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Abstract

The work described consists of a broad investigation

into the strength of concrete and concrete structures

undertaken with the object of understanding the mechanism

and causes of thermal spalling under fire conditions.

The main part of the work comprises a study of the

temperatures and stresses developed in plain concrete wall

panels heated in the manner prescribed, in the Standard.

fire test. A number of Lire tests to determine temperatures

in wall panels were undertaken, with the co-operation of

the Fire Research Station, and this work is supplemented

by a numerical analysis for the temperatures with some

account being taken of drying. The method of analysis

used needs to.be improved, to deal more completely with

moisture migration, but the results obtaIned were useful

and the method. may have further use, in its present form,

in studying charring of timber and. in some problems in soil

mechanics.

Following the thermal investigation, the stresses in

heated. wall panels were obtained. using an iterative step-by--

step analysis. This takes into account the occurrence of

cracking and crack closure and the behaviour of concrete

in compression, including behaviour beyond the peak stress

and. during unloading. The results of this analysis

I	 •
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illustrate a number of different modes of progressive

structural degradation under fire conditions and also

suggest the circumstances when sudden failure could occur

as a result of instability of the entire panel.

•	 Besides the work on wall panels, the report includes a

classification of spalling and. a discussion of possible

mechanisms of local spalling. In this, new results are

reported to support the contention that aggregate splitting

may be reduced by using a smaller maximum sized aggregate

in the concrete mix. Also, mechanisms for surface spalling,

blistering and pitting are proposed and.examined.

•.
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1 . 1 Background material

The Introduction of reinforced concrete into Britain,
by L.G.Nouchel in 1897, coincided with a growing interest

in the problems of structural fire protection which lead.

to the Incorporation of the British Fire Prevention

Committee (B.P.P.C.) in 1899. At first, concrete was

often regarded, or described, as being 'fireprooV. This

term was an overstatement, even for the generoui sections

used, In the early designs, and the need for factual data

on the behaviour of new materials and methods of

construction, was soon recognised. This need. was later

emphasised, as the new materials were soon to include

structural steel; the first steel frame building in

Britain, the Ritz Hotel, being constructed in 1907.

In this country, the early tests for fire resistance

were undertaken by the B.F.P.C. until its responsibilities

were taken over by the Department of Scientific and.

Industrial Research in 1920. The results of the work

undertaken by these two organisations lead to the

British Standard B.S.L.76 ( 1932) which defined. the manner

in which tests for fire resistance should. be  undertaken.

Following this, in 1935, the Fire Offices' Committee built

furnaces at Boreham Wood to test specimens In accordance

with the new Standard. Some time later (1946) the D.S.I.R.

joined with the Fire Offices' Committee to form the Joint

Fire Research Organisation, in order to undertake research

in the broad field of fire resistance and prevention, and.

the facilities at Boreham Wood were subsequently extended.

to form the present Fire Research Station.
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It is of interest to note that formal study of the

fire resistance of structures was initiated at the time

when the two of the most common modern constructional

materials were first introduced. In a sense, our

knowledge of the behaviour of structures in fires has

always lagged behind the developments and improvements

made in the use of these materials. This is almost

inevitable, as work, in the field of structural fire

resistance, has been mainly empirical and principally

ai:med at obtaining comparative 'ratings' for different

forms of construction. Some work of a more fundamental

nature has also been done, but the results of this are

not yet sufficient to enable generally acceptable

predictions to be made of the behaviour of structures

wider fire conditions. Thus, any change in design

philosophy (such as the adoption of limit state design

proposed in the current (1969) draft Code of Practice for

the Structural use of Concrete) or the use of a new form

of construction, such as that becoming common in high-bay

warehouses, produces a gap, in our knowledge, that has to

be filled by retrospective testing. This situation is

not ideal and will only be improved when a greater body

of fundamental knowledge is available, to cover the

range of fire induced behaviour.

1 . 2 Fire Resistance

In general, buildings are designed and constructed to

withstand certain specified loadings for an indefinitely

long period.However, this philosophy is not adopted

when considering the possibility of damage by fire. Here,
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it is considered better to insure against the possible

financial loss involved rather than to spend additional

capital sums in an attempt to construct a building to

resist entirely the effects of fire. Clearly though, if

a fire occurs in a structure it is a danger to both life

and possessions. It is therefore essential that the

structure remains intact for a period long enough to

enable the occupants to be evacuated and the fire controlled.

This is the principal guide line in the method used to

deal with the problem of fire. In this approach; the

aim of the building regulations is to prevent loss of life,

the structure is designed to remain intact, for aspecified.

time, and the cost of damage to property is .the subject of

insurance.

In practice, the damage caused to a structure and

the actual period of fire endurance will depend on. the

severity of the fire. However, in order that the

relative performance of different forms of construction

can be compared, the concept of a standard exposure

condition has been introduced in the form of a specified

time/ambient temperature relationship. Great Britaiii,

Sweden, Germany and the United States of America have

adopted, as standard, very similar exposure conditions,

and an international standard (I.s • o 83LI .) is now

available which is , incorporated in the current draft

revision of B.S. Ll.76. This exposure condition is shown

in figure 1'l and on this basis the 'fire resistance' of

a structural element is the time during which it

continues to perform its function satisfactorily, when
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than 5% of the area under the
standard curve.
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minutes the mean furnace
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the standard curve by more than
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heated in the specified manner, in a laboratory test.

The standard exposure condition is used in all tests

for fire resistance, but the type of test and the criterion

of satisfactory performance depend on the function of the

member, In the structure, during a fire. This function

may be to prevent the spread of fire, by dividing the

structure into compartments, or to carry the dead and

superimposed loadings. Some members, floor slabs for

example, have both these functions whereas others are

either primarily barriers to the propagation of fire or

purely load bearing.

For members whose only function is to prevent the

spread of fire, by forming an adequate barrier for a given

time, there appears to be little difficulty in designing

experiments to determine their effectiveness in terms of a

period of resistance to the standard exposure. Such tests

are specified in B.S. 476. The problem is essentially

one of heat transmission and., in general, single structural

elements óan be tested with the knowledge that similar

results would be obtained if the tests had been undertaken

with the element forming part of a structure.

The problem of testing is not so straightforward . for

load bearing members, as continuity with the remainder of

the structure and the manner in which the loads are applied;

can have significant effects on the performance of an

individual structural element. In the past, these effects

have been generally ignored and only recently has research

been undertaken on the effects of restraint and continuity

on the fire resistance of structural members. These
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questions are taken up in more detail in a later chapter.

At this stage, it is sufficient to note that the test for

fire resistance is highly idealised and. in many cases

fails to reproduce the conditions under which a

particular element would perform in service.

It must not be supposed that, this situation has

arisen out of ignorance of the effects of continuity.

The decision to ignore the effects of restraint was

almost certainly made because of the experimental

difficulties, and expense involved, in simulating this

effect. However, this policy has the effect that results

obtained from fire tests, for modes of failure and local

breakdown, may not necessarily be relevant to behaviour

in complete structures exposed to fire. This is an

important point which will be treated in , more detail' in

a later section.

l3 Spalling - Occurrence and Classification

In general, reinforced or prestressed. concrete

members behave reasonably satisfactorily in a fire test

and considerable experience has been obtained of the

performance of simple elements. However, there are

instances (Ashton 1951 , Barends 1965 and. others) where

sudden failure of a concrete member has occurred very

soon after it was exposed to rapid heating. This form

of behaviour is known as spalling and it may involve

complete disintegration of the member or be essentially

local in character. The term spalling is also used to

refer to the various types of local breakdown that

occur at later stages of heating. However, these modes
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of failure are more predictable, and so less serious,

than the violent mode of failure encountered near the

start of heating.

Most information on spalling has been obtained under

the particular conditions of the standard test in which

spalling invariably leads to a reduction in fire resistance.

Clearly, spalling could also have important effects in the

more practical situation of a fire in a continuous

structure. Thus, although a continuous structure can be

expected to accommodate local damage more satisfactorily

than a statically determinate one, general spalling could

still lead to early collapse or cause the spread of fire

by eliminating separating members.

At present, there is no generally accepted theory for

the occurrence of spalling. However, the conditions under

which spalling has occurred are appreciated. These were

discussed by members of the F.I.P. Commission on Fire

Resistance of Prestressed Concrete and summarised by

Kordina (1965), at the Brunswick aymposiumand. a similar

summary, of Japanese experience, has been given by Saito

(1965). These reports, taken together with other workers'

experience, give the following picture for the occurrence

of spalling.

a)	 If explosive spalling occurs in the standard

test, it does so within 15 - 30 minutes of

the start of heating (Kordina 1965). More

generally, fast heating rates are required

for violent spelling.
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b)	 Explosive spalling is unlikely to occur

in members having a large cross-sectiOn.

(Ashton and Bate 1961, Hill 1965, Kordina

c)	 Spalling may be promoted by high

longitudinal restraint. (Carleon and

Abranis 1965, Ashton 1965) or high initial

prestress (Sito 1965)

d)	 A high initial moisture content in the

concrete may lead to dangerous spalling

(Shorter and Harmathy 1961, Gatenby 1961,

Waubke 1966, Akhtaruzzaman and Sullivan 1970.

e)	 External corners are particularly susceptible

tospalling, and

the occurrence of spalling may be exacerbated

by section geometries giving rise to high

thermal stress, the presence of closely spaced

reinforcement, or the use of unstable aggregates

(Schumann 1965)

Although these statements (a - r) represent a useful

summary of current knowledge, some factors tha.t influence

spalling are almost certainly missing. For instance the

effects of different concrete properties are not dealt

with, except by implication. Also, no distinction has

been made, between the different types of spalling that

can occui in practice. This seems important, as it is

probable that the various types of spalling may have

fundamentally different mechanisms and so would be

• aZfected differently by the same variables. Because of

this, there is a need to classify the types of spalling
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that can occur. Such a classification would be useful

when recording impressions of phenomena observed in fire

tests and may also be a help in distinguishing between

types of behaviour that require separate investigation.

A classification for local spalling has been proposed

by Dougill (1961i. a) and similar terminology was used by

Meyer Ottens (1965) to describe the forms of spalling

observed in his own tests. If general spalling is also

considered, it seems convenient to describe spalling by

means of the classification given in Table l'3'l. This

Table also includes the phenomenon of sloughing off

described by Ashton and Bate (1961).

The different forms of spalling will be examined in.

more detail later in this report. However, it is helpful

to note, at this stage, that corner separation and

aggregate splitting are, most probably 1 both forms of

cleavage fracture that are primarily due to high thermal

stress. Thus, the main difficulty, in considering spalling,

is to understand the mechanisms of surface spalling and

to explain how destructive spalling can occur. This is

the main object of the present work. Before dealing tiith

the mechanisms that have already been proposed to

account for spalling it is convenient to review the

experimental work undertaken to examine this form of

failure.
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Table 1.3.1 Types of Spalling

General or Destructive Spalling

This is violent .and. occurs at an early stage of heating.

This form of spalling causes extensive damage or complete

destruction of a member. The occurrence of general

spalling means a fire test is ended.

Surface Spalling - to include pitting,

Local	 blistering and. local removal of

Spalling	 surface material - sometimes violent

Aggregate Splitting - failure of

aggregate near the surfaceoften

accompanied by surface spalling

Corner Separation - removal of

external corners from beams and.

columns - occasionally violent.

Sloughing Of f

This is a gradual progressive form o± breakdown, noted by

Ashton and Bate (1961), involving partial separation of

layers of surface material from the memberthat may

continue slowly through the later stages of heating.
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l •4 Spalling Tests

In general our knowledge of spalling is a bonus

derived from ob&ervations of behaviour in tests for Lire

resistance and few experiments are undertaken specifically

to study spalling under fire conditions. A series of

tests undertaken by rleyer Ottens (1965) is a notable

exception to this general rule.

Neyer Ottens subjected a series of 27 concrete slabs

to rapid heating and observed the temperature rise and

forms of spalling that occurred. All the specimens were

simply supported reinforced concrete slabs with no

super-imposed loading. In most cases only nominal

reinforcement was used but in one series of eight tests,

a significant amount of steel was included in the cross-

section.

A wide range of variables was studied. The whole

series includ.ed four different concrete mixes, slabs of

different dimensions and, the use of three different

exposure conditions. For most of the teats, the slabs

were heated on both sides with the furnace temperature

following the German standard exposure condition given

in DIN Li.l02 (1965). However, in some tests, a Laster

heating rate was used, with the maximum furnace temperature

of 1125° C being achieved in only 15 minutes, and in the

last two tests, on slab8 with nominal reinforcement, the

slabs were heated from one side only. The general

arrangement for these last two tests is shown in

figurel-2.

In all the tests some spalling of the aggregate•



Flue

1

13

1-2/ #,.i

Z2	 /1AL AeICAWc,'-/IEIVT O,c

a rriv^ ( c) $PA LL /,V

7575 ,V 5PCf"fA/S HA7-

POH	 Si ONL/



iLl.

(Zuschlagstoff Abpiatzungen) occurred. These caused

local failure at the heated surface and removal of material

in zones up to 80mm in diameter and 5mm deep. The

maximum aggregate size in all the four mixes was 15mm.

In addition some aggregate pop-out occurred. In some

slabs, isolated blocks of Limonite (hydrated iron oxide

2Fe2O3 . 3H20 in blocks of size 7Ox7Ox2Omin) were cast

into the slabs. These were included to increase the free

water content in the specimen during the test. On heating,

Limonite is decomposed to form Eematite (Fe203) with the

liberation of water which thus increases the free water

content of the concrete. Unfortunately, there is also a

considerable volumetric expansion in the solid phase of

this reaction (Schumann 1965) and this may have

contributed to the amount of spalling observed.

Spalling was more extensive in the slabs subjected

to the faster rate of heating. Here surface spalling

(oberfiachen Abplatzungen) occurred with removal of

material to a depth of 5-lOmms from regions 100 - 25Omms

across. No significant difference in behaviour was

observed between the slabs with conventional aggregates

and . those in which the moisture content had been

artificially augmented by the inclusion of Limonite.

However, all spalling occurred within the period of

visible water vapourisation.

- The more heavily reinforced sections were all tested

using the standard exposure conditions and extensive

surface spa].ling generally occurred to expose the

reinforcement. Destructive spalling (Zerstorende
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abplatzungen) occurred in the two thinnest slabs. These

were only 50mm thick and heated on both sides. One of

these slabs contained reinforcing mesh in the mid plane

and the other had reinforcing mesh in each face with the

occasional Limonite block between. The sections of these

slabs were the thinnest used in the entire series of 27

tests and it is this fact, rather than the reinforcing

details, that is probably of most significance in the

occurrence of spalling.

•	 I1eyer Ottens' tests provide valuable confirmation of

the experience derived from fire tests summarised in

Section 1 . 3 (points a - f). The results are slightly

disappointing, however, in that they provide little

direct guidance to the underlying causes or mechanisms of

spalling. These have been the subject of theoretical

investigations by other workers which will be discussed

in the next section.

l'5 Nechanisms of Surface Spalling

It has generally been supposed that the principal

cause of surface spalling is either high thermal stress

or the pore pressure induced when steam is generated

within the concrete structure. In taking this view,

different workers have laid greater emphasis on one or

other of these causes. Thus Saito (1965) explains the

occurrence of spalling entirely in terms of compression

failure caused by thermal stress,whereas Harmathy (1965),
in developing the concept of moisture clog spalling,

considers that pore pressure generation is the most

significant cause of spalling. These two differing views
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are now examined in detail.

Compression Failure !'lode (after Saito)

Saito (1965) states categorically that explosive

spalling is not caused by steam pressure but s due to

the compressive stress, induced near the heated surface

of a member, reaching a value equal to the compressive

strength. Saito takes concrete to be a linear elastic

brittle material, in an analysis to determine the stresses.

caused by heating, and finds that the compressive stress

atthe surface is increased by longitudinal restraint

(or prestress) but is reduced by internal tensile èracking.

In this way he explains the influence of restraint and

prestress and. also demonstrates that prestressed concrete.

is more likely to spall than reinforced concrete. The

effect of moisture is explained by its effect on the

temperature distribution and thus on the magnitude of the

compressive stresses developed at the surface.

At first sight, Saito's theory is very attractive as

it provides an explanation for all but one of the major

effects discussed in the previous section. However, in

spite of this apparent agreement with reality,there are

serious deficiencies in Saito's theory. These arise

because concrete is not a linear material and. failure.

does not necessarily occur in concrete when the

'compressive stress , at a point reaches a maximum value.

In addition, the theory does not explain why the mode of

failure is sudden in occurrence. 	 .

These shortcomings rule out Saito's concept of

spalling caused by a limiting compressive strength.
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Nevertheless, it is clear that very high stresses must

occur at the hot• Lace of a heated member and that the con-

crete near the surface must suffer some damage. It is

possible that this damage contributes to spalling but the

manner in which this occurs is not clear and is not

explained by Saito.

Noisture Clog Spalling

Nany workers believe that the pressure of steam

generated within the pores of the concrete has a major

influence on spalling. This idea has been developed most

completely by Shorter and Harmathy (1961) and Harmathy

(1965) in their concept of 'moisture clog' spalling. In
this they consider that explosive spalling will occur if

the pore pressure becomes as great as the tensile strength

of the concrete. This is clearly a mechanism that must

be considered.

If the surface of a concrete wall panel is heated,

desorption of moisture occurs in a thin layer next to the

heated surface and some of the vapour produced escapes to

the atmosphere through the heated face. The remainder

of the vapour moves away from the heated region p.nd iñay

become readsorbed. in the pore structure of the cooler

material. Continued heating increases the thickness of

the dry layer and a completely saturated layer is formed

some distance in from the heated surface. After this,

desorption only occurs at the interface between the dry

and. saturated regions. Due to the low permeability ot

the concrete structure, an appreciable pore pressure
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gradient is required to expel the vapour from the hot

Lace and move the body of free water, comprising the

saturated layer, towards the cooler regions of the slab.

Harmathy (1965) has attempted to obtain an estimate

of the pore pressures developed during heating. He

suggests that the pore pressure rises with increase in

temperature unless movement of the saturated layer occurs

to provide sufficient space to accommodate the liberated

vapour without increase in pressure. Looked at in this

way, the pressure build up is directly due to the

resistance to movement of the saturated region, or

'moisture clog' as it has been called. This is a

simplification, as the passage of vapour through the dry

region to the atmosphere is equally important, and in

this sense the theory is incomplete. However, the analysis

does indicate that the rate of heat flow within the dry

region and the permeability of the concrete must be

considered in addition to the initial saturation.

A more direct estimate of the generated pore pressure

can be obtained from the results of fire tests in which

temperatures are measured at various depths from the•

heated surface. Because of the heat required for

desorption, the rate of temperature rise is very much

reduced at any point during vapourisation. This effect

shows itself as a step in a graph of temperature against

time and thus the temperature at which vapourisation

occurs can be determined.

A number of tests of this type were undertaken

simultaneously on a series of eight planks of different
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grades of concrete at the Fire Research Station, Boreham

Wood, and. a description of these tests is given, with the

results, in Chapter 6. In these tests the maxinium

temperature at the interface between the dry and saturated

regions was around 150°C and at this temperature the

pressure of saturated steam is much less than the tensile

strength of concrete. Similar results were obtained by

Meyer Ottens (1965) in the tests described in the previous

section.

It is suggested that a value of 2 . 0 MN/rn2 . can be

taken as a reasonable safe low estimate of the tensile

strength of a mature structural concrete. Vapourisation

must take place at 215°C in order to produce saturated

steam at this pressure and this temperature is consider-

ably higher than the values obtained from the fire test

at Boreham Wood or in Meyer Ottens experiments.

Consequently, it is considered that it would be exceptional

for the pore pressures, generated in a member in a

standard fire test, to exceed the tensile strength of a

conventional concrete. This suggests that 'moisture clog'

spalling is not likely to occur in a standard fire tst

in the form envisaged by Shorter and Harmathy. However,

this conclusion does not rule out the possibility that

there is an alternative mechanism by which failure can

be inducea by pore pressures less than the tensile strength

of the material. This possibility will be examined at a

later stage.
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l • 6 Objectives of the Present Work

It is clear that neither Saito's concept of

compression spalling nor Harmathy's moisture clog

mechanism are entirely satisfactory explanations for the

spalling phenomenon. In a way, neither fully describes

a mechanism of failure. Harmathy 'gives a plausible

explanation to account for the generation of pore pressure,

but does not explain how fracture results at a relatively

modest pressure, and Saito pays little attention to the

actual behaviour of concrete.

The principal objective of the present work isto

arrive at an understanding of the various mechanisms of

spalling. This objective may appear to be very limited

but it is hoped that greater understanding of the failure

process may eventually lead to practical methods of '

preventing or reducing spalling, where this is important.

Surface spalling is the most difficult of the various

related phenomena to explain. Apparently, it is a brittle,

cleavage, type of fracture in which material is removed

from the concrete surface in a violent manner. Clearly,

the mechanism of failure of concrete itself must be

appreciated before spalling can be explained. Also, the

precise mode of failure must be determined by the state

of the concrete at high temperatures, and under stress,

near the surface. • Thus, before any explanation of

spalling can be attempted it is necessary to

a) review existing data and, ideas concerned

with failure and. fracture of cOncrete,' and.



2].

'b) assess the available information on the

structural and thermal properties of

concrete at high temperatures.

The next two chapters deal with these topics and the

first part of the report is concluded with a further

chapter in which the implications, of spalling, in Lire

resistance testing and. structures are briefly examined.

In the second part of the report, the conditions under

which spalling occurs are examined in detail whilst the

third part Is concerned with probable mechanisms of

spalling.	 ,

S
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Chapter 2

SOME ASPECTS OF TIlE STaE;GTH OP CONCRETE

AT NORMAL TEMPERATUES.
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2 • l Introduction

In this chapter, the structural pro .L ort.iO3 of concrete

at normal temperatures are discusod with the objective of

defining the circumstances in wLich sudden failure can occur.

In doing this, no attempt is made to review the entire

literature dealing with the strength of concrete. The

approach used is to explore what is meant by the term strength

and thus to determine how this property should be regarded

in considering sudden failure.

At present our knowledge 01' the behaviour of concrete is

mainly empirical in origin and is most complete for concrete

in uniaxial compression.

2 . 2 Behaviour of concrete in uniaxial. compression

Under short-term loading, the stress-strain curve for

concrete in uniaxial compression is of the form shown in

figure 2-1. The duration of loading here is of the order o±

a few minutes to around half an hour, so that the effect of

creep during loading is minimal. Before loading, the concrete

already contains some flaws or cracks (lIsu et al. 1963,

Hsu 1963) due to internal shrinkage during curing. Some

of these miscrocracks may close, during the initial stages

of loading, leading to a slight increase in stiffness in the

manner described by Brace (1969) for rocks. riost often

though, this behaviour is relatively insignificant and the

micro-cracks remain, stable until the applied stress reaches

about half its peak value (see figure 2-1). Around this

stage, but not necessarily simultaneously, there is a

significant increase in the acoustic energy emitted (Rusch

1959) and a decrease in ultrasonic pulse velocity measured
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at right angles to the direction of loadiri (Jones l55,
Robinson 1965). These changes are considered to be due to

the propagation or growth of micro-cracks and thcse cause

the increase in the lateral strains,and in the ratio of

lateral to axial strainsreferred to in the literature as

an increase in Poisson's ratio. With continued loading, the

micro-cracks increase in size and join together, causing

reduced stiffness and. load capacity. Thus, if the axial

strain is increased, the induced stress reaches a maximum

value before decreasing with further increases in strain

and damage.

Although there is general agreement in the literature

on the broad aspects of behaviour during progressive failure

in compression, there are some differevices of opinion

concerning the origin of serious cracking or fast crack

propagation. For instance, uicCreath et al (1969) and the

two Newmans (1969) consider that failure originates in the

mortar matrix, by cracking in a direction parallel to the

applied load, and that these cracks grow until the fracture

path is deflected, or divides, to pass around the hard

aggregate inclusions. From this stage onwards, they consider

that failure is controlled by the aggregate/paste shear bohd

strength rather than breakdown within the matrix itself.

Other workers take the opposite view. Thus, Alexander,

Wardlaw and Gilbert (1965) and Vile (1965) all consider that

the initial breakdown occurs at the aggregate/cement paste

interface. This could then be followed by vertical splitting

in the paste, as Shah and. Winter (1966) have shown, by

tests on isolated interfaces, that the effect of loss of

adhesion at these boundaries is to induce tensile stresses
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in the matrix and to cause cracking parallel to the direction

of the applied compressive load. At present, there is.

little evidence to suggest that either of these two views

is untenable. In fact, if the random structural geometry

of a typical concrete is considered. 5 it seems plausible that

both sequences of behaviour could occur in different regions

of the same specimen. Also, it is probable that even if

cracking of the matrix precedes shear bond, failure as

suggested by the Newmans, further cracking will occur

within the matrix during bond breakdown, in the way

demonstrated by Shah and Winter.

Dis continuity

It is clearly of interest to know at what sta.ge a

material begins to break down under load. and the term

'discontinuity' (introduced by Newman in 1964) is now used

to describe the stage, in the loading process, at which

severe cracking begins. Various techniques have been used

to determine the precise stress level at which d.icontinuity

occurs, but the results depend. on the method used and. the

criteria adopted to recognise severe cracking. These

difficulties are similar to those encountered in attempting

tomeasure the yield stress of a material such as aluminium,

in that the results become subject to an agreed convention

which specifies what constitutes the yield stress Or, in

the case of concrete, discontinuity. Thus, at present, the

occurrence of discontinuity in a compression test is taken

to coincide with a significant departure from linearity in

the relationship between the volumetric strain and tlte

axial compressive strain (Newman and Newman 1969).
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• The Newmans, and their collaborators, tend to regard

the stress level at discontinuity in the same lig1t as the

yield stress in the theory of plasticity. Thus, they

consider that no significant irreversible strain can be

induced in concrete if the discontinuity stress is not

exceeded and the loading is of short duration. This is a

useful concept,from the design point of view,and. may

possibly be related to serviceability under repeated short-

term loading.

Repeated. Loads

Concrete shows some hysteresis with repeated loading at

even low stresses but this may usually be disregarded unless

the applied stress is above that corresponding to discontinuity.

With higher stresses, considerable permanent strain can be

induced by repeated. cycles of loading and unloading aid a

typical result is shown in figure 2-2 (after Sinha et al.

196Li-). Here the strain remaining after each load cycle

is related to the amount of cracking that occurs in loading

to' the higher stress level, although some of these cracks

may close during unloading. This suggests that continued

deformation, beyond. the point corresponding to the peak

stress, is accompanied by progressive damage. This is also

evident during testing inthis range, as the major cracks

become easily visible at the surface of a specimen.

Rate of Deformation - Creep

The form of the stress-strain curve in uniaxial

compression is affected. by the strain rate, as shown in

figure 2-3 (after Rusch 1960). With the longer testing

periods, there is more opportunity for the stress induced
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at a particular strain to relax with time and this causes

a considerable change in the form of the stress-strain

curve. It is interesting that this change is not necessarily

reflected in a changed peak stress, the maximum stress

values differing by less than 10% for the four tests

reported in the example. The effects of creep are more

clearly evident when specimens are maintained under a

constant stress for an appreciable period of time. Under

moderate stresses, the strain continues to increase with

time but at a steadily decreasing rate. However, when the

applied stress is an appreciable proportion of the short

term peak stress ('ultimate strength') creep is exacerbated

by internal disruption of the material and failure eventually

occurs (Sell 1959). Results of this type have the form

normally associated with creep in metals at elevated

temperatures, in that the creep strain/time relationship

can be separated into three successive stages. In the first,

the creep rate is reduced from an initially high value until

it is relatively constant during the second stage. In the

final stage (i.e. tertiary creep) the rate of creep increases

with time until fracture occurs. With concrete, the second

stage is quite short and there is a point of inflexion where

the creep rate first starts to increase.Glucklich (1967)

considers that this point marks the start of fast crack

propagation and. that failure of the concrete is inevitable

from that time onwards.

Experimental Technique

Returning to short term behaviour, it is found that

the values of peak stress are very dependent on the
a
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experimental conditions. The size of specimen. (Neville 1956),

the stiffness of the machine platens (Newman and La- Chance

1964) and the form of ball seating used for alignment

(Newman 1965), all have important effects. In additionit is

clear that the full stress-strain curve shown in figure 2-1

can not be obtained under all test conditions. For instance,

failure would occur at the peak stress under a gradually

applied dead load but the specimen could remain intact if

the specimen were subjected to prescribed deformation, even

if these exceeded the strain corresponding to the peak stress

in the dead load test. In general,the form of loading

provided by a conventional testing machine lies between

these two extremes and the point of failure of the specimen

is dependent on the relative stiffness of the testing

machine (Freudenthal 1950, Sigvaldason 1964). This is an

important point which has erious implications in defining

strength and failure. For this reason, it seems wothwhile

to discuss the mechanics of the compression test in more

detail.

2 . 3 The Compression Test - Instability
Consider the test machine and. specimen shown in figure

2-li.. Imagine that the specimen is removed from the machine

and replaced by a jack so that the load required to separate

the machine p1aens by an additional prescribed amount can

be determined,so providing the load/displacement relationship

for the testing machine shown in figure 2-4. We take this

relationship to be linear and refer to the slope K as the

machine stiffness.

Now consider the specimen in the testing machine under
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a load P. In this state the displacement of the machine

(from some datum position) is L, the load applied to the

specimen is	 and the potential energy of the entire system

is t1 . We enquire whether this is a possible equilibrium

position, that is one for which the potential energy is a

minimum, and examine the effect of a virtual displacement 8

0±' the specimen together with a compatible movement of the

test frame. The potential energy in this new configuration

is 2 and the original state is clearly unstable if n2

The virtual displacement 8 causes an increase in the

strain energy of the specimen ôu and a decrease in the

strain energy stored in the machine ôiim represented, by the

shaded areas in figure 2-Li.. From this,

fp\ ô2
8u5 KL8 +'- -

.2

1(8
and ôu = - (2i -8) 	 (2.3.1)m 

2

where	 is the slope of the load, displacement curve for

the specimen at the load P carried in the original configuration

After the virtual displacement, the potential energy becomes

IP\
= 1 +

T(Ô

- - (2-6),

2
(2.3.2)

so that for the original configuration to be unstable

(i.e. 2-])

• -

	
> K	 .	 .	 (3.)

This condition can only arise when the peak stress has

already been achieved. Thus, instability will occur if the
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absolute value of the slope of the load, displacement curve

for the specimen becomes greater than the machine stiffness

K. The special cases of dead loading and prescribed

displacement correspond to values of K = 0 and. K = 0O

respectively. If instability occurs, the displacements of

the specimen and. testing machine will change rapidly and.

the system may 'snap through' to a new equilibrium position.

In many cases, however, the strain energy released from the

testing machine is available as kinetic energy and. the

resulting velocity.of approach of the platens does not allow

the system to settle in a new equilibrium position and.

catastrophic failure occurs. This form of behaviour becomes

more likely with specimens having a steep slope in the

decending branch of the stress-strain curve. The results

may also be affected by a lack of homogeneity in the concrete

specimen.?

This analysis of behaviour in a compression test suggests

that the occurrence of failure is not determined. solely by

the peak stress achieved in a compression test and that the

explosive mode of failure that is sometimes obtained in the

laboratory is the result of instability of the specimen and

testing machine considered as a single system. This is a

difficult concept to relate to practical situations because

it appears that the strength of a concrete structure is not

determined by the peak stress achieved. at some point but

follows from the condition. for the structure as a whole to

become unstable. Iowever, 'Ln spite of the difficulties, this

situation has been recognised in formulating rules for the

design of reinforced concrete beams, by Whitney (19k3) and
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Hognestadi et a].. (1955) for example, and is an underlying

feature of any ultimate load method of analysis (such as

Baker's 1956). In both these examples, instability is

avoided by setting design limits to the strains or

rotation that can be tolerated in a structure. As yet,

these ideas have not been extended to more genera]. situatioiis

where the state of stress is not so well defined.

2 . Li. Behaviour under more general stress systems

The occurrence of instability is not confined to behaviour

in uniaxial compression as the forms of stress-strain curves

obtained from specimens tested with different stress

combinations are essentially similar. For example, the

stress-strain curve obtained for concrete in uniaxial tension

by Hughes and Chapman (1966) has the same form as that of

figure 2-1 but with the peak stress reduced and with 'a much

steeper decending branch. Similar results have been'

obtained by Hughes and Ash (l968),in torsion.,and by Davies

in flexure (1967) and in combined tension and compression

(1968), as obtained in the Brazilian split cylinder test.

In all these results, the portion of the stress-strain curve

beyond the peak stress is very steep and instability is

difficult to avoid, even in a well . designed test.

The effect of triaxial compression was studied relatively

early in the development of concrete technology by Richart,

Brandtzaeg and Brown (1928) who tested jacketed cylindrical

specimens in a hydraulic cell so that the specimens could

be subjected to an axial stress together with a uniform

lateral pressure over the curved surface. Some typical

results are shown in figure 2-5 in the form of curves of
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axial stress plotted to a base of axial strain. Similar

results have been obtained more recently by Chinn and.

Zimmerman (1965) and by J.B.Newrnan (see NcCreath et al 1969).

At low confining pressures the behaviour is similar to that

observed in uniaxial compression, but, an increase in lateral

pressure causes a considerable increase in peak stress and a

reduction in the slope of the decending branch;. so that, at

high confining pressures the material appears to be capable

of stable plastic deformation. Clearly, the development of

internal cracking is inhibited by the lateral stress This

also effectively increases the aggregate/cement paste sheai

bond. strength, which is apparently subject to a Nohr-Coulomb

type of law (Taylor and. Broms 196L1.).

Besides triaxial compression.the biaxial state of stress,

in which one of the principal stresses is zero, is of

considerable interest as the results should. indicate the

role of the intermediate principal stress in the failure

process. Unfortunately, the tests are very difficult to

arrange and. there are uncertainties regarding the actual

states of stress that obtained. in much of the published.

work. (See the discussion by Hilsdorf 1965 for instance).

Also, in some tests where care was taken in an attempt to

obtain the required. state of stress (Robinson 1967, Vile 1965)

the full stress-strain curves were not obtained. due to

instability arising from lack of stiffness in the testing

machine. However; reasonably complete data have been

obtained. by Kupfer et al. at Munich (1969). These results

suggest that the decend.ing branch is not so steep as in

uniaxial compression and that biaxial stressing may provide
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a small increase in peak stress over that obtained in simple

compression (see figure 2-6).

25 Introduction to the theoretical aspects

Although a considerable amount has been accomplished, it

is clear that it would need an immense testing programme td

furnish data relevant to all possible combinations of stress

and. load history for even a single concrete. Thus, there

have been attempts to develop theories of deformation and

failure with the objective of generalising or eztend.ing the

range of experimental results. In this, most success has

been achieved in developing solid models to account for the

influence of mix proportions or properties at moderate stress

levels when concrete can be considered to be a linear,

elastic or visco-elastic, material. The initial application

of these ideas to concrete was due to Pickett (1956), Dantu

(1958) and Hansen (1958 ) and useful practical refinements were

made later by Hirsch (1962) and. Dougill (1962). Following

these, many workers have contributed in this field and. there

are now models available to describe the effects of concrete

composition on Young's modulus, Poisson's ratio, shrinkage,

thermal expansion, creep and thermal and electrical

conductivities. The same degree of success has not followed

theoretical work aimed at understanding behaviour at the

higher stress levels that obtain as failure is approached.

However, there have been a number of notable contributions

ranging from the use of structural models to attempts to

treat concrete within the framework of fracture mechanics.

Brandtzaeg (1927)
One of the first theoretical studies relating to failure
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of concrete was undertaken by Brandtzaeg in 1927. This

is still of interest today and a similar approach ias been

used more recently by Shah and iinter (166) and Taylor (1970).

Brandtzaeg considered an idealised material made up of

separate elements containing planes of weakness along which

sliding could occur. He confined his analysis to axisymmetric
)

states of stress and took the material to be linear elastic,

homogeneous and isotropic before slip occurred. A represent-

ative volume contained a large number of elements with

different planes of weakness so that all possible directions

of slip were equally represented. During sliding, the shear

stress and the normal stress on the slip plane were taken to

be, related in a linear manner, so suggesting that the behaviour

was controlled by a combination of cohesion and friction.

It was also assumed that the deformations were the same

throughout the specimen.

The results of Brandtzaeg's analysis are both intersting

and informative. Under simple coinpression,the idealised

material behaves in a linear elastic manner until sl.p

occurs in one or more elements. With additional loading,

more elements yield and there is a loss of stiffness in the

axial direction leading to non-linearity in the stress-strain

curve together with a redistribution of stress between the

elastic regions and those in which slip occurs. As a

consequence of this redistribution, tensile stresses are

induced in the elastic regions, in directions perpendicular

to the applied compression. These stresses increase, as

more elements yield, so that tensile failure eventually

occurs by splitting in the axial direction. Brandtzae used
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the term 'critical stress' to refer to the stressapp1ed to

the material as a whole when lateral splitting occurred. He

recognised that the critical stress did not necessarily

correspond to complete collapse of the material, but, that it

implied that continuity was destroyed so that his homogeneous

strain assumption was no longer tenable. Accordingly,

Bran.dtzaeg termed the material 'disorganised' once splitting

had. occurred.

Below the critical stress, Brandtzaeg's analysis gave

results which compared very well with experimental data

tRichart et al 1928). In uniaxial compression the critical

stress occurred at about 80% of the peak stress which occurred

when the volumetric strain was nears minimum value. The

analysis also showed that triaxial compression caused an

increase in critical stress and that the critical stress in.

equal biaxial compression was slightly greater than in

simple compression. Clearly, there are considerable

similarities between Brandtzeg's 'critical stress' and

Newman's (1964) concept of discontinuity, although the

latter now refers, in Brandtzaeg's terms, to the first

occurrence of slip rather than the onset of disorganisation.

The analysis is also relevant to the ideas developed by

Taylor and Broms (l96i-) and Alexander and. Ward.law (1965) on

shear bond failure, if the planes of weakness are taken to

represent the aggregate/cement paste interface. Thus, it is

of interest that Taylor (1970) has attempted to generalise

this approach to consider, in numerical terms, the case of

three independent principal stresses.

The main disadvantage of Brandtzaeg's approach is that
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only the initial stage of the failure process is considered.

Also, in assuming that the material is initially homogeneous,

the effect of the aggregate inclusions on the stress

distribution is omitted. This effect is the principal

feature of the structural model proposed by Baker (1959).

Baker's (1959) Lattice.

In this approach, Baker considers that the larger pieces

of aggregate in a well compacted concrete form stiff ring

structures around regions of relatively soft mortar. Thus,

when concrete is loaded in compression, load is attracted to

the ring and lateral tensile stresses are induced in the

mortar. Baker suggested that this type of behaviour could

be simulated by means of a three dimensional pin jointed

lattice framework comprising different types of members to

represent the separate actions of the thrust rings and the

mortar pockets. Although Anson ( 196L1) later extended the

work to three dimensions., Baker's first analysis was based

on the two dimensional lattice element shown in figure 2-7.

In this, the diagonal members represent the short stiff

connections between aggregate particles and. the horizontal

and vertical members represent the bonding action of the

mortar enclosed within the thrust ring. Baker recognised

that a stiff jointed lattice would be a more appropriate

model and that the resultant line of force in the thrust ring

is displaced from the diagonal direction obtained from

aggregate geometry only. Therefore, he introduced the

angle cp, as a lattice property, to define the diagonal

direction for use in simple compression. In the analysis

it was assumed. that failure occurred when the tensile force
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in a mortar bond. reached a critical value and. the angle p

and, the relative stiffness of the members were chosen to

give a suitable value of Poisson's ratio and. a ratio of

compressive to tensile strength of between 8 and 12. The

main results showed how failure in simple compression could

be due to axial splitting.

Baker's lattice is noteworthy because it recognises the

effects of heterogeneity in the concrete structure as did the

earlier model used. by Reinius (1955). However, the lattice

can not give fundamental information on possible. modes of

failure in concrete as the results follow from the initial

assumption that the principal cause of failure is tensile

breakdown within the mortar and no consideration is given to

bond. failure. Also, it is possible that the angle p should

depend. on the stress level and. this would complicate the

analysis, .particularly under combined stresses. It appears,

therefore, that the main use for the lattice is as a

qualitative tool to help in visualising the interaction

between the aggregate and cement paste. This is the manner

in which the lattice was used by Dougill (1961), to

demonstrate the effects of thermal incompaiibility in

concrete, and more recently by Baker (1970) in postulating

limiting strain criteria for the design strength of concrete.

Neither Brandtzaeg's analysis nor Baker's lattice provides

a description of the latter stages of the failure process.

In order to do thisattempts have been made by Kaplan

(1961 and 1965) and. Glucklich (1963) to apply fundamental

concepts of brittle fracture to concrete. These followed

from the work of Griffith (1920) and Irwin (1948) who can
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be regarded as originators 01' fracture mechanics.

2 . 6 The Fracture Iechanics approach

Griffith (1920) recognised that the fracture stress for

most brittle solids is considerably less than the tensile

cleavage strength that could be expected from these materials

on the basis of their atomic structure. He postulated that

the discrepancy occurs because materials contain defects.

These defects, or flaws, cause local stress concentrations

which affect the technical strength of a sample of materi1.

This view is now widely accepted and the presence of flaws

has been demonstrated using modern methods of non-destrucve

testing.

Griffith considered the effect of a flaw, having the form

of a narrow elliptical cavity, in a sheet of an otherwise

homogeneous elastic material. The èavity represented a crack

through the thickness of a loaded plate and the ellipse was

made narrow in order to represent a slit of negligible

thickness in the material.. This would cause difficulties in

an elastic analysis, as there is a singularity in the stress

field at the tip of the crack which would prevent the direct

determination of a stress concentration factor for the

assumed flaw (Williams 1969). Griffith avoided this

difficulty by investigating the equilibrium of the system,

in an indirect manner, using the Theorem of Minimum' Potential

Energy. This approach is of considerable interest and so

will be discussed in detail.

Consider a thin elliptical crack of length 2c in an

infinite plate of unit thickness carrying a tensile 'stressc

in a direction normal to the major axis of the ellipse. In
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this configuration the potential energy of the system, it,,

cn be written in the form

- u(c)
	

(2.6.1)

•	 where the term i may be regarded as a convenient datum
0

• value of potential energy and the strain energy term u(c)

represents the reduction in strain energy in the plate due to

the,presence of the crack. Now, if the body containing the

crack is in stable equilibrium, the potential energy 	 must

have a minimum value and any virtual change of configuration

will raise the potential energy. This suggests that if the

potential energy 2 is found, for the system displaced to an

alternative neighbouring configuration, and if 	 the

system is unstable in the original configuration. This

approach is used. frequently in structural mechanics and has

already been used (in para. 2.3) in discussing the behaviour

of a testing machine and specimen. In the case of the crack,

the neighbouring configuration is found by considering a

virtual crack extension, the half length becoming c+ôc.

Griffith realised that the work done in forming new sur!aces

zn1st be includ.e4 in the expression for the potential energy,

so that

- u(c+ôc) + 4ôc
	

(2.62)

where Y is the surface energy of the material and has
dimensions the same as those of work/unit area. Equation

2 . 6 • 2 may be written	 •

•	 •	 du	 -	 •

	

7t2 • -	 - (u + - ôc) + 4'8c,
0	 do



f2E(
a = iI -

V itc
(2.6.5)

so that the condition, 2 (	 for the system to be unstable

becomes,

For the case considered (by Griffith 1920)

2.
71Ca

U
E

(2.6.3)

(2.6.LI.)

where E is Young's modulus for the material and thus instability

occurs for

Equation 2 . 6 . 5 shows that the strength of a brittle

material is determined by its stiffness, surface energy and

the size of the imperfections. In arriving at this

conclusion, Griffith had broken new ground in postulating

that flaws were present in real materials and in demonstrating

that brittle fracture is a form of instability.

Griffith's equation applies to a material that remains

linear elastic until fracture occurs. Also, the structure of

the material is ignored in the analysis, which is based on an

assumed continuum. It is therefore reasonable to restrict

the application of the equation to situations where the

effective crack length, 2c, controlling brittle fracture is

considerably greater than the typical micro-structural

dimensions (i.e. grain size) of the material consid.ered.

In this way, it is seen that the result is likely to be most

applicable to amorphous materials such as glass but may
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' require modification if it is to be applied to materials

with a macroscopic structure such as mortar, brittle rocks

or concrete. Objections have also been made at the.

dimensional level (and. discussed by ru.rreu 1964) to. the

form of crack adopted by Griffith. In these it is suggested

that a description of behaviour at the crack tip must be

influenced by the local structure which is of atomic

dimensions, and by the inter-atomic forces. Clearly, such

a description cannot be provided by the continuum model.

However, it appears that Griffith avoids this difficulty, in

circumventing the singularity at the crack tip, if the crack

extension ôc is taken to be large compared with the atomic

dimensions but small when compared with c, Some idea of the

dimensions of crack that correspond to the known practical

limitations on the strength of a brittle material may be

obtained. by considering glass. For a glass with a technical

tensile strength of 15ONN/m2 and a Young's modulus of. 70G'N/m2

the effective flaw length is found to be only 2 microns, if

we take Griffith's value of about O'5N/m for the surface

energy. This value, for the effective crack length, can be

compared with an equilibrium atomic spacing of around.

2x10"4microns.

The range of application of Griffith's concept was

extended significantly when it was realised by. Irwin (1948)

and. Orowan (1948) that the occurrence of a limited amount of

plastic deformation prior to fracture could be accommodated

in Griffith's theory. Thus, if the crack extension is

accompanied by plastic deformation in a small region near

the crack tip, additional work is done which may be represented
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by an additional pseudo surface energy p. Equation 2 . 6 . 5 now

becomes

a
	 +p)	

(2.6.6)

ICC

This equation can be applied to crystaline materials

that show some ductility before fracture. In such an

application the effect of plastic deformation completely

outweighs effects due to the creation of new surfaces.. Thus,

for a material such as low carbon steel (Hayden et al. 1965)

p can have a value between 100 and 1000 N/rn, which is one or

two orders of magnitude greater than the solid state surface

tension. For this material, the crack,effectively controlling

fracture,is a few millimeters long compared with the few

microns for an amorphous material.

It seems possible that Griffith's approach can be applied

to a wide range of situations if the total work done in

propagating the critical flaw is included in. the analysis.

The results of the analysis typically emerge in the form of

equation 2 • 6'3, in which the term du/dc represents the rate

of release of strain energy, G and failure occurs when this

quantity reaches a critical value G. Irwin (19 L1.8) calls

this quantity the critical strain energy release rate and,

if a limited amount of plastic deformation occurs, it has

the value Ll.(+p) for an isolated crack in an infinite plate.

Irwin extended the application of these ideas by noting

that the stress field, in the elastic region outside the

plastic domain at the tip of a crack, could be expressed in

terms of a single stress intensity factor K which is a
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function of the stress, the crack length and the mode of

crack propagation. As the material is linear, the e.ffects

of different stress combinations can be found by adding

together the separate stress intensity factors, for each load,

to give a total value for K. Irwin shows that

G	 = K2
	

(2.6.7)
do	 E

so that instability occurs for

x2	 ' EG0	 (2.6.8)

As only one mode ol' crack propagation is considered, the

critical strain energy release rate 	 can be regarded as a

material property relevant to that form of behaviour.

Alternatively,one can consider a critical stress intensity

factor K0 for which instability occurs, where

K0	 EG0.
	

(2. 6 • 9)

Further developments in fracture mechanics have followed

from this concept. Values of stress intensity factor K has

been determined by analysis for many situations that, are

used in testing, so that test results can be interpreted in

terms of a critical value Kc for use in design (Wells 1969).

More recently, attention has been drawn to the problem of

fracture that occurs after general plastic deformation.

Again fracture occurs as a form of instability, but the

linear theory is inappropriate and alternative methods have

to be used (Wells 1966 and 1967) and alternative modes of

failure investigated (McClintock 1968).
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2 . 7	 plications to Concrete

Kaplan (1961) was the first to attempt, to measure a

value of G for concrete. He considered an imperfection

in the form of a 30° notch in a plain concrete beam loaded

in flexure. Tests of this sort are difficult to perform and.

interpret and so Kaplan used two methods to find Ge.

In the first method, the strain energy release rate is

found experimentally from load deflectionmeasurements on a

series of beams with different depth notches. In each test,

the relation between the appliedload. P and the displacement

, under the load, was found. For moderate loads this is

almost linear so that P =	 where ).. is the compliance fo'r

the particular beam tested. For linear elastic behaviour, the

work done in loading the beam is Pc/2 which must equal the

strain energy stored. in the beam. Thus u = P 2 >/2 and the

strain energy release rate

du p2 Ia>.
G —— I-

d.c 2 \c

where c is the depth of the notch.

(2.7.1)

The values of

for notches of different depths, can be'found. from the

combined results of the whole series of tests and. G 0 follows

from the known values of the load at failure. This method

was first suggested by Irwin and Kies (1952) and has since

been used as the basis for determining stress intensity

factors numerically using the finite element method Di.xofl

and Pook 1969). In his other method, Kaplan used an

approximate analytical solution for the strain energy release

rate, to find	 from the known notch depth and the measured
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values of the failure load and. elastic properties of the

concrete.

The two methods gave values of	 that differed by ± 20%

with the sign of The error depending on whether centre

point or third point loading was used. Three different

mixes (a mortar, a limestone concrete and. a gravel aggregate

concrete) were used. and the values of G 0 were in the range

30 • 0 - 8'O N/rn for all methods of testing and. analysis.
Following Kaplan (1961), a number of other workers have

also obtained values of G, for concretes and mortars, which

range from 11.2 . 0 - 3 . 5 N/rn. The differences arisepartly from

the differences in the concretes used but also from the

manner. in which the results were interpreted in calculating

G. Different procedures give widely differening results so

that it is not possible to quote absolute values of Gc with

any confidence. However, for any one method of test and

analysis it appears that the critical ' strain energy release
rate increases with an increase in the cement paste content

of the concrete or a reduction in the water cement ratio

(Welch . and. Haisman 1 969). The difficulties of interpretation
arise because of the heterogeneity of the material and the

effects of slow crack propagation before instability occurs.

Both the analytical approach used by Kaplan and Irwin's

+Footnote	 .	 . -	 .

Glucklich (1962 and. 1965), Lott and Kesler (1964) and. Welch

and Haisrnan (1968, 1969) used. notch bend tests similar to

Kap]an (1961). Roinualdi and Batson (1963) used a slit in a

nominally uniform stress field.
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compliance calibration method require the original crack to

propagate as a single sharp crack without branching.

However, it has been suggested (Kaplan 1961, Glucklich 1963)

that the region in the vicinity of the crack tip must contain

a multitude of micro-cracks. Thus it appears extremely

doubtful that the description o± crack propagation afforded

by an assumed increase in the length of the original crack

is sufficiently precise to be generally useful in a

quantitative analysis.

In applying the equations of fracture mechanics to

concrete it seems advisable to refer to the conditions for

which Griffith's analysis is most appropriate (see section

2 . 6). Thus, for the approach to be successful, the crack

considered should be large compared with the dimensions of

the structure of the concrete. Also, if the approach is to

be extended to include consideration of slow crack propagation,

the region in which additional micro-cracking occurs must be

small and local to the crack tip. Only in these circumstances

is it likely that the effects of slow crack propagation can

be included within the strain energy release rate for the

crack opening mode, in the manner used in equation 2'6 • 6 to

account for the effects of local plastic deformation.

In these termsthe experiments that have been, conducted

to date on notched beams are open to critisism. Consider

for instance, a concrete having Young's modulus 35GN/m2,

modulus of rupture, 4r"IN/m2 and a value of the critical strain

energy release rate of around 18N/m. These values, which

are reasonably typical, can be used to calculate an

equivalent notch depth which corresponds to the size of
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imperfection that is typically present in a plain beam - i.e.

one in which no notch has been introduced for test purposes.

Using equation 2 . 6 . 5 and putting 2	 G (for the surface

crack) we find the theoretical intrinsic notch depth is

approximately 12. 5mm . Although this is rather an artificial

concept, the result does suggest that tests using notches

having ,depths in the range 12 - 50mm, as is customary, are

not likely to highlight effects due to stress concentration.

Also, it is clear that the notch depths used in testing are

not sufficiently different from the dimensions of the aggregate

for an analytical result to be meaningful. This view was

taken by Blakey and. Beresford (1962) in discussing Kaplan's

paper, in which he observed that the reduced load capacity of

the beams could be calculated quite satisfactorily by

ignoring the stress concentration effect and using simple

bending theory for the beam with a reduced depth at the

notch. This is evident from the data in Table 2-lwhich

gives the values of the nominal tensile stress, at the tip

of the notch, calculated. from Kaplan's results using simple

bending theory. Note that the values are approximately

constant for any one mix and method of testing and. that there

is no definite trend. with notch depth.

Wright and. Byrne (196li. ) and. Evans and Narathe (1967)

have studied the effects of stress concentrationin concrete

by casting holes of different sizes and shapes in tensile

specimens. Although the load. capacity was reduced. by the

presence of holes, the tensile strength calculabed on the

basis of the reduced cross section was relatively uxiaffeced.

Evans and Tiarathe concluded that it is almost impossible to
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Table 2 . 1 Values of the stress at failure, at the tip of the

notch of Kaplan's beams, ignoring any effect due

to stress concentration

Size of Beam Type of Notch Stress at Failure MN/rn2

loading depth Mixl	 Nix2	 ix3

0 . 5	 4•41	 5•19
Third3x4x16	 10	 Li.'Li.2	 5'17	 3•67
point	 l'5	 468	 5.38	 4•02

0 • 5	 4.78	 5.86	 3.93
Centre3xLj.x16	 1.0	 4.64	 5'82	 3•77
pOiflt	 1'5	 4.78	 5.95	 4•30

1'0	 3.75	 4.55	 336
Third6x6x20	 ?0	 3.74	 4.95	 3.49
point	 3.0	 3.77	 5•16	 3.49

1.0	 4.27	 552	 3.43

6x6x20
	 Centre	 2 • 0	 416

	
5 . 40	 3.82

point	 3 . 0	 4•31
	

5 . 23	 3•70

Note:	 All linear dimensions are given in inches.
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introduce artificial stress raisers that have a higher stress

concentration factor than is already present in concrete by

virtue of its heterogeneity. The maximum size of crack or

hole used by Evans and. Narathe was 25mm. Clearly concrete

cannot be regarded as notch sensitive for imperfections of

this size and the fracture mechanics approach is not required

unless the structural feature, giving rise to a region of

high stress concentration, is of a much greater size.

Both Glucklich (1963) and Kaplan (1965) have implied

that the existance of micro-cracks in concrete before loading,

and the propagation of micro-cracks under load, is sufficient

evidence to suggest.that the fracture mechanics approach will

be useful in studying the strength ofconcrete itself, in

addition to those applications concerned. with the effects of

abnormally large imperfections on the stability of the

material. This seems reasonable when it is recognised that

Griffith's approach, using the energy principle, is in fact

a procedure for establishing a condition for the material to

be in equilibrium in a particular configuration and. that

this concept must have a universal application. However,

the details of the analysis, for a heterogeneous material,

are not straightforward. as it is difficult to define the

stress field in the vicinity of an imperfection. Also, if

the heterogeneity is such that there is slow crack propagation

before the occurrence o± instability, an analysis based on

the stability of the material around a single crack is no

longer relevant. Both these difficulties exist, but at

different dimensional levels, in cement paste, mortars and

and. concretes, In addition, these materials have a random
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structure with individual elements having dimensions that are

comparable to those of a theoretical Griffith's crack,

calculated for an assumed continuum on the basis of the

known technological properties. Further difficulties arise

when the structural behaviour can no longer be regarded as

brittle. If extensive cracking occurs before failure, the

situation is similar to that in some metals that can sustain

general plastic deformation before fracture. with concrete,

this situation coincides with the appearance of a decending

branch of the stress-strain curve. This is in direct contrast

to ideal brittle behaviour in which fracture occurs at, or

near, the peak stress. These difficulties are such that it

is felt that an alternative approach must be developed to

deal directly with the effects of heterogeneity in materials

such as concrete. This work is still in an early stage of

development and will therefore be discussed in outline only.

Fuller accounts are available in the published papers.

2 . 8 A mathematical model for progressive fracture

(Dougill 1967, 1969 and 1971)

In order to avoid the difficulty of specifying the

geometry of the micro-structure, Dougill (1967) suggested

that heterogeneity could be described in terms ofthe

variation of the stresses in the material considered at the

micro-level. In proposing a model for material behaviour

under a uniaxial tensile stress a, it was assumed, that the

distribution of micro-stressj, acting on a plane at right

angles to the direction of a is as shown in figure 2-8.

This is a normal distribution with mean ma and. standard

deviation cia, which is truncated at	 and has a
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discontinuity atS =0. The cut off follows from the assumption

that no micro-element can sustain a stress greate.r than the

intrinsic strength	 of the material. In this way, the

shaded region of figure 2-8 represents the proportion of

material fractured under the stress a and. this also corresponds

to the discontinuity, at5 =0, representing the proportion of

material carrying a micro-stress having a value of precisely

zero. The parameter m can be regarded as a measure of the

extent of the stress redistribution that accompanies

progressive fracture, whilst the quantity a is a property

of the model material that describes heterogeneity through

its effect on the micro-stress distribution. In a

homogeneous material, a would be zero and. the stresses in all

the micro-elements would be the same. On the other hand, in

a heterogeneousmaterial, the micro-stresses will vary about

the mean and this variation is described, in broad terms by

using the appropriate value of a.

The analysis for the behaviour of the model material is

undertaken in two stages. In the first (Dougill 1967 and 1969)

the conditions for equilibrium are used to obtain a relation-

ship between the applied stress and the proportion of

material fractured. In the second stage (Dougill 1971), an

assessment is made of the energy dissipated in fracturing

the material and this leads to conclusions regarding the

form of the stress-strain curve.

The results of the equilibrium analysis are shown in

figure 2-9. If the heterogeneity parameter a can be

considered to be unaffected by stress or damage, these curves

represent the behaviour, during progressive fracture, of
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materials of differing heterogeneity. For a monotonic

increase in the proportion of material fractured, the applied

stress increases to a maximum value before decreasing to

become zero, when the entire section is fractured, A

material of this type fails in a load controlled test when

the applied stress reaches the peak value and observation of

behaviour beyond this point is only possible if the applied

load can be relaxed during the continuing process of failure.

It is considered that this type of behaviour is similar to

that observed with mortars and concretes in tension (see

Hughes and Chapman 1966 for example)

The analysis is extended to provide results for the

deformations by considering the manner in which the work

done on the material is shared between the processes of

deformation and fracture. In order to produce an increment

o± strain ôc, energy must be supplied to the material. This

energy is equivalent to the work done by the applied .load.s,

which is equal to the sum of the strain energy 8u and the

energy dissipated ÔD during the increment of' deformation.

Thus, the strain can be found by integration of the equation

adc =
	

(2'8'i)

which is written for unit volume of material.

In considering the strain energy u, it is assumed. that

each element of material is linear elastic with Young's

modulus E and that only the component of micro-stress

contributes to the strain energy. The dissipated energy is

taken to be directly proportional to the amount of material

fractured F, so that the energy dissipated per unit volume
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is given by

D =X,	 (2.8.2)

The constant can be regarded as the product of the surface

energy of the material and the number of separate fracture

planes that occur in unit length of the model material

measured in the direction of loading. In a real material,

these separate fracture planes would occur at structural

discontinuities or flaws. Thus, )' is dependent on the

cohesive strength of the material and the flaw density.

