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Abstract 

In recent years, geotechnical engineers have been encountering an increasing number of problems 

involving the effects of temperature. The research presented in this thesis focuses on the utilisation of 

geothermal energy, i.e. the thermal energy stored in the ground, through ground source energy systems 

(GSES). This renewable energy technology has been recognised as a reliable means of providing low-

carbon space heating and cooling, and is becoming increasingly popular.  

Particularly attractive are systems where the heat exchanger pipes, which facilitate the transfer of energy 

between the building and the ground, are incorporated into geotechnical structures, such as piles, 

retaining walls or tunnel linings. The aim of the research presented in this thesis is to explore the effects 

of temperature variations on the behaviour of such geothermal piles, and provide recommendations on 

their modelling and design.  

However, while the Imperial College Finite Element Program (ICFEP) is capable of simulating the 

coupled thermo-hydro-mechanical (THM) behaviour of porous materials, further developments, which 

allow for accurate modelling of GSES, are necessary. Firstly, a new type of finite elements – one-

dimensional elements for three-dimensional analysis – is implemented into ICFEP with full THM 

coupling. Hence, these elements can be used for a variety of applications, including modelling structural 

components or heat exchanger pipes. Secondly, the problem of simulating advection-dominated heat 

flow using the finite element method (FEM) is addressed by replacing the Galerkin FEM with the 

Petrov-Galerkin FEM for the solution of the heat transfer equations. Finally, a new constitutive model 

capable of simulating the non-isothermal behaviour of soils observed in laboratory experiments is 

developed.  

These developments are subsequently applied in a comprehensive computational study which explains 

the thermo-mechanical behaviour of geothermal piles. The study quantifies the transient behaviour and 

investigates the influence of various modelling approaches, application of the thermal load, soil 

properties, as well as thermo-plasticity. 
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Chapter 1  

Introduction 

 

1.1 Background 

Fossil fuel reserves are diminishing and global energy consumption is increasing due to a constantly 

expanding population enjoying improved living standards, meaning that there is a growing concern over 

the management of the Earth’s resources. Rising energy prices, as well as government sustainability 

polices encourage the use of renewable energy sources. Although the environmental benefits of 

renewable energy have been known for a long time, only recently have technological advances been 

able to make its use economically feasible. 

The research presented in this thesis focuses on one type of renewable energy: low enthalpy geothermal 

energy which is capable of providing an effective means of space heating and cooling. It is concerned 

with temperatures of less than 40 °C and usually depths up to 300 m below the ground surface. The 

ground temperature at depths greater than approximately 10 m (depending on the local climate) is 

constant throughout the year (Banks, 2012) which allows for seasonal heat storage schemes, where 

excess heat removed from the building is stored within the ground during the summer and is then 

extracted to provide space heating during the winter. 

Energy can be exchanged with the ground using heat pumps which circulate a fluid around a thermal 

loop (either horizontal or vertical) buried in the ground. In order to avoid the installation of additional, 

dedicated heat exchanger systems in the already crowded subsoil, this energy transfer between the 

building and the ground is often performed through geotechnical structures, such as piles, diaphragm 

walls and tunnel linings, which are also required to provide stability (Brandl, 2006). The transfer of 

energy between these structures and the surrounding ground is enabled by embedding so-called heat 
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exchanger pipes, through which a fluid is circulated, inside the structure. Such geotechnical structures 

are often referred to as geothermal or thermo-active structures.  

However, there is a gap in the understanding of the geotechnical performance of such energy systems. 

The field and laboratory studies on the behaviour of these structures (e.g. Bourne-Webb et al., 2009; 

Stewart & McCartney, 2014), although very insightful, are scarce and have many limitations. 

Additionally, the current state of knowledge on the thermo-mechanical behaviour of soils developed 

over the last three decades is still incomplete, as the experimental results are sometimes insufficient and 

even contradicting. These ambiguities have, in turn, imposed difficulties on the development of 

numerical models. Thus, substantial uncertainty remains over the implications to the engineering design 

of geothermal structures. Current practice involves applying significantly higher factors of safety 

without considering the effect of repeated seasonal heating and cooling on the response of the 

surrounding soil.  

The main aim of the research presented in this thesis is to explore the behaviour of piled foundations 

subjected to temperature variations due to the exchange of heat with the ground through numerical 

analysis, as well as to provide guidelines on their modelling and design. This is to be accomplished by 

developing numerical tools, which include a constitutive model capable of simulating the thermo-

mechanical behaviour of soils, and carrying out detailed computational studies of non-isothermal soil-

structure interaction problems. The software used throughout this research project is the Imperial 

College Finite Element Program (ICFEP) which has been developed for geotechnical engineering 

problems at the Geotechnics Section, Imperial College London (Potts & Zdravković, 1999). Recently, 

its capabilities have been extended to simulate fully coupled thermo-hydro-mechanical (THM) 

behaviour of porous materials (Cui, 2015). 

1.2 Scope of research 

The research presented in this thesis consists of two parts: (1) development and implementation into 

ICFEP of numerical tools which allow accurate modelling of geothermal piles, and (2) a detailed 

computational study exploring the behaviour of geothermal piles.  

The aims of the first part can be divided into: 

1) Numerical modelling of heat exchanger pipes which includes simulating the heat transfer 

dominated by advection along the pipes, as well as the transfer of heat between the pipes and 

the surrounding medium (e.g. concrete pile) 

This is accomplished by the following: 

 Development of new element type – a one-dimensional element for the use in three-

dimensional finite element analysis, which is capable of reproducing fully coupled 
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THM behaviour, and therefore, can be used to model not only heat exchanger pipes but 

also components such as beams, props, anchors, micro piles or drains; 

 Further development of a new finite element method (FEM) – the Petrov-Galerkin 

FEM, which replaces the widely used Galerkin FEM in the solution of the heat transfer 

governing equations and, unlike the Galerkin FEM, produces accurate solution in 

problems involving highly advective flows; 

 A computational study exploring various modelling approaches for heat exchanger 

pipes; 

 Reproduction of a field test which validates the above-mentioned developments and 

demonstrates their capabilities of modelling heat exchanger pipes. 

2) Simulating numerically the non-isothermal elasto-plastic behaviour of saturated soils 

This is achieved by: 

 Development of a constitutive model based on the rigorous analysis of the results of 

available laboratory tests and the critical state framework;  

 Calibration of the model for various soil types; 

 Reproduction of experimental data to demonstrate its performance. 

The aims of the second part can be divided into: 

1) Investigating the behaviour of geothermal piles installed in ground conditions typical of the 

London basin 

This is achieved by: 

 Establishing a numerical modelling approach involving a thermo-elastic soil response 

which can be applied in engineering practice for the design of geothermal piles in 

ground conditions typical of the London basin; 

 Validation of the modelling approach by reproducing the results of the Lambeth 

College pile test (Bourne-Webb et al., 2009); 

 An extensive computational study investigating the effect of several aspects that impact 

the behaviour and design of geothermal piles. 

2) Investigating the effects of temperature-induced plasticity of the soil on the behaviour of 

geothermal piles under operational conditions, as well as on pile capacity 

This is accomplished by a computational study involving the newly developed constitutive 

model calibrated for two soil types.  

1.3 Thesis outline 

Chapter 2 presents the background to this research project and explains the basic concepts necessary 

for the rest of the thesis. These include: geothermal energy, ground source energy systems, geothermal 
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structures, fundamentals of heat transfer in soils and heat exchanger pipes, and thermal properties of 

porous materials (e.g. thermal conductivity, heat capacity, coefficient of thermal expansion). 

Additionally, the existing capabilities of ICFEP, which are relevant to modelling of geothermal systems, 

are discussed.  

Chapter 3 is concerned with numerical modelling of heat exchanger pipes. Firstly, formulation and 

validation of a new element type – a one-dimensional element for three-dimensional analysis – with 

full THM coupling is presented. These elements can represent not only heat exchanger pipes in 

geothermal energy systems, but also components such as drains, beams, columns, props or anchors. 

Secondly, the problem of modelling highly advective flows, such as those present inside heat exchanger 

pipes, is addressed by implementing the Petrov-Galerkin FEM for the solution of the heat transfer 

governing equations. This method is shown to eliminate the oscillations in the temperature solution, 

which occur if the standard Galerkin FEM method is used, without losing accuracy. Finally, these new 

developments are applied to simulate numerically heat exchanger pipes. A field test is reproduced to 

demonstrate the new capabilities and recommendations on the modelling approach are provided.  

Chapter 4 is divided into two parts. The first part presents the current state of knowledge regarding the 

effects of temperature on the behaviour of saturated soils observed in laboratory experiments. Several 

aspects of the THM behaviour, which are particularly important from a constitutive modelling 

perspective, are discussed. In the second part, non-isothermal constitutive models published in the 

literature are reviewed. 

In Chapter 5 a new constitutive model – the IC Thermal model, which is able to simulate the non-

isothermal behaviour of saturated soils observed in the laboratory tests, is developed. Its formulation is 

based on the critical state framework and the experimental results discussed in Chapter 4. The model is 

validated and calibrated for three different soils. Finally, the model’s capabilities are demonstrated by 

reproducing a series of laboratory tests. 

Chapter 6 explores the behaviour of geothermal piles by analysing existing studies published in the 

literature. Firstly, the simplified descriptive framework developed by Bourne-Webb and his co-workers 

(Bourne-Webb et al., 2009; Amatya et al., 2012; Bourne-Webb et al., 2013b) is introduced. Secondly, 

a comprehensive review of studies including full scale field tests, laboratory experiments (i.e. centrifuge 

and physical models), as well as numerical models, is presented.  

In Chapter 7, the behaviour of geothermal piles is investigated by performing a detailed computational 

study using ICFEP and its new developments. The first part of the chapter focuses on modelling 

geothermal piles installed in ground conditions typical of the London basin. A numerical modelling 

approach typical of engineering practice when designing geotechnical structures in London Clay is 

established and validated by reproducing the Lambeth College pile test (Bourne-Webb et al., 2009). 

Subsequently, an exploratory study on several aspects that impact the design of geothermal piles, is 
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carried out. In the second part of the chapter, the newly developed IC Thermal model is adopted to 

investigate the effect of temperature-induced plasticity of soil on the response of geothermal piles. Due 

to lack of laboratory data characterising the non-isothermal behaviour of London Clay, two other soil 

types, for which the model was calibrated in Chapter 5, are simulated here. 

Chapter 8 summarises the main conclusions of the work presented in this thesis and provides 

recommendations for further research.  
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Chapter 2  

Preliminaries 

 

2.1 Introduction 

This chapter presents the basic concepts behind the reseach presented in this thesis which are essential 

for understanding the work described in the following chapters. Firstly, in Section 2.2, geothermal 

energy is introduced and the classification of low enthalpy and high enthalpy geothermal energy is 

explained. Secondly, various types of ground source energy systems, which are used for utilisation of 

geothermal energy, are presented in Section 2.3. These are divided into open-loop and closed-loop 

systems, where the latter can be incorporated into underground structures to provide both stability and 

renewable energy. Examples of such geothermal structures, which are described in Section 2.4, include 

piles, retaining walls and tunnel linings. Thirdly, the main mechanisms of heat transfer in soils, as well 

as in heat exchanger pipes used in closed-loop geothermal systems are explained in Section 2.5. Thermal 

properties of materials such as thermal conductivity and heat capacity are also introduced in Section 

2.5. Finally, Section 2.6 discusses the existing capabilities of the Imperial College Finite Element 

Program (ICFEP) which are relevant to modelling of geothermal systems. Further developments of 

ICFEP are presented in Chapters 3 and 5. 

2.2 Geothermal energy 

Geothermal energy is the thermal energy beneath the earth’s surface. It is a renewable resource as heat 

is continuously generated in the earth’s interior through the process of radioactive decay. The difference 

in the temperature between the earth’s core and the surface creates a geothermal temperature gradient 

and results in a flux of heat towards the surface allowing utilisation of this energy at depths which are 

more accessible by modern technology. 
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The types of geothermal energy systems can be classified in a number of ways, for example (Banks, 

2012; Dickson & Fanelli, 2013): 

 according to the characteristics of the geothermal fluid they produce (i.e. liquid- or vapour-

dominated), 

 according to the use of the energy (i.e. direct or indirect), 

 according to the depth from which the resource is accessed (i.e. deep or shallow), 

 or according to the enthalpy of the geothermal fluid (i.e. low enthalpy or high enthalpy). 

The latter two classification methods can be vague, as there are no standard ranges of depths or 

enthalpies (Dickson & Fanelli, 2013). Nonetheless, the classification according to the enthalpy, which 

is a measure of energy and is directly related to the temperature of a system, is most commonly used 

and will be adopted here.  

High enthalpy geothermal energy is associated with temperatures between 40 °C and 300 °C (based on 

suggestions by Banks (2012) and Dickson & Fanelli (2013)) and is available where the heat flux from 

the earth’s interior has a large influence. Over the depths accessible by drilling, the average geothermal 

gradient is estimated as 0.01-0.03 °C/m (Banks, 2012), however, its magnitude varies between 

geographical locations, with higher values around the tectonic plate margins. This means that this type 

of geothermal energy may be accessible at different depths or even at the earth’s surface, which is the 

case in Iceland, for example. High enthalpy geothermal energy can be used indirectly to produce 

electricity or directly to provide district heating. Combined heat and power plants (CHP) are also an 

attractive option as they can supply electricity, as well as district heating and cooling. In the UK, such 

a scheme has been implemented in Southampton and another is being initiated at Eden Project in 

Cornwall.  

Low enthalpy geothermal energy, which is the focus of this research project, is concerned with 

temperatures up to 40 °C and usually associated with depths up to 300 m. Hence, it is also sometimes 

referred to as shallow geothermal energy. In this case, the role of the geothermal heat flux is less 

significant as a large proportion of thermal energy comes from solar energy stored beneath the surface 

(Banks, 2012). This leads to both daily and seasonal variation in the temperature in the ground. 

However, as the ability of soil to store heat is good and its ability to conduct heat is poor, the cycles of 

solar radiation have an effect only over a limited depth. For the daily cycles, this depth is less than one 

metre, whereas for seasonal cycles the affected zone, which is called the zone of seasonal fluctuation, 

extends to depths of 10-15 m. Beneath this depth, the temperature is constant with time and 

approximately equal to the mean annual air temperature (Banks, 2012). However, for greater depths, 

the soil temperature increases at a rate of 0.01-0.03 °C/m, due to the geothermal heat flux. Figure 2-1 

shows the seasonal variation of temperature profiles typical of a temperate climate in the North 

Hemisphere, such as the UK’s climate. 
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Figure 2-1 Seasonal variation of the near-surface temperature profile (adapted from Busby et al., 2009) 

The ground temperature variation with time and depth can be estimated using the following expression 

proposed by Williams & Gold (1976): 

 

𝑇(𝑧, 𝑡) = 𝑇𝑎𝑣 + 𝐴𝑇 exp(−𝑧√
𝜋

𝛼𝑡𝑐
)cos(

2𝜋𝑡

𝑡0
− 𝑧√

𝜋

𝛼𝑡𝑐
) ( 2-1 ) 

where 𝑇(𝑧, 𝑡) (SI unit K) is the ground temperature at depth 𝑧 (SI unit m) and time 𝑡 (SI unit s), 𝑇𝑎𝑣 (SI 

unit K) is the average ground temperature, 𝐴𝑇 (SI unit K) is the amplitude of the temperature variation 

at the ground surface, 𝑡𝑐 (SI unit s) is the duration of a full cycle of temperature (i.e. 1 year for a yearly 

cycle and 1 day for a daily cycle) and 𝛼 (SI unit m2.s-1) is the thermal diffusivity of the ground, which 

controls the rate of heat flux through conduction, with further details given in Section 2.5.3. Naturally, 

Equation ( 2-1 ) only approximates the actual ground temperatures as it assumes homogenous ground 

conditions, a sinusoidal ground surface temperature and does not account for the effects of groundwater 

flow or the geothermal gradient.  

As illustrated in Figure 2-2, in the summer, the ground temperature below the zone of seasonal 

fluctuation is lower than the air temperature, whereas in the winter the opposite is true. This allows 

storage of the excess heat in the ground during the summer months (i.e. using the ground as a heat sink) 

and its extraction for heating in the winter (i.e. using the ground as a heat source).  
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Figure 2-2 Relationship between surface air temperature and ground temperature below the zone of seasonal fluctuation 

(adapted from Preene & Powrie, 2009) 

Installations which utilise low enthalpy geothermal energy are referred to as ground source energy 

systems (GSES). They have been recognised as efficient and reliable renewable energy sources and are 

becoming increasingly popular. Figure 2-3 (Antics et al., 2013) shows the recent trends in the 

installation of low enthalpy geothermal systems in Europe. ‘WGC 2010’ refers to figures reported at 

the Word Geothermal Congress 2010 (IGA, 2010), whereas ‘EGC 2013’ refers to those presented at the 

European Geothermal Congress 2013 (IGA, 2013). 

 

Figure 2-3 Installed capacity for low enthalpy geothermal systems in Europe (Antics et al., 2013) 

Geothermal energy has the potential to be a sustainable energy resource, however as the number of 

ground source energy systems increases, so does the need for a regulatory framework. As GSES can 

potentially be operational for decades, the issue of long term sustainability is especially important 

(Haehnlein et al., 2010). Any changes in groundwater ecology, as well as excessive heat abstraction or 
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injection must be avoided by ensuring a balance of thermal loads. Haehnlein et al. (2010) list criteria 

for sustainable geothermal systems that include temperature thresholds, minimum distances between 

systems and accurate installation.  

2.3 Ground source energy systems 

GSES are composed of two units: a ground source system and a ground source heat pump (GSHP). The 

ground source system is the unit buried in the ground (or submerged in a body of water). Its purpose is 

to inject and extract the heat into and from the ground by either directly pumping water in and out (open-

loop systems) or pumping water through a system of pipes (closed-loop systems). The two types of 

ground source systems, open-loop and closed-loop, are described in Sections 2.3.2 and 2.3.3, 

respectively. 

2.3.1 Heat pump 

As explained in the previous section, the soil temperature at depth is in the range 5-20 °C depending on 

the local climate. However, for the purpose of space heating, temperatures of 35-50 °C are necessary 

(Banks, 2009a). The role of the heat pump is to increase the temperature of the geothermal fluid from 

the ground source unit to the required range and pass the heat to the building’s heating system. This is 

possible by circulating a refrigerant fluid around a compression-expansion cycle which is illustrated in 

Figure 2-4 (Banks, 2012). As the refrigerant fluid passes through the evaporator, it absorbs the heat 

from the ground source unit and boils. Then, the pressure of the vapour is increased in the compressor 

which also results in an increase in temperature. In the condenser, the vapour condenses and releases 

its heat which is passed to the heating system. Finally, the expansion valve lowers the pressure of the 

fluid reducing its temperature. As the refrigerant returns to the evaporator, the cycle is repeated. For the 

purpose of space cooling, the heat pump works in reverse by extracting the heat from the building and 

passing the warm fluid to the ground source unit.  

 

Figure 2-4 A schematic diagram of a ground source heat pump (Banks, 2012) 
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The advantage of heat pumps is that they require a small amount of input energy in relation to the 

thermal energy they output. One way of quantifying the efficiency is calculating the coefficient of 

performance (COP) which is commonly defined as: 

 
𝐶𝑂𝑃 =

𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡 𝑓𝑟𝑜𝑚 ℎ𝑒𝑎𝑡 𝑝𝑢𝑚𝑝

𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡 𝑓𝑜𝑟 ℎ𝑒𝑎𝑡 𝑝𝑢𝑚𝑝 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛
 ( 2-2 ) 

In practice, the value of COP depends on the difference between the temperature of the geothermal fluid 

at the inlet of the heat pump (i.e. 10 °C in the example in Figure 2-4) and the temperature required for 

the building (i.e. 45 °C in the example in Figure 2-4): the larger the difference, the smaller the 

coefficient. It is usually recommended that the value of COP should be greater than 4 for the system to 

be economically feasible (Brandl, 2006; Banks, 2012). This means that the extraction temperature 

should not be lower than 0-5 °C, while the temperature in the building’s heating system should not be 

greater than 35-45 °C (Brandl, 2006). The value of COP changes depending on the temperatures and 

operating conditions. Therefore, the long term efficiency of a system is usually described by the 

seasonal performance factor (SPF), which is calculated as: 

 
𝑆𝑃𝐹 =

𝑢𝑠𝑎𝑏𝑙𝑒 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑢𝑡𝑝𝑢𝑡 𝑓𝑟𝑜𝑚 𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑦𝑠𝑡𝑒𝑚

𝑒𝑛𝑒𝑟𝑔𝑦 𝑖𝑛𝑝𝑢𝑡 𝑓𝑜𝑟 𝑒𝑛𝑒𝑟𝑔𝑦 𝑠𝑦𝑠𝑡𝑒𝑚
 ( 2-3 ) 

Hence, SPF accounts for the performance of the heat pump, as well as other elements of the energy 

system such as the circulation pumps (Brandl, 2006).  

2.3.2 Open-loop systems 

In open-loop systems water is abstracted from one location and after extraction or injection of heat it is 

returned to another location at a suitable distance. Possible sources of water include lakes, rivers, sea, 

and groundwater, with the latter being the focus of this section. The most common method of abstraction 

of groundwater is through wells. However, this process requires specific hydrogeological conditions: 

an aquifer with suitable transmissivity and storage properties, as well as constant groundwater flux 

(Banks, 2012).  

Thorough understanding of the local hydrogeology and the building’s energy requirements is vital for 

a sustainable design and operation of an open-loop system. One of the main design concerns is the 

spacing between the wells. If the extraction and injection wells are too close to each other, there is a 

risk of waste water flowing against the natural water gradient back to the abstraction well. Therefore, 

in a heating scheme, the upstream well that should extract warm water at the natural temperature 

becomes ‘polluted’ with cold water injected into the downstream well and the system’s efficiency 

reduces. This phenomenon is called thermal breakthrough and is illustrated in Figure 2-5 (Banks, 

2009a). 
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Figure 2-5 An open-loop system with two wells (Banks, 2009a) 

 

Figure 2-6 Typical summer platform air temperatures in 2008 (Botelle et al., 2010) 
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Open-loop systems are an attractive option for heating and cooling in large cities, however increasing 

density of wells calls for a careful design and constant monitoring. A study by Ferguson & Woodbury 

(2006) shows that in Winnipeg, Canada, the groundwater temperatures increased due to a thermal 

breakthrough and the cooling scheme became unsustainable. The aquifer beneath London, UK, has not 

yet been used to this extent, however there is a growing concern as the demand for renewable energy 

rises (Fry, 2009). One of major issues in London is cooling down the underground railway system. As 

the London Clay continues to saturate with heat, the air temperatures in some parts of the network have 

increased to values up to 30 °C according to Botelle et al. (2010). Figure 2-6 shows the air temperatures 

recorded in some parts of the network in summer 2008. At Green Park station this problem has been 

dealt with by installing an open-loop cooling scheme where the cold water abstracted from the chalk 

aquifer below the London Clay is circulated through pipes around the station and returned back to the 

aquifer at a distance (Botelle et al., 2010).  

For preliminary design of open-loop systems involving well doublets, the time required for thermal 

breakthrough to occur can be estimated using approximate solutions of heat and water flow equations. 

For example, Gringarten & Sauty (1975) and Gringarten (1978) developed design charts (shown in 

Figure 2-7) which plot a dimensionless temperature at the abstraction well, 𝑇𝐷, versus a dimensionless 

time, 𝑡𝐷, for various values of the characteristic coefficient, Π. These quantities are defined as: 

 
𝑇𝐷 =

𝑇𝑜𝑢𝑡 − 𝑇𝑖
𝑇𝑖𝑛 − 𝑇𝑖

 ( 2-4 ) 

 
𝑡𝐷 =

𝜌𝑤𝐶𝑝𝑤

𝜌𝑎𝑞𝐶𝑝𝑎𝑞

𝑄𝑤𝑒𝑙𝑙𝑡𝑎

𝐷𝑤𝑒𝑙𝑙
2𝐻

 ( 2-5 ) 

 
Π =

𝜌𝑤𝐶𝑝𝑤𝜌𝑎𝑞𝐶𝑝𝑎𝑞

𝑘𝑇𝜌𝑟𝐶𝑝𝑟

𝑄𝑤𝑒𝑙𝑙𝐻

𝐷𝑤𝑒𝑙𝑙
2  ( 2-6 ) 

where 𝑇𝑜𝑢𝑡, 𝑇𝑖 and 𝑇𝑖𝑛 (SI unit K) are the temperature at the abstraction well, the initial temperature and 

the injection temperature, respectively, 𝑡𝑎 (SI unit s) is the abstraction time, 𝑄𝑤𝑒𝑙𝑙 (SI unit m3.s-1) is the 

abstraction rate, 𝐻 (SI unit m) is the thickness of the aquifer, 𝐷𝑤𝑒𝑙𝑙 (SI unit m) is the distance between 

the wells of the doublet, 𝑘𝑇 (SI unit W.m-1.K-1) is the vertical thermal conductivity of the confining 

rock, whereas 𝜌𝑤𝐶𝑝𝑤, 𝜌𝑎𝑞𝐶𝑝𝑎𝑞 and 𝜌𝑟𝐶𝑝𝑟 (SI unit J.kg-1.m-3) are the volumetric heat capacities of water, 

the aquifer and the confining rock, respectively. The concepts of thermal conductivity and volumetric 

heat capacity will be explained in Section 2.5.3 of this chapter. It should be noted that the thermal 

breakthrough time is equivalent to 𝑡𝐷 equal to 1. 
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Figure 2-7 Design chart for the temperature evolution at the abstraction well (Gringarten, 1978) 

Conversely, Lippmann & Tsang (1980) proposed expressions for the approximate thermal breakthrough 

time, 𝑡𝑡ℎ, for a well doublet by considering three cases:  

1) No natural groundwater flow, i.e. the natural hydraulic gradient is zero (𝑖 = 0) 

 
𝑡𝑡ℎ =

1

3

𝜋𝐻𝐷𝑤𝑒𝑙𝑙
2

𝑄𝑤𝑒𝑙𝑙

𝜌𝑎𝑞𝐶𝑝𝑎𝑞

𝜌𝑤𝐶𝑝𝑤
 ( 2-7 ) 

2) Natural groundwater flow is parallel to the line between the two wells and towards the 

abstraction well (𝑖 > 0) 

 

𝑡𝑡ℎ =
𝐷𝑤𝑒𝑙𝑙
𝑘𝑓𝑖

𝜌𝑎𝑞𝐶𝑝𝑎𝑞

𝜌𝑤𝐶𝑝𝑤
[1 +

Ω

√1 + 4Ω
ln (

1 − √1 + 4Ω

1 + √1 + 4Ω
)

2

] ( 2-8 ) 

3) Natural groundwater flow is parallel to the line between the two wells and towards the injection 

well (𝑖 < 0) 

 
𝑡𝑡ℎ =

𝐷𝑤𝑒𝑙𝑙
𝑘𝑓𝑖

𝜌𝑎𝑞𝐶𝑝𝑎𝑞

𝜌𝑤𝐶𝑝𝑤
[1 +

4Ω

√−1 − 4Ω
tan−1 (

1

√−1 − 4Ω
)] ( 2-9 ) 

where 𝑘𝑓 is the permeability of the aquifer, 

 
Ω =

𝑄

2𝜋𝐻𝐷𝑤𝑒𝑙𝑙𝑘𝑓𝑖
 ( 2-10 ) 
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and 𝜌𝑎𝑞𝐶𝑝𝑎𝑞 = (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠 + 𝑛𝜌𝑤𝐶𝑝𝑤 where 𝜌𝑠𝐶𝑝𝑠 is the volumetric heat capacity of the solid 

fraction of the aquifer. It should be noted that the same expressions were used by Clyde & Madabhushi 

(1983), Banks (2009b) and Banks (2011). 

The approximate solutions are based on a number of assumptions including: 

1) the aquifer is confined, horizontal, homogenous, isotropic and has a uniform thickness; 

2) the injection and abstraction rates are equal and constant; 

3) the wells are fully penetrating; 

4) there is an instantaneous thermal equilibrium between the water and the rock in the aquifer; 

5) there is no groundwater flow or heat flux in the vertical direction in the aquifer; 

6) the effect of heat conduction in the horizontal direction is neglected. 

Despite having been neglected by Lippmann & Tsang (1980), the effect of heat conduction in the 

vertical direction was taken into account by Gringarten & Sauty (1975) and Gringarten (1978). It must 

be noted that the approximate solutions are not applicable to more complex systems, such as those 

involving multiple wells or inhomogeneous conditions in the aquifer, hence numerical analysis is 

necessary in such cases (Banks, 2009b; Cui et al., 2015). 

2.3.3 Closed-loop systems 

Closed-loop geothermal systems consist of series of pipes, referred to as heat exchanger pipes, buried 

in the ground (or submerged in a body of water). A carrier fluid is pumped through the pipes in order 

to transfer heat from or into the ground. These systems can be classified in terms of the circulation 

method: indirect or direct, as well as the underground layout: horizontal or vertical. A major advantage 

of closed-loop over open-loop schemes is that they do not require an aquifer, and therefore, eliminate 

the concerns over the management of groundwater. A detailed review of guidelines for the design of 

closed-loop GSES can be found in Sailer (2014). 

Indirect circulation systems 

In indirect circulation systems a carrier fluid, which is usually water-based with an antifreeze additive, 

is circulated through the pipes in the ground. In a heating scheme, the heat from the ground is transferred 

to the carrier fluid and then extracted by the evaporator in the heat pump, as illustrated in Figure 2-8 

(Banks, 2012). For space cooling, the opposite process applies. The indirect circulation scheme is the 

most popular closed-loop system.  



Chapter 2 Preliminaries 

 

61 

 

 

Figure 2-8 A schematic diagram of an indirect circulation closed-loop system (Banks, 2012) 

Direct circulation systems 

In direct circulation systems the carrier fluid is the heat pump’s refrigerant and the ground acts as the 

evaporator in the heat pump. An example of this system is shown Figure 2-9 (Banks, 2012). Direct 

circulation systems are more thermally efficient since the heat from the ground is directly transferred 

to the refrigerant. However, as pointed out by Banks (2012), due to the environmental risk of the 

refrigerant leaking into the soil, the use of these schemes is decreasing.  

 

Figure 2-9 A schematic diagram of a direct circulation closed-loop system (Banks, 2012) 

Horizontal systems 

Horizontal systems consist of series of pipes buried in trenches. As the trenches are relatively shallow 

(1-2 m deep), the main source of heat is solar energy. The main advantage of horizontal systems is that 

they are relatively inexpensive and easy to install, however they require a large surface area. Possible 

arrangements of horizontal loops in trenches are shown in Figure 2-10 (Banks, 2012).  
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Figure 2-10 Possible configurations of horizontal loops in trenches (Banks, 2012) 

Vertical systems 

Vertical systems are often the preferred option, especially where the available ground area is limited. 

They consist of series of pipes installed in boreholes, and therefore, are also referred to as the borehole 

heat exchangers (BHE). The boreholes have diameters of around 150 mm, range in depth from 40 m to 

180 m and can be filled with water, porous material or grout (Banks, 2012). Borehole heat exchangers 

can differ in the configuration of the pipes which, according to Banks et al. (2013) who studied the 

results of 61 in situ thermal response tests in the UK, is the main determinant of the heat transfer abilities 

of the borehole. It was also shown that double U-tubes are more efficient at transferring the heat to and 

from the ground than single U-tubes. Examples of U-tube and concentric (or coaxial) pipes are 

illustrated in Figure 2-11 (Al-Khoury, 2012b).  

 

Figure 2-11 Possible configuration of pipes in borehole heat exchangers (Al-Khoury, 2012a) 

The efficiency and capacity of borehole heat exchangers in various configurations, as well as different 

climatic and geological conditions, has been studied through numerous in situ tests. For example, 

Gabrielsson et al. (1997) carried out field tests for heating and cooling storage in soft clay in Sweden. 

The experiment involved installing single U-tube pipes spaced at 1 m extending to 10 m depth over an 
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area of 10 m by 10 m. Hence, the heat store had dimensions of 10×10×10 m as shown in Figure 2-12. 

The temperature in the store was cycled between 35 °C and 70 °C. To reduce the heat loses, insulation 

was installed at the ground surface and along 1.3 m of the sides of the store. The energy performance 

of the system was monitored over three years.  

 

Figure 2-12 Vertical section of the heat store (Gabrielsson et al., 1997) 

Figure 2-13 (a) shows the temperature of the soil measured at 6 m depth at different distances. Within 

the boundary of the store the temperatures oscillated following the applied heating and cooling cycles, 

however outside the store area, the temperature fluctuations reduced significantly. At 1 m from the 

boundary the soil temperature oscillated between approximately 30 °C and 40 °C, whereas at 4 m and 

7 m, no cyclic changes were measured and a delayed response was observed with the temperature 

increasing gradually up to 23 °C and 15 °C, respectively. The vertical temperature distribution, shown 

in Figure 2-13 (b), followed a similar pattern of rapid decrease with depth outside the store boundary. 

The temperature at the depth of 19 m remained relatively constant throughout the 3 years of operation. 

The study also reported the relative heat losses which were defined as the ratio between extracted and 

supplied heat for each cycle. Despite the use of insulation, an average of 70 % of the supplied heat was 

lost to the surroundings during the monitoring period, whereas the best cycle lost 52 % of the energy. 

However, considering the high storage temperatures significant energy loses were expected.  

Zhai et al. (2013) presented a study on a cooling dominated closed-loop system in Shanghai which 

consisted of 280 vertical borehole heat exchangers, each 80 m deep with a diameter of 160 mm and a 

single U-tube. The authors report that after one year of operation the heat injected into the soil was 

approximately 1.2 times the extracted heat which led to the average soil temperature along the borehole 

length increasing by 0.5 °C. It should be noted that the cooling system adopted a heat recovery system 

which recycled some waste heat reducing the total heat injected into the ground.  



Chapter 2 Preliminaries 

 

64 

 

 

Figure 2-13 (a) soil temperature at 6m depth, and (b) vertical and horizontal temperature distributions (Gabrielsson et al., 

1997) 

2.4 Geothermal structures 

Geothermal structures, also referred to as thermo-active structures, are types of closed-loop GSES 

where the heat exchanger pipes are embedded in the structure. Their major advantage over other types 

of closed-loop systems is their dual function: providing stability as foundations or retaining structures 

and renewable energy as ground source heat exchangers. The heat transfer may also be significantly 

higher than in borehole heat exchangers owing to the higher thermal conductivity and heat storage 

capacity of concrete.  

The first geotechnical structures utilised as heat exchangers were base slabs, whereas in recent years 

the use of piles, diaphragm walls and tunnel linings has increased significantly (Brandl, 2006). 
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However, there are only a limited number of studies which consider the effects of additional thermal 

stresses on both the structure and the surrounding soil, and therefore our understanding of the 

geotechnical performance of these energy systems is limited. Despite this, few issues regarding 

serviceability have been reported (Loveridge & Powrie, 2013a). The reason for this may be the use of 

highly conservative design procedures, since current practice involves greater factors of safety than 

otherwise employed.  

The following sections briefly describe the different types of geotechnical structures commonly used as 

ground heat exchangers.  

Piles 

Piles are the most common geotechnical structures used as geothermal structures. The heat exchanger 

pipes can be attached to the reinforcement cage either on the inside or the outside as shown in Figure 

2-14 (Jung et al., 2015). Similar to borehole heat exchangers, various pipe configurations, such as U-

shaped, W-shaped (Figure 2-14 (a)) or S-shaped (Figure 2-14 (b)), are possible. In cases where the 

reinforcement cage does not extend over the full length of the pile, additional so-called lantern cages 

are often used to keep the heat exchanger pipes in place, as shown in Figure 2-15 (Bourne-Webb et al., 

2013a). This allows the pipes to extend over the full length of the pile, thus maximising the heat transfer. 

The technology of installation of thermo-active piles is described in detail in Bourne-Webb et al. 

(2013a), Amis et al. (2014) and Cortegana Zorrilla (2014). 

Although thermo-active piles have been in use for over 30 years (Brandl, 2006), their behaviour and 

performance have only been studied in the last 10 years. The thermo-mechanical behaviour of 

geothermal piles will be explored in Chapters 6 and 7. The thermal performance of geothermal pile 

systems must also be considered in terms of heating and cooling loads supplied, heat pump COP values, 

effects on the temperature of the surrounding soil and economic viability. Ideally, monitoring should 

be performed over a long period in order to assess the long-term operation.  

Pahud & Hubbuch (2007) present the monitoring results of a geothermal system at the Dock Midfield 

at Zurich airport where over 300 out of 440 piles were used as heat exchangers. The measurements were 

recorded over 2 years. A very satisfactory overall system efficiency, defined as the ratio of energy 

supplied for heating and cooling to the energy required by heat pumps, of 5.1 was obtained. Moreover, 

after a year of monitoring very little change in soil temperature below the zone of seasonal fluctuation 

was observed. It was also calculated that the additional cost of the geothermal pile system relative to a 

conventional pile system will pay back in 8 years.  

Another study on a geothermal system with 21 geothermal piles for a residential building was carried 

out by Wood et al. (2009) and Wood et al. (2010). The field tests were performed during the heating 

season (i.e. extraction of energy from the ground) in one year. It was found that the overall COP value 

remained constant throughout and the SPF was calculated as 3.62. The soil temperature was measured 
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at different distances from the pile plot boundary with no effects being observed 5 m away, whereas 

1 m away the soil temperature decreased by 2.5 °C. However, a longer monitoring period, including 

both the heating and the cooling season, is required in order to draw any conclusions regarding the long 

term performance.  

 

Figure 2-14 Heat exchanger pipes attached (a) on the inside, and (b) on the outside of the reinforcement cage (Jung et al., 

2015) 

 

Figure 2-15 Heat exchanger pipes attached to the main reinforcement and lantern cages (Bourne-Webb et al., 2013a) 

Hamada et al. (2007) monitored the performance of a geothermal pile system in a two-storey residential 

and office building in Sapporo, Japan. The coefficient of performance, which was based on a single 

heating season from December to April, was calculated as 3.9. Prior to the construction of the building, 

three configurations of heat exchangers pipes, shown in Figure 2-16, were tested in the field: a single 

U-shaped, a double U-shaped and an indirect double pipe type. As no significant differences in the heat 

injection rates between the three heat exchangers were observed, the single U-shaped type was chosen 

due to the economic efficiency. However, it should be noted that the majority of similar studies found 

that the rate of energy transfer increases with increasing number of U-loops (e.g. see study below).   
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Figure 2-16 Configurations of heat exchanger pipes tested (Hamada et al., 2007) 

The effect of the heat exchanger pipe configuration was also investigated by Gao et al. (2008a, 2008b) 

who studied the performance of a geothermal pile system which is a part of a district heating and cooling 

scheme in Shanghai, China. Four different heat exchangers (W-shaped, single U-shaped, double U-

shaped and triple U-shaped) and three carrier fluid flow rates (reference, double and half) were tested 

in situ and compared to numerical simulations. Figure 2-17 presents the results in terms of the energy 

output, 𝑄, and the heat transfer coefficient, 𝐾, which suggest that increasing the length of the heat 

exchanger pipes inside the pile improves the rate of heat transfer with W-shaped tubes having a similar 

effect to the double U-shaped tubes. Additionally, the results indicate that increasing the flow rate in a 

W-shaped pipe does not have as significant effect as increasing the number of U-shaped pipes.  

 

Figure 2-17 Experimental and numerical results of heat transfer performance (Gao et al., 2008b) 

Faizal et al. (2016b) conducted a comprehensive review of experimental studies which investigate the 

various techniques of improving the thermal performance of geothermal piles including geometrical 

modifications (pile diameter and length, concrete cover and pipe configuration), the use of nanofluids 

(i.e. fluids with a mixture of nanoparticles) as carrier fluids, modification of pipe material, as well as 

the concrete mixture.  
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Numerical modelling, mainly using the finite element method, has also been adopted to study the 

thermal performance of geothermal pile systems (e.g. Li et al., 2006; Park et al., 2013; Dupray et al., 

2014; Batini et al., 2015).  

Tunnel linings 

Tunnel linings are potentially very effective heat exchangers due to their large surface area in contact 

with the ground. There are two methods of installing the heat exchanger pipes in tunnels: by embedding 

them in prefabricated tunnel lining segments, as illustrated in Figure 2-18 (Nicholson et al., 2013), or 

by attaching them to a geotextile placed between the primary and secondary concrete lining (Bourne-

Webb et al., 2013a; Bourne-Webb & Gonçalves, 2016). The energy extracted from the surrounding soil, 

as well as the air inside the tunnel can be utilised for heating of the overlying buildings, enabling cooling 

of the tunnels at the same time. Examples of existing schemes include the Vienna Metro, the Lainzer 

Tunnel and the main sewer in Vienna, Austria (Brandl, 2006; Adam & Markiewicz, 2009), the Stuttgart 

Fasanenhof tunnel in Germany (Buhmann et al., 2016a; Buhmann et al., 2016b) and the Linchang tunnel 

in Yakeshi, China (Zhang et al., 2013). 

 

Figure 2-18 Thermal tunnel lining concept (Nicholson et al., 2013) 

Franzius & Pralle (2011) present a study on segmental tunnel linings with integrated heat exchange 

pipes. Following a field trial in Germany, the system was installed in a 54 m length of a new high-speed 

railway tunnel in order to supply heat energy to buildings in the nearby town of Jenbach, Austria. During 

the field test the temperature was monitored inside the tunnel, in the tunnel lining, as well as up to 7.5 m 

into the surrounding soil. The test consisted of four phases: 

 Phase 0: initial temperature reading (3 months) 

 Phase 1: thermal response test with heat injected into the ground at a constant rate (4 days) 

 Phase 2: heat injection stopped 

 Phase 3: heat extraction (2.5 months) 
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The recorded temperatures are presented in Figure 2-19. The data suggests that the soil temperature was 

affected up to a distance of 5 m. The measured heat flux of 10-20 W/m2 was used in the design of the 

tunnel in Austria.  

 

Figure 2-19 Measured ground temperature during the field trial (Franzius & Pralle, 2011) 

Diaphragm walls 

Heat exchanger pipes can also be installed inside diaphragm walls. For example, Brandl (2006) and 

Adam & Markiewicz (2009) report the use of geothermal walls, in addition to a geothermal bottom 

slab, for heating and cooling of some Vienna Metro stations. In London, UK, energy walls at the 

Tottenham Court Road station for Crossrail will extract the heat from the ground in order to cool down 

the underground network and provide heat for the overlying buildings (Amis & Loveridge, 2014; Soga 

et al., 2014). Examples of high-rise buildings include the EA Generali Centre, the Columbus Centre 

and the Uniqa Tower in Vienna, Austria (Adam & Markiewicz, 2009), as well as the Knightsbridge 

Palace Hotel in London, UK (Amis et al., 2010). 

Field studies on geothermal diaphragm walls are limited. Xia et al. (2012) investigated the heat transfer 

performance of the energy walls at the Shanghai Museum of Natural History. The tests were carried out 

over four months on a 38 m deep and 1 m wide wall section. Firstly, three different pipe configurations, 

illustrated in Figure 2-20, were studied: W-tube, improved W-tube and single U-tube. The two types of 

W-tube showed 25-40 % higher heat transfer than the single U-tube. The authors also varied the velocity 

and temperature of the water in the pipes and found that the heat exchange rate increases with both 

water velocity and temperature.  
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Figure 2-20 Types of pipe configurations studied: (a) W-tube, (b) improved W-type, and (c) single U-tube (Xia et al., 2012) 

2.5 Fundamentals of heat transfer 

The transfer of thermal energy (or heat) always occurs from regions of high temperature to low 

temperature until the two regions reach the same temperature, i.e. a thermal equilibrium or a thermal 

steady state is achieved. Heat can be transferred by three main modes: conduction, convection and 

radiation. The rate of transfer of thermal energy is quantified by the power, which has the SI unit of 

Watts (W). It is also common to express it as a heat flux, 𝑄𝑇, which is the rate of heat transfer per unit 

area in the direction of the flux (SI unit W.m-2). The total heat flux is the sum of heat fluxes arising from 

different heat transfer mechanisms, and can therefore be written as: 

 𝑄𝑇 = 𝑄𝑑 + 𝑄𝑎 + 𝑄𝑟 +⋯ ( 2-11 ) 

where, for example, 𝑄𝑑, 𝑄𝑎 and 𝑄𝑟 are the contributions from conduction, advection and radiation, 

respectively.  

As explained in the previous section, GSES work by exchanging thermal energy with the surrounding 

(e.g. soil or water). However, this transfer of heat is a complex process as it involves a number of 

mechanisms. This section explains the heat transfer modes taking place in soils, as well as within the 

heat exchanger pipes. In both cases, the two main methods of heat transfer are conduction and 

convection. However, other mechanisms (e.g. radiation, latent heat and freeze-thaw) may also become 

significant under certain conditions. The relevant thermal properties of materials are also discussed. 

2.5.1 Heat transfer is soils 

The heat transfer mechanisms in porous media, such as soils, involve: 

1) Conduction 

2) Convection 

3) Radiation 

4) Latent heat 
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However, the relative importance of these mechanisms in the case of porous media depends greatly on 

the degree of saturation as well as the size of the pores. As illustrated in Figure 2-21 (Loveridge, 2012), 

in fully saturated conditions, heat conduction is the dominant process, followed by heat convection in 

soils with large pores. Radiation and latent heat processes involving vaporisation or condensation 

become more significant as the degree of saturation reduces.  

 

Figure 2-21 Heat transfer mechanisms by grain size and saturation (Loveridge (2012), adapted from Farouki (1981)) 

Conduction 

Heat conduction (also referred to as heat diffusion) is a process which takes place on a molecular level. 

Higher temperature is associated with molecules vibrating more vigorously and, when adjacent 

molecules collide, energy is transferred from the more energetic molecules to less energetic ones. 

Therefore, this conduction of heat occurs from high temperature to low temperature and continues until 

temperature is distributed evenly across a system and a thermal equilibrium is reached. In soils, 

conduction occurs in all constituents (i.e. soil particles, pore water and pore air). The conductive heat 

flux is described by the Fourier’s law, which, in its multi-dimensional form, is expressed as: 

 {𝑄𝑑} = −[𝑘𝑇]{∇𝑇} ( 2-12 ) 

where {𝑄𝑑} is a vector containing conductive heat fluxes in different directions, 𝑇 (SI unit K) is the 

temperature, ∇ is the gradient operator and [𝑘𝑇] (SI unit W.m-1.K-1) is a matrix containing thermal 

conductivities of the material. In one-dimension, Equation ( 2-12 ) it can be simplified to: 

 
𝑄𝑑𝑛 = −𝑘𝑇𝑛

𝑑𝑇

𝑑𝑛
 ( 2-13 ) 
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where 𝑄𝑑𝑛 is the heat flux in the n-direction, 𝑑𝑇/𝑑𝑛 is the gradient of temperature in the n-direction 

and 𝑘𝑇𝑛 is the thermal conductivity of the material in the n-direction. The negative sign implies that 

heat is always transferred from regions of high temperature to those at low temperatures.  

The transient conductive heat equation can be derived by considering conservation of energy and 

Equation ( 2-12 ), resulting in: 

 
𝜌𝐶𝑝

𝜕𝑇

𝜕𝑡
= ∇ ⋅ ([𝑘𝑇]{∇𝑇}) + 𝑄

𝑇 ( 2-14 ) 

where 𝜌 (SI unit kg.m-3) is the material density, 𝐶𝑝 (SI unit J.kg-1.K-1) is the material specific heat 

capacity and 𝑄𝑇 (SI unit W.m-3) is a heat source or sink. The term on the left-hand side of Equation ( 

2-14 ) represents the change with time of the heat content of the material. Clearly, Equation ( 2-12 ) 

describes a state where the temperature remains constant with time (i.e. steady state or thermal 

equilibrium). 

Convection 

Heat convection is the heat transfer in a fluid. It occurs due to two simultaneous mechanisms: heat 

conduction on the microscopic level and heat advection on the macroscopic level. As explained above, 

conduction is associated with the motion of individual particles, whereas advection is the transport by 

bulk motion of the fluid, and therefore, depends on the fluid velocity. Hence the steady state convective 

heat flux can be calculated as: 

 {𝑄𝑐} = {𝑄𝑑} + {𝑄𝑎} ( 2-15 ) 

where {𝑄𝑑} is accounted for by Equation ( 2-12 ) and the additional advective heat flux, {𝑄𝑎}, is 

expressed as: 

 {𝑄𝑎} = 𝜌𝑓𝐶𝑝𝑓{𝑣𝑓}(𝑇 − 𝑇𝑟) ( 2-16 ) 

where 𝜌𝑓 and 𝐶𝑝𝑓 are the density and the specific heat capacity of the fluid, respectively, {𝑣𝑓} (SI unit 

m.s-1) is a vector containing fluid velocities and 𝑇𝑟 is a reference temperature. Equation ( 2-15 ) is 

referred to as the steady state advection-diffusion equation. Its transient form can be written as: 

 
𝜌𝑓𝐶𝑝𝑓

𝜕𝑇

𝜕𝑡
= ∇ ⋅ ([𝑘𝑇]{∇𝑇}) − ∇ ⋅ [𝜌𝑓𝐶𝑝𝑓{𝑣𝑓}(𝑇 − 𝑇𝑟)] + 𝑄

𝑇 ( 2-17 ) 

Note that the term “advection-diffusion equation” refers to a general equation which describes the 

transfer of physical quantities due to both diffusion and advection. Although here, the physical quantity 

under consideration is heat, and therefore “diffusion” represents heat conduction, term “advection-

diffusion equation” will still be used throughout this thesis when referring to Equation ( 2-15 ) or ( 2-17 

). It should also be pointed out that Equation ( 2-17 ) is equivalent to Equation ( 2-14 ) with the additional 

advective term which can be evaluated as: 
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 ∇ ⋅ [𝜌𝑓𝐶𝑝𝑓{𝑣𝑓}(𝑇 − 𝑇𝑟)] = 𝜌𝑓𝐶𝑝𝑓{𝑣𝑓}
𝑇
{∇𝑇} + 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)∇ ⋅ {𝑣𝑓} ( 2-18 ) 

It should be noted that, in cases where the flow velocity is uniform, the second term on the right-hand 

side of Equation ( 2-18 ) becomes zero. 

The advection-diffusion equation provides a description of the effect of convection in problems where 

the individual contributions of conduction and advection can be determined. Examples of such problems 

include heat transfer by fluid flow in pipes or groundwater flow in soils. In cases where heat transfer 

between a body and the surrounding fluid is considered, the effects of conduction and advection may 

not be easily separated. In such circumstances, the convective heat flux is described by the Newton’s 

law of cooling as: 

 𝑄𝑐 = ℎ(𝑇𝑠 − 𝑇∞) ( 2-19 ) 

where ℎ (SI unit W.m-2.K-1) is the convective heat transfer coefficient, and 𝑇𝑠 and 𝑇∞ are the 

temperatures of the surface of the body and the surrounding fluid, respectively. The convective heat 

transfer coefficient is not a property of the fluid and is independent of the temperature difference 

between the fluid and the surface. However, it depends on variables which affect the convective heat 

transfer, such as the geometry of the surface, fluid properties, fluid velocity and flow regimes. 

Determination of this parameter is therefore difficult and should be done experimentally. It should be 

noted that empirical correlations exist only for some types of fluid flow and simple geometries (e.g. 

Incropera et al., 2007; Çengel & Ghajar, 2011). 

Convection may be classified as either forced or natural (also referred to as free) depending on the 

nature of the fluid flow. Forced convection occurs when the flow is caused by external means, such as 

a pump or a fan, whereas natural convection takes place as a result of buoyancy forces arising from a 

difference in fluid density due to temperature changes. In the case of soils with significant groundwater 

flow, the heat transfer mechanism can be classified as forced convection. Natural convection occurs in 

pore air and pore water, however, its effect is significant only if the pores are large enough for the 

buoyancy driven convection currents to develop (e.g. in gravels, refer to Figure 2-21). 

Radiation 

Radiation is a process whereby energy is emitted by matter as electromagnetic waves. Unlike 

conduction and convection, which can only occur in a material medium, radiation can also take place 

in a vacuum. The maximum rate of heat transfer by radiation, 𝑞𝑟,𝑚𝑎𝑥, is associated with an idealised 

blackbody and can be calculated as: 

 𝑞𝑟,𝑚𝑎𝑥 = 𝜎𝑐𝑇𝑠
4 ( 2-20 ) 

where 𝜎𝑐 is the Stefan-Boltzmann constant which has a value of 5.67 × 10-8 W/m2K4. The radiation 

emitted by real bodies is a fraction of this maximum heat flux: 
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 𝑄𝑟 = 𝜖𝜎𝑐𝑇𝑠
4 ( 2-21 ) 

where 𝜖 is the emissivity of the surface. In soils, radiation is often neglected. Rees et al. (2000) state 

that, in sand, radiation is less than 1 % of the total heat transfer. However in dry, coarse gravel the effect 

of radiation could be up to 10 % of the total heat transfer.  

Latent heat 

Latent heat is the thermal energy associated with a phase change, and therefore, involves processes of 

vaporisation, condensation and freeze-thaw. In order for a substance to undergo a phase transition 

energy must be injected to or extracted from the system without changing its temperature (Banks, 2012). 

For example, as a material freezes energy is released, whereas during thawing energy is absorbed 

(Lunardini, 1991). In soils, the effect of vaporisation and condensation of water becomes more 

significant as the degree of saturation decreases (Figure 2-21). Additionally, heat may be transferred 

through diffusion of vapour if moisture gradients are present. Phase change results in changes in the 

physical, mechanical, as well as hydraulic properties of the soil. Freezing of soil, caused by excessive 

heat extraction, is particularly important in the case of ground source energy systems as it may cause 

additional deformations of geothermal structures, and therefore, should be avoided (Brandl, 2006). 

2.5.2 Heat transfer in heat exchanger pipes 

 

Figure 2-22 Radial temperature distribution in circular pipes 

The heat transfer mechanism taking place in heat exchanger pipes can be described in terms of two 

components – axial and radial. Along the length of the pipes (i.e. in the axial direction), the energy is 

transported by forced convection which includes both conduction and advection. However, due to the 

high fluid velocities, the latter is dominant. The heat transfer in the radial direction consists of heat 
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conduction through the pipe wall and convective heat transfer on the inside, as well as outside of the 

pipe wall. These mechanisms are illustrated in terms of temperature changes in Figure 2-22 and 

described in detail in the following sections, based on the works by Kays & Crawford (1980), Incropera 

et al. (2007) and Çengel & Ghajar (2011). 

Internal convection 

The change in temperature between the fluid at the centre of the pipe and the internal pipe wall (Δ𝑇𝑖𝑛𝑡 =

𝑇𝑚 − 𝑇𝑠,𝑖𝑛𝑡, see Figure 2-22) is associated with convective heat transfer which occurs if the fluid 

entering the pipe has a uniform temperature (𝑇𝑖𝑛) that is different to the temperature of the pipe wall 

surface. This leads to the development of a thermal boundary layer which is analogous to the velocity 

boundary layer and represents the region where the temperature changes are significant. As the heat 

front progresses along the pipe, the effect of convection increases and the thermal boundary layer 

becomes thicker until it reaches the centre of the pipe, as shown Figure 2-23. At that stage, the flow is 

classified as “thermally fully developed”, whereas before it is said to be “thermally developing”. It 

should be noted that the flow can become fully developed if either a constant temperature (𝑇𝑠,𝑖𝑛𝑡 =

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) or a constant heat flux (𝑄𝑖𝑛𝑡 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) boundary condition is applied to the surface of 

the pipe wall. In the two cases, different temperature profiles are obtained, as illustrated in Figure 2-23. 

The entry length is defined as the distance over which the flow develops and it depends on the flow 

regime, with shorter lengths being required in turbulent flows. The thermal entry lengths for laminar, 

𝐿𝑡ℎ,𝑙𝑎𝑚𝑖𝑛𝑎𝑟, and turbulent, 𝐿𝑡ℎ,𝑡𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡, flows are respectively approximated as (Kays & Crawford, 

1980): 

 𝐿𝑡ℎ,𝑙𝑎𝑚𝑖𝑛𝑎𝑟 ≈ 0.05 𝑅𝑒 𝑃𝑟 𝐷 ( 2-22 ) 

 𝐿𝑡ℎ,𝑡𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡 ≈ 10𝐷 ( 2-23 ) 

where 𝑅𝑒 is the Reynolds number, 𝑃𝑟 is the Prandl number and 𝐷 (SI unit m) is the pipe diameter. The 

Reynolds number is the ratio of inertia to viscous forces, whereas the Prandl number is defined as the 

ratio of momentum diffusivity to thermal diffusivity. Both numbers are dimensionless and can be 

calculated, in terms of fluid properties, as: 

 
𝑅𝑒 =

𝜌𝑓𝑣𝑓𝐷

𝜇𝑓
 ( 2-24 ) 

 
𝑃𝑟 =

𝜇𝑓𝐶𝑝𝑓

𝑘𝑇𝑓
 ( 2-25 ) 

where 𝜌𝑓 is the density, 𝑣𝑓 is the velocity, 𝜇𝑓 (SI unit kg.s-1.m-1) is the dynamic viscosity, 𝐶𝑝𝑓 is the 

specific heat capacity and 𝑘𝑇𝑓 is the thermal conductivity. 
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Figure 2-23 Development of the thermal boundary layer with different boundary conditions where fluid in the pipe is being 

cooled (adapted from Incropera et al. (2007)) 

 

Figure 2-24 Mean fluid and internal wall surface temperature variations along pipe length for the case with (a) constant 

temperature, and (b) constant heat flux boundary condition, where fluid in the pipe is being cooled (adapted from Çengel & 

Ghajar (2011)) 

The heat flux associated with this internal convective heat transfer, 𝑄𝑖𝑛𝑡, is governed by the Newton’s 

law of cooling expressed as: 

 𝑄𝑖𝑛𝑡 = ℎ𝑖𝑛𝑡(𝑇𝑠,𝑖𝑛𝑡 − 𝑇𝑚) ( 2-26 ) 

where ℎ𝑖𝑛𝑡 is the internal convective heat transfer coefficient, 𝑇𝑠,𝑖𝑛𝑡 is the temperature on the internal 

surface of the pipe wall and 𝑇𝑚 is the mean fluid temperature across the cross-section of the pipe. In 

most engineering applications, it is reasonable to assume either a constant internal surface temperature 

(i.e. 𝑇𝑠,𝑖𝑛𝑡 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) or a constant heat flux between fluid and internal surface (i.e. 𝑄𝑖𝑛𝑡 =

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) boundary condition. In the former case, the temperature difference between the wall surface 

and the fluid reduces exponentially along the direction of flow, whereas in the latter, the temperature 
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difference remains constant as both 𝑇𝑠,𝑖𝑛𝑡 and 𝑇𝑚 vary linearly along the length of the pipe, as illustrated 

in Figure 2-24. In the case of GSES, a constant heat flux boundary condition is typically assumed for 

design.  

The internal convective heat transfer coefficient depends on numerous factors, and therefore, its 

accurate determination can be difficult. Firstly, as the flow develops, its value reduces, remaining 

constant only once the flow becomes thermally fully developed. Secondly, the value of ℎ𝑖𝑛𝑡 depends 

on the Nusselt number, 𝑁𝑢, which in turn depends on the flow regime (i.e. laminar or turbulent), pipe 

surface boundary condition (constant heat flux or constant temperature), as well as pipe geometry 

(however it should be noted that only circular pipes are considered here). The Nusselt number is a 

dimensionless quantity representing the ratio between the convective and conductive heat transfer. The 

general expression relating ℎ𝑖𝑛𝑡 and 𝑁𝑢 can be written as: 

 
ℎ𝑖𝑛𝑡 = 𝑁𝑢

𝑘𝑇
𝐷

 ( 2-27 ) 

For laminar flows in circular pipes, the Nusslet number is constant and can be derived as 𝑁𝑢 = 3.66 in 

case of a constant temperature boundary condition and 𝑁𝑢 = 4.36 for a constant heat flux boundary 

condition (Kays & Crawford, 1980). For problems involving the more complex turbulent flows, the 

Nusslet number is determined empirically. Numerous expressions have been developed (e.g. Dittus & 

Boelter, 1930, Sieder & Tate, 1936), however, the Gnielinski’s equation (Gnielinski, 1975) is often 

preferred due to its higher accuracy. It is valid for both constant temperature and constant heat flux 

boundary conditions and defines the Nusslet number as: 

 
𝑁𝑢 =

(𝑓 8⁄ )(𝑅𝑒 − 1000)𝑃𝑟

1 + 12.7(𝑓 8⁄ )0.5(𝑃𝑟2/3 − 1)
 ( 2-28 ) 

where 𝑓 is the friction factor which can be obtained from the Moody diagram (Moody, 1944). It should 

be noted that Equation ( 2-28 ) is valid for 3 × 103 < 𝑅𝑒 < 5 × 106, 0.5 ≤ 𝑃𝑟 ≤ 2000 and smooth 

tubes. In rough tubes, the convective heat transfer coefficient tends to increase with increasing friction 

factor.  

Conduction through the pipe wall 

The change in temperature across the pipe wall (Δ𝑇𝑤𝑎𝑙𝑙 = 𝑇𝑠,𝑖𝑛𝑡 − 𝑇𝑠,𝑒𝑥𝑡, see Figure 2-22) is governed 

by the mechanism of heat conduction which follows the same principle as that described in Section 

2.5.1. However, in the case of circular pipes, it may be more convenient to express Equation ( 2-14 ) in 

terms of radial distance, 𝑟 as: 

 
𝜌𝐶𝑝

𝜕𝑇

𝜕𝑡
=
𝑑

𝑑𝑟
(𝑘𝑇

𝑑𝑇

𝑑𝑟
) + 𝑄𝑇 ( 2-29 ) 
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External convection 

Heat transfer on the outside of the pipe may involve either natural or forced convection. In both cases, 

the heat flux, 𝑄𝑒𝑥𝑡, is governed by the Newton’s law of cooling expressed in terms of the temperature 

change between the external pipe wall and the surrounding medium (Δ𝑇𝑒𝑥𝑡 = 𝑇𝑠,𝑒𝑥𝑡 − 𝑇∞, see Figure 

2-22): 

 𝑄𝑒𝑥𝑡 = ℎ𝑒𝑥𝑡(𝑇𝑠,𝑒𝑥𝑡 − 𝑇∞) ( 2-30 ) 

where ℎ𝑒𝑥𝑡 is the external convective heat transfer coefficient, 𝑇𝑠,𝑒𝑥𝑡 is the temperature of the external 

surface of the pipe wall and 𝑇∞ is the temperature of the surrounding medium. As in the case of internal 

convection, ℎ𝑒𝑥𝑡 depends of the pipe geometry, flow regime and type of convective heat transfer. Again, 

only circular pipes are considered here. 

If the pipe is subjected to forced external convection, ℎ𝑒𝑥𝑡 is defined the same way as ℎ𝑖𝑛𝑡: 

 
ℎ𝑒𝑥𝑡 = 𝑁𝑢

𝑘𝑇
𝐷

 ( 2-31 ) 

Many empirical expressions for 𝑁𝑢 exist, however, the expression of Churchill & Bernstein (1977) is 

the most comprehensive and widely used. It is valid for all Reynolds numbers, 𝑃𝑟 > 2 and is defined 

as: 

 
𝑁𝑢 = 0.3 +

0.62𝑅𝑒0.5𝑃𝑟1/3

[1 + (0.4 𝑃𝑟⁄ )2/3]1/4
[1 + (𝑅𝑒 2820000⁄ )5/8]

4/5
 ( 2-32 ) 

In problems involving natural convection ℎ𝑒𝑥𝑡 is calculated based on the length of the pipe, 𝐿, as: 

 
ℎ𝑒𝑥𝑡 = 𝑁𝑢

𝑘𝑇
𝐿

 ( 2-33 ) 

An additional complication arises from the dependency of the Nusselt number on the surface geometry. 

For example, vertical, horizontal and inclined pipes are associated with different convective heat 

transfer coefficients. Empirical correlations have been developed for some simple geometries. The 

expression of Churchill & Chu (1975) was formulated for horizontal cylinders: 

 
𝑁𝑢 = 0.6 +

0.387𝑅𝑎1/6

[1 + (0.559 𝑃𝑟⁄ )9/16]8/27
 ( 2-34 ) 

where 𝑅𝑎 is the Rayleigh number is defined as: 

 𝑅𝑎 = 𝑃𝑟 𝐺𝑟 ( 2-35 ) 

and Grashof number, 𝐺𝑟, is: 
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𝐺𝑟 =

𝑔α𝑇(𝑇𝑠,𝑒𝑥𝑡 − 𝑇∞)𝐷
3

(𝜇 𝜌⁄ )2
 ( 2-36 ) 

where 𝑔 is the gravitational constant and α𝑇 is the thermal expansion of the surrounding fluid. Equation 

( 2-34 ) can also be used for vertical cylinders provided that 𝐷 ≥ 35𝐿 𝐺𝑟1/4⁄ . 

In cases where the pipe is surrounded by soil, external forced convection may apply to conditions with 

significant groundwater flow, whereas external natural convection may take place in gravels where the 

pores are large (refer to Figure 2-21). Conversely, when heat exchanger pipes are embedded in concrete 

structures, the effect of external convection is negligible and is therefore ignored. 

2.5.3 Thermal properties 

As was shown in the previous sections, thermal properties, such as thermal conductivity and heat 

capacity, affect the rate of heat transfer. Additionally, the thermo-mechanical behaviour of a material is 

a function of the thermal expansion coefficient. Therefore, their accurate determination is vital for the 

design of any GSES. The following sections explain the concepts of thermal conductivity, heat capacity, 

thermal diffusivity and thermal expansion coefficient, as well as methods by which these parameters 

can be obtained. Thermal properties of some selected materials are listed in Appendix A. 

2.5.3.1 Thermal conductivity 

General concept 

Thermal conductivity, 𝑘𝑇, (SI unit W.m-1.K-1) is the ability of a material to conduct heat. It is defined 

in Equation ( 2-12 ) as the quantity of heat transmitted through a unit thickness in a direction normal to 

a surface of a unit area due to a unit temperature gradient. Its value is related to the density of the 

material, hence, solids tend to be more conductive than liquids or gases (which have the lowest thermal 

conductivity). Additionally, thermal conductivity may be temperature and/or pressure dependent. In 

solids thermal conductivity usually increases with temperature and density. In gases it also increases 

with temperature, but reduces at high pressures. In most liquids thermal conductivity decreases with 

temperature but is insensitive to pressure. Water, however, does not follow this rule. Out of all common 

liquids it has the highest thermal conductivity which increases with temperature up to approximately 

150 °C (Vargaftik et al., 1993). The temperature dependence of thermal conductivity of water in its 

liquid state is illustrated in Figure 2-25.  
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Figure 2-25 Variation of thermal conductivity of water with temperature (data obtained from Çengel & Ghajar (2011)) 

Multiphase materials 

In a multiphase material, the composite thermal conductivity depends not only on the thermal 

conductivities of the individual components and their volume fractions, but also on the spatial 

distribution of these components (Farouki, 1981), which introduces an additional complication in the 

derivation of a mathematical expression for the overall conductivity. For this reason, theoretical models, 

which approximate the overall thermal conductivity as a function of the proportions and properties of 

the constituents, have been developed.  

The simplest theoretical approaches based on the analogy with electrical conductivity provide lower 

and upper bounds for variations in thermal conductivity. The upper bound solution is obtained by 

assuming that the soil constituents are arranged parallel to the direction of heat flow, as shown in Figure 

2-26 (a) (Farouki, 1981). Therefore, the overall thermal conductivity of a three-phase material can be 

expressed as the weighted arithmetic mean where the volume fraction are used as weights: 

 𝑘𝑇 = 𝑛𝑆𝑟𝑘𝑇𝑤 + 𝑛(1 − 𝑆𝑟)𝑘𝑇𝑎 + (1 − 𝑛)𝑘𝑇𝑠 ( 2-37 ) 

where the subscripts 𝑤, 𝑎 and 𝑠 denote the pore water, pore air and soil particles, respectively, 𝑛 is the 

porosity and 𝑆𝑟 is the degree of saturation. The lower bound expression can be derived by considering 

the soil constituents as arranged in series with respect to the direction of heat flow, as illustrated in 

Figure 2-26 (b) (Farouki, 1981). This distribution corresponds to the weighted harmonic mean and, for 

a three-phase material, can be written as: 

 
𝑘𝑇 =

𝑘𝑇𝑤𝑘𝑇𝑎𝑘𝑇𝑠
𝑛𝑆𝑟(1 − 𝑛)𝑘𝑇𝑎𝑘𝑇𝑠 + 𝑛(1 − 𝑆𝑟)𝑘𝑇𝑤𝑘𝑇𝑠 + (1 − 𝑛)𝑘𝑇𝑤𝑘𝑇𝑎

 ( 2-38 ) 

Woodside & Messmer (1961) also proposed an intermediate expression for the overall thermal 

conductivity as the weighted geometric mean of the constituents:  
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 𝑘𝑇 = 𝑘𝑇𝑤
𝑛𝑆𝑟 + 𝑘𝑇𝑎

𝑛(1−𝑆𝑟) + 𝑘𝑇𝑠
1−𝑛 ( 2-39 ) 

Naturally, the above expressions can be reduced to describe a two-phase material or expanded if more 

than three phases are present. The variation of thermal conductivity with porosity in a two-phase 

material obtained using equations ( 2-37 )-( 2-39 ) is shown in Figure 2-27 (Rees et al., 2000).  

 

Figure 2-26 Idealised models for heat flow through a two-phase material (Farouki, 1981) 

 

Figure 2-27 Variation of thermal conductivity with porosity obtained using different expressions (Rees et al., 2000) 

Numerous more complex theoretical models exist. The differences between them arise from 

assumptions made during their derivation. Additionally, some models account for the shape of the soil 

particles (e.g. de Vries, 1952). Table 2-1 summarises some of the most commonly used approaches. A 

comprehensive review of thermal conductivity models can be found in Woodside & Messmer (1961), 

Farouki (1981) and Pietrak & Wiśniewski (2015).  

However, thermal conductivity of soil is also influenced by factors such as density, mineralogical 

composition, degree of saturation, water content and temperature (e.g. Farouki, 1981). As the 

abovementioned expressions are only approximate and do not account for these factors, empirical 

correlations based on data obtained from laboratory tests have been developed. These relationships may 

be expressed as mathematical equations fitted to the measured data or as charts such as those shown in 

Figure 2-28. Examples of empirical studies include Kersten (1949), Makowski & Mochlinski (1956), 
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Johansen (1975), Brandon & Mitchell (1989), Midttømme et al. (1998), Abu-Hamdeh & Reeder (2000), 

Hiraiwa & Kasubuchi (2000), Abu-Hamdeh (2003), Côté & Konrad (2005), amongst others. The 

disadvantage of the empirical correlations is that they are only applicable to the particular soil type 

tested, and can rarely be generalised. 

Table 2-1 Some theoretical conductivity models for two-phase materials (subscripts 𝑠 and 𝑓 denote solid and pore fluid 

phases, respectively) 

Reference Thermal conductivity Notes 

Maxwell (1904) 𝑘𝑇 = 𝑘𝑇𝑠 [
𝑘𝑇𝑓 + 2𝑘𝑇𝑠 + 2𝑛(𝑘𝑇𝑓 − 𝑘𝑇𝑠)

𝑘𝑇𝑓 + 2𝑘𝑇𝑠 − 𝑛(𝑘𝑇𝑓 − 𝑘𝑇𝑠)
]  

Russell (1935) 

𝑘𝑇

= 𝑘𝑇𝑠 [
𝑛2 3⁄ + (𝑘𝑇𝑠 𝑘𝑇𝑓⁄ )(1 − 𝑛2 3⁄ )

𝑛2 3⁄ − 𝑛 + (𝑘𝑇𝑠 𝑘𝑇𝑓⁄ )(1 − 𝑛2 3⁄ + 𝑛)
] 

 

de Vries (1952) 

𝑘𝑇 =
𝑛𝑘𝑇𝑓 + (1 − 𝑛)𝐹𝑘𝑇𝑠

𝑛 + (1 − 𝑛)𝐹
 

𝐹 =
1

3
∑[1 + (

𝑘𝑇𝑠
𝑘𝑇𝑓

− 1)𝑔𝑖]

−13

𝑖=1

 

𝑔𝑖 – particle shape factors 

Hashin & 

Shtrikman 

(1962) 

𝑘𝑇𝑈 = 𝑘𝑇𝑠 +
𝑛

1
𝑘𝑇𝑓 − 𝑘𝑇𝑠

+
1 − 𝑛
3𝑘𝑇𝑠

 

𝑘𝑇𝐿 = 𝑘𝑇𝑓 +
1 − 𝑛

1
𝑘𝑇𝑠 − 𝑘𝑇𝑓

+
𝑛

3𝑘𝑇𝑓

 

𝑘𝑇𝑈 – upper bound 

𝑘𝑇𝐿 – lower bound 

Bands are narrower than 

Equations ( 2-37 ) & ( 2-38 ) 

Nimick & Leith 

(1992) 

𝑘𝑇 = 𝑘𝑇𝑈 [1 −
3𝑛(1 − 𝐴)

2 + 𝐴 + 𝑛(1 − 𝐴)
] 

𝐴 =
𝑘𝑇𝐿
𝑘𝑇𝑈

 

𝑘𝑇𝑈 and 𝑘𝑇𝐿 expressions are 

from Hashin & Shtrikman 

(1962) 

Tarnawski et al. 

(2000) 

𝑘𝑇 =
1

𝛽 − 1
𝑘𝑇𝑓𝛽

+
𝛽

𝑘𝑇𝑓(𝛽
2 − 1) + 𝑘𝑇𝑠

 

𝛽 = √
1

1 − 𝑛

3

 

 

Abuel-Naga et 

al. (2008) 

𝑘𝑇 =
1 − Ω

1 − 𝑛
𝑘𝑇𝑠

+
𝑛
𝑘𝑇𝑓

+ Ω[(1 − 𝑛)𝑘𝑇𝑠 + 𝑛𝑘𝑇𝑓] 

Ω =
𝑉𝑠
𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

𝑉𝑠
 

𝑉𝑠 – total volume of solids 

𝑉𝑠
𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙

 – volume of solids 

in the parallel heat flow path 
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Figure 2-28 Thermal conductivity charts for (a) coarse-grained frozen soil, (b) coarse-grained unfrozen soil, (c) fine-

grained frozen soil, and (d) fine-grained unfrozen soil (Brandl (2006), adapted from Jessberger & Jagow-Klaff (1996)) 

Measurement methods 

The laboratory tests for determination of thermal conductivity of soil employ either steady state or 

transient methods. Steady state tests require the steady state conduction equation (Equation ( 2-12 )) to 

apply. Their main disadvantage is that the equilibration process may take a considerable amount of 

time, between 8 and 30 hours, depending on the method and the material (Presley & Christensen, 1997). 

Conversely, in transient tests, the soil temperature varies with time. They are based on the theory of the 

infinite line source model by Carslaw & Jaeger (1959) which assumes that heat propagates radially 

away from the line source. Transient methods are usually preferred as they are more versatile and 

require less time to perform (Farouki, 1981). Various steady state and transient tests are summarised in 

Table 2-2. A more detailed review can be found in Farouki (1981) and Presley & Christensen (1997). 
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Table 2-2 Laboratory tests for determination of thermal conductivity of soil (summarised from Farouki (1981) and Presley 

& Christensen (1997)) 

Steady state methods 

Guarded hot plate 

This test involves two identical samples placed above and below a flat plate 

heater. A guard heater on the outside of the main plate heater prevents any 

radial heat flow and ensures that heat propagates only in the vertical 

direction. Two liquid-cooled heat sinks positioned on the top and the bottom 

of the samples maintain the required temperature gradient across the samples. 

Divided bar or 

comparative 

method 

In this test, the soil sample is placed between two cylindrical samples with a 

known thermal conductivity. A heat source and a heat sink at the bottom and 

the top of this arrangement induce a flow of heat in the vertical direction. 

Thermal conductivity of the soil is calculated by comparing the heat flux 

through the soil sample to the heat flux in the known specimen.  

Radial flow or 

cylindrical 

configuration 

The radial flow apparatus consists of two cylindrical heaters placed in a 

concentric configuration with the soil sample in the annulus between them. 

The inner heater is maintained at a higher temperature than the outer heater 

such the heat flows in the radial direction though the sample.  

Calorimeter 

This test uses the same arrangement as the radial flow test, however, instead 

of power being applied to the inner heater, it contains a cryogenic liquid. The 

rate of heat transfer is calculated from the rate of evaporation of the liquid. 

Additionally, the direction of heat flow is reversed by setting the outer heater 

to a higher temperature than the liquid in the centre.  

Photometry 

Photometry involves a sample whose one end is heated and the other is kept 

in a vacuum with a constant temperature. Thermal conductivity is calculated 

from the radiative heat fluxes.   

Thermal cell 

In this test, a cylindrical soil sample is heated from the bottom by a heater 

while temperature is measured at the top of the sample. Insulation around the 

sides of the specimen ensures that the heat propagates only in the vertical 

direction. 

Transient methods 

Thermal 

conductivity probe 

or needle probe 

This method involves inserting a probe, which contains a thermistor and a 

heating wire, into a soil sample. The wire produces heat at a constant rate and 

the thermistor records the temperature as a function of time. Thermal 

conductivity is then calculated from the slope of the graph of temperature 

against the logarithm of time.  
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Differentiated line-

heat source 

This test is a variation of the probe method where the wire and the thermistor 

are separated and placed parallel to each other at a distance of few 

millimetres. 

Middleton (1993) 

method 

In this test, a constant heat source is applied to the top of a cylindrical soil 

sample, while its other boundaries are insulated. Temperature at the bottom 

of the sample is recorded as a function of time. 

Thermal shock 

method 

During the thermal shock test, a pulse of heat is applied to the sides of a 

cylindrical sample, while the temperature at the centre of the sample is 

monitored.  

 

Thermal conductivity of soils can be determined from field tests as well. Although in situ tests are more 

expensive than laboratory tests, they are considered to be more representative of the conditions present 

at a particular site (Banks, 2012). For example, a small laboratory sample cannot account for features 

such as fractures or groundwater flow. The most widely performed field tests are the needle probe test, 

which involves a scaled up version of the needle probe used in the laboratory, and the thermal response 

test (TRT). In a TRT, a heated fluid (usually water) is pumped around a loop of heat exchanger pipes 

placed in a borehole. The flow rate and the temperature of the fluid at the inlet and the outlet are 

monitored throughout the test, while the power used to heat the injected fluid is constant. Hence, thermal 

conductivity can be calculated from the temperature difference between the inlet and the outlet by 

assuming that the borehole heat exchanger acts as an infinite line source.  

A typical TRT consists of the following stages (Loveridge et al., 2013): 

1. Any air in the loops is purged by circulating fluid at a high flow rate. 

2. The fluid in the pipes is allowed to equilibrate with the natural ground temperature and the 

undisturbed temperature profile is obtained by measuring the temperature at various depths in 

the pipes. This stage lasts between 2 and 12 hours.  

3. Fluid is circulated with a constant heat input rate. Sanner et al. (2005) recommends that this 

stage lasts at least 50 hours. 

4. The heat input is turned off, however, the fluid is still circulated and the temperature is 

monitored. This stage, referred to as the thermal recovery test, is optional and provides a second 

measurement of thermal conductivity which can be used as a confirmation. 

Interpretation of the test results is carried out by adopting the infinite line source model (e.g. Carslaw, 

1921; Carslaw & Jaeger, 1959). Assuming that the heat flux per unit length of the borehole, 𝑞𝑇, is 

constant, the temperature change in the ground, Δ𝑇𝑔, can be approximated using the exponential integral 

function, 𝐸(𝑢): 
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Δ𝑇𝑔 =

𝑞𝑇
4𝜋𝑘𝑇

𝐸(𝑢) =
𝑞

4𝜋𝑘𝑇
[−𝛾 − ln(𝑢) −∑

(−𝑢)𝑛

𝑛 𝑛!

∞

𝑛=1

] ( 2-40 ) 

where  

 
𝑢 =

𝜌𝐶𝑝𝑟
2

4𝑘𝑇𝑡
 ( 2-41 ) 

where 𝑟 is the radial distance from the heat source, 𝑡 is time and 𝛾 is the Euler’s constant which is 

approximately equal to 0.5772. However, provided that 𝑡 is large, Equation ( 2-40 ) can be approximated 

as: 

 
Δ𝑇𝑔 ≅

𝑞𝑇
4𝜋𝑘𝑇

[ln (
4𝑘𝑇𝑡

𝜌𝐶𝑝𝑟
2
) − 𝛾] ( 2-42 ) 

In order to obtain the average temperature change in the fluid in the heat exchanger pipes, Δ𝑇𝑓, a 

constant borehole thermal resistance, 𝑅𝑏, is assumed, hence: 

 
Δ𝑇𝑓 = 𝑞𝑇𝑅𝑏 +

𝑞𝑇
4𝜋𝑘𝑇

[ln (
4𝑘𝑇𝑡

𝜌𝐶𝑝𝑟
2
) − 𝛾] ( 2-43 ) 

It should be noted that Δ𝑇𝑓 is calculated as the average of the inlet and outlet temperature changes and 

𝑟 is assumed to be the radius of the borehole. When Δ𝑇𝑓 measured during the field test is plotted against 

the logarithm of time, Equation ( 2-43 ) can be fitted to the straight-line proportion of the graph at large 

values of 𝑡. Therefore, thermal conductivity can be obtained from the gradient of this straight line, 

whereas the borehole thermal resistance is represented by the intercept with the Δ𝑇𝑓 axis. It should be 

noted that the time, for which the approximation given by Equation ( 2-42 ) applies, must satisfy the 

following restriction (Eskilson, 1987): 

 
𝑡 >

5𝜌𝐶𝑝𝑟
2

𝑘𝑇
 ( 2-44 ) 

Gehlin (2002) noted that the overall error associated with the equipment and the analysis procedure of 

the TRT data is of the order of 10 %. 

Typical values 

As was explained earlier, thermal conductivity of soil depends on a number of factors. Therefore, it is 

not surprising that a wide range of values has been reported in the literature. However, a significant 

dependence on the measurement method was also observed by Low et al. (2015) who compared thermal 

conductivities of London Clay obtained from a TRT and two laboratory tests – thermal cell and needle 

probe. The authors found that the needle probe test measured consistently lower values than the thermal 

cell test and explained the difference by the fact that the latter experiences heat losses which are not 
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accounted for in the calculations. Moreover, the thermal conductivities obtained from both laboratory 

methods were significantly lower than those from the in situ TRT. In this case, the differences may be 

due to the scale effect as well as sample disturbance during extraction and testing. A TRT is likely to 

represent an average thermal conductivity over the length of the borehole, however, it is site specific. 

Banks et al. (2013) compared the results of 61 TRT from around the UK and found the majority of the 

thermal conductivities ranging from 1.5 to 3 W/mK. 17 of those tests were located in the London basin 

and they typically produced values between 1.7 and 2 W/mK. To illustrate the large variation in thermal 

conductivity measurements, Table 2-3  lists the values found in the literature for London Clay. 

Table 2-3 Thermal conductivity of London Clay obtained by different methods 

Reference 
Thermal conductivity 

(W/mK) 
Method of measurement 

Bloomer (1981) 2.45 ± 0.07 (∥) Needle probe (in situ) 

Midttømme et al. (1998) 0.83 (⊥); 1.19 (∥) Divided bar 

 0.84 (⊥); 0.94 (∥) Needle probe (laboratory) 

Bourne-Webb et al. (2009) 1.5 Thermal Response Test 

Banks et al. (2013) 1.7 – 2.0 Thermal Response Test 

Loveridge et al. (2014) 2.5 – 2.7 Thermal Response Test 

Low et al. (2015) 0.92 – 1.49 Needle probe (laboratory) 

 1.65 – 2.19 Thermal cell 

⊥ = perpendicular to bedding; ∥ = parallel to bedding 

 

Relevance to GSES 

For GSES the ideal value of thermal conductivity of soil depends on the operational mode. For example, 

in the case of either a cooling only or a heating only geothermal system, a high value of thermal 

conductivity is desired so that the changes of ground temperature caused by injection or extraction of 

heat dissipate quickly. Conversely, for a system with seasonal heating and cooling, which requires the 

injected thermal energy to be stored for use during the heating season, an intermediate value of thermal 

conductivity is preferred as it allows the heat to be extracted at a reasonable rate, while also preventing 

it from dissipating quickly.  

2.5.3.2 Heat capacity 

General concept 

Specific heat capacity, 𝐶𝑝, (SI unit J.kg-1.K-1) is the ability of a material to store heat. It is defined as 

the amount of heat required to change a unit mass of a substance by one degree and can be written 

mathematically as: 
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𝐶𝑝 =

𝐸𝑡ℎ
𝑀∆𝑇

 ( 2-45 ) 

where 𝑀 is the mass (SI unit kg), 𝑇 is the temperature (Si unit K) and 𝐸𝑡ℎ (SI unit J) is the thermal 

energy transferred between the mass and its surroundings. Heat capacity can also be expressed in terms 

of unit volume by multiplying the specific heat capacity by the material density, such that: 

 𝐶𝑣 = 𝜌𝐶𝑝 ( 2-46 ) 

where 𝐶𝑣 (SI unit J.kg-1.m-3) is the volumetric heat capacity. Similar to thermal conductivity, heat 

capacity changes with temperature, pressure and volume. While solids are only slightly affected by 

these variables, heat capacity of liquids and gases is mostly temperature dependent (Çengel & Boles, 

2011). Water has an exceptionally high heat capacity which means it is very effective at storing heat. 

The variation of specific and volumetric heat capacities, as well as density of water with temperature is 

illustrated in Figure 2-29.  

 

Figure 2-29 Variation of density, specific heat capacity and volumetric heat capacity of water with temperature (data 

obtained from Çengel & Ghajar (2011)) 

Multiphase materials 

Unlike thermal conductivity, heat capacity is not very susceptible to the changes in microstructure 

(Brandl, 2006), and therefore, it is satisfactory to calculate it by volume averaging of the individual 

components (Rees et al., 2000). For example the volumetric heat capacity of soil is: 

 𝜌𝐶𝑝 = 𝑛𝑆𝑟𝜌𝑤𝐶𝑝𝑤 + 𝑛(1 − 𝑆𝑟)𝜌𝑎𝐶𝑝𝑎 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠 ( 2-47 ) 

Since the heat capacity of water is significantly higher than that of soil particles, the composite heat 

capacity of soil is highly dependent on the water content.  
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Measurement methods 

The specific heat capacity for soil particles can be determined by mixing water and dry soil which are 

at different temperatures. As the specific heat capacity of water is known, the specific heat capacity of 

soil can be calculated provided the total thermal energy remains constant. Alternatively, the composite 

heat capacity of soil can be measured with dual needle sensors where one needle acts as a heater and 

the other one contains a thermistor (e.g. Katsaros, 2016). During this test, the heater applies a pulse of 

heat, whereas the thermistor, which is positioned at a fixed distance from the heater, monitors the 

temperature change. The specific heat capacity is calculated assuming the infinite line source model. 

Relevance to GSES 

In the case of ground source energy systems, high heat capacity is desirable as it allows efficient storage 

of heat during the summer months and slow heat release in winter. 

2.5.3.3 Thermal diffusivity 

Thermal diffusivity, 𝛼, (SI unit m2.s-1) is a property that combines thermal conductivity and volumetric 

heat capacity and describes how quickly thermal energy propagates through a material. Therefore, a 

large value of 𝛼 represents a material which responds quickly to temperature changes. It can be defined 

as: 

 
𝛼 =

𝑘𝑇
𝜌𝐶𝑝

 ( 2-48 ) 

2.5.3.4 Coefficient of thermal expansion 

The coefficient of thermal expansion is a material parameter that describes size changes due to a unit 

change in temperature, and is therefore classified as a thermo-mechanical material property. The 

volumetric thermal expansion coefficient, 𝛼𝑇
𝑉, (SI unit m3.m-3.K-1) is defined as: 

 
𝛼𝑇
𝑉 =

1

𝑉0
(
𝜕𝑉

𝜕𝑇
)
𝑝

 ( 2-49 ) 

where 𝑉 and 𝑉0 (SI unit m3) are the current and the initial volumes, respectively, 𝑇 is the temperature, 

and subscript 𝑝 denotes a constant pressure condition. This parameter can also be defined in terms of 

the change in area (areal thermal expansion coefficient) or length (linear thermal expansion coefficient). 

Its value for liquids and solids depends on temperature, whereas for gases it depends on pressure as 

well. For example, the coefficient of thermal expansion of water increases as temperature increases, 

being characterised by negative values below 4 °C and positive values above 4 °C, which is due to the 

fact that water has a maximum density at that temperature. Figure 2-30 shows the temperature 

dependence of the linear coefficient of thermal expansion of water in its liquid state.  
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Figure 2-30 Variation of linear coefficient of thermal expansion of water with temperature (data obtained from Çengel & 

Ghajar (2011)) 

The thermal expansion coefficient of soil particles is lower than that of water. Although its value is less 

dependent on temperature, it depends on the mineralogy. For example, Campanella & Mitchell (1968) 

estimated the linear thermal expansion coefficient of an illitic clay as 1.2 × 10-5 m/mK based on its 

mineralogical composition. The overall thermal expansion of soil is more complex and will be discussed 

in more detail in Chapter 4. 

2.6 Existing ICFEP capabilities 

The numerical analyses conducted during this research project were performed using ICFEP – Imperial 

College Finite Element Program (Potts & Zdravković, 1999), which has been developed at the Imperial 

College Geotechnics Section with the purpose of analysing geotechnical problems. During the last 35 

years, the program has evolved extensively, increasing its capabilities and allowing the analysis of more 

complex problems. Some of the major developments include the hydro-mechanical (HM) formulation 

(Potts & Zdravković, 1999), the dynamic formulation (e.g. Hardy, 2003; Kontoe, 2006), the partially-

saturated formulation (e.g. Smith, 2003; Nyambayo, 2004; Tsiampousi, 2011), implementation of 

various types of structural elements (e.g. Day, 1990; Schroeder, 2002), as well as numerous advanced 

constitutive models for soil (e.g. Genendra, 1993; Grammatikopoulou, 2004; Bodas Freitas, 2008; 

Taborda, 2011; Tsiampousi, 2011) and concrete (Schütz, 2010). Recently, it has been upgraded to 

include a fully coupled thermo-hydro-mechanical (THM) formulation for saturated porous material, as 

well as new boundary conditions for thermal analyses by Cui (2015). 

