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Understanding and Controlling Uniaxial Negative Thermal Expansion in
Ruddlesden–Popper Oxides

by Christopher ABLITT

Most materials expand when heated, yet there exist some that contract – a rare phe-
nomenon known as negative thermal expansion (NTE). Uniaxial NTE has been observed
over a pronounced temperature range in certain phases of several Ruddlesden–Popper
oxides, which are layered perovskites with general formula An+1BnO3n+1 that are char-
acterised by their layer thickness, n. Despite being renowned for possessing many in-
teresting functional properties, ABO3 perovskites, which form the n = • limit of the
Ruddlesden–Popper series, rarely exhibit NTE of this kind and over such a wide temper-
ature range. A central theme of this thesis is thus to establish the origin of uniaxial NTE
and discover why it is prevalent only in particular phases of low n Ruddlesden–Popper
oxides. Since tunability has become a paradigm in the field of functional ceramics, a
further aim is to develop ways to engineer oxides with controllable NTE.

This thesis presents mainly the results of first-principles simulations, but also analysis
of experimental data and mechanical models to achieve these aims. It is found that uni-
axial NTE arises from the combined effects of octahedral tilt vibrations and anisotropic
elastic compliance. This compliance is unique to the NTE phase of low n Ruddlesden–
Popper oxides and I propose an atomistic model, the corkscrew mechanism, to explain
it based on structural arguments. I also find that the magnitude of NTE in Ruddlesden–
Popper oxides may be tuned in two ways: by varying the layer thickness – which changes
the elasticity; and by altering the chemistry (changing A and B) – which affects the dy-
namic tilts of BO6 octahedra. Combining these insights gained from atomistic simula-
tions has led to a compound being engineered that displays record uniaxial NTE within
a Ruddlesden–Popper oxide due to this mechanism.

HTTP://WWW.IMPERIAL.AC.UK
https://www.imperial.ac.uk/engineering/
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Chapter 1

Introduction
The term “perovskite” crops up a lot in Materials Science. Strictly speaking, the mineral
perovskite was discovered by Gustav Rose in Russia’s Ural Mountains in 1839 [1]. This
mineral has the chemical composition CaTiO3 and is found in an orthorhombic struc-
ture at room temperature. However, CaTiO3 undergoes a series of phase transitions at
higher temperatures: first to a tetragonal phase and later to the highest symmetry cubic
phase [2]. CaTiO3 is formed from a framework of corner-connected TiO6 octahedra with
Ca2+ ions occupying the interstitial sites. The series of phase transitions involve tilting of
these TiO6 units whilst maintaining the connected octahedral framework; going from the
undistorted high-symmetry cubic parent to the low-symmetry orthorhombic phase, the
octahedra progressively tilt around more bond axes. These phases are shown in Figure
1.1A. The term “perovskite” has been linked to many structures containing connected
octahedral units but in recent years has gained association with hybrid organic–inorganic
halide compounds, such as methylammonium lead iodide (affectionately abbreviated to
MAPI), which have very promising properties for photovoltaic applications [3]. In this
thesis, I will be fairly conservative and stick to using “perovskite” to refer to inorganic
materials that have the composition ABX3 and whose structures consist of connected BX6

octahedral frameworks that are topologically equivalent to CaTiO3. Perhaps the most
famous material with the perovskite structure is BaTiO3. Discovered during the Second
World War to be ferroelectric, BaTiO3 (often with other elements doped on the Ba-site)
has since gained applications in transducers and thermistors (although in recent years it
has been largely superseded by other perovskite ferroelectrics) and most notably in high-
dielectric capacitors [4]. Like CaTiO3, at high temperatures BaTiO3 adopts an undistorted
cubic structure and undergoes a series of phase transitions at lower temperatures to lower
symmetry phases [5]. However, unlike in CaTiO3, these phases do not involve rotations
of the TiO6 units, but instead off-centre displacements of the Ti4+ cation leading to polar
unit cells of progressively lower symmetry (shown in Figure 1.1B 1). The propensity of
ABX3 perovskites to undergo subtle structural transitions, as well as the flexibility of this
structure to accept different elements on the A, B and X sites, has lead to the diverse ar-
ray of functional properties associated with these materials including: piezo-, pyro- and
ferroelectricity, linear and non-linear optical properties, ferro- and anti-ferromagnetism,
colossal magneto-resistance and high-temperature superconductivity [6].

1These diagrams represent the average structures of each phase. Actually, the series of transitions in
BaTiO3 is believed to be driven by disorder, where every Ti ion is displaced in a < 111 > direction within
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FIGURE 1.1: Series of temperature induced phase transitions for two com-
mon ABO3 perovskite oxides: (A) CaTiO3 [2] and (B) BaTiO3 [5].

So what are “layered perovskites”? After declaring myself a perovskite purist, I’m now
going to commit what many chemists and geologists might consider a crime against crys-
tallography and discuss perovskite-inspired structures. There are several classes of layered
perovskites, where two-dimensional infinite networks of ABO3 structure are stacked be-
tween defect layers. These include the Aurivillius and Dion–Jacobson structures. In this
thesis, I will mostly focus on Ruddlesden–Popper oxides, layered perovskites with gen-
eral formula An+1BnO3n+1, where blocks of ABO3 perovskite structure are separated by
an additional layer of AO rock salt structure. Ruddlesden–Popper oxides are charac-
terised by an integer, n, which denotes the number of BO6 octahedral layers per per-
ovskite block. Typically, n is 1 or 2, although in principle n may take a positive integer
value and in the limit n = • one recovers the ABO3 perovskite structure. The struc-
tures of the high symmetry undistorted phase of several Ruddlesden–Popper oxides are
shown in Figure 1.2. Like ABO3 perovskites, Ruddlesden–Popper oxides may undergo
phase changes caused by rotations of BO6 octahedra and cation off-centrings [7]. The
ABO3 parent structure has cubic symmetry and therefore rotations about all bond axes
are equivalent by symmetry. However, in Ruddlesden–Popper oxides, layering direc-
tion provides a well defined c axis and thus people often distinguish between rotations of
octahedra about this axis and tilts of octahedra about bond axes within the layer plane.

Pointing out this distinction between rotations and tilts in layered perovskites is not
just my way of setting out important terminology early (although if you take nothing else
away from this introduction, knowing the difference is going to help later in the thesis).
Actually, the fact that rotations and tilts are well-defined in Ruddlesden–Popper oxides is
key to the story of how this PhD project came about.

its unit cell but at high temperatures these local polarisations average out to give a higher-symmetry average
crystal structure.
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FIGURE 1 | In the An+1BnO3n+1 Ruddlesden–Popper series, blocks consisting of n layers of ABO3 perovskite structure are separated by a single layer of AO rock

salt structure, with BO6 octahedra in the next block displaced by a (0.5, 0.5, 0.5) lattice translation. In the n = ∞ limit the pure ABO3 perovskite structure is recovered.

transition metals. In the limit n = ∞, the perovskite structure
is recovered. While in practice most chemistries are found to
predominantly exhibit the n = 1, 2 phases only (Palgrave et al.,
2012), in principle any value of n between 1 and ∞ is possible;
n = 3 structures have been synthesized by careful compositional
control (Battle et al., 1998) and although n > 3 phases are
often predicted to be unstable to decomposition (McCoy et al.,
1997), epitaxial growth techniques have allowed the synthesis of
n = 2−5 (Haeni et al., 2001), n = 6 (Yan et al., 2011), and n = 10
(Lee et al., 2013) structures.

One of the most explored systems is the n = 1 A2CuO4
on account of its high-temperature superconductivity, where
doping of divalent A = Ba and Sr with trivalent rare earth
cations has been extensively investigated (Dwivedi and Cormack,
1991). Superconductivity in these systems is not limited to the
cuprates, and there has been substantial interest in Sr2RuO4
(Mackenzie and Maeno, 2003) on account of its superconducting
phase transition below 0.8 K, and in Sr3Ru2O7 for its
nematic orbitally-ordered phase (Borzi et al., 2007). The doped
nickelates have also been much studied due to their believed
proximity to a superconducting phase transition, and their charge
ordering physics (Yoshizawa et al., 2000). More recently, the
n= 2 member of the RP family has received much attention
on the account of a new form of improper ferroelectricity
predicated in Ca3Mn2O7 andCa3Ti2O7, termed hybrid improper
ferroelectricity (Benedek and Fennie, 2011). This mechanism
circumvents the so-called d0 criterion for ferroelectricity, as it
does not require an off-centring of cations to drive the phase
transition. Instead, this off-centring (P) may occur as a slave
process driven by an octahedral tilt (R1) and rotation mode (R2)
of the parent structure that are inherently unstable in some of
these systems. This leads to a so-called trilinear term βR1R2P in
the free energy expansion about the parent structure (Benedek
et al., 2015) which, regardless of the sign of the coefficient β , as
R1 and R2 are inherently unstable, leads to a non-zero value of the

polarization P (either positive or negative depending on the sign
of β).

Our contribution to this field of hybrid improper
ferroelectricity was to provide experimental confirmation
of this mechanism for the case of Ca3Ti2O7 (Senn et al., 2015).
However, our high-resolution powder diffraction data for
Ca3Mn2O7 revealed an added complexity. What was believed
to be a single phase at room temperature, having the polar
symmetry A21am, was in fact a mixture of this and a phase that
we identified as havingAcaa symmetry. Crucially, this phase only
has a single octahedral rotation that is out-of-phase rather than
in-phase, and the octahedra remain untilted along the c-axis. No
hybrid improper ferroelectric mechanism is therefore possible.
However, over the large phase coexistence region, which spans
a temperature range of 120 K, we did observe pronounced
uniaxial negative thermal expansion (NTE) along the c-axis in
the Acaa phase. This had not been observed previously in the
n = 2 system and, although reported in the literature in an
analogous n = 1 system (Takahashi and Kamegashira, 1993),
its significance had not been noted. We were able to explain
this NTE phenomenon as being driven by a leftover degree of
freedom, the octahedral tilt in the Acaa phase, which remains
dynamic.

NTE is a rare property, that when it does occur is known to be
caused by a diverse range of mechanisms in different materials.
Even within inorganic perovskite-based systems, NTE has been
found to originate due to coupling of the lattice parameters
to: charge ordering (Azuma et al., 2011), ferroelectric ordering
(Chen et al., 2013), and magnetic and orbital ordering via an
invar-like mechanism (Yoshida et al., 2005, Qi et al., 2010).
In framework structures, formed from connected strongly-
bonded polyhedral units, NTE has been explained by transverse
vibrations of these units, known as rigid-unit modes (RUMs)
(Dove et al., 1995, Heine et al., 1999). We argued in Acaa
Ca3Mn2O7 that certain vibrational modes with RUM character

Frontiers in Chemistry | www.frontiersin.org 2 October 2018 | Volume 6 | Article 455

FIGURE 1.2: Structure of the high-symmetry parent phase of An+1BnO3n+1
Ruddlesden–Popper oxides as a function of layer thickness n. Reproduced

from [8].

I have already explained that BaTiO3 is an important technological material because
it is ferroelectric. Multiferroic materials have two or more ferroic properties – such as fer-
roelasticity (reversible spontaneous strain field), ferroelectricity (reversible spontaneous
electric field) or ferromagnetism (reversible spontaneous magnetic field). There has been
a huge research effort in recent years to develop multiferroic materials where the po-
larity of one ferroic property may be switched by the application of the field associated
with another [9]. Such materials could be valuable in next-generation memory devices.
ABO3 perovskite phases with octahedral tilts frozen about all bond axes – such as the
orthorhombic phase of CaTiO3 – are non-polar, that is to say they have no spontaneous
electric dipole. However, due to the symmetry-lowering provided by the layering, freez-
ing both octahedral rotations and tilts into (n = 2) A3B2O7 Ruddlesden–Popper phases
creates a polar structure. Such a mechanism is referred to as hybrid improper ferroelectricity;
“improper” because the polar distortion is not unstable in the high-symmetry structure
(it is only brought about by other distortions freezing in) and “hybrid” because two types
of distortion (both octahedral rotations and tilts) have to freeze out before the inversion
symmetry is lifted. This hybrid improper ferroelectricity was first predicted by simula-
tions [10] and group theory [11] in A3B2O7 Ruddlesden–Popper oxides, although such
a mechanism for ferroelectricity had been both simulated and inferred from experiment
previously in ABO3 perovskite structures where the layering came from stacking differ-
ent ABO3 chemistries to create artificial superlattices [12].

To verify the mechanism experimentally, Senn et al. [13] synthesised and analysed
Ca3Mn2O7 finding that it did indeed adopt a polar phase at temperatures down to 85 K.
However, as the temperature increased, a non-polar phase emerged which had a frozen
octahedral rotation about the layering axis but no frozen octahedral tilts. Although it was
not ferroelectric, this non-polar phase was notable because the layering axis contracted
continuously as the temperature increased from 200 K (the lowest temperature at which
this phase was observed) until 1150 K, at which point the Ruddlesden–Popper oxide
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started to decompose2. Illustrations of the octahedral tilt patterns of these phases are
shown in Figure 1.3A and data on the phase fractions and lattice parameter evolution up
to 500 K shown in Figure 1.3B.

Mn

O

Ca

polar

A21am

non-polar

Acaa
c

a (NTE)
(A)

To investigate this further, in Figs. 4(b) and 4(c), we plot
the c lattice parameters of the two refined phases of
Ca3Mn2O7 over the temperature ranges for which they
are observed. What becomes evident is that the two phases
exhibit markedly different behavior. The Acaa phase
exhibits a pronounced uniaxial NTE along the c axis with
rising gradient down to the point at which the phase
vanishes beyond the signal to noise resolution of our
experiment. The coexisting low-temperature A21am phase,
on the other hand, adopts the expected positive thermal
expansion (PTE) with linear gradient from the point at
which it starts to crystallize out. This phase has the same
PTE behavior as Ca3Ti2O7 exhibits across the entire
temperature range [Fig. 4(c)], and all three phases have
a similar volume contraction following the expected PTE
(see Supplemental Material [16]).
The reported cases of NTE in the literature fall broadly

into two categories being due to either electronic ordering
phenomena such as charge transfer or transverse vibrations
of (quasi)rigid unit modes (RUMs) [24]. Although to date
sizable NTE has been reported only in perovskitelike
materials where electronic effects play a role (e.g.,
BiNiO3 [25]), we can discount such mechanisms in the
current case (Mn4þ, t↑↑↑2g , no single ion effects expected)
and so must conclude that RUMs are responsible for the
observation. The quasirigid units in our system are the BO6

octahedra, and, although these are commonly observed to
give rise to NTE in network, cage, and framework structure
[26], in the perovskite oxides it has been observed in only a
few cases (e.g., uniaxial NTE in WO3 [27]), where it leads
to near-zero thermal expansion.
The thermal excitation of such RUMs can lead to a

substantial lattice contraction as demonstrated in the inset
in Fig. 4(b) for a RUM of X−

3 character in the limit where
the phonon population for any longitudinal B-O stretching
vibrations is significantly smaller than the population of the
transverse phonon RUMs. The X−

3 RUM may only con-
tribute to NTE in the Acaa phase where it has not “frozen
out” as has occurred in the A21am phase where only PTE
is observed. The observed uniaxial NTE coefficient is
−3.6 × 10−6 K−1 over the temperature range 250–350 K
comparing favorably with the significantly more flexible
framework ZrW2O8 structure (isotropic NTE of −9.0×
10−6 K−1) which represents the eponymous example of
NTE in the solid state [28]. It seems probable in the present
case of Ca3Mn2O7 that it is only due to the symmetry
trapping of the X−

3 mode by the high-temperature Acaa
phase that this material is able to exhibit a genuine
signature of NTE, and without this mechanism normal
PTE would be observed as in Ca3Ti2O7. The comparison of
the symmetry of the low-temperature and high-temperature
phases of Ca3Mn2O7 has allowed us to identify the
character of this soft phonon mode (X−

3 ), a situation
possible in most other NTE materials only after extensive
theoretical work. We note that our observations here of
NTE in the nonpolar phase of Ca3Mn2O7 are completely
unrelated to the observation of strain coupling in the polar
phase of the improper ferroelectric artificial superlattice
perovskite [12] which results in an increase in tetragonality
(c=a) at low temperature and is unrelated to NTE.
Our symmetry trapping mechanism we propose here is

completely general, and a search criteria below for the
discovery of new NTE materials is as follows. First, any
parent structure which has two closely competing phases of
symmetry A and B, where A is stable at high temperature
and B is stable at low temperature but they do not follow a
subgroup relationship, should be considered as a candidate.
Second, systems where distortion modes belonging to
irreducible representations of the parent symmetry present
in B but absent in A with a transverse displacive or RUM
character should be considered. Third, since the most
successful candidates of NTE will be ones where the phase
transition to symmetry B is suppressed to very low temper-
atures (and may be experimentally unreported), families of
compounds who are isostructural with respect to their
parent symmetries but depending on their exact chemical
composition exhibit either ground states of symmetry A orB
should be considered. Of course, parent structures may be
relaxed via electronic structure calculations in order to
identify compounds likely to exhibit symmetries of both A
and B—or phonon density of states calculated to identify
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FIG. 4 (color online). (a) Evolution of the phase fraction in
Ca3Mn2O7 as a function of temperature. (b) Negative thermal
expansion along the c-axis of Ca3Mn2O7 at high temperatures
consistent with a soft mode mechanism (shown in inset)
(c) positive thermal expansion of the c-axis in Ca3Ti2O7 and
in Ca3Mn2O7. Circle and square symbols represent data collected
on cooling and warming respectively, and all e.s.u. are small than
the size of the symbols.
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(B)

FIGURE 1.3: (A) Structure of the polar (of the A21am spacegroup) and non-
polar (Acaa) phases of Ca3Mn2O7. (B) phase fraction and lattice parame-
ter data for polar and non-polar phases of Ca3Mn2O7 and the polar phase
of Ca3Ti2O7 (which never underwent a phase transition). The non-polar
Acaa Ca3Mn2O7 phase displayed uniaxial negative thermal expansion at
all temperatures. (B) reprinted with permission from Senn, M. S. et al.
Phys. Rev. Lett. 2015, 114, 035701 Copyright (2015) by the American Physi-

cal Society.

Most materials get larger when they are heated in a process known as thermal ex-
pansion. Rare materials that instead contract, such as this newly discovered phase of
Ca3Mn2O7, are said to exhibit negative thermal expansion (NTE). Many people are famil-
iar with the density anomaly of water – that is, that H2O has its maximum density around
4�C, below which it expands until freezing (where it famously expands again across the
phase transition). However, it is much less common knowledge that ice actually exhibits
NTE again below 50 K – a phenomenon that has been attributed to transverse vibrations
of O–H–O linkages via a so-called tension mechanism [14]. Another everyday material3,
graphite, also displays NTE in its layer plane [15]. Interest in NTE materials reignited in
1996 with the (re-)discovery of large isotropic NTE in ZrW2O8 from 0.3 K up to in excess
of 1000 K [16]. Since then there has been effort to discover new materials with isotropic
[17] and anisotropic [18] NTE.

Thermal expansion can present serious problems in engineering if it is not accounted
for. In some precision instruments, such as telescopes, watches and measuring devices,

2On cooling, the polar and non-polar phases coexisted between 200 K and 320 K and there was a 70 K
hysteresis between heating and cooling [13].

3Rubber is often mistaken for being an NTE material since it appears to display NTE when under ten-
sion (this is due to entropic coiling or the so-called Gough-Joule effect) although actually rubber shows large
positive thermal expansion (PTE) under standard conditions [19].
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FIGURE 1.4: The crystal structure of ZrW2O8, a prototypical NTE material
that displays large, isotropic NTE from 0.3 until 1050 K [16].

high dimensional stability over a wide temperature range is essential and therefore ma-
terials with near zero thermal expansion (ZTE) are required. For this reason, the discovery
of Invar (short for “invariant”), an alloy with extremely low thermal expansion, won its
discoverer, Charles Edouard Guillaume, the 1920 Nobel prize for Physics [20]. Intricate
ceramic devices, such as actuators, solid oxide fuel cells and microchips, may experience
large temperature changes during operation. Such temperature changes can cause fail-
ure at the interface between components with different coefficients of thermal expansion
[21]. It is therefore desirable to develop materials with controllable thermal expansion so
as to match the thermal expansivities of adjoining materials.

One way to do this is by designing composites that combine NTE and PTE compo-
nents, whose fractions may be varied to tune the net coefficient of thermal expansion.
Such a technique has been used to develop metal matrix composites (MMC) with con-
trollable thermal expansion by combining a PTE metal matrix and NTE anti-perovskites
(that have the ABX3 perovskite structure but with metal atoms on the X sites and non-
metals on the A or B sites) [22].Unfortunately, the performance of real-world composite
materials often falls short of what theory – which typically assumes a perfect interface
between components – would predict. In composites formed from materials with vastly
different thermal expansivities, stresses may build up at these internal interfaces as the
components expand differently. This thermal stress build-up hampers the performance
of thermal expansion composites containing ZrW2O8, since the local stress concentra-
tions induce structural phase transitions within ZrW2O8, which themselves have an as-
sociated volume change [23]. Another paradigm is one where the thermal expansion of
a single material may be tuned, for example using compositional control, to a desired
value within a range from NTE to PTE. Such a technique has been employed to tune the
magnitude of uniaxial NTE in PbTiO3 [24]. However, this method is limited to systems
that form effective solid solutions and therefore cannot be applied to all NTE materials –
for example, attempts to tune NTE in the prototypical ZrW2O8 ceramic through chemical
substitution have been found to be limited [25].
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NTE may occur due to a number of mechanisms. NTE has been ascribed to electronic
[21], magnetic [22] and vibrational [26] effects. Even within the prototypical NTE material
ZrW2O8, which has been heavily studied over the last quarter of a century, there has been
plenty of debate over the precise mechanism for NTE [26–28]. In addition to the potential
industrial applications, NTE, and especially NTE in a new system, warrants study if only
as a scientific curiosity to establish its origin.

Returning to the example of the (n = 2) Ca3Mn2O7 Ruddlesden–Popper compound
studied by Senn et al. [13], since the non-polar phase contracted only along one axis (the
in-plane lattice parameter and overall cell volume both increased with temperature as
normal) the NTE is uniaxial. NTE at all, but especially NTE over such a wide temperature
range, is unusual. However, searching the literature yielded several examples of n = 1
compounds in the Ruddlesden–Popper series that also displayed uniaxial NTE over a
temperature range of up to 1000 K. These included Ca2MnO4 [29, 30], Sr2IrO4 [31] and
Sr2RhO4 [32]. In all of these A2BO4 compounds, the uniaxial NTE phase has a frozen
octahedral rotation about c but no frozen tilts – just as the NTE phase of Ca3Mn2O7. In
fact, I have found no example of a low n Ruddlesden–Popper phase with only a frozen
octahedral rotation (and no other distortions) which does not display NTE of the layering
axis. Furthermore, neither the low temperature polar phase of Ca3Mn2O7 (with frozen
octahedral tilts) displays uniaxial NTE [13], nor the undistorted parent phase for Sr2IrO4

or Sr2RhO4 at high temperatures [31, 32]. The uniaxial NTE thus seems to be inherently
linked to the phase symmetry. On the other hand, NTE in ABO3 perovskites is very
rare, especially over such a wide temperature range, and there are very few examples of
similar uniaxial NTE in analogous ABO3 phases with only a frozen octahedral rotation
[33].

The primary aims of this PhD project were twofold: (i) To identify the mechanistic
origin of uniaxial negative thermal expansion in Ruddlesden–Popper oxides; to answer
why is this uniaxial NTE only seen in phases with frozen octahedral rotations? and why is this
NTE generally seen in low n Ruddlesden–Popper oxides but not in their ABO3 counterparts?
(ii) To develop understanding of how thermal expansion in these materials may be con-
trolled; to answer how might we design materials which maximise NTE and can we design
systems where thermal expansion may be tuned from NTE right through to conventional PTE?

This has been a computational materials science project and throughout this thesis I
present the results and analysis from simulations to achieve these aims. However, since
this is a project motivated by a desire to explain unexpected experimental results, that
close link between simulations and the real world has been maintained throughout. At
several points in this thesis I present experimental results alongside my own analysis and
in these cases it has been clearly indicated which contributions came from others. In the
interest of transparency, I have also made clear at any point in this thesis when I present
work that has been previously published elsewhere.

The structure of this thesis is as follows:
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Chapter 2 presents some of the most relevant background theory, primarily outlining
core thermodynamic and crystallographic concepts and explaining details of some of the
simulation techniques employed. A reader who feels confident in their grasp of lattice
dynamics and first-principles calculations can be forgiven for skipping (or at least skim-
ming) this chapter.

Chapter 3 provides a review of the relevant literature, but with a focus upon criti-
cally assessing what has been studied before and not in providing a textbook-style ac-
count of key concepts. The broad themes covered are: mechanisms for NTE, perovskites
and Ruddlesden–Popper oxides (with a focus on their structure and thermal expansion),
anisotropic thermal expansion and methods of simulating thermal expansion. However,
to make clear the context in which my own results sit, I have chosen to discuss certain
works that were contemporary with my own research presented at the ends of Chapters
6 & 7 so that I may present a direct comparison.

Chapters 4–8 constitute the main results chapters:

Chapter 4 introduces the NTE phase of Ca2MnO4 and gives an account of a search
to find a compound that may be used to simulate thermal expansion in Ca2MnO4 (for
technical reasons I wished to avoid performing full thermal expansion simulations on
magnetic Ca2MnO4 if possible). It is found that Ca2GeO4 provides a useful proxy system
to simulate in place of Ca2MnO4. The rest of Chapter 4 reports my investigation of why
the phase diagram predicted by density functional theory for Ca2GeO4 does not agree
with the results of low temperature experiments. The experimental data and a small
section of the analysis from this chapter has been published at Chen, W.-T. et al. Chem.
Commun. 2019, 55, 2984–2987.

Chapter 5 is a fairly short chapter in which I develop a mechanical model to explain
highly anisotropic compliance in the uniaxial NTE phase of A2BO4 Ruddlesden–Popper
oxides and then extend this result to analogous An+1BnO3n+1 phases of arbitrary n. This
chapter is purely theoretical and does not provide any data from experiments or simula-
tions. Much of the work presented in this chapter is available as a preprint at Ablitt, C.
et al. A Corkscrew Model for Highly Coupled Anisotropic Compliance in Ruddlesden-
Popper Oxides with Frozen Octahedral Rotations., 2018, arxiv:1810.02697, 2018.

Chapter 6 tries to establish the origin of uniaxial NTE in n = 1 Ruddlesden–Popper
oxides. Here, I compare experimental lattice parameter measurements for Ca2GeO4 and
Ca2MnO4 with simulations performed on biaxially stressed Ca2GeO4. I find that NTE is
driven by low frequency tilt vibrations of BO6 octahedra, which provide a large driving
force for in-plane PTE, but that uniaxial NTE is only predicted when one accounts for
the highly anisotropic compliance of these materials. I thus utilise the model proposed
in Chapter 5 to explain why NTE is unique to a certain phase. At the end of this chapter,
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I briefly review attempts to extend the results obtained for n = 1 Ruddlesden–Popper
oxides to other inorganic systems. Some of the work presented in this chapter has been
published as Ablitt, C. et al. npj Comp. Mater. 2017, 3, 44.

Chapter 7 investigates how the ingredients found in Chapter 6 to be essential for uni-
axial NTE change with layer thickness n for the Can+1GenO3n+1 Ruddlesden–Popper ox-
ides. I therefore discuss how layer thickness may be used as a design parameter to tune
thermal expansion in these materials. It is concluded that the elastic criterion for NTE
should be maximised in the n = 1 end member, but that, for a given chemistry, n dictates
the temperature range of stability (if any) of the NTE phase. Much of the work presented
in this chapter has been published as Ablitt, C. et al. Front. Chem. 2018, 6, 455.

Chapter 8 gives accounts of two studies, on n = 2 and n = 1 Ruddlesden–Popper oxide
systems, using substitutional doping to control thermal expansion by changing tolerance
factor, t (a commonly used metric based on ionic radii). It is found in experiment that
uniaxial NTE is maximised when t is lowest but that increasing t leads to a smooth tran-
sition from NTE to PTE. Simulations establish that changing the chemistry in this manner
strongly affects octahedral tilt vibrations and how they couple to the lattice, but has only
a secondary effect upon the elasticity. The study investigating the effect of chemical con-
trol on the n = 2 Ruddlesden–Popper oxide system has been published as Senn, M. S.
et al. J. Am. Chem. Soc. 2016, 138, 5479.

Chapter 9 presents broad conclusions for the thesis and gives suggestions for further
work in this area.

Appendices: Appendix A provides specific calculation details to ensure reproducibil-
ity of simulations; Appendix B discusses a recurring mystery throughout the thesis –
why A2BO4 phases with a frozen in-phase rotation appear metrically tetragonal and structurally
equivalent to tetragonal phases with anti-phase rotations in first-principles simulations yet have
an orthorhombic crystal class?; Appendix C gives the full form of a Landau model for
Ruddlesden–Popper Ca2GeO4 that is built up throughout the Chapters 5–7; Appendix D
presents the full derivation of the elastic compliance components for the corkscrew model
introduced in Chapter 5; Appendix E presents the raw sets of experimental (Ca2MnO4

and Ca2GeO4) and simulated (biaxially stressed Ca2GeO4) lattice parameter and rotation
angle data analysed in Chapter 6 and also discusses Einstein mode model fits to these
datasets; Appendix F presents detailed analysis of the contributions to thermal expan-
sion from phonons from across the full Brillouin zone of biaxially stressed Ca2GeO4; fi-
nally, Appendix G provides data on the elastic compliance matrices of all Can+1GenO3n+1

compounds studied in Chapter 7.
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Chapter 2

Background Theory
Before I present my own research, or even before I review some of the relevant literature
related to this project, I will give a short introduction to the key concepts arising in this
thesis. This will by no means be a thorough introduction to any of the topics discussed;
I would direct readers seeking a more rigorous account to one of several excellent solid
state textbooks [38–42]. Moreover, this chapter is intended to present a working under-
standing of theoretical concepts, often only to a level sufficient to appreciate how they are
used later. In general, I have thus favoured conceptual explanations over mathematical
rigour wherever possible.

2.1 Thermodynamics of thermal expansion

2.1.1 Lattice dynamics

Fundamental to understanding thermal expansion in crystalline solids is the theory of
lattice dynamics. A lattice is an infinitely repeating regular arrangement of points in space.
Typically, the lowest energy arrangement of atoms in a bulk solid will be with each atom
sitting on a high-symmetry site. A crystalline structure is often described by a single unit
cell which is repeated infinitely to fill D-dimensional space (D of course is usually 3).
Real materials are so large compared to the size of their unit cell that, without consider-
ing defects (for example vacancies/dislocations/grain boundaries/impurities etc.), this
representation of crystals by an infinite periodic structure is not a bad one – consider that
a 1 mm3 grain of salt contains of the order of 1019 8-atom unit cells.

At a finite temperature atoms do not sit on their lowest energy sites but move around.
The lowest energy structure may be described by a single periodically repeating unit cell
containing N atoms. However, when atoms vibrate there is no reason that every atom
sitting on a symmetrically equivalent site in different unit cells should move together.
Therefore, when discussing lattice dynamics, it is necessary to account for more than one
unit cell.

Let us consider a three-dimensional system of ncell unit cells, each containing N atoms.
Imposing periodic boundary conditions on this whole system of ncell cells still reflects an
infinite crystal structure, yet allows all atoms within this system to displace indepen-
dently. It is hence assumed that ncell is sufficiently large that atoms do not interact with
periodic images of themselves. Following the notation of [38], if we label each unit cell
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by a vector, R, which is the position vector of the origin of that unit cell, then we can
define the displacement of atom i along direction µ in cell R as uiµ(R).

In the limit that atomic displacements are small compared to the distances between
nearest neighbours, we may write the mean energy of a unit cell within this system, E, as
a Taylor expansion about the minimum energy configuration, E0, where all atoms occupy
ideal sites. Therefore,

E = E0 +
1

ncell
Â

i µR

∂E
∂uiµ(R)

����
u=0

uiµ(R)

+
1

n2
cell

1
2 Â

i µR

Â
j nR0

∂2E
∂uiµ(R) ∂ujn(R0)

����
u=0

uiµ(R) ujn(R
0) + . . .

(2.1)

I said that we are perturbing around the lowest energy structure, this means that
the energy of this this structure is necessarily a minimum in the space of atomic dis-
placements. Therefore, apriori we know that all first-order derivatives of the energy in
Equation (2.1) (the forces) must be zero. The lowest-order non-zero responses are thus
the second-order terms. Equation (2.1) has been given up to second-order but, like any
Taylor expansion, I could add arbitrarily many higher-order derivatives. For the mo-
ment, however, let us assume that the displacements are sufficiently small that only the
lowest-order terms (the harmonic terms) are important and ignore all higher-order terms
in the expansion (the anharmonic terms). This is known as the harmonic approximation
(HA).

Within the HA we may define a force constant matrix, Kiµjn (R � R0), which is a matrix
of second derivatives of the energy between each pair of displacements,

Kiµjn (R � R0) =
∂2E

∂uiµ(R) ∂ujn(R0)

����
u=0

. (2.2)

Considering atoms within a single unit cell, R, we have 3N coupled equations of
motion describing how the system evolves with time, t,

Mi
d2uiµ(R)

dt2 = � Â
j nR0

Kiµjn (R � R0) ujn(R
0), (2.3)

where Mi is the mass of atom i. The right hand side of Equation (2.3) gives the net force
component on atom i in cell R along direction µ by summing all pairwise interactions
with all displaced atoms in the ncell system (including itself).

For atoms experiencing a periodic potential, Bloch’s theorem states that the displace-
ments should take a wave-like form satisfying

uiµ(r + R) = eiG·Ruiµ(r), (2.4)
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where r is the position of atom i in a single unit cell and G is a wavevector that is a recip-
rocal lattice vector. A consequence of Bloch’s theorem is that any displacement (through-
out the periodic lattice) may be described using a basis of plane waves with wavevectors
in the first Brillouin zone (the primitive cell formed from the crystal’s reciprocal lattice
vectors). Considering, as well, the time dependence of Equation (2.3), we seek plane
wave solutions of form

xiµ(k, t) = ei(q·R�w t)uiµ(r). (2.5)

Since the solutions have the form of plane waves, it often becomes more convenient to
express Equation (2.3) in reciprocal space. Taking the Fourier transform of the real space
force constant matrix to give a dynamical matrix, Diµjn(q), defined by

Diµjn(q) =
1p

Mi Mj
Â
R

Kiµjn(R) ei(q·R), (2.6)

we may recast Equation (2.3) as an eigenvalue equation

D(q) ⇠(s)(q) = w(s)(q)2 ⇠(s)(q) (2.7)

where diagonalising D(q) yields a set of 3N eigenvectors, {⇠(s)(q), s = 1 · · · 3N}, at each
wavevector q. These eigenvectors represent collective displacements of atoms (remem-
ber that they are expressed in the basis of Cartesian displacements). With analogy to
the classic result for the simple harmonic oscillator, the eigenvalue corresponding to the
eigenvector ⇠(q) is the square of the frequency, w(s)(q), associated with this collective dis-
placement. The lowest frequency eigenvector thus represents the lowest energy collective
vibration of atoms, and each subsequent eigenvector represents the next lowest energy
orthogonal motion. These collective displacements are known as the normal modes of the
crystal. Eigenvalues are proportional to the curvature of the energy along that displace-
ment eigenvector direction of the energy landscape. Since the equilibrium structure being
perturbed around is, by assumption, the minimum energy structure, these curvatures are
necessarily positive and thus all frequencies are real.

Note that we are finding the eigenvectors to the dynamical matrix at a particular q

and therefore normal mode eigenvectors are all plane waves with wavevector q. The
concept of a normal mode wavevector is most easily explained pictorially: consider the
one-dimensional system shown in Figure 2.1 (although the extension to three-dimensions
is trivial). The wavevector can be considered as the reciprocal of the supercell required to
contain the displacement wave. q = 0, which is always known as the G-point, represents
a displacement wave with infinitely long wavelength, meaning that symmetrically equiv-
alent ions in all unit cells move perfectly in phase with one another. The highest possible
one-dimensional wavevector is one where q = 1/2. In this case the motion of equiva-
lent ions is perfectly anti-phase between adjacent unit cells. The wavevectors span the
first Brillouin zone, between q = +1/2 (the Brillouin zone boundary) to q = 0 (the Bril-
louin zone centre) and then again until q = �1/2 (where negative wavevectors represent
a phase change of the opposite sign). The frequency of normal modes can change with
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Chapter 2. Methodology 7

energy, Es = ��s. The population of phonons at a particular frequency is therefore

temperature-dependent as with increasing temperature the distribution of occupied

normal modes shifts to higher energies. A standard result from statistical mechanics

is that the population of phonons, ns (q), in branch s with wavevector q at thermal

equilibrium at temperature T is:

ns (q) =
1

e
��s(q)
kBT � 1

(2.4)

When describing the displacements of atoms within a single unit cell, phonons exist at

only discrete frequencies. However, when one considers the entire crystal, frequencies

form branches over the space of possible wavevectors. A wavevector, or q-vector/q-point,

in the context of phonons is best explained pictorially (see Figure 2.1).

(a) q = 0 (b) q = 1/2 (c) q = 1/4 (d) q = 1/8

Figure 2.1: Atomic displacements at di�erent wavevectors along a one-dimensional
chain. q may be thought of as the phase shift between displacements in adjacent
unit cells or as the reciprocal of the supercell required to contain the full periodic

displacement. The extension to three dimensions is trivial.

Diagonalising the dynamical matrix for some structures can produce negative

eigenvalues, �2 < 0, implying that phonons exist with an imaginary frequency. Clearly

this does not make sense physically and indicates that the initial assumption: that the

normal modes are displacements around a minimum energy structure with a parabolic

energy landscape, is incorrect. Therefore a mode with a negative eigenvalue, represented

throughout this thesis as having a negative frequency, indicates that the structure is not

the ground state and that by “freezing in” the displacement of the imaginary mode the

energy of the system will decrease.

FIGURE 2.1: Illustration of normal mode wavevectors, q, for a one-
dimensional system. The wavevector can be thought of as the phase
change between displacements in adjacent units or as the reciprocal of the
number of unit cells required to contain the full displacement wave. Re-

produced from my 2015 MSc thesis [43].

wavevector across the Brillouin zone, this is known as dispersion. At the G-point there will
always be three normal modes (in three-dimensional space) in which all ions displace by
the same amount in the same direction. This thus corresponds to a rigid translation of
the whole crystal and has no associated energy (zero frequency). Such modes are known
as acoustic modes (since they are responsible for transporting sound) and have a linear w

versus q dispersion relation for low q (near G). Modes that have non-zero frequency at
the G-point, where there is relative motion between different ions in a single unit cell, are
known as optical modes (since these vibrations may sometimes be activated by electro-
magnetic radiation).

The discussion so far has been for a classical system. In quantum mechanics, lattice
dynamics represent a multi-atom extension to the quantum harmonic oscillator whereby
normal modes correspond to quantised lattice vibrations, which are quasiparticles known
as phonons. Each phonon has an energy h̄w, where h̄ is the reduced Planck constant. In a
system with n phonons, the energy, e(s)(q), due to mode s at wavevector q is given by

e(s)(q) =

✓
1
2

+ n
◆

h̄w(s)(q) n 2 Z+, 0. (2.8)

This means that the lowest energy state (n = 0) is one in which it has non-zero energy.
Hence, quantum mechanics predicts that even at 0 K, there will be vibrational motion
with an associated zero point energy (ZPE). Phonons are bosons since they have integer
(i.e. zero) spin. Therefore, at a finite temperature, T, phonons follow a Bose–Einstein
distribution, where their population, n(s)(q, T), is given by

n(s)(q, T) =
1

exp
⇣

h̄ w(s)(q)
kBT

⌘
� 1

, (2.9)

where kB is the Boltzmann constant.
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2.1.2 The isotropic Grüneisen equation

Now that we have familiarised ourselves with the basics of lattice dynamics, let us get on
to discussing the titular property of this thesis: thermal expansion. The isobaric, volumet-
ric thermal expansion (i.e. the rate of change of volume, V, with changing temperature, T,
at constant pressure, P) is expressed through the coefficient of thermal expansion (CTE)
often represented by the symbol aV , given by

aV =
1
V

✓
∂ V
∂ T

◆

P
. (2.10)

To obtain a thermodynamic expression for the CTE, we need to split this partial derivative
into more familiar quantities (the following derivation is also laid out in [38, 40, 44]).
Applying common Maxwell relations, where S is the entropy, Equation (2.10) may be
reformulated,

aV (T) =
1
V

✓
∂ V
∂ T

◆

P

=
1
V

✓
�
✓

∂ S
∂ P

◆

T

◆

=
1
V

✓
�
✓

∂ V
∂ P

◆

T

✓
∂ S
∂ V

◆

T

◆

=
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V

✓
∂ V
∂ P

◆

T

✓
∂ P
∂ T

◆

V

=
1
B

✓
∂P
∂T

◆

V
.

(2.11)

In the final line of Equation (2.11), I have taken advatange of the fact that the isothermal
bulk modulus, B, is defined as

B = �V
✓

∂ P
∂ V

◆

T
. (2.12)

To a first approximation, I will assume the value of B to be independent of temperature.
Recall now that pressure is defined in terms of the Helmholtz free energy, F, as

P = �
✓

∂ F
∂ V

◆

T
, (2.13)

where F is itself the sum of the static energy of the equilibrium structure, E, and the
vibrational free energy, Fvib. For a quantum mechanical harmonic solid, Fvib is known to
be given by [40]:

Fvib (T) = Â
s

Z  h̄ w(s)(q)
2

+ kBT ln


1 � e
�h̄ w(s)(q)

kB T

�!
dq, (2.14)

where we are summing the contribution from each phonon mode s integrated across
the Brillouin zone. To keep the notation light, I will from now on replace the summation
across all s and integration across q with a single summation over index i – just remember
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that any sum over i implicitly includes contributions of phonons from the full Brillouin
zone.

Therefore, differentiating F with respect to volume yields an expression for P,

P = � ∂E
∂V

+ Â
i

"
� h̄

2
∂w(i)

∂V
� h̄

∂w(i)

∂V
n(i)(T)

#
, (2.15)

and substituting this expression into Equation (2.11) then gives

aV =
1
B Â

i
�h̄

∂w(i)

∂V
∂

∂T

h
n(i)(T)

i
. (2.16)

The specific heat capacity of a quantum harmonic solid, CV (T), is4 [40]

CV (T) = Â
i

h̄w(i) ∂n(i)(T)
∂T

(2.17)

which is similar to the form of the CTE in Equation (2.16), except without the ∂w(i)

∂V factor.
Considering contributions, C(i)

v (T), to the specific heat from each normal mode,

C(i)
v (T) = h̄w(i) ∂n(i)(T)

∂T
, (2.18)

it is useful to define a mode Grüneisen parameter, g(i), for each normal mode,

g(i) = � V
w(i)

∂w(i)

∂V
= �

∂ ln
h
w(i)

i

∂ ln[V]
, (2.19)

which is a measure of the contribution from each phonon to the overall thermal expan-
sion. Remember that C(i)

v (T) and g(i) are defined for each s and q. One may also define a

material Grüneisen parameter, g, (note the lack of indices) which is a sum of the individual

mode Grüneisen parameters weighted according to each mode’s C(i)
v (T)

g =
Âi g(i) C(i)

v (T)

Âi C(i)
v (T)

. (2.20)

Equation (2.16) may thus be rewritten including g as:

aV (T) =
CV(T) g

V B
. (2.21)

Equation (2.21) is known as the Grüneisen equation for thermal expansion and was
first formulated in 1912 [45]. In this derivation, I have developed this form for aV by
building up the contribution to the thermal expansion from all the normal modes in the

4Ashcroft and Mermin [38] define CV with an additional factor of 1/V and thus obtain a different final
expression for aV .
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structure. One might consider such a mindset as a bottom-up approach. When this equa-
tion was first developed, researchers had very little access to particular phonon modes
and thus early studies of thermal expansion took a far more top-down approach; B, CV

and of course V are all relatively straightforward to measure in experiment and there-

fore the material Grüneisen parameter, g, in some sense is expected to contain all the

physics relating to thermal expansion not contained in the other variables. Furthermore,
it is a condition of mechanical stability that B must be positive and it goes without saying

that V and CV only make physical sense when positive, therefore g is the only term in

Equation (2.21) that may take a negative value. Thus for a material to display volumetric

negative thermal expansion (NTE), it is a strict condition that g < 0.

2.1.3 The quasi-harmonic approximation

The derivation of the Grüneisen equation in the previous section relied upon expres-
sions for the vibrational free energy and specific heat capacity of a system containing
harmonic phonons. I also introduced the concept of mode Grüneisen parameters, g(i),
which are a measure of how the harmonic mode frequency, w(i) changes with cell vol-
ume, V. Strictly speaking, within the harmonic approximation, normal mode frequencies
should not change with changes in unit cell dimensions. Thus g(i) represents an anhar-
monic coupling between the normal modes and the cell strain. Remember that the HA
just came from truncating the Taylor expansion of the energy in Equation (2.1) to sec-
ond order. In the quasi-harmonic approximation (QHA), we accept that the true energy
landscape is anharmonic – and therefore changes in cell volume will affect the energy
of collective atomic displacements – but compute effective harmonic mode frequencies
within each structure. This means that w(i) may have dependence upon cell volume and
thus it is possible to calculate mode Grüneisen parameters within the QHA. The QHA
represents the lowest level of theory which explains thermal expansion.

2.1.4 Anisotropic elasticity

I have thus introduced the thermodynamics of volumetric thermal expansion. In an
isotropic material, negative thermal expansion is necessarily volumetric, but what about
in an anisotropic crystal? Before I discuss thermal expansion in an anisotropic material, I
will first introduce the concept of anisotropic elasticity.

The strain of a material, #µn, is a second rank tensor whose diagonal components, #µµ,
represent normal strains (extensions/compressions along the cell axes µ = 1, 2, 3) and
off-diagonal components, #µn (n 6= µ), represent shearing of the cell. Similarly, the stress
in a material is also a rank-2 tensor, sµ0n0 , and the stress and strains are related by a fourth
rank elastic compliance tensor, Sµnµ0n0 ,

#µn = Sµnµ0n0 sµ0n0 . (2.22)
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Note that the inverse equation relates sµn to #µ0n0 via the elastic constant tensor, Cµnµ0n0 ,
whose components are second derivatives of the cell energy with respect to strains (nor-
malised by the cell volume)

Cµnµ0n0 =
1
V

∂2E
∂#µn ∂#µ0n0

. (2.23)

Unsurprisingly, all this tensor notation can quickly become cumbersome. Since #µn

and sµ0n0 are both symmetric, people often use Voigt notation to express second rank
stresses and strains as six-dimensional vectors. Therefore, #µn becomes " where

#µn =

0

B@
#1 #6 #5

#6 #2 #4

#5 #4 #3

1

CA ! " =

0

BBBBBBBBB@

#1

#2

#3

#4

#5

#6

1

CCCCCCCCCA

, (2.24)

and similarly sµ0n0 ! �. The fourth rank elastic constant and compliance tensors now
become 6 ⇥ 6 matrices, c and s respectively, such that Equation (2.22) is now a matrix
equation,

" = s�, (2.25)

and c and s are related such that s = c�1.

2.1.5 The anisotropic Grüneisen equation

Following that brief introduction to elasticity, I will now derive the Grüneisen equation to
describe thermal expansion in anisotropic solids; after all, it was the discovery of uniaxial
NTE (NTE along a single crystal axis) which motivated this PhD project. This (slightly
convoluted) derivation is my own, however, alternative derivations that arrive at the
same formula may be found in other sources [44, 129]

Previously, I introduced the CTE, aV , as a measure of the volumetric thermal expan-
sion of a material. When describing the thermal expansion of a particular crystal axis,
µ, one refers instead to the coefficient of linear thermal expansion (CLTE), aµ, which de-
scribes the rate of expansion of lattice parameter xµ with temperature. Remembering that
the strain of axis µ, #µ, is related to the length xµ, according to

#µ =
xµ � x0

µ

x0
µ

=
dxµ

x0
µ

, (2.26)

where x0
µ is a reference lattice parameter and dxµ is small relative to x, aµ may be ex-

pressed as

aµ(T) =
1
xµ

d xµ(T)

d T
⇡

d #µ(T)

d T
. (2.27)
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For isotropic thermal expansion aµ = 1/3 aV . However, in an anisotropic material the
thermal expansion may differ along different crystallographic directions. In this thesis
I will primarily discuss orthorhombic and tetragonal materials, and thus the derivation
presented here will be for an orthorhombic material under the condition that the material
remains orthorhombic (i.e. there is no shearing of the cell).

Let us consider the free energy, F, of our relaxed crystal structure from Equation (2.1)
as a function of the normal cell strains #1 � #3 and the temperature T. The unperturbed
crystal structure, with free energy, F0 (where F0 = E0 + ZPE), is an energy minimum
therefore at 0 K all stresses are zero, i.e.

∂F
∂#1

����
T=0

=
∂F
∂#2

����
T=0

=
∂F
∂#3

����
T=0

(2.28)

At an infinitesimal temperature above 0 K, dT, the free energy minimum has shifted
by d" such that F (d", dT) is now a minimum,

∂F (d", dT)
∂#1

=
∂F (d", dT)

∂#2
=

∂F (d", dT)
∂#3

= 0. (2.29)

If we want to compute the vector along which this minimum shifts, we must expand
F as a Taylor series and collect the first order terms. Therefore expanding in #1, we find

0 =
∂F (d", dT)

∂#1
=

∂F (d", 0)
∂#1

+
∂2F (d", 0)

∂#1∂T
· dT + . . . ,

= 1 + 2 .
(2.30)

expanding out term 1 gives

∂F (d", 0)
∂#1

=
∂F0

∂#1
+

∂2F0

∂#2
1

· d#1 +
∂2F0

∂#1∂#2
· d#2 +

∂2F0

∂#1∂#3
· d#3 + . . .

= 0 +
∂2F0

∂#2
1

· d#1 +
∂2F0

∂#1∂#2
· d#2 +

∂2F0

∂#1∂#3
· d#3 + . . . ,

(2.31)

and term 2
∂2F (d", 0)

∂#1∂T
=

∂2F0

∂#1∂T
+ . . . . (2.32)

Thus, recombining Equations (2.31) and (2.32) into Equation (2.30), we get

0 =
∂F (d", dT)

∂#1
=

∂2F0

∂#2
1

· d#1 +
∂2F0

∂#1∂#2
· d#2 +

∂2F0
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∂2F0

∂#1∂T
· dT + . . .

=
∂2F0

∂#1∂T
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∂2F0

∂#2
1
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dT
+

∂2F0

∂#1∂#2
· d#2

dT
+

∂2F0

∂#1∂#3
· d#3

dT

�
.

(2.33)

A similar analysis expanding with respect to #2 finds

0 =
∂F (d", dT)

∂#2
=

∂2F0

∂#2∂T
+


∂2F0

∂#1∂#2
· d#1

dT
+

∂2F0

∂#2
2

· d#2

dT
+

∂2F0

∂#2∂#3
· d#3

dT

�
, (2.34)
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and with respect to #3,

0 =
∂F (d", dT)

∂#3
=

∂2F0

∂#3∂T
+


∂2F0

∂#1∂#3
· d#1

dT
+

∂2F0

∂#2∂#3
· d#2

dT
+

∂2F0

∂#2
3

· d#3

dT

�
. (2.35)

Therefore Equations (2.33)-(2.35) may be combined to give the following formula for
the CLTE vector, ↵,

↵ =

0
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∂#2
∂T

∂#3
∂T

1
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� ∂2F0
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� ∂2F0
∂#3∂T

1

CCCCA
. (2.36)

If we assume that the second derivatives of the free energy do not change when one
accounts for ZPE, we see that the 3 ⇥ 3 matrix being inverted in Equation (2.36) is the ma-
trix of elastic constants, c, outlined in Section 2.1.5 multiplied by the cell volume, V (since
energy is an extrinsic quantity). Therefore the inverted matrix is the elastic compliance
matrix, s.

Taking the derivative of the vibrational free energy of Equation (2.14) with respect to
T and an arbitrary strain, #µ, we find

� ∂2F
∂#µ∂T

= Â
i

✓
� ∂

∂#µ

⇣
h̄ w(i)

⌘◆ ∂n(i) (T)
∂T

!

#µ

, (2.37)

and thus with analogy to Equation (2.19) we may define the anisotropic mode Grüneisen
parameter, g(i)

µ , which describes the contribution of mode i to drive thermal expansion of
the crystal axis µ, and is given by

g(i)
µ = � 1

w(i)
∂w(i)

∂#µ
= �

xµ

w(i)
∂w(i)

∂xµ
= �

0

@
∂ ln

h
w(i)

i

∂ ln
⇥
xµ
⇤

1

A . (2.38)

Hence for small strains, we may rewrite Equation (2.37) as simply

� ∂2F
∂#µ∂T

= Â
i

C(i)
V (T) g(i)

µ

= Â
i

C(i)
V (T) g(i)

µ .
(2.39)

Equations (2.38) and (2.39) could have applied to any cell axis in our orthorhombic or
tetragonal crystal, therefore it becomes convenient to define a mode Grüneisen vector, �(i),
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such that Equation (2.36) may be written as

↵ =
1
V

s Â
i

C(i)
V (T) �(i)

= s


CV(T)

V
�

�

= s F(T).

(2.40)

In the second line of Equation (2.40), I have indicated an anisotropic material Grüneisen
vector, �, (with analogy to the volumetric material Grüneisen parameter of Equation
(2.21)). In the final line, I then introduce a vector, F(T), which combines the Grüneisen
parameter and specific heat capacity and therefore indicates the thermodynamic driving
force for thermal expansion. This vector is acted on by the elastic compliance matrix
which, like the bulk modulus, may be considered independent of temperature to a first
approximation.

Equation (2.40) describes anisotropic thermal expansion in an orthorhombic crystal.
In a tetragonal material, on the other hand, the a and b axes are equivalent, and thus in the
compliance matrix s11 = s22 and s13 = s23. Therefore, Equation (2.40) may be simplified
to give

a1(T) = Â
i

C(i)
V (T)

V


(s11 + s12) g(i)

1 + s13 g(i)
3

�
, (2.41a)

a3(T) = Â
i

C(i)
V (T)

V


2s13 g(i)

1 + s33 g(i)
3

�
. (2.41b)

Equations (2.41a) and (2.41b) apply equally well to hexagonal materials and it was in
the context of studying hexagonal metals, zinc and cadmium, that these equations were
first derived [46].

2.1.6 Einstein mode models

The Einstein approximation assumes that a material contains only a single optical phonon
(with fixed frequency, QE) whose population follows a Bose–Einstein approximation. In
cases where one has lattice parameter data but no direct access to the lattice dynamics,
it is possible to fit lattice parameter data to a simple model assuming that only a single
phonon operates. This can give an indication of effective mode frequencies that dominate
the lattice dynamics.

The CLTE (which recall is the derivative of the strain with respect to temperature) is
proportional to the specific heat capacity, CV(T)

aµ =
∂#µ

∂T
µ CV . (2.42)
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Remembering that the mode specific heat capacity, C(i)
V , is itself proportional to the deriva-

tive of n(i)(T) with respect to T,

C(i)
V = h̄ w(i) ∂n(i)(T)

∂T
, (2.43)

it is easy to see that in a system with only a single mode of frequency QE,

#µ =
Z

aµ(T)dT µ
Z

h̄ QE
∂nE(T)

∂T
dT µ

1

exp
⇣

h̄ QE
kB T

⌘
� 1

(2.44)

with changing temperature the strain must be proportional to nE(T).
Therefore, we may write an expression for a general lattice parameter, x, evolving

with temperature,

x(T) = x0 +
k1

exp
⇣

k2
T

⌘
� 1

, (2.45)

where x0, k1 and k2 are fitting parameters – where physically x0 represents the 0 K limit of
x and k2 is the Einstein mode energy expressed in units of temperature. It is straightfor-
ward to extend Equation (2.45) to include more modes. However, more phonon modes
clearly creates more fitting parameters and thus such an approach should only include
as many modes as required to capture the observed behaviour.

Similar models to Equation (2.45) may be easily constructed for the Debye approxi-
mation, which assumes that the material contains only acoustic modes with linear dis-
persion from 0 at the G point until a Debye frequency, QD.

General references for section 2.1.1: [38–40, 44, 47, 48].

2.2 Crystallography

2.2.1 Space groups

Perfect crystalline solids (without any defects) may almost always5 be described by a sin-
gle unit cell, a local arrangement of atoms, which is infinitely repeated in all dimensions.
In three-dimensional space, the shape of this unit cell must be one of the seven crystal
classes (cubic, hexagonal etc.). This crystal structure will likely be invariant under certain
symmetry operations (having for example rotation axes, mirror planes etc.) and therefore
may be labelled by one of the 230 possible space groups that describe three-dimensional
lattices. These space groups are formed from combinations of the 14 Bravais lattices (sim-
ple cubic, face-centred cubic etc.) with the 32 three-dimensional crystallographic point
groups. Two additional symmetries, glide planes and screw axes, are also present in space
groups with three-dimensional translational symmetry.

5Incommensurate crystals have a structure which follows a regular pattern such that it never repeats
itself over any length scale. Therefore they may not be described by a periodically repeating unit cell. This
is different from glassy or amorphous materials which have a regular structure at the local atomic level but
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Point groups are finite discrete groups – that is to say that they have a finite number
of symmetry operations that obey a group structure – as are space groups if one exlcudes
translational symmetry (the infinite number of possible translations by integer multiples
of lattice vectors all map the structure onto itself). Groups are abstract mathematical ob-
jects whose elements satisfy four axioms: (i) the group must be closed; (ii) each element
must have an inverse within the group; (iii) group elements must be associative; and (iv)
the group must contain the identity operation. Groups are abstract concepts, however,
can be applied to many physical phenomena. When a group structure is applied to de-
scribe a set of real operations, this is a representation of the group. For example, the same
group describes the symmetry operations of a two-dimensional object with three-fold ro-
tation and mirror symmetry and the set of permutation operations that may act on an
ordered set of three objects. Therefore, the group elements may be represented as a set of
rotation or mirror operations or as permutations of objects, but the structure that these
operations follow is the same.

Symmetry operations may be displayed as square matrices in a basis appropriate to
the physical problem – this is known as a matrix representation. When describing a crystal
structure that obeys a particular space group symmetry, it is common to work in a basis
of atomic displacements from the ideal lattice sites. In D-dimensional space in a unit cell
containing N atoms this means that symmetry operations are represented by DN ⇥ DN
matrices.

I exclusively use the Hermann–Mauguin notation for labelling space groups, where
labels have the form Xyyy. X denotes the centring of the Bravais lattice (e.g. P = primitive,
I = body centred etc.) and each y describes the most prominent symmetry operation pro-
jected down a particular crystal axis (e.g. m = mirror plane, 41 = four-fold screw axis etc.).
Mostly this thesis will discuss tetragonal and orthorhombic space groups. For tetragonal
space groups, the y labels refer to symmetry operations down the [001], [100], [110] axes,
in that order, and for orthorhombic space groups to symmetries down the [100], [010], [001]

axes. If there are no symmetry operations down that axis, no y is given, so label length
can differ between space groups. One of these space groups, P1, describes the special
case that the lattice obeys no symmetry operations except the translational invariance of
the unit cell. This space group is number 1 in the standard index of the tables of the
International Union of Crystallography.

Throughout this thesis, I use space group symmetry labels to distinguish between
different structural polymorphs, or phases. However, it should be remembered that the
precise phase being referred to is not unique to that space group label; different struc-
tures may be invariant under the same symmetry operations and therefore be described
by the same space group symmetry. This is especially true for low symmetry phases,
when the number of symmetry operations becomes fewer yet the structure may be more
complex. However, in practice this should not present serious confusion – the one time
this situation arises I use a secondary notation to make clear the distinction between the

structural disorder prevents long range order. Incommensurate crystals, however, are beyond the scope of
this thesis.
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two phases. It should simply be remembered that, strictly speaking, space group labels
are not unique phase descriptors.

2.2.2 Irreducible representations

The symmetry operations of a space group are often represented as square matrices in a
basis of atomic displacements. The most obvious representation might be to work in a
Cartesian basis of separate displacements for each atom in each direction. However, in
such a representation, many symmetry operations would end up mapping displacements
of one atom onto displacements of another (symmetrically equivalent) atom along a dif-
ferent direction. This thus creates a symmetry operator matrix with many off-diagonal
terms.

d2x d3x

d1x

d1y

d2y d3y

FIGURE 2.2: Cartesian basis of atomic displacements of two-dimensional
BO2 – which may be thought of as a two-dimensional A-site deficient per-

ovskite.

For example, consider the structure shown in Figure 2.2, which one might think of
as a two-dimensional BO2 A-site deficient perovskite (this example follows analogous
examples in [56]). Such a structure obeys the symmetry operations of the p4mm two-
dimensional space group (2D space groups are also known as wallpaper groups). These
symmetry operations include 4±

B (±90� rotations about the B atom), mxy (mirror plane
along the x = y axis), 2B (±180� rotations the B atom) etc. and together these operations
follow a group structure. Let us say that we work in a Cartesian basis of displacements
of our three atoms which I will call b1, i.e. we define a displacement vector

x[b1] =

0

BBBBBBBBB@

d1x

d1y

d2x

d2y

d3x

d3y

1

CCCCCCCCCA

, (2.46)
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where d1x is the displacement component of atom 1 in the x direction as defined in
Figure 2.2. In this matrix representation, the 4+ rotation becomes

Ô
�
4+�[b1] =

0

BBBBBBBBB@

0 0 0 1 0 0
0 0 �1 0 0 0
0 1 0 0 0 0

�1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 �1 0

1

CCCCCCCCCA

. (2.47)

Since there are many off-diagonal terms in Equation (2.47), applying the 4+ opera-
tion in this representation maps many Cartesian displacement components onto different
components (d1x is mapped onto d2y for example), even though (depending on the pre-
cise displacement) applying this rotation may leave the system physically unchanged.

This is not the only possible matrix representation, however. If another basis could
be chosen in which all of the symmetry operations are block diagonal (where equiva-
lent block matrices have the same dimension across the full set of operations) then our
Cartesian basis is said to be reducible. In this case, each basis vector would not be the
displacement of a single atom in a particular direction but a collective displacement of
atoms. For a particular set of block matrices (i.e. the same block matrix across all sym-
metry operations), if another basis cannot be found in which the dimensions of this set of
block matrices are reduced, then this set of block matrices constitute an irreducible repre-
sentation or irrep for short.

For example, if all the elements, {g}, of a group had matrix representations of the
form
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, (2.48a)
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in some basis, then the set of block matrices A ({g}) are a single irrep. The dimension
of an irrep is given by the side length of that set of block matrices, therefore in Equa-
tions (2.48a) and (2.48b), A and B are one-dimensional irreps and C is a two-dimensional
irrep. If two or more sets of block matrices are the same in every symmetry operation,
then these are described by the same irrep. For example, in Equations (2.48a) and (2.48b)
the one-dimensional irrep B and the two-dimensional irrep C are both repeated and both
describe how two independent sets of displacements behave under the group operations.

1

2

3

4

5

6
FIGURE 2.3: Natural basis of atomic displacements of two-dimensional
BO2 – which may be thought of as a two-dimensional A-site deficient per-

ovskite. The collective displacements are labelled 1–6.

As a specific example, consider a representation of our P4m wallpaper group using
the displacements shown in Figure 2.3 as basis vectors (I will call this basis b2). In this
case, the 4+ rotation shown earlier may be represented as
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. (2.49)

Different irreps are orthogonal and therefore the group symmetry operations will not
map displacement components from one irrep onto another. From this equation, it ap-
pears as though the first two diagonal components could be 1 ⇥ 1 block matrices (i.e.
scalars). However, under other symmetry operations – for example the mirror plane
along the x-axis, mx – these first two components are not independent and therefore
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constitute a two-dimensional irrep. The second two matrices matrices, acting on col-
lective displacements 3&4 and 5&6 respectively, have the same form for the 4+ rota-
tion. Actually, these matrices have the same form for every symmetry operation of the
group and thus these two pairs of displacements transform as the same, in this case two-
dimensional, irrep.

So why are irreducible representations so important? Eigenvectors to the dynamical ma-
trix each have the character of a single irrep. For a one-dimensional irrep that appears
only once in the full matrix representation, this means that the displacement correspond-
ing to that irrep will be a normal mode. Furthermore, two-dimensional irreps will yield
pairs of degenerate eigenvalues to the dynamical matrix where the corresponding eigen-
vectors describe a plane of degenerate solutions. This may be established apriori, purely
from symmetry analysis, without having to construct and diagonalise the dynamical ma-
trix. However, symmetry does not give any information on the relative magnitudes of
the eigenvalues – this would require a full lattice dynamics calculation or spectral mea-
surement.

For example, in the two-dimensional p4mm system defined above, at the G-point
there will be three sets of doubly degenerate normal modes because there are three two-
dimensional block matrices. One pair of degenerate eigenvector will span the space of
displacement vectors 1&2. We know that there will be two more pairs of degenerate
modes. However, since displacement vectors 3–6 all transform as the same irrep, all we
know (without explicitly constructing and diagonalising the dynamical matrix) is that
these remaining eigenvectors will constitute four orthogonal eigenvectors in the space
spanned by these displacement vectors.

So symmetry makes it possible to analyse normal modes without explicitly construct-
ing the dynamical matrix. In fact, if one constructed the dynamical matrix in an irre-
ducible basis, then the dynamical matrix would have block diagonal form and each block
matrix could be diagonalised separately. However, no one computes normal modes by
hand any more so you may be wondering why I have spent so long explaining a theory
that gives small gains in computational efficiency? Irreducible representations become
more useful when we consider phase transitions.

2.2.3 Phase transitions

I have said that space group labels may be used to differentiate between different solid
phases (i.e. different polymorphs of the same compound or different allotropes of the
same element) but I have not discussed the transition between them. Some phase tran-
sitions are reconstructive – they involve breaking chemical bonds and then forming new
bonds to rebuild a topologically inequivalent structure. A famous example would be
the transition from (metastable) graphite to diamond in carbon that takes place over
long timescales under (very) high temperatures and pressures. However, in many com-
pounds, a high-symmetry phase exists at high temperatures and the system transitions to
a lower symmetry structure at low temperatures. In this case the high-symmetry phase
is known as the parent and the lower symmetry structure as the child. The low-symmetry
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phase generally has a lower enthalpy whereas the parent phase generally has a higher
entropy and thus above some critical temperature this greater entropy outweighs the en-
ergetic preference for the child phase. This higher entropy may come from either vibra-
tional entropy – where atoms move dynamically about high-symmetry lattice sites such
that at any instant their positions are disordered – or configurations entropy – where
the structure locally has a lower symmetry but the orientation of these locally distorted
regions are disordered throughout the structure to give an average high-symmetry struc-
ture. Often a single material may undergo a series of phase transitions at different tem-
peratures (recall the examples of CaTiO3 and BaTiO3 perovskites from Chapter 1). In
this case we refer to the highest symmetry phase as the parent, but progressively lower
symmetry phases as child, grandchild etc. Crystallographers tend to refer to the highest
symmetry (undistorted) polymorph of a particular structure type as the aristotype and
all other phases as hettotypes. For example, the aristotypical perovskite structure would
be the cubic Pm3̄m phase. Sometimes people refer to daughter and granddaughter phases
synonymously with child and grandchild phases – it is the generation and not the gender
that we are concerned with in the discussion of phase symmetries.

In my discussion of phonons in Section 2.1.1, I only considered the case that all eigen-
values to the dynamical matrix were positive – and thus all harmonic frequencies, w, are
real (recall that the eigenvalue is w2). The initial assumption when introducing the har-
monic approximation was that we were perturbing around the minimum energy struc-
ture. However, if we consider instead the case that we are perturbing around a relaxed
structure (all forces are zero), but that the structure constitutes a saddle point in the
energy landscape and not a minimum, then the dynamical matrix will have negative
eigenvalues at at least some region of the Brillouin zone. This means that following the
eigenvector associated with these normal modes with imaginary frequencies would lead
to a reduction in energy compared to the unperturbed structure. “Following a displace-
ment eigenvector” is synonymous with freezing in the structural distortion. It should be
obvious that the harmonic approximation provides a poor description of structures that
have normal modes with imaginary frequencies (also called “unstable” modes) since ul-
timately the energy landscape must be bounded from below (i.e. you cannot freeze in a
distortion with arbitrarily high amplitude and continue to lower the energy). Therefore,
to describe such phases, we require higher-order (anharmonic) even-order terms with
positive coefficients in our Taylor expansion. These are different anharmonic terms to the
coupling between harmonic phonons and the cell parameters included within the QHA.
By accounting for such anharmonicity, it is found that the effective harmonic frequency
of certain vibrations changes with changing temperature. A displacive phase transition is
one where the frequency of a certain vibration in the high-symmetry phase drops as the
temperature is lowered, such that at some temperature this distortion becomes unstable
and freezes into the structure – creating a lower symmetry child phase.

