
at a given CL, it might not even be very likely that the algorithm found a single point in
the highest-likelihood region. While using random sampling for testing purposes or to
gain an intuition for the parameter space is not inappropriate, interpreting the outcome
of such a scan in a statistical analysis is – generally speaking – highly problematic.

A similar example is grid sampling, where the parameter range plus “metric” is
divided into equidistant intervals (or equal hypercubes in higher-dimensional spaces),
which has also been used in the literature [���, ���]. Just as for the case of random sam-
pling, applying this technique can have its pitfalls – even in low-dimensional parameter
spaces – because relatively small highest-likelihood regions can be missed. An obvious
remedy is to choose a very fine parameter grid or a better “metric” in the intervals,
but this is not a guarantee to have solved the issue and quickly also becomes infeasible
in higher-dimensional parameter spaces for the same reasons as in the case of random
sampling.

Both random sampling and grid sampling lack the ability to find the maximum of
the likelihood to arbitrarily high precision or to improve their efficiency after a number
of likelihood evaluations. Making use of additional information, such as the value or the
(approximated) gradient of the likelihood function and, ideally, guaranteeing increasing
convergence are therefore requirements for algorithms to be used in the most difficult
sampling problems. In the next section, I will discuss examples for such “cleverer”
algorithms, capable of exploring or converging sufficiently or efficiently on their target
function.

As a final caveat, it should be noted that comparing algorithms on equal footing is
difficult without first optimising the settings for each algorithm for a given test problem.
Even then, the test problem is ideally a problem with an exactly known solution, whose
existence and uniqueness has been established in a mathematically rigorous way. While
such benchmark problems exist, they need not be a good proxy of “real” (physics) prob-
lems. Algorithms performing poorly in benchmark cases might turn out to be better in
applications to real problems. Nonetheless, investigating the performance of algorithms,
such as the study in Ref. [���], can be a good indication of an algorithm’s performance and
informs the choice of its convergence criteria. It also allows the user to make an educated
guess on which algorithms are very good multi-purpose tools for unknown problems or
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which algorithms might perform well when tackling a problem with (partially) known
features of the likelihood surfaces, etc.

�.�.� Sampling algorithms available in GAMBIT

In light of the arguments for using a variety of sampling techniques presented in the
previous section, the fact that GAMBIT offers such a variety is a very useful feature. In this
section, I will give a brief overview of the algorithms used to obtain the results presented
in Chapters � and �, while noting that there are others available such as random and
grid-based scanners or the nested sampling algorithm PolyChord [���, ���].

The Diver algorithm [���] is used to optimise and explore the profile likelihood. It
is a differential evolution algorithm [���], combining elements of the Nelder-Mead [���]
and Controlled Random Search [���, ���] algorithms as well as the broader class of
evolutionary algorithms [���].

The differential evolution setup consists of a “population” of parameter points, whose
parameter values are its “genes”. The population evolves over time via mutation and
crossover (of genes). The crucial difference between differential evolution and the related
genetic algorithms is that the mutation step involves adding a scaled difference of gene
vectors to another gene vector. In the related genetic algorithms, the mutation step is
usually based on one or two gene vectors alone. However, in both cases the goal is to
select the “fittest individuals”, hence mimicking the process of natural selection. The
degree of fitness is measured by the log-likelihood value. Aiming to achieve the highest
possible “fitness” amongst some of the parameter points is therefore equivalent to finding
the optimal likelihood value.

Compared to simple methods such as grid scans, Diver takes into account the likeli-
hood value of the parameter points (after a random initialisation). This affects the makeup
of the population of points in future generations and aims to improve the population as a
whole. Compared to algorithms primarily developed to sample the posterior distribution,
the advantage of differential evolution is that it is only concerned with optimising the
likelihood, ignoring prior information. Thanks to the property of contour matching [���,
Sec. �.�.�], the name given to the observation that the generation of points coalesces be-
tween and around the maximum profile likelihood, the highest likelihood regions are
explored rather well. However, it should be noted that Diver is a heuristic algorithm, i.e.
there is no mathematically rigorous proof to establish convergence for a given, generic
optimisation problem. Despite this, the algorithm has been tested extensively using many
benchmark cases and it has emerged as one of the most efficient and general algorithms
available for optimisation problems [���].

MultiNest [���–���] is a nested sampling algorithm [���], closing in on the regions of
highest likelihood in nested shells. For MultiNest, these shells are approximated with an
ellipsoidal decomposition and contain sets of “live points”. These live points are updated
in each iteration step by replacing the point with the lowest likelihood with a new one
from the prior distribution – under the constraint that has a larger likelihood value. In
doing so, the algorithm explores the parameter space enclosed in shells of increasing
iso-likelihood contours. By defining the “prior volume” variable X as an integral over all
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✓ 2 ⇥(�), a set defined via ⇥(�) ⌘ �
✓ : p (d | ✓) > �

 
,

X(�) ⌘
⌅

⇥(�)
p (✓) d✓ , (�.�)

the multi-dimensional Bayesian evidence integral can be turned into a one-dimensional
integral in X,

Z ⇤

⌅
p (d | ✓) p (✓) d✓ ⇤

⌅ 1

0
p (d | X) dX , (�.�)

under the assumption that p (d | X) is a monotonically decreasing function of the prior
volume X [���]. Computing the Bayesian evidence thus becomes a one-dimensional inte-
gration over the prior volume contained within the iso-likelihood contours at p (d | ✓) ⇤
�. The difficulty of calculating a multi-dimensional integral has thus been translated into
obtaining samples with the associated likelihood values and weights to estimate (�.�).

The MultiNest algorithm is the de-facto standard in the cosmology literature for cal-
culating the Bayesian evidence, which is also the main reason why it is employed in this
work. Moreover, MultiNest has proved useful for a wide range of problems where char-
acteristics of the posterior are difficult to determine at the beginning, and can deal with
multimodal PDFs. MultiNest can also be used for parameter estimation, but the studies
behind Chapters � and � found that T-Walk is more efficient for this task. While this is
strictly speaking only true for the for the nature of the analyses performed in this thesis,
parameter estimation should only be considered a by-product of the MultiNest algorithm.
As described above, this is because Bayesian evidence estimation is the algorithm’s pri-
mary objective. For parameter estimation, it is therefore not unexpected that MultiNest
scales poorly to higher number of dimensions in the parameter space compared to other
methods.

The T-Walk algorithm [���], for sampling posterior distributions, is an ensemble
Markov Chain Monte Carlo algorithm based on Ref. [���]. Generally, such algorithms are
based on random walkers, where the current state of the walkers is used to inform if and
how they proceed in a subsequent next step, thus advancing this “chain” of decisions.
More precisely, T-Walk consists of a fixed number of chains, one of which is advanced at
each iteration. This selection is random and the proposal distribution for the advance-
ment depends on the remaining chains and is only performed in a subspace of the full
parameter space. The way in which T-Walk advances a walker is selected from a pool of
four different “moves”. An example is the “walk move” that causes the point selected
for advancement to move towards or away from a random point in a different chain to a
degree that is also chosen randomly from a given distribution.

Within the context of this work, the algorithm was found to be very efficient for
sampling posterior distribution and generally yields the highest-quality results for a
given amount of computation time compared to MultiNest. This is useful for parameter
estimation and determining the HPD regions. However, T-Walk has no capability available
for estimating the Bayesian evidence.
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�.� The GAMBIT software

The observation that the likelihood function p (d | ✓) is a common starting point for both
Bayesian and frequentist analyses is useful for building an analysis pipeline. For this
thesis, a data set d essentially corresponds to the result of one observing campaign of
an experiment. For independent, uncorrelated measurements, the overall, composite
likelihood function is simply the product of all the individual ones.� The composite
likelihood function then forms the basis for any type of analysis.

Since multiplication is intrinsically associative and commutative, calculating the com-
posite likelihood becomes a modular task. The independent likelihood components can
therefore be calculated in parallel. Furthermore, the order of likelihood and observ-
able evaluations can be based on their dependencies or evaluation speed. This can save
computational resources if a parameter point is already strongly disfavoured and, by
some criterion, ruled out already after only using the “fast” likelihoods. Including new
data or excluding outdated results is also straightforward if the likelihood function is
implemented as a modular building block of the analysis.

In summary, even without having specified the details of the analyses that ought to be
performed, the nature of the composite likelihood calls for a modular software framework
that facilitates re-usability and extendability in order to reduce mistakes and to improve
performance. The latter point is especially relevant considering the complexity of high-
dimensional model parameter spaces.

The global and modular BSM inference tool GAMBIT [��] is an open-source software
suite� especially designed to match this description. It comes with various bits [���, ���–
���] that contain functions that fulfil a certain capability, such as calculating the mass of
a particle, the signal in a detector, or the likelihood associated with an experiment.

Models in GAMBIT are defined as collections of named parameters. The parameters
may be chosen in any way that allows all relevant observables for a model to be com-
puted from them. Models can have relationships to other models, allowing parameter
combinations in one model to be translated to equivalent combinations in another model
or to an alternative parametrisation of the same model. This is achieved by adding new
“children” to the family tree of a more general model and defining a translation between
the two models. This translation may e.g. fix the values of some of the “parent” pa-
rameters or compute them as functions of (possibly new) parameters in the child model.
The resulting flexibility in the choice of model parameters allows the user to work with a
parametrisation that is most convenient for a given theory calculation, while still enabling
easy translations into more phenomenological sets of parameters. An example for such a
family tree will be given in the context of axion models in Sec. �.�.

The functions for the likelihoods and associated observables are designated to fulfil
the capabilities mentioned above, i.e. calculate concrete quantities such as observables (e.g.
“expected number of photon counts in experiment X”), likelihoods (e.g. “the likelihood
of observing the data from experiment X”), etc. If the quantities depend on each other,

�This is the case for all data employed in this work. If this were not the case, correlations would have to
be taken into account and some of the statements in the remainder of this section would have to be modified
accordingly.

�The software is available at https://gambit.hepforge.org under the �-clause BSD license.
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the machinery behind GAMBIT determines the order of their calculation and assures an
optimal flow of information through the computations. Moreover, the programming
style of GAMBIT, using abstract objects such as capabilities, allows for the actual functions
that fulfil a given capability to be replaced easily. These design principles can be found in
different parts and at different levels of the GAMBIT software suite, allowing for maximal
re-usability of the different parts.

To perform the global analysis of axion models presented in Chapter �, I developed
a contribution to the DarkBit module [���] that first became available with the release of
GAMBIT �.�.�. The global analysis of dwarf spheroidal galaxies made use of the ScannerBit
module [���], which is also the most relevant part of GAMBIT for this section and this
thesis in general.

A more detailed description of the basic features of GAMBIT, its philosophy, contents,
and settings can be found in the manual [��]. Further updates and additional features
have been introduced since then and are partly documented in the corresponding physics
studies [���–���].
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Chapter �
Axion global �tswith Peccei-Quinn symmetry breaking
before in�ation

As mentioned in Chapter �, QCD axions and axion-like particles are an intriguing class of
DM candidates since they might also be connected to other outstanding issues in physics,
such as the strong CP problem. However, there is some uncertainty with respect to their
creation mechanisms. As explained in Secs �.�.� and �.�.�, their relic abundance depends
on the symmetry breaking scenario. If the PQ symmetry breaks after inflation, the relic
density can be obtained as an average over all possible initial misalignment angles but
the contribution from topological defects is not well understood. In the other case, i.e.
PQ symmetry breaking before the end of inflation, the topological defects are irrelevant
but the initial value of the axion field is a random variable. The latter scenario has, so far,
not been considered as extensively as the former.

There are also now many complementary searches for axions underway, and many
new search strategies have emerged in recent years (see e.g. Ref. [��]). In particular,
I mentioned in Sec. �.� that axions could explain some apparent anomalies in the cooling
of WDs [���–���, ���, ���], or the transparency of the Universe to gamma rays [���–���].
It is therefore crucial to combine all available results in order to extract the maximum
information from the data. In doing so, we can learn more about the parameter space of
different models, help guide the planning of future searches towards the most promising
search areas and – if axions do indeed exist – find them in the correlated signals of several
experiments and determine their properties.

Some of these goals can be satisfactorily achieved by over-plotting exclusion lim-
its from several experiments. However, such simple combinations of exclusion plots
generally have shortcomings. They make assumptions about the relative importance of
interactions with other matter, and about important inputs such as solar physics, the
local density of DM and theoretical uncertainties. Incompatibilities between the assump-
tions can undermine the validity of a simple combination. They also do not allow for a
quantitative model comparison between different theories that include axions.

A solution is to perform a consistent global statistical analysis of all available con-
straints, accounting for the leading theoretical and experimental uncertainties. Imple-
menting such an analysis requires careful design, along with compromises relating to
the availability of data and the total computational runtime required. The computational
framework used here is GAMBIT [��], introduced in Sec. �.�. The most relevant features
for this chapter are GAMBIT’s modularity, and the options that it offers for carrying out
both Bayesian and frequentist analyses.
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The following Sec. �.� describes how axion models are implemented in GAMBIT as
a “family tree” of models. Section �.� lists the available observables and likelihood
functions, including their implementation, incorporated experimental data, potential
caveats and restrictions. I then show and discuss the results of our study on global scans
of axion models in Sec. �.�.

The axion routines developed for this thesis are available in the DarkBit [���] module
of GAMBIT �.�.�,� available at https://gambit.hepforge.org under the �-clause BSD
license.� Likelihood and posterior samples from this chapter can be downloaded from
Zenodo [���].

Note that, due to the frequent occurrence of some symbols and terms, I will make use
of a few simplifications. In this chapter, the natural logarithm of the likelihood functions
will simply be denoted by ln (L) and its dependence on the model parameters and data
will be omitted for clarity. Furthermore, I shall refer to a prior that is uniform in the log
of a parameter simply as “log prior” and a prior that is uniform in the parameter itself
will be referred to as “flat prior”.

�.� Axionmodels in GAMBIT

Figure �.� gives an overview of the specific axion models implemented in GAMBIT. We
describe these models in the following subsections, while we leave the discussion of the
parameter ranges and prior distributions for Sec. �.�.

GeneralALP (�)
� parameter model

fa , ma ,0, 1a�� , 1aee , �, T� , ✓i

QCDAxion (�+�)
Free parameters:
fa , E/N , Caee , ✓i

Nuisance parameters:
⇤� , T� , �, HCa��

DFSZAxion-I (�+�)
Free parameters:

fa , tan(�0), ✓i
Nuisance parameters:
⇤� , T� , �, HCa��

Fixed parameters:
E/N ⇤ 8/3

DFSZAxion-II (�+�)
Free parameters:

fa , tan(�0), ✓i
Nuisance parameters:
⇤� , T� , �, HCa��

Fixed parameters:
E/N ⇤ 2/3

KSVZAxion (�+�)
Free parameters:

fa , E/N , ✓i
Nuisance parameters:
⇤� , T� , �, HCa��

Fixed parameters:
Caee

ConstantMassALP (�)
Free parameters:

fa , ⇤, Ca�� , Caee , ✓i
Fixed parameters:

T� irrelevant, � ⌘ 0

Figure �.� | Family tree of axion models in GAMBIT. The numbers in brackets refer to the
number of model parameters; (n + m) indicates n (largely unconstrained) fundamental
parameters of the model and m (typically well-constrained) nuisance parameters.

�An earlier version, GAMBIT �.�.�, contains a wrong implementation of Eq. �.�, where the factor of 1/2⇡
was 1/

p
2⇡ instead. This mistake was corrected in GAMBIT �.�.� and all affected figures were replaced and

marked with the updated version number.
�Available at https://opensource.org/licenses/BSD-3-Clause.
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Table �.� | Parameters for the family of axion models. For dimensionful quantities, we
also give the units with which they are defined within GAMBIT. The first section refers to
parameters that are part of the GeneralALP model. The second section lists the parameters
used in child models of the GeneralALP.

Parameter Description Comments

1a�� Effective axion-photon coupling Units of GeV�1

1aee Effective axion-electron coupling
fa Axion decay constant Units of GeV

ma ,0 Axion zero-temperature mass Units of eV
T� Transition temperature in the broken power law for ma Units of MeV
� Exponent of the broken power law for ma � > 0
✓i Initial misalignment angle �⇡ < ✓i  ⇡

⇤ Breaking scale of the residual symmetry Units of MeV
Caee Axion-electron coupling
⇤� Zero-temperature topological susceptibility, ⇤4

� ⌘ �(T ⇤ 0) Units of MeV
E/N Anomaly ratio in QCD axion models
HCa�� Axion-photon coupling contribution from axion-meson mixing

tan(�0) Ratio of the two Higgs vacuum expectation values

�.�.� General ALPmodel

We define a new family of GAMBIT models for axions and ALPs. On top of the family
tree is the GeneralALP model, with seven parameters. This model describes an effective
Lagrangian that is a subset of (�.��),

Lint
a ⇤ �

1a��

4 aFµ⌫HFµ⌫ � 1aee

2me
ē �µ�5 e @µa . (�.�)

In this study we do not include couplings of axions to nucleons. However, future versions
of GAMBIT may include additional interactions such as these, subject to the availability of
interesting observables and constraints.

We employ the rescaled field value ✓ ⇤ a/ fa , assume the canonical cosine poten-
tial (�.��) for all types of axions,� and take the expression (�.��) to parametrise the potential
temperature-dependence of the axion mass in the GeneralALP model:

ma (T) ⇤ ma ,0

8>>
<
>>
:

1 for T  T�
�
T�/T

��/2 otherwise
. (�.�)

Note that, at this stage, the numerical values of the parameters need not correspond to
the ones in QCD axion models. A summary of all the model parameters can be found in
Table �.�.

�Note that this is a non-trivial assumption, as the potential could be any periodic function of ✓; more
general potentials have been invoked to e.g. construct models of inflation [���]. Allowing a different shape
of the potential would also require a modification of the relic density calculator, a detailed description of
which can be found in Appendix A.
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Table �.� |Nuisance parameters for the QCDAxion model. We only quote best-fit estimates
of � and T�, as the likelihood includes correlations between them (cf. Sec. �.�.�).

Parameter Value Comment

⇤� 75.5(5) MeV Ref. [���]
HCa�� 1.92(4) Ref. [���]
� �̂ ⇡ 7.94 9>

=
>
;

Via lattice QCD nuisance
likelihood based on Ref. [���]T� T̂� ⇡ 147.0 MeV

�.�.� QCD axionmodels

The QCDAxion model is a child of the GeneralALP model. It is inspired by the original
QCD axion models, which solve the strong CP problem (see Sec. �.�). The scale of the
explicit breaking of the shift symmetry by instanton effects is therefore linked to the
QCD scale. This connection can be exploited to uniquely determine the parameters ma ,0,
� and T�. However, there are uncertainties from theory, experiment, and lattice QCD
simulations that should be taken into account. We treat these as nuisance parameters;
Table �.� provides an overview.

Exploiting the connection to QCD, we can replace the parameter ma ,0 of theGeneralALP
model with the scale ⇤�,

ma ,0 ⌘
⇤2
�

fa
. (�.�)

To determine ⇤�, we use results from next-to-leading order chiral perturbation theory of
the zero-temperature axion mass [���]. We include these results via a Gaussian likelihood

ln (L) ⇤ �1
2

(⇤� � ⇤̂�)2

�2
⇤�

, (�.�)

where ⇤̂� ⇤ 75.5 MeV and �⇤� ⇤ 0.5 MeV are the most likely value and uncertainty for⇤�,
respectively [���].� The corresponding likelihood is shown in the left panel of Fig. �.�.

The two parameters � and T� can then be constrained by using the full lattice QCD
results from the supplementary material of Ref. [���, Table S.�]. We construct a likelihood
function by performing a chi-squared fit to the N ⇤ 20 data points,

ln (L) ⇤ �1
2

NX

i⇤1

(X � X̂i)2

�2
Xi

, (�.�)

where X ⇤ log10
⇥
�(T | �, T�)/�(T ⇤ 0)

⇤
is the logarithm of the normalised topological

susceptibility, and X̂i and �2
Xi

are its value and uncertainty for the ith data point.�
�The authors of Ref. [���] find a comparable result of ⇤� ⇤ 75.6 ± 1.8(stat) ± 0.9(sys) MeV using lat-

tice QCD methods.
�As the uncertainty quoted in Ref. [���] also includes an uncertainty on the value of ⇤� , we divide the

topological susceptibility � ⇤ f 2
a m2

a by their best-fit value for �(T ⇤ 0), and remove this uncertainty by
assuming simple error propagation.
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Figure�.� |Nuisance likelihoods for the scale⇤� (left, from direct theory calculations [���])
and � and T� (right, from lattice QCD [���]). Note that � is correlated with T� when the
full lattice QCD results are taken into account.

In Fig. �.�, we show the two-dimensional profile likelihood for � and T�. These pa-
rameters show a clear correlation. This is expected, as a higher transition temperature T�
implies a steeper slope in the temperature-dependent branch of the axion mass (corre-
sponding to larger �) in order to maintain a good fit to the shape of ma (T), as determined
by lattice QCD. We provide the best-fit values in Table �.�.

We note that the fit to our functional form for the QCD axion mass (�.��) captures
the temperature dependence established by lattice QCD well everywhere except in the
region around T ⇤ T�. This is because (�.��) is not smooth there and the overall fit is
poor (�2 ⇤ 55.7 for �� d.o.f., which corresponds to a p-value of about 10�5). However, the
disagreement stems only from a narrow temperature range, and has no impact on any of
our results. Excluding the only data point in that region improves the fit to an acceptable
level (�2 ⇤ 21.6 for �� degrees of freedom, which corresponds to a p-value of about 0.2).

We also replace the axion-electron coupling with the model-dependent factor Caee

1aee ⇤
me

fa
Caee , (�.�)

and the axion-photon coupling with the model-dependent ratio of the electromagnetic
and colour anomalies E/N , according to (�.��),

1a�� ⇤
↵EM
2⇡ fa

✓ E
N
� HCa��

◆
, (�.�)

where HCa�� is the model-independent contribution from axion-pion mixing. We use the
value obtained in Ref. [���], HCa�� ⇤ 1.92(4), and include it as a simple nuisance likelihood,

ln (L) ⇤ �1
2

(X � X̂)2

�2
X

, (�.�)

with X ⇤ HCa�� and X̂ and �X again the most likely value and its uncertainty (see Table �.�).
Finally, we want to emphasise some subtle considerations about the coupling strengths

of the QCD axion model. The possible ratios E/N are rational numbers arising from
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group-theoretical considerations. In this study, we sample over E/N as if it were a
continuous parameter. This can be reasoned for since the possible rational numbers
that E/N can take on are quite densely spaced along the real line, at least over the
range of values that we consider. The sometimes so-called “classical axion window”
considers a canonical, small and somewhat arbitrarily-defined range of couplings for
the prototypical axion models [��, ���–���], arising from only quite a small range in
E/N . It has recently been pointed out that the range of choices can, indeed, be extended
to include more possibilities [���–���]. To assess the whole range of various axion
models, we use the minimum and maximum values for E/N from Ref. [���, Table IV],
so that E/N 2 [�4/3, 524/3]. These values arise from a systematic study of DFSZ- and
KSVZ-type axion models, where the additional heavy quarks in KSVZ-type models have
cosmologically safe lifetimes and do not introduce Landau poles below the Planck scale.
Furthermore, in DFSZ-type models, the number of Higgs doublets may go up to the
maximum number of nine.

Note that (�.�) implies the possibility of having 1a�� < 0 within the range of E/N
given in the previous paragraph. This is neither problematic nor relevant for this work
since all likelihood functions only depend on the absolute value of 1a�� via 12

a��. We
therefore use |1a�� | in our plots as a reminder that negative couplings in the range
�3.25 ⇠< E/N � HCa��  0 are possible.

KSVZmodels

The archetypical axion model is the KSVZ model [��, ��], where the SM is supplemented
by one or more electrically neutral, heavy quarks. In our implementation, the KSVZAxion
is a child model of the QCDAxion, where the anomaly ratio E/N is a free parameter. In
these models, axions have no tree-level interactions with fermions. However, there is a
loop-induced coupling to electrons due to the axion-photon interaction, which – in the
absence of a leading order contribution – must be taken into account [��]:

1aee ⇡
3↵2

EM
2⇡

"
E
N

ln
 

fa

me

!
� HCa�� ln

 
⇤̃

me

!#
me

fa
, (�.�)

where ⇤̃ ⇠ 1 GeV is the QCD confinement scale. Several previous works have used
this expression with ⇤̃ ⇤ 1 GeV [���, ���], even though this quantity is not uniquely
defined. We too assume ⇤̃ ⇤ 1 GeV, relying on the fact that any deviations enter only
logarithmically.

The anomaly ratio in the original KSVZ model was E/N ⇤ 0 [��, ��] but other assign-
ments are possible, as pointed out earlier in this section. As in Ref. [���], we will consider
four different, specific KSVZAxion models as our benchmark cases with E/N ⇤ 0, 2/3, 5/3,
and 8/3.

DFSZmodels

In contrast to the KSVZ model, DFSZ models are obtained by adding an additional Higgs
doublet to the SM [���, ���]. This results in direct axion-electron interactions. One can
define two manifestations of this model, often called DFSZAxion-I and DFSZAxion-II. The
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couplings in these two models are given by

Caee ⇤ sin2(�0)/3 , E/N ⇤ 8/3 (DFSZAxion-I) ,
Caee ⇤ [1 � sin2(�0)]/3 , E/N ⇤ 2/3 (DFSZAxion-II) ,

(�.��)

where tan(�0) is the ratio of the two Higgs vacuum expectation values [��]. Pertur-
bative unitary requires 0.28 < tan(�0) < 140. It is therefore convenient to replace the
parameter Caee in the QCDAxion model by tan(�0).

�.�.� ALPmodelswith constantmass

As a template model for ALPs that arise as pseudo-Nabu-Goldstone bosons but do not
have a temperature-dependent mass, we define the ConstantMassALP model. This is
mainly for convenience in studies where we want to parametrically explore the coupling
space whilst keeping the inverse dependence on fa , but are not interested in a temperature-
dependent mass.

For ConstantMassALPmodels, T� is irrelevant because � ⇤ 0, reducing the total number
of parameters to five. Similar to QCDAxion models, we replace the ALP mass with a
pseudo-Nambu-Goldstone scale⇤ and introduce dimensionless coupling constants Ca��

and Caee , consistent with the other models:

ma ,0 ⇤
⇤2

fa
, 1a�� ⇤

↵EM
2⇡ fa

Ca�� , 1aee ⇤
me

fa
Caee . (�.��)

�.� Observables, experiments and likelihoods

Table �.� gives an overview of the observables and likelihood functions that were used
for this analysis. In what follows, I give details of the experimental data, computational
methods and likelihood implementations in GAMBIT.

�.�.� Light-shining-through-wall experiments

Light-shining-through-wall (LSW) experiments shine laser light through a magnetic field
onto an opaque material, and attempt to detect it on the other side. A photon may convert
into an axion within the magnetic field before the material, pass through it as an axion,
and convert back into a photon in the magnetic field on the other side [���–���]. A sketch
of such an experiment can be found in Fig. �.�, while real-world examples of experiments
based on this technique include ALPS [���, ���] and OSQAR [���, ���].