This section describes the existing capabilities of ICFEP which are relevant to the research presented 

in this thesis. The theory of the finite element method (FEM), together with the coupled HM formulation 

and the corresponding boundary conditions, are omitted from this section as it is explained in detail in 

Potts & Zdravković (1999).  
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2.6.1 Structural elements 

Most geotechnical problems require simulation of the interaction between the soil and geotechnical 

structures such as tunnel linings, retaining walls, props, etc. However, due to the geometry of these 

structural components, modelling them using solid continuum elements often results in elements with 

large aspect ratios or a very large number of elements, which may not be practical. Additionally, it is 

often useful to analyse these geotechnical structures in terms of forces and moments, which must be 

converted from stresses if simulated with solid continuum elements (Potts & Zdravković, 1999). For 

these reasons, several different types of finite elements, here referred to as structural elements, have 

been developed. The following paragraphs describe the structural elements currently available in 

ICFEP.  

Beam elements 

Beam elements were formulated based on the Mindlin’s beam theory and implemented into ICFEP by 

Day (1990). They are either 2 or 3-noded 1D elements that can be placed along solid element sides in 

2D analysis. These elements can accommodate bending moments, shear and axial forces, and therefore 

have two displacement degrees of freedom and one rotation degree of freedom per node. In ICFEP, they 

may be defined as either straight or curved. Beam elements are useful for modelling retaining walls and 

tunnel linings in plane strain analyses.  

Bar elements 

Bar elements, which were also developed by Day (1990), are very similar to beam elements and are 

formulated in the same way. However, unlike beam elements, bar elements do not have the rotation 

degree of freedom, and therefore cannot transmit bending moments or shear forces. They can be used 

to model props or anchors in plane strain problems. 

Shell elements 

In 2D analyses, shell elements are analogous to the beam elements. However, they are also available in 

3D analyses as 2D surface elements with either 4 or 8 nodes. They were developed and implemented 

into ICFEP by Schroeder (2002). 

Membrane elements 

These elements, developed by Day (1990), behave as bar elements when used in a 2D analysis. 

However, similar to the shell elements, they can also be used as 2D surface elements in 3D analyses. 

They are useful for modelling propping systems or flexible reinforcing strips, such as geofabrics. 

Interface elements 

Interface elements (also referred to as joint elements) allow the simulation of the relative movement 

between the structure and the soil, which is not possible with continuum elements where compatibility 

of displacement applies. Another advantage of these elements is the ability to define a different 
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constitutive behaviour at the soil-structure interface to that of the soil. In ICFEP, they were implemented 

as zero thickness elements consisting of two line elements in 2D or two surface elements in 3D where 

the perpendicular distance between the two lines or surfaces is zero. Therefore, these elements can be 

either 4 or 6-noded in 2D and 8 or 16-noded in 3D. They can accommodate normal and shear stresses. 

The strain in these interface elements is defined as the relative displacement between the two lines or 

surfaces. The detailed formulation can be found in Day (1990).  

Although the mechanical behaviour of the structural elements described above was formulated by Day 

(1990) and Schroeder (2002), the coupled HM formulation was not available until recently. Cui (2015) 

firstly extended the coupled HM formulation for solid elements to these structural elements, and 

subsequently, developed the coupled THM equations for all element types. 

2.6.2 Coupled THM formulation 

In a coupled THM problem, the three systems (thermal, mechanical and hydraulic) interact and affect 

each other as illustrated in Figure 2-31. The hydro-mechanical coupling represents seepage and 

consolidation behaviour in porous materials, where the changes in pore fluid pressure cause additional 

strains (i.e. hydraulic to mechanical coupling) and the changes in volumetric strain affect the pore fluid 

pressure (i.e. mechanical to hydraulic coupling). The addition of the thermal system creates four more 

interactions. An increase in temperature affects the pore fluid pressures (hydraulic effect), as well as 

the volumetric strain behaviour (mechanical effect). The hydraulic to thermal coupling represents heat 

transfer caused by the flow of fluid, whereas the coupling of mechanical to thermal behaviour involves 

material deformation and alterations of its thermal properties. It should be noted that, depending on the 

material and the problem, some couplings may have greater influence than others.  

 

Figure 2-31 Thermo-hydro-mechanical coupling 

Cui (2015) derived the governing coupled THM formulation for solid, as well as the structural elements 

available in ICFEP, by combining the mechanical, the fluid flow and the heat transfer equations and 

representing them in a 3x3 matrix which allows these equations to be solved simultaneously. Therefore, 

compared to the HM formulation, where the finite elements have two types of degrees of freedom per 

Thermal

HydraulicMechanical
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node – displacement (and rotation for structural elements) and pore water pressure –, in the THM 

formulation, there is an additional degree of freedom – temperature. 

The main assumptions of the formulation are: 

1) There is an instantaneous temperature equilibrium between the soil particles and the pore fluid. 

2) Given a change in temperature, the soil particles and the soil skeleton have the same thermal 

strain, 휀𝑇, which leads to the assumption that the thermal volumetric changes of the solid 

fraction in a mechanically unrestrained and free draining soil do not affect the void ratio. This 

implies that during thermal expansion or contraction of the soil particles, the volumes of both 

the soil skeleton and the voids change by equal amounts. Therefore, only the volumetric 

changes caused by changes in effective stresses can alter the void ratio.  

3) Heat transfer by radiation is negligible, and therefore, is not taken into account in the 

formulation.  

2.6.3 Thermal boundary conditions 

The THM formulation requires the development of new boundary conditions associated with the 

temperature degree of freedom. Cui (2015) has implemented into ICFEP five thermal boundary 

conditions, which are described in the paragraphs below. It should be noted that, if no boundary 

condition is specified on any of the nodes of the mesh boundary, a zero nodal heat flux is prescribed as 

the assumed default condition in ICFEP. 

Prescribed temperature 

This is a Dirichlet type boundary condition similar to the prescribed pore fluid pressure boundary 

condition. In ICFEP, the user is allowed to specify either an incremental change in temperature or an 

accumulated value either on elements or at nodes.  

Prescribed heat flux 

This Neumann type boundary condition is analogous to the prescribed fluid flow boundary condition 

and can be specified over a line, an area or a volume. The equivalent nodal heat flux, {𝑄𝑇,𝑛}, is obtained 

from: 

 
{𝑄𝑇,𝑛} = ∫[𝑁𝑇]

𝑇𝑄𝑇𝑑Ω

Ω

 ( 2-50 ) 

where [𝑁𝑇]
𝑇 is the matrix of temperature interpolation functions, 𝑄𝑇 is the prescribed heat flux and Ω 

denotes either a line, a surface or a volume over which the boundary condition is prescribed.  

Heat sources and sinks 

This is a special case of the prescribed heat flux boundary condition where inflow or outflow of heat, 

{𝑄𝑇}, can be specified at chosen nodes.  
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Convection 

This Cauchy type boundary condition is based on the Newton’s law of cooling which states that the 

heat flux at the surface a body, 𝑄𝑇, is proportional to the difference between the temperature of the 

body, 𝑇𝑠, and the temperature of the fluid that surrounds it, 𝑇∞:  

 
𝑄𝑇 = ∫−ℎ(𝑇𝑠 − 𝑇∞)𝑑Ω

Ω

 ( 2-51 ) 

The constant of proportionality in Equation ( 2-51 ), ℎ is referred to as the convective heat transfer 

coefficient. As explained in Section 2.5, its value is independent of the temperature difference between 

the fluid and the surface, however, it depends on the geometry of the object, fluid properties and flow 

regimes, which makes determination of this parameter difficult. It should be noted that this is a non-

linear boundary condition as 𝑇𝑠 can change during an increment. 

Coupled thermo-hydraulic 

This boundary condition is necessary in problems with thermo-hydraulic coupling. It prescribes a heat 

flux where fluid enters or leaves the domain, balancing the changes in energy associated with fluid flow 

though that boundary. This heat flux is calculated as: 

 
𝑄𝑇 = ∫𝜌𝑓𝐶𝑝𝑓{𝑣𝑓}𝑇𝑏𝑑Ω

Ω

 ( 2-52 ) 

where 𝜌𝑓 and 𝐶𝑝𝑓 are the density and the specific heat capacity of the fluid, respectively, {𝑣𝑓} is the 

velocity of the fluid flowing though the boundary and 𝑇𝑏 is the boundary temperature. Similar to the 

convection boundary condition, the thermo-hydraulic boundary condition is also non-linear as both {𝑣𝑓} 

and 𝑇𝑏 vary during the increment.  

2.7 Summary and conclusions 

This chapter introduces the basic principles involved in this research project.  

Section 2.2 explains the concept of geothermal energy which is defined as the thermal energy beneath 

the earth’s surface and is commonly classified as either high enthalpy or low enthalpy. The latter is 

concerned with temperatures up to 40 °C and is the focus of this research project. The temperature in 

the top 10-15 m of the ground varies seasonally, however, it is approximately constant below that depth. 

This means that the ground can be used as a heat sink in the summer and a heat source in the winter, 

hence allowing for space cooling and heating during the respective seasons.  

Geothermal energy can be utilised using ground source energy systems (GSES) which are discussed in 

Section 2.3. These systems consist of two units: a ground source system and a heat pump. The former 

is the unit installed in the ground. However, the ground temperature is usually in the range of 5-20 °C, 
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whereas for the purpose of space heating or cooling, much higher or lower temperatures are needed, 

respectively. The heat pump increases or decreases the temperature from the ground source system to 

the level desired for heating or cooling. The ground source systems can be classified as open-loop or 

closed-loop. In open-loop systems, water is abstracted at one location and returned at another. Possible 

sources of water include rivers, lakes and sea, however, most commonly, groundwater is abstracted 

through wells. Closed-loop systems consist of series of pipes (referred to as heat exchanger pipes) 

through which a carrier fluid is pumped to exchange the thermal energy with the surrounding medium 

(i.e. ground or body of water). In the ground, the pipes can be installed horizontally in shallow trenches 

or vertically in boreholes.  

Section 2.4 introduces another use of closed-loop GSES – geothermal structures where the heat 

exchanger pipes are installed in geotechnical structures such as piles, diaphragm walls or tunnel linings. 

This relatively new technology is becoming increasingly popular as it uses the geotechnical structure 

not only to provide stability but also a renewable means of space heating and cooling. However, the 

soil-structure interactions become significantly more complex when temperature changes are imposed 

and the current design procedures do not account for the effects of the additional thermal stresses on 

the structure. The thermo-mechanical behaviour of geothermal piles will be explored in detail in 

Chapters 6 and 7. 

Section 2.5 explains the fundamental concepts of heat transfer. In soils, conduction is the dominant heat 

transfer mechanism. However, other mechanisms may become significant in specific conditions. For 

example, heat convection may have an effect in the presence of substantial groundwater flow (forced 

convection) or if the pore size is large (free convection). In heat exchanger pipes, the heat transfer 

mechanism can be described by an axial and a radial component. Along the pipe (i.e. in the axial 

direction), heat is transferred through forced convection due to the high flow rate of the carrier fluid. In 

the radial direction, heat is transferred through conduction in the pipe wall, as well as convection on the 

inside and the outside of the wall. This convective heat transfer depends of the properties of the fluid, 

the flow regime and the pipe geometry. The final part of Section 2.5 explores the concept of thermal 

conductivity and heat capacity which are material properties affecting heat transfer. Their measurement 

methods are also described briefly. Additionally, the coefficient of thermal expansion, which is a 

thermo-mechanical property, is introduced here. 

Finally, Section 2.6 presents the existing capabilities of the Imperial College Finite Element Program 

(ICFEP) which are of relevance to this research project and are the basis for further developments. 

These include the types of structural elements available and the coupled thermo-hydro-mechanical 

(THM) formulation for saturated porous materials together with thermal boundary conditions. Further 

developments to ICFEP are presented in Chapters 3 and 5. 
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Chapter 3  

Numerical modelling of heat 

exchanger pipes 

 

3.1 Introduction 

As explained in the previous chapter, closed-loop ground source energy systems exchange thermal 

energy with the surroundings using networks of pipes through which a fluid is circulated. Hence, these 

pipes are often referred to as the heat exchanger pipes. In order to simulate accurately the transfer of 

heat, whether in horizontal loops, vertical borehole heat exchangers or thermo-active structures, the 

heat exchanger pipes must be included in the numerical model. Therefore, this chapter presents the 

recent developments at the Imperial College Geotechnics Section associated with numerical tools which 

enable modelling of heat exchanger pipes and their interactions with the surrounding medium.  

Firstly, new types of finite elements – one-dimensional beam and bar elements for three-dimensional 

analyses – were implemented into ICFEP with full THM coupling. These elements represent line 

objects where fluid and heat flow takes place only along their length (i.e. one-dimensionally). They can 

be used to model not only heat exchanger pipes but also structural components such as anchors, props, 

beams or columns. Their formulation and validation is presented in Section 3.2. 

Secondly, the problem of modelling the high fluid velocities coupled with the flow of heat along the 

heat exchanger pipes is addressed. As will be explained in Section 3.3, numerical modelling of coupled 

phenomena involving heat transfer dominated by advection can be challenging with the Galerkin finite 

element method. To overcome this issue, an alternative finite element method, called the Petrov-

Galerkin method, has been proposed in the literature. Although several formulations have been 

developed, their implementation was observed to be incomplete and/or they resulted in inaccurate 
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solutions. As part of this research, the Petrov-Galerkin method was successfully modified and 

implemented into ICFEP allowing for accurate simulation of heat transfer along the pipes.  

Finally, in Section 3.4, these new developments are combined and the capabilities of ICFEP in 

modelling the heat exchanger pipes, as well as their interaction with the surrounding material, are tested 

by reproducing a thermal response test performed in London. The field measurements are compared to 

the results of both 3D and axisymmetric analyses. Additionally, recommendations regarding the 

modelling approach are provided.  

3.2 Development of 3D beam and bar elements 

Many geotechnical problems involve structural components, such as props, anchors, beams or columns, 

which must be modelled as line elements in 3D analyses. Additionally, simulating complex 

configurations of heat exchanger pipes in geothermal problems also requires a 3D analysis with line 

elements. However, as discussed in Section 2.6.1 of Chapter 2, such elements were not available in 

ICFEP. Therefore, as a part of this research project, new beam and bar elements for 3D analysis were 

formulated, implemented into ICFEP, and subsequently validated. It should be noted that, in ICFEP, 

they may be defined as either straight or curved. This section presents the coupled THM formulation, 

as well as validation, of the new 3D beam and bar elements implemented into ICFEP. Note that although 

these new one-dimensional elements will be referred to as “beam” and “bar” elements, as these are their 

mechanical equivalents, their THM formulation allows the reproduction of a large number of 

phenomena, including those taking place in porous media and pipes. 

3.2.1 Formulation 

The coupled THM equations for 3D beam and bar elements are based on the coupled THM formulation 

for 2D beam and bar elements presented in Cui (2015). The assumptions of the formulation are listed 

in Section 2.6.2 of Chapter 2. A summary of the THM formulation in terms of the global matrices can 

also be found in Appendix B. 

The sign convention adopted throughout this section is such that tensile strains, stresses and forces are 

positive. 

3.2.1.1 Mechanical behaviour of 3D beam elements 

The mechanical formulation of 3D beam elements is based on the equations for 2D Mindlin’s beam 

elements developed by Day (1990), as well as the mechanical behaviour of 3D beams presented in 

Hughes (1987). The new elements have six degrees of freedoms per node (three displacements and 

three rotations), and transmit not only bending moments, axial and shear forces but also a twisting 

moment. Figure 3-1 shows a 3-noded 3D beam element and defines its six degrees of freedom: 

displacements 𝑢, 𝑣 and 𝑤 in the global 𝑥, 𝑦 and 𝑧 directions, respectively, and rotations 𝜃𝑥, 𝜃𝑦 and 𝜃𝑧 
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about the global 𝑥, 𝑦 and 𝑧 axes, respectively. The sign convention for rotations adopted in this section 

follows the right-hand rule as illustrated in Figure 3-1.  

 

Figure 3-1 3-noded 3D beam element in global coordinates 

Constitutive equations 

Under isothermal conditions, the relationship between the total strains and element forces and moments 

is described by the constitutive equation (Potts & Zdravković, 1999): 

 {Δ𝜎} = [𝐷]{Δ휀𝜎} ( 3-1 ) 

where 

 {Δ휀𝜎} = {Δ휀𝑎,𝜎 Δ𝛾1 Δ𝛾2 𝜒𝑇 Δ𝜒1 Δ𝜒2}𝑇 ( 3-2 ) 

 {Δ𝜎} = {Δ𝐹𝑎 Δ𝑆1 Δ𝑆2 Δ𝑀𝑇 Δ𝑀1 Δ𝑀2}
𝑇  ( 3-3 ) 

{Δ휀𝜎} is the vector of incremental mechanical (or total under isothermal conditions) strains whose 

components are: 휀𝑎,𝜎 – axial strain, 𝛾1 and 𝛾2 – shear strains, 𝜒𝑇 – twisting strain, 𝜒1 and 𝜒2 – bending 

strains, whereas {Δ𝜎} is the vector of incremental forces and moments whose components are: 𝐹𝑎 – 

axial force, 𝑆1 and 𝑆2 – shear forces, 𝑀𝑇 – twisting moment, 𝑀1 and 𝑀2 – bending moments. These 

components are related to three local axes, one of which is along the beam and the remaining two are 

perpendicular to the beam. For a beam with anisotropic linear elastic behaviour, the constitutive matrix, 

[𝐷𝑒], is defined as: 

 

[𝐷𝑒] =

[
 
 
 
 
 
𝐸𝐴𝑐 0 0 0 0 0
0 𝑘𝑠1𝐺𝐴𝑐 0 0 0 0
0 0 𝑘𝑠2𝐺𝐴𝑐 0 0 0
0 0 0 𝐺𝐽𝑇 0 0
0 0 0 0 𝐸𝐼1 0
0 0 0 0 0 𝐸𝐼2]

 
 
 
 
 

 ( 3-4 ) 

where 𝐸 (SI unit Pa) is the Young’s modulus, 𝐴𝑐 (SI unit m2) is the cross-sectional area, 𝑘𝑠1 and 𝑘𝑠2 

(dimensionless) are the shear correction factors, 𝐺 (SI unit Pa) is the shear modulus, 𝐽𝑇 (SI unit m4) is 

the torsional constant and 𝐼1 and 𝐼2 (SI unit m4) are the second moments of area. However, it should be 

noted that only isotropic models for 3D beam elements are currently available in ICFEP. These assume 

that the beam cross-section is symmetric, hence, 𝑘𝑠1 = 𝑘𝑠2 = 𝑘𝑠 and 𝐼1 = 𝐼2 = 𝐼 in Equation ( 3-4 ).  
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The torsional constant, 𝐽𝑇, describes the torsional stiffness of the beam. It is also referred to as the 

second moment of area perpendicular to the cross-section of the beam, hence its value depends on the 

shape of the cross-section of the beam. Table 3-1 presents the second moment of areas, as well as 

torsional constants for some common beam cross-sections. 

Table 3-1 Second moments of area and torsional constants for various cross-sections of beams (Gorenc et al., 2005) 

Cross-section Second moment of area Torsional constant 

 

𝐼1 = 𝐼2 =
𝜋𝑟4

4
 

 

𝐽𝑇 =
𝜋𝑟4

2
 

 

For hollow circular 

sections: 

𝐼1 = 𝐼2 =
𝜋

4
(𝑟2
4 − 𝑟1

4) 

 

For thin tubes: 

𝐼1 = 𝐼2 ≈ 𝜋𝑟
3𝑡 

For hollow circular sections: 

𝐽𝑇 =
𝜋

2
(𝑟2
4 − 𝑟1

4) 

 

For thin tubes: 

𝐽𝑇 ≈ 2𝜋𝑟
3𝑡 

 

𝐼1 = 𝐼2 =
𝑎4

12
 𝐽𝑇 ≈ 0.1406𝑎

4 

 

𝐼1 =
𝜋𝑎𝑏3

4
 

𝐼2 =
𝜋𝑎3𝑏

4
 

𝐽𝑇 ≈
𝜋𝑎3𝑏3

𝑎2 + 𝑏2
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𝐼1 =
𝑎𝑏3

12
 

𝐼2 =
𝑎3𝑏

12
 

𝐽𝑇 ≈ 𝑎𝑏
3 [
1

3
− 0.21

𝑏

𝑎
(1 −

𝑏4

12𝑎4
)] 

 

Under non-isothermal conditions the incremental total strain, {Δ휀}, can be divided into two components: 

the incremental mechanical strain, {Δ휀𝜎}, and the incremental thermal strain {Δ휀𝑇} defined as: 

 {Δ휀𝑇} = {α𝑇Δ𝑇 0 0 0 0 0}𝑇 ( 3-5 ) 

where α𝑇 is the linear coefficient of thermal expansion of the material and Δ𝑇 is the incremental 

temperature. Note that in the case of a porous material, α𝑇 refers to the soil skeleton. Therefore, the 

incremental total strain can be expressed as: 

 {Δ휀} = {Δ휀𝜎} + {Δ휀𝑇} ( 3-6 ) 

In soil mechanics, it is often convenient to express the constitutive equation in terms of effective 

stresses, such that: 

 {Δ𝜎′} = [𝐷′]{Δ휀𝜎} ( 3-7 ) 

where {Δ𝜎′} is the vector of effective forces and moments, whereas [𝐷′] is the effective constitutive 

matrix. However, under non-isothermal conditions, the effect of the thermal expansion/contraction of 

the material must be taken into account. Therefore, substituting Equation ( 3-6 ) into Equation ( 3-7 ) 

results in: 

 {Δ𝜎′} = [𝐷′]({Δ휀} − {Δ휀𝑇}) ( 3-8 ) 

or alternatively: 

 {Δ𝜎′} = [𝐷′]{Δ휀} − [𝐷′]{𝑚𝑇}(Δ𝑇) ( 3-9 ) 

where {𝑚𝑇} = {α𝑇 0 0 0 0 0}𝑇. The second term on the right-hand side can be referred to as 

the equivalent thermal force: 

 {Δ𝜎𝑇} = {𝑊𝑇
∗}(Δ𝑇) ( 3-10 ) 
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where {𝑊𝑇
∗} = [𝐷′]{𝑚𝑇}. In a coupled THM formulation for a porous medium, the constitutive 

equation must also take into account the effects of the pore fluid pressure. The principle of effective 

stress states that: 

 {Δ𝜎} = {Δ𝜎′} + {Δ𝑈𝑓} ( 3-11 ) 

Substituting Equation ( 3-9 ) into Equation ( 3-11 ) leads to: 

 {Δ𝜎} = [𝐷′]{Δ휀} + {Δ𝑈𝑓} − [𝐷
′]{𝑚𝑇}(Δ𝑇) ( 3-12 ) 

where {Δ𝑈𝑓} = {Δ𝑝𝑓𝐴𝑐 0 0 0 0 0}𝑇 is the incremental pore fluid force calculated as the 

incremental pore fluid pressure, Δ𝑝𝑓, multiplied by the cross-sectional area of the element, 𝐴𝑐. It should 

be noted that the coupled THM formulation assumes that the changes in temperature, as well as pore 

fluid pressure, affect only the axial strain in a beam element. 

Finite element formulation 

The finite element formulation of the mechanical equation in a coupled THM problem adopts the 

principle of minimum potential energy, which states that for equilibrium: 

 𝛿Δ𝐸 = 𝛿Δ𝑊 − 𝛿Δ𝐿 = 0 ( 3-13 ) 

where Δ𝐸 is the incremental total potential energy, whereas Δ𝑊 and Δ𝐿 are the incremental strain 

energy and the incremental work done by applied loads, respectively, which are defined as: 

 
Δ𝑊 =

1

2
∫{Δ휀}𝑇{Δ𝜎}𝑑𝑙

𝑙

 ( 3-14 ) 

 
Δ𝐿 = ∫{Δ𝑑}𝑇{Δ𝐹}𝑑𝑙

𝑙

 ( 3-15 ) 

where {Δ𝑑} is the incremental displacement, {Δ𝐹} is the vector of incremental body forces and applied 

loads, and 𝑙 is the length of the beam. Substituting Equation ( 3-12 ) into Equation ( 3-14 ) leads to: 

 
Δ𝑊 =

1

2
∫{Δ휀}𝑇 ([𝐷′]{Δ휀} + {Δ𝑈𝑓} − [𝐷

′]{𝑚𝑇}(Δ𝑇)) 𝑑𝑙

𝑙

 ( 3-16 ) 

Or, alternatively, noting that the term {Δ휀}𝑇{Δ𝑈𝑓} is equivalent to Δ휀𝑣Δ𝑝𝑓𝐴𝑐: 

 
Δ𝑊 =

1

2
∫[{Δ휀}𝑇[𝐷′]{Δ휀} + Δ휀𝑣Δ𝑝𝑓𝐴𝑐 − {Δ휀}

𝑇[𝐷′]{𝑚𝑇}(Δ𝑇)] 𝑑𝑙

𝑙

 ( 3-17 ) 

where Δ휀𝑣 is the incremental total volumetric strain. It should be noted that, for 3D beam elements, due 

to their one-dimensional nature, the volumetric strain in equal to the total axial strain, therefore Δ휀𝑣 =

Δ휀𝑎 = Δ휀𝑎,𝜎 + α𝑇Δ𝑇.  
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The 3D beam elements have six degrees of freedom (three displacements and three rotations) per node. 

Therefore, for a 2-noded element, the vector of global nodal displacements and rotations is: 

 {𝑑}𝑛 = {𝑢1 𝑣1 𝑤1 𝜃𝑥1 𝜃𝑦1 𝜃𝑧1 𝑢2 𝑣2 𝑤2 𝜃𝑥2 𝜃𝑦2 𝜃𝑧2}𝑇 ( 3-18 ) 

whereas for a 3-noded element: 

 {𝑑}𝑛 = {𝑢1 𝑣1 𝑤1 𝜃𝑥1 𝜃𝑦1 𝜃𝑧1 𝑢2 𝑣2 𝑤2 𝜃𝑥2 𝜃𝑦2 𝜃𝑧2 

𝑢3 𝑣3 𝑤3 𝜃𝑥3 𝜃𝑦3 𝜃𝑧3}𝑇 

( 3-19 ) 

The global degrees of freedom (i.e. displacements, {Δ𝑑}, pore fluid pressures, {Δ𝑝𝑓}, and temperatures, 

{Δ𝑇}) at any point on the element are related to the nodal values through: 

 {Δ𝑑} = [𝑁]{Δ𝑑}𝑛 ( 3-20 ) 

 Δ𝑝𝑓 = {𝑁𝑝}
𝑇
{Δ𝑝𝑓}𝑛

 ( 3-21 ) 

 Δ𝑇 = {𝑁𝑇}
𝑇{Δ𝑇}𝑛 ( 3-22 ) 

where [𝑁], {𝑁𝑝} and {𝑁𝑇} are the matrices or vectors of interpolation functions of displacement, pore 

fluid pressure and temperature, respectively, and the following relationships apply: 

𝑥 =∑𝑁𝑖𝑥𝑖

𝑛

𝑖=1

 
𝑑𝑥

𝑑𝑆
=∑𝑁𝑖

′𝑥𝑖

𝑛

𝑖=1

 

( 3-23 ) 

𝑦 =∑𝑁𝑖𝑦𝑖

𝑛

𝑖=1

 
𝑑𝑦

𝑑𝑆
=∑𝑁𝑖

′𝑦𝑖

𝑛

𝑖=1

 

𝑧 =∑𝑁𝑖𝑧𝑖

𝑛

𝑖=1

 
𝑑𝑧

𝑑𝑆
=∑𝑁𝑖

′𝑧𝑖

𝑛

𝑖=1

 

𝑢 =∑𝑁𝑖𝑢𝑖

𝑛

𝑖=1

 
𝑑𝑢

𝑑𝑆
=∑𝑁𝑖

′𝑢𝑖

𝑛

𝑖=1

 

𝑣 =∑𝑁𝑖𝑣𝑖

𝑛

𝑖=1

 
𝑑𝑣

𝑑𝑆
=∑𝑁𝑖

′𝑣𝑖

𝑛

𝑖=1

 

𝑤 =∑𝑁𝑖𝑤𝑖

𝑛

𝑖=1

 
𝑑𝑤

𝑑𝑆
=∑𝑁𝑖

′𝑤𝑖

𝑛

𝑖=1

 

𝜃𝑥 =∑𝑁𝑖𝜃𝑥,𝑖

𝑛

𝑖=1

 
𝑑𝜃𝑥
𝑑𝑆

=∑𝑁𝑖
′𝜃𝑥,𝑖

𝑛

𝑖=1

 

𝜃𝑦 =∑𝑁𝑖𝜃𝑦,𝑖

𝑛

𝑖=1

 
𝑑𝜃𝑦

𝑑𝑆
=∑𝑁𝑖

′𝜃𝑦,𝑖

𝑛

𝑖=1

 

𝜃𝑧 =∑𝑁𝑖𝜃𝑧,𝑖

𝑛

𝑖=1

 
𝑑𝜃𝑧
𝑑𝑆

=∑𝑁𝑖
′𝜃𝑧,𝑖

𝑛

𝑖=1
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𝑝𝑓 =∑𝑁𝑝𝑖𝑝𝑓,𝑖

𝑛

𝑖=1

 
𝑑𝑝𝑓

𝑑𝑆
=∑𝑁𝑝𝑖

′ 𝑝𝑓,𝑖

𝑛

𝑖=1

 

𝑇 =∑𝑁𝑇𝑖𝑇𝑖

𝑛

𝑖=1

 
𝑑𝑇

𝑑𝑆
=∑𝑁𝑇𝑖

′ 𝑇𝑖

𝑛

𝑖=1

 

 

where 𝑆 is the natural coordinate defined in Figure 3-2, the subscript 𝑖 indicates the elemental node 

number (i.e. 𝑖 = 1, 2 for a 2-noded element and 𝑖 = 1, 2, 3 for a 3-noded element), 𝑛 denotes the number 

of nodes in an element (i.e. 𝑛 = 2 for a 2-noded element and 𝑛 = 3 for a 3-noded element) and the 

prime represents the derivative with respect to 𝑆. For a 2-noded element shown in Figure 3-2 (a), the 

isoparametric shape functions are: 

 
𝑁1 =

1

2
(1 − 𝑆) ( 3-24 ) 

 
𝑁2 =

1

2
(1 + 𝑆) ( 3-25 ) 

where 𝑆 is the natural coordinate varying from -1 to +1 over the element length. The isoparametric 

shape functions for a 3-noded element shown in Figure 3-2 (b) are: 

 
𝑁1 =

1

2
𝑆(𝑆 − 1) ( 3-26 ) 

 
𝑁2 =

1

2
𝑆(𝑆 + 1) ( 3-27 ) 

 𝑁3 = 1 − 𝑆
2 ( 3-28 ) 

 

Figure 3-2 (a) 2-noded beam element, and (b) 3-noded beam element with natural coordinate 𝑆 

The relationship between the nodal degrees of freedom and total strains is described by: 

 {Δ휀} = [𝐵]{Δ𝑑}𝑛 ( 3-29 ) 

where [𝐵] is a matrix containing derivatives of the shape functions. The incremental volumetric strain 

can also be written as: 

 Δ휀𝑣 = {𝑚}
𝑇[𝐵]{Δ𝑑}𝑛 ( 3-30 ) 

where {𝑚} = {1 0 0 0 0 0}𝑇. Equation ( 3-29 ) can also be split into four components (where 

Δ휀𝑎 is the incremental total axial strain): 
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 Δ휀𝑎 = {𝐵
𝑎}{Δ𝑑}𝑛 ( 3-31 ) 

 {Δ𝛾} = {
Δ𝛾1
Δ𝛾2

} = [𝐵𝑠]{Δ𝑑}𝑛 ( 3-32 ) 

 Δ𝜒𝑇 = {𝐵
𝑡}{Δ𝑑}𝑛 ( 3-33 ) 

 {Δ𝜒} = {
Δ𝜒1
Δ𝜒2

} = [𝐵𝑏]{Δ𝑑}𝑛 ( 3-34 ) 

where {𝐵𝑎}, [𝐵𝑠], {𝐵𝑡} and [𝐵𝑏] are rows of the matrix [𝐵] defined as: 

 {𝐵𝑎} = {{𝐵1
𝑎} … {𝐵𝑛

𝑎}} ( 3-35 ) 

 [𝐵𝑠] = [[𝐵1
𝑠] … [𝐵𝑛

𝑠]] ( 3-36 ) 

 {𝐵𝑡} = {{𝐵1
𝑡} … {𝐵𝑛

𝑡}} ( 3-37 ) 

 [𝐵𝑏] = [[𝐵1
𝑏] … [𝐵𝑛

𝑏]] ( 3-38 ) 

The strains in a 3D beam element are defined in terms of the global displacements and rotations as: 

 휀𝑎 = {𝛿
′} ⋅ {𝑆} ( 3-39 ) 

 𝛾1 = {𝛿
′} ⋅ {𝑇} − {𝜃} ⋅ {𝑈} ( 3-40 ) 

 𝛾2 = {𝛿
′} ⋅ {𝑈} + {𝜃} ⋅ {𝑇} ( 3-41 ) 

 𝜒𝑇 = −{𝜃
′} ⋅ {𝑆} ( 3-42 ) 

 𝜒1 = −{𝜃
′} ⋅ {𝑇} ( 3-43 ) 

 𝜒2 = −{𝜃
′} ⋅ {𝑈} ( 3-44 ) 

The above equations were formulated based on those for 2D beams presented by Day (1990) and their 

complete derivation can be found in Appendix B. For convenience, the global nodal displacements and 

rotations are defined as two separate vectors: 

 {𝛿} = {𝑢 𝑣 𝑤}𝑇 ( 3-45 ) 

 {𝜃} = {𝜃𝑥 𝜃𝑦 𝜃𝑧}𝑇 ( 3-46 ) 

Additionally: 

 
{𝛿′} = {

𝜕𝑢

𝜕𝑙

𝜕𝑣

𝜕𝑙

𝜕𝑤

𝜕𝑙
}
𝑇

 ( 3-47 ) 

 
{𝜃′} = {

𝜕𝜃𝑥
𝜕𝑙

𝜕𝜃𝑦

𝜕𝑙

𝜕𝜃𝑧
𝜕𝑙
}
𝑇

 ( 3-48 ) 
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The vectors {𝑆}, {𝑇} and {𝑈} are orthogonal unit vectors defined in Figure 3-3. Vector {𝑆} represents 

the orientation of the axis of the beam, whereas vectors {𝑇} and {𝑈} represent the orientation of the 

cross-section. They can be expressed as: 

 
{𝑆} =

1

|𝐽|
{
𝜕𝑥

𝜕𝑆

𝜕𝑦

𝜕𝑆

𝜕𝑧

𝜕𝑆
}
𝑇

 ( 3-49 ) 

 
{𝑇} =

1

|𝐽𝑇|
{
𝜕𝑥

𝜕𝑇

𝜕𝑦

𝜕𝑇

𝜕𝑧

𝜕𝑇
}
𝑇

 ( 3-50 ) 

 
{𝑈} =

1

|𝐽𝑈|
{
𝜕𝑥

𝜕𝑈

𝜕𝑦

𝜕𝑈

𝜕𝑧

𝜕𝑈
}
𝑇

 ( 3-51 ) 

where 

 

|𝐽| = [(
𝜕𝑥

𝜕𝑆
)
2

+ (
𝜕𝑦

𝜕𝑆
)
2

+ (
𝜕𝑧

𝜕𝑆
)
2

]

1/2

 ( 3-52 ) 

 

|𝐽𝑇| = [(
𝜕𝑥

𝜕𝑇
)
2

+ (
𝜕𝑦

𝜕𝑇
)
2

+ (
𝜕𝑧

𝜕𝑇
)
2

]

1/2

 ( 3-53 ) 

 

|𝐽𝑈| = [(
𝜕𝑥

𝜕𝑈
)
2

+ (
𝜕𝑦

𝜕𝑈
)
2

+ (
𝜕𝑧

𝜕𝑈
)
2

]

1/2

 ( 3-54 ) 

and  

 𝑑𝑙 = |𝐽|𝑑𝑆 ( 3-55 ) 

 

Figure 3-3 Definition of {𝑆}, {𝑇} and {𝑈} 

It is important to note that, when full integration (i.e. 2-point for 2-noded elements or 3-point for 3-

noded elements) is used, shear force locking, which manifests itself as oscillating axial and shear forces, 
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may occur. To eliminate this problem, Day (1990) proposed lower order shape functions derived from 

a least squares smoothed approximation to the standard isoparametric shape functions. For a 2-noded 

elements, these are: 

 
�̅�1 =

1

2
 ( 3-56 ) 

 
�̅�2 =

1

2
 ( 3-57 ) 

And for 3-noded elements: 

 
�̅�1 =

1

2
(
1

3
− 𝑆) ( 3-58 ) 

 
�̅�2 =

1

2
(
1

3
+ 𝑆) ( 3-59 ) 

 
�̅�3 =

2

3
 ( 3-60 ) 

For 3D beams, these substitute shape functions are used for the interpolation of {𝜃} in the shear strain 

equations (Equations ( 3-40 ) and ( 3-41 )). The derivatives of the substitute shape functions are not 

used. However, it should be noted that the problem of locking may remain when curved beam elements 

are used (Day, 1990; Day & Potts, 1990).  

By combining Equations ( 3-31 )-( 3-55 ), the [𝐵] matrices associated with each of the shape functions 

can be defined as: 

 
{𝐵𝑖

𝑎} =
1

|𝐽|2
𝑁𝑖
′ {
𝑑𝑥

𝑑𝑆

𝑑𝑦

𝑑𝑆

𝑑𝑧

𝑑𝑆
0 0 0} ( 3-61 ) 

 

[𝐵𝑖
𝑠] =

[
 
 
 
 
𝑁𝑖
′

|𝐽||𝐽𝑇|

𝑑𝑥

𝑑𝑇

𝑁𝑖
′

|𝐽||𝐽𝑇|

𝑑𝑦

𝑑𝑇

𝑁𝑖
′

|𝐽||𝐽𝑇|

𝑑𝑧

𝑑𝑇
−
�̅�𝑖
|𝐽𝑈|

𝑑𝑥

𝑑𝑈
−
�̅�𝑖
|𝐽𝑈|

𝑑𝑦

𝑑𝑈
−
�̅�𝑖
|𝐽𝑈|

𝑑𝑧

𝑑𝑈

𝑁𝑖
′

|𝐽||𝐽𝑈|

𝑑𝑥

𝑑𝑈

𝑁𝑖
′

|𝐽||𝐽𝑈|

𝑑𝑦

𝑑𝑈

𝑁𝑖
′

|𝐽||𝐽𝑈|

𝑑𝑧

𝑑𝑈

�̅�𝑖
|𝐽𝑇|

𝑑𝑥

𝑑𝑇

�̅�𝑖
|𝐽𝑇|

𝑑𝑦

𝑑𝑇

�̅�𝑖
|𝐽𝑇|

𝑑𝑧

𝑑𝑇 ]
 
 
 
 

 ( 3-62 ) 

 
{𝐵𝑖

𝑡} = −
1

|𝐽|2
𝑁𝑖
′ {0 0 0

𝑑𝑥

𝑑𝑆

𝑑𝑦

𝑑𝑆

𝑑𝑧

𝑑𝑆
} ( 3-63 ) 

 

[𝐵𝑖
𝑏] = −

1

|𝐽|
𝑁𝑖
′

[
 
 
 0 0 0

1

|𝐽𝑇|

𝑑𝑥

𝑑𝑇

1

|𝐽𝑇|

𝑑𝑦

𝑑𝑇

1

|𝐽𝑇|

𝑑𝑧

𝑑𝑇

0 0 0
1

|𝐽𝑈|

𝑑𝑥

𝑑𝑈

1

|𝐽𝑈|

𝑑𝑦

𝑑𝑈

1

|𝐽𝑈|

𝑑𝑧

𝑑𝑈]
 
 
 

 ( 3-64 ) 

By combining Equations ( 3-15 ), ( 3-17 ), ( 3-20 )-( 3-22 ), ( 3-29 ) and ( 3-30 ), the total potential 

energy can be expressed as: 
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Δ𝐸 =∑[
1

2
∫ [{Δ𝑑}𝑛

𝑇[𝐵]𝑇[𝐷′][𝐵]{Δ𝑑}𝑛 + {Δ𝑑}𝑛
𝑇[𝐵]𝑇{𝑚}{𝑁𝑝}

𝑇
{Δ𝑝𝑓}𝑛

𝐴𝑐
𝑙

𝑁

𝑖=1

− {Δ𝑑}𝑛
𝑇[𝐵]𝑇[𝐷′]{𝑚𝑇}{𝑁𝑇}

𝑇{Δ𝑇}𝑛 − 2{Δ𝑑}𝑛
𝑇[𝑁]𝑇{Δ𝐹}]  𝑑𝑙] 

( 3-65 ) 

where 𝑁 is the number of elements. In terms of global matrices, the finite element equation associated 

with equilibrium can be obtained by minimising the potential energy with respect to the incremental 

nodal displacements, resulting in: 

 [𝐾𝐺]{Δ𝑑}𝑛𝐺 + 𝐴𝑐[𝐿𝐺]{Δ𝑝𝑓}𝑛𝐺
− [𝑀𝐺]{Δ𝑇}𝑛𝐺 = {Δ𝑅𝐺} ( 3-66 ) 

where the global (subscript 𝐺) matrices are defined as the sum of the elemental matrices (subscript 𝐸): 

 

[𝐾𝐺] =∑[𝐾𝐸]𝑖

𝑁

𝑖=1

=∑(∫[𝐵]𝑇[𝐷′][𝐵]𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-67 ) 

 

[𝐿𝐺] =∑[𝐿𝐸]𝑖

𝑁

𝑖=1

=∑(∫[𝐵]𝑇{𝑚}{𝑁𝑝}
𝑇
𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-68 ) 

 

[𝑀𝐺] =∑[𝑀𝐺]𝑖

𝑁

𝑖=1

=∑(∫[𝐵]𝑇[𝐷′]{𝑚𝑇}{𝑁𝑇}
𝑇𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-69 ) 

 

{Δ𝑅𝐺} =∑{Δ𝑅𝐸}𝑖

𝑁

𝑖=1

=∑(∫[𝑁]𝑇{Δ𝐹}𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-70 ) 

3.2.1.2 Mechanical behaviour of 3D bar elements 

The procedure for formulation of the mechanical behaviour of 3D bar elements is omitted here, as it is 

the same as that of the 3D beam elements. The difference between the two element types is that bar 

elements have only three displacement degrees of freedom (𝑢, 𝑣 and 𝑤 in the global 𝑥, 𝑦 and 𝑧 

directions) and deform only axially. Therefore, the [𝐵] “matrix” consists only of the terms of {𝐵𝑖
𝑎} 

defined by Equation ( 3-61 ), and the constitutive equation (Equation ( 3-1 )) reduces to account only 

for axial strain and axial force: 

 Δ𝐹𝑎 = 𝐸𝐴𝑐Δ휀𝑎,𝜎 ( 3-71 ) 

3.2.1.3 Fluid flow in 3D beam and bar elements 

The fluid flow along a beam/bar element is described by the continuity equation for compressible pore 

fluids: 
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 𝑑𝑣𝑓

𝑑𝑙
−
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− 𝑄𝑓 = −

𝜕휀𝑣,𝜎
𝜕𝑡

 ( 3-72 ) 

As in a beam/bar element 휀𝑣,𝜎 = 휀𝑎,𝜎 = 휀𝑎 − 휀𝑇, Equation ( 3-72 ) can be rewritten as: 

 𝑑𝑣𝑓

𝑑𝑙
−
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− 𝑄𝑓 = −

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
 ( 3-73 ) 

where 𝑣𝑓 is the seepage velocity along the beam/bar element (SI unit m.s-1), 𝑛 is the porosity 

(dimensionless), 𝐾𝑓 is the bulk modulus of the fluid (SI unit Pa), 𝑡 is time (SI unit s) and 𝑄𝑓 is any fluid 

source or sink (SI unit m3m-3s-1). However, in a coupled THM formulation, the effect of temperature 

changes on the pore fluid pressure must be taken into account. Therefore, an additional term 

representing the change in volume of the fluid due to a temperature change is included in Equation ( 

3-73 ), such that: 

 𝑑𝑣𝑓

𝑑𝑙
−
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− 𝑛(𝛼𝑇𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
− 𝑄𝑓 = −

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
 ( 3-74 ) 

where 𝛼𝑇𝑓 is the linear thermal expansion coefficient of pore fluid (SI unit m.m-1K-1). The Darcy’s law 

for non-isothermal conditions is defined as: 

 
𝑣𝑓 = −𝑘𝑓

𝑑ℎ𝑖
𝑑𝑙

− 𝑘𝑓𝑇
𝑑𝑇

𝑑𝑙
 ( 3-75 ) 

where 𝑘𝑓 (SI unit m.s-1) is the permeability, 𝑘𝑓𝑇 (SI unit m2.s-1.K-1) is the thermal fluid diffusivity 

representing the effect of thermo-osmosis and ℎ𝑖 is the hydraulic head defined as: 

 ℎ𝑖 = −
𝑝𝑓

𝛾𝑓
+ (𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧) ( 3-76 ) 

where 𝛾𝑓 is the specific weight of the pore fluid and {𝑖𝐺} = {𝑖𝐺𝑥 𝑖𝐺𝑦 𝑖𝐺𝑧}𝑇 is the unit vector parallel, 

but in the opposite direction, to gravity. The second term on the right-hand side of Equation ( 3-75 ) 

represents the flow of fluid induced by gradients of temperature. Although Philip & De Vries (1957) 

observed the effect of temperature gradients on fluid flow in unsaturated soils, in fully saturated soils 

this effect was found to be negligible, and therefore, 𝑘𝑓𝑇 can be assumed to be zero.  

Using the principle of virtual work, the continuity equation given by Equation ( 3-74 ) can be written 

as: 

 
∫[
𝑑𝑣𝑓

𝑑𝑙
(Δ𝑝𝑓) −

𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
(Δ𝑝𝑓) − 𝑛(𝛼𝑇𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
(Δ𝑝𝑓) +

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
(Δ𝑝𝑓)]  𝑑𝑙

𝑙

= 𝑄𝑓(Δ𝑝𝑓) 

( 3-77 ) 

Substituting Equations ( 3-75 ) and ( 3-76 ) into Equation ( 3-77 ) leads to: 
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∫[
𝑘𝑓

𝛾𝑓

𝑑2𝑝𝑓

𝑑𝑙2
(Δ𝑝𝑓) − 𝑘𝑓

𝑑2

𝑑𝑙2
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)(Δ𝑝𝑓) − 𝑘𝑓𝑇

𝑑2𝑇

𝑑𝑙2
(Δ𝑝𝑓)

𝑙

−
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
(Δ𝑝𝑓) − 𝑛(𝛼𝑇𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
(Δ𝑝𝑓) +

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
(Δ𝑝𝑓)]  𝑑𝑙

= 𝑄𝑓(Δ𝑝𝑓) 

( 3-78 ) 

The terms containing second order derivatives are integrated by parts, which is explained in detail in 

Appendix B, such that Equation ( 3-78 ) becomes: 

 
∫[−

𝑑Δ𝑝𝑓

𝑑𝑙

𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
+
𝑑Δ𝑝𝑓

𝑑𝑙
𝑘𝑓
𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧) +

𝑑Δ𝑝𝑓

𝑑𝑙
𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
𝑙

− (Δ𝑝𝑓)
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− (Δ𝑝𝑓)𝑛(𝛼𝑇𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
+ (Δ𝑝𝑓)

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
]  𝑑𝑙

= (Δ𝑝𝑓)𝑄
𝑓 

( 3-79 ) 

The above equation can be expressed in terms of the natural coordinate, 𝑆, by substituting Equation ( 

3-55 ) such that: 

 
∫[−

𝑑Δ𝑝𝑓

𝑑𝑆

𝑘𝑓

𝛾𝑓|𝐽|
2

𝑑𝑝𝑓

𝑑𝑆
+
𝑑Δ𝑝𝑓

𝑑𝑆

𝑘𝑓
|𝐽|2

𝑑

𝑑𝑆
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧) +

𝑑Δ𝑝𝑓

𝑑𝑆

𝑘𝑓𝑇
|𝐽|2

𝑑𝑇

𝑑𝑆
𝑙

− (Δ𝑝𝑓)
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− (Δ𝑝𝑓)𝑛(𝛼𝑇𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
+ (Δ𝑝𝑓)

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
]  𝑑𝑙

= (Δ𝑝𝑓)𝑄
𝑓 

( 3-80 ) 

Approximating 𝜕𝑝𝑓 𝜕𝑡⁄  as Δ𝑝𝑓 Δ𝑡⁄ , 𝜕𝑇 𝜕𝑡⁄  as Δ𝑇 Δ𝑡⁄  and 𝜕(휀𝑎 − 휀𝑇) 𝜕𝑡⁄  as Δ(휀𝑎 − 휀𝑇) Δ𝑡⁄ , as well as 

substituting Equations ( 3-5 ), ( 3-20 )-( 3-23 ), ( 3-30 ) and ( 3-49 ) leads to: 

 
∫[−{Δ𝑝𝑓}𝑛

𝑇
{𝑁𝑝

′ }
𝑘𝑓

𝛾𝑓|𝐽|
2
{𝑁𝑝

′ }
𝑇
{𝑝𝑓}𝑛

+ {Δ𝑝𝑓}𝑛
𝑇
{𝑁𝑝

′ }
𝑘𝑓
|𝐽|
({𝑆} ⋅ {𝑖𝐺})

𝑙

+ {Δ𝑝𝑓}𝑛
𝑇
{𝑁𝑝

′ }
𝑘𝑓𝑇
|𝐽|2

{𝑁𝑇
′ }𝑇{𝑇}𝑛 − {Δ𝑝𝑓}𝑛

𝑇
{𝑁𝑝}

𝑛

𝐾𝑓
{𝑁𝑝}

𝑇 {Δ𝑝𝑓}𝑛
Δ𝑡

− {Δ𝑝𝑓}𝑛
𝑇
{𝑁𝑝}𝑛(𝛼𝑇𝑓 − 𝛼𝑇){𝑁𝑇}

𝑇
{Δ𝑇}𝑛
Δ𝑡

+ {Δ𝑝𝑓}𝑛
𝑇
{𝑁𝑝}{𝑚}

𝑇[𝐵]
{Δ𝑑}𝑛
Δ𝑡

− {Δ𝑝𝑓}𝑛
𝑇
{𝑁𝑝}𝛼𝑇{𝑁𝑇}

𝑇
{Δ𝑇}𝑛
Δ𝑡

 ] 𝑑𝑙

= {Δ𝑝𝑓}𝑛
𝑇
{𝑁𝑝}𝑄

𝑓 

( 3-81 ) 

Minimising the potential energy with respect to the incremental nodal fluid pressure, results in: 
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[𝐿𝐺]

𝑇
{Δ𝑑}𝑛𝐺
Δ𝑡

− [Φ𝐺]{𝑝𝑓}𝑛𝐺
− [𝑆𝐺]

{Δ𝑝𝑓}𝑛𝐺
Δ𝑡

+ [Ψ𝐺]{𝑇}𝑛𝐺 − [𝑍𝐺]
{Δ𝑇}𝑛𝐺
Δ𝑡

= −{𝑛𝐺} + 𝑄
𝑓 

( 3-82 ) 

where the global (subscript 𝐺) matrices are defined as the sum of the elemental matrices (subscript 𝐸): 

 

[𝐿𝐺]
𝑇 =∑[𝐿𝐸]𝑖

𝑇

𝑁

𝑖=1

=∑(∫{𝑁𝑝}{𝑚}
𝑇[𝐵] 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-83 ) 

 

[Φ𝐺] =∑[Φ𝐸]𝑖

𝑁

𝑖=1

=∑(∫
𝑘𝑓

𝛾𝑓|𝐽|
2
{𝑁𝑝

′ }{𝑁𝑝
′ }
𝑇
 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-84 ) 

 

[𝑆𝐺] = ∑[𝑆𝐸]𝑖

𝑁

𝑖=1

=∑(∫
𝑛

𝐾𝑓
{𝑁𝑝}{𝑁𝑝}

𝑇
 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-85 ) 

 

[Ψ𝐺] =∑[Ψ𝐸]𝑖

𝑁

𝑖=1

=∑(∫
𝑘𝑓𝑇
|𝐽|2

{𝑁𝑝
′ }{𝑁𝑇

′ }𝑇 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-86 ) 

 

[𝑍𝐺] =∑[𝑍𝐸]𝑖

𝑁

𝑖=1

=∑(∫[𝑛(𝛼𝑇𝑓 − 𝛼𝑇) + 𝛼𝑇]{𝑁𝑝}{𝑁𝑇}
𝑇  𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-87 ) 

 

{𝑛𝐺} =∑{𝑛𝐸}𝑖

𝑁

𝑖=1

=∑(∫
𝑘𝑓
|𝐽|
{𝑁𝑝

′ }𝑖𝐺  𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-88 ) 

 
𝑖𝐺 = {𝑆} ⋅ {𝑖𝐺} =

1

|𝐽|
(
𝑑𝑥

𝑑𝑆
𝑖𝐺𝑥 +

𝑑𝑦

𝑑𝑆
𝑖𝐺𝑦 +

𝑑𝑧

𝑑𝑆
𝑖𝐺𝑧) ( 3-89 ) 

In order to solve Equation ( 3-82 ), a time marching scheme must be adopted. Provided that the solution 

at time 𝑡1 is known, the solution at time 𝑡2 = 𝑡1 + Δ𝑡 can be found assuming that: 

 

∫[Φ𝐺]{𝑝𝑓}𝑛𝐺
 𝑑𝑡

𝑡2

𝑡1

= [Φ𝐺] [𝛽1 ({𝑝𝑓}𝑛𝐺
)
2
+ (1 − 𝛽1) ({𝑝𝑓}𝑛𝐺

)
1
] Δ𝑡

= [Φ𝐺] [({𝑝𝑓}𝑛𝐺
)
1
+ 𝛽1{Δ𝑝𝑓}𝑛𝐺

] Δ𝑡 

( 3-90 ) 

 

∫[Ψ𝐺]{𝑇}𝑛𝐺  𝑑𝑡

𝑡2

𝑡1

= [Ψ𝐺][𝛼2({𝑇}𝑛𝐺)2 + (1 − 𝛼2)({𝑇}𝑛𝐺)1]Δ𝑡

= [Ψ𝐺][({𝑇}𝑛𝐺)1 + 𝛼2{Δ𝑇}𝑛𝐺]Δ𝑡 

( 3-91 ) 
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where 𝛽1 and 𝛼2 are the time marching parameters for fluid flow, ({𝑝𝑓}𝑛𝐺
)
1
 and ({𝑝𝑓}𝑛𝐺

)
2
 are the 

pore fluid pressures at 𝑡1 and 𝑡2, respectively, and ({𝑇}𝑛𝐺)1 and ({𝑇}𝑛𝐺)2 are the temperatures at 𝑡1 

and 𝑡2, respectively. It should be noted that the time matching scheme is stable provided 𝛽1 and 𝛼2 are 

between 0.5 and 1.0 (Booker & Small, 1975). Substituting Equations ( 3-90 ) and ( 3-91 ) into Equation 

( 3-82 ) results in: 

 [𝐿𝐺]
𝑇{Δ𝑑}𝑛𝐺 + (−𝛽1Δ𝑡[Φ𝐺] − [𝑆𝐺]){Δ𝑝𝑓}𝑛𝐺

+ (𝛼2Δ𝑡[Ψ𝐺] − [𝑍𝐺]){Δ𝑇}𝑛𝐺

= (−{𝑛𝐺} + [Φ𝐺] ({𝑝𝑓}𝑛𝐺
)
1
− [Ψ𝐺]({𝑇}𝑛𝐺)1 + 𝑄

𝑓) Δ𝑡 
( 3-92 ) 

3.2.1.4 Heat transfer in 3D beam and bar elements 

The flow of heat along a beam/bar element is described by the law of conservation of energy: 

 𝜕(Φ𝑇𝑑𝑉)

𝜕𝑡
+
𝑑Q𝑇
𝑑𝑙

𝑑𝑉 − 𝑄𝑇𝑑𝑉 = 0 ( 3-93 ) 

where Q𝑇 is the total heat flux, 𝑄𝑇 represents any heat source/sink, 𝑑𝑉 is the volume of the beam/bar 

and Φ𝑇 is the heat content of the beam/bar per unit volume which, when using this type of finite element 

to model fully saturated porous media, can be calculated as: 

 Φ𝑇 = [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠](𝑇 − 𝑇𝑟) ( 3-94 ) 

where 𝑛 is the porosity, 𝜌𝑓 and 𝜌𝑠 are the densities of pore fluid and solid particles, respectively, 𝐶𝑝𝑓 

and 𝐶𝑝𝑠 are the specific heat capacities of pore fluid and solid particles, respectively, and 𝑇𝑟 is a 

reference temperature. The total heat flux, Q𝑇, can be divided into two contributions: heat conduction, 

𝑄𝑑, and heat advection, 𝑄𝑎, such that: 

 Q𝑇 = 𝑄𝑑 + 𝑄𝑎 ( 3-95 ) 

where: 

 
𝑄𝑑 = −𝑘𝑇

𝑑𝑇

𝑑𝑙
 ( 3-96 ) 

 𝑄𝑎 = 𝜌𝑓𝐶𝑝𝑓𝑣𝑓(𝑇 − 𝑇𝑟) ( 3-97 ) 

where 𝑘𝑇 is the thermal conductivity of the material. Substituting Equations ( 3-94 )-( 3-97 ) into 

Equation ( 3-93 ) results in: 

 𝜕([𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠](𝑇 − 𝑇𝑟)𝑑𝑉)

𝜕𝑡

+ (
𝑑[𝜌𝑓𝐶𝑝𝑓𝑣𝑓(𝑇 − 𝑇𝑟)]

𝑑𝑙
− 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
− 𝑄𝑇)𝑑𝑉 = 0 

( 3-98 ) 
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However, the porosity can also be expressed in terms of the void ratio, 𝑒, whereas the total volume can 

be written in terms of the volume of the soil particles, 𝑑𝑉𝑠, such that: 

 𝑛 =
𝑒

1 + 𝑒
 ( 3-99 ) 

 𝑑𝑉 = (1 + 𝑒)𝑑𝑉𝑠 ( 3-100 ) 

Substituting these expressions into Equation ( 3-98 ) leads to: 

 𝜕[(𝑒𝜌𝑓𝐶𝑝𝑓 + 𝜌𝑠𝐶𝑝𝑠)(𝑇 − 𝑇𝑟)𝑑𝑉𝑠]

𝜕𝑡

+ (
𝑑[𝜌𝑓𝐶𝑝𝑓𝑣𝑓(𝑇 − 𝑇𝑟)]

𝑑𝑙
− 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
− 𝑄𝑇) (1 + 𝑒)𝑑𝑉𝑠 = 0 

( 3-101 ) 

According to assumption (2) in Section 2.6.2 of Chapter 2, 𝑑𝑉𝑠 varies with temperature such that: 

 𝑑𝑉𝑠 = (1 + 휀𝑇)𝑑𝑉𝑠0 ( 3-102 ) 

where 𝑑𝑉𝑠0 is the initial volume of the soil particles, and 휀𝑇 is the thermal strain. Substituting Equation 

( 3-102 ) into Equation ( 3-101 ) results in: 

 𝜕[(𝑒𝜌𝑓𝐶𝑝𝑓 + 𝜌𝑠𝐶𝑝𝑠)(𝑇 − 𝑇𝑟)(1 + 휀𝑇)𝑑𝑉𝑠0]

𝜕𝑡

+ (
𝑑[𝜌𝑓𝐶𝑝𝑓𝑣𝑓(𝑇 − 𝑇𝑟)]

𝑑𝑙
− 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
− 𝑄𝑇) (1 + 𝑒)(1 + 휀𝑇)𝑑𝑉𝑠0 = 0 

( 3-103 ) 

However, 𝑑𝑉𝑠0 can be eliminated as it is constant, such that: 

 𝜕[(𝑒𝜌𝑓𝐶𝑝𝑓 + 𝜌𝑠𝐶𝑝𝑠)(𝑇 − 𝑇𝑟)(1 + 휀𝑇)]

𝜕𝑡

1

(1 + 𝑒)(1 + 휀𝑇)
+
𝑑[𝜌𝑓𝐶𝑝𝑓𝑣𝑓(𝑇 − 𝑇𝑟)]

𝑑𝑙

− 𝑘𝑇
𝑑2𝑇

𝑑𝑙2
= 𝑄𝑇 

( 3-104 ) 

The first term on the left-hand side of Equation ( 3-104 ) can be rewritten as: 

 𝜕[(𝑒𝜌𝑓𝐶𝑝𝑓 + 𝜌𝑠𝐶𝑝𝑠)(𝑇 − 𝑇𝑟)(1 + 휀𝑇)]

𝜕𝑡

1

(1 + 𝑒)(1 + 휀𝑇)

= (𝑒𝜌𝑓𝐶𝑝𝑓 + 𝜌𝑠𝐶𝑝𝑠)
1

1 + 𝑒

𝜕𝑇

𝜕𝑡

+ (𝑒𝜌𝑓𝐶𝑝𝑓 + 𝜌𝑠𝐶𝑝𝑠)
𝑇 − 𝑇𝑟

(1 + 𝑒)(1 + 휀𝑇)

𝜕휀𝑇
𝜕𝑡

+ 𝜌𝑓𝐶𝑝𝑓
𝑇 − 𝑇𝑟
1 + 𝑒

𝜕𝑒

𝜕𝑡
 

( 3-105 ) 
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The assumption that the thermal strain does not affect the void ratio leads to the following relationship 

between the changes in void ratio and the changes in volumetric strain: 

 1

1 + 𝑒0

𝜕𝑒

𝜕𝑡
=
𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
 ( 3-106 ) 

where 𝑒0 is initial void ratio. Substituting Equation ( 3-106 ) into Equation ( 3-105 ) yields: 

 

𝜕[(𝑒𝜌𝑓𝐶𝑝𝑓 + 𝜌𝑠𝐶𝑝𝑠)(𝑇 − 𝑇𝑟)(1 + 휀𝑇)]

𝜕𝑡

1

(1 + 𝑒)(1 + 휀𝑇)

= [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]
𝜕𝑇

𝜕𝑡

+ [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]
𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

+ 𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
 

( 3-107 ) 

The second term on the left-hand side of Equation ( 3-104 ) can be expressed as: 

 𝑑[𝜌𝑓𝐶𝑝𝑓𝑣𝑓(𝑇 − 𝑇𝑟)]

𝑑𝑙
= 𝜌𝑓𝐶𝑝𝑓𝑣𝑓

𝑑𝑇

𝑑𝑙
+ 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)

𝑑𝑣𝑓

𝑑𝑙
 ( 3-108 ) 

Substituting Equations ( 3-107 ) and ( 3-108 ) into Equation ( 3-104 ) results in: 

 
[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
+ [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

+ 𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
+ 𝜌𝑓𝐶𝑝𝑓𝑣𝑓

𝑑𝑇

𝑑𝑙

+ 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)
𝑑𝑣𝑓

𝑑𝑙
− 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
= 𝑄𝑇 

( 3-109 ) 

Using the principle of virtual work, the heat transfer equation given by Equation ( 3-109 ) can be written 

as: 

 
∫([𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
(Δ𝑇)

𝑙

+ [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]
𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

(Δ𝑇)

+ 𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
(Δ𝑇) + 𝜌𝑓𝐶𝑝𝑓𝑣𝑓

𝑑𝑇

𝑑𝑙
(Δ𝑇)

+ 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)
𝑑𝑣𝑓

𝑑𝑙
(Δ𝑇) − 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
(Δ𝑇))  𝑑𝑙 = 𝑄𝑇(Δ𝑇) 

( 3-110 ) 

Substituting Equations ( 3-75 ) and ( 3-76 ) defining the Darcy’s law results in: 
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∫([𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
(Δ𝑇)

𝑙

+ [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]
𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

(Δ𝑇)

+ 𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
(Δ𝑇) + 𝜌𝑓𝐶𝑝𝑓𝑣𝑓

𝑑𝑇

𝑑𝑙
(Δ𝑇)

+ 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)
𝑘𝑓

𝛾𝑓

𝑑2𝑝𝑓

𝑑𝑙2
(Δ𝑇)

− 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓
𝑑2

𝑑𝑙2
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)(Δ𝑇)

− 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇
𝑑2𝑇

𝑑𝑙2
(Δ𝑇) − 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
(Δ𝑇))𝑑𝑙 = 𝑄𝑇(Δ𝑇) 

( 3-111 ) 

The terms containing second order derivatives are integrated by parts, which is explained in detail in 

Appendix B, such that Equation ( 3-111 ) becomes: 

 
∫[(Δ𝑇)[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
+ (Δ𝑇)[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

𝑙

+ (Δ𝑇)𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
+ (Δ𝑇)𝜌𝑓𝐶𝑝𝑓𝑣𝑓

𝑑𝑇

𝑑𝑙

−
𝑑Δ𝑇

𝑑𝑙
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)

𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙

+
𝑑Δ𝑇

𝑑𝑙
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)

+
𝑑Δ𝑇

𝑑𝑙
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
+
𝑑Δ𝑇

𝑑𝑙
𝑘𝑇
𝑑𝑇

𝑑𝑙
]  𝑑𝑙 = (Δ𝑇)𝑄𝑇 

( 3-112 ) 

By substituting Equation ( 3-55 ), the above equation can be expressed in terms of the natural coordinate, 

𝑆, as: 

 
∫[(Δ𝑇)[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
+ (Δ𝑇)[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

𝑙

+ (Δ𝑇)𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
+ (Δ𝑇)

𝜌𝑓𝐶𝑝𝑓𝑣𝑓
|𝐽|

𝑑𝑇

𝑑𝑆

−
𝑑Δ𝑇

𝑑𝑆

𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

𝛾𝑓|𝐽|
2

𝑑𝑝𝑓

𝑑𝑆

+
𝑑Δ𝑇

𝑑𝑆

𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓
|𝐽|2

𝑑

𝑑𝑆
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)

+
𝑑Δ𝑇

𝑑𝑆

𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇
|𝐽|2

𝑑𝑇

𝑑𝑆
+
𝑑Δ𝑇

𝑑𝑆

𝑘𝑇
|𝐽|2

𝑑𝑇

𝑑𝑆
]  𝑑𝑙 = (Δ𝑇)𝑄𝑇 

( 3-113 ) 
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Approximating 𝜕𝑇 𝜕𝑡⁄  as Δ𝑇 Δ𝑡⁄ , 𝜕휀𝑇 𝜕𝑡⁄  as Δ휀𝑇 Δ𝑡⁄  and 𝜕(휀𝑎 − 휀𝑇) 𝜕𝑡⁄  as Δ(휀𝑎 − 휀𝑇) Δ𝑡⁄ , as well as 

substituting Equations ( 3-5 ), ( 3-20 )-( 3-23 ), ( 3-30 ) and ( 3-49 ) leads to: 

 
∫[{Δ𝑇}𝑛

𝑇{𝑁𝑇}[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]{𝑁𝑇}
𝑇
{Δ𝑇}𝑛
Δ𝑡

𝑙

+ {Δ𝑇}𝑛
𝑇{𝑁𝑇}[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 휀𝑇

𝛼𝑇{𝑁𝑇}
𝑇
{Δ𝑇}𝑛
Δ𝑡

+ {Δ𝑇}𝑛
𝑇{𝑁𝑇}𝜌𝑓𝐶𝑝𝑓

(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒
{𝑚}𝑇[𝐵]

{Δ𝑑}𝑛
Δ𝑡

− {Δ𝑇}𝑛
𝑇{𝑁𝑇}𝜌𝑓𝐶𝑝𝑓

(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒
𝛼𝑇{𝑁𝑇}

𝑇
{Δ𝑇}𝑛
Δ𝑡

+ {Δ𝑇}𝑛
𝑇{𝑁𝑇}

𝜌𝑓𝐶𝑝𝑓𝑣𝑓
|𝐽|

{𝑁𝑇
′ }𝑇{𝑇}𝑛

− {Δ𝑇}𝑛
𝑇{𝑁𝑇

′ }
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

𝛾𝑓|𝐽|
2

{𝑁𝑝
′ }
𝑇
{𝑝𝑓}𝑛

+ {Δ𝑇}𝑛
𝑇{𝑁𝑇

′ }
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

|𝐽|
({𝑆} ⋅ {𝑖𝐺})

+ {Δ𝑇}𝑛
𝑇{𝑁𝑇

′ }
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇

|𝐽|2
{𝑁𝑇

′ }𝑇{𝑇}𝑛

+ {Δ𝑇}𝑛
𝑇{𝑁𝑇

′ }
𝑘𝑇
|𝐽|2

{𝑁𝑇
′ }𝑇{𝑇}𝑛]  𝑑𝑙 = {Δ𝑇}𝑛

𝑇{𝑁𝑇}𝑄
𝑇 

( 3-114 ) 

Minimising the potential energy with respect to the incremental nodal temperature, results in: 

 
[𝑌𝐺]

{Δ𝑑}𝑛𝐺
Δ𝑡

− [Ω𝐺]{𝑝𝑓}𝑛𝐺
+ [𝑋𝐺]

{Δ𝑇}𝑛𝐺
Δ𝑡

+ [Γ𝐺]{𝑇}𝑛𝐺 = −{𝑛𝐺
𝑇} + 𝑄𝑇 ( 3-115 ) 

where the global (subscript 𝐺) matrices are defined as the sum of the elemental matrices (subscript 𝐸): 

 

[𝑌𝐺] =∑[𝑌𝐸]𝑖

𝑁

𝑖=1

=∑(∫𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒
{𝑁𝑇}{𝑚}

𝑇[𝐵] 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-116 ) 

 

[Ω𝐺] =∑[Ω𝐸]𝑖

𝑁

𝑖=1

=∑(∫
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

𝛾𝑓|𝐽|
2

{𝑁𝑇
′ }{𝑁𝑝

′}
𝑇
 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-117 ) 

 

[Γ𝐺] =∑[Γ𝐸]𝑖

𝑁

𝑖=1

=∑(∫(
𝜌𝑓𝐶𝑝𝑓𝑣𝑓
|𝐽|

{𝑁𝑇}{𝑁𝑇
′ }𝑇

𝑙

𝑁

𝑖=1

+ [
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇

|𝐽|2
+
𝑘𝑇
|𝐽|2

] {𝑁𝑇
′ }{𝑁𝑇

′ }𝑇)  𝑑𝑙)

𝑖

 

( 3-118 ) 
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[𝑋𝐺] =∑[𝑋𝐸]𝑖

𝑁

𝑖=1

=∑(∫{[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠] (1 + 𝛼𝑇
𝑇 − 𝑇𝑟
1 + 휀𝑇

)

𝑙

𝑁

𝑖=1

− 𝜌𝑓𝐶𝑝𝑓𝛼𝑇
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒
} {𝑁𝑇}{𝑁𝑇}

𝑇  𝑑𝑙)

𝑖

 

( 3-119 ) 

 

{𝑛𝐺
𝑇} =∑{𝑛𝐸

𝑇}𝑖

𝑁

𝑖=1

=∑(∫
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

|𝐽|
{𝑁𝑇

′ }𝑖𝐺  𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-120 ) 

 
𝑖𝐺 = {𝑆} ⋅ {𝑖𝐺} =

1

|𝐽|
(
𝑑𝑥

𝑑𝑆
𝑖𝐺𝑥 +

𝑑𝑦

𝑑𝑆
𝑖𝐺𝑦 +

𝑑𝑧

𝑑𝑆
𝑖𝐺𝑧) ( 3-121 ) 

In order to solve Equation ( 3-115 ), a time marching scheme must be adopted. Similar to the fluid flow 

governing equations, it can be assumed that: 

 

∫[Ω𝐺]{𝑝𝑓}𝑛𝐺
 𝑑𝑡

𝑡2

𝑡1

= [Ω𝐺] [𝛽2 ({𝑝𝑓}𝑛𝐺
)
2
+ (1 − 𝛽2) ({𝑝𝑓}𝑛𝐺

)
1
] Δ𝑡

= [Ω𝐺] [({𝑝𝑓}𝑛𝐺
)
1
+ 𝛽2{Δ𝑝𝑓}𝑛𝐺

] Δ𝑡 

( 3-122 ) 

 

∫[Γ𝐺]{𝑇}𝑛𝐺  𝑑𝑡

𝑡2

𝑡1

= [Γ𝐺][𝛼1({𝑇}𝑛𝐺)2 + (1 − 𝛼1)({𝑇}𝑛𝐺)1]Δ𝑡

= [Γ𝐺][({𝑇}𝑛𝐺)1 + 𝛼1{Δ𝑇}𝑛𝐺]Δ𝑡 

( 3-123 ) 

where 𝛽2 and 𝛼1 are the time marching parameters which must be between 0.5 and 1.0 for the scheme 

to be stable (Cui et al., 2016a). Substituting Equations ( 3-122 ) and ( 3-123 ) into Equation ( 3-115 ) 

results in: 

 [𝑌𝐺]{Δ𝑑}𝑛𝐺 − 𝛽2Δ𝑡[Ω𝐺]{Δ𝑝𝑓}𝑛𝐺
+ (𝛼1Δ𝑡[Γ𝐺] + [𝑋𝐺]){Δ𝑇}𝑛𝐺

= (−{𝑛𝐺
𝑇} + [Ω𝐺] ({𝑝𝑓}𝑛𝐺

)
1
− [Γ𝐺]({𝑇}𝑛𝐺)1 + 𝑄

𝑇) Δ𝑡 
( 3-124 ) 

3.2.2 Implementation into ICFEP 

In ICFEP, the 3D beam and bar elements are implemented as ‘one-dimensional elements’ and can be 

used only in 3D analyses. During the mesh generation stage the user must choose whether the ‘one-

dimensional elements’ are beams or bars and whether they have two or three nodes per element. 

Additionally, the user may define how the blocks of ‘one-dimensional’ elements are connected to other 
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elements within the mesh (solid elements, other one-dimensional elements or other structural elements). 

These options include: no connection to the rest of the mesh, connection at one block end, connection 

at both block ends and connection at all nodes within the block. The latter option is particularly useful 

when a block of ‘one-dimensional elements’ is placed inside a mesh of solid or surface elements. 

3.2.3 Validation 

In order to ensure the new 3D beam and bar elements have been formulated and implemented into 

ICFEP correctly, a number of validation exercises was performed. Firstly, the mechanical, the hydraulic 

and the thermal behaviour were tested separately in a series of uncoupled analyses. Secondly, coupled 

HM, TH and TM analyses were carried out in order to validate the coupled behaviour. Finally, the fully 

coupled THM behaviour of the 3D beam and bar elements was compared to the response of 2D 

beam/bar elements, as well as 2D and 3D solid elements. It should be noted that all validation exercises 

were performed for both beams and bars with all combinations of linear and quadratic shape functions 

for displacement, pore pressure and temperature degrees of freedom.  

The sign convention adopted throughout this section is such that compressive strains, stresses and forces 

are positive. 

Mechanical behaviour 

The mechanical behaviour of 3D beam and bar elements was validated by applying various 

combinations of displacement, load and moment boundary conditions and comparing the results to 

either simple analytical solutions of Equation ( 3-1 ) and Equation ( 3-71 ) or the equivalent response 

of 2D beam and bar elements. Beam elements were tested for axial, shear, bending and twisting 

behaviour, whereas bar elements were only tested for axial response.  

Additionally, two validation exercises involving curved beams performed by Day (1990) were repeated 

using 3D beams. These particular tests were chosen as Day (1990) demonstrated that previous 

formulations for 2D beams found in the literature were not able to simulate the behaviour of curved 

beams correctly. In both tests, 3-noded elements with reduced integration were used in order to prevent 

locking problems. The first test involved rigid body displacement of the curved beam shown in Figure 

3-4. Points 1 and 3 were restrained in the 𝑦-direction and the rotation degree of freedom around the 𝑦-

axis was fixed at point 1. Given that this analysis was carried out using 3D beam elements, an additional 

restraint along the z-direction (i.e. perpendicular to the plane shown in Figure 3-4) was introduced. A 

displacement of 1 m in the 𝑥-direction was applied at point 1. The analysis was repeated with 1 and 10 

elements. In both cases, the horizontal displacement was 1 m at all nodes, whereas all other degrees of 

freedom were zero. Moreover, all strain components were equal to zero, as expected from a rigid body 

movement. It should be noted that this test was repeated with different orientations of the beam in the 

3D space, yielding the exact solution every time.  
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Figure 3-4 Curved beam used for rigid body displacement validation exercise (based on Day, 1990) 

In the second test, the cantilever shown in Figure 3-5 was subjected to point loads of -10 kN in the 𝑥- 

and 𝑦-directions at point 3. The beam material properties are listed in Table 3-2. At point 1, all 

displacements and rotations were prevented. For comparison, the equivalent 2D plane strain analysis 

was performed. Both the 2D and the 3D analyses were repeated with 2 and 10 elements.  

 

Figure 3-5 Cantilever beam used for validation of mechanical behaviour (based on Day, 1990) 

Table 3-2 Cantilever beam material properties for validation of mechanical behaviour 

Young’s modulus, 𝐸 (kPa) 2.32×107 

Cross-sectional area, 𝐴𝑐 (m
2) 0.1 

Second moment of area, 𝐼 (m4) 8.33×10-4 

Torsional constant, 𝐽𝑇 (m4) 1.41×10-3 

 

Figure 3-6 shows the nodal rotations (around the 𝑧-axis in the 3D case) along the cantilever beam, 

whereas Table 3-3 lists the reactions at point 1 and displacements at points 2 and 3. It is clear that the 

results of all numerical analyses are in excellent agreement with the exact solution from Roark & Young 

(1975), even when only two elements are used. It should also be noted that the results of 2D and 3D 

analyses with the same number of elements are exactly the same.  
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Figure 3-6 Nodal rotations along the cantilever beam 

Table 3-3 Results of cantilever beam analyses 

  Exact (Roark & 

Young, 1975) 

2 elements (2D & 

3D) 

10 elements (2D 

& 3D) 

Reactions at 1 

𝑅𝑥 10.0 10.0 10.0 

𝑅𝑦 10.0 10.0 10.0 

𝑀𝑧 or 𝑀 150.0 150.0 150.0 

Displacements 

at point 2 

𝑢 -0.148 -0.146 -0.148 

𝑣 -0.092 -0.090 -0.092 

Displacements 

at point 3 

𝑢 -0.373 -0.371 -0.373 

𝑣 -0.092 -0.090 -0.092 

Note: 𝑅𝑧 = 𝑀𝑥 = 𝑀𝑦 = 0.0 at point 1 and 𝑤 = 𝜃𝑥 = 𝜃𝑦 = 0.0 at all nodes in 3D analyses 

 

Hydraulic behaviour 

In order to validate the equations governing the pore fluid flow, a 3D beam/bar with the geometry shown 

in Figure 3-7 and material properties listed in Table 3-4 was considered. To generate a flow of fluid 

from left to right, a constant pore fluid pressure of 1 kPa was prescribed on the left-hand side (point 1), 

whereas the pore fluid pressure at point 2 was assumed not to change from its initial value of 0 kPa. 

Gravity was set in a direction perpendicular to the beam/bar, and therefore did not affect the fluid flow. 

The time-step was chosen arbitrarily as 10 s. 

 

Figure 3-7 Geometry of the mesh with 3D beam or bar elements used for the validation exercises 
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Table 3-4 Mesh, material properties and initial conditions for validation of hydraulic behaviour 

Length, 𝑙 (m) 1.0 

Number of elements, 𝑛𝑒 100 

Permeability, 𝑘𝑓 (m/s) 1.0×10-10 

Void ratio, 𝑒 1.0 

Initial pore fluid pressure, 𝑝𝑓0 (kPa) 0.0 

 

The pore fluid pressure along the beam/bar was monitored and compared against the same analysis with 

2D beam/bar elements which were previously validated by Cui (2015). The results presented in Figure 

3-8 show an exact match between the 2D and 3D analyses in both transient and steady state conditions. 

The above validation was repeated with two different combinations of hydraulic boundary conditions: 

1) constant pore fluid pressure of 1 kPa at point 1 and no fluid flow at point 2 

2) constant fluid source of 5×10-7 m3/s at point 1 and no change of pore fluid pressure at point 2 

In all cases, the results of the 3D analysis matched those obtained from the 2D analysis. 

 

Figure 3-8 Validation of the hydraulic behaviour – pore fluid pressure along the beam/bar at different stages of the analysis 

Thermal behaviour 

The conductive heat transfer along a 3D beam/bar was validated by performing a series of analyses on 

the beam/bar shown in Figure 3-7. In order to induce 1D heat transfer, a constant temperature of 20 °C 

was prescribed at point 1 and no change in temperature was allowed at point 2. The thermal material 

properties adopted are listed in Table 3-5. The time-step was chosen arbitrarily as 10 s. 
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Table 3-5 Mesh, material properties and initial conditions for validation of thermal behaviour 

Length, 𝑙 (m) 0.1 

Number of elements, 𝑛𝑒 100 

Density of solid particles, 𝜌𝑠 (kg/m3) 2500 

Density of pore fluid, 𝜌𝑓 (kg/m3) 1000 

Specific heat capacity of solid particles, 𝐶𝑝𝑠 (J/kg°C) 880 

Specific heat capacity of pore fluid, 𝐶𝑝𝑓 (J/kg°C) 4190 

Thermal conductivity, 𝑘𝑇 (W/m°C) 2.0 

Void ratio, 𝑒 1.0 

Initial temperature, 𝑇𝑖 (°C) 10.0 

 

Figure 3-9 shows the temperature distribution along the beam/bar at two stages of the analysis – 

transient and steady state. The results of the 3D analysis match the 2D results exactly. It should be noted 

that conductive heat transfer in 2D beam and bar elements was validated by Cui (2015) by comparing 

the ICFEP results to the approximate solution of the 1D heat conduction equation which can be found 

in van Genuchten & Alves (1982).  

In order validate the other thermal boundary conditions, two additional analyses were performed: 

1) with constant temperature of 20 °C at point 1 and no heat flow at point 2 

2) with a constant heat source of 1×10-10 kJ/s at point 1 and no change of temperature at point 2 

Again, the 3D and 2D results were compared and an excellent match was found for all analyses. 

 

Figure 3-9 Validation of the thermal behaviour – temperature along the beam/bar at different stages of the analysis 
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Hydro-mechanical behaviour 

To validate the HM coupling, a coupled consolidation analysis was carried out on the beam/bar shown 

in Figure 3-7. The mesh and material properties are presented in Table 3-6. The displacement degrees 

of freedom were restrained such that the beam/bar was only allowed to deform axially. In order to 

induce a flow of fluid along the beam/bar, a constant pore fluid pressure of 20 kPa was applied at point 

1, whereas pore fluid pressure at point 2 remained unchanged from its initial value. Gravity was set in 

a direction perpendicular to the beam/bar such that it did not affect the flow of fluid. The time-step was 

chosen arbitrarily as 10 s. 

Table 3-6 Mesh, material properties and initial conditions for validation of coupled HM behaviour 

Length, 𝑙 (m) 1.0 

Number of elements, 𝑛𝑒 100 

Young’s modulus, 𝐸 (kPa) 2.0×105 

Permeability, 𝑘𝑓 (m/s) 1.0×10-10 

Initial void ratio, 𝑒0 1.0 

Initial pore fluid pressure, 𝑝𝑓0 (kPa) 0.0 

 

The results of the 3D analysis were compared with a 2D plane strain analysis where the Poission’s ratio 

of the beam/bar elements was set to zero. The same pore pressure responses (shown in Figure 3-10), as 

well as axial displacements (shown in Figure 3-11), were observed in both analyses confirming the 

validity of the HM coupling in the new 3D beam/bar elements. 

 

Figure 3-10 Validation of the HM behaviour – pore fluid pressure along the beam/bar 
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Figure 3-11 Validation of the HM behaviour – axial displacement along the beam/bar 

Another exercise for validation of 1D isothermal coupled consolidation is based on the tests firstly 

carried out by Aboustit et al. (1982) and Aboustit et al. (1985), and subsequently used to validate other 

finite element software (e.g. Noorishad et al., 1984, Lewis et al., 1986, Gatmiri & Delage, 1997). The 

original test was performed with 2D solid finite elements, however, the same problem is represented 

here with the new 3D beam and bar elements. The adopted mesh is shown in Figure 3-12. The material 

properties used (listed in Table 3-7) are the same as in the original test with the exception of the 

Poisson’s ratio, which is zero for the 3D beam/bar elements (i.e. there is no Poisson’s ratio effect in the 

3D beam/bar formulation). The displacement boundary conditions were prescribed such that only 1D 

deformation was allowed. A downward vertical load of 2 N (equivalent to the stress of 1 Pa used in the 

original analysis) was applied at point 1. Additionally, the pore fluid pressure at point 1 was not allowed 

to change throughout the analysis and a no fluid flow boundary condition was prescribed at point 2. As 

in the original test, gravity was set in the out-of-plane direction. The time-step size was chosen as 1 s 

for the first 10 increments and 10 s for the remainder of the analysis, as suggested by Cui et al. (2016b) 

and Cui et al. (2017).  

Table 3-7 Material properties for validation of coupled HM behaviour (Aboustit et al., 1982) 

Young’s modulus, 𝐸 (Pa) 6.0×103 

Permeability, 𝑘𝑓 (m/s) 3.92×10-5 

Initial void ratio, 𝑒0 0.25 

Initial pore fluid pressure, 𝑝𝑓0 (kPa) 0.0 
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Figure 3-12 Mesh with 3D beam or bar elements used for validation of coupled HM behaviour (based on Aboustit et al., 

1982) 

The vertical displacement of point 1 obtained using ICFEP was compared to the analytical solution 

presented in Biot (1941). Figure 3-13 shows an excellent agreement between the numerical and 

analytical results. 

 

Figure 3-13 Validation of the HM behaviour – vertical displacement of point 1 over time 

Thermo-hydraulic behaviour 

The validation exercise of the TH coupling involved heat transfer through conduction and advection, 

i.e. the effect of fluid flow on the transfer of heat. A 3D beam/bar with 1D geometry shown in Figure 

3-7 and material properties listed in Table 3-8 were adopted. In order to establish a steady state fluid 

flow along the beam/bar, a constant pore fluid pressure gradient, where the pore pressure varied from 

100 kPa at point 1 to 0 kPa at point 2, was applied. In terms of thermal boundary conditions, a constant 

temperature of 20 °C was prescribed at point 1. Additionally, the coupled thermo-hydraulic boundary 
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condition described in Chapter 2 was applied at point 2 in order to balance the energy associated with 

fluid flowing out of the mesh. Again, the time-step was chosen arbitrarily as 10 s and gravity was set in 

a direction perpendicular to the beam/bar.  

Table 3-8 Mesh, material properties and initial conditions for validation of the convective heat transfer 

Length, 𝑙 (m) 1.0 

Number of elements, 𝑛𝑒 100 

Density of solid particles, 𝜌𝑠 (kg/m3) 2500 

Density of pore fluid, 𝜌𝑓 (kg/m3) 1000 

Specific heat capacity of solid particles, 𝐶𝑝𝑠 (J/kg°C) 880 

Specific heat capacity of pore fluid, 𝐶𝑝𝑓 (J/kg°C) 4190 

Thermal conductivity, 𝑘𝑇 (W/m°C) 2.0 

Hydraulic permeability, 𝑘𝑓 (m/s) 1.0×10-5 

Void ratio, 𝑒 1.0 

Initial temperature, 𝑇𝑖 (°C) 10.0 

 

The temperature along the 3D beam/bar was compared to the same analysis involving 2D beam/bar 

element which were previously validated by Cui (2015) against the approximate solution of the 

advection-diffusion equation by van Genuchten & Alves (1982). Figure 3-14 shows an exact match 

between the two analyses.   

 

Figure 3-14 Validation of the TH behaviour – temperature along the beam/bar at different stages of the analysis 

Thermo-mechanical behaviour 

The coupled TM behaviour of 3D beam and bar elements was tested in two stages. The first stage 

involved the response of a single element shown in Figure 3-15 to a uniform change in temperature. 
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The material properties adopted are listed in Table 3-9. The 3D beam/bar element was fully restrained, 

therefore the total incremental axial strain, Δ휀𝑎, was zero throughout the analysis. According to 

Equation ( 3-5 ), applying a temperature increase of 20 °C results in an incremental thermal axial strain: 

Δ휀𝑇 = −𝛼𝑇Δ𝑇 = −0.02. Therefore, using Equation ( 3-6 ), the incremental mechanical axial strain can 

be calculated as: Δ휀𝑎,𝜎 = Δ휀𝑎 − Δ휀𝑇 = 0.02. Additionally, the incremental axial force in the beam/bar 

element can be obtained from Equations ( 3-4 ) and ( 3-8 ) as: Δ𝐹𝑎 = 𝐸𝐴Δ휀𝑎,𝜎 = 20 𝑘𝑁, (i.e. 

compression). The results obtained from the ICFEP analysis are in agreement with these calculations.  

 

Figure 3-15 Mesh with 3D beam or bar elements used for validation of coupled TM behaviour 

Table 3-9 Material properties for validation of coupled TM behaviour 

Young’s modulus, 𝐸 (kPa) 2.0×105 

Linear coefficient of thermal expansion, 𝛼𝑇 (m/m°C) 1.0×10-3 

 

In the second stage of the validation process, transient coupled TM behaviour was tested. Here, a 3D 

beam/bar with the geometry shown in Figure 3-7 and material properties listed in Table 3-10 was 

considered. The beam/bar was restrained as shown in Figure 3-7 such that only axial displacement was 

allowed. The 1D conductive heat transfer was induced by prescribing a constant temperature of 20 °C 

at point 1 and no flow of heat at point 2. The time-step size was chosen arbitrarily as 10 s. 

Table 3-10 Mesh, material properties and initial conditions for validation of transient coupled TM behaviour 

Length, 𝑙 (m) 0.1 

Number of elements, 𝑛𝑒 100 

Young’s modulus, 𝐸 (kPa) 2.0×105 

Linear coefficient of thermal expansion, 𝛼𝑇 (m/m°C) 1.0×10-3 

Density of solid particles, 𝜌𝑠 (kg/m3) 2500 

Density of pore fluid, 𝜌𝑓 (kg/m3) 1000 

Specific heat capacity of solid particles, 𝐶𝑝𝑠 (J/kg°C) 880 

Specific heat capacity of pore fluid, 𝐶𝑝𝑓 (J/kg°C) 4190 

Thermal conductivity, 𝑘𝑇 (W/m°C) 2.0 

Void ratio, 𝑒 1.0 

Initial temperature, 𝑇𝑖 (°C) 10.0 
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To verify the ICFEP results, the 3D beam/bar response was compared to the solution of a finite 

difference (FD) scheme whose formulation is presented in Appendix B. The temperature (Figure 3-16), 

axial displacement (Figure 3-17) and total axial strain (Figure 3-18) along the beam/bar were monitored, 

and excellent agreement was found between the ICFEP and the FD results.  