Irreps are useful because they classify which symmetry elements are broken by a par-
ticular displacement. In displacive transitions involving a one-dimensional irrep (e.g.
irrep A in Equations (2.48a) and (2.48b)), the space group of the child phase is known
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apriori. Defining an order parameter, Q (A), as the amplitude of the the frozen distortion,
it is possible to determine just from the irrep the space group symmetry of the phase
when this (and only this) order parameter is non-zero. This is even true if there are
multiple copies of a particular one-dimensional irrep (e.g. irrep B in Equations (2.48a)
and (2.48b)) and therefore eigenvectors to the dynamical matrix are linear combinations
of the displacement directions spanned by this irrep. Even though the precise normal
mode eigenvector is not determined by symmetry alone, we know which parent sym-
metry operations are broken and thus the symmetry of the child phase. In this case, the
order parameter, Q (B), is still a single value determined as some kind of norm of the
component displacements. On the other hand, for displacive phase transitions involving
multidimensional irreps (such as the two-dimensional irrep C in Equations (2.48a) and
(2.48b)) the space group symmetry of the child phase depends on the relative amplitude
of frozen displacement components. In this case, the order parameter becomes a vec-
tor of the dimension of the irrep and the order parameter direction defines the child space
group symmetry. For example, the normal modes associated with irrep C span a four-
dimensional space, yet Q (C) is two-dimensional and only the relative amplitude of basis
displacements within each block matrix dictate the child space group, not the relative
amplitude of basis displacements between different block matrices which transform as
C.

In this thesis I use the notation of Miller and Love to label irreducible representations.
Irrep labels have the form A±

n , where A indicates the q-vector (irreps differ across the
Brillouin zone), the subscript n is an Arabic index distinguishing different irreps at that
q-vector and the superscript ± denotes whether the distortion breaks, �, or maintains, +,
inversion symmetry (at some high-symmetry q-vectors this may not be relevant and thus
the superscript is dropped). Irrep labels may change depending on the layout of the unit
cell; if there are multiple points at which the origin may be placed such that the unit cell
still obeys the space group symmetry operations, then the same physical distortion may
be described by a different irrep label in these different definitions of the same physical
cell. For example, whether the 5-atom cubic ABO3 perovskite structure is defined with
the A or B cation at the origin dictates whether a rotation of BO6 octahedra about the [001]

axis transforms as the R�
5 or R+

4 irrep, respectively. In this thesis, I will always label irreps
of the parent phase of An+1BnO3n+1 Ruddlesden–Popper oxides in the conventional unit
cell with the B cation at the origin and (if applicable) the layering axis along [001]. By
“conventional cell” I am referring to the to 5-atom cell of Pm3̄m ABO3 and the 14-atom
and 24-atom cells of I4/mmm A2BO4 and I4/mmm A3B2O7, respectively.

2.2.4 Landau theory

When I introduced the harmonic approximation at the start of this chapter, I did so by
writing a Taylor expansion of the cell energy with respect to atomic displacements from
ideal lattice sites. Landau theory centres around the idea that the free energy may be
expressed as a Taylor series about a high-symmetry structure in terms of only the most
important degrees of freedom. These variables can be the order parameters of collective
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displacements but also external fields such as electric, magnetic or strain fields. Landau
theory is not microscopic in origin – it was not derived from first principles as an explana-
tion of how atoms should behave. Moreover, it is a useful phenomenological framework
for explaining phase transitions using only the terms most relevant to capture the physics
of that system.

As a classic example [40], Landau theory may be used to explain displacive transi-
tions. Consider a displacive transition where parent and child phases are related by the
freezing in of a particular soft mode, with the character of irrep A. The adjective “soft”
refers to the fact that this normal mode has a low frequency in the parent.

We may construct an expansion of the free energy, G, about the parent phase (with
relaxed energy G0) with respect to the order parameter of this irrep, Q (A),

G = G0 + l0HQ (A) + l2Q (A)2 + l4Q (A)4 + l6Q (A)6 . . . , (2.50)

where {l} are coefficients. All linear terms must be zero – this is the condition that the
structure is relaxed and all forces are zero. In some cases (depending on the irrep, A)
there may be a bilinear term coupling Q (A) to an external field, H, which is indicative
of ferroic behaviour (ferro-electricity/magnetism/elasticity depending on the external
field), although ferroics will not be considered further in this discussion.

Recalling the harmonic approximation, we know that the coefficient of the quadratic
term is proportional to the square of the normal mode frequency (l2 µ w2). In re-
ality there are many anharmonic interactions coupling this soft mode to hard modes
(with higher frequencies). Since phonons follow a Bose–Einstein distribution, these hard
modes populate gradually as the temperature increases and thus at low temperatures
these anharmonic interactions are negligible, yet as the temperature increases they be-
come more significant. Most commonly, anharmonic couplings between phonons are
competitive – that is to say that there is an energy penalty for populating multiple modes.
Rather than including these couplings explicitly, most of the time Landau expansions
employ the so-called pseudo-harmonic approximation (not to be confused with the quasi-
harmonic approximation introduced earlier) that assumes that at a given temperature, T,
the soft mode is approximately harmonic with a well defined frequency, w, but that the
quadratic coefficient increases linearly with increasing T (i.e. w(T) µ

p
T). We can now

see how, if w = 0 at some temperature, T0, then below this temperature the system will
be unstable to displacements of this mode. Thus T0 represents the transition temperature.
Put mathematically, this means that

l2 µ T � T0, (2.51)

and therefore we may rewrite Equation (2.50) as

G = G0 + a(T � T0)Q (A)2 + l4Q (A)4 + l6Q (A)6 . . . , (2.52)

for the case that our system is not ferroic.
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Of course, the energy of our system must be bounded from below and therefore some
higher order terms in Equation (2.52) must be positive. Landau theory is useful because
it provides a scheme to explain different orders of phase transition, depending on the
signs and relative magnitudes of different terms in our expansion. The order of a phase
transition describes the order of the discontinuity of the energy derivative with respect
to temperature; in a first-order transition there is a step change in G across the transition
temperature (and therefore latent heat) whereas in a second-order transition there is no
latent heat but a discontinuity in heat capacity between parent and child phases.

For example, if l4 > 0 and T < T0, the free energy landscape has the shape of a
Mexican hat potential in terms of Q(A) at temperatures T < T0, with negative curvature
at Q(A) = 0. However, as T increases, the free energy minimum moves smoothly from a
non-zero Q(A) to a minimum at Q(A) = 0 when T � T0.

On the other hand, in cases where l4 < 0, higher-order coefficients (such as l6) must
be positive. In this case, at a critical temperature above T0 (therefore when the curvature
around Q(A) = 0 is still positive) the global minimum switches from Q(A) = 0 to
some non-zero value of Q(A). This means that there is an activation barrier to the phase
transition. First-order transitions are typified by a latent heat (required to summount
this barrier) and therefore a hysteresis in the transition temperature with heating and
cooling. In a first-order transition, the order parameter also jumps abruptly between zero
and non-zero values across the transition temperature.

Let us now consider including a strain, e, in our Landau expansion,

G = G0 + a(T � T0)Q (A)2 + 1/2 C e2 + lspe Q (A)2 + l4Q (A)4 + l6Q (A)6 . . . , (2.53)

where C is an elastic constant and lps is the coefficient on the phonon-strain coupling
term eQ (A)2. At the free energy minimum, ∂G

∂e = 0. Applying this condition shows that
at the minimum,

e =
�lspQ (A)2

C
, (2.54)

and therefore Equation (2.53) may be expressed as

G = G0 + a(T � T0)Q (A)2 +

 
l4 �

l2
sp

2C

!
Q (A)4 + l6Q (A)6 . . . . (2.55)

Thus coupling between the strain and the order parameter can shift the effective coef-
ficient of the fourth-order Q(A) term. If lsp is large, this can lead to a change in sign
of this coefficient and transform what would otherwise have been a second-order phase
transition into a first-order transition with a spontaneous change in e and Q(A).

Recall that the cell energy of the parent must be invariant under the symmetry op-
erations of the parent space group. This restricts the terms which may exist in a Lan-
dau energy expansion. Even-order powers of polynomials that transform according to
a given irrep, or any products of these even-order terms, are always allowed. However,
odd-order – such as cubic, Q(A)3, or trilinear, Q(A)Q(B)Q(C) – terms may be allowed
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depending on the symmetry of the irreps in question. Distortions that do not break the
parent phase symmetry (i.e. transform as the G+

1 irrep) are not forbidden by symmetry
to any order in a Landau expansion (although lone, linear terms still imply that the par-
ent phase is unrelaxed). However, since G+

1 distortions do not lower the symmetry of
the crystal, they cannot be order parameters defining phase transitions. Strains are also
associated with an irrep. For example, an orthorhombic distortion to a tetragonal cell
(i.e. splitting the degeneracy of a and b lattice parameters) breaks symmetry elements
of the parent space group whereas an isotropic expansion will always rescale all inter-
atomic distances yet not change any fractional ionic coordinates and thus transform as
G+

1 . Therefore, symmetry also restricts how different strain terms may appear in a Landau
expansion.

Landau theory was developed to explain the behaviour of crystals in the temperature
range near structural phase transitions. The pseudo-harmonic approximation in Equa-
tion (2.50) predicts that frozen mode amplitude in the child phase should be proportional
to the square root of the temperature below the phase transition

Q(T) µ (T � T0)
1/2 (2.56)

which does not have the correct low temperature behaviour (i.e. all derivatives of the
order parameter with T, ∂nQ

∂Tn , tend to zero as T ! 0). On the other hand, many of
the equations introduced in Section 2.1.1 rely upon the harmonic and quasi-harmonic
approximations and thus are most valid at low temperatures when anharmonic inter-
actions are small. Therefore, in the low temperature limit, one should not apply the
pseudo-harmonic approximation. If one instead takes l2 to be temperature-independent
and appends the the expression for the vibrational free energy in the HA from Equation
(2.14) to the Landau expansion in Equation (2.50), one may form an expression for the
Q(T) that has (qualitatively the correct limiting behaviour at low temperatures [49]. Ap-
plying the Einstein approximation (as in Equation (2.45)) the temperature dependence of
the frozen mode amplitude would have the functional form

Q(T) =

✓
Q2

0 � k1 exp
✓

k2

T

◆◆1/2

(2.57)

where Q0, k1 and k2 are fitting parameters whereby Q0 is the 0 K limit of Q and k2 is the
effective Einstein mode frequency expressed as a temperature.

Landau expansions provide a means to map the low energy landscape in as few terms
as possible which still captures important physics and obeys the relevant crystal symme-
tries. Since Landau expansions are in terms of the lowest energy collective displacements
(i.e. normal modes), they also provide a description of competing metastable phases that
is intuitive to those familiar with the crystal system.

In this thesis, I am mostly interested in understanding the behaviour – for example the
elastic response or thermal expansion – of different phases within a single crystal system.
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Throughout Chapters 4–7, I develop a Landau expansion to describe the low energy re-
gion of the potential energy surface of Ruddlesden–Popper Ca2GeO4, perturbing around
the undistorted I4/mmm parent structure. The full expression is given in Appendix C. I
do not include explicit temperature dependence in this model, i.e. I do not employ the
pseudo-harmonic approximation and there is no T parameter. Instead, I focus on map-
ping the Ca2GeO4 energy landscape using the order parameters of irreps corresponding
to harmonic eigenvectors found to have unstable frequencies in I4/mmm. In this model,
I hope to include terms which capture the physics discussed throughout the thesis that is
relevant to this compound.

2.2.5 Symmetry analysis tools

In this section I have introduced many concepts relating to crystal symmetry. I must now
admit that the kind of analysis discussed is (thankfully) no longer generally performed
by hand due to the many pieces of symmetry analysis software available. For example,
I used the Amplimodes program [50, 51], available on the Bilbao Crystallographic Server, to
find the irreps and frozen order parameters relating parent and child structures. On the
other hand, I extensively used the programs: Findsym [52], to identify the space group
symmetry of crystal structures; Isodistort [53], to generate child phases with certain dis-
placements frozen in to a specified parent structure; and Invariants [54], to find the orders
at which products between the order parameters of certain irreps are permitted in Lan-
dau expansions – all of these are part of the Isotropy Software Suite.

General references for section 2.2: [40, 55–58].

2.3 Electronic structure methods

Throughout this chapter, I have been concerned with ion dynamics and have referred
many times to the “energy landscape” of a crystal. I have also discussed quantities that
may be derived from the energy – such as forces (derivatives with respect to atomic dis-
placements) or stresses (derivatives with respect to cell strains). However, so far I have
not said how one might access these properties in simulations.

The Born–Oppenheimer approximation assumes that, since electronic relaxation oc-
curs on a much shorter timescale than ionic relaxation, one may decouple the electronic
and ionic parts of the Hamiltonian. Therefore, when considering the electronic ground
state, the nuclei may be assumed to be frozen; or conversely, one may assume that the
electrons relax instantaneously in response to ionic displacements. Quantum mechanical
methods are often used to calculate the electronic structure of a crystal. Using such meth-
ods, one may compute the cell energy, and derived properties like forces and stresses,
for a given ionic configuration. However, typical ionic nuclei are tens of thousands of
times more massive than electrons. Therefore, acted upon by forces and stresses from
quantum mechanical calculations, ions are usually treated classically. For example, the
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equations derived earlier in this chapter generally considered ions to behave classically
(one exception being zero Kelvin vibrations, introduced in Equation (2.8), which are a
quantum mechanical phenomenon).

2.3.1 Density functional theory

Full time-independent Schrödinger equation

After applying the Born–Oppenheimer approximation, the electronic state of a system
of N ions and M electrons is described by the time-independent Schrödinger equation
(TISE),

Ĥ Y (r1, r2, . . . , rM; x1, x2, . . . , xN) = E Y (r1, r2, . . . , rM; x1, x2, . . . , xN) , (2.58)

where Ĥ is the Hamiltonian operator and Y is the many-body electronic wavefunction
(following the notation of [42]). Y represents the probability that electron 1 will be found
at r1, electron 2 at r2 etc. and is thus a function of 3M-dimensions that is parametrically
also dependent upon the positions, {x1, . . . xN}, of the N ionic nuclei (that remember are
fixed in the frame of the electrons). Ĥ is given in atomic units by

Ĥ = � Â
i

1
2
r2

i +
1
2 Â

j 6=i

1
|ri � rj |

+ Â
i

VN(ri; x1, x2, . . . , xN) , (2.59)

where VN is the potential experienced by electrons due to the nuclei. In principle one
could find the electronic energy of a system by solving Equation (2.58). However, in
practice, this 3M-dimensional problem is computationally intractable for most solid state
systems.

Hohenberg–Kohn theorems

Density functional theory (DFT) is a framework for computing the ground state energy,
E0, of a system. DFT relies on the Hohenberg–Kohn theorems [59], which state (i) that
there is a 1–1 mapping between the external potential, VN, and the ground state electron
density and (ii) that the ground state energy may be expressed as a functional of the
ground state electron density, n0(r), i.e.

E0 = F [n0(r)] = min
n

F [n(r)] (2.60)

and that an electron density, n(r), is necessarily the ground state electron density if it
minimises Equation (2.60), giving rise to a variational principle. We may, in principle,
write the exact form of F based on Equation (2.59); since,

E =
⌦
Y
��Ĥ
��Y
↵

, (2.61)
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F [n(r)] may be expressed as

F [n(r)] =

*
Y

������ Â
i
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+
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�����
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�����Y

+
+
Z

n(r) VN(r) dr

= T + W +
Z

n(r) VN(r) dr ,

(2.62)

where T represents the kinetic energy of the electrons and W is the energy from electron–
electron interactions. Of course, Equation (2.62) is still an equation in 3M-dimensions
and so writing it in this form does not necessarily make it any easier to solve.

Hartree model

Since many-body problems are inherently difficult to solve, intuitively one feels this prob-
lem could be alleviated if the system could be described by a series of single-particle
equations for each of the M electrons. One of the first theories to do this was the Hartree
model, in which all electrons are treated as independent particles experiencing the mean
field from all electrons. In this model, the energy, eH

i , of each electron, with wavefunction
fH

i (r), is described by a single-particle TISE,


�

r2
i

2
+ VH(r) + VN(r)

�
fH

i (r) = eH
i fH

i (r), (2.63)

where VH is the Hartree potential, given by

VH =
Z n(r0)

|r � r0|dr0 , (2.64)

which describes the Coulomb interaction of electron i with the mean field arising from
all electrons in the system (including itself).

One may therefore express the total energy functional, FSP [n(r)], within the Hartree
model as

FSP [n(r)] = TSP + WSP +
Z

n(r) VN(r) dr, (2.65)

where TSP is the total kinetic energy of the electrons,

TSP = Â
i

⌧
fi

�����
r2

i
2

���� fi

�
, (2.66)

and WSP is the total Coulomb energy from all electron-electron interactions – also known
as the Hartree energy,

WSP = Â
i

hfi |VH(r)| fii =
1
2

Z Z n(r) n(r0)
|r � r0| dr dr0 . (2.67)

The Hartree model thus simplifies the full many-body Schrödinger equation down to
a series of coupled equations in only 3-dimensions. This would be great if the Hartree
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model were actually representative of a real system. Unfortunately, this mean-field the-
ory for non-interacting particles misses some key physics of the many-body interacting
system. Exchange is a concept related to the Pauli exclusion principle, that the many-body
wavefunction should be anti-symmetric upon the exchange of two electrons, which is not cap-
tured within the Hartree picture – in reality there should be an additional repulsive term
preventing electrons with the same spin becoming too close (since they may not occupy
the same quantum state). Correlation is then the idea that in a real system electrons move
cooperatively to avoid one another that is not captured within a mean theory.

Kohn–Sham method

Although the Hohenberg–Kohn theorems showed that the ground state energy could be
expressed as a functional of only the electron density, they offered no scheme for how this
reformulation of the Schrödinger equation could be utilised to make the problem more
tractable. This came a year later. Comparing Equations (2.62) and (2.65), Kohn and Sham
[60] formulated an (in principle) exact expression for the energy functional in terms of the
single particle kinetic and Hartree energies,

F [n(r)] = T + W +
Z

n(r) VN(r) dr

= TSP + WSP +
Z

n(r) VN(r) dr + [T � TSP + W � WSP]

= FSP[n(r)] + EXC[n(r)]

(2.68)

and using algebraic trickery, brushed all of the differences between the Hartree model
and the real system into a single term, EXC[n(r)]. This term is known as the exchange–
correlation functional since the effects not described by the Hartree model must be in-
cluded in this term. Let us assume for the moment that we know the form of EXC[n(r)].

The total electron density must integrate to M, the number of electrons in the system,
i.e. Z

n(r) dr = M . (2.69)

The ground state energy thus represents an extremum of F [n(r)] under the constraint
of Equation (2.69) and therefore, taking the functional derivative of Equation (2.68), we
may write:

dF [n]
dn

����
n0

=
dFSP[n]

dn
+

dEXC[n]
dn

= µ, (2.70)

where µ is a Lagrange multiplier.
Kohn and Sham introduced a fictitious reference system of independent particles in-

teracting in a mean field potential VKS, whose Euler–Lagrange equation is exactly the
same as Equation (2.70) provided VKS is chosen to be

VKS = VH + VXC + VN, (2.71)
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where VXC is defined according to

VXC(r) =
dEXC[n(r)]

dn(r)
. (2.72)

This system is described by single particle Schrödinger-like equations – the Kohn–Sham
equations – which are of the form:


�

r2
i

2
+ VH[n(r)](r) + VN(r) + VXC[n(r)](r)

�
yKS

i (r) = eKS
i yKS

i (r). (2.73)

By construction, the eigenvalues, {eKS
i }, to the Kohn–Sham equations are related to the

ground state total energy according to

E0 = Â
i

eKS
i � WSP �

Z
n(r) VN(r) dr + EXC, (2.74)

where the latter three terms avoid double counting.
Starting with an initial set of single-particle wavefunctions {yKS

i (r)} (these are often
guessed to be the orbitals of isolated atoms or simply random numbers), we may com-
pute n(r) according to

n(r) = Â
i

|yi(r)|2 , (2.75)

and thus we have forms for VH and VXC. Finding the eigenstates to Equation (2.73)
yields an improved set of {yKS

i (r)} and hence we may repeat these steps to compute
n(r) and the set of {yKS

i (r)} self-consistently. Iteratively solving this set of M coupled
3-dimensional equations in this way is thus much more feasible than solving the 3M-
dimensional many-body problem introduced in Equation (2.58).

The optimised eigenfunctions to Equation (2.73), {yKS
i (r)} – known as the Kohn–

Sham eigenstates, have no physical meaning (recall that Equation (2.73) describes a fic-
titious non-interacting system and not our real many-body system of interacting elec-
trons). However, since the second Hohenberg–Kohn theorem states that the density that
minimises the energy functional is necessarily the ground state density, when the total
energy computed from the Kohn–Sham equations is a minimum, the electron density
associated with the Kohn–Sham eigenstates (according to Equation (2.75)) should repre-
sent the ground state density of the real system and the energy should be the real ground
energy providing that we know EXC[n].

2.3.2 Capabilities of density functional theory

The Hellmann–Feynman theorem states that to obtain the first-order derivative of the
energy with respect to some parameter, l, one need only compute the first derivative of
the Hamiltonian with respect to l and not compute the derivative of the wavefunction,
i.e.

dE
dl

=

⌧
Y
����
dĤ
dl

����Y
�

=
R

n (r)
dVN(r)

dl
dr, (2.76)
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where VN is the important term since electron–electron interactions are unchanged to
first-order if the electron density is unperturbed. The derivative dVN(r)

dl may easily be
computed analytically. Therefore, from the ground state electron density, one may cheaply
compute the forces and stresses in addition to the ground state energy. Properties arising
from further derivatives of the energy (for example harmonic force constants or elastic
constants) require further DFT calculations to be performed on distorted structures – this
will be discussed further in the context of phonon calculations.

Density functional theory is thus a useful method to compute ground state energies
and any properties deriving from the ground state energy from quantum mechanics. For
example, commonly DFT is used to relax structures by iteratively changing ion positions
and cell dimensions to minimise forces and stresses following some minimisation algo-
rithm. Furthermore, the Kohn–Sham eigenstates are often interpreted to approximate
electronic orbitals, and so one may construct electronic densities of states (DOS) based on
these single-particle energy eigenvalues.

DFT has become extremely widely used over the last quarter of a century. In part, this
is because of its computational efficiency coupled with the ever increasing rise in comput-
ing power (DFT is now routinely used to simulate systems containing up to tens of thou-
sands of electrons with the aid of high performance computing). Another attractive fea-
ture of DFT which makes it many computational materials scientists’ method of choice is
its relative simplicity: compared to many concepts in solid state physics the Kohn–Sham
equations are not particularly challenging (although I deliberately condensed them for
brevity earlier in this section) but more importantly there are very few user-parameters
in DFT. Providing the nuclear positions and charges (given by the periodic table) are
known, it is possible to solve the Kohn–Sham equations for the electrons. However, that
is not to say that DFT always works out of the box. In the remainder of this section I will
discuss some practical considerations for performing DFT calculations. In Appendix A
I give details of the specific calculation parameters for all DFT simulations performed
within this thesis.

2.3.3 Exchange–Correlation Functionals

Recall that I said that the functional EXC contains all of the physics of a system of interact-
ing electrons that is not included in the Hartree model for a system of M non-interacting
particles. Unfortunately, the exact functional form of EXC is not generally known and this
is probably the biggest limitation of density functional theory.

Many approximations to EXC exist, which incorporate different levels of theory and
accordingly come with different computational overheads. Probably the simplest exchange–
correlation functional is the local density approximation (LDA). The exact form of the ex-
change interaction may be expressed analytically as a function of the electron density, n,
for the idealised case of a free electron gas (FEG). Although correlation may not be de-
scribed so easily, the effect of correlation has been parameterised numerically from direct
simulations of a FEG. Within the LDA, the full electron density, n(r), is partitioned into
small volumes, dn(r), such that the density in these regions is approximately constant.
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Treating each of these dn(r) as a homogeneous electron gas (HEG) one may estimate the
EXC [dn(r)] based on parameterised calculations for the FEG and sum all of these energy
contributions to give the total EXC [n(r)]. A slightly more advanced theory, known as
the generalised gradient approximation, is similar to LDA yet also considers the gradient in
n(r) between regions. Despite being relatively crude approximations, these functionals
can perform remarkably well to describe certain chemical systems, predicting structural
parameters to within 1% error of experimentally measured values. However, for other
systems, for example those with highly localised electronic orbitals (where correlation ef-
fects are especially important) or organic systems (where correct treatment of exchange is
required), other more advanced functionals are most appropriate. In any case, for all DFT
calculations, the choice of exchange–correlation functional is one of the most important
user decisions.

2.3.4 Periodic boundary conditions

In Equations (2.58) – (2.75), I referred simply to a system of M electrons. In a crystalline
solid, such a system would represent a single unit cell and therefore we would need to
employ periodic boundary conditions. Just as I introduce Bloch’s theorem for atomic
displacements in a periodic crystal back in Equation (2.4), thanks to Bloch’s theorem the
electronic wavefunction in a periodic potential should satisfy

y(k)
i (r) = eik·Rfi(r), (2.77)

where fi(r) is a function that is periodic with the unit cell and the dispersion comes
comes from the exponential term. Again with analogy to the previous discussion of
phonons, it thus becomes more convenient to express n(r) and y(r) in a basis of plane
waves. This gives rise to the concept of the plane wave cutoff energy, Ecut, which dictates
the pitch of the highest frequency plane waves in a basis set. It is thus important to ensure
that DFT calculations are converged with respect to Ecut (which is equivalent to ensuring
convergence with respect to how fine a grid is used to sample real space). In contrast to
phonons (that are conventionally described by a q-vector) it is customary to denote elec-
tronic plane waves by a wavevector “k”. Electronic orbitals too may exhibit dispersion
between unit cells and hence when computing the electronic density of states, it is also
important to ensure converged sampling of k-vectors across the Brillouin zone.

2.3.5 Pseudopotentials

Generally speaking, the most important interatomic interactions come from valence elec-
trons; electrons from inner atomic orbitals do not participate in bonding and simply
shield the electrostatic potential arising from the nuclear core. Therefore there is some
redundancy in performing a full self-consistent DFT calculations on all electrons in a
system, since many core electrons will be localised to atomic sites and not interact with
other atoms. Furthermore, since these core electrons have very localised orbitals, they re-
quire high-frequency terms in the plane wave basis set to represent (terms with a large
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Ecut) and a high computational cost comes with using such a large basis. Therefore, a
pseudopotential is often constructed from the combined electrostatic potential of the inner
electrons and the nuclear core. Using pseudopotentials in place of atomic nuclei can re-
duce the number of Kohn–Sham orbitals and the size of the plane wave basis required to
represent both these orbitals and the electron density. Several schemes exist to generate
pseudopotentials, based around how hard/soft they are (how many/few plane waves are
required to represent them) and whether or not they conserve the norm of the complex
single-particle Kohn–Sham eigenstate compared to an all-electron calculation of a single
atom.

2.3.6 The virtual crystal approximation

Many crystalline compounds form solid solutions where two (or more) different atoms
occupy a single lattice site. For the sake of an example, let us say that a particular crystal
site has 70% of element A and 30% of B. In any local unit cell each site will contain a single
atom (either A or B) but if these atoms are disordered throughout the entire crystal then
on average the unit cell may be described as having partial occupation of each element
on a particular site.

To simulate solid solutions using DFT, one may be tempted to construct a large super-
cell (that is a large simulation box containing multiple unit cells) and randomly distribute
atoms, ensuring that for every 7 sites with atom A, there are 3 sites with B. For a suffi-
ciently large supercell, one would imagine that DFT would reproduce the properties of
a homogeneous material with disordered A and B atoms. However, the computational
cost of DFT scales poorly with system size and large supercells may be required to ensure
convergence, but also to access certain ratios of A and B. The virtual crystal approxima-
tion (VCA) takes another approach and assumes that every lattice site is occupied by the
same fictitious atom which has hybrid character of both A and B. In DFT this is often
achieved by interpolating between the pseudopotentials of A and B and assigning the
nuclear core of the hybrid atom, for example, 70% of the mass of A and 30% the mass
of B. The VCA works best in systems where A and B have the same number of valence
electrons (usually this translates to the condition that they are in the same group in the
periodic table). The VCA can be used in cases where the number of valence electrons of
A and B is unequal, but in this case only certain ratios are allowed to ensure that there are
an integer number of Kohn–Sham orbitals. In cases where the core electronic structure of
A and B differ greatly, there is less chance that the pseudopotential interpolation scheme
will generate a sensible hybrid atom.

General references for section 2.3: [41, 42].

2.4 Phonon calculations

In Section 2.1.1 I explained that the harmonic phonons, ⇠, are the eigenvectors to the dy-
namical matrix, D (q), at a particular q-vector, q, and the harmonic frequencies, wi, are
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found from the square root of the associated eigenvalues. Within the quasi-harmonic ap-
proximation, the frequencies of harmonic phonons differ in structures with different lat-
tice parameters due to anharmonic couplings between the normal mode and the strain.
Ground state DFT implicitly includes all static anharmonic couplings of displacements
and strain during structural relaxation. Therefore DFT is expected to capture the an-
harmonicity of the QHA, but how does one find the dynamical matrix to compute harmonic
phonons?

2.4.1 Finite differences

Conceptually, the easiest method to compute harmonic phonons is to construct the force
constant matrix Kiµjn. By performing two DFT calculations with small positive and neg-
ative displacements ±uiµ (of ion i in direction µ) and recording the component n of the
force on atom j, Fjn, one may compute the elements of K by a finite differences method,
i.e.

Kiµjn =
d2E

duiµdujn
= �

F+
in � F�

in
2|uiµ| . (2.78)

To construct the full K, one therefore needs to perform separate DFT calculations for
each symmetrically inequivalent displacement. Due to periodic boundary conditions,
this method is restricted to compute harmonic modes only at the G-point. Constructing
supercells will technically allow eigenvectors at other points in the Brillouin zone of the
unit cell to be calculated, but they will be folded back onto the G-point of the supercell.
Furthermore, creating supercells will only access phonons whose wavelength is com-
mensurate with the supercell. DFT famously scales poorly with system size: the exact
scaling depends on the rate determining step of a given calculation but as an upper limit,
diagonalising the Hamiltonian matrix scales as µ N3. Therefore, this normally restricts
study to phonons at the Brillouin zone boundary or other high-symmetry points in the
Brillouin zone that may be accessed by (relatively) small supercells.

2.4.2 Density functional perturbation theory

Another method to calculate the response of the system to external changes is to use
perturbation theory. In Equation (2.76) I used the Hellmann–Feynman theorem to find
the first derivative of the energy with respect to an external perturbation, l. If l were
an atomic displacement, then �dE

dl would be a force. Now let us consider the second
derivative of the energy with respect to l,

d2E
dl2 =

Z
n(r)

d2VN(r)
dl2 dr +

Z dn(r)
dl

dVN(r)
dl

dr. (2.79)

Previously, I stated that computing derivatives of the nuclear potential, dnVN(r)
dln , was not

difficult and therefore the problematic term in Equation (2.79) is the density response,
dn(r)

dl .
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Density functional perturbation theory (DFPT) is a scheme for finding the linear change
in the density, Dn(r), in response to an external perturbation. In much the same way that
in Kohn–Sham DFT, a set of linear equations may be formed in terms of n(r) and {y(r)}
that may be solved self-consistently, so too may a set of linear, self-consistent equations
be formed which relate Dn(r) and {Dy(r)}. The so-called “2n + 1 principle” of quantum
mechanics means that to get the (2n + 1)th-order response of the energy, one only requires
the nth-order change in the wavefunctions. A consequence of this theorem is that E(2)

may be expressed as a variational principle with respect to Dy(r). Analogously to stan-
dard DFT, Gonze [61] developed an efficient scheme to compute E(2) by self-consistently
minimising E(2) with respect to Dy. This is the DFPT scheme implemented in most DFT
codes, although it is not the only method for solving the linear system equations relating
Dn(r) and {Dy(r)} [48, 62].

As I stated earlier, DFT calculations on a periodic crystal typically employ a plane
wave basis. The main advantage of DFPT over the finite differences method is that
the linear response of the wavefunction, {Dy(k+q)}, may still be computed even if the
wavevector of the external distortion, q, is incommensurate with the wavevectors, {k},
of the basis functions of the unperturbed potential, {y(k)}. This means that one may
compute elements of the dynamical matrix associated with displacements at an arbitrary
q-vector using only the wavefunctions of a single unit cell. Thus DFPT scales linearly
with the number of q-vectors, regardless of their wavelength.

For sampling the phonon Brillouin zone, DFPT is therefore generally more computa-
tionally efficient than using finite differences with large supercells. Unfortunately, due
to its additional computational complexity, DFPT is not always implemented in major
plane wave DFT codes to operate in tandem with other non-standard functionalities;
such as the virtual crystal approximation, certain exchange–correlation functionals or
certain types of pseudopotential.

2.4.3 Phonon calculation tricks

Intuitively, one expects that beyond some separation distance, rC, two atoms will no long
longer interact and therefore the appropriate entry in K will be zero. Therefore, if one
constructs a sufficiently large supercell in DFT, such that every cell length is greater than
rC, then one may perform a numerical Fourier transform on the this force constant matrix,
following Equation (2.6), to yield a dynamical matrix at an arbitrary q-vector. In theory,
once such a force constant matrix has been constructed, no further DFT calculations need
to be performed and harmonic phonons may be computed at sufficient q-points to sam-
ple the Brillouin zone. Conversely, if one computes the dynamical matrix at sufficiently
many q-vectors in DFPT calculations, one may Fourier transform to find a real space
force constant matrix stretching over interaction distances greater than rC, and thus use
this force constant matrix to compute the dynamical matrix at arbitrary q-vectors without
further DFPT calculations.

Finally, creating supercells whose lattice vectors are linear combinations of unit cell
lattice vectors (therefore may be multiples of, for example, unit cell diagonals) it has been
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shown that one may create cells that are commensurate with certain high-symmetry q-
points for smaller systems than if one simply replicated the unit cell. Thus combining
finite difference calculations performed on different supercells allows one to sample the
Brillouin zone with greater computational efficiency in cases when DFPT is not possible
[63].

General references for section 2.4: [42, 48, 62].
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Chapter 3

Literature Review
3.1 Negative thermal expansion

3.1.1 Positive thermal expansion

Before I talk about negative thermal expansion (NTE), let us discuss the more common
process whereby a material expands as it heats up – that is, it exhibits positive thermal
expansion (PTE). I imagine that anyone reading this will be familiar with the fact that
most materials display PTE: anyone that has struggled to unlock a door in cold weather
or who has had to replace a broken fence post in a heatwave will have experienced the
effects of thermal expansion, but why does it occur?

Chapter 1. Introduction 3

1.2 Origins of Thermal Expansion

Figure 1.2 shows that the potential energy surface for the bonding between two atoms is

highly asymmetric away from the minimum. Chemical bonds therefore generally expand

upon heating as the mean interatomic separation shifts to higher distances. This simple

picture implies that materials only expand upon heating whereas certain vibrational

modes can actually cause the mean separation of atoms in a material to decrease as the

amplitude of the mode increases and therefore contribute negatively to TE. Although

the potential energy surface is strongly anharmonic, the simplest approximation to

model phonons, known as the quasi-harmonic approximation (QHA) is to consider only

oscillations within a parabolic potential dependent upon strain.

r0

T1
T2

r

(r)

r0(T1)

r0(T2)

Figure 1.2: Typical interatomic pair potential, � (r), with interatomic separation,
r. At low temperature, T1, atomic vibrations are approximately symmetric about the

equilibrium separation but at higher temperature, T2, the mean r is larger.

Polyhedra in ionic network structures do expand as temperature increases, however

their bonds are generally very sti� and thus this extension is small14. This leads to

an energy barrier to phonons which deform polyhedra and thus the dominant modes in

these materials are often those which involve displacements of rigid polyhedra, known

as rigid unit modes (RUMs)15. The model example for NTE in a flexible network

oxide is ZrW2O8
16 which is formed from corner-connected ZrO6 octahedra and WO4

tetrahedra. Since the Zr–O and W–O bonds remain approximately constant in length

with temperature, as the amplitude of the transverse O-motions in the Zr–O–W linkage

increases, the mean separation of Zr and W ions decreases and thus the whole material

experiences a volume contraction. This simple mechanism (known as the “tension”

mechanism17) has been shown to be the cause of isotropic and uniaxial-NTE in a

FIGURE 3.1: A typical interatomic potential y(r), against interatomic dis-
tance, r (modelled here by a Lennard-Jones potential). The lowest energy
interatomic distance lies at r0, but due to the asymmetric form of the po-
tential, at a finite temperature, T1, the mean bondlength (averaging over
the period of vibration) shifts to larger r. As temperature increases, so too
do the amplitude of vibrations and so the equilibrium interatomic distance

expands. Reproduced from my 2015 MSc thesis [43].
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The electrostatic potential between two positively charged nuclei diverges as the dis-
tance between them tends to zero. Hence, interatomic potentials blow up at short dis-
tances. However, in the opposing limit, taking two atoms infinitely far away from one
another causes the interaction between them to drop to zero. Thus interatomic potentials
are inherently asymmetric and have forms looking something like the Lennard-Jones po-
tential shown in Figure 3.1. At finite temperature (and according to quantum mechanics
also at 0 K) atoms have kinetic energy and are oscillating on our one-dimensional po-
tential energy surface. If this potential energy surface were symmetric about the energy
minimum (e.g. a harmonic potential), then, as the kinetic energy increases, the amplitude
of oscillations also increase but the (time-averaged) equilibrium bondlength remains the
same. However, since the potential energy surface is asymmetric about this minimum,
as the temperature and amplitude of oscillation increase, the mean interatomic distance
also shifts to higher values. Hence thermal expansion is an anharmonic effect – it requires
higher than quadratic terms in a Taylor expansion of the potential energy surface to de-
scribe. This is the explanation for thermal expansion given in most solid state physics
textbooks [38, 40].

3.1.2 Negative thermal expansion

For negative thermal expansion of a material, we need other processes to operate that
drive material shrinkage, despite the usual expansion at the individual bond level.

Although rare, instances of NTE exist in almost every class of material and occur due
to a diverse range of mechanisms. Broadly speaking, there are two types of NTE: (i) NTE
driven by electronic or magnetic effects, whereby a higher temperature state is smaller
than a low temperature state and thus the system shrinks as it transitions between the two
and (ii) NTE driven by structural effects or vibrations of structural units that outweigh
the PTE of individual bonds.

I will briefly describe a couple of these mechanisms here, to a level appropriate to
put the work of this thesis into context. However, I would direct readers seeking a more
comprehensive account of NTE materials to one of the many reviews on the subject that
have been published in recent years [21, 22, 26, 44, 64–66].

3.1.3 Electronic or magnetic NTE

All of the NTE mechanisms discussed in this section arise due to changes in the elec-
tronic structure with increasing temperature that impact upon the cell. These electronic
effects cause some local atomic bonds to exhibit NTE, rather than the PTE predicted in
the previous section by the asymmetric form of interatomic potentials.

Ferroelectric materials

NTE can occur in ferroelectric materials where the ferroelectric distortion couples strongly
to the lattice and the magnitude of this distortion is affected by temperature. Slight uni-
axial NTE is observed over a 268 to 393 K temperature range along the polar axis of the
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tetragonal phase of BaTiO3, that becomes greater just before the transition to the cubic
parent [5]. This NTE arises from a decrease in the magnitude of tetragonal distortion
with increasing temperature. PbTiO3 also displays uniaxial NTE of the c axis in its tetrag-
onal phase, from cryogenic temperatures up until the transformation to the non-polar
cubic parent structure at 763 K. Above 298 K this uniaxial NTE is so great that there
is overall volumetric NTE, despite PTE of the in-plane axes [67]. In BaTiO3, the Ba2+

anion has very low ferroelectric activity, yet in PbTiO3, the ferroelectricity is driven by
displacements of the Pb2+ and Ti4+ cations and as such the magnitude of the ferroelectric
distortion is greater [21]. As in BaTiO3, the magnitude of this NTE is greatest just below
the phase transition to the cubic parent. This mechanism for volumetric NTE is named
spontaneous volume ferroelectro-striction (SVFS) [21].

Charge transfer

Very large volume changes over a narrow temperature range may be achieved by NTE
driven by cationic charge transfer. BiNiO3, under 1.8 GPa hydrostatic pressure, exhibits
a CLTE of �137 ppm/K between 330–370 K across the phase transition between a high
temperature orthorhombic phase and a low temperature triclinic phase. At high temper-
atures, all Bi exist as Bi3+ and all Ni as Ni3+, whereas the Ni ion reduces across the transi-
tion to the low temperature phase, which actually has the composition Bi3+

0.5Bi5+
0.5Ni2+O3.

Since the increase in the Ni ionic radius outweighs the effect from half of the Bi ions
shrinking, the net effect is that the material expands as it cools through the phase transi-
tion. The large magnitude of NTE by this charge transfer means that it has been termed
“colossal NTE”. [68]. Similar volumetric NTE is found in certain A-site ordered double
perovskites in the ACu3Fe4O12 series, where A is commonly Sr [69] or La [70] or another
rare earth metal [71]. This NTE is attributed to charge transfer between A and B-site
cations across a structural phase transition [72].

Magneto volume effect

Coupling of the magnetic order to volume may also cause NTE across a magnetic phase
transition, known as the magneto-volume effect (MVE) or also sometimes called sponta-
neous volume magneto-striction (SVMS) for analogy with SVFS. Due to Pauli repulsion
of electrons with like-spin, transition metal ions in a high spin state typically have a larger
volume than their low spin state. This was the idea behind the “2 � g” mechanism to ex-
plain the origin of the famous near zero thermal expansion (ZTE) of Invar alloys, such
as Fe0.65Ni0.35 [73]. However, this 2 � g model is inconsistent with experimental obser-
vations suggesting that the phase transition between high-volume ferromagnetic (FM)
and low-volume anti-ferromagnetic (AFM) states should be second-order. Ab initio cal-
culations on Fe0.65Ni0.35 that allowed for non-collinear alignments of spins showed that
with changing cell volume the spins cant from a high-volume FM ground state to a dis-
ordered low volume state. Therefore, this continuous magnetic transition compensates
the conventional PTE [74]. The MVE has been used to explain uniaxial NTE in Re2Fe17
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intermetallics (where Re are rare earth metals) [75] and “colossal” isotropic NTE in a class
of Mn3AN anti-perovskites (where A is a metal) [22, 76].

First-order Jahn–Teller effect

Uniaxial and volumetric NTE has been associated with orbital ordering coupling strongly
to the lattice through Jahn–Teller effects. Ruddlesden–Popper (n = 1) Ca2RuO4 and
(n = 2) Ca3Ru2O7 compounds, with orthorhombic Pbca and A21am phases respectively,
undergo metal to insulator transitions driven by orbital ordering and experience uniax-
ial NTE along one of the in-plane axes below this transition temperature (which is at
357 K for Ca2RuO4 and 48 K for Ca3Ru2O7). In Ca3Ru2O7, this NTE is volumetric across
the first-order transition [77], whereas doping with small amounts of Cr on the Ru site
(0.03–0.1 mole fraction) leads to volume NTE in Ca2RuO4 [78]. Uniaxial NTE is also ob-
served in the orthorhombic Pbnm phase of LaMnO3 below the Jahn–Teller transition that
corresponds to volumetric NTE for 30 K approaching this transition [79].

3.1.4 Structural NTE

Unlike in the previous section, where electronic or magnetic effects caused certain nearest
neighbour atomic bonds to contract with increasing temperature, all of the mechanisms
for NTE discussed in this section are structural and may be understood even if every
atomic bond displays PTE.

Metamaterials

Metamaterials are man-made constructions, whose properties of interest arise from the
structure and not the constituent media. Recent developments in additive manufactur-
ing (3D printing) have made it easier to cheaply and efficiently fabricate intricate three-
dimensional network structures. A single-component metamaterial is bound to have the
thermal expansion properties of the constituent material. However, open framework
structures have been designed using ribs (struts) formed from bi-layers of different ma-
terials that are separated by large voids. Providing these materials have different CLTEs
(although neither need to be negative) these ribs will bend as the temperature changes.
Therefore by engineering the geometry and accounting for the CLTE of both components,
metamaterials may be designed with thermal expansion that is tunable from large PTE
through to large NTE (the sign may be changed trivially by flipping the bi-layer ribs).
These materials were initially predicted mathematically [80]. However, they have since
been fabricated and are used commercially in aircraft wings [81]. By taking advantage
of the large open voids in the structure, these materials may have CLTEs two orders of
magnitude larger than their constituent components.
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Two-dimensional materials

Two-dimensional materials have been widely studied over the last 15 years since the
isolation of graphene, monolayer graphite. Of the many intriguing properties of low-
dimensional materials, one that is commonly overlooked is that they exhibit biaxial NTE
(out-of-plane thermal expansion is not well-defined for atomically thin graphene). This
NTE is ascribed to long wavelength transverse rumple modes of the two-dimensional
layer that are often called “transverse acoustic” (TA) or “ZA” (to denote that displace-
ment is along the out-of-plane or z direction) [82]. Such membrane effects were first pro-
posed to explain biaxial NTE in graphite almost 70 years ago.

3.1.5 Phonon-driven NTE

The mechanisms for NTE outlined in the previous section rely on exploiting open voids
in low density materials, or open space on either side of low-dimensional materials. NTE
is also found in some bulk ceramics, driven by lattice dynamics arising from the atomic
structure, even though these materials are orders of magnitude more dense.

Chapter 1. Introduction 4

number of metal oxides and metal organic framework materials such as LiAlSiO4
18

and Zn(CN)2
19.

Figure 1.3: Illustration of the tension mechanism for NTE reproduced from Literature
Review20.

NTE in flexible network materials is not always as easy to explain as in the prototypical

ZrW2O8. For example in ScF6, Sc–F bonds display significant variation in length with

temperature and the dominant NTE mode is observed to be strongly anharmonic21.

Similarly in Y2W3O12, anisotropic-NTE could not be easily explained by individual

RUMs but in fact bands of competing modes contributing to both positive and

negative TE were found to exist and many of these modes deformed YO6 and WO4

polyhedra22. Finally in cuprite structures, Ag2O and Cu2O, although isotropic-NTE

was traditionally explained by the tension mechanism23, many recent computational

studies24,25 have shown modelling lattice vibrations within the QHA is inadequate to

describe experimentally observed NTE26 due to anharmonic coupling between di�erent

vibrational modes. A more detailed discussion of NTE in flexible network materials and

examples of failings of the QHA is presented in the author’s earlier Literature Review20

and a number of published reviews14,23,27.

1.3 Multiscale-modelling

All calculations within this project will be performed on moderately-sized systems of up

to approximately 100 atoms using density functional theory (DFT) and lattice dynamics

will be modelled within the QHA (see Chapter 2 for a discussion of these techniques).

However, an increasing volume of literature suggests that the RUM model within the

QHA is not always su�cient to describe TE in inorganic materials. To complement

the present work the intention is to perform molecular dynamics (MD) calculations at

(A) The tension effect (B) Rigid unit modes

FIGURE 3.2: (A) Transverse oscillations of M–O–M linkages cause the mean
M...M distance to reduce via the tension effect if M–O bonds are stiff com-
pared to the amplitude of transverse vibrations. (B) A two-dimensional
structure formed of stiff, corner-connected squares reduces in area due to
vibrations, known as rigid unit modes (RUMs), that do not deform these

squares. Figure (A) reproduced from my 2015 MSc thesis [43].

A lot of phonon-driven NTE hinges on the so-called tension mechanism, illustrated in
Figure 3.2A. In this mechanism, atoms (often metal atoms, labelled M in Figure 3.2A are
connected by a linked atom (often oxygen, labelled O). Transverse displacements of the
O linker atom draw the two M’s closer together. Therefore, as the temperature increases
and the amplitude of this transverse mode increases, the mean M...M distance (averaged
over the period of vibration) decreases. Since these transverse vibrations contribute to
NTE, these modes have negative mode Grüneisen parameters (recall Section 2.1.2). If the
shrinking effect from this tension mechanism dominates over the tendency for chemical
bonds to expand – this often translates to the condition that the M–O bonds are stiff and
therefore the transverse mode frequency is low – then this can lead to NTE of the whole
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material [83]. Low frequency modes are expected to have a large contribution to the
overall lattice dynamics since at a finite temperature these soft modes have the greatest
Bose-Einstein population and therefore the highest mode specific heat capacities (again,
consult Section 2.1.2 if this is unfamiliar).

The tension mechanism described is a localised effect. In structures formed from
frameworks of connected polyhedral units, transverse oscillations of different bonds are
often correlated. Depending on the connectivity of these structural units, cooperative
displacements may be possible that do not deform any of the polyhedra themselves –
that is, the units remain rigid. Such oscillations are called rigid unit modes (RUMs) [84].
If the structural units are particularly stiff, then these RUMs are typically low energy
vibrations and may dominate the overall lattice dynamics, driving NTE via the tension
mechanism at the linker atoms. This is illustrated in Figure 3.2B for a two-dimensional
system formed from rigid squares. When one square rotates, say clockwise, all corner-
linked squares are forced to rotate anti-clockwise to maintain the rigidity of the squares.
This therefore differs from the tension mechanism illustrated in Figure 3.2A in the further
restriction that O–M–O bond angles are also stiff and most of the structural deformation
comes from changing M–O–M linkage angles [47].

RUMs (and by extension also the tension mechanism) have been used to explain NTE
in a number of materials. RUMs of corner-linked ZrO6 octahedra and WO4 tetrahedra
provide the explanation for NTE in the archetypal NTE ceramic ZrW2O8 [85], which
displays isotropic NTE with a CLTE of -9 ppm/K between 0.3 and 1050 K6 [16]. The
structure of ZrW2O8 was shown in Figure 1.4. Similarly, RUMs of corner-linked SiO4

tetrahedra have been used to explain observed NTE in the high temperature b-quartz
and b-cristobalite SiO2 phases [86] – b-cristobalite shown in Figure 3.3B. In both silicate
phases, NTE is not measured in the low temperature “a” polymorphs, where the RUMs
attributed to NTE in their high-temperature b counterparts freeze out in a displacive
transition [26]. Finally, the A-site deficient perovskites have in recent years attracted a
lot of attention as NTE materials. As the name suggests, these materials have the ABX3

perovskite structure formed from corner-connected BX6 octahedra but with no A cation
in the interstitial site – see Figure 3.3A. Isotropic NTE is found in the cubic phase of ReO3

between 2–200 K with a small CLTE of -0.6 ppm/K [87] but also in ScF3, where, with an
average CLTE of -8 ppm/K over a temperature range 10–1100 K, the NTE in cubic ScF3 is
comparable to that of ZrW2O8 [17]. In both of these BX3 compounds, the NTE has been
attributed to RUMs of BX6 octahedra [26, 87]

Despite ZrW2O8 and ScF3 both gaining fame as prototypical framework NTE mate-
rials, there has been plenty of controversy over the exact mechanism for phonon-driven
NTE. Various experimental and simulation studies have found conflicting evidence that
they claim supports tension [16], RUM [27, 85], tent [89] and guitar string [90] mechanisms
as the origin for NTE. These isotropic NTE materials are not the focus of this thesis and
therefore it would be inappropriate to spend too long reviewing the wealth of literature

6Some papers report NTE in ZrW2O8 up to 1443 K since in the original publication ZrW2O8 decomposed
when heated to 1050 K into ZrO2 and WO2, but reformed cubic ZrW2O8 at 1380 K and continued to exhibit
isotropic NTE until 1443 K [88].
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FIGURE 3.3: Open framework crystal structures where NTE has been ex-
plained via rigid unit modes. (C) Fe1.8Co0.2(CN)6 is isostructural to (A)
ReO3 except with C⌘N linkages replacing corner-sharing O atoms. Sim-
ilarly, (D) Zn(CN)2 is formed from two interpenetrating networks, each

isostructural to (B) b-cristobalite (SiO2) except with C⌘N linkers.

on these compounds, but all of these proposed mechanisms in essence rely upon the
tension effect.

The framework materials discussed so far that support RUMs have all been ceramics
where rigid units are connected by shared corner atoms, often oxygen anions. It is easy to
see how replacing these corner atoms by organic linker molecules leads to a more flexible
structure. The Zn(CN)2 and Cd(CN)2 metal cyanides are formed from MN4 and MC4

tetrahedra (M = Zn, Cd) connected via linear CN linkages. Zn(CN)2 (shown in Figure
3.3D) is isostructural to b-cristobalite if the shared O atoms were replaced by CN, where
each bonded C and N atom may displace together or shear relative to one another. This
effectively decouples neighbouring tetrahedra and as a result Zn(CN)2 has many more
RUMs than analogous b-cristobalite, leading to the large CLTE of -16 ppm/K of Zn(CN)2

[91]. Just as Zn(CN)2 was isostructural to b-cristobalite with CN linking tetrahedra, so
too do Prussian Blue analogue materials such as Fe1.8Co0.2(CN)6 (Figure 3.3C) have the
ReO3 structure with CN replacing corner O ions of ReO6 octahedra. Many compounds
of this family exhibit large CLTE up to -40 ppm/K [92]. In the ever-growing field of
metal organic framework materials (MOFs), metal cations may be connected by increas-
ingly elaborate organic ligands. This creates complex structures with large open voids
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that have as such attracted interest as gas storage materials. The very high flexibility of
linkages means that these materials may support many modes that do not stretch stiff
nearest-neighbour bonds and as such large negative thermal expansion may be achieved
– for example the well-studied MOF-5 (formed from Zn4O13 oxide clusters connected by
organic linker molecules) that has a CLTE of -39.3 [93]. Of course, once one enters the
territory of MOFs, we are dealing with low density complex structures and the boundary
to polymers or the metamaterials discussed earlier in this section begins to blur.

3.1.6 Controlling negative thermal expansion

Controlling functional properties through varying composition is an important idea un-
derpinning the field of Materials Chemistry. As a result, there have been several attempts
to tune the magnitude or temperature range of NTE by perturbing the chemistry around
that of known NTE materials [21]. The (SVFS) 0.5PbTiO3–0.5(Bi1�xLax)FeO3 system has
proven particularly effective to control the CLTE over a “giant” range from large vol-
umetric NTE (reported mean CLTE of -23 ppm/K although CLTE of c axis would be
greater) through to PTE representative of most ceramic systems [24]. Similarly, within
the Mn3Cu1�xGexN anti-perovskite system, the (narrow) temperature range of NTE by
the magneto-volume effect (of approximately 80 K) may be varied by changing x [76].
Within ceramics with phonon driven NTE, doping pretty much any ion into ScF3 leads to
a reduction in the magnitude of NTE. As stated above, ScF3 is one of the few cubic A-site
deficient perovskites stable to low temperatures, and all compositional changes seem to
either disrupt the ScF6 RUMs or stabilise a phase in which these modes have frozen out
[94]. Doping with isovalent Ga and Fe on the Sc site leads to a continuous switching from
isotropic NTE to PTE, where the composition Sc0.85Ga0.05Fe0.1F3 displays near-ZTE with a
CLTE less than 0.25 ppm/K for over 600 K [95]. The classic NTE material, ZrW2O8, is par-
ticularly resistant to chemical substitution, and attempts to tune the NTE in this material
have only achieved variation of CLTE over a small range from -7.3 to -8.7 ppm/K [25],
although full NTE to PTE switching has been achieved in the analogous Zr1�xSnxMo2O8

[96].

3.2 Perovskite and Ruddlesden–Popper oxides

The ABX3 perovskite structure is well-known to accommodate a wide range of chemi-
cal compositions – almost all elements on the periodic table may sit on either the A, B
or X sites [97]. ABX3 perovskites also often have a complex energy landscape of com-
peting phases driven by different octahedral tilting, Jahn–Teller distortions or polar (or
anti-polar) cation displacements. This high chemical flexibility and structural diversity
means that a whole host of functional properties may be found in ABO3 oxides and these
properties may be engineered by tuning A and B-site chemistry.

A common measure to determine whether octahedral rotations will drive symmetry-
lowering distortions is the Goldschmidt tolerance factor, t [98],
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t =
rA + rOp

2 (rB + rO)
, (3.1)

where rA, rB and rO are the ionic radii of the A, B and O ions. In ceramic oxides, the
A–O and B–O bondlengths should be given by the sum of ionic radii (rA + rO and rB + rO,
respectively).

t should be unity for the ideal Pm3̄m cubic phase, shown in Figure 3.4A, where the
cell length a is equal to 2⇥(B–O) and the face diagonal,

p
2a, is 2⇥(A–O). If t > 1, this

indicates that the BO6 octahedral cage will be too large for the B cation, often causing
the B cation to displace creating a ferroelectric phase (recall the BaTiO3 phases shown
in Chapter 1. However, if t < 1, the A cations are too small to fill the interstices be-
tween the BO6 octahedral framework and the octahedra will typically tilt to reduce the
A–O distance. Only a few ABO3 compositions, with t in a narrow band around 1.0, are
cubic at room temperature, although most ABO3 compounds undergo a series of tran-
sitions to higher symmetry phases with increasing temperature. The Pnma(a+a+c�) !
I4/mcm(a0a0c�) ! Pm3̄m(a0a0a0) series of phases for CaTiO3 introduced in Chapter
1 are particularly common, where in each phase with increasing temperature there are
frozen octahedral tilts about fewer bond axes. Here I have described the frozen tilt pat-
tern using the notation of Glazer [99] whereby the three components (e.g. a+) denote the
three cell axes in the cubic parent, the letters denote the tilt magnitude (the rotation angle
about axes with the same letter is equal by symmetry) and the index describes the sense
of rotation: “+” and adjacent octahedra are in-phase looking down that axis, “-” they are
anti-phase and “0” they are untilted. This correspondence between tolerance factor and
the room temperature phase symmetry led solid state chemists to develop maps in the
space of rA and rB ionic radii to predict the ABO3 phase for a given chemistry [100].

Within a RUM picture – i.e. treating the BO6 octahedra as rigid units – one would ex-
pect that freezing in octahedral tilts would lead to a reduction in lattice parameters in the
plane of rotation. Indeed, this is often observed in DFT simulations, where it is possible to
compare relaxed tilted phases alongside metastable untilted phases under the same con-
ditions. Within a phase that has frozen octahedral rotations, the reverse effect is also well
established; that external strains couple strongly to the amplitude of rotation. Since per-
ovskites are often synthesised as thin films using epitaxial growth techniques, the thin
film typically experiences a biaxial stress when the lattice parameter of the perovskite
does not exactly match that of the substrate. Ab initio simulations on SrFeO3, which is
cubic under no applied stress, show that rotations about the growth axis become unsta-
ble with a compressive epitaxial strain, yet tilts about an in-plane axis are unstable when
the epitaxial strain is tensile [101]. Simulations on the I4/mcm tetragonal phase (a0a0c�

in Glazer notation) of LaAlO3 similarly show that under the application of compressive
biaxial strain (in the rotation plane) the octahedral rotation angle increases [102]. Such
results are confirmed by experiment, where x-ray diffraction reveals that when grown
on SrTiO3, rotations in the growth plane enhance and the amplitude of tilts about in-
plane axes decrease in monoclinic (a�a�a�) LaNiO3. It is interesting to note that in these
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FIGURE 3.4: High-symmetry (undistorted) phases of (A) ABO3 perovskite
and (B) (n = 1) A2BO4 Ruddlesden Popper oxides. A–O and B–O bonds
are shown on both illustrations: in cubic ABO3 there is only one A–O bond
length whereas in I4/mmm A2BO4 there are three symmetrically inequiv-

alent A–O distances.

experiments the total rotation amplitude remained approximately unchanged between
bulk and epitaxially grown samples [103]. Applying strain via epitaxial growth also af-
fects the growth axis due to the Poisson effect. However, recently it has become possible
to independently strain the out-of-plane axis of epitaxially grown thin films through he-
lium implantation. For a sufficiently thick substrate, the in-plane lattice parameter will
be fixed and therefore increased volume due to implanted helium can only induce an
increase in thin film thickness. Since He are noble elements their addition only affects the
structure but not the chemical or electronic properties. This He-implantation technique
has been used to continuously strain SrRuO3 thin films, invoking an orthorhombic !
tetragonal transition from the loss of frozen octahedral tilts [104].

Cubic ABO3 is a parent to many distorted child structures. However, connected BO6

octahedra are so widespread in inorganic chemistry that there exist many perovskite-
inspired structures, including the A-site deficient perovskites already discussed (BX3),
hexagonal perovskite (still of the ABO3 composition), double perovskites with ordering
on the A and/or B sites (e.g. AA’B2O6 or A2BB’O6) along with layered perovskites such as
the Aurivillius and Dion–Jacobson structures.

In this thesis, I mostly focus on the Ruddlesden–Popper oxide series of layered per-
ovskites, with general formula An+1BnO3n+1. In the undistorted tetragonal parent struc-
ture, blocks of n layers of ABO3 perovskite structure (which form infinitely repeating
units in the layer plane) are separated by a single layer of AO in the rock salt structure.
BO6 octahedral columns are then translated by [1/2, 1/2, 0] between adjacent perovskite
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blocks (where the layering axis is along [001]). The familiar ABO3 perovskite is then
the n = • end member of the Ruddlesden–Popper oxide series. Figure 1.2 previously
showed several members of the An+1BnO3n+1 series but see Figure 3.4B for the high-
symmetry structure of A2BO4.

Low n Ruddlesden–Popper oxides have been shown to demonstrate many of the
same functional properties as ABO3 perovskites, but the most noteworthy are those re-
sulting from the layering in these materials. I have already explained in Chapter 1 that hy-
brid improper ferroelectricity has been proposed to arise in n = 2 Ca3Ti2O7 and Ca3Mn2O7

as a result of symmetry breaking introduced by the addition of AO layers to the ABO3

structure [10, 11]. n = 1 Ruddlesden–Popper oxides are perhaps most strongly associated
with high-temperature superconductivity thanks to the discovery of superconductivity
above 30 K in Ba- and Sr-doped La2CuO4. In cuprates, superconductivity is linked with
separated CuO2 layers and therefore an inherent property of the layered structure [105].
However superconductivity has also been discovered up to 30 K in (also n = 1) Ca2RuO4

[106]. Ruddlesden–Popper oxides have also been studied as cathode materials in solid
oxide fuel cells (SOFCs). The additional AO layers in finite n An+1BnO3n+1 compounds
lead to an improved oxygen ion diffusivity compared to their (n = •) ABO3 perovskite
counterparts meaning that SOFCs can operate at lower temperatures [107].

An analogous tolerance factor has been proposed for the n = 1 Ruddlesden–Popper
A2BO4 structure based on geometric considerations of an idealised high-symmetry I4/mmm
phase [108]. Poix wrote his version of Goldschmidt’s famous formula as

tP =
yAp
2bB

, (3.2)

where yA and bB are parameters with unit length that effectively represent the ideal
A–O and B–O bond lengths. This means that in practice the difference between the tol-
erance factor of A2BO4 Ruddlesden–Popper oxides to that of ABO3 perovskites is that
IX-coordinate A-site cations are considered (rather than XII-coordinate A-site cations in
ABO3) and hence usually

yA = rIX
A + rI I

O & (3.3a)

bB = rVI
B + rI I

O . (3.3b)

Equation (3.2) was developed for an idealised high-symmetry I4/mmm phase in which
all A–O bonds and B–O bonds are equal in length. Unlike in the cubic perovskite parent
phase, this condition is not automatically met in the I4/mmm Ruddlesden–Popper par-
ent structure where the space group symmetry allows for two distinct B–O bonds and
three distinct A–O bonds (see Figure 3.4B).

In the original publication of this tolerance factor, Poix stated “without going into
the detail of the results” that the condition for the existence of the K2NiF4 structure (the
I4/mmm parent phase of A2BO4 Ruddlesden–Popper oxides) is that 0.85 < tP < 1.02,
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FIGURE 3.5: (A) Rotations of BO6 octahedra about the layering axis, c,
and (B) tilts of octahedra about axes in the ab plane are distinguished in
Ruddlesden–Popper oxides with a well-defined layering axis. Reproduced

from my 2015 MSc thesis [43].

citing an earlier paper [109]. Unfortunately, I have been unable to track down a copy of
this earlier publication, yet this result echoes the stability criterion for perovskites iden-
tified by Goldschmidt. Compounds with tP below this range typically adopt a K2NiF4
structure and those with a larger tP are typically found in the K2SO4 structure [110].

As in ABO3 perovskites, different Ruddlesden–Popper oxide phases exist with differ-
ent tilt patterns of BO6 octahedra. Unlike in the cubic ABO3 parent, however, where all
cell axes are equivalent by symmetry, the layering in Ruddlesden–Popper oxides gives
rise to a well-defined c axis. It is therefore common to distinguish between rotations of
octahedra about this layering axis and tilts about an axis within the layer plane – within
the perovskites community, rotations and tilts are often used interchangeably. Within
(n = 1) A2BO4 compounds, Ca2MnO4 displays the I41/acd phase at room temperature
with a frozen rotation [29] whereas Sr2SnO4 is found as the Pccn phase with frozen octa-
hedral tilts [111, 112].

More recent studies have confirmed that tolerance factor may also be used in low
n Ruddlesden–Popper oxides as a predictor of octahedral distortions as in ABO3 per-
ovskite systems. Ganguli [110], Ganguly [113] and Patel et al. [114] all found that A2BO4

Ruddlesden–Popper oxide compounds with low tolerance factors are more likely to have
frozen octahedral distortions. Similar results have also been found in the n = 2 member
of the An+1BnO3n+1 Ruddlesden-Popper family [115]. However, none of these studies
investigated whether octahedral tilts or rotations are favoured for different chemistries.

Balachandran et al. [116] surveyed all entries in the Inorganic Crystal Structure Database
(ICSD) for A2BO4 compounds. The authors used a “Bayesian inference-based data-mining
approach”, which they trained on a subset of Ruddlesden–Popper compounds, to predict
the phase symmetry based on A and B cations and temperature. From this analysis, they
found that phases with pure tilt character were restricted to certain A and B cations, as
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well as phases with both tilts and polar distortions, whereas phases with frozen octahe-
dral rotations (with or without an additional frozen tilt) are further restricted to a differ-
ent subset of A and B cations. The only exception was that the high-symmetry parent
I4/mmm phase is reported for compounds containing most ion types. As temperature is
lowered, the propensity for distorted phases increases over the parent phase, as expected.

It therefore appears that the tolerance factor may be used as an indicator of the ten-
dency for octahedra to displace in An+1BnO3n+1 Ruddlesden-Popper oxides. Particular
distortions, either tilts or rotations, have been linked with certain compositions, how-
ever, to the best of my knowledge it remains an open question as to why octahedral tilts
are favoured in some chemistries and octahedral rotations in others. Although developing such
an understanding has not been the focus of this PhD project, octahedral tilts and rota-
tions and how they influence the structure and lattice dynamics will be a common theme
throughout this thesis and thus this question remains pertinent.

3.3 NTE in Perovskite and Ruddlesden–Popper oxides

What is the thermal expansion behaviour of perovskite and Ruddlesden–Popper oxides? Like
most ceramic materials, most An+1BnO3n+1 Ruddlesden-Popper oxides expand when
heated. This includes most (n = •) ABO3 perovskites. Typical CLTE are in the range
1-8 ppm/K [117]. I have already given examples of some perovskite oxides that exhibit
NTE; PbTiO3 displays large uniaxial NTE along the polar axis in its tetragonal ferroelec-
tric phase [67] and LaMnO3 exhibits volumetric NTE over a narrow temperature range
below a Jahn–Teller orbital ordering transition [79]. Similarly, I have already mentioned
that Ca2RuO4 and Ca3Ru2O7 Ruddlesden–Popper oxides have anisotropic NTE across
a metal ! insulator transition [77, 78]. However, despite the perovskite structure be-
ing a prototypical framework oxide, phonon-driven NTE is extremely rare in ABO3 per-
ovskites.