The predicted number of photons on the opposite side of the wall to the laser source
is given by

s ⇤ ✏tot p
�
� ! a ! �

� P
!�

tobs , (�.��)

where ✏tot is the detector efficiency, P is the laser power, !� the laser energy, and tobs

the observation period. p
�
� ! a ! �

�
is the probability of a photon converting into an

axion and back, in an appropriately aligned magnetic field of length L and strength B. It
is given by p

�
� ! a ! �

�
⇤ p2 �

� ! a
�

with [���]

p
�
� ! a

�
⇤ p

�
a ! �

�
⇤

 
1a��BL

2

!2
sinc2

 
M2L
2!�

!
, (�.��)
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Table �.� | Overview likelihood functions employed in this chapter (in the order they are
discussed).

Likelihood/Observable Comments References

QCD nuisance parameters Table �.� [���, ���]; Sec. �.�.�

ALPS final limits vacuum and argon data [���]; Sec. �.�.�

CAST ���� vacuum data, CCD (����) [���]; Sec. �.�.� & Appendix B

CAST ���� vacuum data, all detectors [���]; Sec. �.�.� & Appendix B

RBF based on [���, ���]; Sec. �.�.�

UF based on [���]; Sec. �.�.�

ADMX ���� – ���� based on [���–���]; Sec �.�.�

ADMX ���� based on [���]; Sec. �.�.�

DM relic density built-in calculator; Secs �.�.� and �.�.� as
well as Appendix A

limits [���]

H.E.S.S. axion-photon conversion in galactic cluster
magnetic fields

based on [���]; Sec. �.�.�

Supernova limits axion-photon conversion in magnetic fields
of the Milky Way

based on [���]; Sec. �.�.�

R parameter [���, ���]; Sec. �.�.�

Stellar cooling hints (optional likelihood)

White dwarf cooling hints only considered in Sec. �.�.� [���–���]; Sec. �.�.�

Wall

Laser

L1 L2

B1 B2

Figure �.� | Typical setup of a light-shining-through-a-wall experiment. In a magnetic
field B1 over a length L1, laser light (green waves) is converted into axions (dashed black
line), which can subsequently pass through an opaque wall (blue block). The axion can
then convert back into photons within a magnetic field B2 over a length L2 in a shielded
photon detector (dashed blue box) behind the wall.
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where M2 ⌘ m2
a/2+!2

� (n � 1), sinc(x) ⌘ sin(x)/x, ma is the axion mass, !� is the photon
energy and n is the refractive index of the medium in the experimental setup (n ⇤ 1 for
vacuum).

Our LSW likelihood is based on the final results of the ALPS-I experiment, using data
for both evacuated and gas-filled magnets [���]. The ALPS Collaboration took data in
“frames” of tf ⇤ 1 h each, binning physical pixels of the detector into 3 ⇥ 3-pixel blocks.
ALPs refer to these simply as “pixels” of area 42 µm ⇥ 42 µm. The collaboration searched
their data frames for cosmic rays and signatures of other systematics, over a wide region
around the single pixel where most of the laser light would fall in the absence of a wall,
referred to as the “signal pixel”.

ALPS adjusted the raw ADU values (electron counts) of the signal pixel in an attempt to
account for the average background in surrounding pixels. These reduced ADU (ADUred)
values are obtained by subtracting the average ADU values across all pixels in the region
surrounding the signal pixel, from the ADU value of the signal pixel. Doing this for every
frame where the laser was on (“signal frames”) and off (“background frames”), ALPS
constructed histograms of ADUred values for both signal and background. By fitting
Gaussian functions to these histograms, they were able to estimate b̂ and �b , the expected
value and standard deviation of ADUred for the background, as well as ô and �o , the
equivalent quantities for signal frames. An example and more details can be found in
Ref. [���, Fig. �] (see also Ref. [���]).

From (�.��), the expected signal s from photon-axion-photon production per frame of
ALPS-I data (with B ⇤ 4.98 T, L ⇤ 4.2 m, and !� ⇤ 2.33 eV) is

s ' 12.1 ✏tot

✓ P
1096 W

◆ "
1a��

10�7 GeV�1 sinc
 

M2L
2!�

!#4
. (�.��)

Apart from fluctuations in the experimental performance ✏tot, which amounts to
an uncertainty of �✏tot/✏tot ⇡ 6%, the experimental parameters are known to sufficient
precision to be fixed to their reference values. We incorporate the uncertainty on ✏tot into
the estimate of the signal prediction, �s ⇤ s �✏tot/✏tot. As a result of the ADU reduction
procedure, the measured signal and background estimators are non-integer numbers.
We test the signal-plus-background hypothesis with a Gaussian likelihood:

ln (Li) ⇤ �
1
2

f

si �
⇣
ôi � b̂i

⌘g2

�2
s ,i + �2

ô�b̂ ,i

. (�.��)

We add together the log-likelihoods for data sets i ⇤ 1 to 3, where two data sets (five and
six frames compared to ��� and �� background frames, respectively) consist of vacuum
data and one data set (eight frames compared to ��� background frames) consists of argon
gas data.�

We show the resulting exclusion limits in Fig. �.� and compare with the envelope of the
strongest vacuum or argon gas limits in Ref. [���]. The differences between the published
results and our implementation are due to fact that we combine the likelihoods instead of
just adopting the more constraining of the two, and also because the authors of Ref. [���]
used the Feldman-Cousins method [���], assuming Gaussianity and physical signals, i.e.

�Courtesy of Axel Lindner, private communication.
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Figure �.� | Validation of our implementation of ALPS result for limits on the axion-
photon coupling. We show the ��%, ��% and ��% CLs compared to the envelope of their
strongest vacuum or gas results. The difference between our likelihood and the limit
published by ALPS arises mostly due to the fact that we combine both likelihoods, rather
than taking the envelope.

Sh
ie
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L

B
The Sun

Figure �.� | Typical setup of a helioscope. Axions (dashed black line) produced in the
solar interior can pass through the opaque shield (blue block) on the helioscope. The
axion can then convert back into photons within a magnetic field B over length L inside
the helioscope.

s > 0. Considering the vacuum data alone, the method of Ref. [���] gives a slightly
stronger limit than our log-likelihood ratio method (6.5 ⇥ 10�8 GeV�1 at ��% CL in the
low mass limit, as compared to 6.9 ⇥ 10�8 GeV�1 in our implementation). By combining
the vacuum and argon likelihoods however, our final limit is somewhat stronger: 1a�� <

5.8 ⇥ 10�8 GeV�1 at ��% CL at low masses.

�.�.� Helioscopes

Axion helioscopes attempt to detect axions produced by interactions in the Sun by ob-
serving the solar disc with a “telescope” consisting of a long magnet contained in an

��



opaque casing [���–���]. Solar-produced axions would pass through the casing, convert
into photons (purple wavy lines) in the field of the magnet, and be observed in a detector
behind the magnet. An illustration of this technique can be found in Fig. �.�.

Multiple processes in the Sun can produce axions: production in the oscillating
electric field of the solar plasma, production in solar magnetic fields, and emission from
the interaction of electrons with photons, nuclei or one another. The predicted axion-
induced photon flux at Earth therefore depends on the assumed solar model, and on the
couplings of the axion to both photons and electrons [see e.g. ���].

The dominant process for axion-photon interactions is Primakoff production [���,
���], where photons are converted into axions in the presence of an atomic nucleus. The
rate at which axions of energy E can be produced in a plasma from photons of the same
energy is given by [���, ���]

��!a ⇤ 12
a��

2
sT

32⇡

" 
1 +

2
s

4E2

!
ln

 
1 +

4E
2

s

!
� 1

#

. (�.��)

Here, the inverse screening length is given in the Debye-Hückel approximation by

2
s ⇤

4⇡↵EM
T

✓
ne +

X

j

Z2
j n j

◆
, (�.��)

with ne denoting the electron number density, and nj and Zj representing the number
density and charge, respectively, of the jth nucleus. Note that the number densities and
temperature, and hence the conversion rate, vary with the radial position r. Using the
expression for the axion-photon conversion probability (�.��), the differential photon flux
at the detector is [���]

d�(E)
dE

⇤ 2⇡ p
�
a ! �

�
⌅ rs

0
r '�!a (E, r) dr , (�.��)

where '�!a (E, r) ⇤
R3
�

2⇡3D2
�

⌅ 1

r

⇢
p
⇢2 � r2

E
q

E2 � !2
pl(⇢)

eE/T (⇢) � 1
��!a (E, ⇢) d⇢ , (�.��)

with ⇢ a dimensionless radial co-ordinate in the Sun, and r a dimensionless radial co-
ordinate on the solar disc on the sky. The quantity D� is the (average) Sun-Earth distance,
which we take to be one astronomical unit, and !2

pl(⇢) ⇤ 4⇡↵EMne (⇢)/me is the plasma
frequency calculated from the electron number density ne (⇢) and electron mass me . The
upper limit of outer integral, rs , controls how much of the inner part of the image of the
solar disc on the detector is included in the analysis. This need not always be rs ⇤ 1, as
the signal-to-noise ratio can be maximised by introducing a cut-off rs < 1 [see e.g. ���].

The contribution to the solar axion flux from axion-electron interactions can be taken
into account by including the additional interaction rate �e!a (E, ⇢) in (�.��). However,
these contributions are not so straightforward to calculate from first principles. This is due
to narrow free-bound transition lines [���–���], axion bremsstrahlung [���, ���, ���] and
Compton scattering [���–���]. To include these contributions in our signal prediction,
we use tabulated data for the axion-electron spectrum provided in Ref. [���].

The spectrum in Ref. [���] was computed with the ���� iteration of the AGSS��met
solar model [���], which is based on photospheric abundances for non-refractory species
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and meteoritic abundances for refractory elements [���]. The AGSS��met model is thus
the default solar model in GAMBIT, and the one that we use throughout the rest of this
chapter. We however make use of its latest iteration [���] in preference to the earlier
version wherever possible, such as when computing the axion flux from axion-photon
interactions. In the limit of small axion mass, the predicted flux from axion-photon inter-
ations deviates by no more than �.�% between solar models, with the greatest difference
ocurring between the GS�� [���, ���] and most recent AGSS��met models [���].

Full details of our integration routines for the axion-photon and axion-electron contri-
butions, as well as the options available for the inclusion of solar models for axion physics
in GAMBIT, can be found in Appendix B.

CAST results ����

The first of our two CAST likelihoods is based on the results published in ���� [���] (CCD
detector data from the ���� vacuum run in Ref. [���, Table �]). The other data in Ref. [���]
are less constraining; including them only improves the upper limit by �% [���]. We
therefore do not provide separate likelihoods for the other runs.

The ���� CAST analysis was based on the solar model of Ref. [���] and a follow-up
analysis [���] on axion-electron interactions was based on a different model [���]. Here,
we use the updated AGSS��met model from Ref. [���] as basis. For both the axion-photon
and axion-electron interactions, we integrate the total flux over all �� energy bins (in the
range 0.8–6.8 keV), taking into account the observation time, effective area, and detector
efficiency (see Appendix B). In this case rs ⇡ 0.23 for the axion-photon contribution.
As we use the interpolated spectrum for the axion-electron contribution (calculated for
rs ⇤ 1), we can only rescale the resulting flux by an overall factor in order to estimate the
flux inside rs ⇤ 0.23. We take this number to be 0.826, assuming the findings from the
axion-photon interaction also apply in the axion-electron case [���].

Our implementation follows the CAST analysis [���, ���], using a Poisson likelihood
in each of the �� energy bins

ln (L) ⇤
20X

i⇤1
oi ln (si + bi) � ln (oi!) � (si + bi) , (�.��)

where oi , si and bi are respectively the observed number of photons, the number of
expected signal photons, and the expected number of background photons based on
observations away from the Sun, in the ith energy bin. In total, �� photons were observed
in the detector during data-taking compared to ��.� expected background events. The
resulting exclusion limits can be found in Fig. �.�.

CAST results ����

Our implementation of the latest CAST results [���] is analogous to that of the ���� results,
using the signal and expected background counts, exposure and detector efficiencies for
the ���� data.�

�I. Irastorza, private communication.
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Figure �.� | Validation of our implementation of limits arising from the ���� CAST
data [���], including the ���� re-interpretation in terms of axion-electron couplings [���].
Left: Exclusion limits for the axion-photon coupling [���]. Right: Exclusion limits for the
product of axion-photon and axion-electron coupling, assuming that axion-electron in-
teractions dominate the axion production inside the Sun. We only make this assumption
here to compare our implementation to Ref. [���].

To calculate the signal predictions, we integrate the axion-photon and axion-electron
fluxes over each of the ten energy bins in the range 2–7 keV, and then scale the predictions
by the effective exposure for each of the ten datasets in Ref. [���].

The exclusion limits presented in Ref. [���] are based on an unbinned likelihood. Here,
we treat each energy bin in each of the ten datasets as a separate counting experiment,
combining them into a binned Poisson likelihood

ln (L) ⇤
12X

j⇤1

10X

i⇤1
o ( j)

i ln
⇣
s ( j)

i + b ( j)
i

⌘
+ ln

⇣
o ( j)

i !
⌘
� (s ( j)

i + b ( j)
i ) . (�.��)

Here o ( j)
i , s ( j)

i and b ( j)
i are respectively the observed number of photons, the expected

number of signal events and the expected number of background events in the ith energy
bin of the jth experiment. In total, ��� photons were observed in the detector during data
taking compared to ���.� expected background events.

Our slightly different choice of likelihood function to the original CAST analysis is
significantly simpler, because it does not require event-level information – but it still
reproduces the published exclusion limits rather well (see Fig. �.�).

�.�.� Haloscopes (cavity experiments)

Axion haloscopes are designed to detect DM axions by resonant axion-photon conversion
inside a tunable cavity [���, ���]. Figure �.� shows such a setup in the halo of a galaxy,
representative of the Milky Way. Microwave cavities are the most sensitive axion experi-
ments in existence, but only cover a small mass range compared to other techniques. The
ability of haloscopes to detect axions therefore directly depends on their cosmological
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Figure �.� | Validation of our implementation of the ���� CAST limits [���]. Differences
are mainly due to our simplified implementation of the likelihood function, which does
not employ event-level information.

P

Galactic halo

Detector

Figure �.� | Typical setup of a haloscope. Axions (dashed black lines) from a dark matter
halo can resonantly convert into a power signal inside the electromagnetic field of a
cavity (red cylinder). Background image: Hubble telescope image of NGC ����, credit
to NASA/ESA and The Hubble Heritage Team (STScI/AURA).

��



GAMBIT 1.3.0

G AM B I T

�16

�15

�14

�13

�12

A
x
io
n
-p
h
o
t
o
n
c
o
u
p
li
n
g
lo
g
1
0

� |g
a
�
�
|/
G
e
V

�
1
�

P
r
o
fi
le

lik
e
lih

o
o
d
r
a
t
io

⇤
=

L
/
L
m
a
x

�6.0 �5.5 �5.0
Axion mass log10 (ma,0/eV)

0.2

0.4

0.6

0.8

1.0

Prof. likelihood

All C.L.s are for 1 d.o.f.

90%/95%/99% C.L.s

ADMX ’98 - ’09 (90% C.L.)

ADMX 2018 (90% C.L.)

RBF ’89 (95% C.L.)

UF ’90 (95% C.L.)

GAMBIT 1.3.0

G AM B I T

0.0

0.5

1.0

1.5

A
x
io
n
-p
h
o
t
o
n
c
o
u
p
li
n
g
|g

a
�
�
|/
1
0
�
1
5
G
e
V

�
1

P
r
o
fi
le

lik
e
lih

o
o
d
r
a
t
io

⇤
=

L
/
L
m
a
x

2.65 2.70 2.75 2.80

Axion mass ma,0/µeV

0.2

0.4

0.6

0.8

1.0
Prof. likelihood

90%/95%/99% C.L.s (1 d.o.f.)

ADMX 2018 (90% C.L., 1 d.o.f.)

Figure �.� | Left: Our implementation of haloscope likelihoods compared to the exclusion
limits for the RBF [���, ���], UF [���] and ADMX [���–���, ���, ���] experiments. Right:
Magnified details of the latest ADMX results [���].

abundance, and to a lesser extent, their velocities in the Galactic halo [���]. Here we
consider only the case where axions are fully virialised within the halo.

The power expected to be converted from axions to photons in a cavity is [���, ���, ���]

P ⇤ 12
a�� B2

0 C
⇢a , local V

ma ,0
Q min

 
1, Qa

Q

!
, (�.��)

where C is the form factor (a dimensionless integral over the E- and B-field configuration
of the cavity), B0 is magnetic field strength in the cavity, V is its volume, and Q and Qa

are the quality factors of the cavity and axions, respectively. In this context, Q describes
the ratio of stored vs dissipated energy of the cavity, while Qa is proportional to the axion
velocity dispersion (just as Q effectively characterises the bandwidth of the cavity).

The signal prediction also depends on the local DM density in axions, which we obtain
by rescaling the local DM density as

⇢a , local ⇤ min
✓
⌦a

⌦DM
, 1

◆
⇢DM, local . (�.��)

Obtaining exclusion limits from cavity experiments is often quite involved, generally
requiring simulation of the selection procedure of the detector [e.g. ���]. Without access
to this information, we must approximate the underlying likelihood functions based on
the publicly available limits and publications.

In the following, we describe our likelihoods for three different haloscope experiments.
An overview of the resulting exclusion limits can be found in Fig. �.�.

RBF results

The Rochester-Brookhaven-Fermi (RBF) collaboration performed a search for axions using
several cavities [���, ���]. Table I, Eq. (��) and Fig. �� in Ref. [���] provide useful
information for approximating their results.

By (�.��), the axion-induced power in a haloscope is proportional to ⇢a , local 1
2
a��,

which we define as the “reduced signal”

s ⌘ ⇢a , local 1
2
a�� . (�.��)
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The remaining factors from (�.��) are effectively constant across all frequency/mass bins
and detectors. The signal is expected to occur in a single frequency bin i, which satisfies
ma ,0 2 [!i , !i+1). Using this definition, we adopt an ansatz for the likelihood function
inspired by Ref. [���, Eq. (��)]:

ln (L) ⇤ �1
2 ⇥ (s � ai)

(s � ai)2

b2
i

. (�.��)

Here ai is a threshold parameter, bi effectively corresponds to an expected standard
deviation of the reduced signal, and ⇥ is the Heaviside step function. The threshold
values ai arise because RBF manually inspected all candidate frequencies in their data
over a certain significance level. The two parameters are related as ai ⇤ Nbi , where N is
the number of standard deviations required for manual inspection of a candidate signal.

Although Table I in Ref. [���] would allow us to determine bi , using the central
frequency of the bin as well as the ��% CL on the coupling strength, the resulting bins are
not quite identical to what is shown in Fig. �� of the same paper. We therefore determine
ai and bi for each frequency bin from the limits in Fig. �� of that paper, assuming N ⇤ 4
in all cases (cf. Table I ibid.). This leads to limits in �� bins ranging from ma ,0 ⇤ 4.4 to
10.1 µeV and from ma ,0 ⇤ 11.2 to 16.2 µeV.

UF results

While the results from the University of Florida (UF) collaboration [���] could be imple-
mented in the same way as the RBF experiment, the published data do not allow us to
infer the threshold parameter ai for the one mass bin. However, Ref. [���, Eq. (�)] quotes
the “noise power fluctuation”, which we use as a standard deviation �P ⇡ 2.86 ⇥ 10�22 W
for the expected power P. We obtain the expected power for each axion model using the
information provided in Ref. [���], and check that the quoted limit is comparable to the
expected sensitivity (which we obtain by assuming that the observed data is equal to the
background expectation). The corresponding likelihood function for the single bin from
ma ,0 ⇤ 5.4 to 5.9 µeV and signal s from (�.��) is given by

ln (L) ⇤ �1
2

✓P(s)
�P

◆2
. (�.��)

ADMX results ���� – ����

The procedure used by the ADMX Collaboration for setting limits in the absence of a
detection is highly customised for the experiment [���]. Unfortunately, the necessary
information for fully implementing their numerous results [���–���, ���] is not available.
Similar to the RBF likelihood, we therefore use the reduced signal (�.��) and the following
ansatz for the likelihood:

ln (L) ⇤ �1
2 ⇥ (s/si � a)

(s/si � a)2

b2 . (�.��)

Here si is the known limit in the ith frequency/mass bin, and a and b are free parameters
that have to be determined by a fit to published exclusion curves. We do this using the
exclusion limits at three confidence levels published in Ref. [���], and by assuming that
the shape of the likelihood function is representative of the shape in all other ADMX bins
over the range from ma ,0 ⇤ 1.90 to 3.65 µeV. Doing so results in a ⇤ 0.0131 and b ⇤ 0.455.
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ADMX results ����

In their recent publication, the ADMX collaboration increased the sensitivity of their
setup, which is now able to rule out some DFSZ-type models [���] in the range 2.66 
ma ,0  2.81 µeV. We approximate the likelihood of this result using the ��% CL limits
in Ref. [���, Fig. �], for the Maxwell-Boltzmann velocity distribution (consistent with the
model of the halo velocity distribution that we assume for analysing the results of other
searches).

Because the experimental setup changed compared to the previous runs, we do not
employ the shape parameters from Sec. �.�.� for the ���� dataset. Instead, as with the
UF experiment we assume that ADMX saw no signal events, approximating the ����
likelihood as

ln (L) ⇤ �1
2

s2

�2
eff(ma ,0 , s)

. (�.��)

Here, the effective standard deviation is given by �2
eff ⇤ �2

stat(ma ,0) + �2
sys(s). We infer the

statistical contribution �stat by setting the log-likelihood at the observed values of the limits
in Ref. [���, Fig. �] to that corresponding to a ��% CL for one degree of freedom. We read
off �stat at ��� different masses, and interpolate between them linearly for intermediate
mass values (ignoring that ADMX results do not apply in the narrow region 2.7302–
2.7307 µeV due to radio interference [���]). We add the systematic uncertainty of ��% of
the signal prediction (quoted in Ref. [���]) in quadrature with the statistical uncertainty.

�.�.� Darkmatter relic density

The realignment mechanism gives an axion contribution to the observed cold DM relic
density. We solve (�.��) numerically as a function of temperature to obtain⌦a , the fraction
of the critical energy density in axions today; details can be found in Appendix A.
The resulting energy densities for the QCDAxion are shown in Fig. �.��. Note again
that this chapter does not consider other contributions to the relic density than vacuum
realignment.

The relic density of DM is very well constrained by the most recent Planck analy-
sis [���]. We employ a Gaussian likelihood with the central value and standard deviation
from Ref. [���] (⌦DM h2 ⇤ 0.1188, �exp ⇤ 0.0010),� combining the experimental uncer-
tainty in quadrature with a further �% theory uncertainty,� �theo ⇤ 0.05⌦a h2, to give

ln (L) ⇤ �1
2

⇣
⌦a h2 �⌦DMh2

⌘2

�2
exp + �2

theo
. (�.��)

GAMBIT offers two options for this likelihood: a detection or an upper limit. These allow
us to demand either that axions are responsible for all DM, or only a fraction. For the

�Note that, different from other parts of this chapter, the results obtained in this chapter did not use the
slightly updated value of⌦DM h2 ⇤ 0.1200(12) [��], as these were not available at the time of performing the
analysis.

�We adopt this entirely heuristic number from the default value in DarkBit [���]. The estimated sub-
percent numerical systematic uncertainty of our code is smaller, but the theoretical uncertainty due to the
possibility of non-standard cosmologies can be much larger [e.g. ���]. Several authors have considered
scenarios designed to avoid overproducing axions, including entropy dilution [��, ���–���], inflationary
models [�, ���–���], and hidden magnetic monopoles [���].
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Figure �.�� | Left: Realignment energy density in QCD axions today as a function of mass
and initial misalignment angle (fixing �, T�, and⇤� to their best-fit values for comparison).
To guide the eye, we have included dotted and dashed lines to indicate where axions make
up certain fractions of the DM relic density. Right: Band of ma ,0-✓i combinations (from
Diver) to get the correct DM density (including �, T�, and ⇤� as nuisance parameters).
We show the results of Ref. [���] for comparison and also include the hypothetical case
of a “temperature-independent QCD axion” (with ⇤� as a nuisance parameter, but � ⇤ 0
and T� irrelevant) as an example.

upper limit, we simply set ln (L) ⇤ 0 for ⌦a < ⌦DM in (�.��). Except where stated
otherwise, we show results based on the upper limit option.

�.�.� Astrophysical probes

As mentioned in Sec. �.�, astrophysical systems can provide significant constraints on
axions. Intriguingly, a number of astrophysical systems appear to exhibit an unexplained
mechanism of energy transport, which might be due to axions. White dwarfs in particular
display apparently anomalous cooling rates (cf. Sec. �.�.�) or deviations in the shape of
their luminosity function [���, ���]. Unfortunately, the systematic uncertainties associ-
ated with these potential hints of new physics are quite difficult to quantify. Nonetheless,
if the observations and associated theoretical uncertainties turn out to be robust, axions
can indeed explain the observed deviations from expectation.

Distortions of gamma-ray spectra

Axions can be generated in galactic or intergalactic magnetic fields, distorting or dimming
the spectra of distant sources [���–���]. Several studies have investigated the effects
of axions on otherwise featureless spectra [���–���], and used the resulting limits to
constrain axion properties [���, ���–���].
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The probability of photon-axion conversion in a domain of size ` filled with a suitably
aligned magnetic field Beff and plasma with electron number density ne is given by [���,
���]

p1(E) ⌘ p
�
� ! a

�
⇤

1

1 +
⇣

Ecrit
E

⌘2 sin2 *
.

,

1
2 1a�� Beff `

s

1 +

✓Ecrit
E

◆2
+
/

-

, (�.��)

where !pl and Ecrit are the plasma frequency and critical energy, respectively:

!2
pl ⇤

4⇡↵EM ne

me
, Ecrit ⇤

1
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�
�m2

a � !2
pl

�
�

1a�� Beff
. (�.��)

The quantity Ecrit describes the energy scale at which photons will efficiently convert into
axions in the extragalactic magnetic field domains. In the absence of dust or any other
photon absorber, after traversing N such domains of size `, the remaining fraction of
photons is [���, ���, ���, ���]

p
�
� ! �

�
⇤

2
3 +

1
3 e�

3Np1
2 . (�.��)

Equations (�.��) and (�.��) reveal that we do not expect to see any effect due to axions
for E ⌧ Ecrit, because p1 ' 0. For a given photon energy E, this happens for large axion
masses ma and small axion-photon couplings 1a��.

For E � Ecrit, on the other hand, conversion is very efficient, but the observed spectrum
would simply decrease by a constant factor over the entire energy range. In this case it
is also not possible to test the axion hypothesis: the expected spectral normalisation of
any source is not well constrained and it therefore has to be a free fitting parameter in the
analysis.

It is only possible to constrain models where the critical energy lies within the spectral
window of the instrument, such that one end of the spectrum is suppressed, but the other
is not [���, ���]. Limits from the distortion of gamma-ray spectra are therefore strongest
at axion masses that lead to threshold energies similar to the photon energies observed
by the experiment. This explains the characteristic shape of the limits (in particular why
this method is not sensitive to axion masses below a certain value; see Fig. �.��).