 

Figure 3-16 Validation of the TM behaviour – temperature along the beam/bar at different stages of the analysis 

 

Figure 3-17 Validation of the TM behaviour – axial displacement along the beam/bar at different stages of the analysis 
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Figure 3-18 Validation of the TM behaviour – total axial strain along the beam/bar at different stages of the analysis 

Thermo-hydro-mechanical behaviour 

The first THM validation exercise was performed in order to verify the effect of changes in temperature 

on the generation of pore fluid pressures due to a difference in the thermal expansion coefficients of 

solid particles and pore fluid. The single element mesh with geometry shown in Figure 3-7 and material 

properties listed in Table 3-11 was used. The undrained heating condition was simulated by specifying 

an incremental change in temperature of 1 °C to all nodes and not permitting any fluid flow at the ends 

of the beam/bar. Only axial displacement of the beam/bar was allowed by prescribing appropriate 

displacement boundary conditions. Additionally, gravity was set in a direction perpendicular to the 

beam/bar and the time-step size was chosen arbitrarily as 10 s.  

Table 3-11 Mesh, material properties and initial conditions for validation of undrained heating behaviour 

Length, 𝑙 (m) 0.1 

Number of elements, 𝑛𝑒 1 

Young’s modulus, 𝐸 (kPa) 2.0×105 

Bulk modulus of pore fluid, 𝐾𝑓 (kPa) 2.2×106 

Linear coefficient of thermal expansion of solid particles, 𝛼𝑇 (m/m°C) 1.0×10-5 

Linear coefficient of thermal expansion of pore fluid, 𝛼𝑓𝑇 (m/m°C) 1.0×10-4 

Permeability, 𝑘𝑓 (m/s) 1.0×10-10 

Initial void ratio, 𝑒0 1.0 

Initial pore fluid pressure, 𝑝𝑓0 (kPa) 0.0 

Initial temperature, 𝑇𝑖 (°C) 10.0 
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The ICFEP results were validated against the solution of the continuity equation obtained from simple 

spreadsheet calculations. Assuming a constant pore fluid velocity with distance and no fluid sources or 

sinks, the continuity equation becomes: 

 𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− 𝑛(𝛼𝑇𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
= −

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
 ( 3-125 ) 

The terms 𝜕𝑝𝑓 𝜕𝑡⁄ , 𝜕𝑇 𝜕𝑡⁄  and 𝜕(휀𝑎 − 휀𝑇) 𝜕𝑡⁄  can be approximated as Δ𝑝𝑓 Δ𝑡⁄ , Δ𝑇 Δ𝑡⁄  and 

Δ(휀𝑎 − 휀𝑇) Δ𝑡⁄ , respectively, therefore Equation ( 3-125 ) can be rewritten as: 

 𝑛

𝐾𝑓
Δ𝑝𝑓 − 𝑛(𝛼𝑇𝑓 − 𝛼𝑇)Δ𝑇 = −Δ(휀𝑎 − 휀𝑇) ( 3-126 ) 

In a small strain analysis, the changes in axial strain in a heating test with a single element are defined 

as: 

 
Δ(휀𝑎 − 휀𝑇) =

Δ𝑒

1 + 𝑒0
=
Δ𝑝𝑓

𝐸
 ( 3-127 ) 

The expressions used in the spreadsheet calculation are obtained by substituting Equation ( 3-127 ) into 

Equation ( 3-126 ): 

 
Δ𝑝𝑓,𝑖 =

𝑛𝑖−1(𝛼𝑇𝑓 − 𝛼𝑇)Δ𝑇

𝑛𝑖−1
𝐾𝑓

+
1
𝐸

 ( 3-128 ) 

 𝑝𝑓,𝑖 = 𝑝𝑓,𝑖−1 + Δ𝑝𝑓,𝑖 ( 3-129 ) 

 
Δ𝑒𝑖 =

(1 + 𝑒𝑖−1)Δ𝑝𝑓,𝑖

𝐸
 ( 3-130 ) 

 𝑒𝑖 = 𝑒𝑖−1 + Δ𝑒𝑖  ( 3-131 ) 

 𝑛𝑖 =
𝑒𝑖

1 + 𝑒𝑖
 ( 3-132 ) 

where the subscript 𝑖 is the increment number. Figure 3-19 and Figure 3-20 compare the results obtained 

using ICFEP and the solution of Equations ( 3-128 )-( 3-132 ). It is clear that both the pore pressure and 

the void ratio changes are simulated correctly.  
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Figure 3-19 Validation of the THM behaviour – pore fluid pressure against temperature in the undrained heating test 

 

Figure 3-20 Validation of the THM behaviour – void ratio against temperature in the undrained heating test 

The second THM validation exercise involved non-isothermal consolidation. As there is no exact 

solution to this problem, the ICFEP results can only be compared with the solutions of other FE 

programs. Cui et al. (2017) verified the coupled THM equations for 2D solid elements in ICFEP by 

carrying out an analysis of non-isothermal consolidation which was first performed by Aboustit et al. 

(1982) and Aboustit et al. (1985), and subsequently by Noorishad et al. (1984), Lewis et al. (1986), as 

well as Gatmiri & Delage (1997). The ICFEP solution was then compared to the results presented in 

these publications showing a good agreement with Aboustit et al. (1982), Noorishad et al. (1984) and 

Lewis et al. (1986). It should be noted that the results of Gatmiri & Delage (1997) did not agree with 

the other FE software in either the coupled isothermal consolidation exercise described previously nor 

this coupled non-isothermal consolidation analysis.  

The coupled THM behaviour of 3D beam and bar elements was therefore validated against the solutions 

obtained using 2D and 3D solid elements, as well as the 2D beam/bar elements, in ICFEP. The mesh 
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used in the analysis is shown in Figure 3-12. The same material properties, listed in Table 3-12, as those 

in the original analysis by Aboustit et al. (1982) were adopted. However, it should be noted that the 

Poisson’s ratio of the solid and the 2D beam/bar elements was set to zero in order for their behaviour 

to be more comparable to that of the 3D beam/bar elements (since there is no Poisson’s ratio effect in 

the 3D beam/bar formulation). Similar to the previously described isothermal consolidation test, the 

mesh in this exercise was restrained to allow only 1D deformation. At point 1, a point load of 2 N and 

no change in pore fluid pressure were prescribed. In order to include the thermal effects, a constant 

temperature of 50 °C was applied at point 1. No fluid or heat flow was allowed at point 2 and gravity 

was set in the out-of-plane direction. The time-step size was 1 s for the first 10 increments and 10 s for 

the remainder of the analysis as recommended by Cui et al. (2017).  

Table 3-12 Material properties and initial conditions for validation of coupled THM behaviour (Aboustit et al., 1982) 

Young’s modulus, 𝐸 (Pa) 6.0×103 

Linear coefficient of thermal expansion of solid particles, 𝛼𝑇 (m/m°C) 3.0×10-7 

Linear coefficient of thermal expansion of pore fluid, 𝛼𝑓𝑇 (m/m°C) 3.0×10-7 

Volumetric heat capacity of solid particles, 𝜌𝑠𝐶𝑝𝑠 (J/m3°C) 1.672×105 

Volumetric heat capacity of pore fluid, 𝜌𝑓𝐶𝑝𝑓 (J/m3°C) 1.672×105 

Thermal conductivity, 𝑘𝑇 (W/m°C) 836 

Permeability, 𝑘𝑓 (m/s) 3.92×10-5 

Initial void ratio, 𝑒0 0.25 

Initial temperature, 𝑇𝑖 (°C) 0.0 

Initial pore fluid pressure, 𝑝𝑓0 (kPa) 0.0 

 

Figure 3-21 presents the vertical displacement at point 1 observed in ICFEP analyses with different 

element types. In order to illustrate the effect of temperature, the results of the isothermal consolidation 

exercise (Figure 3-13) are also plotted. As time passes, the volume of material subjected to a rise in 

temperature increases. The volumetric expansion associated with this temperature increase leads to an 

upward movement which partially offsets the settlement due to the consolidation process. This is 

especially visible at larger times, when the solution of the THM analyses deviates from the solution of 

isothermal consolidation. While the displacement trend is the same in all THM analyses, the 

displacement values differ slightly. It is important to note that the three responses should not be exactly 

the same, as the thermal volumetric strain, Δ휀𝑣𝑇, is defined differently for different element types. Solid 

elements deform thermally in three dimensions (i.e. Δ휀𝑣𝑇 = −3𝛼𝑇Δ𝑇), 2D beam and bar element 

deform axially and in the out-of-plane direction (i.e. Δ휀𝑣𝑇 = −2𝛼𝑇Δ𝑇), whereas 3D beam/bar elements 

deform only axially (i.e. Δ휀𝑣𝑇 = −𝛼𝑇Δ𝑇). Due to the fact that only 1D deformation was allowed in all 

analyses, the vertical thermal strain is the same (i.e. Δ휀𝑇,𝑦 = −𝛼𝑇Δ𝑇) and the horizontal total strain is 
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zero for all element types. This implies that different elements experience different horizontal 

mechanical strains which are equal to 2𝛼𝑇Δ𝑇, 𝛼𝑇Δ𝑇 and 0 for solid, 2D beam/bar and 3D beam/bar 

elements, respectively. Therefore, as the temperature increases and the material tries to expand, the 

horizontal restriction results in an increase in the horizontal total stress, as well as pore fluid pressure, 

in solid and 2D beam/bar elements. In the vertical direction, the increase in pore fluid pressure leads to 

a reduction in the vertical effective stress, and hence, an additional upward displacement. Conversely, 

3D beam/bar elements do not experience increases in pore fluid pressure due to temperature changes. 

These mechanisms are further illustrated in Figure 3-22 which plots the change in pore fluid pressure 

(Δ𝑝𝑓), the change in vertical effective stress (Δ𝜎𝑦
′ ) and the vertical mechanical strain (Δ휀𝜎,𝑦) at point 3 

(see Figure 3-12) over time. For clarity, only the behaviour of solid and 3D beam/bar elements is 

presented. Note that the results obtained with 2D beam/bar elements plot in between those with solid 

and 3D beam/bar elements. Initially, the pore fluid pressure increases by 1 kPa in all cases due to the 

application of the point load. As time passes, these excess pore fluid pressures dissipate such that the 

vertical effective stress increases. The rate of pore fluid pressure dissipation (and therefore rate of 

increase in vertical effective stress) is lower in the solid elements due to the additional excess pore fluid 

pressures resulting from lateral confinement. These additional excess pore fluid pressures lead to 

swelling of the material, and therefore, a lower rate of increase of the vertical mechanical strain (which 

is compressive due to the application of the point load). Hence, by taking the displacement during 

isothermal consolidation as a baseline, the largest upward displacement is observed in the solid elements 

and the smallest in the 3D beam/bar elements. Finally, it is interesting to note that, as all excess pore 

fluid pressures dissipate, the same final vertical displacement is measured in all analyses, with the 

thermally-induced component being given by 𝛼𝑇Δ𝑇𝐿 (where 𝐿 is the height of the column).  

 

Figure 3-21 Validation of the THM behaviour – vertical displacement of point 1 over time 
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Figure 3-22 Validation of the THM behaviour – change in pore fluid pressure (𝛥𝑝𝑓), vertical effective stress (𝛥𝜎𝑦
′ ) and 

vertical mechanical strain (𝛥휀𝜎,𝑦) at point 3 over time 

3.3 Petrov-Galerkin FEM 

The Galerkin finite element method (FEM), which is used by ICFEP to solve the THM governing 

equations presented in the previous sections, has been shown to produce erroneous solutions is some 

cases where the advective heat flow dominates over the conductive heat flow. In this section, a Petrov-

Galrkin FEM, which modifies the nodal shape functions, is proposed in order to overcome this problem. 

Firstly, highly advective flows are defined in terms of the Péclet number and a comprehensive review 

of existing finite element methods used to simulate them is presented. Secondly, a Petrov-Galerkin FEM 

for 1D elements (i.e. beams, bars, as well as 2D membrane, shell and interface elements) which is based 

on some existing formulations, is proposed. The Petrov-Galerkin FEM for 2D and 3D elements (i.e. 

solid, as well as 3D membrane, shell and interface elements) can be found in Appendix B. 

3.3.1 Numerical modelling of highly advective flows 

Numerous engineering problems involve heat transfer by both conduction and advection. In the cases 

where the latter is dominant, the flow is referred to as highly advective. This phenomenon applies, for 

example, to both open-loop and closed-loop ground source energy systems which were discussed in 

Chapter 2.  

Péclet number 

The dimensionless Péclet number, 𝑃𝑒, is a useful measure of the significance of the advective heat 

transport. In the context of heat transfer, it represents the ratio between the advective and conductive 

heat flow. A Péclet number above one indicates that advection is the predominant heat flow, whereas a 

Péclet number below one signifies a conduction-dominated heat flow. Mathematically, the Péclet 

number is defined as: 
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𝑃𝑒 =

𝜌𝑓𝐶𝑝𝑓𝑣𝑓𝐿

𝑘𝑇
 ( 3-133 ) 

where 𝐿 is the characteristic length in the direction of flow. In the case of the finite element method, 𝐿 

is defined as the element length in the direction of fluid flow.  

Highly advective flows with the Galerkin FEM 

The Galerkin finite element method (GFEM) has been successfully adopted to simulate numerous 

problems in engineering. However, it is widely accepted that the modelling of highly advective flow is 

often problematic as the GFEM produces numerical oscillations when solving the advection-diffusion 

equation in cases where the Péclet number is large. Most studies on this topic (e.g. Donea & Huerta, 

2003, Al-Khoury, 2012b, Zienkiewicz et al., 2014) involved a one-dimensional transient conductive-

advective flow along a bar with a fixed temperature boundary conditions at both ends. It was shown 

that the steady state solution experiences oscillations, the magnitude of which increases with increasing 

Péclet number.  

Recently, Cui et al. (2016a) investigated this problem further by examining the effect of the finite 

element type, linear or quadratic, as well as the chosen boundary conditions. It was demonstrated that 

quadratic elements experience smaller oscillations than linear elements with the same Péclet number. 

Additionally, the behaviour of the problem with a fixed temperature boundary condition was shown to 

be different from that with the coupled thermo-hydraulic boundary condition. Indeed, in the case where 

a fixed temperature is applied at the location where the fluid leaves the mesh, the oscillations appear 

once the heat front reaches the extremity of the bar, with their amplitude increasing until steady state is 

achieved, at which point they remain constant. Conversely, when the coupled thermo-hydraulic 

boundary condition is prescribed, while the oscillations also appear as the heat front reaches the 

boundary, their amplitude initially increases and finally reduces such that, at steady state, the 

temperature is uniform along the bar. Based on the findings, Cui et al. (2016a) obtained limits of the 

values of Péclet number which ensure non-oscillatory solutions for combinations of element types and 

boundary conditions.  

In order to model a problem with specific material properties (𝜌𝑓, 𝐶𝑝𝑓, 𝑘𝑇) and fluid velocity (𝑣𝑓), the 

Péclet number (Equation ( 3-133 )) can only be reduced by refining the finite element mesh (i.e. 

decreasing 𝐿). However, in some cases, such as the modelling of heat exchanger pipes, the process of 

refining the mesh is often problematic as the high fluid velocity results in a large number of extremely 

small elements, therefore increasing the computational effort significantly.  

Upwind FEM 

The deficiencies of the GFEM have led to the development of various upwind finite element methods. 

The three main methods of achieving the upwind effect include (Brooks & Hughes, 1982): artificial 

diffusion, quadrature and Petrov-Galerkin (PG). Artificial (or balancing) diffusion involves the 
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introduction of an extra term to the physical diffusion in the advection-diffusion equation, which can 

then be solved using the standard GFEM. In the context of heat transfer, this method effectively 

increases the rate of conduction and reduces the Péclet number. The main advantage of this approach is 

the ease of its implementation. However, it may result in a reduction in accuracy during the transient 

stage, as it alters the physics of the problem (Zienkiewicz et al., 2014). The quadrature technique was 

developed by Hughes (1978) who suggested moving the quadrature points within the element for a 

more efficient upwind effect. Conversely, the basic principle behind the Petrov-Galerkin formulation is 

to modify the nodal weighting functions in order to weigh the upstream element more heavily than the 

downstream one.  

The first upwind formulation for steady state advection-diffusion problems was proposed by Christie et 

al. (1976) who modified the weighting function for a one-dimensional (1D) linear element. Later, the 

same approach was extended to two-dimensional (2D) linear elements by Heinrich et al. (1977), as well 

as 1D and 2D quadratic elements by Heinrich & Zienkiewicz (1977). Huyakorn (1977) suggested using 

different expressions for the weighting functions for 1D and 2D linear elements. Upwinding of 1D cubic 

elements was explored by Christie & Mitchell (1978). Kelly et al. (1980) extended the technique to 

simulate a steady state problem with a uniform inclined flow in a 2D mesh by adding an extra diffusion 

term in the direction of flow to the advection-diffusion equation. Later, Donea et al. (1985) explored a 

different modification to the steady state governing equation by studying quadratic elements. It should 

be noted that modifying the weighting functions has the same effect as adding artificial diffusion, 

provided only one-dimensional steady state is considered. Hence, most of the abovementioned methods 

produce exact solutions for steady state advection-diffusion problems.  

The problem of transient advection-diffusion was found to be more challenging. The first solution to 

the transient problem for linear 1D and 2D elements was proposed by Huyakorn & Nilkuha (1979) and 

Ramakrishnan (1979). While Huyakorn & Nilkuha (1979) used the same continuous weighting 

functions for linear elements as Huyakorn (1977), the time derivative term was weighted using the 

standard Galerkin weighting functions which resulted in oscillating and over-diffused solutions. Other 

researchers attempted to overcome the problem by developing higher order weighting functions. Cubic 

expressions were adopted by Ramakrishnan (1979), who observed a reduction in accuracy despite 

applying the modified weighting functions to all terms in the advection-diffusion equation. Later, Dick 

(1983) proposed weighting functions which are a combination of continuous cubic and quadratic 

expressions for 1D and 2D linear elements, whereas Westerink & Shea (1989) extended this approach 

to quartic weighting functions for 1D quadratic elements. Cardle (1995) applied different weighting 

functions to the time derivative and the spatial derivative in the 1D advection-diffusion equation. 

Another approach to the transient problem was suggested by Yu & Heinrich (1986, 1987) who 

developed continuous weighting functions which include time dependency (the bilinear time-space 

shape functions). The same method with different expressions for the time-space shape functions was 
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adopted by Al-Khoury & Bonnier (2006). Brooks & Hughes (1982) developed the streamline 

upwind/Petrov-Galerkin (SU/PG) method and further modifications to this approach were proposed by 

Tezduyar & Ganjoo (1986), Hughes et al. (1986) and Codina et al. (1992), amongst others. In this 

approach, discontinuous weighting functions, instead of the continuous ones mentioned above, were 

used.  

Multi-dimensional flows were also considered. However, the weighting functions and the Péclet 

numbers for multi-dimensional cases were formulated provisionally and only results of problems with 

a constant inclined 1D flow in a 2D mesh were shown. Brooks & Hughes (1982) suggested further 

research should be carried on to obtain a more rigorous approach for multi-dimensional cases. 

It should be noted that some of the methods mentioned above (both one- and multi-dimensional) were 

observed to produce over-diffused solutions. This reduction in accuracy was automatically assigned by 

some researchers in this field to all upwind techniques (e.g. Diersch, 2014). While this is true for the 

artificial diffusion approach, Brooks & Hughes (1982) argued that the Petrov-Galerkin FEM does not 

experience this problem, provided the modified weighting functions are applied to all terms of the 

transient advection-diffusion equation. 

3.3.2 1D Petrov-Galerkin FEM 

As part of this research, it was found that both the full implementation of the Petrov-Galerkin FEM (i.e. 

applying the modified weighting functions to all terms in the time-dependent advection-diffusion 

equation) and the choice of appropriate weighting functions ensure accuracy of the method. 

Examination of the weighting functions presented in the literature led to the conclusion that the use of 

the more complex higher order expressions (e.g. Ramakrishnan, 1979, Westerink & Shea, 1989) is not 

necessary. The time-space shape functions (e.g. Yu & Heinrich, 1986, 1987) were not adopted as they 

are incompatible with the approach presented here which employs the widely used 𝜃-method time 

marching scheme. Therefore, the weighting function for 1D linear elements by Huyakorn (1977) and 

1D quadratic elements by Heinrich & Zienkiewicz (1977) are employed in the current formulation. It 

should be noted that none of the approaches reported in the literature were successfully applied to both 

transient and steady state problems. 

3.3.2.1 Formulation 

To eliminate the spatial oscillation of temperature when modelling highly advective flows (𝑃𝑒 > 1) in 

porous media, a Petrov-Galerkin FEM, instead of the conventional Galerkin FEM, is adopted and 

investigated here. As the spatial oscillations only exist in the obtained solution for the temperature field, 

the Petrov-Galerkin FEM is applied to obtain the FE formulation based on the law of energy 

conservation (Equation ( 3-93 )), while the FE equations governing the mechanical equilibrium and the 

fluid flow remain in the unchanged Galerkin form. Therefore, the global matrices in Equation ( 3-115 ) 

presented in Section 3.2.1.4 become: 
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[𝑌𝐺] =∑[𝑌𝐸]𝑖

𝑁

𝑖=1

=∑(∫𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒
{𝑊}{𝑚}𝑇[𝐵] 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-134 ) 

[Ω𝐺] =∑[Ω𝐸]𝑖

𝑁

𝑖=1

=∑(∫
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

𝛾𝑓|𝐽|
2

{𝑊′}{𝑁𝑝
′ }
𝑇
 𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-135 ) 

[𝑋𝐺] =∑[𝑋𝐸]𝑖

𝑁

𝑖=1

=∑(∫{[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠] (1 + 𝛼𝑇
𝑇 − 𝑇𝑟
1 + 휀𝑇

)

𝑙

𝑁

𝑖=1

− 𝜌𝑓𝐶𝑝𝑓𝛼𝑇
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒
} {𝑊}{𝑁𝑇}

𝑇  𝑑𝑙)

𝑖

 

( 3-136 ) 

[Γ𝐺] =∑[Γ𝐸]𝑖

𝑁

𝑖=1

=∑(∫(
𝜌𝑓𝐶𝑝𝑓𝑣𝑓
|𝐽|

{𝑊}{𝑁𝑇
′ }𝑇

𝑙

𝑁

𝑖=1

+ [
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇

|𝐽|2
+
𝑘𝑇
|𝐽|2

] {𝑊′}{𝑁𝑇
′ }𝑇)  𝑑𝑙)

𝑖

 

( 3-137 ) 

{𝑛𝐺
𝑇} =∑{𝑛𝐸

𝑇}𝑖

𝑁

𝑖=1

=∑(∫
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

|𝐽|
{𝑊′}𝑖𝐺  𝑑𝑙

𝑙

)

𝑖

𝑁

𝑖=1

 ( 3-138 ) 

where {𝑊} is the vector of temperature weighting functions, {𝑁𝑇} is the vector of temperature 

interpolation functions (or shape functions) and the prime denotes the spatial derivatives. The 

conventional Galerkin FEM assumes {𝑊} = {𝑁𝑇}, while the Petrov-Galerkin FEM employs weighting 

functions which are different from the shape functions. It should be noted that the right-hand side 

correction (or ‘out-of-balance-force’) must also be modified by replacing the shape functions with the 

PG weighting functions. To solve the above equations, the 𝜃-method (Wood, 1990; Potts & Zdravković, 

1999) has been adopted as the time marching scheme. 

Linear elements 

 

Figure 3-23 1D linear element with natural coordinate 𝑆 
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Huyakorn (1977) proposed a PG scheme for solving 1D steady state advection-diffusion problems with 

the 2-noded linear isoparametric element shown in Figure 3-23. The weighting functions were defined 

as:  

 𝑊𝑙,1(𝑆) = 𝑁1(𝑆) + 𝛼𝑃𝐺𝑓(𝑆) ( 3-139 ) 

 𝑊𝑙,2(𝑆) = 𝑁2(𝑆) − 𝛼𝑃𝐺𝑓(𝑆) ( 3-140 ) 

where the subscripts denote the nodal number, 𝑁1 and 𝑁2 are the isoparametric nodal shape functions, 

𝑆 represents the natural coordinate of the 1D elements, 𝛼𝑃𝐺  is the PG weighting factor and function 

𝑓(𝑠) was chosen as: 

 
𝑓(𝑆) = −

3

4
(1 + 𝑆)(1 − 𝑆)     (−1 ≤ 𝑆 ≤ 1) ( 3-141 ) 

The nodal shape and weighting functions for linear elements with 𝛼𝑃𝐺 = 1 are shown in Figure 3-24. 

 

Figure 3-24 Shape and weighting functions for linear elements with 𝛼𝑃𝐺 = 1 at (a) node 1 and (b) node 2 

The PG weighting factor, 𝛼𝑃𝐺 , controls the level of upwinding. Its optimal value depends on the Péclet 

number and can be calculated as:  

 
𝛼𝑜𝑝𝑡 = coth (

𝑃𝑒

2
) −

2

𝑃𝑒
 ( 3-142 ) 

Figure 3-25 plots 𝛼𝑜𝑝𝑡 against the Péclet number. 

Huyakorn & Nilkuha (1979) attempted to apply the above PG weighting function to the solution of the 

1D transient advection-diffusion equation. However, unlike the formulation proposed herein (Equation 

( 3-136 )), the original shape functions {𝑁𝑇}, instead of the new weighting functions {𝑊}, were used in 

the term with the [𝑋𝐺] matrix in Equation ( 3-115 ) which involves the derivatives of temperature with 

time (i.e. related to the heat content of the material). Therefore, the numerical examples they presented 

exhibited oscillations and over-diffused solutions.  
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Figure 3-25 PG weighting factor 𝛼𝑜𝑝𝑡 against Péclet number 

Quadratic elements 

 

Figure 3-26 1D quadratic element with natural coordinate 𝑆 

The PG weighting functions for solving 1D steady state advection-diffusion problems with the 3-noded 

quadratic element shown in Figure 3-26 were proposed by Heinrich & Zienkiewicz (1977) as: 

 𝑊𝑞,𝑖(𝑆) = 𝑁𝑖(𝑆) − 𝛽𝑃𝐺1𝑔(𝑆)     (𝑖 = 1,2) ( 3-143 ) 

 𝑊𝑞,3(𝑆) = 𝑁3(𝑆) + 4𝛽𝑃𝐺2𝑔(𝑆) ( 3-144 ) 

where 𝛽𝑃𝐺1 and 𝛽𝑃𝐺2 are the PG weighting factors and the function 𝑔(𝑆) was defined as: 

 
𝑔(𝑆) =

5

8
𝑆(𝑆 + 1)(𝑆 − 1)     (−1 ≤ 𝑆 ≤ 1) ( 3-145 ) 

Figure 3-27 shows the nodal shape functions and the nodal weighting functions for quadratic elements 

with 𝛽𝑃𝐺1 = 𝛽𝑃𝐺2 = 1.  

The optimal value of the PG weighting factors 𝛽𝑃𝐺1 and 𝛽𝑃𝐺2 can be obtained from: 

 
𝛽1,𝑜𝑝𝑡 = 2 tanh (

𝑃𝑒

2
)(1 +

3𝛽2,𝑜𝑝𝑡

𝑃𝑒
+
12

𝑃𝑒2
) −

12

𝑃𝑒
− 𝛽2,𝑜𝑝𝑡 ( 3-146 ) 

 
𝛽2,𝑜𝑝𝑡 = coth (

𝑃𝑒

4
) −

4

𝑃𝑒
 ( 3-147 ) 

Figure 3-28 plots 𝛽1,𝑜𝑝𝑡 and 𝛽2,𝑜𝑝𝑡 against the Péclet number. 
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Figure 3-27 Shape and weighting functions for quadratic elements with 𝛽𝑃𝐺1 = 𝛽𝑃𝐺2 = 1 at (a) node 1, (b) node 2, and 

(c) node 3 

 

Figure 3-28 PG weighting factors 𝛽1,𝑜𝑝𝑡 and 𝛽2,𝑜𝑝𝑡 against Péclet number 

It should be noted that the above PG scheme was developed for steady state problems and its behaviour 

in solving the 1D transient problems has not been shown elsewhere in the literature. Here, this PG 

method has been applied to Equation ( 3-115 ), resulting in the PG finite element formulation for 

transient advection-diffusion problems with quadratic line elements (Equations ( 3-134 )-( 3-138 )).  

3.3.2.2 Implementation 

The PG formulation was implemented into ICFEP such that the user can control how and where the 

scheme is used. This way, the method can be applied to the whole mesh or selected parts of mesh. 

Furthermore, it is possible to specify the minimum and maximum Péclet numbers defining the range 

over which the PG method is applied. If the calculated Péclet number is less than the minimum one, the 

PG weighting factors are set to zero and the standard Galerkin shape functions are used. Conversely, if 

the calculated Péclet number is greater than the maximum one, the PG weighting factors are set to unity. 

For example, in the case of a fixed temperature boundary condition, a minimum Péclet number of 1 for 

linear elements and 2 for quadratic elements is recommended (Cui et al., 2016a). 
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3.3.2.3 Validation 

Following its implementation into ICFEP, the new PG scheme was validated by performing a number 

of numerical analyses involving both uniform and spatially varying fluid velocity. The material 

properties used in all analyses presented in this section are listed in Table 3-13. The 𝜃-method with 𝜃 =

2 3⁄  was adopted throughout and the PG method was applied to the whole mesh.  

Table 3-13 Material properties adopted in all validation exercises 

Density of solid particles, 𝜌𝑠 (kg/m3) 2500 

Density of pore fluid, 𝜌𝑓 (kg/m3) 1000 

Specific heat capacity of solid particles, 𝐶𝑝𝑠 (kJ/kg°C) 0.88 

Specific heat capacity of pore fluid, 𝐶𝑝𝑓 (kJ/kg°C) 4.18 

Thermal conductivity, 𝑘𝑇 (kW/m°C) 0.002 

Porosity, 𝑛 0.44 

 

Example 1: uniform velocity 

In Example 1, a uniform water flow along the bar shown in Figure 3-29 was studied. The conductive-

advective flow of heat from left to right was simulated by applying pore fluid pressures, 𝑝𝑓, at both 

ends of the bar to induce a fluid flow with a constant and uniform velocity, as well as a heat source in 

the form of a fixed temperature of 10 °C at point 1. At point 2, either a fixed temperature of 0 °C (i.e. 

no change from the initial temperature) or the coupled thermo-hydraulic boundary condition were 

prescribed. Flows with Péclet numbers of 10, 100 and 10,000 were investigated which was achieved by 

varying the fluid velocity and number of elements, 𝑛𝑒, in the mesh. It should also be noted that full 

integration (i.e. 2-point for 2-noded and 3-point for 3-noded elements) was chosen in all analyses, as 

the use of reduced integration for quadratic elements results in oscillatory results, even when employing 

the Petrov-Galerkin FEM. Gravity was set in a direction perpendicular to the bar. 

 

Figure 3-29 Geometry of the analysed problem with initial and boundary conditions (Example 1) 

Figure 3-30 and Figure 3-31 show the nodal temperature distribution along the bar with 2-noded linear 

elements and 3-noded quadratic elements, respectively, and the fixed temperature boundary condition 

at point 2, whereas Figure 3-32 and Figure 3-33 show the results of the equivalent analyses with the 

coupled thermo-hydraulic boundary condition at point 2. For comparison, the solution of the same 

analyses performed with the GFEM are also plotted on the figures. Cui et al. (2016a) observed that, in 

the case of the GFEM, the oscillations in nodal temperature only occur once the heat front reaches the 
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boundary of the mesh (i.e. point 2). Before that stage, the solution obtained using the GFEM is exact, 

and therefore, it can be used to verify the accuracy of the PGFEM. The results of this transient stage 

shown in Figure 3-30 and Figure 3-31 indicate that the PG formulation presented here does not lead to 

any reduction in accuracy, independently of the magnitude of the Péclet number. Moreover, the 

importance of applying the PG weighting functions to all terms of the transient advection-diffusion 

equation is highlighted here, as Huyakorn & Nilkuha (1979), who applied the same method without 

modifying the time-dependent term, did not achieve accurate solutions. It should also be noted that, the 

PG formulation for 3-noded quadratic elements adopted here had been employed by Heinrich & 

Zienkiewicz (1977) only in steady state problems, however, this study demonstrates its applicability to 

transient problems as well. 

As explained by Cui et al. (2016a), the behaviour of the oscillations with the GFEM depends on the 

boundary condition. In the case of fixed temperature, the oscillations increase once the heat front 

reaches the mesh boundary until a steady state is achieved with maximum amplitude of oscillations. 

Figure 3-30 and Figure 3-31 show that this problem is eliminated by employing the PG formulation 

which ensures the exact solution of a uniform temperature along the bar except for the last node where 

a no change from the initial condition is prescribed. When the coupled boundary condition is applied, 

the results of which are shown in Figure 3-32 and Figure 3-33 for linear and quadratic elements, 

respectively, the GFEM produces an oscillatory solution as the heat front reaches point 2. However, 

with time, the oscillations reduce and finally a steady state with a uniform temperature along the mesh 

is obtained. Again, the results computed with the PGFEM are free of oscillations at all stages of the 

analysis. These findings imply that the effectiveness of the adopted PG method is independent of the 

magnitude of the Péclet number, as well as the boundary conditions employed.  
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Figure 3-30 Temperature distribution along the bar with 2-noded linear elements and fixed temperature BC at point 2: 

(a) Pe=10 (𝑛𝑒 = 60), (b) Pe=100 (𝑛𝑒 = 30) and (c) Pe=10,000 (𝑛𝑒 = 15) 
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Figure 3-31 Temperature distribution along the bar with 3-noded quadratic elements and fixed temperature BC at point 2: 

(a) Pe=10 (𝑛𝑒 = 60), (b) Pe=100 (𝑛𝑒 = 30) and (c) Pe=10,000 (𝑛𝑒 = 15) 
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Figure 3-32 Temperature distribution along the bar with 2-noded linear elements and coupled TH BC at point 2: (a) Pe=10 

(𝑛𝑒 = 60), (b) Pe=100 (𝑛𝑒 = 30) and (c) Pe=10,000 (𝑛𝑒 = 15) 
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Figure 3-33 Temperature distribution along the bar with 3-noded quadratic elements and coupled TH BC at point 2: 

(a) Pe=10 (𝑛𝑒 = 60), (b) Pe=100 (𝑛𝑒 = 30) and (c) Pe=10,000 (𝑛𝑒 = 15) 
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Example 2: non-uniform velocity 

The second numerical example investigates the performance of the PG formulation in cases where the 

fluid velocity varies spatially. Here, a series of axisymmetric analyses was performed on the disc shown 

in Figure 3-34. Similar boundary conditions as in Example 1 were prescribed to generate a conductive-

advective heat flow from right to left (note that this is in the opposite direction to Example 1). Due to 

the axisymmetric nature of the problem, the fluid velocity increases along the length of the bar with a 

minimum at point 2 and a maximum at point 1. As all 400 elements in the mesh are of equal size, the 

Péclet number, which is directly proportional to the fluid velocity, increases in the same manner and is 

plotted in Figure 3-35. Again, the two different boundary conditions were explored. Gravity was set in 

a direction perpendicular to the disc. 

 

Figure 3-34 Geometry of the analysed problem with initial and boundary conditions (Example 2) 

 

Figure 3-35 Péclet number along the disc 

In this study, various combinations of linear and quadratic shape functions employed in the hydraulic 

and thermal formulations were investigated. For example, while a 2-noded element can only be used 

with linear shape functions in both thermal and hydraulic equations, in the case of a 3-noded element, 

any combination of linear and quadratic shape functions in the thermal and hydraulic equations can be 

employed. The four cases explored here are further explained in Table 3-14. Although all combinations 

produced excellent results in Example 1, the problem involving non-uniform fluid velocity has proved 

more challenging for cases 1, 2 and 3 which resulted in incorrect temperature distributions along the 

disc during both steady state and transient stages. Conversely, Case 4 produced the exact non-oscillatory 

solutions shown in Figure 3-36 and Figure 3-37  together with the corresponding GFEM results. Clearly, 
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the computational challenge in this numerical simulation arises from the fact that the fluid velocity, and 

therefore the Péclet number and the optimal weighting factor vary within each element. The findings of 

this study suggest that the orders of the shape functions used to calculate the fluid velocity (i.e. the pore 

fluid pressure shape functions) and the PG weighting functions used to obtain the nodal temperature 

must be the same to ensure accurate results. It should be noted that the proposed PG formulation 

involves weighting function which are one order higher than the temperature shape functions, therefore, 

the case where {𝑁𝑝}, {𝑁𝑇} and {𝑊} are all either linear or quadratic was not investigated.  

Table 3-14 Combinations of pore fluid pressure and temperature shape functions explored in Example 2 

 Case 1 Case 2 Case 3 Case 4 

Number of element nodes 2 3 3 3 

Pore fluid pressure shape functions, {𝑁𝑝} linear quadratic linear quadratic 

Temperature shape functions, {𝑁𝑇} linear quadratic linear linear 

Temperature PG weighting functions, {𝑊} quadratic cubic quadratic quadratic 

 

Finally, it is important to note that in both validation examples, the PG method was applied to the whole 

mesh. However, additional studies on the behaviour of this PG scheme showed that prescribing it only 

on the boundary elements where the fluid leaves the mesh (i.e. where the oscillations with the Galerkin 

FEM originate), with the remaining elements using the Galerkin FEM, also results in correct 

nonoscillatory solutions. 

  

Figure 3-36 Temperature distribution along the bar with 3-noded elements, quadratic hydraulic shape functions, linear 

thermal shape functions (i.e. Case 4) and  fixed temperature BC at point 1 
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Figure 3-37 Temperature distribution along the bar with 3-noded elements, quadratic hydraulic shape functions, linear 

thermal shape functions (i.e. Case 4) and  coupled thermo-hydraulic BC at point 1 

3.4 Numerical modelling of heat exchanger pipes 

Numerical modelling of heat exchanger pipes requires the simulation of highly advective flow which, 

as explained in the previous section, can be problematic with the finite element method. Additionally, 

it is often necessary to perform 3D analyses, where the pipes are modelled as 1D elements, in order to 

account for the pipe arrangement and accurately predict the heat transfer phenomenon.  

In this section, the new developments presented in sections 3.2 and 3.3 (i.e. the 3D beam and bar 

elements, as well as the Petrov-Galerkin finite element formulation) are applied to the modelling of heat 

exchanger pipes in vertical boreholes. Firstly, a comprehensive literature review of the existing 

modelling approaches for these systems is presented. Secondly, the effect of spatial discretisation is 

investigated through a series of numerical studies. Finally, the results of a Thermal Response Test are 

reproduced by performing both 2D and 3D analyses.  

3.4.1 Modelling approaches 

The heat transfer problem in heat exchanger systems has been solved by a variety of analytical, semi-

analytical and numerical methods.  

Analytical approaches 

The analytical methods model the conduction of heat from a source with a constant heat flow to the 

surrounding soil mass. The solutions to problems with different types of heat sources (point, line, 

cylindrical, plane or spherical), as well as different boundary conditions (infinite, semi-infinite and 

finite domains) were first formulated by Carslaw and Jaeger in a number of publications in the 1940s 

and 1950s (e.g. Carslaw & Jaeger, 1959). Other researchers applied these solutions to heat exchanger 

systems by developing models such as the infinite line source (Ingersoll & Plass, 1948), the infinite 

cylindrical source (Ingersoll et al., 1954) or the finite line source (Eskilson, 1987). The main advantage 
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of the analytical methods is that they are computationally efficient. However, they require various 

simplifying assumptions such as a constant heat flow rate per unit length, uniform soil deposits or the 

exclusion of the effect of advective heat transfer which may be significant in the presence of 

groundwater flow.  

Semi-analytical approaches 

The semi-analytical approaches usually involve the combination of analytical and finite difference 

methods. For example, Eskilson (1987) proposed the idea of g-functions (or temperature response 

functions) which are dimensionless functions used to calculate the temperature at the edge of a borehole 

resulting from a constant applied heat flow. Firstly, the finite difference method was employed to 

determine the temperature distribution in the soil surrounding a single borehole resulting from a unit 

step heat pulse. Then, the temperature response to a multiple unit step heat pulses (i.e. multiple 

boreholes) was calculated using the principle of superposition. Finally, the temperature responses were 

normalised to obtain the g-functions for borehole fields. Therefore, these functions are unique to a 

specific borehole arrangement and geometry. However, as this approach is only valid for long term 

performance, Yavuzturk & Spitler (1999) extended this method to account for the short term behaviour 

as well. G-functions are widely used for design of vertical borehole heat exchangers, as well as the 

analysis of the thermal response test data (Loveridge & Powrie, 2013b).  

The abovementioned analytical and semi-analytical methods assume a constant heat flow rate per unit 

length which means that the heat flow in the heat exchanger pipe is not modelled. Eskilson & Claesson 

(1988) proposed an analytical approach coupled with the finite difference method to model the transfer 

of heat between the fluid in the heat exchanger pipes and the edge of the borehole, as well as the 

conductive heat transfer within the surrounding soil. It should be noted that, although the transient heat 

transfer was modelled in the soil, in the pipe, only steady state conditions were considered. The heat 

balance equations included the concept of conductive thermal resistance (i.e. the reciprocal of thermal 

conductance) to simulate the temperature difference between the various components of the borehole. 

The authors adopted the Delta thermal circuit shown in Figure 3-38 (Eskilson & Claesson, 1988) which 

assumes a direct thermal interaction between the inlet pipe and the soil, the outlet pipe and the soil, as 

well as the inlet and the outlet pipes. The thermal resistances, 𝑅, which are input parameters to the 

model, depend on the internal borehole geometry and must be determined either experimentally or 

analytically (Eskilson & Claesson, 1988). The experimental methods include laboratory tests and in-

situ test such as the Thermal Response Test. Alternatively, approximate expression can be obtained 

analytically or numerically (e.g. Hellström, 1991; Sharqawy et al., 2009), however, they often simplify 

the geometry and the boundary conditions. A comprehensive review of numerical and analytical 

methods for obtaining thermal resistances can be found in Lamarche et al. (2010), whereas a review of 

analytical and semi-analytical models of heat flow in borehole heat exchangers was performed by Javed 

et al. (2009).  
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Figure 3-38 (a) Cross-section of a borehole with a single U-tube heat exchanger pipe, and (b) the corresponding Delta 

thermal circuit (Eskilson & Claesson, 1988) 

Numerical approaches 

The thermal resistance method described above was developed further by including the thermal capacity 

of the borehole and a new group of models, called the Thermal Resistance and Capacity Models 

(TRCM), was established. Their advantage is that they consider not only the steady state but also the 

transient response of a heat exchanger pipe. The borehole is represented as a single node in 2D or a line 

in 3D which allows the TRCM to be incorporated into finite difference or finite element models.  

Such an integrated TRCM and FE approach was first explored by Al-Khoury and his co-workers (Al-

Khoury et al., 2005; Al-Khoury & Bonnier, 2006; Al-Khoury et al., 2010) who modelled single and 

double U-tube BHEs. The borehole was simulated with 1D elements where the number of temperature 

degrees of freedom at each node corresponds to the number of the borehole components. For example, 

a borehole filled with grout and containing a single U-tube pipe was represented with three degrees of 

freedom: inlet pipe, outlet pipe and grout, as illustrated in Figure 3-39 (Al-Khoury et al., 2005).  

 

Figure 3-39 Schematic of a borehole heat exchanger and its 1D representation (Al-Khoury et al., 2005) 

3D solid elements were used to model the soil surrounding the borehole. The energy balance equations 

involved the conductive-advective heat transfer along the pipes and in the soil whereas only heat 

conduction was considered in the grout. The thermal interactions between the pipes and the grout, as 
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well as the grout and the soil were accounted for by the thermal resistance concept. The proposed 

expression for the thermal resistance between the pipes and the grout include conduction through the 

pipe wall, as well as internal convective heat transfer between the fluid and the pipe wall as a function 

of the convective heat transfer coefficient which is calculated using Equation ( 2-27 ) (see Section 2.5.2, 

Chapter 2). However, it is not clear how the Nusselt number is estimated. Conversely, the soil-grout 

resistance is obtained by integrating the conduction equation over the area of the grout, which is 

approximated as a hollow disc with an outer perimeter at the edge of the borehole (i.e. 𝑟𝑔 in Figure 3-40) 

and an inner perimeter at the edge of the equivalent area of the pipes (i.e. 𝑟𝑒𝑞 in Figure 3-40). This 

equivalent area of the pipes is the sum of the areas of the inlet and outlet pipes, and the equivalent radius 

is calculated as 𝑟𝑒𝑞 = 𝑟𝑝𝑖𝑝𝑒√2, where 𝑟𝑝𝑖𝑝𝑒 is the outer radius of the pipe. As explained in the previous 

section of this Chapter, modelling the highly advective flow in the pipes with Galerkin FEM requires 

extremely fine meshes. To overcome this problem, Al-Khoury et al. (2005) applied the Petrov-Galerkin 

FEM to solve the steady state conduction-advection in the 1D pipe elements. In a later publication, Al-

Khoury & Bonnier (2006) tackled the time-dependent problem by adopting the Petrov-Galerkin 

formulation with space-time shape functions.  

 

Figure 3-40 Representation of the borehole cross-section for calculation of thermal resistance where 𝑟𝑔 is the radius of the 

area of the grout and 𝑟𝑒𝑞 is the radius of the equivalent pipe area (Al-Khoury et al., 2005) 

Another group of researchers (Bauer et al., 2011b; Bauer et al., 2011a; Diersch et al., 2011a, b) 

attempted to develop Al-Khoury’s approach further. The approximation of the heat transfer between 

the pipes and the grout was improved by dividing the area of the grout into a number of zones depending 

on the number of pipes. For example, grout in a borehole with a single U-tube was divided into two 

zones, as shown in Figure 3-41, instead of one zone in Al-Khoury’s model. Additionally, new thermal 

resistance relationships were proposed for single and double U-tubes, as well as coaxial BHEs. This 

TRCM was implemented into the FE software FEFLOW (Diersch, 2014), where the BHE equations 

were solved using the GFEM. However, Diersch (2014) noted that the streamline upwind method 

should be used if advection becomes dominant. Later, Wołoszyn & Gołaś (2013) extended Al-Khoury’s 

model for single U-tube pipes by dividing the grout into three zones.  
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Figure 3-41 Cross-section of a borehole with a single U-tube heat exchanger pipe and the corresponding thermal resistance 

relationship (Diersch et al., 2011a) 

Another family of TRCM, called Capacity Resistance Models (CaRM), was first proposed by De Carli 

et al. (2010) and later improved by Zarrella et al. (2011), Zarrella & De Carli (2013), Zarrella et al. 

(2013a) and Zarrella et al. (2013b). Here, the equation of heat conduction in the soil surrounding the 

borehole is solved using the control volume approach. The model takes into account the transient heat 

transfer in the soil, as well as along the pipe for single U-tube, double U-tube, coaxial and helical heat 

exchanger arrangements.  

The main disadvantage of the models based on the thermal resistance method is that each arrangement 

of the heat exchanger pipes in a borehole results in a different formulation. Additionally, they introduce 

uncertainties regarding the values of the thermal resistances of the various components. Although finite 

difference models improve some of these aspects (e.g. Ghasemi-Fare & Basu, 2013; Ozudogru et al., 

2015a), fully discretised finite element models are often preferred due to their flexibility in simulating 

different pipe and borehole geometries, as well as boundary conditions. However, there is a large 

variation in the complexity of the FE simulations.  

2D models of borehole heat exchangers with U or W-tubes consider only the radial heat transfer within 

the cross-section of the heat exchanger without accounting for the heat transfer along the pipes. For 

example, Zanchini & Terlizzese (2008), Lazzari et al. (2010), Olgun et al. (2015) and Abdelaziz & 

Ozudogru (2016b) performed analyses with COMSOL Multiphysics (COMSOL, 2012a) where solid 

elements were used to model the fluid in the pipes, the pipe wall and the surrounding material. The 

elements corresponding to the fluid were assigned with the true value of heat capacity, however, the 

thermal conductivity was set to be extremely high (1,000 W/mK) in order to mimic the advective heat 

transfer inside the pipes. The thermal conductivity of the pipe wall was also modified by including the 

effect of the internal convective heat transfer. It should be noted that different expressions for the 

Nusslet number, which is used for calculation of the convective heat transfer coefficient, were adopted 

by different authors. Zanchini & Terlizzese (2008) used the correlations by Dittus & Boelter (1930), 

Lazzari et al. (2010) and Abdelaziz & Ozudogru (2016b) employed the Churchill (1977) equations, 
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whereas Olgun et al. (2015) adopted both the expressions by Gnielinski (1975) and Churchill (1977). 

Another 2D approach was adopted by Yu et al. (2015) who modelled the heat transfer in a borehole by 

dividing it into 2 m thick sections and performing 2D analyses on each section. Here, the fluid 

temperature was assumed to vary linearly along the length of the pipe. The temporally varying inlet and 

outlet temperatures in each slice were computed and input at the pipe boundaries as boundary 

conditions.  

In order to simulate the heat transfer within the pipes whilst accounting for the borehole geometry, 3D 

models are necessary. The only exception are borehole heat exchangers with coaxial pipe arrangements 

which can be simulated with axisymmetric analyses. Several numerical studies have been performed 

(e.g. Signorelli et al., 2007; Corradi et al., 2008; Marcotte & Pasquier, 2008; Zanchini et al., 2010a, b; 

Fossa et al., 2013; Oberdorfer et al., 2013; Gashti et al., 2014; Ozudogru et al., 2014; Batini et al., 2015; 

Cecinato et al., 2015; Cecinato & Loveridge, 2015; Bidarmaghz et al., 2016; Bidarmaghz & Narsilio, 

2016; Caulk et al., 2016), however, they differ in the way the fluid and heat flow are modelled.  

The most common approach is to employ 1D elements to simulate the flow of fluid and heat inside the 

heat exchanger pipes and couple them with the 2D or 3D solid elements for the surrounding material. 

This is carried out by coupling a solution for the energy balance equation for 1D pipes with an algorithm 

which describes the transfer of heat between these and the surrounding medium. The conduction of heat 

through the pipe wall (Equation ( 2-29 )), as well as the internal and external convective heat transfer 

(Equations ( 2-26 ) and ( 2-30 )) are included in the energy balance equation as heat sources/sinks. The 

heat flow calculated by the algorithm is then applied as a heat source or sink in the 2D or 3D domain. 

It must be noted that Equations ( 2-26 ) and ( 2-30 ) require the temperature differences between the 

fluid inside the pipe, the pipe wall surfaces and the surrounding material. The fluid temperature is 

obtained from the energy equation, however, if the temperature in the 2D/3D domain varies with space 

(which is usually the case), an approximation must be made regarding the value of the external 

temperature. The complexity of this pipe-soil coupling methodology varies between finite element 

software. For example, COMSOL Multiphysics allows the user to model heat conduction through the 

pipe wall, as well as to specify different convective heat transfer coefficients on the inside and outside 

of the pipe wall (COMSOL, 2012c), whereas other FE programs omit the external convection (e.g. 

ABAQUS, Cecinato & Loveridge, 2015). As explained in Chapter 2, the convective heat transfer 

coefficients depend on the pipe geometry, the type of convection (i.e. internal or external and natural or 

forced) and the flow regime which is described by the Nusselt number calculated using the various 

expressions presented in Chapter 2. It must also be mentioned that COMSOL Multiphysics avoids the 

oscillations associated with highly advective flows by employing the artificial diffusion method 

(COMSOL, 2012b), which, as described in Section 3.3.1, affects the accuracy of the solutions 

(Zienkiewicz et al., 2014).  
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Examples of studies involving the procedure described above using COMSOL Multiphysics include 

Corradi et al. (2008) and Zanchini et al. (2010a, 2010b) who simulated a coaxial borehole heat 

exchanger with an axisymmetric analysis. Advection was simulated in the outer pipe only, whereas the 

temperature along the length of the inner pipe and the heat transfer between the fluid and the pipe wall 

were evaluated by the procedure described above. In order to increase the computational efficiency, 

Zanchini et al. (2010a, 2010b) reduced the size of the domain by scaling the vertical coordinates. The 

authors ensured that the heat transfer is simulated correctly by applying the same scaling laws to the 

thermal conductivity matrix. 3D simulations, where the pipes were modelled with 1D elements, with 

COMSOL Multiphysics and the above pipe-soil coupling methodology have been performed by Fossa 

et al. (2013), Ozudogru et al. (2014), Batini et al. (2015), Bidarmaghz et al. (2016), Bidarmaghz & 

Narsilio (2016) and Caulk et al. (2016), amongst others. The main difference between these studies is 

that some neglect the convective heat transfer on the outside of the pipe wall or the heat losses due to 

friction inside the pipes. Cecinato et al. (2015) and Cecinato & Loveridge (2015) implemented the 

algorithm described above into ABAQUS (Dassault Systèmes, 2017), however, no details regarding the 

calculation of the temperature in the material surrounding the pipe or the convective heat transfer 

coefficient are provided. An alternative approach to the above pipe-soil coupling methodology was used 

by Oberdorfer et al. (2013) who modified the thermal conductivity of the pipe wall using the same 

expression as Zanchini & Terlizzese (2008), Lazzari et al. (2010) and Olgun et al. (2015). 

The modelling approach adopted here differs from the abovementioned finite element studies. Firstly, 

the transient conductive-advective heat transfer along the pipes is solved using the Petrov-Galerkin FE 

method which, as was shown in Section 3.3, produces accurate results unlike the methods involving 

artificial diffusion or enhanced thermal conductivity. Secondly, the pipe-soil coupling methodology is 

not used here. Although it has the potential to account for the actual heat transfer between the fluid 

inside the pipes and the surrounding material, definition of its input parameters and the algorithm 

required to estimate the temperature in the material surrounding the pipe can be ambiguous. The heat 

transfer coefficient is highly dependent on the flow regime, and therefore, its determination is difficult, 

whereas the external temperature may vary spatially which requires simplifications to be made (such as 

calculating the average temperature). Additionally, experimental studies (e.g. Svec et al., 1983) show 

that the effect of the internal and external boundary layers (see Section 2.5.2, Chapter 2) is small 

compared to the conduction within the pipe wall and the surrounding material, and therefore, can be 

assumed to be negligible for most geotechnical applications. As the heat transfer within the pipe wall 

is purely conductive, it can be simulated with solid elements in ICFEP. 

3.4.2 Heat exchanger pipe simulation 

This section presents two numerical studies involving axisymmetric analyses. Study 1, explores how 

the spatial discretisation affects the transfer of heat between the fluid in the heat exchanger pipe and the 

surrounding soil, whereas in Study 2, the effect of modelling the pipe wall is investigated. 
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In all analyses, a single 30 m long pipe located 0.02 m away from the axis of symmetry was modelled 

with bar elements and the surrounding soil was represented by solid elements, as shown in Figure 3-42. 

The bar elements were 3-noded with quadratic displacement and pore fluid pressure shape functions 

and linear temperature shape functions, whereas the solid elements were 8-noded with quadratic 

displacement shape functions and linear temperature shape functions. Hence, the flow of pore water 

was not considered in the soil. A no heat flow boundary condition was prescribed at all mesh boundaries 

except for the far right boundary where the temperature was not allowed to change from its initial value 

of 15 °C. Water was injected into the pipe at a constant rate of 210.5 l/h with its inlet and outlet being 

located at the top and bottom of the mesh, respectively. A constant temperature of 30 °C was prescribed 

at the inlet and the coupled thermo-hydraulic boundary condition was applied at the outlet. The heat 

transfer at the pipe-soil interface was simulated by finding the nodes in the bar and the soil elements 

which have the same coordinates and tying their temperature degrees of freedom. Therefore, the effects 

of convection adjacent to the pipe wall were neglected. The horizontal length of the solid elements was 

increased gradually with the distance away from the pipe, whereas the vertical domain of the mesh was 

divided into 150 elements with height of 0.2 m resulting in a Péclet number in the pipe of approximately 

72,000. The bar elements were modelled with properties of water, whereas properties of soil were used 

for the solid elements. All relevant material properties are listed in Table 3-15.  

 

Figure 3-42 (a) geometry of the finite element mesh for simulations of heat exchanger pipes, and (b) finite element mesh 

Table 3-15 Material properties for simulations of heat exchanger pipes 

 Soil Water PVC 

Density, 𝜌 (kg/m3) 2000 1000 1400 

Specific heat capacity, 𝐶𝑝 (J/kg°C) 1650 4180 900 

Thermal conductivity, 𝑘𝑇 (W/m°C) 2.00 0.60 0.19 
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Study 1 

In the first study, the frequency of tying the temperature degrees of freedom along the pipe was varied 

in order to examine its effect on the transfer of heat between the water in the pipe and the surrounding 

soil. For example, in Analysis A, all bar nodes were tied to the corresponding solid nodes such that the 

heat was transferred every 0.2 m, whereas in Analysis F, heat transfer was simulated only every 5 m. It 

should be noted that the same mesh was used in all analyses. The analyses performed are listed in Table 

3-16.  

Table 3-16 List of analyses in Study 1 

Analysis Distance between tied nodes (m) Number of elements between tied nodes 

A 0.2 1 

B 0.6 3 

C 1.0 5 

D 2.0 10 

E 3.0 15 

F 5.0 25 

 

 

Figure 3-43 Effect of the number of tied nodes (with the same element size) 

The effect of the number of tied nodes is illustrated in Figure 3-43 which compares the evolution of 

temperature at the pipe outlet in all analyses. As the distance between the tied nodes increases, the heat 

transfer to the soil reduces, and therefore, the outlet temperature starts to increase earlier and reaches 

higher values in the long term. In fact, the outlet temperature after 10 years of simulation increases 

logarithmically as the distance between the tied nodes increases. The heat transfer mechanism is further 

illustrated in Figure 3-44 which shows the temperature distribution in the soil adjacent to the pipe in 

analyses A, C and F. In Analysis A, all bar nodes are tied to the solid nodes, and therefore, the heat 
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front propagates predominantly along the 𝑥-axis. However, in analyses C and F, the tied nodes behave 

as point sources such that heat is transferred radially to all adjacent nodes. Clearly, Analysis A is most 

representative of an actual heat exchanger pipe where heat transfer takes place along the whole length 

of the pipe. It should be noted that, the small oscillations present in Figure 3-43 resulted from increasing 

the time-step size in steps which are too large for the coupled thermo-hydraulic boundary condition to 

cope with. However, the oscillations do not affect the conclusions of this study.  

 

Figure 3-44 Temperature distribution in the top 10 m of the domain in Analyses A, C and F 

In order to investigate these mesh effects further, an additional analysis (Analysis G) was performed 

where both the pipe and soil medium were discretised with 30 elements in the vertical direction. As the 

element height increased to 1 m, the Péclet number in the pipes increased to approximately 360,000. 

All bar nodes were tied to the corresponding soil nodes (as in Analysis A), therefore, the distance 

between the tied nodes was 1 m (as in Analysis C). The results of this analysis are plotted in Figure 

3-45 together with the results of Analysis A. Interestingly, the outlet temperature computed in Analysis 

G is the same as in Analysis A. This can be explained by the fact that, in Analysis G, the heat in the soil 

propagates mainly in the 𝑥-direction, similar to Analysis A, as shown in Figure 3-46. Therefore, it can 

be concluded that the heat transfer can be simulated accurately independently of the finite element size, 

thus allowing for coarse meshes to be used, provided the temperature degrees of freedom at all nodes 

along the pipe are tied to the corresponding solid nodes.  
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 Figure 3-45 Effect of the element length (with all nodes tied) 

 

Figure 3-46 Temperature distribution in the top 10 m of the domain in Analysis G 

Study 2 

Study 2 investigates whether accounting for heat conduction through the wall of the pipes affects the 

overall heat transfer between the pipes to the soil. The finite element mesh used in Analysis G in Study 

1 was altered by adding a single 2 mm wide column of 8-noded solid elements between the pipe and 

the soil. The vertical discretisation was the same as in the original mesh (i.e. 30 elements). The new 

elements were assigned with properties of Polyvinyl Chloride (PVC) (see Table 3-15) which is typically 

used for heat exchanger pipes. The results of this analysis are compared to Analysis G representing the 
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case without pipe wall. Figure 3-47 shows that the outlet temperature starts to increase earlier when the 

pipe wall is simulated. This response is attributed to the low thermal conductivity of PVC, compared to 

that of soil, which slows down the heat transfer from the pipe fluid to the soil and leads to higher fluid 

temperature at the outlet. However, it must be noted that the difference in time at which the outlet 

temperature start to increase between the two analyses is only approximately 40 minutes which is 

insignificant compared to the time scales involved in the operation of GSES. Additionally, the 

difference in the outlet temperature between the two cases reduces with time to approximately 0.3 °C 

after 6 months of simulation, and then further to approximately 0.2 °C after 10 years. Again, this 

difference can be considered insignificant when other uncertainties surrounding the heat transfer in 

GSES are taken into account. Although this numerical study involves a continuous cooling mode, in a 

system with an alternating heating and cooling mode, the effect of the pipe wall is also likely to be 

insignificant. Therefore, it can be concluded that modelling of heat conduction within the pipe wall can 

be omitted for the purpose of simplification.  

 

Figure 3-47 Effect of modelling the pipe wall 

3.4.3 Simulation of a Thermal Response Test 

The final validation of the numerical tools developed in this chapter was performed by simulating a 

Thermal Response Test (TRT) with ICFEP and comparing the results with the data collected in the 

field. Additionally, axisymmetric analyses were compared with 3D analyses in order to assess their 

applicability for modelling U-tube heat exchanger pipes.  

3.4.3.1 Test set-up 

The TRT, reported by Loveridge et al. (2014), was carried out at a development site in central London. 

A single U-tube heat exchanger pipe was installed to 26 m depth in a borehole which was then backfilled 

with C35 hard pile cementitious grout. The diameter of the borehole was 300 mm over the top 26.8 m 

and 200 mm below that to an unknown depth. The two legs of the pipe were separated evenly with a 
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centre-to-centre spacing of 135 mm. The pipe had an external diameter of 32 mm and a wall thickness 

of 2.9 mm. The entire length of the borehole was within London Clay with the groundwater level 4 m 

below the top of the borehole. Water was used as the circulation fluid. The flow rate was measured with 

an electromagnetic flow meter, whereas thermocouples were used for the fluid temperature 

measurements. Additionally, vibrating wire strain gauges (VWSG) provided temperature monitoring at 

selected points within the grout. It should be noted that the data from the VWSG sensors was published 

later in Cecinato & Loveridge (2015). 

The undisturbed ground temperature of 17.7 °C was obtained from the initial circulation stage. This 

value was assumed to be constant spatially and was used as the initial temperature in the numerical 

analyses. Loveridge et al. (2014) provide the time series of flow rate, 𝑄𝑓, applied power, 𝑄, and mean 

fluid temperature, 𝑇𝑎𝑣, throughout the test. The latter two are calculated from the measured quantities 

as: 

 𝑄 = 𝜌𝑓𝐶𝑝𝑓𝑄𝑓(𝑇𝑖𝑛 − 𝑇𝑜𝑢𝑡) ( 3-148 ) 

 
𝑇𝑎𝑣 =

1

2
(𝑇𝑖𝑛 − 𝑇𝑜𝑢𝑡) ( 3-149 ) 

where 𝑇𝑖𝑛 and 𝑇𝑜𝑢𝑡 are the measured temperatures at the inlet and the outlet of the pipe, respectively. 

In order to reproduce the TRT numerically, 𝑇𝑖𝑛 must be applied as a boundary condition at the inlet of 

the pipe, whereas the measured 𝑇𝑜𝑢𝑡 is used for the comparison with the computed 𝑇𝑜𝑢𝑡. Hence, the 

measured 𝑇𝑖𝑛 and 𝑇𝑜𝑢𝑡 must be calculated by solving Equations ( 3-148 ) and ( 3-149 ) simultaneously. 

It should be noted that a constant flow rate of approximately 371.7 l/h (1.032 × 10-4 m3/s) was measured 

and a volumetric heat capacity of 4180 kJ/m3K was assumed for water. The obtained inlet and outlet 

temperatures during the relevant stages of the test are presented in Figure 3-48. 

 

Figure 3-48 Inlet and outlet fluid temperatures in the TRT (calculated from data from Loveridge et al., 2014) 
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The thermal properties of soil used in the numerical analyses were the same as those assumed 

(volumetric heat capacity) or calculated (thermal conductivity) by Loveridge et al. (2014). As for the 

thermal properties for water and grout, typical values found in the literature were used. All relevant 

material properties are listed in Table 3-17. 

 Table 3-17 Material properties for reproduction of TRT 

 Water Grout Soil 

Density, 𝜌 (kg/m3) 1000 2400 2000 

Specific heat capacity, 𝐶𝑝 (J/kg°C) 4180 880 1075 

Thermal conductivity, 𝑘𝑇 (W/m°C) 0.6 2.8 2.4 

 

3.4.3.2 3D numerical modelling 

Due to the symmetry of the problem, only half of the borehole and the surrounding soil was discretised. 

Figure 3-49 shows the 3D finite element mesh consisting of 8-noded solid elements representing the 

soil and the grout, as well as 2-noded 3D bar elements for the heat exchanger pipe where each node has 

a temperature degree of freedom. Additionally, the 3D bar elements had pore pressure degrees of 

freedom at all nodes. Following the conclusions of the studies presented in Section 3.4.2, the adjacent 

solid and bar elements are of the same length and the temperature degrees of freedom at all bar nodes 

were tied to the solid nodes which have the same coordinate. Moreover, the pipe wall was not modelled 

here. The mesh extends to 30 m depth, with the borehole modelled as having a uniform diameter of 

300 mm, whereas the lateral boundary of the mesh is located at a radial distance of 10 m from the centre 

of the borehole. The positions of the bar elements corresponds to the centres of the actual pipes. 

As only half of the problem was modelled, the flow rate prescribed at the pipe inlet was half of the 

actual flow rate (i.e. 5.16 × 10-5 m3/s). Similarly, the 3D bar elements were assigned with a cross-

sectional area which was half of the fluid flow area in the actual pipes. The thermal boundary conditions 

included applied temperature at the pipe inlet which varied with time as shown in Figure 3-48 and the 

coupled thermo-hydraulic boundary condition at the pipe outlet. No change in temperature was allowed 

along all mesh boundaries except for the plane of symmetry where a no heat flow boundary condition 

was prescribed.  

Figure 3-50 compares the evolution of the outlet temperatures recorded in the field test and obtained 

from the numerical 3D analysis. Additionally, Figure 3-51 presents the measured and computed 

temperature histories at two monitoring points within the grout which were positioned at a distance of 

30 mm away from the centre of the borehole, directly between the two pipe legs (as shown in Figure 

3-52) and depths of 13.8 m and 23.8 m, respectively. The excellent match between the field and 

numerical results suggests that the assumptions of neglecting the effects of heat conduction through the 
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pipe wall, as well as the convection adjacent to the pipe wall is valid for problems involving vertical 

heat exchangers in conditions similar to those found in London.  

 

Figure 3-49 Finite element mesh used in 3D analysis 

 

Figure 3-50 Comparison of outlet fluid temperatures obtained from the field (Loveridge et al., 2014) and the 3D numerical 

analysis 
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Figure 3-51 Comparison of measured (Cecinato & Loveridge, 2015) and computed temperature changes in the grout at the 

depth of (a) 13.8 m and (b) 23.8 m during the heat rejection stage 

 

Figure 3-52 Schematic of the cross-section of the borehole showing the position of the monitoring point (not to scale) 

3.4.3.3 2D numerical modelling 

The previous study demonstrated that the TRT can be simulated accurately by performing a 3D analysis 

using ICFEP. However, 3D finite element analyses are computationally expensive. Therefore, the 

objective of this investigation is to determine whether the thermal response of a single U-tube heat 

exchanger pipe can be modelled with a simpler axisymmetric analysis.  

The mesh used in this study is shown in Figure 3-53. The soil and the grout are represented by 4-noded 

quadrilateral elements, whereas the pipe is modelled with 2D 2-noded bar elements. In order for the 

results to be comparable, the same finite element discretisation (i.e. extent of the mesh and element 

size) was used in the 2D mesh as in the 3D mesh. However, only one leg of the 26 m pipe was modelled 

and its position was shifted slightly to coincide with the outer edge of the actual pipe wall (i.e. a radial 

distance, 𝑟, of 83.5 mm from the axis of symmetry). The thickness of the 2D bar elements, 𝑡2𝐷, which 

represents the thickness of the cylindrical shell generated by revolving the bar elements around the axis 

of symmetry, was calculated as 1.271 mm using the following expression (Liu, 2015): 
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 𝐴𝑝𝑖𝑝𝑒 = 2𝜋𝑟𝑡2𝐷 ( 3-150 ) 

where 𝐴𝑝𝑖𝑝𝑒 is the cross-sectional area of the inside of the pipe. The pipe inlet is located at the top of 

the mesh, as before, whereas the pipe outlet is now at the depth of 26 m. The thermal boundary 

conditions were the same as those applied in the 3D analysis. 

 

Figure 3-53 Finite element mesh used in axisymmetric analyses 

The transfer of heat between the fluid in the pipe and the surrounding material is directly proportional 

to the length of the pipe and inversely proportional to the fluid flow rate. Therefore, modelling only one 

leg of the pipe implies that the water flow rate must be twice the actual flow rate to simulate the same 

heat transfer rate. In order to illustrate this, three analyses were performed. In the first analysis, one leg 

of the pipe was modelled (i.e. 0.5𝐿) and double the flow rate was imposed at the pipe inlet (i.e. 2𝑄𝑓 = 

2.046 × 10-4 m3/s). The second analysis also involved one pipe leg, however, the actual flow rate was 

applied (i.e. 𝑄𝑓, 0.5𝐿). Finally, in the third analysis, the actual flow rate was simulated and the mesh 

was extended in the vertical direction to accommodate a single straight pipe which was of the same 

length as the U-tube pipe in the field test (i.e. 𝑄𝑓, 𝐿). Figure 3-54 compares the results of these analyses 

in terms of the outlet temperature evolution. It is clear that, in the second and third analyses, the heat 

transfer between the pipes and the surrounding material is overestimated which results in outlet 

temperatures that are lower during the heat injection stage and higher during the heat extraction stage 

than those measured in the field. Although the first analysis underestimates the heat transfer slightly, 

the computed outlet temperature matches the field measurements more closely with a maximum error 

of approximately 1 °C. It must be noted that the results of a axisymmetric analysis are not expected to 
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be as accurate as those of a 3D analysis due to the simplified geometry of the problem. Nonetheless, 

the error in the first analysis can be regarded as relatively small for most geotechnical engineering 

applications, and therefore, 2D finite element analyses can be used as the less computationally 

expensive alternative to 3D analyses.  

 

Figure 3-54 Comparison of outlet fluid temperatures obtained from the field (Loveridge et al., 2014) and the axisymmetric 

numerical analyses 

3.5 Summary and conclusions 

3.5.1 Development of 3D beam and bar elements 

The first part of this chapter presents the development of 3D beam and bar elements which are capable 

of simulating the fully coupled THM behaviour of single, as well as two-phase materials. Hence, they 

can be used to model a variety of one-dimensional objects including heat exchanger pipes, drains and 

structural components such as props or anchors. To ensure compatibility, these elements are 

isoparametric and use the same interpolation functions as other types of elements in ICFEP. 

Additionally, specification of straight or curved elements is possible.  

The coupled THM formulation is based on the existing formulation in ICFEP developed by Cui (2015). 

It should be noted that the same fluid flow and heat transfer equations apply to both beams and bars, 

however, the mechanical behaviour of the two element types is different. The mechanical behaviour of 

beam elements is based on the 2D Mindlin’s beam elements implemented by Day (1990), however, the 

3D beams have six degrees of freedoms per node (three displacement and three rotations), and therefore, 

can transmit twisting moments in addition to bending moments and shear and axial forces. The 3D bar 

elements have three displacement degrees of freedom per node and can sustain only axial forces.  

Following their implementation into ICFEP, the new formulation was thoroughly validated by 

comparing the behaviour of the 3D beam and bar elements with either analytical solutions available in 
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the literature or the response of equivalent 2D elements. Firstly, the uncoupled mechanical, hydraulic 

and thermal behaviours were verified independently. In the second stage, the couplings between two 

systems were tested (i.e. hydro-mechanical, thermo-hydraulic and thermo-mechanical behaviours). 

Finally, the fully coupled THM response was compared to the behaviour of other element types. The 

results of all validation exercises were excellent implying that the 3D beam and bar element have been 

formulated and implemented correctly.  

3.5.2 Petrov-Galerkin FEM 

In the second part of this chapter, the challenges of modelling coupled heat and fluid flows, where heat 

transfer by advection dominates, are explained. Simulating such highly advecitve flows with the 

Galerkin FEM may result in oscillatory temperature solutions if the Péclet number, which describes the 

ratio of advective to conductive heat flow and depends on thermal material properties, fluid velocity, as 

well as element length, is too high. The limiting Péclet number depends on the finite element type and 

the boundary condition prescribed where the fluid leaves the mesh. In order to overcome this problem, 

a number of upwind FEM has been presented in the literature. The most widely used is the Petrov-

Galerkin FEM where the nodal weighting functions are modified in order to weigh the upstream element 

more heavily than the downstream one. Note that the Galerkin FEM assumes that the weighting 

functions are the same as the shape functions, while the Petrov-Galerkin FEM employs weighting 

functions which are different from the shape functions. The choice of the weighting functions, as well 

as the terms in the advection-diffusion equation which are modified, determines the accuracy of the 

solution.  

The PG formulation for 1D elements presented in this chapter adopts the weighting functions of  

Huyakorn (1977) for 2-noded linear elements and those of Heinrich & Zienkiewicz (1977) for 3-noded 

quadratic elements. However, it must be noted that the original schemes have been successfully applied 

only to steady state problems. Although Huyakorn & Nilkuha (1979) attempted to simulate 1D transient 

advection-diffusion with linear elements, the term involving the derivative of temperature with time 

(i.e. heat content) was not modified with the proposed weighting functions and the solutions exhibited 

oscillations and over-diffused solutions. Therefore, in the present formulation, all terms of the time 

dependent advection-diffusion equation include the weighting functions.  

The PG scheme was implemented into ICFEP and validated through a series of numerical analyses 

which demonstrated the ability of this method to eliminate the oscillations present when the GFEM is 

adopted and to simulate accurately both transient and steady state highly advective problems. The 

current approach is capable of dealing with uniform, as well as varying fluid velocities, allowing 

modelling of various problems encountered in geotechnical engineering such as the use of heat 

exchanger pipes. However, it was found that the use of higher order shape functions for the calculation 

of pore fluid pressures than for temperatures is recommended in the case of spatially varying velocities. 
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3.5.3 Numerical modelling of heat exchanger pipes 

The third part of this chapter focuses on the heat exchanger pipes and how to model them numerically. 

Firstly, a comprehensive review of the existing modelling approaches, including analytical and 

numerical methods, is presented. It was found that the finite element method has the greatest potential 

for simulating accurately the heat transfer in GSES involving heat exchanger pipes. However, the 

complexity of the models can vary significantly. For example, not all approaches consider the transient 

heat transfer along the pipes. Regarding the simulation of the exchange of thermal energy between the 

fluid inside the pipes and the surrounding material, two main methods have been found. The first 

employs a 1D element to model all borehole components and adopts the thermal resistance method 

which includes heat convection at the fluid-pipe wall surface and heat conduction through the other 

borehole components (e.g. Al-Khoury et al., 2005; Diersch et al., 2011a). The second approach involves 

an algorithm which describes the transfer of heat between the fluid inside the pipes and the surrounding 

medium accounting for conduction through the pipe wall, as well as internal and external convection. 

The pipe is discretised with 1D elements, whereas solid elements are used for the surrounding medium 

(e.g. COMSOL, 2012c). It must be noted that, although some finite element codes use the artificial 

diffusion method for dealing with the highly advective flows, none consider the consistent Petrov-

Galerkin FEM for transient problems. 

The approach employed here, combines the developments presented in this chapter, i.e. the heat 

exchanger pipes are discretised with the new 3D beam/bar elements and the conductive-advective heat 

flow along them is solved using the Petrov-Galerkin FEM. The heat transfer between the fluid and the 

surrounding material is simplified by neglecting the effects of convection adjacent to the pipe wall and 

conduction through the pipe wall.  

The first series of numerical analyses provides recommendations on the spatial discretisation of 

problems involving heat exchanger pipes. It was found that, in order to model the heat transfer 

accurately, the pipe elements and the adjacent solid elements must be of equal size. Moreover, the 

temperature degrees of freedom at all pipe nodes and the corresponding nodes of the soil elements must 

be tied together. It was also shown that modelling the pipe wall with solid elements has a relatively 

small effect and can therefore be ignored.  

The second set of analyses involves the reproduction of a TRT conducted by Loveridge et al. (2014), 

and hence, serves as the final validation of the tools developed in this chapter. The results of the 3D 

simulations are in excellent agreement with the data measured in the field, verifying the applicability 

of the assumptions made. Additionally, it is shown that the less computationally demanding 

axisymmetric analyses are also adequate for modelling the heat transfer in single U-tube heat exchanger 

pipes. 
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Chapter 4  

THM behaviour and modelling of 

saturated soils 

 

4.1 Introduction 

The developments in geothermal energy technology, as well as nuclear waste disposal, have created a 

need for understanding the effects of temperature on the behaviour of soils. The first part of this chapter 

presents a review of findings of laboratory studies investigating the THM response of saturated soils. 

Although the influence of temperature on permeability, volume, pore pressure and preconsolidation 

pressure changes is relatively well established for a number of soil types, there seems to be some 

uncertainty regarding its effect on soil strength, stiffness and compression parameters. The advances in 

numerical analysis combined with the need to predict the THM behaviour of soils in various 

geotechnical problems have led to the development of non-isothermal constitutive models. In the second 

part of this chapter, a number of such models is described showing that the models vary in the 

framework adopted, as well as the complexity of the formulation. 

4.2 Thermo-hydro-mechanical behaviour of soils 

This section presents a detailed review of the experimental studies investigating the effects of 

temperature on the behaviour of soils. Several aspects of the THM behaviour, which are particularly 

important from a constitutive modelling perspective, are considered. These include: volume change, 

pore pressure generation, preconsolidation pressure, compression characteristics, strength, stiffness and 

permeability. Note that the sign convention used in this section corresponds to that in the original 

publications and is indicated in the relevant figure captions.  
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4.2.1 Soil types studied 

The THM behaviour of soils has been explored by testing a number of different materials. Table 4-1 

presents the main characteristics of soil types which have been studied most extensively, together with 

the corresponding references. It should be noted that the behaviour of some other soil types (e.g. 

Newfield Clay, Opalinus Clay, Pasquasia Clay, Pontida Silty Clay, San Francisco Bay Mud, Todi Clay, 

or Sulphide Silty Clay) is also discussed in the following sections.  

Table 4-1 Main soil types studied 

Soil type Characteristics References 

Boom Clay Natural stiff overconsolidated 

silty clay 

Samples obtained from 

Belgian Nuclear Research 

Centre at Mol 

WC = 19-30 %, LL = 56-59 %, 

PI = 27-50 %, SG = 2.7 

Baldi et al. (1987), Horseman et al. (1987), Baldi 

et al. (1988), Hueckel & Baldi (1990), Baldi et al. 

(1991b, 1991a), Hueckel & Pellegrini (1991, 

1992), De Bruyn & Thimus (1996), Delage et al. 

(2000), Sultan et al. (2002), Cui et al. (2009), 

Lima et al. (2010), Monfared et al. (2012) 

Soft 

Bangkok 

Clay 

Natural soft silty clay 

WC = 90-95 %, LL = 103 %, 

PI = 60 %, SG = 2.68 

Abuel-Naga et al. (2006b), Abuel-Naga et al. 

(2007a), Abuel-Naga et al. (2007b), Abuel-Naga 

et al. (2007c) 

Kaolinitic 

clay * 

Commercially available clay 

dominated by Kaolin mineral 

LL = 45-70 %, PI = 21-39 %, 

SG = 2.75 

Baldi et al. (1988), Towhata et al. (1993), 

Kuntiwattanakul et al. (1995), Ghahremannejad 

(2003), Cekerevac & Laloui (2004), Mon et al. 

(2013), Ring et al. (2016), Yavari et al. (2016a) 

Illitic clay * Commercially available clay 

dominated by Illite mineral 

LL = 30-60 %, PI = 9-25 %, 

SG = 2.45-2.76 

Campanella & Mitchell (1968), Plum & Esrig 

(1969), Tanaka et al. (1997), Ghahremannejad 

(2003) 

Notes: WC = natural water content, LL = liquid limit, PI = plasticity index, SG = specific gravity 

* Clay mixtures may vary in composition and may be known under different commercial names 

 

4.2.2 Volumetric behaviour 

The effects of temperature on the volumetric response of soils have been studied by a number of 

researchers through tests under drained conditions. Campanella & Mitchell (1968) were one of the first 

to investigate this aspect of soil behaviour. Firstly, they analysed the problem theoretically by 

considering the changes in volume of the soil particles, the pore water and the soil structure, which 

resulted in the following expression for the volume of water drained from the sample, Δ𝑉𝐷𝑅: 
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 Δ𝑉𝐷𝑅 = Δ𝑉𝑤 + Δ𝑉𝑠 − Δ𝑉𝑚 ( 4-1 ) 

where Δ𝑉𝑤, Δ𝑉𝑠 and Δ𝑉𝑚 are the changes in volume of pore water, soil particles and the total volume of 

the solid-fluid mixture, respectively, defined as: 

 Δ𝑉𝑤 = 𝛼𝑇𝑤
𝑉 𝑉𝑤Δ𝑇 ( 4-2 ) 

 Δ𝑉𝑠 = 𝛼𝑇𝑠
𝑉 𝑉𝑠Δ𝑇 ( 4-3 ) 

 Δ𝑉𝑚 = 𝛼𝑇𝑠
𝑉 𝑉𝑚Δ𝑇 + Δ𝑉𝑠𝑡  ( 4-4 ) 

where Δ𝑇 is the change in temperature, 𝛼𝑇𝑤
𝑉  and 𝛼𝑇𝑠

𝑉  are the volumetric thermal expansion coefficients 

of pore water and soil particles, respectively, 𝑉𝑤, 𝑉𝑠 and 𝑉𝑚 are the volumes of pore water, solid particles 

and the total volume of soil, respectively, and Δ𝑉𝑠𝑡 is the change in volume of the soil structure. As was 

explained in Section 2.5.3.4 (Chapter 2), the thermal expansion coefficient of water is highly dependent 

on temperature. It is therefore important to account for this variation when calculating the volume 

changes in soil samples. The thermal expansion coefficient of solid particles is smaller than that of 

water and less dependent on temperature, hence, it is reasonable to assume it is constant. Note that 

Equation ( 4-1 ) is valid for conditions of constant effective stress and that an increase in volume is 

considered positive. The first term on the right-hand side of Equation ( 4-4 ) is formulated assuming 

that soil-fluid mixture experiences the same volumetric strain, equal to 𝛼𝑇𝑠
𝑉 Δ𝑇, as a soil particle. The 

term Δ𝑉𝑠𝑡 represents a change in volume due to reorientation of soil particles which takes place in order 

to allow the structure of the soil to carry the same effective stress (Campanella & Mitchell, 1968).  

Campanella & Mitchell (1968) have also carried out drained heating tests on remoulded illitic clay. The 

soil samples were initially isotropically consolidated at a constant temperature of 18.3 °C (65 °F) and 

then subjected to temperature cycles between 4.4 °C (40 °F) and 60.0 °C (140 °F) under a constant 

stress. The authors observed that water drained out of the sample when the temperature was increased, 

whereas during temperature decreases, water was absorbed. The change in total soil volume (Δ𝑉𝑚) was 

calculated according to Equation ( 4-1 ) by substituting the measured volume of the drained water 

(Δ𝑉𝐷𝑅) and standard values of the thermal expansion coefficients of water and soil particles (i.e. Δ𝑉𝑤 

and Δ𝑉𝑠 were calculated directly from Equations ( 4-2 ) and ( 4-3 )). The thermal expansion coefficient 

of water and its dependence on temperature is discussed in Section 2.5.3.4 of Chapter 2. Due to lack of 

data for the thermal expansion coefficient of illitic clay, Campanella & Mitchell (1968) assumed a value 

of 3.5 × 10-5 m3/m3K which is within the range of values for materials such as Quartz, Slate or Marble.  

The calculated change in the volume of the normally consolidated sample is presented in Figure 4-1. 

The results suggest that the first cycle of heating and cooling caused an irreversible contraction of the 

soil by approximately 0.9 %. The behaviour during the following temperature cycles shows 

significantly smaller changes in volume indicating that the effect of heating may be equivalent to that 
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of overconsolidation. Clearly, this contraction of the sample is the opposite of the behaviour expected 

if the soil changed its volume according to 𝛼𝑇𝑤
𝑉  and 𝛼𝑇𝑠

𝑉  (i.e. expanded upon heating and contracted 

during cooling). This suggests that the changes in the soil structure (Δ𝑉𝑠𝑡) were predominant, especially 

during the initial heating. Note that the term Δ𝑉𝑠𝑡 can be calculated by rearranging Equation ( 4-4 ) and 

substituting the values from Figure 4-1. Furthermore, Campanella & Mitchell (1968) defined the term 

Δ𝑉𝑠𝑡 as: 

  Δ𝑉𝑠𝑡 = 𝛼𝑇𝑠𝑡
𝑉 𝑉𝑚Δ𝑇 ( 4-5 ) 

where 𝛼𝑇𝑠𝑡
𝑉  is referred to as the physico-chemical coefficient of structural volume change caused by 

temperature changes. The value of 𝛼𝑇𝑠𝑡
𝑉  can be calculated using Equations ( 4-4 ) and ( 4-5 ), and the 

experimental data plotted in Figure 4-1. The authors estimated 𝛼𝑇𝑠𝑡
𝑉  to be approximately −5 × 10-5 

m3/m3K for the thermal cycles after the first heating. Note that its value appears to be significantly larger 

during initial heating.  

The irreversible contraction of soil during initial heating was also observed by Demars & Charles (1982) 

on samples of marine clay from the North Atlantic.  

 

Figure 4-1 Effect of temperature on the volume of illitic clay (Campanella & Mitchell, 1968) (positive 𝛥𝑉𝑚 – expansion; 

40 °F = 4.4 °C; 140 °F = 60.0 °C) 

Another group of researchers studied the volume change behaviour of natural Boom Clay, natural 

Pasquasia Clay, reconstituted commercial kaolinitic clay, as well as reconstituted Pontida Silty Clay 

and presented their findings in a number of publications (Baldi et al., 1987; Horseman et al., 1987; Baldi 

et al., 1988; Hueckel & Baldi, 1990; Baldi et al., 1991b, a). A series of drained heating and cooling tests 

performed in a triaxial cell under constant effective stress showed that overconsolidated (OC) materials 

experience reversible volumetric changes, whereas in the case of normally consolidated (NC) samples, 

the behaviour was irreversible. Moreover, it was observed that the normally consolidated and lightly 

overconsolidated soils contract upon both heating and cooling, whereas the samples in highly 
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overconsolidated states expand during heating and contract during cooling. This suggests that, 

according to the theory of Campanella & Mitchell (1968), the effect of the change of the volume of the 

structure, Δ𝑉𝑠𝑡, reduces as the overconsolidation ratio (OCR) increases. Additionally, some specimens 

with an intermediate OCR experienced expansion followed by contraction when the temperature was 

increased. The effect of temperature on the volumetric strain of Pontida Silty Clay and Pasquasia Clay 

at different values of OCR is shown in Figure 4-2.  

 

Figure 4-2 Effect of temperature on volumetric strain at different OCR for (a) Pontida Silty Clay (Baldi et al., 1988), and 

(b) Pasquasia Clay (Hueckel & Baldi, 1990) (positive 휀𝑣 – contraction) 

It must be noted that the volumetric strains in Figure 4-2 were calculated as three times the measured 

axial strain, and not through the volume of the drained water as in Campanella & Mitchell (1968). In 

fact, Baldi et al. (1991a) demonstrated that the method of calculation of the volumetric strain can affect 

the final result. Figure 4-3 compares two calculation methods for the volumetric strain: in (a) the 

measured axial strain is employed, while in (b) it is based on the measured volume of drained water. 

However, it should be noted that in the latter case, a new expression proposed by Baldi et al. (1988) 

was used instead of that by Campanella & Mitchell (1968). Baldi et al. (1988) argued that Equation ( 

4-1 ) is less applicable to low-porosity clays and proposed a new expression which accounts for the 

effect of absorbed water. Assuming that there is no free water in the pores, the change in the volume of 

drained water can be defined as: 

 Δ𝑉𝐷𝑅 = 𝑣𝑎𝑆𝑠𝜌𝑑𝑉𝑚Δ𝑇 + Δ𝑉𝑠 + Δ𝑉𝑚 ( 4-6 ) 

where 𝜌𝑑 is the clay dry density, 𝑆𝑠 is the specific surface area of solid minerals and 𝑣𝑎 is the volume 

of the expanded water per unit surface of clay particles. Note that Equation ( 4-6 ) uses the opposite 

sign convention to the equivalent expression of Campanella & Mitchell (1968) (Equation ( 4-1 )). The 
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expressions for Δ𝑣𝑎 and the variation of the thermal expansion coefficient of water with temperature 

and pressure are provided in Baldi et al. (1988). 

 

Figure 4-3 Volumetric strain at different OCR during drained heating and cooling of Boom Clay calculated from 

(a) measured axial strain, and (b) measured volume of drained water (Baldi et al., 1991a) (positive 휀𝑣 – contraction) 

Delage et al. (2000) examined the applicability of the two expressions for the volume of drained water 

by performing drained heating tests on samples of Boom Clay in an isotropic compression cell. The 

volumetric strains measured directly in the experiment were compared to the values calculated using 

Equations ( 4-1 ) and ( 4-6 ). It should be noted that the variation of the thermal expansion coefficient 

of water with temperature, as well as pressure, was accounted for in the calculations. The authors found 

that the measured values were within the interval defined by the two sets of data obtained with the 

respective theories and the differences between the two predictions were not significant. Therefore, 
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Delage et al. (2000) concluded that the expression of Campanella & Mitchell (1968) is preferred due to 

its simplicity.  

The volumetric behaviour of Boom Clay under non-isothermal conditions was also later investigated 

by Sultan et al. (2002), who performed tests in an isotropic compression cell (used previously by Delage 

et al. (2000)) on samples characterised by a range of OCRs and submitted to different confining 

pressures. The results, presented in Figure 4-4, support the previous findings of increasing contraction 

with reducing OCR. It can also be observed that the slope of the volumetric strain during cooling 

appears to be independent of OCR or the confining pressure. Additionally, the transition point between 

expansive and contractive behaviour upon heating increased with increasing OCR, as is further 

illustrated in Figure 4-5.  

