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“Break down this rock! Let neither weariness, nor weather, 

Nor thirst, nor hunger hold you back from this endeavour! 

You are assigned the task to crush this granite wall.” 

 

Pavers of the Way (Каменярі) [1878] 

Ivan Franko (1856-1916), 

Ukrainian poet 

 

 

 

“Success is stumbling from failure to failure with no loss of enthusiasm.” 

 

Winston S. Churchill (1874-1965) 

UK prime minister and Literature Nobel Prize winner 

 

 

 

“Life is like riding a bicycle. To keep your balance, you must keep moving.” 

 

Albert Einstein (1879-1955) 

Physics Nobel Prize winner and developer of the theory of relativity 
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Abstract 
 

Modern-day architects tend to use singular and non-repeatable shapes for building 

structures. Currently, scenarios for robustness assessment of such structures are defined based 

on engineering judgement, which can result in designs that are insufficiently robust. This thesis 

focuses on development of a rigorous robustness assessment framework capable of reliably 

determining critical scenarios for irregular building structures. 

To reduce the computational demand associated with analysis of detailed numerical 

models of building structures undergoing robustness assessment, a novel shell element capable 

of effectively modelling reinforced concrete slabs under extreme loading conditions is 

developed. A comparative study conducted in this work demonstrates the computational 

efficiency of the new element without compromising the accuracy of the modelled response. 

To address the needs of robustness assessment in the early design stage, a gradient based 

methodology, founded on the general concepts of topology optimisation, is developed. This 

methodology is capable of determining critical zones of the considered structure efficiently and 

to obtain a good estimate of its robustness. The developed methodology is based on an 

enhancement of the robustness assessment framework developed at Imperial College London, 

enabling a rational evaluation of robustness for sudden local damage scenarios. To facilitate the 

convergence of the developed procedure, a simple yet reasonably accurate approach for 

estimating the sensitivity of the robustness measure to the changes in damage parameters is 

developed and verified.  

To provide a reliable framework for estimating robustness at the final stage of design, an 

efficient global approach based on a meta-modelling technique is developed within the 

robustness assessment framework. This approach benefits from the developed variant of multi-

fidelity kriging algorithm. The proposed modification utilises a set of independent low fidelity 

models, obtained through the subdivision of the high-fidelity model into a set of a priori 

established components. Employing the developed approach these models can be assembled to 

construct a composite low fidelity model for the response of the whole structure.  

The developed framework is finally applied in a detailed case study to the robustness 

assessment of the Agora Garden Tower. This study successfully identified all of the critical 

scenarios as well as their respective robustness measures. The results of the robustness 

assessment indicated that concepts commonly accepted for the regular structures do not 

necessarily hold for specific types of irregular ones, which provides strong support to the 

original motivation for the conducted research.
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NOMENCLATURE 
 

 

All symbols and adopted notation used in this work are defined when they first appear. 

For the sake of brevity, the definitions of the most relevant acronyms and symbols are presented 

hereafter. Symbols may denote more than one quantity; in such cases, the meaning should be 

clear from the context. 

 

Abbreviations 

1D, 2D, 3D One-dimensional, two-dimensional and three-

dimensional, respectively 

AEM Applied Element Method 

AGT Agora Garden Tower 
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DEM Discrete Element Method 
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CHAPTER 1 
 

INTRODUCTION 
 

 

 

 

1.1. Background and Motivation 

From its inception, civil engineering has strived to design structures that do not collapse. 

This aspiration was not always successful, typical examples being the Stand failure at the Ibrox 

Stadium (Glasgow, Scotland 1902), the collapse of St. Mark’s Campanile (Venice, Italy, 1902), 

and the collapse of Tacoma Narrows Bridge (Washington, USA 1940). Accumulation of such 

failures culminated half a century ago with the disproportionate collapse of the Ronan Point 

building (London, UK, 1968), which sparked extensive research into the mechanisms of 

structural failure initialised by some local damage. The proposed developments generally 

managed to improve structural robustness of newly built structures, but they did not eliminate 

the issue. This fact can be attributed to the limited resources for experimental work required to 

validate the theoretical results as well as the great variability in both the affected structures and 

the collapse initiation events. As such, every new major collapse event reignites the interest in 

the field and promotes further development of approaches for designing robust structures. 

Some of the most significant reasons for the ever-growing collapse statistics are design 

mistakes. Design errors are not uncommon even for the most prominent projects, citing for 

example the New World Hotel collapse in Singapore (1986), the collapse of the JF-Hildebrand 

building in South Africa (2008), the error in wind calculations for the 601 Lexington (New 

York, USA) that nearly resulted in a structural collapse (Lopez et al., 2010). It is nearly 

impossible to tackle the intentional design flaws, such as the case of the notorious collapse of 

the Sampoong Department Store (Seoul, South Korea 1995 (Figure 1.1), where the building 

management forced through a design that placed profit ahead of the structural safety, with 

under-designed structural elements so as to accommodate more rentable space. 
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Figure 1.1. The Sampoong Department Store before (left) and after (right) collapse (Shin, 2014) 

 

Intentional errors can only be addressed via appropriate governmental action and 

enforcement of safety standards, and as such are outside the scope of the current work. 

Accidental errors on the other hand can be addressed with good design practices that ensure 

that localised failures can be contained and do not result in disproportionate structural failures. 

It is also important to note that good structural design is just part of the solution as 

efficient monitoring during the structure life-cycle is mandatory to ensure safety. An example 

of a design that failed due to negligent operation can be found in a recent (02.2019) collapse of 

a canopy over the Hydro-Design Institute in Moscow (Figure 1.2). This failure occurred due to 

overloading caused by heavy snowfalls exacerbated by the derelict state of the canopy with a 

lack of proper maintenance. 

 

  

Figure 1.2. Collapse of structural canopy in Moscow, Russia (Forum of Structural Engineers, 2019) 

 

It should be noted that for the canopy structure locating and conducting appropriate 

maintenance should have been straightforward, as standard structural systems were utilised in 

the design. A more complex monitoring on the other hand would have been necessary to prevent 

the collapse of the Barrel Warehouse #30, Barton 1792 Distillery (Kentucky, USA). According 

to the report by Archie and Smith (2018), the collapse occurred due to an excessive rainfall that 
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disproportionally saturated the soil around the structure. Initially, the structure sustained a 

partial collapse (Figure 1.3 left) with the rest of the damaged structure failing two weeks later 

(Figure 1.3 right). While no casualties occurred due to this failure, the spillage of spirits caused 

a significant environmental impact in the area. 

 

   

Figure 1.3. Collapse of Barton 1792 warehouse #30: initial (left) and total (right)  

 

To successfully monitor for collapse prediction and to be able to design against it, 

determining the kind of damage that can lead to disproportionate collapse is of paramount 

significance. The most widespread approach to this problem is based on “engineering 

judgement”. While in some cases experienced engineers can correctly determine the weak 

points of design, this approach requires a significant amount of experience at all stages of 

design, and even so as with any empirical approach this does not guarantee success. A possible 

example of engineering judgment failure can be seen in the recent collapse of a wooden 

pedestrian bridge (Moscow, Russia, Figure 1.4) during the New Year celebrations. The collapse 

mode depicted in Figure 1.4 is characteristic of an under-designed structure. This fact alone 

does not indicate a specific design flaw as it might have been caused by scenarios that are 

outside of the design scope. What raises concerns, however, is the brittle nature of the collapse 

that could have been avoided if possible failure scenarios were considered for the bridge 

structure. 

 

   

Figure 1.4. Collapse of the wooden pedestrian bridge in Moscow, Russia (Forum of Structural Engineers, 2019) 
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The presented failure indicates that, even for relatively simple designs, lapses in 

engineering judgement can result in structural failure with all the underlying consequences to 

human life and property loss. This “judgment” problem is even more significant when decisions 

have to be made for structures that have relatively novel features. In such cases, engineers do 

not have relevant extensive experience to draw upon, and as such they tend to extrapolate the 

answer from seemingly related experiences. This form of judgment error can be observed in the 

case of the Hyatt Regency (Kansas City, USA) walkway collapse (Canisius, 2011). The initial 

design assumed a continuous rod passing through two walkways (Figure 1.5 a), while the actual 

manufactured structure consisted of two separate rods (Figure 1.5 b). Modification to the 

original design was based on the erroneous judgment of the manufacturing team that led to a 

catastrophic collapse. 

 

 

a)      b) 
Figure 1.5. Designed connection (a) and manufactured connection (b) (Khudeira, 2011) 

 

A somewhat similar failure scenario was observed in the more recent collapse of the City 

Gates Church building (London, UK, 2012), where the structure collapsed due to the failure of 

the square hollow section hangers connected to the roof truss and responsible for bearing loads 

from the second and third floors (SCOSS, 2017). These examples clearly indicate that 

engineering judgment can be flawed when facing novel types of structural systems. Nowadays 

these types of structures are gaining more popularity due to the advent of novel manufacturing 

techniques that provide both architects and structural engineers with the ability to utilise more 

intricate and complex design topologies (Figure 1.6). 
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a)       b) 
Figure 1.6. Novel architectural designs with complex unorthodox shapes: 

a) Doha Educational Center (Chino, 2010); b) Akutagawa Project (Ohmori, 2011); 

 

These developments in structural design provide a clear motivation for defining a 

methodology that would be able to provide reliable scenarios for robustness assessment. 

 

1.2. Research Scope and Objectives 

Over recent years, the tendency of architects to use singular and non-repeatable shapes 

for irregular building structures has been gaining popularity. There are numerous types of such 

irregularities: different floor shapes along the structure height, inclination of the building 

vertical axis, inclusion of twist into the general shape of the structure, etc. These unique features 

make such buildings aesthetically pleasing and financially attractive. Currently, scenarios for 

robustness assessment of such structures are defined based on engineering judgement, which 

can result in designs that are insufficiently robust. To reduce the likelihood of catastrophic 

failures of irregular structures, a rigorous methodology for robustness assessment is required. 

This thesis aims at developing an assessment framework capable of achieving this goal. To this 

end, the work aims to address the following set of objectives: 

1. Development of an efficient modelling capability for accurately representing the 

behaviour of concrete slabs for extreme loading conditions. This development is 

necessary for an accurate depiction of the structural behaviour up to the point of 

collapse. In addition, as a significant portion of computational resources in typical 

FE analyses of irregular structure can be attributed to the shell elements that 

represent slabs, an efficient formulation of such elements is essential to effectively 
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utilise detailed nonlinear analysis for large-scale structures. Due to the fact that for 

irregular structures the use of quadrilateral shell elements becomes cumbersome 

even with the most sophisticated mesh generators, this research is focused on the 

development of a versatile triangular element instead.  

2. Development of a novel framework for robustness assessment applicable to the fast-

paced flow of the initial design stage where multiple design alternatives have to be 

considered. Such a framework is essential for practical application as by locating 

critical zones of the structure at an early design stage, more cost-effective measures 

for structural robustness can be employed. To construct such a framework, the 

following set of sub-goals has to be accomplished: 

o Investigation of the applicability of uniform element-based partial damage in 

representing the collapse initiation event. A study on the benefits and 

limitations of the discussed technique has to be conducted to determine the 

effective solutions for implementation. 

o Reformulation of the failure mode tracking algorithm within the robustness 

assessment procedure. Since for irregular structures, the failure mode is 

usually not known a priori, an effective technique needs to be incorporated 

into the existing robustness assessment algorithm to allow for correct 

estimation of the robustness measure associated with each scenario. 

o Derivation of robustness measure sensitivity to changes in damage 

parameters. For the envisioned framework to succeed, a good quality 

estimation of the gradient information is required to guide the optimisation 

procedure; in addition, to facilitate implementation, the suggested approach 

is expected to rely only on readily available information form the conducted 

analysis. 

o Development of effective constraint algorithms for the considered problem in 

order to prevent convergence to trivial solutions. 

3. Formulation of an effective strategy applicable at the end of the design cycle. This 

framework should be able not only to accurately locate critical zones but also to 

provide an effective measure of the structural robustness for all of the possible 

damage scenarios. The following sub-aims are essential to satisfy this objective: 

o Reduce the number of variable parameters associated with the collapse 

initiation without compromising the framework precision. 
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o Develop strategies that significantly reduce the computational burden 

associated with the generation of a high-fidelity approximation of the actual 

response. 

4. Consider a realistic and challenging case study for practical application of the 

proposed framework to illustrate the versatility of the developed approaches and to 

highlight the need for rigorous tools for robustness assessment of irregular 

structures. 

 

1.3. Thesis Outline 

This thesis is subdivided into seven chapters. Following a brief introduction to the 

background, scope and objectives of the conducted research in this chapter, an extensive 

literature review is presented in Chapter 2. The primary focus of the review is on three closely 

related topics: i) robustness assessment methodologies, ii) existing research on robustness 

assessment of irregular structures and iii) approaches to locating critical local damage scenarios. 

The provided review presents a solid foundation and make the case for the novel developments 

presented in subsequent chapters. 

Chapter 3 addresses the objective of developing an efficient tool capable of modelling the 

nonlinear response of irregularly shaped concrete slabs. To this end, a new 2D triangular shell 

element is proposed. This element combines the computational efficiency of three-noded 

elements with the modelling accuracy achieved with the incorporation of hierarchic quadratic 

and cubic terms into the shape functions. The developed element is capable of accounting for 

both geometric and material nonlinearities. Chapter 3 presents the full details of the element 

formulation followed by several verification and validation examples to demonstrate the 

effectiveness and accuracy of the proposed element. A final example illustrates the applicability 

of the proposed element to the modelling of large-scale irregular structures. 

Chapter 4 present a gradient-based methodology for the determination of critical local 

damage scenarios. Initially, the concept of partial damage is discussed, which is further 

investigated via a case study on a plane frame structure. Subsequently, the chapter explores the 

use of topology optimisation principles to address the research objective. This is followed by a 

suggestion of both the suitable objective function for robustness assessment and the definition 

of constraints for the considered problem, providing a detailed account of the sensitivities of 

both constraint and objective functions. Additionally, several simplified approaches for 
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quantifying the sensitivity of nonlinear systems are proposed. Chapter 4 concludes with an 

example that illustrates the applicability of the developed methodology. 

Chapter 5 presents a meta-modelling based approach for the determination of critical 

local damage scenarios. Initially, the shortcomings of gradient based approaches are discussed, 

with particular emphasis on the multimodal nature of the objective function and problems 

associated with constraint enforcement. Subsequently, an approach for addressing these 

deficiencies via the transformation from an element-based damage to a location-based one is 

proposed. This transformation is applied in conjunction with enhanced multi-fidelity surrogate 

modelling technique to assess robustness of a realistic structure. The obtained results are 

compared against conventional meta-modelling techniques with the newly developed method 

showing significantly better performance in terms of computational efficiency. 

Chapter 6 presents a case study on the robustness assessment of the Agora Garden Tower, 

Taipei, Taiwan. The considered structure highlights the effects of such structural systems as: 

diagrid core, external mega-columns, large span concrete decks and outrigger truss systems. 

The presented analysis provides a realistic scenario for the application of the developed 

methodologies for critical zone identification both at the preliminary design phase, where 

numerous structural concepts are considered, and at the final stage of the design, where 

structural robustness is rigorously verified. The developed methodology is shown to be capable 

of locating a critical local damage scenario that would have usually been overlooked due to 

reliance on “engineering judgement”, reinforcing the motivation for the current work. 

Chapter 7 provides a summary of all of the unique contributions developed in the course 

of this research, and it proposes possible routes for continued development of the research topic 

and some of the other related fields. 
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CHAPTER 2 
 

LITERATURE REVIEW 
 

 

 

 

2.1. Introduction  

This chapter presents a review of the state-of-the-art with primary focus on the following 

topics: i) robustness assessment methodologies, ii) existing research on robustness assessment 

of irregular structures and iii) approaches to locating critical local damage scenarios. These 

three closely related topics are essential to the development of a solid background and 

identification of the knowledge gaps in the field of critical local failure scenarios determination 

for robustness assessment of irregular structures. 

 

2.2. Structural Robustness 

2.2.1. Definitions of Progressive Collapse and Robustness 

Progressive collapse (PC) became the focus for research in 1968, after the partial collapse 

of the Ronan Point apartment building in London, UK. Since then, a significant amount of 

research has been conducted to develop methods to prevent PC. Despite this substantial history 

there is still no singular definition for such important notions as PC or Robustness. For instance 

the United Stated General Services Administration (GSA), in the Progressive Collapse Analysis 

and Design Guidelines released in 2003 (GSA 2003, p.2-4), defines PC as “a situation where 

local failure of a primary structural component leads to the collapse of adjoining members 

which, in turn, leads to additional collapse. Hence, the total damage is disproportionate to the 

original cause.” Similarly the ASCE Standard 7-05 defines PC as “the spread of an initial local 

failure from element to element resulting, eventually, in the collapse of an entire structure or a 

disproportionately large part of it.” (ASCE 2006, p.377). On the other hand in the review of 

international research on structural robustness and disproportionate collapse conducted by 

Department for Communities and Local Government and Centre for the Protection of National 
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Infrastructure (CPNI 2011, p.14) the following definition was used to describe the PC 

phenomena: “A progressive collapse is one which develops in a progressive manner akin to the 

collapse of a row of dominos.” The difference between these definitions lies in the 

proportionality of the original damage to the event it causes (e.g. powerful explosion destroys 

several columns on the ground floor or illegal demolition of a portion of a bearing wall during 

the renovation). This results in a clear divide between progressive and disproportionate 

collapse, as all disproportionate collapses are progressive but not all progressive collapses are 

disproportionate.  

Later works on the topic of PC most frequently treat it as exclusively disproportionate. 

The United States National Institute of Standards and Technology (NIST) defines PC as “the 

spread of local damage, from an initiating event, from element to element resulting, eventually, 

in the collapse of an entire structure or a disproportionately large part of it, also known as 

disproportionate collapse” (Ellingwood et al. 2007, p.1). Even clearer, this approach can be 

seen in the document developed by General Service Administration in 2013 (GSA 2013, p.1): 

“progressive collapse is defined as an extent of damage or collapse that is disproportionate to 

the magnitude of the initiating event.”  

Another important term is robustness, which also has several definitions provided by 

different documents and authors (GSA, 2003; EN 1991-1-7, 2006; Starossek and Haberland, 

2008). Summarising the definitions of these works it can be concluded that robustness is the 

ability of a structure to remain in stable equilibrium after localised failure, where localised 

failure is defined by EN 1991-1-7 2006 as the part of a structure that have collapsed, or been 

severely damaged by the triggering event (without specification of it cause). The size of this 

part is assumed to be significantly smaller than the portion of a structure affected by it. 

 

2.2.2. Types of Progressive Collapse 

Starossek (2007) classified different instances of PC based on the mechanism employed 

in the collapse development or propagation:  

 pancake-type collapse;  

 zipper-type collapse;  

 domino-type collapse; 

 section-type collapse; 

 instability-type collapse; 

 mixed type. 
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A pancake-type collapse can be well described by the catastrophic events of 

September 11th 2001. After the aircraft impact and subsequent fire some of the columns in the 

affected portion of the structure completely or to a substantial extent lost their bearing capacity. 

This caused the unaffected floors above the failed regions to experience excessive downward 

translation. This translation was instantaneously halted by the lower floors. Being unable to 

absorb all of the kinetic energy of the falling segment floor system failed adding even more 

mass to the falling debris. This resulted in progressive downward propagation of failure through 

the World Trade Centre (WTC) building, culminating in the total structural collapse 

(Figure 2.1). 

 

 

Figure 2.1. Example of pancake collapse from Cryptome Archive (2001) 

 

Extensive research of such type of PC mechanism was conducted by Bažant and Verdure 

(2007), Yuan and Tan (2011) and Grabbe (2010). Their research was mainly focused on 

analysing such event as whole. They developed a 1D model of collapse based on kinetic energy 

level thresholds, exceeding which leads to collapse propagation. A somewhat different 

approach to this problem was adopted by Vlassis et al. (2009), who considered the effect of 

failed floor impact through the enhancement of a multi-level assessment framework previously 

developed by Izzuddin et al. (2008), enabling the use of non-linear static analysis to estimate 

the dynamic response of a structure with a failed floor. This is achieved based on the assumption 

that stationary equilibrium in the system is achieved when internal deformation energy equates 

to the sum of kinetic energy transferred through the impact and external work done by the 

impacting load on the dynamic deformation of the system. 

A second type of collapse (zipper-type) was described by Starossek (2007) as a mode 

common for suspension bridges. It is usually initiated by the rupture of one cable and propagates 
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due to the overload and rupture of adjacent cables. An example of similar collapse mechanism 

can be found in the 1940s collapse of the Tacoma Narrows Bridge (Figure 2.2).  

 

 

Figure 2.2. Example of zipper type collapse from Starossek (2011) 

 

This form of collapse was further studied by Cai et al. (2012), who provides a comparison 

between results obtained by linear static, linear dynamic, non-linear static and non-linear 

dynamic analyses when applied to assessing robustness of a two span cable stayed bridge 

subjected to the cable loss. His findings identified the zipper-type collapse mechanism for some 

of the considered cable loss scenarios (failed cables are not too close to the pylon structure). It 

should be noted that Cai et al. (2012) also reported a mixed mode between pancake and zipper 

collapse for cases where removed cable was next to the pylon. 

Similar to the zipper-type, a domino-type collapse according to Starossek (2007) is 

characterised by a chain reaction after a single block failure (usually due to overturning) that 

leads to subsequent failure of blocks located in the failure direction or connected to the initiating 

block through the intermediate element that transmits the motion. Cascading collapse of the 

towers of overhead transmission lines can serve as an example of such type of collapse 

(Figure 2.3). 

 

 

Figure 2.3. Line of collapsed transmission towers from Omick (2011) 
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A section-type collapse is characterised by the fast fracture of damaged cross-section due 

to the stress redistribution. Starossek (2007) states that such type of failure is not usually called 

progressive collapse, but insists that this scenario should be included to exploit similarities and 

analogies for further research. It should be worth noting that this type of failure may occur as 

consequence of a prior damage. For instance, Liu et al. (2013, 2015) investigated the behaviour 

of different types of steel beam-column connections in case of a column loss (Figure 2.4) where 

an element fracture results in the connection failure. 

 

 

Figure 2.4. Fractured cross-section in experimental and numerical investigation by Liu et al. (2013) 

 

The instability-type collapse is characterised by small perturbations (e.g. imperfections, 

transverse loading) that lead to large deformations or collapse. A form of this type of failure 

can be observed in the experimental study by Zhao et al. (2017), who studied the effect of a 

member failure on the behaviour of single-layer lattice domes. While the failure in the 

experimental study was not initiated with imperfection, the collapse propagation was defined 

by the buckling mode of the structure (Figure 2.5). The presented results indicated that even for 

redundant structures localised damage can pose a significant threat as it can trigger global 

failure. 

 

 

a)    b)    c) 

Figure 2.5. Lattice dome considered by Zhao et al. (2017) 
a) Initial sate; b) Buckling caused by local damage; c) “Snap-through” failure 
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An interesting application of the collapse type to robustness assessment can be found in 

the research by Masoero et al. (2013), who proposed a simplified classification of collapse 

modes associated with 2D frames (Figure 2.6), as well as an analytical approach to estimating 

both the failure mechanism and failure load for such structures.  

 

 

Figure 2.6. 2D frame collapse classification as described by Masoero et al. (2013) 
a) bending collapse; b) Global “pancake collapse”; 

c) Local “pancake” collapse; d) “Pancake” transitioning into bending collapse 

 

It should be noted that while it is possible to extend the methodology proposed by 

Masoero et al. (2013) to 3D regular structures, a similar extension to irregular structures is not 

feasible due to the general variability of this class of structures. 

 

2.2.3. Notorious Cases of Progressive Collapse 

Despite the efforts of engineers, structural collapses still occur regularly all around the 

world. It is important to consider the reasons behind these collapses and ensure that this 

information is appropriately used to increase the reliability of civil engineering structures. 

The considerations for PC were first introduced after the collapse of a section of the 

Ronan Point apartment building. Ronan Point was a 22-storey apartment building in Newham, 

East London, in which large precast concrete bearing walls and floor elements were used. The 

floors and walls were bolted together and the connections were filled with dry packed mortar. 

On the 16th of May, 1968, an explosion caused by a gas leak, blew out an exterior wall panel 

of the apartment in the 18th floor. The loss of the exterior wall panel triggered the collapse of 

the upper floors and subsequently due to the debris impact the collapse of the floors below 

followed. As a result, the southeast corner of the building experienced total collapse 

(Figure 2.7). 
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Figure 2.7. Ronan Point apartment building following the collapse (Daily Telegraph, 1968) 

 

The investigation that followed found that the building had very poor workmanship and 

the connections were not properly filled with mortar and the bolts were not appropriately 

tightened. However, these facts were not detrimental to the collapse. The main reason was 

concluded to be a lack of structural integrity (Ellingwood et al., 2007), where the structure had 

no alternate load path to accommodate the change in the structural scheme. The Ronan Point 

collapse is a clear case of disproportionate collapse, since the overpressure caused by the blast 

load only resulted in a direct failure of a single external panel, and the extent of this damage 

was significantly smaller than the overall collapse that was caused by it. 

Another major event that influenced the research of PC was the bombing of Alfred P. 

Murrah Building (Murrah Building), located in Oklahoma City, Oklahoma. This building was 

an office facility for the U.S. government composed of a 9-storey reinforced concrete moment 

frame. A distinctive feature of this building was an increased bay span on the first floor (12.2 

m) while the span on the second floor was just half of this. The spans were created due to the 

transfer girder at the third floor level. 

On the 19th of April, 1995, the Murrah Building was the target of a terrorist attack. The 

explosion from a truck bomb detonation, where the power of the blast was estimated at 1800 kg 

of TNT equivalent (Marchand et al., 2004), caused extensive structural damage to the building. 

As a result of this devastating attack, nearly half of the usable space in the building collapsed 

(Ellingwood et al., 2007) (Figure 2.8). 
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Figure 2.8. Alfred P. Murrah Building before [a) (Osteraas 2006] and after collapse [b)  (Bill Waugh 2016)] 
 

The investigation team concluded that the structure was designed and erected according 

to the relevant codes of that time. They also concluded that the simple moment frame of the 

structure was unable to accommodate the redistribution of loads after initial element failure 

(Ellingwood et al., 2007). The inquiry team suggested that usage of a more ductile design might 

have significantly reduced the extent of collapse. Marchand and Alfawakhiri (2004) claim that 

an additional factor that increased the extent of the collapse was the inability of slabs to 

accommodate the load reversal due to blast loading. The case of the Murrah building is a clear 

example of PC that was not disproportionate, since the 1800 kg of TNT generated an extremely 

high level of overpressure at the building north side, approximately 70 MPa (Marchand et al., 

2004) which is 2000 times more than the accidental load level prescribed by the EN 1991-1-7 

2006. This tremendous blast directly destroyed significant portion of a structure, and this fact 

has caused the collapse to propagate. 

It is important to remember that terrorist attack is not the only action that can trigger 

structural collapse. Much more often, collapse is triggered due to human errors either during 

the design process or during the construction phase. One example of such errors is the collapse 

of the roof structure of the sport and health care complex “Transvaal-park”. 

“Transvaal-park” was a waterpark in Yasenevo, a south district of Moscow, Russia. The 

building roof was a double-curved shell (Figure 2.9 a), generated by the rotation of one sinus 

wave (length of 49 m in x-z space around the vertical axis z from 0 to 110 degrees). The 

structure had no internal supports and was only supported by the system of columns along the 

edges of the 3D shell roof. 
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Figure 2.9. Sport and health care complex “Transvaal-park” before a) and after collapse b) (Transvaal Park - 
Moscow, 2016) 

 

After two years of operation, on the 14th of February, 2004, the roof suddenly collapsed 

(Figure 2.9 b). The investigation was never able to pinpoint the actual triggering event for the 

collapse, but two possible explanations (Belostockiy et al., 2007) were proposed: 

 Failure of one of the heavily loaded column-concrete shell joints due to creep and fatigue 

effects in concrete, that resulted in sub-radial crack propagation in the concrete shell that 

led to collapse. 

 Buckling of the flexible reinforced concrete ribbed shell due to the combination of creep 

effects in concrete and significant snow loads at the time of collapse. Due to buckling, a 

number of cracks propagated through the concrete slab that in turn caused the system to 

collapse. 

The case of Transvaal-park is a good example of disproportionate collapse since failure 

of a single element (caused by inadequate design of very complex structure) led to the overall 

system collapse. 

 

2.2.4. Robustness by Design 

The inclusion of measures to enhance structural robustness imposes a set of constraints 

on the architects and engineers. These constraints as outlined by Ellingwood et al. (2007, p. 27) 

include: “the building’s geometry, structural and architectural layouts, limitations on the 

configuration of the site, materials of construction, economic factors and architectural 

expression”. Nevertheless there are numerous ways to ensure the safety of a structure. This 

section will present several existing methodologies that enhance the robustness of buildings. 
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2.2.4.1. Risk Evaluation 

PC of buildings is an event of a probabilistic nature (e.g. probability of design mistake or 

the chance of building being targeted in a terrorist attack). This makes it impossible to a 

accurately predict which building robustness would be put to the test to specifically reinforce 

the targeted structure against a specific event (Ellingwood et al., 2007). For this reason, it is not 

the risk of the building experiencing PC that is assessed but the repercussions of the collapse 

itself. According to this notion, EN 1991-1-7 (2006) divides all buildings into four broad 

categories (consequence classes) and prescribes certain design measures to be accomplished for 

each category. This risk-based methodology is presented in Table 2.1. 

 

Table 2.1. Consequence classes and associated design measures 

Class 
Risk 

group 
Consequence 

of failure 
Additional design measures required to provide a building with 

an acceptable level of robustness 
1 Low Low No action needed 

2a Low Medium 
Provision for horizontal ties, or anchorage of suspended floors to 
walls 

2b Medium Medium 
Provision for vertical ties in all supporting columns and walls, or 
direct design methods should be implemented in design process. 

3 High High 
A systematic risk assessment of the building taking into account both 
foreseeable and unforeseeable hazards is required 

 

Within the framework of threat evaluation, Chen et al. (2016) proposed a probabilistic 

strategy to assess severity of a single column loss in application to plane frame structures. This 

strategy constructs a sensitivity index for each of the structural elements  iSI  based on a ratio 

related to the increment of the element strain energy density between the intact and damaged 

state: 
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where j
iE  denotes the internal strain energy of element i  after removal of element j , 0

iE  

represent the strain energy prior to element removal, and iV  defines the considered element 

volume. Chen et al. (2016) employed this index in conjunction with a simplified assessment of 

nonlinear static performance of regular beam column assemblies subjected to column removal 

(Figure 2.10) to produce the reliability measure of the damaged system: 

  |1 P C DHj
fP   .  (2.2) 
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where  P C|DH  is the probability of collapse (C) due to introduction of local damage (DH), 

which can be established iteratively from the First Order Reliability Method (Zhao et al., 1999; 

Izzuddin et al., 2012). By comparing the obtained index against the acceptable levels of 

reliability  acc
fP  , Chen et al. (2016) obtained the following robustness index: 

 
acc j
f f

acc
f

R
P P

P
I


 .  (2.3) 

where for negative or zero values of the robustness index  0RI  , the structure is considered 

to be susceptible to the collapse, while on the other hand for 2 3RI   the structure is considered 

to be highly robust. 

 

 

Figure 2.10. Simplified model assumed by (Chen et al., 2016) 

 

The main drawback of the presented methodology is the fact that it is only applicable to 

plane frame assemblies, as spatial effects are excluded from the formulation. It should also be 

noted that it is impossible to extend this methodology to any form if irregular structure, as the 

assumptions Chen et al. (2016) considered for the regular case (e.g. identical collapse mode for 

each floor) do not hold in the more general case. In addition, even for regular structures, the 

presented methodology might provide erroneous results, as it only considers ductile failure 

mechanisms ignoring stability based ones, and as outlined by Gerasimidis and Sideri (2016) 

these might be critical for some of the structural configurations. It is also worth noting that 

dynamic effects are ignored in the described methodology.  

A more general methodology to probabilistic assessment was proposed by Quiel et al. 

(2016). The idea behind this methodology is the assumption that structural robustness correlates 

better with the structural geometry and topology compared to the individual member strength. 

For this reason Quiel et al. (2016) suggest that every threat location as well as all possible threat 
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intensities should be evaluated in terms of their consequences. This probabilistic procedure is 

schematically presented in Figure 2.11. 

 

 

Figure 2.11. Flowchart of the probabilistic procedure proposed by Quiel et al. (2016) 

 

Quiel et al. (2016) suggest usage of some simplified single degree of freedom models to 

assess the structural response to a given threat, and it should be noted that this approach may 

gloss over a more complex nature of structural response associated with a collapse event. If on 

the other hand procedure proposed by Quiel et al. (2016) utilises finite element modelling as a 

tool to assess the structural response computational expenses associated with the discussed 

approach can become excessive. 
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2.2.4.2. Threat Mitigation 

Theoretically any structure can be made perfectly robust according to the definition of 

the robustness index  RI  proposed by Frangopol and Curley (1987): 

 
intact

intact damaged
RI



 



.  (2.4) 

where   denotes bearing capacity of intact and damaged structures respectively. Equation (2.4) 

shows that if for any possible damage sustained by the structure no drop in bearing capacity is 

observed it is “infinitely” robust. This “infinite” robustness though comes at the expense of 

“infinitely” high costs associated with construction (Grosman et al., 2013). 

Due to this reasoning, for some of the structures that have a high probability of being targeted 

in a terrorist attack, modifications only to the structural design might not be efficient to ensure 

safety. The alternative to this is implementation of threat mitigation techniques. This approach 

is very cost effective if applicable, since it is potentially “cheaper” to prevent local damage than 

to arrest its effects and deal with its consequences (Ellingwood et al., 2007; Acker, 2013). Both 

GSA (2003) and DoD (2013a; 2013b) as well as Canisius (2011) underline the requirement for 

an increased standoff distance for buildings that require increased blast resistance, were a 

similar approach may be implemented for other threats such as vehicle crashes (Ellingwood et 

al., 2007). Impact and blast resistance of the buildings can be also increased with the usage of 

energy absorption obstacles around the critical structural elements (Ellingwood et al., 2007; 

Fujikura et al., 2007; Olmati et al., 2013).  

Good plan and layout of the building site can help to minimize the threat level, by 

relocation of facilities with greatest threat level to such a location where the occurrence of 

hazard would cause minimal damage. Considerations on such layout planning are presented in 

GSA (2003), DoD (2013) and in the proceedings of a seminar on Accidental Actions and 

Progressive Collapse (Acker 2013). An example of differences between “good” and “bad” 

options of layout is presented in Figure 2.12. 

Usually these actions of addressing specific threat of high magnitude can be extremely 

effective in decreasing the costs for construction. The main drawback of these measures is that 

not all facilities have enough space to satisfy the standoff distance demand or to implement an 

energy absorption coating for critical structural elements. 
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Figure 2.12. Description of “good” vs “bad” layout from Acker (2013) 

 

In order to ensure robustness in a cost-efficient manner for structures where threat 

mitigation is either insufficient or impossible, a set of tools is required to quantify robustness 

deterministically. This process is a complicated task due to the lack of a priori knowledge of 

the nature and the magnitude of the extreme event that the structure may be subjected to. Based 

on the way this problem is handled Ellingwood et al. (2007) defines: indirect and direct design 

methods. 

 

2.2.4.3. Indirect Design Methods 

Ellingwood et al. (2007) and ASCE (2013) define the indirect design approach as a 

method which includes measures during the design process to arrest PC through incorporation 

of the provision for structural integrity and overall system robustness. The significant benefit 

of implementing the indirect design approach is its relative simplicity which in its turn allows 

for ease of decision transfer from one project to another. When implemented, this method 

guarantees that the structure will have more ductile joints and will be capable of dealing with 

certain level of load redistribution caused by the collapse triggering event.  

Due to the relatively low probability of PC for conventional structures and a rather 

straightforward way of indirect design measures implementation, this approach has received 

significant attention by the design codes (GSA, 2003, 2013; EN 1991-1-7, 2006; Ellingwood et 

al., 2007; CPNI, 2011; DoD, 2013b). Although the exact strategy proposed by the national 

standards may differ in certain details from one source to another, the general message remains 

the same: the purpose of robustness requirements is to preserve human live in case of a 
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catastrophic event. To achieve this the structure must not only be able to withstand the event 

over its duration but also stay intact for the time required for subsequent evacuation and rescue. 

This demand can in it turn be formulated as the need to ensure that the structure design would 

be sufficiently ductile, redundant and continuous. 

The collapse triggering event can be described as a process that provides an excess of 

energy into the system. This process can be realised both directly (e.g. impact or explosion) or 

indirectly (e.g. increase in system potential energy after a bearing element removal, it should 

be noted here that in this case the amount of excess energy depends on the deformed 

configuration structure attains as a result of the triggering event). If the system is capable of 

accommodating this energy surplus in form of internal deformation energy then the collapse 

propagation is prevented. Due to the usually localised nature of collapse initiation, a small 

portion of a structure in the direct vicinity of the initiation event has to accommodate the 

majority of the surplus energy supplied into the system. For this reason a ductile system (one 

able to undergo significant plastic deformations without losing continuity) will be capable of 

dissipating a significant amount of energy, and thus will be beneficial in addressing PC issues. 

Despite being necessary to resist collapse, ductility and energy absorption capacity are not 

suited to be used as the only way to assess system robustness (Ellingwood et al., 2007; Izzuddin 

et al., 2007; Starossek et al., 2008; Kokot et al., 2012). 

Redundancy refers to the ability of the structure to produce new load paths in case of an 

element failure and thus arrest the overall system collapse. This term closely correlates with the 

system indeterminacy (Canisius, 2011) although (Kokot et al., 2012) state that these terms are 

not synonymous. As outlined by Nethercot (2011) combination of moment and axial capacity, 

rotational stiffness and deformation capacity of the connections predominantly governs the 

ability of system to resist a sudden column loss. Lim (2004) has shown that structures with rigid 

and semi-rigid connections and with sufficient moment capacity can significantly decrease the 

probability of PC for steel structures. All of the mentioned results led to the inclusion of the 

requirements for connection quality in all standards that tackle building collapse. 

Continuity of reinforcement provides the system with the ability to withstand short term 

load reversals. A need for the capacity of structural elements to resist load reversal arises when 

considering possible scenarios of the collapse. One of the possible triggering events is an 

explosion. Loads caused by explosion are characterised by short duration (typically less than 

one-tenth of a second) and high overpressures generated due to the rapid release of potential 

energy stored in explosive material.  
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Marchand and Alfawakhiri (2004) stated that the partial collapse of Murrah Building was 

caused by inability of slab structures to resist reverse load caused by outward overpressure. 

This pressure forced slabs to bend in reverse of their design downward deformation direction, 

and since these slabs had no sufficient tensile reinforcement in the originally compressed zones, 

they experienced brittle failure. After the positive pressure phase of the explosion had passed, 

the slabs were transformed from bearing structures into a form of debris that caused even more 

casualties (Figure 2.13). Similar results were obtained in the numerical study conducted by 

Osteraas (2006). 

 

 
Figure 2.13. Upward deformation of floor slab and floor beams due to blast pressure and subsequent failure in 

share (Osteraas, 2006) 

 

Experimental validation of these results can be seen in a large scale multiple column 

removal experimental test, conducted by (Sasani et al., 2011) on the 11-story Crowne Plaza 

Hotel building in Houston, TX, USA (Figure 2.14 a) prior to its demolition. The structural 

layout of the Crowne Plaza Hotel is similar to that of Murrah building, as it includes multiple 

transfer girders and different column layout between first and second floor (Figure 2.14 b). In 

the described test, four first-floor columns were removed, and two sections of the deep beam 

were cut with the help of explosive charges. The location of damage is depicted with a cross in 

(Figure 2.14 b). After element removal, the structure sustained very little further damage as 

peak displacements for this experiment were under 10 cm. These results thus showed that pure 

element removal might not have been sufficient to cause the extent of damage that the Murrah 

building sustained due to the blast load.  
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a)  

 

b) 
Figure 2.14. Site of the (Sasani et al., 2011) experiment 
a) Crowne Plaza Hotel building in Houston, TX, USA 

b) second floor plan 

 

Nevertheless excessive continuity can also bear a threat to the system. If the system can’t 

contain the effects of the initiating event, then excessive connectivity can trigger a chain 

collapse akin to the collapse of World Trade Centre building 7. During that event, according to 

the report by NIST (2008), buckling of one column caused a chain of consecutive column 

failures, with the concrete slab acting as collapse transmitter, where the numerically obtained 

progression of collapse form the official report is presented in Figure 2.15. 