The H.E.S.S. Collaboration applied this technique to the spectrum of the active galactic
nucleus PKS ����-���, using data obtained with their Cherenkov telescope array [���].
Unfortunately, their signal prediction requires Monte Carlo simulation of magnetic field
realisations, which are no longer available.��

We therefore approximate their likelihood function for the galactic cluster magnetic
field using Ref. [���, Figs � & �], based on a scheme that we describe in detail in Ap-
pendix C. The main idea is to use common interpolation methods inside the published
exclusion contours, and to extrapolate to likelihood values outside the known contours
using a method that mimics the shape of the known iso-likelihood contours and preserves
the mathematical properties of the likelihood. Our approximation procedure is of course
somewhat arbitrary. The advantages of our scheme are that it exactly reproduces the
known exclusion curves by construction, and that the general likelihood function is well-
behaved. The obvious downsides are that we can neither guarantee that the likelihood

��P. Brun, private communication.
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Figure �.�� |Our implementation of the H.E.S.S. exclusion limits from gamma-ray spectral
distortions of PKS ����-���, based on the limits quoted in Ref. [���, Figs � & �]. Full
details of the likelihood construction can be found in Appendix C.

in the outermost and innermost regions are completely accurate, nor can we extend it to
larger couplings than can be seen in Ref. [���, Fig. �].

Supernova ����A

Supernovae are excellent particle laboratories. Supernova ����A (SN����A) provides
significant constraints on axion parameters, based on the neutrino burst duration [���–
���] and axion-photon interaction in magnetic fields external to the supernova [���, ���].

Our likelihood for SN����A is based on the results from Ref. [���]. The authors of
that study derived limits based on the absence of a coincident gamma-ray burst from
SN����A, which should have been observed by instruments on board of the Solar Max-
imum Mission [���] if axions were produced in the explosion and converted to gamma
rays in the Galactic magnetic field.

The gamma-ray spectrum of photons with energy E expected at Earth per unit time
from axions produced in SN����A is

d�a!�
dE

⇤
1

4⇡d2
dṄ
dE

p
�
a ! �

�
, (�.��)

where d is the distance to the supernova, p
�
a ! �

�
is the conversion probability (�.��), N

is the number of axions created in the supernova and dṄ/dE is the axion spectrum at the
source, as predicted from a supernova model. To obtain the measured photon fluence at
Earth (gamma rays per unit area during the observation), Fa!�, equation (�.��) has to be
integrated over the energy range and time duration of the observation, while modelling
the transport of the axions through the Galactic magnetic field.��

��The authors of Ref. [���] consider two magnetic field models from Refs [���] and [���]. The latter yields
weaker limits and is their reference model as well as the basis for our implementation.
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Figure �.�� |Our implementation of SN����A limits compared to Ref. [���] (dashed line).

From Ref. [���, Fig. �], we can see that the photon fluence at Earth for a given axion-
photon coupling becomes constant below a certain mass scale m? and rapidly decreases for
bigger masses. This is not surprising, given that most axion experiments lose sensitivity
at large masses due to the loss of coherence in axion-photon conversion. We therefore
make the following ansatz for the fluence,

Fa!� ⇤ F
✓ 1a��

5.3 ⇥ 10�10 GeV�1

◆4 8>>
<
>>
:

1 for ma  m?
⇣

m?
ma

⌘ b
for ma > m? ,

(�.��)

where F ⇡ 0.57 ⇥ 10�12 cm�2 is the fluence for small axion masses at the reference value
of 1a�� ⇡ 5.3 ⇥ 10�10 GeV�1; we obtain this value by integrating Eq. (�.��) in Ref. [���].

We determine the best-fit values for m? and the exponent b from the higher-mass
region (ma ,0 > 6.0 ⇥ 10�10 eV) via a least-squares fit to the fluence contour in Fig. � of
Ref. [���], giving m̂? ⇡ 5.43 ⇥ 10�10 eV and b̂ ⇡ 4.02. The value of b̂ that we obtain can
be qualitatively understood by examining the axion-photon conversion probability given
in (�.��), which can be written as p

�
� ! a

�
⇤ sin2(c

p
x)/x, where c ⇤ 1a��Beff`/2 does

not depend on ma . For axions masses ma � !pl (with !pl ⇠ 4 ⇥ 10�12 eV), we have
x / m4

a and, since the oscillatory part is washed out by the turbulent magnetic fields, the
conversion probability is effectively suppressed by a factor of m4

a .
The likelihood for s ⇤ Fa!� in the absence of a photon signal with background

fluctuations �2
F is then given by

ln (L) ⇤ �1
2

s2

�2
F
. (�.��)

Figure �.�� shows how the limits obtained from our approximation compare to the
original reference.
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Horizontal Branch stars and R parameter

Weakly-interacting particles can influence stellar evolution by providing an additional
energy loss mechanism, cooling stars over the course of their evolution [���, ���, ���] (see
also Sec. �.�). The so-called R parameter, R ⇤ NHB/NRGB, is the ratio between the number
of Horizontal Branch (HB) stars, NHB, and upper Red Giant Branch (RGB) stars, NRGB,
in Galactic globular clusters. Its value depends on the relative time that stars spend on
each branch, which is sensitive to the details of stellar evolution and cooling. Axions are
expected to be produced in the cores of both types of stars, but would remove heat more
efficiently from the cores of HB stars, reducing the time that they spend on the HB and
leading to a reduction in R.

Based on a weighted average of a selection of cluster count observations [���], the
observed value is Robs ⇤ 1.39(3) [���]. The dependence of the predicted value of the
R parameter on the properties of axions can be approximated as [���, ���, ���–���]

Rpred ⇡ 7.33 Y � 0.422 � 0.0949
✓
�4.68 +

q
21.9 + 21.1 xa��

◆

� 0.00533 x2
aee � 0.0387

 
�1.23 � 0.138 x1.5

aee +

q
1.51 + x2

aee

!
, (�.��)

where Y is the Helium abundance, xa�� ⌘ 1a��/10�10 GeV�1 and xaee ⌘ 1aee/10�13. The
equation above is valid only if axions are sufficiently light compared to the typical tem-
peratures of the stellar interior, which are T ⇠ 108 K ⇡ 10 keV [���], so much higher than
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Table �.� | Overview of available cooling hints for WD variables of spectral types DA
and DB. We list the limits or intervals couplings allowed at 2� CL. The numerical val-
ues necessary for constructing the corresponding likelihoods were kindly provided by
A. H. Córsico and T. Battich. In the case of R���, we have two more data points compared
to what is shown in Ref. [���, Fig. �].

Object Type Mode 2� CL References
k ` 1aee/10�13

G���-B��A DA variable 2 1 [3.4, 6.0] [���, Fig. �]; [���–���]
R��� DA variable 2 1 [0.30, 6.8] [���, Fig. �]; [���]
L��-� DA variable 2 1 < 5.1 [���, Fig. �]
PG ����+��� DB variable 11 1 < 3.6 [���, Fig. �]

the axion masses we consider. Our R parameter likelihood is then simply

ln (L) ⇤ �1
2

⇣
Rpred � Robs

⌘2

�2
pred + �2

obs
, (�.��)

where �pred and �obs are the uncertainties of the predicted and observed values.
The authors of Ref. [���] adopted a Helium abundance of Y ⇤ 0.255(2) [���], leading

to a predicted value from standard (axion-free) stellar evolution calculations of Rtheo ⇤

1.45(1), almost 2� higher than the observed value. We adopt the updated value for such
low-metallicity environments of Y ⇤ 0.2515(17) [���], leading to Rtheo ⇤ 1.42(1), entirely
consistent with the observed R parameter. The effect of the uncertainty of Y on Rpred can
be estimated according to (�.��), as �pred ⇤ 7.33 ⇥ 0.0017 ⇡ 0.012. A comparison to the
exclusion curves in Ref. [���] can be found in Fig. �.��.

White dwarf cooling hints

White dwarfs are a particularly interesting environment in which to study axion-electron
interactions, due to their electron-degenerate cores [���, ���–���], as mentioned in Sec �.�.
Current observations can be interpreted as indicating a need for additional cooling in WDs
compared to standard models. The coupling necessary to explain the cooling with axions
has been estimated to be 1aee ⇠ O(10�13) [���]. A more recent analysis also considered
these cooling hints in a global fitting framework [���]. Whilst the systematics of such
analyses are still a matter of debate, and alternative explanations (whether involving
BSM physics or not) are certainly still possible, it is intriguing to investigate the impact
on axion global fits of including the WD cooling hints. Due to the speculative nature
of theses hints, we will do so in a separate (alternative) analysis in Sec. �.�.�, presented
alongside our main global fits.

White dwarfs typically pulsate, allowing the oscillation of their radii and luminosity
to be used to probe their internal structure via astroseismology. The periods, ⇧, of their
pulsations decrease with time, with a rate X ⇤ d⇧/dt, which can be related to the energy
loss in the system (see Sec. �.�).

References [���–���] simulated the evolution of WDs with and without axions, pre-
dicting the period decrease d⇧/dt in each case. For our predictions of WD cooling rates,
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Figure �.�� | Overview of the WD likelihoods available in GAMBIT. We show the separate
likelihoods (left) as well as the combined result (right). To guide the eye, horizontal
dashed lines indicate the confidence levels. Note that, taken at face value, the combined
constraints have the potential to be significant evidence for an additional cooling channel
in WDs.

we interpolate these results and their stated uncertainties, using natural splines. The spe-
cific figures and objects from those papers that our implementation is based on are listed
in Table �.�.�� Note that the plots in Refs [���–���] show the quantity ma ,0 cos2(�0) which,
for the DFSZAxion-I axion model they consider, is proportional to the more fundamental
parameters Caee or 1aee (cf. Sec. �.�.�). For values of the axion-electron coupling larger
than considered in the simulations (i.e. 1aee/10�13 > 5.6 or 8.4), we assign the likelihood
corresponding to the largest simulated coupling. This is a conservative assumption, as
the disagreement between prediction and observation will in reality only worsen as the
coupling increases further (until the WDs become opaque to axions – but this would
occur at couplings well beyond what we consider).

For each WD listed in Table �.�, we use a simple Gaussian likelihood function for the
observed (Xobs,i) and theoretically-expected (Xpred,i) period decrease, such that our total
WD cooling likelihood is

ln (L) ⇤ �1
2

4X

i⇤1

⇣
Xpred,i � Xobs,i

⌘2

�2
pred,i + �

2
obs,i

, (�.��)

where, again, the predictions and corresponding uncertainties �pred,i are taken from the
respective figures in the references listed in Table �.� and interpolated via natural splines.
The resulting individual and combined likelihoods can be found in Fig. �.��.

We emphasise that the interpretation of WD cooling is subject to a number of assump-
tions and caveats. Statistical and systematic uncertainties associated with the inputs
and algorithms of stellar models were considered by the authors of Refs [���–���], but

��For L��-� there is also a measurement for the k ⇤ 2, ` ⇤ 2 mode, which results in a stronger preference
for 1aee , 0 [���]. However, we choose the k ⇤ 2, ` ⇤ 1 mode, consistent with the other DA variable dwarfs.
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a number of other potential issues remain. These include theoretical modelling of the
transition from the main sequence to the WD phase, and the accuracy of the observed
period decrease of PG ����+���. Despite these problems, and in contrast to Ref. [���],
we include the PG ����+��� system in our discussion. The authors of Ref. [���] exclude
this object due to its similarity to R���, and the uncertainties associated with R��� being
“more conservative”. However, the different estimated uncertainties in these two systems
are in fact due to a real physical effect, namely the difference in the influence of trapped
vs non-trapped oscillation modes in the two systems. While the latter might give rise
to concerns regarding the understanding of different modes (cf. Table �.�), we do not
conclude that the arguments in favour of excluding PG ����+��� are strong enough to do
so.

�.� Results and discussion

In this section, we present the central findings from our global fits of various axion models,
identifying the most promising regions in parameter space and comparing the various
models. We present frequentist and Bayesian results side-by-side, after discussing our
choice of priors for the model parameters. Unless stated otherwise, all CLs and CRs
are 1�/2�/3� (68.27%/95.45%/99.73%), and all CLs are two-sided for two degrees of
freedom (d.o.f.). Secs. �.�.�–�.�.� do not include WD cooling hints; these are the subject
of a dedicated analysis in Sec. �.�.�.

�.�.� Sampling algorithms and settings

We use the differential evolution sampler Diver [���] to sample the composite likelihood
function and T-Walk [���] to sample the posterior distributions. We employMultiNest [���–
���] primarily to compute Bayesian evidences.

We use the sampler settings established in an earlier study by the GAMBIT Collab-
oration as starting points [���]. For Diver, we generally use a population size (NP) of
2 ⇥ 104 and a tolerance (convthresh) of 10�4, and turn off the lambdajDE optimisation,
preferring to use regular jDE for its slightly less aggressive optimisation. In addition to
combining samples from various runs, where necessary to resolve fine-tuned regions we
increase NP to 3 ⇥ 104 or 5 ⇥ 104 and/or reduce convthresh to 10�5. For T-Walk, we use
the default settings for ��� or ��� MPI processes, until reaching a tolerance (sqrtR � 1)
of 0.01 or 0.005. All initialisation YAML files that we use in this study are available on
Zenodo [���]; the exact scans for which we use the different settings can be ascertained
by examining the input files. Because we use MultiNest primarily for estimating Bayesian
evidences, we set the sampling efficiency (efr) to 0.3, as recommend for this task [���],
and use 2 ⇥ 104 live points (nlive) with a tolerance (tol) of 10�4.

�.�.� General ALPmodels

Starting at the top of the model hierarchy (see Fig. �.�), we first consider the GeneralALP
model. This is a phenomenological model; parameter combinations in this model need
not correspond to physical models, as their couplings do not depend on the inverse of fa .
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Table �.� | Parameter ranges and scaling for GeneralALP models.

Model Parameter range/value Scale

GeneralALP fa [GeV] [106 , 1016] log
ma ,0 [eV] [10�10 , 1] log
1a�� [GeV�1] [10�16 , 10�8] log
1aee [10�22 , 10�10] log
✓i [�3.141 59, 3.141 59] flat
� [0, 16] flat

T� [MeV] [10�2 , 106] log

Local DM density ⇢0 [GeV/cm3] [0.2, 0.8] flat

The main purpose of the GeneralALP is to provide a straightforward, universal connection
to observables and to compare to results in the literature.

Parameter ranges. The parameter ranges and scales that we use for GeneralALP models
are given in Table �.�. Because the axion potential is periodic, all normalised field values
are equivalent to a value in the interval (�⇡, ⇡]. For 1a��, 1aee , and ma ,0, there is no
obvious range to choose; we adopt parameter ranges encompassing values informed
by previous studies and phenomenology. For the local DM density ⇢0, we adopt the
same range as in earlier GAMBIT studies [���–���] (and implement the same likelihood
function).

The appropriateness of different ranges on fa , �, and T� depends on the fundamental
properties of the symmetries and scales of the underlying ALP model. Although there are
theoretical arguments for the existence of ALPs from e.g. string theory [��, ���], they do
not provide any quantitative guidance.�� Apart from the likely case that our calculations
become meaningless for fa ⇠> mP, we can only impose � > 0, as the axion mass should
become smaller as the underlying symmetry is restored at higher temperatures. The
ranges in Table �.� are therefore an attempt to include a variety of cases around the values
known or preferred for the QCD axion.

We do not produce Bayesian results for the GeneralALP model, as no strong physical
arguments exist for any particular choice of prior on most of its parameters. The only
exception is the initial misalignment angle ✓i, due to the causal structure of the early-
Universe cosmology mentioned in Sec. �.�.�.

Frequentist results. We first scan the GeneralALP model assuming ALPs to be all of DM.
The resulting limits on the axion-photon coupling (Fig. �.��) are comparable to summary
plots elsewhere in the literature [e.g. ���]. However, we would like to stress that unlike
overplotted exclusion limits, the exclusion curve in Fig. �.�� arises from a composite
likelihood, and profiling takes into account uncertainties in the local DM density (the
only relevant nuisance parameter here).

��See Ref. [���] for a recent study, preforming a Bayesian analysis of (string-theory-inspired) axion models,
similar to our GeneralALP model with � ⇤ 0 and not including coupling strengths as model parameters.
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Figure �.�� | Profile likelihood for GeneralALP models assuming ALPs to be all of dark
matter. The constraints that dominate the exclusion contours are CAST, haloscopes (UF,
RBF and ADMX), H.E.S.S., the R parameter, and SN ����A. We used Diver to sample the
profile likelihood (interpolated density plot) and a root-finding algorithm with a local
optimisation routine for profiling to determine the 2� CL (dashed line). For comparison,
we also show the band of QCD axion models that we consider in this chapter (blue
shaded region; cf. Sec. �.�.�) and the discrete choices for E/N that we use for the DFSZ-
and KSVZ-type models (yellow lines; dealt with in detail in Secs. �.�.� and �.�.�).
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Figure�.�� |Profile likelihoods (fromDiver) forGeneralALPmodels, assuming they provide
all of the dark matter in the Universe. We show limits for the axion-photon and axion-
electron couplings (left; essentially dominated by the R parameter likelihood, cf. Fig. �.��)
and for the absolute value of the initial misalignment angle vs fa (right).
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Figure �.�� |Profile likelihoods (from Diver) for specific GeneralALP models that constitute
all of the dark matter in the Universe. We compare the allowed regions between QCD-
like ALPs with � ⇤ 7.94 and T� ⇤ 147 MeV (density plot and black contours) and simpler
GeneralALP models with � ⇤ 0 (grey contours). Note that in the figure in the left panel,
the region to the right of the grey contours is allowed for this model.

The left panel of Fig. �.�� shows that the joint constraints on the two coupling pa-
rameters are essentially dictated by the constraint on the R parameter (Fig. �.��). As
a consequence, the axion-electron equivalent of Fig. �.�� would show that values of
1aee ⇠> few ⇥ 10�13 are excluded across the entire mass range.

The right panel of Fig. �.�� shows the possible combinations of fa and |✓i | that allow
the GeneralALP to be all of DM. The extent and shape of this region is mostly due to the
limited ranges of ma ,0, �, and T�. The axion potential, and therefore the initial energy
density in axions, is proportional to fa ma ,0. The observed DM abundance can only be
achieved if fa ma ,0 is large enough, because |✓i | < ⇡. On the other hand, the axion starts
to oscillate when H ⇠ ma (Sec. �.�.�). The associated temperature scale depends on ma ,0,
�, and T� and sets the amount by which the axion energy density is red-shifted up to the
present day. To obtain the correct abundance in axions today while e.g. going to lower
values of fa , the values of ma ,0, �, or ✓i must be increased or the value of T� decreased.

Within our selected parameter ranges, the profile likelihood does not identify pre-
ferred regions for T� and �. However, as Fig. �.�� shows, different choices of T� and � can
lead to different behaviours in the profile likelihoods of other quantities. This is due to
the temperature dependence of the axion energy density (�.��). For example, in Fig. �.��,
we choose a generalised QCDAxion-like model (with � ⇤ 7.94 and T� ⇤ 147 MeV) and
compare it to a ConstantMassALP-like model (� ⇤ 0). The different slope of the exclusion
region boundary in the left panel of Fig. �.�� is a consequence of how the energy den-
sity scales right after the axion field begins to oscillate. For the allowed range of values
for ma ,0, the corresponding band of possible fa – given a value for the initial misalignment
angle – is also different.
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Table �.� | Prior choices for QCDAxion models.

Model Parameter range/value Prior type

QCDAxion fa [GeV] [106 , 1016] log
⇤� [MeV] [73, 78] flat

HCa�� [1.72, 2.12] flat
E/N [�1.333 33, 174.667] flat
Caee [10�4 , 104] log
✓i [�3.141 59, 3.141 59] flat
� [7.7, 8.2] flat

T� [MeV] [143, 151] flat

Local DM density ⇢0 [GeV/cm3] [0.2, 0.8] flat

�.�.� QCD axions

QCD axions are the most well-studied type of axions to date. Unlike in most of the existing
literature, here we take into account the uncertainties due to nuisance parameters (see
Sec. �.�.�) in every part of the analysis. We also consistently scale the local DM density
in axions according to their cosmological abundance. This affects the limits on the axion-
photon interaction from haloscope experiments such as ADMX, as the detector signal
in (�.��) is proportional to ⇢a , local 1

2
a��. The limits on 1a�� therefore scale with 1/p⇢a , local.

We again cap the local axion abundance at ���% of the local DM abundance, and penalise
models that predict too much DM via the Planck likelihood for ⌦DMh2 (Sec. �.�.�).

Prior choices. The priors that we apply to the QCDAxion parameters can be found in
Table �.�. This model imposes a number of relations between the phenomenological
parameters of its parent GeneralALP model, which depend on nuisance parameters, i.e.
quantities determined by simulations, theory or experiments, which are only known
within an appreciable uncertainty. While we are generally not interested in inference on
such parameters, their uncertainties can affect results for the actual parameters of interest.
The additional nuisance parameters for QCDAxion models are HCa��, ⇤�, �, and T�. For
HCa�� and ⇤�, the nuisance likelihood is given by a one-dimensional Gaussian for each
parameter, whereas the likelihood for � and T� takes into account correlations between
the two parameters (Sec. �.�.�). We choose flat priors from about �5� to +5� around the
respective central values for all four nuisance parameters.

The range of values that we choose for the anomaly ratio, E/N , is inspired by the
selection criteria and range established in phenomenological studies of axion models (cf.
Sec. �.�.�). While the different preferred models presented in Ref. [���] form a discrete
set, we assume that there is a continuous band of possible axion models, spanning a
range from the lowest (E/N ⇤ �4/3) to the highest (E/N ⇤ 524/3) possible value of the
anomaly ratio. Given that the number of possibilities grows very quickly if we allow
for an arbitrary number of new heavy quarks in KSVZ-type models (where, however,
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E/N  170/3), it is not inconceivable that such a band exists. We treat each value inside
the band as equally probable before contact with data, employing a flat prior for E/N .��

Assigning priors to fa and Caee is more difficult. For fa , we choose a range that
corresponds to our region of interest in mass: from the largest masses allowed by bounds
on hot DM, to highly fine-tuned regions with very small masses and fa somewhat below
the Planck scale. The logarithmic prior reflects our ignorance about the scale of new
physics, given that the ability of the original QCD axion to solve the strong CP problem
does not depend on the value of fa .

It should be noted that the QCDAxion models in the symmetry breaking scenario
considered here�� can be constrained by inflationary isocurvature fluctuations across the
the whole range of values for fa . However, these constraints depend on the energy scale of
inflation and can be avoided for sufficiently low energy scales of inflation [��, Sec. �.�] or
by other mechanisms such as making the axion sufficiently heavy during inflation [���].
In the present work, we do not consider the energy scale of inflation as a parameter (or a
specific model of inflation) and therefore neglect isocuvature constraints.

[���]
We choose a generous range for Caee , taking a logarithmic prior around values of

order unity, which may be considered the most natural value for Caee . Note that the
lower end roughly corresponds to the minimum value that can be constrained by the
R parameter for the highest QCDAxion masses we consider. Values any lower will be
effectively indistinguishable.

Our choice of priors on ⇢0 and ✓i follow the logic from the previous section on
GeneralALP models. Because ⇢0 is rather well constrained by data, the choice of log or flat
prior has little impact on the final results. For ✓i, the causal structure of the early-Universe
cosmology mentioned in Sec. �.�.� means that all values of the initial misalignment angle
are equally likely, so a flat prior is most appropriate.

��The assignment of weights to the different discrete values or to the different parts of the band is
not trivial; it becomes complicated quickly if we consider the general QCDAxion family instead of specific
DFSZ-type and KSVZ-type models, because the number of additional components (Higgs doublets or heavy
quarks) is not fixed. Although it could be argued that all possible values of E/N are equally likely within
each class of model, models with more additional particles might be considered more “contrived”, and hence
less probable a priori. This is relevant because it particularly affects the higher values of E/N , which cannot
be achieved in the simpler models with only one new quark or two Higgs doublets. Creating a probability
density function based on how often the values of E/N occur for all the different cases might hence not reflect
the a priori probability for each version of the QCDAxion model. There are also significant practical challenges
to computing all possible values of E/N when the number of quarks becomes very large, as well as in the
most general versions of DFSZ-type models.

��In the complementary symmetry breaking scenario, isocurvature perturbations are not present during
inflation as the PQ symmetry remains unbroken (it may also be broken during inflation and restored
during reheating) [e.g. ���]. Still, very sizeable isocurvature fluctuations of O(1) are produced in the post-
inflationary scenario for length scales smaller than the horizon size when QCD instanton effects turn on,
which can give rise to so-called axion miniclusters [���]. For QCD axions, these may yield constraints on
the relevant length scales of ⇠< 10 pc today while the CMB cannot probe larger scales since the axion energy
density spectrum corresponds to not scale-invariant white noise (Refs [��, Sec. �.�] and [���]). See Ref. [���]
for a recent work on ALPs in the post-inflationary PQ breaking scenario, including forecasts for future probes
of isocurvature constraints.
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Figure �.�� | Profile likelihoods (from Diver) for QCDAxion models with upper limits (left)
and matching condition (right) for the observed DM relic density. The upper and lower
panels show the constraints on the anomaly ratio, E/N , and the absolute value of the
initial misalignment angle, |✓i |, respectively.

Frequentist results. First, let us consider statistical inference on the axion coupling
strengths. There are essentially only upper limits on the axion couplings or the associated
model parameters. We begin by focusing on the axion-photon interactions, as determined
by the anomaly ratio E/N , shown in the upper row of Fig. �.��. In the left panel we
impose the relic density constraint as an upper limit, while in the right panel we demand
that axions be all of DM. A notable difference between these two assumptions is that
haloscopes (UF, RBF and ADMX) only provide strong limits in the latter case.

If axions are not required to be all of DM, the high-mass (low- fa) region is excluded
by the R parameter and CAST likelihoods (cf. Fig. �.��) except at very low values of
E/N . If axions constitute all of the DM in the Universe, these constraints are not relevant
because the realignment mechanism cannot produce enough DM when |✓i |  3.14159
and ma ,0 ⇠> 1 meV (cf. right panel of Fig. �.��), so the high-mass region is excluded.

We also see slightly lower profile likelihood values for masses below about 0.1 µeV.
This is due to the role of the axion-electron coupling in the R parameter likelihood: while
our updated value for the helium abundance reduces the tension between theory and
observations, there is still a slight preference for 1aee , 0. For small masses, however,
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the maximum allowed value for the axion-electron coupling, Caee  104, is still not large
enough to satisfy this small preference.

In the bottom row of Fig. �.��, we show the allowed values for the magnitude of the
initial misalignment angle, with and without the assumption that axions constitute all of
DM. Due to the influence of the various nuisance parameters and the relic density likeli-
hood, the allowed region in the right panel is not simply a line, but a band of parameter
combinations that reproduce the observed DM density within the allowed uncertain-
ties. This panel also illustrates the well-known result that the initial misalignment angle
needs to be fine-tuned, i.e. |✓i | ⌧ 1, for QCD axion masses of ma ,0 ⇠< 0.1 µeV.�� We will
investigate this issue in more detail below using a Bayesian analysis.

Bayesian results. Breaking the PQ symmetry before inflation effectively results in a
single, homogeneous value for the misalignment angle in the entire observable Universe.
This gives a physical motivation for choosing a flat prior on ✓i. Parameter regions in
which ✓i must be very small to avoid axion overproduction are hence theoretically less
appealing. In a Bayesian analysis, we can see and quantify these fine-tuning issues in
the (marginalised) posterior distributions, which quantify the degree of belief in certain
values of the parameters given data and prior information.