Although not NTE, the origin of anisotropic PTE in the I4/mmm undistorted parent
phase of LaSrAlO4 has been investigated [118]. In this paper, the authors attempted to
understand why PTE of the layering axis is much greater than that of the in-plane axes
in LaSrAlO4 whereas in the same phase of Sr2TiO4, PTE of both axes is approximately
equal (even though it need not be by symmetry). They found that in Sr2TiO4, the apical
and equatorial B–O bonds expand at the same rate whereas in LaSrAlO4 the equatorial
B–O is more stiff than the apical B–O and thus the apical B–O displays greater PTE. The
PTE of A–O bonds was approximately equal in both compounds. As a result, by chance,
summing the contribution to PTE from all bonds aligned with the layering axis in Sr2TiO4

gave an overall CLTE approximately equal to the in-plane PTE (which comes entirely
from equatorial B–O bonds). However in LaSrAlO4 the greater PTE of the apical B–O
bond translated to a greater CLTE of the layering axis that did not happen to match that
of the in-plane CLTE.
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This project was inspired by the discovery of uniaxial NTE in a particular phase of
(n = 2) Ca3Mn2O7 [13]. At low temperatures (down to 85 K) Ca3Mn2O7 exhibits the po-
lar A21am phase with frozen in-phase rotations and anti-phase tilts. This orthorhombic
phase displays normal PTE of all crystal axes. When heating, an Acaa phase appears
that has frozen rotations that are anti-phase between connected octahedra but no frozen
tilts. This metrically tetragonal phase displays volumetric and in-plane PTE but unusu-
ally there is NTE of the layering axis, c, at all temperatures from when the phase first
appeared at 200 K until 1150 K when the sample began to decompose. Recall that crystal
structures and lattice parameter data of both phases from 85–500 K was shown in Figure
1.3. When heating, the ground-state and NTE phases coexist over a 120 K temperature
range suggesting a first-order transition between them. This is supported by hystere-
sis in the transition temperatures on heating and cooling and of course also by the fact
that there is no group–subgroup relationship between the Acaa and A21am spacegroups.
These phases differ in the sense of their frozen rotation which is anti-phase or in-phase,
respectively, within each perovskite block (although in both phases it is in-phase between
I4/mmm unit cells and therefore there is no doubling of the c lattice parameter). That the
octahedral tilt is active in the NTE phase but not in the lower temperature PTE phase led
the authors to speculate that the action of this RUM could be driving uniaxial NTE via
the tension mechanism. Furthermore, the authors proposed a symmetry trapping mecha-
nism to explain why the NTE could persist over such a wide temperature range: since
the two phases are not related by a displacive transition (transformation between the two
requires an unwinding and rewinding of the frozen rotation) the dynamic tilt may have a
very low frequency (and therefore dominate the lattice dynamics) but the frequency will
not actually drop to zero (which would mean that the mode freezes out).

Although to the best of my knowledge this was the first report of uniaxial NTE of
this kind in n = 2 A3B2O7 Ruddlesden–Popper oxides, there are several prior reports of
uniaxial NTE in n = 1 A2BO4 compounds. The n = 1 Ca2MnO4 analogue was shown to
exhibit uniaxial NTE from 200 K until 1000 K [29]. A later study found that this uniaxial
NTE persists down to 1.5 K and therefore through the magnetic ordering transition at
110 K, although the magnitude of NTE is slightly greater above this Néel temperature
[30]. Considering other compositions: Sr2RhO4 displays uniaxial NTE from 5 K until
850 K, at which point there is a phase change to the I4/mmm parent, which exhibits PTE
of all axes [32, 119]. Similarly, uniaxial NTE was measured in Sr2IrO4 from 20 K to 1250 K
at which point, again, there is a transformation to the PTE I4/mmm parent phase [120].
In all of these A2BO4 compounds, uniaxial NTE was measured in the I41/acd phase that
has frozen octahedral rotation. Although there is only one octahedral layer per perovskite
block, the rotation in I41/acd is anti-phase between adjacent I4/mmm unit cells that leads
to a doubling of c in the NTE phase (unlike in the n = 2 system). Other than this, the
phase is analogous to the Acaa NTE phase in Ca3Mn2O7. The NTE therefore seems to
be inherently linked to the phase symmetry – transforming to a lower-symmetry n = 2
phase (where octahedral tilts freeze out) or to a higher-symmetry n = 1 phase (with no
frozen rotation) causes a switch from uniaxial NTE to PTE of all axes. I have not found
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any example of the I41/acd phase of an A2BO4 Ruddlesden–Popper compound that does
not exhibit uniaxial NTE.

These crystallographic investigations report different thermal behaviour of B–O bonds:
both apical (aligned with c) and equatorial (in-plane) B–O bonds are measured to show
PTE in Ca2MnO4 [29] and Sr2IrO4 [121] whereas the apical Rh–O bonds were found to
exhibit NTE in Sr2RhO4, even after transformation to the parent I4/mmm phase [119]. It
therefore seems unlikely that the origin of isotropic thermal expansion lies in the rate of
expansion of B–O bonds as in I4/mmm LaSrAlO4 [118] if uniaxial NTE in all compounds
comes from the same mechanism in all compounds. In Acaa Ca3Mn2O7 [13] as well as
I41/acd Ca2MnO4 [29], Sr2RhO4

7 [32, 119] and Sr2IrO4 [120] the frozen octahedral rota-
tion angle decreases as the temperature increases. Ranjbar and Kennedy attribute the
uniaxial NTE to this reduction in frozen rotation amplitude, and seem to imply that the
contraction in c comes from a RUM effect as the frozen rotation amplitude decreases
[119]. As evidence for this, they cite uniaxial NTE of one of the in-plane axes over a nar-
row temperature range in the Bmab phase of Sr2SnO4, which has frozen octahedral tilts
about two in-plane axes whose magnitude drops from 4.5� to 0� over 150 K [112].

If this reduction in frozen octahedral rotation angle with temperature is responsible for uniax-
ial NTE, is the same effect observed in analogous ABO3 phases? The answer to this question
seems to be: yes and no. The I4/mcm phase (a0a0c�), with a frozen anti-phase rotation
about c, is a common spacegroup found over some temperature range in many ABO3

compounds. Near uniaxial ZTE is reported for this phase in SrZrO3 [122], SrTcO3 [123]
and SrRuO3 [124] with slight NTE apparent for a few degrees below the I4/mcm !
Pm3̄m phase transition in SrZrO3 and SrTcO3. In all of these compounds the I4/mcm
phase was stable only at high temperatures (at least 600 K). SrTiO3 is one of the few
ABO3 perovskites to adopt the I4/mcm phase at cryogenic temperatures. Uniaxial NTE
has been measured in SrTiO3 at all temperatures below the I4/mcm ! Pm3̄m transition
at 105 K. However, the magnitude of this NTE is very small (CLTE < 1 ppm/K) below
75 K. There is a sudden enhancement in the NTE just below the phase transition, above
which PTE is observed in the cubic parent phase [33, 125].

Therefore it seems that uniaxial NTE can be found in select I4/mcm ABO3 at low tem-
peratures, but the temperature range of this uniaxial NTE in SrTiO3 seems to be limited
by the phase transition to the higher symmetry parent. I have already introduced the
Goldschmidt tolerance factor, t, a measure that suggests that reducing the size of the A-
site cation should increase the propensity for octahedra to tilt. One might think therefore
that doping a smaller atom (e.g. Ca) on the SrTiO3 A-site could extend the temperature
stability range of this NTE phase. Searching for a study of the (Ca,Sr)TiO3 phase diagram
[126], we find that this theory is half correct: up to 10% Ca extends the I4/mcm ! Pm3̄m
transition temperature to 340 K. However, at this composition, there is no longer uniaxial
NTE at any temperature. Furthermore, beyond this concentration of Ca, I4/mcm is no
longer the ground-state phase; the low temperature phase first becomes Pbcm and then

7An earlier study of Sr2RhO4 suggested that the frozen rotation angle generally decreased with increasing
temperature but started to increase again below the transition to the higher symmetry phase [32] however a
later study with finer temperature sampling showed monotonic decrease until this transition [119].
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Pnma at Ca concentrations above 44%. This limits the maximum I4/mcm temperature
stability window to around 350 K (and only in compounds with no uniaxial NTE).

Consequently, even if there are examples of uniaxial near-ZTE or even low temper-
ature NTE in I4/mcm ABO3 phases, both the temperature range of NTE and the tem-
perature range of I4/mcm stability are limited in ABO3 compounds compared to low n
Ruddlesden–Popper oxides, where the NTE and rotation phase stability persist over in
excess of 1000 K. Furthermore, in low n Ruddlesden–Popper oxides, the frozen octahe-
dral rotation seems to be ubiquitous with uniaxial NTE, however, the same exclusivity is
not found in ABO3 perovskites – I had to search to find examples of ABO3 compounds
where the c axis of the I4/mcm phase showed anomalous thermal expansion.

3.3.1 Comparison of NTE mechanisms

The aim of this project was to understand the origin of uniaxial NTE in layered per-
ovskites such as Ca2MnO4 and Ca3Mn2O7. Considering the mechanisms for NTE intro-
duced in Section 3.1, let us review what we know about the NTE in these Ruddlesden–
Popper oxides to see what we may infer about the mechanism for uniaxial NTE.

Ca2MnO4 and Ca3Mn2O7 are dense ceramic oxides where NTE has been observed
in bulk polycrystalline samples formed by standard solid synthesis techniques. There-
fore we may dismiss mechanisms for NTE in polymers, metamaterials and 2D materials.
Uniaxial NTE was measured in a non-polar phase of Ca3Mn2O7 and not the competing
ferroelectric phase, therefore ferroelectrostriction is unlikely. Furthermore, the polar dis-
tortion in the competing A21am phase comes from hybrid improper couplings of octahedral
tilts and rotations and not via a second-order Jahn–Teller effect as in PbTiO3. As well as
not undergoing a second-order Jahn–Teller effect, the (d3) Mn4+ cation in both Ca2MnO4

and Ca3Mn2O7 is not Jahn–Teller active by the conventional first-order Jahn–Teller ef-
fect and hence NTE by a mechanism similar to that in (a different phase of) Ca2RuO4 or
Ca3Ru2O7 is also unlikely. As an alkali earth metal, Ca typically only has a 2+ oxidation
state and therefore charge transfer between A and B sites is also unlikely. Finally, uniaxial
NTE persists through anti-ferromagnetic ordering transitions and hence, although Mn4+

cations have a magnetic moment, NTE does not appear to arise from magneto-striction.
On the other hand, Ca3Mn2O7 is a framework oxide, formed from blocks corner-

connected MnO6 octahedra, and uniaxial NTE persists from the emergence of the NTE
phase (around 200 K) up to 1150 K when the material decomposes. In other (n = 1)
A2BO4 structures the NTE persists over an even wider temperature range. A recent re-
view compared the character of isotropic NTE driven by electronic effects with phonon-
driven NTE [127]. These authors observed that although greater magnitude of CLTE may
be achieved from electronic mechanisms (recall the mentions of “colossal” NTE in Sec-
tion 3.1) this NTE tends to be restricted only to a narrow temperature range around the
electronic/magnetic transition. On the other hand, phonon-driven NTE typically persists
over 100s or even 1000s of degrees.

Hence uniaxial NTE in low n Ruddlesden–Popper oxides seems to have the hallmarks
of RUM-driven negative thermal expansion. However, this does not explain why similar
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NTE is rarely seen in analogous ABO3 perovskite phases except at very low tempera-
tures. The question also remains of why the NTE phase in Ruddlesden–Popper oxides
can remain stable over such a wide temperature range whereas the lifetime of the I4/mcm
ABO3 phase is typically short lived.

3.4 Anisotropic thermal expansion

One key feature of the NTE in the low n Ruddlesden–Popper oxides that I am focusing
on in this thesis is that it is uniaxial (and therefore anisotropic). Many of the NTE mech-
anisms discussed in Section 3.1 were for volumetric, isotropic NTE and therefore in this
section I will briefly review the literature on specifically anisotropic thermal expansion
effects.

The anisotropic Grüneisen equation for axial solids (Equation 2.40) was developed by
Grüneisen and Goens [46] based upon crystallographic studies on zinc and cadmium –
hexagonal elemental metals that display biaxial NTE at low temperatures. In this sem-
inal work, the authors fitted a two-phonon Debye model with acoustic phonons along
in-plane and axial directions to the anisotropic thermal expansion of both metals. Having
measured the elastic compliances, the authors were able to extract effective anisotropic
mode Grüneisen parameters, gk and g?, from these two-phonon Debye models. Despite
the experimentally measured NTE in zinc, the Debye models predicted both acoustic
modes to have positive mode Grüneisen parameters – suggesting that both these modes
contribute to PTE. The anisotropic compliances of these elemental metals therefore trans-
form this driving force for PTE into NTE at low temperatures. Actually, the measure-
ments of Cd from this study only show PTE down to 50 K, yet the Debye model pre-
dicted the NTE at lower temperatures than could be measured. This predicted biaxial
NTE was later confirmed in experiment between 5 and 40 K [128]. In a later study, the
zinc CLTEs of McCammon and White were combined with measurements of heat ca-
pacity and anisotropic elastic constants as a function of temperature so that Equation
2.40 could be effectively inverted and temperature-dependent mean Grüneisen param-
eters, ḡk and ḡ?, could be computed [129]. These calculations showed that ḡk and
ḡ? are positive at all temperatures, confirming that the elastic anisotropy of Zn gives
rise to anisotropic thermal expansion. Similar analysis in later studies found that both
symmetry-inequivalent mean Grüneisen parameters were positive despite low tempera-
ture uniaxial NTE in tetragonal indium [130] and trigonal arsenic and antimony [131].

All of these metals have layered crystal structures and are characterised as having
large axial (s33) compliance along this layering axis (relative to other compliance com-
ponents) but also negative s13 off-diagonal coupling components that are comparable in
magnitude to the in-plane compliance, s11 [44]. This means that the net driving force
for axial PTE (ḡ3 > 0) produces a thermal stress driving in-plane NTE, which at low
temperatures can outweigh the driving force for in-plane PTE (ḡ1 > 0).

I said in Chapter 2 that isotropic NTE necessitates that ḡ is negative. However,
these early studies on elemental metals show that it is possible to have anisotropic NTE
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without requiring phonons with negative Grüneisen parameters, provided there is suf-
ficient elastic anisotropy. This counter-intuitive result does not extend to all materials
with anisotropic NTE; for example, graphite exhibits NTE of its basal plane (although
PTE along the layering axis) and mean Grüneisen parameters calculated from measured
CLTE, elastic constants and heat capacity data show ḡk and ḡ? to have the same sign as
the CLTE of that axis [15].

These old investigations had no access to the lattice dynamics at an atomistic level
– anisotropic mean Grüneisen parameters had to be back-calculated from measurements
of bulk properties or effective phonons had to be inferred from simple mode model fits to
the lattice parameters. Furthermore, these measurements required single crystal samples
and tedious measurements of elastic constants. Therefore this analysis was restricted
to elemental solids with simple crystal structures – meaning few atoms per unit cell (and
therefore few vibrational modes) as well as few independent elastic constants to measure.

3.5 Simulating thermal expansion

So far in this review, I have presented various mechanisms for negative thermal expan-
sion and I have discussed experimental measurements of thermal expansion. However,
despite this being a simulation project, I have not given many accounts of simulations
being used to predict thermal behaviour. In this section I present some of the simulation
techniques used to study thermal expansion and give instances of their use. This is by no
means intended as an exhaustive review, I would direct readers seeking a greater list of
techniques and case studies to recent reviews [21, 26, 64].

3.5.1 The quasi-harmonic approximation

Some of the earliest simulation studies interested in NTE were concerned with geometric
investigation rather than quantitative prediction. For example the split-atom method [84]
was developed to identify low energy RUMs in crystals (which, as we saw in Section 3.1.5
are linked with driving NTE via the tension mechanism). In this method, single atoms are
split into two fictitious atoms connected by a harmonic spring, but all nearest neighbour
bondlengths are fixed. Computing the harmonic phonons of this system, modes that do
not deform rigid structural units have zero frequency. This method has been used to
identify RUMs driving uniaxial NTE in the mineral cordierite (Mg2Al4Si5O18) [132] and
isotropic NTE in ZrW2O8 [85] amongst others.

The split-atom formalism is useful for geometric analysis – much easier than compar-
ing the internal degrees of freedom with the symmetrically inequivalent constraints to
identify RUMs by hand – but for most applications more realistic interatomic interactions
are required. When computational cost is an issue, classical force-fields may be used to
compute forces between atoms. These force-fields were traditionally parameterised (e.g.
by using a least-squares fitting procedure) in a top-down approach to reproduce certain
experimentally measured quantities, such as dielectric or elastic constants [133]. More
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recently, it has become more common to fit classical force-fields using a bottom-up ap-
proach to match forces from ab initio simulations [134]. Classical potentials have been
used to reproduce NTE in ZrW2O8 [135] and ReO3 [87] using a linear Grüneisen method
(recall Section 2.1.5), finding in both cases evidence for low frequency RUMs that have a
large contribution to driving the NTE. An earlier victory for classical simulations came
when simulations predicted NTE in several zeolite compounds that was later confirmed
by experiment [136, 137]. Thermal expansion was simulated in these studies by min-
imising the temperature-dependent free energy with respect to volume within the QHA,
however the quantitative agreement with experiment was not great and the simulations
failed to capture a decrease in the magnitude of NTE measured experimentally above
200 K.

Increased computing power has meant that in the last 20 years it has become feasible
to simulate thermal expansion using first-principles methods, such as density functional
theory (DFT). The Grüneisen method has been applied to harmonic phonons computed
using DFT within the QHA to predict thermal expansion in the prototypical isotropic
NTE materials ZrW2O8 [138, 139] and ScF3 [140]. Thermal expansion has also been simu-
lated within the QHA by minimising the temperature-dependent free energy with respect
to volume – where the free energy is the sum of the ground state DFT enthalpy and the
vibrational free energy computed by an analytical expression of harmonic phonon fre-
quencies (recall Section 2.1.2). As well as isotropic materials, such as diamond [82], this
procedure has been used to model thermal expansion in anisotropic materials such as
graphite [82] or the tetragonal phase of PbTiO3 [141]. In both of these simulations, the
free energy surface had to be minimised on a two-dimensional grid of independent a and
c lattice parameters to account for this anisotropy. As well as these ceramics, DFT simula-
tions have also been used to study more complex NTE compounds, such as Ag3Co(CN)6,
where first principles QHA calculations using the anisotropic Grüneisen method were
able to reproduce the experimentally observed “colossal” uniaxial NTE [142].

In calculations performed within the QHA, it is important to ensure converged sam-
pling of reciprocal space. For example, in DFT calculations on ZrW2O8, accounting for
only zone-centre (G-point) phonon frequencies vastly underpredicts the magnitude of
NTE compared to experiment, whereas sampling from a 4 ⇥ 4 ⇥ 4 grid across the Bril-
louin zone gave excellent agreement with experimental CLTEs at low temperatures [138].
Furthermore, in QHA calculations using Tersoff potential on single walled carbon nan-
otubes (SWNTs), wavevectors from effective supercells consisting of 200 repeat units had
to be included before convergence of the vibrational entropy and uniaxial NTE was pre-
dicted [143].

3.5.2 Anharmonicity

Even with converged sampling of reciprocal space, the accuracy of the quasi-harmonic
approximation can be limited. As stated in the previous chapter, in a purely harmonic
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system there would be no thermal expansion, therefore the QHA captures some anhar-
monic interactions. Anharmonicity captured within the QHA is often referred to as im-
plicit. This includes all couplings between internal degrees of freedom captured within
the structural relaxation of each QHA input structure, as well as couplings between these
internal coordinates and the harmonic phonons. Anharmonic interactions not captured
by the QHA are typically called explicit. These include phonon–phonon interactions be-
tween active modes as the modes populate at a given temperature [64]. Generally speak-
ing, these anharmonic interactions manifest when hard modes, corresponding to exten-
sions of stiff nearest neighbour bonds, populate and cause the frequency of low energy
modes to increase. Therefore this effect is greatest at high temperatures [49]. It has been
demonstrated using one dimensional models of framework ceramics that explicit anhar-
monicity is required to capture the NTE ! PTE switching observed at moderate to high
temperatures in many framework NTE materials even without a structural phase change
[144].

For this reason, QHA simulations often give accurate predictions of thermal expan-
sion at low temperatures but the agreement to experiment becomes worse at high tem-
peratures. In phonon-driven NTE (e.g. NTE driven by RUMs) this typically means that
the CLTE predicted by the QHA saturates at high temperatures whereas the magnitude
of the experimental NTE decreases. This occurs in QHA simulations of ZrW2O8 [138] and
ScF3 [140], however, there are also cases when the QHA underestimates the magnitude
and range of NTE [145, 146].

There are several ways to include anharmonicity in lattice dynamics calculations. One
of the simplest, conceptually at least, is to run molecular dynamics (MD). MD consists
of simply propagating Newton’s equations of motion for classical particles (atoms) ex-
periencing forces. At each step, these forces may be computed using any method for
simulating interatomic interactions, where this force calculation includes the full anhar-
monicity of the method. By running MD in the isobaric and isothermal – so-called “NPT”
– ensemble, thermal expansion may be simulated by computing the mean simulation cell
dimensions at a series of temperatures. Since the MD particles are treated classically
(although quantum mechanical methods may be used to compute interatomic forces)
effects from quantum zero Kelvin vibrations are not included. Thermal expansion has
been investigated using MD with forces computed by classical interatomic force-fields
[143], tight-binding [147] and ab initio methods [117, 148]. Including full anharmonicity
through MD has been shown to improve the agreement of lattice parameters with ex-
periment, for example, ab initio QHA calculations under-predicted both the magnitude
and temperature range of NTE in Ag2O, whereas ab initio molecular dynamics (aiMD)
simulations gave better agreement with experiment [145].

Although electronic calculations should provide the most accurate force calculations,
aiMD is often a prohibitively expensive method of simulating thermal expansion. This
is because aiMD needs to be run for long timescales (many times the period of the low-
est frequency breathing modes of the crystal) to ensure converged lattice parameters, yet
the maximum time step is limited by the highest frequency modes. Furthermore, I have
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already discussed the importance of sampling the full Brillouin zone, in MD this trans-
lates to requiring a large simulation cell and ab initio methods typically scale poorly with
system size – it is not possible to perform tricks like DFPT or Fourier interpolation of
the force constant matrix to efficiently sample reciprocal space. This means that aiMD is
commonly only employed to investigate the dynamics of phonons associated with NTE
but not to predict lattice parameters [140].

The high computational cost of ab initio force evaluations often prohibits the use of
aiMD to simulate thermal expansion. However there is a large research effort to develop
interatomic potentials that accurately map the ab initio energy landscape yet may eval-
uate forces with orders of magnitude lower cost than a full DFT calculation. Typically
force-fields of this kind use a basis set that may be expanded to map the DFT energy
landscape to arbitrary accuracy (although at the cost of a more expensive and compli-
cated fitting procedure). Potentials may be fit using machine learning techniques [149]
or by self-consistent selection of the most important coefficients [150, 151]. The details of
such potentials is beyond the scope of this thesis.

There are a number of different methods available to include anharmonic effects in
lattice dynamics calculations. One method, self-consistent ab initio lattice dynamics (SCAILD),
captures anharmonicity by self-consistently improving force constants by including higher
levels of phonon coupling at a particular temperature - to produce effective temperature-
dependent frequencies for harmonic phonons [152]. This method has been employed to
study thermal expansion in ScF3 [153]. For each random array of displacements the au-
thors calculated a stress tensor - which could then be averaged at a given temperature to
calculate a cell pressure. By varying the lattice parameter to minimise this pressure they
were able to closely reproduce experiment up to 900K, beyond which the experimen-
tal PTE was still not reproduced. The authors point out that in studies using the QHA,
harmonic phonons were predicted to be heavily populated at 1000K and the CLTE had
saturated [140, 146]. Consequently, they concluded that this high temperature behaviour
in ScF3 could not be modelled within the QHA and could only be understood by taking
into account many orders of anharmonic interactions.

SCAILD is very similar in spirit to the method of temperature dependent effective poten-
tials (TDEP) in which harmonic effective Hamiltonians (where displacements are coupled
only by first-order force constants) are fitted to aiMD simulations under the constraint of
minimising forces [154]. This produces a set of effective force constants at a given temper-
ature, like SCAILD, from which harmonic phonons may be computed. Unlike SCAILD,
TDEP uses aiMD and therefore does not start with a basis of harmonic phonons, which
might bias lattice dynamic calculations in strongly anharmonic systems.

Kohn–Sham DFT treats the Hamiltonian for the many-body electronic wavefunction
as a system of coupled single-particle equations that may be solved self-consistently,
giving Kohn–Sham electronic orbitals. Analogously, the vibrational Hamiltonian for all
ions within the Born–Oppenheimer approximation may be solved using a set of self-
consistent single-particle equations to find single-particle eigenstates (which are anal-
ogous to Kohn–Sham orbitals). In practice, this scheme works in a basis of harmonic
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phonons, and so the anharmonic energy landscape from freezing in these modes at differ-
ent amplitudes is computed using DFT and fitted to a polynomial. Knowing the energy
eigenvalues, the eigenstates may be populated according to a Bose–Einstein distribution
to calculate a partition function - from which the vibrational free energy, and many other
thermodynamic properties, such as the CLTE, may be computed [155]. This scheme is
useful for computing thermodynamic properties to an arbitrary degree of anharmonic-
ity, however, just as Kohn–Sham electronic orbitals are not accurate representations of
molecular orbitals, so too does this method distance the user from dynamic mechanisms
in operation.

3.5.3 Limitations of atomistic simulations

Simulations give researchers direct access to atomistic and electronic processes that are
otherwise difficult to infer from experimental measurements. In all of the above discus-
sion of anharmonic effects, there has been the implicit assumption that the fully anhar-
monic energy landscape is correct. However, simulations are not perfect replicas of the
real world and are only able to reproduce physical effects included in the model. In this
sense, classical force-fields have limited transferability outside of the system to which
they were parameterised, but moreover, they are ultimately restricted by their simple
functional forms. Electronic structure methods generally have a higher accuracy and of-
ten do not require parameterisation, yet sometimes higher levels of theory still need to
be included to capture physical effects such as van der Waals interactions or highly cor-
related electrons. In many density functional theory calculations, the choice of functional
for simulating exchange and correlation, the choice of pseudopotentials for describing
the nuclei and core electrons or the choice of basis set to represent the electronic den-
sity and wavefunctions (this is more of an issue when not using plane waves) dictate the
quantitative accuracy of the simulation compared to experiment. On top of all of this,
we must not forget that real materials are not perfect periodic crystals. Real materials
have defects, impurities, microcracks, grain boundaries and secondary phases and these
imperfections may be affected by temperature. To truly hope to simulate realistic thermal
expansion one would have to consider systems on a much greater length and time scale
than accessible using modern methods.

In some thermal expansion investigations, ab initio results have been combined with
experimental measurements to get the most out of both methods. For example, the pre-
dicted thermal expansion of graphite was found to be highly sensitive to the c/a ratio,
which GGA functionals without van der Waals interactions fail to accurately predict.
However, simulating the thermal expansion within the anisotropic Grüneisen method
about a structure with fixed experimental lattice parameters produces excellent agree-
ment with experiment [82]. Another study looked at several A2M3O12 compounds, which
have a complex crystal structure and may display anisotropic NTE. Ab initio lattice dy-
namics calculations on systems containing many atoms are expensive, especially if one
seeks a converged sampling of the Brillouin zone, yet lattice parameter and heat capacity
measurements are fairly routine in experiment. On the other hand, anisotropic elastic
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constants are typically difficult to accurately determine in experiment yet straightfor-
ward to compute in DFT. Therefore, the mean anisotropic Grüneisen parameters were
extracted from the measured thermal expansion coefficients using the measured heat
capacities and anisotropic elastic compliances computed using DFT [156]. Fitting few-
phonon mode models (within the Debye and/or Einstein approximations) to experimen-
tal lattice parameter or heat capacity measurements gives an indication of the approxi-
mate frequencies of the modes that have the strongest influence on thermal expansion
[157]. Furthermore, although full phonon bandstructures are rarely measured in experi-
ment (because they make for long, tedious measurements and require high-quality single
crystal samples), techniques like inelastic neutron scattering (INS) or inelastic x-ray scat-
tering (IXS) applied to polycrystalline samples can produce phonon densities of states
(PDOS) [26]. These techniques are commonly contrasted with the results of lattice dy-
namics simulations to see if there is experimental evidence for the modes predicted to
have the largest influence on the thermal expansion within the QHA [27, 93]. Includ-
ing anharmonicity in simulations has been successful in explaining peak broadening or
the frequency shift of soft phonons temperature from these techniques, which is often
not captured within the QHA [145, 153]. However, greater anharmonicity may be cap-
tured in simulations by including this measured temperature-dependent frequency shift
explicitly [158].

3.5.4 Mechanical models

After discussing some of the most cutting edge methods for improving the accuracy of
simulations (which extend well beyond the level of theory employed in this thesis), I will
now take a step back and review some of the more low-level ways in which researchers
have tried to represent atomic interactions in crystals: using idealised mechanical models.
Simple geometric models clearly can not be expected to reproduce experimental data
with the same accuracy as state of the art quantum mechanical calculations or simulations
using heavily parameterised force-fields. However, the objective of simulations is rarely
to chase quantitative accuracy. Moreover, it is often to deduce the mechanistic origin of
observed phenomena. To this end, Occam’s razor implies that there is valuable insight to
be gained from even the most low level models that explain observed behaviour.

I have already presented some geometric mechanisms for structural NTE. These in-
clude the tension effect [83], membrane effects in graphene sheets and of course rigid
unit modes [84]. From these mechanisms, researchers have developed analytical models
to predict thermal expansion under idealised conditions; for example predicting the NTE
due to RUMs of various corner-connected shapes, under the assumption that these units
are perfectly rigid [159]. These models are not designed for quantitative accuracy, more
to show behaviour in a limit in which the mechanism operates perfectly. Often experi-
mental measurements [27] or atomistic simulations [28, 138] conclude that many of the
assumptions of these models, for example that units are perfectly rigid, are not met in
reality, but that the model captures the approximate behaviour.
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In this vein, models have also been developed to explain how certain idealised ge-
ometries can give rise to other negative properties, such as negative Poisson ratio (NPR),
where the expansion of one axis induces the expansion of another, or negative linear com-
pressibility (NLC), where one or more axes expand under compressive hydrostatic pres-
sure (although thermodynamics dictates that the volume must always reduce). For exam-
ple, two-dimensional geometries such as honeycomb lattices [160], wine-rack structures
[161] and systems of corner-connected rotating squares [162] or triangles [163] are all aux-
etic (have NPR). By applying certain assumptions – for example that struts or units are
perfectly rigid and that resistance to deformation comes from hinge stiffness – one may
develop algebraic equations for the elastic properties of these idealised systems. Similar
analysis has also been applied to more complex three-dimensional structures [164].
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Ablitt et al. Controlling NTE in Layered Perovskites

FIGURE 6 | Strain coupling mechanisms that make structures particularly compliant to cooperative strains. Since these mechanisms couple the a (and/or b) and c

axes, they are typified by large s13 off-diagonal components of the compliance matrix. (A) Mechanism for increased compliance in I4/mmm RP structures where the

rumpling between the interfacial A and apical O ions means that A is free to displace independently of O in response to in-plane strains; (B) corkscrew mechanism in

RP rotation phases—the structure is able to couple in-plane tensile strains to compressive strains along c via internal displacements assuming all nearest neighbor

B–O bonds and the two shortest A–O bonds do not deform (shown as rigid struts labeled r1–r4) by changing the angle of in-plane and out-of-plane hinges (described

by the angles θ and α as shown); (C) wine rack structure where tensile strains along a may couple to compressive strains along c in a system of rigid struts in a trellis

structure by only changing the angle ξ .

high-symmetry phases and the CaGeO3:Ca2GeO4 interpolation
is not also seen in the significantly more compliant rotation
phases may be because in these rotation phases, additional
compliance mechanisms operate that dwarf the effect described
by arrow 2 .

Arrow 3 in Figure 5 represents the increase in coupling
between the a/b and c axes from the cubic CaGeO3 phase to an
I4/mcm phase with anti-phase octahedral rotation about the c
axis. From a structural symmetry point of view, this may again
come as a surprise since the I4/mcm phase only has an internal
degree of freedom in the ab plane and not along the c axis that
this plane couples to. Therefore, one might expect large changes
in in-plane strain in response to biaxial stress from rigid BO6
octahedra rotating, but not also large changes in c. However, DFT

studies on LaAlO3 (Hatt and Spaldin, 2010) and LaNiO3 (Weber
et al., 2016) show that while the application of compressive biaxial
strain to I4/mcm phases causes the rotation angle to increase, it
also leads to a large tetragonal distortion of the BO6 units with
compression of the epitaxial B–O bonds and extension of the
apical B–O bonds.

Finally, arrow 4 in Figure 5 represents the increase in s13
coupling between rotation phases of CaGeO3 perovskite and
RP phases with a frozen octahedral rotation. In these phases,
the rumpling of the interfacial AO layer identified in the high-
symmetry structure is still present. However, whereas in the
high-symmetry structure, in-plane strains necessarily involved
deformations of stiff epitaxial B–O bonds, in this lower-symmetry
phase, the frozen in-plane octahedral rotation adds an internal
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(B) Wine-rack Structure

FIGURE 3.6: (A) The actual structure of Ag3Co(CN)6, a metal organic
framework material displaying colossal uniaxial NTE and (B) an idealised
wine-rack model where only the hinge angle, x, may change but all struts
are perfectly rigid. This model is typically used to describe the strong cou-
pling between in-plane expansion and axial contraction in materials like
Ag3Co(CN)6, which may be considered as two interpenetrating trellis or

wine-rack networks. Figure (B) reproduced from [8].

These models were generally initially developed to describe auxetic behaviour of
foams [165] or to design novel metamaterials [166]. However, certain geometric models
have been applied to ceramic crystals. For example systems of rotating tetrahedra [167]
have been used to explain NPR behaviour particular silicate phases [168] and in fact two-
and three-dimensional models were used to predict NPR in zeolites [169] before it was
discovered in experiment [170]. Recently, simple mechanical models have gained new
application in the field of metal organic framework materials. For example, Ag3Co(CN)6

(Figure 3.6A) has a wine-rack structure and exhibits highly anisotropic thermal expansion
– with “colossal” PTE along one axis and “colossal” NTE along another [18]. This large
cooperative deformation is explained by the highly negative s13 off-diagonal compliance
component that is computed using DFT [142]. Such a high off-diagonal compliance is
predicted simply by an idealised two-dimensional mechanical model [161] illustrated in
Figure 3.6B.
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3.6 Summary

Negative thermal expansion defies our normal conceptions of how materials should be-
have and as such has warranted a lot of investigation, especially in the last 25 years. I
have shown that NTE may be explained by a number of mechanisms in different systems,
but framework ceramics that display NTE via the tension mechanism have garnered par-
ticular interest. This is partly because of the large, negative coefficients of linear thermal
expansion that can be achieved in such systems, which may persist over a wide temper-
ature range. Thus, with smoothly varying lattice parameters, framework NTE materials
are useful for developing electroceramics with tunable thermal expansion. Despite be-
ing prototypical framework ceramics, NTE is rarely observed in ABO3 perovskites over a
wide temperature range. Uniaxial NTE has been observed in several low n Ruddlesden–
Popper oxides in phases with a frozen octahedral rotation about the layering axis. Al-
though the exceptionally wide temperature window of NTE in these layered perovskites
implies that NTE may be driven by rigid unit modes, at the start of this PhD project no
one had investigated the thermal expansion of these uniaxial NTE Ruddlesden–Popper
oxides using simulations. Anisotropic NTE in other systems has previously been linked
to high elastic coupling between different crystal axes. I have subsequently reviewed
many of the methods used to model thermal expansion. These range greatly in com-
plexity; from idealised geometric models to fully anharmonic simulations employing ad-
vanced interatomic potentials fitted to ab initio results to arbitrary precision. Despite this
theoretical hierarchy, effective simulations to establish the cause of NTE are those that
capture the physics underlying the NTE mechanism.
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Chapter 4

The search for a phase to simulate
Ca2MnO4 thermal expansion
This PhD project was conceived following the discovery of a (n = 2) Ca3Mn2O7 Ruddlesden–
Popper phase that exhibits uniaxial NTE. As explained previously (see Chapter 3), such
uniaxial NTE is also known to occur in an analogous phase of n = 1 Ruddlesden–Popper
compounds, including Ca2MnO4, but is uncommon in (n = •) ABO3 perovskites. There-
fore, in order to ascertain the underlying mechanism giving rise to this NTE in low n
Ruddlesden–Popper oxides, I first focused on investigating (n = 1) Ca2MnO4 using first
principles – since n = 1 is most distinct from the n = • extreme in which NTE is uncom-
mon.

This chapter has two main aims: (i) to find a structure that may be used to efficiently
simulate thermal expansion within the quasi-harmonic approximation (the QHA – recall Sec-
tion 2.1.3) for comparison with experimental measurements on Ca2MnO4 and (ii) to map out the
phase diagram of competing Ruddlesden–Popper phases and thus establish whether DFT predicts
the experimental NTE phase to be the low temperature structure. At the end of this chapter, I
do perform QHA simulations to calculate the magnitude of vibrational contributions to
the free energy and the strain, however, discussion relating to the origin of NTE and the
comparison of predicted thermal expansion to experiment will be saved until Chapter
6. In general, the discussion presented in this chapter does not follow any existing pub-
lications, nor have any results or analysis been contributed by third parties aside from
normal supervisor input. That said, it has been indicated in the caption when figures
(or similar figures) have been presented elsewhere. DFT calculation parameters for all
simulations in this chapter may be found in Appendix A.

4.1 Magnetic Ca2MnO4

Experimentally, Ca2MnO4 exists as the I41/acd Ruddlesden–Popper phase under atmo-
spheric pressure at low and moderate temperatures. This 56-atom tetragonal phase is
displayed in Figure 4.1 and is characterised by frozen rotations of MnO6 octahedra about
the layering axis, c. These rotations are anti-phase between equivalent layers, leading
to a doubling of the c axis compared to the I4/mmm parent. Recall that neighbouring
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FIGURE 4.1: I41/acd phase of Ruddlesden–Popper Ca2MnO4 (A) full 56-
atom unit cell (B) in-plane cross section defining the frozen octahedral ro-

tation angle q.

layers are shifted relative to one another in the undistorted parent and therefore “equiv-
alent” here refers to layers in different I4/mmm unit cells. I will refer to the angle of this
octahedral rotation by q, as defined in Figure 4.1B.

In Ruddlesden–Popper Ca2MnO4, assuming the compound to be a perfectly ionic
solid, Mn exists in an approximately octahedral coordination as an Mn4+ cation with
a d3 electron configuration. If Mn4+ cations had a strict octahedral coordination, as in
the Pm3̄m cubic phase of CaMnO3, then Mn4+ is expected to adopt only one spin state,
shown on the left-hand of Figure 4.2A, with a half-filled t2g and an empty eg band yield-
ing a net magnetic moment of 3µb per ion. In fact the Mn coordination in Ca2MnO4 is
"distorted-octahedral” (being facetious one might argue that it is strictly speaking square-
planar), since the the apical Mn–O bonds are inequivalent by symmetry to the equatorial
bonds (although, in practice these two bond lengths are very similar). Therefore, the de-
generacy is broken in the t2g and eg orbitals, as shown in the right-hand sketch of Figure
4.2A.

There is experimental evidence that Ca2MnO4 has “checkerboard” in-plane anti-ferro-
magnetic magnetic ordering up until 114 K, with magnetic orbitals anti-aligned along the
layering axis in octahedra with the opposite sense of rotation [171, 172]. Initially, I took
an I41/acd Ca2MnO4 structure from the ICSD [172] and relaxed it using DFT with this
spin configuration, giving each ion an initial magnetic moment of ±3µb but letting the
magnetic ordering change with each SCF iteration and ionic relaxation step (although in
practice, like ionic coordinates, magnetic moments will never change during relaxation in
a manner that breaks the symmetry of the initial configuration). These calculations were
performed without including a Hubbard parameter to separate occupied and unoccupied
Kohn–Sham orbitals. This parameter, commonly named “U”, is meant to capture the on-
site Coulomb repulsion between electrons. Thus, so as to assess the validity of employing
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this level of theory, I plot the electronic density of states (DOS) projected onto atomic
orbitals around the Fermi level in Figure 4.2B.
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FIGURE 4.2: (A) d3 electron configuration of octahedrally coordinated
Mn4+ (B) Full electronic density of states around the Fermi energy pro-
jected onto atomic orbitals (DOS) (C) DOS of single Mn4+ cation as well as

apical and equatorial oxygen anions.

Ca2MnO4 was found to possess a small, but not insignificant, DFT bandgap of ⇡
0.6 eV. Like many transition metal oxides (TMOs), the valence band of Ca2MnO4 has
strong O-p character, whereas the conduction band has the character of unfilled Mn-d
orbitals. Since Mn4+ has partially filled d orbitals, one may see states with high Mn-d
character in the lower half of the valence band and again at the top of the valence band.
The correlation in valence band peaks between states with O-p character and those with
Mn-d character suggests a hybridisation between these orbitals and thus some degree of
covalancy to the bonding. On a similar note, the conduction band has significant O-p
character that is not expected in a purely ionic system.

The full DOS is symmetric between different spin channels. However, Figure 4.2C

shows that when the wavefunctions are projected onto the orbitals of a specific Mn cation,
almost all of the valence states have a particular spin character whereas the conduction
band has more character of the opposing spin. This is unsurprising since all of the occu-
pied t2g states in Figure 4.2A are spin “up” whereas there are more unoccupied “down”
states than “up”. This same figure shows that the full valence band has character of the



84 Chapter 4. The search for a phase to simulate Ca2MnO4 thermal expansion

O-p orbital of the equatorial oxygen, whereas the valence states with O-p character from
the apical oxygen are localised in the middle of the band, away from those with Mn-d
character. This suggests that the Mn-d orbitals hybridise more strongly with those of the
equatorial oxygen. The DOS projected onto an equatorial oxygen ion is symmetric be-
tween both spin states since that oxygen is shared between two Mn4+ cations. However,
the DOS projected onto the apical oxygen is not symmetric since this O-site has only one
close spin-polarised Mn4+ neighbour.

The above electronic analysis was performed on I41/acd Ca2MnO4 with checker-
board spin ordering. However, to establish whether this spin configuration (that I will
label 1) is the DFT ground state, I performed new simulations on this relaxed structure
with a series of different initial spin configurations (always with ±3µb per Mn ion). First,
I performed a single SCF minimisation cycle, allowing the magnetic ordering to relax but
with no structural relaxation. Then, I followed this with full structural relaxation – where
the spins were yet again free to relax at every SCF step. The set of symmetrically distinct
initial configurations, alongside the spins after the singlepoint calculation and the full
relaxation, are labelled and shown in Figure 4.3A.

Looking at the projections of the spin-polarised wavefunctions onto atomic sites af-
ter a singlepoint calculation in Figure 4.3A, no Mn ion has a magnetic moment of pre-
cisely ±3 µb. This supports experimental observation [171, 172] and suggests that the
charge one might associate with the occupied Mn-d orbitals is not perfectly localised on
the Mn4+ sites, supporting the evidence for hybridisation in the DOS. However, since
the only Mn magnetic moments identified vary between 2.64 µb and 2.76 µb, this suggests
that the chemical bonding is only slightly covalent. In all cases that spins within the same
perovskite layer were anti-aligned they took values of ~±2.65 µb and in all cases they
were aligned they took values of ~±2.75 µb. There was effectively no correlation between
the ionic magnetic moments and the ordering of spins between layers. Further ionic re-
laxation had little effect on the magnitude of magnetic moments in all cases. Certain
low-symmetry spin orderings in Figure 4.3A are left blank since electronic convergence
in these structures was problematic and as a result I failed to establish the ground state
electron density. It should be noted that the concepts of atomic charges and atomic magnetic
moments relate to an atomic-orbital model whereas the DFT calculations performed here
employ a plane-wave basis. The procedure for assigning the atomic spins quoted in Fig-
ure 4.3A is thus ill-defined. In practice, these values are found by projecting the ground
state charge density onto atomic orbitals.

Figure 4.3B shows the energies of relaxed and unrelaxed cells with different spin con-
figurations relative to the fully relaxed structure 1. From this figure it is clear that there is
an energy penalty of approximately 2.5 meV/atom for each pair of Mn ions in the same
layer with aligned magnetic moments. In the structures where all co-planar moments
are anti-aligned, the inset figure shows that there is no difference in energy to within the
accuracy of the DFT simulation. This further suggests that there are negligible magnetic
interactions between Mn cations in different layers. This evidence supports the checker-
board in-plane magnetic ordering reported in experiment however does not explain why
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(A)

(B) (C)

FIGURE 4.3: Simulations of I41/acd Ca2MnO4 with different spin order-
ing. (A) Illustrations showing the spin configuration: initially, following
SCF minimisation (unrelaxed) and following ionic relaxation (relaxed). (B)
Relative energies of unrelaxed and relaxed configurations (compared to
configuration 1). (C) Changes in a & c lattice parameters and q octahedral
rotation angle in relaxed structures of different spin configurations (again

compared to 1).

anti-parallel alignment is observed along the layering axis. It may be that incorporating
higher-level theory, such as spin-orbit coupling, accounts for this additional ordering,
however, this is beyond the scope of the current investigation.

Comparing the different relaxed structures, we may gain insight from the effect of
magnetic ordering on the a and c lattice parameters and the angle q from Figure 4.2C.
Unsurprisingly, there is no difference in any of these parameters between cells in which
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spins are anti-aligned for co-planar Mn ions. However, in cases where at least one pair of
co-planar spins align, there is an increase in a, decrease in c and increase in q. That both a
and q increase suggests that there is a large extension of the equatorial Mn–O bondlength.
When neighbouring Mn ions have like magnetic moments, it is likely that this increase in
both the length and angle between equatorial Mn–O bonds is to avoid overlap between
Mn–O bonds, which, as shown in the DOS, have some degree of hybridisation and there-
fore like-spin character. Put conversely, when in-plane spins are anti-aligned (such as in
1) this leads to an in-plane contraction since there is a lack of Pauli repulsion between
equatorial Mn–O bonds. The associated slight increase in c is likely due to a Poisson
response to this in-plane magneto-striction.

FIGURE 4.4: Phonon density of states (PDOS) formed only from the fre-
quencies of harmonic vibrations at the G-point of I41/acd Ca2MnO4.

Once I had established that the G-type checkerboard spin ordering was the electronic
ground state of I41/acd Ca2MnO4, I performed a lattice dynamics calculation using the
method of finite-differences to assess the mechanical stability of this phase. Figure 4.4
shows that all of the G-point harmonic phonons have real frequencies, suggesting that
the I41/acd phase of Ca2MnO4 is not unstable to displacive symmetry-reducing phase
transformations in 0 K DFT. A lack of unstable modes does not guarantee that I41/acd
does not compete with a ground state phase via a first-order transition. However, it is
evidence that I41/acd may be at least metastable and that, if no phonon branches are un-
stable at any point across the Brillouin zone, it is possible to predict the thermal expansion
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of I41/acd Ca2MnO4 using the quasi-harmonic approximation (QHA).

4.2 Ca2GeO4 as a proxy for Ca2MnO4

I wanted to investigate uniaxial NTE in the Ruddlesden–Popper Ca2MnO4 using first-
principles simulations. However, simulating the magnetic Ca2MnO4 system necessarily
involves expensive spin-polarised DFT calculations, which are undesirable for a number
of reasons:

1. Modelling spin-polarisation adds a computational overhead (a factor of ⇥2) to ev-
ery DFT simulation – this is problematic when performing large arrays of long sim-
ulations (e.g. the relaxation and full PDOS computation required for a grid of dis-
torted structures to predict thermal expansion using the QHA).

2. In many DFT codes, density functional perturbation theory (DFPT) – see Chapter
2 – is not implemented for spin-polarised systems (this is true for CASTEP v7.0.3
[173] that was used extensively in this project). This necessitates the construction
of large supercells to compute harmonic phonons at q-vectors away from G (which
in the upper limit scales as µ N3 with the number of electrons, N, in the system)
whereas DFPT allows the wavefunction of a single unit cell to be perturbed for
each q-vector (and thus scales linearly with the number of symmetry inequivalent
q-vectors).

3. Difficulties in SCF convergence often arise when considering magnetic systems (as I
discovered when I did treat Mn-based compounds explicitly). Methods to improve
the convergence of magnetic systems – such as DFT+U – involve the introduction
of additional parameters that need to be carefully calibrated and checked manually
by the user.

With these reasons in mind, it was preferable to avoid performing heavy lattice dy-
namics calculations on Ca2MnO4, and to study a non-magnetic system instead. This
motivation was supported by existing experimental evidence [30] showing that the uni-
axial NTE persisted through magnetic ordering temperatures with the lattice parameters
little affected by these transitions. Therefore, one may conclude that the origin of NTE is
unlikely to be in magnetic interactions. Empirically, octahedrally coordinated magnetic
transition metal Mn4+ and non-magnetic Group IV Ge4+ cations are known to have iden-
tical ionic radii of 0.53 Å [174]. Therefore, using the ansatz that the NTE was driven by
structural or lattice dynamical effects, and not by the magnetic nature of Mn4+ cations or
chemical-specific differences in bonding related to the different d-orbitals of the two ions,
one should be able to ascertain the mechanism for uniaxial NTE in Ca2MnO4 by studying
Ca2GeO4.

I have thus performed much of the analysis in this and the following chapters on
Ruddlesden–Popper Ca2GeO4. Throughout this chapter I assess the validity of this sub-
stitution and discuss any additional corrections applied to Ca2GeO4 calculations to more
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accurately mimic Ca2MnO4 behaviour where applicable. At the start of the project,
I41/acd Ca2GeO4 had not been synthesised experimentally. However, this has been
achieved in more recent experiments where Ruddlesden–Popper Ca2GeO4 is found to
adopt the tetragonal I41/acd phase and exhibit uniaxial NTE over the full 10–800 K tem-
perature range of stability [34].

4.3 The Ca2GeO4 Phase Diagram

Experimentally, uniaxial NTE is generally observed in n = 1 Ruddlesden–Popper oxides
in the I41/acd phase. However, to understand the full phase diagram of competing low
energy phases, I performed a systematic exploration of the Ruddlesden–Popper Ca2GeO4

energy surface. Some of the results in this section were previously presented in my 2015
MSc thesis [43] so I indicate in the caption when a figure closely resembles one in this
prior report.

Ca

Mn

O

c

a
b

(A)
(B)

FIGURE 4.5: (A) Structure of the Ca2GeO4 Ruddlesden–Popper I4/mmm
parent phase (B) phonon bandstructure of the I4/mmm Ca2GeO4 phase.
These figures are similar to figures in my 2015 MSc thesis [43]. High-
symmetry q-points: G=[0,0,0], L=[0,0,1/2], S=[1/2,0,0], X=[1/2,1/2,0] and

P=[1/2,1/2,1/2].

I took the initial tetragonal I4/mmm Ca2GeO4 structure from the only reported Ca2GeO4

Ruddlesden–Popper phase in the Inorganic Crystal Structure Database(ICSD) [175] and af-
ter relaxing this phase within DFT, I computed the full phonon bandstructure using DFPT
(shown in Figure 4.5B). It may be seen that, although all phonon frequencies are real at the
G-point, certain branches (coloured red) become unstable at the Brillouin zone boundary
– namely when passing through the high-symmetry X ([1/2, 1/2, 0]) and P ([1/2, 1/2, 1/2])
points – indicating structural instabilities to lower-symmetry phases. So as to explore the
full landscape of competing phases, I performed an iterative procedure, starting with the
I4/mmm parent, to follow all unstable harmonic phonons. (i) I first relaxed the structure,
(ii) then computed all harmonic phonons within an effective 2 ⇥ 2 ⇥ 2 supercell of the 14-
atom I4/mmm parent, this supercell was chosen to be large enough to contain all known
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(n = 1) Ruddlesden–Popper phases [116]. (iii) If any modes had imaginary frequen-
cies, I froze the displacement eigenvectors of these modes into the structure with small
amplitude and allowed the daughter phase to relax – repeating steps (ii) and (iii) if this
daughter phase also had instabilities. In the case that multiple eigenvectors were degen-
erate (had exactly equal frequencies and were of the same irrep), the daughter structure
had all degenerate displacements frozen in, deliberately with unequal amplitudes so as
not to restrict the symmetry of the daughter phase to certain order parameter directions.
This meant that the lowest symmetry phase for each combination of distortions should
be accessed. However, before computing phonons, the symmetry of any relaxed daugh-
ter structures was assessed using the program Findsym from the Isotropy software suite
[52] with a small tolerance of 0.005 to identify if the low symmetry initial structure had
relaxed to a higher symmetry phase.

All of the unstable modes at the X and P points in I4/mmm Ca2GeO4 had rigid unit
mode (RUM) character. Modes with the X+

2 and P4 irrep symmetry had the character
of octahedral rotations, whereas X+

3 , X+
4 and P5 modes were all tilts of GeO6 octahe-

dra. Figure 4.6 shows the structure and symmetry of the daughter phase formed from
relaxing I4/mmm with small frozen distortions of each of these modes, as well as the
phase energy relative to the parent. The Acam and I41/acd phases, with in-phase and
anti-phase frozen rotations, respectively, have the same phase energy (to within the DFT
convergence accuracy) and equivalent rotation angle and lattice parameters (modulo a
doubling of the c axis) despite Acam being orthorhombic and I41/acd a tetragonal space
group. It may also be surprising that freezing in the X+

2 mode yields an orthorhombic
phase, since the phase resulting from both unstable X+

3 and X+
4 tilts is tetragonal. The

reason for this is discussed in detail in Appendix B, where I show that Acam is indeed
the correctly assigned space group and that structurally Acam behaves equivalently in
ground-state DFT to I41/acd. This raises the question: why is the tetragonal I41/acd phase
– with doubled unit cell along c – actually observed in experiment over Acam? Furthermore,
although in experiment Ruddlesden–Popper Ca2MnO4 and Ca2GeO4 are observed with
I41/acd symmetry down to cryogenic temperatures, why is it that DFT predicts P42/ncm
Ca2GeO4, with frozen octahedral tilts, to be lower in energy?

The full Ca2GeO4 phase diagram is shown in Figure 4.7, where arrows show soft
mode instabilities, colours and labels show the I4/mmm RUM irrep associated with this
mode eigenvector and the vertical axis indicates energy relative to the I4/mmm parent.
The supercell and centring versus I4/mmm, as well as order parameter directions of the
frozen I4/mmm RUM eigenvectors, are also given. Phases emitting no arrows (always
with both frozen tilts and rotations) had no harmonic phonons with imaginary frequen-
cies within an effective

p
2 ⇥

p
2 ⇥ 2 I4/mmm supercell.

All of the I4/mmm child phases are found to have phonons with imaginary fre-
quencies. The eigenvectors of these unstable modes were projected onto the I4/mmm
irrep symmetries to label each phonon. Since these phases are children of I4/mmm,
the phonon eigenvectors are no longer restricted to have the symmetry of only a sin-
gle I4/mmm irrep and thus have been labelled only by the irreps of any RUMs unstable
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(A) X+
2 (0, a)

Acam (64)
-9.04 meV/atom (B) X+

3 (a, a)
P42/ncm (138)

-9.89 meV/atom

(C) X+
4 (a, a)

P42/nnm (134)
-0.64 meV/atom

(D) P4 (a, �a)
I41/acd (142)

-9.04 meV/atom

(E) P5 (a, b, c, d)
C2 (5)

-3.99 meV/atom

FIGURE 4.6: Relaxed structures from following the five non-degenerate
harmonic phonons with imaginary frequencies within a 2 ⇥ 2 ⇥ 2 supercell
of I4/mmm Ca2GeO4. Modes are labelled by the irrep label and order
parameter direction of the I4/mmm RUM (using the notation of Isodistort
[53]) and the space group symmetry of the relaxed phase (as assigned by
Findsym [52]). Per atom energies compared to the I4/mmm parent are also

given. Similar figures appeared in my 2015 MSc thesis [43].

in the parent phase to which these eigenvectors have a non-zero overlap. With the excep-
tion of P42/nnm (frozen X+

4 ), in phases with frozen rotations the only unstable modes
have tilt character and in phases with frozen tilts all unstable modes are rotations. In
P42/nnm, however, all non-X+

4 parent instabilities were still unstable and when frozen
in with small amplitude, relaxed to a phase with the symmetry of only that distortion (so
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FIGURE 4.7: Full phase diagram for Ruddlesden–Popper Ca2GeO4 formed
by sequentially relaxing each phase, computing the harmonic phonon
modes, freezing in modes with imaginary frequencies (or combinations of
degenerate modes) and repeating. Process started from the I4/mmm par-
ent phase and all phonons computed within an effective 2 ⇥ 2 ⇥ 2 supercell
of the 14-atom tetragonal I4/mmm cell. Reproduced from a similar figure

in my 2015 MSc thesis [43].

no X+
4 amplitude).

Whereas Acam and I41/acd seemed equivalent structures in static calculations – be-
cause the octahedral rotations in different perovskite layers were so separated that they
effectively did not interact – this is not true when octahedral rotations are combined with
tilts. The frequency of the lowest frequency G-point X+

3 tilt is different in the two phases
– -65.0 cm�1 in Acam compared to -61.6 cm�1 in I41/acd – and the Ruddlesden–Popper
ground state appears to be a Pbca phase with modes with both X+

2 and X+
3 irreps frozen

in. This phase is 0.4 meV/atom lower in energy than the lowest energy I41/acd child
with the same space group (but a doubling of c). Since X+

2 and P4 phonons had exactly the
same frequency in I4/mmm, this difference arises from anharmonic couplings between
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RUMs a (Å) b (Å) c (Å) f1 (�) f2 (�) q (�) DE (meV/at)
I4/mmm (139) - 3.74892 3.74892 11.64597 0.00 0.00 0.00 0.00

Acam (64) X+
2 5.23390 5.23346 11.94471 0.00 0.00 10.56 -9.04

P42/ncm (138) X+
3 5.35950 5.35950 11.47557 0.00 9.53 0.00 -9.89

P42/nnm (134) X+
4 5.31779 5.31780 11.62280 4.88 0.00 0.00 -0.64

I41/acd (142) P4 5.23369 5.23369 23.88944 0.00 0.00 10.56 -9.04
C2 (5) P5 7.55876 7.53553 23.13008 6.62 5.16 0.0 -3.99

Pnma (62) X+
2 � P5 5.23848 5.24148 23.85228 0.12 0.05 10.34 -9.95

Iba2 (45) P4 � P5 5.25541 5.26132 23.74548 3.27 2.76 10.07 -9.28
P21/c (14) X+

2 � X+
3 5.31824 5.29008 11.72405 4.88 6.33 8.09 -11.50

PbcaAcam (61) X+
2 � X+

3 5.31779 5.30419 11.69763 5.44 6.42 8.22 -12.29
PbcaI41/acd (61) P4 � X+

3 5.31795 5.29681 23.42127 5.26 6.22 8.18 -11.88

TABLE 4.1: Space group symmetry, irrep labels of any frozen modes unstable in the
I4/mmm parent, lattice parameters, octahedral rotation angles about Ge–O bond axes
(in the undistorted parent) and relative phase energy of all Ca2GeO4 Ruddlesden–

Popper phases in the phase diagram in Figure 4.7

the rotations and tilts. If one takes the time to closely compare the two Pbca structures
(not shown here), they notice that the environment of some apical oxygens across the
AO interface is different whether in-phase tilts are combined with in-phase or anti-phase
rotations. Although this is now becoming too tedious to discuss further in this thesis, it
is reassuring that this energy difference arises from different local atomic environments,
since it has already been shown that interatomic (and magnetic – recall Section 4.1) inter-
actions do not persist between equivalent perovskite layers (separated by 11 Å in these
materials). Since their harmonic phonon frequencies differ, lower vibrational free energy
is likely the reason that I41/acd is the recorded experimental phase of Ca2MnO4 and not
Acam.

Data for all relaxed phases in Figure 4.7 is presented in Table 4.1. Alongside the lattice
parameters and cell energy, I have also given the irrep labels corresponding to any frozen
RUMs and the tilt angles of a single octahedral unit in the structure about in-plane bond
axes (f1 and f2) as well as the rotation angle (q) about the layering axis, c. Since symmetry
permits the internal O–Ge–O bond angles to deviate from 90� in a Ruddlesden–Popper
cell with a rotated GeO6 octahedron, f1 and f2 are computed as the mean rotation angle
of apical and equatorial oxygens about the relevant bond axis.

If one looks closely at the lattice parameters in Table 4.1, we see that although all cells
are based around the same I4/mmm unit cell, large strains arise depending on the pattern
of frozen rotations and tilts. For the reader who prefers pictographic presentation over
tabulated values, the in-plane and axial strains compared to the I4/mmm parent have
been plotted for all relaxed Ca2GeO4 phases in Figure 4.8A. For orthorhombic cells, the
x-axis value represents an average a and b strain.

Figure 4.8A clearly shows that octahedral rotations couple strongly to an in-plane
contraction and axial expansion; whereas freezing tilts into the I4/mmm structure yields
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(A) Ca2GeO4 (B) CaGeO3

FIGURE 4.8: In-plane (x-axis) and axial strains (y-axis) for all relaxed
phases of (A) Ruddlesden-Popper Ca2GeO4 and (B) CaGeO3 perovskite
relative to the parent structure (I4/mmm Ca2GeO4 and Pm3̄m CaGeO3 re-
spectively). Diagonal dashed black line shows volume conservation. For

orthorhombic phases, mean in-plane strain is shown.

the opposite. As discussed previously, structures with in-phase (Acam) and anti-phase
(I41/acd) rotations are equivalent in rotation angle and lattice strain. However, the de-
gree of cell distortion in phases with frozen tilts (P42/ncm, C2 and P42/nnm) scales with
the magnitude of octahedral tilting. Phases with both frozen rotations and tilts lie some-
where between those with pure rotation or tilt character. Those with only a small tilt
amplitude but large rotations (such as Pnma and Iba2 – both with P5 tilts) behave almost
as the pure rotation phases. On the other hand, in the lowest energy phases with large
amplitudes of both rotations and tilts (P21/c and both Pbca phases), octahedral distor-
tions seem to cooperate to approximately maintain the I4/mmm cell.

For comparison, Figure 4.8B shows the strains of a selection of common ABO3 per-
ovskite phases of CaGO3 relative to the cubic Pm3̄m parent. Again, the P4/mbm and
I4/mcm phases (a0a0c+ and a0a0c� in Glazer notation) with frozen rotations about c have
shortened a and b and elongated c lattice parameters; relaxed Imma (a�a�c0) is slightly
expanded in a and b with a moderate contraction along c and finally Pnma (a�a�c+) has
the closest lattice parameters to the parent. The strain from freezing in a single rotation
about c is similar in both Ca2GeO4 and CaGeO3 (although rotation angles of 12.35� and
12.72� in P4/mbm and I4/mcm respectively are larger than 10.56� in I41/acd Ca2GeO4).
The strain of Imma CaGeO3 is considerably lower than P42/ncm, however, despite a
larger tilt angle of 9.57� about both in-plane bond axes. This suggests that the effect of
RUMs upon cell strain is larger in n = 1 Ruddlesden–Popper Ca2GeO4 than the n = •
perovskite CaGeO3.

Within a RUM picture, one would expect octahedral rotations to lead to an in-plane
contraction and tilts to lead to an axial contraction via the tension mechanism. However,
considering GeO6 octahedra to be perfectly rigid units and ignoring all other interactions,
one should not expect these RUMs to affect other axes. A diagonal dashed black line on
these figures illustrates conservation of the parent cell volume. All points follow this line
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in both plots, generally lying on or slightly above the line for Ca2GeO4 phases or slightly
below for CaGeO3 phases. This implies that octahedral rotations driving the extension of
non-RUM axes may be a Poisson effect to maintain cell volume.

Consequently, I41/acd is not predicted to be the 0 K DFT ground state phase of
Ruddlesden–Popper Ca2GeO4. Not only that, unlike in Ca2MnO4, this phase has har-
monic phonons with imaginary frequencies and octahedral tilt character at the G-point
that prohibit the use of the QHA to simulate thermal expansion. The Ca2GeO4 energy
landscape was instead found to be complex; with many competing phases with different
octahedral rotation and tilt patterns. A strong correlation between RUMs and strain has
been identified in first-principles simulations of Ca2GeO4, with the coupling between tilts
and axial contraction particularly strong in Ca2GeO4 compared to an analogous CaGeO3

system. Although this supports the initial hypothesis that octahedral tilts drive uniax-
ial NTE in I41/acd Ca2MnO4 via the tension mechanism, readers will have to wait until
Chapter 6 until tilts are discussed in the context of NTE. In the meantime, the search con-
tinues for a phase that be used to inexpensively simulate thermal expansion within the
QHA.

4.3.1 Landau Expansion

Readers may have noticed that the discussion in this section has been very literal. I have
presented concepts like octahedral tilting as atomic mechanisms and was happy to de-
scribe unstable distortions without considering what a multidimensional energy surface
giving rise to imaginary phonons might actually look like. This comes naturally to a
simple-minded materials scientist like myself. For readers of the physics persuasion,
who see the world in Taylor expansions, before we move on I will attempt to construct
a Landau-type model to describe the potential energy surface of Ca2GeO4 (recall that
Landau theory was introduced in Section 2.2.4). I will build this model throughout this
and the following chapters, introducing new terms as required. The full Landau expan-
sion for an (n = 1) A2BO4 Ruddlesden–Popper phase may be found in Appendix C.
Although I explicitly compute very few coefficients to this model, the aim of its construc-
tion is not for quantitative mapping of the energy surface but to capture qualitatively all
of the physical concepts discussed in this thesis.

To start, consider a general Ca2GeO4 Ruddlesden–Popper structure (with energy per
unit volume E) as a perturbation about fully relaxed I4/mmm (with energy E0). Within
the I4/mmm phase (i.e. ignoring distortions that break tetragonal I4/mmm symmetry),
we may express E as a function of the in-plane (#1) and axial (#3) strains and the internal
degrees of freedom with symmetry of the G+

1 irrep. In the I4/mmm structure, these G+
1

modes would be displacements along the layering axis of the calcium cation and api-
cal oxygens in the CaO layer, since these are not restricted by symmetry to lie in the
same plane (see Figure 4.5A). Internal displacements of the G+

1 irrep thus span a two-
dimensional space. However, for the moment I will subsume all coupling involving G+

1
modes into the term f

�
G+

1
�
, which may be assumed to always be minimised. I simply

want to make clear that for this Landau model, G+
1 displacements may not be considered
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implicit in other terms – this will become relevant later in the thesis. We therefore have

E1 = E0 + (C11 + C12) #2
1 + 1/2 C33 #2

3 + 2 C13 #1 #3 + f
�
G+

1
�

, (4.1)

where (C11 + C12) and C33 are necessarily positive for the phase to be mechanically stable.
Thus, E1 > E0 if #1 and/or #3 are non-zero.

Within a 2 ⇥ 2 ⇥ 2 I4/mmm unit cell, I have identified two different kinds of octa-
hedral rotation – having the X+

2 and P4 irreps that correspond, respectively, to in-phase
and anti-phase rotations between adjacent unit cells along c. The P4 irrep has only a
single order parameter that relates to the angle of rotation of every equatorial oxygen
in every perovskite plane. I will call the amplitude of P4 rotations Q(P4). On the other
hand, the X+

2 irrep has two order parameter directions (corresponding to distortions on
the two different perovskite planes in 14-atom I4/mmm Ca2GeO4) but actually spans a
four-dimensional space since it incorporates two senses of symmetry breaking distortion,
B2u and B3u, in each plane. This is all explained in more detail in Appendix B. When this
eigenvector is frozen in a general direction and allowed to relax, the resulting Acam phase
has equal distortion amplitude in both octahedral planes (corresponding to a single order
parameter direction) and only in-plane distortions of B3u rotation character (Ge–O bond
stretching B2u distortions had negligible amplitude in the relaxed phase). Therefore, in
this discussion I consider X+

2 rotation amplitudes only by a single parameter, Q(X+
2 ).

To readers more familiar with ABO3 perovskites, this discussion of complex order pa-
rameter directions may feel rather alien, since in ABO3 systems multidimensional modes
usually arise only because of degeneracies associated with the equivalence of the three
cell axes in the 5-atom cubic parent. However, in a larger parent cell, more atoms means
more harmonic modes (read “displacement directions”) and thus multiple phonon eigen-
vectors breaking the same symmetry operations creates high-dimensional subspaces of
displacement directions that transform as the same irrep, although the eigenvectors as-
sociated with these irreducible matrices need not be degenerate.