 

Figure 4-4 Thermal volumetric changes of Boom clay with different OCRs (Sultan et al., 2002) (positive 휀𝑣𝑇 – contraction) 

 

Figure 4-5 Variation with OCR of the temperature at the point of transition between expansion and contraction during 

drained heating (Sultan et al., 2002) 

Towhata et al. (1993) studied the volumetric behaviour of Bentonite, as well as MC Clay, whose 

mineralogical composition is predominantly Kaolin, using an oedometer apparatus. The authors found 

that the irreversible contraction in NC samples is independent of the confining stress level, whereas in 

the case of OC soil, the amount of expansion during heating was observed to increase with increasing 

OCR.  
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MC Clay was also used in tests performed by Cekerevac & Laloui (2004). Following isotropic 

consolidation to a mean effective stress of 600 kPa, the samples were unloaded by different amounts 

resulting in OCR values ranging from 1 to 12. Subsequently, all samples were heated to 90 °C under 

drained conditions. The results presented in Figure 4-6 show similar trends as those observed in the 

studies reported by Towhata et al. (1993). It should be noted that the volumetric strains were calculated 

from the measured volume of drained water using the expressions proposed by Baldi et al. (1988).  

 

Figure 4-6 Thermal volumetric changes of MC clay with different OCRs (Cekerevac & Laloui, 2004) (positive 휀𝑣𝑇 – 

contraction) 

The volumetric behaviour of Soft Bangkok Clay was explored in a series of publications by Abuel-

Naga and his co-authors (Abuel-Naga et al., 2006b; Abuel-Naga et al., 2007a, Abuel-Naga et al., 2007b, 

Abuel-Naga et al., 2007c). Tests were performed in both an oedometer apparatus, where the volumetric 

strain was calculated from the measured change in sample height, and a triaxial cell, where the measured 

volume of drained water was used to calculate the volumetric strain. In the latter case, the expression 

of Campanella & Mitchell (1968) was applied and the variation of thermal expansion coefficient of 

water with temperature was accounted for. In the oedometer tests, the samples were consolidated under 

a vertical effective stress of 200 kPa, unloaded to different OCR values and finally heated and cooled 

under drained conditions. The tests performed in the triaxial cell involved isotropic consolidation to 

mean effective stresses of 200, 300 or 400 kPa and isotropic unloading to obtain a range of OCRs, prior 

to subjecting the samples to a drained heating and cooling cycle. Figure 4-7 presents the results of the 

oedometer tests, whereas the results of the triaxial cell tests are shown in Figure 4-8. In both cases, NC 

samples showed irreversible contraction during heating and cooling, whereas the expansion upon 

heating in highly OC specimens was largely reversible. When cooled, all samples contracted at 

approximately the same rate. Additionally, the results plotted in Figure 4-8 indicate that the volumetric 

behaviour of the NC samples appears to be independent of the stress level.  
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Figure 4-7 Thermal volumetric changes of Soft Bangkok Clay obtained using oedometer apparatus: (a) OCR = 1, and 

(b) OCR = 2, 4 and 8 (Abuel-Naga et al., 2006b; Abuel-Naga et al., 2007a, Abuel-Naga et al., 2007b) (positive 휀𝑣 – 

contraction) 

 

Figure 4-8 Thermal volumetric changes of Soft Bangkok Clay obtained using triaxial cell (Abuel-Naga et al., 2007c) 

(positive 휀𝑣 – contraction) 

Results showing similar trends were reported for other soil types including Todi, Fiumicino and 

Bologna Clays (Burghignoli et al., 1992, 2000), normally consolidated English China Clay (Jefferson, 

1994), Callovo–Oxfordian Claystone (Mohajerani et al., 2014), silty clays from Geneva, Switzerland 

(Di Donna & Laloui, 2015b) and Opalinus Clay (Favero et al., 2016). 

4.2.3 Pore water pressure 

Heating soils under undrained conditions results in generation of excess pore water pressures. This 

behaviour is mainly caused by the fact that the thermal expansion coefficient of water is significantly 

higher than that of soil particles, implying that the pore water expands more than the soil particles under 

an increase in temperature.  
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Campanella & Mitchell (1968) were the first to develop analytical expressions which describe the 

variations in pore water pressure due to temperature changes under undrained conditions. They started 

with the assumption that the sum of the volume changes of the individual soil fractions due to pressure 

and temperature changes is equal to the sum of the total volume change of the sample due to pressure 

and temperature changes, such that: 

 Δ𝑉𝑤
𝑇 + Δ𝑉𝑠

𝑇 + Δ𝑉𝑤
𝜎 + Δ𝑉𝑠

𝜎 = Δ𝑉𝑚
𝑇 + Δ𝑉𝑚

𝜎 ( 4-7 ) 

where the subscripts 𝑤, 𝑠 and 𝑚 refer to water, soil particles and the total volume of the solid-fluid 

mixture, respectively, whereas the superscripts 𝑇 and 𝜎 relate to effects of temperature and pressure 

changes, respectively. The individual terms are defined as: 

 Δ𝑉𝑤
𝜎 = 𝑚𝑤𝑉𝑤Δ𝑝𝑓 ( 4-8 ) 

 𝛥𝑉𝑠
𝜎 = 𝑚𝑠𝑉𝑠𝛥𝑝𝑓 +𝑚𝑠

′𝑉𝑠Δ𝜎
′ ( 4-9 ) 

 𝛥𝑉𝑚
𝜎 = 𝑚𝑣𝑉𝑚Δ𝜎

′ ( 4-10 ) 

where Δ𝑝𝑓 is the change in pore water pressure, Δ𝜎′ is the change in the effective stress, whereas 𝑚𝑤, 

𝑚𝑠, 𝑚𝑠
′  and 𝑚𝑣 are the compressibilities of water, solid particles under isotropic pressure, solid particles 

under concentrated loadings (i.e. at contact points) and soil structure, respectively. The terms Δ𝑉𝑤
𝑇, Δ𝑉𝑠

𝑇 

and Δ𝑉𝑚
𝑇 are defined by Equations ( 4-2 )-( 4-4 ). Substituting Equations ( 4-2 )-( 4-5 ) and ( 4-8 )-( 4-

10 ) into Equation ( 4-7 ), assuming that the change in the total stress is zero during a temperature 

change (i.e. Δ𝜎′ = −Δ𝑝𝑓) and that the values of 𝑚𝑠 and 𝑚𝑠
′  are identical (i.e. 𝑚𝑠 = 𝑚𝑠

′ ), the following 

expression for the change in pore water pressure due to temperature changes can be obtained: 

 
Δ𝑝𝑓 =

𝑛(𝛼𝑇𝑠
𝑉 − 𝛼𝑇𝑤

𝑉 )Δ𝑇 + 𝛼𝑇𝑠𝑡
𝑉 Δ𝑇

𝑚𝑣 + 𝑛𝑚𝑤
 ( 4-11 ) 

where 𝑛 is the porosity defined as 𝑉𝑤 𝑉𝑚⁄ . Note that the sign convention adopted in Equation ( 4-11 ) is 

such that tensile pore water pressures are considered as positive. Hence, an increase in temperature 

leads to a negative (i.e. compressive) change in pore water pressure (as 𝛼𝑇𝑤
𝑉  is greater than 𝛼𝑇𝑠

𝑉 ).  

Subsequently, Campanella & Mitchell (1968) performed two experiments involving undrained heating 

and cooling of different soils. In the first test, samples of remoulded illitic clay were subjected to drained 

thermal cycles at a constant isotropic stress followed by two undrained cycles of heating to 60.0 °C 

(140 °F) and cooling to 4.4 °C (40 °F) from the initial temperature of 18.3 °C (65 °F). The resulting 

pore water pressures are shown in Figure 4-9 (a). The second test, performed on samples of undisturbed 

San Francisco Bay mud which had not been exposed to previous temperature changes, involved the 

same undrained thermal cycles. The results of this test are presented in Figure 4-9 (b). In both tests, 

pore water pressure increased (i.e. became more compressive) upon heating and reduced during the 
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cooling stage. However, while the illitic clay samples experienced the same changes in pore water 

pressure forming a closed hysteresis loop in each cycle, the samples of San Francisco Bay Mud 

developed a residual pore pressure during the first cycle and a closed hysteresis loop in the following 

cycles. A similar behaviour was observed in the previously described drained heating and cooling tests 

by Campanella & Mitchell (1968) where a permanent volume change was measured during the first 

heating, whereas the following cycles produced mostly reversible changes (see Figure 4-1). This 

suggests that the changes in the soil structure governed by 𝛼𝑇𝑠𝑡
𝑉  are significant during the first heating 

of a soil which had not been subjected to a temperature increase before. The results of these tests can 

also be interpreted in terms of a thermal overconsolidation ratio which relates the maximum temperature 

experienced by soil to its current temperature. For example, the samples of illitic clay subjected to 

drained heating and cooling prior to the undrained test could be described as thermally 

overconsolidated, and therefore, their behaviour in terms of pore water pressure is elastic. Conversely, 

San Francisco Bay Mud was thermally normally consolidated during the initial undrained heating such 

that irreversible (or plastic) behaviour was observed after the first cycle. It should also be noted that the 

authors found a reasonably good agreement between the measured changes in pore water pressures and 

those predicted by Equation ( 4-11 ). 

 

Figure 4-9 Pore water pressure changes during undrained heating and cooling of (a) illitic clay, and (b) San Francisco Bay 

Mud (Campanella & Mitchell, 1968) (compression positive; 40 °F = 4.4 °C; 140 °F = 60.0 °C; 1 kg/cm2 = 98 kPa) 

The undrained heating behaviour of reconstituted illitic clay was also studied by Tanaka et al. (1997). 

Before heating, samples were loaded isotropically in a triaxial cell to a mean effective stress of either 

1.0 or 1.5 MPa resulting in NC samples. Some specimens subjected to 1.0 MPa of pressure were then 

unloaded to an isotropic stress of 0.5 MPa to produce samples with OCR of 2.0. Figure 4-10 (a) shows 

a non-linear increase in pore water pressure in NC samples. The results also indicate that the NC 
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samples subjected to higher preconsolidation stresses, 𝑝𝑐
′ , experience a larger increase in the pore water 

pressure. This behaviour could be related to an increase in soil stiffness with increasing stress level (i.e. 

in Equation ( 4-11 ), 𝑚𝑣 reduces with increasing mean effective stress). The response of NC and OC 

specimens is compared in Figure 4-10 (b) and (c) (where Δ𝑝′ = Δ𝑝𝑓). Note that in Figure 4-10 (b), Δ𝑝′ 

is normalised by the preconsolidation pressure at the initial temperature of 28 °C, 𝑝𝑐
′  (i.e. 1.0 or 1.5 MPa 

for NC samples and 1.0 MPa for OC samples), whereas in Figure 4-10 (c) is it normalised by the 

consolidation pressure at the initial temperature of 28 °C, 𝑝𝑐𝑜𝑛𝑠
′  (i.e. still 1.0 or 1.5 MPa for NC samples 

and 0.5 MPa for OC samples). The increase in pore water pressure in the OC samples is smaller than in 

the NC samples and follows a linear trend with temperature (Figure 4-10 (b)). As the consolidation 

pressure is lower for the OC clay, the smaller measured pore water pressure can be explained by lower 

stiffness than in the NC samples. Furthermore, it is likely that the response of the NC specimen was 

elasto-plastic and additional pore water pressure was generated due to plasticity. It is interesting to note 

that, when normalised by the consolidation pressure at the initial temperature of 28 °C, 𝑝𝑐𝑜𝑛𝑠
′ , the results 

of all test reduce to the same non-linear relationship (Figure 4-10 (c)).  

 

Figure 4-10 Pore water pressure changes during undrained heating of illitic clay: (a) effect of preconsolidation stress, 𝑝𝑐
′ , 

on NC samples, (b) effect of preconsolidation stress, 𝑝𝑐
′ , on NC and OC samples, and (c) effect of consolidation stress, 𝑝𝑐𝑜𝑛𝑠

′ , 

on NC and OC samples (Tanaka et al., 1997) (compression positive) 

Ghahremannejad (2003) carried out tests with undrained heating and cooling cycles on illitic clay. 

Despite some residual pore water pressure build up having been observed during the first cycle, the 
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behaviour of both NC and OC samples was mostly reversible during the following cycles, suggesting a 

mechanism involving the concept of thermal overconsolidation, as previously explained.  

Plum & Esrig (1969) performed cyclic undrained heating tests on remoulded Newfield Clay which is a 

glacial lake clay obtained from Newfield, New York. Figure 4-11 shows the pore water pressure 

evolution over the first four thermal cycles. It can be observed that the residual pore water pressure after 

each cycle reduces as the cycling continues. The authors noted that further temperature cycling did not 

produce any residual pore water pressures (although no results were shown). This behaviour of reducing 

residual pore water pressure was also measured in San Francisco Bay Mud by Campanella & Mitchell 

(1968). The linear change in pore water pressure with temperature seen in Figure 4-11, which is 

different to the non-linear trend recorded in the previously described studies, is due to the fact that pore 

pressure measurement could only be obtained at the end of the temperature cycle (Plum & Esrig, 1969). 

 

Figure 4-11 Pore water pressure changes during undrained heating and cooling of Newfieldd Clay (Plum & Esrig, 1969) 

(compression positive; 10 PSI = 68.9 kPa) 

Undrained heating tests on Boom Clay were performed by Horseman et al. (1987) and Monfared et al. 

(2012). Horseman et al. (1987) heated two samples in a triaxial cell: CIU/50/7 and CIU/55/5 which 

were loaded isotropically to 4.0 MPa and 2.25 MPa, respectively, prior to heating. Monfared et al. 

(2012) tested a single sample, which was subjected to the same isotropic stress as sample CIU/55/5 (i.e. 

2.25 MPa), in a hollow cylinder apparatus. The in-situ preconsolidation pressure was estimated by 

Horseman et al. (1987) as 6.5 MPa, which suggests that, before the start of heating, sample CIU/50/7 

had an OCR of approximately 1.6, whereas samples CIU/55/5 and that of Monfared et al. (2012) had 

an OCR of approximately 2.9. The excess pore water pressures measured in both studies are plotted in 

Figure 4-12 (a). As expected, the pore water pressure responses of sample CIU/55/5 and that of 

Monfared et al. (2012) are very similar. The larger increase in pore water pressure experienced by 

sample (CIU/50/7) may be due to a higher stiffness resulting from a higher stress level than that in the 

other samples. The volume changes were also measured throughout the tests and the resulting 
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volumetric strains plotted in Figure 4-12 (b). It can be observed that the volumetric responses of sample 

CIU/55/5 and that of Monfared et al. (2012) show less agreement than that observed in the case of the 

pore water pressure. In fact, the volumetric strain recorded by Monfared et al. (2012) is closer to that of 

sample CIU/50/7. However, it must be pointed out that the error bars presented by Horseman et al. 

(1987) indicate high uncertainty in the volume change measurements. After heating the sample to 65 °C 

under undrained conditions, Monfared et al. (2012) then cooled it in a drained manner. The volumetric 

strain recorded during this stage (plotted as empty circles in Figure 4-12 (b)) suggests that the rate of 

contraction upon drained cooling is smaller than the expansion during undrained heating. This 

difference is expected as undrained heating involves expansion of both the water and the soil particles, 

whereas during drained cooling, the volume change is governed only by the response of soil particles.  

 

Figure 4-12 Results of undrained heating tests on Boom Clay: (a) excess pore water pressure, and (b) volumetric strain 

(replotted  from Horseman et al. (1987) and Monfared et al. (2012)) (compression positive) 

Lima et al. (2010) carried out heating pulse tests on Boom Clay. The sample was placed in a heating 

cell, shown in Figure 4-13 (a), and the heating pulses were applied by a heater positioned along the axis 

of the sample. Drainage was allowed only at the bottom of the sample where the water pressure was 

kept constant. The testing procedure involved a heating stage during which the heater was switched on 

for 24 h, followed by a 24 h cooling stage during which the heater was switched off. Three such cycles 

were performed where each cycle involved a larger temperature change than the previous one. The 

temperature evolution during the third cycle is shown in Figure 4-13 (b), whereas the corresponding 

pore water pressure evolution is plotted in Figure 4-13 (c). Once the heater was switched on, the pore 

water pressure increased rapidly to a maximum value and then reduced at a slower rate towards the 

applied hydraulic boundary condition at the bottom. During cooling, the same behaviour but with an 

initial reduction in pore water pressure was observed. The absolute values of the maximum change in 
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pore water pressure corresponding to each pulse are plotted in Figure 4-13 (d). Based on the observed 

linear trend, the authors calculated a thermal pressurisation coefficient, which represents the change in 

pore water pressure due to a unit temperature change, as 0.013 MPa/°C.  

 

Figure 4-13 (a) heating cell, (b) temperature evolution during the third cycle, (c) pore water pressure evolution during the 

third cycle, and (d) maximum absolute pore water pressure changes during undrained pulse tests on Boom Clay (Lima et al., 

2010) (compression positive) 

The pore water pressure change due to undrained heating in normally consolidated MC Clay (kaolinitic 

clay) was measured by Kuntiwattanakul et al. (1995). An approximately linear increase in pore water 

pressure with increasing temperature, as shown in Figure 4-14, was observed.  

 

Figure 4-14 Pore water pressure changes during undrained heating of NC MC Clay (Kuntiwattanakul et al., 1995) 

(compression positive) 
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Abuel-Naga et al. (2007a) studied the effect of stress level and stress history on the pore water pressure 

behaviour of Soft Bangkok Clay during undrained heating and cooling. Prior to heating, samples were 

loaded isotropically to mean effective stresses of 200, 300 or 400 kPa resulting in NC specimen (as 

these stress levels are higher than in-situ). Additionally, two samples which were loaded to 200 kPa 

were then isotropically unloaded to different mean effective stresses obtaining samples with OCR of 2 

and 4. Figure 4-15 (a) compares results of the tests on samples with different OCR but the same 

preconsolidation pressure (i.e. 200 kPa). The data shows that the rate of thermally-induced pore water 

pressure decreases with increasing OCR which agrees with the findings of Horseman et al. (1987)  on 

Boom Clay and Tanaka et al. (1997) on illitic clay. Again, this behaviour could be explained by a higher 

stiffness (due to larger mean effective stresses), as well as an earlier onset of plasticity in the case of 

smaller OCR. Additionally, the results suggest that in NC samples, the pore water pressure changes 

were reversible over one thermal cycle, whereas in OC samples the behaviour was irreversible with 

negative excess pore pressures generated after the cycle. This finding is contrary to the previous studies 

(e.g. Campanella & Mitchell, 1968; Plum & Esrig, 1969) involving heating and cooling cycles. The 

effect of stress level on the response of NC samples is illustrated in Figure 4-15 (b) where the excess 

pore water pressure is normalised by the consolidation pressure, 𝑝𝑐𝑜𝑛𝑠
′  (i.e. 200, 300 or 400 kPa). The 

same trend of increasing pore water pressure with increasing consolidation pressure, which may be 

related to an increase in soil stiffness, was observed by Tanaka et al. (1997).  

 

Figure 4-15 Pore water pressure changes during undrained heating and cooling of Soft Bangkok Clay with (a) different 

OCR and preconsolidation pressure of 200 kPa, and (b) different consolidation pressures and OCR of 1.0 (Abuel-Naga et 

al., 2007a) (compression positive) 

Mohajerani et al. (2012) investigated the undrained heating behaviour of Callovo-Oxfordian Claystone 

which is a possible host rock for nuclear waste disposal in France. Two samples were obtained from 

the ANDRA Meuse-Haute Marne Underground Research Laboratory of Bure, France, and heated in an 

isotropic cell under in-situ stress conditions. As in previous studies, an increase in pore water pressure 

was observed during the undrained heating test. From the measured pore water pressure changes, the 

authors calculated the thermal pressurisation coefficient, Ψ, which is defined as the change in pore 
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water pressure due to a unit temperature change. Figure 4-16 shows that Ψ varies with temperature, 

implying a non-linear increase in the pore water pressure, and that is slightly different for the two 

samples (EST27396 n°1-iso and EST27396 n°2-iso). Additionally, Mohajerani et al. (2012) proposed 

the following theoretical expression for Ψ: 

 
Ψ =

𝑛(𝛼𝑇𝑠
𝑉 − 𝛼𝑇𝑤

𝑉 )

(𝑚𝑣 −𝑚𝑠) + 𝑛(𝑚𝑤 −𝑚𝑠)
 ( 4-12 ) 

where 𝑚𝑣 is the compressibility of the saturated soil, whereas 𝑚𝑠 and 𝑚𝑤 are the compressibilities of 

the solid particles and water, respectively. Note that, unlike the expression by Campanella & Mitchell 

(1968) (Eqution ( 4-11 )), Equation ( 4-12 ) accounts for the compressibility of the solids and does not 

include the physico-chemical coefficient of structural volume change. The values of Ψ obtained using 

Equation ( 4-12 ) are also plotted in Figure 4-16. It should be noted that the variations of 𝛼𝑇𝑤
𝑉  and 𝑚𝑤 

with temperature were accounted for, whereas 𝑛, 𝛼𝑇𝑠
𝑉 , 𝑚𝑣 and 𝑚𝑠 were assumed to be constant. The 

large discrepancy between the experimental and theoretical values of Ψ was attributed to the 

dependence of 𝑚𝑣 on stress and temperature.  

 

Figure 4-16 Variation of thermal pressurization coefficient with temperature: experimental values and values calculated 

with Equation ( 4-12 ) assuming a constant 𝑚𝑣 (Mohajerani et al., 2012) 

Mohajerani et al. (2012) also pointed out that the soil samples expanded during the undrained heating 

test, and although the volumetric changes could not be measured directly, the authors proposed that the 

volumetric strain can be calculated as: 

 휀𝑣 = 𝑚𝑠Δ𝑝𝑓 +𝑚𝑣(Δ𝜎 − Δ𝑝𝑓) − 𝛼𝑇𝑠
𝑉 Δ𝑇 ( 4-13 ) 

where Δ𝜎 is the change in the total isotropic stress and Δ𝑢 is the change in the pore water pressure. 

Noting that during undrained heating Δ𝜎 = 0 and Δ𝑝𝑓 = ΨΔ𝑇 (from the definition of Ψ), Equation ( 4-

13 ) becomes: 

 휀𝑣 = ((𝑚𝑣 −𝑚𝑠)Ψ − 𝛼𝑇𝑠
𝑉 )Δ𝑇 = 𝛼𝑢

𝑉Δ𝑇 ( 4-14 ) 
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where 𝛼𝑢
𝑉 is defined as the volumetric thermal expansion coefficient due to undrained heating/cooling 

(Mohajerani et al., 2012). Figure 4-17 plots the computed volumetric strain for the two samples 

(EST27396 n°1-iso and EST27396 n°2-iso) and the variation of the undrained thermal expansion 

coefficient (calculated by taking the derivative of a fitted third degree polynomial expression) with 

temperature. It should be noted that, in the calculation of the volumetric strains, Ψ was obtained from 

the experimental data (i.e. Figure 4-16), 𝑚𝑣 was back-calculated by fitting Equation ( 4-12 ) to the 

experimental values of Ψ, whereas 𝛼𝑇𝑠
𝑉  and 𝑚𝑠 were assumed to be constant. 𝛼𝑢

𝑉 is considered negative 

here as a negative volumetric strain indicates expansion.  

 

Figure 4-17 (a) volumetric strain during undrained heating calculated using Equation ( 4-14 ) (negative volumetric strain – 

expansion), and (b) variation of the undrained thermal expansion coefficient with temperature (Mohajerani et al., 2012) 

4.2.4 Preconsolidation pressure 

Preconsolidation pressure is defined as the pressure where the current swelling line intersects the normal 

compession line, and therefore, represents the yielding limit. For stress levels beyond the 

preconsolidation pressure, the material behaves as normally consolidated. The effect of temperature on 

the preconsolidation pressure can be examined by heating overconsolidated samples by different 

amounts in a drained manner and then loading the samples, either isotropically in a triaxial cell or in an 

oedometer, while maintaining a constant temperature (note that in the latter apparatus the designation 

“preconsolidation pressure” corresponds to the vertical preconsolidation stress).  

Such tests were performed in an oedometer by Eriksson (1989) and Tidfors & Sällfors (1989) on 

undisturbed samples of various clays from Sweden. The results obtained by Eriksson (1989), who 

studied Lulea Sulphide Clay, are presented in Figure 4-18. It can be observed that the preconsolidation 

pressure reduces nonlinearly with increasing temperature, suggesting that the size of the elastic region 

shrinks in the same manner. Although Tidfors & Sällfors (1989) also observed a reduction of 

preconsolidation pressure with increasing temperature, the trend appears to be linear as shown in Figure 

4-19.  
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Figure 4-18 (a) results of oedometer tests and (b) variation of preconsolidation pressure with temperature for Sulphide Silty 

Clay (Eriksson, 1989) 

 

Figure 4-19 Variation of preconsolidation pressure with temperature for (a) Bäckebol Clay, and (b) Välen Clay (Tidfors & 

Sällfors, 1989) 

Table 4-2 summarises the results of studies investigating the effect of temperature on the 

preconsolidation pressure. Note that, as previously highlighted, in the case of oedometer tests, 

preconsolidation pressure is defined in terms of the vertical stress (𝜎𝑣0,𝑇
′ ), whereas in the isotropic 

loading tests, it refers to the isotropic stress (𝑝0,𝑇
′ ). Additionally, the variation of preconsolidation 

pressure with temperature obtained from all tests is summarised in Figure 4-20. In order for the results 

to be comparable, the preconsolidation pressures (𝜎𝑣0,𝑇
′  or 𝑝0,𝑇

′ ) are normalised by the preconsolidation 

pressure at 20 °C (𝜎𝑣0,𝑇=20
′  or 𝑝0,𝑇=20

′ ) for each soil type and the temperature change refers to the change 

from 20 °C. The preconsolidation pressure corresponding to 20 °C was obtained from the best fit lines 

obtained based on the data available for each soil type. Clearly, all studies found that the 

preconsolidation pressure reduces with increasing temperature. Figure 4-20 shows a similar trend for 

all soil types with an asymptote at 𝜎𝑣0,𝑇
′ 𝜎𝑣0,𝑇=20

′⁄  or 𝑝0,𝑇
′ 𝑝0,𝑇=20

′⁄  equal to approximately 0.7. Table 
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4-2 also contains the reduction in preconsolidation pressure per degree calculated as a percentage of the 

preconsolidation pressure at the minimum temperature (see second value in the brackets). The range of 

these values (from 0.1 %/°C in case of MC Clay to 0.8 %/°C for some of the Swedish clays) suggests 

that the magnitude of the change in preconsolidation pressure may be dependent of the soil type.  

Table 4-2 Summary of tests on the effect of temperature on preconsolidation pressure 

Soil type Reference Test type 
Temperature 

range (°C) 

Preconsolidation pressure 

reduction * 

Lulea 

Sulphide Clay 
Eriksson (1989) Oedometer 5 – 55 23 kPa (38 %, 0.8 %/°C) 

Bäckebol 

Clay 

Tidfors & Sällfors 

(1989) 
Oedometer 7 – 50 15 kPa (27 %, 0.6 %/°C) 

Väsby Clay 
Tidfors & Sällfors 

(1989) 
Oedometer 17 – 50 12 kPa (26 %, 0.8 %/°C) 

Värnamo 

Clay 

Tidfors & Sällfors 

(1989) 
Oedometer 7 – 50 30 kPa (17 %, 0.4 %/°C) 

Välen Clay 
Tidfors & Sällfors 

(1989) 
Oedometer 7 – 50 10 kPa (32 %, 0.8 %/°C) 

Swedish Clay Moritz (1995) Oedometer 20 – 70 8 kPa (15 %, 0.3 %/°C) 

Boom Clay Sultan et al. (2002) 
Isotropic 

loading 
23 – 100 1800 kPa (30 %, 0.4 %/°C) 

MC Clay 
Cekerevac & 

Laloui (2004) 

Isotropic 

loading 
22 – 90 30 kPa (5 %, 0.1 %/°C) 

Soft Bangkok 

Clay 

Abuel-Naga et al. 

(2007c), Abuel-

Naga et al. 

(2006b) 

Isotropic 

loading 
25 – 90 80 kPa (27 %, 0.4 %/°C) 

Opalinus Clay 
Favero et al. 

(2016) 
Oedometer 23 – 80 

10000 kPa (20 %, 0.4 %/°C) 

20000 kPa (22 %, 0.4 %/°C) 

* The first value in brackets is the reduction in preconsolidation pressure as a percentage of the preconsolidation pressure 

at the minimum temperature, whereas the second value in brackets is the percentage reduction per degree Celsius 

(assuming a linear relationship between preconsolidation pressure and temperature). 
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Figure 4-20 Variation of normalised preconsolidation pressure with temperature for different soils 

4.2.5 Compression behaviour 

This section presents experimental studies involving one-dimensional or isotropic loading tests which 

investigate the effect of temperature on compression characteristics of clays. The aspects discussed 

include the slopes of the normal compression and swelling lines, as well as the position of the normal 

compression line in the void ratio – stress space. The main findings are summarised in Table 4-3.  

The effects of temperature on the compression characteristics of soil were first investigated by Finn 

(1952) who tested a highly compressible clay in a temperature-controlled oedometer. A number of 

loading tests at temperatures ranging from 4.4 °C (40 °F) to 26.7 °C (80 °F) were performed. As shown 

in Figure 4-21, all normal compression lines (NCL) are parallel to one another which suggests that the 

compression index is independent of temperature. 

 

Figure 4-21 Effect of temperature on the normal compression line (Finn, 1952) (40 °F = 4.4 °C; 80 °F = 26.7 °C; 1 ton/ft2 

= 95.8 kPa) 
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Subsequently, Campanella & Mitchell (1968) performed isotropic loading tests in a triaxial cell on three 

normally consolidated samples of remoulded illitic clay which were kept at constant temperatures of 

24.7 °C (76.5 °F), 37.7 °C (100 °F) and 51.4 °C (124.5 °F), respectively, throughout the duration of the 

test. All samples were isotropically loaded to an effective stress of 589 kPa (6 kg/cm2) and then unloaded 

to 196 kPa (2 kg/cm2). The results shown in Figure 4-22 indicate that increasing the temperature prior 

to loading reduces the void ratio, as samples were prepared to the same initial void ratio. This 

observation links to the previously described findings by Campanella & Mitchell (1968) that heating a 

NC soil results in the rearrangement of particles and a consequent reduction of the volume of the 

structure. Figure 4-22 also shows that both the normal compression lines and swelling lines, 

corresponding to tests carried out at different temperatures, are parallel to one another. Therefore, the 

authors concluded that the compression and swelling indexes are independent of temperature for illitic 

clay.  

 

Figure 4-22 Effect of temperature on isotropic compression behaviour of illitic clay (Campanella & Mitchell, 1968) 

(1 kg/cm2 = 98 kPa) 

Plum & Esrig (1969) carried out a series of one-dimensional loading tests on remoulded illitic clay 

using an oedometer. In Experiment 1, one sample was loaded at a constant temperature of 24 °C and 

another at 50 °C, whereas the third sample was initially loaded to 275 kPa (40 psi) at 24 °C, heated to 

50 °C and finally loaded further. The results of these tests are compared in Figure 4-23 (a). However, it 

should be noted that the results were offset to a common initial void ratio in order to facilitate a direct 

comparison between the three samples. It can be observed that, in contrast to the results reported by 

Campanella & Mitchell (1968), the compression indexes below 275 kPa (40 psi) seem to vary with 

temperature, whereas above 275 kPa (40 psi) no dependence on temperature is noticeable. Additionally, 

Figure 4-23 (a) shows a reduction in the void ratio of the third sample during its heating, which is in 

agreement with the findings of Campanella & Mitchell (1968).  
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In Experiment 2, a single sample of illitic clay was subjected to two cycles of heating to 50 °C and 

cooling back to 24 °C, where each cycle was applied at a different stage of the one-dimensional loading 

test as shown in Figure 4-23 (b). The results presented in Figure 4-23 (b) show that, after a cycle of 

heating and cooling, the soil behaved as if it were overconsolidated. Moreover, the NCL was reached 

at higher stresses during the reloading stages which indicates an increase in the preconsolidation 

pressure. It is also interesting to note that, the NCL corresponding to the temperature of 24 °C appears 

to shift further to the right after each thermal cycle, suggesting that its position is not uniquely 

determined by the temperature and depends on the temperature history.  

 

Figure 4-23 Results of (a) Experiment 1 and (b) Experiment 2 on illitic clay (Plum & Esrig, 1969) (10 PSI = 68.9 kPa) 

The compression behaviour of reconstituted illitic clay was also investigated by Tanaka et al. (1997). 

However, contrary to the previously reported results (e.g. Finn, 1952; Campanella & Mitchell, 1968), 

the isotropic loading tests, where the samples were loaded at different temperatures up to a mean 

effective stress of 3.0 MPa, showed a small reduction in the slope of the NCL with increasing 

temperature, as illustrated in Figure 4-24. 

 

Figure 4-24 Effect of temperature on normal compression lines of illitic clay (Tanaka et al., 1997) 
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Ghahremannejad (2003) tested a clay predominantly composed of Illite. The isotropic loading tests 

performed at different temperatures showed that the NCLs are parallel to one another with a decreasing 

void ratio as temperature increases. During the unloading, the author observed a slight reduction in the 

slope of the swelling line from 0.0332 at 22 °C to 0.0275 at 100 °C (i.e. a reduction of approximately 

17 %) which is contrary to the findings of Campanella & Mitchell (1968).  

The reduction in void ratio during temperature cycling was studied by Demars & Charles (1982) who 

performed isotropic loading tests on marine clays from the North Atlantic with various OCRs. The 

authors found that the permanent reduction in void ratio due to temperature cycles reduces with 

increasing OCR, which is in agreement with the previously described observations that the amount of 

irreversible volumetric change under drained heating decreases with increasing OCR. 

Burghignoli et al. (1992, 2000) performed a series of isotropic compression tests with heating and 

cooling cycles on remoulded Todi Clay. In Experiment 1, a sample was subjected to isotropic loading 

with three unloading and reloading cycles and four heating and cooling cycles with a temperature 

change of 20 °C, as depicted in Figure 4-25 (a). The first three thermal cycles were applied at the end 

of each unloading stage, whereas the last thermal cycle was applied at the end of the test when the 

specimen was normally consolidated. The results in Figure 4-25 (a) show that overconsolidated soil 

experienced a permanent increase in void ratio during a temperature cycle, which is contrary to the 

findings of Demars & Charles (1982), whereas a reduction was observed during the final thermal cycle 

on the NC soil. Moreover, the increase in void ratio appears to be larger for more overconsolidated soil. 

The authors also found that the changes in void ratio take place during the heating stage, while no 

further changes were observed during cooling. Experiment 2 involved a single thermal cycle on a NC 

sample followed by further isotropic loading, similar to Experiment 2 by Plum & Esrig (1969). The 

results plotted in Figure 4-25 (b) confirm the previous findings regarding the overconsolidation and 

increase in the preconsolidation pressure due to temperature cycling. However, unlike Plum & Esrig 

(1969) who observed a shift in the NCL following a thermal cycle, the results of Burghignoli et al. 

(1992, 2000) show a negligible change in its position suggesting that there is a unique NCL for each 

temperature value. In the final experiment conducted by these authors, which involved isotropic loading 

of samples at different temperatures, it was found than the slope of the NCL is independent of 

temperature.  
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Figure 4-25 Results of (a) Experiment 1 and (b) Experiment 2 on Todi Clay (TC – thermal cycle) (Burghignoli et al., 1992, 

2000) 

The compression behaviour of kaolinitic clay was investigated by a number of researchers. The effect 

of overconsolidation due to a heating and cooling cycle was observed on MC Clay by Towhata et al. 

(1993), who performed one-dimensional compression tests. It was also shown that the same NCL was 

reached when the sample was loaded again after the thermal cycle indicating a unique NCL for each 

temperature level. Studies on the influence of temperature on the slope of the NCL seem to agree that 

the compression index is independent of temperature (Towhata et al., 1993; Ghahremannejad, 2003; 

Cekerevac & Laloui, 2004; Mon et al., 2013). However, some differences in the behaviour during 

unloading were found. Ghahremannejad (2003), who had previously identified a slight reduction with 

temperature in the slope of the swelling line of illitic clay, observed similar behaviour for kaolinitic 

clay, whereas Mon et al. (2013) found it to be independent of temperature. Indeed, the study by 

Ghahremannejad (2003), remains the only one where temperature was found to influence the value of 

the swelling index. 

Sultan et al. (2002) performed a number of tests on Boom Clay using an isotropic cell. The main 

observations include a reduction in void ratio during drained heating of a NC sample and no change in 

the slope of the NCL with temperature. As none of the tests involved temperature cycles, no conclusions 

regarding the uniqueness of NCL for each temperature value can be drawn.  

The compression behaviour of Soft Bangkok Clay was investigated by Abuel-Naga and his co-authors 

(Abuel-Naga et al., 2006b; Abuel-Naga et al., 2007b, Abuel-Naga et al., 2007c). Abuel-Naga et al. 

(2006b) performed a one-dimensional loading test with a drained heating and cooling cycle on NC 

samples. The thermal cycle resulted in a reduction in void ratio and an overconsolidation effect (i.e. an 

increase in the preconsolidation stress). Furthermore, the position of the NCL was found to be the same 

prior and after the temperature cycle further suggesting that it is unique for each temperature value. 

Isotropic loading tests carried out by Abuel-Naga et al. (2007b) and Abuel-Naga et al. (2007c) showed 

that the slopes of both the normal compression and swelling lines are independent of temperature.  
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Table 4-3 Summary of tests on the effect of temperature on compression characteristics 

Soil type Reference Test type 

Slope of 

swelling 

line 

Slope of 

NCL 

NCL for each 

temperature 

value 

Highly 

compressible 

clay 

Finn (1952) Oedometer - No change - 

Illitic clay 
Campanella & 

Mitchell (1968) 

Isotropic 

loading 
No change No change - 

 
Plum & Esrig 

(1969) 
Oedometer - No change 1 Not unique 

 
Tanaka et al. 

(1997) 

Isotropic 

loading 
- Decreases - 

 
Ghahremannejad 

(2003) 

Isotropic 

loading 
Decreases No change - 

Iowa Clay Noble (1968) Oedometer No change No change - 

Lulea 

Sulphide 

Clay 

Eriksson (1989) Oedometer - No change - 

Bäckebol 

Clay 

Tidfors & Sällfors 

(1989) 
Oedometer - No change - 

Todi Clay 
Burghignoli et al. 

(1992, 2000) 

Isotropic 

loading 
- No change Unique 

Kaolinitic 

clay 

Towhata et al. 

(1993) 
Oedometer - No change Unique 

 
Ghahremannejad 

(2003) 

Isotropic 

loading 
Decreases No change - 

 
Cekerevac & 

Laloui (2004) 

Isotropic 

loading 
- No change - 

 Mon et al. (2013) Oedometer No change No change - 

Bentonite 

Lingnau et al. 

(1995), Lingnau et 

al. (1996) 

Isotropic 

loading 
- No change - 

Boom Clay Sultan et al. (2002) 
Isotropic 

loading 
- No change - 
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Soft 

Bangkok 

Clay 

Abuel-Naga et al. 

(2006b) 
Oedometer - - Unique 

 

Abuel-Naga et al. 

(2007b), Abuel-

Naga et al. (2007c) 

Isotropic 

loading 
No change No change - 

Geneva silty 

clay 

Di Donna & Laloui 

(2015b) 
Oedometer No change No change - 

1 No change for vertical stresses greater than 275 kPa 

 

4.2.6 Strength 

“Strength of soil” is a designation that is used in the literature associated indiscriminately to different 

soil states, loading conditions and drainage regimes, often described as “peak”, “ultimate”, “residual”, 

“critical state”, “shear”, “drained”, “undrained”, etc. This section presents findings of experimental 

studies which investigate the effect of temperature on the peak strength, as well as on the critical state 

strength. Here, peak strength is defined as the maximum deviatoric stress associated with materials 

exhibiting softening behaviour, whereas the critical state strength is the deviatoric stress at critical state. 

Additionally, the effect of temperature on the slope of the critical state line (CSL) in 𝑝′ − 𝑞 space (i.e. 

the critical state stress ratio) is discussed. This distinction between the deviatoric stress at critical state 

and the critical state stress ratio is required since, as it will be seen, some materials exhibit different 

values of the former but identical values of the latter. 

The effect of temperature on strength of remoulded Pontida Silty Clay and undisturbed Boom Clay was 

first investigated by Hueckel and his co-authors and presented in a series of publications (Baldi et al., 

1987; Hueckel & Baldi, 1990; Hueckel & Pellegrini, 1991, 1992). In the first study, samples of Pontida 

Silty Clay, with OCRs of 5.0 and 12.0 subjected to a confining stress of 500 kPa and 200 kPa, 

respectively, were loaded under drained triaxial compression conditions at 23 °C and 98 °C. The results 

shown in Figure 4-26 suggest that the critical state is independent of temperature, as both samples, 

independently of the temperature, reach the same final deviatoric stress. Another interesting observation 

is that the samples which were not heated (i.e. 23 °C) prior to the loading appear to be able to mobilise 

higher shearing resistance, exhibiting a larger peak strength than that at critical state. As expected, this 

is accompanied by a greater tendency of these samples to dilate plastically during loading. This 

behaviour can be explained by a reduction in the preconsolidation pressure during heating, and 

therefore, an apparent reduction in the OCR at the final temperature, which results in a lower peak 

strength.  
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In the second study, the undrained behaviour of NC Pontida Silty Clay and Boom Clay was investigated. 

The first stage involved an undrained triaxial compression test which was stopped after a desired 

deviatoric stress was reached. In the second stage, the samples were heated in an undrained manner at 

constant total stress. The results of the tests on Pontida Silty Clay and Boom Clay are shown in Figure 

4-27 and Figure 4-28, respectively. Note that the results of undrained triaxial compression tests 

performed at room temperature are also potted in the figures for comparison. During the heating stage, 

the mean effective stress reduces due to generation of excess pore water pressures which finally leads 

to failure. The results of the tests on Pontida Silty Clay show that failure due to heating occurred at the 

same stress ratio as in the isothermal triaxial compression which indicates that the slope of the CSL in 

𝑝′ − 𝑞 space is insensitive to temperature. Conversely, the behaviour of Boom Clay suggests a small 

increase in the slope of the CSL during heating. The authors explained that the difference in the critical 

state behaviour of the two clays may be due to different mineralogical composition. However, they also 

note that this matter requires further investigation and more extensive experimental evidence. 

 

Figure 4-26 Drained triaxial compression at 23 °C (curve 1) and 98 °C (curve 2) of Pontida Silty Clay with (a) OCR = 5.0, 

and (b) OCR = 12.0 (Hueckel & Baldi, 1990) 
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Figure 4-27 Undrained triaxial compression followed by undrained heating (curve a) and undrained triaxial compression at 

22 °C (curve b) of Pontida Silty Clay (Hueckel & Pellegrini, 1991) 

 

Figure 4-28 Undrained triaxial compression followed by undrained heating and undrained triaxial compression at 21 °C of 

Boom Clay (Hueckel & Pellegrini, 1991) 

Another study on the strength of Boom Clay was performed by De Bruyn & Thimus (1996). Three 

overconsolidated samples were subjected to drained heating to 20 °C, 50 °C and 80 °C, respectively, 

prior to being subjected to undrained triaxial compression under constant temperature. All samples 

exhibited a softening behaviour with the peak strength reducing with increasing temperature. However, 

the undrained strength was the same irrespective of temperature. In contrast to the previous tests on 

Boom Clay by Hueckel and his co-authors, De Bruyn & Thimus (1996) observed only a very small 

variation in critical state stress ratio, concluding that it is practically independent of temperature.  

The behaviour of NC Todi Clay was studied by Burghignoli et al. (1992, 2000) who carried out three 

undrained triaxial compression tests. In the first test, the sample was sheared at the ambient laboratory 

temperature (18 °C), in the second test the sample was heated to 48 °C in a drained manner prior to 

shearing, whereas the third sample was subjected to a drained thermal cycle 18-48-18 °C before 

shearing. The observed stress-strain responses of the first two samples were very similar exhibiting the 

same undrained strength. This suggests that drained heating of NC clays results in the same size of the 

yield surface at the elevated temperature compared to that at the initial temperature. Conversely, the 

sample subjected to the thermal cycle prior to shearing showed an increase in the undrained strength 

compared to the other tests. This behaviour can be explained by a hardening mechanism during the 

heating stage such that the following cooling stage has the same effect as overconsolidation. Analysis 
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of all three tests also demonstrated that the slope of the CSL in the 𝑝′ − 𝑞 space is independent of the 

temperature history.  

Kuntiwattanakul et al. (1995) performed a series of undrained triaxial compression tests on MC Clay. 

Each sample was subjected to a different heating and/or isotropic loading path prior to triaxial 

compression loading, as explained in Table 4-4. The results of all tests are summarised in Figure 4-29 

where the maximum deviator stress refers to the undrained strength. The authors found that the 

undrained strength of NC samples increased very slightly during heating irrespective of the previous 

thermal stress path. Conversely, OC specimens showed no change in undrained shear strength. 

Additionally, the slope of the CSL in the 𝑝′ − 𝑞 space was found to be independent of temperature in 

all tests. 

Table 4-4 Thermal / stress paths prior to undrained triaxial compression tests performed by Kuntiwattanakul et al. (1995) 

OCR Thermal / stress path 

1.0 Path 1: drained heating 20 – 90 °C 

 Path 2: undrained heating 20 – 90 °C 

 Path 3: drained heating 20 – 90 °C & isotropic loading 137 – 196 kPa 

 Path 4: drained heating & cooling 20 – 90 – 20 °C 

2.2 Path 1: drained heating 20 – 90 °C at OCR = 2.2 

 Path 2: drained heating 20 – 90 °C at OCR = 1.0 & isotropic unloading to OCR = 2.2 

 Path 3: undrained heating 20 – 90 °C at OCR = 1.0 (resulting in OCR = 2.2) 

4.0  drained heating 20 – 90 °C at OCR = 4.0 

8.0  drained heating 20 – 90 °C at OCR = 4.0 

 

 

Figure 4-29 Effect of temperature on the undrained strength of MC Clay (Kuntiwattanakul et al., 1995) 

The strength behaviour of MC Clay was also later investigated by Cekerevac & Laloui (2004), whereas 

other kaolinitic clays were studied by Ghahremannejad (2003) and Yavari et al. (2016a). Cekerevac & 
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Laloui (2004) and Ghahremannejad (2003) performed drained triaxial compression tests, while Yavari 

et al. (2016a) carried out direct shear tests. All three research groups found that the slope of the CSL in 

the 𝑝′ − 𝑞 space is independent of temperature. The results of the drained triaxial compression tests by 

Cekerevac & Laloui (2004), where drained heating was performed prior to the loading, are shown in 

Figure 4-30. These measurements indicate that the peak strength increases due to heating irrespective 

of the OCR, which disagrees with the results of Hueckel & Baldi (1990) and with the concept of a 

reducing preconsolidation pressure with increasing temperature. 

 

Figure 4-30 Results of drained triaxial compression tests on MC Clay (kaolinitic clay) at 22 °C (dashed lines) and 90 °C 

(solid lines) (Cekerevac & Laloui, 2004) 

The effect of temperature on the strength of illitic clays was investigated by Tanaka et al. (1997) and 

Ghahremannejad (2003). Undrained triaxial compression tests on NC samples at different temperatures 

carried out by Tanaka et al. (1997) showed an increase in the undrained shear strength with temperature, 

whereas Ghahremannejad (2003) found a reduction in this strength. In undrained triaxial compression 

tests on OC samples, both Tanaka et al. (1997) and Ghahremannejad (2003) observed an increase in the 

undrained strength in the samples which were heated prior to loading. This behaviour appears to 

disagree with the concept of decreasing preconsolidation pressure, and therefore, decreasing size of the 

yield surface with increasing temperature. The CSL in the 𝑝′ − 𝑞 plane for tests on NC samples by 

Tanaka et al. (1997) is shown in Figure 4-31. These results suggest that the slope of the CSL is 

independent of temperature. Based on data from a few selected tests, Ghahremannejad (2003) 

concluded that the critical state stress ratio reduces with increasing temperature. However, analysis of 

all the presented results of triaxial compression tests suggests that the slope of the CSL in the 𝑝′ − 𝑞 

plane does not vary with temperature, especially when considering the scatter in tests performed at the 

same temperature.  
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Figure 4-31 Critical states for NC illitic clay sheared at different temperatures (Tanaka et al., 1997) 

Abuel-Naga et al. (2006b) and Abuel-Naga et al. (2007c) carried out a number of triaxial compression 

tests in order to investigate the effect of temperature on the strength of Soft Bangkok Clay. Figure 4-32  

and Figure 4-33 present the results of undrained and drained triaxial compression tests, respectively, on 

samples with different OCRs. Note that all samples have the same initial preconsolidation pressure of 

300 kPa. Heating was performed in a drained manner prior to the loading. The undrained triaxial 

compression tests (Figure 4-32) showed an increase in the undrained strength with increasing 

temperature which is consistent with the behaviour observed by Kuntiwattanakul et al. (1995) and 

Tanaka et al. (1997), while disagreeing with the concept of reducing size of the yield surface with 

increasing temperature. Additional undrained tests, where NC samples were subjected to temperature 

cycles of 25-70-25 °C and 25-90-25 °C prior to the loading, also resulted in a higher undrained strength 

as the amplitude of the cycle increased. This suggests hardening and an expansion of the yield surface 

during the heating stage which results in an overconsolidated sample after the thermal cycle. Figure 

4-33 shows the stress-strain behaviour measured in drained triaxial compression tests. It can be 

observed that the peak strength increases with increasing temperature, however, following the peak, the 

deviatoric stress reduces to the same level for each OCR indicating the same critical state strength. This 

behaviour agrees with the results reported by Cekerevac & Laloui (2004) and, again, it is difficult to 

reconcile with the decreasing preconsolidation pressure with increasing temperature. Furthermore, 

based on the critical states for all tests (drained and undrained) plotted in Figure 4-34, it can be 

concluded that the slope of the CSL in the 𝑝′ − 𝑞 plane is not affected by temperature. 
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Figure 4-32 Results of undrained triaxial compression tests on Soft Bangkok Clay (replotted from Abuel-Naga et al., 2007c) 

 

Figure 4-33 Results of drained triaxial compression tests on Soft Bangkok Clay (replotted from Abuel-Naga et al., 2007c) 

 

Figure 4-34 Critical states in drained (D) and undrained (U) triaxial compression tests on Soft Bangkok Clay (Abuel-Naga 

et al., 2007c) 
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The main results of the studies on the influence of temperature on the strength behaviour are 

summarised in Table 4-5. 

Table 4-5 Summary of experimental results on the effects of temperature increase on strength of soils 

Soil type Reference 
Test 

sequence 
OCR 

Peak 

strength 

Undrained 

strength 

CS stress 

ratio 

Pontida 

Silty 

Clay 

Hueckel & Baldi (1990) 
DH – 

DTXC 

5.0, 

12.5 
Decreases - No change 

Hueckel & Baldi (1990), 

Hueckel & Pellegrini 

(1991, 1992) 

UTXC – 

UH 
1.0 - - No change 

Boom 

Clay 

Hueckel & Baldi (1990), 

Hueckel & Baldi (1990), 

Hueckel & Pellegrini 

(1991, 1992) 

UTXC – 

UH 
1.0 - - Increases 

De Bruyn & Thimus 

(1996) 

DH – 

UTXC 
OC Decreases No change No change 

Todi 

Clay 

Burghignoli et al. (1992, 

2000) 

DH – 

UTXC 
1.0 - No change No change 

DHC – 

UTXC 
1.0 - Increases No change 

Kaolinitic 

clay 

Kuntiwattanakul et al. 

(1995) 

DH/UH – 

UTXC 

1.0 - Increases No change 

2.2, 

4.0, 

8.0 

- No change No change 

Ghahremannejad (2003) 

DH – 

DTXC / 

UTXC 

NC 

& 

OC 

- - No change 

Cekerevac & Laloui 

(2004) 

DH – 

DTXC 

1.0, 

1.2, 

1.5, 

2.0, 

3.0, 

6.0,  

12.0 

Increases - No change 
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Yavari et al. (2016a) 

heating – 

direct 

shear test 

- - - No change 

Illitic 

clay 

Tanaka et al. (1997) 
DH – 

UTXC 

1.0, 

2.0 
- Increases No change 

Ghahremannejad (2003) 
DH – 

UTXC 

1.0 - Decreases 

No change 

7.0 - Increases 

Soft 

Bangkok 

Clay 

Abuel-Naga et al. 

(2006b), Abuel-Naga et 

al. (2007c) 

DH – 

UTXC 

1.0, 

1.5, 

3.0, 

9.0 

- Increases No change 

DH – 

DTXC 

1.0, 

2.0, 

4.0, 

8.0 

Increases - No change 

DHC – 

UTXC 
1.0 - Increases No change 

Notes: CS = critical state, DH = drained heating, UH = undrained heating, DHC = drained heating & cooling cycle, 

DTXC = drained triaxial compression, UTXC = undrained triaxial compression 

4.2.7 Stiffness 

Burghignoli et al. (1992, 2000) investigated the effect of temperature on the stiffness of NC Todi Clay 

through a series of experiments. Each test involved three samples with different temperature histories. 

Prior to the test, one sample was subjected to a temperature cycle of 18-48-18 °C performed in a drained 

manner, one sample was heated to 48 °C under drained conditions, whereas the last sample was 

maintained at a constant temperature of 18 °C. Hence, the first specimen is referred to as overheated 

(OH), whereas in the two latter cases, the specimens are said to be normally heated (NH) since they 

have not been exposed to temperatures higher than the current temperature.  

In the first test, the three samples were loaded isotropically while the final temperature from the previous 

stage was maintained. Figure 4-35 (a) plots the tangent bulk moduli, 𝐾′, which were normalised by the 

values of 𝐾′ obtained from the NH sample at 18 °C (𝐾18
′ ), against the mean effective stress. The second 

test involved undrained triaxial compression performed at either 18 °C or 48 °C. The secant undrained 

Young’s moduli, 𝐸𝑢, which were again normalised by the values of 𝐸𝑢 measured on the NH samples at 

18 °C (𝐸𝑢18), are plotted against the axial strain in Figure 4-35 (b). In the third test, the effect of the 

temperature cycle (18-48-18 °C) on the shear modulus, 𝐺, was investigated using a resonant column 

apparatus and the results are presented in Figure 4-35 (c) against shear deformation. 
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The results of all three tests suggest that the thermal cycle causes an increase in the soil stiffness (bulk, 

shear and Young’s moduli). However, its effect degrades with increasing stress or deformation, as the 

stiffness values converge to that of the unheated sample. This behaviour is linked to the previously 

described overconsolidation effect observed by the authors. It is also interesting to note that the bulk 

stiffness of the NH sample at 48 °C is the same as that of the NH sample at 18 °C which indicates that 

the bulk stiffness of NC and NH soils is not affected by temperature. The undrained Young’s modulus 

of the NH and NC samples appears to be relatively unaffected by temperature as well, since the ratio 

varies only between 0.9 and 1.1.  

    

Figure 4-35 Results of (a) isotropic compression tests, (b) undrained triaxial compression test and (c) resonant column tests 

on Todi Clay (Burghignoli et al., 1992, 2000) 

Kuntiwattanakul et al. (1995) performed a number of undrained triaxial compression tests on samples 

of MC Clay (kaolinitic clay) with different OCRs. The results of all tests, in terms of the secant shear 

modulus calculated at 0.1 % axial strain, are summarised in Figure 4-36. It should be noted that each 

test was preceded by a different thermal and/or stress path (see Table 4-4, Section 4.2.6), although, 

unfortunately, these are not differentiated in Figure 4-36. Nonetheless, it can be observed that the shear 

stiffness increases with increasing temperature for both NC and OC samples, and that the change in 

stiffness seems to become more significant as the OCR reduces. This may be the consequence of a 

greater reduction in void ratio experienced by samples with smaller values of OCR during drained 

heating which was observed in some laboratory tests (e.g. Demars & Charles, 1982). Additionally, the 
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test involving a temperature cycle on a NC sample showed a higher stiffness which was also observed 

by Burghignoli et al. (1992, 2000). 

 

Figure 4-36 Effect of temperature on secant shear modulus of kaolinitic clay (Kuntiwattanakul et al., 1995) 

The stiffness of a kaolinitic clay was also studied by Cekerevac & Laloui (2004), who carried out 

drained triaxial compression tests at 22 °C and 90 °C, and Mon et al. (2013) who performed bender 

element tests at 5 °C and 40 °C. Both research groups observed an increase in stiffness with temperature 

in NC and OC samples, which agrees with the previous findings of Kuntiwattanakul et al. (1995). 

Tanaka et al. (1997) performed drained triaxial tests at different temperatures on samples of illitic clay 

with OCR of 2.0 and found that the initial shear modulus reduces upon heating. Additionally, isotropic 

compression tests showed that the bulk modulus of illitic clay is independent of temperature.  

Shear stiffness of illitic clay was also studied by Ghahremannejad (2003) in a number of triaxial 

compression tests. NC samples subjected to drained or undrained triaxial compression tests experienced 

a reduction in the maximum shear modulus, as illustrated in Figure 4-37. However, undrained triaxial 

tests on OC samples showed no significant change in the maximum shear modulus. The authors also 

compared the values of the shear modulus at 50 % of the maximum deviator stress and found that it 

decreases in the undrained tests on NC samples, is independent of temperature in the drained tests on 

NC samples and increases in the undrained tests on OC samples.  

 

Figure 4-37 Effect of temperature on shear stiffness of NC illitic clay in (a) undrained, and (b) drained triaxial compression 

tests (Ghahremannejad, 2003) 
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Abuel-Naga et al. (2006b) and Abuel-Naga et al. (2007c) carried out a number of drained and undrained 

triaxial compression tests on NC Soft Bangkok Clay. The authors found that the secant shear modulus 

increases with increasing temperature for both the drained and the undrained tests. Additionally, the 

samples subjected to a heating and cooling cycle showed a higher shear stiffness compared to the 

normally heated specimens suggesting an overconsolidation effect due to the temperature cycle. 

4.2.8 Permeability 

Permeability, 𝑘𝑓 (SI unit m.s-1), can be determined indirectly from oedometer tests using the following 

relationship: 

 𝑘𝑓 = 𝑚𝑣𝛾𝑤𝑐𝑣 ( 4-15 ) 

where 𝑚𝑣 (SI unit m2.N-1) is the volume compressibility of soil, 𝛾𝑤 (SI unit N.m-3) is the unit weight of 

water and 𝑐𝑣 (SI unit m2.s-1) is the coefficient of consolidation. Alternatively, constant or falling head 

permeameter tests, which allow for direct measurement of soil’s permeability, can be performed. It is 

interesting to note that Delage et al. (2000) compared the permeability values measured in a constant 

head test to those calculated from one-dimensional compression tests and Equation ( 4-15 ), and found 

that the latter indirect method overestimates permeability. 

Table 4-6 Summary of studies investigating the effect of temperature on soil’s permeability 

Soil type Reference Test type 

Kaolinitic clay Towhata et al. (1993) Oedometer 

 Mon et al. (2013) Falling head 

Bentonite Towhata et al. (1993) Oedometer 

London Clay Jefferson (1994) Oedometer 

Oxford Clay Jefferson (1994) Oedometer 

Keuper Marl Jefferson (1994) Oedometer 

English China Clay Jefferson (1994) Oedometer 

Wyoming Bentonite Jefferson (1994) Oedometer 

Boom Clay Delage et al. (2000) Constant head 

Falling head 

 Ma et al. (2016) Constant head 

Illitic clay Ghahremannejad (2003) Constant head 

Soft Bangkok Clay Abuel-Naga et al. (2006b) Constant head 

Geneva silty clay Di Donna & Laloui (2015b) Oedometer 

 

Table 4-6 summarises the experimental studies investigating the effect of temperature on the 

permeability of various clays. All types of soil in these studies experienced an increase in permeability 
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upon heating. For example, Figure 4-38 and Figure 4-39 show the variation of permeability of MC Clay 

(kaolinitic clay) and Boom Clay, respectively. 

 

Figure 4-38 Variation of permeability of MC clay with temperature (Towhata et al., 1993) 

 

Figure 4-39 Effect of temperature on (a) horizontal, and (b) vertical permeability of Boom Clay (Ma et al., 2016) 

The permeability can be related to the intrinsic permeability and properties of the pore fluid through the 

following expression: 

 
𝑘𝑓 =

𝑘𝑖𝜌𝑓𝑔

𝜇𝑓
 ( 4-16 ) 

where 𝑘𝑖 is the intrinsic permeability (SI unit m2), 𝜌𝑓 is the density of the pore fluid (SI unit kg.m-3), 𝑔 

is the acceleration due to gravity (SI unit m.s-2) and 𝜇𝑓 is the dynamic viscosity of the pore fluid (SI 

unit kg.m-1.s-1). As discussed in Section 2.5.3.2 (Chapter 2), the density of water is temperature-

dependent, reducing from 1000 kg/m3 at approximately 4 °C to 958 kg/m3 at 100 °C. The dependence 

of the dynamic viscosity of water on temperature, which is more pronounced than that of the density, 

is illustrated in Figure 4-40. Additionally, Figure 4-40 plots the variation of the ratio of permeability to 

intrinsic permeability (𝑘𝑓 𝑘𝑖⁄ ) with temperature calculated using Equation ( 4-16 ), as well as the water 
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density and dynamic viscosity data. The effect of temperature on the intrinsic permeability can be 

examined by analysing the results of the studies listed in Table 4-6. Figure 4-41 plots the intrinsic 

permeability calculated from the values of permeability reported by Towhata et al. (1993), Delage et al. 

(2000), Ghahremannejad (2003), Abuel-Naga et al. (2006b) and Mon et al. (2013) using Equation ( 4-

16 ). It can be observed that the intrinsic permeability, although dependent on void ratio, is independent 

of temperature. This means that the change in permeability with temperature is essentially governed by 

the variation of the density and the dynamic viscosity of the pore water with temperature. Furthermore, 

the change in water density is relatively small in the temperature range considered in these studies (i.e. 

𝜌𝑓 can be assumed as constant, see, for example, Delage et al. (2000)). Therefore, the increase in 

permeability with increasing temperature can be explained by the reduction in water viscosity. Hence, 

the variation of the permeability with temperature can be obtained from: 

 𝑘𝑓(𝑇)

𝑘𝑓,𝑟𝑒𝑓
=
𝜇𝑤,𝑟𝑒𝑓

𝜇𝑤(𝑇)
 ( 4-17 ) 

where 𝑘𝑓,𝑟𝑒𝑓 and 𝜇𝑤,𝑟𝑒𝑓 are the permeability and the dynamic viscosity of water, respectively, at a 

reference temperature, 𝑇𝑟𝑒𝑓. The variation of the dynamic viscosity of water with temperature (shown 

in Figure 4-40) can be described by the following function (Al-Shemmeri, 2012): 

 
𝜇𝑤(𝑇) = 2.414 × 10

−5 × 10
247.80

𝑇−𝑇𝑟−140 ( 4-18 ) 

where 𝑇𝑟 is a reference temperature which allows conversion between different temperature units. If the 

temperature is defined in degrees Celsius, 𝑇𝑟 = −273.15 °C. By substituting Equation ( 4-18 ) into 

Equation ( 4-17 ), the variation of permeability with temperature can be modelled as:  

 
𝑘𝑓(𝑇) = 𝑘𝑓,𝑟𝑒𝑓10

247.80(
1

𝑇𝑟𝑒𝑓−𝑇𝑟−140
−

1
𝑇−𝑇𝑟−140

)
 ( 4-19 ) 

 

Figure 4-40 Variation of dynamic viscosity of water and 𝑘𝑓 𝑘𝑖⁄  with temperature (data from Çengel & Ghajar (2011)) 
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Figure 4-41 Variation of intrinsic permeability of different clays with void ratio and temperature 

The suitability of Equation ( 4-19 ) is clearly demonstrated in Figure 4-42 which plots the results of the 

studies conducted by Towhata et al. (1993), Delage et al. (2000), Ghahremannejad (2003), Abuel-Naga 

et al. (2006b), Di Donna & Laloui (2015b) and Ma et al. (2016) normalised by the permeability at 20 °C 

(i.e. 𝑇𝑟𝑒𝑓 = 20 °C). 

 

Figure 4-42 Effect of temperature on normalised permeability 
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4.3 Constitutive modelling 

Despite the uncertainties and contradictions in some of the experimental results, a number of 

constitutive models for the simulation of the thermo-mechanical behaviour of saturated soils has been 

developed over the last two decades. Although all models adopt a reducing size of the yield surface 

with increasing temperature, they differ in the definitions of volumetric strains, hardening laws, shape 

and number of yield surfaces, as well as assumptions regarding the influence of temperature on soil 

parameters. In this section, these models are described, highlighting the differences between the various 

formulations. It should be noted that most of the models adopt empirical expressions for the yield limit 

in the 𝑝′ − 𝑇 plane, the plastic volumetric strain increments or the hardening laws, and are usually 

formulated only within the isotropic and/or triaxial stress space. 

Hueckel et al. 

The first thermo-mechanical model, developed by Hueckel & Baldi (1990) and Hueckel & Borsetto 

(1990), was formulated within the critical state framework and thermoplasticity theory. The Modified 

Cam Clay (MCC) yield surface with nonassociated plasticity was chosen in the mean effective stress, 

𝑝′ – deviatoric stress, 𝑞 plane. Based on experimental data, the assumption that the yield surface shrinks 

as temperature increases was adopted. This led to the development of a new yield limit in the 𝑝′ − 𝑇 

plane (often referred to as the isotropic yield limit), which describes the variation of preconsolidation 

pressure with temperature and generates plastic strains once activated. It is interesting to note that, 

despite having different shapes, this isotropic yield limit is essentially comparable to the loading 

collapse yield curve in the Barcelona Basic Model (Alonso et al., 1990). A schematic diagram of the 

yield surface in the 𝑝′ − 𝑞 − 𝑇 space is shown in Figure 4-43. It should be noted that the model was 

only formulated for triaxial conditions. The flow rule and the hardening laws were formulated as 

functions of temperature whereas the slope of the CSL in the 𝑝′ − 𝑞 plane was assumed to be 

independent of temperature. 

     

Figure 4-43 Influence of temperature on a Cam-clay type yield surface (Hueckel & Baldi, 1990, Hueckel & Borsetto, 1990) 
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Later, Hueckel & Pellegrini (1991) combined the thermoplastic model by Hueckel & Baldi (1990) and 

Hueckel & Borsetto (1990) with an expression for the thermal volume change model for pore water in 

order to simulate undrained heating conditions. Similar to Campanella & Mitchell (1968), Hueckel & 

Pellegrini (1991) assumed that the volume change of pore water must be equal to the difference between 

the total volume change of the soil-fluid mixture and that of the solid particles. Therefore, in terms of 

the volumetric strain increments, Δ휀𝑣: 

 Δ휀𝑣,𝑤 = Δ휀𝑣,𝑚 − Δ휀𝑣,𝑠 ( 4-20 ) 

where the subscripts 𝑤, 𝑠 and 𝑚 refer to water, soil particles and the total volume of the solid-fluid 

mixture, respectively. However, Hueckel & Pellegrini (1991) defined these volume changes differently 

to Campanella & Mitchell (1968): 

 Δ휀𝑣,𝑤 = 𝑛(𝑚𝑤Δ𝑝𝑓 − 𝛼𝑇𝑤
𝑉 Δ𝑇) ( 4-21 ) 

 
Δ휀𝑣,𝑚 =

𝜅

1 + 𝑒0
ln
𝑝′

𝑝0
′ − (𝛼𝑇𝑠

𝑉 + 𝛼𝑇𝑠𝑡
𝑉 )Δ𝑇 ( 4-22 ) 

 Δ휀𝑣,𝑠 = −(1 − 𝑛)(𝑚𝑠Δ𝑝
′ + 𝛼𝑇𝑠

𝑉 Δ𝑇) ( 4-23 ) 

where 𝜅 is the slope of the swelling line in 𝑒 − 𝑙𝑛 𝑝’ space, 𝑒0 is the initial void ratio, 𝑝0
′  is the initial 

mean effective stress, whereas other terms are defined as previously (see Sections 4.2.2 and 4.2.3). Note 

that Equations ( 4-21 )-( 4-23 ) adopt a sign convention where contraction is considered positive. 

Hueckel & Pellegrini (1991) assumed that the thermal expansion coefficient of water in Equation ( 4-

21 ) varies with temperature and pressure as proposed by Baldi et al. (1988). The volumetric strain of 

the solid-fluid mixture defined by Equation ( 4-22 ) is obtained from the constitutive model. The 

expression for the change in pore water pressure can be derived by combining Equations ( 4-20 )-( 4-

23 ) and assuming that Δ𝑝′ = −Δ𝑝𝑓. It should be noted that, if the soil particles are assumed to be 

incompressible (i.e. 𝑚𝑠 = 0) and the soil’s bulk modulus is assumed to be independent of the stress 

level (i.e. the volumetric response is defined by a constant value of 𝐾, rather than by swelling line of 

constant slope in the 𝑒 − ln 𝑝′ space), this expression for the change in pore water pressure reduces to 

the one of Campanella & Mitchell (1968) (Equation ( 4-11 )). 

Graham et al. 

Another model based on the isothermal Modified Cam Clay model was developed by Graham and his 

co-authors. Although it was firstly introduced by Lingnau et al. (1995) and Lingnau et al. (1996), a 

more detailed formulation can be found in Graham et al. (2001). It should be noted that the model is 

only applicable to triaxial stress conditions. The shear and bulk moduli are assumed to decrease with 

increasing temperature which is based on an assumption that the slope of the swelling line increases 

with increasing temperature. Moreover, the NCL is modelled with a constant slope and shifting to lower 
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void ratios as temperature increases. The total volumetric strains are defined as the sum of elastic and 

plastic stress-induced volumetric strains, as well as elastic and plastic thermally-induced volumetric 

strains. Hence, the plastic thermally-induced volumetric strain, 𝑑휀𝑣𝑇
𝑝

, is calculated by subtracting the 

elastic thermally-induced volumetric strain, 𝑑휀𝑣𝑇
𝑒 , from the total thermally-induced volumetric strain, 

𝑑휀𝑣𝑇: 

 𝑑휀𝑣𝑇
𝑝
= 𝑑휀𝑣𝑇 − 𝑑휀𝑣𝑇

𝑒  ( 4-24 ) 

where 

 𝑑휀𝑣𝑇 = 𝐸𝑑𝑇 ( 4-25 ) 

 
𝑑휀𝑣𝑇

𝑒 =
𝜅2 − 𝜅1
𝜈

ln
𝑂𝐶𝑅𝑇0
𝑂𝐶𝑅𝑇

 ( 4-26 ) 

where 𝐸 is a proportionally constant, not to be confused with the Young’s modulus, 𝑇 is temperature, 

𝑇0 is the initial temperature, 𝜅1 and 𝜅2 are the slopes of the recompression lines at the initial and current 

temperature, respectively, 𝜈 is the specific volume, whereas 𝑂𝐶𝑅𝑇0 and 𝑂𝐶𝑅𝑇 are the overconsolidation 

ratios at the initial and current temperature, respectively. Conversely, the shear stains are only stress-

induced. Similar to the model by Hueckel & Baldi (1990) and Hueckel & Borsetto (1990), the 

preconsolidation pressure decreases with increasing temperature such that the MCC yield surface 

reduces in size. Additionally, a straight Hvorslev surface (Hvorslev, 1937) was introduced on the dry 

side of the MCC surface in order to improve the modelling of OC soils. The slope of the CSL in the 

𝑝′ − 𝑞 plane was assumed to be independent of temperature.  

Robinet et al. 

Robinet et al. (1996) developed further the model by Hueckel & Baldi (1990) and Hueckel & Borsetto 

(1990) by defining elastic and plastic temperature-induced strains and incorporating a threshold 

temperature yield surface expressed as: 

 𝑓𝑇 = 𝑇 − 𝑇𝐶 = 0 ( 4-27 ) 

where 𝑇𝐶  is the threshold temperature. This constitutes, in practice, an additional yield surface in 𝑝′ −

𝑇 space, to which no explicit hardening/softening rules are associated, as its position is simply defined 

as the maximum temperature experienced by the material. The states below the threshold temperature 

are associated with thermo-elastic volumetric strains characterised by the volumetric thermal expansion 

coefficient, whereas in states where 𝑇 = 𝑇𝐶 , plastic volumetric strains, which are defined by an 

empirical expression, are produced as well. However, the plastic strains are only generated during 

heating, since, during cooling, the current temperature becomes less than the threshold temperature. As 

in the previous models, the size of the MCC yield surface in the 𝑝′ − 𝑞 plane reduces with increasing 

in temperature. The slope of the CSL in the 𝑝′ − 𝑞 plane is modelled as temperature-independent. 
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Laloui et al. 

Another set of non-isothermal constitutive models was developed by Laloui and his co-workers 

(Modaressi & Laloui, 1997; Laloui, 2001; Laloui & Cekerevac, 2003, 2008a, b; Laloui & Francois, 

2009). The first model, proposed by Modaressi & Laloui (1997) and Laloui (2001), is a thermo-visco-

plastic model referred to as the LTVP model. A framework resembling that of bounding surface 

plasticity (note that the model’s formulation is not clearly explained) was adopted in order to model 

progressive plasticity within the external surface and improve the prediction of the volumetric 

behaviour of lightly OC soils. The yield surface in the 𝑝′ – 𝑞 plane has a shape close to the original 

Cam-Clay, whereas in the deviatoric plane, a Mohr-Coulomb yield surface was chosen. Additionally, 

an isotropic yield limit defines a reducing preconsolidation pressure with increasing temperature. The 

yield surface in the 𝑝′ − 𝑞 − 𝑇 is illustrated in Figure 4-44.  

 

Figure 4-44 Yield surface in 𝑝′ − 𝑞 − 𝑇 space (Laloui & Cekerevac, 2008a) 

Unlike in the previously described models, the elastic thermally-induced volumetric strains are 

characterised by a volumetric thermal expansion coefficient which depends on temperature and stress 

level: 

 𝛼𝑇
𝑉 = (𝛼𝑇0

𝑉 + 𝜍(𝑇 − 𝑇0)) 𝜉 ( 4-28 ) 

where 𝛼𝑇0
𝑉  is the volumetric thermal expansion coefficient at a reference temperature, 𝑇0, and 𝜍 

represents the slope of the variation of 𝛼𝑇 with temperature. The definition of 𝜉 is less clear. Modaressi 

& Laloui (1997), Laloui (2001), Laloui & Cekerevac (2008a) and Laloui & Francois (2009) defined it 

as the ratio between the critical state pressure for the initial state and the mean effective pressure at the 

reference temperature, Laloui & Cekerevac (2003) described it as a function of initial density and mean 

effective pressure without providing any expressions, whereas Laloui & Cekerevac (2008b) defined it 

as the OCR.  
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The irreversible strains in the rate-dependent model are a function of viscosity which depends on 

temperature. However, the rate-independent version of the model can be obtained by setting the 

viscosity to zero. Additionally, the thermally-induced plastic volumetric strains are contractive and of 

a larger magnitude than the thermal elastic expansion, hence, NC soils contract during heating. It is also 

the first model to assume a variation of the friction angle at the critical state with temperature: 

 𝜑′ = 𝜑0
′ − 𝑔(𝑇 − 𝑇0) ( 4-29 ) 

where 𝜑0
′  is the critical state friction angle at the reference temperature and 𝑔 is the slope of the variation 

of friction angle with temperature which can be either positive or negative. It should be noted that the 

variation of the critical state friction angle was assumed based on results of Cekerevac & Laloui (2004), 

despite the clear experimental evidence that it is independent of temperature.  

Later, Laloui & Cekerevac (2003) proposed a new logarithmic expression for the isotropic yield limit 

(i.e. the trace of the yield surface on the 𝑝′ − 𝑇 plane) where the preconsolidation pressure, 𝑝𝑐
′ , varies 

according to: 

 
𝑝𝑐
′(𝑇) = 𝑝𝑐

′(𝑇0) [1 − 𝛾 log
𝑇

𝑇0
] ( 4-30 ) 

Where 𝑝𝑐
′(𝑇0) is the preconsolidation pressure at a reference temperature, 𝑇0, and 𝛾 is a parameter 

controlling the shape of the isotropic yield surface. Figure 4-45 shows the effect of 𝛾 on the variation 

of preconsolidation pressure with temperature. 

 

Figure 4-45 Variation of preconsolidation pressure with temperature with different values of parameter 𝛾 (Laloui & 

Cekerevac, 2003) 

Laloui & Cekerevac (2008a, 2008b) improved the original LTVP model by including the isotropic yield 

limit expression of Laloui & Cekerevac (2003). Laloui & Cekerevac (2008a) then used it to reproduce 

cyclic behaviour of a kaolinitic clay, whereas Laloui & Cekerevac (2008b) adopted the rate-independent 

version to simulate the monotonic non-isothermal behaviour.  
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Laloui & Francois (2009) continued to develop the rate-independent version of the LTVP model further 

by modifying the hardening/softening mechanism, and called the new model ACMEG-T. However, it 

should be noted that the presented formulation was limited to triaxial stress space. 

Cui et al. 

Cui et al. (2000) presented another model based on the Hueckel & Baldi (1990) and Hueckel & Borsetto 

(1990) model. In the 𝑝′ − 𝑞 plane, the Modified Cam Clay yield surface with associated plasticity was 

adopted. The isotropic yield limit is here referred to as the ‘loading yield’ (LY) and it is defined as: 

 𝑝𝑐
′(𝑇) = 𝑝𝑐

′(𝑇0) exp[−𝛼0(𝑇 − 𝑇0)] ( 4-31 ) 

where 𝑝𝑐
′(𝑇0) is the preconsolidation pressure at the initial temperature, 𝑇0, and 𝛼0 is a parameter 

controlling the curvature of LY. Cui et al. (2000) proposed an additional yield limit, referred to as 

‘thermal yield’ (TY), in order to improve the predictions for overconsolidated soils. Its shape is based 

on the experimental results of Baldi et al. (1991b) and is expressed as: 

 𝑇𝑇𝑌 = (𝑇𝑐 − 𝑇0) exp(−𝛽𝑝
′) + 𝑇0 ( 4-32 ) 

where 𝛽 defines the curvature of TY, whereas 𝑇𝑐 is a reference temperature. These yield limits enable 

the model to predict contraction during heating of materials with low OCR, as well as expansion 

followed by contraction during heating for materials with high OCR The authors also specified a 

‘contraction due to heating’ (HC) curve which is a locus of the transition points between contraction 

and expansion observed in drained heating tests. Note that the HC curve is not associated with any 

hardening/softening mechanism and simply indicates the points at which the plastic contraction 

generated by activating the TY compensates the elastic expansion (i.e. zero total volume). The 

expression of the HC curve is: 

 𝑝′ = 𝑐1𝑝𝑐
′(𝑇0) exp(𝑐2Δ𝑇) ( 4-33 ) 

where 𝑐1 is the intersection of the HC curve with the 𝑝′ axis and 𝑐2 is a shape parameter. The two yield 

limits and the HC curved are depicted in Figure 4-46 (a). The total volumetric elastic strains are defined 

as the sum of the elastic volumetric strains due to temperature, 𝑑휀𝑣𝑇
𝑒 , and stress changes, 𝑑휀𝑣𝑝

𝑒 : 

 
𝑑휀𝑣

𝑒 = 𝑑휀𝑣𝑝
𝑒 + 𝑑휀𝑣𝑇

𝑒 =
𝜅

𝜈

𝑑𝑝′

𝑝′
+ 𝛼𝑇

𝑉𝑑𝑇 ( 4-34 ) 

Once the LY or the TY surface is activated, plastic volumetric strains are generated. The plastic 

volumetric strain due to stress changes associated with the LY is defined as: 

 
𝑑휀𝑣𝑝

𝑝
=
𝜆 − 𝜅

𝜈

𝑑𝑝𝑐
′(𝑇)

𝑝𝑐
′(𝑇)

 ( 4-35 ) 

whereas the expression for the plastic volumetric strain due to stress changes associated with the TY is: 
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𝑑휀𝑣𝑇𝑝

𝑝
= 𝛼1

𝑑𝑝′

𝑝′
 ( 4-36 ) 

where 𝛼1 is a material constant. The plastic volumetric strain due to temperature changes have the same 

expression for both LY (𝑑휀𝑣𝑝𝑇
𝑝

) and TY (𝑑휀𝑣𝑇
𝑝

): 

 𝑑휀𝑣𝑝𝑇
𝑝

= 𝑑휀𝑣𝑇
𝑝
= 𝛼𝑝(exp[𝛼𝑝(𝑇 − 𝑇0)] − 𝑎)𝑑𝑇 ( 4-37 ) 

where 𝑎 and 𝛼𝑝 are material constants. The model surfaces, together with the corresponding strain 

vectors are shown in Figure 4-46.  

The hardening law associated with the LY surface defines the variation of the hardening parameter 

𝑝𝑐
′(𝑇0) as a function of 𝑑휀𝑣𝑝

𝑝
 and 𝑑휀𝑣𝑝𝑇

𝑝
, whereas hardening of the TY surface is governed by the 

hardening parameter 𝛽 and depends on 𝑑휀𝑣𝑇𝑝
𝑝

 and 𝑑휀𝑣𝑇
𝑝

. The two surfaces are coupled such that the 

movement of the TY surface leads to hardening of the LY surface, however, the movement of the LY 

surface does not affect the position of the TY surface. Finally, it should be noted that 𝜆, 𝜅 and the slope 

of the CSL in the 𝑝′ − 𝑞 plane were assumed to be independent of temperature in this model.  

 

Figure 4-46 Model surface in (a) 𝑝′ − 𝑇 plane, and (b) 𝑝′ − 𝑞 − 𝑇 space (Cui et al., 2000) 
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Later, another version of the Cui et al. (2000) model was developed by Hong et al. (2016). The first 

major change was a new definition of the TY curve which represents the loci of the transition points 

between expansive and contractive thermal behaviour. Hence, the HC curve is not used in the new 

model and the new expression of the TY curve is: 

 
𝑇𝑇𝑌 = 𝑇𝑐 −

1

𝛽
ln (

𝑝′

𝑝𝑟𝑒𝑓
′ ) ( 4-38 ) 

where 𝑝𝑟𝑒𝑓
′  is a reference pressure assumed to be equal to the atmospheric pressure.  

Secondly, the new model does not differentiate between plastic volumetric strains due to stress and 

temperature changes, and instead, a single plastic volumetric strain associated with each isotropic yield 

limit (i.e. 𝑑휀𝑣𝐿𝑌
𝑝

 and 𝑑휀𝑣𝑇𝑌
𝑝

) is defined. These strains are determined from the hardening laws of the two 

curves: 

 𝑑𝑝𝑐
′(𝑇0) =

𝜈

𝜆 − 𝜅
𝑝𝑐
′(𝑇0)𝑑휀𝑣𝐿𝑌

𝑝
 ( 4-39 ) 

 𝑑𝑇𝑐 =
𝜈

(𝜆 − 𝜅)𝛼0
𝑓(𝑂𝐶𝑅)𝑑휀𝑣𝑇𝑌

𝑝
 ( 4-40 ) 

where 𝑓(𝑂𝐶𝑅) is a function describing the effect of OCR. Note that the plastic volumetric strain 

induced by a temperature change, 𝑑𝑇, can be obtained by combining Equations ( 4-31 ) and ( 4-39 ) for 

𝑑휀𝑣𝐿𝑌
𝑝

 and Equations ( 4-38 ) and ( 4-40 ) for 𝑑휀𝑣𝑇𝑌
𝑝

. 

Lastly, the new formulation is based on the bounding surface framework and involves two yield 

surfaces: the conventional yield surface consisting of LY and TY, which describe the conventional 

yielding behaviour, as well as the inner yield surface comprising of ILY and ITY which represent the 

yielding behaviour inside the yield surface and allow a smooth transition between the elastic and elasto-

plastic behaviour. The shape of the yield surface in the 𝑞 – 𝑝′ was also modified as illustrated in Figure 

4-47. As in the model by Cui et al. (2000), a unidirectional coupling between TY and LY is assumed. 

 

Figure 4-47 Yield surfaces in (a) 𝑝′ − 𝑞 plane, and (b) 𝑝′ − 𝑇 plane (Hong et al., 2016) 
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Abuel-Naga et al. 

Abuel-Naga et al. (2007b) and Bergado et al. (2008) formulated a constitutive model in the 𝑝′ − 𝑇 plane 

based on that by Cui et al. (2000), however with fewer model parameters. Although the new model also 

involves two isotropic yield limits – LY and TY – they are defined differently. Based on the 

experimental data showing that the variation of the preconsolidation pressure is largest at temperatures 

below 20 °C (see Figure 4-20 in Section 4.2.4), LY is assumed to reduce with increasing temperature 

according to the expression by Laloui & Cekerevac (2003) (Equation ( 4-30 )) at temperatures below 

20 °C. Conversely, in the temperature range 20 – 95 °C, the LY is assumed to be independent of 

temperature (i.e. the preconsolidation pressure does not change). The TY represents the locus of 

transition points between expansive and contractive behaviour, and hence allows simulation of the 

volumetric behaviour observed in OC samples. The expression for TY is assumed as: 

 
𝑝𝑐
′(𝑇0)

𝑝𝑇𝑌
′ (𝑇)

= 𝛾𝑇𝑌√ln (
𝑇

𝑇0
) + 1 ( 4-41 ) 

where 𝛾𝑇𝑌 is a material parameter controlling the shape of the TY curve. Figure 4-48 shows the isotropic 

yield limits together with the theoretical response of the model to different paths in the 𝑝′ − 𝑇 plane. 

When the TY is activated, it hardens and the value of 𝑝𝑐
′(𝑇0) associated with it increases, whereas the 

LY remains in the same position (i.e. the two yield limits are decoupled). Only when the stress point 

lies on both TY and LY, the two yield limits move together.  

The elastic volumetric strains due to temperature changes have the following nonlinear expression: 

 
𝑑휀𝑣𝑇

𝑒 = 𝛼𝑇
𝑉
𝑑𝑇

𝑇
 ( 4-42 ) 

where the volumetric thermal expansion coefficient, 𝛼𝑇
𝑉, also depends on the stress level such that: 

 𝛼𝑇
𝑉 = 𝛼𝑇𝑟𝑒𝑓

𝑉 𝑝𝑏 ( 4-43 ) 

where 𝛼𝑇𝑟𝑒𝑓
𝑉  is a reference volumetric thermal expansion coefficient and 𝑏 is a material constant. The 

plastic volumetric strains associated with LY and TY are respectively defined as: 

 
𝑑휀𝑣𝐿𝑌

𝑝
=

𝜔𝑇
1 + 𝑒0

𝑑𝑝𝑇𝑌
′ (𝑇)

𝑝𝑇𝑌
′ (𝑇)

 ( 4-44 ) 

 
𝑑휀𝑣𝑇𝑌

𝑝
=
𝜆 − 𝜅 − 𝜔𝑇
1 + 𝑒0

𝑑𝑝𝑐
′(𝑇)

𝑝𝑐
′(𝑇)

 ( 4-45 ) 

where 𝑒0 is the initial void ratio and 
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𝜔𝑇 = (𝜆 − 𝜅)

ln[𝑝𝑐
′(𝑇0) 𝑝𝑐

′(𝑇)⁄ ]

ln[𝑝𝑐
′(𝑇0) 𝑝𝑇𝑌

′ (𝑇)⁄ ]
 ( 4-46 ) 

Later, Abuel-Naga et al. (2009a) extended the model into the triaxial space by adopting a yield surface 

expression developed by Masad et al. (1998) which uses one more parameter than the Cam-Clay model 

to control the shape of the yield surface. It should be noted that the slope of the CSL in the 𝑝′ − 𝑞 plane 

was assumed to be independent of temperature.  

 

Figure 4-48 Yield limits in the 𝑝′ − 𝑇 plane and response of the model to different paths (Abuel-Naga et al., 2007b) 

Yao & Zhou 

Yao & Zhou (2013) presented a model based on the subloading surface concept which, similar to the 

model by Hong et al. (2016), adopts two yield surfaces: current and reference, illustrated in Figure 4-49. 

The ratio between the sizes of the two surfaces quantifies the degree of overconsolidation. For normally 

consolidated material, the two surfaces coincide, however for OCR greater than 1.0 the current yield 

surface is smaller than the reference yield surface. A single isotropic yield limit was adopted whose 

expression is: 

 
𝑝𝑐
′(𝑇) = 𝑝𝑐

′(𝑇0) exp [−
(𝜆𝑇 + 𝛼𝑇

𝑉)𝜈

𝜆 − 𝜅
(𝑇 − 𝑇0)] ( 4-47 ) 

where 𝜆𝑇 is a material constant. The volumetric strain increments are defined as: 

 
𝑑휀𝑣

𝑒 = 𝑑휀𝑣𝑝
𝑒 + 𝑑휀𝑣𝑇

𝑒 =
𝜅

𝜈

𝑑𝑝′

𝑝′
− 𝛼𝑇

𝑉𝑑𝑇 ( 4-48 ) 
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𝑑휀𝑣

𝑝
= 𝑑휀𝑣𝑝

𝑝
+ 𝑑휀𝑣𝑇

𝑝
=
𝜆 − 𝜅

𝜈

𝑑𝑝′

𝑝′
+ (𝜆𝑇 + 𝛼𝑇

𝑉)𝑑𝑇 ( 4-49 ) 

Similar to the models by Laloui and his co-workers, this model allows for simulating an increasing 

slope of the CSL in the 𝑝′ – 𝑞 with increasing temperature. Yao & Zhou (2013) based this assumption 

on the experimental results of the undrained heating tests on Boom Clay reported by Hueckel & 

Pellegrini (1991) (see Section 4.2.6). 

