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Abstract

The ever-increasing demands for both content and computation over wireless net-
works require moving some of the core processing capabilities close to the network edge.
This dissertation considers coded caching and delivery which makes content delivery
more efficient by moving content to the edge, as well as distributed learning at the
network edge that can bring network intelligence close to edge devices and speed up

large-scale data collection and learning problems.

First proactive content caching is studied, where a server with a library of files
transmit contents to the users simultaneously. Each user requests a single file from the
library and stores content in its cache with limited size proactively, before revealing
the demands. The performance is first analysed in terms of the minimum number of
bits transmitted by the server to satisfy the users’ demands over an error-free shared
link. Then, by considering various models for the shared link, physical layer aspect
of fulfilling users’ demands is studied. The highest achievable rate of each file in the
library is characterized, upper and lower bounds on the transmit power are derived,
and finally a caching system with delivering files to the users at different rates is
investigated, and the rate tuples at which the requested contents can be delivered to

the users is characterized.

Next machine learning (ML) at the wireless edge is studied. First, by considering
scheduling of computation tasks across multiple computational nodes to compute an
arbitrary function, upper and lower bounds on the minimum average completion time
are developed. Then collaborative ML at the wireless edge is studied, where power
and bandwidth-limited wireless devices with local datasets carry out a learning task
with the help of a remote parameter server (PS). Digital and analog approaches are

introduced for transmission from the users to the PS over a shared wireless medium.
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Notation

Throughout this dissertation we will use the following notation. We denote sets
of real and integer values by R and Z, respectively. Notations |x| and [x]| repre-
sent the floor and ceiling functions, respectively. For i,j € Z, [i : j] denotes the set
{i,i +1,...,5}, and, for 2 € R, we let [2] £ {1,2,...,[z]}, and (2)T £ max {z,0}.
We denote the sequence X, Xit1,...,X;-1,X; shortly by X[ . (z) represents the
binomial coefficient, and A(i, j) returns (i, j)-th entry of matrix A. For two sets Q
and P, Q\P is the set of elements in Q that do not belong to P, and for ¢ ¢ Q, we
define {Q,q} £ QJ{q}. We let N (0,0?) represent a zero-mean normal distribution
with variance o2, U (a, b) denote a uniform distributed over [a, b]. Notation |-| returns
cardinality of a set, or the length of a file. Also, & refers to bitwise XOR operation,
while @ represents bitwise XOR operation where the arguments are first zero-padded
to have the same length as the longest argument. Finally, |||, returns I norm of

vector .

17



Chapter 1

Introduction

Emerging technologies along with ever-increasing wireless devices with their demands
have brought new challenges on the network core. The backhaul network experiences
a significantly high network load at the times of heavy demand. Also, efficiently pro-
cessing the massive amount of data, growing explosively, imposes a huge burden on
the network core. To alleviate the load on the network, it is vital to move some of
the core processing capabilities to the network edge in order to deal with the growing

demand for content, as well as computation over wireless networks.

In this dissertation, we focus on developing tools to exploit “edge processing” capa-
bilities in wireless networks. We study distributed frameworks and develop techniques
to facilitate communication and computation, which are the two main core components
of many emerging technologies. In particular, we develop tools to convert distributed
cache memories into valuable bandwidth through coded delivery. Similarly, we utilize
computational capabilities distributed across multiple devices in a network to speed
up computation tasks involving massive datasets, particularly for machine learning
applications. In both parts of the thesis, we exploit ideas from communication and

coding theory to utilize distributed network resources in the most efficient manner.

In the following sections we will briefly overview the problems considered in these
two components of the thesis, provide a brief summary of the most relevant literature,

and the objectives dealt with.

1.1 Wireless Coded Caching

The ever-increasing mobile data traffic is imposing a great challenge on the current

network architectures. The growing demand has been typically addressed by increasing

18



Chapter 1. Introduction 19

the achievable data rates; however, there has been a recent revival of interest in content
caching, particularly focusing on wireless networks. This interest stems from a very
practical problem: exponential growth in mobile traffic cannot be matched by the
increase in the spectral efficiency of wireless networks. This, in turn, leads to congestion
in the radio access as well as the backhaul links, and increased delay and outages
for users, particularly during peak traffic periods, whereas the resources are often
underutilized during off-peak periods. Proactively caching popular contents at the
network edge during off-peak hours has been recently proposed as a potential remedy
for this problem (see [1-5], and references therein). Proactive caching shifts traffic
from peak to off-peak hours, reduces latency for users, and potentially provides energy

savings.

Caching in this model consists of two distinct phases: In the first phase, which
takes place during off-peak periods, i.e., when the network is not congested, caches at
user terminals are filled by the server. This first phase is called the placement phase.
The only constraint on the data transmitted and stored in a user cache in this phase
is the cache size. However, due to the “proactive” nature of the cache placement,
it is carried out without the knowledge of the particular user requests. A shared
communication channel is considered to be available from the server to all the users
during the peak traffic period. Once the user demands are revealed in this period, the
server broadcasts additional information over the common error-free channel in order
to satisfy all the user requests simultaneously. This constitutes the delivery phase.
Since the delivery phase takes place during peak traffic period, the goal is to minimize
the rate of transmission over the shared link, called the delivery rate, by exploiting the

contents that are available at the caches.

1.1.1 Literature Review

Here we present the most fundamental and relevant papers studying content caching

and delivery, which is by no means an exhaustive literature survey.

Over the past decade, research on caching has mainly focused on the placement

phase; the goal has been to decide which contents to cache, typically at a server that
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serves many users, by anticipating future demands based on the history (see [6-9],
and references therein). This is an uncoded caching approach, where parts of popular
contents are stored in the local cache memories in an uncoded manner, and once the
user requests are revealed, remaining parts are delivered by the server over the shared
link. The corresponding gain relative to not having a cache is called local caching gain,
and depends on the local cache size. On the other hand, it has been shown in [3] that
coded caching provides a global caching gain, where users benefit not only from their
own local cache, but also from the available cache memory across the network. Coded
caching provides a novel method to mitigate network congestion during peak traffic

hours by creating and exploiting coded multicasting opportunities across users.

In a centralized coded caching scheme, it is assumed that during the placement phase
the central server knows both the number and the identity of users participating in
the delivery phase, and carefully places contents in the user caches during off-peak
hours. A novel centralized coded caching scheme for a network of K users requesting
N popular files of the same size is proposed in [3]. For a caching factor r € [0 : K],
with the scheme in [3], each file is split into ([: ) equal-length subfiles, and each set
of r users store a distinct subfile of each file, resulting in a normalized cache size
M = N (]::11) / ([f) = rN/K at each user. After the user demands are revealed,
for any demand combination, a coded packet is delivered to each set of r + 1 users,

from which each user in that set can obtain its missing subfile thanks to its cached

rffl) coded packets are delivered,

content. In total, for any demand combination, (
each of normalized size 1/ (I: ) Thus, this scheme delivers the same number of coded
packets in the delivery phase regardless of any specific demand combination. However,
in practice files have different popularities, and a fraction of the files might be highly
popular and requested by more than a user. The scheme proposed in [3], which has
been shown to be optimal for the worst case user demands when K < N and the cache
placement phase is uncoded [10], has been improved by taking into account the repeated
demands across the users [11-20]. Authors in [11] consider an alternative coded caching
scheme, which was originally proposed in [3] for two users, and show that it is optimal

when the number of users, K, is not less than the number of files in the library,

i.e., N < K, and the normalized cache size M at each user satisfies M < 1/K, i.e., a
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relatively small cache size. For N < K, the delivery rate is further improved for various
special settings including N = 2 files [12,13], cache capacities M = (N — 1)/K [14],
M = N/K [15] and 1/K < M < N/K [16], and other special cases investigated
in [17,18]. Also, [19] proposes a coded caching scheme over a finite field of order 22
approaching the performance of that of introduced in [17]. An achievable scheme along
with a lower bound proving its optimality for uncoded cache placement for whole range

of N, K and M is proposed in [20].

Theoretical lower bounds on the delivery rate have been derived to characterize
the optimal performance of a caching system [3,21-25]. In general, the minimum
delivery rate for coded caching remains an open problem even in the symmetric setting

considered in the aforementioned previous works.

The scheme of [3] has been extended to a decentralized caching scenario [26], in which
neither identity nor the number of the users requesting files during the delivery phase
are not known in advance to perform the placement in coordination across caches.
The decentralized coded caching scheme proposed in [26] introduces a random cache
placement phase, where a randomly selected portion of each file is cached by each user,
followed by a coded delivery sending common packets to any subset of users. Similarly
to the centralized caching scheme introduced in [3], the decentralized caching scheme

in [26] has been improved for various different cases in [12,15,27].

The information-theoretic coded caching schemes introduced in [3,26] have received
significant attention, and have been extended to a variety of scenarios considering a one-
to-many communications, where placement and delivery phases are jointly designed to
improve the performance. A multi-layer caching scheme is proposed in [28-30], pro-
viding coded multicasting opportunities within each layer, as well as across multiple
layers. Coded caching has also been employed when files have distinct sizes [31]. The
authors in [32-34] utilize multicasting opportunities in caching systems with noniden-
tical cache capacities across users. Coded caching gain has also been exploited for
scenarios when the files in the library have different popularities across users [5,35-37],
and when the files in the library are correlated, and users require different levels of
reconstruction distortion [38-42]. An online caching approach is introduced in [43,44],

where the set of popular files are updated. As opposed to the caching model introduced
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in [3,26], authors in [45-49] have designed coded caching techniques when the files are
with finite size. Also, correlation-aware coded caching schemes have been introduced

in [50-54] when the files in the library are correlated.

Coded caching technique has also been deployed in various applications. Device-to-
device caching [4,55] studies the case when users communicate with other to collectively
satisfy the demands along with the cached contents. Also, femtocaching [56,57] con-
siders caching popular files in intermediate nodes between the server and the users,
referred to as helpers. The requested files not available at the helpers are transmitted
by the server at a higher cost, while the helpers serve the users with their cached con-
tents. Coded caching gain has further been exploited in combination networks, where
the server communicates with users, each equipped with a separate cache, through
intermediate relay nodes [58-63]. In addition, coded caching technique has been in-
vestigated in cellular networks with multiple transmitters [64-70]. Recently, coded
caching has been generalized to the scenario when the users are grouped, and each

group of users share the same cache [71].

In contrast to the setting introduced in [3], the channel from the server to the
users in the delivery phase is modelled as a noisy broadcast channel in [72-95]. The
works in [72-85] study multi-antenna caching designing beamforming to maximize the
throughput, interplay between caching gain and the amount of feedback on channel
state, and coded caching over noisy broadcast channels (BCs) in high power regime.
Also, coded caching techniques have been designed for various interference channels,
considering the availability of caches at the transmitters, receivers, or both sides [86—
89]. In [91], a centralized caching is considered while the delivery phase takes place
over a packet-erasure BC. The capacity-memory trade-off is investigated in this setting
assuming that only the weak users have caches, which requires knowledge about the
channel qualities in the delivery phase in advance. A degraded BC is considered in [92],
where the placement phase is designed in a centralized manner with the full knowledge
of the channel during the delivery phase in order to maximize the common rate of each

file in the library.
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1.1.2 Objectives

In this dissertation, we first aim to improve the delivery rate of the conventional
centralized caching setting studied in [3] as well as the decentralized one considered in
[26] for some special settings. We then relax the assumption of identical cache capacities
across users, since in practice users access content through diverse devices, typically
with very different storage capacities. We study decentralized caching for users with
distinct cache capacities, and develop upper and lower bounds on the delivery rate.
We then aim to investigate the benefits of caching by considering the physical layer
aspect of fulfilling users’ demands. To this end, we study various noisy models for the
shared link from the server to the users. We consider a memoryless packet erasure
BC to model the channel from the server to the users in the delivery phase. This
models a packetized communication system, where each packet is separately channel
coded against errors at the physical layer, so that a packet either arrives at the receiver
correctly, or is lost. Communication over the Internet is usually modeled as a packet
erasure channel. Assuming equal-rate files in the library, our goal is to maximize the
achievable rate of the files as a function of the cache size. Next, we study a Gaussian BC
from the server to the users in the delivery phase. We study the benefits of proactive
caching in reducing the transmit power, assuming that the noiseless cache placement
phase is carried out without the knowledge of channel conditions during the delivery
phase. We also consider a Gaussian BC model for the transmission in the delivery
phase, and allow each user to request the files at a different quality, and equivalently,
at a different rate. Our goal is to characterize the rate tuples at which the requested

contents can be delivered to the users.

1.2 Distributed Machine Learning

Many emerging technologies involve massive amounts of data collection, and collab-
orative intelligence that can process and make sense of this data. Internet of things
(IoT), autonomous driving, or extended reality (XR) technologies are prime examples,

where data from sensors must be continuously collected, communicated, and processed
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to make inferences about the state of a system, or predictions about its future states.
Many specialized machine learning (ML) algorithms are being developed tailored for
various types of sensor data; however, the current trend focuses on training a powerful
learning algorithm, often a neural network, on a massive dataset. It is essential to
distribute the task of training across multiple devices, as exploiting a single device for
large-scale ML problems is prohibitively slow. Distributed ML techniques typically
assume the availability of the data at a server, which distributes the data across dif-
ferent devices, and each device processes its local data and returns the result to the
server. While this inherently assumes the availability of data at a central processor, in
the case of wireless edge devices, transmitting the collected data to a central processor
in a reliable manner may be too costly in terms of energy and bandwidth, and un-
desirable due to privacy concerns. Communication is typically more costly compared
to processing; therefore, a much more desirable and practically viable alternative is to
develop distributed ML techniques that can exploit the local processing capabilities of
edge devices, requiring limited communications (see [96] for a survey of applications of
edge intelligence and existing approaches to enable it). Here we consider a distributed
ML network, where distributed processors with local data samples and connected to a

central parameter server (PS), jointly train a learning model.

1.2.1 Literature Review

Extensive efforts have been made in recent years to speed up large-scale distributed
learning. Research in this direction can be categorized into two: those reducing the
computation time at each worker, and those reducing the communication load between

the workers and the PS.

The techniques aiming to reduce the computation time can be further categorized
as coded and uncoded computation techniques, which are designed to mitigate the
overall performance degradation caused by slow workers, referred to as stragglers. For
this purpose, coded computation techniques, inspired by erasure codes against packet

losses, have been proposed recently [97-102]. With coded computation, computations
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from only a subset of non-straggling workers are sufficient to complete the computa-
tion task, thanks to redundant computations performed by the faster workers. In [97]
the authors employ a maximum-distance separable (MDS) code-inspired distributed
computation scheme in a distributed matrix-vector multiplication problem. A more
general distributed gradient descent (DGD) problem is considered in [98], where labeled
dataset is distributed across workers, each evaluating the gradient on its own parti-
tion. Various coding schemes have been introduced in [98-102], that assign redundant
computations to workers to attain tolerance against stragglers. Coded distributed com-
putation has also been studied for matrix-matrix multiplication, where the labeled data
is coded before being delivered to workers [103-105], and for distributed computing
of a polynomial function [106]. Also, for a linear regression problem, a polynomially
coded approach is proposed in [107], where the data is encoded and distributed across

the workers to compute the gradient of the loss function.

Most existing coded computation techniques are designed to tolerate persistent strag-
glers, and discard computations performed by stragglers. However, in practice we often
encounter non-persistent stragglers, which, despite being slower, complete a significant
portion of the assigned tasks by the time faster workers complete all their tasks [108].
Recently, there have been efforts to exploit the computations carried out by non-
persistent stragglers at the expense of increasing the communication load from the
workers to the PS [108-112]. Techniques studied in [108-111] are based on coding with
associated encoding and decoding complexities, which require the availability and pro-
cessing of all the data points at the PS. In [111] a linear regression problem is studied,
and the scheme in [107] is extended by allowing each worker to communicate mul-
tiple computations sequentially, where the computations are carried out using coded
data. The authors in [108] propose to split the computation tasks into multiple levels,
and code each level using MDS coding. However, the coding scheme depends on the
statistical behavior of the stragglers, which may not be possible to predict accurately
in practice. Distributed matrix-vector multiplication is studied in [109]. It is shown
that, by performing random coding across the dataset, the results can be obtained
from a subset of all the tasks assigned to the workers with high probability, where

each completes the assigned tasks sequentially. To execute the tasks which are linear
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functions of their arguments, e.g., matrix-vector multiplication, rateless codes are used
in [110], requiring a large number of data points assigned to each worker to guarantee

decodability of the target function at the PS.

While significant research efforts have been invested in designing coded computa-
tion [98-107] techniques, uncoded computing and communication are also shown to be
effective in tackling stragglers and reducing the average computation time [112,113].
Unlike coded computation, uncoded computing approach does not introduce any en-
coding and decoding delays and complexities; hence, can be particularly efficient for
edge learning where the data is inherently distributed [114]. It also allows partial
decoding, which can be exploited to reduce the communication load for distributed
learning [114-116]. An uncoded computation approach is considered in [112], where
the dataset is split into a limited number of mini-batches, and each worker is randomly
assigned a mini-batch of data. This approach requires a large number of workers com-
pared to the number of mini-batches to ensure that the master can recover all the
data from the workers with high probability. The authors in [113] study dynamic com-
putation allocation across the workers with feedback providing information about the
workers’ speeds. The proposed uncoded computation approach in this paper does not
impose any constraint on the number of workers, and is designed without any prior

knowledge or feedback on the computation and communication delays at the workers.

In many practical implementations, however, bandwidth of the communication chan-
nel from the workers to the PS turns out to be the main bottleneck for speeding up
distributed learning [117,118]. Therefore, reducing the communication requirements
of distributed stochastic gradient descent (DSGD) is as important as reducing the av-
erage computation time. To reduce the communication load, three main approaches,
namely quantization, sparsification, and local updates, and their various combinations
have been considered in the literature. Quantization methods implement lossy com-
pression of the gradient vectors by quantizing each of their entries to a finite-bit low
precision value [115,117,119-125]. Sparsification reduces the communication time by
transmitting only some values of the gradient vectors [118,126-132]. Sparsification can
be considered as another way of lossy compression, but it is assumed that the chosen

entries of the gradient vectors are transmitted reliably, e.g., at a very high resolution.
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Another approach is to reduce the frequency of communication from the workers by al-
lowing local parameter updates [114,118,133-136]. The above works ignore the physical
aspects of the underlying communication channel, and focus on reducing the amount
of data sent by each worker to the PS. On the other hand, the authors in [137-139]
consider ML at the wireless network edge by assuming a wireless shared medium from
the workers to the PS. Distributed learning in this scenario is attractive also due to
privacy and personalization [140]. The authors in [137] study a distributed federated
learning problem over a fading multiple access channel (MAC), where each entry of a
gradient vector is scheduled for transmission depending on its corresponding channel
condition. A wireless MAC with beamforming at the PS, which is equipped with mul-
tiple antennas, is considered in [138] for distributed federated learning, where the goal
is to maximize the number of workers scheduled for transmission with an acceptable

quality for the retrieved signal.

1.2.2 Objectives

While significant research efforts have been invested in designing coded computa-
tion [98-107] techniques, we consider computation of an arbitrary function over a
dataset, and introduce a centralized scheduling strategy for uncoded distributed com-
putation, where the tasks are assigned to the workers by the master. Each worker can
compute a limited number of tasks, referred to as the computation load. Computations
are carried out sequentially, and the result of each computation is sent to the master
right after it is completed. Communication delay from the workers to the master is also
taken into account. We assume that both the computation and communication delays
are independent across the workers since they have different computation capabilities
with various dynamic behaviours of processing speed, and they communicate with the
PS over different links experiencing distinct mediums, but the delays be correlated
for different tasks carried out at the same worker. We highlight here that the reason
behind assuming the independence of the computation delay across the worker The
computation is assumed to be completed when the master receives sufficient number

of distinct computations, referred to as the computation target. Assuming that the
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computation and communication delays are random variables, our goal is to character-
ize the minimum average completion time as a function of the computation load and

computation target.

In the scenario above while we take into account the amount of communication
between the PS and the workers, the communication channel in between is assumed
error-free'. This is the standard assumption in the distributed computing literature,
which mainly focuses on the reduction of the communication load, and ignores the
communication channel. In this dissertation, we consider DSGD over-the-air; that is,
we consider a wireless shared medium from the workers to the PS, and treat each iter-
ation of the DSGD algorithm as a distributed over-the-air computation problem. This
can model machine learning at the wireless network edge, where the workers corre-
spond to IoT devices or sensor nodes that collect their local data samples. Distributed
learning in this scenario is attractive also due to privacy and personalization [140].
We will provide two distinct approaches for this wireless DSGD problem, based on
digital and analog computation approaches, respectively. We will show that analog
“over-the-air” computation can significantly speed up wireless DSGD, particularly in
bandwidth-limited and low-power settings, typically experienced by wireless edge de-

vices.

1.3 Outline and Contributions

The first four technical chapters of this dissertation, Chapters 2-5, present results on
coded caching and delivery for various scenarios with different communication channel
models to address the physical layer aspects of the transmission over the delivery
phase, while Chapters 6 and 7 focus on distributed computing and machine learning,
respectively. In the following, we outline the content and results of each chapter, as

well as the corresponding publications.

'Noisy communication link in this framework can be considered by introducing additional delay
leading to a reliable communication.
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Chapter 2

In Chapter 2 we consider a caching system, in which the users are served in the delivery
phase through an error-free shared link. We highlight the fundamental limits of a
caching system for a simple error-free shared link from the server to the users in this
chapter, and consider more sophisticated channel models in the following chapters.
Assuming the same cache size at each user, we present a centralized coded caching
technique providing an improved delivery rate for cache size M = (N — 1)/K. We
then extend the improvement of the proposed scheme to the cache size M = N/K, and
employ the proposed caching scheme in the decentralized scenario, and after deriving
the delivery rate, we show that it reduces the state-of-the-art decentralized delivery
rate. We finally study a decentralized caching for users with distinct cache capacities.
We provide upper and lower bounds on the optimum delivery rate. The results in this

chapter have been published in:

e M. Mohammadi Amiri, Q. Yang, and D. Giindiiz, “Coded caching for a large
number of users,” in Proc. IEEE Inform. Theory Workshop (ITW), Cambridge,
UK, pp. 171-175, Sep. 2016,

e M. Mohammadi Amiri and D. Giindiiz, “Improved delivery rate-cache size trade-
off for centralized coded caching,” in Proc. IEEE Int’l Symp. on Inform. Theory
and Its Applications (ISITA), Monterey, CA, USA, pp. 26-30, Oct.-Nov. 2016.

e M. Mohammadi Amiri, Q. Yang, and D. Giindiiz, “Decentralized coded caching
with distinct cache capacities,” in Proc. Asilomar Conf. on Signals, Systems

and Computers, Pacific Grove, CA, pp. 734-738, Nov. 2016.

e M. Mohammadi Amiri and D. Giindiiz, “Fundamental limits of coded caching:
Improved delivery rate-cache size trade-off,” IEFEE Trans. Commun., vol. 65,

no. 2, pp. 806-815, Feb. 2017.

e M. Mohammadi Amiri, Q. Yang, and D. Giindiiz, “Decentralized caching and
coded delivery with distinct cache capacities,” IFEE Trans. Commun., vol. 65,

no. 11, pp. 4657-4669, Nov. 2017.
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Chapter 3

In Chapter 3 we study coded caching, where the delivery phase takes place over a
memoryless packet erasure BC rather than an error-free shared link. The receivers in
the system are grouped into two disjoint sets of weak and strong receivers. All the weak
receivers are assumed to have statistically worse channels than the strong receivers,
while the users in each set can have arbitrary erasure probabilities. To compensate for
their worse channel quality, each weak receiver is equipped with a cache memory of
equal size. Assuming equal-rate files in the library, we derive a trade-off between the
size of the caches provided to the weak receivers and the rate of the files, for which any
demand combination can be reliably satisfied over the erasure BC. We show that, when
specified to the homogeneous scenario considered in [91], in which all the receivers in
the same set (i.e., weak and strong receivers) have the same erasure probability, the
proposed scheme outperforms the one in [91]. The results in this chapter have been

published in:

e M. Mohammadi Amiri and D. Giindiiz, “Cache-aided data delivery over erasure
broadcast channels,” in Proc. IEEE Int’l Conf. on Commun. (ICC), Paris,
France, pp. 1-6, May 2017.

e M. Mohammadi Amiri and D. Giindiiz, “Cache-aided content delivery over era-
sure broadcast channels,” IEFE Trans. Commun., vol. 66, no. 1, pp. 370-381,
Jan. 2018.

Chapter 4

With the aim of considering a more realistic channel model, in Chapter 4 we study
caching with delivery phase over a Gaussian BC, which is typically adopted as the
channel model for wireless communication. Assuming uniform popularity across the
files, we first study the minimum required average power to serve all the users, aver-
aged over all the user demand combinations. We allow the transmitter to change its
power depending on the demand combination in order to minimize the average power
consumption. We then consider the transmit power required to satisfy the worst-case
demand combination, called the peak power. We provide upper bounds on the mini-

mum average and peak power values as a function of the rate of the files in the library
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and the capacity of the user caches, for centralized cache placement. We then extend
the proposed scheme by considering decentralized cache placement. The proposed de-
livery strategy employs superposition coding and power allocation, and the achievable
transmit power for any demand combination is derived thanks to the degradedness of
a Gaussian BC. We further derive lower bounds on the performance assuming uncoded

cache placement. The results in this chapter have been partially published in:

e M. Mohammadi Amiri and D. Giindiiz, “Decentralized caching and coded deliv-
ery over Gaussian broadcast channels,” in Proc. IEEE Int’l Symp. on Inform.

Theory (ISIT), Aachen, Germany, pp. 2785-2789, Jun. 2017.

e M. Mohammadi Amiri and D. Glindiiz, “Caching and coded delivery over Gaus-
sian broadcast channels for energy efficiency,” IEEE J. Sel. Areas in Commun.,

vol. 36, no. 8, pp. 1706-1720, Aug. 2018.

Chapter 5

In Chapter 5 we study a caching system by considering a Gaussian BC in the delivery
phase. We allow the users to request the files at different rates. Each file in the
library is coded into K layers, K being the number of users, ordered in increasing
channel qualities, where user k receives layers 1 to k of its request, k =1,..., K. We
consider a centralized placement phase, and assume that the channel qualities of the
users in the delivery phase are known in advance. By allowing users to have different
cache capacities, we consider a total cache size in the network as a constraint, and
optimize cache allocation across the users and different layers of the files. We aim
at characterizing the rate tuples at which the requested contents can be delivered to
the users as a function of the total cache size. The results in this chapter have been

published /submitted for publication in:

e M. Mohammadi Amiri and D. Giindiiz, “On the capacity region of a cache-aided
Gaussian broadcast channel with multi-layer messages,” in Proc. IEEE Int’l

Symp. on Inform. Theory (ISIT), Vail, CO, USA, pp. 1909-1913, Jun. 2018.



Chapter 1. Introduction 32

e M. Mohammadi Amiri and D. Giindiiz, “On the capacity region of a cache-
aided Gaussian broadcast channel with multi-layer messages,” arXiv:1806.09894

[es.IT], Jun. 2018.

Chapter 6

In Chapter 6 we study a distributed computation problem, where an arbitrary func-
tion is to be computed over a dataset through K users. We introduce a centralized
scheduling strategy for uncoded distributed computation, where the tasks are assigned
to the users by the PS. The computation of the function over the dataset is announced
to be completed, if the PS receives a sufficient number of distinct computations from
the users. The goal is to characterize the minimum value of the average completion
time as a function of the size of local dataset at each user, as well as the required
number of distinct computations at the PS for completion, where the randomness is
due to the random computation and communication delays at the users. We develop
upper and lower bounds on the optimum average completion time. The results in this

chapter have been published /submitted for publication in:

e M. Mohammadi Amiri and D. Giindiiz, “Computation scheduling for distributed
machine learning with straggling workers,” in Proc. IEEFE Int’l Conf. on Acous-
tics, Speech, and Signal Processing (ICASSP), Brighton, UK, pp. 8177-8181,
May 2019.

e M. Mohammadi Amiri and D. Glindiiz, “Computation scheduling for distributed
machine learning with straggling workers,” arXiv:1810.09992 [cs.DCJ, Oct. 2018.

Chapter 7

In Chapter 7 we study distributed ML at the wireless edge, where power and bandwidth-
limited wireless devices with limited local datasets carry out DSGD with the help of
a remote PS. We model the communication channel from the edge users to the PS by
a wireless MAC with limited number of channel uses. We will provide two different
approaches for this wireless DSGD problem, based on digital and analog computation
approaches, respectively. We will show that analog “over-the-air” computation can sig-

nificantly speed up wireless DSGD, particularly in bandwidth-limited and low-power
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settings, typically experienced by wireless edge devices. The results in this chapter

have been published /submitted for publication in:

e M. Mohammadi Amiri and D. Giindiiz, “Machine learning at the wireless edge:
Distributed stochastic gradient descent over-the-air,” in Proc. IEEE Int’l Symp.
on Inform. Theory (ISIT), Paris, France, Jul. 2019.

e M. Mohammadi Amiri and D. Giindiiz, “Over-the-air machine learning at the
wireless edge,” in Proc. IEEE Int’l Workshop on Signal Processing Advances in
Wireless Communications (SPAWC), Cannes, France, Jul. 2019.

e M. Mohammadi Amiri and D. Giindiiz, “Machine learning at the wireless edge:
Distributed stochastic gradient descent over-the-air,” arXiv:1901.00844 [cs.DC],
Jan. 2019.

Chapter 8
Finally, in Chapter 8 we provide the conclusions of the research presented in this
dissertation, and discuss potential research directions that can be considered in the

future, as well as open questions and challenges that need to be addressed.

Other Publications
The following papers have also been published/submitted for publication as results
of the works carried out during the Ph.D. studies, but their contents have not been

included in this dissertation:

e M. Mohammadi Amiri and D. Giindiiz, “Federated learning over wireless fading

channels,” arXiv:1907.09769 [cs.IT], Jul. 2019.

e Q. Yang, M. Mohammadi Amiri, and D. Giindiiz, “Audience-retention-rate-aware
caching and coded video delivery with asynchronous demands,” IEEE Transac-

tions on Communications, to appear.

e M. Mohammadi Amiri, T. M. Duman, and D. Giindiiz, “Collaborative machine

learning at the wireless edge with blind transmitters,” in Proc. IEEE Global



Chapter 1. Introduction 34

Conference on Signal and Information Processing (GlobalSIP), Ottawa, Canada,
Nov. 2019.

e J. Zhao, M. Mohammadi Amiri, and D. Giindiiz, “A low-complexity cache-aided
multi-antenna content delivery scheme,” in Proc. IEEFE Int’l Workshop on Signal
Processing Advances in Wireless Communications (SPAWC), Cannes, France,

Jul. 2019.

e Q. Yang, M. Mohammadi Amiri, and D. Giindiiz, “Audience retention rate aware
coded video caching,” in Proc. IEEE Int’l Conf. on Commun. (ICC), Paris,
France, pp. 1189-1194, May 2017.



Chapter 2

Fundamental Limits of Coded

Caching

2.1 Overview

In this chapter, we first consider a centralized coded caching system, where a server,
hosting popular contents, fulfills users’ demands, each equipped with a cache memory,
through an error-free shared link. The goal is to minimize the number of bits delivered
by the server over the shared link, known as the delivery rate, over all user demand
combinations. We first consider a homogeneous scenario, where each user is equipped
with a cache of the same size. A novel coded caching scheme for relatively small
cache sizes is proposed. It is shown that the proposed scheme achieves a smaller
delivery rate than the state-of-the-art schemes when the number of users in the system
is not less than the number of files, which may arise after releasing new episodes of
popular TV series, breaking news videos, or broadcasting different software updates to
clients. Furthermore, we prove that the delivery rate of the proposed scheme is within
a constant multiplicative factor of 2 of the optimal delivery rate for relatively small
cache sizes. We then extend the scheme to a decentralized coded caching system, as
well as the case when each user has access to a cache of distinct size and show that

the proposed scheme outperforms the state-of-the-art results.

2.2 Introduction

In this chapter, we focus on the coded caching model proposed in [3], which considers

a single server with a database of N popular contents of equal size (F bits), serving K

35
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users, where user ¢ has local storage space, sufficient to store M; files, that can be used
to proactively cache content during off-peak hours, for i € [K]. In this proactive caching
model, the placement phase takes place during off-peak traffic hours when the resources
are abundant, without the knowledge of particular user demands. When the user
demands are revealed, the delivery phase is performed, in which a multicasting common
message is transmitted from the server to all the users over the shared communication
channel. Each user decodes its requested file by combining the bits received in the

delivery phase with the contents stored in its local cache.

We first consider M; = M, Vi € [K|, and propose a novel centralized coded caching
scheme, when the normalized cache size of the users is given by M = (N —1)/K. This
new caching scheme utilizes coded content placement, in which contents are partitioned
into smaller chunks, and pairwise XOR~ed contents are placed in the user caches.
The delivery phase utilizes both coded and uncoded transmission. We show that the
proposed caching scheme requires a smaller delivery rate (evaluated for the worst-case
user demands) compared to the state-of-the-art scheme for the same cache size, when
N < K. We highlight here that this scenario is valid for contents that become highly
popular over the Internet, and are demanded by a huge number of users, each equipped
with a cache memory of comparatively small size, in a relatively short time interval,
for example, viral videos distributed over social networks, new episodes of popular TV
series, breaking news videos, or for broadcasting different software updates to millions
of clients. We also show that the delivery rate achieved by the proposed caching scheme
is within a constant multiplicative factor of 2 of the optimal delivery rate for cache
capacities satisfying 1/K < M < (N —1)/K, when K > N > 3. We then extend the
scheme and propose a novel group-based centralized (GBC) coded caching scheme for
a cache size of M = N/K at the users. It is shown that the GBC scheme achieves
a lower delivery rate compared to the state-of-the-art results when K > N > 3. We
further employ the idea behind the GBC scheme in the decentralized caching setting,
and introduce the group-based decentralized (GBD) caching scheme, which is shown to
achieve a smaller delivery rate compared to the state-of-the-art schemes. We finally
extend the GBD scheme to the decentralized caching scenario where users have caches

of distinct sizes.
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FI1GURE 2.1: Illustration of a caching system consisting of a server with a database of
N files, each with size F' bits, serving K users. User i has access to a cache of capacity
M, F bits, and requests a single file from the database, i € [K]. These requests are
served simultaneously through an error-free shared link.

The remainder of this chapter is organized as follows. In Section 2.3 we present the
system model. We describe and analyze the centralized coded caching and decentral-
ized coded caching schemes in Section 2.4 and Section 2.5, respectively. We present the
numerical results in Section 2.6. Conclusions are drawn in Section 2.7. The detailed

proofs are provided in Appendix A.

2.3 System Model

A server with a content library of N independent files W £ (W7, ..., Wy) is con-
sidered. All the files in the library are assumed to be of length F' bits, and each of
them is chosen uniformly randomly over the set [2F ] As depicted in Fig. 2.1, there
are K users, where user ¢ is equipped with a cache memory of size M;F bits, with
the normalized cache size M; < N, Vi € [K], and each user requests a single file from
the library. The files have uniform popularity across the users, and users request their
desired files almost simultaneously. Data delivery is divided into two phases. User
caches are filled during the placement phase. Let B; denote the contents of user i’s

cache at the end of the placement phase, which is a function of the database W given
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by B; = ¢EF) (W), for a caching function
o 2PN o [2LFM2'J}, for i € [K]. (2.1)

For centralized caching systems, the placement phase is designed by knowing the iden-
tities of the users that will participate in the delivery phase. On the other hand, for
decentralized caching, cache contents of each user are independent of the number and
identities of other users in the system. User requests are revealed after the placement
phase, where d; € [N] denotes the demand of user i, for i € [K]. These requests are
served simultaneously through an error-free shared link in the delivery phase.! The
DF-bit message sent over the shared link by the server in response to the demand
vector d £ (dy, ..., dg) is denoted by XF)| where X(F) € [2PF] and it is generated by

the encoding function
) 2P (MK o [QLFDJ], (2.2)

e, XUF) = 1/1(F ) (W, d). User i reconstructs its requested file W, after receiving the
common message X (F) in the delivery phase along with its cache contents B;. The
reconstruction at user i for the demand combination d is given by W; = M(F) (B;, X,d),

Vi € [K], where
) {QLFMiJ} « PLFDJ} x [NTK = [27] (2.3)

is the decoding function at user ¢. For a given content delivery network, the tuple
<¢[(1€])7 ), “E}I;}) ) constitute a caching and delivery code with delivery rate? D. We
are interested in the worst-case delivery rate, that is the delivery rate that is sufficient
to satisfy all demand combinations. Accordingly, the error probability is defined over

all demand combinations as follows.

13We first consider an error-free communication channel to study the fundamental limits of caching
in a simple setting. More complicated channel models for the delivery phase will be considered in the
following chapters.

2Delivery rate is a unitless metric specifying the normalized number of bits transmitted by the
server during the delivery phase, normalized by F'.
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Definition: The error probability of a (gb[(;]), ICHR ,uff;])) caching and delivery code

described above is given by

Pe £ maXde[N]K Pr {Uil {Wl 75 Wdl}} . (2.4)

where the family of demand combinations maximizing P, are referred to as the worst-

case user demands.

Definition: For a content delivery network with N files and K users, we say that a
cache size-delivery rate tuple (M (K] D) is achievable if, for every € > 0, there exists a
caching and delivery code <¢f§]),¢(p ), /‘E}};]) ) with error probability P, < ¢, for F' large

enough.