We show marginalised posteriors for the QCDAxion model in Fig. �.��, once again
without (left panel) and with (right panel) the requirement that QCD axions are all of
DM. As a consequence of fine-tuning in ✓i, the low-mass (high- fa) region of the parameter
space in Fig. �.�� is disfavoured, even when taking the DM relic density as an upper
limit only. This is because in the low-mass region, large absolute values of the initial
misalignment angles have a small likelihood. An O(1) value for the magnitude of the
initial misalignment angle is a priori more probable than finding a value close to zero,
due to the flat prior. This conflict leads to fine-tuning becoming increasingly necessary
as the axion mass decreases, which is penalised in the Bayesian analysis. Although such
parameter combinations might still give valid solutions that evade all constraints, they
are not as probable as others.

A similar logic applies to large axion-photon coupling, i.e. large E/N . Due to the fine-
tuning in E/N necessary to evade the helioscope and R parameter constraints at large
axion mass (cf. the corresponding profile likelihood in the top left panel of Fig. �.��), the
large-ma ,0 (low- fa) region in the top left panel of Fig. �.�� is disfavoured in the Bayesian
posterior.

If we demand that axions explain all of DM, the consequences are even more dramatic.
The most probable axion models are confined to the narrow band in ma ,0, visible in the
upper right panel of Fig. �.��. This mass range presents a feasible target for haloscope
searches, and ADMX in particular is already beginning to cut into these models from
the left (low-mass end). This also explains why the band of ma ,0-✓i values in the bottom
right panel of Fig. �.�� is not continuous, but disrupted around two points. These
correspond to the ADMX and RBF/UF haloscope searches, respectively. While the RBF

��Figure �.�� contains combined results from multiple Diver runs, designed to properly sample the most
fine-tuned regions of the parameter space at low |✓i | and ma ,0.
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Figure �.�� | Marginalised posteriors (from T-Walk) for QCDAxion models with upper lim-
its (left) and matching condition (right) for the observed DM relic density. The upper and
lower panels show the constraints on the anomaly ratio, E/N , and the absolute value of
the initial misalignment angle, |✓i |, respectively.

and UF haloscopes cannot reach as far down into the coupling space as ADMX, they do
still constrain a significant fraction of the coupling range.

The fact that the Bayesian analysis singles out a well-defined range for the QCD axion
mass becomes even more apparent in Fig. �.��, where we compare one-dimensional pro-
file likelihoods and marginalised posteriors for the axion mass. The frequentist approach
does not yield a clear preference for any mass range, but the posterior distributions are
strongly peaked around ma ,0 ⇠ 100 µeV. Clearly, such a result is not completely prior-
independent, and we discuss the impact of adopting different priors in Appendix D.
Nevertheless, it is appealing that a Bayesian analysis can identify a preferred region of
ma ,0 which, intriguingly, falls into the range that can be covered by experimental searches.
Indeed, the impact of ADMX and other haloscopes already manifests itself as dips in the
right panel of Fig. �.��.

The marginalised posterior in Fig. �.�� allows us to infer a preferred QCDAxion mass
range. When demanding that axions explain all of DM, we find that the ��% equal-tailed
credible interval for the axion mass is 0.10 µeV  ma ,0  0.16 meV; allowing them to
constitute a fraction of DM, this becomes 0.60 µeV  ma ,0  7.1 meV. These numbers
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Figure�.�� |Profile likelihoods (fromDiver, left) and marginalised posteriors (from T-Walk,
right) for the mass inQCDAxionmodels with upper limits (red shading) and matching con-
dition (blue shading) for the DM relic density. The prior dependence of the marginalised
posteriors is investigated in Appendix D.
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Figure �.�� | Profile likelihoods (from Diver, left) and marginalised posteriors (from T-
Walk, right) for ⌦a h2 in QCDAxion models with upper limits (red shading) and matching
condition (blue shading) for the DM relic density.

have minimal dependence on the adopted prior for E/N , but a stronger dependence on
the choice of priors for Caee and fa (Appendix D).

We also note that if the PQ symmetry is broken after inflation, the preferred axion
mass range will generally shift to larger values due to averaging of the energy density and
inclusion of topological defects (cf. Sec. �.�.�). The lower bounds on ma ,0 that we quote
can therefore be viewed as robust against changes of assumptions about inflation.

Finally, we also show the one-dimensional profile likelihoods and marginalised pos-
teriors for the QCDAxion relic density in Fig. �.��. Demanding that axions be all of the
DM effectively dominates the outcome of this analysis. Using the DM relic density as an
upper limit causes the profile likelihood to essentially follow the relic density likelihood
function (left panel).

In a Bayesian analysis, however, we immediately see that QCDAxions are not expected
to generally provide all of the DM in the Universe, given our definition of the parameter
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Table �.� | Prior choices for DFSZAxion-I, DFSZAxion-II and KSVZAxion models. Note that
the priors listed in the first section of the table apply to all three models.

Model Parameter range/value Prior type Comments

fa [GeV] [106 , 1016] log Applies to all
⇤� [MeV] [73, 78] flat Applies to all

HCa�� [1.72, 2.12] flat Applies to all
✓i [�3.141 59, 3.141 59] flat Applies to all
� [7.7, 8.2] flat Applies to all

T� [MeV] [143, 151] flat Applies to all

DFSZAxion-I E/N 8/3 delta
tan(�0) [0.28, 140.0] flat

DFSZAxion-II E/N 2/3 delta
tan(�0) [0.28, 140.0] log

KSVZAxion E/N 0, 2/3, 5/3, 8/3 delta Various choices

Local DM density ⇢0 [GeV/cm3] [0.2, 0.8] flat

space and priors. Imposing the DM relic density as an upper limit, the median axion
relic density is 4.2 ⇥ 10�3, or about �.�% of the observed DM abundance. The preferred,
equal-tailed range at ��% credibility is 3.7 ⇥ 10�6  ⌦a h2  0.10, which corresponds to
between about �.���% and ��% of the cosmological density of DM. This demonstrates
that in the pre-inflationary PQ symmetry-breaking scenario, although QCDAxions can
provide a sizeable contribution to the DM density of the Universe, they probably do not
contribute all of DM. Again, we stress that these statements are sensitive to the adopted
prior on Caee and fa (Appendix D).

�.�.� DFSZ- and KSVZ-typemodels

The DFSZ-type (DFSZAxion-I, DFSZAxion-II) and KSVZ-type (KSVZAxion) models differ
from their parent model, the QCDAxion, in that they specify the axion-photon and axion-
electron coupling strengths, or at least limit them to a well-defined range for a given axion
mass. They are but a few of the many possible phenomenologically-inspired models, but
they serve as interesting archetypes of their respective subclasses to compare with more
general QCDAxion models.

Prior choices. Our prior choices for the DFSZ and KSVZ model can be found in Table �.�.
For most of them, the rationale is the same as for QCDAxions presented in Sec. �.�.�. The
only differences are in the parameters related to couplings. We fix E/N to some typical
values considered previously in the literature [e.g. ���]. The range that we choose for
tan(�0) in DFSZ-type models reflects the values allowed by perturbativity bounds [���].
Our choice of a log prior for tan(�0) reflects the assumption that each possible Higgs VEV
is equally likely; indeed, any sensible prior choice for this parameter should reflect the
fact that the two Higgs doublets may be interchanged, and the prior should be invariant
under inversion of the ratio of VEVs.
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Figure �.�� | Profile likelihood (from Diver) for the axion mass in the different DFSZ- and
KSVZ-type models, imposing the DM relic density as an upper limit.

Frequentist results. The DFSZ- and KSVZ-type models are essentially restrictions of
the allowed QCD axion couplings. We therefore only expect to see qualitative differences
in the results from the different models where the DFSZ and KSVZ interaction strengths
cannot be tuned sufficiently to evade constraints from haloscopes (if axions make up all
of DM) and the R parameter.

Figure �.�� shows the profile likelihood constraints on various axion models, imposing
the DM density as an upper limit. We can see that the upper limit on the axion mass
depends on the value of E/N in a given model (cf. Fig. �.��), giving KSVZAxion models
with E/N ⇤ 5/3 the largest allowed parameter space out of all the models compared here.
The different values for E/N are also the reason for the different positions of the peaks in
ma ,0; the slight preference for non-zero couplings in the R parameter likelihood requires
slightly different axion masses for different E/N .

Demanding that axions explain all of DM, Fig. �.�� would change slightly. All models
with ma ,0 ⇠> 0.1 meV would be ruled out (not being able to provide all of the DM through
the realignment mechanism), and ADMX would partially constrain all models except
those with E/N ⇤ 5/3 (cf. Fig. �.��).

The relation between the DFSZ- and KSVZ-type models and their parent QCDAxion
model determines their allowed axion-electron couplings. Figure �.�� shows how the
allowed parameter space in the ma ,0-Caee parameter plane of the QCDAxion model is con-
strained further by imposing additional relations between the different model parameters
in the KSVZ- and DFSZ-type models.

This is most striking in the case of the KSVZ-type models, for which Caee is only
induced at the loop level and depends directly on ma ,0 (�.�). Note that the ordering of the
KSVZAxion regions is also non-monotonic in E/N due to the difference term in (�.�). The
finite sizes of the allowed parameter regions are simply a result of the nuisance parameters
included in the relation between Caee and ma ,0. For DFSZ-type models, Caee depends on
the additional parameter tan(�0), which makes it possible to accommodate a wide range
of axion-electron couplings. However, the parameter space is also more constrained in
this case, as very large values of Caee cannot be realised given other constraints on tan(�0).
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Figure �.�� | Profile likelihoods (from Diver) for KSVZAxion (left), DFSZAxion-I (right; blue
contours), andDFSZAxion-IImodels (right; coloured region and black contours), compared
to the profile likelihood for the QCDAxion model (grey lines). All results use the observed
relic density of DM as an upper limit on the relic axion abundance.

Also note that, due to the different coupling structure in DFSZAxion-I and DFSZAxion-II
models (�.��), the same range for tan(�0) translates into a lower minimal value of Caee in
DFSZAxion-II models than in DFSZAxion-I models. The resulting possible range for Caee

in DFSZAxion-II models (and KSVZAxion models with E/N ⇤ 5/3) also extends to slightly
lower values than the prior box that we chose for QCDAxions.

Bayesian results. Using MultiNest’s nested sampling (as opposed to importance nested
sampling) estimates for evidences, we calculated the odds in favour of KSVZ- and DFSZ-
type axion models over the QCDAxion model. In terms of the commonly used scale for
Bayes factors [���, ���], we find that there is generally no noticeable evidence for or
against any of these models, which would require an odds ratio of more than �:� (or less
than �:�).

Imposing the relic DM density as an upper limit, the odds in favour of any KSVZ-
or DFSZ-type axion models, compared to QCDAxions, are �:�. If we demand that axions
constitute all of DM, the odds reduce to �:�.

The outcome of the model comparison is not surprising, as we have not included any
positive evidence for axions at this stage. We will discuss in the following section how
these conclusions change when including WD cooling hints.

�.�.� Cooling hints

Observables related to stellar cooling offer a unique opportunity to constrain the axion
parameter space. If future observations confirm the need for additional cooling channels
to explain the observed decreases in WD pulsation periods, we may be able to use WDs
to measure the axion mass and coupling strengths. In this section we add the likelihoods
related to the WD cooling hints to our analysis, emphasising once again the caveats and
difficulties associated with assigning uncertainties to the model predictions (cf. Sec. �.�.�).
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Figure �.�� | Profile likelihoods (from Diver) for QCDAxion models with upper limits (left)
and matching condition (right) for the observed DM relic density and including cooling
hints. The upper and lower panels show the constraints on the anomaly ratio, E/N , and
for the absolute value of the initial misalignment angle, |✓i |, respectively.

Here our prior choices for each model are the same as in the preceding sections. A detailed
numerical comparison of our results to previous works [���, ���] is not meaningful due
to differences in the choice of WD likelihood function, but the findings are qualitatively
similar.

QCD axions

Previous studies have mostly considered the phenomenological couplings 1a�� and 1aee

or specific QCD axion models with fixed E/N . Here, we investigate which parts of the
broader QCDAxion parameter space can explain the cooling hints.

Frequentist results. Figure �.�� is the cooling-hint equivalent of Fig. �.��, summarising
the allowed anomaly ratio and magnitude of the initial misalignment angle. The only
notable difference is at ma ,0 ⇠< 0.1 µeV ( fa ⇠> 3 ⇥ 1013 GeV), where none of the possible
values for Caee under consideration is large enough to fully account for the anomalous
cooling. Recall that 1aee / Caee ma ,0 (�.�) and that the cooling hints point towards a
relatively narrow range of couplings 1aee (Fig. �.��). The overall effect of the cooling
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hints is therefore to disfavour lower masses. Had we chosen the range of possible values
for Caee to be smaller, these constraints would extend to even larger values of ma ,0 (and
vice versa if we had permitted even larger values of Caee).

The right panels of Fig. �.�� show that QCDAxion models can satisfy the cooling hints
and be all of the DM in the interval 0.1 ⇠< ma ,0/µeV ⇠< 300. The lower bound on this mass
region depends on the largest allowed value for Caee .

It is interesting to consider how good the fit of the QCDAxion model is in an absolute
sense. Most constraints are easily satisfied by the best-fit point, such that the correspond-
ing partial likelihoods give p-values of order one, which we will not discuss further.��
One exception is the fit to the temperature dependence of the QCD axion mass, which
gives a p-value of order 10�5 (see Sec. �.�.�). Ignoring this likelihood (and the two model
parameters constrained by it) we are left with � model d.o.f. and �� data d.o.f. when
including the WD cooling hints; without the cooling hints, the data d.o.f. is ��. The cor-
responding p-value is 0.30 with cooling hints included, and 0.60 without. The decrease
in p-value when including the WD cooling hints results from the slight discrepancies
between the cooling hints themselves (cf. Fig. �.��) and their slight tension with the R
parameter likelihood.

Bayesian results. Selected results from the Bayesian analysis of QCD axions in combi-
nation with cooling hints can be found in Fig. �.��. Compared to the Bayesian results
without cooling hints in Fig. �.��, we can see that the preferred mass regions in the ma ,0-✓i

plane get narrowed down slightly when we impose the DM relic density constraints as
an upper limit (bottom left plot). However, for the anomaly ratio, E/N , this is not the
case (top left plot). Generally speaking, these results identify the most credible regions
for a compromise between QCD axions fitting the cooling hints and “naturally” not over-
producing DM (which prefers masses of O(1–100 µeV), cf. Fig. �.��). Despite the slight
differences, which might also depend on the adopted priors, the overall results with and
without cooling hints are remarkably similar. This is mainly due to the influence of
the R parameter likelihood included in both cases and its slight preference for non-zero
couplings.

The influence of the cooling hints is illustrated further in Fig. �.��, which shows the
regions of highest posterior probability in the ma ,0-Caee parameter plane with and without
the inclusion of cooling hints. Since the cooling hints strongly require 1aee ⇠ 3 ⇥ 10�13 (cf.
right panel of Fig. �.��), we find the highest posterior probabilities along a line of constant
Caee ma ,0. The chosen range of Caee then implies that the cooling hints can only be
explained for ma ,0 ⇠> 0.3 µeV. For values of Caee ⇠ 1, the cooling hints would point
towards meV-scale axions, which is incompatible with the requirement ⌦a ⇠ ⌦DM. This
regime is therefore disfavoured in the right panel of Fig. �.��. Not including the cooling
hints essentially only results in a upper limit in the most credible mass regions close to
where the line of constant 1aee was (grey contours in Fig. �.��), due to the R parameter
likelihood.

��The exact numerical values depend on how many data and model d.o.f. one takes into account, which
is often ambiguous.
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Figure �.�� | Marginalised posteriors (from T-Walk) for QCDAxion models with upper lim-
its (left) and matching condition (right) for the observed DM relic density and including
cooling hints. The upper and lower panels show the constraints on the anomaly ratio,
E/N , and for the absolute value of the initial misalignment angle, |✓i |, respectively.
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Figure �.�� | Marginalised posteriors (from T-Walk) for QCDAxion models with upper lim-
its (left) and matching condition (right) for the observed DM relic density. We show the
constraints on the axion-electron coupling, Caee , without (grey lines) and with (black lines
and coloured regions) the inclusion of cooling hints.
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Figure �.�� | Marginalised posteriors (from T-Walk) for QCDAxion models with upper lim-
its (density plots and black contour lines) and matching condition (grey contour lines) for
the observed DM relic density. We show the constraints on the energy density in axions
today, ⌦a h2, without (left) and with (right) the inclusion of cooling hints.

As mentioned before, QCD axions can account for both the cooling hints and all
of the DM in the Universe (cf. Figs �.�� and �.��). However, because the posterior
probability in Fig. �.�� is normalised, one cannot infer from this plot if these solutions
occur naturally or if considerable fine-tuning is required. Figure �.�� gives an idea of the
“naturalness” of QCDAxion DM by showing the marginalised posterior as a function of
ma ,0 and ⌦a h2 (with and without the WD cooling hints). In the colour density plots of
both panels in Fig. �.��, we can see that the scan finds credible parts of the parameter
space where axions account for a sizeable fraction of the DM while being consistent with
all experiments and observations. The differences between including and not including
the cooling hints regarding the preferred regions of⌦a h2 are rather small, consistent with
the other plots.

Similar to the discussion at the end of Sec. �.�.�, we can infer the most credible regions
for the relic abundance of axions as well as for ma ,0. The preferred axion mass is very
similar with or without the inclusion of the cooling hints. Imposing the DM relic density
as an upper limit, we find 0.73 µeV  ma ,0  6.1 meV at ��% credibility (equal-tailed
interval); demanding that axions be all of the DM, this becomes 0.53 µeV  ma ,0 
0.13 meV. Including the cooling hints slightly modifies the preferred range for ⌦a h2. At
��% credibility (equal tails), 5.2 ⇥ 10�6  ⌦a h2  0.11, corresponding to �.���–��% of
DM. The median value is ⌦a h2 ⇤ 7.1 ⇥ 10�3, or about �% of the observed DM.

Finally, let us return to the ma ,0-1a�� parameter plane, as discussed in the GeneralALP
model without cooling hints (see Fig. �.��). In Fig. �.��, we contrast the naïve bounds
on the parameter space (from the phenomenological constraints on GeneralALP models
and the maximum possible value of E/N) with the regions preferred by a Bayesian
analysis. These regions are not only determined by the constraints from data (satisfying
the cooling hints in both panels and matching the DM density in the right panel), but
also by the fine-tuning in some parts of the parameter space. Fine tuning is necessary
for avoiding overproduction of DM at small ma ,0, and for achieving low values of 1a��
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Figure�.�� |Marginalised posteriors (from T-Walk) forQCDAxionmodels with upper limits
for the observed DM relic density (left) and matching condition (right). We show the
constraints on the axion-photon coupling, 1a��, together with models outside of the band
of axion models (red line and shading) and the (frequentist) 2� CL (dashed lines) for
comparison. The prior dependence of these results is investigated in Appendix D.

through cancellations between E/N and HCa�� at large ma ,0 (cf. Eq. �.�). For our adopted
priors, the most credible parameter regions correspond to a few orders of magnitude
around ma ,0 ⇠ 100 µeV and 1a�� ⇠ 10�12 GeV�1. In Appendix D we discuss how choosing
different priors may affect these conclusions.

DFSZ- and KSVZ-type axions

DFSZ-type models have intrinsically larger coupling to electrons than KSVZ-type models,
which only obtain their interactions with electrons at loop level. DFSZ models are
therefore the natural choice to account for the potential WD cooling anomalies [���], by
way of an axion-electron coupling of 1aee ⇠ 3 ⇥ 10�13.

Frequentist results. Figure �.�� shows the profile likelihood for the DFSZAxion-I and
DFSZAxion-II models, compared to the band that maximises the profile likelihood for the
QCDAxion model. Clearly both DFSZ-type models can accommodate the cooling hints
with large axion-electron couplings. We already saw in Fig. �.�� that even without the
cooling hint likelihood, the KSVZAxion fails to achieve large Caee values; with cooling hints
included, the highest likelihood regions for KSVZAxion models are therefore essentially
the same as in Fig. �.��.

Table �.� gives the best-fit values for the six classic axion models that we consider
in this section, under the requirement that they do not exceed the observed abundance
of DM. We do not report best-fit values for |✓i |, as even with the maximum value included
in our scans, axions only account for a few percent of the observed DM abundance. For
each model, we calculate � ln(L̂), the logarithm of the ratio of the best-fit likelihood
relative to the QCDAxion model. As anticipated, DFSZ-type models perform much better
than KSVZAxions (at the expense of having one additional degree of freedom). This is
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Figure �.�� | Profile likelihoods (from Diver) for DFSZAxion-I (left) and DFSZAxion-II (right)
models, compared to the profile likelihood for the QCDAxion model (grey lines), taking
the observed DM abundance as an upper limit on the number of axions. Contours show
the 1� and 2� confidence regions.

Table �.� | Best-fit values for DFSZAxion-I, DFSZAxion-II, and KSVZAxion models when im-
posing an upper limit on the DM relic density, ⌦a ⇠< ⌦DM. In the final column, we
compare the likelihood of the respective best-fit points to QCDAxion models. Note that
the QCDAxion model has two more degrees of freedom than the KSVZ models, and one
more than the DFSZ-type models.

Model E/N m̂a Ĉa�� 1̂a�� Ĉaee 1̂aee �2� ln(L̂)
meV 10�12 GeV�1 10�3 10�15

DFSZAxion-I 8/3 8.90 0.746 1.35 333 266 0.28
DFSZAxion-II 2/3 9.62 1.25 2.46 307 265 0.52

KSVZAxion 0 39.5 1.92 15.5 0.118 0.417 9.57
2/3 59.4 1.25 15.2 0.0223 0.119 9.57
5/3 316 0.252 16.2 0.210 5.94 9.49
8/3 105 0.747 15.9 0.430 4.03 9.52
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because DFSZ-type models can easily reach the required axion-electron coupling to fit
the cooling hints with masses of order ma ,0 ⇠ 10 meV (as noted previously in Ref. [���]).
For KSVZ-type axions, the masses required to naturally fit the cooling hints are about
three to four orders of magnitude larger, as can e.g. be seen from (�.�), and the associated
axion-photon coupling is therefore in conflict with the R parameter likelihood (as well
as hot DM bounds, which are not included). Nevertheless, even for KSVZAxion models
there is still a slight preference compared to having no axion at all, which corresponds to
�2� ln(L̂) ⇤ 10.54.

For DFSZ-type models, the DFSZAxion-I model gives a better fit than the DFSZAxion-II
model. This is due to the influence of the R parameter likelihood, which combines with
the cooling hints to force the axion-photon coupling to 1a�� ⇠< 2 ⇥ 10�11 GeV�1 (at ��%
CL). The best-fit point is therefore a balance between reaching high enough 1aee and
minimising 1a��. The maximum value of Caee for DFSZAxion-I models is about a factor
of �.�� larger than for DFSZAxion-II models, due to perturbativity constraints on tan(�0),
whereas the axion-photon couplings are about a factor of �.� lower, yielding a better fit
to the R parameter likelihood at any given mass.

Next, let us briefly consider the case where we demand that the classic axion models
provide all of the DM. This results in much poorer maximum likelihood values of around
�2� ln(L̂) ⇡ 10.5 compared to QCDAxion models for all KSVZ- and DFSZ-type models
that we consider in this chapter. This is not surprising because, unlike some other
QCDAxion models, they cannot account for both the cooling anomalies and DM.�� The
maximum-likelihood regions are also highly degenerate in this case, as none of the fits is
actually “good” (with a maximum likelihood comparable to the case without any axion).

Finally, thanks to the model hierarchy shown in Fig. �.�, we can perform nested
hypothesis tests to determine whether or not the more constrained, specific DFSZAxion
and KSVZAxion models are disfavoured compared to the broader class of QCDAxion mod-
els. Without the cooling hints, QCDAxion, DFSZAxion and KSVZAxion models cannot be
discriminated. This situation changes if the WD cooling hints are taken into account.
Imposing the measured DM density as an upper limit only, KSVZAxion models (null hy-
pothesis) can be rejected with respect to QCDAxion models (alternative hypothesis) with
a p-value of 0.008. DFSZAxion models as a null hypothesis, on the other hand, cannot be
rejected (p � 0.47). If we instead demand that axions be all of DM, both DFSZAxion and
KSVZAxion models can be rejected with respect to the QCDAxion model with p-values of
1.2 ⇥ 10�3 and 5.3 ⇥ 10�3, respectively.

Bayesian results. Figure �.�� shows posteriors for the DFSZ-type models compared
to the QCDAxion, in the ma ,0-Caee parameter plane (see also Fig. �.��). These regions
resemble the ones found in Fig. �.��. The log prior on tan �0 enables both models to
achieve sufficiently large values of Caee quite naturally, despite their structural differences.
At first sight, DFSZAxion-II models appear to be able to occupy a larger region of parameter
space in the ��.��% CR. However, this is mainly a reflection of the effective prior on Caee ,
which for the DFSZAxion-I model is strongly peaked towards the upper boundary of the

��Note that ✓i ! ⇡ could in principle produce arbitrarily large amounts of DM, if isocurvature constraints
can be avoided (at the cost of additional fine-tuning), as discussed in Ref. [���].
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Figure �.�� | Marginalised posteriors (from T-Walk) for DFSZAxion-I (left) and DFSZAxion-
II (right) models, compared to the marginalised posterior for the QCDAxion model (grey
lines), taking the observed DM relic density as an upper limit on the axion relic density
and including cooling hints. We show only the ��.��% and ��.��% CRs for all models.

Table�.� |Odds ratios in favour of DFSZ- and KSVZ-type models, compared to the parent
QCDAxion, as calculated from the nested sampling evidence estimates in MultiNest, and
including the WD cooling hints. We either impose the DM relic density as an upper
limit (⌦a ⇠< ⌦DM) or demand that axions be all of DM (⌦a ⇠ ⌦DM). Note that the
estimated uncertainties on the evidence values are small enough that the corresponding
uncertainties on the odds ratios are negligible.

Model DFSZAxion-I DFSZAxion-II KSVZAxion

E/N 8/3 2/3 0 2/3 5/3 8/3

Odds (⌦a ⇠< ⌦DM) 3 : 1 1 : 1 1 : 3 1 : 2 1 : 2 1 : 2
Odds (⌦a ⇠ ⌦DM) 1 : 5 1 : 5 1 : 6 1 : 6 1 : 6 1 : 6

accessible parameter space in Fig. �.��. In contrast, the effective prior in Caee is almost
flat in the DFSZAxion-II model. In terms of the fundamental parameters (i.e. tan �), the
credible parameter region in the DFSZAxion-I model is in fact larger, because the large
values of Caee needed to explain the cooling hints can be achieved more easily.

To investigate the consequences of fine-tuning in more detail, we consider all models
in a Bayesian model comparison. The resulting odds ratios can be found in Table �.�.
If we impose the DM relic density as an upper limit, the odds ratios are still mostly
inconclusive. However, for the DFSZAxion-II and KSVZAxion models, the trend swings
in favour of the broader class of QCDAxion models when cooling hints are added to the
analysis. In contrast, the DFSZAxion-I model fares better than the QCDAxion, with an odds
ratio of �:�. If we combine this �:� odds ratio with the �:� preference for the QCDAxion
model over most KSVZAxion models, there is at least a �:� positive preference for the
DFSZAxion-I model over all KSVZAxion models. This preference is not surprising, given
the differences in the natural axion-electron coupling strength in these models.