The above notions are taken into account in the indirect ‘tie force’ method. The essential 

idea behind this method is that to ensure collapse resistance, all structural elements should be 

interconnected with ‘ties’ that are capable of transferring tensile, compressive and shear forces 

of predefined magnitude. Provisions for the inclusion of a system of ties into design are made 

to ensure that there is a secondary load-carrying system, which is capable of sustaining very 

large deformations during catastrophic events. The design of these systems is widely described 

in Kokot and Solomos (2012), Li et al. (2011) and Tohidi et al. (2014). The usefulness of 
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bracing elements was underlined by Yellepeddi and Mahmood (2013), who also pointed out 

that each building requires a unique approach to protect it from PC. Although this approach is 

stated as obligatory in most building codes, recent research (Izzuddin et al., 2007; Vlassis et 

al., 2008) shows that current tying provisions are generally inadequate and would not ensure 

the desired level of PC reliability for the designed structure. Indeed, it was pointed out (Izzuddin 

et al., 2007, 2008) that the tying force requirements cannot form the basis of a rational design 

for robustness with the neglect of ductility considerations. 

 

 

Figure 2.15. Collapse propagation in WTC building 7 (NIST, 2008) 

 

Another factor that has to be considered with the indirect methods is the element capacity 

to resist shear failure. This property becomes even more prominent in case of the blast load. 

According to Marchand and Alfawakhiri (2004) in case of explosion, structural elements may 

experience local damage that results in shattering, shearing and tearing of the structural 

material. Since the optimal response of a structure to an explosion is one where elements deform 

and dissipate the maximal amount of additional energy prior to failure, it becomes clear that 

shear resistance of elements is extremely important for the reliability of the structure. The 

importance of shear resistance was also indicated by Yi et al. (2014 a;b), who showed that a 

bridge pier fails in shear when subjected to a high level of blast loading despite being made out 

of high strength concrete and successfully complying with every other safety check. Similar 
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results were observed by Eisa (2014), who also found that high levels of transverse 

reinforcement can significantly increase blast resistance of reinforced concrete columns.  

 

2.2.4.4. Direct Design Methods 

As for the direct design approach, this is defined by Ellingwood et al. (2007) as a method 

focused on analysing the explicit influence of PC triggering event on the considered structure. 

Depending on the nature of the triggering event, the method branches into the threat-specific 

design and threat-independent design. 

Threat-specific design in accordance to its name is concerned with specified threats that 

can cause structural collapse. The nature of threats is supposed to be derived from the 

experience and through risk assessment. The ability of a structural element to resist this threat 

is verified, and if the element fails, subsequent analysis is required to establish whether this 

leads to PC. Threat-independent design on the other hand is used when either the nature or 

magnitude of the triggering event is unknown. For this reason, to ensure that the structure 

possesses a required level of robustness, an assumption of initial damage (removal of an 

element) is made and the response of the whole structure to this nominal damage is considered. 

An example of an approach employing threat-specific design is a specific local resistance 

method. Specific local resistance method (Key-element method) is defined by Ellingwood et 

al. (2007) as a method that explicitly designs key elements to resist predefined threat, where a 

key element is defined as a structural member the removal of which can cause collapse of an 

unacceptable scale. The load that key elements are supposed to withstand can be represented as 

blast, impact or fire load etc. According to the EN 1991-1-7 (2006) these elements are supposed 

to be able to withstand an accidental load with a recommended magnitude of 34 kPa. The 

problem of finding critical elements does not have a straightforward solution. One of the 

reasons behind it is the fact that different scenarios may lead to different elements being critical. 

The research by Lu et al. (2010) indicated that it is possible to assess the element criticality on 

the basis of comparison of the system strain energy in the undamaged and damaged state. There 

are several drawback to this approach: i) energy absorption can’t serve as a single measure of 

robustness (Izzuddin et al., 2008); ii) it does not account for the nonlinear properties of the 

system, and thus energy input of some of the elements can be overestimated (specifically brittle 

elements) and underestimated for others; iii) this approach requires to solve the problem as 

many times as there are structural elements in the system, thus for bigger models this method 

can result in significant run times. 
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To address the inherent drawback of the key element method, the alternate load path 

(ALP) approach may be considered. It considers the ability of the structure to bridge over the 

failed region in order to transfer loads to the foundation. If the structure is capable of creating 

such a “bridge”, the system collapse is prevented and only localised failure occurs (Canisius 

2011; ASCE 2013). Due to the fact that this method is not concerned with the reasons behind 

the initial failure it is a threat-independent method. As any other method, the ALP has its flaws. 

As outlined by Vlassis (2007), the applicability of this method may be limited to only the events 

that are capable of inflicting the damage level adopted for the analysis. Despite this flaw, the 

method can still be used as a tool to ensure redundancy of the system (Ellingwood et al., 2007). 

Another drawback arises from the fact that the method is tuned to consider the response of the 

system after removal of only one element. Several real-life collapses such as the Murrah 

building and WTC buildings 1 and 2 are examples of collapses triggered by events that affect 

a far greater portion of the structure than just one element. Nevertheless, nowadays ALP 

analysis with a single column removal as a triggering event offers a standard test of structural 

robustness. With this assessment strategy in mind, Hansen et al. (2005) used a detailed 

nonlinear dynamic analysis of column-beam substructures to construct a response surface 

(relation between the structural capacity and location of removed column) for assessing the 

robustness of regular structures. It should be noted that caution has to be exercised when using 

component-based results to construct reliable assessment of the whole structure as was 

presented by Alashker et al. (2011). The study by Hansen et al. (2005) as well as subsequent 

studies by Izzuddin et al. (2008), Lu et al. (2012) and Chen et al. (2016) indicate that the floor 

system response is of critical importance in development of the collapse mechanism, thus a 

substantial amount of research has been devoted to studying this behaviour, which has been 

complemented with experimental research. The next section outlines some of the more relevant 

experimental studies on different types of beam-column-slab assemblies followed by a 

description of several large-scale tests conducted on real structures prior to their demolition. 

 

2.2.5. Experimental Studies of Robustness 

2.2.5.1. Component-Based Experiments 

A significant emphasis in experimental research was placed on the beam-column 

substructure, as it allows for a straightforward, highly controllable experimental set-up 

(Figure 2.16). Employing this setup, Guo et al. (2013) conducted both experimental and 

numerical studies on the behaviour of composite beam-column joints. The presented results 
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illustrated the influence of catenary action on the ultimate capacity of column-beam sub-

assemblages. This research also investigated the influence of the slab reinforcement ratio on 

the response, where a weak correlation was observed. Authors attribute this to the beam 

buckling dominating the response, another possible reason for such behaviour might be 

connected to slab rebar fracture, it is also worth noting that lack of out of plane restraints 

prevented membrane action from developing in the slab reducing the slab contribution to the 

response even further. 

 

 

Figure 2.16. Experimental set-up in the study by Guo et al. (2013) 

 

The effect of the slab catenary action was captured in a different experimental 

investigation by Ren et al. (2016) and Lu et al. (2017). They studied the performance of a 

column-slab assembly in case of a single column loss, which indicated a significant contribution 

of the slab on the capacity of the damaged structure to resist collapse both for internal 

(Figure 2.17 a) and edge column (Figure 2.17 b) removal cases. Lu et al. (2017) also reported 

that an increase in the slab reinforcement benefits the catenary stage of the response while 

providing only marginal improvements to the flexural stage of the response. An opposite effect 

was observed for the alterations to the beam depth, with deeper beams significantly improving 

the flexural response but providing nearly no effect on the catenary response phase of the 

structure. 

To facilitate the development of efficient indirect design guidelines, significant research 

was devoted to the estimation of robustness of structures designed to resist seismic activity. To 

this end, Yu and Tan (2013) investigated PC resistance two specimens of beam-column sub-

structures with and without seismic detailing (Figure 2.18) subjected to middle column 

removal. The obtained results confirmed that with seismic detailing, a better performance can 

be achieved for a column loss scenario.  
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a) b) 
Figure 2.17. Experiments capturing slab catenary action in case of 

a) middle column removal (Ren et al., 2016); b) edge column removal (Lu et al., 2017) 

 

 

Figure 2.18. Detailing of specimens tested by Yu and Tan (2013) 

 

These findings were in good agreement with results numerically obtained by Sasani and 

Sagiroglu (2008a), who compared the performance of RC frames designed for different levels 

of seismic hazard. The results indicated that structures designed for areas with higher levels of 

seismicity performed better. Similar results were also obtained in a separate investigation by Li 

and Sasani (2015). 

To accurately estimate structural robustness and provide a design that is both structurally 

sound as well as most optimal in terms of the cost, all elements participating in the collapse 

response should be accounted for, both structural and non-structural. To this end 
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Xavier et al. (2017) conducted an experimental study on the beam-column assembly with the 

masonry infill wall (Figure 2.19), which showed that the consideration of non-structural 

elements can significantly improve the robustness of a given structure. 

 

  

Figure 2.19. Infill panel effect on the response (Xavier et al., 2017) 
a) bare frame (BF); b) symmetric solid panels (SS); c) solid with gap and perforated panels (GO) 

 

All of the above tests present different aspects of the complex structural behaviour 

associated with PC assessment, though the combination of these individual responses can in 

some cases result in a very different structural response altogether. To this end, it is important 

to validate the developed hypothesis on large-scale tests. Some of these tests are presented in 

the following section. 

 

2.2.5.2. Structure-Based Experiments 

A significant contribution to the field of large-scale testing was provided by academics 

of the North-Eastern University, Boston, USA. For instance Sasani et al. (2007) performed an 

experimental evaluation of the effects of column removal for an existing ten storey building of 

the University of Arkansas Medical Centre dormitory (Figure 2.20 a). Prior to the demolition, 

the building was subjected to the controlled explosive removal of a single column (explosives 

were placed inside a pre-drilled bore hole in the column). The consequences of the element 

removal showed that the dormitory building was sufficiently robust. Very minor levels of 

additional displacement (6.5 mm) were reported in the study (Figure 2.20 a). This fact can be 

attributed to two factors: i) as building was scheduled for demolition it was stripped of all the 

equipment, thus reducing the level of live loading to zero; ii) as indicated by Sasani et al. (2007), 

blast action did not result in a complete severing of the affected column, as the rebars were not 

cut. This weak connection served as an energy dissipating damper with high levels of plastic 
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deformation reported for the exposed rebars. This damping effect can be also confirmed by the 

fact that the structure was not subject to significant oscillation prior to stabilisation 

(Figure 2.20 b). Similar results were also reported in a different experimental studies by Sasani 

and Sagiroglu, (2008b, 2010).  

 

  

a) b) 
Figure 2.20. West view of University of Arkansas Medical Center dormitory in Little Rock a)  

and b) vertical displacement of a joint above the removed column, (Sasani et al., 2007) 

 

In the course of the investigation of the mechanisms behind the robustness of the 

structure, Sasani and Sagiroglu (2010) concluded that buildings with a higher number of floors 

can provide more different alternative paths to bridge over the failed column. Similar findings 

were reported in a numerical study by Kasinos and Palmeri (2014) as well as in a parametric 

numerical studies by Fu (2009, 2010). The applicability of this conclusion to irregular structures 

will be challenged in the current work. 

In a different investigation, Song and Sezen (2013) conducted an experimental study on 

the robustness of the Ohio Union Building that was scheduled for demolition. The structure was 

subjected to four consecutive column removals (columns were pre-cut and then pulled out by a 

truck), where both deformations and strain measurements of the elements adjacent to the 

removed columns were monitored. The tested building was capable of sustaining the multiple 

local damages without undergoing excessive deformations. Song and Sezen (2013) attributed 

this effect to the formation of an alternate path via the transverse beams; while this explanation 

of structural robustness is not unreasonable, discrepancies between Song and Sezen (2013) 

numerical results and the experimental data might be attributed to the participation of the infill 

walls in the load transfer mechanism, as was elaborated in the work of Xavier et al. (2015). 

The effect of infill panels was also reported in a numerical study by Tsai and Huang 

(2011). Their findings indicated that while the effect of infill panels on PC resistance is 

beneficial, care has to be taken when considering structures where these elements were not 

accounted for in the analysis, as in some cases inclusion of non-structural elements can alter 
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the failure mode (from flexural failure to a shear one), and results in overestimation of the 

structure resistance capacity. 

 

   

a)        b) 
Figure 2.21. Ohio Union Building before a) and after b) column removal 

 

Up to this date, the database of large scale robustness tests remains relatively small due 

to the cost and complexity of such an activity. Therefore, to provide further information on 

overall structural behaviour under local damage scenarios, numerical simulations are widely 

used to reproduce the response leading up to collapse. The next section provides a brief 

overview of numerical modelling approaches to assess robustness. 

 

2.2.6. Numerical Studies of Robustness 

In order to assess the damaged state of a structure different analysis procedures can be 

utilised. The classification of these procedures is generally based on the assumptions used for 

structural analysis such as: linear static (LSA), non-linear static (NLSA), linear dynamic 

(LDA), non-linear dynamic (NLDA) (GSA 2003; DoD 2013b; Ellingwood et al. 2007; CPNI 

2011; Byfield et al. 2014).  

 

2.2.6.1. Linear static analysis 

This analysis assumes that the materials of the structure deform linearly at all times and 

that the hypothesis of small displacements and rotations holds. To account for the instantaneous 

nature of the column removal, an amplification factor (DIF) can be used to scale the loads 

applied to the system (GSA 2003; DoD 2013b; Ellingwood et al. 2007; CPNI 2011). In order 

to account for material non-linearity, special joint elements can be incorporated into the model, 

to capture the onset of plasticity in the joints, but this alterations is a shift from a linear analysis 
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toward an analysis that includes nonlinearity. These elements are formulated as joint elements 

with maximal load capacity defined according to the appropriate design codes. 

The typical codified value of dynamic amplification factor is uniformly set to 2 (GSA 

2003; Ellingwood et al. 2007; CPNI 2011). This value has been shown to be overconservative 

when the nonlinear response is considered (Izzuddin et al., 2008; Khandelwal et al., 2008), and 

in the updated version of the DoD (2013b) and GSA (2013) the uniform scaling parameter was 

altered to account for the localisation of damage. The conservativism of DIF=2 stems from the 

fact that it is based on a perfectly elastic response of all elements with all potential energy 

transitioning into kinetic and strain energies respectively, but realistically designed structures 

will not remain elastic during the collapse scenario.  

Linear static analysis introduces too many simplifications to the structural model for it to 

represent the realistic behaviour of a structure (Izzuddin 2010, 2012). Nevertheless due to the 

simplicity of this method, it can have its usage for structures without irregularities and having 

a specific demand-to-capacity ratio under the ordinary loads (DoD 2013b).  

 

2.2.6.2. Linear dynamic analysis 

The actual failure of an element that might trigger collapse typically occurs over a short 

duration ranging from milliseconds (for blast induced collapses) to seconds (in case of the 

damage accumulation in the element due to external activity). This means that the element 

failure generates inertial forces in the structure. To account for this fact, a dynamic analysis that 

explicitly considers inertial forces, velocities and accelerations can be conducted, as such there 

is no need for DIF in such a model. Despite these benefits, linear dynamic model is based on 

many of the same assumptions as the linear static model, such as small deflections and linear 

material behaviour. Due to this, the model is unable to account for energy dissipation, catenary 

and membrane action and other energy absorbing mechanisms that occur in the real structure. 

For this reason recommendations on usage of this analysis type are no longer included in the 

DoD (2013b) and GSA (2013) manuals. Nevertheless in a study by (Cai et al. 2012) linear 

dynamic analysis was shown to be a reliable way of estimating the failure mechanisms of cable-

stayed bridges due to a single cable loss. 

 

2.2.6.3. Nonlinear static analysis 

Similar to linear static analysis, nonlinear static analysis (NLSA) can be used with DIF 

to account for the suddenness of a column loss. Due to the energy absorption caused by the 
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non-linear effects, the DIF for NLSA are lower than those for linear analysis and usually range 

from 1.2 to 1.7 (DoD, 2013b). Despite the significant improvement in the way DIF are 

accounted for in the current DoD (2013b) compared to the older version, the results achieved 

with these factors can still be unreliable. Recent research (Izzuddin et al., 2009; Izzuddin, 2010) 

indicated that usage of DIF computed on the basis of connections ductility according to the 

recommendations provided in DoD (2013b) may produce unsafe results, especially for cases 

with a complex structural system response involving softening and hardening. As shown in a 

previous section, these features are present in all of the experimental studies on the sub-

assemblage behaviour in case of a column loss. 

The difference between the LSA and NLSA methods lies in the ability of the latter to 

account for geometric and material nonlinearity. The effects of catenary and membrane action 

as well as onset of yielding and subsequent inelasticity significantly influences the energy 

absorption of real structures, and as such these should be accounted for in the model of the 

considered structure. 

A significant part in whether the model is capable of representing a real structure with 

sufficient accuracy relates to the modelling of the joints between structural elements. There are 

two distinct approaches to joint modelling. The first approach is based on a full 3D 

representation of an actual joint accounting for all the contact surfaces (between different plates 

and bolts), welds (with possible inclusion of strains generated by the welding process) etc. Such 

models if properly defined, are capable of accurately representing the real structure (Zhang et 

al., 2012; Dessouki et al., 2014). The drawback of this approach lies in the numerical 

complexity of such models, as for real structures modelling every joint in such a way would be 

computationally prohibitive. An additional issue with this approach is that if it is employed in 

the design phase, multiple reworks of the FE model would be required if any of the connection 

properties were to change (e.g. number or position of bolts, form of the stiffener plate). An 

alternative to this high-fidelity approach is the use of a simplified joint model based on a 

combination of nonlinear spring elements. The nonlinear spring properties for such models are 

usually defined based on experimental data or detailed 3D finite element modelling of the 

considered joint. Comprehensive research on the modelling of joints with nonlinear springs has 

been conducted by Vlassis (2007) and Jahromi et al. (2013). The research highlighted the 

significant role played by the joint properties in the overall system response to local damage 

scenarios. 
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Due to the superiority of NLSA over LSA in terms of considering real structural 

behaviour, NLSA tends to be more sophisticated and time-consuming as well. NLSA also 

requires the designer to have experience in performing and assessing the obtained results. 

Another difficulty arises in terms of establishing a rational measure of robustness that can be 

applied to buildings with different bearing structures based on the results obtained from NLSA. 

To address this issue, different approaches have been developed, the most prominent among 

which are the pure pushdown methods (Khandelwal et al., 2008, 2011; Xu, 2011) and energy 

balance methods (Izzuddin et al., 2007, 2008; Vlassis et al., 2009). 

2.2.6.4. Nonlinear pushdown analysis 

To quantify robustness, Khandelwal and El-Tawil (2008) developed an approach based 

on NLSA. They proposed to measure robustness based on the residual capacity of the structure 

after the local failure. This residual capacity is evaluated as an overload factor the system can 

accommodate until the next failure occurs. Analysis according to Khandelwal and El-Tawil 

(2008) proposed three variants of the pushdown: uniform pushdown, bay pushdown and 

incremental dynamic pushdown. 

For the uniform pushdown, the overload factor is applied to all the loads in the system 

(Figure 2.22a). The drawback of this approach is that due to uniform increase of the load factor 

the next failure may occur outside of the damage localisation area which is not representative 

of a real collapse scenario. 

For bay pushdown, the overload factor is applied only to the bays connected to the initial 

failure region the loads applied to the rest of the structure remain unchanged (Figure 2.22b). 

This approach can solve the problem encountered with the uniform pushdown approach. The 

drawback of this method as well as the drawback of the uniform pushdown analysis is their 

inability to account for the dynamic nature of the collapse, and as such depending on the system 

response they can overestimate or underestimate robustness.  

For incremental dynamic pushdown, a set of consecutive nonlinear dynamic analysis 

(NLDA) is undertaken, with each analysis having an incrementally increased value of loading 

(Figure 2.22c). The set continues until first failure occurs after the triggering event. Khandelwal 

and El-Tawil (2008) argue that this analysis is beneficial in terms of accuracy since it allows 

for inclusion of dynamic load effects explicitly into the model. This accuracy improvement 

comes at the cost of processing time required to solve the NLDA problem multiple times.  
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Figure 2.22. Different approaches to pushdown problem (Khandelwal and El-Tawil 2008): 
a) uniform pushdown; b) bay pushdown; c) incremental dynamic pushdown 

 

2.2.6.5. Nonlinear dynamic analysis 

In NLDA, as in the case of linear dynamic analysis, the equations of motion are solved 

over the time domain at consecutive time-steps. The combination of these results constitutes 

the complete time history response of the model to the input loads. According to Byfield et al. 

(2014), a detailed three-dimensional finite element model of a structure would accurately 

simulate its response to an excitation. This approach was implemented for the simulation of 

such complex events as the collapse of the WTC towers (NIST 2005; 2008). The final results 

presented in the report showed good agreement between the photographic evidence and 

numerical simulations. Based on these notions, Pereira (2012) states that NLDA would be 

particularly useful when applied to the analysis of irregular structures. 

This precision though comes at a great computational cost. According to Ellingwood et 

al. (2007), these costs can be acceptable in case of a retrofit of an existing structure due to the 

possible savings on the construction phase. Commenting on this, Vlassis (2007) indicates that 

the same may not be true for new large buildings with irregular structural system. Both 

Ellingwood et al. (2007) and Vlassis (2007) outline that in order to offset this disadvantage, a 

model can be built from both continuum elements and elements with reduced dimensionality 

(beam and shell elements). These assumptions were further validated in a comparative study on 

applicability of low dimensional elements to collapse modelling by Alashker et al. (2011). The 

results showed that well calibrated macro-models (Figure 2.23 b) are capable of accurately 

modelling the structural response while also reducing the computational demand associated 

with high fidelity modelling (Figure 2.23 a). 
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a) b) 
Figure 2.23. Close yup of a) detailed FEM and b) FEM macro-model (Alashker et al., 2011) 

 

Additional simplification can be achieved considering the way the collapse event 

propagates from the initial damage region. According to Ellingwood et al. (2007), the influence 

of structural properties of elements located outside of the current collapse region does not 

significantly influence the response within the zone of failure. This property allows the 

consideration of exact material properties within the current failure region, while the elements 

outside of the region can be modelled in a simplified way. This consideration was addressed in 

a work by Li and Hao (2013), who investigated the applicability of static condensation 

procedures to nonlinear dynamic analysis of collapse events. The presented results 

demonstrated that segments of structures that are unaffected by the collapse and do not actively 

participate in the mitigation process can be assumed to behave linearly, and as such the system 

damping, stiffness and mass matrices can be condensed to exclude the unaffected degrees of 

freedom from the analysis. The presented approach was reported to be able to provide nearly a 

50% reduction to the computing time. It should be noted that the reported savings are likely to 

be an overestimation as the models used for the non-condensed and condensed case were not 

identical, with the non-condensed model employing just 3D solid elements for the beam, slab 

and column modelling (Figure 2.24 a), while the condensed model utilised beam elements to 

represent the condensed segment (Figure 2.24 b). 

 

   

a)   b) 
Figure 2.24. Full model a) employed as a benchmark by Li and Hao (2013) and condensed model b) 
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Notwithstanding the above, the noted trade-offs require a great deal of skills and 

experience from the engineer who conducts the analysis. Therefore, despite the ever increasing 

computing power, detailed dynamic nonlinear models still have obstacles to their widespread 

use by the engineering community in the design stage, although they are finding application as 

a final test to the developed design. For example Almusallam et al. (2010), Elsanadedy et al., 

(2014), and Pourasil et al. (2017) numerically investigated the effect of blast loading on 

different types of conventional structures. Their results showed that for cases where a large 

explosive charge and a small stand-off distance were considered, structures exhibitied damage 

that cannot be conservatively approximated by notional column removal. All of the 

aforementioned authors utilised NLDA for the assessment purposes with different levels of 

numerical complexity. Pourasil et al. (2017) used 1D beam finite elements for column/beam 

modelling and 2D shell finite elements to model the floor slabs (Figure 2.25 c). On the other 

hand, Almusallam et al. (2010) and Elsanadedy et al. (2014) employed 3D solid elements 

accounting for concrete and steel column erosion, respectively, due to the blast loading 

(Figure 2.25 a, b). 

 

     

a)    b)    c) 
Figure 2.25. Numerical models employed by: 

a) (Almusallam et al., 2010), b) (Elsanadedy et al., 2014), c) (Pourasil et al., 2017) 

 

An even more complex analysis was performed by Luccioni et al. (2004), who conducted 

a validation study on applicability of hydrocodes (e.g. AUTODYN) to collapse simulations, 

where good agreement between the collapsed form of a real structure and deformed shape from 

the numerical simulation was obtained (Figure 2.26). 
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Figure 2.26. Comparison of calculated debris scatter with actual damage (Luccioni et al., 2004) 

 

While blast effects can be devastating it is neither the only nor the most common reason 

for structures collapse; for instance, the WTC collapse can be partially attributed to the effects 

of fire. As with notional column removal, it is important to define critical locations where fire 

can result in the worst consequences. To this end, Kilic and Selamet (2013) conducted a 

nonlinear dynamic analysis of a 49 storey building subjected to 6 different fire events. The case 

study indicated that while fire might not cause collapse on its own, it may leave the system in 

a precarious state where even small disturbance can result in a cascading failure. Kilic and 

Selamet (2013) also indicated that cases of asymmetric fire spread over the affected floor can 

be more critical as they can results in structure overturning. 

In an attempt to reduce the computational demand while preserving model accuracy, 

different numerical algorithm apart from the most widely spread FEM were developed: Applied 

Element Method (AEM), Cohesive Element Method (CEM (Adam et al., 2018), Discrete 

Element Method (DEM), etc.. Particular prominence in collapse simulation was achieved by 

the AEM method. It should be noted here that AEM is predominantly used for conducting 

nonlinear dynamic simulations, where material erosion as well as subsequent collisions are of 

interest. These processes are usually overlooked in the conventional robustness assessment 

algorithms as the main focus is on preventing the collapse and not tracing it progression. AEM 

operates on a discretised domain, but unlike FEM each discrete element is assumed to be rigid, 

where realistic material properties are accounted for via the set of nonlinear springs acting 

between all of the adjoining elements. A recent work by Ehab et al. (2016) explores the 

performance of concrete joints for several cases of a sudden column removal with the help of 

the AEM. The reported results (Figure 2.27) show that the AEM is potentially capable of 

estimating the ultimate load level but the AEM models tend to be stiffer in comparison to FEM 

models. Similar behaviour is outlined for other cases of AEM usage later in this chapter. 
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Figure 2.27. Comparison of AEM (dashed line) and experimental results (solid line) 

 

Detailed numerical simulations are frequently validated against existing experimental 

results. A validation was performed by Yu and Tan (2013) who proposed a component-based 

model for the concrete beam-column joint (Figure 2.28) that was able to more accurately depict 

realistic structural behaviour observed in their experimental study compared to the rigid joint 

models. 

 

 

Figure 2.28. Component-based concrete beam-column joint model devised by (Yu et al., 2013) 

 

Subsequent work by Pham et al. (2017) developed and validated a high-fidelity numerical 

model against the experimental results of Yu and Tan (2013) (Figure 2.29). Pham et al. (2017) 

then utilised the validated model to compare the dynamic response of an instantaneous column 

removal scenario against that from a blast damage scenario (Figure 2.30), where a substantially 

higher level of displacements was observed for all of the blast scenarios. These results 

contradict the earlier findings by Gudmundsson and Izzuddin (2010), where instantaneous 

column removal was found to be a satisfactory upper bound for the blast scenario. This 

discrepancy can be attributed to the effects of concrete fracture in beam elements due to the 

direct blast application as well as due to the effects of uplift not accounted for in the numerical 

investigation of Gudmundsson and Izzuddin (2010). 
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Figure 2.29. Comparison between the experimental results a) by Yu and Tan (2013) and 
the numerical simulation b) by Pham et al. (2017) 

 

 

Figure 2.30. Comparison between instantaneous removal and blast removal scenarios (Pham et al., 2017) 

 

All presented results indicate a clear need for a unified robustness assessment 

methodology that would be capable of accounting for both nonlinear material properties, large 

deformations the system undergoes during the collapse, dynamic effects of sudden failure as 

well as position of critical local failure for the considered system. The following section 

presents the most prominent robustness assessment methodologies aimed at a practical 

resolution of these issues. 
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2.2.7. Robustness Assessment Strategies 

A multilevel design-oriented framework for robustness assessment was developed at 

Imperial College London (Izzuddin et al. 2007, 2008; Vlassis et al. 2008). This approach 

utilises the sudden loss of a single column as the triggering event that would typically require 

the structure to sustain significant inelastic deformations without failure of the above floors. 

The viability of this design approach was verified by the work of Gudmundsson and Izzuddin 

(2010) discussed earlier. Further research conducted by Jahromi et al. (2012) elaborated on this by 

comparing the maximum dynamic displacement for different levels of ratio between the blast 

overpressure and magnitude of dead and live load acting on the structure. The results obtained 

by Jahromi et al. (2012) indicated that for cases where the blast load is up to ten times greater 

than normal loading the sudden column loss method produces conservative results when 

compared to the direct modelling of blast impact. For cases where more powerful blast loads 

are considered with significant uplift, the results indicated that sudden column loss no longer 

provides an upper bound on the structural demand but still offers a good estimate. 

 

 

Figure 2.31. Displacement history for different levels of blast pressure (Jahromi et al., 2012) 

 

The procedure developed by Izzuddin et al. (2007, 2008) can be divided into 3 

consecutive stages: 

 NLSA of a structure subjected to a single column loss under amplified gravity loading. 

 Simplified dynamic assessment utilising energy balance. 
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 Ductility assessment, to define the ductility demand in connections at the maximum 

dynamic response and compare it to the available ductility supply. 

The detailed description of this multilevel assessment framework is provided in 

Chapter 4. An independent validation of this approach was obtained in numerous experimental 

works (Jahromi et al., 2012; Stylianidis et al., 2015). An experimental validation for the 

investigation of top-and-seat with web angle connections behaviour in case of a column failure 

by Liu et al. (2015) demonstrated that conventional applications of constant DIF will not be 

applicable as the factor was varying in the course of experiment (Figure 2.32), noting that Liu 

et al. (2015) were instead able to transform the static response into a dynamic one by applying 

the simplified dynamic assessment proposed by Izzuddin et al. (2008). 

 

 

Figure 2.32. Experimentally obtained DIF (Liu et al., 2015) 

 

The above robustness assessment strategy received further application through the work 

of Xu and Ellingwood (2011), who incorporated the strategy for locating the critical collapse 

mode for a given structure into the simplified dynamic assessment approach developed by 

(Izzuddin et al., 2008). Xu and Ellingwood (2011) conduct the modal analysis of the damaged 

structure prior to the pushdown analysis assuming that the mode with the highest period would 

correspond to the structural failure mode; using the obtained information, they perform a bay 

pushdown up to the point where system kinetic energy becomes null, and if no such point exists, 

then PC is assumed to follow. The results obtained for plane frames showed a good correlation 

with the results obtained from the NLDA. The main drawback of the discussed approach is that 

it is only valid for systems with a single dominant vibration mode. As such, this approach may 

not be suitable for irregular structures due to significant mode coupling.  
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The energy balance approach (Izzuddin et al., 2008) was also used by Lee et al. (2009) 

and later Fu et al. (2017) with particular focus on plane frame applications. Both authors 

developed analytical expressions linking the beam chord-rotation to the load acting on the beam 

column assembly, with Lee et al. (2009) assuming joints to be sufficiently ductile and rigid 

(Figure 2.33 a) and Fu et al. (2017) assuming joints to have an elasto-plastic response 

(Figure 2.33 b). 

 

  

a) b) 
Figure 2.33. Simplified column-beam assembly models assumed by 

a) (Lee et al., 2009); b) (Fu et al., 2017) 

 

A different application of strain energy information was explored by Szyniszewski and 

Krauthammer (2012), who developed an energy-based methodology for assessing the 

robustness of structures subjected to column removal. This methodology utilises results from 

the NLDA to obtain the history of deformation energy evolution for each of the structural 

elements. Peak values of the obtained energies are then compared to the predefined energy 

levels corresponding to the element buckling. This approach provides an efficient tool to assess 

the state of the columns involved in the load redistribution following the local damage. It should 

be noted that while efficient this method relies on a predefined failure mechanism for each 

column to determine the energy level that corresponds to the critical instability. Szyniszewski 

and Krauthammer (2012) obtained these energy levels by conducting a series of nonlinear 

analyses on the individual columns subjected to axial compression in the presence of 

imperfections, thus ignoring the contribution of additional end moments. Figure 2.34 b) 

indicates that even for the simple cantilever case (Figure 2.34 a), as the ratio of bending moment 

(M) to normal force (N) increases, strain energy level can change quite significantly. This fact 

reinforces the idea presented in Izzuddin et al. ( 2008) that dissipation of strain energy cannot 

serve as the sole indicator of robustness. 

Liu and Pirmoz (2016) further investigated the application of energy balance to 

robustness assessment. In their work, a comparison was conducted between pushdown and pull-

down analysis. The pulldown analysis is similar to the bay pushdown analysis with difference 

being that instead of gradually increasing the gravity loading acting on the affected bays, scaling 
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is applied to an additional downward force acting on the floor system above the removed 

column (Figure 2.35). While the presented results suggest superiority of the pulldown analysis 

for the considered planar frame problems, it is only applicable to structures with a simple 

collapse mechanism that develops around the location of local damage (column removal), and 

will be incapable of capturing collapse modes that occur elsewhere in the structure (e.g. 

buckling of overloaded columns). 

 

 

a)      b) 
Figure 2.34. Critical energy level curves  

 

 

Figure 2.35. Pushdown and pulldown definition (Liu et al., 2016) 

 

Another energy-based approach to assessing robustness of regular RC structures was 

suggested by Bao et al. (2017). To this end, a bay push down procedure (Khandelwal et al., 

2008) in conjunction with the simplified dynamic assessment approach (Izzuddin et al., 2008) 

was utilised. To ensure that the determined ultimate bearing capacity of the considered structure 

is not overestimated, Bao et al. (2017) limited the nonlinear static structural response to the 

level of ultimate load level (Figure 2.36). It is worth noting that this approach when connections 
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are modelled with sufficient accuracy can be too conservative as it disregards any residual 

ductility capacity. 

 

Figure 2.36. Robustness assessment termination condition (Bao et al., 2017) 

 

Bao et al. (2017) also highlighted the necessity of selecting appropriate collapse scenarios 

to accurately estimate the robustness of a given structure. While in the discussed study only 

single first-floor column failure was considered, the possibility of extending the methodology 

to arbitrary failure scenarios was outlined. It should be noted here that for the column removal 

procedure described in the paper, engineering judgement was utilised to justify only first-floor 

consideration as well as column removal locations. This approach can produce acceptable 

results for regular structures, but it may become inadequate for arbitrary damage scenarios. 

It is also worth outlining that while the bay pushdown procedure can produce reliable 

results, it is limited to cases where the critical mode develops only within the affected bays, 

which implies that the structure must be able to resist substantial lateral loads caused by a 

column failure (Moncada-Palacios, 2007). The bay pushdown approach is also limited to 

regular structures where a clear notion of a bay exists, and it thus becomes less straight forward 

for irregular structures (Figure 2.37). 

Tay et al. (2016) proposed a simplified modelling approach to reduce the complexity of 

PC assessment for large-scale models. In the discussed approach, a modification of the grillage 

model proposed by Izzuddin et al. (2004) was utilised to efficiently and with reasonable 

accuracy represent the composite slab behaviour. The described grillage model discretises the 

composite slab into a set of cells (Figure 2.38), where in the direction transverse to the rib, a 

beam element with a rectangular cross-section is assumed, while for the direction parallel to the 

rib a beam element with an equivalent T-section is considered (Figure 2.38). Finally, to account 
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for the membrane action two compression only springs are introduced within each of the 

described cells (Figure 2.38). In addition to the describe grillage modelling technique, the 

considered approach utilises a plastic zone beam elements (Figure 2.39), where non-hatched 

zones are considered elastic and hatch zones depict areas where inelastic deformations can 

occur. It should be noted that Sasani et al. (2011) conducted a comparative study on using 

plastic hinge beams and fibre section beams, where a clear superiority of fibre based beam 

elements was found. 

 

  

a) b) 
Figure 2.37. Structural system (Burka et al., 2013) (a) and general view of Marina Bay Sands (b) 

 

 

Figure 2.38. Composite slab grillage analytical model (Tay et al., 2016) 
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Figure 2.39. Steel member discretisation (Tay et al., 2016) 

 

The approach adopted by Tay et al. (2016) was capable of accurately estimating the 

response of both the composite slab as well as behaviour of a composite frame subjected to a 

single column loss. It should be noted that while this approach is efficient, it is not easily 

extendable to non-composite concrete slabs of irregular shapes as they might have a complex 

non-orthogonal response. 

A similar simplified methodology was developed for RC structures by Pham et al. (2015), 

which was employed for robustness assessment of regular RC beam-slab assemblies subject to 

an internal column loss. This approach explores several different plastic hinge formation 

scenarios to establish the robustness measure. While feasible and efficient for regular structures, 

this procedure is not applicable to irregular structures, as the failure mechanism is not readily 

available, and critical hinge position for irregular slabs cannot be established in a straight 

forward way. 

A different approach to robustness assessment was proposed by Isobe et al. (2016) who 

suggested a Key Element Index (KEI) approach to assessing the effect of column removal on 

the structural response. This index can be established as a ratio between the maximal load factor 

obtained during the pushdown analysis of a structure with the removed column  i  and the 

load factor obtained for the undamaged structure  0 : 

 
0

i
iKI


 .  (2.5) 

Isobe et al. (2016) further elaborated that the effect of multiple element removal can be 

assessed via a simple summation of the respective KEI indices. The verification of this 

assumption is established via a dynamic analysis of the regular structure subjected to multiple 

column loss. It should be noted that the considered column removal scenarios were not local, 

as while limited to a single floor they ranged from simultaneous removal of all the columns 

along one of the sides to the removal of all the columns in a single floor (Figure 2.40). 
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Figure 2.40. Column removal patterns considered by Isobe et al. (2016) 

 

This scenario choice emphasised the influence of dynamic impact of failed debris 

(Figure 2.41), and as such no effects of material nonlinearity were considered. The severity of 

collapse    due to the considered scenario  j  was measured by comparing the levels of 

potential energy prior and after the element removal: 
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.  (2.6) 

where im  denoted the element mass, g  represents the free fall acceleration, and 0,  j
i ih h  denote 

the element vertical coordinate prior and after the element removal respectively. 

 

 

Figure 2.41. Collapse sequence (Isobe et al., 2016) 

 

This section outlined some of the existing approaches to estimating structural robustness. 

The majority of the described approaches can handle to a varying degree of reliability the 
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robustness assessment of a regular framed building. On the other hand, applying them to any 

irregular structural form poses a significant challenge. The next section will explore irregular 

structures and outline existing work in the field of robustness assessment that may be applied 

to such structures. 

 

2.3. Irregular Structures 

2.3.1. Definitions of Irregularity for Robustness 

With advances in structural engineering design and construction, tall buildings began to 

emerge in the late 19th century in major cities around the world. The first structure to get the 

“Skyscraper” title was the Home Insurance Building, Chicago, United States (42 m). Most of 

the 20th century was dominated by the prismatic Miesian style towers (Moon, 2015). The end 

of the 20th century marked a change of this trend with more structures emerging utilising 

complex shapes. The most common types of these complex shapes are twisted, tilted, tapered 

and freeform towers (Moon, 2015). Since the beginning of 21st century, more and more new 

architectural projects have been utilising complex geometrical shapes for tall buildings. 

However, due to the relatively short time in the spotlight of engineering research, the 

performance of such structures is still in need of additional investigation (Moon 2015). 

Nowadays, design and analysis tools are enabling the use of shapes and forms never 

before envisioned for buildings (Scott et al., 2007). These forms being so different and 

numerous led to an array of different methodologies on how to group these designs. Among 

these, a methodology proposed by Vollers (2008) stands out as being both simple and effective. 

The main idea behind this methodology is to analyse structure based on the way it was modelled 

by the architect. Based on this concept, Vollers (2008) divided structural shapes into the 

following categories: 

 Extruders: characterised by similar floor plans over the building height (Figure 2.43).  

 Rotors: created by rotating a line around an axis (Figure 2.43).  

 Twisters & Tordos: generated by rotating each floor around the vertical axis by an angle 

that gradually increases with height. The bearing structure for twister systems follows the 

building shape (Figure 2.44 a). Unlike Twisters, Tordos have an orthogonal core, and 

only external structural elements follow the building shape (Figure 2.44 b).  