By using the results of the equilibrium analysis, the

strain energy u can be expressed as a function of a, E and F,

the proportion of material fractured. Thus, equation 2•8•l

can be rewritten, to provide an expression for the strain.c,

in the form

1 d
c =	 - - (u + D)dF.	 S	

(2.8.3)

JedF
0

The results are conveniently expressed as relations

between the non-dimensional stress o'/q and a normalised

strain Ec/q, for different values of a and a non-dimensional

parameter >E/ 2. Some results of this sort are shown in

figure 2-10, for a material with a 1'O. The results for the

two highest values of XE/qt2 follow the expected pattern,

for strain controlled tests, in which the stress reaches a

maximum value and is then reduced with continued deformation.

The difference between these two curves reflects the Breater

toughness of the material having the higher value of >.E/q2.
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The third curve in figure 2-lO,drawn for )tE/q 2 0.15,

is of particular interest. With this material, a stage is

reached, under reducing stress, where no additional energy

need. be supplied in order to propagate failure throughout

the material. At this point, the strain energy stored in

the material is sufficient to fracture all the material

that remains undamaged. If more strain energy is available

than is necessary for complete fracture, much of the excess

will be dissipated as kinetic energy and the process of

failure will be violent. Thus, it appears that instability

is possible even under conditions of monotonically increasing

strain. It is of interest that failures of this kind have

apparently been observed by Wawersik (1968) in compression

tests on rock samples.

It is clear from figure 2-3.0 that instability occurs

under conditions of controlled deformation if the gradient

of the decending branch of the stress-strain curve becomes

infinite. It may be shown (Dougill 1971) that this is

equivalent to the condition that the material is unstable
for

d.0
In this condition, the term -	 represents the rate of

release of strain energy per unit volume of material so that

the quantity is seen to have a similar significance as

G, the critical strain energy release rate of fracture

mechanics. However, there is a fundamental difference

between these quantities which occurs becatise Dougill's

analysis is concerned with the variations in microstress
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that occur throughout a heterogeneous material rather than

with effects that are local to a single abnormally large

imperfection. This difference of approach is emphasised by

the differing dimensions of ) and G0.

Further analysis shows that instability can not occur

under controlled strain conditions if 	 is greater

than 1/2.. For lower values of X,instability will occur

somewhere in the decending branch of the stress-strain curve.

In practical terms, the conditions for controlled deformation

amount to those for the testing machine to be infinitely

stiff (K °° in section 2 . 3). In the more general case, in

which the testing machine has finite stiffness, the rate of

release of strain energy from the specimens will be augmented.

by that from the testing machine and instability will occur

at a higher stress nearer to the peak value. Thus, in the

general case, the conditions for failure can not be obtained

by considering the behaviour of an isolated sample, but

depend on the behaviour of the entire system. This is clearly

a feature of the model material which it has in common with

mortars and concretes, On the other hand, instability occurs

very near to the peak stress for low values of) and. such a

material behaves in a brittle manner, almost irrespective of

the manner of loading. It seems probable that cement paste

is such an intrinsically brittle material and, on this basis,

it seems possible that the mathematical model may provide a

single method of description for the whole family of materials

that can be referred to as cement paste, mortar or concrete.

At present this description can only be attempted in

qualitative terms. However, even in this form (see Table 2.2)

the results are interesting and. suggestive. .
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Table 2 . 2 Qualitative view of the description of concrete

systems afforded by the mathematical model.

Cement paste	 Nortar	 Concrete

heterogeneity______________

peaktensile stress _______________

Flaw density, and toughness

Likelihood, of instability
-4—.

under similar test conditions

Note: the materials are assumed to have the same intrInsic

strength	 The direction of the arrow indicates the

manner in which a particular quantity increases within the

range of materials described.

The model material is based on an assumption, concerning

the manner in which redistribution of micro-stress occurs

during progressive fracture, and a simplification, in which

variations of the descriptive parameters throughout the body
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of the material are ignored. These deficiencies in the

theory imply that the model has the character of a

mathematical idealisation which is used to define a range of

ideal (and so possibly imaginary) materials, However, there

are real materials that show qualitative agreement with the

behaviour of the model and each of the controlling parameters

has a definite physical meaning. This in itself suggests

that further development of the model may be worthwhile.

In particular, attention must be paid to behaviour under

combined states of àtress and to effects due to specimen size

and stress gradient.

2 . 9 Size Effects

Size effects have aleeady been the subject of much

theoretical work as, besides being the starting point for

fracture mechanics, Griffith's ideas stimulated development

of statistical theories for the strength of brittle materials.

These follow directly from the postulate that strength is

determined by the nature of the flaws within the material.

In general, no particular mechanism of fracture or form of

imperfection is defined in a statistical theory and the term

flaw can be applied to any local feature that affects the

strength of the material. The most critic flaw is the one

where fracture occurs first. In most theories it is assumed

that the flaws are independent and that the material is ideally

brittle so that the occurrence of fracture, at the most

critical flaw, implies complete failure of a specimen

irrespective of its size. Weakest link theories of this

sort have bend.eveloped by Weibul]. (1939) and Prenkel and

Kantorova (1921. 3) (see Freudentha]. 1950b) but the assumptions
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used in these theories do not seem to be particularly

suitable for concretes or mortars. Nevertheless, Weibull's

theory forms the basis of some successful work to account

for the effects of size on the flexural strength of

concrete (Tucker 19L.l, Wright and Garwood. 1952 and Nielsen

1954.).

The purely statistical theories can provide no information

on possible modes of failure, as there is no physical

connection between the assumed flaw distribution and the

mechanism of failure. Such a connection is included in the

mathematical model described in the previous section but,

as yet, this does not include statistical variables.

However, it seems likely that the parameter , which

depends on the flaw distribution, will vary throughout a

large specimen indicating that the form o± the stress-strain

curve may be affected by size effects in addition.to the

peak stress. Clearly this type of phenomenon could not be

investigated using the weakest link approach and it is

interesting to note that such behaviour has already been

recognised and studied., in qualitative terms, by Glucklich

and Cohen (1967).

It seems that the problem of size effects in concrete

and concrete structures has not yet been satisfactorily

resolved. The available statistical theories are useful

in correlating data obtained from different size test

specimens. However, these theories are not sufficiently

definitive from the physical standpoint for them to be

used, with any confidence, to predict the performance of

large mass concrete structures. Clearly there i8 the
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possibility of a few very large cracks occurring in such

structures. If the details of the cracks are known the

fracture mechanics approach can be used to investigate the

stability of the system. However, if the presence of the

cracks is merely postulated for design purposes, the problem

is a statistical one for . which experience and data can not

be obtained from tests on small specimens.

2 . 10 Cthnments on Criteria for Failure.

In the design or analysis of concrete structures it is

necessary to have an appreciation of the conditions that

correspond to the occurrence of failure. Because the

objectives of design and analysis are essentially different,

different concepts of failure are required for each of these

processes. In design, we attempt to ensure the continued

utility of a structure, that may be subject to any or all of

a number of possible applied load.ings, by a suitable

arrangement of structural form and materials. On the other'

hand, analysis is the process by which the complete behaviour

of an already defined structure is assessed for a particularS

history of loading.

Analysis rnay'be complementary to design or may be used

as' a means of investigating the occurrence of a particular

-	 phenomenon, such as structural collapse. In these

applications, criteria for failure provide the means by

which the appearance of the phenomenon under examination is

reèognised in analytical terms. Thus, criteria for failure

provide a link between the analytical model and physical

phenomena. In Griffith's analysis, for example, the

physical phenomenon is a sudden catastrophic disinte-

gration of a sample of a brittle material. This'
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is recognised in the analysis as a mode of structural

instability and the condition for instability is the

criterion of failure.

In design the problem is rather more complicated and

the criteria used become criteria for satisfactory

performance rather than failure. Different criteria may

be applied simultaneously to the structure as a whole, to

individual elements of a structure or to small regions

within a structural element. In this way the design. of a

building could be based on an allowable settlement for the

structure as a whole, limits on the deflection and cracking

of beams and slabs and permissible stresses in the materials

used. With some structures, for which considerable experience

of probable behaviour is available from the results of

testing and analysis, this procedure can be improved. -

The proposed working load can be compared with the load

that would be required to cause collapse of the structure.

This leads to a direct indication of the available margin

of strength in terms of a load factor. If this is

considered adequate, the servicability of the structure

at working load is assessed in terms of limitin deflections,

cracking etc.

This approach, in which ultimate load theory is applied.

to design, can only be used for those structures whose

behaviour? under all combinations of loading up to collapse,

is relatively predictable. In general, an alternative

approach is required for the major 'one-off' engineering

structure as a full appreciation of possible structural

behaviour and. its implication is seldom available in these
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exceptional cases. In this situation, it is customary to

design structures to resist some loads without the occurrence

oI any significant damage. In addition, a design limit is

put on the stresses that may be induced by any one of a

number of prescribed abnormal loadings. In this way,

servicability under working loads is coupled with a margin

of safety against an occasional overload. This margin will

not normally be known and, for this reason, the approach is

inferior to the method based on Ultimate Load Theory.

Newman's (1964 and 1969 with Newman) concept of a

discontinuity stress level is clearly relevant as a

serviceability limit for working loads. Below this stress

level, concrete may be considered to be a linear visco-elastic

isotropic material (Hannant 1967), to a sufficient accuracy

for design purposes, and the normal methods° analysis are

available for checking a design. In ad.ditionit is

considered unlikely that a structure will collapse under

an overload if the possibility of instability, accompanying

the appearance of the decending portion of the stress-strain

curve, is avoided. This is achieved by ensuring that the

stresses under overload conditions are less than the peak

values that would be obtained in a test under the relevant

stress combination. Many tests have now been performed to

obtain these values and. the results can be represented by a

surface, in principal stress space, giving the values of

peak stress for any combination of principal stresses.

Iluch effort has been devoted to deriving mathematical

expressions to describe the form of this surface and these

expressions are generally referred to as 'failure criteria'.
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It is evident that the concept is useful but that the term

is a misnomer. The early work in this field occurred as

off shoots from main programs of research. In this way

Richart et al (1928 and. 1929) obtained a criterion for

concrete strength in triaxial compression for use in the

study of hooped. columns. Similarly, Bresler and Pister's

(1956 and. 1957) criterion, for combined tensile and

compressive stresses, was aimed at the problem of shear

failure ii beams. Also, Cowan (1952 and 1953) applied. his

criterion directly in his study of the effects of combined

bending and torsion in beams. More recently, greater

generality has been attempted in postulating failure criterion

for use in the design of prestressed. concrete pressure

vessels. These include the criteria proposed by Rockenhauser

(1968), Hannant and Frederick (1968), Brebbia and Frederick

(1969) and. Lewis and Carmichael ( 1 969). It is clearly of

interest to note how the occurrence of particular design

problems has stimulated research in these directions.

2'll The Present Problem

The present work is concerned with spalling. The

objective is to examine the causes of spalling. In the

broad sense, the approach must be analytical and any criteria

adopted in this work are required in order to recognise the

occurrence of spalling rather than to postulate conditions

for satisfactory performance. In general, it appears that

brittle catastrophic failure of materials can be regarded

as a. form of structural instability that may be influenced

by local conditions or the entire structural system.

Arguments have been presented. to suggest that Griffith's
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approach is unlikely to be satisfactory for concretes and.

that the conditions for stability should be obtained by

considering the entire structural system. The most dangerous

mode of spaluing, general or destructive spelling (Table 1.3.1)

is apparently a brittle catastrophic failure that occurs

during fast heating. It is proposed to investigate the

ph9nolnenon by looking for the conditions of heating, loading

and. restraint that can cause structural instability in a

member and 8o lead to violent failure. Before this can be

done, additional information is required on the properties

of concrete at high temperatures. These data are discussed

in the next chapter.
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Chapter 3

PROPERTIES OP CONCRETE AT ELEVATED

TENPERATURES.



724.

3l Introduction
An analysis of structural behaviour during heating to

high temperatures requires information on the thermal

expansion and the relevant structural properties of concrete.

In addition, the thermal properties that affect the rate of

heat transmission within the concrete must be known. All

these properties have been studied extensively during the

last few years in connection with the analysis of prestressed.

concrete pressure vessels for nuclear reactors (Browne 1967,

Tan 1968). The operating conditions in these structuies are

very different from those that obtain during a fire and

attention has been focussed principally on behaviour over

extended periods of time at only moderately elevated

temperatures. (England and Ross 1962). Thus, many recent 	 S

data concerning the behaviour of concrete at elevated

temperatures have only limited relevance to fire conditions.

Eowever, besides these studies, there have been a number of

investigations into the properties of concrete at the high

temperatures that can be experienced in a fire. The results

of this work are less complete than those for the lower

temperature range and there are thus some uncertainties in

applying the results in analysis. The areas of uncertainty

will be made evident in the discussion that follows. The

main aim, however, is to summaries information on concrete

properties that may be useful in an analysis of behaviour

under fire conditions.

32 Thermal Strains.

In dealing with thermal expansion, it is useful to

consider separately the properties of hardened cement paste
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and the aggregate. This is because the thermal movements

of these two materials can be taken to represent the two

extremes of behaviour that can be obtained from a range of

concretes of different composition

Stradling (l920 ,	 Earada (1966) and Philleo (1958)

have studied the thernal movement of ordinary Portland

cement pastes. In these tests, the heating rate was either

very slow (Philleo and Harada) or the specimen was maintained

at constant temperature for sufficient time for the strain

to become constant before a result was recorded. Dougill

(19658 and. rlarechal (1970) note that there are two main

effects which contribute to the thermal movement of a

cement paste. These are the thermal expansion of the solid

phase of the paste structure and. the shrinkage that

accompanies d.esorption of moisture during heating. For a

moderate rise in temperature, the shrinkage is small and

the paste specimen shows a net expansion. At higher

temperatures, the effect of shrinkage outweighs the effects

of thermal expansion so that there is a net contraction of

the specimens. Shrinkage continues with increasing

temperature until all available moisture has been removed

and the paste begins to expand once more. This behaviour

isnot reversible, as resorption does not occur during

cooling from a high temperature. Thus, it is possible to

consider the thermal movement of cement paste to be the

sum of reversible and irreversible components which are

respectively due to thermal expansion and moisture

desorption. (Dougill 1965a)•

Crowley (1956) measured the thermal movements of a
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number of different cement pastes during heating with

prescribed rates of temperature rise and subsequent cooling.

The results, shown in figure 3-1 for an impure calcium

aluminate paste and a high early strength Portland cement

paste, illustrate the difference in behaviour during heating

and cooling. These figures also show the effect of different

rates of heating. Once past the initial stages, less

shrinkage occurs at a particular temperature level for the

faster rate of heating, so increasing the net expansion.

This is to be expected in transient conditions, as desorption

of moisture requires time and so lags behind the thermal

expansion of the solid phase. This behaviour is similar

to the time dependent deformations that elmuth (1961)

observed with thermal expansion at normal temperatures.

He suggested that these were due to migration of water

between the gel pores and the capillaries within the cement

paste. Besides these effects, the thermal expansion at

moderate temperatures is influenced by the relative vapour

pressure within the cement paste. Thus, ?litchell (1953)

has shown that, in the temperature range 0 - 20 0 0 the

coefficient of thermal expansion of oven-dried and saturated

neat cement pastes are practically identical and that a

higher coefficient is obtained at intermediate moiste

contents. This increase is due to vapour pressure, which

is absent from both the oven-dried and saturated specimens.

Nany workers have measured the coefficients o thermal

expansion of rocks at normal temperatures. At hi.gher

temperatures the problem is more complicated, as the

coefficient cannot be taken as constant and may be
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influenced by phase changes or structural breakdown. In

particular, aggregates made from crystalline rocks are

liable to progressive disintegration at high temperatures

because of thermal incompatibility within the aggregate

itself. (Stradling and Brady 1927). The parent material

is composed of a variety of closely packed minerals whose

differences in thermal expansion can cause intercrystalline

stresses and progressive failure. This process may be

exacerbated by phase changes, in the constituent materials,

especially if this is accompanied by a severe volume change.

In this country, many of the aggregates used are of a

siliceous nature and contain a large proportion of quartz

in their mineral composition. The expansion of quartz is

complicated by a number of physical changes that take place.

at high temperature and are accompanied by volume change.

These changes were studied by Penner (1913) in his work on

the stability of the silica minerals. Silica itself.can

exist as either quartz, tridymite or critobalite in the

temperature range 0 - 1000°C and each of these three forms

of silica has two allotropes, the c form occurring n nature.

Penner found the following transformations could occur

during heating to high temperatures:-

o Tridyinite	 Trid.ymite	 at 163°C

CL Cristobalite	 Cristobalite at 220-275°C

o Quartz	 Quartz	 at 575°C

Quartz	 - f3 Tridymite	 at 870°C

Tridymite	 Cristobalite at lLi.70°C

The most important of the ahove changes is probably the

CL - quartz transformation as this occurs at a temperature
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that is easily achieved in Lire conditions and, is

accompanied by a considerable increase in volume. Siliceous

aggregates are notoriously unsatisfactory for use at high

temperatures and the cx - 13 quartz transformation is generally

considered to have a marked influence on the behaviour of

concrete exposed to high temperatures.

In contrast to siliceous aggregates, limestone neither

changes its physical composition nor undergoes any sudden

expansion during heating except at very high temperatures,

when it is decomposed to form lime with the evolution of

of carbon dioxide. This reaction is endothermic and, so

tends to retard the temperature rise in a concrete made with

limestone aggregate that is exposed to fire. This extends

the period of fire resistance, but deterioration is likely

to occur on cooling when the free lime combines with

atmospheric moisture to form calcium hydroxide (Ingberg 1929).

This reaction is accompanied by an increase in volume which

has a disruptive effect on the concrete.

Measurements of thermal expansion on samples of aggregate

are not easy to perform because of difficulties in sample

preparation. Some results were obtained by Endell (1929)

for limestone and,more recently, Harad.a (1966) has measured

the thermal expansion of a number of naturally occurring•

Japanese aggregates. These results, which are given in

figure 3-2, are particularly interesting as Harada gives

a brief description of the mineralogical composition of the

aggregates. This information is summarised in Table 31.

The aggregates A and B are both highly siliceous and show

the expected rise in rate of expansion between 500 and 60000.
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Although aggregate G is also siliceous it has the lowest

thermal expansion of all the rocks tested. This rock is

volcanic however and it is most probable that the silica

is present as tridyrnite (Blyth 1960), rather than quartz,

and so remains stable up to 870°C. Note also that the

limestone aggregate I, has a high coefficient of exansion:

this is not unusual.

Table 3-i	 Description of Harada's (1966) Aggregates

Reference	 From	 Description

A	 Nidori River Crushed fragments of hard sandstone,

quartzite,nietamorphic tuff etc.

B	 Tama river	 Crushed fragments of hard and. soft

sandstone and quartzlte.

E	 Shirakava	 Dissociated product of pyroxene-

andesite amphibolite, andesite.

F	 Shiniazki	 Pyroxene-and.esite containing about

80% plagioclase.

G	 Nt. Asama	 Siliceous volcanic rock: pumice.

L	 Yatsushiro	 Crushed limestone.

Earada (1953a) also measured the thermal expansion of

concretes and mortars made with these aggregates. Some of

the results he obtained using aggregates A, from the Nidori

river, are shown in figure 3-3 . The thermal expansion of
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the concrete is not much different from that of the aggregate

itself. However, with smaller concentrations of aggregate

the effect of shrinkage of the paste matrix becomes more

significant so that the strains observed for the 1:1 mortar

are quite small throughout the entire temperature range.

Similar results are obtained with the other agregates.

Figure 3-3 illustrates the composite nature of concrete,

with the thermal expansion being bounded by the values for

the two principal constituents and depending on their

relative proportions. On this basis, it appears that a rise

in temperature followed by cooling to the original temperature

should cause a residual contraction in a concrete specimen,

due to the shrinkage of the cement paste. This does occur,

but only for concretes and mortars heated to moderate

temperatures (typically less than ti.O0°C). Cooling from

higher temperatures leads to a residual expansion which is

considered to be due to cracking within the paste or at the

aggregate/paste interface (Narechal 1970). It is to be

expected that this cracking will have some effect on the

stiffness and strength, of concrete heated to high temperatures,

as well as on thermal expansion.

3 • 3 Structural Properties.

A number of workers have attempted to measure the

stress/strain curve for concrete, in compression, at high

temperatures. In some of this work (Nekrassow 1961, Fischer

1970) strains were not recorded up to failure as the tests

were designed primarily to obtain values of the initial

tangent modulus of concrete. Harmathy and. Bernd.t (1966)

were interested in the condition at failure and took
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measurements continuously during loading until the specimen

collapsed at a strain not much greater than that corresponding

to the peak stress. This may have occurred because the

testing machine was 'soft' but was more probably

attributable to the testing technique and an unsatisfactory

method of specimen preparation+. In any case, it is almost

certain that the full stress-strain curve was not obtained

for the specimens tested. However information of this sort

was obtained, in Japan, by Furunura working approximately

concurrently with Harrnathy and Berndt. The work was

published in a series of three papers in Japanese and brief

descriptions have subsequently appeared in English by

Baldwin and North (1969) and Furumura himself (1970). This

work appears to be of major importance.

Purumura (1966a) used cylindrical concrete specimens, of

diameter 50mm and height lOOmms, which he first heated and

then maintained at temperature whilst the specimen was

loaded in compression in a l500kN universal testing iachine.

A heating rate of 60 - 90°C per hour was used to reach a

particular test temperature, in the range 70°C- 700°C, which

was held constant for a period of one to two hours before

the start of heating. During loading, values of ],oad and

strain were recorded continuously by means of an -Y plotter

(Furuinura (1966b) No details appear to be given of the

strain rate used, but strain cycles were included in the

test programme and it is possible that the loading test, at

high temperatures, took an hour or more to perform.

Footnote +

Harmathy and Bernd.t noted that the ends of their specimens were

not truly parallel. The specimens were not capped for the test

and no ball seating was used in the testing machine.
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In his first paper, Purumura presented extensive results

for a low strength one year old concrete, made with a

Japanese ordinary Portland cement and a siliceous river

sand and. gravel aggregate combined in the proportions

1:2:8:2:9 with a water cement ratio of O•7. These results

are shown in figure 3-Li.. It is clear from this figure that

the general form of the stress-strain curve for concrete .at

normal temperatures (see figure 2-2 p28) is unaltered. at

high temperatures, as postulated by Dougill (1966) in his

study of the effects of restraint in columns. The results

for the various temperature levels appear to differ only

in scale and. Baldwin and. North (1969) have suggested that

a useful generalisation of the results is obtained if the

various stress-strain curves are normalised. and expressed

in the form,

= f L
am	 (cm

(33•1)

where a and c represent stress and strain respectively

and. am and cm are the particular values of stress and strain

that correspond to the peak in the stress/strain curve. The

quantities am and cm are functions of temperature but

Purumura's (1966a) results indicate that the suggested

unctiona1 relationship (3 . 3 . 1) is relatively insensitive

to temperature. Also! Baldwin and North found that a

very reasonable fit to the combined experimental results

is obtained with the expression:-

- £_.	 (3.3.2)
Cm
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A result of this form may not have universal application.

Nevertheless, it is a compact description of observed

behaviour which may be very useful in analysis.

Furumura's (1966a) choice of a very weak concrete for

his test series helped to avoid any effect thie to lack of

stiffness in his testing machine. This may well have

influenced the results of a later series of tests (Fu.rumura

•1966C) on a slightly richer and much stronger concrete made

with similar materials and a water cement ratio of 0.11-5.

However, the results from this second series of tests were

of the same form as those shown in figure 3-11-, for tests

undertaken at temperatures greater than 300°C.

It appears that Furumura's results for the complete

stress-strain curve of concrete in compression at high

temperatures are the only available data of this kind.

Before this, much work had been done to determine Young's

modulus for heated concrete and the effects of heating on

the peak stress, i.e. conventional strength, of concrete

specimens. These data are still of considerable value,

particularly if an equation of the form of 3'3.1 is found

to be generally applicable.

3 . 11. Effects of heating on conventional strength, or peak

stress, in compression.

Nany difl'erent workers have investigated the compressive

strength of various concretes after heating to high

temperatures and subsequent cooling and there is a fair

measure of agreement on some aspects of this work. The

results shown in figure 3-5, obtained by Grin and. Beckman

(1930 ), are typical of this work. In general the testing

4 see note at foot of page 89
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procedure follows the following pattern. Nature concrete

specimens are heated quite slowly to the selected temperature

which is maintained for a period of hours. The specimens

are then. allowed to cool before being tested in compression.

There are considerable differences between the results

from different workers for the temperature range up to 500°C.

These variations appear to be caused by differences in the

types of cement, curing conditions and specimen maturity

at the time of test (Fischer 1970). In particular, it is

clear that the hygral condition of the cement paste, within

the concrete, is particularly important in this temperature

range. As concrete is heated,moisture will be removed from

the cement paste causing shrinkage of the gel and possibly

an increase in strength due to an increase in the Van de

Waal's forces. With further heating,a point is reached

where removal of moisture causes some breakdown in the gel

structure and consequential loss in strength. These

variations in strength will be accompanied by dimensional

changes in the paste that may induce an internal stress

system in the concrete (Dougill 1965) or structural

breakdown in the form o± cracking. The load capacity of the

Footnote+

A bibliography would include Woolson (1905, 1906), Lea (1920),

Lea and Stradling (1922), Miller and Faulkner (l927),Hirano

(19?7) ,Stradiing and Brady(l927),Grin and Beckman(1930) ,Giles

(1939), Harada ( 1953'° and 1957),Watkeys(1955),Malhotra(l956),

Saeman and Washa (1957) ,Protze(1957),Dougill(1960) ,Zoldners

(1960),Weigler and Fischer(1964),Campbell-Allen et al(1965),

Davis(l967), Campbell-Allen and Desai(1967), Abrams ( 1968 ) and

Fischer(l970). The more important contributions are underlined.
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entire specimen will be influenced by both the strength of

the paste and the parasitic stresses and will therefore be

very dependent on the moisture state of the specimen.

There will also be an effect due to accelerated hydration

in the less mature concretes. Clearly, depending on the

moisture condition at the start of the test, a modest

increase in temperature may cause either an increase or a

decrease in load capacity. Both these effects have been

observed.

The behaviour at temperatures greater than 300°C is

rather more predictable. With a rise in temperature, there

is an increase in the difference between the thermal movement

of the concrete and those of the contituent materials (see

figure 3-3). This strain incompatibility leads to internal

stresses which are partially relieved by cracking at high

temperatures. Thus, the connectivity of the concrete

structure is progressively destroyed under increasing

temperature and the corresponding reduction in strength

reflects the increasing difference between the free thermal

movements of the aggregate and the cement paste. Note also

that the reduction in strength due to cracking is coupled

with the influence of the internal stress system on the

final load, capacity. These effects of thermal incompatibility

appear to have been first examined by Lea and Stradling

(1922).

The residual strength of concrete depends on the

conditions that obtain after cooling is complete as well

as on the actual heat treatment. Thus a further reduction

in strength after cooling has been observed for specimens
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that have been maintained in a moist environment for a few

days. Following Lea and Stradling (1922), Dougill (1961)

suggested that this behaviour was due to swelling caused by

reabsorption of moisture and his analysis Indicated that

this could eventually lead to a recovery of strength after

the initial reduction. Such a recovery has been observed

by Weigler and Fischer (1967), for specimens stored under

water, and by Harada (1957) for specimens stored in a humid

atmosphere. Harada's results are shown in figure 3-6.

Although these recoveries are quite dramatic, they are still

less than that obtained, by Crook and Nurray (1970) for a

pressed concrete block, by water immersion after heating

to 620°C.

There is some disagreement on the effects of repeated

cycles of heating to high temperature and subsequent cooling

on the strength of concrete. Protze (1957), Davis (1967),

Campbell-Allen and Desai (1967) all found that there was a

reduction in strength with repeated heating and cooling but

Dougill (1960) found that there was a lower temperature

limit to this behaviour, for concrete made with Thames

valley river gravel aggregate, and that no further reduction

in strength occurred after the first cycle for t9mperatures

below Lj.00°C. This result is confirmed, to some extent, by

Sullivan (l970) who tested plain concrete beams in flexure

at temperatures up to II.00°C. Sullivan found that repeated

Footnote+

These tests were undertaken using the furnace and testing

rig which was designed and constructed by the present author

at Imperial College, London in the period l96l-196Li.
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heating and cooling had no effect on the residual strength

of his beams, provided that slow rates of heating and cooling

were used and the load carried during heating was less than

about half the breaking load at the temperature considered.

It seems plausible that a lower temperature limit should

exist and correspond to the temperature at which severe

cracking is initiated on heating. Such a limit could be

regarded as a 'temperature discontinuity' level for

unrestrained concrete as this would have a. similar

significance to Newman's 'stress discontinuity' level for

isothermal conditions.

This is fair agreement on the effects of mix proportions

on strength after high temperature exposure. In an extensive

series of tests on concrete maoe wita. river gravei aggegate,

Naihotra (1956) found that variations in water cement ratio

had a negligible effect on the proportional reduction in

strength. On the other hand, variations in the aggregate/

cement ratio were significant, the proportional reduction

being smaller for lean mixes than rich ones. The type of

cement used is also influential. Concrete made with Portland

blast furnace cement retains a slightly greater proportion

of its original strength than if ordinary Portland cement is

used (Grin and Beckman (1930), Weigler and Fischer (196L1.).

Also, concrete made with high alumina cement doe not perform

as well as an ordinary Portland cement concrete for

temperatures below 650°C (Fire Research 1955). However, at

higher temperatures, the behaviour of high alumina concrete.



93

heating and cooling had no effect on the residual strength

of his beams, provided that slow rates of heating and cooling

were used and the load carried during heating was less than

about half the breaking load, at the temperature considered.

It seems plausible that a lower temperature limit should

exist and correspond to the temperature at which severe

cracking is initiated on heating. Such a limit could be

regarded as a 'temperature discontinuity' level for

unrestrained concrete as this would have a similar

significance to Newman's 'stress discontinuity' level for

isothermal conditions.

This is fair agreement on the effects of mix proportions

on strength after high temperature exposure. In an extensive

series of tests on cQncrete maae with. river gravi agg.egate,

Naihotra (1956) found that variations in water cement ratio

had. a negligible effect on the proportional reduction in

strength. On the other hand, variations in the aggregate/

cement ratio were significant, the proportional reduction

being smaller for lean mixes than rich ones. The type of

cement used is also influential. Concrete made with Portland

blast furnace cement retains a slightly greater proportion

of its original strength than if ordinary Portland cement is

used (GrUn and Beckman (1930), Weigler and Fischer (19€4).

Also, concrete made with high alumina cement does not perform

as well as an ordinary Portland cement concrete for

temperatures below 650°C (Fire Research 1955). However,, at

higher temperatures, the behaviour of high alumina concrete.



94

is superior, due to the development of a ceramic bond.

(Protze 1957). Thus, high alumina cement is often employed

in. refractory concretes for use at temperatures around 1000°C.

So far,this discussion has dealt with the strength of

concrete that has been obtained from specimens after they

have been allowed to cool from high temperatures. Lea (1920),

Naihotra (1956) and Abrams (1968) have shown that greater

strengths are obtained if the specimens are tested hot and

Dougill (1961) has suggested that this occurs because the

difference in free thermal movements of the aggregate and

the cement paste increases during cooling, so promoting

further damage and loss in strength. Nalhotra (1956) also

showed that the load capacity of his specimens was further

increased 1± they were maintained under load. This increase

was appreciable 1 the total load capacity at 500°C being

increased by about 20% when the specimens were heated under

a stress of between 20 and 25% of the cold strength. Naihotra

considered that the sustained load inhibited cracking during

heating and so increased the total load capacity. This

appears plausible when it is recognised that an overall

uniaxial compressive stress induces a state of average

triaxial compression in the matrix of a conventional concrete

made with hard. aggregate (Dougill 1970).

Following Naihotra, the effects of sustained load during

heating were investigated further by Abrams (1968) and

Fischer (1970). Abrams used sustained, stresses of 25, 40

and 55$ of the standard cylinder strength of the concrete,

and tested concretes made with American Type I (i.e.

ordinary Portland) cement and. three different coarse aggregates,
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a siliceous gravel, a carbonate gravel and a lightweight

expanded shale. A siliceous sand was used in each mix.

There was no significant difference in the results of tests

with the different levels of superimposed load but the

presence of this load had a definite effect on the strength

of the specimen. For the loaded, carbonate aggregate concrete

the hot strength was within ± l05 of the original cold.

strength for all temperatures up to 700 °C. The results

for the siliceous aggregate concrete are shown in figure 3-7.

This gained strength on heating to 300°C and the strength

was only reduced to its original value at around Ll00°C.

At higher temperatures there was a relatively sharp drop

in strength, which Abrams attributes to the a. - 3 quartz

transformation in the aggregate. The behaviour of the

lightweight aggregate concrete was also interesting in that

the superimposed load reduced. the total load. capacity for

temperatures below 300°C but caused. an increase at higher

temperatures. This could be explained, on the basis of

the average stresses in the mortar matrix, if the mortar.

was initially stiffer than the aggregate and. this situation

was reversed at high temperatures. This is quite likely,

as an expanded shale experiences temperatures of around

1000°C, in a rotary kiln, during manufacture and. so could

be expected to have relatively stable high temperature

rpperties.	 . .	 -	 - - .

3 . 5 Young's modulus for heated concrete.

Values of Young's modulus for concrete at high

temperatures have been found by a number of different

methods. Philleo (1958) measured the resonant frequency



97

of small concrete beams, Cruz ( 1962 and. 1966) tested solid

cylindrical specimens in torsion, Sullivan (1970) tested

beams in flexure both at elevated temperatures and. after

cooling, and Harmathy and Berndt,(1966), Cruz (1968)

Puruinura (1970) and. Weig].er (1970) obtained their results

from tests in compression. Other workers, including

Harada (1954a and 1957), have measured Young's modulus

after cooling. Harada also noted the occurrence of post

cooling changes, including a partial recovery of stiffness

during storage in a moist atmosphere.

The American results (Philleo and Cruz) are very

similar and show sharp reduction in Young's modulus even

for only a modest rise in temperature (see figure 3-8).

There is general agreement that the proportional loss in

stiffness at high temperatures tends to be greater than the

proportional loss of strength. However, as with compressive

strength, there are considerable differences between

different workers results for temperatures below 300°C.

Again these appear to arise from the variety of pre-condit-

ioning procedures used prior to the test. Possibly more

important than these, however, is the effect of a superimposed.

load during heating.

Fischer (1970) obtained the first part o± the stress-

strain curve, at high temperatures, for a quartz aggregate

concrete made with ordinary Portland cement that had been

subjected to stress during heating. Fischer found that

heating to temperatures less than LI.50°C, with a super-

imposed load of one third the cold strength, had negligible

effect on Young's modulus unless measurements were taken
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after cooling, when some changes were observed. Significant

reductions in modulus occurred at temperatures greater than

k50 °C. However, these reductions were much less than

occurred without the load during heating; the loss in

stiffness at 600°C being approximately halved by a Super-

imposed load, in the range 1/6 to 1/2 of the cold strength.

Similar results were obtained with concretes using barytes

aggregate and also blast-furnace Portland cement.

The observed effects of imposed load during heating on

compressive strength and Young's modulus suggest that many

of the available data concerning these quantities are not

particularly relevant to fire conditions. T]ie influence of

load, appears to be of major importance but this is neglected

in most data. Also, besides ameliorating the effects of

heat on stiffness and strength, an imposed load will cause

additional strains, over a period of time, due to creep.

It is known that creep is considerably accelerated by quite

small rises .in temperature above normal (England and Ross

1962) so that it i reasonable to suppose that creep could

have very important effects at high temperatures.

3 . 6 Time dependent strains induced by loading - creep.

The effects of creep can be seen in the tests undertaken

by Fischer (1970) in which the' thermal movements of' loaded

concrete specimens were measured whilst the temperature was

raised at a rate of 150°Cour to 600°C and than reduced

slowly back to normal. The concrete used was 7 months old

and made with ordiziary Portland cement, quartz sand and

coarse aggregate combined in the proportions 1:1:5 with

water cement ratio 0 • 6. The results of these tests are
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shown in figure 3-9. The strains recorded represent the

combined effects of thermal expansion, shrinkage and. the

strains due to stress including creep. The temperature

was held. steady at 600°C for 3 hours during which time the
unloaded specimen continued to expand. The effects of

creep can be seen in the way this expansion is inhibited

or reversed in the specimens carrying load.

Cruz (1968) also measured the time dependent strains in

concrete specimens maintained at high temperatures under

load. A carbonate aggregate was used together with

ordinary Portland cement and a water cement ratio of 0'56.

The specimens were stored under water for 7 days and then
in the laboratory air until they were tested, 28 days.after

casting when the compressive strength was about 28 • 3 NN/m2.
Each specimen was subjected to three cycles of loading to

12 • 5 NN/m2 , in order to determine an initial value of

Young's .modulus, and was then heated at about 330°C/hour

to the required test temperature. This was maintained for

an hour before the test load of 12'5 NN/m2 was applied.

No strains were measured during the period of heating and.

temperature stabilisation but strains were measured during

loading in order to obtain a value of Young t s modulus at

the test temperature. Strains were then recorded for a

period of five hours with the specimen in a steady state

of temperature and load.

The results from Cruz's (1968) tests are shown in

figure 3-10. The time dependent strains measured for the

higher temperatures are very large compared with what
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could reasonably be expected at normal temperatures+. Creep

may increase the strains or cause relaxation of stress when

deformation is restrained. Cruz also investigated, this

aspect in a series of relaxation tests, at high temperature,

and the results indicate a very high rate of relaxation of

initial stress at elevated temperatures (figure 3-11).

Sullivan (1970) also measured creep deflections in his

tests on slender beams at temperatures up to 400°C.

However, it is difficult to relate these results to fire

conditions because of the extensive heat treatment and

load cycling undertaken before the start of the creep test.

A similar criticism can be made of Cruz's work and most

other data discussed in this chapter. Clearly, some care

is necessary in using the available experimental results

in a study of fire induced phenomena.

3 . 7 Heat Transmission Properties - Introduction.

Although conditions, in a fire change rapidly with time,

the available data for structural properties and the thermal

properties controlling heat transmission have generally been

obtained under steady state conditions. For heat transmission

within a concrete member the properties of interest are the

specific heat c, the thermal conductivity A and the thermal

+
Footnote	 -	 - -

The 'ultimate' specific reep for concrete. at normal

temperatures is around 150 x io 6 per ti/m2 . Thus Cruz's

specimens could be expected to achieve a strain of around

0 • 0015 after a year under load at normal temperatures.
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diffusivity k. These quantities are related as = kçc

where is the mass density. It is useful to note the

dimensions and units of these quantities for easy reference.

This is done in Table 3'2 7which also gives typical values

for the quantities under normal conditions. However, and

in spite of using the word typical, it must be noted that

there are wide variations in these values (particular for

thermal conductivity) between different concretes at normal

temperatures. (Campbell-Allen and Thorne 1963).

Table 3 . 2 Thermal Properties, Units and Dimensions

I -	 •-	 Typical value at normal

Properties	 Dimension	 -	 Temperature

Imperial Units jS.i.U.

Nass Density (f)
	 Il1L	 lli.6 lb/ft3	2 3Li0kg/m3

$pecific heat (c)
	

0 . 23BTU/]b °F
	 960 J/kgC

thermal conductivity (X)

thermal diffusivity (k

-1 -1 -1HL P p

L2T1

1 . 1.1.0 BTtJ/fthr°F 2.41J/ms°C
( w/m°C)

0 . 01.1.15 ft2/br	 1.O7inin2/s€

Symbols H: heat,p: temperature, N: NaSS, L: Length, T: Time.

The numerical values are approximate typical values for a

normal density concrete at normal temperature.
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diffusivity k. These quantities are related as = kç)c

where is the mass density. It is useful to note the

dimensions and units of these quantities for easy reference.

This is done in Table 3i2 7which also gives typical values

for the quantities under normal conditions. However, and

in spite of using the word typical, it must be noted that

there are wide variations in these values (particular for

thermal conductivity) between different concretes at normal

temperatures. (Campbell-Allen and. Thorne 1963).

Table 3 .2 Thermal Properties, Units and Dimensions

Typical value at normal

Properties
	

Dimension
	

Temperature

Imperial Units fS.I.U.

Nass Density (f)
	

14.6 lb/ft 3	234.0kg/rn3

Specific heat (c)
	

HN 1p	 0'23BTU/lb°F	 960 J/kg(

thermal conductivity (X)
	
HLTp	 l•4.0 BTU/fthr°F 2"41J/ms°(

( w/m°C)

thermal diffusivity (k) L2T 1	0'OLI.l5 1t2/hr Il.07mm2/s

Symbols H: heat, p: temperature, N: Mass, L: Length, T: Time.

The numerical 'values are approximate typical values for a

normal density concrete at normal temperature.
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3 . 8 Thermal Conductivity

Jakob (1949a) notes that, at normal temperatures, the

thermal conductivity of most mineral based building materials

is primarily dependent on the dry den.sity and moisture

content. Jakob gives average values for the thermal

conductivity	 of bone dry building materials, as shown

in figure 3-12, together with a multiplying factor 	 to

account for the presence of moisture in..the pores. Jakob

does not regard the accuracy of these figures very highly

and states that the error could be as high as ± 15% for

some materials. However, Loudon and. Stacy (1965) found

that Jakob's values could be applied very satisfactorily

to a wide range of concretes and brickwork if an additional

multiplying factor	 is introduced which refers to a

particular material. Loudon and Stacy's values of are

given in Table 33 and using these, together with Jakob's
values, an estimate of the thermal conductivity is

obtained from

m ''o	 (3.8.1)

When concrete is heated.,moisture is lost and this may be

the most significant single influence on the value of thermal

conductivity at high temperatures. In order to investigate

this idea, consider a fully hydrated cement paste with water

cement ratio O • 475 that has been cured ma sealed condition.

Neville (1963) has calculated the relative volumes of the

hydration products for this paste. These calculations show

that the density is 1860 kg/rn 3 if the evaporable water in

the gel and capillary pores is removed. The moisture
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content is 31% by volume so that the effect of drying is to

reduce the thermal conductivity of the paste by a factor of

around 3 (i.e. ft 3 from figure 3-12). If a similar

paste is cured under water, the capillary pores are filled.

and the moisture content rises to 38 . 4%. Thus, the

reduction in thermal conductivity, to be expected on drying,

would be even greater.

Table 3 . 3	 Values of tmaterial factor'	 for use with

equation 3 . 8 . 1. and figure 312 on p. 108

Naterial
	

Factor

Concrete with aggregate of gravel,clinker

expanded clay or sintered pulverised fuel

ash pellets - Includes no fines concrete

Aerated concrete

Foamed slag, pumice or brick aggregate

concrete

Brickwork

1•1

0.90

0.75

1' 35

Table from Loudon and Stacy (1965)

Neville (196t.) notes that the cement paste content for

the more usual grades of structural concrete only varics
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between very narrow limits and. calculates a range for three

widely different mixes of from 21i. - 29% to support his view.

Rounding these figures, it seems that most mature

structural concretes will have an aggregate content of

between 70 and. 75%, the remainder of the volume being cement

paste containing around 40% of evaporable water. Thus, the

proportion of evaporable water in concrete is typically

between 10 and 12% by volume. Referring to figure 3-12,

this suggests that the thermal conductivity of concrete

may be reduced by a factor of around 2 by drying.

If concrete is heated, the reduction In thermal

conductivity due to loss of moisture will be accompanied.

by changes due to the effects of heat on the constituents.

Iii this respect, Jakob (1949a) notes that there is a

fundamental difference between the behaviour of materials

that are crystalline and those that are glassy. or amorphous.

The thermal conductivity of amorphous materials increases

with temperature whereas the opposite trend is obtained

with materials having a crystalUne structure. Naterials

such as sulpher or silica have both amorphous and crystalline,

allotropes, each of which exhibits behaviour appropriate

to its structure. Cement paste is composed of minute

crystals that grow during the hydration process Olills 1969)
and, although the structure of cement paste is very small,

it should be regarded as crystalline in the present context.

On this basis, we expect that the thermal conductivity of

cement paste will decrease with increasing temperature.

No such generalisation can be made concerning the behaviour
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of aggregates, although many of the most desirable hard

aggregates are crystalline and. Birch and Clark (191e.0) find.

the thermal conductivity of most rocks decreases with

temperature rise.

These general ideas lead to the following- qualitative

account of the effect of heating on the thermal conductivity

of concrete. A moderate rise in temperature causes removal

of moisture from the capillary and gel pores and eventually

leadsto a reduction in conductivity which is typically

around 50%. The conductivity may be reduced further at

higher temperatures-due to the changing properties of the

constituents. The results obtained. by Narechal (1970) for

two mature quartzite concretes, for the temperature range

20 - 1.00°C, follow this general pattern except that there

is a significant increase in conductivity on heating to

60°C befor& the reduction, caused. by drying, becomes

effective. (figure 3-13)

There are few data giving measurements of thermal

conductivity for concrete at high. temperatures. Norton's

(1913) results show very little.change in thermal conductivity

with temperature rise up to 500°C (if a single value for an

'untamped.' concrete is ignored) and the average-value of

0 • 9l W/m°C is reasonable for a concrete that has been dried.

Surprisingly, Norton found higher values of conductivity

at 1000°C and 1100°C. Nore recently, Harada (l95zi) has

measured the thermal conductivity at high temperatures of a

series of concrete materials including a cement paste and.

mortars and concretes made with a sandy river gravel aggregate.
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He finds that the reduction in conductivity of the mortars

and concretes is approximately directly proportional to the

rise in temperature, for temperatures greater than 100°C,

and. that the reduction is around 50% over the temperature

range 100-750°C. Zoithiers (1960), does not find such severe

reductions occurring in the temperature range 100-400°C,

for concretes made with ordinary Portland cement and expanded

slag, gravel or limestone aggregates but obtains similar

reductions to Harada with a sandstone aggregate. Zoithiers'

results are given in Table 311.. It is interesting that a

modest increase in thermal conductivity is obtained with the

heated limestone concrete.

Table 3 . L1. Values of Thermal Conductivity from Zolciners (1960)

Expanded Slag
	 Gravel
	

Limestone
	 Sandstone

density 1545
	

2320
	

2300
	

2200 kg/in3

- W/m°C

0.505

0'478

Mean

Temp.

OC

i.82

398

Mean

Temp.

100

164

402

Mean

Temp

W/m°C °C W/m°C

1.53
164 0.971

1 . 29 393 1'090

Me an

Temp.

95

167

406

W/m°C

2.28

2.27

1•54

Water/cement ratio 0 . 65 by weight, aggregate/cement ratio

7.3 ± O • 7 by volume.
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Besides this work, Zoidners et al (1963) have investigated

the effects of heat on the thermal Conductivity made o± high

alumina cement at temperatures up to 850°C and, obtained the

results shown in figure 3-14. In these it is interesting

that there is a tendency for the thermal conductivity to

increase at temperatures greater than 600°C,for the concretes

made with expanded slag and. anorthosite aggregates.

These sparse data tend. to confirm the qualitative view

of the effects of temperature on thermal conductivity

developed in an earlier paragraph. However, it will be

noted that all the results that have been discussed. have

been obtained. from steady state tests and application of

these results to transient conditions is open to question.

3 . 9 Specific Heat and thermal diffusivity

A fair amount of information on the specific heat of

concrete is given by Klein et al (1962) and by the Bureau

of Reclamation in their report on the concrete for the

Boulder Dam. (U.S. Bureau of Reclamation 1940). The specific

heat of concrete appears to lie within the range 800-1200

J/kg°C with most common aggregates having rather lower

specific heats in the range 700-800 J/kg°C. There are few

data concerning the effects of heating on the specific heats

of mature concretes. - Clearly some reduction below the

initial value can be expected on account of drying but

there will be increases around particular temperature levels

corresponding to the thermal requirements of phase

transformation in the aggregate and the cement paste.

These will include the Various quartz transformations and
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calcination of limestone aggregates at temperatures greater

than 700°C. In the cement paste, dehydration of calciui

hydroxide occurs rather rapidly between L .00 and. 600°C and

once desorption of the evaporable water is complete other

dehydration reactions proceed up to temperatures of 800°C

(Crook and Nurray 1970)

Norton's (1913) results for specific heat are given in

Table 3 . 5. The specimens were heated slowly in an electric

furnace to the upper temperature before being transferred

to the calorimeter. On this basis the heat measured does

not include that for processes which are irreversible on

cooling and so may be an underestimate of the average heat

requirement for heating over any temperature range. In

spite of this, Norton obtained significant increases in

specific heat over the whole temperature range 22-80°C.

Table 3.5 Specific Heat of Concrete from Norton (1913) in J/g
0(1

J.

Temp. range	 1:2:5
	

1:2 :L.	 l:2:Li.

Stone concrete Stone concrete Cinder concrete

	

22 - 100
	

638

	

22 - 1
	

802
	

794
	

752

	

22 - 633
	 836
	

8?6.
	 860

	

22 - 800
	

915
	

894.
	 910

The effects of temperature on thermal diffusivity can

be estimated once the specific heat, density and thermal

conductivity are known. If Norton's data are typical, the
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thermal d.iffusivity of dry concrete will be reduced rather

more rapidly with increasing temperature than is the thermal

conductivity. Also, there will be a significant reduction

in thermal diffusivity caused by drying a moist concrete.

Again there are few experimental data available and Harada

(1958) appears to have undertaken the only comprehensive

series of tests to determine thermal d.iffusivity at elevated

temperatures. Harada tested concretes made with various

aggregates including andesite, pumice, coal ash and a sandy

river gravel as well as a number of mortars and a cement

paste. The results for all these materials fall within

the range shown in figure 3-15. The values of thermal

diffusivity at normal temperatures ranged from 0 • 5 mm2/sec

for a neat cement paste with water cement ratio 0 . 3 up to

0 . 91 mm2/sec for a 1:4:5 gravel aggregate concrete with

water cement ratio 0•7. The value for the cement paste can

be compared with the value of 0 . 41 mm2/sec obtained by

Hoyle (l95L.) for an unspecified 
cLement paste. Also for

comparison, Dougill (1960) obtained a value of 0.99 mrn2/sec

for the thermal diffusivity of a 1:4:9 mixture of ordinary

Portland cement and Thames valley, river gravel with a water

cement ratio of 0475. This value was reduced by half on

heating to 220°C and heating to higher temperatures had

little effect. It appeared. that with this aggregate the

thermal diffusivity was relatively constant once drying

was complete. However, this is a result from a very

limited series of tests.

In concluding this section, we note that precise data
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are rare but the general trends are established. The

available information should be sufficient for analytical

work of an exploratory nature although more tests wc.uld.

be required if this were required to be related to a

particular concrete.
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Chapter L.

STRUCTURAL BEHAVIOUR IN FIRE TESTS AND

STRUCTURES.
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4 • l Introduction

It was noted, in Chapter 1, that tests for fire

resistance are performed in a highly idealised manner in

which a standardised exposure condition is used and. structural

elements are tested rather than complete structures.

However, if the idea of fire resistance testing is to be

useful, it is necessary that the performance required of

an actual structure under fire conditions should be capable

of being translated into an equivalent performance in the

Lire-test. In this way, the behaviour of different types

of structure can be assessed. in terms of a single test and

it becomes possible to specify the requirements for

structural safety, in a fire, in terms of a particular

period of endurance in a standard test.

Butcher et al. (1966) give a brief account of the

background. to the procedures used. for grading buildings

for fire resistance. This is a large subject in itself but,

in essence, buildings are divided into classes, according

to their size and usage, and a period of fire resistance

is specified for each class of building. The various

elements of construction that comprise a building are

then required. to provide this period. of fire resistance

under the standard test conditions. Thus, the requirements

can be satisfied equally by different materials, or by

alternative forms of construction, provided that they show

similar endurance in the standard. test.

It is clear that the stand.ard. test (i.e. in accordance

with B.S. L176) plays a fundamental role in design for fire

resistance. However, difficulties arise if the method of
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• test is such that a particular element of construction

behaves differently in the test than it would do as part

of a structure. If this occurs, the relevance of the test

may be undermined and satisfaction of the test requirements

may become an. end in itself rather than the means of

obtaining a structure of therequisite quality. It is

therefore important to recognise the circumstances in which

there may be a major discrepancy between the test result

and real conditions.

It is known that the occurrence of spalling can have a

major influence on the result of a fire test. However, it

is not clear bow far this result is relevant to the effects

of spalling in structures. Also, it is clear that many

reinforced concrete structures survive the effects of fire,

in a condition that is amenable to reinstatement, even though

extensive spalling has occurred (Green and Long 1971). Thus,

it seems that there is the 'possibility that the effects of

spalling may be unduly emphasised by the type of test used

for fire resistance. It is therefore necessary to examine

the form of test used for the most common types of structural

element and compare the results with the sort of behaviour

that could be expected in a fire in a structure. This

comparison should give a guide to the relative importance

of spalling in the test and. the real situation. The

discussion is divided into two parts,dealing with columns

and flexural members respectively. The emphasis is on

structural behaviour and little account is taken of the

difference in thermal conditions that exists between a

particular fire and the standard. test. These are being
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investigated in work being undertaken at the Fire Research

Station and first reported by Butcher et al. (1966).

However, it is felt that, although the quantitative results

will depend on the thermal conditions, the mode of behaviour

will be most affected by the structural parameters.

L..2 Fire Resistance of Reinforced Concrete Columns.

The fire resistance of reinforced concrete columns has

been investigated at intervals from the earliest days of

reinforced concrete construction (Bausc°hinger (1885),

McFarland and Johnson (1906 ), Hull (1920),Ingberg et al.

(1921), Thomas and. Webster (1953)). Almost invariably, the

procedure has been to heat axially loaded columns from all

sides and to observe the time taken from the start of heating

until collapse occurs under the applied load. The control

o± heating was poor in the early tests but in later work a

standard ambient temperature exposure condition wa used.

In all these tests, the load. on the column was maintained

at a constant value during heating and. this is the procedure

used. today, with the magnitude of the applied load. being

the same as the design working load. on the column. It is of

interest that both the current standard. (B.S. L.76, 1953) and

the draft revision (1969) are ambiguous regarding the precise

test conditions as they require that the load shall be

maintained constant during the test period and that, as

far as possible, the member shall be supported in a similar

manner as it would be in service. For columns, these

requirements are usually incompatible and. the member is

effectively tested with pinned ends but unrestrained in the

axial direction.
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In this country, the most recent data, on the fire

resistance of reinforced concrete columns, are those

obtained by Thomas and. Webster (1953) in a comprehensive

series of tests on unrestrained columns. These tests were

on square sectioned columns with sides in the range 229 to

£4.83mm (i.e. 9 to 19 inches ). A nuniber of different quality

concretes were used and. the proportion of mild steel

reinforcement was also varied. In addition, temperatures

were measured during the tests at points on the steel and

throughout the concrete cross section. These measurements

enabled Thomas and Webster to generalise their data and so

put it into a form that is useful for prediction. The

discussion that follows is based on their procedures.

According to Thomas and. Webster,the maximum load capacity,

P,of a reinforced concrete column at normal temperatures may

be written

P = O . 65 uA0 +
	

(q..2.l)

where Ac and A5 are the areas of concrete and steel in

the cross section, f is the yield stress in the steel and

u is the stress corresponding to the maximum load capacity

of a standard concrete cube specimen.

In generalising their results, Thomas and Webster

suggested that the load capacity 
T' 

of an axially load.

column tested at high tempertures, could be written,

O•65 >c u A +	 f A5	
(zi.2.2)

The second term of this expression represents the
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reinforcement's contribution to the strength of the column.

and this was calculated, knowing the steel temperature, from

F.C.Lea's (1920) results for the effects of heating on the

yield stress of mild steel. The ultimate load of the column

was known from the fire test and. thus the contribution of

the concrete to the strength of the column could be found

together with the factor >. It was found that this factor,

>c' depended only on the average temperature in the column

at failure and was independent of column size. Thomas and

Webster's results for > are shown in figure 4-1. Lea's

(1920) results for >, the proportion of the normal yield

stress retained by the reinforcement at elevated temperatures,

are shown in figure 4-2 together with some more recent

results from Corson (1965) and Bannister (1968).

Figures 4-1 and 4-2 can be used to estimate the load

capacity of a heated column if the original cube strength

of the concrete and yield stress of the steel are known

together with the average temperature in the column and the

temperature of the steel. Using this approach, Thomas and

Webster predicted the load capacities of their columns at

failure with reasonable success.

Although the particular values of	 given in figure LI--i

apply to Thomas and Websters' tests only, the general form

of the functions	 and	 is probably typical. This

enables some general conclusions to be made concerning the

behaviour of columns in a fire test.

If a load W is maintained on the column during heating,

failure occurs when the load capacity T is reduced to the
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value W. Thus, the columns can support the applied load if,

PTW

or, introducing the load factor that existed before

heating, if•

P

Thus, using equations L4.'21 and. 4 • 2'2, the column

continues to carry the applied load if

+
wherep = __________
	

(L.2.3)

1+p	 0 . 65 u

The equality in the condition 4 • 2'3 corresponds to a

state of incipient collapse. The terms p and. are constants

for any particular column whilst the parameters > and

are reduced, from the initial values of unity, by the effects

of heating.

If we consider a range of columns with different load

factors it is clear that, as the load factor is increased,

a greater reduction in the term	 + p>t5 ) is required in

order to achieve the equality in 4'2 • 3. This requires a

longer period of heating so that the fire resistance is

increased by an increase in the load factor. This

conclusion is generally accepted and holds for timber

columns (Naihotra and Rogowski 1969) and concrete encased.

steel stanchions (Naihotra and Stevens 1964) as well as

reinforced. concrete.
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The effect of different proportions of reinforcement is

rather more difficult to establish. An increase in the

proportion of reinforcement, only increases the term on

the left hand, side of the condition 42 • 3 if) is greater
than ). Thus the fire resistance for a given load, factor

is increased by an increase in p, if >> \, before collapse.

However, the relative magnitudes of 	 and	 depend on the

column dimension, cover to the reinforcement and the time

from the start of heating and it is difficult to arive at

a general conclusion regarding fire resistance. On the

other hand, it is clear that the load. capacity of a column

containing a high proportion of steel is more dependent on

than is one that contains less steel.. 	 Thus, any influence

that causes an abrupt reduction in> will be most noticeable

in columns that have a high p value. Spalling has such an

effect, as removal of the cover exposes the steel, allowing

the temperature to rise, and. reduces >'. On this basis,

spalling is likely to have most influence on the behaviour

of columns containing a high proportion of reinforcement.

The effect is worst if the column is small, as the reduction

in the concrete cross section may also lead to a significant

loss in load. capacity in addition to that due to the steel.

Thus, the fire resistance of small sectioned columns,

containing a high proportion of reinforcement, is likely

to be reduced considerably if spalling occurs during a fire

test.

Li..3 The behaviour of columns when they are part of a structurE

The Localised fire

In the fire test, the load is maintained at a constant
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value during heating. It seems improbable that this would

occur if the column was part of a structure. In order to

investigate this,Dougill (1966) considered the extreme case

of a local fire, in which a single interior column in a

large multi-storey building is subject to the effects of

heating whilst the remainder of the structure remains cool.

In these circumstances, the thermal expansion of the column

is restrained by the surrounding structure and this causes

further loads to be induced in the column during heating.

The general details of the structure and the column are

shown in figure 43.
Consider the behaviour of the heated column as though

it was separated from the building. Before the start of

heating the column has stiffness K 0 and carries an axial

load F0 , due to the dead and superimposed loadings within

the structure. Thus, the shortening ô 0 due to the initial

load is given by

=
	

(4.3.1)

If the column was taken on its own and tested in

compression at high temperatures the displacement 6 due

to load would depend on the average temperature rise P in

the column so that,

o = o(F,T)	 (4.3.2)

In the building, the displacement due to load is

accompanied by thermal expansion of an amount aTh where h

is the column height and aT is the thermal strain for the

average temperature T. Thus if 2 is the total expansion
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of the column during heating

A cTh - o(P,T) +80	 (L4..3.3)

Now consider the building frame. During heating, the

frame above and below the column has been separated by a

further distance 4 while the load, applied by the column

to the frame, has increased from P0 to P. The force and.

displacement are related and, assuming linear behaviour of

the frame, we write

= F-P0	
(4.3.L.)

NK5

where K5 is the average stiffness of the structure per

floor and N is the number of floors affected by the expansion

of the column.

The condition for the displacements of the column and.

building frame to be compatible is obtained by equating the

two values for,A given by equations 4 . 3 . 3 and Ll.3.L.. Then,

by using equation 43•l, the result can be put in the form,

6(F,T)	 1 P	 1	 aTh.
+ -. - = 1 + - +

60	 R F0	R	 60

where R = NK5/K0 and is a measure ol' the restraint

offered to the column by the surrounding structure and will

be termed the relative stiffness.

Before discussing the solution of this equation it is

necessary to consider the form of the function o(F,T). In

this, it seems that the stiffness of the column will be very

much dependent on the behaviour of the concrete and not much
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influenced by the stiffness of the steel, as this is near

the outside of the column and quickly raised to a high

temperature. Thus, the relationship between the load F and

the corresponding displacement 6 could be expected to be

very similar to the usual form of the stress-strain curve

for concrete in compression. Also, following Fururnura (1966a),

it is expected that a rise in temperature of the column will

cause a decrease in the peak load and an increase in the

corresponding displacement as suggested by the curves shown

in figure I+-L..

Once the form of the function 6(F,T) is known, the

equation of compatibility	 can be solved by means of

the construction shown in figure LI-LI.. The separate terms of

the equation are shown annotated on the figure with the term

(1 + l/R) being obtained from the load displacement curve for

the unheated column. The construction is similar to one used

by Sigvaldason (196LI) in investigating the behaviour of a

compression testing machine. This procedure can be used

because the complete structural system, comprising the

column and. the frame, is analogous to a testing machine

with the column and. surrounding structure representing the

specime and test frame respectively and the load being

applied by thermal expansion rather than by a hyd.rau1ic

jack.

The behaviour of a compression testing machine has

already been discussed (in Chapter 2, section 2 . 2) and it

was noted. that instability could occur if the machine did

not possess sufficient stiffness. It appears that similar
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behaviour could occur in a heated structure if the relative

stiffness H is not sufficiently great. The conditions for

such an instability to occur are illustrated in figure 4-5.

Here, a slight increase in the thermal strain cT would

mean a considerable sudden shortening of the column, and

possible collapse, as it attempts to snap through between

the equilibrium position marked 1 and 2 on the figure.

If longitudinal instability does occur, the behaviour

is very similar to that observed when a single column is

tested in the standard manner. In the test, the load F is

maintained equal to P 0 and this corresponds to the condition

in a very flexible structure described by H = 0. However,

if the relative stiffness is high, instability does not

occur and the column remains intact, although considerable

irrecoverable strains are induced during heating.

Approximate calculations suggest that multistorey

structures of beam and slab construction will behave in a

stiff maniler for conditions of local heating. These results

tend to lack conviction without further data on the behaviour

of restrained columns under fire conditions. However,

experience of fires suggests that collapse is very unlikely

to result from a local fire in a reinforced concrete multi-

storey structure that is constructed in-situ. The

considerable stiffness of these structures is well known

and there are instances where one or more columns have been

removed in a particular storey and the stiffness of the

structure has been sufficient to redistribute the loading

to the surrounding columns. This has generally occurred as
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the result of an explosion and. Hamilton (1956), in his

history of reinforced concrete, shows several photographs

of structures remaining suitable for reinstatement even

though a number of principal members have been severed or

removed by the effects of bombing. It is not certain

whether this behaviour could be expected from the more

flexible flat-slab construction or from some of the modern

tsystem ? built structures.

The continued performance of a member in a stiff.

structure during a fire depends on redistribution of load.

Thus,the loads in members remote from the fire may be

augmented. during redistribution and this may cause damage

away from the seat of the fire. Also, the additional

damage that occurs on cooling, due to the large irreversible

strains induced during heating, will not necessarily be

confined. to the heated member. Thus the damage resulting

from a local fire of long duration is not confined to the

heated regions (Harada et al. c. 1960, Green and Long 1971).

Also, some further deterioration occurs during the post

cooling period. of recovery in strength and stiffness.

(Sanderson-Watts 1969)

Footnote +

If this damage is severe, equation 4 . 3 . L1. must be replaced

by a non-linear expression to account for the loss in

stiffness of the surrounding structure.
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fore general heating

So far the discussion has been confined to the extreme

case in which only one column is affected by heating. At

the other extreme there is the case in which all the columns

in a particular storey height are heated equally,so that

there is no restraint to expansion in that storey and. the

value of R is effectively reduced to zero. II' more than one

column is heated, the stiffness of the heated region is

increased, at the expense of the surrounding structure, and

the value of the effective relative stiffness is reduced.

Thus, the effect of increasing the number of heated columns

is the same as reducing the stiffness of the structure in

the analysis of a single column. It follows that instability

and collapse are more likely to occur as a result of an

extensive fire than if the heating is local. However, it is

considered that many fires in large buildings will be local

in character 7 particularly if the buildings are properly

divided by walls and partitions to delay or prevent the

spread of fire.

Spalling

For flexible structures, the mode of behaviour is similar

to that observed in the standard test. Here, the occurrence

of spalling may have a significant effect on fire resistance

especially ii' the member is slender or heavily reinforced.

However, if the structure behaves in a stiff manner, the

mode of behaviour is entirely different and spalling merely

causes a reduction in the column stiffness and an increase

in R. Thus, overall structural failure does not result
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from spalling in a structure that remains stiff during heating.

In these circumstances, experience from the standard tests

tends to exaggerate the importance of. spalling.

i-4 Simply supported flexural members

The Portland Cement Association has devoted considerable

effort in research aimed at understanding the behaviour of

flexural members under fire conditions. Some of this work

deals with the simply supported beams and. slabs that are

the usual subject in . tests for fire resistance,but the effects

of restraint and continuity have also been investigated.

With simply supported beams and slabs, the cover to the

steel has a decisive influence on fire resistance. Gustaferro

and. Selvaggio (1967) and Gustaferro (1970) have shown that

the procedures used for the analysis of reinforced concrete

sections at normal temperatures can be used. to predict the

ultimate moment of resistance of flexural members under fire

conditions. For an under—reinforced beaix heated from below,

the ultimate moment is determined primarily by the amount

and quality of the reinforcement and. the lever arm, so that,

at high temperatures,the ultimate moment of resistance NT

is given by:

=	 a f A5t

where A5t is the area of the tensil& reinforcement,

is the yield stress of the steel at high temperature and a

is the lever arm.

On exposure to fire, the temperature in the steel rises

and. the factor	 is reduced below its original value of
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unity. This reduction is accompanied by a small increase

in the lever arm but the effect of this, on the moment of

resistance, is relatively unimportant compared with the

change in yield stress. On this basis the beam continues

to support the applied load as long as

1
	

(q..L..2)

where 23' is the original load factor and the condition

is approximate because the variation in lever arm has not

been considered. As with columns, the Lire resistance is

increased by an increase in load factor as a greater

reduction in	 is then required in order to reach the

condition for incipient collapse (i.e. 	 = 1/). Also, the

rate of reduction of > can be reduced by increasing the

cover to the reinforcement or by providing a protective

insulating layer to the soffit of the beam or slab.

Conversely, if spalling occurs, to remove part of the cover,

it generally causes a significant reduction in fire resistance.

Because of their dependence on the yield stress of the

reinforcement, results from simply supported members have

often been interpreted in terms of a critical temperature

for the steel. Thus, ii' beams are tested, that are

reinforced with mild steel and have a load factor in the

range . 2 to 2'5, failure occurs when> 5 is in the range O.Ll.

to O • 5. It is seen, from figure k-2, that this corresponds

to a rather narrow range of temperatures around 550°C which

suggests the idea of a critical steel temperature that

determines fire resistance. This is apparently a useful
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concept in deciding what depth of cover is required to the

reinforcement. However, it will become apparent that the

concept only applies to statically determinate members and.

that, the idea of a critical steel temperature has more

relevance to the standard. test than to real forms of

construction.

Most tests on reinforced concrete beams and slabs have

been undertaken on simply supported single span members.

However, the effects of continuity have been examined in

recent work (Ehm and von Postel 1965, Carlson and Gustaferro

1965) and it appears that the ideas of limit analysis,

developed for use in the design of reinforced concrete at

normal temperatures, can be used to account for behaviour

under fire conditions.

As an example, consider an interior span, of length L

and loaded with a uniformly distributed load W, of the

continuous beam shown in figure L1--6. Before heating, the

moment of resistance at the supports and mid-span are

and Nco respectively. Thus, on the basis of the collapse

mechanism shown in figure L.-6,

II	 +Nso	 co
8

where '( is the load factor.

At high temperatures, the moments of resistance are

reduced to MST ana NeT so that the span does not collapse if

WL

	

NST + NeT > -	 (z.4.z.)
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The moment of resistance at mid span depends principally

on the yield stress in the reinforcement which is reduced

by a factor	 by the effects of heating. Now, using the

same approximation that lead to equation 442,

M
CT	 S co

where	 is found from the temperature of the reinforce-

inent at mid span aM figure 4-2. Using this result,the

condition for the span to remain standing under the load

W becomes

1 - rMST/NSO	 8N50

>	 where r	 (4.LI.5)

WL

It will be noted that this condition reduces to that

for simply supported beams (44 • 2) if N80 = • Also, it is

clear that the fire resistance of the continuous beam is

greater than that of a simply supported beam designed with

the same load factor if

This condition is likely to be satisfied in practice,

except for unusually shallow beams or beams with compression

reinforcement at the support. It is expected that the

reduction in moment capacity at the support will be small

as the tensile reinforcement is well protected from the

effects of heating and the change in resistance moment comes

principally from the change in lever arm caused by the

reduced strength of the concrete in the compression zone.
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There is some support for this view. Carison and Gustaferro

( 1965) found only a 10% reduction in a resistance moment at

the support, of a 305mm by 458mm deep rectangular reinforced

concrete balanced cantilever beam, after more than three

hours exposure.

If the reduction in load capacity at the support is

small, it is possible that the beam may survive the effects

of heating indefinitely. This occurs if

r NsTI/Nso > 1 '
	

(4.4.7)

It is significant that this condition can be satisfied

by beams designed without particular regard to fire resistance.

In design, it would be quite usual practice to proportion the

reinforcement at the support to give N = WL/l0. For such

a design, r = 0'8 and the condition 4 • 4 • 7 is satisfied for

any reasonable value of load factor.

These results tend to explain the usually excellent

performance of continuous reinforced concrete structures

under fire conditions. Again the effects of spalling can

be misinterpreted if only the results from tests on single

span members are ccnsidered. In the usual test for fire

resistance, spalling at mid span is a very serious occurrence

and leads to a reduction in fire resistance. However, with

continuous beams the behaviour at mid span is relatively

unimportant. For these structures it is much more

important to prevent spalling near the supports and. so

conserve the compression flange of the beam. This may be

accomplished by using adequate binders, which will also
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help to provide the ductility necessary for moment

redistribution.

These arguments have been based entirely on the flexural

behaviour of the member. The advantages of continuity may

not be realised if the member fails in shear,or failure is

initiated by breakdown of bond with the reinforcement. As

yet, these aspects of the behaviour of reinforced concrete

at high temperatures remain to be investigated and some

caution is necessary in extending the results obtained from

simply supported members to continuous construction.

L..5 Longitudinal Restraint

In structures, the conditions for simple supports are

seldom realised and the structure offers some resistance to

the extension or contraction of a beam or slab. During a

fire, there is a tendency for forces to be induced which

oppose the free thermal movements of the heated members.

In this way, the member may be prestressed by the effects

of heating and so behave in an entirely different way from

a member that depends on the yield stress of the reinforcement

for its load capacity. The induced prestress increases the

load factor against flexural failure and so extends the

period of fire resistance. However, there is the possibility

that the restraint may be so great that some form of

compression failure may result.

Gustaferro and Carison (1962) were probably the first

to consider the problem of longitudinal restraint. They

suggested that the relation between restraint and fire

resistance would be of the form shown in figure L-7. Here,
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restraint is defined as the ratio of the induced longitudinal

load to the load, required to prevent extension or rotation

of the member. This definition is not entirely satisfactory,

as the effects of extension and rotation are not separated,

but it does provide a convient parameter that is compatible

with the idea that simply supported and built in beams

should have zero restraint and 100% restraint respectively.

Referring to figure k-7. a small amount of restraint causes

a considerable increase in fire resistance. Thus, only a

modest amount of restraint is needed to increase the

structural performance so that the fire resistance of slabs

is determined on the basis of heat transmission and their

ability to act as separating members. With high restraint,

there is the possibility of compression failure and fire

resistance is once more controlled by structural considera-

tions.

It is very difficult to arrange tests to investigate

the effects of restraint on reasonable size members.

However, a special furnace and loading frame was built in

the P.0.A. laboratories and extensive data were obtained,

during the period 1960-1968, concerning the magnitudes of

the forces that could be induced during heating. (see

Selvagglo and Carison 1963 and 1966, Carison et al 1965

and Issen et al 1970)

Most of the tests were undertaken on loaded beams with

a length of 4 . 85m being exposed to heating from below in

the furnace. A number of different cross sections were

used and the procedure was to allow the beams to expand
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freely through a given distacc before ioin restra.

against rotation and further expaion by means of hyrc.

jacks which were constantly adjusted during the heating

process. Some typical results, obtained on prestressech.

double T sections with allowed expansions of l3, 7 • 3 an

30'7mm , are shown in figure 4-8.

Referring to figure 4-8, it can be sc-en that, as soor.

as the 'allowed expansion' was taken up, longitudinal

were induced by heating. In the early stages of heating

these act well below the centroidal axis of the beam and. :

provide a bending moment of opposite sign to that due to

the vertical loading. With further heating, the line of au:

of the prestressing force rises higher in the beam so that

the eccentricity of the induced prestressing force is redce.

However, the magnitude of the longitudinal force contim.es

to rise so that the section as a whole is maintained in

compression. With high restraint (i.e. with small allowed

expansion) it seems that creep and structural degradatio.

combine to limit the magnitude of the induced load which,

having achieved a maximum value, decreases gradually with

time. Some further tests were undertaken on slabs which

were restrained against expansion in the plane of the slab.

Prelimimary tests indicated that this form of biaxial

restraint is particularly-effective in increasing the fire

resistance of sl	 ass...2blies. However in one case, where

almost full restraint as used, violent spalling occurred,

very early in the test, and this lead to premature failirc.

These results tend to support the general ideas on
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restraint put forward by Gustaferro and Car1sn (1962)..

The most significant conclusions are that only a small

amount of restraint is necessary in order to extend the

fire resistance period of a beam for several hours and that

undesirable behaviour occurs onlyif the conditions for full

restraint is approached. These conclusions are particularly

important for slabs, as it can be expected that restraint

will improve their structural performance,so that fire

resistance will be determined by heat transmission rather

than structural considerations, almost irrespective of the

precise values of the loads induced. This is a considerable

advantage which does not appear to be shared by protected

structural steel assemblies unless these are adequately

stiffened against buckling under high restraint forces.

[B1etzacicer (1966) has tested a number of restrained

composite beams made up of a concrete flange with a steel

web protected with a sprayed vermickflite-cement mixture.

In most of these tests, the effect of restraint caused an

increase of approximately 25% in fire endurance compared

with unrestrained assemblies. However, there appeared to

be a narrow range of restraint conditions when an optimum

performance, giving an increase in fire resistance of around

50%, was approached. For higher amounts of restraint,

failure occurred by buckling of the steel web and this must

be prevented if satisfactory performance is to be obtained

for a wide range of restraint condition

The results of the r.C.A. tests suggest that if

sufficient restraint can be guaranteed, the amount of cover
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provided to the reinforcing steel is no longer critical and.

the occurrence of spalling, with consequential exposure of

the steel to the direct effects of fire need not be

catastrophic. Again, this is a result whcih is not apparant

from standard tests on simply-supported members and which

suggests that the effects of spalling may be over-emphasised

if the standard test is taken to be relevant to continuous

construction.

The work on restraint has some very encouraging

implications for concrete construction, However, there are

one or two points that require further investigation. For

instance, Dougill (1970a) has suggested that the early stages

of heating may be critical for a lightly loaded beam heated

under restraint. Here tensile stresses may be induced. at

the top of the beam, because of the large eccentricity of

the thermally induced loading, which could lead to cracking

and premature failure. Also, there seems to be a need to

avoid very slender construction,as this could lead to sudden

failure by buckling if high restraint forces can be developed.

4 • 6 Conclusions

When the effects of continuity and. restraint are

considered, it appears that the occurrence of spalling may

not be such an overwhelming influence on fire resistance

as might be thought from tests on simply supported

unrestrained members. Situations where local spalling

occurs to expose the reinforcement are improved by restraint

and continuity. However, high restraint may lead to general

or destructive spalling and if this happens it is
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particularly serious as the destruction of a wall slab or

floor panel allows the fire to spread to another region

and increases the overall danger and difficulty in

controlling the Lire.
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Chapter 5

OBJECT AND METHOD OF INVESTIGATION
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5'l Objective

The previous three chapters have contained reviews and

discussions of the strength of concrete, the properties of

concrete at elevated temperatures and the significance of

spalling in structures and fire testing. The principal

conclusions are set out below.

a) Sudden failure should be regarded as a form of instability.

In general, this should be investigated by considering

the equilibrium of the entire structural system, as

was done with the testing machine and Dougill's (1971)

model material, in chapter 2, and the restrained

column in chapter LI. . Particular cases can arise, where

the con'Iitions for stability can be established by

considering local behaviour only. This was done by

Griffith (1920) and subsequent workers in fracture

mechanics. However, it appears that the first approach

must be used. ins. investigating fracture of concrete,

except when the cracks and imperfections are abnormally

large.

b) There are considerable data available concerning the

properties of concrete at elevated temperatures. Most

properties have been observed under steady-state or

quasi-steady state conditions and it is not clear

whether these data are relevant to conditions

involving rapid heating or steep temperature gradients.

Because of this, it will be necessary to assess the

information that is available, to decide how it can

be used in analysis and whether more relevant data
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could be obtained by testing.

c) Of all the different forms of spalling described in

Chapter I (Table 1.3.1), general or destructive spalling

seems likely to have the most significant influence on

the fire resistance of reinforced . concrete structures.

In its worst form, general spalling causes complete

disintegration of a member. If this occurs, in a floor

slab or wall panel, the fire can spread and cause

further damage. It appears that high restraint can

induce, or help to promote, general spalling but that

statically indeterminate structures can sustain

appreciable local spalling without collapse.

The last of these conclusions suggests that most

practical benefit might result from this investigation if

general spalling is regarded as the principal objective.

The precise.method. of investigation to be employed requires

further discussion.

5 . 2 General r1ethod

One approach to the problem of general spalling would be

to test a variety of slabs, with different degrees of

restraint and thermal exposure, to determine the conditions,

under which spalling occurs, in terms of particular

combinations and values of the listed influential variables.

The work undertaken by Neyer Ottens (1965), which was

described in Chapter I Section I'Ll., was of this kind.

However, a more comprehensive series of tests would be

required if the conditions controlling spalling were to be

established completely. The principal advantage, of this

approach, is that no knowledge is required of the mechanism
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of spalling or the manner in which heat is transferred

within the slab and affects the properties of the materials

involved. The main disadvantage is that many different

combinations of variables have to be explored and, each

combination requires a separate test. Clearly, the method

is only viable if sufficient resources can be brought to

bear and thus, this approach has little appeal until other

alternatives have been tried.

At the other extreme, a theoretical approach can be

used to study the factors controlling spalling. There are

difficulties in this, as a mechanism o± spalling must be

assumed and it is necessary to have a satisfactory

understanding of the thermal and structural aspects of the

problem. This requires more detailed knowledge, of the

behaviour of concrete at high temperatures, than is

currently available. Thus, the results of an anlysis must

be checked by experiment or at least compared with

experience from fires and fire tests.

Fortunately, it is possible to divide the investigation

into two stages dealing with the thermal and structural

aspects respectively. In this way, some of the effects of

the uncertainties in the materials data are eliminated as

the results of an anlysis of the thermal conditions can

be tested directly by experiment. Thus, the first stage

of the work comprises,

1) experiments in which temperatures are measured

in typical slabs during heating in a prescribed

manner

and, 2) an analysis of the thermal conditions of the
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tests and a comparison of the temperatures found

by analysis and experiment.

The principal objective of this stage of the work is to

produce a method of calculation that gives results for the

temperature distribution that correspond reasonably well

with those measured in slabs during heating. It would be

an advantage if the physical processes of heat transfer

were fully described in the analysis. This is not absolutely

necessary, however, as the success of the structural

investigation will depend more on the actual values of

temperature than the method by which these are obtained.

Once a satisfactory solution to the thermal problem is

available, the method of analysis can be used. to provide

the temperature distributions, as data, in an analysis of

the structural conditions in typical slabs. In this way

the investigation of general spalling is concluded by

3) developing a method of analysis for the structural

behaviour of a floor slab or wall panel during the

early stages of heating and.

ii.) using the methods of analysis, for thermal and

structural behaviour, to investigate the effects

of the major controlling variables.

5'3 Choice of Variables	 -

Before discussing the background to the analysis in

more detail it is convenient to list the variables that

need. to be studied. These may be separated into three

categories in the following manner
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a) Slab Specification

Slab thickness

Reinforcement: quantity and, disposition

Axial and Flexural Restraint

Edge Loading

Initial moisture distribution

Initial stress or strain

b) Materials Data

Individual properties of the concrete and

reinforcement (i.e. thermal expansion, Yoimg's

Modulus etc.) and their variation with

temperature.

c) Ambient conditions

Rate of rise of ambient temperature

General pattern of heating: heating on one

or both faces.

Local variations in the heating pattern:

effect of hot spots etc.

In this list, the form of the .variables is determined

by the type of investigation proposed in Section 5.2.

Thus, the concrete materials data are expressed directly

in terms of properties, rather than by specifying the

constituent materials, mix proportions and curing conditions

as might be done in a purely experimental investigation.

This has the advantage that the influence of different

properties can be studied separately although some care is

necessary to ensure that any particular combination of

variables is a possible combination for concrete.
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Not all the variables in the list will be studied in

detail. In particular, the effects of reinforcement will

not be considered and the standard rate of ambient

temperature rise specified in I.S.O. 834 will be adopted in

the work to be described.

5'4 Status of the Analysis

The main point of the analysis is to identify a mode of

instability that corresponds to general spalling and to

investigate the influence of the controlling variables on

the incidence of this instability. The main difficulty in

this work follows from the uncertainity in interpreting the

available experimental evidence, on the behaviour o concrete,

and in extending these results to conditions of rapid heating.

Some of this uncertainty could be resolved by additional

testing but some questions must remain because there are

physical limitations to what can be measured in a material

like concrete. This occurs because the properties of

concrete must be found from tests on reasonably large samples

in order that the test specimen is representative of the

bulk material. The minimum representative volume is not

necessarily the same for different properties (Brown 1965)

but must be large when compared with the size of the

aggregate. For example, it is generally assumed that the

length of the sides of cubes or prisms, used for compression

tests on concrete, should not be less than five times the

maximum aggregate sizes. The size of specimen limits the

rate of heating that can be employed in a test. If the
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specimen is large, only a gradual rise in temperature can

be tolerated, otherwise, high temperature gradients and.

stresses are developed and. breakdown of the material occurs

Thus, if tests are to be undertaken using fast heating

rates, small specimens must be used. This is not possible

with concrete and the minimum representative volume

determines the maximum heating rate that can be used in the

test. Inevitably this rate will be much slower than that

experienced near the heated surface of a wall panel exposed

to a fire. Thus it appears to be almost impossible to

measure a bulk property of concrete when the rate o± heating

approaches that experienced in a fire. Also, even if such

measurements were made, there would. be  no accepted. way in

which these results could be applied in the regions, where

the temperature gradient is very steep, near the heated

face of a heated member. These difficulties are fundamental

to any investigation in which the composite nature of

concrete is disregarded and the material is taken to be a

continuum. However, it is considered. than any alternative

approach is likely to be impracticable at the present time.

Bearing these difficulties in mind, the results of the

analysis will have to be treated with some reserve.

Footnote +

A dimensional analysis suggests that the stresses developed.

in geometrically similar specimens of the same material are

proportional to the rate of heating and to the square of the

linear dimensions.
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Eowever, it is anticipated that the theoretical approach

will be capable of distinguishing between broad classes of

behaviour,although the numerical results obtained may not

be precise in all details. In addition,the availability

of the theoretical approach enables conceptual experiments

to be performed that may help to isolate the most critical

variables and so suggest ways to lessen the problem of

general spalling.
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Chaptel' 6

FIRE TEST ON A CONCRETE WALL PANEL.
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6 . 1 Introduction

The object of the work reported in this chapter was

1. to obtain temperature histories for a number of

wall units heated under identical conditions

and. 2. to observe qualitatively which concretes are most

liable to breakdown or fracture under thermal stress.

In the event, little or no breakdown of the concrete

occurred within the first half hour or so of heating and the

damage, observable after cooling, comprised some minor

surface disintegration, tesselated shrinkage cracks and

considerable irrecoverable curvature. Thus the second

objective could not be realised. However, a wide range of

concrete compositions were used in the tests and it is

considered that the temperatures recorded are typical and.

must include those thermal conditions under which spalling

is possible.

6 . 2 Test and specimen details

The test consisted of heating one side of a wall panel,

comprising eight separate concrete planks arranged as shown

in figure 6-1in the wall furnace at the Fire Research

Station, Boreham Wood, England. This figure also shows the

details of the planks which were each lOOmms (Li. inches) thick,

of a rhomboid section and containing six 26 S.W.G. chromel/

aluinel thermo-couples. The rhomboid section was choscn to

lessen the possibility of radiation, or passage of f1axe,

through the longitudinal joints where the planks butted

together. As an additional precaution, these joints were

stuffed with asbestos rope. These measures were successfl.
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The planks contained no reinforcement in the heated face,

which was uppermost during casting, but lifting hooks were

provided together with nominal reinforcement near the cool

face (cover l2mms,l/2 inch). The slabs were cast in timber

formwork at Imperial College, London, and cured by storing

under wet sacking for the first week after casting and in air

thereafter. Details of the formork are shown in figures 6-2

and 6-3. The slabs were cast during March and April 1962 and

finally tested at the Fire Research Station on 27th July 1962.

The aggregate used was a 12mm down irregular river

gravel of which approximately half was retained on a 5mm

sieve. Details of the aggregate grading are given in Table

61. The mix proportions, age at test and strengths of the

concrete used in each plank are given in Table 6.2.

During the test, the temperature of the furnace was

controlled by adjusting the gas supply so that the standard

exposure condition was obtained, (i.e. to B.S. 476 Part I:

1953 - Fire Tests of Building Materials and Structures).

This was clearly difficult to arrange during the first

10 - 15 minutes of heating and there was also a variation

in temperature, between different points in the furnace, of

around ± 50°C about the normal specified curve (see figure

6-4)

The temperatures within the planks were recorded using

four 12 channel potentiometric pen recorders (two planks to

each recorder). A few days after the test, an unsuccessful

attempt was made to check the actual position of the therrno-

couples, near to the surface, by chipping away the damaged

concrete to expose the thermo-couple bead.
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FIGURE 6-2	 GENERAL VIEW OF THE FORMWORK

AND REINFORCEMENT USED IN THE CONCRETE PANELS
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FIGURE 6-3 ARRANGEMENT OF THE THERMO-COUPLES

USED IN EACH PLANK

NOTE : For the purpose of th photograph only, a piece

of white paper has been placed in the bottom of

the mould.



Table 6 . 1 I	 Aggregate Grading

B.S.Sieve 3/Li. 3/8	 3/16	 7	 lL1	 25	 52	 1CC 2C'

size in minI 19	 9 . 5	 5

% Passing 100 93 . 1.1. 55'4 1.1.0 . 7 29 . 1.1- 20.0 5 • 0 0 . 8	 C2

Irregular river gravel in bone dry condition, Absorptic
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6 . 3 Results and Observations

Figures 6-5 to 6-12 (pagesl74 t0181 ) have been

prepared from the original strip chart records to show the

development of temperature in each slab during the first

LI.O minutes heating. The form of these results is the same

for each of the slabs although the temperature rise recorded.

in slabs 1, 5 and 6 is appreciably less than in the rc:ainder..

It is seen from figure 6-1 that planks 5 and 6 were the two

edge units in the assembled wall with plank 1 being placed

next to 6. From this, it seems possible that there Iiay

have been some heat loss from the edges of these units and

that the temperatures recorded are not truly representative

of unidirectional heat flow conditions.

At any particular depth, the temperatures recorded in

each of the remaining slabs are remarkably similar. This

is shown in figure 6-13 which gives the range of values c

temperature obtained at each depth for slabs 2,3, Ll. , 7 and. 8.

In some ways, this result could have been anticipated from

the available information on thermal properties (Oh. 	 :c'.

et seq.) and it may be supposed that major changes, in ths

temperature distribution under standard conditions, will b

obtained only if different aggregates or cements are u3

and. that the effect of mix proportions is of secondary

significance.

Again referring to figure 6-13, it will be noted that cie

greatest differences in temperature occur at the two DoiLts

nearest to the heated surface. Here, the ten.perature

gradient is very steep and any error in positioning the



thermo-couples, either in fixing, during casting Cr w1ic

finally 'finishing' the surface would have most effect o:

interpreting the thermo-couple results. It ap: ears , i'roL

subsequent theoretical work, that an error of ± lILm in the

position of the thermo-couple near the surface could ir.

itself provide a scatter of 50°C. Prom this, it appears

that not too much significance must be attached to results

obtained near the heated surface.

Little of a dramatic nature occurred during the test.

After about 12 minutes, steam was emitted from the hot face.

At 15 minutes from the start of heating, the unheated face

was already warm to the touch and the planks showed

noticeable curvature. Also at this time, there was some

splitting and the appearance of a few blow holes in the

hot face. Rather later, after 25 minutes heating, free

water appeared at the cooler face and continued to be driven

off for some while.

6 . L1- Consideration of Drying

The formation of steam within the concrete creates a

dry zoiie next to the hot face and a wet zone o± varying

saturation throughout the remainder of the thickness.

Vapourisation occurs at a temperature rather greater tia:

100°C at the interface between these zones which thus _cve

away from the hot face. The rate of temperature rise is

momentarily halted at the interface during vapourisation,

thus giving rise to the steps, or gradually sloping ra1ps,

in the temperature-time curves of figures 6-5 to 6-12.

These features provide a means to obtain a crude indication
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of the depth of the dried zone and the temperature at which

vapourisation occurs. On this basis, it appears that the

maximum temperature at the interface was around 150°C and.

that this occurred 19mm from the surface at about 15 minutes

from the start of heating. At this temperature the pressure

of saturated steam is 0 . 38 NN/m2 above atmospheric, which

must be considerably below the tensile strength of the

concrete used.

65 Fire Resistance

All the eight slabs tested could. be rated as having a

two hour fire resistance period based on the temperature

rise at the cooler face. This is a better performance than

might have been expected: for instance, Abrams and.

Gustaferro (1968 ) find, that a naturally dried. Li- inch (100mm)

thick slab using siliceous aggregate gave a fire endurance

of only l • 3 hours.

6 . 6 Spalling and Conclusions

Very little surface deterioration occurred in the tests

and there was no explosive spalling. The maximum size of

the agregate used. was only 12mm and. this may have

contributed. to the good performance of the slabs. by reducing

the occurrence of aggregate splitting (see Chapter 11 ard,

Dougill 1965). Also, the concrete was comparatively yoiij,

in the context of fire resistance tests, and thus nay have

been more than usually permeable so preventing the

generation of high pore pressures. However, the limited

data available (Ruettgers et al 1935) suggest that the

gross changes in permeability, that occur during the early
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stages of hydration, were over and that the perriieabiiity

would be at least comparable with that in a L.ore mature

concrete.

In comparing the performance of the planks with that

of a slab or wall unit, it is clear that there are

differences in the state of stress induced by heating

and. thus the conditions at failure. However, it is

considered that these differences are not of major

importance and that, in considering local phenomena at

least, the behaviour of the slabs and a complete panel

are directly comparable.

Although the same siliceous aggregate was used. in

making all eight planks a wide variety of mix proportions

were used. These gave nominal compressive strengths

ranging from those used in normal structural concrete to

values higher than are generally used in prestressed concrete

construction. In spite of these differences in concrete

quality, the temperature distributions in different planks

were remarkably similar. This is a useful result as it

appears that it will be reasonable to adopt a single

standard set of thermal properties in deriving d.ata for

use in the structural investigation. In this way the

number of variables to be considered in assessing the

causes of spalling, in concrete panels made with siliceous

aggregates, is very much reduced.
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Chapter 7

THERNAL CONDITIONS: THEORETICAL CONSIDERATIONS
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7 •l Introduction

The results of the experiments described in the

previous Chapter provide a useful background to an

investigation into the temperatures developed in concrete

units during heating. However, the fire resistance test

is inconvenient and interpretation of the results is

difficult if the temperatures are obtained at only a few

isolated points within the specimen. Thus, there are

advantages to be gained if a theoretical approach to this

problem can be developed. Such an approach would have a

direct use in estimating the fire resistance of those

separating members that remain structurally sound during

heating and could also be used. to investigate the effects

of a whole range of variables in conditions different

from those obtained experimentally with the equipment

normally available in fire test laboratories.

The object of the work reported in this chapter is to

develop a method for determining the temperatures

developd. in a plain concrete wall panel during heating.

The results will be compared with the experimental

results presented in the previous chapter.

7 . 2 Assessment of the Problem

The transfer of heat in concrete will generally be

accompanied by movement of moisture, in some form, within

the pore structure of the material. This process has been

described in qualitative terms, when discussing moisture

clog spalling (in chapter 1), and it is clear from this

description that the problem of determining temperatures

is a difficult one. The heat and moisture transfer



problems are connected by the heat required for

vapourisation and the associated pore pressure gradients.

In addition, the pore pressures developed will depend on

the permeability of the material and this will be

influenced by the state of stress and the possible

occurrence of micro or macro-cracking in the concrete.

Thus, the heat transfer, moisture transfer and structural

problems should ideally be regarded as a single problem.

This combined problem is very difficult and it is not

clear how it could be formulated or solved. In these

circumstances it is necessary to idealise the situation

in some way in order to make it amenable to analysis.

The most sweeping idealisation is to neglect the

effects of moisture entirely. Even on these terms the

problem is not trivial, because of the difficult boundary

conditions, and solutions are obtained only by using an

electrical analogue (Lawson and NeGuire 1953, Robertson

and Gross 1958) or in numerical terms (Robertson and

Genensky 1956). Such solutions may be useful in comparing

the effects of different exposure conditions but the

neglect of moisture means that only a rough estimate

can be rnade 1 in this way,of the fire resistance of concrete

members.

The problem has been treated in a more nearly

satisfactory fashion by Harmathy (1961). Here the

analysis is undertaken in numerical terms with due account

being taken of the latent heat of vapourisation and the

variation of the thermal properties of the concrete with

temperature. The main idealisation occurs in the treat:ent
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of vapourisation. This is simplified by ignoring any

pore pressure gradients together with the possibility

that vapour liberated at the interface with the dry zone

may be readsorbed. in the cooler regions. Vapourisation

is assumed to occur at atmospheric pressure and the

liberated vapour is assumed to have negligible heat

capacity and to escape frpely through the dry zone.

These assumptions seem reasonable. However, there

are some details in Harmathy's numerical treatment that

appear dubious and his results may not be as satisfactory

as should be possible using these assumptions. The main

difficulties occur in dealing with the hot face boundary

condition and with the conditions at the moving interface.

In the following sections, an attempt is made to resolve

these difficulties in an improved treatment of the

problem based on Harmathy's assumptions.

7 . 3 Problem specification

Consider the slab of thickness d shown in figure 7-1.

We require to find the temperatures throughout the thickness

of the slab when heat is supplied to the face z = 0.

The rate of heating is described by a specified rise in

ambient temperature outside the hot face and the initial

temperatures are taken to be equal to the ambient

temperature that obtains before the start of heating.

The initial moisture distribution m.ist be prescribed.

Some time after the start of heating the wall is

djvid.ed. into a dry zone and a wet zone. Vapourisation

occurs at the interface, between these zones, which moves

into the wall so increasing the size of the dry zone.
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The temperature in the wet zone will generally be less

than 10000 and, as the detailed mechanism of moisture

transfer is to be ignored, it seems reasonable to adopt

constant values for the thermal properties of the concrete

in this zone. Constant values are also adopted for the

properties of the concrete in the ' dry zone. In a more

refined analysis, these properties would probably be taken

to be functions of temperature but such precision seems

hardly justified under the present assumptions,

particularly when it is realised that drying penetrates

to a depth of only a few inches, in most fire tests.

The above assumptions deal with heat transfer within

the wall. The conditions at the boundaries are now

considered.

Heat is transferred from the surroundings by both

convection and radiation. In these circumstances, it is

convenient to express the heat flux q entering the wall in

the form

q = h5 (Ta - T8 )
	

(7.3.1)

where Ta is the ambient temperature and T5 is the

temperature of the surface. The quantity h is the surface

heat transfer coefficient and this can be regarded as the

sum of the individual coefficients, h and hr for

convection and radiation respectively.

Equation 7•3•l applies at both the heated and. non-heated

face, although the value of h used at each face will

generally be different. At the cooler face, the surface



temperature will be greater than that of' the surrounLiii

and heat is lost from the slab.

For moderate differences in temperature between te

surroundings and the surface, Fishenden and Saunders (l92 )

suggest that

= l'77 ( Ta - T5 
)025	

(7••2)

for heat transfer by natural convection between air

and a plane solid vertical surface. This equation is not

entirely satisfactory when the difference Ta - T , beccres

very large (see Jacobl9 LI9 for instance) but, when this

occurs in the present problem, radiation is the principal

mechanism of heat transfer and, some error can be tolerated

in the expression for h0.

The coefficient for heat transfer by radiation hr

follows from the Stefan-Boltzinann law and is given by

Fishenden and Saunders as

KaKsLt
hr SE

TaTs

where Ka and.	 are the absolute temperatures o± the

surroundings and. surface respectively,. S is the Stefan-

Boltzmann constant (5 . 77 x iO8 W/m2C) and E is the

emissivity of the surface. In the analysis that follcws

E is taken to be O'8. This is close to the value used by

Harmathy (1961) and. lies at the upper end of the range c.'

values given by Pishenden and. Saunders for the emissivit:

of refractories, ceramics, br4..cks and tiles.
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The other boundary condition occurs at the interface

between the dry and wet zones. In general it will be

assumed that vapourisation occurs at atmospheric pressure,

the latent heat of vapourisation being taken to be 2258 J/g

of water. Some difficulty occurs in specifying the moisture

content,as loss of moisture continues at temperatures much

in excess of 100°C (Philleo 1958) and the total weight loss

is greater than the true evaporable water content. This

difficulty arises because water is taken to be liberated

at the interface only. This simplification should give

satisfactory results if the depth of the dry zone is not

too great and if the initial moisture content is augmented,

when setting up the calculations, to allow for the increased

weight loss.

7 • 4 Numerical Analysis of Heat Conduction

When the thermal d.iffusivity k is constant the equation

for heat conduction in one direction becomes (Carsiaw and

Jaeger l9L.7)

kT

	

	
(7..1)

2z

This equation will be put into finite difference foi

so that the temperatures can be found at a number of

discrete points throughout the thickness of the wall.

Here 1 it is convenient to take these points to be equally

spaced through the wall thickness, the points being

separated by an amount ôz and. numbered 1 to R, starting

at the hot face.



We consider the temperatures T_ 1 , T and.	 tat

obtain at time t at three consecutive points that are

either all in the dry zone, or in the wet zone. Some

short time later, at time t+ôt, these temperatures have

become T_1 , T, T+i. We express equation 74 . l in

finite difference form by writing,

- 2T + T1
(r,	 -\

(

T'-Tn	 n

ot

to obtain T' 
= T_1 M-2	 T^1

+—T +n	 n
N	 N	 N

oz

and -J=
tJ
n

(7..3)

(7.4.LL)

where	 N =	 (7.L...)

kôt

Equation 7.LI..L. expresses the temperatures at a

particular point at time t+ôt in terms of the temperatures

that obtain at that point and its immediate neighbours

one time interval, ôt, previously. The equation thi.

enables temperatures to be calculated directly by sepp:

forward in time.

The approximation 7.L4..4 has been used extensively by

Dusinberre (19L4.5, 194.9) and is a generalisation of

Schmidt's (1924) method, in which M is given a value of 2,

that was used by Ross and Bray (1949) in their st':.dy of
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the temperatures developed in mass concrete structures.

The equation is only satisfactory if small time intervals

are used. and errors may accumulate in the solution if the

value of N is too low. This is probably because the

expression used for the time derivative is a better

approximation at time t + ôt/2 then at the time, t, for

which the equation is written.

Carison (1937) avoided this difficulty by taking

1 T - 2T' + Tt

- 
=	

n-i - 2T + T^1 +

z2J	 2

n+1	
(7..6)

z	 ôz
n

which can be regarded as the mean value of the space

derivative over the time interval from t to t + ôt. In

this way, the following approximation for the governing

equation at the th point and time t + ot/2 is obtained,

'-T'	 =T	 +-T 1 + 2(N+i) T	 n+1	
n-i 2(N-l) T +

Here it will be noted that the simple forward

integration technique,used. in the Schmidt method,can no

longer be used as a set of simultaneous linear equations

have to be solved for the temperatures at each tirn Interval.

Carison's method was developed, and used successfv-ily, fc

calculating the temperatures developed in mass cQncrete

dams. Later, the same approximation for the space

derivative was used by Crank and. Nicolson (1947) and ths

approach is now generally referred to as the Crark-Nicol.c-:

method (Crank 1956).
The choice between the Schmidt method and that of
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Carison, Crank and Nicolson is usually made on grounds of

computational convenience. If the conditions for stabi1iy

can be satisfied, the Schmidt method is very attractive

as it is the simpler to use. This question of stability

is taken up in the next section.

7 . 5 Stability of the Schmidt-Dusinberre method.

Suppose that the temperatures have been calculated at

all points throughout a region at time t. Suppose also

that each of these temperatures may be in error and that

all these errors are in the range ± ô where 5 is small.

Now consider the particular errors c_1 , c, c^1 that

occur at the th point and its immediate neighbours. These

errors give rise to an error cn',at the point n, in a

subsequent calculation for the temperatures at time t + St.

Clearly, errors can not accumulate if

II 

< 8, for all I1	 (7.5.1)

and the numerical method will be termed stable if this

condition is satisfied.

Because the governing equation is linear, the

consequential error, c, in the temperature at the point

n, can be obtained from equation 7'4 . 4, i.e.

n+1 
+ 

5n-1	
11-2

C' =	 +	 C
n	 n

N	 N

Now, as	 for all n, we obtain

28	 11-2
C' C— + - o

N	 N



! C4'
•1

Thus, for condition 7 . 5 . 1 to be satisfied,

N-2 / 11-2
--
N	 N

which gives, for the stability condition,

N	 2	 (7.5.2)

This condition merely ensures that the results of the

numerical process will not be subject to a cumulative

error. However, the accuracy of solution depends on the

suitability of equation 7 . LLl., as well as precision in the

arithmetic. Thus, stability of the calculation does nct,

in itself, guarantee accuracy in the solution.

Jaeger (1950) has commented that the accuracy of a

numerical method, which is based on a finite difference

approximation, can only be demonstrated by comparing the

results with those obtained from an analytical solution.

Accordingly, he investigated the accuracy of the Schmidt

method ( 11=2) by comparison with the fundamental solution

for the instantaneous plane source in an infinite solid

(Fourier, 1822, ch.9). In this way he showed that the

basic Schmidt method gave temperatures at any particular

point that oscillated about the true solution for succescive

time intervals. In addition, he showed that the bounding

solutions, obtained by taking the results for the odd and

even time increments separately, converged to the true

solution with increasing time. This is an important result,

as the solution for the instantaneous plane source can be

used to generate solutions for a wide range cf situations



by superposition in space and time, using the convolution

theorem. Also.,it is interesting to note that the

oscillatory nature of the solution is not a disadvantae,

as the results obtained for any point can be smoothed,

in the time direction, to give a better approximation for

the temperature than is given by the original computed

values.

Jaeger's analysis was concerned with the particular

case when N=2 but it seems reasonable to suppose that

solutions using shorter time intervals (i.e. N> 2) will

be at least as accurate as the basic Schmidt method.. In

general some increase in accuracy can be expected when

using a higher value of N (Dusinberre 1961) but in many

cases, satisfactory results are obtained when using the

minimum value N for stability.

Jaeger's (1950) approach gives additional insight into

the effects of minor numerical errors in the calculation.

These have the same effect as the.occurrence of a set of

instantaneous sources and. sinks at each of the mesh points.

Thus, although there will be a tendency for errors to be

distributed throughout a region, the possibility of a

reduction in the total error in a particular problem will

depend. on the form of the boundary conditions. For instance,

the effect of a single abnormally large arithmetic error

will not be dissipated in subsequent calculations if the

boundaries are insulated. In cases such as this, it is

clearly worthwhile to supplement the stability condition

and. attempt to monitor the average cumulative error, by

means of a heat balance for the whole region, at each



stage of the calculation.

Returning to the present problem; if N is chosen so

that the stability condition 7 . 5 . 2 is satisfied,equation

7 . 4 . 4 can be used to calculate temperatures within the

wall with the exception of those at the boundaries or at

points adjacent to the vapourisation interface. The

additional expressions required to take account of these

discontinuities are discussed in the next sections.

7 . 6 Interface Temperatures

The conditions at the interface are shown in figure 7-2.

Here the interface has penetrated a short distance Oôz

beyond the point p so that at the time considered it lies

between the 
th and p+	 point. At any time, the

temperatures at the interface and at the point p-i can be

expressed in terms of the temperature T and its derivatives

with respect to z (at the point p) by means of Taylor's

series. If the terms containing derivatives of order three

and higher are neglected (as is done in the derivation of

7 . 4 . 2) two equations are obtained which may be solved to

give

T - (l-a2 )T -	
(7.6.1)

a(1+) ôz

and ( 2T\ 2

= a(l+a)8z2

(cT_1 - (l+a) T i-)
	

(7.6.2)

where T is the temperature for vapourisation. This

last result can be used with the forward difference

approximation 7'4'3 to express the governing equation(741)
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(1-a) N -2	 2
_______ m ____

+	 'p+l +
2T

=
p+1

iL

in finite differences form to obtain -

2

(l+a)N

+ (aN-2)

aNd,

2T
+	 (7'6'3a)

a(1+a)N

where Na is the value of N (7 ..• 5), calculated using

the thermal diffusivity appropriate to the dry zone.

Similarly, we find, that, after the time interval ôt, the

temperature at the p^i ' point becomes -

(1-a) ( 2-oc ) N
	

(2-a)N

(7 . 6 . 3b)

where N is the value of N appropriate to the wet zone.

These equations appear to be satisfactory in that they

reduce to the form of equation 7.L1..L. for particular values

of a. However, it is clear that the equations would lead

to computational difficulties as arguments, similar to

those of section 7 . 5, suggest. that the calculation is

likely to be unstable unless

oJlã>2
	

and (1-a) N > 2

	

2	 2
or unless	 -

This condition is particularly restrictive and implies

that very small time increments must be used if the

interface is near either of the points p or p+l. This is

not efficient and it seems advisable to avoid this approach
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if at all possible.

Harmathy (1961) manages to avoid this difficulty by

taking the interface to move in discrete steps from mesh

point to mesh point. Thus, the interface is taken to

remain at one of the numbered points until sufficient heat

is absorbed at that point as would be required to vapourise

all the moisture held in the material for a distance cSz

beyond the interface. When this occurs, the interface is

moved to the next highest numbered point in the mesh.

A computer program was written on this basis to

determine the temperatures in a wall, and some typical

results are shown in figure 7-3. The procedure is

straightforward., but the method gives a poor description

of the movemenb of the interface unless very small space

intervals are used. This suggests that the calculated

temperature distribution may be somewhat distorted near

the hot face. Errors of this sort were of no great concern

to Harmatby, who was most interested in. the temperature

rise at the cooler Lace. In the present work, errors in

the temperature distribution near the hot face could. have

significant effects on subsequent calculations for stresses

and. deformations. Thus, it is considered. that a better

description of the thermal conditions near the hot face

must be obtained if the results are to be useful in a study

of spalling.

As an alternative to Harmathy's method, an attempt can

be made to use the Carison, Crank-Nicolson method to

determine the temperatures at the points p and p+lby

assuming that the interface remains stationary during the
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time interval considered. Once the temperatures are known,

the distance actually moved by the interface can be

estimated by considering the heat apparently absorbed at

the point where the interface was held during the previous

time interval. However, this approach turns out to be

unsatisfactory as it is complicated to program and runs

into serious difficulties when the interface is moved from

one element to the next. This occurs, as movement of the

interface past the point p+l (which is at a temperature

lower than T) effectively produces a spurious temperature

gradient causing heat to flow towards the hot face. This

temperature gradient can be very large and so leads to

gross errors in the calculated temperatures. Although

these errors may be reduced somewhat, by using different

computional arrangements, the difficulty is fundamental to

the method which has thus to be discarded.

The difficulties of the above method and. those of

equation 7 • 6 • 3 would be avoided if it could be arranged
that the interface did not pass a mesh point. Clearly this

is not possible, as the interface must be able to progress

throughout the thickness of the wall. However, the

desired effect is obtained if the temperature at the mesh

point on one side of the interface is not used in setting

up the governing equation for then the interface itself

assumes the status of one of the mesh points. This

situation is shown in figure '7-4, in which the interface

occurs between the points p-i and p+l at a point a distance

aôz from the point p-i. The temperatures at the points

p-i and p+l can be found using Schmidt's method, if suitable
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equations are derived in the manner of equation 7.6.3.

These new expressions take the form,

2	 clJld.72	 2T
=	 - T_2 +	 T_1 +

(i+)Na

and
	

(7'6.q.)

2T	 (2_a)N_2	 2T42

+	 T1'+ -

(2-a)(3-c)N	 (2-c)N

Note that no attempt is made to write an equation for

T, the new temperature at the point p. This can be found,

by interpolating between the known temperatures at the

interface and. the points p-i and p+l, once the movement

of the interface has been determined.

Considering the stability of the process; arguments

similar to those of section 7 • 5 suggest that the calculation

is likely to be unstable unless,

2 and (2-a)N) 2

In many cases Na is approximately twice N. It follows

that it is helpful to choose the point p so that a is in.

the range,

1/3d a <4/3 .	(7.6.5)

This choice leads to the stability condition

111w> 3	 and Md> 6 '	 (7.6.6)
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which is easily satisfied. Thus the equations 7 • 6 • 4-

can be incorporated into the Schmidt method and merely

require an assessment of which point (p) is to be omitted

from the process at each stage. This is done using the

criterion 7 . 6 . 5. In addition the complete solution requires

the movement of the interface to 'be calculated and. some

consideration of the boundary conditions.

7 .7 Boundary Conditions

The heat flux q supplied to the hot face at time t+ôt

is given by equation 7 . 3 . 1 i.e.

qh1(T-T)

Also, according to Fourier's (1822) law of heat

conduction, the heat flux crossing any isothermal plane

within the material is proportional to the temperature

gradient normal to the isothermal. Thus, near the surface,

q-

where A1 is the coefficient of thermal conductivity of

the material adjacent to the heated surface. In this way

the hot face boundary condition becomes

) /T\
(T - T) +	 ...

h1k^Z.J1
(7.7.1)

This equation can be expressed in terms of the

temperatures at the surface and interior points by using

a suitable finite difference approximation for the



'T\	 £I.T - T - 3T(-ktzJ1	 26Z
(7.7.2)
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temperature gradient at the surface. Different forms for

this approximation are most appropriate at different stages

in the drying process. For instance for T{< T and )=X,
i.e. before drying starts

which gives the boundary condition:-

1	
(2NT + kT - T)
	

(7•7'3a)

3+2N

hôz
where N

The approximation 772 can. also be used when the

interface has moved into the wall and beyond the point 3.

Thus, writing s for the depth of the dry zone, the boundary

condition 7 . 7 . 3 can be used for

with \ 1	 w

(7.7. 3b)

and s ) 28z with >i

By using the same procedure that leads to equation 7.73,

an expression for the boundary conditions that applies when

p 3	 and £./3 ( s/ôz < 2

can also be found. This has the form



c(l+a) NT + (l+a) 2 T' 2 -

3.	 c(2+cx+(l+)N)

	 (7.7.4)

which reduces to the condition 7'7•3a when a-s-l'O

Special consideration must be given to the occasion when

drying first occurs at the heated surface and also when the

depth of the dry zone is less than 48z/3. This point will

be dealt with when drying is considered. Before this, we

deal with the boundary conditions at the cooler Lace, i.e.

at the point R. Here, the boundary conditions are

mathematically similar to those at the hot face. Thus

(T - Ta) 
+-	 •T

hR

where Ta is the ambient temperature. No consideration

will be given to the possibility that drying may penetrate so

far that the interface approaches the cool face as the main

interest is in the early stages of heating when spallin is

most likely to occur. With this restriction, the approxilfiation

for the temperature gradient at the cool face can be taken

tobe

3TR - 4TR_l ^

z)	 26z
R

giving the boundary condition

=0

2NT + kT_1 - T'R_2

3+2N

for a 4 (R-3) ôz
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7 . 8 Drying within the wall or movement of the interface

In order for drying to proceed, heat must be absorbed

at the interface between the dry and the wet zones. Suppose

a quantity of heat ÔQ is absorbed at the Interface in time

6t. Then from Fourier's law,

S	

S	 F()	 () 1	 (78.l)

wJ

Here the suffices d. and w refer to the dry and. wet zones

respectively. Also, as the temperature gradient will not

generally be continuous across the interface, the two values

of the temperature gradient must be regarded as the

gradients that exist at points very near to the interface,

but in the dry and wet zones respectively.

Suppose now that, in the time interval ôt, the process

of vapourisation causes the interface to move a distance

(a"-a)ôz towards the point p+l as shown in figure 7-5.
This vapourisation is effected by the amount of heat 6Q,

sothat

ÔQ s mpL(x'-a)ôz
	

(7.8.2)

where m is the proportion of evaporable water present

by weigbt,f is the mass density and L is the latent heat

of vapourisation. The two expressions for ÔQ (7" 8 1 and

7 . 8 . 2) are equated to find c'-a. A convenient form is

obtained by noting that Nu118z2(c/ 6t, where c is the specific

heat of the material i.e.
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&-cx
(1 (T\ )dkw 1(T) '6z

)k Nd	 )

This equation will be written

= - (	 -	
(7.8.3)

IlL N	 Na!

where the ratio of the volumetric heat capacity of

the material in the dry and wet regions i given by

and	 = 1 (óz
4-

In order to use equation 7 . 8 . 3, values are required for

,•9i, andf. These follow from the appropriate finite
difference approximations for the temperature gradients

which, in the spirit of the Schmidt method, are given the

values that obtain at the beginning of the time interval

considered. Thus,

0d =

	 (l+cx)2T1 +

(7.8.4)

+ (3-x)2T	 - (2-a)2T

anaj4,.r	-

(2-x)(3-c)T
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These equations hold for s kôz/3, where s is the

depth of the dry zone. For smaller values of s, the

temperature gradient on the dry side of the interface is

not well defined by the available values of temperature

and an alternative procedure is required. This is discussed

in the next section.

7 . 9 Initial Stages of Drying - drying near the heated

surface

When vapourisation first occurs at the. hot face it will

be recognised in the calculation as occurring when the new

surface temperature first exceeds the vapourisation temperature

. At this stage no account has been taken of drying and

the surface temperature has to be recalculated. A number

of ways were tried to deal with drying near the hot face.

The simplest approach Is used in the present work. In this,

Harmathy's method (as described in Section 7 . 6) is used for

the first two elements during the period of time from the

start.of drying until the interface penetrates to a depth of

46z/3 when p3. In order to avoid the basic difficulty of

Harmahy's method and to obtain a fair description of the

movement of the interface both the time interval ôt and

the distance ôz between mesh points in the vicinity of the

surface are subdivided as shown in figure 7-6. The calculation

parameters MD and.	 are unaffected by the change in mesh

size and thus the calculation proceeds using equation

7.Ll..4. The only change concerns the particular mesh point

(the itli) where the interface is situated.

Here the quantity of heat required to d.ry a layer of

thickness ôz is mLroz. In the absence of drying, this
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quantity. of heat would be sufficient to raise the teraperatu.rzi

of the layer by an amount mL/c T*. Ilarmathy's procedure

for the interface is first to ignore vapourisation and

calculate the new temperature TL where:-

Ti	
T_ + Il - I -	 \ T + T1	 (7.9.1)
Nd	 N	 N	 NWI	 w

In this equation, T is equal to the vapourisation

temperature T. The value obtained for T is fictitious, as

the temperature at the 
th point remains at during drying,

and Harmathy takes the quantity T-T to be a measure of the

heat available for drying during the time interval ôt

considered. As this heat is used in drying, the temperature

equivalent of the heat required to vapourise the moisture)in

a layer of thickness ôz adjacent to the interface,is reduced

by T - T in the time interval St. Initially, the temperature

equivalent of the heat for drying is T • This reduced in

successive time intervals, by the amounts Tj-T, until it

becomes zero and the interface is moved to the next point

i.e. the	 + 1th

The boundary conditions take the form of equation

7 . 7'3a (with the appropriate value of N) except when the

interface is at the first point within the boundary. Por

the subdivided mesh, this occurs at a distance ôz/ii. from the

hot face so that, at the boundary,

- k(Tj -)

ôz



NTf+T

1	 (l+N)
(7.9.2)

' ---I

The boundary condition follows from this result and.

equation 7 . 7 . 1 i.e.

where Nt

Al1.the equations required for the heat flow

calculations are now available. Details of the computat-

ional arrangements are given in the next chapter together

with an account of the development procedures and some

results.
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Chapter 8

CALCULATIONS AND RESULTS FOR TEERATURS

IN WALLS
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8 • ]. Introduction

A number of computer programs were written to undertake•

the step-by-step analysis, for the temperatures in a heated

wall, described in the previous chapter. The principal

features of these programs are given in Table 8'l. Only

two programs, viz. THERNAL and TWOWARM, were required for

the subsequent analysis of stresses in walls but the

remainder were necessary in the development and checking of

these two programs.

Ideally, the accuracy of a numerical method, based on

finite differences, should be checked by comparison with

an analytical solution (Jaeger 195O f those available,

the simplest solution that approaches the conditions of the

present problem is that due to Neumann, which is described

by Carisaw and Jaeger (19q.7b). Neumann dealt with the

problem of melting in asolid that initially occupies the

semi-infinite region z	 0 and is subjected to a sudden

rise in temperature at the boundary. The details of this

analysis can be rephrased to deal with an endothermic process

that occurs at a transition temperature other than zero.

This Is done in the next section,so that the results can be

used to check the accuracy of the numerical method outlined

in Chapter 7.
8 . 2 Neumann's solution

We consider a material that extends throughout'the semi-

infinite region z 0. The surface z = 0 is maintained at

a temperature T5 which is greater than the temperature T at

which vapourisation of the evaporable moisture held in the
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TABLE 8.1
	

PROGRAMS FOR CALCULATION OP TE?iPERATULE

IN HEATED WALL PANELS

Program Name Exposure	 Heating	 .Basic

Condition	 Pattern	 Method

after

ilarmathy

(1961)

Hot face	 One face heated

temperature the other

specified by maintained at a

a,b,c where constant specified

T5 a+bt+ct2 temperature

Ambient temperature

raised equally

outside both faces

Ambient temperature

raised outside one

face only. Heat loss

to specified constant

ambient temperature

at the other.

As

Chapter 7

after

Harmathy

(1961)

In all Programs the initial moisture distribution is

prescribed in terms of a surface and centre value the

variation being taken to be parabolic and symmetric about the

centre.

All programs are written in FORTRAN 1V and were run on the

University of London CDC 6600
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material occurs. It is assumed that vapourisation occurs

only at this transition temperature so that, at some time t,

the material is separated into a dry region of depth s, in

which the temperatures are Td, and a wet region in which the

temperatures are T.

In the dry region, the material has thermal conductivity

and thermal diffusivity kd so that the temperature Td

must satisfy the governing equation,

____	 -	 for O' z s	 (8.2.1)

for the boundary condition

Ta = T5	atzO
	

(8.2.2)

Similarly, the temperature T of the material in the wet

region must satisfy the equation

____ 

=	 for z s	 (8.2.3)

^z2	t

and the condition

as	 z-*°°,.	 (8.2.Ll)

if it is assumed that the temperatures, at great depths

into the slab, remain constant at the value T

There are additional boundary conditions that must be

satisfied at the surface of separation between the dry and.

wet regions. Clearly,

=	 T	 at z = s	 (8.2.5)
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Also, the rate ol' heat adsorption at the interface must

equal the rate required for drying. The quantity of heat

needed to move the interface a distance ôs is mLfôs , where

L is the latent heat of vapourisation, m is the proportion

of evaporable water by weight in the moist material andp

is the density of the material in the wet zone. Thus, using

Fourier's law of heat conduction, we obtain the condition

mLf-	 ,	 atz = s
	

2

dt

where	 and	 are the coefficients of therrnal

conductivity for the material in the dry and wet zones

respectively. On introducing the specific heat, c, of the

moist matezia1, a more convenient form of this equation is

obtained i.e.

-	 +

where

mL ds
- - atz=s

d.t

k
as defined in Chapter 7.

(8.2.6)

The statement of the problem is completed by noting that

the equations 8 • 2'l to 6 are to be solved for the following

initial conditions.

At t0, s = 0 and T = T for z> 0	 (8.2.7)

Neumann arrived at a solution that satisfies these initial

conditions by considering combinations of particular solutions

of the governing equations, 8 • 2 •-1 and 8 • 2 • 3, that satisfy



(8.2.9)

/
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the boundary conditions at time t >0. Thus Neumann

noted that equations 82 • 1 and 8 . 2 . 3 are satisfied by

2 1/2

Ta = T5 + A erf( 
z	

(8•2'8)

\ 4kat I

andT = T+B

1/2
/2

erfo I
\\4.kwt

where A and B are constants.

At the interface, between the dry and wet regions,

T == T sothatd	 _w	

/ 

2 \1/2

T5 -T = -Aerf

(82.1o)'

1/2
i2-	 Is

and T-T	 Berfc/,

\44kt

In these expressions A, B, T5 - T and. T - T are all

constants so that the terms in parenthesis must be

independent of time. Thus, we can introduce a parameter k,

Footnote	 -	 2 p11	 2
The error function, erf(u), = - f e d.z • The complement of

the error function, 1-erf(u), is written erfc(u). A table

of values of the error function is given by Gautsehi (196q.)

who also provides rational approximations for use in

numerical computation of the function.
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having the game dimensions as thermal diffusivity, and write

(8.2.11)

Expressions for the constants A and B can be obtained by

substituting this value for s into equation 8.2.10.

Following this, an equation for k can be obtained from the

other condition at the interface (i.e. 82 . 6) in the form

Q(k/ka) (T2-T)/p - Q(k/k) (T-T)/T = j mL/cT

(8'212)

where Q(x) = 1/x"2	erf(x1'2

Equation 8 • 2 • 12 must be solved for k. Once this value

is obtained the temperature Ta and T may be found from

T3-T
= T3 - erf /)1/2 erf 

4kt)	 ,. 

" S

(k

(8'2.13)

F	 2\u,"2
I 

z
= T0 +	 /	 \ 1/2 erfc	 J	

, z	 S
erfc(-	 \zi.kt)

\W)

so far, the initial conditions have not been considered.

However, it is clear that these are satisfied as s = 0 at

t = 0, from 8 • 2'll, and T = T at t = 0 for z> 0, from

8 . 2 • 13. The solution is thus seen to be satisfactory.
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Equation 8 . 2 . 12 could be solved for directly using a

method of successive approximations. Iather than attempt

this, a short computer program (NEUMANN) was written to

calculate values of the surface temperature parameter

(T3-)/ for any specified range of values of i/kd and.

particular values of	 k/kã, mL/c and. (-T)/. This

program was used to obtain data relevant to the problem of

melting ice,±'or which Carslaw and Jaeger (1947b) have

tabulated certain values. The agreement between the two

sets of results was entirely satisfactory. Following this

test, the program NEUMANN could be used. with confidence to

generate data with which to check the numerical method of

analysis.

8 . 3 Development of TOASTER
A computer program (TOASTER) was written, to solve

Neumann's problem, numerically, using the procedures

developed in Chapter 7 but with the simpler boundary
condition of prescribed temperature. The program was written

for a wall of finite width with Plarmathy's method. being used

for the short period, following the start of heating, during

which drying first penetrates into the slab. Following

this initial stage, the more general method was used in

Footnote	 -

Harmathy's method was programmed separately as FRYFACE and

this was given the status ol' a subroutine within TOASTER
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which the position of the interface is not confined to a

mesh pQint.

As an initial check on this program, results 'were

obtained for a thick solid having constant thermal

diffusivity k and in which no latent heat effects are present.

If the initial temperature of this semi-infinite solid is T,

a sudden rise in boundary temperature, to a value T 5 , induces

temperatures P throughout the solid where

/2\l/2
T-T	 = (T5.-T)erfc(...•••

\,,4kt

(8.3.1)

The results from this equation are compared with those

from the computer program in figure 8-1. The differences

are greatest for the first few minutes of heating and after

this the agreement is excellent. This is reassuring but

could be anticipated because no new procedures, that extend

the, range of application of the Schmidt-Dusinberre method,

have been employed at this stage.

The program was next used to obtain the solution of

Neumann's problem for a number of different values o± urface

temperature. The values of the thermal properties used were

taken -to correspond approximately with those of wet and dry

concrete and these are shown, in Table 8-2, together with

the other variables used in this ixivestigation.

Some typical output from TOASTER is shown in figure 8-2.

The program parameters are given as a heading togetJer with

the data and time. The results are then printed at specified

times in the following manner.
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First line: Time in minutes and seconds, depth of dried

zone in mms; Surface temperature and the

quantity ILlkdt in mms.

Subsequent lines: Temperatures at equally spaced points

across the thickness of the wall given in

groups of ten and read £rom left to right.

Table 8 . 2	 DATA used. in the numerical investigation of

Neumann's Latent Heat Problem.

Naterial Properties	 Dry zone	 Wet zone

Thermal conductivity W/m°C
	

1.25
	

2•50

Thermal Diffusivity mm2/sec
	

0.50
	

1'O

mL

CT

Temperatures 00 Surface

Interface

Initial

Two values used 0•8

and 1.6

In the range 200 - 800

100

15

Calculations undertaken with a wall width of 32Omms

ôz2mm	 ôt	 isec
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Equation 82 • l1 suggests that the depth of the dried

zone should be proportional to the square root of time. This

is borne out by the computed results, shown in figures 8-3

and 8-4, in which the depth of the dried zone is plotted to

a base of V'ilkdt for each surface temperature investigated.

The slopes of these lines give a value for which can

be regarded as a measure of the depth of the dried zone when

comparing the effects of different surface temperatures or

moisture contents. The values of	 = s/(t are shown

as points in figure 8-5. The lines on this figure represent

the solution of equation 8 • 2 • l2, as computed using the

program NEUNANN, for the data given in Table 8 . 1 with some

additional values of moisture content. The agreement

between the results obtained from the numerical step-by-step

method and the analytical solution is very satisfactory.

The results shown in figures 8-3 to 8-5 have been

obtained using very small time and space divisions. However,

it is clear from Table 8 • 3 that very similar results can be

obtained with a much coarser mesh. The Table also shows

values fo the temperatures obtained using the analytical

result (i.e. equation 8 . 2 . 13) and. again there is very good.
agreement.

To complete the development checks on the numerical

method, the results weie compared with those obtained using

Harmathy's (1961) method. This is done in figure 8-6 from

which it is seen that there is fair agreement between the two

methods although Harniathy's approach tends to give a more

uneven view of the temperature distribution in the vicinity

of the interface.
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Table 8 • 3 Effect of mesh size on results from TOASTER

for Neumann's problem

Distance from
Neumann 's

hot Lace
Solution

mnis

Results from TOASTER

6z2	 5

ôt1	 7•5

10

30

10

20

30

40

60

235'66

(307.99)

85.46

(lii.5'09)

52 ' 51.

(80.74)

32'43

(57.22)

17' 43

(29.16)

235.9	 236'3	 242•5

(3o8 • 2)	 (310.2)

85'6	 85.6	 89.9

(145 . 5)	 (153'8)

52.6
	

52.8
	 5L.. 6

	

(80.9)
	

(81.4)

32'4
	

32'6
	

32•4

	

(57.3)
	

(58.1)

17' Lj.
	 17' 44.	 17.4

	

(29.2)
	

(29' 6)

16.53
	

Depth of Dried
	

16'56	 16.54	 17•15

(23.38)
	

Zone	 rnms
	

(23 . 42)	 (23'i)

Data taken from Table 8'2 with T5OO °C and inL/cT = 1'6 • Values

in parenthesis are those that obtain 10 minutes after the

rise in surface temperature, The remainder are values after

5 minutes exposure.
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The various checks undertaken using Neumann's solution

suggest that the numerical method used. in TOASTER is satisfact-

ory. This is a useful development, in itself, as a numerical

treatment of this sort has possible applications, outside the

range of the present work, in studying processes such as

charring of timber and , in certain problems in soil mechanics.

8 • k THERNAL

Returning to the present work, TOASTER has to be modified

slightly to take account of the convection and radiation

boundary conditions described in section 73 of Chapter 7.
These modifications are included in the program THERNAL.

Boundary Conditions

The situation that obtains when calculating the surface

temperature is shown diagrarnatically in figure 8-7. Here

the heavy dots represent known values of temperature, at

various times, and the open circles indicate values that are

still to be determined. If the surface heat transfer

coefficient is known, the surface temperature can be found

directly from an equation of the form o± 7 • 7 • 3a (p.205 ).

This introduces a minor difficulty, as the value of this

coefficient d.epends on the surface temperature, as shown in

equations 7 . 3 . 1 to 7 • 3 • 3. Apparently, these non-linear
equations have to be solved, with 7 . 7 . 3a , to find the

surface temperature. However, it was found. that this process

Is unnecessary if the surface heat transfer coefficient.,to

be used. with the boundary condition, 	 first calculated

from a reasonably close estimate of the surface temperature.

The procedure used in the program is as follows. The
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surface temperature at time t^1 is estimated. to be T5,+i

where

= 3(T	 -Ts,n+1	 s,n	 s,n-1	
+

and. T5,, T3 . , _1 and. T5, _2 are the surface temperatures

that obtain after each of the three preceding time increments

ôt. The value of the surface temperature calculated from

equation 8 • 4 • l are used with equations 7 . 3 . 2 and 7 • 3'3 to

determine the surface heat transfer coefficient. This is

then employed, with the boundary conditions, to obtain a

new value of the surface temperature. The forward

extrapolation procedure is clearly adequate, as the estimated

and revised values of the surface temperature are practically

identical for the time intervals most often used. Identical

procedures are used at the hot and cool faces ol' the wall

panel.

Heating Pattern

The program THERNAL is written for a wall panel in which

th! initial temperature equals the constant ambient

temperature Ta outside the cool face. The temperature Tf

outside the heated face is taken to rise in the, manner

Pootnote	 Equation 8 • 4'l can be established. by writing

a Taylor's series for each of the temperatures that obtain

at the previous three time intervals in terms of the surface

temperature at time t^1 and its derivatives with respect to

time. If terms of order higher than 2 are ignored, the series

provide three equations that can be solved for
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specified in the I.S.O. standard 83.Ll. so that

= T5 + 345 Log10 (8t + 1)
	

(8.4.2)

where the temperatures are in degrees Centigrade and. the

time t is in minutes. Clearly, the use of a ' functional form,

such as 8 • 42, for the temperature rise is a convenience

which assists in data preparation. Other forms of surface

temperature rise could.	 accommodated within the

program.

Data

The data for each case to be studied using THERMAL

comprises the initial details of the wall, the properties of

the concrete, the computation parameters together with the

output specification. Each set of data requires the

preparation of five punched cards as shown in Table 84.

The specified time interval ôt is reduced by the program,

if the stability condition 7 . 6 . 6 is not satisfied. Thus,

some preliminary calculation is advisable if the results

are required at predetermined time intervals. The output

from THERAL is obtained in a similar form to that of

TOASTER,shown in figure 8-2, except that the estimated

values of surface temperature, used in calóulating the

surface heat transfer coefficient are printed. in the place

of

8 . 5 Results from THERMAL

Before considering concrete, it is helpful to study the

behaviour of some other materials in order to obtain an idea

of the way in which different thermal properties may affect
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Table 8'4	 Data preparation for THERIAL

CARD	 DATA	 PUNCH IN

NUMBER	 COLUMNS

1	 General Control Card punch TRUE

2	 WALL Properties

Width, mms	 1-10

Surface value mL/cT	 11-20

Centre value mL/cT	 21-30

Initial temperature °C 	 3l-LiO

Surface emissivity	 41-50

3	 Concrete Data

Thermal conductivity of wet concrete W/m°C 1-10

Thermal diffusivity of wet concrete inm2/sec 11-20

Vapourisation temperature 00 21-30

Thermal conductivity of dry concrete W/m°C 31-40

Thermal diffusivity of dry concrete mm2/sec 41-50

Calculation Parameters
Number of mesh points; odd number only (RA)

Time interval, secs

5	 Output Control

Overall Time minutes

Print out interval (space) integer (HA)

Print out interval (time) 	 (HA)

Form of output	 1,2 or 3

1- 5

6-15

1-10

11-12

13-iLl.

15

CLOSURE The above sequence of five cards In repeated

for each set of data. After the last set a 1-5

further card punched FALSE is required.
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the temperature distribution and to demonstrate where concrete

fits into the general pattern. The temperatures, obtained in

a 100mm thick wall panel heated on one face, are shown in

figure 8-8 for each of the three materials having the thermal

properties shown in Table 8 . 5. These properties correspond

reasonably closely to those of an aluminium alloy, a stainless

steel and. translucent fused silica and so range from those of

an extremely good conductor to those of a typical dense

ceramic. Referring to figure 8-8, it is seen tMt the

temperature difference between the exposed and unheated

faces of the aluminium panel is less than 30°C and that a

substantial quantity of heat must be transferred through the

panel to the surroundings. Also, the temperature rise near

the heated face is less than for the two poorer conductors,

as heat is removed rapidly forni this region by conduction.

The thermal properties of the stainless steel are

approximately an order of magnitude less than those of the

aluminiumalloy,but it is a reasonably good. conductor and

the temperature difference across the slab is only 170°C

after 11. 5 minutes exposure. However, greater differences in

behaviour are obtained with the fused silica which has thermal

properties about two orders of magnitude lower than those of

the aluminium alloy. The silica is a relatively poor

conductor of heat so that both the temperature rise at

the heated face and the difference in temperature across

the panel are high. Also, very little heat is lost to the

surroundings; thetemperature at the unheated face being

only 84°C after 45 minutes exposure.
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Table 8 . 5	 Thermal Properties of the materials

compared in figure 8-8

Naterial	 Thermal	 Thermal	 Comment Reference

Conductivity Diffusivity

W/m°C	 rnm2/sec

1•40

Aluminium

Alloy

D.T.D. 683

Stainless

Steel

Jethete N160

Translucent

fused

silica

?lean over

range

20-400°C

Constant

upto

400°C

Johns

(1965)

Johns

(1965)

Approx.	 Thermal,

O.:68	 values for. Syndicat

• .	 20-500°C . Ltd. re

Vitreosi

The calculations were undertaken using an assumed constant

value of Emissivity of 08. The standard rate (I.S.O. 834)

of ambient temperature rise was used outside one face of the

panel. The ambient temperature outside the unheated face

was taken to remain constant at 15°C.
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It will be noted that the differences in behaviour

illustrated in figure 8 • 8 have been obtained only by

considering materials with exceptionally large differences

in thermal properties. Also, the thermal properties

normal density concretes are of the same order as those of

fused silica and the'variation with materials, mix proportions

and moisture content is very small in comparison with the

range of values used in obtaining the data of figure 8-8.

In these circumstances, the narrow range of results obtained

from the tests on concrete wall units (figure 6-13 p. 182)

is readily understandable.

No consideration of drying was necessary in deriving the

data shown in figure 8-8. However drying will occur in

concrete and it is necessary to estimate values for the

parameter mL/cT for use in the calculations. For a normal

density concrete, containing between 10% and 12% of

evaporable water by volume (see p. 109), the parameter will

lie in the range 1 . 05 to 1 • 35, if vapourisation occurs at

100°C and at atmospheric pressure. This range has been.

broadened, to extend from O'8 to 1 • 5, in obtaining the

results shown in figure 8-9. This refers to a 100mm thick

concrete wall panel heate.d on one side only. In the

calculation it was assumed that the parameter mL/cT had a

constant value across the width of the wall and the values

of the thermal d.iffusivity and conductivity of the concrete

were taken to be l • 0 mm2/sec and 2 • 5 W/m°C before drying

with half these values being used for the dried material.

To help in assessing these data, the range of results
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obtained in the tests on concrete panels, reported in

Chapter 6, are also shown as background to the figure.+

It is clear that there is fair agreement between the computed

temperatures and the results of the tests, although the

computed temperatures appear to be rather too high at points

10mm and 20mm Lr')m the hot Lace and too low at greater

distances into the wall.

The effects of moisture movement have been very much

simplified in the analysis and it would therefore be too

much to expect exact agreement between the computed. results

and experiment. In spite of this, j1 seems possible that

some improvement may be obtained if it is recognised that the

escape of steam is restricted, in a real wall, and that the.

vapour is generally produced under a modest pressure at

temperatures somewhat greater than 100°C. The results shown

in figure 8-10 represent an attempt to include this effect

in the calculations. Eere, the vapourisation temperature

has been incre.sed to 120°C, for which value the parameter

mL/cT could be expected to be in the range 0 . 9 to 1 . 1. Also,

the insulating effect of the dried surface layer on the

material remote from the heated face, has been reduced. by

increasing the values assumed for the thermal conductivity

Pootnote+	This arrangement is used for the remaining

figures of this section.. The numerical data in the top left

hand corner of each figure comprises the value of the major

parameters used. in the calculation. A key to these data is

given in Table 8 • 6. Figure 8-9 appears on p. 2Li3.
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Table 8 . 6	 KEY TO FIGURES 8-9 to 8-13

VARIABLES
These are displayed on the figures as shown below

mL/cT

15

Distribution of evaporable isture across the

width of the wall

DRY I WET

Thermal	 0.90 2.10	 Thermal conductivity

Diffusivity	 040 1.20

Thermal Properties

Constant Factors

Wall width
	

100mm

Emissivity
	 0.8

NOTES

The figures are superimposed on a copy of figure 6-13 to

provide an easy means of comparison with the range of

results to be expected in an experiment. 	 -
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• and diffusivity of the dried material. The effect of these

changes on the calculated temperatures is surprisingly small

and no significant improvement in the overall result is

obtained.

Slightly better agreement is obtained by using a parabolic

distribution, for the moisture parameter mL/cT, with a

higher value at the centre of the wall than at the surface.

This arrangement provides results of the , form shown in

figure 8-11 from which it is seen that, although the

temperatures in the cooler regions are slightly under-

estimated, there is reasonably good agreement in the vicinity

of the heated face. The reason why the parabdlic moisture

distribution gives, a slightly better result is not entirely

clear. However, it is considered that the temperatures,

obtained in this way,do provide a reasonable basis for an

investigation of the structural behaviour of a heated panel.

This topic is taken up in the next chapter. However, before

doing this, it is convenient to discuss the results obtained

for the thermal problem in greater detail.

8 . 6 Discussion

There are two major differences in the general foria of -

the temperatures obtained by the numerical analysis and. by

experiment. The first of these has already been zioted in

that the numerical approach consistently underestimates the

temperature in regions some distance away from the heated

face. The second difference is most apparent when the

results from THERNkL. are compared 4th the test results

from individual planks (figures 6-5 to 6-12, p . 172 et seq).

In this way, it is seen that, for any particular point,
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the change in slope of the temperature/time curve around the

vapourisation temperature is much more marked. in the computed

results than in those found by experiment. In seeking reasons

for these disôrepancies, it must be realised that .the

analytical results are not greatly altered by changes in

the values of the thermal properties used in the calculations,

provided that these are kept within the narrow range

appropriate to concrete. Because of this, it appears that

the errors in the analytical solution must occur because of

limitations imposed by the initial assumptions. These were

most suspect in the treatment of vapourisation and in the

neglect of heat transfer due to movement of the fluid phase.

The discontinuity in slope of the temperature/time graph

In the analytical solution occurs because of the assumed

difference in properties in the wet and dry zones. If

drying occurred and bad. no effect on the thermal properties

there would be no discontinuity in the slope of the

individual temperature/time curves. This is demonstrated.

in figure 8-12 in which smooth occurs are obtained, in

spite of vapourisation at 100°C, because the thermal

properties in the dry and wet zones are identical. This

result suggests that the assumption, that there is an abrupt

division between the dry and wet zones, may be at fault and

that there is really a smooth change in thermal properties

with temperature during vapourisation. This appears

reasonable, as vapourisation of the free water in the large

capillary pores of the concrete will be followed by

d.esorption of some of the more firmly bound water within the
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nominally dry zone. Thus, vapourisation is likely to occur

throughout a region rather than at an interface and the

thermal properties at each point are likely to change

continuously with temperature and moisture condition. More

information on the effects of temperature and d.esorption of

moisture on the thermal properties of concrete would. used to

be obtained and. checked under transient conditions before

these effects could be satisfactorily included in an analysis.

However, it is felt that the effect of these refinements

would be relatively slight at points some distance away from

the zone in which vapourisation occurs and that the assumptions

of a definite interface provides the niost practical approach

to the problem, even though this leads to some irregularity

in the results near the assumed interface.

Rather than concentrate on behaviour in the vicinity of

the interface it seems more important to consider effects

due to movement of the fluid phase. In the early stages of

heatingsome of the vapour that is liberated by drying is

expelled through the heated face but the remainder is driven

in the direction of heat flow further into the wall where it

condenses in the cooler regions. No account has been taken

of this vapourisation-condensation cycle in the analysis

but it seems that the heat transferred in this way may

have a significant effect on the temperatures in the cooler

regions.

Consider a wall panel of width d.that is heated on one

side. After a certain period of time the wall has been

dried, to a depth a and the total quantity of heat used in
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vapourisation is mL j° s per unit area of wall, where the

symbols are as defined in section 8-2 of this Chapter.

Now, suppose that the proportion of the vapour retained in

the wall, by condensation in the cool regions, is F. Then

the average rise in temperature AT0 of the material in the.

wet region, due to the heat available from condensation,

is given by

mL	 S	 -
uT0	F—	 T	 (8.6.1)

c	 (d.-s)

As an example, consider a panel lO0mms thick at a time

when drying has already penetrated to a depth of 25mms.from

the heated face. Suppose the average value of the

vapourisation temperature is 120°C, for which a realistic

value for mL/c is around unity. In these circumstances,

it is necessary for only one half of the vapour liberated

to be retained in the wall for the average temperature in

the wet zone to be increased by about ?0°C. In this

calculation, the value of one half, taken for the fraction

F, may be considerably in error. However, it seems

significant that an increase of around 20°C, at point 80mms

away from the heated face, would bring the computed

temperatures very much more in line with the experimental

results.

Consideration of the vapourisation-cond.ensation cycle

also provides an explanation for the improvement in the

results calculated on the basis of a parabolic distribution

or moisture content. The effect of the cycle is to move
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moisture from the heated surface towards the centre of the

panel which thus has a greater moisture content at the time

when vapourisation occurs, than the region near the surface.

Clearly, the parabolic distribution would not be appropriate

in a calculation extending over a considerable time, in

which the depth of drying exceeded half the depth of the

slab. However, for short exposure times, or for symmetric

heating from both sides, the use of the parabolic moisture

,distribution appears to provide some allowance for the

effects of mass transfer. In a similar way, it may be

possible to make an allowance, in the analysis, for the

effects due to transfer of latent heat by using an

artificially high value for the thermal diffusivity of the

material in the wet zone. Some results of this sort are

shown in figure 8-13. It is seen that the trend of the

results is in the right direction but, a rational theory

is required in order to establish the effective diffusivity

for combined conductiol? and latent heat transfer before

this modification can be used satisfactorily.

Infire tests on concrete elements, liquid water is

often expelled from the heated face some time after the

start of heating (Carlso.n and Abranis 1965). This.occurred.

in the tests on 100mm thick concrete wall units, described

in Chapter 6, after about 25 minutes heating. For this to

occur, the material, in the relatively cool region near the

unheated face, must be saturated and it must be supposed

that the accumulation of condensate,in the cool region ,forms

a saturated zone within the wall. This zàne will provide
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a barrier to the movement of vapour into the wall and so

will inhibit the transfer of latent heat by vapourisation

and condensation. On this basis, it appears that the

effects of latent heat transfer will be most apparent in

the early stages of heating, before a saturated zone is

formed to restrict the movement of vapour. Once this

occurs, the assumptions used in the analysis, described

in this and the preceding chapter, should be adequate for

the calculation of temperatures at succeeding time intervals.

8 . 7 Conclusions from the analysis of the Thermal Conditions

The main conclusions from this portion of the work may

be summarised as follows

a) The results obtained from tests and analysis suggest

that the effect of mix proportions on the temperature

distribution is not very significant for the

condition of rapid heating that obtains in a fire test.

b) The method of analysis used. Is subject to error

which is mainly attributable to the neglect of the

consequences of moisture movement within the pores

of the concrete. These errors are most apparent

during the initial stages of heating.

c) In spite of the limiting assumptions used in the

analysis, the results obtained show reasonable

agreement with the temperature measured in wall units

during a fire test. It is considered that the

agreement is sufficient, for the present purpose,

and that the method. can be used to produce the thermal

data required in an investigation of possible modes of

structural behaviour under fire conditions.- This study

is the subject of the following two chapters.
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91 Introduction

The investigation described in the previous three

chapters, of the thermal conditions that ohtain in a fire

test, provides a basis for examining the structural

behaviour of a concrete wall or floor panel during heating.

The results of this examination should indicate the

conditions under which particular modes of general failure

can occur in practice and should also provide information,

concerning the average stresses in any region, which must

be considered in a detailed study .of local phenomena.

The structural behaviour is extremely complicated and

some idealisations will have to be made for the purpose of

analysis. Because of this, it is helpful to take an overall

view of the situation before deciding on a particular

analytical model so that the possible implications o± any

idealisation can be appreciated at the outset.

9 . 2 Analytical Preliminaries

Consider the slab of thickness d shown in figure 9-1.

The slab extends indefinitely in the directions x and y so

that effects that are local to the ends may be neglected.

Suppose the surface Z 0 is uniformly heated. The

temperature within the s1sb is then a function of z only

and, in these circumstances, the stresses will also be a

function of Z only. Thus, from symmetry ana for

equilibrium within the slab,

anac	 d.	 •	 =	 Q ( 9 . 2 . 1)z	 xy	 yz	 zx

This result is independent of any consideration of
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material behaviour other than the idealisation implied in

the assumption of isotropy and homogeneity. The result is

also restricted to situations where the curvature can be

considered to be small.

The surface heating induces temperatures T and pore

pressures u within the slab and it will be assumed that the

effective stresses, for the calculation of deformation or

strength of the material, are given by

These equations follow from Terzaghi's effective stress

concept which is an excellent approximation for most soils

but not so good for concrete and rocks (Skempton 1960).

The curvature of the heated surface is constant and the

strains are functions of z only. This implies that

£	 = e	 and	 = 0	 (9.2.3)
xx	 yy	 oxy	 yz	 zx

in which the equations of compatibility require that

and	 be linear functions of z.

Equations 9 . 2 . 1, 9 . 2 . 2 and 9 . 2 . 3 are basic to any analysis

of the overall structural behaviour of the slab. These

equations must be supplemented by the relations between

stress and strain for the heated material. In order to

determine the range of stress and strain that must be

covered by such a constitutive law, we examine a number of

extreme cases.

93 The thick slab
First consider the slab to be very thick so that Cxx

.
*



a	 a --xx yy

(1 - 2 )
+ -

(1 - )

(E(cxT+

\

U
	

(9.3.2)
(i - )
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and	 are both zero. Suppose also that the material is

linear elastic and that the strain 	 can be regarded as

the sum of the elastic strain, due to the effective stress

components, the thermal strains T and a creep strain C i.e.

(i-a)	 l-2b
+	 - u+cT+C..	 (9.3.1)

E	 E

Putting c	 0 gives the stresses

so that the effective stresses become

•1	 fE(aT+Cxx)
a a 	-	 -xx yy

(1 q

with	 U.

It is convenient to write

(aT + Cxx) (1-R) aT,

Where R can be considered to be a measure of the

relaxation of the thermal strain. In these terms the

expressions for the effective stresses become

/l-R
u, axx a	 - (	

EaT -
	

)) . (9.3.4.)

It is interesting to . use this analysis to find the

temperature rise required to achieve the maximum possible

compressive stress at the surface of a thick concrete slab.

Clearly, this value is determined by the strength of the	
/
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material or, more correctly, the value of the peak stress

obtained from the appropriate stress-strain curve, ( here

equal biaxial compression, as u 0 at the surface). In

order to obtain a feel for the problemthe following values

are taken to be representative of a typical strong concrete.

Table 9.3.1 Typical Concrete Properties

Peak stress in biaxial compression 	 'kO'O NN/m2

Secant value of Young's Nod.ulus 	 30.0 GN1m2

Poisson's ratio, in the range 	 0.1 - 0.5

Coefficient of linear thermal expansion 	 10 x

Drying shrinkage accompanying the 	 200 x io6

thermal expansion

Relaxation parameter R, in the range 	 0 - 1

Based on these values, with Poisson'sratio 0.15, the

temperature rise required to induce compressive stresses of

40 • 0 uN/rn2 at the surface of the slab can be found, for

different values of the relaxation coefficient R. These

data are given In Table 9.3.2

In considering spalling, interest is confined to the

first half hour of heating, during which the surface

temperature rises to around 600°C. Results obtained by

Cruz (1968), from relaxation tests in uniaxial compression,

suggest that the initially induced stress is reduced by less

than 10% during half an hours heating at 316°C and by around
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5C% for a similar period of heating at 648°C. These data

may not be entirely relevant to the present study, the

initial stress in the tests being 'only 45% of the cylinder

strength of the concrete used, with the specimens being

heated for an hour at the test temperature before loading.

However, it is considered that these results, taken together

with Table 9.3.2 suggest that the peak stress would be

reached at a 'surface temperature of only 130 - 150°C which

could occur within the first five minutes of heating,

during which the relaxation may be almost negligible.

Table 9 . 3 .2 Temperature rise required to induce peak stress

at •the surface of a very thick slab

Relaxation Coefficient R 0 	 0.-i 0 . 25 0 . 5 0.80

Temperature rise °O
	

133 146 171 246 585

Approx. heating time in 
--5 -------10

the standard test

The values given in Table 9 . 3 . 1 are not universally

representative but it seems reasonable to assume that the

peak stress is likely to be achieved at the surface of a

thick normal density concrete slab for a surface temperature

less than 200°C. Two conclusions follow from this result.

a)
	

The peak stress is likely, to be achieved where

large section members are subject to heating in

the standard manner, and
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I	 .

b))	 except during the first few minutes of heating,

the behaviour of the material near to the

heated surface is determined by the form of

the descending branch' of the stress-strain

curve.

Some workers (notably Saito 1965) have suggested that

explosive spalling occurs when the compressive stress

reaches a critical value corresponding to the strength of

the material. The first conclusion tends to oppose this

view, as it seems that the material near the surface of a

concrete slab will generally be strained, to a point on the

stress-strain curve, beyond the peak stress when spalling

occurs. The second. conclusion shows clearly that a linear

analysis is inappropriate in an investigation of behaviour

after the first few minutes heating and. that the

constitutive law used must include a description of the

descending branch of the stress-strain curve.

9 .4 Porepressures

The analysis of the behaviour of the thick slab also

suggests that pore pressure will have only a minor effect

on the stresses or strains d.éveloped in the x and. y directions.

It is seen from equation 9.3.1 that a pore pressure u has a

similar influence on the strain	 as a temperature rise

of (i - 23 ) u/Ea. If it is supposed that the pore pressure

is that of saturated steam at temperature T5 the error in

the strainc, caused by heglecting the pore pressure, is

the same as that due to an error 6
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temperatures around 150°C and. it is clear, from the Table,

that the pore pressures had little effect on the strains,

in directions parallel to the surface of the wall, .in these

tests. It is considered that this result would be common

to most tests of thin sort.

It is seen, from equation 934, that the effect of

pore pressure on the effective stresses	 and	 is less

than on the corresponding strains if the effects are

considered in terms of an equivalent temperature change.

Thus, we can conclude that

c)	 the effect of pore pressure, on the stresses

and strains in directions parallel to the

heated surface, is of secondary importance

to that of temperature rise and can be

ignored in analysis. and

d)	 pore pressure induces a component of effective

stress acting in a direction normal to the

heated surface. This stress is almost

unaffected by thermal strain and. its effect

on the mode of failure of the concrete in

the vincinity of the hot face must be

• .• - considered.at soflie stage.

9 . 5 The Thin slab.symmetrically heated

As a second case study, consider a thin slab Which is

unrestrained in the longitudinal direction and heated on

both sides in the same manner. The slab carries no net

longitudinal 1ad so that the stressei must satisfy the

equilibrium condition



263

(l-2) u 100
where	 8

EaT9

in assessing the temperature within the wall.

This value is shown in Table 9 . 4 . 1 for different values of

the temperature T8 in the range 100 - 200°C. The values of

pore pressure have been taken from steam tables and the

results are shown for two values of Ea/ (l-2). These have

been chosen, using secant values for Young's Modulus, to be

representative of the behaviour, of concrete under increasing

stress and at a high strain on the descending branch of the

stress-strain curve.

Table 9 . 4 . 1 Percentage change in temperature equivalent

to effect of pore pressure

Temperature °C
	

Ecx/ (1-2) MN/zn2 °C

05	 I	 -	 0.1.

	

- 190
	

0
	

0

	

125
	

0.2
	

1•1

	

150
	 0.5
	

2 • 5

	

175
	

0•9
	200
	

1'5
	

7.5

The experimental results given in Chapter 6 suggest

that steam was produced in the tests at Boreham Wood. at
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dz -
	 C 9.5.1)

Because the longitudinal stresses must satisfy condition

9 . 5 . 1 any compressive stress induced in the outer layers of
the concrete must be accompanied by tensile stresses in the

central cooler regions. This is shown diagramatically in

figure 9 - 2b. Eere, heat has penetrated only a small
distance into the wall when the stress distribution (1) is

obtained and the tensile stresses within the wall are still

modest. Some time later, more heat has been supplied and

the surface temperature and depth affected by heating have

both increased. At this time, the stress distribution

could be similar to that marked (2) in the figure.

The magnitude of the tensile stresses developed will

depend very iuch on the thickness of the wall. However, it

is clear that there will be occasions when cracking occurs

in the central regions and that this will inhibit the

development of compressive stress in the hot outer layers.

For very thin walls, i.t seems that such cracking could

occur before the concrete in the outer layers has achieved

the peak stress expected. from the stress-strain curve in

compression. Alternatively, for thicker walls in which

the peak stress in compression has been reached, subsequent

tensile cracking causes an increase in longitudinal strain

and. the behaviour during unloading, from a point on the

decending branch of the stress-strain curve, becomes

important in the analysis. Two further conclusions follow

from these arguments. These are,
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e)	 that behaviour in tension, including tensile

cracking should be included in the analytical

model and

0	 that the description of the stress-strain
curve for concrete used in the analysis must

include effects due to reversals of the sense

of deformation.

It is interesting to note that, following a reversal of

the sense of deformation, a reversal of the sign of the

stress could. eventually occur at the outer face. The

existance of this sort of behaviour has been established,

for an elastic-perfectly plastic bar , by Parkes (1961) and,

if similar behaviour is obtained with concrete, this could

provide . an explanation for the phenomenon of 'sloughing off'
that sometimes occurs at a late stage of heating.

9 . 6 The thin slab heated on one side only

If the slab considered in the last section is heated on

only one side, the symmetr' condition is replaced by the

eq4librium equation	 . .

azdz	 (9.6.1)

which must be considered together with equation 9.5.1.
If the slab is thin, some curvature occurs even in the

early stages of heating when the longitudinal stress

distribution is of the form shown in figure 9-2c. Inthis

situation, the curvature of the slab induces compressive

stresses in the concrete near to the cooler face so that

relatively high tensile stresses may be developed within
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the slab. Initially some cracking may occur, to limit the

development of compressive stress, but it seems possible

that some of these cracks will be closed as heat penetrates

further into the wall and., eventually, the fractured

surfaces may be required to carry compressive stress. No

attempt is made to follow this behaviour in the figure.

However, we conclude that

g)	 besides tensile cracking, crack closure

and subsequent behaviour in tension should

be included in the analytical model.

9 .7 Creep

At the present time there is little information

available on the effects of creep at very high temperatures.

However, it is clear from the work done by Cruz (1968) that

the rate of creep is much greater at high temperatures than

at moderately elevated or normal temperatures so that creep

could have a profound effect on the stresses induced. in a

member during heating to high temperatures. On the other

hand, a test for fire resistance is of relatively short

duration and, in a study of spalling, the behaviour of most

interest occurs within the first 30 minutes or so from the

start of the test. Thus, it seems probable that the effects

of even a high rate of creep may not be of major

importance in investigating the stress distribution at

times when the occurrence of spalling is most possible.

This last view is supported, to some extent, by the

results of tests, undertaken at the P.C.A. laboratories

and reported by Issen et al (1970), on beams heated under
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restraint in the standard manner. Very large axial forces

were induced during heating. In one test for example, on

a lj . 85m long reinforced concrete double T section (see

figure 4-8), the beani was allowed to expand 3 . 4mm freely

before being restrained against axial movement. The

restraining system became effective after about 15 minutes

heating and the maximum thrust of 2'l7MII was obtained

after 90 minutes heating, the thrust reducing to l•-4711N

as the test was continued for a further 2 hours 4Cm. The

maximum axial force that the section could withstand in a

uniaxial compression test under normal temperature

conditions can be calculated to be 8'2NN and this load

capacity must be reduced considerably by heating because

of the ,elatively thin webs and f1ange. The recorded

axial thrusts are thus an appreciable proportion of the

load capacity of the heated section. It appears therefore,

that although some relaxation of the thermal stress must

have occurred, this was not sufficient to affect the

structura1behaviour of the beam to any great extent.

In the analysis that follows effects due to creep are

ignored. In spite of the arguments presented here, it is

realised that this may be a serious omission. However, it

is considered that an analysis ignoring creep can provide

+ Nerely for comparison; Thomas and Websters (1953)

results suggest that the strength of a 450mm square

lightly reinforced concrete column wàuld be reduced by 40%

after 11/2 hours heating and possibly 70% after 4 hours.

The cross sectional area and heated perimeter of the column

are comparable to those of the double T section.
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information that is useful and. relevant to the early stages

of heating.

9 . 8 Nethod of Analysis

We consider the slab shown in figure 9-1 for which we

require to find the stress distribution at all times from

the sta.rt of heating. The equations of equilibrium and.

compatibility lead. to

pd

(9.8.1)

a (z - d/2) dz
	

(9.8.2)

and c	 +)((z - d/2)
	

(9.8.3)

where is the longitudinal strain at the mid plane of the

slab, )(is the curvature and the suffices	 and.	 have

been omitted from the symbols for the components of stress

and. strain (cf. equations 9 . 5 .1 and. 9.6.1)

At any point, the longitudinal strain c can be

considered to be the sum of the thermal strain CT and. the

strain, c, due to the stress at the point considered.

Thus,

C - C + CT
	

(9.8.4)

If creep were to be considered, the creep strain (being

due to stress) would be Included in the component C5.

Also, the term thermal strain will be taken to include
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both linear expansion and any concomitant drying shrinkage.

It will be assumed that for,any temperature T,a

relationship between the stress a and. the strain component

has been established. At any stage, this relationship

depends on the state of the material H. This will depend

on a wide range of parameters (such as the extent of

cracking, the sign of the stress, the sense of deformation

etc.) which themselves reflect the previous history of

loading and. temperature change. Thus the relationship

between stress and strain is a function of the temperature

and. state of the material i.e.

a (c5 ) - a (c8 ,T,H)
	

(9.8.5)

The form of this relationship and the definition of H

will be discussed in the next chapter which will deal with

the details of the analysis and the assumed material

behaviour. Before this, it is convenient to discuss the

method of analysis in general terms.

It is clear, from the arguments developed in earlier

sections of this chapter, that there will be appreciable

changes in the structtire and stiffness of the slab during

heating. In problems such as this, the most satisfactory

method of solution is to work in small increments	 real,

or parametric, time and solve a series of linear problems

for the various increments of stress and. strain. In

general, each of these linear problems requires an

iterative solution as the relevant linear properties can

only be estimated at first and. then improved once a

solution over the time interval is obtained. Procedures
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of this sort have been used successfully in non-linear

elasticity (Clough 1965), plasticity (Nendelson 1968) and

other branches of mechanics. The main difficulty lies in

achieving convergence for the particular model of.niaterial

behaviour used in the analysis.

By adopting the incremental procedure, the present

problem can be expressed in the following terms. At time

t, the temperature T, stress , strains c, c and CT are

known throughout the thickness of the wall together with

the state of the material, H, at any point. A short time

later, at time t'	 t + ôt, the temperature T'and. the

thermal strain c 'T are both known and. we require to find

the stress &, strainc' and material state H'. Once

these are known, a further time interval can be considered.

Estimates can be made of the strain and material state,

at time t', from the data known at time t. Let these

estimates b&	 and H. These values lead. to an estimate

for the strain, c , due to stress (from equation 9.8.Li.

and an estimate of the stress ci, from the functional

relationship 9 . 8 . 5 in the form,

4
à (e )	 (c , T', H)

The estimated stress	 will be different from the

true solution by an amount 8c i.e.

B	 + ôa
	

(9.8.6)

or, proceeding formally,
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where	 and ÔH are the changes in strain and material

state due to a stress increment ôa at temperatu.re T'. In

the presentproblem, the last term in equation 9 . 8 . 7 must

be regarded as symbolic, having a logical rather mathematical

significance. The inherent difficulty of this concept is
*

avoided by assuming, in the first instance, that H is a

good. estimate for the state of the material at time t', so

that ÔH is taken to be zero. Then,

a'	 a + c4 6c3 -	 (9.8.8)

*
where c is the estimated value for the slope of the

stress-strain curve at temperature T' for the estimated

state of the material. We write,

6c5 -	 + 6)(..(z - d/2),	 (9.8.9)

where 6J and. 8 , are the changes in curvature and.

strain corresponding to 6cc . Now this equation can be

used together with 9 . 8 . 8, to express the equilibrium

equations in the form,

ku	 kl2l	
ÔN

	

I	 (9.8.10)
k21	 k2j	 8r'i

The square matrix, in this equation, is the stiffness

matrix for the slab for small changes in load from those

corresponding to the estimated stresses. The stiffness
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k22 X C z - d/2) 2 dz

0

and (9.8.11)
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matrix contains the terms

td
- ( c dz , k12 k21	 J	 c (z - d/2)dzJo	 0

On the right hand side of equation 9 . 8 . 10 the

equivalent loading terms for the interval considered are

given by

oN . N-J	 a'dz
0

and	 (9.8.12)

6N - N_f	 - d/2)dz

0

Equation 9 . 8 . 10 is solved to find the increments of

strain and curvature and from these a revised estimate

of the strain	 is obtained. This also leads to a

new value for	 so that the procedure can be repeated

until the equivalent loads in equation 10 and the increments

of strain and curvature are accetab1y small. At this
4

stage, the estimated stress a is sufficiently close to

the true solution a'. The calculation can then be

repeated In a similar manner for all subsequent time

intervals.

9 • 9 Instability

The criteria adopted for assessing the convetgence of



A

2711.

the itezative process will be discussed in the next

chapter. However, it is important to realise that

convergence difficulties may not necessarily be due to

peculiarities of the numerical method but can be due to

real instability in the behaviour of the slab. This

occurs if the stiffness matrix becomes singular.

The solution of equation 9 . 8 . 10 takes the form

6	
r 

k22	 k2

I	 (9.9.)
DI	 I	 I

Ll2	
klj	 on]

where D is the determinant of the array making up the

stiffness matrix i.e.

D - k11k22 - k122
	

(9.9.2)

Clearly, the slab is unstable if D approaches zero

as the values of ÔS and. 6approach infinity for finite

6N and. 611.

The determinant D can approach zero if the compliance

C4 becomes zero throughout the thickness of the slab.

Such a situation imp1is structural failure following the

propagation of cracks across the whole thickness.

A more interesting situation could. develop if the

compliance	 was negative over part of the thickness and

greater than, or equal to, zero over the remainder. This

could occur when some of the material has been strained

to-a point, on the stress-strain curve, beyond. the peak stress.
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The mode of failure would then be one of longitudinal

instability, similar to that described by Whitney (192i.3)

and many others, for a compression specimen in a flexible

testing machine, or that postulated by Dougill (1966)

for a single heated column in a flexible structure.

This form of longitudinal instability could. result

in a violent failure. Thus the question arises; is it

possib].e for the conditions, that are necessary for this

form of instability, to occur in practicer This question

provides the main incentive to undertake the analysis

described in the next chapter.
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Chapter 10

STRUCTURAL BEHAVIOUR OF CONCRETE PANELS 11
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].O'l Introduction

In applying the method of analysis described jn the

previous chapter to concrete wall panels, some assumptions

have to be made concerning the state of the material and.

how this is affected by stress and. temperature. These

assumptions are dealt with in the first few sections of

this chapter which lead to a brief description of the

computer programthat was written to undertake the stress

calculations. Following this, some results of these

calculations are given with the work being mainly directed

to demonstrating the causes of instability and the

circumstances under which sudden failure can occur.

lO • 2 Representation of concrete behaviour at normal

temperatures

In arranging the details of the numerical analysis, it

is helpful to adopt a convenient function to describe the

relationship between uniaxial stress and. strain for concrete.

Following an extensive experimental investigatioa on

eccentrically loaded concrete prisms, Hognestad et al (1955).
proposed a polynomial expression to describe the complete

stress-strain curve of concrete in uniaxial compression

under monotonically increasing strain. Later Sinha et al (1964)

extended this approach to include behaviour during unloading

and. reloading so that the conditions that obtain during

cyclic loading could be studied. The resulting function

involves nine separate descriptive parameters that need. to be

evaluated from tests on the material. Although this provides

a good approximation to true material behaviour, it was felt
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that this precision could not be justified in the present

work when the uncertainties accompanying the inclusion of

temperature dependent properties were considered.

A simpler function involving only three descriptive

parameters has been used by Liebenberg (1962) and Bresler

and Selna (196q.). This expresses the compression stress/

strain curve in the form

AC_BCm
	

(jO. 2.1)

where the parameters A, B and m are found from the

initial Young's modulus E0 , the peak stress and the strain

corresponding to the peak stress . This expression

provides a good. approximation to behaviour under increasing

compressive stress but does not give a good account of the

shape of the stress-strain curve beyond the peak stress.

This could be a disadvantage in the present work as it appears,

from the standpoint developed in the previous chapter

(in Section 9 • 9 page 273), that the form of the decending
branch could have a major influéiice on the occurrence of

instability.

In the present work, the relation,between stress and

strain for concrete in compression,is taken in the form

- E ( + m(e - ) ) e	 + m(e-) 1	 (10.2.2)

where ml for c/Z 1

This equation is not so general as equation 10 . 2 . 1 and

it Is lmp].icity assumed that there is a fixed relationship
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between E0 ,	 and the peak stress a of the form Zu'

Clearly this is not universally true and the expression

generally tends to over-estimate the slope of the stress-

strain curve at low stresses and strains,if the curve is

arranged to pass through the point , Z. This discrepancy

is considered to •be of little account in the present work.

With ml, equation 10 . 2 . 2 becomes identical to that used. by

Baldwin and North (1969) to describe Purainura's stress -

strain data obtained in experiments on concrete at different

temperatures in the range 20°C to 700°C (see Section 3•3
pages 81j.-87). The parameter in only affects the form of the

decending branch of the stress-strain curve,as shown in

figure 10-1. A value of m0 wQuld correspond to deformation

at a constant stress,equal to the peak value iwhilst a

value of m =°° gives an infinitely steep decending branch.

Concrete is unlikely to behave in either of these extreme

fashions and. a value of m =1 can be regarded as typical.

However, it is known that the form of the decend.ing branch

is affected by the strain rate (Rusch 1960) and that there

is a significant effect of aggregate size (Hughes and

Chapman 1966). Also, it appears that some lightweight

aggregate concretes exhibit a very steep decending branch, even

in compression (Polivka et a]. 1967, Grimer and Hewitt 1969).

It is thought that some idea of these effects can be obtained

by using an appropriate value of in in the calculations.

It was shown,in the previous chapter,that the material

description must include behaviour during unloading and in

tension and must make provision for the occurrence of
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cracking and the possibility of crack closure. To do this

we make the following four assumptions.	 -

1) Behaviour in tension, before the occurrence of cracking,

and during loading and. unloading is linear with

the initial Young's modulus,

11) Cracking occurs if the tensile stress reaches a critical

value equal to the tensile strength of the concrete.

ill) Immediately following the occurrence of cracking in

any region, the stiffness of the concrete in tension

in that region is reduced to zero.

lv) The occurrence of cracking in any region has no effect

on subsequent performance in compression.

When these assumptions are taken together with the stress

strain relationship lO • 2 . 2 they lead to behaviour of the

sort shown in figure 10-2. This is not an exact representation

of the behaviour of concrete as, besides. the limitations of

equation 10 . 2 . 2, each of the assumptions listed represents

an idealisation of material behaviour. The most serious

departure from reality probably arises from assumption 1 as

it is clear, from the available experimental results, that

this leads to an over-estimate of stiffness during unloading

(see figure 2-2 on page 28 and figure 3-li. on page 86). This

may need. tobe borne In mind in considering the results

obtained from the calculations.

The remaining assumptions idealise the occurrence and.

effect of cracking. This is taken to be an ideal, but

localised, brittle failure so that no consideration is given

to the occurrence of cracking before the peak stress is
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achieved or to the precise form of the decending branch of

the stress-strain curve in tension. In addition the process

of crack closure has been idealised, by ignoring any form

of autogenous heating or the wedging effects of debris within

the cracks.

10 . 3 Behaviour at elevated temperatures

Following Baldwin and North (1969), we assume that the

stress-strain curve in compression can be represented by

equation lO . 2'2 if	 and are taken to be functions of the

temperature T. Thus, rewriting equation 10.2'?

+ m(c-)) /
E0( + m(c8-)) e	 (10.3.1)

where m 1 for	 1 and	 is the strain due to

stress. This equation gives good agreement with the results

obtained by Furamura in 1966, but really applies to constant

temperature conditions and so requires further interpretation

before it can be used in situations where the temperature

varies. Accordingly,we make the following assumptions, in

addition to points 1 to 1V of Section l0•2.

V The total observable strain c is the sum of the thermal

strain CT and. the strain due to stress s, where

found from equation 10•3•l.

C - C + CT
	

(10.3.2)

which has been brought forward from Section 9 . 8, page 269

Vi. The strain due to stress,c5 ,can be regarded as the

sum of a reversible component CR and an irreversible

component tD' as shown in figure 10-3, i.e.

CR + CD	 (10.3.3)
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Vii	 A change of stress or temperature cannot reduce

the numerical value+ of the irreversible component

of strain CR that exists before the change occurs.

Viii The ratio, of the tensile strength of the concrete

to the peak stress in compression, is independent

of temperature.

These . assumptions provide a consistent model of material

behaviour which can be used as a basis for analysis.

Inevitably these assumptions go beyond the limits of the

available experimental data for concrete discussed in chapter

2 and. also involve an extreme simplicication in the neglect

of time dependend.ent behaviour. However, it is thought that

this is permissible in discussing phenomena occurring during

a very limited period of heating.

The concept of dividing the strain due to stress into a

reversible and, an irreversible component is identical to

that used in the Theory of Plasticity (Prager and Hodge 1951).
For short term ioading,the irreversible strain in concrete

will be principally due to micro-cracking and breakdown of

bond. between the aggregate and the cement paste. The

irreversible strain CD can thus be regarded as a measure

of damage and the postulate, that this can not be reduced

Footnote+

The irreversible strain CR will be a contraction and so has

a negative value with the present sign convention.
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by a change in load or temperature, provides a criterion

for deciding whether a particular change causes 'loading' or

'unloading' of the material. These terms have been defined

by Sinha et al (1964) and are used in the same spirit as when

applied to strain hardening materials in the Theory of

Plasticity (see Nendelson 1968 for instance). Thus, considering

a history of strain c() defined with respect to a continuous

measure r of the sequence of straining, we have for loading

in compression,

d.c	 dED
—'0,— (0 anda-a(e5).

('0. 3.4)Pand, for unloading or reloading

d.CD
-' 0 - =	 and a>

dc3. 0

These definitions are illustrated in figure 10-3 from

which it is seen that at const4nt temperature the condition

that unloading occurs with no change in the irreversible

strain component corresponds to assumption 1 of Section 2.

However, the main use of the concept is in assessing the

affects of changes in temperature.	 -

As an example, consider a sample of concrete at three

Footnote+	-	 -	 -	 -

The present problem is concerned with the effects of transient

heating and thus it is convenient to use time t for the

parameter w. Also in the present work,the function

is equivalent to equation 10•3'l.
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successive times r1 , i2 and ¶3 . The initial state is taken

to be one in which the specimen has already been loaded to

a point on the stress-strain curve corresponding to the

initial temperature T0 . Following this the temperature 18

raised by a small amount to a new value T, with the overall

strain being kept constant. Finally, the temperature is

reduced to T0 again keeping the strain constant. This

situation is shown in figure 10-4 which is annotated to show

the various strain components at the three stages of straining,

the superior suffix indicating the time w, w2 or r. With

a rise in temperature,it is not possible for the irreversible

strain to remain constant so that there must be an increase

in damage and the stress is found from the loading portion

of the stress-strain curve. On the other hand, when the

temperature is lowered to T 0 a return to the appropriate

loading curve would require a decrease in damage,which is

not permitted,and the unloading curve must be used. The

chosen example thus suggests that a temperature rise induces

loading in a restrained specimen whilst a drop In temperature

causes unloading. This seems reasonable and could be

expected on intuitive grounds alone.

- The assumed behaviour is consistent with the assumptions

commonly used for isothermal conditions (Sinha et al 1964

Bresler and. Selna 196k) and theextension to consider the

effects of temperature gives results that appear realistic.

However, the consideration of damage is very much idealised

and in reality there may be a more complicated relationship,

between the effects of heating and loading, in concrete.
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Thus, the postulated behaviour should be regarded as

defining an ideal material and. caution must be used in applying

the results, obtained on this basis, to deduce the behaviour

of concrete. In spite of these reservations, it is felt

that the assumptions are reasonable, and likely to give a

fair picture of the broad aspects of the behaviour of concrete

under short term changes in stress and. temperature, and so

will lead to a satisfactory indication of possible modes of

tailure This is all that is required in the present work

but, if more precision were needed, the correspondence

between the ideal material and the behaviour of concrete

itself would need. to be fully investigated. This is beyond

the scope of the present work.

lO • i. Naterial State

In the previous Chapter the concept of the state of the

material H was introduced in order to specify the incremental

stiffness of the material under particular conditions of

strain . and. temperature. The assumptions adopted in this

chapter provide four categories of behaviour, or separate

states, corresponding to loading or unloading in compression

and. behaviour in tension before and. after cracking. These

states are illustrated in figure 10-5 where a further

Pootnote

Matters of this sort are the subject of a separate experimental

investigation which is now in progress at King's College

London, under the supervision of the author.
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distinction has been made between behaviour occurring in the

accending and. decending portions of the stress-strain curve

for loading in compression. These five types of behaviour

will each be referred to, in subsequent work, by the initial

letter of their description i.e.

A Accend.ing branch in compression

D Decend.ing branch in compression

u Unloading in compression (also reloading)

T Tension

C Cracked,with cracks remaining open.

The method of analysis presented in Section 9 . 8 requires

that an estimate be made of the state of the material li

that corresponds to an estimate,c.., of the total strain.

A flow diagram for this process is given in figure 10-6.

10 . 5 Arrangements for computation SLOADED

A computer program, SLOADED, was written to calculate

the stresses in a wall panel heated. from one side. This

program uses the incremental method of analysis described

in chapter 9 and is based on the material behaviour

postulated in this chapter. The calculation of the

temperature distribution is undertaken using the program

THERMAL (described in Section 8.L page 232) which is thus

incorporated within SLOADED. The broad features of SLOADED

are shown in the macro-flow diagram given in igure 10-7.

This links the different operations involved in each stage

of the incremental process and. so illustrates the main part

of the program. The remainder of the program is mainly

organisational and deals with input of data, the initial

conditions and the output of results. These matters will
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not be described in detail: but some comment is necessary

on the tests employed for equilibrium, stability and

convergence and the method used to estimate the strain

at each time interval. In the discussion that follows the

notation is identical to that of Chapter 9.

Forward estimate of the average strain	 and curvature <

In most cases, an initial estimate of the average stra

and curvature,at any timeis found from the values that

obtain at the previous three time intervals. The same

procedure is adopted as is used in estimating the surface

temperature in THERNAL, the expression for the new value Oi

strain or curvature being of the same form as equation

8 . Le..l on page 2321.. The initial estimates are then modified.

by the correction terms d and. d) found at each iteration.

This approach can not be used. for the first three time

increments or if the estimates of strain and. curvature re:

in:a situation in which the panel is cracked throughout it

width and. thus has zero stiffness. In these circumstances

the values of3and,)L found f or the previOus time interval

are used as the initial estimates to start the iterative

process.

Equilibrium

The conditions for equilibrium are taken to be satisf..

if the enera].ised	 N and MI (in equations ' 9.8.12

page 273), that are required in order to restore equilibri.

are acceptably small. In order to apply this condition,

two quantities and R are introduced to provide measures

of the magnitudes of 6N and ÔM. These quanties are defined
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by

N	 IaxxI

	
and	 I(zd;2 )I z	 (10.5.1)

On this basis, the equilibrium condition is satisfied

if	 .J<o.oi and	 <0•01
M

(10.5.2)

Stability

As suggested in Section 9'9 the structure become8 unstable

if the determinant of the' stiffness matrix becomes equal to

zero 5 as this would imply infinite strains in the material.

However, as the calculation is performed at discrete points

in time it would be an exceptional coincidence if the

calculation actually gave a value of zero for the determinant.

Because of this, a different criterion for stability must

be used and the most convenient is to regard the panel as

unstable if the increment of axial strain 	 or curvature 4,>

is exceptionally large in any time interval. Thus, the

panel is taken to be unstable If

Ior
	 yI	 2/d	 (10.5.3)

Convergence

In most cases there was no difficulty with convergence

with the time and space divisions commonly used. in the

calculation. However, it was clear that the equilibrium

conditions would become unnecessarily precise irthe

magnitudes of the stresses	 were low at all points

within the panel. This could occur if the section was

extensively cracked,so that the values of N and Fl became
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very low. When this occurs, the calculated change in stress

is small and. the absolute values of the generalised forces

6N and 8N are also very low. Thus, although the panel

approaches a state of instability it does so very gradually

with reductions in both stiffness and. the out of balance

forces. In these circumstances, it seemed most economic,in

computer time,to recognise that this could occur and place

a limit of 20 iterations on the extent of the calculation

at any time. If this limit is reached the analysis is

terminated.

Restraint

The method of analysis presented in Chapter 9 dealt

with a panel loaded with an'axial load N and a couple N at

its ends. These loads were taken to remain constant during

heating. This situation is changed. if the panel is partially

restrained against expansion or rotation, as the loads

induced during heating are dependent on the deformations of

the panel. This type of behaviour is of considerable

practical interestas a heated panel will generally be

subject to restraint from the surrounding structure. The

analysis may be extended to treat this effects by writing

andN_Km)L
	

(lo.5.li.)

where the stiffness 	 an	 are properties of the

structure providing restraint to the panel.

On including these expressions for N and N in the analysis,

the elements of the stiffness matrix 9 .8 . 10 become
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K1 +jc*dz

*
k12 k21	 c (z-d/2) clz

(d

+ I c (z-d/2) 2 dz
Jo

which may be compared with equation 9.8.11.

(10.5•5F)

ma

similar way, the equivalent loading terms given in equation

9 . 8 . 12 become

ÔN •(Kn6S 
+J0 

adz)	

(10 • 5 . )

ÔM -(Km8Y 
+J 

a* (z-d./2)2dz)

and the analysis continues in the same way as in

Section 9.8.
In some structures, restraint may be combined with some

Zorm of prescribed loading. Accordingly, the program SLOADED

was written so that any of the £ou.r possible combinations of

load and restraint could be dealt with.

Pootnote	 •

Note that, as in chapter 9, the superior asterisk refers to
estimated quantities. Also 6N and 8M approach zero as the

estimates approach the correct values
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10 . 6 Input and Output

The data for SLOADED is prepared in the form given in

Table 10 . 1. Within the program, the materials data for any

particular temperature is found by linear interpolation,

between the values given on cards 6, 7 and. 8, with the thermal

strain CT being obtained after subtracting the value

corresponding to the initial temperature. The values for

and E0 given for 0°C do not necessarily reflect the true

behaviour of the material at the freezing point of water but

are chosen so that interpolation between 0°C and.'lOO°C gives

the correct values at normal temperature. The restraint

parameters are prescribed In dimensionless form with values

being given for K and K'm where

- K/E0d.

(10 • 6 • 1)

K m l2Km/Eod3

In these expressions, d is the width of the wall and.

the value for the initial Young's modulus E 0 is that specified

for 0°C.

Some typical output from SLOADED is shown in figure 10-8.

The first line gives the program name together with .the date.,

time and run number. Following this, the various input and.

control data are 'echo printed.' above the dashed. line, with

the values of and. thermal expansion being given in micro-

strain. The results of the calculation are then given below

the dashed. line, in the form described in Table 1O • 2 and

10.3.
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TABLE 10 . 1 DATA preparation for SLOADED

CARD	 DATA	 PUNCH IN

NUMBER	 COLUMNS

1 - 5	 Data as for THERMAL and. described. in

Table 8 • page 236

The following three cards give the additional materials data

at 100°C intervals in the range 0°C - 1200°C i.e. 13 values

punched with 5 cols/value

6
	

% age thermal strain as if heated from
	

1-65

.0°C

7
	

Initial Young's Modulus GN/m2
	

1-65

8
	

% age strain corresponding to peak stress

stress in compression - positive value	
1-6

given

Ratio of Peak stress in compression
66-70to the tensile strength - single value

9	 Loading Conditions

Axial Load/unit length
	

N/nun
	

1-10

End. Couple/unit length
	

11-20

Axial Restraint factor dimensionless	 31 -

Flexu.ral restraint factor dimensionless	 'i.l - 50

m - parameter defining decending branch 	 61 - 65

Run reference number - integer (RA).	 66 - 70

10	 Closure	 -	 -

As for THERMAL, punch FALSE 	 1 - 5
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TABLE 10 • 2	 Results• given by SLOADED at the end of each

time interval - see figure 10-8

Line	 Result

1	 Time : mins and seconds

Depth of dried zone	 mm

furnace temperature
	

00

Estimate for hot face temperature

Estimate for cool face temperature
	

00

? 
and	 Temperatures at equally spaced points across the

3	 wall thickness : 00

Axial strain micro strain

l06imits
I - .	 t•	 I.	 P

k ...k	 . k	 D dimensionless- .L.L'	 ..L	 '

Number of iterations
P	 P

ÔN, 6N

5	 Structural State of the material of the wall

described by symbol A,D,U,T, or C as shown in

figure 10-5 page 291.

6 and	 Stresses in MN/rn2 at equally spaced points across

7 the wall thickness : tension positive.

Note	 The primed quantities in line four are dimensionless

values related tog, Ic4 , k12 , k22 , D, ÔN and. 6N as

described in Table l03
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TABLE lQ'3	 Dimensionless variables used. in Input and.

Output to SLOADED

K/E0d.

K 'm 12km/Eod3

k ' 11 = k11fE0d

/Tã k12/E0d2

and. Km defined. by

equations 10.5.11.

Elements of stiffness matrix:

defined -in equation 9 . 8 . 10 and

9.8.11

12k22/E0d3	Determinant of stiffness matrix

12D/E02d4	 equation 9.9.2

6N	 ÔN/cl	 ÔN and ÔN defined by equations

81 '	GoN/d2	 9.8.12	 units

d	 X is curvature

Note	 d is the width of the wall and	 is the value

of the initial Young's modulus specified for 000

THERMAL DATA

The same thermal data as shown in fig.lO-8 is use throughout the

structural investigation described in this Chapter.
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The results shown in figure 10-8 were obtained for a

thin slab subject to high flexural restraint. The slab

becomes extensively cracked soon after the start of heating

and the calculation is terminated using the convergence

criteria described on page 295 . . The effects of cracking on

the stress distribution and panel stiffness can be easily

seen from the results shown. After one minutes heating,

there is still no cracking and the non-dimensionalised

determinant of the stiffness matrix is near its original

value (D ' = 97 .9). A considerable amount of cracking occurs,

during the next one minute of heating, to cause unloading of

the concrete in compression next to the heated face and a

reduction in D ' to lq. • 7. During the next time interval,

there is some additional cracking and D ' is reduced to 6.7.

Following this, cracking becomes so extensive that a

situation is approached where thermal stresses can not be

developed within the panel.	 .

In considering the results from SLOADED, it was soon

found that the qualitative information contained in the

material state description was extremely useful in providing

a compact guide to the overall performance. Accordingly, it

was arranged that the letter symbols comprising the material-

state description could be printed out line-by-line in a

separate block following thedetailed results. The control

for this is punched in card 5(Table 84 page 236). . .ome

examples of this form of output will be used. in discussing

the results obtained from SLOADED (i.e. figure 10-la.).

10 . 7 Data for use with SLOADED 	 .	 .. .	 ..	 - .

The program SLOADED was used to investigate thebehaviour



304.

01 a large number of different thickness panels with a

variety of combinations of loading and restraint. It was

soon found that structural failure occurred much earlier

in thin panels than with thicker members. Thus, in order

to economise in computer time and achieve a reasonable

turn-round in program use, the work was mainly directed to

examining the behaviour of a 50mm thick panel.

In some of the work, two sets of data describing the

material properties were used in an effort to prescribe

bounds to the true behaviour. The first set was based on

Fuxamura's (1966a) results, for the stress-strain curve of

concrete in compression at temperatures up to 700°C, and. the

general form of Harada's. (1953a) results for thermal expansion.

These data are shown in figure 10-9. For the other set of

data, it was assumed that the properties of concrete were

not affected by heating and. had the constant values shown

in Table 10 . 4. . In both cases a value of 10 was taken for

the ratio of the peak compressive stress to the tensile

strength of the concrete. This is a reasonable value for a

normal density concrete but tends to over-estimate the tensile

strength of high strength concretes and vice-versa (Newman
19a)

- The data shown in figure 10-9 exhibit some peculiarities

that require comment. After an initial steep reduction with

rising temperature, the value of Young's modulus remains

practically constant for temperatures between 200 and 300°C.

Such behaviour was not observed by Philleo (1958), in

obtaining the results shown in figure 3-8, but has been

found, in flexural tests at elevated temperatures, by
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Sullivan and Poucher (1968). The peak stress in compression,

shown in figure 10-9, has been calculated from the values of

initial Young's modulus and. , using equation 10.3.1. The

results are rather uneven, for temperatures up to 21.00°C,

but it is recognised that this is quite usual. Moreover,

the data obtained in this way are rather similar to Abrams

(1968) results shown in figure 3-7.

TABLE 10'4.	 Alternative Material Properties used. in the

Stress Analysis.

Young's Modulus

Strain corresponding to peak stress in

compress ion

Peak stress in compression (approx)

Coefficient of thermal expansion

30.0 GN/m2

Q.20

22 . 1 f'IN/m2

lOxlO6/°C

- In looking at the results presented in the following

sections it will become clear that failures that occur soon

after the start of heating are very much dependent on the

form of the stress-strain curve and, in particular, on the

gradient of the descending portion of the stress-strain

curve in compression. In investigating this effect, most

attention was given to the two cases, shown in figure 10-1,

corresponding to mBl and. m 3. The second of these cases
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may be slightly exceptional but stress-strain curves, with

a steep decending branch in compression, have been obtained

for a concrete using Leca lightweight aggregate (Grimer and

Hewitt 1969) and. normal density concretes using small sized

aggregate (Hughes and Chapman 1966). Also, there are

indications that the steepness of the decending branch

increases with the rate of loading and concrete strength

(Ruech 1960, Eognestadt et al 1955 and Smith and. Young 1956)

At present there is no way of being certain of the

manner in which the form of the stress-strain curve of concrete

is affected by temperature during the early stages of heating.

The only available data on the form of the complete stress-

strain curve for concrete in compression at elevated

temperatures have been obtained only after the unloaded

specimens had been exposed to high temperature for a

considerable time (puramura 1966). Dut'ing this initial

period the specimens must have been extensively damaged by

cracking due to thermal incompatibility of the constituents.

As noted. in Chapter 3, both Fischer (1970) and Abrams (1968)

have suggested that the development of these cracks is

inhibited by the presence of a load during the heating period

and. their experiments show that such a load tends to maintain

the stiffness and peak stress of a normal density concrete

at a high value. More particularly, it appears that there

is no significant reduction in strength or stiffness, caused

by heating a siliceous aggregate concrete to temperatures as

high as 400°C, provided that the specimens are maintained

under a modest load during heating.
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In the situation considered in the present work, the

concrete is heated rapidly and is generally under stress,

caused by restrained thermal expansion or an applied load.

Here, Furamura's data are not really relevant but Fischer's

and. Abram's results suggest that the change in structural

properties of the material will be small, provided it

remains in compression. Thus, in considering behaviour that

occurs shortly after the start of heating, it seems

reasonable to ignore the effects of temperature on the

material properties and use the data given in Table 10.1;..

This is the view taken in the present work.

This completes the discussion of the assumptions and.

hta used in the analysis of panel behaviour. The results

of a number of calculations undertaken on this basis are

presented in the next Sections. Here no attempt is made

to examine all the possible situations that can arise.

Instead, attention is concentrated on the various modes of

failure in an attempt to obtain a qualitative understanding

of the manner in which these are influenced by loading and

restraint.

10 . 8 Results from SLOADED: Axially loaded Panels

• The affect of axial load on the performance of an

unrestrained 50mm thick panel heated from one side Is shown

in figures 10-10 and 10-il. Here, the material properties

are taken tobe dependent on temperature with ml (figures

10-1 and 10-9). Results are shown for an unloaded panel

and for three values of applied stress, equivalent to 23%,

11.7% and 70% of the peak stress of the concrete in compression

before heating.
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• - Cracking occurs within the central regions of the

unloaded panel within the first two minutes heating. These

cracks extend rapidly, so that the stiffness of the panel

approaches zero after only 14 minutes exposure and the

calculation fails to converge. It seems unlikely that a

progressive failure of this sort will be violent and it seems

that the panel may continue to act as a thermal barrier for

some time, even though it has been effectively destroyed as

a load bearing structure. In practise, this may be a case

where very light reinforcement could be used, to retain the

panel in position after extensive cracking.

An applied compressive load tends to inhibit cracking

and so leads to better endurance provided that failure in

compression is avoided. Thus, an improved performance is

obtained with an applied stress of 5 . 5 MN/rn2 , for which a

small amount of tensile cracking occurs, and. also with a

stress of ll • 0 ?IN/rn2 which is enough to maintain the whole

section in compression. However, higher loads can lead to

failure in compression as occurs after 38 minutes heating

with a load of 16 • 5 MN/ni2.

• - - Although there are differences in procedure and time

scale, the results shown in figure 10-10 have the same

general form as those obtained by Fischer (1970, figure 3-9

page 101) in tests on concrete specimens heated under load.

Agreement of this sort is reassuring in the present work

and suggests that, even though some time dependent phenomena,

involving creep, have been ignored in the analysis, the

qualitative conclusions concerning modes of behaviour are

probably satisfactory.
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Considering the occurrence of compression failure, the

load, capacity of a heated panel Is determined by the mad.mum

Stress that can be carried in each region and the way in

which the stresses within the panel are redistributed to

take advantage of the strength of the material. With

perfectly plastic materials (m=O in figure 10-1) considerable

redistribution of stress can occur and, with symmetric

heating at least, the full potential strength of the

section is realised. On the other hand, no stress

redistribution is possible in a brittle material (moo)

and. failure occurs, in the manner assumed by Saito (1965),
as soon as the peak stress is reached at any point. The

behaviour of a strain softening material, like concrete,

lies between these two extremes with the ability to

redistribute stress being determined by the form of the

d.ecending branch of the stress-strain curve. If the load

capacity of such a material is calculated on the basis of

perfect plasticity the collapse load is over-estimated ' and.

the correct result can only be obtained. in an analysis in

which strain compatibility and 'the form of the decending

branch of the stress-strain curve are considered.

The result obtained for the panel loaded with a stress

of 16 . 5 NN/m2 is due to both strain softening and the

Yootnote '	-.

It is Interesting that an over-estimate of this sort was

obtained by Thomas and Webster (1953) in attempting to !Stlmate

the load capacity of concrete colu.mns from the results of tests

on small samples. The source of the error does not appear

to have been appreciated.
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reduction in strength due to heating. In thIs case, it

appears that the strength reductions had most influence,as

calculations using the properties given in Table 10 . 14. (which

are not dependent on temperature) show more rapid and

extensive cracking under moderate loads but better performance

at the high stress levels. This situation does not always

obtain as the occurrence of failure may be very much in.tluenced

by the steepness of the decending branch and. the time to

failure may be less for a material with properties that are

unaffected by heating than for one with the properties shown

in figure 10-9. These matters are discussed in the latter

part of the next section.

10 . 9 Plexurally restrained panels with axial load

In the previous section, the applied loading did not vary

during the heating period. This situation may be contrived,

for the purpose of a fire test, but is unlikely to ocàur if

the panel is part of a structure. Generally a panel must be

joined to the remainder of a structure in some way and, with

this in mind, it is possible to imagine a practical situation,

such as that shown in figure 10-12, in which a panel is

restrained against rotation but also • carries axial load..

The results shown In figure 10-13 have been obtained. for

a5omni thick panel of a material with the properties given

In Table lQ • 4 and with ml. The panel has been almost

completely restrained against rotation by setting K' m - 100.

In the absence of a longitudinal load (N'O), the heavy

flexural restraint leads to the development of tensile

stresses across most of the section and an early loss of

stiffness, as shown in figure 10-8. The presence of an
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axial load, delays or inhibits the development of cracking,

as can be seen from the material state descriptions given

in figures 10-1k, 15 and 16. With the highest axial load.

(16'.5 MN/rn2), the section is always in compression and

instability occurs in the expected manner with a proportion

of the section being loaded beyond the peak stress (marked

D in figure 10-16) and. the component k 11of the stiffness

matrix approaching zero. Thus, a compression failure occurs

in spite of the external restraint, which maintains the

flexural stiffness k22 at a high value.

The manner in which the stiffness k ' 11 changes during

the exposure period. is shown in figure 10-17. This result

suggests that unloading, within the section, leads to an

increase in stiffness. However, it is considered. that this

increase is probably exaggerated because of the simplified

treatment of unloading used. in the calculations (assumption 1

page 281). Figure 10-17 shows the rapid reduction in stiffness,

of the most heavily loaded panel, during the final few

minutes heating. A failure of this sort is relatively

sudden and appears to have all the characteristics of general

or destructive spalling described in Table 1.3.1 on page 11.

There are some points of interest in the description of

the panel loaded with 11 MN/rn 2 given in figure 10-15. Before

the start of heating, the section is entirely in compression

and. the initial effect of restraint is to cause further

loading in the vicinity of the heated face (A) and unloading

Cu) throughout the remainder of the section. After 6

minutes exposure, the material near the heated face is
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strained beyond the peak stress and the region contrithiting

to instability (marked D in the figure) increases in size

during the next few minutes heating. At this stage, the

overall behaviour is very similar to that of the more heavily

loaded panel (figure 10-16) and. it would be tempting to

suppose that the panel would eventually fail in the same

way. However this does not occur, as tensile stresses are

developed near the unheated face after 22 minutes exposure

and these increase and lead to cracking, after a further 6

minutes heating. This cracking is beneficial, as it allows

the section to unload and so avoid the conditions necessary

for instability. The onset of cracking has a marked effect

on the expansion of the panel. As seen from figure 10-13,

the two most heavily loaded panels expand in a similar

manner, during the early stages of heating, but this

similarity ceases abruptly,with the occurrence of cracking

after 28 minutes exposure, in the panel carrying 11 . 0 !1N/m.

It is clear that the panel carryIng 11 . 0 M1T/m2 survives

because cracking provides some relief from the effects of

restraint. Thus, it appears that this is a case where the

presence of reinforcement could have a particularly

damaging effect on performance. The steel would effectively

increase the tensile strength of the section and so enable

the process of loading, of the material near the heated face,

to continue beyond the stage when cracking occurs in an

unreinforced panel. In this way, the presence of an

appreciable quantity of steel in the section could promote

instability and so lead to a sudden failure.



322

The results given In figure 10-13 refer to a panel of a

material with properties that are not affected by changes in

temperature. Thus, the mode of failure in compression is

entirely dependent on the shape of the stress-strain curve

and, not at all due to changes, in the available peak

compressive stress, caused by rising temperature. In this

case, the form of the decend.ing branch seems to be particularly

important and calculations undertaken with the temperature

dependent properties (given in figure 10-9) gave a rather

better performance with compression failure of the panel

loaded with 16 . 5 NN/m2 not occurring until after more than
Ll.5 minutes exposure. It appears that this improvement can

be attributed to the reduction in (negative) 'slope of the

decend,ing branch of the stress-strain curve, with temperature

rise, and this leads to less brittle behaviour and, greater

use of the potential compressive strength of the entire

section.

In. the present work, failures that occur soon after the

start of heating are of particular interest. It seems that

these are most likely to occur, and be most catastrophic,

if the decend.ing branch of the stress-strain curve is steep.

This is shown in figure 10-18, in which the data from figure

10-13, for the two most heavily loaded panels, is

supplemented with results of calculations using alternative

values of In.

It is seen that the form of the decending branch has

a considerable effect on the behaviour of the panel carrying

11 MN/in2 and that the occurrence of instability is no
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longer prevented by cracking,when ni3 and the material

has a steeper decending branch to the stress-strain curve.

Increasing the value of m also affects the behaviour of

the other panel, with instability occurring after only lL1

minutes heating when m3. The material state descriptions

for the two cases with m =3 are given in figure 10-19.

l0l0 Panels with less than Pull Restraint

In the last section the panels were taken to be fully

restrained against rotation. This is an extreme case and,

in practice, cases of partial restraint with K'rn 00 will be

much more frequent.

In providing examples of this behaviour, the effects

of temperature on the structural properties of concrete

are Ignored and. it is assumed that there is a fairly steep

decending branch to the stressNatrain curve (i.e. m'3).

This is done, bearing the results of the previous section

in mind, in order to set up the conditions under which

sudden, apparently brittle failures are likely to occur.

Some results, for a 50mm panel loaded with an axial

stress of II MN/rn2 and subject to different degrees of

restraint, are shown in figure 10-20. For low values of

the restraint parameter K'm the behaviour Is very much

influenced by cracking. For the unrestrained slab, cracking

occurs in the central regions of the panel and this postpones

the development of Instability in the manner djscussed in

section 10-8. With small values of applied restraint (K' m

0 . 175 in figure 10-20) the effect of restraint is to reduce

the extent of cracking and this correspondingly reduces the
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period of exposure necessary for the occurrence of

instability. Higher values of restraint maintain the

section in compression and, once this state is achieved,

an increase in flexura]. restraint leads to an increase in

the time required to cause failure.

Although the qualitative pattern will remain the same,

some difference in results can be expected for different

loadings and panel thickness. With greater applied loads,

cracking could be avoided entirely and the effects of

restraint would always be benefical, in the sense of extending

the endurance period. With lower loads, the overall behaviour

may be dominated by cracking and flexural restraint will lead

to poorer performance. This is illustrated by the results

for an unloaded panel given in figures 10-8 and 10-10. These

suggest that the unrestrained panel survives for 14. minutes,

before failure occurs due to extensive cracking, whereas

a similar panel under full restraint only lasts 3 minutes.
Some results for thicker walls are shown in figure 10-21.

The same material properties have been used as were adopted

in deriving the results for the 50mm thick panel and the

loading is again equivalent to half the peak stress in

compression, The main difference in the results occurs

because a smaller proportion of the panel width Is subject

to the effects of heating at any particular time. Because

of this, the tensile stresses caused by heating are small

and differences in behaviour caused by modifications to

the extent of cracking are not so important. On this basis,

it would appear that the effect of flexura]. restraint should
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always be beneficial for a very thick panel. This idea

appears to be supported by the results for a 200mm thick

slab shown in fig. 10-21, although the values shown could

be considerably modified by the effects of creep over the

long exposure periods involved.

10 • 11 Axial Restraint

A further case of interest is that of a panel heated

under axial restraint. Here, it would be expected that a

small amount of restraint should reduce the cracking that

occurs in the interior of a heated panel and. so  increase

the endurance period. Also, it seems possible that the

loads induced by high axial restraint may be such as to

cause early failures. This view is supported by the results,

for a 50mm panel, shown in figures 10-22 and 10-23.

• There is one major difference between the behaviour of

axially restrained and flexurally restrained panels. If

curvature is restrained, longitudinal instability occurs

with the term k ' 11 in the non-dimenslonalised stiffness

matrix approaching zero. However, high axial restraint keeps

the k	 term at a high value and instability can only occur

if the k ' 22 term approaches zero. Thus, this mode of

instability could be described as a kind of 'flexural

compression' failure. Clearly, a dangerous situation may

arise, which could lead to a sudden collapse, if heavy axial

restraint is present together with a constant applied couple.

It is of interest that destructive spalling, leading to

complete destruction of a floor slab, has been observed In

these particular circumstances (Carlson and Abrams 1965).
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lO • l2 Discussion

The calculations that have been undertaken have been

based on an idealised model of material behaviour and it

is doubtful whether the numerical values obtained have any

great significance in themselves. Because of this the

commentary on the results has been conducted mainly in

qualitative terms and aimed at understanding modes of

behaviour.

There are two main influences that affect the form of

failure that might occur soon after the start of heating.

These influences are the extent of cracking and. the form of

the stress-strain curve in compression.

Considering first the effect of cracking, it appears that

this is often beneficial as it limits the development of

thermal stress and so leads to good performance under fire

conditions. However, cracking may be very extensive in

thin panels that carry little load and., in such members,

cracking must be controlled if the structure is to remain

intact. It is considered that this could be done by using

a very small quantity of reinforcement in the panel with

the object of holding the fractured material in place and

distributing the cracks throughout the panel. This would

prevent the formation of holes that could allow the passage

of flame and. so limit the effectiveness of the panel as a

thermal barrier.

The use of reinforcement in a panel may limit the

development of cracking and may thus cause higher

compressive stresses to be developed than could be achieved.

without the tensile reinforcement. In this way, the use of
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a large quantity of steel may transform a situation from one

where failure is progressive, and. controlled by cracking, to

one where failure occurs in compression and may be relatively

violent.

The occurrence of compression failure, in panels during

the early stages of heating, appears to depend primarily on

the form of the stress-strain curve. It is not possible to

induce a compression failure by heating a panel of a perfectly

plastic material, that has temperature independent properties,

no matter what initial conditions of load. or restraint are

involved. However instabilities can arise in a strain softening

material, like concrete, and these are more likely to occur

when the slope of the dending branch of the stress-strain

curve is steep.

The possibility that instabilities could occur in wall

panels during heating was first recognised from the form of

the stiffness matrix developed, for a typical panel, in

Chapter 9. This recognition did. not depend on the

assumptions made earlier in this Chapter concerning material

behaviour but these have affected the detailed results

obtained using SLOADED.

At present the assumptions used in the analysis are not

fully supported by experimental evidence and much more

testing is required in order to assess the full effects of

simultaneous changes in stress and temperature and. to study

the effects of creep. In spite of this, the results

obtained, taking account of temperature dependent properties,

appear to be reasonable and in line with the few available

experimental data. In addition to this, the assumptions
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used in the analysis are only in the nature of simplifications,

if the effects of temperature on the properties of the

material can be ignored. As explained in Section 10 . 7 this

seems to be a reasonable approximation to the conditions

that must obtain during the early stages of heating of a

section that is maintained in compression. Fortunately

these are the circumstances under which instability in

compression seems to occur.

In discussing the results, it has been implicitly

assumed that a compression failure induced by heating would

have the appearance of destructive or general spalling.

This view seems to be unexceptionable, even though some

modes of overall failure have been ignored. In particular,

it appears that there may be some circumstances where lateral

stability should be considered.

Some of the factors affecting the form of the stress-

strain curve have already been discussed in Section 10.7.

However, in addition to these factors,it is clear that the

slope of the decending branch is affected by the state of

stress and it may be necessary to take some account of the

effects of pore pressure as mentioned in Section 9 .11. page

261. Referring again to Bichart et a]s (1928) results,

shown in figure 2-5 on page 35, it is clear that an all

round confining pressure inhibits the development of

cracking and reduces the steepness of the decend.ing branch

of the axial stress-axial strain curve. In a wall panel,

the micro-cracking caused by a predominantly biaxial

compressive stress field may be exacerbated by a small

effective tensile stress, due to pore pressure, acting in
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a direction normal to the heated surface. In this way, the

exisd'nce of a modest pore pressure within the wall could.

steepen the decending branch of the stress-strain curve and.

so significantly affect the occurrence of destructive spalling.

Even ignoring possible effects of pore pressure, the

results from SLOADED: appear to give a-comprehensive

explanation for the occurrence of destructive spalling.

The results obtained are most relevant to the early stages

of heating, before changes in material properties, with

temperature rise, and creep of the concrete have any great

effect. It is considered. that both these influences will

tend. to prevent spalling, by reducing the slope of the

stress-strain curve and by allowing relaxation of the

thermal strains induced. by heating. Because of this, the

conditions for general spalling are likely to occur only

during the early stages of heating.

In recognising that general spalling is a type of

compression failure, there is a distinct similarity between

the present approach and that used by Saito (1965) and.

discussed in Chapter 1 (page 16 et seq.). However, some

of the anomalies in Saito's work are avoided when spalling

is treated as an instability,rather than by assuming a

limiting value of compressive stress. In a way, Saito's

approach can be regarded as a particular case of the present

method with the value of rn being set to °. However, such an

approach ignores the strain softening behaviour of concrete

and leads to the anomalous result that failure should occur

even when both the axial and flexural restraint parameters

have high valties. In qualitative terms, this anomaly was
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the most serious deficiency in Saito's results, which were

further suspect due to the clea' lack of correspondence

between the assumed material behaviour and that of concrete.

It is considered that both the anomaly in the results and

the deficiency in the material description have been over-

come in the present work.
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Chapter 11

1ECEANISNS OF LOCAL SPAILING
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11 . 1 Introduction

The conditions that lead to general structural failure

of a heated wall panel were considered in the previous
chapter. The analysis suggested that the proôess of

failure is gradual in many cases, but that there are

circumstances where sudden major changes in stiffness occur

which may lead to the more violent form. of behaviour

associated with destructive spalling. In this chapter,

attention is focussed on possible mechanisms for the forms

of local spalling given in Table 1 . 3 . 1 (page ii). Here, the

term local is used to suggest that these forms of failure

are either initiated or occur in relatively small regions

and that the mechanism involves localised. breakdown

rather than the occurrence of instability in the entire

structural member. However, it should be noted that local

spalling may be quite extensive, in practice, and so can

promote generaistructural failure of a complete member.

11 . 2 Aggregate Splitting

It seems that one form of surface breakdown in concrete

members may be due to splitting of the aggregate during

the early stages of heating. When this occurs in a wall

panel, or floor slab, the aggregate particles near the

heated surface are split in a plane approximately parallel

to the heated face. This behaviour can be seen quite

clearly in the photograph, in figure 11-1, which was taken

following the fire that occurred during construction of

the Rathbone Place Sorting Office Sin London in 1962. In

this case, surface breakdown may have been influenced by
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the presence of the reinforcement although it is felt that

the region affected would have been smaller if the usual

amount of distribution steel had been employed. In any

case, it is clear that splitting of the aggregate has been

accompanied by removal of material from the surface and.

that the steel has been exposed to the direct effect of

fire. This could have serious consequences and. it is clear

that a method is required to assess the probable behaviour

of any particular aggregate at high temperaturesso that

those aggregates likely to disintegrate in a structure exposed

to fire can be rejected.

Kingery (1955) has shown how the ability of a single

material to resist sudden changes in temperature can be

expressed in terms of a Thermal Stress Resistance Factor.

For example, consider a sphere of linear elastic material,

with Young's 'modulus E and Poisson's ratio , throughout

which the temperature is initially uniform. The surface

temperature is now raised instantaneously by an amount

and maintained at this new value. A state of hydrostatic

tension is induced, at the centre of the sphere which

eventually reaches a maximum value of

Footnote +

This result was obtained by Grinberg (1925)
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where is the coefficient of thermal expansion for the

material of the sphere.

If the maximum value of equal triaxial tensile stress

that the material can withstand. is f, the rise of surface

temperature Tf that will cause a cleavage failure is found

from,

1-- -
f

O3B6

Now, we define a Thermal Stress Resistance Factor F bT

PS
	

(ll.2.zi.)

where S is a non-dimensional factor often referred to

on the shape factor.

The factor F embodies all the material properties that

influence fracture and it is clear that the higher the value

of this factor the better is the resistance of the material

to thermal shock. The concept of a stress resistance factor

is quite general although the application of the principle

has been considerably simplified by assuming linear elastic

behaviour with constant material properties. In addition

the influence of Poisson's ratio is probably not correctly

represented in equations 11 . 2 . 3 and. ll . 2 . li. for shapes other

than spheres, if the shape factor is to be independent of
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material properties. In spite of these limitations, thermal

stress resistance factors have found considerable pplication

in refractory technology in selecting the most appropriate

material for a particular situation.

For different exposure conditions, additional material

properties such as thermal conductivity, specific heat,

density and also the surface heat transfer coefficient may

affect the magnitude of the stresses developed and. these

must be included in the Thermal Stress Resistance Factor

if this is to be relevant. These matters are discussed in

detail by Kingery (1955) and. Thite (1958) but will not be

taken further in the present work,which will be aimed more

particularly at the thermal stress resistance of aggregate

particles in concrete. In order to do this, an idealised

situation will be considered in an attempt to derive a factor

which will include most of the material properties involved

in aggregate splitting.

11 . 3 A Thermal Stress Resistance Factor for Aggregate

Splitting

Consider a spherical aggregate particle of radius R,

Young's modulus Ea and. Poisson's ratio att is surrounded

by a large quantity of concrete which, in this case, will be

regarded. as a linear elastic material with Young's modulus

and. Poisson's ratio c• This situation is illustrated.

in figure 11-2. The temperature distribution throughout

the aggregate particle and. the surrounding material is

assumed to be a function of time t and the radiusr with

the temperature TR, at the interface r R rising at constant

rate).
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Within the concrete, the temperature distrib'ution is

such as to cause an outward radial displacement of

nCRTR at the surface r = R,if the aggregate particle has

negligible stiffness oris replaced by a void. In this

expression c is the coefficient of linear thermal expansion

of the concrete and the quantity n serves to represent the

influence of the temperature distribution in the concrete.

Thus, n would be unity if the temperature was uniform

throughout the concrete mass but would be greater than unity

if the temperature increases with radius.

When a stiff aggregate particle is present, the radial

displacement of the interface is modified due to the effect

of the radial stress ( c r = -p) at the interface. Thus, using

Lam's solution for a very thick spherical container under

internal pressure as given by Timoshenko and Good.ier (1951a),

the conditions at the boundary of the aggregate particle

become

(11r3.l)

at

and u	 fl%Rt + -
	

('+c
2.	 \.	 E

rR

Within the aggregate particle, the temperature satisfies

the equation of heat conduction

2
k I - + - -. ) = -

	
(11.3.2)

rjrJ

Where k is the thermal diffusivity of the aggregate



material. In the special case Considered, inwhich the

temperature at the boundary rises at a constant rate 51,

a situation is approached, some time after the start of

heating, in which the temperature at all points within the

sphere rises at the same rate. In this way, a quasi-

static temperature distribution is established

relative to the surface temperature. This asymptotic

solution is obtained by integrating equation 11 . 3 . 2, after

replacing T/t byf, to give

r•	 R2-r2
T

L
(11.3.3)

It-will be noted that this solution satisfies the

conditions at tIe interface but does not provide the correct

temperature within the aggregate at time t = 0. However,

comparison with the complete solution, obtained by Williamson

• and Adams (1919) and shown in figure 11-3, suggests that

the true temperatures are within 10% of those given by

equation 11.3.3 for kt/R2 ^0 • 25. Thus, the asymptotic

solution becomes satisfactory for all normal size aggregate

particles after only a few minutes heating.

Timoshenko and Goodier (1951b) give a general solution

for thermal stress in asymmetrically heated sphere and

this solution can be easily adapted to satisfy the boundary

conditions 11.3.1. For the temperature distribution 11.3.3

the maximum tensile stress occurs at the centre of the

sphere ,where
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2Eaaa [R2
d r dt 	 -

l-)	 30ka

(N + 5) 
+ (

3k6

(11.3.5)

(11.3.4)
•i+	 fi+	 Ea

where	 a __
la

Failure occurs by splitting of the aggregate when r

the maximum tensile stress that the aggregate can withstand.

In this way, the condition for failure can be written

(N^5\ 
6	

5.17 fca \
=1

(ri^3)	 a

where	 =

( 1 a) f

0 • 386 EacLa

and	
15 (lôa) IC f

Ea•aR2

The termsØ and	 are themselves thermal stress

resistance factors for the aggregate particle. J1. is the
heating rate required to cause fracture in a sphere of

aggrgate of radius R heated at a constant rate and T f is

the temperature that would cause failure if the aggregate

particle was suddenly exposed to heating with the boundary

being maintained at constant temperature. The expression

for Tf follows from equation 11 . 2 . 2 andf is found from

equation ll'3'5 by putting dr equal to f and letting N
approach infinity. Although it is difficult to obtain
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representative values of the properties of single pieces

of aggregate, the order of magnitude of the £actors	 and

T may be demonstrated by using assumed values for the

material properties. Thusbased on the properties given

in Table 1l'l, T has a value of 22°C and the critical heating

rateJ is 39°C/ minutç for a 20mm diameter piece of aggregate.

TABLE 11'l	 Properties of aggregate used in calculating

values of Tf andJ$.

Young's Modulus

Poisson's ratio

Maximum tensile stress

Coefficient of thermal expansion

Thermal diffusivity

70 GN/zn2

0.2

7 . 5 MN/rn2

lOx io6i°c

0 . 5 inin2/sec

Returning to equation ll•3'5, two separate cases must

be considered depending on the relative magnitudes of the

thermal expansion of the aggregate and the surrounding

concrete. If aa is greater than	 the second term of the

equation is negative and splitting tends to be inhibited by

increasing temperature and time. If failure is to occur

under these conditions it must do so early so that, even
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admitting the possibility of failure at the start of heating,

aggregate splitting cannot occur if,

j6 	 for a flCCc
	 (11.3.6)

If the effective thermal expansion of the concrete is

greater than that of the aggregate (n%) cia) the radial

stress at the interface is tensile and so helps to promote

splitting, providing that bond is maintained at the

interface. The second term in the square brackets of

equation 11'3.Li. represents the effect of radial stress at

the boundary between the aggregate and the surrounding

concrete. This stress is tensile if' n is greater than

aa and increases with time, so that,if aggregate splitting

does not occur,the radial stress at the interface will

eventually become equal to the maximum tensile bond strength

1' and separation will occur at the interface. On this
b

basis,'aggregate splitting, can not occur when na> aa

if

/1	 (11.3.7)

before bond. failure or

4

otice separation has occurred.
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Although the analysis has been based on a very idealised

model, it seems reasonable to use the results to deduce

qualitative information on the behaviour of aggregate in

concrete members exposed to fire. It is known that the

coefficient of thermal expansion of different samples of

natural aggregate may vary widely, even when these are

obtained from the same source ; Bonnell and Harper (1951),

Lerch (1957). Thus,it appears that, if different aggregate

particles are considered, 'the thermal expansion of the

aggregate may be greater or less than the effective expansion

of the concrete and thus the different forms of aggregate

splitting may occur in the same member. The main factors

influencing the condit.ons 11 . 3 . 6' to 11.3.8 are summaised

in 'Table 11-2. From this it appears that 'splitting is most

likely to occur in concretes with a strong, stiff mortar

matrix and that the best approach, to reduce aggregate

splitting, is to reduce the maximum size of aggregate used

in the concrete mix. In any case, if aggregate splitting

is likely to occur,it seems desirable to use a smaller sized

aggregate than usual, as experimental results by Tomita

and. Taylor (1961) suggest that the thermal stress resistance

of natural aggregate particles deceases with an increase in

particle size... Some further experiments on the effect of

aggregate Size are described in the next section.
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TABLE 11 . 2	 Factors Influencing Aggregate Splitting

N+5

(1-fb/f)

Depends on the properties of the aggregate

particle and, also on its size.	 is inversely

proportional to the square of the aggregate

diameter.

Increases with N and so tends to decrease with

increasing strength or stiffness of the

surrounding concrete.

Controlled by the tensile strength of the particle

and its bond strength with the matrix. The

factor decreases with increasing matrix strength

The rate of temperature rise depends on the

exposure conditions and the concrete quality.

The experimental results given in Chapter 6

suggest that) will not be significantly

affected by changes in mix proportions.
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11 .Le. Experiments concerned with aggregate splitting

In order to investigate the effect of particle size on

aggregate splitting,various samples of aggregate were

heated in a furnace so that the proportion of material

surviving this treatment could be compared.

The aggregate sample comprised a known weight of material

passing one B.S. sieve and retained on the next smaller size.

Generally around 200 grams of material were used, although

no attempt was made to stand.ardise the sample. The sample

was resieved, following the heating test, and. the weight

of material retained within the original size range was

taken as a measure of the quantity surviving. The materials

used. onsisted. of a Duxigeness beach gravel (mainly flint),

barytes and limestone.

In the test, the aggregate samples were heated in a

wire basket , and placed . in a furnace heated to the required

temperature. This temperature was maintained for one hour

before the closed furnace, containing the sample, was allowed

to cool gradually,to the laboratory temperature, over a

period of several hours. It is thought that little damage

occurred during this cooling eriod as the crackling noise,

accompanying the splitting of the aggregate, was heard only

Footnote +

These tests formed part of an undergraduate project under-

taken at King's College London by Nr R.S.Stone, working

under the direct supervision of the author. His help in

this work is gratefully acknowledged.



352

whilst the furnace was at, or near, the test temperature.

Some results, for the beach gravel aggregate, are shown

in figure 11-LI. . Few tests were undertaken on the other

aggregates although these were sufficient to indicate

similar trends to those shown in the figure. The size

effect is clearly demonstrated, considerable damage occurring

in the largest sizes of aggregate for only a small increase

in temperature above a 'threshold' value of around 285°C.

This threshold value .(qorresponding to the maximum temperature

that the sample can withstand without appreciable damage)

appears to be relatively insensitive to aggregate size and.

may be a useful means of comparing the quality of different

types of aggregate. On this basis,we can compare the

performance of the beach gravel (285°C .) with that of the

limestone (around 500°C) and Barytes (having a threshold

value of about 6q.0°C).

In order to see if these size effects were reproduced

in concrete, a number of 50mm diameter, 300mm long

cylindrical specimens were made.. The mix was proportioned

by volume with one part of cement to three parts siliceous

sand to four parts of the aggregate under test. A water

cement ratio of . OLI.5 by weight was used. These specimens

were tested at 500°C in the same manner as the aggregate

samples. Little damage occurred with the smallest size

aggregates (between the 3/16 inch and. the Number 7 B.S.

sieves, i.e. 5-3mm) but more damage was apparent in the

specimens with each succeedingly larger size of atone.

The consequences of splitting of the largest pieces of
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aggregate was particulariT noticeable, as the occurrence of

aggregate splitting appears to promote the removal of an

appreciable quantity of the matrix surrounding the pieces

of stone.

The experimental conditions are such, that it may be

difficult to reproduce the quantitative results precisely

if a different type of furnace or form of specimen was used.

If the test were to be used as a means of comparing

aggregate quality, a standard form of furnace would be

needed with a standard test procedure. However, itis

considered ' that' the results described illustrate tends

that may be significant in practice and show the need to

develo"p a standard form of test for aggregate splitting.

Aggregate splitting is a form of cleavage failure that

is caused by thermal stress. It seems likely that corner

failures are also of this type although fracture takes

place within the concrete as , a ' whole rather than preferentially

within a single phase.

11 . 5 Corner Failures

Loss of material by the removal of external corners is

a common occurrence in ceramics exposed to high temperatures.

Norton (1931), has noted corner splitting of the form shown

in figure 11-5 in the bricks used in furnace linings where

it appears that this form of failure is of particular

importance (Howie 19L1.5).

In concrete structures, separation often occurs at the

corners of rectangular or square columns or at the arrisses

of rectangular beams. This last form of breakdown is shown
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in figures 11-6 and 11-7 which were again taken following

the fire in the Rathbone Place Sorting Office. Here, the

presence of the reinforcement may have had some influence

on the extent of splitting but it is thought that the

experience with unreinforced ceramics suggests that the

principal cause of failure is the development of high

thermal stress in the concrete.

If the thermal stresses induced by heating the surface

of a long circular column are considered, it is found that

the radial stress component is tensile near the surface

where the longitudinal and tangential components are both

compressive, As early as 1922, Lees recognised, that these

stresse could cause failure and suggested that the spalling

of concrete,that had been observed during fire tests on

cylindrical columns (by Hull, 1920 for example),was due to

tangential cracking caused by the radial tensile stress.

It is clear that a similar situation must obtain at an.

external corner. Figure 11-8 shows the probable

distribution of temperature and radial stress in the plane

that bisects the surfaces of a heated corner of infinite

extent. The stress must be zero at the boundary and must

increase to a peak tensile value before decreasing to zero

at large distances from the apex. The distribution of the

tangential stress component ci follows from the radial

stress in accordance with the equation of equilibrium

Footnote+

ci	 a-a+ " 0	
- 0	 Timoshenko and Goodier (1951)

r
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Thus	 is compressive at the surface but becomes tensile

some distance away from the apex and is equal to the radial

stress where this has its maximum value.

Because of the rapid variation of stress with distance

from the apex and the changing nature of the system 01'

combined stress, it is 1ifficult to decide which is the

critical section at which failure will occur. However, if it

is assumed that the tensile strength of concrete is reduced

monotonically with increasing temperature, it is clear that

failure will be initiated at a point some distance in from

the apex rather than at the surface. The conditions

immediately prior to this type of failure are illustrated

in figure 11-8.

Corner splitting depends on the thermal stress resistance

of the concrete itself and thus concretes having a high

value of the factor F, given in equation il • 23, are more

likely to perform satisfactorily than those with a low

value. Also, it is to be expected that the use of a

surface insulating layer would be beneficial, as this
would reduce the rate of temperature rise and allow more

time for the thermal stresses to be relaxed by creep in the

concrete.

In practice, it seems necessary to allow for the

occurrence of corner separation in all members made of

normal density concrete. Thus, it is advisable to use a

quantity of supplementary reinforcement to hold the fractured

material in position and so protect the main reinforcement

from the direct effects of fire.
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11 . 6 Surface Spalling: Introduction

With both	 rat splitting and corner separation the

primary cause of failure is the development of tensile stress

during heating. Accordingly, it seems reasonable to start a

study of failures, that occur near the surface of heated

floor slabs or wall panels, by looking for situations in

which a tensile stress component can be developed in a

direction normal to the heated surface. This can only occur

when there are departures from the ideal conditions assumed

in the analysis described in chapters 9 and 10. Bere, it

was assumed that the material in the wall was initially

homogeneous, the heating was uniform and the curvature was

small. However, in real walls, there may be local irthomogen-

eities, due to the presence of reinforcement, together with

variations in the heating pattern that lead to hot and cool

spots in the heated surface. Also, the curvature may be

appreciable in thin panels heated from one side. The effects

of these factors will now be discussed in more detail.

ll • 7 Effects of Large Curvature

Consider the section of a wall panel shown in figure 11-9

that is uniforinally heated at the surface z = 0. Here the

stresses and strains are functions of z only and, if the

effects of curvature are neglected, the stresses	 are

found using the appropriate constitutive equation arid the

equilibrium equations

cdz = 0	 and	 czdz = 0 -	 ( ll.7.1Y'

Footnote +	 -

These are equations 9'5•1 and 9 . 6 . 1 brought together for

easy reference.
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Note

The analysis given in Section 11 is undertaken as though the

panel was narrow so that only bending about the y axis need

be considered. For a wide panel, the second term in equation

ll'7 2 should be doubled.
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If the curvature is significantly large, equilibrium in

the radial direction must also be considered. Thus

— a 	 +7t(a - a )	 0zz	 zz
dz

(11.7.2)

where is the curvature and the slab is sufficiently

then for the variation in X', across the thickness, to be

ignored. In most cases, Z is so small that the second term

can be omitted so leading to the result that a is a constant,

that must be zero in order to satisfy the boundary conditions.

This may not necessarily be so with thin slabs and it is of

interest to determine an approximate value for the radial

stresses	 introduced by curvature..

In attempting this approxiamate solution, we assume that

the stresses a and a can be found satisfactorily by

ignoring the effects of curvature. This means that equations

11 • 7 2 can be taken to be linear and so solved directly for

This procedure is not entirely correct as this method

of solution only allows the boundary conditions at one face

of the slab to be satisfied exactly. However, it will be

seen later that if a solution is obtained that gives a=O

at z0 the corresponding stress at zd is negligible and the

solution may thus be considered to be satisfactory.

Integrating equation ll'7'2.and. putting aO at z0

gives the solution,

= e	 J e	 adz	 .	 (11'7•3)

At zd, the boundary conditions require that 	 = 0
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whIch Is not provided by equation 11.7.3. However, the

expression for	 at the unheated face can be expanded

to give

()
zd

d.	 22

I"0

cdz +

+
3!

czdz

+ . I.	 .. 

•) dz]

In which the first two integrals are each zero from the

conditions 11.7.1. Thus, the value of the stress normal to

the boundary at zd depends on terms involving the curvature

raised to the power three,and higher,and so must be negligible

in any practical situation.

This approximate analysis has been undertaken for a

panel that is unrestrained at its ends and carries no end

loading. With different boundary conditions, additional

non-linear effects may become important and equation

11 • 7 • 3 is not then such a good approximation to the stress

A routine to calculate equation 11.7.3 was written

and included in the program SLOADED described in the

previous chapter. For slabs that are unrestrained and.

without end load the stresses due to curvature are very

srnali,as the ..tresses In the longitudinal direction are

limited by extensive cracking very soon after the start

of heating. In general, it is thought that the stresses

normal to the heated face due to curvature will be very

small and will play an insignificant part in cracking or

local spalling.
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11 . 8 Effect of local variations in the heating pattern

Consider a small spherical region of radius 'a' within

a large mass of linear elastic material, of Young's modulus

E. and Poisson's ratio 	 , that is heated so that the

temperature T is given by

T	 T0(l—r/a)
	

forr( a

(11.8.1)

T0
	

forr a

It follows from the known results for a heated sphere

(Timoshenko and. Goodier 1951b) that the radial and

tangential stresses (Cr and a) that correspond to these

temperatures are :-

/	 3r
ar	 4a

/	 9r

8a

in the region r a and

-.	 P
Cr -	 (a/r)3

Li.

3Ct • - (a/r)
8

outside the heated region

where P	 Tp and a in the coefficient of linear

thermal expansion for the material.

Suppose the material is now divided by a plane passing

through the centre of the sphere (r"O). The region.to one
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side of this plane comprises a semi-infinite solid with a

hemi-spherical thermal inclusion at the surface. This

arrangement will be regarded as a reasonable id.ealisation

of the situation that obtains during local heating at the

surface of a large thick slab.

In deriving the solution for this case, it is noted that

there is no normaistress at the surface. Thus, the stresses

given by equations 11 . 8 . 2 must be modified by superposing the

stress system produced by a normal surface traction equal to

where Cr is given by equation ],l'8 . 2. This second

stress system can be found by integrating solutions of the

type obtained by Boussinesq+ for the stresses due to a

uniformly distributed load applied to a circular region at

the surface of a semi-infinite solid. The result is most

conveniently obtained by working with cylindrical polar

co-ordinates r , z and &, the stress system 11 . 8 . 2 being

transformed to these co-ordinates before the complete

solution is obtained by superposition.

Some results, obtained in this way, are shown in figure 11-10.

These data refer to the stresses at points along a line

normal to the surface and through the centre of the heated

region (i.e. along the z axis). For the caseconsideréd., of

Footnote+

The solution is given in some detail by Timoshenko and

Goodier (1951a)
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local heating, the stress 	 is compressive and achieves

a maximum value some distance below the heated surface.

However, if the local temperature is below that of the

remainder of the solid, a is tensile and. there is the

possibility of cleavage failure being initiated within the

solid and parallel to the heated surface. This occurs in a

similar manner to corner separation, the stress distributions

controlling these two forms of breakdown being very much

alike (ef. figures 11-10 and 11-8).

The analysis has been based on.a convenient idealisation

but it is thought that the same form of result would be

obtained If the analysis were undertaken with a more

representative type of thermal inclusion. There is some

support for this view, as Sadowsky (1955) has idealised the

present problem, by considering a thin circular disc of

heated material embedded into the surface of the solid,

nd obtained results of the same general form as those

shown in figure 11-10. Also, it is considered that the

results obtained for the stresses normal to the heated

surface are a reasonable indication of the distribution

that would obtain when the local variation in temperature

is combined with more uniform general heating. In this way,

it is concluded that local cool spots in the overall heating

pattern may lead to sub-surface cracking In directions

parallel to the heated face. The effect of these cracks

in relation to surface spalling is discussed in a later

section.
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11 . 9 Local effects due to the presence of reinforcement

If a reinforcing bar is surrounded by a mass of concrete,

it Is clear that thermal incompatibility can lead to cracking

if there is a sufficiently large rise in temperature. With

constant temperature throughout the assembly, the behaviour

will depend on the relative values of the unrestrained

thermal expansion of the steel and the concrete. If the

concrete expands away from the steel, bond. failure is

likely to occur followed by separation at the bar surface.

This may have serious consequences for the anchorage of the

reinforcement but is not likely to cause local damage. On

the other hand, if the coefficient of thermal expansion of

the steel is greater than that of the concrete, tangential

tensile stresses are induced in the concrete which could

cause radial cracking.

The situation in a heated concrete member is usually

more complicated than that describedas the reinforcing

bars are often near the surface and in a region of high

thermal gradient. The local stresses induced. by a thermal

gradient have been examined. analytically by Dundurs and

Zienkiewicz (l961i)who considered a cylindrical inclusion

in a large elastic solid, within which the temperature

gradient was constant. Based on assumed typical values

for the material properties, this analysis provided the

results shown in figure 11-11 for the special case of a

steel bar in concrete. The other results shown in the

figure are for the local stresses caused. by a thermal

gradient around a cavity.
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For the steel bar in concrete, the maximum tensile

stress is in the radial direction at the hottest point of

the interface and thus cracking may be initiated at this

point in a direction parallel to the isothermal planes.

The stresses are proportional to the temperature drop across

the diameter of the bar so that cracking is most likely to

occur with the larger diameter bars. Cracking may also be

promoted by the presence of a cavity, but, in this case, the

maximum tensile stress is in the tangential direction and

occurs at the coolest point on the circumference so that

the cracks would be expected to propagate in the direction

of heat flow. However, the main conclusion to be borne in

mind, in considering local spalling, is that the presence of

reinforcing bars in a region of high temperature gradient

can induce cracking In directions perpendicular to the

direction of heat flow. It will be assumed that this

conclusion remains valid even if the bars are comparatively

near the surface of the concrete so that it appears that

the presence of reinforcement promotes sub-surface cracking

similar to that caused by local cool spots in the overall

heating pattern.

ll .-IO Pore Pressure

In addition to the factors already mentioned, pore

pressure within the capillaries of the concrete will induce

tensile stresses within the material. At present,

there is no comprehensive theory for the combined

problem of heat transfer accompanied by moisture migration
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and phase changes. However, various estimates have been

made of the pressure developed in the pore structure of

the concrete due to the formation of steam during heating.

The most straightforward approach is to assume that the

pore pressure developed is equal to the presure of saturated

steam at the vapourisation temperature. However, Shorter

and Harmathy (1961) note that the temperature at which the

steam is liberated must be considerably in excess of 10000

if the pressure is to be sufficient to fracture the concrete.

This does not seem likely to occur in many practical

situations, as the results from the tests described in

Chapter 6. and also from Meyer Ottens (1965) experiments,

suggest that, in fire tests, steam is generally formed at

temperatures less than 150°C. It has already been noted

(in Section 6 . Ll p 170) that the pressure of saturated steam

at this temperature is only 0.38MN/m2 above atmospheric,

which can only be 15-20% of the tensile strength of concrete

at normal temperatures.

A different approach was used by Waubke (1965 and 1966)

who considered the drag forces opposing the movement of

vapour in the capillary pores of a concrete. These forces

induced tensile stresses in the concrete but again these

are small; Waubke suggesting that they could beas high as

10% of the tensile strength of unheated concrete. Clearly

stresses of this magnitude are môt going to have a primary

role in the occurrence of spal].ing. On the other hand,

there is evidence that both fire resistance and. the occurrence

of spalling are affected by moisture content (Harmathy 1965,

Gatenby 1961). Also, it is clear lhat there will be some
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circumstances where the escape of vapour, liberated within

the concrete during heating, is particularly restricted

and high internal pressures will develop. One such

situation follows from th moisture clog concept developed

byHarmathy (1965) and. described in Section 1 . 5 (page 17 et

seq.)	 .

If a wall panel is heated from one side,a zone saturated

with liquid water is formed within the wall shortly after

the start of heating. Steam is produced under pressure at

the edge of this zone so that a 'clog' of water is pushed

away from the heated face into the cooler regions of the

slab. This is the most usual situation but in some cases

thin slab-like members (the web of an I beam for example)

are exposed to heating on both sides. Dougill (]969b) has

suggested that this can lead to a dangerous situation in

which spailing is likely to occur.

Figure 11-12 shows the form of the distribution of

temperature and pore pressure that can be expected to exist,

some time after the start of heating,in a slab exposed to

heating on both sides. The saturated zones tend to migrate

towards the centre and., in a thin slab, may coalesce to

form a single saturated zone in the central region. When

this occurs, the vapour produced by desorption at the

interfaces between the dry and saturated zones can only

escape towards the heated face and the pore pressure must

increase rapidly with further increase in temperature.

Behaviour of this sort may have had some influence on 
T

the exposive failures that have . been reported by

Akhtaruzzaman and Sullivan (1970) following a series of

S	 . 	 .
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pilot tests in which a number of small concrete beams were

heated at moderately fast rates in the electric furnace at

Imperial College. The beams were 50x75x840mm long, made

of ordinary Portland cement and. Thames Valley aggregate

with a 10mm (3/8 in) maximum sized aggregate. After making
allowance for absorption of water by the aggregates during

mixing, the effective water cement ratio was 0.58 and the

specimens were either moist cured under hessian or wet cured

under water for six days before testing at ages up to 28

days. The conditions causing explosive failure are outlined

in Table ll3. An interesting feature of these results is

that there is apparently an upper age limit for each

combination of curing and. heating conditions above which

explosive failures can not occur. It may well be worth

investigating this further with more mature concretes and.

faster rates of heating.

Akhtaruzzaman and Sullivan measured the weight of the

specimen and the concrete temperature during heating in

each of their tests. As usually occurs, there was a halt

in the rise in temperature within the specimen during the

period when the free water was driven off. This , occurred

at a specimen temperature of between 100°C and. 120°C

depending on the curing conditions. A similar halt in the

rise in temperature within the specimen occurred between

165°C and. 198 ° C and. it was in this , temperature range that

the explosive failures occurred. Akhtaruzzanian et al. assume

this second pause in the temperature rise is caused by water

being removed from the gel pores of the concrete structure.

This explanation may not be complete, as the weight loss is
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not confined to the periods when thf temperature rise is

halted and. desorption of moisture must occur continuously

during heating. Clearly there are other alternatives that

need to be examined, including the possible occurrence of

a solid phase transformation or vapourisation of the free

water that has collected as a central moisture clog.

Table 11'3	 Results from Akhtarzzaman and Sullivan (1970)

Curing Upper Age

Limit

days

w.c	 28

m.c	 10

w.c	 10

m.c	 3

w.c.	 18

m.c.	 5

Furnace Time to

temp.	 Failure

mins.

380
	

31

38

390
	

£1.5

378
	

£1.2

380
	

'1.7

378
	

£1.6

Concrete

temp.

OC

In the

range

165

to

198

Irrespective of these considerations, the pressure of

saturated steam in the temperature range 165°C to 198°C is

around 06 to 1 • Zi. MN/rn2 above atmospheric. This pressure

may be enough to fracture a concrete only three days old
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but is probably not enough, on its own, to produce failure

In more mature concretes, even at temperatures as high as

200°C. This is the view taken by Akhtarzzaman and Sullivan,

who concluded that the observed explosive failures were due

to the combined effects of pore pressure and thermal

gradient.

In Akhtarzzanian and Sullivants tests, very small specimens

were used and. these were heated from all sides, so that there

was little opportunity for disEipation of pore pressure

This is an exceptional situation which is unlikely to arise

in practice with members heated from one side only or with

members of a reasonable size. Although it is accepted that

the moisture conditions have a significant role in the

occurrence of spalling, it is thought that the effects of

pore pressure can not be assessed in isolation but must be

considered together with the overall structural conditions.

Thus, the problem is to determine the structural mechanism

by which a modest pore pressure can cause local surface

spalling.

11 • 11 Mechanism of Surface Spallin

Before heating, a slab or wall panel may already contain

some shrinkage cracks orientated at right angles to the

surface. These cracks can be expected to form a teselated

pattern with the crack spacing being somewhat greater than

the maximum size of the aggregate used in the concrete.

Also, shrinkage cracks of this sort will be closed by thermal

expansion very soon after the start of heating.

With continued heating, it has been shown that both local
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cool spots and the presence of reinforcement may cause

cracking in planes parallel to the heated surface. These

effects will be increased by high pore pressure within the

concrete. There is also a tendency for cracks to form

parallel to the heated face, when the concrete is strained

beyond the discontinuity point or past the peak stress and

into the decending region of the stress-strain curve. The

extent of these cracks will depend on the condition of

loading and restraint for the peak stress can not be

achieved if extensive cracking occurs to reduce the stiffness

of the pane]. during the early stages of heating. Typically

then, the conditions that obtain,in the region near to the

heated faceduring the period shortly after the start of

heating are

a) the region is in a state of biaxial compression in

the plane parallel to the heated surface. In addition

there may be a small effective tensile stress in the

direction normal to the heated surface.

b) The pre-existing shrinkage cracks have been closed by

thermal expansion, and

c) • there are a number of cracks of different sizes that

have been formed in planes approximately parallel to

the heated surface.

Considering this typical situation, two types of failure

seem possible. In the first, Dougill (196.a), the material

outside a crack becomes unstable under increasing thermal

strain and end load, so causing blistering or breakdown of

the surface. In the other, Dougifl (l97O)some of the
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cracks become filled with vapour under sufficient pressure

to punch out the pellet of material between the crack and

the surface.

An example of blistering can be seen in figure 11-13,
again taken after the fire in Rathbone Place. Here blistering

is confined to a very thin surface layer and the photograph

shows.an area containing a broken blister and. other regions

where the surface layer is crimped due to high compression.

It is interesting that a similar mechanism has been proposed

by Uppal and. Kemp (1971) to account for the form of local

failure observed in compression tests on specimens containing

a neck to give a longitudinal stress gradient. Again, but

at a different dimensional level, there appear to be

similarities between these forms of surface instability

and the phenomenon of blow-ups in concrete road slabs.

(Stott and. Brook 1968)

In considering the other mechanism of surface spalling

it is suggested that the process of cracking must produce

a situation, such as that shown in figure 11-1k, where the

material between the heated surface and the crack may be

regarded as a potential spall. Failure occurs when the

forces due to the pore pressure o the spall is sufficient

to overcome the shear resistance at the edges. Thus, for

a circular spa].l of diameter D and depth S 7 fa.tlure occurs

for

(11.11.1)

'DJ

where r is the maximum possible average shear stress

that can be developed along the edge.
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Alexander has made an extensive study of the shear bond

strength that exists between cement paste and steel, various

aggregates and. cement paste itself. His results (Alexander

et al 1965) show that the shear stress required to cause

slip is due to adhesion and friction and that the total

shear stress may be calculated from the Nohr-Coulomb theory,

8 - 
c+ftanø
	

(11.11.2)

where c represents the contribution due' to adhesion

and 0 is the angle of friction.

If the normal stress is low, the process of shear failure

is one in which the adhesive bond. is broken. Thus the

shear stress required to propagate the failure decreases

with continuing slip and. finally attains a constant value

less than that required to initiate the shear failure.

With higher values of the normal stress, junction

formation will occur during slip to restore some of the

adhesive bond. (see Bowden and Tabor l951i and. Alexander 1969)

Here, higher values of shear stress are required. to induce

and propagate slip. Alexander has also shown that, if the

normal stress is sufficiently high, the shear stress required

to cause slip may increase above the initial value before

decreasing to a constant value for large relative movements.

The important feature that is ôommon to both these modes

of behaviour is that there is a peak value of shear stress

and, that slip can continue under much reduced values of

shear stress, once this maximum has been attained.. Thus, if

the spall shown in figure 11-1k were to be pushed out under a
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constant pressure U, corresponding to that required to

overcome the shear stress, an unstable situation would

develop. Only part of the work done by the applied pressure

would be required to propagate slip and most of the remainder

would appear as the kinetic energy of the moving epall.

Failure would be explosive.

This mechanism is slightly idealised as there may be a

reduction in pore pressure during the expulsion of the spal].

which could stop the process prematurely. This stabilising

effect would be opposed by reductions in the width of the

loaded edge S and the normal stress t. Clearly the explosive

nature of spalling will depend on which of these opposing

effects is the more dominant. If the drop in pore pressure

during slip is significant, movement of the spall may be

intermittent with the pore pressure being repeatedly built

up to induce successive increments of slip. Alternatively,

with little drop in pore pressure or considerable reduction

of the normal stress, explosive apalling will occur when the

peak shear stress is first reached. It is considered that

both these mechanisms are possible in concrete.

Equation 11 . 11 . 1 shows that the pore pressure required

to cause spalling,to a depth S,is inversely proportional to

the crack length D. The proposed mechanism requires the

presence of these cracks and1f these are sufficiently long

only a modest pore pressure is required to initiate failure.

The equation also suggests that this mode of failure is

confined to the surface regions where both the pore pressure

and. the extent of cracking may be appreciable. Clearly,
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this form of explosive spalling can be avoided by preventing

the propagation of cracks or by allowing the pore pressure

to be dissipated. Alternatively, the occurrence of

explosive spalling is made more likely by Last rates of

heating, which lead to higher pore pressures, or any action

that promotes the formation of cracks within the material

parallel to the heated surface.

ll'l2 Discussion	 -

In this chapter the occurrence of aggregate splitting

and corner failures have been examined and mechanisms have

been proposed to account for the occurrence of surface failures.

The analysis of aggregate splitting is based on a very

idealised model. However, the results appear to be

reasonable and. the conclusion that aggregate splitting can

be alleviated, by reducing the maximum aggregate size in

the concrete mix, is of practical importance.

Corner separation seems to be a mode of failure that is

difficult to avoid in conventional reinforced concrete.

One approach to this problem is to use an insulating surface

layer to reduce the temperature rise in the concrete and. so

lessen the thermal stresses. Alternatively, a 'stronger'

concrete with a better thermal stress resistance could be

used. However, both these approaches have their disadvantages.

The surface layer may itself be spalled away early during

heating and the use of a stronger material may postpone

local failure but make the occurrence more dangerous when

it finally occurs. The ideal solution would be to provide

the concrete with some ductility in tension so that the
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thermal stresses may be accommodated without fracture. It is

possible that this requirement may eventually be satisfied

in practice by using steel or glass fibre reinforced

cementitous materials for permanent shuttering to columns

and beams.

The discussion of surface failures is, to some extent,

speculative. The main uncertainty concerns the magnitude

of the pore pressure developed in concrete during heating.

This uncertainty will not be resolved until a comprehensive

theory for combined heat and mass transfer is available or

alternatively measurements are taken of the pore pressure

and. internal stress developed in concrete structures during

fire tests.

In spite of the lack of background, the proposed

mechanisms for surface spall±ng are of Interest and. appear

to be possible in practice. In particular, the mechanism

for explosive spalling suggests the way in which pore

pressure can produce a violent failure from an otherwise

stable situation. It seems likely that pore pressure could

exacerbate corner separation In a similar way and may also

lead to pop-out of isolated aggregate particles in the

manner studied by Bache and Isen (1968).
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Chapter 12

DISCUSSION AND CONCLUSIONS
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12 . 1 General Discussion	 .

The work described in the previous chapters comprises

an attempt to understand the effects of heating on the

strength of concrete and concrete structures and, in

particular, to explain the occurrence of spalling. In this,

a broad treatment has been used and some aspects of the

problem remain to be investigated in detail.

The conventional idea of strength is derived from

materials testing, and strength is usually taken to correspond

to the value of a particular stress or combination of stresses

causing failure. This concept is useful, in comparing the

properties of different materials under conditions of

uniform stress, but can be misleading if the concept is

extended to provide a criterion for failure of the material

within a structure. With strain softening materials, the

conditions corresponding to overall failure of a structure

can not be recognised from the values of stress achieved at

any particular point and the conventional idea of materia].

strength is not relevant in analysis.

The classification of spalling given in Chapter 1 is an

important component of the work. In particular, recognition

that spalling could be a general structural failure,or

alternatively loca].ised within a member, suggested separate

approaches to these problems. These provided an explanation

of the mode of general spalling, based on the occurrence of

instability due to strain softening, and mechanisms for the

various forms of local spalling.

- The review of structural behaviour given in Chapter £.

suggests that the effects of local spalling may not be
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nearly so damaging in rea]. structures as might appear from

the results of fire tests. These arguments are based on

the effects of continuity on the behaviour of reinforced

concrete structures. Only behaviour in flexure was

considered although it is realised that there may be some

situations where the behaviour of continuous structures may

be very much influenced by shear (Bobrowski 1969). However,

it appears that in most practical casas f reinforced

concrete beams and slabs .the only additional requirement

to ensure satisfactory performance in a fire is that the

concrete in compression, in the vicinity of the supports,

should remain intact.

The conclusion that reinforced concrete structures can

sustain appreciable local daxnagewithout the occurrence of

coilapseis particularly important because some of the

measures that could be adopted to prevent local spalling

may themselves help to promote general failure. Thus,iZ

reinforcement is used to hold the spalled. material in position

and if small sized aggregate is used to prevent splitting,

the amount of local spalling may be reduced and the possibility

of a catastrophic failure through instability is increased.

From the design point of view, it is clearly important

to avoid general destructive spal1ingas this can lead to

the rapid spread. of fire and. possible collapse of a

structure. Rather than risk this, it is better to accept

the occurrence of a certain amount of local spalling and.

only provide protection where it is necessary for the • -

survival of the structure. If this is done and the critical

regions of a structure are protected, the occurrence of local
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spalling could be beneficial in providing increased

flexibility to accommodate the thermal strains. However,

before this procedure can be adopted with confidence,

more work is required to investigate the true mode of

behaviour of continuous structures at high temperatures

in order to recognise the critical regions. For the

present, it is clear that the use of slender sections and

situations involving high axial restraint should be avoided.

In concrete and reinforced concrete, micro-cracking and.

cracking serve as the means of redistributing stress under

overload conditions. The idea, that the occurrence of -

local spalling may sometimes be beneficial in preventing

a more serious mode of failure seems to be in line with

this behaviour. In the previous Chapter, it was shown

that cracking may be necessary to ensure the stability of

some wall panels or floor slabs during heating. Clearly,

if reinforcement is used to control the cracking,care must

be taken to avoid stiffening the section unduly and so

promoting overall failure.

- A practical example of the benefits to be obtained

from cracking is shown in figure 12-1. Here, two thin

mortar slabs were heated using oxy-acetylene flames. The

slabs were approximately 300mins in diameter and cast within

a brass restraining ring. - With one slab, the heating was

concentrated in a small area near the centre and in the

other the heating was more general. With localised heating,

tangential tensile stresses develop in the cooler regions

and. these cause radial cracking as shown in the figure.
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This appears to be beneficial, as heating was continued

until the temperature within the hot spot exceeded 1250°C

which was enough to cause vitrification of the heated

material. With more general heating,a violent failure

occurs of the form shown in the figure. Here the restraining

ring prevent8 the development of tangential tensile stresses

and the relief that could be afforded by cracking.
+

The test illustrated in figure 12-1 should be regarded

as a pilot test and, as yet, the mechanics of the failure

process are not fully understood More work is being

undertaken on this particular problem of local heating but

again, it seems better to accept the occurrence of local

damage rather than risk the stability of the structure in

an attempt to minimise cracking. This conclusion seems to

be of general application and. should form part of a

philosophy of design of structures for survival in a fire.

122 Conclusions

The principal conclusions relating to spalling are

summarised in this Section under the following headings:

Classification, Effect, Influences and Design Philosophy.

Suggestions for further work are Incorporated with the

conclusions where these are appropriate.

Pootnote+

This test was performed, as part of an undergraduate project

undertaken at King's College London, by MrM.L.French working

under the direct supervision of the author. His help is

gratefully acknowledged.
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Classification (see Chapter 1) 	 -

1) Spalling may be general and. completely destructive or

essentially local in occurrence. This distinction is

important in developing an understanding of the

mechanisms of spalling and. also in design.

2) The classification of spalling proposed in Table 1.3.1

on page 11 appears to be useful and it would. be

helpful if this terminology were adopted. in describing

phenomena observed. in fire tests.

Effect

3)

4)

(see Chapter .)

The occurrence of local spalling in continuous

structures does not generally have the same over-

whelming influence on fire resistance that it does

in fire tests on simply supported structures. It

appears that the destructive effects of local spalling

have been exaggerated in real structures and. it is

possible that, on occasions, the occurrence of local

spalling may be beneficial.

The effects of general spalling are always undesirable.

Elimination of a member may lead to complete

structural collapse, in a progressive manner, or

allow the fire to spread so increasing the danger

and difficulty in dealing with the outbreak.

5) More experimental work is required to investigate

the behaviour of continuous structures under fire

conditions. Particularly necessary are studies on

the behaviour of joints and on the effects of shear

on modes of failure at high temperatures.
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Influences

General Spa].ling	 (see Chapter 10)

6) General spalling occurs as a form of instability in

the behaviour of a complete structural member. It is

a form of compression failure that Is a fundamental

characteristic of strain softening materials. The use

01 materials with a steep dicending branch to the

stress-strain curve in compression is a principal

cause of general spalling.

7) The occurrence of general spalling is affected by the

size of the member and the conditions of loading and.

restraint. High axial. loading or restraint can

promote general spalling.

8) General spelling can not occur in large section

members or under conditions where the section is

restrained against rotation and expansion.

9) The presence of flexural restraint may induce

compression failures in thin panels heated from one

side. However if the section is maintained, in

compression by an applied load, or if the panel is

sufficiently thick, the effect of riexural restraint

is to increase the heating time required. to cause

collapse.	 -

The presence of steam generated within the concrete

may have some influence on the occurrence of general

spalling through its effect on the shape of the stress-

strain curve. This effect needs to be demonstrated.

experimentally.



394

11) Further studies are necessary to investigate the

behaviour of concrete under conditions of changing

stress and. temperature. In addition, the present

analytical work needs extending so that the effects

of reinforcement, on the occurrence of general

spalling, can be examined.

?lodes.of Local Spalling (See Chapter 11)

112) Aggregate splitting is most likely to occur under

conditions of fast heating and. when large size

aggregates are used. in a strong stiff matrix.

13) Corner Separation occurs as a cleavage fracture in

which external corners of beams or columns are

removed, sometimes violently. In practice, it

seems necessary to allow for the probable occurrence

of corner separation in all members made of normal

density concrete.

iLl.) The conditions for the occurrence of surface failures

require that tensile stresses are developed in a

direction normal to the heated. face or planar cracks

are formed parallel to the heated face.

15) It seems that surface failures could occur in either

of the following ways

a) The material outside a crack becomes unstable

under increasing thermal strain and end load so

causing blistering or breakdown of the surface

or
	

b) Some of the cracks become filled with vapour

under sufficient pressure to punch out the

material between the crack and. the surface.
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•	 16) The presence of high axial load or restraint,

reinforcement or coo]. spots In the general heating

pattern may assist in the development of the

conditions required for surface apalling by inducing

planar cracks, parallel to the heated surface.

17) In addition to the modes of behaviour already out-

lined, violent surface failure may occur in concrete

if the pressure of steam generated within the pores

approaches the tensile strength of the material.

This seems unlikely to occur in most practical.

situations but more work is required to stud,y the

development of pore pressures in concrete heated

rapidly to high temperatures.	 -

Design (see Chapter 12) 	 . ...

18) In designing structures to resist the effects of

fire, the primary objective should be to avoid

:	 general spalling and. the collapse of a member.

19) Avoidance of general spalling may imply acceptance

of local damage in the form of èpal].ing or cracking.

•	 20). Ilore work, of the type mentioned in paragraph 5.is
necessary in order to appreciate where protection

•	 against spalling is necessary for satisfactoi7

structural performance.. 	
. /
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The effects of thermal incompatibility and
shrinkage on the strength of concrete

by J. W. Dougill, M.Sc.(Eng.), DIC.

UNIVERSITY OF LONDON: KING'S COLLEGE

SUMMARY
The effect of shrinkage of the mortar on the $trength

of a concrete specimen is demonstrated by means of a
lattice analogy for concrete. The strains due to the
t/zernlal incomptability of the cement paste and the
aggregate in a concrete heated to high temperatures are
taken as a particular example and it is shown that the
results deduced front the lattice agree closely with those
obtained experimentally by other workers.

The limitations of the lattice approach are discussed:
it is emphasized that the method is qualitative and that
any extension to give quantitative results would be most
unlikely to be successful.

Introduction
Since the earliest days of reinforced concrete con-

struction, many workers have studied the effect of high
temperatures on concrete with particular reference to
fire resistance. Howevei, in spite of this research, the
manner in which heat affects the strength of concrete
has not yet been fully explained.

Lea and Stradling" considered that the deteriora-
tion of concrete on heating is due to the thermal in-
compatibility of the cement paste and the aggregate,
and to the decomposition of the calcium hydroxide in
the hardened cement paste. They tried to estimate the
magnitude of the stresses developed in a piece of con-
crete from the first of these causes, by examining
analytically the effect of heating a single spherical sand
grain surrounded by a shell of cement paste. The
cement paste and the aggregate inclusion were assumed
to behave elastically and the stresses in the shell were

Mr Dougill is now a Research Assistant in the Concrete
Structures and Technology Section of the Civil Engineering
Department at the imperial Collcgc of Science and Technology,
University of London.

found by considering the tendency for the cement
paste to shrink with respect to the aggregate.

Although this approach does not give any indication
of the distribution of the internal stresses set up in a
specimen and is based on a number of gross simpli-
fying assumptions, it seems that the basic argument is
correct and that the change in strength of a mature
concrete on heating is partly determined by the stresses
caused by the differing thermal movements of the
cement paste and the aggregate. These internal stresses
(referred to later as parasitic thermal stresses) act as a
prestressing system which modifies the load that the
concrete specimen can carry.

Besides being subject to the effects of thermal incom-
patibility, the strength of concrete is affected by the
chemical changes that take place in the cement paste
and the aggregate. Many workers (following Lea and
Stradling) have suggested that the reaction having the
greatest effect on strength is that in which the calcium
hydroxide in the cement paste is decomposed. This
reaction does not normally occur below 500°C and it
may be assumed that chemical effects are of secondary
significance below this temperature.

Another cause contributing to variations in strength
on heating to high temperatures is the sudden expan-
sion accompanying the to fi quartz transformation
when a siliceous aggregate is used. This occurs at about
575°C, however, and it can therefore be assumed that
any variations in the strength of a mature concrete
heated to temperatures below 500°C must be 'rin-
cipally caused by the occurrence of stresses due to
hermal incompatibility.

As it is particularly difficult to measure the mani-
tude and distribution of stresses in concrete,
vestigation of the occurrence and effect of paraslt.
thermal stresses must be primarily analytical. tie
results of such an analysis being later confirmed h
the circumstantial evidence "of experi mental rcsut.

Li')
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A formal analysis using the usual methods of elasticity
'nd taking into account the heterogeneous nature of
the concrete would be laborious and of little value,
until the mechanism of failure of concrete is fully
understood. Thus a simplified approach is required.

The lattice analogy

Recently Baker 12 suggested that the structure of a
well compacted concrete could be represented by
means of a pin-jointed frame made up of separate
elements representing the aggregate thrusts and the
bonding action of the mortar. This concept of an
analogous lattice is based on the hypothesis that load
is transmitted through a concrete specimen by the
interaction of the aggregate particles and by direct
thrust in the mortar between them. The aggregate
thrusts form a " thrust ring" which is stabilized by
tension developed in the mortar. The action of the
lattice is shown diagrammatically in Figure 1 in which
the inclined members represent the aggregate thrusts
and the horizontal and vertical members the mortar
bonds. In his original presentation, Baker gives cx--
prcsions from which the relative stitTncsses of mern-
bees a iid the form of the lat ice ca ii be chosen so that
the deformation chariteteristics of a particular con-
crete arc simulated.

A piece of concrete is represented by a large number
of these elements joined together to form a lattice as
seen in Figure 2. The normal criterion for failure under
load is the development of excessive tension in any one
of the mortar bonds. On the basis of this criterion, the
cleavage planes and crack patterns at failure in com-
pression tests, with and without end restraint, have
been predicted satisfactorily. However, it is possible
that, in some circumstances, other types of failure may
occur with a correspondingly different representation
in the lattice.

A concrete made with a strong mortar and weak
aggregate may fail by crushing or splitting of the
aggregate particles: this would be shown in the lattice
by a failure of one of the aggregate bonds. Altern-
atively, it appears possible that concrete could fail by
a compression failure (or powdering) of the mortar, if
the aggregate were extremely strong and the specimen
were tested in triaxial compression. Very high stresses
would be involved in a failure of this type which is
therefore likely to be relatively infrequent when corn-
nared with the more usual break-down of a mortar
bond under excess tension.

The strength of concrete in triaxial compression has
been investigated by Akroyd 13 ' whose results are re-
produced in Figure 3. As this method of presenting the
information tends to over-emphasize the suitability of
anplying Mohr's criterion for failure to the concrete
as a whole, as opposed to considering the break-down
of the indiidtial constituents, the results are shown
re-plotted in non-dimensional form in Figure 4 to-
gether with the results obtained by Bresler and Pistert4'
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F7gure 3: Results of triaxial compression tests on concrete (after T. N. W. Akroyd).

for combined tension and compression.
Similar results to these can be predicted from the

behaviour of the analogous lattice under load. A lat-
tice of the form shown in Figure 2 was used: the
properties of the member being given in Table I. The
loads in the members were determined for different
combinations of the' H' and • V' loads and, if failure
is assumed to occur when a tensile load of a particular
magnitude is reached in any mortar bond, the failure
envelope shown in Figure 5 is obtained.

The effect of shrinkage
The effect of shrinkage of the mortar on the strength

of the concrete specimen represented by the lattice
was next investigated by calculating the loads in the
members caused by an equal "lack of fit ", or shrink-
age strain, in each of the mortar bonds in the frame.
The additional values of the ' V' and 'H' loads re-
quired to increase the tensile load in any mortar bond
to the value at failure could then be determined. These
values are also shown in Figure 5 for different values
of the non-dimensional mortar shrinkage k. A value
of k equal to zero indicates that no shrinkage strains
are present when the specimen is tested, whilst k equal
to unity represents a spontaneous failure, due to the
shrinkage of the mortar, similar to those observed by
Pickett 131 . These results appear to suggest the possi-
bility of manufacturing a concrete of greater tensile
strength, if an expanding cement could be developed.

Thermal effects
When a cement paste is heated, it first expands until

all the capillary moisture is removed. Continued heat-
ing causes shrinkage while the combined water is
driven off from the hydration compounds in the
cement gel until, at a temperature determined by the
rate of heating, the total strain is again zero. Shrinkage
continues until all the hydrated compounds are decom-
posed and then the cement paste begins, once more,
to expand.

no,.dlmenaionai loads V and H
defined by unconfined compreasion
faikirewbu, V=landH-0

Figure 4: Results of triaxiol tests on concrete.
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Figure 5: Strength of concrete under combined
stress and uniform shrinkage loads, as predicted
by the lattice analogue.
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Figure 6: The thermal movements of a cement
paste measured relative to a typical siliceous
aggregate.

Crowley 6 ' studied the thermal movements of neat
cement pastes which were repeatedly heated and
cooled, in the temperature range 20-815°C. The most
important conclusion to be drawn from his results is
that, when a cement paste is cooled from a high tem-
perature, the operative value of the coefficient of ex-
pansion is approximately the same as that in the final
expansive stage during heating. This implies that a
cement paste that is heated above a certain tempera-
ture and then cooled will have a residual shrinkage
strain greater than any that occurs during heating. It
is the magnitude of these residual strains which largely
determines the load capacity of a specimen tested cold
after cooling from high temperatures.

The thermal movements during continuous heating
of a cement paste, measured relative to a typical
siliceous aggregate, are shown diagrammatically in
Figure 6. The step in the graph represents the volume
change accompanying the x to quartz transformation
referred to previously. The curve for the residual ther-
mal movement after cooling has been derived from the
others and is based upon the constant final value of
the coefficient of expansion of the cement paste reached
during heating.

It is seen that this derived curve has the same form
as those obtained by Malhotr& 7 ' and others for the
varianon in residual compressive strength of concrete
with temperature. At the lower temperatures. there
are only small residual strains, causing very little
change in the strength of the concrete. At higher tem-
peratures. the large shrinkage of the cement paste
causes considerable reductions in ultimate strength

whilst, at still higher temperatures, the residual shrink-
age of the cement paste reaches its maximum value
and an increase in temperature has less effect on
strength.

Figure 6 also shows that, if the reversible com-
ponent of the thermal movement of the cement paste
is greater than that of the aggregate, the shrinkage of
the cement paste, measured relative to the aggregate,
is greater after cooling than when the concrete is hot.
This condition is usually satisfied and the internal
stresses that are set up on heating increase on cooling
as the cement paste and mortar continue to shrink,
thus causing further reductions in the ultimate strength
of the specimen. This is in direct agreement with Leat81
and Maihotra who found that the strength of a con-
crete specimen was greater when tested hot than after
cooling.

The effect of varying the constituents of the concrete
can also be appreciated if it is accepted that thermal
incompatibility is the cause of the variations in strength
that occur on heating. The shrinkage of the mortar is
determined by the amount of cement in the mix as well
as by the exposure conditions: rich mixes shrink more
than lean ones. This agrees with both Watkeys 9' and
Maihotra, who found that rich mixes lost a greater
proportion of their strength on heating than did leaner
ones. If the role of the aggregate is considered, it is
seen from Figure 6 that, if an aggregate with a higher
coefficient of thermal expansion were to be used, the
relative shrinkage of the cement paste would be in-
creased. This would increase the reductions in strength
expected at high temperatures and thus it appears that
such reductions will be greatest for a concrete with a
rich mix and an aggregate having a high coefficient of
thermal expansion.

So far the shrinkage strains in the mortar have been
assumed to be equal at every point throughout the
concrete. In practice this could only occur after the
concrete had been kept at a constant temperature for
a considerable period. When a concrete specimen is
heated, the outside becomes hot, moisture is driven off,
and the concrete shrinks. As heating is continued, the
shrinkage spreads further into the specimen until all
the water has been removed and possibly the cement
paste decomposed.

In order to illustrate the effect of the length of time
of heating on the strength of a concrete cylinder,
tested by the standard compression test, it is assumed
that the distribution of shrinkage in the mortar bonds,
at various times from the start of heating, is as shown
in Figure 7a. These simplified initial data have been
sketched without the use of mathematics or experi-
mental results, but serve to demonstrate the manner
in which the shrinkage strains in the mortar diffuse
into the specimen during heating. When, finally, the
temperature is maintained at a constant value, the
shrinkage strains eventually become equal throughout.
Figure 7b shows the idealized loading, adopted to
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Figure 7

simulate the standard compression test on the speci-
men, represented again by the lattioe shown in Figure 2.

The results (see Figure 7c) show that the ultimate
strength is first slightly increased by shrinkage of the
mortar bonds near to the surface, but is reduced as
shrinkage spreads further into the concrete. A number
of workers have recorded such an increase in strength
but have generally attributed it to experimental error
or to an ageing effect similar to that achieved by
steam-curing an immature concrete.

Lea and Stradling observed that, if a concrete was
heated to high temperatures and allowed to cool, it
continued to lose strength after cooling, when stored
in a humid atmosphere. In these conditions, the cement
paste will expand, owing to swelling of the capillaries
or the re-formation of calcium hydroxide, as moisture
is absorbed. At first this appears to contradict the
results obtained from the analogous lattice, as a
general expansion of the mortar bonds should increase
the strength measured by the standard compression
test. However, complete absorption of moisture takes
a considerable time and, at first, only the concrete
near to the surface of the specimen is affected by the
humid conditions. It is seen from Figure 7c that
shrinkage of the outermost mortar bonds causes an
increase in strength: expansion has the opposite effect,
the ultimate load being reduced. The analogous lattice
thus shows that the strength of a heat-treated specimen
will first be reduced, by storing in humid conditions,
and should then increase with time as moisture is ab-
sorbed further into the concrete. It is unlikely, how-
ever, that the original strength of the concrete can ever
be regained, as the stiffness and strength of the con-
crete constituents are, almost certainly, reduced by
temperature.

Limitations of lattice technique
The lattice analogy has been used to demonstrate

the manner in which shrinkage of the mortar in-
fluences the strength of a concrete. The occurrence of
these shrinkage strains has been illustrated by con-
sidering the strains induced when a concrete specimen
is heated to high temperatures. The variations in
strength due to these strains and the induced parasitic
thermal stresses, predicted from consideration of the
pin-jointed analogue, are always in fair agreement with
the experimental results reported by previous workers.
However, it is unlikely that this approach can be
successfully extended to give precise quantitative re-
sults owing to the limitations of the simple lattice as a
representation of the complete behaviour of a concrete
specimen.

In the lattice; a plane frame has been used to repre-
sent the behaviour of a three-dimensional system and
the relative stilThesscs of the members have been
assumed to remain constant at all times. If only simple
symmetrical specimens are studied, it is a reasonable
assumption that this form of frame will give results in
good qualitative agreement with results that could be
obtained if a space frame were used. The major in-
accuracy, however, is that the lattice is assumed to
behave elastically, thus neglecting the effects of creep
and plastic flow in the mortar on the behaviour of
concrete at failure. When the effects due to heating
are considered, there is the additional complication of
the variation of the basic properties of the concrete
constituents with exposure to high temperature. The
basic strength of a mortar bond will be reduced by
heating, but this will not upset most qualitative deduc-
tions of failure as this loss in strength will generally
serve to emphasize the effect of shrinkage in the
mortar.

It is seen from the foregoing that qualitative trends
may be deduced with some confidence from the lattcc,
but that any attempt to obtain numerical results by
this method is almost certain to fail. If these limita-
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tions are recognized there is no reason why the anal-
ogous lattice should not prove to be a most useful
tool in the study of the stress distribution and mechan-
ism of failure in concrete.

Conclusion
Although the problem implied by an investigation

into the effects of shrinkage on the strength of con-
crete has been very much simplified in order to obtain
a solution, the correspondence between experimental
results and the trends predicted from the lattice is un-
deniable. Important omissions have been made, par-
ticularly when the effects of shrinkage caused by heat-
ing have been considered. It is known that there is
chemical activity, even at comparatively low tempera-
tures, when concrete is heated, and these reactions
must influence the basic strength of the constituents
and the strength of the bond between them. It seems
likely, however, that these effects are of secondary
significance below 500°C and that, at these tempera-
tures, the principal cause of variations in strength of
a mature concrete are the parasitic thermal stresses
set up by the thermal incompatibility of the cement
paste and the aggregate. The effect of these internal
stresses has been effectively demonstrated by means of
the lattice analogue.

The results of this investigation into the effect of
shrinkage on the strength of concrete are perfectly
general and do not necessarily refer only to shrinkage
caused by heating. The approach can clearly be used
to study the effects of incompatibility on the strength
of concrete at low temperatures, or in any other cir-
cumstance where internal stresses are set up by shrink-
age, or expansion, of the cement paste with respect to
the aggregate.
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APPENDIX	 V	 k–C
20-

k-C S

The strength envelope for an isolated lattice
element	 eó– k1O

II,
* *

It is interesting to study the various types of failure that can
occur in concrete by observing the behaviour of the single
lattice element shown in Figure 8. It can be shown that the

I•0
_2.2s

V

Figure 8: Symmetrical lattice element.
(0 = 45o Extensional rigidities of
mortar bondc are equal, i.e. E1a1
E2a2)

tensile forces induced in the members of the frame by the loads
v and h are as follows:

- Rv	
inmortarbondi

R+1 R+1

-	 in mortar bond 2
R+l R+l

v+h
-	 in the aggregate bonds

'/i(R+ 1)

where I /R = Poisson's ratio

= compressive strain in mortar bond 2
IC	

tensile strain in mortar bond 1

when h> 0 and v = 0.

Let m, be the strength of a mortar bond in tension
mc be the strength of a mortar bond in compression
a, be the strength of an aggregate bond in tension
0c be the strength of an aggregate bond in compression.

Then failure occurs in mortar bond I
h	 Rv

R + I - R+1 - 
mc

and failure occurs in mortar bond 2
__ Rh

ifm, 
R + 1 - R + 1 - mc

and failure occurs in the aggregate bonds
v+h

Vj (R+ 1)

If we write

V — 	 andH-
(R+l)mg	 (R+.l)m,

the - safe zone" for the lattice element is defined by the follow-
ing six straight lines.

-I-lI

k–C

II	 I	 i
o(	 10	 I4

\

Figure 9: Strength envelopes for a single lattice element subject
to varying degrees of shrinkage strain.

v Hi

R - R	 Failure of mortar bond 1
H mc	 in tension and compression.

V=—+ -
R Rm,

V = RH + 1
Failure of mortar bond 2

v = RH -	 in tension and compression.
m,

-	 + H) ) 
Failure of aggregate bondsm

=	 - H)	
j in tension and compression.

m,

The safe zone (Figure 9) is the area enclosed by the above lines.
The zone gives all possible combinations of the non-dimensional
loads V and H which may occur without failure resulting. If
the effect of shrinkage of the mortar is to be considered, the
equations are modified as follows.

R	 R
Failure of mortar bond I.

— + ,n + m,k

R	 m,R

V RH + 1 - k

V — 
RH - mc + m,k	 Failure of mortar bond 2.

m,

- (-+H+k))

—	 - H k) 

j Failure of aggregate bond.

1*
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lack of fit in mortar bonds
where k

lack of fit causing spontaneous failure

It is seen from Figure 9 that, if the aggregate does not fail, the
effect of shrinkage is to shift the safe zone along its axis of
symmetry and further into the positive quadrant. It is interesting
to note that the over-all size of the zone is unaltered by shrink-
age. The prestressing action of the shrinkage strains is clearly
shown by the Figure, the lattice being capable of sustaining
higher compressive loads at the expense of its strength in tension.

The strength envelope for the isolated lattice shows the
various possible types of failure that can occur in concrete. It

is clear that a general theory using some stress combination as
the criterion for failure cannot take these various break-downs
into account unless expressed in terms of the stresses that occur
in the individual constituents of the concrete. The main attrac-
tion of the lattice analogue is the implied consideration of the
separate effects of the cement paste and the aggregate in the
concrete.

Contributions discussing the above paper should be in the hands
of the Editor not later than 31 January 1962.
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Introduction
In considering the effects of changes in

temperature, a new dimension is added to the
study of the properties of concrete. Ideally the
performance of concrete at elevated tem-
peratures should be determined by repeating
the types of test already undertaken at normal
temperatures for a variety of thermal con-
ditions. The number of possible combinations
of tests and exposure conditions would be
immense, especially when it is realized that
thermal effects can not generally be isolated
from time-dependent phenomena. In addi-
tion there are a number of pressing problems
ranging from long-term thermal loading at
moderate temperatures, as in pressure vessels
for nuclear reactors, to the high transient
stresses associated with thermal spalling of
concrete exposed to fire. As yet few experi-
mental data are available on such problems.
It is therefore both tempting and necessary
to hypothesize—to extrapolate the data and
theories used to predict the behaviour of con-
crete at normal temperatures—in order to
explain behaviour under different thermal
conditions. If useful theories are to be estab-
lished, concrete must be treated as a composite
material with separate consideration being
given to the constituent phases, each of which
reacts differently to changes in temperature
and applied stress.

If a small representative piece of concrete
situated within a heated specimen is con -
sidered, the total stresses due to the applied
stress and thermal effects acting at the
boundaries of this element can be taken to be
those that can be calculated on the assumption
that the concrete is homogeneous and isotropic.

These conventionally determined stresses
constitute the loading on the element of con-
crete. Within this small volume, this loading
causes certain stresses in the aggregate and
cement paste on which are superposed the
stresses caused by thermal incompatibility of
the concrete materials. Conventionally,
strength is a measurable property of the
concrete as a whole and criteria for dis-
continuity and failure 1 are expressed in
terms of the conventionally determined
stresses or, in the case of the elemental
volume, the loading. If the maximum possible
loading is determined by the magnitudes
of the total interparticle stresses, it is clear
that the strength of the concrete will be
partly dependent on the interparticle stresses
causes by thermal incompatibility. The same
situation arises at normal temperatures at
which it has been suggested 2 that separate
consideration of the loading and the stresses
due to incompatibility is necessary in assessing
the effect of shrinkage on the behaviour of
concrete.

Thermal movement of concrete

Under short-term thermal loading, the
stresses in a concrete body can be calculated
for any prescribed temperature distribution if
values of the elastic moduli and the co-
efficient of thermal expansion are known. No
definite data are available on the variation of
Poisson's ratio with temperature but it is

that Young's modulus for con-
crete is very much reduced at high tem-
peratures.

The thermal expansion of concrete is a
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function of the free thermal movements* of
the cement paste and aggregate and their
relative proportions and stiffnesses. As with
Young's modulus, the thermal movement of a
concrete may be found from the proportions
and properties of the constituent materials. In
general, a model is used in which the distri-
bution of the two phases, aggregate and mortar
or cement paste, is idealized for ease of solu-
tion. The simplest models are those used by
Hansen 5 in which the two phases are arranged
either in series or parallel. These arrange-
ments are similar to the Maxwell and Kelvin
bodies which are often used as analogies to
visco-elastic behaviour. In the latter models,
however, one of the phases is viscous rather
than elastic and is thus represented by a dash-
pot instead of a spring in the model.

Hansen's models give the following two
expressions for the thermal strains in the
concrete, .

For the series model:

a0 =ga+(1—g)a	 . . . (1)

For the parallel model:

mga+(l —g)a9
(2)a0 =

mg+(1—g)

where a5 and a are the free thermal strains of
the aggregate and cement paste at the tem-
perature considered, m is the ratio of the
Young's modulus of the aggregate,E5, to that
of the cement paste, E, and g is the volumetric
fraction of aggregate in the concrete. L'Her-
mite 8 has suggested equation 2 and Kingery7
has shown that the values predicted by this
expression agree closely with experimental
results of thermal expansion in metal-
ceramic composite systems. When the modular
ratio m is not large, as occurs when the
second phase is taken to be the mortar rather
than the cement paste, the first expression is
quite a reasonable approximation as can be
seen from the results, shown in Figure 1,
obtained by Walker, Bloem and Mullen.8

* The term thermal movement, a, is used to mean
the total strain, due to thermal expansion and
shrinkage, occurring in one material at any particular
temperature, v. Equations such as 1 and 2, contain-
ing expressions for the thermal movements of more
than one constituent, apply only at this temperature
and the appropriate values of the elastic constants
must be used. When the rate of change of thermal
movement with temperature is constant, a coefficient
expansion, a, can be defined by a = da/dv.

The model suggested by Dougill 9 following
Hirsch's 10 gives the mean of the two
values obtained from the Hansen model, i.e.

ga5 +(1 —g)ap mgaa +(l —g)cxp
2	 + 2mg+2(l—g)	

(3)

This model provides excellent predictions
of Young's modulus for concretes containing
normal aggregates. In some ways this is
analogous to the Burger's model (i.e. a Max-
well and a Kelvin body connected in series)
which, although not completely satisfactory,
has been extensively used in studies of creep
of concrete." It therefore seems reasonable to
suppose that equation 3 is likely to give a very
good estimate of the thermal strain a0.

Another possible approach is provided by
Pickett's work 12 in which he derived the
following expression for the shrinkage strain
in a concrete S0 in terms of that of the
cement paste S:

S0 =S(1—g)"	 . . . (4)

where n is a constant which depends on the
elastic properties of the aggregate and the
cement paste. If the thermal strains of
the concrete and cement paste are measured
relative to those of the aggregate, the structural
problem is identical with that studied by
Pickett and the following expression is
obtained:

(a0—a5)=(a0—a5)(1—g)'	 . . (5)

In his analysis Pickett obtained an expres-
sion for n which contained the elastic prop-
erties of the concrete rather than those of the
cement paste. Thus, although he assumed n to
be constant in his analysis, he observed that n
is likely to be a function of the volumetric
composition, g, as well as the relative stiffness
of the two phases. Recently, Hansen and
Nielsen'3 have repeated Pickett's analysis, but
this time using the expressions for the elastic
modulus of concrete derived from Hansen's
model. In fact, this approach seems hardly
necessary as experimental results indicate
that Pickett's assumption, that n is independ-
ent of g, is excellent. This can be seen when
the results of Walker et al. are plotted in the
logarithmic form shown in Figure 2. Each set
of results for different mixtures of a particular
aggregate with the same cement paste or
mortar can be represented by a straight line,
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the slope of which gives the appropriate
value of n.

Pickett freely admitted that his analysis con-
tained manyapproximations and itwould there-
fore appear that his expression for n should be
ignored and equation 4 regarded more as the
mathematical expression of an experimental
"law". If this view is taken, it is possible to
show that equation 4 follows from the applica-
tion of a more general postulate stating that
the strain E , in a concrete under a particular
system of stress, is related to the strain €,, in a
similar specimen of the cement paste loaded
by the same stress system, by the expression:

(6)

where the exponent n depends on the relative
properties of the aggregate and cement paste,
the loading system and the type of strain
measured.

At first, this appears to be a very drastic
generalization but a few examples soon show
that, even if there is not yet sufficient evidence
available to enable the postulate to be
accepted unreservedly, it is worth considera-
tion.

Apply equation 6, for example, to the
strains caused by unit stress acting on a con-
crete or on its cement paste. For strains
measured parallel to the direction of the
applied stress, equation 6 gives:

(7)

For strains at right-angles to the direction of
the applied stress, it gives:

_ = _jE<1_gY . . . (8)

where v,, and v5 are the values of Poisson's
ratio for the concrete and cement paste
respectively, and p and q are exponents
which are not necessarily equal.

For small concentrations of aggregate,
equation 7 may be simplified to give:

E0 =E(1+pg)	 . . . (9)

This is in the form of Einstein's equation
which Ishai'4' 15 has successfully applied to
concrete. The values of p found by Ishai are
a function of the modular ratio m and are
shown in Figure 3.

On dividing equation 8 by equation 7, an
expression for Poisson's ratio is obtained:

(10)

Newman18 correlated Anson's' 7 experi-
mental values of Poisson's ratio by means of
this equation in which the total exponent
(q—p) had a value 042.

Returning now to derive Pickett's
expression, consider a concrete specimen which
is heated uniformly but which is partially
restrained by an applied stress so that the
total observed strain equals the unrestrained
thermal expansion of the aggregate alone. In
these circumstances the total restraining
stress on the specimen is Kc(cza - a) and the
average stress in the cement paste is Kp( Za - a)
where K0 and K are the bulk moduli for
the concrete and cement paste respectively. The
average stress in the aggregate particles will
be zero.

Now equate the strain energy stored in the
concrete to the total energy stored in the
individual constituents, i.e.

K0 - ac)2 = (1 —g)K' - ap)2 +g(zero)2	 2

But from the postulate 6

K=K0(1 —g)T

and thus

(c0_a)=(ap_a)(l_g)(l)/l 	 . (11)

which is in the form of Pickett's equation as
given in 5.

The postulate has also been used implicitly
by Neville,' 8 in his study of the effect of
cement paste content on the creep of concrete,
and it appears probable that equation 6 can be
applied in many instances where concrete
behaviour is controlled by variations in the
aggregate composition. The most important
use, however, may be as a means to step down
the level of investigation and to determine the
average stresses in the cement paste in terms
of the total stress acting on the concrete. This
will be apparent when the strength of concrete
at high temperatures is discussed, but first,
separate consideration must be given to the
causes of thermal incompatibility, namely the
individual thermal movement of the cement
paste and aggregates.

Thermal movement of aggregate and cement
paste

Although the coefficient of thermal ex-
pansion of the aggregate may be taken as
constant for small thermal changes, this is not
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possible for the extreme conditions obtained
on exposure to very high temperatures.
Aggregates produced from crystalline rocks
may be liable to progressive distintegration at
high temperatures 19 because of thermal in-
compatibility within the aggregate itself. The
parent material is composed of a variety of
closely packed minerals whose differences in
thermal expansion can cause intercrystalline
stresses and progressive failure. This process
may be exacerbated by phase changes in the
constituent materials, particularly when these
are accompanied by sudden expansion. One
such change is the a to fi quartz transforma-
tion 20 which occurs at about 575°C and is
accompanied by a considerable increase in
volume. These volumetric changes are not
reversed on cooling: Mellor and Cambell2'
found that the residual deformation of a
specimen of quartz increased rapidly with
repeated heating to 1,300°C until, after
twelve cycles of heating, there was a 14%
increase in volume. Not all this increase can
be attributed to the a to quartz trans-
formation, however, as there is also a large
expansion accompanying the formation of
cristobalite above 1,000°C.22

The sudden expansion at 575°C is a
feature of all siliceous aggregates and must
have a damaging effect on the strength. of
concretes made with this material and ex-
posed to high temperatures. However, this is
clearly not the only important effect, since
Malhotra 23 has shown that concrete made
with river-gravel aggregate may lose as much
as 70% of its strength on heating to tem-
peratures less than 500°C, when the a to fi
quartz transformation has still to occur.

In contrast to siliceous aggregates, lime-
stone neither changes its physical composition
nor undergoes any sudden expansion during
heating except at very high temperatures,
when it is decomposed to form lime with the
evolution of carbon dioxide. This reaction is
endothermic and tends to retard the tem-
perature rise in a concrete made with limestone
aggregate that is exposed to fire. This extends
the period of fire resistance, but deterioration
is likely to occur on cooling 24 when the free
lime combines with atmospheric moisture to
form calcium hydroxide. This reaction is
accompanied by an increase in volume which
has a disruptive effect on the concrete.

Most of the work that has been undertaken
on the thermal movements of cement paste
and concretes has been to determine the
coefficient of expansion at normal tem-
peratures. Even under these conditions the
coefficient is not a constant, as it depends on
the relative vapour pressure of the moisture
within the cement paste. Mitchell 25 has
shown that, in the temperature range 0-20 C,
the coefficient of expansion of oven-dried and
saturated neat cement pastes are practically
identical (see Figure 4) and that a higher
coefficient is obtained at intermediate moisture
contents. This increase is due to water vapour
pressure, which is absent from both the oven-
dried and the saturated specimens. There is
also a time-dependent deformation caused by
migration of water between the gel pores and
capillaries 26 as the temperature of the cement
paste is changed. In concretes, there are likely
to be further time-dependent strains as the
interparticle stresses due to the restraining
influence of the aggregate are relieved by creep
in the cement paste. It is clear that there are
considerable difficulties in any attempt to
separate strains due to creep, shrinkage and
thermal expansion at temperatures only
slightly above normal. The present paper,
however, is more concerned with the gross
thermal movements that occur when concretes
or cement pastes are heated to very high
temperatures.

When a cement paste is heated, it first
expands until all the free moisture is removed.
Further heating leads to the removal of
adsorbed water from the gel pores with
accompanying shrinkage until the total strain
is again zero. Shrinkage continues until most
of the adsorbed water is removed and some of
the hydration products decomposed and then
the cement paste begins to expand once more.
The rate of removal of moisture is dependent
on the rate of heating and the temperature at
which a particular strain is obtained increases
as the rate of heating is increased.27

Crowley 27 studied the thermal movement
of neat cement pastes which were repeatedly
heated and cooled in the temperature range
20-815°C. Although this work is mostly con-
cerned with refractory cements, it is thought
that similar results would be obtained with
pastes made of ordinary Portland cement. It
will be seen from these results (Figure 5) that
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the coefficient of expansion obtained during
cooling is approximately the same as that
obtained during the final expansive stage of
heating and that the residual shrinkage strains
obtained after cooling from high temperatures
will be greater than any that occur during
heating. This work suggests that the thermal
movement of cement paste may be considered
to be the sum of a reversible and an irreversible
component as shown in Figure 6. It is interest-
ing to compare the form of the curve represent-
ing the irreversible component of thermal
movement with that obtained by Philleo 3 for
weight loss during heating. The connexion
between shrinkage and weight loss due to
removal of moisture appears to be clearly
demonstrated (Figure 7).

Strength of concrete
When a specimen of concrete is heated

uniformly so that the stresses calculated by
conventional analysis are zero, the inter-
particle stresses are some function of the
difference in free thermal movements of the
aggregate and cement paste. These "parasitic
thermal stresses" will be tensile in the cement
paste if it shrinks with respect to the aggregate.
Thus, if the ultimate strength of a concrete
specimen is dependent on the tensile strength
of its cement paste, the measured strength will
be reduced. This reduction has been effectively
demonstrated 28 by using Baker's 29 pin-
jointed lattice analogy for the structure of
concrete.

If idealized data are taken for the thermal
movements of a cement paste and a siliceous
aggregate, the general manner in which the
strain difference due to incompatibility varies
with temperature can be found. This is shown
in Figure 8, from which it can be seen that at
first these differential strains will induce a
small compressive stress in the cement paste
but that with increasing temperature this is
reduced and changes to a much larger tensile
stress. The residual strains obtained after
cooling are also shown in this Figure. These
determine the load capacity of a specimen
tested cold after cooling from high tem-
peratures.

The curves in Figure 8 may be compared
with the ultimate strength results obtained
by Malhotra and shown in Figure 9. Mal-
hotra 23 tested small cylindrical specimens of

concrete in uniaxial compression at high
temperatures and after cooling. His results
show fair qualitative agreement with the
trends to be expected from consideration of
the strains due to incompatibility. At first the
effects of heating are not great but, as shrink-
age of the cement paste occurs, the measured
strength is greatly reduced. Finally a stage is
reached when most of the moisture has been
removed, and further heating has less effect.
In particular, it will be seen that the strengths
obtained by crushing specimens which had
been allowed to cool are lower than those of
specimens tested hot, which is to be expected,
as the residual shrinkage strains due to in-
compatibility are greater than those that occur
during heating.

Malhotra's is probably the most extensive
experimental study undertaken of the effects
of high temperature on the compressive
strength of concrete made with river-gravel
aggregates. Besides confirming the differences
in hot strength and residual strength found by
Lea, 3° he found that variations in water!
cement ratio had negligible effect upon the
proportional reduction in strength. On the
other hand, variations in the aggregate/cement
ratio were significant, the proportional reduc-
tion being smaller for lean mixes than rich
ones. He also found that, if a stress of between
20 and 25% of the cold strength is maintained
on a specimen during heating, the total load
capacity is increased by as much as 20% at
500°C.

One aspect not covered by Maihotra's
work is the reduction in strength that occurs
after a specimen has been allowed to cool and
is then stored in humid conditions. This
effect, shown in Figure 10, was first observed
by Lea and Stradling, 32 who attributed these
variations in strength to the volume changes
accompanying the rehydration of the free
lime formed when the calcium hydroxide in
the cement paste is decomposed during heat-
ing. This occurs in concretes heated above a
temperature of about 500°C. For concretes
heated to lower temperatures, the post-
cooling strength variations are caused by
swelling due to moisture absorption, without
chemical change. The lattice analogy 28 can
again be used to illustrate the manner in
which expansion due to absorption of moisture
into the surface layers of a specimen can

5



cause a continued reduction in strength. Use
of the analogy also suggests that a small
recovery in strength may eventually occur as
the moisture diffuses further into the speci-
men. This gradual change has still to be
confirmed by experiment, although some
recovery of strength has been recorded' 9 for

heat-resistant concretes stored under water
for seven days.

Before Malhotra's work, many workers
had investigated the residual compressive
strength of concrete obtained after cooling
from high temperatures. Miller and Faulkner33
compared the performance of concretes made
with ordinary Portland and high alumina
cements and found that, whilst the concrete
made with high alumina cement lost strength
at a greater rate than did the ordinary Port-
land concrete at moderate temperatures, it
retained a greater proportion of its strength at
temperatures greater than 700°C.

Most work, 3436 however, has been to
compare the performance of concretes made
with different types of aggregate as a guide to
the selection of materials for concrete in
structures where fire resistance is important.
This form of test is not necessarily the best
guide to the behaviour of concrete in a fire, as
the aggregate properties affect not only the
strength but also the rate of heat transmission_
and the temperature gradients achieved in the
concrete. On the basis of experience gained
from full-scale testing, Ingberg 24 suggested a
classification of concrete aggregates with
regard to fire resistance. He divided aggregates
into four groups of which the first, comprising
calcareous material, contains the aggregates
which behave best in a fire but are liable to
deterioration on cooling. If this is to be
avoided, the aggregates in the second group
give the best performance. These are feld-
spathic aggregates consisting of fine-grained
igneous rocks but also including such artificial
aggregates as broken brick, hard clinker etc.,
in which the sudden volume changes accom-
panying phase transformations have already
occurred during their manufacture. The third
group comprises the coarse-grained igneous
and sedimentary rocks which can occasionally
lead to cracking and spalling in concrete
exposed to fire, whilst the fourth group
contains siliceous aggregates, such as quartz,
chert and flint, which generally behave badly

during fire tests. It can be seen from the
discussion in the previous section that this
classification is directly related to the dimen-
sional stability of the aggregate at high
temperatures.

Aggregates in Ingberg's second group are
suitable for use in structural refractory con-
crete, 37 especially when used with high
alumina cement. Such concretes can maintain
up to 50% of their cold strength after heating
to 1,200°C. Stradling and Brady 19 also used
aggregates of this type successfully in an earlier
attempt to manufacture heat-resistant con-
crete. In addition, they tried to reduce
shrinkage of the cement paste and minimize
post-cooling strength variations by elimina-
ting the calcium hydroxide in the cement
paste. This was done by including sufficient
pozzolanic material with the cement, so that
hydrated compounds of lime, silica and alumina
were formed during hardening instead of
calcium hydroxide. Although these compounds
are decomposed on heating, they do not
recombine readily with water on cooling. In
general, these concretes behaved well, often
showing an increase in strength for tem-
peratures below 600°C and recovering some of
the strength lost on heating to 800°C and
1,000°C after immersion in water for 7 days.

Strength of concrete under combined
stresses at elevated temperatures

All the experimental results referred to so
far have been concerned with the ultimate
strength of a specimen under nominally
uniaxial compression. It is of great interest to
know how these results may be applied to
other states of stress likely to occur in heated
structures. In particular, definite information
is required concerning the effects of high
temperature on strength in biaxial compres-
sion, as this state of stress is induced at the
surface of a wall panel or floor slab in the
early stages of heating and is presumably
responsible for one form of thermal spalling.
Unfortunately this information is not avail-
able and, in fact, it is only recently that the
form of the strength envelope in the biaxial
compression zOne'7' 38 has been satisfactorily
confirmed at normal temperatures; even then
there are still considerable differences of
opinion as to the form of criteria for dis-
continuity and failure of concrete under
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different states of stress. It is unlikely that
complete criteria for failure at elevated
temperatures can be established before the
problem is solved for normal conditions.
However, it is necessary that some hypothesis
should be advanced in order to try to explain
phenomena occurring at high temperatures
and to form the basis of planned, rather than
ad hoc, experiments.

It will be assumed that some criterion for
failure of cement paste has been established
in terms of the average stresses acting on a
paste specimen, i.e.

f(a,', U2, 0 3 ') 1.0 before failure	 . ( 12)

where a' etc. are the stresses in the cement
paste, compression being positive.

If, in considering a concrete, failure is
assumed to occur within the cement paste,
the problem remains of finding the average
stresses a1 ', a2 ' and a3 in the cement paste in
terms of the stresses a 1 , a2 and a3 applied to
the concrete. For very small volume con-
centrations of aggregate, the average strain
in the cement paste can be taken to equal the
strain in the concrete as a whole. For these
conditions, the stresses in the cement paste
caused by stresses applied to the concrete can
be found from:

Ia,']	 ' 1 B Bl Fail
1031 =AIB 1 BI 1a2 1 	. . ( 13)
L']	 B B ij 193]

where

A=(1+_2v(v—v) \ E,,
(1+)(1-2))

and

VP - Vc

B = 1 - —

It is seen from the diagonal terms (1) that the
inclusion of a small quantity of aggregate
causes the stresses in the paste to be reduced
approximately in the ratio E/EC. However,
the off-diagonal terms (B) indicate that the
stress in the cement paste is not merely some
proportion of that acting on the concrete but
consists of a different combination of principal
stresses. For instance, if the concrete is
stressed in uniaxial compression, equation 13
shows that the cement paste will be in triaxial
compression, provided that the Poisson's
ratio of the cement paste is greater than that

of the concrete. This fact had previously been
deduced by Anson' 6 from his own experi-
mental results.

The strain in the cement paste again being
assumed to be the same as that in the concrete
as a whole, the stresses in the cement paste
a,,' due to thermal incompatibility can be
found to be:

I	 ,
a,, =a,,2 =a,,3 =(a—a)12	. (14)

where the thermal strains are positive for
shrinkage.

These stresses are the parasitic thermal
stresses which must be added to the stresses
a1 ' etc. in the cement paste due to the applied
loading to give the total stresses in the cement
paste to be used in the failure criterion. The
effect of the parasitic stresses is that of adding
an equal volumetric or triaxial stress av' to the
cement paste or alternatively a triaxial stress
a,, to the concrete as a whole, where:

av =A(12B)	 . . . (15)

The assumption concerning the distribu-
tion of strain is only valid for low aggregate
concentrations. For higher concentrations,
the assumption of an admissible displacement
field leads to an upper-bound approximation
to the stresses at failure.

So far, no consideration has been given to
the basic criterion for failure within the
cement paste. Previous analytical work in this
field 28 was based on the use of a two-
dimensional lattice analogy for concrete and,
although the concept has been extended to
three dimensions,' 6 it is still unlikely to be
suitable for all states of stress. This is because
the properties of the members in the lattice
are chosen to simulate the deformation of the
concrete and, if failure is assumed to occur
when the load in a member reaches a particular
value, this must be interpreted as the assump-
tion of a limiting strain criterion for failure of
the concrete. Such a criterion provides a
reasonable working relationship for qualitative
deductions of strengths under combined
compressive and tensile stresses and possibly
triaxial compression, but is clearly incorrect in
biaxial compression.

Further consideration of the precise form
of the criterion for failure of the cement paste
is beyond the scope of this paper. However,
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suppose, for example only, that the required
criterion depended only upon the values of
the maximum and minimum principal stresses
and could be expressed in the form:

O'max17'm inC .	 .	 . (16)

where C is the uniaxial compressive strength
and R is the ratio of uniaxial compressive to
uniaxial tensile strengths of the cement paste.

Equation 16 is one form of the Coulomb-
Mohr criterion and can be expressed in terms
of the stresses acting on the concrete using
equation 13. Thus, for a1a2a3,

(1 —RB)aj —B(R— l)c.r2 —(R—B)cr3 *(1 - k)C/A
(17)

where

A
c =—(l+2B)(R-1)a

The non-dimensional parameter k is a
measure of the parasitic thermal stresses
which are zero when k = 0. As k increases, the
stresses that can be applied to the concrete
before failure are gradually reduced. When
k= 1, spontaneous failure occurs in triaxial
tension as a result of the parasitic thermal
stresses alone.

Equation 17 shows that the proportional
reduction in strength due to parasitic thermal
stresses will be the same for all states of
stress. This can be seen in Figure 11, which
shows the strength envelope for a biaxial
stress regime obtained from equation 17.
Although this conclusion may not be valid for
all possible forms of criteria which may be
applied to the concrete or the cement paste, it
will apply to some which have already been
used39' 40 and in particular those expressing
the condition that some function of the shear
stress is to be related to the mean normal
stress at failure. The conclusion requires one
further qualification as it is based on the as-
sumption that a single function can describe
the complete failure envelope for concrete.
This is unlikely.

Another point of interest is that equation 17
is a failure criterion for concrete involving all
three principal stresses even though it has
been derived from an assumed criterion for
failure of the cement paste (equation 16)
which is independent of the intermediate
principal stress. This is because of the nature

of equation 13 and, although no great weight
can be placed on the actual expressions for A
and B obtained by such a simplified method,
the general form appears to be correct. Thus,
for the assumed criterion, the inclusion of
additional aggregate causes the intermediate
stress to have greater effect because of the
increase in B.

Local failures due to thermal effects—
aggregate splitting

Besides general loss in strength due to the
development of parasitic thermal stresses and
the effects of heating on the properties of the
cement paste and the aggregate, premature
failures may occur on the surface of concrete
in the form of thermal spalling. This can
occur in several ways, 4 ' of which one of the
most common is splitting of the aggregate
near the heated surface of a concrete member
during the early stages of heating. This is
particularly serious if the member is rein-
forced, as any removal of the surface layer of
concrete causes the temperature of the steel
to rise more than if the layer were present,
so leading to early failure. The occurrence of
aggregate splitting thus leads to reduced
periods of fire resistance. It is clear that a
method is required to assess the probable
behaviour of any particular aggregate at high
temperatures, so that those aggregates likely
to disintegrate in a structure exposed to fire
can be rejected.

Kingery 42 has shown how the ability of a
single material to resist changes in tempera-
ture or thermal shock can be expressed in
terms of a thermal stress resistance factor.
The concept may be applied to other loading
conditions and can be illustrated by consider-
ing the ability of concrete to withstand shrink-
age stresses. Thus, if a partially restrained
specimen of concrete is subject to a shrinkage
strain €, the stresses a induced are:

E€ 1
_____ -	 . . . (18)
1-2v s

where s is a shape factor accounting for
geometry and restraint.

If the failure stress is f, the load factor
against failure is A where

A(1_2v ) R	 . 
. (19)

-
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The terms in brackets in the above ex-
pression (= R) can be considered to be a
"shrinkage stress resistance factor" as they
contain all the material properties influencing
failure by shrinkage. It is clear that the factor
is a measure of the ability of a concrete to
resist shrinkage stresses and provides a means
by which the relative performance of different
materials can be assessed. Some such factor is
required so that the likelihood of splitting of
different aggregates can be compared.

Although thermal stress resistance factors
could be derived for individual pieces of
aggregate exposed to heating, it is clear that
these would not necessarily be a satisfactory
guide to the relative performance of different
aggregates when used in concrete. Here, each
piece of aggregate is surrounded by a material
which usually has a different coefficient of
expansion from the aggregate. With a change
in temperature, stresses will be induced in the
aggregate in addition to those caused in an
unrestrained particle. The magnitudes of the
stresses developed at a given temperature are
thus dependent upon the properties and
thermal volume changes of the surrounding
material as well as those of the aggregate.

Consider a spherical particle of aggregate
radius R within a large mass of material
which is assumed to have infinite con-
ductivity. The aggregate has Young's modulus
Ea, Poisson's ratio a' tensile strength
thermal diffusivity h2 and a coefficient of
thermal expansion t a. The surrounding
material which is assumed to have the
properties of concrete has Young's modulus
E, Poisson's ratio and coefficient of thermal
expansion

If the temperature in the surrounding
material is raised at a constant rate p, it can
be shown 43 that failure due to tensile splitting
will occur after a time TM where

[1 1 M+5
T"=0. l9JrpqrM+3 (M+3)vf (20)

Ia/a—1

in which

M=±	
- 1'

1_Va 1+v6 E 	)	
. (21)

h2 lVa
= 3Of	 2Eaaa	

(22)

and

lVa ft (23)

In this expression qf and Vf may be regarded
as thermal stress resistance factors for the
aggregate alone; is the heating rate required
to cause fracture in a sphere of aggregate of
radius R heated at a constant rate but without
any enveloping concrete and v1 is the tem-
perature of a well-stirred bath of fluid, just
sufficiently hot to cause fracture if an aggregate
particle is suddenly immersed in the bath.

It is suggested that this quantity T' may be
suitable for use as a thermal stress resistance
factor by which the relative performance of
different aggregates may be assessed. By this,
it is not suggested that the expression gives
the actual time of heating required to cause
splitting of the aggregate in a concrete
member, but that the influence of the various
quantities involved will be much the same as
in the simplified analysis.

The parameter M will commonly have a
value in the range 1-5. Variations in M in the
term (M+5)/(M+3) will thus have only
minor significance and this term can be put
equal to unity. The effect of Poisson's ratio on
the quantity M is also an unnecessary refine-
ment in an expression to be used to give an
approximate guide to the relative performance
of different aggregates. Thus, a new thermal
stress resistance factor T' may be written:

T'=(---1--L. aa (+2)Jv	 . (24)
\q ç;/	 —aa

The terms not included in the square
brackets in equation 24 should be found from
tests on samples of aggregate: Vf represents
the thermal stress resistance of the aggregate
alone whilst the term (1/p— l/ç) shows the
effect of heating rate and of particle size. It is
seen from equation 22 that, as the size of the
aggregate particle is increased, the rate of
heating for failure is reduced, consequently
reducing the thermal stress resistance factor
T'. This suggests that one way in which the
occurrence of aggregate splitting may be
reduced is to use a smaller maximum size of
aggregate in the concrete mix. This also
explains why fine-grained aggregates behave
better than coarse-grained materials, as sug-
gested by Ingberg's classification.
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The thermal stress resistance factor can be
expressed in the form

= - - ( -
	 - v F (g, m) . (25)

p pj \a - aa/

where the suffix p refers to the cement paste
and the last term indicates some function of
the volume concentration of aggregate and
the modular ratio Ea E. This function can be
evaluated by using equation 3 and
equation for the Young's modulus of concrete.
This analysis gives the values shown in
Figure 12. It is seen that, as the stiffness of the
cement paste is increased in relation to that of
the aggregate, the factor T is reduced, show-
ing that the tendency towards splitting is
increased. Also, it is possible that splitting
may be prevented if the thermal expansion
of the cement paste is less than that of
the aggregate. This suggests that aggregate
splitting is most likely to occur in strong rich
mixes, rather than in weaker concretes which
would have a high EalEp ratio and consider-
able drying shrinkage to inhibit splitting.
Splitting will also be confined to the early
stages of heating when the cement paste has
lost little of its combined water and is still
expanding.

Conclusion
It has been shown that the individual

thermal movements of the cement paste and
the aggregate affect the properties and
behaviour of concrete in a number of ways.
The over-all thermal movement of the con-
crete determines the magnitude of the
thermal stress component of the applied
loading, whilst the difference in thermal
movements of the constituent materials gives
rise to parasitic thermal stresses which, to-
gether with any change in the properties of
the material on heating, determine the
strength of the concrete.

The effect of the parasitic thermal stresses is
identical with that caused by an additional
hydrostatic loading applied to the concrete,
which is tensile when the cement paste
shrinks with respect to the aggregate. Thus
shrinkage of the cement paste relative to the
aggregate causes a reduction in strength under
all states of stress. It appears possible that the
proportional reduction in strength will be the

same for all combinations of stress which
cause failure by the same mechanism.

Although expansion of the cement paste in
relation to the aggregate can cause an increase
in strength if the aggregate-paste bond
strength is not exceeded, it does also induce
tensile stresses in the aggregate particles.
These stresses are additional to those caused
by the thermal gradient and rate of heating
and may lead to failure by splitting of the
aggregate. Consideration of a form of thermal
stress resistance factor shows that this
tendency is increased by an increase in the
rate of heating, the stiffness or thermal
expansion of the cement paste, or the maxi-
mum size of the aggregate particles. This
suggests that the most generally acceptable
method of reducing aggregate splitting is to
use a smaller size of aggregate in the concrete
mix. All other methods lead to a concrete with
a low strength or low modulus of elasticity,
either of which may be structurally un-
desirable.
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Summary
An attempt is made to review the manner

in which thermal volume changes affect the
properties of concrete with particular refer-
ence to its behaviour at high temperatures.
The influence of these changes on thermal
expansion and strength of concrete is dis-
cussed. In addition, a thermal stress resistance
factor is proposed as a means of assessing the
relative performance of different aggregates
in concrete used at high temperatures or in a
fire.
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IN the early days of reinforced concrete construction,
concrete was often considered to be 'fire-proof'. In
fact, it was soon apparent that concrete is affected by
heating in a similar manner to all other building
materials and that some allowance should be made
in the design of structures for the possible occurrence
of fire.

In general, buildings are designed and constructed
to withstand certain specified loadings for an inde-
finitely long period. This philosophy of design is
questionable, even when applied to specified working
loads, as it is possible that economies could be made
if the design was based on a specified 'useful life' of
the structure. However, it is realized that it would be
uneconomic to design a building to resist the con-
tinued and possibly repeated effects of fire over an
indefinite period. The treatment of the influence of
fire on a structure is thus fundamentally different from
the usual treatment of other loadings. The view is
taken that the occurrence of a fire in a building is so
unlikely that it is better to insure against the possible
financial loss rather than to build the structure to
withstand the whole effects of fire. However, some
consideration must still be given, in design, to the
effects of fire, as it is necessary that the spread of fire
should be limited and that any occupants should have
enough time to escape before the building collapses.

In practice, these requirements are met by speci-
fying a certain period of fire resistance for each element
of the structure. To provide a basis for this approach,
the concept of a standard exposure condition has been
introduced in the form of a time versus ambient
temperature curve.' The 'fire resistance' of a struc-
tural element is the time during which it continues to
perform its function satisfactorily, when heated in this
specified manner, in a laboratory test.

f 
This paper is based on a Lecture presented to the Materials

and Testing Group of the Institute of Physics and the Physical
Society at the one-day meeting on 'The Physics of Testing
Concrete' at the Institution of Civil Engineers on 28 January
1966.

The standard exposure condition is used in all tests
for fire resistance, but the type of test and the criterion
of satisfactory performance depend on the function of
the member in the structure during a fire. This function
may be to prevent the spread of fire by dividing the
structure into compartments or to carry the dead and
superimposed loadings. In this paper only the 'struc-
tural fire resistance' of load bearing members is con-
sidered and no further attention is given to the thermal
fire resistance of separating members, such as wall
panels, etc.

Standard fire resistance tests are performed on full
size structural elements carrying a load corresponding
to the maximum working load on the element in the
structure. This loading is maintained constant through-
out the test, and the time from the start of heating to
final collapse of the member is taken to be the fire
resistance.

It is clear that, in its present form, the test has a
number of disadvantages. The test is cumbersome,
expensive, and requires large specialist apparatus.
Also, even if it is assumed that the thermal conditions
used in the test are similar to those likely to occur in
an actual fire, the application of the results to mono-
lithic construction is entirely artificial and may even
be irrelevant. The purpose of this paper is to investi-
gate the relevance of the test for structural fire resis-
tance to the actual behaviour of reinforced concrete
structures.

Criteria for assessing the relevance of tests for structural
fire resistance

It is clear that the concept of fire resistance is
necessary in the design of structures. However, it is
not possible to reproduce, in a standard test, all the
possible exposure conditions that might occur in an
actual fire and thus the results of such a test cannot be
considered to be absolute values of fire resistance for
a structure. The most that could reasonably be ex-
pected is that the results from the standard test should
give a quantitative comparison of the behaviour of
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different forms of construction exposed to fire. If the
test does not provide a true comparison, it is not a
suitable basis for structural design.

If the behaviour of different forms of construction
is to be compared, it is clear that each individual ele-
ment should be tested under conditions of restraint
which are identical to those offered to the element

1400

the column by the surrounding structure and this
causes a load to be induced in the column which is
additional to the load carried before heating. This
increase in load is not reproduced in the fire resistance
test and it is therefore interesting to take a particular
example to determine the probable order of magni-
tude of this additional loading.

No Unrestrained column
Total load on column with

- - thermal expansion l5xlO 6 deg C
Total load on column with
thermal expansion 7 5x106degC

/	 Nr5

1200

1000

Ill
800

U: Cube strength of concrete at normal tern-
perature	 .- 600
t: Yield stress of steel at normal temperature 	 w. L.529
Abc: Area of steel in compression

400

Figure 1. Loads induced In a restrained rein-
forced concrete column heated according to
the standard exposure condition	 20

when this is used as a member in a structure. This is
recognized in the Standard l which requires that the
restraint applied to the test element shall be similar
to that applied to the element in service. In direct
contradiction, to this however, the Standard also
requires that the applied loading shall be kept con-
stant during the test, and it is this condition which is
usually satisfied. In general then, the effects of con-
tinuity are ignored and the structural element is tested
as though it were unrestrained in service. This ap-
proach appears to be particularly inappropriate to
reinforced concrete with its capacity for large local
deformations and the ability to redistribute forces
and bending moments within a continuous structure.
It is these properties of reinforced concrete that
suggest that it is necessary to examine the relevance
of the fire resistance test to actual structural behaviour.

Structural behaviour of a heated column
One of the few structural elements whose function

is purely load bearing and which is invariably con-
tinuous is the reinforced concrete column. Consider
such-a column in -a building wliichis- subjected to a
local fire in one storey so that only the column is
heated and the remainder of the structure is unaffec-
ted by heating. The thermal expansion of the column
is partially resisted by the axial restraint afforded to

Olb/in2

maximum
capacity of column

A 5 = 13-01 in2
f1 = 40000 lb/in2

50-	 100	 150	 200	 250	 300

Time from start of heating	 (minI

Figure 1 shows the loads induced in an 18 in. x 18
in. column, for various degrees of restraint, when this
is heated in the standard manner. The column is one
of many supporting a beam and slab structure,
forming a 20 ft square grid, which is repeated at every
floor level in a multi-storey building. The beams are
18 in. square below the 6 in. slab and the storey
height is 95 ft. The member considered is an internal
column reinforced with a large proportion of mild
steel and it is assumed that it carries only axial load.
The restraint to the column is mainly due to the stiff-
ness of the beams and floors and therefore increases
with the number of floors N above the heated column.

The average temperature rise in the column has
been estimated from the results obtained by Thomas
and Webster2 in their series of tests on reinforced
concrete columns. The loads induced in the column
have been calculated assuming linear elastic behaviour
of the whole structure. It was also assumed that the
stiffness of the column is linearly dependent on tem-
perature andihat The stiffness- is-reduced to-half -it&---
normal value when the average temperature reaches
4600 C. This simple relationship fits the data obtained
by Philleo3 and Cruz4 for the effect of heating on
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Young's modulus of concrete moderately well and is
sufficiently precise for the present purpose. The loads
have been calculated for two values of the coefficient
of thermal expansion (75 and 15 x l0 deg c_I) for
the concrete. Results obtained by Endell 1 suggest that
the thermal expansion of most concretes will be be-
tween these limits below 4500 C and that at higher
temperatures the upper value is only likely to be
exceeded in a concrete made with a highly siliceous
aggregate.

Returning now to consider Figure 1 in more detail,
it is seen that the increase in column load can be quite
substantial. The restraining effect of five floors above
the heated column is sufficient to increase the load
to a value 50 per cent greater than the original work-
ing load, represented by the line N = 0, after less
than 2 h heating. It is easier to assess the significance
of these increased loadings if they are compared with
the maximum load capacity of the column. This is
shown in the Figure and has been obtained using the
method proposed by Thomas and Webster 2 from the
results of their investigation. It can be seen from this
result that if failure occurs when the total load on the
column equals its maximum load capacity the fire
resistance of the column could be seriously reduced
by restraint effects.

Although this analysis is quite interesting, it is
considered that reinforced concrete structures do not
necessarily behave in this way. Failure of reinforced
concrete is usually taken to occur when a particular
value of ultimate compressive strain is attained in the
concrete. This concept is used in reinforced concrete
design at normal temperatures, and would be expected
to apply at elevated temperatures; the values of the
ultimate strain being dependent on temperature. It is
thus necessary to revise the analysis, leading to the
results outlined in Figure 1, to include the behaviour
of the column after the maximum load capacity has
been equalled by the total imposed loading and until
the ultimate concrete strain is achieved.

In order to do this it is necessary to assume the
form of the stress-strain curve for a reinforced con-
crete column under a compressive load at high tem-
peratures. The assumed relationship is shown in
Figure 2. The form of the curve comprising initial
approximately linear behaviour, attainment of a
maximum stress, and a descending portion is well
known at normal temperatures, although the slope of
the descending portion may be much reduced for
loadings applied slowly and over a considerable
period. At higher temperatures both the modulus of
elasticity' and the maximum compressive stress5
are known to be reduced and it appears reasonable to
assume that the stress-strain curves would have the
same form as that obtained at a lower temperature,
if the effect of thermal expansion is excluded from the
total strain. At present there are few experimental

data available to test this assumption. Harada' has
obtained the stress-strain curve for concrete in com-
pression after cooling the specimens from high
temperatures. The form of the curves obtained are
similar to those shown, although no information
could be obtained for strains beyond that corres-
ponding to the maximum compressive stress. Recently
Harmathy and Berndt 1 ° have published some results
for the complete stress-strain curves of a hydrated
cement paste and a lightweight expanded shale
aggregate concrete for temperatures up to 760° C.
These results indicate that there is an increase in
deformation at fracture with increase in temperature,
the curves showing only a gradual descent with in-
creasing strain. However, it is difficult to know to
what extent these last results are applicable to normal
concrete, especially in those portions of the stress-
strain curve which are influenced by cracking and
failure. In spite of this, it is felt that the assumed
curves gain some support from these results.

Consider a single heated column in the building
frame shown in Figure 3. The structure surrounding
the column is unaffected by heating and is assumed
to behave linearly with respect to a load applied at the
position and in the direction of the column. The
column carries a load F, when the average tempera-
ture in the column is i and the strain in the column
is the sum of the free thermal expansion ai and the
compressive strain E due to the load F,. Before heat-
ing, the column carries a load F0, the corresponding
strain being s•. The condition for the displacements
of the column and the surrounding structure to be
compatible can be put in the form

(i+)^=.,+
where R is the ratio of the loads required, at the
position and in the line of the column, to induce unit
deflection of the surrounding structure and the un-
heated column when these are considered separately
and disconnected. The ratio A is thus a measure of
the restraint offered to the column by the rest of the
structure and will be termed the relative stiffness of
the surrounding structure.

Stress—strom cwve,
Averoge I	 normal temperatures

compressive I
stress	 I

Curve after
temperature

riley,

Curve ofter/
temperature riley1

Esponsion.	 Confroctii
Total Strom

Figure 2. Probable form of stress—strain curves for a
reinforced concrete column tested in compression

at various temperature levels

APPLIEP MATERIALS RESEARCH , OCTOBER 1966 	 237



I h__I- 	 Contraction	 Pv

1= (h—oVh)

Figure 3. Structural arrangement of building frame and heated column

The equation of compatibility can be solved by
means of the graphical construction shown in Figure
4. The separate terms of equation (1) are shown in the
Figure, the term (1 + l/R) being obtained from the
load deformation curve for the unheated column.
This construction is similar to that used by Sigvalda-
son11 to explain the behaviour of a conventional
testing machine and, on consideration, it is clear that
the complete structural system behaves in the same
way as an analogous testing machine in which the
machine frame represents the surrounding structure,
the test specimen represents the column, and the load
is applied by thermal expansion instead of the usual
hydraulic ram. One of the peculiarities of a compres-
sion testing machine is the possibility that the machine
components may not have sufficient stiffness, com-
pared with that of the specimen, to enable the ultimate
strain to be reached. Similar behaviour may be expec-
ted in the structure considered, so that it is unlikely
that the ultimate strain of the column can be reached
when there is little restraint: that is, for low values of
the relative stiffness R.

Effects of restraint on mode of failure
In Figure 5, the loads and strains at failure are

shown when the ultimate strain has been reached. In
this case, the analogous testing machine would be
temed'hr4asjtbasufficieni stiffness to enable
the specimen to reach its ultimate strain s. The term
'stiff' will be used to describe the structure which is
similarly hard. Now consider Figure 6. It is clear that
the line representing the load-deformation relation-
ship for the surrounding structure (i.e. the line with

slope - R) cannot intersect that for the column if the
temperature is increased, no matter how small the
increase. Thus, the column and the surrounding
structure cannot remain compatible at higher tem-
peratures and failure occurs immediately after the last
possible equilibrium position. 1'he -structure will be
termed 'flexible' when the relative stiffness R is less
than the value indicated. The lower limit of a flexible
structure (R = 0) applies to an unrestrained column.

The stiff structure has a single equilibrium position
for each temperature, until the ultimate strain is
reached. It is not possible to find an equilibrium
position for a flexible structure above a certain value
of'thernial strain, even though the limiting strain is
not exceeded. With an intermediate structure, more
than one possible equilibrium position exists and the
column is unstable between them. Here, the load-
deformation curve for the structure intersects the
descending portion of the curve for the column in more
than one point. The range of relative stiffness for the
three possible grades of structure is illustrated in
Figure 7. It will be noted that a structure which is
'flexible' at low temperatures may become 'stiff' as
the temperature is increased. The terms are relative
and depend on a comparison between the initial
stiffness of the structure and the stiffness of the
column at the relevant temperature.

A column in a flexible structure will fail at a load
not very much below the maximum load capacity
the column. It is, therefore, a reasonable approxima-
tion to assume that failure occurs when the total load
on a column equals its maximum load capacity, if the
column is part of a flexible structure. In these circum-
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stances, the results for the effects of induced loading
on lire resistance shown in Figure 1 adequately
represent actual structural behaviour.

On the other hand, for the assumed conditions of
local heating, the load at failure on a column in a stiff
structure will be small, as the surrounding structure
will relieve the column of much of its load. The

will be somewhere between these two extremes. It is
thought that the distribution of heating in a large
building is more likely to be effectively local in
character due to the time required for the fire to
spread from place to place. This is even more likely
if the building is divided by walls and partitions
which delay, or prevent, the spread of fire.

L/re
	 Figure 6. Loads and strains at failure of a column in a

R
	

flexible structure

Figure 4. Loads and strains in a heated column

criterion for ultimate collapse is one of limiting strain
and it is seen from the relevant figure (Figure 5) that if
the relative stiffness R is increased the thermal strain
(av) at failure must also increase. This strain is a
measure of temperature and time of exposure and it is
therefore considered extremely probable that a column
in a stiff structure will have a longer period of fire
resistance than a similar column in a structure which
is less stiff.

Effect of more general heating
So far the discussion has been confined to the case

in which only one column in the entire structure is
affected by heating. This is clearly an extreme case
and as such is unlikely to occur in practice. The other
possible extreme is obtained when all the columns in
any one storey height are heated equally, so that there
is no restraint to expansion in that storey. It is clear
that this condition is also not likely to occur in prac-
tice and that the most likely distribution of heating

pv

0

Figure 5. Loads and strains at failure of a column in a
stiff structure

If more than one column is heated the combined
stiffness of the heated columns is increased at the
expense of that of the surrounding structure and the
value of the effective relative stiffness R is reduced.
The effect of increasing the number of heated columns
is thus the same as reducing the stiffness of the struc-
ture in the analysis of any single column.

Relevance of tests for structural fire resistance
It is seen from the previous discussion that columns

which are heated in a structure which behaves in a
flexible manner eventually fail by the same mechanism
of longitudinal instability as do the unrestrained
columns in the standard fire test. However, the stan-
dard test does not include the effects of local heating
which can induce additional loads in a column and a
corresponding reduction in fire resistance. This would
not be a serious disadvantage if enough was known
of the material properties of concrete and steel at
high temperatures to establish criteria in order to
determine whether a structure would behave as
'flexible' or 'stiff' when heated in a given manner. If
such criteria existed, and it was known that the struc-

I/
j/' f' L. Flexible

! 5tuTt Inteitnediate
Race	

c/co

Co

Figure 7. Limiting values of relative stiffness for
different modes of structural behaviour
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ture was flexible at high temperatures, an estimate of
the reduction in fire resistance due to restraint could
easily be made using existing test data.

The standard test for structural fire resistance is
clearly relevant to flexible structures. However, it is
suggested that most heavily loaded columns in multi-
storey buildings form part of a very stiff structure.
Here the results of tests on unrestrained columns are
completely irrelevant. The mode of failure and the
load on the columns during heating is different and
direct application of the results of fire tests on columns
free to expand to columns under considerable re-
straint is not justified and may be considerably in
error. As yet, the data required for a quantitative
assessment of the behaviour of a member which is
heated in a stiff structure are not available and cannot
be obtained by the usual test procedure.

It is also apparent that the standard test does not
necessarily provide a valid comparison between
different forms of construction. These could have
widely differing stiffnesses which would affect their
behaviour as part of a structural system but have no
influence on the result from the standard test. Com-
parisons based on the standard test between struc-
tural elements which have the same function but are
made from fundamentally different materials could
also be very misleading.

Conclusion
Although the problems associated with interpreting

the results of structural fire tests have been covered
in some detail, the discussion must necessarily be in-
conclusive due to the present lack of data on the
material properties of concrete at high temperatures.
It is clear, however, that the usual tests for structural
fire resistance have only limited relevance to mono-
lithic construction such as reinforced concrete. This,
in itself, is an important conclusion, as the general
character of the basic tests for fire resistance has
remained unchanged since the earliest days of
reinforced concrete construction' s and most of our

knowledge of the effects of fire on reinforced concrete
has been obtained from such tests.
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AN EXPERIMENT TO DETERMINE THE ELASTIC CONSTANTS
OF A TRANSVERSELY ISOTROPIC MATERIAL

J. W. DOUGILL

(Received 26 May 1967)

Abstract—The paper describes an experiment to determine the five independent elastic constants of a linear
elastic transversely isotropic material comprising a silicone rubber/Perspex laminate. In addition an outline
of the basic theory is given as well as details of the method used to manufacture the laminated specimens.

ALTHOUGH most undergraduate courses in strength of materials or stress analysis are
principally concerned with isotropic materials the student's appreciation of the basic
assumptions in the theory and of mechanical behaviour can be broadened by suitable
laboratory tests on an aeolotropic material. Possibly the simplest of these is the transversely
isotropic material. This Note describes an experiment to determine the five independent
elastic constants required to define the stress v. strain relationship for a linear elastic
transversely isotropic material. Although the experiment described has some deficiencies,
it has been performed by both Civil and Mechanical engineering students for the past two
years with reasonable success. An elementary derivation of the form of the generalised
Hooke's Law for a transversely isotropic material is ouffined in Appendix A.

The specimens used in the experiment are shown in Fig. 1 and comprise 4 in. cubes of
a Perspex/silicone-rubber laminate. Two forms of specimen are used, one with the plane of
laminations parallel to one pair of sides of the cube and the other having the laminations
inclined at an angle of 45° to two pairs of sides and at right angles to the third. The method
of manufacture of these specimens is outlined in Appendix B.

The experiment consists of three separate tests with the different arrangements of
specimens shown in Fig. 2. In the first test, three specimens are loaded in compression in a
direction parallel to the laminations. Strains are measured by means of a 2 in. gauge length
demountable gauge (Demec by W. H. Mayes and Son) in the directions x, y, z (shown in
the figure) on all accessible faces of the central cube. This test is then repeated with the
specimens arranged so that the loading is applied in the direction z, i.e. perpendicular to
the laminations.

Typical results from these first two tests are shown in Figs. 3 and 4. Using these results
it is possible to obtain the elastic constants connecting direct stress and direct strain in
the material. Noting that the direction z is normal to the plane of the laminations, the
statement of Hooke's Law takes the form:
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Fia. 2. Arrangement of specimens for each test.

Considering the results of the first test, in which u is the only stress acting on the
specimen, we find:

= the effective Young's Modulus for loading in the x or y directions = 246 x lO lb/in.2

Also	 (P-R/2) = - 282 x 10-8 in.2/lb	 so that

= effective shear modulus for the xy plane = 073 x 10 lb/in.2

= - 3 .9 X 10 lb/in.2

- e/Ezx = An effective Poisson's Ratio for loading in the x or y direction = ff63.
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Fiu. 4. Results of Test 2—The initial non-linear, apparently strain hardening, portion of the
curves is probably due to the end faces of the cubes not being truly parallel. Accordingly, this

portion is neglected in assessing the values of the constants.

From the results of the second test in which o is the only stress acting it is found that

1/S = - 39 x 105 lb/in.2 and = 043 x l0 lb/in.2. Here, the approximate agreement

between the values of S from the two tests is a direct demonstration of the Reciprocal
Theorem. Also, the low value of the effective Young's Modulus for loading applied normaf
to the laminations could be expected from elementary structural considerations.

The third test was devised in order that the shear modulus I /T could be determined
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from observations in a simple compression test. In this way the same testing machine is
conveniently used for all three tests. In this third test, the specimens are arranged as shown
in Fig. 2c and are loaded in a vertical direction at 45° to the plane of the laminations. If
the applied vertical stress is 0y the shear stress 'r, equals 4o,.. The shear strain Vzz is most
easily obtained as the difference between the direct strains measured in the vertical and
horizontal directions (i.e. directions r and p respectively in the figure).

STRAIN xl05

1500

1000

Fxo. 5. Results of Test 3.

Because of the low shear modulus of the silicone rubber the shear strains are com-
paratively large for only small values of the applied load and it becomes important to
ensure that the deformation is not restrained by the testing machine platen. This is done by
loading the specimen through a platen mounted on roller bearings which thus allows free
lateral displacement of the end of the composite test specimen. The results of this test are
shown in Fig. 5 from which a value of the shear modulus l/T is found to be 316 lb/in.2.
All five independent elastic constants of the material are thus determined.

The experiment could probably be improved by using a more sophisticated method of
strain measurement, as some unavoidable scatter of results is obtained by students using
the demountable gauge on a relatively soft specimen. However, the variations in reading
caused by different "holding pressures" do not obscure the general trend. A more funda-
mental disadvantage of the present arrangement is that the specimens are far from homo-
geneous and that the thickness of the laminations, in. and I in. for the Perspex and
rubber respectively, is not insignificant compared with the 2 in. gauge length used. Also
the gauge points for the demountable gauge can only be accommodated in the Perspex and
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A mathematical model for the failure
of cement paste and mortars
by John W. Dougill, MSc(Eng), DIC, AMICE

UNIVERSITY OF LONDON: KING'S COLLEGE

SUMMARY
It is suggested that structural models have only a

limited use in a study of failure and an alternative
mathematical model is proposed which behaves, in many
ways, like hardened cement paste or mortar. The model
is similar to Volkov's normal micro-inhomogeneous
mat erial, the major difference being in the failure criteria
used at the microscopic level. The behaviour of the
model material in simple tension is studied and it is
shown that progressive fracture, or micro-cracking,
occurs during all stages of loading. The mode offailure
depends upon the method of test because either the
material fails when the maximum stress is reached or
progressive fracture continues with increased deforma-
lion and a reduction in applied stress. In addition, a
ductile mode of failure is investigated and it appears
that, in contrast to brittle fracture, the ultimate strength
may be almost unaffected by micro-inhomogeneity.

Introduction
Although there has been a large number of investiga-

tions to determine the mechanism of failure in con-
crete, many problems still remain, amongst which is
that of determining a satisfactory criterion for the
strength of concrete subject to a completely general
stress system. The term 'concrete' describes a whole
family of materials with widely different properties and
varying degrees of heterogeneity, depending upon the
proportions and grading of the aggregate in the mix.
Ideally, any theory of failure or failure criterion should
describe the behaviour of the whole range of possible
materials. Clearly an experimental solution leading to
purely empirical criteria is always possible but, because
concrete comprises a continuous range of different
materials, it seems essential that there should be some
unified theory to complement the experimental work.

The same difficulty occurs in other branches of con-
crete research, for example in studies of the modulus

of elasticity of concrete or of its time-dependent de-
formation under load. In these, it has been possible to
develop a unified theory by considering the behaviour
of models with an idealized structure and composition,
and remarkably good agreement has been obtained
between observed strains and predictions from model
analysis, even when quite different structural arrange-
ments are used.11' 2) This is extremely useful, but it
suggests that the model approach is only successful
because the total deformation of concrete is relatively
insensitive to changes in structural form, provided the
relative proportions of the constituents remain un-
changed. Failure, however, is likely to be particularly
sensitive to structural form, because the occurrence of
a brittle mode will depend upon the magnitude and
distribution of local stresses in the material and not
directly upon their cumulative effect throughout the
volume. Thus, it is clear that simple structural models
can have only a limited use in a study of failure.

Despite these limitations, models have been used
successfully to explain and demonstrate particular as-
pects of deformation and failure 131 . Thus, Reinius's
model 141 was developed as an idealization of the struc-
ture of cement paste, whereas Baker's lattice 151 is a
simplified analogue for concrete which demonstrates
the general effect of the hard aggregate particles upon
the stress distribution. However, a comprehensive
model would need to include all these characteristics,
and many more besides, and would almost certainly
become unmanageable.

Although the concept of a structural model has to
be discarded, it is still necessary to make a number of
assumptions and idealizations if a theoretical treat-
ment is to be used. In a sense, these assumptions define
the relevant properties of an artificial, but imaginary,
material which may be examined theoretically to ob-
tain results which may then be compared with experi-
mental values obtained with real materials. This is the
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approach used by Brandtzaeg 6 in developing what
must still be regarded as the most complete theory for
the deformation and failure of concrete. The purpose
of this paper is to develop an alternative mathematical
model, particularly designed to illustrate the effects of
heterogeneity in the cement paste and concrete struc-
ture. The present paper is principally concerned with
the behaviour of cement paste and mortar under
simple stress conditions. The extension to concrete and
combined stresses will be the subject of a separate
paper.

The micro-inhomogeneous material

In defining stress in a continuum, the following pro-
cedure is generally used. The internal forces acting on
one side of a plane area, A, containing the point where
the stress is to be determined, are considered. The
resultant of these forces is P. Then, the limiting value
ofF/A found as the area is made infinitely small is the
value of the stress at the point about which the area
has been made to vanish. This definition is not neces-
sarily satisfactory for real materials, as it requires the
internal forces to be continuously distributed through-
out the material.

Figure 1 illustrates the general result obtained when
an attempt is made to approach a limiting value for
stress in a heterogeneous material whose structural
components are all of inicroscopic dimensions. As the
area A is reduced from a reasonably large value, the
quantity P/A first changes monotonically and appears
to be approaching a limiting value. However, as the
area considered is reduced below some rather indeter-
minate value 1, the effects of local variations in struc-
ture assume greater importance and the variation in
P/A is both more rapid and less predictable. As the
area considered is further reduced, the range and rate
of variation of P/A increase until the area considered
approaches a value corresponding to the smallest
region in which it is permissible to treat the material
as being continuous.

Following Volkov'", we define a macroscopic stress
a by the value of P/A obtained when A equals i1. In
most practical circumstances, in which 1 and the stress
gradients are both small, the value of the macroscopic
stress will be very close to the value conventionally
regarded as stress at a point.

The material of the mathematical model is assumed
to be made up of a large number of identical elements,
each having linear dimensions of order which are
small in comparison with the over-all dimensions of
the body. fach of these-elements is itself regarded as
being composed of a large number of microscopic
elements, each of which is subjected to a microscopic
stress given by the value of P/A when the area is
reduced to c. The sizes of the two types of element are
so chosen that is very much larger than o and it is
permissible to represent the range of values of micro-

microscopic utress.

PLANE AREA. A

Figure 1: Definitions of stress.

stress, in any major element, by a continuous function
for the relative frequency density. It is also evident
that a is the mean value of throughout a major
element.

It now remains to specify the distribution of micro-
stress in any major element and adopt a criterion for
failure at the microscopic level in such a way that the
model may be representative of real materials. No
information is available on the distribution of micro-
stresses, although Volkov' 7 ' quotes a number of
Russian sources who claim to have obtained an
approximately normal distribution of surface strain at
the microscopic level. Recent work by Esin and
Jones, 8 using a replica technique on aluminium
samples, tends to confirm these results. However, this
may not be conclusive if the effective gauge length is
not small enough, because a real departure from the
normal distribution may be obscured according to the
central limit theorem. Despite this lack of information,
the micro-stresses will be taken to be normally distri-
buted on any plane within a major volume element.

There are also difficulties involved in specifying a
suitable criterion for failure of the microscopic ele-
ments if the model is to represent a material like
hardened cement paste. Here, the material contains a
vast number of gel and capillary pores of various
dimensions, and it would seem unreasonable to adopt
a criterion which depended upon the onset of instabil-
ity 191 or the rupture of molecular bonds t101 at the
boundary of any single flaw. A maximum tensile stress
criterion is adopted for the model so that any micro-
scopic element fails when the direct stress reaches a
value q, the intrinsic tensile strength of the material.
It is assumed that q is constant, although a more
realistic model would require the intrinsic strength to
vary from region to region throughout a major ele-
ment and throughout the entire volume of the body.
Because of this limiting assumption, a number of
phenomena attributable to 'size effects' are excluded
from this study.

Brittle failure in simple tension
Consider a specimen of the micro-inhomogeneous

material (viz, cement paste) which is uniformly loaded
in tension so that the macroscopic stress has a value a
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Figure 2: Normal distribution of micro-stress without
redistribution.
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Figure 3: Assumed distribution of micro-stress during
propagation of brittle failure.

everywhere. Then, if linear behaviour of the elemental
structure of the model is specified, the distribution of
the normal component of micro-stress, on any plane
at right-angles to the direction of the applied loading,
is normal with mean a and standard deviation a,
where is a property of the material.

This distribution (i.e. normal a, ca) is shown in
Figure 2, from which it is clear that the micro-stress
exceeds the intrinsic strength q in some parts of the
cross-section, where failure must occur. The propor-
tion of the total area of the cross-section in which
failure occurs is given by the shaded area under the
normal curve between = q and = + . Denoting
this proportion by p, we have

=	 f_a 
eT2ul dT ....... . (1)

where T = ____

A similar expression is obtained by Volkov, who
regards this value as the proportion of the material
which contains 'micro-fissures' and suggests that fail-
ure of the material as a whole does not occur until
some critical proportion of the cross-section has failed
in this way. As the proportion containing micro-
fissures is uniquely determined by the lower limit of
the integral in equation 1, Volkov's criterion becomes:

- 
a = -x	 at failure

or	 . . . (2)

a q1 + (a)	 before failure

where may be regarded as a property of the material
and the negative sign merely implies that more than
half of the material contains micro-fissures at failure,
when x is positive.

This approach does not appear to be entirely satis-
factory as some individual elements of the structure
are required to sustain a stress which is far greater than
the intrinsic strength. For brittle materials, it appears
more reasonable to assume that a microscopic element
(area co) can carry no load after it has failed and that
there must be progressive redistribution of micro-

stress with increasing load in order that over-all equili-
brium is maintained. This introduces a major difficulty
which cannot be resolved without some sweeping
assumption, unless the structural behaviour of the
material is considered in greater detail at the micro-
scopic level. Clearly, such a study would also involve
approximations and it seems better to provide the
model with a single eccentric, but convenient, property
rather than indulge in unfounded analysis. It is there-
fore assumed that failure in some elements induces a
uniform additional micro-stress in the remaining un-
damaged elements.

This process of redistribution of micro-stress is
illustrated in Figure 3. Here, the stress in each un-
damaged microscopic element has been increased by
(m— l)a, and thus the form of the frequency distri-
bution is identical with the normal distribution (ma,
a) for q. The parameter m increases from unity

with progressive failure and is thus a measure of the
extent of stress redistribution or micro-cracking. The
value of m is found from the condition that the mater-
ial must be in equilibrium under the applied stress a
and that the mean value of micro-stress must remain
a after redistribution, i.e.

r	 I — ma\
a 

=	 J	 a ) d

We write a = q1/r and u = (r - m)/cc and thus, after
standardizing the integral by the substitution t =
( - ma)/cca, we obtain:

1 =
	

(cct + m)e'212dt

This may be written:

1	 m I fU 
e'212 dt -

Joo
or

= --P(u) - Z(u) ................(3)

which is a particularly convenient form of the equili-
brium condition as tabulated values of the normal
probability function P(u) and its derivative Z(u) are
readily available".
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Figure 5: Redaction in tensile strength with increasing
heterogeneity.

Equation 3 may be solved numerically to give a
relationship between m and r for any particular value
of a. The relationship is shown in Figure 4, from
which it is seen that there is an increase in micro-
cracking as the applied stress, represented by the non-
dimensional ordinate 1/r, increases from zero to a
maximum value before decreasing, eventually to be-
come zero when the entire section has failed (m =
This result demonstrates that the manner of over-all
failure of the material deçends upon the method of
loading. In a 'stress controlled' test, in which the load
is increased monotonically, an unstable condition is
reached and failure occurs when I Iris a maximum and
the micro-cracking is not complete. However, if the
material is tested in such a way that the applied stress
is relaxed, as micro-cracking proceeds beyond the
critical value, no such instability occurs. In these cir-
cumstances, a criterion of failure cannot be expressed
in terms of stress, and some other quantity, such as an
ultimate strain, must be used.

Although this behaviour has not been observed in
cement pastes, it is very similar to that obtained by
Hughes and Chapman 1121 when testing concretes and
mortars in tension. This similarity is more remarkable
when it is realized that the curves of Figure 4 must
follow the general trend of the stress-strain curve for
the material, as progressive micro-cracking causes a
loss of stiffness in a specimen and increased deforma-
tions for any given loading.

Because failure in concrete is progressive and de-
pends upon the test method employed, there has been
considerable cu 1- as to how failure should be
defined. In practice, the definition should depend upon
the use made of the material, but in laboratory testing
it is most usual to record the maximum value of stress
obtained. This corresponds to the maximum value of
hr obtained with the model material and it is clearly
of interest to determine the conditions for which hr is

a maximum. This condition is the same as that which
makes r assume a minimum value.

We differentiate equation 3 with respect to m:

1	 /m	 du
—P(u)+ i—+ui—Z(u)=O
a	 x	 idm

substitute:

r	 m	 1/dr	 \	 du
—=—+u and —I— —Il
a a	 a\dm	 / dm

and obtain:

P(u) 
+-	

— i) Z(u) = o

Now, for r to be a maximum or a minimum, dr/dm = 0
and

P(u) ---Z(u) = 0 .............. (4)

Equations 3 and 4 give the relation between m and
r when the maximum stress is reached. It is important
to realize that a unique solution is obtained for each
value of a and that, for any specified degree of hetero-
geneity, the maximum stress is reached for a particular
value of m, r and thus u. Denoting these particular
values by ffl, Fand 17 we have, at failure:

= —

or, writing q1/m = q and 17/in = -

___ -

	

____ -= —x	 at failure

	

+ (a)	 before failure) . . . . 

(5)or

This expression is of the same form as Volkov's cri-
terion (equation 2). Now, however, is the apparent
intrinsic strength of the material which is reduced with
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Figure 6: Assumed distribution of micro-stress during progressive
yield.
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Figure 7: Stress redistribution during ductile behaviour.

increasing heterogeneity. is also affected by hetero-
geneity and increases with increasing .

The effect of increasing heterogeneity upon the
maximum observed values of tensile stress is shown in
Figure 5. This quantity is conventionally regarded as
the tensile strength of the material (J) and it is seen
that it is reduced by increasing heterogeneity. This
conclusion gains some experimental support from
recent work by Hughes and Chapman'2>, who showed
that the tensile strength of concretes and mortars
depends upon aggregate size and that an increase in
aggregate size causes a decrease in tensile strength.

Ductile failure in shear
So far, only a brittle mode of failure has been con-

sidered. It is interesting to compare these results with
the behaviour that could occur if yield of the micro-
scopic elements occurred rather than fracture.

It will be assumed that the occurrence of yield is
determined by the values of the shear component of
micro-stress, E',, on the failure plane and is indepen-
dent of the normal stress. Considering the failure
plane, there is a macroscopic shear stress r which is
the mean of the values , on the same plane through a
major element. These micro-stresses will be assumed
to be normally distributed (r, ); the parameter
may not necessarily have the same values as that used
in the discussion of brittle failure. The material yields
when the micro-stress in any element becomes equal
to the intrinsic shear strength, q1, and continues to
carry this stress after yield. The process of progressive
yield under increasing load requires redistribution of
micro-stress in the same way as in brittle fracture, and
again the assumption is made that redistribution is
accompanied by a uniform increase in micro-stress in
the regions where yield has not occurred.

The distribution of micro-stress is shown in Figure
6. Some redistribution has occurred and the values of
micro-stress have been increased by (m— 1}r in the
region where <q8. The resulting distribution is
identical with the normal distribution (m; ocr) for

<q3.
The value of m is again found from the condition

that the mean value of micro-stress must be equal to
the macroscopic stress; i.e.:

1	 rq,	 (E.s_m2

J - / d,

- mT'2
+ ' fe4 (	 ) d

qs

We standardize the integrals by means of the sub-
stitution ( - m)/a.r = t and then write = q/r and
u = (r—m)/ so that we obtain:

= 1 1U	
+ m)e 2 '2 dt + _.L._ I e'2 dt

This may be written:

r—m 1 ru
-,J	 e 2 '2 dt + _!e iJ2I2 L."

from which we obtain the equilibrium condition:

uP(u)+Z(u) r— 1(6)

The values of m and r which are obtained from
equation 6 for various values of are shown in Figure
7. It is seen that progressive yield occurs as the applied
stress, represented by 1 /r, is increased. In a load-con-
trolled test, instability and failure occur when the ap-
plied stress becomes equal to the intrinsic yield stress.
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Figure 8

On the other hand, in a strain-controlled test, progres-
sive yield occurs with continued straining and the
macroscopic stress approaches the intrinsic yield stress
asymptotically.

Although this result might appear obvious, it is
interesting because, in contrast to brittle materials, it
appears that micro-inhomogeneity has no effect upon
the ultimate yield stress of purely ductile materials,
although it probably affects the shape of the stress-
strain curve. Experience suggests that this result has
little relevance to cement paste or concrete in tensile
stress regimes. However, it is well known that there
are many materials which are nominally brittle under
moderate stresses but which are effectively ductile
under high triaxial compression (Nadai gives a number
of examples 1141 ) or elevated temperatur&' 51 . Clearly,
it is possible that a shearing mode can occur in cement
paste or concrete in these circumstances, and this
possibility must be considered in extending the present
work to general stress systems. The result, illustrated
in Figure 7, which suggests that, in a ductile mode of
failure, the ultimate strength is unaffected by micro-
inhomogeneity, is probably applicable to more general
states of stress than the one examined. However,
strength in a tensile mode of failure is likely to be
affected by inhomogeneity under all stress combina-
tions.

General discussion
The mathematical model that has been used in this

discussion is designed to represent cement paste and
possibly mortars. }Towever, there are still considerable
differences between the idealized material and its real
counterparts and these should be borne in mind in
interpreting the results of the model and defining its
range of application.

One of the major differences arises from the assump-
tion that the intrinsic strength of the material does not

vary from place to place although differences in stiff-
ness, or lack of continuity, between the structural
elements cause a variation in micro-stress. At first this
appears illogical, but it is possible that the variation in
micro-stress may be far greater than the variation in
intrinsic strength in any major element. This is because
a local variation in strength is entirely due to the
quality of the material in that same locality, whereas
a local change in material properties can produce a
variation in stress throughout the whole volume. If
this is so, the emphasis on stress in the model is
justified.

It is interesting to note that most statistical studies
of the occurrence of failure in concrete are based upon
some postulated distribution of flaw size or intrinsic
strength (Neville reviews a number of such theories61)
and ignore micro-stress. In fact, this approach can be
regarded as complementary to the present work if the
established statistical theories are taken to apply at the
macroscopic level. The postulated distribution in
strength then refers to differences between major
elements (size £^) which are small in comparison with
the over-all dimensions of the specimen. These differ-
ences have been ignored in the present work.

The most interesting feature of the model is the
manner in which failure occurs by progressive propa-
gation of fracture or yield at the microscopic level.
This property is absent in any theory based upon a
weakest link concept but depends upon the specified
distribution of micro-stress and the rule of stress redis-
tribution. The rule which has been used can only be
justified on the grounds of mathematical convenience.
However, the same trends can be obtained with quite
different distributions of micro-stress, which suggests
that the behaviour of the model must at least show
some qualitative correspondence with real materials.
An example of the results obtained by using an altern-
ative distribution of micro-stress is shown in Figure 8.
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Figure 9: Stress-strain curves in tension.

In considering brittle fracture, it was suggested that
the relationship between the stress ratio hr and the
micro-cracking parameter m can be interpreted in
terms of the macroscopic stress-strain curve for the
material. This can be demonstrated if each microscopic
element is taken to be linear elastic with Young's
modulus, E, and it is assumed that the microscopic
strains are normally distributed even after some break-
down has occurred. In these circumstances, the macro-
scopic strain is ma/E which corresponds to the modal
value of micro-stress. A number of stress-strain curves
have been calculated from this result, for various
values of , and are shown, in Figure 9, in non-
dimensional form. It is seen that there is reasonable
agreement with the experimental trends obtained by
Hughes and Chapman (12), in that heterogeneity re-
duces strength and also the strain at which the max-
imum stress occurs. However, as far as strain is con-
cerned, the analytical problem has been considerably
over-simplified and this correspondence may not be so
significant.

In considering possible applications of the model,
the structure of the relevant real material must be
considered. The structure and size of the individual
constituents in hardened cement paste change with
time as hydration progresses. The individual grains of
partially hydrated cement will generally be larger than
any other single constituent and have linear dimen-
sions in the range from 10 to 100 microns. It is sug-
gested that this may indicate the order of magnitude
of the microscopic elements in the model and the size
of the larger elements should be at least one order of
magnitude greater than this. Thus a representative
macroscopic element of hardened cement paste could
have linear dimensions of the order of 1 mm.

In view of the sizes of test specimen most generally
used, it is possible that the model could also be applied
to represent mortars containing only fine sand. How-
ever, apart from the effects of size alone, the intro-
duction of a large proportion of hard aggregate forms
a number of dispersed regions in which the strength is
very different from that of the cement paste matrix
and where failure is unlikely to occur. In these circum-
stances it may only be possible to use the model, in its
present form, as a representation of the cement paste
or mortar matrix within the concrete.

In conclusion, it must be said that a detailed assess-
ment of the value of the model must be suspended until
more of its properties are demonstrated, such as its
strength under general stress systems. However, the
model material shows considerable promise and
reasonable qualitative agreement has been obtained
with important behaviour of real materials.

Notation
a macroscopic direct stress component

macroscopic shear stress component
component of microscopic stress
intrinsic tensile strength of the model material

ft
	 maximum tensile stress which can be applied to

the material (regarded conventionally, or by
definition, as the tensile strength of the material)

q,	 intrinsic shear strength of the model material
stress variation or heterogeneity parameter.

m	 stress redistribution or micro-cracking parameter
1 /r non-dimensional applied stress (l/r = a/q for

tensile loading, or in shear 1 /r = r/q,)
r - m

u=

P(u) normal probability function
Z(u) derivative of the normal probability function

microscopic element of area
L	 macroscopic element of area
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AN APPROXIMATE ASSESSMENT OF THE EFFECTS OF
HETEROGENEITY ON THE STRENGTH AND MODE OF FAILURE

OF CONCRETE SYSTEMS
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SUMMARY

A mathematical model is developed to illustrate
the effects of heterogeneity on the strength of
hardened cement paste under general stress
conditions. The possibility of failure by cleavage
or in shear is considered and it is shown that the
mode of failure under certain stress combinations
may be either by cleavage or shear, depending upon
the heterogeneity of the material.

An attempt is made to extend the results to
mortars and concretes, by considering the effect of
strong inclusions and the manner in which they
modify the stresses in the matrix. The results for
mortars are encouraging but there are difficulties,
still to be resolved, in the application to concrete.

I. INTRODUCTION

In recent years there have been many investiga-
tions concerned with the mechanism of failure of
concrete systems. This work has provided much
valuable empirical data and has led to a better
understanding of the mechanisms that may contri-
bute to the failure process. However, no compre-
hensive theory has emerged from this work either
to explain how the composition of the concrete
influences strength or to provide failure criteria that
are valid for all possible states of stress. Clearly
some such theory would be useful in the design of
engineering structures in concrete and also in the
design of the material itself.

In the theoretical study of failure of xaterials
under short term loading, most success has been
achieved with materials that are nearly homo-
geneous. In these, the local variations in stress, due
to widely dispersed imperfections of various kinds
(cracks, impurities, dislocation pile-up, etc.), may
often be calculated, so that it is possible to obtain
criteria for local instability in a manner similar to
that first used by Griffiths (1920) and later developed

under the heading of fracture mechanics. If the
imperfections are so numerous that they cannot be
considered in isolation, or if the material is grossly
heterogeneous, the formal approach, using fracture
mechanics, can only be used if the geometry of the
flaws and the structural arrangement of the material
can be specified precisely. Although this may be
pdssible for some types of composite, it will rarely
be possible for concrete systems as these contain a
large proportion of randomly distributed discrete
particles held within a matrix of another material.
This matrix may be homogeneous or, as in conven-
tional concretes, comprise a separate heterogeneous
sub-system.

This difficulty, of describing the material, is
avoided if it can be regarded as a homogeneous
continuum, but studies with this basis must be
limited to an examination of the stability of cracks
of an appreciable size compared with the structure
of the concrete. Kaplan (1961) has achieved some
success with this approach, but in general such a
simplification cannot be made. Thus, theoretical
studies have generally been based on idealized
structural arrangements (such as those used by
Brandtzaeg, 1927; Reinius, 1955; or Baker, 1959)
and although these have been useful in demonstrat-
ing or explaining certain aspects of deformation and
failure, no model has yet been devised that leads to
an entirely satisfactory failure theory or accounts
for the effects of composition on strength.

The crux of the problem is to establish a satis-
factory means of describing the structure of
concrete. The difficulties arise from the random
geometry of this structure and also from the wide
range of materials obtained by merely changing the
mix proportions in any one concrete system. It is
thought that a direct description of the material
using a structural model must be so idealized that
some phenomena are unavoidably excluded and it
seems desirable, therefore, to attempt to devise
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some other means of description. Some preliminary
work of this nature was reported in an earlier paper
(Dougill, 1967). This work was encouraging in that
the description adopted for cement paste and
mortars leads directly to an explanation of the
manner in which heterogeneity could affect tensile
strength, a phenomenon observed experimentally
for mortars and concretes by Hughes and Chapman
(1966). The description used is implicit, in that
geometrical considerations are excluded, and only
the effect of the structure on the distribution of
stress within the material is specified. The object of
the present paper is to extend the application of this
mathematical model to general states of stress in
cement paste and then in concrete. The initial
developments are concerned only with the matrix of
the concrete system and its description by means
of the mathematical model, termed the micro-
inhomogeneous material after Volkov (1962).

2. THE MICRO-INHOMOGENEOUS
MATERIAL

The description of the material used to represent
the matrix in the concrete system follows the form
given in the previous paper. The material is con-
sidered to be composed of a large number of
representative macro-elements in which the average
stress is approximately equal to the stress in the
material as a whole. These average stress conditions
are defined by the three principal stresses o, a2

and a, the directions 1, 2 and 3 being chosen so
that a 1 ? a2 a3, with tensile stresses being taken
as positive. Each macro-element is subdivided into

many much smaller micro-elements within each of
which the average stress (micro-stress) will be
denoted by .

An individual micro-element is assumed to
fracture when the normal stress on any plane
reaches a value q,, the intrinsic tensile strength of
the material. Subsequently, the element cannot sus-
tain any direct stress in the direction of the stress
causing failure. Alternatively, the micro-elements
are assumed to yield if the shear stress on any plane
reaches the value q, the intrinsic shear strength of
the material, and once yield has occurred the shear
stress on the plane containing the yield surface
remains equal to q5. These criteria for the behaviour
of the micro-elements are similar to the dual
criteria proposed by Cowan (1952) for concrete and
Paul (1961) for cast iron, except that any effect of
normal stress on shear strength is here ignored. If it
were possible to test a single micro-element under
different combinations of principal stresses ,, and

envelopes showing the combinations of micro-
stress causing fracture or yield would be obtained in
the form shown in Figure 1.

The micro-stresses are assumed to have a normal
distribution on any plane within a macro-element
until redistribution of stress occurs following
fracture or yield. The underlying normal distribu-
tion on any plane is taken to be a function of all
three principal stresses so that the distribution of
the normal component of micro-stress 1 ,acting in
the direction I, is normal with mean ø j and standard
deviation

[a2a2 + 11 2t;2 + fl2a2]

(0)
	

(b)

Figure I. Conditions at yield or fracture of a single micro-clement
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Figure 2. Assumed distribution of micro-stress on planes normal to the direction I

The quantities and /3 are properties of the material
that describe heterogeneity through its effect on the
stress distribution. For a completely homogeneous
material and /3 would both be zero and the stresses
in all the micro-elements would be the same. The
parameter describes the irregularity in the stress
field, normal to the direction 1, under the action of
O j alone, while the parameter /3 indicates the extent
to which these stresses are affected by loading in the
other direction. This last effect formed the basis of
the 'scatter stress' theory used by Terzaghi (1945),
following the earlier work of ROs and Eichinger
(1928), to explain the brittle mode of failure of
concrete and rocks. It is plainly a possible result of
structural irregularities, and the lattice analogue for
concrete developed by Baker (1959) demonstrates
one way in which this effect could occur. Under
increasing stress, fracture or yield of some of the
micro-elements causes some redistribution of micro-
stress within the macroilement. Here a major
simplification is made, in defining the mathematical
model, by postulating that the process of redistribu-
tion is one in which failure of some elements
introduces a uniform additional micro-stress in the
remaining undamaged elements. The resulting dis..
tribution of the component is shown in Figure 2.
Here, the parameter m may be considered to be a
measure of the extent of stress redistribution that is
necessary for equilibrium to be established under a
given stress system.

3. FAILURE BY PROGRESSIVE
FRACTU RE

Consider a plane normal to the direction 1 and
carrying stresses distributed as shown in Figure 2.
The extent of the stress redistribution, that occurs
under increasing stress, is found from the condition
that the material must be in equilibrium under the
applied stress a 1 and that the mean value of the
micro-stress must remain 1 after redistribution, i.e.

—	
lll C_(_m/iw) d11

'	 ,J(2) -

where
= [a + jJ2/2(g2 + o)]

Now, by writing

q1	 r—ni
-= r , u =

a

and
UI
-=
a.'

we obtain the 'equilibrium equation, in a manner
similar to that in the previous paper (Dougill, 1967)
in the form:

N in
—=—P(u)—Z(u)	 (I)

a

Where P (u) is the normal probability integral
evaluated over the range - to u and Z (u) is its
derivative.

The equilibrium equation (1) can be solved
numerically to give a relationship between m and r
(and thus u) for any particular degree of hetero-
geneity or state of stress. This result is shown in
Figure 3 for uniaxial tension (N = 1). It is seen
that during progressive fracture the applied stress,
represented by l/r, increases to a maximum value
before finally decreasing, eventually to become
zero when the entire section is fractured. In a load
controlled test, the specimen as a whole would fail
when the applied stress reached the peak value
shown in the Figure, as behaviour beyond this
point is only possible if the applied load can be
relaxed during continued micro-cracking. The peak
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Figure 3. Progressive fracture in uniaxial tension, N =

value thus corresponds to the stress most often used
to represent the 'strength' of a material under short
term loading. The conditions at failure, ie. insta-
bility in a load controlled test, are found from the
equilibrium equation together with the requirement
for hr to be a maximum. This can only occur (cf.
Dougill, 1967) if N> 0 and when

P(u)—Z(u)=O	 (2)
a

The restriction on N implies that at least one of the
principal stresses must be tensile if instability is to
occur. The results (equations 1 and 2) can be applied
to completely general stress systems if it is assumed
that overall failure can occur, by progressive frac-
ture, only on planes normal to the maximum
principal stress. The criteria for failure are sum-
marized in Figure 4 which shows the effect of
heterogeneity on the strength of the model material
under various combinations of the principal stresses
defined by the quantity N. The range of N is from
unity to zero, these values corresponding to uni-
axial tension and uniaxial or biaxial compression
respectively. A decrease in the value of N is ac-
companied by an increase in the proportion of
material fractured before instability occurs. Thus,
supposing that micro-cracking and stress redis-
tribution are accompanied by a loss in stiffness of
the material, it seems probable that the strains at
failure will be greater, the less the value N.

Before considering other modes of failure, it is
interesting to compare the present approach with
that used by Griffiths (1920). In this he assumed a
certain geometry for an imperfection in the material
and then, by considering virtual changes in this
geometry and using the theorem of minimum
potential energy, he determined whether the original
configuration was in stable equilibrium. In this
present work, the energy approach is not available,
as geometrical considerations have been ignored in
defining the model, and criteria for instability are
obtained by direct examination of the equilibrium
of the system.

4. FAILURE IN SHEAR

Each micro-element may fail by yielding under a
constant shear stress rather than by fracture. Con-
sideration of this mode of behaviour (Dougill, 1967)
suggests that instability does not occur, during the
stress redistribution accompanying local yield, and
that the ultimate strength of a material failing in
shear is unlikely to be affected by micro-inhomo-
geneity. The criterion for overall shear failure may
thus be assumed to be the same as for failure of the
micro-elements.

5. ALTERNATIVE MODES OF FAILURE
—DUAL CRITERIA

It is assumed that the separate processes of
fracture or yield can proceed independently. The
conditions at failure for these two distinct modes
can be represented by a 'fracture surface' and
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Figure 5. Yield and fracture surfaces for the micro-inhomogeneous material under biaxial states of stress

'yield surface' in principal stress space. Consider a
vector (representing a particular stress combination)
from the origin of these coordinates, that intersects
the fracture and yield surfaces at distances RT and
R5 from the origin respectively. The principle of
independence thus implies that fracture occurs if

R T RS 	 (3)

or the failure is by shear if

R5<R

These dual criteria are illustrated for biaxial
states of stress in Figure 5. This result gains some
support from Vile's (1965) tests on mortars in
biaxial compression although there is an apparent
shift of the envelope with respect to the stress axes in
his results.

It can be seen from the figure that the effect of
increasing heterogeneity () is to reduce the fracture
strength of the material under all states of stress.
The shape of the curves is affected by both the
heterogeneity parameter and the ratio li/ct, a
reduction in either of these quantities- causing the
surface to be stretched in a direction corresponding
to negative values of the minor and intermediate
principal stresses.

It will be noted that the fracture surfaces are
asymptotic to the orthogonal planes a 1 = 0, show-
ing that fracture cannot occur unless one of the
stresses is tensile. This feature is due to the assumed
distribution of micro-stress, in which the stress in a
few elements approaches —cc. Clearly this is not
possible, although very high values of compressive

stress may occur. The assumed distribution could
be truncated to allow for this, but there would be
negligible resulting changes in the strength values,
if the cut-off came at a reasonably high value of
compressive stress.

6: EXTENSION TO CONCRETE SYSTEMS
—MORTARS

So far, both the intrinsic tensile and shear
strengths have been assumed to be constants. How-
ever, this assumption is unsuitable for mortars or
concretes as these contain a large proportion of
aggregate particles that form regions in which the
strength is very different from that of the matrix.
Thus the theory in its present form cannot be
applied to a complete concrete system.

The separate mechanisms that can contribute to
failure of concrete are breakdown of the aggregate,
slip or separation at the aggregate/matrix interface
and failure of the matrix by shear or cleavage.
Almost certainly, all these mechanisms act simul-
taneously during the failure process. However, as
the matrix is the only continuous phase in the
concrete system, failure of the system as a whole
must be accompanied by failure of the matrix.
Looked at in this way, the strength of a concrete
system is determined by the strength of the matrix,
although the presence of the aggregate and the
behaviour of the interface may have an important
effect on the stress distribution in the matrix. Failure
may be progressive, as stresses are induced by the
applied loads and redistributed following bond slip
and microcracking, until instability occurs in the
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matrix. Alternatively, separation at the interfaces or,
more probably, fracture of some of the aggregate
particles may require a sudden comprehensive
redistribution of stress in the matrix, if equilibrium
is to be maintained. This may not be physically
possible and so failure of the matrix occurs.

The 'triggered' mode of failure is likely if both the
aggregate and matrix are highly stressed, relative to
their respective strengths, at the time fracture of the
aggregate occurs. Thus, it is a possible mode of
behaviour for some lightweight aggregate concretes
and for high strength concretes using natural
aggregates in a very strong matrix. In more usual
concretes, natural aggregates are not a major source
of weakness and mostly remain intact during pro-
gressive failure. If the stresses in the matrix of these
concretes can be expressed in terms of the applied
loading, the failure criteria derived for the matrix
alone can be used in an assessment of strength.

Leaving aside, for the moment, the difficulty of
determining the stress distribution, there are some
difficulties in applying the criteria to the matrix in
concrete. Equations (1) and (2) were obtained for
conditions of proportional loading and uniform
macroscopic stress and neither of these conditions
is likely to be satisfied within the matrix as failure is
approached. The question of load history is avoided
if the criteria are established for the material at
incipient failure under a given combination of
stresses, by considering a small virtual increase in
the amount of fractured material and noting
whether this leads to an increase, or decrease, in
the value of N/r. In many ways this is a better
approach, as the stress distribution under examina-
tion (Figure 2) can be considered to be independent
of the rule of stress redistribution used to test
stability. However, this suggests the possibility that

and /3 may need to be regarded as stress dependent
material properties. The condition of uniform
macroscopic stress can only be obtained by increas-
ing the size of the macro-element to include all
variation in micro-stress in the matrix. Again this
implies a change in the heterogeneity parameters
and /1. The manner of the change is indeterminate.
For instance is increased if aggregate is used in an
otherwise homogeneous matrix but may be reduced
if the matrix itself is grossly heterogeneous. These
uncertainties concerning the effects of stress and
aggregate concentration on the heterogeneity
parameters imply that any application of the
criteria to concrete must be regarded as
approximate or exploratory.

In order to apply the criteria, the average stresses
in the matrix o' must be expressed in terms of the
average stresses in the concrete as a whole. Thus
the transformation matrix T must be known in the
expression

a' = [T]a	 (4)

Dantu (1958) has established the form of the
matrix T for linear elastic behaviour of both phases
and the composite, giving a relation between the
average principal stresses in the matrix and those in
the concrete as a whole in the form where A and B
are functions of the aggregate content and the
elastio properties of the aggregate, the matrix and.
the concrete.

	

1 BB	 a

	

cr=AB1B	 c2

0'3	 B B 1	 03	 (5)

The term A decreases with increasing aggregate
content whilst B depends upon differences in values
of Poisson's ratio of the constituents and the com-
posite itself. This dependence on Poisson's ratio
makes Dantu's expressions difficult to evaluate, but
some idea of the magnitude of the terms A and B
can be obtained by an elastic analysis in which the
strain in the matrix is assumed to equal the strain in
the composite solid. On this basis (Dougill, 1955)

Em [i + 2
Vm(Vm — v) 1 )A=—	

(1+Vm)(12VN1)J	
(6)

vnI—vc	 IB = (1 - - 2VmVc)

Where E and E are Young's moduli for the
matrix and the concrete and vm and v, are their
respective Poisson's ratios. This analysis is approxi-
mate, being only suitable for low volume concen-
trations of aggregate and ignores any non-linear
behaviour of the material. However, providing that
there is very little stress redistribution before
failure, the matrix stresses can be obtained from
equation (5) and the strength assessed using
equations (1) and (2) and the criteria for yield.
Clearly, this procedure can only be applied to a very
restricted class of concrete systems containing a
small proportion of aggregate in a nearly homo-
geneous matrix and in which failure occurs in the
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matrix only. It is thought that some mortars may
approach this specification. For these materials, B
is typically in the range 005 to 010 and the resulting
failure surfaces are approximately similar to those
for the matrix (see Figure 5). The yield surface is
precisely similar, with the strengths increased by a
factor of 1/A (I - B) under all states of stress. The
fracture strength is also increased, but the surface is
now asymptotic to the pyramid, formed by the
planes a 1 - B (a2 + a) = 0, at high negative
values of the intermediate and minor principal
stresses.

An interesting feature of these results is their
similarity to those obtained experimentally by
Mair (1968) for samples of flake graphite cast iron.
Vile (1965) has already remarked upon the struc-
tural similarities between mortar and cast iron in
comparing his own results for mortars with those for
cast iron (as presented by Paul, 1961). It seems prob-
able, therefore, that the proposed mathematical
model can be considered to provide a valid descrip-
tion of such a material, particularly if the steel-like
matrix is sufficiently embrittled by the presence of
voids. Also, applications to other quasi-brittle fine
grained heterogeneous materials are clearly possible.

6.1. Concrete

The approach described in the previous section is
limited to materials in which stress redistribution,
due to causes other than the basic heterogeneity of
the matrix itself, can be ignored. Although mortars
may behave in this way, it is thought that the limited
approach is not applicable to more general systems
in which interfacial phenomena, or breakdown of
the aggregate itself, may lead to considerable
changes in the state of stress in the matrix. Thus,
there is a convenient distinction to be made between
the behaviour of 'mortars' and 'concretes'; although
the terms here refer to two extremes of behaviour
and their use to classify any intermediate material
must be rather arbitrary. In 'concrete', the dis-
tribution of micro-stress in the matrix is consider-
ably influenced by changes in the mcroscopic.
structure of the composite during loading, in
addition to the effects due to the heterogeneity of
the matrix itself. In these circumstances, the form
of the transformation matrix T will depend on the
manner in which failure occurs and thus on the
overall state of stress.

The value of T required is that at incipient over-
all failure, at which stage the structure of the
concrete may have been modified by extensive bond

failure and micro-cracking within the matrix. lu
these circumstances, considerable reliance must 'e
placed on empirical evidence in assessing tic
appropriate form of T for a particular strt.'
combination.

Consider, for example, uniaxial corn prcsion.
There is little change in the material propcuL
under increasing load until the occurrence of di -
continuity' (the term is Newman's 1964), when rapd
growth of pre-existent or stress-induced micr -
cracks first occurs. Alexander, Wardlaw and
Gilbert (1965) and Jones (1965) all consider that t..
root cause of discontinuity is breakdown at the
aggregate cement paste interface, and Shah and
Winter (1966) have shown, by tests on isolated
interfaces, that the effect of loss of adhesion at
these boundaries is to induce tensile stresses in the
matrix and to cause cracking parallel to the direc-
tion of the applied compressive load. This result is
confirmed by Jones' (1952) tests on concrete, using
the ultrasonic pulse technique to detect cracking,
and also by the general appearance of tall specimens
after compression testing. Thus, at incipient failure
the average maximum principal stress in the matrix
is tensile. A similar effect could occur in uniaxial
tension as separation of the matrix from the aggre-
gate boundaries would distort the stress trajectories
around the inclusions so that the regions between
stones would be in lateral compression. Thus, as a
crude approximation, it seems possible that
equation (5) could be used for certain slates of
biaxial stress if B is a small negative number.

Figure 6 has been prepared on this basis. The
fracture surface is again asymptotic to the planes
A(aq + Ba3) = 0, which are now in the compres-
sion/compression quadrant of the figure. The
result appears reasonably satisfactory for the com-
pression-tension region for which experimental
results are available from Bresler and Pister (1957)
and McHenry and Kani (1958). However, if the
intrinsic shear strength of the material is high,
failure is possible by cleavage in biaxial compression
at values of stress rather lower than the unlaxial
compression strength. Clearly, the analysis is in
error here, most experimental results indicating a
bonus of strength in biaxial compression, aIthoun
Hilsdorf (1965) considers that many of these results
are suspect and that under ideal testing condit on'.
the intermediate principal stress may be shown to
have negligible effect. This result could be obta ed
by arbitrarily stating that the failure is b shear. but
there are no grounds for this in the present analysis.
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Figure 6. Biaxial strength envelope for a material with i 05, ffi 30, q,/q	 125 and B = —01

Moreover, although the form of the transformation
matrix used appears plausible for combined com-
pression and tension, it may well be entirely
unsatisfactory in biaxial compression.

7. CONCLUDING REMARKS
The main object of this paper has been to present

an alternative method of studying the failure of
concrete systems by means of an indirect description
of the material based on the effects of structural
heterogeneity. The work is still in a preliminary
stage and it is possible that some details may need
to be modified if the full range of behaviour of
different concrete systems is to be adequately
represented. The most likely modification may be to
include some dependence on mean normal stress in
the yield criterion adopted for the micro-elements.
The effect of such a change has already been con-
sidered (Dougill, 1965) and may be included in the
present treatment without difficulty.

The results obtained from the mathematical
model for the micro-inhomogeneous material itself
and 'mortars' are encouraging but require additional
experimental support. It appears that the form of
the failure surface under combined tensile and corn-

pressive stresses is very much influenced by hetero-
geneity and that different modes of failure may be
obtained under similar stress conditions with
materials of differing heterogeneity. It is interesting
that the model reproduces the concavity, observed
by Vile (1965), in this part of the biaxial stress
envelope, and that the extent of this region is also
affected by heterogeneity.

Mair's (1968) experimental results are particularly
valuable in judging the model, if the comparison
with cast iron can be considered valid. 1-us results
cover the whole possible range of biaxial stress
combinations and show general agreement with the
trends obtained from the model (see Figure 5), both
under combined tension and compression and in
Ihe biaxial tension quadrant. The agreement is not
so satisfactory in biaxial compression.

Although most emphasis has been put on biaxial
states of stress, the results given in Figure 4 can be
used to obtain the strength of the basic material
and mortars under more general stress conditions.
However, there appears to be a lack of empirical
data to support or qualify results from the model for
triaxial states of stress when one of the principal
stresses is tensile.



APPROXIMATE ASSESSMENT OF EFFECTS OF HETEROGENEITY ON STRLNGTII AND MODE OF FAIl IRk-	 7 9

An attempt has been made to apply the results to
concrete, the aim being to illustrate the difficulties
of the approach and to highlight the areas where
more information and research are required. Here
there are many additional difficulties. One of these,
the description of the average stress condition in the
matrix at incipient failure, has already been dis-
cussed but the other difficulty, that of assessing the
change in effective heterogeneity caused by the
addition of aggregate particles, may be equally
important. To sum up: although more empirical
support is required, the general approach using the
mathematical model appears to have a genuine use
in the study of the conditions at failure of mortars
and possibly a whole range of other fine grained
heterogeneous materials. However, more work is
required before the approach can be applied satis-
factorily to composites, in which the mode
of interaction of the different phases changes
considerably during progressive failure.

REFERENCES
Alexander, K. M., J. Wardlaw and D. J. Gilbert (1955).

Aggregate-cement bond, cement paste strength and the
strength of concrete. Proc. Intern. Conf. Structure Concrete,
London, Paper B2.

Baker, A. L. L. (1959). An analysis of deformation and
failure characteristics of concrete. Mag. Concrete Res. 11,
No.33,119-128.

Brandtzaeg, A. (1927). Failure of a material composed of
non-isotropic elements. XI. Norske videnskab. Seiskabs
Skr:fter, No. 2.

Bresler, B. and K. S. Pister (1957). Failure of plain concrete
under combined stresses. Trans. An:. Soc. Civ. Engrs., 122,
1049-1060.

Cowan, H.J. (1952). Strength of reinforced concrete under the
action of combined stresses, and the representation of the
criterion of failure by a space model. Nature, 169, p. 663.

Dantu, p. (1958). A study of stresses in heterogeneous
materials; application to concrete. Ann. Inst. Tech.
Bailment Tray. Pub!., 121, 55ff.

Dougill, J. W. (1965). Some effects of thermal volume changes
on the properties and behaviour of concrete. Proc. Intern.
Con!. Structure Concrete, London, Paper 12.

Dougill, J. W. (1967). A mathematical model for the fa lure of
cement paste and mortars. iWag. concrete Ret., 19, No. 60,
135-142.

Griffiths, A. A. (1920). The phenomena of rupture and how in
solids. Phil. Trans. Roy. Soc., London, A22I, 163-198.

Hilsdorf, H. (1965). Determination of the biaxial strength of
concrete. Deutsch:er Ausschuss fur Siahiheton. Heft 173
Berlin.

Hughes, B. P. and G. P. Chapman (1966). The deformation of
concrete and micro-concrete in compression and tension
with particular reference to aggregate size. Mag. Concrete
Rex., 17, No. 54, 19-24.

Jones, R. (1952). A method of studying the formation of
cracks in a material subjected to stress. Bril. J. App!. P/:y.s.,
3, No. 7, 229-232.

Jones, R. (1965). Cracking and failure of concrete test
specimens under uniaxial quasi-static loading. Proc. Con!.
Structure Concrete, London, Paper 85.

Kaplan, M. F. (1961). Crack propagation and the fracture of
concrete. I. Am. Concrete Inst., Proc., 58, 591-610.

Mair, W. M. (1968). Fracture criteria for cast iron under
biaxial stresses. I. Strain Analysis, 3, 254-263.

McHenry, D. and J. Kani (1958). Strength of concrete under
combined tensile and compressive stress. /. Am. Concrete
Inst., Proc., 54, 829-839.

Newman, K. (1964). The structure arid engineering proper-
ties of concrete. In Proceedings of an International Con-
ference of the Theory of Arch Dams, Pergamon Press,
London, 1965, pp. 683-712.

Paul, B. (1961). A modification of the Coulomb-Mohr theory
of fracture. J. App!. Mech., 28, No. 2, 259-268.

Reinius, E. (1955). A theory of the deformation and failure of
concrete. Belong, 40, 15-43. Cement and Concrete
Association Library Translation cj. 63.

Ros, M. and A. Eichinger (1928). Versuche zur kiarung
der trage der Bruchgerfahr II Nichtrutalhische Stoffe,
Zurich. Eidgenossiche Materlalprufung-Sanstalt and dci
Eidgenossischen, Technischen Hochschule. p.27.

Shah, S. P. and G. Winter (1966). Inelastic behaviour and
fracture of concrete.J. A,,,. Concrete lint., Proc., 63.

Terzaghi, K. (1945). Stress conditions for the failure of
saturated concrete and rock. Proc. A.S.T.M., 45, 777-792.

Vile, G. W. D. (1965). Strength of concrete under short-term
static biaxial stress. Paper F2 Proc. Intern. Conf. Structure
Concrete, London, Paper F2.

Volkov, S. D. (1962). Statistical Strength Theory. (Translated
from the Russian) Gordon and Breach, New York.
Russian Monographs and Texts on Advanced Mathematics
and Physics, Vol. XI.

KEY WORDS

Concrete systems,	 statistics,	 combined stresses,
mathematical model, 	 heterogeneity,	 failure criteria,
mortars, concrete, 	 strength,	 yield and fracture,



UDC 66.97.OI7S39.4

Some results for the average stresses induced
in the principal components of concrete
J. W. Dougill, MSc(Eng), DIC, MICE

UNIVEESITY OF LONDON, KING'S COLLEGE

SYNOPSIS
Results are obtained for the average stresses in the

separate phases of a range of conventional concretes.
These results show that the larger particles of aggregate
are more highly stressed than the smaller material in the
concrete mix and also confirm that, for a concrete in
uniaxial compression, the cement paste or mortar is in
a state of average triaxial compression during the early
stages of loading. It Ii suggested that the sign of the
average stress in the separate phases may be used as an
indicator of the mode offailure likely to occur in a con-
crete under any particular stress combination. Results
for conventional concretes support this view and it Lv
considered that the Indicator will also be useful in study-
ing the behaviour of high-strength and of lightweight-
aggregate concretes.

Introduction
It has been suggested" 3 that a criterion for cleav-

age failure of a quasi-brittle heterogeneous material
should be based upon the distribution of micro-stress
in the material under load, and that this may be
described by the mean value of each stress component
and some measure of the way in which the local values
of micro-stress are distributed about the mean. This
approach appears to be possible for cement pastes and
mortar&4 but will be unsuitable for concretes which
contain a high proportion of hard aggregate. Here,
there is an appreciable volume within which failure is
unlikely to occur and the criterion of failure must then
be based upon the stresses in the cement paste matrix
rather than in the material as a whole. Although both
the average stress and the distribution of micro-stress
are required in a full analysis of the condition at
failure, this paper is concerned only with the mean
stresses in the separate phases of the concrete struc-
ture. However, It Is thought that these partial results
are of Interest, u it seems possible that the average

stress in the material will affect the manner in which
failure is propagated and may indicate the different
circumstances in which failure is likely to be stable or
unstable. It is this aspect of the problem which is the
main concern of this paper.

In the analysis, concrete is considered to be a two-
phase material in which both phases, the aggregate
and the cement paste, are each regarded as being
homogeneous and isotropic. The analysis applies to
other materials of this form and a similar approach,
in two dimensions, may have some application in
studying fibre-reinforced composites and such struc-
tural problems as the stresses in the concrete within
the heavily penetrated end cap of a reactor pressure
vessel.

Notation
typical micro-stress component
typical average stress component
typical average strain component
(I andj may each takb the values 1, 2 or 3)

o, a2, a3 average principal stresses
g	 volume concentration
E	 Young's modulus
v	 Poisson's ratio
V	 a representative volume
S	 a representative area

All the above quantities may be referred to the
cement paste by a single prime or to the aggregate by
a double prime. Thus g' and g' refer to the concentra-
tion of cement paste and of aggregate respectively.
Unprimed quantities refer to the concrete as a whole.

Under the assumptions used in this paper, the com-
ponents of micro-stress can be regarded as being the
actual local stresses at each point within the composite
material. However, Dantu's' analysis remains un-
altered if the wider vicw of micro-stress, dcvelopcd in
references 2 and 3, is adopted.
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Method of analysis
The particular problem, of determining the average

stresses within the aggregate and cement paste that
make up a concrete specimen, appears to have been
taken up first by Dantu' 3.'. A brief account of the
relevant theory is given in this section, as previous
workers appear to have concentrated their attention
on the experimental aspects of Dantu's work. The
presentation may differ somewhat from Dantu's own,
but the general procedure is the same.

Dantu defines the statistical stress components aU,
acting at a point P, by

(I)

In this expression, the micro-stress components are
summed over a small plane surface, of area S, that
includes the point P. Each statistical stress component
thus represents the average value of the corresponding
component of micro-stress acting on the surface S. In
general, S can be chosen so that the statistical stresses
are smoothly varying functions of position that ap-
proach the conventional values of stress in a contin-
uum. If these conventional stresses do not vary
throughout the material, the result from equation I
becomes effectively independent of the choice of S.
provided that S is sufficiently large compared with the
grain size of the material. From this it follows that, in
these circumstances of uniform macroscopic stress,
Dantu's alternative definition for the statistical
stresses,

- j'ud V . .............(2)

gives a result identical with that obtained from equa-
tion I. Here the statistical stress is the mean value of
the micro-stress iJ within a volume V that surrounds
the point P and which is large compared with the
grain size of the material.

Equation 2 can be written

= (4v) +f('av)
V	 1'-

where the separate integrations are taken throughout
the volume of the cement paste, V', and the volume
of the aggregate, V', contained within the represen-
tative volume V. In a statistically homogeneous ma-
terial, the ratios V'/V and V'/V are the respective
concentrations (g' and g') of the cement paste and the
aggregate in the concrete. Also, the terms in paren-
theses represent the average values of the stress com-
ponents (aU' and aj) in each of the twa phases. Thus
we obtain equation 3, connecting the average stress in

the composite with the average stress in the separate
phases,

(3)

A similar argument leads to the corresponding
equation for the strains,

(4)

where c( and are the average strains in the cement
paste and the aggregate and s is the strain in the
concrete.

If the relationship between stress and strain is linear
for the material in one phase, the average stresses and
strains in that phase will also be related in a linear
manner. Thus, if the values of the elastic constants for
the composite and for the material in each phase are
known, equation 4 can be rewritten in terms of
stresses. The stress components in one of the phases
can then be eliminated, by using equation 3, to give
equations for the average stresses, in the other phase,
in terms of the over-all average stresses a',.

If this procedure is followed and the effects of creep
and shrinkage are ignored, the following equations
are obtained relating the average stresses in the cement
paste (aU') with those in the composite (at,).

a11'	 P'a11 - Q'(a11 + a + a33) ......(5a)

together with two similar equations for a' and a'
and three equations of the form

a12 - P'a2 ................ (5b)

for the average values, Cii', 053 and 031', of the shear
stress components.

In these expressions,

E	 z )I(_-_?-)....(5c)
and

I 11-2v I_2v1\ I i-2.' I_2v'V1
- (' - ___- E' )/E' - E

(5d)

Here, the symbols E and v represent Young's
modulus and Poisson's ratio. The particular values of
these constants for the cement paste and the aggregate
carry a single and a double prime respectively and the
unprimed values refer to the concrete as a whole.
Also, it should be noted that the corresponding group
of equations, that relates the average stress in the
aggregate to that in the concrete, may be obtained
from equations 5 by merely replacing the quantities
carrying a single prime by the corresponding double-
primed quantity and vice versa. Alternatively, the
average stresses in the aggregate can be found from
those in the cement paste by means of equation 3 and
usingg'+g' — 1.
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Results
In order to obtain values of the average stresses in

the separate phases, the elastic constants and concen-
tration of the aggregate and cement paste in the con-
crete must be known as well as the over-all properties.
Such complete data are rare, and in applying his
analysis Dantut5 was forced to make assumptions,
concerning the relationship between the individual
elastic Constants, that were not generally valid and
which had a considerable effect upon the results pre-
sented. The main difficulty arises because Q is highly
dependent upon the values of Poisson's ratio. For
equal values of the three Poisson's ratios, Q would be
zero. Thus it is clear that Q is determined by the
differences of quantities that are each difficult to
measure and are often regarded as of only secondary
importance in stress analysis.

Fortunately for this investigation, Anson and
Newma&7' have reported the results of a compre-
hensive series of tests to determine the values of
Poisson's ratio and Young's modulus for a range of
concretes, mortars and cement pastes made with
ordinary Portland cement and Thames Valley river
gravel and sand. Also conveniently, they give values
of Young's modulus and Poisson's ratio for the aggre-
gate (as "about 10 x 106 lb/in2" and "about 0.22"),

and so their results can be used without addition to
calculate the coefficients P and Q corresponding to
their range of concretes and mortars.

The properties of the cement paste used in Anson
and Newman's investigation are given in Table I,
which also includes estimated values for a cement
paste having a water/cement ratio of 0-6. The calcu-
lated values of the average stress coefficients P and Q
are given in Table 2, together with the details of the
mix proportions and concrete properties taken from
Anson and Newman's paper. Their paper also con-
tains results for the elastic constants found from
dynamic measurements. These are ignored in the

TABLE I: Properties of cement pastes, from
reference 7.

Waterfcement	 Young's modulus	 Poisson's
ratio by weight	 (kN/mm2)	 ratio

0-3	 23-2	 0-249
04	 17-0	 0-250
0-5	 12-0	 0-249

0-6	 8-1	 0-25t

*extrapolated value
testimatcd value

TABLE 2: Average stress coefficients, P and Q.

0-387
0-486
0-352
0-449
0-520
0-576
0-322
0-417
0-487
0-544
0-589

0-625
0-657
0-673
0-682
0-704
0-725

0-298
0-389
0-459
0-515
0-561

Mix proportions
by weight to one part of cement

Fine	 Coarse
Water	 aggregate aggregate

1-0
1-5
1-0
1-5
2-0
2-5
1-0
1-5
2-0
2-5
3-0

I -0
1-5
1-8

	

2-5	
2-0
2-5
3-0

1-0
1-5

	

2-0	 0
2-5
3-0

Average stress coefficients

Paste	 I	 Aggregate

Q,

-0-143
—0-156
—0-051
—0-097
—0-134
—0-160
—0-035
—0-050
—0-090
—0-128
—0-135

—0-118
—0-173
—0- 157
—0-166
—0-187
—0-178

—0-015
—0-039
—0-054
—0-076
—0-095

Coefficients calculated using the paste properties from Tabk I and values of Young's modulus and Poisson's ratio for the aggregate
of 68-9 kN/mm' and 0-22. The mix proportions and concrete properties are taken from reference 7.
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present work, as it is felt that such results are not
necessarily appropriate material for , the present
analysis.

Before coming to the subject of failure, there are a
couple of points of immediate interest that arise from
the results in Table 2. The first follows from the sign
of the coefficient Q', and the other is concerned with
the structural role Qf the coarse aggregate in concrete.

The coefficient Q' (relating to the stress in the
cement paste) is negative for the entire range of ma-
terials investigated showing, for instance, that the
cement paste, in a concrete or mortar specimen loaded
in uniaxial compression, is in a state of average tn-
axial compression. This result has already been de-
duced by Anson t81 , from strain measurements on
idealized concretes and rubber models, and can also
be obtained by analysis 9 ' when the aggregate concen-
tration is low and the Poisson's ratio of the paste is
greater than that of the concrete.

In his earlier paper, Anso& 8' reports that the coarse
aggregate used in making the concretes consisted of a
19 mm maximum size gravel of which 90% was
retained on a 95 mm sieve whilst the sand used for
both mortars and concretes was uniformly graded
with 100% passing the 4'75 mm sieve. There is thus a
clear division between the composition of the con-
cretes and mortars, and the separate data from these
can be used to examine the role of the larger sizes of
aggregate in the concrete structure.

Table 2 gives the average stress coefficients for the
aggregate in a range of six concretes whose composi-
tion varies only on account of differences in the
quantities of coarse aggregate used in the Concrete
mix. These concretes can be regarded as composite
materials of two phases comprising the coarse aggre-
gate and a mortar of constant composition. The prop-
erties of this mortar are known, so that the average
stresses in the coarse aggregate alone can be deter-
mined in the manner already described. Then, by
using these results and knowing the relative proportion
of coarse and fine aggregate, the average stresses in
the fine aggregate can also be found from the results
given in Table 2.

The results of these calculations are shown in Figure
I. In the calculations, it was assumed that the coarse
aggregate and sand had the same values of specific
gravity, Poisson's ratio and Young's modulus and, in
drawing the Figure, the values obtained for the con-
crete with aggregate/cement ratio equal to one have
been ignored. This was done because the value given
for Young's modulus of this concrete is considerably
'out of step' with the other values and the calculated
average stress coefficients were far removed from the
trends obtained when the other results were used.

In looking at the Figure, it must be remembered
that the same mortar is used throughout and that an
increase in the coarse aggregate/cement ratio implies
an increase in the total quantity of aggregate in the

concrete. Thus, although the average stress in the
coarse aggregate is relatively unaffected by an increase
in the proportion of coarse aggregate, this increase in
volume is sufficient to reduce significantly the average
stresses in the fine aggregate and the cement paste. To
some extent, these results support Baker'su0 view
that the larger closely packed particles of aggregate
form stiff thrust rings that carry an appreciable pro-
portion of the total load and tend to span around the
enclosed pockets of mortar. In this respect, the results
shown in Figure 1 suggest that the sand itself fulfils
the structural role of the coarse aggregate when there
is no larger material present. Also, it appears that, as
coarse aggregate is added to the concrete mix, the
sand becomes increasingly associated with the role of
the cement paste.

The concrete mixes examined here are deficient in
95 to 475 mm aggregate and may be thought to be
over-sanded when compared with typical concretes.
It is considered that Baker's thrust ring concept is also
applicable to concretes made with continuously
graded aggregates. However, it would be expected
that the results of an investigation on such a material
would not show such distinct trends as those of Figure
1, because of the necessarily arbitrary classification of
coarse and fine aggregates within the continuous
grading.

I.

I- .-
z
'U

U

I-
U'
0
U
U.

U'.1
-a

b

COARSE AGGREGATE
CEMENT

Figure 1: Average stress coefficients.
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Failure
Although the present analysis is restricted to linear

behaviour, it seems possible that the results can be
used to provide some information on the mode of
failure of concrete under different stress combinations.

In attempting this, it must be realized that the
average stresses are no guide to local conditions and
that it is quite possible for some regions, within the
cement paste say, to be in tension when the average
stress is compressive. Some cracking could occur in
these regions at quite low loads, but it seems unlikely
that these cracks could propagate easily in a Stress
field that is, on average, overwhelmingly compressive.
Thus, if the average stress in the cement paste is com-
pressive, it is reasonable to assume that the early
cracking will be stable and, being localized, will also
have little effect upon the over-all stress-strain be-
haviour.. On the other hand, it is thought that any
cracks initiated in a predominantly tensile stress field
are likely to propagate rapidly under only small
increases in stress and lead to over-all failure in an
apparently brittle mode.

The mode of failure under conditions of average
compressive stress is not so easily visualized. Slow
growth of cracks could occur within the cement paste
or at the interface with the aggregate. As these cracks
extend, they will have a progressively greater effect
upon the stress-strain behaviour of the cement paste
and concrete and so cause some redistribution of the
average stresses. In this .way an unstable situation
could develop, leading to sudden failure, but it seems
probable that this can occur only after a comprehen-
sive redistribution of the internal stresses which must
be accompanied by loss in stiffness and significant
departures from linearity of the concrete as a whole.
On this basis, it seems that there are likely to be real
differences in modes of failure under different stress
combinations, depending upon whether cracking is
initiated under conditions of average compressive or
tensile stress. From this it appears that the sign of the
average stress in the cement paste can be used as an
indicator of the probable mode of failure of concrete
under a particular stress combination. The use of this
indicator is based upon the assumption that brittle
failure occurs when the average stress in the cement
paste is tensile during the propagation of cracking and
that, if the average stress in the cement paste is entirely
compressive, brittle failure is unlikely to occur.

The average stress component, a11, in the cement
paste is tensile for i1' 0 or, if equation 5a is used to
express this in terms of the stresses (a1, a2, a3) applied
to the concrete as a whole, for

Cl - 
p1	

Q (6 + a3) ' 0........(6)

Similar conditions, for a3' and a3' to be positive, can
be found by interchanging the suffices in 6. The equal-

ities included within these conditions represent three
planes drawn in principal stress space (as, a 2. a3), and
the sign of each component of the average stress in
the cement paste is constant within each of the eight
open-ended pyramidal regions formed by the inter-
section of these planes.

Figure 2 shows the sign. of the average stress com-
ponents in the cement paste of a concrete specimen
subject to biaxial stresses. The Figure has been drawn
with the present results in mind, that is with Q' nega-
tive, so that the region within which the stresses in the
cement paste are entirely compressive is larger than
the compression quadrant of the Figure. As can be
seen from Figure 3, the absolute value of the slope
of the line a1 ' = 0 increases with the proportion of
aggregate in the concrete mix but it is relatively un-
affected by the water/cement ratio, only the two points
for the mortars with water/cement ratio 03 being far
removed from the general trend. From this Figure we
see that, for concretes in combined compression and
tension, the paste is, on average, entirely in com-
pression if the applied tensile stress is numerically less
than 02 to 03 of the applied compressive stress. Also,
this range changes to 0O3 to 0l for the mortar to be
entirely in compression.

These ranges are shown in Figure 4 superimposed
upon recent results of Kupfer et al.' 1 for the strength
of concrete under biaxial stress. In their paper, the
authors remark that the mode of failure of specimens
tested in combined tension and compression and in
biaxial compression was similar, provided that the
applied tensile stress was numerically less than one-
fifteenth (0O67) of the applied compressive stress. This
ratio is within the range (003 to 0l) within which the
stresses in the mortar may change from being entirely
compressive, and it is in this range also that the most
obvious changes in slope of the experimental curves
occur. Thus, if the results from Figure 3 can be taken
to apply to Kupfer's range of concretes, it appears
that it is the sign of the stress in the mortar matrix
rather than that in the cement paste that should be
used as the indicator of the mode of failure.

In spite of This limited agreement, it is clear that the
change of sign of the average stress in the mortar does
not mark an abrupt transition from a progressive type
of failure to one that is very much more sudden. The
stress-strain curves obtained by Kupfer et al. for com-
bined tension and compression all show departures
from Hooke's law, the non-linearity decreasing with
an increase in the ratio of applied tension to com-
pression. It thus seems important to recognize that the
proposed indicator is an uncertain guide to the mode
of failure in combined compression and tension. Here,
there seems to be a transition region between the mode
of failure in which comprehensive stress redistribution
must occur between the separate phases and the other
mode in which the strains are almost linear up to
failure. These two modes of behaviour could be cats-
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gorized as compression and tension failures respec-
tively. Vile" 2' has described the probable mechanism
of compression failure, in which major micro-cracking
is promoted by shear bond failure at the aggregate/ce-
ment paste interface and development of slip planes
within the cement paste itself. At the other extreme,
it is considered (by Alexander"" and Newman and
NewmanU4), for instance) that shear plays little part
in tensile failure, which is principally due to the rapid
propagation of micro-cracks, that have been initiated
either in the cement paste or at the interface with the
aggregates, in planes approximately normal to the
maximum principal tensile stress. The transitional be-
haviour between these two extremes has been con-
sidered by IsenbergU and Johnson and Lowe"6',
who find that this occurs when the ratio of the applied
compressive stress to tensile stress is in the range 11
to 25. This occurs within the range of uncertainty of
the proposed indicator. That is, within the range of
stress when one of the average stresses in the mortar
is tensile but the cement paste is entirely in cotn-
pressiOn.

The probable existence of two principal failur6
mechanisms for concretes of normal density has been
recognized for some considerable time. 61"7"8' In
this context, then, consideration of the internal stresses

Average stresses in the principal components of concrete

provides a plausible explanation for the occurrence of
one mode of failure, rather than the other, under
particular combinations of stress. With dense con-
cretes, the results are possibly obvious on intuitive
grounds alone, but the approach may have real
diagnostic value when applied to less conventional
concretes. These could include high-strength or light-
weight-aggregate concretes in which the strength of the
aggregate may set an upper limit to the concrete
strength under some combinations of stress.

The signs of the average stress components in the
aggregate of a concrete tested under biaxial stress are
shown in Figure 5, which has been drawn with Q"
positive, following the results given in Table 2. The
Figure shows that there is no combination of biaxial
stress for which the average stresses in the aggregate
are entirely compressive. Thus, if the matrix is capable
of transmitting high stresses to the aggregate, brittle
failure of the aggregate is possible under all combina-
tions of biaxial stress. In general, small particles of
natural aggregate must be stronger than large particles
from the same source, because of the inevitable elim-
ination of major flaws during the processes of size
reduction. Therefore, if failure of the aggregate occurs,
it will almost certainly do so preferentially in the large
particles which are weaker and also carry higher

a,

a,

-0

Figure S: Isonomic regions for the average stresses In she
agjregale in a biaxially stressed concrete.
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average stresses than the smaller material.
There is ample quantitative evidence to show that

fracture of a significant proportion of the aggregates
does occur in moderately high-strength concretes
tested in tension'. Also, it is clear that aggregate
failure must be avoided if concretes are to be obtained
having a high strength in uniaxial compressiont20.
However, these considerations do not apply to triaxial
compression where concretes employing normal aggre-
gates can sustain stresses an order of magnitude
greater than their strength in uniaxial compressiont21.
An explanation for this behaviour is evident from
Figure 6, which shows that, in most of the possible
triaxial stress combinations, obtained in tests using a
hydraulic cell, the average stresses in the cement paste
and the aggregate are entirely compressive.

Concluding remarks
There is always some doubt concerning the prop-

erties of the matrix within a concrete, as it is possible
that these properties may differ from those found for
a nominally identical material tested on its own. The
success of solid models, used for estimating such
properties as Young's modulus and specific creep of
concrete, suggests that errors of this sort must be
small when the quantity considered is an average value
for a fair-sized volume of concrete. On this basis, the
results for the average stress coefficients (Table 2) are
reasonably acceptable, the accuracy depending mainly
upon the quality of the experimental results and the
values used for the elastic properties of the aggregate.
These latter values were considered to be the main
source of uncertainty in the results. Accordingly, the
calculations were repeated with a range of different
values of E' and v'. These calculations show that the
coefficients P in Table 2 are not more than 18% in
error and the signs of the coefficients Q are correct,
provided that the values used for E" and v' are within
± 10% of the true values. Errors of this magnitude
would not affect any of the conclusions obtained rela-
ting to the average state of stress in the separate phases
or the role of the larger particles of aggregate in the
concrete mix.

The work on failure is based upon the idea that it is
difficult to propagate cracks in a stress field that is, on
average, entirely compressive. This idea seems unex-
ceptionable and has been partially confirmed by experi-
ments on two-dimensional concretes comprising cir-
cular discs cast into a mortar matrix t22 . However,
there is some risk in applying results derived from
Anson and Newman's data to the other workers' con-
cretes discussed in this paper. For this reason, the
numerical results dealing with the extent of different
ranges of behaviour etc. must be regarded as only
approximate.

The qualitative results concerning the modes of
failure depend essentially upon the sign of the coeffi-

cient Q'. It would be useful to be able to anticipate the
sign of Q' for concretes different in character from
those of Anson and Newman. If the Poisson's ratios
of the aggregate and the cement paste are the same, Q'
is negative if the Poisson's ratio of the concrete is less
than that of the aggregate. This may lead to a satis-
factory working rule for the sign of Q', but more
information on the Poisson's ratio of various aggre-
gates is required before the present ideas can be
applied unreservedly to lightweight and unconven-
tional concretes.

In the main, the present study is concerned with the
results for average stresses and their implications con-
cerning the mode of failure of concrete tested under
ideal laboratory conditions. However, it is clear that
the extent of the different isonomic regions will be
affected by changes in the ambient conditions and it
is intended to take up this question on another occa-
sion. At this stage of the work, it is considered that
the results are encouraging and that the proposed
indicator may prove to be a reasonable guide to the
occurrence of brittle modes of failure in concrete.
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Further consideration of a mathematical
model for progressive fracture of a
heterogeneous material
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Uniaxial stress-strain curves are derived for a mathe-
matical model designed to represent a heterogeneous
material that fails in tension by progressive fracture.
These results s/low qualitative agreement with the be-
haviour ofrealmaterials including mortars and concretes.
The results suggest that the behaviour that occurs, after
the peak stress has been achieved in a deformation-con-
trolled test, is dependent upon the energy required to
fracture the material. If this is sufficiently high, stable
fracture propagation occurs. However, if the energy
required for fracture is low, failure occurs by instability
under reducing stress. The conditions for the occurrence
of this instability are obtained in terms of the properties
of the model material and the implications of this be-
haviour, for materials testing and the derivation of
failure criteria, are briefly discussed.

Introduction
In an earlier paper 11 a mathematical model was

proposed which possesses some of the characteristics
exhibited by mortars and cement pastes during frac-
ture in tension. The work was based on an assumed
statistical distribution of the micro-stress components
and the principal results followed directly from con-
sideration of equilibrium. By adopting this approach,
the difficulty of describing the micro-structural geom-
etry of the material was avoided. However, the ap-
proach carried its own penalty in that no direct
kinematic argument could be developed. The object
of the present paper Is to examine this problem further
in an attempt to obtain some results for the relation-
ship between stress and strain for the model material
when this is loaded in uniaxial tension.

Notation
a	 = macroscopic direct stress component

= component of micro-stress
q1	 = intrinsic tensile strength of the model material

= stress variation or heterogeneity parameter
m = stress redistribution or micro-cracking para-

meter
lJr = non-dimensional applied stress (l/r = a/qJ
u =(r—m)/c
P(u) = normal probability function
Z(u) = derivative of normal probability function
V = a representative volume
E = Young's modulus
W = work done on unit volume of the model ma-

terial
U = strain-energy density
D = energy dissipated per unit volume
A	 = a material property
n	 = number of potential fracture planes per unit

length
y	 = surface energy
F = a function of u or, more particularly, F =

I - P(u)
= macroscopic strain component
= Ee/q

Equilibrium
Before considering strain, it will be helpful to sum-

marize some details of the earlier ork' 1 ' 21. In this, it
is assumed that, under a uniaxial stress, a, the distri-
bution of the direct components of micro-stress, ,
acting on a plane at right-angles to the direction of a,
is as shown in Figure 1. This is a normal distribution,
with mean ma and standard deviation a, which is
truncated at = q and has a discontinuity at = 0.
The cut-off follows from the assumption that no
micro-element can sustain a stress greater than the
intrinsic strength, q, of the material. In this way, the
shaded region of Figure 1 represents the proportion of
material fractured under the stress a and this also
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corresponds to the discontinuity, at 0, representing
the proportion of material carrying a micro-stress
having a value of precisely zero. The quantity a is a
property of the model material that describes hetero-
geneity through its effect upon the stress distribution.
For a homogeneous material, a would be zero and the
stresses in all the micro-elements would be the same.
In a heterogeneous material, however, the micro-stress
will vary about the mean and this variation is des-
cribed, to some extent, by using the appropriate value
of a.

If the additional notation,

r—m	 1 a
	and—=—	 ..........(1)

a	 r q

is introduced, the condition that the applied macro-
scopic stress, a, must be statically equivalent to the
mean value of the micro-stress, , leads to the equili-
brium equation,

!.P(u)_Z(u)	 ..........(2)

in which P(u) is the normal probability integral and
Z(u) is its derivative.

The quantity m may be eliminated from equations I
and 2 to obtain the relationship between the applied
stress q/r and the proportion of material fractured,

- P(u), for any particular value of the heterogeneity
parameter, a. Some results of this sort are shown in
Figure 2.

If the heterogeneity parameter, a, can be considered
to be unaffected by stress or damage, the curves in
Figure 2 represent the behaviour, during progressive
fracture, of materials of differing heterogeneity. For a
monotonic increase in the proportion of material frac-
tured, the applied stress increases to a maximum value
before decreasing to become zero when the entire
section is fractured. A material of this type fails in a
load-controlled test when the applied stress reaches
the peak value and observation of behaviour beyond
this point is only possible if the applied load can be
relaxed during the continuing process of failure.

This type of behaviour has been noted in tensile
tests on concretes and mortars 3 , but not cement
pastes 4', and these observations are supported by
similar results from other tests in which the principal
tensile stress in the concrete is the major influence upon
the mode of faiIure 4 • 5 '. These results suggest that the
model material may provide a satisfactory description
of some features of the behaviour of mortars and con-
cretes. It is also apparent that the model may have a
use in describing other materials in which progressive
breakdown occurs in tension.

Instead of taking a to be constant, a better descrip.
tion of a particular material may require that the
heterogeneity, a, is a function of stress or damage.
However, the effects of any specified change in hetero-
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Figure!: Assumed distribution of micro-stress.
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Figure 2: Relationship between the applied stress and the
proportion of material fractured during progressive fracture.

geneity can easily be derived from Figure 2, and it is
clear that such changes are not likely to change quali-
tative trends obtained when a is assumed to be con-
stant. Thus, in the present state of knowledge, it seems
reasonable to take a as constant and accept that the
resulting description of the material is only approx-
imate.

Figure 2 can be looked at in another way. Suppose
it were possible to perform an experiment on a real
material in which the applied stress and the proportion
of material fractured were both measured during load.
ing. These results could be superimposed on Figure 2
in order to determine a value of a for the material and
to determine the manner in which this property varies
with stress. Clearly such an experiment would be
difficult to perform and the interpretation of the term
'proportion of material fractured' may also be difficult
in a real case. In spite of this, the experiment is con-
ceptually sound and results of this type could lead to
greater understanding of the failure process.



A mathematical model for progresshe fracture

Energy considerations
Energy is supplied to a material during loading and

this energy is equivalent to the work done, W, by the
applied loads. Some of this energy may be stored in
the form of strain energy, U, and the remainder, D, is
dissipated. In the present problem, the loading com-
prises the single stress component a, so that

dW = d(U + D) = adE

the equations being written for unit volume of the
loaded material. Thus the strain c corresponding to
the stress a can be found, by integration, from the
equation

£$!d(U+D) .............. (3)

In this way, the problem of determining strain in the
model material is reduced to that of finding suitable
expression for the stored and dissipated components
of the energy supplied.

STRAIN ENERGY
Each element of the model material is taken to be

linear elastic with Young's modulus E. In addition,
the model is so arranged that the direct micro-stress
component is the only stress acting. On this basis,
the average density of the strain energy, stored in a
representative volume, V, is simply

U=..$dV

If the volume V is large compared with the grain size
of the material and the distribution of micro-stress is
as shown in Figure 1, the expression for the strain-
energy density may be written

qt
I-ma\2 \

u= !( I 12e)d)
2E/aj

which gives, on again writing r = qjr and (r -
=u,

U =	 [(mi + )P(u) - (2,n + .u)Z(u)].. . . (4)

DISSIPATED ENERGY

The structural behaviour of real materials depends
very much upon the mechanism by which energy is
dissij,ated and thus there is a marked contrast in
behaviour between materials in which energy is dissi-
pated primarily by plastic deformation and those in
which fracture occurs and energy is required to form
new surfaces within the material. The present model
is intended to represent a material in which progressive
fracture occurs and so it seems reasonable to suggest

that the energy dissipated is used entirely in the forma-
tion of new surfaces. The work done in this is taken
to be proportional to the amount of material fractured
so that the energy dissipated per unit volume is given
by

D = A[l - P(u)]..............(5)

Here, I - P(u) is the proportion of material fractured
in any representative volume and X is a Constant. This
constant may be considered to have the form

(6)

wherey is the surface energy of the model material and
n is the number of separate fracture planes that can
occur per unit length of the inodel material, measured
in the direction of loading.

The work done in loading unit volume of material
can now be found, by adding the expressions for the
strain energy and the dissipated energy (equations 4
and 6). On substituting qjr for , the following
expression is obtained

W = ?[1 - P(u)]

q2 r(,,?2	

z2)	 /	 m
+	 +	 P(u) - - I I + - Z(u)

T L 2 	 r\	 r)	 j

(7)

The quantity m in this equation can be found from
the equilibrium equation in terms of u, as can the non-
dimensionalized stress l/r. Thus, W can be regarded
as a function of u or, alternatively, as a function of the
damage, 1 - P(u), and the material properties.

Strain
The role of the different variables is seen more

clearly if these are grouped by writing

E=Ec/q

and	 W = EW/q2
so that W is a function of , XE/q 2 and F, a function
of u. Equation 3 can now be rewritten in the form

JrdFdF................(8)

so that the strain parameter can be determined for
different combinations of heterogeneity and the
dimensionless group ?E/q 2. These calculations are best
undertaken numerically.

Some typical results, for a material with = lO, are
shown in Figure 3. The results for the two highest
values of ?E/q 2 follow the pattern anticipated, for
strain-controlled tests, in which the stress reaches a
maximum value and is then reduced with continued
deformation. Comparing these two results, more work
is required to propagate fracture in the material having
the highest value of AE/q12. Thus, the strain at any
particular stress level is greater in this material than
in that with the smaller energy dissipation.
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STRAIN.

Figure 3: Stress-strain curves for a material with = 1, In
tension, for various values of AEIqt2.

The third curve in Figure 3, drawn for ?.E/q12 = 015,
suggests an interesting phenomenon. With this mater-
ial, a stage is reached, under reducing stress, where no
additional energy need be supplied in order to propa-
gate failure throughout the material. At this point,
the strain energy stored in the material is sufficient to
fracture all the material that remains undamaged. If
more strain energy is available than is necessary for
the fracture process, much of the excess will be dissi-
pated as kinetic energy and the process of failure may
be violent. Thus, it appears that instability is possible
even under conditions of monotonically increasing
strain.

There are clearly difficulties in observing such insta-
bilities in tests on real materials. However, this was
possible in the work undertaken by Wawersik t6 ', in
which this form of behaviour was obtained in uniaxial
compression tests on a number of rock samples. When
instability occurred in Wawersik's experiments, it did
so at a stress not much below the peak stress achieved
on loading. Accordingly, he classified the rocks he
tested into two categories only: class I rocks, in which
additional energy is required to propagate fracture,
and class II rocks, in which fracture is self-sustaining.
The particular results from the model shown in Figure
3 demonstrate class I behaviour and an additional
failure mode in which instability occurs at a stress
appreciably below the maximum stress max Other
results show that the stress level at which instability
occurs, acrjifrmw is affected by both heterogeneity, z,
and the energy required for fracture, A. It is, therefore,
of interest to examine, in more detail, the manner in
which these parameters affect behaviour under reduc-
ing stress.

Instability analysis
Once the peak stress has been reached, instability

occurs if

de
- 0
de

or, using equation 3, if

dW
—?0
de

Now if we write F = I - P(u), the proportion of
material fractured, and note that da/dF is negative
once the peak stress has been achieved, the condition
for the material to be unstable becomes

dW

_7 0

In this criterion, W = U + D and D Fl, so that the
material is unstable for

dU
(9)

Here, the term —du/dFcan be regarded as the rate
f release of strain energy, per unit volume of material,

during the fracture process, so that A is similar to G,
the critical strain-energy release rate of fracture mech-
anics'7 . Clearly, this similarity is to be expected. How-
ever, there is a fundamental difference in dimensions
between A and G, and this occurs because the present
analysis is concerned with variations in microstress
that occur throughout a heterogeneous material rather
than effects that are local to a single, abnormally large
imperfection.
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The term dU/dF can be considered to be a function
of the applied stress and the heterogeneity a. Thus the
equality in condition 9 can be used to calculate the
values of A that correspond to the occurrence of insta-
bility at a particular stress level, for a range of model
materials of different heterogeneities. Two stress levels
are of particular interest. One of these is the peak stress
and the other occurs when the material is at an inci-
pient state of complete disintegration and the applied
stress has been reduced to zero. It can be shown that
AE/q12 must be equal to 4 if instability is to occur in
this situation and, thus, instability is not possible under
conditions of controlled deformation for AE/q12 > 4.

The condition for instability to occur at the peak
stress has also been examined. Here the critical value
of A is a function of a(referred to asA). Thus unstable
behaviour can occur somewhere in the descending
portion of the stress-strain curve for

q2(10)

It is considered that, for real materials, A must be
greater than zero, on physical grounds, and must also
be greater than A if the peak stress is to be attainable
in a deformation-controlled test.

Values of A are given in Figure 4, which shows the
various combinations of material properties for which
instability is possible. It is interesting that instability
can occur at the peak stress only if the heterogeneity
is greater than a value of around 13. This suggests
that some departure from uniformity is necessary in
the micro-stress distribution if brittle fracture is to be
possible. Clearly, this irregularity in the stress field
must play the same role as a flaw or the elliptical crack
in Griffith's' classical approach to brittle fracture.

A particular form of model behaviour is specified by
a point in Figure 4. Thus, the behaviour of the model
requires that the parameters AE/q 2 and a should be
related and it would be reassuring if some such inter-
dependence could be established, on physical grounds,
as being relevant to real materials. It is thought that
the connexion is established by equation 6, in which
it is suggested that A is dependent upon the number of
potential fracture planes that occur per unit length in
the direction of loading. In a real material, these frac-
ture sites would occur at structural discontinuities or
flaws. These flaws would affect the local micro-stress
distribution and this effect must be described by the
appropriate value of a.

Concluding discussion
Many of the limitations of the model examined in

this paper have been discussed in detail in the earlier
work"'. The major limitation follows from the fact
that the model is not a statistical vehicle and so some
effects, due to variations of the various parameters
throughout the body of the material, are ignored.
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Figure 4: Modes of behaviour of a range of model materials.

The assumptions used in the analysis imply that the
model has the character of a mathematical idealization
which is used to define a range of ideal materials.
However, there are real materials that show qualitative
agreement with the behaviour of the model and, with
this in mind, it is considered reasonable to put a
physical interpretation upon the various parameters
involved. Following this, the recognition that both
and A are dependent upon the average flaw density
may allow a limited approach to be made, in future
work, to the question of size effects.

The stress-strain curves derived from the model
show agreement with observed behaviour of mortars
and concretes, and also suggest that failure, by insta-
bility, may occur for some materials under conditions
of controlled deformation. This is an important result
that has implications for both materials testing and
analysis.

It is known that instabilities can occur in deforma-
tion-controlled tests on brittle materials. When this
occurs, the material in the undamaged portion unloads
into the fracture zone, to produce a violent failure.
This behaviour is a result of heterogeneity in the speci-
men under test, in that failure occurs preferentially in
one region, and the mechanism involved is similar to
that shown by the model material. In experimental
work, small specimens are often used in an attempt to
avoid these effects. However, with heterogeneous ma-
terials, there is a minimum volume of specimen that
can be used to provide a result, from a particular
test'9 , that is representative of the behaviour of the
material in bulk. The results from the model suggest
that instability is possible, with some materials, even
if this minimum representative volume is used. If this
occurs, the behaviour is not due to specimen size alone
but is intrinsic to the material.

The effects of local gross heterogeneity and specimen
size are questions of fracture mechanics. Here there is

9
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a tendency to concentrate, in the analysis, upon the
role of the most critical flaw in the initiation and pro-
pagation of failure in an otherwise perfect material.
In practical terms, this means that the fracture mech-
anics approach is restricted to consideration of flaws
that are considerably larger than the grain size of the
material being examined. In the present work, the
emphasis is different and an attempt has been made to
describe the behaviour of a material that contains
many imperfections of similar severity. Clearly, such
a description is necessary if the local behaviour of a
macroscopically heterogeneous material, like concrete
or mortar, is to be understood. However, the two
approaches are complementary and the effects of iso-
lated major defects should not be ignored when large
volumes of material are considered.

The complementary nature of the two approaches is
evident when the possible forms of failure criteria for
concrete are considered. Thus, although attempts have
been made to apply criteria derived from the be-
haviour of individual flaws, the present work suggests
that this approach is unlikely to be successful, for
concretes, and that heterogeneity must be considered
as a bulk, rather than a local, property. Criteria de-
rived in this way would apply to the bulk material.
However, the stress field in a structure or specimen
may contain macroscopic regions of high stress con-
centration or gradient and these regions represent
major flaws that should be investigated on a fracture
mechanics basis. Clearly, it is to be expected that
criteria for failure in the vicinity of a major local
defect will differ from those of the bulk material.
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