 

Figure 4-49 Current and reference yield surfaces in the 𝑝′ − 𝑞 − 𝑇 plane (Yao & Zhou, 2013) 

Zhou & Ng 

Another bounding surface plasticity model was develop by Zhou & Ng (2015). The adopted yield and 

bounding surface expressions in the 𝑝′ − 𝑞 plane allow for reproduction of various shapes, including 

that of the Cam-Clay model. The expression of the isotropic yield limit (LY curve) was derived from 

the dependence of the position of NCL on temperature (assuming that NCL shifts to lower void ratios 

with increasing temperature). By considering the stress path A1-B1-C1 in Figure 4-50 and assuming that: 

(1) the slopes of the NCL and swelling lines are independent of temperature, (2) changes in temperature 

do not change the void ratio for stress states within the elastic region, and (3) the variation of 𝜈1 with 

temperature is linear, the LY curve can be defined as: 

 𝑝𝑐
′(𝑇) = 𝑝0

′ (𝑇0) exp [−
𝑟𝑁

𝜆 − 𝜅𝑇
(𝑇 − 𝑇0)] ( 4-50 ) 

where 𝑟𝑁 is a material constant describing the effect of temperature on the position of the NCL. It should 

be noted that this approach is consistent with the critical state theory unlike the previous models which 

adopt empirical expressions for the isotropic yield limits without relating the behaviour in the 𝑝′ − 𝑇 

plane to that in the 𝜈 − ln 𝑝′ plane. The slope of the CSL in the 𝑝′ − 𝑞 plane was assumed to be 

independent of temperature.  
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Figure 4-50 Effect of temperature on (a) NCL and (b) preconsolidation pressure (Zhou & Ng, 2015) 

Other models 

Liu & Xing (2009) proposed an elasto-plastic model with two temperature-dependent hardening 

parameters: preconsolidation pressure and 𝛼 which controls the shape of the yield surface in the 𝑝′ − 𝑞 

plane, and hence called it a double hardening model. For the isotropic yield limit, the expression of 

Laloui & Cekerevac (2003) was adopted. Additionally, the thermal expansion coefficient was assumed 

to be a function of both temperature and OCR. 

A hypoplastic thermo-mechanical model, where the soil behaviour is simulated by general equations 

for the stress rate instead of decomposing the strain rate into elastic and plastic components, was 

developed by Mašín & Khalili (2011). The model is based on critical state soil mechanics, with the 

slope of the NCL, 𝜆, and its value of specific volume at a unit effective stress, 𝜈1, assumed to be 

temperature-dependent. However, the authors noted that, based on experimental evidence, 𝜆 may be 

assumed as independent of temperature in most cases. The soil collapse due to heating is reproduced by 

an additional term incorporated in the stress rate equation.   

Zhang & Cheng (2013) and Zymnis et al. (2015) developed another type of model which is based on 

conservation laws and non-equilibrium thermodynamics, and hence is able to reproduce the strains 

accumulated during cycles of heating and cooling. The model’s response was only briefly compared 

against an experimental study by Bai & Su (2012). 

Another elasto-plastic model based on the model by Hueckel & Baldi (1990) and Hueckel & Borsetto 

(1990) was proposed by Hamidi & Khazaei (2010) and Hamidi et al. (2015). Unlike the previous 

models, the slopes of both the normal compression and swelling lines are assumed to be temperature 

dependent. This assumption was based on the experimental results of Tanaka et al. (1997) and 

Ghahremannejad (2003) (see Section 4.2.5). Moreover, the model is able to simulate an increasing, a 

decreasing or a constant slope of the CSL in the 𝑝′ − 𝑞 plane.  
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Kurz et al. (2016) presented an elasto-viscoplastic model based on the MCC model which incorporates 

a viscosity function assumed to be temperature-dependent. Hence, the model allows for simulation of 

the effects of temperature on the time-dependent behaviour of soils.  

The combined effect of anisotropy and temperature were addressed by Semnani et al. (2016) and Wang 

et al. (2016b) who developed a critical state model based on the MCC model and the isotropic yield 

limit by Laloui & Cekerevac (2003). Wang et al. (2016b) calibrated the model for Soft Bangkok Clay 

based on results reported by Abuel-Naga et al. (2007c), whereas Semnani et al. (2016) presented only 

a theoretical response of the model without comparison with experimental data. 

4.4 Summary and conclusions 

4.4.1 Thermo-hydro-mechanical behaviour 

Recent advances in laboratory techniques have provided an invaluable insight into the THM behaviour 

of soils. The first part of this chapter presents a detailed review of experimental studies investigating 

the effects of temperature on a number of aspects of soil behaviour including: volumetric behaviour, 

pore pressure generation, preconsolidation pressure, compression characteristics, strength, stiffness and 

permeability. The main findings, together with their implications on constitutive modelling, can be 

summarised as follows: 

Volumetric behaviour 

 Heating and cooling soil samples under drained conditions allowed the characterisation of the 

volumetric response of soils due to changes in temperature. 

 As measuring the volume change directly is difficult, an indirect method was developed based 

on the thermal expansion of the pore water and solid particles, as well as the measured volume 

of water drained from the sample. Campanella & Mitchell (1968) and Baldi et al. (1988) 

proposed two different expressions, which vary in the assumptions regarding the behaviour of 

pore water, for calculating the change in the volume of the sample. The expression of 

Campanella & Mitchell (1968) was later used by Abuel-Naga and his co-authors, whereas 

Cekerevac & Laloui (2004) used that of Baldi et al. (1988). Interestingly, Delage et al. (2000) 

compared the results of the two expressions with directly measured volume changes and, as no 

significant differences between the two predictions were found, concluded that the expression 

of Campanella & Mitchell (1968) is preferred due to its simplicity. Finally, it is important to 

note that the variation of the thermal expansion coefficient of water with temperature is large 

relative to that of soil particles, and therefore, it must be accounted for in any calculations.  

 All researchers testing NC soils observed an irreversible contraction during drained heating 

suggesting plasticity caused by a temperature increase. Campanella & Mitchell (1968) 
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attributed this behaviour to changes in the soil structure associated with reorientation of 

particles.  

 Highly OC samples were found to expand reversibly on heating, whereas lightly OC soils 

experienced an expansion followed by contraction. 

 Upon cooling, all experiments presented in the literature showed a contraction whose rate 

appears to be independent of temperature or OCR. 

 It should be noted that the relationship between OCR and temperature of transition between 

expansion and contraction, as well as the amount of volume change vary between different soil 

types. This is illustrated in Table 4-7 which summarises the approximate maximum rates of 

volumetric expansion and contraction due to drained heating observed in some laboratory tests.  

Table 4-7 Summary of maximum rates of volumetric expansion and contraction due to drained heating  

Soil type Reference 

Rate of volumetric 

expansion  

(×10-5 m3/m3°C) 

contraction 

(×10-5 m3/m3°C) 

illitic clay Campanella & Mitchell (1968) - -21.1 

Pontida Silty Clay  Baldi et al. (1988) 3.4 -14.5 

Pasquasia Clay Hueckel & Baldi (1990) 2.7 -3.1 

Boom Clay 
Baldi et al. (1991a) 4.6 -25.5 

Sultan et al. (2002) 9.9 -53.8 

kaolinitic clay Cekerevac & Laloui (2004) 29.5 -12.2 

Soft Bangkok Clay Abuel-Naga et al. (2007c) 17.1 -94.3 

Callovo-Oxfordian 

Claystone  
Mohajerani et al. (2014) - -11.7 

Geneva silty clay Di Donna & Laloui (2015b) - -12.7 

Opalinus Clay Favero et al. (2016) 5.4 -2.5 

 

Pore water pressure 

 The effect of temperature on the pore pressure behaviour was investigated by performing 

heating and cooling tests under undrained conditions (i.e. without allowing drainage). 

 Temperature changes cause changes in pore water pressure due to the fact that the thermal 

expansion coefficient of water is significantly larger than that of solid particles.  

 Campanella & Mitchell (1968) developed an expression for the change in pore water pressure 

due to temperature changes which is a function of the difference between the thermal expansion 

coefficients of solid particles and water, change in temperature, compressibility of the soil 

structure and water, as well as the change in the soil structure (𝛼𝑇𝑠𝑡
𝑉 ). It should be noted that if 
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the changes in the soil structure are neglected (i.e. 𝛼𝑇𝑠𝑡
𝑉 = 0), the expression of Campanella & 

Mitchell (1968) reduces to that adopted by ICFEP for the undrained behaviour of elastic 

materials (Cui, 2015).  

 All experimental studies found an increase in the compressive pore water pressures during 

heating and a reduction during cooling. Some soil types experienced a linear increase (e.g. 

Kuntiwattanakul et al., 1995; Abuel-Naga et al., 2007a), whereas others showed a non-linear 

trend (e.g. Campanella & Mitchell, 1968; Horseman et al., 1987; Ghahremannejad, 2003; 

Mohajerani et al., 2012; Monfared et al., 2012). Additionally, studies by Horseman et al. (1987), 

Tanaka et al. (1997) and Abuel-Naga et al. (2007a) found that the pore water pressure generated 

due to heating increases with increasing confining pressure. This behaviour could be related to 

an increase in soil stiffness with increasing stress level. 

 Tests involving cyclic heating and cooling (Campanella & Mitchell, 1968; Plum & Esrig, 1969; 

Ghahremannejad, 2003) showed that samples which had not experienced temperature changes 

prior to the test generate residual pore water pressures whose magnitude reduces with the 

number of cycles. Conversely, the behaviour of samples with temperature history is largely 

reversible. This observation suggests an overconsolidation state caused by heating.  

 Heating soil samples in an undrained manner leads to an overall volumetric expansion which 

depends on the thermal expansion coefficients of water and soil particles, as well as soil 

compressibility (Horseman et al., 1987; Mohajerani et al., 2012; Monfared et al., 2012). 

Preconsolidation pressure 

 Preconsolidation pressure was found to reduce with increasing temperature. This behaviour was 

observed in tests on a number of different soils (Eriksson, 1989; Tidfors & Sällfors, 1989; 

Moritz, 1995; Sultan et al., 2002; Cekerevac & Laloui, 2004; Abuel-Naga et al., 2006b; Abuel-

Naga et al., 2007c; Favero et al., 2016). Although all soil types show a similar trend of reducing 

the preconsolidation pressure with increasing temperature, the magnitude of the change seems 

to depend of the soil type.  

 From the perspective of constitutive modelling, this finding suggests that the size of the yield 

surface reduces and the normal compression line moves down in the void ratio – stress space 

with increasing temperature.  

Compression behaviour 

 Drained heating tests on NC soils showed a reduction in void ratio, whereas during cooling, no 

change in void ratio was observed. Moreover, a study by Demars & Charles (1982) found a 

reduction in void ratio in OC samples upon heating whose magnitude decreases with increasing 

OCR. This observation is in agreement with the finding that the amount of irreversible 

volumetric change under drained heating decreases with increasing OCR. 
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 NC samples subjected to a cycle of heating and cooling were observed to behave as 

overconsolidated during the subsequent isotropic loading, i.e. the followed path in the void ratio 

– stress plane was shallower than the NCL and the preconsolidation pressure was reached at a 

higher stress. Plum & Esrig (1969) found that the NCL followed after a thermal cycle shifted 

towards higher stresses compared to the NCL before the cycle corresponding to the same 

temperature, which suggests that the NCL is not unique for each temperature value. However, 

later studies by Burghignoli et al. (1992, 2000), Towhata et al. (1993) and Abuel-Naga et al. 

(2006b) observed no such shift indicating a unique NCL for each temperature value. 

 Most studies agree that both the NCL and the swelling lines obtained from tests performed at 

different temperatures are parallel to one another, and hence, their slopes are independent of 

temperature. Additionally, as temperature increases, the lines shift to lower void ratios which 

suggests that the specific volume at a unit stress corresponding to the NCL reduces with 

increasing temperature. 

Strength 

 The effect of temperature on the strength of soils was investigated through laboratory tests on 

Pontida Silty Clay, Boom Clay, Todi Clay, Soft Bangkok Clay, kaolinitic clays, as well as illitic 

clay. The studies involved a variety of loading and drainage conditions, as shown in Table 4-5 

in Section 4.2.6. 

 All studies, except one test on Boom Clay performed by Hueckel & Pellegrini (1991, 1992), 

showed that the slope of the critical state line in the 𝑝′ − 𝑞 plane (i.e. the critical state stress 

ratio) is independent of temperature. 

 The results of drained triaxial compression tests showed some disagreement regarding the peak 

strength behaviour (i.e. the maximum deviatoric stress). Hueckel & Baldi (1990) found that the 

peak strength of overconsolidated Pontida Silty Clay reduces with increasing temperature 

which can be explained by the reduction in preconsolidation pressure and the size of the yield 

surface. Conversely, Cekerevac & Laloui (2004), Abuel-Naga et al. (2006b) and Abuel-Naga 

et al. (2007c) observed an increase in peak strength with increasing temperature in both NC and 

OC samples.  

 Some discrepancies were also found regarding the behaviour in undrained triaxial tests. Studies 

by De Bruyn & Thimus (1996) and Kuntiwattanakul (1991) on OC clays, as well as Burghignoli 

et al. (1992, 2000) on a NC clay showed that the undrained strength is not affected by heating. 

Conversely, a higher undrained strength of heated samples was found by Kuntiwattanakul et al. 

(1995) on a NC clay, Ghahremannejad (2003) on a OC clay, as well as Tanaka et al. (1997), 

Abuel-Naga et al. (2006b) and Abuel-Naga et al. (2007c) on both NC and OC clays. It should 

be noted that, considering the previous findings of reducing preconsolidation pressure (and 

hence, reducing size of the yield surface) with increasing temperature, heavily OC samples 
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would be expected to experience a reduction in the undrained strength with increasing 

temperature. 

 Studies where a NC sample was subjected to a complete thermal cycle prior to undrained 

triaxial loading showed an increase in the undrained strength compared to samples which were 

not subjected to any temperature changes (Burghignoli et al., 1992, 2000; Abuel-Naga et al., 

2006b; Abuel-Naga et al., 2007c). This behaviour can be explained by a hardening mechanism 

during the heating stage which results in an overconsolidation state during the cooling stage. 

Stiffness 

 All tests which involved a NC sample subjected to a drained temperature cycle prior to 

mechanical loading (Burghignoli et al., 1992, 2000; Kuntiwattanakul et al., 1995; Abuel-Naga 

et al., 2006b; Abuel-Naga et al., 2007c) showed that the initial stiffness (shear, bulk and 

Young’s modulus) increased compared to samples tested without temperature changes. As 

previous findings indicate that cycles of heating and cooling on NC soils under drained 

conditions increase the preconsolidation pressure, this observation suggests that stiffness may 

be directly proportional to the preconsolidation pressure at the test temperature. 

 Studies where mechanical loading was applied to soil samples following their heating showed 

some discrepancies in the results. Some researchers observed a reduction is shear stiffness with 

increasing temperature (Tanaka et al., 1997; Ghahremannejad, 2003), however, the majority 

found an increase (Kuntiwattanakul et al., 1995; Cekerevac & Laloui, 2004; Mon et al., 2013; 

Abuel-Naga et al., 2006b; Abuel-Naga et al., 2007c). This applies to both NC and OC samples.  

Permeability 

 Permeability can be measured either directly in constant or falling head tests, or indirectly by 

calculating it from the results of one-dimensional compression tests. However, Delage et al. 

(2000) showed that the latter method tends to overestimate the value of permeability. 

 In all experimental studies (Towhata et al., 1993; Jefferson, 1994; Delage et al., 2000; 

Ghahremannejad, 2003; Abuel-Naga et al., 2006b; Mon et al., 2013; Di Donna & Laloui, 

2015b; Ma et al., 2016) permeability was found to increase with increasing temperature. This 

behaviour is caused by the reduction of viscosity of pore water with increasing temperature, as 

it appears that intrinsic permeability is not affected by changes in temperature. 

4.4.2 Constitutive modelling 

Although the experimental results are sometimes contradicting and associated uncertainties result in 

obvious difficulties when developing constitutive models, a number of these has been proposed for 

simulating the thermo-mechanical behaviour of soils. As was explained in the second part of this 

chapter, the various formulations differ in complexity, as well as in the assumptions regarding the shape 
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of the yield surfaces, the volumetric strain components, the hardening laws or the effect of temperature 

on soil properties.  

The first model by Hueckel & Baldi (1990) and Hueckel & Borsetto (1990) introduced the feature of 

reducing preconsolidation pressure (implying reducing size of the yield surface) with increasing 

temperature which is present in all models. Although this allows the simulation of contraction of NC 

samples and expansion of OC samples upon heating, it was shown that a more complex formulation is 

needed in order to account for the transition between expansive and contractive behaviours exhibited 

by lightly OC soils when subjected to drained heating. Therefore, some researchers later proposed 

additional yield limits (e.g. Robinet et al., 1996; Cui et al., 2000; Abuel-Naga et al., 2007b), whilst 

others adopted a bounding surface plasticity approach (e.g. Laloui & Francois, 2009; Yao & Zhou, 

2013; Zhou & Ng, 2015; Hong et al., 2016). However, most of the models adopt empirical expressions 

for the isotropic yield limits and the plastic volumetric strain increments which are not always 

compatible with the rest of the framework. For example, the concept of plastic potential is not defined 

explicitly in most formulations. Differences between formulations also arise from different assumptions 

regarding the influence of temperature on soil properties. While most models assume constant values 

of 𝜆, 𝜅 or the slope of the CSL in the 𝑝′ − 𝑞 plane, some allow their variation with temperature. In most 

cases, these assumptions are not supported by any definitive experimental evidence. In order to compare 

the capabilities of different models, an independent study involving the reproduction of the same 

experimental data is necessary.  

Hong et al. (2013) assessed the performance of three non-isothermal constitutive models: Cui et al. 

(2000) (referred to as Model C), Abuel-Naga et al. (2007b) (referred to as Model A) and Laloui & 

Francois (2009) (referred to as Model L). The numerical simulations were compared against 

experimental results on Boom Clay carried out by Baldi et al. (1991b). The authors concluded that even 

though each model has its advantages and disadvantages, all are able to reproduce the main features of 

the thermo-mechanical behaviour of saturated clays. Therefore, the main difference between the models 

is the complexity of the formulation. For example, Model C requires more parameters than the other 

two models. However, it assumes a constant value of thermal expansion coefficient of soil, in contrast 

to Models A and L in which the coefficient varies with pressure and/or temperature. Hong et al. (2013) 

studied the effect of temperature and pressure on the thermal expansion coefficient using the Boom 

Clay data presented by Baldi et al. (1991b) and concluded that, in the temperature range of 21-95 °C 

and the mean effective stress range of 1-6 MPa, the changes of the coefficient are small, and therefore 

the assumption of a constant expansion coefficient is reasonable. Another difference between the 

models is that Models C and A involve two plastic mechanisms associated with the two yield limits 

which makes the implementation into a numerical code potentially more challenging than Model L with 

only one plastic mechanism. 



Chapter 4 THM behaviour and modelling of saturated soils 

 

230 

 

Finally, it should also be noted that all models, apart from that developed by Laloui and his co-workers, 

have been formulated only within the isotropic and/or triaxial stress space. Although all models have 

been shown to reproduce the laboratory results with at least reasonable accuracy, only the ACMEG-T 

model by Laloui & Francois (2009) has been used in boundary value problems where stress states vary 

within the finite element mesh and must be represented in the three-dimensional stress space.   
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Chapter 5  

Development of a constitutive model 

for non-isothermal behaviour of soils 

 

5.1 Introduction 

This chapter presents the development of a new constitutive model – the Imperial College (IC) Thermal 

model, which is able to account for the non-isothermal behaviour of saturated soils observed in the 

laboratory tests discussed in Chapter 4. Although it is the first temperature-dependent constitutive 

model implemented into ICFEP, its isothermal formulation is based on the Georgiadis (2003) and the 

Tsiampousi (2011) models for unsaturated soils which adopt the Lagioia et al. (1996) yield surface and 

plastic potential on the side wet of critical and, in the case of the Tsiampousi (2011) model, a Hvorslev 

surface on the dry side. However, instead of the suction-dependent Loading Collapse curve, an isotropic 

yield limit defines the reduction of the size of the yield surface with temperature. Additionally, a 

secondary isotropic yield surface allows for simulation of the behaviour of overconsolidated soils.  

The isothermal response of the model was validated against the fully saturated version of the 

Tsiampousi (2011) model. Conversely, the temperature-dependent behaviour of the new model was 

studied extensively in a number of tests whose results were assessed in terms of their plausibility.  

Finally, the model’s parameters were calibrated for three soil types discussed in Chapter 4: Boom Clay, 

Soft Bangkok Clay and MC Clay. Numerical analyses reproducing the laboratory tests on those soils 

produced very satisfactory results, demonstrating that the model is capable of simulating most aspects 

of the THM behaviour of saturated clays.  
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5.2 Formulation 

The model has been formulated according to the critical state framework. Its isothermal response is 

based on the models for unsaturated soils developed by Georgiadis (2003) and Tsiampousi (2011) where 

the Lagioia et al. (1996) yield surface and plastic potential were adopted on the wet side and a new 

Hvorslev surface was used to define the behaviour on the dry side. The temperature dependence is 

included through an isotropic yield limit (designated as ‘primary’ in the following sections and 

comparable to the Loading Collapse curve in unsaturated soil models) which describes the reduction in 

size of the yield surface with increasing temperature. An additional isotropic yield surface, termed 

‘secondary’ in this text and formulated similarly to the Suction Increase yield surface in unsaturated 

soil models, is proposed in order to improve the prediction of the behaviour of overconsolidated soils.  

It should be noted that the formulation of the model is presented in the compression positive sign 

convention. Additionally, although the model has been developed in terms of the effective stresses, the 

notation adopted throughout this section omits the prime commonly used to indicate effective stresses. 

5.2.1 Constitutive behaviour 

The derivation of the constitutive behaviour relationships for non-isotheral conditions is based on that 

for isothermal conditions presented by Potts & Zdravković (1999). Hence, the relationship between 

incremental stresses and incremental strains can be defined in terms of the elasto-plastic constitutive 

matrix, [𝐷𝑒𝑝]: 

 {Δ𝜎} = [𝐷𝑒𝑝]{Δ휀} ( 5-1 ) 

The incremental total strains, {Δ휀}, can be split into elastic and plastic, and further into elastic and 

plastic strains due to changes in stress and changes in temperature such that: 

 {Δ휀} = {Δ휀𝑒} + {Δ휀𝑝} = {Δ휀𝜎
𝑒} + {Δ휀𝑇

𝑒} + {Δ휀𝜎
𝑝
} + {Δ휀𝑇

𝑝
} ( 5-2 ) 

where the subscripts 𝜎 and 𝑇 signify “due to” changes in stress and temperature, respectively, whereas 

the superscripts 𝑒 and 𝑝 indicate elastic and plastic components, respectively. The incremental stresses 

are related to the incremental elastic strains through: 

 {Δ𝜎} = [𝐷𝑒]{Δ휀𝜎
𝑒} ( 5-3 ) 

or: 

 {Δ휀𝜎
𝑒} = [𝐷𝑒]−1{Δ𝜎} ( 5-4 ) 

where [𝐷𝑒] is the elastic constitutive matrix. Combining Equations ( 5-2 ) and ( 5-3 ) results in: 

 {Δ𝜎} = [𝐷𝑒]({Δ휀} − {Δ휀𝜎
𝑝
} − {Δ휀𝑇

𝑒} − {Δ휀𝑇
𝑝
}) ( 5-5 ) 
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However, the incremental plastic strains ({Δ휀𝑝}) can be separated into those associated with the primary 

yield surface ({Δ휀1
𝑝
}), and those associated with the secondary yield surface ({Δ휀2

𝑝
}). The former are 

related to the plastic potential function associated with the primary yield surface, 𝑃1, through the plastic 

multiplier, Λ: 

 
{Δ휀1

𝑝
} = Λ {

𝜕𝑃1({𝜎}, {𝑚}, 𝑇)

𝜕𝜎
} ( 5-6 ) 

Conversely, the incremental plastic strains associated with the secondary yield surface are defined by 

an empirical expression which will be presented in Section 5.2.6.2 of this chapter. Substituting Equation 

( 5-6 ) into Equation ( 5-5 ) leads to: 

 
{Δ𝜎} = [𝐷𝑒] ({Δ휀} − {Δ휀𝑇

𝑒} − Λ {
𝜕𝑃1
𝜕𝜎
} − {Δ휀2

𝑝
})

= [𝐷𝑒]({Δ휀} − {Δ휀𝑇
𝑒} − {Δ휀2

𝑝
}) − [𝐷𝑒]Λ {

𝜕𝑃1
𝜕𝜎
} 

( 5-7 ) 

The yield function 𝐹1({𝜎}, {𝑘}, 𝑇) = 0 must be satisfied when the material is plastic. Therefore, the 

consistency condition, where 𝑑𝐹1({𝜎}, {𝑘}, 𝑇) = 0, can be obtained as: 

 
𝑑𝐹1({𝜎}, {𝑘}, 𝑇) = {

𝜕𝐹1({𝜎}, {𝑘}, 𝑇)

𝜕𝜎
}

𝑇

{Δ𝜎} + {
𝜕𝐹1({𝜎}, {𝑘}, 𝑇)

𝜕𝑘
}

𝑇

{Δ𝑘}

+ (
𝜕𝐹1({𝜎}, {𝑘}, 𝑇)

𝜕𝑇
) (Δ𝑇) = 0 

( 5-8 ) 

where {𝑘} is a vector of state parameters. Equation ( 5-8 ) can be rewritten as: 

 

{Δ𝜎} = −
{
𝜕𝐹1
𝜕𝑘
}
𝑇

{Δ𝑘} + (
𝜕𝐹1
𝜕𝑇
) (Δ𝑇)

{
𝜕𝐹1
𝜕𝜎
}
𝑇  ( 5-9 ) 

Combining Equations ( 5-7 ) and ( 5-9 ) results in: 

 

[𝐷𝑒]({Δ휀} − {Δ휀𝑇
𝑒} − {Δ휀2

𝑝
}) − [𝐷𝑒]Λ {

𝜕𝑃1
𝜕𝜎
} = −

{
𝜕𝐹1
𝜕𝑘
}
𝑇

{Δ𝑘} + (
𝜕𝐹1
𝜕𝑇
) (Δ𝑇)

{
𝜕𝐹1
𝜕𝜎
}
𝑇  ( 5-10 ) 

Rearranging Equation ( 5-10 ) yields: 

 

Λ =
{
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒]({Δ휀} − {Δ휀𝑇
𝑒} − {Δ휀2

𝑝
}) + {

𝜕𝐹1
𝜕𝑘
}
𝑇

{Δ𝑘} + (
𝜕𝐹1
𝜕𝑇
) (Δ𝑇)

{
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒] {
𝜕𝑃1
𝜕𝜎
}

 ( 5-11 ) 

or: 
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Λ =
{
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒]({Δ휀} − {Δ휀𝑇
𝑒} − {Δ휀2

𝑝
}) + (

𝜕𝐹1
𝜕𝑇
) (Δ𝑇)

{
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒] {
𝜕𝑃1
𝜕𝜎
} + 𝐴

 ( 5-12 ) 

where 𝐴 is the plastic hardening parameter: 

 
𝐴 = −

1

Λ
{
𝜕𝐹1
𝜕𝑘
}
𝑇

{Δ𝑘} ( 5-13 ) 

Substituting Equation ( 5-12 ) into Equation ( 5-7 ) leads to: 

 {Δ𝜎}

= [𝐷𝑒]({Δ휀} − {Δ휀𝑇
𝑒} − {Δ휀2

𝑝
})

−
[𝐷𝑒] {

𝜕𝑃1
𝜕𝜎
} {
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒]({Δ휀} − {Δ휀𝑇
𝑒} − {Δ휀2

𝑝
}) + [𝐷𝑒] {

𝜕𝑃1
𝜕𝜎
} (
𝜕𝐹1
𝜕𝑇
) (Δ𝑇)

{
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒] {
𝜕𝑃1
𝜕𝜎
} + 𝐴

 

( 5-14 ) 

By comparing equations ( 5-1 ) and ( 5-14 ), Equation ( 5-14 ) can be rewritten as:  

 {Δ𝜎} = [𝐷𝑒𝑝]({Δ휀} − {Δ휀𝑇
𝑒} − {Δ휀2

𝑝
}) − {𝑊𝑇}(Δ𝑇) ( 5-15 ) 

where the elasto-plastic constitutive matrix for isothermal conditions is defined as: 

 

[𝐷𝑒𝑝] = [𝐷𝑒] −
[𝐷𝑒] {

𝜕𝑃1
𝜕𝜎
} {
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒]

{
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒] {
𝜕𝑃1
𝜕𝜎
} + 𝐴

 ( 5-16 ) 

and 

 

{𝑊𝑇} =
[𝐷𝑒] {

𝜕𝑃1
𝜕𝜎
} (
𝜕𝐹1
𝜕𝑇
)

{
𝜕𝐹1
𝜕𝜎
}
𝑇

[𝐷𝑒] {
𝜕𝑃1
𝜕𝜎
} + 𝐴

 ( 5-17 ) 

In the case of strain hardening/softening plasticity, Equation ( 5-13 ) can be written as: 

 
𝐴 = −

1

Λ
{
𝜕𝐹1
𝜕𝑘
}
𝑇 𝜕{𝑘}

𝜕{휀𝑝}
{Δ휀𝑝} ( 5-18 ) 

If a linear relationship between {𝑘} and {휀𝑝} is assumed, then 𝜕{𝑘} 𝜕{휀𝑝}⁄ = 𝑐 (constant). Applying 

this to Equation ( 5-18 ) and substituting the flow rule given by Equations ( 5-6 ) results in: 

 
𝐴 = −𝑐 {

𝜕𝐹1
𝜕𝑘
}
𝑇

{
𝜕𝑃1
𝜕𝜎
} ( 5-19 ) 

Note that as Λ cancels out during this operation, 𝐴 becomes determinable.  
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5.2.2 Stress invariants 

The stress invariants and their corresponding derivatives in the compression positive sign convention 

are defined as follows (Potts & Zdravković, 1999): 

Mean effective stress 

 
𝑝 =

1

3
(𝜎𝑥 + 𝜎𝑦 + 𝜎𝑧) ( 5-20 ) 

 
{
𝜕𝑝

𝜕𝜎
} =

1

3
{1 1 1     0 0 0}𝑇  ( 5-21 ) 

Deviatoric stress 

 
𝐽 = [

1

6
[(𝜎𝑥 − 𝜎𝑦)

2
+ (𝜎𝑦 − 𝜎𝑧)

2
+ (𝜎𝑧 − 𝜎𝑥)

2] + 𝜏𝑥𝑦
2 + 𝜏𝑥𝑧

2 + 𝜏𝑦𝑧
2 ]

1/2

 ( 5-22 ) 

or: 

 
𝐽 =

1

√2
[(𝜎𝑥 − 𝑝)

2 + (𝜎𝑦 − 𝑝)
2
+ (𝜎𝑧 − 𝑝)

2 + 2𝜏𝑥𝑦
2 + 2𝜏𝑥𝑧

2 + 2𝜏𝑦𝑧
2 ]

1/2
 ( 5-23 ) 

 
{
𝜕𝐽

𝜕𝜎
} =

1

2𝐽
{𝜎𝑥 − 𝑝 𝜎𝑦 − 𝑝 𝜎𝑧 − 𝑝     2𝜏𝑥𝑦 2𝜏𝑥𝑧 2𝜏𝑦𝑧}𝑇  ( 5-24 ) 

Lode’s angle 

 
𝜃 = −

1

3
sin−1 (

3√3

2

det 𝑠

𝐽3
) ( 5-25 ) 

 
{
𝜕𝜃

𝜕𝜎
} =

√3

2𝐽3 cos(3𝜃)
[
3 det 𝑠

𝐽
{
𝜕𝐽

𝜕𝜎
} − {

𝜕 det 𝑠

𝜕𝜎
}] ( 5-26 ) 

 det 𝑠 = (𝜎𝑥 − 𝑝)(𝜎𝑦 − 𝑝)(𝜎𝑧 − 𝑝) − (𝜎𝑥 − 𝑝)𝜏𝑦𝑧
2 − (𝜎𝑦 − 𝑝)𝜏𝑥𝑧

2

− (𝜎𝑧 − 𝑝)𝜏𝑥𝑦
2 + 2𝜏𝑥𝑦𝜏𝑥𝑧𝜏𝑦𝑧 

( 5-27 ) 

 𝜕 det 𝑠

𝜕𝜎𝑥
=
1

3
[(𝜎𝑦 − 𝑝)(𝜎𝑧 − 𝜎𝑥) + (𝜎𝑧 − 𝑝)(𝜎𝑦 − 𝜎𝑥) − 2𝜏𝑦𝑧

2 + 𝜏𝑥𝑧
2 + 𝜏𝑥𝑦

2 ] ( 5-28 ) 

 𝜕 det 𝑠

𝜕𝜎𝑦
=
1

3
[(𝜎𝑥 − 𝑝)(𝜎𝑧 − 𝜎𝑦) + (𝜎𝑧 − 𝑝)(𝜎𝑥 − 𝜎𝑦) − 2𝜏𝑥𝑧

2 + 𝜏𝑦𝑧
2 + 𝜏𝑥𝑦

2 ] ( 5-29 ) 

 𝜕 det 𝑠

𝜕𝜎𝑧
=
1

3
[(𝜎𝑧 − 𝑝)(𝜎𝑦 − 𝜎𝑧) + (𝜎𝑦 − 𝑝)(𝜎𝑥 − 𝜎𝑧) − 2𝜏𝑥𝑦

2 + 𝜏𝑥𝑧
2 + 𝜏𝑦𝑧

2 ] ( 5-30 ) 

 𝜕 det 𝑠

𝜕𝜏𝑥𝑦
= −2(𝜎𝑧 − 𝑝)𝜏𝑥𝑦 + 2𝜏𝑥𝑧𝜏𝑦𝑧 ( 5-31 ) 
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 𝜕 det 𝑠

𝜕𝜏𝑥𝑧
= −2(𝜎𝑦 − 𝑝)𝜏𝑥𝑧 + 2𝜏𝑥𝑦𝜏𝑦𝑧 ( 5-32 ) 

 𝜕 det 𝑠

𝜕𝜏𝑦𝑧
= −2(𝜎𝑥 − 𝑝)𝜏𝑦𝑧 + 2𝜏𝑥𝑦𝜏𝑥𝑧 ( 5-33 ) 

5.2.3 Primary yield and plastic potential functions 

5.2.3.1 Wet side – Lagioia et al. (1996) 

For the states wet of critical, the expression proposed by Lagioia et al. (1996) is adopted for the yield 

surface and the plastic potential functions as it allows a wide range of shapes to be achieved. The 

functions are defined as:  

 

𝐹1,𝑊({𝜎}, 𝑝0,𝑇)

𝑃1,𝑊({𝜎}, 𝑝0,𝑇)
} =

𝑝

𝑝0,𝑇
−
(1 +

𝜂𝑖
𝐾2𝑖
)

𝐾2𝑖
𝛽𝑖

(1 +
𝜂𝑖
𝐾1𝑖
)

𝐾1𝑖
𝛽𝑖

= 0 ( 5-34 ) 

where 𝑝0,𝑇 is the preconsolidation pressure at the current temperature which will be defined in Section 

5.2.3.3, and: 

 

𝐾1𝑖,2𝑖 =
𝜇𝑖(1 − 𝛼𝑖)

2(1 − 𝜇𝑖)
(1 ± √1 −

4𝛼𝑖(1 − 𝜇𝑖)

𝜇𝑖(1 − 𝛼𝑖)
2
) ( 5-35 ) 

 𝛽𝑖 = (1 − 𝜇𝑖)(𝐾1𝑖 − 𝐾2𝑖) ( 5-36 ) 

 
𝜂𝑖 =

√𝐽2𝜂

√𝐽2𝜂𝑖
 ( 5-37 ) 

 
√𝐽2𝜂 =

𝐽

𝑝
 ( 5-38 ) 

where 𝛼𝑖 and 𝜇𝑖 are parameters controlling the shape of the surfaces, and 𝐽2𝜂𝑖 is the failure value of 𝐽2𝜂. 

Assuming the Matsuoka-Nakai criterion, 𝐽2𝜂𝑖 is obtained from the following cubic equation: 

 2

√27
𝐶𝑖 sin(3𝜃) (√𝐽2𝜂𝑖)

3

+ (𝐶𝑖 − 3) (√𝐽2𝜂𝑖)
2

− (𝐶𝑖 − 9) = 0 ( 5-39 ) 

where 

 
𝐶𝑖 =

9 −𝑀𝑖
2

2𝑀𝑖
3

27
−
𝑀𝑖
2

3
+ 1

 ( 5-40 ) 
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and 𝑀𝑖 is the gradient of the critical state line in the 𝑝 − 𝑞 plane corresponding to triaxial compression 

which is calculated as: 

 
𝑀𝑖 =

6 sin(𝜑𝐶𝑆
′ )

3 − sin (𝜑𝐶𝑆
′ )

 ( 5-41 ) 

where 𝜑𝐶𝑆
′  is the critical state value of angle of shearing resistance. Based on the results of laboratory 

tests discussed in Chapter 4, 𝑀𝑖 is assumed to be independent of temperature in this model. The 

subscript 𝑖 may represent either the yield function (if 𝑖 = 𝐹) or the plastic potential function (if 𝑖 = 𝑃), 

and hence, the parameters associated with the two functions can be defined. Note that if 𝛼𝐹 = 𝛼𝑃, 𝜇𝐹 =

𝜇𝑃 and 𝑀𝐹 = 𝑀𝑃, the condition of associated plasticity is obtained. Figure 5-1 shows some shapes of 

yield surface and plastic potential functions obtained with the Lagioia et al. (1996) expression. For 

example, the Modified Cam Clay shape can be reproduced by setting 𝛼𝑖 = 0.4 and 𝜇𝑖 = 0.9. 

 

Figure 5-1 Examples of yield surface and plastic potential functions obtained with the Lagioia et al. (1996) expression 

(Georgiadis, 2003) 

5.2.3.2 Dry side – Hvorslev surface 

As the yield surface of the Cam Clay and Modified Cam Clay models tend overestimate the peak 

strength of overconsolidated soils, modifications to the dry side of the yield and plastic potential 

surfaces are often implemented. Tsiampousi (2011) and Tsiampousi et al. (2013) developed and 

implemented into ICFEP a versatile expression for the Hvorslev yield and plastic potential  surfaces for 

unsaturated soils. Here, this formulation is adapted to fully saturated soils and a temperature dependence 

is included.  

Critical state 

The critical state line (CSL) is defined by the inclination √𝐽2𝜂𝑃 in the plastic potential surface, therefore, 

at critical state 𝑝 = 𝑝𝐶𝑆, 𝐽 = 𝐽𝐶𝑆, and the stress ratio can be defined as: 
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√𝐽2𝜂 =

𝐽𝐶𝑆
𝑝𝐶𝑆

= √𝐽2𝜂𝑃  ( 5-42 ) 

Hence, the normalised stress ratio becomes: 

 
𝜂𝐹 =

√𝐽2𝜂

√𝐽2𝜂𝑖
=
√𝐽2𝜂𝑃

√𝐽2𝜂𝐹
 ( 5-43 ) 

Substituting 𝑝 = 𝑝𝐶𝑆, 𝐽 = 𝐽𝐶𝑆 and Equation ( 5-43 ) into Equation ( 5-34 ), and rearranging leads to: 

 

𝑝𝐶𝑆 = 𝑝0,𝑇

(1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾2𝐹
)

𝐾2𝐹
𝛽𝐹

(1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾1𝐹
)

𝐾1𝐹
𝛽𝐹

 ( 5-44 ) 

From Equation ( 5-42 ), the deviatoric stress at the critical state is: 

 
𝐽𝐶𝑆 = 𝑝𝐶𝑆√𝐽2𝜂𝑃 ( 5-45 ) 

Yield function 

The Hvorslev surface is attached to the dry side of the yield surface at the point of intersection with the 

CSL, where 𝑝𝐶𝑆 and 𝐽𝐶𝑆 are defined by equations ( 5-44 ) and ( 5-45 ), respectively. Assuming that the 

Hvorslev surface is a straight line, it can be described by the following equation: 

 𝐽 − 𝐽𝐶𝑆 = 𝛼𝐻𝑉(𝑝 − 𝑝𝐶𝑆) ( 5-46 ) 

where 𝛼𝐻𝑉 is the inclination of the Hvorslev surface. Substituting Equation ( 5-45 ) into Equation ( 5-46 

) leads to: 

 
𝐽 − 𝑝𝐶𝑆√𝐽2𝜂𝑃 − 𝛼𝐻𝑉(𝑝 − 𝑝𝐶𝑆) = 0 ( 5-47 ) 

By rearranging Equation ( 5-47 ), the yield surface expression can be expressed as: 

 
𝐹1,𝐷 =

𝐽

𝑝√𝐽2𝜂𝑃
−
𝑝𝐶𝑆
𝑝
−
𝛼𝐻𝑉

√𝐽2𝜂𝑃
(1 −

𝑝𝐶𝑆
𝑝
) = 0 ( 5-48 ) 

or: 

 
𝐹1,𝐷 =

𝐽

𝑝√𝐽2𝜂𝑃
−
𝛼𝐻𝑉

√𝐽2𝜂𝑃
− (1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
)
𝑝𝐶𝑆
𝑝
= 0 ( 5-49 ) 

In order to allow for a curved, as well as straight Hvorslev surface, Equation ( 5-49 ) can be altered to: 
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𝐹1,𝐷 =

𝐽

𝑝√𝐽2𝜂𝑃
−
𝛼𝐻𝑉

√𝐽2𝜂𝑃
− (1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
) (
𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

= 0 ( 5-50 ) 

where 𝑛𝐻𝑉 is a parameter controlling the shape of the Hvorslev surface restricted by 0 ≤ 𝑛𝐻𝑉 < 1. Note 

that, if 𝑛𝐻𝑉 = 1, Equation ( 5-50 ) reduces to Equation ( 5-49 ), whereas if 𝑛𝐻𝑉 = 0 or 𝛼𝐻𝑉 = √𝐽2𝜂𝑃, 

the Hvorslev surface coincides with the CSL. The effect of 𝑛𝐻𝑉 on the shape of the Hvorslev yield 

surface is illustrated in Figure 5-2. 

 

Figure 5-2 Effect of parameter 𝑛𝐻𝑉 on the shape of the Hvorslev yield surface (adapted from Tsiampousi, 2011) 

Plastic potential function 

The gradient of the flow vector varies from 𝛽𝐻𝑉 = 𝛽𝐻𝑉0 at 𝑝 = 0 to 𝛽𝐻𝑉 = 0 at 𝑝 = 𝑝𝐶𝑆. The flow 

vector is perpendicular to the plastic potential at the current stress state on the Hvorslev surface, 

𝐶(𝑝𝐶 , 𝐽𝐶), where it is assumed to have an inclination with respect to the vertical of 𝛽𝐻𝑉. Therefore, the 

equation of the line tangent to the plastic potential surface, which is also perpendicular to the flow 

vector, is: 

 𝐽 − 𝐽𝑃𝑃 = 𝛽𝐻𝑉𝑝 ( 5-51 ) 

where 𝐽𝑃𝑃 is the deviatoric stress at 𝑝 = 0. The current deviatoric stress is obtained by substituting 𝑝 =

𝑝𝐶  and 𝐽 = 𝐽𝐶 into Equation ( 5-51 ) such that: 

 𝐽𝐶 = 𝐽𝑃𝑃 + 𝛽𝐻𝑉𝑝𝑐  ( 5-52 ) 

However, point 𝐶 also lies on the yield surface, therefore substituting 𝑝 = 𝑝𝐶 and 𝐽 = 𝐽𝐶  into Equation 

( 5-50 ) leads to: 

 
𝐽𝐶 = 𝛼𝐻𝑉𝑝𝐶 + 𝑝𝐶 (√𝐽2𝜂𝑃 − 𝛼𝐻𝑉) (

𝑝𝐶𝑆
𝑝𝐶
)
𝑛𝐻𝑉

 ( 5-53 ) 

𝐽𝑃𝑃 can be evaluated by equating Equations ( 5-52 ) and ( 5-53 ), and rearranging: 
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𝐽𝑃𝑃 = 𝛼𝐻𝑉𝑝𝐶 + 𝑝𝐶 (√𝐽2𝜂𝑃 − 𝛼𝐻𝑉) (

𝑝𝐶𝑆
𝑝𝐶
)
𝑛𝐻𝑉

− 𝛽𝐻𝑉𝑝𝑐  ( 5-54 ) 

Substituting Equation ( 5-54 ) into Equation ( 5-51 ), and rearranging leads to: 

 
𝐽 − 𝛼𝐻𝑉𝑝𝐶 − 𝑝𝐶 (√𝐽2𝜂𝑃 − 𝛼𝐻𝑉) (

𝑝𝐶𝑆
𝑝𝐶
)
𝑛𝐻𝑉

+ 𝛽𝐻𝑉𝑝𝑐 − 𝛽𝐻𝑉𝑝 = 0 ( 5-55 ) 

or: 

 𝐽

𝑝√𝐽2𝜂𝑃
−
𝛼𝐻𝑉

√𝐽2𝜂𝑃

𝑝𝐶
𝑝
−
𝑝𝐶
𝑝
(1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
) (
𝑝𝐶𝑆
𝑝𝐶
)
𝑛𝐻𝑉

−
𝛽𝐻𝑉

√𝐽2𝜂𝑃

𝑝 − 𝑝𝐶
𝑝

= 0 ( 5-56 ) 

The value of 𝛽𝐻𝑉𝐶  is assumed to vary according to: 

 
𝛽𝐻𝑉 = 𝛽𝐻𝑉0 (

𝑝𝐶𝑆 − 𝑝𝐶
𝑝𝐶𝑆

)
𝑚𝐻𝑉

= 0 ( 5-57 ) 

where 𝛽𝐻𝑉0 is the gradient of the flow vector at 𝑝 = 0 and 𝑚𝐻𝑉 is a model parameter whose influence 

on 𝛽𝐻𝑉 is illustrated in Figure 5-3. The expression for the plastic potential function is obtained by 

substituting Equation ( 5-57 ) into Equation ( 5-56 ): 

 
𝑃1,𝐷 =

𝐽

𝑝√𝐽2𝜂𝑃
−
𝛼𝐻𝑉

√𝐽2𝜂𝑃

𝑝𝐶
𝑝
−
𝑝𝐶
𝑝
(1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
) (
𝑝𝐶𝑆
𝑝𝐶
)
𝑛𝐻𝑉

−
𝑝 − 𝑝𝐶
𝑝

𝛽𝐻𝑉0

√𝐽2𝜂𝑃
(
𝑝𝐶𝑆 − 𝑝𝐶
𝑝𝐶𝑆

)
𝑚𝐻𝑉

= 0 

( 5-58 ) 

 

Figure 5-3 Variation of the gradient of the flow vector with mean effective stress for different values of 𝑚𝐻𝑉 

5.2.3.3 Isotropic yield limit 

The model’s response in the 𝑝 − 𝑇 plane is based on the soil behaviour observed in the laboratory tests 

results discussed in Chapter 4. Hence, the formulation assumes the following: 

1) Preconsolidation pressure decreases with increasing temperature.  
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2) While the behaviour within the yield surface is elastic, once the yield surface is activated the 

behaviour becomes elasto-plastic. 

3) The slopes of the normal compression lines (NCL) and the swelling lines are independent of 

temperature (i.e. 𝜆 and 𝜅 are constant with temperature).  

4) Heating or cooling under drained conditions within the yield surface does not induce changes 

in void ratio (refer to the assumptions of the THM formulation in Section 2.6.2, Chapter 2). 

However, note that if undrained heating or cooling is performed, void ratio may change due to 

a change in effective stresses, provided that the thermal expansion coefficients of the soil 

skeleton and the pore fluid are different (see Section 4.2.3 of Chapter 4). 

5) An increase in temperature causes the NCL to shift to lower void ratios such that its specific 

volume at a unit mean effective stress, 𝜈1, reduces. Therefore, heating normally consolidated 

soils under constant mean effective stress is an elasto-plastic process which reduces the void 

ratio. 

6) There is a unique NCL for each temperature value. 

The primary isotropic yield limit describes the variation of the preconsolidation pressure, and therefore 

the change in size of the yield surface with temperature, which is directly linked to the position of the 

NCL in the 𝜈 − ln 𝑝 plane. In order for the new constitutive model to be consistent with the critical state 

framework, the expression for the isotropic yield limit is derived from the behaviour in the 𝜈 − ln 𝑝 

plane. The expressions for the normal compression lines and the swelling lines can respectively be 

written as: 

 𝜈 = 𝜈1(𝑇) − 𝜆 ln 𝑝 ( 5-59 ) 

 𝜈 = 𝜈𝑠1 − 𝜅 ln 𝑝 ( 5-60 ) 

where 𝜈1(𝑇) and 𝜈𝑠1 are the specific volumes on NCL and the swelling line, respectively, associated 

with a unit mean effective stress. ‘(𝑇)’ indicates that 𝜈1 is a function of temperature. Consider a path 

from A to C in Figure 5-4 which represents unloading from A to B followed by elastic heating under 

constant mean effective stress from B to C. Given that elastic heating does not alter the void ratio of the 

material, the following identity in terms of specific volume can be established: 

 𝜈𝐴 + Δ𝜈𝜎 = 𝜈𝐵 = 𝜈𝐶  ( 5-61 ) 

Substituting Equations ( 5-59 ) and ( 5-60 ) into Equation ( 5-61 ) leads to: 

 𝜈1(𝑇𝐴) − 𝜆 ln
𝑝𝐴
1
+ 𝜅 ln

𝑝𝐴
𝑝𝐵
= 𝜈1(𝑇𝐶) − 𝜆 ln

𝑝𝐶
1

 ( 5-62 ) 

or: 
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 𝜈1(𝑇𝐴) − 𝜈1(𝑇𝐶) = 𝜆 ln 𝑝𝐴 − 𝜆 ln 𝑝𝐶 − 𝜅 ln
𝑝𝐴
𝑝𝐵

 ( 5-63 ) 

However, from Figure 5-4 it is clear that 𝑝𝐵 = 𝑝𝐶  and 𝑝𝐴 = 𝑝0, therefore: 

 𝜈1(𝑇𝐴) − 𝜈1(𝑇𝐶) = 𝜆 ln
𝑝0
𝑝𝐶
− 𝜅 ln

𝑝0
𝑝𝐶

 ( 5-64 ) 

or: 

 𝜈1(𝑇𝐴) − 𝜈1(𝑇𝐶) = (𝜆 − 𝜅) 𝑙𝑛
𝑝0
𝑝𝐶

 ( 5-65 ) 

 

Figure 5-4 Stress path A-B-C in (a) 𝑇 − 𝑝 plane, and (b) 𝜈 − 𝑙𝑛 𝑝 plane 

Depending on the expression assumed for 𝜈1 in terms of 𝑇, different expressions for the isotropic yield 

limit are obtained from Equation ( 5-65 ). Based on the experimental data from Lingnau et al. (1995) 

and Ghahremannejad (2003), a linear relationship is assumed here, such that: 

 𝜈1 = 𝜈1,𝑇𝑟𝑒𝑓 − 𝑏(𝑇 − 𝑇𝑟𝑒𝑓) ( 5-66 ) 

where 𝜈1,𝑇𝑟𝑒𝑓 is the specific volume at a unit mean effective stress on the NCL associated with the 

reference temperature, 𝑇𝑟𝑒𝑓, and 𝑏 is a material constant. Therefore: 

 𝜈1(𝑇𝐴) − 𝜈1(𝑇𝐶) = 𝜈1,𝑇𝑟𝑒𝑓 − 𝑏(𝑇𝐴 − 𝑇𝑟𝑒𝑓)  − [𝜈1,𝑇𝑟𝑒𝑓 − 𝑏(𝑇𝐶 − 𝑇𝑟𝑒𝑓)]

= 𝑏(𝑇𝐶 − 𝑇𝐴) 
( 5-67 ) 

Substituting Equation ( 5-67 ) into Equation ( 5-65 ) leads to: 

 𝑏(𝑇𝐶 − 𝑇𝐴) = (𝜆 − 𝜅) 𝑙𝑛
𝑝0
𝑝𝐶

 ( 5-68 ) 
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Substituting 𝑝𝐶 = 𝑝0,𝑇, 𝑇𝐶 = 𝑇 and 𝑇𝐴 = 𝑇𝑟𝑒𝑓, and rearranging the terms results in a general expression 

for the isotropic yield limit: 

 
𝑝0,𝑇(𝑝0, 𝑇) = 𝑝0 exp [−

𝑏

𝜆 − 𝜅
(𝑇 − 𝑇𝑟𝑒𝑓)] ( 5-69 ) 

where 𝑝0 is the hardening parameter defining the preconsolidation pressure at the reference temperature, 

𝑇𝑟𝑒𝑓. The effect of the parameter 𝑏 on the shape of the isotropic yield limit is illustrated in Figure 5-5 

by varying the value of 𝑑 = 𝑏 (𝜆 − 𝜅)⁄ . Note that when 𝑑 = 0 (or 𝑏 = 0), the preconsolidation pressure, 

and hence the size of the primary yield surface, becomes independent of temperature.  

 

Figure 5-5 Effect of parameter 𝑑 = 𝑏 (𝜆 − 𝜅)⁄  on the shape of the isotropic yield limit 

Equation ( 5-69 ) must be substituted into Equations ( 5-34 ) and ( 5-44 ) in order to account for the 

reduction in the size of the yield surface with increasing temperature. Figure 5-6 illustrates the primary 

yield surface in the 𝑝 − 𝐽 − 𝑇 space. 

 

Figure 5-6 Primary yield surface in 𝑝 − 𝐽 − 𝑇 space 
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5.2.4 Secondary isotropic yield surface 

In overconsolidated materials, drained heating may result in volumetric contraction. However, 

analysing laboratory testing data, it becomes clear that the primary isotropic yield surface cannot 

simultaneously model the observed reduction in the material’s preconsolidation pressure and the onset 

of plasticity for moderate to high values of OCR. Therefore, another plastic mechanism is needed. The 

proposed yield surface is similar to the Suction Increase yield surface in models for unsaturated soils 

(e.g. Georgiadis, 2003). This secondary yield surface is defined in terms of the current temperature, 𝑇, 

and a hardening parameter, 𝑇0: 

 
𝐹2(𝑇, 𝑇0) =

𝑇 − 𝑇𝑟
𝑇0 − 𝑇𝑟

− 1 = 0 ( 5-70 ) 

The parameter 𝑇𝑟 is a reference temperature which allows for conversion between Kelvin, Celsius and 

Fahrenheit temperature units. If the model inputs are specified in Kelvin, then 𝑇𝑟 should be set to zero, 

if specified in Celsius, then 𝑇𝑟 = −273.15, whereas  𝑇𝑟 = −459.67 if specified in Fahrenheit.  

Unlike in the primary yielding mechanism, no plastic potential is associated with this secondary 

mechanism. Instead, the plastic strains are defined by an empirical expression which will be presented 

in Section 5.2.6.2. In order to determine the initial position of the secondary yield surface and the 

hardening parameter, 𝑇0, a concept of thermal overconsolidation ratio, 𝑂𝐶𝑅𝑇, is introduced here. It is 

defined similarly to the standard overconsolidation ratio: 

 
𝑂𝐶𝑅𝑇 =

𝑇0
𝑇

 ( 5-71 ) 

Figure 5-7 depicts the primary and secondary yield functions in the isotropic 𝑝 − 𝑇 plane.  

 

Figure 5-7 Primary and secondary yield functions in the 𝑝 − 𝑇 plane 
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5.2.5 Elastic behaviour 

Volumetric strains 

The elastic volumetric strains are divided into two components: due to stress changes (𝑑휀𝑣𝜎
𝑒 ) and due 

to temperature changes (𝑑휀𝑣𝑇
𝑒 ). The elastic volumetric strains due to stress changes are defined as: 

 
𝑑휀𝑣𝜎

𝑒 = −
𝑑𝜈

𝜈
 ( 5-72 ) 

By differentiating the expression for the swelling line (Equation ( 5-60 )), the following equation can 

be obtained: 

 
𝑑𝜈 = −𝜅

𝑑𝑝

𝑝
 ( 5-73 ) 

Substituting Equation ( 5-73 ) into Equation ( 5-72 ) leads to: 

 
𝑑휀𝑣𝜎

𝑒 =
𝜅

𝜈

𝑑𝑝

𝑝
 ( 5-74 ) 

The elastic volumetric strains due to temperature changes are defined in terms of the linear coefficient 

of thermal expansion of the soil skeleton, 𝛼𝑇, as: 

 𝑑휀𝑣𝑇
𝑒 = −3𝛼𝑇𝑑𝑇 ( 5-75 ) 

Therefore, heating generates expansive elastic strains, whereas cooling leads to contractive elastic 

strains. This behaviour is consistent with the results of the laboratory tests discussed in Chapter 4. 

Deviatoric strains 

The elastic deviatoric strains, 𝑑휀𝑑
𝑒, are associated with the deviatoric stress, and therefore, are 

independent of temperature: 

 
𝑑휀𝑑

𝑒 =
𝑑𝐽

√3𝐺
 ( 5-76 ) 

The shear modulus, 𝐺, is related to the bulk modulus, 𝐾, and the Poisson’s ratio, 𝜇, through: 

 
𝐺 =

3(1 − 2𝜇)

2(1 + 𝜇)
𝐾 ( 5-77 ) 

In the critical state framework, the bulk modulus is defined as: 

 𝐾 =
𝜈𝑝

𝜅
 ( 5-78 ) 

Therefore, for Equation ( 5-77 ) to be determinable, either 𝐺 or 𝜇 must be defined in addition to 𝜅. The 

model allows for specification of one of the following: 
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 𝐺 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 𝐺 𝑝0,𝑇⁄ = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (i.e. 𝐺 reduces during elastic heating, whereas it increases during cooling 

and elasto-plastic heating) 

 𝐺 𝑝0⁄ = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (i.e. 𝐺 remains unchanged during elastic heating and cooling, whereas it 

increases during elasto-plastic heating) 

 𝜇 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

5.2.6 Plastic behaviour 

5.2.6.1 Primary yield surface 

The plastic volumetric (𝑑휀𝑣,1
𝑝

) and deviatoric (𝑑휀𝑑,1
𝑝

) strains associated with the primary yielding 

mechanism are determined from the flow rule: 

 
𝑑휀𝑣,1

𝑝
= Λ

𝜕𝑃1
𝜕𝑝

 ( 5-79 ) 

 
𝑑휀𝑑,1

𝑝
= Λ

𝜕𝑃1
𝜕𝐽

 ( 5-80 ) 

It should be noted that Equation ( 5-79 ) accounts for the plastic volumetric strains due to both stress 

and temperature changes, as the formulation of the plastic potential function includes the effect of 

temperature (Equations ( 5-34 ) and ( 5-58 )).  

In the case of isotropic conditions, the expression for the plastic volumetric strains can be derived by 

considering the expression of the NCL: 

 ν = 𝜈1,𝑇𝑟𝑒𝑓 − 𝑏(𝑇 − 𝑇𝑟𝑒𝑓) − 𝜆 ln 𝑝 ( 5-81 ) 

The specific volume change due to change in stress associated with the NCL is: 

 
𝑑𝜈 = −𝜆

𝑑𝑝

𝑝
 ( 5-82 ) 

Therefore, the total volumetric strains due to stress changes are: 

 
𝑑휀𝑣𝜎,1 = −

𝑑𝜈

𝜈
=
𝜆

𝜈

𝑑𝑝

𝑝
 ( 5-83 ) 

The plastic volumetric strains due to stress changes can be calculated as: 

 
𝑑휀𝑣𝜎,1

𝑝
= 𝑑휀𝑣𝜎,1 − 𝑑휀𝑣𝜎

𝑒 =
𝜆 − 𝜅

𝜈

𝑑𝑝

𝑝
 ( 5-84 ) 

Similarly, the specific volume change due to change in temperature is: 
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 𝑑𝜈 = −𝑏𝑑𝑇 ( 5-85 ) 

Since elastic temperature changes do not change the void ratio, the plastic volumetric changes are equal 

to the total volumetric changes. Therefore, the plastic volumetric strains due to temperature changes 

are: 

 
𝑑휀𝑣𝑇,1

𝑝
= −

𝑑𝜈

𝜈
=
𝑏

𝜈
𝑑𝑇 ( 5-86 ) 

Note that, according to Equation ( 5-86 ), heating of normally consolidated samples generates 

contractive plastic volumetric strains which is consistent with the results of the laboratory tests 

presented in Chapter 4. 

5.2.6.2 Secondary isotropic yield surface 

Only plastic volumetric strains due to temperature changes (𝑑휀𝑣𝑇,2
𝑝

) are associated with the secondary 

yielding mechanism. However, instead of defining a plastic potential, the plastic volumetric strains are 

obtained from the following empirical expression: 

 
𝑑휀𝑣𝑇,2

𝑝
= [𝑅 + (1 − 𝑅) (

𝑝

𝑝0,𝑇
)

𝑐

]
𝑏

𝜈
𝑑𝑇 ( 5-87 ) 

or: 

 

𝑑휀𝑣𝑇,2
𝑝

= [𝑅 + (1 − 𝑅)(
𝑝

𝑝0 exp [−
𝑏

𝜆 − 𝜅
(𝑇 − 𝑇𝑟𝑒𝑓)]

)

𝑐

]
𝑏

𝜈
𝑑𝑇 ( 5-88 ) 

where 𝑅 (0 ≤ 𝑅 ≤ 1) and 𝑐 (0 ≤ 𝑐) are model parameters which control the amount of plastic 

volumetric strain as illustrated in Figure 5-8.  

 

Figure 5-8 Variation of the plastic volumetric strains associated with secondary yielding mechanism with mean effective 

stress for different values of 𝑅 and 𝑐 
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It should be noted that if 𝑝 = 𝑝0,𝑇, Equation ( 5-87 ) reduces to the expression for plastic volumetric 

strains associated with the primary isotropic yield mechanism (Equation ( 5-86 )), ensuring continuity 

in the calculated plastic volumetric strains at that point. Naturally, a similar effect may be achieved by 

setting 𝑅 = 1 or 𝑐 = 0, although either of these options would affect the plastic volumetric strains for 

all values of mean effective stress. 

5.2.7 Hardening/softening laws 

The hardening/softening laws determine how the hardening/softening parameters change with plastic 

straining and are derived from the consistency condition which ensures that the stress state remains on 

the yield surface during plastic loading (i.e. 𝐹 = 0). The consistency conditions for the primary, 𝐹1, and 

secondary, 𝐹2, yield surfaces state that: 

 
𝑑𝐹1({𝜎}, 𝑝0, 𝑇) =

𝜕𝐹1
𝜕{𝜎}

𝑑{𝜎} +
𝜕𝐹1
𝜕𝑝0

𝑑𝑝0 +
𝜕𝐹1
𝜕𝑇

𝑑𝑇 = 0 ( 5-89 ) 

 
𝑑𝐹2(𝑇, 𝑇0) =

𝜕𝐹2
𝜕𝑇

𝑑𝑇 +
𝜕𝐹2
𝜕𝑇0

𝑑𝑇0 = 0 ( 5-90 ) 

By substituting the appropriate derivatives into Equations ( 5-89 ) and ( 5-90 ), the change in the 

hardening/softening parameters 𝑝0 and 𝑇0 associated with activation of the respective yield surfaces 

can be obtained as: 

 𝑑𝑝0
𝑝0

=
𝜈

𝜆 − 𝜅
𝑑휀𝑣,1

𝑝
 ( 5-91 ) 

 
𝑑𝑇0 =

1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑑휀𝑣𝑇,2

𝑝
 

( 5-92 ) 

where 𝑑휀𝑣,1
𝑝

 and 𝑑휀𝑣𝑇,2
𝑝

 are defined by Equations ( 5-79 ) and ( 5-87 ). However, Equation ( 5-91 ) 

describes the change in 𝑝0 when only the primary yield surface is active, whereas the change in 𝑇0 when 

only the secondary yield surface is active is defined by Equation ( 5-92 ). In order to control the coupling 

between the two yield surfaces, such that the plastic strains generated by the activation of one yield 

surface result in hardening/softening of the other, coupling parameters 𝑘1, 𝑛1 and 𝑘2 were introduced. 

Therefore, when the primary yield surface is engaged, the secondary yield surface hardens/softens 

according to: 

 
𝑑𝑇0 =

1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑘1𝑏 (1 −

𝑇 − 𝑇𝑟
𝑇0 − 𝑇𝑟

)
𝑛1

𝑑휀𝑣,1
𝑝

 
( 5-93 ) 

Whereas the hardening/softening of the primary yield surface when the secondary yield surface is active 

is given by: 
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 𝑑𝑝0
𝑝0

=
𝜈

𝜆 − 𝜅
𝑘2𝑑휀𝑣𝑇,2

𝑝
 ( 5-94 ) 

Hence, the coupling parameters 𝑘1 and 𝑛1 control the change in 𝑇0 due to plastic straining associated 

with the primary yield surface, whereas, the coupling parameter 𝑘2 governs the change in 𝑝0 due to 

plastic straining associated with the secondary yield surface.  

In the case where the stress state lies on both yield surfaces, the hardening/softening law for 𝑝0 must 

include the strain increments from both yield surfaces, such that: 

 𝑑𝑝0
𝑝0

=
𝜈

𝜆 − 𝜅
(𝑑휀𝑣,1

𝑝
+ 𝑑휀𝑣𝑇,2

𝑝
) ( 5-95 ) 

Whereas the hardening/softening law described by Equation ( 5-92 ) still applies to the secondary yield 

surface. The three cases, together with the corresponding expressions are summarised in Table 5-1.  

Table 5-1 Hardening/softening laws for cases with different yield surfaces being active 

Only primary yield surface is active  

(i.e. 𝑑휀𝑣𝑇,2
𝑝

= 0) 

𝑑𝑝0
𝑝0

=
𝜈

𝜆 − 𝜅
𝑑휀𝑣,1

𝑝
 

𝑑𝑇0 =
1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑘1𝑏 (1 −

𝑇 − 𝑇𝑟
𝑇0 − 𝑇𝑟

)
𝑛1

𝑑휀𝑣,1
𝑝

 

Only secondary yield surface is active 

(i.e. 𝑑휀𝑣,1
𝑝
= 0) 

𝑑𝑝0
𝑝0

=
𝜈

𝜆 − 𝜅
𝑘2𝑑휀𝑣𝑇,2

𝑝
 

𝑑𝑇0 =
1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑑휀𝑣𝑇,2

𝑝
 

Both yield surfaces are active 

𝑑𝑝0
𝑝0

=
𝜈

𝜆 − 𝜅
(𝑑휀𝑣,1

𝑝
+ 𝑑휀𝑣𝑇,2

𝑝
) 

𝑑𝑇0 =
1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑑휀𝑣𝑇,2

𝑝
 

 

Additionally, it is interesting to explore some combinations of the coupling parameters.  

 If 𝑘1 = 0 or 𝑛1 is set to a large number, the secondary yield surface is not affected by hardening 

of the primary yield surface such that the two mechanisms are decoupled. 

 If 𝑘2 = 0, the primary yield surface is decoupled from the secondary yield surface. 

 If 𝑛1 = 0, the dependence on 𝑇 and 𝑇0 is removed and Equation ( 5-93 ) becomes: 

𝑑𝑇0 =
1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
(𝑘1𝑏𝑑휀𝑣,1

𝑝
+ 𝑑휀𝑣,2

𝑝
) 
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The effect of the coupling parameters on the model’s response will be explored in detail in Section 

5.4.2.1. It should be noted that Equations ( 5-91 )-( 5-95 ) imply that positive (i.e. contractive) plastic 

volumetric strains result in expansion of the yield surface, whereas negative (i.e. expansive) plastic 

volumetric strains result in its contraction.  

5.2.8 Summary of model parameters 

A summary of all model input parameter is presented in Table 5-2. 

Table 5-2 Summary of model input parameters 

 Model 

parameter 

Value 

restrictions 
Description 

Initial parameters 𝑂𝐶𝑅𝜎 - OCR value 

𝑂𝐶𝑅𝑇 - Thermal OCR value 

𝑇𝑟𝑒𝑓 - Reference temperature corresponding to 

initial 𝑝0
′  

Material 

parameters 

𝜈1,𝑇𝑟𝑒𝑓 ≥1 Specific volume at unit pressure, at 

reference temperature, 𝑇𝑟𝑒𝑓 

𝑏 ≥0 Shape parameter associated with 

primary isotropic yield limit 

𝑐 ≥0 Material parameter associated with 

secondary yield surface 

𝑅 ≥0, ≤1 Material parameter associated with 

secondary yield surface 

𝜆 >𝜅>0 Slope of NCL 

𝜅 ≥0 Slop of swelling line 

𝐺, 𝐺/𝑝0,𝑇, 𝐺/𝑝0 

or 𝜇 

>0, ≥0, ≥0 or 

>-1 and <0.5 

Shear modulus / shear modulus ratio / 

Poisson’s ratio 

𝐾𝑚𝑖𝑛 >0 Minimum elastic bulk modulus 

Lagioia et al. 

Yield Surface 

𝛼𝐹 >0 and ≠1 Shape parameter 

𝜇𝐹 >0 and ≠1 Shape parameter 

𝑀𝐹 >0 and <3 Gradient of CSL in triaxial compression 

associated with the yield surface 

Lagioia et al. 

Plastic Potential 

𝛼𝑃 >0 and ≠1 Shape parameter 

𝜇𝑃 >0 and ≠1 Shape parameter 

𝑀𝑃 >0 and <3 Gradient of CSL in triaxial compression 

associated with the plastic potential 
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Hvorslev Yield 

Surface 

𝛼𝐻𝑉 - inclination of the Hvorslev surface at 

𝑝 = 𝑝𝑐𝑠 

𝑛𝐻𝑉 ≥0 and <1 Shape parameter 

Hvorslev Plastic 

Potential 

𝛽𝐻𝑉0 - Gradient of the flow vector at 𝑝 = 0 

𝑚𝐻𝑉 ≥0 Shape parameter 

Coupling 

parameters 

𝑘1 ≥0 Coupling parameter for hardening of 

secondary yield surface 

𝑛1 ≥0 Coupling parameter for hardening of 

secondary yield surface 

𝑘2 ≥0 Coupling parameter for hardening of 

primary yield surface 

Other parameters 𝑇𝑟 - Reference temperature for conversion 

between Kelvin, Celsius and Fahrenheit 

units 

 

5.3 Implementation 

The sign convention adopted in ICFEP is such that tensile stresses and strains are considered positive, 

as is usually assumed in structural mechanics. As the new model was formulated in the soil mechanics 

sign convention (i.e. taking compressive stresses and strains as positive), this section presents the 

equations required for implementation of the model into ICFEP. Note that all equations presented in 

this section are in terms of effective stresses even though the prime is omitted.  

5.3.1 Yield and plastic potential functions 

In order to convert the expressions for the yield function and the plastic potential into the tension 

positive sign convention, 𝑝 and 𝜃 must be replaced with – 𝑝 and – 𝜃, respectively. This ensures that the 

yield function and the plastic potential have the same value in both sign conventions. 

5.3.1.1 Wet side – Lagioia et al. (1996) 

Yield and plastic potential functions 

The Lagioia et al. (1996) yield function and plastic potential in the generalised stress space are defined 

as: 

 

𝐹1,𝑊({𝜎}, 𝑝0,𝑇)

𝑃1,𝑊({𝜎}, 𝑝0,𝑇)
} =

𝑝

𝑝0,𝑇
−
(1 +

𝜂𝑖
𝐾2𝑖
)

𝐾2𝑖
𝛽𝑖

(1 +
𝜂𝑖
𝐾1𝑖
)

𝐾1𝑖
𝛽𝑖

= 0 ( 5-96 ) 

where 𝐾𝑖1, 𝐾𝑖2, 𝛽𝑖 and 𝜂𝑖 are defined by equations ( 5-35 ), ( 5-36 ) and ( 5-37 ), whereas: 
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√𝐽2𝜂 = −

𝐽

𝑝
 ( 5-97 ) 

and 𝐽2𝜂𝑖 is obtained from the following cubic equation (assuming the Matsuoka-Nakai criterion): 

 2

√27
𝐶𝑖 sin(−3𝜃) (√𝐽2𝜂𝑖)

3

+ (𝐶𝑖 − 3) (√𝐽2𝜂𝑖)
2

− (𝐶𝑖 − 9) = 0 ( 5-98 ) 

where 𝐶𝑖 is calculated from Equation ( 5-40 ). 

Derivatives 

The derivatives of the yield and plastic potential functions are obtained by differentiating the 

expressions in the tension positive sign convention. As the same expressions are used for both the yield 

surface and plastic potential, the derivatives of the latter are omitted here. The derivatives of the yield 

function with respect to {𝜎} are obtained by employing the chain rule: 

 
{
𝜕𝐹1,𝑊
𝜕𝜎

} =
𝜕𝐹1,𝑊
𝜕𝑝

{
𝜕𝑝

𝜕𝜎
} +

𝜕𝐹1,𝑊
𝜕𝜂𝐹

{
𝜕𝜂𝐹
𝜕𝜎

} ( 5-99 ) 

where 

 
{
𝜕𝜂𝐹
𝜕𝜎

} =
𝜕𝜂𝐹

𝜕√𝐽2𝜂
{
𝜕√𝐽2𝜂

𝜕𝜎
} +

𝜕𝜂𝐹

𝜕√𝐽2𝜂𝐹
{
𝜕√𝐽2𝜂𝐹

𝜕𝜎
} ( 5-100 ) 

where 

 
{
𝜕√𝐽2𝜂

𝜕𝜎
} =

𝜕√𝐽2𝜂

𝜕𝑝
{
𝜕𝑝

𝜕𝜎
} +

𝜕√𝐽2𝜂

𝜕𝐽
{
𝜕𝐽

𝜕𝜎
} ( 5-101 ) 

 
{
𝜕√𝐽2𝜂𝐹

𝜕𝜎
} =

𝜕√𝐽2𝜂𝐹

𝜕𝜃
{
𝜕𝜃

𝜕𝜎
} ( 5-102 ) 

Substituting Equations ( 5-100 )-( 5-102 ) into Equation ( 5-99 ) leads to: 

 
{
𝜕𝐹1,𝑊
𝜕𝜎

} =
𝜕𝐹1,𝑊
𝜕𝑝

{
𝜕𝑝

𝜕𝜎
}

+
𝜕𝐹1,𝑊
𝜕𝜂𝐹

[
𝜕𝜂𝐹

𝜕√𝐽2𝜂
(
𝜕√𝐽2𝜂

𝜕𝑝
{
𝜕𝑝

𝜕𝜎
} +

𝜕√𝐽2𝜂

𝜕𝐽
{
𝜕𝐽

𝜕𝜎
})

+
𝜕𝜂𝐹

𝜕√𝐽2𝜂𝐹

𝜕√𝐽2𝜂𝐹

𝜕𝜃
{
𝜕𝜃

𝜕𝜎
}] 

( 5-103 ) 

where 
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 𝜕𝐹1,𝑊
𝜕𝑝

=
1

𝑝0,𝑇
 ( 5-104 ) 

 

𝜕𝐹1,𝑊
𝜕𝜂𝐹

= −
1

𝛽𝐹

(1 +
𝜂𝐹
𝐾2𝐹

)

𝐾2𝐹
𝛽𝐹

(1 +
𝜂𝐹
𝐾1𝐹

)

𝐾1𝐹
𝛽𝐹

(
1

1 +
𝜂𝐹
𝐾2𝐹

−
1

1 +
𝜂𝐹
𝐾1𝐹

) ( 5-105 ) 

 𝜕𝜂𝐹

𝜕√𝐽2𝜂
=

1

√𝐽2𝜂𝐹
 ( 5-106 ) 

 𝜕𝜂𝐹

𝜕√𝐽2𝜂𝐹
= −

√𝐽2𝜂

(√𝐽2𝜂𝐹)
2 = −

𝜂

√𝐽2𝜂𝐹
 ( 5-107 ) 

 𝜕√𝐽2𝜂

𝜕𝑝
=
𝐽

𝑝2
=
√𝐽2𝜂

𝑝
 ( 5-108 ) 

 𝜕√𝐽2𝜂

𝜕𝐽
= −

1

𝑝
 ( 5-109 ) 

 
𝜕√𝐽2𝜂𝐹

𝜕𝜃
=

3

√27
𝐶𝐹 cos(−3𝜃) (√𝐽2𝜂𝐹)

2

(𝐶𝐹 − 3) +
3

√27
𝐶𝐹 sin(−3𝜃)√𝐽2𝜂𝐹

 ( 5-110 ) 

The final derivative with respect to {𝜎} must have the same value but opposite sign to that in the 

compression positive sign convention. Therefore, the stress invariants and their derivatives must be 

defined in compression positive sign convention (i.e. Equations ( 5-20 )-( 5-33 ) in Section 5.2.2).  

The derivatives of the yield function with respect to 𝑝0,𝑇 are: 

 𝜕𝐹1,𝑊
𝜕𝑝0,𝑇

= −
𝑝

𝑝0,𝑇
2  ( 5-111 ) 

A factor of safety, 𝐹𝑠, may be applied to the critical state angle of shearing resistance, such that: 

 
tan𝜑𝑐𝑠

𝐹𝑠 =
tan𝜑𝐶𝑆

′

𝐹𝑠
 ( 5-112 ) 

The ratio between the inclination of 𝑀𝐹 and 𝑀𝑃 is assumed to be constant, hence: 

 𝑀𝐹
𝑀𝑃

= 𝐶 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 ( 5-113 ) 

and 
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𝑀𝑃 =

6 sin𝜑𝑐𝑠
𝐹𝑠

3 − sin𝜑𝑐𝑠
𝐹𝑠 ( 5-114 ) 

Therefore, the derivatives of the yield function with respect to 𝐹𝑠 are: 

 𝜕𝐹1,𝑊
𝜕𝐹𝑠

=
𝜕𝐹1,𝑊
𝜕𝜂𝐹

𝜕𝜂𝐹

𝜕√𝐽2𝜂𝐹

𝜕√𝐽2𝜂𝐹

𝜕𝐶𝐹

𝜕𝐶𝐹
𝜕𝑀𝐹

𝜕𝑀𝐹
𝜕𝑀𝑃

𝜕𝑀𝑃

𝜕𝜑𝑐𝑠
𝐹𝑠

𝜕𝜑𝑐𝑠
𝐹𝑠

𝜕𝐹𝑠
 ( 5-115 ) 

where 𝜕𝐹1,𝑊 𝜕𝜂𝐹⁄  and 𝜕𝜂𝐹 𝜕√𝐽2𝜂𝐹⁄  are defined by Equations ( 5-105 ) and ( 5-106 ), respectively, and: 

 
𝜕√𝐽2𝜂𝐹

𝜕𝐶𝐹
=

−
2

√27
sin(−3𝜃) (√𝐽2𝜂𝐹)

3
− (√𝐽2𝜂𝐹)

2
+ 1

6

√27
𝐶𝐹 sin(−3𝜃) (√𝐽2𝜂𝐹)

2
+ 2√𝐽2𝜂𝐹(𝐶𝐹 − 3)

 ( 5-116 ) 

 

𝜕𝐶𝐹
𝜕𝑀𝐹

=

2𝑀𝐹 (
𝑀𝐹

3

27
− 𝑀𝐹 + 2)

(
2
27
𝑀𝐹

3 −
𝑀𝐹

2

3
+ 1)

2 ( 5-117 ) 

 𝜕𝑀𝐹
𝜕𝑀𝑃

= 𝐶 ( 5-118 ) 

 
𝜕𝑀𝑃

𝜕𝜑𝑐𝑠
𝐹𝑠 =

18 cos [arctan (
tan𝜑𝐶𝑆

′

𝐹𝑠
)]

(3 − sin [arctan (
tan𝜑𝐶𝑆

′

𝐹𝑠
)])

2 ( 5-119 ) 

 𝜕𝜑𝑐𝑠
𝐹𝑠

𝜕𝐹𝑠
= −

tan𝜑𝐶𝑆
′

𝐹𝑠
2 + tan2 𝜑𝐶𝑆

′
 ( 5-120 ) 

5.3.1.2 Dry side – Hvorslev surface 

Yield and plastic potential functions 

The Hvorslev yield and plastic potential functions in the tension positive sign convention are defined 

as follows: 

 
𝐹1,𝐷({𝜎}, 𝑝𝐶𝑆) = −

𝐽

𝑝√𝐽2𝜂𝑃
−
𝛼𝐻𝑉

√𝐽2𝜂𝑃
− (1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
) (
𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

= 0 ( 5-121 ) 

 
𝑃1,𝐷({𝜎}, 𝑝𝐶𝑆) = −

𝐽

𝑝√𝐽2𝜂𝑃
−
𝛼𝐻𝑉

√𝐽2𝜂𝑃

𝑝𝐶
𝑝
−
𝑝𝐶
𝑝
(1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
) (
𝑝𝐶𝑆
𝑝𝐶
)
𝑛𝐻𝑉

−
𝑝 − 𝑝𝐶
𝑝

𝛽𝐻𝑉0

√𝐽2𝜂𝑃
(
𝑝𝐶𝑆 − 𝑝𝐶
𝑝𝐶𝑆

)
𝑚𝐻𝑉

= 0 

( 5-122 ) 

where √𝐽2𝜂𝑃 and 𝑝𝐶𝑆 are defined by Equations ( 5-98 ) and ( 5-44 ), respectively. 
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Derivatives 

The derivatives of the Hvorslev yield function with respect to {𝜎} are: 

 
{
𝜕𝐹1,𝐷
𝜕𝜎

} =
𝜕𝐹1,𝐷
𝜕𝑝

{
𝜕𝑝

𝜕𝜎
} +

𝜕𝐹1,𝐷
𝜕𝐽

{
𝜕𝐽

𝜕𝜎
}

+ (
𝜕𝐹1,𝐷

𝜕√𝐽2𝜂𝑃

𝜕√𝐽2𝜂𝑃

𝜕𝜃
+
𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝑃

𝜕√𝐽2𝜂𝑃

𝜕𝜃

+
𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝐹

𝜕√𝐽2𝜂𝐹

𝜕𝜃
) {
𝜕𝜃

𝜕𝜎
} 

( 5-123 ) 

where: 

 𝜕𝐹1,𝐷
𝜕𝑝

=
𝐽

𝑝2√𝐽2𝜂𝑃
+ (1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
)
𝑛

𝑝
(
𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

 ( 5-124 ) 

 𝜕𝐹1,𝐷
𝜕𝐽

= −
1

𝑝√𝐽2𝜂𝑃
 ( 5-125 ) 

 𝜕𝐹1,𝐷

𝜕√𝐽2𝜂𝑃
=

𝐽

𝑝(√𝐽2𝜂𝑃)
2 +

𝛼𝐻𝑉

(√𝐽2𝜂𝑃)
2 [1 − (

𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

] ( 5-126 ) 

 𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

= −(1 −
𝛼𝐻𝑉

√𝐽2𝜂𝑃
)
𝑛𝐻𝑉
𝑝𝐶𝑆

(
𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

 ( 5-127 ) 

 

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝑃
=

𝑝𝐶𝑆

𝛽𝐹√𝐽2𝜂𝐹

(

 
 1

1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾2𝐹

−
1

1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾1𝐹 )

 
 

 ( 5-128 ) 

 

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝐹
= −

𝑝𝐶𝑆
𝛽𝐹

√𝐽2𝜂𝑃

(√𝐽2𝜂𝐹)
2

(

 
 1

1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾2𝐹

−
1

1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾1𝐹 )

 
 

 ( 5-129 ) 

and 𝜕√𝐽2𝜂𝑃 𝜕𝜃⁄  and 𝜕√𝐽2𝜂𝐹 𝜕𝜃⁄  are defined by Equation ( 5-110 ). 

The derivative of the Hvorslev yield function with respect to 𝑝0,𝑇 is: 

 𝜕𝐹1,𝐷
𝜕𝑝0,𝑇

=
𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆
𝜕𝑝0,𝑇

 ( 5-130 ) 

where 
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𝜕𝑝𝐶𝑆
𝜕𝑝0,𝑇

=

(1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾2𝐹
)

𝐾2𝐹
𝛽𝐹

(1 +
√𝐽2𝜂𝑃 √𝐽2𝜂𝐹⁄

𝐾1𝐹
)

𝐾1𝐹
𝛽𝐹

 ( 5-131 ) 

The derivatives of the Hvorslev yield function with respect to 𝐹𝑠 are: 

 𝜕𝐹1,𝐷
𝜕𝐹𝑠

= (
𝜕𝐹1,𝐷

𝜕√𝐽2𝜂𝑃
+
𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝑃
)
𝜕√𝐽2𝜂𝑃

𝜕𝐶𝑃

𝜕𝐶𝑃
𝜕𝑀𝑃

𝜕𝑀𝑃

𝜕𝜑𝑐𝑠
𝐹𝑠

𝜕𝜑𝑐𝑠
𝐹𝑠

𝜕𝐹𝑠

+
𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝑃

𝜕√𝐽2𝜂𝐹

𝜕𝐶𝐹

𝜕𝐶𝐹
𝜕𝑀𝐹

𝜕𝑀𝐹
𝜕𝑀𝑃

𝜕𝑀𝑃

𝜕𝜑𝑐𝑠
𝐹𝑠

𝜕𝜑𝑐𝑠
𝐹𝑠

𝜕𝐹𝑠
 

( 5-132 ) 

where all terms have been previously defined. 

The derivatives of the Hvorslev plastic potential function are obtained by first differentiating Equation 

( 5-122 ), and then substituting 𝑝𝐶 = 𝑝. Therefore, the derivatives with respect to {𝜎} are: 

 
{
𝜕𝑃1,𝐷
𝜕𝜎

} =
𝜕𝑃1,𝐷
𝜕𝑝

{
𝜕𝑝

𝜕𝜎
} +

𝜕𝑃1,𝐷
𝜕𝐽

{
𝜕𝐽

𝜕𝜎
}

+ (
𝜕𝑃1,𝐷

𝜕√𝐽2𝜂𝑃

𝜕√𝐽2𝜂𝑃

𝜕𝜃
+
𝜕𝑃1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝑃

𝜕√𝐽2𝜂𝑃

𝜕𝜃

+
𝜕𝑃1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆

𝜕√𝐽2𝜂𝐹

𝜕√𝐽2𝜂𝐹

𝜕𝜃
) {
𝜕𝜃

𝜕𝜎
} 

( 5-133 ) 

where 

 𝜕𝑃1,𝐷
𝜕𝑝

=
𝐽

𝑝2√𝐽2𝜂𝑃
+

𝛼𝐻𝑉

𝑝√𝐽2𝜂𝑃
+ (1 −

𝛼𝐻𝑉

√𝐽2𝜂𝑃
)
1

𝑝
(
𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

−
𝛽𝐻𝑉

𝑝√𝐽2𝜂𝑃
(
𝑝𝐶𝑆 − 𝑝

𝑝𝐶𝑆
)
𝑚𝐻𝑉

 

( 5-134 ) 

 𝜕𝑃1,𝐷
𝜕𝐽

= −
1

𝑝√𝐽2𝜂𝑃
 ( 5-135 ) 

 𝜕𝑃1,𝐷

𝜕√𝐽2𝜂𝑃
=

𝐽

𝑝(√𝐽2𝜂𝑃)
2 +

𝛼𝐻𝑉

(√𝐽2𝜂𝑃)
2 [1 − (

𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

] ( 5-136 ) 

 𝜕𝑃1,𝐷
𝜕𝑝𝐶𝑆

= −(1 −
𝛼𝐻𝑉

√𝐽2𝜂𝑃
)
𝑛𝐻𝑉
𝑝𝐶𝑆

(
𝑝𝐶𝑆
𝑝
)
𝑛𝐻𝑉

 ( 5-137 ) 

and 𝜕𝑝𝐶𝑆 𝜕√𝐽2𝜂𝑃⁄ , 𝜕𝑝𝐶𝑆 𝜕√𝐽2𝜂𝐹⁄ , 𝜕√𝐽2𝜂𝑃 𝜕𝜃⁄  and 𝜕√𝐽2𝜂𝐹 𝜕𝜃⁄  are defined by Equations ( 5-128 ), ( 

5-129 ) and ( 5-110 ), respectively.  
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The derivative of the Hvorslev plastic potential function with respect to 𝑝0,𝑇 is: 

 𝜕𝑃1,𝐷
𝜕𝑝0,𝑇

=
𝜕𝑃1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆
𝜕𝑝0,𝑇

 ( 5-138 ) 

5.3.1.3 Isotropic yield surfaces 

The expressions for the isotropic yield surfaces must be implemented in the compression positive sign 

convention, as the negative sign is already included in the expressions for the Lagioia et al. (1996) and 

the Hvorslev yield surfaces (Equations ( 5-96 ) and ( 5-121 )). The derivatives must also be obtained 

from compression positive expressions.  

The derivatives of the primary isotropic yield limit are: 

 𝜕𝑝0,𝑇
𝜕𝑝0

= exp [−
𝑏

𝜆 − 𝜅
(𝑇 − 𝑇𝑟𝑒𝑓)] ( 5-139 ) 

and 

 𝜕𝑝0,𝑇
𝜕𝑇

= −𝑝0
𝑏

𝜆 − 𝜅
exp [−

𝑏

𝜆 − 𝜅
(𝑇 − 𝑇𝑟𝑒𝑓)] ( 5-140 ) 

Therefore, the final derivatives of the primary yield and plastic potential functions with respect to the 

hardening parameter 𝑝0 are: 

 𝜕𝐹1,𝑊
𝜕𝑝0

=
𝜕𝐹1,𝑊
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑝0

 ( 5-141 ) 

 𝜕𝐹1,𝐷
𝜕𝑝0

=
𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑝0

 ( 5-142 ) 

 𝜕𝑃1,𝑊
𝜕𝑝0

=
𝜕𝑃1,𝑊
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑝0

 ( 5-143 ) 

 𝜕𝑃1,𝐷
𝜕𝑝0

=
𝜕𝑃1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑝0

 ( 5-144 ) 

Whereas, the final derivatives of the primary yield and plastic potential functions with respect to the 

temperature 𝑇 are: 

 𝜕𝐹1,𝑊
𝜕𝑇

=
𝜕𝐹1,𝑊
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑇

 ( 5-145 ) 

 𝜕𝐹1,𝐷
𝜕𝑇

=
𝜕𝐹1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑇

 ( 5-146 ) 
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 𝜕𝑃1,𝑊
𝜕𝑇

=
𝜕𝑃1,𝑊
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑇

 ( 5-147 ) 

 𝜕𝑃1,𝐷
𝜕𝑇

=
𝜕𝑃1,𝐷
𝜕𝑝𝐶𝑆

𝜕𝑝𝐶𝑆
𝜕𝑝0,𝑇

𝜕𝑝0,𝑇
𝜕𝑇

 ( 5-148 ) 

Note that all terms in the above expression have been defined in sections 5.3.1.1 and 5.3.1.2.  

The derivatives of the secondary yield surface with respect to the hardening parameter 𝑇0 and 

temperature 𝑇 are: 

 𝜕𝐹2
𝜕𝑇

=
1

𝑇0 − 𝑇𝑟
 ( 5-149 ) 

 𝜕𝐹2
𝜕𝑇0

= −
1

𝑇0 − 𝑇𝑟
 ( 5-150 ) 

It should be noted that the final derivatives with respect to the hardening parameter 𝑝0 have the same 

value but opposite sign to that derivative in the compression positive sign convention, whereas final 

derivatives with respect to temperature, 𝑇, and the hardening parameter 𝑇0 have the same value and 

sign as the derivatives in the compression positive sign convention. 