 Free Shapers – building with shapes that cannot be clearly related to any of the solid 

modelling operations (Figure 2.44 c, d). 
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a) Signature towers 
(arch: Zaha Hadid) 

(Zaha Hadid Architects, 2006) 

b) Gate of Europe 
(arch: Johnson & Burgee) 

(Carl Percell, 2011) 
Figure 2.42. Examples of Extruder type structures 

 

   
a) 30 St Mary Axe 

(arch: Foster and Partners) 
(CAI, 2011) 

b) Torre Agbar 
(arch: Nouvel & Vázquez) 
(Davide Pellegrini, 2014) 

c) Westhafen Tower 
(arch: Schneider & 

Schumacher) 
(SkyscraperCity, 2011) 

Figure 2.43. Examples of Rotor type structures (c, d, e) 

 

a) Turning Torso 
(arch: Calatrava) 

(Francois Polito, 2009) 

b) Infinity Tower 
(arch: Skidmore, Owings 

and Merrill) 
(Archiscene, 2013) 

c) Capital Gate 
(arch: RMJM Dubai) 
(Matus Majer, 2012) 

d) Phare tower 
(arch: Thom Mayne) 
(Lloyd Alter, 2006) 

Figure 2.44. Examples of Twister type (a), Tordo type (b) and Freeformer (c,d) type 
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To accommodate the structural requirements for these complex forms, simple moment 

frames may not be sufficient. The most common structural systems employed for buildings with 

complex shapes are diagrids, braced tubes and outrigger systems (Kim et al., 2011; Moon, 

2015). These systems are dominant due to their high lateral stiffness, and the higher the building 

the more important lateral stiffness becomes (Liang, 2007).  

When designing a structural system for a building with complex geometry, its type is of 

great importance; for example, to create a more dramatic structure, some of the modern building 

are designed with intentional inclination. According to the research conducted by Moon (2014, 

2015), the performance of a tilted building greatly depends on the angle of tilt. Tilted tall 

buildings are subjected to sizeable initial lateral deformations due to the fact that under the 

gravity loading the system works as a cantilever beam. As such, significant tensile axial forces 

uncommon for conventional building can be encountered in the gravity load bearing system.  

 

2.3.2. Complexity in Assessing Robustness of Irregular Structures 

Irregularities in structural systems were always considered to be a complicated research 

problem due to the numerous ways they can be exhibited. The DoD (2013b) deems a structure 

to be irregular based on the following notions: 

 Gravity lateral structural systems of a building includes any of the following: 

o out-of-plane offsets of primary vertical elements; 

o transfer girders. 

 Significant difference in adjacent bay stiffness. This difference can occur due to the 

following reasons:  

o considerable discrepancy in the adjoining bay sizes; 

o substantial difference in beam sizes or stiffness connected to the same column; 

o notable difference in connection properties for beams on either side of the column. 

 Drastic change in wall stiffness after intersection. 

 “The vertical lateral-load resisting elements are not parallel to the major orthogonal axes 

of the lateral force-resisting system” (DoD 2013b, p.41). 

Alternative assessment of irregularity of a building is presented in ASCE (2013). This 

classification was based on the considerable amount of research in earthquake engineering. 

Despite the similarities in these irregularity assessments, some of the irregular seismic buildings 

can be considered as regular for PC by DoD (2013b), such as stepped structures. This 

abundance of different irregularities in structures requires engineers to implement complicated 
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analysis techniques in order to obtain a realistic response of the modelled structure and as such 

a feasible design solution. 

The complexity in the nature of the response of irregular structures to the initiating event 

prompted Ellingwood et al. (2007) as well as Kokot and Solomos (2012) to state that despite 

the fact that the structural system should follow architectural design, some minor trade-offs that 

decrease irregularity may be beneficial for structural robustness. An even more drastic opinion 

was offered by Scott et al. (2007), who expressed doubts on whether conventional design codes 

can be fully applicable to irregular structures. His conclusion is based on the idea that being 

irregular, structures might not fit within the generalisations that were accepted in the design 

codes. Research conducted at Imperial College indicates that the influence of irregularities on 

the collapse can be significant for certain cases. In this respect, Vlassis (2007), Stylianidis 

(2011) and Pereira (2012) indicated further necessity for the development of methods that can 

account for significant irregularities and discontinuities in the building structural system. 

When it comes to PC, the prevalent view is that the presence of irregularities in the system 

leads to a lower level of robustness, this point of view is mostly influenced by the prior studies 

on seismically induced collapse. For instance, the paper of Alhafian (2013) states that irregular 

frames considered in the research were up to 21% more susceptible to PC under a seismic event 

and particularly due to the vertical ground motion. Similar conclusions were drawn in research 

conducted by Karimiyan et al. (2015), who explored a correlation between mass eccentricity 

and evolution of plastic hinge development inside the model. The authors noted that for higher 

mass eccentricity, more plastic hinges were formed at the earlier stages of NLDA, and this led 

to an earlier PC of the structure.  

Similar conclusions were drawn by Coffield and Adeli (2015), who employed AEM to 

investigate robustness of L-shape (L) and set-back (S) irregular buildings. Particular emphasis 

was given to the moment resting frames (MRF) concentrically braced frames (CBF) and 

eccentrically braced frames (EBF) (Figure 2.45). Their results showed similar performance for 

all of the considered structural systems and indicated the importance of damage location on the 

overall performance of structures. Further investigation of L-shaped building robustness was 

conducted by Nica et al. (2018), who studied the effects of multiple column loss. This study 

employed AEM to model the collapse event as well as interaction between the falling debris. 

Results of Nica et al. (2018) indicate that while AEM seems to perform adequately when the 

collapse is triggered it tends to produce stiffer response otherwise, as was already observed in 

the work of Ehab et al. (2016). A recent study by Homaioon Ebrahimi et al. (2017) investigated 
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the effects of planar irregularity of 3D frames on their susceptibility to PC triggered by a single 

column loss. While the presented results exhibit some irregularity in the pre-failure response, 

they clearly indicate that a single column loss results in a more substantial effect for irregular 

structures. 

All of these researchers adopted the ASCE (2013) definition of robustness and were 

clearly influenced by the prior studies on seismically induced collapse. While majority of 

discussed cases indicated the reduced robustness of the considered L-shaped buildings in 

comparison to the rectangular analogue, the margin of difference was not significant and can’t 

serve as a basis for generalising these conclusions to the whole class of irregular buildings. 

 

   

a)   b)   c) 

   

d)   e)   f) 
Figure 2.45. Irregular structures considered by (Coffield et al., 2015) 

a) L-MRF, b) L-CBF, c) L-EBF, d) S-MRF, e) S-CBF, f) S-EBF 

 

This idea is supported by the results obtained for the complex structure collapse scenarios 

obtained in the Sungkyunkwan University, Seoul, South Korea. Kim and Lee (2010) 

investigated the PC mechanism of two high-rise buildings with rectangular floor plan and with 

tubular and diagrid structural system respectively. The investigation was conducted by means 

of the NLSA and NLDA, where the high redundancy of such systems to the column loss was 

noted. According to the authors, the fraction of vertical load bearing elements that had to be 

removed to cause PC constituted 8 to 11% depending of the location of removal. Kim and Lee 

(2010) compared these results against conventionally designed structures and found that fewer 

elements had to be removed to trigger PC, they concluded that this discrepancy occurs due to 

the inherent redundancy of the considered irregular designs, resulting in more elements 

participating in the load redistribution after the element removal. Kim and Lee (2010) also 

indicated that for redundant lateral bearing systems such as tube and diagrid ones, damage to 

the internal structure that is designed only against gravity loads may be a critical event. 
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Kim and Hong (2011) investigated the PC potential of tordos and twisters. Their research 

indicated that irregular structural systems may have a higher collapse resistance compared to 

regular structures of the same scope. According to the authors, the main reason behind these 

results was that irregular building elements are substantially stronger than similar members of 

regular structures due to the requirements of design codes. Another reason indicated in the paper 

was that more elements were involved in any of the PC mechanisms due to irregularity. 

Kim and Jung (2013) discussed the merits and drawbacks of tilted structures in respect of 

PC resistance. The authors had reached similar conclusions to Kim and Hong (2011). The 

design codes requirements for irregular structures enforce the level of redundancy higher than 

that of the regular building. Despite this conclusion, the authors state that to prove this 

hypothesis, an extensive research on tilted structures with different design parameters is 

required. 

Kim and Lee (2012) and Kwon and Kim (2014) conducted a more detailed investigation 

of robustness performance of twisters with diagrid structural system. The authors compared 

results of buildings with different twisting angles (0°, 2.5°, 5.0°, 7.5° twist per floor, with 0°, 

90°, 180°, 270° total twist angle respectively). They considered two possible damage scenarios 

for sudden element loss: one diagrid pair and two diagrid pairs. The results indicated a high 

level of redundancy for the considered types of diagrid systems. The maximum dynamic 

displacements in the first case were less than 20 mm for all considered twists. For the second 

case, the displacements indicated a greater redundancy for systems with greater twist with 

dynamic displacements ranging from 20 to 45 mm for most twisted and non-twisted systems, 

respectively. 

Despite the significant insight provided by these works into the PC mechanism of 

irregular structures, there are several points that require further research. In all the 

aforementioned works, a FEM analysis was implemented to assess the structural robustness. 

The models used did not include elements that would represent the floor slabs, and as such the 

membrane effects were not included in the assessments. It is also not clear from the conducted 

research whether catenary action and compressive arching were considered in the pushdown 

analysis performed by Kim and Lee (2010), Kim and Hong (2011), Kim and Lee (2012), Kim 

and Jung (2013) and Kwon and Kim (2014). As such an investigation is required to determine 

the role of these actions in the system response. Another drawback arises from the twisting 

angles used for analysis. Despite these being in a wide range, they actually skip the most 

common range of twisting per floor (1°-2°). Another issue is that the reference building for 
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Kwon and Kim (2014) research has a relatively low height, and due to this fact the total rotation 

angles are too extreme for such a building, which may alter the validity of the discussed results. 

Another shortcoming is due to the fact that represented structures lacked in variability of the 

internal gravity system. 

All of the presented works incorporated some form of sensitivity study, where the effect 

of different locations for element removal was considered. Nevertheless, in all cases where 

moderate to large structural models were used, the presented studies were usually limited to 

first-floor column removal scenarios. The selection of critical location is usually delegated to 

the “engineering judgement” or prior assumptions. It is also worth noting that this prevalence 

of first-floor column removal propagates a notion that this is the critical case for any given 

structure, and while it is critical for some it is not always the case as noticed by Sagiroglu and 

Sasani (2014). The following section reviews existing approaches to locating the critical 

damage scenario without reliance on “engineering judgement” for a given structure. 

 

2.4. Determination of Critical Scenarios  

The determination of the critical location for column removal is a complex problem that 

does not have a definite solution for realistic large-scale structures. Nevertheless, some findings 

were reported in this regard. Sagiroglu and Sasani (2014) investigated the effect of column loss 

for a seven-storey RC structure. Fifteen different positions of column removal were considered 

in this investigation, where the response was assessed by means of NLDA. Sagiroglu and Sasani 

(2014) discovered that Verendel truss action serves as one of the main mechanisms for load 

transfer from the damaged elements, as such they concluded that removal of columns that have 

two or more floors above is a less critical scenario. It should be noted that while the presented 

results are valid for the investigated structures they might not hold for all types of structures as 

will be shown in later chapters. 

A significant contribution to identifying critical damage locations was proposed by 

Agarwal et al., (2003), who suggested an approach to identifying the critical scenario based on 

the geometric layout of the structure. Within this approach, the structure is subdivided into 

geometrically stable parts, where the subdivision is based on the geometrical form as well as 

nodal stiffness and inertial properties. Then, employing the constructed graph (Figure 2.46), a 

damage scenario that can transform the structure into a mechanism was searched for. 
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Figure 2.46. Clustering scheme proposed by (Agarwal et al., 2003) 

 

A robustness assessment strategy proposed by Fascetti et al. (2015) incorporates elements 

of a critical damage location algorithm. The considered assessment strategy is based on the 

combination of nonlinear dynamic and nonlinear static pushdown analysis, and it quantifies 

robustness based on the number of columns that can be removed from a given structure without 

causing a disproportionate collapse. The procedure is performed as follows: initially a 

pushdown analysis is performed for every single column removal scenario. Then column 

removal that is associated with the lowest load factor from the pushdown procedure is re-

evaluated with NLDA; if the structure cannot resist the column loss, this removal is considered 

critical, otherwise the algorithm proceeds to iteratively remove the most critical column 

(criticality is determined via an exhaustive search approach) at any given stage, until collapse 

is achieved. The algorithm behind the described procedure is presented in Figure 2.47. 

 

 

Figure 2.47. Robustness assessment strategy developed by (Fascetti et al., 2015) 

 

It should be noted that the procedure of Fascetti et al. (2015) is extremely computationally 

intensive, since for structures with a regular square plan having n  floors and m  bays it would 

require a significant number of nonlinear static analyses  NSAN  : 
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where p  denotes the number of columns that have to be removed to initiate collapse. The 

expression in (2.7) indicates that even for a relatively small values for number of bays (3) and 

floors (2) and just 2 consecutive column removals, the required number of NLSA would be: 
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It is worth noting that the presented approach is a generalisation and for practical purposes 

Fascetti et al. (2015) suggests that the number of possible column removal scenarios after the 

first one can be reduced to only columns in the vicinity of the previously located column. 

It is also important to outline that while the metric proposed by Fascetti et al. (2015) has 

some merit, its practical significance is questionable, as depending on the structure layout even 

removal of two columns can no longer be considered local damage, as such putting into question 

the disproportionate nature of the studied collapse. In addition, as outlined in the numerical 

investigation by Arshian and Morgenthal (2017) even a minor gap between element removals 

can significantly change the system behaviour (Figure 2.48). 

 

 

Figure 2.48. Time history of axial force N (left) and bending moment M (right) for the sequential removal 
scenario (thick) and the simultaneous removal of the columns (thin) (Arshian et al., 2017) 

 

An interesting approach to critical scenario identification was explored by Javidan et al. 

(2018), who employed meta-modelling techniques to estimate the reliability of structures to 

vehicular impact (Figure 2.49 a, b, c). In this research, an artificial neural network (ANN) was 

trained based on the 15 input parameters representing uncertainty in dead and live loads, 

material and section properties as well as the impact action itself. The proposed network was 

trained based on a range of different samples, each sample representing a deterministic FEM 
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analysis conducted for specific values of the input parameters. The most promising results at 

lowest computing cost were observed for an ANN trained on a set of 5000 different sample 

points. To reduce the computational cost associated with the process, Javidan et al. (2018) used 

a variant of an adaptively shifting integration technique developed by Lynn and Isobe (2007) 

(Figure 2.49 d).  

It is worth noting that the choice of artificial neural network by Javidan et al. (2018) as a 

way of constructing a surrogate model is predicated on the available sample size. It has been 

shown in prior studies that for sample sizes over a 1000, neural networks tend to result in a 

better quality of regression Lagaros et al. (2013); if, on the other hand, the sample size is limited 

to a few hundred other meta-modelling techniques (e.g. kriging, support vector machines, radial 

basis functions) can generally produce better results at lower computational cost (Kleijnen, 

2008). 

 

 

Figure 2.49. Test structure set-up by (Javidan et al., 2018):  
a) location of the studied impact; b) modelling of the impactor in high fidelity model; 

c) stress distribution in high fidelity model; 
d) low fidelity model based on the technique developed by (Lynn et al., 2007). 

 

Another successful example of the application of ANN in the field of robustness can be 

found in the work of Ferrario et al. (2015), where structural wall robustness under earthquake 

action was studied. In this work, the complex nonlinear behaviour of structural walls was 

replaced with the trained ANN to reduce the cost of subsequent sensitivity studies. It is worth 

noting here that in both Javidan et al. (2018) and Ferrario et al. (2015), the modelled system 
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was relatively small in scale, and as such ANN was capable of accurately capturing most of the 

relevant features; if, on the other hand, the considered systems were significantly more 

complex, far more sample points would be required to achieve reasonable levels of modelling 

accuracy. 

 

2.5. Concluding Remarks 

This chapter provides a comprehensive literature review that serves as an essential 

background for this thesis. An overview of existing methodologies for robustness assessment 

both detailed and simplified is presented. This review is complemented by a brief description 

of existing experimental studies that validate the adopted modelling strategies. All of the 

discussed works outline the importance of the slab influence on the structural response, as well 

as need for efficient 2D shell elements for accurate modelling of concrete and composite slabs. 

Chapter 3 of this thesis presents a novel 2D triangular shell element that is applicable to both 

reinforced concrete and composite floor slabs having an arbitrary geometric layout. 

The subsequent discussion on the nature of irregularity in civil engineering structures and 

its effects on robustness highlights the existence of contradictory views on whether irregular 

structures are more or less robust compared to the regular ones. This discrepancy is related to the 

different understanding of irregularity by different authors, and to the difference in irregularity 

definitions in design codes such as the DoD (2013b) and ASCE (2013). The results from the 

variety of the reviewed studies indicate that the approach in DoD (2013b) provides a better 

form of classification, as the behaviour of structures treated as irregular by ASCE (2013) is only 

marginally different from that of the regular one.  

The chapter also present a review of existing methods for locating critical local damage 

scenarios, where the following gaps in the state of the art were observed: i) a heavy reliance on 

engineering judgement; and ii) excessive computational demand to achieve a sufficient level of 

confidence that the identified scenario is critical. Chapters 4 and 5 propose a computationally 

effective approach for resolving these shortcomings in the identification of critical local damage 

scenarios for the robustness of irregular building structures.  
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CHAPTER 3 
 

TRIANGULAR SHELL ELEMENT 
FOR REALISTIC MODELLING OF 

IRREGULAR CONCRETE SLABS 
 

 

3.1. Introduction  

Over the recent years, the tendency of modern-day architects to use singular and non-

repeatable shapes for building structures has been gaining popularity. There are numerous types 

of such irregularities: different floor shapes along the structure height, inclination of a building 

vertical axis, inclusion of twist into the structures general shape, etc. These unique features 

make such buildings aesthetically pleasing and financially attractive. 

To ensure that such irregular buildings meet structural safety requirements, detailed 

numerical analysis is often necessary. Some practical considerations for analysis of irregular 

structures are outlined by Shin et al. (2009). Typical simplified approaches can reduce the 

computational demand but at a cost of significant loss of accuracy as the system response 

becomes more complex and nonlinear in nature. Nowadays, it has become important to account 

for extreme loading, such as blast and earthquakes, when analysing response of high-profile 

buildings. The most commonly employed strategy to conduct such an assessment is through the 

use of finite element analysis (FEA). With this approach, the most complex and 

computationally demanding part of the numerical modelling process is related to the numerical 

representation of 2D continuous bodies such as slabs and walls. For irregular structures, the use 

of quadrilateral elements becomes cumbersome even with the most sophisticated mesh 

generators, leading to distorted element shapes that can adversely affect accuracy, particularly 

in nonlinear analysis under extreme loading. As such the most robust way of discretising 

irregular 2D continuum structures is based around triangular element meshes. 

Shell elements have been the subject of extensive research over several recent decades. 

Many different formulations capable of representing nonlinear behaviour of shells with 

different geometric configurations have been proposed for both triangular (Lee et al., 2014) and 

quadrilateral (Dvorkin et al., 1984; Swamy Naidu et al., 2015; Ko et al., 2017) elements. The 

most common formulations are based around Reissner–Mindlin plate theory with modifications 
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to the shear strain fields to alleviate locking problems. The development and application of shell 

elements for nonlinear analysis of concrete slabs and walls has also been an active area of 

research. Song et al. (2002) proposed a layered serendipity shell element capable of capturing 

the response of concrete structures under cyclic loading conditions, where the element 

formulation was enhanced via the inclusion of an extra pressure parameter which can assist 

with convergence. This is achieved by controlling the volume change of the shell element in 

the nonlinear procedure. The drawback of this approach is that this modification is incapable 

of dealing with convergence issues caused by such instabilities as snap-back and snap-through, 

which can be observed for some concrete structures (Crisfield, 2000b), besides the introduction 

of an additional parameter to the element degrees of freedom (DOF). A similar layered 

approach was adopted by Zhang and Zhu (2010) for a fibre reinforced concrete shell element, 

where they introduced a different approach for dealing with locking problems by incorporating 

Timoshenko composite beam functions into the formulation. This approach, however, comes 

at the cost of loss of generality, and as such the described element is restricted to rectangular 

shapes. A different approach for the assessment of concrete shells was adopted by Liu and Teng 

(2008), where instead of adopting a layered approach for the 9-noded shell element, with 

material strains and stresses evaluated for individual layers, the authors assumed a predefined 

stress distribution through the element and formulated the element response based on the 

generalised cross-sectional approach. This simplified approach allowed a good prediction of 

the response in bending dominated problems, though the accuracy is reduced for slabs involving 

coupled bending/membrane behaviour. This drop in accuracy can be explained by the 

simplified material model employed and by the neglect of geometric nonlinearity in the element 

formulation.  

To address the need for effective nonlinear analysis of reinforced concrete (RC) floor 

slabs and shear walls, for particular application to irregular structures, a new 2D shell element 

is proposed. This element combines the computational efficiency of three-noded elements with 

modelling accuracy achieved by incorporating hierarchic quadratic and cubic terms into the 

shape functions. The developed element is also capable of accounting for both geometric and 

material nonlinearities. 

In contrast with a rectangular shell element for composite slabs developed by 

Izzuddin et al. (2004), the proposed element allows for arbitrary slab shapes and rebar 

orientations. These properties allow the proposed element to be used in modelling irregular 

floor slabs under extreme conditions, including those due to fire, blast, earthquake loading and 
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sudden element loss. In addition, the element is applicable to the modelling of concrete slabs 

strengthened with strips of composite material. 

The section presents the formulation of the proposed triangular element within a local 

reference system, including the consideration of hierarchic shape functions for improved 

accuracy and the treatment of arbitrary rebar orientation for irregular floor slabs. Subsequently, 

the incorporation of the developed triangular element within a co-rotational approach (Izzuddin, 

2005; Izzuddin et al., 2016) is discussed, which enables the consideration of geometric 

nonlinearity including large displacements. The proposed triangular shell element has been 

implemented within the nonlinear structural analysis program ADAPTIC (Izzuddin, 1991), 

which is used in this chapter to provide verification tests for the element. Several verification 

and validation examples are presented to demonstrate the effectiveness and accuracy of the 

proposed element for geometric and material nonlinear analysis of reinforced concrete slabs. A 

final example is also provided to illustrate one of the applications of the proposed element, 

which relates to a large-scale irregular structure subjected to the case of sudden column loss, as 

typically considered for the assessment of structural robustness. 

 

3.2. Kinematics of Triangular Shell Element 

The proposed shell element for RC and composite floor slabs is formulated within a local 

co-rotational framework for large-displacement analysis under following assumptions: 

1. the concrete slab depth and the thickness of the steel deck in a composite slab are 

uniform; 

2. the rebar layout within a single element can be approximated with either parallel or 

orthogonal layers; 

3. the reinforcement response is uniaxial, in the direction of the rebar orientation; 

4. perfect bond exists between concrete and both the reinforcement and the steel deck; 

and 

5. direct out-of-plane stresses in the concrete are negligible. 

The proposed kinematic description, representing the Reissner–Mindlin hypothesis for 

thin to moderately thick plates, is formulated with reference to a local Cartesian coordinates 

system, with the origin located at Node 1 of the element, and with the local X-axis passing 

through Node 2, as depicted in Figure 3.1. In addition, natural area coordinates are employed 

for a simplified derivation of the element shape functions.  
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Figure 3.1. Element geometry and coordinate systems: 
a) Local coordinate system; b) Natural area coordinate system; c) Rebar orientation diagram 

 

The kinematic dependency that defines the displacement fields  , ,u v w  in terms of area 

coordinates  1 2 3, ,   , according to the adopted Reissner–Mindlin hypothesis (Zienkiewicz et 

al., 2000b), is related to the reference planar displacements  , ,p p pu v w  and rotations of the 

shell normal  ,x y   by the following expressions: 

 

1 2 3 1 2 3 1 2 3

1 2 3 1 2 3 1 2 3
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  (3.1) 

where area coordinates are related to local element coordinates  ,x y  as follows: 



Chapter 3. Triangular Shell Element for Realistic Modelling of Irregular Concrete Slabs 

 
 

91 
 

 

1 2 3

3 3
2

2

3
3

1

A

y

x

y

y xy

  





  
 
 


 


 
  (3.2) 

with 2A  standing for twice the element area and ,i ix y  denoting the local coordinates of node i  . 

The five components of the considered strain tensor can be established from (3.1) by 

derivation with respect to the local coordinates: 
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  (3.3) 

where derivatives of reference planar deformation fields  , , , ,p p p x yu v w       can be 

obtained in the local system by the means of chain rule differentiation from the respective field 

derivatives in the area coordinate system: 
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  (3.4) 

To account for the influence of reinforcing material on the response of the RC/composite 

slab element, the system response is enriched with the contribution from each of the considered 

layers, including rebars and steel deck. Uniaxial strains in the rebars can be obtained as a sum 

of projections of element planar strains on the rebar orientation defined by the angle    

between the rebar and the element Side 1-2 (see Figure 3.1): 

 2 2 cos( ) sin( ) ( ) ( );s x y xy sin cos                (3.5) 
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The steel deck strain components  , ,x y xy    are directly obtained from (3.3), by 

considering only the very bottom layer of the slab with 
2

h
z

 
  

 
. 

To allow for unstructured mesh definitions, an automatic procedure for the determination 

of rebar orientation angle    is considered based on two alternative approaches. The first 

alternative utilises a predefined vector in the global coordinate system which is projected on 

the element plane to establish one of the directions of reinforcement, with the other direction 

being orthogonal. The second alternative utilises a point (A) in global coordinates whose 

projection (A') onto the element plane (P) along with the element centre (Ci) defines a vector 

(vi) that is orthogonal to the reinforcement direction (Figure 3.2). This latter alternative can be 

employed for the straightforward specification of radial rebars and for a more general definition 

of rebar orientation in silos and more complex structures (Calavera, 2012; Schofield, 2012) 

modelled with flat shell elements. 

 

 

Figure 3.2. Orthogonal vector rebar orientation approach 

 

3.3. Local Element Response 

The kinematic description in the previous section is presented as a relationship between 

the element strains and the planar displacements  , ,p p pu v w and the normal rotations  ,x y   . 

These fields are discretised in terms of basic and hierarchic DOF using polynomial shape 

functions. 

Employing triangular elements with quadratic shape functions results in the addition of 

DOF parameters to the system while using basic linear shape functions results in loss of 

accuracy. To address these issues, selective enrichment with hierarchic shape functions 
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(Zienkiewicz et al., 2000a) is employed. Hierarchic DOFs represent coefficients of the 

hierarchic shape functions, the physical meaning of which is incremental on top of the basic 

shape functions, as illustrated in Figure 3.3. 

 

 

Figure 3.3. Physical meaning of hierarchic shape functions 

 

As such the general form for the local element displacement field ψ  is as follows: 
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  (3.6) 

where  , ,i i iψ ψ ψ  represent the nodal DOF (I), the hierarchic DOF related to quadratic shape 

functions (II), and the hierarchic DOF related to the cubic shape functions (III), respectively.  

The linear nodal shape functions as well as the quadratic and cubic hierarchic shape 

functions are conveniently defined in the area coordinate system as follows: 
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One of the additional benefits of employing hierarchic DOF is that the element can be 

used in either linear or higher-order form which allows for a more versatile modelling of 

complex problems. For instance, for a section of a structure, where accuracy is not of paramount 

importance, shape functions can be reduced to their linear form to reduce the number of DOF 

in the system and as such reduce the computational demand. Another benefit comes from the 

fact that stiffness matrices associated with hierarchic DOFs tend to be more diagonal 

(Zienkiewicz et al., 2000a) and as such are more numerically stable, which is very important 

when dealing with complex nonlinear behaviour of such material as concrete. As a further 

added benefit, the hierarchic formulation also allows for transverse displacement shape function 

to be always one order higher than the rotations of the shell normal, which reduces shear locking 

effects (Hughes et al., 1981). A final less obvious benefit that arises from considering a 

hierarchic formulation for the local element response in a co-rotational framework for large 

displacement analysis is that the additional hierarchic parameters can be excluded from the 

computationally demanding co-rotational transformations. This will be discussed further in the 

following section. 

After each incremental step, element strains for both the concrete slab, steel deck and 

reinforcement layers can be established based on the equations (3.3)-(3.7). The evaluation is 

performed at Gauss points defined for the numerical integration of triangular element 

(Dunavant, 1985; Zienkiewicz et al., 2000a). A robust nonlinear constitutive relationship for 

concrete (Izzuddin et al., 2004) as well as standard elasto-plastic models for steel are employed 

to obtain stresses at the considered Gauss points  , , tsc dσ σ σ . The contributions of the 

constituent materials to the local resistance forces vector and tangent stiffness matrix are 

obtained via numerical integration over the element domain for each of the constituent 

materials: 

 
1

1

i

i

N
c s d

e e e e
i

N
c s d

e e e e
i













 
   

 

 
   

 





f f f f

K K K K

  (3.8) 

 

 

 

2

1 1

2

1 1

4

4

m n T c

j

c h p c

j

e k j jk

c h p c c c
e k j

n

jk k

jk
k j

m

k j

T

k

hA

A h

 

 

 

 


    




     











σf B

K B D B

  (3.9) 



Chapter 3. Triangular Shell Element for Realistic Modelling of Irregular Concrete Slabs 

 
 

95 
 

 

 

 

2

1

2

1

2

2

d p d
e j j

d p

n T dd
j

j

n T
d d d d

e j j j j
j

A

A

t

t










 







   


  








f B σ

K B D B

  (3.10) 

 

 
   

 
     

2

1

2

1

2

2

i

Ts p s
e j j i

Tp s s

n
e si

j i
j

n
e

j
s si
e j i i

j
j ji

A

A

t

t










 











  


   





σf B

K B D B

  (3.11) 

where N  stands for the number of rebar layers, superscripts  , ,c d s  refer to the concrete slab, 

deck and rebar layer components, and  ,d st t  correspond to thickness of deck and effective 

thickness of rebar layer, respectively, noting that rebar is considered in terms of a smeared layer 

thickness. Numerical integration weighting factors  ,p h   refer to integration over the plane 

and slab thickness, respectively, with  ,n m  representing the corresponding numbers of Gauss 

points. Finally, the B  matrices relate the strain components of constituent materials to the local 

displacements, and these can be readily established from (3.3)-(3.7), while the D  terms 

represent the tangent modulus matrices for the considered material. 

It is worth noting that while the above local formulation accounts for material 

nonlinearity, it excludes local geometric nonlinearity. However, the incorporation of the 

element within a co-rotational framework enables the direct consideration of geometric 

nonlinearity, with the influence of local geometric nonlinearity becoming less significant with 

mesh refinement, as is typically required for modelling complex and irregular floor slab 

configurations. 

 

3.4. Co-rotational Framework 

As outlined by Belytschko et al. (2000), when a structural system experiences large 

rotations, linear deformation measures are no longer applicable. To address this issue the 

concept of rotated stresses and strains was introduced, such quantities referring to a measure of 

deformation that excludes rigid body rotations. Crisfield (2000a, 2000b) further expanded this 

concept, taking it from the material point level to the element level. This was accomplished by 

defining a local reference coordinate system that would follow the deformed element in such a 

way as to ensure that the element would experience in this system only small translations and 
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rotations. This approach allows the use of elements that are geometrically linear in the local 

system, with geometric nonlinearity incorporated through transformations between local co-

rotational reference system and global coordinate system. 

The proposed flat shell is accordingly considered within a co-rotational framework for 

geometric nonlinear analysis, adopting approaches developed by Izzuddin, (2005) and Izzuddin 

and Liang (2016). In order to remove the influence of the rigid body rotations from the local 

element response, a local co-rotational system is established in such a way as to minimise the 

rotation of the deformed shell element. Two existing approaches are considered for this purpose 

with the proposed element: bisector and zero-macrospin (Izzuddin, 2005; Izzuddin et al., 2016), 

which provide the required discrete transformations between local and global element 

parameters. 

 

3.4.1. Bisector Approach 

The bisector approach was initially developed by Izzuddin (2005) for quadrilateral 

elements and later expanded by Izzuddin and Liang (2016) to triangular elements. The approach 

places the co-rotated local system in such a way so that the bisector of an internal angle 

 , ,   , formed by the centroid O and vertices of the undeformed triangle (blue line), is 

coincident with the corresponding bisector for the triangular element in the deformed 

configuration (red line), as illustrated in Figure 3.4. 

 

 

Figure 3.4. Alignment of bisectors in undeformed and deformed state 

 



Chapter 3. Triangular Shell Element for Realistic Modelling of Irregular Concrete Slabs 

 
 

97 
 

When alignment of the triad  , ,x y zc c c (Figure 3.5) is governed by the bisector of angle 

 , the current orientation can be established as follows (Izzuddin et al., 2016): 

 

 

Figure 3.5. Local reference systems definition for bisector approach 
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where the bisecting vector c  can be established as a normalized sum of normalized vectors 

1Ov  and 3Ov  (Figure 3.6). 
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Figure 3.6. Element vectors employed in definition of local reference system 
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Vector ˆc  located in the element plane and orthogonal to bisecting vector c  can be readily 

established via the cross-product between c  and zc : 

 ˆ z  c c c   (3.14) 

Vectors connecting the element centroid to the nodes can be determined based on the definition 

of centroid as follows: 

  O 3, 1
3

ik jk
k i j k


   

v v
v   (3.15) 

Constant parameters xa   and ya  can be established from the triad orientation in the undeformed 

state: 

 

o o
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 cc
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  (3.16) 

Finally, vectors in the deformed configuration can be obtained from those in the undeformed 

configuration and the global nodal displacements: 

 o
ij ij j i  v d dv   (3.17) 

where o
ijv  is the vector connecting node i  to node j  in the initial undeformed configuration, 

and: 

 , ,
T

i i i iVU Wd   (3.18) 

represents the global translational displacements of node i . 

Similar expressions can be employed for the cases in which the alignment of the bisectors of 

angles   or   are governing the orientation of the current local reference system. 

 

3.4.2. Zero-macrospin Approach 

On the other hand, the alternative zero-macrospin (Figure 3.7) approach does not aim at 

reducing a single relative rotation to zero (e.g. by aligning the bisectors), but to reduce the 

overall rotations at the element level. This definition is an extension of the work presented by 

Crisfield & Moita (1996) which was concerned with reducing spin at a single point (element 

centroid) to zero. The shift from a single point spin reduction to a more generalised treatment 

is achieved using a simple and direct approach (Izzuddin and Liang 2016) by considering the 

fact that rigid rotations can be removed if the geometric transformation from the co-rotational 

system to the deformed configuration is associated with only a stretch operation (Figure 3.8). 
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The alignment of the planar component of the triad in the initial undeformed configuration 

o
xc  and o

yc  are defined so that o
xc  is aligned with the Edge 1–2, and can be established in 

similarly to (3.20): 
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1 12 2 23
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a a
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  (3.19) 

 

 

Figure 3.7. Local reference systems definition for zero-macrospin approach 

 

On the other hand to determine the alignment of the triad  , ,x y zc c c  in the current 

deformed configuration stretch vectors xc  and yc  have to be established (Figure 3.8) via the 

following geometric relationship:  
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which links them explicitly with deformed configuration element edge vectors 12v  and 23v , as 

well as implicitly with initial undeformed configuration edge vectors 12
ov  and 23

ov  via the 

constants 1xa , 2xa , 1ya  and 2ya  which can be determined as: 
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where o
ijc  represents a unit vector aligned with the edge i j  of the element in the initial 

undeformed configuration (Figure 3.6): 
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Figure 3.8. “Stretch” local reference system alignment 

 

Having obtained stretch vectors xc  and yc , the alignment of triad components xc  and yc  can 

be easily established from the inverse ‘stretch’ operation (Figure 3.9) as (Izzuddin et al., 2016): 
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where superscript n  indicates planar rotation of stretch vectors xc  and yc  by 
2


 and 

2


  

respectively and triad component zc  is normal to the element plane: 
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Figure 3.9. Inverse “stretch” operation 

 

In applying the co-rotational approach to the proposed flat shell element, the co-rotational 

transformations are considered in two separate stages. In the first stage, the global element 

parameters are transformed to local parameters system, where only the basic nodal parameters 

are subject to transformation, with the additional hierarchic parameters coupled directly 

between adjacent elements (Izzuddin 2005). This then allows the local element response to be 

established, where in a second stage two additional transformations are performed to transform 

the local resistance forces and the local tangent stiffness matrix to the corresponding global 

entities. Similar to the first stage, no co-rotational transformation is required for entities 

associated with the additional hierarchic DOF, since these are edge based and are directly 

shared by adjacent elements. It is worth noting though that, unlike the rectangular element 

developed by Izzuddin et al.(2004), local transformation of the hierarchic parameters is required 

from their edge-based system to the local element Cartesian system, though this transformation 

is constant throughout the geometric nonlinear analysis. 

 

3.5. Element Verification Tests 

To demonstrate the efficiency and convergence characteristics of the proposed element 

for geometric linear and nonlinear analysis, several numerical examples are considered in this 

section. With regard to numerical integration, it is noted that all problems within this section 

utilise 7×3 Gauss points per element, corresponding to the number of Gauss points used for 

integration over the element planar domain and out of plane, respectively. It is also noted that 

for the presented problems, sufficient accuracy could have been achieved with fewer Gauss 
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points, with 3 and 6 integration points sufficient for accurate integration of the basic linear and 

higher-order quadratic element forms.  

 

3.5.1. Square Plate Subjected to a Point Load 

This test considers a square plate clamped along two opposite edges and subject to a point 

load (P) applied at point (A) (Figure 3.10). Three different meshes, each with two different 

hierarchic forms, are considered for this problem. The first two meshes are based on a regular 

discretisation of the domain (Figure 3.10 a-b), while the third one is based on a randomly 

generated triangulation of the domain (Figure 3.10 c). Out of plane displacements at points (A) 

and (B) of each of these meshes in both their hierarchic linear (Figure 3.11 a) and quadratic 

forms (Figure 3.11 b) are compared against the corresponding results from a similar numerical 

test performed by Izzuddin (2005). The list of abbreviations for the employed models is 

provided in Table 3.1. 

 

Table 3.1. Definition of abbreviations for considered tests 

Abbreviation Definition 

CSL3-Q(L) Mesh of M×N 3-noded elements (each rectangle divided into 2 triangles). 

M × N × 2 L: linear variant, Q: quadratic variant. 

CSL3-Q(L) 
Irregular mesh consisting of 209 triangular elements. 

209 

CSL4-Q(L) 
Mesh of of M×N 4-noded rectangular elements. 

M × N 

 

The predicted displacements for point A and B at the final load step (P=250 kN), as well 

as relative errors compared to the solution of Izzuddin (2005) for all considered options are 

presented in Table 3.2 for linear shape functions and Table 3.3 for quadratic form.  

The results show a good correlation for both linear and quadratic forms at all 

discretisation levels. As expected, the linear form of the triangular element provides a stiffer 

response compared to the rectangular element, but with mesh refinement the respective 

responses become more comparable (Table 3.2, Table 3.3). The quadratic forms of both 

rectangular and triangular elements allow a better approximation even when using fewer 

elements. It is worth noting that the irregular mesh of triangular elements with quadratic terms 

shows a low level of relative error despite having a variety of elements with sub-optimal shapes.  
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Figure 3.10. Square plate problem setup and employed mesh 
a) regular 10×10×2 elements; b) regular 20×20×2 elements; c) irregular 209 elements 

 

Table 3.2. Deflection and relative errors for linear form shape-function meshes 

Points 

CSL4-L CSL3-L CSL4-L CSL3-L CSL3-L 

10×10 10×10×2 20×20 20×20×2 209 

Disp. 
mm 

Disp. 
mm 

Error % 
Disp. 
mm 

Disp. 
mm 

Error % 
Disp. 
mm 

Error % 

A 5.7901 5.5711 3.78 6.0719 5.9863 1.41 5.6802 6.45 

B 3.4992 3.7513 7.21 3.5821 3.5786 0.1 3.4533 3.6 

 

Table 3.3. Deflection and relative errors for quadratic form shape-function meshes 

Points 

CSL4-Q CSL3-Q CSL4-Q CSL3-Q CSL3-Q 

10×10 10×10×2 20×20 20×20×2 209 

Disp. 
mm 

Disp. 
mm 

Error % 
Disp. 
mm 

Disp. 
mm 

Error % 
Disp. 
mm 

Error % 

A 6.3277 6.1306 3.12 6.2433 6.186 0.92 6.1734 1.12 

B 3.6297 3.5341 2.63 3.6087 3.5889 0.55 3.6359 0.75 
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Figure 3.11. Results comparison for considered mesh options: 
1) coarse mesh, 2) fine mesh, 3) irregular mesh, 

a) linear form, b) quadratic form 
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Some of this accuracy though is attributed to the fact that due to the random distribution within 

the domain, a higher density of nodes is obtained in the vicinity of points (A) and (B) compared 

to the CSL3 10 × 10 case. Further analysis on the effects of mesh irregularity indicated that 

mesh variations can result in an average error of 2.35% and 1.52% for the deflections at points 

A and B, respectively. 