We highlight that any specific achievable scheme has a distinct worst-case user de-
mands maximizing the error probability. Please refer to Remarks 2.4.1 and 2.4.2 for
the worst-case user demands analysis for a specific achievable scheme studied in Section

2.4.1.

There is a trade-off between the achievable delivery rate D and the cache capacities

My, ..., Mg, defined as
D* (M) £ min {D : (Mg}, D) is achievable} . (2.5)

The main goal of this chapter is to characterize D* (M[ K]).

We would like to remark that in the system model considered above the library of
the files is assumed to remain the same from the placement phase to the delivery phase,
and the delivery phase takes place at once with a single-shot delivery. On the other
hand, online coded caching introduces techniques to benefit from the caches across the

network when the files are updated [43,44].
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2.4 Centralized Coded Caching

We consider M; = M, Vi € [K], and denote the optimum delivery rate-cache size
trade-off defined in (2.5) by D*(M). We first propose an achievable scheme, referred
to as the pair-wise coded caching (PCC) scheme for a normalized cache size M =
(N —1)/K. We then propose the group-based centralized coded caching (GBC) scheme
for M = N/K.

2.4.1 Pair-wise Coded Caching (PCC) Scheme

Here we introduce the placement and delivery phases of the PCC scheme for a
normalized cache size of M = (N —1)/K. We first present the PCC scheme through

a simple example highlighting its main ingredients.

Example 1. Consider a caching system with a database of N = 3 files, W7, W5 and
W3. There are K = 5 users in the system, each of which is equipped with a cache
of capacity M = (N — 1)/K = 2/5. To perform the placement phase, each file W,
Vi € [3], is first divided into K = 5 non-overlapping subfiles W ;, each of the same
length F'/5 bits, for j € [5]. The following contents are then cached by user 4, i € [5],

in the placement phase:
By = (Wy; @ Wa;, Wa; © W) (2.6)

Since each subfile ; ; has a length of F'/5 bits, the cache placement phase satisfies
the memory constraint. With the coded cache placement given above, three subfiles
are placed in the cache of each user in the form of two coded packets, coded in the
XOR-ed from. We note that by receiving any of the subfiles W ;, user ¢ can recover

the other two cached subfiles.

We argue that for the proposed caching scheme with N < K, the worst-case user
demands happens when each file is requested by at least one user. This fact will later
be clarified in Remark 2.4.1. By re-labeling the files and re-ordering the users, without

loss of generality, the user demand combination is assumed to be d = (1,1, 1,2, 3).
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In the delivery phase, each subfile W;;, Vi,j, is further divided into N —1 = 2
distinct pieces Wi(lj), for I = 1,2, each of size F//10 bits, i.e., W; j = (Wi(;), WZ-(?), Vi, j.

Accordingly, cache contents (2.6) can be rewritten as

2 l l l !
B, (W0 e wilnd e wid), .

7

The contents are then delivered by the server in three different parts. The following

contents are sent in each part of the delivery phase:

1 2 1 2 1 2 1 2 1 2
e Part 1: W2(’1), Wél), W2(’2)’ Wyf,g), W2(,3)7 W?E,3)> W1(,4)v W::g,zl)’ Wl(,5)’ VV2(,5)7
o Part 2: Wi 1 @ Wia, Wia® Wiz,

o Part 3: W) oW, W e wd, w2 ewdd, wi) e wly, wil e wiy,

) )

2 1 1 1
wiZ e wid Wil e Wyl

Having received the contents delivered in part 1, each user can retrieve all the subfiles
placed in its own cache in XOR-ed form. For example, user 1 can decode all the subfiles

W1, for i € [3], after receiving the pair <W2(711), W?Ei)).

With the second part, each user can obtain the subfiles of its desired file that have
been cached by another user with the same demand. For example, the contents W7 1 @
W12 and Wy o ® Wi 3 help users 1, 2 and 3 to obtain the subfiles of their request, W1,

which have been cached by each other.

Finally, the last part of the delivery phase enables each user to decode the missing
pieces of its requested file having been cached by another user with a different demand.
For example, the delivered contents W2(?1) ® W2(,22)v W2(?2) @ WQ(?, and Wl(i) @ WQ(??)) help
users 1, 2, and 3 to obtain the piece W1(,24)v and user 4 can also decode the pieces W2(,21)’
WQ%), and W2(23) It can be verified that having received all the bits sent in three parts
in the delivery phase, each user can obtain its desired file with a total delivery rate
of 2.1. On the other hand, the state-of-the-art achievable scheme, described in details
in [141, Section II], achieves a delivery rate of 2.12 for the setting under consideration.
We highlight that the gain of the proposed scheme is due to taking into account the

users with the same demand, and designing the delivery phase to reduce the delivery
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rate when there are repeated demands. Also, caching contents in a coded manner and

exploiting the cache memories efficiently is beneficial. O
In the sequel, we present the cache placement and delivery phases of the proposed
PCC scheme in the general setting, and analyze its delivery rate.

Placement phase: We first generate K non-overlapping subfiles, each of size F//K
bits, for each file W;, Vi € [N], denoted by Wji,...,W; . Similar to [11] we use

coded placement; that is, contents are cached in XOR-ed form in the placement phase.
However, unlike in [11], instead of XORing subfiles of all the files in the database, we
XOR subfiles in pairs. In particular, the following contents are cached by user j, for

J € [K], in the placement phase:
N—-1
Bi=J_, (Wi;® Wiiy). (2.8)

Since each subfile has a size of F//K bits, the limited memory of each cache is filled
completely by the proposed placement scheme. In this way, each subfile of all the files
is cached by exactly one user in the XOR-ed form. Hence, the whole of each file can
be found in the caches of the users across the network (in coded form). All the cached

subfiles at each user can be recovered by receiving any one of them.

Delivery phase: Note that, in the proposed caching scheme all the database is stored

across the caches of the users. Therefore, in the delivery phase, the server first transmits
the appropriate subfiles so that each user can recover all the subfiles stored in its cache
in XOR-ed form. Then, the server transmits XOR of contents that are available at two
different users, where each content is requested by the other user. This, equivalently,
enables the two users to exchange their contents. By appropriately pairing subfiles,
the server guarantees that each user receives the subfiles of its requested file that have

been cached by every other user in the system.

Without loss of generality, by re-ordering the users, it is assumed that the first Kj

users, referred to as the group Gy, request file W1, the next Ko users, which form the
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group Gs, demand Ws, and so on so forth. For notational convenience, we define

i
S; & Zl:l K, (2.9)
where we set Sg £ 0. Thus, the general-case user demands can be expressed as follows:
dp, =1, Si-1+1<k<S;, fori=1,...,N. (2.10)

It is illustrated in [141, Appendix A] that the delivery rate of the proposed coded
caching scheme does not depend on Kj, Vi, i.e., the proposed scheme is not affected by
the popularity of the files, as long as K; > 0. Therefore, when N < K, the worst-case
user demands for the proposed scheme happens when each file is requested by at least

one user, i.e., K; > 1, for i € [K].

The proposed delivery phase is divided into three distinct parts, and the contents de-
livered in part ¢ is denoted by XZ.(F), for i = 1,2,3. Hence, X(F) = (XfF), XéF),XéF)>
is transmitted over the shared link in the delivery phase. The delivery phase algorithm
is presented for the worst-case user demands when N < K, i.e., when there is at least
one user requesting each file. The proposed delivery phase algorithm is then extended
to all values of V and K for a generic user demand combination assumption by intro-
ducing a new variable Ng as the number of distinct files requested by the users for a

demand vector d.

To symmetrize the contents transmitted in the delivery phase, this phase is per-
formed by further partitioning each subfile; that is, each subfile W; ;, Vi, j, is divided
into (N — 1) distinct pieces Wi(}), e Wi(évfl), each of length F//(K(N —1)) bits. Con-

sidering these smaller pieces, the content placed in the cache of user j, for j € [K], can

be re-written as follows:
N-1, N-1
p— ) )
Bj = Ul:1 Uizl <Wi,j @WiJrl,j)' (2.11)

The first part of the delivery phase is stated in Algorithm 1. The main purpose of this
part is to enable each user j, Vj € [K], to retrieve all the subfiles W; ;, Vi € [N], that

have been cached in the cache of user j in XOR-ed form. We remark that according to
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Algorithm 1 Part 1 of the delivery phase of PCC

1: procedure PER-USER CODING
2: fori=1,...,N do

3: for!=95;,_1+1,...,5; do

4: for j=1,...,N and j #i do
Js J<i

5: mir =9 . L
j—1, 3>

6: x{) <X£F),Wj(;”“)>

7: end for

8: end for

9: end for

10: end procedure

the cache placement in (2.11), for each [ € [N — 1], by delivering only one of the pieces

w®

10 ..,WJ(\? Vj. Hence, each user

“ WJ(\Qy user j can recover all the pieces Wy J?

150
requires a total of (N —1) distinct pieces to recover all the subfiles placed in its cache in
XOR-ed form. To perform an efficient and symmetric delivery phase, (N — 1) distinct
pieces, which are in the cache of user j in XOR-ed form, corresponding to (N — 1)
different subfiles of the files that are not requested by user j are delivered to that
user. For example, for user 1 requesting file W1, the pieces <W2(,11)> W?fi), - W](V],Vl_l)>
are delivered by Algorithm 1. Accordingly, for user j that has requested file W;, the
pieces (Wl(,lj)7 - Wi(jfj), Wi(Jir)l, oo W](V]?;_l)> are delivered over the shared link. Thus,
each user j can recover all subfiles W;;, Vi € [N], stored in its cache in XOR-ed
form. Note also that, Algorithm 1 delivers at most one piece of each subfile over
the shared link. In Algorithm 1, we denote the index of the piece of subfile W; ;,
that is delivered in part 1 of the delivery phase by m; ;. We will later refer to these
indexes in explaining the other parts of the delivery phase. Note that, the pieces
(Wi W) w2,
file W;, for i € [N], and j = S;—1 + 1, ..., S;. Accordingly, for j € [N]\ {i}, we have

,W](V]?;_l)) are targeted for user j in group G; demanding

75 J <4,
mj = (2.12)

which results in m;; < N — 1.
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Algorithm 2 Part 2 of the delivery phase of PCC

1: procedure INTER-GROUP CODING
2: fori=1,...,N do

F F) | 18i—1
3: Xé ) — (Xé ), Uj:Si_l—i-l (Wi,j ©® I/Vi,j+1))
4: end for
5: end procedure

For example, in Example 1 given above, we have (mj 4, m15) = (1,1), (ma,1,m22,

ma3,mas) = (1,1,1,2), and (m31,m32,m33,m34) = (2,2,2,2).

Algorithm 2 presents the second part of the proposed delivery phase, which allows
each user to obtain its missing subfiles that have been cached by the other users in
the same group. Note that, having received part 1 of the delivery phase, user j in
group G;, for i € [N], and j € [S;—1 + 1 : S;], can recover subfile W; ;. Algorithm
2 delivers Ujs;fsil 41 (Wi; & Wi 1), with which user j can recover all the subfiles
Wi s, 1+1,--.,Wis,, i.e., the subfiles of file W; placed in the caches of users in group

G;.

The last part of the proposed delivery phase is presented in Algorithm 3, with which
each user can receive the missing pieces of its desired file that have been placed in the
cache of users in other groups. We deliver these pieces by exchanging data between the
users in different groups. Observe that, for each user in group G, for i € [N], one piece
of the subfile of its requested file W; which is available to the users in G;, for j € [IV],
j # i, was delivered in the first part of the delivery phase. Therefore, there are (N —2)
missing pieces of a file requested by a user, which have been placed in the cache of a user
in a different group. For example, by delivering the pieces <W2(711), W?E’Ql), e W](VJYI_I))
to user 1 demanding file Wi in part 1 of the delivery phase, each user in group G;
with demand W; can obtain the piece ngi—1)7 for j € [2: N]. Therefore, there are
(N — 2) missing pieces of the files requested by the users in groups Go,...,Gy, that
are available in the cache of user 1. Consider exchanging data between each user p in
group G; (demanding file W;) and each user ¢ in group G; (demanding file W;), for
ie€[N—1land j e [i+1:N|, wherep € [S;—1+1: 5] and ¢ € [Sj_1 +1:.5].
The subfile cached by user p (¢q) requested by user g (p) is W;, (W;,). According to
(2.12), the index of the piece of subfile W;, (W;,) delivered in the first part of the
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Algorithm 3 Part 3 of the delivery phase of PCC

1: procedure INTRA-GROUP CODING
2 fori=1,..., N —1do

3: forj:i—i—l,...,NdO

4: fori=1,. —2do
5 my = 771’7 (l)

6 mo = 7T2 (l)

7 i 2 (i st

1+1 2,
S;—1 (m2) (m2) (m1) (m2)
Un:Si,1+1 (W] n2 @ Wj,nj—l) ’Wz‘,Sj S VVj,SZ-2 )
: end for
9: end for
10: end for

11: end procedure

delivery phase is equal to my s, (ms;), Vp € [Si—1 +1:5;] and Vg € [S;—1 +1:5;].
Hence, the indexes of the missing pieces of each user in group G; (G;) available in the
cache of a user in group G; (G;) are [N — 1]\ {m;g, } — 1]\ {mjs,}). Let w7 ()
and 757 (-) be arbitrary permutations on sets [N — {mzs} and [N — 1]\ {m;s,},
respectively, for i € [N — 1] and j € [i +1 : N]. For my = 77 (1) and mgy = 757 (1),
Vi € [N — 2], after receiving the corresponding contents delivered by Algorithm 3, all

the users in G; can recover the pieces W( 1)1 IRTRRRY WZ( s, 1) , and all the users in G; can

(m2) 7 (ma)

recover the pieces W gt Wig

Having received all three parts of the delivery phase, each user j, Vj € [K], can
recover all the pieces of its desired file Wy, that have been placed in any of the caches
in the system. Together with the proposed placement phase, which guarantees that
all the subfiles of each file is available in one of the caches across the network, we can
conclude that the demand of each user is satisfied by the proposed caching algorithm.
It is to be noted that when N = 2, the proposed scheme is equivalent to the one

proposed in [11].

We highlight that the delivery phase of the PCC scheme takes into account the
repeated demands and reduces the number of delivered packets when the demands are

not distinct.

Delivery rate analysis: The delivery rate of the proposed coded caching scheme is

provided in the following theorem, whose detailed proof can be found in Appendix A.1.
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Theorem 2.1. In centralized caching with N files, each of length F bits, and K users,
each equipped with a cache of capacity M F bits, if N < K and M = (N — 1)/K, the

following worst-case delivery rate is achievable:

Drce <NI;1) =N (1 - ;};) . (2.13)

It is proved in [141, Appendix B] that for K > N > 3 the PCC scheme achieves a
smaller delivery rate than the state-of-the-art scheme for M = (N —1)/K.

Remark 2.4.1. To perform the proposed delivery phase for the general case, without
loss of generality, the user demand combination is assumed as in (2.10), such that
K; > 1, for i <d; and K; = 0, otherwise, for some Ngq < N, that is a total of Ng
files are requested by the users in the system. In this case, each subfile is divided into
(Ng — 1) distinct equal-length pieces, and in the delivery phase algorithm, the value
N is substituted by Ngq. Hence, according to the delivery rate analysis provided in
Appendix A.1, all the users’ demands can be satisfied by delivering a total number
of D, = Nq (1 — Nq/ (2K)) file(s). Since D. is an increasing function of Ny, we can
conclude that, for N < K, the worst-case user demands happens when all the N files

in the database are requested by at least one user, i.e., K; > 1, for i € [N].

Remark 2.4.2. Based on Remark 2.4.1, when N > K, the worst-case user demands
corresponds to the case when Ng = K, i.e., all the users request distinct files in the
database. Hence, the proposed scheme achieves a delivery rate of K/2 when M =
(N — 1)/K, which is equal to the delivery rate of the state-of-the-art for the same
cache size when N = K and N = K + 1. However, the scheme proposed in [3] achieves

a delivery rate smaller than K/2 for M = (N —1)/K, when N > K + 2.

In the following, we present an achievable delivery rate-cache size trade-off through
memory sharing between the scheme in [11] for M = 1/K and the PCC scheme for
M = (N —-1)/K, when K > N.

Corollary 2.1. The delivery rate-cache size trade-off

M 1 1 N -1
) : (2.14)

= _N(=4_— — — <M<
Dpcc(M) N<2+2K 1 K_M_ K
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s achievable in a centralized caching system with a database of N files, and K > N.

Theorem 2.2. For a caching system with N files, and K users, satisfying K > N > 3,
and a normalized cache size of M € [1/K,(N — 1)/K], we have

Dpcc (M)
—= < 2. 2.1
D* (M) — (2.15)
Proof. The proof can be found in [141, Appendix C]. O

2.4.2 Group-Based Centralized Coded Caching (GBC) Scheme

Here we introduce the placement and delivery phases of the GBC scheme along with

its delivery rate analysis. We first illustrate the GBC scheme on an example.

Example 2. In this example, we consider K = 10 users, N = 3 files, and a normalized
cache size of M = 3/10. Each file Wj is first divided into 10 non-overlapping subfiles
W, for j € [10], and i € [3], each of length F'/10 bits. Then one subfile from each file

is placed into each user’s cache; that is, we have B; = (W ;, W j, W3 ;), for j € [10].

The worst-case of user demands is when the requested files are as distinct as possible.

Without loss of generality, by re-ordering the users, we consider the following user

demands:
1, 1<j5<4,
dj=q2, 5<j<T, (2.16)
3, 8<35<10

In the delivery phase, the users are grouped according to their demands. Users that
request file W; from the server constitute group G;, for ¢ € [3]. The delivery phase is

divided into two distinct parts that are designed based on the group structure.

e Part 1: The first part of the delivery phase is designed to enable each user to
retrieve all the subfiles of its demand that have been placed in the caches of users
in the same group. As an example, all users 1, ..., 4, i.e., members of group G,
should be able to decode all the subfiles Wy 1, W12, W1 3, Wiy, i.e., the subfiles

stored in the cache of users in Gi, after receiving the message transmitted in
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part 1. Accordingly, in our example, in part 1 of the delivery phase the server
sends the following coded subfiles over the shared link. Wy 1@ Wy 9, Wi 2@ Wy 3,
Wiz @ Wiy, Wos® Wag, Wog @ Waz, Wig® Wsg, W9 @ Wi 10.

e Part 2: The purpose of part 2 is to make sure that each user can retrieve all the
subfiles of its desired file, which have been placed in the cache of users in other
groups. Hence, the server transmits the following coded subfiles in the second
part of the delivery phase. W15 ® Wi, Wie @ Wiz, Wa1 @ Wao, Woo @ Wa 3,
Was @ Wa s, Wiz ® Way, Wig® Wi, Wig® Wi, W1 @ Wszo, Wao @ Wis,
W33® W34, Wi10® W34, Wog @ Wag, Wog® Ws 19, W35 ® W36, Wi ® Wz,
W37 @ Wa 1.

It can be easily verified that, together with the contents placed locally, user j can
decode its requested file Wy, Vj € [10], from the message transmitted in the delivery
phase. As a result, by delivering a total of 12F/5 bits, which corresponds to a delivery
rate of 2.4, all user demands are satisfied. The delivery rate of the state-of-the-art
achievable scheme for normalized cache size of M = 3/10, presented in [15], is given
by 2.43. We highlight that, similarly to the PCC scheme, the benefit of the GBC
scheme is that it delivers less number of bits when there is repetition in the demand

combination. ]

Here we introduce the GBC scheme for any N and K values. We consider a normal-
ized cache size of M = N/K, i.e., the aggregate size of the cache memories distributed

across the network is equivalent to the total size of the database.

Placement phase: We employ the same placement phase proposed in [3] for M =

N/K, in which each file W; is divided into K non-overlapping subfiles W ;, for i € [IV]

and j € [K], each with the same size F'/K bits, and the cache contents of user j is
given by Bj = (W1 ;,Wa,,..., Wy ), Vj € [K]. It is easy to see that the cache size

constraint is satisfied.

Delivery phase: After demand combination (di,...,dr) is revealed, the delivery

phase is performed. Without loss of generality, by re-ordering the users, it is assumed

that the first K; users, referred to as group G, have the same request W7y, the next Ko
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Algorithm 4 Delivery Phase of the GBC Scheme

: Part 1: Exchanging contents between users in the same group
:fori=1,...,N do

1
2
F o
3: X§ ) = <Ufl:si_1+1 (Wi & Wi,jﬂ))
4: end for

5. Part 2: Exchanging contents between users in different groups
6: fori=1,...,N —1do
e for j=i+1,...,N do
. (F) _ (15t : : Si—1 . . : A
s X§ = (Uil o1 Wi @ Wagn) Upss! g (Wi © Wiain) Wi, © Ws,)
9: end for
10: end for

users, i.e., group Go, request the same file W5, and so on so forth. The coded delivery
phase of the GBC scheme is carried out in two parts, and the content delivered in part
i is denoted by Xi(F), i € [2]. Algorithm 4 presents the delivery phase of the GBC

scheme.

Having received the contents delivered in the first part of Algorithm 4, each user
can obtain the missing subfiles of its requested file, which are in the cache of users
in the same group; that is, each user j in group G; requesting file W, has access to
subfile Wj ;, and can decode all subfiles W;;, VI € [S;—1 +1: 5], after receiving the
contents delivered in line 3 of Algorithm 4, for i € [N] and j € [S;—1+1 : S;]. With the
contents delivered in the second part, each user can decode the subfiles of its requested
file which are in the cache of users in other groups. Note that, all users in group G;
demanding file W; have decoded subfile W; s,, and they can obtain all subfiles W;,
VI € [Sj—1+1:5]], ie., subfiles of file W; having been cached by users in group Gj,

after receiving Ufigjl (Wip ® Wigg1) and Wis. @ Wys,, for i € [N — 1] and j €

i+l
[i+1: N]. Similarly, all users in group G; can decode all subfiles of their requested file
W;, which are in the cache of users in group G; by receiving Ulegil 1 W@ Wjin)
and W; s, © Wjs,, for i € [N —1] and j € [i +1: NJ|. In this way, at the end of the

proposed delivery phase, the users can recover all the bits of their requested files.

Delivery rate analysis: We argue that when K > N, the worst-case user demands

for the GBC scheme is when there is at least one user requesting each file, i.e., K; > 0,

Vi € [N]. On the other hand, when K < N, without loss of generality, by re-ordering
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the users, the worst-case user demands is assumed to happen when K; = 1, if i € [K];

and K; = 0, otherwise.

When K < N, considering the worst-case user demands, the server transmits the
contents <Ufi}l UJK:Z-H (Wi75j @ Wj,Si)) using Algorithm 4, which are similar to the
contents delivered using the delivery phase proposed in [3, Algorithm 1] for a normal-
ized cache size of M = N/K. Thus, when N > K, the GBC scheme achieves a delivery
rate Dgpc(N/K) = (K —1)/2 for M = N/K.

For K > N, the delivery rate of the GBC scheme is stated in the next theorem,

whose proof can be found in Appendix A.2.

Theorem 2.3. In a centralized coded caching system with N files, each of size F
bits, K users, each equipped with a cache of capacity MF bits, where M = N/K, the
following delivery rate is achievable by the proposed GBC scheme, if K > N:

pane () = - X1 o

The superiority of the GBC scheme over the state-of-the-art is proved in [142, Ap-
pendix B] for K > N > 3 and M = N/K. We also highlight here that the GBC

scheme is optimal for 0 < M < N/K constrained to uncoded cache placement [20].

2.5 Decentralized Coded Caching

In practice, the number or identities of active users that will participate in the de-
livery phase might not be known in advance during the placement phase to design a
centralized cache placement. In such a scenario, called decentralized caching, coordi-
nation across users is not possible during the placement phase. In this section, we first
consider M; = M, Vi € [K]|, and we propose group-based decentralized coded caching
(GBD) scheme by extending the GBC scheme to the decentralized caching scenario.
We then study the scenario of non-equal cache sizes, and propose an achievable scheme

and develop a lower bound on the delivery rate.
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2.5.1 Group-Based Decentralized Coded Caching (GBD) Scheme

Here we consider a decentralized caching system, in which neither the number nor
the identities of the users that participate in the delivery phase are known during the
placement phase. We apply the techniques with the GBC scheme we have developed

for the centralized scenario to decentralized caching.

To simplify the notation, for i € [K], we define Wy, s as the bits of file Wy, , the file
requested by user ¢, which have been placed exclusively in the caches of the users in

set S, where S C [K].

Placement phase: In the placement phase, each user caches a random subset of

MF/N bits of each file independently. Since there are N files, each of length F' bits,

this placement phase satisfies the memory constraint.

Delivery phase: Similarly to the delivery phase of GBC, we re-order the users and

re-label the files such that the first K users, referred to as group G;, have the same

request W1, the next K users, group Gs, request Ws, and so on so forth.

There are two different procedures for the delivery phase, called DELIVERY-CODED
and DELIVERY-RANDOM, presented in Algorithm 5. The server follows either of the

two, whichever achieves a smaller delivery rate.

Let us start with the DELIVERY-CODED procedure of Algorithm 5, in which the
(

contents are delivered in three distinct parts, where X, F) denotes the contents delivered
with part ¢, i € [3], and XQ(F) = (Xéﬁ), Xég)). The main idea behind the coded delivery
phase is to deliver each user the missing bits of its requested file, that have been cached

by i user(s), Vi € [0: K —1].

In the first part, the bits of each requested file that are not in the cache of any user
are directly delivered by the server. Each transmitted content is destined for all the

users in a separate group, which have the same request.

In the second part, the bits of each requested file that have been cached by only one
user are served to the users requesting the file by utilizing the GBC scheme developed

for the centralized scenario.



Chapter 2. Fundamental Limits of Coded Caching 53

Algorithm 5 Coded Delivery Phase of the GBD Scheme

1: procedure DELIVERY-CODED
2: Part 1: Delivering bits that are not in the cache of any user
3: fori=1,2,...,N do
(F) _
4 Xl = WdSi,lﬂa{@}
5 end for

Part 2: Delivering bits that are in the cache of only one user
F N | Si—1
Xé,l) =Uis Un:Si,lJrl (Wi,{n} b Wi,{n+1})
F N—1| N S;—1
8: X§,2) = Uizl Uj:i+1 (Unjzsj_lﬂ (Wi,{n} ® Wi,{n+1})’

S;—1
UnZs_ie1 Winy @ Wigns1y) Wigs,y © Wj,{si})

N

9: Part 3: Delivering bits that are in the cache of more than one user
10: for i =3,4,...,K do

11: for SCc[1:K],|S|=i do

12: X5 = @esWa ()

13: end for

14: end for

15: end procedure

16: procedure DELIVERY-RANDOM
17: fori=1,2,...,N do

18: server delivers enough random linear combination of the bits of the file W;
to the users requesting it in order to decode it
19: end for

20: end procedure

Each user j in group §; requests W; and has already cached Wj(; for i € [N]
and j € [S;—1+1:S5;]. Having received the bits delivered in line 7 of Algorithm
5, user j can decode all bits W; iy, VI € [Si—1+1:5;]. The users also receive the
missing bits of their requested files having been cached by a user in a different group;
that is, by receiving Ups 1 (Wigmy ® Wignrny)s UnZs, 1 (Wigmy © Wigniny):
and W; 15,1 ® Wj 15,3, each user in groups g; and G; can decode the bits of its request

which have been placed in the cache of users in the other group, for ¢ € [N — 1] and

jeli+1:N].

In the last part, the same procedure as the one proposed in [26] is performed for the
missing bits of each file that have been cached by more than one user. Hence, following
the DELIVERY-CODED procedure presented in Algorithm 5, each user recovers all
the bits of its desired file.
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The novelty of the DELIVERY-CODED procedure in the GBD scheme is about
delivering the contents that are not cached by any user or cached by only one user,
where the delivery phase is performed by taking into account the user demands, and

it improves upon the scheme proposed in [26] when the demands are not distinct.

The second delivery procedure, DELIVERY-RANDOM, is as presented in In the last
part, the same procedure as the one proposed in [26], and the server delivers enough
random linear combinations of the bits of each requested file targeted for the users in

the same group requesting that file to decode it.

Delivery rate analysis: In the following, we derive an expression for the delivery

rate-cache size trade-off of the proposed GBD scheme, denoted by Dgpp(M). All
discussions in this section are stated assuming that M < N, and F' is large enough.
For each randomly chosen bit of each file, the probability of having been cached by
each user is M/N. Since the contents are cached independently by each user in the
placement phase, a random bit of each file is cached exclusively by the users in set

S C [K] (and no user outside this set) with probability (M/N)Il (1 — ar/N)E=IS],

Similar to the arguments presented for GBC, when N < K, the worst-case user
demands correspond to the scenario in which each file is requested by at least one user,
ie, K; > 0, Vi € [N]. On the other hand, when N > K, without loss of generality,

the worst-case user demands can be assumed as d; = i, Vi € [K].

When N > K, for the worst-case user demands described above, similar conditions
as the GBC scheme hold, and the GBD scheme achieves the same delivery rate as the

decentralized caching scheme proposed in [26], called the decentralized MAN scheme.

Next we consider the more interesting N < K case. We start with the first procedure
of Algorithm 5. In part 1, the server delivers IV groups of bits, each group corresponding
to a different file, which have not been cached by any user. The delivery rate-cache

size trade-off for this part of Algorithm 5, Dgpp, (M), can be evaluated as

Dggp, (M) = N<1 - %)K (2.18)

For the second part, we first need to find the total number of XOR-ed contents delivered
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by the server, each of which has length (M/N) (1 — M/N) =1 F bits (the length of
each XOR-ed content is equivalent to the number of bits of a file that have been cached
by only one user). Since the delivery phase of the GBC scheme is applied for this part,
based on (2.17), it can be easily evaluated that (NK — N(N + 1)/2) XOR-ed contents
are served3. Thus, the delivery rate-cache size trade-off corresponding to the second
part of the first procedure of Algorithm 5 is given by

Dggp, (M) = <NK - NU\;”) (%) <1 - %)Kl. (2.19)

The last part of the proposed delivery phase is equivalent to the first delivery phase
procedure proposed in [26, Algorithm 1], with which each user can decode the bits of
its requested file, which have been cached by more than one user. Following the same

technique as [26], the delivery rate corresponding to this part is derived as follows:

poan 0= () (5) (5)
- (1-30)" - L (3) (-39

+ % (1 - (1 - %)K_l) -1 (2.20)

The overall delivery rate-cache size trade-off for the first procedure of Algorithm 5,
Dl.pp(M), is the sum of the delivery rates of all three parts in (2.18), (2.19), and
(2.20), and is evaluated as

Dépp (M) = Dgpp, (M) + Depp, (M) + Desp, (M)

:%_1— [(K—N—2) <1+;(K—N—1)%>+Aj\” <1—%>K1' (2.21)

For the worst-case user demands, it is shown in [26, Appendix A] that the second

delivery procedure achieves the same delivery rate-cache size trade-off as the uncoded

3Note that, in the delivery phase of the GBC scheme for M = N/K, a total of (NK — N(N +1)/2)
XOR-ed contents, each of size F/K bits, are delivered, which results in Dgpc(N/K) = N — N(N +
1)/2K.
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scheme, given by
N

Dépp (M) =K (1 — %) min {1, K} : (2.22)

The delivery rate of the proposed GBD scheme is evidently the minimum value of

Dipp(M) and D%y (M), which is presented in the following theorem.

Theorem 2.4. In a decentralized caching system with K users requesting contents from
a server with N files in its database, when N < K, the following delivery rate-cache
size trade-off is achievable by the GBD scheme:

b = (1- )

Xmin{]\]\;— [(K—N—Q) <1+;(K—N—1)]\]\{>+]\]\;] (1—]\]\{>K_2,N}.

(2.23)

The analytical proof of the superiority of the GBD scheme over the state-of-the-art

decentralized caching scheme is provided in [142, Section C].

Remark 2.5.1. We note that the complexity of the decentralized caching scheme GBD
is higher than that of its corresponding centralized caching scheme GBC. The GBD
scheme requires a higher number of subpacketization and more overhead for processing
the subfiles cached by different users. This is the penalty to be paid due to the lack
of knowledge about the identities of the users participating in the delivery phase in

advance.

2.5.2 Distinct Cache Capacities

Here we extend the proposed GBD scheme to the scenario with distinct cache ca-

pacities. A new lower bound on the delivery rate D*(Mg)) is also provided.

Placement phase: In the placement phase, user i caches a random subset of M;F/N

bits of each file independently, for ¢ € [K]. Since there are N files in the database, a

total of M;F' bits are cached by user ¢ satisfying the cache size constraint with equality.



Chapter 2. Fundamental Limits of Coded Caching 57

Since each user fills its cache independently, a bit of each file is cached exclusively by

the users in set § C [K] with probability [];cs (Mi/N)[I;cixps (1 — M;/N).

Delivery phase: We apply the same re-labeling of users into groups based on their

requests as with the GBD scheme. We remind that the user demands are as follows:

dj =i, forie[N],jel[Si1+1:5] (2.24)

We further order the users within a group according to their cache capacities, and

assume, without loss of generality, that Mg, 41 < Mg, 42 <--- < Mg, for i € [N].

The delivery phase of the proposed GBD scheme for distinct cache capacities is
presented in Algorithm 6. Similar to GBD, it has two distinct delivery procedures,
CODED DELIVERY and RANDOM DELIVERY; and the server chooses the one

with the smaller delivery rate.

The CODED DELIVERY procedure in Algorithm 6 follows the similar steps as
the CODED DELIVERY procedure in Algorithm 5, except that & is replaced with
@, due to the asymmetry across the users’ cache capacities, and consequently, the
size of the cached subfiles by different users. We remark that the correctness of the
CODED DELIVERY in Algorithm 6 follows similarly to the correctness of the CODED
DELIVERY procedure in Algorithm 5.

Delivery rate analysis: Consider first the case N > K. It can be argued in this

case that the worst-case user demands happens if each file is requested by at most
one user. Hence, by re-ordering the users, for the worst-case user demands, we have
K, =1, for 1 <i < K, and K; = 0, otherwise. In this case, it can be shown that
the CODED DELIVERY procedure requires a lower delivery rate than the RANDOM
DELIVERY procedure; hence, the server uses the former. In this case, it is possi-
ble to simplify the CODED DELIVERY procedure such that, only coded message
XQ(F) = Ufi}l U;V:H_l Wi (s;1+1y®Wj (s, 41} is transmitted in Part 2. The corre-
sponding common message X ) = (X 1(F), XéF), X:gF)) transmitted over the CODED
DELIVERY procedure reduces to the delivery phase of [32, Algorithm 2]. Thus, the

GBD scheme achieves the same delivery rate as [32, Algorithm 2] when N > K.
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Algorithm 6 Coded Delivery Phase for Distinct Cache Capacities Scenario

1: procedure CODED DELIVERY
2: Part 1: Delivering bits that are not in the cache of any user
3: fori=1,2,...,N do

(F) _
4 Xl = WdSi,1+la@
5 end for

Part 2: Delivering bits that are in the cache of only one user
F N | Si—1 =
Xé,l) =Uis Un:Si,lJrl (Wi,{n}@Wi,{nH})
F N—1| N S;—1 -
8: X§,2) = Uizl Uj:i+1 (Unjzsj_lﬂ (Wi,{n}@Wi,{nH}) )

Si—1 = =
USdior Wi @Wi ) s Wigs, s 8Wigsi_ o))

N

9: Part 3: Delivering bits that are in the cache of more than one user
10: for i =3,4,...,K do

11: for SCc[1:K],|S|=i do

12: X5 = @esWa ()

13: end for

14: end for

15: end procedure

16: procedure RANDOM DELIVERY
17: fori=1,2,...,N do

18: send enough random linear combinations of the bits of W; to enable the
users demanding it to decode it
19: end for

20: end procedure

Next, consider the case N < K. It is illustrated in Appendix A.3 that the worst-
case user demands happens when N users with the smallest cache capacities all request
different files, i.e., they end up in different groups. The corresponding delivery rate is

presented in the following theorem, the proof of which can also be found in Appendix

A.3.

Theorem 2.5. In a decentralized content delivery network with N files in the database,
each of size I bits, and K users with cache capacities My, ..., Mg satisfying My <
My < -+ < Mg, the following delivery rate-cache size trade-off is achievable when

N < K:

Degp (M, (K] )
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— min ZH < > ADy (M) — ADy (M) i <1 - %) , (2.25)

i=1 j=1 =1
where
K M,
ADl (M[K]) = (K - N) H <1 - ]\;), (2.26&)
i=1
K—N K
AD; (M) & [Z (i—1)5— ZJ—\}NW] I1 ( > (2.26D)
i=1 v j=1

It is proved in [143] that the proposed coded delivery scheme outperforms the one
introduced in [32] for N < K.

Lower bound: In the next theorem, we generalize the information theoretic lower

bound proposed in [21] to the content delivery network with distinct cache capacities.

Theorem 2.6. In a content delivery network with N files in the database, serving K
users with distinct cache capacities, My, ..., Mg assorted in an ascending order, the

optimal delivery rate satisfies

B 1 m mty (N — Is)" n
= max {N — Zi:l M; — Ea (N - KD, (2.27)
LE[[N/m]]

where v £ min { (| N/I] — m)", K — m}, Vm, .
Proof. The proof of the theorem can be found in [143, Appendix C]. O

Also, assuming that My < My < --- < Mg, the cut-set based lower bound derived

in [32] is given by

! .
Dip, (M) = I - Z“M’} : (2.28)

ze[1:n1331{a{}z{v,f<}] { | N/l
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FIGURE 2.2: Delivery rate-cache size trade-off for centralized caching with N = 10
files and K = 20 users when 1/K < M <2N/K.

