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ABSTRACT

Obtaining a clear understanding of the elastic properties and overall responses of woven
composites is a significant prerequisite for cost-effective design of these materials. Such
an understanding is often achieved via developing unit cell (UC) models using analytical
or the FEM-based approaches, which leads to either the problem of a reduced accuracy,
resulting from the analytical nature, or the concern of high complexity, associated with
using elements. The aim of this work is to simultaneously address the above concerns by
developing a meshfree-based UC modelling approach to predict the elastic properties and
overall responses of woven composites. Specifically, high-fidelity UC models have been
developed to describe the internal architecture of woven composites, which addresses the
accuracy problem in analytical approaches. Also, meshfree methods have been employed
to implicitly implement the UC models, eliminating the complexity problem in the FEM-
based approaches. For predicting the overall responses, constitutive modelling has been
performed for the constituents of woven composites, with a viscoplasticity-based model
being selected to describe the nonlinear and rate-dependent behaviour of polymer matrix
and Weibull function based formulations being proposed to identify the damage of yarn
material. Furthermore, in-house computer programs implementing the UC models, the
constitutive models and the meshfree methods have been coded, and numerical examples
have been conducted for predicting the elastic properties and overall responses of woven
composites. It has been demonstrated that the meshfree predictions agree well with the
experimental results and the data in the literature, validating the proposed approach. The
significance of this work is that it eliminates the problems in traditional approaches and
meanwhile extends the capability of the UC modelling methodology from homogenising
only the elastic properties in the normal directions to predicting the elastic properties and

overall responses of woven composites in both the normal and off-axis directions.
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CHAPTER 1: INTRODUCTION

1.1 Background and literature review
1.1.1 General background

Fibre-reinforced polymers (FRPs), also referred to as fibre-reinforced plastics, are a class
of composite materials made from a polymer matrix reinforced with fibres, such as carbon
fibres, glass fibres and aramid fibres. The polymer matrix, which is generally low in
density and strength, supports fibres and binds them together in the transverse directions,
whereas the fibre reinforcement in return enhances the mechanical properties of the
composites in the fibre direction. Compared to traditional materials, such as metals, the
combination of the low-density polymer matrix and the high strength fibres offers FRP
composites many advantages, such as a high strength-to-weight ratio, a high stiffness-to-
weight ratio, the ability to be tailored to obtain enhanced properties in target directions,

an improved corrosion resistance [1].

These desirable features have made the applications of FRP composites expanding from
initially technology-intensive industries such as aerospace and military to today almost
every field. The rapid expansion of FRP composites is accompanied by extensive research
on experimentally characterising the mechanical behaviour of these materials. Therefore,
many standardised experimental techniques have been developed to identify the static or
quasi-static material properties of FRP composites. For example, the American Society
for Testing and Materials (ASTM) has developed for polymer matrix composites a variety
of standard test methods including ASTM D3039 [2] for measuring tensile properties,
ASTM D3410 [3] and D6641 [4] for conducting compression tests with unsupported
gauge section with shear loading and using a combined loading compression test fixture,
ASTM D4255 [5] and D5379 [6] for obtaining shear properties by utilising the rail shear
method and the V-notched beam method, and ASTM D7264 [7] for measuring flexural

properties. Also, since FRP composites can be exposed to not only static applications but
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also to dynamic loading scenarios, numerous experimental studies have been conducted
and a variety of experimental techniques have been established to determine the material
properties and overall responses of FRP composites subjected to various dynamic loading
conditions, including 1) low velocity impact, where the strain rate is typically in between
107%/s and 10%/s and servo-hydraulic or drop-weight test machines are often used [8-13];
2) crash, where the strain rate can reach 10%/s ~ 10%s and split Hopkinson pressure bars
(SHPBs) can be utilised [14-25]; and 3) ballistic impact or explosion, where the strain
rate is generally higher than 10%/s and gas guns are often employed [26-30]. Furthermore,
micromechanical test methods [31-37] such as the fibre pull-out/push-out and single fibre
fragmentation techniques have been developed to characterise the fibre-matrix interface

behaviour of FRP composites.

In addition to the development of experimental techniques, numerous theories, analytical
methods and predictive models have been proposed to further our understanding of FRP
composites from a mechanics point of view. For instance, analytical theories such as rules
of mixtures and the classical laminate theory (CLT) have been established for predicting
the elastic properties and analysing the stress or strain of unidirectional laminates. Also,
many predictive models have been developed to identify the nonlinear, rate-dependent
deformation of the polymer matrix in composites or that of the composite material as a
whole [38-45]. Extensive research studies have been also conducted on characterising the
complicated failure modes and mechanisms in FRP composites, such as matrix cracking
[46-49], fibre kinking [50-62], delamination [63-72], matrix/fibre interface debonding
[73-80] and progressive damage [81-84].

However, most of the existing experimental techniques, analytical theories and predictive
models have been mainly designed for unidirectional FRP composites, and surprisingly,
textile FRP composites have received much less attention even though these materials
offer many advantages, such as a reduced notch sensitivity, a better impact resistance, an
improved fracture toughness, a better drapability and lower fabrication costs, compared
to their unidirectional counterparts. Admittedly, most of the experimental techniques that
are initially designed for evaluating the overall behaviours of unidirectional composites
are still applicable to textile composites. However, the analytical theories and numerical
models that have been developed for unidirectional composites generally cannot be

applied to textile composites owing to the significant difference in the internal geometries
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of the two classes of composites. For example, it is very common to use different rules of
mixtures to approximate the elastic properties of unidirectional composites based on the
material properties and the volume fractions of the individual constituents; however, the
exceptionally complex architecture of the fabric reinforcement in textile composites
makes rules of mixtures totally collapse for evaluating the elastic properties. In sum, the
understanding of textile FRP composites, from a modelling point of view, is not nearly
as well-established as is the case of unidirectional FRP composites, and also the current
methodologies for designing textile FRP composite structures are still largely based on
time-consuming and sometimes financially prohibitive experiments or empirical trials. In
the following two sections, a literature review will be conducted from the perspectives of
both the elastic property prediction and the overall response prediction of textile FRP

composites.

1.1.2 Elastic property prediction
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Figure 1.1: CLT-based idealisation of woven fabric composites [85]

To accurately predict the elastic properties of textile FRP composites, the main concern
1s how to effectively and efficiently account for the highly complex architecture of the
fabric. However, the highly complex nature of textile composites makes it impractical to
develop predictive models at the structure scale since modelling all the yarns within the
composite structure would require unaffordable computational time and costs. To save
time, the current methodology is mainly based on the concept of unit cell (UC), which is

a small unit or region whose properties and response can be utilised to represent those of
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the composite material. The UC modelling methodology typically involves three steps.
First, a UC is identified by considering the periodicity of the composite material and the
geometries of the constituents are explicitly modelled based on the UC. Then, the elastic
behaviours of both the polymer matrix and the yarn material are modelled separately
using material models such as the generalised Hooke’s law. Lastly, based on the geometry
and elasticity models of the constituents, the volume average stress and strain of the UC
can be obtained for any prescribed boundary condition (typically in the form of applying
displacement constraints to boundary nodes). By combining the volume average strain
with the volume average stress of the UC, the effective (or homogenised) elastic constants

and consequently the elastic properties of the composite material can be calculated.

The research on predicting the elastic properties of textile composites was pioneered by
Ishikawa and Chou [85-88], Whitney and Chou [89], and Naik and Shembekar [90-92].
In their work, they focused on adapting the CLT to idealise textile composites as an
assemblage of laminate plates arranged in parallel and/or series manners (see Fig. 1.1).
Due to the use of such an idealisation, these CLT-based models allow for the development
of analytical equations that are capable of efficiently calculating the elastic properties of
textile composites. However, the analytical nature of the CLT-based models introduces a
limitation, which is that the internal architecture of textile composites is oversimplified

and thus the accuracy of the prediction may not be always guaranteed.

Because of the recent development in computer technology and computational methods
such as the finite element method (FEM), several numerical models have been proposed
for predicting the elastic properties of textile composites. Notable examples include those
developed by Chung and Tamma [93], Wen and Aliabadi [94] and Bacarreza et al. [95]
for plain woven composites, by Ng et al. [96], Whitcomb and Tang [97] and Dixit et al.
[98] for twill woven composites, and by Tan et al. [99], Lee et al. [100] and Bogdanovich
[101] for three-dimensional (3D) orthogonal woven composites. In these numerical UC
models, the internal architecture of textile composites including the cross-section and
waviness of yarns is considered in detail. More sophisticated models have also been
developed by Lomov and co-workers [102, 103], Hallett and co-workers [104-107] and
Durville [108, 109], where the effect of fabric compaction and/or layer interaction in the
material properties of textile composites are taken into account, apart from considering

the internal architecture.
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As the models outlined above account for the internal architecture in detail, they can
predict the elastic properties of textile FRP composites with high accuracy. However, a
concern of using the existing numerical models is that most of them are designed to be
implemented using the standard FEM, requiring additional efforts in explicitly building
the highly complex geometries for the individual constituents and discretising them using
high-quality elements and meshes, see Fig. 1.2 for example. Furthermore, the detailed
modelling of the internal features of textile composites poses an increased complexity for
assigning the material properties for the constituents, particularly, the ever-changing
material orientations for the yarns, see Fig. 1.3 for example. Although the above problems
might be addressed using pre-processing toolkits for textile composites, such as WiseTex
[110, 111], which is developed by the Composites Materials Group at the University of
Leuven, and TexGen [112-114], which is developed by the Composites Research Group
at the University of Nottingham, it is still of both academic and practical interests to

bypass these problems whenever possible.

Figure 1.2: Complex constituent geometry & mesh design in 3D composites [95]

Figure 1.3: Ever-changing material orientations in the yarns [115]
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1.1.3 Overall response prediction

Apparently, addressing the above concerns contributes to a better understanding of textile
composites in terms of their elastic properties or behaviours. However, obtaining a clear
understanding of textile composites requires predicting not only the elastic properties but
also the overall response in the inelastic regime. In addition, it is sometimes desirable to
obtain an understanding of how the individual behaviour (e.g. the nonlinear behaviour of
the polymer matrix) of each constituent contributes to the overall response of the whole
composite structure. Compared to the former, which involves only the prediction of the

elastic properties, the latter remains a significant challenge.

Recently, however, several detailed studies have been performed to predict the overall
response of textile FRP composites. The modelling methods utilised in these studies can
be largely classified into two categories, namely, macromechanics-based approaches and
micromechanics-based approaches. When utilising macromechanics-based approaches, a
textile composite material is often assumed to be a smeared, homogenous and orthotropic
material, and its response is characterised in an average sense without considering the
behaviours or responses of the constituents separately. Also, the initiation of damage in
composites is determined using failure criteria, and the damage propagation is identified
phenomenologically using damage variables. In many cases, the inelastic response of the
composites is assumed to be the result of damage development. Based on the technique
that is used to model damage evolution, macromechanics-based approaches can be further
divided into continuum damage mechanics (CDM)-based approaches and energy-based
approaches. The main difference between the two types of approaches is that the former
models the damage evolution in textile composites based on strain softening techniques,

while the latter using energy terms.

A notable example of using CDM-based approaches is the model jointly developed by
Materials Science Corporation [116] and the University of Delaware [117]. Adapting
from the strain softening theory proposed by Matzenmiller et al. [118], this model has
been incorporated into the commercially available finite element software LY-DYNA as
a user material model termed as MAT162. This material model was later adopted with or
without modifications by some researchers [13, 119-121] to perform impact simulations

of woven composites. Typical examples of using energy-based approaches include the
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models proposed by Jenq et al. [122], Schwer and Whirley [123], Iannucci [124], Iannucci
and Willows [125, 126] and Naik et al. [127, 128]. As both CDM-based and energy-based
approaches model composites in an average sense, they are very efficient and suitable for
the prediction of the overall response of textile composites even at the structure scale.
However, the main disadvantage is that the detailed responses and failure characteristics

of the individual constituents cannot be effectively captured.

As opposed to macromechanics-based approaches, micromechanics-based approaches
are essentially based on the UC methodology since they model textile composites at least
at the constituent scale, where both the yarn phase and the polymer matrix are addressed
explicitly and separately. If the overall properties or response evaluated at the constituent
scale are used as inputs for coarse scales such as the macroscopic scale, they become
multiscale approaches. It should be noted that the modelling of a micromechanics UC
here is different from that in the case of predicting elastic properties. This is because to
ensure an accurate prediction of the overall response the constitutive behaviours of the
individual constituents must be modelled both in the elastic and inelastic regimes,
whereas in the case of predicting the elastic properties the behaviours of the constituents

need to be accounted for only in the elastic regime.

Based on the manner of modelling a UC, micromechanical-based approaches can be
further classified into analytical approaches and the FEM-based approaches [129]. In
analytical approaches, the geometries of the constituents in a UC are modelled with
different levels of simplifications, typically using simple blocks. Based on the simplified
UC and the material models for the polymer matrix and the yarns, the volume average
stress of the UC can be correlated using analytical equations with the stresses and strains
of the constituents and consequently with the macroscopic strain prescribed to the UC.
For a prescribed history of macroscopic strains, a history of the volume average stresses
of the UC can be calculated using the analytical equations, leading to the overall response
of the composites of investigation. Recently, analytical approaches have been adopted by
some researchers to develop multiscale models for the finite element analysis (FEA) of
textile composites. A notable example can be found in Aminjikarai and Tabiei [130],
where they extended a micromechanics model developed by Tanov and Tabiei [131]
originally for predicting the elastic properties of plain woven composites. In the extended

model, the UC was simplified as an assemblage of four subcells with each subcell
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representing the warp and fill yarns, the pure matrix and the yarn-matrix mixed parts (see
Fig. 1.4). Iso-strain boundary conditions were applied to the full-size UC to calculate the
homogenised response, which was subsequently utilised to represent the response of the
corresponding material point of the composite structure. This model was later adapted by
both Bacarreza et al. [132] and Raimondo and Aliabadi [133] for multiscale progressive
damage analysis of plain woven composites. Some other analytical models have been also
developed by Tabiei and co-workers [134-136] for plain woven composites and by Sun
et al. [137] for 3D orthogonal woven composites. Similar to the analytical methods used
for predicting the elastic properties (e.g. the CLT-based approaches), as discussed in
Section 1.1.2, the main advantage of the analytical approaches that have been developed
for predicting the overall response of textile composites is their exceptional efficiency,
whereas the main concern is a reduced accuracy originated from the simplifications that

are needed to model the geometries of the constituents.
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Figure 1.4: Analytical UC model developed by Tanov and Tabiei [112]

In contrast to analytical approaches, the FEM-based approaches explicitly model the
geometries of the individual constituents with high fidelity. Several predictive models
based on such approaches have been developed for predicting the response of textile
composites under different loading conditions [138-143]. A common feature of the FEM-
based approaches is that both the waviness and cross-section of the yarns are usually
modelled sophisticatedly, allowing these approaches to effectively capture the detailed
information of the individual constituents (e.g. stress concentration in the constituents,
damage distribution in the yarns and the debonding between the polymer matrix and the
yarns). Clearly, the capability of the FEM-based models in terms of capturing the detailed

information is a significant advantage over the models developed based on analytical
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approaches. However, the main disadvantage of such models is again the complexities
associated with explicitly building the detailed geometries, discretising the constituents
with high-quality elements and meshes, and assigning the ever-changing orientations for

the yarns.

1.2 Research aim and methodology

1.2.1 Research questions
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Figure 1.5: Summary of the existing approaches for modelling textile composites

The previous section briefly reviews the research studies that have been conducted on the
topic of predictive modelling of the elastic properties and mechanical response of textile
FRP composites. An examination of these studies suggests that the current methodologies
(either for predicting the elastic properties or the overall response of textile composites)
mainly takes the so-called UC modelling methodology, with a UC being modelled based
on either analytical approaches or the FEM-based approaches, as summarised in Fig. 1.5.
In the case of using the UC modelling methodology for predicting the elastic properties
of textile composites, it typically takes three steps, which consist of 1) defining a UC and

modelling the geometries of the constituents, 2) modelling the elastic behaviours of the
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constituents, and 3) prescribing an appropriate boundary condition to the UC to calculate
the volume average quantities (e.g. stress) of the UC. In the case of predicting the overall
response based on the UC modelling methodology, it also takes three similar steps. One
of the differences is in the second step, where both the elastic and inelastic behaviours of
the constituents must be modelled. The other difference is in the third step, where a history
of boundary conditions must be enforced to the UC to calculate the history of the volume

average quantities.

In addition to the above general conclusions, it can be revealed from the literature review
that the main problem of using analytical approaches (which are generally simple and
thus efficient) is a reduced accuracy resulting from the geometry simplifications required
to implement the analytical nature, while the concern of using the FEM-based approaches
(which are generally sophisticated and therefore accurate) is the time-consuming pre-
processing required to explicitly address the highly complex geometry modelling. What
we can also conclude after analysing the two categories of modelling approaches is that
the pursuit of simplicity in developing predictive models for textile composites seemingly
has to be compromised by a reduced accuracy, while the pursuit of accuracy seemingly
has to be accompanied by an increased complexity or a reduced simplicity. Thus, one of

the most critical questions in modelling textile composites is:

Is it possible and how can it be possible to develop an approach which is able
to combine the advantages of analytical and the FEM-based approaches (i.e.
simplicity and accuracy) and address the two inherently concerns existing in
the two types of approaches (i.e. reduced accuracy and high complexity) for
predicting the elastic properties and overall response of textile composites —
in other words, is it possible and how can it be possible to develop an accurate

but simple approach for modelling textile composites?

By taking a closer examination of the published research, it can also be found that most
of these studies have focused on developing models for predicting the elastic properties
of textile composites in the fibre directions (e.g. the warp direction) and no much attempt
has been made to predict the elastic properties in off-axis directions (e.g. 45° to the warp
or weft direction). In addition, it should be noted that most of the existing studies on

predicting the overall response of textile composites have been essentially based on large
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Chapter 1: Introduction

composite structures, which requires expensive computational costs, rather than utilising
UCs only, which is computationally efficient. Thus, another critical research question in

modelling textile composites is:

Is it possible and how can it be possible to develop an approach within the
framework of the UC modelling methodology to predict the elastic properties
and the overall response of textile composites in not only the normal but also

the off-axis directions?
1.2.2 Research aim and scope

In response to the above two research questions, the aim of this research is to develop
within the framework of the UC modelling methodology a novel approach that is capable
of addressing the problem of a reduced accuracy in analytical approaches and meanwhile
eliminating the complex and time-consuming pre-processing required in the FEM-based
approaches, and thus to accurately and simply predict the elastic properties and the overall

responses of textile composites in both the normal and off-axis directions.

. Multiaxial warp knit
Plain woven (stitched & unstitched) (stitched & unstitched)

3D orthogonal woven 3D braid Knitted & stitched

Woven [95] Braided [144] Stitched [144]

Figure 1.6: Typical textile fabric geometries (woven, braided and stitched)
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1.2 Research aim and methodology

The material properties and the overall response of textile composites depend on not only
those of the constituent materials but also the internal weave structure of the composites.
In view of the fact that there is a wide variety of weave structures in textile composites,
as shown in Fig. 1.6, the present work focuses on developing predictive models for three
types of woven composites (i.e. plain, twill and 3D orthogonal woven composites) since
they are commonly used and less complex compared to other types of textile composites
such as 3D braided or knitted composites. However, it should be noted that the approach
developed in the present work can be theoretically utilised for any other types of textile
composites as such an approach does not depend on the weave structure, which will be
demonstrated in Chapters 4 and 5. Furthermore, since it is always impossible to develop
a single predictive model capable of predicting the overall response of textile composites
under all kinds of loading conditions, this research focuses on predicting the response of

woven composites under in-plane tensile loading conditions.
1.2.3 Research methodology

The present work is conducted within the framework of the UC modelling methodology.
To simultaneously address the two concerns discussed earlier, the specific approach of
this work is based on the idea of developing high-fidelity analytical UC models for woven
composites and subsequently implementing the analytical UC models using numerical
methods that do not require the use of elements and/or meshes, i.e. meshfree methods,
which is a relatively new class of numerical methods that discretise a problem domain
simply using nodes (see Chapter 3 for detail). In this thesis, this approach is termed as the

meshfree-based UC modelling approach.

To develop analytical UC models with high fidelity, micrographs of a typical woven
composite material have been taken to observe the internal features, 1.e. the cross-section
and the waviness of yarns. Based on the data extracted from the micrographs, analytical
functions that fit the geometrical features of yarns have been proposed, and analytical
equations have been developed to describe the surfaces and waviness of yarns in plain,
twill and 3D woven composites. To enable the proposed approach to accurately predict
the elastic properties and the overall responses in the normal and off-axis directions, both
normal and off-axis UC models have been developed. Here, the term “normal” refers to

the UC model is developed based on an orthogonal coordinate system where the warp,
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Chapter 1: Introduction

weft and through-the-thickness directions of the composites coincide with the X, Y and
Z axes of the coordinate system, respectively. On the other hand, an off-axis UC model
refers to that it is developed when the warp or weft direction of the composites has an
angle (e.g. 45°) to the X or Y axis, whereas the through-the-thickness direction coincides

with the Z axis of the coordinate system.

One of the theoretical implications of developing high-fidelity analytical UC models is
that it retains an analytical nature, allowing the proposed approach to have the possibility
of being simple. Additionally, the high-fidelity description of the constituents ensures the
proposed approach to be accurate from the perspective of geometry modelling. More
importantly, since analytical equations have been developed to describe both the surfaces
and waviness of yarns, they can be utilised to determine the relative location of any given
material point, as well as its orientation. In combination with meshfree methods, which
discretise a problem domain using nodes only, the high-fidelity analytical UC models can
therefore be implicitly implemented (which will be demonstrated in detail in Section 4.6,
Chapter 4), avoiding the need for explicitly building the geometries of the constituents
and assigning the ever-changing orientations of yarns, and thus ensuring the proposed

approach to be simple but accurate.

Since the specific procedure for utilising the UC modelling methodology in the case of
predicting the elastic properties is different from that in the case of predicting the overall
response, as previously summarised in Section 1.2.1, two different meshfree methods
have been chosen to implement the high-fidelity analytical UC models. By examining the
two procedures, it is evident that the case of predicting the elastic properties is essentially
a static boundary-value problem of elasticity, while that of predicting the overall response
can be treated as a dynamic problem with initial conditions. In this thesis, the meshfree
methods that have been adopted for solving the two types of problems are termed as the
standard and explicit weak-form meshfree methods, respectively. It should be noted that
periodic boundary conditions (PBCs) have been utilised in this research for predicting
both the elastic properties and the overall response of woven composites, instead of using
any other types of boundary conditions. Therefore, the basic equations for implementing
PBCs in combination with the two meshfree methods have also been formulated, which

will be detailed in Section 3.6, Chapter 3.
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1.3 Original contributions

Apart from developing high-fidelity analytical UC models and adapting proper meshfree
methods, another significant aspect of the present research is the modelling of the material
behaviours of the individual constituents, particularly in the inelastic regime. To describe
the inelastic behaviours, a viscoplasticity-based model has been chosen to characterise
the nonlinear, rate-dependent behaviour of the polymer matrix, and an improved Weibull
function based formulation has been proposed to identify the damage evolution of the
yarn material in woven composites. Based on the material models of the constituents, the
high-fidelity UC models and the two meshfree methods, in-house computer programs
have been developed for conducting meshfree predictions of the elastic properties and the

overall responses of the three types of woven composites.

1.3 Original contributions

The idea of using meshfree methods in combination with the UC modelling methodology
is not completely new. It was initially proposed by Wen and Aliabadi [94] for predicting
the normal elastic properties of plain woven composites and was later adopted by Li et
al. [145] for predicting the normal elastic properties of 3D woven composites. The present
research is an extension of their research, and the main original contributions of this work
are the formalisation of the above idea into the meshfree-based UC modelling approach
and the extension of the capability of the UC modelling methodology from traditionally
the homogenisation of only the normal elastic properties to that of both the normal and
off-axis elastic properties, as well as to the regime of predicting the overall responses of
woven composites under both normal and off-axis loading scenarios. To be specific, the

original contributions of the present work are summarised as follows:

1) The improvements to the normal UC models of plain woven composites originally
developed by Wen and Aliabadi [94] and also the normal UC model of 3D woven
composites developed by Li et al. [145], from the perspective of describing the

internal architectures of the two types of woven composites.

2) The development of a high-fidelity normal UC model for twill woven composites

and that of off-axis UC models for plain, twill and 3D woven composites.
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Chapter 1: Introduction

3) The formulation of the basic equations for implementing PBCs in combination

with the standard and explicit weak-form meshfree methods.

4) The proposal of an improved Weibull function based formulation for describing
the damage evolutions associated with the predominant failure modes in the yarn

material of woven composites.

5) The extension of the UC modelling methodology for predicting the off-axis elastic
properties and the overall response of woven composites under normal and off-

axis loading conditions.

1.4 Thesis structure

This research involves various aspects of knowledge including mechanics of composites,
micromechanical homogenisation of periodic materials such as woven composites and
meshfree methods. For the sake of clarity, the remainder of this thesis will be presented
by firstly introducing the background knowledge and theories relating to this work. Then,
it will be progressed by the description of the high-fidelity UC models and the utilisation
and validation of the meshfree-based UC approach in predicting the elastic properties and

the overall response of woven composites.

In Chapter 2, the mechanics knowledge involved in the elastic constitutive modelling of
the polymer matrix and the yarn material in woven composites will be firstly presented.
Due to the presence of waviness in the yarn material, it is always desirable to perform the
constitutive modelling of the yarn material in its local coordinate system (LCS). Thus,
the procedure for conducting coordinate transformations between the LCS of the yarn
material and the global coordinate system (GCS) of the UC will then be detailed. Finally,
the general theories and concepts associated with the micromechanical homogenisation

of periodic materials, as well as the basic equations for deriving PBCs, will be briefed.

In Chapter 3, the background knowledge and concepts relating to meshfree methods will
be briefly introduced in comparison with the FEM. Then, three types of shape function
construction techniques in meshfree methods will be detailed, and a numerical example
will be presented following the description of each technique to discuss the features that

are possessed by the corresponding shape functions. Finally, the formulation procedures
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1.4 Thesis structure

for the standard and explicit weak-form meshfree methods, as well as the implementation

of PBCs in combination with the two methods, will be detailed.

In Chapter 4, the high-fidelity normal UC models that have been developed or improved
for describing the internal features of plain, twill and 3D orthogonal woven composites
will be firstly detailed. Then, a generic approach for calculating the PBCs at the scale of
reduced UC of woven composites will be described, and the PBCs for the UC models of
woven composites will be summarised. After that, an in-house computer program which
has been developed to implement the high-fidelity UC models using the standard weak-
form meshfree method will be introduced. Finally, numerical examples conducted based
on the computer program for predicting the elastic properties of the three types of woven
composites will be discussed, and the predicted results will be validated by comparing

with the numerical and/or experimental data found in the relevant literature.

In Chapter 5, the high-fidelity off-axis UCs of the three types of woven composites will
be firstly presented. Then, a viscoplasticity-based model for describing the nonlinearity
and rate-dependence of the polymer matrix and a CDM-based model for identifying the
damage initiations and evolutions of the yarn material will be detailed. After that, an in-
house computer program that has been developed to implement the high-fidelity UCs and
the material models by using the explicit weak-form meshfree method will be introduced.
Following the description of this program, a numerical example for predicting the overall
responses of a plain woven carbon fibre-reinforced polymer (CFRP) composite material
subjected to some in-plane loading conditions will be presented, and the predicted results
will be validated by comparing against the experimental results. Finally, the application
of the meshfree-based UC approach will be exemplified through qualitatively analysing

the influences of fibre tow size and weave structure on the response of woven composites.

In the last chapter, the conclusions of the present research will be summarised from the
perspectives of the development of high-fidelity UC models, the implementation of the
weak-form meshfree methods and the material behaviour modelling for the constituents

in woven composites. Recommendations for future work will also be discussed.
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CHAPTER 2: MECHANICS PRELIMINARIES

2.1 Introduction

As summarised in Section 1.2.1, the utilisation of the UC modelling methodology in the
case of homogenising the elastic properties or the case of predicting the overall response

of textile composites involves three similar steps, as follows:

1) Identify a representative domain or unit cell (UC) for the textile composites of

investigation and model the internal architecture of the UC;

2) Model the material behaviours of the constituents in the elastic regime for the

former case or in both the elastic and inelastic regimes for the latter case;

3) Apply a proper boundary condition for the former case or a history of boundary
conditions for the latter case so as to calculate the volume average quantities or

the histories of the volume average quantities.

As is clearly seen from the above description, a fundament step in both cases is to model
the behaviours of the constituents. In such a step, performing constitutive modelling in
the former case is different from that in the latter case. Specifically, the constitutive
modelling in the former case needs to be performed only in the elastic regime. On the
contrary, the constitutive modelling in the latter case should be conducted in both the
elastic regime and the inelastic regime, where the material behaviours of the constituents
such as yarn damage, material nonlinearity and strain rate dependence should often be
considered. To avoid repetition, the background knowledge related to the constitutive
modelling of the constituents (i.e. the polymer matrix and the yarn material) in the elastic
regime will be introduced in this chapter, leaving the constitutive modelling in the

inelastic regime to be addressed in Chapter 5.
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2.2 Hooke’s law for polymer matrix

In addition, due to the presence of yarn waviness in woven composites, it is desirable to
address the mechanics quantities (e.g. stress and strain) of wavy yarns initially in its local
coordinate system (LCS), and then to transform them into the global coordinate system
(GCS) of the (UC). Again, this is a shared feature between the case of the elastic property
homogenisation and that of the overall response prediction. Thus, the basic equations for
performing coordinate transformations between the LCS of the yarn material and the GCS

of the UC will be detailed in this chapter.

Furthermore, the fundamental knowledge associated with conducting micromechanical
homogenisation of periodic materials such as woven composites will be introduced at the
end of this chapter. In this thesis, to distinguish the quantities associated with the polymer
matrix from those associated with the yarn material, the former quantities will be denoted

with a subscript “m”, while no subscript will be used for the latter quantities.

2.2 Hooke’s law for polymer matrix

In woven FRP composites, the polymer matrix, which is often assumed as a homogeneous
isotropic material, typically exhibits linear elastic behaviour at small strains and becomes
nonlinear if the strain applied exceeds the elastic threshold. As a homogeneous isotropic
material, its constitutive behaviour in the elastic regime can be described using Hooke’s

law for isotropic materials, as follows:

on = Chém (2.1)
or alternatively as:

Em = Sm0m (2.2)

where the four symbols, o, €, C;, and S, are the stress vector, the engineering strain
vector, the elasticity matrix and the inverse of the elasticity matrix, and they are defined

using the following equations:
0, ={011 022 033 T1z Taz3 T31}T (2.3)

g, ={€11 €2 &3 Viz Y23 V31}T 2.4
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Chapter 2: Mechanics preliminaries

(Em(1-vpm) EmVm EmVm 7
- . =m0 000
EmUm Em(1-vpm) EmVm
. - . 0 0 0
Ez,vm E,va Em(Al—vm) 0 0 0
C, = m m m 2.5)
0 0 0 G, 0 0
0 0 0 0 G, O
0 0 0 0 0 Gy
. .
Em Em Em
~mo L Imog o o
Em Em Em
s, =| Bm mo Emo (2.6)
0 0 0 = 0 o0
Gm
0 0 0 L 0
Gm
0 0 0 0 0 —=
Gm

where E,, vy, Gy, are Young’s modulus, Poisson’s ratio and the shear modulus, and G,

and A, are given by:

m ™ 5(1+vy)

2.7)

A= 1+ vy)(A - 2v,) (2.8)

2.3 Hooke’s law for yarn material

In woven FRP composites, the internal fabric is woven from yarns and each yarn is further
made of many fibre filaments. In its final production form, the fibre filaments in each
yarn are surrounded by the polymer matrix. This indicates that the yarn material in its
LCS is essentially a unidirectional composite. Therefore, the yarn material in woven
composites can be largely assumed as a homogeneous transversely isotropic material in
its LCS. Here, it should be noted that yarns based on glass fibres are isotropic, but they

can still be assumed to be transversely isotropic as isotropy is a special case of transverse
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2.3 Hooke’s law for yarn material

isotropy. Based on this assumption, the stress-strain relation of the yarn material in the

elastic regime can be described using the generalised Hooke’s law, as follows:

o' = Cle! (2.9)
gl = Slgt (2.10)
where
o' = {U1l1 0212 0363 Tiz 753 T§1}T (2.11)
g = {Eh 552 553 V:{Z V£3 V§1}T (2.12)
rEL(1-vT) ETvLT ETvLT 0 0 0]
A A A
ELVUTL Er(1-vyrvty)  ET(wrT+vLTvTL) 0 0 0
A A(1+UTT) A(1+‘UTT)
EpvTL Er(vrr+vrror,)  Er(1—-vptvTL) 0 0 0
Cl — A A(l‘l’vTT) A(1+vTT) (2‘13)
0 0 0 G 0 0
0 0 0 0 Grr 0
| 0 0 0 0 0 G114
= e _Mog 9 Q]
EL Er ET
vLT 1 v 0 0
EL ET ET
Sl — - T T ) (2.14)
0 0 — 0 0
GLT
1
0 0 0 0O — 0
GTT
1
0 0 0 0 —
GTL-

where the superscript, [, denotes that the corresponding quantities are evaluated in the
LCS; the subscripts, 1, 2 and 3, refer to the longitudinal, in-plane transverse and out-of-
plan transverse directions; Ej, is Young’s modulus in the longitudinal direction; Et is

Young’s modulus in the transverse directions; v;; (i,j = L, T) is Poisson’s ratio relating
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to a contraction in direction j caused by a tension in direction i; Gy, Gt and Gy, are the

shear moduli corresponding to the shear strains, y4,, Y23 and y34; and
A=1-— Urt — ZULTUTL (215)

It should be noted that the above equations are subjected to the following constraints:

E,=E, (2.16)
Er=E,=E, (2.17)
Gur = G (2.18)
Grr = e (2.19)
Aok (2.20)

2.4 Coordinate transformation for yarn material

In the previous section, the constitutive equations and quantities (e.g. stress) for the yarn
material are addressed in its LCS. This necessitates defining coordinate transformations
for these quantities. In this section, the general concepts and equations for performing
coordinate transformations between the LCS and the GCS will be introduced, and an
example of conducting coordinate transformations for the warp and weft yarns in plain

woven composites will be presented.
2.4.1 Basic equations for rotational transformation

The transformations between two coordinate systems can be rotations, translations, or a
combination of them. However, in the context of constitutive modelling, the quantities
involved (i.e. stress, strain and elasticity matrix) are independent of any translation. Thus,
only rotations need to be considered when conducting coordinate transformations for the
yarn material in woven composites. Assume that the LCS of the yarn material is denoted
using X'Y'Z!, and the GCS of the UC using X9Y9Z9. Any form of rotation between the

two coordinate systems can be mathematically described using:
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2.4 Coordinate transformation for yarn material

x9 = R9Ilx! (2.21)

where the superscripts, [ and g, denote the LCS and the GCS; the superscript, g|l, refers
to that the associated rotation is from the LCS to the GCS; x! represents the coordinate
vector of a point, x, in the LCS; x9 stands for the coordinate vector of this point in the
GCS; and R9!! is the matrix associated with a rotation from the LCS to the GCS and is
defined by:

cosf;; cosB;, cosb;3
RII' = [cosh,; cosh,, cosbO,5 (2.22)

lc05931 cosls, c05033J

where 6; j (i,j = 1,2,3) is the angle between the jth axis of the LCS and the ith axis of
the GCS.