���



If we demand that axions solve the cooling hints and constitute all of DM, model
comparison confirms quantitatively (with ratios of �:� or less) that there is a positive
preference for the QCDAxion over the DFSZ- and KSVZ-type models. This is because
we allowed for much larger values of Caee with QCDAxion models than with DFSZ- and
KSVZ-type models. In fact, the one-dimensional marginal posterior for the QCDAxion
electron coupling peaks at Caee ⇠ 100 (Caee ⇠ 50 if we impose the DM relic density as
an upper limit), whereas the DFSZ and KSVZ models are limited to couplings of less
than one. However, it should be noted that QCDAxion models with such a large coupling
are not expected from traditional axion models, and may therefore pose a challenge for
model building.
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�.� Addendumon uncertainties of the axion energy density from
realignment

Earlier in this chapter, I presented results for global fits of various axion models. Despite
the differences between these models, the realignment mechanism guarantees that any
such axion model generically behaves as cold DM once the axion mass exceeds the
Hubble scale, i.e. ma ⇠> H. The abundance of axions today played an important role in
constraining axion models and assessing their viability as being all of the DM. In addition,
the prediction for the expected signal in axion haloscope experiments (�.��) depends on
the local axion abundance around Earth, and therefore on the fraction of the local DM
density in axions. Both these dependencies make it important to quantify and incorporate
uncertainties on the axion energy density ⌦a .

For QCD axions, the analysis employed a parametrisation of the temperature depen-
dence of the axion mass (cf. Sec. �.�),

ma (T) ⇤
⇤2
�

fa

8>>
<
>>
:

1 for T  T�
�
T�/T

��/2 otherwise
, (�.��)

and took into account the uncertainties on these parameters via lattice QCD constraints.
While this generally a good approximation for the temperature dependence of ma , we also
found that the fit of (�.��) to lattice QCD data is quite poor for temperatures around T�.
We argued that the impact on computing ⌦a is conceivably small. Furthermore, assum-
ing the parametrisation in (�.��) has the advantage of including the uncertainties in a
straightforward way. However, due to the shortcomings of this approach, I will review
the inclusion of uncertainties in a more systematic, alternative way in the upcoming
Sec. �.�.�.

In Sec. �.�.�, we also assigned a generic �% theory error to ⌦a in the global analysis.
This was an ad hoc choice in an attempt to account for uncertainties in different cosmolog-
ical scenarios. Determining a reasonable numerical value for this possibility is difficult,
as alternative cosmological histories might be considered more or less “contrived”, which
would have to be taken into account in the determination of the uncertainty. This de-
gree of arbitrariness becomes even more problematic since it has been shown that the
deviations can be quite sizeable [�, ���, ���].

In fact, we showed in Ref. [�] that, in a cosmological history with two periods of
inflation, the axion energy density today can be reduced significantly compared the the
standard cosmological scenario. For this to happen, the axion field has to start oscillating
between the end of the first period of inflation and the end of the second one. This
also becomes clear from the example for such a cosmic history, depicted in Fig. �.��,
when compared to the standard scenario previously illustrated in Fig. �.�. Introducing a
second period of inflation that lasts for NII e-folds between some scale factors aq and aII

generically reduces the axion energy density by a factor of e�3NII compared to the case
with only one episode of inflation.�� In other words, even for a few e-folds, the axion
energy density can change significantly by a few orders of magnitude.

��While this is generically true for both QCD axions and ALPs, another finding of Ref. [�] was that the
temperature dependence of the QCD axion mass can cause deviations from this behaviour. In fact, we showed
there that even a modest increase of the axion energy is possible compared to the standard cosmological

���



10-30 10-20 10-10 1

-1

-0.5

0

0.5

aI aq aII BBN NowCMB

Matter

Radiation

Equilibrium

Λ, In�ation

Scale factor a/ao

E�
ec

tiv
e

EO
S

Figure �.�� | Schematic overview of the cosmic history in the two-inflation scenario via the
effective EOS parameter (reproduced from Ref. [�]). The scale factor is given as a fraction
of the scale factor today. The labels on the right indicate the effectively dominating
component of the energy density of the Universe. “Equilibrium” refers to the equality
of radiation and inflation energy densities. Labels on the top indicates the end of the
first (aI) and second (aII) inflationary periods, the first equality point of inflationary and
radiation energy density (aq) as well as BBN and CMB formation (discussed in Sec. �.�).

Additionally, this chapter has so far only investigated the case where the PQ symmetry
breaks before the end of inflation. The complementary scenario of post-inflationary PQ
symmetry breaking is subject to uncertainties from the decay of topological defects, as
mentioned in Sec. �.�.�.

For completeness it should be noted that there are intrinsic uncertainties related to
the numerical algorithm and extrapolation procedure used to compute the axion energy
density. These uncertainties are not generic but rather specific to a given algorithm.
The procedure developed for the global analysis (cf. Appendix A) provides an estimate
for the uncertainty via the convergence criteria of the algorithms. Thanks to this control,
the resulting intrinsic errors should be smaller than the statistical uncertainties discussed
in this section. However, it would be beneficial to revisit these uncertainties once another
such algorithm becomes publicly available.

�.�.� Statistical uncertainties

Recall from (�.��) that the equation of motion for the homogeneous, normalised axion
field, ✓(t) ⌘ a(t)/ fa , with the canonical potential V (✓) ⇤ 1 � cos(✓) can be written as

✓̈ + 3H(t) ✓̇ + m2
a (t) sin(✓) ⇤ 0 . (�.��)

scenario and estimated the maximally possible magnitude of this increase. This somewhat surprising, non-
trivial behaviour occurs if the axion field oscillations start before the end of the second inflation and if the
reheating temperature is higher than the QCD scale. If this happens when the field has maximal velocity,
it can reach a much larger value before it is stopped either by the diminished potential or Hubble friction.
While the increase compared to a one-inflation scenario is moderate, it is a rather large deviation from the
naïvely expected dilution effect in a two-inflation scenario.
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Since both the axion mass and the Hubble parameter (during radiation domination) are
explicitly temperature-dependent, it makes sense to re-write (�.��) as an equation in
temperature instead of physical time. This was also the approach adopted earlier in this
chapter. As a consequence of this transformation as well as through H /

p
1(T) T2, the

axion field equation (�.��) becomes dependent on both 1(T) and 1S (T) (see Appendix A
for the details). Solving (�.��) numerically would therefore be sensitive to uncertainties
of the effective degrees of freedom in addition to the uncertainties on the QCD axion
parameters.

After solving the equations up to some temperature T?, the conservation of entropy
and the (averaged) comoving number density in axions was used in (�.��) to calculate the
energy density in axions today,

⇢
today
a ⇤

ma ,0
ma (T?)

1S (TCMB)
1S (T?)

✓TCMB
T?

◆3
⇢a (T?) . (�.��)

This introduces yet another dependence of the result on the effective degrees of
freedom in entropy, 1S (T).
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Figure�.�� |Temperature dependence of 1(T) (blue line) with uncertainties (blue shading)
from Ref. [���]. The corresponding plot for 1S (T) only visibly differs from 1(T) at tem-
peratures below the electron mass. The dashed vertical lines show the maximal (minimal)
value of Tosc, which corresponds to fa ⇤ 107 GeV ( fa ⇤ 1017 GeV).

Analytic estimate

To obtain an analytic estimate of the uncertainty, let us define the onset of the axion
field oscillations at temperature Tosc for different values of fa via 3H(Tosc) ⇤ ma (Tosc), as
discussed in Sec. �.�.�. Solving these equations for fa ⇤ 1011 GeV and fa ⇤ 8 ⇥ 1016 GeV,
one can extract the following scaling behaviour:

Tosc
GeV ⇠

8>>
<
>>
:

1.42
⇣ fa

1011 GeV

⌘�0.167
fa ⇠< 8 ⇥ 1016 GeV

0.15
⇣ fa

8 ⇥ 1016 GeV

⌘�1/2
otherwise

. (�.��)

Equation (�.��) implies that values for the onset of field oscillations are typically
around Tosc ⇠ 1 GeV, which corresponds to 1(Tosc) ⇠ 70. Figure �.�� shows how this com-
pares to the temperature-dependent value of 1(T) and its uncertainty. Note that the uncer-
tainty of the effective degrees of freedom is largest around and above the QCD crossover,
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which makes them relevant to consider for QCD axions. For fa in the range of 107–
1017 GeV, the maximal (minimal) value of Tosc is Tmax

osc ⇠ 6 GeV (Tmin
osc ⇠ 0.1 GeV). These

values are also shown in Fig. �.��. The corresponding relative uncertainties on 1 (and
also 1S) are about ��% for T ⇠ 0.1 GeV and range from �.�% to �.�% in the remaining
temperature interval.

Note that cosmological data still allows mild modifications of the effective degrees of
freedom in the relevant energy range [e.g. ��, Fig. ��]. Such modifications will system-
atically change the temperature-dependent shape of 1S. Assuming an extreme case, e.g.
adding four degrees of freedom at around T ⇠ 1 GeV, would result in an increase of 1S of
around �%. Interestingly, this is comparable to the uncertainty on 1 or 1S in that regime
and has not been taken into account for the limits.

While calculating a reliable value for the axion energy density at least requires solving
the axion field equation for the first few oscillations (cf. Sec. �.�.�), a rough estimate can
be obtained by directly applying conservation of comoving number density at Tosc. For
fa ⇠< 8 ⇥ 1016 GeV, plugging the expression for the axion energy density at Tosc into (�.��)
yields

⇢
today
a ⇠ f 2

a m2
a (Tosc) [1 � cos(✓i)] ma (TCMB)

ma (Tosc)
1S (TCMB)
1S (Tosc)

✓TCMB
Tosc

◆3
(�.��)

) ⌦a / ⇤4
�

 
T�

Tosc

!�/2 1S (TCMB)
1S (Tosc)

✓TCMB
Tosc

◆3
(�.��)

/ ⇤4
� 1
�1
S (Tosc) T�3��/2

osc T�/2� , (�.��)

where the last line neglects both TCMB and 1S (TCMB). This is justified since the value
of the CMB temperature is TCMB ⇤ 2.7255(6) K [���], which is equivalent to a relative
uncertainty of �.��% while the corresponding relative uncertainty on 1S (TCMB) is �.�%.
For the purpose of extracting an estimate of the uncertainties on ⌦a from (�.��), these
contributions can be neglected.

Note that Tosc in (�.��) also depends on the QCD axion parameters⇤�, �, and T�. For
fa < 8 ⇥ 1016 GeV, the dependence takes the following form:

Tosc / *
.

,

⇤4
� T��
1(Tosc)

+
/

-

1
�+4

, (�.��)

which is an implicit equation for Tosc. I will ignore the dependence on 1 for the purpose
of obtaining an estimate of the uncertainty.

Before performing the usual error propagation, note that the uncertainties on � and T�
are positively correlated (cf. Fig. �.�). This can be encoded in a non-diagonal correlation
matrix ⌃ for the parameters x ⇤ (�, T� , ⇤�), which is given by

⌃ ⇤

*
.
.
.

,

�2
� % �2

� �
2
T� 0

% �2
� �

2
T� �2

T� 0
0 0 �2

⇤�

+
/
/
/

-

, (�.��)

where the uncertainties �i of parameter xi was obtained from a fit to the lattice QCD
data in Ref. [���]. Table �.�� lists all the best-fit values and uncertainties relevant in this
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Table �.�� | Parameters and relative uncertainties considered in this section. Note that,
unlike in the previous Chapter �, the estimate for⇤� comes directly from the lattice QCD
results in Ref. [���].

Parameter Value Rel. error Comment

TCMB 2.7255(6) K �.��% Ref. [���]
⇤� 0.0758(20) GeV �.��% Ref. [���]
� 7.94(6) �.��% 9>

=
>
;

Correlated with % ⇤ 0.716;
from Ref. [���]T� 0.1470(7) GeV �.��%

section. The absolute uncertainty on ⌦a is then

�⌦2
a ⇤

 
@⌦a

@x

!T

⌃
 
@⌦a

@x

!
(�.��)

⇤

 
@⌦a

@�

!2
�2
� + 2%

 
@⌦a

@�

!  
@⌦a

@T�

!
���T� +

 
@⌦a

@�

!2
�2

T� +

 
@⌦a

@⇤�

!2
�2
⇤�
. (�.��)

Combining Eqs (�.��) and (�.��), and using symbolic differentiation within the Math-
ematica �� software, yields the following realtive uncertainties for the terms above:

1
⌦a

@⌦a

@�
⇤

`
(� + 4)2

 
1 +
10S (Tosc)
1S (Tosc)

Tosc

!
, (�.��)

1
⌦a

@⌦a

@T�
⇤ � �

(� + 4) T�

 
1 +
10S (Tosc)
1S (Tosc)

Tosc

!
, (�.��)

1
⌦a

@⌦a

@⇤�
⇤

2
(� + 4)⇤�

 
2 + � � 2

10S (Tosc)
1S (Tosc)

Tosc

!
, (�.��)

where ` is defined as

` ⌘ ln *

,

10 m2
P⇤

4
�

⇡2 f 2
a 1(Tosc) T4

�

+

-

. (�.��)

Without the term depending on 1S (Tosc) and its derivative in (�.��)–(�.��), which
takes a complicated form, an order-of-magnitude estimate on the uncertainty can be
obainted using the best-fit values for the parameters:

✓
100 �⌦a

⌦a

◆2
⇠ 20.409 + 2.465 log10

 
1011 GeV

fa

!
+ 0.037 log10

 
1011 GeV

fa

!2
. (�.��)

By taking the square root of (�.��), it becomes clear that the resulting relative uncer-
tainty is of the order �%. Taking all terms in (�.��) into account, the relative uncertainty
ranges from �.�% ( fa ⇤ 1017 GeV) to �.�% ( fa ⇤ 107 GeV).

For including the uncertainties on 1S from Ref. [���], one needs to add an additional
term to (�.��) due to the dependence of (�.��) on 1 and 1S, which is

⌦a / 1�1
S 1

1
2
�+6
�+4 ⇡ 1

1
2
�+6
�+4�1

S , (�.��)

where the second step takes into account that 1 and 1S are mostly identical functions and
only show slight deviations in a limited temperature range during the QCD crossover.
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Figure �.�� | Uncertainty on the energy density in axions. This figure shows the analytic
approximations (light and dark red lines) for the sources of uncertainties on the axion
energy density⌦a . The solid line take into account all sources of uncertainties, while the
dotted and dashed lines only consider the contribution from QCD uncertainties and from
the effective degrees of freedom, respectively.

For the purpose of deriving an approximation, this is a justified simplification to get the
overall error estimate on ⌦a :

✓
�⌦a
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◆2
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(�.��)
⌦2

a
+

" 
1
2
� + 6
� + 4 � 1

!
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#2
. (�.��)

The numerical value of the prefactor for �1S/1S is approximately �0.42, while the up-
dated, combined uncertainty on⌦a now ranges from �.�% to �.�% between fa ⇤ 107 GeV
and fa ⇤ 1017 GeV.

In Fig. �.��, I show the analytic estimate (solid dark red line), obtained from (�.��).
In addition, Fig. �.�� includes the error arising from QCD parameters only, i.e. without
including errors on 1 and 1S (dotted line) as well as the error if only the uncertainty on the
effective degrees of freedom is considered (dashed line). Note that the analytic estimate
is somewhat smaller than the estimate from Ref. [���] at fa ⇤ 1.92 ⇥ 1011 GeV, which uses
the same lattice QCD results for the temperature dependence of the QCD axion mass as
used here. The authors quote a ��% relative uncertainty on ⌦a without specifying the
method that they use.

Finally, recall that the axion energy density today in the post-inflationary symmetry
breaking scenario is given by an average over all possible initial field values via (�.��), i.e.

h⌦ai ⇤
1
⇡

⌅ ⇡

0
⌦a (|✓i |; x) ✓2

i d✓i , (�.��)

where x denotes the dependence on �, T�, and ⇤�. As a consequence, the estimates for
the relative error are also valid for this scenario, since they are independent of ✓i. In
reality, this is only exactly true for small ✓i since initial field values with ✓i ⇠> 1 delay the
onset of the field oscillations. This, in turn, introduces a slight dependence of the error
through these anharmonic effects.
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Figure �.�� | Averaged axion energy density if the PQ symmetry breaks after inflation.
The figure shows the averaged axion energy density (blue line) with the associated un-
certainty (blue shading in the inset). The plot also indicates the value where QCD axions
are all of the dark matter ( fa ⇤ 9.7 ⇥ 1010 GeV; black line) and the strict upper limit of
fa < 1.1 ⇥ 1011 GeV (at 3� CL; red dashed line).

�.�.� QCD axion mass limit in the post-in�ationary PQ symmetry breaking sce-
nario

Returning to the post-inflationary PQ symmetry breaking scenario, the dominating source
of uncertainty is the contribution from decays of topological defects and not from the
uncertainty presented in Fig. �.��. However, as discussed in Sec. �.�.�, it is at present
neither possible to estimate the order of magnitude of this contribution, nor to determine
a reliable estimate of the uncertainty itself.

Taking the same uncertainty estimate for the averaged axion energy density in the post-
inflationary PQ symmetry breaking scenario, Fig. �.�� shows the resulting values as a
function of fa . I obtained these results as an average over all possible initial misalignment
angles, according to (�.��).�� For a value of fa ⇤ 9.7 ⇥ 1010 GeV, QCD axions in this
scenario are expected to be all of the DM in the Universe. Since decays of topological
defects generally provide an additional contribution to the total axion energy density,��
the uncertainties from the realignment density alone can be used to derive a strict upper
limit on fa . At 3� CL, I find that fa < 1.1 ⇥ 1011 GeV, which corresponds to a nominal
lower limit on the axion mass of ma ,0 > 51.5 µeV.

��More precisely, I integrated the axion energy density routine (described in Appendix A and used earlier
in this chapter) over the interval [0, 2⇡], making use of the periodicity of the axion potential. This was to
employ the gsl integration routine gsl_integration_qagp (with both accuracy and precision of 0.01), which
allows for the explicit inclusion of the divergent behaviour at ✓i ⇤ ⇡.

��Note that this need not necessarily be true, as suggested by Ref. [���]. The authors find a reduced energy
density from simulating axion realignment plus strings compared to calculating the corresponding value for
the realignment mechanism alone.
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Chapter �
Darkmatter signals from dwarf spheroidal galaxies

As I have argued in Sec. �.�.�, dSphs present an excellent environment to search for
DM annihilation via an excess in their gamma ray emission.

Reticulum II (Ret II) [���, ���] is one of the more recently discovered dSphs and has
been investigated by several authors using data from the Large Area Telescope (LAT)
onboard the Fermi Gamma-ray Space Telescope [���]. Some studies claimed an excess
above background in gamma rays with a significance of 3.7� [���] or 3.2� [���]. The
study in Ref. [���] used an event weighting technique [���], while Ref. [���] adopted a
maximum-likelihood approach. Follow-up studies, however, did not find an indication
for a DM origin of the observed signal [���, ���]. It was argued that this discrepancy is
due to the differences in the data sets used [���, ���], which was the so-called Pass � data
release in Refs [���, ���] and Pass � in Refs [���, ���].

In light of the diverging conclusions from previous studies, it is important to under-
stand why similar (although not identical) analyses obtain different results. While the
differences in Pass � and Pass � are the most likely reason, this can only be addressed
using the same data selection criteria for the different data passes. For Ret II, this is
particularly interesting since the significance of a DM signal seems to be increasing with
time, even in the lower-significance Pass � data [���].

In case that the gamma ray excess from dSphs of a very marginal significance, one
can expect that different statistical approaches, when applied to the same data, will
yield different conclusions as to the statistical significance and origin of such a putative
excess (see Refs [���, ���] for examples of how the choice of method affects parameter
estimation). Furthermore, an excess can only be established with high fidelity if the
background contributions and systematics are well understood or otherwise accounted
for. Assuming that all of the DM consists of the same type of particles in every dSph,
there also has to be consistency between data from all dSphs. This chapter addresses both
these issues using a global Bayesian analysis in addition to the usual, purely frequentist
treatment.

One of the aims of this chapter is therefore to investigate the dependency of the
conclusions on the viability of a DM signal from Ret II on the methodology (Bayesian
vs frequentist) as well as on the data set used (Pass � vs Pass �). This study is also the
first fully Bayesian analysis of the Ret II gamma ray observations. We perform a Bayesian
model comparison to quantitatively assess the viability of the DM signal hypothesis. We
do this for Ret II alone as well as for a combined global fit of all dwarfs with constrained
DM halos. Given the number of dwarfs analysed in this way along with a ten-year
exposure, this study is the most complete of its kind to date.
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In the next section, I introduce methodology that we employed in this study and
discuss the various inputs for our analysis. Section �.� first applies our method to Ret II
and introduces posterior predictive distributions as a diagnostic tool before performing a
global analysis of �� dSphs. Our findings and results will then be compared to previous
work and discussed in Sec. �.�.

�.� Methodology

We use the publicly available Fermitools� for LAT data extraction and preparation. Con-
sider the case where the DM halo of the dSphs consists of WIMPs that can self-annihilate
into SM states. The gamma ray flux from a dSph is then given by (�.��) and depends on
the annihilation cross section h�vi and the WIMP mass m�. We separately consider the
bb̄ and ⌧+⌧� channels as our benchmark final states.

We bin the data spatially on the sky and in energy (details can be found in Sec. �.�.�).
The DM signal in each bin can be calculated using the Fermitools, which convolve the
gamma ray flux from DM annihilation (�.��) with the instrument response and point-
spread function (PSF) and then integrate over the bin.

As we will discuss in Sec. �.�.�, we treat each dSph as a point source of gamma rays
and so the convolution with the PSF yields a model prediction that depends only the
scalar quantity J (the so-called “J-factor”), the integral of dJ/d⌦ over the solid angle.

For reference values of J and h�vi, we pre-compute and tabulate the DM signal for
��� mass values from 2–104 GeV for each energy bin (��� log-spaced values from 2–
102 GeV and �� log-spaced values from 102–104 GeV). We generated source maps using
gtsrcmaps for given fixed WIMP and background model parameters and subsequently
obtaining the binned counts cube files (auxiliary output from gtlike). We interpolate
to obtain the DM signal at arbitrary mass and have verified that the interpolation is
accurate to within �% for any energy bin in both channels. Since the gamma ray signal is
proportional to J · h�vi, we can linearly rescale the pre-computed reference signal counts
with the appropriate values of J and h�vi and speed up the likelihood evaluations.

The LAT detects individual photons such that the resulting data can be described by
a Poisson process. The events are independent, so the binned likelihood function is a
product of Poisson distributions for the number of observed counts ni , j in each energy
bin i and spatial bin j,

p
⇣
d �

�
�

m� , h�vi ; �, log10 J
⌘
⇤

Y

i , j

�
ni , j
i , j

ni , j!
e��i , j , (�.�)

where �i , j is the combined background and signal count expectation value for bin i , j.
The latter is given by

�i , j ⇤ biso
i , j + bsrc

i , j + � bgal
i , j + sDM

i , j
�
m� , h�vi , J

�
, (�.�)

with biso
i , j and bgal

i , j being the isotropic and Galactic diffuse background contributions in the
ith energy bin and jth spatial bin, respectively, while bsrc

i , j is the contribution from nearby
�We use version v10r0p5 for the R� version of Pass � and version v9r33p0 for Pass �, which are available

at https://fermi.gsfc.nasa.gov/ssc/data/analysis/software/.
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point sources. We introduce a scaling parameter � for the bgal
i , j component (see Sec. �.�.�

for more details about the background model). The scaling parameter accounts for some
systematic uncertainties in the diffuse background model. The signal contribution from
DM is given by sDM

i , j .
When considering multiple dSphs, all of the above parameters – except m� and h�vi –

are specific to each dwarf k. We ensure with our data selection procedure in Sec. �.�.� that
the data obtained in the dwarfs’ vicinities are independent, such that the total likelihood
is given by the product of all individual Poisson likelihoods,

p
⇣
d �

�
�

m� , h�vi ; �, log10 J
⌘
⇤

Y

k

p
⇣
dk

�
�
�

m� , h�vi ; �k , log10 Jk
⌘
, (�.�)

where � ⇤ {�k } and log10 J ⇤ {log10 Jk } are the collection of J-factors and background
normalisations for each dSph, respectively.

Finally, we also multiply (�.�) with additional distributions for the nuisance param-
eters J, as we discuss in Sec. �.�.�. To the degree that the J-factors are well constrained,
we can break the degeneracy between J and h�vi in (�.��) and place direct limits on the
cross section. The advantage of fully incorporating background and J-factor uncertain-
ties in the analysis is to propagate them through to the posterior distributions and the
resulting constraints.

�.�.� Data selection

To perform our analysis, we only include dSphs with kinematically determined J-factors.
The largest uniform analysis of dSph J-factors is currently that of Ref. [���], who provide
J-factor estimates for �� out of the �� dSphs in Table A� (ibid.). Out of those ��, we
focus on the �� Milky Way dSphs and, for the three dSphs where two J-factors are
given (Horologium I, Ret II, and Tucana II), we use the values based on data from Ref. [���].

To guarantee the independence of the LAT events, we require that our spatial regions-
of-interest (ROIs) for any two dSphs do not overlap. Since we choose a 1°⇥ 1° square ROI
around each target, the minimal permissible separation is

p
2° ⇡ 1.4°. All �� Milky Way

dSphs meet this requirement.
Finally, we omit Willman � from our analysis as it shows strong evidence for tidal

disruption and/or non-equilibrium kinematics [���, ���, ���]. Tidal effects and other
kinematic disturbances generally inflate measured velocity dispersions, which propagates
into overestimates of J. The size of such systematics have not been quantified and the
J determinations of dSphs such as Willman � are therefore unreliable in an uncontrolled
way.

Removing Willman � reduces the total number of dSphs that we consider to ��.� This
represents the most complete sample with measured J-factors used for DM searches.

�These are (in alphabetical order): Aquarius II, Boötes I, Canes Venatici I, Canes Venatici II, Carina,
Carina II, Coma Berenices, Draco, Draco II, Fornax, Grus I, Hercules, Horologium I, Leo I, Leo II, Leo IV, Leo
V, Pegasus III, Pisces II, Reticulum II, Sculptor, Segue �, Sextans, Tucana II, Ursa Major I, Ursa Major II, and
Ursa Minor.
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For each dSph in our global fit, we use ��� weeks (⇡ �� years) of Pass � SOURCE class
data, using gtselect, gtktime, and gtltcube to extract the data, determine good time
intervals, and calculate the livetime and instrument response.�

We then bin the data in �� log-spaced energy bins from 0.5–500 GeV and ��� spatial
bins using gtbin (10⇥ 10 square bins of 0.1°⇥ 0.1° each). The DM signal for a given value
of the DM parameters can be calculated using gtmodel from the Fermitools (which uses
the DMFIT package [���] based on Pythia [���, ���]).

The only difference for our dedicated study of Ret II is that we only select a total of
��� weeks (⇡ �.� years) of Pass � data (with same settings for the Fermitools as for the
global fit) as well as Pass � data.� These correspond to weeks �–���, as used in Ref. [���].
Selecting significantly more data for this comparison was not possible, since Pass � was
discontinued after week ��� and we want to use the same observation time for both Pass �
and Pass �.