This test is also used to assess the computational efficiency of the developed element. To 

this end, the time required for the analysis as well as the prediction accuracy are compared 

against models utilising a 4-noded rectangular shell element (CSL4) (Izzuddin et al., 2004), a 

9-noded quadrilateral element (CVS9 – H3O9) (Izzuddin et al., 2017) and a 6-noded triangular 

element (CVS6 – H3O6) (Liang, 2015). The developed element and CSL4 elements are 

considered in both quadratic (Q) and linear (L) hierarchic forms. In order to achieve comparable 

accuracy, similar meshes based on a 20 × 20 configuration are used for the CSL3, CSL4 and 

CVS6 models, while a 10 × 10 mesh is used for the CVS9 model. The normalised errors and 

computing times are resented in Figure 3.12. 

The obtained results demonstrate the higher efficiency of the quadratic hierarchic form 

of the developed triangular element (CSL3-Q) compared to the conventional quadratic element 

(CVS6) of the same mesh density. It should also be noted that while the linear hierarchic form 

(CSL3-L) is less accurate than the quadratic form (CSL3-Q), it offers a significant reduction in 

computing time without a significant negative impact on accuracy. As expected, due to the 

difference in the number of elements required for the triangular and rectangular meshes of the 

same density, the latter marginally outperforms the former in term of efficiency for similar 

levels of accuracy. However, a key benefit of the triangular element is its applicability to the 

modelling of irregular structural forms.  

 

Figure 3.12. Computational efficiency comparison 
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3.5.2. Buckling of Rectangular Plate under Planar Loading 

This test considers a rectangular plate simply supported along four edges under a 

uniformly distributed load (p) applied along the plate short sides (Figure 3.13). To ensure that 

the system follows the post-buckling path associate with the lowest buckling mode, a small out 

of plane load (10-2 N) is applied at the point A. Due to symmetry only quarter of the plate is 

modelled. As in the previous test, two different mesh densities (15 × 5 × 2; 30 × 10 × 2) and 

two element forms (linear and quadratic) are considered for each test (Figure 3.14).  

 

 

Figure 3.13. Buckling problem set-up with two employed mesh densities overlay 

 

 

Figure 3.14. Comparison of lateral displacement at point A for different mesh densities and hierarchic forms 

 

The obtained out-of-plane displacement at point A and the relative errors compared to the 

solution of Izzuddin (2005) are presented for all considered options in Table 3.4. The results 
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obtained with a fine mesh of quadratic rectangular elements at the end of analysis are used as a 

basis for error estimation and are highlighted in the tables.  

 

Table 3.4. Displacement and relative errors for considered options 

Hierarchic 
form 

CSL4 CSL3 CSL3 

30×10 15×5×2 30×10×2 

Disp., Disp., Error, Disp., Error, 

mm mm % mm % 

Linear 
0.365 

0.311 14.795 0.35 4.110 

Quadratic 0.381 4.384 0.359 1.644 

 

It is noted that all models converge with mesh refinement, where the performance of the 

quadratic forms of both triangular and quadrilateral elements is generally better, as would be 

expected. It is also important to underline that this test involves a buckling mode with multiple 

waves over the plate, which requires a relatively fine mesh for an accurate representation. 

 

3.6. Element Validation against Experimental Results 

This section addresses the applicability of the proposed triangular shell element to the 

assessment of reinforced concrete slabs under extreme loading, where two experimental tests 

are considered for validation purposes.  

 

3.6.1. Octagonal Two-Way Concrete Slab Subjected to Point Load 

The first test relates to the experimental work conducted by Fall et al. (2014). The 

experiment aimed at investigating the applicability of yield line assessment for a two-way slab 

made of fibre-reinforced concrete. The current work only makes use of the results from the first 

control specimen presented in the aforementioned study, which relates to a concrete slab with 

only rebar reinforcement. To reduce the influence of complex boundary conditions on the 

system response, Fall et al. (2014) considered an octagonal slab simply supported and laterally 

unrestrained on 4 opposite sides (Figure 3.15). The specimen was reinforced with a single layer 

of Ø6 mm rebar, where the influence of the load redistribution mechanism was studied using 

unequal rebar spacing in the two directions, specifically 194 mm and 96 mm, as illustrated in 

Figure 3.15. 
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Figure 3.15. Octagonal slab two way bending test setup and employed mesh (dimensions in mm) 

 

For the current numerical model, the material parameters are taken from the original paper 

and presented in Table 3.5. A fixed-crack elevated-temperature model developed by Izzuddin 

et al. (2004) is used to describe the concrete behaviour. This model is capable of dealing with 

both the nonlinear compressive and tensile response of concrete. Compressive nonlinearity in 

the biaxial response of concrete is included via an evolving plastic interaction surface, while 

the tensile response is modelled by means of separate strength envelopes for the biaxial stresses. 

On the other hand, a standard uniaxial elasto-plastic model with kinematic strain-hardening is 

assumed for the reinforcement material, where an elliptical post-yield response is considered 

up to the ultimate strength (Song et al., 2000). Good accuracy of numerical integration was 

achieved for this problem using 7×5 Gauss points per element. 

The results of the developed numerical model demonstrate good agreement with the 

experimental results of Fall et al. (2014), as shown in Figure 3.16 for the centre point deflection. 

It can be seen that proposed element is capable of capturing with sufficient accuracy both the 

first peak load and the subsequent nonlinear large displacement response dominated by 

membrane action. It is worth noting that convergence difficulties were encountered beyond the 

ultimate load level due to extensive damage of concrete material with the rebar simultaneously 

attaining the ultimate strength. The developed numerical model is also capable of predicting 

the cracked regions with sufficient accuracy, where the corresponding crack patterns can be 

seen in Figure 3.16. Some of the deviations in the response can be attributed to the stochastic 
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nature of the experimental concrete response and the deterministic nature of the computer-based 

simulation. 

 

Table 3.5. Material properties employed in numerical analysis for octagonal and circular slabs 

  
Octagonal 

slab 
Circular 

slab 

Concrete material properties 

Young's Modulus, N/mm2 31 730 21 752 

Poison's Ratio 0.2 0.2 

Compressive strength, N/mm2 50.9 28.68 

Tensile strength, N/mm2 2.7 1.45 

Tensile softening modulus, N/mm2 3520 1485.7 

Pseudo-elastic range 0.4 0.4 

Factor for biaxial compressive interaction 0.6 0.6 

Elastic shear retention factor 0.4 0.4 

Factor scaling direct tensile stresses for shear interaction 0.5 0.5 

Steel material properties 

Young's Modulus, N/mm2 210 000 199 948 

Yield stress, N/mm2 550 303 

Ultimate stress, N/mm2 666 352 

 

 

Figure 3.16. Displacement of the octagonal slab centre, and experimental/numerical crack pattern 
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3.6.2. Circular Concrete Plate Subjected to Uniformly Distributed Load 

The second test relates to the experiments conducted by Chen et al. (1990), where an 

approach for miniaturised testing was developed. To validate the proposed approach, Chen et 

al. (1990) performed a series of tests on miniaturised circular slabs. Consideration is given here 

to one of the specimens from the experimental programme.  

The considered specimen had a continuous support along the circumference of the slab, 

which is modelled by restraining all the nodes on the circumference and ensuring that edges 

have zero displacement by enforcing zero values for parameters of related hierarchic DOF. The 

specimen was also doubly reinforced with uniformly spaced rectangular wire mesh 

(Figure 3.17). This reinforcement was effectively modelled with the previously described 

algorithm for defining rebar orientation relative to the local element system. 

 

 

Figure 3.17. Circular slab experimental setup and employed finite element model 

 

The material properties for this test are taken from the data provided by Chen et al. (1990). 

The same material models are used as in the previous test, with the associated material 

properties given in Table 3.5. 

It is evident from the results in Figure 3.18 that the proposed element is capable of 

predicting the nonlinear response of the circular slab, including the influence of tensile cracking 

and yielding of the reinforcement. It is unclear whether the small discrepancy in modelling the 

post-yield response is due to inaccurate material properties or reporting of the experimental 

results, though the numerical predictions are generally good considering the small scale of the 
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specimen and material uncertainty. Interestingly in the post-yield range, a compression ring 

(Figure 3.18) is formed after significant displacement, which serves as a well-known restraint 

for membrane action within the slab, where similar effects of relatively early onset of hardening 

for circular slabs have been previously reported (Herraiz et al., 2016).  

 

  

Figure 3.18. Centre point deflections of circular concrete slab 

 

3.7. Large-Scale Application of Shell Element 

To demonstrate the applicability of the developed element, it is employed here in the 

nonlinear analysis of a large irregular 44 storey structure subjected to a sudden column loss, 

similar in form to the “Gherkin” building in London (Massey, 2014). The irregularity of the 

considered building relates to both to the floor plan that changes along the structure vertical 

axis (Figure 3.19)  and to its diagrid structural system (Figure 3.20). Columns, girders and 

diagrid system are modelled with beam elements (Izzuddin, 2001). Different parts of the slab 

are assigned with different rebar layout, utilising the capability of developed procedure to assign 

rebar orientation for each element relatively easily. 
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Figure 3.19. Irregular structure meshed floor plan 

 

 

Figure 3.20. 3D view of analysed structure 

 

To obtain the structural response of this type of problem, a system of nonlinear equations 

must be solved. Each equation in such a system corresponds to a state of equilibrium achieved 
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for a DOF associated with the specific node or element. Due to the complex nature of 

nonlinearities associated with such structures, the solution to the system of nonlinear equations 

is obtained iteratively, where the solution of a linearised system of equations is obtained at each 

iteration. As the structural system becomes more complex and more finite elements are required 

to adequately represent the physical behaviour, the computational demand of such a procedure 

increases exponentially. 

The problem solved here fits exactly into the description of large and complex structural 

systems, where to adequately capture the response it had to be discretised with 213673 nodes 

and 219573 elements, which is equivalent to the solution of a system with approximately three 

million unknown DOF parameters (both nodal and hierarchic). Consequently, the numerical 

simulation with such a model can become prohibitively expensive in terms of computing time 

if dealt with using conventional methods. To address this issue, a recently developed partitioned 

modelling approach (Jokhio et al., 2015) is employed to take advantage of parallel computing 

capabilities. 

With the above approach, the structural domain is decomposed into separate partitions. 

The interaction of each partition with the remaining structure can be characterised by a set of 

nodal forces applied at nodes along the partitioned boundary. As such, the initial structure can 

be seen as a combination of such partition, represented as super-elements that interact only 

along the partition boundary, as illustrated in Figure 3.21. This decomposition technique 

reduces the computing time of the simulation by taking advantage of parallel processing. Within 

the partitioned modelling approach, each partition (child) can be treated separately, and as such 

the independent assembly of partition-wise resistance forces vector and tangent stiffness matrix, 

associated only with the DOFs of the partition, becomes possible. Each of the obtained systems 

are condensed via backward substitution and forward elimination processes to only the DOFs 

associated with partition boundary, and these are further communicated and assembled together 

into the reduced system of equations at the level of the parent partition. 

In order to obtain a significant performance boost when applying partitioned modelling 

approach (Jokhio et al., 2015), care has to be taken when deciding on the location of the 

partitioned boundary. Greater efficiency can be achieved for cases where the number of DOFs 

associated with nodes located on the partition boundary is significantly less then total number 

of DOFs inside the partition. It should be noted that to fully utilise the advantage of the 

partitioning strategy a good balance has to be found between spreading the computations 
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between independent processors (number of “child” partitions) and communication overhead 

that it entails (number of DOF on the partition boundary). 

 

 

Figure 3.21. Partition algorithm approach 
 

For the considered structure, these conditions can be satisfied by the floor-based partitions 

with the boundary between the individual floors. This results in the boundary containing only 

DOFs associated with the vertical bearing system, while placing all the DOFS associated with 

slab elements inside the partitions.  

To assess the influence of slab elements on the overall structural response to the localised 

damage, a series of analyses with and without the developed elements have been performed. 

Each analysis considered a specific damage scenario such as removal of internal column, 

removal of two neighbouring internal columns, removal of a diagrid pair and combinations of 

the above. These damage conditions were considered at different elevations, specifically at the 
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first, sixth and twelfth floor levels. Comparison between nonlinear static responses for the case 

of a single internal column removal with (blue) and without slab elements (red) are presented 

in Figure 3.22. Load factor in Figure 3.22 is plotted against the normalised displacement of the 

reference point (positioned above the affected column; normalisation is performed against the 

displacement observed for the this point for the “no damage” scenario under fully applied 

loading  1  ).  

 

 

Figure 3.22. Effects of slab element inclusion  

 

The undertaken analysis highlighted the robustness of the considered diagrid structural 

system, which agrees with previous assessments conducted by other researchers (Kim et al., 

2010, 2011, 2013; Kwon et al., 2014). However, it is noted that previous works disregarded the 

influence of the floor slabs, either due to computational demand or due to the absence of 

accurate nonlinear elements for such structural systems. Presented findings, on the other hand, 

indicate that such an assessment can lead to overly conservative results for some of the possible 

damage scenarios. In all of the analysis undertaken for the present work, it can be observed that 

slabs in the affected bays are subject to significant deformation, as illustrated in Figure 3.23 

(for the case of removal of two neighbouring internal columns), which leads to considerable 

membrane action, as also reported in a recent experimental study conducted by Dat and Hai 

(2013). It should also be noted that disregarding membrane action will only be conservative if 

the floor system is capable of undergoing large deflections without losing structural integrity, 

otherwise as reported by Vlassis et al. (2009) the impact of the collapsing floor is very likely 

to trigger progressive collapse of the considered structure. As such it is evident that for a 
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realistic assessment of structural robustness, a detailed slab model has to be considered, which 

is demonstrably provided by the developed triangular element. 

 

 

Figure 3.23. Slab deflections for the affected bay for the case of removal of two neighbouring internal columns 

 

3.8. Concluding Remarks 

This chapter introduces a novel triangular shell element for the nonlinear analysis of RC 

floor slabs subjected to extreme loading conditions. The developed shell element is formulated 

in a local reference system based on the conventional Reissner–Mindlin hypothesis. The 

element is introduced in two hierarchic forms, linear and quadratic, the latter allowing for 

quadratic approximation of displacement fields at any point of the considered slab. The section 

presents the details of the local element formulation, as well as its incorporation within a co-

rotational framework for large displacement analysis. 

The new shell element has been implemented within the nonlinear structural analysis 

program ADAPTIC, which is employed in this work to provide verification and validation of 

the element formulation and its implementation. Comparisons against existing rectangular shell 

element demonstrate very good agreement in both the small and large displacement ranges for 

several test problems. The applicability of the element to the modelling of irregular slabs is first 

validated via comparisons against experimental results of reinforced concrete slabs of different 

shapes and reinforcements ratios. The agreement between numerical and experimental data 

demonstrate a very good overall accuracy in predicting both the deflections and load capacity. 

Finally, the nonlinear analysis of a large-scale irregular structure subject to sudden loss of one 



Chapter 3. Triangular Shell Element for Realistic Modelling of Irregular Concrete Slabs 

 
 

117 
 

or more structural elements is presented. The results of this study confirm the need for detailed 

modelling of concrete slabs to assess structural robustness adequately. 

Finally, the development of the proposed element paves the way for application of 

concepts discussed in Chapters 4 and 5 to large scale and irregular building structures subjected 

to localised failure. The newly developed element provides a good balance between accuracy 

of the simulated response, computational efficiency and ease of modelling complex shapes, all 

of which are required when dealing with large-scale problems.
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CHAPTER 4 
 

ROBUSTNESS ASSESSMENT 
METHODOLOGY FOR IRREGULAR 

STRUCTURES 
 

 

4.1. Introduction  

A significant amount of research has been conducted on the topic of robustness in the last 

50 years. Every time a major collapse occurs, this topic experiences a renewal of investigators’ 

interest. To reduce the likelihood of these catastrophic failures, a number of different 

approaches have been developed to assess structural robustness and find ways to avert the 

initiation of collapse, but, as outlined in Chapter 2, there is a gap in the state of the art when it 

comes to robustness assessment methodologies for irregular structures. 

The aforementioned gap can be explained by the great diversity of irregular structures as 

well as by the demand on computational resources required to assess their robustness. Some 

obstacles that arise in the field of robustness assessment of irregular structures, in particular 

design variability and as such a great uncertainty concerning the location and extent of the 

collapse triggering event, can be addressed with a dedicated optimisation tool. It should be 

noted that for a very long time, the field of structural optimisation was mostly concerned with 

linear problems  due to the amount of time and computer resources required for the solution of 

complex nonlinear problems, but with recent developments in computing technology, this is no 

longer the case, as more and more practical and scientific applications employ optimisation of 

complex nonlinear models (Jansen et al., 2014; Abdi et al., 2018; Wallin et al., 2018). In this 

respect, the application of structural optimisation techniques to the robustness assessment 

problem can be an important demonstration of the applicability of optimisation in engineering 

practice. This is particularly important for cases where “engineering judgment” is utilised, as 

without a solid empirical foundation, engineering judgement alone may lead to catastrophic 

failures of structures (Ellingwood et al., 2007; SCOSS, 2017).  

This chapter aims to address the issue of determining the most critical damage scenario 

for any given building, with particular application to irregular structural configurations. The 

chapter highlights the possibility of applying the topology optimisation concept in the field of 
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robustness assessment, where instead of distributing material within the domain to improve 

performance, localised damaged is applied to the structures to decrease the building robustness. 

A full description of the developed method as well as a practical example of its implementation 

are presented in this chapter. 

Initially, the concept of partial damage in application to robustness assessment is 

discussed. This concept is further investigated via a case study on a plane frame structure. 

Different levels of damage are applied to the frame at different locations, and a comprehensive 

nonlinear analysis is utilised to study the robustness of each damaged configuration. Both the 

strengths and shortcomings of partial damage application are outlined, followed by some 

conceptual measures to address the shortcomings. 

Subsequently, the chapter explores the use of topology optimisation in the field of 

crashworthiness and “fail-safe” design, where existing methodologies are critically assessed 

and compared based on the objective functions, constraint function and type of structural 

analysis considered in the optimisation procedure. This is followed by an extended discussion 

on both the suitable objective function for robustness assessment and the definition of 

constraints for the considered problem, providing a detailed account of the sensitivities of both 

constraint and objective functions. The developed sensitivity expression accounts for both the 

nonlinear nature of collapse as well as for the continuous accumulation of change in the 

nonlinear response due to the damage effects. Additionally several simplified approaches for 

quantifying the sensitivity of nonlinear systems are proposed. 

A brief review of optimisation algorithms that are applicable to the problem at hand is 

then presented, with particular emphasis given to the adopted first-order algorithm, namely the 

Method of Moving Asymptotes (Svanberg, 1987). Finally, the discussed methodology is 

illustrated with a simple example, with a subsequent discussion of the efficiency, applicability 

and possible shortcomings of the adopted approach. 

 

4.2. Damage as a Semi-Continuous Field 

4.2.1. Partial Damage Notion 

The quantitative assessment of robustness of a structure subjected to some unique damage 

scenario is a complex process associated with numerous uncertainties. These uncertainties may 

vary greatly from one damage initiating event to another. Moreover, there is no guarantee that 

there exists such a reasonable initiation event that, when designed for, would subsume all other 

possible damage scenarios in respect of design requirements.  
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When the alternate load-path method (ALPM) is utilised, as described by 

Ellingwood et al. (2007), it is possible to eliminate the uncertainty associated with the initiation 

event by considering only cases of sudden local damage application (e.g. sudden column loss). 

This problem reduction comes at a cost of introducing an uncertainty associated with the 

position and extent of accidental local damage. Design codes aim to reduce the variability of 

the extent of possible local damage by prescribing a maximum threshold either to the initiating 

event severity (e.g. number of damaged columns, GSA, 2003) or to the resultant failure extent 

(e.g. amount of failed bays at the end of the analysis, CPNI, 2011). It has to be noted that while 

structural analysis conducted within the ALPM can provide information on the robustness of a 

given structure, the obtained capacity values do not correspond to the typical initiating events. 

This is the case as outlined by Ellingwood (2002) due to the fact that complete failure of bearing 

capacity by any given element is an unlikely scenario, and when such an event occurs it is 

accompanied by both extensive damage to a considerable number of elements in the vicinity of 

the failed one (McConnell et al., 2011) and non-negligible forces of significant magnitude 

applied to the structure (Osteraas, 2006). 

In an attempt to address this issue, Gerasimidis et al. (2014) considered an approach 

where not only is damage applied to multiple structural elements but its intensity may vary. It 

should be noted that damage application in the above work relates to a proportional reduction 

to the element stiffness and resistance; when applied in conjunction with finite element 

modelling (FEM), this reduction takes the following form: 
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where tK  and R  represent the global tangent stiffness matrix and the global resistance forces 

vector, respectively, which can be assembled from the elemental contributions  ek  and  er

after scaling with a respective element based reduction factor  1 red
eb , where the damage 

parameter red
eb  can take any value between 0 and 1: 
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4.2.2. Illustration of Partial Damage Notion  

To illustrate both the application and limitations of the partial damage approach, consider 

a simple plane frame problem, where lateral stability is ensured by a section of a concrete wall 

(Figure 4.1).  

 

 

Figure 4.1. The 2D numerical test set-up 

 

For this problem, 2-node cubic Euler-Bernoulli beam elements (Izzuddin, 1991) have 

been utilised to discretise columns and beams, and a novel 3-node hierarchic shell element, 

presented in Chapter 3 have been employed to represent the portion of a structure corresponding 

to the concrete wall. All of the employed elements are capable of capturing both physical and 

geometric nonlinearities in the response of the considered structure.  

The frame dimensions as well as section sizing are presented in Figure 4.2, where circular 

hollow sections are used for the columns, while I-sections are employed for the beams. Since 

no out-of-plane deformations are expected in this model, only a single layer of reinforcement 

located at the wall geometric centre is included in the model (Figure 4.2). The rebar area in both 

vertical and horizontal direction is assumed equivalent to the two reinforcement meshes 

constructed of Ø12 bars with 200 mm spacing between them, or a single mesh of Ø16 bars with 

200 mm spacing. The structural system is subjected to a nominal uniform load of 160 kN m  

applied to the beams at each floor. 
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Figure 4.2. Test structure dimensions and section information 

 

Table 4.1. Material properties employed in numerical analysis  

Concrete material properties 

Young's Modulus, N/mm2 30 000 

Poison's Ratio 0.2 

Compressive strength, N/mm2 30 

Tensile strength, N/mm2 3.0 

Tensile softening modulus, N/mm2 3000 

Pseudo-elastic range 0.4 

Factor for biaxial compressive interaction 0.6 

Elastic shear retention factor 0.4 

Factor scaling direct tensile stresses for shear interaction 0.5 

Steel material properties Rebar 
Structural 
Elements 

Young's Modulus, N/mm2 210 000 210 000 

Yield stress, N/mm2 350 250 

Ultimate stress, N/mm2 450 300 

Ultimate strain 0.2 0.2 

 

A fixed-crack elevated-temperature model developed by Izzuddin et al. (2004) is used to 

describe the concrete behaviour. This model is capable of dealing with nonlinearities both in 

the compressive and tensile ranges of concrete response. Compressive nonlinearity is included 

via an evolving plastic interaction surface, while the tensile response is modelled by means of 

individual strength envelopes for the biaxial stresses. For the structural steel components (wall 
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reinforcement, beams, columns) a standard uniaxial elasto-plastic material model with 

kinematic strain-hardening is assumed, where an elliptical post-yield response is considered up 

to the ultimate strength (Song et al., 2000). For the current numerical model, the material 

parameters are presented in Table 3.5. 

To illustrate the effect of partial damage on the structure, two zones of damage application 

are investigated (Figure 4.2). Zone A is centred on the joint where the first floor beams connect 

to the column, while Zone B is centred on the connection of the second floor beam with the 

bearing wall. In all cases damage is applied elementwise via the introduction of reduction 

factors to the respective element tangent stiffness and resistance forces contributions. All 

considered cases unless otherwise specified are assessed by means of the pushdown analysis, 

where the aforementioned nominal load is scaled with the variable load factor. Different 

distributions and magnitudes of partial damage are investigated for Zone A, while only 

magnitude of partial damage is studied for Zone B. 

The first considered scenario investigates the response of the structure where damage is 

uniformly applied to the two elements located at the top of the first floor column (Figure 4.3). 

For all cases of damage application, the vertical displacement of a single point (red circle in 

Figure 4.3) is tracked throughout the nonlinear analysis. Some of the response curves are 

presented in Figure 4.3, where the following labelling system is applied to distinguish different 

responses: 

/

Colour of Colour of Magnitude Colour of Magnitude
the tracked the of the damage the of reduction 

point f
damage damage 

region 1 2 actorsregion 

    
 
 
 
 

R B O 0.500 G 0.250

  

 

4.2.3. Damage Intensity Investigation 

From the results presented in Figure 4.3, a clear change in the response is evident with 

increasing levels of damage. For the cases of low damage (0 to 0.2), it is observed that after 

ultimate load is reached and the structure exhibits softening behaviour in its response no further 

displacements are observed for the considered point, as it does not participate in the dominant 

collapse mode (Figure 4.4). It is important to underline that the shift in the dominant collapse 

mode with damage application is not gradual, but is exhibited suddenly around the damage 

factor of 0.35. For cases with lower damage, the aforementioned threshold response exhibits a 

linear increase in displacements associated with the tracked node (Figure 4.5). 
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Figure 4.3. Vertical component of displacements associated with a tracked node due to introduction of different 
levels of localised uniform damage 

 

  

Figure 4.4. Collapse mode associated with low levels of applied column damage in Zone A 

 

On the other hand, once damage crosses the threshold value, the collapse mode shifts to 

the one associated with the tracked node (Figure 4.6) as can be clearly seen with responses 

R-O-0.35, R-O-0.5, R-O-0.75 and R-O-rem, where “rem” stands for complete element removal. 

It is also worth noting, that after the threshold damage responses exhibited by structure are quite 

similar and gradually converge to the case of full element removal with increasing levels of 

damage. 
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Figure 4.5. Vertical component of displacements associated with a tracked node due to introduction of low levels 
of uniform damage 

 

  

Figure 4.6. Collapse mode associated with medium to high levels of applied column damage 

 

4.2.4. Numerical Difficulties Associated with Fully Damaged Elements 

It is necessary to outline here that when damage takes the value of 1 it may result in 

numerical difficulties in the solution process, as it may lead to a singularity in the tangent 

stiffness matrix associated with unrestrained degrees of freedom (DOF). 

Considering the simple example depicted in Figure 4.7, it becomes clear that when a 

discrete structural system (Figure 4.7a) is subjected to a localised damage represented by a set 

of reduction factors (Figure 4.7c), the DOFs associated with Node 4 become unrestrained, and 



Chapter 4. Robustness Assessment Methodology for Irregular Structures  

 
 

126 
 

as such singularity appears in the assembled stiffness matrix. Not all reduction factor sets 

containing zeros result in singularity, as obvious for the case depicted in Figure 4.7b.  

 

 

Figure 4.7. Reduction factor causing singularity  
a) structural system, b) system with non-singular damage,  

c) system with damage resulting in singularity 

 

Another important observation is that singular behaviour can be observed even for cases 

where elements are not fully damaged but have damage magnitudes approaching unity (1), as 

elements subjected to stiffness reduction are prone to localised buckling. This convergence 

problem becomes clear for high levels of damage as illustrated in Figure 4.8. 

 

 

Figure 4.8. Vertical displacement of tracked node due high levels of damage 

 

Different approaches can be implemented to tackle this convergence issue. One approach 

could be to place an upper bound limit on the damage. This approach is not without its 

drawbacks, since if the upper bound is set too high convergence issues might not be eliminated, 
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or if it is set too low the shift in the collapse mode, as discussed in Section 3.2.3, could be 

missed. 

Another viable option is to conduct a dynamic analysis, where singularity in the stiffness 

matrix is avoided due to the contribution of inertial components that are not scaled with the 

uniform reduction factors, and the effects of collapse can be established by considering a “long” 

stabilisation period after damage is suddenly applied to the structure. This approach is not 

flawless either, as nonlinear dynamic problem associated with collapse requires a sufficiently 

small time-step to effectively converge, and as such is far more computationally intensive 

compared to conventional nonlinear static pushdown analysis. Another complication arises, 

when the interest is not only in whether the structure can resist the applied load, but also in the 

ultimate load level that the structure can carry before collapse for each case of localised damage. 

While the above problem can be resolved by either conducting a series of dynamic analysis at 

different load levels, or by considering a ramped load case with periods of displacement 

stabilisation in between the load increments, it only exacerbates the demand for computing 

resources. Results obtained by applying this approach are presented in Figure 4.9. 

 

  

Figure 4.9. Vertical displacement of tracked node under maximum damage 

 

The results of two dynamic analyses, R-O-1.000-dyn and R-O-1.000-dyn-mod, are 

compared against those of nonlinear static pushdown analysis where damaged elements are 

fully removed. R-O-1.000-dyn-mod has a finer time-step compared to R-O-1.000-dyn and has 

a greater mass associated with the concrete wall to improve convergence. Both models indicate 
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that collapse occurs at a load factor of 0.34, which is similar to the static limit load, with the 

modified model capable of capturing the rapid failure of the floors above the damaged column. 

4.2.5. Premature Failure Associated with Local Failure of Non-critical Elements 

It should be noted that when employing a partial damage factor to systems that are 

insufficiently continuous, a local damage mode may arise leading to an underestimation of the 

global system robustness. In the current context, insufficient continuity refers to systems that 

contains elements which do not have an alternative way to distribute the loading applied directly 

to them; in the considered test, the steel beams are an example of such a substructure. Such 

local failure can be observed, when considering a damage distribution that affects column 

elements above and below the first floor beam connection (Figure 4.10).   

 

  

Figure 4.10. Vertical displacements of tracked nodes for non-uniform damage application 

 

Both tests R-O-0.000-G-1.000, R-O-1.000-G-0.000 and R-O-0.950-G-0.950 are 

characterised by a collapse mode similar to the one observed in Figure 4.6, with the only 

difference pertaining to failure of the first floor beam observed in the two latter cases. Tests 

B-O-1.000-G-1.000 and B-O-rem-G-rem on the other hand are characterised by a local beam 

failure mode (Figure 4.11), where “B” indicates that deformation of the blue-coloured node on 

the damaged fragment diagram in Figure 4.10 are being tracked for the duration of nonlinear 

analysis. It is also worth noting that both models with full stiffness reduction and with element 

removal yield exactly the same results. 
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Figure 4.11. Local beam failure collapse mode 

 

The presented results are indicative of the applicability of the physical element removal 

strategy to estimating the effect of full stiffness reduction, nevertheless it is essential to keep in 

mind that this approach, while efficient and fairly accurate, results in a topologically different 

structural system compared to the initially undamaged one. 

Similar behaviour can be observed for the planar frames when localised failure occurs 

within beam segments (Figure 4.12). Of particular interest is test R-O-0.950, as it illustrates the 

high threshold for damage required to transition from the initial collapse mode (Figure 4.4) to 

the local beam failure mode (Figure 4.11). 

 

  

Figure 4.12. Vertical displacements of tracked node for uniform damage application to the beam  
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It is also important to highlight that the form of response curve can be rather deceptive, 

and it is in no way indicative of collapse mode similarity. An example of this can be observed 

when considering a case where a single unit of damage has to be distributed between two 

affected elements in the model (Figure 4.13). Plotting the results for different instances of 

damage distribution, it becomes clear that a single deformation measure might not be sufficient 

to properly indicate a difference between a local collapse mode and a global one. This issue 

becomes more prominent as the complexity of the considered structure increases, and it 

becomes impossible to definitively indicate the collapse mechanism prior to the conduction of 

the required analysis. All of the above points clearly indicate that if any automated algorithm 

for robustness assessment is to be developed, a novel efficient global measure would be 

required for any form of efficient implementation. 

 

  

Figure 4.13. Vertical displacements of tracked nodes for a unit damage application  

 

4.2.6. Application of Partial Damage Concepts to Connections 

The application of partial damage inside of Zone B illustrates another possible usage of 

partial damage methodology. By applying damage to a small fraction of elements that comprise 

a load bearing wall, it is possible to investigate the influence of joint damage. To demonstrate 

this consideration, the influence of damage level applied to the highlighted zone of the damaged 

fragment in Figure 4.14 is investigated. 
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Figure 4.14. Vertical displacements of tracked node for uniform damage application in Zone B 

 

The results show that at low damage levels, with magnitudes ranging from 0 to 0.35, no 

change in the system collapse mechanism is observed. Once the damage threshold of 0.5 is 

reached a new collapse mechanism appears (Figure 4.15). This mechanism is realised via an 

increment to the rotation sustained by the damaged connection.  

 

  

Figure 4.15. Collapse mechanism associated with bearing wall damage 

 

4.2.7. Problem Formulation in a Semi-continuous Fashion 

While the above framework can consider the damage and failure of multiple elements, 

caution has to be exercised when increasing the overall damage sustained by the structure, as 
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any global damage scenario can only exist in conjunction with its triggering event. For instance, 

as outlined by Osteraas (2006), the collapse of Alfred P. Murrah Building was so disastrous due 

to the inability of structural slabs to deal with the blast wave overpressure and not just due to 

the failure of transfer girder and external columns. Similar notions can be seen in the official 

report by National Institute of Standards and Technology on the reasons behind the collapse of 

World Trade Center towers, where the global effect of fire was behind the initiation of the 

progressive collapse. As such introduction of excessive damage might not provide a 

conservative estimate of such events, but will most definitely result in increase of material and 

construction costs.  

Nevertheless, the application of partial damage concept to ALPM can provide some 

important insights into the behaviour of structural systems. For instance Gerasimidis and 

Siderwe (2016) explored the damage propagation effect in multi-storey plane frames within the 

partial damage framework. While the work of these authors was mostly devoted to the effect of 

damage extent, the present work is concerned with addressing the uncertainty that pertains to 

the damage position within the structure. 

This issue is frequently resolved in robustness assessment procedures by trying to follow 

regulations on the possible damage locations (GSA, 2003; CPNI, 2011; DoD, 2013). While the 

recommendations provided are sound and can result in a reasonable estimate of structural 

robustness for regular structures, they tackle only a small number of possible structural 

configurations. As such, they can become inapplicable to geometrically complex structures, 

hence the decision on possible damage locations is frequently delegated to the “engineering 

judgement”, which can be error prone. 

A common approach to locating the unknown positions of the localised damage is by 

trying to answer the following question: “Removal of what structural element would result in 

the lowest possible robustness measure?” This questions was posed in the works of 

Lu et al  (2010) as well as Xu et al. (2013) to identify regions of critical importance of stone 

arch bridges. Similarly, Gerasimidis et al. (2012) attempted to resolve this question for the 

stepped plane frame problem.  

This work considers a different treatment that is more appropriate to the robustness of 

irregular structures, by reformulating the original problem in a slightly different manner, with 

a partial element damage framework in mind: “For each structure there exists a distribution of 

localised damage that corresponds to the lowest robustness measure.” As such, a transition 

from a discrete search over all structural elements to a semi-continuous search of the damage 
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distribution within the structures domain (Figure 4.16) is achieved. The following sections 

introduce the application of optimisation algorithms to the resolution of the reformulated 

problem. 

 

 

Figure 4.16. Illustration of two approaches to damage application 

 

4.3. Topology Optimisation Analogy 

The new formulation of the problem of identifying critical location is reminiscent of a 

topology optimisation (TO) problem. TO is a design tool that investigates the space of possible 

topologies, to determine the one that both satisfies the applied constraints conditions and has 

the highest objective function value. In the above context, topology refers to determination of 

quantity, size and location of void regions inside the studied domain. 

In structural engineering applications, topology optimisation is most frequently paired 

together with finite element analysis, which is utilised to assess for the candidate topology either 

the objective function (Stromberg et al., 2011), the constraint values (Kaveh et al., 2014) or 

both (Jia et al., 2011). The most commonly used objective function for topology optimisation 

problem is mass or volume of the optimised domain, with corresponding constraints on 

maximal stress level and deformations (París et al., 2007). Another approach to TO considers 

mass as a constraint and employs a combination of stress and deformation (total strain energy) 

as an objective function (Chen et al., 2001). One of the more prominent approaches to the 
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volume constrained problem is Solid Isotropic Material with Penalisation (SIMP) (Bendsøe, 

1989; Bendsøe et al., 1999, 2004). This method considers a discretised domain as illustrated in 

Figure 4.17. Each element of the specified domain is assigned with a pseudo density variable 

 ex  which represents the scaling of this element contribution  ek  to the global stiffness 

matrix  K : 

 
1

eN

e
e

 kK   (4.4) 

 0
e e eE k k   (4.5) 

  0 p
e min e min eE E E E x      (4.6) 

where 0
ek  represents the geometric part of element stiffness matrix, while eE  denotes the 

contribution of material and section properties. In the above, parameter ex  is bounded between 

0 and 1. To ensure that the optimisation procedure results in a topology that consist of 

exclusively zeros (voids) and ones (presence of material), parameter p  is introduced in (4.6) 

to “penalise” the intermediate values of the variable and encourage the consideration of more 

discrete candidate solutions. 

 

  

Figure 4.17. SIMP topology optimisation set-up 

 

Based on the chosen criteria (minimisation of compliance  c  for the original model 

(Sigmund, 2001; Andreassen et al., 2011)), optimisation cycles are performed until an optimal 

distribution of material within the specified domain is determined. 

  
1

m
2

in ( ) T
e ec x x   U K U   (4.7) 
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All obtained solutions are subject to a prescribed level of maximal retainable 

volume fracV  : 
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, (4.8) 

as well as a requirement of any solution to satisfy a state of static equilibrium: 

  ex  K U P .  (4.9) 

These pseudo densities in the context of topology optimisation perform similar function 

to the reduction factors that were discussed in the previous section, thus it seems logical to 

employ the concepts of topology optimisation in order to obtain the critical locations for any 

given structure that would minimise robustness. In fact, a topology optimisation variant has 

been employed on several occasions to achieve similar objectives in the past. Sun et al. (1976) 

and Arora et al. (1980) employed optimisation techniques to design a “fail –safe” truss structure 

of minimal mass that satisfies not only design requirements but also some prescribed constraints 

on possible damage scenarios. In the context of structural engineering, the fail-safe feature 

refers to the property of a structure to reduce consequences of any structural failure to 

acceptable levels. While considering several cases of different damages, the above approach 

could not be considered comprehensive enough, as the choice of possible damage locations was 

arbitrary. Additionally, the above work did not consider effects of large deflections and material 

nonlinearities caused by localised failures. The effects of employing a robust nonlinear model 

to account for more complex structural behaviour  were explored by Mayer et al. (1996), who 

employed topological optimisation to design a rear rail with the highest possible energy 

absorption. The authors also employed a different approach to the weighting algorithm (4.6) of 

shell element contributions to the stiffness matrix in order to account for the effects of plasticity 

in the model, and they accounted for the evolution of nonlinear response in the time domain by 

considering not the response of a single point over time  jc  as in (4.7) but rather a weighted 

sum of all discrete time quantities: 

  
1

incr

j

N

j
j

ec x 


    (4.10) 

Of special interest are the works of Achtziger and Bendsøe, who developed a 

mathematical background for topology optimisation techniques of discrete and continuous 

structures, considering the problem of seeking the most flexible configurations of the structural 
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systems (Achtziger et al., 1995, 1998, 1999, 2003). The above work employed reduction factors 

described in (4.1) as a set of continuous design variables, with constraint on the total amount of 

damage in the system: 

 1 1

eN
re

e

d
eb

B
 


  (4.11) 

This is similar in effect to a volumetric constraint (4.8) employed in topology optimisation 

algorithms, where red
eb  is an individual element reduction factor, and B  is a total amount of 

reduction allowed in the model. The internal strain energy was utilised as an objective function, 

but unlike TO the goal of optimisation was to maximise it: 

  1
m

2
ax ( )red T red

j jc    b U K b U   (4.12) 

Achtziger and Bendsøe had shown that the problem in (4.12) is non-convex, but can be 

reduced to a concave one for linear systems and cases where no reduction factor is equal to 

zero. The structural system linearity is essential, as concavity of (4.12) is proven with linearity 

of (4.9) in mind, and as for the condition on the magnitude of reduction factor it is essential 

requirement as well, as otherwise singularity will be present in the derivative of elemental strain 

energies with respect to damage. Achtziger and Bendsøe also explored the concept of damage 

evolution via a series of optimisations of (4.12) with total damage constraint in (4.11) relaxed 

at every new instance of optimisation, but under the condition that new damage set red
jb  

subsumes the preceding one 1
red
jb . The described approach can provide some interesting insights 

into the structures behaviour, but it cannot be considered flawless. As was shown in Section 4.2, 

having to set a minimal threshold on damage may hide some damage scenarios that would 

otherwise be critical for the structure. Another drawback that design for maximal flexibility 

approach has is its reliance on linear analysis for the evaluation of damaged structures, as it 

may result in underestimation of the collapse severity.  