2.6 Numerical Results

Here the delivery rates of the proposed schemes for both centralized and decentralized

caching approaches are compared numerically with the state-of-the-art results.

2.6.1 Centralized Caching

In Fig. 2.2, we compare the delivery rate-cache size trade-off achieved by the pro-
posed schemes PCC and GBC with the trade-off achieved by memory-sharing between
the schemes proposed in [26] and [11], referred to as the MNC scheme here. We
consider N = 10 files, K = 20 users in the system, and a normalized cache size
1/K < M < 2N/K at each user. Observe that the PCC and GBC schemes achieve
smaller delivery rate compared to the MNC scheme for all cache size values satisfying
1/K < M < 2N/K. GBC slightly outperforms PCC, which is due to the improvement
for M = N/K extended to a range of cache capacities through memory-sharing. We
also include in the figure the two lower bounds on the delivery rate derived in [21, The-
orem 1] and [3, Theorem 2], referred to as the STC and cut-set lower bounds, respec-

tively. We observe that, despite the improvement, there is still a gap between the
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GBC scheme and the lower bounds, which is mainly due to the looseness of the lower
bounds. It has been shown in [20] that, considering only uncoded cache placement

phase, the performance of the GBC scheme is optimal for 0 < M < N/K.

2.6.2 Decentralized Caching

In Fig. 2.3, we compare the achievable delivery rate of the proposed GBD scheme
with the decentralized caching schemes proposed in [26] and [12], referred to as MAN
and WTP, respectively, when My = --- = Mg = M. We consider N = 30 files,
K = 50 users, and relatively small cache capacities M € [0,4]. We observe that
the GBD scheme outperforms the existing schemes in the literature. In Fig. 2.3,
we also include the state-of-the-art centralized caching scheme in this setting. Note
that, this is not a lower bound on the optimal decentralized delivery rate in general
since it is not the optimal centralized delivery rate. However, the difference between the
decentralized curves and the centralized curve indicates the loss due to decentralization
for these specific coded caching schemes under consideration. The improvement of the
GBD scheme over the state-of-the-art is more pronounced for the relatively smaller
cache capacities, for which the performance of GBD approaches the best achievable

centralized caching performance in a decentralized manner.

Here we evaluate the performance of the proposed GBD scheme for distinct cache
capacities numerically. To highlight the gains from the proposed scheme, we also
evaluate the performance of uncoded caching, in which user i, i € [K], caches the
first M;/N bits of each file during the placement phase; and in the delivery phase the
remaining 1 — M; /N bits of file Wy, is delivered to user i. By a simple analysis, it can

be verified that the worst-case delivery rate is given by

min{N,K} Mz
Duc (Miz) =) <1 — N), (2.29)

which is equal to the delivery rate of the RANDOM DELIVERY procedure in Algo-
rithm 6.

For the numerical results, we consider an exponential cache size distribution among



Chapter 2. Fundamental Limits of Coded Caching 62

30 == : :
\\ S - -MAN scheme
N\, \\ —--WTP scheme
\\ \ —GBD scheme
25t N\ ‘\ Centralized scheme}
\‘\ i
“ \
N,
N\
=20l N :
g N
g ~, \\
> \\ \
[ ‘\ \
.2 N
o 15 N :
A X
N SN
\’\
\Q\
\N\
QS
XD
10- S 1
5 s s s s s s s
0 0.5 1 1.5 2 2.5 3 3.5 4

Cache capacity, M

FIGURE 2.3: Delivery rate-cache size trade-off for decentralized caching with N = 30
files, K = 50 users, and M € [0, 4].

users, such that the cache size of user i is given by M; = v5 " M ax, where 0 < v < 1,
for i € [K], and Mpax denotes the maximum cache size in the system. Thus, we have

M; < My <--- < Mg, and the total cache size across the network is given by

ZK Mo Moogi 17U (2.30)
g T max ¥ 1 — oK+ .

In Fig. 2.4, the delivery rate of the GBD scheme for distinct cache capacities scenario
is compared with that of studied in [32], referred to as the WLTL scheme, and the
uncoded scheme, when N = 50, K = 70, and v = 0.97. We clearly observe that the
proposed GBD scheme outperforms both achievable schemes at all values of My,,x. The
improvement is particularly significant for lower values of M.k, and it diminishes as
Mnax increases. The lower bound given in Theorem 2.6 and the cut-set lower bound
are also included in the figure. Although the delivery rate of the proposed scheme

meets the lower bounds when My, = 0, the gap in between quickly expands with

Max-
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FIGURE 2.4: Delivery rate versus My,.x, where the cache size of user i is M; =
SE = Moy, i € [K], with § = 0.97, N = 50, and K = 70.

2.7 Conclusions

We have considered a caching system with K users and N files of the same size, where
user 7 is equipped with a cache sufficient to store M;, for i € [K]. The system considered
here models wireless networks, in which the caches are filled over off-peak periods
without any cost constraint or rate limitation (apart from the limited cache capacities),
but without knowing the user demands; and all the user demands arrive (almost)
simultaneously, and they are served simultaneously through an error-free shared link.
We first considered a homogeneous case, in which M; = M, Vi € [K]. We have
proposed a novel centralized coded caching scheme for a cache size M = (N —1)/K,
called the PCC scheme, with a delivery rate lower than the state-of-the-art scheme for
the same cache size. The PCC scheme performs a coded placement phase, and achieves
an order-optimal delivery rate, which is shown to be within a constant multiplicative
factor of 2 of the theoretically optimal delivery rate for cache capacities satisfying
1/K <M < (N —-1)/K, when K > N > 3. We have then extended the idea behind
the delivery phase of the PCC scheme, and proposed GBC scheme for a cache size
of M = N/K. We have shown that the GBC scheme outperforms the centralized

caching schemes in the literature in terms of the delivery rate. We have next employed
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the GBC scheme in the decentralized setting, where the users cache bits of contents
randomly, and referred to the scheme as GBD. We have shown that the GBD scheme
also achieves a smaller delivery rate than other decentralized caching schemes in the
literature. The improvement is achieved by creating more multicasting opportunities
for the delivery of bits that have not been cached by any of the users, or cached by
only a single user. We have then applied the GBD scheme in the asymmetric scenario
of distinct cache capacities at the users, and shown that the proposed scheme improves

upon the state-of-the-art scheme.



Chapter 3

Caching over Erasure Broadcast

Channels

3.1 Overview

In this chapter we study a cache-aided broadcast network, in which a server delivers
contents to a group of receivers over a packet erasure BC. The receivers are divided into
two sets with regards to their channel qualities: the weak and strong receivers, where
all the weak receivers have statistically worse channel qualities than all the strong
receivers. The weak receivers, in order to compensate for the high erasure probability
they encounter over the channel, are equipped with cache memories of equal size, while
the receivers in the strong set have no caches. Data can be pre-delivered reliably to
weak receivers’ caches over the off-peak traffic period before the receivers reveal their
demands. We propose a joint caching and channel coding scheme, which divides each
file into several subfiles, and applies a different caching and delivery scheme for each
subfile. It is shown that all the receivers, even those without any cache memories,
benefit from the presence of caches across the network. An information theoretic
trade-off between the cache size and the achievable rate is formulated. It is shown that
the proposed scheme improves upon the state-of-the-art in terms of the achievable

trade-off.

3.2 Introduction

In contrast to the setting introduced in [3], we consider a noisy channel for the

delivery phase [76,77,85,86,89,91]. Here, we follow the model considered in [91], and

65
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assume that the delivery phase takes place over a memoryless packet erasure BC, which
models a packetized communication system, where each packet is separately channel
coded against errors at the physical layer, so that a packet either arrives at the receiver
correctly, or is lost. Communication over the Internet is usually modeled as a packet
erasure channel. The receivers in the system are grouped into two disjoint sets of
weak and strong receivers. All the weak receivers are assumed to have statistically
worse channels than the strong receivers, while the users in each set can have arbitrary
erasure probabilities. To compensate for their worse channel quality, each weak receiver

is equipped with a cache memory of equal size.

Assuming equal-rate files in the library, we derive a trade-off between the size of the
caches provided to the weak receivers and the rate of the files, for which any demand
combination can be reliably satisfied over the erasure BC. The proposed scheme exploits
file subpacketization, and performs a different caching and delivery scheme for different
subpackets. Moreover, the delivery of the contents to the weak and strong receivers
are coupled through the use of a joint encoding scheme to maximally benefit from the
available cache memories. We show that, when specified to the homogeneous scenario
considered in [91], in which all the receivers in the same set (i.e., weak and strong
receivers) have the same erasure probability, the proposed scheme outperforms the one

in [91].

The remainder of this chapter is organized as follows. We introduce the system
model in Section 3.3. The proposed scheme is elaborated and analyzed in Section 3.4.
We present the numerical results in Section 3.5. We conclude this chapter in Section

3.6. The proofs are provided in Appendix B.

3.3 System Model

We consider a server with a library of NV files W. Each file is distributed uniformly
over the set [[2“RH, where R denotes the rate of a file, and n is the number of
channel uses during the delivery phase. Receiver ¢’s demand is represented by d;,

where d; € [N], Vi € [K]. All the receivers are served simultaneously over a BC.
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5 n
A Pr(v;|X) : Yl—| Receiver 1 >

Weak

. Cache K, receivers
K, Y
o G e Pr(Yg, |X) . [-\| Receiver K, |*> Wi

0K, 41 Yy
s Pr(Yk,111X) . L' Receiver K, + 1 |_> Wi -

W = (Wy,..., Wx)

Server

Strong
receivers

dx Y&
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F1GURE 3.1: Cache-aided packet erasure BC. The first K, receivers have statically
worse channels than the last K receivers, but each of them is equipped with a cache
of normalized size M.

Following [91], the channel between the server and the receivers is modeled as a
memoryless packet erasure BC. At each channel use, the server transmits an FE-bit
codeword from the alphabet X £ {0, l}E, and the output alphabet at each receiver is
Y £ XU{A}, where the erasure symbol A corresponds to a packet that is not received
at the receiver. Receiver i, i € [K], receives the transmitted codeword correctly with
probability 1 — §;, and the erasure symbol A with probability §;. Thus, given the
transmitted codeword z € X, receiver i € [K] observes the output y; € Y with the

conditional probability

1—-06; ity ==,
Pr(Vi=yi|X=2)= (3.1)

5i7 if Y = A.

Two disjoint sets of receivers, weak and strong receivers, are considered, grouped
according to the erasure probabilities of their channels. These groups may model
users located in areas with relatively bad and good network coverage, respectively. We
assume that the channel condition of each strong receiver is statistically better than
that of each weak receiver; that is, the erasure probability of a strong receiver is lower
than any weak receiver. Without loss of generality, we enumerate the receivers in the
order of improving channel quality, that is, we have 1 > 69 > -+ > dx. We denote

the set of erasure probabilities by & £ {41, da, ..., 6x }. We denote the first K, receivers
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as the weak receivers, and the next Ky = K — K, receivers as the strong receivers,
and we call this case, in which each receiver in each set of weak or strong receivers
can have a different erasure probability, as the heterogeneous scenario. To compensate
for their worse channel quality, each weak receiver is equipped with a cache memory
of size nM bits, as depicted in Fig. 3.1. The special case in which all the receivers
in the same set have the same erasure probability; that is, all the weak receivers have
erasure probability d,,, and all the strong receivers have erasure probability ds, with
ds < Oy, is called the homogeneous scenario. The set of erasure probabilities for the

homogeneous scenario is represented by 0,s.

In the placement phase, the caches of the weak receivers are filled without the knowl-
edge of their future demands, and the contents of the cache of receiver i, for i € [K,)],
at the end of this phase is denoted by B;. The caching function for receiver ¢ € [K,]
is given by

o5 [[2 R — [[2M]], (3.2)

which maps the entire library to the cache content B;, i.e., B; = <;$EST7LZ.R) (W). Since
the placement phase is performed over a low-congestion period, it is assumed that no
erasure occurs during this phase'. Also, due to the abundance of the resources during
the placement phase, we do not take into consideration the transmission cost for this

phase.

The delivery phase follows once the demands of the receivers are revealed to the
server, which transmits a length-n codeword X™ over the erasure BC. For a demand

vector d, a coded delivery function
nR n N n
P& [N < N - & (3.3)

generates a common channel input X" as a function of the entire library and the re-
ceiver demands, i.e., X" = w((snR) (W,d). Each receiver i € [K| observes Y;" according
0 (3.1). Weak receiver i € [K,,] tries to decode Wy, from its channel output Y;" along

with the cache content available locally and the demand vector d, with the decoding

!To guarantee a reliable communication during the placement phase, we can assume that an auto-
matic repeat request protocol is utilized for transmission.
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function

ugt? sy x [[27M )] < [N]F = [[277]], (3.4)

i.e., the reconstructed file by each weak receiver i € [K,] is
Wi = ug ) (v, B, d). (3.5)

On the other hand, each strong receiver i € [K,, + 1 : K| reconstructs its demand Wy,

solely from its channel output Y;" through the decoding function
nR n n
pgt s Y x [N [[2R]], (3.6)

which generates the reconstructed file

Wi = g (v, d). (3.7)

An error occurs if W; # Wy, for any i € [K], and the probability of error P, is
defined as in (2.4).

Definition: A memory-rate pair (M, R) is said to be achievable, if for every ¢ > 0,
there exists a large enough n, and corresponding caching function (3.2), coded delivery
function (3.3), and decoding functions (3.4) and (3.6) at weak and strong receivers,

respectively, such that P, < e.

Definition: For a given cache size M at the weak receivers, the capacity of the network
is defined as

R* (M) 2 sup{R : (M, R) is achievable} . (3.8)

We note that the capacity of the above caching network remains an open problem
even when the delivery channel is an error-free shared bit pipe except for uncoded
cache placement phase [20]. Here, our goal is to identify achievable memory-rate pairs

that improve upon the state-of-the-art.

Remark 3.3.1. It is reasonable to assume that cache memories are placed at receivers

with relatively weaker coverage. Indeed, it is shown in [91] that placing cache memories



Chapter 3. Caching over Erasure Broadcast Channels 70

at the strong receivers, which already have good coverage, results in a lower capacity.
This is mainly due to the definition of the capacity in this framework. Note that, the
capacity here characterizes the highest rate of equal-size messages delivered to all the
receivers in the network for any demand combination. Since any receiver can request
any of the files, and the files in the library all have the same rate, the system per-
formance is determined by bad receivers. Therefore, in order to increase the capacity
the goal of the placement phase should be to improve the performance of the weak re-
ceivers. We remark, however, that, equipping weak receivers with cache memories and

exploiting the coding scheme proposed in this paper also benefits the strong receivers.

The following results will be instrumental in deriving our results later in the paper.

Proposition 3.3.1. [144] The capacity region of a packet erasure BC with K receivers,
where file W; with rate R; is targeted for receiver ¢ with erasure probability J;, for

i € [K], is the closure of the set of non-negative rate tuples (R, ..., Ri) that satisfy

K R;
— <1 3.9
Pl (39
where the size of the binary channel input per channel use is F' bits.

Next, we consider the packet erasure BC with side information, and provide an
achievable rate pair based on the joint encoding scheme of [145]. Here we briefly
overview the coding scheme and the proof of achievability, and refer the reader to [145]
for details. Consider two receivers with erasure probabilities d; > d2. Let W3 and
W, distributed uniformly over? [Q”Rl] and [2”R2], denote the messages targeted for
receivers 1 and 2, respectively. We assume that message W5 is available as side informa-
tion at receiver 1, the weak receiver. We present a coding scheme and the corresponding
achievable rate region based on the joint encoding scheme of [145]. For a fixed distri-
bution Pr(X), we generate on(B1t+R2) codewords of length n, 2™ (wi,ws), wy € [2“R1],
Wy € [2”R2], where each entry of each codeword is generated independently according
to Pr(X). The codebook is revealed to the transmitter and the receivers. To transmit
particular messages W; = w; and Wy = waq, the codeword z™ (wy,ws) is transmitted

over the BC. In the proposed coding scheme, the good receiver, i.e., receiver 2, decodes

27LR

2We assume that, for any real number R > 0, is an integer for large enough n.
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both messages; and therefore, it tries to find a unique pair (Wi, wy) € [2"5’/1} X [Q"RQ],
such that (X" (wy,ws2),ys) belongs to the jointly typical set defined in [146]. The

probability of decoding error tends to 0 as n goes to infinity, if
Ry + Ry < I(X;Y2), (3.10)

where I(-;-) represents the mutual information of the arguments. The first receiver
already knows Ws as side information; therefore, it only needs to decode Wi; thus,
it looks for a unique index w@; € [2"f1] such that (X" (@1, Wa),y}) belongs to the

typical set [146]. The probability of error tends to 0 as n goes to infinity, if
R <I(X:;Y1). (3.11)

For the packet erasure BC, both mutual information terms are maximized with a

uniform input, and the following conditions are obtained:

R < (1—6,)F, (3.12)

Ri+ Ry < (1—d9) F, (3.13)

We can easily generalize this coding scheme to multiple receivers and obtain the achiev-

able rate region stated in the following proposition (also provided in [91]).

Proposition 3.3.2. Consider a packet erasure BC with two disjoint sets of receivers Sy
and S,, where the channels of the receivers in set S; have erasure probability 9;, for i =
1,2. A common message W; at rate R; is to be transmitted to the receivers in set S;, for
i = 1,2, while message Ws is known to the receivers in set S as side information. With
the joint encoding scheme outlined above, rate pairs (Rj, Rg) satisfying the following

conditions can be achieved

R < (1-6)F, (3.14)

Ri+ Ry < (1—6)F, (3.15)
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which is equivalent to

R, Ri+ Ro
<1 1
max{(1—51)F’(1—52)F}— (316)

For notational convenience, in the rest of the paper we use

JE (W)g,, (W2)s,) (3.17)

to represent the transmission of message W1 to the receivers in set Sy, and message Wo
to the receivers in set Sp using the outlined joint encoding scheme, where S NSy = 0,

and Wy is available at all the receivers in S; as side information.

3.4 Successive Cache-Channel Coding (SCC) Scheme

A coding scheme as well as an information theoretic upper bound on the capacity
of the above caching and delivery network are proposed in [91] for the homogeneous
scenario. Here, we present a new coding scheme, called the successive cache-channel
coding (SCC) scheme, for delivery over any packet erasure BC, and show that it im-

proves upon [91] in the homogeneous scenario.

Before presenting the SCC scheme for the general heterogeneous scenario, in which
we allow the weak and strong receivers to have distinct erasure probabilities, the main
ideas behind this scheme are illustrated on an example in the simplified homogeneous

scenario.

For notational convenience, the i-element subsets of set [K,,| are enumerated by

S

S [l () ie.,

[Kw],1? wa},z’

7

Six.1, C [K,] and ‘Swa],j‘ =i, forie[0:K,], andje [(K.w)] (3.18)
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3.4.1 Example

Consider the cache-aided packet erasure homogeneous BC with K,, = 3 weak and
K = 2 strong receivers. Here, we investigate the achievable memory-rate pair (M, R)

given as follows:

F Z?:O ’7 (07 6wsa 7’)

= L 2 (3= 5 (3.19a)
=5, 2ui=0 (ﬁv (0,6w8,2)> + 2
NS2 i~ (0 Suws, i
322‘:07 (07 6w571)
where 7 (p, dys, 1), for p € [0: K] and ¢ € [p: K], is defined as follows:
( o 7/)— (Iiw) 1—55_1 i=p foriE[ . ] (319(3)
Y \P; Ows, - (I;w)Ksi—p 1 — 5w s p:ql. )

Each file W, | € [N], is divided into three subfiles VVl(O), I/Vl(l) and VVZ(2), where
subfile I/Vl(i) has a rate of

’Y (07 5w57 2)

R® -
Zj:(] ’Y (07 (swsv j)

lI>

R, forie|0:2], (3.20)

where 7 (0, dys,7) is defined in (3.19¢). We have Z?:o RO =R,

Placement phase: In the placement phase, subfiles Wl(i), e Wﬁ) are placed in the
caches of K,, = 3 weak receivers using the procedure in [3, Algorithm 1], specified for
a cache size of iN/K,, for i € [0 : 2]. In this cache placement procedure, each subfile
Wl(i) is first divided into (3’) non-overlapping pieces, each at a rate of R(i)/ (3)

)

w® = (w@  w@ @) Vie[N].Vielo:2 3.91
: ( LSy’ LSy’ 1,853]7(?) ’ [N, Vi € | I ( )

For the example under consideration, we have, VI € [N],

W = (Wl(g)) ’ (3.22a)
(1) _ (1) (1) (1)
Wi = (m»{l}’m/l,{z}’VI/Z,{::,}) ’ (3.22b)
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TABLE 3.1: Contents sent with messages 1 to 4 in the delivery phase.

Message 1 WE?{Z?’} oy W(Q){l 5 @ Wé?{l 2) to receivers 1,2, 3
(1) (1) (2) (2)
Sub—message 1 JE ((Wdl {2} @ Wd2 {1}) {172}7 (Wd4,{172}’ Wd5,{1,2}>{475}>
(1) (1) (2) (2)
Message 2 || Sub-message 2 | JE ((Wd 3} D Wd3’{1}){1,3}’ (Wd47{173}, Wd57{173}>{4 5}>
. (1) (1) (2) (2)
Sub-message 3 | JE ((Wd oy BW {2}){2 " (W 3},Wd57{2,3}>{475}>
w0
Sub-message 1 JE << 1.0 ) ay <Wd4’{1}, }){4 5})
Message 3 Sub—message 2 JE <<WC§S)®){ } ( {2}7 d5,{2}){4 5}>
(0) (1) (1)
Sub-message 3 JE <(de @){ . (WD it {3}){475}>
Message 4 W( )@ to receiver 4, and W( )UJ to receiver 5
2 _ (2) (2) (2)
W = (Wz 2y Wisy Wz,{2,3}> . (3.22¢)
The piece I/Vl( S)Z is placed in the cache of each receiver k € S[ig}j, for j € [(‘?)]
[3].3 )

Therefore, the cache contents of the weak receivers after the placement phase are as

follows:

B = Ule[N] (Wl(?l}’ Wl(ﬁ 2} Wz%,g})a (3.23a)
Bz = Uze[ Y (Wl%}’ Wl(?l 2} Wz(,?zz})’ (3.23b)
By = Ule[N] ( l(?3}’ Wl(?l 3} Wl(,?z:a})a (3.23¢)
where the required cache size for each weak receiver is:
v <R<1> 23(2)) v 10, 6w32, D +27(0,60s:2) o 520
3 3 323‘:07(07 OwssJ)

Delivery phase: The server tries to satisfy all the demands in the delivery phase by

sending four distinct messages in an orthogonal fashion, i.e., by time division multi-

plexing, where the codewords corresponding to the i-th message, i = 1, ...,

4, are of

length ;n channel uses, such that Z?Zl B; = 1. The contents delivered with each

message are shown in Table 3.1.
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The first message is targeted only for the weak receivers, and its goal is to deliver
the missing subfiles of file W(gf) to receiver i, ¢ € [3], that is, having received this
message, each weak receiver should be able to decode the third subfile of its desired
file. Exploiting the delivery phase of [3, Algorithm 1] for cache size 2N/ K,,, the coded
content with message 1 in Table 3.1 is delivered to the weak receivers {1,2,3}. Having

received message 1 given in Table 3.1, receiver ¢ can recover its missing piece Wf)[:s]\ )

(Rl

of subfile W(gf) using its cache contents B;. Thus, together with its cache content,

receiver ¢ can recover subfile WOE_Q), for i € [3].

Through the second message of the delivery phase, the server simultaneously delivers
subfile Wéf) to strong receiver ¢, ¢ = 4,5, and the missing bits of subfile Wé;) to weak
receiver j, 7 = 1,2, 3. The content targeted to the weak receivers is delivered by using

the delivery phase of [3, Algorithm 1] for the cache size of N/K,; that is, the contents

(1) (1)
1% 3 @ w

(1) (1)
i, ds 1} W g3y @ W,

« b {2}} (3.25)

(1) (1)
{Wdl,{Z} S Wa,

are transmitted to the weak receivers. Therefore, the goal is to deliver Wéf) to strong
receiver i, i = 4,5, while delivering the contents in (3.25) to the weak receivers in
parallel. The transmission is performed by sending three sub-messages, transmitted
over orthogonal time periods. With the first sub-message of message 2 given in Table

3.1, receivers 1 and 2 receive chll){z} e W | since they both have w2 and

d2,{1} dy,{1,2}
WCES ){1 o) 1N their caches as side information. Accordingly, receiver 1 and receiver 2 can

recover chll){Q} and Wéi){l}, respectively. On the other hand, with the joint encoding

(2) (2)
scheme, Wd47{172} and st,{l,Q}

respectively. With the second sub-message of message 2 in Table 3.1, W

d47{173}
Wé:){l 3 which are available in the caches of receivers 1 and 3 as side information,

are delivered to receivers 4 and 5, while chll?{3} @ ch?{l}

and 3. By receiving sub-message 2, receiver 1 and receiver 3 can obtain Wéll){s} and

are directly delivered to receiver 4 and receiver 5,

and
is delivered to receivers 1

WCE;?{I}, respectively. Finally, sub-message 3 of message 2 aims to deliver chi){l?ﬁ} and

(2)
Wd5,{2,3}’

and ch,){?,} & Wé;?{Q} to receivers 2 and 3 by the joint encoding scheme. Having
(1)

. 1 (1) . . (1)
received coded content W 31 @ w ds {2} Teceiver 2 and receiver 3 can recover W o3}

and WUEB{Z}, respectively. Thus, having received message 2, each weak receiver ¢,

which are in the cache of receivers 2 and 3, to receivers 4 and 5, respectively,
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i = 1,2,3, can recover all the missing bits of subfile Wéil) of its request, while each

strong receiver j, j = 4,5, can obtain subfile chj) of its request.

The third message of the delivery phase is designed to deliver chjl)

to strong receiver
7,7 =4,5 and ch)) is delivered to weak receiver i, ¢ = 1,2,3. Third message is also
divided into three sub-messages, transmitted over orthogonal time periods. With sub-

message 7, given in Table 3.1, chi){i} and W | both of which are available locally at

d57{i}’
receiver ¢ as side information, i = 1,2, 3, are delivered to receivers 4 and 5, respectively,
while Wé% is delivered to receiver i. Therefore, with the third message in Table 3.1,

each weak receiver i, ¢ = 1,2, 3, can obtain WCEQ)Q, while each strong receiver j, j = 4,5,

can recover chjl). Thus, after receiving message 3 in Table 3.1, the demands of the

weak receivers are fully satisfied.

The last and fourth message of the delivery phase is generated only for the strong re-
ceivers with the goal of delivering them the missing bits of their demands, in particular,

subfile W(g(_))@ is delivered to each strong receiver j, j =4, 5.
7

Observe that message 1 in Table 3.1 has a rate of R(?)/3. The capacity region of the
standard packet erasure BC presented in Proposition 3.3.1 suggests that all the weak

receivers can decode message 1, for n large enough, if

R®)
3(1—0w)F < b (3.26)

From Table 3.1, with each sub-message of the second message, messages of rate
2R /3, available at the weak receivers as side information, are delivered to the strong
receivers; while, simultaneously, a common message at rate R() /3 is transmitted to
the weak receivers. Overall, (Wg),WCE:)) and the contents in (3.25) with a total
rate of 2R® and R are delivered to the strong and weak receivers, respectively,
through three different sub-messages by using the joint encoding scheme of [145] that
exploits the side information at the weak receivers. Using the achievable rate region of
the joint encoding scheme for the packet erasure channels stated in Proposition 3.3.2,

(Wéf), ch) ) and the contents in (3.25) can be simultaneously decoded by the strong
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and weak receivers, respectively, for n large enough, if

RM RO £ 2R(®)
< Bo. .
max { A0 F G=0)F (= B (3.27)

From the expressions for R and R®) in (3.20), it can be verified that the two terms
in the maximization in (3.27) are equal for the setting under consideration. Thus, the

condition in (3.27) can be simplified as

RM
— <
(1 - 5w) F

Ba. (3.28)

According to Table 3.1, with each sub-message of message 3, a message at rate R(©)
is targeted for the weak receivers, while message at rate 2R(Y) /3, available locally at the
weak receivers, is aimed for the strong receivers. Therefore, through joint encoding
scheme over three periods, messages with a total rate of 3R are delivered to the
weak receivers, while the strong receivers receive a total rate of 2R(M). According to
Proposition 3.3.2, all the weak and strong receivers can decode their messages, for n

large enough, if

3R© 3RO 4 2RM
< [3. .
max { A0, F (1-0JF < B3 (3.29)

Again, from the expressions of R(®) and RY) in (3.20), it can be verified that, when
K, =3 and K; = 2, (3.29) can be simplified as

3RO
Ao F < Bs. (3.30)

From the capacity region of the standard erasure BC in Proposition 3.3.1, each

)

receiver j, 7 = 4,5, can decode th(-)(b’ delivered with message 4, successfully for n
VEI
sufficiently large, if

2RO
AV < B (3.31)

Combining (3.26), (3.28), (3.30), (3.31), and the fact that S>3, 8; = 1, we have the

condition
R® RM 3R(0) 2R(0)
<1. .32
5(—0u)F  (1—06u)F T (1—0u)F " (1—6,)F = (3:32)
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By replacing R(") with the expressions from (3.20), for i = 0,1,2, and using the fact
that v (0, dys,0) = 1, (3.32) is reduced to

ne 3207 (0,8us, 4)F

. ) (3.33)
ﬁ (3 + v (O> Ows, 1) + %7 (0’ Ous, 2)) T 1355

Observe that, the term on the right hand side of inequality (3.33) is the same as rate R
given in (3.19a). The cache size of each weak receiver exploited by our coding scheme
is given by (3.24), which is the same as (3.19b). Thus, the memory-rate pair (M, R)

given in (3.19) is achievable for the setting under consideration.

The subpacketization with the proposed SCC scheme provides flexibility to perform
a different caching and delivery scheme for different subpackets. This is beneficial
in delivering the contents, each in a separate time slot, and jointly useful for both
groups of weak and strong receivers. The SCC scheme provides more multicasting
opportunities, and enables all the users to exploit the cache memories of the weak

users.

In the sequel, we present the placement and delivery phases of the SCC scheme for

a general heterogeneous scenario.

3.4.2 Placement Phase

For a given (p, q) pair, where p € [0: K,,] and ¢q € [p: K], each file W, [ € [N], is
divided into (¢ — p + 1) non-overlapping subfiles, represented by

W, = (Wl(p), ...,Wl@) : (3.34)
where subfile I/Vl(i), for i € [p: ¢, has a rate of

, d8,1)
RO 2 ﬂp’—’.Rj 3.35
>, (p,9,7) (3.35)
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where 7(p, d,1) is defined as follows:

Y(p,8,i) £ () ﬁ ( = 1) fori € [p:ql. (3.36)
) ) - 'L K - Pl . . .
( PV N (1= 0k =) Do, 1 1%51
We note that Z = R. In the placement phase, for each set of subfiles Wl(l), - W](\;)

a cache placement procedure, corresponding to the one proposed in [3, Algorithm 1] for
a cache size of iN/K,,, is performed, Vi € [p : ¢]; that is, each subfile I/Vl(i) is partitioned

into (sz) independent equal-rate pieces,

LS
w2 il (K

Wz(")=<w<i>. w o wl) ) Vie[N],Vielp:q.  (3.37)
)

The piece W(i)i of rate R® /(K.“’) is cached by receivers in set S ., for j €
LS i [Kw].j

[(sz)} Thus, the content placed in the cache of each weak receiver k € [K,,] is given

by

- (i)
By = U U U VVZ Slkwli (339
Le[N]i€lpal je[ (%) ]:keSiy, 1 5

Accordingly, (Kfi 1) pieces, each of rate R(®) / ( ) corresponding to each subfile W( 2

are cached by each weak receiver, which requires a total cache size of

q 1 q
Ky—1\RD N I ., NXL,iv(p,d,i)
M:N§:< v > = ) iR = wzgzﬂ(m,l)g (3.39)

3.4.3 Delivery Phase

In the delivery phase, the goal is to satisfy all the demands for an arbitrary demand
combination (dy, ...,dx). The delivery phase consists of (¢ — p + 2) different messages,
transmitted over orthogonal time periods, where the codewords of the i-th message are

of length B;n channel uses, for i € [¢ — p + 2], such that ) 7 28, =1.

The first message of the delivery phase is only targeted for the weak receivers, and
the goal is to deliver the missing bits of subfile Wéf) to receiver i, Vi € [K]. It is to be

noted that, for ¢ = K,,, based on the cache contents in (3.38), all the weak receivers
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TABLE 3.2: Contents sent with messages 1 to ¢ — p + 2 in the delivery phase of the
SCC scheme for the heterogeneous scenario.

Message Sub- Delivered content
index message
index
1 Wé@il to receivers in S[q; 1}
[Kuw].1 ¢
1
(Kw) W(qH to receivers in Sq;(rl Ko
q+1 [ w] (;i“i) [ “J’(q+1)
(g—t+1) (g—t+2)
1 JE (quKt+2 > e’ <Wde+m7SqI;t+§>
(Kl U/ St (Kl 2/ { Ky +m}
in m-th time period, for m =1, ..., K;
t=2,..,
g—p+1
—t+1 —t+2
Ky JE W‘é?z—tj-;) ) chq * )Sq—z+2
(—t+2) K Kuw m Kyw+m> K K
1 Kl (o 5t42) " ) ga-t2 Kwl: (454 2) {Kuw+m)
el (4 )
in m-th time period, for m =1,..., K,
Hq—p+2H W(p) to receiver i € [K,, + 1 : K] H

have all the subfiles I/Vl(q), Vi € [N]; therefore, no message needs to be delivered. In the

sequel, we consider ¢ < K,,. The first message of the delivery phase is transmitted over

(;i“’l) orthogonal time slots, where in each slot, a sub-message is delivered to a group
of ¢+ 1 weak receivers. Sub-message j is a codeword of length 31 jn channel uses, and

Kuw
is targeted to the receivers in set S[K 1j , for j € [((ﬁ“’l)], such that Zj(q;ll) Bij = B

Following the procedure in [3, Algorithm 1], the content delivered by sub-message j is
given by
(@ 2 (9)
WSZH = @iesq“ W quH iy for j € [(q—i—l)} (3.40)

[Kwl,j [Kwl,j [Kwl.j

After receiving W(le , each receiver i € S[

[Kw],j

[(;i”l)}, i.e., the missing bits of subfile Wéi) of its desired file, havmg access to Z;

% ]j can obtain chl,)sq“ Ay

for j €
given in (3.38). Thus, together with its cache content, receiver ¢ € [K,] can recover

WD

7

The delivery technique performed to transmit messages 2,3, ...,q — p + 1 follows the

same procedure. With the message ¢ —i+ 1 of length 8,_;41n channel uses, the server
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delivers the missing bits of subfile Wa(lz) to each weak receiver k, k € [K,], and chfﬂ)
to each strong receiver [, [ € [K,+1: K], fori =q—1,¢q—2,...,p.> Message (¢—i+1) is
delivered through (ﬁ“{) sub-messages, transmitted over orthogonal time periods, where
sub-message j is of length 3,_;1+1,;n channel uses, such that ng) Bg—it1,j = Bg—it1-

With the j-th sub-message, using the coded delivery procedure in [3, Algorithm 1], the

coded content

w® o) : 3.41

st~ Dresir, Wiz, o (341
is delivered to the weak receivers in set S[’;gi] I while

wl o L wit 3.42

U e, W, (342

is delivered to the strong receivers, for ¢ = ¢ — 1,...,p, and 7 = 1,..., (fﬁ) Ob-

serve that, after receiving sub-message Wé?H , each receiver k € S[’;{H] ; can obtain

(Kuw),j o
(%) . Ko\ . i} () . .
deﬁfﬁi],j\{k}’ for j =1,..., (i+1)’ i.e., the missing bits of subfile de of its desired
file, for i = ¢ — 1,...,p. Note that, the content in (3.42), which is targeted to the

strong receivers, is known by each weak receiver in set S[il'("i] ;- Therefore, the j-th sub-

message of message ¢ —i+ 1 can be transmitted using joint encoding, for : = g—1, ..., p,

i e (5]

JE | (Wl > ,(W("“) e, WY > . 3.43
< S[;;Lj S[l;l _ de“’S[;i;],j dK,S[;i,],j [Kuw-+1:K] ( )

1,3

However, to increase the efficiency of the delivery phase, the j-th sub-message is de-
livered via K, orthogonal time periods, such that in the m-th period a codeword of
length 3;_;y1,jmn channel uses is transmitted, where Zg‘;l Bg—i+1,j,m = Bg—it+1,5-
Coded content W(?Jrl , targeted for receivers in set S[l;i],j’ is divided into K non-

S{Kuw).j
overlapping equal-rate pieces

Wi, = (Wi Wl ), (3.44)
]75

1
[Kw],j [Kwl,s’ [Kw],

3For example, with the second message, subfile Wé;ﬁ is delivered to each strong receiver I € [K,+1 :
K], and subfile Wéz_l) to each weak receiver k € [K,]. With the third message, subfile Wélq_l) is

delivered to each strong receiver | € [K,, + 1 : K], and subfile Wé:ﬂ) to each weak receiver k € K],
and so on so forth.
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and the delivery over the m-th time period is performed by joint encoding;:

JE <W“) i Jform=1,..,K, (3.45)

i+1 9 1+1
S[le,wm> s ( de+m73[Kw1,j) {(Kuwtm}

We note that, after receiving messages 2 to ¢ — p+ 1, each weak receiver k € [K,| can
obtain subfiles (W(ggfl), Wézﬂ), - Cgf)), while each strong receiver [ € [K,, + 1 : K|
can decode subfiles (Wc(l;]), Wslq_l), e Wéfﬂ)); therefore, together with message 1, the
demand of weak receivers are fully satisfied. However, strong receiver [ € [K,, + 1 : K]

only requires to receive subfile Wg ),

The last message delivers subfile Wélp ) to the strong receiver | € [K,, + 1 : K] using

the channel coding scheme for standard packet erasure BCs.