By rewriting Eq. (2.21) into Eq. (2.23), it can be found that the matrix for a rotation from
the GCS to the LCS, R'9, is equal to the inverse of R9!%:

Xl = (Rgll)_lxg — RU9x9 (2.23)

Also, the inverse matrix of R9!!, i.e. R!9, is equal to the transpose of R!l9 because we

have the following equation according to the definition of a rotation matrix:

cosf;; cosf,; cosO3q
x! =|cosf;, cosB,, cosbs,|x9 = (R”g)Txg (2.24)

cosfy3 cosf,; cosO33

Furthermore, if a coordinate transformation is comprised of more than one rotation (e.g.
n rotations), the relation between the coordinate vectors before and after these rotations

can be obtained by repetitively utilising Eq. (2.21), as follows:
xll — Rll|le10 (2.25)

le — Rl2|l1xll — RlZ|llRll|IOxIO (226)

22



Chapter 2: Mechanics preliminaries

x9 = xln — Rln|l(n—1) ...RlzlllR“'lelO (227)

where R¥I=D (7 = 1,2, ...,n) denotes the matrix corresponding to the ith rotation, and

Xl (i = 1,2, ...,n) is the coordinate vector after the ith rotation.
2.4.2 Transformation for constitutive quantities

If the rotation matrix, R9", as defined in Eq. (2.21), is denoted in the tensor form as ; s

the relation between the stress tensors of a material point before and after such a rotation,
which is from the LCS to the GCS, can be expressed using the following tensor form:

9=y r. ol 2.28)
g Tim"jinOmn ( .

t

where O'{C]]- is the stress tensor after rotation (i.e. the stress tensor in the GCS), and a},,, is

the stress tensor before rotation (i.e. the stress tensor in the LCS). Expanding the above

expression yields the following equations:

g _ 1 Loy Loy l
011 = "im"1nOmn = 711711011 T 711712012 T 111713013
+ 1,11 0Ly + Ty 508 + 15Ty 20k
12711021 12712022 12713023
l l l

+ 713741031 + 113712032 + 113713033 (2.29)
g _ 1 [ Iy l
0590 = omTonOmn = 121721011 T 121722012 T 1721723013
+ ool 0Ly + ooy Ohy + 1501 0k
22121021 221220727 221230723
l l l

+ 133721031 + 172372203, + 123723033 (2.30)
g _ 1 Loy Iy l
033 = T3mT3n0mn = 131131011 T 13173201 T 1731733073
+ Taolaq Oby + TaoTar Gl + TaoTaa 0k
32731021 32732023 32733073
l l l

+ 733731031 + 1733713203, + 133733033 (2.31)
g _ 1 Loy Loy l
012 = T"1tm"2nO0mn = M11721011 T 111722012 T 111723013
+ 10Ty by 4 70T Ok + TyoToa Ol
12721021 12722072 12723023
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l l l
+ 713721031 + 14372203, + 113723033 (2.32)
g _ 1 Loy Iy l
023 = 2mT3n0mn = 121131011 T 121732012 T 121733013
+ 1oolaq 0Ly + TooTan Gl + 1o Taa ok
22131021 22132023 22133033
l l l
+ 733731031 + 123713203, + 123733033 (2.33)
g _ 1 Loy Iy l
031 = 3mT1inOmn = 131711011 T 731712012 T 131113013
+ 1o Ty 1 0Ly 4 TaoTy 0Oy + TaoTy 202
32711021 32712022 32713023
l l l
+ 733711031 + 13371203, + 33713033 (2.34)

The above equations can be assembled into the following matrix form by utilising the

relation of 0}, = 0}y, (M %= n):
o9 =T 6! (2.35)
_ (9 g g g g g2T
09 = {011 02 033 Tip T3 731} (2.36)

where 69 is the stress vector in the GCS, a' is the stress vector in the LCS, and Tg'l is

the stress transformation matrix from the LCS to the GCS:

-2 2 2
Ti1 Ti2 Ti3 2114712 211,13 2113714
2 2 2
1 2 123 215171 PAPPYOR 215311
2 2 2
gl 31 32 733 213173, 213,733 2133731
ol = (2.37)

T11T21 Ti2Tez Ti3T23  Ti1Tez T 72721 TiaTe3 T 73Tz Tizler + T1T2s

T21T31  T22T32  Toalzz  Ta1T3p +Topl31  TopTzz + 123732 To3T31 + 121733

731711 T32T12  T33Ti3 T31T12 T 732711 32Tz + 133712 T33Tip + 7131713

Based on Eq. (2.23) or (2.24), the relation between the stress vectors before and after the

inverse rotation of R9!!, i.e. R!9, which is from the GCS to the LCS, can be expressed

using the following equation:

Tin = TimiTnj0; ) (2.38)
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Following a similar procedure for obtaining TS Il, the stress transformation matrix from

the GCS to the LCS can be obtained, as follows:

llg
ol =T9g9 (2.39)
-2 2 2
Ti1 1 31 211179 211731 273171
2 2 2
Ti2 732 L&Y 211575 213,733 2735112
2 2 2
1 T3 733 33 2113703 2133733 21337113
Tl = (2.40)

1Tz T21Taz T31T32 TiTaz T 121712 T31T32 + 131702 T31Tip + 111732

T12T13  TopTaz  T3T33  TiaTag T TaT13  TopTzz + 132703 T3pTi3 + 1733

793711 T23721 733731 T13T31 t 723711 723731 + 733731 733711 + 7113731
Combining Egs. (2.35) and (2.39), the following relation can be obtained:

l N
TY = (TI") (2.41)

Similarly, the relations between the strain vector in the LCS, &', and the strain vector in

the GCS, &9, can be determined by replacing o' with & and a9 with &9:
g9 = TI'g! (2.42)
gl =T9g9 (2.43)

Here, it is should be noted that the symbol of " is used to highlight that the strains in the
above two equations are tensorial strains, rather than engineering strains, i.e. €9 and €.
Thus, it should be kept in mind that the shear components in tensorial strains are halves

of those in engineering strains, as illustrated in Egs. (2.44) ~ (2.47):
g ={e}, &, e &), e Esgl}T (2.44)
E={ef;, &, e e, &3 &) (2.45)
g g

T
g _ (-9 g g g
&7 = {511 €2 €3 Y2 V23 V31}

:{'Sig1 Ségz 53?3 Z'Sigz Zeégs 2‘951}T (2.46)
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I _ (.l l l l l 1 1T
e ={e;; &, &3 Viz V23 V1)

={el, &, ey 2el, 2ely 2el}T (2.47)

Considering the relations between tensorial strains and engineering strains, Eqgs. (2.42)

and (2.43) can be rewritten as follows:

g — Tall .
g9 =T, ¢ (2.48)
l
gl =T9g9 (2.49)
. . l l .
where the transformation matrices, T? I and Tslg , are given by:
-2 2 2
Ti1 Ti2 Ti3 11712 T12713 T13711
2 2 2
1 732 733 721722 722723 723721
2 2 2
all 31 L&Y 33 731732 732733 733731
7ol = (2.50)
2141y 2TipTay  2Ti3Te3 TigToy +Tialar  TigTes + TisTay  TizTer + 111723
21131 2TpaT3y  2Ta3T33  Toqlsp + 1131 Toplaz +Taslsy  Toslyy + 121733
12131111 2T3pT1y  2T33Tyg TyqTip +TapTiq  TapTiz +7337ip  Taslyq + 1373l
-2 2 2 .
i1 1 731 11721 21731 31711
2 2 2
Ti2 22 132 712722 722732 32712
2 2 2
llg Ti3 23 133 713723 723733 133713
Tl = (2.51)
214y 20Ty 2134735 TigTap + 191712 ToqTap + 7131702 TaqTiz + 111732
2rioT3 210003 2135033 TipTag +1ooTi3 TapTas + T3a13  Taalig + Tialss
12713711 2131y 2T33T3q  Ti3laq + 13711 TagTaq +Ta3laq Tl + Tistsql

Comparing Egs. (2.50) and (2.51) with Egs. (2.40) and (2.37), the following relations can

be obtained:
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Based on the coordinate transformations defined for stress and engineering strain and the
constitutive relation given in Eq. (2.9), the transformation matrices between the elasticity

matrix in the LCS, C!, and that in the GCS, C9, can be deduced, as follows:
w09 =TI'6! - seeEq.(2.35)
o' = Cle! - seeEq.(2.9)
e =TMed - seeEq.(2.49)
g9 = Tgll [ Tg|lcl£l
ot - ‘Yo - ‘o
=TT e
X o'g = Cgsg
Q9 = TgllCzTgllg
”g (Tgll) - see Eq. (2.53)
T
~CY9 = (ng) Cngllg
T\ 1 -1
c = (o)) o)
gyt gy "
= (1) co (1))
llg (Tgll) - see Eq. (2.41)
Ng\T _ pall
(T(r ) =T;" - seeEq.(2.52)

¢t = (19" cod"

If Tg”g is denoted using T " and T I using Tcllg, the coordinate transformations between

the elastic matrix in the LCS and that in the GCS can be expressed as follows:
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T
g — (Il 1pgll
c9 = (T") C'T (2.54)
T
1 _ (rllg llg
c'=(T,Y) cI9T, (2.55)
[ Th 5 T 11721 121731 131711
e 5 8 712722 722732 132712
2 2 2
" T1i3 133 733 713723 723733 T33713
9l = (2.56)

214 Ty 2191Tap 2139135 TiqTep +ToqTip ToiTap t 13175 131712 + 111732

21Ty 2T9Ta3 2735133 Tiplag + TapTis  Taplzs 133053 TpTi3 + Tiols3

1211311 2131y 2733731 Tigtey + 13Ty TagTyy + 133ty TaaTyq + Tialaqd

-2 2 2
Ti1 T2 Ti3 11712 T12713 13711
2 2 2
1 oY) 733 721722 722723 723721
2 2 2
lg 31 L&Y 33 731732 732733 733731
Tl = 2.57)

21111y 2TipTay  2Ti3Te3 TigToy FTialar  TigTes + TisTay  TizTer + 111723

211131 2TpaT3y  2Ta3T33  Toqly + 1131 Toplaz + Taslsy  Toslyy + 121733

12731111 2T3pT1p  2T33Tyg TyqTip +TapTiq  TapTiz + 7337y Taalyq + 1373l

In terms of the coordinate transformations between the verse matrix of C9 and that of C,
i.e. the transformations between S9 and S', their equations can be directly obtained from

Egs. (2.54) and (2.55) by substituting C9 with (§9)~* and C* with (S8}
2.4.3 Application of coordinate transformation

To successfully perform a micromechanical homogenisation for woven composites, the
elasticity matrices of the individual constituents in the GCS need to be calculated. For the
polymer matrix, its elasticity matrix in the GCS is essentially the one defined in Eq. (2.5),
due to its isotropic nature. However, since the elasticity matrix of the yarn material is
explicitly defined only in the LCS, as shown in Eq. (2.13), its elasticity matrix in the GCS
should be calculated by applying the coordinate transformations introduced in Section
2.4.4. In this section, the procedure for applying coordinate transformations for the yarns
in woven composites is exemplified using the plain woven composite UC model shown

in Fig. 2.1.
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YAN

Matrix

Figure 2.1: Coordinate transformations in plain woven composites

As shown in the figure, the LCS of the warp yarn, X" YWZ", can be brought to be parallel
to the GCS, X9YIZ9, by rotating it for an angle of 6 with respect to the Y axis. Thus,
the rotation matrix from X" YYZ" to X9Y9Z9 can be calculated directly using Eq. (2.22),

as follows:

cos8 0 —sinf
RI=| 0 1 0 (2.58)

sinf 0 cosf

Substituting Eq. (2.58) into Eq. (2.56), the matrix for transforming the elasticity matrix
of the warp yarn from the LCS to the GCS can be obtained, as follows:

cos?6 0 sin%6 0 0 cosfsind
0 1 0 0 0 0
w sin?@ 0 cos?0 0 0 —cosBsinf
TV = (2.59)
0 0 0 cosf sin@ 0
0 0 0 —sinf@ cosf 0
| —2sinfcosfd 0 2cosOsinf 0 0 cos(26) |
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2.4 Coordinate transformation for yarn material

Assume that the elasticity matrix of the warp yarn in the LCS is Cyarp. Substituting Eq.
(2.59) into Eq. (2.54) yields the elasticity matrix of the warp yarn in the GCS:

(12" Cllarp T

Cg —

warp —

(2.60)

For the fill yarn, the rotation matrix from the LCS, X/ Y/Z/, to the GCS, X9Y9Z9, cannot
be written out directly as it involves two rotations. Specifically, the LCS of the fill yarn,
X'Y/ 77, should be firstly rotated with respect to the Z/ axis for an angle of 90°, which
yields an intermediate coordinate system, denoted as X™Y™Z™. This coordinate system
can then be rotated with respect to the X™ axis for an angle of ¢, leading to a coordinate
system parallel to the GCS, X9Y9Z9. Thus, the rotation matrix from X/ Y/Z/ to X9Y9Z79

can be calculated using the chain rule defined in Eq. (2.27), as follows:

1 0 0 0 -1 0
RIS = RIMR™S = [0 cosp —sing||1 0 0
0 sing cospll0 0 1
0 -1 0
=|cosp 0 —sing (2.61)
[sinp O cosQ

Here, it should be kept in mind that the two-step operation is not commutative and the
order of the rotations must be preserved. Therefore, the matrix associated with the latter
rotation, R9!™ must present before that associated with the former rotation, R™!/, when
calculating the final matrix, R9!. Substituting Eq. (2.61) into Eq. (2.56), the matrix for
transforming the elasticity matrix of the fill yarn from its LCS to the GCS can be obtained,

as follows:
0 cos?g sin¢ 0 cos@sing 0
1 0 0 0 0 0
0 sin? cos? 0 —cosgsin 0
TIV = v v psine (2.62)
0 0 0 —CosQ 0 —sing
0 0 0 sing 0 —COoSQ
[0 —2cos@sing 2cos@sing 0 cos(2¢) 0

30



Chapter 2: Mechanics preliminaries

Based on this equation and assuming that the elasticity matrix of the fill yarn in the LCS

is Cgll, the elasticity matrix of the fill yarn in the GCS can be calculated, as follows:

T
cg, = (t9) cf, 1V (2.63)

Egs. (2.5), (2.60) and (2.63) form the basis for calculating the elasticity matrices of the
constituents in woven composites in the GCS. Using these equations, micromechanical
analysis can be conducted to calculate the stresses and strains of the internal points of the
UC, which can be subsequently used to calculate the volume average stress and strain of
the UC. However, it should be noted that at this point the stresses and strains derived for
the internal points of the UC are based on the GCS. Thus, in the case of homogenising
the overall response, where the damage of the yarn material needs to be considered, the
stresses and strains of the material points in the yarns should be transformed back to their
LCSs such that the damage of the yarn material in woven composites can be evaluated
locally. Fig. 2.2 is a flow chart highlighting the coordinate transformations that are often
required when homogenising the overall response of woven composites, as well as the

equations that can be used to perform these transformations.

. Yarn’s LCS Transformations for
(\;arn matercllall < stress and strain e yarn’s stress and strain |«
amage mode ! 1
g Chun & Egs. (2.39) & (2.49)
v
Yarn’s LCS Pol . Polymer matrix
elasticity matrices ofymer matrix < stress and strain
w I material model
C warp C.fill Om €m
N
A 4 A 4
Coordinate Polymer matrix Mi hani
transformations elasticity matrix p| icromechanmcs
Eq (2 54) C unit Cell mOde]
: : m
3
v A 4
Yarn’s GCS Yarn’s GCS
elasticity matrices Boupdary stress and strain  f—i
g g conditions g
Ciap  Chu Oyan  €yam

Figure 2.2: Coordinate transformations in homogenising woven composites
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2.5 Micromechanical homogenisation methods

2.5 Micromechanical homogenisation methods
2.5.1 Averaging theory

In micromechanical homogenisation of periodic materials such as woven composites, the
macroscopic (also known as effective, homogenised, or overall) quantities are evaluated
often as the volume averages of the microscopic quantities. Such an averaging theory can

be utilised to calculate the volume average stress and strain, as follows:

(0) =< [,0aV (2.64)
() =< [, edv (2.65)

where V stands for the volume of the domain of homogenisation, (1; o and &€ represent the
microscopic stress and strain tensors; and () and (&) denote the macroscopic or volume

average stress and strain tensors.
2.5.2 Uniform boundary conditions

According to the Hill-Mandel principle [146], a prior condition for the volume average
properties or responses of a representative region (e.g. UC) being capable of effectively
representing those of the macroscopic structure is that the macroscopic strain energy is

equal to the volume average work done by the microscopic stress, as follows:
(0):(g) = (0: &) (2.66)

This equation can be rewritten by performing the mathematical manipulations described

in [147], as follows:
@F(ti - <0ij)nj)(ui — (& )x,)dS =0 (2.67)

where I is the boundary of the domain of homogenisation; t; denotes the component of
the traction vector, t; u; represents the component of the displacement vector, u; n; refers
to the component of the outward normal, n; x;, stands for the component of the coordinate
vector, Xx; {(o; j) is the component of the macroscopic stress; and (g;;) is the component of

the macroscopic strain.
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As can be seen from Eq. (2.67), a straightforward boundary condition that satisfies the

consistency condition of energy is:
t; = (O'U)Tl] vVxer (268)

This type of boundary condition is termed as the static uniform boundary condition (also
known as the Neumann boundary condition), and it can be enforced by prescribing to the
boundary of the problem domain with a uniform traction whose value can be calculated
based on the macroscopic stress. Similarly, it can be seen that another type of boundary

condition satisfying Eq. (2.67) is:
u; = (sik)xk vxerl (269)

This type of boundary condition is termed as the kinematic uniform boundary condition
(also known as the Dirichlet boundary condition), and it can be enforced by prescribing
to the boundary of the problem domain with a uniform displacement whose value should

be calculated based on the macroscopic strain.

In addition to the above two types of boundary conditions, another possible one is the
mixed boundary condition, in which a uniform displacement is applied to one part of the
whole boundary, and a uniform traction is enforced to the remaining area. This type of
boundary condition was firstly proposed by Hazanov and co-workers [148-150] and was
inspired by uniaxial tension tests, where one part of a specimen is often applied with a
displacement constraint and the remaining part is prescribed with a force. Based on the
results obtained, they argued that the mixed boundary condition can provide better
predictions than the kinematic and static uniform boundary conditions. However, this
type of boundary condition is found to be less commonly used in the micromechanical

homogenisation of woven composites.

Furthermore, the so-called iso-stress or iso-strain boundary condition can be utilised to
perform the micromechanical homogenisation of woven composites. Examples of using
1so-stress and iso-strain boundary conditions can be found in Ishikawa and Chou [85-88],
Naik and Shembekar [90-92], and Tabiei and his co-workers [134-136]. In these studies,
the homogenisation of woven composites is conducted often by prescribing either the

same stress (i.e. the iso-stress boundary condition) or the same strain (i.e. the iso-strain
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boundary condition) to not only the boundary but also the UC domain itself. Thus, the
1so-stress and iso-strain boundary conditions can be largely treated as special cases of the
static and kinematic uniform boundary conditions, respectively. The main advantage of
the two types of boundary conditions is their exceptionally low computational costs, due
to the fact that the stress or strain of any material point in the domain can be calculated
directly using the constitutive equation of the material point as long as an iso-strain or
iso-stress is prescribed. However, they may suffer from the problem of a reduced accuracy
owing to the fact that the energy consistency condition, as defined in Eq. (2.66) or (2.67),

does not necessarily hold.
2.5.3 Periodic boundary condition

Compared to the boundary conditions discussed above, the periodic boundary condition
(PBC) is the most commonly used in homogenising the elastic properties or the overall
response of periodic materials such as woven composites. It has been found in numerous
studies [147, 151-153] that the PBC provides better predictions than any other boundary
conditions. In this section, the formulation of the PBC will be detailed since it has been
adopted in the present research to conduct the micromechanical homogenisation of all

three types of woven composites.

Consider a general periodic structure to which a macroscopic loading is applied. Then,
the response (e.g. deformation) of an arbitrary point of this structure can be assumed as
the sum of a constant part denoting the contribution of macroscopic uniformity and an
oscillatory part representing that of microscopic inhomogeneity. If the length scale of the
fluctuation in the applied load is significantly larger than the characteristic dimension of
the structure (i.e. the length of periodicity), then the oscillatory part will be periodic. The

above description suggests that:

u(x) = (du/dx)x + u*(x) (2.70a)
w(x) = w(x+4), (2.70b)
o(x) = (0) + 0" (%) (2.71a)
o' (x) = 0" (x + A) (2.71b)
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e(x)=(e)+ & (x) (2.72a)
gx)=¢Ux+21) (2.72b)

where x is the coordinate vector; u(x) is the displacement vector; a(x) and £(x) stand
for the stress and strain tensors; (o) and (&) represent the macroscopic stress and strain
contributions; (du/dx) denotes the displacement gradient; 4 is the periodicity vector;

and u*(x), 6*(x) and €"(x) are the oscillatory parts.

Replacing x with x + 4 in Egs. (2.70a), (2.71a) and (2.72a) and considering the relations
in Egs. (2.70b), (2.71b) and (2.72b), we can get the following equations:

u(x) = (0u/ox)A+u(x+ 1) (2.73)
olx) =a(x+ 1) (2.74)
ex)=¢ex+2) (2.75)
O
T x4ert
xAer- xAert
ni < @ — > @ » nt
v xder-

Figure 2.3: Schematic of a 2D UC for applying the PBC

By applying Eq. (2.73) to the boundary of a representative region of the structure, the
standard form of PBC can be explicitly formulated, which can be illustrated using the
two-dimensional (2D) UC shown in Fig. 2.3. Assume that the UC is bounded by I', which

can be subdivided into a negative part, I'", and a positive part, ['*. Then, for an arbitrary

node on the negative boundary, vx4 € I'™, there is an equivalent node on the positive
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boundary, Vx4 € T'*, such that the two equivalent nodes, x4 and x4, satisfy the relation

of x4 = x4 + . Substituting this relation into Egs. (2.73) yields:
u(x?) — u(x?) = —(0u/dx)A (2.76)

To prevent any rigid rotation in the homogenisation, the following restriction should be

imposed:
(0u/ox) = (0u/9x)T (2.77)

The above equation means that the displacement gradient can be replaced by the volume

average strain, (&), since we have:
(€) = - ((0u/0x) + (0u/0x)T) = (du/dx) (2.78)
Combining Egs. (2.76) and (2.78), the standard form of PBC can be expressed, as follows:
u(x?) —u(x?) = —(e)a vaxler-&vxiert (2.79)

Here, it should be noted that the above equation can be used to derive PBCs only for full-
size UCs, not reduced UCs (the concepts of full-size and reduced UCs will be addressed
in Chapter 4). If a homogenisation is performed based on a reduced UC, then the generic
form of PBC equation (which can be derived using the equivalence approach and will be

detailed in Section 4.5.2, Chapter 4) should be used, as follows:
u(x?) —yTu(x?) = —(&)TA vx? e~ &vx’ eT* (2.80)

In this equation, T is the transformation matrix representing the geometrical equivalence

between the two equivalent points, x4 and x*. The symbol, y, stands for the load reversal
factor, which reflects the loading admissibility between the two equivalent points. The
specific meanings of T and y will be addressed also in Section 4.5.2, Chapter 4.

2.6 Summary

In this chapter, the elastic constitutive behaviours of the polymer matrix and yarn material

of woven composites were firstly described using the generalised Hooke’s law. Then, the
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basic equations for performing coordinate transformations between the LCS of the yarn
material and the GCS of the UC were detailed, followed by an example showing how to
use these equations to calculate the elasticity matrices in the GCS from those in the LCS
for the warp and weft yarns of plain woven composites. Finally, the theories and concepts
involved in the micromechanical homogenisation of periodic materials were presented,

with an emphasis on deriving the basic equations of the standard form of PBC.
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CHAPTER 3: MESHFREE METHODS

3.1 Introduction

Many engineering problems or phenomena can often be described using mathematical
equations such as algebraic equations, ordinary differential equations (ODEs) and partial
differential equations (PDEs), which are often referred to as governing equations. In many
cases, obtaining the exact or analytical solution for the governing equation is impossible,
particularly for the problems involving nonlinearity. The only practical way is to obtain
an approximate solution, which can be generally achieved by using a suitable numerical
method, such as the finite difference method (FDM), the finite element method (FEM),

the boundary element method (BEM) and the meshfree (or meshless) methods.

Among different types of numerical methods, the FEM is the most widely used as it is
well-suited for many engineering problems. In the FEM, the continuum of investigation
is discretised with non-overlapping but seamlessly connected elements, which forms the
mesh. The mesh and element based nature provides the FEM with exceptional robustness
and versatility, allowing many types of engineering problems to be efficiently solved.
However, the mesh and element based nature also brings about the limitations inherently
associated with the utilisation of elements and meshes [154]. Such limitations become
increasingly evident when the FEM is utilised for addressing the problems with high
geometrical complexity and varying material orientations, e.g. the problem of performing

micromechanical homogenisation of woven composites.

One of the limitations of the FEM is that creating a reasonably high-quality mesh is
always a prerequisite for conducting the finite element analysis (FEA). For geometrically
complex structures, the automatic generation of the mesh using pre-processing tools is
difficult to achieve without compromising the quality of the mesh. Thus, heavy manual
operations and human interventions are required to create a high-quality mesh, which,

however, can be the main component of the time cost in the FEM analysis. This limitation
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is even more evident if the FEM is used to perform micromechanical homogenisation of
woven composites, where not only the modelling and discretisation of the highly complex
geometries of the constituents should be addressed with manual operations, but also the
ever-changing material orientations of the yarns need to be assigned manually, see Figs.

1.2 and 1.3 in Chapter 1 for examples.

Another limitation of the FEM arises from it being used to solve the problems involving
large deformation, which is that the accuracy of the FEM solution might be significantly
reduced as a result of the presence of element distortion. To prevent such a problem, one
might take the so-called adaptive analysis to re-mesh the regions with large deformation
or distortion. However, the current available re-meshing processors have been mainly
designed for the adaptive analysis of two-dimensional (2D) problems due to the technical
difficulty in the automatic and efficient regeneration of hexahedron elements for three-
dimensional (3D) problems. Even if an adaptive scheme were available for 3D problems,
the computational cost that is required to regenerate arbitrary 3D elements may still be
unacceptable, particularly for the problems involving nonlinearity and dynamic loading

conditions.

The FEM may suffer from the difficulty in predicting the crack propagation in solids.
This is because the actual path of a crack in solids is often arbitrary and thus does not
necessarily coincides with the interfaces between elements. In addition, the use of the
FEM to simulate material breakage is not ideal because of that the elements in the FEM
are assumed to be unbreakable, and thus the only possible way is to delete the elements
that have been considered as damaged completely. Such a treatment, however, can result

in a mesh-dependent prediction of the path of material breakage.

The above examinations reveal that the limitations of the FEM inherently arise from the
utilisation of elements and meshes. Therefore, the idea of avoiding the use of elements
has been logically formed, and the concept of meshfree (as known as element-free or
meshless) has been proposed in the research community, contributing to the development
of a wide variety of meshfree methods. In this chapter, an overview of meshfree methods
will be firstly presented by comparing against the FEM. Since a key issue to be addressed
in developing a meshfree method is how to construct shape functions for approximating

field variables. Thus, following the introduction of meshfree methods, three commonly
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used shape function construction techniques in meshfree methods, i.e. the moving least
squares (MLS) interpolation, the radial basis function (RBF) interpolation and the moving
kriging (MK) interpolation, will be detailed in combination with presenting a numerical
example for each of these techniques. Another important issue in meshfree methods is
how to transform the governing equation of the problem of investigation into a discretised
system of equations so as to numerically obtain an approximate solution. Thus, at the end
of this chapter, the specific procedures for formulating the standard and explicit weak-
form meshfree methods, which have been selected in this work to address the prediction
of the elastic properties and that of the overall response of woven composites, will be
described, and the implementation of the generic form of PBC within the two types of

meshfree methods will be presented.

3.2 Overview of meshfree methods

The key idea of meshfree methods is to discretise the problem domain of investigation
with a set of arbitrarily distributed nodes (which are known as field nodes) without using
any predefined elements and meshes, and meanwhile to provide an accurate and stable
solution based on such a discretisation. Clearly, the use of nodes for domain discretisation
is one of the differences between the FEM and meshfree methods, see the flow chart in
Fig 3.1 [154]. The node-based nature also produces another significant difference, which
is that shape functions in meshfree methods are constructed based on the nodes in a local
domain, whereas those in the FEM are constructed based on predefined elements. In the
following two sections, the theories and concepts associated with meshfree methods will

be introduced by comparing against the FEM from the above two aspects.

Here, it should be noted that all discussions on domain discretisation and shape function
construction in this chapter are assumed to be based on a 3D space. However, for the sake
of convenience, all illustrations associated with domain discretisation in this chapter will
be presented in a 2D manner, see Fig. 3.2 for example. In addition, the basic equations
for shape function construction techniques will be presented only in a one-dimensional
(1D) manner for simplicity, see Eq. (3.1) for example, where it will be shown that the
approximation of the displacement, i.e. u = (u, v, w), of a 3D spatial point, x = (x,y, z),

is described based on the first component, i.e. u, of the displacement vector.
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( Meshfree >
FEM methods

v v
Geometry discretisation Geometry discretisation
based on elements based on nodes
A 4 A 4
Calculating shape Calculating shape
functions based on functions based on
predefined elements nodes in local domains

Solving discretised
system of equations

F

A 4
Calculating all
field variables

A 4

Post-processing

Figure 3.1: Typical procedures in the FEM and meshfree methods
3.2.1 Domain discretisation

As discussed earlier, the fundamental difference between the FEM and meshfree methods
is the way of discretising the problem domain of investigation. In the FEM, the problem
domain must be discretised using non-overlapping but seamlessly connected elements,
see Fig. 3.2a. During the discretisation, the information such as element connectivity must
be created. In general, the accuracy of the FEM solution is controlled by the number of
elements and the smoothness of the element type, and a finer mesh design often produces

a better approximation but requires a higher computational cost.

In meshfree methods, the problem domain is discretised simply using a set of scattered
nodes (which can be arbitrarily or regularly distributed) both within the problem domain
and on the boundary, see Fig. 3.2b. These nodes are often termed as field nodes as they
carry information for field variables. Similar to the FEM, the accuracy of the meshfree
solution is controlled by the number of field nodes used. However, compared to the FEM,

meshfree methods are much simpler since there is no need to create elements and define
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the connectivity between the nodes shared by adjacent elements. In addition, the adaptive
analysis based on meshfree methods can be easily performed even for 3D problems since
only the regeneration of nodes is needed and therefore the associated computational cost

is less expensive.

(a) Domain discretisation using the FEM

(b) Domain discretisation using meshfree methods
Figure 3.2: Domain representation in the FEM and meshfree methods
3.2.2 Shape function construction

In the FEM, a field variable (e.g. the displacement) of a point of interest, x = (x, y, z) is
approximated based on the nodal information of the element where the point is located.
For instance, the displacement of x can be approximated as a polynomial interpolation of

the nodal displacements of the element in which it is located:
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u(x) =39, dr(0w; = ¢T(Du 3.1)

where u"(x) is the approximate displacement of x; the superscript, nq, denotes the total
number of the nodes that form the element; and u; and ¢;(x) are the displacement and

shape function of the /th node.

Support domain ~ Point of interest Field node

Figure 3.3: Local domain based approximation in meshfree methods

On the other hand, as there is no element used in meshfree methods, the field variable of
a point of interest is approximated based on the information of the field nodes within a
small local domain of it, see Fig. 3.3. This small local domain is referred to as the support
domain of this point, and the field nodes within the support domain are termed as the
support nodes. The shape of a support domain can be circular, elliptical or rectangular. In
the same problem, the support domains can have different sizes and shapes, and they can
overlap with each other. Similar to the definition of the size of an element in the FEM,
the choice of the size of a support domain in meshfree methods is very flexible. In general,

it can be reasonably determined using the following equation [154]:
ds = asd, (3.2)

where d; is the size of the support domain, ay is a dimensionless factor used to scale the
size of the support domain, and d.. is the average spacing among the field nodes in the

support domain and can be approximated using the following equation:
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(_Ds
(1-np) 1D

=
(Vna-1) 2D

Vs
(G- P

(3.3)

where D, Ag and V; are the estimated sizes of the support domain in 1D, 2D and 3D cases,
respectively; and np, n, and ny are the numbers of the field nodes within the estimated

support domain in 1D, 2D and 3D cases.

It should be noted that the basic equations for approximating field variables in meshfree
methods, which will be shown later when introducing the MLS, RBF and MK techniques,
are essentially the same as that in the FEM, see Eq. 3.1. However, the way of constructing
shape functions in meshfree methods is different since it is based on the use of a support
domain rather an element. In addition, when approximating the field variables of the same
problem, the number of nodes should be included in a support domain is generally larger
than the number of nodes in a typical element in the FEM. This suggests that in general
meshfree methods have lower computational efficiency but higher accuracy compared to

the FEM.

3.3 MLS interpolation

The moving least squares technique was originally developed by mathematicians for data
fitting and surface construction. A detailed description of such a technique can be found
in Lancaster and Salkauskas [155]. Nayroles ef al. [156] are the first researchers who
adapted the MLS technique to develop the diffuse element method (DEM). The DEM
was modified by Belytschko et al. [157], leading to the element-free Galerkin method
(EFGM), which is a well-established meshfree method that is based on the utilisation of
the MLS technique.

The popularity of utilising the MLS technique in meshfree methods lies in two aspects.
The first one is that the field function approximated will be continuous and smooth in the
entire problem domain if an enough number of interpolation points is used. This feature

makes the MLS technique well-suited for formulating the constrained Galerkin weak-
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form method. The seconded aspect is that it can be designed to obtain approximations at
a designated order of consistency. In the following section, the procedure for applying
the MLS technique for constructing the MLS-based meshfree shape functions will be

detailed and discussed.

3.3.1 MLS procedure

Support domain
Support node Point of interest Field node

Figure 3.4: Field variable approximation in meshfree methods

To illustrate the MLS procedure, consider a general problem domain, Q, bounded by I',

as shown in Fig. 3.4. Assume that this domain is discretised with a number of arbitrarily
distributed field nodes. For a continuous field function, u(x), defined in the domain for
an arbitrary point, x = (x,y, z), the MLS technique assumes that the field function can

be approximated in the following form:
ut(x) = Xt p;(0)a;(x) = pT () a(x) (3.4)

where pT(x) represents a polynomial basis with m monomial terms, and a(x) is a vector

of m unknown coefficients:
pT() ={p1(®) p.(x) - pp(x)} (3.5

a(x) ={a;(x) a;(x) - a0}’ (3.6)
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Chapter 3: Meshfree methods

Theoretically, the components in pT(x) can be any arbitrary functions of x. However, the

most common choice is to utilised a complete basis, and a complete p-order polynomial

can be defined by:
{1 x x2 - xP7! xP} 1D
pT(x) = {1 x y xy x* y* - xP yP} 2D (3.7)
{1 xy z xy yz zx x* y* z? -+ xP yP zP} 3D

To determine the coefficients in a(x), a support domain, £, is defined for the point of
interest, x. Assume that the number of the field nodes in the support domain is n, which

should be larger than m. Applying Eq. (3.4) to all the support nodes produces:
uh(xl) = uh(x,xl) = Z}n:lp](xl)a](x) (I == 1, 2,...,n) (38)

Here, it should be noted that the value approximated for a support node using this equation
is not necessarily equal to its nodal value, i.e. u(x;) # u;. Thus, a function of weighted

residual is constructed to minimise the error in the approximations, as follows:

Rous = S W0 (W2 — u(x)” = SEW, @@ —u)? (3.9)

In this equation, W;(x) is a weight function chosen to play two roles. The first role is to
control the weights of support nodes, giving bigger (or smaller) weights for the support
nodes close to (or far from) x. The second role is to ensure a smooth transition of the field
nodes leaving or entering the support domain when the point of interest moves in the
problem domain. Technically, the weight function can be any type of function as long as
it satisfies the positivity, compact and decay conditions, as described in [158]. However,
a weight function can effectively play the above two roles only when an enough number
of support nodes is used (i.e. n > m). The commonly used weight functions include the
cubic spline, the quadratic spline and the exponential weight functions. In this work, the
quadratic spline weight function is utilised, as follows:

ﬂ)z +8(ﬂ)3 —3(ﬂ)4 0<d, <d,

_ 1-6 (ds ds ds
Wi (x) (3.10)

0 ds < d,
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3.3 MLS interpolation

where d; stands for the distance between the point of interest and the Ith support node,

1.e. the distance between x and x;; and d is the size of the support domain.

In the MLS technique, the unknown coefficients in a(x) are determined by minimising
the weighted residual defined in Eq. (3.9). Since the condition of the residual reaching a

minimum is dR,,;;s/da = 0, we can obtain the following linear system of equations:
A(x)a(x) = B(x)u (3.11)

where A(x) refers to as the MLS weighted moment matrix, B(x) is a matrix based on
weight functions and polynomials, and u is a vector collecting the nodal values of the n

support nodes:

A(x) = X7 W,(x0)p(x) pT (x)) (3.12)
B(x) ={b;(x) by(x) .. b,(x)} (3.13)
b;(x) = W;(x)p(x;) (3.14)
w={U U . U)T (3.15)

Assuming that the MLS moment matrix is invertible, Eq. (3.11) can be rewritten into the

following form:
a(x) = A '(x)B(x)u (3.16)

Substituting this equation back into Eq. (3.4) yields the MLS approximation of the field

variable, u(x), as follows:
uh(x) = Ty (S (A @BM)  Juw = T i@y, (B17)
or in the matrix form:
u(x) = pT (AT ()B@)u = ¢ (x)u (3.18)

where (A" (x)B(x) )11 is the JIth component of the resulting matrix of A~1(x)B(x), and

¢ is a vector consisting of the MLS shape functions, as follows:
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T ={p1 ¢ - P}=p (XA (X)B(x) (3.19)

where ¢;(x) is the MLS-based meshfree shape function of the Ith support node, and it

can be expanded as follows:
d(x) =X ip,(x) (A‘l(x)B(x))]I =pT(x)A~1(x)B(x) (3.20)
3.3.2 MLS shape function derivatives

The MLS formulation given in Eq. (3.17) or (3.18) can be utilised directly to evaluate the
displacement field. However, in order to calculate field variables such as strain, the first-
order and second-order partial derivatives of the MLS-based shape functions need to be
derived. The procedure for calculating these derivatives is briefed as follows. By denoting

pT(x)A 1 (x) as {T(x), Eq. (3.19) can be rewritten as:

¢ (x) = I"(x)B(x) (3.21)

where {(x) can be solved using the following equation, which is obtained by considering

the symmetry of A(x):

A(x)¢(x) = p(x) (3.22)

Then, the first-order partial derivative of {(x) can be calculated by taking the derivative

of the above equation with respect to i = (x,y, z), as follows:

{i=A"(p;—AQ) (3.23)

where () ; stands for d( )/0x;. Similarly, the second-order partial derivative of {(x)
can be obtained by taking the derivative of Eq. (3.23) with respect to j = (x,y,z), as

follows:

i =A"(py— (A +A,0+A,9)) (3.24)

Considering the above two equations and taking the derivatives of Eq. (3.21) and the
resulting equation with respect to i and j, respectively, the first-order and second-order

partial derivatives of the MLS-based shape functions can be derived, as follows:
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3.3 MLS interpolation

¢, ={B+{"B; (3.25)

L = I}'B +{B;+ (:I;'B,i +{"B; (3.26)

3.3.3 An MLS example

To investigate the features possessed by the MLS-based shape functions, an example has
been conducted on a 2D square domain with dimensions of [—0.5,0.5] x [—0.5, 0.5], and
this domain is discretised with a total number of 5 X 5 uniformly distributed field nodes.
The quadratic spline function, as defined in Eq. (3.10), is used as the weight function, and
both the MLS-based shape functions and the first-order partial derivatives are calculated
based on the use of the linear polynomial basis and that of the quadratic polynomial basis.

Some of the input and output data in this example are given in Table A.1, Appendix A.

In this table, the output data have been calculated when the point of interest is set to be
the central point of the square domain, i.e. x = (0,0). It is clear from this table that the
sum of the shape functions in both the case of using the linear polynomial basis and that

of using the quadratic polynomial basis is equal to unity:

Y= (x) =1 (3.27)

The above feature is referred to as the property of partitions of unity and is possessed by
not only the MLS-based shape functions but also many other shape functions such as the
RBF-based and MK-based shape functions, which will be demonstrated later in Sections
3.4.3 and 3.5.3. The significance of possessing such a property is that it allows for the

reproduction of a constant field or rigid body moment.

Apart from the above results, further calculations have also been performed to derive the
MLS-based shape functions and the corresponding first-order derivatives for a resolution
of 51 x 51 uniformly distributed points. Here, it should be noted that the support domains
used for these points are the same one, i.e. the square domain. The results corresponding
to the central field node (which is one of the 5 X 5 field nodes not the 25 X 25 resolution
nodes) are visualised in Fig. 3.5. As is evidently shown in this figure, both the MLS-based
shape function and the first-order derivative are very smooth, with the former exhibiting

a bell shape surface across the square domain and the latter showing an antisymmetric
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shape with respect to the central point. In addition, the results obtained based on the linear
polynomial basis resemble those based on the quadratic polynomial basis, except for the
presence of higher peaks in the latter case. This means that both the linear polynomial

basis and the quadratic polynomial basis are able to produce very smooth approximations.
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Figure 3.5: The MLS-based shape functions & x-derivatives at the central node
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Figure 3.6: The MLS-based shape functions plotted on plane Y=0

To take a closer examination of the results presented in Fig. 3.5, the MLS-based shape

functions are plotted on plane Y = 0, and the resulting curves are shown in Fig. 3.6. From
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3.4 RBF interpolation

this figure, it can be seen that the MLS-based shape functions do not necessarily satisfy
the following condition:

1 1=]
¢i(x=2x)) = { [=12,..,n (3.28)

0 I+#]
The above feature is often termed as the Kronecker delta function property. The lack of
such a property in the MLS-based shape functions is due to the fact that the field function
of approximation in the MLS procedure is not required to pass through the nodal values.
Therefore, it should be kept in mind that when using the MLS technique to enforce an
essential boundary condition the displacements that will be actually prescribed may not
be exactly equal to the designated values. Thus, additional treatments are often needed if

an essential boundary condition needs to be enforced exactly.

3.4 RBF interpolation

In describing the MLS procedure, it has been assumed that the weighted moment matrix
is invertible. However, it can be found by taking a closer examination that this assumption
will fail if the number of the support nodes used is less than the number of components
in the polynomial basis. Also, the reversibility of the weighted moment is dependent of
the distribution of support nodes within the support domain. Therefore, one drawback of
the MLS technique is that the weighted moment matrix can be singular. As demonstrated
in the example in Section 3.2.3, another drawback of the MLS technique is that this type
of shape functions does not possess the so-called Kronecker delta function property,
which leads to a difficulty in exactly enforcing essential boundary conditions. A simple
solution to avoid the above two problems is to replace the MLS technique with the RBF

technique, as will be detailed in the following section.
3.4.1 RBF procedure

To illustrate the RBF procedure, consider again the problem domain defined in Section
3.3.1. In the RBF technique, the field function of a point interest is approximated based

on radial basis functions, as follows:

u(x) = YL (e = r'(Na (3.29)
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where n is the number of support nodes, and «; is the unknown coefficient corresponding

to the Ith radial basis function, r;(x):
rT(x) = {rn(x) nk - R} (3.30)
a(x) ={a;(x) a(x) - ap(x)}" (3.31)

where the Ith radial basis function, r;(x), is related to the distance between x and the Ith

support node, which can be defined as follows:

lx — x| 1D

(
|
d; = 4 Ve —x)? + (y — y)? 2D (3.32)

L/(x —x)*+ @ -yD*+(z—2z)* 3D

The commonly used RBFs include the multiquadric function (MQF), the Gaussian radial
function (GRF), the thin plate spline function (TPSF) and the logarithmic radial basis

function (LRBF). The general forms of these functions are defined as follows:

r(x) = (a3 +d?)? MQF (3.33)
r(x) = exp(—0d?) GRF (3.34)
r(x) =d] TPSF (3.35)
r;(x) = d]logd, LRFB (3.36)

where ag, q, 6 and n are numerical parameters controlling the shape and size of the radial

basis function.