5.3.2 Elastic strains 

In the tension positive sign convention expansive strains are considered as positive. Therefore, the 

elastic volumetric strains due to changes in stress and temperature are, respectively, defined as: 

 
𝑑휀𝑣𝜎

𝑒 = −
𝜅

𝜈

𝑑𝑝

𝑝
 ( 5-151 ) 

 𝑑휀𝑣𝑇
𝑒 = 3𝛼𝑇𝑑𝑇 ( 5-152 ) 

The elastic deviatoric strain is defined as: 

 
𝑑휀𝑑

𝑒 =
𝑑𝐽

√3𝐺
 ( 5-153 ) 

5.3.3 Plastic behaviour 

The plastic volumetric and deviatoric strains associated with the primary yield surface are obtained 

from the flow rule: 

 
𝑑휀𝑣,1

𝑝
= Λ

𝜕𝑃1
𝜕𝑝

 ( 5-154 ) 

 
𝑑휀𝑑,1

𝑝
= Λ

𝜕𝑃1
𝜕𝐽

 ( 5-155 ) 
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The plastic volumetric strains due to temperature changes generated by the secondary yield surface are 

defined as: 

 

𝑑휀𝑣𝑇,2
𝑝

= −[𝑅 + (1 − 𝑅)(
𝑝

𝑝0 exp [−
𝑏

𝜆 − 𝜅
(𝑇 − 𝑇𝑟𝑒𝑓)]

)

𝑐

]
𝑏

𝜈
𝑑𝑇 ( 5-156 ) 

5.3.4 Hardening/softening rules 

The hardening/softening rules in the tension positive sign convention become: 

 If only primary yield surface is active: 

 𝑑𝑝0
𝑝0

= −
𝜈

𝜆 − 𝜅
𝑑휀𝑣,1

𝑝
 ( 5-157 ) 

 
𝑑𝑇0 = −

1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑘1𝑏 (1 −

𝑇 − 𝑇𝑟
𝑇0 − 𝑇𝑟

)
𝑛1

𝑑휀𝑣,1
𝑝

 
( 5-158 ) 

 If only secondary yield surface is active: 

 𝑑𝑝0
𝑝0

= −
𝜈

𝜆 − 𝜅
𝑘2𝑑휀𝑣𝑇,2

𝑝
 ( 5-159 ) 

 
𝑑𝑇0 = −

1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑑휀𝑣𝑇,2

𝑝
 

( 5-160 ) 

 If both yield surfaces are active: 

 𝑑𝑝0
𝑝0

= −
𝜈

𝜆 − 𝜅
(𝑑휀𝑣,1

𝑝
+ 𝑑휀𝑣𝑇,2

𝑝
) ( 5-161 ) 

 
𝑑𝑇0 = −

1

𝑅 + (1 − 𝑅) (
𝑝
𝑝0,𝑇

)
𝑐

𝜈

𝑏
𝑑휀𝑣𝑇,2

𝑝
 

( 5-162 ) 

5.3.5 Plastic hardening parameter 𝑨 

In Section 5.2.1 of this chapter, the plastic hardening parameter, 𝐴, was defined as: 

 
𝐴 = −

1

Λ

𝜕𝐹

𝜕𝑘
𝑑𝑘 ( 5-163 ) 

For the primary yield surface, the state parameter 𝑘 = 𝑝0, therefore: 



Chapter 5 Development of a constitutive model for non-isothermal behaviour of soils 

 

260 

 

 
𝐴1 = −

1

Λ

𝜕𝐹1
𝜕𝑝0

𝑑𝑝0 ( 5-164 ) 

However, from Equations ( 5-154 ) and ( 5-157 ): 

 
𝑑𝑝0 = −𝑝0

𝜈

𝜆 − 𝜅
𝑑휀𝑣

𝑝
= −𝑝0

𝜈

𝜆 − 𝜅
Λ
𝜕𝑃1
𝜕𝑝

 ( 5-165 ) 

Substituting Equation ( 5-165 ) into Equation ( 5-164 ) leads to: 

 
𝐴1 =

𝜈

𝜆 − 𝜅
𝑝0
𝜕𝑃1
𝜕𝑝

𝜕𝐹1
𝜕𝑝0

 ( 5-166 ) 

where 𝜕𝐹1 𝜕𝑝0⁄  is defined by Equations ( 5-141 ) and ( 5-142 ) on the wet and the dry side, respectively, 

and on the wet side: 

 𝜕𝑃1
𝜕𝑝

=
𝜕𝑃1,𝑊
𝜕𝑝

+
𝜕𝑃1,𝑊
𝜕𝜂𝑃

𝜕𝜂𝑃

𝜕√𝐽2𝜂

𝜕√𝐽2𝜂

𝜕𝑝
 ( 5-167 ) 

whereas on the dry side 𝜕𝑃1 𝜕𝑝⁄  is defined by Equation ( 5-134 ).  

As no plastic potential is associated with the secondary yield surface, the plastic hardening parameter 

is not defined for the secondary mechanism. 

5.4 Validation 

In order to verify that the model has been formulated and implemented into ICFEP correctly, a series 

of single element tests was performed. The model’s isothermal response was validated against results 

obtained with the Modified Cam Clay (MCC) model, as well as the fully saturated version of the 

Tsiampousi (2011) model for unsaturated soils. Due to lack of existing models for simulating the non-

isothermal behaviour of soils, the effects of temperature on the new model’s response was validated by 

assessing the plausibility of the results. Furthermore, a number of parametric studies was performed in 

order to demonstrate the effect of the new model parameters which control the non-isothermal 

behaviour. It should be noted that the sign convention adopted in this section is such that compressive 

stresses and strains are considered positive.  

5.4.1 Isothermal conditions 

Before validating the model’s response to temperature changes, a series of isothermal analyses were 

performed at a temperature equal to the reference temperature (i.e. 𝑇 = 𝑇𝑟𝑒𝑓) to ensure that the model 

can reproduce the elasto-plastic behaviour of soil. Based on the validation exercise of Tsiampousi 

(2011), single element tests simulating triaxial compression and extension tests under both drained and 

undrained conditions were carried out. Each test was performed with four different OCR values – 1, 2, 

5 and 10, whereas the initial mean effective stress was 100 kPa in all cases.  
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Table 5-3 Model parameters employed during validation under fully saturated conditions 

Modified Cam Clay with 

Hvorslev surface 

Tsiampousi (2011) 

unsaturated model 
IC thermal model 

Parameter Value Parameter Value Parameter Value 

𝜆 0.086 𝜈1 2.120 𝑇𝑟𝑒𝑓 (°C) 20.0 

𝜅 0.005 𝜆(0) 0.086 𝜈1,𝑇𝑟𝑒𝑓 2.120 

𝜈1 2.120 𝜅 0.005 𝑏 * 0.001 

sin 𝜑′ 0.5373 𝜆𝑠 0.08 𝑐 * 1.0 

𝐺 𝑝0⁄  15.0 𝜅𝑠 0.03 𝑅 * 1.0 

𝛼𝐻𝑉 0.45 𝑟 0.06 D / 1.0 U 𝜆 0.086 

𝛽𝐻𝑉 0.25 𝑘 𝑆𝑟 D / 0.0 U 𝜅 0.005 

  𝛽 0.001 𝐺 𝑝0,𝑇
′⁄   15.0 

  𝑝𝑎𝑡𝑚 (kPa) 100.0 𝛼𝐹, 𝛼𝑃 0.4 

  𝑠𝑎𝑖𝑟 (kPa) 
50.0 D / 

100000.0 U 
𝜇𝐹, 𝜇𝑃 0.9 

  𝑝𝑐 (kPa) 1.0 𝑀𝐹, 𝑀𝑃 1.3039 

  𝑠0 (kPa) 1000000.0 𝛼𝐻𝑉 0.45 

  𝐺 𝑝0⁄  15.0 𝑛𝐻𝑉 0.9999 

  𝛼𝐹, 𝛼𝑃 0.4 𝛽𝐻𝑉0 0.25 

  𝜇𝐹, 𝜇𝑃 0.9 𝑚𝐻𝑉 1.0 

  𝑀𝐹, 𝑀𝑃 1.3039 𝑘1 * 0.0 

  𝛼𝐻𝑉 0.45 𝑛1 * 0.0 

  𝑛𝐻𝑉 0.9999 𝑘2 * 0.0 

  𝛽𝐻𝑉0 0.25   

  𝑚𝐻𝑉 1.0   

D = drained analyses, U = undrained analyses 

* parameters which control the non-isothermal response of the model 

 

The results obtained with the new thermal model were compared to the analyses performed with the 

MCC model, which includes the Hvorslev surface on the dry side, as well as the Tsiampousi (2011) 

unsaturated model used under fully saturated conditions. In order to facilitate comparison between the 

three models, the Lagioia et al. (1996) parameters in the thermal and the unsaturated models were set 

to reproduce the MCC shape of the yield surface with associated plasticity (i.e. 𝛼𝐹 = 𝛼𝑃 = 0.4 and 

𝜇𝐹 = 𝜇𝑃 = 0.9). Additionally, the Hvroslev yield surface on the dry side was modelled as a straight 

line with slope 𝛼𝐻𝑉 = 0.45, hence, the parameter 𝑛𝐻𝑉 was set to 0.9999 in the thermal and the 

unsaturated models. Similarly, the plastic potential parameter 𝑚𝐻𝑉 was set to 1.0. In the deviatoric 
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plane, the Tsiampousi (2011) model and the IC Thermal model assumed the Matsuoka-Nakai criterion, 

whereas the MCC model adopts the Mohr-Coulomb criterion. However, in triaxial compression and 

extension, which are considered in the tests presented in this section, the two criteria coincide, and 

therefore, the three models should reproduce the same behaviour. All input parameters for the three 

models are listed in Table 5-3. The MCC and the unsaturated model parameters were adopted from 

Tsiampousi (2011), whereas the thermal model parameters were chosen to match these two models. It 

should be noted that the parameters marked with an asterisk (*) control the non-isothermal response of 

the model, and therefore, do not influence the results presented in this section. Their effects will be 

explored in Section 5.4.2.  

Figure 5-9 shows the stress paths in mean effective stress, 𝑝′ – deviatoric stress space, 𝐽, followed in 

drained triaxial compression and extension tests, whereas those corresponding to the undrained tests are 

shown in Figure 5-10. The drained stress paths have a constant slope of 1: √3 (𝑝′: 𝐽) with increasing 𝑝′ 

in triaxial compression and reducing 𝑝′ in triaxial extension. Conversely, the undrained stress paths are 

vertical while the behaviour is elastic, converging toward the critical state only when the yield surface 

is reached. The figures also depict the initial yield surfaces associated with each OCR value. As 

expected, the size of the initial yield surface increases with increasing OCR, given that the initial state 

is the same in all analyses. Hence, the higher the OCR, the larger the initial elastic region and the larger 

the maximum deviatoric stress reached. It should also be pointed out that the slope of the critical state 

line changes between compression and extension, as the Lode’s angle changes from -30 ° to +30 °, 

which leads to different shapes of the yield surface in the 𝑝′ − 𝐽 plane for triaxial compression and 

extension loading conditions. 

The corresponding results in terms of stress-strain behaviour are presented in Figure 5-11 (drained tests, 

where also the volumetric response is included) and Figure 5-12 (undrained tests, together with the 

generated excess pore water pressure). In all tests, the results obtained with the IC Thermal model match 

exactly those computed with the Tsiampousi (2011) unsaturated model, confirming the correct 

implementation of the new model. It should be noted that this outcome is expected, as the formulations 

of the two models are the same under fully saturated, isothermal conditions with 𝑇 = 𝑇𝑟𝑒𝑓. Moreover, 

the response of these two models is practically the same as that of the MCC model with the Hvroslev 

surface on the dry side. The small discrepancies in the results arise from the fact that the MCC shape is 

not reproduced exactly by the Lagioia et al. (1996) expression (Tsiampousi, 2011).   
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Figure 5-9 Drained triaxial compression and extension stress paths and initial yield surfaces for various OCR values 

 

Figure 5-10 Undrained triaxial compression and extension stress paths and initial yield surfaces for various OCR values 
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Figure 5-11 Results of drained triaxial compression and extension tests performed with three different models 
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Figure 5-12 Results of undrained triaxial compression and extension tests performed with three different models 

5.4.2 Non-isothermal conditions 

Due to lack of existing solutions, the model’s non-isothermal response could not be validated by 

comparison. Instead, a series of single element tests with various stress paths including temperature 

changes was carried out and the results were assessed with respect to their plausibility. The IC Thermal 

model parameters listed in Table 5-3 were adopted in all analyses, unless stated otherwise. It should be 

noted that the elastic non-isothermal behaviour was governed by the linear thermal expansion 

coefficients of solid particles, 𝛼𝑇, and water, 𝛼𝑇𝑤. In order to isolate the model’s response, the same 

value of 2.0 × 10-5 m/m°C was assumed for the two coefficients such that 𝛼𝑇 = 𝛼𝑇𝑤, unless stated 

otherwise. 
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5.4.2.1 Isotropic conditions 

Primary yielding mechanism 

The model’s response in the isotropic 𝑝′ − 𝑇 plane was examined through a number of drained and 

undrained heating and cooling tests. Firstly, the behaviour of the primary isotropic yield limit was 

studied by subjecting the sample to the stress paths shown in Figure 5-13. In all analyses the initial 

mean effective stress was 100 kPa and the initial position of the secondary yield surface was established 

by setting 𝑇0 to 1000 °C, such that it would not be activated by any of the stress paths in Figure 5-13. 

 

Figure 5-13 Isotropic stress paths and primary yield limits (YL) in the 𝑝′ − 𝑇 plane in (a) Test 1, (b) Test 2, (c) Test 3a,b,c 

and (d) Test 3d 

In Test 1a and Test 1b the sample was subjected to a drained heating and cooling path A-B-C. The 

difference between the two tests is the value of OCR – 1.0 in Test 1a and 2.0 in Test 1b. Therefore, in 
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Test 1a, the material’s behaviour was elasto-plastic throughout the heating stage, whereas in Test 1b, 

the yield limit was reached at approximately 75 °C. As shown in Figure 5-13 (a), the primary yield 

surface expanded during the elasto-plastic heating according to the hardening laws presented in Section 

5.2.7, such that the final size of the yield surface was the same in both tests. The results of these tests 

in terms of volumetric strain and specific volume are shown in Figure 5-14. The sample in Test 1a 

experiences contraction and a reduction in the specific volume throughout the heating stage. 

Conversely, the sample in Test 1b expands according to 𝛼𝑇 until the yield limit is reached and contracts 

during the elasto-plastic stage. During cooling, both samples contract at a rate governed by 𝛼𝑇. It should 

also be noted that the specific volume remains constant throughout the elastic stages of the analysis 

which is one of the assumptions of the model.  

 

Figure 5-14 Results of Test 1 

Test 2a and Test 2b were conducted in order to explore the stress path dependency on the model’s 

response. Starting with the same initial condition with OCR of 2.0, the sample in Test 2a was heated in 

a drained manner to 50 °C (A-B) and then loaded isotropically to 200 kPa (B-C), whereas in Test 2b 

this sequence was reversed. Hence, both stress paths reach the same state and the initial and final sizes 

of the primary yield surface are the same in both tests as shown in Figure 5-13 (b). The variations of 

the volumetric strain with temperature and mean effective stress are presented in Figure 5-15. In Test 

2a, heating is an elastic process, and therefore, the sample expands according to 𝛼𝑇. During the 

subsequent loading at a constant temperature, the sample behaviour follows the swelling line until the 

primary yield limit is reached, after which the material hardens until point C. Conversely, in Test 2b, 

the sample’s behaviour during loading is elastic and, once the yield surface is reached at point Bb, 

sample is heated inducing plasticity and contracting further. Note that the finial volumetric strain is the 

same in both tests.  
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Figure 5-15 Results of Test 2 

Test 3 involved undrained heating and cooling cycles on samples with initial OCR of 1.0 (Test 3a, b 

and c) and 2.0 (Test 3d). Although the initial and boundary conditions were the same in Tests 3a, b and 

c, the stress paths followed (shown in Figure 5-13 (c)) are different due to different values of the thermal 

expansion coefficients of water, 𝛼𝑇𝑤, used in the three analyses. In Test 3a, 𝛼𝑇𝑤 was assumed to be the 

same as 𝛼𝑇 (i.e. 2.0 × 10-5 m/m°C as in all previous tests), in Test 3b 𝛼𝑇𝑤 was equal to 4.0 × 10-5 m/m°C 

(i.e. 2𝛼𝑇), whereas in Test 3c, 𝛼𝑇𝑤 of 1.7 × 10-4 m/m°C, which corresponds to the actual thermal 

expansion coefficient of water at 60 °C (i.e. the middle of the temperature range), was adopted. Figure 

5-16 (a) shows the variation of excess pore water pressure with temperature in these three tests. Clearly, 

the value of 𝛼𝑇𝑤 affects the magnitude of the pore pressure generated – the larger the difference between 

𝛼𝑇𝑤 and 𝛼𝑇, the larger the pore water pressure change. Furthermore, the larger the excess pore water 

pressure, the lower the mean effective stress, which is reflected in the stress paths presented in Figure 

5-13 (c). It can be observed that in Test 3a and Test 3b the stress path lies slightly above the initial yield 

limit which signifies that the behaviour during heating is elasto-plastic. In fact, the value of 𝑝0
′  increases 

slightly from 100 kPa at the start of the analysis to 105.9 and 101.7 kPa (see Table 5-4) at the end of 

Test 3a and Test 3b, respectively, indicating hardening. It should be noted that in Test 3b, pore pressure 

is generated due to both plasticity and the difference in the thermal expansion coefficients of soil 

particles and water, meaning that the effective stress reduces quicker than in Test 3a and, as a result, 

less hardening is required. Conversely, the excess pore water pressure generated in Test 3c is sufficient 

enough for the stress path to lie entirely within the elastic region. Hence, the behaviour during heating 

is completely reversible upon cooling and the final value of 𝑝0
′  remains the same as the initial (see Table 

5-4).  

In Test 3d, the undrained heating and cooling was performed on a sample with an initial OCR of 2.0 

and assuming that 𝛼𝑇𝑤 = 𝛼𝑇. The results of this analysis are presented in Table 5-4, Figure 5-13 (d) 
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and Figure 5-16 (b) where they are compared to those of Test 3a. As expected, no excess pore water 

pressure is generated during cooling and elastic heating. Only once the primary yield limit is activated, 

pore water pressure starts to increase, reducing the mean effective stress and leading to a slight increase 

in 𝑝0
′ . 

 

Figure 5-16 Results of (a) Test 3a, b, c and (b) Test 3a, d 

Table 5-4 Initial and final size of the primary yield surface in Test 3 

Test Initial 𝑝0
′  (kPa) Final 𝑝0

′  (kPa) 

3a 100.0 105.9 

3b 100.0 101.7 

3c 100.0 100.0 

3d 200.0 203.5 

 

Secondary yielding mechanism 

The behaviour of the secondary yield surface was also investigated through a number of drained and 

undrained heating and cooling analyses. In Test 4 and Test 5, a sample with an initial OCR of 4.0 was 

subjected to the drained heating and cooling cycle A-B-C shown in Figure 5-17. Note that the high 

OCR value was chosen in order to avoid engaging the primary yield surface. The thermal 

overconsolidation ratio was set to 3.5 such that the initial value of 𝑇0, which determines the initial 

position of the secondary yield surface, was 70 °C. Test 4 was performed to investigate the effect of 

parameter 𝑐, whereas the influence of parameter 𝑅 was studied in Test 5.  
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Figure 5-17 Isotropic stress path and yield limits (YL) in Test 4 and Test 5 

In Test 4a-e, the value of parameter 𝑐 was increased from 0 to 2, while parameter 𝑅 was set to 0 in all 

analyses. Hence, the expression for the plastic volumetric strains associated with the secondary yield 

surface was reduced to: 

 
𝑑휀𝑣𝑇,2

𝑝
= (

𝑝′

𝑝0,𝑇
′ )

𝑐
𝑏

𝜈
𝑑𝑇 ( 5-168 ) 

The results of Test 4a-e are presented in Figure 5-18. During heating from 20 to 70 °C, as well as 

cooling, the behaviour is elastic and is governed by the thermal expansion coefficient 𝛼𝑇. However, 

once the secondary yield surface is reached, plastic volumetric strains defined by Equation ( 5-168 ) are 

produced as well, and the material hardens. Figure 5-18 clearly shows that increasing the value of 

parameter 𝑐 reduces the plastic volumetric strain increment as 𝑝′ < 𝑝0,𝑇
′ . It is also interesting to note 

that, as previously discussed, the combination of parameters used in Test 4a (i.e. 𝑐 = 𝑅 = 0) results in 

the same plastic volumetric strains as those associated with the primary isotropic yield limit.  

In Test 5a-e, the effect of parameter 𝑅 is investigated by varying its value between 0 and 1, while 

keeping parameter 𝑐 as 1. Therefore, the plastic volumetric strain increments produced once the 

secondary yield surface is activated can be calculated as: 

 
𝑑휀𝑣𝑇,2

𝑝
= [𝑅 + (1 − 𝑅)

𝑝′

𝑝0,𝑇
′ ]

𝑏

𝜈
𝑑𝑇 ( 5-169 ) 

The results plotted in Figure 5-19 show that the elasto-plastic contraction of the sample increases as 

parameter 𝑅 increases. Additionally, it should be noted that Test 5a is the same as Test 4c, whereas Test 

5e is equivalent to Test 4a.  
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Figure 5-18 Results of Test 4 – effect of parameter 𝑐 with 𝑅 = 0 

 

Figure 5-19 Results of Test 5 – effect of parameter 𝑅 with 𝑐 = 1.0 

Test 6 and Test 7 involve the same initial conditions and model parameters as Test 4 and Test 5, 

however, the heating and cooling is performed in an undrained manner. Figure 5-20 presents the results 

of Test 6a-e which demonstrates the effect of parameter 𝑐, whereas the results of Test 7a-e and the effect 

of parameter 𝑅 are shown in Figure 5-21. As 𝛼𝑇𝑤 was assumed to be equal to 𝛼𝑇, no excess pore water 

pressures are generated during elastic heating from 20 to 70 °C and during cooling. Heating above 70 °C 

activates the secondary yield surface and results in an increase in pore water pressure, as well as a 

reduction in the mean effective stress, whose magnitude depends on parameters 𝑐 and 𝑅. From Figure 

5-20 and Figure 5-21, it is clear that increasing the value of parameter 𝑐 leads to a reduced rate of pore 
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water pressure change, whereas increasing the value of parameter 𝑅 increases the excess pore water 

pressure.  

 

Figure 5-20 Results of Test 6 – effect of parameter 𝑐 with 𝑅 = 0 

 

Figure 5-21 Results of Test 7 – effect of parameter 𝑅 with 𝑐 = 1.0 

Coupling between yielding mechanisms 

In the previous tests, the behaviour of a single yielding mechanism was studied. However, the two yield 

surfaces can be coupled. This sections presents a series of tests which investigate the effect of the 

coupling parameters 𝑘1, 𝑘2 and 𝑛1 for controlling the hardening/softening of the two yield surfaces (see 

Equations ( 5-93 )-( 5-94 )). The parameters 𝑐 and 𝑅 were set to 1.0 in all analyses. 
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Firstly, in Test 8, a normally consolidated sample was loaded isotropically from 100 to 300 kPa at a 

constant temperature of 20 °C (i.e. 𝑇 = 𝑇𝑟𝑒𝑓), as depicted in Figure 5-22 (a), where the initial positions 

of the primary and secondary yield surfaces are plotted for reference. Only the final location of the 

former is shown as the latter will harden according to parameters 𝑘1 and 𝑛1, as will be shown. The 

initial thermal OCR was 3.0 such that the initial value of 𝑇0 was 60 °C. Hence, only the primary yield 

surface was active throughout the test. In order to examine the influence of the primary yield surface 

on the secondary yield surface, the coupling parameters 𝑘1 and 𝑛1 were varied. Note that the value of 

parameter 𝑘2 is irrelevant in this test. In the first set of analyses, the effect of 𝑛1 was studied by setting 

𝑘1𝑏 = 1.0 (i.e. 𝑘1 = 1000) such that Equation ( 5-93 ) reduced to: 

 
𝑑𝑇0 =

𝜈

𝑏
(1 −

𝑇 − 𝑇𝑟
𝑇0 − 𝑇𝑟

)
𝑛1

𝑑휀𝑣,1
𝑝

 ( 5-170 ) 

Figure 5-22 (b) shows the resulting evolution of the hardening parameter 𝑇0 with increasing mean 

effective stress. When 𝑛1 = 0.0, the two yield surfaces are fully coupled as the reduction factor which 

depends on 𝑇 and 𝑇0 is removed. Conversely, increasing the value of 𝑛1 leads to a greater reduction in 

the coupling and smaller changes in 𝑇0. In the analyses with 𝑛1 = 10 and 𝑛1 = 100, there secondary 

yield surface does not move indicating that the two yielding mechanisms are, in practice, decoupled.  

The second set of analyses involved varying the value of parameter 𝑘1, whilst keeping 𝑛1 = 0.0 such 

that: 

 𝑑𝑇0 = 𝜈𝑘1𝑑휀𝑣,1
𝑝

 ( 5-171 ) 

The results plotted in Figure 5-22 (c) show that, as expected, increasing parameter 𝑘1 increases the rate 

of hardening of the secondary yield surface. Clearly, in the case with 𝑘1 = 0.0, there is no change in 𝑇0 

and the secondary yield surface is decoupled from the primary one.  

Lastly, Figure 5-22 (d) presents the results of analyses where parameter 𝑘1 was varied and 𝑛1 was set 

to 1.0 such that: 

 
𝑑𝑇0 = 𝜈𝑘1 (1 −

𝑇 − 𝑇𝑟
𝑇0 − 𝑇𝑟

) 𝑑휀𝑣,1
𝑝

 ( 5-172 ) 

Again, increasing the value of 𝑘1 increases the change in the hardening parameter 𝑇0, however, the 

changes are smaller compared to the results in Figure 5-22 (c). In the analysis with 𝑘1 = 0.0, the two 

yielding mechanisms are decoupled and 𝑇0 remains constant throughout the analysis. 
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Figure 5-22 Results of Test 8 – (a) stress path and yield limits, (b) effect of parameter 𝑛1 with 𝑘1 = 1, (c) effect of parameter 

𝑘1 with 𝑛1 = 0, and (d) effect of parameter 𝑘1 with 𝑛1 = 1 

Test 9 was performed to investigate the effect of parameter 𝑘2 which controls the hardening/softening 

of the primary yield surface when the secondary yield surface is active (see Equation ( 5-94 )). A sample 

with initial OCR of 4.0 and thermal OCR of 2.0 was heated from 20 to 100 °C in a drained manner with 

the stress path shown in Figure 5-23 (a), where the initial positions of the primary and secondary yield 

surfaces are plotted for reference. Only the final location of the latter is shown as the former will harden 

according to parameter 𝑘2, as will be shown. Note that the values of parameters 𝑘1 and 𝑛1 are irrelevant 

as the primary yield surface is not active at any stage in this test. Figure 5-23 (b) presents the results 

which show that increasing the value of 𝑘2 increases the rate of hardening of the primary yield surface. 

Note that when 𝑘2 = 0.0, there is no change in 𝑝0
′  and the two yielding mechanisms are decoupled.  
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Figure 5-23 Results of Test 9 – (a) stress path and yield limits, and (b) effect of parameter 𝑘2 

The final test (Test 10), investigating the coupling between the two yielding mechanisms involved 

heating a normally consolidated sample from 20 to 100 °C under drained conditions. The initial thermal 

OCR was 4.0. Figure 5-24 (a) shows the stress path followed, together with the initial positions of the 

yield limits. Note that the final position of the secondary yield limits is not shown as it is a function of 

the coupling parameter 𝑘1, which is being varied in this study. At the beginning of the test only the 

primary yield surface is active and the hardening of the secondary yield surface depends on parameters 

𝑘1 and 𝑛1. However, as the heating continues, the stress path may reach the corner of the elastic region 

such that the stress state lies on both yield surfaces and the hardening laws become independent of the 

coupling parameters (see Table 5-1). Clearly, the temperature at which the secondary yield surface is 

reached depends on its hardening law. The evolution of the hardening parameter 𝑇0 with temperature is 

presented in Figure 5-24 (b). In the analysis with 𝑘1 = 0.0, the secondary yield surface does not harden 

when only the primary yield surface is active. Hence, the stress path reaches the corner of the elastic 

region at 𝑇 = 80 °𝐶. During the following heating, both yield surfaces are active and the hardening 

parameter 𝑇0 increases at the same rate as temperature is increased. As the value of 𝑘1 increases, the 

secondary yield surface hardens more and the temperature at which it is reached increases (these points 

are indicated by arrows in Figure 5-24 (b)). However, in the case with 𝑘1 = 4000, the rate of hardening 

of the secondary yield surface is so high that it is never activated and the stress state remains only on 

the primary yield surface throughout the test.  
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Figure 5-24 Results of Test 10 – (a) stress path and yield limits, and (b) effect of parameter 𝑘1 with 𝑛1 = 1 

5.4.2.2 Non-isotropic conditions 

So far, the effects of temperature on the model’s response have only been investigated in the 𝑝′ − 𝑇 

plane. In this section, the non-isothermal behaviour in the 𝑝′ − 𝐽 plane is studied through a series of 

analyses.  

However, before carrying out non-isothermal and non-isotropic tests, the effect of temperature on the 

results of triaxial shearing was examined. Test 11 involved drained and undrained triaxial compression 

tests performed at four different temperatures: 20, 40, 60 and 80 °C. In all cases an isotropically 

consolidated material with an initial mean effective stress of 100 kPa was simulated, while the initial 

OCR, which was defined as the ratio of the mean effective stress at the reference temperature of 20 °C 

(i.e. 𝑝0
′ ) to the initial mean effective stress (𝑝′), was chosen as 3.0. Hence, the size of the initial yield 

surface in the 𝑝′ − 𝐽 − 𝑇 space was the same in all analyses, and in the 𝑝′ − 𝐽 plane, the initial size of 

the primary yield surface reduced with increasing temperature as shown in Figure 5-25. The thermal 

OCR was set to a sufficiently high value such that the secondary yield surface was not active at any 

stage of the analysis. Note that the response of the new model at 20 °C has already been validated 

against the isothermal MCC and Tsiampousi (2011) models in Section 5.4.1. Additionally, as part of 

this study, the results at 40, 60 and 80 °C obtained with the new model were also compared to those 

obtained with the two isothermal models where the initial size of the yield surface was chosen to be the 

same as in the IC Thermal model. This was achieved by firstly calculating the preconsolidation pressure 

at each temperature using the expression for the primary yield limit (Eqaution ( 5-69 )), and secondly, 

calculating the equivalent OCR based on the initial mean effective stress of 100 kPa. For example, at 

60 °C, 𝑝0,𝑇
′ = 183 kPa and 𝑂𝐶𝑅 = 1.83. These OCR values were used in the isothermal models to 

obtain the initial size of the yield surface. Note that the value of 𝜈1 was also adjusted for each 
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temperature according to Equation ( 5-66 ). As expected, the results obtained with the three models 

were the same, and therefore, only the response of the IC Thermal model is presented here for brevity.  

The drained stress paths (Test 11a) shown in Figure 5-25 (a) follow the same slope of 1: √3 (𝑝′: 𝐽) until 

the critical state is reached. As in all cases the primary yield surface is engaged on the wet side, all 

samples harden and the final size of the primary yield surface in the 𝑝′ − 𝐽 plane is the same, irrespective 

of the temperature at which the test is performed. Conversely, in the undrained triaxial compression 

tests (Test 11b, see Figure 5-25 (b)), the stress paths reach the primary yield surface on the dry side in 

the tests at 20 and 40 °C, leading to a reduction in the yield surface size, and on the wet side in the tests 

at 60 and 80 °C, resulting in the expansion of the yield surface. Hence, the final size of the primary 

yield surface in the 𝑝′ − 𝐽 plane is different in each undrained analysis.  

 

Figure 5-25 (a) drained (Test 11a), and (b) undrained (Test 11b) triaxial compression stress paths with initial and final yield 

surfaces in tests performed at different temperatures 

The results of Tests 11a and 11b are plotted in Figure 5-26 in terms of stress-strain behaviour, 

volumetric response (drained tests only) and pore water pressure generation (undrained tests only). As 

the size of the elastic region reduces, the elasto-plastic behaviour is engaged at lower deviatoric stresses 
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for larger values of temperature. In the drained triaxial compression tests, all samples reach the same 

final deviatoric stress, while the amount of volumetric contraction increases with temperature, as 

expected. Conversely, the final deviatoric stress in the undrained tests reduces with increasing 

temperature, as was also evident from the obtained stress paths (Figure 5-25 (b)). The pore pressure 

behaviour is also in agreement with the theory – the hardening samples generate compressive excess 

pore pressures throughout the test, whereas excess pore pressure in the softening samples increases and 

then reduces once plasticity is engaged. Finally, it is interesting to note the variation of the shear 

stiffness with temperature – in all analyses, a constant shear modulus ratio 𝐺 𝑝0,𝑇
′⁄ = 15 was specified, 

which implies that, as observed in Figure 5-26, the shear modulus reduces with increasing temperature 

due to decreasing 𝑝0,𝑇
′ . 

 

Figure 5-26 Results of (a) drained (Test 11a), and (b) undrained (Test 11b) triaxial compression tests performed at different 

temperatures 
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Test 12 is based on the undrained heating test performed by Hueckel & Pellegrini (1991, 1992) on 

normally consolidated samples of Pontida Silty Clay and Boom Clay, which was described in Section 

4.2.6. However, in this investigation, the material properties listed in Table 5-3 were adopted for an 

isotropically consolidated sample with an initial mean effective stress of 100 kPa and an initial 

temperature of 20 °C. The thermal OCR was set to a large value such that the secondary yield surface 

was not engage at any stage. In order to allow comparison, Test 12a involved isothermal undrained 

triaxial compression performed until the critical state was reached. In Test 12b and 12c, the same 

isothermal undrained triaxial compression test was repeated, however, it was stopped once the 

deviatoric stress reached approximately 25 kPa and the samples were heated without allowing drainage 

until the critical state was reached. In Test 12b the thermal expansion coefficient of water was assumed 

to be the same as that of solid particles (i.e. 𝛼𝑇𝑤 = 𝛼𝑇), whereas in Test 12c, 𝛼𝑇𝑤 of 1.12 × 10-4 m/m°C, 

which corresponds to the actual thermal expansion coefficient of water at 35 °C (i.e. the middle of the 

temperature range considered), was adopted.  

 

Figure 5-27 Stress paths with initial and final yield surfaces in (a) Test 12a,b and (b) Test 12c 
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Figure 5-28 Results of Test 12 

The stress paths in the 𝑝′ − 𝐽 plane, together with the initial and final primary yield surfaces are shown 

in Figure 5-27, whereas the evolution of the mean effective stress, excess pore water pressure and the 

hardening parameter 𝑝0
′  with temperature is potted in Figure 5-28. The sample in Test 12a follows a 

stress path typical of an undrained triaxial compression test on a normally consolidated soil which 

results in generation of excess pore water pressures and material hardening. During the heating stage of 

Test 12b and 12c, pore water pressures also increases leading to a reduction in the mean effective stress, 

while, the deviatoric stress remains constant. As was explained earlier, the amount of excess pore water 

pressure depends on the difference between 𝛼𝑇𝑤 and 𝛼𝑇, and hence, the rate of increase of 𝑝𝑤 is higher 

in Test 12c than in Test 12b. From the change in the hardening parameter 𝑝0
′ , it can be observed that 

the yield surface in Test 12b expands throughout the analysis which implies that heating is an elasto-

plastic process and excess pore water pressures are generated due to plasticity. Conversely, in Test 12c, 

the hardening parameter 𝑝0
′  remains constant during heating from 20 to approximately 45 °C. This 
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suggests that the excess pore water pressures generated due to the difference in thermal expansion 

coefficients reduce the mean effective stress such that the stress path is within the elastic region. It 

should be noted that similar behaviour was observed in Test 3c in Section 5.4.2.1. At approximately 

45 °C, the hardening parameter 𝑝0
′  starts to reduce indicating that the primary yield surface is engaged 

on the dry side. This is also evident from the reduction in pore water pressure and an increase in mean 

effective stress until the critical state is reached.  

5.5 Calibration 

The IC Thermal model was calibrated for three soil types whose thermo-mechanical behaviour was 

most extensively studied: Boom Clay, Soft Bangkok Clay and MC Clay. The calibration procedure for 

Boom Clay and Soft Bangkok Clay is explained in detail in this section, whereas the model parameters 

for MC Clay can be found in Appendix C. For all three soil types, the parameters controlling both the 

isothermal (i.e. 𝜆, 𝜅, 𝜈1,𝑇𝑟𝑒𝑓, 𝑀, 𝐺, 𝛼𝑖, 𝜇𝐹, 𝛼𝐻𝑉, 𝑛𝐻𝑉, 𝛽𝐻𝑉0, 𝑚𝐻𝑉) and non-isothermal (i.e. 𝛼𝑇, 𝑏, 𝑐, 𝑅) 

response were carefully calibrated, although it must be noted that in some cases, the available 

experimental data was limited, meaning that some uncertainty remains regarding some of the adopted 

parameters. Throughout this section, the sign convention is such that compressive stresses and strains 

are considered positive.  

5.5.1 Boom Clay 

Boom Clay is a naturally occurring stiff overconsolidated clay found in North-East Belgium. The 

samples used for laboratory testing were obtained from the Belgian Nuclear Research Centre at Mol. 

Here, calibration of the model is performed on samples extracted from 240 to 247 m below the ground 

surface.  

5.5.1.1 Determination of parameters 

The behaviour of Boom Clay has been investigated by a number of researchers. In order to estimate the 

critical state stress ratio, 𝑀, data from a number of triaxial compression tests by Baldi et al. (1987), 

Horseman et al. (1987) and Baldi et al. (1991b, 1991a) was analysed. The stress states at the critical 

state (𝑝𝐶𝑆
′ , 𝑞𝐶𝑆) are plotted in Figure 5-29. The slope of the critical state line in the 𝑝′ − 𝑞 plane was 

determined from the gradient of the line of best fit as 𝑀 = 0.88. 

The compression parameters 𝜆, 𝜅 and 𝜈1,𝑇𝑟𝑒𝑓 were determined from isotropic loading tests performed 

by Sultan et al. (2002) as: 𝜆 = 0.141, 𝜅 = 0.026 and 𝜈1,𝑇𝑟𝑒𝑓 = 2.593, where 𝑇𝑟𝑒𝑓 = 23 °C.  

One of the earliest studies investigating the isothermal properties was conducted by Horseman et al. 

(1987) who performed a series of undrained triaxial tests at ambient temperature of 20 °C. Three of the 

undrained triaxial tests were carried out on overconsolidated samples which allowed for calibration of 

the Hvorslev yield surface and plastic potential. The shape of the Hvorslev yield surface was established 
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by fitting it to the stress state at which the yield surface is activated (𝑝𝑌𝑆
′ , 𝐽𝑌𝑆) normalised by the 

preconsolidation pressure (𝑝0
′ ), as shown in Figure 5-30. It should be noted that the authors estimated 

the preconsolidation pressure as 6500 kPa by plotting the undrained shear strength against the isotropic 

consolidation stress. Therefore, the Hvorslev yield surface parameters were determined as: 𝛼𝐻𝑉 = 0.3 

and 𝑛𝐻𝑉 = 0.4. Additionally, the Hvorslev plastic potential parameters were calibrated based on the 

stress-strain and excess pore water pressure-strain response of the three samples. By performing a 

number of numerical analyses where 𝛽𝐻𝑉0 and 𝑚𝐻𝑉 were varied, it was found that the best reproduction 

of the laboratory data was achieved with 𝛽𝐻𝑉0 = 2.0 and 𝑚𝐻𝑉 = 1.0. The ratio of shear modulus to the 

preconsolidation stress (𝐺 𝑝0
′⁄ ) was also determined by reproducing the undrained triaxial tests on 

overconsolidated samples and a value of 𝐺 𝑝0
′⁄ = 19.0 was found to reproduce the elastic behaviour 

best. 

 

Figure 5-29 Critical state line in the 𝑝′ − 𝑞 plane fitted to experimental data 

 

Figure 5-30 Hvorslev yield surface fitted to experimental data 
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The parameters which control the non-isothermal response of the model were also calibrated based on 

the results of laboratory tests carried out by Sultan et al. (2002). Parameter 𝑏 was determined from a 

series of tests where samples were loaded isotropically to 4000 kPa, heated in a drained manner to 

different temperatures and then loaded isotropically whilst maintaining a constant temperature. Firstly, 

the preconsolidation pressure at each temperature was obtained from the plots of void ratio against mean 

effective stress by establishing the intersection of the swelling and normal compression lines. These 

preconsolidation pressures were then normalised by dividing by 𝑝0
′ = 6000 kPa (i.e. the 

preconsolidation pressure corresponding to 𝑇𝑟𝑒𝑓 = 23 °C) and plotted against temperature. The primary 

isotropic yield surface (given by Equation ( 5-69 )) was fitted to the data by choosing 𝑏 = 0.0005, as 

shown in Figure 5-31. It should be noted that the previously determined values of 𝜆 and 𝜅 were used 

and 𝑇𝑟𝑒𝑓 corresponding to a value of 𝑝0
′  of 6000 kPa was equal to 23 °C (i.e. the ambient temperature 

in tests by Sultan et al. (2002)).  

 

Figure 5-31 Primary isotropic yield surface fitted to experimental data from Sultan et al. (2002) 

Another test performed by Sultan et al. (2002), which involved drained heating and cooling of 

isotropically consolidated samples with different OCRs, allowed for calibration of parameters 𝑐, 𝑅 and 

𝛼𝑇. The overconsolidated samples (OCR of 4.0 and 12.0) exhibit expansion followed by contraction 

(see Figure 4-4 in Chapter 4) suggesting that the secondary yield surface is activated during the heating 

stage, since the primary yield surface cannot be reached at OCR of 4.0 or 12.0. Therefore, parameters 

𝑐 and 𝑅 were determined by simulating the drained heating test on the overconsolidated samples. It was 

found that the best reproduction of the experimental data was achieved with 𝑐 = 1.0 and 𝑅 = 1.0. The 

thermal expansion coefficient was obtained from the cooling stage of the test as the slope of the 

volumetric contraction line. Hence, 𝛼𝑇 was calculated as 3.30 × 10-5 m/m°C. 

The laboratory data necessary to determine the shape of the yield surface on the wet side, as well as the 

coupling parameters were not available. Therefore, associated plasticity with 𝛼𝐹 = 𝛼𝑃 = 0.4 and 𝜇𝐹 =
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𝜇𝑃 = 0.9, which result in the Modified Cam Clay shape, was adopted on the wet side, whereas 

parameters 𝑘1, 𝑛1 and 𝑘2 were set to zero. All material parameters are summarised in Table 5-5. Note 

that although the permeability model is not used in this chapter, its calibration is presented in Section 

C.2.1 in Appendix C, as it will be used in numerical simulations in Chapter 7. 

Table 5-5 Boom Clay parameters 

IC thermal model Other parameters 

Parameter Value Parameter Value 

𝑇𝑟𝑒𝑓 (°C) 23.0 𝛾𝑠 (kN/m3) 1 20.1 

𝜈1,𝑇𝑟𝑒𝑓 2.593 𝑘𝑇 (W/m°C) 2 
0.96 (⊥) 

1.54 (∥) 

𝑏 0.0005 𝛼𝑇 (m/m°C) 3.30 × 10-5 

𝑐 1.0 𝑘𝑓 (m/s) 3 - 

𝑅 1.0   

𝜆 0.141   

𝜅 0.026   

𝐺 𝑝0
′⁄   19.0   

𝛼𝐹, 𝛼𝑃 * 0.4   

𝜇𝐹, 𝜇𝑃 * 0.9   

𝑀𝐹, 𝑀𝑃 0.88   

𝛼𝐻𝑉 0.3   

𝑛𝐻𝑉 0.4   

𝛽𝐻𝑉0 2.0   

𝑚𝐻𝑉 1.0   

𝑘1 * 0.0   

𝑛1 * 0.0   

𝑘2 * 0.0   

* assumed parameters 

1 from Horseman et al. (1987) 

2 from Dao et al. (2014) (⊥ = perpendicular to bedding; ∥ = parallel to bedding) 

3 see Appendix C 

 

5.5.1.2 Simulation of laboratory tests 

A series of single element test reproducing laboratory tests have been performed in order to demonstrate 

the calibrated model’s response. In all analyses, the model parameters listed in Table 5-5 were 

employed. Firstly, two isothermal triaxial compression tests carried out by Baldi et al. (1991b, 1991a) 

were simulated. Test TBoom7 involved undrained triaxial compression on a sample with an initial 
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isotropic stress of 4750 kPa and OCR of 1.26, whereas in test TBoom8, a sample with an initial isotropic 

stress of 2000 kPa and OCR of 3.0 was subjected to drained triaxial compression. Both tests were 

performed at the ambient laboratory temperature which was assumed to be 23 °C (i.e. 𝑇 = 𝑇𝑟𝑒𝑓). The 

results of both the single element simulations and the original laboratory tests are plotted in Figure 5-32.  

 

Figure 5-32 Triaxial compression tests from Baldi et al. (1991b, 1991a): (a) undrained (TBoom7), and (b) drained 

(TBoom8) 

The laboratory results suggest an earlier onset of plasticity than that predicted with the IC Thermal 

model. This is an inherent disadvantage of Cam Clay type constitutive models and improving this aspect 

of the numerical prediction would involve the use of bounding surface plasticity models. Additionally, 

the peak strength observed in the undrained test could not be reproduced with this model. In the drained 

test, the peak deviatoric stress was slightly underestimated, although the critical state strength was 

reproduced well. Moreover, the adopted value of shear modulus allows accurate simulation of the elastic 

response in test TBoom8. Unfortunately, no stress-strain data was provided for test TBoom7. It should 
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be noted that the unloading and reloading stage of test TBoom8 was not simulated, however, 

considering the type of the constitutive model, an elastic response during this stage can be predicted. 

Another test (TBoom9) performed by Baldi et al. (1991b, 1991a) involved isotropic loading and drained 

heating and cooling of a sample of Boom Clay. The stress path A-I is shown in Figure 5-33. Before the 

first heating and cooling, the sample was loaded isotropically to 4000 kPa and unloaded to 1000 kPa 

such that the OCR at the start of heating (point A) was 4.0. The initial temperature was 21.5 °C. Note 

that in the numerical simulation, the OCR was defined as the ratio of the preconsolidation pressure at 

the initial temperature to the initial mean effective stress (i.e. 𝑝0,𝑇
′ 𝑝′⁄ ) and not the ratio of the 

preconsolidation pressure at the reference temperature to the initial mean effective stress (i.e. 𝑝0
′ 𝑝′⁄ ). 

As the laboratory results suggest that the first heating and cooling is elastic (see Figure 5-34 (a)), the 

position of the secondary yield surface was set to a high temperature such that it is not engaged at any 

stage of the test.  

 

Figure 5-33 Stress path in test TBoom9 by Baldi et al. (1991b, 1991a) 

Figure 5-34 shows the results of the laboratory test and the numerical simulation. Method 1 and 

Method 2 refer to different methods of calculating the volumetric strains from the measured quantities, 

as reported by Baldi et al. (1991a). Method 1 assumes that the volumetric strain is equal to three times 

the axial strain, whereas in Method 2, the volumetric strain was calculated from the volume of drained 

water as explained in Section 4.2.2 of Chapter 4. The volumetric response during the first heating and 

cooling A-B-C at 𝑝′ = 1000 kPa (Figure 5-34 (a)) is reproduced adequately, particularly when 

considering the difference between the two sets of interpretation of laboratory results. However, the 

model’s response during the second heating and cooling cycle D-E-F (Figure 5-34 (b)) deviates from 

the measured one which shows contraction almost from the start of heating. This is due to the fact that 

at 𝑝′ = 3000 kPa, the sample has an OCR of 1.33 and the shape of the primary yield surface allows for 

contractive plastic strains to be generated only at approximately 90 °C. These results suggest that the 
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secondary yield surface could be modelled as curved in the 𝑝′ − 𝑇 plane, enabling the sample to behave 

elastically when heavily overconsolidated and elasto-plastically when lightly overconsolidated. During 

the isotropic loading stage F-G, the yield surface expands and the preconsolidation pressure increases 

such that at 𝑝′ = 6000 kPa the sample is normally consolidated. Hence, throughout the subsequent 

heating and cooling G-H-I, the model predicts contraction which is also observed in the experiment (see 

Figure 5-34 (c)).  

Sultan et al. (2002) also carried out drained heating and cooling tests on a number of samples of Boom 

Clay. Each sample was isotropically loaded and unloaded to different stresses creating a range of OCRs. 

This was followed by heating from the ambient temperature of 23 °C to 100 °C in a drained manner. 

Additionally, some samples were then cooled. The laboratory results together with the model 

predictions are plotted in Figure 5-35. In all tests, the elastic response is reproduced well suggesting 

that the value of the thermal expansion coefficient was determined correctly. In the case of OCR of 12.0 

(Figure 5-35 (a)), the initial position of the secondary yield surface was set to 80 °C which is the 

transition temperature between expansive and contractive behaviour observed in the experiment. 

Similarly, for the sample with OCR of 2.0 (Figure 5-35 (b)), the initial position of the secondary yield 

surface was chosen as 50 °C. As was explained in the previous section, the parameters 𝑐 and 𝑅, which 

control the plastic volumetric strains associated with the secondary yield surface, were chosen to 

achieve the best reproduction of the laboratory results. Moreover, the need to adjust the position of the 

secondary yield surface between the different tests highlights the difficulty of initialising the model 

surfaces and their impact on the simulated behaviour. The response of the two normally consolidated 

samples is shown in Figure 5-35 (c). In this case, the model underpredicts the total volumetric strain 

produced during the heating stage. The behaviour observed in the experiment also shows a highly 

nonlinear evolution of volumetric strains with temperature, suggesting that the rate of change of plastic 

strain is temperature dependent.  
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Figure 5-34 Volumetric strain due to temperature change in test TBoom9 by Baldi et al. (1991b, 1991a) during heating and 

cooling stages: (a) A-B-C (𝑝′ = 1000 kPa), (b) D-E-F (𝑝′ = 3000 kPa), and (c) G-H-I (𝑝′ = 6000 kPa) 
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Figure 5-35 Volumetric strain in tests by Sultan et al. (2002): (a) 𝑂𝐶𝑅 = 12.0, (b) 𝑂𝐶𝑅 = 2.0, and (c) 𝑂𝐶𝑅 = 1.0 
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The generation of excess pore water pressures during heating under undrained conditions was studied 

by Horseman et al. (1987) and Monfared et al. (2012). Horseman et al. (1987) tested two samples of 

Boom Clay, designated as 50/7 and 55/5, which were loaded isotropically to 4000 kPa and 2250 kPa, 

respectively, prior to the heating stage. The test performed by Monfared et al. (2012) involved a sample 

loaded isotropically to 2250 kPa, hence the results should be comparable with those for sample 55/5. 

As the in situ preconsolidation pressure was calculated as 6500 kPa by Horseman et al. (1987), when 

evaluating the performance of the constitutive model, the sample 50/7 was assumed to have an initial 

OCR of 1.6, whereas the sample 55/5 and that of Monfared et al. (2012) were assumed to have an initial 

OCR of 2.9. All samples were heated from the initial temperature of 23 °C to 80 °C. The linear thermal 

expansion coefficient of water was chosen as 1.55 × 10-4 m/m°C, which corresponds to the actual linear 

thermal expansion coefficient at 52 °C (i.e. the middle of the temperature range). Two numerical 

simulations were performed for each test. In the first analysis, the position of the secondary yield surface 

was set to a high temperature such that its effect was not included. Conversely, in the second analysis, 

the initial position of the secondary yield surface was set to 23 °C such that it was engaged from the 

beginning of heating. Figure 5-36 shows the results of all numerical simulations, as well as the 

experimental data. Clearly, the analyses involving only the primary yield surface (YS1) underpredict 

the excess pore water pressure, whereas the analyses with the secondary yield surface (YS2) overpredict 

it. This suggests that the initial position of the secondary yield surface should be somewhere in between 

23 and 80 °C. It is interesting to note that in both tests with the primary yield surface only, the response 

is purely elastic as the excess pore pressures generated due to the difference in the thermal expansion 

coefficient of soil particles and water are large enough for the stress path to move into the elastic region. 

A similar behaviour was observed in Test 3d in Section 5.4.2.1. 

 

Figure 5-36 Undrained heating test from Horseman et al. (1987) and Monfared et al. (2012) 

Heating or cooling of soils under undrained conditions results in volumetric changes due to the thermal 

expansion or contraction of the soil particles and the pore water. Figure 5-37 compares the volumetric 
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strain computed by ICFEP to that observed in the laboratory during the undrained heating test on Boom 

Clay described above. For reference, the elastic volumetric strain due to the same temperature change 

that would have been observed in a drained heating test (i.e. 휀𝑣 = −3𝛼𝑇Δ𝑇) is also plotted in Figure 

5-37. The volumetric stain in the undrained heating test is equal to the sum of the volumetric strains 

due to temperature changes and that due to stress changes. In the test with the primary yield surface 

only, the soil response is elastic, and therefore, the volumetric strain can be obtained by combining 

Equations ( 5-74 ) and ( 5-75 ) (see Section 5.2.5), which leads to: 

 
𝑑휀𝑣 = 𝑑휀𝑣𝑇

𝑒 + 𝑑휀𝑣𝜎
𝑒 = −3𝛼𝑇𝑑𝑇 +

𝜅

𝜈

𝑑𝑝′

𝑝′
 ( 5-173 ) 

Under undrained conditions, 𝑑𝑝′ = −𝑑𝑝𝑓, where the change in the pore fluid pressure taking place in 

an elastic material is defined as (Cui, 2015): 

 
𝑑𝑝𝑓 =

3𝑛(𝛼𝑇𝑓 − 𝛼𝑇)𝑑𝑇

𝑛
𝐾𝑓
+
1
𝐾

 ( 5-174 ) 

In the test with the secondary yield surface, the plastic volumetric strains generated once the secondary 

yield surface is activated (i.e. Equation ( 5-88 ) in Section 5.2.6.2) also contribute to the total volumetric 

strains. Therefore, after substituting the calibrated values of parameters 𝑅 and 𝑐, Equation ( 5-173 ) 

becomes: 

 
𝑑휀𝑣 = 𝑑휀𝑣𝑇

𝑒 + 𝑑휀𝑣𝜎
𝑒 + 𝑑휀𝑣𝑇,2

𝑝
= −3𝛼𝑇𝑑𝑇 +

𝜅

𝜈

𝑑𝑝′

𝑝′
+
𝑏

𝜈
𝑑𝑇 ( 5-175 ) 

From Figure 5-36 it is clear that the change in pore fluid pressure (and therefore, the change in the mean 

effective stress) is larger in the tests with the secondary yield surface, which leads to the term 𝑑휀𝑣𝜎
𝑒  

being greater in Equation ( 5-175 ) than Equation ( 5-173 ). However, the additional amount of swelling 

arising from the larger change in pore fluid stresses is compensated by the compressive volumetric 

strains 𝑑휀𝑣𝑇,2
𝑝

 generated due to activation of the secondary yield surface. Hence, the analyses with only 

the primary yield surface and with both yield surfaces produce the same expansive volumetric strains. 

This implies that, during undrained heating, the volumetric strains are expansive whether the stress state 

lies in the elastic region or on the yield surface, which is a different behaviour to that observed in the 

drained heating tests. 

As is evident from Equations ( 5-173 )-( 5-175 ), the volumetric changes in the undrained heating test 

depend on the soil stiffness, porosity, as well as thermal expansion coefficients of soil particles and 

water. The slight difference between the response of samples 50/7 and 55/5 visible in Figure 5-37 arises 

from the fact that they have different initial stress states, and hence, different initial void ratios. As the 
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thermal expansion coefficient of water is larger than that of soil particles and sample 55/5 has a higher 

void ratio than sample 50/7, it experiences a slightly larger expansion.  

 

Figure 5-37 Volumetric strain in the undrained heating test from Horseman et al. (1987) and Monfared et al. (2012) 

In the test performed by Monfared et al. (2012), after the sample was subjected to undrained heating to 

65 °C, the drainage valves were opened in order to dissipate the excess pore water pressure and then 

the sample was cooled to 25 °C. The volumetric strain measured during the undrained heating and 

drained cooling is plotted in Figure 5-38 together with the numerical predictions. Note that the response 

during the pore water pressure dissipation stage was omitted in the original publication, and therefore, 

is also omitted here despite being simulated in the numerical analysis. The experimental results are 

reproduced reasonably well. It is interesting to note that the rate of contraction during cooling is smaller 

than the rate of expansion during heating. This is due to the fact that the undrained heating involves 

expansion of both the pore water and the soil skeleton, whereas during drained cooling the sample’s 

contraction is governed only by the behaviour of the soil skeleton.  

 

Figure 5-38 Volumetric strain in the undrained heating and drained cooling test from Monfared et al. (2012) 
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Another test involving undrained heating of normally consolidated Boom Clay was performed by Baldi 

et al. (1987) and later also reported by Hueckel & Pellegrini (1992). In this test (referred to as TBoom2) 

an isotropically consolidated sample was first subjected to undrained triaxial compression under 

ambient laboratory temperature of 21 °C until a deviatoric stress of approximately 1300 kPa was 

reached. Then, the sample was heated in an undrained manner while maintaining a constant deviatoric 

stress. In order to facilitate comparison, an isothermal test involving only undrained triaxial 

compression at the ambient laboratory temperature was also performed until failure. The initial isotropic 

stress was 5750 kPa in both tests. In the numerical simulations, the linear thermal expansion coefficient 

of water was chosen as 1.48 × 10-4 m/m°C, which is equal to the actual value of the thermal expansion 

coefficient at 49 °C. The effect of the secondary yield surface was not considered here (i.e. 𝑇0 was 

initialised as a very large value).  

 

Figure 5-39 Isothermal and non-isothermal test TBoom2 from Baldi et al. (1987) and Hueckel & Pellegrini (1992) 
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The model’s response in both the isothermal and the non-isothermal tests is shown in Figure 5-39 

together with the experimental results. The isothermal test is reproduced reasonably well, both in terms 

of the axial strain – deviatoric stress and the excess pore water pressure behaviour. However, as the 

model assumes that the critical state parameter is independent of temperature, failure in the simulated 

non-isothermal test takes place at a higher mean effective stress than that observed in the laboratory. 

Hence, the model also predicts slightly smaller excess pore water pressures. Although Hueckel & 

Pellegrini (1992) reported a temperature of 92 °C at failure, the temperature corresponding to the stress 

state which lies on the same critical state line as the isothermal test was approximately 74 °C. It is 

interesting to note that the numerical simulation reaches a temperature of approximately 76 °C. 

5.5.2 Soft Bangkok Clay 

Soft Bangkok Clay is a natural clay whose behaviour was studied by Abuel-Naga and his co-authors in 

a number of publications. All samples were obtained from 3 to 4 m depth at the Asian Institute of 

Technology in Thailand. 

5.5.2.1 Determination of parameters 

Figure 5-40 plots the stress states at the critical state (𝑝𝐶𝑆
′ , 𝑞𝐶𝑆) for a number of drained and undrained 

triaxial compression tests performed at 25, 70 or 90 °C by Abuel-Naga et al. (2007c). From the slope 

of the line of best fit, the stress ratio defining the critical state line in the 𝑝′ − 𝑞 plane was calculated as 

𝑀 = 0.80. 

 

Figure 5-40 Critical state line in the 𝑝′ − 𝑞 plane fitted to experimental data from Abuel-Naga et al. (2007c) 

The compression parameters were obtained from results of an oedometer test performed by Abuel-Naga 

et al. (2006b). It was found that for 𝑇𝑟𝑒𝑓 = 25 °C (i.e. the ambient temperature), 𝜈1,𝑇𝑟𝑒𝑓 = 6.310, 𝜆 =

0.693 and 𝜅 = 0.087.  
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The drained and undrained triaxial compression tests carried out by Abuel-Naga et al. (2007c) provided 

estimates for the shear modulus. Calculating the average shear modulus in all tests resulted in a value 

of 𝐺 𝑝0
′⁄  of approximately 16. 

The Hvorslev yield surface parameters were calibrated based on results of drained and undrained triaxial 

compression tests performed on overconsolidated samples at ambient temperature by Abuel-Naga et al. 

(2007c). Figure 5-41 shows the experimental data in terms of the stress states corresponding to initial 

activation of the yield surface (𝑝𝑌𝑆
′ , 𝐽𝑌𝑆) normalised by the preconsolidation pressure (𝑝0

′ ) of 300 kPa. 

The shape of the Hvorslev yield surface was adjusted to fit the experimental data. It was found that the 

best fit was achieved with 𝛼𝐻𝑉 = 0.43 and 𝑛𝐻𝑉 = 0.99, although considerable scatter can be observed. 

The Hvorslev plastic potential parameters were determined by simulating both drained and undrained 

triaxial compression tests on overconsolidated samples and analysing the stress-strain behaviour. The 

most satisfactory model response was obtained with 𝛽𝐻𝑉0 = 0.1 and 𝑚𝐻𝑉 = 1.0.  

 

Figure 5-41 Hvorslev yield surface fitted to experimental data from Abuel-Naga et al. (2007c) 

Abuel-Naga et al. (2006b) and Abuel-Naga et al. (2007b) carried out isotropic compression tests on 

highly overconsolidated tests at different temperatures using a triaxial apparatus. The preconsolidation 

pressure was then determined in each test and the normalised results plotted against temperature can be 

seen in Figure 5-42. The value of parameter 𝑏 was adjusted in order to fit the primary yield surface to 

this data and an optimal value of 𝑏 = 0.0026 was found.  

Parameters 𝑐, 𝑅 and 𝛼𝑇 were obtained from drained heating and cooling tests on samples with different 

OCR values performed by Abuel-Naga et al. (2007c). The volumetric strain behaviour of the 

overconsolidated samples (i.e. expansion followed by contraction) indicates that the secondary yield 

surface is activated during the heating process. Therefore, parameters 𝑐 and 𝑅 were determined by 

reproducing these tests. It was found that simulations with 𝑐 = 100.0 and 𝑅 = 0.15 resulted in 

volumetric changes which were closest to those observed in the laboratory. It should be noted that the 
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high value of parameter 𝑐 effectively removes the dependency of the volumetric strains associated with 

the secondary yield surface on the ratio 𝑝′ 𝑝0,𝑇
′⁄ . The thermal expansion coefficient was calculated as 

1.43 × 10-5 m/m°C from the change in the volumetric stain with temperature during the cooling stage 

of the tests.  

 

Figure 5-42 Primary isotropic yield surface fitted to experimental data 

The drained heating test carried out by Abuel-Naga et al. (2007c) also allowed for calibration of the 

coupling parameters 𝑘1 and 𝑛1 which control the rate of hardening of the secondary yield surface due 

to activation of the primary yield surface. According to Abuel-Naga et al. (2006b), the in situ 

preconsolidation pressure of the samples was 70 kPa and different OCRs were achieved by loading the 

samples to mean effective stresses of 200 or 300 kPa followed by unloading. This loading and unloading 

sequence was reproduced with the model by assuming that the samples were initially normally 

consolidated and that the maximum in situ temperature was 25 °C (i.e. initial 𝑇0 = 25 °C). Hardening 

of the secondary yield surface during loading from 70 to 200 or 300 kPa was adjusted by varying the 

values of 𝑘1 and 𝑛1 until the position of the secondary yield surface observed in the drained heating 

tests was obtained. It was found that 𝑘1 = 270 and 𝑛1 = 0.0 resulted in correct values of the hardening 

parameter 𝑇0 at the start of the drained heating test. However, it should be noted that, despite having 

resulted in an adequate reproduction of the change in 𝑇0, the appropriateness of this procedure strongly 

relies on the initial estimate of 𝑇0, a step surrounded by great uncertainty. 

Due to lack of experimental data, the coupling parameter 𝑘2 could not be determined and it was assumed 

to take the value of zero. The data necessary to calibrate the yield surface and the plastic potential on 

the wet side was also insufficient, therefore, the Modified Cam Clay shape with associated plasticity in 

the 𝑝′ − 𝐽 plane was assumed (i.e. 𝛼𝐹 = 𝛼𝑃 = 0.4 and 𝜇𝐹 = 𝜇𝑃 = 0.9). All parameters of Soft Bangkok 

Clay are listed in Table 5-6. Note that although the permeability model is not used in this chapter, its 
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calibration is presented in Section C.2.2 in Appendix C, as it will be used in numerical simulations in 

Chapter 7. 

Table 5-6 Soft Bangkok Clay parameters 

IC thermal model Other parameters 

Parameter Value Parameter Value 

𝑇𝑟𝑒𝑓 (°C) 25.0 𝛾𝑠 (kN/m3) 14.3 

𝜈1,𝑇𝑟𝑒𝑓 6.310 𝑘𝑇 (W/m°C) 1 1.16 

𝑏 0.0026 𝛼𝑇 (m/m°C) 1.43 × 10-5 

𝑐 100.0 𝑘𝑓 (m/s) 2 - 

𝑅 0.15   

𝜆 0.693   

𝜅 0.087   

𝐺 𝑝0
′⁄   16.0   

𝛼𝐹, 𝛼𝑃 * 0.4   

𝜇𝐹, 𝜇𝑃 * 0.9   

𝑀𝐹, 𝑀𝑃 0.80   

𝛼𝐻𝑉 0.43   

𝑛𝐻𝑉 0.99   

𝛽𝐻𝑉0 0.1   

𝑚𝐻𝑉 1.0   

𝑘1 270   

𝑛1 0.0   

𝑘2 * 0.0   

* assumed parameters 

1 from Abuel-Naga et al. (2009b) 

2 see Appendix C 

 

5.5.2.2 Simulation of laboratory tests 

The model’s ability to reproduce the behaviour of Soft Bangkok Clay was demonstrated with a number 

of single element analyses which employ the model parameters listed in Table 5-6. Firstly, isothermal 

drained and undrained triaxial tests on isotropically consolidated samples carried out by Abuel-Naga et 

al. (2007c) were simulated. In all cases, the initial preconsolidation pressure at the reference temperature 

(𝑇𝑟𝑒𝑓 = 25 °C) was 300 kPa. The initial isotropic stress was adjusted in each analysis resulting in OCR 

values varying from 1 to 9. The model’s response is compared to the laboratory measurements in Figure 

5-43 and Figure 5-44 which show, respectively, the results of undrained and drained triaxial 
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compression tests. The tests plotted in Figure 5-43 (a) and Figure 5-44 (a) were performed at a 

temperature of 25 °C (i.e. 𝑇𝑟𝑒𝑓), whereas Figure 5-43 (b) and Figure 5-44 (b) show the tests performed 

at 70 °C. In the latter case, the samples were heated in a drained manner from 25 to 70 °C prior to 

shearing. Note that the results of this stage will be discussed later.  

The undrained triaxial tests at 25 °C (Figure 5-43 (a)) have been reproduced with the model relatively 

well. In the analysis with OCR of 1.5, the maximum deviatoric stress was overpredicted, although the 

excess pore pressure response is in a good agreement with the experimental data. The other two 

overconsolidated samples (OCR of 3 and 9) experienced a softening behaviour in the laboratory tests 

which would require an unrealistic adjustment of the compression parameters in order to be simulated 

with the proposed model. Therefore, the discrepancy in the stress-strain response at higher strains is 

unavoidable. Figure 5-43 (b) shows a more significant disagreement between the experimental and the 

numerical results. The laboratory results for all OCRs suggest that the primary yield surface expands 

during the heating stage as higher deviatoric stresses are reached at 70 °C than at 25 °C. The expansion 

of the primary yield surface in overconsolidated samples could be simulated with the model by setting 

the coupling parameter 𝑘2 to be greater than zero, such that the hardening parameter 𝑝0
′  increases when 

the secondary yield surface is activated. Indeed, when the value of 𝑘2 was increased in the numerical 

analyses, the deviatoric stresses experienced by the overconsolidated samples increased reproducing 

the experimental data better. However, this also led to a reduction in the excess pore water pressures, 

and consequently, increasing the deviation from the laboratory results even further. Therefore, it was 

concluded that 𝑘2 equal to zero produced the most satisfactory reproduction of the tests by Abuel-Naga 

et al. (2007c). 

The results of the drained triaxial compression tests at 25 °C plotted in Figure 5-44 (a) also show some 

differences between the experimental data and the numerical simulation. In the case of the normally 

consolidated sample, the predicted deviatoric stress is significantly lower, whereas the predicted 

volumetric strain is higher than those observed in the laboratory for a given axial strain level. In the 

analysis with OCR of 4, the peak deviatoric stress was underestimated, however, this behaviour was 

expected as the Hvorslev surface plotted in Figure 5-41 is not able to account for the large scatter in the 

data. Similar to the undrained tests at 70 °C, the drained triaxial loading at 70 °C shown in Figure 

5-44 (b) resulted in underprediction of the maximum deviatoric stress experienced. As before, although 

increasing the value of 𝑘2 led to an increase in the deviatoric stresses in overconsolidaed samples, the 

volumetric strains reduced deviating from the laboratory measurements. Hence, the best overall 

reproduction of the experimental data was achieved with 𝑘2 = 0. 
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Figure 5-43 Undrained triaxial compression tests from Abuel-Naga et al. (2007c) at: (a) 𝑇 = 25 °C, and (b) 𝑇 = 70 °C 
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Figure 5-44 Drained triaxial compression tests from Abuel-Naga et al. (2007c) at: (a) 𝑇 = 25 °C, and (b) 𝑇 = 70 °C 

Abuel-Naga et al. (2007c) also performed drained heating and cooling tests on samples of Soft Bangkok 

Clay with various OCRs. In the case of OCR of 1.5, 3 and 9, the initial preconsolidation pressure at 

reference temperature (𝑝0
′ ) was 300 kPa, whereas for OCR of 1, 2 and 4, the initial 𝑝0

′  was 200 kPa. 

Figure 5-45 shows the measured and computed volumetric strain during heating from 25 to 90 °C and 

cooling back to 25 °C. Note that the laboratory tests with initial preconsolidation pressure of 300 kPa 

were stopped once a temperature of 70 °C was reached and did not include a cooling stage. In each 

analysis involving an overconsolidated sample, the initial position of the secondary yield surface was 

chosen as the temperature of the transition between expansive and contractive behaviour which was 

observed during the heating stage of the experiment. From Figure 5-45 it is clear that the rate of initial 
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expansion in overconsolidated samples is underestimated by the model, suggesting that the thermal 

expansion coefficient is too small for the heating stage. However, the thermal expansion coefficient was 

estimated based on the behaviour during cooling which is evident from the close match between the 

experimental data and the model’s response in the cooling stage. The elasto-plastic contractive 

behaviour during heating has also been reproduced relatively well verifying that parameters 𝑐, 𝑅 and 𝑏 

were calibrated correctly.   

 

Figure 5-45 Volumetric strain in tests by Abuel-Naga et al. (2007c): (a) 𝑂𝐶𝑅 = 1.5, 3 and 9 (𝑝0
′ = 300 kPa), and 

(b) 𝑂𝐶𝑅 = 1, 2 and 4 (𝑝0
′ = 200 kPa) 

Undrained heating and cooling tests were performed by Abuel-Naga et al. (2007a) on samples with 

OCR of 1, 2 and 4. In all cases, the initial preconsolidation pressure at reference temperature was 

200 kPa. The samples were heated from the initial temperature of 25 °C to 90 °C and then cooled back 

to 25 °C. In the numerical analyses, the linear thermal expansion coefficient of water was assumed to 

be 1.68 × 10-4 m/m°C which is the actual value corresponding to a temperature of 57.5 °C (i.e. the 
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middle of the temperature range). Two numerical simulations were performed for each OCR. In the 

first analysis, the position of the secondary yield surface was set to a high temperature such that its 

influence was not considered, whereas in the second analysis, the initial position of the secondary yield 

surface was set to the temperature of the transition between expansive and contractive behaviour 

observed in the drained cooling tests (see Figure 5-45 (b)).  

The results of the two sets of analyses are plotted in Figure 5-46 (a) and (b), respectively, together with 

the measured data. Figure 5-46 (a) shows that the simulated behaviour is elastic and non-hysteretic 

throughout the test, i.e. there is no residual pore water pressure at the end of cooling. In the case of 

overconsolidated samples, such response is expected as the secondary yield surface was not considered. 

The behaviour of the normally consolidated sample can be explained by the fact that the excess pore 

water pressures generated due to the difference between the thermal expansion coefficients of water 

and soil particles was large enough for the stress path to move into the elastic region. A similar response 

was observed in Test 3d in Section 5.4.2.1. Conversely, Figure 5-46 (b) shows that, when the secondary 

yield surface was considered, additional excess pore water pressures were generated due to its activation 

and residual pore water pressures were observed at the end of analyses.  

The secondary yield surface enables a better reproduction of the increase in the pore water pressures 

during the heating stage and leads to the simulation of residual pore water pressures. However, the 

model’s response deviates from the measured behaviour during the cooling stage in both sets of analyses 

(i.e. with and without the secondary yield surface). It must be noted that these laboratory tests by Abuel-

Naga et al. (2007a) show that the pore pressure behaviour of Soft Bangkok Clay is very different from 

other soil types. As was explained in Chapter 4, other studies found that normally consolidated samples 

experience a positive residual pore water pressure after one thermal cycle. Additionally, the 

investigations on the behaviour during drained heating (including those on Soft Bangkok Clay) showed 

that the proportion of the stress path over which the behaviour is elastic increases with increasing OCR. 

Based on this assumption, samples with higher OCR would be expected to experience smaller residual 

excess pore water pressures over a thermal cycle, as predicted by the model.  

Figure 5-47 shows the computed volumetric strain during the undrained heating tests. Unfortunately, 

comparison with experimental data cannot be made as these have not been published. The elastic 

volumetric strain that would have been observed in a drained heating test (i.e. 휀𝑣 = −3𝛼𝑇Δ𝑇) is also 

potted for reference. As was explained earlier in the case of Boom Clay, undrained heating results in a 

volumetric expansion, whereas the subsequent undrained cooling leads to a volumetric contraction. 

These volumetric strains are the sum of the volumetric strains due to temperature changes and stress 

changes, and are defined by Equation ( 5-173 ) for the case where the soil response is elastic (i.e. the 

test with the primary yield surface only) and Equation ( 5-175 ) for the case where the secondary yield 

surface is activated. The magnitude of these volumetric strains depends on the thermal expansion 
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coefficients of the soil particles and water, as well as porosity and soil stiffness. The behaviour is 

reversible irrespective of whether the material is elastic or elasto-plastic. Hence, for each OCR, the 

same volumetric response is observed in the analyses with and without the secondary yield surface. 

Figure 5-47 also shows that the magnitude of the volumetric strain increases slightly with increasing 

OCR which can be explained by the fact that samples with larger OCR have higher void ratios, and the 

thermal expansion coefficient of water is larger than that of the soil particles.  

 

Figure 5-46 Undrained heating and cooling test from Abuel-Naga et al. (2007a) simulated with: (a) only the primary yield 

surface, and (b) both yield surfaces 
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Figure 5-47 Volumetric strain in the undrained heating and cooling test from Abuel-Naga et al. (2007a) 

5.6 Summary and conclusions 

This chapter presents the development of a new constitutive model based on the critical state 

framework, the IC Thermal model, capable of simulating the non-isothermal behaviour of saturated 

soils. Its formulation is based on the Georgiadis (2003) and Tsiampousi (2011) unsaturated models 

which employ the Lagioia et al. (1996) yield surface and plastic potential on the side wet of critical and, 

in the case of the Tsiampousi (2011) model, a new expression for the Hvorslev surface on the dry side. 

However, instead of the suction-dependent Loading Collapse curve and Suction Increase surface, a 

primary yield limit and a secondary yield surface define the temperature dependence of the size of the 

elastic region.  

The expression of the primary yield limit was derived assuming that: (1) the slopes of the normal 

compression and swelling lines are independent of temperature, (2) the specific volume at a unit mean 

effective stress reduces linearly as temperature increases (i.e. the normal compression lines move down 

in the 𝜈 − ln 𝑝′ plane with increasing temperature), (3) there is a unique normal compression line for 

each temperature value, and (4) heating or cooling under drained conditions within the yield surface 

does not induce changes in void ratio. It should be noted that all these assumptions are based on 

experimental findings discussed in Chapter 4. Hence, the obtained expression of the primary yield limit 

defines an elastic region which shrinks with increasing temperature. The exact shape of the primary 

yield limit is material specific and can be controlled through parameter 𝑏, which defines the effect of 

temperature on the position of the normal compression line. The secondary yield surface was introduced 

in order to improve the simulation of the behaviour of overconsolidated samples during heating. 

However, unlike the primary yield surface, it is independent of deviatoric and mean effective stresses 

(i.e. it is a straight line in the 𝑝′ − 𝑇 plane) and does not have a plastic potential associated with it. 

Instead, the plastic volumetric strains generated when it is activated are defined by an empirical 



Chapter 5 Development of a constitutive model for non-isothermal behaviour of soils 

 

305 

 

expression. The position of the secondary yield surface is controlled by a hardening parameter 𝑇0 which 

describes the thermal overconsolidation ratio of the material.  

The behaviour during heating is elastic for stress states inside the yield surface. However, once either 

of the yield surfaces is activated, the behaviour becomes elasto-plastic. During cooling the response is 

assumed to be elastic, which is in accordance with the behaviour observed in the laboratory. The elastic 

volumetric strains due to changes in temperature are expansive upon heating and contractive upon 

cooling, and are governed by the thermal expansion coefficient of the soil skeleton, 𝛼𝑇. Conversely, 

plastic volumetric strains due to temperature changes are defined by the plastic potential when the 

primary yield surface is engaged or an empirical expression when the secondary yield surface is active. 

The empirical expression allows for control of the volumetric behaviour through model parameters 𝑐 

and 𝑅. 

The hardening/softening laws were defined such that the coupling between the two yield surfaces can 

be controlled. When only the primary yield surface is active, the movement of the secondary yield 

surface depends on the coupling parameters 𝑘1 and 𝑛1, whereas when only the secondary yield surface 

is engaged, coupling parameter 𝑘2 controls the expansion of the primary yield surface. Therefore, in 

both scenarios, the surfaces may be decoupled by setting 𝑘1 and 𝑘2 to zero. In the case when both 

surfaces are active,  𝑘1 and 𝑘2 are set to 1.0, whereas 𝑛1 is set to zero, such that the change in 𝑝0
′  depends 

on the volumetric strains from both surfaces and the change in 𝑇0 depends on the volumetric strains 

associated with the secondary yield surface only.  

Following the implementation into ICFEP, the behaviour of the model was extensively validated 

through a series of single element tests. Firstly, the isothermal response was compared to the results 

obtained with the fully saturated version of the Tsiampousi (2011) model, as well as the MCC model 

with a Hvroslev surface. As expected, the three models produced practically identical results. Secondly, 

the non-isothermal response of the new model was studied. Due to lack of existing models in ICFEP 

which are capable of simulating the temperature dependent behaviour, only the plausibility of the results 

was assessed, with the modelled behaviour being very satisfactory. The validation exercises were also 

used to demonstrate the effect of the new parameters which control the non-isothermal response.  

Finally, the model was calibrated for three soil types: Boom Clay, Soft Bangkok Clay and MC Clay 

(see Appendix C for MC Clay). In all cases, both the isothermal and non-isothermal behaviour was 

simulated. It must be noted that experimental data for calibration of some of the parameters was limited. 

Qualitatively, the numerical predictions were in a good agreement with the laboratory measurements 

indicating that the new model is capable of reproducing most aspect of the THM behaviour of saturated 

clays. Potential improvements to the model involves formulating a double surface plasticity model 

where the secondary yield surface depends on mean effective stress in addition to temperature. 

However, further changes may only be possible provided more experimental evidence is available. 
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Chapter 6  

Explaining the behaviour of 

geothermal piles 

 

6.1 Introduction 

This chapter aims to explain the thermo-mechanical behaviour of geothermal piles (or thermo-active 

piles) through existing studies. The thermal performance of geothermal piles was briefly discussed in 

Chapter 2 and will not be considered here. Firstly, the simplified descriptive framework developed by 

Bourne-Webb and his co-workers, which explains the mechanisms involved in the response of a single 

thermo-active pile, is introduced. This framework forms the basis for interpretation of the results of 

studies reported in the literature. Subsequently, a comprehensive review of these studies, which include 

full scale in situ tests, laboratory experiments (i.e. centrifuge and physical modelling) and numerical 

simulations (performed using the load-transfer, finite difference or finite element methods), is 

presented. 

6.2 Framework 

In order to understand the behaviour of thermo-active piles observed in the field, Bourne-Webb and his 

co-workers developed a simplified descriptive framework which was presented in a series of 

publications (Bourne-Webb et al., 2009; Amatya et al., 2012; Bourne-Webb et al., 2013b). It considers 

the response of a single pile and assumes the following: 

1) The soil is rigid-plastic and has a uniform strength; 

2) The pile is linear-elastic and has a constant cross-sectional area; 

3) The shaft resistance is fully mobilised and constant with depth; 

4) The temperature changes are uniform along the length of the pile; 
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5) Pile expands and contracts about a ‘null’ point located at the mid-depth of the pile. 

It should also be noted that compressive strains and stresses, as well as downward shear stresses applied 

to the pile are considered positive.  

6.2.1 Thermal loading 

Firstly, consider the response of a pile as a free body. When heated or cooled, it expands or contracts 

according to the thermal expansion coefficient of its material, 𝛼𝑇, and the change in temperature, Δ𝑇, 

as shown in Figure 6-1 (a) and (b). Hence, the free thermal axial strain is uniform along the length of 

the pile and can be calculated as: 

 휀𝑇−𝐹𝑟𝑒𝑒 = −𝛼𝑇Δ𝑇 ( 6-1 ) 

 

Figure 6-1 Response of: (a) free body during heating, (b) free body during cooling, (c) restrained body during heating and 

(d) restrained body during cooling (adapted from Bourne-Webb et al., 2013b) 

In the case of a free body, the free thermal strain leads to a change in the pile length, and therefore, the 

observed strain, 휀𝑇−𝑂𝑏𝑠, is equal to the free thermal strain. Additionally, as there is nothing restraining 
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the pile and preventing it from expanding/contracting, the restrained strain, 휀𝑇−𝑅𝑠𝑡𝑟, and the axial load 

in the pile are zero.  

Conversely, if the pile is perfectly restrained at both ends as shown in Figure 6-1 (c) and (d), it cannot 

expand/contract and the observed strain is zero. In this case, the restrained strain has the same magnitude 

but opposite sign to the free strain (i.e. 휀𝑇−𝑅𝑠𝑡𝑟 = −휀𝑇−𝐹𝑟𝑒𝑒) and it is this “strain potential” that is 

converted to an axial load, 𝑃𝑇. Hence: 

 𝑃𝑇 = 𝐸𝐴𝑐휀𝑇−𝑅𝑠𝑡𝑟 ( 6-2 ) 

where 𝐸 is the Young’s modulus and 𝐴𝑐 is the cross-sectional area of the pile. Note that Equation ( 6-2 

) describes a compressive axial load during heating and a tensile axial load during cooling.  

In reality, the pile does not behave as a free body nor as a fully restrained body, and instead it is partially 

restrained by the surrounding soil and any restraints at the pile head and/or toe. Therefore, the observed 

strain due to a thermal load is less than the free thermal strain given by Equation ( 6-1 ). The restrained 

strain can be estimated as the difference between the free thermal strain and the observed strain: 

 휀𝑇−𝑅𝑠𝑡𝑟 = −(휀𝑇−𝐹𝑟𝑒𝑒 − 휀𝑇−𝑂𝑏𝑠) ( 6-3 ) 

The resulting axial load in the pile can be calculated using Equation ( 6-2 ). 

In order to explain the effect of the surrounding soil, a pile with no end restraints is considered and its 

response to heating or cooling is illustrated in Figure 6-2. As both ends of the pile are free to move, the 

observed strain at the head and toe is equal to the free thermal strain. However, assuming that the shaft 

resistance is constant with depth, the magnitude of the observed strain reduces with increasing distance 

from the pile ends, and hence, it is smallest at the mid-depth. According to Equation ( 6-3 ), the 

magnitude of the restrained strain is therefore greatest at the mid-depth and reduces to zero at the pile 

ends. The axial strain profile follows the same distribution. In the case of heating, the expansion of the 

pile results in a downward (i.e. positive) shear stress, 𝑞𝑠, in the top part of the pile and an upward (i.e. 

negative) shear stress in the lower part. During cooling, the pile contracts and the shear stresses are 

reversed.  

The magnitude of those strains and stresses depends on the strength of the soil. As the soil strength 

increases, the restriction to the pile deformation becomes larger and the magnitude of the restrained 

strain increases reducing the magnitude of the observed strain. This leads to an increase in the 

magnitudes of the axial load and the shear stress.  
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Figure 6-2 Effect of thermal loading and the surrounding ground on the response of a pile without end restraint during 

(a) heating and (b) cooling (adapted from Amatya et al., 2012) 

However, the ends of the pile are also likely to be restrained to some extent by the structure at the top 

and a stiff soil or a rock at the base. Figure 6-3 illustrates the behaviour of a pile in a soil with three 

different end restraints combinations. For brevity, only heating is discussed here as the response due to 

cooling results in the same distribution of strains and stresses but with opposite signs. When the pile is 

heated, any end restraints reduce its expansion (compared to the case without end restraints discussed 

above) leading to a reduction in the observed strains and an increase in the restrained strains, and hence, 

the axial load. A stiffer restraint implies smaller axial deformation, larger axial load and also smaller 

shaft friction on the pile.  
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Figure 6-3 Effect of heating and the surrounding ground on the response of a pile with various end restraints: (a) partial 

restraint at top and base, (b) no restraint at top and strong restraint at base, and (c) strong restraint at top and no restraint 

at base (adapted from Amatya et al., 2012) 

6.2.2 Thermo-mechanical loading 

When a mechanical load is applied to the pile in addition to the thermal load, the total observed axial 

strain can be estimated as: 

 휀𝑇𝑜𝑡𝑎𝑙 = 휀𝑀 + 휀𝑇−𝑂𝑏𝑠 ( 6-4 ) 

where 휀𝑀 is the axial strain due to the mechanical load. Hence, the mechanical axial load in the pile is: 

 𝑃𝑀 = 𝐸𝐴𝑐휀𝑀 ( 6-5 ) 
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The total axial load in the pile is the sum of the mechanical axial load (Equation ( 6-5 )) and the thermal 

axial load (Equation ( 6-2 )) which depends on the restrained strain: 

 𝑃𝑇𝑜𝑡𝑎𝑙 = 𝑃𝑀 + 𝑃𝑇 ( 6-6 ) 

Figure 6-4 shows the behaviour of a pile without end restrains due to combined thermo-mechanical 

loading. The thermo-mechanical profiles (Figure 6-4 (c) or (e)) were obtained by superimposing the 

response due to mechanical load only (Figure 6-4 (a)) onto the response due to thermal load only (Figure 

6-4 (b) or (d)). The same procedure can be applied to cases where the pile is restrained at one or both 

ends (such as those presented in Figure 6-3).  

 

Figure 6-4 Effect of loading and the surrounding ground on the response of a pile without end restraints: (a) mechanical 

load only, (b) heating load only, (c) combined mechanical and heating loads, (d) cooling load only, and (d) combined 

mechanical and cooling loads (adapted from Amatya et al., 2012) 
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6.3 Field studies 

6.3.1 Rehabilitation Centre, Bad Schallerbach, Austria 

One of the first in situ studies involving an instrumented thermo-active pile was carried out in Bad 

Schallerbach, Austria, and reported by Brandl (2006). The seven storey rehabilitation centre required 

175 bored piles shown in Figure 6-5 (Brandl, 2006), some of which formed retaining walls. However, 

while 143 of the piles were used as thermo-active piles, only one was fitted with pressure cells at the 

head and the toe, fissuremeters at three levels for recording displacements and thermo-elements at five 

levels for measuring temperature. The instrumented foundation pile had a diameter of 1.2 m and a length 

of 9 m, and its design load was 2000 kN. The ground profile consists of 2 – 5 m of silty sands and 

clayey silts underlain by fissured weathered clayey to sandy silts. Groundwater was found 4 – 5 m 

below ground level.  

 

Figure 6-5 Piled foundations with energy piles (black) and standard piles (white) at the rehabilitation centre in Bad 

Schallerbach, Austria (Brandl, 2006) 

The foundations were constructed in the years 1994 – 1995, whereas the rough structure of the building 

(providing approximately 90% of the dead load) was completed in the autumn of 1996 and the 

rehabilitation centre was opened in the autumn of 1997 with the geothermal system being fully 

operational since then. Figure 6-6 shows the monitoring data from the instrumented thermo-active pile 

collected over various periods. The initial reduction in the base load (Figure 6-6 (a)) was attributed to 

contraction of the pile due to cooling following the hydration of concrete. However, throughout the rest 

of the monitoring period, the base load remained constant despite the application of mechanical load 

and temperature variations, suggesting mobilisation of shaft friction instead. Based on this observation, 

Brandl (2006) concluded that there was no significant influence of temperature changes on the shaft 

resistance. 
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Figure 6-6 (a) pile load at different construction stages and full operation since autumn 1997, (b) pile temperature at 

different construction stages and initial operation period, (c) pile strain between 12.02.1996 and 9.02.1998 (tension 

positive), and (d) pile temperature during long term operation (Brandl, 2006) 

The temperature in the pile along its depth is plotted in Figure 6-6 (b). The first reading, taken on 27th 

September 1995 (i.e. during the building construction stage), indicates typical summer ground 

temperature, whereas the second measurement (12th February 1996) provides the winter ground 

temperature. It should be noted that the building was not insulated at that time which explains the value 

of 0 °C recorded at the pile head. The third temperature reading (29th April 1997) was taken during a 

test run of the energy system. The geothermal system was fully operational since the autumn of 1997 

with the measurement from 9th February 1998 representing a period of excessive heat extraction. The 

long term pile temperatures are plotted in Figure 6-6 (d). 

Figure 6-6 (c) shows the axial strain in the pile between 12th February 1996 (i.e. prior to geothermal 

operation) and 9th February 1998 (i.e. geothermal operation with excessive heat extraction). The load 

due to the weight of the building caused a compressive axial strain which reduces with depth. Between 

12th February 1996 and 9th February 1998, the top few meters of the pile experienced an increase in 

temperature which led to tensile strains changes, whereas over the rest of the pile, the temperature 

decreased inducing additional compressive strains. However, it must be noted that the procedure for 

determination of the different strains was not explained by Brandl (2006). Therefore, it is not clear 

whether the temperature-induced strains were calculated as the difference between the measured total 

and load-induced strains, or by multiplying the temperature change in Figure 6-6 (b) by a linear thermal 
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expansion coefficient of the pile. From Figure 6-6 (c) it appears that the latter approach, which is 

inconsistent with the descriptive framework, was adopted.  