The contents delivered with each message in the delivery phase for the heterogeneous

case are summarized in Table 3.2.

3.4.4 Achievable Memory-Rate Pair Analysis

In the following theorem, whose proof can be found in Appendix B.1, we provide

the memory-rate pair achieved by the SCC scheme.

Theorem 3.1. Consider cache-aided delivery of N files over a packet erasure BC with
K, weak and K strong receivers, where each weak receiver is equipped with a cache
of normalized capacity M. Memory-rate pairs (M(nq),R(p’q)) are achievable for any

p€[0: Ky and q € [p: K], where

8.0) ~Ko—i (K977 K
g:p <’Y((%w)) Zj:l (1—5j )) + ZjZKw+1 ﬁ
q . .
N> i, v (p,6,4)
K5, (p.8.0)

(1>

Rpg) ; (3.46a)

(1>

(3.46b)

Mp,q)

with y(p, 8,1) defined as in (3.36). The upper convex hull of these (K, + 1) (Kyw + 2) /2

memory-rate pairs can also be achieved through memory-sharing.
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Corollary 3.1. For the homogeneous scenario, the achievable memory-rate pairs (M(nq) ,

R(p7q)), foranyp € [0: K| and q € [p: Ky, are simplified as follows:

o F Z 1=p ’Y (p7 w37 )
Pa) — 1 q Kuy—1 ( S ) + K
—dw 1=p 1+1 Y D5 Ows, ¥ 1—0s

Nz—plv(}% wsv )
P,q) — Z—pV(p, sy 1) (pq)

R : (3.47a)

M

(3.47h)

where 7 (p, Oys, 1) is given in (3.19¢).

3.5 Numerical Results

Here we compare the achievable rate of the SCC scheme for the homogeneous scenario
with the scheme of [91], which we will refer to as the STW scheme. In Fig. 3.2, we
plot the achievable rates for both schemes in the homogeneous scenario with K,, =7,
K, =10, N = 50, F = 20, §s = 0.2, and 6, = 0.9. Observe that, for relatively
small cache sizes, where the best memory-rate trade-off is achieved by time-sharing
between (M(()’O), R(o,o)) and (M(OJ), R(O,l))v and for relatively large cache sizes, where
the best memory-rate trade-off is achieved by time-sharing between (M(677),R(677))
and (M(7,7)7 R(777)), both schemes achieve the same rate; however, the proposed SCC
scheme achieves a higher rate than STW for all other intermediate cache sizes, and
reduces the gap to the upper bound on the capacity derived in [91, Theorem 7]|. For
a cache size of M = 30, SCC provides approximately 15% increase in the achievable

rate compared to STW.

In Fig. 3.3, the achievable rates of the SCC and STW schemes in the homogeneous
scenario are compared for different values of d,, for K,, =20, Ky =10, N = 100, F' =
50, s = 0.2, and d,, € {0.7,0.8,0.9}. Observe that, unlike STW, the performance of
SCC does not deteriorate notably for intermediate and relatively high cache capacities
when d,, increases, i.e., having worse channel qualities for the weak receivers. This is
because SCC successfully exploits the available cache capacities, and there is little to

lose from increasing 6,, when M is sufficiantly large. Moreover, the superiority of SCC
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0 47:: ----- Upper bound| |
F —+SCC scheme
-0-STW scheme
@ (M,0): Ro.0))
0.2 L L L L L L L
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Cache size, M

FIGURE 3.2: Lower and upper bounds on the capacity for the homogeneous scenario
with K, =7, K, =10, N =50, F =20, §, = 0.2, and §,, = 0.9.

over STW is more pronounced for higher values of d,,, in which case, exploiting the

caches of the weak receivers more effectively by SCC becomes more important.

For the heterogeneous scenario, the capacity of the network under consideration is

upper bounded by [91]

, 1\ M

In Fig. 3.4, the effect of K, is considered for the heterogeneous scenario for K = 15,
N =100, F = 10, 6; = 0.9 — 0.01¢, for ¢ € [5], and §; = 0.2 — 0.017, for j € [6 : 15].
Achievable rates are plotted with respect to the total cache size of K,,M for four dif-
ferent values for the number of weak receivers in the system, K, € {4,5,10,15}. Note
that the erasure probabilities are set such that the first 5 receivers have significantly
worse channels than the remaining 10 receivers. Note also that the parameter K,
determines which receivers are provided with cache memories. As it can be seen, the
setting with K, = 5 achieves significantly higher rates over a wide range of total cache
capacities compared to the other settings under consideration. If receiver 5, which

has a relatively bad channel quality, is not provided with any cache memory, and only
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FI1GURE 3.3: Lower bounds on the capacity for the homogeneous scenario with K, =
20, K = 10, N = 100, F' = 50, 6; = 0.2, and different values for d,, given by
0w € {0.7,0.8,0.9}.

the first 4 receivers are equipped with cache memories, i.e., K,, = 4, the performance
degrades significantly except for very small values of total cache size. This is because
the first five receivers have much worse channel qualities, and the performance depends
critically on the caches provided to all these five weak receivers. On the other hand,
equipping receivers with relatively good channel qualities with cache memories deteri-
orates the performance of the system in terms of the achievable rate. Note that this is
because the total available cache size is allocated across a larger number of receivers.
This result confirms that it is more beneficial to allocate cache memories to the re-
ceivers with relatively worse channel qualities. The upper bound on the achievable rate
for the setting with K,, = 5 and K5 = 10 is also included in this figure. We observe
that the gap between the upper bound and the achievable rate for the same setting is

relatively small for a wide range of cache sizes.
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F1GURE 3.4: Lower and upper bounds on the capacity for the heterogeneous scenario
with K =15, N =100, F = 10, ¢; = 0.9 — 0.0ik, for i € [5], and §; = 0.2 — 0.014, for
j € 16 : 15] with variable K,, € {4,5,10,15} and K, € {0,5,10,11}.

3.6 Conclusions

In this chapter We have studied cache-enabled content delivery over a packet erasure
BC with arbitrary erasure probabilities. The capacity of this network is defined as the
maximum common rate of files in the library, which allows reliable delivery to all
the receivers, independent of their demands. We have derived a lower bound on the
capacity by proposing a novel caching and delivery scheme, which enables each receiver,
even the strong receivers without a cache memory, to benefit from the cache memories
available at the weak receivers. The proposed scheme utilizes a finer subpacketization
of the files in the library, and provides a better exploitation of the available cache
memories with a higher achievable rate than the state-of-the-art. This model and
the presented results illustrate that even limited storage can be converted into spectral
efficiency in noisy communication networks, benefiting the whole network, if it is placed

strategically across the network, and exploited intelligently.



Chapter 4

Caching over Gaussian Broadcast

Channels

4.1 Overview

In this chapter we consider a cache-aided K-user Gaussian BC, where the transmitter
has a library of N equal-rate files, from which each user demands one. The impact of
the equal-capacity receiver cache memories on the minimum required transmit power
to satisfy all user demands is studied. Considering uniformly random demands across
the library, both the minimum average power (averaged over all demand combinations)
and the minimum peak power (minimum power required to satisfy all demand combi-
nations) are studied. Upper bounds are presented on the minimum required average
and peak transmit power as a function of the cache size considering both centralized
and decentralized caching. The lower bounds on the minimum required average and
peak power values are also derived assuming uncoded cache placement. The bounds
for both the peak and average power values are shown to be tight in the centralized
scenario through numerical simulations. The results show that proactive caching and
coded delivery can provide significant energy savings in wireless networks, even when

the caches have a relatively small size.

4.2 Introduction

In this chapter we study the benefits of proactive caching in reducing the transmit

power, assuming that the noiseless cache placement phase is carried out without the

87
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knowledge of channel conditions during the delivery phase. Assuming uniform pop-
ularity across the files, we first study the minimum required average power to serve
all the users, averaged over all the user demand combinations. Note that we allow
the transmitter to change its power depending on the demand combination in order
to minimize the average power consumption. We then consider the transmit power
required to satisfy the worst-case demand combination, called the peak power. We first
provide upper bounds on the minimum average and peak power values as a function
of the rate of the files in the library and the capacity of the user caches, for centralized
cache placement. We then extend the proposed scheme by considering decentralized
cache placement. The proposed delivery strategy employs superposition coding and
power allocation, and the achievable transmit power for any demand combination is
derived thanks to the degradedness of a Gaussian BC. We further derive lower bounds

on the performance assuming uncoded cache placement.

The main novelty of the proposed proactive caching and coded delivery scheme
is the way the coded packets designed for each user are generated for any demand
combination, particularly when a file may be requested by more than one user, and
the way these coded packets are delivered over a Gaussian BC in order to minimize the
transmit power. We show that the proposed achievable scheme reduces the transmit
power significantly, even with the availability of only a small cache size at each receiver,
in both the centralized and decentralized scenarios. It is also shown that the power loss
between the centralized and the more practical decentralized scenario is quite small.
Furthermore, numerical results show that the gaps between the peak and average
transmit powers of the proposed achievable scheme for the centralized scenario and the
corresponding lower bounds are negligible. In particular, we have observed numerically
that the multiplicative gap between the two bounds for the centralized caching is below
2 for the examples considered. Numerical results also illustrate that adjusting the
transmit power based on the demand vector can significantly reduce the average power

consumption compared to the worst-case demand combination.

The remainder of this chapter is organized as follows. In Section 4.3 system model
and preliminaries are introduced. The proposed caching and coded delivery scheme

is presented for the centralized and decentralized settings in Section 4.4 and Section
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4.5, respectively. We derive a lower bound on the performance metric in Section 4.6.

Numerical results are presented in Section 4.7. Conclusions are drawn in Section 4.8.

4.3 System Model

We study cache-aided content delivery over a K-user Gaussian BC. The server has
a library of N files, W, with uniform popularity across the users, and each distributed
uniformly over the set HQ”RH. Each user has a cache of size nM R bits. We define
the normalized global cache size as 7 = MK/N.

Data delivery from the server to the users takes place in two phases. Caches of the
users are filled during the initial placement phase, which takes place over a period of
low traffic and high energy efficiency; and therefore, data delivery in the placement
phase is assumed to be error-free and at a negligible energy cost'; however, without
either the knowledge of the user demands, or the users’ future channel gains when they
place their requests. The caching function for user i € [K] is

g [[2nB )Y = [|2MME]], (4.1)

)

which maps the library to the cache contents B; of user i, i.e., B; = gi)(nR) (W).

7

We assume that the user demands are independent and uniformly distributed over
the file library; that is Pr{dy =i} = 1/N, Vi € [N],Vk € [K]. The requests must be
satisfied simultaneously during the delivery phase. As opposed to the placement phase,

the delivery phase takes place over a noisy BC, characterized by
Yk,i (W, d) = thi (W,d) + Z}m, for i € [n], ke [K], (4.2)

where X; (W, d) denotes the transmitted signal from the server at time i, hy is a real
channel gain between the server and user k, Zj; is the zero-mean unit-variance real

Gaussian noise at user k at time 4, i.e., Zy; ~ N (0,1), and Y;; (W,d) is the signal

"We assume that the placement phase takes place over a significantly longer period of time and
over orthogonal high-quality links; which, in theory, allows the server to achieve the minimum energy
per bit required to send the cache contents to the users.
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received at user k.2 The noise components are assumed independent and identically
distributed (i.i.d.) across time and users. Without loss of generality, we assume that
h% < h% <. < h%(. With the knowledge of the channel vector h £ (h1,...,hg) at the

server, the channel input vector X™ (W, d) is generated by
PR [[27R]]Y < RE x [N]K R, (4.3)

and its average power is given by P (W,d) £ 1 3™ | X2 (W, d). We define the average
power of this encoding function for demand vector d as

P(d)& max P(W,d), (4.4)

Wi,..Wn

where the maximization is over all possible realizations of the file library.

User k € [K| reconstructs Wy, using its channel output ¥;* (W, d), local cache con-

tents By, channel vector h, and demand vector d through the function

nRik n n n
PR R [[27MB]] x RE x [NTE 5 [[277]] (4.5)
An (n,R,M) code consists of K caching functions gbgnR),..., g?R), channel en-
coding function (" and K decoding functions ugnR), ceey M%R). We say that an

<R, M, P, P) tuple is achievable if for every e > 0, there exists an (n, R, M) code with
sufficiently large n, which satisfies P, < e, Eq [P(d)] < P, and P(d) < P, ¥d with P,
defined in (2.4). For given rate R and normalized cache size M, the average and peak

power-memory trade-offs are defined, respectively, as

P (R, M, P, oo) is achievable} , (4.6a)

{
P* (R, M) 2 inf {13 : (R, M, P, 13) is achievable} . (4.6b)

Remark 4.3.1. In the above definition, P* is evaluated by allowing a different trans-
mission power for each demand combination, and minimizing the average power across

demands; while P* characterizes the worst-case transmit power, which can also be

2For simplicity, we consider a real Gaussian channel here, and the extension of the results to the
complex channel case is straightforward.
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considered as the minimum transmit power required to satisfy all possible demands if

the transmitter is not allowed to adapt its transmit power according to user demands.

We will consider both centralized and decentralized caching, and assume, in both
scenarios that the placement phase is performed without any information about the

channel gains during the delivery phase.

Proposition 4.3.1. [147] Consider a K-user Gaussian BC presented above with
M = 0, where a distinct message of rate Ry is targeted for user k, k € [K]. The
minimum total power P that is required to deliver all K messages reliably can be
achieved by superposition coding with Gaussian codewords of power ay P allocated for

user k, Vk € [K], where?

228k 1 o K 22R: 1 i1 _op.
or = (5 ) (1em X (S ) IS 2) . G
and the total transmitted power is

22k — 1

P (S T s

For a demand vector d in the delivery phase, we denote the number of distinct
demands by Ng, where Ng < min {N, K'}. Let Uq denote the set of users with distinct
requests, which have the worst channel qualities; that is, Ug consists of Ny indices
corresponding to users with distinct requests, where a user is included in set Uy if and
onlt if it has the worst channel quality among all the users with the same demand,
ie., if K € Ug and dy, = d,, for some m € [K], then hz < h2,, or equivalently, k < m.
Note that, for any demand vector d, 1 € Ug. For given d and user k, k € [K], let Uq

denote the set of users in Ug which have better channels than user k:
Uap =2 {i€Ug:i>k}, kelK]. (4.9)

We denote the cardinality of Ua . by Nag, i-e., Nax = [Ua |-

3For two integers i and j, if i > j, we assume that Z'Jn:z an = 0, and Hizz an = 1, where a, is an
arbitrary sequence.
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4.4 Centralized Caching and Delivery

Here we present our centralized caching and coded delivery scheme. We follow the
placement phase in [20] since the users’ channel gains are not known in advance. In
the delivery phase, our goal is to identify the coded packets targeted to each user in
order to minimize the transmit power. We will use superposition coding in sending
multiple coded packets, and benefit heavily from the degradedness of the underlying
Gaussian BC.

Theorem 4.1. In centralized caching followed by delivery over a Gaussian BC, we

have

5+ 5C & 22Rd’ -1 2RS
P*(R,M) < PS3(R, M) & NK > Do H2 . (4.10a)
=1

de[N]¥
where
@) (h)
S (e +1—r) R+ 25955 (r — [7]) R, if k € Uy,
R(C]k; L (K\:'rjk) Kok N (L'rj+1) Kk KhN
’ ()= ) (fra)—( F)

7 (lr] +1—7r) R+~ B |7]) R, otherwise,
([r]) (LTJ+1)

(4.10D)
and
A A K (9208, 4
P*(R, M) < Pip(R,M) £ < ) [ 225, (4.11a)
=1
where
G (b
) 2 (lr] +1 =) R+ 24528 (r — |7]) R, if k € [min{N, K}],
RY, 2 (i) (1rr41) (4.11Db)
0, otherwise.

Proof. For simplicity, we assume that both nR and nM R are integers. The proposed
scheme is first presented for integer normalized global cache capacities, that is r € [0 :

K]. The scheme is then extended to any r € [0, K].
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4.4.1 Integer r Values

Here, we assume that r € [0 : K]. We remind that we denote the r-element subsets

of K users by 5[7}(},173[7}(},27 e ’S[TK],(If)'

Placement phase: A centralized cache placement phase is performed without the

knowledge of the future user demands or the channel gains in the delivery phase. Each

file W;, i € [N], is split into ( ) equal-length subfiles W; sr Wi st
[

K1(%)’
each of rate R/(r). User k, k € [K], caches subfile Wz‘,S[TK]’ Jif k € S[K] ;» for i € [N]

(&1, 17Wi,3[’}(]27 C)

and [ € [(IT( )} Hence, the cache contents of user k is given by

B = Uze[N] Ule |kes? Wisp,,» forkel[K], (4.12)

(K],
where the cache size constraint is satisfied with equality.

Delivery phase: For an arbitrary d, we will deliver the following coded message to

the users in S[K] RS {( )}

A
o s 41
Ws[z?ﬁz Gakes(;ﬁl de,s e MED (4.13)

Then, each user i € SE}T can recover subfile Wd ST+1 AYES since it has cached all the

other subfiles W, ST Vi € St l\{z} Note that each coded message W5r+]1,

le [(Tfl)}, is of rate R/(If) Note also that, for k € [K], sending | J,. kesTH Wert1 to

(K], [K].1

(K],

user k enables that user to obtain all the subfiles Wy, | St , Vil e [( )} and k ¢ S[ K
Thus, together with its cache contents, the demand of user k, k € [K] would be fully
satisfied after receiving |J,,, as WS[T;]E As observed in [20], for a demand vector
d with Ng distinct requests, if K — Ng > r + 1, not all the coded messages Wgrt1,
(K],

Vi € [([r{)], need to be delivered.
Following [20, Lemma 1], for a demand vector d with Ng distinct requests, let
Ua C V C [K]. We define Gy as the set consisting of all the subsets of V with

cardinality Ng, such that all Ngq users in each subset request distinct files. For any V),

we have EBQGQV Wy\g = 0, where 0 denotes the zero vector.
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Remark 4.4.1. Given a demand vector d with Ng < K, and any set S C [K]\Uy of

users, by setting V = S Uy, we have

@QGQVWV\Q = (@gegv\udWV\g> & Wy, = <€Bgegv\udWV\g> ®Ws =0,

(4.14)

which leads to
= . 4.1
Ws =P Ge gv\udWV\g (4.15)

Thus, having received all the coded messages Wy\g, VG € Gy\Ug, Ws can be recovered
through (4.15). Note that, for any G € Gy,\Ug, we have

IV\G| =[S], (4.16a)
WV\G) NUq # 0, (4.16D)

that is, each coded message on the right hand side (RHS) of (4.15) is targeted for a
set of |S| users, at least one of which is in set U4. Furthermore, for each k € S, there
is a user k' € Uy with h2, < hi, such that dy = dj. Note that, since no two users with

the same demand are in any of the sets G € Gy, for any set G € Gy\Uy, we have either
ke V\G or k' € V\G.

Given a demand vector d, the delivery phase is designed such that only the coded
K r+1 . .

messages WS[TI;F]I,Z, vl € [(TH)} such that S[K},l NUg # 0, are delivered, i.e., the coded

messages that are targeted for at least one user in Uy are delivered, and the remaining

coded messages can be recovered through (4.15). To achieve this, for any such set

SE";(“]ll with SE}}L}ll NUg # (), the transmission power is adjusted such that the worst
user in S[Tall can decode Wrt1 5 and so can all the other users in S[”;g]ll due to the
I [K],l El

degradedness of the Gaussian BC. As a result, the demand of every user in Ug will be

satisfied.

We aim to find the coded packets targeted for each user that will minimize the
transmitted power, while guaranteeing that all the user demands are satisfied. In
delivering the coded messages, we start from the worst user, i.e., user 1, and first

transmit all the coded messages targeted for user 1. We then target the second worst
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user, and transmit the coded messages targeted for it that have not been already

delivered, keeping in mind that only the coded messages Wsﬁl for which S[T;]ll NUg # 0
K], ’

are delivered. We continue similarly until we deliver the messages targeted for the best

user in Uy.

We denote the contents targeted for user k by W, and their total rate by Ra .k,

k € [K]. For a demand vector d, contents

Wy = Umesr+1 Wersa (4.17)

k) KD

are targeted for user 1. Note that there are (K;l) different (r 4 1)-element subsets

SE}?]ll’ in which user 1 is included. Thus, the total rate of the messages targeted for

user 1 is Kt
((;;))R - KI; "R. (4.18)

T

Rd,nl =

For k € [2: K], the coded contents targeted for user k that have not been sent through
the transmissions to the previous k& — 1 users and are targeted for at least one user in

Uq are delivered. Thus, for k € [2: K], we deliver

WS7'+1 5 (419)

W =
k UZ:SH'I mud7&@73{;]{1m[k—l]:(z),kesf";ﬁl (K],1

(K]l

which is equivalent to

W = W r —
k Uz:s[rg]llm[k—l]:w,keS{H S[EZ

K],

(UZ:STH NUg=0,8"1 A[k—1]=0,keS ! VS{IQ%Z) . (4.20)

(K], K], (K],
For each user k € [2 : K|, there are (K;k) different (7 + 1)-element subsets S[’}J{r]ll, such

that 5@;}}[ N[k—1] =0 and k € Sf;]}l, for I =1,...,(,%,). On the other hand, for

each user k € [2: K]\Uy, since there are Nq j, users among the set of users [k : K] that

belong to set Uy, there are (Kﬁk;Nd"“) different (r + 1)-element subsets S{;{fl, such

that S5 NUa U [k —1]) =0 and k € S}, forl=1,..., (,%,)- Note that, if k € Ug,

the second term on the RHS of (4.20) includes no content. Thus, if k € [2 : K] NUg,
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Algorithm 7 Centralized Caching and Coded Packet Generation

1: procedure PLACEMENT PHASE

K
2: W; = Ul(:Tl) Wi’S[TK],ﬂ fori=1,....N

B U= Uiew Uerpuesy, Wisige fork =1 K
4: end procedure

5: procedure CODED PACKET GENERATION

. _ _ K
6: WS[T;(rll,l = @kES&%lemS{%b\{k}’ forl=1,..., (H—l)
o W= Uz:s@jﬁlmud#(b,s[gﬁ]{lm[kfl}=@,kes[r;]{l WS(;]{Z’ fork=1,... . K

8: end procedure

total rate targeted for user k is

K-k .
Fapi=r )R- (I ) (121)

while the total rate targeted for user k, k € [2 : K]\Uq, is

(1) = (A

()

In summary, the proposed achievable scheme intends to deliver contents of total rate

Rayk = R. (4.22)

Rq .,k to user k, for k € [K], where

(5
(IT() R, if k€ Uy,
Ra,r = " (4.23)
R, otherwise.

The centralized caching and coded packet generation explained above is summarized

in Algorithm 7.

Once the coded packets targeted to each user are determined, the next step is
to design the physical layer coding scheme to deliver these packets over the Gaus-
sian BC. Given d, we generate K codebooks, where the codebook k € [K] is de-
signed to deliver the contents W}, to user k. The k-th codebook consists of 2.k
iid. Gaussian codewords z} (W, d), generated according to the normal distribution

N (0, oszgB (R, M, d)), where o, > 0 and Zfil a; = 1. The transmission is performed
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through superposition coding; that is, the channel input is given by szl ) (W, d, G),
where §j, € [2”Rgmk} . User k decodes codewords z7 (W,d) , ..., z} (W, d) by successive
decoding, considering all the codewords in higher levels as noise. If all the & codewords
are decoded successfully, user k € [K] can recover contents Wi, ..., Wg. Accordingly,
any user k € [K] will receive all the coded contents targeted for it except those that
are not intended for at least one user in Ug (which have not been delivered); that is,

user k receives all the coded contents

Wgria . (4.24)

Ul:s["}j]}lmud;é@,kesf;ﬁl [K1,1

Thanks to the degradedness of the underlying Gaussian BC, it can also obtain all the
coded contents targeted for users in [k — 1], which are also intended for at least one

user in Uy, i.e., all the coded contents in

Ul:SH‘

(K]

WS'le . (425)

flmudyéw,[k—l]msfgﬁﬂéw [K7,1

Note that, if k € Uy, (4.24) reduces to Ulkes[r“ Wgr+1 , which shows that the demand
: K],l

] K],
of user k € Uy is satisfied. Next, we illustrate that the users in [K]\Ug can obtain their

requests without being delivered any extra messages. Given any set of users S[’}}F]ll such

that S[”;g]ll NUg = (), we need to show that every user in S[T;]ll can decode all the coded

messages Wy g, VG € Gy\Uqg, where V = S[T;]ll UUq. In this case, they can also decode

WS[T;]{I through (4.15).

Assume that there exists a set of users S[’}}F]ll such that S[T;}ll NUg = 0; set V =

S[’}“ﬁl UUqg. According to (4.16b), there is at least one user in Uy in any set of users

W\G, VG € Gy\Uq. Thus, all the coded messages Wyyg have been delivered by the

proposed delivery scheme. Remember that, for each user k € S%ll and VG € Gy\Uq,

either k € V\G or 3k’ € V\G, where diy = dj, and k' € Ug, i.e., h}, < hi. If k € V\G,
since V\G NUg # 0, according to (4.24), user k can obtain Wy,g. If 3k € V\G with

dp = dp and k' € Ug, then user &’ can decode Wy g, and since h?, < h2, user k can

also decode Wy, g. Thus, each user k € S[’;]ll can decode WS[T+]1 successfully, for any
) K]l

set of users 8[’7{]1[ that satisfies S{I;r]ll NUg = (. This fact confirms that the demands of

all the users in [K]\Uyg are satisfied.
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We remark here that, with the proposed coded delivery scheme, the coded packets
targeted to user k are delivered only to users in [k], and not to the any of the users in
[k +1: K], for k € [K]. Next, we provide an example to illustrate the proposed joint

cache and channel coding scheme.

Example: Consider K = 5 users, each equipped with a cache of normalized size
M = N/5, ie., r = 1. File W; is partitioned into 5 equal-length subfiles W; 11y, ...,
Wi (53, each of which is of rate R/5, for i € [N]. Cache contents of user j after the

placement phase is given by

Bj = Uiem Wiy J €5l (4.26)

Assuming that N > 3, let the user demands be d = (1,2,1,1,3), where we have
Ng =3, and Ug = {1,2,5}. We generate the following coded packets:

Wiy = Wi 12y @ W 1y, (4.27a)
Wigy = Wigsy @ Wiy, (4.27b)
Wiay = Wiy © Wi 1y, (4.27¢)
Wisy = Wi sy © Wa 1y, (4.27d)
Wiazy = Wa (31 © Wy (93, (4.27e)
Wioay = Wa 14y @ Wi g2}, (4.27f)
Wias)y = Wa 51 ® Wa g2y, (4.27¢g)
Wissy = Wigsy © Wa sy, (4.27h)
Wiasy = Wisy @ W gy (4.27i)
The coded contents W}, targeted to user k, k € [5], are:
Wi = Wiy, Wisy, Winay Wi ). (4.28a
W = Wiaay, Wia.ay, Wias) (4.28b

)
)
W3 = W35, (4.28¢)
Wi =Wy, (4.28d)

)

W5 = 0. (4.28e
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We perform superposition coding to deliver these contents, and send 22:1 xp (W, d, G),
where ¢ € [2F/5], Gy € [2°7R/5], g3 € [2"R/5], and g, € [2"F/5]. User k, k € [5], de-
codes the codewords z} (W,d), ...,z (W,d) by successive decoding, considering the
higher level codewords as noise. If successful, user k can recover Wl, cee Wk, k€ [5].
Now, note that user 1 can recover Wi from W, together with its cache contents; user
2 can decode W having received the coded packets Wiy oy, Wig 3y, Wig4y, and Wyg 5y
along with its cache contents; coded packets Wiy 5y, Wig 51, Wigsy, and Wiy 5y, and
its cache contents Bj enable user 5 to decode W3; user 3 can directly obtain Wy 3y,

Wia.3y, and Wz 5y, and it can generate W3 4y as follows:
Wisay = Wiizy © Wiay, (4.29)

so it can decode W1 together with its cache contents. Note that both Wiy 3y and Wiy 4
are delivered within T, which is decoded by user 3. Similarly, user 4 will be delivered
Wi14y, Wia4y, and Wiy 5y, and it can also recover Wiz 4y through (4.29), and together

with its cache contents it can recover W7j. O

4.4.2 Non-integer r Values

Here we extend the proposed scheme to non-integer r values. We divide the whole
database as well as the cache memory of the users into two, such that the corresponding
r parameters for both parts are integer. This way we can employ the placement and

delivery schemes introduced in Section 4.4.1 for each part separately.

Placement phase: Each file W, fori = 1, ..., N, is divided into two non-overlapping

subfiles, W of rate R and Wi2 of rate Ry. We set

7

Ri=(r]+1-7r)R, (4.30a)
Ry = (r—|r])R, (4.30b)

such that R; + Ry = R. For subfiles { Wi, ... ,W]{,}, we perform the placement phase
proposed in Section 4.4.1 corresponding to the normalized global cache size ||, which

requires a cache size of n (|r| N/K) Ry bits. While, for subfiles {W¢,... W%}, we
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perform the placement phase proposed in Section 4.4.1 corresponding to the normalized
global cache size [r] + 1, which requires a cache size of n ((|r| + 1) N/K) Ry bits. By
summing up, the total cache size is found to be nM R bits, which shows that the cache

size constraint is satisfied.

Delivery phase: For any demand vector d, we perform the proposed coded delivery

phase in Section 4.4.1 corresponding to the normalized global cache size |r] to deliver
the missing bits of subfiles {Wll, cee WJ{,} to the intended users. Moreover, the missing
bits of subfiles {W12 ey W]%,} are delivered to the intended users by performing the
coded delivery scheme proposed in Section 4.4.1 corresponding to the normalized global

cache size [r] + 1.

For an arbitrary demand vector d = (d1,...,dx), we define
i a i C_
WSTZ.+1 = k:eSTiJrl de,Sri+l\{k}7 for i = 1, 2, (431)

(K], (K], (K],

L

where 71 £ |r| and 73 £ || +1. According to Algorithm 7, by performing the central-
ized caching and coded delivery scheme proposed in Section 4.4.1 for the normalized
global cache size |r] to serve the subfiles {W},..., W3}, each of rate Ry, user k € [K]

should receive

Wi = wl 4.32
Ui wnsigron ey e 49
of the following total rate obtained according to (4.23)
(1)
L;{J Ry, if k €Uy,
Rar e = 4 (K78 (<-5-Nany (4.33)
il 7 L R, otherwise.
(LTJ)

Similarly, to serve the subfiles {Wf, e ,WJ%}, each of rate Rg, user k € [K]| should
receive

W2 = . . e W2 4.34
¢ = Unsizrreuesm st tonponesiztss Wales (4:34)
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of total rate

—~

K-k)

Ry, if ke Uy,
lr]+1
Kk

—~~
~—

R o = 0 o (4.35)
Lri+1 et 2 Ro otherwise.

(Lrj«kl
Thus, Wj, £ (Wkl, W,?), at a total rate of R(S“C = Rq ||k + Ba,|r|+1,k given by

(1) (1)

RS (LI:J) (Ir]+1—=7)R+ (L’l‘j{‘rl) (r—|r]) R, it k € Uy,
! (ﬁﬂk)i(z_k;jv“) (l[r]+1—7r)R+ (L}:ﬂkl)i(:_&_ﬁdyk) (r—|r]) R, otherwise
(LTJ) (mﬂ)

(4.36)

is delivered to user k, for k =1, ..., K.

4.4.3 Transmit Power Analysis

In the proposed delivery scheme, user k € [K| decodes codewords z} (W,d),...,
xp (W, d) successively considering all the other codewords in higher levels as noise.

User k can decode its intended message successfully if, for k € [K],

(4.37)

1 h2PS. (R, M,d

K
h2 iyt PGy (R, M, d) + 1
From Proposition 4.3.1, the corresponding minimum required power is given by

K <22R§7i _1

i—1
Pog (R Md) £ | =—5— )szlfRdCJ. (4.38)

Thus, the average and peak power-memory trade-offs of the proposed achievable scheme
are given by Eq [Py (R, M, d)] = P§3(R, M) and PSy (R, M) = max {P§s (R, M,d)}

as stated in Theorem 4.1, respectively, where the demands are distributed uniformly.

Observe that for demand vectors with the same Uy set the required power PSB (R,M,d)
is the same. Let Dy, denote the set of all demand vectors with the same Uy set. We

define PSB (R,M,Dy,) as the required power PSB (R,M,d) for any demand vector



Chapter 4. Caching over Gaussian Broadcast Channels 102

d € Dy,. Thus, we have
PSg (R, M) = max {PGs (R,M,Dy,)} . (4.39)
d

It is shown in [94, Appendix B] that the worst-case demand combination for the pro-
posed centralized caching scheme happens when the first min{ N, K'} users; that is, the
users with the worst channel gains, request distinct files, i.e., when Uy = [min{ N, K'}],

and Py (R, M) is given by (4.11). O

4.5 Decentralized Caching and Delivery

Here we extend our centralized caching scheme to the decentralized caching. The
corresponding average and peak power-memory trade-offs are given in the following

theorem.

Theorem 4.2. For decentralized caching followed by delivery over a Gaussian BC, we

have
1 K 223(“ 1 i—1 R
D* D A
P*(RM) < PPu(R.M) £ 3 < —~ ) 2" (4.40a)
de[N]¥ [i=1 ' j=1

1_MkR’ if k € Ug,
RdD,k Iy ( N) (4.40Db)
(1- %)k (1 . %)Nd,k) R, otherwise,
and
min{N,K} QR(l_M)i i—1
R R 2 _ 1 N _(1_M
P*(R,M)S [I?B(R7M)é Z ]f; 223(1\4 1)(1 (1 N) )
i=1 i
(4.41)

Proof. The decentralized caching scheme to achieve the average and peak power-

memory trade-offs outlined in Theorem 4.2 is described in the following.
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4.5.1 Placement Phase

We perform decentralized uncoded cache placement [26], where each user caches
nMR/N random bits of each file of length nR bits independently. Since there are a
total of N files, the cache size constraint is satisfied. The part of file ¢ cached exclusively
by the users in set S C [K] is denoted by W; s, for i € [N]. For n large enough, the
rate of W; s can be approximated by (%)‘Sl(l — %)K_|S‘R. The cache contents at

user j is given by

Bj = UiG[N] USC[K]:jeS Wigs- (4.42)

4.5.2 Delivery phase

Consider any non-empty set of users S C [K]. For a demand vector d, by delivering
the coded message Ws = @jcsWa, s\(x} of rate (M/N)‘Skl(l = M/N)K7|5|+1R to
users in S, each user i € § can recover subfile Wy, s\ ;) since it has cached all the
subfiles Wy, s\(j3, VJ € S\{i}. For each k € [K], delivering Jg¢(g.kes Ws enables
user k to recover all the subfiles Wy, s\(z}, VS C [K] and k € S. The demand of user k,

k € [K], is fully satisfied after receiving Ugc(x.kes Ws along with its cache contents.

Similar to the proposed scheme for the centralized caching scenario, given a demand
vector d, the delivery phase is designed such that only the coded messages Wg, VS C
[K] that satisfy S NUg # 0, are delivered, and the remaining coded messages can be
recovered through (4.15). To achieve this, for any such set S with S NUg # 0, the
transmission power is adjusted such that the worst user in S can decode it; and so can
all the other users in S due to the degradedness of the Gaussian BC. Therefore, the

demand of every user in Uy is satisfied.

Note that in the centralized scenario described in Section 4.4.1, each coded packet
WSIK,T»H is targeted for a (r 4+ 1)-element subset of users, where r € [0 : K], for
l e [(Tfl)} While, in the decentralized scenario, coded packets are targeted for any
subset of users, i.e., for (r 4+ 1)-element subset of users, Vr € [0 : K]. By applying a

similar technique as the delivery phase outlined in Algorithm 7, given a demand vector
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d, the following contents are targeted for user k, k € [K]:

Wy = USC[k:K]:SmL{d;éQ),keS Ws, (4.43)

which are equivalent to

Wi = Usqk:m:kes Ws = USC[k:K]\ud,k,kes Ws. (4.44)

For each user k, k € [K], there are (K ;k) different (¢ + 1)-element subsets of [k : K],
which include k, for i € [0 : K —k]. Thus, if k € Uq, from (4.44), the total rate targeted

for user k is

R}, = Kz_:k (K Z_ k) (%)(1 - %)K_iR = (1 - %)kR. (4.45)

On the other hand, for each user k, k € [K], there are (K_ksz*k) different (i + 1)-
element subsets of [k : K|\Uq , which include k, for i € [0 : K — k]. Thus, if & ¢ Uq,
from (4.44), the total rate targeted for user k € [K] is given by

7 K—i
D _~~EK-k(K—Fk\(M M
Rdp=) ( . ~)1-%) R
_Zkade,k K —k—Nap\ (MY LM K*Z’R
i=0 7 N N

M\* M\ Nk

=(1—— 1—(1—— R. 4.46
(-5 (- 0-%)") (49

In total, the rate of contents targeted for user k, k € [K], is given by

k

1-M R, if ke Uy,
R}, = (1-%) (4.47)

(1 - %)k (1 — (1 — %)Nd’k> R, otherwise.