In the present work, we focus on the use of the MQF proposed by Hardy [159] since this
type of MQF is widely used for surface fitting and approximating solutions. Such an MQF
can be obtained by setting g = 0.5 in Eq. (3.33), as follows:

r;(x) = a2 + d? (3.37)

In this work, three scaling parameters are added into d; to scale the radial basis function,

as follows:
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3.4 RBF interpolation

la; (x — xp)| 1D

d; = Jai(x —x)? + a3y — y))? 2D (3.38)

\/af(x —x)?+as(y—y)?+a3(z—z)? 3D

where a,, a, and a3 are the scaling parameters. The purpose of using these parameters is
to improve the flexibility of the RBF technique in terms of controlling the resulting shape

functions and derivatives.

By applying Eq. (3.29) to all the n support nodes, a linear system of equations can be

formed, as follows:
u = Ra (3.39)

where u is a vector collecting the nodal values of the n support nodes, a is the vector

consisting of the unknown coefficients and R refers to the RBF moment matrix:

u={w U - uy)T (3.40)
a={a a - ap}? (3.41)
r(x) () e ()]
ri(xy) m(x) o 1(xg)

R= ) . ) ) (3-42)
1 () () e (X))

It should be noted that the radial basis functions are positively defined and thus the RBF
moment matrix is invertible. Therefore, the unknown coefficients in Eq. (3.39) can be

solved, as follows:
a=R1lu (3.43)

Substituting this equation back into Eq. (3.29) yields the RBF approximation of the field

function, as follows:

u(x) = 2?:1(2?:1 T](x)(R_l)]I)ul = Yi=1 $1 (0, (3.44)
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or in the matrix form:
u(x) =rT(x)Ru = ¢pT(x)u (3.45)

where (R™1) j1 1s the JIth component of R™1, and ¢ is the vector consisting of the RBF-

based shape functions:
') ={p1 ¢z - I =1T(OR (3.40)

where ¢;(x) is the RBF-based shape function corresponding to the Ith support node, and

it can be expanded as follows:
¢(x) =Xj-11(x) (R_1)11 (3.47)
3.4.2 RBF shape function derivatives

It is evident from Eq. (3.42) that the RBF moment matrix is independent of x. Thus, the
first-order and second-order partial derivatives of the RBF shape functions can be directly
obtained by taking the derivatives of Eq. (3.46) and the resulting equation with respect to

i and j, respectively, as follows:
¢ri(x) =Xj=117:(x) (R_1)11 (3.48)
¢1,ij (x) = Z7=1 Tyij (x)(R_l)]I (3.49)

where 77;(x) and 7;;;(x) are the first-order and second-order partial derivatives of 7;(x),

and they can be explicitly expressed for the case of using the modified MQF, as follows:

2qaf(@i~(x)),)

2, 42
aj+dy

17(x) (3.50)

T (x) =

4q(q-Dafaf(@i-(x)),)(®);=(x)),)

(ag+a?)”

Tij (x) =

(%) (3.51)

3.4.3 An RBF example

An example of utilising the RBF technique has been also conducted to study the features

possessed by this type of shape functions. This example is performed by using again the

55



3.4 RBF interpolation

2D domain described in Section 3.3.3. Results are calculated for both the case of using
the MQF defined in Eq. (3.37) and that of using the GQF defined in Eq. (3.34) as the
radial basis function. The parameters used in this example areay =1,a; =1,a, =1

and 8 = 0.75.

The input and output data for the case of the central point being the point of interest are
given in Table A.2, Appendix A. It is clearly seen in this table that the sum of the shape
functions at all field nodes is equal to unity, meaning that the RBF-based shape functions
possess the property of partitions of unity. Also, it can be found that the shape function at
the central field node is equal to unity, while those at the remaining field nodes are equal
to zero. This suggests that the RBF-based shape functions also possess the Kronecker
delta function property, which is essentially a result of the fact that the field function of
approximation in the RBF procedure is required to pass through all the field nodes in the

support domain.
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Figure 3.7: The RBF-based shape functions & x-derivatives at the central node

Similar to the MLS example, the shape functions and the x-derivatives corresponding to

the central field node have been plotted with a resolution of 51 X 51 points for both the
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case of using the MQF and that of using the GQF, as shown in Fig. 3.7. Here, it is evident
that both the two cases are able to generate smooth shape functions and the first-order
partial derivatives, with the latter case producing a higher degree of variations and thus a

higher order of smoothness.
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Figure 3.8: The RBF-based shape functions plotted on plane Y=0

Fig. 3.8 shows the shape function curves obtained by sectioning Figs. 3.7a and 3.7¢ using
plane Y = 0. As is clearly shown in this figure, for both the case of using the MQF and
that of using the GQF, the shape functions are equal to unity at the central field node and
zero at all the other field nodes. This again confirms that the RBF-based functions possess
the Kronecker delta function property, and thus the RBF technique can be used to avoid

the problem in using the MLS technique to enforce essential boundary conditions.

3.5 MK interpolation

As demonstrated in the previous section, a solution to address the drawback of lacking
the Kronecker delta function property in the MLS technique is to replace it with the RBF
technique. Alternatively, this drawback can be effectively avoided by employing the MK
technique. Such a technique was developed by Gu [160] from the kriging method, which
1s a geostatistical approach initially proposed by Krige [161] and formalised by Matheron
[162] for spatial data interpolation. In this section, the MK procedure will be described

and an MK-based example will be presented.
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3.5 MK interpolation

3.5.1 MK procedure

To illustrate the MK procedure, consider again the problem domain defined in Section
3.3.1. In the MK technique, the field function of a point of interest is approximated based

on a combination of a polynomial interpolation and a stochastic process, as follows:
ut(x) =Xt py (e + Z(x) = pT(Da + Z(x) (3.52)

where p;(x) is the jth component of polynomial basis p"(x), which has m terms and is
often chosen to be the complete basis given in Eq. (3.7); a; is the unknown coefficient
corresponding to p;(x) and yet to be determined; and Z (x) is a function representing the

realisation of a stochastic process that has a mean value of zero, a variance of g2, and a

nonzero covariance defined by:

cov[Z(x)),Z(x))] = 02G (3.53)
[ 1 G(xq,x) - G(xl'xn)]
G(x2,%x1) 1 o G(x,Xy)

G = ' . . . (3.54)
| : : ‘. : |
lG (X, x1) G(xp,x3) - 1 J

where G 1s termed as the correlation matrix. The IJth component in this matrix, G (x,, X ]),
is a correlation function relating to support nodes x; and x;. Here, the GBF defined in Eq.

(3.34) is modified to define this correlation function, as follows:
G(x;,x;) = exp(—0d%) (3.55)

where 6 is a parameter controlling the shape of the GBF, and the modification to this

equation is made by introducing an free parameter, ao, to d;;, which is thus defined as

follows:
( ao + |a; (x; — x)| 1D
dyy =4 Jaé +a?(x —x)" + a3 - ) 2D (3.56)
a3+ a2 )" + 30y - 9)’ + a3z 5)° 3D
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The use of Z (x) produces a localised deviation in the approximation of the field function.
Thus, a function of the mean squared error (MSE) is created to minimise such a deviation,

as follows:
MSE = E[u"(x) — u(x)]? (3.57)

By minimising this error under the unbiased constraint of E[u"(x)] = E[u(x)], the best

linear unbiased prediction of u(x) can be obtained [163], as follows:

u(x) = p" ()¢ + 9T ()G (u - PY) (3.58)

where pT(x) is the polynomial basis defined in Eq. (3.7), u denotes the vector collecting

the nodal values, and g™ (x), P and { are defined as follows:

9" ={g:(®) g.(x) .. gn(x)} (3.59)
(p1(x1) p2(x1) - Pm(x1)]
p1(x2) p2(x2) - pm(xy)

P= . . ) . (3.60)
p1(Xn)  P2(Xn) - pr(ay)]
¢=(PTG'P) PTG u (3.61)

where the Ith component of gT (x) is a correlation function defined by g;(x) = G(x, x;).
To reorganise Eq. (3.58), the following notations are introduced, where I represents the

identity matrix:
A= (PTG P) PTG (3.62)
B=G1(I-PA) (3.63)

Based on the above notations, Eq. (3.58) can be rewritten into the following form, which

is the MK approximation of the field function:

u(x) = 2;121(271:1 p;(x)(A) ) + Xk=1 gK(x)(B)KI)uI = Xl=1 i ()u; (3.64)
or in the matrix form:
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u(x) = PT(x)A + GT(x)B)u = ¢T(x)u (3.65)

where the symbols, (A);; and (B);, denotes the JIth and KIth components of A and B,

and ¢ is the vector consisting of the MK shape functions:

T ={$1 ¢2 .. P} =p"(WNA+G (X)B (3.66)

where ¢;(x) is the MK shape function corresponding to the Ith support node, and it can

be expressed as follows:
d;(x) = 271:1 Py (x)(A)]I + Xk=19x (X)) (B)g; (3.67)
3.5.2 MK shape function derivatives

Since A and B in Eq. (3.67) are independent of x, the first-order and second-order partial
derivatives of the MK shape functions can be obtained directly by taking the derivatives

of this equation and the resulting equation with respect to i and j respectively, as follows:
¢ri(x) = 2}":1 P],i(x) (A)]I + Xk=1 Ik,i () (B)g; (3.68)
biij x) = Z}n=1 Dyij (x) (A)]I + Yk=1 Ik ij (x)(B)g;, (3.69)

where p; ;(x) and p;;;(x) can be obtained easily based on the polynomial basis, and the

first-order and second-order partial derivatives of gg(x) are defined by:
Ir,i(x) = —20af((0); — (x) ) gk (x) (3.70)
gK,ij(x) = 492‘11'2@]'2((95)1 - (xK)i)((x)j - (xK)j)QK(x) (3.71)
3.5.3 An MK example

To study the features possessed by the MK-based shape functions, an example of utilising
the MK technique has been conducted on again the 2D domain described in Section 3.3.3.
In this example, the parameters in the modified GQFare 8 = 1,a, =0,a; =4 and a, =
4. Results are calculated for both the case of using the linear polynomial basis and that of

using the quadratic polynomial basis.
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The input and output data for the case of the central point being the point of interest are
presented in Table A.3, Appendix A. The data given in this table clearly suggest that the
MK-based shape functions possess both the partitions of unity property and the Kronecker

delta function property.
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Figure 3.9: The MK-based shape functions & x-derivatives at the central node

Similar to the MLS and RBF example, the shape functions and the x-derivatives relating
to the central field node have been plotted with a resolution of 51 X 51 points for both
the case of using the linear polynomial basis and that of using the quadratic polynomial
basis, as shown in Fig. 3.9. It is interesting to note that the results calculated based on the
former case are very similar to those obtained based on the latter case, exhibiting a high

degree of smoothness in both the shape functions and the x-derivatives.

Fig. 3.10 shows the shape functions obtained after sectioning Figs. 3.9a and 3.9¢ using
plane Y = 0. The results shown in this figure once again confirm that the shape functions
obtained using the MK technique possess the Kronecker delta function property. Thus,
similar to the RBF technique, the MK technique can be utilised to address the problem in

using the MLS technique to enforce essential boundary conditions.
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Figure 3.10: The MK-based shape functions plotted on plane Y=0

3.6 System equation formulation
3.6.1 Categorisation of meshfree methods

As discussed previously in the introduction of this chapter, engineering problems can be
described often using governing equations such as PDEs. In many cases, obtaining the
exact or analytical solution for a complex engineering is impractical. The only practical
way is to use a numerical method to get an approximate solution. Among different types
of numerical methods, meshfree methods are perhaps of the greatest potential as they are
based on nodes only and do not require the use of elements. Based on the procedure for
solving the governing equation, meshfree methods can be classified into three types,
namely, the strong-form meshfree methods, the weak-form meshfree methods and the
strong-weak form meshfree methods. In this section, the basic features, advantages and

disadvantages of these methods will be briefly discussed.

In a general engineering problem, the governing equation and the equations for enforcing
boundary and/or initial conditions are typically strong-form equations. In the strong-form
meshfree methods, the above equations are directly satisfied at field nodes. Therefore, the
functions for approximating field variables in the strong-form meshfree methods should
have a sufficient degree of consistency such that they are differentiable up to the order of
the governing equation. Currently, a wide variety of strong-form meshfree methods has
been developed, such as the general FDM [164-167], the meshfree collocation methods
[168-171] and the finite point method (FPM) [172-174]. The primary advantage of the
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strong-form meshfree methods is that they are simple and computationally efficient, due
to the fact that the governing equation is satisfied only at field nodes and no background
mesh is required to perform integral operations over the problem domain. Therefore, these
methods are truly meshfree. However, a critical issue in these methods is that the moment
matrix formed during the construction of shape functions can be singular. In addition, to
reach a reasonable accuracy, it is often required to use irregular field node distributions,
which prevents these methods from being utilised to address the problems with derivative
boundary conditions (DBCs). In general, this type of meshfree methods is less stable and

less accurate compared to the weak-form meshfree methods.

In the weak-form meshfree methods, the governing equation is satisfied in an average
sense, which is generally achieved by applying to the governing equation with an integral
operation that is based on a physical or mathematical principle such as the variational
principle and the weighted residual method. Due to the introduction of such an integral
operation, these methods require a weaker consistency on the functions for approximating
field variables and meanwhile are capable of producing very stable discretised system of
equations. Thus, they are generally more accurate compared to the strong-form meshfree
methods. However, introducing such an integral operation means that a background mesh
is needed to discretise the problem domain simply for performing integral calculations,
which makes these methods not truly meshfree. Based on the way of applying the integral
operation to the governing equation, this type of meshfree methods can be further divided
into the global and local weak-form meshfree methods. In the global weak-form meshfree
methods, an integration operation is applied to the whole problem domain such that the
governing equation is satisfied on the entire problem domain. Typical examples of the
global weak-form meshfree methods include the element-free Galerkin method (EFGM)
[157], the radial point interpolation method (RPIM) [175, 176] and the reproducing kernel
particle method (RKPM) [177]. On the contrary, the local weak-form meshfree methods
apply an integration operation to local domains so that the governing equation is locally
satisfied. Examples of the local weak-form meshfree methods include the meshless local
Petrov-Galerkin method (MLPGM) [178-180] and the local radial point interpolation
method (LRPIM) [181, 182].

The meshfree methods that utilise both strong-form and weak-form formulations to obtain

the discretised system equations are termed as the strong-weak form meshfree methods.
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3.6 System equation formulation

For instance, the meshfree method developed by Liu and Gu [183, 184] is a strong-weak
form method, where a local weak-form formulation is performed for the field nodes near
or on the boundaries with derivative boundary conditions, and a strong-form formulation
is applied for all the other field nodes. Other examples of the strong-weak form methods
include the smooth particle hydrodynamics methods (SPHMs) developed by Lucy [185]
and Gingold and Monaghan [186]. In this type of methods, a weak-form operation (i.e.
an integration operation) is applied for field variable approximation, while a strong-form
operation is utilised to form the discretised system of equations. The main advantage of
the strong-weak form meshfree methods is that they combine the stability of the weak-
form methods and the efficiency of the strong-form methods. However, they are much

more complex compared to the other two types of meshfree methods.

In this research, instead of using the other two types of meshfree methods, the weak-form
meshfree methods have been selected for predicting both the elastic properties and the
overall response of woven composites. One of the reasons for choosing the weak-form
meshfree methods is that the weak-form formulation techniques such as the variational
principle and the weighted residual method have been well-established and also widely
used in the FEM. In addition, the weak-form meshfree methods are much more stable and
accurate compared to the strong-form meshfree methods and much less complex than the
strong-weak form meshfree methods. In the following two sections, the weak-form
meshfree methods that have been selected in this thesis to predict the elastic properties
and the overall response of woven composites will be described. For convenience, the
two meshfree methods are termed as the standard weak-form meshfree method and the

explicit weak-form meshfree method, respectively.
3.6.2 Standard weak-form meshfree method
3.6.2.1 Formulation of the discretised system of equations

The homogenisation of the elastic properties of woven composites is essentially a static
problem of linear elasticity. If we denote the unit cell (UC) of homogenisation as €, and
the boundary as I', the governing equation for the homogenisation of the elastic properties

of woven composites and the equations for boundary conditions can be written as follows:

Governing equation: L'e + b = 0 in Q (3.72)
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Natural boundary condition: on = t on I} (3.73)
Essential boundary condition: u = u on I, (3.74)

where o denotes the stress, b represents the external body force, u is the displacement, n
stands for the unit outward normal to the natural boundary, t is the traction prescribed to
the natural boundary, u denotes the displacement prescribed to the essential boundary,

and L is the differential operator and is defined by:

P P P
P 0 O % 0 P
T _ o o 9
'=[0 = 0 & 5 0 (3.75)
P o 0
0 O py 0 % %

Here, it should be noted that the external body force term in Eq. (3.72) should be set to
zero in the homogenisation of the elastic properties of woven composites, owing to the
fact that no body force will be prescribed to the UC of homogenisation. It is further noted
that Eq. (3.74) is inadequate for describing a homogenisation that is performed based on
the use of periodic boundary condition (PBC), where a displacement constraint is applied
in the form of a displacement relation between two equivalent boundary nodes, see Eq.
(2.79) or (2.80), rather than in the form of Eq. (3.74). Thus, a special treatment is needed

to enforce the PBC, which will be addressed later in this section.

To solve Eq. (3.72), which is a strong-form equation, the minimum total potential energy
principle can be employed to transform it into a weak-form equation, which leads to the
formulation of the standard weak-form meshfree method, as follows. The minimum total
potential energy principle dictates that the total potential energy is equal to the sum of the

elastic strain energy and the potential energy or the work done the external forces:
M=U+W = [,e7eaV - ([ ubaV + [, uTtds) (3.76)

In this equation, the minus sign indicates a loss of the potential energy when the force is
displaced in its direction. At an equilibrium state, the total potential energy should be at

a minimum, meaning that:
6l =8U+S6W =0 (3.77)
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3.6 System equation formulation

where the symbol, §, denotes the first variation operator. Expanding the above equation

produces the standard variational (i.e. weak-form) formulation, as follows:
T _ T T —
[,6eTav — (f,6uThdV + [, suTEdS) = 0 (3.78)

Since the integral operation in Eq. (3.77) is imposed on the whole problem domain €, a
background mesh consisting of non-overlapping cells should be applied to partition the
problem domain for the sake of performing numerical integrations. An example of using
a background mesh to discretise a 2D general domain is shown in Fig. 3.11. It can be seen
from this figure that the discretisation of the problem domain using background cells is
independent of the way of discretising the problem using field nodes. This is because the
former is made simply for conducting numerical integrations cell by cell. Technically, the
shape of background cells can be arbitrary as far as they do not overlap with each other
and there is no gap between any two adjacent cells. In addition, if a sufficient number of
background cells is used, then the solution obtained should be independent of the type of
background cells being used. Thus, it is often recommended to use background cells with

simple shapes.

A==~ -"1--I"—"p-T-@-
10% l.x % 1a¢ 1

I’I‘I.xpxlelx‘

Sl S Lod o de

Background cells  ®Field nodes % Integration points
Figure 3.11: 2D example of a background mesh in weak-form meshfree methods

Assume that the whole problem domain is discretised with a set of field nodes that are

numbered sequentially from 1 to N. For an integration point defined in the background
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mesh, its displacement can be interpolated based on those of the field nodes within its
local support domain, which can be achieved by applying a field function approximation

technique, such as the MLS, RBF or MK techniques, as follows:

Uy
u ¢, 0 0O ¢, 0 0
U1
u={vi=[0 ¢, 0O - 0 ¢, O C = ou’ (3.79)
w 0 0 ¢, - 0 0 ¢l

n

where n is the number of the field nodes within the support domain, @ is a 3 X 3n matrix
consisting of shape functions, and u® is a vector collecting the displacements of the local

support nodes. An alternative form of this equation is as follows:

(I)] 0 0 Uy
uh=37,|0 ¢ 0|{vi=3L, D (3.80)
0 0 ¢ l\w

where ®@; and u; denote the shape function matrix and the displacement corresponding
to field node I. Based on the strain-displacement relation, i.e. € = Lu”, and substituting

Eq. (3,79) into this relation, the strain of the integration point can be obtained, as follows:

(001 ) T
0x 0 0 0x 0 0 (U1\
991 9¢n v
0 3y 0 0 3y 0 1
w
e =Lou® = = Bu®  (3.81)
091 21 . n W
ay ox ay ox u,
3y 39 Obn 39n| |4
0 0z dy 0 0z ay n
901 o 0 . On | AWn
- 0z dx dz ax -
alternatively:
1o g 21 o 29
ax 0z Uy
d d d
el %0 % o) lutoymn o
9¢1 061 91| \w
0 0 0z ay ox
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3.6 System equation formulation

where B is equal to L®, and B; is equal to L®; and is often termed as the strain matrix
corresponding to node /. By considering the constitutive relation of the integration point,

its stress can be obtained, as follows:
o = Ce¢ = CLou’ = CBu’ = )|, CL®;u; = >, CBu, (3.83)

In this equation, C is the elasticity matrix, which has been defined in Eq. (2.5) for the
isotropic polymer matrix and in Egs. (2.13) and (2.54) for the transversely isotropic yarn
material. By taking the first variation of Eq. (3.79) or (3.80) and substituting the resulting

equation into Eq. (3.81), we can obtain:
Sul = dsus = Y1, &, 5u, (3.84)
5e = Léu" = L&dsu’s = Béu® = 3, B,6u; (3.85)
Based on Egs. (3.83) and (3.85), the first term of Eq. (3.78) can be rewritten as follows:

T — T
f95£ odV = fQ(BfSuS) CBusdV
= fQ(Z?=1 B,6u,)TZ?=1 CBju;dv
= Jo 21 Z]=1 6u] (B,CB) Ju,dV (3.86)

where the subscripts, I and J, represent the Ith and Jth field nodes and are defined based
on the local numbering sequence of the support domain (i.e. 1 to n). Since the numbers
representing the field nodes in a support domain can overlap with those denoting the field
nodes in another support domain. To avoid this problem, the global numbering sequence
defined previously (i.e. 1 to N) can be used to replace the local numbering sequence such
that each field node is labelled using a unique number. Since in Eq. (3.86) the integration
operation can be moved within the summation operations, Eq. (3.86) can be rewritten into

the following form:
J,6€TadV = [ 37, ¥}, 6uf (B,CB))u;dVv
=2 Zﬁv=1 6u1TK1]u] (3.87)

where K/, is often termed as the nodal stiffness matrix and is defined by:
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K, = [,(B,CB;)dV (3.88)

The right-hand side of Eq. (3.87) can be expanded and rewritten into the following matrix

form:
Y XY SulKu; = SUTKU (3.89)

where U is a vector consisting of the displacement of all field nodes, SU refers to the first

variation of U, and K is the global stiffness matrix:

U={u, u; - uy}’ (3.91)
(K11 Ky - KlN]
Kyi Koy o Koy
K= ] ] . ) (3.92)
le Ky, - KNNJ

Based on the above, the first term of Eq. (3.78) can be finally rewritten into the following

form:
J, 6T @dV = SUTKU (3.93)

By considering Eq. (3.84) and following a similar procedure for obtaining Eq. (3.93), the

second and third terms of Eq. (3.78) can be rewritten as follows:
J 6u"bdV = SUTFP (3.94)
Jo 6u"tdV = SUTF" (3.95)

where F? and Ft denote the global body force vector and the global traction force vector,

and are defined by the following equations respectively:
F°={F® F5 .. FR}T (3.96)

F*={F{ F, .. F}T (3.97)
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3.6 System equation formulation

where
F} = [, ®;bdV (3.98)
Fj = [ ®tdV (3.99)
Substituting Egs. (3.93) — (3.95) into Eq. (3.78) yields:
SUTKU = SUT(F® + FY) (3.100)

Since the first variation of the global displacement, i.e. U, is arbitrary, Eq. (3.100) can
be satisfied only if:

KU = F® + Ft = F® (3.101)
where F€ represents the global external force vector.

Eq. (3.101) is the final form of the discretised system of equations in the standard weak-
form meshfree method. If it is used to predict the elastic properties of woven composites,
all components in K, F? and F! can be directly calculated by using a proper integration
scheme such as the Gauss-Legendre quadrature. Then, the displacement of all field nodes,
1.e. U, can be obtained using a suitable algorithm such as the Gaussian elimination method.
After obtaining U, the strains and consequently the stresses of all integration points can

be calculated using Egs. (3.82) and (3.83), respectively.
3.6.2.2 Enforcement of boundary conditions

For traction boundary conditions, which are explicitly defined in the form of Eq. (3.73),
they have been naturally implemented during the formulation of the discretised system of
equations. Therefore, no treatment is needed to enforce this type of boundary conditions.
In terms of essential boundary conditions, they can be defined either explicitly in the form
of Eq. (3.74) or implicitly in a PBC form, see Eq. (2.79) or (2.80). For the former case,
they can be enforced by modifying the discretised system of equations as follows. Assume

that a fixed displacement is prescribed to the ith component of the global displacement:
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The above condition can be exactly enforced by modifying the global stiffness matrix and

the global force vector into the following forms, respectively:

(ko o Ky Ky Kigsny = Kiawm )
Ki—1 0 Ku-pa-n Ka-ni  Ke—pa+n - Ke=new
K=4¢ 0 - 0 1 0 0 + (3.103)
Kirnr - Karna-n  Karni Karnarn - Karnem
\Kam1 Kema-n Kemi Kema+ny 0 Kemew /
Fe={F - Fui1 W Fury = Fawm}t (3.104)

For the PBC-based essential boundary conditions, see Eq. (2.79) or (2.80), they cannot
be enforced directly since they present in the form of a displacement relation between two
equivalent nodes. In this work, the displacement constraint elimination method [147] is
extended to enforce this type of boundary conditions. It should be noted that the generic
form of PBC, see Eq. (2.80), will become the standard form of PBC, see Eq. (2.79), if the
load reversal factor is set to be unity, y=1, and the transformation matrix is set to be the
identity matrix, T = I. Thus, the enforcement of the PBC-based essential boundary

conditions will be addressed based on the generic form of PBC.

The constraint elimination method is based on a division of all field nodes in the problem
domain into three subsets, namely, the internal nodes, i.e. x;; (I = 1, ..., n;), the nodes on
the negative boundary, i.e. x;_ (J = 1, ...,n_), and the nodes on the positive boundary,
i.e. Xxgy (K = 1,...,n,). Then, the three subsets of field nodes are numbered sequentially,
forming a set-based numbering sequence. Based this numbering sequence, the originally
defined global displacement vector is reorganised such that it consists sequentially of an
internal displacement vector, which collects the displacements of the internal nodes, i.e.
U;, a negative displacement vector, which collects the displacements of the field nodes
on the negative boundary, i.e. U_, and a positive displacement vector, which collects the

displacements of the field nodes on the positive boundary, i.e. U, as follows:

U={U; U_ U (3.105)
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3.6 System equation formulation

Similarly, the originally defined global stiffness matrix, K, and global external force, F€,
can be reorganised, and consequently the discretised system of equations can be rewritten

as follows:

Ki Ki- K] (U F;
K., K_ K. |[{u_b=1]F (3.106)
Kii Kio Kiil\UL F§

If we denote yT in Eq. (2.80) as T,,, the positive and negative displacement vectors can

be related to each other as follows:
U,=TU_+¢ (3.107)

where £ is a vector denoting the difference between U, and TU_ and can be calculated
based on the macroscopic strain applied to the UC of homogenisation, and T is a matrix
collecting all the T, associated with each pair of equivalent points. Substituting the above

relation into Eq. (3.106), the discretised system of equations can be rearranged into:

RU = Fe (3.108)
where
- K;; K, +K;,T ~l (3.109)
(K +Ky) Ko_o+Ki + (K, +K )T .
o-{,]

0= 3.110
U ( )

. Fi — K, ¢
Fe = { o } G.111)

F¢ +F§ — (Ko, +K, ;)¢

It should be noted that no external force will be prescribed in homogenising the elastic
properties of woven composites. Therefore, the external force components in Eq. (3.111)

vanish, leading to:

_ -K;_¢
Fe = { } (3.112)
—(K_y + K, )¢
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Since K and F® are known for a given problem, the reorganised displacement vector, U,
and thus the negative displacement vector, U_, can be solved. By utilising Eq. (3.107),

the positive displacement vector, U, can also be calculated.
3.6.3 Explicit weak-form meshfree method
3.6.3.1 Formulation of the discretised system of equations

In predicting the overall response of woven composites based on the UC methodology, a
history of macroscopic strains needs to be enforced to the UC for the sake of calculating
the history of the volume average stresses of the UC. The suggests that the prediction of
the overall response of woven composites is essentially a dynamic problem, with the time-
dependent macroscopic strains prescribed to the boundary acting as the external dynamic
loading. If we denote the UC domain of homogenisation as €, and the boundary as I, the
governing equation for the prediction of the overall response of woven composites and

the equations for boundary and initial conditions can be written as follows:

Governing equation: LTa(t) + b(t) = pii(t) in Q (3.113)
Natural boundary condition: a(t)n = t(t) on I} (3.114)
Essential boundary condition: u(t) = u(t) on [, (3.115)

Initial velocity condition: v(t = 0) = v, in Q (3.116)

where p is the density of material, & and % denote the velocity and acceleration, and all
the other symbols have the same meaning as those in Egs. (3.72) — (3.74). Here, it should
be noted that the boundary condition given in Eq. (3.115) is not adequate for describing
the problem of the overall response prediction of woven composites if a time-dependent

PBC is applied, which will be addressed later.

To solve Eq. (3.113), which is a strong-form equation, Hamilton’s principle can be used
to transform it into a weak-form equation, which leads to the formulation of the explicit
weak-form meshfree method, as follows. For a deformation body, Hamilton’s principle
states that the most accurate solution of all the admissible histories of displacement is a

solution of the following equation:
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sfff Ldt =0 (3.117)
alternatively,
fff SLdt =0 (3.118)

where t; and t, denote the starting and ending times of the dynamic event, and £ refers
to a Lagrangian function defined based on a set of time histories of displacement and is

defined as follows:
L=T-0I+W (3.119)

where T is the kinematic energy, II is the potential or elastic strain energy, and W is the

work done by external force:

_ 1 . T ..
T = Efﬂpu udv (3.120)
_1 T
n=-[ eodVv (3.121)
W = [, u"bdV + frt u'tds (3.122)

By taking the first variations of Eqgs. (3.121) and (3.122), we can obtain the following two

equations:
81 =26 [, €7odV =25 [, £7CedV = [, 6TCedV (3.123)
W = 6 [u"bdV + 5 [, u'tdS = [, 5ubdV + [ suTEds  (3.124)

Since Eq. (3.123) is actually the first term of Eq. (3.78), and Eq. (3.124) is the sum of the

second and third terms of Eq. (3.78), we can directly get the following two equations:
81 = [ 6" CedV = SUTF! (3.125)

SW = [, 6u’baV + [ su'tdS = SUT(F® + F') = SUTF* (3.126)

where F! stands for the internal force.
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In terms of the kinematic energy, its first variation can be expressed as:
_1 . T .- _ T
OT = ESIqu udv = [, pSu'udv (3.127)

The velocity vector in the above equation can be approximated in a similar manner as that

for displacement, as shown in Eq. (3.80). Therefore, we can obtain:

é, 0 07(%
uh =31, |0 ¢ 0|7 =31, Py = dus (3.128)
0 0o ¢lLUp

By taking the first variation of i", we have su* = §(X1, ®,it;) = ®Sus. Therefore,

the integrand of the right side of Eq. (3.127) can be approximated as follows:
psu'u = Y1, =1 .05(‘1’1111)T¢]u] = Xl=12)=1 Su;r(Pq);rq)])uj (3.129)

If the global numbering sequence is used instead of the local numbering sequence, Eq.

(3.129) can be rewritten into the following form:

psuTu = Y, Y, sul (p@f @), (3.130)
Substituting Eq. (3.130) into Eq. (3.127) yields:

6T = Y0, Y-, suT M, = SUT™MU (3.131)

where U is a vector collecting the velocities of all field nodes in the problem domain, and
M;; and M denote the nodal mass matrix and the global mass matrix, which are defined

by:

M, = [, p®] ®;dV (3.132)
M11 M12 MlN
M21 M22 MZN

M=+ o _ (3.133)
MNl MNZ MNN

Substituting Egs. (3.125), (3.126) and (3.131) into Eq. (3.118) produces:
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J;2(8U™U — SUTF' + 6UTF®)dt = 0 (3.134)

Since the variation and the differentiation operations are interchangeable, the variation of

the velocity vector can be rewritten as follows:

duT

51 = (2

) =< (U™ (3.135)

Based on the above equation, the left side of Eq. (3.134) can be integrated by parts, as

follows:
2 sU™™Udt = SUT™MU|? — [ sUTMITdt (3.136)
tq t t1
1

Since the first term of the right side of Eq. (3.136) vanishes due to 8U™|,, = §UT|"z = 0,

Eq. (3.136) can be simplified into the following form:
t . . t .
J;; 6U™™Udt = — [, * 5UTMUdt (3.137)
Substituting this equation into Eq. (3.134) gives:
[ 80T(—MU — F' + F®)dt = 0 (3.138)

In Eq. (3.138), the first variation of the displacement vector, i.e. §UT, is arbitrary. Thus,

the only condition satisfying the above equation is:
MU + F' = F¢ (3.139)

The above equation is the final form of the discretised system of equations in the explicit
weak-form meshfree method. It is interesting to note that the above-discretised system of
equations has exactly the same form as that formulated based on the FEM. Thus, it should
be borne in mind that the quantities in this equation, 1.e. M, F I and Fe€, are obtained based
on meshfree shape functions. In this research, the explicit central difference method has
been utilised to solve the meshfree-based discretised system of equations, which will be

briefly introduced in the following section.
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3.6.3.2 Meshfree explicit time integration

In the explicit central difference method, the equations of motion are explicitly integrated

using the following rules:

™ = M—l(pe(n) _ Fi(n)) (3.140)
g+ = gn-d 4 an) (3.141)
g+ = g 4 Are+D ney) (3.142)

where the superscripts represent the time steps, and At is the time increment. The above
integration rules are explicit in that the calculation of the displacement at the current step
can be advanced by using the acceleration at the previous step, the velocity at the previous

half step and the displacement at the previous step.

It should be noted that the calculation of the inverse of the global mass matrix, as well as
the multiplication of the inverse with the force vectors, are computationally expressive,
particularly for the problems with high degrees of freedom. To improve the efficiency of
the solution procedure, the global mass matrix (which is often termed as the consistent
mass matrix) can be lumped into a diagonal mass matrix, which is denoted using M; . The
mass lumping made to the consistent mass matrix can be achieved by using the commonly

used row-sum technique, as follows:
(ML)II = 2?2’1 MI] (3.143)

where (My,),; denotes the Ith diagonal element of the lumped mass matrix, and M, is a

component of the consistent mass matrix.

The mass lumping operation described above has been widely used and considered as a
necessary strategy in the explicit FEM. Although there is still very little theory formally
justifying the use of such a strategy, its combination with the explicit central difference
method can generally produce stable and reasonably accurate solutions. However, it must
be noted that the lumping operation alters the consistent mass matrix in a way that most
of the mass is lumped to the field nodes corresponding to the diagonal elements of the

lumped mass matrix. This effect can get increasingly evident if high-orders of integration
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are applied to obtain the mass matrix, leading to distortions in the accelerations that will
be calculated. Thus, high-order integrations should be avoided if the lumping strategy is
applied for the sake of efficiency.

From Eqgs. (3.140) — (3.142), it can be seen that the velocities are calculated only at half
time steps. If the velocity at the current step needs to be obtained, the following equation

can be employed:
g+ = gn+y) + %At(n+1)i'](n+1) (3.144)

It should be further noted that the explicit central difference method is not a self-starting
method. To enable the calculation to be advanced automatically, the velocities at steps

(—%) and (+§) need to be predefined. By replacing n in Eq. (3.144) with -1, the velocity

at time step (—%) can be determined, as follows:
002 = §© - LA @G (3.145)

By replacing n in Eq. (3.141) with 0 and considering Eq. (3.145), the velocity at time step

(+%) can be determined, as follows:
U = g© 1 LA OO (3.146)
2

3.6.3.3 Enforcement of boundary conditions

The essential boundary conditions in the homogenisation of the overall response of woven
composites can be prescribed either explicitly in the form of Eq. (3.115) or implicitly in
a PBC form. For the former case, they can be enforced directly in Eq. (3.142), and thus
no further treatment is needed. In terms of the PBC-based essential boundary conditions,
since they present in the form of displacement relations between each pair of equivalent
boundary nodes, they should be enforced using the displacement constraint elimination
method. However, it should be noted that the homogenisation of the overall response of
woven composites requires applying a history of PBCs. This suggests that the PBC in this

case is time-dependent and can be described using the following equation:

(x4, t) — yTu(x4,t) = —(e(t))TA vx? er-&vx4ert (3.147)
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To enforce the above time-dependent PBC, the constraint elimination method described
in Section 3.6.2 is extended as follows. Again, the original numbering sequence of field
nodes is reorganised based on a division of all field nodes in the problem domain into the
internal field nodes, i.e. x;; (I = 1, ...,n;), the field nodes on the negative boundary, i.e.
x;— (J = 1,...,,n_), and the field nodes on the positive boundary, i.e. xi, (K =1, ...,n,).
Based on the modified numbering sequence, the basic equations for the explicit central
difference method can be rewritten as follows, where the diagonal lumped mass matrix is

used instead of the consistent mass matrix:

(0™ Mt o 0 /(F™Y (FI™)
g™ =l o Mt o Fem ¢ — { Fitm (3.148)
i) o o myiI\lrm) (F™)
1 1 .
( 05"*’5)\ ( Ui("‘a)\ {Ul?")]
m) (n+1)
(2 JU(_"-%)L%{U@& (3.149)
i) les) T oo
(n+1) (n) . (n+=
Uin Uln Ul( 2)
1
g b = L g Ly arern { p(ne3) (3.150)
1
1 . =
UE:H ) Ugn) USMZ)
Based on Eq. (3.147), we can assume:
u™ = Tum + g™ (3.151)
Uity = Ty 4 gD (3.152)

where §™ and §™+D denote the differences between U, and TU_ at time steps n and
n + 1, and T has been defined in Eq. (3.107). Substituting the above two equations into
Eq. (3.150), we can obtain:

) g 4 §(n+3) (3.153)
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where

(4l _ (;(n+1)_§(n))
E( 2) =

Replacing n in Eq. (3.153) with n — 1 produces:

where

1 _ (E(n)_f(n—l))
f(n 2) =™

Substituting Egs. (3.153) and (3.155) into Eq. (3.149), we can obtain:

0 = T + Em
where

2(;("*%)4("‘%))

HOW
AL+ A (D)

(3.154)

(3.155)

(3.156)

(3.157)

(3.158)

Substituting Eq. (3.157) into Eq. (3.148), the following equation can be obtained after

performing some mathematical manipulations:
g™ = M~1(Fem — Fit)
where

5 = (0 o)

M-t = (M) ;; 0
0 Mp)__ + (M) 4T
n)
Fem — F

FE™ + FS™ — (M), 8™
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i(n)
F;

FiW = (3.163)
Fi) 4 pi(V

Since no external force will be prescribed when predicting the overall response of woven

composites, the external force components in Eq. (3.162) vanish, leading to:

0
Fe = (3.164)
- (ML) ++ 'é'(n)

From Egs. (3.149) and (3.150), we can also obtain:

o) = gna) 4 w g™ (3.165)
gD = g 4 a0 () (3.166)
where
(3 = (gl U(_n—i)}T (3.167)
g™ = {y™ ym} (3.168)

Egs. (3.159), (3.165) and (3.166) are the final equations for enforcing the PBC defined in
Eq. (3.147). Solving these equations and considering Egs. (3.152), (3.153) and (3.157),
all the components of the global displacement vector, the global velocity vector and the

acceleration vectors can be calculated.