A more robust approach to damage application was proposed by Jansen et al. (2014), who 

considered the application of topology optimisation to the design of 2D continuous fail-safe 

structures. In their work, damage was modelled explicitly as physical removal of material from 

the domain, where both possible damage location and the topology of structural domain were 

subject of optimisation. Similar to the previously mentioned works, this procedure utilised 

internal strain energy as an objective function. Each iteration of the optimisation algorithm 

involved solution for unknown displacements of the current system configuration for each 
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damage scenario and subsequent modification of the design variable vector based on the worst 

case scenario of local damage application: 

 
1..

(m a )in m x
j
red

j
red

j m
c

    
b

b   (4.13) 

The described approach does provide a robust assessment of possible local damage 

localisation, but as only linear behaviour was considered it suffers from the same deficiencies 

as the previously described algorithms. Additionally, the methodology of Jansen et al. (2014) 

exerts an extremely high demand on computing resources, as in each iteration a large number 

of analyses has to be solved. While for the problems considered in the aforementioned study 

this might be feasible, especially due to some of the reanalysis techniques employed (Amir et 

al., 2010, 2012), this is not the case when employed to the analysis of realistic 3D structures. 

Apart from that, all of the mentioned works use internal strain energy to assess the robustness 

of the analysed structures, and although it is an efficient measure, it is known to be inadequate 

(Izzuddin et al., 2008). 

To address the issue of finding an efficient metric to characterise localised failure 

scenarios that are both representative of the system state and capable of efficiently tracking the 

complex structural response, which can exhibit mode shifts during the response to local 

damage, a modification of multilevel robustness assessment framework developed at Imperial 

College London (Izzuddin et al., 2008) is used in this work. Details of the methodology and the 

developed modifications are presented in the following section. 

 

4.4. Pseudo-static Capacity as a Measure of Robustness 

A multilevel robustness assessment framework was previously developed at Imperial 

College by Izzuddin et al. (2007, 2008) within the ALP methodology. The application of this 

three stage assessment approach is elaborated in the following sections. 

 

4.4.1. Nonlinear Static Analysis 

In the first stage, nonlinear static analysis of a structure subjected to a single column loss 

under amplified gravity loading is performed, where a characteristic response is illustrated in 

Figure 4.18. The original methodology considered the possibility of assessing the structure 

response at multiple levels of structural idealisation. The lowest level of idealisation considered 

was associated with individual beams (Figure 4.19 d) and floor systems (Figure 4.19 c). The 

responses at the lower levels of idealisation can then be assembled at higher levels of 
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idealisation, such as multiple floor systems (Figure 4.19 b), where this assembly eventually 

yield an approximation of the overall nonlinear response of the overall structure (Figure 4.19 a). 

Among the benefits of the multilevel approach is its versatility, as it can be initiated at any level 

of idealisation. However, when dealing with irregular structures, the underlying assumptions 

behind the multilevel idealisation approach might not hold for all possible collapse scenarios, 

as the failure mode might be different at different locations around the structure, and cannot be 

assumed prior to the analysis.  

 

  

Figure 4.18. Nonlinear static response 

 

In view of the above, it becomes clear that, in order to obtain the detailed nonlinear static 

response (Figure 4.18) of a more geometrically complex structure, a full-scale model has to be 

considered.  

 

 

Figure 4.19. Levels of structural idealisation for progressive collapse assessment (Izzuddin et al., 2008) 
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With localised damaged typically considered to be sudden, the structure not only 

undergoes large deformations, but also experiences a significant dynamic effect. For some 

cases, the dynamic deformations can be excessive leading to collapse of the considered structure 

(Figure 4.20). It is therefore clear that to reliably assess the vulnerability of a structure to 

localised damage, dynamic effects should be considered alongside geometric and material 

nonlinearity, ideally within an approach that does not pose excessive computational demands. 

 

 

Figure 4.20. Evolution of deformations with time 

 

4.4.2. Simplified Dynamic Assessment 

To address the need for efficient evaluation of the maximum dynamic response, the 

second stage of the multilevel robustness assessment framework is a simplified dynamic 

assessment. Previous work (GSA, 2003, 2013; Song, 2010; DoD, 2013; Budziak and 

Garbowski, 2014; Li et al., 2014) was devoted to determining appropriate amplification factors 

to transform the static response into a dynamic one. In this work, a modification of the 

simplified dynamic assessment approach developed by Izzuddin et al. (2008) is proposed to 

transform the nonlinear static response to one which provides the maximum dynamic 

displacement under sudden application of gravity loading, so-called “pseudo-static 

response” (PSR). 

This approach assumes that the dynamic deformation mode is similar to the static one, 

where the static mode is obtained by applying gravity loading, scaled by a proportionality 

factor, to the structure subject to localised damage. This type of analysis is also referred to as 

pushdown analysis (Khandelwal et al., 2008).  

For the dynamic response, the introduction of localised damage typically results in gravity 

loading exceeding the static resistance provided by the damaged system, thus the structure 
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experiences acceleration and accumulates kinetic energy. Energy balance at any deformation 

state can be stated as follows: 

 ext
i i iE W    (4.14) 

 i i

V

iE dV    (4.15) 
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T

i i i   U M U    (4.16) 

 ext T
i iW  U P   (4.17) 

where E  represents internal strain energy accumulated during the deformation process, and   

denotes the kinetic energy of the system accumulated due to the movement of system mass M  

with velocity U ; conservation of energy requires the sum of these to be equal to the external 

work extW  done by the constant (nominal) gravity load P  on the deformations U , where 

subscript i  refer to an arbitrary point in time. In the beginning of the transition process the 

system would experience growth of the kinetic energy T, but as deformations increase and the 

static resistance exceeds the applied loading, deceleration occurs and the velocities reduce. At 

the maximum dynamic deformation, it can be assumed that the velocity of the system reaches 

zero and the kinetic energy vanishes  0i  . Considering a deformation mode similarity 

between dynamically deformed structure at the apex of its response and statically deformed 

structure under a certain level of scaled gravity loading  j P , it becomes possible to relate 

the dynamic ductility demand  d
iU  with the structural capacity    without the need for 

detailed nonlinear dynamic analysis: 
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Figure 4.21. Energy balance principle 

 

Equation (4.21) provides the level of instantaneous loading  psr P  that when applied to the 

structure results in maximal dynamic displacement d
iU , which can be obtained by equating the 

strain energy, as determined from the nonlinear static response up to d
iU , and the external work 

done by the loads. For a single DOF system, the determination of the pseudo-static response is 

illustrated in Figure 4.21 as the process of equating the work done by the loads (rectangular 

area) to the internal strain energy (area under the graph). 

 

4.4.3. Ductility Assessment 

The final stage of the multilevel robustness assessment approach encompasses ductility 

assessment. The ductility limit for any given structural component can be defined as a maximal 

deformation prior to the component failure. Failure can be initiated either in the joint of a 

structural member or in the member itself, depending on the structural system and the nature of 

the local damage. For highly accurate and detailed models of structural elements (Jahromi et 

al., 2013), it is possible to assess the component failure in the process of nonlinear static 

analysis conducted during the first stage of the described methodology. As was shown in 

Section 4.2, local element failure may not lead to a global structural failure, thus analysis has 

to be continued until the pseudo-static resistance has reached an absolute maximum, beyond 

which global failure of the structure, as whole or in part, would occur. Furthermore, account 

has to be taken of the possibility of local slab failure due to concrete and rebar fracture, as it 

has been shown (Bažant et al., 2007; Vlassis et al., 2009) that this failure mode can lead to 

progressive collapse. The full nonlinear static response of the structure may exhibit softening 

due to component failure, as was shown previously for the case of joint damage (Figure 4.14) 

as well as for instances of partial column damage (Figure 4.3). Taking into account the nature 



Chapter 4. Robustness Assessment Methodology for Irregular Structures  

 
 

142 
 

of pseudo-static response, it can be concluded that a highest point on the pseudo-static response 

curve that occurs up to the ductility limit is an effective measure of structural robustness. 

Izzuddin et al. (2008) coined the term pseudo-static capacity (PSC) to define this particular 

point of the response curve. This measure takes into account energy absorption capacity via 

detailed modelling of dissipative processes in the nonlinear analysis, accumulates the effects of 

ductility explicitly (via the detailed connection modelling and analysis capable of capturing the 

nonlinear structural response) or implicitly (e.g. defining a ductility limit that corresponds to 

non-ductile slab failure), and addresses the influence of dynamic effects via the energy balance 

approach. An interesting property of the described measure becomes apparent if expression 

(4.21) were to be derived with respect to the displacement ju : 

     psr k
k psr k T d

k


 


  

 u

p
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u u

U
  (4.22) 

The above expression demonstrates that extremum of the pseudo-static response curve would 

occur at the point of its intersection with nonlinear static response (Figure 4.22). It is important 

to note, as was already illustrated in Section 4.2, that the displacements which are not associate 

with the developing deformation mode can exhibit unloading behaviour; accordingly, if the 

pseudo-static response is considered for such displacements, it would not provide insight into 

the nature of collapse. It is also necessary to outline that PSC will occur at the intersection of 

PS and static responses only if the considered nonlinear model is detailed enough to accurately 

account for all failure mechanisms present in the model. 

 

  

Figure 4.22. Pseudo-static capacity definition 
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To address this issue and to allow for differentiation between local and global failure 

modes of any given structure, this work considers the pseudo-static response, not as a function 

of a single displacement reflecting a common deformation mode as in previous work (Izzuddin 

et al., 2008; Vlassis et al., 2008), but rather as a function of the nominal work iW  done by the 

nominal (unscaled) loading P  at the current level of displacement iU  : 

 i T iW  P U   (4.23) 

Therefore, the pseudo-static response is effectively considered in terms of the overall structural 

displacements weighted by the nominal loading. This transformation preserves the property 

derived in (4.22) : 

   1psr i i
psr iW W


 


  


  (4.24) 

The application of the proposed form of the pseudo-static response is considered here for 

the damage scenarios R-O-0.000-G-1.000 and B-O-1.000-G-0.000 presented previously in 

Figure 4.13. Previously, the tracking node position had to be actively changed to capture the 

structural response, and even then it was quite difficult to determine the nature of collapse 

(global or local) solely based on the tracked response. On the other hand, when the nonlinear 

static/pseudo-static response is considered in terms of the nominal work, it can be clearly seen 

(Figure 4.23) that B-O-1.000-G-0.000 corresponds to a local failure, since it is associated with 

a fairly small amount of nominal work at its pseudo-static capacity (PSC), compared to 

R-O-0.000-G-1.000. 

 

  

Figure 4.23. Nonlinear static and pseudo-static responses in nominal work coordinates 
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The modified pseudo-static approach, both in terms of determining the pseudo-static 

response from considering all displacement parameters and its consideration as a function of 

the nominal work done by the loads, offers an effective quantification of robustness for irregular 

structure that can be incorporated into the optimisation frameworks described in the previous 

section. The implementation details of the optimisation framework are provided in the 

following section. 

 

4.5. Gradient Based Optimisation Approach 

4.5.1. Objective Function 

As outlined in previous section, the pseudo-static capacity is an effective measure of 

system robustness, hence it is reasonable to assume that the lowest possible value of pseudo-

static capacity would correspond to the most critical distribution of localised damage within the 

domain. Taking this into account, the following minimisation problem is considered: 
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where the pseudo-static capacity  psc  is utilised as an objective function, and reduction 

factors 1 ... ...
elem

T

i Nb b b   b  representing damage intensity are employed as a set of 

design variables. 

 

4.5.2. Constraints 

To ensure that the optimisation in (4.25) produces result that are of some engineering 

significance, a set of constraints should be introduced to limit the design domain. The first 

constraint considered in this work is concerned with extent of damage and follows the same 

general idea as the one introduced by Achtziger and Bendsøe (1995), where the total amount of 

local damage within model is constrained: 
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where e  represents the scaling factor attributed to element type (column, beam, slab) and its 

relative importance for the undamaged structure, and limB  represents the total limit of the scaled 
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damage that can be applied to the structure without violating the damage locality principle 

adopted for the assessment.  

To facilitate convergence of the considered problem it is advisable to normalise all 

constraints and objective functions, as they pertain to very different structural concepts, and 

non-normalised inputs may lead to convergence difficulties. Accordingly, (4.26) is rewritten as: 
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The second considered constraint is concerned with the locality of applied damage. This 

constraint is required to avoid trivial solutions where large damage is applied in multiple critical 

but widely spread locations. Considering the example presented in Section 4.2, this case would 

be analogous to applying damage to both columns simultaneously. To avoid such trivial and 

non-local damage scenarios discussed, the constraint is designed in such a way as to ensure that 

distance between any two damaged elements is below the desired locality threshold: 

 2 2 2 2( ) ( ) ( ) 0i j i j i j limx x y y z z L      (4.28) 

where , ,x y z  describe the coordinates of the considered element centres, while subscripts i  and 

j  denote only the elements that are damaged. To relate (4.28) with the damage parameters, 

several different approaches can be considered; for instance, this condition can be relaxed to 

account for partial damaged states and rewritten as follows: 
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  (4.29) 

where   denotes the numerical sensitivity threshold for the lowest considered damage fraction. 

The constraint on locality as presented in (4.29) is costly to employ, as it introduces 

 1 2n n   constraints to the problem where n  denotes number of design variables in the 

model, which for the currently discussed problem is also a number of finite elements utilised in 

the analysis. The issue of dimensionality becomes even more prominent if one were to consider 

the storage space required for the constraint sensitivities, as shown in Figure 4.24. The 

presented graph shows that as the number of design variables grow, constraint as presented in 

(4.29) can become impractical. Indeed, even for the simple problem presented in Section 4.2, 

the number of variables would reach a thousand with corresponding storage space 

exceeding 3GB. 
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To address this issue, several different approaches can be considered; for instance, out of 

all the constraints, only several most critical can be considered at a time. In the current context, 

the criticality of a constraint is a measure of either how close is the given constraint to being 

violated if (4.29) is satisfied for a considered distribution of damage or conversely how 

significant is the violation of the (4.29). 

Another option for resolving the storage problem issue without unduly straining the 

optimisation procedure is to employ a form of constraint aggregation (Martins et al., 2005). 

This approach allows to account not only for a singular constraint violation but to provide a 

more thorough measure of all the considered constraints: 
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where parameter   is set a to a large number to ensure that the aggregated constraint  locC  

closely follows the pointwise maximum of all of the individual unique locality constraints loc
ijC  . 

 

  

Figure 4.24. Storage required for locality constraint sensitivities 

 

A different, “more physical” approach to enforcing locality constraint can be adopted 

altogether to avoid the numerical precision difficulties presented by expression (4.30). The goal 

of the designed constraint is to aggregate damaged elements in a single area of a desired size. 

Assuming a non-biased start for an optimisation procedure, non-constrained optimisation will 

result in damage aggregation around critical locations, hence the locality constraint would 

ideally try to “pull” the damaged elements from locations that are less critical to the more 

important ones. This “pulling force” should be proportional to the element damage i.e. the 
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highly damaged elements should be trying to move damage away from elements that are only 

partially damaged; in addition, this force should be more prominent between elements that are 

further away and should be dropping to zero for elements that are within the locality constraint 

perimeter. With this physical analogy in mind, the following definition of a “pulling force” can 

be adopted: if two damaged elements are outside of the locality constraint perimeter  L  they 

exert a pseudo force  ijp


 on each other that is proportional to each of the elements damage 

values  ,i jb b  as well as to the squared distance between the element centroids  2
ijd : 
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  (4.31) 

As a result of this action each element is subjected to a certain directional pull  ip


 towards 

the equilibrium point: 
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  (4.32) 

Each of these forces can act as 3 independent constraints on locality, by enforcing that absolute 

value of each of the force Cartesian projections is below desired tolerance tolp  : 

 

0

0

0

x tol
i i

y tol
i i

z tol
i i

p p

p p

p p

 






 




   (4.33) 

Constraints in (4.33) can be further aggregated to enforce the above constraint in all locations 

simultaneously: 
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  (4.34) 

It should be noted that an approach akin to the continuation procedure in topology 

optimisation (Sigmund et al., 1998; Rojas-Labanda et al., 2015) should be employed for the 

considered problem; specifically, the locality constraint should be relaxed at the beginning of 
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the optimisation procedure to allow for the wider range of domain sampling, and then gradually 

enforced to guide the optimisation to the global optimum. This approach does not guarantee a 

global optimum but may avoid highly inefficient local optimum (Huang et al., 2010). 

All of the presented constraint functions are independent of the analysis results and as 

such are relatively inexpensive to construct. 

 

4.5.3. Constraint Sensitivity 

The constraint on total amount of damage extC  is linear and as such convex, and it has a 

constant sensitivity of the following form: 
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  (4.35) 

As for the constraint on damage locality  locC  in the non-aggregated form, loc
ijC  changes 

its convexity within the domain, due to the quadratic exponential form in (4.29); accordingly, 

the aggregated constraint  locC  cannot be classified as either convex or concave. Nevertheless, 

the derivative of non-aggregated form loc
ijC  can be found as follows: 
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  (4.36) 

while the corresponding aggregated constraint sensitivity would take the following form: 
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    (4.37) 

  maxloc loc
km ijC C   (4.38) 

Convexity of the “physical” locality constraint is also problem-dependent; as for the 

sensitivity information, this can be obtained via the following procedure. Individual pseudo 

force projection derivative takes the form: 
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where   stands for any of the possible Cartesian projections, and ijd  denotes the signed 

parameter dependent on both the distance between elements ijd  as well as its projection onto 

one of the Cartesian coordinate axes ijd : 

 
ij ij ijd d d    (4.40) 

The derivative of the pseudo force acting at each damage location can then be determined as: 
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   (4.41) 

Combining (4.41) with (4.34) a final form of the locality constraint sensitivity can be 

obtained with the presented summation: 
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where i ip p  , represents the derivative of the absolute value function. 

 

4.5.4. Objective Function Sensitivity 

In order to guide the minimisation procedure in (4.25), first-order information on the 

system pseudo-static capacity is required. One possible way to obtain such information is to 

use a numerical finite difference approach. While providing the most accurate representation 

of gradient, this approach can be extremely computationally expensive as it requires m (number 

of variables) additional solutions of the expensive numerical model conducted at every 

optimisation iteration to obtain all necessary information. 

An alternative way to handle gradient information is by considering the analytical 

relationship behind the pseudo-static capacity and derive expressions for sensitivity as a 

function of known system parameters. The main difficulty with this approach lies in the 

complex nonlinear nature of the structural response. Numerous works have tackled the problem 

of calculating sensitivities of global response to changes of the design variables (Belegundu et 

al., 1985; Ryu et al., 1985; Wu et al., 1987; Barthelemy et al., 1989). For topology optimisation 

problems, some derivations pertaining to sensitivity information were provided by Bendsøe and 
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Sigmund (2003) and were further elaborated and expanded to several different optimisation 

targets by Buhl et al. (2000). While previously mentioned works followed a complex derivation 

scheme, a more simplistic yet efficient procedure was proposed by Abdi et al. (2018), where 

elemental strain energies were employed as an estimate of the real response sensitivity. The 

present research aims at striking a balance between accuracy and efficiency in determining 

response sensitivities to the damage variables. To achieve this, consideration is given to the 

property of pseudo-static capacity, as described in (4.24) and illustrated in Figure 4.22: 

 psc psr      (4.43) 

Equation (4.43) can be rewritten as a system of two equations, the solution of which 

produces value of the nominal work that corresponds to the pseudo-static capacity of the 

considered system: 
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  (4.44) 

where 1f  represent the nonlinear static response, while 2f  denotes the pseudo-static response, 

both as a function of nominal work. The nature of function 2f  can be obtained from the 

definition of pseudo-static response in (4.21) by rewriting it as a function of the nominal 

work  W  : 
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Assuming that in the vicinity of the static and pseudo-static response intersection, the 

static response as a function of the nominal work  W  can be considered linear (Figure 4.25), 

it becomes apparent that (4.44) can be equivalently rewritten as follows: 
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where iK  represents the slope of the nonlinear static response between the increments 1i   

and i , and 1iE   denotes the contribution of previous incremental steps to the total strain energy. 

Resolving (4.46) as a system of two quadratic equations for the value of the nominal work 

 W  that corresponds to the pseudo-static capacity, the following two roots can be obtained: 

 
 2

1 1 1 12 2i i i i i i

i

W
K K W W E

K

       


 
  (4.50) 

Due to the assumed linearization of static response in the vicinity of pseudo-static 

capacity, a set of constraints applies to the (4.50): 
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W W

W W









  (4.51) 

The above constraints allow the roots in (4.50) to be selected depending on the sign of 

iK . Since the intersection at the maximum of pseudo-static response only occurs for 0iK  , 

as illustrated in Figure 4.25, only one root      of (4.50) is utilised hereafter.  

 

 

Figure 4.25. Linearisation of response in the vicinity of pseudo-static capacity 

 

Substituting (4.50) into (4.46), the expression for the pseudo-static capacity as a function 

of nonlinear static response parameters takes the following form: 

  2
1 1 1 1 1 12 2psc i i i i i i i i iK W K K W W E                   (4.52) 

Expression (4.52) is dependent not only on the current incremental step parameters 

 1 1, , ,i i i iWW     but also include the influence of prior increments via the contribution of 1iE   . 

Accordingly, in order to account for the influence of a variation in the nonlinear static response, 
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which would arise from a variation in damage parameters, the following incremental form of 

(4.52) can be considered: 
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where ( ,k kW  ) are infinitesimal increments of parameters defining the nonlinear static 

response. 

 

4.5.5. Sensitivity of Nonlinear Response 

Having established the relationship between the pseudo-static capacity and parameters of 

the nonlinear static response, it is now necessary to provide a relationship between the change 

in damage parameters  b  and the corresponding variation of the nonlinear response. To 

achieve this, consider the nonlinear structural system at the point of static equilibrium: 

   R U P   (4.54) 

Considering an introduction of instantaneous infinitesimal disturbance to equilibrium in 

(4.54) by supplying the system with an increment to the damage parameter  jb , the equation 

for the new equilibrium state can be expressed incrementally as follows: 

 j j
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R
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where  j jb b  R  denotes the change in resistance forces due to introduction of a damage 

variation, that can be attributed both to direct application of reduction factors  j jb b  R  

and resultant influence on the system deformation mode    j jb b     R U U . Noting the 

fact that   R U  is the consistent tangent stiffness matrix tK  of the considered system, (4.55) 

in conjunction with (4.54) can be rewritten as: 
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or: 
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Equation (4.57) can be resolved for the increment of the collapse mode  jb U : 
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The change in resistance forces due to introduction of a damage variation can be obtained 

by simply differentiating (4.2) with respect damage parameter jb , and is proportional to the 

unscaled resistance vector contribution from the damaged element j : 
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It can be observed that currently two unknown parameters are present in (4.58), each of 

the components corresponding to a particular way the response evolves due to the changes 

introduced into the reduction factors: jb U  defines the change in the deformation mode, and 

jb   defines the change in the load scaling factor. A similar form for system response 

sensitivities was obtained by Schwarz et al. (2001) in application to topology optimisation of 

nonlinear problems. To resolve the equation in (4.58), an additional constraint has to be 

considered, which can relate to the solution technique employed in tracing the nonlinear static 

equilibrium path. For instance, for a constraint corresponding to load control, the variation of 

load factor with damage parameters can be taken as zero: 
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  (4.60) 

A more complex scenario arises when consideration has to be given to a displacement 

control procedure. Under displacement control of a specific DOF hu , the variation of the 

corresponding parameter with damage parameters is taken as zero: 

 0h

j dc
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  (4.61) 

Schwarz and Ramm (2001) suggested the following transformation from sensitivities 

obtained for cases of load control to a full sensitivity vector that would satisfy (4.61): 

 1
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where the second term in (4.62) is proportional to the increment of displacement at the current 

step : 
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Rewriting (4.62) with this proportionality in mind: 
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and the proportionality constrain a  can be established from the condition (4.61): 
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Combining (4.65) with (4.64) the expression for the displacement control mapping 

strategy takes the following form: 
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  (4.66) 

where subscripts dc  and lc  in (4.66) refer to quantities associated with displacement control 

and load control respectively, while superscripts i  are associated with the incremental step for 

which estimation is conducted, thus iU  and i
hu  denote the total displacement increment and 

increment associated with the controlled DOF in displacement control that were obtained 

during the incremental step i . 

This work suggests an alternative approach to account for cases where arc-length control 

(Crisfield, 1981) is adopted. For the arc-length control method unlike with previously 

mentioned control strategies neither load step increment i  nor displacement increment of 

particular freedom iU  are set to a constant value, but are rather modified at every iteration 

step to satisfy an external constraint condition: 

    
22 2Ti i i T

il          U U P P   (4.67) 

where l  defines the radius of the “arc-length” (Figure 4.26) and   represents a scaling 

parameter for the load factor, which is taken as zero for the cylindrical arc-length method.  
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Figure 4.26. Schematic representation of a single step of the Arc-Length method (Memon and Su, 2004) 

 

Consider the variation of arc-length constraint corresponding to a change of damage 

parameters: 
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Maintaining a constant arc-length, the variation of the arc-length in (4.68) should be zero: 
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Considering the infinitesimal nature of jb , second-order terms can be dropped leading to: 
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Solving (4.70) together with (4.58) and (4.60) yields us the sensitivity of the load factor 

to the variation of damage parameters: 
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The above expression can be utilised in conjunction with (4.58) to arrive to the sensitivity 

of the nominal work: 

 1T T
t

j j j lc
b b b

W 
   

         
 P K P

U
P   (4.72) 

To further facilitate the implementation of the presented concepts within an existing 

software for nonlinear analysis, where only limited access to the core functions (solution of 

linearised equations, access to the stiffness matrix, etc.) is available, a simplified procedure for 

obtaining response derivatives for load, displacement and arc-length control is proposed. In 

particular proposed methodology approximates the quantities in (4.72) that involve inverse of 

the stiffness matrix  1
t
K  and derivatives of resistance forces with respect to damage 

parameters 


jb

 
  
  

R
. The core assumption behind the simplified procedure is obtained 

considering the following relation between tangent stiffness matrix tK  and the incremental 

secant stiffness matrix sK  as described by Oñate (1995): 

 
0

limt s
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K K   (4.73) 

If the strict equality in (4.73) were to be relaxed, then for small increments of 

displacement the following relation can be assumed: 

 t sK K   (4.74) 

This assumption holds true for most cases of complex non-linear analysis (Figure 4.27), 

as small steps are required to achieve convergence. Accepting the approximation of (4.74), the 

following relationship between the static analysis incremental parameters can be assumed: 

 i i i
t    U RK   (4.75) 

where U  and R  represent full increments of displacement and resistance force vector 

achieved over the iterative step i  respectively. 

Acknowledging that the system remains in equilibrium for every converged step, the 

increment of resistance forces is related to the increment of loading: 

 i i   R P   (4.76) 

Combining (4.75) with (4.76) and solving for the displacement increment in terms of the 

increment of load factor, the following expression is obtained: 

  
1ii i
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Figure 4.27. Tangent slope approximation strategy 

 

Pre-multiplying (4.77) with TP , a relation between increments of load factor and nominal work 

can be obtained, leading to: 
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On the other hand, if the transpose of (4.77) is post-multiplied with the contribution of 

element j  to the global resistance vector jr , the following is obtained: 
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Further approximating (4.79), the left hand side can be approximated with an increment 

of the element strain energy (Figure 4.28) achieved over the converged step, and as such the 

following approximation is obtained: 
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jT

t i
j

i E
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R
P K   (4.80) 

where i
jE  represents the unscaled increment of element strain energy achieved over the 

incremental step. It should be noted that derivations in (4.79) and (4.80) are valid only for the 

cases where tangent stiffness matrix is symmetric, which is always the case for the elastic range 

(Izzuddin, 2001), and holds true for most commonly used nonlinear material models(e.g. steel 

(Park et al., 2012) and concrete (Deb et al., 2013)). 
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Figure 4.28. Strain energy increment approximation strategy 

 

Analysing the expression for the derivative of nominal work with respect to damage 

parameter in (4.72), it becomes clear that it can be simplified by substituting relations from 

(4.78) and (4.80): 
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It is worth noting that that the displacement control strategies (including arc-length) cannot 

readily benefit from the simplified approach as for these cases jb   is dependent on the

j lc
b

 
   

U
 and as such can’t be easily approximated without the access to the tangent stiffness 

matrix and resistance forces vector. The evaluation of jb   depends on the control strategy 

to be used in mapping the variation of the nonlinear static response, as elaborated next. 

Considering first the load control mapping strategy with (4.60) and (4.81), the derivatives 

of nonlinear static response parameters with respect to damage parameters are obtained as:  
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  (4.82) 

It should be noted that this ‘zero load increment’ (ZLI) mapping strategy (Figure 4.29) 

may face difficulties when operating in the vicinity of a limit point in the nonlinear static 

response, leading to mapping failure due to the absence of an adjacent state associated with an 
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infinitesimal increment in damage parameters. This is also reflected in the fact that the 

numerical derivatives with respect to , as required in (4.82), become asymptotically infinite in 

the vicinity of the limit point 

 

 

Figure 4.29. Zero load increment (ZLI) mapping strategy 

 

A second simplified mapping strategy is not dissimilar to the displacement control 

strategy presented previously, but instead of requiring the derivative of a single DOF to be zero, 

the derivative of the nominal work with respect to the damage parameter is assumed to be zero 

instead: 
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  (4.83) 

This effectively corresponds to the control of weighted displacements as reflected by the 

nominal work. 

Considering (4.81) with this notion of ‘zero nominal work increment’ (ZNWI), the 

derivatives of the nonlinear static response parameters with respect to damage parameter are 

obtained as: 
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  (4.84) 

As with the first mapping strategy, zero nominal work increment mapping (Figure 4.30) 

may produce erroneous results for cases when nominal work increment obtained over the 

incremental step is close to zero, while the change in the corresponding element strain energy 

is relatively high. This scenario can be associated with cases when a structure exhibits a snap 
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back behaviour in the space of nominal work, but it can be dealt with by assuming that the 

nominal work is monotonous in nature, and disregarding steps that violate this assumption.  

 

 

Figure 4.30. Zero nominal work increment (ZNWI) mapping strategy 

 

The third strategy that can benefit from the simplified approach is mapping based on a 

constant increment of external work. This control scheme described by Bathe and Dvorkin 

(1983) assumes that around the limit point the increment of external work is constant: 

    1 1 2 ext
i i i i constW     R R UU   (4.85) 

Including the increment due to the introduction of additional damage to the system in 

(4.85) and dismissing the higher-order terms result in the following constraint equation 

for (4.81) : 
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Resolving (4.86) together with (4.81) for the increments of nonlinear response, the 

following relations can be obtained: 
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It is worth noting here that (4.87) does not become singular at the limit point of the 

response, and as such the zero external work increment (ZEWI) can be utilised to tackle the 

issues that arise with the load control mapping strategy. 

 



Chapter 4. Robustness Assessment Methodology for Irregular Structures  

 
 

161 
 

 

Figure 4.31. Zero increment of external work (ZEWI) mapping strategy 

 

The final step in obtaining the formulation for the sensitivity of pseudo-static capacity to 

the damage reduction factors lies in assembling together the definition of the nonlinear response 

evolution due to modification of damage parameters in (4.71) together with definition of 

pseudo-static capacity variation due to changes in nonlinear response as given by (4.53), 

leading to: 
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4.6. Optimisation Algorithm 

The optimisation problem formulated in the previous section can be classified as a non-

convex nonlinear optimisation problem. The non-convexity in the problem arises both through 

the applied constraint  if x (locality constraint in particular) and due to the nonlinear nature 

of the objective function  0f x  : 
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The above complexity is even further exacerbated due to the large scale of the considered 

problem, since for realistic structures the number of design variables   1 2 1, ,... ,n nx x xx x  

could be in excess of 100000, as every finite element participating in the model discretisation 

will have a corresponding reduction factor. Therefore, great care has to be taken when choosing 

an optimisation algorithm to handle such a problem. 
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As discussed in Section 4.3, the described optimisation problem shares similarities with 

topology optimisation (TO). Accordingly, consideration is given to solution techniques 

employed in the TO field. A brief discussion of the considered methods is provided hereafter. 

In general, three types of optimisation solution methods can be defined: zero-, first- and second-

order methods. 

Zero-order methods utilise only information from the current solution level; an example 

of such a process was presented by Soto (2004), who employed Prescribed Plastic Stress/Strain 

criteria to design a crashworthy vehicle system. While appealing due to their simplicity of 

implementation, zero-order methods are in general quite computationally expensive, as more 

simulations are required to determine the optimal distribution. It should be noted that while the 

computational expense for zero-order methods can be reduced by imposing a sufficient number 

of engineering and design simplifications, this approach might truncate the response domain 

and thus prevent some of the critical responses from being determined. 

Second-order methods, on the other hand, employ both gradient and hessian information 

when searching for the next step in the optimisation iterative procedure. While providing high 

efficiency for some of the problems, second-order methods are both memory and 

computationally intensive. In addition, while first-order derivative information can be obtained 

in an efficient manner, as discussed in the previous section, obtaining second-order derivatives 

of the nonlinear response with respect to design parameters is far more costly and may require 

significant modifications in the FEM software, as derivatives of the stiffness matrix with respect 

to the displacements are required to obtain such information. For this reason, a first-order 

method was employed in this work to solve the optimisation problem. 

First-order methods are most widely used in topology optimisation, since in conjunction 

with the adjoint sensitivity method (Haug et al., 1978) they can provide a computationally 

efficient direction for gradient decent algorithms, even for cases with a significant number of 

variables. The most widely used first-order methods in the field of topology optimisation are 

optimality criteria (Patnaik  et al., 1995; Sigmund, 2001; Andreassen et al., 2011) and the 

Method of Moving Asymptotes (MMA) and its variants (Svanberg, 1987, 2002; 

Duysinx et al., 1995; Bruyneel  et al., 2002). The implementation of the optimality criteria 

method is straightforward, as it directly operates on design variables: 
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where S  is a sensitivity-related parameter that is scaled with a Lagrangian multiplier   in order 

to ensure that constraints are satisfied and no step exceeds a move limit of maxx . While (4.90) 

provides a relatively robust algorithm for dealing with multiple variables, it will have difficulty 

when multiple constraints  m  are introduced; additionally, the simple stepping employed 

within the optimality criteria is only possible for cases when the objective function sensitivity 

is negative, and as such this method fails when tackling functions that are highly non-convex.  

These drawbacks are addressed to some extent by the family of MMA algorithms. These 

algorithms tackle the nonlinearity and generally non-monotonous nature of the structural 

response of complex systems by means of transforming the troublesome optimisation problem 

(4.89) into a series of simpler ones: 
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This approach is known as a “separable sequential convex approximation” 

(Svanberg, 2002), where at each design point  1 2 1, ,... ,k k k k k
n nx xx x 

   x , the complex system 

response  if  is approximated with a known parametric convex function  if , which is then 

optimised to produce the next design point  1kx . For the MMA algorithm and its globally 

convergent version (GCMMA) the described parametric function takes the following form: 
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where parameters , ,k k k
ij ij iq rp  are selected in such a way so that the real function value and 

gradients at design point kx  and the value of the convex approximations of these quantities are 

the same: 
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The GCMMA formulation (Svanberg, 2007), which is adopted in this work, employs the 

following solution to (4.93): 
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where parameter k
i  accounts for the non-monotonous behaviour of the original response and 

is determined in the solution process iteratively by ensuring that new value of the response and 

the predicted value for the response are within a certain level of tolerance   : 
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Expressions  i
jf x


   and  i

jf x


   from (4.94) and (4.95) can be determined from the 

following logical operations: 
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Parameters j
kl  and k

ju  for each individual variable jx  represents the bounds or asymptotes 

of the convex region for the parametric function  if , hence by adjusting the values of these 

parameters, the function in (4.91) can represent a convex behaviour of function (4.89) in the 

vicinity of the design point kx . 
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As indicated above, in order to produce a new design point 1kx  an optimisation of (4.91) 

has to be conducted. Combining the constraints with the objective function, the following form 

of Lagrangian    can be obtained: 
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        x x   (4.100) 

Due to the convexity of the considered problem, Karush–Kuhn–Tucker conditions are 

both necessary and sufficient for the local optimum of (4.100) to exist. Therefore, the solution 

 1 1 1 1, , ,k k k k   μ ξ ηx  to the following set of equations is a local optimum of (4.91): 
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The above described procedure is adopted for the optimisation problem discussed in the 

following section. To this end, a modified version of MMA algorithm (Svanberg, 2007) has 

been devised, where modifications are twofold: i) change in some of the constraint handling 

parameters to allow for non-feasible starting point as an initial solution, and ii) modification of 

the procedure responsible for global convergence to local optimum in the GCMMA algorithm. 

To elaborate, the original algorithm would check at every iteration step if the response predicted 

by (4.92) matches the real one calculated by means of nonlinear analysis; if the response 

predictions are within a given positive tolerance: 

     1 1 e0 toleranc
i k i kf f   x x   (4.102) 

the optimisation algorithm can proceed. Conversely if (4.102) is violated, the results obtained 

with expensive function 0f  are used to modify the non-monotonous parameter k
i , with other 

analysis parameters resetting to their value at the start of the step k . While the described 

procedure was shown to be globally convergent to the local optimum (Svanberg, 2002), it 
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requires significantly more executions of the expensive function 0f , which involves numerical 

solution of a complex nonlinear finite element model. To reduce the demand on computational 

resources associated with this, the condition in (4.102) is relaxed in the present work: 
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It should be noted that the proposed modification violates the assumptions on global 

convergence to local optimum, but on the other hand it facilitates a more robust exploration of 

the design space, which can be beneficial for the considered problem, since the accuracy of the 

optimisation procedure is constrained by the stability of numerical analysis, and for an arbitrary 

damage distribution stable equilibrium may not always be achieved. The next section illustrates 

the application of both gradient information and the discussed optimisation procedure on a 

small-scale case study. 

 

4.7. Application of Assessment Methodology 

4.7.1. Test Model Setup  

To illustrate the developed concept, the test structure presented in Section 4.2 is extended, 

so as to ensure that unrealistic local failure exhibited by lightly damaged structures (Figure 4.4) 

is avoided. To this end, a concrete slab was introduced into the model (Figure 4.32), to ensure 

that local beam failure does not result in continuity loss. The introduced slab is 12 meters long 

with simple supports on each side, where the beams provide support along the middle of the 

slabs (Figure 4.32). 

For the current study only local damage that affects wall, columns and beams is 

considered, with the slab designed to perform in a more ductile manner, which improves 

stability of the nonlinear analysis. To achieve this goal, the slab is intentionally overdesigned 

for the considered uniformly distributed load of 50 2kN m . Details of the considered slab 

design are presented in Figure 4.33.  

Similar to the previous tests, 2-noded cubic Euler-Bernoulli beam-column elements are 

used for column and beam modelling, and the 3-noded hierarchic shell element is utilised to 

discretise both wall and slab parts of the model. All conducted analyses consider both physical 

and geometric nonlinearities of the response of the damaged structure. Material parameters and 
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element cross-sections for this test are identical to the ones presented in Table 3.5 and 

Figure 4.2, respectively. As beam elements possess 6 DOFs at every node, and slab elements 

only have 5 DOFs per node, special connector elements (Izzuddin, 2016) are used to ensure 

combined action between slab and beam elements. To improve the time required for the solution 

of the considered problem, the partitioned modelling strategy (Jokhio et al., 2015) is utilised 

when creating the structures finite element model. To maximise the effect of partitioning, the 

model is subdivided into seven sub-models (children) all interconnected via a dual-super 

element on the global (parent) level (Figure 4.34). 

 

 

Figure 4.32. Finite element mesh and boundary conditions of test model 

 

 

Figure 4.33. Details of the slab sizing and reinforcement 
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Figure 4.34. Partitioning strategy adopted for test model 

 

This particular strategy results in the best ratio between the number of DOF associated 

with each sub-model and the number of DOF retained at the global level. This approach results 

in approximately nine-fold time saving in comparison to the non-partitioned model, thus 

reducing the run time of each design iteration within the optimisation algorithm from 77 to 9 

minutes. This speed-up can be attributed both to the utilisation of several processors (one per 

each child level sub-model and one for the parent level system, adding up to a total of 8), which 

allows for concurrent processing of each of the sub-models and the reduction in the size of the 

tangent stiffness matrix at the child and parent levels. 

 

4.7.2. Verification of Simplified Damage Sensitivity Assessment Strategy 

To illustrate the validity of adopted simplified strategies for finding the sensitivity of 

response to damage parameters, a series of tests with two predefined damage levels are 

conducted. Both cases considered damage sustained within sub-model P-2 (Figure 4.34).  