Given a demand vector d, the transmitted codeword z™ (W, d) is generated as the
linear superposition of K codewords z7 (W,d),...,z% (W,d), each chosen from an
independent codebook. Codebook k consists of 9"Fdxk 1id. codewords zp (W, d)
generated according to the normal distribution N (O, osz[]JDB (R, M, d)), where ay > 0

and 3K | o; = 1, which satisfy the power constraint, for k € [K].
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User k, k € [K], decodes codewords 7 (W,d),...,z} (W,d) through successive de-
coding, while considering all the codewords x}, , (W,d), ..., 2% (W, d) as noise. Thus,
if user k € [K] can successfully decode all the k channel codewords intended for it,
it can then recover the contents Wl, . Wk, from which it can obtain all the coded
contents gy, £0,(kjnsz0 Ws- Accordingly, each user k € [K] can obtain all the coded
contents targeted for it except those that are not intended for at least one user in Ug
(which have not been delivered), i.e., all the coded contents

Usmud;é(b,kes Ws. (4.48)

It can further obtain all the coded contents targeted for users [k — 1], which are also
intended for at least one user in Uy, i.e., all the coded contents USﬁMd;é(Z),[kfl}mS;é(D Ws.
Note that, if k € Uy, (4.48) reduces to | J, s Ws, which shows that the demand of each
user k € Ug is satisfied through the proposed delivery scheme. Next, we illustrate that
the users in [K]\Uqg can obtain their requested files without being delivered any extra
messages. Similarly to the centralized scenario, given any set of users S such that
SNUg = 0, by setting V = SUUg, from the fact that, for each user k € S, k € V\§ or
k' € V\G, where k' < k, it can be illustrated that every user in S can decode all coded

contents Wyng, VG € Gy\Uq. In this case, they all can also decode W through (4.15).

4.5.3 Transmit Power Analysis

For a demand vector d, user k can decode the channel codewords up to level k

successfully, considering all the other codewords in higher levels as noise, if

aph? PP (R, M, d)
RdD’k < 510g2 (1 —+ 5 1 k UBD
hi. itk @Pip (R, M, d) + 1

> , for ke [K]. (4.49)

From Proposition 4.3.1, the minimum required power is given by

K [22hdi _q i1
PPy (R, M,d) 2 <h2> [T 224 (4.50)

i=1 j=1

Thus, the average power-memory trade-off for the proposed decentralized caching

scheme is given by Eq [P0y (R, M, d)] = PJ3(R, M) stated in Theorem 4.2.
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With the proposed decentralized caching scheme, the peak power pD (R, M) =
m(zixX{P[]JDB (R, M, d)} can be achieved. Observe that, for demand vectors with the
same set of users Uy, the required power P[IJ)B (R,M,d) is the same. We define
PE; (R, M, Dy,) as the required power PJg (R, M,d) for any demand vector d € Dy, .
Thus, we have

PP (R, M) = max {P3s (R, M,Dy,)} - (4.51)

It is shown in [94, Appendix C] that the worst-case demand combination happens when

Ug = [min{N, K}], and P25 (R, M) is found as in (4.41). O

4.6 Lower Bound

In the following theorem we lower bound P* (R, M) and P* (R, M) by constraining
the placement phase to uncoded caching. The main challenge in deriving a lower bound
for the cache-aided BC studied here is the lack of degradedness due to the presence of
the caches. To derive a lower bound, we assume that the files requested by users in
[k — 1] and their cache contents are provided to the other users. We then exploit the
degradedness of the resultant system to lower bound the performance of the original

model.

Theorem 4.3. In cache-aided content delivery over a Gaussian BC with uncoded cache

placement, the minimum average power is lower bounded by P.g(R, M) defined as

_ Ny [ 92R(—min{iM/N,1}) _
PLp(R, M) £Fy, [Z 3 (

=1 J9R(1—min{jM/N,1})
h2 ) Hj:l 2 ’

=1 .
Uy (Z)

(4.52)

where By, [-] takes the expectation over all possible sets Uq, and s is a permutation

over any subset of users S C [K], such that h72r5(1) < her(Q) < ... < B2 The

ms(IS))”
minimal required peak transmit power for the same system is lower bounded

pLB(Ra M) =S max

S| 92R(1—min{iM/N,1}) _ |
SC[min{N,K}]

=1 J9R(1—min{jM/N,1})
I

(4.53)

i=1 (@)
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FIGURE 4.1: Power-memory trade-off for a Gaussian BC with K = 5 users, and
N = 8 files.

Proof. The detailed proof is provided in [94, Section V]. O

Remark 4.6.1. Considering all possible demand vectors, we have a total of 251
different Uy sets. This follows from the fact that Ng < K and 1 € Uy, Vd. For a given
demand vector d, let Uy = {u1,ug,...,un,}, where 1 = u; < up < --- < un,. The

number of demand vectors with the same Uy is given by

N N,
M 2 (Ve (TL2 ). (454)

where we define uy,+1 = K + 1. Thus, the lower bound in (4.52) reduces to

p 1 —min{j
Pip(R, M) = 7 > Ny - [ 2270 minta /N1,

; Ty (1) j=1

Nd <22R(1—min{z‘M/N,1}) _ 1) i-1
U4C[K],1€eUy =1

(4.55)

4.7 Numerical Results

For the numerical results, we assume that the rate of the files in the library is fixed

to R = 1, and the channel gains are 1/h? =2 — 0.2(i — 1), i € [K].
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FIGURE 4.2: Power-memory trade-off for a Gaussian BC with K = 5 users, and
various number of files N € {10, 20,40, 100} in the library.

The bounds on the average power-memory trade-off P*(R, M) and peak power-
memory trade-off p*(R, M) are shown in Fig. 4.1a and Fig. 4.1b, respectively, for
K =5 users, and N = 8 files in the library. The gap between the proposed centralized
and decentralized caching schemes, which measures the power required to compensate
for the decentralization of the cache placement phase, is relatively small, particularly
for small and large values of the cache size. This shows that the proposed achievable
scheme is robust against the decentralization. We observe that the minimum aver-
age and peak powers drop very quickly even with a small cache size available at the
users. The lower bound is generally tight for both average and peak power values with
respect to the upper bound for the centralized scenario for the whole range of cache

capacities?

. The peak power values exhibit similar behaviour to the average power,
with significantly higher values. This shows that adapting the transmit power to the
demand combination can reduce the average energy consumption significantly, while

the transmitter spends much higher energy for some demand combinations.

Fig. 4.2 illustrates the effect of the number of files IV on the upper bound. In Fig.
4.2a and Fig. 4.2b the average power values and the peak power values are considered,
respectively, for K = 5 users, and different number of files N € {10, 20, 40,100}. The

gap between the centralized and decentralized caching scenarios increases with N.

4Note that the figure does not include the cache size range 4 < M < 8, in which case the three
curves coincide in both figures.
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FIGURE 4.3: Power-memory trade-off for a Gaussian BC with various number of
users K € {3,4,5}, and N = 10 in the library.

Another observation to be noted is the increase in the average power with N, even
though the number of files requested by the users remains the same. This stems from
two reasons: first, the effect of the local caches diminishes as the library size increases;
and second, the users are less likely to request the same files from a larger library (and
hence the increase in the average power values for low M values). We also observe
that the peak power increases with NV, but only for non-zero M values. This is because
the increase in the peak power is only due to the diminished utility of the cache size,
whereas the peak power depends only on the worst-case demand combination; and
thus, does not depend on the likelihood of common requests. We note that, for a fixed
number of users K, the gap between the average power and the peak power reduces
by increasing IV, and for N > K, the gap diminishes, since, with high probability, the

users demand distinct files.

The effect of the number of users K on the average and peak power values for both
the centralized and decentralized scenarios is shown in Fig. 4.3. Fig. 4.3a and Fig.
4.3b demonstrate the average and peak power values as a function of M, respectively,
for N = 10 and K € {3,4,5} users. The gap between centralized and decentralized
caching increases with K in both figures. The average and peak power values also
increase with K, as expected. For a fixed N value, the increase in the peak power is

higher than the one in the average power. This is due to the fact that the likelihood
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of common demands increases with K, and so does the gap between the average and

peak power values.

4.8 Conclusions

In this chapter we have considered cache-aided content delivery over a Gaussian BC.
Considering same rate contents in the library, we have studied both the minimum peak
transmission power, which is the minimum transmit power that can satisfy all user
demand combinations, and the minimum average transmit power, averaged across all
demand combinations, assuming uniform demand distributions. We have proposed a
centralized caching and coded delivery scheme assuming that the channel conditions
in the delivery phase are not known beforehand. Coded contents are transmitted in
the delivery phase to their intended receivers using superposition coding and power
allocation. We have then extended the achievable scheme to the decentralized caching
scenario. We have also provided a lower bound on the required peak and average
transmission power values assuming uncoded cache placement. Our results indicate
that even a small cache size at the receivers can provide a significant reduction in the
required transmission power level highlighting the benefits of caching in improving the

energy efficiency of wireless networks.



Chapter 5

Caching of Multi-Layer Messages

5.1 Overview

In this chapter we study a cache-aided K-user Gaussian BC. The users are equipped
with caches of different sizes, which are filled without the knowledge of the user requests
in a centralized manner. It is assumed that each file can be delivered to different users
at different rates, which may correspond to different quality representations of the
underlying content, e.g., scalable coded video segments. Accordingly, instead of a
single achievable rate, the system performance is characterized by a rate tuple, which
corresponds to the vector of rates users’ requests can be delivered at. The goal is to
characterize the set of all achievable rate tuples for a given total cache size by designing
joint cache and channel coding schemes together with cache allocation across users.
Assuming that the users are ordered in increasing channel quality, each file is coded
into K layers, and only the first ¢ layers of the requested file are delivered to user 4,
i € [K]. Three different coding schemes are proposed, which differ in the way they
deliver the coded contents over the BC; in particular, time-division, superposition, and
dirty paper coding schemes are studied. Corresponding achievable rate regions are

characterized, and compared with a novel outer bound.

5.2 Introduction

In most of the existing literature on coded caching, the key assumption is that
the files in the library are coded at a single common rate, and each user requests
one file from the library in its entirety. In this chapter, similar to [40], we allow the

users to request the files at different rates; however, different from [40], considering a

111
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Gaussian BC in the delivery phase, we aim at characterizing the rate tuples at which

the requested contents can be delivered to the users [95].

We argue that this formulation allows us to better exploit the asymmetric resources
available to users for content delivery over a noisy BC. To see the difference between
the scalar capacity definition used in [92] and the capacity region formulation proposed
here, consider a Gaussian BC without any caches, i.e., M = 0. In this case, the capacity
as defined in [92] is limited by the rate that can be delivered to the worst user, whereas
with our formulation any rate tuple within the capacity region of the underlying BC is
achievable, providing a much richer characterization of the performance for cache-aided

delivery over a noisy BC.

The motivation here is to deliver the contents at higher rates to users with better
channels, rather than being limited by the weak users. As proposed in [40], the multiple
rates of the same file may correspond to the video files in the library encoded into
multiple quality layers using scalable coding, so the user with a higher delivery rate
receives a better quality description of the same file. Accordingly, each file in the
library is coded into K layers, K being the number of users, ordered in increasing
channel qualities, where user ¢ receives layers 1 to ¢ of its request, for i € [K]. We
consider a centralized placement phase, and assume that the channel qualities of the
users in the delivery phase are known in advance. By allowing users to have different
cache capacities (similarly to [143] considering an error-free shared link during the
delivery phase), we consider a total cache size in the network as a constraint, and
optimize cache allocation across the users and different layers of the files. Contents
cached during the placement phase provide multicasting opportunities to the server
to deliver the missing parts in the same layer of the files to different users. When
delivering these coded contents to users over the underlying BC, we consider three
different techniques. Corresponding coding schemes are called joint cache and time-
division coding (CTDC), joint cache and superposition coding (CSC), and joint cache
and dirty paper coding (CDPC). We also present an outer bound on the rate region
when the placement phase is constrained to uncoded caching, and compare it with the

achievable rate tuples obtained though the proposed coding schemes.

The remainder of this chapter is organized as follows. In Section 5.3 we present the
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system model. We present different inner bounds on the capacity region in Section 5.4,
while in Sections 5.5 and 5.6 we elaborate the achievable schemes providing the inner
bounds and analyze their achievable rate regions. We also establish an outer bound
on the capacity region in Section 5.7. Numerical results are presented in Section 5.8,

and conclusions are drawn in Section 5.9.

5.3 System Model

We consider cache-aided content delivery over a K-user Gaussian BC. The transmit-

ter has a library of N files, W. File W; is coded into K layers Wi(l), ey WA(K), such

2

1

that layer W is distributed uniformly over the set H2”RU)—H, where RY) represents
the rate of the I-th layer and n denotes the blocklength, for i € [N], [ € [K]. We denote
the I-th layers of all the files by W® £ (Wf”, }V”), for [ € [K].

Assume that user k, k € [K], has a cache of capacity nMj, bits. For a demand vector
d, the users are served by a common message X"(W) £ (X1(W),..., X,,(W)) satisfy-
ing the average power constraint. User k, receives V(W) £ (Y 1(W),..., Y ,(W))

through a Gaussian channel!

Y W) = X" (W) + Z;‘k, for k € [K], (5.1)
where Zf}k £ (Zop 1y s Zoym), and Z,, ; is an independent noise at user k at the i-th

channel use distributed according to A (O,a,%). Without loss of generality we order
the users in increasing channel quality, i.e., we assume that o? > 02 > ... > U%(. We

define o £ (0y,...,0k).

Placement phase is performed in a centralized manner assuming o is known by the

server. An (n, RW .. RE) My, ... ,MK) code consists of the following:

e K caching functions qb,(cK), Vk € [K], where

o[ o [ Y e o 2

IFor ease of presentation, we consider a simple channel model, and we do not consider fading in
this chapter; however, the results here can be easily extended to the Gaussian fading channel model.
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maps W and o to the cache content By of user k, i.e., By = ](CK) (W, o).

e An encoding function with the knowledge of the noise variances o
N
&) . {[[2“””“ N Han‘K’H} « R < [NJK SR, (5.3)

which generates the channel input as X™(W) = %) (W, ¢o,d), for demand

vector d, satisfying the average power constraint % S XEHW) < P.

e K decoding functions MECK)7 Vk € [K], where, for a demand vector d,

i R [l xR N [ o [ ] o

reconstructs the layers W,gl), cee, ngk) from the channel output Y;* (W), cache

content Bj, and noise variances o.

The probability of error is defined as Pe(K) £ Pr {quN]K Ule Ule {VAV,gl) =+ Wéi) } }

Note that the generated code implicitly assumes that user k is interested only in

the first k layers of its demand, i.e., éi)

yeens éf), for k € [K]. In a more general
formulation, we could instead consider an arbitrary ordering of the rates among the

users, but here the goal is to deliver a higher rate to a user with a better channel.

For a given total cache size M., we say that the rate tuple (Ry,. .., Rx) is achievable
if for every € > 0, there exists an (n, RW_ . RE) My, ..., MK) code, which satisfies
PB(K) <e, R < Zle RW ., and Zle My, < M. For average power constraint P and
a total cache size My, the capacity region C(P, M) of the caching system described
above is defined as the closure of the all achievable rate tuples. Our goal is to find

inner and outer bounds on C(P, Miot).

Next, we present some definitions that will simplify our ensuing presentation. For a

fixed value of 7, r € [K — 1], we define g; = Zé’:l (Kr_j), Vi € [K —r], and let go = 0.

We note that gx_, = ( K

r+1)' We denote the set of users [l : K| by K;, for [ € [K].

We label (r + 1)-element subsets of users in Ki, so that the subsets with the smallest
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element [ are labelled as

+1 +1 _
8121,1-%9171""78/%14]17 for I = 17"'aK_T- (55)

Thus, we have, for | € [K — 1],

r41 r41 T r
{SKT’1+9171\{Z}7 c e 78’61_,91\{[}} — {S}Cl+1717 . e 78}Cl+1,(Kl)} b (56)

r

i.e., the family of all (r + 1)-element subsets of Ky excluding [, which is their smallest
element, is the same as the family of all r-element subsets of ;1. We note that the
number of subsets of users in both sets in (5.6) is (Kr_l), [ € [K —r]. Without loss of

generality, we label the subsets of users so that, for [ € [K — 7],

St hra MO =Sk forie [(70)]. (5.7)

5.4 Achievability Results

Here we present the results of three achievable schemes, namely joint cache and
time-division coding (CTDC), joint cache and superposition coding (CSC), and joint
cache and dirty paper coding (CDPC), providing inner bounds on C(P, M).

5.4.1 CTDC Scheme

In the following, we present an achievable rate region achieved by the CTDC scheme.
With CTDC, the missing bits corresponding to the layers in WO are delivered in a
coded manner exploiting the cached contents as in the standard coded caching frame-
work. The coded contents are transmitted over the BC using time-division among
layers. We elaborate the placement and delivery phases of the CTDC scheme in Sec-
tion 5.5.

Proposition 5.4.1. For the system described in Section 5.3 with average power P and
total cache size Mo, the rate tuple (Ry,..., R) is achievable by the CTDC scheme,

if there exist r1,...,rx, where r; € [0 : K — ], VI € [K], non-negative RW ... RU,
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and non-negative AV, ... A5 such that Ry, = Zle RO, fil M) =1, Vk € [K],
and

(K*H»l)

t P
Di1 er/cl\sfcll,i Co

RU < \O e Y forl € [K], (5.8a)
t+1 P
izt ericl\s}glfj Oag
K
My =Ny~ nRY, (5.8b)

where, for a,b € R, we define Cf' £ Llog, (1 + a/b).

Corollary 5.1. The following rate region for a total cache size Mioy and average power

P can be achieved by the CTDC' scheme:

Cb(P7 Mtot)

= U ({R1,...,Ri} : (Ry,...,Rk) and My satisfy (5.8)). (5.9)
AW A K A0 =1

Remark 5.4.1. Let (Rl, ... ,RK) € Cp(P, Myot) and (Rl, . ,RK) € Cy(P, Miot).
Then, for any A € [0,1], ARy 4+ ARy, ..., ARk + ARg) € Cy(P, Myoy), where A 21—\,
This can be shown by joint time and memory-sharing. The whole library is divided
into two parts according to A, and the delivery of the two parts are carried out over two
orthogonal time intervals of length An and An using the codes for the two achievable
tuples. Thus, for a fixed total cache size M, the rate pairs in the convex-hull of

Cp(P, Miot) are achievable.

From convexity of rate region Cp(P, Miot), a rate vector R* £ (R%,..., Ry) is on
the boundary surface of Cy( P, Myot), if there exist non-negative coefficients wy, . .., wg,

S°K L w; =1, for which R* is a solution to the following optimization problem:

K

max g w;R;,

A AE) Ry Rk =1

subject to {R1, ..., Rk} € Cp(P, Miot). (5.10)
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In the other words, for given weights w1, ...,wk, and total cache size M, R* solves

the problem in (5.10), if R™W, ..., R¥) is a solution of the following problem:

max Z wj Z RY,
A NE) R RK) i=1 I=1

subject to (5.8a) and (5.8b),
K
Zl_l AW =1, (5.11)

and
k
Ry =) :H RO, fork=1,...,K. (5.12)

Remark 5.4.2. For given weights w1, ...,wgk, it is easy to verify that the problem in

(5.11) is a linear optimization problem; thus it is a convex optimization problem.

5.4.2 CSC and CDPC Schemes

Here we present the achievable rate regions for the CSC and CDPC schemes. We
introduce s; and so to distinguish between the two, where we set s;1 = 0 and s = 1
for CSC, while s = 1 and sp = 0 for CDPC. We briefly highlight here that with
the CSC scheme, the coded packets of different layers are delivered over the Gaussian
BC through superposition coding, while the CDPC scheme uses dirty paper coding to
deliver the coded packets of different layers. The CSC scheme along with an example
highlighting the main techniques and the CDPC scheme are elaborated in Section 5.6.

Theorem 5.1. For the system described in Section 5.3 with average power P and total
cache size My, the rate tuple (Ry, ..., Rg) is achievable, if there exist r € [K — 1], and
non-negative RV, ...  R¥)  such that Ry, = Zle RW, for k € [K], and

K
K—Il+1
RO — Ei(:;fl )Rngl, ifl=2,.., K —r+1, (5.13a)
Ky ri

0, otherwise,
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and, fori € [1+g—1:¢g) andl € [K —7],

1) (iP r+1
Rs;gj’l,yll\{kl} S AZC,EiPSQ"‘O']%l’ vkl € S]Cl,i’ (5.13b)
(+1) PP r

RS’21+1,i7gl71\{k2} < AleiPlero,%Q’ Vky € S’Qﬂﬂ'—gzﬂ’ (5.13¢)

where p; =1 — p;, and

K—r+1
Mot = N <7“R(1) +(r—1) Zlfz i R(Z)> ) (5.13d)
for some
0<p <1, fori=1,...(%), (5.13€)
0<N<1, fori=1,..,("%), (5.13f)
(rfl) R

Z;l Ai=1. (5.13g)

Corollary 5.2. The following rate region for a total cache size Mo, and average power

constraint P can be achieved:

CC(P7 Mtot)

= U ({R1,...,Ri} : (Ry,...,Rg) and My, satisfy (5.13)), (5.14)
P:Aizgi?) Ai=1

where p = {pl,...,p(tfl)}, and X & {)\1,...,/\(K)}.

t+1

For a fixed total cache size Miq, the convexity of region C.(P, M) is followed
through the same argument as Remark 5.4.1, for both the CSC and CDPC schemes.
As a result, for a given total cache size Mo, and for given non-negative coefficients
wi,-..,Wk, such that Zfil w; = 1, a rate vector R* is on the boundary surface of
the achievable rate region Co(P, Miq), if R, ..., R is a solution of the following

problem:

. 0
max Z w; E RO,
pARD . RE-t+1) —i=1 =1

subject to R, ... RUK=t+1) gatisfy (5.13a),
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R satisfy (5.13b),
R, ... RED gatisfy (5.13¢),

Mo satisfies (5.13d),

p and A satisfy (5.13e)-(5.13g), (5.15a)
where
RO 2RY . RY (5.15b)
K1,1 Kly(}f)
RO 2 RY . RY Jforle[2: K —t+1], (5.15¢)
(I ’Clv(Kt_liH)
and
k
R = ZH RO, fork=1,...,K. (5.16)

Remark 5.4.3. Let R 2 (Ry,...,Rx) and R 2 (Ry, ..., Rg) be two achievable rate
tuples for total cache capacities Mmt and Mtot, respectively. Then, AR + AR can be
achieved through joint time and memory-sharing for a total cache size )\Mtot + XMM,
for some A € [0,1]. For M = 0, the system under consideration is equivalent to
the Gaussian BC without user caches, where user k requests a file of rate Zle RO,

k € [K], and rate tuple R, £ (R,,,..., R.,) is achievable by superposition coding,

where
—_ kP
R, = CZf(:k+1’YiP+U%7 for k € [K], (5.17)
for some non-negative coefficients ~i,...,vx, such that Zfi 17 = 1. Hence, rate

tuples AR, + AR and AR, + AR are also achievable for total cache capacities MM

and A\Miof, respectively, through time sharing.

5.5 CTDC Scheme (Proof of Proposition 5.4.1)

With the DTM scheme, the layers with W), for [ € [K], are cached and delivered
via a distinct time slot (TS). We elaborate the placement and delivery phases of the
CTDC scheme in the following.
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Placement phase: The layers with WO are cached partially by the users in K

constrained by their cache capacities, for [ € [K]. For caching factors ri,...,rg,

where 7, € [0 : K — ], layer Wj(l) is divided into (K_Tfﬂ) disjoint subfiles w

T Pl
7Sk

c W,(l)'rl , where subfile W.(l)rl is of rate R(lzl , for i € {(K_Hl)}, l e K],
J’S)cl (K1) 19K, i Sk "
("

j € [N].2 We note that

(K*H»l)

RO =% v PRY, . forle (K] (5.18)

Ky

User k’s cache content, for k € [K], is given by

Ky

N k
Be=U_ U_ U _rxin e Wik . (5.19)
J [( L )} Ky

which leads to a total cache size of

K K
Miop = Zkzl M, = szzl rRWY. (5.20)

Delivery phase: For a demand vector d, the server aims to deliver the coded packet

o _ (0
Wg}glt_l - @kes,@;l de,sfcllfil\{k} (5.21)
of rate
R(l) 1 2 max {R(lz } 5.22
XORSE s STk} (522

ri+1
)

missing bits of its request Wéi after receiving

to the users in S;g:ril, for i € [(K_Hl)} and | € [K]. Each user k € K; can obtain all

Uz‘e[(K‘l“)] keSp ! Wé‘lr)ﬁl (5.23)

r+1 Kyi Ky,i

along with its cache content, for I € [K]. We allocate a distinct A()n channel uses

to deliver the coded packets W(lr)lﬂ,. .. ,W(l)ﬁl
R e ()

some AV € [0,1], I € [K], where each coded packet among them is delivered via a

to the intended users in X;, for

2We assume throughout the paper that, for any real number a > 0, 2" is an integer for n large
enough.
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different TS, and we have ZK AD = 1. The coded packet W(T)l 41 of the files in
ICl i

the I-th layer is delivered to the users S through a distinct time interval of length

(K l+1)

Tl+1

)\( In, for i € [(K_H'l)] and [ € [K], where ), )\() = A, In order to recover

ri+1
the coded packet W(T)l 41, user ky € S”Jrl first generates

)Clz

0]
@kesrl+l\{kl}de7 rl+1\{k} (524)
from its cache; it then only needs to decode W() gt of rate R( Zl+1 , which
diy S0 Mk} Sicp.i k1 1}

the decoding is successful for n large enough, if

RO o SAICE L forie (K0 and 1 € [K]. (5.25)
)Cl i
By choosing
erlC Srﬁ'l CO.Q
A = i ' EAD forie [(Kn‘ﬁl)} and l € [K],  (5.26)

r1+1
2=t er/c \SE C

(K I+1

which satisfies 3, " ) AD = 2O and leads to

]

P
er/cl\s,@m Co—g
(K71+1) ’

r;+1
Zi:ll+ HkGK \571+1 CP

k

@) 0
fsg =4

(5.27)

it can be checked that all the conditions in (5.25) are satisfied. Therefore, the coded

packets W(T)l e e ,W(ZT)Z 1 , each delivered with an average power P via a distinct

e S (e

TS, can be decoded by their intended users successfully, if, for n large enough,

(K l+1)

izt ke, \Si, Cy: o?
) for | € [K], (5.28)

(K7l+1) )

ki %k

which together with the total cache size given in (5.20) complete the proof of Propo-
sition 5.4.1.

We remark here that the CTDC scheme applies the scheme in [92], proposed when
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the messages are of the same rate, to the scenario of multiple-layer messages through

joint time and memory-sharing.

5.6 CSC and CDPC Schemes (Proof of Theorem 5.1)

Here we present the CSC and CDPC schemes, which achieve the rate tuple presented

in Theorem 5.1 for s;1 = 0,89 = 1, and s; = 1, s9 = 0, respectively, and r € [K — 1].

Placement phase: As described in Section 5.3, user k receives layers 1 to k of its

request, i.e., Wéi), ol chf), for k € [K]. Thus, the I-th layer of the files, i.e., WO are
cached partially by the users in K; constrained by their cache capacities, for | € [K].

For r € [K — 1], we set

r, if l =1,
n=qr—1, if2<I<K-—r+1, (5.29)
0 otherwise,
and
RO =0, forle[K—-r+2:K] (5.30)

The [-th layer of each file, i.e., each layer with WO which are targeted for users in

K1, is split into (K ;i“) disjoint subfiles, for | € [K — r + 1], represented by
w = U(K_"i“) wl, | forje[N] (5.31)
J i=1 35K, ’ '

K—1+1
! . l . K—I+1 %) L
where subfile WJ(;;CZH is of rate Ré}é,/ i€ [( n+ )] We note that >, ;" R«(S;)c'll,,- =

RO, 1 e [K —r+1]. User k’s cache content, k € [K], is given by

-t 0
B = Uj:l Ul:l Uie[(K;ﬁ“)}:keS,@m WLSW ) (5.32)

Ko
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leading to the cache size

-NY 0
Mp=N Z:1:1 Zie[(K—riﬂ)}kesgl’i Rgr (5.33)

Ky,
We can obtain the total cache size in the system as

K—r+1

Mior = Z My =N Z RO <rR<1> -y R(l)> . (5.34)

=2

which is equal to the one in (5.13d). We note that the rate of the [-th layer of each
file, i.e., RV, for | € [K], corresponds to (5.13a).

Delivery phase: For a demand vector d, the server delivers the coded packet

O M 1) : K141
Wslrclltl - @kesrl+1 de’ Tl+1\{k} fOr 7 6 |:( rl+1 ):|’ (535)
of rate
) _ 0
RXORS,@[? o kgs.%+l {R ;Clltl\{k}} (5.36)

to the users in S,Tcl i for | € [K —r + 1]. Thus, after receiving W?I +1, €ach user
Ky hi
0

ke S,gtl can recover the missing subfile W ST\ (k) of the I-th layer of its request,
Iw K.

for i € {(Iil—flrl)] and [ € [K —r + 1]. We note that, user k, for k € [K], only exists

in the sets KCq,...,Kg, and also the rate of each layer with W(K_T+2), . ,W(K) is
set to zero. Thus, user k, for £ € [K — r + 1], can recover all missing subfiles of

layers Wéi), . ,W(g ) after receiving all the coded packets I/V(T)l+17 Vi € [(K_H'l)} and

Tl+1
)Cl i
VI € [k], such that k € S”Jrl On the other hand, user k, for k € [K —r 4+ 2 : K], can

(K—r+1
W, )

recover the missing bits of all the layers chi), cees after receiving W‘g)l 15

Ky i

Vi € [(Kr;ﬁl)} and VI € [K — r + 1], such that k € S,El:“il. We remind here that r; is

given in (5.29).

The main technique to deliver the coded packets is to send the packet targeted to

ST+1

M T
the users in SICH KC1,itgr—

along with the packet targeted to the users in , through

150

different channel coding techniques, where, from (5.7), Sk S,TCTZ o 1\{l}, for

1€ [(Kr_l)} and [ € [K —r]. For this purpose, the transmission is performed via (Tfl)



Chapter 5. Caching of Multi-Layer Messages 124

orthogonal TSs, where the i-th TS is of length A;n channel uses, for ¢ € [(rfl)}, SO

K
that Zf:ll) A= 1.

5.6.1 CSC Scheme

With TS 4, for i € [1+ g;—1 : ¢1] and | € [K — 7], we generate two subcodebooks

nR;l())RsT !
Ay 28 (wy) s wy € |2 RES T I (5.37a)

by nRgg%{)ST .
Az £ 25" (we) wa € |2 TRpria-1 | S (5.37b)

where all the entries in A; and A are drawn ii.d. according to N (0, p;P) and

N (0, p; P), respectively, for some p; € [0,1]. The server then transmits the codeword

i (Wﬁl) + 2 (ng” ) : (5.38)

K1 ,i Kig1:i=911

sent through linear superposition of the codewords from subcodebooks A; and As,
over the Gaussian BC with TS 4, for i € [1+g¢g;—1: ¢i], | € [K —r]. We note that
JK—r = ZK% (Kﬁj) = ( K ) We also note that, if all the coded packets WgTH)

=1 )
J T r+1 Kiy1i—91-1

are received by their targeted users successfully via all TSs i, Vi € [1 + g;—1 : gi], then
the users in K; 41 can obtain the missing subfiles of the (I+1)-th layer of their demands,
for | € [K —r]. On the other hand, the users in K; need to receive all coded packets

Wéﬂl targeted for them via all (Tfl) TSs to obtain the first layer of their requests.

K1
The users in S,QTIZ first decode the message with aci‘m, while considering x%m as noise.

L

; first recovers
9

To decode the message with xi‘i”, each user k1 € S,’ar

(1
@kesab\{kl}wdk,s,a}i\{k} (5.39)
! : % 0 .
from its cache, and it only needs to decode Wdh’ ST (k) of rate R S (k) which,

using an optimal decoding, the decoding is successful for n large enough, if

M
Rgren\ iy <

NCPE L forie[l+g 1 :g]andle [K —7]. (5.40)
p%P—i-Uk1



Chapter 5. Caching of Multi-Layer Messages 125
TABLE 5.1: Codewords sent via 4 TSs in the delivery phase.
TS number Transmitted Codeword
)\ n (1) )\ n
1 7’ (W{1 23}) ' < {2 3})
)\ n (1) >\ n
2 : (W{l ) T2 (W o 4})
3 )\dn ( ) )\5n ( )
{1, 3 A4} {3 4}
(1 )\ n
1 [ (Whhay) o (WE)
We note, from (5.7), that
Sklﬂ,i—gz L= S}gﬁ\{l}, forie 14+ gi—1: ql; (5.41)

thus, each user in S,’&ZH g1 for which the message with codeword xg‘m

to, can decode x}"" having (5.40) satisfied, for | € [K — 7].

message with xé\m,

each user k9 € S,’élel i—g1_1 first recovers
di—gi_

is targeted

Similarly, to decode the

(+1)
r 5.42
KESE, img, k) BSE i, A (5.42)
from its cache, and it only needs to decode W(Hl)r of rate R( ;H) 7
' iy Sk gy imgp—y \Ih2} SKpp1vi-gpq K2}

which, using an optimal decoding, the decoding is successful for n large enough, if

R(l+1)

’Cz-‘-lZ 91-1

\{k2} =

<M

Tkgy

forie[14+g-1:

g) and [ € [K

—r].

(5.43)

Observe that the conditions in (5.40) and (5.43) prove the achievability of the rate

tuple outlined in Theorem 5.1 for the total cache size My given in (5.34), which is

the same as the one in (5.13d), when s; = 0 and sy = 1.

We highlight that, at each TS of the CSC scheme two coded packets from different

layers of messages are superposed for transmission. The first coded packet is always

intended for the first layer of the messages and the second one is for a higher layer.

The second coded packet is targeted for a subset of the users receiving the first coded

packet.

In the following, we present an example of the CSC scheme for more clarification.
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TABLE 5.2: Decoding the message with xi‘” at TS 4, fori=1,....4

TS number | Sufficient conditions
R~({12)3} A Czlllj—s—ol

1 R§1)3} < )‘105111:+02
Ry S MO

R~({12)4} = )‘20,521];01

2 Ry < WC2E s
h)g} = )‘20,5211;04

RF{?4} < )\3053}1;01

3 R§1)4} ,\30535 1o
Rg{l)?»} >‘3Cp§1€+o4

R%)4} )‘4CZ4I€+0—2

4 Ry < MOnE
R~({12)3} < )‘4Cp:1]j+a4

5.6.2 Example

Consider a cache-aided network as described in Section 5.3 with K = 4 users in the
system. Here we exemplify the achievability of the rate region stated in Theorem 5.1
for the CSC scheme for r = 2. We set R® = 0, and split the messages in the I-th

layer, for [ € [3], as follows:

— (W (1) (1) (1) (1) (1)
— <W] {1 2}7 Wj {1 3}7 Wj,{174}7 v‘/‘7 {2 3}7 W_] {2 4}, W],{374}) 5 (544&)
@ _ (@ )
Wi = (WJ {2}’ Wity Wj,{4}) : (5.44b)
(3) _
W= ( J, {3}’ J, {4}) (5.44c)

where subfile W()Tl is of rate R" Zl ,fori e [(5 l)} Vj e [N],andr = 2,79 =13 =1,

Js S}Cl i ICZ i T
and r4 = 0.

The cache content of each user is given by

= 1) (1) (1)
b= Uje[N] (WJ}{1,2}’ Wit Wi, 4}) (5.45a)

_ O @ @
B =, (W5 sy W oy W oy Wiy ) (5.45b)
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TABLE 5.3: Decoding the message with z5°™ at TS i, for i = 1,...,4

TS number | Sufficient conditions

(@) p1P
) R{S} <A C

(2) PlP
R < M0

2 R < o CPZP

RG) < C”P
R{g} < A3 C"3

< A4CP4P

)
A Ry
RE) <M CP“’

_ O O WD @ ®
By = (W3 oy W3 o W oy Wiy Wity ) (5.45¢)

_ (1) (1) 1) (2 3)
Bi=U (W3 W oy Wiy Wiy Wi ) (5-45d)
where the total cache size in the system is

Mgy = N (23(” + RO 4 R<3>) . (5.46)

For a demand vector d in the delivery phase, we generate coded packet W(l,?l 15
Ky i

for i € {(T?_T_ll)} and | € [3], as given in (5.35). The transmission is performed via

4 orthogonal TSs, where the i-th TS is of length A\;n channel uses, for i € [4], such
that Z?Zl A; = 1. After generating codebooks A; and Ay in the i-th TS as defined

n (5.37), for i € [4], the codeword outlined in Table 5.1 is sent over the channel via

i

each TS. In TS 4, the users, which the message with 331\ is targeted to, decode the

message with xi‘m while considering :c%m as noise, for ¢ € [4]. The sufficient conditions,

for which the message with xi\m

can be decoded successfully by each targeted user,
for n large enough, at TS ¢ are summarized in Table 5.2, for i € [4], thanks to the
side information available at users’ caches. We note that each user, for which the
message with codeword xé\m is targeted to, can decode the message with xi‘m having
the conditions in Table 5.2 satisfied, for ¢ € [4]. Bearing this in mind, the sufficient

Ain

conditions such that the message with z5*" is decoded successfully by the intended

users are outlined in Table 5.3, for i € [4]. We note that the conditions in Table 5.2
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and Table 5.3 guarantee the achievability of the rate tuple presented in Theorem 5.1 for
the corresponding total cache size Mo given in (5.46), which is equivalent to the one
in (5.13d) for the CSC scheme with = 2, for some p and A satisfying (5.13e)-(5.13g).
We highlight that, as it can be seen in Table 5.1, in the CSC scheme coded packets are
transmitted in different TSs, while at each TS two coded packets are superposed for
the transmission, one of which is targeted for a subset of the users receiving the other

coded packet.