�.�.� Backgroundmodel

The three components of the background model that contribute to the signal-plus-
background counts in (�.�) are the isotropic, Galactic diffuse, and point source com-
ponents. The isotropic background� was determined by the Fermi Collaboration via a
full-sky fit. It is rather well constrained: the uncertainties on the energy spectrum amount
to no more than �.�% for the most important energies below about 30 GeV and less than
about �% in the remaining energy range we consider. For this reason, we do not introduce
nuisance parameters for the isotropic background and instead fix its contribution to the
value given by the model.

The contribution of Galactic diffuse emission� is captured by the Galactic interstellar
emission model [���], derived using theGALPROP cosmic ray propagation code [���]. The
uncertainties in this model are not easily quantified and we introduce energy-independent
normalisation factors �k for each dwarf k to account for possible local deviations from
the reference value. An analogous approach was taken in previous studies of the back-
ground [e.g. ���]. The introduction of such dwarf-dependent scaling factors is important
since the empirically derived background surrounding the dSphs has been shown to devi-
ate from the Fermi Galactic interstellar emission model in ways beyond what is expected
from Poisson fluctuations [���, ���, ���].

Finally, nearby point sources could contribute to the photon counts inside our ROI
due to the size of the PSF. To account for this effect, we include all nearby sources in the

�We use weeks �–��� and ���–��� and follow the Fermi Collaboration’s recommendations for Pass � (R�)
data selection (available at this long URL) as well as their procedure for performing a binned analysis (avail-
able at this long URL). The non-default options for the Fermitools are evclass=128, evtype=3, zmax=90 (in
gtselect); roicut=no, filter=(DATA_QUAL>0)&&(LAT_CONFIG)==1 (in gtktime); and zmax=90 (in gtltcube).

�We follow the Fermi Collaboration’s recommendations for Pass � data selection (available at this
long URL). The non-default settings applied to the Fermitools are evclass=2, zmax=100 (in gtselect) and
roicut=yes, filter=(DATA_QUAL>0)&&(LAT_CONFIG)==1 (in gtktime).

�Available as iso_P8R2_SOURCE_V6_v06.txt for Pass � and iso_source_v05_rev1 for Pass � in the
Fermitools or at https://fermi.gsfc.nasa.gov/ssc/data/access/lat/BackgroundModels.html.

�Available as gll_iem_v06.fits for Pass � and gll_iem_v05_rev1 for Pass � in the Fermitools or at the
same URL as in the previous footnote.
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�FGL catalogue [���] that are up to 10° away from the ROI centre.� We fix the photon flux
from all point sources to their best-fit values. This contribution is always small, and it is
never larger than the two other background contributions combined. In fact, we found
for the data used in our global analysis that point sources amount to less than ��% of
the combined isotropic and Galactic diffuse background in ��% of all energy bins in all
dwarfs. Although point sources are a very sub-dominant background, we nevertheless
include them for completeness.

�.�.� J-factors

The studies that have carried out systematic analyses of large numbers of dSphs have
taken a Bayesian approach [���–���, ���, ���] and their results are presented in the
form of marginal posterior distributions for individual dSph J-factors. We adopt these
posteriors as priors in our Bayesian analysis.

In a frequentist context, however, it is not straightforward to implement these con-
straints on J-factors: there is no simple way to incorporate a prior. Previous studies, e.g.
Refs [���, ���], have re-interpreted the J-factor posterior as a likelihood and multiplied
it with the gamma ray likelihood. This re-interpretation poses a conceptual difficulty as
discussed in Ref. [���, Sec. IX.C] and recent progress has been made in creating a fre-
quentist likelihood function for the spectroscopic observations [���, ���, ���]. However,
due to the small number of stars in most of the known dSphs, it is not feasible to treat the
majority of dSphs in the frequentist framework. Therefore, when adopting a profile like-
lihood (frequentist) approach, we implicitly make the conceptual leap of re-interpreting
the posteriors on J-factors as likelihoods, and multiply them with (�.�) to obtain a total
likelihood which is assumed to describe the gamma ray and spectroscopic data. This
follows previous practice, but we point out that it is not self-consistent from a statistical
point of view. In the Bayesian approach, on the other hand, there is no such difficulty
as it is straightforward to reinterpret the posterior from one analysis (in this case, of the
spectroscopic data) as a prior for another (of the gamma ray data).

The posterior distributions for the J-factors are generally well-approximated by log-
normal distributions, which have been used in previous work [���, ���]. However, while
this approximation provides mostly a good fit to the dSphs without long tails in their
posteriors,� it does not in the case of dSphs with such tails [���]. Including the tails of
the distribution is important for two reasons: First, the value of the ��.��th percentile
of the J-factor mode alone, as quoted by the authors in Ref. [���, Table A�], should be
close to the ��.��th percentile of the full distribution if a log-normal about the mode is
a good approximation. However, in Draco II, Grus �, and Leo IV, that value actually
corresponds to about the ��th percentile of the distribution, thus demonstrating that
a log-normal approximation is poor. The situation is less problematic for Leo V (��th
percentile), Pegasus III (��th percentile), or Pisces II (��th percentile), but the log-normal
approximation still fails to capture a noticeable part of the distribution.

�We use the make3FGLxml.py script by T. Johnson, available at https://fermi.gsfc.nasa.gov/ssc/
data/analysis/user/.

�Except, perhaps, for some dSphs such as Leo II or Sculptor, whose posteriors are noticeably skewed.
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The second reason is that the tails extend towards lower values of log10 J compared to
the mode of the distributions in all of the cases listed above. A log-normal approximation
around the mode is therefore not conservative; it tends to overestimate the probability of
a large J-factor for dSphs with long tails, thus systematically increasing the DM signal
contribution to the gamma ray data for a given annihilation cross section. For the first three
systems listed in the previous paragraph, the difference is quite severe: in the log-normal
approximation of the distribution, ��% of the probability lies above the ��th percentile
value, but using the full probability distribution (without a log-normal approximation),
only ��% of probability is actually above that value.

To obtain a better description of the J-factor constraints, we approximate the posteriors
using a Gaussian kernel density estimator (KDE) [���, ���], based on the posterior
samples for an integration angle of 0.5° provided by the authors of Ref. [���].� The
KDE approximation to the posterior for the J-factor from kinematic data, dkin, is then
given by

p̂
⇣
log10 J �
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�
dkin
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with wi and Ji being the weight and J-factor value of the ith posterior sample, respectively.
Since

P
i wi ⇤ 1, the KDE is normalised in the variable log10 J. The quantity �B is the

bandwidth of the KDE and its optimal value can be estimated via, e.g., “Scott’s rule” [���],
according to which �̂B ⇤ N�1/5 for N samples in one-dimensional data. We find that
�̂B ⇡ 0.15 dex for all dSph samples provided in the auxiliary material of Ref. [���].
We inspect the resulting KDEs and adjust the value of the bandwidth for each dSph to
ensure that the KDEs approximate well the shape of each posterior.�� We tabulate the
log of p̂

⇣
log10 J �

�
�
dkin

⌘
for each dSph with a spacing of 0.005 dex in log10 J and use linear

interpolation to calculate it for intermediate values of log10 J.
In the Bayesian framework we simply adopt this posterior from the kinematic tracer

data analysis as a prior on J for our work; in a frequentist context,we must re-interpret
this posterior as a likelihood function for J. In either case, it is appropriate to multiply
p̂

⇣
log10 J �

�
�
dkin

⌘
with the likelihood for the Fermi-LAT data (�.�), while noting the different

meaning in each statistical context. This results in the overall likelihood:
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Besides the problematic case of Willman �, which may suffer from tidal disruption or
non-equilibrium kinematics [���, ���, ���], we point out that some caveats apply with
respect to possible systematics in the determination of the J-factors. These arise due to
the dependence on the halo model, the possibility of non-sphericity [���], or a possible
influence of the adopted priors [���]. Regarding the effect of triaxiality, for example, it has
been shown that the systematic uncertainties for the classical dSphs can be about twice

�The posterior samples are part of the auxiliary material for Ref. [���], available at https://github.
com/apace7/J-Factor-Scaling.

��The resulting bandwidths for all dSphs are (in alphabetical order): 0.1, 0.075, 0.025, 0.05, 0.025, 0.1,
0.075, 0.025, 0.25, 0.01, 0.4, 0.1, 0.1, 0.025, 0.025, 0.3, 0.3, 0.25, 0.25, 0.075, 0.01, 0.2, 0.01, 0.1, 0.05, 0.1, and
0.02.
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Table �.� | Prior distributions used used in this chapter. We use two priors on h�vi
and adjust the lower end of the prior on m� as appropriate for the given annihilation
channel. The priors in the bottom part of the table apply to all dwarfs k ⇤ 1, . . . , 27 and
h�vi�26 ⌘ h�vi /10�26 cm3s�1. Priors on J are kernel density estimates of the posteriors
found in Ref. [���].

Parameter Prior type Channel Range

m�
�

GeV log-uniform bb̄ [5, 104]
log-uniform ⌧+⌧� [2, 104]

h�vi�26 log-uniform both [0.01, 100]
uniform both [0, 100]

log10 Jk KDE both
�k uniform both [0, 2]

as large as the statistical ones [���, ���]. Nonetheless, our use of J-factors determined by
Ref. [���] allows us to treat all the dSphs in a uniform way, which is essential to test the
consistency of DM signals amongst them.

We also note that our analysis treats dark matter annihilation as a point source of
emission from each dwarf. This is a good approximation if dJ/d⌦ in (�.��) is more
concentrated than the gamma ray PSF, which is approximately 0.8° at 1 GeV. Treating the
DM signal as a point source is an assumption that can at least be somewhat supported
by Ref. [���], which finds no evidence of extended gamma ray emission in the �� dSphs
they searched. In any case, the possible contribution to J from dark matter annihilating
beyond the PSF scale is typically negligible compared to the uncertainties in the overall
J-factors. For the example of Ret II, increasing the integration angle from 0.5° to 1°, far
beyond our ROI, only increases the J-factor by 0.2 dex while the uncertainty in J itself is
around 1 dex [���]. DSph DM halos are seldom constrained at all beyond 0.5° because of
the lack of spectroscopically observed member stars at such large radii. For those classical
dwarfs that do allow such measurements, we use the results of Ref. [���] to estimate the
increase in J when integrating from 0.5° to 1.0°. Only for Draco and Sextans do we find
this increase to be potentially significant, though even for these two the median estimate
for the increase in J is smaller than the uncertainty in J itself. The authors of Ref. [���,
Sec. IV. F] quantify the reduction in sensitivity in treating an extended dSph as a point
source and find the effect to be small. We therefore proceed by treating each dSph as a
point source of gamma rays.

�.�.� Priors

The choices of priors on the model parameters are listed in Table �.�. With a log-uniform
prior on the WIMP mass, m�, we encode our ignorance of the scale of new physics. Due
to energy conservation, the mass of the outgoing particle sets a natural scale for the lower
limit on the m� prior for any given WIMP annihilation channel.
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For h�vi, a similar rationale could be applied, but there are other choices of prior
which have been used in the literature – such as a prior that is uniform in h�vi itself or
one that is proportional to h�vi�1/2 [���, ���].

Choosing a prior proportional to h�vi�1/2 can be reasoned for in this context since the
Jeffreys prior�� for the rate � in a Poisson likelihood is proportional to ��1/2 [���]. This is
however the Jeffreys prior for the background-free case, and is also the so-called reference
prior for this case.

A prior that is uniform in the log of h�vi requires both a lower and an upper cut-off to
be proper. This choice gives equal a priori weight to all orders of magnitude in h�vi, which
reflects indifference as to the scale of the cross section. It has however the disadvantage
that Bayesian upper limits on the cross section (in the absence of a detection) and the
model selection outcome both depend explicitly (if weakly) on the chosen lower cut-off,
which is somewhat arbitrary. We justify our choice below, using an argument based on
the expected observational sensitivity.

Finally, one can choose a prior that is uniform in h�vi itself, which is bounded from
below by zero but still requires an upper cut-off to be proper. When the quantity being
constrained may a priori be compatible with zero, i.e. when searching for a signal that
could be absent, this prior has the advantage of including that possibility [���].

The disadvantage of a prior that is uniform in h�vi is that the upper cut-off effectively
sets a scale with higher a priori weight for the parameter in question. However, one can
argue that the natural scale for the upper cut-off is of order of the thermal cross section
under the DM hypothesis, which is a few times 10�26 cm3s�1 for masses above 10 GeV and
only mildly depends on the WIMP mass [���]. If h�vi is expressed in those units, then
a choice of prior that is uniform in h�vi correctly expresses our theoretical expectation
that its value should be close to that order of magnitude (if non-zero) and reproduces the
observed DM density, ⌦DMh2 ⇡ 0.12 [��].

Comparing the results for different choices of priors is essential in a Bayesian frame-
work. Since Ref. [���] found that the limits derived from a prior uniform in h�vi and the
h�vi�1/2 prior are similar to within a factor of 1.5 (in what they called a “hybrid Bayesian
analysis”), we will adopt two priors, which are expected to bracket possible reasonable
prior choices, namely a prior uniform in the log of h�vi and one that is uniform in h�vi
itself (both with appropriately chosen cut-off values).

The choice of lower cut-off is trivial for the prior uniform in h�vi, as the lower cut-off
is naturally h�vi ⇤ 0. It is far more subtle for the log-uniform prior: below a certain value
for h�vi, the likelihood becomes flat, since the WIMP signal falls to zero, and hence the
posterior follows the shape of the prior in this region. This is in contrast with the region of
larger and larger h�vi, where the likelihood drops rapidly towards zero and the posterior
is driven by the data. This means that both the upper limit on the cross section from the
posterior distribution and the model selection result depend on the chosen lower bound
for the h�vi prior. We therefore need a physical argument to set it, lest the result becomes
arbitrary.

��For a given likelihood function, the Jeffreys prior is the unique prior that leads to a posterior that is
invariant under any change of variables.
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In principle, one could use theoretical constraints on models with a DM candidate (e.g.
supersymmetry) to inform the lower cut-off on h�vi. Unfortunately, for models like the
seven-dimensional MSSM, it has been shown that cross sections as low as � ⇠ 10�46 cm2

are possible [���]. As a consequence, the corresponding values of h�vi are several orders
of magnitude below the thermal cross section as well as the sensitivity of existing and
even planned future experiments [���].

Instead, we adopt a variation of the argument presented in Ref. [���], using the
expected signal to define a criterion by which the model with a DM signal becomes
indistinguishable from the background-only model. Specifically, we compute the value
of h�vi for which the DM signal – in all energy bins for every dwarf and channel – is less
than one photon. To obtain this estimate, we fix the J-factors to the values at the modes
of their distributions. For the Ret II only analysis, the minimum value (for Pass � and
Pass �; both channels) is h�vi�26 ⇡ 0.04, while for all dwarfs (Pass � and global fit data;
both channels) the minimum value is h�vi�26 ⇡ 0.008 (for Ursa Major II). We therefore
deem all points in parameter space for h�vi�26 < 0.01 to be empirically indistinguishable
from a background-only model. We could have even used a larger threshold, since in
practice uncertainty in the background model means that even signal models with a
larger number of photons become effectively unidentifiable.

For the upper cut-off in both priors, a prior uniform in the log of h�vi and uniform
in h�vi itself, we make use of the argument for the thermal cross section presented before:
if the DM in the dSphs is expected to be mostly constituted by WIMPs, the natural scale
for the cross section is of the order of a few times 10�26 cm3s�1 [���]. Since (�.��) tell us
that ⌦DMh2 / h�vi�1, a WIMP with h�vi�26 > 100 is expected to contribute less than a
few percent to the DM in the dSph, thus making it unviable as the DM and as a source of
gamma rays. We therefore use h�vi�26 ⇤ 100 as an upper cut-off.

Regarding the background normalisation �k for dwarf k, the reference scale is �k ⇤ 1,
since this corresponds to the value obtained in an all-sky fit. The natural lower cut-offs
are at �k ⇤ 0. We therefore choose a uniform prior around the reference value, allowing
for a rather conservative upwards deviation up to �k ⇤ 2, which we adopt as the upper
cut-off value. Note that, after performing our analysis, we found that the marginalised
posterior for the background normalisations of all dSphs combined can be approximated
as a Gaussian with mean 1.03 and standard deviation 0.20 (cf. Sec. �.�.� and Fig. �.�). This
result could be used to inform the prior choice for �k in future analyses.

For the J-factor of dwarf k, the prior on log10 Jk is the KDE approximation to the
kinematic data analysis result, as explained in Sec. �.�.�.

�.� Results and discussion

This section presents and discusses the results of the Ret II analysis as well as the global
analysis involving all �� dSphs. We use various algorithms�� for the different tasks:
Diver [���] to explore the composite likelihood function, MultiNest [���–���] for calculat-
ing the Bayesian evidence, and T-Walk [���] for sampling the posterior distribution (see
Sec. �.�.� for a brief description of the algorithms).

��We make use of the ScannerBit [���] interface for those software packages, which is a part of GAMBIT [��].
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Figure �.� | Spectra for �.� years of Pass � (left) and Pass � (right) data for Ret II. We show
the observed counts (black circles and numbers) with Poisson error bars, as well as the
backgrounds (blue lines) and background plus DM signal (red lines), according to the
best-fit parameters in the ⌧+⌧� channel.

�.�.� Analysis of Reticulum II

First, we investigate the WIMP parameter space of mass, m�, and cross section, h�vi, using
only the Ret II data described in Sec. �.�.�. The additional nuisance parameters for Ret II
are therefore the background scaling, �Ret II, and the J-factor, log10 JRet II. Since this part of
the study is mainly to illustrate our methodology and since qualitative conclusions from
the ⌧+⌧� and bb̄ channels are similar, we restrict our Ret II analysis to the ⌧+⌧� channel
only.

Since the number of weeks for our data selection is the same as in Ref. [���], we expect
to find an indication for a signal using Pass � data. This indeed is confirmed by Fig. �.�,
which shows Pass � and Pass � data for Ret II together with the best-fit spectra from the
fit that we perform later in this section (red lines). In the energy region around a few GeV,
there appears to be an excess above the fitted background (blue lines) for Pass �, which
is less prominent for Pass �. This energy region is therefore able to accommodate an
additional signal contribution from DM annihilation. The number of “excess photons”
amounts to about �� photons in Pass � and �� photons in Pass � across the whole energy
range considered.

The lowest energy bins, on the other hand, place the strongest constraints on the
background normalisation, due to the high number of observed counts in them. This
is an important consideration for any analysis that simultaneously fits background and
signal contributions. The lowest two energy bins, i.e. energies below about 0.6 GeV, are
more important in Pass � than in Pass �, given that there are �� additional photons in
Pass �. However, the energy bins in the right half of the bump contain fewer photons in
Pass � compared to Pass �.

To perform our statistical analysis, we adjust the settings for the various algorithms
compared to the recommended reference values from Ref. [���]. The resulting non-
default settings for Diver are NP: 5 ⇥ 104, convthresh: 10�5, jDE: true, lambdajDE: false,
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Figure �.� | Constraints on the WIMP parameters from �.� years of Ret II data. We
show profile likelihoods (top) and marginal posteriors (bottom), using Pass � (left) and
Pass � (right) data for the ⌧+⌧� channel and a log-uniform prior on h�vi. The star denotes
the best-fit point. We show two-sided CLs and highest posterior density CRs for profile
likelihoods and posteriors, respectively. Note that the posteriors are restricted to the
region h�vi�26 < 100 due to the prior range on h�vi.

while for MultiNest we choose nlive: 2 ⇥ 104, tol: 10�4, and for T-Walk we have sqrtR:
1.001 with ��� MPI processes.

Parameter estimation for Reticulum II

In Fig. �.�, we show profile likelihoods (top panels) and the marginal posteriors (bottom
panels) for the WIMP mass and cross section, where the nuisance parameters �Ret II

and log10 JRet II have been profiled out and marginalised over, respectively.�� The profile
likelihood for Pass � (top left panel) shows a more than 3� preference for a DM signal.
Such a preference is reduced to 1� when using Pass � data (top right panel).

As we saw in Fig. �.�, the energy region of the putative excess results in a preferred
value for the WIMP mass m�. The inclusion of the likelihood for JRet II, on the other hand,

��We make use the software pippi [���] for plotting the marginalised posterior distributions and profile
likelihoods.
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allows for a direct inference on h�vi, which includes both the uncertainty in the J-factor
measurement and that from the Poisson likelihood.

The best-fit parameters of the WIMP properties for the ⌧+⌧� channel in Pass � (Pass �)
data are Dm� ⇤ 13.3 GeV and Eh�vi�26 ⇤ 5.48 ( Dm� ⇤ 14.4 GeV and Eh�vi�26 ⇤ 1.96). The
best-fit mass values are similar for Pass � and Pass � because the putative excess is around
the same energy region for both data sets. Since the number of “excess photons” in this
region is higher for Pass �, it is also not surprising that the best-fit parameter for h�vi
reflects this.

While the statistical interpretation of the posterior CRs in a Bayesian analysis is dif-
ferent from the CLs in a frequentist understanding, the Bayesian posteriors in the bottom
panels of Fig. �.� paint a qualitatively similar picture in terms of the statistical conclusions.
The Pass � marginal posterior distribution shows a very slight presence of an additional
signal to the background; the ��.��% CR (corresponding to 1� in the Gaussian case) is a
closed contour, but the ��.��% CR (corresponding to 2� in the Gaussian case) does not
exclude the lower prior cut-off. For Pass � data (bottom right panel), the ��.��% CR in the
same plot extends to most of the parameter space. This region becomes difficult to sam-
ple because the posterior distribution flattens out and thus the sampled posterior looks
“patchy” in the plot. Comparing the top (frequentist) and bottom (Bayesian) panels, we
notice that the Bayesian inference tends to be more conservative, as the marginalisation
over the nuisance parameters typically produces wider CRs when compared to profiled
likelihood CLs in cases where there is significant “volume effect” in the hidden dimen-
sions (see e.g. Ref. [���]). In light of this result for the Bayesian parameter inference, we
do not expect to find Bayesian evidence for the DM signal hypothesis from either data set
when we perform a Bayesian model comparison later in this section.

In Fig. �.�, we show all one- and two-dimensional marginal posteriors for Pass � vs
Pass � data and a log-uniform prior on h�vi. This illustrates again that, in Pass �, there is
a clearly preferred range for h�vi, while in Pass � there is not. However, the HPD regions
in both data sets are roughly in the same regions in parameter space as each other and the
highest profile likelihood regions in the frequentist analysis. This means that the priors
did not have a large impact on the analysis and the parameter regions singled out by the
analysis are mostly data-driven.

Figure �.� is also useful for visualising correlations between parameters, such as
the expected anti-correlation between JRet II and h�vi from Pass � data, where a signal
is preferred. This is because the DM signal is proportional to the product of both.
Furthermore, the one-dimensional marginalised posteriors summarise the constraints
that can be put on the individual parameters. Regarding m� and h�vi, they follow the
expected behaviours in case of a strong (Pass �) or weak (Pass �) preference for a signal,
while JRet II behaves as expected for a constrained nuisance parameter.

We note an interesting result for the background normalisations: In Pass � (Pass �),
we have a best-fit value of �̂Ret II ⇡ 0.60 (�̂Ret II ⇡ 0.53), which is considerably lower
than the all-sky value of 1. In particular, this difference is significant for Pass �, i.e.
outside the ��.��% CR for the resulting posterior distribution (for both priors). Since the
background level is mostly determined by the lowest energy bins, this implies that the
background in the immediate vicinity around Ret II is quite lower than the average in a
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Figure �.� | One- and two-dimensional marginal posteriors for Ret II (�.� years, ⌧+⌧�

channel, log-uniform prior on h�vi), showing the the ��.��%/��.��%/��.��% CRs from
Ret II data. The red colour maps, contours and shaded regions are for Pass �, while
the blue contours are for Pass �. Red and blue stars indicate the best-fit points for the
respective data sets.

larger surrounding area. The best-fit background rescaling parameter is slightly lower in
Pass � than in Pass �, and since the background spectral shape is fixed, this means that the
best-fit background counts in the region of the putative excess is smaller in Pass � than
in Pass �. Despite this, the preference for a DM signal is smaller in Pass �. This points
to the conclusion that the difference arises not because of a different background fit, but
rather because of a genuine reduction in the number of excess photons in going from
Pass � to Pass �. Since we introduced the scaling parameters �k to account precisely for
the possibility of a local discrepancy of the background with respect to the fitted global
background model, it will be interesting to compare results for a larger number of dSphs
in the next section. Indeed, a weak excess such as in the Pass � data can be re-absorbed by
the background normalisation. The shapes of the marginal posteriors for �Ret II are also
similar, with the marginalised posterior Pass � data being slightly broader than in Pass �.

Figure �.� shows the one-dimensional marginal posterior distributions and profile
likelihoods for m� and h�vi and the two priors on h�vi adopted in this study. For a
log-uniform prior on h�vi, the resulting CRs are fairly similar in both Pass � and Pass �.
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Figure �.� |One-dimensional marginal posteriors (blues lines) and profile likelihoods (red
lines) for m� (top) and h�vi (bottom). We show these for �.� years of Pass � (left) and
Pass � (right) Ret II data (⌧+⌧� channel) as well as for priors that are uniform in h�vi and
uniform in the log of h�vi.

However, this is not the case when using a uniform prior on h�vi. In the left panel of
Fig. �.� we can see that, for Pass �, the modes of the profile likelihood and posteriors
agree rather well, even though the mode for h�vi using a uniform prior on h�vi is found
at a higher value compared to the other two, reflecting the higher prior density for larger
h�vi values under the uniform prior on this quantity. For Pass � (right panel), on the
other hand, the main modes of the marginal posteriors for m� and h�vi (using a uniform
prior on h�vi) get both shifted to higher values compared to the profile likelihoods and
marginal posteriors using a log-uniform prior on h�vi. Also, the marginal posteriors
with the two different priors are quite different from each other, indicating strong prior
dependence as a consequence of less constraining data. This is due to the absence of a
strong preference for a signal in Pass � and the higher prior weight on larger values for
the cross section affects the posterior on the WIMP parameters. While a significant part
of the posterior density is concentrated around the best-fit points for a log-uniform prior
on h�vi, a uniform prior on h�vi dominates the posterior density in Pass � and causes
the marginal posterior of the cross section (and hence also the mass) to move to higher
values.
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Table �.� | Bayes factors for comparing a background-only model with a model including
an additional DM signal from ⌧+⌧� channel annihilation (using �.� years of Ret II data).
A positive (negative) value of ln (B10) indicates evidence in favour of (against) the model
with an additional DM signal. The value of B10 gives the posterior odds between the DM
model and the background only model if each model has equal prior probability.

Pass � Pass �

Prior on h�vi uniform log-uniform uniform log-uniform

Bayes factor ln(B10) 1.61 ± 0.02 1.92 ± 0.02 �0.70 ± 0.02 �0.065 ± 0.016
B10 5 : 1 7 : 1 1 : 2 1 : 1

Model comparison for Reticulum II

To quantify the preference (or lack thereof) for a DM signal contribution to the gamma ray
spectrum of Ret II, we compute the Bayesian evidence for the background-only and
the background-plus-signal model. The conceptual difference between Bayesian model
comparison and frequentist hypothesis testing is that the latter can only reject the null
hypothesis, while the former can show a preference for a simpler model whenever the
added complexity of the more complicated model is not warranted by the data. In other
words, the Bayesian model comparison framework includes an automatic Occam’s razor
effect.