Chapter 4. Robustness Assessment Methodology for Irregular Structures  

 
 

169 
 

The first case considers column failure, while the second one is concerned with beam 

failure near the beam-column joint. Deformation modes for the undamaged case as well as for 

the fully damaged column case are presented in Figure 4.35 a) and b) respectively. 

 

 

a) b) 
Figure 4.35. Deformed shape for a) undamaged case and b) column damage case 

 

Undamaged case is characterised by the initial failure of the bearing column followed by 

subsequent failure of the beam-wall joint. As damage to the column increases column failure 

mechanism becomes less prominent as can be observed for the fully damaged column case 

Figure 4.35 b). It should be noted that remarkably ductile behaviour was utilised for the joint 

element (Figure 4.34). High ductility of the considered joint results in considerable level of 

deformations obtained at the end of the analysis (up to 1200 mm). This deformation level is 

unreasonable for the realistic connections. To account for the realistic connection behaviour for 

cases where no intersection between static and pseudo-static response was present or where this 

intersection happens in the unrealistic displacement range, the joint rotation was monitored 

through the analysis, and when the maximal joint rotation was in excess of 0.06 rad (Kuhlmann 

et al., 2014; Ismail et al., 2016; Ahmed, 2017; Zhou et al., 2018) analysis was considered 

terminated. The effect of the considered termination on the system pseudo-static capacity is 

outlined in Figure 4.36 with a magenta point representing PSC obtained for the complete 

response and black points representing PSC obtained with the constraint on the maximal joint 

rotation 

PSR curves presented in Figure 4.36 showcase gradual transition from the no damage 

response (red curve) to the fully damaged column response (blue curve). It can be seen that 

with reduction to the residual column stiffness the corresponding drop in the PSR becomes less 

prominent (red and green curves), completely vanishing for the fully damaged column case 

(blue curve). 

 



Chapter 4. Robustness Assessment Methodology for Irregular Structures  

 
 

170 
 

 

Figure 4.36. Static and pseudo-static response for column damage case 

 

Deformation modes associated with the case of beam failure are presented in Figure 4.37 

where undamaged state is presented in Figure 4.37 a) and fully damaged case in Figure 4.37 b). 

The case of fully damaged beam element is characterised by a local floor failure (Figure 4.37 b). 

Similarly to the previous case beam-wall joint rotations were monitored throughout the 

nonlinear analysis. This damage scenario can be characterised by two consecutive failures the 

failure of the initially damaged segment followed by the failure of the beam-wall joint.  

Local nature of the obtained collapse mode can be determined from the PSR curve 

(Figure 4.38) by comparing the nominal work value attained at the level of PSC for the 

undamaged case (red curve) and nominal work corresponding to the PSC of the damaged cases 

(green and blue curves). It should be noted that initial failure of the beam results in a sharp jump 

in the nonlinear static response (Figure 4.38 green curve) caused by transitioning from one 

equilibrium path to another. Severity of the aforementioned jump decreases with reduction of 

the residual strength of the damaged element. 

The pseudo-static capacity results for the column failure scenario for each of the 

considered damage intensities are presented in Figure 4.39, where the results are normalised 

relative to the pseudo-static capacity obtained for the undamaged structure. It is worth noting 

that the pseudo-static capacity of the undamaged structure does not correlate with any particular 

dynamic loading scenario, but can provide a good upper bound on the value of pseudo-static 

capacities obtained at different damage levels, and as such can be readily used to ensure that 

the objective function value is comparable to that of the constraints. 
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a) b) 
Figure 4.37. Deformed shape for a) undamaged case and b) column damage case 

 

 

Figure 4.38. Static and pseudo-static response for beam damage case 

 

The results in Figure 4.39 indicate that for column failure cases damage factors below 

0.04 have little to no effect on the pseudo-static capacity. Once the 4% damage threshold is 

crossed, a significant reduction in the PSC can be observed, with a subsequent constant rate of 

PSC loss with damage increment. After damage to the column element exceeds 60%, the 

reduction rate in the PSC decreases significantly. This fact can be attributed to a decrease in the 

effect of residual column strength on the system behaviour. It should be noted here that for very 

high levels of damage care has to be taken in the solution procedure of the nonlinear model, as 

numerical difficulties tend to arise when the damaged finite element length reduces to zero. 

For each value of damage factor values of sensitivities are obtained for each of the 

simplified approaches suggested in Section 4.5.5, namely: zero-load increment mapping (ZLI), 

zero-nominal work mapping (ZNWI) and zero external work increment (ZEWI) mapping. 

Results for these cases as well as pointwise minimum response based on all of the suggested 

simplified strategies are presented in Figure 4.40. 
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Figure 4.39. Normalised pseudo-static capacity for column failure scenario 

 

 

Figure 4.40. Sensitivity of normalised pseudo-static capacity for column failure scenario 

 

All presented strategies performed fairly similarly for the considered damage scenario 

with ZNWI and ZEWI mapping approaches fairing somewhat better compared to the ZLI 

mapping strategy. The latter approach becomes unstable for near ZLI, and as such presents a 

greater rate of results scatter. 

All strategies provide sensible estimates of the sensitivity of the pseud-static capacity to 

the variation in damage parameters. The predicted quantity manages to capture both low rate 

of change for the low damage levels as well provide a very good estimate of the sensitivity for 

damage levels over 60%. While the considered algorithm tends to underestimate sensitivity for 

the moderate damage levels, it can be attributed to a highly discontinuous nature of sensitivity 

in this range of damage values. Contrary to this, the sensitivity predicted with the simplified 

algorithm assumes a more continuous behaviour of the response. This results in significant level 
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of error in the vicinity of the discontinuous behaviour that rapidly reduces as damage level 

increases and the response stabilizes. 

The pseudo-static capacity results for the beam damage scenario for different damage 

intensities are presented in Figure 4.41, where the same normalisation strategy as for the column 

damage scenario was employed. 

 

 

Figure 4.41. Normalised pseudo-static capacity for beam failure scenario 

 

Figure 4.41 illustrated the concept of collapse mode damage activation threshold. Until 

beam element sustains damage in excess of 50%, the system fails in manner associated with a 

no damage scenario; similar observations were made in the analysis provided Section 4.2.3. 

After the critical level is reached, the response undergoes a drastic change that corresponds to 

a significant drop in normalised PSC. The pseudo-static capacity continues to reduce at a high 

rate until the element damage level reaches 80%; after this stage, the residual strength of the 

beam element becomes far less prominent in determining the response and as such a much 

slower rate of PSC decay can be observed. Near the full damage range 97-100%, the rate of 

reduction in the pseudo-static capacity becomes negligible. 

Unlike with the previous column damage scenario, significant discrepancies in 

performance between ZLI mapping and other constraint strategies can be observed in 

Figure 4.42. This fact can be attributed to a more complex response of the damaged structure, 

compared to the pervious damage scenario. For the beam damage scenario, the response is 

characterised by a nearly perfect plastic behaviour followed by hardening after the critical point 

is reached. Therefore, a simplified procedure associated with load increment quantities becomes 
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unstable and tends to overestimate the sensitivity value when compared to both ZNWI and 

ZEWI strategies. 

 

 

Figure 4.42. Sensitivity of normalised pseudo-static capacity for beam failure scenario 

 

Similar to the previous case, the predicted gradients are quite accurate for the no-

activation stage (0-50%) as well as for the damage stabilisation stage (80-100%), even capturing 

the zero slope in the vicinity of full damage. The presented approach tends to underestimate the 

values in the mid damage range, as it assumes a continuous form of response, while in reality 

discontinuity is quite prevalent in the system response. While this error in the sensitivity 

estimate is a shortcoming, it does not precludes the application of the obtained result in the 

gradient based optimisation algorithm as both the gradient sign as well as relative influence in 

the response are estimated correctly, and while the mid-range of damage values is 

underestimated, it is misjudged to a similar degree for all elements involved, and as such it 

should not lead to bias during the optimisation procedure, as illustrated in the following 

sections. 

 

4.7.3. Verification of the Constraints Employed in Optimisation Algorithm 

To illustrate the implementation of the pseudo-force constraint, a simple optimisation 

problem is considered, where only the constraint on locality (4.34) is utilised and the objective 

function of (4.25) is replaced with the following equation: 

    
1

1
N

i
i

f x


 x   (4.104) 

Accordingly, the optimisation algorithm seeks to find a distribution of design variable x  

inside the domain (represented by the finite element model discussed in Section 4.7.1) so that 
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the amount of damaged elements is maximised while the constraint on locality is satisfied. It is 

necessary to outline here that derivatives of (4.104) are constant and equal to negative unity; 

accordingly, the optimisation algorithm judges the optimality based on the variable bounds and 

constraint function values. The Gradients of “pseudo-force” algorithm vanish when the 

constraint is fully satisfied, thus the optimisation problem presented here has multiple local 

optima. These properties of the considered problem allow to demonstrate two necessary 

conditions that the constraint function should satisfy: i) ability to convergence to local optimum, 

and ii) no-bias condition i.e. ability to remain in global optimum if it is found. 

To illustrate the first property, three optimisation runs with different starting positions are 

conducted. The first two starts (Figure 4.43 and Figure 4.44) represent uniform initial damage 

distribution with full and no damage initialisations, respectively. The third test depicts 

initialisation with random damage distribution (Figure 4.45) and provides additional 

information on the considered constraint behaviour. 

All three test runs result in the same distribution of damage within the domain at the end 

of the optimisation procedure, with the randomly distributed initialisation option taking about 

two to three times as many iterations as the uniform starts to converge to the same solution. It 

is important to note here that while random initialisation resulted in the same final distribution 

as the uniform ones, it is more a coincidence than a rule, since for different initialisations the 

final distribution might possess slightly different features compared to the uniform cases, as is 

shown in the no bias-test. This behaviour is due to the fact that algorithm converges to any local 

optimum, which for the current test is any position that satisfies the constraint condition on 

locality to the required tolerance. This fact explains why the algorithm tends to find such a 

position in the centre of the model for uniformly damage models, since in the absence of 

objective function gradients guidance, the pseudo-force vector in the system would be oriented 

towards the model centre in accordance to the initial assumptions described in Section 4.5.2. 

All observed test exhibit similar behaviour in arriving to the result. All solutions tend to 

disperse damage around the model centre in the beginning of optimisation procedure with 

subsequent aggregation of further damage around these initial concentrations. If constraints are 

violated for the initial distribution, the algorithm tends to aggressively modify the design 

variables to get within the constraint tolerance limits, as can be seen for cases of full and random 

damage initialisations (Figure 4.43 and Figure 4.45). For the presented tests once constraints 

are within their bounds, the variable modification rate decreases significantly, until 

convergence is achieved.  
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Figure 4.43. Full damage initialisation for constraint test 
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Figure 4.44. Zero damage initialisation for constraint test 
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Figure 4.45. Randomised damage initialisation for constraint test 
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To illustrate the no-bias property, an additional test run is conducted with an initial 

damage distribution located at the position of global optimum. The obtained results illustrate 

attempts by the optimisation procedure to locate a more optimal solution, but the results always 

rolls back to the bounds of the initial distribution (Figure 4.46), as is expected for the no-bias 

constraints.  

 

 

Figure 4.46. No bias constraint test 
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4.7.4. Application of Optimisation Algorithm to Test Structure 

To illustrate the optimisation algorithm, the extended test problem described in Section 

4.7.1 is analysed for critical local damage location. In this test damage is not applied to the slab 

substructure. The described set-up results in 950 design variables inside the optimisation 

domain. To avoid issues described in Section 4.2.4, the maximum damage value is limited to 

0.94. This value was empirically chosen, as it allows to avoid both the problem of low damage 

threshold and precludes numerical difficulties associated with nearly singular stiffness matrix 

for higher levels of uniform damage.  

The optimisation is initiated with a random distribution of damage as can be seen from 

Figure 4.48. Since initial damage distribution is outside of the feasible domain, “aggressive” 

transition towards the damage extent constraint boundary can be observed in the initial 

iterations (1-4). This movement is accompanied by damage concentration at the elements with 

highest level of sensitivity as determined by the methods presented in Section 4.5.4-4.5.5. For 

this particular case some, similarity between strain energy concentration map (Figure 4.47) and 

localisation of damage in the optimisation procedure can be observed. 

 

 

Figure 4.47. Strain energy distribution inside the relevant elements for the undamaged structure 

 

  



Chapter 4. Robustness Assessment Methodology for Irregular Structures  

 
 

181 
 

 

 

Figure 4.48. Optimisation results prior to continuation  
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After the extent constraint is satisfied algorithm tries to minimise the objective function 

(normalised pseudo-static capacity) while trying to satisfy the locality constraint. As fewer 

elements at this stage violate the locality constraint, the algorithm converges to a global 

optimum outside of the feasible domain, as can be seen from the objective function value of 

0.292 obtained from iteration 8 to 30. This response corresponds to simultaneous failure of both 

beam–wall connections accompanied by the relevant column failures. The deformed shape for 

the described optimum can be seen in Figure 4.49. 

 

 

Figure 4.49. Failure mode for the infeasible global optimum 

 

Since the algorithm fails to converge to a feasible solution after 30 iterations, the 

continuation procedure is executed. This procedure, rescales the constraint values and gradients 

to become more influential in the Lagrangian expression (4.100). This rescaling allows the 

optimisation algorithm to “climb” outside of the global optimum and converge toward a local 

optimum within a feasible domain, as can be seen from gradual convergence of damage towards 

the singular point in Figure 4.50. This local optimum characterises column failure mode 

(Figure 4.51) symmetrical to the one presented in Section 4.7.2.  
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Figure 4.50. Optimisation results after continuation 
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Figure 4.51. Failure mode for the converged solution 

 

It should be noted that the converged optimum does not represent the global optimum of 

the feasible domain, as prior tests indicate that the beam failure scenario with a damage factor 

at the upper limit of 0.94 can yield normalised pseud-static response of 0.42 (Figure 4.41)  that 

is lower than 0.449 reached for this scenario. 

The fact that algorithm fails to obtain the global optimum can be attributed to the high 

damage requirement for activation of the beam failure mode as was shown in Section 4.7.2. 

Nevertheless, the converged solution represents one of the local optima, and in conjunction 

with information from the non-feasible global optimum it can provide useful insights for the 

considered structure. It should also be noted that the optimisation algorithm in the final 

iterations of the optimisation algorithm attempted to explore the beam failure mode, but due to 

the locality constraint and high activation level of the beam failure mode failed to leave the 

vicinity of the local optimum it converged to initially; accordingly, further rescaling of 

constraints might allow for convergence to a better local or even to the global optimum. 

 

 

 



Chapter 4. Robustness Assessment Methodology for Irregular Structures  

 
 

185 
 

4.8. Concluding Remarks 

This chapter presents a methodology capable of determining critical local failure 

scenarios for the robustness assessment of irregular building structures. The methodology 

utilises concepts of partial element damage in the scope of finite element analysis by assigning 

a damage parameter to individual elements of the structural model. The developed methodology 

aims at determining the critical combinations of these parameters. 

The developed approach benefits from employing techniques from the field of topology 

optimisation in conjunction with already established robustness assessment methodologies to 

provide a more generalised approach to robustness quantification. To this end, a simple but 

reasonably accurate approach for estimating the sensitivity of pseudo-static capacity to the 

change in damage parameters is developed and verified against numerical tests. These tests 

provide good agreement between the proposed methodology and actual response both in the 

low and high damage ranges, with some discrepancies appearing in the discontinuous mid-

range of damage parameters. 

The developed approach also benefits from an efficient novel methodology for dealing 

with the damage locality condition, which reduces the computational complexity of enforcing 

numerous independent constraints, while avoiding the drawbacks associated both with 

numerical overflow common for the existing constraint aggregation techniques as well as 

vanishing of sensitivity at the edges of the design variable domain. The derivation of the locality 

constraint sensitivity is also provided both for existing aggregation techniques as well as for the 

newly developed method. The presented methodology is further verified for several simple 

optimisation cases, where the results indicate its veracity for the locality constraint 

enforcement. 

The presented methodology is employed to locate the critical regions for a given test-

structure. The results of the conducted optimisation demonstrate is ability to converge to a local 

optimum with the introduction of the continuation procedure. It is also shown that the structural 

response as a function of partial damage factors is discontinuous, due to the existence of 

collapse mode activation thresholds. This issue can be tackled with multiple continuation 

procedures, but it is shown to hinder the proposed algorithm from reliably achieving the global 

optimum, and it may even result in obtaining an inefficient local optimum. 

This issue is addressed in the following chapter where a global optimisation approach is 

utilised, making use of meta-modelling for the efficient determination of robust measures of 

the criticality of different damage scenarios.
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CHAPTER 5 
 

APPLICATION OF METAMODELING TO 
ROBUSTNESS ASSESSMENT 

 

 

 

5.1. Introduction  

Numerical experimentation provides a viable tool for assessing different design 

alternatives, as a sufficiently complex model can provide a good representation of the real 

structure. However, employing these models in an optimisation framework can pose a 

significant challenge, as comprehensive structural models can pose excessive computational 

demands, and depending on the veracity of the optimisation algorithm hundreds if not thousands 

of data points may be required to converge to a solution. Therefore, efficient selection of these 

points is of paramount importance for any effective application.  

This chapter addresses some of these selection concerns while tackling issues related to 

the implementation and application of the approach for identifying critical local damage 

scenarios presented in the previous chapter. Particular attention is given to procedures required 

to ensure the determination of a global optimum. This chapter illustrates the application of 

Bayesian optimisation procedures in conjunction with distributed local damage concepts. This 

amalgamation is achieved by transforming the optimisation from a semi-continuous form in 

terms of individual elemental damages to a fully continuous one as a function of damage 

location and extent. The proposed transformation, as an added benefit, alleviates the 

complexities associated with constraint enforcement. A detailed description of the redefined 

optimisation procedure as well verification study is presented hereafter. 

The shortcomings of the gradient based approach are initially outlined in Section 5.2, with 

particular emphasis given to the multimodal nature of the objective function. A conceptual 

problem is illustrated for a plane frame subjected to a local failure of two columns. The 

comparison of the pseudo-static capacities of the considered frame under different damage 

scenarios reveals three distinct collapse modes, where transition from the initial collapse mode 

to the collapse mode associated with any damaged state can be both “gradual” and “rapid” 
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depending on the damage distribution. This discontinuity in mode transition may prevent the 

gradient based approaches from converging to the global optimum. Section 5.3 addresses some 

of the indicated deficiencies by defining a transformation from an element damage based 

procedure to a location based one. This section provides a comprehensive account of the 

required derivations of both variable transformations and the related sensitivities. 

Section 5.4 addresses the problem of failing to locate the global optimum in the 

optimisation procedure. Initially, a brief description of the kriging surrogate modelling 

technique is provided with particular emphasis given to correlation kernels and hyper-parameter 

tuning. A small application example on approximating a highly multimodal function with a 

kriging surrogate is presented. A description of the heuristic behind an effective sampling 

strategy for global optimisation is presented in Section 5.4.3, which is then employed for 

locating a minimum of the previously discussed multi-modal function. 

Section 5.4.4 presents an implementation of a multi-fidelity framework to robustness 

assessment. Initially, multi-fidelity surrogate models are discussed and compared. This 

discussion is followed by an illustrative example, where a concrete wall under bending and 

compression is subjected to localised element failure. The structure in question is modelled at 

both high and low fidelity levels, where the high-fidelity level refers to a greater mesh and gauss 

point density compared to a low one. Information from both levels is utilised to construct a 

reliable estimate of the criticality of any given location, improving computational efficiency by 

more than 20% compared to a single fidelity model.  

The chapter concludes with a realistic application example of the described techniques. 

Particular emphasis in this application study is given to the multi-fidelity approach. A form of 

domain decomposition technique is employed to initially subdivide the response into the 

independent low fidelity components that are then assembled to create a mean for the high-

fidelity analysis. 

 

5.2. Deficiencies of Gradient Optimisation approach 

5.2.1. Objective and Constraint Function Form 

The previous chapter provided a reliable approach to finding a critical local damage 

distribution for the robustness of a given structure. The criticality of the found position relates 

to the existence of a local optimum of the constructed Lagrangian   : 

    0

1

cnstrN
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f f
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that combines both objective  0f  and constraint functions  if . For the considered critical 

location identification algorithm, both constraints and objective function are neither convex nor 

concave with the objective function also being non-monotonous (Figure 5.1). 

 

 

Figure 5.1. Representations of objective and constraint functions shape for two-dimensional problem 

 

Figure 5.1 provides a visual explanation of the effect observed in a previous chapter when by 

employing a form of penalty method through adjusting the Lagrangian multipliers   , it is 

possible to transition between different local optimums of the objective function. It should be 

noted that while this penalty adjustment procedure may be viable for some structures, it does 

not guarantee convergence to the global optimum, and it can become ineffective for structures 

that have numerous closely positioned local optima. It should also be noted that while the 

objective function in Figure 5.1 is relatively smooth, this does not hold for the majority of real 

structures. The previous chapter illustrated that the pseudo-static capacity as a function of 

damage parameters can show discontinuity that arises due to the existence of a specific collapse 

mode activation threshold. 

 

5.2.2. Response Discontinuity Investigation 

To illustrate the discontinuity in the pseudo-static capacity and its origin, a test structure 

is considered. This structure consists of the topologically typical three-bay three-storey frame, 

with additional full-strength connections between elements to avoid collapse modes that are 

associated with joint failure, and with horizontal planar restraints applied at the edge beam-to-

column joints (Figure 5.2). A specific combination of loading and element sizing is employed, 

where columns and beams associated with the two larger bays (Figure 5.2) are intentionally 
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heavily overdesigned compared to those associated with the smaller bay, with the section details 

as well as element sizing and loading presented in Figure 5.2. 

 

 

Figure 5.2. Response discontinuity investigation test set-up 

 

The 2-noded cubic beam-column elements (Izzuddin, 1991) are employed in the 

discretisation of this problem, where a constant element length of 300 mm s utilised to provide 

an accurate response for the high levels of deformation associated with collapse. 

The material model employed for this study assumes a Young’s modulus of 

210000 2N mm ) and a yield strength of 250 2N mm , with subsequent elliptical hardening 

(Song et al., 2000) until the ultimate strength of 350 2N mm  is reached, after which a fully 

plastic behaviour is observed. 

 

5.2.3. Collapse Mode Shift Discontinuity 

This test investigates the effect of damage to elements 1b  and 2b  (Figure 5.2) on the 

pseudo-static capacity of the described structure. To this end, a set of analyses with different 

combinations of damage parameters associated with the considered elements is conducted, were 

the results are presented in Figure 5.3. 



Chapter 5. Application of Metamodeling to Robustness Assessment  

 
 

190 
 

 

 

Figure 5.3. Normalised pseudo-static capacity and response gradients 

 

The results show that for a damage range: 

 1
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  (5.2) 

a very minor change in the pseudo-static capacity is obtained, with a greater influence of the 

damage to element 2b  on the system response. Therefore, if conventional gradient optimisation 

is conducted with the constraint on total amount of damage: 
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0 1i

b b
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   (5.3) 

it will most likely arrive to a solution where all of the damage is applied to element 2b , unless 

the initial point is already located beyond the level of damage threshold for element 1b . This 

result corresponds to a local optimum of 0.402 compared to the global one 0.382 obtained for 

fully damaged element 1b . Despite only a 5% difference, these results correspond to 

significantly different collapse modes, and thus they indicate that the collapse modes associated 

with a high activation threshold may be skipped in the process of gradient driven optimisation. 

The considered test can be characterised by three unique collapse modes. The initial 

collapse mode is associated with neither of the damage elements exceeding the activation 
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threshold (Figure 5.4), and it is exhibited as a failure of the central bay column. As damage to 

element 2b  increases, the initial collapse mode smoothly transitions into a mode with large bay 

corner column failure (Figure 5.5). On the other hand if damage is increased for the element 1b  

far less smooth transition is observed for the opposite corner failure of the small bay column 

(Figure 5.6). For high levels of damage to both elements 1b  and 2b , combinations of unique 

collapse modes can be observed. All collapse mode classification based on the damage fraction 

are presented in Figure 5.7. Where the influence of each mode is characterised by an RGB 

triplet, with [0 1 0] (green) corresponding to absolute prevalence of initial collapse mode, 

[0 0 1] (blue) defines the collapse mode associated with damage to the element 2b , while [1 0 0] 

(red) denotes collapse mode associated with damage to the element 1b . Figure 5.7 also shows 

combinations of the three collapse modes for intermediate damage fraction values as well as 

combination of the two element collapse mode for high levels of damage fractions 

 1 20.9, 0.9b b  . 

 

 

Figure 5.4. Initial collapse mode 
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Figure 5.5. Collapse mode associated with damage to element b2 

 

 

Figure 5.6. Collapse mode associated with damage to element b1 

 

 

Figure 5.7. Collapse mode based on damage distribution 
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The obtained results show that even for a very simple problem, complex transitions 

between collapse modes with different activation thresholds can be observed, thus a singular 

local optimum for the critical damage distribution does not comprehensively address the issue 

of structural robustness of a realistic building. To this end, the next section presents a transition 

from a semi-continuous damage distribution approach to a more comprehensive fully 

continuous one. 

 

5.3. Problem Reformulation to Fully Continuous Form 

The previous chapter highlighted the complexity associated with treating every element 

as an independent variable. This approach makes locality constraint introduction an involved 

and complex process, and even when handled in an efficient manner via one of the constraint 

aggregation techniques, significantly reducing computational demand, it can adversely affect 

convergence of the optimisation algorithm. In addition, handling sensitivity information can 

become troublesome for intricate models of real structures, as the number of variables for such 

cases can be many hundreds of thousands. In addition, Section 5.2.3 showed that due to the 

different activation thresholds, some of the critical collapse modes can be skipped depending 

on the initial damage distribution. 

To address these issues, a shift in the problem definition is required. The previous 

formulation considers initially an unconstrained damage distribution (Figure 5.8 a), which is 

then modified in such a way as to satisfy the applied constraints. While capable of producing 

satisfactory results this approach suffers from the necessity of calculating damage distributions 

that are already known to be in violation of constraint conditions, and as such any information 

these results provide is useful only in an incremental sense, where each subsequent distribution 

is closer to the one that is being sought. 

An alternative way is to consider only distributions that satisfy constraints (Figure 5.8 b), 

and thus ensure that each conducted computationally expensive simulation is of practical use. 

The issue with such a definition is that it appears to be discontinuous in nature, hence it might 

not benefit from the sensitivity information obtained at the prior stages. To transition from this 

discontinuous set to a fully continuous representation of damage field inside the structural 

domain, an assumption on the shape of the damage set has to be made. It is worth noting that 

an assumption on the allowable set shape has already been made with the locality constraint, 

where a maximal distance between any two damaged elements was assumed. Geometrically 

this condition is equivalent to a sphere with a diameter equal to this distance (Figure 5.9 a). 
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Figure 5.8. Possible approaches to damage distribution: (a) unconstrained non-conforming damage set, 
(b) discrete conforming damage sets 

 

 

Figure 5.9. Spatial damage distribution and damage intensity profile for constant (a) and continuous (b) 
distributions 
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While the sphere representations addresses the issue of discrete element set definitions, it 

has a drawback when damage intensity profile has to be considered (Figure 5.9 a), where 

damage behaves discontinuously at the sphere boundary. This discontinuity can also adversely 

affect the quality of sensitivity information for the considered model as it was shown that 

sensitivity values drop significantly for very high damage levels  1ib  . To address these 

issues, a continuous representation of the damage profile is utilised in this work (Figure 5.9 b), 

where damage at the centre of the damage profile is equal to 1 and then gradually decreases as 

it gets further away from it. This approach results in both fully damaged elements  0.95ib   

to ensure that any associated collapse mode can be triggered and partially damaged elements 

 0.95ib   to provide the sensitivity of the response to any shift in the failure position.  

In this work, a form of elliptical distribution is chosen as a functional representation of 

the damage distribution  b : 

 

2 2 2

exp

n n n

c c c

max max max

x x y y z z
b

R R R

       
                  





 
  (5.4) 

where  , ,c c cx y z  denote the centre of the damage distribution, maxR  represents half of the 

maximal distance between two damaged elements and parameter n  defines the extent of the 

fully damaged region, where 1n   represent that full damage is attained at a single point of the 

damage distribution centre and if n   full damage is attained inside every point of the 

considered distribution. 

Expression (5.4) can be further generalised to a fully elliptical distribution with arbitrary 

orientation in space: 

   exp
Tn T n

rot ax rotb    


 


 RRX XR   (5.5) 

where axR  represents a diagonal matrix containing dimensions of semi-axes of the ellipsoid 

bounding the damage region  , ,x y zr r r : 
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and rotR  represents the 3D rotation matrix, formed from unit vectors positioned along the three 

local ellipsoid axes. In the case where the local ellipsoid axes are parallel to the global Cartesian 
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coordinate system rotational matrix is reduced to the identity matrix. Vector nX  in (5.6) 

represent an element wise exponentiation operation on the element coordinates: 
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The definition of damage distribution in (5.5) provides a way of combining together both 

constraints on damage locality via  , ,c c cx y z  and damage extent via  , ,x y zr r r . 

The sensitivity of damage distribution to the position and size    can be established by 

applying chain differentiation to (5.5): 

 

 

 

 

2

2

nTn T
rot ax rot

Tn T nrot
rot ax

Tn T nax
rot rot

b
b



 



 
     

 
  
      

  
 

    













X
X R

R
X

R R

R R X

X
R

R XR

  (5.8) 

where the terms represent sensitivity of damage distribution to i) change in damage distribution 

centre, ii) rotation of the damage distribution around the damage centre, and iii) change in the 

extent of damage via adjustment of the ellipsoid semi axes length, respectively. 

It is important to note that distribution as presented in (5.5) is fully continuous, hence the 

damage of each discretised element is no longer described by its own reduction factor 

(Figure 5.10). This reduces the number of damage variables drastically. 

 

 

Figure 5.10. Continuous damage distribution over a discrete element 
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To implement the described approach within a discretised finite element framework 

individual element damage values can be obtain via integration of (5.5) over each of the 

elements domain   : 

 

i i

ib bd d
 

   
     
   
   
    (5.9) 

Integral in the numerator of (5.9) does not have a closed form solution, as such a 

numerical approximation of the integral value based on the Gauss quadrature can be employed 

to determine the value of element based damage: 
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    (5.10) 

The expression in (5.10) allows for variable precision of the calculated damage value 

based on the utilised number of Gauss points in the element domain. It is also noted that for 

cases when the damage ellipsoid is completely contained within the element domain, a large 

number of Gauss points is required to obtain satisfactory accuracy. However, for the type of 

problem at hand, this does not lead to adverse effects, since for realistic structural models aimed 

at capturing complex nonlinear behaviour, the size of the damage ellipsoid would always 

exceed that of the finite element employed in the discretisation of the analysed structure. 

With the described approach, every considered damage distribution is within the domain 

of feasible solutions, thus every computationally expensive analysis yields relevant 

information. Methods for combining this information as well as approaches to locating the 

global optimum for any given problem are presented in the next section. 

 

5.4. Efficient Global Optimisation of Expensive Functions 

5.4.1. Complexity of Global Optimisation  

Realistic engineering problems are often characterised by a complex multimodal relation 

between the performance measure and input parameters (Figure 5.11). This behaviour reduces 

the efficiency of gradient based optimisation algorithms, as they can only ensure convergence 

to a local optimum. 
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Figure 5.11. Multimodal function containing several local optimums  

 

It should be noted that the global optimum for arbitrary function may not be located in 

polynomial time, since to ensure that the found minimum is global an exhaustive search of the 

domain has to be conducted. This fact can be illustrated by considering a maximisation problem 

where objective function is represented by a Dirac-delta function: 
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Figure 5.12. Discontinuous objective function 
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Considering the form of response presented in Figure 5.12, it becomes clear that the only 

way for locating the maximum of the presented function is to perform an exhaustive search 

over the problem domain. While the described search provides a definite answer to the 

optimisation problem, its overall computational complexity makes its application infeasible. 

The case presented in Figure 5.12 can be considered an extreme and is unlikely to occur 

for realistic engineering problems. Nevertheless, it has been shown that the type of problem 

considered in this work can exhibit nearly discontinuous behaviour when transitioning between 

different collapse modes, hence a more comprehensive strategy is required for domain sampling 

to yield a reliable estimate of the robustness measure for a given structure. 

The relevant sampling strategy can be established through application of metaheuristic 

algorithms which continuously modify their search region based on the previously sampled data 

as well as on empirical estimates of response correlation. The drawback associated with the 

application of metaheuristics to locating the global optimum is related to numerical complexity. 

For complex nonlinear problems hundreds of samples have to be considered to find the most 

optimal solution with sufficient level of certainty. For the considered problem, realistic models 

may require hours of solution time to produce even a single design point, which makes the 

direct application of a metaheuristic approach prohibitively expensive. 

This problem can be addressed by replacing an expensive evaluation of the response with 

an adequate approximation that is relatively cheap to compute. The approximate response is 

usually referred to as a surrogate model (SM) (Forrester et al., 2008; Kleijnen, 2008). Different 

surrogate modelling algorithms exist (Ong et al., 2003; Forrester et al., 2008, 2009): polynomial 

response surfaces, radial basis function, kriging, support vector machines, space mapping, 

artificial neural networks etc. Amongst these methods, the kriging meta-model has received 

significant prominence in recent research. This approach to constructing a surrogate-model is 

adopted in this work, as briefly described in the next section. 

 

5.4.2. Kriging Algorithm 

The term kriging was coined by Carlier and Matheron in the 1960s (Cressie, 1990). This 

approach was mostly used in geo-statistics until its application to optimisation was outlined by 

Jones et al. (1998). 

The kriging algorithm is predicated on the idea that any multivariable real valued function 

 g X  can be expressed as a combination of a regression function  rf X  and an independent 
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Gaussian process  Ge X  with variance   that can be understood as normally distributed with 

zero mean error: 

      i r i G ig f e  X X X   (5.12) 

where 1 2, ,...,
Tm

i i i ix xx   X  represents a set of m  function variables sampled at point i  .  

It is assumed that “errors” at locations that are “close” in the space of the function 

variables will be highly correlated, and as the distance between location increases the 

correlation will decrease. Therefore, the following relation can be assumed: 

      Corr , ,G i G j c i je e f   X X X X   (5.13) 

where cf  represents kernel function. 

Kernel functions for correlation can take different forms. The most frequently used in the 

literature (Lophaven et al., 2002; Laurent et al., 2019) are general exponential kernels for which 

correlation  C  takes the following form: 
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exp k
k
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k
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 C   (5.14) 

Variables d  in (5.14) represent absolute value of distance between sampled sites in the 

variable space  k k
i jx x , parameters   indicate influence of the given variable on the 

prediction (Figure 5.13), the higher the value the shorter is the variable zone of influence, while 

parameter p  represents the smoothness of the predicted response with values ranging from a 

non-smooth prediction at 1p   to absolutely smooth at 2p   (Figure 5.14). It is also important 

to note the property of kernel functions to transform unidimensional correlation to a 

multidimensional one through multiplication of individual correlations. Generalised 

exponential kernels with value of parameter 1p   are classified as exponential and for 2p   

as Gaussian. 

It can be seen from expression (5.14) that for values of parameter 2p   the expression 

is infinitely differentiable. This fact allows for significantly better performance of Gaussian 

kernels with smooth functions. To extend some of the benefits of continuously differentiable 

kernels to less smooth functions, Matérn kernels (Rasmussen et al., 2006) for half integers can 

be used. Of particular interest for the present work are Matérn kernels 3/2 and 5/2: 
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Figure 5.13. Influence of scaling parameter θ on kernel function 

 

  

Figure 5.14. Influence of shape parameter p on smoothness of exponential kernel function 

 

These functions can be seen as approximations of exponential kernel with the additional 

property of having both null first derivative and negative second derivative at zero 

(Figure 5.15). These properties allow the formulation of a well-conditioned correlation matrix 

with continuous second derivative with respect to the signed distance. 

A similar effect can be achieved by employing spline curves as a base for the correlation 

kernel (Figure 5.15). One of the possible spline kernels that have a continuous second derivative 

(Lophaven et al., 2002) takes the following form:  
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It is also of note that for spline based kernels, the effect of parameter   on correlation now 

depends on the value of   and absolute value of unidimensional distance between sampled 

points. 

 

  

Figure 5.15. Correlation function for different kernels 

 

It can be shown that expression (5.12) can be reformulated in terms of correlation  C  

(Koehler et al., 1996) (for the sake of brevity indices related to the sampled point are dropped 

from the following equations): 

            * * * 1T

r rg        X f X c X C Y X f X   (5.18) 

where *X indicates the point for which prediction is calculated,  Y X  represents the response 

at known points and c  indicates a correlation between sampled and unsampled points calculated 

using the same kernel functions. The prediction depends on parameters  , p  via the implicit 

relationships present in definitions of correlation matrices. 

The values of hyper-parameters can be determined by maximising the probability of a 

given prediction. This can be done by maximising the likelihood of multivariate normal 

distribution: 
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where 2
G  represents the variance of the Gaussian process Ge , N  denotes the number of 

sampled points, and C  represents the determinant of correlation matrix. The expression in 

(5.19) can be simplified by considering log of a likelihood function: 
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By considering partial derivatives of (5.20) with respect to the variation  2
G  and the scaling 

parameter    and equating them to zero, the following estimate can be established: 
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Substituting (5.21) and (5.22) into (5.20) and discarding constant terms, an estimate of log-

likelihood, commonly named in the literature concentrated ln-likelihood (Forrester et al., 2008), 

can be obtained as follows: 

    2
)l ln( ) ln(

2 2
n G

N N
    C   (5.23) 

Since the expression in (5.23) depends only on known data and sought after values of 

hyper-parameters, it can be effectively utilised to determine the most optimal values for the 

hyper-parameters associated with the SM. 

Another way of obtaining values for hyper-parameters for the present application is to 

employ leave-one-out cross validation (LOOCV) (Golub et al., 1979; Rippa, 1999). LOOCV is 

a process designed to assess the quality of a prediction by considering an error of a prediction 

of the response function  CV
ie : 

 


,CV CV
i i ie yy    (5.24) 

where prediction  CV
iy  is built considering a subset of samples with point iX  removed. An 

overall estimate of LOOCV error can be given based on the mean squared error (MSE) estimate: 
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MSE estimate is sensitive to outliers in the prediction, which can be expected when 

dealing with functions with discontinuities in the response; this can be addressed by using a 

mean absolute error (MAE) estimate which is better suited to assess the overall prediction 

quality: 
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To establish a tolerance with physical meaning consideration is given to the mean 

absolute relative error (MARE): 
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where the errors are weighted by the sample range. 

The functions in (5.23) and (5.27) are usually multi-modal and as such, to find values of 

hyper-parameters  , p  corresponding to their minimum, an efficient global optimisation tool 

is required. The current work has taken advantage of the MATLAB genetic algorithm (GA) 

(The MathWorks Inc., 2012) to find the optimal values of hyper parameters. After extensive 

validation tests on different data sets, the algorithm has been employed with 100 initial 

population size and a stopping condition of either a maximum of  300 m  generations or 

function tolerance of 1010 . 

Additionally, it should be noted that function in (5.23) works best on smooth continuous 

functions and may require a significant number of sample points to produce good estimates for 

functions exhibiting significant discontinuities. The measure presented in (5.27) on the other 

hand can effectively deal with discontinuities, but it may require more sample points and is 

significantly more computationally intensive as it requires N  inversions of a reduced 

correlation matrix compared to just one inversion of a full matrix with (5.23). This 

computational burden can be reduced by considering relations between the full and reduced 

matrix inverses (Rippa, 1999; Fasshauer, 2011) The resultant expression for cross-validation 

error at point k  takes the following form: 
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where  1 ,:kC  represent k-th row of inverse of correlation matrix, and  1 ,k kC  stands for 

k-th element on the diagonal of the inverse.  
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To illustrate the application of kriging surrogate modelling to the approximation of 

complex multimodal functions, a generic two-dimensional function of the following form is 

considered: 
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  (5.29) 

where the values of parameters ipa  are presented in Table 5.1. This particular functional form 

is chosen to illustrate the surrogate model ability to generalise data based on a modest sample 

of data points and the handling of response inconsistencies (significant discrepancies in 

response for closely located points). Figure 5.16 presents both the actual response and the 

surrogate constructed from 20 sample points. 

 

Table 5.1. Parameters of the multimodal objective function 

ipa  
p  

0 1 2 3 4 

i   

0 8.003 9.572 9.649 0.975 8.147 

1 - 4.854 1.576 2.785 9.058 

2 - - 9.706 5.469 1.270 

3 - - - 9.575 9.134 

4 - - - - 6.324 

 

For this particular case, sampled points are selected based on the Latin hypercube 

selection technique (McKay et al., 1979), where the locations of sampled points are overlaid 

(red dots) with contours of objective function surrogate model in Figure 5.17. 