5.6.3 CDPC Scheme

In the following, we investigate the delivery via TS ¢, for i € [1 4+ ¢;—1 : ¢;) and [ €
[K—t]. The codebook of the transmission with the CDPC scheme is also generated from
the linear superposition of two subcodebooks. The subcodebook A, given in (5.37b), is
generated from i.i.d. codewords xg‘m, each according to distribution Xy ~ N (0, p; P),
used to send the coded packet W(Zrl) '_ of rate Rggg% . By treating

418011 14147911
xé‘” as interference for user [, knowing XQA’L' non-causally at the server, subcodebook
A; is generated using dirty paper coding [148]. The auxiliary random variable with
the dirty paper coding is set as Q@ = X; + 77Xy, where 7 = p; P/ (piP+ alz), and
X1 ~ N (0, p; P) is independent of X5. We extend the codebook generation, encoding,
and decoding techniques of the Gelfand-Pinkser scheme for point-to-point transmission

presented in the proof of [146, Theorem 7.3] to the transmission in the i-th TS of

the setting under consideration, for ¢ € [1+¢;—1: ¢/ and [ € [K — r]. We define

tuple we1 2w for ky € SiTL ), which tenat 1
a message tuple WS}CJ{,IZ' <wdk1,3}§§\{k1}’ or k1 € S ; |, which concatenates r +
messages wd 41 Vk, € Sa'li, where w' is uniformly distributed

dkl 7S)C1’i\{k1}7 dkl 751’%41»711\{]61}

(1)

Spr gk} (1)
over |2 L and represents the message used to send subfile W

for
diy ’SH,Ii\{kl 3

ki € S,%TIZ For each realization of wgrt1, we generate a subcodebook A; (WSTH
’ K1, K1,i

= (1) P (1)
AinR—n R ” AinR—n R -
ez St ez St
of 2 K1 sequences ¢*"(m), for m € |2 K1

Given gpg‘m’ in order to send r + 1 messages with message tuple w SE jointly, we find

a sequence ¢"(m) € Ay (W S;&H_) that is jointly typical with x%l" and represent the
1,
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corresponding codeword, which is to be sent over the channel, by

i <W5;T<+1~ , xé‘m> . (5.47)
1,8

The server then sends the following linearly superposed codeword over the Gaussian

BC:

xi‘m ((Wc(lil),s”l\{kl}’for ki € S,TCTIZ) ,xé’") + xé‘m (W(lfl) ) . (5.48)

Ky Kit1i=91—1

User kp € Sk, i, , first decodes the message with codeword 23, while consider-
ing 1‘1\’" as noise, which by the same analysis as the CSC scheme, one can obtain the

necessary condition for a successful decoding as follows:

I+1 pi P .
R‘ggl:wfglfl\{b} < AiCZ¢P+0,§2’ forie[14+g_1:¢g)andl e [K —7]. (5.49)

On the other hand, to decode r+1 messages with xi‘i", upon receiving y,;\f”, user k1, for

(1)
R
r+1 7. ~
ki1 € S’vglr’li’ declares that r + 1 messages w;{) sy © 9 Skpatku , Vk1 € SIQE?
iy Sy ML}
are sent if w SE = <u§§l? SEA R for k; € S,’gt) is the unique message tuple such
) 1’ 1%

that ¢*"(m) and y]/c\lﬂ are jointly typical, for some m € A; <VAVSITC+1‘>, where message
1,
(1) 1)

wdkl’sﬂ,ﬂ\{’;l} is decoded as wdklvsﬁ}i\{/’%}’ for &y € S,QTIZB Here we note again that,
forl € [K —r],
S;%T}Z = {8£1+1,i—gl_1’l} ’ for i € [1 +g1-1: gl] (550)
We assume without loss of generality that the message tuple w Sl = (1,...,1) is sent
171

with :L‘i‘i". The decoder at user [ € S}aﬁ makes an error, if one or both of the following

events occur:

&l = {Q/\'i"(m) and X2’\"" are not jointly typical, VQ*™(m) € Ai(1, ..., 1)} , (5.51a)
& = {Q)‘i”(m) and YM™ are jointly typical, for some Q*"(m) ¢ A;(1,..., 1)} :

(5.51D)

3For ease of notation, we drop the dependency of channel outputs Y;*(W),..., YZ(W) on W.
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According to [146, Lemma 3.3], Pr {811} tends to zero, if, for n large enough,

. 0 Lo
Akt Zkles}éﬁi RS}&T-\{M} > Al (Q; Xa) . (5.52)

3T

Vk €

) 1)
Furthermore, since user [ "+l has access to all r messages W(
9 6 SK:lv'L g dkvslztylz\{k},

Pe . . 1 T
S,C‘f,li\{l}, in its cache, it knows that wt(ik),SH}i\{k} =1, Vk e S;ctli\{l}, and Pr {7}

tends to zero, if, for n large enough,

R ) o
AR Zklesa}i\{l} RSE,IZ-\{I} < MI(Q:iY), (5.53)

where Y}, = X1 + Xo + Z, where Z, ~ N (O,Uz), for k € [K]. Combining (5.52) and

(5.53), we obtain that user [ € S,%'IHZ decodes the message with xi‘m successfully, if

RG\r 1y <3 (@YD) — 1(@: X2)), (5.54)

K1,i

which is equivalent to

(1) < \: pi P
RSH,&-\{Z} < o (5.55)

Now we investigate the sufficient conditions for which users in S,’a'll\{l} =Sk, i

can decode the message with xi\m We note that having the conditions in (5.49)
satisfied, each user in S,’&Hl i—g._, can decode the message with xg‘i". The decoder at

user k, for k € S}%Hl i—g,_,» makes an error, if one or both of the following events occur:

&l = {Q/\i”(m) and XQ’\W are not jointly typical, VQ*™(m) € A1 (1, ..., 1)} , (5.56a)

& = {Q)‘i”(m) and (Yk)‘m,Xé\m> are jointly typical, for Q*"(m) ¢ A;i(1,..., 1)} )
(5.56b)

Pr {S,i} tends to zero, if, for n large enough,

R 0 IO ,
M= espn Bspriny 2 M (@ X2), forkeSg g o (557)
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: r (1)
Furthermore, since user k, for k € SIClH,i—gl,l has access to all r messages del S (k)

r+1 o : (1) _ r+1
Vki € S, ;\{k}, in its cache, it knows that wdkl,SH}i\{kl} =1, Vk1 € Sk, ;\{k}, and

Pr {8,3} tends to zero, if, for n large enough,

R — () (0
MR =D szt g S AT (@Y Xa). (5.58)

K1.i

Combining (5.57) and (5.58), we obtain that user k, for k € Skip1si—gi_, decodes the

message with xi\’" successfully, if

RG\r g SN (@Y X2) = 1(Qi X2) = N (@3 Y5 [X2),  (5.59)

K1,

which leads to

(1) <\ pi P
Rsl,ar}i\{k} < )\zCai . (5.60)

By combining the conditions in (5.55) and (5.60), we conclude that, at TS i, user ki,

for k1 € S,’"Cﬂ, can decode the message with :Ei\m successfully, if

RY. < \ehP forie[l4+g1:g)andl € [K 1. (5.61)
S\ k) o2,

Having the conditions in (5.49) and (5.61) satisfied, the achievability of the rate
tuple for the corresponding total cache size M presented in Theorem 5.1 for the CDPC

scheme is proved.

5.7 Outer Bound

In the following, we develop an outer bound on the capacity region C(P, M) con-

strained to uncoded caching in the placement phase.

Theorem 5.2. Consider the system described in Section 5.3 with average power P,

where user k has a cache size of My, k € [K]. If the placement phase is constrained to
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FIGURE 5.1: Achievable rate pair (R(l), R(2)) for a caching system with K = N =4,
and Mios = 2.5, where R®) =0, 7 =2 and r; = 2, ro = r3 = 1, and 74 = 0. The
noise variance at user i is 02 =5 — i, for k € [4], and we set P = 2.

uncoded caching, for any non-empty subset G C [K|, we have, for k=1,...,|G|,

Mg (k) P
Rﬂg(k) SC g (k)

k

1
+ 5 2 Mgy 5.62
Z"iilk+1nﬂg(i)P+0’ig(k) N; 7g (1) ( )

g

for some non-negative coefficients 1,1y, - Mrg(g)), such that Y ;7 Nrg(i) = 1, where

wg is a permutation of the elements of G, such that Jfrg(l) > afrg@) >0 > Uig(‘gn.

Proof. The proof is presented in Appendix D.1. O

5.8 Numerical Results

In this section, we compare the achievable rate regions of the CTDC, CSC, and
CDPC schemes for a caching system with K = N = 4. We set the average power
constraint to P = 2, and the noise variance at user i is assumed to be 02 =5 — k, for

i € [4]. We assume a total cache size of Mo, = 2.5.
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FIGURE 5.2: Achievable rate pair (R(Y), R®) for a caching system with K = N = 4,
and Mo, = 2.5, where R®® =0, and r =2 and 71 =2, 7y =r3 = 1, and 74 = 0. The
noise variance at user k is 0? =5 — i, for i € [4], and we set P = 2.

We evaluate the performance in terms of the rate of different layers of the files, i.e.,
RW_ .. RY) where R; = 25:1 RW . for i € [K]. We examine the performance of the
CSC and CDPC schemes for 7 = 2. Thus, the achievable rate tuple (R, Ro, R3, Ry)
presented in Theorem 5.1 can be achieved by the CSC and CDPC schemes, for s;1 = 0,
so =1, and s; = 1, sy = 0, respectively, where R4 = R3 since R®W = 0. The boundary
surface of the rate region achieved by the CSC and CDPC schemes are computed
through the optimization problem given in (5.15). For fairness of comparison, we
consider caching factors ry = 2, 719 = r3 = 1, and r4 = 0. The boundary of the rate
region achievable by CTDC can be calculated by the optimization problem in (5.11),
where, in order to have a fair comparison, we set A(*) = 0 leading to R® = 0 and

Ry = Rs.

We investigate the convex hull of the achievable rate tuples calculated by the op-
timization problem corresponding to each of the CTDC, CSC, and CDPC schemes.
Since the presentation of the three-dimensional rate region together with the outer
bound does not provide a clear picture, here we fix one of the rates RV, R? and

R®) and present the rate region on the two-dimensional planes corresponding to the
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FIGURE 5.3: Achievable rate pair (R(2), R(S)) for a caching system with K = N =4,
and Mo = 2.5, where RY) =0, and r =2 and 71 =2, 7y =73 = 1, and 74 = 0. The
noise variance at user i is 02 =5 — i, for i € [4], and we set P = 2.

other two rates. Two-dimensional plane of (R(l),R(2)), (R(l),R(?’)) and (R(Q),R(?’))
for R® =0, R® =0 and RY = 0 are illustrated in Figures 5.1, 5.2 and 5.3, respec-
tively, together with the outer bound presented in Theorem 5.2. As it can be seen from
the figures, for relatively small values of RV, the CSC and CTDC schemes achieve
higher values of R, while the CSC scheme outperforms the latter. For higher values
of RW | the improvement of the CSC scheme over CTDC and CDPC is negligible.
For a fixed R value, CDPC achieves higher values of R® compared to the other
two achievable schemes, and CSC outperforms CTDC. On the other hand, given a
relatively small value of R®, CDPC improves upon the CSC and CTDC in terms of
the achievable rate R, and CSC achieves higher values of R® than CTDC. Observe
that the outer bound is not tight in general; however, for any achievable rate tuple
(Ry,...,Ry), which is achieved with a specific cache allocation My, ..., My, the outer

bound specialized to this cache allocation would be tighter.

We would like to point out that the reason of the relatively small gap between
the CTDC scheme with time-division transmission, and CSC and CDPC introducing

superposition and dirty paper coding, respectively, is due to the time-division nature of
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the CSC and CDPC schemes. With CSC (CDPC) scheme, coded packets are delivered
in different T'Ss, where within each TS, two coded packets are superposed (dirty paper
coded).

5.9 Conclusions

In this chapter we have studied cache-aided content delivery over a Gaussian BC,
where each user is allowed to demand a file at a distinct rate. To model this asym-
metry, we have assumed that the files are encoded into K layers corresponding to K
users in the system, such that the k-th worst user is delivered only the k layers of
its demand, k € [K]. We have considered a centralized placement phase, where the
server knows the channel qualities of the links in the delivery phase in addition to
the identity of the users. By allowing the users to have different cache capacities, we
have defined the capacity region for a total cache size. We designed a placement phase
through cache allocation across the users and the files’ layers to maximize the rates
allocated to different layers. We have proposed three achievable schemes, which de-
liver coded multicast packets, generated thanks to the contents carefully cached during
the placement phase, through different channel coding techniques over the Gaussian
BC. Although the coded multicast packets are intended for a set of users with distinct
link capacities, channel coding techniques can be employed to deliver requested files
such that the users with better channels achieve higher rates. We have also developed
an outer bound on the capacity region assuming uncoded caching. We are currently

working to reduce the gap between the inner and outer bounds.
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Distributed Computing

6.1 Overview

In this chapter we study collaborative ML, where K computing servers, called work-
ers, carry out a learning problem distributively with the help of a remote PS. We
study computation of an arbitrary function over a dataset through K workers, where
the tasks are assigned to the workers by the PS. We investigate scheduling of computa-
tion tasks across these K workers considering sequential computation of tasks assigned
to a worker, where the result of each computation is sent to the master right after its
completion. Each computation round, which can model an iteration of the stochastic
gradient descent (SGD) algorithm, is completed once the master receives k distinct
computations, referred to as the computation target. Our goal is to characterize the
average completion time as a function of the computation load, which denotes the por-
tion of the dataset available at each worker, and the computation target. We propose
two computation scheduling schemes that specify the tasks assigned to each worker,
as well as their computation schedule, i.e., the order of execution. Assuming a general
statistical model for computation and communication delays, we derive the average
completion time of the proposed schemes. We also establish a lower bound on the
minimum average completion time by assuming prior knowledge of the random delays.
Experimental results carried out on Amazon EC2 cluster show a significant reduction

in the average completion time over existing coded and uncoded computing schemes.

136
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6.2 Introduction

In this chapter we study distributed computation of an arbitrary function, and in-
troduce a centralized scheduling strategy, where computation tasks are assigned to the
workers by the PS. While significant research efforts have been invested in designing
coded computation [98-107] techniques, we argue in this chapter that uncoded comput-
ing and communication can be even more effective in tackling stragglers and reducing
the average computation time. Each worker can compute a limited number of tasks,
referred to as the computation load. Computations are carried out sequentially, and the
result of each computation is sent to the master right after it is completed. Communi-
cation delay from the workers to the master is also taken into account. We assume that
both the computation and communication delays are independent across the workers
since they have different computation capabilities with various dynamic behaviours of
processing speed, and they communicate with the PS over different links experiencing
distinct mediums, but may be correlated for different tasks carried out at the same
worker. This sequential computation and communication framework allows the master
to exploit partial computations by slow workers. The main computation is assumed
to be completed when the master receives sufficient number of distinct computations
from the workers, referred to as the computation target. In other words, computation
target specifies the number of distinct computations the master is required to receive
from the workers to complete the main computation task. Unlike coded computation,
uncoded computing approach does not introduce any encoding and decoding delays
and complexities. It also allows partial decoding, which can be exploited to reduce the
communication load for distributed learning [114-116]. Assuming that the computa-
tion and communication delays are random variables, our goal is to characterize the
minimum average completion time as a function of the computation load and compu-
tation target. We first provide a generic expression for the average completion time as
a function of the computation schedule, which specifies both the tasks assigned to each
worker and their computation order. We propose two different computation schedul-
ing schemes, and obtain closed-form expressions for their average completion times for
a general statistical model of the random delays, which upper bound the minimum

average completion time. We also establish a lower bound on the minimum average
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completion time. The experiments on Amazon EC2 cluster illustrate a substantial re-
duction in the average completion time with the proposed uncoded computing schemes
with task scheduling compared to coded computation schemes and uncoded computa-

tion without scheduling of the tasks at the workers [112].

The remainder of this chapter is organized as follows. In Section 6.3 we present the
system model. In Section 6.4 we provide a generic characterization of the minimum
average completion time. We then provide upper and lower bounds on the minimum
average completion time In Sections 6.5 and 6.6, respectively. In Section 6.7. We

finally conclude this chapter in Section 6.8.

6.3 System Model

We consider distributed computation of a function h over a dataset {Aj,...,Ax}
across K workers. Function h : V — U is an arbitrary function, where V and U are two
vector spaces over the same field F, and sub-data A; is an element of V, i € [K]. The
dataset {Aq,..., A} is distributed across the workers by the master, and a maximum
number of L < K sub-data are assigned to each worker, referred to as the computation
load. We denote by &; the indices of the sub-data assigned to worker i, i € [K], where
& C K], |&| < L.

The computations of the tasks assigned to each worker are carried out sequentially.
We define the task ordering (TO) matrix C as an K x L matrix of integers, C' € [K]5*L
specifying the assignment of the tasks to the workers & £ {&}fi 1, as well as the
order these tasks are carried out by each worker O £ {Oi}fil, where O; denotes the
computing order of the tasks assigned to worker i, i € [K]. Each row of matrix C
corresponds to a different worker, and its elements from left to right represent the
order of computations. That is, the (7, j)-th entry of C, C(i,j) € &;, denotes the index
of the element of the dataset that is computed by worker i as its j-th computation,
i.e., worker i first computes h(Ag( 1)), then computes h(Ac(2)), and so on so forth
until either it computes h(Ac( ), or it receives the acknowledgement message from
the master, and stops computations, i € [K], j € [L]. Note that the task assignment &

and the order of computations O are specified by a unique TO matrix C. While any
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C matrix is a valid TO matrix, it is easy to see that the optimal TO matrix will have

L distinct entries in each of its rows.

The computations start at time t = 0 at all the workers, and each worker sends
the result of each assigned task to the master right after its computation. We denote

the time worker ¢ spends to compute h (A;) by 7| (U and the communication delay for

Z?J K

sending h (A;) to the master by Ti(?, j € &, i € [K]. Thus, the total delay of receiving

h (A;) from worker i is T-(;-) + 72 jeé&,ie[K]. Ifj¢¢&, we set TZ%) = o0, VI € [2],

i, i,j
i € [K]. We assume that the computation and communication delays, TZ(;) and Tg),
Vi,j € [K], are independent. We further assume that computation (communication)
delays at different workers are independent. On the other hand, the computation
(communication) delays associated with the tasks at the same worker can be dependent,

and we denote the joint cumulative distribution function (CDF) of Ti(fl), e ,Ti(ll)( by

o)

{0)» and the joint probability density function (PDF) by f}?K], i€ [K], 1€ 2. We

note that the statistical model of the computation (communication) delays at each
worker do not depend on any specific order of computing (communicating) tasks, since
we assume that the size and complexity of computing (communicating) each sub-data

(computation) is the same.

Let t; ; denote the time the master receives h(A;) from worker i, for i,j € [K],
where we set t;,, = oo if m ¢ &. Then, the total computation delay of comput-
ing h(Ac,1)), P(Ac@2))s - - > M(Ac,j)) sequentially plus the communication delay for

receiving h(Ac( ;) is
NV (2) »
ti,Cig) = Zm:l Ticim T Ticuyy ©J€IK] (6.1)
As a result, the master receives computation h(A;) at time
t; £ mingeg {ti}, € K] (6.2)

where the minimization is over the workers.
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For any TO matrix, the computation is considered completed once the master re-
covers K distinct tasks, referred to as the computation target. We allow partial com-
putations, i.e., K can be smaller than K. Once the computation target is met, the
master sends an acknowledgement message to all the workers to stop computations.
Given the TO matrix C, we denote the completion time; that is, the time it takes the
master to receive K distinct computations, by tc(L, K ), which is a random variable.

We define the average completion time as

where the randomness is due to the delays. We define the minimum average completion

time
(L, K) 2 ming {iC(L, f()} : (6.4)

where the minimization is taken over all possible TO matrices C. The goal is to

characterize t"(L, K).

Remark 6.3.1. We have defined each A; € V as a single sub-data, and assumed that
the result of h(A;) at a worker is transmitted immediately to the master. It is possible
to generalize this model by considering N sub-data instead, with N > K, and grouping
them into K mini-batches, such that each A; in our model corresponds to a mini-batch
of [N/K] sub-data. A worker sends the average of the gradients for all the sub-data
in a mini-batch after computing all of them. For a mini-batch size of ¢ sub-data, this

corresponds to communicating once every ¢ computations.

Remark 6.3.2. Most coded computation schemes in the literature, mainly targeting
DGD, require the master to recover the gradients (or, their average) for the whole
dataset at each iteration. However, convergence of SGD is guaranteed even if the
gradient is computed for a random portion of the dataset at each iteration [114,116-118,
127,129,149,150]. This is indeed the case for the random straggling model considered
here with k& < n, where the straggling workers; hence, the uncomputed gradients, vary

at each iteration.
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Remark 6.3.3. The problem under consideration is similar to the well-known job
scheduling problem [151], in which a set of tasks are to be executed by multiple work-
ers given a partial ordering of task execution and the delay associated with each task.
The goal is to find a schedule minimizing the total delay, which is shown to be NP-
complete [152]. This problem has been studied under different constraints for different
applications, such as cloud computing [153-155], edge computing [156, 157], and dis-
persed computing [158,159]. Our problem differs from the job scheduling one, since no
ordering of task execution is imposed, and each task can be executed by an arbitrary
number of workers. Also, in our model, the scheduling is designed without having any

prior knowledge about the computation and communication delays of the tasks.

6.4 Average Completion Time Analysis

Here we analyze the average completion time tc(L, K ) for a given TO matrix C.

Theorem 6.1. For a given TO matriz C, we have

Pr {tC(L, K) > t} =1 — Fi,(t)

_\K _yE—Rtitt [ 11 A :
= Zi:K_RH( 1) P ZSC[K]:|S|:1’ Pr{t; >t,Vj €S}, (6.5)

which yields

K
_ . - —1 o0
(L, K)= > (-pf-Fr (Ié B R’) > /0 Pr{t; >t,Vj € S}dt.
; Nal

KJ:|S|=i
(6.6)

Note that the dependence of the completion time on the TO matrix in (6.5) and
(6.6) is through the statistics of ¢;.

Proof. The event {tC(L, K ) > t} is equivalent to the union of the events, for which

the time to complete any arbitrary set of at least K — K +1 distinct computations is
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greater than ¢, i.e.,

- . . ., . -/ !
Pr {tc(L,K) > t} - Pr{ Ugc[K]:K—f(—Hg\gng {t] >tty <t,VjeGVieg }}

(6.7)

where we define G’ £ [K]\G. Since the events {t; > t.t: <t,Vj € G,Vj € G'}, for all
j j

distinct sets G C [K], are mutually exclusive (pairwise disjoint), we have

Pr {tc(L,R’) > t} = ZZK—R—H ch[K]le\:i Pr {tj >t ity <t,Vjeg,vye g’}

K
- Zi:KJ(H ZQC[K]:lg\:i Hggr, (6.8)

where, for S; C [K] and Sa C [K], we define
H51’32 2 Pr {tj1 > 1,15, <t Vj € 851,V € 82} . (6.9)
Lemma 6.1. Given a particular set G C [K], |G| =1, fori € [K — K +1: K|, we have

K .
_ 2 : _1\¢tt+m E .
Hg’g o m:i( 1) GCQ’:’Q|=m—i HQUQ,(D

=30 (e > eontgioms Pr{t > MG € GG}, (6.10)

Proof. The proof of Lemma 6.1 can be found in [160, Appendix A], where we use the

fact that, for any g € G’, we have

Hgg = Hggn(gy — Hguigy,o\{g}- (6.11)

According to Lemma 6.1, for i € [K — K + 1 : K], we have

K

— _1)¢tm .
ZQC[KHQ’\:i Hgg = ZQC[KHQI:i Zm:i( b Zécgqé\:mﬂ' Hgug
— K _1)¢tm 5
- Zm:i( 1) ZQC[KHQ\:i chg’:’é‘im—i HQUQ,@
@ K _1)¢tm m
S 0 () sy o (6.2
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where (a) follows since, for each set S = GU G with |S| = m, there are (T) sets GUG.
Plugging (6.12) into (6.8) yields

K K
Pr {tC(L, K) > t} S S (e (’7) Y Hgy. (6.13)
i =1 Sc

[K]:|S|=m

For a particular set S C [K] with |S| = S, for some S € [K — K +1 : K], the coefficient

of Hgy in (6.13) is given by

S a0 (5) = s (5) - e (9)
_0_ (_1)K—k+5<§:}(> R <;:;{) (6.14)

which results in

K .
Pr{tC(L,R')>t}= 3 (—1)’(&““(;:1}%) Y Hgy o (6.15)

i=K—K+1 SC[K]:|S|=i

According to the definition of Hg g, (6.15) concludes the proof of (6.5). Furthermore,

since tg(L, K) > 0, we have

(L, K) = /0 T - Ry () dt, (6.16)

which yields the expression in (6.6). O

Remark 6.4.1. For K = K, we have

K . ,
Pr{tc(L,K) >t} = Zi:l(_l)”l Z$c[K]:|S\=i Pr{t; > t,Vj € S}, (6.17)

and
_ K ) o0 )
tC(L, K) = Zi:l(_l)z+1 ZSC[K]:S|2'/O Pr {t] >t,Vj € S} dt. (618)

The minimum average completion time " (L, K) can be obtained as a solution of the

optimization problem *(L, K) = ming tc(L, K). Providing a general characterization
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for T (L, K ) is elusive. Next, we will propose two specific computation task assignment

and scheduling schemes, and evaluate their average completion times.

6.5 Upper Bounds on the Minimum Average Completion

Time

Here we introduce two computation task assignment and scheduling schemes, namely
cyclic scheduling (CS) and staircase scheduling (SS). The average completion time for

these schemes will provide upper bounds on #" (L, K).

6.5.1 CS Scheme

The CS scheme is motivated by the symmetry across the workers when we have no
prior information on their computation speeds. CS makes sure that each computation
task has the same order at different workers. This is achieved by a cyclic shift operator.

The TO matrix is given by
Ccs(i,j)=g(i+7—1), forie[K]andje L], (6.19)

where function g : Z — 7Z is defined as follows:

m, if1<m<K,
gm) £ m — K, ifm>K+1, (6.20)
m+ K, ifm <0.
Thus, we have
g(1)  9(2) g(L)
9(2)  9(3) g(L+1)

Ces=| . . . . : (6.21)
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which, for ¢ € [K] and j € [L], results in

_ N\ (1) (2)
bigitj—1) = Zm:1 Tz’,g(i+m—1) + Tz‘,g(iﬂ'q)' (6.22)

For ¢ € [K], we can re-write (6.22) as follows:

i@ e (L
m=1 i—j+1),9(i—j+m i—j+1),3’ ’
ty(imjat)i = 9(i—j+1),9(i—j+m) g(i—j+1) (6.23)
0, if j ¢ [L],
which results in
t; = min {§ oo T® } (6.24)
jelL] m=1" 9(i—j+1),9(i—j+m) g(i—j+1),i

6.5.2 SS Scheme

We can observe that CS imposes the same step size and direction in computations
across all the workers. Alternatively, here we propose the SS scheme, which introduces
inverse computation orders at the workers. The entries of the TO matrix Cgg for the

SS scheme are given by, for i € [K], j € [L],

Css(i, ) = gli + (~1)(j - 1)). (6.25)
It follows that
[9(1) 9(2) 9(L) '
Cos— |72 (1) - 3-1) )
g(K) g(K + (~1)K1) g(K + (~1)K (L — 1))

which, for ¢ € [K] and j € [L], results in

| NV @
b (1= G-1) = 2y Togli(cry=rmo1)) + Tiglis(-1p-1-1)- (6.27)
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For i € [K], we can re-write (6.27) as follows:

by(ir(~1)ia-1(j—1));i =

(2)

0 "
2 oty -1 gtis (-1 Gmm) T Tytirnyeimgonye 7€

00, if j ¢ [L],

(6.28)

which results in
d (1) (2)
hi= JHGI[I?] { ZIITQ(H(l)i”l(j1))’9(i+(1)”j1(jm)) +T, g(i+(=1)Hi=1(j—1)),i } (6.29)

We highlight that the CS and SS schemes may not be the optimal schedules for
certain realizations of the straggling behaviour, but our interest is in the average per-
formance. We will see in Section 6.7 that both perform reasonably well, and neither

scheme outperforms the other at all settings.

6.5.3 Average Completion Time Analysis

Here we analyze the performance of CS and SS providing upper bounds on " (L, K ).
We represent the average completion time of CS and SS by fcg(L, K) and #ss(L, K),
respectively. In order to characterize these average values through (6.6), we need
to obtain Hggy = Pr{t; > ¢,Vi € S}, for any set S C [K], K - K +1 < [S| < K,
where t1,...,tx are given in (6.24) and (6.29), for CS and SS, respectively. For ease
of presentation, we denote Hggy for CS and SS by H 0 and H SQ)’ respectively. For
S C [K] with K — K +1 < |S| < K, we have

J
. S
Pr{ZT;Q iy glimgam F o s > BV €[L ],VZGS}:Pr{TgC ()},

m=1

(6.30)

where we define

1 2 2
TES (1) 2 { (1. 1B 1@ 1) ¢
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J (1) 2) . )
Zm:l Toi—js1),96—j+m) T Totimji1)i > t,Vj e [L],Vie 8}. (6.31)

Similarly, for any set S C [K], K — k+1 < |S] < K, we have

ss J (1)
Hgy = Pr { Zm:l T gt (~1)+9=1 (- 1)) g i (~ 1)1 (=)

2 . .
- Tg((}“_l)iﬂfl(j_l)),i > t,Vj € [L],Vi € 8} =Pr{751t)} (6.32)

where we define

J
1 1 2 2 1
TS0 = { (Tf,f, Tk T ,T;(g)K) D Ty 1) (1) 45 )

m=1

@) : .
+Tg(i+(—1)i+f—1(j—1)),i >t,Vj € [L],Vie S}. (6.33)

It follows that, for X € {CS, SS},

HEy = / / £ (Yo £, (H0) 42, (7)o 2 (72)
()

%X

dr® . arDar® e ?. (6.34)

By plugging (6.34) into (6.6), we can obtain, for X € {CS, SS},

: 2R CE-RKiv1f 11 X
tX(L’K)_ZizKJ?H( D K-K ZSc[K]:|S\:i 0 Hs gdt. (6.35)

Note that we have obtained a general characterization of the average completion
time of CS and SS in terms of the CDFs of the delays associated with different tasks
at different workers. The numerical evaluation of the performances of CS and SS and

the lower bound will be presented in Section 6.7.

6.6 Lower Bound

Here we present a lower bound on " (L, K ) by considering an adaptive model. Note

that the TO matrix, in general, may depend on the statistics of the computation
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and communication delays, i.e., Fi(,l[)K]’ VI € [2], but not on the realization of Ti(,lc);(i,j),
i € [K], j € [L]. Let Tl(;) and TZ(?, respectively, represent the computation and com-
munication delays associated with the task worker ¢ executes with its j-th computation,
i € [K], j € [L]. We note that Tz(l]) is a random variable independent of the TO matrix,
i€ [K], j€[L], 1€ [2]. We define

0 5O

S(1) (2 (1) (2 A1) (2 .
Té( W@, T O T, T K,L)- (6.36)

INAESWAR

For each realization of T, we allow the master to employ a distinct TO matrix Cr,
and denote the completion time by tc.. (T, L, K ), which is a random variable due to

the randomness of T. We define
tLs(T, L, K) 2 ming, {tcT (T, L, f()} , (6.37)
and
fn(L, K) 2 [tip(T, LK), (6.38)
where the expectation is taken over T. It is easy to verify that

(L, K) =ming {E [tC(L, f()” >E [mincT {tCT(T, L,f()}] = fip(L, K). (6.39)

We denote by tAi,j the time at which the master receives the task computed by worker

i with its j-th computation, ¢ € [K], j € [L]. It follows that
- VSt - (2
tij = lel Tz’(,l) + Ti(,j). (6.40)

For a realization of T, t15(T, L, K) is the K-th order statistics of {tAl,l, N SN AT
fK,l, .. ,fK,L}, i.e., the K-th smallest value among {51,1, .. ,f1,L, .. ,fK,l, .. ,me},
denoted by 5T7([~(). To prove that tLB(T,L,f{) = tATj(f{), we note that tLB(T,L,f()
cannot be smaller than fT7( i) since, according to the definition, for any time before

tp (k) Mmaster has not received K computations. Also, since master receives the K-

th computation exactly at time fT (R knowing the realization of T, one can design
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the TO matrix Cr such that the first K computations received by the master are all
distinct. Since finding the statistics of fT (R) is analytically elusive, we obtain the lower

bound on *(L, K) through Monte Carlo simulations.

6.7 Performance Comparisons

In this section, we evaluate the average completion time of the proposed CS and SS
schemes, and compare them with different results in the literature. We will focus on

distributed linear regression as the reference scenario.

We would like to compare the performance of the proposed uncoded computation
schemes with coded computation techniques that have received significant interest in
recent years. We will consider, in particular, the polynomially coded (PC) scheme [107]
and the polynomially coded multi-message (PCMM) scheme [111]. We also consider an
uncoded computing scheme, reffered to as the random assignment (RA) scheme [112],
in which L = K, i.e., the whole dataset is available at each worker, and each worker
executes the computations sequentially through a random scheduling. PC and PCMM
focus exclusively on linear computation tasks; and hence, we also consider a linear

regression problem, in which the goal is to minimize
1 2
F(0) = 1 1A0 — v]}3. (6.41)

where 0 € R? is the model parameter vector, A € RV*?is the data matrix, and v € R

is the vector of labels. We split A into K disjoint sub-matrices A = [A;--- A K]T

A € RUN/K and v = [U?"'U%]T, where v; € RV/K i € [K]. The gradient of loss

, Where

function F'(0) is given by

VF(6) = %AT (A6 —v) = % S (MATO - M) (6.42)

We perform gradient descent to minimize (6.41), in which the model parameters at the

[-th iteration, 6;, are updated as

2 n T
0,1=0,—n-VF(0,)=60,—1n- N Zz:1 (NiA] 6, — Ajvy) (6.43)
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where 7); is the learning rate at iteration [. We consider a DGD algorithm, in which
the computation of VF' (0) is distributed across K workers, and the master updates
the parameter vector according to (6.43) after receiving enough computations from the
workers, and sends the updated parameter vector to the workers. For the [-th iteration

of DGD, we set
h(A;) = A;AT O, foric [K], (6.44)

A detailed description of the computation tasks carried out by the workers and the
master along with computational complexities for different schemes is provided in [160,

Section VI-B].

For the numerical experiments we generate each entry of data matrix A inde-
pendently according to distribution N (0,1). We also generate the labels as v; =
(A; + 0)TQ, where T € R”N/K | with each entry distributed independently according
to N (0,0.01), and Q € R? with each entry distributed independently according to

U(0,1). For fairness we use the same dataset for all the schemes.

We train a linear regression model using the DGD algorithm described above with
a constant learning rate 7; = 0.01. We run experiments on an Amazon EC2 cluster
over t2.micro instance with K + 1 servers, where one of the servers is designated as the
master and the rest serve as workers. We implement different schemes in Python and

employ MPI4py library for message passing between different nodes.

At each iteration of the DGD algorithm, we measure the computation and commu-
nication delays of each task at each worker. We can then obtain the completion time
of each scheme according to its completion criteria. We obtain the average completion

time over 500 iterations.

We compare the average completion time of different schemes with respect to the
computation load L, L > 2, in Fig. 6.1, where K = 15, d = 400, and N = 900. As it can
be seen, CS and SS outperform PC and PCMM significantly; while PCMM improves
upon PC. This result shows that standard coded computation framework cannot fully
exploit the computing capabilities in the network, and splitting the computational tasks

assigned to each worker and receiving partial computations performed by each worker
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FIGURE 6.1: Average completion time of different schemes with respect to computa-
tion load, L > 2, with K = K.

can reduce the average completion time significantly. We also observe that the average
completion time of PC increases with L. This is because the delays at different workers
are not significantly different; and thus, increasing the computation load to reduce the
number of received computations from different workers can increase the total delay.
This is another limitation of the coded computation framework, as it requires careful
tuning of the parameters based on the statistics of the delays in the system. We
observe that the gap between the average completion time of SS and the lower bound
is relatively small for the entire range, and reduces with L, and SS outperforms CS with
the improvement slightly increasing with L. The average completion time of RA, which
requires L = K, is 0.895 millisecond, while SS achieves 0.64 millisecond, i.e., around
%28.5 reduction. Thus, designing the TO matrix, rather than random computations,

can provide significant improvement in computation speed.