3.7 Summary

In this chapter, the background knowledge and basic concepts associated with meshfree
methods were firstly introduced. Then, the formulation procedures for three commonly
used shape function construction techniques, i.e. MLS, RBF and MK, were detailed in
combination with examples of calculating shape functions using these techniques. These
examples suggest that the RBF-based and MK-based shape functions possess both the
property of partitions of unity and the Kronecker delta function property, while the MLS-
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based shape functions possess only the property of partitions of unity. At the end of this
chapter, the formulation procedures for both the standard weak-form meshfree method
and the explicit weak-form meshfree method were described, and the basic equations for
enforcing the PBC-based essential boundary conditions within the two meshfree methods

were formulated.
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CHAPTER 4: ELASTIC PROPERTY
HOMOGENISATION

4.1 Introduction

4.1.1 Unit cell identification and domain reduction

In the micromechanical homogenisation of woven composites, the representative region
that is used to perform a homogenisation is termed as a unit cell (UC). In general, a full-
size UC is defined as the smallest region such that the entire composite structure can be
reconstructed from translational copies of it, without using rotational and/or reflectional
symmetries [187]. This suggests that the choice of a UC for woven composites is not

unique, but with many possibilities.

Figure 4.1: Typical plain woven composites and its possible UCs

Fig. 4.1 shows some of the possible UCs in typical plain woven composites. In this figure,
the matrix has been set to be transparent in order to reveal the internal architecture. The
same treatment will be applied if appropriate for presenting the internal architectures of

other types of woven composites throughout this thesis. Clearly, each of the highlighted
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4.1 Introduction

regions in this figure can be defined as a UC, owing to the fact the composite structure
can be reconstructed based on translations copies of any of these regions. In addition, this
figure suggests that different types of UCs do not necessarily have the same size, but with
the size of the UC being dependent of the translation symmetry applied to obtain the UC.
For example, the size of UC “A” is the same as that of UC “B”, which is because the
translational symmetries used in the two cases, i.e. those from A to A* and B to B*, are
parallel to the global coordinate system (GCS) of the composite material, i.e. OXYZ. On
the other hand, the size of UC “C” or “D” is smaller than that of UC “A” as a result of
utilising non-parallel translational symmetries in obtaining UC “C” or “D”. Furthermore,
it is worth noting that a UC should be defined such that it facilitates the homogenisation
analysis that is to be performed. For instance, UC “A”, “B” or “D” is well-suited for
homogenising the elastic properties in the warp and weft directions, while UC “C” is only
suitable to predict the properties in off-axis directions, e.g. 45° to the warp direction. For
convenience, the UCs that are similar to UC “A” will be referred to as normal UCs, while

those similar to UC “C” will be termed as off-axis UCs in the rest of this thesis.

PRXN

(a) Full-size UC to %UC by using reflectional symmetries

(b) ;UC to —UC by using reflectional & rotational symmetries

Figure 4.2: Domain reduction for plain woven composites
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Clearly, the highly complex internal architecture of woven composites often requires an
excessive modelling time and a high computational cost even at the level of full-size UC.
Thus, it is always desirable to exploit all possible symmetries of the woven composites
of investigation to reduce the size of the domain of homogenisation. The symmetries that
can be exploited in woven composites consist of translation, rotation, reflection and a
combination of these symmetries. Fig. 4.2 shows a typical procedure for exploiting all
possible symmetries in plain woven composites from a full-size UC to the smallest UC,
which is comprised of two steps. Firstly, the full-size UC can be quartered by exploiting
the reflectional symmetries, leading to a %UC. Secondly, the %UC can be further reduced

by considering both the reflectional and rotational symmetries, leading to a -UC, which

is a UC that cannot be further exploited.

The above example suggests that there will be different sizes of UCs involved in reducing
the domain of woven composites. For clarity, the following definitions are introduced and
will be utilised hereafter in this thesis. A domain region that is obtained after exploiting
partially or fully the symmetries of a full-size UC will be referred to as a reduced unit cell
(rUC), and an rUC will be termed as a minimum unit cell (mUC) if there is no symmetry
that can be further exploited. Based on the above definitions, we can see in Fig. 4.2 that

both the ;UC and —-UC are rUCs, while only the -UC is an mUC. For simplicity, all

woven composite geometry models developed in the present research are mUCs.

It should be noted that if a homogenisation of woven composites is conducted using a
full-size UC, which is derived based on translational symmetries only, the standard form
of PBC, as defined in Eq. (2.79), can be applied directly to enforce boundary conditions.
However, if an rtUC or mUC is used, the standard form of PBC cannot be applied since
this type of PBC is formulated based on a full-size UC, rather than on an rUC or mUC,
which can be obtained only after exploiting at least a non-translational symmetry. Thus,
enforcing boundary conditions for an rUC or mUC must be performed in accordance with
the reduction operations used to obtain the rUC or mUC. Algorithms for deriving the PBC
of rtUCs or mUCs of woven composites can be found in Li et al. [188], Whitcomb and
co-workers [189, 190], De Carvalho et al. [191]. In this research, the algorithm developed
by De Carvalho ef al. [191] has been utilised to derive boundary conditions for woven

composites, and it will be described in detail in Section 4.5.
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4.1.2 General assumptions

To model the internal architecture of woven composites as accurate as possible, a number
of plain woven carbon fibre-reinforced polymer (CFRP) composite specimens has been
fabricated based on EP121-C15-53 prepreg supplied by Gurit Ltd to observe the cross-
section and waviness of yarns. The woven fabric in this prepreg is made from 3k HTA40
carbon fibres and has an areal density of 193g/m?. The fabric is pre-impregnated with a
53% EP121 resin matrix, which is a toughened self-extinguishing epoxy resin. Hereafter
in this thesis, this composite material will be used for predicting the elastic properties and

the overall response. For convenience, it is denoted as EP121-C15-53 composites.

(b) Micrograph at 100x magnification

Figure 4.3: Micrographs of typical plain woven composites
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Fig. 4.3 shows two micrographs of this composite material at different magnifications.
An initial observation of the two micrographs suggests that although the cross-sections
of the yarns exhibit in different shapes (see the areas highlighted using solid curves), the
dominant ones are lenticular. Thus, it is assumed that the cross-section of a general yarn
in woven composites can be fitted using simple functions, such as cosine functions. Fig.
4.4 shows the result of using cosine functions to fit the cross-sections of the yarns in the
specimens. Here, it should be noted that the data points representing the cross-sections
have been translated such that all cross-sections are centred at the same point for the sake
of easy comparison. From this figure, it is established that the cross-section of a general

yarn in woven composites can be described using cosine functions.

032 r Formulated O Measured #1 & Measured #2
x  Measured #3 O Measured #4 + Measured #5

0.28

0.24

Z. (mm)

0.20

0.16

0.12

X (mm)

Figure 4.4: Yarn’s cross-section fitted by using cosine functions

In addition to the above observation, it can be found in Fig. 4.3 that the yarns in this type
of composite material have a wave-like shape in the fibre direction, as highlighted in the
figure using dashed curves. Furthermore, it can be seen that the thickness of each yarn is
almost constant across the whole yarn. Based on these findings, it is assumed that the
waviness of a general yarn in woven composites can be largely described using cosine
functions. A subsequent curve fitting, as shown in Fig. 4.4, confirms the feasibility of

such an assumption.
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Figure 4.5: Yarn’s waviness fitted using cosine functions

Based on the above observations and curve fittings, the general assumptions made in the
present research to model the internal architecture of woven composites are summarised

as follows:

1) The cross-section of a general yarn in woven composites can be described using

simple functions such cosine functions;

2) The waviness of a general yarn in woven composites can be fitted using simple

functions such as cosine functions;

3) Each yarn in woven composites has a constant cross-sectional shape across the

whole yarn.
4.1.3 Further assumptions

In structural application of woven composites, a woven composite structure is fabricated
typically by stacking a number of plies or layers together to form the whole thickness of
the structure. Depending on the mechanical performance required, the direction of a ply
can be parallel or at an angle to that of another ply. Additionally, composite plies can be
stacked together based on simple stacking, symmetrical stacking and/or a combination of

them. Examples of simple and symmetrical stacking are shown in Fig. 4.6.
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The many possible combinations of composite stacking and ply orientation complicates
the development of predictive models for woven composites. Thus, the present research
focuses on developing predictive models for the woven composites with simple stacking
and the same ply orientation. This means that only a layer of woven composites is needed
to identify UCs as translation is the unique type of symmetry in the through-the-thickness
direction in such type of woven composites. Also, for simplicity, manufacturing defects,
such as inter-ply shifting, yarn nesting and fibre misalignment, will not be considered in
developing geometry models for woven composites. Furthermore, a perfect bonding is
assumed, avoiding the effort needed to model the interface between the polymer matrix

and the yarn material.

(a) Plain woven composites based on simple stacking

(b) Plain woven composites based on symmetrical stacking

Figure 4.6: Two typical stacking methods in woven composites
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4.1.4 Definitions and notations

Fill yarn

Lower & upper Lower & upper

cross-sectional curves 0] guide curves

Figure 4.7: Definitions for the feature curves of a typical yarn

To simplify the description of the UC models, which will be presented in the following
sections, the following definitions are introduced for describing yarns. Firstly, the lower
and upper curves of the intersection between a yarn and a plane that is perpendicular to
the fibre direction are referred to as the lower cross-sectional curve and the upper cross-
sectional curve, see Fig. 4.7. Secondly, the lower and upper curves of the intersection
between a yarn and a plane that is parallel to the fibre direction are termed as the lower
guide curve and the upper guide curve, see Fig. 4.7. To systematically and accurately

quote a feature curve, the following notation strategy is employed:

20006

Y This symbol is to suggest based on which coordinate a feature curve is described.
For example, if a curve is described in the form of z = f(x, y), this symbol should

be ‘5233

(@ This subscript is to suggest to which type of yarn a curve belongs, and it should
be filled with the first letter of yarn’s name. For example, if a curve belongs the
warp, fill or binder yarn, this subscript is filled with “w”, “f” or “b”. It should be
noted that there could be more than one yarn of the same type even in a single UC

model. In such a case, this subscript should be filled with a letter followed by a
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number. For instance, subscripts “w1” and “f2” stand for the first warp yarn and

the second fill yarn, respectively.

(2 This subscript is to suggest the relative location of the curve being described. It
should be filled with letter “I” if it is a lower curve; otherwise, letter “u” should

be used to denote an upper curve.

@ This subscript is to the type of a curve being described. This subscript should be
filled with letter “c” if it is a cross-sectional curve; otherwise, letter “g” should be

used to denote a guide curve.

Based on the above notation strategy, the notation of z,;. suggests that the curve being
described is the lower cross-sectional curve of the warp yarn. Similarly, the notation of

Zgug Suggests that it is the upper guide curve of the second fill yarn.

4.2 Normal mUC for plain woven composites

matrix

matrix

H/4

3l

H/2

3yl

H/4

<A

(a) Model I: lenticular cross-section (b) Model II: elliptical cross-section
Figure 4.8: Plain woven composite UCs developed by Wen and Aliabadi [94]

The plain woven composite UC model proposed in the present research is improved from
those originally developed by Wen and Aliabadi [94] for predicting the elastic properties
of plain woven composites, as shown in Fig. 4.8. In their first model, the cross-section of
a yarn was modelled as a lenticular shape with one cross-sectional curve described using

a cosine function and the other using a quadratic function. Such an assumption, however,
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4.2 Normal mUC for plain woven composites

leads to an asymmetrical cross-section. Although this problem was properly addressed in
their second model by using an elliptical cross-section, the combination of using elliptical
functions to describe the cross-section and using cosine functions to describe the waviness
causes another problem, which is that the lower surface of the fill yarn is even lower than
the upper surface of the warp yarn in the vicinity of the expected coincidence point of the

two yarns, i.e. x = (0,0, H/2).

Matrix

Figure 4.9: The improved mUC model for plain woven composites

To avoid the above two problems and follow the assumption given in Section 4.1, cosine
functions are used to describe both the cross-section and waviness of the yarns of plain
woven composites. Fig. 4.9 shows the improved model, which is a normal mUC obtained
after performing the domain reduction operations illustrated in Fig. 4.2. Compared to the
models shown in Fig. 4.8, two extra parameters, L and W, which stand for the length and
width of the UC, are utilised here to improve the flexibility of accommodating this model
for plain woven composites with different fabric sizes. Similar to the original models, a
dimensionless parameter, A, which is defined as the ratio of the half width of the warp
(AW) or fill yarn (AL) to the width (W) or length (L) of the UC, is utilised to control the

width of the yarns. In addition, the warp and fill yarns are assumed to have a maximum
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thickness of H /2. It is further assumed that each yarn can be constructed by sweeping its

cross-section along the corresponding guide curves.

4.2.1 Warp yarn (0 <y <iW)

Figure 4.10: The warp yarn of the improved mUC for plain woven composites

According to the assumptions in Section 4.1 and the geometry configuration shown in
Fig. 4.10, the lower and upper cross-sectional and guide curves can be described using

the following four equations, respectively:

Zwle = %—%cos% (4.1)
Zwuc = % + %cos % (4.2)

Zylg ==+ COS (4.3)
Zwug = % + %cos :—Z (4.4)

Based on the above four equations, the lower and upper surfaces of the warp yarn can be

described using the following two equations:

lower _ H _ H ™ Ty

Zwarp = Zwlc T Zwig — P (2 + cos—- — COs m) 4.5)
upper __ _H 194 Ty

Zwarp = Zwuc t Zwlg — H= 2 (2 + COSZ + cos m) (4‘6)
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By taking the partial derivative of Eq. (4.5) or (4.6) with respect to x, the waviness or the

undulation angle of any material point on the warp yarn with respect to the XOY plane

can be determined, as follows:

_, [azlower mH . Tx
Owarp = tan™* (%) =tan ! (—Esm Z) 4.7)

4.2.2 Fill yarn (0 <x<AL)

Figure 4.11: The fill yarn of the improved mUC for plain woven composites

Similar to the warp yarn, the equations for describing the lower and upper cross-sectional

and guide curves of the fill yarn, as highlighted in Fig. 4.11, can be obtained, as follows:

Znc == —Scos oo (4.8)
Zfye = % + %cos % (4.9)
Zfig =%—%cos% (4.10)
Zrug = 5 — = COS 2 4.11)

Based on the above four equations, the lower and upper surfaces of the fill yarn can be

described using the following two equations:

lower _ _H X Ty
Zan = Zac tZag = (2 — COS - — COS W) (4.12)
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upper __ _H_H ™ ny
Zen = Zrug T Zfuc T 5 = 7 (2 + cos —— — cos ZW) (4.13)

By taking the partial derivative of Eq. (4.12) or (4.13) with respect to y, the waviness or
the undulation angle of any material point on the fill yarn with respect to the XOY plane
can be determined, as follows:
_ ) liower _ H .
Oy = tan™! (Zf#) = tan! (“— sin H) (4.14)

Based on the above equations, the volume of the warp yarn, the volume of the fill yarn

and the overall yarn volume fraction can be calculated, as follows:

Aw ALWH
Vwarp =L fo (Zwue — Zwicd)dx = - (4.15)
AL ALWH
Viin = W [ (Zue — zno)dx = = (4.16)
22
Vyarn = (Vwarp + Vfill)/Vcell - 4.17)

4.2.3 Choice of parameter A

035 r 2=0.50
----- 2=0.75
0.28 ~ - =10
_ ool L Warp yarn
£
g
N 0.14
0.07
0.00

Figure 4.12: Variation of on the shape and size of the yarn

It should be noted that the dimensionless parameter, A, must satisfy the condition of 0 <

A < 1 since the widths of the yarns must be no larger than the corresponding dimensions
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4.3 Normal mUC for 2/2 twill woven composites

of the UC, i.e. AW < W or AL < L. Fig. 4.12 shows the variation of 4 on the shape and
size of the cross-section of the fill yarn. It is evident from this figure that the width of the
fill yarn increases as the value of 4 is increased. In addition, when the value of 4 reaches
its upper limit (i.e. 1.0), the upper cross-sectional curve of the fill yarn coincides with the

lower guide curve of the warp yarn.

4.3 Normal mUC for 2/2 twill woven composites

The UC developed for 2/2 twill woven composites is shown in Fig. 4.13. This model is a
normal mUC obtained after performing the three-step reduction operations illustrated in
Fig. 4.14. Firstly, a single layer of twill woven composites is quartered after exploiting
its translational symmetries, leading to a full-size UC. Secondly, by using the reflectional

and rotational symmetries, the full-size UC is quartered into a UC. Finally, exploiting

the symmetries in the ;UC leads to a —~UC, which is the mUC shown in Fig. 4.13.

Figure 4.13: The proposed mUC model for 2/2 twill woven composites
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<

%,
%
%%

©°

(a) Composite ply to full-size UC by using translational symmetries
(b) Full-size UC to %UC by using reflectional and rotational symmetries

1 1 . . . .
(¢) ;UC to -UC by using reflectional and rotational symmetries

9

Figure 4.14: Domain reduction for 2/2 twill woven composites

The geometry configuration of the mUC model for twill woven composites is shown in

Fig. 4.13. In this figure, L, W and H stand for the length, width and height of the UC, and

the dimensionless parameter, A, is defined as the ratio of the half width of the warp yarns

(AW) or the fill yarns (AL) to the width (W) or length (L) of the UC. To prevent any

interpenetration between adjacent yarns, the dimensionless parameter should be no larger

than 0.5. In addition, all the yarns are assumed to have a maximum thickness of H /2.
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4.3.1 Warp yarn 1 (0 <y <iW)

Based on the assumptions in Section 4.1 and the geometry configuration shown in Fig.
4.13, the lower and upper cross-sectional and guide curves of warp yarn 1, as shown in

Fig. 4.15, can be described using the following equations:

Zwile = - — 2 COS 2 (4.18)
Zwiuc = % + %cos% (4.19)

Zwilg = % + %cos HTX (4.20)
Zwiug = 5+ 5 COST 4.21)

Figure 4.15: Warp yarn 1 of the proposed mUC for twill woven composites

By considering the above four equations, the equations for describing the lower and upper

surfaces of warp yarn 1 can be obtained, as follows:

lower _ H _H X Yy

Zwarpt = Zwilg t Zwile =5 = (2 + cos—~ — cos W) (4.22)
upper __ _ _H X Ty

Zwarpt = Zwiug t Zwiue — H = 3 (2 + cos— + cos _Z)LW) (4.23)

98



Chapter 4: Elastic property homogenisation

By taking the partial derivative of Eq. (4.22) or (4.23) with respect to x, the waviness or
the undulation angle of any material point on warp yarn 1 with respect to the XOY plane

can be determined, as follows:

azlower

9warp1 = tan™! (%rm) = tan~! (— %sin nTx) (4.24)

4.3.2 Warp yarn 2 (W-AW <y < W)

The geometry configuration of the second warp yarn is illustrated in Fig. 4.16, where the
X'O'Z! plane denotes plane Y = W — AW. It can be seen from this figure that there is no
presence of waviness in this yarn. This indicates that the equations for describing the
lower and upper surfaces are essentially those for describing the lower and upper cross-

sectional curves, as follows:

lower __ _H H ™y T

Zwarpz = Zwale = 3T €08 (ZAW N ﬁ) (4.25)
upper __ _H H my T

Zwarpz = Zw2uc = 3 + , COS (—ZAW 21) (4.26)

Figure 4.16: Warp yarn 2 of the proposed mUC for twill woven composites
4.3.3 Fillyarn 1 (0<x<AL)

Similar to warp yarn 1, the lower and upper cross-sectional and guide curves of fill yarn

1, as shown in Fig. 4.17, can be described using the following four equations:
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H H X

Zf1lc = Z — Z COoS m (427)
H H X

Zfiuc = Z + Z COS m (428)

H H Ty

Zf11g = Ry cos W (429)
3H H Ty

Zflug = - 7 cos m (430)

By combining the above four equations, the equations for describing the lower and upper

surfaces of fill yarn 1 can be derived, as follows:

lower _ _H X Ty
Zem = Zeug t Zpue = (2 — COS——— COS W) (4.31)
upper _ _H_H T os™
Zeny = Zfiug T Zfluc T, = (2 + cos —— — cos W) (4.32)

By taking the partial derivative of Eq. (4.31) or (4.32) with respect to y, the waviness or

the undulation angle of any material point on fill yarn 1 with respect to the XOY plane

can be determined as follows:

lower

_1 [0z _1(TmH . Ty
Oy = tan~? (%;) = tan~! (3 sin ) (4.33)
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4.3.4 Fill yarn 2 (L-AL <x <L)

02 AL

/

Figure 4.18: Fill yarn 2 of the proposed mUC for twill woven composites

In terms of the second fill yarn, as shown in Fig. 4.18, where the X?0?Z? plane denotes
plane X = L — AL, there is again no presence of waviness in this yarn. Thus, its lower and
upper surfaces can be described directly using the equations for describing the lower and

upper cross-sectional curves on the X O*Z? plane, as follows:

lower _ _3H_ H (T[x _1)

Ziilz = Zf21c =, S C0S\o0 T (4.34)
wpper _  _3H  H o o(mr m

Zanp = Ziuc =, L C0s(oo o3 (4.35)

Based on the above equations, the volumes of the warp yarns, the volumes of the fill yarns

and the overall yarn volume fraction can be calculated, as follows:

AW ALWH
Vwarp2 = Vwarpl =L fo (Zwiue — Zwilc)dx = (4.36)
AL ALWH
Viinz = Vi = W [§ (Zriue — Zrucd)dx = — (4.37)
42
Vyarn = (Vwarpl + Vwarpz + Vi + Vfillz)/vcell T (4.38)
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4.4 Normal mUC for 3D woven composites

(b) Full-size UC to %UC by using reflectional symmetries only

&

1 o . . .
() %UC - ;UC by using reflectional and rotational symmetries

Figure 4.19: Domain reduction for 3D orthogonal woven composites

For three-dimensional (3D) orthogonal woven composites, the mUC can be derived after
performing the domain reduction operations demonstrated in Fig. 4.19. Specifically, a
full-size UC is firstly obtained by exploiting the translational symmetries in the composite

ply. Secondly, the full-size UC can be reduced based on its reflectional and rotational
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symmetries, which leads to a %UC. Finally, exploiting both the reflectional and rotational
symmetries of the ;UC yields a ~UC, which is the mUC model that will be used to model

the geometry of 3D orthogonal woven composites.

At the level of mUC, Li et al. [145] developed a sophisticated model for predicting the
elastic properties of 3D orthogonal woven composites. In their model, as shown in Fig.
4.20, the cross-sections of the two warp yarns and the middle fill yarn, which are straight
within the mUC, were assumed to be elliptical. For the lowest and highest fill yarns, they
were modelled by utilising an arctangent function to describe one of the cross-sectional
curves and a parabolic function to describe the other. In addition, the lowest fill yarn was
assumed to be comprised of a straight part and a wavy part, with the waviness of the wavy
part being described using a sine function. In terms of the binder yarn, its cross-section
was assumed to be elliptical, and the waviness of the middle guide curve was described

using an arctangent function.

Y
Figure 4.20: An mUC for 3D orthogonal woven composites (by Li et al. [145])

A small drawback of the above mUC model is that the use of different types of functions
to describe the lower and upper cross-sectional curves of the lowest and highest fill yarns

creates asymmetrical cross-sections, which is technically undesirable. In addition, this
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UC model does not permit space between the adjacent yarns in the warp direction. For
example, no space was assumed between the binder yarn and fill yarn 2. A problem of
such a design is that it reduces the flexibility of accommodating the mUC model for the
3D woven composites with loose weave pattern. Furthermore, for the sake of the lowest
fill yarn interlacing with warp yarn 1 and the binder yarn, the use of a straight part and a
wavy part produces a pocket between the fill yarn and warp yarn 1, which is obviously
undesirable. Finally, the equations defined for the binder yarn produce lower values of
the thickness in the regions with high waviness. A consequence of such a design is the
presence of a high variation in the cross-section of the binder yarn, leaving the assumption

of a constant cross-sectional shape being not satisfied exactly.

Y <&

Figure 4.21: The improved mUC model for 3D orthogonal woven composites
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In the present research, an improved mUC has been developed to avoid the drawbacks
discussed above. In the improved model, as demonstrated in Fig. 4.21, the problem of
asymmetrical cross-sections is avoided by using cosine functions to describe both the
lower and upper cross-sectional curves of all the yarns. In addition, four coefficients, 4,,,
Afa» Asp and Ap, the meaning of which will be listed later at the end of this paragraph, are

utilised to improve the flexibility of the mUC in terms of forming gaps between adjacent
yarns if needed. Furthermore, in order to avoid the problem of creating a pocket between
the lowest fill yarn and warp yarn 1, the lowest fill yarn is assumed to consist of two wavy
parts that match with both the binder yarn and warp yarn 1, respectively. In terms of the
binder yarn, its waviness is described based on the middle guide curve using a hyperbolic
tangent function, and the requirement of a constant cross-sectional shape is ensured by
including a coordinate-dependent term when developing the equations for describing the
lower and upper guide curves, which will be addressed later. To be concise, the meanings

of the symbols in Fig. 4.21 are summarised as follows:
L - Overall length of the mUC
W - Overall width of the mUC
H - Overall height of the mUC
Aw = The ratio of the half width (4, W) of warp yarn 1 or 2 to W
Afa = The ratio of the half width (A¢,L) of fill yarn 1 or 3 to L
Ay = The ratio of the half width (Ag,L) of fill yarn 2 to L
Ap = The ratio of the half width (A, W) of the binder yarn to W
H,, - The maximum thickness of warp yarn 1 or 2
H, - The maximum thickness of fill yarn 1 or 3
Hg, - The maximum thickness of fill yarn 2

Hy, - The maximum thickness of the binder yarn
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4.4 Normal mUC for 3D woven composites

4.4.1 Warp yarn 1 (0 <y <iwW)

Y

Figure 4.22: Warp yarn 1 of the improved mUC for 3D woven composites

The lower warp yarn (i.e. warp yarn 1) of the mUC is a straight yarn, as shown in Fig.
4.22. Therefore, its lower and upper surfaces can be described directly using the lower

and upper cross-sectional curves, as follows:

lower _ _ Hy Hw ™y

Zwarp1t = Zwile = Hfa + - 3 C0s (m) (4.39)
upper. _ = Hw , Hw ™y

Zwarpl = Zwiuc = Hfa + P + > Cos (ZAWW) (440)

4.4.2 Warp yarn 2 (0 <y < iwW)

The upper warp yarn (i.e. warp yarn 2) is also a straight one, as shown in Fig. 4.23, where
H; = Hp, + H,,. Again, its surfaces can be described based on the cross-sectional curves.
However, since it has exactly the same geometry as warp yarn 1 and can be treated as a
result of translating warp yarn 1 for a distance of H; in the Z direction, its lower and upper

surfaces can be described directly as follows:

106



Chapter 4: Elastic property homogenisation

lower __ _ 3Hy, Hy my

Zwarpz = Zw2lc = Hpa + Hpp + 7 g ¢OS (ZAWW) (4.41)
upper 3Hy = Hy ( Ty )

z =z = H¢, + Hp, + — + —cos 4.42
warp2 w2uc fa fb P 2 2AWW ( )

He,+H;

&~
Y
Figure 4.23: Warp yarn 2 of the improved mUC for 3D woven composites

4.4.3 Fill yarn 1 (0 <x <ifl)

For the lowest fill yarn (i.e. fill yarn 1), as highlighted in Fig. 4.24, it consists of two wavy
parts, which should be described separately. However, as the yarn has been assumed to
have a constant cross-sectional shape, the lower and upper cross-sectional curves of both

parts on plane Y = W can be described using the same set of equations, as follows:

H H X
Zene = Hy + % — % cos (zafaL) (4.43)
Zgrue = Hp + % + % cos (ZI:L) (4.44)

107



4.4 Normal mUC for 3D woven composites

Figure 4.24: Fill yarn 1 of the improved mUC for 3D woven composites

To describe the surfaces of both parts of fill yarn 1, the waviness of each part and the ratio
of the length of each part to that of the whole yarn need to be determined. In this work,
the division of this yarn is controlled by a dimensionless parameter, A. It is assumed that
the right wavy part has a length of AW and a guide curve height of AHy,, and the left wavy
part has a length of (1 — )W and a guide curve height of (1 — 1)Hy, as shown in Fig.
4.24. To ensure a smooth transition from the right wavy part to the left wavy part and at
the same time to maintain a reasonable match of fill yarn 1 with both the warp and binder
yarns, it is further assumed that the ratio of the length of the right wavy part to that of the
left wavy part is equal to the ratio of the width of warp yarn 1 to that of the binder yarn,

which leads to the following relation:

W AW

A-DW ~ ,W (4.45)
Solving this equation yields the value of the dimensionless parameter:
Aw
= i (4.46)
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4.4.3.1 Right wavy part of fill yarn 1 (0 <y <AW)

Based on the above assumptions and those in Section 4.1, the equations for describing the

lower and upper guide curves of the right wavy part can be obtained, as follows:

Zfig = AHp — AHpcos (752 (4.47)
g = Hia + AHy = 2Hycos (37) (4.48)

By combining the above two equations with Egs. (4.43) and (4.44), the lower and upper

surfaces of the right wavy part of fill yarn 1 can be described, as follows:

1
Zfrmciwer = Zppe t Zﬁlg — Hy (4.49)
r,u er
Zﬁllfp = Zfiuc T Zfr1ug — (Hgy + Hp) (4.50)

Expanding the above two equations gives:

ZHlower = Hfa + AHy — ﬁcos (sza ) AHycos (2 ;:V ) (4.51)
Zlfll‘l‘fper _ Hfa + AHy + —cos (z)tfa ) AHycos (2;‘;/) (4.52)

By taking the partial derivative of Eq. (4.51) or (4.52) with respect to y, the waviness or
the undulation angle of any material point on the right wavy part of fill yarn 1 with respect

to the XOY plane can be determined, as follows:

rlower

—1 [92¢ —1 (THy . Yy
6L, = tan~! (f(}#) = tan"! (32 sin (2%)) (4.53)
4.4.3.2 Left wavy part of fill yarn 1 (AW <y < W)

Similarly, the equations for describing the lower and upper guide curves of the left wavy

part can be formulated, as follows:

(y-w)
Zhyg = AHp + (1 — 2)Hpcos (z“(ly_ A)W) (4.54)
(y-w)
zflug Hg, + AHy, + (1 — A)Hycos (21T(1y—/1)w) (4.55)
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By combining the above two equations with Eqs. (4.43) and (4.44), the lower and upper

surfaces of the left wavy part of fill yarn 1 can be described, as follows:

Llower 1
Zgnr = Zrie t Zing — Hp (4.56)

1,
Zfiillliper = Zfuc T Z%lug — (Hga + Hyp) (4.57)

Expanding the above two equations gives:

H, —w
Zhin'®" = "2+ Ay — 2 cos (5) + (1 = DHpeos (J2550)  (4.58)

Lupper __ Hfa
Zgy = -+ AHy + 2 g (

) + (1= D Hpeos (22222)  (4.59)

2Ag,L 2(1-)W

By taking the partial derivative of Eq. (4.58) or (4.59) with respect to y, the waviness or
the undulation angle of any material point on the left wavy part of fill yarn 1 with respect

to the XOY plane can be determined as follows:
Llower
I a1 (%% ) — a1 (= ™ i (YWD
O, = tan ( 3y ) = tan ( Sy Sin (2(1—/1)W)) (4.60)
4.4.3.3 Comparison with the original formulation

In order to demonstrate the improvement that has been achieved in modelling fill yarn 1,
the intersections of fill yarn 1, warp yarn 1 and the binder yarn with the YOZ plane are
visualised in Fig. 4.25a, where the intersection of the binder yarn with the plane is plotted
based on Egs. (4.65) and (4.66), which will be presented later in Section 4.4.6. For
comparison, the intersections based on the formulation developed by Li et al. [145] are
also drawn and shown in Fig. 4.25b. It should be noted that the same set of parameters
was used to generate the figures, and the parameters were W = 2.54, Hy = 0.292, Hg, =

0.292, H,, = 0.637, 4, W = 2.086 and 1,W = 0.454.

As is clearly shown in Fig. 4.25, the improved formulation is able to produce a smoother
transition in the waviness of fill yarn 1, compared to the original formulation. More
importantly, the undesirable pocket between the fill yarn and the warp yarn has been

successfully eliminated by using the improved formulation.
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77 1.25
1 1.00
Left wavy part
1 0.75
Warp yarn
1 0.50
Fill yarn 1 1 025
M
) 1 0.00
Y Right wavy part o
L 1 1 1 1 1 _0.25
2.75 2.25 1.75 1.25 0.75 0.25 -0.25

(a) Intersections plotted based on the improved formulation

71 1.25
1 1.00
Wavy part
1 0.75
Warp yarn 1
Py { 0.50
i o 1 0.25
Binder Fill yarn 1 X
v X 1 0.00
Straight part (0)
L 1 1 1 1 1 _0.25
2.75 2.25 1.75 1.25 0.75 0.25 -0.25

(b) Intersections drawn based on the formulation by Li ez al. [145]
Figure 4.25: Comparison of the intersections of the two formulations
4.4.4 Fillyarn 2 (0 <x <imL)

The middle fill yarn (i.e. fill yarn 2) is a straight yarn, as shown in Fig. 4.26. Therefore,
its lower and upper surfaces can be described directly using the equations for the lower

and upper cross-sectional curves, as follows:

lower __ _ Hgp Hey X
Zginz = Z21c = Hea + Hy + - T, ¢os (beL) (4.61)

(4.62)

upper __ _ Hey | Hpp X
Zgz = Zfauc = Hpa + Hy + .t cos (lebe)
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Figure 4.27: Fill yarn 3 of the improved mUC for 3D woven composites
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4.4.5 Fill yarn 3 (0 <x <ifnl)

The highest fill yarn (i.e. fill yarn 3) is also a straight yarn, as shown Fig. 4.27. Thus, the
lower and upper surfaces of this yarn can be described using the equations for the lower

and upper cross-sectional curves, as follows:

lower _ _ g _Hma Hpa (fo)
Zinz = Zeie = H — =7 =57 cos (= (4.63)
upper __ _ Hf, Hf, ( X )
Ze. =z =H—-——4+—cos 4.64
fill3 f3uc 2 + 2 2A¢al ( )

4.4.6 Binder yarn (W-ibnW <y <W)

According to the assumptions in Section 4.1 and the geometry configuration shown in
Fig. 4.28, where the X'O'Z! plane stands for plane Y = W, the lower and upper cross-

sectional curves of the binder yarn can be described as follows:

—H_Hp ny-w)

Zplc = 5 cos( Y ) (4.65)
— M Hp ny-w)

Zoue =5 T3 cos( W ) (4.66)

Figure 4.28: Binder yarn of the improved mUC for 3D woven composites
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To facilitate the description of the waviness of the binder yarn, an extended binder yarn
has been constructed based on the binder yarn shown in Fig. 4.28. In the extended yarn,
as shown in Fig. 4.29, the extended part is a copy of the original part after performing a
rotation of 180° with respect to the Y! axis. Clearly, in 3D orthogonal woven composites,
the binder yarn is designed to bind warp and fill yarns together in the form of switching
itself from one side of the ply to the other, as indicated in Fig. 4.29 or more clearly in Fig.
4.19. Such a switch requires the binder yarn to have a waviness with a significant variation
in the middle region and minor variations in the remaining areas, suggesting that the initial
assumption of simply utilising a cosine function to model the waviness of the whole yarn

would be impossible in this case.

Figure 4.29: Extended binder yarn of the improved mUC

In this research, it is assumed that the waviness of the binder yarn can be described using
a hyperbolic function as this type of function is capable of producing significant variation
in the middle region and becoming flat in the remaining areas. Based on this assumption
and the geometry configuration shown in Fig. 4.29, the following equation is proposed to

describe the middle guide curve of the extended binder yarn:
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Zbmid = 5 + Mo tanh[s, (x — L)] (4.67)

where s, is a parameter used to control the rate of the function reaching its limit values
and thus to fit the waviness of the binder yarn (an example showing how this parameter
controls the shape or waviness of a binder yarn is given in Fig. 4.30), and m,, is a scaling
parameter defined such that the value of zy ;4 exactly equals Hy, /2 if x = 0 or equals

H — H,/2 if x = 2L, and it is determined as follows:

_ H—-Hy
T2 tanh(sgL)

mo (4.68)

2.5

Z, (mm)

0.0

4.8 4.0 0.0

Figure 4.30: Variation in the waviness of a binder yarn on the value of so

Since the binder yarn shown in Fig. 4.28 is a part of the extended yarn, its waviness can
also be described using Eq. (4.67). Therefore, by taking the derivative of Eq. (4.67) with
respect to x, the waviness or the undulation angle of any material point on the binder yarn

with respect to the XOY plane can be approximated, as follows:

dzpmi —
Bpinder = —omid = tan™"{mgs,{1 — tanh?[s, (x — L)]}} (4.69)

It should be noted that the binder yarn has been assumed to have a constant cross-sectional
shape across the whole yarn. This suggests that both the lower and upper guide curves of
the binder yarn should have the same distance from the middle guide curve, i.e. Hy,/2.

Thus, the equations for describing the two guide curves can be defined, as follows:
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_ | H | _H _ _ | _Hv
Zblg = Zbmid ~ |35imge| = 2 + mg tanh[sy(x — L)] Zsin90| (4.70)
_ Hy | _H Hy,
Zbug = Zbmid T Zomosl = 2 + mg tanh[s,(x — L)] + 25in90| (4.71)
where
— —gan-1 — —gan-1 1
6o = —tan [tan(ebinder)] = —tan {moso{l—tanhz[so(x—L)]}} (4.72)

Here, in Eq. (4.70) or Eq. (4.71), the use of the last term ensures the maximum thickness
of the binder yarn at any cross-section exactly equalling Hy, and thus ensures the binder

yarn having a constant cross-sectional shape across the whole yarn.

Based on the above two equations and those defined for describing the lower and upper
cross-sectional curves, i.e. Egs. (4.65) and (4.66), the lower and upper surfaces of the

binder yarn can be described, as follows:

lower _
Zpinder = Zblg + Zpic (4.73)
upper __
Zpinder = Zbug T Zbuc — Hp (4.74)

Expanding the above two equations yields the explicit forms of equations for describing

the surfaces of the binder yarn, as follows:

lower _ H , Hp Hp (T[(y_W)) _ _ | Hy |
Zhinder = 5 T — 5 COS W + mg tanh[sy(x — L)] Zoinge (4.75)

upper H H H t(y—-w
pper _ b _bcos((y )

Zhinder =5~ 5 T W ) + mg tanh[sq(x — L)] + |

| (4.76)

Hy
2sinfg

4.5 Derivation of boundary conditions
4.5.1 Introduction

Apart from identifying a UC and modelling the internal architecture, which have been
covered previously in this chapter, one key issue to be addressed in the micromechanical
homogenisation of the elastic properties or the overall response of woven composites is

to derive the boundary condition for the UC of homogenisation. However, it should be
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noted that the UC models proposed in this work are rUCs or specifically mUCs, which
are identified by exploiting not only translational but also non-translational symmetries,
such as rotation and reflection. This indicates that the standard form of PBC is applicable
only at the level of full-size UC but inapplicable at the level of rUC or mUC since this
form of PBC is formulated based on translational periodicity only, as detailed in Section

2.5, Chapter 2.

The approaches for deriving the PBC of woven composites at the level of rUC or mUC
have been well established, and they can be largely classified into two types, namely, the
multi-step approach and the equivalence approach. In the former approach, the boundary
condition of an rUC is deduced step by step from that of the full-size UC in accordance
with the symmetry operations that have been utilised to obtain the rUC from the full-size
UC. An exhaustive example of utilising such an approach can be found in Li et al. [188],
where the boundary conditions of rUCs of plain woven composites were calculated step

by step and summarised for each loading condition.