We define the background-only model via setting h�vi ⇤ 0, meaning that the DM
mass parameter becomes non-identifiable. The resulting Bayes factor for both data sets,
Pass � and Pass �, as well as the two adopted choices of prior on h�vi are given in Table �.�.

We use a commonly applied scale for categorising how strongly one model is favoured
over the other, dating back to Jeffreys [���, ���], with the nomenclature adopted from
Ref. [���]. This “Jeffreys’ scale” has thresholds at |ln (B10) | ⇤ 1.0, 2.5, and 5.0, which we
call respectively weak, moderate, and strong evidence. From Table �.�, we can see that only
Pass � data gives weak evidence (i.e. a Bayes factor of more than �:�) for the DM hypothesis
regardless of the adopted prior. On the other hand, the model comparisons using Pass �
neither favour a DM signal, as already anticipated in the previous section, nor do they
favour the background-only model. The Pass � data are simply insufficiently informative
to reach a conclusion either way.

We notice that, as expected, the outcome of the Bayesian model comparison is
much more conservative than what would be obtained using a p-value frequentist ap-
proach [���]: even in the case of Pass � data, which gives a more than 3� significance
for a non-zero h�vi, the Bayes factor for a uniform log-uniform prior is only �:�, shy
of the threshold for even moderate evidence at ��:�. This is an example of a well known
statistical phenomenon called the Lindley paradox: the outcome of hypothesis testing
and Bayesian model comparison differs (even asymptotically for large amount of data),
because the two approaches ask fundamentally different questions (see Refs [���, ���]
for a detailed discussion and further references).

In any case, the model comparison further quantifies the mostly qualitative findings
that emerged so far in this section. In agreement with previous explanations for the
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difference in significance for a potential excess in Ret II [���, ���], we also find that this
is due to the differences in Pass � and Pass � since the results of the Bayesian and the
frequentist analysis agree when using Ret II data based on the same selection criteria.

�.�.� Posterior predictive distributions for signal strengths in other dwarfs

After having re-visited the purported gamma ray excess in Ret II, we investigate how our
conclusions might change in other dSphs, both in terms of WIMP parameter constraints
and model selection outcome. Our starting point is to note that physical consistency
requires that the WIMP parameters must be the same across all dSphs. Therefore, given a
putative excess from Ret II, it is helpful to quantify the probability that an excess due to the
same dark matter candidate ought to be measured in other dwarfs. One possibility is to
use the best-fit WIMP parameters from Ret II to establish the strength of the DM signal in
other dSphs. However, this approach neglects the uncertainties in the WIMP parameters
as well as the uncertainties arising from the J-factor and background rescaling for the
dwarf for which the prediction is being made. It also does not quantify the probability of
achieving a statistical significant measurement in another dwarf.

In this section, we introduce the posterior predictive distribution (PPD) as a tool to
precisely quantify the probability of seeing a DM-related signal in one dSph, conditional
on the observation in another one (in this case, Ret II). The same approach can also be used
to make prediction for future observations of the same dwarf, i.e. over longer integration
times.

The advantage of this approach is three-fold: firstly, the ensuing predicted distribution
is a probability distribution for the yet unobserved data, which fully accounts for all relevant
sources of uncertainty.

Secondly, this approach clarifies that not seeing a DM signal from a dwarf where one
would not expect it (e.g. because the J-factor is too low) is not an indication against the
DM model. Indeed, the contribution to the Bayes factor from such a dwarf is null: if the
distribution of data under both the background-only model and the background-plus-
signal model are observationally indistinguishable, then making the observation is not
going to teach us anything about the relative viability of each model.

Finally, PPDs indicate the most promising targets to improve the model comparison
result, for example to test the DM model further. A natural extension of PPD is Bayesian
decision theory and experimental design, which we do not however pursue further in
this work (see Ref. [���] for an example and discussion). More generally, it is important
to note that the PPD can be based on posterior samples from any experimental search, not
just dSphs.

The PPD for any observable D (which might be future or not-yet-analysed data), given
previously analysed data d, is

p (D | d) ⇤
⌅

⇥
p (D , ✓ | d) d✓ ⇤

⌅

⇥
p (D | ✓, d) p (✓ | d) d✓ (�.�)

⇤

⌅

⇥
p (D | ✓) p (✓ | d) d✓ , (�.�)

where p (D | ✓) is the likelihood for data D given parameters ✓, weighted by the posterior
distribution from current data, p (✓ | d), and integrated over all values for the parameters,
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✓ 2 ⇥. One can easily see that this generalises the “best-fit prediction”, obtained directly
from the best-fit estimate for ✓, which is in particular appropriate if the uncertainty on ✓
is relevant. The best-fit prediction is recovered from (�.�) by setting p (✓ | d) ⇤ �(✓ � ✓̂),
where ✓̂ is the maximum-likelihood estimator of the parameters.

To obtain the PPDs, we select 5 ⇥ 105 random samples out of the equally weighted
posterior samples from the analysis of �.� years of Pass � data using Ret II only. We then
generate a realisation of background and DM signal counts for each dSph by drawing
them from Poisson distributions with rates given by (�.�). In order to do so, we require
values for the J-factor and background normalisation entering the Poisson rate for the
dwarf for which the prediction is made. To obtain these, we draw random samples from
informative prior distributions: for the J-factors, we draw J-factor samples directly from
the posterior samples supplied in the auxiliary material of Ref. [���]. For the background
normalisations, we used as a prior a normal distribution with mean 1.03 and standard
deviation 0.20. These values were obtained as the mean and standard deviation after
combining the posterior samples for all the background normalisation parameters �k in
the global analysis in Sec. �.�.�. This represents an average distribution for the background
scaling parameter across the �� dwarfs in the Pass � data set for �� years of Fermi-LAT
observations. As this averages over all dwarfs, it is a more conservative approach than
trying to obtain such a prior based on data from each dSph individually.

Figure �.� demonstrates how the PPDs conditional on data from one dSph (Ret II)
can be used as a diagnostic tool to identify discrepancies between the predicted vs the
observed data in the other dSphs, and with a larger amount of data, thus selecting he
most promising targets for analysis. The figure shows predictions for the spectra of the
background-only model (filled regions) and for the background-plus-signal model (empty
regions) in six different dSphs after �� years of Pass � observations, conditional on the
posterior samples from the Pass � analysis of Ret II only (adopting a log-uniform prior
on h�vi).

For the PPDs in Fig. �.�, we selected the three classical and three ultrafaint dSphs
with the highest median J-factors as examples for the discussion. We observe in general
that, after accounting for all uncertainties, the ��% regions of the PPD predictions for
the background-only and for the signal-plus-background model overlap for all energy
bins and all dwarfs shown here. This means that a detection of a dark matter signal in
these dwarfs would rely on a fortuitous upwards fluctuation of the signal (or downward
fluctuation of the background). This is true even for the dSphs with the largest median
J-factors, Ursa Major II and Segue �, which produces the more prominent “bump” in
the background-plus-signal model in the region of the putative excess between 1 GeV
and 10 GeV. We also see some downward fluctuations of the observed counts in some
energy bins when compared to the background-only predictions, but always within the
��% predicted probability band.

A more quantitative way of assessing how promising a dSph is in terms of detecting a
dark matter signal is the predicted distribution for the signal-to-noise ratio (SNR) in the
background-plus-signal model. The SNR for the new dwarf, conditioned on Ret II data,
is computed according to the prescription in Ref. [���, Eq. ��]. That study introduces a
test statistic T which is shown to have more power than any other at distinguishing a dark
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Figure �.� | Posterior predictive distributions for the photon flux for �� years of Pass �
data, conditional on �.� years of Pass � data (Ret II only, log-uniform prior on h�vi,
⌧+⌧� channel). We show the observed counts (black circles with Poisson error bars; bold
numbers give the number of photons in each bin), the ��%/��% CRs for the background-
only model (blue/red shaded regions; black numbers give the mean predicted number
of counts) and for the signal-plus-background model (solid/dashed empty regions; grey
numbers), respectively.
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Figure �.� | Posterior predictive distributions the the SNR for �� years of Pass � data, con-
ditional on �.� years of Pass � data (Ret II only, log-uniform prior on h�vi, ⌧+⌧� channel).
The green/brown shaded regions delimit the ��%/��% predicted probability interval for
the SNR.

matter signal from background. The SNR is a measure of expected detection significance
when using this test statistic to search for a signal. It is defined as

SNR ⌘ E[T | H1] � E[T | H0]
Std[T | H0] , (�.�)

where E[T | H1] is the expected value of the test statistic under the signal-plus-background
hypothesis, while E[T | H0] and Std[T | H0] are the expected value and standard deviation
of the test statistic under the background-only hypothesis. Following Ref. [���, Eq. ��],
the SNR for a dSph is computed using SNR2

⇤
P

i , j (sDM
i , j )2

.
bi , j , where the sum is over

spatial and energy bins for the dSph and bi , j ⌘ �i , j � sDM
i , j (see Sec. �.�).

The resulting distributions and highest-posterior density CRs for the SNRs are shown
in Fig. �.� in order of decreasing predicted median SNR (from left to right and top to
bottom). Notice that, given our definition of SNR, a value of SNR > 5 would correspond
to a 5� detection (assuming a Gaussian distribution of T under the background-only
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Figure �.� | Posterior predictive probability of making a detection of a DM signal at more
than 5� significance in another dwarf, including all relevant sources of uncertainty, con-
ditional on Ret II data. We show the results, sorted by their lower SNR limit, conditioned
on �.� years of Pass � (left) and Pass � (right) Ret II data (⌧+⌧� channel, log-uniform prior
on h�vi). The probability of detection drops dramatically from Pass � to Pass � data.

hypothesis). While the maximum of the predictive distribution is in all cases above
unity (and often above a value of five, corresponding to a 5� detection), the predictive
distribution has very long tails as a consequence of the uncertainties in the J-factor and
background normalisation, which are fully accounted for in the prediction. There is hence
a large fractional probability that the SNR will be smaller than unity and that any signal
will be undetectable. We can thus classify each dwarf in terms of the probability to obtain
a detection (defined as an SNR value larger than five), which we call the “discovery
probability”. This is simply the integrated posterior predictive probability density for
SNR > 5. Another measure of the chance of a dark matter detection is the ��% lower
limit from the PPD for the SNR. This gives the value of the SNR for which ��% of the
predicted probability density lies above.

We show these values in Fig. �.�, conditioned on �.� years of Ret II data in Pass � (left
panel) and Pass � (right panel) for the ⌧+⌧� channel and a log-uniform prior on h�vi.
The individual dSphs are sorted by the ��% lower limit on the SNR. Conditional on
Pass � data, the probability of a discovery in an individual dSph is larger than ��% in
five of them. The highest individual discovery probability occurs for both Segue � (whose
subtle tail in the J-factor distribution influences the lower limit on the SNR) and Ursa
Major II with a value of about ��%. Note that the six dSphs with long tails (cf. Sec. �.�.�)
do not appear in the plot because they have much lower limits with vanishingly low
SNR < 10�12. However, Pegasus III and Draco II still show a fairly reasonable discovery
probability of ��% and ��%, respectively.

We can also evaluate the probability that at least one of the dSphs yields a 5� or higher
detection.�� If each dwarf were independent, the probability of a detection in any one of

��Technically, each dSph detection probability is a local probability that ignores the so-called “look-
elsewhere effect”, arising from multiple testing when looking at many dSphs. Even if there is no DM signal,
statistical fluctuations in the background would be expected to yield a 5� detection if one tests a sufficiently
high number of dSphs. Estimating the look-elsewhere effect would require evaluating the probability of a
false detection from any one of the tested dSphs. However, this cannot be done in our framework since the
SNR we use is undefined in the absence of a signal.
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the N ⇤ 27 dwarfs (ignoring the “look-elsewhere effect”) would simply be given by

Pdet ⇤ 1 �
NY

k⇤1

 
1 �

⌅ 1

5
p (SNRk | d) d [SNRk]

!
, (�.�)

where d are the data that the PPD is conditioned upon, and p is the PPD for the SNR
in dwarf k. However, the signal is of course fully correlated in all dSphs since, in the
presence of dark matter, the WIMP mass and cross section are exactly the same for all
dSphs. Therefore, we must instead estimate the probability of making a detection in at
least one dwarf numerically, as the fraction of posterior samples for which SNR > 5 in at
least one dwarf, i.e. the SNR surpasses the detection threshold. Doing so using the Pass �
posterior samples results in a probability of ��%. This means that, conditional on Pass �
Ret II data, there is an ��% probability that at least one of the other dwarfs yields a 5�
detection.

Conditional on �.� years of Pass � data from Ret II, on the other hand, there is no strong
preference for a DM signal and it is therefore not surprising that the predicted SNR in
the other dSphs will generally not yield a detection (right panel of Fig. �.�). However, a
few of the dwarfs, such as Ursa Major II or Segue �, still have a sizeable probability for
an individual detection. Still, the probability to make a detection in at least one dSph,
conditional on �.� years of Ret II data in Pass �, drops to ��%. The six dwarfs with long tail
have again a much lower limit on the SNR than the others, with Pegasus III and Draco II
showing comparable discovery probabilities to other dSphs (�.�% and �.�%, respectively).

PPDs can therefore be used as a tool to determine which dSphs are likely to result in a
detection (or rule out a model, depending on the statistical question being asked). While
a full global analysis is always desirable, it can become computationally very expensive
as more dSphs are added to the likelihood, perhaps with additional nuisance parameters.
In this case, a potential solution is to include only the “most promising” dSphs such
that the outcome of the analysis is ideally approximately as strong as the result of a
global, complete analysis. While the relevance of a dSph might be determined by, e.g.,
the highest J-factor or their likelihood contribution, PPDs can help identify these systems
in a more statistically principled way, while at the same time accounting for all relevant
uncertainties in the prediction. We apply this method in the next section for the Bayesian
model comparison.

�.�.� Global analysis of �� dwarfs

We now turn to our findings from a global analysis, including all �� dwarfs in the
likelihood and using �� years of Pass � data. Our analysis has a total of �� parameters:
the background normalisations and J-factors for each of the dSphs, plus m� and h�vi.
For parameter estimation, we increase the number of parallel chains for T-Walk (sqrtR:
1.01 with ���� MPI processes), resulting in around ��� million equally weighted samples
for each channel, and use more demanding settings for Diver (NP: 105, convthresh: 10�7,
jDE: true, lambdajDE: false).
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Figure �.� | Global analyses using �� years of Pass � data for �� dwarfs. We show profile
likelihoods (top) and marginalised posteriors (bottom) for the ⌧+⌧� (left) and bb̄ (right)
channels. The star denotes the best-fit point for a given channel. We compare our results
with the thermal relic cross section [���], previous limits [���, ���], and parameters
associated with the purported Galactic Centre excess [���]. Note that the posteriors are
restricted to the region h�vi�26 < 100 due to the prior range on h�vi.

The DM parameter constraints from the global analysis, separately considering the
⌧+⌧� and bb̄ channels,�� are shown in Fig. �.�. The top row shows results from the profile
likelihood (where the likelihood has been locally maximised over the nuisance param-
eters), while the bottom row shows the Bayesian posterior (where nuisance parameters
have been marginalised over). We also display for reference the thermal relic cross sec-
tion [���] and limits from previous analyses at ��% CL. The confidence limits in the top
panels are conditional on the value of the mass, in order to make them exactly compa-
rable to those obtained by the Fermi-LAT Collaboration [���, ���]. For WIMP masses
below about 100 GeV, we obtain stronger limits compared to previous frequentist anal-
yses. As a consequence, we can exclude the best-fit DM parameter values for the bb̄

��We also performed global fits using the branching fraction b⌧+⌧� into ⌧+⌧� as an additional free parame-
ter with a uniform prior in the range [1, 0]. We found no strong preference for either channel: annihilation into
mostly bb̄ (b⌧+⌧� < 0.25) has a ��% posterior probability, while annihilation into mostly ⌧+⌧� (b⌧+⌧� > 0.75)
has a ��% posterior probability. Since these values are close to ��%, i.e. the value under the uniform prior,
this means that the data cannot constrain this additional parameter.
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Figure �.� |Distribution of combining all posterior samples of the background normalisa-
tion parameters �k for all of the dwarfs k (red solid line). For reference, we also show the
best-fit Gaussian with estimates for the mean �̂ and standard deviation �̂� (blue dashed
line).

channel DM interpretation of the Galactic Centre excess [���–���] at more than ��% CL.��
For the ⌧+⌧� channel, the Galactic Centre excess best fit point can be excluded at the ��%
CL. This improves the exclusion strength of dSphs compared to previous studies [e.g.
���, ���, ���].

The Bayesian analysis (bottom panels of Fig. �.�) disfavours the Galactic Centre excess
DM interpretation even more strongly. Indeed, we notice that for low WIMP mass the
Bayesian CR is noticeably more constraining than the profile likelihood. The entire 3�
confidence region for the DM interpretation of the Galactic Centre excess from Ref. [���]
is outside the ��% CRs in the Bayesian analyses for both channels (bottom half of Fig. �.�).
Recall that our choice of prior lower boundary for the Baysian analysis is conservative,
i.e. yields looser upper limits than would be obtained by increasing the lower prior
range. Notice that the Bayesian contours in the bottom panels are two-dimensional CRs,
which cannot be directly compared with the one-dimensional profile likelihood limits
in the upper panels (which instead condition on the value of the mass). To facilitate a
direct comparison, we also compute what we call a “semi-Bayesian ��% limit” on the
cross section (shown as black dashed line in the bottom panel). This is obtained by
integrating the posterior conditional on the given value of m�, in order to mimic the
procedure used for the frequentist conditional CL. This semi-Bayesian limit is somewhat
close to the frequentist ��% CL for lower WIMP masses, but still noticeably stronger for
higher values of m�.

In our analysis of Ret II, we observed that the best-fit points for the background
normalisation, �̂Ret II, were significantly lower than the fitted reference value of �Ret II ⇤ 1
in both Pass � and Pass �. For Pass �, this deviation was significant (outside the ��.��%
CR) in the marginalised posterior for both priors. In the global analysis, however, we
find that �̂Ret II ⇠ 1. We interpret this as indicating that the excess photons in Ret II are
re-absorbed by the higher background component since non-detections in other dwarfs

��We only consider the best-fit point and associated confidence regions from the analysis of Ref. [���],
since this gives the smallest (and therefore least constrained) value for the DM cross section, when compared
with other Galactic Centre studies.
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Table �.� | Bayes factors for comparing a background-only model with a model including
an additional DM signal (�� years of Pass � data; we use the most promising �� dSphs,
selected using the PPD of their SNR). A positive (negative) value of ln (B10) indicates
evidence in favour of (against) the model with an additional DM signal. The value of B10

gives the posterior odds between the DM model and the background only model if each
model has equal prior probability.

Prior on h�vi ⌧+⌧� channel bb̄ channel
uniform log-uniform uniform log-uniform

Bayes factor ln(B10) �0.89 ± 0.05 �0.03 ± 0.05 �1.11 ± 0.04 �0.05 ± 0.05
B10 1 : 2 1 : 1 1 : 3 1 : 1

force the value of h�vi (m�) to lower (higher) values than in the Ret II-only analysis. These
WIMP parameters do not give a sufficient signal contribution to explain the Ret II excess.
Regarding the other dSphs, all but three are consistent with �k ⇤ 1. The exceptions are
Aquarius II, Leo I, and Leo IV, for which the background normalisations are significantly
larger than unity. The resulting distribution from combining the posteriors for all �k into
one set can be seen in Fig. �.�. The resulting distribution (red solid line) shows a slight
tail towards values greater than unity. However, for practical purposes we also show
the corresponding Gaussian distribution derived from the posterior mean and standard
deviation of all the posterior samples (all dwarfs combined), which are 1.03 and 0.20,
respectively.

Finally, we also performed a model comparison by calculating Bayes factors for the
two hypotheses with MultiNest. Obtaining reliable estimates for the Bayesian evidence
proved difficult due to the relatively large dimensionality of the parameter space (the
efficiency of MultiNest drops quickly above about �� dimensions [���], if not already at
seven [���]). We therefore reduced the dimensionality of the parameter space by making
a smaller selection of dSphs, choosing those with a median predicted SNR greater than
unity (which also correspond to the dSphs with the highest lower limit on the SNR, except
Draco II, as well as the highest discovery probabilities) using the PPD approach in the
previous section. These are the following ten dSphs: Coma Berenices, Draco, Draco II,
Horologium I, Reticulum II, Sculptor, Segue �, Tucana II, Ursa Major II, and Ursa Minor.
We also use slightly less demanding settings for MultiNest (nlive: 2 ⇥ 104, tol: 10�3).
The resulting Bayes factors from this analysis can be found in Table �.�. Since we have
adopted the most constraining (in terms of predicted SNR) dwarfs in this analysis, we
expect it to be close to what would have been obtained by including all of the �� dwarfs.

Since we found no preference for a signal in the parameter estimation part of the
global analysis, it is not surprising that the model comparison finds no evidence for an
additional signal either. On the other hand, we obtain only weak evidence against the
signal-plus-background model in the bb̄ channel (using a uniform prior on h�vi).

While the results are inconclusive, the trend that a uniform prior on h�vi gives lower
Bayes factors continues in this section. Indeed, since the WIMP parameter space always
allows for the possibility of having an essentially irrelevant gamma ray signal, the signal-
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plus-background model can only be disfavoured compared to the background-only model
due to the Occam’s razor effect. This happens when the region of WIMP parameter space
resulting in a negligible gamma ray signal from DM is only a small fraction of the prior
volume – the Occam’s razor effect penalizing models with “wasted” parameter space.
The size of the prior volume of the WIMP parameters is therefore the most important
ingredient that would allow the odds to swing in favour of the background-only model.
This also explains the trend we observe with the two adopted priors since this fraction is
smaller for a prior uniform in h�vi than for a prior uniform in the log of h�vi.
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Chapter �
Summary and conclusion

With the work presented in this thesis, I highlighted the advantages of global analyses
and consistent use of statistical methods as a means to improve our understanding of
dark matter candidates, and axions in particular. While the nature of dark matter still
remains a puzzle, there is a continuously growing effort in terms of experimental searches
as well as a large variety of viable dark matter candidates left to be explored further. In the
absence of a clear signal in any of the existing searches, global analyses present an oppor-
tunity to extract the maximum amount of information possible, to guide the development
of future experiments, and to direct particle physics phenomenology towards the most
promising hypotheses and parts of the parameter space.

With the global analysis of axion models in Chapter �, I presented the most rigorous
analysis of the pre-inflationary Peccei-Quinn symmetry breaking scenario to date, using
Bayesian and frequentist methods. It includes most of the competitive results in the phe-
nomenologically interesting mass region and, for the first time, uses Bayesian inference
to make probabilistic statements about the scenario in which the initial axion field value
is selected at random.

The analysis found, in agreement with previous works, that QCD axion models are
viable as explanations for both the observed cold dark matter and the white dwarf cooling
hints. I showed that, for a broader class of QCD axion models than what is traditionally
considered, this can be achieved simultaneously, but not for the six specific DFSZ- and
KSVZ-type models under investigation. However, if the condition of being all the dark
matter in the Universe is relaxed, DFSZ-I models are positively preferred over DFSZ-II
models as well as over all four KSVZ models considered in this work.

Furthermore, I showed the most viable regions of parameter space for these models
and discussed the effect of adding cooling hints seen in white dwarfs. In particular, this
included not only the phenomenological parameter space but also the underlying param-
eters in a generic QCD axion model and six specific DFSZ- and KSVZ-type models. This
complements and extends previous results in the literature by including various nuisance
parameters and by quantitatively considering the fine-tuning of the initial misalignment
angle.

Using the Bayesian statistical framework, I also determined the most credible pre-
dicted ranges for the QCD axion mass and the cosmological abundance of QCD axions.
An important consequence – albeit prior-dependent – was that an axion contribution to
the dark matter density is probably sizeable but subdominant. Axions in this scenario
will therefore probably not solve the dark matter problem by themselves. They would
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have to be complemented by other dark matter candidates, which calls for the exploration
of multi-component dark matter sectors.

In some cases, global fits of QCD axions and axion-like particles therefore have the
potential to confirm and refine previously known phenomenological statements about the
relevant parameter spaces (e.g. exclusion limits, existence of fine-tuning, compatibility
with cooling hints and dark matter). In other cases, they offer new and more rigorous
insights (e.g. model comparison, most credible parameter regions).

Due to the orthogonality of constraints and the insufficient sensitivity of most ex-
periments, it is not yet possible to decisively probe the axion parameter space in the
pre-inflationary Peccei-Quinn symmetry breaking scenario. Nonetheless, it is realistic
to target the most likely versions of QCD axion and axion-like particle models in the
near future (see Ref. [��] for a recent review of upcoming axion searches). Intriguingly,
the most credible axion mass range is within reach of currently running and planned
haloscope experiments.

It should also be noted that using the random selection of the initial axion field value
as prior information becomes even more intriguing after finding an axion and measuring
its mass. This would practically eliminate all prior dependence on the result and probe
whether the Peccei-Quinn symmetry breaking took place before or after inflation (if the
contribution from topological defects becomes less uncertain).

As a consequence, finding an axion also probes the possible inflationary scenarios.
This is due to the interplay between the energy scale of inflation and the axion param-
eter fa , which determines if pre- or post-inflationary Peccei-Quinn symmetry breaking
took place. However, including an inflationary model would further complicate the anal-
ysis. In particular, there is the possibility of isocurvature perturbations, which were not
considered in this work but constrain axion models with the lowest masses. It might even
emerge that the axion mass is lower than the traditional window. This then would imply
strong constraints from overproduction of dark matter. Alternative cosmological histories
– such the two-inflation scenario investigated in Ref. [�] – would be worth considering for
addressing this problem by diluting the axion energy density. This is true even though
the temperature dependence of QCD axions can cause a more complex phenomenology
in a sizeable region of parameter space compared to the expected simple dilution effect.

Nonetheless, the generally achieved dilution in two-inflation scenario provides an
extreme example for systematic uncertainties on the axion energy density in alternative
cosmological histories. Due to the importance of the axion energy density for studying
axion properties as well as cosmological scenarios with axion phenomenology, I revisited
the different possible sources of uncertainty in Sec. �.�. I also calculated analytic estimates
of the statistical uncertainties. These calculations included the recently estimated error
band on the effective number of relativistic and entropic degrees of freedom.

Changing the focus to a different dark matter candidate, I presented the results of
a study of gamma ray signals from dwarf spheroidal galaxies in Chapter �. These
dark matter-dominated systems present a unique and powerful testing ground for weakly
interacting massive particles and the size of their annihilation cross section. In fact,
dwarf spheroidals provide some of the strongest constraints on dark matter interactions
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and might further improve their importance when more of them are discovered and
newer space-based telescopes and background models are used.

An important contribution of the work in Chapter � was the emphasis on the sta-
tistical methodology by carefully including accurate uncertainties on the J-factors of
dwarf spheroidals and by comparing Bayesian and frequentist methods. In particular, a
Gaussian kernel density estimate of the posterior J-factor distribution was used instead
of the usual log-normal approximation.

The analysis also included scaling factors for the Galactic diffuse background com-
ponents in each dwarf galaxy. This was to account for the uncertainties arising from
an imperfect knowledge of the background model and to obtain robust results. Given
that the credibility of indirect detection methods mostly depends on understanding the
backgrounds, this approach is highly indicated and necessary to ensure robustness of the
results.