In Fig. 6.2, we compare the performances of different schemes with respect to the
number of workers, K. We consider d = 500, N = 1000, and L = K. When N/K is
not an integer, we zero-pad the dataset. We observe that, except PCMM, the average
completion time of different schemes reduce slightly with K when N is fixed. For
PC, when L = K, the computation received from the fastest worker determines the

completion time, and, with all other parameters fixed, the computation delay at each
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FIGURE 6.2: Average completion time of different schemes with respect to the number
of workers, 10 < K <15, with L = K = K.

worker depends mostly on N. Thus, by introducing new workers when N is fixed, the
average completion time is expected to decrease. Whereas, with PCMM, although the
computation time of each task is expected to decrease with K, the average completion
time increases, which is due to the increase in the number of communications required
by a factor of two. For uncoded computing schemes, RA, CS and SS, the average
completion time decreases with K, as they allow a better utilization of the computing
resources. As before, we observe that CS and SS improve the average completion time
significantly compared to PC and PCMM. Also, based on the superiority of the CS and
SS over RA, we conclude that the TO matrix design is essential in reducing the average
delay of uncoded computing schemes. CS outperforms SS for small K values, but SS
takes over as K increases. The relatively small gap between the average completion
times of CS and SS and the lower bound illustrates their efficiency in scheduling the

tasks despite the lack of any information on the speeds of the workers.

6.8 Conclusions

In this chapter we have studied distributed computation across inhomogeneous work-

ers with the goal of minimizing the average delay of computing an arbitrary function.
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The computation may correspond to each iteration of a DGD algorithm applied on
a large dataset. We assume that each worker has access to a limited portion of the
dataset, defined as the computation load. In contrast to the growing literature on
coded computation to mitigate straggling servers, we have studied uncoded compu-
tations and sequential communication to the master in order to benefit from all the
computations carried out by the workers. Since the instantaneous computation speeds
of the workers are not known in advance, allocation of the tasks to the workers and
their scheduling become crucial in minimizing the average completion time. In partic-
ular, we have considered the assignment of sub-data to the workers with a predesigned
computation order. Workers send the result of each computation to the master as
soon as it is executed, and move on to compute the next task assigned to them. As-
suming a general statistics for the computation and communication delays of different
workers, we have obtained closed-form expressions for the average completion time of
two particular computation allocation schemes, called CS and SS. We have compared
the performance of these proposed schemes with the existing ones in the literature,
particularly the coded PC [107], PCMM [111], and uncoded RA [112] schemes. The
results of the experiments carried out on Amazon EC2 cluster show that the CS and
SS schemes provide significant reduction in the average completion time over these

schemes.
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Machine Learning Over-the-Air

7.1 Overview

In this chapter we study collaborative ML at the wireless edge, where power and
bandwidth-limited wireless devices with local datasets carry out DSGD with the help
of a remote PS. Standard approaches assume separate computation and communica-
tion, where local gradient estimates are compressed and communicated to the PS over
orthogonal links. Following this digital approach, we introduce D-DSGD, in which
the wireless terminals (workers) employ gradient quantization and error accumulation,
and transmit their gradient estimates to the PS over the underlying wireless MAC. We
then introduce an analog scheme, called A-DSGD, which exploits the additive nature
of the wireless MAC for over-the-air gradient computation. In A-DSGD, the workers
first sparsify their gradient estimates, and then project them to a lower dimensional
space imposed by the available channel bandwidth. These projections are transmitted
directly over the MAC without employing any digital code. Numerical results show
that A-DSGD converges much faster than D-DSGD thanks to its more efficient use of
the limited bandwidth and the natural alignment of the gradient estimates over the
channel. The improvement is particularly compelling at low power and low bandwidth
regimes. We also observe that the performance of A-DSGD improves with the number
of workers (keeping the total size of the dataset constant), while D-DSGD deteriorates,
limiting the ability of the latter in harnessing the computation power of edge devices.
The lack of quantization and channel encoding/decoding in A-DSGD further speeds
up communication, making it very attractive for low-latency ML applications at the

wireless network edge.

154
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7.2 Introduction

ML problems often require the minimization of the empirical loss function

OEES SRS (7.1)

where @ € R? denotes the model parameters to be optimized, u,, is the n-th training
data sample, for n € [N], and f(-) is the loss function defined by the learning model.
The minimization of (7.1) is typically carried out through iterative gradient descent
(GD), in which the model parameters at the ¢-th iteration, 8, are updated according

to

1 N
Orr1 =0 =V E (0r) = 0 — 1 Zn:l V(6 un), (7.2)

where n; is the learning rate at iteration ¢. However, in the case of massive datasets
each iteration of GD becomes prohibitively demanding. Instead, in SGD the parameter

vector is updated with a stochastic gradient

01 =0,—1n-9(6), (7.3)

which satisfies E [g (6;)] = VF (8;). SGD also allows parallelization when the dataset
is distributed across tens or even hundreds of workers. Due to the growth in the di-
mensions of the datasets and complexity of the neural networks, exploiting a single
machine to carry out a learning task is prohibitively slow, and it is essential to develop
distributed ML algorithms. In distributed SGD (DSGD), workers process data samples
in parallel while maintaining a globally consistent parameter vector 8;. In each itera-
tion, worker ¢ computes a gradient vector based on the global parameter vector with
respect to its local dataset, denoted by B;, and sends the result to the PS, which stores
and updates the global parameter vector, i € [K]. Once the PS receives the computed
gradients from all the workers, it updates the global parameter vector according to

1 K
9t+1 =0, — UtE Zi:l gi (at) ) (7-4)
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where g; (6;) £ @ Y u,en; VI (0t uy) is the stochastic gradient of the current model
computed at worker i, ¢ € [K], using the locally available portion of the dataset, B;.
Ideally, the data parallelism with DSGD should speed up the process K times providing
linear scalability. However, in practice, it suffers from extensive communications from
the workers to the PS, which is to maintain a consistent global model, and communica-
tion is reported as the major bottleneck of DSGD [115,119,120,126,160]. There is no
doubt that the communication will be an even bigger hurdle in wireless edge learning

due to stringent bandwidth and energy constraints on the workers.

Numerous studies have been dedicated to the reduction of the communication load
of DSGD [114,115,117,118,118-136]; however, these works ignore the communication
channel, and simply focus on reducing the amount of data that needs to be transmitted
from each worker to the PS. Here we consider DSGD over-the-air; that is, we consider
a wireless shared medium from the workers to the PS, and treat each iteration of the
DSGD algorithm as a distributed over-the-air computation problem. This can model
machine learning at the wireless network edge, where the workers correspond to IoT
devices or sensor nodes that collect their local data samples. Distributed learning in
this scenario is attractive also due to privacy and personalization. We will provide
two distinct approaches for this wireless DSGD problem, based on digital and analog
computation approaches, respectively. We will show that analog “over-the-air” com-
putation can significantly speed up wireless DSGD, particularly in bandwidth-limited

and low-power settings, typically experienced by wireless edge devices.

The remainder of this chapter is organized as follows. In Section 7.3 we introduce
the system model of ML over-the-air. We elaborate our DGSD algorithms with digital
and analog transmission approaches in Sections 7.4 and 7.5, respectively. In Section

7.6 we provide experimental results. Conclusions are drawn in Section 7.7.

7.3 System Model

We consider distributed ML at the wireless network edge, where K wireless edge
nodes, called the workers, employ SGD with the help of a remote PS, to which they
are connected through a noisy wireless MAC (see Fig. 7.1). Let B; denote the set of
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Figure 7.1: Ilustration of the studied distributed ML framework at the wireless
edge. Workers with local datasets collaborate through a PS to carry out DSGD at
the network edge, where the local gradient estimates of the workers are transmitted
to the PS over a shared wireless MAC.

data samples available at worker i, i € [K], and g; (6;) € R? be the stochastic gradient
computed by worker i using local data samples, where we remind that 8, € R? is the
model parameters at the t-th iteration. At each iteration of the DSGD algorithm in
(7.4), the local gradient estimates of the workers are sent to the PS over s uses of a

Gaussian MAC, characterized by!:

K
Yy = Zi:l x; + 2, (7.5)

where x; € R® is the length-s channel input vector transmitted by worker ¢ at iteration
t, y; € R® is the channel output received by the PS, and z; € R® is the independent
additive white Gaussian noise (AWGN) vector with each entry independent and identi-
cally distributed (i.i.d.) according to N/ (O, 02). Since we focus on DSGD, the channel
input vector of worker ¢ at iteration ¢ is a function of the current parameter vector 6,
and the local dataset B;, and more specifically the current gradient estimate at worker

i, 9i(0;), i € [K]. A total average transmit power constraint is imposed:

1 T K B
KT thl Zi:l [liallz < P, (7.6)

averaged over iterations of the DSGD algorithm and the workers. The goal is to recover

the average of the locally computed gradients % Zfi 19i (6;) at the PS, and update

'Here we study a Gaussian MAC to present the main ideas behind the proposed ML approach in
a simple setting. This approach has been extended to a wireless fading MAC in [161].
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the model parameter as in (7.4). However, due to the pre-processing performed at each
worker and the noise added by the wireless channel, it is not possible to recover the
average gradient perfectly at the PS, and instead, it uses a noisy estimate to update
the model parameter vector; i.e., we have 0,11 = ¢(0;,y;) for some update function
¢ : R x R® — R% The updated model parameter is then multicast to the workers
by the PS through an error-free shared link. We assume that the PS has enough
resources to deliver a consistent global parameter vector to the workers reliably for

their computations in the next iteration.

The transmission of the local gradient computations, g; (6;), i € [K], to the PS with
the goal of PS reconstructing their average can be considered as a distributed function
computation problem over a MAC [162]. We will consider both a digital approach
treating computation and communication separately, and an analog approach that
does not use any coding, and instead applies gradient sparsification followed by a linear
transformation to compress the gradients, which are then transmitted simultaneously

over the channel in an uncoded fashion.

7.4 Digital DSGD (D-DSGD)

In this section, we present DSGD at the wireless network edge utilizing digital com-
pression and transmission over the wireless MAC, referred to as the digital DSGD
(D-DSGD) algorithm. Since we do not know the variances of the gradient estimates
at different workers, we allocate the power equally among the workers, so that worker

i sends x;; with power P, i.e., ||z;; 2 = P, where P, values are chosen to satisfy the

average transmit power constraint over 7' iterations

1 T _
T thl P, < P. (7.7)

Due to the intrinsic symmetry of the model, we assume that the workers transmit at the
same rate at each iteration (while the rate may change across iterations depending on
the allocated power, P;). Accordingly, the total number of bits that can be transmitted

from each of the workers over s uses of the Gaussian MAC, described in (7.5), is upper
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bounded by

s KP
=" log, [1+ 4 .
Rp 4 55 1082 < + 2 ) ) (7.8)

where K P, /s is the sum-power per channel use. Note that this is an upper bound since
it is the Shannon capacity of the underlying Gaussian MAC, and we further assumed

that the capacity can be achieved over a finite blocklength of s.

Remark 7.4.1. We note that having a distinct sum power K P; at each iteration ¢
enables each user to transmit different numbers of bits at different iterations. This
corresponds to a novel gradient compression scheme for DSGD, in which the workers
can adjust over time the amount of information they send to the PS about their
gradient estimates. They can send more information bits at the beginning of the DSGD
algorithm when the gradient estimates have higher variances, and reduce the number
of transmitted bits over time as the variance decreases. We observed empirically that
this improves the performance compared to the standard approach in the literature,

where the same compression scheme is applied at each iteration [129].

We will adopt the scheme proposed in [129] for gradient compression at each iteration
of the DSGD scheme, as it provides the state-of-the-art in convergence speed with the
minimum number of bits transmitted by each worker at each iteration. However, we
modify this scheme by allowing different numbers of bits to be transmitted by the

workers at each iteration.

At each iteration the workers sparsify their gradient estimates as described below.
In order to retain the accuracy of their local gradient estimates, workers employ error
accumulation [115,116], where the accumulated error vector at worker ¢ until iteration
t is denoted by A;; 1 € R?, where we set A;o = 0, Vi € [K]. Hence, after the
computation of the local gradient estimate for parameter vector 6y, i.e., g; (6;), worker
i updates its estimate with the accumulated error as g; (6;) + A;;—1, i € [K]. At
iteration ¢, worker i, i € [K], sets all but the highest x; and the smallest x; of the entries
of its gradient estimate vector g; (6¢) + A; 1, of dimension d, to zero, where r; < d/2
(to have a communication-efficient scheme, in practice, the goal is to have k; < d, Vt).

Then, it computes the mean values of all the remaining positive entries and all the
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remaining negative entries, denoted by u;rt and p;,, respectively. If /Lj_t > , then

i ¢
it sets all the entries with negative values to zero and all the entries with positive values
to ,u;ft, and vice versa. We denote the resulting sparse vector at worker i by g; (6;), and
worker i updates the local accumulated error vector as A; ¢ = g; (6¢) + Aj—1—gi (6y),
i € [K]. It then aims to send g; (6;) over the channel by transmitting its mean value and
the positions of its non-zero entries. For this purpose, we use a 32-bit representation

of the absolute value of the mean (either ', or ) along with 1 bit indicating its

H;t
sign. To send the positions of the non-zero entries, it is assumed in [129] that the
distribution of the distances between the non-zero entries is geometrical with success
probability ¢;, which allows them to use Golomb encoding to send these distances with

a total number of bits

1
'+ —mm—~, 7.9
1— (1 _ Kat)Qb ( )

log((v5-1)/2)

where b* = 1+ \‘log2< log(1—k¢)

bits to transmit the positions of the non-zero entries is sufficient regardless of the

>J However, we argue that, sending log, (,i)

distribution of the positions. This can be achieved by simply enumerating all possible
sparsity patterns. Thus, with the D-DSGD scheme, the total number of bits sent by

each worker at iteration t is given by

d
Dt = 10g2 (/ﬁ) ) + 335 (710)
t

where k; is chosen as the highest integer satisfying rp; < Rp .

7.5 Analog DSGD (A-DSGD)

Next, we propose an analog DSGD algorithm, called A-DSGD, which does not em-
ploy any digital coding scheme, either for compression or channel coding, and instead
all the workers transmit their gradient estimates simultaneously in an uncoded manner.
This is motivated by the fact that, the PS is not interested in the individual gradient

vectors, but only in their average. The underlying wireless MAC naturally provides
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the sum of the gradients, which is the only information required at the PS to update

the parameter vector. See Algorithm 8 for a description of the A-DSGD scheme.

Similarly to the D-DSGD scheme, workers employ local error accumulation. Hence,
after the computation of the local gradient estimate for parameter vector 6;, each
worker updates its estimate with the accumulated error as g¢¢ (6;) 2 g:(0)) + A,

i€[K].

The challenge in the analog transmission approach is to compress the gradient vectors
to the available channel bandwidth. In many modern ML applications, such as deep
neural networks, the parameter vector, and hence the gradient vectors, have extremely
large dimensions, whereas the channel bandwidth, measured by parameter s, is small
due to the bandwidth limitations, and to limit the latency of each DSGD iteration.
Thus, transmitting all the model parameters one-by-one in an uncoded/analog fashion

is not possible as we typically have d > s.

Lossy compression at any required level is at least theoretically possible in the digital
domain. For the analog scheme, in order to reduce the dimension of the gradient vector
to that of the channel, the workers apply gradient sparsification. In particular, worker
i sets all but the k elements of the error-compensated resulting vector g£¢(6;) with
the highest magnitudes to zero. We denote the sparse vector at worker i by g;” (6;),
i € [K]. This k-level sparsification is represented by function sparse; in Algorithm 8,
ie., g7 (0;) = sparsey, (g¢° (0;)). The accumulated error at worker i, i € [K], is then

updated according to

A =g (6;) —g;" (6;) = gi (0:) + A1 —sparsey, (gi (0r) + Ajy—1).  (7.11)

We would like to transmit only the non-zero entries of these sparse vectors. However,
simply ignoring the zero elements would require transmitting their indeces to the PS
separately. To avoid this additional data transmission, we will employ a random pro-
jection matrix, similar to compressive sensing. A similar idea is recently used in [163]

for analog image transmission over a bandwidth-limited channel.



Chapter 7. Machine Learning Over-the-Air 162

Algorithm 8 A-DSGD

1: Initialize 6; =0 and Ajg=---=Ago=0
2: fort=1,...,7 do
e Workers do:

3 for i =1,..., K in parallel do
4 Compute g; (6;) with respect to u; € B;
5: g7c(0:) = gi (01) + Aj 1
6: g;" (6:) = sparsey, (g5° (6:))
7: Ay =g (0y) — g’ (6y)
8 EPA.:
9: 9i (60:) = Asg;” (6y)
10: xi (0;) = \/ougi (0y)
11: UPA.:
12: 9i (0¢) = As_19]" (6y)
- T T

13: xit (0) = [m i (61) ai,t}
14: end for

e PS does:
15: EPA.:
16: ngA (0,5) = AMPAS (%@y (Ot))
17: 011 =0, — n; - gepa (0y)
18: UPA.:
19 guea (6) = AMP,_, (559" (8))
20: 011 =6, — 1 - gupa (0;)
21: end for

Assuming identically distributed datasets across the workers, the local gradient es-
timates will also follow identical distributions, and hence, will have similar sparsity
patterns. A pseudo-random matrix Az € R%*¢ for some § < s, with each en-
try ii.d. according to N(0,1/5), is generated and shared between the PS and the
workers before starting the computations. At each iteration t, worker ¢ computes
gi (6;) = A;zg" (6,) € RS, and transmits x;; (6;) = [\/@~i (Gt)T ai;T T, where
ai; € RS over the MAC, i € [K], while satisfying the average power constraint
(7.6). The PS receives

K As L Vg’ (61)
y (0:) = Zizl i (0) +z=| X v + 2. (7.12)

Dim1 @it
In the following, we propose two schemes for this analog transmission approach employ-

ing different scaling coefficients, or equivalently, different power allocation schemes.
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7.5.1 Equal power allocation (EPA)

In the EPA scheme, we set § = s, and at iteration ¢, worker i computes g; (6;) =
Asg” (6,), i € K], and scales its computed low-dimensional gradient vector g; (6;)
with the same factor ,/ay, which is known by the workers and the PS, and sends
xit (0) = Jugi (6:), ie., a;y = 0. The scaling factor \/a; is chosen to satisfy the

following average power constraint over T iterations of A-DSGD algorithm

Zuzjwmwﬂkﬁ (7.13)

Thus, the received vector at the PS is given by

vﬁz i () + 2. (7.14)

Since oy is known also at the PS, it can normalize the received vector to obtain:

K
1 1 1 1
)= =3 40 — A §:$0 (715
m@“” KHQUHKﬁ; 9 \Ut ﬁft( )

The goal of the PS is to recover %Efi 19;7 (6;) from its noisy observation above.
For this, we employ the approximate message passing (AMP) algorithm [164]. The
AMP algorithm is represented by the AMP 5, function in Algorithm 8. The estimate

grpa (0;) is then used to update the model parameters as follows:

9t+1 =0; — Tt 'QEPA (gt) . (7~16)

7.5.2 Unequal power allocation (UPA)

With the UPA scheme, we set § = s — 1, which requires s > 2. At iteration t,

we set a;; = /qi¢, and worker ¢ computes g; (6;) = As_1g;" (6;), and sends vector
T

xit (01) = |\ /ai,i (Qt)T /a;;| With the same power Py = |[|; (6;) ||3 satisfying

the average power constraint % 23:1 P, < P, for i € [K]. Accordingly, scaling factor
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/0 ¢ is determined to satisfy
Py = i (1lgs (0015 +1) (7.17)

which yields

I

B wiclk] (7.18)
1Gs (B0)[|5 + 1

QG ¢ =

Since ||g; (6;)]|3 may vary across workers, so can the scaling factor /@it That is
why, at each iteration ¢, worker ¢ allocates one channel use to provide the value of
/@i to the PS along with its scaled low-dimensional gradient vector g; (6:), i € [K].
Accordingly, the received vector at the PS is given by

A, K Jaiig? (8
y(Ht): 12_1 i ( t) —|—Zt, (719)

Zfil it

where a4, © € [K], is replaced by (7.18). For j € [s], we define

. T
Y (002 [y (0) w(0) - v (0)] (7.20)
ja r
Zp = {Zt,l Zt2 v Zt,j] ) (7.21)
where y; (6;) and z; ; denote the j-th element of y (6;) and z;, respectively. Thus, we

have

Y (0) = A, 12 Vaiigt (0) + 27 (7.22a)
ys (01) = Z.fl Qg + 21,5 (7.22b)

Note that the goal is to recover 3 Zl 19:7 (6;) at the PS, while, from y*~! (0;) given
in (7.22a), the PS observes a noisy version of the weighted sum Y2 /@i7g” ()
projected to a low-dimensional vector through A;_;. According to (7.18), each value
of ||g; (8;)|5 results in a distinct scaling factor a; ;. However, due to the independence
of data samples, for large enough d and |B;|, the values of ||g; (8:)|3,Vi € [K], are not

going to be too different across workers. As a result, scaling factors /o, Vi € [K],



Chapter 7. Machine Learning Over-the-Air 165

are not going to be very different either. Accordingly, to diminish the effect of scaled
gradient vectors, we choose to scale down the received vector y*~! (6;) at the PS, given
in (7.22a), with the sum of the scaling factors, i.e., Zfil o, whose noisy version is

received by the PS as ys (0;) given in (7.22b). The resulting scaled vector at the PS is

given by
1 _ s—
L 1“’”:( 30 VA (6 + 5 1)

N 1
— A, Lt g (6,) + 27t (7.23)
K 1 K t
i=1 die1 Vit Zts Diet Vit t 2ts

where ;4 is given in (7.18). By our choice, the PS tries to recover 7= Zl 19:7 (6;) from
y*~ 1 (6;) /ys (6;) knowing the measurement matrix As ;. The PS estimates gupa (6;)

using the AMP algorithm. The estimate gupa (6¢) is then used to update the model

parameter as follows:
0t+1 = Ht — Mt gUPA (0,5) . (724)

Remark 7.5.1. We remark here that, with SGD the empirical variance of the stochas-
tic gradient vectors reduce over time approaching zero asymptotically. The power
should be allocated over iterations taking into account this decaying behaviour of gra-
dient variance, while making sure that the noise term would not become dominant over
time. To reduce the variation in the scaling factors o+, Vi € [K], which is particularly
efficient for the UPA power allocation scheme, variance reduction techniques can be
used [165]. We also note that setting P, = P, V¢, results in a special case of the UPA
scheme, where the power is allocated uniformly over time to be resistant against the

noise term.

Remark 7.5.2. We remark that in the considered model the main limitation is the
channel bandwidth, s. In the proposed A-DSGD algorithm, first a k-level sparsifica-
tion is applied at worker i, resulting in vector g;” (6:), ¢ € [K|. Thus, k can take
different values satisfying k < s leading to a tradeoff. For a relatively small value of k,
% ZZ 19;7 (8;) can be more reliably recovered from 4 Zfi 1 Gi (0¢); however it may not

provide an accurate estimate of the actual average gradient % Zfil gi (0:). Whereas,
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TABLE 7.1: Final test accuracy for various DSGD schemes considered in Fig. 7.2

D-DSGD | D-DSGD | D-DSGD | D-DSGD | A-DSGD | A-DSGD
P, =P | distinct P, | P, =P | distinct P UPA EPA
P=P P=p P=P P=Pp P=P | P=P

0.459 0.501 0.698 0.705 0.811 0.812
081 P
.
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FIGURE 7.2: Performance of the A-DSGD and D-DSGD algorithms for different P

values.

Iteration count, t

with a higher k value, % Zfil g;” (6;) provides a better estimate of % Zfil g (6),

but reliable recovery of & 71| g% () from the vector & Y715, §i (6;) is less likely.

Remark 7.5.3. The proposed A-DSGD algorithm mainly focuses on the analog trans-

mission from the workers, where the dimension of the gradient vectors is reduced uti-

lizing the compressive sensing technique, leading to a more efficient communication

scheme with smaller bandwidth requirement. While our focus in this paper has been

on the transmission of the gradients, we can apply the existing schemes in the litera-

ture that trade-off an increase in the computation load at each worker with a reduction

in the communication load. Such schemes include introducing communication delay,

where each worker performs SGD algorithm updating the model parameter locally

multiple times, and communicates only after multiple local iterations [133]. Moreover,

applying momentum correction [118] improves the convergence speed of the DSGD

algorithms with communication delay.
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7.6 Numerical Experiments

Here we evaluate the performances of the proposed A-DSGD and D-DSGD algo-
rithms for the task of image classification. We run experiments on MNIST dataset [166]
with N = 60000 training and 10000 test data samples, and train a single layer neu-
ral network with d = 7850 parameters utilizing ADAM optimizer [167]. The training
dataset is split into K disjoint batches with equal size, and each batch is randomly
assigned to a distinct worker. We set the channel noise variance to 02> = 1. The
performance is measured as the accuracy with respect to the training dataset versus
iteration count ¢, and the final accuracy with respect to the test samples, i.e., test

accuracy, after 50 training iterations.

In Fig. 7.2, we compare the performance of the A-DSGD algorithm with both EPA
and UPA with D-DSGD algorithm for different values of the available average transmit
power P, = 127 and P> = 422. Since we need rpt < Rp, for the digital approach,
we set number of channel uses s and P to relatively high values, and number of work-
ers K to a relatively small value to make sure that x; > 1, V¢, i.e., each worker can
transmit at least one information bit at each iteration. We consider K = 25 workers,
and s = 0.5d channel uses. We set a fixed ratio k¥ = [s/2] for sparsification. The
final test accuracy of different DSGD algorithms based on the parameter vector ob-
tained after 50 training iterations is given in Table 7.1. We observe that the analog
approach significantly outperforms the standard digital approach of separating com-
putation from communication. We did not include the performance of the A-DSGD
algorithm for P = P, since it is very close to the one with P = P; for both power
allocation schemes. Bearing this in mind, we observe that, unlike the A-DSGD scheme,
the performance of D-DSGD significantly deteriorates by reducing P for both power
allocation schemes under consideration. Therefore, analog computation approach is
particularly attractive for learning across low-power devices as it allows them to align
their limited transmission powers to dominate the noise term. For the UPA, we set
P, = P, Vt, which satisfies the average power constraint, and for the EPA, we set
a; = 100+ 10t/3 and ay = 300+ 10¢ resulting in P = P; and P = P», respectively. For

each average power constraint P, we consider two different power allocation schemes
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TABLE 7.2: Final test accuracy for various DSGD schemes considered in Fig. 7.3

D-DSGD | D-DSGD | D-DSGD | A-DSGD | A-DSGD | A-DSGD
M =40 M =20 M =20 M =20 M =40 M =20
s=03d | s=03d | s=05d | s=03d | s=0.3d | s=0.5d
0.704 0.729 0.76 0.811 0.816 0.828

0.8 A
0.7
9
C 0.6
=}
o
]
2 0.5
E /," == A-DSGD, UPA, M =20, s = 0.5d
Ho04 I/'. = A-DSGD, UPA, M =40, s =0.3d
I; =@= A-DSGD, UPA, M =20, s=0.3d
034 l: m—— D-DSGD, Py =P, M =20, s=0.5d
' == = D-DSGD, P; =5, M =20, s =0.3d
«@- D-DSGD, P =P, M=40, s=0.3d
0.2 i+ T T T T T
0 10 20 30 40 50

Iteration count, t

FiGURE 7.3: Performance of the A-DSGD and D-DSGD algorithms for different
(M, s) pairs.

for transmission with the D-DSGD algorithm: in the first scheme, we set P, = P,
Vt, and in the second, we let P, to be the same as the sum-power consumed by the
workers at iteration ¢ of the A-DSGD algorithm with EPA leading to a distinct P,
value at each iteration ¢t. Observe that, for the D-DSGD algorithm, letting P, vary
over time improves the performance, particularly for the smaller P value; however, for
the A-DSGD, UPA and EPA have a close performance and the improvement of EPA

over UPA is negligible for the considered setting parameters.

In Fig. 7.3, we compare the performance of the A-DSGD algorithm with UPA
and the D-DSGD algorithm, where, for both analog and digital communications, we
set P, = P = 1100, V¢, for different K and s values. We consider two different
wireless networks K € {20,40}, and for each, we consider two different values of
number of channel uses s € {0.3d,0.5d}, and a fixed ratio k = [s/2|. We present
the final test accuracy of different DSGD algorithms based on the parameter vector

obtained after 50 training iterations in Table 7.2. As it can be seen, for s = 0.3d,
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increasing K by a factor of 2 deteriorates the performance of D-DSGD. Accordingly,
the performance of D-DSGD algorithm is vulnerable to a relatively small increase in
K, as well as a decrease in the average transmit power P, whose effect was observed in
Fig. 7.2. We can conclude that the digital scheme prefers to have a smaller number of
workers, which are then allocated more channel resources to be able to transmit their
gradient estimates to the PS more accurately. However, this means that D-DSGD
cannot harvest the computation power of many edge devices; and its performance
compared to A-DSGD will become even poorer when the computation time and energy
is also taken into account. On the other hand, we observe that the performance of A-
DSGD improves slightly by increasing K from K = 20 to K = 40 when s = 0.3d,
and is significantly superior compared to D-DSGD, and the improvement increases
remarkably with K. We further observe that reducing the available channel uses s from
s = 0.5d to s = 0.3d degrades the performance of the D-DSGD algorithm considerably,

whereas the sensitivity of A-DSGD to channel bandwidth is much weaker.

We highlight that in [161] we have extended the analog and digital approaches pro-
posed here to a wireless fading MAC setting, and we have shown the advantage of the

analog approach over the digital one for wireless fading MAC.

7.7 Conclusions

In this chapter we have studied distributed machine learning at the wireless edge,
where K workers aim to minimize a loss function by performing DSGD with the help
of a remote PS. Workers communicate with the PS over a wireless MAC. We have con-
sidered both a digital approach (D-DSGD) that separates computation and commu-
nication, and an analog approach (A-DSGD) that exploits the superposition property
of the wireless channel to have the average gradient at the PS computed over-the-air.
In the D-DSGD scheme, the amount of information bits sent by each worker at each
iteration can be adaptively adjusted with respect to the average transmit power con-
straint P. In the A-DSGD scheme, we have proposed gradient sparsification followed

by compressive sensing employing the same measurement matrix at all the workers in
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order to reduce the typically very large parameter vector dimension to the limited chan-
nel bandwidth. This analog approach allows a much more efficient use of the limited
channel bandwidth, and benefits from the beamforming effect thanks to the identi-
cal distributions of the gradients across the workers. Numerical results have shown
significant improvement in performance with the analog approach, particularly in the
low-power and low-bandwidth regimes. We have also observed that, unlike D-DSGD,

the performance of A-DSGD improves with the number of workers.
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Conclusions

Growing demand not only for content but also for computation over wireless net-
works requires moving some of the core processing capabilities close to the network
edge. This dissertation can be divided into two parts exploiting edge processing capa-
bilities to make content delivery more efficient, as well as to bring network intelligence
close to edge devices. In Chapters 2, 3, 4, and 5 we have studied coded caching tech-
niques for various settings and developed information-theoretic tools to characterize the
fundamental limits. The considered caching model and the presented results illustrate
that even a limited storage can be converted into spectral efficiency in communica-
tion networks, benefiting the whole network, if it is exploited intelligently. Moreover,
in Chapters 6 and 7 we have studied fundamental limits of exploiting the computa-
tional capabilities of edge devices, which are prevalent with their local datasets, to
carry out a learning algorithm collaboratively. We have developed tools to analyze the

performance of distributed ML at the edge of wireless networks.

In Chapter 2, we have studied proactive content caching at user terminals, each
equipped with a cache of limited size. The system considered here models wireless net-
works, in which the caches are filled over off-peak periods without any cost constraint
or rate limitation (apart from the limited cache capacities), but without knowing the
user demands; and all the user demands arrive (almost) simultaneously, and they are
served simultaneously through an error-free shared link by the server hosting the whole
library. We have first considered the same cache size across the users, and proposed a
novel centralized coded caching scheme that places coded contents in the users’ caches,
referred to as the PCC scheme, and provides improvement for relatively small cache
sizes. The delivery phase of PCC exploits both coded and uncoded transmission of var-
ious pieces of contents, carefully created to retain the symmetry across users and files.

We have then extended the PCC scheme to higher cache sizes, and proposed GBC

171
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and GBD schemes for centralized and decentralized caching scenarios, respectively.
We have finally considered distinct cache capacities at different users, and proposed a
novel coded caching scheme in a decentralized scenario that improves upon the state-
of-the-art delivery rate. The improvement is achieved by creating more multicasting
opportunities for the delivery of bits that have not been cached by any of the users,
or cached by only a single user. In particular, the proposed scheme exploits the idea
behind the GBC scheme introduced for centralized caching in a system with symmetric

cache capacities.

In contrast to the setting considered in Chapter 2, we have studied a noisy channel
for the transmission of contents in the delivery phase in Chapters 3, 4, and 5 in order

to model the physical layer communication.

In Chapter 3 we have studied cache-aided content delivery over a packet erasure
BC with arbitrary erasure probabilities. The capacity of this network is defined as
the maximum common rate of files in the library, which allows reliable delivery to
all the receivers, independent of their demands. We have derived a lower bound on
the capacity by proposing a novel caching and delivery scheme, which enables all the
receivers to benefit from the cache memories available at the network. The proposed
scheme utilizes a finer subpacketization of the files in the library, and provides a better
exploitation of the available cache memories with a higher achievable rate than the

state-of-the-art.

In Chapter 4 we have considered cache-aided content delivery over a Gaussian BC.
Considering same rate contents in the library, we have studied both the minimum
peak transmission power, which is the minimum transmit power that can satisfy all
user demand combinations, and the minimum average transmit power, averaged across
all demand combinations, assuming uniform demand distributions. We have proposed
a centralized caching and coded delivery scheme assuming that the channel conditions
in the delivery phase are not known beforehand. Coded contents are transmitted in
the delivery phase to their intended receivers using superposition coding and power
allocation. We have then extended the achievable scheme to the decentralized caching
scenario. We have also provided a lower bound on the required peak and average

transmission power values assuming uncoded cache placement. Our results indicate
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that even a small cache capacity at the receivers can provide a significant reduction in
the required transmission power level highlighting the benefits of caching in improving

the energy efficiency of wireless networks.

In Chapter 5 we have studied cache-aided content delivery over a Gaussian BC,
however, unlike the models studied in Sections 3 and 4, each user is allowed to demand
a file at a distinct rate. We have considered a centralized placement phase, where the
server knows the channel qualities of the links in the delivery phase in addition to the
identity of the users. By allowing the users to have different cache capacities, we have
defined the capacity region for a total cache capacity. We designed a placement phase
through cache allocation across the users and the files’ layers to maximize the rates
allocated to different layers. We have proposed three achievable schemes, which deliver
coded multicast packets through different channel coding techniques over the Gaussian
BC. Although the coded multicast packets are intended for a set of users with distinct
link capacities, channel coding techniques can be employed to deliver requested files
such that the users with better channels achieve higher rates. We have also developed

an outer bound on the capacity region assuming uncoded caching.

In Chapter 6 we have studied distributed computation of an arbitrary function over
a dataset across workers with different random speeds. In contrast to the growing
literature on coded computation to mitigate straggling servers, here we have studied
uncoded computations and sequential communication to the master in order to ben-
efit from all the computations carried out by the workers, including the slower ones.
We have considered the assignment of data points to the workers with a predesigned
computation order. Assuming a general statistics for the computation and commu-
nication delays of different workers, we have obtained closed-form expressions for the
average completion time of two particular computation allocation schemes, called CS
and SS. The results of the experiments carried out on Amazon EC2 cluster show that
the CS and SS schemes provide significant reduction in the average completion time
over the state-of-the-art coded computing schemes and an uncoded computing scheme

with random scheduling of computations.

In Chapter 7 we have studied distributed ML at the wireless network edge, where

the workers aim to minimize an empirical loss function collaboratively by performing
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DSGD with the help of a remote PS. Workers have their own local datasets, and they
communicate with the PS over a wireless MAC with limited bandwidth. As opposed
to standard approach to distributed ML, which ignores the channel aspects, and sim-
ply aims at reducing the communication load by compressing the gradients at each
iteration to a prefixed level, here we incorporate the wireless channel characteristics
and constraints into the system design. We have considered both a digital approach
(D-DSGD) that separates computation and communication, and an analog approach
(A-DSGD) that exploits the superposition property of the wireless channel to have
the average gradient computed over-the-air. Numerical results have shown significant
improvement in performance with the analog approach, particularly in the low-power

and low-bandwidth regimes.

Future Research Challenges

In this dissertation we have studied several problems related to distributed coded
caching and computing. However, there are many open research questions that need
to be addressed for a full understanding of the performance limits of coded caching

and computing at the wireless network edge.