The results presented in Figure 5.17 indicate that while the constructed surrogate does not 

model the objective function exactly, it captures both the general trend and some of the more 

prominent irregularities of the response well. In addition, the kriging surrogate model is capable 

of providing a confidence estimate for the modelled response. This measure is used in the next 

section to construct an efficient heuristic for the sampling strategy. 
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Figure 5.16. Objective function and its surrogate approximation 

 

 

Figure 5.17. Surrogate function properties 
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5.4.3. Expected Improvement Algorithm 

The example presented in the previous section shows that while surrogate modelling is 

not a precise tool, it can provide a valid estimate for the response. One of the simplest possible 

ways to utilise the constructed approximation is to employ a global optimisation algorithm to 

locate the minimum of the considered approximation. This direct approach has a significant 

drawback of overexploiting the design space. In the current context, exploitation refers to 

iterative sampling in the vicinity of prior data points, to find the exact location of local 

minimum. Exploration on the other hand refers to the samples being taken in the underexplored 

parts of the design domain. To address the issue of overexploitation, the constructed surrogate 

model can be seen as a probabilistic function, associated with some response uncertainty 

distributed between sample points (Figure 5.18). 

 

  

Figure 5.18. Confidence intervals for kriging surrogate model 

 

From the basic illustration in Figure 5.18, it can be clearly seen that for a deterministic 

response, confidence around the sampled points is maximal and gradually decreases away from 

these points. Taking this into account, an estimate for the probability of function 

“improvement” can be constructed. One of the more prominent “improvement” methods is the 

Expected Improvement (EI) Algorithm. According to the algorithm an improvement  I  of a 

function y  after adding an additional sample point *X  can be calculated as follows: 

     *max min ,0I y y  X   (5.30) 
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It can be shown (Nguyen et al., 2017) that the expectation of improvement takes the 

following form: 

      
     * *

* * min min

min

y y y y
E I y y 
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X X   (5.31) 

where     and     denote the cumulative distribution function and the probability density 

function of normal distribution, respectively,   *y X  represents a predicted value at an 

unsampled point * * * *
1 2, ,...

T

mxx x   X , and   denotes the kriging surrogate model parameter 

associated with the confidence level behind the predicted response at the unsampled location: 
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While Expected Improvement algorithm is capable of providing balance to exploration 

and exploitation during the optimisation process, it is still skewed more towards exploitation 

stage. To address this issue, the function in (5.31) can be modified to include a weighting 

parameter    that would control the exploration-exploitation balance: 

      


 


* 1min min
min

y y y y
E I y y  

 

    
      

  
  


X   (5.33) 

This strategy called Weighted Expected Improvement (Sóbester et al., 2005) is utilised 

to ensure that at the start of optimisation the algorithm is more directed towards exploration, 

while as the computational budget decreases a more exploitation-oriented approach is assumed. 

This effect is achieved by modifying the value of parameter   in (5.33) after each iteration of 

the optimisation procedure. The adopted algorithm also benefits from a parallelised form 

proposed by Zhan et al. (2017). 

The expected improvement functions in (5.31) and (5.33) are multimodal and thus require 

a robust global optimisation tool to locate the best point to sample next. In this work, the 

MATLAB genetic algorithm (The MathWorks Inc., 2012) is employed to resolve this problem, 

where the GA properties are employed as for the hyper parameter optimisation. 
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Figure 5.19 illustrates the ability of the employed algorithm to converge to the vicinity of 

the global optimum with just 20 to 40 evaluations of “expensive” function. This is achieved 

with an intentionally disadvantageous initialisation from the vicinity of 3 sub-optimal local 

minima. Optimisation begins with an initial exploration phase, where points are sampled near 

the region boundary to improve an initially inadequate surrogate model of the “expensive” 

function. As the model becomes more accurate, the sampling procedure tackles both promising 

points through exploitation of the surrogate approximation and through continuous exploration 

to reduce the associated uncertainty of the prediction. During this stage, the method manages 

to locate the vicinity of global optimum. It should be noted that while the presented method 

does not converge to the global optimum exactly, it manages to locate the points that are 

extremely close to it. For the considered application, this property is not detrimental, as minor 

variation in damage location does not affect the robustness measure. 

 

 

Figure 5.19. Optimisation process guided by weighted expected improvement algorithm 

 

It is important to note here that the point acquisition process guided by the Expected 

Improvement algorithm does not converge in the conventional sense, as even after an extensive 

exploitation stage the method would transition into the exploration of the unsampled parts of 

the domain; as such, the algorithm termination is governed by exhaustion of the allocated 

computational budget. An alternative termination strategy is also considered for the adopted 

algorithm, where termination is applied if the surrogate model quality is satisfactory. Quality 
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of the constructed surrogate model is estimated as the ability of the approximate model to 

predict the response in a yet unsampled exploratory location within a given tolerance in several 

consecutive iterations. 

 

5.4.4. Multi-fidelity Surrogate Models 

In engineering applications, it is quite common that along with a complex and 

computationally expensive simulation there can exist a cheap but less accurate approximation 

of a solution. Incorporation of such information into the kriging prediction results in a multi-

fidelity model and can reduce number of expensive solutions necessary to achieve the same 

level of accuracy as with the single-fidelity kriging prediction (Gratiet, 2012; Huang et al., 

2013; Perdikaris et al., 2015; Toal, 2015). 

Incorporation of this extra data can be realised via the process known as co-kriging. 

Considering two given sets of data    ,
T

T T
c c e e

 
 
Y X Y X , from computationally inexpensive 

model (subscript c ), and from a detailed simulation (subscript e ), the prediction of unsampled 

point  *x  can be expressed as: 

      *
G e ccg gx e  Y Y   (5.34) 

with  cg   representing the scaled trend based on the prediction from the inexpensive model, 

and  G e ce Y Y  representing the error based on the difference between predictions of high and 

low fidelity models. The expression in (5.34) can be resolved with several different approaches: 

ordinary co-kriging (Forrester et al., 2008, 2009), recursive co-kriging (Gratiet, 2012; 

Perdikaris et al., 2015; Ulaganathan et al., 2015) and hierarchical kriging (Han et al., 2012; 

Abdallah et al., 2017). 

Ordinary co-kriging is based around constructing a covariance matrix of all the existing 

data from all levels of fidelity, and subsequently inverting the resultant compound matrix to 

obtain both the values of hyper-parameters,  , , , ,c c e ep p    and the prediction of the 

response. This results in a significant increase in computational cost of the prediction tuning 

procedure, as the overall number of data points increases, and as an additional drawback the 

resultant compound covariance matrix can be a source of numerical instability in the 

calculations. 

Recursive co-kriging constructs the prediction of each level of fidelity recursively by 

supplementing results from the lower levels to their higher level counterparts. Gratiet (2012) 
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showed that recursive co-kriging results in the same approximation as an ordinary co-kriging, 

but at a significantly reduced computational cost due to the reduction to the size of covariance 

matrices that have to be inverted. The main drawback of this method is the fact it cannot be 

implemented together with already existing algorithms for constructing kriging prediction. 

Hierarchical kriging can be considered as an approximation of recursive co-kriging, 

achieved by discarding cross-correlation terms between different levels of fidelity. This 

simplification can be expressed in a two-step algorithm: firstly the prediction of the low-fidelity 

model is constructed, and secondly this prediction is employed as a trend for the kriging 

approximation of the high fidelity model: 
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  (5.35) 

This approach results in a significantly reduced computational expense of calculating 

inverse of correlation matrix  C , and it facilitates implementation together with existing 

algorithms for calculating the kriging prediction. Hierarchical kriging results in some loss of 

the prediction accuracy, but this shortcoming can be offset by considering more sample points, 

due to the simplified procedure. 

To illustrate the multiple fidelity concept, an application test is considered. For this test a 

single reinforced concrete wall subjected to both in plane and out of plane forces (Figure 5.21) 

is analysed to study the effect of local damage on robustness. Reinforcement details for the 

considered model are presented in Figure 5.21. The strategy described in previous chapter is 

utilised to assess the system robustness. 

Two levels of fidelity are considered at the FE modelling stage for this wall. High fidelity 

test (HFM) is modelled with a fine mesh of three node hierarchic shells finite elements 

(Figure 5.21). The HFM also utilises 16 Gauss points in the element plane with 5 layers of gauss 

points over the element thickness to accurately capture the collapse mechanism, associated with 

the wall failure. 
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Figure 5.20. High (HFM) and low (LFM) fidelity models set-up 

 

 

Figure 5.21. Rebar layout employed for the multi-fidelity test 

 

The low fidelity model (LFM) on the other hand employs a coarser mesh of elements with 

just 3 layers of 7 planar Gauss points. In terms of computational resources, HFM requires 3.674 

times more computing time compared to LFM, where computational efficiency comes at the 

cost of model accuracy. As can be inferred from Figure 5.22, the LFM overestimates the 

structural capacity by about 15%. This occurs due to a less accurate estimation of the stress 

field due to a coarser mesh and a lower Gauss point density. Nevertheless, the LFM manages 

to accurately capture the general nature of the response as well as the associated collapse 
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mechanism, hence it can serve for an effective “cheep” response prediction in the multi-fidelity 

surrogate model. 

 

 

Figure 5.22. Comparison of HFM and LFM responses for the undamaged structure 

 

To assess the impact of damage on robustness, the damage application strategy described 

in Section 5.3 is utilised for this trial scenario. To this end, a case of constant damage radius of 

500 mm is considered, while the in plane locations of damage are treated as two independent 

variables 1x  and 2x  (Figure 5.23). 

 

 

Figure 5.23. Damage application strategy 
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Special note is given here to a local collapse mode that is captured during the analysis of 

the considered problem. This mode is associated with damage occurring near the top edge of 

the wall around the region of load application (Figure 5.24). The considered local collapse 

scenario occurs along the failure lines (Figure 5.24) due to the inability of undamaged structure 

around the damaged region to sustain the applied external horizontal load. This premature 

failure leads to a low robustness measure associated with these particular damage scenarios. It 

should also be noted that with some mesh refinement and alterations to the solution procedure 

premature analysis termination can be avoided. These local modes can also be identified by 

considering the total nominal work associated with PSC of such a mode, as was outlined in the 

previous chapter.  

 

 

Figure 5.24. Unrealistic premature collapse mode 

 

In order to illustrate the efficiency of the multi-fidelity approach, a single-fidelity 

optimisation is initially conducted using HFM. The optimisation procedure is initialised from 

5 most inefficient local optimums (Figure 5.25, Figure 5.26). To encourage exploration, a 

constraint on the minimal distance between sampled points is introduced within the expected 

improvement algorithm. The ability of the constructed surrogate model to continuously (three 

consecutive times) predict newly sampled point to 1% accuracy is selected as a termination 

condition for the optimisation procedure. This goal is achieved after 47 evaluations of the HFM. 
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Figure 5.25. High fidelity surrogate model and EI optimisation result 

 

 

Figure 5.26. Response surface of the system 

 

A multi-fidelity model based on the hierarchical kriging algorithm is then initialised with 

3 high fidelity sample points and 4 low fidelity samples, where the numbers are chosen so that 

computational expense would be lower than that associated with the previous test. The 

optimisation procedure for the multi-fidelity model is presented in a form of a flowchart in 

Figure 5.27. The procedure is controlled by the same termination criteria as a single fidelity 

one. At each iteration, the LFM model surrogate is utilised to construct the HFM model 

approximation. The constructed surrogate is employed in a parallel implementation of Expected 

Improvement (PEI) algorithm (Zhan et al., 2017), where the 3 most promising points are located 
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with successive optimisation of the modified expected improvement function (5.33) with the 

help of a genetic algorithm. The most promising point is then solved using the HFM while the 

remaining two are solved using the LFM. The high fidelity sample result is subsequently 

checked against the HFM surrogate to assess the termination condition. 

 
 

 

Figure 5.27. Implemented multi-fidelity algorithm procedure 

 

Figure 5.28 presents the multi-fidelity optimisation algorithm results. The considered 

model shows that only 24 high fidelity samples are necessary to construct a reliable surrogate 

of the considered scenario, which is achieved by utilising the results obtained from 46 low 

fidelity model samples.  

 

 

Figure 5.28. Multiple fidelity surrogate model and EI optimisation result 
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Comparing the computational time required for the solution of both “expensive” and 

“cheap” simulations with the computing time required for the single fidelity model a savings of 

23% is achieved. It is worth noting that while both single- and multi-fidelity optimisation 

achieved a very good approximation of the response (Figure 5.25, Figure 5.28), neither one 

managed to locate the fictitious global optimum (red crosses in Figure 5.26 ), caused by early 

termination of the analysis (high error zones in Figure 5.30 and Figure 5.31). It should also be 

outlined that while location of the global optimum for each of the considered surrogate models 

does not exactly match with the global optimum location from the real response, obtained 

positions are close and are within numerical tolerance in terms of the observed PSC. Deformed 

configuration associated with the located optimum is presented in Figure 5.29. Similar 

deformed shape can be observed for all damage scenarios except for the ones associated with 

the local damage as indicated in Figure 5.24. 

 

 

Figure 5.29. Deformed configuration for the located “optimal” damage scenario 

 

For this test both methods managed to achieve similar levels of mean absolute relative 

error with 1.62% (Figure 5.30) for the single-fidelity algorithm and 1.54% (Figure 5.31) for the 

multi-fidelity algorithm. 
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Figure 5.30. High-fidelity model absolute relative error profile 

 

 

Figure 5.31. Multi-fidelity model absolute relative error profile 

 

The obtained results illustrate the versatility of multi-fidelity approach as comparable 

levels of accuracy can be achieved with a reduced computational demand. Additional 

improvements can be achieved by considering several different levels of fidelity as well as by 

constructing a compound low fidelity approximation. Similar concepts can be found in the 

works of Park et al. (Park et al., 2011, 2016, 2017, 2019), which will be further explored in 

Section 5.5 . 
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5.5. Application of Meta-modelling Approach to Realistic Structure 

5.5.1. Model Setup 

To illustrate the applicability of the described techniques to large-scale structures and to 

demonstrate the efficiency of multi-fidelity approach, an industrial structure with a complex 

profile (Figure 5.32) is considered.  

The structure in Figure 5.32 is irregular, as adjacent bays are of significantly different 

sizes, where the front view and two longitudinal cross-sections are presented in Figure 5.33. 

Irregularity is also introduced due to the presence of complex spatial trusses in the structure. 

Truss structures in Figure 5.32 are connected to the columns via a pinned connection, while all 

other elements are assumed to be rigidly connected to each other. System trusses are loaded 

with a uniformly distributed load with the magnitude of 1 2kN m  . Although the considered 

structure has two axes of symmetry, this fact is not sufficient to justify reduction of the FE 

model to one quarter, since the introduction of localised damage system destroys symmetry. 

Nevertheless, symmetry allows damage application to be restricted to a quarter of the structure.  

 

 

Figure 5.32. 3D model of the industrial structure 

 

5.5.2. Composite Multi-fidelity Surrogate Approach 

The considered structure allows for a specific form of the multi-fidelity optimisation 

approach. Section 5.4.4 presented the case where a coarse FE model is utilised as a low fidelity 

response for the model with fine mesh. In the present case, an overall low fidelity response will 
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be assembled from the individually considered parts of the HFM. For instance, HFM as 

presented in Figure 5.32 contains eight spatial trusses (A1 Figure 5.34), four spatial arch trusses 

(A2 Figure 5.35) and a system of columns (A3 Figure 5.36) and ties (A4, A5 Figure 5.36). Each 

of the unique components under appropriate boundary conditions can be separately assessed 

for the influence of the localised damage on the LFM response, and the obtained results can be 

mapped back to the original structure. 

 

 

Figure 5.33. Structural specifications of the industrial structure  
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Figure 5.34. 3D model of the spatial truss A1 

 

 

Figure 5.35. 3D model of the spatial arched truss A2 

 

For the truss A1 and arched truss A2 pinned supports were applied at the nodes connecting 

the individual component to the structural columns. Additional boundary conditions are also 

applied to the column based structural components. Vertical force alongside out of plane 

translational restraint (x and y direction) is applied to the nodes that in the HFM are connected 

to the truss structures. Considering the new boundary conditions a normalised PSC as a function 

of damage location can be established for each of the LFM. It should be noted that response is 

assumed to be constant and equal to unity if damage occurs outside of the LFM domain. 

A schematic representation of the developed procedure for the function of one variable is 

presented in Figure 5.37.  
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Figure 5.36. 3D model of braced column and considered column based low fidelity structural components  

 

For the presented case, response domain   0,x   is subdivided into four sub-domains 
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  (5.36) 

Within each of the sub-domains HFM response  y  is approximated with LFM response 

(curves LFM 1, LFM 2, LFM 3, LFM 4). Within the developed approach, an aggregated LFM 

response (curve LFM composite) is established from the summation of scaled  i
sca  and 

translated  i
tra  individual LFM responses  i

LFMY :  

       
1

1
LFMN

C i i i
LFM sc LFM tr

i

Y x xa aY


        (5.37) 

where contribution of the individual normalised LFM response to the aggregate is considered 

only within the domain    of the LFM. 

Within the kriging surrogate model parameters i
sca  and i

tra  can be identified employing 

the same strategies as for the scaling parameters   used in case of polynomial regression.  
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Figure 5.37. Assembly of composite low-fidelity response 

 

Incorporation of the discussed parametric approach ensures that only a single instance of 

LFM has to be trained to provide the prediction of the response for all similar structural 

components, as LFM response can be rescaled for every instance of the component use. For the 

considered case of industrial structure five unique components can be considered: spatial truss 

A1 (Figure 5.34), spatial arched truss A2 (Figure 5.35), braced column A3 (Figure 5.36), 

system of simple columns connected together with portal truss A4, as well as system of braced 

columns united together with portal trusses A4 and A5 (Figure 5.36). In conjunction with these 

LFM, a simplified constant value LFM is utilised for the case of corner column damage. This 

simplification is possible due to the fact that this particular LFM is one-dimensional (damage 

position can vary only along the column length). Hence independent of the damage location 

column will be fully severed due to the adopted in (5.5) damage formulation, and yielding the 

constant value of PSC for every local damage location. It should be noted here that for the cases 

of constant model response, the procedure described in Section 5.4.2 can face numerical 

difficulties, as the solution to the regression problem becomes non-unique with both terms in 

equation (5.37) representing the same constant function. 

Considered structural components A1 (Figure 5.34) and A2 (Figure 5.35) are symmetric 

and as such training of the associated LFM can be enhanced by confining possible damage 

location to a quarter of the model. 

Sizing details for the considered structural components are presented in Figure 5.38.  
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Figure 5.38. Specifications of structural components  
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5.5.3. Correlation between LFM and HFM Collapse Modes 

It is noted that for the discussed multi-fidelity strategy, the LFM responses is not 

equivalent to the HFM, as they represent significantly different systems. Nevertheless, the LFM 

can work as a reliable basis line for the HFM as numerous modes can be exhibited locally. For 

instance, the global collapse mode depicted in Figure 5.39, caused by failure of the braced 

column (shaded light blue), can be separated into two most prominent individual collapse 

modes: collapse of spatial truss A1 and collapse of spatial arched truss A2. It should be noted 

that several less pronounced local modes are also present (individual column buckling) but fail 

to fully develop due to overall structural failure being defined by the prominent modes. 

There can also be cases when the global mode can be fully captured via the local LFM 

response as can be seen for the case of a corner column failure in Figure 5.40. This collapse 

mode is associated with sequential failure of spatial truss A1 connections to the bearing 

columns. In this case, failure is localised, thus the individual LFM can capture this mode 

reasonably accurately. 

 

 

Figure 5.39. Mixed collapse mode 
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Figure 5.40. Local collapse mode 

 

As a counter example, a fully global mode is also present for the considered structure as 

depicted in Figure 5.41, which is initiated with a failure of an internal braced column. Presence 

of the portal frame mitigates the effect of the considered triggering event and as such a global 

failure mode associated with column buckling can fully develop. 

 

 

Figure 5.41. Global collapse mode 

 



Chapter 5. Application of Metamodeling to Robustness Assessment  

 
 

227 
 

The considered mode cannot be fully captured by the LFM, but it can be represented in 

HFM. As such, the discussed optimisation methodology can be viewed as an iterative attempt 

to fit the LFM response to the corresponding HFM response for zones with either mixed or 

local collapse mode, and to utilise the correlation functions to estimate the response of HFM 

where the global collapse mode is dominant leading to significant discrepancy between the 

LFM and HFM responses. 

 

5.5.4. Choice of LFM Substructures 

In order to significantly improve the performance of the surrogate model optimisation 

strategy, it is important to define the LFM substructures in such a way as to ensure that the 

computational burden associated with the solution of the LFM is as low as possible. The test 

presented in Section 5.4.4 managed to achieve more than 20% performance improvement by 

utilising LFM that requires just a third of the computing time associated with HFM model. This 

ratio between computing time required for the solution of models of different fidelity should be 

considered as a lower bound for the methodology application. For cases when computational 

demand becomes comparable, solution of HFM is likely to yield better results. 

For the currently considered case the ratio between the time required for the solution of a 

single HFM model and that of the largest LFM (spatial truss A1) is 30.4 to 1. This ratio can 

increase even further if consideration is also given to the computing resources allocated for the 

respective solutions. For the HFM, an efficient partitioning scheme (Jokhio et al., 2015) is 

employed (Figure 5.42), where each spatial truss and arched truss is treated as a separate 

partition, thus the solution procedure can be parallelised by assigning each individual partition 

to a separate processor. In total, the considered system consists of 13 “child” partitions and the 

system “parent”. LFM on the other hand require just a single processor for 5 unique structural 

components. Accordingly, it is possible to solve at least 50 instances of each of the LFM 

substructures utilising the same resources required for the solution of a single HFM point. 

It is important to note here that the effectiveness of the composite multi-fidelity method 

decreases as number of individual LFM components increases, as each of the individual models 

will have to be trained separately on the LFM data. The efficiency of the approach also 

decreases as the amount of “similar” LFM employed in the model increases. For instance, for 

the current case, the LFM of spatial trusses A1 and A2 is utilised twice to represent parts P1, 

P2 and P09, P10 respectively (Figure 5.42). In order to train the HFM surrogate, at least three 

expensive evaluations of the objective function are required in each segment corresponding to 
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the LFM substructure. The next chapter will showcase some possible techniques for addressing 

these issues in an efficient manner. 

 

 

Figure 5.42. Partitioned strategy for the industrial structure 

 

5.5.5. Comparison of Surrogate Model Results 

The described methodology is applied to construct the surrogate model of the considered 

industrial structure. A modification is introduced to the procedure presented in Section 5.4.4 

(Figure 5.43). The main difference in the proposed procedures relates to the way the training of 

the LFM is conducted. For the current problem, the LFM is trained independently of the HFM, 

and is unchanged through all of the HFM training process. This difference is caused by two 

main differences between the considered case studies: i) continuity of response, and ii) ratio 

between computing time required to obtain results for LFM and HFM. For the current case, due 

to the discrete nature of the considered structure, its response to localised damage is 
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discontinuous, and as such it requires far more sampling points to achieve a sufficient level of 

accuracy. This issue is alleviated to some extent as each LFM simulation is “cheap” to the point 

where computing time pertaining to the generation of the surrogate (for large sample point sets) 

becomes comparable to the time required to obtain sample points, thus reconstructing the LFM 

at each training cycle of the HFM would lead to loss in the procedure efficiency. To further 

improve algorithm efficiency, the expected improvement algorithm is constrained to locate 

promising points only within the existing structure. 

The HFM training is initialised with 27 samples located inside each of the LFM 

substructures. This strategy is utilised to ensure that adopted hierarchical kriging regression will 

have a unique solution. To ensure that the algorithm has the ability to extrapolate, three points 

resulting in zero applied damage are introduced into the initialisation phase. Since no damage 

is introduced, all these points are automatically assigned with unity value.  

After initialisation, the composite multi-fidelity system requires 10 more iterations and 

30 more data points to satisfy the termination condition. For the current test, termination is 

activated after three consecutive iterations with relative error between prediction and actual 

response of less than 10%. 

 

   
Figure 5.43. Implementation of composite multi-fidelity algorithm 

 

Constructed model manages to effectively estimate the location of the most critical 

damage scenarios for the case of combined collapse modes (Figure 5.39 – damage to the braced 

column, Figure 5.44 – damage to the corner column that supports arched truss) as well as for 

the cases of critical local collapse modes (Figure 5.45) 
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Figure 5.44. Critical global collapse mode 

 

 

Figure 5.45. Critical local collapse mode 

 

The predicted response as well as relative error for the whole structure domain are 

presented in Figure 5.46. Results indicate a good agreement between the real result 

(Figure 5.47) and the prediction obtained from the constructed surrogate model, with an RMAE 

of 3.5%.  
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Figure 5.46. Results for the composite multi-fidelity approach  
a) Predicted response and sample locations; b) Relative absolute error, %; 

 

It should be noted that due to the nature of the termination condition, the influence of 

some points is underestimated. In about 5% of predictions by the surrogate model, results are 

more than 10% different from the real response, 2% are more than 15% inaccurate, and just 

0.5% of predicted results are more than 25% inaccurate. 

 

 

 

Figure 5.47. Response of the HFM 
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To estimate the effect of the adopted approach, a single-fidelity HFM model is 

considered, which is trained with identical initialisation and termination conditions. In total, 35 

more iterations and 102 more expensive model evaluations are required to satisfy the 

termination condition. The predicted response for the single-fidelity test as well as the 

associated error measure are presented in Figure 5.48. The single-fidelity model manages to 

predict the response reasonably well with MARE of 5.67%. 

 

 

Figure 5.48. Results for the single-fidelity approach  
a) Predicted response and sample locations; b) Relative absolute error, %; 

 

As with the multi-fidelity approach, some discrepancies are present in the surrogate 

model prediction, with 18% of data samples being more than 10% inaccurate. Similarly, higher 

margins of error are associated with a lower number of predicted points, with only 7% of 

sampled points having an error margin of more than 15% and just 1% more than 25%. 

In terms of computational time, after accounting for the expense associated with training 

of LFM (equivalent to solving for 8 more HFM points), the composite multi-fidelity approach 

reduces the required computing time by the factor of 2.5. The obtained results clearly indicate 

that the proposed methodology provides a more accurate estimation and reduces the associated 

demand for computing resources compared to the single-fidelity approach. 
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5.6. Concluding Remarks 

This chapter develops a global optimisation approach for the robustness assessment of 

irregular structures, building on concepts presented in the previous chapter and enhancing 

established global optimisation techniques. The enhanced approach addresses issues of 

response discontinuity as well as complexities associated with enforcing the damage locality 

constraint. To this end, a continuous transformation from the variables representing partial 

element damage to variables representing damage position and extent are proposed and 

implemented. 

To ensure that the developed algorithm provides an accurate estimate of the response 

criticality, a global optimisation procedure based on a surrogate model is developed within the 

robustness assessment framework. This approach benefits from the developed variant of multi-

fidelity kriging algorithm that subdivides the considered structure into independent components 

that are treated as a composite LFM for the overall response. It is demonstrated that the 

proposed approach can reduce the computational demand by around 60% while achieving close 

to global optimum. 

The presented approach is applied to the large-scale assessment of an irregular structure. 

Good agreement between the constructed surrogate and the real response is obtained with the 

composite multi-fidelity approach. Two bottle-neck issues of the developed approach are 

identified: i) overall effectiveness is reduced with an increasing number of unique LFM 

components, and ii) initialisation becomes more computationally expensive with an increasing 

number of overall LFM components.  

These issues will be addressed in the following chapter where large-scale irregular 

structures will be considered. Strategies based on different forms of response mapping will be 

utilised to reduce the associated computing demands while identifying the most critical local 

damage scenarios for robustness assessment. 
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CHAPTER 6 
 

CASE STUDY: 
AGORA GARDEN TOWER 

 

 

 

 

 

 

6.1. Introduction  

In the previous chapter, an efficient methodology for locating zones with high sensitivity 

to local damage is proposed. This methodology is mainly devised to facilitate the robustness 

assessment of complex and irregular structures, where determination of critical damage 

scenarios is non-trivial. To illustrate the applicability of the developed methodology to the 

design of large scale structures, this chapter conducts a robustness assessment of a variant of 

an existing irregular building, Tao Zhu Yin Yuan, also known as Agora Garden Tower (AGT). 

The considered structure allows to highlight the effects of such structural systems as: 

diagrid core, external mega-columns, large span concrete decks and outrigger truss systems. A 

brief review provided in Chapter 2 indicates that these systems are commonly used in the design 

of singular structures, although it should be noted that they are not frequently present all at 

once. Presence of all of these features served as a motivation for choosing AGT to demonstrate 

the generality and effectiveness of the developed methodology.  

The assessment conducted in this chapter is facilitated by the use of the shell element 

described in Chapter 3, employed for modelling the irregularly shaped floors. The presented 

discussion also benefits from the use of gradient based techniques described in Chapter 4. The 

present chapter also explores utilisation of LFM as a base line for estimation of the HFM 

response.  
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6.2. Description of the Agora Gardens Tower 

6.2.1. Structure Overview 

Tao Zhu Yin Yuan is a rotor type residential tower located in Taipei City, Taiwan. The 

building was designed by Vincent Callebaut Architectures, Paris. The building construction 

began in 2013 and was concluded by July 2018. Structural design for the building was provided 

by King-Le Chang & Associates. This design won several international architectural prises for 

innovation and sustainability, the latter was achieved by incorporating a set of gardens into the 

balconies located at every floor (Figure 6.1).  

 

  

Figure 6.1. Agora Garden Tower views (from left to right): 
under construction, as a design concept and after completion (Daniel Callebaut, 2019) 

 

The building contains 25 floors, 4 of which are below the ground level. The total building 

height is 93.2 m. Each floor above ground has an average area of 1440 m2 and experience a 

rotation of 4.5 degrees, accumulating to total rotation of 90 degrees at the tower top (Figure 6.2). 

Composite material were used in the construction process both for the floor slab and column 

sections (concrete filled steel tubes).  

 

 

Figure 6.2. Structural plans of the Agora Tower typical odd (top) and 
even (bottom) floor (Daniel Callebaut, 2019) 
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One of the key architectural ideas behind the tower form was the desire to create an 

unobtrusive view of the surrounding area. To achieve this a system of independent Vierendeel 

trusses (VT) was utilised (Figure 6.3). Each truss is supported by the internal core at one end 

and by a pair of external mega-columns at the other.  

 

 

Figure 6.3. Structural system of the Agora Garden Tower (Daniel Callebaut, 2019) 

 

To accommodate the structural form, the external mega-columns experience a 4.5 degree 

twist at every floor (Figure 6.4). This results in reduced axial stiffness of such columns in 

comparison to similarly sized but straight ones. In order to alleviate this and to improve 

structural robustness, a stiff outrigger truss is designed at the top of the building (Figure 6.3).  

 

 

Figure 6.4. Unfolded schematic depiction of the mega-column (Daniel Callebaut, 2019) 
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It is worth noting here that the considered building might have been significantly 

overdesigned to allow the structure to remain fully elastic under the maximal earthquake 

scenario (Daniel Callebaut, 2019).  

 

6.2.2. Adopted Design 

For the purposes of this work and due to the lack of detailed information on the described 

project, some simplifications from the original AGT design have been introduced in this work. 

The floor plan presented in Figure 6.2 was simplified to the one shown in Figure 6.5, with the 

floor slab consisting of three separate elements: an internal core slab and two slabs supported 

by the VT system. 

 
 

 
Figure 6.5. Adopted floor plan for the Agora Garden Tower variant 

 

The slabs were assumed to be 200 mm thick with two layers of reinforcement mesh made 

of ø12 rebar with a spacing of 100 mm in each direction. The rebars in the two VT slabs are 

aligned with the floor axis (Axis “C” in Figure 6.5), and the rebars in the internal core section 

utilise the orthogonal vector rebar orientation described in Chapter 3 with the centre of 

orthogonality being the intersection of Axis “6” and “C” in Figure 6.5.  

Figure 6.6 presents a beam and column layout for the typical even floor plan. To reduce 

model complexity, all of the beam section were assumed to be I-beams (STO-ASChM, 1994) 
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and all columns sections were assumed to have a tubular section (GOST 1070-91, 1996). It is 

worth noting that composite action between steel beams and concrete slab is preserved in the 

developed model. 

 

 

 

Figure 6.6. Layout of structural elements in the adopted floor slab design 

 

Floor system of the adopted design is comprised of the four main beams (B1) forming the 

chords of the VT system. The flooring system also incorporates a set of secondary, cantilever 

and edge beams (B2). At each floor the main beams are connected to the circular beam B3, 

designed to transfer the loading to the internal core system. 

Developed model adopts loading in accordance to the EN 1990 (2002). Where the 

uniformly distributed gravity loading from the concrete slab and floor finish self-weight is 

assumed to be 27.5 kN m , due to the presence of garden patches at every floor additional 

uniformly distributed load of 
2

5 kN m  is applied to the cantilever regions of the slab 

(Figure 6.5). Live loading for the discussed structure is assumed to be a uniformly distributed 

load of 
2

2 kN m . The self-weight is accounted for with participation factor of 1 while the live 

load is accounted with participation factor of 0.5 according to the EN 1990 (2002). 

Apart from the diagrid core system, the original design of AGT also included an 

additional internal reinforced concrete core utilised as a set of lift shafts and stairwells. Prior 
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research (Morton et al., 1970; Morton, 1996) indicate that local damage to the concrete core 

will not result in significant consequences for the structure, as such to reduce the computational 

demand associated with numerical modelling of such structure, the internal reinforced concrete 

core was replaced with a secondary diagrid core (Figure 6.5), with the unfolded schematic of 

the adopted core presented in Figure 6.7. The double “gap” in Figure 6.7 represents the location 

of the entrances between the internal core system and the “column free” are of each floor. The 

angular (horizontal) dimensions in Figure 6.7 are in radians as they are identical for both the 

internal and external cores. The radius of the internal and external core is presented in Figure 6.5 

and is 8 m and 10 m, respectively.  

 

Figure 6.7. Unfolded schematic of the diagrid core system 
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Again due to the lack of detailed information, only the structure above the ground is 

considered. The floor height is adopted as 3600 mm according to existing data (Figure 6.7). 

The adopted scheme of the mega-columns and the utilised sections are presented in Figure 6.8. 

 

 

Figure 6.8. Unfolded scheme of the external mega-columns  
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6.2.3. Finite Element Model 

To conduct the robustness assessment, a set of complex nonlinear simulations of the 

structural behaviour is required. To this end, a high-fidelity model of the AGT is developed 

(Figure 6.9). The model consists of 314196 elements and 170138 nodes, where domain 

partitioning (Jokhio et al., 2015) is employed with a minimal size of partitioned boundary for 

enhanced computational efficiency. For the current model this corresponds to each floor being 

separated into a partition, with the boundary cutting the system at the mid-floor level. This 

approach resulted in a total of 22 partitions with a combined partitioned boundary size of 2180 

nodes. It should be noted that further improvement of the partition scheme is possible by 

dividing each floor in two separate partitions along axis “6”. This division would only increase 

the partition boundary by 308 nodes while reducing the size of each partitions in half. 

Nevertheless, the drawback of such a strategy lies in its efficiency, as each iteration of solution 

process would require utilisation of 45 individual cores (current top end personal computers 

fall short of this number, making this into a problem solvable only with the most high end 

working stations), while the adopted scheme requires only 23 cores to execute.  

 

 

Figure 6.9. FEM model of the Agora Gardens Tower 
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In the developed HFM model, all beams and columns are modelled with 1D elasto-plastic 

beam-column elements (Izzuddin, 1991; Izzuddin et al., 1993) while slabs were modelled with 

the triangular shell element developed in Chapter 3. A FE representation of the VT system is 

depicted Figure 6.10. To account for the separation (Figure 6.5) between the different slab 

segments a set of duplicate coincident nodes were utilised.  

 

 

a) 

 

b) 
Figure 6.10. FE model of the Vierendeel truss system with concrete slab present a) and obscured b) 

 

The considered model also includes an overdesigned outrigger truss system (Figure 6.11). 

The overdesign is common for the components of unique structures, as for such buildings all of 

the steel elements are frequently required to stay within the elastic range, while concrete 

members are oversized to account for uncertainties associated with novel design solution. The 

following section provides a discussion on how this overdesign affects the robustness of the 

considered structure. 
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Figure 6.11. FE model of the outrigger truss system 

 

To assess the validity of the proposed methodology, the developed model response was 

assessed for a large number (2300) of possible local damage scenarios. Some of the more 

critical and noteworthy scenarios are discussed in the following section. 

 

6.3. Noteworthy Damage Scenarios 

Agora Garden Tower is capable of effectively bridging over the majority of possible local 

damage scenarios. The response of the structure is dominated by a primary collapse mode 

associated with buckling of the mega-columns at the first floor. Some of the cases where the 

most prominent effect on the structural response is observed are described hereafter, 

representing both instances of global and local failure. For all off the scenarios factor   scales 

the nominal values of the distributed loads described earlier. 

 

6.3.1. Damage to Second-Floor Mega-Column 

Mega-column damage presents a significant threat to irregular structures similar in design 

to the AGT, as these elements are designed to carry significant loads and usually only have 

limited redistribution potential. In the case of AGT, it is also worth noting that mega-columns 

on each side are located relatively close, and as such there can exist a tangible chance of damage 

occurring in both columns simultaneously; nevertheless, for the original structure this damage 

should be limited due to the planned stand-off distance as well as due to the fact that mega-

columns are designed as concrete filled steel tubes that are far more resilient to accidental 

loadings (blast, vehicle impact) compared to both pure concrete and steel elements (Bruneau et 

al., 2007, 2011; Fujikura et al., 2008; Grosman et al., 2014). 
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It should be emphasised that the current robustness study does not aim to model a specific 

damage scenario, as it is based on the event-independent approach. Due to this fact, the 

observed structural behaviour does not relate to a specific threat, but it provides a general 

estimation of the structures ability to contain local damage. The currently considered scenario 

investigates the ability of the modelled structure to resist the effect of a complete single mega-

column failure (in the current context “complete” refers to failure of both column branches as 

well as connector tie in at least a single cross-section within the floor height (Figure 6.12, 

position of the removed elements is highlighted with a red circle). This failure is accompanied 

by the degradation of the properties of slab and beam elements (Figure 6.12) according to the 

principles described in Chapter 4 and Chapter 5. 

 

  

Figure 6.12. Local damage associated with failure of the second-floor mega-column 

 

The considered damage scenario significantly reduces the pseudo-static capacity of the 

structure, but it does not result in a significant shift of the dominant collapse mode with mega-

column buckling remaining the limiting factor (Figure 6.13). Due to the effects of local damage, 

the part of the structure in the immediate vicinity of the local failure undergoes significant 

deformation to arrest the collapse. The magnitude of local deformation reduces with the 

distance from the local damage location; this occurs due to the fact that each VT in the AGT is 

an independent subsystem. The arrest of collapse (collapse is considered arrested if PSC of the 

assessed damage scenario is above 1) is predicated on two mechanisms of load redistribution: 

transfer of load via ductile behaviour of the damaged VT and the effect of restraint provided by 

the outrigger truss system at the top floor. 
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Figure 6.13. Deformed shape associated with failure of the second-floor mega-column 

 

The response of the structure is characterised by initial softening associated with ductile 

failure of the affected beams followed by hardening response due to the catenary action 

(Figure 6.14). Catenary effects are limited due to cantilever-like deformations associated with 

the ductile slab response. It is also worth noting that while the pseudo-static capacity of the 

structure is reduced significantly due to the local damage, the level of ductility required to 

achieve it remains the same. 

 

  

Figure 6.14. Static and pseudo-static response of undamaged (black) and damaged (red) structure (Figure 6.12) 
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6.3.2. Damage to Fifth-Floor Mega-Column 

Another scenario of interest is associated with the failure of a mega-column located at a 

higher level (Figure 6.15). Similar to the previous case, local damage is associated with removal 

of a mega-column segment as well as the connecting beam and slab substructure at the fifth-

floor level. 

 

 

Figure 6.15. Local damage associated with failure of the fifth-floor mega-column 

 

The observed response exhibits a similar collapse mode to that described in the previous 

subsection, where collapse is initiated via column buckling (Figure 6.16) at the second-floor 

level. This is caused by the increase in the compressive forces within the unaffected mega-

column due to load redistribution. 

 

 

Figure 6.16. Deformed shape associated with failure of the fifth-floor mega-column 
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The static and pseudo-static response associated with the described damage (Figure 6.17) 

is similar to the one observed in the previous case, the main difference being the level of 

nominal work the structure can sustain. The observed behaviour indicates that column failure 

at higher floors is associated with increased levels of pseudo-static capacity achieved at lower 

nominal work levels.  

 

  

Figure 6.17. Static and pseudo-static response of undamaged (black) and damaged (red) structure (Figure 6.15) 

 

6.3.3. Damage to Outrigger Truss 

As discussed above, the outrigger system plays a key role in the load redistribution 

mechanism for the analysed structure, thus it is important to understand the effects of local 

failure of outrigger truss elements on the system response (Figure 6.18). 