Static DFT calculations found relaxed Acam (X+
2 ) and I41/acd (P4) phases to be exactly

equivalent (in energy, lattice parameters, rotation angle etc.). Therefore, for now, despite
that long tangent into order parameter directions, we may call the amplitude of rigid
X+

2 or P4 rotations Q (rot) for generality. The lowest order rotation term in our Landau
expansion is lrot Q (rot)2, where, if the rotation is unstable in I4/mmm Ca2GeO4 then
lrot < 0. Octahedral rotations couple strongly to in-plane strain, where increasing the
rotation amplitude leads to an in-plane contraction. This is to be expected by the tension
mechanism. The lowest order coupling containing both Q (rot) and #1 is lRUM

rot #1 Q (rot)2.
Since #1 has an odd power in this term, if |Q (rot)| > 0 then #1 may always take a non-
zero value that reduces the overall energy through this term. In this case, freezing in a
rotation induces a compressive in-plane strain therefore lRUM

rot > 0. We may thus extend
Equation (4.1) to include rotations to give
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E2 = E0 + (C11 + C12) #2
1 + 1/2 C33 #2

3 + 2 C13 #1 #3 + f
�
G+

1
�

+ lrot Q (rot)2 + lRUM
rot #1 Q (rot)2 + lbq Q (rot)4 .

(4.2)

Examining Equation (4.2), we see that a non-zero Q (rot) induces a negative #1, but
this comes with a penalty from the (C11 + C12) #2

1 term (regardless of the sign of #1). If
we hypothesise for the moment that there is no term directly coupling Q (rot) and #3

(maintaining faith in the RUM picture), non-zero #1 induces a non-zero #3 through the
C13 #1 #3 term. In this case, since a negative #1 induces a positive #3, we conclude that
C13 > 0. Note that an additional lbq Q (rot)4 term has been added to the expansion in
Equation (4.2) to indicate a coupling between the the amplitudes of the frozen rotation
and the active X+

2 or P4 modes. Figure 4.7 showed that when a rotation freezes in to the
I4/mmm structure, previously unstable rotations are pushed up in frequency such that
only unstable tilts remain, this bi-quadratic term captures this competitive coupling if
lbq > 0.

Within the 2 ⇥ 2 ⇥ 2 I4/mmm parent cell, there were three unstable modes with octa-
hedral tilt character, of the X+

3 , X+
4 and P5 irreps. X+

3 and X+
4 are both two-dimensional

irreps (recall Section 2.2.2). However, when frozen in with small amplitude and relaxed,
both resulting tilt phases have tetragonal space groups corresponding to only a single
order parameter direction. Because both irreps appear three times in the full representa-
tion of displacement directions, these single order parameter directions still span a three-
dimensional space of possible displacements: with degrees of freedom in the tilt angle
of both apical and equatorial oxygens (symmetry breaking from the tilt means that the
internal O–Ge–O angle is no longer restricted to 90�) and an in-plane displacement of the
interstitial Ca cation. Therefore, the X+

3 and X+
4 tilt amplitudes in Appendix C, Q(X+

3 )

and Q(X+
4 ) respectively, represent the norm of vectors with at least three independent

components.
The picture becomes even more complicated when we look to the P5 tilt. At the P-

point (1/2, 1/2, 1/2) in Figure 4.5B, the branches corresponding to the doubly-degenerate
X+

3 and X+
4 tilt modes hybridise and create four quadrupally-degenerate modes of the

four-dimensional P5 irrep. Each of these irreps has four order parameters, but the as-
sociated distortion spans a 24-dimensional space. When I froze an uneven combination
of the four degenerate unstable P5 eigenvectors into the I4/mmm parent, the resulting
phase had C2 symmetry (representative of the general order parameter direction). Un-
like for all other I4/mmm unstable modes, full structural relaxation failed to raise this
symmetry, with all distortions associated with all four order parameter directions hav-
ing non-negligible amplitude. Both the Pnma and Iba2 daughters to rotation phases had
frozen tilts of P5 character in a high-symmetry order parameter direction. This suggests
that maybe the general C2 phase is actually not the lowest energy P5 child and there may
be a preferred P5 order parameter direction. That this method of freezing in a general
eigenvector and relaxing the system (using the BFGS algorithm) predicts a phase with
the C2 space group implies that the method is limited for a high-dimensional energy
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surface. To find the true lowest energy P5 structure, one could try other minimisation
methods to more systematically sample the competing phases. However, in every struc-
ture shown in Figure 4.7, tilts with P5 character had a higher frequency than those with
X+

3 character and no phases with frozen P5 modes competed to be the global ground
state of the system. I will conclude only that the intricate energy landscape of P5 tilts is
complex, but that this complexity is beyond the scope of the current study.

For the purpose of this discussion, I will treat the amplitude of any of our three tilt
modes by a single parameter, Q (tilt). However, since the frequencies of these modes in
the parent I4/mmm phase differed, as did energies of the relaxed phases from freezing
in these modes, this substitution is not true in the same sense that it was for the rotation
modes. Understanding that within a RUM picture a non-zero tilt amplitude leads to an
axial contraction (a negative #3), we may construct an analogous equation to Equation
(4.2) for the energy of a system with octahedral tilts,

E3 = E0 + (C11 + C12) #2
1 + 1/2 C33 #2

3 + 2 C13 #1 #3 + f
�
G+

1
�

+ ltilt Q (tilt)2 + lRUM
tilt #3 Q (tilt)2 + lbq Q (tilt)4 ,

(4.3)

where again ltilt < 0 and lRUM
tilt > 0.

Combining the terms we have from Equations (4.2) and (4.3) to describe the energy
of a tetragonal phase with both rotations and tilts we get

E4 = E0 + (C11 + C12) #2
1 + 1/2 C33 #2

3 + 2 C13 #1 #3 + f
�
G+

1
�

+ lrot Q (rot)2 + ltilt Q (tilt)2

+ lRUM
rot #1 Q (rot)2 + lRUM

tilt #3 Q (tilt)2 .

(4.4)

We could just as easily have considered an orthorhombic phase but this would have
complicated the equations by introducing #2 terms for the second in-plane axis. From
Equation (4.4) we see that having non-zero Q (rot) and Q (tilt) favours negative #1 and #3

through the strain-RUM coupling terms. Yet, if both #1 < 0 and #3 < 0, then C13 #1 #3 > 0
adding an additional strain energy penalty. Conversely, if either #1 or #3 were positive,
then the strain-RUM term becomes itself an energy penalty. Phases with large amplitude
rotations and tilts (such as the DFT ground state Pbca phase) thus appear to be largely
unstrained from the I4/mmm parent since they relax to a minimum-energy structure in
which all (non-constant) terms on the first and third lines of Equation (4.4) are zero.

There is one more kind of term that I need to introduce to our working Landau ex-
pansion to explain Figure 4.7. The frequencies of unstable tilts in rotation phases, or
unstable rotations in tilt phases, harden compared to the same unstable irrep in the parent
I4/mmm. This suggests a bi-quadratic competitive coupling, of the form l

bq
r-t Q(rot)2 Q(tilt)2,

between the rotations and tilts that is analogous to the rot–rot or tilt–tilt competitive cou-
plings already identified. Until now I have been using Q(rot) to represent the amplitude
of both X+

2 and P4 rotations, which was motivated by the fact that in static calculations
these rotations were equivalent. However, the frequencies of soft tilt modes differ in re-
laxed Acam and I41/acd phases, with frozen X+

2 and P4 respectively. Furthermore, the
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energy of the X+
2 � X+

3 Pbca phase is lower than that of the P4 � X+
3 Pbca phase. This

suggests that bi-quadratic coupling terms between rotations and tilts differ depending
on the sense of the frozen rotation.

I therefore conclude my Landau expansion for the moment, having included suffi-
cient terms to qualitatively explain the phase diagram of Figure 4.7. As a reminder, the
full Landau equation is given in Appendix C and I will refer to terms introduced in this
section throughout the remainder of the thesis.

4.4 Biaxial Stress

It was shown in the previous section that fully relaxed I41/acd Ca2GeO4 may not be
used to simulate thermal expansion because this phase possesses harmonic phonons with
imaginary frequencies and octahedral tilt character. I also found that octahedral rotations
couple strongly to in-plane compressive strain, whereas tilts favour larger a lattice param-
eters. In the search to generate a phase with all real phonon frequencies, I experimented
simulating the response of I41/acd Ca2GeO4 to an applied biaxial stress.

To construct the plots in Figure 4.9, I apply an external biaxial compression (with
0 GPa component along c) to tetragonal I41/acd Ca2GeO4 and let the cell and all internal
degrees of freedom relax. The horizontal axis of Figures 4.9A and 4.9B gives the in-plane
stress, so, since the external stress was compressive, this stress is always negative. As the
biaxial stress increases, a reduces (necessarily), c increases (by a Poisson effect) and the
frozen rotation angle q increases (as expected from the coupling between rotations and
the lattice parameters identified previously).

Figure 4.9B shows the frequencies of the softest G-point harmonic phonons in I41/acd
Ca2GeO4 as a function of biaxial stress. On this plot (and many subsequent plots of
phonon frequencies) modes have been coloured according to the irrep of any unstable
RUMs in I4/mmm Ca2GeO4 to which the eigenvectors of modes have a non-zero overlap
8. Typically low-frequency phonons have the irrep character of a single I4/mmm RUM,
but those that have character of no RUM irreps are coloured grey and those with the
character of multiple RUMs are labelled accordingly.

The fully relaxed structure (0 GPa) has harmonic phonons with imaginary frequen-
cies (shown as negative in Figure 4.9B). All of these unstable modes have octahedral
tilt character, overlapping strongly with X+

3 (green) or P5 (orange) irreps of the I4/mmm
parent phase. As the stress increases, the frequencies of most modes (including these
tilts) harden until at biaxial stresses above 2.25 GPa (shown as a vertical dotted line) all
G-point modes are stable. X+

4 (purple) modes also describe tilts that generally harden
with the exception of the mode with frequency around 50 cm�1 that appears insenstive

8At other points in this thesis, I have tried to link phonons in similar structures by pairing modes whose
eigenvectors have the largest overlap. However, this procedure was less successful when applied to Figure
4.9B, suggesting that normal mode eigenvectors are strongly affected by biaxial stress. Particularly there
were problems when phonon branches crossed, implying that the modes hybridise at these points, gain-
ing character of both eigenvectors. It should be remembered that in these 56-atom I41/acd cells, normal
mode eigenvectors are high-dimensional objects and therefore pairing eigenvectors in this manner is not as
straightforward as in more simple systems.
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(A) (B)

FIGURE 4.9: Applying biaxial compressive stress to tetragonal I41/acd
Ca2GeO4 (with 0 GPa component along c). (A) Change in a and c lattice
parameters and frozen rotation angle, q. (B) Frequencies of harmonic G-
point phonons coloured according to any unstable I4/mmm RUM irreps
to which the mode eigenvector of the highest stress structure has a non-
zero overlap. Frequencies at other stresses are coloured so as to continue
the phonon branches by matching eigenvectors with the greatest overlap
to those at neighbouring stresses. The vertical dashed line represents a of
relaxed I41/acd Ca2MnO4 and vertical dotted line represents the stress at
which the softest phonon becomes stable. Ca2MnO4 structural parameters

shown as horizontal brown lines.

to stress. The only other anomolous mode on Figure 4.9B has X+
2 octahedral rotation

character (red), which softens slightly as the stress is increased – although this effect is
less pronounced than the hardening of the tilts. This softening is likely due to com-
petitive bi-quadratic coupling with the increasing frozen rotation amplitude – recall the
lbq Q (froz)2 Q (active)2 terms introduced in the previous section, where lbq is a positive
coefficient and Q (froz) and Q (active) are the amplitudes of frozen and active modes
respectively.

If all phonon frequencies remain stable across the full Brillouin zone, it should be
possible to simulate thermal expansion within the QHA for Ca2GeO4 with more than
2.25 GPa biaxial stress applied. However, this leaves us with a free parameter (the stress)
for which we are unsure what value should best emulate the Ca2MnO4 system.

In Section 4.1, I showed that the ground state anti-ferromagnetic co-planar spin order-
ing of I41/acd Ca2MnO4 gives rise to an in-plane magneto-striction due to a lack of Pauli
repulsion between equatorial Mn–O bond orbitals with opposite spin. Such in-plane
magneto-striction is not present in Ca2GeO4 and as a result we may see from Figure 4.9A

that fully relaxed (0 GPa) Ca2GeO4 has a larger a and smaller c than Ca2MnO4 (where
0 GPa Ca2MnO4 structural parameters are shown as horizontal brown dashed lines). A
biaxial stress of 4.3 GPa matches the in-plane lattice parameter of Ca2GeO4 to that of
relaxed Ca2MnO4 (shown as a dashed black vertical line in all plots in Figure 4.9) and
ensures that all G-point phonons have a real frequency.

Inspecting Figure 4.9A, we see that this 4.3 GPa biaxial stress causes c to increase, but
in fact overshoots c of Ca2MnO4. Furthermore, applying any biaxial stress causes q to
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increase significantly from a value only marginally higher than in Ca2MnO4 at 0 GPa.
In hindsight, a secondary axial stress could also have been employed to match both
Ca2MnO4 lattice parameters. However, the substitution of Ca2GeO4 for Ca2MnO4 based
on documented ionic radii was only ever intended to access similar physics related to
NTE in both systems and should not be expected to provide quantitative accuracy. There-
fore, there is limited reward from adding a further fitting parameter to an already approx-
imate model.
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FIGURE 4.10: Comparing (A) the G-point harmonic phonon frequencies
and (B) components of the elastic compliance matrix, s, between I41/acd
phases of Ca2MnO4 and Ca2GeO4 with 4.3 GPa biaxial stress. Reproduced

from [36]

To test the validity of using Ca2GeO4 + 4.3 GPa biaxial stress as a proxy for Ca2MnO4,
in Figure 4.10 I compare the G-point harmonic phonons and elastic compliances between
the two structures. There is excellent agreement between the character and frequency of
the softest modes in both systems (Figure 4.10A). It is these low frequency modes that are
most heavily populated at low and moderate temperatures, thus one would presume that
these modes contribute most strongly to the thermal expansion. Figure 4.10B shows that
the elastic compliances have similarly close agreement. Since these two properties are the
only ingredients of the QHA, if this agreement is assumed to hold at other q-vectors and
across the grid of perturbed structures required for the QHA, then Ca2GeO4 + 4.3 GPa is
a good approximation for Ca2MnO4.

Furthermore, in Tables 4.2 and 4.3 I compare the structural parameters, relative cell
energies, DE, and relative cell enthalpies, DH, of key phases from the full Ca2GeO4 phase
diagram shown in Figure 4.7 between the biaxially compressed Ca2GeO4 system and
fully relaxed Ca2MnO4. Under no external stress, I41/acd Ca2GeO4 is predicted to be
higher in energy than the competing P42/ncm tilt phase and the ground state PbcaAcam

(the child rotation+tilt phase to the first generation Acam rotation phase). However,
accounting for the enthalpy correction from applying a 4.3 GPa biaxial stress causes
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Phase a (Å) b (Å) c (Å) f1 (�) f2 (�) q (�) DE (meV/atom) DH (meV/atom)
I4/mmm 3.6896 3.6896 11.7728 0.0 0.0 0.0 0.000 0.00

Acam 5.1265 5.1269 12.1649 0.0 0.0 12.25 -7.05 -17.61
I41/acd 5.1267 5.1267 24.3297 0.0 0.0 12.24 -7.05 -17.61

P42/ncm 5.2480 5.2480 11.6854 0.0 7.88 0.0 -7.72 -4.16
PbcaAcam 5.1265 5.1269 12.1649 0.0015 0.0017 12.25 -7.05 -17.61

TABLE 4.2: Structural parameters and relative phase energies of Ca2GeO4 Ruddlesden–
Popper phases with 4.3 GPa applied biaxial stress.

Phase a (Å) b (Å) c (Å) f1 (�) f2 (�) q (�) DE (meV/atom)
I4/mmm 3.6637 3.6637 11.7818 0.0 0.0 0.0 0.000

Acam 5.1268 5.1266 12.0398 0.0 0.0 10.25 -7.63
I41/acd 5.1267 5.1267 24.0798 0.0 0.0 10.25 -7.63

P42/ncm 5.2129 5.2129 11.6887 0.02 7.00 0.0 -1.28
PbcaAcam 5.1263 5.1270 12.0397 0.0 0.0 10.24 -7.63

TABLE 4.3: Structural parameters and relative phase energies of
Ca2MnO4 Ruddlesden–Popper phases.

Ca2GeO4 to qualitatively reproduce the Ca2MnO4 phase diagram; since, (i) I41/acd is
lower in energy than P42/ncm and (ii) in both systems a structure with PbcaAcam sym-
metry relaxes to the parent Acam phase. As in unstressed Ca2GeO4, this Acam phase is
equivalent to I41/acd in ground state calculations. In Tables 4.2 and 4.3 I show PbcaAcam

structural parameters from the fully relaxed calculation, however, running findsym sym-
metry analysis software on this relaxed phase identifies it to be Acam.

4.5 The QHA

Now that I have established that applying a 4.3 GPa biaxial stress to the I41/acd phase
of Ca2GeO4 stabilises all G-point harmonic phonons and gives excellent agreement of the
harmonic G-point phonons and elastic constants to relaxed I41/acd Ca2-MnO4, we may
consider performing lattice dynamics calculations on this biaxially compressed structure.

Using standard DFT, one may compute the ground state energy of a structure, EDFT.
The absolute value of EDFT is often of little interest, typically we are interested only in
the energy difference between different systems containing the same atoms. Adding the
work done against external pressure to the DFT energy gives the enthalpy, H. Since I ap-
plied an anisotropic external stress to an anisotropic solid, this mechanical work consists
of the familiar PV term plus an anisotropic work term [176], V Tr (�ext"), where " and
�ext are the second rank strain and external stress tensors. The hydrostatic pressure, P, is
computed from �ext as P = 1/3 Tr (�ext).

The Gibbs free energy, G, is the sum of the enthalpy and the vibrational free energy,
which is itself a sum of the energy due to quantum mechanical vibrations at absolute zero
(the so-called zero point energy, ZPE) and a temperature dependent free energy term that
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I will call Fvib(T), hence

G = EDFT + PV + V Tr (�ext") + ZPE + Fvib(T). (4.5)

Within the harmonic approximation, the ZPE and Fvib(T) terms in Equation (4.5) may
be computed from the full phonon density of states (PDOS), providing that all modes
have real frequencies. Referring back to Chapter 2, we remember that the ZPE is found
as

ZPE = Â
i

1/2h̄ w(i) (4.6)

and Fvib(T) by the expression

Fvib(T) = Â
i

kB T ln

"
1 � exp

 
�h̄ w(i)

kB T

!#
(4.7)

where w(i) denotes the frequency of mode i and it is assumed that the summation over
i is over all phonon branches and q-vectors (i.e. numerically integrating across the Bril-
louin zone). In a rigorously harmonic system, the phonon frequencies would not change
with volume. However, in Section 2.1.3 I introduced the quasi-harmonic approxima-
tion (QHA), whereby, since DFT implicitly includes all anharmonic interactions when
computing the ground state forces, performing harmonic phonon calculations on differ-
ent structures yields different harmonic phonons (and hence different ZPE and Fvib(T)).
Therefore, by performing lattice dynamics calculations on a set of structures, one may
predict which structure will have the lowest free energy at a given temperature.

I41/acd Ca2GeO4 is tetragonal and thus has two independent lattice parameters, a
and c. I constructed a grid of structures with fixed a and c by applying tensile and com-
pressive uniaxial strain to the biaxially stressed I41/acd Ca2GeO4 phases investigated in
Section 4.4. I then let the internal ionic coordinates relax for each fixed cell structure. The
full grid is shown in a–c space in Figure 4.11. For each fully relaxed structure, I then
computed the dynamical matrix using DFPT on a 4 ⇥ 4 ⇥ 1 grid of q-points. By Fourier
transforming this dynamical matrix, one may extract the real space force constant matrix,
that was then used to interpolate onto a finer 32 ⇥ 32 ⇥ 8 grid of q-points to generate the
full PDOS for each structure. See Appendix A for full details of DFT and DFPT calcula-
tions. This 4 ⇥ 4 ⇥ 1 DFPT q-point grid and 32 ⇥ 32 ⇥ 8 fine q-point grid gave conver-
gence in the ZPE to 10�4 meV/atom and convergence in Fvib at 300 K to 10�3 meV/atom.
For completeness, analytic LO/TO splitting corrections were included for four (appro-
priately weighted) symmetrically inequivalent directions for near G q-points, however,
in practice these were found to make no difference to the full PDOS.

With the converged PDOS for each structure in Figure 4.11, I could now compute
G(a, c, T) for every gridpoint using Equation (4.5) under arbitrary external stress. In or-
der to minimise the resulting two-dimensional isothermal energy surface, I first fitted a
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FIGURE 4.11: The “space” of a and c lattice parameters of the tetrag-
onal I41/acd Ca2GeO4 Ruddlesden–Popper structure. Shown are: the
fully relaxed structure (blue star); the cell parameters from applying dif-
ferent biaxial stresses as in Section 4.4 (black dashed line); the grid of fixed
cells used for QHA calculations (black crosses) and the minima of vari-
ous free energy surfaces from including different terms in Equation (4.5)
with 4.3 GPa applied biaxial stress (various – see annotations). a of relaxed
I41/acd Ca2MnO4 and an approximate region where G-point X+

3 octahe-
dral tilts have imaginary frequencies are illustrated. Structures represented

by gridpoints labelled A–D are discussed in the text.

Murnaghan equation [177] to the G(c, T|a) versus volume, V(c|a), curve for each fixed a,

G(c, T|a) = G0 +
B0 V(c|a)

B0
0

"
1

B0
0 � 1

✓
V0

V(c|a)

◆B0
0

+ 1

#
� V0 B0

B0
0 � 1

, (4.8)

where G0, V0, B0 and B0
0 are all fitting parameters, respectively representing the energy,

volume, bulk modulus and derivative of the bulk modulus with respect to pressure of
the equilibrium structure.

By solving Equation (4.8) I could find the equilibrium volume, Ve(T|a), for each fixed
a and trivially the equilibrium ce(T|a). These minimum ce(T|a)’s thus formed a valley
in a � c space (described by a fourth order polynomial, p (a)) and a second Murnaghan
equation could be fitted to the volumes along this valley to give the global minimum
volume, Ve(T). Thus the equilibrium lattice parameters, ae(T) and ce(T), were found by
solving p (a) with the constraint Ve = a2

e ce.
On Figure 4.11, the fully relaxed I41/acd Ca2GeO4 structure (blue star), the enthalpy

minimum under 4.3 GPa biaxial stress (purple dot), the H + ZPE minimum at 0 K (brown
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dot) and the equilibrium structure as a function of temperature at 10 K intervals up to
300 K (red crosses) have all been marked on the a–c grid. Discussion of how the pre-
dicted equilibrium lattice parameters evolve as a function of temperature, the thermal
expansion, will be postponed until Chapter 6. For now I want to focus on the structural
and energetic changes from including different terms in Equation (4.5) to the free energy
surface.

One of the first points to notice from Figure 4.11 is that the strain between the mini-
mum of the DFT enthalpy surface to the minimum of the free energy surface from adding
ZPE is not insignificant. In fact, this strain is comparable in magnitude to the change in
lattice parameters between 0 K and room temperature predicted by the QHA calculations.
Including ZPE leads to a 0.32% expansion in a and a 0.24% increase in c. Transforming
this cell strain by the elastic constant matrix c (a two-dimensional representation of the
elastic constant tensor using Voigt notation – see Section 2.1.4) of the minimum enthalpy
Ca2GeO4 structure yields an effective stress vector associated with this shift. There is
a 1.36 GPa driving force for in-plane expansion from ZPE corrections and an effective
1.41 GPa stress driving expansion of c. Therefore accounting ZPE creates a thermody-
namic driving force for approximately isotropic expansion.

I was only able to perform this QHA calculation on the biaxially stressed Ca2GeO4

system, since the unstressed system had phonons with imaginary frequency and the
full PDOS calculations required for the QHA were prohibitively expensive in Ca2MnO4.
However, if I transfer the effect of including the ZPE in the biaxially stressed system to
these other structures – i.e. I model the ZPE correction as -1.38 GPa hydrostatic pressure
– then I may estimate the low temperature lattice parameters of I41/acd Ca2GeO4 and
Ca2MnO4. The results are shown in Table 4.4 alongside the fully relaxed lattice parame-
ters for both structures. For comparison, I have also included the low temperature limit
of fits to low temperature (5–150 K) lattice parameters measurements for Ca2GeO4 and
Ca2MnO4. For more detail of these fits to experimental data, look ahead to Section 6.1.

Compound Method a (Å) c (Å)
Ca2MnO4 neutron (5 K) [36] 5.16838 24.1538
Ca2MnO4 DFT (0 GPa) 5.12656 24.0809
Ca2MnO4 DFT + ZPE* (0 GPa) 5.14295 24.1410
Ca2GeO4 XRD (10 K) [34] 5.22065 23.87357
Ca2GeO4 DFT (0 GPa) 5.23403 23.8818
Ca2GeO4 DFT + ZPE* (0 GPa) 5.25530 23.9214
Ca2GeO4 DFT (4.3 GPa) 5.12732 24.3162
Ca2GeO4 DFT + ZPE (4.3 GPa) 5.14384 24.3754

TABLE 4.4: Lattice parameters of I41/acd phase Ca2MnO4 and Ca2GeO4
computed from first-principles calculations and experimental measure-
ment. Lattice parameters from DFT simulations labelled ZPE denote the
minimum of the 0 K free energy surface computed within the QHA by in-
cluding the energy of harmonic quantum vibrations at absolute zero. For
values labelled “ZPE*” the ZPE correction has been modelled as a 1.38 GPa

pressure driving hydrostatic expansion.

Lattice parameters predicted by ground state DFT for fully relaxed I41/acd Ca2-MnO4



4.5. The QHA 105

(discussed in Section 4.1) agree fairly well with neutron diffraction measurements down
to 5 K, with DFT predicting a and c to be too small by -0.8% and -0.3%, respectively.
However, when I account for the strain correction from including ZPE effects – that is, I
apply the Ca2MnO4 elastic compliance matrix to the 1.38 GPa effective hydrostatic pres-
sure driving isotropic expansion – the agreement in lattice parameters improves further
with errors of -0.5% and -0.06% for a and c respectively. This seems to suggest that ZPE
corrections are important to improve the accuracy of predicted DFT lattice parameters at
low temperatures.

For Ca2GeO4, the agreement between the low temperature limit of XRD measure-
ments (down to 10 K) and lattice parameters of the fully relaxed DFT structure is even
closer – DFT predicts only +0.26% and +0.03% errors in a and c. However, since the
relaxed structure is predicted to be (ever so slightly) larger than experiment, ZPE correc-
tions actually make this agreement worse.

Considering common exchange-correlation functionals, the local density approxima-
tion (LDA) [178] is known to overpredict binding energies (thus predict lattice parame-
ters that are smaller than experiment) whereas generalised gradient approximation (GGA)
functionals, such as PBE [179], tend to underpredict binding (predicted lattice parame-
ters are too large). PBEsol [180], used in this work, was developed from PBE specifically
to improve the predicted lattice parameters of solids. These < 1% errors in lattice param-
eters are typical of the PBEsol exchange-correlation functional [181].

The QHA simulations predict that the strains from the ZPE corrections are large com-
pared to the predicted thermal expansion over a moderate temperature range, yet very
small in terms of absolute lattice parameters. This may suggest that the errors in lattice
parameters due to the electronic limitations of DFT dwarf those caused from omitting the
vibrational corrections required at cryogenic temperatures.

I applied a compressive biaxial stress to relaxed I41/acd Ca2GeO4 to make it a better
representative system for Ca2MnO4. The minimum strains required to make all har-
monic phonons stable were greater than 1% on both axes and therefore always gave
worse agreement with measured low temperature I41/acd Ca2GeO4 lattice parameters.
One might argue that to match the low temperature experimental lattice parameters of
Ca2GeO4 once ZPE corrections are included, that a hydrostatic pressure should be used
rather than a biaxial stress. However, the small hydrostatic pressures that would improve
predicted lattice parameter agreement with experiment are unlikely to be sufficient to
stabalise harmonic phonons and therefore this line of argument breaks down.

In the above analysis, I had to extract the driving force for isotropic expansion asso-
ciated with the ZPE correction from the biaxially stressed Ca2GeO4 system because the
fully relaxed structure has phonons with imaginary frequencies. However, from Equa-
tion (4.6) we see that the ZPE scales linearly with frequency and therefore the greatest
contribution should come from stiff modes. Although it does not make sense to include
modes with imaginary frequencies in Equation (4.6), instinctively one may imagine that
if the system were slightly perturbed, such that these modes were soft but stable, then
they would only have negligible contribution to the total ZPE. By comparing the lattice
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dynamics of the stressed and unstressed systems I was able to test this hypothesis.
Figure 4.12A shows the phonon bandstructure of the fully relaxed I41/acd Ca2Ge-

O4 structure with the branches that have imaginary frequency (shown as negative) at
G coloured red. Figure 4.12B then shows the phonon bandstructure computed for the
gridpoint B on Figure 4.11, very close to the H + ZPE minimum with 4.3 GPa applied
biaxial stress. In this stressed structure, all phonons have real frequencies across the
full Brillouin zone. By pairing the phonon eigenvectors with the greatest dot product
between the two structures, I was able to identify the soft-mode branches in the biaxially
compressed structure that were unstable in the fully relaxed structure. These branches
have been coloured red in Figure 4.12B. It should be noted that although the q-vector
labels in Figures 4.12A and 4.12B are the same as those for the I4/mmm parent phase
in Figure 4.5B, since the I41/acd unit cell is a

p
2 ⇥

p
2 ⇥ 2 supercell of the parent, the

q-points do not actually describe the same wavevectors.

(A) 0 GPa (B) 4.3 GPa

FIGURE 4.12: Phonon bandstructures of I41/acd Ca2GeO4: (A) fully re-
laxed (0 GPa biaxial stress) and (B) gridpoint B on Figure 4.11, very close
to the enthalpy minimum with 4.3 GPa biaxial stress. Branches that have
imaginary frequencies (shown as negative) at G in the 0 GPa structure are
coloured red in both band structures. High-symmetry q-points: G=[0,0,0],

L=[0,0,1/2], S=[1/2,0,0], X=[1/2,1/2,0] and P=[1/2,1/2,1/2].

In Table 4.5, I report free energies, computed by including various terms in Equation
(4.5), of the gridpoints labelled D, B and C in Figure 4.11, which lie close to the minimum
H, minimum H + ZPE and high temperature equilibrium structures, respectively. All
free energies are reported relative to structure D, although the absolute values for ZPE
and Fvib at 50 K and 300 K are also shown. By identifying the soft, otherwise unstable,
branches in the biaxially stressed structure, I was able to remove the contribution of these
modes from ZPE and Fvib terms. I have thus labelled the calculations that exclude these
soft branches as “hard”. In every row of Table 4.5, red text colour indicates the lowest
energy structure.

Reassuringly, structure D, near the H minimum, has the highest DFT energy but the
lowest enthalpy of the three gridpoints studied, having 0.33 meV/atom lower enthalpy
than gridpoint B, near the H + ZPE minimum. Including the energy contribution from
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meV/atom D B C
D (EDFT) 0.00 -1.26 -3.00

D (H) 0.00 0.33 1.71
ZPEhard 63.96 63.43 62.27

ZPE 64.59 64.09 62.84
D
⇣

H + ZPEhard
⌘

0.00 -0.20 0.03
D (H + ZPE) 0.00 -0.17 -0.04

Fhard
vib [50K] -0.09 -0.09 -0.10
Fvib[50K] -0.10 -0.10 -0.12

D
⇣

H + ZPEhard + Fhard
vib [50K]

⌘
0.00 -0.20 0.01

D (H + ZPE + Fvib[50K]) 0.00 -0.18 -0.06
Fhard

vib [300K] -24.08 -24.46 -75.71
Fvib[300K] -25.53 -25.89 -79.72

D
⇣

H + ZPEhard + Fhard
vib [300K]

⌘
0.00 -0.58 -51.60

D (H + ZPE + Fvib[300K]) 0.00 -0.53 -54.23

TABLE 4.5: Free energies of structures labelled D, B and C in Figure 4.11,
computed by including different terms in Equation (4.5). These are the
closest gridpoints to the enthalpy minimum, the 0 K and the 300 K free
energy minima, respectively, with 4.3 GPa biaxial stress. Relative energies
are compared to gridpoint D. For each row, the lowest energy value is

coloured red.

0 K harmonic vibrations adds over 64 meV/atom to the enthalpy of structure D, but less
than 1% of this comes from the soft phonon branches. The magnitude of ZPE for struc-
tures B and C is similar to structure D, so by including ZPE, B becomes 0.17 meV/atom
lower in energy than D, indicating that B has 0.5 meV/atom lower zero point energy than
D. The magnitude of ZPE (approx 60 meV/atom) is huge compared to the enthalpy scale
of these gridpoints or compared to the energy differences between competing Ca2GeO4

phases (both on the order of 1-5 meV/atom). On the other hand, the relative free energy
difference between the enthalpy minimum and the 0 K free energy minimum is on a sim-
ilar order to these energy scales. Including the ZPE contributions from soft modes only
leads to a 0.03 meV/atom change in free energy, around two orders of magnitude lower
than the energy scale of competing phases. However, one must remember that this is
comparing between structures where the same soft modes have been removed from both
ZPE calculations. Since I removed entire phonon branches from these calculations, even
if the mode was only unstable at certain parts of the Brillouin zone, then these I41/acd
Ca2GeO4 calculations actually overestimate the contribution from soft phonons.

Because phonons follow a Bose–Einstein distribution (recall Chapter 2), modes with
the lowest harmonic frequencies have the highest population at finite temperature. This
effect should be especially pronounced at low temperatures when only the softest modes
have populated. This may be seen at 50 K, where including the contributions from soft
phonons changes the free energy of structure C by 0.07 meV/atom. This change repre-
sents around a third of the free energy scale spanned by the three gridpoints and there-
fore is significant in determining the position of the free energy minimum. However, the
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magnitude of Fvib at 50 K is only of the order 0.1 meV/atom, which is still very small
compared to relative phase energies. Hence, when trying to establish the Ca2GeO4 phase
diagram at the lowest temperatures accessible in experiment (10 K) it is important to
include energetic contributions from zero point vibrations. Fvib corrections at these cryo-
genic temperatures are of secondary importance.

We saw in the previous section that applying 4.3 GPa biaxial stress is sufficient to
make I41/acd one of two degenerate lowest enthalpy Ca2GeO4 structures (alongside
Acam with in-phase frozen rotations). This biaxial correction was intended to emulate
Ca2MnO4. However, I have still not established why Ca2GeO4 is observed to adopt
the I41/acd phase at very low temperatures in experiment, even though DFT predicts
PbcaAcam (the child phase of Acam) to be the ground state – lower in energy than I41/acd
by 3.2 meV/atom. To investigate the lattice dynamics contributions to the low temper-
ature phase diagram, I computed the full PDOS for five competing phases from Figure
4.7 – I4/mmm, Acam, I41/acd, P42/ncm and PbcaAcam – with no external stress. These
phonon calculations were all performed on a q-point grid equivalent to a 4 ⇥ 4 ⇥ 1 DFPT
grid and a 32 ⇥ 32 ⇥ 8 interpolation grid in the 56-atom I41/acd unit cell. The PDOS of
all five competing structures are shown in Figure 4.13.

FIGURE 4.13: Phonon density of states (PDOS) for five competing
Ca2GeO4 phases with no external applied stress. All of the phases ex-
cept Pbca have modes with imaginary frequencies that have been shown

as negative.

In Section 4.3, I showed that relaxed Acam and I41/acd rotation phases are equiva-
lent in static calculations (having equal energy, lattice parameters and rotation angle) but
the frequencies of the softest G-point modes differ depending on the sense of the frozen
rotation. From Figure 4.13 we see that even in their lattice dynamics the two phases dif-
fer only slightly; qualitatively the two PDOS spectra look very similar, only certain low
frequency I41/acd peaks are shifted to slightly lower frequencies, yet above 450 cm�1 the
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two spectra are identical. This suggests that the sense of the frozen octahedral rotation
only couples weakly to soft active vibrations.

Previously, I found that I4/mmm Ca2GeO4 had unstable phonons at the X and P
points and all of the Acam, I41/acd and P42/ncm first generation phases had modes
with imaginary frequency at G. This is reflected in the PDOS, where all phases other
than PbcaAcam have states with imaginary frequencies (shown as negative). However,
the weight from these unstable harmonic phonons is tiny compared to the total PDOS,
especially for Acam, I41/acd and P42/ncm phases.

Phase DE (meV/atom) ZPE (meV/atom) D (E + ZPE) (meV/atom)
I4/mmm 0.0000 59.0619 0.0000

Acam -9.0354 61.0214 -7.0759
I41/acd -9.0351 61.0246 -7.0724

P42/ncm -9.8855 61.1189 -7.8285
PbcaAcam -12.2894 61.6576 -9.6936

TABLE 4.6: DFT energies and energies from zero point vibrations (com-
puted from the PDOS in Figure 4.13 ignoring states with imaginary fre-
quency) for various Ca2GeO4 phases with no external stress. Relative en-
ergies compared to the undistorted I4/mmm parent. The lowest energy in

each column is coloured red.

In Table 4.6 I present the zero point energy of each of the phases in Figure 4.13, com-
puted ignoring the contribution from any states with imaginary frequencies. Alongside,
I show the energies of the phases (relative to the I4/mmm parent) and the 0 K free energy
from adding the ZPE contribution. In each column the value for the lowest energy phase
is coloured red. These ZPE contributions have only been computed in the DFT relaxed
structure and no further minimisation of the 0 K free energy surface has been performed.

As the relative phase energy decreases, there is a general trend in Figure 4.13 that
peaks in the PDOS shift to a lower frequency, suggesting a lengthening of the stiffest
chemical bonds. One would expect that this would correspond to a reduction in ZPE, but
actually the ZPE decreases as phases become lower in energy. Adding ZPE contributions
therefore closes the energy gaps between competing phases but is insufficient to change
the ranking of the 0 K predicted phase stabilities; PbcaAcam is still 2.6 meV/atom lower in
free energy than I41/acd (the experimental low temperature phase) and 1.9 meV/ atom
more stable than the lowest energy first-generation Ca2GeO4 phase.

The only qualitative change to the phase diagram is that the degeneracy between
Acam and I41/acd phases is slightly lifted by including ZPE effects (but only of the order
of 0.002 meV/atom). Surprisingly, the phase with frozen in-plane rotation (Acam) is
actually predicted to have a lower 0 K free energy than the experimentally observed
phase with frozen anti-phase rotation.

These results do not agree with experimental observations at low temperature. How-
ever, let us consider the validity of this computational experiment in the context of the
preliminary investigation of ZPE contributions to biaxially stressed I41/acd Ca2GeO4.
Previously it was found that including the contributions from “soft” modes added ap-
proximately 0.6 meV/atom to the ZPE of biaxially stressed I41/acd Ca2GeO4. This is
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very similar to the magnitude of the difference between ZPE in I41/acd (with unstable
harmonic modes) and PbcaAcam (with all real frequencies). Without performing anhar-
monic calculations, we have no idea what the effective harmonic frequencies of these
otherwise unstable I41/acd modes would be at 0 K with no applied stress. However,
this suggests that the errors from removing these contributions are on the same energy
scale as the ZPE differences. I4/mmm has the lowest ZPE by over 2 meV/atom, which is
large compared to the other ZPE differences between phases. However, the PDOS shows
that I4/mmm also has the largest proportion of soft modes – suggesting that the inac-
curacies from removing these modes are largest in the parent phase (recall the I4/mmm
phonon bandstructure from Figure 4.5B to see where these modes lie). Finally, though
Acam is predicted to have (very slightly) lower 0 K free energy than I41/acd, this may
be misleading. The differences in lattice dynamics between the two very similar phases
are most pronounced at low frequencies and therefore the largest contribution to their
different ZPEs may come from different bi-quadratic coupling between the frozen rota-
tions and the unstable tilt modes. The 0.002 meV/atom difference in predicted ZPEhard is
still smaller than the difference in ZPE due to soft modes between very similar biaxially
stressed structures.

This last criticism of the method may actually be addressed within the QHA from
my current calculations. In Table 4.7 I compare the ZPE and 0 K free energy between
relaxed (lowest enthalpy) Acam and I41/acd phases with 4.3 GPa applied biaxial stress.
The structural parameters for these phases were reported previously in Table 4.2 and
showed the two structures to be identical in lattice parameters and frozen rotation angle
(bar a doubling of the c axis due to the anti-phase sense of the rotation in I41/acd). Note
that in Table 4.7 energies are given relative to Acam not I4/mmm as above. Accounting
for the full PDOS in this biaxially compressed system, I41/acd is now predicted to be
0.05 meV/atom lower in 0 K free energy than Acam. This is still a very small energy
difference compared to the separation of most phases but at least predicts the experimen-
tally observed phase to be more stable than the competing rotation phase – that up until
now DFT has shown to be degenerate. Furthermore, since the two phases only differed
by 0.002 meV/atom when ignoring soft modes, this 0.05 meV/atom difference comes en-
tirely from coupling of the active tilts to the sense of the frozen rotation – i.e. terms such as
lBQ

X+
2 X+

3
Q(X+

2 )2 Q(X+
3 )2 and lBQ

P4 X+
3

Q(P4)2 Q(X+
3 )2 in our Landau expansion in Appendix

C. Since all modes are stable in these biaxially stressed phases, I am able to include finite
temperature Fvib(T) contributions. These predict I41/acd to be 0.08 meV/atom lower in
energy at 300 K, which shows that this difference in phase energies is amplified by tem-
perature as these soft tilts populate. However, since this value is much lower than kB T
at 300 K (25.8 meV/atom), it remains a mystery to me why in experiment Ca2GeO4 and
Ca2MnO4 adopt a phase with anti-phase rotations about c rather than the sense of these
rotations being disordered.

If the assumption, that I may compute ZPE by ignoring modes with imaginary fre-
quencies, is false, then this still means that the calculations in Table 4.6 underpredict
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Phase DH ZPE D (H + ZPE) DG(300 K)
Acam 0.0000 63.3528 0.0000 0.0000

I41/acd +0.0003 63.3006 -0.0519 -0.0808

TABLE 4.7: Free energies computed within the QHA for Acam and I41/acd
phases of Ca2GeO4 (with in-phase X+

2 and anti-phase P4 rotations, respec-
tively) with 4.3 GPa applied biaxial stress. Relative energies compared to

Acam and in each column the lowest energy value is coloured red.

ZPE for I4/mmm, Acam, I41/acd and P42/ncm phases. Yet, within the harmonic ap-
proximation, my calculation of the ZPE of relaxed PbcaAcam Ca2GeO4 should be correct.
Since this phase is already predicted to have the largest ZPE, adding the contributions
from soft modes to other phases cannot improve agreement of the predicted 0 K phase
diagram to experiment. In biaxially stressed I41/acd Ca2GeO4, minimising the 0 K free
energy surface within the QHA led to a 0.2 meV/atom reduction in free energy. Allowing
for 0 K relaxation can only reduce the value of E + ZPE from those quoted. Therefore,
if these corrections in unstressed I41/acd Ca2GeO4 had a free energy gain of the same
order of magnitude as in the biaxially stressed system, even if the ground state PbcaAcam

phase were also the E + ZPE relaxed structure, these corrections could still not bridge
the 2.6 meV/atom energy gap between the DFT 0 K free energy diagram and 10 K ex-
perimental observations. In conclusion, although I have employed a (frankly terrible)
approximation of just pretending phonons with imaginary harmonic frequencies do not
exist, by quantifying the inaccuracies of this approximation in a similar system I have
been able to establish that the QHA does not reproduce the low temperature Ca2GeO4

phase diagram.
What could be the reasons for this failing of DFT? The first instinct of a computational

materials scientist when density functional theory does not agree with experiment is of-
ten to blame the exchange-correlation functional. I showed earlier in this section that
PBEsol simulations give excellent agreement to the 0 K limit of Ca2GeO4 lattice param-
eters from a fit to XRD data at cryogenic temperatures. I previously theorised that a
slight hydrostatic pressure might further improve this prediction once one accounted
for ZPE corrections. However, judging by the changes in lattice parameters required
to stabilise soft near-G tilts when applying biaxial stress, I postulated that such a slight
pressure would be insufficient to affect the phase diagram. Of course, just because the
lattice parameters predicted by DFT are accurate does not mean that DFT perfectly cap-
tures the energy landscape from changing internal coordinates. The competing phases of
Ruddlesden–Popper Ca2GeO4 all have the same chemical bonding and bond topology,
with only slight differences in octahedral tilting – one may therefore suggest that it is
likely that any qualitative failings of the exchange-correlation functional in this system
would produce a systematic error that affected all competing phases equally. However,
even in the unstressed I41/acd phase of Ca2MnO4 and Ca2GeO4, DFT overpredicts the
amplitude of the frozen rotation angle compared to the low temperature limits of ex-
perimental measurements. If the issue of I41/acd phase stability in Ca2GeO4 had been
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more crucial to the project, it would have been useful to have explored more exchange–
correlation functionals.

Another possible source of error lies in the QHA method employed. Even within
my harmonic calculations, I have determined in this chapter that the shallow, complex
energy landscape of Ruddlesden–Popper Ca2GeO4 is dominated by octahedral rotations
and tilts coupling to themselves, each other and the lattice. Anharmonicity has only
slightly featured in these calculations in phases where these modes have been frozen in,
aside from the lowest order coupling between active tilts and the I41/acd G+

1 degrees of
freedom included in the QHA free energy surface minimisation (so called implicit anhar-
monicity). (Note that G+

1 I41/acd modes are different from the parent I4/mmm G+
1 degrees

of freedom in Appendix C – for one they include the frozen rotation). Including greater
anharmonicity in the calculation of ZPE might more accurately capture the interaction of
these rotations and tilts and improve the agreement of the low temperature phase dia-
gram to experiments. However, as pointed out previously, these corrections would have
to be more than just treating unstable harmonic modes anharmonically in order to raise
the relative 0 K free energy of PbcaAcam. Although it is disappointing that I have failed to
capture the low temperature Ca2GeO4 energy surface correctly in my simulations, I ac-
cept that this is a tangent to my wider thesis aim of understanding and controlling negative
thermal expansion in these systems. For that reason, I have not pursued other simulation
routes that include higher orders of anharmonicity than the QHA to solve this problem.

4.6 Summary

Before I wrap up this chapter, let us revisit my initial objectives and assess to what extent I
have succeeded in meeting them. I set out to find a system on which I could inexpensively
perform QHA calculations to simulate thermal expansion to compare with experimental
measurements on I41/acd Ca2MnO4. In this I have succeeded in discovering that apply-
ing a 4.3 GPa biaxial stress to I41/acd Ca2GeO4 stabilises modes that otherwise would
have imaginary frequencies and gives better agreement of the lattice parameters, G-point
harmonic phonons and elastic constants to Ca2MnO4 simulated using DFT. This also by-
passes the need to perform spin-polarised electronic simulations (leading to a saving in
computation time but also greatly improving the chance that electronic minimisation will
converge without any interaction from me) and allows a more efficient method, DFPT,
to be used to compute harmonic phonons across a large q-point grid (again leading to
large savings in computational cost). When I started out on this project, low temperature
experimental data was only available on Ruddlesden–Popper Ca2MnO4 and therefore
failings of DFT to predict I41/acd Ca2GeO4 as the 0 K ground state were less concern-
ing. However, more recent experiments now confirm that Ruddlesden–Popper Ca2GeO4

adopts the I41/acd phase down to 10 K (the lowest measurement temperature). To hope
to improve first-principles predictions of the Ca2GeO4 Ruddlesden–Popper phase dia-
gram, one would probably need to screen a larger set of exchange–correlation or employ
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methods that include higher-order anharmonicity than the quasi-harmonic approxima-
tion. However, I will show in Chapter 6 that with applied biaxial stress simulations on
the Ca2GeO4 system are sufficient to identify the mechanism for uniaxial NTE without
including higher-level physics.
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Chapter 5

The Corkscrew Mechanism
Now that we have familiarised ourselves with the structure and energy landscape of
A2BO4 Ruddlesden–Popper oxides, this chapter takes a step back from simulations and
concentrates on developing a mechanical model to describe the elastic response of the
negative thermal expansion (NTE) phase based on structural arguments alone. This
model, which I have named the corkscrew mechanism, predicts that low n Ruddlesden–
Popper phases with frozen octahedral rotations should be particularly compliant to cou-
pled in-plane and axial strains – the same cooperative strains induced by temperature
changes in the NTE phase. This chapter acts as a prelude to Chapter 6 in which I will
compare experimental measurements and simulations performed on the system identi-
fied in Chapter 4 and in doing so will assess the predictive accuracy of the proposed
corkscrew model. Some of the work presented in this chapter is available as a preprint on
the arXiv repository [35].

5.1 Introduction

It is common to consider ABO3 perovskites as formed from connected rigid BO6 octa-
hedral units that may tilt and rotate but which do not themselves deform. Within this
picture, A cations are often treated as hard spheres that occupy space but do not interact
with the octahedral framework. This ansatz forms the basis of the Goldschmidt tolerance
factor, t, a metric introduced in Section 3.2; if t is less than unity, this indicates that A
cations do not fill the octahedral interstities and the BO6 units will tilt. In fact, it is known
that A cations have secondary interactions with the octahedra and that attractions be-
tween A cations and O anions provide a driving force for the octahedra to tilt [114, 182].
Once a phase transition has taken place and the octahedral tilt is frozen, the A-site cations
have a lower coordination, with some A–O bonds shorter (and hence one might assume
stronger) than in the undistorted parent, whereas other A–O distances increase (implying
even weaker A–O interactions).

It was observed from first-principles simulations on Ca2GeO4 in Section 4.3 that freez-
ing in octahedral tilts and rotations has a large effect upon the lattice parameters of the
tetragonal I4/mmm parent phase; octahedral rotations (about the layering axis) tended to
induce an in-plane contraction and an expansion of the layering axis whereas freezing
in octahedral tilts (about an axis within the layer plane) drove the opposite effect. I ex-
plained that this in-plane contraction associated with rotations is to be expected within
a rigid unit model yet the axial expansion is not. I suggested that the expansion of the
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layering axis may be due to a Poisson effect. In all low n Ruddlesden–Popper oxides with
uniaxial NTE along the layering axis, c, discussed in Section 3.3, the frozen rotation angle
decreases as c reduces and the in-plane (a & b) axes expand. Again, this correlation be-
tween the in-plane lattice parameter and frozen rotation angle is expected within a rigid
unit picture, yet the effect of the rotation angle upon c is not.

(a)(a)
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B

O

(b)
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Figure 1: (a) The corkscrew mechanism in A2BO4 Ruddlesden–Popper oxides with a frozen rotation
about the layering axis: a decrease in the in-plane rotation angle causes an in-plane expansion and a
contraction along the layering axis; (b) a corkscrew being screwed into a cork: a change in the rotation
angle also leads to an increase in the width of the two-dimensional picture but a decrease in the height
of the combined object; and (c) the two-dimensional unit cell of rotated rigid corner-connected squares
increases with a decrease in the rotation angle of each square.

2 Derivation

Figure 2a shows an n = 1 A2BO4 Ruddlesden-Popper compound with a frozen octahedral rotation
about the layering axis. This structure is visualised in the conventional manner for perovskite
based chemistries: BO6 octahedra are displayed as polyhedra (grey) with O ions at the corner
linkages (red) and A cations (green) sitting in the interstitial sites with no A–O chemical bonds
shown. The structure depicted in Figure 2 has an octahedral rotation that is in-phase between
equivalent periodic image cells along [001], placing the cell in the Acam space-group symmetry.
However, the mechanism described in this report would apply equally well to a phase in which
the octahedral rotations were exactly out-of-phase between adjacent periodic cells.

Figures 2b and 2c depict cross-sections of the (001) and (11̄0) planes that are highlighted in
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dashed open circles and the shortest four metal-oxygen bonds that lie in these planes are shown
as rigid struts. These four bonds consist of: the two distinct B–O bonds – between the central
B cation and the equatorial (r1) and apical oxygen (r2) corner ions; the shortest A–O distance
– across the AO layer interface between layers of adjacent BO6 octahedra (r3); and finally the
shortest distance between the interface A cation and equatorial O anions (r4). Equatorial O
anions in the (001) plane do not actually lie in (11̄0) due to the non-zero value of the rotation
angle � and in fact sit a distance of r1 sin (�) from this plane. These O anions are shown as
thick dotted open circles and the struts of length r1 connecting these equatorial O ions to nearest
neighbour B cations are shown projected onto (11̄0).

The four shortest metal cation bonds (r1 – r4) were identified in our previous work to be the
most sti� in DFT simulations on the I41/acd phase of Ca2GeO4 [3]. In this work, we assume
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FIGURE 5.1: (A) The corkscrew mechanism in A2BO4 Ruddlesden–Popper
oxides with a frozen rotation about the layering axis: a decrease in the in-
plane rotation angle causes an in-plane expansion and a contraction along
the layering axis; (B) an illustration of an actual corkscrew being screwed
into a cork: a change in the rotation angle also leads to an increase in the

width of the combined object but a decrease in its height.

In an A2BO4 phase with a frozen octahedral rotation about c but no other octahedral
distortions, such as the uniaxial NTE phase of many A2BO4 compounds, the two shortest
A–O bonds are made shorter by the frozen octahedral rotation than they would be in
the undistorted parent phase. I propose that if we treat these two shortest A–O bonds
as stiff – like the intra-octahedral B–O bonds in a standard rigid unit model – yet treat
all other A–O interactions as weak, then we may explain why the frozen octahedral ro-
tation angle couples to the a and c axes. In such a model, changing this rotation angle
cooperatively strains the in-plane and layering axes without extending any stiff nearest-
neighbour bonds or breaking any of the symmetries of the crystal. This is illustrated in
Figure 5.1A, where BO6 are displayed as rigid octahedral units and these two shortest
A–O bonds are shown as rigid struts. I call this model the corkscrew mechanism because
when a corkscrew is screwed into a cork, an in-plane rotation leads to a decrease in height
of the combined object (cork + screw) as illustrated in Figure 5.1B.

In this chapter, I will formulate equations describing the geometry of an idealised
A2BO4 rotation phase where the two shortest A–O bonds and the BO6 octahedra are per-
fectly rigid, yet there are no restrictions on all other interatomic bonds and angles. This
therefore represents the limit of a perfect corkscrew model. By assuming that the only resis-
tance to deformation comes from changing certain A–O–A and B–O–B bond angles, I will
subsequently derive expressions for elastic compliance components of this idealised sys-
tem. This follows the approach taken by many studies constructing geometric models to
describe auxetic materials (materials with a negative Poisson ratio) – some of which were
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reviewed in Section 3.5.4. Typically these models were constructed to describe the struc-
tures of low density metamaterials or metal organic frameworks (MOFs) so this study
presents a novel application of such a model to a dense ceramic. I will go on to discuss
the boundary conditions under which this corkscrew mechanism can apply – that is un-
der what geometries the initial assumptions break down. Finally, I will extend the model
to other An+1BnO3n+1 Ruddlesden–Popper phases of arbitrary n. This geometric analysis
will be referred to in contrast to data from experiments and higher-level simulations in
the proceeding chapters. Although I do not expect idealised models of this kind to give
quantitatively accurate predictions of real chemical systems, this analysis can be useful
to understand the underlying mechanisms that operate in a real material alongside other
effects.

5.2 Derivation
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FIGURE 5.2: (A) The unit cell of an A2BO4 Ruddlesden–Popper phase with
a frozen rotation about the layering axis. A (green) and O (red) ions are
shown as spheres and BO6 octahedra are shown in grey. The (001) (or-
ange) and (11̄0) (blue) planes are highlighted; (B) & (C) Cross-sections of
the (001) and (11̄0) planes with insets magnifying specific regions of the
illustrations. Atoms lying on the plane are shown as dashed circles and
dashed squares show the outline of BO6 octahedra. The lattice parameters
{X1, . . . , X3} and shortest bond lengths {r1, . . . , r4} are labelled alongside
the in-plane rotation angle, q and the angle, a, between the A cation and the
(002) plane (containing the B cation and equatorial O). Equatorial O ions
in the (001) plane in (C) have a more sparse dash since they lie a distance

of r1 sin q out of the (11̄0) plane.
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Figure 5.2A shows an (n = 1) A2BO4 Ruddlesden-Popper compound with a frozen
octahedral rotation about the layering axis. This structure is visualised in the conven-
tional manner for perovskite-based chemistries: BO6 octahedra are displayed as polyhe-
dra (grey) with O ions at the corner linkages (red) and A cations (green) sitting in the
interstitial sites with no A–O chemical bonds shown. The structure depicted in Figure
5.2A has an octahedral rotation that is in-phase between equivalent periodic image cells
along [001], placing the cell in the Acam space-group symmetry. However, the mecha-
nism described in this report would apply equally well to a phase in which the octahe-
dral rotations were exactly out-of-phase between adjacent periodic cells. In Appendix B,
I discuss the fact that in DFT simulations on Ca2GeO4, these relaxed polymorphs with
in-phase or anti-phase rotations are indistinguishable in cell energy, lattice parameters,
rotation angle etc. Therefore, in this chapter I treat the phase with a smaller unit cell for
simplicity. This same appendix shows that Acam A2BO4 is metrically tetragonal, whereas
the I41/acd phase with an anti-phase rotation (which is the uniaxial NTE phase of many
A2BO4 compounds) is actually tetragonal. Hence tetragonality is assumed throughout
this chapter.

Figures 5.2B & 5.2C depict cross-sections of the (001) and (11̄0) planes that are high-
lighted in orange and blue respectively in Figure 5.2A. Atoms lying on these planes are
shown with thick, dashed open circles and the shortest four metal-oxygen bonds that lie
in these planes are shown as rigid struts. These four bonds consist of: the two distinct
B–O bonds – between the central B cation and the equatorial (r1) and apical oxygen (r2)
corner ions; the shortest A–O distance – across the AO layer interface between layers
of adjacent BO6 octahedra (r3); and finally the shortest distance between the interface A
cation and equatorial O anions (r4). Equatorial O anions in the (001) plane do not actu-
ally lie in (11̄0) due to the non-zero value of the rotation angle, q, and in fact sit a distance
of r1 sin (q) from this plane. These O anions are shown as thick dotted open circles and
the struts of length r1 connecting these equatorial O ions to nearest neighbour B cations
are shown projected onto (11̄0).

In this work, I will assume that the four shortest metal cation bonds ({r1, . . . , r4}) are
perfectly rigid, leaving only one remaining internal degree of freedom in the structure:
the in-plane octahedral rotation angle, q. The other angle, a, shown in the inset to Figure
5.2C, between the equatorial O plane and the shortest A–equatorial O bond (r4), is con-
strained by geometry and determined by q. Changes in lattice parameters, X1 and X3,
are therefore only facilitated through changes in q.

In the unrotated parent phase (where q = 0�), symmetry along the layering axis is
broken at the AO:ABO3 interface and thus the apical O anions and A cations are not re-
stricted to lie in the same plane. Hence, there is a rumpling in the axial coordinates of
these apical oxygen and interfacial A cations and displacements of either ion along the
layering axis transform as the G+

1 irrep – that is to say, they do not lower the crystal sym-
metry. In a phase with a frozen rotation (q 6= 0�), further changes in q do not lower the
crystal symmetry. If q increases, within a rigid unit picture, the in-plane lattice parameter,
X1, should decrease. As q increases, the equatorial oxygen moves. Since the A–O bond
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labelled r4 is assumed to be rigid, as the equatorial oxygen moves the interfacial A cation
is pushed up and, thus, the angle a opens up. The A–O bond aligned with the layering
axis (labelled r3) is also assumed to be rigid. Therefore, as A moves up, so too does the
apical O displace upwards across the AO layer. Since the displacement of both of these
ions transforms as G+

1 in the parent phase, this does not lower the crystal symmetry. This
apical oxygen is connected to a rigid BO6 octahedron that cannot deform and is fixed to
a high-symmetry coordinate within the unit cell. However, since, by symmetry, the same
process is occurring on the other side of the octahedral layer, the lattice parameter along
the layering axis, X3, must increase to accommodate these axial displacements. The op-
eration of the corkscrew mechanism, hence, does not lower the symmetry of the crystal
within an A2BO4 rotation phase.

Throughout this thesis I am developing a Landau expansion to describe the energy
landscape of A2BO4 Ruddlesden–Popper oxides (of which the full expression may be
found in Appendix C). In such an expression, the magnitude of the rotation angle is
represented by the order parameter Q (rot). The displacement of the A and apical O
ions that transforms as G+

1 may be described by a single order parameter, Q
�
G+

1
�
, since

their coordinates relative to one another do not change (this distance, r3, is fixed). Hence,
within this developing Landau model, the coupling represented by the corkscrew model
has the form

ECS = lCS #1 #3 Q
�
G+

1
�

Q (rot)2 , (5.1)

where lCS is the coefficient to this term.
Following the method of previous works [161, 162, 164], I model changes in the dBOB

and dAOA bond angles through harmonic potentials. That is to say that the work done
per hinge, wj, is expressed in terms of incremental changes in bond angle dj by

wj =
1
2

kj (dj)2 , (5.2)

where kj is the hinge stiffness. Since changes in these bond angles are the only allowed
internal deformations, we are able to derive resulting mechanical properties for the crys-
tal.

We may write an expression for the in-plane lattice parameter X1 based on Figure
5.2B,

X1 = X2 = 2
p

2 r1 cos q, (5.3)

where the two in-plane lattice parameters, X1 and X2, are equal since the unit cell is
tetragonal.

A similar expression for X3 can be formed by inspection of Figure 5.2C:

X3 = 2 [r2 + r3 + r4 sin a] . (5.4)

Following the method of Grima et al. [161–164] we may derive the elastic properties
of the system depicted in Figure 5.2 under the constraint that the only resistance to de-
formation comes from the harmonic potential in Equation (5.2). This derivation is not
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particularly involved, but to avoid swamping the reader with pages of algebra, I will
here jump to the main results. The derivation is presented in full in Appendix D.

The full expressions for the three independent terms of the elastic compliance matrix,
sij, (recall Section 2.1.4) for the idealised corkscrew system are found to be:

s11 = s12 =

✓
sin2 (q)

4

◆
r2

1 X3
kq + ka

⇣
da
dq

⌘2
� , (5.5a)
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s13 = �
✓

sin (2q) [sin q + cos q]
4 tan a
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⇣
da
dq

⌘2
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5.3 Structural Limitations

For given bond lengths r1 – r4, the model has a single degree of structural freedom, q,
from which all other structural parameters, such as X1, X3 and a may be computed.
Although they are not restricted to be equal by symmetry, for simplicity of this analysis
let us imagine that the two B–O bond lengths are equal (r1 = r2) and the two shortest
A–O bond lengths are also equal (r3 = r4), giving only two independent bond lengths r1

and r4. Aside from limiting the parameter space, this assumption has little effect since in
all equations in Section 5.2, r2 and r3 appear only as the sum r2 + r3 in the formula for
X3 in Equation (5.4). Multiplying all bond lengths by a constant rescales the system size,
but otherwise does not affect any equations in Section 5.2. Therefore, we are interested in
how varying the ratio between r4 and r1 affects the mechanism. I will capture this ratio
in the term

t =
r4p
2r1

, (5.6)

since, given my assumption that all nearest neighbour A–O and B–O bond lengths are
the same, this expression is the tolerance factor, t.

The corkscrew model thus has two independent structural parameters, q and t. In
this section I will investigate the possible values of q and t under which the mechanism
may operate.

Figure 5.3A shows cross-sections of the BO6 octahedra through the (001)-plane as
rigid squares (the same view as Figure 5.2B). X1 is largest when q = 0� and as q in-
creases these rigid squares pack closer together, decreasing X1, until q = 45� when the
rigid squares are perfectly packed. 45� is therefore the upper limit of q in a system of
perfectly stiff r1–r4 bonds and BO6 octahedra with no interactions between other atoms.
It is apparent from Figure 5.3A that this upper limit on q can not be representative of any
real atomic system since the distance between equatorial oxygen ions on neighbouring
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Figure 3: (a) The in-plane lattice parameter, X1, with changing � in terms of X1 when � = 0�; (b)

sketches of the (001)-plane cross section for di�erent regimes of �. The blue hashed region in (a) shows
the range of � where the mechanism may reasonably operate in a real system.

Since X3 depends upon �, which is itself a function of � and r4/r1, contours in Figure 4a show
di�erent r4/r1 ratios.

8

(B)
(a) (b)

� = 0� 0� < � < 45� � = 45�

dAO =
p

r2
4 + 2r2

1

r1 sin (�)

�

r4 sin (�)

r4
dAO

2 r1 cos (�)

r1/
�

2

dAO

p
2 r1

�0

r4dAO

2 r1

�0 = cos�1
⇣

r1
r4

⌘
� = cos�1

⇣
r1[cos(�)�sin(�)]

r4

⌘
� = 90�

dAO = r4

r4 sin (�0)
r4

f (�) =
�

r2
4 sin2 (�) + r2

1 [cos (�) + sin (�)]2

dAO = f (�)

dAA

(c)

Figure 4: (a) The lattice parameter along the layering axis, X3, with changing � and r4/r1 as � is varied
between 0� and 45�; (b) d�

d� as a function of � for di�erent r4/r1 ratios; (c) sketches of the (11̄0)-plane
cross section for di�erent regimes of �. The blue hashed regions in (a) & (b) show the ranges of � and
r4/r1 where the mechanism may reasonably operate in a real system.

It should be apparent from the � = 0� panel of Figure 4c that r4 � r1. The � = 0� value of
�, �0, then depends on r4/r1, where � = 0� only if � = 0� and r4 = r1. In the � = 45� limit,
� = 90� always as the A–O (r4) bond aligns with the [001] direction. The greatest change in X3

over the range of � occurs when r4 = r1 such that X3 may extend to 1.5 X3(� = 0�), although
the rate of change in X3 with � is greatest for low �, where sin (�) is approximately linear. The
rate of change of X3 with � is even greater for low � and low r4/r1 since Figure 4b shows that
d�
d� >> 1. In contrast, a large r4/r1 ratio leads to a large �0, decreasing both the range of � as �
varies 0� ! 45� and the rate of change of X3 with � at higher � values.

9

FIGURE 5.3: Sketches of the atoms lying on the (A) (001)-plane and (B)
(11̄0)-plane for the extremes q = 0� & q = 45� and a general intermediate

value of q.

octahedra, dOO, tends to zero as q approaches 45� – which is clearly non-physical. There
must be a lower limit to the range of q that can expected in a reasonable system.

Figure 5.3B then shows cross-sections of atoms lying on the (11̄0)-plane (again, the
same view as Figure 5.2C). When q is non-zero, there are two distinct distances between
the equatorial oxygen and nearby interstitial A cations. It was an assumption of the
model that the shorter of these distances, r4, describes a stiff chemical bond, yet the longer
distance, dAO, is between weakly interacting atoms. In the limit that q = 0�, the two
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distances are equal and this assumption breaks down. There must therefore be a lower
bound to q in which the corkscrew mechanism could be valid. When q = 0�, the dAOA
angle between A cations is 2 a0, where a0 is related to the ratio between r4 and r1 (see
equation on Figure 5.3B). Even if the corkscrew mechanism is not expected to operate
in the undistorted parent phase, it is still expected that this phase should be realisable.
This puts a lower limit on t, since, as t tends to 1/p

2, the distance between A cations, dAA,
tends to zero in the limit that q = 0�.

FIGURE 5.4: Distributions of octahedral rotation angle, q, and the r4p
2 r1

ratio of bond lengths (representative of the tolerance factor) measured from
all A2BO4 compounds of the I41/acd spacegroup on the ICSD, irrespective

of composition or measurement conditions.

I have given the structural limits in which the proposed corkscrew model either
breaks the initial assumptions or becomes absurd. Rather than trying to reason a range of
sensible values for q and t, I have instead looked to nature. Figure 5.4 shows histograms
of q and t measured from all structures of A2BO4 compounds in the I41/acd phase on the
Inorganic Crystal Structure Database (ICSD), independent of composition or the measure-
ment conditions (temperature, pressure etc.). These show that q varies between 4 � 14�

and t varies over a range 0.825 � 0.940. In the following analysis I have hence focused
only on models within this parameter space.

5.4 Analysis

5.4.1 Structural response

Now that we have a range of sensible q and t, Figure 5.5 plots the strain response of the
in-plane and layering axes to changing q, d#1

dq and d#3
dq , against q, for the lower and upper
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bounds of t – shown as blue and red curves respectively. Vertical dotted lines indicate
the lower and upper bounds of q.

FIGURE 5.5: Response of the in-plane axes, d#1
dq , and layering axis, d#3

dq , to
changes in rotation angle, q, for A2BO4 phases with a frozen octahedral
rotation, as predicted by the corkscrew mechanism. Vertical lines identify
the range of q measured from experimental structures and blue and red

lines indicate the respective lower and upper bounds of t.