Although the measurements in this study were recorded throughout the construction of the building, as 

well as over a number of years during the geothermal operation, very limited data has been published. 

Consequently, while the results presented by Brandl (2006) provide some insight into the behaviour of 

thermo-active piles, they are not sufficient to fully explain it.  

6.3.2 EPFL, Lausanne, Switzerland 

Two in situ tests involving thermo-active piles were carried out at the campus of the Swiss Federal 

Institute of Technology in Lausanne (Ecole Polytechnique Fédérale de Lausanne, EPFL) and the results 

were presented in a number of publications by Laloui and his co-workers (Laloui et al., 2003; Laloui et 

al., 2006; Laloui & Di Donna, 2013; Mimouni & Laloui, 2015; Rotta Loria & Laloui, 2016a, b). In the 

first study, a single thermo-active pile was instrumented, while the second test was dedicated to 

investigate the behaviour of a group of energy piles. Due to the proximity of the two sites, their ground 

conditions are similar with 7 – 12 m of very soft alluvial clay, 8 – 10 m of loose sandy gravely moraine, 

3.5 m of stiff moraine underlain by sandstone. The groundwater was found close to the ground surface. 

In both in situ tests, the piles were instrumented with vibrating wire and fibre optic extensometers for 

measurement of vertical and radial strains, as well as temperature, and load cells at pile toes. 

Additionally, in the second in situ test, piezometers and thermistors were placed in two boreholes 

adjacent to the piles in order to study the soil response.  

Single pile study 

The instrumented pile in the first test is located below one edge of a 100 m long and 30 m wide four 

storey building. Out of the 97 piles forming the foundations, it was the only pile equipped with heat 

exchanger pipes. The pile diameter is 0.88 m and its length is 25.8 m such that its base reaches the 

sandstone layer. Two types of loads – mechanical due to the weight of the constructed building and 

thermal due to heating and cooling of the pile, were applied to the pile separately in order to decouple 

the thermal and mechanical effects. The sequence of load tests is illustrated in Figure 6-7 (Laloui et al., 

2006). Test 0 represents casting of the pile, Test 1 was performed prior to the construction of the 

building and involved only a heating-cooling cycle with a temperature change of 21 °C (i.e. no 

mechanical load), whereas in the following tests, a single thermal cycle (with a temperature change of 

15 °C) was applied at the end of construction of each storey. The maximum pile load due to the weight 

of the building was approximately 1300 kN. 

Figure 6-8 (Amatya et al., 2012) shows the results of the heating stage of Test 1 (i.e. thermal loading 

only, see Figure 6-7). The measured axial strain is plotted as the observed strain in Figure 6-8 (a). 

Additionally, the magnitude of the free thermal strain (see Equation ( 6-1 )), is indicated. As Test 1 was 

carried out before the building was constructed, the head of the pile was unrestrained, and hence, the 
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expansion of the top of the pile was almost the same as the theoretical free expansion. With increasing 

depth, the pile deformation was resisted by the shaft, as well as the stiff layer of sandstone at the base 

of the pile. The difference between the free thermal strain and the observed strains is the restrained 

strain (see Equation ( 6-3 )) which causes the development of an axial force in the pile. The axial load 

in Figure 6-8 (b) was calculated using Equation ( 6-2 ) and the data from Figure 6-8 (a). The lower part 

of the pile experiences a larger compressive force than the top part due to the restraint from the 

surrounding soil and the base. 

 

Figure 6-7 Thermo-mechanical loading history (Laloui et al., 2006) 

 

Figure 6-8 Results of Test 1: (a) observed and free thermal strains due to heating, and (b) calculated axial load at the end of 

heating (tension positive) (Amatya et al., 2012, data from Laloui et al., 2003) 
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In the following tests the thermal cycle was applied to the pile after the construction of each storey was 

completed (see Figure 6-7). The results of Test 6 (T-6) and Test 7 (T-7) are plotted in Figure 6-9 

(Amatya et al., 2012). The mechanical strain (휀𝑀) profiles were measured prior to any thermal loading, 

and therefore, represent the pile response due to the weight of the building, whereas the total strains 

(휀𝑇𝑜𝑡𝑎𝑙) were measured at the end of the heating stage such that they describe the effect of combined 

mechanical and thermal loading. The observed strain due to thermal loading only (휀𝑇−𝑂𝑏𝑠) was then 

calculated by subtracting the mechanical strain from the total strain (see Equation ( 6-4 )). For reference, 

the thermal free strain (휀𝑇−𝐹𝑟𝑒𝑒) calculated using Equation ( 6-1 ) is also plotted. The tensile total strain 

indicates that heating caused a large expansion of the pile compared to the compressive strain due to 

the mechanical load. Additionally, the observed strain profile suggests that the pile expanded more at 

the toe than at the head which suggests that the restraint due to the building is more effective (Amatya 

et al., 2012). 

 

Figure 6-9 Results of Test 6 and Test 7: (a) axial strain profiles, and (b) axial load profiles (tension positive) (adapted from 

Amatya et al., 2012, data from Laloui et al., 2003) 

These strain profiles were then used to calculate the axial forces in the pile plotted in Figure 6-9 (b). 

The mechanical load was obtained from the mechanical strain profile and Equation ( 6-5 ). By 

combining Equations ( 6-3 ) and ( 6-4 ) it can be shown that the sum of the mechanical strain and the 

restrained strain, which are the strains that cause axial forces, is equal to the difference between the 

total strain and the free thermal strains (i.e. 휀𝑇𝑜𝑡𝑎𝑙 − 휀𝑇−𝐹𝑟𝑒𝑒). Therefore, the total axial load can be 

calculated from the total and the free thermal strain profiles. The thermal load is then calculated by 
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subtracting the mechanical load from the total load (see Equation ( 6-6 )). The results show that the 

additional compressive axial load due to heating is significant compared to the axial load due to the 

mechanical loading. Moreover, the thermal axial load profile also indicates the restraint from the 

building is slightly greater than from the sandstone at the pile base, as larger increases in axial load 

were observed closer to the pile head. 

Pile group study 

The second in situ test involved a group of four instrumented thermo-active piles which, together with 

16 standard piles, form the foundations of a water retention tank shown in Figure 6-10 (Mimouni & 

Laloui, 2015). The thermo-active piles are 28 m long, 0.9 m in diameter and all four are located in one 

corner of the tank. The bottom 8.8 m of the piles were installed in the sandstone layer. The design 

vertical loads were 0, 800, 2200 and 2100 kN for piles #1, #2, #3 and #4, respectively. The field test 

consisted of four stages where each stage involved heating one or several piles and then letting it cool 

down naturally. In the first stage, only pile #1 was heated by 3.6 °C prior to the construction of the 

water tank. The second stage was carried out after construction of the tank and involved heating each 

pile in turn by 6.5 to 10 °C. In the third stage, all four piles were heated simultaneously by 7.4 to 9.1 °C. 

The findings of these three stages were discussed by Mimouni & Laloui (2013, 2015). Finally, the 

fourth stage of the test, which was reported by Rotta Loria & Laloui (2016a, 2016b), involved long term 

operation of pile #1 consisting of 5 months of gradual heating with a maximum temperature change of 

20 °C followed by 10 months of natural cooling.   

 

Figure 6-10 Water retention tank with the test piles and locations of boreholes with piezometers and thermistors (P+T) 

(Mimouni & Laloui, 2015) 

In order to compare the responses of the four piles, Laloui and his co-authors defined a pile degree of 

freedom, 𝑛𝑑𝑜𝑓, which describes the restriction to movement of the pile and can be calculated as: 

 𝑛𝑑𝑜𝑓 =
휀𝑇−𝑂𝑏𝑠
휀𝑇−𝐹𝑟𝑒𝑒

 ( 6-7 ) 

Therefore, 𝑛𝑑𝑜𝑓 = 1 implies no restraints, such that the pile expands/contracts as a free body, whereas 

𝑛𝑑𝑜𝑓 = 0 signifies a fully restrained pile and no deformation. Figure 6-11 (Mimouni & Laloui, 2015) 
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plots the profiles of the degree of freedom of the four piles from the first stage (“free head”) and the 

second stage of the in situ test. As the first stage was carried out prior to the construction of the water 

tank, the pile head expanded more than the toe during heating. In the second stage, it is clear that the 

structure significantly restricted the top part of the piles affecting their expansion over the upper 20 m. 

It is also interesting to note the differences in the degrees of freedom of the four pile heads. For example, 

the corner pile #2 is restrained less than the pile #1 which is located in the centre of the group.  

 

Figure 6-11 Profiles of degree of freedom from first stage (“free head”) and second stage of test (Mimouni & Laloui, 2015) 

When the four piles were heated in turn during the second stage of the test, they experienced expansion 

and an increase in the compressive axial force. However, heating one pile affected the response of the 

surrounding three piles. For example, Figure 6-12 (Mimouni & Laloui, 2015) shows the evolution of 

the head strains in the four piles during heating of pile #4. The three strain gauges in the unheated piles 

exhibit different responses suggesting that one side of the pile experiences expansion and the opposite 

experiences contraction, resulting in bending. Mimouni & Laloui (2015) proposed an interaction 

mechanism illustrated in Figure 6-13. Measurements of base pressures showed an increase in 

compressive stresses in the heated piles, while the unheated piles exhibited a decrease, although of a 

smaller magnitude, which suggests load redistribution within the pile group.   

In the third stage of the test, all four piles were heated simultaneously. Compared to the response during 

the second stage, the measured pile displacements were larger, whereas the differential movements were 

significantly reduced showing a relatively uniform heaving of the whole pile group. This led to a 

decrease in the thermal axial loads.  

The fourth and final stage of the in situ test involved longer term heating of pile #1. The observed 

behaviour showed similar trends to those in the second stage confirming that heating a single pile affects 

the response of the other piles. 
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Both studies carried out at EPFL demonstrated that temperature variations can significantly affect the 

behaviour of piles. The magnitudes of additional axial loads caused by changes in temperature were 

comparable or, in some cases, even higher than those due to mechanical loading. Additionally, it was 

shown that the operation of the thermo-active piles can induce substantial load changes in the 

surrounding non-thermo-active piles, as well as differential movements. Therefore, the behaviour of all 

piles should be considered during design. The results also suggest that using only some piles as 

geothermal piles may be more damaging to the overlying structure, especially when considering long 

term cyclic operation. 

 

Figure 6-12 Evolution of pile head strains during heating of pile #4 in second stage of test where S1.1, S1.2 and S1.3 are the 

three strain gauges on pile #1, S2.1, S2.2 and S2.3 are on pile #2, etc. (compression positive) (Mimouni & Laloui, 2015) 

 

Figure 6-13 Proposed interactions in the pile group during heating of pile #4 in second stage of test where vertical arrows 

indicate the magnitude of interactions (Mimouni & Laloui, 2015) 
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6.3.3 Lambeth College, London, UK 

Prior to the construction of a new building at Lambeth College in South London, a pile loading test, 

which also included cycles of heating and cooling, was performed and reported by Bourne-Webb et al. 

(2009). The layout of the test components is shown in Figure 6-14 (Bourne-Webb et al., 2009). The test 

pile was 23 m long and had a diameter of 550 mm, except in the upper 5 m where additional casing 

increased the diameter to 610 mm. Two U-shaped heat exchanger pipes were attached to the 

reinforcement cage together with eighteen vibrating wire strain gauges (VWSG), six thermistors and 

optical fibre sensors (OFS), which provided continuous strain and temperature measurements. 

Additionally, temperature was also recorded in a borehole and anchor piles located, respectively, 0.5 m 

and 2 m away from the test pile. The heat sink pile was also equipped with OFS for measuring 

temperatures and strains. The vertical displacement of the pile head was measured using linear variable 

differential transformers (LVDT). The mechanical load on the pile was controlled using a load cell and 

a hydraulic jack, whereas the thermal load was applied by an 8 kW heat pump which allowed the 

circulation of fluid with temperatures ranging from -6 °C to +56 °C around the heat exchanger pipes. It 

should be noted that these temperatures represent an extreme case of thermal loading.  

 

Figure 6-14 Schematic layout of test components (Bourne-Webb et al., 2009) 

The test, carried out in the summer of 2007, consisted of the following stages: 

1) Initial loading to 1800 kN followed by unloading; 

2) Reloading to 1200 kN; 

3) Pile cooling with a constant pile load; 

4) Intermittent pile heating with a constant pile load; 

5) Final loading to 3600 kN followed by unloading. 
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The ground conditions at the Lambeth College site are typical of the London basin. The ground profile 

consists of a 1.5 m thick superficial layer of Made Ground and 2.5 m of Terrace Gravel, overlying 

London Clay which extends below the pile toes. The groundwater table was found at 3 m below ground 

level.  

Figure 6-15 (Bourne-Webb et al., 2009) shows the evolution of the applied mechanical load and the 

pile head displacement throughout the test. Bourne-Webb et al. (2009) estimated that the head 

movement during the cooling stage is approximately 60 % of the theoretical contraction due to a 

temperature decrease by 19 °C. Furthermore, the measured expansion during heating is approximately 

40 % of the theoretical value for a temperature increase of 27 °C. These observations suggest that the 

surrounding soil has a significant influence on the pile response.   

 

Figure 6-15 Load control and pile head displacement throughout the test (Bourne-Webb et al., 2009) 

The heat sink pile was used to study the behaviour of a pile subjected to thermal loading only. Its 

response to a temperature increase of 29 °C is plotted in Figure 6-16 (Amatya et al., 2012). The 

maximum strains were measured at the ends, whereas the minimum value was observed at 

approximately the mid-depth. Comparison with the theoretical free thermal strain indicates that the pile 

ends expanded with very little restriction, whereas the surrounding soil provided some restraint along 

the pile shaft. The axial load profile (calculated using Equation ( 6-2 )) illustrates the same trend with a 

maximum increase in compressive force of approximately 1550 kN at the mid-depth.  
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Figure 6-16 Response of the heat sink pile due to heating by 29°C: (a) observed and free thermal strains, and (b) calculated 

axial load at the end of heating (tension positive) (Amatya et al., 2012) 

Figure 6-17 (Amatya et al., 2012) shows the response of the test pile at the end of cooling and heating 

stages. The mechanical strain (휀𝑀) profiles were recorded during reloading to 1200 kN, whereas the 

total strains (휀𝑇𝑜𝑡𝑎𝑙) were measured during the cooling and heating stages. The free thermal strain 

(휀𝑇−𝐹𝑟𝑒𝑒) was calculated using Equation ( 6-1 ) and the observed strain due to thermal loading only 

(휀𝑇−𝑂𝑏𝑠) was determined by subtracting the mechanical strain from the total strains (as in Equation ( 

6-4 )). The mechanical load (𝑃𝑀) was then obtained from the mechanical strain profile and Equation ( 

6-5 ), whereas the total axial load was calculated from the difference between the total and the free 

thermal strain profiles (i.e. by combining Equations ( 6-3 ) and ( 6-4 )). Finally, the thermal load was 

obtained by calculating the difference between the total axial load and that due to the mechanical load 

(Equation ( 6-6 )). 

During cooling, the total axial strain becomes more compressive (Figure 6-17 (a)), inducing a tensile 

change in the axial force such that the total axial force becomes tensile in the lower part of the pile 

(Figure 6-17 (c)). Conversely, when the pile is heated, it expands and the total strain becomes less 

compressive in the upper part and even tensile in the lower part (Figure 6-17 (b)). This indicates a 

compressive restrained strain which results in additional compressive axial loads with a maximum 

magnitude of approximately 675 kN (Figure 6-17 (d)).  
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Figure 6-17 Response of the test pile: (a) axial strain profiles due to cooling, (b) axial strains profiles due to heating, 

(c) axial load profiles at the end of cooling, and (d) axial load profiles at the end of heating (tension positive) (adapted from 

Amatya et al., 2012, data from Bourne-Webb et al., 2009) 

6.3.4 Monash University, Melbourne, Australia 

Bouazza and his co-workers (Bouazza, 2011; Singh et al., 2015b; Wang et al., 2015a; Faizal & Bouazza, 

2016) investigated the behaviour of a single thermo-active pile, which was installed on the campus of 
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Monash University in Melbourne, Australia, subjected to thermo-mechanical loading. Although its 

thermal performance was also tested (Singh et al., 2015a; Singh et al., 2015b; Faizal & Bouazza, 2016; 

Faizal et al., 2016a), it will not be discussed here. The pile is 600 mm in diameter and was drilled to a 

depth of 16.1 m in the Brighton Group formation which consists of 2.5 m of sandy clay overlaying 

dense sand. The groundwater table was not found during pile installation. The mechanical load was 

applied through two Oesterberg Cells (O-cells) placed at depths of 10 and 14 m. The pile was 

instrumented with vibrating wire strain gauges, vibrating wire displacement transducers, as well as 

thermistors. Additionally, two boreholes located 0.5 and 2 m away from the pile provided soil 

temperature measurements.  

As part of the testing programme, Wang et al. (2015a) applied loading and unloading cycles to the upper 

section of the pile by employing the upper O-cell, which allowed for determination of the ultimate shaft 

resistance. The test was repeated five times: before thermal loading, following heating by 20 °C over 9 

days, following natural cooling for 47 days, following reheating by 28 °C over 52 days and following 

the final natural cooling for 78 days. The resulting load-displacement curves are plotted in Figure 6-18. 

It can be observed that after both heating periods, the ultimate shaft resistance increased at least to the 

maximum load the O-cell could apply. The authors attributed this behaviour to the increase in the radial 

stress due to expansion of the pile and the surrounding soil. It should be noted that no explanation 

regarding the effects of temperature on soil strength was provided. Furthermore, after the cooling stages, 

the ultimate shaft resistance reduced to approximately its initial value prior to thermal cycles, suggesting 

that the pile response is thermo-elastic.  

 

Figure 6-18 Upper O-cell load versus upper pile cumulative average shaft displacement (Wang et al., 2015a) 

6.3.5 Denver Housing Authority Senior Living Facility, Colorado, USA 

Heating and cooling of the Denver Housing Authority Senior Living Facility in Denver, Colorado is 

provided through two thermo-active piles underneath this eight storey building coupled with a borehole 

ground source energy system. The remaining piles forming the foundations of the building are non-
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thermo-active. The behaviour of the geothermal piles under operational conditions was studied by 

Murphy and McCartney (McCartney & Murphy, 2012; Murphy & McCartney, 2012, 2015). Pile A is 

14.8 m long and is located below an interior column, whereas the 13.4 m long Pile B is below an external 

wall. Both piles are 910 mm in diameter. The design loads are 3.84 MN and 3.65 MN for Pile A and 

Pile B, respectively. Both piles were instrumented with vibrating wire strain gauges and thermistors. 

The ground stratigraphy consists of 3 m of fill (clayey sand with gravel), 4.6 m of sand and gravel 

underlain by Denver Blue Shale claystone. Perched groundwater was found at depths of 6.4 to 8.2 m. 

The thermally-induced axial strain (i.e. 휀𝑇−𝑂𝑏𝑠) associated with different temperature changes, which 

were calculated by subtracting the mechanical strains due to self-weight of the building (휀𝑀) from the 

total measured strains (휀𝑇𝑜𝑡𝑎𝑙), are shown in Figure 6-19 (a) and (b). Figure 6-19 (c) and (d) plot the 

axial stresses due to mechanical loading, as well as the total (TM) axial stresses at the end of the heating 

stage of two thermal cycles. The latter was obtained by adding the axial stresses due to mechanical 

loading to the axial stresses calculated from the restrained strains (see Equation ( 6-3 )). The results 

show that the pile toe was restrained more than the pile head leading to smaller observed strains and a 

larger increase in the axial stress due to heating in the lower part of the pile. Murphy & McCartney 

(2015) concluded that the magnitudes of thermally-induced axial stresses are below those that may 

cause structural damage. The axial stresses at the end of the cooling stages were not analysed.  

 

Figure 6-19 Thermally-induced axial strain profiles for (a) Pile A and (b) Pile B, and mechanical, and total (TM) axial 

stresses after heating by 14 °C in (c) Pile A and (d) Pile B (compression positive) (Murphy & McCartney, 2015) 
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6.3.6 US Air Force Academy, Colorado, USA 

Murphy et al. (2014, 2015) investigated the response of eight thermo-active piles which form the 

foundations of a single storey building at the US Air Force Academy in Colorado. The piles are 15.2 m 

long, 610 mm in diameter and are located beneath the perimeter of the 27.4 m by 12.2 m building. Each 

pile is equipped with vibrating wire strain gauges and thermistors. The ground conditions at the site are 

characterised by sandy fill up to 1 m depth, very dense sand up to 2 m depth and sandstone extending 

below the pile bases. No groundwater was found within the top 16 m. 

Once the construction of the building was completed, four of the piles were subjected to a thermal 

response test. Figure 6-20 (Murphy et al., 2015) shows the responses of three of those piles where Pile 

1 and Pile 4 are located beneath two opposite sides of the building, whereas Pile 3 is installed beneath 

the corner of the building. The thermally-induced axial strains (i.e. 휀𝑇−𝑂𝑏𝑠) were obtained by subtracting 

the strains due to the mechanical load from the total measured strains. Then, the thermally-induced axial 

stresses were calculated from the restrained strains (see Equation ( 6-3 )). It can be observed that the 

results obtained during the temperature-increase stages are similar to those corresponding to the same 

pile temperatures during temperature-decrease, which suggests elastic behaviour. As in the previously 

described study, the authors concluded that the additional strains and stresses induced by temperature 

changes are not large enough to cause damage to the building.  

 

Figure 6-20 Profiles of thermally-induced axial strains and stresses due to heating (full symbols) and cooling (empty 

symbols) for: (a) Pile 1, (b) Pile 3 and (c) Pile 4 (compression positive) (Murphy et al., 2015) 

6.3.7 Virginia Tech, Blacksburg, Virginia, USA 

Abdelaziz (2013) carried out a number of tests on four piles installed at Virginia Tech. Although tests 

involving thermal loading were performed on all piles, only one was subjected to both mechanical and 

thermal loads. All piles were 30.5 m long and 250 mm in diameter. The ground profile consists of 
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12.2 m of silty sand, below which is weak shale. The water table was found deep in the shale. The pile 

was first loaded to its ultimate load of 1334 kN and then a number of heating/cooling cycles was applied 

under constant axial load. Pile temperature, strain, head displacement was measured throughout the test. 

The measured strains showed almost no deformation over the lower part of the pile located in the shale 

layer, resulting in maximum thermally-induced axial load changes. In the upper part of the pile (i.e. 

within the silty sand layer), the observed strains were found to be recoverable during the first thermal 

cycles, however, some residual strains were measured during following thermal cycles.  

Later, the same test site was used by Olgun & Bowers (2016) who investigated the use of geothermal 

piles for de-icing of bridge decks. The authors demonstrated that this technology can be successfully 

used without the aid of a heat pump.  

6.3.8 Texas A&M University, Texas, USA 

The behaviour of geothermal tension piles installed at the Texas A&M University was studied by 

Akrouch et al. (2014). The pile subjected to mechanical and thermal loading was in a group of eight 

piles which were 5.5 m long and 180 mm in diameter. The ground profile consists of 5.5 m of very stiff 

clay, 1 m layer of sand where the water table was found, 6.5 m of very stiff clay and hard clay extending 

to a depth of 50 m. Five load tests, with tensile forces of 40, 100, 150, 200 and 256 kN applied to the 

pile, were performed. Following each mechanical loading stage, the pile was heated by 10 – 15 °C, and 

then cooled naturally. Throughout the test, pile strains, temperatures and head displacements were 

measured using strain gauges, thermocouples and dial gauges. The authors found that the magnitude of 

the compressive axial load induced by an increase in temperature was insignificant compared to the 

axial load due to the mechanical loading. The results of the cooling stage, during which additional 

tensile forces would have been observed, were not analysed.  

6.3.9 Other field tests 

Ouyang (2014) reported two in situ tests involving geothermal piles in Central London. The first test 

was a Thermal Response Test performed on a 24 m long, 300 mm diameter pile located on a site adjacent 

to the Waterloo Station. Its objective was to investigate the short term behaviour of a pile subjected to 

thermal cycles in addition to determining the thermal properties of the soil. Similar to the Lambeth 

College test (Bourne-Webb et al., 2009), it was found that both ends of the pile expanded/contracted as 

a free body, whereas maximum restraint (and maximum axial load change) was observed around the 

middle of the pile.  

The second test was designed to provide long term monitoring of operational thermo-active piles which 

are part of the foundation system at the Bankside NEO Project located adjacent to Tate Modern. Out of 

130 geothermal piles, two were instrumented with OFS for both strain and temperature measurements 

and one pile was equipped with OFS for temperature measurements only. The three piles have diameters 

of 1200 mm and vary in length from 30 to 50 m, as well as design load from 700 to 13,000 kN. Ouyang 
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(2014) presented only preliminary results of a heating/cooling test, performed after the construction of 

the building was complete, and concluded that combined loads due to the mechanical and thermal 

loading were within the designed pile capacity. However, it should be noted that small temperature 

changes (less than ±5 °C), which were considered as operational temperatures by the authors, were 

applied to the pile during this test.  

There are a number of other field tests on geothermal piles with limited published data. For example, 

Sutman et al. (2015) presented results of a heating test performed on a thermo-active pile in Richmond, 

Texas, USA, whereas Habert et al. (2016) showed some strain and temperature measurements in a 

geothermal pile under a residential building in Gonesse, France. The behaviour of Cement Fly-ash 

Gravel (CFG) piles in Shunyi, Beijing, China was investigated by You et al. (2016). 

6.4 Laboratory studies 

6.4.1 Centrifuge modelling 

Centrifuge modelling can provide valuable information on the mechanisms involved in the behaviour 

of thermo-active piles. Due to shorter timescales, as well as lower costs compared to full-scale field 

tests, centrifuge tests allow parametric studies on various factors affecting the pile response to be 

conducted under controlled conditions. Moreover, the results can be used to validate numerical models 

(McCartney, 2013). However, as the temperature is independent of the increased body forces, 

increasing the g-level does not alter the heat transfer process. According to the scaling laws, conduction 

of heat is 𝑁2 times faster in the model, where 𝑁 is the ratio of centripetal acceleration of the centrifuge 

to that of Earth’s gravity, such that, at a given time, the volume of soil subjected to temperature changes 

is greater in the model than in the prototype (McCartney, 2013). Therefore, the results obtained from 

centrifuge tests may not be directly applicable for design (Ng et al., 2014). 

Tests at University of Colorado, Boulder, Colorado, USA 

The centrifuge tests at the University of Colorado were performed under a g-level of 24 and involved 

concrete piles of various sizes. Two soil types – Bonny Silt and dry Nevada Sand, were studied. The 

details of the tests are summarised in Table 6-1. 

McCartney et al. (2010) investigated the effect of temperature change on the pile capacity and found 

that a pile which was heated by 35 °C (Pile 2, see Table 6-1) had 1.6 times greater capacity than a pile 

subjected only to a mechanical load (Pile 1). The authors attributed this behaviour to an increase in side 

friction and horizontal stresses caused by expansion of the pile and soil. Conversely, Pile 2, which was 

cooled by 30 °C after being heated to 35 °C (i.e. an increase of 5 °C from the ambient temperature), 

showed only 1.2 times greater capacity than Pile 1 due to the reduction in horizontal stresses during 

cooling. The load-settlement curves for the three tests are plotted in Figure 6-21 (McCartney et al., 
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2010). McCartney & Rosenberg (2011), who performed similar tests, observed 40 % increase in the 

side shear resistance on a pile heated by 41 °C (Pile 4, see Table 6-1).  

 

Figure 6-21 Measured load-settlement curves in Test 1 (Pile 1), Test 2 (Pile 2) and Test 3 (Pile 3) (McCartney et al., 2010) 

The response of an end-bearing pile was studied by Stewart & McCartney (2012, 2014). The end-

bearing condition was imposed by resting the toe of the pile on the rigid base of the container. The 

maximum thermally-induced axial load was observed near the pile toe where the pile movement was 

restricted. The magnitude of the additional compressive forces due to heating was found to be 

significantly greater than those induced during the mechanical loading. Furthermore, application of a 

number of heating and cooling cycles showed little change in the pile response between the cycles.  

Goode et al. (2014) and Goode & McCartney (2014, 2015) compared the behaviour of friction and end-

bearing piles, as well as the effect of two soil types – Bonny Silt and dry Nevada Sand, by performing 

a number of tests with different mechanical and thermal loading conditions. The friction piles installed 

in the sand showed a very small change in the ultimate capacity and the measured total strains were 

close to the free thermal strains suggesting little restriction from the soil. Conversely, the capacity of 

the friction piles in the silt increased following the heating stage. For both foundation types, the 

thermally-induced axial forces were greater in the piles installed in silt than the dry sand. The authors 

attributed this to larger initial horizontal stresses in Bonny Silt. Moreover, the thermally-induced axial 

loads were found to be smaller in the friction piles than the end-bearing piles due to a more effective 

restraint at the base in the latter case.  
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Table 6-1 Centrifuge tests at University of Colorado 

Reference Soil type Pile details Loading sequence 

McCartney 

et al. (2010) 

Bonny Silt 3 piles 

𝐷 = 76.2 mm (1.8 m) 

𝐿 = 381 mm (9.1 m) 

1. Loading to 800 kN 

2. Pile 1: Δ𝑇 = 0 

Pile 2: Δ𝑇 = +35 °C 

Pile 3: Δ𝑇 = +35 °C & Δ𝑇 = −30 °C 

3. Loading to failure 

McCartney 

& Rosenberg 

(2011) 

Bonny Silt 4 piles 

𝐷 = 76.2 mm (1.8 m) 

𝐿 = 381 mm (9.1 m) 

1. Loading to total displacement of 5 mm 

2. Pile 1 & 2: Δ𝑇 = 0 

Pile 3: Δ𝑇 = +29 °C 

Pile 4: Δ𝑇 = +41 °C 

3. Loading to failure 

Stewart & 

McCartney 

(2012) 

Bonny Silt 1 pile 

𝐷 = 50.8 mm (1.2 m) 

𝐿 = 533.4 mm (12.8 

m) 

1. Loading to 303 kN 

2. Δ𝑇 = +45 °C 

3. Δ𝑇 = −42 °C 

4. Unloading 

Goode et al. 

(2014) 

dry Nevada 

Sand 

1 pile 

𝐷 = 63.5 mm (1.5 m) 

𝐿 = 342.9 mm (8.2 m) 

1. Loading to 360 kN 

2. Δ𝑇 = +7 °C / Δ𝑇 = +12 °C / Δ𝑇 =

+18 °C 

3. Loading to failure 

Goode & 

McCartney 

(2014) 

dry Nevada 

Sand 

1 pile 

𝐷 = 63.5 mm (1.5 m) 

𝐿 = 533.4 mm (12.8 

m) 

1. Test 1: loading to 1270 kN (load-

controlled) 

Test 2: loading to 1350 kN (stiffness-

controlled) 

2. Δ𝑇 = +10 °C 

Stewart & 

McCartney 

(2014) 

Bonny Silt 1 pile 

𝐷 = 50.8 mm (1.2 m) 

𝐿 = 533.4 mm (12.8 

m) 

1. Loading to 443 kN 

2. Δ𝑇 = +9 °C 

3. 4 thermal cycles Δ𝑇 = ±10 °C 

Goode & 

McCartney 

(2015) 

Bonny Silt 

dry Nevada 

Sand 

2 piles 

𝐷 = 63.5 mm (1.5 m) 

Pile 1: 𝐿 = 342.9 mm 

(8.2 m) 

Pile 2: 𝐿 = 533.4 mm 

(12.8 m) 

1. Loading to 360 kN / 1200 kN / 1000 

kN 

2. Δ𝑇 = +7 °C / Δ𝑇 = +12 °C / Δ𝑇 =

+18 °C 

3. Loading to failure 

Note: dimensions in brackets represent prototype scale; applied loads in prototype scale; 𝐷 - pile diameter, 𝐿 – pile length 
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Tests at Hong Kong University of Science and Technology, Hong Kong 

The details of the centrifuge tests performed at the Hong Kong University of Science and Technology 

are summarised in Table 6-2. Both tests involved friction piles made of aluminium tubing subjected to 

g-levels of 40.  

Ng et al. (2014) studied the effect of overconsolidation ratio of Kaolin on the response of two piles. Pile 

1 was installed in a lightly overconsolidated sample with OCR of 1.7, whereas Pile 2 was placed in 

heavily overconsolidated soil with OCR of 4.7. The two piles were first loaded mechanically (see Table 

6-2) and then subjected to 5 thermal cycles. In both cases, a ratcheting settlement pattern shown in 

Figure 6-22 was observed. At the end of the test, the cumulative settlement of Pile 1 was estimated as 

3.8 % of its diameter, whereas for Pile 2, it was only 2.1 % of its diameter. Clearly, the soil 

overconsolidation ratio is an important factor when considering the long-term serviceability of 

geothermal foundations. The authors explained that the larger settlement of Pile 1 may be due to plastic 

contraction of the soil which was observed in a number of laboratory experiments on normally 

consolidated and light overconsolidated soils (see Chapter 4). In the case of highly overconsolidated 

clays, plastic contraction was observed to take place at higher temperatures, hence smaller total 

settlement. Furthermore, the settlement pattern in both pile tests showed that the amount of irreversible 

deformation reduced in each thermal cycle. 

 

Figure 6-22 Net displacement with temperature of (a) Pile 1, OCR=1.7 and (b) Pile 2, OCR=4.7 (Ng et al., 2014) 

The behaviour of piles installed in saturated sand and subjected to different thermo-mechanical loading 

sequences was investigated by Ng et al. (2015). Pile 1 and Pile 2 were first heated and then loaded 

mechanically, whereas Pile 3 was loaded to 835 kN, heated and then loaded mechanically again. For 

comparison, a reference pile was also loaded mechanically at the ambient temperature. The resulting 

load-settlement curves are plotted in Figure 6-23. It was found that heating Pile 1 and Pile 2 by 15 and 

30 °C, respectively, increased their capacities by 13 % and 30%, respectively, compared to the reference 

pile. The authors also observed that the percentage increase in shaft resistance was larger in Pile 1, 

whereas the increase in base resistance was greater in Pile 2. This suggests that, for a smaller 

temperature rise, the increase in pile capacity arises mostly from the changes along the shaft. 
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Conversely, in the case of heating to 30 °C, a larger thermal expansion of the pile and the soil mobilises 

a greater resistance at the base resulting in an increase in pile capacity.  

 

Figure 6-23 Measured load-settlement curves in a reference pile (RP), Pile 1 (EP1), Pile 2 (EP2) and Pile 3 (EP3) (Ng et 

al., 2015) 

Table 6-2 Centrifuge tests at Hong Kong University of Science and Technology 

Reference Soil type Pile details Loading sequence 

Ng et al. 

(2014) 

Kaolin 

OCR 1.7 & 

4.7 

2 piles 

𝐷 = 22 mm (0.88 m) 

𝐿 = 420 mm (16.8 m) 

1. Pile 1 (OCR=1.7): loading to 96 kN 

Pile 2 (OCR=4.7): loading to 192 kN 

2. Δ𝑇 = +13 °C 

3. 5 thermal cycles Δ𝑇 = ∓22 °C 

Ng et al. 

(2015)  

Toyoura 

Sand 

3 piles 

𝐷 = 22 mm (0.88 m) 

𝐿 = 600 mm (24 m) 

Pile 1: 

 

1. Δ𝑇 = +15 °C 

2. Loading to failure 

Pile 2: 

 

1. Δ𝑇 = +30 °C 

2. Loading to failure 

Pile 3: 1. Loading to 835 kN 

2. Δ𝑇 = +30 °C 

3. Loading to failure 

Note: dimensions in brackets represent prototype scale; applied loads in prototype scale; 𝐷 - pile diameter, 𝐿 – pile length 

 

6.4.2 Physical modelling 

Similar to centrifuge modelling, scaled laboratory studies are inexpensive compared to full scale field 

tests and allow multiple tests under controlled conditions to be carried out in relatively short timescales. 

However, there are a few issues which limit their representativeness. For example, the stresses in the 

soil are significantly lower than that in the field, which affects the interaction between the pile and the 

soil. In order to improve on this limitation, a surcharge pressure is sometimes applied to the soil surface 
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(Tang et al., 2013). The influence of the test chamber boundary can also be problematic, therefore, the 

size of the chamber and the diameter of the pile must be chosen carefully. Moreover, the nature of the 

chamber wall, that is flexible or rigid, affects the minimum chamber size, with rigid walls requiring 

larger chambers (Tang et al., 2013). The ratio between the soil grain size and the pile dimensions must 

also be considered as it determines how realistic the model is (Tang et al., 2013). Nonetheless, scaled 

tests can be used to obtain a general view of the pile behaviour. 

Tests at Monash University, Melbourne, Australia 

Wang et al. (2011) and Wang et al. (2012a) performed loading and unloading tests on a steel pile 

subjected to various temperature changes (see Table 6-3). The pile was installed in fine silica sand or 

silica flour with low degree of saturation. The tests showed a reducing pile shaft capacity with increasing 

temperature. However, when the pile was cooled back to the initial temperature, a recovery in the 

capacity was observed. The authors attributed this behaviour to migration of moisture away from the 

pile during heating and towards the pile during cooling. It should be noted that the trend of reducing 

pile capacity with increasing temperature is opposite to that observed in the field tests by reported Wang 

et al. (2015a) and centrifuge tests by performed by McCartney et al. (2010) and Ng et al. (2015). 

Table 6-3 Physical modelling at Monash University 

Reference Soil type Pile details Loading sequence 

Wang et al. 

(2011) 

silica fine sand 

silica flour 

𝐷 = 25.4 mm Mechanical loading & unloading at ambient 

temperature and following heating by 15 °C 

Wang et al. 

(2012a) 

silica fine sand 𝐷 = 25.4 mm Mechanical loading & unloading at 20 °C (i.e. 

ambient temperature), 40 °C, 20 °C, 60 °C and 

20 °C 

Note: 𝐷 - pile diameter 

 

Tests at École des Ponts ParisTech, Paris, France 

The scale tests carried out at École des Ponts ParisTech were performed by Kalantidou et al. (2012), 

Yavari et al. (2014a), Yavari et al. (2016b) and Nguyen et al. (2016) on a pile made of aluminium tubing 

and are summarised in Table 6-4.  

Various thermo-mechanical loading sequences were applied to a pile installed in dry Fontainebleau 

Sand. The tests showed that the heating and cooling cycles applied when the mechanical load was less 

than 30 – 40 % of the ultimate capacity resulted in an elastic pile response. Conversely, irreversible 

settlements were observed during thermal cycles performed at higher loads (Kalantidou et al., 2012; 

Yavari et al., 2014a). Nguyen et al. (2016) decoupled the thermal and mechanical responses and found 

that the irreversible settlement due to temperature changes was larger than the effect of creep, although 

the maximum cumulative settlement was measured as only 0.25 % of the pile diameter. It should also 
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be noted that Nguyen et al. (2016) coated the pile with a layer of Fontainebleau Sand in order to simulate 

roughness. 

The behaviour of a thermo-active pile installed in saturated Kaolin was studied by Yavari et al. (2016b). 

As in the tests by Nguyen et al. (2016), this pile was also coated with a layer of Fontainebleau Sand. It 

was found that the pile settlement after heating and cooling cycles was irreversible and that it increased 

with increasing applied axial load. Again, the displacement due to isothermal creep was shown to be 

smaller than that measured in the thermo-mechanical tests.  

Table 6-4 Physical modelling at École des Ponts ParisTech 

Reference Soil type Pile details Loading sequence 

Kalantidou 

et al. 

(2012) 

dry 

Fontainebleau 

Sand 

𝐷 = 20 mm 

𝐿 = 600 mm 

1. Mechanical loading (Test 1 – 0 N, Test 2 – 200 

N, Test 3 – 400 N, Test 4 – 500 N) 

2. 2 thermal cycles Δ𝑇 = ±25 °C 

Yavari et 

al. (2014a) 

dry 

Fontainebleau 

Sand 

𝐷 = 20 mm 

𝐿 = 600 mm 

Test 1 Loading to failure at ambient 

temperature 

Test 2 – 7 2 thermal cycles with Δ𝑇 = ±15 °C 

after loading to 0, 100, 150, 200, 250 or 

300 N 

Nguyen et 

al. (2016) 

dry 

Fontainebleau 

Sand 

𝐷 = 20 mm 

𝐿 = 600 mm 

Test 1 Thermal cycle with Δ𝑇 = ±1 °C after 

loading to 0, 100, 150, 200, 250 and 

300 N 

Test 2 Thermal cycle with Δ𝑇 = ±1 °C after 

loading to 0, 100, 150, 200, 250 and 

300 N, with each loading stage followed 

by unloading 

Yavari et 

al. (2016b) 

Kaolin 𝐷 = 20 mm 

𝐿 = 600 mm 

Test 1 Loading to failure at ambient 

temperature 

Test 2 – 6 Thermal cycle with Δ𝑇 = ±5 °C after 

loading to 100, 150, 200, 250 or 300 N 

Note: 𝐷 - pile diameter, 𝐿 – pile length 

 

Other tests 

The details of other scaled laboratory tests on geothermal piles are summarised in Table 6-5. 

Kramer & Basu (2014) carried out pile loading tests at the ambient laboratory temperature of 20 °C and 

at elevated temperature of 40 °C. A small increase in capacity was observed in the heated pile.  
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The behaviour of friction and end-bearing piles subjected to thermal loads was studied by Rafiei et al. 

(2016). In both cases, significant compressive and tensile axial loads were found during heating and 

cooling, respectively. Additionally, some irreversible settlement was measured. However, it should be 

noted that large temperature changes were applied to the pile and no comparison was made with the 

response of the pile to a mechanical load.  

Wang et al. (2016a), who performed a heating and cooling cycle prior to and after the application of the 

mechanical load, observed that the heave during heating without the load was larger than that under the 

load. Furthermore, residual thermally-induced strains were measured after a thermal cycle. 

Table 6-5 Summary of other scaled tests 

Reference Soil type Pile details Loading sequence 

Kramer & 

Basu (2014) 

Ottawa 

Sand 

𝐷 = 100 mm 

𝐿 = 1.2 m 

concrete 

Test 1 Loading to failure at ambient temperature 

(20 °C) 

Test 2 Loading to failure at 40 °C 

Rafiei et al. 

(2016) 

fine sand 𝐷 = 28 mm 

𝐿 = 535 mm 

steel 

2 thermal cycles with Δ𝑇 = ±25 °C 

Wang et al. 

(2016a) 

dry 

Nanjing 

Sand 

𝐷 = 104 mm 

𝐿 = 1.4 m 

concrete 

Test 1 Loading to failure at ambient temperature 

Test 2 1. Thermal cycle Δ𝑇 = ±20 °C 

2. Loading to 10 kN 

3. Thermal cycle Δ𝑇 = ±20 °C 

Note: ∅ - pile diameter, 𝐿 – pile length 

 

6.5 Numerical studies 

Although the field and laboratory studies provide an invaluable insight into the behaviour of geothermal 

piles, a number of aspects require further investigation. Numerical modelling is a significantly less 

expensive and time consuming approach to studying thermo-active piles. Provided that the numerical 

approach is adequately validated, it allows for extensive studies examining the effect of a number of 

variables (e.g. pile geometry, soil properties, boundary conditions, etc.) on the pile behaviour. 

Furthermore, it is possible to investigate the long-term response, which, due mostly to logistical 

difficulties, has not been addressed by any of the field or laboratory studies. This section presents 

numerical studies which have been undertaken in order to better understand the behaviour of geothermal 

piles. The modelling approaches include the load-transfer method, as well as finite difference and finite 

element methods. 
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6.5.1 Load-transfer approach 

The load transfer (or t-z) method is, due to its simplicity, a widely used numerical method for analysing 

the response of axially loaded piles. The approach was originally proposed by Seed & Reese (1957) 

and Coyle & Reese (1966), and is based on dividing the pile into elements along its length. The 

connection between the elements is modelled with springs representing the pile axial stiffness, as shown 

in Figure 6-24 (Knellwolf et al., 2011). The interaction between the pile and the soil is also modelled 

with springs which approximate the soil stress-strain behaviour. Load-transfer (t-z) functions assigned 

to these springs define the relationship between the load on the pile shaft (t) and the pile displacement 

(z) (Randolph & Gourvenec, 2011). Numerous load-transfer functions have been proposed varying from 

linear to non-linear and elastic to elasto-plastic (Bailie, 2013). 

 

Figure 6-24 Load transfer model of axially loaded pile (Knellwolf et al., 2011) 

A number of researchers extended the original load-transfer method to account for the effects of 

temperature changes in geothermal piles. Knellwolf et al. (2011) and Peron et al. (2011) developed a 

software called Thermo-Pile where the pile-soil interaction was modelled as elasto-plastic with the load-

transfer functions proposed by Frank & Zhao (1982) shown in Figure 6-25 (Knellwolf et al., 2011). 

Radial displacements were neglected and both the soil and pile properties were assumed to be 

independent of temperature. The restraining effect of the structure during thermal loading is represented 

by an additional spring at the head of the pile. The response to combined mechanical and thermal 

loading is computed by considering the two types of loading separately – first the mechanical and then 

the thermal. The strains due to thermal loading are calculated by an iterative procedure (see Knellwolf 

et al., 2011). 

Knellwolf et al. (2011) and Peron et al. (2011) calibrated the load-transfer functions shown in Figure 

6-25 using the results of the single pile tests at EPFL and Lambeth College. The authors also present an 

exploratory study involving a homogenous soil and three pile types: end-bearing, floating (i.e. friction) 
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and semi-floating (i.e. where the loads are transferred to the soil through both the base and the pile 

shaft). However, it should be noted that the load-transfer function parameters used in these hypothetical 

scenarios are different from those calibrated for the EPFL and Lambeth College tests. 

 

Figure 6-25 Load-transfer functions proposed by Frank & Zhao (1982) for (a) shaft friction (𝑡𝑠), and (b) base load (𝑡𝑏) used 

in Thermo-Pile software (Knellwolf et al., 2011) 

The Thermo-Pile software was later used by Mimouni & Laloui (2014) to study the serviceability of 

geothermal piles designed with different factors of safety on the axial load. Again, the three types of 

piles were investigated: end-bearing, floating and semi-floating. Figure 6-26 shows the displacement of 

pile head due to various temperature changes. The results suggest that increasing the factor of safety 

has a negative effect on the pile head displacement implying that over-designing a thermal pile may be 

inefficient in terms of serviceability (Mimouni & Laloui, 2014). However, it should be noted that no 

explanation of the mechanisms involved was provided, and therefore, further investigation into this 

response is required. 

 

Figure 6-26 Pile head displacement for: (a) end-bearing pile, (b) semi-floating pile, and (c) floating pile (Mimouni & 

Laloui, 2014) 
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Similar to Knellwolf et al. (2011), Burlon et al. (2013) also adopted the load-transfer function by Frank 

& Zhao (1982) (Figure 6-25). By performing numerous parametric studies, the authors proposed design 

charts for geothermal piles. For example, Figure 6-27 (a) plots the axial displacement against axial load 

at the pile head, whereas Figure 6-27 (b) shows the ratio of the thermally induced mobilised shaft 

resistance, 𝑅𝑠,𝑚, to the initial mobilised shaft resistance at the mechanical loading stage, 𝑅𝑠,𝑚,𝑖. The 

solid lines correspond to different temperature changes and the dashed lines indicate different stiffness 

of the spring representing the head restraint. Note that the horizontal and vertical axes correspond to a 

free pile head and a fully restrained pile head condition, respectively.  

 

Figure 6-27 Design charts for: (a) axial displacement – axial load at pile heat, and (b) mobilised shaft resistance (Burlon et 

al., 2013) 

A number of researchers used the load-transfer approach to study the cyclic behaviour of thermo-active 

piles. For example, Ouyang et al. (2011) and Ouyang (2014) developed a model which simulates the 

permanent displacements and the degradation of the soil stiffness during thermal reloading. It should 

be noted that the stiffness was assumed not to degrade during the initial thermal loading, as well as 

unloading, whereas further thermal cyclic load was assumed to result in a similar degradation 

mechanism as mechanical cyclic loads due to lack of experimental research on its effects. The model 

was used to simulate the Lambeth College test producing satisfactory results. 

The same load-transfer model was also used to produce design charts for thermo-active piles installed 

in London Clay published by the GSHP Association (2012). Figure 6-28 shows an example of a design 

chart in terms of the maximum change in the pile axial stress due to heating or cooling for piles with 

diameter of 0.6 m and length varying from 10 to 30 m. Similar charts were produced for pile diameters 

of 0.9 and 1.2 m. The analyses performed to obtain these charts involved firstly loading the pile 

mechanically to a factor of safety of 2.0 or 2.6, and subsequently, heating or cooling the pile by 10 or 

20 °C. In Figure 6-28, the lower limit of the shaded area corresponds to analyses with factor of safety 

of 2.0, whereas the results with factor of safety of 2.6 are represented by the upper limit. However, it 

should be noted that the obtained values of the maximum thermally-induced stress appear to be 
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significantly lower than those observed in the Lambeth College field test, despite the load-transfer 

method having been calibrated to reproduce the observed behaviour. Another set of design charts was 

produced for estimating the pile head settlement. For example, Figure 6-29 plots the settlement due to 

50 cycles of cooling and heating with an amplitude of 10 or 20 °C. Again, analyses were performed for 

pile lengths ranging from 10 to 30 m and pile diameters of 0.6 and 1.2 m. The lower limits in Figure 

6-29 were obtained for diameter of 0.6 m, whereas the upper limits for diameter of 1.2 m. However, as 

the formulation of the model is not based on experimental tests involving thermal cycling, these results 

should be interpreted with caution.   

 

Figure 6-28 Maximum increase or reduction in pile axial stress due to heating or cooling (compression positive) (GSHP 

Association, 2012) 

 

Figure 6-29 Maximum pile head settlement due to 50 thermal cycles (GSHP Association, 2012) 

The cyclic load-transfer model developed by Randolph & Jewell (1989) was further developed by Bailie 

(2013) who modified the shaft pre-peak load-transfer function and accounted for the base response, as 

well as cyclic thermal effects. Axial thermal contraction and expansion were considered, however the 

effects of temperature on soil properties were neglected. The functions were implemented into Oasys 
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Pile software (Oasys, 2013) which was then used to reproduce the Lambeth College test. The computed 

axial load and shaft resistance showed a good match with the measured data.  

Suryatriyastuti (2013) and Suryatriyastuti et al. (2014a) adapted the load-transfer model presented by 

Burlon et al. (2013) by implementing t-z functions which are able to describe cyclic strain 

hardening/softening behaviour and allow for cyclic degradation of the interface between pile and soil. 

The authors used the model to study the effect of temperature cycles on the response of piles with free 

and restrained heads.  

The pile response to long-term cyclic heating and cooling was also investigated by Pasten & 

Santamarina (2014) who developed a load-transfer approach similar to that of Knellwolf et al. (2011). 

However, unlike Knellwolf et al. (2011), the authors adopted a linear elastic-perfectly plastic t-z 

function and modelled an increase in stiffness with depth.  

An alternative approach to the classic load-transfer analysis was proposed by Abdelaziz (2013) and 

Abdelaziz & Ozudogru (2016a) who combined the finite element method to simulate the heat transfer 

in the pile and the soil with the load-transfer method to approximate the pile thermally-induced stresses, 

thus allowing for modelling of temperature and stresses which vary within the pile. However, it should 

be noted that the THM response of the soil was not considered.  

Although the load-transfer approach is a simple and computationally inexpensive numerical method, it 

has major limitations. Firstly, it requires the load-transfer relationship to be known. However, since a 

number of variables, such as pile geometry or soil strength and stiffness, influence the load-transfer 

behaviour, the method is largely case specific. This means that a large database of empirical data, which 

is not currently available for geothermal piles, is necessary. Secondly, the approach assumes that the 

surrounding soil is thermally inert and its behaviour does not change with temperature. However, as it 

will be shown in Chapter 7, pile behaviour is significantly influenced by the time-dependent soil 

response, as well as the soil properties.  

6.5.2 Finite difference modelling 

The finite difference method allows for simulation of the thermo-hydro-mechanical interactions in 

porous media, and hence, is capable of reproducing a more realistic pile response than the load-transfer 

models. Recently, the finite difference code FLAC (Itasca Consulting Group, 2017) has been used by a 

number of researchers to study the behaviour of geothermal piles.   

Suryatriyastuti and her co-workers focused on investigating the effect of the pile-soil interface on the 

response of single piles, as well as pile groups (Suryatriyastuti, 2013; Suryatriyastuti et al., 2012, 2013, 

2014a, b; Suryatriyastuti et al., 2016). The studies involved 3D thermo-mechanical analyses with heat 

transfer by conduction only in the soil. The pile and the soil were modelled as elastic, although with 

different coefficients of thermal expansion. The zero thickness interface elements placed along the pile 
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shaft were modelled with the Modjoin constitutive model developed by Shahrour & Rezaie (1997) 

where the elastic behaviour is defined by a normal and a shear stiffness, whereas the elasto-plastic 

behaviour is simulated with two Mohr-Coulomb-type surfaces – a cyclic yield surface and a bounding 

surface (see Figure 6-30). Hence, the model accounts for degradation during cyclic loading and 

contractive-dilative behaviour. The authors investigated the effects of interface contact demonstrating 

that a perfect contact results in smaller pile displacements and larger normal pile forces compared to 

frictional contact. Additionally, the response of a pile group, as well as single piles with different head 

restraint conditions (free and fully restrained), to cyclic thermal loading was studied. However, it should 

be noted that the modelling approach was not validated against any field or experimental data.  

 

Figure 6-30 Bounding and yield surfaces in Modjoin model by Shahrour & Rezaie (1997) (Suryatriyastuti et al., 2013) 

FLAC was also used by Vieira & Maranha (2016) who implemented a non-isothermal constitutive 

model and simulated a pile in normally consolidated Speshwhite Kaolin. The proposed constitutive 

model is based on the Modified Cam Clay model with the yield surface reducing in size with increasing 

temperature, similar to the model of Hueckel & Baldi (1990) and Hueckel & Borsetto (1990). As in 

other models described in Chapter 4, the hardening law leads to contractive volumetric strains when the 

material is heated in a drained manner. The isothermal model parameters were determined from 

laboratory tests on Speshwhite Kaolin, however, the non-isothermal parameters were chosen based on 

the results of Cekerevac & Laloui (2004). Unfortunately, no comparison of the model response with 

experimental data is presented. The model was used in axisymmetric thermo-mechanical analyses with 

transient heat conduction. Fully drained conditions were simulated. The authors investigated the effect 

of the magnitude of the mechanical load applied prior to temperature cycles. It was found that the piles 

loaded to higher levels experienced larger irreversible settlements as the mechanical load was closer to 

the pile’s capacity. Additionally, an analysis where the size of the yield surface was assumed to be 

independent of temperature showed smaller irreversible downward movements of the pile compared to 

the analysis with the original model formulation.  
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Fuentes et al. (2016) used another finite-difference software to examine the effect of thermally-induced 

pore water pressure on the pile response. A series of thermo-hydro-mechanical analyses, although 

neglecting heat advection (i.e. the hydraulic to thermal coupling), were performed. The parametric study 

involved varying the magnitudes of soil permeability and compressibility. For some combinations, the 

computed excess pore water pressures reached 200 kPa which may be higher than the horizontal stress 

on a pile. The authors concluded that in cases where permeability is 1 × 10-11 m/s or lower and soil 

compressibility is larger than 2 × 104 MPa, the thermally-induced pore water pressures may be 

significant. However, it should be noted that the latter limit refers to compressibility values which are 

considerably higher than those of typical soils.  

6.5.3 Finite element modelling 

The finite element method is the most widely used numerical approach for modelling thermo-active 

piles. The increased interest in geothermal structures has led to a number of finite element programs 

being upgraded to account for the effects of temperature changes. However, numerical simulations 

performed vary in complexity of the finite element formulation, from purely mechanical analyses, 

where the soil is thermally inert and volumetric changes are imposed to the pile only, to fully coupled 

THM analysis. Furthermore, the models employed to simulate the behaviour of soil range from linear-

elastic to advanced elasto-plastic constitutive models. 

Modelling of field and laboratory experiments 

In order to verify the applicability of finite element modelling, some researchers attempted to reproduce 

field or laboratory experiments. For example, the single pile test at EPFL (see Section 6.3.2) was back-

analysed by Laloui et al. (2006), Yavari et al. (2014b, 2015) and Perić et al. (2017). However, the three 

research groups adopted different modelling approaches. Laloui et al. (2006) conducted a coupled THM 

analysis using FE software GEFDYN (Aubry et al., 1995) where the soil was simulated with the 

Drucker-Prager elasto-plastic model. It should be noted that soil layers in which the pile is embedded 

(i.e. the alluvial clay and the moraine layers) were modelled as drained materials, hence only the thermo-

mechanical behaviour was simulated. The vertical pile head displacements were reproduced well, 

however, the axial stress in the upper part of the pile was underestimated during thermal loading. 

Conversely, purely mechanical analyses were performed by Yavari et al. (2014b) using PLAXIS 

(PLAXIS, 2017), with the soil assumed to be thermally inert and only the thermal expansion/contraction 

of the pile being modelled by imposing a uniform volumetric strain. It should be noted that this approach 

is not that dissimilar to the load-transfer method, in that it ignores any temperature effects on the 

surrounding soil. The soil was modelled as linear elasto-plastic with a Mohr-Coulomb failure criterion. 

In addition to the EPFL single pile test, Yavari et al. (2014b, 2015) also reproduced the Lambeth College 

test (see Section 6.3.3), as well as the laboratory experiments by Kalantidou et al. (2012) and Yavari et 

al. (2014a) (see Section 6.4.2). In all cases, the pile movements are generally in good agreement with 

those measured, although some discrepancies between the computed and measured axial strains were 
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observed. Lastly, Perić et al. (2017) used ABAQUS (Dassault Systèmes, 2017) to carry out two-stage 

THM analyses. In the first stage, the conductive heat transfer was simulated and the temperature field 

at the end of this stage was then used as the initial condition for the second stage which involved a 

coupled hydro-mechanical analysis. The soil behaviour was modelled as linear-elastic, although the 

anisotropy of the elastic material properties has been accounted for. It was shown that a better 

reproduction of the EPFL field test results, in terms of both displacements and stresses, can be achieved 

by simulating anisotropy compared to an isotropic soil model.   

The pile group study conducted at EPFL (see Section 6.3.2) was reproduced numerically by Di Donna 

et al. (2016), who analysed Stage 1 and 2, and Rotta Loria & Laloui (2016a, 2016b), who focused on 

Stage 4. Di Donna et al. (2016) used the LAGAMINE (Charlier, 1987) finite element software to carry 

out 3D coupled THM simulations. It should be noted that the pore water pressure generated due to 

temperature changes and the difference between thermal expansion coefficients of soil skeleton and 

water was also modelled. The soil behaviour was assumed to be linear elasto-plastic with a Mohr-

Coulomb failure criterion. Conversely, Rotta Loria & Laloui (2016a, 2016b) performed 3D coupled 

thermo-mechanical analyses with COMSOL (COMSOL, 2012a). Unlike in the previously described 

studies where a uniform temperature was applied over the pile length, Rotta Loria & Laloui (2016a, 

2016b) simulated the coupled water and heat flow inside the heat exchanger pipes. The behaviour of 

soil was modelled as linear-elastic. Both sets of numerical studies resulted in a good match between the 

measured and computed pile axial stresses, hence validating the two modelling approaches for the field 

conditions at EPFL. As the soil surrounding the upper half of the pile is characterised by relatively high 

permeability (and therefore were previously modelled as drained by Laloui et al. (2006)), it is possible 

that the hydraulic effects are small and can be neglected, which was assumed in the modelling procedure 

of Rotta Loria & Laloui (2016a, 2016b). 

In addition to Yavari et al. (2014b, 2015), Jeong et al. (2014) and Ozudogru et al. (2015b) also back-

analysed the Lambeth College pile test (see Section 6.3.3) in order to verify their modelling methods. 

Jeong et al. (2014) carried out thermo-mechanical analyses with COMSOL where the soil was modelled 

as linear elasto-plastic with a Mohr-Coulomb failure criterion. Unfortunately, only the axial load 

profiles due to the mechanical load and at the end of the cooling stage were presented. Although the 

initial mechanical loading stage was reproduced well, the reduction in axial load due to cooling was 

slightly overestimated. Ozudogru et al. (2015b) also used COMSOL, although the focus was on the 

modelling of the pile-soil interface, with no heat transfer in the soil being simulated (i.e. the analysis 

was purely mechanical). The behaviour of the surrounding soil was assumed to be linear elastic – 

perfectly plastic governed by a Tresca failure criterion. The properties of the interface elements were 

chosen as linear-elastic in the direction normal to the pile shaft and linear elastic – perfectly plastic, 

with the same undrained strength as the soil, in the tangential direction. The tangential interface stiffness 

was the object of a parametric study where the ratio of Young’s modulus to the undrained shear strength 
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at the Lambeth College site was varied in order to obtain the best reproduction of the Lambeth College 

test.  

Results of centrifuge tests involving geothermal piles (see Section 6.4.1) have also been used to validate 

numerical models. For example, Wang et al. (2014, 2015b) simulated centrifuge tests with unsaturated 

silt carried out at the University of Colorado by performing axisymmetric coupled THM analyses. Wang 

et al. (2014) modelled the soil as linear-elastic, whereas Wang et al. (2015b) employed an elasto-plastic 

model, however, no model details were provided and it is unclear how the unsaturated nature of the soil 

was taken into account. The pile strains and stresses computed by Wang et al. (2014) overpredict the 

changes observed in the experiment. Conversely, while the analyses carried out by Wang et al. (2015b) 

show a good match between the simulated and measured strains, the pile settlement is significantly 

underestimated. Similar numerical analyses, but involving fully saturated silt, were performed by Wang 

et al. (2012b). Unfortunately, no comparison with laboratory results was made.   

Rotta Loria et al. (2015a) reproduced the centrifuge tests on dry Nevada Sand carried out by Goode et 

al. (2014). The axisymmetric analyses involved thermo-mechanical coupling and were performed with 

the software LAGAMINE. The sand was modelled as linear elasto-plastic with a Mohr-Coulomb failure 

criterion. The experimental data was generally reproduced well, with small discrepancies between the 

computed and measured pile head displacements. The same modelling approach, although taking 

account of THM coupling, was adopted by Rotta Loria et al. (2015b) who simulated the centrifuge tests 

by Ng et al. (2015) on Toyoura Sand. The computed pile axial stresses are in a good agreement with 

those observed in the centrifuge.  

Numerical studies exploring single pile behaviour 

Several numerical studies involving FE have been carried out in order to investigate aspects affecting 

geothermal pile behaviour such as pile geometry, magnitude of thermal loads, mode of operation, 

boundary conditions or soil properties. However, it should be noted that not all numerical approaches 

were validated against field or laboratory experiments before any exploratory studies were performed. 

The numerical studies investigating the response of a single geothermal pile are summarised in Table 

6-6.   
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Table 6-6 Summary of exploratory numerical studies on single piles 

Reference 
FE software & 

analysis type 
Soil behaviour Pile details Validation 

Bodas 

Freitas et 

al. (2013) 

ADINA 

2D 

TM * 

Linear-elastic 𝐷 = 1 m 

𝐿 = 30 m 

- 

Gashti et 

al. (2014) 

COMSOL 

3D 

TM 

Linear-elastic 𝐷 = 0.22 m 

𝐿 = 20 m 

Single pile test at 

EPFL (Laloui et 

al., 2006) 

Olgun et 

al. (2014) 

COMSOL 

2D 

M & TM 

Linear elastic – perfectly 

plastic with Tresca failure 

criterion 

𝐷 = 0.6 m - 

Batini et 

al. (2015) 

COMSOL 

3D 

TM 

Linear-elastic 𝐷 = 0.9 m 

𝐿 = 9/18/36 m 

- 

Di Donna 

& Laloui 

(2015a) 

LAGAMINE 

2D 

THM 

Elasto-plastic with 

ACMEG-T model 

𝐷 = 0.8 m 

𝐿 = 20 m 

- 

Olgun et 

al. (2015) 

 

COMSOL 

2D 

TM 

Linear elastic – perfectly 

plastic with Mohr-

Coulomb failure criterion 

𝐷 = 0.6 m 

𝐿 = 20 m 

 

Ozudogru 

et al. 

(2015b) 

COMSOL 

2D 

M 

Linear elastic – perfectly 

plastic with Tresca failure 

criterion 

𝐷 = 0.6 m 

𝐿 = 20 m 

Lambeth College 

test (Bourne-Webb 

et al., 2009) 

Rotta 

Loria et 

al. 

(2015b) 

LAGAMINE 

2D 

THM 

Linear elastic – perfectly 

plastic with Mohr-

Coulomb failure criterion 

𝐷 = 0.88 m 

𝐿 = 19.6 m 

Hong Kong 

centrifuge test (Ng 

et al., 2015) 

Bourne-

Webb et 

al. (2016) 

ABAQUS 

2D 

TM * 

Linear elastic – perfectly 

plastic with Tresca failure 

criterion 

𝐷 = 1 m 

𝐿 = 15/30/45 m 

- 

Ng et al. 

(2016) 

ABAQUS 

2D 

M 

Temperature-independent 

nonlinear hypoplastic 

model for sand 

𝐷 = 0.6 – 1.4 m 

𝐿 = 20 – 35 m 

Isothermal 

centrifuge test 

(Tokimatsu et al., 

2012) 

Note: * thermal steady-state; 𝐷 – pile dimeter, 𝐿 – pile length 



Chapter 6 Explaining the behaviour of geothermal piles 

 

347 

 

Bodas Freitas et al. (2013) simulated a single pile, which was first loaded mechanically and then heated 

by 30 °C by applying a uniform temperature change over the volume of the pile, and explored the effects 

of the thermal boundary condition at the ground surface, thermal expansion coefficient of soil, as well 

as soil stiffness. Figure 6-31 presents the steady-state temperature fields obtained by prescribing either 

a no change from the initial ground temperature or a no heat flow boundary condition at the ground 

surface. Note that these boundary conditions represent the two extreme scenarios of constant 

temperature surface and perfectly insulated surface, respectively, however the real boundary condition 

is likely to be somewhere in between the two. The effect of the boundary condition on the change in 

pile axial stress is illustrated in Figure 6-32 which also plots the results of analyses with different 

thermal expansion coefficients of soil and different soil stiffness. The thermal boundary condition 

affects the soil temperature, and therefore, the volumetric behaviour of the soil. As the average soil 

temperature is higher and the heat front extends further in the case of no heat flow boundary condition, 

the soil mass experiences a greater expansion. This affects the restrained strains on the pile and the pile 

axial stress as shown in Figure 6-32. In the analysis where the soil thermal expansion coefficient is 

greater than that of the pile (i.e. 𝛼𝑠 𝛼𝑐⁄ = 2.0), the effect of the boundary condition is very clear. In the 

case of no flow boundary condition, the change in axial stress is tensile as the soil expands more than 

the pile, whereas with the constant temperature boundary condition, the volumetric expansion of the 

soil mass is smaller than that of the pile and the change in axial stress is compressive. Comparing the 

analyses with different thermal expansion coefficients of soil shows that reducing its magnitude leads 

to a larger restriction to the pile expansion, and hence, a larger change in the compressive axial stress. 

Figure 6-32 also shows that increasing soil stiffness has a similar effect. It should be pointed out that 

the analyses performed by Bodas Freitas et al. (2013) involve only the thermal steady-state conditions 

without considering the transient soil’s response.  

 

Figure 6-31 Steady-state temperature field with different ground surface boundary conditions (contour interval: 2 °C) 

(Bodas Freitas et al., 2013) 
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Figure 6-32 Change in pile axial stress due to temperature increase of 30 °C (𝛼𝑠 𝛼𝑐⁄  – ratio of soil to pile thermal expansion 

coefficient; 𝐸 – soil Young’s modulus, compression positive) (Bodas Freitas et al., 2013) 

A similar modelling approach (i.e. thermo-mechanical analysis with thermal steady-state) was also 

adopted by Bourne-Webb et al. (2016) who explored the behaviour of a pile heated by 30 °C. In this 

study, the pile length, the applied ground surface temperature, as well as the soil thermal expansion 

coefficient were varied. It should be noted that the initial ground temperature was chosen as uniform 

15 °C. Figure 6-33 presents the results of all analyses in terms of the maximum axial stress change 

(Δ𝜎𝛼,𝐿) normalised by the maximum axial stress change predicted in a case were the soil thermal 

expansion coefficient is zero (Δ𝜎0,𝐿). Positive normalised values indicate a compressive change in axial 

stress, whereas negative values imply tensile changes. As was also shown by Bodas Freitas et al. (2013), 

increasing the ratio between the thermal expansion coefficients of soil and pile reduces the compressive 

axial stress, such that the stress change may become tensile in some cases. Increasing the imposed 

ground surface temperature has a similar effect.  

 

Figure 6-33 Effect of ground surface temperature and soil thermal expansion coefficient on the maximum change in pile 

axial stress in: (a) 15 m long pile, (b) 30 m long pile, and (c) 45 m long pile (Bourne-Webb et al., 2016) 
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Gashti et al. (2014) simulated a steel tubular pile with concrete infill. The model also includes coupled 

heat and water flow inside a single U-tube heat exchanger pipe. Therefore, the thermal load was applied 

as a prescribed inlet temperature which varied between 0 and 55 °C throughout the year of operation. 

The pile head and toe were modelled as restrained by the superstructure and a stiff rock, respectively. 

Hence, the pile head was assumed not to move throughout the thermal operation, whereas for the pile 

toe, free movement was assumed during cooling (i.e. pile contraction) and no movement was allowed 

during heating (i.e. pile expansion). Although this modelling approach was validated by reproducing 

the single pile test at EPFL (Laloui et al., 2006), the results were only compared in terms of the 

maximum vertical thermal stresses. The simulations involving the hypothetical pile showed that the 

largest changes in axial stresses occurred near the heat exchanger pipes where the temperature variations 

were higher. The maximum axial stress changes were calculated as -0.6 MPa during cooling (i.e. tensile) 

and +5.7 MPa during heating (i.e. compressive).  

Another study which included the heat exchanger pipes was carried out by Batini et al. (2015). It 

involved a single pile installed in ground conditions found at the EPLF test site. In all analyses, only 

cooling of the pile was simulated by prescribing a temperature 8.2 °C lower than the initial ground 

temperature at the inlet of the heat exchanger pipe. Modelling the heat transfer in the heat exchanger 

pipes allowed for a parametric study investigating the effects of pipe configuration (i.e. single U-shaped, 

double U-shaped and W-shaped pipes), as well as heat exchanger fluid type and flow rate. Additionally, 

the length of the pile was varied. It was found that the pipe configuration has the most significant 

influence on the thermo-mechanical pile behaviour. The use of the double U-shaped pipes resulted in 

the greatest temperature changes in the pile, and therefore, the largest pile axial stress changes. Although 

varying the heat exchanger fluid type and flow rate had some effect on the thermal performance of the 

geothermal pile, its thermo-mechanical response was not affected significantly. Increasing the length 

of the pile generally resulted in larger changes in the pile axial stresses. However, it should be noted 

that the ground profile considered consists of a number of strata, hence analyses with different piles 

lengths involved interactions with different ground conditions.   

Olgun et al. (2014) investigated the effect of temperature on radial strains at the pile-soil interface. The 

cross-section of a pile was modelled in 2D. Both plane stress and plane strain fully undrained total stress 

analyses were performed. In the first study, the soil was assumed to be thermally inert (i.e. thermal 

expansion coefficient equal to zero), whereas the second study involved thermo-mechanical soil 

response. In both cases, the pile was heated by 10 °C. The effect of soil stiffness was also investigated 

by varying the Young’s modulus between 102 and 1012 kPa. Figure 6-34 shows the radial strains 

predicted by the purely mechanical plane stress analyses. It can be observed that for values of Young’s 

modulus less than 106 kPa, the total radial strain is equal to the free thermal strain, and therefore, the 

mechanical (or restrained) strain is zero. It should be noted that this finding is valid over the range of 

typical soil’s moduli (indicated in Figure 6-34). The results of stationary (i.e. purely mechanical) and 
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transient, as well as plane stress and plane strain analyses are compared in Figure 6-35. The radial 

stresses at the pile-soil interface are more compressive in the plane strain than plane stress analyses due 

to the Poisson’s ratio effect and the assumption of no out-of-plane deformation. Moreover, higher 

compressive radial stresses are observed in the transient than stationary analyses as the thermal 

expansion coefficient of soil was five times larger than that of the pile. The authors concluded that the 

increase in the compressive radial strains due to thermal expansion is relatively small, and therefore, 

would not increase the pile capacity significantly.  

 

Figure 6-34 Radial strains in mechanical plane stress analyses in (a) the pile, and (b) the soil close to the interface (Olgun 

et al., 2014) 

 

Figure 6-35 Thermally-induced radial stresses at the pile-soil interface (tension positive) (Olgun et al., 2014) 

A simplified modelling approach, where the heat transfer in the soil was not considered (i.e. the soil 

was thermally inert with thermal expansion coefficient of zero), was also adopted by Ozudogru et al. 
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(2015b). The pile was heated by applying a temperature change of 25 °C. Interface elements were used 

along the pile shaft. Their behaviour in the direction normal to the pile shaft was simulated as linear-

elastic, whereas in the tangential direction it was assumed to be linear elastic – perfectly plastic with 

the same undrained strength as the soil, as illustrated in Figure 6-36. The authors carried out a parametric 

study where the soil undrained strength was set to 25, 50 or 100 kPa. Additionally, the soil stiffness was 

adjusted in each case such that the ratio of soil’s Young’s modulus to the undrained strength was always 

equal to 500. In each analysis, the tangential interface properties were changed according to the soil 

strength (see Figure 6-36 (b)), whereas the normal interface stiffness was chosen as 10 times that in the 

tangential direction. Furthermore, two restraint conditions at the pile head were investigated – no 

restraint and full restraint. In both cases, increasing soil strength and stiffness led to an increase in the 

thermally-induced compressive pile axial stresses. Similar pile behaviour was observed by Bodas 

Freitas et al. (2013).  

 

Figure 6-36 Stress-displacement behaviour of interface elements in (a) normal direction, and (b) tangential direction 

(Ozudogru et al., 2015b) 

The long term behaviour of piles subjected to cyclic thermal loads was explored by Olgun et al. (2015). 

Three different operational modes corresponding to different climates in the USA were considered: 

Charlotte, North Carolina, where the heating and cooling loads are relatively balanced, Chicago, 

Illinois, where a heating-dominated operational mode is required, and Austin, Texas, where space 

cooling is predominant. Interface elements with linear-elastic behaviour were used at the pile-soil 

boundaries (along the pile shaft and at the pile base), whereas the soil response was assumed to be 

elasto-plastc. This means that the elastic response of the pile is likely to be governed by the interface 

behaviour, instead of the behaviour of the surrounding soil. Prior to the thermal cycles, a mechanical 

load of 515 kN corresponding to a factor of safety of 2.0 was applied to the pile. It should be noted that 

the thermal loads were based on an energy demand analysis for different climates and each complete 

thermal cycle lasted one year. Figure 6-37 shows the evolution of the vertical displacement of the pile 

head (with downward displacements considered positive) over 30 years of operation. In the case of 

Chicago, since more energy is extracted from the ground than is injected, the soil cools down in the 
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long term with respect to the initial state. As cooling leads to soil contraction, the settlement of the pile 

increases gradually with time. Conversely, in Austin, more energy in injected into the ground than 

extracted from it, resulting in rising soil temperature. As the soil is modelled as thermo-elastic, it 

expands and causes an upward movement of the pile in the long term. The pile in Charlotte also 

experiences an overall upward displacement, although smaller than in Austin, due to the fact that the 

thermal loads are not perfectly balanced with the energy injected being slightly greater than the 

extracted energy. The evolution of the pile axial stress at the mid-depth in plotted in Figure 6-38. As 

the thermal expansion coefficient of soil is greater than that of the pile, in Chicago, the soil contracts 

more than the pile in the long term, and therefore, the axial stress becomes more compressive with time. 

In Austin and Charlotte, the opposite mechanism applies. The soil expands more than the pile inducing 

tensile axial stress changes hence reducing the total compressive axial stress. However, it should be 

noted that the constitutive model was not developed to take into account the cyclic soil response 

(mechanical or thermal), and therefore, these conclusions need to be interpreted carefully. 

 

Figure 6-37 Evolution of the vertical displacement of the pile head (downward displacement positive) (Olgun et al., 2015) 

 

Figure 6-38 Evolution of pile axial stress at the mid-depth (compression positive) (Olgun et al., 2015) 

Di Donna & Laloui (2015a) also studied the effect of cyclic thermal loading on the long term behaviour 

of a geothermal pile. Although the analysis included the simulation of coupled THM response, it should 
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be noted that, due to the high permeability of the soil (10-7 m/s), its response was effectively drained. 

The soil behaviour was modelled as elasto-plastic with the ACMEG-T constitutive model (Laloui & 

Francois, 2009), which was calibrated using the experimental data involving two thermal cycles on silty 

clays from Geneva, Switzerland obtained by Di Donna & Laloui (2015b). In the numerical analysis, the 

soil was assumed to be normally consolidated with 𝐾0 of 0.6. The pile was subjected to a mechanical 

load of 750 kN followed by 10 years of cyclic heating and cooling where one complete cycle lasted one 

year. The thermal load was applied as power with maximum/minimum values of ±115 W/m over the 

pile length, which resulted in temperature variation in the pile of approximately ±15 °C form the initial 

value. Figure 6-39 shows the vertical displacement of the soil 0.8 m away from the pile, as well as the 

pile head. Note that downwards displacements (i.e. settlements) are considered positive. The 

displacement at time zero indicates the settlement due to application of the mechanical load. The 

following reduction in settlement (i.e. an upward movement) occurs during the first heating stage which 

is then followed by a cooling stage and an increase in settlement. It is interesting to note that both the 

pile head and the soil experience the same trend of vertical movement (i.e. upward movement during 

heating and downward movement during cooling) despite the fact that normally consolidated soil 

samples showed contraction in drained heating tests (Di Donna & Laloui, 2015b). This suggests that 

the effect of plastic contraction due to temperature change is negligible in this scenario. Nonetheless, 

the results shown in Figure 6-39 indicate some irreversible settlement during the first thermal cycle, 

whereas the response during subsequent cycles is elastic. Finally, Figure 6-40 plots the computed pile 

axial stress during the first cycle. Note that the magnitude of the compressive stress changes due to 

heating and tensile stress changes due to cooling is similar, which is in agreement with the variation of 

the pile temperature (±15 °C).   

 

Figure 6-39 Evolution of the vertical displacement of (a) the soil at depths of 5, 10 and 15 m, 0.8 m away from the pile, and 

(b) the pile head (downward displacement positive) (Di Donna & Laloui, 2015a) 



Chapter 6 Explaining the behaviour of geothermal piles 

 

354 

 

 

Figure 6-40 Pile axial stress during the first year (compression positive) (Di Donna & Laloui, 2015a) 

The behaviour of a thermo-active pile in dry Toyoura sand under cyclic thermal loading was 

investigated by Ng et al. (2016). In order to model the cyclic response of sand, a temperature-

independent nonlinear hypoplastic model was adopted. The numerical approach was validated against 

isothermal centrifuge tests on a single pile installed in Toyoura sand performed by Tokimatsu et al. 

(2012). The following exploratory study involved varying the pile length, diameter and the amplitude 

of the thermal cycles. In each case 50 thermal cycles were applied. The authors found that the cyclic 

shearing at the pile-soil interface due to expansion and contraction of the pile caused a gradual 

contraction of the soil and a reduction in the horizontal stresses. Conversely, the mobilised base 

resistance was found to increase with time as the sand densified. The exploratory study showed that 

increasing the amplitude of the thermal cycles or the pile diameter has the greatest effect on the 

reduction in horizontal stresses. In the worst case scenario, the decrease in the horizontal stress after 50 

cycles was calculated as 90 % of the initial horizontal stress. The effect of varying the pile length, 𝐿, 

with a constant aspect ratio 𝐿/𝐷 was found to be less severe.  

Following reproduction of the centrifuge tests by Ng et al. (2015) on geothermal piles in Toyoura Sand, 

Rotta Loria et al. (2015b) explored the impact of increasing the magnitude of the mechanical and 

thermal loads. Three magnitudes of the mechanical load were considered: 20 %, 40 % and 60 % of the 

ultimate load (i.e. factors of safety, 𝐹𝑜𝑆, of 5.0, 2.5 and 1.7, respectively). The effect of the magnitude 

of the thermal load was investigated by increasing the pile temperature by 15, 30, 40 or 50 °C (analyses 

EP15, EP30, EP40 and EP50, respectively). In all analyses, the mechanical load was applied to the pile 

prior to the heating stage. The numerical results plotted in Figure 6-41 show that increasing the pile 

temperature increases the thermally-induced compressive axial stress, as expected. Furthermore, Rotta 

Loria et al. (2015b) observed that, the increase in the axial stress due to temperature with respect to the 

maximum axial stress due to the mechanical load reduces with reducing factor of safety. For example, 

in the cases where the pile is heated by 50 °C, the compressive axial stress increases by 94 % for 𝐹𝑜𝑆 =

5.0, 33 % for 𝐹𝑜𝑆 = 2.5 and 20 % for 𝐹𝑜𝑆 = 1.7. This implies that the effect of increasing pile 

temperature becomes less pronounced as the mechanical load increases (or the factor of safety reduces). 
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Figure 6-41 Effect of thermal load on axial stress in piles with different mechanical loads: (a) 20 % of the ultimate load, 

(b) 40 % of the ultimate load, and (c) 60 % of the ultimate load (M – axial profile due to mechanical load only; compression 

positive) (Rotta Loria et al., 2015b) 

Numerical studies exploring pile group behaviour 

Table 6-7 summarises the numerical studies investigating the behaviour of groups of thermo-active 

piles.  

Di Donna et al. (2013) and Dupray et al. (2014) adopted a simplified approach whereby a pile group is 

modelled in 2D assuming plane strain conditions. In both studies, half of a raft with seven piles was 

discretised. The piles’ Young’s modulus, permeability and thermal conductivity were modified in order 

to account for the presence of soil in between the piles in the out-of-plane direction. Di Donna et al. 

(2013) used the ACMEG-T constitutive model (Laloui & Francois, 2009) to simulate the behaviour of 

a normally consolidated soil. Yearly cycles of heating and cooling were applied to all piles in the group. 

It was shown that contractive plastic volumetric strains developed around the piles during the heating 

stage of the first five cycles. This led to a gradually increasing overall settlement of the foundations 

which stabilised after the first five cycles. Conversely, Dupray et al. (2014), who simulated a linear-

elastic overconsolidated soil, measured reversible vertical movements, as expected. The study also 

investigated the effect of the magnitude of the thermal load, which was applied to all piles, showing 

that a larger imposed heat flux induces larger changes in pile axial stress. Furthermore, in the scenario 

where only one pile was heated and cooled, it was found that the remaining piles prevented its 

deformation causing significantly larger changes in the thermo-active pile’s axial stress.  

The same problem was also analysed by Di Donna & Laloui (2015a) in 3D. The pile raft consisted of 7 

x 3 pile grid. As in the study by Di Donna et al. (2013), the soil was assumed to be normally 

consolidated, although here the ACMEG-T model was calibrated for silty clays from Geneva, 

Switzerland (Di Donna & Laloui, 2015b). Again, yearly cycles of heating and cooling were applied to 

all piles. Unlike Di Donna et al. (2013), this study showed mostly reversible pile vertical displacement. 

The difference in the results of the two studies may be due to different soil properties used and/or the 

representation of a 3D problem in 2D. It is possible that modelling the pile group in 2D resulted in 

larger temperature changes compared to the 3D case where heat transfer takes place in between the piles 
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in the out-of-plane direction as well. Hence, higher temperatures might have induced larger contractive 

plastic volumetric strains.   

Table 6-7 Summary of exploratory numerical studies on pile groups 

Reference 
FE software & 

analysis type 
Soil behaviour 

Pile group 

details 
Validation 

Di Donna et 

al. (2013) 

LAGAMINE 

2D plane strain 

THM 

Elasto-plastic with 

ACMEG-T model 

𝐷 = 0.8 m 

𝐿 = 20 m 

𝑆𝑝 = 7 m 

7x15 grid 

- 

Dupray et al. 

(2014) 

LAGAMINE 

2D plane strain 

THM 

Linear-elastic 𝐷 = 0.8 m 

𝐿 = 20 m 

𝑆𝑝 = 7 m 

7x15 grid 

- 

Jeong et al. 

(2014) 

COMSOL 

3D 

TM 

Linear elastic – 

perfectly plastic with 

Mohr-Coulomb failure 

criterion 

𝐷 = 0.5 m 

𝐿 = 20 m 

𝑆𝑝 = 1.5/2.5 m 

3x3/5x5 grid 

Lambeth College 

test (Bourne-Webb 

et al., 2009) 

Di Donna & 

Laloui 

(2015a) 

LAGAMINE 

3D 

THM 

Elasto-plastic with 

ACMEG-T model 

𝐷 = 0.8 m 

𝐿 = 20 m 

𝑆𝑝 = 7 m 

7x3 grid 

- 

Salciarini et 

al. (2015) 

COMSOL 

3D 

TM 

Linear-elastic 𝐷 = 1.0 m 

𝐿 = 25 m 

𝑆𝑝 = 3 m 

- 

Di Donna et 

al. (2016) 

LAGAMINE 

3D 

THM 

Linear elastic – 

perfectly plastic with 

Mohr-Coulomb failure 

criterion 

𝐷 = 0.9 m 

𝐿 = 28 m 

Pile group test at 

EPFL (Mimouni & 

Laloui, 2013, 2015) 

Tsetoulidis et 

al. (2016) 

ABAQUS 

3D 

TM * 

Linear elastic – 

perfectly plastic with 

Mohr-Coulomb failure 

criterion 

𝐷 = 0.6 m 

𝐿 = 23 m 

𝑆𝑝 = 1.8 m 

3x3 grid 

- 

Note: * thermal steady-state; 𝐷 – pile dimeter, 𝐿 – pile length, 𝑆𝑝 – pile spacing 
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Jeong et al. (2014) performed an exploratory study were the effects of pile spacing, the number of piles, 

end restraint and thermal conductivity were investigated. As the model included the heat exchanger 

pipes, the thermal load was applied to all piles by prescribing a reduction in temperature of 9 °C at the 

pipe inlets (i.e. the piles were cooled). It was found that reducing the spacing between the piles increases 

their settlement, which can be explained by lower temperatures, and hence, greater contraction during 

cooling of the piles. The analyses where the pile spacing was the same and the number of piles was 

increased also showed larger settlements due to a larger volume of soil being affected by temperature 

changes. The presence of a stiff end bearing layer caused smaller pile downward movements, as 

expected. Finally, when a soil with a higher thermal conductivity was used, a reduction in the 

compressive axial load was found. This can be explained by the fact that higher thermal conductivity 

leads to faster heat transfer, and therefore, greater soil contraction due to cooling which results in a 

smaller restriction to the pile movement. It should be noted that the time dependent response was not 

explored in this study and the above observations were not related to the thermal field within the 

domain.  

The behaviour of pile groups with various arrangements of thermo-active and non-thermo-active piles 

was investigated by Salciarini et al. (2015), Di Donna et al. (2016) and Tsetoulidis et al. (2016). 

Salciarini et al. (2015) analysed a circular pile raft consisting of 17 piles under two operational modes 

– continuous heating by 20 °C or cooling by 15 °C. The study by Di Donna et al. (2016) involved the 

pile group from the field test at EPFL where selected piles were heated by 30 °C. Tsetoulidis et al. 

(2016) modelled a pile group, installed in ground conditions identical to those found at the Lambeth 

College test site, which was cooled by 18 °C and then heated by 30 °C. Note that only steady-state 

thermal fields were considered in this study. In all cases it was found that significant changes in the 

axial load occurred in the thermo-active, as well as the non-thermo-active piles due to load 

redistribution. For example, the piles which were heated experienced additional compressive loads, 

whereas tensile axial load changes were measured in the piles not affected by temperature changes. In 

the studies by Salciarini et al. (2015) and Di Donna et al. (2016), the maximum axial load changes were 

observed at an early stage when the temperature differential between the pile and soil were greatest and 

the soil, as well as the non-thermo-active piles, imposed the greatest restriction to the movement of the 

thermo-active piles. With time, the changes in axial load decreased as the temperature within the raft 

became more uniform.  

6.6 Summary and conclusions 

This chapter presents a comprehensive review of existing studies investigating the thermo-mechanical 

behaviour of geothermal piles.  

Firstly, the response of a single thermo-active pile is explained with a simplified descriptive framework 

developed by Bourne-Webb and his co-authors (Bourne-Webb et al., 2009; Amatya et al., 2012; 
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Bourne-Webb et al., 2013b). Although the framework is based on some assumptions which are not 

applicable to real soil behaviour (i.e. a rigid plastic soil with a uniform strength), it is a useful tool for 

understanding the mechanisms involved and forms the basis for interpretation of the result of studies 

presented in the literature. According to the framework, when a pile is heated or cooled, its expansion 

or contraction is prevented to an extent by the surrounding soil, as well as the overlying structure. 

Hence, this restriction to the movement of the pile depends on the end restraint conditions and the soil 

strength. The restriction results in additional axial forces which are compressive when the pile is heated 

and tensile in the case of cooling.  

The second part of this chapter presents field, laboratory and numerical studies performed to improve 

the understanding of thermo-active pile behaviour. A number of full scale in situ tests involving single 

piles (e.g. Laloui et al., 2006; Bourne-Webb et al., 2009; Bouazza, 2011; Abdelaziz, 2013), as well as 

groups of piles (e.g. Murphy & McCartney, 2012; Murphy et al., 2015; Mimouni & Laloui, 2015; Rotta 

Loria & Laloui, 2016a, b) has been carried out. Most studies found that the changes in the pile axial 

load due to temperature changes were significant and, in many cases, comparable in magnitude to the 

axial loads due to mechanical loads. The tests on groups of piles where not all piles were used as 

geothermal piles measured differential displacements which could have a negative impact on the 

overlaying structure. Additionally, it was shown that the response of the non-thermo-active piles may 

be affected by the thermo-active piles due to load redistribution within the foundation system. As in 

situ tests are most representative of real pile behaviour, their results provide an invaluable insight into 

the response of geothermal piles. However, the long term behaviour under operational conditions was 

never fully investigated as most of the tests were performed over short periods of time (e.g. Bourne-

Webb et al., 2009) or the long-term monitoring data was not published (e.g. Brandl, 2006). Furthermore, 

in some studies, extreme thermal loads were applied to the piles (e.g. Bourne-Webb et al., 2009) which 

may have resulted in exaggerated pile responses. In order to assess the behaviour of piles under 

operational conditions, long-term testing involving realistic magnitudes and frequencies of thermal 

loads is necessary.  