On the other hand, the equivalence approach is a one-step method as it formulates generic
equations based on which the boundary condition of either a full-size UC or an rUC can
be calculated. This approach was first proposed by Whitcomb et al. [190] based on the
concept of Equivalent Coordinate System (ECS), which was applied to establish relations
between the geometry and mechanics quantities (i.e. coordinate, displacement, stress and
strain) of two adjacent subdomains and thus to derive the boundary condition for the UC
of homogenisation. This approach was later extended by Tang and Whitcomb [189] and
De Carvalho et al. [191], leading to very generic forms of equations for determining the
boundary condition of woven composites at the level of rUC. In this research, the generic
equations developed by De Carvalho et al. [191] have been utilised to derive the boundary
conditions for the mUCs presented in this thesis, and these equations will be detailed in

the following section, for completeness.
4.5.2 The equivalence approach

The equivalence approach developed by De Carvalho ef al. [191] is based on 4 concepts,
1.e., physical equivalence, loading equivalence, periodicity and subdomain admissibility.
To clearly illustrate how this approach can be used to derive PBCs for woven composites

the concepts of physical equivalence, loading equivalence and subdomain admissibility
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will be firstly introduced in this section. Here, the concept of periodicity will not be
discussed since it has been actually covered at the beginning of this chapter. After that,
the theoretical procedure for deducing the generic equations will be detailed. Finally, the
basic steps of using the equivalence approach to derive PBCs will be summarised at the

end of this section.
4.5.2.1 Physical equivalence

Consider a general domain. Assume that in the general domain there is a subdomain, D,
bounded by a boundary, and that there are n physical properties which are defined in the
local coordinate system (LCS) of D, i.e. Opxyz, in a tensor form of pb, i € {1,2,...,n}.
Then, two subdomains, D and D, are treated as physically equivalent, i.e. D = D, if for
each point, 4, in subdomain D there is an equivalent point, 4, in subdomain D such that

for each physical property i the following condition holds [191]:

N p5(4) = p5(A) (4.77)

Ol

xh=x

where x5 and x,‘%_ are the coordinates of the equivalent points in the LCSs attached to

subdomains D and D, respectively.

Subdomain D

Figure 4.31: Physically equivalent subdomains in plain woven composites
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An example of two physically equivalent subdomains is illustrated by using two subcells
of plain woven composites, as shown in Fig. 4.31. It can be clearly seen in the figure that
for every point in the left subcell there is a geometrically equivalent point in the right
subcell, and the physical properties (e.g. material properties or orientation) of a point in

the left subcell are identical to those of the equivalent point in the right subcell.

According to Eq. (4.77), the coordinate vectors of two equivalent points, A and A, in their
own LCSs are equal to each other. Based on this, the coordinates of two equivalent points

can be related in the same LCS, as follows:
xf =T (xf - x,°) (4.78)

where T denotes the matrix for transforming from the LCS of the equivalent subdomain

= : i 0p .. o=
D to that of subdomain D, and x4 are x,” stands for the position vector of point A and

that of the origin of the LCS of subdomain D, i.e. point O, in the LCS of subdomain D.
4.5.2.2 Loading equivalence

The concept of loading equivalence was originally proposed by Tang and Whitcomb
[189]. It is utilised to correlate the stress and strain of a subdomain with those of the
equivalent subdomain. Specifically, two physically equivalent subdomains, D and D, are
treated as loading equivalent if the stress and strain of each point in D and those of the

equivalent point in D can be related using the following equations:

of =yoh (4.79)
ef = yeh (4.80)

where y is referred to as the load reversal factor and must be equal to 1 or -1.
4.5.2.3 Subdomain admissibility

As suggested in [191], not all physically equivalent subdomains can be employed to
homogenise the properties of a periodic material. Given that the volume average strain is
a homogenised quantity and thus should be independent of the subdomain that is chosen

to perform the homogenisation, the sufficient condition for a subdomain being admissible
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for a homogenisation is that the value of the volume average strain calculated based on
this subdomain in a given coordinate system is equal to that calculated based on any other
subdomain in the same coordinate system. Using this condition and the general relation
between the volume average strains of two equivalent subdomains, as detailed in Eq. (10)
in [191], it can be concluded that the necessary and sufficient condition for a subdomain

being admissible is that the following condition must be satisfied:
(€)B = viTde)p'T] (4.81)

where (€)3 is the volume average strain of subdomain D calculated in its LCS; (€) is
the volume average strain of any other subdomain, D;, derived in the LCS of subdomain
D; and y; and T; denotes the load reversal factor and the transformation matrix between

subdomains D and D;.

The admissibility condition defined above indicates that not all combinations of loading
conditions are admissible. Therefore, before conducting a homogenisation, all admissible
loading cases of the subdomain of homogenisation must be determined, the procedure of
which can be illustrated as follows. Consider two equivalent subdomains, D and D, with
D being the subdomain of homogenisation and the transformation matrix between the two

equivalent subdomains being:

a 0 O
T=1]0 b 0
0 0 ¢

Here, it is should be noted that the diagonal elements in the transformation matrix have
to be 1 or -1. By utilising the relations of a? = 1, b = 1 and ¢? = 1 and substituting the

transformation matrix into Eq. (4.81), it yields the following equation:

(€21) (&22) (&23) ab(e;q) (€22) bc(eys) (4.82)
(e31) (€32) (e33) ac{es1) bclesy) (€33)

(€11)  (€12) (513)‘ [(511) ab(e;p) ace;3)
=Y

The above equation is essentially an explicit form of Eq. (4.81). By solving this equation,
all admissible loading cases, as well as the load reversal factors, can be determined. For

example, if we assume that a = —1, b = 1 and ¢ = —1, Eq. (4.82) becomes:
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(e11) (€12) (e13) (e11)  —(e12)  (&13)
(€21) (&22) (&3 =v[—(e21) (e22) —(23)
(€31) (€32) (&33) (e31)  —(e32) (e33)

Considering that a load reversal factor has to be 1 or -1, the solutions of the above equation

can be easily obtained, as follows:
Solution 1: Y = 1 and (812) = (821) = (5.':'23) = (5.':'32) =0
Solution 2: y = —1 and (&11) = (&22) = (€33) = (€13) = (€31) =0

The above solutions indicate that there are only two admissible loading cases, and any

other combinations of loadings cannot be applied to perform the homogenisation:

(011) 0 (013)
Admissible loading case 1: y = 1and| 0 (gy2) O

(031) 0 (031)

0 (012) 0
Admissible loading case 2: y = —1 and [{073) 0 (g,3)
0 (032) 0

4.5.2.4 Generic equations for enforcing PBC

Based on the concepts discussed above, the standard form of PBC, as shown in Eq. (2.79),
can be transformed into the generic form of PBC [191], which is an appropriate form for
applying PBCs at the level of rtUC or mUC. For the sake of clearly illustrating the specific
procedure for enforcing this form of PBC, the derivation procedure of the basic equations

is summarised as follows.

The derivation of the basic equations is based on two adjacent, physically equivalent and
loading equivalent subdomains, D and D. By using the physical equivalence between the
two subdomains, we have that if a point, A, that belongs to subdomain D is chosen on the
shared boundary of the two subdomains, then its equivalent point, A, will be also on the
boundary of subdomain D. In other words, both point A and point A are located on the
boundary of subdomain D. Therefore, according to Eq. (2.70a), the displacements of the
two equivalent points in the LCS of subdomain D can be expressed using the following

two equations, respectively:
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u(4) = (e)x? + u*(4) (4.83)
u(A) = (e)x? + u*(4d) (4.84)

Here, all quantities are evaluated in the same LCS (i.e. the LCS of D) and the subscripts
denoting the reference coordinate system have been removed for simplicity. According

to [192], the oscillatory parts in the above equations can be correlated using:
u*(4) = yTu*(4) (4.85)

Based on this relation, the oscillatory parts can be cancelled by firstly multiplying yT to
Eq. (4.84) and then subtracting the resulting equation from Eq. (4.83), leading to:

u(4) — yTu(d) = ()T — yT(e)) x4 — (€)Tx°b (4.86)

By considering the admissibility condition, as given in Eq. (4.81), we can get the relation

of ()T — yT(g) = 0. Therefore, Eq. (4.86) can be simplified into:
u(4) — yTu(4d) = —(&)Tx%p (4.87)

This equation is the generic form of PBC equation, and it can be used to derive PBCs for
not only rUCs or mUC:s but also full-size UCs. Here, it should be noted that the standard
form of PBC equation, as given in Eq. (2.79), is a special case of the above equation since
the former can be derived by applying into the latter with the configurations associated

with translation, 1.e. T = I .and y = 1, where I is the identity matrix.
4.5.2.5 Application procedure

The specific procedure for using the equivalence approach to derive PBCs for an rUC or

mUC involves four steps:

1) Identify all adjacent and physically equivalent subdomains for the UC domain of
homogenisation and determine the position vector of the origin of each subdomain

in the LCS of the UC;

2) Determine the transformation matrix associated with the transformation between
each pair of equivalent subdomains and calculate the coordinates of all equivalent

points on the boundary of the UC by using Eq. (4.78);
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3) Identify all admissible loading cases by using the admissibility condition, as given
in Eq. (4.81) or (4.82) and determine the load reversal factor relating to each pair

of equivalent subdomains;

4) For each pair of equivalent points, calculate the constraint that should be enforced
according to the generic form of PBC equation, i.e. Eq. (4.87), for each prescribed

admissible loading case.

4.5.3 PBCs for normal plain woven composites

Figure 4.32: Normal mUC & adjacent subdomains of plain woven composites

The equivalence approach has been utilised to obtain the PBCs for all mUCs presented in
this thesis. In this section, the PBCs for the normal mUC of plain woven composites will
be derived. Fig. 4.32 shows the normal mUC of plain woven composites (denoted as D),
as well as four adjacent and physically equivalent subdomains (denoted as D;, D, D3 and
D,). Here, it should be noted that the origin of each LCS is positioned such that it
coincides with the centre of the associated subdomain. In addition, there should be two
more subdomains, Ds and D, with one of them being under the mUC and the other being
above. However, they have been excluded from this figure for the sake of revealing the
mUC on one hand. On the other hand, the present work focuses on the woven composites
with simply stacking, which means that the boundary conditions on the lower and upper

surfaces of an mUC of this category of woven composites can be directly derived based
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4.5 Derivation of boundary conditions

on the standard form of PBC equation, without using the equivalent approach, due to the

fact that the upper and lower subdomains are translational copies of the mUC.

Table 4.1: Relations between normal plain woven mUC & adjacent subdomains

Dl 52 53 D4
1 0 0 1.0 0 1 0 o0 1 0 o0
T, 0 1 0 0 1 0 0 -1 0 0 -1 0
0 0 1 0 0 -1 0 0 1 0 0 -1
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Given that all equivalent subdomains of the mUC have been identified, the transformation

matrices, the origin position vectors of all equivalent subdomains, and the coordinates of
all equivalent points on the boundary of the mUC can be calculated, as summarised in
Table 4.1. After obtaining the geometry relations between the mUC and its adjacent and
physically equivalent subdomains, the procedure described in Section 4.5.2.3 can be
applied to determine all admissible loading cases and the relating load reversal factors, as
listed in Table 4.2. Here, it is shown that there are four loading cases that should be treated

independently in the homogenisation of plain woven composites.

Based on the quantities obtained above and Eq. (4.87), the PBC that should be applied to
each pair of equivalent boundary nodes for each admissible loading case can be calculated,
as summarised in Tables B.1 — B.4, Appendix B. Here, it should be noted that the shared
surface between the mUC and an equivalent subdomain has been denoted using S;, i €
{1,2,3,4,5, 6}. Also, the equations marked with strikethroughs should not be considered
since each of these equations correlates a point with the point itself, creating a redundant

displacement constraint in the form of u;(4) — u;(4) = 0, j € {1, 2, 3}. Furthermore, for
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the points located on the edges or vertices of the mUC, redundant equations may also be
produced as they are shared by two or more surfaces. To eliminate redundant constraints,
the technique described in [188] can be utilised. It should be further noted that the PBCs
listed in Appendix B, including those for twill and 3D woven composites, are obtained
based on such an LCS with its origin located at the centre of the mUC. Therefore, these
PBCs need to be transformed back to the LCS that has been used to develop the analytical

equations for describing the internal architecture of the mUC.

Table 4.2: Admissible loading cases of normal plain woven composites

{yvi Y2 V3 Va} Admissible loading
(o11) O 0
Case 1 1 11 1} 0 (o) O
0 0 (033)
[ 0 (012) 0]
Case 2 -1 -1 -1 -1} (021) 0 0
L 0 0 0
0 0 0
Case 3 f1 -1 -1 1} 0 0 (0,3)
0 (o32) O
(-1 1 1 -1} [ 0 0 (o13)]
Casc 4 0 0 0
[(031) O 0 |

4.5.4 PBCs for normal twill woven composites

The procedure for utilising the equivalence approach to obtain the PBCs for the mUC of
twill woven composites is similar to that for the case of plain woven composites. Fig.
4.33 shows the mUC (denoted as D) of twill woven composites, as well as its adjacent
and physically equivalent subdomains (denoted as Dy, D,, D3 and D,). Again, the lower
and upper subdomains (i.e. Ds and Dg) have been removed to reveal the mUC. Based on
this figure, the geometry relations between the mUC and its equivalent subdomains are
determined, as given in Table 4.3. Then, by enforcing the admissibility condition, as given
in Eq. (4.81) or (4.82), all admissible loading cases are identified and the relating load
reversal factors are obtained, as shown in Table 4.4. Here, it is shown that there are only

two loading cases that should be treated independently. Finally, based on the quantities
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4.5 Derivation of boundary conditions

calculated above and Eq. (4.87), the PBC that should be applied to each pair of equivalent
boundary nodes for each admissible loading case for the normal mUC of twill woven

composites can be derived, as summarised in Tables B.5 and B.6, Appendix B.

Figure 4.33: Normal mUC & adjacent subdomains of twill woven composites

Table 4.3: Relations between normal twill woven mUC & adjacent subdomains
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Table 4.4: Admissible loading cases of normal twill woven composites

{yvi Y2 V3 Va} Admissible loading
_(011) (012) 0 |
Case 1 111 13 (021) (022) 0O

| 0 0  (o33))

[ 0 0 (013)-
Case 2 1 -1 1 -1} 0 0 (o23)
(031) (032) 0

4.5.5 PBCs for normal 3D orthogonal woven composites

Figure 4.34: Normal mUC and adjacent subdomains of 3D woven composites

In terms of the PBCs for the mUC of 3D woven composites, they can be derived using a
similar procedure to that for the case of plain or twill woven composites. However, after
identifying the adjacent and physically equivalent subdomains for the mUC of 3D woven
composites, as shown in Fig. 4.34 or Table 4.5, it can be found that the geometry relations
between the mUC and its equivalent subdomains are different from those in the case of

plain or twill woven composites. Thus, the admissible loading cases should be calculated
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independently, as summarised in Table 4.6. Based on the results given in Tables 4.5 and

4.6, the PBCs for the normal mUC of 3D woven composites can be derived, as listed in

Tables B.7 — B.10, Appendix B.

Table 4.5: Relations between normal 3D woven mUC & adjacent subdomains
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Table 4.6: Admissible loading cases of normal 3D woven composites

{yvi Y2 V3 Va} Admissible loading

(011) 0 0

Case 1 {1 1 1 1} 0 (o) O
0 0 (033)

[ 0 (012) 0]

Case 2 (-1 -1 -1 -1} (0,1) 0 0
L 0 0 04

0 0 0 7

Case 3 f1 -1 1 -1} 0 0 (0,3)
10 (0'32> 0 |

[ 0 0 (013)]

Case 4 {-1 1 -1 1} 0 0 O
[(031) O 0 |
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4.6 Meshfree implementation

4.6.1 Framework of the meshfree program

As detailed in the introduction of Chapter 2, the use of the UC modelling methodology
for predicting the elastic properties of woven composites involves three aspects, namely,
1) identifying a UC and modelling the internal architecture of the UC, ii) modelling the
elastic behaviours of individual constituents, and iii) applying proper PBCs to the UC for
subsequent calculations of the volume average quantities and thus the elastic properties.
Given that all the above three aspects have been addressed, the final step is to implement
the above framework by using a suitable meshfree method, i.e. the standard weak-form
meshfree method in the case of predicting the elastic properties, and consequently to fulfil
the aim of addressing the problems associated with analytical approaches and the FEM-
based approaches by using a meshfree-based UC modelling methodology. For this sake,
an in-house computer program that implements the high-fidelity analytical mUC models,
the elasticity constitutive models of the constituents and the PBCs listed in Appendix B
has been developed in combination with the standard weak-form meshfree method, and

it is termed as the standard meshfree program for convenience.

The program was coded using the programming language FORTRAN, and it provides the
user with an option of choosing one of the three shape function construction techniques
to predict the elastic properties of plain, twill or 3D woven composites, on the condition
of providing four types of inputs, which will be detailed later. A flow chart showing the
basic framework of this program is given in Fig. 4.35. As is clearly seen from this figure,
the program starts by providing it with the four types of inputs. Based on these inputs, a
domain representing the mUC of a given type of woven composites is discretised with
field nodes and background cells. Then, a support domain is defined for each integration
point in each background cell, and the meshfree-based shape functions corresponding to
the support nodes of the integration point are calculated. By using the high-fidelity mUC
model, the relative location and consequently the material type of each integration point
can be determined. Next, the corresponding material model can be applied to obtain the
elasticity matrix of the integration point in the GCS and thus to calculate its nodal stiffness

matrix, K, using Eq. (3.88). Assembling all the nodal stiffness matrices using Eq. (3.92)

forms the global stiffness matrix, K. After that, the PBC for a given admissible loading
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case is enforced to obtain the displacement constraint based system of equations, as given
in Eq. (3.108), based on which, the displacements of all field nodes can be solved. Finally,
the strain and stress of each integration point can be calculated using the relations of € =
Lu and o = Cg, and thus the volume average stress of the mUC can be obtained by using
Eq. (2.64). By combining the volume average stress, (a), and the macroscopic strain

applied, (&), the effective or homogenised elastic properties can be calculated.

Material
¢ > models
Geometry ¢
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Figure 4.35: Flow chart of the standard meshfree program

It should be noted that the use of the standard weak-form meshfree method in the program
has been reflected not only in discretising the mUC domain using field nodes but also in

calculating the shape functions, the nodal stiffness matrices and the strains of all material
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points from the displacements of field nodes. In the following four sections, the inputs of
the meshfree program, the choice of numerical parameters, the strategy of UC domain

discretisation and the highlights of the meshfree-based implementation will be detailed.
4.6.2 Summary of input parameters

The input parameters of this program are summarised in Table 4.7. As can be seen from
the table, the inputs consist of four groups, namely, 1) the geometry parameters for the
mUC:s of plain, twill and 3D woven composites, ii) the numerical parameters for domain
discretisation, determination of support domain size and shape function calculations, iii)
the material parameters for the polymer matrix and yarn material, and iv) the prescribed

macroscopic strain (€) for a given admissible loading case.

Table 4.7: Summary of the inputs of the standard meshfree program

Type Variable Description
WCT Weave type (1: plain, 2: twill, 3: 3D)
Geometry UCT UC type (1: normal, 2: off-axis)
parameters L,W,H,Hy, .. Dimensional parameters
Awsr Afar Abr Ap Dimensionless parameters
nFx,nFy,nkFz No. of nodes in each direction
Numerical nCx,nCy,nCz No. of cells in each direction
parameters As, dey, Aoy, deg Support domain parameters
0,q,a9,a4,a;, a3 Constants for RBF and MK
Material Em, Vm Material properties of matrix
properties Ei, Et, vi1, V11, GLT Material properties of yarn material
ALC Admissible loading case (1, 2, ...)
PBC
(g) Prescribed macroscopic strain

Here, it should be noted that the use of variable WCT allows the user to choose a specific
type of woven composites by assigning an integer, i.e. 1 for plain woven composites, 2
for twill woven composites and 3 for 3D woven composites. It should be further noted
that apart from including the normal mUCs presented in this chapter, which are used to

predict the elastic properties in the normal directions, the off-axis mUCs, which will be
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presented in Chapter 5, have also been included in this meshfree program for the sake of
predicting the elastic properties in off-axis directions. In terms of variable ALC, it is used
to determine the type of admissible loading case. The range of this variable is dependent
on the woven composites being predicted. For example, if it is to predict the properties of
normal plain woven composites, this variable should have four options, i.e. 1, 2, 3 and 4,

as indicated in Table 4.2.
4.6.3 Choice of numerical parameters

Clearly, the first, third and fourth groups of parameters in Table 4.7 are fixed for a given
type of woven composites and a given admissible loading case. However, the inputs in
the second group are numerical parameters, and they are to be determined. Here, it should
be noted that there is no open parameter in the MLS technique. To determine the optimum
values of these parameters, sensitivity studies can be performed to examine the influence
of their values on the numerical results obtained. However, since there are more than 15
open parameters, conducting sensitivity studies for such a large number of free parameters
would be a difficult task on one hand and exceed the main scope of the present research

on the other hand.

Table 4.8: Constants for the RBF and MK techniques

0 q Qg a; a, as
RBF
0.75 0.5 0.75 1.0 1.0 1.0
MK 0 a aq a, as
1 0 1/de — 1dey — 1/dg,

For simplicity, the parameters of the RBF and MK techniques are fixed to be within the
commonly used ranges [154], and their specific values used in this research are listed in
Table 4.8, where the last three parameters of the MK technique are defined to be the
reciprocals of the average nodal spacing in the X, Y and Z directions, i.e. dcy, d., and
d.,. Based on the above simplification, sensitivity studies would need to be performed to
identify the optimum values only for the remaining seven parameters (i.e. nFx, nFy, nFz,

nCx, nCy, nCz and «ay), which will be addressed in detail in Section 4.7.1.
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4.6.4 Strategy of domain discretisation

Theoretically, the domain representing the mUC can be discretised based on arbitrarily
distributed field nodes. However, a uniform distribution of field nodes is chosen in this
work since such a distribution produces symmetrical node pairs on the boundary of the
domain, simplifying the procedure for enforcing PBCs. Here, it should be noted that if an
arbitrary distribution of field nodes is used, further treatments such as that based on the
polynomial interpolation [147] need to be imposed to ensure that the PBCs applied to the
arbitrarily defined boundary nodes are consistent. In terms of the discretisation of the
domain for conducting numerical integrations, a Lagrangian background grid consisting
of regularly distributed cells is imposed for simplicity, and the first order Gauss-Legendre

quadrature is used to calculate the integrals associated with each background cell.
4.6.5 Highlights of meshfree-based implementation

As discussed in the first Chapter, one of the highlights of this research is the development
of the meshfree-based UC modelling methodology to simultaneously address the problem
of a reduced accuracy in analytical approaches and the concern of highly complex and
time-consuming pre-processing in the FEM-based approaches, i.e. the needs for explicitly
creating constituent geometries of woven composites, discretising the geometries using
high quality elements and meshes and assigning the ever-changing material orientations
for the wavy yarns. Clearly, the problem of a reduced accuracy in analytical approaches,
which originates from the geometry simplifications required to implement the analytical
nature, has been naturally addressed by the development of high-fidelity mUCs with the
internal features such as the cross-section and waviness of yarns being treated detailly. In
terms of the complexity that inherently exists in the FEM-based approaches, it has been
eliminated by implementing the high-fidelity mUC models using the standard weak-form

meshfree method, as will be demonstrated in the following paragraphs.

The elimination of the complexity associated with the FEM-based approaches by using
the standard weak-form meshfree method can be illustrated based on Fig. 4.20. As can be
seen in the figure, there is no need to explicitly create the geometries for the constituents
of the woven composites of homogenisation. Instead, what needed is to firstly assume a
domain block with its overall dimensions being the same as those of the mUC model.

Then, this domain block is discretised using a number of field nodes, as well as a number
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of background cells. After that, numerical integrations are performed over all background
cells. Here, depending on the order of the integration, a number of material or integration
points are assigned for each background cell, and a support domain and thus a number of
support nodes are identified for each integration point, based on which the meshfree-
based shape functions corresponding to the support nodes are calculated for subsequent

calculations of the nodal stiffness matrix, K;;, and thus the global stiffness matrix K.

mUC Domain

Points in the matrix

Points in the warp yarn Points in the fill yarn

Figure 4.36: Meshfree discretisation of the domain representing the mUC
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Here, it should be noted that before calculating the nodal stiffness matrix the relative
location of each integration point is identified based on the analytical equations developed
for describing the surfaces of the yarns in the mUC. If an integration point is not within
the yarns, it belongs to the polymer matrix, and the elasticity matrix for isotropic materials,
C,,, as defined in Eq. (2.5), is substituted into Eq. (3.88) to calculate its nodal stiffness
matrix. On the contrary, if an integration point belongs to a yarn, the elasticity matrix for
transversely isotropic materials in the LCS, C!, as defined in Eq. (2.13), is utilised for
subsequent calculation of the nodal stiffness matrix. Here, it should be pointed out that if
there exists waviness in the yarn to which the integration point belongs, its undulation
angle (i.e. material orientation) needs to be calculated by using the analytical equation
developed for describing the yarn’s waviness. Then, based on Eq. (2.54) or the procedure
described in Section 2.4.3, the elasticity matrix in the LCS can be transformed into that
in the GCS, CY9, which is the constitutive matrix that can be directly substituted into Eq.
(3.88) to calculate the nodal stiffness matrix.

From the above description, we can see that the node-based domain discretisation makes
it possible to eliminate the needs for explicitly creating constituent geometries of woven
composites and discretising them with elements. Also, based on the high-fidelity mUC
models, the relative location of each integration point can be identified and thus the
internal architecture of woven composites can be implicitly implemented in combination
with the standard weak-form meshfree method. Furthermore, the need for assigning the
ever-change material orientation of the wavy yarns can be effectively avoided by using
the analytical equations developed for describing the waviness of yarns and the coordinate
transformation defined between the elasticity matrix in the LCS and that in the GCS. In
sum, it is the combination of the high-fidelity mUC models with the standard weak-form
meshfree method that the problems that inherently exist in analytical approaches and the
FEM-based approaches are simultaneously addressed. Therefore, it is expected that the
meshfree-based UC modelling methodology is an accurate and simple approach for the
prediction of the elastic properties of woven composites. In the next section, a number of
numerical examples will be presented and discussed to confirm the effectiveness and

accuracy of the meshfree-based UC modelling approach.
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4.7 Results and discussion

4.7.1 Examples on plain woven composites

The examples that will be presented in this section are mainly based on EP121-C15-53,
which is the plain woven CFRP composite material that was utilised in Section 4.1.2 to
observe and fit the cross-section and waviness of typical yarns in woven composites. The
geometry configuration and material inputs of this material are given in Table 4.9. In this
table, the values of the geometry parameters are averaged ones and were obtained by
measuring the micrographs of this material. For the material properties of the epoxy resin
of yarn material, they were determined from the experimental tests that will be detailed

in Section 5.5.1.

In this section, eight numerical examples will be discussed, with the first six examples
being based on EP121-C15-53. To be specific, the first two examples were conducted to
predict the elastic properties in the normal and off-axis directions. In the subsequent three
examples, numerical studies were performed to investigate the sensitivity of the predicted
results to the open numerical parameters, i.e. the number of field nodes, the number of
background cells and the support domain scaling coefficient. For the fifth example, it was
designed to compare the results calculated by utilising the three types of shape function
construction techniques, i.e. the MLS, RBF and MK techniques. In terms of the last two
examples, two additional types of plain woven composites that have been investigated in
the published research were considered, and the results derived by utilising the meshfree

approach were compared with those found in the literature.

Table 4.9: Geometry information and material inputs of EP121-C15-53

Weave L w H A
geometry 1.0 1.0 0.28 0.9
Yarn Ey Er VLT VT Grr
property 161.64 10.57 0.27 0.33 5.52
Matrix En Um
property 3.11 0.36
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4.7.1.1 Elastic properties in the normal directions

In the first example, which was conducted to predict the elastic properties in the normal
directions, the domain representing the normal plain woven mUC was discretised with a
total number of 13x13x7 field nodes, i.e. 1183 nodes, as well as a number of 60x60x30
background cells, i.e. 108000 cells. Also, the MK technique was utilised, and the support
domain scaling coefficient, ag, was set to 2.5. Here, it should be noted that the values of
the above numerical parameters were determined from the sensitivity studies that will be
presented later. The predicted elastic properties of this material in the normal directions
are given in Table 4.10, where in the subscripts the three numbers, 1, 2 and 3, represent
the warp, fill and through-the-thickens directions, respectively. The reference range of
the elastic modulus of this material in the warp or fill direction, which was adapted from
the datasheet on the material supplier’s website [193], has also been listed in the table for
comparison. As can be clearly seen from this table, the predicted elastic modulus in the
warp or fill direction is in the reference range, partially validating the normal plain woven

mUC and the meshfree-based modelling approach.

Table 4.10: Predicted normal elastic properties of EP121-C15-53 (moduli in GPa)

Property Ei/E, Es V12 Vy3/V13 G1z Go3/G3q
Predicted 53.681 9.086 0.045 0.409 3.557 2.828
Gurit [193] 50 ~55 ; ; i i ;

4.7.1.2 Elastic properties in the off-axis directions

In the second example, which was aimed to predict the elastic properties in the off-axis
directions, the domain representing the off-axis plain woven mUC model, which will be
described in Section 5.2.1, was discretised with a total number of 10x20x7 field nodes,
1.e. 1400 nodes, as well as a number of 45x90x30 background cells, i.e. 121500 cells.
Here, the values of these parameters were determined by simply scaling those used in
discretising the normal mUC model. Specifically, if the number of nodes or cells used to
discretise the domain representing the normal mUC model in the X direction is n, and
the dimensions of the normal and off-axis mUCs in this direction are denoted as L and

Ly, respectively, the number of fields nodes utilised to discretise the domain representing

137



4.7 Results and discussion

the off-axis mUC model is then determined as n, Ly /L. In this example, the MK technique
was again used, and the support domain scaling coefficient, ag, was also set to 2.5. Table
4.11 shows the predicted results, where in the subscripts the lowercase letters, a and b,
represent the 45° and 135° directions. It is evident from this figure that the predicted
elastic modulus in the 45° or 135° direction agrees well with the experimental value,
which was measured from a uniaxial tension test conducted at a strain rate approximately
of 10”/s. This again confirms the accuracy and effectiveness of the meshfree-based UC

modelling approach in predicting the elastic properties of plain woven composites.

Here, it is should be noted that off-axis mUCs have also been developed for twill and 3D
woven composites, and they will be presented in Chapter 5. However, no examples on
predicting the off-axis elastic properties of twill or 3D woven composites will be given,
owing to the inaccessibility of composites for conducting tests and the unavailability of
experimental or numerical results in the published research, at the time of undertaking the

present research.

Table 4.11: Predicted off-axis elastic properties of EP121-C15-53 (moduli in GPa)

Property Ea/Eb E3 VUab vb3/va3 Gab Gb3/G3a

Predicted 10.864 8.986 0.595 0.158 10.273 2.796
Experiment  10.379 - - - - -

4.7.1.3 Sensitivity to domain discretisation with field nodes

Although the number of open parameters in Table 4.7 has been significantly reduced by
fixing the constants of the RBF and MK techniques to their commonly used values, it is
still not an easy task to investigate the influence of the remaining seven parameters on the
predicted results. For further simplifying the investigation, the numbers of field nodes
used to discretise the mUC domain in the three directions. i.e. nFx, nFy and nFz, were
controlled such that they are proportional to each other, i.e. nFx: nFy:nFz = 2: 2: 1. The
same treatment was also applied to the parameters relating to the numbers of background
cells in the three directions, i.e. nCx, nCy and nCz, with their relative ratios being fixed
in the same way, 1.e. nCx: nCy:nCz = 2: 2: 1. Based on such treatments, the sensitivity

study for the open parameters can be simplified into the following three cases:
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1) Sensitivity study of the total number of field nodes, Ng = nFx X nFy X nFz;
2) Sensitivity study of the number of background cells, No = nCx X nCy X nCz;

3) Sensitivity study of the support domain scaling coefficient a.

Table 4.12: Elastic properties predicted by using different Nr (moduli in GPa)

Ng E; E3 V12 V23 Gi2 Ga3
75 54.037 9.403 0.047 0.396 3.577 3.041
196 53.925 9.260 0.046 0.404 3.572 2.968
405 53.802 9.177 0.046 0.407 3.570 2.904
726 53.817 9.135 0.045 0.409 3.569 2.859
1183 53.739 9.078 0.045 0.410 3.561 2.828
1800 53.768 9.078 0.045 0411 3.561 2.824
2601 53.755 9.083 0.045 0411 3.565 2.827
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Figure 4.37: Variations of the predicted results on the number of field nodes

In the sensitivity study of the number of field nodes, the number of background cells was
set to a high value (i.e. 256000) to minimise its influence on the sensitivity study as much
as possible. Similarly, the support domain scaling coefficient was set to be 2.5, which is
a value in the typical range of g, i.e. 2.0~3.0, as suggested in [154]. Table 4.12 lists the
elastic properties predicted by varying the total number of field nodes from 75 to 2601.
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To better examine the sensitivities of the predicted results with respect to the number of
field nodes, all the results in Table 4.12 were normalised against those corresponding to
the case of Ng = 2601, and the resulting curves are shown in Fig. 4.37. Clearly, it can be
seen that all the curves diverge when the number of field nodes is smaller than 1183, i.e.
13x13x7, after which they converge to the same plateau, meaning that a total number of

1183 field nodes should be enough for obtaining convergent results.
4.7.1.4 Sensitivity to domain discretisation with background cells

Table 4.13: Predicted elastic properties at different V¢ (moduli in GPa)

N¢ E; E3 [%V) Va3 G2 Ga3
4000 49.259 8.843 0.048 0.403 3.377 2.730
13500 52.087 8.727 0.046 0411 3.489 2.603
32000 53.353 9.065 0.046 0412 3.560 2.819
62500 53.401 8.983 0.045 0411 3.538 2.763
108000  53.603 9.092 0.045 0.409 3.540 2.828
171500  53.569 9.081 0.045 0.409 3.549 2.828
256000  53.755 9.083 0.045 0411 3.565 2.827
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Figure 4.38: Variations of the results on the number of background cells

140



Chapter 4: Elastic property homogenisation

To minimise the coupling effects caused by the other two factors in the sensitivity study
of the number of background cells, the number of field nodes was set to a high value, i.e.
2601, while the support domain scaling coefficient was set to 2.5. Table 4.13 shows the
results predicted by varying the total number of background cells from 4000 to 25600. To
better reveal the sensitivities of the predicted results on the number of background cells,
all the results in Table 4.13 were again normalised against those corresponding to the case
of N¢ = 256000, and the resulting curves are shown in Fig. 4.38. It is clearly seen in this
figure that the predicted elastic properties converge only when the number of background

cells exceeds a threshold of 108000, i.e. 60x60%30.
4.7.1.5 Sensitivity to support domain size

In the sensitivity study of the support domain scaling coefficient, ag, the number of field
nodes and that of background cells to were fixed to their thresholds, i.e. 1183 and 108000.
Table 4.14 lists the results predicted by varying the value of ag was varied from 2 to 4.
Again, all the results in this table were normalised to those corresponding to the case of

as = 2.5, and the resulting curves are shown in Fig. 4.39.

Table 4.14: Predicted elastic properties at different a; (moduli in GPa)

s Ey E; V12 V23 G12 G23
2.00 53.876 9.136 0.045 0.409 3.570 2.834
2.25 53.876 9.115 0.045 0.410 3.569 2.832
2.50 53.681 9.086 0.045 0.409 3.557 2.828
2.75 53.819 9.110 0.045 0.410 3.569 2.838
3.00 53.269 9.013 0.045 0.405 3.534 2.840
3.25 53.573 9.049 0.046 0.409 3.564 2.834
3.50 52.677 8.725 0.045 0.405 3.469 2.659
3.75 52.468 8.669 0.045 0.404 3.447 2.630
4.00 49.900 8.033 0.037 0.364 3.053 2.401

An examination of Fig 4.39 suggests that the sensitivities of the predicted results in this
case are different from those in the former cases. Specifically, the predicted results in the
former two cases show monotonic convergences, with the results diverging if the value

of the parameter of investigation is smaller than the threshold and becoming convergent
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if the threshold is exceeded. On the contrary, the predicted results in this case converge
only when the value of ay is in a range of approximately 2.0~3.25 and diverge if the value
of ag is not in this range. Here, it should be noted that the case of ag < 2 is not considered
since meshfree calculations often fail owing to the presence of singularity in the moment

matrix in the calculation of meshfree shape functions.
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Normalised properties
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Figure 4.39: Variations of the predicted results on the scaling coefficient (as)

The convergent range of the support domain scaling coefficient derived here is similar to
that suggested in [154], which is 2.0~3.0. This finding indicates that when performing a
meshfree analysis the size of a support domain should be defined such that it is neither
too small nor too large. The reason for a support domain being not too small is that if it
1s not big enough, there will be an insufficient number of support nodes to approximate
filed variables, which may result in a reduced accuracy and in some cases computational
failures, such as the presence of singularity in the moment matrix. On the other hand, if a
support domain is excessively large, it may include the field nodes that do not have any
influence on the point being interpolated, leading to excessive computational costs and a

reduced accuracy in the results obtained, as indicated in Fig. 4.39.

In the above sensitivity analysis, the curves in Fig. 4.39 were by normalising all the results

in Table 4.14 against those corresponding to the case of ag = 2.5. However, it should be
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noted that the normalisation can be performed based on the results corresponding to any
other cases since the convergences of the resulting curves do not depend on the way of
conducting the normalisation, as suggested in Fig. 4.40, where the curves were obtained
by normalising all the data in Table 4.14 against those corresponding to the case of ag =
3.5. As can be seen clearly in this figure, although the resulting curves have been altered
compared to those shown in Fig. 4.39, it can be concluded that the convergent range of

the support domain scaling coefficient is still 2.0~3.25.
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Figure 4.40: Results normalised to those corresponding to the case of as= 3.5
4.7.1.6 Comparison between MLS, RBF and MK

In addition to the above sensitivity studies, further numerical calculations were performed
to compare the results obtained by using the three shape function construction techniques,
1.e. the MLS, RBF and MK techniques, and the predicted results are given in Table 4.15.
Here in this table, the differences between the results obtained by using these techniques
were also calculated. It is clearly shown in this table that the elastic properties predicted
by utilising the three techniques agree reasonably well with each other, with a maximum
difference of only 3.77%. Furthermore, it can be found that the RBF and MK techniques
are able to produce closer predictions, compared to the MLS technique. It is believed that

the presence of smaller differences by using the RBF and MK techniques is due to the
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fact that both the RBF and MK techniques possess the Kronecker delta function property,
whereas the MLS technique does not.

Table 4.15: Results predicted by using MLS, RBF & MK (moduli in GPa)

Property E,/E, Es V12 U3/ V13 Gy G23/G31
A: MLS 53.681 9.086 0.045 0.409 3.557 2.828
B: RBF 53.097 9.119 0.046 0.410 3.574 2.935
C: MK 53.083 9.106 0.046 0.410 3.566 2.894
I(A-B)/A| 1.09% 0.36% 2.02% 0.29% 0.48% 3.77%
I(A-C)/A| 1.11% 0.22% 1.80% 0.34 0.26% 2.35%
|(B-C)/A] 0.03% 0.13% 0.22% 0.05% 0.22% 1.42%

4.7.1.7 Comparison of the meshfree method with other methods

Table 4.16: Inputs for CF-Composite-A (adapted from [131] & [194])

Weave L w H A
geometry 2.0 2.0 0.196 0.911
Yarn Ey Er ULt UTT Grr
property 137.3 10.79 0.26 0.46 5.394
Matrix Em Um
property 4.511 0.38

To further validate the meshfree-based modelling approach and the normal plain woven
mUC model, two additional types of plain woven composites that have been examined in
the published research were considered in the present work, and their elastic properties
were calculated by using the meshfree method. The first type of material was based on
the plain woven composites investigated by Tanov and Tabiei [131] and Jiang ef al. [194]
using analytical approaches. For convenience, this material is denoted as CF-Composite-
A. The inputs for this material are listed in Table 4.16, and they were adapted from [131]
and [194]. Here, the dimensionless parameter, A, was calculated by using Eq. (4.17), and
the yarn volume fraction used in calculating A4 was 0.58. For easy comparison, the elastic

properties predicted using the meshfree method, as well those found in the literature, are
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listed in Table 4.17. As can be seen from this table, the meshfree-based predictions agree

well with both the analytical results and the experimental data.

Table 4.17: Summary of outputs for CF-Composite-A (moduli in GPa)

Approach E,/E, Es V12 U3/ V13 Gy G23/G31
Four-cell [131]  45.08 10.12 0.056 0.464 3.8 2.763
Sub-cell [194] 46.35 - 0.052 - 3.83 -

Exp. [195] 49.80 - 0.068 - 3.83 -

MLS 45.896 10.120 0.058 0.465 3.654 3.017
RBF 46.131 10.104 0.057 0.465 3.641 2.836
MK 46.038 10.104 0.057 0.466 3.642 2.843

Table 4.18: Inputs for CF-Composite-B (adapted from [95])

Weave L w H A
geometry 1.0 1.0 0.188 1.0
Yarn Ey Er VLT UTT Grr
property 170.0 12.84 0.33 0.27 9.06
Matrix Em Um
property 4.35 0.36

Table 4.19: Summary of outputs for CF-Composite-B (moduli in GPa)

Approach E,/E, Es V12 Vp3/V13 Gz G23/G31

FEM [95] 69.646 11.289 0.042 0.417 7.007 4.372

Exp. [196] 67.5 - - - - -
MLS 66.029 11.401 0.046 0.395 6.743 4.052
RBF 65.282 11.413 0.046 0.395 6.751 4.278
MK 65.679 11.397 0.046 0.395 6.741 4.087

The second type of material was based on the plain woven CFRP composites investigated
by Bacarreza et al. [95] using the FEM. The inputs for this material, which is here referred
to as CF-Composite-B, were adapted from [95], and they are listed in Table 4.18. Table
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4.19 shows the resulted derived by utilising different types of methods, from which it can
be found that the meshfree-based predictions are in good agreement with the FEM results

and the experimental data.
4.7.2 An example on twill woven composites

To validate the normal twill woven mUC model, a meshfree example was performed by
considering the twill woven CFRP composites investigated by Dixit ez al. [98]. The inputs
for this material, which were adapted from [98], are detailed in Table 4.20, and the
meshfree-based results are presented in Table 4.21, in comparison with the FEM results
[98] and the experimental values given in [96]. Clearly, the meshfree-based results show

reasonable agreements with both the FEM and experimental results.

Table 4.20: Inputs for the twill woven composites (adapted from [98])

Weave L w H A
geometry 1.0 1.0 0.22 0.4
Yarn Ey Er VLT VT Grr
property 220.69 13.79 0.20 0.25 8.97
Matrix Em Um
property 3.10 0.39

Table 4.21: Outputs for the twill woven composites (moduli in GPa)

Approach E,/E, Es V12 V3/V13 G12 G23/G31

FEM [98] 56.97 8.81 0.062 0.406 4.05 231

Exp. [96] 55.25 - 0.055 - 3.55 -
MLS 58.355 9.010 0.057 0.396 4.015 2.588
RBF 58.466 8.947 0.055 0.398 3.755 2.365
MK 58.598 8.930 0.056 0.401 3.749 2.415

4.7.3 An example on 3D woven composites

To validate the improved normal mUC model for 3D orthogonal woven composites in

terms of predicting the elastic properties, a meshfree example was also conducted based
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on the composites investigated by Li et al. [145] and Bogdanovich [101]. The inputs for
this type of material are given in Table 4.22, where the dimensionless parameter for each
type of yarn was determined as the ratio of the width of the yarn with respect to the
dimension of the mUC. Furthermore, it is worth noting that the geometry parameter, Hy,
is not included since it is not an independent variable, i.e. H, = H — 2H,,, — Hg, — Hp,.
Table 4.23 shows the results predicted by using the improved mUC model in combination
with the meshfree method, as well as those found in the literature. Here, it can be found
that the meshfree-based results are in good agreements with the FEM and experimental
results, confirming the accuracy and effectiveness of the improved mUC model and the

meshfree-based UC modelling approach.

Table 4.22: Inputs for the 3D woven composites (adapted from [145] & [101])

L w H Ay A
Weave 2309 2.54 2.472 0.821 0.667
geometry At A H,, Hg, Hg,
0.937 0.179 0.637 0.292 0.614
Yarn EyL Er VLT U Gur
property 53.12 14.46 0.266 0.268 4.24
Matrix Em Um
property 3.17 0.35

Table 4.23: Outputs for the 3D woven composites (moduli in GPa)

Approach Ey E; E; V12 V23 V13 G12 G23 G31
Ref. [145] 24.61 2238 10.78 0.132 0319 0316 3.11 3.69 337
FEM [101] 27.31 2570 998 0.125 0.448 0.432 358 352 334
Exp. [101] 24.68 20.75 - 0.11 - - - - -

MLS
RBF
MK

24.162 21.512 10.470 0.133
24.185 21.468 10.502 0.134
24.067 21.317 10.471 0.132

0.324 0.312 3.083
0.327 0.315 3.086
0.325 0.314 3.077

3.079
3.117
3.118

3.341
3.393
3.391
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4.8 Summary

In this chapter, some basic concepts and assumptions in the geometry modelling of woven
composites were firstly introduced. Then, the high-fidelity normal mUC models that have
been developed for plain, twill and 3D woven composites were detailed. Here, analytical
equations were formulated for describing the internal architecture of each type of woven
composites, and the flexibility of some of these models was evaluated in comparison with
the models found in the literature. Following the geometry modelling, the main concepts
and the basic equations in the equivalence approach were briefed. Based on this approach,
the PBCs for the normal mUC models under each admissible loading case were derived.
After that, an in-house computer program which implements the mUC models using the
standard weak-form meshfree method was introduced from the perspectives of its basic
framework, the input parameters, the determination of the numerical parameters and the
strategy for discretising the domain of homogenisation. Following the description of this
program, it was argued that the combination of the high-fidelity mUCs with the meshfree
method is capable of addressing the problems that exist in analytical approaches and the
FEM-based approaches. Finally, a number of numerical examples conducted using the
meshfree-based program to predict the normal and/or off-axis elastic properties of plain,
twill and 3D orthogonal woven composites were presented. Good agreements were found
between the meshfree-based predictions and those found in the literature, confirming the
accuracy and effectiveness of the meshfree-based UC modelling approach and the high-
fidelity mUC models. In some of these examples, the sensitivities of the predicted results
to the open numerical parameters were also examined. It was found that the utilisation of
higher numbers of field nodes and background cells generally produces better predictions,
while the support domain scaling coefficient should be chosen in a relatively small range
(i.e. 2.0 - 3.25) to maintain a reasonable degree of accuracy in the predictions. In addition,
it was shown that the three types of shape function construction techniques were able to
produce reasonable predictions, although the results predicted using the MLS technique
were of slight differences compared to those obtained using the RBF and MK techniques.
It is believed that the presence of the small discrepancies is as a consequence of the lack

of the Kronecker delta function property only in the MLS technique.
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CHAPTER 5: MECHANICAL RESPONSE
PREDICTION

5.1 Introduction

Apart from the prediction of the elastic properties of woven composites, which has been
addressed in the previous chapter, another significant part of the present work is to extend
the meshfree-based unit cell (UC) modelling approach for predicting the overall response
of woven composites, and the corresponding procedure again involves three similar steps,
namely, geometry modelling, constitutive modelling and overall response calculation.
Clearly, for geometry modelling, the normal minimum unit cell (mUC) models presented
in Chapter 4 can be directly used to predict the overall response under normal loading
conditions, e.g. a load is applied in the warp direction. However, since woven composites
feature different behaviours if loaded in different directions, off-axis mUC models have
also been developed to evaluate the overall response under off-axis loading scenarios,
which will be addressed in the second section of this chapter. For constitutive modelling,
the inelastic behaviours of the constituents such as the nonlinear and strain rate-dependent
behaviour of the polymer matrix and the anisotropic post-failure of the yarn material must
be characterised to ensure an accurate prediction of the overall response, which will be
detailed in Section 5.3. In terms of the last step, it involves implementing the mUC models
and the constitutive models based on the explicit weak-form meshfree method and thus
calculating the overall response for a prescribe history of periodic boundary conditions
(PBCs), which will be discussed in Section 5.4. Following the above sections, a number of
numerical examples for predicting the overall response of woven composites will be
presented, and the predicted results will be discussed in comparison with experimental

results, if applicable.

Here, it should be noted that woven composites may have different geometry dimensions

in the warp and weft directions. An example of such type of woven composites is shown
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in Fig. 5.1a, from where it can be seen that the length of periodicity in the warp direction
is not equal to that in the weft direction, i.e. L # W. For convenience, this type of woven
composites is often termed as non-balanced woven composites. From Fig. 5.1a, it is also
indicated that the non-balanced nature necessitates the use of a non-orthogonal coordinate
system and thus creates a non-rectangular unit cell (UC), complicating the derivation of
PBCs and the enforcement of off-axis loading conditions. In view of such complexity in
non-balanced woven composites, the prediction of the off-axis properties or response in the
present research is restricted to balanced woven composites since their off-axis mUCs can

still be modelled in orthogonal coordinate systems, as illustrated in Fig. 5.2a.

(b) Balanced woven composites and off-axis UC

Figure 5.1: Comparison of non-balanced & balanced woven composites
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5.2 Off-axis mUCs and PBCs

5.2.1 Plain woven composites
5.2.1.1 Off-axis mUC for plain woven composites

Similar to identifying the normal mUC for plain woven composites, the off-axis mUC can
be obtained by exploiting all the symmetries in a step-by-step manner, as shown in Fig.

5.2. Here, it should be noted that the off-axis mUC is only 1/8 of the full-size UC.

ﬁ

P
e e

oS

(a) Composite ply - full-size UC by using translational symmetries

ﬁ

(b) Full-size UC > %UC by using reflectional symmetries

—_ ~

(¢) ;UC - UC by using rotational symmetries

Figure 5.2: Domain reduction for off-axis plain woven composites
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0]

Figure 5.3: The off-axis mUC model for plain woven composites

Due to the off-axis nature, it is problematic to directly describe the internal architecture of
an mUC in its local coordinate system (LCS), i.e. OXYZ, as indicated in Fig. 5.3. To
simplify this process, the description of an mUC can be initially addressed in the global
coordinate system (GCS) of the composite material, i.e. O'X"Y'Z', based on which, the
equations for describing the internal architecture of the off-axis mUC in the GCS can be
rotated back to the LCS. Since the two coordinate systems can be brought together by
rotating the LCS anti-clockwise with respect to its Z-axis for 45° the transformation
between the coordinate vectors of any given point, A, in the two coordinate systems can be

expressed as follows:
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vz V2
Y |7 7 Y
- 2
7' 2 2 z

0 0 1

where {x" y' z'}T and {x ¥ Z}T are the coordinate vectors of point A in the GCS and the

LCS, respectively.

Using the transformation defined in Eq. (5.1) and combining the analytical equations that
have been developed for describing the internal architecture of the normal mUC of plain
woven composites, as detailed in Section 4.2, the analytical equations for describing the
off-axis mUC of plain woven composites can be easily deduced, as summarised in Table

C.1, Appendix C.
5.2.2.2 PBCs for off-axis plain woven composites

By comparing Fig. 5.2 and Fig. 4.2, it can be found that the symmetries used to obtain the
off-axis mUC are not the same as those utilised in the case of obtaining the normal mUC.
Thus, the PBCs derived for the normal mUC are not applicable to the off-axis mUC. Here,
the equivalence approach is again employed to obtain the PBCs for the off-axis mUC of
plain woven composites. However, it must be pointed out that the generic form of PBC
equation, which has been defined in Eq. (4.87) and does not include the time dimension,
are not directly applicable to the case of predicting the overall response. This is because in
predicting the overall response of woven composites, a history of time-dependent PBCs
needs to be prescribed to create an external dynamic loading such that a time-dependent
relation between the volume average stress and strain can be subsequently derived, which
consequently forms the overall response of the woven composites of homogenisation. To
enable the equivalence approach for deriving PBCs for the case of predicting the overall

response, Eq. (4.87) should be modified by including the time dimension, as follows:
u(4, t) —yTu(4,t) = —(e(t))Tx"p (5.2)

However, it can be found by comparing the above equation with Eq. (4.87) that the only
difference is the addition of a time variable in Eq. (5.2). This means that the PBCs for the
case of predicting the overall response can be alternatively obtained by initially applying

Eq. (4.87) to derive time-independent PBC equations and subsequently including the time
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variables within the equations. Given that the only difference between the PBCs of the two
cases is time, the time variable will be neglected for simplicity when presenting the PBCs

for the case of predicting the overall response.

Figure 5.4: Off-axis mUC & adjacent subdomains of plain woven composites

Table 5.1: Relations between off-axis plain woven mUC & adjacent subdomains
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Fig. 5.4 identifies the off-axis mUC (denoted as D), as well as its adjacent and physically
equivalent subdomains (denoted as D;, D,, D5 and D,;). The lower and upper subdomains
have been again excluded to reveal the mUC. Based on this figure, the geometry relations
between the off-axis mUC and its adjacent subdomains can be determined, as detailed in
Table 5.1. Here, it should be noted that the symbols, L, and W,, denote the overall length
and width of the off-axis mUC, and they are equal to L/v/2 and V2L, as indicated in Fig.
5.3. Then, by enforcing the admissibility condition, as defined in Eq. (4.81) or (4.82), all
admissible loading cases can be identified and the relating load reversal factors can be
obtained, as shown in Table 5.2. Finally, based on the quantities calculated above and Eq.
(4.87) or (5.2), the PBC that should be applied to each pair of equivalent boundary nodes
for each admissible loading case for the off-axis mUC of plain woven composites can be

derived, as summarised in Tables D.1~D.4, Appendix D.

Table 5.2: Admissible loading cases of off-axis plain woven composites

{yvi Y2 V3 Va} Admissible loading

(011) 0 0

Case 1 1 1 1 1} 0 (o) O
0 0 (033)

[ O (012) 0]

Case 2 -1 1 -1 -1} (0,1) 0 0
L 0 0 0

0 0 0 7

Case 3 -1 1 1 1} 0 0 (o3)
[0 (032) 0 |

[ O 0 (013)]

Case 4 f1 1 -1 -1} 0 0 0
[(031) O 0 |

5.2.2 Twill woven composites
5.2.2.1 Off-axis mUC for twill woven composites

For twill woven composites, its off-axis mUC can be obtained by performing the domain
reduction operations detailed in Fig. 5.5. Again, the off-axis mUC is only 1/8 of the full
off-axis UC as no symmetry can be further exploited. To ease the description of the yarns,

the off-axis mUC model is initially addressed in the normal coordinate system of twill
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woven composites and then rotated back to the LCS of the off-axis mUC, as demonstrated
in Fig. 5.6. Here, it should be noted that each of the yarns in this mUC is comprised of a
straight part and a wavy part, and thus should be described using two sets of equations.
Using the transformation defined in Eq. (5.1) and combining the normal mUC developed
for twill woven composites, as detailed in Section 4.3, each yarn in the off-axis mUC of
twill woven composites can be described, as summarised in Tables C.2 — C.3, Appendix C.
Here, when describing a yarn, the part that is not currently being addressed is shaded in

grey. Also, the subscripts, s and w, denote the straight and wavy parts, respectively.

v 5
| S S 1 ﬁ ‘
W =

(a) Composite ply - full-size UC by using translational symmetries

ﬁ

(b) Full-size UC > %UC by using translational & reflectional symmetries

(¢) JUC - 1UC by using rotational symmetries only

Figure 5.5: Domain reduction for off-axis twill woven composites

156



Chapter 5: Mechanical response prediction

Figure 5.6: The off-axis mUC model for twill woven composites

5.2.2.2 PBCs for off-axis twill woven composites

Fig. 5.7 shows the off-axis mUC and its adjacent subdomains. Based on this, the geometry
relations between the off-axis mUC and the four subdomains are calculated, as listed in
Table 5.3, where the symbols, L, and W, denote the overall length and width of the off-
axis mUC, and they are equal to L/+/2 and v2L. By enforcing the admissibility condition,
all admissible loading cases and the relating load reversal factors are then determined, as
summarised in Table 5.4. By utilising Eq. (4.87) or (5.2) and the results listed in Tables 5.3
and 5.4, the PBC that should be applied to each pair of equivalent boundary nodes for each
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admissible loading case for the off-axis mUC of twill woven composites is derived, as

summarised in Tables D.5~D.8, Appendix D.

Figure 5.7: Off-axis mUC & adjacent subdomains of twill woven composites

Table 5.3: Relations between off-axis twill woven mUC & adjacent subdomains
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Table 5.4: Admissible loading cases of off-axis twill woven composites

{yvi Y2 V3 Va} Admissible loading

(011) 0 0

Case 1 1 11 13 0 (o) O
0 0 (o33)

0 (012) 0]

Case 2 (-1 -1 1 1} (0,1) 0 0
L 0 0 0

0 0 0 1

Case 3 -1 -1 -1 -1} 0 0 (o23)
[0 (03,) 0 |

[ 0 0 (o13)]

Case 4 f1 1 -1 -1} 0 0 0
[(031) O 0 |

5.2.3 3D woven composites

5.2.3.1 Off-axis mUC for 3D woven composites

ﬁ

L=
A T
W T T s
0‘0'0‘
4-@0

(a) Composite ply - full UC by using translational symmetries

Al g

(b) Full-size UC > %UC by using rotational symmetries only

Figure 5.8: Domain reduction for off-axis 3D orthogonal woven composites
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5.2 Off-axis mUCs and PBCs

The procedure for identifying the off-axis mUC for 3D orthogonal woven composites is
illustrated in Fig. 5.8. Here, it is clearly suggested that the full-size UC can be reduced only
into a half-size UC and no symmetry can be further exploited. For facilitating the geometry
description, the approach of initially addressing the off-axis mUC in the normal coordinate
system and then rotating the resulting equations for describing the yarns back to the LCS

of the off-axis mUC is again employed, as illustrated in Fig. 5.9, where it is shown that the

overall length and width of this mUC are V2L and 2v2L, respectively. For clarity, the

warp, fill and binder yarns are numbered in black, red and white colours.

Figure 5.9: The off-axis mUC model for 3D woven composites
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Chapter 5: Mechanical response prediction

Compared to the normal mUC of 3D woven composites, the off-axis mUC is much more
complex as it contains over ten yarns. In addition, some of the yarns are comprised of two
or more parts that should be described using different sets of equations. The yarns falling
into this type are fill yarns 1, 3, 4 & 6 and binder yarn 1. The equations for describing the
surfaces and waviness of the yarns in the off-axis mUC are summarised in Tables C4 — C8,

Appendix C.

5.2.3.2 PBCs for off-axis 3D woven composites

Figure 5.10: Off-axis mUC & adjacent subdomains of 3D woven composites

The off-axis mUC and its adjacent subdomains of 3D woven composites are illustrated in
Fig. 5.10, based on which, the geometry relations between the off-axis mUC and the four
subdomains are then obtained, as listed in Table 5.5. Here, the symbols, L, and W, denote
the overall length and width of the off-axis mUC, and they are equal to v2L and 2v2L,
respectively. By enforcing the admissibility condition, all admissible loading cases and the
corresponding load reversal factors can be determined. However, it is interesting to note
that all loading conditions are admissible for this type of off-axis UC, as indicated in Table
5.6. Based on the data listed in Tables 5.5 and 5.6, the PBC that should be applied to each
pair of equivalent nodes can be easily calculated. The PBCs for the off-axis mUC of 3D

woven composites are detailed in Table D.9, Appendix D.
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5.3 Material modelling

Table 5.5: Relations between off-axis 3D woven mUC & adjacent subdomains

51 52 D3 D4
-1 0 0 -1 0 0 1 0 0 1 0 0
T; 0O -1 0 0 -1 0 0 1 0 [0 1 0]
0 0 -1 0 0 -1 0 0 1 0 0 1
—L, L, 0 0
xof’l 0 0 —Wo Wo
0 0 0 0
Lo Lo Lo Lo Lo Lo
ey 2 2SS [T sx=3
A —Wo Wol | _Wo Wo W Wo
x S SV S S =Y =5 > 5
A, e, e, ezt
2 2 2 2 2 2 2 2
xAi ; i Yo e
-y -y 2 z

Table 5.6: Admissible loading case of off-axis 3D woven composites

{yr Y2 V3 Va} Admissible loading

(011) (012) (013)
Case 1 1 1 1 13 (021) (022) (023)
(031) (032) (033)

5.3 Material modelling

The overall response of a woven composite material is determined by not only the internal

architecture but also many other factors, such as the type of fibre or polymer matrix used,

the surface treatment made to the fibres and the manufacturing process for fabricating the

composite material. For instance, in carbon fibre-reinforced polymer (CFRP) composites,

electrochemical treatment is often employed to partially oxidise carbon fibre surface so as

to promote the adhesion of fibres to the resin matrix and thus to improve the transverse

behaviour of the composite material. However, instead of considering all the factors that

may influence the overall response of woven composites, the present work focuses on the
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most dominant ones, i.e. the material behaviours of resin matrix and yarns. In addition, as
it is not practical to develop a single material model that suits various kinds of woven
composites, the material modelling in the present work is addressed only for the most

commonly used constituents, i.e. polymer matrix and glass/carbon fibre yarns.

Similar to unidirectional composites, woven composites feature distinct responses when
loaded in different directions. In the fibre directions (e.g. the warp direction), the material
behaviour is primarily driven by yarns, typically exhibiting linearly elastic response prior
to failure, followed by anisotropic post failure behaviour. Depending on the type of fibre
yarns used, the initial elastic response can be accompanied by a different degree of strain-
rate sensitivity. For example, woven composites with glass-fibre yarns are often found to
be strain-rate dependent, while those with carbon-fibre yarns are generally insensitive to
strain rate. In terms of the material behaviour in bias directions, particularly in 45° to the
warp or fill direction, woven composites often show strong nonlinear and rate-dependent
response. It is commonly believed that such kind of behaviour is closely associated with
that of polymer matrix, which consists of long chain molecules with a chain length of up
to 10° atoms and behaves viscoelastically at small strains and becomes nonlinear when the

strain applied is large enough.

Based on the above analysis, the present research assumes that the yarn material in woven
composites can be treated as unidirectional composites in the local material coordinate
system, and thus it will be modelled as a transversely isotropic material with linearly elastic
response prior to failure and anisotropic post-failure behaviour. Since some types of yarns
in woven composites may be sensitive to loading rate, the strain-rate dependence of the
yarn material in the fibre directions will also be considered. Due to the presence of intra-
yarn polymer matrix, the yarn material in woven composites may contribute to some degree
of nonlinearity and strain-rate dependence in the transverse directions. However, it is
believed that such nonlinearity and rate-dependence are insignificant compared to those of
the polymer matrix outside of yarns. Therefore, in this work, the nonlinearity and rate-
dependence of the yarn material in the transverse directions will not be considered
independently. Instead, it will be compensated in the utilisation of a viscoplasticity model
to describe the nonlinear, rate-dependent response of the polymer matrix. In the following
four sections, the material modelling in the present research will be detailed from the

perspectives of 1) the nonlinearity and strain-rate dependence of the polymer matrix, ii) the
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rate-dependence of the yarn material in the fibre directions, iii) the failure criteria for
identifying the damage initiation of the yarn material and iv) the analytical formulation for

describing the damage evolution of the yarn material.
5.3.1 Nonlinearity and rate-dependence of polymer matrix

Extensive studies have been conducted by many researchers to model the nonlinear, rate-
dependent behaviour of the polymer matrix in composites. The commonly used methods
can be categorised into physically-based approaches and phenomenological approaches. In
the former type of approaches, the response of a polymer is often modelled based on the
physical mechanisms that drive the deformation. For instance, the deformation of a
polymer is often assumed to be as a result of the motion of molecular chains over potential
barriers [197] or the unwinding of molecular kinks [198], and the degree of change in the
material state due to these molecular mechanisms is assumed to be associated with the
competition between the applied stress (which drives the material away from its original
state) and the internal stress (which is defined to model the resistance to deformation and
tends to drive the material back to its original state, and is often assumed to evolve with
stress, inelastic strain and inelastic strain rate). In general, this type of approaches models
the nonlinear, rate-dependent deformation of a polymer on one hand as a function of some
molecular parameters, such as activation energy and volume, molecular radius, angle of
molecular rotation and thermal constants, and meanwhile as a function of state variables
representing the resistance to deformation. Since these approaches address the modelling
of the deformation of polymers from a molecular perspective, they are also referred to as

molecular approaches.

In the latter category of approaches, the nonlinearity and rate-dependence of polymers are
often phenomenologically described by directly using or modifying a plasticity-based or
viscoplasticity-based theory that has been developed for metals. For example, without
making any modification, Zhang and Moore [199] and Valisetty and Teply [200] adopted
the techniques that were originally developed for metals to predict the uniaxial tensile
response of polymers. Another notable example is that the viscoplasticity theory based on
overstress (VBO), which was originally formulated by Krempl and Ho [201] for metals,
was modified by Bordonaro [202] to characterise the response of polymers under a variety

of loading conditions such as creep, relaxation and unloading. In the modified model, the
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phenomena that are encountered in the deformation of polymers but not in that of metals,
e.g. nonlinear unloading, were also considered. Recently, in order to model the nonlinear,
strain-rate dependent response of the matrix constituent in polymer matrix composites,
Goldberg and Stouffer [42] modified the constitutive equations of a viscoplasticity-based
model that was initially developed by Ramaswamy and Stouffer [203] for metals. In their
work, the original equations defining the effective stress, the effective inelastic strain and
the inelastic strain tensor in the classical J2 plasticity theory were reasonable modified to
account for the effect of loading rate on the response of the polymer matrix. Since these
approaches model the deformation of polymers by adapting a viscoplasticity-based theory,

they are also referred to as viscoplasticity-based approaches.

In this research, instead of trying to develop new constitutive models, the model developed
by Goldberg and Stouffer [42], which will be termed as the Goldberg-Stouffer model in
this thesis, is adopted to describe the nonlinear, rate-dependent response of the polymer
matrix in woven composites. The main reason for choosing this model is that it is not as
complex as the models developed using molecular approaches, where a relatively large
number of molecular parameters need to be obtained before they can be utilised. Another
reason for using the Goldberg-Stouffer model is that it has been found to correlate well
with experimental data [42] and that its effectiveness in predicting the nonlinear, rate-
dependent response of polymer matrix in composite materials has been validated by many

other researchers including Tabiei et al. [130, 135, 136] and Gerlach et al. [18].
5.3.1.1 The Goldberg-Stouffer model

In the Goldberg-Stouffer model, the total strain rate, &;;, is considered to be a sum of the

I

E
ij» ]

inelastic strain rate, &;;, and the elastic strain rate, £;;, which is defined by d;; = ¢; jkle’,'fl,
where d;; is the stress rate and ¢y, is the elasticity tensor. For the inelastic strain rate, it is

modelled as a function of the applied stress and the internal stress, as follows:

. 1022\ Si;—;
silszOexp(—E(i) >ﬁ (5.3)

where D, is a material constant denoting the maximum inelastic strain rate; Z, represents
the initial hardness of polymer matrix; n, is a parameter describing the dependence of the

response of polymer matrix on strain rate; S;; refers to as the deviatoric stress; (;; is a
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tensorial state variable; the term, S;; — €1;;, which is the difference between the deviatoric

ij»
stress and the tensorial state variable, is termed as the overstress, and J, is the second
invariant of overstress. Here, the deviatoric stress and the second invariant of overstress

take the following classical forms, as follows, where §;; is the Kronecker delta tensor:
_ Okk

1
Jo =5 (Si — Q) (Si; — Q) (5.5)
The use of the tensorial state variable in Eq. (5.3) is to model the resistance to molecular
flow in polymer matrix, and thus this variable is also termed as the “internal stress”, which
is an analogy to the concept of “back stress” in metals. This internal stress is assumed to
be equal to zero if the polymer matrix is in the original state and evolve with the inelastic

strain, as follows:
. 2 . .
Qi = 2qnél; — qQyjéeq (5.6)

where q is a material parameter representing the “hardening” rate of polymer matrix; Q,
is the value of the internal stress at “saturation”, which is the point where the stress-strain
curve becomes flat; and £ is the effective inelastic strain rate, which defined by:

S G VS Y |
Eeff = |3 Eij€ij (5.7)

5.3.1.2 Determination of material constants

To employ the above viscoplasticity-based model, all material constants (i.e. Dy, Zg, Ny, q
and Q,) must be determined. For parameter D, it is the limiting value of the inelastic
strain rate and can be assumed to be 10* times the maximum applied total strain rate, as
suggested in [42]. For the remaining parameters, they can be determined based on the

uniaxial forms of Egs. (5.3) and (5.6), as follows [42]:

g _ 2 _1( Z \*™r) o-Q
€= \/§Doexp< 2(|0’—Q|) >|a—ﬂ| (5-8)

Q= qQ,é' — q|&!| (5.9)
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where ¢! is the uniaxial strain rate, ¢ is the uniaxial stress, ) is the uniaxial form of the

internal stress, and () is the uniaxial form of the internal stress rate.

To determine Z,, n, and (,,, natural logarithm operations are performed on both sides of

Eq. (5.8), which results in:

(%) =32+ m (D) .10

Here, it should be noted that the second term of the right side of this equation vanishes as

it has been assumed to be under uniaxial tensile loading. Assume the test for determining
these parameters has been conducted to the state of saturation. By substituting the values
of the inelastic strain rate, the uniaxial stress and the internal stress at saturation, i.e. &y, 05
and (1,,,, back into Eq. (5.10), it yields:

Vit

In [—Zln ( 23Do )] = —2n.In(os — Q) + 2n.In(Z,) (5.11)

The above equation can be rewritten as:

y = =2n.x + 2n.In(Z,) (5.12)
where
x =In(os — Q) (5.13)
— 1n [—21n (0
y =In|-2In( - )] (5.14)

As Eq. (5.12) correlates x with y, a number of uniaxial tensile tests (e.g. n tests) can be
conducted at several constant strain rates. Based on these tests, a set of data pairs, x; and
y; (i =1,2,...,n), can be obtained to perform a least-squares regression analysis. Then,
the values of n, and Z, can be derived since the slope and the intercept of the best fit line
are equal to —2n, and 2n.In(Z,). Here, it should be noted that in calculating x;, the value
of Q,, can be initially estimated to be 50% ~ 75% of the highest value of the uniaxial
stresses at saturation [42], and the value of (), should be adjusted until an optimal fit to

the data is reached.
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In terms of g, it can be determined based on Eq. (5.9). It is often assumed that the internal
stress reaches a maximum if the polymer matrix is at saturation, which means that the
exponential term in Eq. (5.8) approaches zero. Moreover, it is assumed that the condition

at saturation [42] is:
exp(—qel) =0.01 (5.15)
where ¢! is the inelastic strain at saturation.

Solving the above equation determines the value of q. Here, it should be noted that if the
inelastic strains at saturation in the tensile tests vary with the loading rate, all the values of
q should be calculated for subsequent regression analysis. Alternatively, the value of q can

be determined from the average value of the inelastic strains at saturation.
5.3.1.3 Solution algorithm for the Goldberg-Stouffer model

The constitutive equations in the Goldberg-Stouffer model, i.e. Egs. (5.3) ~ (5.7), generate
either a differential equation for each component of the tensorial variables or a first-order
tensorial differential equation that does not have a closed-form solution. To approximate
the solutions of these equations, one of the techniques that can be utilised is the iterative,
implicit trapezoidal rule integration procedure described in [42]. However, as this model
will be implemented using the explicit weak-form meshfree method, the four-step Runge-
Kutta method described in [135] is adopted to explicitly estimate solutions. Before using
this solution technique, the rate forms of the constitutive equations should be transformed

into the incremental forms, as follows, where dt is time increment:

122\ Si;-;
de}j = [Doexp (_E(i) )—i/ﬁ ’] dt (5.16)
2
dQyj = - qQndel; — qQjdeg (5.17)

dele = Edsiljde}j (5.18)

Essentially, when utilising the explicit weak-form meshfree method to predict the overall

response of woven composites, the four-step Runge-Kutta technique estimates the values

168



Chapter 5: Mechanical response prediction

of the tensorial variables at the current step from those at the previous step. At the current

step, the following variables are known and can be used to as input parameters:

(n) :
1) The stress o; j at the previous step

2) The internal stress Qg-l) at the previous step

I§n) at the previous step

3) The inelastic strain g;

4) The total strain si(}q) at the previous step
5) The total strain £+

1)
ij at the current step

(n+1)
]

6) The total strain rate &;; at the current step

Based on the above input parameters, the four-step Runge-Kutta method can be advanced

in a four-step manner, as follows. In the first step, it is assumed that:
oy = o0 & Q;; = QL (5.19)
By substituting éi(fﬂ) , 0;j and §;; into Egs. (5.16) ~ (5.18), the unknown variables, del-lj

and d();;, can be calculated and are denoted as:

ijs
dej} = de; & dQj; = dQy; (5.20)

Then, the inelastic strain, the tensorial stress and the internal stress can be initially updated,

as follows:
ell = (" +del} (5.21)
ol = oM +2dal; (5.23)
ij ij 5 UR4ij :

At the second step, the tensorial stress and the internal stress updated in the first step are
used as the input parameters and substituted into Egs. (5.16) ~ (5.18), and the results are

denoted as:

dej? = dej; & dQF, = dQy; (5.24)
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Again, the inelastic strain, the tensorial stress and the internal stress can be updated in a

similar way, as follows:

el = ") +-def? (5.25)
al-zj = cijkl(g,(gzﬂ) — e,lczl) (5.26)
% = o™ + 142 (5.27)

tj ij 2 tj :

After that, the tensorial stress and the internal stress calculated in Egs. (5.26) and (5.27) are
accepted as the input parameters for the third step to update Egs. (5.16) ~ (5.18), which

results in;

de? = dej; & dQ3; = dQy; (5.28)
el = gl + del? (5.29)

ij ij ij .
O-is;- = Cijkl(gl((?-l—l) - 8]1{3{’) (530)
03 = afY + da; (5.31)

At the last step, the incremental variables can be updated again by substituting the results

obtained in the third step into Egs. (5.16) ~ (5.18), which gives:
dej} = de; & dQf; = dQy; (5.32)

After completing the above four-step calculations, the inelastic strain, the tensorial stress

and the internal stress at the current step can be approximated, as follows:

I(n+1 I 1 1 1 1
e = el + 2 del} + S del? + 2 del} + - del} (5.33)
1 1 I(n+1
Ui(jn+ ) = Cijkl(glETlH ) - gk(ln+ )) (5.34)
(n+1) _ () , 1 1 L L
‘Qi]r'l = Qi? + Edﬂllj + 3 dQ?j + gdﬂ?] + gdﬂfj (5.35)
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5.3.2 Rate-dependence of yarn material

In the present work, the logarithm scaling approach that was initially proposed by Weeks
and Sun [204] is employed to model the rate-dependent behaviour of the yarn material in
the fibre/longitudinal direction. Specifically, the rate-dependence in the fibre direction is

described by scaling the longitudinal Young’s modulus, as follows:

€| . .
ELO (1 + CELln i) |€| = &
Epo l€] < &

E, = (5.36)

where Ej, denotes the rate-dependent elastic modulus, &, stands for the reference strain-rate
and is often taken as a relatively low strain-rate, such as 10™/s, E is the longitudinal
elastic modulus measured at the reference strain-rate, € is the average strain-rate applied to
the yarn material, and Cgy, is a scaling parameter which describes the rate-dependence of
the yarn material in the fibre direction and needs to be fitted against experimental results.
Here, it should be noted that the above formulation is exclusively designed for strain-rate
sensitive yarn materials, such as glass-fibre yarns. In terms of strain-rate insensitive yarn
materials, such as carbon-fibre yarns, no rate-dependence in the elastic modulus should be

taken into account.

As the above formulation is aimed to describe the rate-dependent behaviour of the yarn
constituent in woven composites, conducting experimental tests at the scale of the yarn
constituent to tune the scaling parameter would be problematic. A more practical solution
is to firstly fabricate unidirectional composite specimens with the same types of material
constituents as those in the yarn material. Then, a number of uniaxial tensile tests should
be conducted at different constant strain rates to obtain experimental data pairs, i.e. x; =
logé; — logé, and y; = (EL);. Here, it should be noted that if the volume fraction of the
unidirectional composite specimens is different from that of the yarn material, these data
pairs need to be normalised. Finally, based on the normalised data pairs, a least-squares
regression analysis can be performed to obtain the best fit line, and the scaling parameter,

CgL, can be fitted as Ej is known and the slope of the best fit line is equal to Ej ¢ Cgy..
5.3.3 Damage initiation and evolution of constituents

5.3.3.1 Damage initiation of yarn material
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As the yarn material in woven composites is assumed to be unidirectional composites in
the local material coordinate system, its failure can be largely identified by adapting the
criteria developed for unidirectional composites. In the present research, the well-known
Hashin’s failure criteria [205], which were developed for unidirectional composites, are
generalised to identify the damage initiation of the yarn material in woven composites.
Specifically, six failure modes are defined for the yarn material, and each failure mode is
assumed to initiate if the failure function reaches unity. In the following paragraphs, the
six failure modes and the corresponding failure functions will be detailed. For simplicity,
the meaning of the quantities in the failure functions are summarised in advance. g;; and
7;; denotes the normal and shear stress components; Xt and X represent the tensile and
compressive strengths in the longitudinal or fibre direction; Y1 and Y refer to the tensile
and compressive strengths in the in-plane transverse direction; Zt and Z are the tensile
and compressive strengths in the out-of-plane transverse direction; Sy, Syt and Sty, are the
shear strengths of the yarn material in the corresponding action planes; and the symbol
“(" )" denotes the Macaulay brackets. Since this symbol is exactly the same as the volume
average operator, see in Eq. (2.64), it should be noted that the utilisation of this symbol in

this section only suggests that the Macaulay bracket operation is performed, i.e.:

@ ={7 227 (5.37)

< Mode 1: Tensile fibre failure in the fibre direction (611 = 0)

In the fibre direction, the response of the yarn material in woven composites is primarily
driven by the fibres, and the failure in this direction occurs typically in the form of tensile
fibre fracture. The main contributing factor to this failure mode is the tensile stress in the
fibre direction, whose increase promotes the failure. However, when defining the failure
function, the contribution from the in-plane shear stress and the out-of-plane stress should
not be neglected as they are parallel to the fibre direction. Therefore, in a similar way of
defining failure in Hashin’s damage model [205], tensile fibre failure in the yarn material
is assumed to be as a result of the quadratic interactions between the longitudinal tensile

and shear stresses, and the failure function is defined as follows:

2 2 2
fier = () 424 Dy (5.38)

2 2
XT Sit STL
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< Mode 2: Compressive fibre failure in the fibre direction (g,,; < 0)

When subjected to compression in the longitudinal direction, the dominant failure mode
shown in the yarn material is compressive fibre failure (e.g. buckling and kinking of fibres).
Under compression, the increase of the compressive stress in the fibre direction promotes
the presence of this failure mode. However, the compressive stresses in the in-plane and
out-of-plane transverse directions tend to prevent the fibres from buckling or kinking and
thus discourage the presence of compressive fibre failure. Therefore, the failure function
for this failure mode is defined based on the competition between the compressive stress

in the fibre direction (g;; < 0) and those in the transverse directions, as follows:

_ _(_022t+033 2
fitc = <—a“ — )> =1 (5.39)

Xc

< Mode 3: Matrix cracking under in-plane transverse tension (0,5 = 0)

If the yarn material in woven composites is loaded in transverse directions, the potential
failure modes include intra-yarn matrix cracking, matrix shear and matrix-fibre interface
debonding, which is still a matrix-dominated failure mode [206]. However, in the case of
in-plane transverse tension, the dominant failure mode is matrix cracking, and it is often
believed that this failure mode is closely associated with the tensile loading, as well as the
shear forces in the in-plane transverse direction. Therefore, the function for this failure

mode is defined based on the transverse tensile and shear stresses, as follows:

2 2 2
fome = () + 224+ 22 =g (5.40)

Y Str  Str
< Mode 4: Matrix shear under in-plane transverse compression (05, < 0)

In the case of in-plane transverse compression, the predominant failure mode of the yarn
material becomes matrix shear failure, which is as a consequence of randomly distributed
fibres running through the matrix. In the present research, the failure criterion formulated
by Hashin [205] for identifying matrix compression failure in unidirectional composites is
directly employed, as follows:

s = (£220)" 4+ [(Y—C)Z ]2y (5.41)

28Tt 28Tt Yo o SPr
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< Mode 5: Matrix cracking under out-of-plane transverse tension (g35 = 0)

For the yarn material in woven composites, the potential failure modes in the out-of-plane
direction and the contributing factors to these failure modes are similar to those in the in-
plane direction. Therefore, the failure function for identifying matrix cracking under out-

of-plane transverse tension can be defined in a similar way, as follows:

2 2 2
ame = (22) + 24302 (5.42)

A Str - StL
< Mode 6: Matrix shear under out-of-plane transverse compression (g35 < 0)

Under out-of-plane transverse compression, the failure in the yarn material is primarily in
the form of matrix shear, which is similar to failure mode 4. Thus, the failure function for

this failure mode is defined in a similar form to Eq. (5.41), as follows:

_ (o) L [(2e ) g g T
3mS — ( 25T ) T [(ZSTT) 1] Zc T sz, 1 (5.43)
5.3.3.2 Damage initiation of polymer matrix

It should be noted that the Goldberg model discussed above describes only the deformation
of a polymer prior to failure, suitable functions should be defined to characterise the post-
failure behaviour. Considering that polymers exhibit a low degree of stress variation after
saturation, the maximum strain criterion is used to identify the point where damage in the
polymer matrix initiates, as follows, where €, stands for the failure strain, and &g is the

total effective strain:

fon = (ﬁ)2 =1 (5.44)

Emf

After implementing this failure criterion for homogenising the overall response of woven
composites, the total effective strain &g, and the failure function f;;, will be calculated at
each time step. If this failure condition is met for a material point in the polymer matrix,
the elasticity matrix defined in Eq. (2.13) should be updated by reducing the values of the
elastic and shear moduli uniformly based on the degree of damage, which will be addressed
later in Section 5.3.3.4. When using the criterion defined in Eq. (5.44), it should be noted

that the failure strain of a polymer matrix may vary with strain-rate as a result of the rate-
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dependence of the polymer matrix. To take such a phenomenon into account, the following
logarithm formulation can be used to scale the failure strain:
€]

emo (14 Cmslng) HEES

Enf = (5.45)

€mo l€] < &
where &,,¢ refers to the rate-dependent failure strain, &, represents the reference strain-rate,
€mo Stands for the failure strain measured at the reference strain-rate, € denotes the average
strain rate applied to the polymer matrix, and C, is a material parameter describing the
rate-dependence of the failure strain against the strain-rate. Here, this material parameter
should be fitted by using a procedure similar to that in Section 5.3.2. Also, it should be
noted that the positive sign should be utilised if the failure strain is found to increase with

strain-rate; otherwise, the negative sign should be used.
5.3.3.3 Damage evolution of yarn material
< Formulations based on Weibull distribution

To accurately predict the overall response of woven composites, it is critical to identify
how damage will develop after damage initiation. One of the commonly used techniques
is to employ a Weibull function based formulation [207] to phenomenologically describe
the damage evolution as a function of the applied stress or strain, see [130, 131, 135, 136,
208]. The uniaxial form of the commonly used Weibull function based formulation for
describing the damage evolution in composite materials can be written as:

0 =1-exp[-—1—(Z)"] (5.46)

aexp (1)

where ¢ refers to the strain, X denotes the strength, E' is Young’s modulus, a is a material
parameter used to describe the rate of damage evolution, w is the damage variable, with
the value of 0 representing the undamaged or virgin state and the value of 1 denoting the

state of complete failure.

However, it can be found after taking a closer examination that there are two problems in
the above formulation. On one hand, if a failure criterion is applied to identify the point

where damage initiates, the use of this formulation means that damage will initiate at zero
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stress or strain, which is generally not desirable. On the other hand, if a failure criterion is
utilised, e.g. E|e| = X, the value of the damage calculated using this formulation for the

point of damage initiation, where the damage is expected to be zero, is not equal to zero:

wo=1—exp(— g (1)) %0 (5.47)

To eliminate the above limitations, an improved formulation is proposed in the present
work for predicting the damage evolution of the yarn material in woven composites. The

uniaxial form of the proposed formulation is written as follows:

0 Ele| < X

@= {1 — exp {— . [(%)B - 1]} Ele] = X (5.4%)

exp (1)

where f is a material parameter used to describe the rate of damage evolution. Here, it is
interesting to note that the proposed formulation still complies with the standard Weibull
function based formulation to some extent. Specifically, the proposed formulation can be

rewritten into a special case of the standard Weibull function based formulation by setting

a as 1, as follows:

0 Elel| < X
w = 1 e 1° (5.49)
1—exp{—aex—p(1)[(7) —1] } ElEIZX
1 r - =
T 08 /
2
=
£ 06 A Original (0=3.0)
: 4 Improved (B=1.5)
g0 04 4
® 4 —— Improved (=2.0)
g @oF0 — d (B=2.5
8 02t \ , mproved (=2.5)
0 === ’ 1 1 1 1 J
0 1 2 3 4 5 6

Strain (%)

Figure 5.11: Comparison between the standard and improved formulations
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Fig. 5.11 shows a comparison between the standard and the improved formulations, where
the same values of E and X were utilised to produce the curves based on Egs. (5.46) and
(5.48), respectively. It is clearly demonstrated in this figure that both the problem of non-
zero damage at the point of damage initiation and that of damage propagating from zero
stress or strain have been effectively avoided by utilising the improved formulation. Also,
this figure suggests that by changing the value of the material parameter, 8, the rate of

damage evolution can be easily adjusted for the yarn material of investigation.

In the present work, the improved formulation given in Eq. (5.48) is extended to model the
damage evolutions associated with the six failure modes, as previously described in Section
5.3.3.1. Specifically, the functions to be used to represent the damage evolution of the six

failure modes of the yarn material are defined as follows:

= 0 firr <1 550
o {1 —exp{— [(firr)P* — 1]/exp(D)}  firr =1 (5.50)
= 0 fie <1

wifc = {1 — eXp{— [(flfc)ﬁz — 1]/eXp(1)} flfc >1 (5.51)
0 meC <1

ame {1 — exp{— [(famc)?? — 1]/exp(1)}  fomc =1 (5.52)

{ 0 meS <1 553

oams 1 - exp{— [(foms)P* — 1]/exp(1)} foms =1 (5.53)
0 f3mC <1

Pame T { — exp{— [(fsmc)?s — 1]/exp(1)} fome =1 (5.54)
= 0 f3mS <1

ams {1 — exp{— [(fams)Pe — 1]/exp(1)} fams =1 (5.55)

where f; ~ B¢ are the material parameters used to describe the rates of damage evolution
corresponding to the six failure modes. Here, each constant can be fitted from a uniaxial
test. For example, the ith parameter §; (i = 1,2, ...,6) can be determined by minimising a
least-squares function that is based on the differences between the stresses measured at the

post-failure stage, g; (j = 1,2, ...,n), and the predicted stresses, §;:
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g(B) = \/(01 — )2+ + (0= 6) + -+ (0n — 6n)? (5.56)

where 6; can be calculated based on the measured post-failure strain, ¢;, as follows:

6; = exp {— [(E|ej|/X)ﬁi - 1]/exp(1)} Eg; (5.57)
< Calculation of the damaged elasticity matrix

To account for the degradation of material stiffness resulted from the damage evolution in
the yarn material, the concept of the damaged elasticity matrix, C(w), is employed to
replace the original elasticity matrix. For simplicity, the damaged elasticity matrix can be
defined using its inverse, i.e. S(w), which can be divided into a direct part Sq(w) and a

shear part Sg(w), as follows:

Sl (w) 0]
Clw) =S (w) =1 5.58
(w) (w) I o S;l(w)l (5.58)
1 _ VLT _ UTL

EL(1-wq) ELy(1-w1)(1-w3) Ery(1-w1)(1-w3)
S s VLT 1 _ UTT 559
a(w) = ELy(1-w)(1-w3) Er(1-w2) Ety(1-w2)(1-w3) (5.59)

_ VL _ VT 1
ET{(1-w1)(1-w3) ETy(1-w2)(1-w3) Et(1-w3)
1 1 1
Ss(w) = [GLT(l—(M) Grr(1-ws)  GrL(1-we) (5.60)
where

w1 = (w1pr{011) — W1ec{—011)) /011 (5.61)
Wy = (Wamc{022) — Wams{—022)) /02, (5.62)
w3 = (W3mc(033) — W3ms{—033)) /033 (5.63)
wy =1— (1= wrr)(A — wiec)(1 — Wamc) (1 — Wams) (5.64)
ws =1- (1 - O‘)ZmC)(1 - meS)(l - meC)(l - meS) (5.65)
we=1—(1—w3mc)(1 — w3ms)(1 — wirer) (1 — wygc) (5.66)

178



Chapter 5: Mechanical response prediction

5.3.3.4 Damage evolution of polymer matrix

In terms of the damage evolution of the polymer matrix, it is assumed to follow a similar

formulation to the yarn material, as follows:

0 Ifml =1

“m = {1 — exp{— [(1fuD)P — 1]/exp(D} |fu] > 1 (567)

where S, is a constant used to describe the rate of damage evolution. The degradation of
the stiffness of the polymer matrix due to damage can be taken into account by modifying

the elasticity matrix into Cp, (1 — wp,).
5.3.4 Deformation of woven fabric under shear

Under in-plane tension in the warp or fill direction, the straightening effects of yarns in
plain woven composites is limited due to a low degree of waviness. However, as a result
of a low stiffness of the matrix phase, plain woven composites are susceptible to in-plane
shear loading, causing reorientations in the warp and fill yarns the mutually perpendicular
state to a fully locked position. In this work, the approach developed by Tabiei and Ivanov
[209] for describing the deformation of a flexible woven fabric is adapted. Specifically, the
reorientation of woven yarns under shear is modelled by modifying the in-plane shear
modulus Gt into pGyr, where pis a discount factor. For plain woven composites, this
factor is assumed to have a value of G, /Gy if the warp and fill yarns are in the original
state and linearly increase to unity when the yarns are compacted to a fully locked position.
Considering the geometrical relations of the yarns in the fully locked positions, the value
of this factor at different strain values can be determined, as follows, where G, is the shear

modulus of the matrix, and (&1, is the volume average strain applied in the X direction:

(GLT=Gm){€11)+GmEa

£, <(g1) <0

GLTEa
n= (GLT_Gn;)(511)+GmEb &p > (811> >0 (5.68)
LT€b
1 Otherwise
g, = V2sin(0.5arcsin (1)) — 1 (5.69)
& = ﬁcos(O.Sarcsin (/1)) -1 (5.70)
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5.4 Meshfree implementation

5.4.1 Framework of the meshfree program

Similar to the case of predicting the elastic properties of woven composites, an in-house
computer program implementing the high-fidelity mUC models and the material models
described in Section 5.3 has been developed in combination with the explicit weak-form
meshfree method for predicting the overall response of woven composites. This program,
which will be termed as the explicit meshfree program, was coded using the programming
language FORTRAN. It allows the user to predict the overall response of plain, twill or 3D
woven composites, on the condition of providing four types of inputs, i.e. geometry
configurations, numerical parameters, material properties and loading conditions, which

will be discussed later.

Fig. 5.12 details the flow chart of this computer program. Clearly, the upper-left block of
this program is similar to the left block of the standard meshfree program (see Fig. 4.35),
except that the lumped mass matrix, My, rather than the global stiffness matrix should be
calculated. Then, based on the quantities calculated initially and the loading condition
prescribed, the meshfree-based explicit time integration is performed. Here, at each time
step, the acceleration, velocity and displacement of all field nodes are computed directly,
and thus the strains of all integration points can be derived for the subsequent calculation
of the stresses of all material points. For the points located within the yarns, the material
model for identifying the damage initiation and evolution in the yarn material is utilised to
calculate the stresses; otherwise, the viscoplasticity-based model is used to determine the
material state of the polymer matrix and calculate the stresses, as detailed in Fig. 5.13,
where it is shown that the four-step Runge-Kutta method has been utilised to obtain stable
solutions of the inelastic strain, the internal stress and the total stress based on the results
from the previous step. After completing the calculations for all the time steps, a history of
the volume average stress can be derived, and its combination with the history of the strain
prescribed yields the overall response of the woven composites of prediction. It is worth
noting that the quantities in the upper-left block of Fig. 5.12 are independent of time.
Therefore, this part of codes should be executed only once, before the execution of the
subsequent explicit time integration. On the other hand, the codes corresponding to the

remaining parts of the meshfree program should be performed for all the time steps.
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Figure 5.12: Flow chart of the explicit meshfree program
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Figure 5.13: Flow chart of the viscoplasticity-based model
5.4.2 Further details of the meshfree program

Table 5.7 lists the input parameters of the explicit meshfree program, which also consist of
the geometry parameters for the mUC models of the three types of woven composites, the
numerical parameters for domain discretisation, determination of support domain and
shape function calculations, iii) the material parameters for the polymer matrix and yarn
material, and iv) the prescribed strain. Here, it should be noted that the use of the explicit
meshfree program in this work for predicting the overall response of woven composites 1s
based on the domain discretisation strategy previously detailed in Section 4.6.4. Thus, the
numerical parameters can be determined by directly performing the procedures discussed
in Sections 4.6 and 4.7. However, to save computational time and costs, the conclusions
that have been summarised in Section 4.7 can also be used for the determination of the
open numerical parameters for the case of homogenising the overall response of woven

composites.
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Table 5.7: Inputs for the computer program for overall response prediction

Type Variable Description
WCT Weave type (1: plain, 2: twill, 3: 3D)

Geometry UCT UC type (1: normal, 2: off-axis)
parameters L,W,H,Hy, .. Dimensional parameters

Awr Afar Aoy Ap Dimensionless parameters

nFx,nFy,nFz No. of nodes in each direction
Numerical nCx,nCy,nCz No. of cells in each direction
parameters As, deyy Aoy deg Support domain parameters

0,q,a4,a4,a;5,a3 Constants for RBF and MK

Eny Vmy Ciner €Emor By Pm Material properties of polymer matrix

Dy, Zy, 1y, q, Oy Viscoplasticity model parameters
Material
. Ey, Et, vir, Vo1, G, CeL, py - Material properties of yarn material
properties
X, Xe, Y., Yo, Z1, Z¢, Surs oo Material strengths of yarn material
B1, B2, B3, Ba, Bs, Be Parameters for the damage evolution
ALC Admissible loading case (1, 2, 3 or 4)
PBC
(e(t)) Prescribed macroscopic strain

5.5 Results and discussion

5.5.1 Examples on plain woven composites

To evaluate the accuracy and effectiveness of the UC models, the material models and the
meshfree-based UC modelling methodology for predicting the overall response of woven
composites, two sets of numerical examples were conducted for a plain woven composite
material under in-plain normal and off-axis tensile loading conditions, as detailed in Table
5.8. The first set of numerical simulations was based on the normal mUC of plain woven
composites and to predict the responses of the composites subjected to tension in the warp
direction (0°) with three different strain rates, i.e. 10'/s, 10~/s and 107/s, while the second
set of simulations was based on the off-axis mUC and to predict the responses subjected to

tension in the off-axis direction (45°) with the three strain rates.
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Table 5.8: Details of the two sets of numerical simulations for EP121-C15-53

Simulation  Rate (s”!)  Loading direction mUC PBC
Al 107! Warp (0°) Normal See Table B.1
E A2 103 Warp (0°) Normal See Table B.1
A3 10° Warp (0°) Normal See Table B.1
Bl 107! Off-axis (45°) Off-axis See Table D.1
% B2 107 Off-axis (45°) Off-axis See Table D.1
” B3 107 Off-axis (45°) Off-axis See Table D.1

5.5.1.1 Geometry information and numerical parameters

The composite material of prediction here is the one that has been previously utilised in
Sections 4.1.2 and 4.7.1, and it is based on the EP121-C15-53 prepreg. Further details of
this composite material can be found on the supplier website [193]. Thus, the geometry
inputs for the two sets of numerical simulations are the same as those listed in Table 4.9.
To determine the values of the open numerical parameters that have been employed in the
two sets of simulations, sensitivity studies of all the parameters to the predicted response
should be performed. However, to save computational time, the conclusions summarised
from the sensitivity studies presented in Section 4.7.1 were directly utilised to determine
the values of these parameters in the simulations in Set A, as shown in Table 5.9. In terms
of the numerical parameters in the simulations in Set B, the numbers of field nodes and
background cells were scaled based on the ratios of the overall dimensions of the off-axis
mUC to those of the normal mUC. For example, if the ratio of the length of the off-axis
mUC to that of the normal mUC is 7, and the number of field nodes in the length direction
of the normal mUC is nFx, the number of field nodes in the length direction of the off-axis

mUC will be nFx X 1.

Table 5.9: Numerical inputs for the two sets of numerical simulations

Set Set A Set B
No. of field nodes 13x13x%7 10x20x7
No. of background cells 60x60%30 45%x90%30
Domain scaling parameter as =2.5 as = 2.5
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5.5.1.2 Determination of matrix properties and viscoplastic parameters

To determine the material properties and parameters in the viscoplasticity-based material
model, a number of uniaxial tensile tests were conducted on the polymer matrix of the
composites system of investigation, i.e. EP 121 matrix, according to the testing standard
ASTM D638-14 [210] and the fitting procedure described in Section 5.3.1.2. The tests were
comprised of six samples, with each sample further consisting of five specimens tested at

the same constant strain rate to obtain averaged results.

Table 5.10: The averaged results of the six uniaxial tensile tests for EP 121

Sample #1 # #3 #4 #5 #6
&o 103 10 1073 102 107! 1
0, 72.32 72.91 74.68 77.85 80.07 85.54
el 4.56% 4.61% 4.47% 4.42% 4.39% 4.25%
Emf 7.13% 7.21% 7.00% 6.92% 6.86% 6.65%
x 2.373 2.427 2.572 2.789 2.917 3.176
y 3.731 3.614 3.482 3.329 3.149 2.929
400 'y
375 b T ~o -
\. - -
3.50 TH-~_
~ ~ l\
325 B ~ <
LN
3.00 Sl
y=-1.173x + 6.797 o
R2=0.989 ~<
275 So
X
2.50 1 1 1 1 J
2.50 2.70 2.90 3.10 3.30 3.50

Figure 5.14: Regression analysis for determining the viscoplastic parameters
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Table 5.10 shows the results of the six samples of tests, where &, denotes the testing strain
rate, g and & stand for the stress and inelastic strain at saturation, &,,¢ represents the stain
at failure initiation. Here, it should be noted that the values of (x, y) were calculated based
on Egs. (5.13) and (5.14). Also, when calculating x and y, D, was chosen to be 10* times
the maximum strain-rate, and (), was estimated to be 68% of the maximum saturation
stress. Based on the data in Table 5.10, a least-squares regression analysis was performed,
and the equation of the best fit line is shown in Fig. 5.14. By comparing the best fit line
against Eq. (5.12), the values of n,. and Z, were calculated, i.e. n, =0.586 and Z, = 330
MPa. In terms of parameter g, its value was calculated by solving Eq. (5.15), where the
value of the inelastic strain used in this calculation was chosen to be the average of the

tested values of €.

0.075
0.073 F~_
S o - ™
0.071 | "l
~ .\ X
0.069 | TE
S o H
y =-0.001x + 0.072 ~eo
R2=0.887 ~s
0.067 | S< o
m T~
X
0.065 1 1 1 1 1 1 J

-1.00 0.00 1.00 2.00 3.00 4.00 5.00 6.00

Figure 5.15: Least-squares regression analysis for determining parameter Cme

The results of the above uniaxial tests were employed to determine the elastic modulus,
Poisson’s ratio of the polymer matrix, and also the failure strain scaling coefficient, Cp,
whose value was determined after performing the regression analysis shown in Fig. 5.15.
Here, it is worth noting that the negative sign version of Eq. (5.45) was applied to conduct
the regression analysis as the failure strain decreases with increasing strain-rate. Further,

based on the data of these tests, the damage evolution parameter, f,,, was determined by
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using the parameter fitting approach previously described in Section 5.3.3.3. The material

properties and parameters of the resin matrix are summarised in Table 5.11.

Table 5.11: Material inputs of EP121-C15-53 (Modulus in GPa, Strength in MPa)

Em Um ng Cms ﬁm pm (g/cmS)
R
et § 3.11 0.36 7.13% 0.014 3.8 1.264
aZ o
2 Dy (s™) Zy Ny q Om
Q
10000 330 0.586 103 58
Ey, Et LT Ly Gt py(g/cm?)
£ 161.64 10.57 0.27 0.33 5.52 1.614
< %
5 g Xr/Xc Yr/Yc Zr/Zc SuT Str St
e
5 g 2687/1622 58/263 58/263 95 78 80
N S
—
S B1 B2 B3 Ba Bs Bs
9.0 7.6 4.7 2.8 4.7 2.8

5.5.1.3 Determination of yarn properties and damage parameters

The yarn material in this plain woven composite was made from 3k HTA40 carbon fibres.
Due to the unavailability of experimental facilities and the difficulty of conducting in-site
tests at the yarn scale at the time of undertaking this research, all material properties of this
yarn material were determined from testing unidirectional composite specimens that have
the same material constituents and FVF as the yarn material. The basic properties such as
the elastic moduli and strength parameters were directly obtained based on uniaxial tension,
compression and shear tests. However, these tests were performed to determine only the
in-plane properties. For the out-of-plane properties such as Zt, they were assumed to be

the same as those in the in-plane transverse direction, as given in Table 5.11.

In terms of the parameters in the damage evolution model, they were also approximated
using uniaxial tests, where the specimens were loaded to complete failure, and both stress
and strain data were collected to perform the least-squares procedure described in Section
5.3.3.3. Specifically, for the parameter corresponding to the damage evolution of tensile

fibre failure, ;, uniaxial tensile tests were performed on specimens in the longitudinal
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direction. Based on the recorded strain data, the predicted stresses were computed using
Eq. (5.57). In combination with the measured stress data, Eq. (5.56) was applied to form a
least-squares function of 81, which can be determined by minimising the function. For the
parameter associated with compressive fibre failure, f3,, it was determined by conducting
compression tests in the longitudinal direction. In terms of the parameters associated with
matrix cracking and shear due to in-plane tensile and compressive loading, i.e. 53 and S,,
they were evaluated after doing in-plane tension and compressive tests in the transverse
direction, respectively. However, no test was performed for parameters 5 and S as the
associated failure modes are similar to modes 3 and 4, and their values were assumed to be
the same as 3 and f,. For clarity, the values of these damage evolution parameters are
detailed in the last row of Table 5.11. However, it should be pointed out that the values
determined using uniaxial tests on unidirectional specimens are with approximations since
the failure modes in the tested unidirectional composites may not be completely identical

to those in the yarn material of investigation.

5.5.1.4 Experimental tests for validating the two sets of numerical simulations

Curing with a hot-press
> _ _

Cured composite panel

Figure 5.16: Fabrication of composite panels using a hot-press machine
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To experimentally evaluate the two sets of meshfree-based simulations, composite panels
based on 8 layers of EP121-C15-53 prepreg were fabricated by using a hot-press machine,
as shown in Fig. 5.16. The panels were cured under the conditions of a dwell temperature
of 135 °C for approximately 70 min and a pressure of 2 bars, and then cut into 0° and 45°
specimens on a waterjet cutting machine, the use of which was to reduce the damage that

may cause to the specimens during cutting.

Figure 5.17: Uniaxial tensile tests on a hydraulic Instron machine

According to ASTM D3039 [2] and the loading conditions in the two sets of numerical
simulations, as detailed in Table 5.8, two sets of experimental tests were conducted on an
Instron testing machine, as shown in Fig. 5.17. Here, the first set was comprised of three
uniaxial tensile tests conducted on 0° specimens subjected to strain rates of approximately
107/s, 10°%/s and 107/s, respectively, and the geometry configuration of these specimens
are illustrated in Fig. 5.18a, where it is shown that glass fibre-reinforced plastic (GFRP)
tabs were adhered to the testing specimens with a two-component epoxy resin for the sake

of minimising gripping damage to the specimens. In terms of the second set of tests, they
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were designed to obtain the overall responses of the plain woven composites subjected to
the three strain rates of loading (107'/s, 10%/s and 107/s) in the off-axis direction, i.e. 45°
to the warp direction. The geometry configuration of the 45° specimens is shown in Fig.
5.18b. For each loading rate, three repeated tests were conducted, aiming to reduce the

influence of uncertainties on the experimental results.

T

12.5
v

I:—35.0—>| le—25.0—> >I
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Y v 2.8 L5y
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(a) Geometry configuration of 0° specimen (unit: mm)

t_30.0—>| |<—25.0—>| »‘

110.0

i 2.8
}

(b) Geometry configuration of 45° specimen (unit: mm)
Figure 5.18: Geometry configurations of the composite specimens
5.5.1.5 Comparison of meshfree simulations with experiment results

Fig. 5.19 compares the predicted and measured stress-strain responses of the plain woven
CFRP composites subjected to the three rates of tensile loading in the warp/0° direction. In
this figure, only the responses predicted based on the MLS technique are presented for

clarity (a comparison among the MLS, RBF and MK techniques in terms of their accuracy
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in the predictions will be discussed later). Clearly, the stress-strain curves predicted by
using the meshfree-based UC modelling approach are generally in good agreement with
those measured by the experimental tests, with the stress exhibiting a linear increase with
the strain before reaching a maximum point. After this point, the stress drops instantly to

zero, which is associated with the presence of fibre fracture, as highlighted in Fig. 5.20.

900 1x107"/s (Meshfree)
1x107%/s (Meshfree)
750 1x107%/s (Meshfree)

® 1x107'/s (Exp. Avg.)
600 ' o 1x107%s (Exp. Avg.)
A 1x107%/s (Exp. Avg.)

450

Stress (MPa)

300
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0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
Strain (%)

Figure 5.19: Meshfree-based predictions & experimental results for 0° tension

Figure 5.20: Typical failure mode of the CFRP composites after 0° tension

Also, it can be found in Fig. 5.19 that there is no significant difference in the stress-strain
curves measured under the three different strain rates, suggesting that the response of the
plain woven CFRP composites in the warp direction is strain-rate insensitive. In view of
the fact that carbon fibres are rate-independent, the evidence of strain-rate insensitivity
observed in the tests confirms that the overall response of woven composites in the fibre

directions is mainly driven by the fibres. By comparing the predicted stress-strain curves,
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it is also confirmed that the rate-independent behaviour of this type of woven composites
in the warp direction, as observed in the tests, has been effectively captured by the use of

the meshfree-based UC approach.
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Figure 5.21: Meshfree-based predictions and experimental results for 45° tension

Fig. 5.21 shows the predicted stress-strain curves of the plain woven CFRP composites
under the three rates of loading in the off-axis/45° direction, as well as the corresponding
experimental results. Again, the stress-strain curves predicted using the meshfree-based
UC approach agree reasonably well with the experimental results. In particular, both the
strain rate-dependent behaviour and the nonlinear response in the off-axis direction of this
composite material have been successfully captured. Also, it is evident that the feature of
the notably increased maximum stress with increasing strain rate, as well as that of the
moderately decreased failure strain with increasing strain rate, have been predicted by the
use of the meshfree-based approach. Furthermore, it is interesting to note that the above
rate-dependent features are similar to those observed in the tests that were conducted for
determining the material properties and viscoplasticity-based parameters of the polymer
matrix. Therefore, it is established that the material behaviour of woven composite in the

off-axis direction is primarily associated with that of the polymer matrix.
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Apart from the above findings, it should be noted that the failure strain of this type of
composites, either obtained by the meshfree-based predictions or the experimental tests, is
within the range of around 22% - 25%, which is much larger than both that of the polymer
matrix (approximately 7%) and that of the carbon fibres (approximately 1.7%). It is
believed that such a large deformation in the off-axis direction of the composites was due
to the fact that the presence of matrix cracking and shear, as evidenced in a typically failed
specimen shown in Fig. 5.22, reduced its constraint on the woven fabric, leading to an

exceptionally large degree of deformation in the off-axis direction of the composites.

Figure 5.22: Typical failure mode of the CFRP composites after 45° tension

The evidence demonstrated above, i.e. good agreements between the predicted responses
and the corresponding experimental results, clearly suggests that the meshfree-based UC
modelling approach is effective in predicting the responses of plain woven composites
subjected to different rates of loading in both the normal and off-axis directions. Thus, it is
theoretically expected that this approach would be able to predict the overall response of
any other type of woven composites in any direction, as long as a matching UC model is
developed and suitable material models are applied to describe the behaviours of the
material constituents. Apart from this, it should be pointed out that although the modelling
approach discussed in this chapter is based on the explicit weak-form meshfree method,
the nature of the meshfree-based implementation here is essentially the same as that based
on the standard weak-form meshfree method, as discussed in the last chapter. Thus, one of
the highlights of the research presented in this chapter is its capability of addressing the
problem of a reduced accuracy in the analytical approaches and eliminating the concern of
having highly complex and time-consuming pre-processing in the FEM-based approaches,
making it an accurate but simple approach. Another evident highlight of the research in

this chapter is that it has extended the capability of the UC modelling methodology from
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traditionally the homogenisation of the elastic properties to the prediction of the overall

response of woven composites at the scale of UC.
5.5.1.6 Comparison among the MLS, RBF and MK techniques

To compare the difference in the MLS, RBF and MK techniques, numerical simulations
were also conducted based on the three techniques to predict the responses of the plain
woven CFRP composites under a strain rate of 107//s loaded in the normal and off-axis
directions. Fig. 5.23 shows the stress-strain curves predicted for the case of 0° tension, as
well as the experiment result. Clearly, all the predicted responses exhibit good agreement
with the experiment result. Also, it can be seen that the RBF and MK techniques produce
very close predictions, while the MLS technique gives a slightly different result, with its
predicted value of the ultimate failure strain being higher than those obtained based on the

other two techniques.

The overall response predicted for the case of 45° tension is shown in Fig. 5.24. Again, the
RBF and MK techniques generate closer predictions than the MLS technique does. It is
believed that the presence of the slightly different predictions when using the MLS
technique is as a consequence of the lack of the Kronecker delta function property in the

MLS technique.
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Figure 5.23: The 0° tensile response predicted based on MLS, MK and RBF
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Figure 5.24: The 45° tensile response predicted based on MLS, MK and RBF

5.5.2 Application to plain, twill and 3D woven composites

Obtaining prior knowledge of the influences of fibre tow size and weaving architecture on
the overall response is often essential for the successful design of woven composite
materials and structures. For this reason, the meshfree-based UC approach was applied to
analyse the responses of plain, twill and 3D woven composites, as follows. However, due
to the unavailability of material data for twill and 3D woven composites, the numerical
examples that will be presented were based on the same set of material data, as given in
Table 5.11. Furthermore, to save computational time, all the numerical simulations were
performed using the same type of shape function approximation technique (i.e. the MLS

technique) and at a relatively high strain rate (i.e. 10°/s)
5.5.2.1 Influence of fibre tow width on the response

The first example was to investigate the influence of fibre tow width on the responses of
twill woven composites subjected to 0° and 45° tensile loadings. For each loading case,
three meshfree-based simulations were conducted on 2/2 twill woven composites with an
overall dimension of Imm X Imm X 0.32mm and its fibre tow size being 0.8mm, 0.9 mm

and 1.0 mm, respectively. Here, these fibre tow widths correspond to the values of the
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dimensionless parameter, A, being 0.4, 0.45 and 0.5, and the yarn volume fractions being

50.93%, 57.29% and 63.66%, respectively.
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Figure 5.25: Variation of the 0° tensile response on fibre tow width (or 1)

Fig. 5.25 shows the stress-strain responses predicted for the twill woven composites under
0° tensile loading, which clearly illustrated that both the maximum stress and the elastic
modulus increase with the increase of A. To analyse the underlying mechanism that drives
the presence of this phenomenon, the values of the elastic moduli, the differences in these
values and the differences in the values of the dimensionless parameter are calculated, as
listed in Table 5.12. From this table, it can be seen that the elastic modulus in the case of
A =0.5 is over 20% higher than that in the case of 1 = 0.4. However, it is interesting to
find that the percentages of the increases in the elastic modulus are similar to those of the
increases in the dimensionless parameter, which are equivalent to the same percentages of
the increases in tow width. Such a finding again confirms that the behaviour of woven

composites in the fibre directions is primarily driven by that of the yarn material.

Apart from the above findings, it should be noted that the predicted value of the failure
strain (approximately 1.75%) is almost independent of fibre yarn’s width, as indicated in
Fig. 5.25. This is believed to be due to the fact that the increase in fibre yarn’s width does
not change the overall dimension (i.e. the size of the UC) of the composites, and thus it

would not produce significant influence on the value of the failure strain.
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Table 5.12: Variation of the elastic modulus on tow width the value of 4

Case E AE% A%
A=04 54.85 - -
A =10.45 60.81 10.86% 12.5%
A=05 67.71 23.45% 25.0%

Fig. 5.26 shows the predicted stress-strain responses of the twill woven composites under
45° tensile loading. Unlike in the case of 0° tension, the increase of fibre tow size in this
case does not generate significant variation in the maximum stress and the initial elastic
modulus. In general, this is attributed to the fact that the response of woven composites in
the off-axis direction is mainly dominated by the polymer matrix, and consequently the
influence of the change in tow width on the response in this direction is reduced. Another
feature of the results given in Fig. 5.26 is that the predicted failure strain shows a slight
decrease with increasing yarn width, which can be explained by the fact that the increase
of the yarn width leaves less space between adjacent yarns in the woven fabric, reducing

the easiness of the deformation of the composites in the off-axis direction.
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Figure 5.26: Variation of the 45° tensile response on fibre tow width (or 4)
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5.5.2.2 Influence of weave architecture on the response

The second example was to numerically investigate the influence of weave architecture on
the response of woven composites subjected to 0° and 45° tensile loading conditions. For
this sake, meshfree-based simulations were performed for plain, twill and 3D woven
composites. In these simulations, the same yarn volume fraction (i.e. 50.93%) was utilised
to exclude the influence of yarn’s volume fraction on the response. The geometry inputs

for the three types of woven composites are detailed in Table 5.13.

Table 5.13: Geometry inputs for the three types of woven composites

L w H A
Plain
1.0 1.0 0.32 0.8
L w H A
Twill
1.0 1.0 0.32 0.4
L w H Aw /1fa
1.0 1.0 1.0 0.85 0.45
3D
Ao b H,, He, Hg,
0.9 0.25 0.25 0.125 0.25
1000 r ——Plain woven 989.61
— Twill woven :]\ 928.71
891.22
800 F —3D woven
)
% 600 |
2 400 |
)
200
O 1 1 1 1 1 1 J
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Figure 5.27: Variation of the 0° tensile response on weave structure
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Fig 5.27 shows the stress-strain responses predicted for the case of 0° tension. Here, it is
evident that 3D woven composites appear to be stiffer than both the other two types of
woven composites, and twill woven composites are stiffer than plain woven composites.
Since the three types of woven composites have the same yarn volume, the presence of
different stiffness can be explained by the difference in the percentage of straight yarns in
warp/0° direction. Specifically, the percentages of straight yarns are 0% in plain woven
composites, 50% in twill woven composites and up to 90% in 3D woven composites, as
indicated in Figs. 4.9, 4.14 and 4.21. Given that the average waviness in the warp direction
is highest in plain woven composites and lowest in 3D woven composites and that the
presence of waviness in woven composites has led to a reduction in the material stiffness

in the fibre direction, the results presented in Fig. 5.27 can thus be justified.
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Figure 5.28: Variation of the 40° tensile response on weave structure

The overall stress-strain curves predicted for the case of 45° tension is shown in Fig. 5.28.
Here, it can be clearly seen that the response of plain woven composites in this direction is
almost identical to that of twill woven composites, while 3D woven composites tend to
have an increased failure strain and a lower maximum stress. The presence of a decreased
overall stiffness of 3D woven composites in the off-axis direction may be explained by the
fact that there is no interlacing between the warp and weft yarns, which results in an easier
deformation in the fabric of 3D woven composites, in comparison to that in both plain and

twill woven composites.

199



5.6 Summary

5.6 Summary

In this chapter, the off-axis mUC models of the three types of woven composites, as well
as the corresponding PBCs, were firstly detailed. Then, the material models for describing
the behaviours of the two constituents in woven composites were described. Specifically,
a viscoplasticity-based model was selected to characterise the nonlinear, rate-dependent
behaviour of the polymer matrix. For the yarn material, Hashin’s damage criteria were
extended to identify the damage initiations of six failure modes and an improved Weibull
function based formulation was proposed to describe the damage evolutions associated
with the six failure modes. After that, an in-house computer program which implements
the mUCs and the material models based on the explicit weak-form meshfree method was
introduced. This computer program, which is referred to as the explicit meshfree program,
was then applied to predict the responses of plain woven CFRP composites subjected to
tension in the normal and off-axis directions and under different strain rates. It was shown
that the meshfree-based predictions agree reasonably well with the experimental results,
validating the accuracy and effectiveness of the meshfree-based UC approach in terms of
predicting the overall response of woven composites. Finally, additional examples were
presented to demonstrate the capability of the meshfree-based UC modelling in terms of
predicting the overall response of all three types of woven composites, based on which an
understanding of the influences of fibre tow width and weave structure on the overall

response of woven composites was qualitatively achieved.

Based on the numerical examples given in this chapter, it was concluded that one of the
highlights of the research in this chapter is that the use of the meshfree-based approach
simultaneously addresses the problem of a reduced accuracy in analytical approaches and
the concern of the complexity in explicitly creating the geometries of the constituents and
the subsequent pre-processing in the FEM-based approaches. Also, it was highlighted that
the proposed approach extends the capability of the UC modelling methodology from the
homogenisation of the elastic properties to the prediction of the overall response of woven

composites at the scale of UC.
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WORK

6.1 Main conclusions

In this research, a meshfree-based unit cell (UC) modelling approach has been proposed
for predicting both the elastic properties and the overall response of woven composites in
the normal and off-axis directions. In the course of developing such an approach, high-
fidelity UC models have been proposed to describe the internal features or architecture of
three commonly used types of woven composites, and in-house computer programs have
been coded to implement and discretise the UC models by using the standard and explicit
weak-form meshfree methods. Since the UC models developed are capable of describing
the internal features of woven composites in high-fidelity and meanwhile the meshfree-
based discretisation is able to avoid the needs for explicitly creating the geometries of the
constituents and the subsequent time-consuming pre-processing, the main contribution of
this research is from a methodological point of view that it has successfully addressed the
problems inherently existing in traditional UC modelling approaches, i.e. the concern of
a reduced accuracy in analytical approaches and the problem of high complexity in the
finite element method (FEM)-based approaches. In the numerical examples presented in
Chapters 4 and 5, it has been shown that the meshfree-based predictions for the elastic
properties and the overall responses of woven composites agree reasonably well with the
experimental data and those found in the relevant literature. Thus, the main contribution
of this research can also be interpreted from a practical point of view as an extension of
the capability of the UC modelling methodology in the modelling of woven composites,
from only the homogenisation of the elastic properties in the normal directions to that of
the elastic properties in both the normal and off-axis directions, as well as to the prediction
of the responses including the nonlinear, rate-dependent behaviour of woven composites

subjected to in-plane loading in both the normal and oftf-axis directions. According to the
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evidence discussed above, it can be concluded that the two research questions posed in
Section 1.2 have been reasonably answered, and thus the aim of the present research has

been successfully achieved.

Given that the meshfree-based modelling approach is effective for predicting the elastic
properties and the overall responses of woven composites and considering that the high-
fidelity nature in modelling the geometries of woven composites lose the possibility of
adapting this approach for multiscale or numerical analysis up to the structural scale, due
to the limited computational power available today, one of the practical implications of
the present research is that the proposed approach can be utilised as a simple but accurate
approach for identifying whether a simplified UC model is accurate enough if it is used
to conduct a multiscale analysis. Another practical implication is that the meshfree-based
models are very effective to perform qualitative analysis for different woven composites,
as shown in Section 5.5.2, which makes it useful for obtaining an initial understanding

and thus facilitating the design of woven composites in the early stage.

Apart from the above conclusions, the findings and results in the development of high-
fidelity UC models, the implementation of UC models using meshfree methods and the
constitutive modelling for the overall response prediction of woven composites will also

be concluded in detail in the following three sections.
6.1.1 Development of high-fidelity UC models

In developing high-fidelity UC models for woven composites, a UC should be defined as
small as possible to reduce the number of yarns to be described using analytical equations
and more importantly to reduce the domain of homogenisation and thus the computational
costs. In general, the smallest or minimum unit cell (mUC) of a woven composite material
can be identified by exploiting the symmetries in a step-by-step manner, from initially the
composite ply, the full-size UC, the medium UC(s) to the smallest UC. In such a process,
the symmetries that can be utilised are comprised of translation, rotation, reflection and/or
a combination of them. As a result of conducting a homogenisation based on the mUC,
the standard form of PBC cannot be applied. Instead, it should be modified in accordance
with the reductions that have been performed to obtain the mUC. However, a desirable
way is to employ the equivalence approach as it is capable of deriving the PBCs of a UC

at any size in a generic manner.
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To analytically describe the internal features of woven composites as accurate as possible,
it is would be beneficial to fabricate composite specimens to observe the microstructures
including the cross-sections and waviness of yarns, based on which analytical functions
can be proposed to fit these features. For instance, it has been shown in Section 4.1 that
trigonometric functions are generally adequate to describe the cross-sectional shapes and
waviness of both the warp and fill yarns in woven composites. However, for binder yarns,
hyperbolic tangent functions should be employed to allow for an adequate description of
the high variation in the waviness of this type of yarns. Furthermore, it has been suggested
that each yarn of woven composites can be generally assumed to have a constant cross-
sectional shape throughout the whole yarn. The main advantage of this assumption is that

it facilitates the description of the lower and upper surfaces of yarns.

In this research, the geometry modelling of an mUC, i.e. the development of analytical
equations for describing the lower and upper surfaces and the waviness of each yarn, has
been performed in a manner of initially describing the cross-section and waviness of each
yarn separately and then combining the analytical equations together. This means that it
would be very flexible and straightforward to accommodate this approach for developing
high-fidelity analytical UCs for not only the commonly used woven composites but also
textile composites with complex internal architectures, as long as the cross-sections and

waviness of fibre yarns are properly described.
6.1.2 Implementation with meshfree methods

As concluded earlier in this chapter, the most significant highlight of combining meshfree
methods and the UC modelling methodology is that it allows to maintain a high degree
of'accuracy in the predictions by the use of high-fidelity UC models and meanwhile avoid
the complexity and time-consuming pre-processing in the FEM-based approaches, i.e. the
needs for explicitly creating the geometries of the constituents, discretising the geometries
using high-quality elements and assigning the ever-changing material orientations for the
wavy yarns. However, it should be noted that the meshfree method for homogenising the
elastic properties must be different from that for predicting the overall response of woven
composites. Specifically, for the former case, which can be treated as a static problem of
linear elasticity, the standard weak-form meshfree method should be employed. In terms

of the latter case, which should be treated as a dynamic problem with initial conditions,
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the explicit weak-form meshfree method must be utilised. Here, the dynamic loading in
the latter case is achieved by prescribing time-dependent PBCs on the boundaries of the
mUC of prediction. In addition, since the PBCs applied to the mUC of homogenisation
in both cases are treated as external loading and they are presented mainly in the form of
displacement constraints, they must be implemented by using the displacement constraint

elimination methods described in Sections 3.6.2 and 3.6.3.

Apart from the above findings, it has been found from the numerical examples presented
in this thesis that the accuracy of the meshfree-based predictions depends on the choice
of the open numerical parameters, i.e. the total number of field nodes, the total number of
background cells and the support domain scaling coefficient. In general, the increase in
the number of field nodes or background cells tends to produce convergent predictions.
However, the value of the support domain scaling coefficient must be carefully chosen in
a relatively small range from approximately 2.0 to 3.25. If the value of this coefficient is
smaller the lower value of this range, it can cause singularity problems in the calculation
of the moment matrix. On the contrary, if its value is larger than the upper value of this
range, the convergence of the predicted results may not be always guaranteed. In addition
to the choice of the numerical parameters, it has been found that the use of different shape
function construction techniques generally produce similar predictions as far as the open

numerical parameters are properly chosen.
6.1.3 Material modelling for overall response prediction

For homogenising the elastic properties of woven composites, it is adequate to assume
the polymer matrix to be an isotropic and linearly elastic material and the yarn material
to have a transversely isotropic and linearly elastic behaviour. However, for predicting
the overall responses of woven composites, the nonlinear and rate-dependent response of
the polymer matrix and the failure behaviour of the yarn material must be considered. In
general, the nonlinearity and rate-dependence of the polymer matrix can be described by
using the viscoplasticity-based model detailed in Section 5.3.1. For the yarn material, the
damage initiations can be identified by generalising Hashin’s failure criteria from 2D to
3D and the damage evolutions can be characterised using the improved Weibull function

based formulations, as discussed in Section 5.3.3.

204



Chapter 6: Conclusion and future work

Due to the consideration of yarn’s waviness in developing UCs for homogenising the
elastic properties of woven composites, it is preferable to initially address the mechanics
quantities of wavy yarns in their local coordinate system (LCS) and then transform the
LCS-based quantities back to the global coordinate system (GCS) of the UC. In the case
of predicting the overall responses of woven composites, the same approach should also
be employed to facilitate the determination of the damage state of the yarn material, i.e.
the identification of the damage initiations and the calculation of the associated damage

evolutions.

6.2 Future work

As concluded in the last section, the meshfree-based UC modelling approach is effective
for predicting the elastic properties and overall responses of woven composites. However,
as the development of such an approach involves various aspects of knowledge including
geometry modelling of woven composites, meshfree methods and constitutive modelling
of composites, there are inevitably some limitations that have not been well addressed in
this research. Thus, in the following several paragraphs, recommendations for future work

will be summarised from the perspective of eliminating these limitations.

One of the limitations of this research is that the off-axis mUC models developed are only
applicable to balanced woven composites, which are a class of woven composites whose
dimension in the warp direction has to be equal to that in the fill direction. Thus, the first
recommendation for future work is to improve the off-axis models so that they are suitable
for predicting the properties and response of non-balanced woven composites. To achieve
this goal, non-orthogonal coordinate systems such as the one shown in Fig. 5.1a may be
employed, and coordinate transformations between the orthogonal coordinate system (see

Fig. 5.1b) and the non-orthogonal coordinate system must be defined.

Second, the meshfree methods in this research are based on weak-form formulations. This
means that there is a need for using background cells to conduct numerical integrations,
which makes the meshfree-based UC modelling approach computationally expensive on
one hand and not truly meshfree on the other hand. In contrast to weak-form meshfree
methods, strong-form meshfree methods such as the meshfree collocation methods [154,

182] do not require the use of background meshes for numerical integrations. Thus, it is
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worth to replace the weak-form meshfree methods with strong-form ones and investigate
the applicability of strong-form meshfree methods for the homogenisation of the elastic

properties and the prediction of the overall responses of woven composites.

Another limitation of the present research is that the yarn material in woven composites
is assumed to be transversely isotropic, without modelling the debonding of fibre-matrix
interface. Since the transverse response of the yarn material is determined jointly by the
two constituents and the bonding behaviour of fibre-matrix interface, it is beneficial to
develop or employ a cohesive model to reasonably account for the bonding behaviour of

fibre-matrix interface.

Finally, the material models given in Chapter 5 are valid only for predicting the overall
response of woven composites under in-plane tensile loading conditions and at relatively
low strain rates. Using the same models for predicting the compressive response could be
problematic owing to the fact that the deformation responses and failure mechanisms of
woven composites under compression are generally different from those under tension.
Thus, a future direction of the present research would be improving the current material
models such that they can be applied to predict the responses of woven composites under
more complex loading conditions including compression. Another important direction is
to test and adapt the current models for higher strain rate applications. The significance
of improving the material models for higher strain rate applications would be that the
need for performing time-consuming and financially prohibitive experimental trials (e.g.
split Hopkinson pressure bar tests) for the sake of characterising high strain-rate responses

of woven composites can be partially mitigated.
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APPENDIX A

A.1 I/O data for the MLS example

Table A.1: I/0 data for the MLS calculations at the central point

Field nodes Linear polynomial Quadratic polynomial
No. X y ¢ 0 /ox  a¢ /oy ¢ (x) 0¢;/0x  d¢,/dy
1 -0.50 -0.50 0.009 -0.050 -0.050 0.012 -0.063  -0.063
2 -0.50 -0.25 0.020 -0.111 -0.092 0.023 -0.119  -0.097
3 -0.50 0.00 0.037 -0.199 0.000 0.040 -0.201 0.000
4 -0.50 0.25 0.020 -0.111 0.092 0.023 -0.119 0.097
5 -0.50 0.50 0.009 -0.050 0.050 0.012  -0.063 0.063
6 -0.25  -0.50 0.020 -0.092 -0.111 0.023 -0.097 -0.119
7 -0.25  -0.25 0.045 -0.204 -0.204 0.045 -0.184  -0.184
8 -0.25  0.00 0.082 -0.368 0.000 0.075 -0.310 0.000
9 -0.25  0.25  0.045 -0.204 0.204 0.045 -0.184 0.184
10 -0.25  0.50 0.020 -0.092 0.111 0.023  -0.097 0.119
11 0.00 -0.50 0.037  0.000 -0.199 0.040  0.000 -0.201
12 0.00 -0.25 0.082  0.000 -0.368 0.075  0.000 -0.310
13 0.00 0.00 0.147  0.000 0.000 0.127  0.000 0.000
14 0.00 025 0.082  0.000 0.368 0.075  0.000 0.310
15 0.00 050 0.037  0.000 0.199 0.040  0.000 0.201
16 025 -0.50 0.020 0.092 -0.111 0.023  0.097 -0.119
17 025 -0.25 0.045 0.204 -0.204 0.045 0.184 -0.184
18 025 0.00 0.082 0.368 0.000 0.075  0.310 0.000
19 025 025 0.045 0.204 0.204 0.045 0.184 0.184
20 025 050 0.020 0.092 0.111 0.023  0.097 0.119
21 0.50 -0.50 0.009 0.050 -0.050 0.012  0.063 -0.063
22 0.50 -0.25 0.020 0.111 -0.092 0.023  0.119 -0.097
23 0.50 0.00 0.037 0.199 0.000 0.040  0.201 0.000
24 0.50 025 0.020 0.111 0.092 0.023  0.119 0.097
25 0.50 050 0.009 0.050 0.050 0.012  0.063 0.063

Z¢1:1 Zd)I:l
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A.2 I/O data for the RBF example

A.2 I/O data for the RBF example

Table A.2: I/0 data for the RBF calculations at the central point

Field nodes MQF method GQF method

No. X y ¢ (x) 0¢;/0x Op; /0y  P(x) O¢p;/0x d¢;/0y

1 -0.50  -0.50 0.000 -0.052 -0.052 0.000  0.000 0.000
2 -0.50 -0.25 0.000 -0.062 0.055 0.000  0.000 0.000
3 -0.50  0.00 0.000 0.798 0.000 0.000  0.374 0.000
4 -0.50  0.25 0.000 -0.062 -0.055 0.000  0.000 0.000
5 -0.50  0.50 0.000 -0.052 0.052 0.000  0.000 0.000
6 -0.25  -0.50 0.000  0.055 -0.062 0.000  0.000 0.000
7 -0.25  -0.25 0.000  0.051 0.051 0.000  0.000 0.000
8 -0.25  0.00 0.000 -3.320 0.000 0.000 -2.750 0.000
9 -0.25  0.25 0.000  0.051 -0.051 0.000  0.000 0.000
10 -0.25  0.50 0.000  0.055 0.062 0.000  0.000 0.000
11 0.00 -0.50 0.000 0.000 0.798 0.000  0.000 0.374
12 0.00 -0.25 0.000  0.000 -3.320 0.000  0.000 -2.750
13 0.00 0.00 1.000  0.000 0.000 1.000  0.000 0.000
14 0.00 0.25 0.000 0.000 3.320 0.000  0.000 2.750
15 0.00 0.50 0.000 0.000 -0.798 0.000  0.000 -0.374
16 0.25 -0.50 0.000 -0.055 -0.062 0.000  0.000 0.000
17 025 -0.25 0.000 -0.051 0.051 0.000  0.000 0.000
18 0.25 0.00 0.000  3.320 0.000 0.000  2.750 0.000
19 025 025 0.000 -0.051 -0.051 0.000  0.000 0.000
20 025 050 0.000 -0.055 0.062 0.000  0.000 0.000
21 0.50 -0.50 0.000 0.052 -0.052 0.000  0.000 0.000
22 0.50 -0.25 0.000 0.062 0.055 0.000  0.000 0.000
23 0.50  0.00 0.000 -0.798 0.000 0.000 -0.374 0.000
24 0.50 025 0.000 0.062 -0.055 0.000  0.000 0.000
25 0.50 0.50 0.000 0.052 0.052 0.000  0.000 0.000

Z¢I=1 Z¢I=1
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Appendix A

A.3 I/0 data for the MK example

Table A.3: I/0 data for the MK calculations at the central point

Field nodes Linear polynomial Quadratic polynomial

No. X y ¢ (x) 0¢;/0x Op; /0y  P(x) O¢p;/0x d¢;/0y

1 -0.50  -0.50 0.000 -0.103 -0.103 0.000 -0.103 -0.103
2 -0.50 -0.25 0.000 0.158 0.085 0.000  0.158 0.085
3 -0.50  0.00 0.000 0.401 0.000 0.000  0.401 0.000
4 -0.50  0.25 0.000 0.158 -0.085 0.000  0.158 -0.085
5 -0.50  0.50 0.000 -0.103 0.103 0.000 -0.103 0.103
6 -0.25  -0.50 0.000  0.085 0.158 0.000  0.085 0.158
7 -0.25  -0.25 0.000 -0.130 -0.130 0.000 -0.130  -0.130
8 -0.25  0.00 0.000 -2.930 0.000 0.000 -2.930 0.000
9 -0.25  0.25  0.000 -0.130 0.130 0.000 -0.130 0.130
10 -0.25  0.50 0.000  0.085 -0.158 0.000  0.085 -0.158
11 0.00 -0.50 0.000 0.000 0.401 0.000  0.000 0.401
12 0.00 -0.25 0.000  0.000 -2.930 0.000  0.000 -2.930
13 0.00 0.00 1.000  0.000 0.000 1.000  0.000 0.000
14 0.00 0.25 0.000 0.000 2.930 0.000  0.000 2.930
15 0.00 0.50 0.000 0.000 -0.401 0.000  0.000 -0.401
16 0.25 -0.50 0.000 -0.085 0.158 0.000 -0.085 0.158
17 025 -0.25 0.000 0.130 -0.130 0.000  0.130 -0.130
18 0.25 0.00 0.000 2.930 0.000 0.000  2.930 0.000
19 025 025 0.000 0.130 0.130 0.000  0.130 0.130
20 025 050 0.000 -0.085 -0.158 0.000 -0.085 -0.158
21 0.50 -0.50 0.000 0.103 -0.103 0.000  0.103 -0.103
22 0.50 -0.25 0.000 -0.158 0.085 0.000 -0.158 0.085
23 0.50  0.00 0.000 -0.401 0.000 0.000 -0.401 0.000
24 0.50 025 0.000 -0.158 -0.085 0.000 -0.158  -0.085
25 0.50 0.50 0.000 0.103 0.103 0.000  0.103 0.103

Xp; =1 X, =1
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APPENDIX B

B.1 PBCs for normal plain woven mUC

B.1.1 Normal loading case (011), {022) and {(o33)

Table B.1: PBCs for normal plain woven composites under normal loading
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Table B.2: PBCs for normal plain woven composites under shear loading (c45)

B.1 PBCs for normal plain woven mUC

B.1.2 Shear loading case {(o12)
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Appendix B

B.1.3 Shear loading case {(0,3)

Table B.3: PBCs for normal plain woven composites under shear loading (623)
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Table B.4: PBCs for normal plain woven composites under shear loading (c43)

B.1 PBCs for normal plain woven mUC

B.1.4 Shear loading case {(o13)
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Appendix B

B.2 PBCs for normal twill woven mUC

B.2.1 Normal/shear loading case (011), (022), {033) and (712)

Table B.5: PBCs for normal twill woven composites under normal/shear loading

N
N——

u(4) — yTu(4) = —(e)Tx%
ul( % Y Z) —t (—%,y,z) —L{ey,)
S v Uz (—g =Y Z) Uz (—g, Y, Z) = [—L<512)]
s (4> 2)] [ (2.9)] °
o)) o)
S, / |u2 (g: =Y Z) | - |—u2 (g' Y Z)| = [L(€12>]
| us (%, -y, Z)J | us (% Y, z) ] 0

[o———
I

—
I
XX
M M
NoR
NN
N N
e—
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|
<
N
A~ N N ~
R X
|
SIS SRS ES
N N
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I
—
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AN AN
oo
NN
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B.2 PBCs for normal twill woven mUC

B.2.2 Shear loading case {023) and (013)

Table B.6: PBCs for normal twill woven composites under shear loading

—(g)Tx%p

u(A) — yTu(4)

_||||_
N N N

W_,z w_,z w_,z

S3
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Appendix B

B.3 PBCs for normal 3D woven mUC

B.3.1 Normal loading case (011), {022) and {(o33)

Table B.7: PBCs for normal 3D woven composites under normal loading

u(4) — yTu(4) = —(&)Tx%
()] o)
51 277 277 - 6 ]
o
)] [l
Sz uz(?y,—z) - uz(i,y,z) = [ 0 ]
s (by-2)] |-u(bnz) "
[2, (x, —g, —z)_ [ u, (x —% z) | .
S, ‘uz (x, —g, —z) —|—u, (x, —%,z)' = [—W(ezz)]
us (5% —2)] |~ (x,-%.2) ’
; o) (e [t
9
W) ]
S5 & S¢ U, (x,y,%) —lu, (x,y, —g) = 0
SCHEI I P CH0 I
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B.3 PBCs for normal 3D woven mUC

B.3.2 Shear loading case {(o12)

Table B.8: PBCs for normal 3D woven composites under shear loading (c6;5)

—(&)TxOD

u(A) — yTu(4)
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Appendix B

B.3.3 Shear loading case {(0,3)

Table B.9: PBCs for normal 3D woven composites under shear loading (623)

u(A) — yTu(4) =  —(&)Tx%
0
5, - g]
0
0
: - f
0
0
: LA
—W(e,3)
0
Sa = o
W{e,s3)
()] [on( ) 0
Ss & Sg Uy (x,y,g) — |2 (x,y, -;) = |H(ezs)
Us (x,y,g)_ E (x,y, —g) 0
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B.3 PBCs for normal 3D woven mUC

B.3.4 Shear loading case {(o13)

Table B.10: PBCs for normal 3D woven composites under shear loading (c43)
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Appendix C

APPENDIX C

C.1 Off-axis mUC for plain woven composites

Table C.1: Analytical equations for the off-axis plain woven mUC

Yarn type In Off-axis CS (XYZ)

In normal CS (XY'Z')

{Ix — y| < vV2aw}
Warp yarn

| H B,
Zywp = Z(Z + cosA; — cos 7)

u H B,
Zwp = Z(Z + cosA, + cos 7)

{ly'l < aw}

)

1 T

=

'
Zyp = —| 2 + cos—— + cos

N

=—(2+ il Y
Zyp = C0S -~ COS s

my'
2L 2AW

mH -
0. =t 1 (__ ind ) _ 1 _T[_ Lot
wp = tan gL Sind Byp = tan sin
{0 <x' <AL}
{0<(x+y) <221}
H mx' ‘r[y'
i H A 1, ™o my’
Fill 2 = 7 (2 - COST1 - COSBl) Zn =7 (2 €0 o — €08 2W>
H Aq B H ' T[yl
qu1=z(2+C057_COSBl) Zﬁ—z(2+cosm—cosﬁ>
- Ll mH | my'
0¢ = tan™?! <_W51n81> 6, = tan~1 <W sin %)
x'=@2-ML}

{x+y) =V2@2 - DL}

i H A —m
Fill 2 z}z =7 <2 — cos— + cosBl>
. _ H A —m
2 =g (2 + cos 7 + cosBl>
O, =t ‘1(HH i B)
r2 = tan™" | o7 sinB,

v A= x/infLHy) B, = \/fz(écv—y)
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C.2 Off-axis mUC for twill woven composites

C.2 Off-axis mUC for twill woven composites

Table C.2: Analytical equations for warp yarns in the Off-axis twill woven mUC

Yarn type In Off-axis CS (XYZ)

In normal CS (XY'Z")

{x+y) <V2L} &

{Ix — yl| < vV2aw}
Warp 1 (wavy) i 5
Z‘l,\,l,W =7 (2 + cos A, — cos 71>

u H B,
Zywiw = 7 (2 + cos A, + cos 7)

nmH |
GWLW = tan 1 (—ESID AZ)

{x' <L} &{ly'| < W}

!

| H ' Ty
Zywiw = — | 2 + cos— —cos

4 L 2w
« _H - ' N my'
Zwiw = cos —— + cos W
f ™
Ow1w = tan —EsmT

{x+y)=V2L} &
{Ix — y| < vV2aw}

Warp 1 (straight)

{x'z L} &{ly'| < AW}

| H H Yy
H H B ZWl,S — — —COS—/———
Z\l,\,lS:———COS—l 4 4 2AW
’ 4 4 A /
" H + H cos oA
H H B Zwis =7 T
z‘}‘\,ls=—+—cos—1 4 4 2Aw
’ 4 4 A
{x+y) 2V2L} & =L} &y = (1 - D)W}

Warp 2 (wavy) {(x—y) <V20 - D)W}

| H 2B, +m
Zwow = Z(Z + cos A, — cos o )
u H 2B, +m
Zyow = Z(Z + cos A, + cos o )

nmH
Owzw = tan™? <— 2L Sin A2>

H mix' nly' -w
Zhow = — (2 + cos— — cos M)

4 L 2AW
H x' n(y' — W)
Zyow = Y (2 + cos—— + COSW
o TH | omx
Ow2w = tan L sin T

{(x+y) <V2L} &
{x—y) < V2 - DWW}

Warp 2 (straight)

1 H H 2B +m
Zwas =g T T
u H H 2B +m
Zwas = Z+ Zcos 22

{x'<L}&{y'=2(1-1)W}

| H H nly -Ww)
Bwas = TR T w

" H H nly -Ww)
Zuzs =7 + 3OS

v A= ﬁnz(JLc+y) B, = \/51;(;;—3/)
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Appendix C

Table C.3: Analytical equations for fill yarns in the Off-axis twill woven mUC

Yarn type In Off-axis CS (XYZ)

In normal CS (XY'Z")

{x+y) <V2aL} &

(X' <AL} &{y' = 0}

i = =0  _H 2 mix' my’
Fill 1 (wavy) 1 H , A, ., Znw =7 COS oo = COS
Zfq, =—< — CcOS— — CcOos 2)
<y T
H A Zfiw = CO0S —— — CO0S —
Zfw = 7 <2 + COST1 — cos Bz) 4 2AL w
mH Ty’
(T Of1w = tan™? ™ in™
efl,w = tan (_ Wsln BZ) 4 4’W W

{x+y) <V21L} &

Fill 1 (straight) {(x—y) =0}

(x' <AL} &{y' < 0}

| H H '
A H_H A s =g T4 %L
fls ™4 472
. _H N H '
o H H A s =g T %L
fls ™4 7477 2
{+y 220 - DL} & (x' > (1- DL} &{y' <0}
{(x—y) =0} , _H ) Tr(x’—L)+ my’
Fill 2 (wavy) . H 24, — ow T g\ 2T T Ty
Zoow = (2 — cos + cos BZ>
4 24 u H m(x' — L) my'
H 24, — T Zw =7 2+COST+cos—
Ziyw = Y (2 + cos o1 + cos BZ>
ol 6. = tan-! nmH @ my
By = tan™! (W sin BZ) faw = taN aw "W

{x+y)=V201 - DL} &

x'=2A-DL}&{y =0}

Fill 2 (straight) {x-y) =<0} L 3H H  m(x'—L)
: 3H H 24,—-1 Zfas = 5 T 4 €0
s =g T g o
. _3H N H m(x'—L)
o _SH H 2Aom fas =T TR T
f2s 7 4 " 4 21

& A= «/?nfLﬁy) B, = ﬁz(;cv—y)

241



C.3 Off-axis mUC for 3D woven composites

C.3 Off-axis mUC for 3D woven composites

Table C.4: Analytical equations for warp yarns in the Off-axis 3D woven mUC

Yarn type In Off-axis CS (XYZ) In normal CS (XY'Z')
Warp 1 {Ix -yl <V22,W} 'l = 2.w}
zh1 = Hy — %cosf—; Zun = Hy ~ I-;_WCOS 2:113‘,]1,/1/
z8 = H; + TWCOS% Zw1 = Hy + %COS 2;3:%/
Warp 2 {lx -yl < VZA,W} {y'l = 2,W}
zh, = H, — %cosf—; Zwz = Hp = TWCOS ZIV}\,]I,/I/
z%, = H, + 2W cosf—; Zwy = Hp + %COS 2;3:],4/
Warp 3 (G = y) V20 - 2W) ' =2 -A,)W}
zhs =H, — I-Iz—wcos 31); t Zus = Hy = HZ_WCOS (ZIV}\,]T’/V B %)
zus = H; +I-12—Wc0531/1:n Zws = H, +h;_wc°s (%_%>
Warp 4 ((x = ) <VZ(hy - DW) v =2 -1,)W}
zhy = Hy — %cos 31/1: z Zwa = Ha = %COS (ZIVill;l/ - %)
zh, = H, +%COSB}:“ Zws = H, +%cos(%—%)

+ B = x/fz(;c]—y);
¢ Hy=Hp + 7% Hy = Hyy + Hyy + 2%

2
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Appendix C

Table C.5: Analytical equations for fills 1, 2 & 3 in the Off-axis 3D woven mUC

Yarn type In Off-axis CS (XYZ) In normal CS (XY'Z")
{(x +y) <V22L} & {(x — y) < 0} {x' < Anl}&{y’ =0}
H A B, L Hpp  mx’ '
Fill 1 (wavy) z}l_w =H; — ﬁ cos /1_fa — AHycos 7 Zgrw = Hz — - cos m — AH,, cos AW
Hfa 1 1 — H _ta x’ AH y,
‘7 Zhw = Hs + - cos l_fa — AHycos T Zf1w 3+ oS 5o— 220l b €OS AW
_ mH, By _ _(THy . Ty
gfl,w = tan 1 <— WSIH 7) gfl,w = tan 1 (W sin 2/1W>
{(x +y) <V22L} & {(x —y) = 0} {x' < AL} &{y' <0}
Fill 1 (straight) /
Hyy Hp Ay 1 Hg,  Hp X
z} =—a——ac Zs ==~ COS
Zu = E @Cosﬁ Zu = @"‘ECOS T[x
s ™2 7 2 " A fls™ 2 7 2 T 22gL
{(x + y) < \/Elbe} {X’ < Abe}
- L =H Hey A zl, = H —H—fbcos ™
v 2 = Hy = cos 7 e=Hi == 2l
Hfb A1 Hfb X'
zg = H, + 5 COSE 7z = H, +7c052/,1be
{Gc +9) <V22L} & {(x — y) = 0} {x' < Al}&{y <0}
_ Ha A B, T @ mx' Ty’
Fill 3 (wavy) 2}3‘\,\, = Hs — —a /1fa + AHbCOST Zf3w = Hs cos 220l + AHy, cos AW
A, B, x' my'
=H. +— H acA
V Zgyw = Hs +—Cos/1fa +AHbc057 Zfy = Hs + % cos oo 220l + AH, cos AW
__/mH, = B mHy, .y’
91:3 w = tan 1 (W sin 7) 9f3 w = tan 1 (— WSIH ZAW>
{6 +y) V22L& {(x — ) < 0} {x' < Aul} & {y' = 0}
Fill 3 (straight) H. H 4, 1 Hey  Hp, "

N
=
(%]
an)
= o
EPN
|
=
E:"N
(@]
o
w
N
> 7
N
= 0B
17}
|
-
=
E.,N
|
=l
E:"N
(@)
o
w
N
34 >
ROP
b,‘

Zpz s =H——+—co
3,5 2 2 A

S A _ Ven(x+y) B, = ﬁn(x—y);
4L 4w
Hfa

¢ Hy ="+ AHy, Hy = Hey + Hy + 72 Hy = H — "2 — 18,
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C.3 Off-axis mUC for 3D woven composites

Table C.6: Analytical equations for fills 4 & 5 in the Off-axis 3D woven mUC

Yarn type In Off-axis CS (XYZ) In normal CS (XY'Z")
(G422 V2@~ a)L} & 'z Q-2 aly <0)
—_ > 1 !
(=) =0 zh o =H Hra '~ 20) AHy, cos o
= Hy — —2 cos —————> — AHj, c0S =——
Fill 4 (wavy) Ly = Hy— Ha Ai-m Hy cos 21 faw =539 2¢aL 2w
W
- e, 2 Aa A H m(x' —2L) my'
@:\;«_/\ :‘ A —T B Zigl—,w = H3 +%COST—AHb Ccos ZA};V
- Zfyw = Hz + % cos——— — AH, c0571 fa
fa ot T[Hb . T[y’
T[Hb Bl = tan WSIH AW
B4 = tan™?t (——sin —)
' 2W 7 2
x+y) 2V2Q2 - AL} &
(G0 2 V2@ = da)l) = Q2-il} & 2 0)
— <
Fill 4 (straight) r=n=0 | _Hn Hn  m(x'—2L)

g M Ha  A-w s T T2 T 2L
< T
—= Hfa Hfa T[(X’ - ZL)

u - _—
v Mo Ha Ao s =3 T2 ST L

Z, = —+ CosS
f4s = 2 Afa

{+y) =V22 - )L} x'z(2-2p)L}

Fill 5 | Hfb A1 -1 | Hfb T[(.X" _ ZL)

= _—— = H —_——_— —_—
Zgs = Hy > cos i Zgg T cos 22l
‘ Hpy A;j—m Hp  m(x’ —2L)

7ty = H, +7cos T zh = H, +TCOS L

_ Vem(x-y).

B, =
> 21 AW

& A= \/fnzﬂz)

¢ Hy="24 AHy, H, = H, + Hy + 22
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Appendix C

Table C.7: Analytical equations for fill 6 in the Off-axis 3D woven mUC

Yarn type In Off-axis CS (XYZ) In normal CS (XY'Z')
{|x+y—2\/§L| S\/ElfaL}& {Ix’—2L| SlfaL}&{}/IZ (Z—A)W}
{&x—y) < V20 - 2w} | Hey  m(x' —2L) n(y’ —2W)
) Zgg o = Hs — —cos————+ AH, cos ————
Fill 6 (part A) | Hg, i 2 22gL 22w
. Zgg p = Hs — TCOS Ayq + AHpcos By , ,
. . Hp,  m(x’ —2L) n(y' —2W)
5 iy Hf Zte, A = HS + TCOST + /1Hb COSW
- Ziga = Hs + Tacos A1 + AHpcos By fa
0 . _1< THy, . Tt(y’—ZW))
H fea = tan™* | ———sin—————
HfG,A = tan_l <2_V|;) sin B;\1> ° 2w 22w

Fill 6 (part B)

<M
SN

{|x+y-2V2L| < V2iL} &
{|x—y+V2w| <v2(1 - Hw}

H
1 _ fa
Zgg g = Hs — > cos A1 — Hy cos By,

u_ Hia
2t = Hs +—=cos Ay — Hycos By,

TH,
B¢ p = tan™? (— Z—M;sin BM)

{Ix' — 2Ll < 2L} &A{ly' - W[ < (1 - DW}

A o—p @ =2L) G =W
f6B = 15 7o 22eL A2 - w
Hey,  m(x’ —2L) ny' — W)

u =H e _ ~ — H _
Zfg B s+ 5 cos 27l ACOSZ(l—A)W

o = tan-1 (o TOT = W)
f6.B 2w 21 - )W

{lx+y—2V2L| < V2L &

{Ix' = 2L] < AL} & {0 < y' < AW}

{(—V2aw < (x —y) < 0} Hin  m(x' —2L) Ty’
Zh = H——2cos———" + H cos—y
Fill 6 (part C) | Hi, B, fec =752 25, bEE W
Zggc = Hs ———cos Ay, + )leCOST , )
2 g gy e MO 2L) e T
w Hgy B, fec =52 226l bEE 2w
Zggc = Hs + 5 cos Ajq + AHpcos n
TH, my’
1 THy, B, Ofs.c = tan—! <—2—Mj’sm 2;;4/)
Og,c = tan™ (— sin —)
' 2w 2
{|x +y-2V2L| < V22pL} & (' — 20] < AL} & ' < 0)
Fill 6 (part D) {x=» =0} VM Ha  mG —2L)
Jr— 1 Hi, Hp fop =N T T 22sL
U N T e e :
e i u i He, N Hy,  m(x' —2L)
f6,D 5 T 5 51 7
zigp = H — % + f cos Ay, ° 2 2 22l
S A= VZr(x+y) B, = \/En(x—y);
4L 4w
_Ai-m _ Bi+m _ 2By+m,
Ng A?\l - Ata B?\l -7 A2 — 2(1-2)°
¢ Ho=H-"_ 5 H =(1-)H,

2
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C.3 Off-axis mUC for 3D woven composites

Table C.8: Analytical equations for binder yarns in the Off-axis 3D woven mUC

Yarn type Surfaces & waviness in off-axis & normal coordinate systems <~

{(x +y) < ZﬁL} &{|x -y + \/EWl < \/E/lbW}

: v H H H, 2B+ H;
Binder 1 O | b b 1 | b
o2 s T T tanh 2-1)] -
z Zoia =7 + > 5 Cos N + mg tan [so((x +)/V2 )] 25inb,
<
ﬁl H Hb Hb ZBl + T Hb
2 Zyyp = 277 + — cos N +m, tanh[so((x +y)/V2 - L)] + |Zsin90
Op1a = tan™? {moso{l — tanh?[so((x + y)/V2 — L)]}}
{x' <2L}&{ly' —W| < 3,W}
n H H, H, T[(y’ - W) , Hy
% zll,l_A =E+7—7COSW+motanh[so(x -L)] - 25ind;
£
<] H Hb Hb T[(_’y’ - W) , Hb
g Zpia = "% + 7COS—ZAbW + mg tanh[sg(x’ — L)] + |Zsin00
Op1a = tan'l{moso{l — tanh?[sy(x’ — L)]}}
{x +y) = 2v2L} & {|x — y + V2w | < V22, W}
; n H H H, 2B+ H,
Binder | S Zhig = S -k - — mg tanh[so((x +y)/V2 = 3L)] - | m
5 o202 2 22y 2sinf;
(partB) i H H H, 2B H,
= b b pt+m b
2 Zyyp = 775 7c0527)Lb —my tanh[so((x +y)/V2 - 3L)] + |Zsin91
Op1p = —tan~ {mso(1 — tanh?[so((x +3)/V2 - 3L)]}}
{x' = 2L} &{ly' —W| < 3,W}
% H Hy, H, n(y'-W) , Hy
% 211)1_3 =3 + > - 7cos W — mg tanh[sy(x" — 3L)] — |25in61
£
=} H Hb Hb T[(y’ - W) , Hb
g Zp1p = 7% 7COSW —mg tanh[se(x" — 3L)] + |Zsin91
Bp1p = —tan~1{mgso{1 — tanh?[sy(x’ — 3L)]}}
{|x —y —Vow| < V2a,w}
n H H H, 2By —m H,
o P ] LR h 2—L—| b|
z Zy =5+ s — —motan [so((x+y)/V2-1)] 250,
s~
L‘L:JI u H Hb Hb 2B1 — T | Hb |
=242 — my tanh + 2-L)|+
Binder 2 2 Zh2 2 2 2 cos ZAb my tan [SO((X }’)/\/— )] 25in90
B2 = —tan" {moso{1 — tanh?[so((x + ) /VZ - L)]}}
{ly"+w| < 2,W}
n H Hb Hb T[(y, + W) , Hb
% z, =5+7—7cosw—mo tanh[sy(x' — L)] — ‘ZSineo
£
Q H Hb Hb T[(y’ + W) , Hb
; Zpy =5—7+7COSW—THO tanh[sy(x" — L)] + |251n90”
By, = —tan~1{mgs,{1 — tanh?[s,(x’ — L)]}}
_ V2m(x-y) _ _1{ 1 } _ —1{ 1 }
kS B, = aw 8o = —tan mgse{1—tanh2[sq(x'-L)]})’ 6, = —tan mgse{1—tanh2[sy(x'—3L)]}
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APPENDIX D

D.1 PBC:s for off-axis plain woven mUC

D.1.1 Normal loading case (011), (022) and {o33)

Table D.1: PBCs for off-axis plain woven composites under normal loading

u(4) — yTu(d) = —(&)Tx%p
L Lo
: s;-ziH;ths:;?] [
; 2
O )
y, —Z)] [_ul (Lz_o Y, Z)] Ly(e11)
52 b e
Y, —Z)J l—“3 (% Y Z)J 0
2 _Z)_ [ w (x' . 0
\ S ﬂ e
Yo )| |-us (x-%z)
)] [mee 0
. A I (x,vgo,z)\ - e
v3)] [w(xr.-5) 0
Ss & S¢ 35| B CI GRS P
Y Iz{ﬂ Lz Ex' Vs %ﬂ e
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D.1 PBCs for off-axis plain woven mUC

D.1.2 Shear loading case (012)

Table D.2: PBCs for off-axis plain woven composites under shear loading (o)

u(A) — yTu(4) = —(&)Tx%
0
S1 = [—Lo(512)]
0
0
S> - [Lo<512)]
0
[—Wo(512)]
S3 = 0
0
[Wo(€12>]
A\ = 0
0
0
Sc & S, - H
0
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—(&)TxOD

u(A) — yTu(4)

Table D.3: PBCs for off-axis plain woven composites under shear loading (o>3)

D.1.3 Shear loading case (033)

Appendix D

~
o - —~
— — § 3 3
[9\]
o oo oo o o g oo X o w o
— — W WO /H\
_ e——
—
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D.1 PBCs for off-axis plain woven mUC

D. 1.4 Shear loading case {(013)

Table D.4: PBCs for off-axis plain woven composites under shear loading (c,3)
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Appendix D

D.2 PBC:s for off-axis twill woven mUC

D.2.1 Normal loading case (011), (022) and {o33)

Table D.S5: PBCs for off-axis twill woven composites under normal loading
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D.2 PBCs for off-axis twill woven mUC

D.2.2 Shear loading case (012)

Table D.6: PBCs for off-axis twill woven composites under shear loading (c6;5)
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Appendix D

D.2.3 Shear loading case (033)

Table D.7: PBCs for off-axis twill woven composites under shear loading (623)
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D.2 PBCs for off-axis twill woven mUC

D.2.4 Shear loading case {(013)

Table D.8: PBCs for off-axis twill woven composites under shear loading (6;3)
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Appendix D

D.3 PBC:s for off-axis 3D woven mUC

Table D.9: PBCs for off-axis 3D woven composites under normal/shear loading
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