Increasing q induces an in-plane contraction that is independent of t. The magnitude
of this response increases linearly with q, from the q ! 0� limit in which there is no
linear response to changes in q (I have already said that in this limit the assumptions of
the model break down). On the other hand, #3 does depend on t and the axial response
to changing rotation angle is greatest for low t and low q. Within the corkscrew model,
the strain response of the layering axis is greater than an in-plane axis across almost all
of the reasonable range of t and q chosen. Whether changing the rotation angle induces an
increase or decrease in volume of the tetragonal unit cell depends upon the precise values
of t and q. For the lowest reasonable q (when t ⇡ 0.825), the magnitude of d#3 can be up
to eight times larger than d#1, meaning that changes in X3 dominate changes of volume
within the small strain limit. However, when q ⇡ 14� and t ⇡ 0.94, d#3 is approximately
equal to �d#1 and therefore, although a small decrease in q will cause a contraction of the
layering axis, the volume will increase from the in-plane expansion.

The corkscrew model mechanically couples in-plane strains to strains along the lay-
ering axis and therefore is natural to describe in terms of Poisson ratios. Figure 5.6 illus-
trates that n13 (the negative change in e3 in response to a small change in e1) is greatest for
small q and drops rapidly as q increases. Even over our range of sensible q and t, n13 is
predicted to be vary large within the corkscrew model – varying between 1 and 7 – given
that a perfectly incompressible isotropic material would have a Poisson ratio of exactly
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FIGURE 5.6: Poisson ratios, n13 and n31, predicted by the corkscrew model
as a function of q. Vertical lines identify the range of q measured from ex-
perimental structures and blue and red lines indicate the respective lower

and upper bounds of t.

0.5 and most materials have Poisson ratios below that. The reciprocal Poisson ratio, n31,
is also shown for reference and has a far more moderate value.

5.4.2 Elastic response

Let us now consider the elastic response of the model by accounting for the resistance to
deformation provided by the q- and a-hinges. Recall that these hinges are modelled by
harmonic potentials with force constants kq and ka. Inspecting Equations 5.5a–5.5c, we

see that these constants only appear in the bracketed expression


kq + ka

⇣
da
dq

⌘2
�

, which

is shown in Appendix D to be proportional to the elastic work. Just as rescaling all bond
lengths equally would lead to a cell enlargement but no qualitative change in behaviour,
so too would rescaling both kq and ka create a system that is globally more stiff by a
constant factor. All qualitative changes to the model behaviour dependent on the ratio
of these two hinge stiffnesses must thus arise from the da

dq term. In Figure 5.7 I plot this
function against q for various t. When r4 =

p
2 r1 (i.e., t = 1), da

dq equals unity, indepen-
dent of q. For t slightly less than 1 (where our reasonable values fall), da

dq is approximately
constant and greater than 1 for high q, but deviates from this value as q becomes smaller.
Over our reasonable range of q and t, although changing t changes the value of this
derivative, it is fairly insensitive to changes in q, especially towards the higher t bound.
Figure 5.7 thus shows that within our reasonable range of q and t, the derivative da

dq has
only slight dependence on q and therefore we may conclude that the behaviour of the
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mechanical work – and consequently the elastic compliance components – with q is also
little affected by the relative values of kq and ka.

FIGURE 5.7: The derivative of the angle a with respect to the angle q as a
function of q for a tetragonal A2BO4 phase with a frozen octahedral rota-
tion, as predicted by the corkscrew mechanism. Vertical lines identify the
range of q measured from experimental structures and blue and red lines
indicate the respective lower and upper bounds of t. Other contours show

other values of t that are not necessarily realisable in a real system.

in Figure 5.8 I plot the evolution of the three independent elastic compliance compo-
nents (recall that s12 = �s11) with q for each of our lower and upper bounds of t. Since
we have established that changing the ratio of kq or ka has little change on the behaviour
of sij components, Figure 5.8 plots sij for the case that kq = ka = 1. It is immediately
apparent that s33 is larger in magnitude than either s11 or s13. However, the magnitude
of s11 and s13 is approximately equal for all q, showing that the off-diagonal coupling be-
tween in-plane and layering axes is comparable within the corkscrew mechanism to the
in-plane response. Neither s11 nor s13, which both increase in magnitude as q increases,
vary much with either kq or t over the range of q shown. However, the axial compliance,
s33, is greatest in the limit of low q and changes depending on t.

s11 becomes monotonically more compliant with higher q, since the strain response
(discussed previously) is greater. Similarly, s33 is greatest for lowest q, since in this
regime, small changes in q have the largest effect upon X3. s13 decreases monotonically
as q increases. From Figure 5.8, it seems as though s13 behaves as the negative of s11, get-
ting larger as q increases. Within our range of reasonable q this is true, and the maximum
coupling between axes is found for largest q. However, in a purely mechanical model
(without the restrictions on q or t), the magnitude of s13 reaches a maximum around 22�

and then decreases again to zero as q ! 45�.
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FIGURE 5.8: Inequivalent components, sij, to the elastic compliance ma-
trix as a function of rotation angle, q, for a tetragonal A2BO4 phase with
a frozen octahedral rotation as predicted by the corkscrew mechanism in
the case that kq = ka = 1. Vertical lines identify the range of q measured
from experimental structures and blue and red lines indicate the respective

lower and upper bounds of t.

5.5 Extending to arbitrary n

The derivation in Section 5.2 focused only on the n = 1 member of the An+1BnO3n+1

series. However it is possible to extend this derivation to a system of general layer thick-
ness n. Figure 5.9 shows the (1̄10) plane of the Acam phase of (n = 3) A4B3O10, the same
plane displayed in Figure 5.2C for (n = 1) A2BO4.

The in-plane structure (i.e., the cross-section through the (001) and (002) planes shown
in Figure 5.2B) is exactly the same in the n = 3 and n = 1 cases. Therefore, for n = 3, X1

and X2 will be given by Equation (5.3) and hence n12 = �1 also.
Additional planes of BO6 octahedra clearly affect the expression for X3, however. Not-

ing that the thickness of the cell edge and middle perovskite layer blocks have both in-
creased by n � 1 BO6 units (each 2r2 in height) between Figure 5.2C and Figure 5.9, but
the same number of r3 and r4 bonds remain. We may express X3 generally as

X3 = 2 [(2n � 1) r2 + r3 + r4 sin a] . (5.7)

Similarly, since each BO6 layer contains four q-hinges, there are n BO6 layers per per-
ovskite block and two perovskite blocks in the unit cell, Equation (D.17) may be gener-
alised to

W = 16

"
n kq + ka

✓
da

dq

◆2
#

(dq)2 . (5.8)
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6 Extending to arbitrary n

now corresponding to the highest |s13| values. Since the blue hashed region is bounded by the
invariant r4 =

p
2 r1 contour, the compliance components of systems with parameters in this

region are only weakly dependent upon k�/k�.

6 Extending to arbitrary n
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Figure 7: The cross section of the (11̄0) plane of
an n = 3 phase with a frozen rotation about the
layering axis to represent a general member of the
An+1BnO3n+1 series. Atoms lying on the plane are
shown as dashed circles and dashed squares show the
outline of BO6 octahedra. The lattice parameters
X1–X3 and shortest bond lengths r1–r4 are labelled
alongside the in-plane rotation angle, � and the an-
gle, �, between the A cation and the plane containing
the B cation and equatorial O.

The derivation in Section 2 focused only on
the n = 1 member of the An+1BnO3n+1 series,
however it is possible to extend this derivation
to a system of general layer thickness n. Figure
7 shows the (1̄10) plane of the Acam phase of
n = 3 A4B3O10, the same plane displayed in
Figure 2c for n = 1 A2BO4.

The in-plane structure (i.e. the cross sec-
tion through the (001) and (002) planes shown
in Figure 2b is exactly the same in the n = 3
and n = 1 cases. Therefore for n = 3, X1 and
X2 will be given by Equation (2) and hence
�12 = �1 also.

Additional planes of BO6 octahedra clearly
a�ect the expression for X3, however. Noting
that the thickness of the cell edge and middle
perovskite layer blocks have both increased by
n � 1 BO6 units (each 2r2 in height) between
Figure 2c and Figure 7, but the same number
of r3 and r4 bonds remain. We may express
X3 generally as:

X3 = 2 [(2n � 1) r2 + r3 + r4 sin (�)] (27)

Similarly, since each BO6 layer contains 4
�-hinges, there are n BO6 layers per perovskite
block and 2 perovskite blocks in the unit cell,
Equation (18) may be generalised:
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It is then straightforward to use the new definitions of X3 and W to construct the terms of
the s matrix in Equation (25) as a function of any n.
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Inspecting Equation (27), we see that it has the form X3 = a n + b where b contains the
component to X3 that may change with changing � and that this term forms a smaller proportion
of X3 as n increases. It was shown previously that the behaviour of W with changing � is weakly
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Figure 7: The cross section of the (11̄0) plane of
an n = 3 phase with a frozen rotation about the
layering axis to represent a general member of the
An+1BnO3n+1 series. Atoms lying on the plane are
shown as dashed circles and dashed squares show the
outline of BO6 octahedra. The lattice parameters
X1–X3 and shortest bond lengths r1–r4 are labelled
alongside the in-plane rotation angle, � and the an-
gle, �, between the A cation and the plane containing
the B cation and equatorial O.
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the n = 1 member of the An+1BnO3n+1 series,
however it is possible to extend this derivation
to a system of general layer thickness n. Figure
7 shows the (1̄10) plane of the Acam phase of
n = 3 A4B3O10, the same plane displayed in
Figure 2c for n = 1 A2BO4.
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tion through the (001) and (002) planes shown
in Figure 2b is exactly the same in the n = 3
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Additional planes of BO6 octahedra clearly
a�ect the expression for X3, however. Noting
that the thickness of the cell edge and middle
perovskite layer blocks have both increased by
n � 1 BO6 units (each 2r2 in height) between
Figure 2c and Figure 7, but the same number
of r3 and r4 bonds remain. We may express
X3 generally as:

X3 = 2 [(2n � 1) r2 + r3 + r4 sin (�)] (27)

Similarly, since each BO6 layer contains 4
�-hinges, there are n BO6 layers per perovskite
block and 2 perovskite blocks in the unit cell,
Equation (18) may be generalised:
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Inspecting Equation (27), we see that it has the form X3 = a n + b where b contains the
component to X3 that may change with changing � and that this term forms a smaller proportion
of X3 as n increases. It was shown previously that the behaviour of W with changing � is weakly
dependent upon k�/k� when r4/r1 6=

p
2. On the other hand, Equation (28) shows that when

comparing structures with di�erent n, the k�/k� ratio is extremely important such that if k�/k�

<< 1, W � n whereas if k�/k� >> 1, W � 1. Using this insight, in Table 1 we show the
dependence of s11, s33 and s13 on n for di�erent k�/k� regimes.
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FIGURE 5.9: The cross-section of the (11̄0) plane of an n = 3 phase with
a frozen rotation about the layering axis to represent a general member of
the An+1BnO3n+1 series. Atoms lying on the plane are shown as dashed
circles and dashed squares show the outline of BO6 octahedra. The lattice
parameters X1–X3 and shortest bond lengths r1–r4 are labelled alongside
the in-plane rotation angle, q and the angle, a, between the A cation and

the plane containing the B cation and equatorial O.

It is then straightforward to use the new definitions of X3 and W to reconstruct equa-
tions for independent sij terms (Equations (5.5a)–(5.5c)) as a function of n,

s11 (n) µ
(2n � 1) r2 + r3 + r4 sin a

n kq + ka

⇣
da
dq

⌘2 , (5.9a)

s33 (n) µ
1

[(2n � 1) r2 + r3 + r4 sin a]


n kq + ka

⇣
da
dq

⌘2
� , (5.9b)

s13 (n) µ
�1

n kq + ka

⇣
da
dq

⌘2 . (5.9c)

Since the trigonometric coefficients remain the same as in Equations (5.5a)–(5.5c),
these expressions show only the proportionality of the equations to n.

Taking mean values of q = 9.3� and t = 0.90 from the histograms of ICSD values in
Figure 5.4, Figure 5.10 shows how the s11, s33 and s13 compliance components vary as a
function of 1/n for different ratios of kq/ka, in each case fixing ka = 1. It is evident from
Equation (5.8) that changing the absolute values of kq and/or ka changes the energy scale
of the mechanical work and thus also the values of the compliance components. Since
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FIGURE 5.10: Elastic compliance components, sij, for tetragonal
An+1BnO3n+1 Ruddlesden–Popper oxide phases with a frozen octahe-
dral rotation as a function of 1/n, predicted within the corkscrew model.
Colours indicate different ratios of hinge stiffnesses, kq and ka. In practice,
ka was set to equal 1, yet the whole curves were rescaled to such that the
mechanical work for the n = 1 limit was the same as the mechanical work

in the case that n = 1 and kq = ka = 1.

in this toy model we are interested in different qualitative behaviours with changing n,
different curves in Figure 5.4 have been renormalised to ensure that W for the n = 1 limit
matches that of the kq = ka = 1 case (green).

Previously, in the n = 1 case only, it was found that sij components were only weakly
dependent on the relative values of kq and ka. Figure 5.10 appears to show the opposite:
s33 always has an approximately linear increase with 1/n, only the sign of the slight curva-
ture changes depending on the value of kq ; however, s11 and s13 have qualitatively very
different dispersion with reciprocal layer thickness depending on kq . In order to under-
stand the curves in Figure 5.10, I have constructed Table 5.1 showing the proportionality
of the various sij components with n in different regimes.

kq � ka s11 µ c +
� 1

n
�

s33 µ ( 1
n )

2

c+( 1
n )

s13 µ �
� 1

n
�

kq ⌧ ka s11 µ c +
� 1

n
��1 s33 µ ( 1

n )
c+( 1

n )
s13 µ 1

TABLE 5.1: Proportionality of various components of the elastic compli-
ance matrix sij to the reciprocal of perovskite layer thickness, 1/n, for dif-
ferent regimes in the ratio of harmonic hinge stiffnesses related to the a

and q bond angles.

Pure ABO3 perovskite represents the n = • end member of the Ruddlesden–Popper
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series. In this limit, s33 (and thus also s13) tend to zero within the corkscrew model,
irrespective of kq . This is because the ratio of a-hinges, which couple the rotation angle
to the layering axis, become infinitesimally small relative to the number of q-hinges. s33

increases monotonically with increasing 1/n since more a-hinges per volume allow for a
greater strain response of the layering axis. All sij components have a greater magnitude
for almost all n when ka > kq . This is because the number of q-hinges per unit cell,
Nq , is greater than or equal to the number of a-hinges, Na. Only in the A2BO4 system
discussed previously does Nq equal Na. In this case, the sij components where kq >

ka are generally more compliant only because da
dq > 1 (recall Figure 5.7). When kq �

ka, s11 and s13 are both linearly proportional to 1/n. s11 increases with 1/n in this limit
because adding AO layers decreases the number of stiff q-hinges per volume. When
kq ⌧ ka, s11 becomes large as n ! • since there are now very few a-hinges providing
the main resistance to deformation, but many q-hinges facilitating in-plane strain. As
kq ! 0, s11 diverges in the perovskite because there is no resistance at all to deformation.
However, since the corkscrew mechanism I propose operates at the interface between
ABO3 and AO layers, it cannot really be applied to the pure perovskite system – in this
case the corkscrew mechanism reduces solely to the two-dimensional corner–connected
squares model discussed previously. s13 is largely independent of n in the limit that
kq ⌧ ka since all of the coupling between axes in the corkscrew model comes from the
AO:ABO3 interface and there are the same number of interfaces in every cell regardless
of the thickness of the perovskite layers between them. However, in the strict case that
n = •, there are no interfaces and thus the model breaks down causing s13 to equal zero.

5.6 Summary

I have developed a model, the corkscrew mechanism, to explain coupled in-plane expan-
sions and axial contractions in tetragonal A2BO4 Ruddlesden–Popper structures with a
frozen octahedral rotation about the layering axis. In an idealised limit that the four short-
est metal–anion bonds are so stiff compared to other interatomic interactions that these
bonds remain perfectly rigid, I was able to derive equations describing the relations be-
tween structural components. By assuming that the only resistance to deformation came
from changing bond angles, I was further able to derive elastic properties of this sys-
tem and analyse the structural and elastic behaviour for a series of realistic parameters
(based on values of real materials). Finally I was able to extend this model for the n = 1
member of the An+1BnO3n+1 series to a general n and discuss how different compliance
components change with n, in the limits that resistance to deformation comes primarily
from one of two different bond angles. I therefore have presented this proposed model
conceptually and developed the mechanics for this idealised system. Later in the thesis, I
will revisit this model and investigate how the proposed mechanism captures data from
experiments or first-principles simulations.
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Chapter 6

The origin of uniaxial NTE in
Ca2MnO4 and Ca2GeO4
The titular aim of this thesis is to understand and control uniaxial negative thermal expansion
in layered perovskites. However, the results presented until now have been, at best, only
tangentially related to thermal expansion. The discussion of methods for controlling NTE
in layered perovskites will be further postponed until Chapters 7 and 8. For the moment,
I will focus on trying to reproduce the experimentally observed uniaxial NTE in low n
Ruddlesden–Popper oxides using first-principles simulations and attempt to address the
question of why this NTE arises.

Experimental uniaxial NTE in (n = 1) Ca2MnO4 was first reported a quarter of a
century ago [29]. However, at the start of this project no one had simulated anisotropic
thermal expansion in a (finite n) Ruddlesden–Popper oxide using first-principles meth-
ods. For reasons outlined previously in Chapter 4 (in short to save CPU and PhD student
hours), it was desirable to compute anisotropic thermal expansion in a non-magnetic
system and avoid spin-polarised calculations required to simulate anti-ferromagnetic
Ca2MnO4. As a result, Ca2GeO4 (with a small 4.3 GPa biaxial stress applied) was found
to be a good proxy for Ca2MnO4.

At the start of this chapter, I compare simulations of thermal expansion in Ca2GeO4 to
neutron powder diffraction measurements on Ca2MnO4. Simulations reproduce the uni-
axial NTE with qualitatively good agreement to experiment. Einstein mode model fits
to experimental lattice parameters imply that the characteristic modes driving thermal
expansion lie at low frequencies (in the range 100–200 cm�1) which correspond to a peak
in the simulated phonon density of states (PDOS). Analysis of the mode Grüneisen pa-
rameters (a measure of each phonon’s contribution to thermal expansion) show that the
lowest frequency zone-centre phonons are octahedral tilts that strongly drive in-plane
PTE and NTE of the layering axis. However, summing the contribution from all phonons
across the Brillouin zone does not predict a net thermodynamic driving force for NTE
at any temperature. Uniaxial NTE is only predicted when one accounts for the highly
anisotropic elastic compliance of the NTE phase; such compliance is found to be unique
to Ruddlesden–Popper oxide phases with a frozen octahedral rotation, as predicted by
the corkscrew model introduced in the previous chapter. It is thus this high anisotropic
compliance which explains why uniaxial NTE is found in certain low n An+1BnO3n+1

phases over a pronounced temperature range but is rare in ABO3 perovskites. Subse-
quently, I discuss efforts to extend these ideas of favourable dynamics and elasticity to
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explain anisotropic NTE in other chemical systems.
Part of the work presented in this chapter has been published as Ablitt, C. et al.

npj Comp. Mater. 2017, 3, 44. At the time this research was performed, there was no
experimental evidence for the NTE phase of Ruddlesden–Popper Ca2GeO4. Recently,
however, Ruddlesden–Popper Ca2GeO4 was realised using high-pressure synthesis tech-
niques and was found to adopt the I41/acd phase and exhibit uniaxial NTE over a range
10–800 K [34]. These experimental results have thus been included for comparison with
my simulations and measurements on Ca2MnO4.

I performed all of the simulations presented in this chapter. However, all experi-
mental synthesis and measurement (as well as subsequent structural refinement) related
to these two publications was undertaken by others – authors S.C and M.S. in [36] and
W-T.C, T.S, Y.S and M.S in [34]. For both Ca2MnO4 and Ca2GeO4 systems, I fitted Ein-
stein mode models to the evolution of structural parameters with temperature using the
experimental data provided.

6.1 Evolving lattice parameters with temperature

In this section I compare the evolution of lattice parameters with temperature from three
primary different sources: (i) neutron powder diffraction measurements of Ca2MnO4 (5–
400 K), (ii) X-ray powder diffraction (XRD) measurements of Ca2GeO4 (10–800 K) and
(iii) first-principles simulations of biaxially stressed I41/acd Ca2GeO4 (0.25–300 K). Both
experimental compounds have been indexed by Rietveld refinement as the tetragonal
I41/acd Ruddlesden–Popper phase over the full temperature range studied. The full
datasets of absolute lattice parameters for each source are presented and discussed sep-
arately in Appendix E. The temperature range of the simulated dataset is limited by the
restriction that all phonons must have real frequencies within the quasi-harmonic ap-
proximation (QHA) method used. Therefore 300 K relates to the temperature at which
the equilibrium structure ‘moved’ to the edge of the interpolation grid shown previously
in Figure 4.11 – this is discussed in detail in Appendix E. For simplicity, here I compare
thermal strains and coefficients of linear thermal expansion (CLTE) from all sources over
a temperature range 0–300 K on Figures 6.1A and 6.1B, respectively.

Figure 6.1A shows the strains of the in-plane (a) and axial (c) lattice parameters, #1 and
#3 respectively, as a function of temperature, T, relative to their T ! 0 limit for all three
data sources: Ca2MnO4 measurements are shown as black “+” symbols and simulated
Ca2GeO4 strains as a solid red line. Three different heating/cooling instruments were
used to study Ca2GeO4 generating three separate datasets; on Figure 6.1A measurements
using a cryostat (10–150 K) are shown as grey “⇥” symbols and those using a cryostream
(90-480 K) as brown “⇧”. A hot air blower was used to heat to higher temperatures (400–
800 K).

All three data sources display the same qualitative behaviour, exhibiting uniaxial
NTE of the c axis and pronounced in-plane PTE at all temperatures. In every case, the
magnitude of thermal expansion of both axes is zero at cryogenic temperatures, above
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(A)

(B)

FIGURE 6.1: Low temperature lattice parameter data for experimental
measurements Ca2MnO4 and Ca2GeO4 and first-principles simulations of
Ca2GeO4 with a 4.3 GPa biaxial stress performed within the QHA. (A)
Strains of a and c lattice parameters (compared to t ! 0 limit) and (B)
a1 and a3 – the CLTEs for a and c, respectively – found by numerical dif-
ferentiation of the raw simulation data and the Einstein mode model fits to

experimental data.

which it sharply rises. Quantitatively, the in-plane expansion of all compounds is very
similar. Experimental measurements on Ca2GeO4 display the greatest uniaxial NTE, yet
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the discontinuities in measured lattice strains between cryostat and cryostream datasets
make it difficult to establish the moderate-temperature profile. Neutron measurements
on Ca2MnO4 then show NTE of a slightly lower magnitude, followed by simulations on
biaxially stressed Ca2GeO4. However, since these latter two data sources provide contin-
uous lattice parameters across the temperature range of Figure 6.1A, we are able to ob-
serve an “S” shape to their #3(T) profile, with the magnitude of NTE decreasing slightly
at higher temperatures.

In Section 2.1.6, I introduced an Einstein mode model to describe how lattice param-
eters vary with temperature by coupling to active phonon modes (that populate further
as T increases). This model has the same limiting behaviour as that observed in all data
sources; as T ! 0 the CLTE tends to zero whereas as T ! • the thermal expansion tends
to a constant value. Various models are fitted to the two experimental datasets in Ap-
pendix E; having one or two effective phonons and fitting the a and c lattice parameters
in tandem (i.e., constraining the effective modes to be the same in both fits) or separately.
The optimised fitting parameters of each modes are presented and analysed in that ap-
pendix. In Figure 6.1A, I plot only the best Einstein mode model fits for the experimental
data sets: a two-phonon separate fit to Ca2MnO4 (5–400 K) and a single-phonon tandem
fit to the low temperature cryostat measurements of Ca2GeO4 (10–150 K). It is the T ! 0
limiting lattice parameters from these fits that provide the reference against which exper-
imental strains in Figure 6.1A are computed.

Differentiating these Einstein mode model fits allowed for the extraction of smoothly
varying CLTEs not otherwise possible from the raw experimental data. The CLTEs of the
a (a1) and c (a3) cell parameters are plotted from these fits on Figure 6.1B, alongside the
CLTEs from the QHA simulations, extracted by numerical differentiation of the predicted
lattice parameters. At moderate to high temperatures, the rate of thermal expansion is ap-
proximately constant. Thus the CLTEs from linear fits of two high-temperature Ca2GeO4

measurements are also shown as horizontal dotted lines on this figure (these linear fits
are plotted against the raw lattice parameter data in Appendix E). a1 and a3 from every
model are only shown over the temperature range of the fitting data.

Figures 6.1A and 6.1B hence show that the in-plane thermal expansion is qualitatively
and quantitatively similar from both experimentally measured compounds and from the
simulated lattice parameters. In all datasets, a1 increases monotonically with T to a con-
stant value in the high temperature limit. Quantitative agreement of NTE along the lay-
ering axis is not as close. NTE in Ca2GeO4 starts at lower temperatures and has greater
magnitude at all temperatures than Ca2MnO4. QHA simulations (red solid line) predict
axial strains with good agreement to those measured in Ca2MnO4 until around 150 K,
beyond which the two datasets in Figure 6.1A diverge, with simulations clearly under-
predicting the magnitude of NTE. In both of these data sources, the magnitude of a3 in-
creases rapidly from 0 in the low T limit to reach a maximum and then decrease gradually
with T at higher temperatures. The downturn in the simulated a3 curve (thus increase in
NTE) beyond 220 K is likely a further artifact of the softest octahedral tilts approaching
zero frequency as the predicted structure approaches the edge of the interpolation grid.



6.2. Effect of lattice dynamics on thermal expansion 135

The maximum NTE is greater in Ca2GeO4 (-7.6 ppm/K) than Ca2MnO4 (-6.0 ppm/K),
which is larger still than predicted by the QHA simulations (-4.6 ppm/K).

To summarise, we have found that in experiment uniaxial NTE is greater in Ca2GeO4

than Ca2MnO4 and that both compounds exhibit the limiting low and high temperature
behaviour predicted by the Einstein mode model. First principles simulations on biax-
ially stressed Ca2GeO4 were also able to reproduce this NTE, with good agreement of
in-plane thermal expansion to both experimental compounds and the same qualitative
uniaxial NTE behaviour, with good agreement to Ca2MnO4 axial strains at low temper-
atures. However, these simulations underpredict the magnitude of uniaxial NTE seen in
experiment, especially at higher temperatures.

6.2 Effect of lattice dynamics on thermal expansion

6.2.1 Phonon analysis

In the previous section I showed that first-principles simulations on Ca2GeO4 could re-
produce experimentally measured uniaxial NTE in Ca2MnO4 and Ca2GeO4 Ruddlesden–
Popper oxides, but did not discuss the origin of this anomalous thermal expansion. In
this section, I present more detailed analysis from the simulations to investigate the con-
tribution from lattice dynamics to the anisotropic thermal expansion.

FIGURE 6.2: Phonon density of states (PDOS) for a structure close to the
simulated 0 K free energy minimum of I41/acd Ca2GeO4 under 4.3 GPa
biaxial stress (gridpoint marked B on Figure 6.6). Vertical lines mark fre-
quencies associated with effective phonons from the 1- and 2-phonon Ein-
stein mode model fits in discussed in Appendix E. For the Ca2MnO4 (5–
400 K) fit, where a and c are fitted separately, annotations mark the lattice

parameter associated with each mode.

In Figure 6.2 I present the phonon density of states (PDOS) of a representative I41/acd
Ca2GeO4 structure, very close to the free energy (enthalpy + ZPE) minimum at 0 K and
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therefore most representative of the low temperature lattice dynamics in the simulation
(this structure is marked “B” on Figure 4.11, which appears again later in this chapter as
6.6). This PDOS is the same as the input to the QHA free energy minimisation calcula-
tion described before (DFPT calculations performed on a 4 ⇥ 4 ⇥ 1 grid of q-points then
interpolated onto a 32 ⇥ 32 ⇥ 8 grid) with a 10 cm�1 Gaussian broadening applied.

Overlaid onto this PDOS in Figure 6.2 are vertical lines showing the mode frequen-
cies (converted to cm�1) of the effective discrete phonons from the various Einstein mode
model fits employed in Appendix E. Almost all of the effective mode frequencies from
single-mode fits, or the lower frequency mode from a bi-modal fit, lie in a range 100–
200 cm�1 – suggesting that thermal expansion is dominated by soft phonons in this
low energy range. This correlates nicely with the first broad peak in the DFT PDOS.
In like-for-like single-mode tandem fits of both compounds (up to 150 K), Ca2GeO4 was
predicted to have a lower frequency characteristic phonon (108 cm�1) than Ca2MnO4

(182 cm�1). Recalling the Bose-Einstein distribution introduced in Chapter 2, low fre-
quency modes first populate at lower temperatures, and maintain a greater population
relative to high frequency modes even as temperature increases. Therefore this sugges-
tion that key NTE-driving modes are softer in Ca2GeO4 is corroborated by the earlier on-
set and greater magnitude of thermal expansion measured experimentally in Ca2GeO4

compared to Ca2MnO4. The only effective phonon having a frequency above this range
(the hard mode around 525 cm�1) is required by the two-mode fit to Ca2MnO4 neutron
diffraction measurements to capture the observed “S”-shape to the temperature profile of
the #3 lattice strains. This implies that higher frequency modes (which populate at higher
temperatures) drive PTE of the c axis and are responsible for the reduction in NTE above
130 K.

Without direct measurements of how vibrations couple to lattice parameters in real
systems, I have had to infer this from the Einstein mode model fits in the above “top-
down” analysis. However, the wonder of computational materials science is that I am
able to access this information for the simulated system directly. In Chapter 2 I introduced
the Grüneisen equation describing anisotropic thermal expansion and showed that this
equation reduces to the functional form of the Einstein mode model of Equation (E.1) in
the limit of only two harmonic phonon modes. We may instead try to build up the CLTEs
through a “bottom-up” approach summing the contribution from each harmonic phonon
integrated across the Brillouin zone. The anisotropic mode Grüneisen parameter, g(i)

x , is
a measure of the contribution of mode i to the thermal expansion of axis x (see Section
2.1.5) and is given by

g(i)
x = � x

w(i)

 
∂w(i)

∂x

!
= �

∂ ln
h
w(i)

i

∂ ln [x]
, (6.1)

where w(i) is the harmonic frequency of mode i.
In Figure 6.3, the g(i)

1 and g(i)
3 Grüneisen parameters – describing the coupling of
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modes to the a and c lattice parameters respectively – are plotted as a function of fre-
quency for all G-point I41/acd Ca2GeO4 harmonic phonons. Since these modes are not
representative of the full Brillouin zone, the full PDOS is also shown in the bottom panel.
These calculations were performed on the same structure as in Figure 6.2. Following the
convention established in Chapter 4, modes have been coloured according to the irrep of
any I4/mmm unstable RUMs at high-symmetry q-vectors with which that mode eigen-
vector has non-zero overlap. Modes with no RUM character are coloured grey.

FIGURE 6.3: Mode Grüneisen parameters, g
(i)
1 and g

(i)
3 , against frequency

for harmonic phonons at the G-point of I41/acd Ca2GeO4 under 4.3 GPa bi-
axial stress (gridpoint marked B on Figure 6.6). Modes have been coloured
according to the irrep label of any unstable modes in the parent I4/mmm
phase to which the phonon eigenvector has non-zero overlap. The phonon
density of states (PDOS) for this structure is also shown, with regions la-

belled 1–3 discussed in the text.

The softest G-point phonons have the character of X+
3 , P5 or X+

4 octahedral tilts and
generally have very large positive g(i)

1 and negative g(i)
3 . This suggests that these modes

strongly drive in-plane PTE and axial NTE. The softest X+
3 tilt has the largest magnitude

Grüneisen parameters and the magnitude of g(i)
1 and g(i)

3 of X+
3 and P5 tilts (coloured

green and orange) decreases linearly with increasing frequency for modes < 100 cm�1,
which has been marked region 1 on the PDOS. Within this region there is a notable X+

4 tilt
(purple) where g(i)

1 ⇡ g(i)
3 ⇡ 0. In the second region, labelled 2 (100–165 cm�1), modes

generally also have octahedral tilt character where g(i)
1 > 0 and g(i)

3 < 0, although the
magnitude of both g(i)

1 and g(i)
3 is less than of similar modes in region 1. An in-phase

X+
2 rotation mode (red) now stands out at around 100 cm�1 with g(i)

3 > 0 and slightly
negative g(i)

1 . The final region, region 3, covers all remaining modes > 165 cm�1 generally
characterised by positive g(i)

3 (although g(i)
3 may be positive or negative). The magnitude

of g(i) for modes in region 3 is notably less than in regions 1 or 2.
The idea that RUMs induce strains was first floated in Chapter 3, and I presented
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evidence from first-principles simulations in Chapter 4 for octahedral rotations driving
in-plane contraction in Ca2GeO4 and tilts driving contraction of c. In these same sim-
ulations I also found that freezing in rotations leads to an increase in c and freezing in
tilts induces an in-plane expansion. However, it was proposed that this could be due to
a secondary Poisson effect trying to conserve overall cell volume. This is not supported
by Figure 6.3 which suggests instead that the softest octahedral tilts typically have much
larger positive g(i)

1 than negative g(i)
3 (typically by a factor of two). This hence implies

that the primary effect of the tilts on the cell is to increase a and b ahead of reducing c.
At first sight, Figure 6.3 seems to strongly suggest that the large in-plane PTE and uni-

axial NTE is driven by the softest octahedral tilts in region 1 with exceptional Grüneisen
parameters compared to modes in regions 2 and 3. However, modes in this region do
not create a peak in the full PDOS. On the other hand, although G-point tilts in region 2
have lower absolute values of g(i), these phonons still have the right character to drive
NTE and do have frequencies that fall within a peak in the PDOS, suggesting that these
phonons may have a greater impact on the overall lattice dynamics when integrated
across the Brillouin zone. Recall, as well, that almost all effective soft mode frequen-
cies inferred empirically to drive thermal expansion in Figure 6.2 fell within this region 2
PDOS peak.

Detailed analysis of phonons across the full Brillouin zone in Appendix F finds that
the largest thermodynamic driving force for uniaxial NTE comes from region 1 phonons
near the G-point (i.e., those shown in Figure 6.3). However, the largest contribution to
in-plane PTE is found to come from a mixture of region 1 and 2 modes, supporting the
Einstein mode model analysis. I would direct readers seeking such in-depth lattice dy-
namical analysis to this appendix. In this chapter, I will now discuss the aggregate effect
from all phonons upon the thermal expansion.

6.2.2 The linear Grüneisen Method

In an orthorhombic crystal, assuming that the material remains orthorhombic with chang-
ing temperature (i.e., no shearing), the CLTEs of each axis describe the components of a
thermal expansion vector, ↵. In Section 2.1.5, I introduced the anisotropic Grüneisen
equation,

↵ = s Â
i

C(i)
v (T) �(i)

V
= s F(T), (6.2)

where �(i) is a vector with components of the anisotropic mode Grüneisen parameters,
C(i)

v (T) is the mode specific heat capacity and s is the elastic compliance matrix. It is
implied that the summation over i is across all branches and q-vectors.
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In a tetragonal crystal system (such as I41/acd Ca2GeO4) Equation (6.2) reduces to
(previously Equations (2.41a) & (2.41b)):

a1 (T) = Â
i

C(i)
V (T)

V

h
(s11 + s12) g(i)

1 + s13 g(i)
3

i
(6.3a)

a3 (T) = Â
i

C(i)
V (T)

V

h
2 s13 g(i)

1 + s33 g(i)
3

i
, (6.3b)

where a1 and a3 are the the CLTEs of a and c axes, respectively9. The elastic compliance
matrix of a tetragonal cell was introduced in Chapter 2.

FIGURE 6.4: CLTEs predicted for I41/acd Ca2GeO4 under 4.3 GPa biaxial
stress by direct minimisation of the temperature dependent free energy
surface (red solid line) and by an anisotropic Grüneisen method applied
to a structure closer to the 0 K free energy (i.e. H + ZPE) minimum (green
dashed). Components to the thermodynamic driving force vector, F(T),
scaled by the bulk compressibility, b, are also shown (orange dot-dashed).

Previously, I computed thermal expansion of biaxially stressed I41/acd Ca2GeO4 within
the QHA by tracking how the minimum of the free energy surface moves with temper-
ature across a grid of relaxed structures in the space of fixed a and c lattice parameters.
Numerical differentiation of these equilibrium lattice parameters with temperature then
gave the CLTEs. Equations (6.3a) and (6.3b) provide a second method to compute a1(T)

and a3(T) directly from the anisotropic mode Grüneisen parameters (which are again
computed within the QHA). Figure 6.4 shows a1(T) and a3(T) computed using both
methods: the red solid line shows the free energy surface minimisation and the dashed

9Note that these equations differ by a factor of 1/V here to how they were expressed in the paper as-
sociated with this work [36], since in this thesis I have chosen to define CV in the conventional manner
introduced back in Equation (2.17)[40, 44], whereas in the publication I used the definition of Ashcroft and
Mermin [38].
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green line gives the predictions from the linear anisotropic Grüneisen method. In ad-
dition, components of the thermodynamic driving force vector, F(T) in Equation (6.2),
scaled by the bulk elastic compressibility, b (which is the inverse of the bulk modulus B).
F(T) represents the direct driving force for thermal expansion coming from the change
in phonon populations.

It is reassuring that at low temperatures (up to 50 K) the thermal expansion predicted
by the two methods is equivalent. However, it will probably come as a surprise that
there is no net thermodynamic driving force for uniaxial NTE at any temperature (i.e.
F3(T) > 0 for all T). From Equation (6.2), the predicted uniaxial thermal expansion must
thus have its origins in the compliance matrix s. If the eigenvectors of s aligned with
the cell axes, the s11 and s33 terms in Equations (6.3a) and (6.3b) would only rescale the
magnitude of the dynamic driving force. However, if the s13 off-diagonal component is
non-zero, this suggests an elastic coupling between the a and c axes that acts to rotate
any F(T) not aligned with an eigenvector of s. This is illustrated in Figure 6.5. At low
temperatures, there is a dynamic driving force for PTE of both tetragonal axes (placing
F(T) in the positive quadrant of Figure 6.5). However, the driving force for in-plane PTE
is much greater than for PTE of c and thus a highly-anisotropic s matrix may rotate F(T)

in the bulk PTE quadrant to give ↵(T) corresponding to uniaxial NTE. I will leave the
discussion of how s in I41/acd Ca2GeO4 is particularly conducive to uniaxial NTE until
the following section and in the meantime continue to analyse the lattice dynamics.

FIGURE 6.5: Illustration showing how the vector describing the dynamic
driving force for thermal expansion, F, in a tetragonal material may be
transformed by the elastic compliance matrix, s, from the quadrant corre-
sponding to bulk PTE to give a thermal expansion vector, ↵, in a quadrant
corresponding to uniaxial NTE. In the space of strains for a tetragonal cell

displayed as vectors in Voigt notation. Reproduced from [8]
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The solid red and dashed green curves in Figure 6.4 appear almost identical until 50 K
but as T increases beyond this temperature, the two curves increasingly diverge. The full
G(a, c, T) minimisation (red) predicts a1(T) to monotonically increase and uniaxial NTE
at all temperatures studied with only a slight upturn in a3(T) following a minimum at
around 100 K. Meanwhile, the direct computation (dashed green line) predicts a1(T) to
saturate above 100 K, yet a much more drastic increase of a3(T) – predicting PTE of c
above 150 K. I have explained why the thermal expansion predicted by our two methods
agrees at low temperatures, but why do they differ at higher temperatures? To answer this
question, we must consider again the grid of structures on which DFT simulations were
performed – that served as input to both methods of calculation. Originally shown in
Figure 4.11, this grid is reproduced as Figure 6.6 for the reader’s convenience.

FIGURE 6.6: Grid of a and c lattice parameters of tetragonal I41/acd
Ca2GeO4 structures simulated to provide input data to quasi-harmonic
calculations of the thermal expansion under 4.3 GPa applied biaxial stress.
Annotations describe different features in this a–c space. This is the same

as Figure 4.11, reproduced here for the reader’s convenience.

The sij elastic compliances contain information of the curvature of the enthalpy sur-
face. The g(i)

1 and g(i)
3 mode Grüneisen parameters are then measures of the gradient of

the vibrational free energy surface due to mode i, normalised by the total energy of those
mode i phonons, C(i)

V (T). The linear Grüneisen model represented in Equations (6.3a)
and (6.3b) assumes that sij, g(i)

1 and g(i)
3 do not change with temperature and thus that

as T increases, the free energy surface is tilted by a constant amount from each phonon
mode, proportional to the vibrational energy stored in that mode.

On the other hand, recall that within the QHA, the ionic relaxation of each simulated
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structure (shown by a black “⇥” in Figure 6.6) implicitly contains all static anharmonic
interactions (but not anharmonic interactions between active modes – so called explicit
anharmonicity). Harmonic phonons are then computed in this single relaxed structure and
used to estimate Fvib(T) and ZPE, which are in turn added to the enthalpy of that structure
to give G(T). Although I then fitted a Murnaghan equation [177] through these points
to give an energy surface, at no point in the construction of this energy surface did I as-
sume that s or F are constant across the grid and thus the energy minimisation procedure
may be considered the more accurate of the two computations. In contrast, it is worth
noting that, since the direct computation assumes constant rates of change and does not
explicitly consider changing mode frequencies, there are no artifacts to this simulation if
it is extrapolated into regions where harmonic modes become very soft or even unstable.
Of course, just because a model does not become numerically unstable when extrapo-
lated outside of the environment in which it was constructed does not in itself justify this
extrapolation.

Recall that the purple dot on Figure 6.6 denotes the predicted equilibrium structure
at 0 K and is very close to the structure, labelled B, in which s and F were computed
for explicit calculations of ↵. The two simulation methods therefore probe the same free
energy surface in the low temperature regime; even if one constructs it term-wise whereas
the other minimises it directly. We must therefore conclude that the divergence between
the two methods at higher temperatures arises since either the elastic compliances, or the
rate of change of harmonic phonon frequencies (i.e. the mode Grüneisen parameters),
differ across the simulation grid.

0 GPa (TPa�1) 4.3 GPa (TPa�1)

s =

0

@
5.93 �0.60 �2.38

�0.60 5.93 �2.38
�2.38 �2.38 5.96

1

A s =

0

@
5.18 �0.85 �1.90

�0.85 5.18 �1.90
�1.90 �1.90 5.35

1

A

TABLE 6.1: Elastic compliance matrices for I41/acd Ca2GeO4 under differ-
ent levels of applied biaxial stress.

There is a slight decrease in most elastic compliance terms in the matrix s between the
fully relaxed I41/acd Ca2GeO4 structure and the structure under 4.3 GPa applied biaxial
compliance in Table 6.1. From Figure 6.6, we saw that the predicted distance moved in
a � c space with changing temperature within the QHA is small compared to applying
the 4.3 GPa biaxial stress and thus it is unlikely that changing s is the main cause of the
drastic divergence between the two methods as the equilibrium structure moves away
from the 0 K minimum.

In Figures 6.7A–6.7C I present the G-point g(i)
1 and g(i)

3 s as well as the PDOS for each of
the structures of points A–C on Figure 6.6. It can be seen that there is a general softening
of the PDOS as one moves A!C (analogous to increasing T). However, this behaviour is
not unexpected in the linear Grüneisen model as long as each mode Grüneisen parameter
remains constant. Comparing Figures 6.7A–6.7C confirms that this is not the case for the
softest octahedral tilt modes. The lowest frequency X+

3 tilt (green) increases greatly in
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(A) Structure A (B) Structure B

(C) Structure C

FIGURE 6.7: Mode Grüneisen parameters against frequency for harmonic
phonons at the G-point of structures labelled (A) A, (B) B and (C) C in Fig-
ure 6.6. These structures are close to the H + ZPE 0 K free energy minimum
for applied biaxial stresses of 5 GPa, 4.3 GPa and 3.8 GPa, respectively. The
full PDOS for all structures is shown in each plot with the PDOS of that
structure highlighted in red. Phonon modes have been coloured according
to the irrep of any unstable modes in the I4/mmm parent phase to which
they have non-zero eigenvector overlap following the colour scheme intro-

duced in Figure 6.3.

the magnitude of g(i)
1 and g(i)

3 as we approach the boundary where this mode becomes
unstable (although note that in all of these figures this mode has a low but not exceptional
frequency). g(i)

1 and g(i)
3 of the next three X+

3 (green) or P5 (orange) tilts have similar
(although less drastic) enhancement. This suggests that how much these soft octahedral
tilts affect the thermal expansion within this QHA calculation is extremely sensitive to
where in our simulation grid we are.
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6.2.3 The effect of biaxial stress

For the more attentive reader, this new revelation may have raised serious concerns sur-
rounding the methodology of my investigation. In Chapter 4, I found that fully relaxed
I41/acd Ca2GeO4 is predicted by DFT to have unstable harmonic phonon modes and
thus was forced to apply a 4.3 GPa biaxial stress to harden these modes. The value of
4.3 GPa was chosen to match the Ca2GeO4 lattice parameter to that of relaxed Ca2MnO4.
Although this choice is at least not totally arbitrary, we should acknowledge that the
magnitude of biaxial stress remains a parameter in the simulations, and yet it seems as
though the position of our minimum enthalpy structure on the simulation grid greatly af-
fects the contribution of the softest octahedral tilts. Consequently, in Figure 6.8 I plot the
thermal expansion predicted from three different values of biaxial stress: 5 GPa, 4.3 GPa
and 3.8 GPa (which were chosen such that the 0 K equilibrium structures are close to
points A, B and C, respectively in Figure 6.6, thereby allowing comparison with Figures
6.7A–6.7C).

FIGURE 6.8: CLTEs predicted within the QHA for I41/acd Ca2GeO4 when
applying biaxial stresses of different magnitude. CLTEs from Einstein

mode model fits to experimental data are also shown for comparison.

In agreement with Figures 6.7A–6.7C, at higher applied biaxial stresses the magnitude
of thermal expansion of both axes is less and at lower stresses the magnitude of thermal
expansion is greater. Increasing the stress (thereby reducing the contribution from soft
tilts) leads to an earlier onset of the NTE maximum (because hard PTE-driving modes
outweigh the soft tilts at lower temperatures). This means that in the 5 GPa simulation
NTE is only predicted up to 240 K. On the other hand, increasing the stress delays the
sudden increase in thermal expansion attributed as an artifact of approaching the edge
of the interpolation grid and stable X+

3 tilt region.
With this in mind, we may finally explain why Ca2GeO4 has greater uniaxial NTE

than Ca2MnO4. In DFT, I had to apply a biaxial stress to I41/acd Ca2GeO4 to match
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the Ca2MnO4 in-plane lattice parameter, and in experiment too, Ca2MnO4 has lower a
and larger c than Ca2GeO4. Therefore we may think of Ca2MnO4 as having a greater
biaxial stress and thus a lower NTE. It is also clear from Figure 6.8 that the a1(T) and
a3(T) predicted by the 3.8 GPa simulation give better agreement with experiments on
Ca2MnO4 until the downturn associated with the grid edge, although the onset of ther-
mal expansion still occurs at a lower temperature; which is more reminiscent of experi-
mental Ca2GeO4. The a and c lattice parameters predicted at 0 K under 3.8 GPa (including
ZPE) are closest to those measured at 5 K in Ca2MnO4 – see Table 6.2. By eye on Figure
6.8, it looks like increasing the biaxial stress further still could give close agreement to
experimental Ca2GeO4.

Compound Method a (Å) c (Å)
Ca2GeO4 DFT + ZPE (5.0 GPa) 5.12814 24.4394
Ca2GeO4 DFT + ZPE (4.3 GPa) 5.14384 24.3754
Ca2GeO4 DFT + ZPE (3.8 GPa) 5.15571 24.3264
Ca2MnO4 neutron 5.16838 24.1538
Ca2GeO4 XRD 5.22065 23.87357

TABLE 6.2: Lattice parameters of I41/acd Ca2GeO4 computed from first-
principles simulations within the QHA with different levels of applied bi-
axial stress. 0 K limits for low temperature (< 150 cm�1) fits to Ca2GeO4

and Ca2MnO4 experimental measurements also shown.

There may be arguments to be made for employing other biaxial stresses to give closer
quantitative agreement with experiment. However, one if one acknowledges that the
stress is ultimately a tuning parameter, then there seems to be little to gain from chasing
numerical agreement with experiment at the risk of installing a false sense of confidence
in the accuracy of the simulations. As it stands, the 4.3 GPa stress used did reproduce uni-
axial NTE and provided sensible results up until room temperature before limitations of
the simulation method became an issue. This allowed me to identify soft octahedral tilts,
that drive strong in-plane PTE and are most influential near G, as the dynamic driving
force for uniaxial NTE. The in-plane PTE driven by these modes then outweighs the net
driving force for axial PTE and thus under transformation by the material’s elastic com-
pliance tensor this manifests as in-plane PTE and uniaxial NTE. These tilts were found
to be strongly influenced by the biaxial strain. Thus, as the temperature increases, the
QHA simulations predict that a should increase (thereby reducing the compressive biax-
ial strain) and thus the effect of these tilts becomes greater. By this process the tilts remain
dominant even at high temperatures, which explains why uniaxial NTE is witnessed in
experiment over such a large temperature range.

6.2.4 Beyond the quasi-harmonic approximation

Although my simulations provide an explanation as to why NTE persists to high tem-
peratures, I have also shown that the QHA may not access these high temperatures. My
simulations have been limited by the restriction that for the QHA to work, all harmonic
phonon modes must have real frequencies. As we have seen, this subsequently restricted
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the region of lattice parameters over which the method works. To get past this restric-
tion, I would have to consider higher order anharmonic couplings, either explicitly, by
mapping higher order coefficients of unstable RUMs (such as fourth order quartic terms)
[150, 155], or implicitly, using methods that compute effective, temperature-dependent
harmonic force constants by performing harmonic phonon calculations in cells with un-
stable 0 K distortions frozen in [152, 154] – see Section 3.5.2 for more discussion of anhar-
monic methods. Even without the problem of unstable modes, the harmonic approxima-
tion is, after all, a low order approximation and thus including higher-order anharmonic
effects should in theory improve the quantitative accuracy of the simulation, especially
at higher temperatures when these effects are more prominent.

Although the limitations of the QHA have affected my calculations of thermal expan-
sion in Ca2GeO4, ultimately with a few tricks (such as applying biaxial stress) I was still
able to establish the origin of uniaxial NTE in this low level of theory. Since the aim of
this project was to develop conceptual understanding of the mechanism for NTE, which
I have done, there is thus questionable merit to using more advanced methods to explore
this same system; since such methods often bring their own costs – in researcher time
and computational resources. As I will show in future chapters, there are some systems
where such computational tricks are not possible and therefore to simulate the thermal
expansion would require going beyond the QHA. At the time of writing, I am involved
in an ongoing piece of work fitting an interatomic potential with higher than quadratic
order terms for applications including the study of thermal expansion through dynamic
simulations following the methods of [150, 151]. However, this project will not be dis-
cussed further in this thesis.

6.3 Elastic Compliances

6.3.1 Gedanken experiment

So far I have shown that phonons with frequencies below 200 cm�1 drive large in-plane
PTE in I41/acd Ca2GeO4. It is only once one accounts for the material’s elastic compli-
ance tensor that this dynamic driving force for bulk PTE is transformed into the uniaxial
NTE observed in experiment. To the best of my knowledge, every A2BO4 structure that
experimentally has been found to adopt the I41/acd phase exhibits uniaxial NTE over
the full stability range of this phase – which can exceed 1000 K. However, phonon-driven
uniaxial NTE in other A2BO4 phases, or indeed in analogous ABO3 phases, is unusual –
if it does occur it tends to be short lived and near structural phase transitions. Hence, the
question remains what is special about the I41/acd A2BO4 phase that predisposes it to uniaxial
NTE, but not similar A2BO4 or ABO3 phases?

We saw in the previous section that the soft modes that contribute most strongly
to driving in-plane PTE in I41/acd Ca2GeO4 are octahedral tilts near G (zone bound-
ary modes in the parent I4/mmm). We may therefore speculate that these active tilts
are essential for uniaxial NTE, and thus not expect NTE in low symmetry phases where
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these tilts have frozen in. However, tilts of this kind are still active in the I4/mmm parent
or even cubic ABO3 phases. In these two phases neither rotations nor tilts have frozen,
therefore both are expected to have low frequencies. We then find ourselves asking, maybe
this NTE is specific to phases with frozen rotations but active tilts? However, many ABO3 per-
ovskites adopt the I4/mcm phase (a0a0c�) and generally do not display uniaxial NTE
despite the frozen rotation about c. This implies that there is something special about
both the single frozen rotation and the Ruddlesden–Popper layering.

To solve this puzzle, we need to compare the above phases. However, for meaningful
comparison we should restrict ourselves to a single chemical system – so that the answer
is not clouded by the effects of different A and B cations. Repeating the QHA calcula-
tions from the previous section would not be possible for I4/mmm Ca2GeO4 nor Pm3̄m
or I4/mcm CaGeO3, since all these phases have harmonic modes in 0 K DFT with large,
imaginary frequencies – that may not be corrected by the application of a moderate biax-
ial stress. However, I have already suggested, based purely on intuitive geometric argu-
ments, that the same RUMs could be active in these phases as in I41/acd Ca2GeO4. What
if we suspend our disbelief for the moment and imagine that exactly the same phonons
were present in all systems, would we still expect NTE? 10
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FIG. 5. The structure of (a) the I4/mcm phase of an ABO3 perovskite and (b) the ABO3/AO interface in the I41/acd phase
of an A2BO4 RP oxide. Ions shown as spheres and bonds as rods or springs depending on bond strength. Bond strengths
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illustrate which bonds would have to deform by symmetry to accommodate a decrease in a and subsequent increase in � and c.

(B)

FIGURE 6.9: CLTEs from the Einstein mode model fit to I41/acd Ca2MnO4
neutron diffraction experiments (blue) and from QHA simulations of
I41/acd Ca2GeO4 with 4.3 GPa biaxial stress (red). By extracting the effec-
tive thermodynamic driving force for thermal expansion from the I41/acd
Ca2GeO4 simulation, FI41/acd, by inverting the anisotropic Grüneisen
equation, I “simulate” these phonons existing in other phases by trans-
forming FI41/acd by the elastic compliance matrices, si, of other phases, i.

The legend gives labels for the different i’s used. Reproduced from [36].

Since in computational materials science we are not restricted by the mundane lim-
itations of reality, I performed a computational experiment where I did exactly this. I
showed in the previous section that constructing the dynamic driving force vector F(T)

explicitly from the phonon Grüneisen parameters is inaccurate because it does not con-
sider that these parameters may themselves change between structures (recall Figure 6.4).
I therefore extracted F(T) directly from the G(a, c, T) minimisation calculation by trans-
forming ↵(T) by s�1. Effectively, I inverted Equation (6.2). This was justified since I
have already shown that s changed very little across the simulation grid. I thus had the
vector, F(T), that captured all of the dynamic driving force for thermal expansion in
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I41/acd Ca2GeO4, and was able to transform this vector by the elastic compliance matri-
ces of other structures to “simulate” thermal expansion in these materials. The results are
shown in Figure 6.9.

The red dotted line on Figures 6.9A and 6.9B represents a fictitious isotropic structure
with no coupling between different lattice directions (i.e. s13=s12=0) where s11 and s33 are
fixed to b, the bulk compressibility (the reciprocal of the Reuss bulk modulus) of I41/acd
Ca2GeO4. This system has PTE of both axes at all temperatures in agreement with the
analysis of Figure 6.4.

Applying now to F(T) the matrices {s}, computed from DFT of various Can+1Gen-
O3n+1 structures, Figure 6.9B predicts NTE over some temperature range using every
s. This shows that the large F component along a is transformed to give NTE along
c via the s13 off-diagonal terms. As expected, the s of I41/acd Ca2GeO4 predicts the
most negative a3. On the other hand, taking the s of bulk perovskite CaGeO3 produces
NTE of almost an order of magnitude less and only at much lower T. Perhaps more
surprisingly, the I4/mmm Ca2GeO4 compliance matrix too predicts NTE over a much
narrower temperature range and with a reduced magnitude, despite having a similar
structure to I41/acd with only a slight difference in the phase symmetry.

To understand how small changes in symmetry can lead to a large change in thermal
expansion behaviour, the compliance matrices s are plotted in Figures 6.10A–6.10D as
quadratic forms projected on the two-dimensional plane of tetragonal deformations. The
principal directions (eigenvectors) associated with the highest, sH, and lowest, sL, princi-
pal components of s are also plotted and labelled by the corresponding principal values.
All structures have their eigenvector corresponding to sL in a direction approximately
representing isotropic expansion (contraction) and their eigenvector corresponding to sH

in a direction representing cooperative in-plane expansion and contraction of the c axis
(or visa versa).

The anisotropy ratio, k, is a useful measure to quantify the power of the elastic com-
pliance matrix of a tetragonal material to alter the direction of thermal expansion. k is
defined as the ratio of the most and least compliant eigenvalues such that

k =
sH

sL
. (6.4)

The magnitude of sL is similar between high- and low-symmetry phases of CaGeO3

and again between high- and low-symmetry phases of Ca2GeO4. However, in both
CaGeO3 and Ca2GeO4 systems, the lower symmetry phase has a larger sH. This means
that there is an enhancement in k in both systems across the high ! low symmetry phase
transition. I41/acd Ca2GeO4 (Figure 6.10D) has a strongly anisotropic s with a particu-
larly large sH and therefore a larger k than any other system studied. In this phase the
relative enhancement of F(T) along the highest eigenvector direction is thus greatest and
therefore the effect to “rotate” the driving force for bulk PTE into an ↵(T) corresponding
to uniaxial NTE is largest in this system.

We have therefore found that I41/acd-specific lattice dynamics certainly play a part
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1 2 3
Ge–O Ge–O Ca–O

+0.0020 -0.0046 +0.0056

4 5 6
Ca–O Ca–O Ca–O

-0.0125 +0.0311 -0.0066

Figure S2. The structure of the ABO3/AO interface in the I41/acd phase of an A2BO4 RP oxide showing ions as spheres and
bonds as rods, planks or springs. Strong coupling between rotation angle (�) of frozen P4 anti-phase octahedral rotation and c
lattice parameter in I41/acd Ca2GeO4. DFT calculations show all local nearest-neighbour bonds (1–4) to be sti� relative to
longest Ca–O bonds (5&6). As � changes, the I41/acd structure allows the rumpling (the vertical overlap between the apical
O in the perovskite layer and Ca ion in the rock salt layer) to vary without extending or compressing any sti� bonds. Bond
sti�ness and bond extensions in response to a ��= � 1� change in frozen rotation angle also shown.

4

1

2
5

6

� – X+
4 angle

Bond Sti�ness (eV/Å
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2
)

1 2
Ge–O Ge–O
5.619 3.790

4 5 6
Ca–O Ca–O Ca–O
1.393 -1.147 -0.713

Bond Extensions (Å) (��= + 1�)
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FIGURE 6.10: The elastic compliance matrices, s, for various phases of n =
• and n = 1 Can+1GenO3n+1 Ruddlesden–Popper oxides computed using
DFT. s matrices are expressed in their quadratic elliptic form projected onto
the plane in strain space (using Voigt notation) that maintains tetragonal
cell symmetry. The lowest, ŝL, and highest, ŝH , eigenvectors to s are also
shown alongside their associated compliance eigenvalues. For each phase,
the bulk elastic compressibility, b, and the anisotropy ratio, k are given.

Reproduced from [36].

in explaining why uniaxial NTE is unique to I41/acd Ca2GeO4 – if the same F(T) were
in other structures, these phases would also display low temperature NTE. However, the
highly anisotropic elastic compliance of the I41/acd phase is essential to explain why
NTE is maintained over such a wide temperature range. So what is it about the I41/acd
phase that causes this high anisotropic compliance compared to phases with similar structure,
bonding and chemistry?

6.3.2 Corkscrew model

In Chapter 5 I proposed a corkscrew mechanism, based purely on structural and symme-
try arguments, that suggested that tetragonal An+1BnO3n+1 Ruddlesden–Pop-per phases
with frozen octahedral rotations could undergo coupled changes in a and c without low-
ering the phase symmetry or extending any stiff nearest neighbour bonds. This analysis
was based on the ansatz that B–O octahedral bonds are stronger than bonding between
the octahedral corner oxygens and the interstitial A cations. Depending on the phase
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symmetry, there may be a range of these A–O interatomic distances, in which case I as-
sumed that the shorter bonds would be strong and the longer bonds weak. However,
back in Chapter 5 these assumptions were based on pure intuition and not backed up
by simulation. Since these recent results suggest that I41/acd Ca2GeO4 is indeed unusu-
ally compliant to cooperative in-plane expansion and axial contraction, it seems worth
revisiting this model.
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(B) I4/mcm CaGeO3
DE = +1.15 meV/atom

FIGURE 6.11: Illustrations of (A) Ca2GeO4 and (B) CaGeO3 phases, both
with a single frozen octahedral rotation about the c axis. Bonds assumed
by the corkscrew model (introduced in Chapter 5) to be stiff are shown
as rods and those assumed to be weak are shown as springs. The bond
stiffnesses computed by DFT (see text for method) as well as the absolute
extensions in response to a change in frozen rotation angle, q, of Dq = +1�

are shown for both structures. The associated change in cell energy is also
given. Reproduced from [36].

Using the same bond naming convention as previously, Figure 6.11A displays the
interface structure of I41/acd Ca2GeO4 labelling the six shortest interatomic distances
1 – 6 . The strengths of each of these bonds are then shown on an inset table. These

force constants were computed by applying a series of small displacements to oxygen
ions along each bond axis and then computing the gradient of the force response from the
bonding cation. These calculations were performed in a 2

p
2 ⇥ 2

p
2 ⇥ 1 I41/acd supercell

to separate periodic displacements. As expected the Ge–O bonds ( 1 & 2 ) are the
strongest in the system, followed by the two shortest Ca–O bonds ( 3 & 4 ). These are
the four bonds that the corkscrew model assumes to remain perfectly rigid and thus these
bonds are represented as rods on Figure 6.11A. The next shortest Ca–O interactions ( 5 &
6 ) were significantly weaker and actually showed weakly negative bond strengths. This

indicates that these interaction distances are much larger than the equilibrium Ca–O bond
length (likely because there are only secondary interactions between these Ca cations
and the displaced O anion). Therefore, when the bond is compressed, the interatomic
interaction becomes stronger and there is a net attractive force and visa versa when the
distance is extended. Within the purely mechanical model proposed in Chapter 5, there
was assumed to be no interactions between these pairs of cations and thus these distances
are shown as springs in Figure 6.11A.
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The lower inset table on Figure 6.11A then examines the change in these bond lengths
in response to a +1� increase in the frozen rotation angle q, allowing all cell parameters
and internal degrees of freedom to relax. Unsurprisingly, in a real system with finite bond
strengths no bond is perfectly rigid. However, the absolute extension of the three stiffest
bonds is 5 � 16 times smaller than that of 5 , suggesting that treating these bonds as
rigid is not a terrible approximation. The shorter of the two distances between Ca cations
and equatorial O anions (bond 4 ) is not so rigid in simulations, but still has an absolute
contraction in response to increasing q that is 2.5 times smaller than the extension of
5 . It is only because of the non-zero frozen rotation that bonds 4 an 5 differ, in

the parent I4/mmm (q = 0) they are equal by symmetry. Having this stiffer bond (if
not perfectly rigid) between the corner of the rotating octahedron and the interstitial Ca
facilitates a coupling between changes q and displacements of the Ca cation along c. This
hence couples in-plane degrees of freedom with axial degrees of freedom and therefore
completes the coupling between the a and c axes (recall the #1 #3 Q(G+

1 ) Q(P4)2 term in
our Landau expansion in Appendix C). Since these changes in bond lengths only partly
follow the trend predicted by the corkscrew mechanism, it is likely that this mechanism
operates alongside other interatomic interactions to contribute to the high anisotropic
compliance of the I41/acd Ca2GeO4.

As a contrast to I41/acd Ca2GeO4, Figure 6.11B shows a similar representation of
I4/mcm CaGeO3. Bond strength analysis yields similar results to I41/acd Ca2GeO4,
except there is a notable decrease in the strength of the apical Ge–O bond ( 2 ) (and
clearly there is no CaO layer and thus no bond 3 ). Without a rock salt layer, in I4/mcm
CaGeO3 the apical O anion and Ca cations must lie in the same plane. This means that,
although the frozen anti-phase octahedral rotation does create an in-plane degree of free-
dom in the rotation angle, there is no internal atomic freedom along c for this to couple
to. Closely examine this figure and you will see that there is no way to strain c with-
out stretching stiff B–O bonds, and hence without internal degrees of freedom along
both the a and c axes, there is no mechanism for low energy coupling of these axes as
in I41/acd Ca2GeO4. Perhaps the most notable comparison between these structures is
that the energy per atom cost for this +1� increase in q is 3⇥ greater in I4/mcm CaGeO3

than I41/acd Ca2GeO4. One should be careful comparing energies, or even energy dif-
ferences, between structures with different composition. However, this does suggest that
the Ruddlesden–Popper phase with frozen rotation has a low energy pathway to coupled
changes in a, c and q compared to similar phases.

Consequently, I do not conclude that the uniaxial negative thermal expansion in the
I41/acd phase of n = 1 Ruddlesden–Popper oxides could not also occur in analogous
I4/mcm phases due to the same physical origin. Without explicitly studying the lattice
dynamics of any I4/mcm phases of ABO3 perovskites I have reasoned (using structural
arguments) that the same RUMs could operate as in I41/acd A2BO4. Furthermore, I
have shown that if exactly the same modes operated, uniaxial NTE is predicted in I4/mcm
CaGeO3 at low temperatures. We may infer therefore that the uniaxial NTE observed
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in experiment in I4/mcm SrTiO3 at very low temperatures [33, 125] or the near uni-
axial ZTE observed in I4/mcm ABO3 phases at higher temperatures [122–124] has the
same mechanistic origin as in I41/acd Ca2GeO4 and Ca2MnO4. However, I have shown
that the anisotropic compliance of I41/acd Ca2Ge-O4 is significantly greater than anal-
ogous I4/mcm CaGeO3. I then provided evidence from DFT simulations investigating
the atomistic response to structural deformations of the two phases which suggests that
this is due to the corkscrew mechanism proposed in Chapter 5 operating at least in part in
I41/acd Ca2GeO4 – but not in I4/mcm CaGeO3 where the higher structural symmetry
prohibits the mechanism. This explains why in I41/acd A2BO4 phases uniaxial NTE is
generally observed over a very wide temperature range, sometimes exceeding 1000 K, as
opposed to the narrow temperature windows for NTE or ZTE of I4/mcm ABO3 phases.
One question that remains, however, is why I41/acd A2BO4 phases remain stable over these
wide temperature ranges whereas the stability window of analogous perovskite phases tends to be
more short lived but this is beyond the scope of this thesis.

6.4 Ca2GeO4 results in context

Now that I have established the origin of uniaxial NTE in the I41/acd phase of Ca2GeO4,
it seems pertinent to place these results in the context of other studies.

Huang et al. [183] used first principles methods to simulate thermal expansion in
(n = 2) Ca3Ti2O7 using a self-consistent quasi-harmonic approximation (SC-QHA) method.
The SC-QHA is in essence a non-linear Grüneisen method for efficiently simulating volu-
metric thermal expansion within solids, which the authors claim requires fewer phonon
calculations than the full free energy minimisation approach. The polar A21am phase of
Ca3Ti2O7, with frozen octahedral rotations and tilts, was predicted to display volumetric
PTE with close agreement of predicted CTE curves to experiment [13]. In a subsequent
paper [184], more detailed study was presented, finding that that at applied hydrostatic
pressures greater than 10 GPa simulations predicted volumetric NTE at low temperatures.
Analysing the lattice dynamics, the authors found so-called “quasi-two-dimensional ZA
modes” (acoustic modes with displacement along the z-direction at the G-point) that have
large, positive volumetric mode Grüneisen parameters at the zone centre, but which hy-
bridise with an optical branch to drive volumetric NTE at the Brillouin zone boundary.
Although in a similar crystal system, these results seem to imply that this predicted volu-
metric NTE in the polar Ca3Ti2O7 phase under hydrostatic pressure has a different lattice
dynamical origin to the uniaxial NTE in Ruddlesden–Popper rotation phases.

The importance of anisotropic elastic constants has also been recognised recently by
Ritz and Benedek [185] who studied uniaxial NTE in PbTiO3 using first-principles meth-
ods. PbTiO3 has the ferroelectric P4mm tetragonal phase and exhibits uniaxial NTE along
its c axis – which outweighs PTE in the a and b axes to yield net volumetric NTE (PbTiO3

was briefly reviewed previously as an example of NTE driven by ferroelectric distortions
in Section 3.1.3). The dynamic driving force for NTE in PbTiO3 comes not from RUMs but
from Pb displacements with positive mode Grüneisen parameters along all three axes,
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although the driving force for PTE of a is over three times larger than that for PTE of c.
Again, PbTiO3 is found to have an s13 off-diagonal compliance strongly coupling a and
c with a large, negative magnitude. Thus, uniaxial NTE in PbTiO3 also arises because of
soft modes that drive in-plane PTE being transformed by anisotropic elastic compliance.
However, since the compliance of c is much greater than that of a in this material (i.e.
s33 � s11), this in-plane PTE actually drives volumetric NTE. These authors also perform
a computational experiment to show that the lattice dynamics of the less anisotropically
compliant SnTiO3 would induce volumetric NTE if transformed by the PbTiO3 compli-
ance tensor. Stronger bonding leading to a larger ferroelectric distortion is cited as the
cause of this lower s33 and s13 compliance.

There thus seems to be a trend in recent years to separate the vibrational and elas-
tic properties of materials with anisotropic thermal expansion. It is worth remember-
ing, however, that these ideas are not new in themselves; in Section 3.4 I reviewed some
of the existing literature on how anisotropic elasticity relates to anisotropic thermal ex-
pansion. The recent resurgence in interest has been inspired in part by the emergence
of metal organic framework materials (MOFs) whose complex structures may give rise to
novel anisotropic elasticity [142, 186, 187]. With my proposed corkscrew mechanism, I
have tried to transfer some of these micro-mechanics concepts to densely packed ceramic
materials. Compared to much of the original work in this field, modern studies have
the luxury of quantitatively predictive numerical simulations that give direct access to
the lattice dynamics and elastic properties – previously these had to be inferred, either
purely by chemical intuition or from difficult experiments. It has been suggested that
a more correct analysis of the driving force for anisotropic thermal expansion would be
to simulate the response of the lattice dynamics to uniaxial stresses – thus subsuming
some of this anisotropic elasticity into the Grüneisen parameters [188]. Phonon dynam-
ics and static elasticity arise in the same structure and thus are inherently connected.
However, considering these properties separately has opened the door to computational
experiments that, though not physically realisable, provide insight into which attributes
distinguish NTE materials from otherwise similar PTE materials. This separate treatment
of dynamics and elasticity also raises the question, can we tune either one of these properties
to address the other aim of this thesis, which is to control negative thermal expansion in
layered perovskites.

6.5 Other structures with symmetry breaking

Before I wrap up this chapter and move on to discussing methods for controlling NTE
in layered perovskites, I would like to report on attempts to extend these results for
a Ruddlesden–Popper oxide to other systems. I found that uniaxial NTE in I41/acd
Ca2GeO4 arises from the combined effects of (i) soft RUMs and (ii) high elastic com-
pliance to coupled deformations thanks to a symmetry-driven mechanism. Therefore, I
set about looking in the literature for other systems that might display anisotropic NTE
due to similar reasons. Initially, the search was restricted to perovskite-like systems.
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Sr2MgWO6 LaTaO4
Fm3̄m I4/m Cmcm Cmc21

sH 5.62 6.70 8.08 11.25
b 7.05 7.13 8.65 7.88
k 2.39 2.84 4.28 4.77

TABLE 6.3: Highest eigenvalue, sH , to the anisotropic compliance matrix
s, bulk elastic compressibility, b, and elastic anisotropy ratio, k computed
using DFT for high-symmetry and uniaxial NTE phases of Sr2MgWO6 and

LaTaO4.

Two such candidate systems that emerged were: (i) the tetragonal I4/m phase of the
double perovskite Sr2MgWO6, which displayed NTE along the c axis between 15 � 300 K
[189]; and (ii) the orthorhombic Cmc21 phase of LaTaO4, belonging to the n = 2 member
of the AnBnO3n+2 family, with NTE along the b axis normal to the layering 373 � 573 K
[190]. These structures are both formed from a framework of corner connected octahe-
dra and, like I41/acd A2BO4, both NTE phases both had a frozen octahedral distortion
relative to an undistorted parent high-symmetry phase. Using DFT I computed elastic
properties for the high-symmetry parent and low-symmetry NTE phases, the results are
shown in Table 6.3.

(A) Fm3̄m (B) I4/m

FIGURE 6.12: Fully relaxed high symmetry Fm3̄m and low symmetry
(NTE) I4/m Sr2MgWO6 structures. Reproduced from [36].

In both Sr2MgWO6 and LaTaO4 there is an increase in the most compliant eigenvalue,
sH, and hence an increase in the anisotropy ratio, k, between the parent structure and
the NTE phase, showing that small structural symmetry changes are again linked to an
increase in anisotropic compliance. k for Cmc21 LaTaO4 is particularly high (compared to
k = 4.0 for I41/acd Ca2GeO4) and this may reflect the very large magnitude of uniaxial
NTE, with a mean CLTE of -40 ppm/K (averaged over 375–575 K) [190] compared to
-3.8 ppm/K in I41/acd Ca2MnO4 (4.37–400 K) [36] or -2.8 ppm/K in I4/m Sr2MgWO6

(15–300 K) [189]. In I41/acd A2BO4 structures I identified a corkscrew mechanism to give
rise to this increase in anisotropic compliance compared to the I4/mmm parent, based
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upon symmetry arguments that there are internal degrees of structural freedom along
two different axes that may themselves couple and thus elastically couple these axes.
Could similar atomic mechanisms be present in the NTE phases of Sr2MgWO6 or LaTaO4?

Figures 6.12A and 6.12B show the structures of the cubic Fm3̄m Sr2MgWO6 parent
and the tetragonal I4/m child phase. Double perovskites, of general formula A2BB’O6

consist of a three-dimensional checkerboard lattice of BO6 and B’O6 octahedra, with A
cations filling the interstitial sites. In Fm3̄m Sr2MgWO6, there is a degree of freedom in
the Wyckoff position of bridging O ions that corner-link the MgO6 and WO6 octahedra
not present in cubic ABO3 perovskites. With the freezing in of anti-phase octahedral
rotations, the introduction of a symmetry breaking distortion to transform the material
to the I4/m phase, the position of O ions along the c direction (apical O ions) becomes
decoupled from the position of O ions in the plane of rotation (equatorial O ions). There
are therefore independent degrees of structural freedom in the a–b plane (the positions
of equatorial Os the octahedral rotation angle) and along the c-direction, the positions
of apical O ions. Both of these independent degrees of structural freedom appear in
the G+

1 irrep of the I4/m phase and thus may couple a to c. Furthermore, we may see
from Figure 6.12B that I4/m is the A2BB’O6 analogue of the I4/mcm phase of ABO3

perovskites, with frozen anti-phase rotation about c. Therefore, without performing any
dynamics calculations, we might guess that octahedral rotations of the kind found to
provide the dynamic driving force for in-plane PTE in I41/acd Ca2GeO4 may also be
active in I4/m Sr2MgWO6.

Figures 6.13A and 6.13B similarly show the parent Cmcm and uniaxial NTE Cmc21

phases of LaTaO4, both of which are orthorhombic. The ABX4 class of layered perovskites
involve layering of BX6 octahedra along the perovskite [110] direction. The aristotype
Cmcm ABX4 structure does have a degree of frozen structural freedom that could couple
b (the experimentally observed NTE direction in daughter phase Cmc21) to c because
the tetragonal cell means that octahedra are not required by symmetry to have all 90�

angles in the b–c plane. In fact DFT calculations find two different near-90� Ta–O angles
in LaTaO4. In the daughter Cmc21 phase, an octahedral rotation about a (by an angle
labelled a in Figure 6.13B) leads to a greater degree of G+

1 structural freedom in the b–c
plane. However, the BO6 octahedra themselves are further distorted to give four different
O–B–O angles in each octahedra that lie in this plane (labeled b1 � b4). A cations are also
not constrained to high-symmetry positions along any direction in the b–c plane. This
means that combined changes in the rotation angles a and b1 � b4 (under the condition
of course that Â bi = 360�) allow b to respond to changes in c, or visa versa, without
extending any stiff B–O or A–O bonds and without introducing any additional symmetry
breaking distortions.

6.6 Summary

In this chapter I set out to address the first of the two primary aims of this thesis: to
deduce the origin of uniaxial negative thermal expansion in Ruddlesden–Popper oxides. I did so
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FIGURE 6.13: Fully relaxed high-symmetry Cmcm and low-symmetry
(NTE) Cmc21 LaTaO4 structures. In the Cmc21 daughter phase angles be-
tween octahedra, labelled a, and even internal octahedral angles within
the b–c plane, labelled b1 � b4, are not restricted by symmetry to particu-

lar values. Reproduced from [36].

by studying a mixture of experimental and simulated lattice parameter data, alongside
more detailed analysis of the underlying lattice dynamics from first-principles phonon
calculations.

Simulations performed within the quasi-harmonic approximation on the tetragonal
I41/acd phase of Ca2GeO4 (under an applied 4.3 GPa compressive biaxial stress) re-
produce the uniaxial NTE measured experimentally in the same phase of Ca2GeO4 and
Ca2MnO4. Analysing the lattice dynamics of these simulations, I found that the lowest
frequency zone-centre phonons have octahedral tilt character and contribute strongly to
drive in-plane PTE and NTE of the layering axis. Tilts with these attributes are predicted
at frequencies up to around 165 cm�1, although those that drive NTE most strongly are
the softest optical modes (at frequencies above 50 cm�1). Fits to experimental data using
an Einstein mode model suggest that the characteristic phonons driving thermal expan-
sion of both tetragonal axes should lie in a similar frequency range. These soft octahedral
tilts were found to be particularly responsive to changes in the level of applied biaxial
stress and increasing the applied stress was found to cause a reduction in the magnitude
of NTE. This discovery partly explains why the uniaxial NTE has a larger magnitude in
Ca2GeO4 than Ca2MnO4, even though VI-coordinate Mn4+ and Ge4+ ions are known to
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have the same ionic radii: in-plane magneto-striction in Ca2MnO4 manifests as an effec-
tive biaxial compression.

These soft tilts themselves promote uniaxial NTE. However, summing the contribu-
tions from modes across the full phonon density of states yields a net driving force for
both in-plane and axial positive thermal expansion at all temperatures. The driving force
for in-plane PTE outweighs that for axial PTE, with the main contribution coming from
soft tilt modes. This driving force for in-plane PTE is only transformed into uniaxial
NTE once one accounts for the highly anisotropic elastic compliance of the NTE phase.
Comparing the anisotropic compliance matrix of the NTE phase (with frozen octahedral
rotations) to that of high-symmetry Ca2GeO4 or analogous CaGeO3 phases, it was found
that such strong elastic coupling between a and c axes is specific to the NTE phase: even
if the same phonons were active in other phases, NTE would not be predicted over such
a wide temperature range.

In the previous chapter, I proposed a corkscrew mechanism to explain high anisotro-
pic compliance in An+1BnO3n+1 Ruddlesden–Popper phases with frozen octahedral ro-
tations about the layering axis. In this chapter I presented atomistic evidence for such a
model based on first-principles simulations predicting the response of I41/acd Ca2GeO4

to changes in rotation angle. Applying this model to study the evolution of both mea-
sured and simulated structural parameters with temperature, I inferred that it is the in-
plane PTE that drives uniaxial NTE, supporting earlier analysis of the lattice dynamics.

I have thus identified two ingredients required to explain the uniaxial NTE in A2BO4

rotation phases: (i) low-frequency tilt vibrations of BO6 octahedra and (ii) highly anisotropic
elastic compliance. I finally set out to search for other anisotropic NTE materials in
which NTE could be attributed to a similar mechanism. I found two such candidates,
Sr2MgWO6 and LaTaO4, both which experimentally display uniaxial NTE and both which
(by symmetry considerations at least) could support a corkscrew-like compliance mech-
anism. However, this study to extend the insight gained from studying Ca2MnO4 and
Ca2MnO4 to other crystal systems remains ongoing work and will be discussed further
in Chapter 9. For the remaining two results chapters, I develop the study of uniaxial NTE
in An+1BnO3n+1 Ruddlesden–Popper oxides to address the second aim of this thesis: how
might we tune uniaxial NTE?
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Chapter 7

Tuning NTE by Changing Layer
Thickness
What causes uniaxial NTE in layered perovskites? In Chapter 6, I analysed a particular phase
of Ca2GeO4 and concluded that the causes of NTE are twofold: soft vibrational modes
driving in-plane PTE and a highly anisotropic elastic compliance tensor are both nec-
essary to explain observed NTE in this material. I thus answered this question for a
particular layered perovskite. However, (n = 1) Ca2GeO4 is just the lowest n member of
the Can+1GenO3n+1 Ruddlesden–Popper series. To what extent may the results of Chapter 6
be extended to higher n structures? While in practice most chemistries are found to predom-
inantly exhibit the n = 1, 2 and of course n = • phases only [191], in principle any value
of n between 1 and • is possible; n = 3 structures have been synthesised by careful com-
positional control [192] and although n > 3 phases are often predicted to be unstable to
decomposition [193], epitaxial growth techniques have allowed the synthesis of n = 2 � 5
[194], n = 6 [195] and n = 10 [196] structures. n is therefore an engineering parameter
in the design of real Ruddlesden–Popper oxide based components. We can thus take this
question further: can controlling the perovskite layer thickness of Ruddlesden–Popper oxides be
used to tune the anisotropic thermal expansion of a material?

In this chapter, I study through first-principles calculations how the two ingredients
for uniaxial NTE identified in the previous chapter – anisotropic elastic compliance and
soft tilt vibrations – vary with n in Can+1GenO3n+1 Ruddlesden–Popper oxides. I find
that increasing the proportion of CaO:CaGeO3 interface (typified by the metric 1/n) leads
to an enhancement in anisotropic compliance – which is maximised when n = 1. By
analysing various atomistic mechanisms that contribute to compliance, I find that this is
because a corkscrew mechanism, first proposed in Chapter 5, operates at the CaO:CaGeO3

interface and thus its effect is greater with a higher proportion of this interface. Vari-
ation of simulated elastic compliance components with 1/n broadly agrees with earlier
predictions using this corkscrew model. I further find that the system becomes more
unstable to octahedral tilt modes with increasing n. This is true in both high-symmetry
phases and phases with frozen octahedral rotations. Although the results of Chapter 6
imply that this should enhance the thermodynamic driving force for NTE, analysing the
experimental phase diagrams of Can+1MnnO3n+1 Ruddlesden–Popper oxides suggests
that the main effect of this mode softening is to shift the stability window of the NTE (or
analogous) phase to higher temperatures.
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Most of the work presented in this chapter has been published as Ablitt, C. et al. Front.
Chem. 2018, 6, 455. All results presented here are from simulations performed by me and
no authors were involved in the associated publication other than myself and my PhD
supervisors. As with all chapters, details of the specific DFT calculation parameters used
may be found in Appendix A.

7.1 Symmetry of Ruddlesden–Popper phases

Experimentally, uniaxial NTE is reported in several n = 1 compounds – Ca2MnO4 [29],
Sr2IrO4 [31], Sr2RhO4 [32] & Ca2GeO4 [34] – in a phase with the I41/acd space group
symmetry and also in the Acaa phase of (n = 2) Ca3Mn2O7 [13]. Both of these phases
have frozen octahedral rotations about the layering axis, c. The analysis in Chapter 6 was
performed on this tetragonal I41/acd phase of Ca2GeO4, where I argued that the ingredi-
ents for uniaxial NTE arise due to the symmetry of this NTE phase. The phase symmetry
is thus clearly an important factor determining NTE in these materials. In this chapter,
I am careful to compare compounds with different n in analogous phases and therefore,
before I present any simulation results, let us establish the NTE analogous phase diagram
for a general n member of the Can+1GenO3n+1 Ruddlesden–Popper oxides.

FIGURE 7.1: Phase diagram relevant to NTE for An+1BnO3n+1
Ruddlesden–Popper oxides of general n. Arrows represent group–
subgroup relationships and are labelled by the irrep of the distortion. Un-
der each spacegroup label, the supercell relative to the parent phase is
given. The spacegroup symmetry of analogous phases for all odd n com-
pounds are the same, and similarly for all even n compounds. Reproduced

from [8].

Figure 7.1 shows the phase diagrams relevant for NTE in the n = 1, 2 and • An+1BnO3n+1

systems. In the n = 1 I41/acd phase, there is a frozen octahedral rotation that is anti-
phase between adjacent equivalent BO6 perovskite layers in different unit cells – the cor-
responding distortion is at P =(1/2, 1/2, 1/2). On the other hand, in n = 2 Acaa the rotation
is anti-phase within each BO6 block but with no doubling of the I4/mmm unit cell along
c – corresponding to a distortion at X =(1/2, 1/2, 0). In both n = 1 and n = 2 systems, this
NTE phase with anti-phase rotations competes with a ground-state phase with both frozen
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rotations and tilts of BO6 octahedra (Pbca or A21am respectively), that is a child of an al-
ternative rotation phase with in-phase rotations. The ground-state phase shown is found
to be the lowest energy structure computed using DFT in Can+1GenO3n+1. The n = 1
phase diagram may be extended to all odd n in the Ruddlesden–Popper series and the
n = 2 phase diagram to all even n. The analogous phase diagram for an (n = •) ABO3

perovskite is also shown for comparison, even though uniaxial NTE in the I4/mcm phase
of ABO3 perovskites, with anti-phase rotations about c, is much less common than in the
analogous n = 1 or n = 2 compounds. Throughout this chapter I distinguish between
high-symmetry phases – the I4/mmm Ruddlesden–Popper or Pm3̄m perovskite parents
– and rotation phases – by which I mean the NTE (or equivalent) phase with anti-phase
rotations about the c axis.

Although the Acam and Acaa rotation phases have orthorhombic space groups, in
both DFT simulations and experimental measurement [13] these were actually found to
be metrically tetragonal. This is justified for the n = 1 Acam phase in Appendix B and
the same principles were found to apply to n = 2 Acaa – in essence the spacing between
perovskite lattice planes is so great that energetically it makes no difference whether ro-
tations in equivalent layers are in-phase or anti-phase. Therefore all rotation phases have
been treated as tetragonal in this chapter regardless of the assigned space group symme-
try. Noting that in n = 3 Acam the octahedral rotations are anti-phase within each per-
ovskite block, exactly as in relaxed I41/acd (although still in-phase between unit cells),
I used n = 3 Acam as a proxy for I41/acd in calculations of elastic properties. How-
ever, since in Chapter 4 I found in (n = 1) Ca2GeO4 this degeneracy between I41/acd
and Acam phases is broken once one considers coupling to dynamic octahedral tilts, for
lattice dynamics calculations I present simulations of n = 3 I41/acd.

7.2 Anisotropy Ratios

In Chapter 6 I showed that high anisotropic elastic compliance is an essential ingredi-
ent to explain why uniaxial NTE in Ca2GeO4 persists over such a wide temperature
range. Therefore, to assess how this anisotropic compliance changes with layer thickness,
I computed the elastic compliance matrices, s, for high-symmetry and rotation phases of
n = (1, 2, 3, 4, •) members of the Can+1GenO3n+1 series. These matrices are shown for all
phases in Table G.1 and their eigenvalues and corresponding eigenvectors are also listed.
Detailed analysis of how and why the components of these matrices evolve with n will
be saved until Sections 7.3 and 7.4 respectively. For the more time-pressed readers, I will
first discuss the key results of this elasticity analysis relevant to NTE.

I previously introduced the elastic anisotropy ratio, k, as a useful measure to deter-
mine the extent to which a strong driving force for in-plane PTE may be transformed into
uniaxial NTE due the anisotropic elasticity of a tetragonal material. I defined k as the
ratio of the highest, sH, and lowest, sL, eigenvalues to the elastic compliance matrix s;
where higher k indicates that s is more conducive to uniaxial NTE. Figure 7.2 therefore
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shows how sH, sL and k evolve with varying n for high-symmetry and rotation phases in
the Can+1GenO3n+1 series.

In the composite mechanics community, the elastic properties of laminates are typi-
cally described by the properties of the constituent phases, weighted by the relative frac-
tion of that phase [197]. However, in the functional oxides community, it is well known
that the local structure of atomic interfaces within a crystal often dictate the physical
properties of the entire material [198]. There are therefore two ways to conceive the lay-
ered Ruddlesden–Popper structure: (i) as being comprised of constituent CaGeO3 and
CaO phases or (ii) as being comprised of CaGeO3 and the CaGeO3:CaO interface.

Can+1GenO3n+1 = [CaGeO3]n [CaO] = [CaGeO3]n�1 [CaGeO3 : CaO] (7.1)

From Equation (7.1), it is clear that (i) the mole fraction of CaO in Can+1GenO3n+1 is
given by the ratio 1/(n + 1) and (ii) the mole fraction of Ca2GeO4, which represents the
fraction of CaGeO3:CaO interface in the structure, is given by the ratio 1/n. Therefore
to reflect the importance of the interface, sH, sL and k are plotted as a function of 1/n in
the subplots on Figure (7.1). Straight lines have also been plotted interpolating between
values for the CaGeO3 (1/n = 0) and Ca2GeO4 (1/n = 1) end members to show how
well the structure may be considered as a mixture of these two constituents in the high-
symmetry (blue dot-dashed) and rotation (red dotted) phase series.

FIGURE 7.2: Lowest, sL and highest, sH , eigenvalues to the compliance
matrix, s, as well as the anisotropy ratio k plotted for high-symmetry
and rotation phases in the Ca1+nGenO3n+1 series against the mole frac-
tion of CaGeO3:CaO interface (1/n). Interpolations between values in the
CaGeO3 (1/n = 0) and Ca2GeO4 (1/n = 1) structures are plotted for both
high-symmetry and rotation phases (blue dot-dashed and red dotted lines

respectively). Reproduced from [8].

The least compliant eigenvector, sL, corresponds to isotropic expansion for all struc-
tures investigated (see Table G.1) and thus is closely linked to the bulk compressibility,
b. Figure 7.2 shows that sL increases linearly with higher Ca2GeO4 mole fraction but is
invariant to changes in symmetry for a given n. All values for sL lie on the line interpo-
lating between CaGeO3 and Ca2GeO4 high-symmetry end members regardless of phase
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symmetry implying that sL is determined mainly by the composition.
sH also increases in magnitude with Ca2GeO4 content for all Ruddlesden–Popper

phases. However, unlike sL, sH is greatly enhanced in the phase with a frozen rotation
compared to the high-symmetry phase, and the rate of increase in sH for rotation phases
with 1/n is also greater in the rotation phase than in the high-symmetry parent. For all
the tetragonal phases studied, the eigenvector sH lies in a strain direction correspond-
ing to a cooperative increase in in-plane lattice parameters and decrease in the lattice
parameter along the layering axis, or visa versa. The corkscrew mechanism proposed in
Chapter 5 to give rise to high compliance to deformations of this nature operates at the
CaGeO3:CaO interface. It is thus interesting to note that sH in the rotation phase is lin-
early dependent upon the mole fraction of this interface in the structure; increasing as
this interface fraction becomes greater. Hence, sH for intermediate values of 1/n may be
easily predicted by interpolating between the sH values for CaGeO3 (with no interface)
and Ca2GeO4 (maximum interface) rotation phases.

This steeper increase in sH for rotation phases than high-symmetry phases with inter-
face mole fraction (1/n) manifests as a large enhancement in k between the child structure
and parent. The magnitude of this enhancement increases greatly with 1/n, reaching a
maximum in the n = 1 structure. The key result of this analysis of the compliances is
hence that this n = 1 structure is the best in the Ruddlesden-Popper series for facilitating
uniaxial NTE.

7.3 Elastic Compliance Matrices

Figure 7.2 showed how the eigenvalues of s vary with the CaGeO3:CaO interface fraction
(1/n). In this section I take a step back and analyse how the individual components of the
compliance matrix, sij, vary with 1/n. In the second half of the section, I assess the quality
of the two interpolations, (i) between CaGeO3 and CaO constituents and (ii) between
CaGeO3 and CaGeO3:CaO interface constituents, to predict the compliance components
of intermediate values of 1/n.

Figure 7.3 shows the elastic compressibility, b, and components of the elastic com-
pliance matrix, s, computed for fully relaxed high-symmetry and rotation phases in the
Can+1GenO3n+1 series. Since all phases are (pseudo-)tetragonal, only the four symmetri-
cally distinct sij components are plotted (see Sections 2.1.4 and 2.1.5 for an explanation of
how s of a tetragonal material relates to the full elastic compliance tensor).

The bulk elastic compressibility, b, increases linearly with 1/n. This likely reflects the
reduction in the proportion of stiff Ge–O bonds in the structure as the proportion of CaO
increases. However, there is only a very slight enhancement in compressibility between
the high-symmetry and rotation phases for a given n. Differences in b can therefore not
be used to explain why uniaxial NTE is common in low n Ruddlesden–Popper rotation
phases but not in parent I4/mmm phases.

The normal compliance components, s11 and s33, also increase with 1/n but unlike in
b there is a significant enhancement in the rotation phase compared to the high-symmetry
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FIGURE 7.3: The bulk compressibility, b, and components, sij, of the elas-
tic compliance matrix for a tetragonal material plotted for high-symmetry
and rotation phases in the Ca1+nGenO3n+1 series against the mole frac-
tion of CaGeO3:CaO interface (1/n). Interpolations between values in the
CaGeO3 (1/n = 0) and Ca2GeO4 (1/n = 1) structures are plotted for both
high-symmetry and rotation phases (blue dot-dashed and red dotted lines
respectively). A third curve shows the interpolation between values in the
Pm3̄m CaGeO3 phase and CaO rock salt structure computed as a function

of CaO mole fraction 1/(n + 1) (cyan dashed). Reproduced from [8].

parent, with both the magnitude and gradient with respect to 1/n greater in the rotation
phase.

The sign of the off-diagonal compliance components, s12 and s13, that couple normal
stresses to normal strains between axes, are negative for all compounds. This indicates
that all materials have all positive Poisson ratios, nij, where nij describes the normal strain
of axis j in response to a strain of axis i (nij = � # j

#i
). Most materials have nij > 0, so these

NTE Ruddlesden–Popper phases are not auxetic (nij < 0), even though auxetic materials
have been linked with materials that exhibit anisotropic NTE [199].

Despite the negative sign, the behaviour of s13 is similar to that of s11 and s33: com-
pliance increases with 1/n and there is a large enhancement in both the magnitude and
the gradient increase with 1/n in the NTE phase compared with the high-symmetry par-
ent. s12, on the other hand, displays the opposite trend since the magnitude of coupling
decreases with 1/n and going from the high-symmetry to rotation phases.

As in Figure 7.2, straight lines have been plotted on the subplots in Figure 7.3 interpo-
lating between values for the CaGeO3 (1/n = 0) and Ca2GeO4 (1/n = 1) end members.
A third dashed cyan line has been added to interpolate between the pure high-symmetry
CaGeO3 and CaO rock salt constituent phases. Because the mole fraction of CaO is ac-
tually expressed as 1/(n + 1) (Equation (7.1)) these lines appear curved when plotted
against the 1/n x-axis.

The trend in b follows that that would be predicted by modelling the Ruddlesden–
Popper series as a laminate of CaGeO3 and CaO, suggesting that b is determined pre-
dominantly by the composition. Since from Equation (2.21) isotropic volume thermal
expansion, a, is proportional to the bulk compressibility, b, this implies that the magni-
tude of a is heavily dependent on chemistry. This result echoes recent work showing
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that experimental measurements of many thermodynamic properties of Ruddlesden–
Popper structures may be predicted by interpolating between values of their chemical
constituents [200].

Whereas b could be approximated well as a function of CaO content for Ruddles-
den–Popper phases, s11 of high-symmetry phases increases above that predicted by the
cyan curve. This indicates that even in the high-symmetry phase, the CaGeO3 and CaO
layers do not behave independently and are affected by the interface between them. The
prediction for s33 based on the CaO content is quite good, which may be because s33 cor-
responds to deformations along the layering axis (with zero strain boundary conditions
on the a and b axes) and therefore the different constituent layers are being squashed in
series. For both s11 and s33, the rotation phases follow a linear relationship with 1/n and
therefore may be considered dependent upon the fraction of CaGeO3:CaO interface in the
structure (red dotted line). However, in the high-symmetry phase the n > 1 values for
both normal compliance components increase slightly beyond that predicted by interpo-
lating between the extreme CaGeO3 and Ca2GeO4 values (blue dot-dashed line). This is
surprising since it is not immediately obvious how the structure of higher n compounds
is different to local regions of CaGeO3 and Ca2GeO4 and therefore what additional com-
pliance mechanisms could operate.

The mole fraction of interface thus provides a useful predictor for all elastic com-
pliance components in low-symmetry Can+1GenO3n+1 rotation phases whereas the mole
fraction of CaO is only a successful metric to interpolate values of bulk compressibility,
b – to describe other compliances (most notably s12), interpolating based on the mole
fraction of CaO yields a poor approximation.

7.4 Different Compliance Mechanisms

In Section 7.3 I showed that certain elastic properties, such as the bulk compressibility, b,
are insensitive to small changes in crystal symmetry and may be accurately predicted by
interpolating between the value of b in CaGeO3 and CaO end member structures based
on the mole fraction of CaO. However, I also found that components of the anisotropic
compliance matrix, sij, typically differ in magnitude between high and low symmetry
phases and are generally more compliant than a CaGeO3:CaO interpolation predicts. Fig-
ure 7.4 repeats the final plot of Figure 7.3 (showing s13 versus 1/n) except with annota-
tions decomposing the s13 behaviour of different structures into regimes of increasingly
enhanced compliance. By separating the compliance regimes in this way, in this section
I will discuss the atomic displacements allowed in each regime by the phase symmetry.
I will hence propose atomic mechanisms that may explain these enhancements in the s13

axis coupling parameter. In many cases (although not discussed here) this analysis may
be used to explain the different regimes of the s11, s33 and s12 components in Figure 7.3.

Taking the value of s13 that would be predicted by interpolating between values in
the CaGeO3 and CaO constituent structures as a base (the dashed cyan curve in Figure
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FIGURE 7.4: Repeat of the final panel of Figure 7.3 with arrows la-
belled 1 – 4 annotating the enhancements in compliance due to different

atomic mechanisms. Reproduced from [8].

7.4), arrow 1 represents an increase in the coupling between in-plane axes and the lay-
ering axis in the (n = 1) Ca2GeO4 I4/mmm phase. In a pure cubic ABO3 perovskite, the
A cations by symmetry have the same z position as the apical O anions. However, the
inclusion of the AO layer in high-symmetry Ruddlesden–Popper phases causes symme-
try breaking along c at the ABO3:AO interface such that the apical O and interfacial A
ions are no longer restricted to the same z coordinate, leading to a so-called “rumpling"
of the AO layer. I propose that this rumpling facilitates a mechanism for enhanced s13

coupling illustrated in Figure 7.5. As the in-plane axes are strained, the interstitial void
between BO6 octahedra below the interfacial A cation changes in size, but the rumpling
adds a degree of freedom to the z coordinate of the A cation that may thus move further
into/out of the void in response to the in-plane strain. This thus couples the in-plane
axes to internal displacements along z and therefore to the layering axis itself. Since the
rumpling is allowed within the I4/mmm parent phase, displacements of the apical O or
the interfacial Ca cation along z transform as G+

1 , the totally symmetric representation.
This means that since this proposed atomic mechanism couples in-plane strain, #1, with
axial strain, #3, which also both transform as the G+

1 irrep. You may recall that when I
introduced the Landau expansion for I4/mmm Ca2GeO4 in Chapter 4, I subsumed all
terms that transformed solely as the G+

1 irrep aside from the elastic constant terms into
a function, f

�
G+

1
�
. This coupling takes the form of a #1 #3 Q(G+

1 ) term in our ongoing
Landau expansion in Appendix C and therefore features as part of the f

�
G+

1
�

function in
Equation (4.1).
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Epitaxial Strain Void gets larger
Ca ion moves up

a+b

c

a

b

a+b

c

Figure 2.9: In I4/mmm Ca2GeO4, tensile epitaxial strain causes GeO6 octahedra to expand in the
a–b plane and thus the void between them expands also. With a larger void directly above, Ca ions

move vertically (along c) to fill this void and in doing so move deeper into the CaGeO3 layer.
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Figure 2.10: Structural information for di�erent Ca2GeO4 structures with epitaxial strain and
variable c lattice parameter. Crosses represent fully relaxed phases (in which a, b and c are free).

In I4/mmm Ca2GeO4, the GeO6 void changes size to accommodate A cations solely from the expansion

of in-plane lattice parameters. In the Acam rotation phase, Figure 2.10a shows that the rotation

amplitude changes via the tension mechanism in response to epitaxial strain. This means that the

octahedral void in Acam is smaller than in an I4/mmm phase with equivalent lattice parameters but

that with bi-axial strain, the size of the void changes at a faster rate. The Ca–Ca vertical distance

is shorter in Acam than I4/mmm (see Figure 2.10b) since the smaller void means that the A cation

may not penetrate so far into the perovskite layer. Whereas the I4/mmm Ca–Ca distance remains

approximately constant with bi-axial strain, in Acam the Ca–Ca distance increases as the rotation

FIGURE 7.5: Arrow 1 in Figure 7.4: When there is a tensile in-plane (biax-
ial/epitaxial) strain in I4/mmm high-symmetry phases of Can+1GenO3n+1
Ruddlesden–Popper oxides (where n < •), the void between GeO6 octa-
hedra becomes larger. Axial symmetry breaking at the CaGeO3:CaO in-
terface gives rise to a rumpling between the positions of the apical O and
interfacial Ca cations, meaning that these ions are not restricted by sym-
metry to lie in the same plane. Hence, as this octahedral void opens, the
Ca ion may move to fill it. This leads to a coupling between the in-plane,
a, and axial, c, lattice parameters via the G+

1 distortions. Reproduced from
[8].

It was commented in the preceding section that the enhancement in compliance from
the interpolation between CaGeO3 and Ca2GeO4 values to n > 1 high-symmetry Ruddles-
den–Popper structures (shown by arrow 2 in Figure 7.4) is surprising since all struc-
tures consist of a CaGeO3:CaO interface (with rumpling of the CaO z positions) and
blocks of CaGeO3 (that one might expect to behave as bulk cubic CaGeO3). In A2BO4

structures, the length of all apical B–O bonds are equal due to the mirror symmetry plane
lying in each BO6 layer. Similarly the angle between epitaxial B–O and apical B–O bonds
must be 90� by the same reasoning. However, in A3B2O7 I4/mmm phases, one may see
from Figure 7.5 that this restriction – that the perovskite blocks must contain a mirror
plane at the centre – only means that the two outer apical B–O bond lengths and BO6 in-
ternal angles must be equal and that the apical B–O bond lengths between the two inner
BO6 layers must be equal. There is no restriction by symmetry that all apical B–O bond
lengths must be equal or in fact that all BO6 internal angles must be 90�. These weaker re-
strictions create internal degrees of structural freedom that may facilitate greater compli-
ance, since there is greater freedom for the atoms to move in response to external strains.
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In structures relaxed using DFT, I found that there is are slight differences in these two
bondlengths: 1.87 Å and 1.90 Å for the outer and inner apical B–O bonds respectively,
and the angle between outer apical B–O and epitaxial B–O bonds is 91.2�. This same ar-
gument may be applied to all n > 1 I4/mmm phases. However, in the special case of
the n = • series end member, there is no AO layer to break any symmetry along c and
thus all B–O bond lengths are equal and all O–B–O angles are 90�. That this difference
between s13 of n = 2, 3, 4 high-symmetry phases and the CaGeO3:Ca2GeO4 interpolation
is not also seen in the significantly more compliant rotation phases may be because in
these rotation phases, additional compliance mechanisms operate that dwarf the effect
described by arrow 2 .

n = 11<n <∞n = ∞

90°88.8°
91.2°

90°r2
r2

r2(A)
r2
r2

r2(B)

FIGURE 7.6: Arrow 2 in Figure 7.4: I4/mmm high-symmetry phases of
An+1BnO3n+1 Ruddlesden–Popper oxides where 1 < n < • have addi-
tional internal degrees of freedom because the perovskite block must have
a central mirror plane perpendicular to the layering axis but all apical B–O

bondlengths are not restricted to be equal.

Arrow 3 in Figure 7.4 represents the increase in coupling between the a/b and c axes
from the cubic CaGeO3 phase to an I4/mcm phase with anti-phase octahedral rotation
about the c axis. From a structural symmetry point of view, this may again come as a
surprise since the I4/mcm phase only has an internal degree of freedom in the ab plane
and not along the c axis that this plane couples to. Therefore one might expect large
changes in in-plane strain in response to biaxial stress from rigid BO6 octahedra rotating,
but not also large changes in c. However, DFT studies on LaAlO3 [102] and LaNiO3 [201]
show that while the application of compressive biaxial strain to the I4/mcm causes the
rotation angle to increase, it also leads to a large tetragonal distortion of the BO6 units
with compression of the epitaxial B–O bonds and extension of the apical B–O bonds.

Finally, arrow 4 in Figure 7.4 represents the increase in s13 coupling between rota-
tion phases of CaGeO3 perovskite and Ruddlesden–Popper oxides. In other words, arrow
4 describes the corkscrew mechanism that was first proposed to operate in Ruddlesden–

Popper structures with frozen octahedral rotations in Chapter 5 based on symmetry ar-
guments – that the in-plane degree of freedom from the rotation may couple to the axial
freedom from the rumpling. I identified this coupling as having a #1 #3 Q(G+

1 ) Q(rot)2 form
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in the full Landau expansion displayed in Appendix C (where Q(rot) is the frozen rota-
tion amplitude regardless of irrep label). In Chapter 6 I compared ball-and-stick models
of I4/mcm ABO3 and I41/acd A2BO4 phases to argue that symmetry requirements for
such a mechanism to operate are not met in the ABO3 rotation phase.

If you are reading this thesis linearly, you may recall that back in Chapter 5 I con-
structed a mechanical model for the structural parameters and elastic components in an
idealised system in which the corkscrew model operates perfectly (i.e. all stiff bonds are
perfectly rigid and all weak bonds are perfectly compliant). In this model, the only permit-
ted distortion was the cooperative in-plane expansion (contraction) and axial contraction
(expansion) described by the corkscrew mechanism and the only resistance to this defor-
mation came from harmonic potentials describing the q and a hinges, with stiffness kq

and ka respectively. In Figure 7.7, I repeat Figure 5.10 describing how the sij components
in this model are predicted to vary as a function of 1/n. Different curves on this figure
represent different ratios of kq/ka.

FIGURE 7.7: Components, sij, of the elastic compliance matrix, s, predicted
using the idealised mechanical model for the corkscrew mechanism devel-
oped in Chapter 5. The only resistance to deformation in this model comes
from the stiffness of the q and a hinges, kq and ka respectively, and thus
each plot shows different ratios of kq/ka. In practice, ka was set to equal 1,
yet the whole curves were rescaled to such that the mechanical work for
the n = 1 limit was the same as the mechanical work in the case that n = 1

and kq = ka = 1. This is a repeat of Figure 5.10.

The behaviour predicted by the corkscrew model in Figure 7.7 does not match the
results from simulations in Figure 7.3 for all compliance components. This indicates that
the such an idealised mechanical model is not sophisticated enough to predict reasonable
values for a real physical system. However, let us remind ourselves that the corkscrew
model is only being proposed to explain arrow 4 in Figure 7.4, and therefore to operate
on top of existing compliance mechanisms in the system. In Figure 7.4, s13 in Ruddlesden–
Popper rotation phases is predicted to increase in magnitude (become more negative)
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linearly with 1/n. From Figure 7.7 we see that in the limit that ka >> kq (blue and purple
curves), the AO interface is stiffer than the ABO3 perovskite blocks and s13 loses depen-
dence on n. However, in the opposing limit that kq >> ka (orange and red curves) and
changing the in-plane rotation angle is the main obstacle to strain, s13 µ 1/n, which is
precisely the enhancement seen in the real system. This same kq >> ka limit also pre-
dicts s11 and s33 to increase with 1/n, supporting the behaviour seen in DFT simulations.
However, since the corkscrew mechanism was concocted to explain strong coupling be-
tween a and c axes, it is the off-diagonal s13 term in which it is expected to manifest most
strongly.

In this section I have presented mechanisms to explain the enhancements in anisotropic
compliance associated with arrows 1 - 4 in Figure 7.4. These mechanisms have been
proposed based on symmetry arguments by identifying the additional degrees of free-
dom introduced to the system with each arrow. However, without direct evidence for
these mechanisms operating, a more skeptical reader may remain unconvinced. I there-
fore performed a computational experiment investigating the structural response of ev-
ery (pseudo-) tetragonal high-symmetry or rotation phase to an applied 4.3 GPa com-
pressive biaxial stress. The results are presented in Figures 7.8B and 7.8C.

In Equation 5.7, I showed that c of a rotation phase of a finite n Can+1GenO3n+1 struc-
ture may be expressed as

c = 2 [(2n � 1) r2 + r3 + r4 sin(a)] , (7.2)

where Figure 7.8A has been copied from Chapter 5 as a reminder of the definition of
bondlengths r1–r4 and the angles q and a. It should be apparent that Equation (7.2) also
describes c of a high-symmetry Ruddlesden–Popper phase (i.e. the q = 0� limit where
a = a0). Considering Figure 7.8A you will see that the lower left-hand panels of Figures
7.8B and 7.8C show the proportion of the c axis length made up from every term in Equa-
tion (7.2) as a function of 1/n for various Can+1GenO3n+1 phases. The lower right-hand
panels of these figures then show the percentage extension of c, in response to the applied
biaxial compression and split into the proportion of the response that comes from each
term in Equation (7.2).

The c axis of both the Pm3̄m and I4/mcm phases of CaGeO3 is just a sum of Ge–O
bondlengths (with length r2 in the notation of Chapter 5). Therefore, the 1/n = 0 ends
of the lower left panels of Figures 7.8B and 7.8C are completely red (the colour associated
with r2). When one applies an in-plane compression to Pm3̄m or I4/mcm CaGeO3, the
Poisson response – the extension of c – comes entirely from stretching these Ge–O bonds.
Thus the 1/n = 0 ends of the lower right panels of Figures 7.8B and 7.8C are also red. The
increase in this 1/n = 0 strain between the cubic and the tetragonal phase is precisely the
effect described by arrow 3 that had been reported previously in the literature.

Of course the mechanisms you are probably more critical of are those proposed in
this thesis. On the lower left panel of Figure 7.8B we see that for finite n I4/mmm
Can+1GenO3n+1 phases, not all of c may be attributed to r2 Ge–O bonds. The rest of c
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6 Extending to arbitrary n

now corresponding to the highest |s13| values. Since the blue hashed region is bounded by the
invariant r4 =

p
2 r1 contour, the compliance components of systems with parameters in this

region are only weakly dependent upon k�/k�.
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Figure 7: The cross section of the (11̄0) plane of
an n = 3 phase with a frozen rotation about the
layering axis to represent a general member of the
An+1BnO3n+1 series. Atoms lying on the plane are
shown as dashed circles and dashed squares show the
outline of BO6 octahedra. The lattice parameters
X1–X3 and shortest bond lengths r1–r4 are labelled
alongside the in-plane rotation angle, � and the an-
gle, �, between the A cation and the plane containing
the B cation and equatorial O.

The derivation in Section 2 focused only on
the n = 1 member of the An+1BnO3n+1 series,
however it is possible to extend this derivation
to a system of general layer thickness n. Figure
7 shows the (1̄10) plane of the Acam phase of
n = 3 A4B3O10, the same plane displayed in
Figure 2c for n = 1 A2BO4.

The in-plane structure (i.e. the cross sec-
tion through the (001) and (002) planes shown
in Figure 2b is exactly the same in the n = 3
and n = 1 cases. Therefore for n = 3, X1 and
X2 will be given by Equation (2) and hence
�12 = �1 also.

Additional planes of BO6 octahedra clearly
a�ect the expression for X3, however. Noting
that the thickness of the cell edge and middle
perovskite layer blocks have both increased by
n � 1 BO6 units (each 2r2 in height) between
Figure 2c and Figure 7, but the same number
of r3 and r4 bonds remain. We may express
X3 generally as:

X3 = 2 [(2n � 1) r2 + r3 + r4 sin (�)] (27)

Similarly, since each BO6 layer contains 4
�-hinges, there are n BO6 layers per perovskite
block and 2 perovskite blocks in the unit cell,
Equation (18) may be generalised:
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Inspecting Equation (27), we see that it has the form X3 = a n + b where b contains the
component to X3 that may change with changing � and that this term forms a smaller proportion
of X3 as n increases. It was shown previously that the behaviour of W with changing � is weakly
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Inspecting Equation (27), we see that it has the form X3 = a n + b where b contains the
component to X3 that may change with changing � and that this term forms a smaller proportion
of X3 as n increases. It was shown previously that the behaviour of W with changing � is weakly
dependent upon k�/k� when r4/r1 6=

p
2. On the other hand, Equation (28) shows that when

comparing structures with di�erent n, the k�/k� ratio is extremely important such that if k�/k�

<< 1, W � n whereas if k�/k� >> 1, W � 1. Using this insight, in Table 1 we show the
dependence of s11, s33 and s13 on n for di�erent k�/k� regimes.
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(B) High-symmetry

(C) Rotation Phases

FIGURE 7.8: (A) Illustration providing definitions for the different bond
lengths r1 � r4 and the angle a in a An+1BnO3n+1 Ruddlesden–Popper
oxide of arbitrary n (repeat of Figure 5.9). (B) & (C) Response of
Can+1GenO3n+1 compounds to the application of a 4.3 GPa biaxial stress

for (B) high-symmetry and (C) rotation phases.

comes from r3 Ca–O bonds across the CaO rock salt layer (that account for almost 40% of
c in I4/mmm Ca2GeO4) and the z component of the r4 Ca–O bond (between the equato-
rial oxygen and interstitial Ca cation) that is not aligned with the c axis. When I applied a
biaxial stress, we see that a disproportionately large contribution of the uniaxial response
comes from the increase in this r4 sin(a) component relative to that term’s fraction in the
length c. This is evidence of mechanism 1 . Perhaps clearer evidence may be seen in the
upper right panel, showing the strain of individual bond lengths. In this panel we see
that, although the strains of the in-plane r1 (pink) and axial r2 (red) and r3 (green) bonds
are non-zero, reflecting that we are dealing with a real atomic system and not an idealised
mechanical model, the extension of r4 sin(a) (dark blue) is larger still than all these bond
lengths. As 1/n increases (n decreases), so too does the strain of this r4 sin(a) compo-
nent increase, above the slight strain enhancement of other bonds. It is interesting that
the mean strain in the remainder of c, due to r2 and r3 bonds (black line), remains approx-
imately constant with n suggesting that all enhancement in compliance with increasing
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1/n in the high symmetry system comes from mechanism 1 .
Considering now the rotation phase, the top-left panel of Figure 7.8C shows that the

in-plane response to the biaxial stress from changing r1 bondlengths is approximately
the same as in the high symmetry structure for all n. However, there is an additional
contribution from the tension mechanism by changing the frozen rotation angle, q. The
lower-left panel of this figure then shows that the bond make up of c in the rotation phase
is the same as in the q = 0� high-symmetry limit. However, the lower-right panel shows
an enhancement in the overall c strain in response to the biaxial stress (characteristic of
the increased s13 compliance) and that the strain contribution from every bond type has
increased. The increase in the D[r4 sin(a)] region compared to the same panel in Figure
7.8B is indicative of the corkscrew mechanism. Again, the upper-right panel of Figure
7.8C shows that the strain of the r4 sin(a) distance, which is allowed to change within the
corkscrew mechanism, is greater than of any other bond and that this strain is largest in
low n structures. Since the strain in the r4 bond, with is rigid within the pure corkscrew
model, is very small, this suggests that most of this large strain in r4 sin(a) comes from
changing the a angle.

There is a lot of information contained within Figures 7.8B and 7.8C, especially for
readers who have not spent the last four years obsessing over how various Ruddlesden–
Popper phases deform in response to biaxial stress. However, the large D [r4 sin(a)]

change compared to other bond strains, as well as the disproportionately large contri-
bution from this extension to the overall elongation of c, both support the proposed
mechanisms to explain s13 enhancement associated with arrows 1 and 4 in Figure
7.4. In both of these mechanisms, Dc in response to biaxial stress is enhanced in low n
Ruddlesden–Popper phases over analogous (n = •) ABO3 phases because the z coor-
dinate of the interfacial A ion is not constrained by symmetry (due to the rumpling at
the ABO3:AO interface). In both mechanisms, by allowing changes in a, this A cation
position couples to a and c axes of the tetragonal cell without requiring changes in r2, r3

and r4 stiff bonds. Although Figures 7.8B and 7.8C provide atomistic evidence that these
two mechanisms enhance compliance in low n Ruddlesden–Popper structures, none of
these stiff bonds are perfectly rigid and therefore these idealised mechanisms operate on
top of other compliance mechanisms in the structure. Although most commonly associ-
ated with metal-organic framework (MOF) materials, it is impressive to have atomistic
evidence that intricate geometric mechanisms operate in densely-packed ionic crystals
with bulk moduli 10 � 100⇥ higher.

7.5 Lattice Dynamics

So far I have not addressed how the thermodynamic driving force for thermal expan-
sion, F (T), varies with n. In Chapter 6, I performed dynamic calculations within the
quasi-harmonic approximation (QHA) on the rotation phase of (n = 1) Ca2GeO4 (with a
small external biaxial stress). These calculations showed that large in-plane PTE is driven
by modes in the phonon density of states (PDOS) with frequencies below 165 cm�1. I
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FIGURE 7.9: The lowest frequency harmonic phonon mode with octahe-
dral tilt character found in DFT simulations at high-symmetry q-points
in the Ca1+nGenO3n+1 series against interface fraction, 1/n. Tilt frequen-
cies have been plotted in the high-symmetry and rotation phases with 0
GPa external stress, and also for the rotation phase with a 4.3 GPa biaxial
stress applied to give better agreement of the Ca1+nGenO3n+1 structure to
Ca1+nMnnO3n+1. DFT only simulates the system at 0 K whereas phonon
frequencies may harden with increased temperature. This means that
many octahedral tilts are predicted with imaginary frequencies (shown as
negative) even if the mode has a real frequency and the structure is stable
at some higher temperature. To give an idea of how the equilibrium phase
changes with temperature, the inset graphs plot the experimentally ob-
served phase diagram for each n in the Ca1+nMnnO3n+1 system. The data
to make these illustrations was taken from: Ca2MnO4 [29]; Ca3Mn2O7 [13];

Ca4Mn3O10 [192]; CaMnO3 [202]. Reproduced from [8].

then found that the vibrations that contributed most strongly to in-plane PTE were soft
modes near the zone-boundary of the parent phase (although at the G-point of the NTE
rotation phase) that had octahedral tilt character. The system was near a structural in-
stability in which the lowest frequency phonon, with character of the parent phase X+

3

irrep, would become unstable. This mode was found to have an exceptionally high in-
plane mode Grüneisen parameter, g(i)

1 , suggesting that it contributes very strongly to the
aforementioned PTE (which remember is the origin of uniaxial NTE once one factors in
the anisotropic material compliance). Therefore, in Figure 7.9 I plot how the frequency of
the softest octahedral tilt mode to occur at any high-symmetry q-point (within a 2 ⇥ 2 ⇥ 2
supercell of the parent) varies as a function of n across the Ca1+nGenO3n+1 series. As I
have done throughout this chapter, I display the results of this calculation within both
high-symmetry phases and phases with a frozen in-plane rotation. Just as in Chapters 4
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and 6 I simulated Ca2GeO4 as a proxy system for Ca2MnO4, here I show the experimen-
tal phase diagrams (where available) for each Ca1+nMnnO3n+1 compound alongside the
Ca1+nGenO3n+1 simulation data.

It can be seen from Figure 7.9 that the frequency of the softest tilt mode stiffens with
increased Ca2GeO4 content in all phases, indicating that the inclusion of the CaGeO3:CaO
interface reduces the propensity of octahedra to tilt. In the language of our full Landau
expansion in Appendix C, increasing 1/n + 1 increases ltilt. The tilt mode is unstable (has
an imaginary frequency) in all high-symmetry parent phases, which is unsurprising since
these phases are not observed experimentally at low temperatures for any n member of
the Ca1+nMnnO3n+1 series. The tilt stiffens between the parent and child phases for all
n, showing that the dynamic tilt couples competitively with the frozen in-plane rota-
tion – recall the bi-quadratic Q(rot)2 Q(tilt)2 term introduced in Chapter 4. In both the
high- and low-symmetry phases, the (imaginary) octahedral tilt frequency varies approx-
imately linearly with Ca2GeO4 mole fraction, although the stiffening effect going between
the high- and low- symmetry phases becomes greater at higher n (lower Ca2GeO4 frac-
tion). The CaO rock salt layer also stiffens octahedral rotations (increases lrot) and thus
the mean angle of the frozen rotation increases with n in rotation phases from 10.55� in
I41/acd Ca2GeO4 (n = 1) up to the limit of 12.7� in I4/mcm CaGeO3 (n = •) (see Fig-
ure 7.10). The frozen octahedral rotation clearly is of the G+

1 irrep relative to the rotation
phase space group. Therefore, the coefficient to the quadratic Q(tilt)2 term in a rotation
phase actually looks like

ltilt(rotation phase) Q(tilt)2 ⌘
h
ltilt + lBQ Q(rot)2 + . . .

i
Q(tilt)2. (7.3)

Hence, the large Q(rot) in I4/mcm CaGeO3 means that the competitive coupling is
greatest for this largest n member, and leads to the greatest hardening of tilt frequency in
the rotation phase relative to the parent phase.

In the 0 GPa relaxed Ca1+nGenO3n+1 structures, the tilt is still unstable for all n.
In Chapter 4 I found that applying a biaxial 4.3 GPa stress stabilises the experimental
low temperature phase. I therefore applied this same biaxial compressive stress to all
Ca1+nGenO3n+1 rotation phases. This of course causes the n = 1 I41/acd Ca2GeO4 ro-
tation phase to have all real mode frequencies, but the softest tilt in all structures with
n > 1 is still unstable. This agrees with experimental observation of the low temperature
Ca1+nMnnO3n+1 stable phases, shown as inset figures for each composition on Figure
7.9. For this reason, it was not possible to perform full QHA calculations to simulate the
anisotropic thermal expansion of n > 1 compounds as I did in Chapter 6 for Ca2GeO4

because external perturbations to harden unstable modes are not justified by the exper-
imental low temperature phase. Instead the imaginary harmonic frequencies predicted
at 0 K by DFT agree with the experimental data – to simulate dynamics in such a phase
one would have to include higher order anharmonic interactions. Such simulations were
discussed in Sections 3.5.2 and 6.2.4 but are beyond the scope of this thesis.

Ca3Mn2O7 is found at low temperature in the improper ferroelectric A21am phase,
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Figure S2. Frozen octahedral rotation angle about c axis in fully relaxed rotation phases as a function of
1/n.

4

FIGURE 7.10: Magnitude of the frozen octahedral rotation angle, q, in re-
laxed rotation phases of Ca1+nGenO3n+1 as a function of 1/n. Reproduced

from the supplementary information of [8].

but undergoes a wide temperature region of phase coexistence with the uniaxial NTE
Acaa phase between 150–280 K on cooling and 300–360 K on heating [13]. The strong
first order nature of the phase transition arises because frozen octahedral rotations in
the A21am and Acaa phases have opposite sense (in-phase versus anti-phase about c
within each perovskite block) but the approximate transformation temperature gives an
indication of the temperature at which octahedral tilts in a rotation phase develop real
frequencies. Furthermore, the n = • perovskite, CaMnO3, transforms around 1166 K
from a Pnma ground state with frozen octahedral tilts, to an I4/mcm phase with only an
out-of-phase octahedral rotation – the n = • analogue of the n = 2 Acaa – remaining in
this phase for only a brief temperature window before transforming again to the cubic
parent structure at 1184 K [202]. For n = 3, the reported symmetry for Ca4Mn3O10 from
5 K up until room temperature is Pbca [192], in which a static rotation and tilt of the octa-
hedra are present. To the best of my knowledge a transformation to a higher-symmetry
rotation-only phase has not yet been reported, although the high-symmetry I4/mmm
parent structure has been stabilised at room temperature from solid state synthesis at
high temperatures and pressures [203]. Interpolating the experimental observations in
Figure 7.9 predicts a transformation temperature in the 250–1100 K window. The magni-
tude of the imaginary tilt frequency computed in Figure 7.9 may therefore be interpreted
as a crude indicator of the stability of the structure with condensed rotation and tilt and
thus of the temperature required to transform to the higher-symmetry rotation phase.
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7.6 Context

I concluded my study of uniaxial NTE in Ca2GeO4 with a discussion of how the results
of my work fit with recent similar studies back in Section 6.4. Here, I do the same for the
results of this chapter.

Huang et al. [204] studied, using first-principles methods, the evolution of structural
and thermodynamic properties of Srn+1TinO3n+1 Ruddlesden–Popper compounds with
layer thickness, n. In this paper, on a system with a higher Goldschmidt tolerance fac-
tor than Can+1(Ge/Mn)nO3n+1, the authors found that DFT predicts the parent I4/mmm
phase to be stable for low n (n = 1, 2), whereas high n (n = 3, 4, •) Srn+1TinO3n+1 com-
pounds adopt rotation phases at 0 K. These authors found that the bulk modulus, B,
increases with the proportion of SrTiO3, as does the stability of the rotation phase com-
pared to the parent. Using a so-called self-consistent quasi-harmonic approximation (SC-
QHA) [183] the authors predicted volumetric PTE in all structures and found that the
magnitude of PTE generally increases with n, with a step increase between n = 2 and
n = 3 compounds (moving between the high-symmetry and rotation phases). This cor-
relation between the CTE and B is expected from the isotropic Grüneisen equation (recall
Section 2.1.2). The increase in thermal expansion in compounds with a rotation phase
was attributed to the emergence of a low frequency peak in the PDOS, corresponding to
modes with large volumetric mode Grüneisen parameters. Such a phonon peak agrees
with the peak identified in I41/acd Ca2GeO4 in Chapter 6 that was associated with octa-
hedral tilts.

7.7 Summary

I have shown that the elastic anisotropy ratio, k, found in the previous chapter to be
an essential ingredient for uniaxial NTE, increases linearly in the Ruddlesden–Popper
Can+1GenO3n+1 series (n = 1, 2, 3, 4 . . . •) with the CaGeO3:CaO content (expressed by
the ratio 1/n), reaching a maximum in the structure with maximal interface (n = 1).
By decomposing the components of the elastic compliance matrix for high-symmetry
and NTE phases (with a frozen octahedral rotation about the layering axis) into different
regimes that show similar trends with 1/n, I have been able to link these regimes with
internal degrees of freedom in the structure that allow atomic mechanisms to operate
that couple to cell strains. The most important of these is the corkscrew mechanism that
operates locally at the CaGeO3:CaO interface in phases with a frozen octahedral rotation
about the layering axis and therefore explains the trend that anisotropic compliance cor-
relates with the fraction of interface in these phases. This local atomic compliance mech-
anism is analogous in certain ways to the wine-rack mechanism that operates in many
much softer framework materials. The compliance matrices can be rapidly calculated by
DFT methods and diagonalised to assess them for cross coupling terms that promote pro-
nounced uni or biaxial NTE. This makes them suitable descriptors for high throughput
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computational searching for novel NTE materials, especially when symmetry constraints
may be employed to narrow the space of candidate phases.

I further investigated the trend in frequency of octahedral tilts with Ruddlesden–
Popper layer thickness and found that the 0 K tilt frequencies in NTE or analogous struc-
tures become softer with increasing n. This hence implies that the dynamic driving force
for NTE should increase with increasing n. However, the effect of the softening with
changing integer n appears so great that n actually seems more closely linked to the tem-
perature stability range of the NTE phase for a given chemical system.

In theory, one might consider non-integer values of n, for example in a Ruddles-den–
Popper system where different perovskite blocks have different layer thicknesses. This
might allow one to more finely tune the thermodynamic driving force for NTE by engi-
neering how close the system is to the edge of stability of the NTE phase (when the effect
of the soft tilts is greatest). However, although such structures may be synthesisable us-
ing layered growth methods, it is likely to reliably produce a homogeneous sample of
such a compound using standard solid state synthesis techniques. The results of this
chapter – that is, an understanding of how changing layer thickness affects the elastic or
structural properties of Ruddlesden–Popper oxides – may have applications beyond the
study of thermal expansion. For example, two novel functional properties most closely
associated with Ruddlesden–Popper oxides, hybrid improper ferroelectricity and high-
temperature superconductivity, are both closely linked with tilting of the octahedra and
therefore a knowledge of how varying n may tune the extent of these distortions may
have applications in the study of these other properties.
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Chapter 8

Tuning NTE by Chemical Doping
One of the key aims of this project was to develop an understanding of how thermal
expansion, and specifically negative thermal expansion, may be tuned within layered
perovskites. In this chapter, I will study how NTE may be controlled through varying
chemical composition. Here I consider only isovalent substitution onto the A and B lattice
sites of An+1BnO3n+1 and therefore do not consider systems with mixed charges on the
cation site, vacancies on any site or non-oxides.

This chapter considers the effect of composition upon properties relevant to uniaxial
NTE in two solid solid solutions: Section 8.1 presents a joint simulation and experimental
study on (n = 2) Ca3�xSrxMn2O7, part of which has been published as Senn, M. S. et al.
Phys. Rev. Lett. 2015, 114, 035701, whereas Sections 8.3–8.7 present a joint simulation
and experimental study on (n = 1) Ca2�xSrxMn1�yTiyO4. Experiments performed on
both systems find that the magnitude of NTE increases as the tolerance factor – a mea-
sure based on the ratios of A, B and O ionic radii – is reduced. First principles simula-
tions on solid solutions analogous to those investigated in experiment show that octahe-
dral tilt vibrations, which were found previously to provide the thermodynamic driving
force for NTE, soften with reducing tolerance factor. Furthermore, the anisotropic mode
Grüneisen parameters – a measure of each phonon’s contribution to thermal expansion
– of these modes are also enhanced as tolerance factor is reduced. In this sense, tolerance
factor is considered to be an analogue of biaxial stress, where the release of biaxial stress
was identified to induce the same behaviour in Chapter 6. The anisotropic elastic compli-
ance, found previously to also be an essential ingredient to explain uniaxial NTE, shows
little change with changing tolerance factor, except as one approaches the transition from
the NTE to the high-symmetry phase. It is thus concluded that, whereas the layer thick-
ness n was shown in Chapter 7 to strongly influence the elastic compliance, changing the
tolerance factor most greatly tunes the octahedral tilts. Combining these two insights has
led to a compound being engineered that exhibits uniaxial NTE with a larger magnitude
than recorded previously in a Ruddlesden–Popper oxide due to this mechanism.

8.1 NTE in Ca3�xSrxMn2O7

Following the discovery of a uniaxial Acaa NTE phase in n = 2 Ca3Mn2O7 [13], a follow-
up study was to investigate whether Sr substitution onto the Ca-site could be used to
control the magnitude of NTE. This section gives a brief account of this investigation of
the Ca3�xSrxMn2O7 system (0  x  3) published in [37].
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Samples were synthesised using standard solid-state synthesis techniques, structural
parameters investigated as a function of temperature using high-resolution x-ray diffrac-
tion (XRD) at the Diamond Light Source and space group symmetry of different com-
pounds identified using Rietveld refinement of XRD data. Nominal compositions (found
from careful measurement of precurser powders) were taken as true compositions pro-
viding that the resulting compounds were found to be free from impurities (in diffraction
patterns) and that the cell volumes across the series obeyed Vegard’s Law. I did not par-
ticipate in the synthesis, measurement or structural assignment of samples, which was
performed by authors M.S., C.M., X.L., L.W., F-T.H., S-W.C. and A.B. on the paper.

At 85 K, the undoped compound is found in the polar A21am phase (with both frozen
X+

2 in-phase rotations about c and X�
3 tilts about an in-plane axis). The lowest doped

sample (x = 0.1) showed phase coexistence between the Acaa NTE phase (with frozen
X�

1 anti-phase octahedral rotation about c) and a 45% fraction of this A21am ground-
state. Increasing x up to x = 1.5 stabalised the pure Acaa phase and at Sr concentra-
tions x > 1.5 only the high-symmetry I4/mmm parent (with no frozen rotations or tilts)
was observed at 85 K. The resulting experimental phase diagram is shown in Figure
8.1A. From temperature-dependent XRD at 100 K, all samples showed volumetric and
in-plane PTE and the (x = 0) A21am-phase and (x = 2) I4/mmm-phase compounds
both displayed PTE of the c-axis (not shown here - see paper). However, at this same
temperature, the red squares on the bottom plot of Figure 8.1B show that 0.1  x  1.0
compounds with the Acaa phase space group exhibit NTE of the c axis and that the mag-
nitude of this NTE reduces linearly with increased Sr content.

My contribution to this work was to perform first-principles simulations to explain
the observed behaviour. Again the calculation details may be found in Appendix A and
DFPT – see Section 2.4.2 – was employed for the calculation of harmonic phonons. The
virtual crystal approximation (VCA) – see Section 2.3.6 – was used to simulate Sr doping
on the Ca lattice site by creating fictitious A-site cations where the nuclei and core elec-
trons have weighted Ca and Sr character so as to mimic a homogeneous distribution of
both elements on this site. This approximation was justified by the experimental observa-
tion that there was very little site ordering between Ca2+ and Sr2+ cations. As in Chapters
4, 6 and 7, compounds with Group IV Ge4+ ions were studied in place of magnetic Mn4+

(see Chapter 4 for extensive discussion of this approximation) therefore simulations were
performed on Ca3�xSrxGe2O7 (although with no biaxial stress corrections).

We have already seen in the previous chapter that the Acaa phase of (n = 2) Ca3Ge2O7

is unstable to octahedral tilts in 0 K DFT and, unlike in the n = 1 system, this supports ex-
perimental observations that Acaa is not the low temperature ground state in Ca3Mn2O7

(recall Figure 7.9). Therefore it is not possible to explicitly calculate thermal expansion
using the QHA, as was done in Chapter 6. Furthermore, any attempts to stabilise modes
with imaginary frequencies (e.g. by the application of hydrostatic or biaxial stress) would
not be justified by experimental observation. Therefore, much as in the previous chapter,
I studied the behaviour of the (unstable) softest octahedral X�

3 tilt with Sr doping to infer
information about the magnitude of NTE.
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underlying dynamics responsible for the NTE and how this
may be optimized nearest to the phase boundary to enhance
NTE.
Our model system is that of Ca3Mn2O7 which has been the

subject of a theoretical prediction of a new kind of “hybrid”
improper ferroelectricity17,18 and where we have recently
reported the serendipitous discovery of uniaxial NTE in a
competing crystallographic phase.19 The ferroelectric phase
crystallizing in space group A21am and the NTE phase in Acaa
were found to exhibit a pronounced phase coexistence over a
large temperature range. Symmetry analysis (Figure 1) reveals

that there is no group−subgroup relationship between these
phases meaning that the phase transition between them cannot
be of second-order type. Decomposing these (child) structures
in terms of symmetry adapted displacements of a hypothetical
aristotypical structure (hereafter the parent structure) enables
systematic classification of the ordered degrees of freedom in
each phase. These ordered degrees of freedom may be thought
of as phonon modes of the parent structure which have gone
soft (frozen-in) in the displacive phase transitions producing
the child structures. Hence, in favorable circumstances, the
existence of a closely competing phase informs us about
dynamics in the phase with which it is in competition with. The
A21am ground state phase has positive thermal expansion
(PTE) along the c-axis and consists of a parent structure where
two soft modes, one tilt and one rotation along the c-axis, have
frozen in. The competing Acaa phase, which has NTE along the
c-axis, only has a frozen-in rotational instability along the c-axis,
leading us to speculate that it is the dynamical “left-over”

degree of freedom in this phase (the tilt) which is responsible
for the observed NTE.19 In Figure 1 we show how analysis of
the irreducible representations of the competing structural
distortions leads us to speculate that the NTE in the Acaa child
phase is driven by the soft phonon mode of character X3

− (with
respect to the parent phase) which may be visualized as a
dynamic tilting of rigid MnO6 octahedral units about the c-axis
(see inset of Figure 1).
To investigate the validity of this hypothesis we have

prepared a polycrystalline sample of the solid solution
Ca3−xSrxMn2O7 in the range 0 ≤ x ≤ 2 via conventional
solid state synthesis methods, with the aim of controlling not
only the crystallographic symmetry observed at a particular
temperature but also the proximity to a competing phase
(Figure 1, lower panel). Figure 2 shows XRD diffraction

patterns at 85 K which evidence space group symmetries of
A21am, Acaa, and parent I4/mmm at x = 0, 0.3, and 2
respectively, as indicated by the Rietveld fit to the weak
(super)structure peaks. Compositions x = 0.1 and 0.5 are also
found to crystallize in Acaa symmetry although the former
exhibits a phase coexistence with A21am (45%) when it is
cooled to 85 K (see Supporting Information (SI)). Next we
performed temperature-dependent XRD studies on the high
resolution powder diffractometer I11 at Diamond Light Source,
to accurately determine lattice parameters and thermal
expansion coefficients. The evolution of the strain20 of the c-
lattice parameter as a function of temperature is shown in
Figure 3 for x = 0, 0.1, 0.2, 0.3, 0.5, and 2. Volume and a/b
lattice parameters all display positive thermal expansion (PTE;
see SI); however, the thermal expansion along c shows an
interesting switching behavior. Three regimes are evident at low
temperature: at x = 0, PTE is observed and the crystallographic
symmetry is A21am; at x = 0.1−1.0, NTE is observed and the
crystallographic symmetry is Acaa (metrically pseudotetragonal
within the resolution of our experiment); and finally, at x = 2,

Figure 1. Scheme for chemical control of the symmetry of the solid
solution Ca3−xSrxMn2O7 (top) with quantitative phase diagram based
on ambient lattice parameters extracted from laboratory X-ray
diffraction data (below). Symmetry allowed/forbidden phase tran-
sitions are indicated by solid arrows/broken lines. I4/mmm parent
phase has unit cell a = b ≈ 3.8 Å, c ≈ 19.6 Å with Ca1, Ca2, Mn1, O1,
O2, O3 on 4b, 8e, 8e, 4a, 8e and 16i Wyckoff sites, respectively. A21am
has basis [(1,−1,0), (−1,−1,0), (0,0,−1)] + (1

4
,1
4
,�1

2
) and Acaa basis

[(1,−1,0), (1,1,0), (0,0,1)] + (0,1
2
,0) with respect to the parent setting.

Irreducible representation labels follow ISODISTORT.16 The inset
shows a RUM of X3

− character which we propose as being responsible
for the NTE in the Acaa phase.

Figure 2. Rietveld refinement fits in the program Topas to SXRD data
(λ ≈ 0.826 Å) on the polycrystalline sample of Ca3−xSrxMn2O7 at 85 K
for x = 0, 0.3, and 2. Fits to the weak superstructure peaks evidence
A21am, Acaa, and I4/mmm symmetries, respectively. Reflections
allowed in the Acaa supercell but absent in I4/mmm are indicated by
triangular symbols, and those additionally appearing in A21am are
indicated with diamonds.
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PTE is observed and the space group is I4/mmm. We have
hence shown that uniaxial NTE may be suppressed through
chemical control in two ways: first, by moving to a regime
where the soft mode responsible for the NTE has frozen out
and, hence, no longer contributes to the dynamics (the A21am
phase) and, second, by moving away from all structural
instabilities such that none of the modes responsible for the
phase transitions are close to being soft (i.e., the I4/mmm phase
at x = 2).
We now show that NTE is enhanced in the Acaa phase at the

point in the solid solution of x closest to the A21am phase. In
Figure 3 we plot the derivative of the strain, the thermal
expansion coefficient (α). A strong negative correlation of α
with x is clearly evident. This enhancement of the NTE on
approaching the competing phase (A21am) and its immediate
suppression on passing though the phase transition is indicative
that the soft mode responsible for the phase transitions is also
responsible for the observed NTE. Symmetry analysis alone of
these three phases has revealed sufficient information on the
dynamics to explain the observed NTE, something normally
only possible after extensive theoretical work.
To further support the idea that the magnitude of the

uniaxial NTE may be rationalized in terms of the proximity of
the Acaa and A21am phases we have performed first-principles
density-functional theory calculations on an analogous solid
solution compound (see SI for details). At 0 K and ignoring
zero-point energy contributions, we find A21am to be lower in
energy than Acaa for x ≤ 1.2. At x = 1.2 the energy difference
between the two phases is 10 meV per formula unit (see upper
panel Figure 4). At higher values of x, A21am ceases to be stable
or metastable, whereas Acaa remains a metastable phase.
Beyond x = 1.8, Acaa is also no longer metastable, in good
qualitative agreement with experiment. In a simplified picture,
the low temperature NTE may be thought of as being
dominated by the X3

− mode. Our calculations indeed show that
the X3

− mode is the softest mode at 0 K in both the Acaa and
I4/mmm phases21 where it has not condensed out (see SI
Tables 2 and 3). This mode is correlated with a reduction in the
c lattice parameter (see SI for details). Figure 4 plots the
frequency of X3

− (in the I4/mmm phase for simplicity) as a
function of x, showing that this mode becomes increasingly

unstable as x is reduced. As shown in the same figure, this
correlates with the measured low-temperature coefficient of
thermal expansion, supporting the hypothesis that the X3

− mode
is indeed responsible for NTE and that the magnitude of NTE
can be related to the proximity to the A21am phase, in which
the X3

− becomes soft and eventually condenses out. Despite
their simplicity, these static calculations help us to understand
and rationalize the experimentally observed trends, which
suggests that design rules for optimizing NTE can be developed
from an understanding of the symmetry alone.
Within the perovskite family there are a vast number of

reported second-order phase transitions exhibiting structural
distortions driven by soft modes with negative Grüneisen
parameters. However, the fact that these modes go soft over a
few kelvin14 results in only a short-lived anomaly in α. ScF3

9

and ReO3
22 are the only reported examples of NTE in the

extended structural family (A-site deficient perovskites), and
here, proximity to a phase transition (in pressure)23,24 is likely
indicative that these soft phonon modes dominate the thermal
behavior. However, attempts to tune α by chemical substitution
in Sc1−xYxF3 have been unsuccessful, resulting in phase
transitions with a loss of the desired property.25 Very recently,
tuning of NTE in Sc1−xAlxF3 has shown some promise,26 but
here the NTE is already suppressed (rather than enhanced) on
approaching the cubic to rhombohedral phase transition from
low to high x, suggesting that the anomalous thermal expansion
behavior is not arising from the dominance of a single soft
phonon mode (associated with the phase transition). Our
system differs in that it is designed to have competing phases
which have no group−subgroup relationship. This leads to a
“trapping” of a soft mode over a large temperature range, and
its dominance in the overall thermal expansion coefficient can
clearly be seen at low temperatures. Our mechanistic
understanding of NTE will be more widely applicable to a
host of materials that are already reported to exhibit NTE,
including a recent report of uniaxial NTE in Sr2RhO4.

27 We
predict that the investigation of symmetry forbidden phase
transitions in perovskite related compounds, and chemical
control of these competing phases will provide a fruitful route
for the design of materials exhibiting NTE and for tuning other
physical properties related to the phonon density of states.
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Figure 3. Evolution of strain (bottom) and α (top) for c as a function
of temperature for Ca3−xSrxMn2O7. Values for x = 0 are calculated
from ref 19. For x = 1, unambiguous assignment of symmetry from the
XRD was not possible and is instead made on the basis of Figure 1. α
is calculated from an analytical derivative of a third-order polynomial
fit to the strain.

Figure 4. Energy difference between A21am and Acaa phases (top)
versus doping x. Experimental coefficient of thermal expansion α (at
100 K) (bottom) and first-principles calculated frequency of the X3

−

mode (in the I4/mmm phase), versus doping x. Negative frequencies
indicate imaginary values (i.e., unstable modes).
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FIGURE 8.1: (A) Experimental room temperature phase diagram of
Ca3�xSrxMn2O7 and lattice parameters as a function of x. (B) DFT energy
of A21am ground state versus Acaa (experimentally observed) NTE par-
ent, experimental CLTE, a3 of the Acaa phase and (imaginary) frequency

of X�
3 tilt in I4/mmm phase, all against x. Figures taken from [37].

In the compounds with lowest x there is a temperature-mediated phase change be-
tween a low temperature A21am phase in which tilts are frozen and the higher tempera-
ture NTE Acaa phase where these tilts are active. One may consider these X�

3 tilts as the
driver for this phase change. In DFT, the A21am phase is lower in energy than Acaa for
all values of x, however, the upper panel in Figure 8.1B shows that this difference in en-
ergy decreases with increasing Sr content. It is worth remembering that Acaa and A21am
do not have a group–subgroup relationship, thus this phase transition is not displacive
(driven only by the condensation of the X�

3 tilt) but is in fact reconstructive (requiring the
unwinding of the anti-phase X�

1 rotation to the in-phase X+
2 rotation). However, regard-

less of the sense of rotation, it seems reasonable to connect this transformation with a tilt
instability.

The blue dotted line in the lower panel of Figure 8.1B shows the (imaginary, shown
as negative) frequency of the X�

3 tilt in the high-symmetry I4/mmm parent phase as a
function of Sr doping in Ca3�xSrxGe2O7. The mode hardens (frequency becomes less
negative) linearly with increasing x, correlating well with the experimentally measured
magnitude of NTE in Ca3�xSrxMn2O7.

In ABO3 perovskites, the propensity for BO6 octahedral units to tilt or rotate is linked
to the Goldschmidt tolerance factor, t (introduced in Section 3.2). When t is less than
unity, this suggests that the interstities between BO6 octahedra are larger than the A-
site cations and thus the octahedral framework is mechanically unstable with respect to
tilting. Replacing Ca2+ with the larger Sr2+ increases the mean radius of the A-site cation
and thus increases t, stabilising the undistorted I4/mmm parent phase. The experimental
phase diagram in Figure 8.1A, alongside this connection found in DFT between t and the
X�

3 tilt frequency, suggest that this link between t and octahedral modes also applies to
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(n = 2) Ruddlesden–Popper oxides.

Chapter 2. Results 19

2.2.2 (n = 2) (Ca,Sr)3Ge2O7

More information for calculations on (n = 2) Ca3Ge2O7 may be found from the recent publication

by Senn, Ablitt et al.50 described in the Literature Review. Here I will introduce some related results

which did not make it into the final publication.

This study aimed to assess the e�ects of doping Ca3Ge2O7 with Sr on the Ca lattice site in order to

chemically control the level of NTE. Experimentally it was found that with increasing Sr content, the

degree of NTE in the Acaa phase (which has a single frozen anti-phase rotation) reduced and that, at

high enough Sr content, full switching from NTE to PTE could be realised. As in the (n = 1) study,

Acaa Ca3Ge2O7 was found to be unstable to a X�
3 -type tilt mode in DFT calculations. The linear

variation of the (imaginary) frequency of the X�
3 mode in I4/mmm with Sr doping in my calculations

matched well to the experimental room temperature �c (see Figure 1.4b) and thus this was taken as

further confirmation that active tilts are linked with driving NTE in Ruddlesden–Popper structures.
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Figure 2.2 compares the imaginary frequency of a tilt with X�
3 character in Acaa to that of the

pure X�
3 mode in I4/mmm. Although in the high-symmetry structure the frequency of the mode

linearly increases with Sr doping, in Acaa the imaginary frequency reaches a maximum to become

almost stable in Ca2.1Sr0.9Ge2O7 and then begins to soften again. Increasing Sr content drives the

Goldschmidt tolerance factor closer to 1 and hence the frequency of octahedral tilts in all structures

is expected to increase. However, in Acaa, the amplitude of frozen X�
1 rotation also varies: over the

region x = 0 � 1.8, the rotation amplitude§ decreases to zero, and for x > 1.8, Acaa is no longer

stable. This means that the X�
3 tilt is hardened by competitive coupling with the static rotation and
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stable. This means that the X�
3 tilt is hardened by competitive coupling with the static rotation and

(B)

FIGURE 8.2: (A) The X�
1 frozen rotation amplitude and harmonic G-point

phonon frequencies in the Acaa NTE phase of Ca3�xSrxMn2O7 as a func-
tion of x and (B) the frozen mode amplitudes and cell changes relative to
the parent I4/mmm phase of again X�

1 in Acaa but also of frozen X+
2 (in-

phase rotation) and X�
3 (tilt) modes in the hybrid-improper ferroelectric

A21am ground-state phase. In-plane lattice parameter for the orthorhom-
bic A21am computed as the mean of a and b.

The plots in Figure 8.1B, taken from the paper, are instructive because they show a
clear correlation between soft octahedral tilts and the magnitude of NTE, supporting the
link identified in Chapter 6. However, in this figure the X�

3 frequency was computed in
the high-symmetry I4/mmm phase rather than the actual Acaa NTE phase. Figure 8.2A

compares the lowest X�
3 tilt frequency in the Acaa phase with the frozen X�

1 amplitude
– as computed by Amplimodes software [50, 51]. The tilts are less unstable in Acaa than
I4/mmm for all x until the frozen X�

1 amplitude drops to near 0. However, whereas the
X�

3 frequency hardens with x monotonically in I4/mmm, in the NTE phase it hardens
rapidly to reach a maximum around x = 0.9 and then softens again down to approxi-
mately the I4/mmm value at x = 1.8. These observations can be understood if one con-
siders competitive coupling between octahedral rotations and tilts mentioned previously
(recall the lBQ

R T Q(rot)2 Q(tilt)2 bi-quadratic terms introduced in Chapter 4 which appear
in the full Landau expansion in Appendix C). The frozen X�

1 amplitude decreases as x
(and therefore t) increases and the I4/mmm phase becomes more stable. This reduces the
competitive coupling. Hence, when the frozen rotation becomes very small, the effect of
reducing this coupling outweighs the hardening of tilts due to increasing t and the X�

3

frequency drops. Note that two X�
3 tilt frequency curves (green) are shown in Figure 8.2A

because in the Acaa rotation phase, coupling with the frozen octahedral rotation breaks
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the degeneracy of two pure X�
3 eigenvectors in the parent I4/mmm phase.

In Figure 8.2B, we see the clearest evidence yet of this competition by looking at how
the amplitude of frozen X�

3 tilts and X+
2 rotations varies with x in the simulated A21am

phase. The amplitude of both octahedral modes decrease with increasing x, but there is
a notable drop in X+

2 amplitude at around x ⇡ 1.1. This drop corresponds to a slight
increase in frozen X�

3 amplitude, a and c lattice parameters and a clear maximum in b,
which goes from steadily increasing to steadily decreasing with x as the structural evo-
lution is now dominated by the decreasing X�

3 distortion. This graph shows that the
amplitude of frozen octahedral tilts and rotations strongly affect the lattice strains in this
n = 2 system in the same sense as identified in (n = 1) Ca2GeO4 previously in Chapter
4; where octahedral rotations drive in-plane contraction (#1 < 0) and expansion along c
(#3 > 0), whereas tilts cause a large expansion of (in this case one of) the in-plane cell axes
(#1 > 0) and a slight contraction along c (#3 < 0). In Chapter 4, I introduced the lowest
order direct bi-quadratic coupling between tilts and rotations driving this competition,
but I also pointed out that if both RUMs drove the contraction of their respective cell axis
this would lead to the C13 #1 #3 term having a positive sign and therefore becoming an en-
ergetic penalty (in the normal case that C13 > 0). There is thus an additional contribution
to the phonon–phonon competitive coupling that is mediated via the strain.

It is also interesting to note that, whereas the lattice continues to distort in the Acaa
phase with increased X�

1 amplitude as one reduces t, in A21am as t is lowered the cell pa-
rameters converge to yield very low cell strains compared to the I4/mmm parent phase.
This is despite the fact that in both phases the amplitudes of frozen modes continue to in-
crease as t is reduced. This was also observed in (n = 1) Ca2GeO4 (and in fact in (n = •)
CaGeO3) in Chapter 4. Again, if one considers the system as a Landau expansion about
the high-symmetry phase (analogous to the full expansion for Ca2GeO4 in Appendix C),
it is clear that the purely elastic terms, such as 1/2 C33 #2

3 and C13 #1 #3, in this full energy
expansion are minimised when the strains, such as #1 and #3, are zero. When t is low
enough that both rotations and tilts freeze out in high amplitude, these modes may cou-
ple cooperatively to reduce the net cell strains.

To conclude, increasing x in the Ca3�xSrxMn2O7 system also increases the tolerance
factor, t, which appears to decrease the propensity for MnO6 octahedra in this system to
tilt and/or rotate. This correlates with a reduction in the magnitude of experimentally
measured uniaxial NTE, supporting the earlier evidence from Chapter 6 that dynamic
tilts provide the driving force for NTE in Ruddlesden–Popper phases with frozen rota-
tions. However, I have also shown that combining tilts and rotations leads to a compet-
itive coupling and that freezing in both rotations and tilts strongly influences the strain
with respect to the high-symmetry parent. Both of these echo earlier observations made
on the (n = 1) Ca2GeO4 system in Chapter 4.
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8.2 NTE in Ca2�xSrxMn1�yTiyO4

In the previous section I discussed a study to tune the magnitude of NTE in (n = 2)
Ca3Mn2O7. Doping the Ca-site with the larger Sr ion increases the Goldschmidt toler-
ance factor, t, which was found to reduce the magnitude of experimentally measured
uniaxial NTE – which my simulations linked with hardening the frequency of the soft-
est octahedral tilt modes. However, for optimal tuneability of uniaxial thermal expan-
sion, it is desirable to have access to the largest range of possible CLTEs. Therefore
one seeks a system in which a3 may be varied smoothly from PTE, through uniaxial
ZTE and right up to maximal uniaxial NTE. In Chapter 7 I showed that the anisotropic
elastic compliance is most favourable for uniaxial NTE in n = 1 rotation phases of the
Can+1GenO3n+1 Ruddlesden–Popper series since this compound has the highest propor-
tion of CaO:CaGeO3 interface. In order to maximise uniaxial NTE it thus makes sense to
focus on this lowest n end member. Furthermore, t in Ca3Mn2O7 could only be increased
by forming the Ca3�xSrxMn2O7 solid solution. Therefore, in order to engineer a system
with the maximum range of CLTEs one needs to be able both increase and decrease t. In
the next few sections, I discuss a second joint experimental and simulation study based
around doping Ca2MnO4 with Sr on the Ca-site and Ti on the Mn-site to both decrease
and increase the magnitude of NTE.

8.3 Experimental Results

As with all experiments discussed in this thesis, I did not go anywhere near real chemical
samples and therefore have others to thank for the synthesis, lattice parameter measure-
ments and structural refinement presented here.

Polycrystalline samples of the solid solution Ca2�xSrxMnO4 in the range 0  x  1
were prepared via conventional solid state synthesis methods. At 100 and 300 K, all low
x (x = 0.0, 0.2, 0.4, 0.6, 0.8) compounds were found by Rietveld refinement to crystallise
in the I41/acd phase with frozen anti-phase octahedral rotation. Only the x = 1.0 com-
pound crystallised in the parent I4/mmm phase with no octahedral tilts or rotations.

Polycrystalline samples of the Ca2Mn1�yTiyO4 solid solution were synthesised us-
ing a sol-gel method. Again, low y (y = 0.0, 0.225, 0.425, 0.625) samples all adopted
the I41/acd phase at both 100 K and 300 K. The highest y sample (y = 0.7) was well-
described by the I41/acd fit at 300 K. However, at 100 K, although many of the super
structure peaks were fit well by the I41/acd model, substantial asymmetric peak broad-
ening across the entire pattern and weak additional reflections at 21.5� 2q, suggest a sec-
ondary Ruddlesden–Popper phase to be present with symmetry lower than that of the
parent structure. Rietveld refinement suggested that octahedral tilts with X+

3 character
were frozen into this coexisting phase and that the phase was tetragonal (a = b). How-
ever, the precise space group symmetry could not be established with confidence. No
compounds were analysed containing both Ti and Sr.
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Variable temperature high-resolution XRD showed that all pure I41/acd compounds
exhibit uniaxial NTE with in-plane and volumetric PTE over the full temperature range
studied (which was 85–300 K for the Ca2�xSrxMnO4 series and 100–500 K for Ca2Mn1�yTiyO4).
The evolution of the layering axis, c, with temperature is plotted in Figure 8.3A for the
y = 0.625, x, y = 0 and x = 1 samples, where the first two are of the I41/acd NTE phase
and the latter is the parent I4/mmm, which displayed PTE of c at all temperatures.

(A) (B)

FIGURE 8.3: Evolution of lattice parameters with temperature for (A) only
c(T) of y = 0.625, x, y = 0 (both I41/acd)and x = 1 (I4/mmm) samples of
Ca2�xSrxMn1�yTiyO4 and (B) a and c lattice parameters for the y = 0.7
sample indexed as a 50:50 mixture of tetragonal I41/acd and P42/ncm
phases. Error bars not shown since they would be smaller than the width

of the line (mean lattice parameter errors approx. 5⇥10�4 %).

Figure 8.3B gives the lattice parameter evolution for the y = 0.7 sample when indexed
at all temperatures as a 50:50 two-phase mixture of I41/acd and P42/ncm (with a single
frozen X+

3 tilt). Within this structural assignment, the I41/acd phase has the expected
in-plane PTE and uniaxial NTE above 215 K. However, below 170 K there is biaxial NTE
and pronounced uniaxial PTE not seen in any other sample. During this same low tem-
perature regime, the coexisting phase has very large axial PTE and near ZTE in-plane.
Note that the y-axis ranges are the same on Figure 8.3B for both coexisting phases. The
switch in thermal expansion behaviour between 170 K (when in-plane PTE stops) and
215 K (when uniaxial NTE begins) indicates either a phase transition to the pure I41/acd,
or at least a reduction in the secondary phase. Above 215 K the I41/acd phase exhibits
similar in-plane PTE and uniaxial NTE to other I41/acd compounds.

If this I41/acd structural assignment is correct, this anomalous low temperature be-
haviour may be explained if the two phases form coherent interface (they coexist within
the same grain) and therefore the large uniaxial PTE of the secondary phase drives the
PTE of the I41/acd c axis. If this were the case, then the highly anisotropic elastic com-
pliance that couples in-plane and layering axes in low n Ruddlesden–Popper rotation
phases would mean that the axial PTE drives slight in-plane NTE. Essentially, the low
temperature lattice parameter behaviour could be evidence of the corkscrew mechanism
acting in reverse. This theory explains how uniaxial PTE and in-plane NTE could arise
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in an I41/acd phase (that otherwise displays uniaxial NTE at all temperatures, even in
compounds very close in chemical composition). However, this sudden switching of the
sign of thermal expansion in a low n Ruddlesden–Popper rotation phase, depending on
whether that phase exists as part of a dual-phase mixture or a single phase compound,
is at odds with the results of the previous section: NTE persists in the Acaa phase of
Ca3�xSrxMn2O7 across the transition from single-phase Acaa to a mixture of Acaa and
the polar A21am PTE phase (whether this transition is mediated by temperature or com-
position).

FIGURE 8.4: CLTE for the layering axis, a3, as a function of tolerance factor
for compounds in the Ca2Mn1�yTiyO4 series. a3 was computed at 125 K
and 275 K by numerical differentiation of temperature-dependent lattice
parameter data measured by high-resolution XRD. Arrows guide the eye
from the low to high temperature measurements. Vertical lines indicate
the undoped Ca2MnO4 compound (black, dashed) and regions separating
different phases as determined using Rietveld refinement (coloured, dot-
ted). Experimental synthesis and XRD measurements not performed by

me – see text for full accreditation.

Values of a3 for all compounds are shown as a function of tolerance factor, t, in Figure
8.4. These CLTEs were computed by taking the numerical derivative of the temperature-
dependent c lattice parameter profile at 125 K and 275 K. For the y = 0.7 sample, Figure
8.4 only shows a3 values for the phase indexed as I41/acd in Figure 8.3B. In (n = 1)
A2BO4 I4/mmm-phase Ruddlesden–Popper oxides, the interfacial A-cation is IX-coordinate;
bonding to four equatorial oxygens (bonds labelled r4 in Chapter 5), four apical oxy-
gens (r6) and with one shorter bond across the AO layer (r3). Therefore t values quoted
in Figure 8.4 and the rest of this study are not the Goldschmidt tolerance factor (with
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XII-coordinate A-sites in an ABO3 perovskite) but the IX-coordinate tolerance factor first
proposed by Poix [108] (recall Section 3.2). Values for ionic radii to compute t were taken
from the Shannon database of experimentally measured radii [174]. Within each phase,
vertical arrows direct the eye from the low temperature (125 K) to the higher temperature
(275 K) measurements. The dashed vertical black line in the centre of the figure denotes
the undoped Ca2MnO4 compound – similar lines appear in all plots related to this study
where the x-axis represents t.

All pure I41/acd phases exhibit uniaxial NTE and the magnitude of this NTE in-
creases approximately linearly as t decreases for measurements made at a constant tem-
perature. At the high-t boundary to the I41/acd stability range, samples display only
slight NTE (almost uniaxial ZTE) at both 125 K and 275 K. However, beyond this bound-
ary the I4/mmm phase has PTE which gets larger as temperature increases. The mag-
nitude of NTE is maximised at 125 K just above the low-t boundary of the I41/acd sta-
bility region. The small compositional jump to the apparent two-phase mixture is ac-
companied by a switch to PTE with a very large magnitude (a3 = 24.8 ppm/K) in the
phase fraction modelled as I41/acd. Noting that a two-phase model is still applied, at
275 K Ca2Mn0.3Ti0.7O4 behaves much more like other I41/acd samples; expressing uniax-
ial NTE of similar magnitude to the y = 0.625 sample (although this value is lower than
expected from extrapolating the linear a3 versus t fit from the low temperature I41/acd
stability region).

These experiments show that the magnitude of NTE may be controlled by tuning the
tolerance factor, t, of Ca2Mn1�yTiyO4 through chemical substitution within the stability
window of the I41/acd rotation phase. However, outside of this region PTE is observed
along all axes. This is true of the higher-symmetry parent beyond the high-t boundary
and beyond the low-t boundary when octahedral tilts freeze in (although the exact space
group symmetry of this competing structure could not be established with confidence).
Since the range of accessible t is limited, it was possible to maximise NTE by tuning the
system to the lower-t edge of this stability region. In this n = 1 system I have already
predicted that the elastic compliance should be most conducive for NTE. The maximum
measured NTE (a3 = �8.1 ppm/K at 125 K when y = 0.625) is greater than in Ca2GeO4

(a3 = �7.6 ppm/K at 150 K) and therefore to the best of my knowledge makes this the
largest measurement of uniaxial NTE in these systems.

8.4 Simulating Ca2Mn1�yTiyO4

Directed by intuition developed from the results of the simulations and theoretical anal-
ysis presented in this thesis, it was possible to engineer the Ruddlesden–Popper oxide
system so as to maximise experimentally measured uniaxial NTE. Following the encour-
aging results presented in Figure 8.4, I then found the metaphorical ball back in my com-
putational half of the collaboration court to establish what was driving this NTE enhance-
ment. Readers who are keeping track of the dates of publications associated with this
thesis may have noticed that the study on doping the n = 2 system in Section 8.1 was
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performed before ideas of anisotropic compliance and the corkscrew mechanism were
developed. Since both the thermodynamic driving force and the elastic compliances are
expected to have a t dependency, the question remains open as to which one of these are
responsible for the observed thermal expansion behaviour?

It was not possible to explicitly simulate the Ca2Mn1�yTiyO4 series using the VCA
within a 56-atom I41/acd cell since the Mn pseudopotential used has 15 valence electrons
and the Ti pseudopotential has 12 and therefore no ratio of Mn and Ti could be found that
left an integer number of valence electrons per ion. As a result, I investigated changing
t by finding two systems that could act as proxies for Ca2�xSrxMn1�yTiyO4 within the
VCA: (i) magnetic Ca2�xSrxMn1�y0Tcy0O4 and (ii) non-magnetic Ca2�xSrxGe1�y00Sny00O4.
In both cases, t has been computed based upon the tabulated radii [174] of the composi-
tion simulated. Therefore, for the same value of t, y (exp) 6= y0 (i) 6= y00 (ii).

In (i), magnetic interactions were simulated using spin-polarised DFT but without
including spin-orbit coupling. Each Mn4+/Tc4+ ion was given an initial spin configura-
tion of ±3µB with checkerboard in-plane checkerboard anti-ferromagnetic ordering (this
configuration was found to be lowest in energy for I41/acd Ca2MnO4 in Section 4.1) but
the spin state was allowed to relax throughout both electronic and ionic minimisation.
All Ca2�xSrxMn1�y0Tcy0O4 compositions were found to produce sensible results without
employing an additional U-parameter.

(ii) Using the same trick employed many times throughout this thesis I simulated
Ge4+ in place of Mn4+. Since the VCA works best between elements in the same group on
the periodic table, Ge was replaced with the larger Sn on the B-site to emulate substituting
Ti for Mn. Since it was found in Section 4.4 that applying a 4.3 GPa biaxial stress gave
good agreement of Ca2GeO4 harmonic phonons and elastic compliances to Ca2MnO4,
this same biaxial stress was applied for the full Ca2�xSrxGe1�y00Sny00O4 range.

I also attempted explicit substitution of Ti on selected Mn sites within the 56-atom
I41/acd Ca2MnO4 cell. However, these low-symmetry defect calculations, which often
yielded cells with net magnetisation, were very difficult to converge, both in geometric
relaxation and even in SCF electron density minimisation. As a result I do not report any
of the results from this supercell approach in this thesis.

8.5 Structures and Energies

Using my two VCA proxy systems I investigated how the structural parameters of the
relaxed I41/acd phase evolved with t. In Figure 8.5 I compare results from simulations
(solid lines) with structures refined against synchrotron XRD at 100 and 300 K (green
“+” and red “⇥” respectively). The same plot also shows simulations on pure Ca2TiO4

(pink stars), although this structure was never synthesised experimentally. All simulated
structures in Figure 8.5 were relaxed from an initial I41/acd structure (the fully relaxed
undoped compound) and therefore the symmetry could not be lowered by the relaxation
(i.e. octahedral tilts could not freeze in). However, for some high-t compounds the struc-
ture did relax into the I4/mmm parent phase. The experimentally y = 0.7 parameters
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shown are taken only from the I41/acd phase of the 50:50 two-phase refinement. The
{r1, . . . , r5} bond lengths, as well as q and a angles, represent the same geometric fea-
tures of the I41/acd structure as they did in Chapter 5, but as a reminder they are defined
again in Figure 8.6.

FIGURE 8.5: Lattice parameters (a and c), nearest neighbour bondlengths
(r1 � r5), and selected angles (q and a) – recall Figure 8.6 for defini-
tions – as a function of tolerance factor, t. Experimental data taken
from XRD measurements at 100 K (green “+”) and 300 K (red “x”) of
Ca2�xSrxMn1�yTiyO4 samples. Simulated structures relaxed using DFT
also shown for magnetic Ca2�xSrxMn1�y0Tcy0O4 (blue line) and non-

magnetic Ca2�xSrxGe1�y00Sny00O4 series (orange line).

The x-axis represents the continuous variation of t across the Ca2�xSrxMn1�yTiyO4

series. However, both a and c increase whether Ca2MnO4 is doped with Sr or Ti (i.e.
whether x or y increase). This reflects that both Ca2+ ! Sr2+ and Mn4+ ! Ti4+ substitu-
tions replace the original ion with a larger ion. It was necessary to form these solid solu-
tions since experimentally it is difficult to form Ruddlesden–Popper phases with cations
smaller than Ca2+ and Mn4+ (such as, for example, Mg2+ and Si4+). This is because Mg2+

and Si4+ tend to favour lower oxygen coordination than the IX- and VI-coordinate sites
they would need to occupy in the Ruddlesden–Popper structure (for the simple reason
that it is harder to pack many anions around a small central cation). The increase in
both lattice parameters with chemical substitution is reflected in VCA simulations on
both magnetic and non-magnetic systems. The in-plane lattice parameters of simulated
Ca2MnO4 and Ca2GeO4 are the same by construction (recall the 4.3 GPa biaxial stress
was chosen specifically to match a between the two compounds). For all t the simu-
lated a of both systems is systematically lower than experiment. However, c predicted
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in Ca2�xSrxMn1�y0Tcy0O4 follows closely that of measurements on Ca2�xSrxMn1�yTiyO4

compounds with the same t. c predicted in non-magnetic Ca2�xSrxGe1�y00Sny00O4 phases
generally agrees well with DFT calculations for the magnetic system at high t, but as t
is lowered the non-magnetic system increasingly overpredicts c. The change in lattice
parameters between experimental measurements at 100 K and 300 K is dwarfed by the
change with chemical composition – or by the difference between simulation and exper-
iment – such that the two experimental values on Figure 8.5 typically appear on top of
one another. This is also true for all other structural parameters.

[100]

[010]

X1

X2
�

�

r1

X3

p
2X1

r4 sin (�)

r1 sin (�)

1/4
p

2X1

[110]

[001]

[100]

[010][001]

a b

c

A

B

O

r2

r3

r4
r4

r1

Figure 2: (a) The unit cell of a A2BO4 Ruddlesden–Popper phase with a frozen rotation about the
layering axis. A (green) and O (red) ions are shown as spheres and BO6 octahedra are shown in grey.
The (001) (orange) and (11̄0) (blue) planes are highlighted; (b) & (c) Cross sections of the (001) and
(11̄0) planes with insets magnifying sections of the illustrations. Atoms lying on the plane are shown as
dashed circles and dashed squares show the outline of BO6 octahedra. The lattice parameters X1–X3

and shortest bond lengths r1–r4 are labelled alongside the in-plane rotation angle, � and the angle, �,
between the A cation and the (002) plane (containing the B cation and equatorial O). Equatorial O ions
in the (001) plane in (c) have a more sparse dash since they really lie r1 sin(�) out of the (11̄0) plane.

orange and blue respectively in Figure 2a. Atoms lying on these planes are shown with thick
dashed open circles and the shortest four metal-oxygen bonds that lie in these planes are shown
as rigid struts. These four bonds consist of: the two distinct B–O bonds – between the central
B cation and the equatorial (r1) and apical oxygen (r2) corner ions; the shortest A–O distance
– across the AO layer interface between layers of adjacent BO6 octahedra (r3); and finally the
shortest distance between the interface A cation and equatorial O anions (r4). Equatorial O
anions in the (001) plane do not actually lie in (11̄0) due to the non-zero value of the rotation
angle � and in fact sit a distance of r1 sin (�) from this plane. These O anions are shown as
thick dotted open circles and the struts of length r1 connecting these equatorial O ions to nearest
neighbour B cations are shown projected onto (11̄0).

The four shortest metal cation bonds (r1 – r4) were identified in our previous work to be the
most sti� in DFT simulations on the I41/acd phase of Ca2GeO4 [3]. In this work, we assume that
these four sti� bonds are perfectly rigid, leaving the only a single remaining internal degree of
freedom in the structure: the in-plane octahedral rotation angle �. The other angle, �, shown in
the inset to Figure 2c between the equatorial O plane and the shortest A–equatorial O bond (r4),
can be understood by trigonometry to be dependent on �. Changes in lattice parameters, X1 and
X3, are therefore only facilitated through changes in this angle �, leading to a strong coupling
between X1 and X3 via this internal degree of structural freedom. Following the method of

previous works [list some Grima references], we model changes in the �B � O � B and �A � O � A
bond angles through harmonic potentials. That is to say that the work done per hinge, w�, is
expressed in terms of incremental changes in bond angle d� by

w� = 1/2k� (d�)2 (1)
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The (001) (orange) and (11̄0) (blue) planes are highlighted; (b) & (c) Cross sections of the (001) and
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and shortest bond lengths r1–r4 are labelled alongside the in-plane rotation angle, � and the angle, �,
between the A cation and the (002) plane (containing the B cation and equatorial O). Equatorial O ions
in the (001) plane in (c) have a more sparse dash since they really lie r1 sin(�) out of the (11̄0) plane.

that these four sti� bonds are perfectly rigid, leaving the only a single remaining internal degree
of freedom in the structure: the in-plane octahedral rotation angle �. The other angle, �, shown
in the inset to Figure 2c between the equatorial O plane and the shortest A–equatorial O bond
(r4), can be understood by trigonometry to be dependent on �. Changes in lattice parameters,
X1 and X3, are therefore only facilitated through changes in this angle �, leading to a strong
coupling between X1 and X3 via this internal degree of structural freedom. Following the method

of previous works [13, 19, 17], we model changes in the �B � O � B and �A � O � A bond angles
through harmonic potentials. That is to say that the work done per hinge, w�, is expressed in
terms of incremental changes in bond angle d� by

w� = 1/2k� (d�)2 (1)

where k� is the hinge sti�ness. Since changes in these bond angles are the only allowed internal
deformations, we are able to derive resulting mechanical properties for the crystal.

We may write an expression for the in-plane lattice parameter X1 based on Figure 2b,

X1 = X2 = 2
p

2r1 cos (�) , (2)

since the unit cell is tetragonal, the two in-plane lattice parameters, X1 and X2, are equal.
A similar expression for X3 can be formed by inspection of Figure 2c

X3 = 2 [r2 + r3 + r4 sin (�)] (3)

Further, equating the [110] cell diagonal that constitutes the x-axis in Figure 2c to the diagonal
that the blue (11̄0) plane cuts across Figure 2b, the inset to Figure 2c shows how one quarter of
this length may be expressed in terms of both � and �,

4

FIGURE 8.6: Definitions of r1 � r5 bonds and q and a angles in a rotation
phase of an (n = 1) A2BO4 Ruddlesden–Popper oxide. Cross sections of
the orange and blue planes in the three-dimensional left panel are shown

in the two right panels. Repeat of Figure 5.2.

Generally, rather than varying continuously with t as the experimentally measured a3

did in Figure 8.4, most structural parameters change differently depending on whether
y is changing (the left side of each subplot) or x is changing (the right side). For ex-
ample, r1 and r2 (both B–O bond lengths) increase as y (or y0/y00) increases, yet remain
approximately constant (or increase slightly) as x increases. Conversely, r4 (bonding A
to the closest equatorial O) increases as x increases but has a much flatter profile in all
datasets as y varies. Neither of these observations should come as a surprise: when we
change one mean cation radius and not the other, only the lengths of bonds containing
that cation increase. r3 (the A–O bond across the AO layer) increases much more smo-
othly with increasing t, with only a slight enhancement of dr3

dt when the A-site radius is
increasing compared to the B-site radius. This might reflect a Poisson effect in the rock
salt layer when the mean equatorial B–O bond length increases. Similarly, in all systems
the r5 bond length (the larger A to equatorial O distance) decreases continuously with t
with little change in gradient depending whether x or y is varied. r5 is longer than any
of the other bonds discussed and is considered to be weak in the corkscrew model. Hence
this change in r5 reflects a continuous change in the geometry with t on a higher level
than changes in stiff nearest-neighbour bonds. Similar geometric parameters include the
q and a angles.
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In non-magnetic Ca2�xSrxGe1�y00Sny00O4, as t increases q and a both reduce smo-othly
until falling to a constant value above the I41/acd ! I4/mmm transition. However, in
both experiment and simulations of the magnetic system, q and a decrease as x increases,
yet have a comparatively flat profile with changing y. Mn4+ has a d3 configuration lead-
ing to a 3µB per ion spin. In-plane checkerboard anti-ferromagnetic ordering was found
to give rise to an in-plane magneto-striction (recall Section 4.1). On the other hand, Ti4+

has unoccupied d-orbitals and therefore Ti4+ ions have no net magnetic moment. Hence,
one might presume that substituting Ti onto the Mn site in Ca2MnO4 leads to a loss in this
magneto-striction and therefore drives a reduction in q. If this driving force for reducing
q competes with the increased tendency for octahedral rotation associated with reducing
t, then this might explain the apparent flatlining of q with Ti content seen in experiment.
However, if this theory were correct, why is the same effect observed in the magnetic simula-
tions, where d0 Ti4+ is replaced by d3 Tc4+? Period 5 technetium has more diffuse partially
filled d-orbitals than Period 4 manganese. This manifests in DFT calculations, shown in
Figure 8.7, as a reduction in the magnetic moment partitioned to the B-site with increased
Tc character to the VCA hybrid B atom. In contrast, the magnetic moment of the Mn ion
is insensitive to changes in x (i.e. A-site character). Although these calculations neither
confirm nor deny the proposed explanation for the stagnation of q with decreasing t, they
at least suggest that it is feasible that reducing the localisation of spin in Ca2Mn1�y0Tcy0O4

could emulate substituting Mn4+ with a non-magnetic ion in Ca2Mn1�yTiyO4.

FIGURE 8.7: Net magnetic moment attributed to the B-site with changing
tolerance factor, t, from DFT calculations on Ca2Mn1�y0Tcy0O4.

The structural I41/acd ! I4/mmm transition has so far not been discussed. A no-
table feature of the upper right panel of Figure 8.5 is that both simulations predict a drop
in c in the I41/acd phase just before the transition, whereas this is not seen in experiment.
This reflects the rapid drop in simulated q versus t just before q ! 0�. A sudden reduc-
tion in q by the corkscrew mechanism should induce a reduction in c. Because q reduces
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so rapidly in this region, the reduction in c due to reducing q outweighs the tendency
for c to increase with larger mean A-site radius. That this effect is not seen in experi-
ment may just be a consequence of the coarser sampling of experimental compositions.
However, remember that these are static simulations; it is also possible that the entropic
penalty for freezing out P4 rotations, and thus hardening other modes, would outweigh
the energetic benefit of freezing in these rotations with small amplitude. At this point we
should remind ourselves that Landau theory provides only a phenomenological descrip-
tion of phase transitions and that many transitions which appear displacive in a Landau
expansion and at temperatures approaching a phase transition are not truly second-order
across this transition [40].

This I41/acd ! I4/mmm transition is predicted at a lower t in simulations of the
magnetic system (i) than of the non-magnetic system (ii). c, r5, q and a all agree closely
in the I4/mmm phase between the two VCA systems but since the phase transition oc-
curs at higher t in the non-magnetic series, all of these values are systematically higher in
system (ii) than system (i). Other parameters generally agree well between the magnetic
and non-magnetic simulations. All magnetic simulated structural parameters track those
from experimental measurements. The Mn ! Ge substitution is used throughout this
thesis because it allows simulations to access similar physics at a much reduced compu-
tational cost in the non-magnetic, Ge-based system. However, the better agreement of
system (i) suggests that these calculations do not have the same quantitative accuracy
afforded by the full magnetic simulations. Although the experimental measurements do
not extend to such high x, all Ca2TiO4 structural parameters agree nicely with the trend
from the Ca2Mn1�y0Tcy0O4 system (i) and from extrapolating the data from experimen-
tal measurements. This justifies replacing Ti with Tc within the VCA. Furthermore, all
structural parameters extracted from the I41/acd refined phase fraction of the y = 0.7
XRD measurements sit well with the trend from other experimental structural parame-
ters, supporting the assignment that I41/acd is present in this compound.

Simulated relaxations in Figure 8.5 all started in the I41/acd phase and therefore only
transitions to higher-symmetry phases could be predicted. In Figures 8.8A and 8.8B I
compare the lattice parameters and enthalpies of different phases relative to the I4/mmm
parent for the magnetic system (i) and non-magnetic system (ii), respectively. The phases
investigated were chosen based on those that dominated the Ca2GeO4 and Ca2MnO4

phase diagrams in Chapter 4. The same information for the pure non-magnetic Ca2TiO4

system is shown in sub-plots alongside that for Ca2�xSrxMn1�y0Tcy0O4 in Figure 8.8A.
As well as the vertical line denoting the undoped compounds, additional vertical lines
describe the regions where different phases are predicted to be most energetically stable.

By displaying lattice parameters as strains relative to the parent, the anomalous dip
in c before the I41/acd ! I4/mmm phase transition is not observed in either simulated
series. Rotation phases (i.e., the I41/acd phase – shown in blue) are predicted to have
a compressive in-plane strains and a tensile axial strain relative to the parent whereas
frozen tilts (e.g. in P42/ncm – green) induce an in-plane expansion and reduction of c.
This is all in agreement with observations in Chapter 4 and Section 8.1 that any reader
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(A) Magnetic Ca2�xSrxMn1�y0Tcy0O4

(B) Non-magnetic Ca2�xSrxGe1�y00Sny00O4

FIGURE 8.8: Lattice parameters and energy (enthalpy) of different phases
relative to the I4/mmm parent as a function of t for different composi-
tions of (A) the magnetic Ca2�xSrxMn1�y0Tcy0O4 and (B) the non-magnetic

Ca2�xSrxGe1�y00Sny00O4 (with 4.3 GPa applied biaxial stress) systems.

tackling this thesis linearly will be very familiar with by now. In Pbca phases (with both
frozen rotations and tilts), as t decreases, and thus the amplitude of octahedral distortions
may increase, these tilts and rotations tend to cooperate so as to reduce the overall strain
compared I4/mmm. Pbca child phases of Acam (with in-phase X+

2 rotations) and I41/acd
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(with anti-phase P4 rotations) had very similar lattice strains and relative energies in
both of the compounds that PbcaI41/acd was simulated (Ca2TiO4 and Ca2Ge0.865Sn0.135O4).
Therefore, I mostly restricted the analysis to PbcaAcam due to its 50% smaller unit cell. This
phase was also found to be the energetic Ruddlesden–Popper ground state of unstressed
Ca2GeO4 in Chapter 4.

Qualitatively, the phase diagrams predicted for the magnetic and non-magnetic simu-
lations agree: both predict the undistorted I4/mmm parent at high-t, I41/acd NTE phase
at moderate t (around the undoped base compound) and the Pbca phase at low t. Above
the transition, the PbcaAcam phase relaxed to the parent Acam structure which behaves
exactly as I41/acd in static calculations (recall Appendix B) and hence the red square
line (Pbca) lies on top of the blue cross line (I41/acd). At no simulated value of t in the
Ca2�xSrxMn1�y0Tcy0O4 system (i) or Ca2�xSrxGe1�y00Sny00O4 system (ii) is the P42/ncm tilt
phase (green stars) predicted to be most stable, or even lower in energy than I41/acd –
although extrapolating both graphs to lower t suggests that the energy of the two phases
would soon cross. In pure Ca2TiO4, however, P42/ncm is predicted to be 6.2 meV/atom
more stable than I41/acd, although still slightly higher in energy than the Pbca ground
state (+ 2.3 meV/atom). The very different c lattice parameters between P42/ncm and
Pbca Ca2TiO4 show that the two phases are not essentially equivalent (i.e. that Pbca is
not effectively the P42/ncm structure with only a small X+

2 amplitude). Such a situa-
tion has been seen previously in Section 4.3 for the Pnma and Iba2 children of Acam and
I41/acd Ca2GeO4, respectively, where tilt modes with P5 character froze out with only
small amplitude, rendering the child phases very similar to the parent in static simula-
tions.

The best Rietveld model for the low temperature Ca2Mn0.3Ti0.7O4 is a two-phase mix-
ture with 50% I41/acd rotation phase and 50% P42/ncm tilt phase. The energetics suggest
that at low t (high Ti concentration) a phase with both frozen rotations and tilts should
emerge. However, in Chapter 4 PbcaAcam was also predicted in ground state calcula-
tions to be the lowest energy Ca2GeO4 Ruddlesden–Popper phase and yet I41/acd is
determined from experimental measurements down to 10 K [34]. Therefore we cannot
trust purely energetic calculations to reproduce the experimental low temperature phase
diagram. At the end of that chapter, it was found that even energy corrections from zero-
point quantum vibrations computed within the QHA fail to account for the incorrect
simulation predictions and thus adding vibrational corrections are unlikely to improve
the predictive capabilities of Figures 8.8A and 8.8B unless we employ a higher level of the-
ory. All simulations at least imply that P42/ncm becomes more energetically favourable
than I41/acd at very low t, even if P42/ncm is not the ground state Ruddlesden–Popper
phase, which in-part supports the proposed two-phase mixture. However, in the analo-
gous n = 2 system in Section 8.1, Ca3�xSrxMn2O7 adopted a two phase mixture of Acaa
rotation phase and A21am with frozen rotation and tilts, therefore it seems surprising that
the n = 1 analogue should be different.

The magnetic Ca2�xSrxMn1�y0Tcy0O4 system (i) gave closer structural agreement to
experiment than system (ii) for I41/acd phases. Therefore, on Figure 8.9 I plot the c/a



8.5. Structures and Energies 195

ratio as a function of t for all phases of system (i) (shown as coloured solid lines) against
the experimental data at 100 K (symbols, where the color and shape of the symbol indi-
cate the indexed phase). Simulations of pure Ca2TiO4 are also shown (stars coloured by
phase). By plotting the ratios of lattice parameters in this way, I aim to reduce system-
atic errors in the absolute lattice parameter values between DFT and XRD measurements.
These may arise, for example, in determining the precise source wavelength in a diffrac-
tion experiement or from the DFT functional used – but both of these would be expected
to affect both cell axes equally. Consequently, I hope to establish which simulated phase
best represents the measured c/a ratio and whether this supports the model assigned
through Rietveld refinement.

FIGURE 8.9: Ratios of c and a lattice parameters against tolerance fac-
tor compared between simulations of Ca2�xSrxMn1�y0Tcy0O4 (solid lines),
Ca2TiO4 (stars) and experimental refinements of Ca2Mn1�yTiyO4 (all other
symbols). Colours denote the phase of simulated structured with the same
colourscheme used for Ca2�xSrxMn1�y0Tcy0O4 and Ca2TiO4 simulations.
Orange triangles indicate the c/a of each of the two y = 0.7 phases in a 50:50
mixture. Inset: evolution of c/a with temperature, T, for measurements on
pure Ca2MnO4. A linear fit extrapolated down to 0 K (cyan dashed line)

and the DFT predicted value (blue dot) are also shown for comparison.

Back in Figure 8.5, it seemed as though the predicted absolute lattice parameters of
I41/acd Ca2TiO4 were in good agreement with the trend predicted with tolerance fac-
tor for the Ca2�xSrxMn1�y0Tcy0O4 series. Furthermore, experimental measurements at
both 100 K and 300 K on the Ca2�xSrxMn1�yTiyO4 series either agreed with (c) or were
systematically shifted from (a) these DFT values. The c/a measurements measurements
presented in Figure 8.9 paint a different picture.

At high t, experimental data agrees very well with simulations; the measured c/a are
generally shifted slightly below the predicted values. Unlike absolute lattice parameters,
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whose temperature-dependence is small compared to the effect of substitutional doping,
ratios of lattice parameters are fairly sensitive to temperature. Therefore, this slight shift
may be accounted for by extrapolating the evolution of experimental c/a with tempera-
ture down to 0 K. As t is decreased, the gap between experiments of Ca2�xSrxMn1�yTiyO4

and simulations of Ca2�xSrxMn1�y0Tcy0O4 widens. Simulated c/a from of all phases of
Ca2TiO4 are also shifted well below the values predicted by extrapolating simulations of
Ca2�xSrxMn1�y0Tcy0O4. This may be explained by the loss of in-plane magneto-striction
from replacing magnetic Mn with non-magnetic Ti, to which c/a is clearly extremely sen-
sitive. Although I stated previously that the more diffuse orbitals of Tc4+ go some way
to replicating this loss of magnetisation, it is reasonable to assume that they would not
perfectly reproduce the effect. In fact, the simulated c/a ratio for the I41/acd phase of
Ca2TiO4 sits extremely well in line with the experimental measurements of I41/acd c/a

ratios which supports this theory. One may estimate the additional error contribution
from the difference between the predicted DFT c/a ratio and the extrapolation of the ex-
perimental data down to 0 K (shown as an inset to Figure 8.9).

Using Figure 8.9, we may infer properties of the coexisting low-temperature phases
of the y = 0.7 sample. At 300 K, the c/a ratio of this sample sits in-line with that of other
I41/acd phases, confirming that Ca2Mn0.3Ti0.7O4 adopts a pure I41/acd phase at high
temperatures (although this data is not shown here). Within the 50:50 two-phase model
currently employed, one of the two phases at 100 K has c/a slightly below the point ex-
pected from extrapolating other experimental (and simulated Ca2TiO4) I41/acd c/a val-
ues. This supports the suggestion that one of the two phases is I41/acd. This slight shift
may be explained by considering strains that couple the two phases (mentioned previ-
ously) or by further optimising the model (likely the mole fractions of each phase are not
precisely 50%, one would expect this parameter to be highly temperature-dependent).
The other phase in this model, that was previously suggested to be a P42/ncm phase
with frozen tilts, has an even lower c/a. However, the difference in c/a between the two in-
dexed Ca2Mn0.3Ti0.7O4 phases is very small compared to the difference between I41/acd
and P42/ncm in simulations of all Ca2�xSrxMn1�y0Tcy0O4 compounds and Ca2TiO4. This
strongly implies that this structural assignment is incorrect. Furthermore, at a similar
value of t, simulations on Ca2�xSrxMn1�y0Tcy0O4 predict that a Pbca phase (with both
frozen tilts and rotations) should be stable but have only a slightly lower c/a than the
I41/acd phase. I therefore conjecture, based upon comparisons between simulated and
measured c/a ratios, that Ca2Mn0.3Ti0.7O4 forms a two-phase mixture between I41/acd
and a secondary phase with both tilts and rotations. By group theory analysis, there are
six possible X+

2 � X+
3 phases and nine possible P4 � X+

3 phases (without even considering
P5 or X+

4 tilts), plus matters are complicated when indicating a multiphase mixture, so it
may still be challenging to discover the true nature of this secondary phase. That said,
I hope that the results from these simulations may be useful to direct crystallographic
analysis.
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To summarise this section, in simulations using the VCA of magnetic Ca2�xSrxMn1�y0-
Tcy0O4 and non-magnetic Ca2�xSrxGe1�y00Sny00O4, I have found that both systems qualita-
tively reproduce the structural changes and phase diagram of Ca2�xSrx-Mn1�yTiyO4 with
changing tolerance factor. Simulations on the fully magnetic system gave closer quanti-
tative agreement with the experimental measurements. Two reasons were proposed to
explain this; (i) the I41/acd ! I4/mmm phase transition is predicted at a similar t to
experiment and (ii) substitution of Mn with Tc captured more of the physics of the Mn
! Ti experimental substitution than replacing Ge with Sn. The smooth trends with t of
structural parameters from experimentally indexed I41/acd phases support the assign-
ment that low temperature Ca2Mn0.3Ti0.7O4 is a two phase mixture with I41/acd as one
of the phases. A P42/ncm model (corresponding to a phase with a single frozen tilt) had
previously been used for this secondary phase. However, comparisons between experi-
mentally measured and simulated c/a ratios imply that the secondary phase more likely
has both frozen rotations and tilts. I will not debate the nature of this secondary phase
further. What is important is that the I41/acd NTE phase stability region is bounded in t
from above (where frozen rotations evaporate) and below (where octahedral tilts freeze
out) and therefore to maximise NTE in the present system we are restricted to this com-
positional range. To further enhance NTE we would need to employ alternative methods
(e.g. relaxing the condition that substitutional dopants should be isovalent or doping
simultaneously on the A and B sites).

8.6 Lattice Dynamics

To investigate how the thermodynamic driving force for NTE varies with t, I computed
the G-point harmonic phonons in different compounds within a 56-atom I41/-acd unit
cell for both magnetic and non-magnetic VCA solid solutions, as well as pure Ca2TiO4.
Remember that such modes all fit within a

p
2 ⇥

p
2 ⇥ 2 I4/mmm supercell and therefore

fall at the zone centre and zone boundary of the parent phase. The frequencies of these
phonons are shown as a function of t in Figures 8.10 and 8.11A for systems (i) and (ii),
respectively. In these figures, G-point modes have been coloured according to the irrep
of any RUM that that mode’s eigenvector has a non-zero projection onto, for RUMs that
were found to be unstable in unstressed I4/mmm Ca2GeO4. When the eigenvector does
not have the character of any I4/mmm RUMs, the mode has been coloured grey. This
follows the convention established in Chapters 4 and 6.

These calculations are performed on the same structures shown in Figure 8.5. There-
fore, all relaxations started with a structure with I41/acd space group symmetry, yet for
certain high-t compounds this structure relaxed to the I4/mmm parent. However, for low
t compounds, phonons were always computed in the I41/acd phase even if this is not the
lowest energy Ruddlesden–Popper phase. The I41/acd ! I4/mmm phase change has
been marked by a vertical line on Figures 8.10 and 8.11A.

The G-point harmonic phonons for I41/acd Ca2MnO4 and Ca2GeO4 have already
been discussed in Chapter 4. Back then, it was found that the lowest frequency modes
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FIGURE 8.10: G-point phonon frequencies for the 56-atom I41/acd cell as
function of t for the magnetic Ca2�xSrxMn1�y0Tcy0O4 series. Branches are
coloured according to the irrep of the tilt or rotation mode in the I4/mmm

parent with which the phonon eigenvector has the largest overlap.

are octahedral tilts (with X+
3 – green; X+

4 – purple or P5 – orange irrep character). In both
magnetic and non-magnetic systems, these tilts generally soften as t is reduced in the
I41/acd phase. For most tilts this reduction is approximately linear with t. However, the
softest modes become unstable (develop imaginary frequencies – shown as negative) at
low values of t. The frequency–t profile becomes highly non-linear near this instability –
developing a sigmoidal shape as the frequency passes through 0 cm�1. In all of this tilt
behaviour, tolerance factor t appears analogous to biaxial stress in Section 4.4; reducing
biaxial stress caused tilts to soften – bringing the system closer to a tilt instability – just
as decreasing t drives the system towards a tilt instability. Around the undoped base
compound, the softest X+

4 mode has a very flat frequency profile with changing t. In
Ca2GeO4 (+4.3 GPa) this mode was found to have g(i)

1 ⇡ g(i)
3 ⇡ 0 showing that it was

also insensitive to cell shape changes. However, at very low t in the non-magnetic solid
solution, even this X+

4 mode softens, eventually becoming unstable.
The I41/acd phase also has active X+

2 and P4 octahedral rotations (coloured red and
blue, respectively). The frequency of the softest X+

2 rotation is fairly flat at low t but drops
as t increases, approaching the I41/acd ! I4/mmm phase transition when the frozen
P4 rotation amplitude becomes very low. Just before this transition, more active rota-
tions suddenly drop in frequency, such that these modes are soft in the parent I4/mmm
phase. The discontinuous rotation behaviour through the phase transition evidences the
bi-quadratic Q(froz)2 Q(active)2 coupling between frozen and dynamic rotations dis-
cussed in Section 4.4. On the other hand, tilt frequencies generally increase smoothly
as t increases across the I41/acd ! I4/mmm phase transition. This suggests that the
propensity to tilt is dominated by the tolerance factor and that competition between the
frozen rotation and active tilt is a secondary effect.
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The tolerance factor at which the softest X+
3 tilt becomes unstable roughly correlates

with the I41/acd ! PbcaAcam phase transition predicted from the energetic calculations
in the previous section. Hence this transition and the I41/acd ! I4/mmm transition both
occur at higher t in the non-magnetic system. This again reflects that, although the same
physical effects manifest when changing t in the two systems studied, matching the value
of t is not sufficient to conclude that two Ruddlesden–Popper compounds should have
quantitatively the same vibrational properties. Furthermore, the 4.3 GPa biaxial stress
correction was calibrated to ensure Ca2GeO4 behaved as Ca2MnO4, there is no reason this
same biaxial stress should correct for the different chemical system for all compositions.

(A)

(B) Ca2Ge0.865Sn0.135O4
t = 0.9408

(C) Ca2GeO4
t = 0.9516

(D) Ca1.5Sr0.5GeO4
t = 0.9638

FIGURE 8.11: (A) G-point phonon frequencies for the 56-atom I41/acd cell
as function of t for the non-magnetic Ca2�xSrxGe1�y00Sny00O4 series (B)-(D)

Grüneisen parameters along a, g
(i)
1 , and c, g

(i)
3 , for selected compositions

(shown by vertical dashed or dotted lines in (A)). Branches are coloured
according to the irrep of the tilt or rotation mode in the I4/mmm parent

with which the phonon eigenvector has the largest overlap.

The lowest frequency G-point octahedral tilts soften as t is reduced. This seems to
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suggest that the enhancement of NTE with the reduction in t is driven by the softening of
these tilts, which are consequentially more populated at finite temperatures. This echoes
the results from the n = 2 system in Section 8.1.

In Figures 8.11B–8.11D I present g(i)
1 and g(i)

3 mode Grüneisen parameters for the G-
point harmonic phonons of certain non-magnetic compounds. These compounds are
indicated by dotted vertical lines on Figure 8.11A (in addition to the dashed vertical line
showing undoped Ca2GeO4). As t is reduced, and the system is driven closer to the
octahedral tilt instabilities, the Grüneisen parameters of the softest modes blow up – the
softest active tilt develops a very large positive g(i)

1 and large negative g(i)
3 . In Section

6.2, this sudden increase in g(i)
1 and g(i)

3 near the structural phase transition was seen for
the softest X�

3 tilt. However, in Figure 8.11B I compute Grüneisen parameters for other
modes even after this X�

3 becomes unstable (a Grüneisen parameter is not defined for
modes with imaginary frequency) and we see that the softest two G-point P5 tilts also
develop exceptionally large positive g(i)

1 and negative g(i)
3 .

I therefore conclude that in solid solutions, the tolerance factor, t, behaves analogously
to biaxial stress, P, in the sense that reducing both t and P drive the system closer to a
structural phase transition in which the softest tilt mode becomes unstable. Most G-point
tilts have g(i)

1 � 0 and g(i)
3 < 0 and previously these modes were found to provide a large

contribution to the dynamic driving force for in-plane PTE (which is ultimately the cause
of uniaxial NTE once one accounts for anisotropic elasticity). The frequency of these tilts
generally softens as t and P are reduced, suggesting that these modes populate more
greatly and thus have a higher contribution to the overall lattice dynamics. However, in
the vicinity of the structural phase transition, the anisotropic Grüneisen parameters of
these modes also become very large in magnitude, showing that these tilts couple more
strongly to the lattice parameters. Hence, it seems that the proximity to the structural
phase transition directly drives NTE. These results seem to suggest that competitive cou-
plings between octahedral tilts and rotations are precisely what allow the system to exist
so close to this phase transition over such a wide temperature range. As a result, engi-
neering a compound to exist close to this phase transition has led to uniaxial NTE being
maximised in experiment just before the edge of the I41/acd stability range.

8.7 Elastic Compliances

We now know that lattice dynamics are strongly affected by tolerance factor in both n = 1
and n = 2 Ruddlesden–Popper systems and that this has a strong effect on how much
active octahedral tilts drive uniaxial NTE in rotation phases. But the question remains,
are the elastic properties affected by changing t and if so does this also explain the variation in
CTLE?

Figures 8.12A and 8.12B show the evolution of the three eigenvalues to the elastic
compliance matrix, s, with t for the magnetic and non-magnetic systems respectively
(consult Chapter 2 for the precise definition of s). Again these calculations (solid lines)
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(A) Magnetic Ca2�xSrxMn1�y0Tcy0O4

(B) Non-magnetic Ca2�xSrxGe1�y00Sny00O4

FIGURE 8.12: Eigenvalues to elastic compliance matrices for
the I41/acd and I4/mmm phases as a function of t for (A) the
magnetic Ca2�xSrxMn1�y0Tcy0O4 series and (B) non-magnetic
Ca2�xSrxGe1�y00Sny00O4. Annotations show the corresponding eigen-
vector direction for each eigenvalue (legend labels give directions the

lowest t compound).

were performed on the tetragonal I41/acd phase at low t and the boundary to the high-
symmetry I4/mmm phase is denoted by a vertical line. Calculations of the elastic com-
pliance eigenvalues are also shown for the I4/mmm phase of all compounds (dashed
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lines). Eigenvalues are matched between different compounds according to their as-
sociated eigenvector direction. The three coloured lines correspond to: approximately
isotropic expansion/contraction (blue – this was found in Chapter 7 to behave as the
bulk compressibility, b); orthorhombic distortion (orange); and coupled in-plane expan-
sion and axial contraction or visa versa (green).

As with the phase diagrams, lattice dynamics and almost all structural parameters,
the magnetic and non-magnetic solid solutions display very similar qualitative behaviour
with changing t. The lowest eigenvalue for all compounds is that corresponding to volu-
metric expansion/contraction (blue), which has little variation with t and is also approx-
imately equal between I41/acd and I4/mmm phases. The eigenvector corresponding to
orthorhombic distortions – i.e. breaking the degeneracy of tetragonal a and b in-plane
lattice parameters – increases as t decreases in the I41/acd phase. At high t the rate of
this increase is fairly gradual, but becomes greater at lower t when substituting on the
B-site. In both magnetic and non-magnetic systems, this eigenvalue becomes the most
compliant at some low t value, which is interesting since at low t both systems also be-
come unstable to octahedral tilting. This compliance to breaking the tetragonality of the
cell may therefore be related to this phase transition to an orthorhombic rotation and tilt
phase. However the t values that this eigenvector becomes most compliant do not match
up with the t at which the X+

3 tilt develops an imaginary frequency or when PbcaAcam

is predicted to be lower in energy than I41/acd in either system. Since this eigenvalue
breaks the tetragonality, it is not relevant to NTE phases where tetragonality is main-
tained at all temperatures, since in #1, #2, #3 “strain space” this corresponds to restricting
the cell to the (1, 1̄, 0) plane perpendicular to this eigenvector (illustrated in Figure 6.5).

The most interesting eigenvector from the perspective of uniaxial NTE is that corre-
sponding to coupled in-plane expansion and contraction of the layering axis (green). This
is precisely the deformation occurring in the NTE phase when the temperature increases.
At all t in which I4/acd is stable, the eigenvalue of this eigenvector is greater in I4/acd
than I4/mmm. This was explained in Chapters 5–7 by the corkscrew mechanism that is
able to operate in the lower-symmetry rotation phase. The change in the value of this
eigenvector with t in the I4/mmm phase differs between the two systems; in the mag-
netic system this eigenvalue increases as t increases whereas in the non-magnetic system
it decreases. In the I41/acd at low t (i.e. when doping on the B-site) the change in this
eigenvalue with t mirrors that of the same eigenvalue in the I4/mmm phase. However, all
of these changes with t discussed thus far are small compared to the relative eigenvalues
of different eigenvectors. Probably the most notable feature of Figures 8.12A and 8.12B

is that this eigenvalue appears to increase asymptotically with increasing t approaching
the I41/acd ! I4/mmm phase transition.

That the I41/acd phase is becoming more compliant as t increases to coupled cell
deformations of the same nature as those observed during uniaxial NTE contradicts the
experimental evidence – showing that the magnitude of uniaxial NTE in I41/acd com-
pounds decreases as t increases. If the cell symmetry is restricted to the I4/mmm phase,
this eigenvalue varies smoothly across the t range of this transition. What could be the
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FIGURE 8.13: Lattice parameters and enthalpy with respect to (q = 0)
I4/mmm parent phase as a function of fixed in-plane octahedral rotation
angle, q, for I41/acd phases of Ca2GeO4 and Ca1.25Sr0.75GeO4 (both with
4.3 GPa biaxial stress). For every fixed q, the cell and all other internal

degrees of freedom were allowed to relax.

cause of this strange elastic behaviour in the I41/acd phase?
The answer to this question is actually deceptively simple. Freezing octahedral rota-

tions into the I4/mmm Ruddlesden–Popper parent phase causes an in-plane contraction
and expansion of the c axis. This is precisely the distortion described by this eigenvector.
Conversely, unwinding the frozen octahedral rotation in the I41/acd phase induces the
reverse deformation, described by the same eigenvector. That the RUM has frozen out in
the first place means that there is an energy well along this displacement direction and
therefore there is an energy penalty to unwinding the frozen rotation from the fully re-
laxed I41/acd structure. In the lower panel of Figure 8.13 I show the enthalpy versus q

landscape for the I41/acd phase of two biaxially stressed non-magnetic compounds, un-
doped Ca2GeO4 and Ca1.25Sr0.75GeO4 – which is much closer to the I41/acd ! I4/mmm
phase transition. In Ca2GeO4, there is an 18 meV/atom energy cost to unwinding the full
12� frozen P4 rotation. However, much closer to the phase transition, the frozen rotation
angle is still over 8� yet the I41/acd phase is only 2.9 meV/atom lower in energy than
the parent. Despite this huge difference in I41/acd phase stability between the two com-
pounds, the upper two panels show that changing q has almost exactly the same strain
effect on the a and c lattice parameters. Therefore, the corkscrew mechanism operates the
same geometrically in the two compounds, just near the I41/acd ! I4/mmm transition
there is a very low energy cost to structural deformations of this nature. Within Landau
theory a divergence of the relevant elastic compliance component is expected across a fer-
roelastic phase transition [57]. The I4/mmm ! I41/acd phase transition is not actually
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ferroelastic because the direction of the strain field is not reversed by switching the sign of
the relevant order parameter (i.e. +q and �q rotation angles induce the same strain state
since the lowest order strain–q coupling in Appendix C is of the form # Q (q)2). However,
the principle is the same – one might prefer to consider the transition pyroelastic.

Why is there not an enhancement of uniaxial NTE right before the I41/acd ! I4/mmm
transition in experiment, if the I41/acd phase is so compliant at this composition? The answer
to this question may already have been floated back in Chapter 2; when introducing
Landau theory, in Section 2.2.4 I gave an example of how in cases when there is strong
strain–phonon coupling, transitions that would otherwise be second-order in fact become
first-order. This is consistent with the earlier observation that in DFT the I41/acd frozen
rotation angle, q, may be made arbitrarily small whereas in experiment such small q

(and the associated contraction of c with canging t) are not seen. As discussed several
times, DFT simulations sample the ground-state energy landscape and therefore such
a theory cannot be tested in simulation (with entropic considerations) without utilising
more advanced methods. Thus, if this small q region is not realisable, we have to look to
the behaviour of the compliance eigenvalue changes with t in other compositional ranges
to infer how compliance affects thermal expansion. Away from the phase transition, the
change in the NTE-relevant eigenvalue in the I41/acd phase is fairly small compared to
the magnitude of other eigenvalues or compared to the same eigenvalue in I4/mmm.

8.8 Summary

In the n = 1 Ca2�xSrxMn1�yTiyO4 solid solution, changing the tolerance factor, t, by dop-
ing with larger isovalent cations on the A-site or B-site was found to control the magni-
tude of uniaxial negative thermal expansion measured in experiment. Uniaxial NTE was
only observed in the I41/acd phase, with frozen anti-phase octahedral rotations about c,
and this phase was only stable for a limited range of t. At low t dynamic octahedral tilts
condense whereas at high t there is a transition to the undistorted I4/mmm parent phase.
Both of these phase transitions are associated with a switch from uniaxial NTE to PTE of
the layering axis.

The dynamic driving force for NTE comes from soft octahedral tilt vibrations and
these modes soften as t is reduced. As the system approaches a phase transition, where
these active tilts become unstable, the Grüneisen parameters of these modes (a measure
of how much a phonon drives thermal expansion) become very large. Hence the uniaxial
NTE is controlled by the proximity to this phase transition – in this sense t acts like biaxial
stress in Chapters 4 and 6. For this reason, the maximum phonon-driven uniaxial NTE
in the rotation phase of a Ruddlesden–Popper oxide was achieved in the pure I41/acd
phase at a t just above this phase transition.

The aforementioned tilt vibrations actually provide a greater driving force for in-
plane PTE than they do for uniaxial NTE. This in-plane PTE is only transformed to give
uniaxial NTE once one accounts for the highly anisotropic compliance to coupled in-
plane tensile and axial compressive strains. The eigenvalue of the eigenvector associated
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with this deformation is greatest in n = 1 Ruddlesden–Popper rotation phases, such as
the system studied. However, the magnitude of this eigenvalue in the solid solutions
studied does not change greatly with t away from the phase transition to the higher
symmetry I4/mmm phase. Comparing phase diagrams predicted from simulations with
those measured in experiments, as well as energetic arguments based on simulated data,
suggest that the I41/acd phase is in reality not stable for the region where this eigenvalue
does change. Therefore control of the uniaxial NTE by tuning tolerance factor in these
systems comes from changing the dynamics – by bringing the octahedral tilt vibrations
closer to instability – and not by changing the anisotropic elastic compliance. As shown
in the previous chapter, this may be tuned by varying the layer thickness, n.
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Chapter 9

Conclusions and Further Work
In this PhD project, I set out to establish the origin of uniaxial negative thermal expan-
sion (NTE) in certain Ruddlesden–Popper oxides and to develop understanding of how
thermal expansion in these materials may be controlled. In this process, I have discov-
ered that the properties of Ruddlesden–Popper oxides are strongly related to their struc-
ture, where the layered network of connected octahedra creates an intricate energetic
landscape of competing phases. The driving force for NTE ultimately comes from tilting
vibrations of these units but these vibrations do not lead to a net thermodynamic driving
force for NTE. Moreover, it is only once one accounts for the highly anisotropic elastic
compliance of these materials that the experimentally observed NTE is reproduced in
first-principles simulations. I have identified this highly anisotropic compliance to arise
specifically due to the structural symmetry of certain Ruddlesden–Popper phases, specif-
ically those with frozen rotations about the layering axis. Subsequently, I have found that
uniaxial NTE may be controlled by either (i) tuning layer thickness to control the elasticity
or (ii) tuning the chemistry to control the octahedral tilt vibrations driving uniaxial NTE.
Combining these insights gained from atomistic simulations has led to a compound be-
ing engineered which displays record uniaxial NTE within a Ruddlesden–Popper oxide
due to this mechanism.

Arriving at these conclusions ultimately relating to NTE entailed a great deal of anal-
ysis of the An+1BnO3n+1 Ruddlesden–Popper oxide system, especially the (n = 1) A2BO4

and (n = •) ABO3 perovskite end members of the series. Within the literature, it was
well established that rotations (about the layering axis) and tilts (about in-plane axes) of
BO6 octahedra couple strongly to the electronic and physical properties of these com-
pounds. In this project, I have extensively shown that these modes strongly influence the
strain, not only in the sense predicted by the rigid unit model, but that strains on the axis
perpendicular to the plane of rotation may often be equally or even more greatly affected
by the rotation magnitude than in-plane axes. The possibility of these modes freezing
in, about which axes and in what sense (are rotations in-phase or anti-phase down oc-
tahedral columns) means that there are many competing phases in these materials with
subtle differences in symmetry. Understanding why specific ground states are adopted
in Ruddlesden–Popper oxides, which can host such technologically important properties
as high-TC superconductivity and hybrid improper ferroelectricity, is clearly of significant in-
terest beyond the scope of understanding thermal expansion in the present thesis. The
topic of strain engineering to control octahedral tilting is one which has previously gar-
nered interest in the field of thin film perovskites and thus in essence this work has shed
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light on the role of strain engineering in Ruddlesden–Popper compounds.
It was clear from assessing examples of uniaxial NTE in the literature that uniaxial

NTE in Ruddlesden–Popper compounds was pervasive only in structures with a single
frozen octahedral rotation. Hence, phase symmetry was to be an important aspect of this
project. Density functional theory (DFT) predicts the correct ground state Ruddlesden–
Popper phase for Ca2MnO4 – that is to say that the lowest energy phase matches that
observed experimentally at very low temperatures. However, despite reproducing the
lattice parameters to within 0.8% accuracy, DFT predicted the experimentally verified
low temperature NTE phase of Ca2GeO4 to be unstable to octahedra tilting. Including
estimates of the contributions from quantum vibrations at absolute zero failed to account
for the energetic discrepancy between phases. This implies that the inclusion of higher
order anharmonic effects or utilising a more advanced exchange–correlation functional
would be required for better quantitative agreement with experiment. In a complex sys-
tem, dominated by subtle structural changes, failure to precisely predict the correct phase
energies is not indicative of a fundamental inability of DFT to capture the physics of this
system. However, predictions of unstable vibrations prevented calculations being per-
formed which employ the quasi-harmonic approximation (QHA) – the wonted scheme
for simulating thermal expansion. Nonetheless, I discovered that applying a 4.3 GPa cor-
rective biaxial stress was sufficient to stabalise the NTE phase (space group I41/acd) of
Ca2GeO4. This stress was chosen such that Ca2GeO4 would emulate magnetostriction
in anti-ferromagnetic Ca2MnO4 and thus so that I could use this non-magnetic system
to perform simulations of the fully anisotropic thermal expansion (at reduced computa-
tional expense).

First-principles simulations within the QHA of the anisotropic coefficients of linear
thermal expansion (CLTE) of biaxially stressed Ca2GeO4 gave good qualitative agree-
ment with experimental measurements on Ca2MnO4 and Ca2GeO4, especially at low
temperatures. One- and two-phonon Einstein mode model fits to experimental lattice
parameter measurements indicated that the dominant vibrations driving thermal expan-
sion lay at low frequencies – indicative of so-called soft modes. Decomposing the har-
monic phonon spectrum of Ca2GeO4 showed that low frequency modes with octahedral
tilt character strongly drive in-plane positive thermal expansion (PTE) and that the effect
of these tilts is greatest when they are close to the centre of the Brillouin zone in the NTE
phase (but at the Brillouin zone boundary in the undistorted parent phase). Tuning the
imposed biaxial stress, and later the mean ionic radii on the Ca and Ge sites, showed that
these tilts had the greatest contribution close to a displacive phase transition in which the
system became unstable to these distortions freezing in. These zone-boundary vibrations
of structural units are typical rigid unit modes (RUMs) often found to be the cause of
NTE via the tension mechanism in many prototypical NTE framework ceramics. However,
although these tilts had negative mode Grüneisen parameters along the layering axis –
the axis of uniaxial NTE, at no temperature in QHA simulations was Ruddlesden–Popper
Ca2GeO4 predicted to have a net negative material Grüneisen parameter along this axis,
even though uniaxial NTE is predicted.
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Uniaxial NTE in low n Ruddlesden–Popper phases with frozen octahedral rotations
is explained once one accounts for the anisotropic compliance in these materials. A rela-
tively large and negative s13 off-diagonal compliance component strongly couples the in-
plane axis to the layering axis, meaning that a strong dynamic driving force for in-plane
PTE induces uniaxial NTE along the layering axis, despite the aggregate effect from har-
monic phonons promoting slight PTE along this axis. The high anisotropic compliance of
rotation phases of low n Ruddlesden–Popper oxides, compared to the undistorted parent
phase or analogous phases of ABO3 perovskites, arises in part due to an atomic mecha-
nism identified in this thesis. Within the limit that the most stiff metal–oxygen chemical
bonds are perfectly rigid, as are the BO6 octahedra, this corkscrew mechanism provides an
explanation for cooperative deformation of the in-plane and layering axes via changes
in the frozen rotation angle at little energy cost. Such a mechanism relies upon in-plane
internal degrees of freedom (the octahedral rotation) and axial symmetry breaking (at the
ABO3:AO interface), which may internally couple these axes. This proposed mechanism
is later verified by analysing the displacements resulting from applying biaxial external
stress or changes of rotation angle to An+1BnO3n+1 rotation phases. Like many mechan-
ical models, this corkscrew mechanism does not operate ideally – in the sense that these
stiff bonds are not perfectly rigid in these computational experiments. However, com-
paring the ratios of distortions of different bonds evidences the contribution from this
mechanism to the anisotropic compliance. Since this mechanism provides high compli-
ance to precisely the cooperative deformation observed during uniaxial NTE, it explains
why NTE is unique to Ruddlesden–Popper phases with a frozen rotation.

I have therefore identified two ingredients necessary to explain uniaxial NTE in Ca2GeO4

and Ca2MnO4. The next aim of this thesis was to extend these results to the wider family
of Ruddlesden–Popper oxides and hence attempt to control the thermal expansion. First-
principles simulations on Ca2GeO4 had already shown the effect of physical stimuli on
NTE; such as temperature, T – where the magnitude of NTE increases with T at low tem-
peratures before saturating at high T; and stress – where increasing the applied biaxial
stress reduces the magnitude of NTE. Within the An+1BnO3n+1 system, there were two
obvious parameters to tune when designing new materials: the layer thickness, n, and
the chemistry, dictated by the elements on the A and B lattice sites.

Increasing the first of these tuning parameters, n, in simulations on Can+1GenO3n+1

was found to reduce the anisotropy of compliance but also make octahedral tilt modes
less stable. The effect on the elasticity may be explained since reducing the volume frac-
tion of interface reduces the effect of the corkscrew mechanism – this had been predicted
previously in calculations on a toy mechanical system. The latter effect indicates that the
inclusion of AO layers in the ABO3 perovskite structure stiffens octahedral distortions.
However, the difference in octahedral tilt frequency for each integer n in DFT calculations
is so great that experimentally in Can+1MnnO3n+1, changing n significantly changes the
temperature range of stability (if any) of the uniaxial NTE phase. This seemed to sug-
gest that layer thickness was not a useful dial to smoothly tune the magnitude of NTE,
but instead a parameter to engineer such that an NTE phase is stable within a desired



210 Chapter 9. Conclusions and Further Work

temperature range for a given chemical system. Since the (n = •) ABO3 structure has
no AO layers and therefore no AO:ABO3 interface, the corkscrew mechanism cannot op-
erate in this limit of the Ruddlesden–Popper series. This explains why similar NTE is
rarely observed in analogous rotation phases of ABO3 perovskites.

Chemical composition was the second material property manipulated to manage
thermal expansion. In this thesis, this involved computationally doping isovalent cations
onto the Ca site of Ca3Ge2O7 and on the Ca and Ge sites of Ca2GeO4. Replacing Ca2+

with the larger Sr2+ cation increased the tolerance factor, t – a structural metric linked
with the propensity of BO6 octahedra to tilt or rotate. As a result, the frequency of the
lowest energy octahedral tilt mode – that I have already linked with NTE – generally in-
creased and this correlated with a reduction in the magnitude of uniaxial NTE measured
in experiments on Ca3�xSrxMn2O7. With increasing x, smooth NTE to PTE switching
was achieved. This provided evidence NTE may be tuned by changing the tolerance
factor because of the effect upon the octahedral tilts. However, in this study performed
early in the PhD, I did not investigate the effect of composition upon anisotropic elas-
ticity. It was in a more recent project that I analysed how the compliance and harmonic
phonons varied with both increasing and decreasing t in magnetic Ca2�xSrxMn1�y0Tcy0O4

and non-magnetic Ca2�xSrxGe1�y00Sny0O4. Both of these systems were chosen such that
they may be easily simulated by creating hybrid cations on the A and B sites of (n = 1)
A2BO4 using the virtual crystal approximation (VCA). These simulations showed again
that increasing tolerance factor reduced the effect on thermal expansion from soft octa-
hedral tilts but also that decreasing t – and thus tuning the system closer to the phase
transition at which these modes became unstable – drastically enhanced their effect. On
the other hand, changing the chemistry in this way had a lesser impact upon the elas-
tic properties, except near the transition to the higher-symmetry parent phase. Across
this transition, simulations on both systems suggested that there as a large enhancement
in compliance. It was concluded, however, that phases with only a very small rotation
angle yet anomalously high elasticity would be unlikely to be stable in reality. This is
because the loss in vibrational entropy would outweigh the energetic benefit of freezing
in a rotation phase with tiny amplitude. Consequently, I concluded that for a given n the
magnitude of uniaxial NTE may be made greater by decreasing t and hence driving the
system closer to the transition where dynamic octahedral tilts become unstable.

Combining these insights from simulations: (i) that the anisotropic compliance is max-
imised for lowest n and (ii) that the effect of octahedral tilts is greatest for the lowest t in Ruddlesden–
Popper rotation phases in which octahedral tilts remain active, one may engineer a system
with maximal uniaxial NTE. Collaborators were able to synthesise compounds across
the Ca2�xSrxMn1�yTiyO4 series that explored the maximum stability region of the pure
I41/acd NTE phase in t; between the NTE ! PTE boundary when octahedral tilts become
unstable at low t, to the NTE ! PTE transition at high t across which the frozen octahe-
dral rotation disappears. The compound, Ca2Mn0.475Ti0.625O4 – at the lower t edge of this
region, was found to have the maximum uniaxial NTE measured to date for Ruddlesden–
Popper oxides with a single frozen octahedral rotation about the layering axis: having a
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CLTE of -8.1 ppm/K (compared to -6.0 ppm/K for Ca2MnO4 or -7.6 ppm/K for Ca2GeO4

that were also reported as part of this doctoral work).
This is not to say that this is the largest NTE which could possibly be achieved in this

class of materials due to this mechanism. For example, the effect from changing the A and
B cations of A2BO4 in tandem upon uniaxial NTE has not been investigated and might
make for an interesting future study. It also remains an open question why certain low
n Ruddlesden–Popper oxides, such as La2CuO4 or Sr2SnO4, transition from the undis-
torted I4/mmm parent at high temperatures to a phase with frozen octahedral tilts at
low temperatures and not a uniaxial NTE phase – as in Ca2GeO4, Sr2IrO4 or Ca3Mn2O7. I
have embarked upon a data-mining study to investigate why some compositions are pre-
disposed to certain distortions based upon cation radii. Preliminary results focusing on
A2+

2 B4+O4 compositions seem to suggest a link between the equilibrium phase and the
combined radii of A and B cations. This analysis confirms the connection between tol-
erance factor, t, and octahedral distortions but also appears to show correlation between
rotations when both A and B are small and tilting when both A and B are large. However,
limitations of the experimental and computational databases used so far mean that more
work is required in this area. Future work could be to extend the study to other databases
(of simulated or experimental structures) or to perform a high-throughput study to simu-
late the relative stability of tilt and rotation phases in compositions for which data is not
otherwise available. This would have applications not only in the study of negative ther-
mal expansion, but in other properties of layered perovskites (such as hybrid improper
ferroelectricity or high-temperature superconductivity) where the nature of octahedral
rotations plays a key role.

I have tried to extend the results developed for Ruddlesden–Popper oxides to study
other systems with anisotropic NTE. Analysis performed on two select systems, Sr2MgWO6

and LaTaO4, showed that anisotropic compliance is linked with uniaxial NTE and both
of these systems meet the symmetry criteria – internal structural freedom along perpen-
dicular axes – to sustain a corkscrew-like mechanism (even if such a mechanism is not so
apparent).

An interesting future project might be to apply the results of this investigation on
Ruddlesden–Popper oxides to study other layered perovskite systems – such as those
with the Aurivillius or Dion–Jacobson structures. Both of these crystal structures are like
the Ruddlesden–Popper structure in the sense that they consist of blocks of ABO3 per-
ovskite structure, separated by a single layer containing A and O ions. The Aurivillius
structure resembles the Ruddlesden–Popper structure, except that the interfacial layer
contains an additional plane of O ions, making the composition of this separator layer
A2O2. Even without performing simulations on these materials, I would speculate from
the crystal structure that the same corkscrew mechanism identified in this work could
operate in Aurivillius phases with frozen octahedral rotations, because the A–O bond-
ing across the ABO3:A2O2 interface is the same as in the Ruddlesden–Popper system.
On the other hand, in the Dion–Jacobson structure, there are half as many interfacial A
cations as in the Ruddlesden–Popper structure and these cations do not penetrate into
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the interstitials of the perovskite blocks, but rather lie in a plane equidistant from the
apical oxygens in both neighbouring blocks. I would therefore speculate, again from the
crystal structure alone, that the same corkscrew mechanism identified in this work could
not operate in Dion–Jacobson rotation phases and therefore I would not expect the same
highly-anisotropic compliance in these materials.

Back in Chapter 1, I commented that in recent years the term “perovskite” has possi-
bly gained greatest association with hybrid organic–inorganic halide perovskites (those with
halide anions on the O-site and organic molecules on the A-site). Another avenue of fur-
ther work arising from this project may therefore be to investigate how the ideas floated
in this thesis relate to the hybrid counterparts of layered perovskites. Again, based only
on the atomic structure, I would question whether the bonding between the halide anion
and organic A-site molecule would be strong enough, even in rotated phases where this
distance should be shorter, to facilitate a corkscrew-like mechanism. However, just as
MOFs are often associated with atomic-scale mechanical mechanisms because their or-
ganic linkers have many degrees of mechanical freedom and have highly-directionalised
covalent bonding, so too might hybrid layered perovskites. Therefore this would cer-
tainly be an interesting idea to explore.

Over the last year I have also been involved with a second data-mining project, this
time taking a co-supervisory role, to search materials databases for structures that have
favourable lattice dynamics and elasticity for anisotropic NTE. Preliminary results pro-
duce a promising shortlist of materials meeting the anisotropic compliance criterion,
some of which indeed display NTE in experiment. Due to limited data on anisotropic
elastic compliance – even in databases built from high-throughput simulations – more
work is needed to develop a good screening criterion to identify RUMs or corkscrew-like
compliance mechanisms based on structure alone. Such a scheme could then be used
to study all structures in computational databases (regardless whether elastic properties
have been computed) or even applied to crystallographic databases like the ICSD. Struc-
tures identified based on symmetry criteria could then be fed through a workflow for
high-throughput computation of relevant properties using first principles methods. This
concept of Materials Genomics is a fast growing sub-field of Computational Materials Sci-
ence and it would be exciting if in the future it could be applied to study negative thermal
expansion.

Finally, first-principles simulations in this thesis extensively employ the quasi-harmonic
approximation. Although a powerful tool for simulating thermal and vibrational proper-
ties, the limitations of ignoring so-called explicit anharmonicity are well-documented, for
example the assumption of non-interacting harmonic phonons is known to become worse
at higher temperatures. For the purpose of this thesis, the QHA has served me well,
since I have been able to identify the physical mechanisms giving rise to NTE and how
these mechanisms may be manipulated by external factors. The computational expense
of chasing slightly greater quantitative accuracy did not warrant a higher level theory to
study, for example, NTE in Ca2GeO4. However, to confirm that the mechanism for NTE
identified in this thesis indeed extends to structures where the NTE phase is no longer the
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low temperature ground state requires study using higher level methods that incorporate
explicit anharmonicity. Such a system includes higher n structures, such as Ca3Mn2O7,
where simulations incorporating greater anharmonicity might capture the transition be-
tween the NTE phase and the low temperature hybrid improper ferroelectric phase. An
interesting avenue for further work would be to investigate Ruddlesden–Popper oxides
in dynamic simulations (likely employing a more computationally light-weight scheme
to model interatomic interactions). Such simulations could be used to study NTE, as
well as other physical properties in these systems that arise from competing structural
distortions.

Through a mixture of first-principles simulations, mechanical models and analysis of
experimental data provided by others, this thesis has attempted to answer the question
what is the origin of uniaxial negative thermal expansion observed in low n Ruddlesden–Popper
oxides?. Further simulations have supported experimental evidence that the NTE may
be tuned and elucidated the properties most strongly affected, establishing at least some
ways in which one may control this uniaxial NTE. I would therefore like to say that I have
answered the questions set out by this PhD project. As is always the case in science,
the journey to discover these answers unveiled many more puzzles and peculiarities.
Some of these I have solved along the way; such as how strain affects octahedral tilting and
why certain orthorhombic Ruddlesden–Popper phases appear metrically tetragonal. The insight
gained from these investigations is transferable to the study of other Ruddlesden–Popper
phenomena that are affected by octahedral distortions. Other questions that have arisen
remain open; such as why octahedral tilts are favoured over rotations in certain Ruddlesden–
Popper phases or is it possible to predict the anisotropic elasticity of a crystal based on symmetry
alone. I imagine that to chase these further would unearth a whole host of new avenues
for exploration.
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Appendix A

DFT Calculation Parameters

A.1 CASTEP

All density functional theory (DFT) simulations performed on Ca–Ge–O or Ca–Mn–O
based Ruddlesden–Popper or perovskite oxide systems in Chapters 4, 6 & 7 along with
the studies on Ca2�xSrxMn1�y0Tcy0O4 and Ca2�xSrxGe1�y00Sny0O4 solid solutions in Chap-
ter 8 used CASTEP version 7.0.3 [173].

A.1.1 Electronic parameters

All simulations used the PBEsol functional to model exchange and correlation [180]. A
plane wave cut-off energy of 1400 eV was employed for all calculations with electron den-
sity stored on a grid twice as dense. A 7 ⇥ 7 ⇥ 2 Monkhorst–Pack [205] grid of kpoints
shifted away from the G-point was used for calculations of the 14-atom I4/mmm phase
of (n = 1) Ca2GeO4, with grids of equivalent reciprocal space density used for all other
structures. Absolute energies were converged to an accuracy of 0.5 meV/atom with re-
spect to k-point grid density and plane wave cut-off energy. Geometric relaxations were
performed with a force tolerance of 10-4 eV/Å and a stress tolerance of 10 MPa. Spin
polarised calculations (always on Mn-based compounds) employed a density mixing
scheme with no fixed occupancy for SCF minimisation with mix charge amplitude of
0.2, a mix spin amplitude of 0.4 and with 60% additional electronic bands. All other cal-
culations performed fully self-consistent energy minimisation assuming enforcing a fixed
occupancy of the lowest orbitals.

Norm-conserving pseudopotentials, generated on-the-fly using CASTEP version 16.0,
were used for all calculations. The appropriate pseudopotential strings for each element
are listed in Table A.1.

A.1.2 Elastic Constants

Elastic constants were computed by fitting 2nd order polynomials to the energies of cells
with applied strains of +/- 0.2, 0.4% from the fully relaxed cell, where the internal degrees
of freedom (the atomic positions) were free to relax. The quadratic terms to these fits were
used to construct terms within the elastic constant matrix, c, and this matrix inverted to
compute the elastic compliance matrix, s.
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Ca 3|2.0|9|10|12|30N:40N:31N:32N(qc=6)
Ge 3|1.8|28|32|38|40N:41N:32N1.5(qc=5,q2=10)
O 1|1.2|23|26|31|20N:21L(qc=9)

Mn 3|1.3|32|37|43|30N:40N:31N:32NN(qc=10.5)
Sn 3|2.4|12|14|16|50N:51N:42N(qc=8)
Ti 3|1.8|15|17|19|30N:40N:31N:32N(qc=7)
Tc 2|1.4|16|19|22|40N:50N:41N:42L(qc=8)

TABLE A.1: Pseudopotential strings used in all DFT calculations on
Ruddlesden–Popper or perovskite oxide structures. All pseudopotentials
are norm-conserving and generated on-the-fly within CASTEP version

16.0

Bulk moduli, B, were computed by allowing the cell and all internal degrees of free-
dom to relax in response to hydrostatic pressures in the range -2 to +2 GPa. The bulk
modulus was then found by fitting the computed relaxed volume, V, as a function of the
external pressure, P, to the equation: B = � d(ln[V])

dP . The bulk compressibility, b, is then
given by b = B�1.

A.1.3 Lattice Dynamics

In simulations on Ca2GeO4 in Chapters 4 & 6, density functional perturbation theory
(DFPT) was used within CASTEP [206] to compute harmonic phonons on a 4⇥4⇥1 q-
point grid for a (

p
2⇥

p
2⇥2) equivalent I4/mmm supercell and this dynamical matrix

was interpolated onto a 32⇥32⇥4 grid to generate each PDOS. DFPT was also used for
all phonon calculations on Can+1GenO3n+1 compounds in Chapter 7. However, in simu-
lations on Ca2MnO4 in Chapter 4 and Ca2�xSrxMn1�y0Tcy0O4 and Ca2�xSrxGe1�y00Sny0O4

solid solutions in Chapter 8, phonons were computed via a finite differences method
since DFPT could not be used in conjunction with spin-polarised or VCA calculations in
CASTEP.

In Chapters 7 & 8, only phonon frequencies computed at single, high symmetry q-
points are reported. In n = 1, 3, • phases, these are at the X (1/2, 1/2, 0) and P (1/2,
1/2, 1/2) points in the I4/mmm high-symmetry phase (labelled M and R respectively in
n = • Pm3̄m ABO3) and for n = 2, 4 phases at the X-point in I4/mmm. Phonons in child
rotation phases were always computed at the G-point.

A.1.4 Sr2MgWO6 and LaTaO4

Simulations performed on Sr2MgWO6 and LaTaO4 in Chapter 4 used slightly different
calculation parameters than given above. These simulations used an 800 eV plane-wave
energy cut-off and 1 meV/atom energy, 1 meV/Åforce and 10 MPa for stress relax-
ation tolerances. Monkhorst–Pack k-point grids of 8 ⇥ 8 ⇥ 8 for Fm3̄m Sr2MgWO6 and
12 ⇥ 3 ⇥ 8 for Cmcm LaTaO4 were employed with the same k-grid density maintained
for lower symmetry structures. Ultrasoft pseudopotentials were used for simulations of
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Sr 3|2.0|2.0|1.2|6|8|9|40U:50U:41:42
Mg 2|1.6|2|1.4|6|7|8|30NH:21U:31UU:32LGG(qc=4.5)
W 3|2.1|2.1|2.1|8|9|10|50U:60U:51:52
O 2|1.0|1.3|0.7|13|16|18|20:21(qc=7)
La 2|2.3|2.3|1.4|4|5|6|50U:60U:51:52(qc=4.5)
Ta 3|2.1|2.1|2.1|8|9|10|50U:60U:51:52

TABLE A.2: Pseudopotential strings used in DFT calculations on
Sr2MgWO6 and LaTaO4 in Chapter 4. Ultrasoft pseudopotentials are used,

generated on-the-fly within CASTEP version 16.0.

both compounds, since no lattice dynamics or VCA calculations were performed (requir-
ing norm-conserving pseudopotentials within CASTEP). The pseudopotential strings are
given in Table A.2.

A.2 Abinit

For only the study on Ca3�xSrxGe2O7 reported in Section 8.1, DFT calculations were per-
formed using the Abinit package [207, 208] (version 7.2.2). The electronic wavefunctions
for all calculations were represented on a plane-wave basis set with a cut-off energy of
55 Ha. A 4 ⇥ 4 ⇥ 1 Monkhurst–Pack grid of kpoints shifted away from the G-point was
used for calculations on 24-atom unit cells in the I4/mmm symmetry. Optimised norm-
conserving Vanderbilt pseudopotentials [209] taken from the Abinit website [210] were
used and variation in Ca and Sr content on the Ca lattice sites was modelled using the vir-
tual crystal approximation (VCA) [211]. DFT calculations were performed using a PBEsol
[180, 212] exchange correlation functional. For relaxed structures, forces were converged
to a 10�5 Ha/Bohr tolerance and stresses to a tolerance of 10�3 Ha/Bohr3. Phonons were
computed within Abinit DFPT [213, 214] at the X-point in the I4/mmm phase and at the
G-point of the Acaa phase.
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Appendix B

The Acam phase of Ca2GeO4 – what
does it mean to be metrically
tetragonal?

Freezing in the X+
2 in-phase rotation to I4/mmm Ca2GeO4 in DFT calculations and re-

laxing the cell creates a child phase of the Acam space group. Despite this orthorhombic
crystal class, the relaxed cell has approximately equal in-plane lattice parameters (a = b)
and structural parameters – such as lattice parameters, rotation angle and phase energy
– that are equivalent to a competing tetragonal I41/acd phase with frozen anti-phase P4

rotation. In this appendix, I investigate whether this orthorhombic space group assignment
marks the correct order parameter direction for the X+

2 daughter phase of I4/mmm Ca2GeO4,
and if so, how is this orthorhombic phase apparently equivalent to a competing tetragonal phase?

In Section 4.3 I found that I4/mmm Ca2GeO4 has six unstable harmonic phonons, cor-
responding to three pairs of degenerate modes, at the X-point (1/2, 1/2, 0) of the Brillouin
zone. These distortions all have the character of rigid unit modes (RUMs), with the low-
est frequency pair of degenerate modes of the X+

2 irrep having the character of octahedral
rotations about the layering axis, c, and the other two pairs, of the X+

3 and X+
4 irreps, hav-

ing the character of octahedral tilts about an in-plane axis. The group–subgroup tree for
these three irreps is shown in Figure B.1. In this figure, the space group labels of child
phases are shown, as are the order parameter directions of the X+

? irrep in each phase.
The phase symmetry lowers as one moves down the figure and arrows denote a direct
group–subgroup relationship.

The subgroup trees have a similar structure for each X-point RUM distortion; each
irrep has two order parameter directions whereby following the mode in the (a, a) direc-
tion yields a tetragonal daughter, following the mode in the (0, a) finds an orthorhombic
phase and following the mode in a general direction gives an orthorhombic space group
that is itself a subgroup of the other two daughter phases. Freezing the unstable phonon
eigenvector into the general direction and allowing the structure to relax in Section 4.3
found that X+

3 and X+
4 tilted structures adopt tetragonal phases, P42/ncm and P42/nnm,

whereas the following the X+
2 mode yields an Acam phase, as assigned by Findsym from

the Bilbao Crystallographic Server [52]. This lead me to ask, why is it that the in-phase
rotation leads to the orthorhombic Acam phase and not the tetragonal P4/mbm?
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I4/mmm

X2
+ X3

+ X4
+

P42/nnmP42/ncmP4/mbm
Acam Acam Cccm

Pbam Pccm Pnnn

139

127 138 134
64 64 66

55 56 48

(a,a) (a,a) (a,a)
(0,a) (0,a) (0,a)

(a,b) (a,b) (a,b)

FIGURE B.1: Subgroup trees for the irreps of the three X-point (1/2, 1/2,
0) modes found to have imaginary frequencies in fully relaxed I4/mmm
Ca2GeO4. X+

2 has the character of rotations of rigid octahedra and X+
3 and

X+
4 both have tilt character.

(A) Acam Ca2GeO4 (001) plane (B) P4/mbm Ca2GeO4 (001) plane

(C) Acam Ca2GeO4 (11̄0) plane (D) P4/mbm Ca2GeO4 (11̄0) plane

FIGURE B.2: Acam (0, a) and P4/mbm (a, a) phases of Ca2GeO4 with
frozen in-phase X+

2 rotation. Arrows in (C) and (D) show the sense of the
frozen octahedral rotation.

Using the Isodistort functionality from the Isotropy Software Suite [53], I was able to
create Acam and P4/mbm Ca2GeO4 cells by explicitly freezing the X+

2 mode in the correct
order parameter direction. Figures B.2A–B.2D show these structures after DFT relaxation,
where arrows in B.2C and B.2D indicate the sense of the rotation in the side-on view. The
I4/mmm Ca2GeO4 unit cell contains two octahedral layers stacked along c. In the Acam
phase there are frozen rotations in both of these layers whereas in the P4/mbm phase
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a (Å) b (Å) 1/2(a + b) (Å) c (Å) q (�) DE (meV/atom)
Acam (0, a) 5.23338 5.23394 5.23366 11.94473 10.55 -9.04

I41/acd (�a, a) 5.23368 5.23368 5.23368 11.94472 ⇥2 10.55 -9.04
P4/mbm (a, a) 5.27489 5.27489 5.27489 11.777084 10.55 -3.42

TABLE B.1: Lattice parameters, rotation angle, q and energy (relative to the
I4/mmm parent) for Ca2GeO4 phases with a frozen octahedral rotation about c.

rotations freeze into only one layer whilst the other remains undistorted. As a result,
looking at the view down the [001] axis of P4/mbm in Figure B.2B it is clear that the
cell has four-fold rotational symmetry since the four edge octahedra remain unrotated.
However, the same view of Acam in Figure B.2A shows that two of these edge octahedra
rotate in the same sense as those in the alternate plane whereas the other other two ro-
tate in the opposite sense – it is necessary that corner-connected octahedra lying in the
rotation plane must rotate in opposite sense to one another in order to remain rigid. The
upshot of this is that when there are rotations in both octahedral planes, the 4-four fold
rotational symmetry is lost and the [100] and [010] directions in Acam in Figure B.2A are
clearly inequivalent, hence the orthorhombic space group assignment.

(A) (001)

(B) (11̄0)

FIGURE B.3: I41/acd (�a, a) phase of Ca2GeO4 with frozen anti-phase X+
2

rotation. Arrows in (B) show the sense of the frozen octahedral rotation.

X+
2 is not the only I4/mmm Ca2GeO4 irrep with octahedral rotation character; the P4

irrep, at the P = (1/2, 1/2, 1/2) point, corresponds to a rotation about c that is anti-phase
between adjacent I4/mmm unit cells. Following this mode and relaxing the structure
yields the I41/acd phase, shown in Figure B.3. This I41/acd phase is found to be the
experimentally observed ground state [34]. Like Acam, relaxed I41/acd Ca2GeO4 has
rotations in every plane of GeO6 octahedra, however, since the sense of rotation flips
between I4/mmm unit cells stacked along [001], there is a four-fold screw rotation about
this axis and thus the cell has a tetragonal crystal system.
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In Table B.1 I compare the lattice parameters (a, b & c), frozen rotation angle (q), and
phase energy relative to the I4/mmm parent (DE) for these three rotation phases. In
all relaxed cells, q has the same magnitude to within 1/100th of a degree. This implies
that the perovskite layers are sufficiently decoupled that the local octahedral rotation is
little affected by rotations (or lack thereof) in adjacent layers. However, the relative cell
energies are not the same in all phases. Acam and I41/acd have exactly the same energy
to within 0.01 meV/atom, but P4/mbm, where recall only half of the perovskite layers
have frozen rotations, is 5.6 meV/atom higher in energy. It is therefore clear that there is
an energetic benefit to having rotations in every layer, even if this necessitates a reduction
in cell symmetry for the X+

2 mode. The lattice parameters of Acam and I41/acd phases
are similarly close, having the same c to 1 ⇥ 10�5 Å (modulo the doubling of the I41/acd
unit cell) and the same in-plane lattice parameter to within 2 ⇥ 10�5 Å if one averages
a and b of the orthorhombic Acam phase. However, the octahedral distortion in Acam
is itself only 3 ⇥ 10�4 Å . For comparison, P4/mbm lattice parameters differ from Acam
and I41/acd in the third significant figure, despite having the same rotation amplitude,
so this emphasises how equivalent the relaxed Acam and I41/acd structures are.

(A) B3u (B) B2u

FIGURE B.4: Illustrations of the (A) B3u and (B) B2u distortions which
transform as the X+

2 irrep in Ca2GeO4. Since the modes are of the same
space group irrep, they have been labelled according to the irrep of the

local point group symmetry which is broken.

Simply by eye, it is clear from Figure B.2A that the [100] and [010] directions differ
in the Acam phase and therefore this orthorhombic crystal class is correct, yet it is also
apparent from Table B.1 that there is an energetic benefit of freezing rotations into every
octahedral layer. So why is orthorhombic Acam apparently structurally equivalent in ground
state energy and lattice parameters to tetragonal I41/acd?

I have said that the order parameter directions of the X+
2 irrep span a two-dimensional

space. One order parameter direction corresponds to equal displacements in both oc-
tahedral planes (0, a) (Acam), whereas another corresponds to distortions in only one
plane (a, a)/(�a, a) (P4/mbm). The Pbam phase ((a, b)) then corresponds to the gen-
eral order parameter direction, where distortions which are unequal between the two
layers. The X+

2 irrep appears twice in the representations of the atomic displacements
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(recall Section 2.2.2) and therefore eigenvectors of this irrep have four degrees of free-
dom. This means that, since the order parameter direction dictates which planes are
distorted, within a single plane there are still two distinct distortion modes allowed; the
B3u and B2u modes illustrated in Figures B.4A and B.4B. The B3u distortion corresponds
to rotations of the rigid GeO6 octahedra, where such rotations maintain four-fold rota-
tional symmetry of the two-dimensional octahedral layer. On the other hand, the B2u
mode is a displacement of equatorial oxygens along Ge–O bond axes, which resembling
a Jahn–Teller distortion although Ge4+ is not Jahn–Teller active. This mode breaks the
square symmetry within the two-dimensional layer and therefore is forbidden in tetrag-
onal P4/mbm but allowed in orthorhombic Acam. Table B.2 analyses the frozen modes in
the relaxed P4/mbm and Acam cells. Even though these B2u displacements are allowed
in Acam Ca2GeO4, DFT calculations predict these modes to freeze in with negligible am-
plitude. Hence, despite the lower symmetry, each Acam layer is indistinguishable from
a single perovskite layer in P4/mbm or I41/acd Ca2GeO4 rotation phases. Throughout
this thesis, I have therefore referred to Acam, or analogous orthorhombic rotation phases
for different n Ruddlesden–Popper oxides, as metrically tetragonal since, despite their or-
thorhombic crystal system, these cells are energetically and structurally tetragonal. This
also justifies instances where I have used Acam instead of I41/acd to compute ground
state properties (such as elastic constants) in my simulations.

B2u(a) B2u(b) B3u(a) B3u(b) Amplitude (Å)
Acam (0, a) 0.0 0.0007 0.0 0.9993 0.6990

P4/mbm (a, a) - - 0.5 0.5 0.6196

TABLE B.2: Order parameter direction of frozen X+
2 rotation in Ca2GeO4

phases, as measured by Amplimodes software [50, 51].

A final question remains, since there was a notable energy benefit to the Acam phase with
frozen rotations in each octahedral layer when following the X+

2 mode, why are tetragonal phases
predicted when following X+

3 and X+
4 tilt RUMs? Figures B.5A and B.5B show the relaxed

P42/ncm phase with frozen X+
3 tilts of GeO6 octahedra. Lines indicate the tilt direction

with vertical lines denoting untilted octahedra. Looking down a single in-plane bond
axis of P42/ncm Ca2GeO4 it appears as though, like in (X+

2 ) P4/mbm, distortions only
occur in every other octahedral layer. However, comparing views from down the two
different in-plane bond axes, we see that there are frozen tilts in every layer, just that the
tilt axis rotates 90� between adjacent layers. If the amplitude of tilting is the same in both
layers – and there is no reason for it not to be if the layers are decoupled for octahedral
tilts as with rotations – then this creates a four-fold screw rotation about the layering axis.
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(A) (110) (B) (11̄0)

FIGURE B.5: P42/ncm (a, a) phase of Ca2GeO4 with frozen anti-phase X+
3

tilt. Vertical lines in (B) show the sense of the frozen GeO6 tilt.
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Appendix C

Landau Equation for
Ruddlesden–Popper Ca2GeO4

Assuming tetragonality, I present here a Landau expansion about the I4/mmm Ruddlesden–
Popper phase of Ca2GeO4. The order parameters in this expansion correspond to the irre-
ducible representations associated with octahedral tilt or rotation mode eigenvectors that
are found to be unstable (have negative frequency) in phonon calculations of I4/mmm
Ca2GeO4. This Landau expansion is not complete up to a particular power, however, it
does contain terms sufficient to represent all of the physics discussed within this thesis.
It should be noted that since the I4/mmm parent is itself tetragonal, the #1 (#2 = #1) and
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#3 strains both transform as G+
1 , the totally symmetric representation. Physical interpre-

tations for each line of the expansion are given in Table C.1.

E = E0 + (C11 + C12) #2
1 + 1/2 C33 #2

3 + 2 C13 #1 #3 (C.1a)
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(C.1a) Elastic constants
(C.1b) I4/mmm internal degrees of freedom
(C.1c) Harmonic phonons
(C.1d) Coupling of RUMs to strain
(C.1e) Quartic bounding terms
(C.1f) Bi-quadratic competitive couplings
(C.1g) The corkscrew mechanism

TABLE C.1: Physical effects described by different lines in the full Landau
expansion for Ruddlesden–Popper Ca2GeO4.
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Appendix D

Derivation of the elastic compliances
for the corkscrew model

In Chapter 5 I introduced a corkscrew mechanism to explain high compliance in Rudd-
lesden–Popper phases with a frozen octahedral rotation about the layering axis and dis-
cussed this model in the limit that it operates perfectly. In that chapter, I presented equa-
tions for components to the elastic compliance materix for such a system. In this appendix
I present the full derivation of these compliance terms. Throughout this derivation, the
lattice parameters {X1, . . . , X3}, the bond lengths {r1, . . . , r4} and the angles q & a are
defined according to Figure 5.2.

I start this derivation from Equation (5.4) in Chapter 5. By that point we had estab-
lished that the q and a angles are described by a harmonic potential such that for a hinge
j, with constant kj, the work done per hinge, wj, is expressed in terms of incremental
changes in bond angle dj by

wj =
1
2

kj (dj)2 , (D.1)

and the lattice parameters may be expressed as

X1 = X2 = 2
p

2 r1 cos q, (D.2a)

X3 = 2 [r2 + r3 + r4 sin a] . (D.2b)

Picking up from this point, we may equate the [110] cell diagonal that constitutes the
horizontal axis in Figure 5.2C to the diagonal that the blue (11̄0) plane cuts across Figure
5.2B. The inset to Figure 5.2C thus shows how one quarter of this length may be expressed
in terms of both q and a, p

2X1

4
= r4 cos a + r1 sin q. (D.3)

Combining Equations (D.2a) and (D.3) leads to the relation

r4 cos a = r1 [cos q � sin q] , (D.4)

and therefore from Equation (D.4) we may compute the derivative, da
dq ,

da

dq
=

✓
r1

r4

◆✓
sin q + cos q

sin a

◆
. (D.5)
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The Poisson’s ratio, relating the strain of lattice parameter Xj to that of Xi is defined
as

nij = �
d# j

d# i
, (D.6)

where the incremental strain of Xi, d# i, is defined in terms of the incremental extension
dXi:

d# i =
dXi
Xi

. (D.7)

Substituting Equation (D.2a) into Equation (D.7), we may thus define the incremental
strains of the X1 and X2 lattice parameters as

d#1 = d#2 =
dX1

X1
=

1
X1

dX1

dq
dq =

�2
p

2 r1 sin q

X1
dq = � tan qdq. (D.8)

It is immediately apparent, since d#1 = d#2, that

n12 = n21 = �1. (D.9)

This is the same result that was derived for rigid squares on a two-dimensional plane
[162] – recall Figure 3.2B, which is exactly what our system reduces to on the (001) cross-
section shown in Figure 5.2B. In the present three-dimensional scheme, however, by
substituting Equations (D.2b) and (D.5) into Equation (D.7), we may also compute the
incremental strain of the third lattice parameter, X3,

d#3 =
dX3

X3
=

1
X3

✓
dX3

da

◆✓
da

dq

◆
dq =

2 r4 cos a

X3

✓
r1

r4

◆✓
sin q + cos q

sin a

◆
dq

=
2 r1

X3

✓
sin q + cos q

tan a

◆
dq.

(D.10)

It is therefore possible to compute the Poisson ratio, n13, relating d#3 to d#1,

n13 = �d#3

d#1
=

✓
X1

X3

◆
2r1
� sin q+cos q

tan a

�
dq

2
p

2r1 sin qdq
=

✓
X1

X3

◆✓
1 + cot (q)p

2 tan a

◆
, (D.11)

and similarly for n31,

n31 = �d#1

d#3
=

1
n13

=

✓
X3

X1

◆ p
2 tan a

1 + cot (q)

!
. (D.12)

In continuum elasticity, the strain energy, U, due to an incrementally small strain, d# i,
is expressed in terms of the Young’s modulus along i, Ei, as

U =
1
2

Ei (d# i)
2 =

W
V

, (D.13)

where, using the principle of conservation of energy, U has been equated to the work
done by the cell, W, divided by the cell volume, V. In Equation (D.1), the work done
per hinge wj is a quadratic function of the incremental change in hinge angle dj with
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stiffness kj, where j is the hinge angle. By inspection of Figure 5.2B we see that the dBOB
q-hinge angle is jq = 180� � 2q, so that djq

dq = �2, and therefore the work done by a
q-hinge is

wq =
1
2

kq

✓
djq

dq

◆
dq

�2
= 2 kq (dq)2 . (D.14)

Similarly, the dAOA a-hinge angle is ja = 2a, so that we may express wa as

wa = 2 ka (da)2 . (D.15)

If we define Nq and Na as the number of q and a hinges, respectively, we can express
W as

W = 2
h

Nqkq (dq)2 + Naka (da)2
i

. (D.16)

There are four q-hinges per layer and for the n = 1 cell in Figure 5.2 there are two
layers per unit cell, so Nq = 8. Similarly the (11̄0) cross-section in Figure 5.2C shows two
a-hinges, both bisected by the (002) plane (the middle BO6 layer shown). The perpen-
dicular cross-section – the (1̄10) plane – also contains another two a-hinges bisected by
(002). Furthermore, there should be the same four a-hinges bisected by the (001) plane
(the top BO6 layer coloured in yellow in Figure 5.2C). By carefully studying Figure 5.2A

it should be apparent that these four a-hinges bisected by (001) lie in the (220) and (2̄20)

planes. Therefore Na = Nq = 8 and Equation (D.16) may be rewritten

W = 16

"
kq + ka

✓
da

dq

◆2
#

(dq)2 . (D.17)

Substituting Equation (D.17) into Equation (D.13), we obtain:

1
2

Ei (d# i)
2 =

16
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dq

⌘2
�

(dq)2

X2
1X3

, (D.18)

and substituting for d#1 from Equation (D.8),

1
2

E1

 
8 r2

1 sin2 (q) (dq)2

X2
1
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we may form an expression for E1

E1 =
4


kq + ka

⇣
da
dq

⌘2
�

r2
1 sin2 (q) X3

. (D.20)
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Similarly, substituting for d#3 from Equation (D.10), we find an expression for E3:

E3 =
8 tan2 (a) X3


kq + ka

⇣
da
dq

⌘2
�

r2
1 [sin q + cos q]2 X2

1

. (D.21)

In Section 2.1.4, I introduced the elastic compliance, which relates the strain experi-
enced by a material to the applied stress. Expressing strain, # i, and stress, sj, as vectors
in Voigt notation, we may define the elastic compliance matrix, sij, by the equation:

# i = sijsj (D.22)

The mechanical model depicted in Figure 5.2 does not allow shearing, meaning that
the # i (i = 4, 5, 6) terms will always be 0. Therefore we may restrict our strain/stress
vectors to the first three terms in Voigt notation (the normal strains/stresses), making sij

a 3 ⇥ 3 matrix with all other components 0. Since I am dealing with a tetragonal system,
the compliance matrix has the symmetry introduced in Section 2.1.5 and thus for the
current system, in terms of the Young’s moduli and Poisson ratios already derived, this
becomes:

s =

0

B@

1
E1

1
E1

�n31
E3

1
E1

1
E1

�n31
E3

�n13
E1

�n13
E1

1
E3

1

CA (D.23)

Substituting the values of n13, n31, E1 and E3 from Equations (D.11), (D.12), (D.20) & (D.21)
into Equation (D.23) gives the full compliance matrix. It is then possible to confirm that
s satisfies the correct symmetry by verifying that:

n13

E1
=

n31

E3
(D.24)

The full expressions for the three independent terms in the matrix sij are:

s11 = s12 =

✓
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4
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Appendix E

Full Ca2MnO4 and Ca2GeO4 lattice
parameter data and Einstein mode
models

E.1 Absolute lattice parameters

In Chapter 6 I compared the thermal strains and coefficients of linear thermal expansion
(CLTE) of experimental measurements on Ca2MnO4 and Ca2GeO4 and simulations on
biaxially stressed Ca2GeO4 over a limited temperature range. In this appendix, I present
the absolute lattice parameter for each compound over the full temperature range and
discuss in detail various fits to the lattice parameters using an Einstein mode model.

Figure E.1A shows data from neutron powder diffraction measurements (black “+"
symbols) performed on Ca2MnO4 over a temperature range 5–400 K [36]. Since this data
does not access the high temperature regime, X-ray powder diffraction (XRD) measure-
ments of Ca2MnO4 from an earlier study [29] have also been included (purple circles).
This high-temperature data spans a range 200–1000 K, although the Ruddlesden–Popper
phase of Ca2MnO4 was found to be stable until 1800 K (yet with a significant proportion
of oxygen vacancies above 1200 K).

Figure E.1B shows similar data for Ca2GeO4 measured by high-resolution X-ray pow-
der diffraction from 10 to 800 K, above which temperature the sample decomposed [34].
Three different heating/cooling instruments were employed in this study and hence Fig-
ure E.1B presents three separate datasets: measurements using a cryostat (10–150 K – grey
“⇥”), a cryostream (90-480 K – brown “⇧”) and a hot air blower (400–800 K – orange “⌅”).

Both Ca2MnO4 and Ca2GeO4 exhibit in-plane PTE and NTE of c at all temperatures
investigated. In both samples, the magnitude of thermal expansion of both axes is zero
at cryogenic temperatures, above which it sharply rises. Both Ca2GeO4 high temperature
datasets are well-described by linear fits (brown and orange dotted lines). Similarly, al-
though the high temperature XRD measurements from the older Ca2MnO4 study have
only very coarse temperature sampling and a wide scatter, they too may be approximated
by a linear fit (dotted purple line). This suggests that in both samples, thermal expansion
of both axes tends to a constant value at high temperatures. The horizontal axis temper-
ature range and the vertical axis ranges (for separate a and c lattice parameters) are the
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(A) Ca2MnO4 Experiment (B) Ca2GeO4 Experiment

(C) Ca2GeO4 (+4.3 GPa) Simulation

FIGURE E.1: Absolute a and c lattice parameters with temperature for
tetragonal I41/acd phases of: (A) Ca2MnO4 measured by neutron diffrac-
tion (5–400 K) [36] and XRD (200–1000 K) [29]; (B) Ca2GeO4 measured by
XRD using different heating/cooling instruments [34] and (C) QHA sim-
ulations of Ca2GeO4 with 4.3 GPa applied biaxial stress [36]. Parameters
for low temperature fits given in Table E.1. Note that the absolute range of
each axis is the same across all plots. For details of the fits to experimental

and simulated data, see the main text.

same across Figures E.1A–E.1C. It is thus apparent that, although the NTE phase stability
window is narrower, the magnitude of NTE is greater in Ca2GeO4 than Ca2MnO4.

In Section 2.1.6, I introduced an Einstein mode model to describe how lattice param-
eters vary with temperature by coupling to active phonon modes (that populate further
as T increases). The functional form of this model for x(T) is

x(T) = x0 +
kn

1

1 � exp
⇣

kn
2

T

⌘ +
kp

1

1 � exp
⇣

kp
2

T

⌘ , (E.1)

where a general lattice parameter x is coupled to two effective phonon modes, n and p.
This model has five fitting parameters: x0, kn

1 and kp
1 all have units of length whereas

kn
2 and kp

2 are effective mode energies with units of temperature. This functional form
has the same limiting behaviour as that measured experimentally for both a and c of
Ca2MnO4 and Ca2GeO4; as T ! 0 the rate of change of x with T tends to zero whereas
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Compound T-range x x0 (Å) kn
1 (Å) kp

1 (Å) kn
2 (K) kp

2 (K) SSE (Å2)

Ca2GeO4 5–150 K
a 5.22065 0.0111939 - 154.894 - 9.03e-07
c 23.8736 -0.0155154 - 154.894 - 1.88e-06

Ca2MnO4 5–150 K
a 5.16844 0.0290401 - 260.200 - 1.28e-07
c 24.1535 -0.0621854 - 260.200 - 5.21e-06

Ca2MnO4 5–400 K a 5.16838 0.0263278 - 245.307 - 2.16e-08
Ca2MnO4 5–400 K c 24.1538 -0.0474544 0.153298 223.075 751.592 1.19e-08

TABLE E.1: Optimised coefficients from Einstein mode model fits to data pre-
sented in Figure E.1. Nature and temperature range of fitting data shown, as is

the standard squared error (SSE) giving the quality of each fit.

as T ! • the thermal expansion tends to a constant value.
Due to discontinuities between different datasets of Ca2GeO4 XRD measurements

it was not possible to fit using such a model at all temperatures. The a and c lattice
parameters of the lowest temperature Ca2GeO4 cryostat dataset (10–150 K) were fitted
to a simplified form of Equation (E.1) with only a single active mode (thereby assuming
kp

1 = 0 and rendering kp
2 irrelevant). These lattice parameters were fitted in tandem,

which involved minimising an optimisation function, G, that is a weighted sum of the
mean-squared error of the fit to both a and c,

G({x}) = Â
i

"✓
a(Ti, {x}) � ai

ai

◆2

+

✓
c(Ti, {x}) � ci

ci

◆2
#

, (E.2)

where ai and ci are lattice parameters and measured at temperature, Ti, and a(Ti, {x})

and c(Ti, {x}) are a and c predicted at Ti using the set of fitting coefficients, {x}. This
assumes that the same phonon mode drives the evolution of both a and c and therefore
that the two fits share the same k1

n coefficient – bringing the total number of fitting param-
eters to eight. This fit is shown as a green dot-dashed line in Figure E.1B, extrapolated
up to 500 K. For direct comparison, the same fit was applied to Ca2MnO4, again over
a restricted temperature range of 10–150 K (dashed cyan plotted on Figure E.1A). Al-
though the gradient of the extrapolated Ca2GeO4 c(T) fit does not match that of the raw
high temperature data, it is unclear whether this is just due to systematic differences be-
tween the measured datasets. It is clear, however, that the low temperature single-mode
tandem fit does not agree with the higher temperature behaviour of c(T) in Ca2MnO4

when extrapolated. To capture the Ca2MnO4 c axis evolution over the full 400 K range of
neutron diffraction measurements required fitting a two-mode model to only c measure-
ments (solid blue line in Figure E.1A). The optimised coefficients, as well as the standard
squared error (SSE), of all of these fits are given in Table E.1. The values of these fitted
parameters will then be compared in the following section.

In Section 4.5 I introduced a system of relaxed I41/acd Ca2GeO4 structures with vary-
ing a and c, that I had used to construct the temperature-dependent free energy land-
scape within the so-called quasi-harmonic approximation (QHA) (recall Section 2.1.3).
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This grid was shown in Figures 4.11 and 6.6 (in Chapters 4 and 6 respectively). Previ-
ously, I used results from these calculations to assess the contribution to the total free
energy, G(T), from including the zero-point energy, ZPE, and the vibrational free energy,
Fvib(T), at a small selection of finite temperatures. Here, we are interested in the temper-
ature evolution of the lattice parameters, therefore in Figure E.1C I present the simulated
equilibrium a and c as a function of temperature, T, for this I41/acd Ca2GeO4 system
(with 4.3 GPa compressive biaxial stress) found by minimising the G(a, c, T) free energy
surface at different values of T.

These simulations display PTE of a and NTE of c at all temperatures, in agreement
with experimental measurements on Ca2MnO4 and Ca2GeO4. They also show the same
limiting low temperature behaviour, where thermal expansion of both axes tends to zero
as T ! 0. Furthermore, in the temperature range 80–300 K, the magnitude of thermal
expansion of both axes is approximately constant – with the slight “S” shape to the evo-
lution of c that was also observed in the Ca2MnO4 neutron diffraction measurements.
However, at around 400 K there is a sudden drastic increase in the magnitude of pre-
dicted thermal expansion of both axes. Referring to the red ‘+’ symbols in Figure 6.6,
which trace out the coordinates of the equilibrium lattice parameters on this a–c grid
with temperature, it is clear that above 300 K the equilibrium cell axes approach the edge
of the grid of structures simulated in DFT calculations (black ‘⇥’ symbols). This means
that lattice parameters predicted outside of this grid are found by extrapolating the free
energy surface. The grid was also chosen to ensure that all harmonic phonons had real
frequencies and the righthand (high a) boundary to the grid is defined by the biaxial
stress where the softest modes became unstable. The QHA breaks down when harmonic
modes are computed to have imaginary frequency. Consequently, this explosion of the
thermal expansion beyond 350 K should be considered an artifact of the simulation and
these simulations should only be considered meaningful when the predicted equilibrium
lattice parameters lie within the simulation grid.

E.2 Frozen rotation angle against temperature

Figure E.2 presents q against temperature as extracted from neutron measurements of
Ca2MnO4. Unfortunately, clean data for the evolution of q(T) from XRD measurements
of Ca2GeO4 is not currently available. This graph also shows Dq(T) from simulations
within the QHA for Ca2GeO4, as usual with 4.3 GPa biaxial stress, but also with 3.8 GPa
biaxial stress, since in Section 6.2.3 it was found that this lower applied stress gave better
agreement of thermal expansion with experiment. Simulated q(T)’s were found by fitting
a cubic spline to map how q varies with a and c across the simulation grid and then
feeding this spline function with equilibrium a(T) and c(T) lattice parameters predicted
by the G(a, c, T) free energy surface minimisation. A single-mode Einstein mode model
was again fitted to the experimental Ca2MnO4 q(T) measurements. This model has the
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FIGURE E.2: Absolute change in frozen anti-phase rotation angle, q, with
temperature for the I41/acd phase of Ca2MnO4 from neutron diffraction
measurements and simulations of Ca2GeO4 with 4.3 or 3.8 GPa applied
biaxial stress. Cyan dashed line shows fit to an Einstein mode model to the

experimental Ca2MnO4 data.

functional form (first introduced in Equation (2.57)):

q(T) =

2

4q2
0 � k2

1

1 � exp
⇣

k2
T

⌘

3

5
1/2

, (E.3)

where q0 is the T ! 0 limit of q(T) and k1 and k2 are the same parameters as before,
except k1 now has units of degrees. Note also the explicit “-” sign in Equation (E.3), since
q(T) is unaffected by the sign of k1. The optimised parameters and accuracy of this fit are
given in Table E.2.

Compound T-range q0 (�) k1 (�) k2 (K) SSE (�)
Ca2MnO4 5–400 K 8.585 5.805 490.6 0.002651

TABLE E.2: Optimised coefficients for a single Einstein mode model de-
scribing the evolution of the frozen rotation angle, q, with temperature in

neutron measurements of I41/acd Ca2MnO4.

The Einstein mode model seems to represent the evolution of the high temperature
Ca2MnO4 q(T) measurements reasonably well. However, at low temperature there is a
lot of scatter to the experimental data and so it is unclear whether the low temperature
behaviour is captured by the model. The characteristic mode frequency predicted by this
fit is 343 cm�1, which sounds very high considering the effective frequencies of all single-
mode models fitted to the lattice parameters were below 200 cm�1. This may suggest that
the frozen rotation angle actually couples to different, harder modes than a or c. How-
ever, more probably, this is a reflection of the poor quality data. In neutron diffraction
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patters, lattice parameters are determined by the peak positions and may generally be
established to high accuracy. However, internal coordinates are extracted by refining the
structure factor against the peak intensities and thus the error in the octahedral rotation
angle (q) is much greater than all experimental a and c measurements presented until
now.

Both simulation and experiment predict q to reduce with increasing T. Therefore in
all cases a increases whilst c and q decrease, in-line with the corkscrew mechanism. How-
ever, even with the caveat that experimental q(T) measurements come with large spread,
it is clear that the simulations severely underpredict the change in q with temperature,
more so than the relative change in c was underpredicted. Applying a lower biaxial stress
previously was found to enhance the predicted a3, giving better agreement with experi-
ment. However, the 3.8 GPa simulations predict effectively the same q(T) profile as those
with 4.3 GPa biaxial stress.
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Appendix F

Detailed analysis of Ca2GeO4
phonons

F.1 Grüneisen bandstructure

In Chapter 6 I analysed the anisotropic mode Grüneisen parameters, g(i)
µ , of I41/acd

Ca2GeO4 under 4.3 GPa biaxial stress. I split the phonon density of states (PDOS) into
three regions: region 1 (<100 cm�1), region 2 (100–165 cm�1) and region 3 (>165 cm�1),
and found that that the softest (regions 1 and 2) G-point phonons are octahedral tilts with
large, positive g(i)

1 and negative g(i)
3 . However, this analysis was restricted to the Bril-

louin zone centre of the NTE phase. In this appendix I perform a more thorough analysis
of the full PDOS.

In Figure F.1 I investigate how g(i)
1 and g(i)

3 vary across the full Brillouin zone. Note
that this figure describes the lattice dynamics of I41/acd Ca2GeO4 in a

p
2 ⇥

p
2 ⇥ 2 su-

percell of the parent I4/mmm parent phase and thus the q-vector labels do not match
with those shown in Figure 4.5B.

Despite the large unit cell, there is still considerable phonon dispersion across the
Brillouin zone. The most negative g(i)

1 and positive g(i)
3 character is localised to optical

branches close to the G-point at frequencies less than 100 cm�1. Away from G, although
slight g(i)

1 > 0 character is retained in these region 1 branches, they cease to drive PTE of
c. The frequency dispersion is lower for branches in region 2 (100–165 cm�1) explaining
the PDOS peak, however, negative g(i)

3 character is localised near the G-point again. It is
interesting to note that, whereas most region 1 modes with octahedral tilt character at G
had the most positive g(i)

1 and most negative g(i)
3 at this q-point, the X+

4 tilt branch that
notably had g(i)

3 ⇡ 0 in Figure 6.3 (purple mode at 55 cm�1) drives NTE most strongly at
[0, 0, 1/2]. The high frequency bandstructure (not shown) has few further notable thermal
expansion features except a series of bands in the frequency range 400–650 cm�1 with
moderately negative g(i)

1 and positive g(i)
3 .
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FIGURE F.1: Phonon bandstructures of I41/acd Ca2GeO4 under 4.3 GPa
biaxial stress (gridpoint marked B on Figures 4.11 and 6.6). Modes are
coloured according to their g

(i)
1 and g

(i)
3 mode Grüneisen parameters.

High-symmetry q-points: G=[0,0,0], L=[0,0,1/2], S=[1/2,0,0], X=[1/2,1/2,0]
and P=[1/2,1/2,1/2].

F.2 Lattice dynamical contributions to thermal expansion

In a tetragonal crystal system, a1 and a3 are found by the anistropic Grüneisen equation
(Equations (2.41a) & (2.41b) and again in Equations (6.3a) & (6.3b)):

a1 (T) = Â
i

C(i)
V (T)

V

h
(s11 + s12) g(i)

1 + s13 g(i)
3

i
(F.1a)

a3 (T) = Â
i

C(i)
V (T)

V

h
2 s13 g(i)

1 + s33 g(i)
3

i
, (F.1b)

where C(i)
V (T) is the contribution to the total specific heat capacity of mode i at tempera-

ture T, g(i)
1 and g(i)

3 are the aforementioned anisotropic mode Grüneisen parameters and
sij are elements of the elastic compliance matrix, s. It is implied that the summation over
i is across all branches and q-vectors. Thus far I have discussed the Grüneisen parame-
ters of individual phonons at various points in the Brillouin zone but failed to find any
modes with large g(i)

3 (i.e., could drive uniaxial NTE) but which also have a large weight
in the PDOS. Subsequently, in Figures F.2A–F.2C I go one step further and compute the
C(i)

V (T)-weighted driving force for thermal expansion from across the full PDOS at dif-
ferent temperatures. Two spectra are presented on each panel of these figures; a green
spectrum shows the product 1/VC(i)

V (T) g(i) as a function of frequency for modes where
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g(i) > 0 and a blue curve represents this spectrum for g(i) < 0 modes. The sum from in-
tegrating both spectra is then printed in the top right hand corner of the plot. This gives
the total dynamic contribution to thermal expansion of that axis at that temperature. For
the purpose of creating spectra for these figures, a 10 cm�1 Gaussian broadening has been
applied to each vibrational state.

(A) (B)

(C)

FIGURE F.2: Spectra showing the product 1/VC(i)
V (T) g

(i)
µ (µ = 1, 3) plotted

as a function of frequency at different temperatures for I41/acd Ca2GeO4
under 4.3 GPa biaxial stress (gridpoint marked B on Figures 4.11 and 6.6).
Vertical axis expressed in arbitrary units. Green spectra indicate g(i) > 0

modes and blue spectra g(i) < 0 modes.

At 50 K (Figure F.2A), a peak at 70 cm�1 in the blue curve in the lower panel suggests
that soft region 1 tilts contribute to driving NTE of the c axis. That this peak is larger than
the shoulder at 125 cm�1 suggests that the contribution to NTE from region 1 tilts (with
g(i)

3 ⌧ 0) is greater than from region 2 tilts (with less negative g(i)
3 ). However, to focus on

these blue peaks from modes with negative g(i)
3 is to ignore the fact that integrating across

the full PDOS shows that there is a net driving force for PTE! Remember, this is at low
temperature, when only modes up to 350 cm�1 are populated, and in both experiment
and full QHA simulations predicted NTE had not yet reached its maximum. The peak
that drives this PTE (large green peak on this lower panel of Figure F.2A) lies mostly
in the 75–210 cm�1 range. Therefore, this peak contains region 1 and region 2 modes
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previously proposed to drive NTE and all of the characteristic soft-mode frequencies
from the Einstein mode model fits. At higher temperatures of 150 K and 300 K (Figures
F.2B and F.2C) net PTE along c is still predicted and as the temperature increases more
axial PTE modes are activated, but no new axial NTE modes, such that by 300 K the
PTE-spectra in the lower panel of Figure F.2C resembles the PDOS at frequencies above
200 cm�1.

Consequently, studying the direct dynamic driving force for uniaxial NTE (i.e. vibra-
tional modes that drive a contraction of this axis when populated) yields results totally
at odds with what one might expect – there is no net driving force for uniaxial NTE at
any temperature. Before assuming the worst of my calculations, let us also consider the
dynamic driving force for in-plane thermal expansion (the upper panel in Figures F.2A–
F.2C). At 50 K, the net driving force for PTE of a is three times larger than total driving
force for PTE of c. This comes from a tall, broad peak that has significant weight by
65 cm�1, a maximum around 120 cm�1, and which drops rapidly above 165 cm�1 (the
upper edge of the previously defined region 2). The early onset of this peak suggests a
significant contribution from region 1 G-point tilts. However, that the maximum is close
to the PDOS maximum in region 2 also implies a large contribution from modes on these
branches away from G – that form the bulk of the PDOS yet have more moderate g(i)

1 .
As the temperature rises, although higher frequency modes populate, these modes have
little effect on the in-plane thermal expansion and thus this low frequency peak remains
the main driver for PTE of a. As a result, the relative driving force for PTE of a versus
PTE of c decreases, such that by 300 K there is a greater dynamic driving force for PTE of
c than a.
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Appendix G

Table of compliance matrices for
Can+1GenO3n+1 compounds

The table presented in this appendix provides the elastic compliance matrices, and the
associated eigenvalues and eigenvectors, computed for all Can+1GenO3n+1 compounds
presented in Chapter 7.
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