 

 

Figure 6.18. Local damage associated with outrigger truss  
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The conducted analysis indicates that damage depicted in Figure 6.18 remains contained 

within the outrigger truss system (Figure 6.19). This containment can be attributed to the overall 

overdesign of the outrigger truss system. 

 

 

Figure 6.19. Deformed shape associated with outrigger truss failure 

 

In general, the structure with a damaged outrigger truss experiences a minor reduction in 

resistance accompanied by a substantial reduction in the associated nominal work (Figure 6.20). 

This fact underlines the importance of outrigger system in load redistribution. It also indicates 

that care should be taken to ensure that local damage sustained by the outrigger system is 

located and addressed with priority, as while such damage might not lead to the collapse on its 

own, subsequent damage sustained by the structure can result in consequences of far greater 

significance due to the deformation limits provided by the damaged outrigger system. 

 

  

Figure 6.20. Static and pseudo-static response of  
undamaged (black) and damaged (red) structure (Figure 6.18) 
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6.3.4. Damage to Main Beam 

As each VT can be viewed as an independent subsystem of the whole structure, local 

damage applied to the truss chords can be seen as an important scenario for investigation. To 

this end, a local damage scenario at the level of second floor, as depicted in Figure 6.21, is 

investigated. The described damage severs one of the main beams in addition to two transverse 

beams, and the surrounding slab elements are also affected by the applied damage. 

 

 

Figure 6.21. Local damage applied to the main beam 

 

The described damage scenario does not result in collapse mode shift with column 

buckling remaining as the dominant mode of failure (Figure 6.22). It should be noted though 

that in the vicinity of local damage, a larger level of displacement is observed compared to the 

undamaged case as can be expected. For this damage scenario, load redistribution from the 

severed main beam to the undamaged ones via the large deformation of the concrete slab can 

be observed. 

 

 

Figure 6.22. Deformed shape associated with damage applied to the main beam 
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The considered scenario presents a response nearly identical to that of the undamaged 

structure (Figure 6.23), with the main difference being the level of nominal work the system 

can undergo prior to collapse. The earlier failure seen in Figure 6.23 can be attributed to the 

failure of the main beams at the intersection with the core substructures occurring earlier due 

to the effect of load redistribution form the damaged main beam.  

 

  

Figure 6.23. Static and pseudo-static response of  
undamaged (black) and damaged (red) structure (Figure 6.21) 

 

It is worth noting that despite the difference in the levels of nominal work, pseudo-static 

capacity for this damage scenario is just four percent lower than the nominal pseudo-static 

capacity obtained for the case of the undamaged structure.  

 

6.3.5. Local Cantilever Slab Failure 

The previously considered damage scenarios result in a global collapse mode, while the 

scenario presented in this section is concerned with a local mode. The damaged scenario 

considers a case of substantial damage sustained by the cantilever part of the floor slab as 

depicted in Figure 6.24. The response in this case is dominated by the local deformations of the 

slab cantilever segment. 

The collapse mode for this scenario is local and is characterised by excessive rotation of 

the damaged segment (Figure 6.25) followed by failure in the concrete slab along the main 

beam edge. The observed response closely follows the undamaged case up to the point where 

local failure of the contour beam occurs and collapse is initiated (Figure 6.26). It should be 

noted that, as was shown in Chapter 5 for such cases of local collapse, the equilibrium path can 

be difficult to trace and premature analysis termination may underestimate the system pseudo-
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static capacity as system may exhibit hardening after the initial softening associated with the 

local failure. 

 

 

Figure 6.24. Local damage associated with slab failure 

 

 

Figure 6.25. Deformed shape associated with slab failure 

 

  

Figure 6.26. Static and pseudo-static response of  
undamaged (black) and damaged (red) structure (Figure 6.24) 
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The presented scenarios highlight some of the more critical local damages that the AGT 

can sustain. The results indicate that mega-column removal is the most critical scenario with 

removal of lower floor columns exhibiting the highest reduction to the pseudo-static capacity. 

It is worth noting that the considered model of AGT marginally fails the robustness check (level 

of pseudo-static capacity is less than one [0.97]); however, due to the lack of detailed 

information on the original structure, such conclusion is not definitive, as some minor 

modification to the model parameters (cross-section, material properties, load magnitude) can 

resolve the robustness deficiency observed in the modelled structure. 

The following section presents a simplified approach to assessing the robustness of the 

considered structure with the use of the gradient-based algorithm introduced in Chapter 4 where 

some of the discussed collapse modes can be captured with significantly reduced computational 

effort. 

 

6.4. Simplified Models 

At the preliminary design stage, it is important to be able to effectively estimate the 

location of possible critical zones for local damage, which can provide a basis for the risk 

mitigation design described in Chapter 2. This task is usually hampered by the fact that at the 

early design stage very little is known about the structure as many of the design decisions are 

still in flux. In turn, this lack of information significantly complicates development of the 

detailed numerical models necessary to conduct the required analysis. Nevertheless, while the 

detailed information is sparse, the general concept behind the design is usually present at this 

stage already (e.g. diagrid structure for 30 St Mary Axe, rotor design with VT system for the 

AGT). 

As outlined in Chapter 2, the topology of the structural system plays a key role in 

determining the structural response to the localised damage. It should be noted here that in the 

current context the response relates to the collapse mode and not to the specific load resistance. 

Considering the effect of topology it is possible to provide a preliminary estimate of the critical 

zone positioning based on the simplified structural model rather than on a detailed one. This 

approach can significantly reduce the computational costs of such a procedure which makes it 

readily applicable to the early stage design process.  

This approach is verified hereafter with the preliminary design of the AGT. To create a 

simplified model of the AGT a set of assumption has to be adopted: i) as internal core is based 

on a diagrid system it is considered sufficiently robust and is replace by a rigid support with all 
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connecting elements; ii) with the previous assumption in mind and based on the periodic 

symmetry of the AGT, only half of the structure can be considered; iii) the in plane VT action 

will be dominant for the response and as such the reduced model depicted in Figure 6.27 a) is 

applicable. While significant, all of the described assumptions are reasonable. Significant 

robustness of the diagrid core system was observed both in the large-scale tests of Chapter 3 

and prior research on the robustness of diagrid systems (Kim et al., 2010). The symmetry 

condition is predicated on the fact that all VTs are connected together via the robust internal 

core and a pair of mega-columns, with no inter-connections present, thus failure of a VT will 

not propagate to the symmetric segment on the opposite side of the internal core. The third 

assumption is necessary to significantly reduce the computational demand for the analysis. It 

should be noted that this reduction comes at a cost of accuracy, as the majority of the local 

failure modes cannot be captured in such a way. This drawback is not necessarily critical as at 

the preliminary stage the uncertainty in structural data can preclude even detailed analysis from 

capturing some of the failure modes. It should be noted that an equivalent cross-section for the 

simplified model presented in Figure 6.27 a) was calculated based on the equivalence of 

effective area and second moment of area in the VT plane, and to more accurately represent the 

real system behaviour out-of-plane rotations of the VT nodes were restrained. 

 

     

a)      b) 
Figure 6.27. Simplified model for preliminary assessment a) and dominant collapse mode b) 
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The described model was utilised inside the optimisation algorithm discussed in 

Chapter 4. The algorithm was initialised from a random damage distribution outside of the 

feasible design domain (Figure 6.28 a) Iteration 1). As each element in the simplified model 

represents a group of elements in the real structure, only partial damage was considered with 

the damage parameter varying from 0 to 0.75. Damage extent in the current optimisation is 

constrained by specifying that no more than five elements can have damage parameters with 

maximal intensity (0.75). Damage locality constraint for the current problem restrains the 

maximal distance between damaged elements to no more than three meters. Over the 

subsequent 52 iterations, the optimisation process managed to highlight the critical zones of the 

considered model (Figure 6.28 a) Iteration 53). It should be noted here that similarly to the case 

described in Chapter 4 damage obtained distribution violates constraint on locality. This 

occurred due to the general deficiency of gradient based algorithm to traverse multimodal 

design spaces without getting “stuck” in the local optimum area. It is worth noting that with the 

proposed random damage distribution strategy (initialisation violates both locality and extent 

constraints) and with “lenient” penalisation parameters algorithm manages to distribute damage 

to the majority of the points of interest contained inside the design domain. With this in mind 

Figure 6.28 a) can be treated as map of possible damage locations where highlighted regions 

indicate zones where change in local damage parameters most significantly affects the pseudo-

static response. 

Analysing the data from Figure 6.28 a) Iteration 53 three distinct failure scenarios can be 

outlined: VT failure, third-floor column failure and penultimate-floor column failure. Deformed 

shape associated with each of these modes is presented in Figure 6.29 a), b) and c) respectively. 

It is worth indicating that with the restart technique described in Chapter 4 it is possible 

to penalise infeasible solution of Figure 6.28 a) Iteration 53 to converge within a feasible design 

domain (where the “final” feasible solution represent failure of the VT Figure 6.28 b). 

Nevertheless, it should be noted that the solution obtained in such a way is only a local optimum, 

as global convergence cannot be guaranteed. In addition, no control to the quality of this local 

optimum can be exercised. 
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a)      b)   
Figure 6.28. Critical zone map (damage intensity) based on the gradient optimisation process: 

a) infeasible optimum; b) feasible local optimum 
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a)    b)    c) 
Figure 6.29. Deformed shapes associated with collapse modes: 

a) Vierendeel truss failure; b) Third-floor column failure; c) Penultimate-floor column failure 

 

Each of the located scenarios are characterised by a unique collapse mode. The VT 

damage scenario is characterised by initial failure of the damaged truss (drop down in static 

response in Figure 6.30), followed by a cascading failure of the rest of the VT systems. This 

form of response is similar to the one observed with the detailed model for the scenario 

associated with the main beam failure in Section 6.3.4. 

 

 

Figure 6.30. Static and pseudo-static response of 
undamaged (black) and damaged (red) structure (Figure 6.29 a) 
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The collapse mode associated with the third-floor column failure (Figure 6.29 b) is 

identical to the one observed for the undamaged structure (Figure 6.27 b) where buckling of the 

second floor column acts as a collapse initialisation event. Initial damage leads to a drop in 

static response compared to the static response observed in the undamaged state (Figure 6.31), 

followed by hardening due to the VT catenary action and culminating in the structure collapse. 

It is worth noting that this mode is similar to the one captured for the detailed model for the 

case of second-floor column failure in Section 6.3.1. 

 

 

Figure 6.31. Static and pseudo-static response of 
undamaged (black) and damaged (red) structure (Figure 6.29 b) 

 

The deformation mode associated with the damage to the penultimate-floor column 

(Figure 6.29 c) is characterised by the initial failure of the damaged element followed by 

buckling of the third floor column with subsequent collapse due to the lack of load redistribution 

capacity previously provided by the outrigger truss. This mode is unique to the simplified model 

and was not observed in the detailed analysis. This discrepancy is caused by the extent of 

damage considered in the detailed model analysis, where damage could only significantly affect 

one of the external mega-columns, while in the current simplified model damage fraction of 

0.75 was utilised. If on the other hand damage parameter was limited to just 0.5 penultimate-

floor column failure would not be observed. This scenario was included to highlight the effects 

associated with failure of the load redistribution mechanism in the system where only a limited 

number of alternative load path can exist.  

The response associated with the discussed local damage (Figure 6.32) is characterised 

by initial softening after the initial failure occurs. This is followed by a hardening response until 
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the buckling of the fifth-floor column, after which substantial softening occurs until the ultimate 

failure is observed. A significantly reduced level of hardening is evident for the penultimate-

floor column failure in comparison to the third-floor column failure due to the lack of an 

alternative load path in this damage scenario, as the outrigger truss can no longer provide a 

viable load redistribution route. 

 

 

Figure 6.32. Static and pseudo-static response of 
undamaged (black) and damaged (red) structure (Figure 6.29 c) 

 

While the optimisation procedure did not indicate that local damage sustained by the 

outrigger truss is critical in view of the last scenario it is worth exploring as well.  

 

 

Figure 6.33. Deformed shapes associated with damage sustained by the outrigger block  
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The collapse mode for the outrigger truss damage scenario is similar to the one previously 

observed both for the third-floor column damage and no damage scenarios (Figure 6.33). This 

case is dominated by the softening response associated both with the outrigger truss failure and 

subsequent third-floor column failure (Figure 6.34). Similar response trends were observed in 

the case of outrigger damage in the detailed model. The difference in the responses is related to 

the employed damage fraction (0.75) in the simplified analysis which if translated to the 

detailed model would imply a substantial damage sustained by the top floor (removal of 

elements associated with three out of four main beams between axis 4 and axis 5 as well as 

removal of truss tie elements in the same region). 

 

 

Figure 6.34. Static and pseud-static response of the 
undamaged (black) and structure with damaged outrigger (red)  

 

It is worth noting that the fact that the proposed simplified methodology did not identify 

this scenario as critical can be justified when consideration is given to the constraints specified 

for the current analysis. The developed methodology aims to satisfy the constraints on extent 

and locality, thus when looking for the possible damage location, the outrigger truss seems to 

be less appealing as more elements have to be damaged (one chord and tie) to achieve an effect 

similar to the one observed with the penultimate-floor column damage, where just a single 

element damage is enough. This discrepancy encourages the procedure to disregard the 

outrigger damage scenario. In addition, the response associated with outrigger failure indicates 

a slightly higher pseudo-static capacity compared to the penultimate-floor column failure 

scenario which can also affect the gradient based search. 
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The proposed assessment indicates a good agreement between the critical zones observed 

for the simplified and detailed models. Model simplification described in the current section 

allows for an efficient implementation of the gradient based methodology described in 

Chapter 4. It should be noted that great care has to be given when deciding on the simplified 

model as it has to be able to represent the major features of the physical behaviour associated 

with the real structure. Nevertheless, this methodology should only be employed in the 

preliminary analysis stages to facilitate an efficient and prompt design cycle where different 

design systems are being considered. Once the design is finalised it is necessary to verify the 

simplified model results with a more robust methodology for critical zones identification. The 

next section will demonstrate the application of the methodology developed in the present work 

for this purpose, as previously described in Chapter 5. 

 

6.5. Multi-fidelity Robustness Assessment 

To ensure that the design adopted for an irregular structure is resilient, it is necessary to 

estimate the robustness of the structure with respect to different cases of possible local damage 

scenarios. For large irregular structures, the task of selecting scenarios is rarely straightforward 

and in usual practice is frequently delegated to engineering judgement. As it is impossible to 

codify how “engineering judgement” should be applied to any given problem, there is a clear 

need for a more rigorous and reliable methodology for the critical zone identification. A 

methodology that provides a good balance between the expensive simulation and the 

probabilistic approximation of the response is presented in the Chapter 5, based on a multi-

fidelity concept, and this is applied here to AGT. 

To illustrate the application of the multi-fidelity approach to the AGT robustness 

assessment, an assumption on the extent of local damage that the structure can sustain was 

adopted. This assumption stipulates that local damage scenarios are limited by a spherical 

damage distribution with a constant radius of 1500 mm. The reasoning behind introduction of 

such an assumption is twofold: i) prior tests indicate that smaller damage extents can “miss” 

critical locations resulting in a highly discontinuous relationship between damage location and 

observed response; ii) according to the Demolition Manual (USSR Defence Ministry, 1959) 

with an amount of explosives sufficient for partial severing of the CFST column in case of a 

contacting charge the effective radius where other elements are expected to fail is 1370 mm; it 

is worth noting that Demolition Manual is a performance-based instruction, as such a higher 

damage extent can be expected to occur. 
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As detailed in Chapter 5, the multi-fidelity approach takes advantage of the LFM data 

obtained from the solution of more simplified models to construct the prediction of the HFM 

response. In Chapter 5 this framework is further elaborated by taking advantage of similarities 

between different substructures of the building. For the application case study presented in 

Chapter 5, the choice of the substructures was straightforward as it also coincided with the 

partitioning strategy for the model. If similar strategy were to be applied for the current AGT 

test, it would result in the LFM for each odd and even floor as well as two models for the 

outrigger block. The main problem with the described approach is complications that arise when 

boundary conditions for each segment have to be considered; an additional drawback of this 

LFM sub-structuring strategy is the fact that 4 separate LFM models have to be trained. A more 

efficient approach used for the current test is inspired by the morphological irregular structure 

classification (Vollers, 2008) discussed in Chapter 2, which is based on the primitive used in 

the geometric operation to construct the irregular structure shape. In the context of LFM, a sub-

structuring consideration is given to the largest unique segment of the structural frame that after 

undergoing an affine transform can closely resemble other structural segments. In case of the 

AGT such a segment is a VT structure shown in colour in Figure 6.35.  

It is worth outlining that with the adopted strategy, LFM is not expected to capture all of 

the collapse modes that HFM might have. On the other hand, LFM is devised in such a way as 

to account for the local modes that develop similarly both for LFM and HFM. To this end, 

boundary conditions adopted for the LFM should strive to realistically depict the physical 

nature of the local response. Hence, for the case of AGT VT of interest (VT0) in the LFM is 

complemented by two additional VTs below (VT1) and above (VT2). As VT1 and VT2 serve 

just as an extended boundary condition damage application only within the convex hull of VT0 

is considered. Overall the LFM is presented in Figure 6.35 where VT1 and VT2 are indicated 

by transparency. It should also be noted that column nodes at the bottom of VT1 as well as 

column nodes at the top of VT2 are fully restrained to simulate the effect of load redistribution 

via the outrigger system. The considered approach for LFM generation allows for efficient 

usage of a single LFM model to represent all of the other floor systems. The same LFM model 

is also utilised to represent the contributions of the outrigger block. Ability of the described 

LFM to provide the estimate for the behaviour of outrigger can be attributed to the fact that two 

independent parameters (response scaling and response shift) are associated with each LFM 

model. 
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Figure 6.35. LFM model utilised in robustness assessment methodology 

 

With the considered setup, an average solution time of the LFM model takes 1 hour and 

20 minutes; in comparison, the HFM solution takes 3 hour 30 minutes. It should be noted that 

the solution time ratio of 2.5 does not correctly represent the efficiency of LFM model as it 

does not take into account the number of processors utilised during the solution time. If on the 

other hand the time demand was scaled to account for the fact that LFM requires 7 cores and 

HFM needs 23, the ratio jumps to 8.6. Considering the obtained ratio in conjunction with the 

results from Chapter 5, it can be concluded that for the current ratio independent training for 

LFM and HFM is still efficient. It is also worth noting that this independent training process 

provides an opportunity to check the response at an early solution stage and as such reduce the 

loss of time associated with remodelling if errors are found in the FE model.  

The LFM was trained using the pseudo paralleled EI algorithm (Zhan et al., 2017). Each 

parallel cycle incorporated three most promising points from the EI to the meta-model 

prediction (initialisation batch contained five sample points). Sufficient accuracy (MARE of 

three consecutive predictions less than 5%) was achieved after 55 iterations and 170 sample 

points respectively (Figure 6.36). 
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Figure 6.36. Trained LFM:  
predicted normalised PSC (left); actual normalised PSC (middle); position of sampled points (right) 

 

Figure 6.36 indicates critical locations found for the considered LFM; it is clear that these 

positions correspond to two distinct failure mods: i) column loss and ii) local failure of the slab 

segment. Both of these modes are present in the HFM as well (Figure 6.15, Figure 6.24). It is 

worth noting here that while the locations of the considered damage scenarios are captured with 

reasonable accuracy, the corresponding values of the normalised pseudo-static capacity are not; 

nevertheless, this is not a major drawback as for the subsequent usage in HFM construction, 

since capturing the general nature of the response is more important than the exact numeric 

value. 

Constructed LFM was then utilised as a trend line for the training of the HFM. Evolution 

of the predicted response as well as the location of sampled points is presented in 

Figure 6.37-Figure 6.39. The HFM was trained with a very stringent termination condition that 

resulted in a posteriori MARE of 2.3%. The provided results suggest that for practical purposes 

for locating critical zones, a more lenient constraint can be considered to reduce the 

computational burden. 

Training of the HFM was initialised with 33 sample points (3 per VT). All points were 

randomly positioned. This initialisation was “unfavourable” to the prediction quality as such a 

large discrepancy can be observed for Iteration 1in Figure 6.37 between the predicted and actual 

response. Each subsequent iteration is obtained based on the pseudo-parallel implementation 

of EI (Zhan et al., 2017), with 3 new sample points added to the meta-model at each iteration. 

Thanks to the high quality of the LFM, within the subsequent 13 iteration the quality of the 

predicted HFM response is substantially improved with most of the critical zones being 

identified. It should be noted that accuracy of normalised PSC is still low at this stage 

(Iteration 14). 
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Figure 6.37. Evolution of normalised PSC approximation with addition of data samples (Iterations 1-20): 
predicted response (left column); actual response (middle column); position of sampled points (right column) 
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Figure 6.38. Evolution of normalised PSC approximation with addition of data samples (Iterations 51-70): 
predicted response (left column); actual response (middle column); position of sampled points (right column) 
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Figure 6.39. Evolution of normalised PSC approximation with addition of data samples (Iterations 71-178): 
predicted response (left column); actual response (middle column); position of sampled points (right column) 
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The subsequent 45 iterations indicate a very slow improvement of accuracy of both 

critical zone identification and robustness estimate (Figure 6.38: Iterations 51-57). This slow 

convergence rate can be attributed to the discontinuity of the response. As can be seen from the 

actual response (middle column Figure 6.38: Iteration 51-57) the majority of the possible local 

damage locations are of low significance (highlighted in yellow), as they do not result in 

noticeable PSC reduction. The utilised EI strategy, after exploiting the information provided by 

the LFM trend, begins to explore inside a response plateau region; this process continues until 

the EI algorithm hits the criterion that subsequent exploration is inefficient. 

The next stage is characterised by rapid convergence of the predicted and actual response 

(Figure 6.38, Figure 6.39 Iterations 64-71). The a posteriori error on the PSC estimation at this 

stage is governed by local effects (locations where actual responses do not match well with the 

underlying data due to the early analysis termination for some of the analyses). This issue can 

have both beneficial and detrimental effects. It is beneficial if the issue is caused by the early 

termination of the analysis, as the response will be smoothed over that point; on the other hand, 

it is detrimental if there does exist an extremely local failure mode that can only be triggered at 

a specific location. While the latter case is possible, it is extremely unlikely to occur in practice, 

while early termination of the nonlinear analysis is a significant issue that can happen for the 

large-scale models discussed in this chapter. 

The last stage of the analysis is characterised by the algorithm performing a rigorous 

exploration of the domain until it manages to locate the critical points 

(Figure 6.39: Iterations 142-178). This results in a rapid drop of the error associated with the 

PSC estimation. The optimisation terminates after Iteration 178 with a 564 sample points 

respectively.  

To better understand the error evolution during the optimisation procedure, it is 

worthwhile to consider not an overall error estimate but rather an error estimate associated with 

the particular value of the PSC (Figure 6.40).  

To this end a posteriori error estimates were constructed separately for different error 

ranges. Figure 6.40 indicates that at the onset of optimisation locations with lowest PSC also 

are subject to the largest error margin. As more points are sampled the error margin decreases 

as well as the fraction of points associated with errors. Figure 6.40 clearly indicates that after 

252 points are sampled (Iteration 74), the meta-model experiences a substantial increase in the 

PSC prediction quality. The next drop of occurs close to the analysis termination where early 

termination locations were uncovered. Based on the presented results (Figure 6.39 and 
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Figure 6.40) it becomes clear that for the sake of critical zone identification, 75 iterations and 

255 sample points would be sufficient. It should also be noted that even earlier termination can 

be allowed if only critical zone locations and not the PSC estimates are of interest.  

 

 

Figure 6.40. Error in PSC estimation based on the number of sampled points 

 

The presented methodology managed to highlight an additional region where local 

damage may result in a reduction of the PSC. This uncovered scenario is concerned with 

damage to the internal diagrid core at the level of the outrigger truss Figure 6.41.  

 

 

Figure 6.41. Damage and deformed shape of the internal diagrid core 
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This local damage scenario does not initiate a new collapse mode, but it reduces the 

normalised PSC to 0.8-0.85 (Figure 6.42). This scenario, while not the most critical, is still 

relevant to the design of the structure, and can serve as a good example of a case where reliance 

on “engineering judgment” can overestimate the system robustness. 

 

 

Figure 6.42. Static and pseudo-static response of 
undamaged (black) and damaged internal diagrid core (red)) 

 

6.6. Concluding remarks 

The presented case study on the robustness of the Agora Garden Tower provides a 

realistic scenario for application of the developed methodologies for critical zone identification 

both at the preliminary design phase, where numerous structural concepts are considered, and 

at the final stage of the design where structural robustness is rigorously verified. The conducted 

study identified the following critical scenarios, in order from the most to the least critical ones: 

1. loss of the external mega-column at the second floor; 

2. loss of the external mega-column at the first floor; 

3. loss of the external mega-column at any other floor; 

4. local slab failure due to the loss of the cantilever beam; 

5. damage to the internal diagrid core at the level of outrigger truss; 

6. damage sustained by the elements of the outrigger truss; 

7. damage sustained by the main beam sections. 

These damage scenarios indicate a higher effect associated with damage to the lower floor 

columns compared to the damage to the columns positioned at higher floors. The results 

contradict previous research conducted by Sagiroglu and Sasani (2014). This fact can be 

attributed to the unorthodox structure of the AGT with each VT working independently. In 
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addition, a scenario associated with damage to the internal diagrid core proved to be significant, 

when it might have been discarded based on engineering judgement as affecting a highly 

redundant core, thus reinforcing the motivation for the current work to develop tools capable 

of effectively identifying such cases. 

In addition, the presented results indicate that the proposed methodology can effectively 

predict the response of the complex structure based on a moderate number of sample points 

(250). The investigation of error evolution as well as critical zone identification also indicates 

that the proposed methodology is capable to identifying critical zone locations with an even 

smaller number of sample points (100-150). 
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CHAPTER 7 
 

CONCLUSIONS AND FUTURE WORK 
 

 

 

 

7.1. Research Summary 

A novel methodology for identifying critical local damage scenarios for robustness 

assessment has been presented in this thesis. This research was motivated by a growing need 

for a rigorous approach for the efficient robustness assessment of large-scale irregular 

structures, where conventional approaches to identify critical scenarios are not valid or 

applicable. Another motive stems from the fact that due to the prevalence of research on 

seismically induced collapse of irregular structures, where lower levels of robustness are 

usually associated with irregularity, a general misconception is present among practising 

engineers who extrapolate these results to cases where robustness against localised failure is 

considered. 

In order to tackle the main objective of this research, several independent technical 

disciplines had to be incorporated within the assessment methodology: i) robustness of 

structures; ii) efficient nonlinear modelling of irregular slabs; iii) advanced optimisation 

techniques; and iv) detailed FE modelling of the structural systems. 

A review of the state of the art served as a foundation for the present research work. This 

review helped to identify particular problems with existing approaches to identifying critical 

scenarios for irregular structures: 

 presence of two conflicting definitions of irregularity provided by DoD (2013b) and 

ASCE (2013), respectively; 

 over-generalisation of behavioural features observed for seismically induced PC to 

gravity driven collapses triggered by the local failure; 

 lack of accurate yet computationally efficient 2D finite elements capable of modelling 

irregular concrete slabs; and 
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 reliance on the “engineering judgement” or alternatively the prohibitive computational 

demand of detailed nonlinear analysis. 

The first problem was resolved in favour of the DoD (2013b) classification by analysing 

numerical and experimental results from the numerous reviewed studies. This conclusion is 

based on the marginal difference between performances of structures classified as irregular by 

ASCE (2013) and their regular counterparts. The other issues were addressed via the 

methodology presented in this thesis. To achieve this, the developed methodology takes 

advantage of the robustness assessment framework developed at Imperial College London 

(Izzuddin et al., 2008) and expands upon it to address the challenges associated with the 

research topic. The enhanced methodology is incorporated within an advance optimisation 

algorithm to efficiently construct the approximation of the structural response to any possible 

damage scenario. The aforementioned optimisation procedure utilises data from the detailed FE 

simulations of the considered structures, where a newly developed triangular shell element is 

utilised to reduce the computational burden associated with slab modelling while maintaining 

accuracy in representing the physical behaviour of the damaged structure. 

An overview of the chief contributions as well as individual conclusions is provided 

hereafter. 

 

7.2. Conclusions 

7.2.1. Efficient Triangular Shell Element for Concrete Slab Modelling 

The first task undertaken in this research was the development of the novel triangular 

shell element for the nonlinear analysis of RC floor slabs subjected to extreme loading 

conditions, as presented in Chapter 3. The developed shell element is formulated in a local 

reference system and is based on the Reissner–Mindlin hypothesis. In order to account for 

geometric nonlinearity, it is also incorporated within a co-rotational framework.  

The novel shell element has been implemented within the in-house nonlinear structural 

analysis program ADAPTIC (Izzuddin, 1991), which is employed for FE analysis throughout 

this thesis. Both verification of the developed element against already established elements and 

validation against experimental results for differently shaped concrete slabs demonstrate an 

excellent agreement for all of the test problems. A comparative study conducted in this chapter 

demonstrates the computational efficiency of the newly developed element that does not 

compromise the accuracy of the modelled response. A further application study highlights the 
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applicability of the element to large-scale problems as well as the associated ease of modelling 

of complex geometrical shapes of the structural slabs. 

 

7.2.2. Gradient Based Methodology for Critical Scenario Identification 

Chapter 4 introduces a gradient-based methodology aimed at determining critical local 

damage scenarios. This methodology utilises approaches from the field of topology 

optimisation in conjunction with the established framework for the robustness assessment to 

determine the critical damage distribution within the structural domain. To this end, a concept 

of partial element damage is introduced and utilised. FE-based damage parameters are treated 

as independent variables bounded between zero (no damage) and one (full damage), where the 

goal of the developed methodology is to determine the most critical combination of these 

parameters. 

The criticality of any given combination is determined according to a proposed 

enhancement of the original robustness assessment framework developed at Imperial College 

London (Izzuddin et al., 2008). The proposed modification is designed to account for cases 

where the collapse mode exhibits a shift during the analysis. To guide the optimisation problem 

described above, a simple but reasonably accurate approach for estimating the sensitivity of the 

robustness measure (pseudo-static capacity) to the changes in damage parameters is developed. 

Verification against numerical tests indicate a good agreement between the proposed 

methodology and the actual response both in the low and high damage ranges, with some 

discrepancies appearing in the discontinuous mid-range of damage parameters. 

To penalise the trivial solutions to the optimisation problem, a novel approach for dealing 

with the damage locality constraint is developed. The novelty of the presented approach lies in 

its ability to reduce the computational complexity of enforcing numerous independent 

constraints while avoiding the drawbacks associated both with numerical overflow, common 

for the existing constraint aggregation techniques, and vanishing of sensitivities at the edges of 

the variables domain.  

The presented methodology is employed to locate the critical regions for a test-structure. 

The results of the conducted optimisation demonstrate its ability to converge to a local optimum 

and highlight regions with high sensitivity to local damage. These results also provide an 

empirical proof that the structural response as a function of partial damage factors is 

discontinuous due to the presence of collapse activation thresholds. 
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The properties of the presented methodology result in a very efficient approach for 

promptly determining critical zones of the analysed structure, further enabling the formation of 

an overall picture of the structural robustness, thus it is particularly suited for application at an 

early design stage where multiple structural concepts are being considered. Such an application 

is presented in Chapter 6, where an early design concept of the Agora garden tower is 

scrutinized to locate the critical zones for preliminary design. The developed methodology 

provides an efficient approach for rapid assessment, as a very small number (53) of expensive 

finite element solutions was required to construct an effective map of critical zones for the 

considered structural configuration.  

 

7.2.3. Composite Multi-fidelity Approach to Robustness Assessment 

While the gradient based methodology is applicable to large-scale systems, the underlying 

gradient based algorithm can struggle with the task of locating a global optimum of the critical 

scenarios. This issue is addressed in Chapter 5 where an efficient global optimisation strategy 

is developed. This approach further develops concepts presented in the Chapter 4 and enhances 

established global optimisation techniques. The proposed modifications reduce the 

computational complexity of the optimisation while providing a straightforward way of 

enforcing damage locality constraint. This is achieved via a transformation from discrete 

damage variables to a continuous set of parameters that represent damage position and extent. 

To overcome the drawbacks associated with gradient-based algorithms, a global 

optimisation procedure based on a meta-modelling technique is developed within the robustness 

assessment framework. This approach benefits from the developed variant of multi-fidelity 

kriging algorithm. The proposed modification utilises a set of independent LFM, obtained 

through the subdivision of the HFM into a set of a priori established components. Employing 

the developed approach, these models can be assembled to construct the composite LFM for 

the response of the whole structure. The assessment of a large-scale irregular structure indicates 

that by employing the developed methodology it is possible to reduce the computational 

demand by around 60% while achieving good agreement between the constructed surrogate and 

the real response. 

The proposed composite approach is recommended for application at the final stage of 

the design, as detailed numerical models for robustness assessment require a precise 

information on both member and connection properties to accurately evaluate the robustness 

measure. In addition, as numerous iterations are required to achieve an accurate predicted 
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response, this approach might not be suitable for comparison of multiple different designs due 

to the costs associated with both model generation and solution procedure. Nevertheless, it 

should be noted that while a moderate (250) number of tests is required for the proposed 

methodology to accurately predict of the complex, far fewer points (100-150) are sufficient to 

provide a good estimate for the critical zone location.  

The developed framework was applied to the robustness assessment of the Agora Garden 

Tower in Chapter 6. This particular structure was chosen due to the fact that it provides both 

realistic and challenging scenario for the approach verification. The conducted study 

successfully identified all of the critical scenarios as well as their respective robustness 

measures. The results of the robustness assessment indicated that concepts commonly accepted 

for the regular structures might not hold for specific types of irregular ones. For instance, 

damage affecting the lower floor column is more critical compared to the same damage extent 

affecting columns at the higher floors, which contradicts  the findings of Sagiroglu and Sasani 

(2014) obtained for regular multi-storey buildings. This fact can be attributed to the unorthodox 

structure of the AGT with each VT working independently. In addition, a scenario associated 

with damage to the internal diagrid core proved to be more critical than “engineering 

judgement” would suggest. This fact provides a validation to the original motivation for the 

conducted research, as but for the developed rigorous assessment strategy a critical scenario 

associated with highly redundant core might have been discarded. 

 

7.3. Recommendations for Future Work 

The present research work resulted in the development of an accurate and 

computationally efficient methodology for identification of critical local damage scenarios in 

the robustness assessment of irregular building structures. The provided verification examples 

clearly demonstrate the benefits of the presented methodology, nevertheless further 

improvements of both accuracy and efficiency can be achieved for large-scale industrial 

application by utilising a more efficient programming tools. Apart from this, based on the 

conducted studies some recommendations for further research in this field are proposed 

hereafter. 

 

 Novel Solution Techniques for Nonlinear Analysis of Large-scale Models 

This research involved nonlinear analysis of numerous complex structures subject to 

different damage scenarios. Many of the conducted simulations, specifically ones concerned 
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with simultaneous buckling of multiple elements or with extensive failure in concrete, presented 

a particular challenge, as tracing the equilibrium path for such cases is an extremely challenging 

undertaking. Due to the prevalence of these local effects, the system response can experience a 

series of minor snap-backs, associated with sudden drops in the static response. A very small 

load step (displacement increment or arc-length depending on the solution type) had to be 

employed to overcome some of these issues, and even then as the presented results indicate 

some of the analysis still experienced early termination. This behaviour calls for the 

development of more advanced and efficient techniques capable of tracing the nonlinear 

equilibrium path of complex structures. 

 

 Efficient Bond-slip Relationship for the Composite Slabs  

An improvement to the modelling accuracy of the developed shell element can be 

achieved with a realistic model of the bond-slip relationship between the rebar and surrounding 

concrete material. This would allow strain localisation in the rebars to be captured, allowing a 

more realistic assessment of the ductility limit based on fracture of the rebar. Existing 

approaches to modelling this process are usually based on the principles of contact mechanics 

incorporated within the element kinematic relationship. This formulation can significantly 

reduce the computational efficiency of the slab element as it can result in numerous iterations 

at the element level. These facts underline a need for less expensive but a reasonably accurate 

approach for handling the bond-slip behaviour.  

 

 Extension of the Robustness Framework to Non-gravity Loading Scenarios 

The present research was primarily concerned with the influences of local damage on the 

gravity induced collapse of a structure. This approach, while not directly representative of 

specific triggering events, can provide a realistic estimate of the robustness measure, as such 

only gravity-based loads were considered for every damage scenario. Nevertheless, for some 

types of structures gravity loads are far less significant (e.g. advertisement panels subjected to 

significant wind pressure), as for these cases conventional pushdown analysis might not yield 

the conservative estimate. These facts underline a need for extension of the existing robustness 

assessment framework to non-gravity based loading scenarios. 
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 Assessment of Joint and Connections Resilience with Developed Methodology 

The developed methodology was formulated to work effectively as a general approach 

for identification of critical zones of a given structure. A possible extension of the presented 

concepts can be envisioned aimed at allowing for the detailed nonlinear joint response, 

including the associated ductility supply.  

 

 Incorporation of Post-failure Loading Scheme Alteration 

The gradient based methodology presented in Chapter 4 assumes that no change in the 

loading occurs during the simulation. A possible extension of the proposed algorithm would be 

to address the fact that in case of removal of a loaded element the associated debris loads are 

transferred to the surrounding elements, along with additional kinetic energy due to debris 

impact.  

 

 Incorporation of Element Erosion within the Developed Framework. 

Difficulties in the nonlinear solution procedure can appear after the modelled structure 

experiences subsequent failure of structural elements. In some cases, the model can successfully 

proceed with the analysis, but not infrequently near zero stiffness of the failed element can 

result in analysis termination. A possible solution to address this issue involves incorporation 

of element erosion inside the developed procedure. This will require alterations to both the 

finite element procedures employed as well as modification to the gradient based algorithm. 

The latter modification is required to account for mapping of the sensitivities of the eroded 

system onto the non-affected one.  

 

 Development of Specialised Kernels for Meta-modelling 

The composite multi-fidelity meta-modelling technique presented in Chapter 5 utilises a 

kriging interpolation scheme to construct reliable predictions of the unsampled datasets, where 

a brief description of the implemented correlation kernels is also provided. While some 

preliminary studies on the performance of specific kernels were conducted, as these 

assessments proved to be outside of the scope of the current investigation, the related findings 

were not reported. Nevertheless, further investigation into particular kernel performance is 

warranted. This investigation can be further expanded to produce novel problem-specific 

kernels, akin to the variograms used in geostatistics. These specialised kernels can reduce the 

number of samples required to produce high quality approximation of the response. The review 
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provided in Chapter 5 outlines some of the properties that the new kernels should possess to 

work effectively. 

 

 Incorporation of Gradient Information into Meta-modelling 

Another possible enhancement to the developed methodology can be achieved via 

incorporation of gradient information into the meta-modelling approach, with Chapters 4 and 5 

outlining the necessary basis for this extension. There are several possible ways of 

implementing gradient information into the kriging algorithm, which can be achieved using  the 

universal co-kriging approach to meta-modelling that involves calculating the first and second 

derivatives of the correlation kernel functions. The co-kriging approach can also drastically 

increase the computational costs associated with the meta-modelling technique, as such a set of 

effective counter-measures will have to be developed. Another possible way of incorporating 

gradient information might involve usage of a variant of the hierarchic kriging algorithm which 

can reduce the costs associated with increase of the correlation matrix. 

 

 Automatic Model Subdivision into the LFM components 

The proposed methodology developed in Chapters 5 utilises a composite multi-fidelity 

strategy. Currently, the application of this methodology requires manual subdivision of the 

structural domain into the LFM components. Automation of this procedure can provide a 

significant improvement to the applicability of the algorithm to real-scale industrial problems, 

where the modelling stage can take up a significant portion of time allotted for the design. The 

envisioned algorithm should be able not only to find the most reasonable subdivision but also 

be able to “match” resultant parts in order to reduce the number of individual unique LFM. 

 

 Investigation of Effective Stopping Criteria 

Developed algorithm proposed a stopping criterion for the composite meta-modelling 

approach based on limiting the level of error of consecutive estimations of the unsampled 

points. The conducted tests indicate that this approach can provide acceptable levels of 

accuracy; nevertheless, a more involved study on the termination criteria might allow for greater 

control of the prediction quality and as such enable a further increase in computational 

efficiency of the developed methodology. 
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 Automated Tools for Design Modification 

The final suggestion concerns development of an algorithm capable of effective redesign 

of the analysed structure based on the identified critical scenarios and robustness margins 

obtained with the proposed methodology. Further usage of topology optimisation techniques 

can be suggested as a starting point for development of such a tool, where the goal would be to 

maximise the minimum of the pseudo-static capacity of a given structure. To reduce the 

computational burden of such an approach some form of combination of different analysis types 

may be considered. 
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