Despite the relaxations applied to the idealistic caching model introduced in [3] to
make the model more realistic, there are still certain aspects of the coded caching and
delivery techniques proposed in this dissertation that must be reconsidered carefully to
make the proposed solutions practically relevant. Level of subpacketization is a crucial
metric for making the caching schemes practical, in particular for the decentralized
caching scenario. With the centralized and decentralized coded caching schemes pro-
posed in [3] and [26], respectively, the subpacketization level grows exponentially with
the number of workers, K. For example, for K = 50, the scheme in [3] requires a
subpacketization level of approximately 104, which results in an impractical file size,
and would introduce significant overhead in a practical implementation. Recently,
there have been efforts to reduce the subpacketization level of caching networks while
achieving global caching gain, focusing on error-free link for communication from the

server to the users [168-174]. A potential research challenge is to develop techniques
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with relatively low subpacketization level taking into account the channel characteris-

tics.

In the different caching models considered here, the placement phase is assumed to be
performed without any cost. Instead, an appropriate cost in terms of delay or entropy
can be introduced in the placement phase. The optimal transmission policy to minimize
the total energy consumed by the server for a point-to-point fading channel, where the
receiver is equipped with a finite capacity cache has been formulated as a water-filling
solution in [9]. We argue here that one potential approach to incorporate error into the
placement phase is to extend the technique presented in [9] to a multicasting scenario,
in which the server has to satisfy the arbitrary demands of a group of users with limited
caches through a fading broadcast channel, aiming to minimize the corresponding cost

function, e.g., transmission energy.

In the distributed computing framework, we did not include the computation delay
at the PS in the evaluations, while additional encoding and decoding complexities
can introduce a relatively significant delay at the PS. This delay is more highlighted
in the case of coded computing, in which the PS requires to encode the data points
and/or decode the received computations. One possible research direction direction is

to incorporate computation delay at the PS into the framework.

One potential direction to extend the scheme proposed for the ML over-the-air
problem is to incorporate energy into the optimization framework, and investigate

a communication-efficient approach with minimum energy consumption.

Finally, for the ML at the wireless edge problem, it is important to study the case
where the data across the workers is dependent, which can happen in practice partic-
ularly for federated learning setting. In the extreme scenario, we can assume that all
the workers have access to the same portion of the dataset, and develop techniques for

transmission over a bandwidth limited wireless medium from the workers to the PS.

In conclusion, despite the considerable efforts for development of various coded
caching techniques, the optimal delivery rate-cache capacity trade-off even for the
conventional caching model in [3] is still an open problem. Also, the distributed ML

over-the-air problem is still far from being optimal in terms of the speed of convergence
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for realistic settings. However, we hope that the results presented in this Ph.D. thesis
have contributed towards our understanding of these problems and advanced the state-
of-the-art towards the optimal solutions, and encouraged research and development in
these important and challenging problems so that the remaining open problems will

be solved and some of proposed ideas will be taken up for practical implementations.
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Appendix A

Proofs for Chapter 2

A.1 Proof of Theorem 2.1

To find the delivery rate of the proposed scheme, the delivery rate for each part of
the delivery phase is calculated separately. Having received the bits sent in the first
part of the delivery phase presented in Algorithm 1, we would like each user to recover
all the subfiles in its cache that have been cached in the XOR-ed form during the
placement phase. However, to achieve this, we transmit pieces of the files that are not
requested by that user. For example, for user j in group G; with demand Wj, i € [N]
and j € [Si—1 + 1 : S;], we deliver (N — 1) different pieces corresponding to (N — 1)
different files (except file W;) to retrieve all the subfiles W} ;, for [ € [N]. Since there
are K users, a total of K(N — 1) different pieces, each of length % bits, are sent
over the shared link in the first part of the delivery phase. As a result, the delivery

rate of part 1 of the delivery phase is Dpcc, = 1.

In part 2 of the proposed delivery phase provided in Algorithm 2, for the users
in each group G;, (K; —1) XOR-ed contents Uf:%_ﬁrl (Wi; @ Wi j41) are transmit-
ted over the shared link, enabling all the users in group §; to recover the subfiles
Wi s, 1+1,---,Wigs,. Hence, a total of vazl (K; — 1) XOR~ed contents, each of size

F/K bits, are delivered over the shared link, which results in a delivery rate of

N

1 N
Drcc, = 7 Zizl (Ki—1)=1- = (A1)

for the second part of the delivery phase.

Finally, Algorithm 3 corresponds to the last part of the proposed delivery scheme,

which enables file exchanges between the users in groups G; and G;, for i € [N — 1]
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and j € [i +1: N]. There are (N — 2) missing pieces of the file requested by users in
group G; (G;) that are located in the cache of each of the users in group G; (G;) with
indexes I; € [N —1]\ {mig,} (la € [N —1]\{mjs,}). Note that, we have (N — 2)
missing pieces rather than (N — 1) as one piece was delivered in part 1 of the delivery
scheme. For the piece with index [; and the piece with index [y, the server delivers
U5 (W @ WI0,), Uy (W19 222, ), and 120 6 W), which

(g) . W and also all

enables all the users in group G; to recover the pieces I/VZ o Wis

. . (I2)
the users in group G; to recover the pieces Wj,Si_1+1’ e

of (K; + K; — 1) XOR-ed contents, each of size % bits. As a result, the delivery

Wj(léi), by delivering a total

rate of the third part is given by

Drccs = 1 gs Sory S i+ K =D =V =2) (1= 7). (a2)

By adding up the delivery rate of the three parts, the following delivery rate is

achieved:

N -1 N

Dpcc <K> = Dpcc, + Dpcc, + Dpcc, = N <1 — 2K> , (A.3)

which completes the proof of Theorem 2.1.

A.2 Proof of Theorem 2.3

We first go through the coded delivery phase presented in Algorithm 4, and show
that all user requests are satisfied at the end of the delivery phase. First part of
this algorithm enables each user to obtain the subfiles of its requested file which are
in the cache of all other users in the same group. We consider the first group, i.e.,
i = 1 in line 2 of Algorithm 4, which includes the users that demand Wj. In this
case, the XOR-ed contents Wy ; ® W1 j41, for j € [K1 — 1], are delivered by the server.
Having access to the subfile Wy ; locally in its cache, each user j, for j € [K;], can
decode all the remaining subfiles Wy, for [ € [Kq]\{j}. Thus, a total number of
(K71 — 1) XOR-ed contents, each of size % bits, are delivered by the server for the

users in group Gj. Similarly, the second group (i = 2 in line 2 of Algorithm 4),



Appendix A. Proofs for Chapter 2 197

containing the users requesting file W3, the XOR-ed contents W3 ; & Wa j11, for j €
[K1+1: K+ Ky —1], are sent by the server. With subfile W5 ; available locally
at user j, for j € [K;+1: K+ K»], user j can obtain the missing subfiles Wy,
Vie [K1+1: K+ K]\ {j}. Hence, a total of (Ko — 1)F/K bits are served for the
users in Go, and so on so forth. Accordingly, for the users belonging to group G;,
(K; — 1)F/K bits are delivered by the server, for i € [N], and the total number of
bits transmitted by the server in the first part of the coded delivery phase presented
in Algorithm 4 is given by

Dene, () = 1 S, (K= ) = (6 = M) . (A.4)

In the second part of Algorithm 4, each user in group G;, for ¢ € [N], will decode the
missing subfiles of its requested file, which are in the cache of users belonging to groups
j € [N]J\ {i}. We first start with ¢ = 1 and j = 2 in lines 7 and 8, respectively. The
XOR-ed contents Wy ; @ Wy 14, for I € [K1 +1: K + Ky — 1], i.e., the subfiles of W}
cached by users in group Go, are delivered in line 9. In line 10, the XOR-ed contents
Wo1 @ Wa i1, for I € [Ky — 1], i.e., the subfiles of W5 cached by users in group G, are
delivered by the server. Finally, by delivering W1 4k, ® W2 i, in line 11, and having
already decoded Wy (W), each user [ in G; (G2) can recover the missing subfiles of
its requested file W7 (W5) which are in the cache of users in Gs (G1), for [ € [K;] (for
l € [Ki+1:K;+ K3]). In this particular case, the number of bits delivered by the
server in lines 9, 10, and 11 are (Ky — 1)F/K, (K; — 1)F/K, and F/K, respectively,
which adds up to a total number of (K; + Ko — 1)F/K bits. In a similar manner,
the subfiles can be exchanged between users in groups G; and G;, for ¢ € [N — 1] and
Jj € [i+1:N], by delivering a total of (K; + K; — 1)F/K bits through sending the
XOR-ed contents stated in lines 9, 10, and 11 of Algorithm 4. Hence, the total number
of bits delivered by the server in the second part of the coded delivery phase is given

by

Daae, (g) = %ZN; ZLH (Ki+K;j—1)=(N-1) (K - g) o (AD)
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By summing up (A.4) and (A.5), the delivery rate of the GBC scheme is given by

pone (L) = - X wo

A.3 Proof of Theorem 2.5

Consider first the CODED DELIVERY procedure in Algorithm 6. We note that,
when N < K, the difference between the first procedure of the proposed delivery phase
and the delivery phase presented in [32, Algorithm 1] lies in the first two parts, i.e.,
delivering the missing bits of the requested files, which either have not been cached
by any user, or have been cached by only a single user. Hence, having the delivery
rate of the scheme in [32, Algorithm 1], the delivery rate of the CODED DELIVERY
procedure in Algorithm 6 can be determined by finding the difference in the delivery

rates in these first two parts.

The delivery rate for Part 1 of the proposed CODED DELIVERY procedure, in
which the bits of each request Wy,, for ¢ € [K], that have not been cached by any user

are directly sent to the users requesting the file, is given by

Deep, (M) = NH:; (1 - Aj\{) (A7)

We can see that the worst-case demand combination for this part of the CODED
DELIVERY procedure is when each file is requested by at least one user, i.e., K; > 1,
Vi € [N]. The corresponding delivery rate of [32, Algorithm 1] is given by:

Dwrrr, (Mik)) = KH:; <1 - Af&) (A.8)

The difference between these two delivery rates is

ADi (M) £ Dwrrr, (M) — Daap, (M) = (K — N) Hf; (1 - %1) (A.9)

In Part 2 of the delivery phase of the GBD scheme, we deal with the bits of each

requested file that have been cached by only a single user i, i.e., Wy, r;y, for some
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i,7 € [K]. For any request W4,, the normalized number of bits that have been cached
exclusively by user ¢ will be denoted by @);. As F' — oo, by the law of large numbers,

@; can be approximated as [26]

i~ <%) e (1 - %) - <NMM> I, <1 - Az?) (A.10)

From (A.10) we can see that Q; > Qj, i # j, Vi,j € [K], if and only if M; > Mj; that

is, the user with a larger cache size stores more bits of each file for F' sufficiently large.

Next, we evaluate the delivery rate for Part 2 of the CODED DELIVERY procedure.
)

We start with message X, (") " For the users in G;, for ¢ € [N], ordered in increasing

cache capacities Mg, ;11 < Mg, ;42 < --- < Mg, a total number of (K; — 1) pieces,
with the normalized sizes Q)s, ,+2,...,®s, are delivered. Thus, the delivery rate of
the common message Xéi) is given by

Dépp, (Mix) Zl ) Z] s, 1+2 (A.11)

In line 8 of Algorithm 6, (K; — 1) pieces, each of length Qgs;_,42,...,Qs;, and (K; — 1)
pieces, each of length Qg, ,42,...,Qsg, are delivered for users in G; and G;, respectively,
and also the normalized length of the bits delivered with the last content of XQ( 2) is
max {Qs,_,11,Qs,_,+1}, for i € [N —1] and j € [i + 1 : N]. Hence, the rate of the
)

common message Xy (F 99 Is given by

N-1 N S, S
Dépp, (Mix) £ Zi:l Zj:i—i—l (an_sjl'f‘Q @n + ansifl'f'Q @n
+max{QSj_1+1,Q5i_l+1}>. (A.12)

To simplify the presentation, without loss of generality, let us assume that M; <

Mg, 11 <--- < Mg, ,+1. Then (A.12) can be rewritten as

Dgp, (M) £ Z Z (Zn S5 142 Qn + Z:;SHH Qn + Qsj1+1) . (A13)
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The total delivery rate for the second part of the proposed coded delivery phase is

found by summing up the rates of the two parts, i.e.,

2 .
Deap, (Mix)) £ Daep, (Mix)) - (A.14)

By substituting (A.11) and (A.13) into (A.14), we obtain

N-1
DGBD2 M[K] sz 1ZJ s, 1+2 Zi:l ZQSH—I- (A15)

Note that, in (A.15), the coefficient of Qg,+1 is i, for i € [0: N — 1], whereas the
coefficient of all other Q;s, Vj € [K]\P, where P 2 {1,81+1,..,8v_1+1}, is N.
Since N > K, the achievable rate for Part 2 of the CODED DELIVERY procedure in
Algorithm 6 is maximized (the worst-case user demands happens) if Q; < Q;, for i € P
and j € [K]\P; or, equivalently, if M; < Mj, for i € P and j € [K]\P. According to
the definition of set P, the above condition means that N users with the smallest cache
sizes, i.e., users i, V¢ € P, will request different files, and belong to distinct groups in

the worst-case scenario.

For simplification, without loss of generality, the users are ordered such that M; <
My < -+ < Mpg. Then, the delivery rate of Part 2 of the CODED DELIVERY

procedure is

Darp, (Mix)) = ZL (i-1)Qi+N Z v @ (A.16)

By substituting ); in (A.10), we have

panm, 0) = [ 3261 (245 )+ 3 (525)| T (1-38)
(A.17)

Now, we derive the delivery rate for the corresponding part in [32, Algorithm 1],
i.e., when the server delivers the bits of the file requested by user i, having been
cached only by user j, Vi,j € [K], i # j. For this case, from [32, Algorithm 1], when
My < My <--- < Mg, we have

Dwrre, (Mg)) = [Z: (i—1) (NMM)] H; (1 - Aﬁ) (A.18)
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Hence, the difference between the delivery rates for the second part of the proposed

coded delivery phase and its counterpart in [32, Algorithm 1] is given by

ADy (M[I:K]) £ DwrrL, (M[K}) — DgBp, (M[K])

-[E e (G I () e

Part 3 of the CODED DELIVERY procedure in Algorithm 6 is the same as its
counterpart in [32, Algorithm 1]; so, they achieve the same delivery rate. Based on [32,
Theorem 3], assuming that M; < My < --- < Mk, the delivery rate for the CODED
DELIVERY procedure is

j=1

Dep (Mig) éz; [H <1 — ]\]{;ﬂ — ADy (M) — ADy (M), (A.20)

where A Dy (M[K]) and ADo (M[K]) are as given in (A.9) and (A.19), respectively.

Now, consider the RANDOM DELIVERY procedure in Algorithm 6. Each delivered
message in this procedure is directly targeted for the users in a group requesting the
same file. It is assumed that the users in G; are ordered to have increasing cache
capacities, such that Mg, 41 < Mg, ;42 < --- < Mg, for i € [N]. Since each
user in G; requires at most (1 — Ms, ,+1/N ) F bits to get its requested file, a total
number of (1 — Mg, ,+1/N) F bits, obtained from random linear combinations of W;,
are sufficient to enable the users in G; to decode their request W;. Hence, the delivery

rate for the RANDOM DELIVERY procedure in Algorithm 6 is

N Ms,
Drp (M) £ <1 - SN1“> (A.21)

Observe that the worst-case user demand combination corresponding to delivery rate
Drp (M[K]) happens (i.e., the delivery rate Drp (M[K}) is maximized) when M;, Vj €
P forms the set of NV smallest cache capacities, i.e., the N users with the smallest cache
capacities should request different files, which is consistent with the worst-case user

demand combination corresponding to Dcp (M[ K]). If the users are labelled such that
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My < My <--- < Mg, then we have

M;

Dgp (M) = ZNzl (1 — N). (A.22)

We emphasize here that, before starting the delivery phase, it is assumed that each
user sends its demand together with its cache contents to the server. With this infor-
mation, the server can perform the delivery procedure which requiers a smaller delivery

rate (by comparing (A.20) and (A.22)), and the following delivery rate is achievable:

Dagp (Mix]) = min {Dcp (M) , Dro (Mx)) } (A.23)

which completes the proof of Theorem 2.5.



Appendix B

Proofs for Chapter 3

B.1 Proof of Theorem 3.1

The rate of the coded content targeted to a group of weak receivers for each message
of the delivery phase is allocated such that it can be decoded by the weakest receiver

among the intended group of weak receivers.

With sub-message j of message 1 of length i jn channel uses, W(le , is given in

[K/U.)]hj
(3.40), a message of rate R(q)/([f]“’) is transmitted to the weak receivers in
jE [(K“’)} The rate of W'

+1 a+1
1 S{Kuwl,d

q+1
S[K’w]vj’

q+1
SKu).j

for
is set such that the weakest receiver in can

decode it, i.e.,

(@)
(iw < By (1—rmax_{5r}> Foforje |(5)]. (B-1)

Summing over all the sets S[Q;(j] i for j € [(fﬁ)}, one can obtain

Ky—q (Ky—r (;:-wl)
R@ ( )

(Ke) > 1_(]5T < z; B F = B F. (B.2)
i=

q r=1

Note that with the codeword given in (3.45), Wé?rl]
Kuwl,j’

i+l i Ku : (i+1)
§ii) - is of rate RO/ (K, (K) ), while Wi e

is of rate R(Hl)/(ﬁ”l), form € [Ks],i=q—1,...,pand j € [(ﬁ_“i)] Proposition

3.3.2 suggests that the codeword in (3.45) can be decoded correctly by the intended

. targeted for the receivers in

, destined for receiver K, +m,

203
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receivers if, for m € [K],

RO/ (K,(%)) R@/( S(5)) + ROV / (K)
max ; A= ) F < Bg—it1,5m, (B.3)
1— max {0} b
TGS[’;I]]
where the rate of Wéz)ﬂ is limited by the weakest receiver in 8[1;1] for 1 =

[Kwl,j’ m

qg—1,...,p,and j € [(I_(H)} By summing up all the K inequalities in (B.3), we have,

fori:q—l,---apandje |:(’Lliui):|’

resit!

R /(K ( R® R(m)) 1 }
max , + S S O A
{ (1 — max {4, }) K (sz) (f—(kﬂi) mZ::l (1= 90K,+m)F i

[Kwl,j
(B.4)
By the choice of (3.35), and the fact that
Kw)
(‘ Ks
7 (0,8, 41) =7 (p,6,1) g ( - 1) : (B.5)
(K;W)Ks (1 - 5Kw—i) Z{in-l-l 1%61

which follows from the definition in (3.36), the second term of the maximization in

(@) /(Kw
(B.4) is reduced to %. Thus, (B.4) is simplified as follows:

RO /(Ko RO /(Ko
. /(") G _52( 2F < Byiiry (B.6)
(1 —max, it {5 }) v
Note that SZJrl ‘ =1+ 1; hence, for i = g — 1,.
max {6,} > 0kp—i, Vje€ [(Kw >] . (B.7)
resitt 1+ 1
[Kwl,j
From (B.7), (B.6) is reduced to
RO /(K . .
/( v ) < By—it1,j, fori=q—-1,...,p,j€ {(ﬁ’i)}, (B.8)
1— max {0
< TES[Z;mlu]J{ }>
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which holds for every j € [(fﬁl)}, each corresponding to a different (i + 1)-element

subset Sf;i] i After summing up over all values of j, one can obtain

Ky—r

R® Ku—i A Kuw ,
@ Zr:l (1 _Z 57,) S Z§+11) 5q—i+1,jF = Bq—i+1F7 for 1=4q— 1, ey P (BQ)

According to Proposition 3.3.1, each receiver [, | € [K,, + 1 : K], can decode subfile

chf ) of rate R®)_ delivered by the last message, correctly, if

() N R
R Zl:Kw—H 1— 6l < ﬁQ*P+2F' (B.l())

By combining inequalities (B.2), (B.9) and (B.10), we have

o (RO el (S)

D

K q
3 R 1
() -3, | * DN =5 = Y. Be-imF=F (Bl
i=p j=1

i J=Kuw+l i=p—1

Finally, by replacing R, for i € [p : q], with the expression in (3.35), one can obtain

< F35 v (p,6,1)
B ’677: Ky—1 Ku;*j K
L (s ) sy

, (B.12)

which, together with the cache capacity of each weak receiver, M, given in (3.39),

proves the achievability of the memory-rate pairs (M(pﬂ), R(nq)) in (3.46).



Appendix C

Proofs for Chapter 4

C.1 Proof of Theorem 4.3

For any given Ug, let Dy, denote the set of all demand vectors with the same Ug.
The union Uud Dy, form the set of all possible demand vectors [N ]%. Therefore, the
set of all possible demand vectors can be broken into classes Dy, based on the Uy set

they correspond to.

For any given Uy, and an (n, R, M) code as defined in (4.1), (4.3) and (4.5) in Section

4.3, define the error probability as follows:

Po,, 2 Pr {Ude% Useas, {Wa, # de}} . (C.1)

Let P, (d) denote the average power of the codeword this code generates for a demand
vector d € Dy,. We say that an (R, M,P,p> tuple is Ug-achievable if for every
e > 0, there exists an (n, R, M) code with sufficiently large n, which satisfies Peud <e¢g,
Eq [Py, (d)] < P, and Py, (d) < P, Vd € Dy,. We can also define P (R, M) and
Pg‘,d (R, M) as in (4.6a) and (4.6b), respectively, by considering Ug-achievable codes.

We note from (C.1) that, a Ug-achievable code satisfies only the demands of the
users in set Ug. Accordingly, an achievable (R, M, P, P) tuple is also Ug-achievable,

since P. > P.,, , for any Ug set. Thus, lower bounds on Pf{d (R, M) and Pik,d (R, M)

Ug?

also serve as lower bounds on P* (R, M) and P (R, M), respectively. In the following,
we provide lower bounds on ]-:’i';d (R, M) and P&d (R, M).

206
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Let (R, M, P, P) be any Ug-achievable tuple. For uniformly distributed demands,

we have

P> BalPuy ()] = Bigy |- S0 Py ()] (€2)

where we used the fact that the probability of each demand vector in Dy, is equal. We
divide the set of demand vectors Dy, into different subsets according to the demands
of users in Uy, where each subset consists of the demand vectors for which the demands
of all the users in Ug are the same. Note that, there are 91 = (]G;)Nd! such subsets!,
denoted by Dlud> forl =1,...,M, ie., Dy, = U?Ll Dzljd. We note that the number of

demand vectors in each Dlud, denoted by NL’{d7 is the same, and is given by

Na . _.
Ny =12, 0 (C.3)

where, we remind that Ug = {u1,u2,...,un, }, where 1 = u; <wug <--- < wup,. Thus,

we have Ny, = DNy, , and (C.2) can be rewritten as follows:

N
P> Ey, [NL D qeny,, P <d>} ~ Ey, [;t > <N1 Y geny, P <d>) (C.4)

/
Uq

For any arbitrary demand vector dlu , € Dé,d, for I € [7], it is proved in [92, Lemma
14] that there exist random variables? X (dbd), Yﬂud(l) (d%,,d) ""’Y”Md(Nd) (dlud), and
{vi(di,) - Viva—1 (di,) }, where

Vi (diy,) == Vi (dly,) = X (dh,) = Yooy (dh) =+ = Yo ()

forms a Markov chain, and satisfy

1 !
R—cy <1 (Wdl ;U,rud(l)) T (vud,l; Yo (1) (dud>> , (C.6a)

g (1)

1
— <-I ; e ; e
R=ens n (Wd;ud(i)’ Um“{d(l)7 ’ Um’{d ® Wdifud(l)v ’ Wd;ud(i—l) >

+1 (V; (dlud) Vo i) (dlud) Vi (dg,d)) Vic[2:Nga—1], (C.6b)
'For simplicity, we drop the dependence of 91 on N and Njy.

2For ease of presentation, we drop the dependence of the transmitted signal X™, and the received
signals Y;', Vk € [K], on the library W.
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U.

Uryy ()5 -+ Uy (Na)

1
R— En S*I (Wdl
n

)
g (Na)

W o, Wa
dmd(l)’ ’ dmd(Ndfn

(X (aly,) Yoy v (dh) Vi (dh) ) (C.6c)

where dirud (i) Is the my, (i)-th element of demand vector dl, @ € [Ng], and e, > 0
tends to zeros as n — oo. We note that, due to the independence of the files and the
fact that the users in Ugq demand distinct files, for any uncoded cache placement phase

and any Uy set, we have

(W Uttt oUW v Wit )
=171 (Wdlvru (i);Uﬂ—Md(l)’ ey U,er(i)> , Yie [2 : Nd],l € [‘ﬁ] (07)
q

Thus, for an uncoded cache placement phase, (C.6) is equivalent to

R—e, S%I (Wdl ;U%(l)> +1 (Vi (dly,) Y, (dh)) (C.8a)

g (1)

1
R—en <1 (Wd; iyt Um0 Umdm)
. !
+1 (Vz— (dud> REINO) (dud)
1
R—¢, Sﬁf (Wd;ud(Nd)5 Uffud(l)7 T U”Md(Nd)>

(X () Vv () Vv () ) (C.8¢)

Vi (dlud)) Vic[2:Ng—1], (C.8h)

For the Gaussian channel (4.2), for i = 1, ..., Ngq, we have [147]

d (Vi (dg,d) Yy () (dbd) Vi (dlud)) <
BihZ,, o Fua (dugy)
B2 i BiPuy (diyy) +1

7Tud

1

510g2 1+ , (C.9)
for some 3; > 0, for i = 1, ..., Nq, such that Efi’l ; = 1, where we set 1) (dlud) £,
and Vi, (dlud) £ X (dé,d). From (C.8) and (C.9), for n sufficiently large, the average

power Py, (db d) to satisfy any demand vector db , € Dzljd, for I € [D], is lower bounded
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by
! . A Na 22 g () _ o ( )
Fua (dud> >8’( Crug (1) "’Cﬂud(Nd)) - Z CR2 H 2 gl (C.10a)
i=1 Tug (4)
where, fori =1,..., Nqgand [ =1,...,0M,
1
! N _
Crugl) = 117 EI (Wdlmdm’U’%(l)’ e Umm(%’)) : (C.10Db)

Note that the lower bound in (C.10a) does not depend on any particular demand in

Dlud, I € [M]. Thus, from (C.4) and (C.10), we have

{ Zl A COs iud(Nd))] (C.11)

Lemma C.1. Given a set of users Ug of size Ngq with distinct demands, we have

l
mzl 1f< Cryg(1)7 77 Wud(Nd)> =
92R(1- min{iM/N,1}) _ 1

Ng =1 J9R(1—min{jM/N,1})
Zi:l( R >Hj:12 . (C.12)

TUg (@)

Proof. 1t is proved in Appendix C.2 that § (-) is a convex function of its arguments.

Thus,

n . e
l 1 I
Z ( TFud 7“'7C7TMd(Nd)> 23'(m;cﬂ_l/{d(l),.“,m;cﬂ—ud(Nd)> . (013)
From the definition, we have, for i = 1, ..., Nq,
1 N I 1 N
ﬁzl:l cﬂ'ud(fi) =R- o l:lI <Wdirud(i)’Uﬂ-ud(1)7.'.’Uﬂ-ud(i)> . (C,14)

where, due to the symmetry, each file Wy, for &k = 1,..., N, appears (]J\Zi__ll)(Nd - 1!
times in the sum on the right hand side of (C.14) for each ¢ value. Thus, for i =

1,..., Ng, we have

1 n _ ! N
5 Dt () = B~ ot > ! (Wk, Unyg (1); "'7Uﬂud(i)>
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1 N

=R— ~ k:lI (Wk;Uﬂud(l)a---vad(i))

@) 1

>R——-I (Wl, s W Ury ) Umd@)

—R— %min{iM, N}, (C.15)

where (a) follows from the independence of the files. From (C.13) and (C.15), and the

definition of function §, we have

‘ﬁzz | (ﬂud(l)""’ Crry Nd>
R

(o) oa (o mn{)).

which concludes the proof of Lemma C.1. O

Y

According to (C.11) and Lemma C.1, P is lower bounded by Py g(R, M) defined in
(4.52). Thus, P (R, M) is a lower bound on Pijd (R, M) as well as P*(R, M).

Next, we prove the lower bound on P*(R, M) stated in Theorem 4.3. For any Uy
set, let (R, M, P, P) tuple be Ug-achievable. We have P > Py, (d), vd € Dy, which

is equivalent to
P> Py, (diy,). val, € Dl for i =1,.., 9 (C.17)

Averaging over all Ny, = ‘ﬁNZ’Jd possible demands with the same Uy set, we have

~ 1 n 1
= N Zl:l (Nllld Zdé{depll/ld Fuy (dll/fd)> . (C.18)

According to (C.10) and Lemma C.1, P is lower bounded as follows:

22R(1- min{iM/N,1}) _ 1

Na =1 J9oR(1-min{jM N,
pzy - ( - )Hj:122 (mmingMNID vy, (C.19)

TUg (@)

Thus, we have

A Ny [ 92R(1-min{iM/N,1}) _ | i—1 —min{j
P znz,iX{Zizdl < 2 [T 220N (c.20)

Uy (Z)
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We note that the term on the right hand side of the inequality in (C.20) is equivalent
to PLg(R, M) defined in (4.53). Thus, P.g(R, M) is a lower bound on P;,d (R, M) as
well as P* (R, M).

C.2 Proof of Convexity of Function F(-)

We show that, for 1 < Ngq < K, function § : RV — R is a convex function of

(81, veey SNd):

Ng [ 22 — 1 i1 o
F(s1,...,8N,) = Z; <h2> szl 9255 (C.21)

TUgq (2)

After mathematical manipulation, one can obtain

N, 1 1 ol 1
Flormrsng =D <<h2 S ) 22 Zs) - (C.22)
Trz,{d i+l)

() T ( T (1)
where hiud(NdH) £ 00, 8 £ [s1 59 -~ sNd]T7 and
T
a2 [11---100---0| , fori=1,..,Ng. (C.23)

1xi  1x(Ng—i)

We note that h2 ., < h2
Wud(l)

. : 2s i
T (1)) Vi € [Ng], and function 2% s € R, is a convex

function of s. Thus, all the functions 22aiTS, Vi € [Ngq], are convex since the affine
substitution of the arguments preserves convexity. Hence, function § is convex with
respect to (si,...,Sn,) since any linear combination of convex functions with non-

negative coefficients is convex.
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Proofs for Chapter 5

D.1 Proof of Theorem 5.2

For ease of presentation, we prove the outer bound for G = [K], and the proof of
general case follows similarly. By an abuse of the notation, for a demand vector d with
distinct entries and noise variances o in the delivery phase, we denote the channel

input, generated by function 4 q, by Xj, and the channel output at user k by Y3,

where
Yi'y = Xaq + Zy, for ke [K]. (D.1)
Lemma D.1. Let (Ry,...,Rg) be an achievable rate tuple. For a demand vector d =
(di,...,dk) with all distinct entries, there exist random variables Xq, Yaa,-..,Yd K,
and Va1,...,Va k-1, where
Vd,l_>"'_>Vd,K71—>Xd_>Yd,K—>"'_>Yd,1 (D2)

forms a Markov chain, that satisfy

1
Ry —e <I (VapiYan) + 1 <W(1); U1) , (D.3a)

k=1 m
UUnt),

m=11[=1

k
Ri —e <I (Vag; Yar|Vakr-1) + I(U Vi, U

Vke[2: K —1], (D.3b)

K—-1 m
U UWCEQ), (D.3c)

m=11[=1

w.tn, ... Uk

k

=

1
Rg —e <I (Xa;Yar |Vax-1)+ gl (

=1

where € > 0 tends to zero as n — 0.

Proof. See Appendix D.2. O
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Assuming N > K, let D; be the set of all (]IX )k! k-dimensional vectors, where all
entries of each vector are distinct, and each entry of every vector takes a value in [V],
for k € [K]. We note that Dk is the set of all demand vectors, each with all different
entries. By averaging over all demand vectors with different entries, we can obtain

from Lemma D.1 that

1 1
Ry —e <I(Vay;Yay) DI (ng); U1) (D.4a)
( )K deDg
1 N -1 N 1).
Var: Y. K —1) w®;u D.4b
= (anYan) + g (6 )OS0 L (W) 0.
_ . 1Y Lo,
=1 (VaxiYan) + 5 >, 1 (v o) (D.4c)
1
< . 1 ().
<I (VapsYan) + —1 (Wh:on) (D.4d)
M
<I (Vax:Yan) + 57 (D.4e)

where (D.4d) follows from the independence of the files, and, for k € [2 : K],

k=1 m
U Ut
m=1[]=1

k
1 1
Ry —e < T (Vax; Yar [Var-1) + 5o > e <U W U, Uy

(K)K deDg =1
(D.5a)
=I (Va; Yar|Var—1)+
1 1 k k—1
(N)K!~Z > ~n[( oo udU U m)
K deDy_1 deDk:(dy,...,dj—1)=d
(D.5b)
1 1 k )
=I (Var; Yar |[Vagr—1) + (N % Z Z EI . W, U, Uk
K) ) aGDk,1 deDK:(dl,...,dk,l):&
(D.5c¢)

=I (Va; Yar|Var—1)+

(N)lK' > > i[( fle(l);Ul,...,Uk> <g::>(K—k)!

K777 deDyy je[N\{di,....dr—1}

(D.5d)

=I (Va; Yar|Var—1)+
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(N;K!ii1< ;Wj(l);(]l,...,Uk> @:Z)(K—k)!@__ll)(k—m (D 5¢)

K j=1
=1 (Vags Yar Var 1)+ S0 T < Cwhu, Uk> (D.51)
<T (Vs Yar |Vap_1) + niNI <Uf1 wO. U, Uk> (D.5g)
<I(Vax;Yar|Var-—1)+ % Z; My, (D.5h)

where (D.5c¢) follows from the assumption of uncoded caching and the independence of
the files, d; in (D.5d), for i € [k—1], returns the i-th element of vector d, (D.5g) follows
from the the independence of the files, and we define Vg i £ X. For the Gaussian
channel, we have [147]

. nk P
I(Vd,k;Yd,k ’de,l) < CZzK:k-H mPJrU,%’ for k € [K], (D6)

for some non-negative coefficients 71,...,nx, such that Zfil 7; = 1, where we set
Vao £ 0. This completes the proof of Theorem 5.2 for G = [K]. The proof can be

extended to the general case by taking similar steps.

D.2 Proof of Lemma D.1

We follow the same steps as in [92, Lemma 14|, but for multi-layer massages.
Given a demand vector d with all different entries and o in the delivery phase, con-
sider an achievable rate tuple (Ry,...,Rg). Thus, there exist K caching functions
¢o,1,---,Pe Kk, an encoding function ¥4 q, and K decoding functions pq.1, ..., ftd, K
which, for large enough n, P. < &, where € tends to 0 as n — oco. From Fano’s

inequality, we have

k

1 B0,y
Rp—e< 1 (l W Yde Uk> . for k € [K]. (D.7)
Accordingly,

1
Ri—e<-I (Wé?; Y3, U1> (D.8a)
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:%[ (Wéll); U1> + %I (Wéf); Yd' ‘U1> ) (D.8b)

where the second term in (D.8b) can be bounded as follows:

(o) <L 5 (v

*ZZ 1 (Wd1 7Yé11aYdlz|U1) (D.9b)

Uy, Y3 ) (D.9a)

where we define Yék = (Yari,---,Yari), for k € [K] and i € [n|]. Let & be a
random variable uniformly distributed over [n] and independent from all other random

variables. We have

Ly (1) yi-1 1) et

EZiZII(Wdl) Ydl 7Ydlz‘U1> =] (ngl ’Ydl 7Yd1€‘U17 ) (Dloa)
<I (Wéf),Ydffl,Ul, ¢ Yd,l,@> (D.10b)
=1 (Vaa;Yan), (D.10c)

where we define Vg1 £ (W( ) Yd@1 Loy, 6), and Yq1 = (Ya17). From (D.8)-(D.10),
(D.3a) is proved. We also have, for k € 2 : K],

1
Ry —e<-1 ( Wéi dk,Uk> (D.11a)

1 k l k—1

<1 (U Wi Ve Us |, Ul ) dm) (D.11b)
1 k 0. k—1

<-1 <U Wa s Yd Un, . U m) (D.11c)
1 k—1 m ()
nI< de Uty m=1 =1 de) T
L W(” v, U vl 7L o w D.11d
H dy d,k | BRI k7Um=1Ul:1 dm, ) ( . )

where (D.11b) follows from the independence of the files. We now bound the second
term in (D.11d) as follows:

1 ko). v Lm0
~1 (U: W, s Vi Ul,...,Uk,Um:1 Ul:1 W,

k k—1
E (l) % U U yi D
n L—i=1 ( I= 1 e b k’U —1Ul 1 dM’ dk) (D-122)
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BN (OR T (0 yri—1 yri—1 i—1
< nZI< W Yara \Un,- U U U W Yar' Yagte -0 Yan
=1 m=11=1
(D.12b)
1 n k k=1 m
¢ -
< YT UwW Y Yaw: [Us, - Uk | U WY ngll,...,Y(;’ll) (D.12¢)
i=1 =1 m=1[=1
k—1 m )
:I(UW Y Yage U U | U WYY ,Yd@kll,...,y(fl—l,ez> (D.12d)
=1 m=11[=1

F k—1 m
S <U dk 7Uk7de€ Ul,ank*l’ U UW(l 7Yd€k117"-7Yd€,1_17€>
= m=1[=1
(D.12e)
=1 (Vax; Yar|Vak-1), (D.126)

where de— <de 17Ul 1 ) Yfkl,Uk>,and de (de@) for k € [Q:K]. We
also note that Vg x = Xq. By plugglng (D.12) into (D.11), the proof of Lemma D.1 is

completed.
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