I used Reticulum II as an example to illustrate the statistical methodology and to
investigate the difference arising between Bayesian and frequentist analyses as well as
between Pass � and Pass � Fermi-LAT data. The result of this analysis showed, in
agreement with previous claims, that the diverging conclusions regarding the significance
of the putative excess in Reticulum II are due to the data sets used rather than details
of the analysis. This finding is more rigorous than the previous claims since the Pass �
and Pass � analyses were based on the same methodology and consistent data selection
criteria.

By including ten years of Fermi-LAT data and �� dwarf spheroidals, Chapter � con-
siders more dwarfs and a higher integration time than most of the previous analyses.
While there was no indication for an excess, the limit on the cross section could be im-
proved significantly for lower dark matter masses. As a consequence, the best-fit points
of the last remaining dark matter models to explain the Galactic Centre excess could
be ruled out. Using Bayesian posterior predictive distributions in this context also pro-
vided a useful tool for understanding the effect of the presence of dark matter particles
in dwarf spheroidals. They can determine the consistency of a potential signal amongst a
sample of dwarf spheroidal galaxies as well as easily and robustly quantify the probabil-
ity of a future dark matter detection for dwarf spheroidal analyses (or other dark matter
searches).

The dwarf spheroidals analysis comprised a total of �� parameters, which is a fairly
high number of dimensions to perform parameter estimation and model selection. Thanks
to the availability of dedicated algorithms for profile likelihood mapping and posterior
sampling, I was able to perform parameter estimation without major problems. However,
calculating the Bayesian evidence with the Multinest algorithm presented a challenge due
to the high number of parameters, which made a full global analysis prohibitive. By using
information from posterior predictive distributions of the signal-to-noise ratio, I selected
a subset of the most relevant dwarf spheroidal galaxies and therefore reduced the number
of parameters to still obtain a meaningful estimate of the Bayesian evidence.

In summary, global analyses are becoming an important tool for investigating physics
beyond the Standard Model by extracting the maximum amount of information pos-
sible out of the data. The availability of adequate computing resources and powerful
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sampling algorithms facilitate their use and allows us to employ various statistical meth-
ods to perform parameter estimation, model comparison, hypothesis testing, and – even
though not considered here – forecasts for upcoming experiments. The methods and
programming design principles behind the global fit of axion models and the analysis
of gamma ray signals in dwarf spheroidal galaxies are readily transferable. Indeed, they
could be applied to most conceivable types of models or data from the most complex
experimental setups. Global analyses can hence support the ongoing efforts in the as-
trophysics, cosmology, and particle physics communities to follow existing leads from
outstanding physics problems towards a more complete description of Nature.
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Appendix A
Numerical integration of the axion �eld equation in
GAMBIT

Denote the scale factor and temperature at which 3H ⇤ ma as aosc and Tosc, respectively.
Assuming that the scale factor a is a monotonically increasing function of cosmic time t,
and that the temperature T is a monotically decreasing function of t, we may re-write (�.��)
as
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where ⇥ denotes derivatives with respect to ⌧. Conservation of entropy can subsequently
be used to relate ↵with temperature, using the relativistic entropic degrees of freedom 1S:
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Equation (A.�) has the advantage that an explicitly temperature-dependent axion
mass or the effective relativistic (entropic) degrees of freedom, 1 and 1S, can be easily
incorporated. The various terms can be further simplified as follows:
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Rescaling # ⌘ ✓/✓i, we may use (A.�) to rewrite (A.�) as
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where the auxiliary functions Fi for i ⇤ 1, 2 are given by
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where we assume a radiation-dominated universe, H /
p
1(T) T2, for the last line. We

use interpolated values for (A.�) and (A.��) based on the analytic forms for the effective
degrees of freedom in Ref. [���]. The tables used for this procedure are included in
GAMBIT.

Note that if the changes in the effective degrees of freedom are not important, F1(⌧) ⇡
�1, F2(⌧) ⇡ 0, and the field equation (A.�) reads in the harmonic limit of |✓i | ⌧ 1:

✓⇥⇥ ⇡ �
✓ ma (⌧)

H⌧

◆2
✓ , (A.��)

i.e. we obtain the approximate behaviour of a (damped) harmonic oscillator. In that limit,
the comoving axion number density na ⌘ ⇢a a3/ma is conserved on average. We can
therefore stop integrating the differential equation once specified conditions for ma/3H
and ✓ are met. Because the solution ✓(t) oscillates as a function of time or temperature,
we define a peak amplitude ✓̂ in order to check that |✓(t?) | ⌧ 1 from some time t?:

✓̂(t) ⌘
p

2⇢a (t)
fa ma (t)

. (A.��)

In the harmonic limits, Eq. (A.��) indeed coincides with the amplitude of oscillation when
all the energy of the field is stored in the potential part of the energy density.� Once the
axion field starts to oscillate, fulfilment of the condition ✓̂ ⌧ 1 indicates that the harmonic
limit has been achieved. This provides much clearer limiting behaviour than, e.g., |✓ |.

We use thegsl implementation� of Brent’s method to solve for Tosc to a precision of 10�6.
We then impose the initial conditions at some relatively high temperature ⌧start ⇤ 105,
and evolve the differential equation with gsl_odeiv2_step_bsimp until some relative
temperature ⌧stop for which ma/3H > 103 and ✓̂ < 10�2. We then calculate the energy
density from realignment axions today using the conservation of comoving number
density (�.��).

�Note that due to the inequality 1 � cos(x)  x2/2, we can apply this procedure even if ✓ is not much
smaller than unity. In fact, it should be valid even if the true axion potential is not cosine-shaped, as long as
the true potential is also harmonic for small values of ✓.

�Note that the gsl library is already required by GAMBIT.
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Appendix B
Integrating solarmodels for the signal prediction in
CAST

To obtain the axion flux at Earth from axion-photon interactions, we need four inputs from
a solar model: the solar radius R�, the temperature T (r), the plasma frequency !pl(r)
and the screening scale s(r) (see Eqs �.��–�.��). While T (r) can be obtained directly
from solar model files, !pl(r) and s(r) have to be calculated using the mass density ⇢(r)
and the mass fractions Xi (r) for each ion/atom with label i using (�.��). Assuming that
the plasma is fully ionised, we can recast the equations into the following form [���]:

2
s (r) ⇤

4⇡↵EM
T (r)

⇢(r)
mu

X

i

Xi (r)Zi

Ai
(1 + Zi) , (B.�)

and !2
pl(r) ⇤

4⇡↵EM
me

⇢(r)
mu

X

i

Xi (r)Zi

Ai
, (B.�)

where mu is the atomic mass unit, r is the distance from the centre of the Sun in units
of R�, and Zi and Ai are the charge and atomic weight of the ith element. Note that
the approximation of full ionisation is justified almost everywhere inside the Sun, i.e.
r . 0.95.� As the largest contribution to the axion flux comes from the innermost
region (r ⇠< 0.2 [���]), we can safely employ this assumption. For elements tracked by
the solar model in bulk (i.e. without isotopic information), we calculate the mean atomic
weights Ai using the isotopic composition of Ref. [���], with values based on the terrestial
composition updated to use more recent data [���].

The expected number of photons in the energy range [Ej , Ej+1] is

s j ⇤

⌅ Ej+1

Ej

E(E)
d�(E)

dE
dE , (B.�)

where E is the effective exposure and d�/dE is the combined photon spectrum from
axion-electron and axion-photon contributions. We neglect the energy dispersion of the
CAST detector, as it is always less than about 0.2 keV [���], and therefore smaller than or
comparable to the bin width of the CAST analyses (0.3 keV and 0.5 keV respectively for
the ���� and ���� analyses). We provide tabulated data within DarkBit for the effective
exposureE;� this can be found in DarkBit/data as dataset_EffectiveExposure.dat, where
dataset is either CAST2007 or CAST2017_X, where X corresponds to the data sets A to L in
Ref. [���]. All other files that we mention in the following can be found in the same folder.

�Aldo Serenelli, private communication.
�I. Irastorza and J. Vogel, private communication.

���



Note that performing the energy integration in (B.�) after the density integral in (�.��)
is only possible because all contributions to the integral are for energies greater than
!pl(0) ⇡ 0.3 keV. For energies lower than !pl, axions cannot be produced from the
plasma and the square root in (�.��) becomes ill-defined.

To obtain the contribution to d�/dE from axion-photon interactions, we integrate
(�.��) and (�.��) over r and ⇢, using the adaptive �� point Gauss-Kronrod rule from
the gsl library (named gsl_integration_qag).� We obtain quantities necessary for these
integrations (temperature, etc.) by interpolating the solar model linearly in radius. For the
contribution to d�/dE from axion-electron interactions, we use the spectrum published
in Ref. [���] and redistribute it as Axion_Spectrum_AGSS09met_old_gaee.dat.

The peaks in the spectrum from axion-electron interactions specifically require us-
ing an algorithm that takes them into account as singularities. We therefore com-
pute the contribution from axion-electron interactions to the signals s j (B.�) using the
gsl_integration_qagp integrator of the gsl library. For the axion-photon contribution to
the signal, we again use the ��-point Gauss-Konrod rule. We perform all signal calcula-
tions to a relative accuracy of 10�6.

We compute signals at reference values of 1a�� ⇤ 10�19 eV�1 and 1aee ⇤ 10�13, at
��� mass values ranging from 10�3–102 eV. We use unequally spaced mass values, as
the density of points needs to be higher in certain regions to obtain good interpolating
functions. We provide these pre-calculated signal count files as dataset_ReferenceCounts_

solarmodel_coupling.dat, where dataset refers to CAST2007 or CAST2017_X results, solarmodel is
the name of the solar model, and coupling is either the contribution from axion-photon
interactions (gagg) or axion-electron interactions (gaee).

For the axion-photon contribution (coupling ⇤ gagg), we provide these files for the
GS98 [���, ���], AGSS09ph [���], AGSS09met_old [���] and AGSS09met [���] models. For
the axion-electron contribution (coupling ⇤ gaee), where a direct calculation of d�/dE is not
easily performed, we provide a single file based on the earlier iteration of the AGSS��met
model (AGSS09met_old); this corresponds to the model used in Ref. [���] to compute the
spectrum that we ship in DarkBit.

The user may choose which solar model to employ from the Rules section of the YAML
file, using the keys solar_model_gagg and solar_model_gaee, with dataset being CAST2007 or
CAST2017 (no suffix in this case, as the CAST ���� likelihood combines all the results):

Rules:

- capability: dataset_signal_vac

options:

solar_model_gagg: solarmodel

solar_model_gaee: solarmodel

If these options are left unspecified, the defaults will be chosen. For the axion-photon
coupling, the default model is AGSS09met [���]; for the axion-electron coupling, the
default model is AGSS09met_old [���]. If the corresponding file containing the ref-
erence counts, dataset_ReferenceCounts_solarmodel_coupling.dat, cannot be found, DarkBit
will attempt to create such a file by solving (B.�). For the axion-photon coupling, it

�Note that the gsl library is already required by GAMBIT.
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will attempt to do this on the basis of a provided solar model file, which should be
called SolarModel_solarmodel.dat. We have included the solar model file from Ref. [���]
as SolarModel_AGSS09met.dat to provide an example of the expected formatting. For
the axion-electron coupling, DarkBit will attempt to generate the relevant file named
dataset_ReferenceCounts_solarmodel_gaee.dat file on the basis of a provided spectrum file
Axion_Spectrum_solarmodel_gaee.dat. If the relevant solar model or spectrum file cannot
be located, or has the wrong format, GAMBIT will terminate. Note that this will currently
happen for any choice of solar_model_gaee except for the default value. However, if the
user can provide the spectrum file for any other model, the calculation will go ahead.
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Appendix C
H.E.S.S. likelihood implementation details

Our approximation of the H.E.S.S. likelihood is based on the information provided in
Figs � and � of Ref. [���] on limits on axion-photon conversion in galactic cluster magnetic
fields. We choose �� lines of constant axion-photon coupling (corresponding to specific
values of the axion decay rate � in their figure) that intersect with the exclusion curves at
least five times (dashed black and blue horizontal lines and blue circles in Fig. C.�).

We subsequently define a family of one-dimensional natural cubic splines along each
dashed line by including two additional points outside of the known data. We optimise
each of those splines by iteratively modifying the locations of the additional points along
the dashed lines, until the values and first derivatives of the splines at the additional points
go to zero (blue diamonds in Fig. C.�). This forcibly prevents ringing, ensuring that the
interpolated log-likelihood is negative everywhere. To evaluate the log-likelihood at a
given axion mass on one of the horizontal dashed lines, we use the resultant interpolating
cubic spline from the fitting procedure. If a coupling value of interest sits between two
horizontal dashed lines, we interpolate linearly between the values at a given mass on
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Figure C.� | Detailed description of our implementation of the H.E.S.S. exclusion limits
from gamma-ray spectral distortions of PKS ����-��� (Fig. �.��). We show the points that
form the basis of our interpolation: points directly from the exclusion curves (all blue
triangles, circles and stars), estimated points (squares) as well as points directly inferred
from the interpolation scheme (diamonds). See the main text for further details.
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the adjacent dashed lines. We assign zero log-likelihood to all points outside of the area
defined by the exterior points (blue diamonds).

This leaves two more regions in Fig. C.�. The first is at higher couplings, where
Fig. � of Ref. [���] does not show any limits, but Fig. � does (dotted horizontal lines and
blue triangles in Fig. C.�). To complete the likelihood curve families in this region, we
infer additional points (by eye; light blue squares in Fig. C.�) and follow the procedure
described in the previous paragraph. We assign zero log-likelihood to all couplings above
the uppermost horizontal line in Fig. C.�.

At low couplings, less than five contours are available for interpolating (inverted
triangles in Fig. C.�). Here, we construct a single cubic spline in the vertical direction
(blue stars and vertical dot-dash line in Fig. C.�), in order to determine an exterior point
at low coupling (the diamond at the bottom of the plot). We define three parabolae,
based on nine points: the set of two diamonds and four outer circles on the dashed black
line around 1a�� ⇤ 10�19.6 eV�1, the two stars below this line, and the one diamond at
the bottom of the plot. We designate the lower parabola, passing through the exterior
point (bottommost diamond) at low coupling and drawn as a dashed black curve, as the
zero-log-likelihood contour. We use the middle parabola to model the ��% CL exclusion
curve, and the upper one to model the ��% CL curve. These three parabolae allow us to
map any point (represented by the white star) inside the lower parabola to a likelihood, by
interpolating between the three parabolae. We do this using the one-dimensional spline
constructed along the central vertical axis, using as input to the interpolation the position
of the point in question between the central star and the zero-log-likelihood parabola.
We carry out all interpolations in log space for both the axion mass and the axion-photon
coupling.
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AppendixD
Prior dependence of results

For QCD axions some prior choices are relatively straightforward (such as the use of
a flat prior for ✓i) or do not have a significant impact on the results (such as the prior
assignments for the well-constrained nuisance parameters). In general, however, the prior
beliefs can have a significant impact on the posteriors and Bayes factors, especially in the
absence of constraining data. In this appendix, we investigate different prior choices for
the parameters fa , Caee , and E/N in order to assess the robustness of our results and to
understand how our conclusions may be affected by a variation of priors. All the new
results that we present in this appendix are based on MultiNest runs only, as we need
the evidence values for examining the impacts of priors on model comparison, but are
not sufficiently interested in the finer details of posterior maps to warrant also running
T-Walk.

First, let us revisit the determination of the most credible regions for the axion mass
in QCDAxion models from Sec. �.�.�. The left panel of Fig. D.� shows the marginalised
posterior distribution for the axion mass, ma ,0, for a number of alternative priors. The
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Figure D.� | Marginalised posteriors for QCDAxion models with three alternative priors.
Here we impose the observed DM relic density as an upper limit. We show the one-
dimensional posterior for the axion mass without the cooling hints (left; to be compared to
the right panel of Fig. �.��) and the two-dimensional posterior for ma ,0 vs 1a��, including
the cooling hints (right; to be compared with Fig. �.��). The priors adopted in the main
part of this study are marked in grey in the left panel, and in the colour scale and black
contours in the right panel.
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grey line and shading correspond to the prior choice made in the main text (right panel
of Fig. �.��). We can see that choosing a flat prior on either Caee or fa shifts the most
credible region for the axion mass to lower masses. The effect is more extreme for a flat
prior on fa than for a flat prior on Caee . On the other hand, restricting the prior of the
anomaly ratio to E/N  170/3 (the highest values achievable in KSVZ-type models) does
not have a significant impact on the result.

The different prior choices also alter the most credible regions of the axion-photon
couplings (cf. Fig. �.��). The resulting posterior distributions are shown in the right panel
of Fig. D.�. As expected, priors that imply a preference for smaller axion masses also lead
to a preference for smaller values of 1a��, while changes in prior that do not significantly
affect the most probable region for ma ,0 also do not impact the findings for 1a�� very
much. In particular, for the alternative priors on E/N and Caee , the regions of highest
posterior density still overlap with the region that we obtained with our adopted prior,
whereas the regions resulting from a flat prior on fa are almost completely disjoint from
the others.

The preference for very small axion masses for the case of a flat prior on fa is a
direct consequence of the relation between fa and ma ,0, which implies that the prior
probability for ma ,0 is strongly peaked at the lowest possible axion masses. This prior
then overwhelms the preference for large ma ,0 from the combination of tuning in the initial
misalignment angle and the relic density requirement. In other words, the preferred mass
range in this case is dictated almost entirely by the assumed prior. A log prior on fa , on
the other hand, essentially corresponds to a log prior on ma ,0, which has the important
advantage that any preference in the axion mass range is the result of phenomenological
requirements on the model. A logarithmic prior for fa is therefore less informative than
a flat one, which favours a particular scale of new physics near the upper end of the prior
range.

However, it is also important to determine how changing the range of the logarithmic
prior impacts our results. Taking the example of the grey curve in the left panel of
Fig. D.� (canonical priors, no cooling hints, ⌦a ⇠< ⌦DM), we find that restricting the
log prior to fa 2 [107 , 1015] GeV results in a ��% equal-tailed credible interval for the
axion mass of 0.64 µeV  ma ,0  6.8 meV, compared to 0.60 µeV  ma ,0  7.1 meV for
the prior range that we adopted in the main paper ( fa 2 [106 , 1016] GeV). Narrowing
this range further to fa 2 [108 , 1014] GeV also compresses the interval slightly more:
0.81 µeV  ma ,0  6.1 meV. Clearly the range of the logarithmic prior on fa has little
impact on our results. The median values and credible intervals of ⌦a are even more
stable, with the lower bound of the ��% equal-tailed credible interval slightly increasing
from 3.7 ⇥ 10�6 to 4.3 ⇥ 10�6 for fa 2 [108 , 1014] GeV (corresponding to about �.���% of
the cosmological density of DM, regardless of the prior range).

We also calculate the Bayes factors for KSVZ- and DFSZ-type models compared to QC-
DAxion models, adopting the alternative priors for the appropriate models. The resulting
odds ratios are given in Table D.�, in addition to the values for the priors that we adopt
in Sec. �.�.

As in Fig. D.�, adopting a reduced range for the anomaly ratio E/N has little impact,
slightly increasing the odds in favour of KSVZ-type models. Choosing the alternative
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TableD.� |Odds ratios in favour of DFSZ- and KSVZ-type models, compared to the parent
QCDAxionmodel, as calculated from nested sampling evidence estimates byMultiNest. We
impose the DM relic density as an upper limit (⌦a ⇠< ⌦DM). Note that the estimated un-
certainties on the evidence values are small enough that the corresponding uncertainties
on the odds ratios are negligible.

Model DFSZAxion-I DFSZAxion-II KSVZAxion

E/N 8/3 2/3 0 2/3 5/3 8/3

Priors adopted in this study

Odds (w/o WD cooling) 2 : 1 2 : 1 2 : 1 2 : 1 2 : 1 2 : 1
Odds (with WD cooling) 3 : 1 1 : 1 1 : 3 1 : 2 1 : 2 1 : 2

Reduced prior range on E/N in QCDAxion models

Odds (w/o WD cooling) 1 : 1 2 : 1 2 : 1 2 : 1 2 : 1 2 : 1
Odds (with WD cooling) 2 : 1 1 : 1 1 : 4 1 : 4 1 : 3 1 : 4

Flat prior on Caee in QCDAxion models

Odds (w/o WD cooling) 24 : 1 29 : 1 29 : 1 31 : 1 34 : 1 32 : 1
Odds (with WD cooling) 3 : 1 1 : 1 1 : 2 1 : 2 1 : 2 1 : 2

Flat prior on fa in all models

Odds (w/o WD cooling) 1 : 1 1 : 1 1 : 1 1 : 1 1 : 1 1 : 1
Odds (with WD cooling) 1 : 1 1 : 1 1 : 1 1 : 1 1 : 1 1 : 1

prior on the axion-electron coupling constant, Caee , the odds in favour of KSVZ- and
DFSZ-type models increase by an order of magnitude (if cooling hints are not included).
This is because the flat prior on Caee causes a preference for large fa (smaller ma ,0). This, in
turn, implies a considerable fine-tuning in ✓i in order to avoid overproducing DM. After
including the cooling hints, axion-electron interactions are much more tightly constrained
by data, and the prior dependence of the odds ratios is reduced.

Finally, a flat prior on fa favours the lowest allowed axion masses in all models. This
results in even more fine-tuning of the initial misalignment angle than using a flat prior
on Caee for QCDAxion models. However, although the Bayesian evidence in QCDAxion
models is drastically reduced, the odds ratios in favour of KSVZ- and DFSZ-type models
turn out to be �:�. This is because the alternative prior is applied to all models: the
fine-tuning required to overcome the prior pushes all evidences equally low, washing out
any preference one way or another from the data.

We see that prior choice can indeed significantly influence the results of our analysis.
This is true in particular for a flat prior on fa , where the prior dependence dominates the
results. On the other hand, we also saw that data with a strong preference for certain
model parameter values, such as the cooling hints, can reduce the prior dependence. In
the face of more such data, the impact of prior choices tends to become less pronounced,
ideally leaving only the physically-motivated prior on the initial misalignment angle able
to influence final results.
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Appendix E
Overview of new capabilities

For reference, in Table E.� we provide a complete list of the new capabilities, dependencies
and options that we have added toDarkBit for obtaining the results presented in Chapter �.
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Table E.� | New, axion-related capabilities for the DarkBit module in GAMBIT.

Capability Function (Return Type):
Brief Description

Dependencies

QCDAxion_ZeroTemperatureMass QCDAxion_ZeroTemperatureMass_Nuisance_lnL (double):

Nuisance likelihood for the QCD-related energy scale ⇤� , defining
the low-energy QCD axion mass.

QCDAxion_TemperatureDependence QCDAxion_TemperatureDependence_Nuisance_lnL (double):

Nuisance likelihood for the parameters � and T� , which define the
temperature dependence of the QCD axion mass.

QCDAxion_AxionPhotonConstant QCDAxion_AxionPhotonConstant_Nuisance_lnL (double):

Nuisance likelihood for the contribution of axion-pion interactions
in the chiral Lagrangian to the axion-photon coupling.

ALPS1_signal_vac calc_ALPS1_signal_vac (double):

Calculates the signal prediction for one data frame of the
ALPS � experiment (evacuated setup).

ALPS1_signal_gas calc_ALPS1_signal_gas (double):

Calculates the signal prediction for one data frame of the
ALPS � experiment (setup filled with Argon gas).

lnL_ALPS1 calc_lnL_ALPS1 (double):

Log-likelihood for all runs of the ALPS � experiment.
ALPS1_signal_vac,
ALPS1_signal_gas

CAST2007_signal_vac* calc_CAST2007_signal_vac (std::vector<double>):

Signal prediction for a ���� vacuum run of the CAST experiment.
lnL_CAST2007 calc_lnL_CAST2007 (double):

Log-likelihood for CAST ���� experimental results.
CAST2007_signal_vac

CAST2017_signal_vac* calc_CAST2017_signal_vac (std::vector<std::vector<double>>):

Signal prediction for the combined ����, ����, and ���� vacuum
runs of the CAST experiment.

lnL_CAST2017 calc_lnL_CAST2017 (double):

Log-likelihood for CAST ���� experimental results.
CAST2017_signal_vac

Haloscope_signal calc_Haloscope_signal (double):

Calculates the relative expected signal for a haloscope ignoring
experimental parameters and mass dependence.

lnL_Haloscope_ADMX1 calc_lnL_Haloscope_ADMX1 (double):

Log-likelihood for the combined ADMX ���� to ����
experimental results.

Haloscope_signal

lnL_Haloscope_ADMX2 calc_lnL_Haloscope_ADMX2 (double):

Log-likelihood for the ADMX ���� experimental result.
Haloscope_signal

lnL_Haloscope_RBF calc_lnL_Haloscope_RBF (double):

Log-likelihood for the RBF experiment.
Haloscope_signal

lnL_Haloscope_UF calc_lnL_Haloscope_UF (double):

Log-likelihood for the UF experiment.
Haloscope_signal

AxionOscillationTemperature calc_AxionOscillationTemperature (double):

Calculates the temperature scale at which the axion field
starts to oscillate.

RD_oh2† RD_oh2_Axions (double):

The axion dark matter relic density.

RParameter calc_RParameter (double):

Calculates the expected R parameter for a system with axions.
lnL_RParameter calc_lnL_RParameter (double):

Log-likelihood for the observed R parameter.
RParameter

lnL_HESS_GCMF calc_lnL_HESS_GCMF (double):

Log-likelihood for H.E.S.S. constraints on axions (galactic cluster
magnetic field result).

lnL_SN1987A calc_Haloscope_signal (double):

Log-likelihood for an axion signal from SN����A.

lnL_WDVar_G117B15A calc_lnL_WDVar_G117B15A (double):

LogLikelihood for the white dwarf G���-B��A (cooling hint).
lnL_WDVar_R548 calc_lnL_WDVar_R548 (double):

Log-likelihood for the white dwarf R��� (cooling hint).
lnL_WDVar_PG1351489 lnL_WDVar_PG1351489 (double):

Log-likelihood for the white dwarf PG ����+��� (cooling hint).
lnL_WDVar_L192 lnL_WDVar_L192 (double):

Log-likelihood for the white dwarf L��-� (cooling hint).

* Options explained in Appendix B
† New module function able to deliver a pre-existing capability
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Appendix F
Permissions summary

Figures �.� and �.� contain copyrighted telescope images, which has been acknowledged in
the figures’ captions. The copyright holders of these images have granted their permission
to use the material. A more detailed “permissions summary” for the two items is provided
below.

• Copyright information for Fig. �.�. The original image in the background of this
figure is available at this long URL. The copyright holders, NASA/JPL-Caltech, au-
tomatically grant permission to use their images via their image use policy, available
at http://www.spitzer.caltech.edu/info/18-Image-Use-Policy.

• Copyright information for Fig. �.�. The original image in the background of this
figure is available at https://www.spacetelescope.org/images/opo0425a. The
copyright holders, NASA/ESA and The Hubble Heritage Team (STScI/AURA), au-
tomatically grant permission to use their images via their image use policy, available
at https://www.spacetelescope.org/copyright/, but request that a copy of the
published image be sent to them. This happened on ��/�/���� and was acknowl-
edged on ��/�/���� by Dr Mathias Jäger on behalf of the copyright holders.

���


