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SELECTION RULES FOR THE CASE OF
PERPENDICULAR POLARISATION OF THE ω

AND 2ω FIELDS

The irreducible representations (IRREPs) of the dipole
operators for ω and 2ω are denoted Ddipole1 and Ddipole2

respectively. The generalised symmetry condition for the
interference of ω + ω and 2ω transitions becomes:

Ddipole1

⊗
Ddipole1 ⊃ Ddipole2 (S1)

The allowed groups can be found by inspection of the
character and product tables for molecular symmetry
groups, demanding that the ω- and 2ω-dipoles are two
different basis vectors of the point group IRREPs. For
example, in the case of the point group C3v, the ω-field
can be polarised in the (x, y) plane (IRREP E), while the
2ω-field can be polarised along the rotational symmetry
axis z (IRREP A1), resulting in E

⊗
E = A1

⊕
A2

⊕
E,

i.e. the interference will occur. This analysis shows that
under C3v symmetry, interference will occur also if the ω-
and 2ω-fields are perpendicularly polarised in the (x, y)
plane. Similar analysis shows that in the case of per-
pendicular polarisations, interference in the total yield is
allowed for the following molecular symmetries: Cn, Cnv,
C∞v, Dn (n 6= 2), D2d, S4, and Td.

As for the case of parallel ω and 2ω polarisations, the
possible symmetry of the AAS is dictated by the sym-
metry of the initial state of the molecular cation and the
Ddipole1 : DϕN−1

0

⊗
Ddipole1 ⊃ DϕN−1

m
.

FULL SYSTEM OF EQUATIONS FOR COMPLEX
AMPLITUDES

The system of differential equations for the complex
amplitudes is

iċ0 =

M∑
m=1

cmV0me
−i(Ẽm−E0−ω)t +

∑
n

∫
dEcnEV

n
0Ee
−i(En−E0−2ω)t+iφ

iċm =c0Vm0e
i(Ẽm−E0−ω)t +

∑
n

∫
dEcnEV

n
mEe

−i(En−Ẽm−ω)t

iċnE =c0V
n
E0e

i(En−E0−2ω)t−iφ +

M∑
m=1

cmV
n
Eme

i(En−Ẽm−ω)t

+
∑
n′

(
cn′V

nn′ei(En′−En±2ω)t∓iφ + cn′V
nn′ei(En′−En±ω)t

)
,

(S2)

where the matrix elements V0m = −d0mE1/2, V n0E =

−dn0EE2/2, V nmE = −dnmEE1/2 and V nn
′

= −dnn′E1(2)/2
are time-dependent, whereas the dipole transition matrix

elements

d0m = 〈ϕN−1
0 |d|ϕN−1

m 〉
dn0E = 〈ϕN−1

0 |d|χnEϕN−2
n 〉

dnmE = 〈ϕN−1
m |d|χnEϕN−2

n 〉

dnn
′

= 〈χnEϕN−2
n |d|χn

′

E ϕ
N−2
n′ 〉

(S3)

are time-independent.
The system of equations (S2) for the complex ampli-
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tudes describes the following. Since the energy difference
between each pair of states (see Fig. 1) equals the energy
of the photon with frequency ω, there are transitions be-
tween states |0〉 and |m〉, |m〉 and |E〉 induced by the
field with the frequency ω, and transitions between |0〉
and |E〉 induced by the 2ω-field. We consider the popu-
lation of the continuum state |E〉 where interference be-
tween two different ionisation paths takes place. In the
multi-channel case, one should also take into account ω
and 2ω field-induced transitions between different dou-
bly ionised states described by the last term of the last
equation in the system of equations (S2). Below we omit
the symbols for the time dependence of variables and the
subscript N − 1 for the energies of the system (unless

needed for clarity).

SINGLE AAS. ANALYTICAL SOLUTION

The system of equations (S2) for the induced transi-
tions between the ground state of the molecular system,
one AAS (M = 1) and the ionised state of the system
with an electron in the continuum (see Fig. 1), can be
solved fully analytically if we neglect field-induced tran-
sitions between different doubly ionised states described
by the dipole moments dnn

′
which are much weaker than

the other transitions. The system of differential equa-
tions for the complex amplitudes for the case of one AAS
is written as

iċ0 =c1V01e
−i(Ẽ1−E0−ω)t +

∑
n

∫
dEcnEV

n
0Ee
−i(E−E0−2ω)t+iφ

iċ1 =c0V10e
i(Ẽ1−E0−ω)t +

∑
n

∫
dEcnEV

n
1Ee
−i(E−Ẽ1−ω)t

iċnE =c0V
n
E0e

i(E−E0−2ω)t−iφ + c1V
n
E1e

i(E−Ẽ1−ω)t.

(S4)

We formally integrate the bottom equation of the system of equations (S4). This results in the following equation,

cnE =− i
∫ t

0

dt′
[
c0V

n
E0e
−i(E0−E+2ω)t′−iφ + c1V

n
E1e
−i(Ẽ1−E+ω)t′

]
. (S5)

Substituting the continuum complex amplitude cE (S5)
into the equations for complex amplitudes c0 and c1 one
can rewrite them in the form

iċ0 = c1e
−i(∆01−iΓ1)t

[
V01 − iΓ01e

iφ
]
− ic0Γi0

iċ1 = c0e
i(∆01−iΓ1)t

[
V10 − iΓ10e

−iφ]− ic1Γi1,
(S6)

where ∆01 = E1 − E0 − ω is the detuning from the res-
onance, Γi0 = 2π

∑
n
|V n0E |2 and Γi1 = 2π

∑
n
|V n1E |2 are the

ionisation widths of the ground |0〉 and the intermedi-
ate |1〉 states, respectively, Γ01 = 2π

∑
n
V n0EV

n
E1 is a term

responsible for the transition between states |0〉 and |1〉
via continuum |E〉. This well-known procedure called the
adiabatic elimination of the continuum [1–3] leads us to
a system of differential equations (S6), which we solve
analytically, expressing c0 from the second equation of
the system (S6) in terms of c1 and substituting in the
first one. A second-order differential equation for c1 is

obtained in the form:

c̈1−i∆ċ1 + Ω2c1 = 0

∆ =∆01 + i(Γi0 + Γi1 − Γ1)

Ω2 =|V01|2 − |Γ01|2 − i
(
V01Γ10e

−iφ + V10Γ01e
iφ
)

− iΓi1(∆01 + i(Γi0 − Γ1)).

(S7)

Assuming the initial conditions to be that the whole
population is concentrated in the ground state (c0(0) = 1
and c1(0) = 0), the solution of (S6) is given by the Rabi-
like formulae

c0 =
i

δ
e−

i
2 (∆−2i(Γi

0+Γi
1))t

[(
∆

2
− iΓi1

)
sin (δt)− iδ cos (δt)

]
c1 =− i(V10 − iΓ10e

−iφ)

δ
e

i
2 ∆t sin (δt),

(S8)

where δ =
[

∆2+4Ω2

4

] 1
2

can be associated with the doubled

complex Rabi frequency [4].
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Substituting c0 and c1 (S8) into (S5) and integrating analytically over time, the complex amplitudes cnE of the
continuum can be derived in the form

cnE =
e−i(Ẽ−iΓ̃−E)t

(Ẽ − iΓ̃− E)2 − δ2

[
αn
(

cos (δt)− ei(Ẽ−iΓ̃−E)t
)

+ iβn sin (δt)
]

αn =V nE0e
−iφ (E1 + ω − E − i(Γi1 + Γ1)

)
− V nE1(V10 − iΓ10e

−iφ)

βn =V nE0e
−iφ

[
(Ẽ − iΓ̃− E)

δ

∆01 + i(Γi0 − Γi1 − Γ1)

2
+ δ

]
− (Ẽ − iΓ̃− E)

δ
V nE1(V10 − iΓ10e

−iφ)

δ2 =

(
∆01 + i(Γi0 − Γi1 − Γ1)

2

)2

+ |V01|2 − |Γ01|2 − i
(
V01Γ10e

−iφ + V10Γ01e
iφ
)
,

(S9)

where Ẽ = 1
2 (E0 + E1 + 3ω) is a manifestation of the

energy conservation law and Γ̃ = 1
2 (Γi0 + Γi1 + Γ1) is a

total energy HWHM.

The complex amplitudes of the continuum states be-
come stationary when the XUV pulse is much longer than
the lifetimes of the considered states, which formally cor-
responds to taking the t→∞ limit. In this case the full

time-dependent expression for cnE can be simplified:

cnE = − αn

(Ẽ − iΓ̃− E)2 − δ2
, (S10)

One can notice that only αn (the numerator) contains
the dependence on the channel number whilst the de-
nominator of Eq. (S10) includes the summation over all
channels.

Generally, using the equation (S10) the total yield
|cE |2 =

∑
n
|cnE |2 can be written for the resonant case (crE)

when ∆01 = 0 as

|crE |2 =
∑
n

∣∣∣∣V01|V n1E |+ i

(
|V n0E |(Γ1

i + Γ1)e−i(φ+φn
0−φ

n
1 ) − 2π|V n1E |

∑
n′
|V n′0E ||V n

′

1E |e−i(φ+φn′
0 −φ

n′
1 )

)∣∣∣∣2∣∣∣∣V 2
01 + Γ1Γi0 − 2πiV01

∑
n′
|V n′0E ||V n

′
1E |
(
e−i(φ+φn′

0 −φn′
1 ) + ei(φ+φn′

0 −φn′
1 )
)∣∣∣∣2

. (S11)

The phase shift φn0 − φn1 gives a delay acquired due to
the different ionisation pathways, but it does not affect
the value of the photoelectron yield modulation depth

and, correspondingly, the value of the energy width of
the AAS. For the case when the phase difference φn0 −φn1
changes slowly with the channel number (φn0 −φn1 ≈ φ0−
φ1 = φ01) Eq. (S12) can be simplified:

|crE |2 =
V 2

01|V1E |2 + |V0E |2Γ2
1 + 2V01|V0E ||V1E |Γ1 sin (φ+ φ01)(

V 2
01 + Γ1Γi0

)2
+ (4πV01|V0E ||V1E | cos (φ+ φ01))

2
. (S12)

This case is expected to be realised, for instance, when
the difference between different channels energy is much
smaller than the photon energy which corresponds to the
ionisation from the core by high energy photons. Oth-
erwise, e.g. in the case of multi-channel decay of inner-
valence holes, one should apply the Eqs. (9,10) to par-

tial yields of the particular channels, but not to the total
yield.

The main dependence of the complex amplitude (S12)
on the relative phase φ is contained the numerator and
disappears when Γ1 = 0. In the denominator the depen-
dence on φ is weak (Γ01 is rather small) and can be ne-
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glected completely as next order perturbation processes
for realistic experimental conditions of moderate inten-
sity regimes.

The solution for the resonant yield in an atomic case
[5–7] can be obtained using the same approach. In this
case, in contrast to the molecular one, the term contain-
ing V0EVE1 or Γ01 and is responsible for the interfer-
ence to appear vanishes by symmetry resulting in the
φ-independent behaviour of the total yield. Thus φ-
dependence is retained in the angular distribution only
[5, 6, 8], or in other words, single- and two-photon dipole
transitions never interfere, generally because of the dif-
ferent parity.

DIPOLE MOMENTS CALCULATION

The transition from the CH3F+ ground state to the
2s-ionised excited state is polarised in the xy plane (z
is the molecular symmetry axis), therefore any field po-
larisation with a transversal component will lead to the
modulation of the total yield. Here as a particular ex-
ample we choose ~E1,2 = (E1,2/

√
2, E1,2/

√
2, 0). We calcu-

late the dipole moments using the ab initio many-body
Green’s function - based technique called algebraic dia-
grammatic construction (ADC) [9], of extended second
order, ADC(2)x (see SM for more details). It represents
the (N−1)-electron wave function ϕN−1 corresponding to
the singly ionised fluoromethane molecule in a basis of in-
termediate states Φi, Φaij of 1h (one hole) and 2h1p (two-
hole, one-particle) classes, respectively, derived from the
perturbation theoretically corrected Hartree-Fock ground
state of the neutral molecule (for more details see [9–11])

ϕN−1 =
∑
i

ciΦi +
∑
ija

caijΦ
a
ij , (S13)

where i, j are hole indices (occupied Hartree-Fock or-
bitals of the neutral) and a is a particle index (unoccupied
Hartree-Fock orbitals of the neutral). ADC(2)x describes
the 1h-like initial and ionised states up to second order
in many-body perturbation theory, while the 2h1p-like fi-
nal Auger states are described up to first order. Stieltjes
imaging [12, 13] is used for energy renormalisation of the
bound-continuum transition matrix elements appearing
in Eq. (S3).

The calculation of the ground state AAS transition
dipole moment (d01) is highly precise, since the transi-
tion occurs between a true bound state and an artificial
“bound state in the continuum”. Looking at the gener-
ally more challenging bound-free transition dipoles (d0E

and d1E), we notice that only the absolute value (and
not the phase) of those is required. In such a case an
array of powerful L2 methods is at our disposal to es-
timate these quantities rather precisely. The accuracy

of the photoionisation dipole moments within, for in-
stance, Lanczos-Stieltjes-ADC method [14, 15]. Lanczos-
Stieltjes-ADC calculations of the photoionisation dipole
moments from both the ground state and excited states
are possible [16].

RESULTS

Single AAS

Resonant case

We study the behaviour of the line shape of the emitted
electrons. Fig. S1 shows the spectrum of the emitted
electrons in the stationary regime as a function of the
relative phase φ between the two field components ω and
2ω for the constant ω-field intensity and varying intensity
of the 2ω-field for the case when ∆01 = 0. The line shape
as a function of the relative phase φ for selected intensity
ratios shown in Fig. S1 demonstrate that for all values
of the relative phase values and intensities we observe an
asymmetry of the spectrum relative to the central energy
E = E0 +2ω of the emitted electrons. The emission is on
average stronger for the region 0−π, while for the π−2π
region it is weaker or has disappeared (“switched off”).

In the next step, we fix the energy width Γ1 = 5 · 10−3

atomic units, which is in the range of expected values of
the energy width, and vary the intensity of both fields
keeping the ratio I2/I1 constant. The comparison of the
line shape behaviour with the relative phase φ for several
intensity ratios is shown in Fig. S2. For lower intensities
the energy shift is smaller expected due to the smaller
Stark shift of the states and the yield itself is stronger,
therefore we analyse the lower intensity conditions only
in the main paper.

Detuned case

A situation different from the resonant one described
above occurs when the detuning ∆01 is non-zero. The
detuning is positive or negative if the energy difference
between the levels |0〉 and |1〉 is more or less than the
photon energy of the ω-field, respectively. The energy
of the emitted electrons (see Fig. S3) is mostly shifted
to higher energies from the resonance for the negative
detuning and in the case of the positive detuning, the
secondary electrons are emitted with energy lower than
the resonant one. That can be described as follows. For
the positive (negative) detuning the AAS is populated
by the photon with lower (higher) energy, and then the
transition from this state with one more absorbed pho-
ton to the continuum with energy shifted to the higher
(lower) values occurs. One can notice that in the detuned
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FIG. S1. The spectrum of secondary electrons ionised by a bichromatic laser field for the case of one Auger-active state of
CH3F+ with the energy width Γ1 as a function of the relative phase φ. The zero of the electron energy E (y-axis) corresponds
to the resonant energy E0 + 2ω.

FIG. S2. The spectrum of secondary electrons emitted by a bichromatic laser field for the case of one AAS of CH3F+ with
energy width Γ1 as a function of the relative phase φ (x-axis). Zero of the electron energy E (y-axis) corresponds to the resonant
energy E0 + 2ω. Intensity ratio is 0.5 and Γ1 = 5 · 10−4 atomic units.
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situation the electron spectrum dependence on the rela-
tive phase demonstrates more complex behaviour than
for the resonant case as shown in Figs. S1,S2.

For the case of non-zero detuning and the spectrum
of energy versus relative phase in Fig. S3, the map of
the total yield modulations for varying energy width is
presented in Fig. S4. One can see that more complex
behaviour occurs in this case and there is an asymmetry
coming from the detuning and depends on its sign.

Comparison of the modulation depth for the total
and resonant yield

In order to check intensity conditions when the to-
tal yield modulation depth behaviour calculated using
Eq. (6) matches the simplified expression for the reso-
nant yield (9) we set the intensity of the 2ω-field to a
constant and look at the relatively wide range of the ω-
field intensities for a number of Γ1 values. In Fig. S5 one
can see that for high energy width values the modulation
depth of the total yield coincides with the resonant one
even for relatively higher intensities (see the condition
(7). Also it is shown that there are rather broad inten-
sity regions for significantly different values of Γ1 where
the modulation depth has a sufficient enough value to be
measured experimentally.

The laser parameters as intensities and frequencies de-
pend on the particular molecular system: fundamental
frequency has to be resonant with the transition between
the ground state and AAS, intensities can be optimised
as shown in Fig. S5 - for any particular molecule the mod-
ulation depth can be maximised by tuning the intensity
ratio.

Two AASs

We also considered the case of two energetically close
AASs |1〉 and |2〉 (see Fig. 1) with an energy splitting
E12, by solving the system of differential equations (S2)
numerically for the sine-squared-shaped XUV pulse en-
velopes. That is the simplest system which models the
vibrational splitting of the energy levels in molecules.

This system of equations does not include the direct
coupling of AASs by the external field as far as the con-
sidered splitting energy E12 is much smaller than the
photon energy ω. However, repopulation of each AAS
through transitions between of AASs via both the ground
state |0〉 and the continuum (dicationic) state |E〉 is fully
included. We furthermore assume that Auger coupling
of the two decaying states via a common continuum is
negligible, as is the case, for example, for the localised
core holes [17, 18].

Here we consider a model system with values of dipole
moments d01, d1E related to one AAS |1〉 the same as

CH3F+ single AAS above, and with the additional AAS
whose dipole moments d02 and d2E values are very close
to those of the first one.

In Fig. S6 Auger interferograms analogous to the al-
ready discussed in one AAS case are presented. We con-
sider three different situations. First, for two values of
the energy splitting of |1〉 and |2〉 (Γ2 is fixed), we scan
the phase and the energy width of the level |1〉 and deter-
mine the total yield of the electrons (see Fig. S6(a,b)).
Fig. S6(c) shows the alternative case when the energy
width Γ1 of the lower of those two AASs is fixed and the
energy width Γ2 of the top one is scanned for the same
energy splitting value as in Fig. S6(a). One can see that
maps (a) and (c) present the same results but shifted by
π and for this rather large splitting (compared to the en-
ergy widths) the modulation depth is modest. For the
case of close or even overlapping AASs the modulation
depth is higher. The comparison for the modulations of
the total yield for these cases for the chosen values of the
scanned energy width is demonstrated in Fig. S6(d). A
pronounced effect on the total electron yield behaviour
corresponds to closer lying intermediate AASs as shown
in Fig. S6(b). Knowing the energy width of one of the
states, it is possible to retrieve the energy width of the
other one.
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FIG. S3. The spectrum of electrons ionised by a bichromatic laser field calculated for the case of one AAS of CH3F+ with
energy width Γ1 as a function of the relative phase φ (x-axis). The zero of the electron energy E (y-axis) corresponds to the
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(a)

(b)
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one AAS of CH3F+ as a function of the relative phase φ and Γ1 (y-axis) for the non-resonant case when the detuning is (a)
∆01 = −3 · 10−4 and (b) ∆01 = 5 · 10−4 atomic units. Intensities of the ω and 2ω-field are 3.3 · 1012 W/cm2. (c) Comparison
of the total yield as a function of the relative phase φ for the resonant and detuned cases (∆01 6= 0) and for the same values of
the AAS width Γ1. Energy width and intensities are the same as for (a,b).
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[17] A. Cesar and H. Ågren, Phys. Rev. A 45, 2833 (1992).
[18] L. S. Cederbaum and F. Tarantelli, J. Chem. Phys. 99,

5871 (1993).

http://dx.doi.org/10.1063/1.2047550
http://dx.doi.org/10.1063/1.2047550
http://dx.doi.org/10.1103/PhysRevA.77.053404
http://dx.doi.org/10.1103/PhysRevA.77.053404
http://dx.doi.org/10.1039/C4FD00051J
http://dx.doi.org/10.1016/0009-2614(73)80534-2
http://dx.doi.org/10.1103/PhysRevA.14.1042
http://dx.doi.org/ 10.1063/1.4824431
http://dx.doi.org/ 10.1063/1.4824431
http://dx.doi.org/10.1063/1.4900444
http://dx.doi.org/10.1063/1.4900444
http://dx.doi.org/ 10.1063/1.4874269
http://dx.doi.org/ 10.1063/1.4874269
http://dx.doi.org/10.1103/PhysRevA.45.2833
http://dx.doi.org/10.1063/1.465940
http://dx.doi.org/10.1063/1.465940


9

(a) (b)

(c) (d)

FIG. S6. Auger interferogram. The total yield of electrons emitted by a bichromatic laser field for the case of two AASs as a
function of the relative phase φ (along x-axis) and (a,b) the Γ1, (c) Γ2 value (y-axis) the other Γ ((a,b) Γ2 or (c) Γ1) is 3 · 10−3

the value of energy splitting E12 is shown for each (a-c) case. (d) The comparison of the total yield modulations for (a-c)
conditions and for values of varying Γ marked on figures (a-c) with dashed white lines.
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