Laboratory experiments (i.e. centrifuge or physical models) have also been performed to investigate the 

behaviour of geothermal piles. Their advantage over large scale in situ studies is that they allow multiple 

tests under controlled conditions to be carried out in relatively short timescales. Hence, a number of 

experiments involving cyclic heating and cooling was performed (e.g. Kalantidou et al., 2012; Ng et 

al., 2014; Yavari et al., 2014a), showing irreversible pile settlements after each cycle. Tests which 

explored the load-displacement response of thermo-active piles (e.g. McCartney et al., 2010; 

McCartney & Rosenberg, 2011; Goode & McCartney, 2015; Ng et al., 2015) found that heating 

increases pile capacity and suggested that this is due to the increase in side friction and horizontal 

stresses caused by the expansion of the pile and soil. However, although laboratory experiments provide 
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a general view of the pile behaviour, the results may not be directly used for design due to scale and/or 

boundary issues.  

Numerical modelling has been shown to be a useful tool for further investigation of the response of 

thermo-active piles as it allows for numerous studies exploring various aspects of pile behaviour to be 

conducted. Furthermore, analyses simulating the long-term behaviour are possible. However, prior to 

being used to predict the response of hypothetical piles, numerical models should be rigorously 

validated by reproducing either field or laboratory tests. Unfortunately, this procedure was not followed 

by all researchers. The numerical studies discussed in this chapter vary in complexity. The simplest and 

least computationally expensive method is the load-transfer approach where pile-soil interface is 

represented by springs, meaning that the contribution of soil THM behaviour is inexistent. The major 

limitations of this approach are that it requires the load-transfer relationship to be known and does not 

allow the time-dependent response to be simulated. Conversely, coupled THM analysis is possible with 

finite difference or finite element methods. Furthermore, these methods allow for various models for 

simulating the behaviour of soil, from simplest linear-elastic to advanced elasto-plastic models, to be 

used. Numerous studies involving finite difference or finite element methods have been performed in 

order to investigate various aspects affecting the response of geothermal piles. These include: soil 

properties (e.g. Bodas Freitas et al., 2013; Olgun et al., 2014; Bourne-Webb et al., 2016; Fuentes et al., 

2016), pile-soil interface properties (e.g. Suryatriyastuti et al., 2012, 2013, 2014a, b; Suryatriyastuti et 

al., 2016), boundary conditions (e.g. Bodas Freitas et al., 2013; Bourne-Webb et al., 2016;), foundation 

geometry (e.g. Jeong et al., 2014; Batini et al., 2015; Bourne-Webb et al., 2016; Ng et al., 2016), thermal 

loads (e.g. Dupray et al., 2014; Rotta Loria et al., 2015b) and long-term cyclic heating and cooling (e.g. 

Di Donna & Laloui, 2015a; Olgun et al., 2015).  

Although these numerical studies provide a valuable insight into the behaviour of geothermal piles, 

several aspects require further investigation. For example, the effect of transient phenomena, such as 

those related to consolidation and heat transfer, on the time-dependent response of piles, which requires 

coupled THM analysis, has not been explored. Furthermore, no assessment has been carried out of the 

implications of performing simplified purely mechanical analyses or analyses with thermal steady state, 

which were adopted in a number of studies (e.g. Bodas Freitas et al., 2013; Ng et al., 2016; Tsetoulidis 

et al., 2016), instead of coupled THM analyses. The boundary condition used to apply thermal loads is 

also an important aspect of modelling. Although different studies employed different methods of 

application of thermal loads (i.e. prescribed temperature, prescribed heat flux or modelling of the heat 

exchanger pipes), their effects on the pile behaviour have not been directly compared. Finally, despite 

numerous constitutive models for simulating the non-isothermal behaviour of soils being developed 

(see Section 4.3, Chapter 4), only the ACMEG-T model (Laloui & Francois, 2009) was used in 

problems involving thermo-active piles. These aspects, including the effect of the newly developed IC 

Thermal model, will be investigated in the next chapter.  
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Chapter 7  

Numerical modelling of geothermal 

piles 

 

7.1 Introduction 

In this chapter the behaviour of geothermal piles is explored through a series of numerical analyses 

performed using ICFEP. The first part focuses on the modelling of geothermal piles installed in ground 

conditions typical of the London basin. It should be noted that, due to lack of laboratory data required 

to calibrate the newly developed IC Thermal model for London soils, their response is modelled as 

thermo-elastic. Firstly, a modelling approach typical of engineering practice when designing 

geotechnical structures in London Clay is established and the model’s capabilities are demonstrated by 

reproducing the Lambeth College pile test (Bourne-Webb et al., 2009). Subsequently, an extensive 

exploratory study is presented which aims to explain the time-dependent behaviour of geothermal piles, 

as well as investigate the effect of a number of aspects that impact their design.  

In the second part of this chapter, the IC Thermal model is employed in order to study the effects of 

plasticity induced by temperature changes on the soil’s response. Boom Clay, for which the model was 

calibrated in Chapter 5, is considered here in normally, as well as overconsolidated states. Firstly, the 

pile’s behaviour over one year of operation including energy extraction and injection is explored. 

Secondly, the effects of temperature changes on the pile capacity are investigated. In both cases, the 

results obtained with the calibrated IC Thermal model are compared to those obtained by it isothermal 

version, which is equivalent to a standard Modified Cam Clay model with a Hvorslev surface. Note that 

a similar study involving another material for which the model was calibrated in Chapter 5 – Soft 

Bangkok Clay – is presented in Appendix D. 
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The sign convention adopted throughout this chapter is such that compressive normal stresses, 

compressive strains and downward shear stresses applied to the pile are positive. 

7.2 Numerical modelling of geothermal piles in London Clay 

The aim of this section is to find a suitable numerical modelling approach for geothermal piles installed 

in ground conditions typical of the London basin and to explore their behaviour. Firstly, the capabilities 

of the numerical model are demonstrated by back-analysing the Lambeth College pile test (Bourne-

Webb et al., 2009). While reproduction of this field experiment has previously been attempted by 

several researchers (see Section 6.5.3, Chapter 6), the research presented herein aims to improve on 

these predictions by performing fully coupled THM analysis and employing a modelling approach 

typical of engineering practice when designing geotechnical structures in London Clay (e.g. 

underdrained pore water pressure profile, small strain stiffness, pressure-dependent permeability). 

Secondly, the thermo-mechanical behaviour of piles is explained through an exploratory study on a 

single thermo-active pile. Several aspects that impact the design of geothermal piles are investigated, 

including the influence of the modelling approach, the application of the thermal load and the 

uncertainties in the determination of the soil’s properties such as thermal conductivity, thermal 

expansion coefficient and permeability.  

7.2.1 Back-analysis of Lambeth College pile test 

The Lambeth College test was described in Section 6.3.3 in Chapter 6, and therefore, the details of the 

test set-up are omitted here.  

7.2.1.1 Ground characteristics 

The ground conditions at the Lambeth College site are typical of the London basin. As reported by 

Bourne-Webb et al. (2009), the ground surface elevation is +25.5 mOD and the ground profile consists 

of a 1.5 m thick superficial layer of Made Ground and 2.5 m of Terrace Gravel, overlying London Clay. 

The complete ground profile was obtained from available borehole data in the vicinity of the site (BGS, 

2016) and was assumed to consist of 60 m of London Clay, 15 m of Lambeth Group Clay, 5 m of 

Lambeth Group Sand and 10 m of Thanet Sand, overlying Chalk. The groundwater table was found at 

3 m below ground level (Bourne-Webb et al., 2009), above which the pore water pressure was assumed 

to be 0 kPa. The pore water pressure below the water table prior to the pile test was assumed to be 

hydrostatic within the Terrace Gravel, Lambeth Group Sand and Thanet Sand and underdrained within 

the London Clay and Lambeth Group Clay, as shown in Figure 7-1 (a). The adopted 𝐾0 profile is shown 

in Figure 7-1 (b). The ground temperature measured at the site before the pile test was between 18 °C 

and 20 °C (Bourne-Webb et al., 2009). However, it should be noted that, at depth, the ground 

temperature should be similar to that mean annual temperature, which is considerably lower than 

19.5 °C. In fact, the MCS MIS 3005 guide for installation of ground source energy systems (MIS, 2008) 
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suggests an average ground temperature of 11.25 °C for the London area. Such discrepancy was 

attributed to the presence of an underground tunnel nearby by Bourne-Webb et al. (2009), though it is 

also possible that the higher temperature value reflects the influence of the building previously 

occupying the site, which was likely to be actively heated. 

 

Figure 7-1 (a) pore water pressure profile, and (b) 𝐾0 profile (based on Schroeder et al., 2004), prior to the test 

7.2.1.2 Modelling procedure 

The Lambeth College test was reproduced by performing fully coupled THM analyses using ICFEP, 

accounting for heat transfer through both conduction and advection. The generation of excess pore 

water pressures due to the difference between the thermal expansion coefficients of water and soil 

skeleton was also modelled. 

It is widely accepted that the stiffness of soils in the small to medium strain range is highly nonlinear 

and must be accounted for in most geotechnical problems (Jardine et al., 1986, Addenbrooke et al., 

1997), particularly when the analysed problem is likely to be characterised by limited ground 

deformations. Based on the magnitude of the strains reported by Bourne-Webb et al. (2009), it is clear 

that the successful prediction of the soil-structure interaction in the case of the Lambeth College test 

requires the accurate reproduction of the highly non-linear nature of soil stiffness. In this study, the 

Imperial College Generalised Small-Strain Stiffness (IC.G3S) model, which accounts for the effect of 

a number of variables on the soil stiffness, was adopted in all analyses. Here, the model’s capabilities 
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are summarised, with the full details of its formulation being described in Measham et al. (2014) and 

Taborda et al. (2016). The maximum shear, 𝐺𝑚𝑎𝑥, and bulk, 𝐾𝑚𝑎𝑥, moduli are defined as: 

 
𝐺𝑚𝑎𝑥 = 𝐺𝑟𝑒𝑓 (

𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑚𝐺

 ( 7-1 ) 

 
𝐾𝑚𝑎𝑥 = 𝐾𝑟𝑒𝑓 (

𝑝′

𝑝𝑟𝑒𝑓
′ )

𝑚𝐾

 ( 7-2 ) 

where the parameters 𝑚𝐺  and 𝑚𝐾 control the non-linearity of the stiffness dependency on the mean 

effective stress, 𝑝𝑟𝑒𝑓
′  is a reference mean effective stress, and 𝐺𝑟𝑒𝑓 and 𝐾𝑟𝑒𝑓 are the shear and bulk 

moduli, respectively, at a reference mean effective stress. The degradation of the tangent shear, 𝐺𝑡𝑎𝑛, 

and bulk, 𝐾𝑡𝑎𝑛, moduli are calculated using: 

 
𝐺𝑡𝑎𝑛 = 𝐺𝑚𝑎𝑥 (𝑅𝐺,𝑚𝑖𝑛 +

1 − 𝑅𝐺,𝑚𝑖𝑛
1 + (휀𝑑 𝑠𝐺1⁄ )𝑠𝐺2

) ( 7-3 ) 

 
𝐾𝑡𝑎𝑛 = 𝐾𝑚𝑎𝑥 (𝑅𝐾,𝑚𝑖𝑛 +

1 − 𝑅𝐾,𝑚𝑖𝑛
1 + (|휀𝑣𝑜𝑙| 𝑠𝐾1⁄ )𝑠𝐾2

) ( 7-4 ) 

where 𝑅𝐺,𝑚𝑖𝑛 and 𝑅𝐾,𝑚𝑖𝑛 are the minimum normalised values of 𝐺𝑡𝑎𝑛 and 𝐾𝑡𝑎𝑛, respectively, 𝑠𝐺1, 𝑠𝐺2, 

𝑠𝐾1 and 𝑠𝐾2 are the stiffness degradation parameters, and the strain invariants are defined as: 

 
휀𝑑 =

2

√6
√(휀1 − 휀2)

2 + (휀2 − 휀3)
2 + (휀3 − 휀1)

2 ( 7-5 ) 

 휀𝑣𝑜𝑙 = 휀1 + 휀2 + 휀3 ( 7-6 ) 

The Made Ground was modelled as linear elasto-plastic with a Mohr-Coulomb failure surface, with the 

remaining soil layers being modelled as non-linear elasto-plastic with the IC.G3S small-strain stiffness 

model and a Mohr-Coulomb failure surface. The IC.G3S model was calibrated based on the Jardine et 

al. (1986) small-strain stiffness model parameters cited by Schroeder et al. (2004) for a nearby site, as 

such data for the Lambeth College site is not available. The strength properties were also adopted from 

Schroeder et al. (2004). The concrete pile was modelled as linear-elastic. The thermal properties 

reported by Headon et al. (2009) (thermal conductivity and volumetric heat capacity), Bodas Freitas et 

al. (2013) (thermal expansion coefficient of soil) and Bourne-Webb et al. (2009) (thermal expansion 

coefficient of concrete) were assumed. The thermal expansion coefficient of pore water was chosen as 

6.9 × 10-5 m/m°C which is the value corresponding to the temperature of 19.5 °C (i.e. the initial soil 

temperature). All material properties are listed in Table 7-1 – Table 7-4. Furthermore, Made Ground, 

Terrace Gravels, Lambeth Group Sand and Thanet Sand were modelled as non-consolidating free-

draining materials, whereas London Clay and Lambeth Group Clay were consolidating (except for 
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analyses B1 and B2, see section 7.2.2) with a non-linear permeability model where the permeability is 

related to the mean effective stress through: 

 𝑘𝑓 = 𝑘𝑓0 exp(−𝐶𝑝
′) ( 7-7 ) 

Parameters 𝑘𝑓0 and 𝐶 were assumed as 1.0×10-10 m/s and 0.0023 1/kPa, respectively, as suggested by 

Schroeder et al. (2004).  

Table 7-1 Linear-elastic material properties 

Material 𝐸 (kPa) 𝜇 (-) 

Concrete 40 × 106 0.3 

Made Ground 10 × 103 0.2 

 

Table 7-2 Mohr-Coulomb strength properties 

Material 𝑐′ (kPa) 𝜑′ (°) 𝜓′ (°) 

Made Ground 0.0 30.0 0.0 

Terrace Gravel 0.0 35.0 17.5 

London Clay 5.0 25.0 12.5 

Lambeth Group Clay 25.0 27.0 13.5 

Lambeth Group Sand 0.0 34.0 17.0 

Thanet Sand 0.0 40.0 20.0 

 

Table 7-3 Small strain stiffness properties 

Material 𝐺𝑟𝑒𝑓 (kPa) 𝑠𝐺1 (-) 𝑠𝐺2 (-) 𝑅𝐺,𝑚𝑖𝑛 (kPa) 𝐺𝑚𝑖𝑛 (kPa) 

Terrace Gravel 41939.61 1.45 × 10-4 1.0 0.03511 3000 

London Clay 51743.55 0.56 × 10-4 0.9 0.06450 2667 

Lambeth Group Clay 51924.52 1.10 × 10-4 0.95 0.04662 2667 

Lambeth Group Sand 81346.31 0.15 × 10-4 1.0 0.14557 1000 

Thanet Sand 65275.23 0.46 × 10-4 0.85 0.02631 2000 

Material 𝐾𝑟𝑒𝑓 (kPa) 𝑠𝐾1 (-) 𝑠𝐾2 (-) 𝑅𝐾,𝑚𝑖𝑛 (kPa) 𝐾𝑚𝑖𝑛 (kPa) 

Terrace Gravel 49843.08 2.47 × 10-4 1.25 0.15440 3000 

London Clay 26692.73 1.27 × 10-4 1.8 0.13275 5000 

Lambeth Group Clay 61331.71 0.65 × 10-4 1.4 0.07589 5000 

Lambeth Group Sand 49843.08 0.26 × 10-4 0.9 0.08377 3000 

Thanet Sand 29813.53 1.55 × 10-4 1.1 0.27947 5000 

Note: 𝑝𝑟𝑒𝑓
′  = 100 kPa; 𝑚𝐺  = 1.0; 𝑚𝐾 = 1.0 for all strata 
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Table 7-4 Thermal and thermo-mechanical properties 

Material 
𝛾𝑠 

(kN/m3) 

𝛼𝑇 

(m/m°C) 

𝛼𝑇𝑓 

 (m/m°C) 

𝐾𝑓 

(GPa) 

𝜌𝐶𝑝 

(kJ/m3°C) 

𝑘𝑇 

(W/m°C) 

Concrete 24.0 8.5 × 10-6 - - 1920 2.33 

Made Ground 18.0 1.7 × 10-5 - - 1900 1.40 

Terrace Gravel 20.0 1.7 × 10-5 - - 1900 1.40 

London Clay 20.0 1.7 × 10-5 6.9 × 10-5 2.2 1820 1.79 

Lambeth Group Clay 20.0 1.7 × 10-5 6.9 × 10-5 2.2 1760 2.20 

Lambeth Group Sand 20.0 1.7 × 10-5 - - 1760 2.20 

Thanet Sand 20.0 1.7 × 10-5 - - 1760 2.40 

 

It should be noted that the IC Thermal model, whose development was presented in Chapter 5, could 

not be used for this study due to the lack of experimental data necessary to calibrate the model 

parameters controlling the non-isothermal response of the soils in the London basin.  

 

Figure 7-2 (a) finite element mesh, and (b) zoomed in mesh detailing the pile 

Figure 7-2 shows the finite element mesh used for axisymmetric analyses consisting of eight-noded 

quadrilateral elements where each node has displacement degrees of freedom and the corner nodes have 

temperature degrees of freedom. For consolidating materials (London Clay and Lambeth Group Clay), 

pore fluid pressure degrees of freedom exist at the corner nodes. It should be noted that, in the model, 
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the pile was assumed to have a constant diameter of 550 mm throughout its length, while in the field 

test, additional casing in the top five metres increased its diameter to 610 mm.  

Displacement boundary conditions were applied such that the domain was restrained in the radial 

direction along the left (i.e. axis of symmetry) and right vertical mesh boundaries, and in the vertical 

direction along the bottom boundary. The hydraulic boundary conditions included no water flow across 

the axis of symmetry and no change in pore pressure from the initial condition along the right mesh 

boundary. The pore water pressures at the top of the London Clay and at the base of the Lambeth Group 

Clay were assumed to remain unchanged throughout the analysis. Thermal boundary conditions 

included no heat flux across the axis of symmetry and no change in temperature from the initial value 

along the remaining mesh boundaries, including the top boundary (i.e. ground surface). The initial pore 

water pressure and 𝐾0 profiles used in all analyses are shown in Figure 7-1, whereas an initial 

temperature of 19.5 °C was assumed to be constant over the finite element mesh. As the pile test was 

carried out during the summer months, a constant temperature of 19.5 °C at the ground surface is 

considered as a reasonable assumption.  

All stages of the Lambeth College test described by Bourne-Webb et al. (2009) were simulated adopting 

suitable values for the time step as outlined by Cui et al. (2016b). The mechanical and thermal loading 

sequences are illustrated in Figure 7-3. The thermal loading was modelled by applying the temperature 

recorded by the thermistors inside the test pile to a line of nodes in the mesh located at the same distance 

from the pile centre as the in-situ heat exchanger pipes. As reported by Bourne-Webb et al. (2009), the 

temperature inside the test pile was approximately constant with depth except for the top two meters 

where it was affected by the air temperature. Therefore, the temperature history shown in Figure 7-3 

was prescribed at the abovementioned line of nodes along the entire depth of the pile except for the top 

two meters, and a constant temperature of 19.5 °C was applied along the top of the pile. 

 

Figure 7-3 Pile load and temperature recorded in the test pile and applied in the FE model 
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It is often observed in laboratory tests that upon a change in the direction of loading, the soil stiffness 

does not continue to degrade and the soil’s response is stiffer. The simplest way of simulating this 

numerically using the chosen non-linear elastic constitutive model is to zero the values of 휀𝑑 and 휀𝑣𝑜𝑙 

used to calculate the tangent stiffness (Equations ( 7-3 ) and ( 7-4 )), thus resetting the stiffness to its 

maximum value every time the loading direction is reversed. While the importance of simulating these 

reversals associated with mechanical loading has been demonstrated previously (e.g. Schroeder et al., 

2004), the effect of resetting the material’s stiffness during thermal loading has not yet been 

investigated. Therefore, three analyses, which are summarised in Table 7-5, were performed in this part 

of this study. In Analysis LC1 the resetting procedure was performed at the following stages: before the 

first unloading from 1800 to 0 kN, start of reloading to 1200 kN, start of the cooling period, start of the 

heating period, before the final loading to 3600 kN and at the start of the final unloading. Analysis LC2 

included resetting at the same stages as Analysis LC1, with the exception of the reset before the start of 

the cooling period. For comparison, in Analysis LC3, the stiffness was not reset and was allowed to 

degrade continuously throughout the analysis (see Measham et al. (2014) for details).  

Table 7-5 Stiffness resetting procedure in Analyses LC1, LC2 and LC3 

Stiffness reset before:  Analysis LC1 Analysis LC2 Analysis LC3 

first unloading from 1800 to 0 kN    

reloading to 1200 kN    

cooling period    

heating period    

final loading to 3600 kN    

final unloading    

 

7.2.1.3 Results 

The results of the analyses are compared to measurements on site in terms of the temperature in the 

surrounding soil, as well as the pile head vertical displacement, pile axial strains, and shear stress. Figure 

7-4 shows the pile head vertical displacement throughout the test. Although the initial loading to 

1800 kN is accurately reproduced, the displacement during the following unloading stage is 

overpredicted in all three analyses. Indeed, the field measurements show irreversible pile settlements 

which could not be simulated in any of the analyses, suggesting that this may involve plastic 

mechanisms which could not be captured with the simple Mohr-Coulomb failure criterion. Moreover, 

the importance of resetting the stiffness is clearly demonstrated by the excessive and unrealistic rebound 

simulated in analysis LC3, where the stiffness continuously reduces due to the accumulation of strains. 

The reloading stage to 1200 kN is reproduced well in analyses LC1 and LC2. These observations are 

also evident in Figure 7-5 which compares the pile axial strain profiles during the initial loading test 

measured by the optical fibre sensors (OFS) and the vibrating wire strain gauges (VWSG) to those 
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computed in analyses LC1, LC2 and LC3. Note that the initial loading test was performed in two stages 

where, firstly, the pile was loaded to 1200 kN, and then, the load was increased further to 1800 kN. 

Although both loading stages are reproduced well, the residual strains are underestimated, as expected 

from the displacement results.  

 

Figure 7-4 Pile head vertical displacement with time 

 

Figure 7-5 Axial strain profiles in the pile during the initial loading test 

In order to allow comparison between the analyses for the thermal loading stage of the test, the pile 

head displacement was offset using the displacement at the start of reloading to 1200 kN as a baseline, 

as shown in Figure 7-6. Cooling causes contraction of the pile, and therefore, a downward movement 
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of the pile head. In Analysis LC1, the pile settlement is smaller than in Analysis LC2 due to a stiffer 

soil response resulting from resetting the stiffness before the start of cooling. However, the difference 

in the pile displacement between analyses LC1 and LC2 is small, particularly when compared to that 

observed in Analysis LC3, where the stiffness degrades continuously. This observation suggests that 

the effect of resetting the stiffness before the thermal loading stage may be less crucial than during the 

mechanical loading stage. The numerical predictions of the heating stage are not as close to the field 

data as those of the cooling stage. The reason for this difference may be soil plasticity and contraction 

upon heating which has been observed in laboratory tests on other types of soil (see Chapter 4) and is 

not accounted for in these analyses.  

 

Figure 7-6 Pile head vertical displacement due to temperature changes with time 

Figure 7-7 compares the temperature measured at 9 m below ground level in the borehole as well as in 

the anchor pile (located 0.5 m and 2 m away from the test pile, respectively) with the numerical 

predictions. The temperature in the anchor pile remains relatively constant throughout the test, 

suggesting that the radius of thermal influence of the pile is less than 2 m. The results of the numerical 

analyses are in a good agreement with the field data which indicates that heat transfer is simulated 

accurately. The slight discrepancy in the temperature at the borehole during the heating stage may also 

explain the overestimated upward movement of the pile head shown in Figure 7-6.  
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Figure 7-7 Temperature at the borehole and the anchor pile with time 

The axial strain profiles plotted in Figure 7-8 were offset using the residual strain profile shown in 

Figure 7-5 as a baseline. It must also be noted that these strains are the mechanical strains (or the 

restrained strains) obtained by subtracting the free thermal strains, which are calculated as the product 

of the thermal expansion coefficient of the pile and the change in temperature, from the total observed 

strains. This was done in order to be consistent with the published field data. Moreover, it should be 

noted that, due to the simulation of heat transfer between the heat exchanger pipes and the concrete, the 

temperature in the pile is not uniform over its cross-section, resulting in varying axial strains. Therefore, 

Figure 7-8 presents the ranges of axial strain, with the largest changes being observed at the pile axis 

and the smallest changes at the pile circumference. As suggested by the pile head displacement history, 

results of Analysis LC1 show the best agreement with the field data. However, at the end of heating, all 

numerical simulations underestimate the axial strain measured in the upper part of the pile, which shows 

an increase with depth in its first 7 m, indicating a downwards shear stress applied to the pile. Figure 

7-9 presents the shear stress on the pile after reloading to 1200 kN, end of cooling, as well as end of 

heating in Analysis LC1 which showed the best reproduction of the field test data. As expected, the 

contraction of the pile during cooling leads to additional upward (i.e. negative) shear stresses in its top 

part and downward (i.e. positive) shear stresses in the lower part (see Figure 7-9 (a)). During heating 

(see Figure 7-9 (b)), this mechanism is reversed such that the top of the pile experiences downward 

shear stresses, whereas upward shear stresses are generated in the lower part. Figure 7-9 (b) shows that 

the increase in the shear stress in the upper part of the pile predicted by the numerical analysis is 

underestimated which is consistent with the axial strain results (Figure 7-8 (b)). 
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Figure 7-8 Mechanical axial strain profiles (a) at the end of cooling stage and (b) at the end of heating stage 

 

Figure 7-9 Shear stress profiles (a) at the end of cooling stage, and (b) at the end of heating stage in Analysis LC1, 

compared to the reloading to 1200 kN stage 
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7.2.2 Exploratory study 

In this section, the behaviour of a single thermo-active pile is further investigated, demonstrating the 

impact of different aspects of the modelling approach in the simulated response. The same pile and 

ground conditions, which are typical of the London basin, as in the Lambeth College test were 

considered here.  

7.2.2.1 Numerical analysis 

The finite element mesh, material properties, as well as initial and boundary conditions adopted in this 

study were, unless otherwise stated, the same as those used in the back-analysis of the Lambeth College 

test. In this exploratory study, the pile was initially loaded to 1200 kN, followed by a one-year cycle 

comprising 6 months of energy extraction and 6 months of injection. Note that the load of 1200 kN 

corresponds to a factor of safety of 2.35 which was back-calculated assuming the undrained strength 

profile presented by Amatya et al. (2012) (i.e. 𝑆𝑢 = 65 + 8.2𝑧, where 𝑧 denotes the distance to the top 

of the London Clay, and Made Ground and Terrace Gravel were neglected) and the “𝛼” method with 

𝛼 = 0.5. It should also be pointed out that the excess pore water pressures generated during the 

mechanical loading were allowed to dissipate before the start of the thermal cycle in order to separate 

the thermal from the hydro-mechanical effects of loading. 

A series of analyses was performed in order to investigate the effects of the modelling approach, the 

thermal load application as well as thermal conductivity, thermal expansion coefficient and 

permeability of the soil. All analyses carried out as part of this study are summarised in Table 7-6. 

Analysis A, which was used as a baseline for the remaining analyses, is a fully coupled THM analysis 

where the thermal load was applied as a uniform temperature across the pile as shown in Figure 7-10. 

Following the mechanical loading, the pile was cooled by 15 °C for 5 months (i.e. 𝑇𝑝 = 4.5 °C), heated 

by 30 °C for 6 months (i.e. 𝑇𝑝 = 34.5 °C) and finally cooled by 15 °C for 1 month (i.e. 𝑇𝑝 = 19.5 °C). 

The temperature change was applied gradually at a rate of 0.05 °C/day, such that the total temperature 

change of 15 °C took place over a month. Once the total temperature change was achieved, it was kept 

constant. Following the findings from the back-analysis, the soil stiffness was reset at the end of the 

mechanical loading stage, at the end of the first cooling stage and at the end of the heating stage as 

indicated by the arrows in Figure 7-10. 
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Table 7-6 List of analyses 

Analysis Analysis type Thermal load 
Soil thermal 

conductivity 

Soil thermal 

expansion 

coefficient 

Soil 

permeability 

A Coupled THM 
Uniform temperature 

across pile 
𝑘𝑇 𝛼𝑇 𝑘𝑓0, 𝐶 

B1 
Coupled THM 

with 𝛼𝑇𝑓 = 𝛼𝑇 

Uniform temperature 

across pile 
𝑘𝑇 𝛼𝑇 𝑘𝑓0, 𝐶 

B2 
Undrained with 

heat transfer 

Uniform temperature 

across pile 
𝑘𝑇 𝛼𝑇 𝑁𝐴 

B3 

Undrained 

without heat 

transfer 

Uniform temperature 

across pile 
𝑁𝐴 𝑁𝐴 𝑁𝐴 

C1 Coupled THM Heat flux across pile 𝑘𝑇 𝛼𝑇 𝑘𝑓0, 𝐶 

C2 Coupled THM 
Uniform temperature 

along a line 
𝑘𝑇 𝛼𝑇 𝑘𝑓0, 𝐶 

C3 Coupled THM Heat exchanger pipes 𝑘𝑇 𝛼𝑇 𝑘𝑓0, 𝐶 

D1 Coupled THM 
Uniform temperature 

across pile 
2𝑘𝑇 𝛼𝑇 𝑘𝑓0, 𝐶 

D2 Coupled THM 
Uniform temperature 

across pile 
0.5𝑘𝑇 𝛼𝑇 𝑘𝑓0, 𝐶 

E1 Coupled THM 
Uniform temperature 

across pile 
𝑘𝑇 2𝛼𝑇 𝑘𝑓0, 𝐶 

E2 Coupled THM 
Uniform temperature 

across pile 
𝑘𝑇 0.5𝛼𝑇 𝑘𝑓0, 𝐶 

F1 Coupled THM 
Uniform temperature 

across pile 
𝑘𝑇 𝛼𝑇 10𝑘𝑓0, 𝐶 

F2 Coupled THM 
Uniform temperature 

across pile 
𝑘𝑇 𝛼𝑇 0.1𝑘𝑓0, 𝐶 
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Figure 7-10 Temperature history applied to the pile 

Analysis B1 is also a coupled THM analysis, however, the thermal expansion coefficient of the pore 

fluid is set to be equal to that of the soil particles. Hence, comparing analyses A and B1 illustrates the 

effect of the thermally-induced volumetric changes of the pore fluid. In Analysis B2, consolidation was 

not taken into account and the London Clay and Lambeth Group Clay were modelled as undrained 

materials (i.e. no pore water pressure degrees of freedom were specified for the elements discretising 

these layers). However, heat transfer in the soil was still simulated. The modelling approach was 

simplified further in Analysis B3 where, in addition to disregarding coupled consolidation effects, the 

heat transfer through the soil was not taken into account (i.e. no temperature degrees of freedom were 

specified anywhere in the mesh). 

Other methods of thermal load application were investigated in analyses C1, C2 and C3. In Analysis 

C1, instead of a uniform temperature change, a heat flux boundary condition was prescribed over the 

volume of the pile. To simulate heat extraction, a constant heat flux of -0.24 kW/m3 was applied (this 

rate corresponds to -57 W/m if the pile is idealised as a linear heat source), whereas heat injection was 

modelled with a constant heat flux of +0.26 kW/m3 (equivalent to +62 W/m). These fluxes were 

determined using a trial-and-error procedure such that at the end of cooling and heating stages, the 

temperature changes in the pile with respect to the initial adopted temperature were -15 °C and +15 °C, 

respectively. Analysis C2 involved prescribing the same temperature history as in Analysis A uniformly 

along a line inside the pile, at a radial distance of 209 mm from the pile centre, in order to mimic heat 

exchanger pipes. In Analysis C3, the heat exchanger pipes were modelled using bar elements whose 

position was the same as that of the line heat source/sink in Analysis C2. Note that, in an axisymmetric 

analysis, these represent a hollow cylinder. Based on the conclusions from the numerical studies 

presented in Chapter 3, the pipes were discretised in the same way as the surrounding solid elements, 

with bars and solids sharing the same temperature degrees of freedom, meaning that exchange of heat 
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between pipes and soil takes place at every node. Furthermore, given the limited effect on the overall 

thermal response observed in Chapter 3, the pipe wall was not modelled here. The Petrov-Galerkin 

FEM was used to solve the equations of heat transfer along the pipes. The pipes were modelled with 

thermal properties of water, the same thermal expansion coefficient as the concrete pile and a small 

Young’s modulus such that they do not carry any mechanical load. All material properties are listed in 

Table 7-7. The thickness of the 2D bar elements was calculated as 0.6 mm based on a pipe diameter of 

32 mm (see Equation ( 3-150 ), Section 3.4.3.3, Chapter 3). Water was injected at a rate of 12.4 l/min 

and the same temperature history as in Analysis A (Figure 7-10) was applied at the pipe inlet located at 

the top of the pile. At the outlet of the pipe, which was located at the bottom of the pile, water was taken 

out at the same rate and the coupled thermo-hydraulic boundary condition was prescribed to ensure that 

the energy corresponding to the water leaving the mesh would be removed from the simulation.  

In analyses D1 and D2 the effect of the thermal conductivity of the soil was studied by using values that 

are larger and smaller, respectively, than the values in Analysis A. Similarly, the effect of the thermal 

expansion coefficient of the soil was explored in analyses E1 and E2, whereas the effect of permeability 

was investigated in analyses F1 and F2 by varying the magnitude of the parameter 𝑘0𝑓 in Equation ( 7-

7 ), which does not affect the initial pore water pressure profile shown in Figure 7-1. 

Table 7-7 Heat exchanger pipe material properties 

𝐸 

(kPa) 
𝜇 (-) 

𝛼𝑇 

(m/m°C) 

𝜌𝐶𝑝 

(kJ/m3°C) 

𝑘𝑇 

(W/m°C) 

1000.0 0.3 8.5 × 10-6 4180 0.6 

 

7.2.2.2 Results 

Transient thermo-mechanical pile behaviour 

Analysis A was performed in order to provide a baseline for  the remaining analyses and explain the 

time-dependent behaviour of a thermo-active pile. Figure 7-11 (a) shows the vertical displacement of 

the pile along its length, whereas Figure 7-11 (b) presents the shear stress on the pile at different stages 

of the analysis. The application of the mechanical load causes the pile to move downwards, and 

therefore, generation of upward (i.e. negative according to the sign convention adopted in this chapter) 

shear stresses. During the subsequent cooling, the pile contracts resulting in further downward 

displacement of the pile head and an upward movement of the pile toe. This process also affects the 

shear stresses leading to an additional upward shear stress in the upper part of the pile, if the soil is still 

able to sustain this increase in friction. Conversely, a thermally-induced downward shear stress is 

observed in the lower part of the pile. During the next four months, while the pile temperature remains 

constant, the soil continues to cool down and contract. This results in the pile moving further down in 

an almost uniform way along its length, which is accompanied by a decrease in the thermally-induced 
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shear stress changes as the restriction imposed by the soil to the pile movement reduces. The inverse of 

this behaviour can be observed during the subsequent heating period where both the pile and the soil 

expand, reversing the thermally-induced shear stress changes on the pile.  

 

Figure 7-11 Results of Analysis A: (a) pile vertical displacement along its length, (b) pile shear stress along its length 

Figure 7-12 (a) shows the total axial stress in the pile at the stages of the analysis mentioned above. 

Upon cooling, the soil’s restriction to the pile movement leads to tensile thermally-induced axial stress 

changes which reduce the total compressive axial stress in the pile. However, as the soil continues to 

cool down with time, this restriction is alleviated, and hence, the thermally-induced axial stresses reduce 

in absolute value. Nonetheless, it should be noted that the total tensile axial stresses observed near the 

pile toe immediately after cooling may lead to cracking of the concrete, and therefore, the pile must be 

checked for tensile capacity during the design process. Indeed, as these tensile axial stresses take place 

at larger depths, where soil restriction is greater, it may be necessary to ensure the reinforcement cage 

extends to the toe of the pile, rather than just being limited to its upper part. The subsequent heating 

induces additional compressive stresses in the pile. In this particular case, these stresses do not exceed 

the maximum axial stress at the top of the pile significantly. However, the magnitude of these additional 

compressive stresses may increase in other cases (for example if the heating load is increased), and 

therefore it must be verified during the design procedure.  

Contraction and expansion of the pile during cooling and heating also affect the normal total stresses 

from the soil acting on the pile, as shown in Figure 7-12 (b). As expected, cooling induces tensile normal 

stress changes, whereas heating results in additional compressive normal stresses. However, it should 
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be noted that, while changes in radial stress can have an impact on the pile’s ability to mobilise shaft 

friction, the magnitude of these changes is relatively small compared to the normal stresses acting on 

the pile prior to thermal loading. For example, in the case of cooling, the reduction is limited to 10 % 

of the normal total stress on the pile before thermal loading at the depth of 20 m.  

 

Figure 7-12 Results of Analysis A: (a) pile axial stress along its length, (b) pile thermally-induced normal stress changes 

along its length 

Figure 7-13 shows the changes in pore water pressure during the thermal operation. During the first 

month of cooling, the deformation of the pile, as well as the difference in the thermal expansion 

coefficient of soil particles and pore water, cause the generation of tensile pore water pressure changes 

around the pile with a maximum value of approximately 67 kPa. Over the following four months, the 

maximum pore water pressure changes reduce noticeably, although there is an increase in the volume 

of soil affected as the cooling front propagates. Conversely, heating induces compressive pore water 

pressure changes, as shown in Figure 7-13 (c) and (d). It is also interesting to note that, while reversal 

of the temperature of the pile naturally leads to a change in the sign of the computed thermally-induced 

pore water pressures around the pile, this is not the case for the material at larger radial distances from 

the pile. As it can be seen in Figure 7-13 (c) and (d), this “negative excess pore water pressure front” 

continues to propagate radially several months after the pile has changed from being cooled to being 

heated. 
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Figure 7-13 Thermally-induced pore water pressure changes in Analysis A: (a) after initial cooling, (b) at the end of 

cooling, (c) after initial heating, and (d) at the end of heating 

Effect of modelling approach 

Comparing analyses A, B1, B2 and B3 demonstrates the effect of including the transient phenomena of 

consolidation and heat transfer in the soil. Figure 7-14 shows that the pile head displacement is greatest 

in Analysis A and smallest in Analysis B3. As neither consolidation, nor heat transfer in the soil are 

simulated in Analysis B3, following the initial contraction of the pile due to cooling, as well as the 

initial expansion on heating, no further changes take place in the soil and the pile displacement remains 

constant. In Analysis B2, the heat transfer through the soil is modelled, and therefore, the pile continues 

to move downwards as more soil around it cools down and contracts. Similarly, during heating, the 

pile’s upward movement is enhanced by the thermal expansion of the soil. Although the soil 

contraction/expansion is also simulated in Analysis B1, the downward displacement of the pile on 

cooling is partially compensated by the swelling of soil during dissipation of the generated tensile pore 

water pressures, which is not simulated in Analysis B2. During heating, the soil consolidates as the 

excess pore pressures dissipate which slightly reduces the upward movement of the pile due to thermal 

expansion. Note that any changes in pore water pressures observed in analyses B1, B2 and B3 are due 

to the mechanical deformation of the soil. Comparing analyses A and B1 demonstrates the effect of 

thermally-induced pore water pressures due to the different coefficients of thermal expansion attributed 

to the fluid and solids. In Analysis B1, the thermal expansion coefficients of the soil particles and the 

pore fluid are the same, whereas in Analysis A, the thermal expansion coefficient of the pore fluid is 

greater than that of the soil particles. As explained in Chapter 5, under undrained conditions, these 

additional pore water pressures result in changes in effective stresses, which in turn lead to volumetric 
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strains that are contractive upon cooling and expansive during heating (see Equation ( 5-173 ) in Chapter 

5). Therefore, the overall contraction of the soil during cooling, as well as expansion during heating are 

larger in Analysis A, resulting in greater pile head vertical movements. 

 

Figure 7-14 Results of analyses A, B1, B2 and B3: evolution of pile head vertical displacement with time 

These differences in the displacement of the pile lead to different shear and axial stresses, as depicted 

in Figure 7-15 and Figure 7-16. In Analysis B3, the soil does not contract or expand, and therefore, it 

imposes the greatest restriction to the movement of the pile, leading to the largest changes in shear and 

axial stresses. Conversely, in Analysis A the soil deforms in a similar manner to the pile, which reduces 

the restriction to the pile and results in smallest changes in shear and axial stresses.  

The evolution of the maximum thermally-induced axial stress changes, which appear around the null 

point of the pile, is shown in Figure 7-17. It is clear that performing a simplified undrained analysis 

without heat transfer in the soil (Analysis B3) significantly overestimates changes in axial stress and 

leads to a highly conservative design. It is interesting to note that Analysis B3 could be seen as the FE 

equivalent to an analysis using the load-transfer method as it does not account for the thermo-hydraulic 

soil behaviour. Furthermore, the large difference between the results of analyses A and B1 highlights 

the importance of the choice of the thermal expansion coefficient of the pore fluid. Although the value 

of 𝛼𝑇𝑓 in Analysis A was chosen as that corresponding to the middle of the temperature range 

considered, a more accurate approach would involve a varying 𝛼𝑇𝑓 as a function of temperature.  
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Figure 7-15 Results of the cooling stage of analyses A, B1, B2 and B3: (a) pile shear stress along its length, (b) pile axial 

stress along its length 

 

Figure 7-16 Results of the heating stage of analyses A, B1, B2 and B3: (a) pile shear stress along its length, (b) pile axial 

stress along its length 
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Figure 7-17 Results of analyses A, B1, B2 and B3: evolution of maximum thermally-induced axial stress with time 

Effect of thermal load application 

In all numerical analyses presented so far in this section, the thermal load was applied to the pile as a 

prescribed temperature boundary condition. However, it may sometimes be more appropriate to 

consider the thermal load as a flux of heat, especially when the heating/cooling system requires the pile 

to inject or extract energy at a prescribed rate. Here, the previously discussed Analysis A is compared 

to Analysis C1 where, instead of the temperature boundary condition, a heat flux boundary condition is 

prescribed over the volume of the pile. In order for the two analyses to be comparable, the magnitude 

of the heat flux was chosen such that the temperature at the circumference of the pile, at the end of the 

cooling and heating periods was the same for both analyses, as illustrated in Figure 7-18 (a). This 

condition was achieved by applying a constant heat flux of -0.24 kW/m3 (corresponding to -57 W/m) 

during the first 5 months of energy extraction, +0.26 kW/m3 (or +62 W/m) during the following 6 

months of heat injection and -0.26 kW/m3 over the final month. Figure 7-18 (a) shows that the 

temperature evolution is different in the two cases, as expected. In Analysis C1, the initial rate of 

temperature change is larger than in Analysis A, however, it becomes smaller after approximately 10 

days, with further increases in temperature taking place at a considerably slower rate. The vertical 

displacement of the pile head shown in Figure 7-18 (b) also reflects this trend. The pile initially contracts 

and expands more in Analysis C1 than in Analysis A, but both analyses reach the same displacement at 

the end of the cooling and heating periods. Correspondingly, the maximum thermally-induced axial 

stresses (Figure 7-18 (c)) show initially a larger change in Analysis C1, though at later stages, as the 

rate of temperature change reduces, so does the rate of change of axial stresses. Furthermore, it is 

interesting to note that analyses with constant temperature boundary condition (as opposed to heat flux 

boundary condition) may lead to unconservative results as they may result in considerable 

underestimation of the temperature-induced stresses (Figure 7-16 (c)). While in this particular case the 
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difference between the two approaches is relatively small and may not affect the pile design, in other 

cases the difference may be more significant and, therefore, it may need to be accounted for.  

Perhaps more realistically, the thermal load can be applied by simulating the coupled flow of fluid and 

heat inside the heat exchanger pipes. In Analysis C3, a single pipe positioned at a distance of 209 mm 

from the pile axis was modelled with 2D bar elements (i.e. representing a hollow cylinder in an 

axisymmetric analysis). The same temperature history as in Analysis A was prescribed at the pipe inlet 

located at the top of the pile. In order to assess the effect of non-uniform temperature distribution along 

the piles, the results of Analysis C3 were compared to those of Analysis C2, where the same temperature 

history was imposed uniformly along a line corresponding to the position of the pipe. Figure 7-18 (a) 

illustrates the difference between the applied temperature in analyses A, C2 and C3, and the temperature 

at the pipe outlet, located at the bottom of the pile, in Analysis C3. Note that the difference between the 

inlet and outlet temperatures indicates the amount of energy transferred from and into the surrounding 

pile and soil. The calculated heat flux in Analysis C3 is plotted in Figure 7-19 together with the heat 

flux that was applied in Analysis C1. Although the heat flux at the end of the cooling and heating stages 

is similar in the two analyses, the initial response in Analysis C3 is highly transient, indicating that the 

assumption of a constant heat flux is unrealistic. 

Comparing the pile head vertical displacements plotted in Figure 7-18 (b) shows greatest pile 

movements in Analysis A and smallest in Analysis C3. This trend is consistent with the average 

temperature change in the pile, whose amplitude is highest in Analysis A (i.e. the average temperature 

change is equal to the applied temperature change) and lowest in Analysis C3 where temperature 

changes are more gradual due to the transfer of heat along the pipe and conduction of heat within the 

pile. Although the latter mechanism is also simulated in Analysis C2, the temperature change is applied 

uniformly along a line inside the pile, resulting in no variation in temperature along its length. Figure 

7-18 (c) shows that the simplified modelling approach involving a uniform temperature boundary 

condition prescribed to the whole pile (i.e. Analysis A) may result in an underestimation of the 

thermally-induced pile axial stresses when compared to an analysis where pipe-pile interaction is taken 

into account (i.e. Analysis C3), which, among the various tested methodologies to model temperature 

fields within the pile, is thought to be the most realistic. It should be noted that, in analyses C1, C2 and 

C3, the thermally-induced stresses are likely to vary in the radial direction with the maxima occurring 

at the pile axis. 
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Figure 7-18 Results of analyses A, C1, C2 and C3: (a) evolution of temperature at the circumference of the pile, 

(b) evolution of pile head vertical displacement with time, (c) evolution of maximum thermally-induced axial stress with time 
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Figure 7-19 Evolution of the applied heat flux in Analysis C1 and the measured heat flux in Analysis C3 with time 

Effect of thermal conductivity 

Laboratory or in situ measurements of soil thermal conductivity are rarely available, hence the design 

of thermo-active piles, particularly at an early stage, may require assumptions regarding the magnitude 

of this property. In this section, the effect of this thermal property is investigated by respectively 

increasing (Analysis D1) and reducing (Analysis D2) the values used in Analysis A by a factor of two.  

Thermal conductivity controls the rate at which heat is transferred through conduction with a larger 

value of thermal conductivity indicating a quicker cooling and heating of the material. Therefore, at a 

given time instant, soil in Analysis D1 is expected to have experienced greater changes in temperature 

than in Analysis D2. Moreover, the volume of soil affected by temperature changes is greater in 

Analysis D1 than Analysis D2 at a given time instant. This can be seen clearly in Figure 7-20 (a), which 

shows that the pile movement is greatest in Analysis D1 resulting from a larger volume of soil 

experiencing thermal contraction or expansion.  

Figure 7-20 (b) shows that the maximum thermally-induced axial stress changes are higher in Analysis 

D2 than Analysis D1. This can be explained by the fact that, in Analysis D1, the soil cools down and 

heats up quicker, therefore contracting and expanding more than in Analysis D2 during the same period 

of time. This results in a smaller mechanical restriction to the movement of the pile, and therefore, 

smaller changes in axial stresses. 
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Figure 7-20 Results of analyses A, D1 and D2: (a) evolution of pile head vertical displacement with time, (b) evolution of 

maximum thermally-induced axial stress with time 

Effect of soil thermal expansion coefficient 

Similar to thermal conductivity, the soils’ thermal expansion coefficient is not a parameter which is 

routinely measured in laboratory tests. Therefore, its magnitude must often be assumed. This part of the 

exploratory study involves variation of the soil’s thermal expansion coefficient by respectively 

increasing (Analysis E1) and reducing (Analysis E2) the values used in Analysis A by a factor of two. 

It should be noted that the thermal expansion coefficients of concrete and pore water remain unchanged.  

The effect of thermal expansion coefficient is demonstrated in Figure 7-21 (a), which depicts the vertical 

displacement of the pile head. As the thermal expansion coefficient increases, the soil contracts more 

during cooling and expands more during heating, hence, the pile in Analysis E1 experiences the largest 

vertical movements. In Analysis E2, the thermal expansion of soil is the same as that of the pile. 

However, since the contraction/expansion of the soil takes place gradually as the temperature front 
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progresses away from the pile, the mechanical restriction applied to the pile by the soil is greatest in 

Analysis E2. Hence, the largest changes in axial stresses due to initial cooling or heating are observed 

in Analysis E2, as shown in Figure 7-21 (b). Following the initial cooling and heating (i.e. between 30 

and 150 days, and 210 and 330 days), the thermally-induced axial stresses decrease, with the largest 

reduction recorded in Analysis E1 were the soil contracts/expands most. 

 

Figure 7-21 Results of analyses A, E1 and E2: (a) evolution of pile head vertical displacement with time, (b) evolution of 

maximum thermally-induced axial stress with time 

Effect of permeability 

The last part of the performed study investigates the effect of soil permeability on the behaviour of a 

thermo-active pile. In Analysis F1, the permeability was increased by multiplying the 𝑘𝑓0 parameter in 

Equation ( 7-7 ) by ten, whereas in Analysis F2, 𝑘𝑓0 was divided by the same value. As parameter 𝐶 in 

Equation ( 7-7 ) remained the same, the initial pore water pressure profile depicted in Figure 7-1 (a) did 

not change. 
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Permeability affects the rate of dissipation of pore water pressures and, hence, consolidation. The 

displacement of the pile head plotted in Figure 7-22 (a) is largest in Analysis F2 which simulates a less 

permeable material, and therefore, slower dissipation of excess pore water pressures. This suggests that 

the pile movement is mostly controlled by the thermal contraction and expansion of the soil particles, 

as well as the pore fluid. Conversely, in Analysis F1, the pore pressure dissipation is faster allowing for 

additional swelling of the soil during cooling and consolidation upon heating, which partially 

compensate the thermal contraction and expansion of the soil and result in smaller overall movements 

of the pile. This soil response in Analysis F1 imposes a larger restriction to the contraction and 

expansion of the pile, and therefore, leads to greater thermally-induced axial stresses as shown in Figure 

7-22 (b).   

 

Figure 7-22 Results of analyses A, F1 and F2: (a) evolution of pile head vertical displacement with time, (b) evolution of 

maximum thermally-induced axial stress with time 
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Figure 7-23 shows the changes in pore water pressure in Analysis F2 taking place from the start of the 

thermal cycle. After the first month of cooling, the maximum thermally-induced pore water pressure is 

approximately -120 kPa compared to -67 kPa in Analysis A (see Figure 7-13). During the subsequent 

4 months, these pore water pressures increase to a value of approximately -107 kPa which is still larger 

than the maximum tensile value in Analysis A. It should be noted that the change in pore water pressures 

in Analysis F1 are very small from the beginning of the thermal operations due to a quick dissipation 

of excess pore water pressures. Similar trends can be observed during the heating stage.  

 

Figure 7-23 Thermally-induced pore water pressure changes in Analysis F2: (a) after initial cooling, (b) at the end of 

cooling, (c) after initial heating, and (d) at the end of heating 

7.3 Effect of thermo-plasticity on pile behaviour 

In this section, the effect of temperature-induced plasticity of the soil on the response of geothermal 

piles is investigated. The non-isothermal behaviour of the soil is modelled with the elasto-plastic IC 

Thermal model whose development was presented in Chapter 5. Due to lack of experimental data, the 

model could not be calibrated for the stratigraphy typical of the London basin considered in the previous 

numerical studies in Section 7.2. Instead, two soil types – Boom Clay and Soft Bangkok Clay, for which 

the IC Thermal model was calibrated in Chapter 5 – are considered here, with the results obtained for 

the latter material being presented in Appendix D. The effect of temperature-induced plasticity is 

investigated by comparing analyses performed using the calibrated IC Thermal model and its isothermal 

version (i.e. when parameter 𝑏 in Equation ( 5-69 ) in Chapter 5 is set to zero, and the yield surface 

becomes independent of temperature). It should be noted that the latter results in a response equivalent 

to that of an isothermal Modified Cam Clay (MCC) model with a Hvorslev yield surface on the dry 
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side. In the first study, which is presented in Section 7.3.1, the behaviour of a thermo-active pile over 

one year of operation is explored through a series of analyses involving a loading sequence similar to 

that adopted in Section 7.2.2 comprising of the application of mechanical loading, followed first by a 

cooling and then by a heating period. The second study (Section 7.3.2) involves the simulation of pile 

load tests to investigate the effect of temperature on pile capacity. In all cases, the behaviour of normally 

consolidated, as well as overconsolidated soils (𝑂𝐶𝑅 = 4) is studied. 

7.3.1 Pile behaviour under operational conditions 

7.3.1.1 Pile design 

The pile adopted in this study has the same dimensions as the Lambeth College test pile in the previous 

numerical analyses presented in this chapter (i.e. 23 m long and 550 mm in diameter). For each soil 

type and OCR value, the vertical load applied to the pile was calculated using the “𝛼” method such that 

the factor of safety on the load was 2.35 in all cases, i.e. the same as in the previous analyses with the 

Lambeth College stratigraphy (see Section 7.2.1). The initial undrained strength, 𝑆𝑢, profile was 

calculated from the following expression derived for the Modified Cam Clay model (Potts & 

Zdravković, 1999): 

 

𝑆𝑢 = 𝑂𝐶𝑅𝜎𝑣
′𝑔(𝜃) cos 𝜃

1 + 2𝐾0
𝑁𝐶

6
(1 + 𝐵2) [

2(1 + 2𝐾0
𝑂𝐶)

(1 + 2𝐾0
𝑁𝐶)𝑂𝐶𝑅(1 + 𝐵2)

]

𝜅 𝜆⁄

 ( 7-8 ) 

where 𝜎𝑣
′  is the initial vertical effective stress, 𝜃 is the Lode’s angle, 𝜆 and 𝜅 are the slopes of the normal 

compression and swelling lines in the 𝜈 − ln 𝑝′ plane, respectively, whereas 𝐾0
𝑁𝐶 and 𝐾0

𝑂𝐶 are the 

coefficients of earth pressure at rest associated with normally consolidated and overconsolidated 

conditions, respectively. These are defined as (Jaky (1948) and Mayne & Kulhawy (1982), 

respectively): 

 𝐾0
𝑁𝐶 = 1 − sin𝜑′ ( 7-9 ) 

 𝐾0
𝑂𝐶 = 𝐾0

𝑁𝐶𝑂𝐶𝑅sin𝜑
′
 ( 7-10 ) 

where 𝜑′ is the angle of shearing resistance. Furthermore: 

 
𝐵 =

√3(1 − 𝐾0
𝑁𝐶)

𝑔(−30°)(1 + 2𝐾0
𝑁𝐶)

 ( 7-11 ) 

The value of 𝑔(𝜃), which defines the shape of the yield surface in the deviatoric plane, was calculated 

from Equation ( 5-39 ) in Chapter 5. If the soil is normally consolidated (i.e. 𝑂𝐶𝑅 = 1 and 𝐾0
𝑂𝐶 = 𝐾0

𝑁𝐶), 

Equation ( 7-8 ) reduces to: 
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𝑆𝑢 = 𝜎𝑣

′𝑔(𝜃) cos 𝜃
1 + 2𝐾0

𝑁𝐶

3
(
1 + 𝐵2

2
)

1−𝜅 𝜆⁄

 ( 7-12 ) 

As the 𝑆𝑢 profiles are typically obtained from triaxial compression tests, 𝜃 was assumed to be equal to 

−30° in all cases. The values of 𝜑′, 𝜆 and 𝜅 were calibrated for the Boom Clay in Chapter 5 (see Table 

7-9). The resulting initial 𝑆𝑢 profiles for this material and the corresponding 𝐾0 values for each value 

of OCR are listed in Table 7-8. The factored axial load resulting from the application of a factor of 

safety of 2.35, 𝑃𝑎, is also listed in Table 7-8 and was calculated using the “𝛼” method and adopting 𝛼 =

0.5. 

Table 7-8 Initial 𝐾0, 𝑆𝑢 profiles and design loads for analyses with Boom Clay 

𝑂𝐶𝑅 𝐾0 𝑆𝑢 profile 𝑃𝑎 (kN) 

1.0 0.62 𝑆𝑢 = 2.44𝑧 288 

4.0 1.05 𝑆𝑢 = 8.01𝑧 947 

 

7.3.1.2 Numerical analysis 

All numerical analyses performed as a part of this study involved full THM coupling. The finite element 

mesh adopted was the same as in the previous studies (see Figure 7-2), although the soil profile 

consisted of a single material (i.e. Boom Clay). The concrete pile was modelled as linear-elastic with 

the material properties listed in Table 7-1 and Table 7-4 (see Section 7.2.1.2). The behaviour of the 

surrounding soil was simulated with the IC Thermal model. The material properties for Boom Clay are 

listed in Table 7-9 – Table 7-11. Note that these properties are the same as those presented in Chapter 

5 and Appendix C, with the exception of the shear modulus, 𝐺. In effect, during model calibration, a 

value of 𝐺 𝑝0
′⁄  of 19 was obtained from triaxial tests. However, as the triaxial tests were performed at 

stresses greater than those present in the boundary value problem considered here, the obtained values 

of 𝐺 𝑝0
′⁄  would result in very low values of the shear modulus when used in this numerical study (e.g. 

𝐺 = 2280 kPa at a depth of 12 m). Therefore, a constant 𝐺 of 50 MPa for Boom Clay was assumed 

here. Note that, due to lack of experimental data, the small strain stiffness model, previously employed 

to simulate the pre-yield behaviour of London Clay, is not used here. Additionally, in order to compare 

the response of the model with and without the secondary yield surface, the two surfaces were decoupled 

by setting all coupling parameters (i.e. 𝑘1, 𝑛1 and 𝑘2) to zero. The thermal expansion coefficient of the 

pore water was chosen as 6.9 × 10-5 m/m°C which is the value corresponding to a temperature of 19.5 °C 

(i.e. the middle of the temperature range in this study). The permeability of Boom Clay was modelled 

as dependent on the mean effective stress, as well as temperature (see Appendix C for the calibration 

procedure and model performance). Finally, due to lack of data, the volumetric heat capacity, 𝜌𝐶𝑝, of 

Boom Clay was assumed to be the same as that of London Clay (i.e. 1820 kJ/m3°C). 
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Table 7-9 IC Thermal model parameters for Boom Clay 

Parameter Value Parameter Value 

𝑇𝑟𝑒𝑓 (°C) 23.0 𝜇𝐹, 𝜇𝑃 0.9 

𝜈1,𝑇𝑟𝑒𝑓 2.593 𝑀𝐹, 𝑀𝑃 0.88 

𝑏 0.0005 𝛼𝐻𝑉 0.3 

𝑐 1.0 𝑛𝐻𝑉 0.4 

𝑅 1.0 𝛽𝐻𝑉0 2.0 

𝜆 0.141 𝑚𝐻𝑉 1.0 

𝜅 0.026 𝑘1 0.0 

𝐺 (MPa) 50.0 𝑛1 0.0 

𝛼𝐹, 𝛼𝑃 0.4 𝑘2 0.0 

 

Table 7-10 Thermal and thermo-mechanical properties 

𝛾𝑠 (kN/m3) 𝛼𝑇 (m/m°C) 𝛼𝑇𝑓 (m/m°C) 𝐾𝑓 (GPa) 𝜌𝐶𝑝 (kJ/m3°C) 𝑘𝑇 (W/m°C) 

20.1 3.30 × 10-5 6.9 × 10-5 2.2 1820 1.25 

 

Table 7-11 Permeability model parameters (see Appendix C) 

𝑘𝑓0 (m/s) 𝐶 (1/kPa) 𝑇𝑘𝑓  (°C) 

6.28 × 10-12 1.31 × 10-4 40.0 

 

The initial conditions are characterised by a 𝐾0 which is constant with depth (see Table 7-8), a 

hydrostatic pore water pressure profile and a uniform temperature of 19.5 °C. The displacement 

boundary condition includes no horizontal displacement along the left and right vertical mesh 

boundaries, as well as no vertical displacement along the bottom boundary. No flow of water or heat 

was allowed across the axis of symmetry (i.e. the left mesh boundary), whereas no change in pore water 

pressure and temperature from the initial condition was applied along the remaining mesh boundaries. 

As in the exploratory study presented in Section 7.2.2, the pile was initially loaded to the design load 

listed in Table 7-8. Following dissipation of excess pore water pressures generated during this 

mechanical loading stage, the pile was subjected to a one-year thermal cycle consisting of 5 months of 

cooling by 15 °C (i.e. 𝑇𝑝 = 4.5 °C), 6 months of heating by 30 °C (i.e. 𝑇𝑝 = 34.5 °C) and 1 month of 

cooling by 15 °C (i.e. 𝑇𝑝 = 19.5 °C). The temperature changes were applied uniformly over the volume 

of the pile at a rate of 0.05 °C/day and, once the target temperature change was achieved, it was kept 

constant (see Figure 7-10).  
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Table 7-12 lists the numerical analyses performed in this study. Note that all analyses were repeated 

with OCR of 1 and 4 (where the initial OCR is defined in terms of the vertical effective stresses). In 

analyses A, parameter 𝑏 was set to zero such that the size of the primary yield surface was independent 

of temperature, thus mimicking the isothermal MCC model. Therefore, comparing the results of 

analyses A to those of analyses B and C, where the value of 𝑏 calibrated based on experimental data 

was used, allows for studying the effect of plastic strains generated due to temperature changes. It 

should be noted that, in analyses A, the reference temperature, 𝑇𝑟𝑒𝑓, was set to the initial temperature 

of 19.5 °C. Moreover, the value of parameter 𝜈1,𝑇𝑟𝑒𝑓 was set to that calculated using Equation ( 5-66 ) 

in Chapter 5 for a temperature of 19.5 °C. Analyses B were performed in order to investigate the effect 

of plasticity generated by the primary yield surface only. Therefore, both in analyses A and in analyses 

B, the secondary yield surface was positioned at a high temperature, such that it cannot be activated at 

any stage of the analysis. Conversely, in analyses C, the initial position of the secondary yield surface 

was set to 19.5 °C (i.e. the initial temperature) resulting in an intial thermal overconsolidation ratio of 1. 

Table 7-12 List of analyses 

Analysis OCR Parameter 𝒃 Yield surfaces 

A1 1.0 
0.0 Primary (initial 𝑇0 = ∞) 

A4 4.0 

B1 1.0 
𝑏 = 0.0005 Primary (initial 𝑇0 = ∞) 

B4 4.0 

C1 1.0 
𝑏 = 0.0005 Primary and secondary (initial 𝑇0 = 19.5 °C) 

C4 4.0 

 

7.3.1.3 Results 

Effect of thermo-plasticity due to the primary yield surface 

In this section, the impact on pile response of modelling the effects of temperature on the primary yield 

surface is investigated by comparing the results of analyses A and B involving Boom Clay with OCR 

of 1 and 4.  

Figure 7-24 shows the vertical displacement at ground surface at different stages of analyses A and B 

for OCRs of 1 (Figure 7-24 (a)) and 4 (Figure 7-24 (b)). The first observation is that the analyses where 

the size of the yield surface was chosen to be independent of temperature (i.e. 𝑏 = 0) produce the same 

soil displacements as the analyses with the size of the yield surface varying with temperature (i.e. 𝑏 =

0.0005). The second observation is that, in all analyses, the soil contracts during cooling and expands 

during heating.  
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Figure 7-24 Results of analyses A and B – thermally-induced ground surface vertical displacement for: (a) 𝑂𝐶𝑅 = 1, and 

(b) 𝑂𝐶𝑅 = 4 

This behaviour can be explained by studying the results presented in Figure 7-25 – Figure 7-30. Figure 

7-25 (𝑂𝐶𝑅 = 1) and Figure 7-26 (𝑂𝐶𝑅 = 4) show the stress paths at a point in the soil located at a 

depth corresponding to the middle of the pile and directly adjacent to it, as well as the primary yield 

surface corresponding to different stages of the analyses. Note that the shape of the primary yield surface 

was computed with the current value of Lode’s angle which varied throughout the analysis. 

Interestingly, the stress paths in analyses with different values of 𝑏 are similar and lie mostly within the 

yield surface, suggesting a predominantly elastic response, where cooling leads to soil contraction, 

whereas heating results in expansion. To demonstrate further the reduced importance of plasticity, 

Figure 7-27 presents the thermally-induced changes in the hardening parameter 𝑝0
′  taking place at the 
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same point in the soil. In the case of OCR of 1, 𝑝0
′  increases slightly throughout the analysis, which 

indicates soil hardening, whereas in the case of OCR of 4, 𝑝0
′  reduces, as expected from the stress paths 

which show yielding on the dry side of the yield surface. Again, the soil behaviour appears to be 

independent of parameter 𝑏. Furthermore, the relatively small changes in 𝑝0
′  indicate that very little 

plasticity is generated and the soil response is mostly elastic. It is interesting to note that, in the case of 

OCR of 1, the increase in 𝑝0
′  is larger during the cooling stage than the heating stage, which can be 

explained by the increase in mean effective stress leading to engagement of the primary yield surface. 

Figure 7-28 plots the thermally-induced changes in pore water pressure and mean total stress taking 

place at the same point as the previous results. Note that the changes in pore water pressure and mean 

total stress are practically the same (with a slight difference only during the heating stage), resulting in 

the very small changes in mean effective stress observed in Figure 7-25 and Figure 7-26. The thermally-

induced pore water pressures around the pile are also illustrated in Figure 7-29 (𝑂𝐶𝑅 = 1) and Figure 

7-30 (𝑂𝐶𝑅 = 4). As expected, cooling leads to generation of tensile pore water pressures, whereas 

during heating, compressive pore water pressures are generated. Note that throughout the cooling stage, 

the pore water pressures initially reduce and after some time start to increase, although, due to the low 

permeability of Boom Clay, the increase is not sufficiently large for the thermally-induced pore water 

pressures to return to zero. A similar trend is found during heating. This suggests that the soil response 

should resemble that observed in the undrained heating/cooling tests discussed in Chapter 5, where the 

pore water pressures generated due the difference between the thermal expansion coefficients of pore 

water and soil particles induce changes in effective stress, which in turn result in changes in volumetric 

strains (see Equation ( 5-173 ) in Chapter 5). As was shown in Chapter 5, these additional volumetric 

changes are contractive during cooling and expansive during heating. Therefore, the overall volumetric 

expansion or contraction of the soil under undrained conditions is greater than that under drained 

conditions, which depends only on the thermal expansion coefficient of soil particles and does not 

include the effect of pore water pressure changes.  

Therefore, as very little plasticity is generated and the response of the soil is mostly elastic, it is perhaps 

unsurprising that the soil contracts during cooling and expands during heating, and that the behaviour 

is independent of the value of 𝑏. 

From the results presented in Figure 7-24 it is also interesting to note the differences between the two 

OCR values. During cooling, the normally consolidated soil experiences larger contraction than the 

overconsolidated soil. This response can be explained by examining Equation ( 5-173 ) in Chapter 5 

which defines the total volumetric strain due to undrained heating/cooling as a sum of the elastic 

volumetric strains due to temperature changes and that due to stress changes. As the former depends on 

the thermal expansion coefficient of soil particles and temperature changes, its magnitude is the same 

for both OCR values. However, the elastic volumetric strain due to stress changes is inversely 
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proportional to the mean effective stress, and therefore, is greater in the case of 𝑂𝐶𝑅 = 1 than 𝑂𝐶𝑅 =

4, since 𝐾0 is larger in the latter. 

 

Figure 7-25 Results of analyses A1 and B1 (𝑂𝐶𝑅 = 1) – stress paths and yield surfaces in 𝑝′ − 𝐽 and 𝑝′ − 𝑇 planes (point A 

– start of cooling, point B – start of heating, point C – end of heating) 
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Figure 7-26 Results of analyses A4 and B4 (𝑂𝐶𝑅 = 4) – stress paths and yield surfaces in 𝑝′ − 𝐽 and 𝑝′ − 𝑇 planes (point A 

– start of cooling, point B – start of heating, point C – end of heating) 

 

Figure 7-27 Results of analyses A and B – thermally-induced changes in hardening parameter 𝑝0
′  
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Figure 7-28 Results of analyses A and B – thermally-induced pore water pressure and mean total stress for: (a) 𝑂𝐶𝑅 = 1, 

and (b) 𝑂𝐶𝑅 = 4 
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Figure 7-29 Results of Analysis B1 (𝑂𝐶𝑅 = 1) – thermally-induced pore water pressure changes: (a) after initial cooling, 

(b) at the end of cooling, (c) after initial heating, and (d) at the end of heating 

 

Figure 7-30 Results of Analysis B4 (𝑂𝐶𝑅 = 4) – thermally-induced pore water pressure changes: (a) after initial cooling, 

(b) at the end of cooling, (c) after initial heating, and (d) at the end of heating 

The evolution of the vertical displacement of the pile head shown in Figure 7-31 is consistent with the 

volumetric response of the soil. The pile shear and axial stresses are plotted in Figure 7-32. As was 

shown by the previous results, the pile response is practically the same in the analyses with 𝑏 = 0 and 
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the calibrated value of 𝑏. The application of the mechanical load causes an upward shear stress, whose 

magnitude is approximately constant with depth due to the fact that the soil shear stiffness is modelled 

as constant, and a compressive axial stress which reduces with depth. It is interesting to note that the 

soil close to the ground surface reaches its yield limit. During the initial cooling stage the pile contracts, 

leading to an additional upward shear stress in the middle part of the pile and downward shear stress in 

the lower part. This results in tensile axial stress changes such that the total compressive axial stress in 

the pile reduces. As cooling continues, the soil contracts more, alleviating the restriction imposed to the 

pile movement and reducing these stress changes. It is interesting to note that the soil eventually 

contracts more than the pile which causes downward shear stresses in the top part of the pile and upward 

shear stresses in the lower part, and therefore, induces a more compressive axial stress than that due to 

the mechanical load. The following heating stage initially results in additional compressive axial 

stresses as the pile expands, although these changes reduce with time as the soil reacts to the temperature 

changes. Clearly, the time-dependent response, which is further illustrated in Figure 7-33 in terms of 

maximum thermally-induced axial stresses, is more exaggerated than that observed in the studies 

involving London Clay (e.g. Figure 7-17), due to the coefficient of thermal expansion being twice as 

large for Boom Clay. In effect, the obtained response is qualitatively similar to that simulated in the 

exploratory study concerning the effect of using a higher value of the coefficient of thermal expansion 

(Figure 7-21).  

 

Figure 7-31 Results of analyses A and B – evolution of pile head vertical displacement with time 
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Figure 7-32 Results of analyses A and B: (a) pile shear stress along its length (𝑂𝐶𝑅 = 1), (b) pile axial stress along its 

length (𝑂𝐶𝑅 = 1), (c) pile shear stress along its length (𝑂𝐶𝑅 = 4), and (d) pile axial stress along its length (𝑂𝐶𝑅 = 4) 
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Figure 7-33 Results of analyses A and B with – evolution of maximum thermally-induced pile axial stress with time 

Effect of the secondary yield surface 

Figure 7-34 compares the results of analyses with and without the secondary yield surface (i.e. analyses 

B and C) in terms of the pile head vertical movements and the maximum thermally-induced pile axial 

stresses. As expected, the pile response during the cooling stage, as well as the first month of heating is 

the same irrespective of the position of the secondary yield surface. However, once the temperature 

applied to the pile exceeds the initial temperature (i.e. 19.5 °C, after 180 days), the secondary yield 

surface is finally activated in analyses C, leading to the generation of additional excess pore water 

pressure. The thermally-induced pore water pressures computed in analyses C are shown in Figure 7-35. 

Comparing these results with those depicted in Figure 7-29 and Figure 7-30, it can be observed that in 

the case of the normally consolidated soil, the maximum thermally-induced pore water pressure 

increased from about 98 kPa in Analysis B1 to approximately 110 kPa in Analysis C1. In the case of 

OCR of 4, the secondary yield surface increased the maximum thermally-induced pore water pressure 

from 118 kPa (Analysis B4) to 152 kPa (Analysis C4). However, despite the substantial differences in 

pore water pressures, the results plotted in Figure 7-34 suggest that the secondary yield surface has very 

little effect on the overall response of the pile. It is also interesting to note that, although the secondary 

yield surface is necessary to reproduce the behaviour of overconsolidated soils exhibiting expansion 

followed by contraction in drained heating tests, it was shown in Chapter 5 that the volume changes in 

undrained heating tests are expansive. Furthermore, these volume changes are the same whether the 

response is elastic or elasto-plastic (see Equations ( 5-173 ) and ( 5-175 ) in Chapter 5).  



Chapter 7 Numerical modelling of geothermal piles 

 

403 

 

 

Figure 7-34 Results of analyses B and C: (a) evolution of pile head vertical displacement with time, and (b) evolution of 

maximum thermally-induced pile axial stress with time 
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Figure 7-35 Results of analyses C – thermally-induced pore water pressure changes: (a) after initial heating with 𝑂𝐶𝑅 = 1, 

(b) at the end of heating with 𝑂𝐶𝑅 = 1, (c) after initial heating with 𝑂𝐶𝑅 = 4, and (d) at the end of heating with 𝑂𝐶𝑅 = 4 

7.3.2 Effect of temperature on pile capacity 

7.3.2.1 Numerical analysis 

In the previous section, it was shown that the use of a thermo-plastic model had very limited impact on 

the response of thermo-active piles. This was thoroughly investigated by analysing not only thermally-

induced pile displacements and axial stresses, but also stress changes in the soil surrounding the pile, 

which revealed that, under nearly undrained conditions, the overall change in volume remains expansive 

upon heating and contractive upon cooling. Therefore, it is unsurprising that thermo-plasticity has been 

observed to play a relatively minor role in the studies carried out so far. However, these have focused 

on serviceability issues surrounding thermo-active piles and not pile capacity. To investigate the latter 

issue, an additional study was devised where a thermo-active pile is loaded to failure after one year of 

its operation, illustrating the potential impact of the thermo-plastic model, which predicts a reduction 

of the size of the yield surface with temperature, thus affecting the simulated undrained shear strength 

of the material. 

The mesh, initial condition and material properties adopted in this study were the same as those in the 

previous study (see Section 7.3.1.2). It should be noted that, in all analyses performed here, the effect 

of the secondary yield surface was not considered, and hence, its initial position was set to a high 

temperature value such that it is not activated at any stage. 

The analyses performed as part of this study are summarised in Table 7-13. In Analysis A, the pile was 

loaded to failure at the initial temperature of 19.5 °C. In analyses B and C, the pile was loaded to failure 
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after being cooled by 30 °C, whereas in analyses D and E, the pile was heated by 30 °C prior to being 

loaded to failure. Over the first two months, the thermal loads were applied gradually as a uniform 

temperature change over the pile volume, while the temperature over the remaining ten months was 

kept constant. In analyses B and D, the soil behaviour was simulated with the isothermal version of the 

IC Thermal model which was achieved by setting parameter 𝑏 to zero, 𝑇𝑟𝑒𝑓 to the initial temperature of 

19.5 °C and 𝜈1,𝑇𝑟𝑒𝑓 to the value given by Equation ( 5-66 ) in Chapter 5. Conversely, analyses C and E 

involved the calibrated value of parameter 𝑏. Note that all analyses were repeated with OCR of 1 and 4. 

Table 7-13 List of analyses 

Analysis OCR Parameter 𝒃 Loading sequence 

A1 1.0 
- Loading to failure 

A4 4.0 

B1 1.0 
0.0 

1. Cooling by 30 °C for 1 year 

2. Loading to failure B4 4.0 

C1 1.0 
𝑏 = 0.0005 

1. Cooling by 30 °C for 1 year 

2. Loading to failure C4 4.0 

D1 1.0 
0.0 

1. Heating by 30 °C for 1 year 

2. Loading to failure D2 4.0 

E1 1.0 
𝑏 = 0.0005 

1. Heating by 30 °C for 1 year 

2. Loading to failure E4 4.0 

 

7.3.2.2 Results 

Figure 7-36 compares the load-displacement curves obtained from all analyses involving Boom Clay. 

As expected, the capacity of the pile installed in normally consolidated soil is smaller than that of the 

pile in overconsolidated soil. The results of analyses B and D, where the size of the yield surface was 

independent of temperature (i.e. 𝑏 = 0), show the same pile capacity as in the load test performed at 

the initial temperature (analyses A). Conversely, simulating a reducing size of the yield surface with 

increasing temperature, or an increasing size of the yield surface with reducing temperature (i.e. 𝑏 =

0.0005), resultes in a higher pile capacity following cooling and its decrease following heating. For 

both 𝑂𝐶𝑅 = 1 and 𝑂𝐶𝑅 = 4, the change in pile capacity is approximately ±10 % of the value obtained 

in analyses A.  
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Figure 7-36 Effect of temperature on the capacity of a pile installed in Boom Clay with: (a) 𝑂𝐶𝑅 = 1, and (b) 𝑂𝐶𝑅 = 4 

7.4 Summary and conclusions 

7.4.1 Numerical modelling of geothermal piles in London Clay 

The first part of this chapter presents a numerical study which was carried out placing particular 

emphasis on reproducing ground conditions typical of the London basin, where increasing numbers of 

thermo-active piles are being installed, and adopting a commonly employed constitutive framework 

involving a thermo-elastic soil response. 

Firstly, the capabilities of ICFEP to model coupled THM problems were demonstrated by back-

analysing the Lambeth College pile test. The close reproduction of the measured temperatures, 

displacements, strains and stresses was achieved by accounting for the small strain stiffness behaviour 

of the soil, as well as simulation of the transient phenomena of heat transfer and consolidation. Hence, 

the obtained results suggest that this modelling approach can be applied in engineering practice for the 

design of geothermal piles in London Clay. 
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The thermo-mechanical response of a single pile in ground conditions typical of the London basin was 

then examined in detail through a series of numerical analyses. The key conclusions can be summarised 

as follows: 

 Cooling generates considerable tensile axial stress changes in the pile, and therefore, thermo-

active piles must be checked for tensile capacity during the design procedure. Conversely, 

heating causes compressive axial stress changes whose magnitude may also need to be 

accounted for. 

 The thermally-induced stress changes tend to reduce with time as the surrounding soil reacts to 

the temperature changes imposed by the pile. 

 The modelling approach in terms of the analysis type (i.e. coupled vs uncoupled) can have a 

large influence on the computed results, and therefore potentially also on the design of such 

piles. For example, in the case where the transient phenomena in the soil were not taken into 

account, which is consistent with the assumptions adopted by the load-transfer method, the 

changes in stresses caused by temperature were significantly higher than those predicted by a 

fully coupled THM analysis. Furthermore, the importance of the adopted value of the thermal 

expansion coefficient of the pore water was illustrated. In the case where it is different from the 

thermal expansion coefficient of the soil particles, additional changes of pore water pressure 

occur, affecting the volumetric changes in the soil, and hence the pile response.  

 Modelling of the thermal load affects the pile response as well. Thermal load can be applied to 

the pile by prescribing a heat flux or a temperature boundary condition, or alternatively, by 

simulating the coupled heat and fluid flow inside the heat exchanger pipes. Although the latter 

approach is more computationally demanding and requires the use of a Petrov-Galerkin FE 

method for the solution of the heat transfer equations along the pipe, it results in a more accurate 

temperature distribution along the pile, and hence, a more realistic pile response. Compared to 

simulating the heat exchanger pipes, prescribing a uniform temperature over the volume of the 

pile leads to underestimation of the thermally-induced axial stress changes. 

 For ground conditions typical of the London basin, varying the thermal conductivity, the 

thermal expansion coefficient and the permeability was also shown to influence the behaviour 

of the pile. However, the effect of the thermal expansion coefficient of the soil was found to be 

less significant that the effects of the thermal conductivity and the permeability. Nonetheless, 

these results demonstrate the importance of laboratory and/or field testing and accurate 

determination of the soil’s properties. Table 7-14 summarises the effects of soil properties 

examined in this study on the response of the pile.  
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Table 7-14 Summary of effects of soil properties on pile response based on the considered ranges 

Soil property 
Effect on displacement Effect on axial stress change 

Magnitude Trend Magnitude Trend 

Thermal 

conductivity 

++ Increases with 

property 

+++ Reduces with 

property 

Thermal expansion 

coefficient 

+ Increases with 

property 

++ Reduces with 

property 

Permeability ++ Reduces with 

property 

+++ Increases with 

property 

Key: + limited, ++ moderate, +++ substantial 

 

7.4.2 Effect of thermo-plasticity on pile behaviour 

In the second part of this chapter, the IC Thermal model was employed to investigate the effect of 

temperature-induced plasticity on the soil-structure interaction. Due to lack of laboratory data to 

calibrate the model for London soils, the behaviour of Boom Clay and Soft Bangkok Clay (see 

Appendix D), for which the IC Thermal model was calibrated in Chapter 5, was simulated here. Both 

normally consolidated, as well as overconsolidated states were considered in the study. In order to assess 

the effect of thermally-induced plasticity, the results obtained with the IC Thermal model were 

compared to those produced by its isothermal version where the size of the yield surface is assumed to 

be independent of temperature. Note that the following conclusions apply to both the analyses with 

Boom Clay and Soft Bangkok Clay.  

The first study focused on serviceability issues and examined the geothermal pile’s response over one 

year of operation involving energy extraction and injection. Thorough analysis of the stress changes in 

the soil surrounding the pile showed that the soil’s behaviour is predominantly elastic in both normally 

consolidated and overconsolidated cases. Furthermore, due to the slow dissipation of excess pore water 

pressures, the soil’s response was undrained, which, as was demonstrated in Chapter 5, results in 

volumetric contraction during cooling and expansion during heating whether the material is elastic or 

elasto-plastic. Therefore, it is unsurprising that both the pile’s and the soil’s responses obtained with 

the IC Thermal model and its isothermal version were practically the same. Additionally, the results of 

analyses where only the primary yield surface was present were compared to those where both the 

primary and the secondary yield surfaces were used in order to study the effect of plasticity associated 

with the latter. Although inclusion of the secondary yield surface led to generation of larger excess pore 

water pressures, the soil’s volumetric response was contractive during cooling and expansive during 

heating, and therefore, its effect on the pile behaviour was also negligible. The findings from this study 

suggest that the modelling approach employed in the first part of this chapter may have been adequate 

despite assuming a thermo-elastic soil response. 
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In the second study, the pile was loaded to failure after one year of operation involving either energy 

extraction or injection in order to investigate the effect of temperature changes on pile capacity. Again, 

the results obtained with the IC Thermal model were compared to those produced by its isothermal 

version. In the latter case, the pile capacity was the same prior and after a year of geothermal operation. 

However, modelling the reducing size of the yield surface with increasing temperature, and thus 

reducing undrained shear strength of the soil, results in an increase in pile capacity following cooling 

and its reduction following heating. It was shown that, for a temperature change of 30 °C, the change 

in pile capacity is approximately ±10 % of the value obtained from the loading tests performed prior to 

application of the thermal load. Although the effect of thermo-plasticity was found to be negligible 

when considering the serviceability limit state, the results of this study highlight its importance on the 

ultimate limit state of geothermal piles.  
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Chapter 8  

Conclusions and future research 

 

8.1 Introduction 

The research presented in this thesis aims to explore the behaviour of geothermal piles through 

numerical analysis. This was accomplished by developing and implementing into ICFEP the numerical 

tools necessary to accurately simulate the response of geothermal structures, and subsequently, carrying 

out detailed computational studies.  

The first part of this thesis concerned the development of numerical tools for modelling of heat 

exchanger pipes (Chapter 3), which facilitate transfer of heat between the structure and the ground, and 

the non-isothermal behaviour of saturated soils (Chapters 4 and 5). In order to model the heat exchanger 

pipes, a new type of elements – one-dimensional elements for use in three-dimensional finite element 

analysis – were implemented into ICFEP with full THM coupling. Furthermore, the Petrov-Galerkin 

FEM, which replaces the widely used Galerkin FEM in the solution of the heat transfer governing 

equations, was proposed to simulate accurately the highly advective heat flows along heat exchanger 

pipes. Modelling the non-isothermal behaviour of soils required a new constitutive elasto-plastic model. 

Following a comprehensive review of the non-isothermal response of soils observed in laboratory tests 

(Chapter 4), the IC Thermal model was developed based on the critical state framework (Chapter 5). 

The model was then calibrated for three soil types – Boom Clay, Soft Bangkok Clay and MC Clay – 

whose non-isothermal behaviour has been most extensively studied.  

In the second part of this thesis, the response of geothermal piles was explored through a review of 

existing field, laboratory and numerical studies (Chapter 6), and subsequently, through an extensive 

computational study carried out using ICFEP (Chapter 7). The first stage of the computational study 
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was concerned with the behaviour of geothermal piles installed in ground conditions typical of the 

London basin. A numerical modelling approach involving a thermo-elastic soil response, which can be 

applied in engineering practice for the design of geothermal structures, was established and validated 

by reproducing the results of the Lambeth College pile test (Bourne-Webb et al., 2009). Subsequently, 

the effect of several aspects that impact the behaviour and design of geothermal piles was explored, 

placing particular emphasis on their transient response. The second stage of the computational study 

involved the newly developed IC Thermal model which was used to investigate the effect of 

temperature-induced plasticity of soil on the behaviour of geothermal piles.  

This chapter discusses the main conclusions of the research presented in this thesis (Sections 8.2 – 8.4), 

and provides recommendations for further research (Section 8.5). 

8.2 Numerical modelling of heat exchanger pipes 

Closed-loop ground source energy systems, such as geothermal piles, exchange thermal energy with 

the surrounding ground using networks of pipes through which a fluid is circulated. Hence, inclusion 

of these heat exchanger pipes in the numerical model is important for the accurate simulation of heat 

transfer and the resulting temperature field. As part of this work, new numerical tools, which enable the 

modelling of the heat exchanger pipes, were developed and implemented into ICFEP. 

Firstly, a new type of finite elements – one-dimensional elements for use in three-dimensional finite 

element analysis – was formulated. These elements are capable of simulating the fully coupled THM 

behaviour of single, as well as two-phase materials. Mechanically, they behave as either beams, which 

can transmit axial forces, shear forces, bending moments and twisting moments, or bars, which can 

sustain only axial forces. The 3D beam elements have six degrees of freedoms per node (three 

displacements and three rotations), whereas the 3D bar elements have only three displacement degrees 

of freedom per node. Their mechanical formulations are based on those of the beam and bar elements 

for 2D analysis developed by Day (1990). Additionally, flow of fluid and/or heat along these one-

dimensional elements can be simulated. Hence, they can be used to model not only structural 

components such as anchors, props, beams or columns but also elements such as drains or heat 

exchanger pipes. It should be noted that their coupled THM formulation is consistent with the existing 

formulation in ICFEP developed by Cui (2015) for other element types. The response of the one-

dimensional elements was thoroughly validated by comparison to either analytical solutions available 

in the literature or the behaviour of equivalent 2D elements.  

Secondly, the Petrov-Galerkin FEM, was implemented for the solution of the equations governing the 

heat transfer. This FEM is an alternative to the widely used Galerkin FEM, which may result in 

oscillatory temperature solutions in problems involving heat transfer dominated by advection. The 

oscillations occur if the Péclet number, which describes the ratio of advective to conductive heat flow 
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and depends on thermal material properties, fluid velocity, as well as element length, is too high. 

Although reducing the Péclet number by decreasing the element size is a solution to this problem, in 

many practical cases such as those involving heat exchanger pipes, this process would result in an 

extremely large number of elements, which would increase the required computational effort for the 

solution of most practical problems. For this reason, a number of upwind FEM, of which the Petrov-

Galerkin FEM is the most widely used, has been proposed in the literature. The main principle behind 

the Petrov-Galerkin FEM is the modification of the nodal weighting functions in order to weigh the 

upstream element more heavily than the downstream one. As a result, unlike the Galerkin FEM, which 

assumes that the weighting functions are the same as the shape functions, the Petrov-Galerkin FEM 

employs weighting functions which are different from the shape functions. However, it was observed 

that the choice of the weighting functions, as well as the terms in the advection-diffusion equation which 

are modified, determines the accuracy of the solution, and therefore, some formulations proposed in the 

literature were deemed inadequate. The Petrov-Galerkin FEM for one-dimensional elements 

implemented into ICFEP adopts the weighting functions of  Huyakorn (1977) for 2-noded linear 

elements and those of Heinrich & Zienkiewicz (1977) for 3-noded quadratic elements. Unlike these 

original schemes, which have been successfully applied only to steady state problems, the present 

formulation allows for accurate simulation of the transient heat transfer as well by modifying all terms 

in the advection-diffusion equation with the chosen weighting functions. A number of validation 

exercises demonstrated the ability of this method to eliminate the oscillations present when the Galerkin 

FEM is adopted and to simulate accurately both transient and steady state problems involving 

advection-dominated heat flows. Furthermore, for completeness, the Petrov-Galerkin weighting 

functions for 2D and 3D elements are also proposed (Appendix B). 

These new developments were then used in computational studies involving the modelling of heat 

exchanger pipes and their interactions with the surrounding ground. The first study aimed to establish 

a suitable modelling approach and provide recommendations on spatial discretisation. It was found that 

the heat transfer between the pipe fluid and the surrounding medium can be simulated accurately 

independently of the finite element size, provided that the pipe elements and the adjacent solid elements 

are of equal size and the temperature degrees of freedom at all pipe nodes and the corresponding nodes 

of the solid elements are one and the same. It was also shown that modelling the pipe wall with solid 

elements has a relatively small effect and can therefore be ignored. The aim of the second study was to 

validate this modelling approach by reproducing a Thermal Response Test conducted by Loveridge et 

al. (2014). Although a number of numerical studies found in the literature adopt modelling approaches 

which account for the effects of heat convection adjacent to the pipe wall and heat conduction through 

the pipe wall (e.g. Al-Khoury et al., 2005; Diersch et al., 2011a; COMSOL, 2012c; Cecinato et al., 

2015), these heat transfer mechanisms were neglected here. Despite this, excellent agreement between 

the results of the 3D simulation and the field measurements was found, demonstrating the validity of 
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the assumptions adotped here. Additionally, it was shown that, in terms of simuling the temperature 

field, a less computationally demanding axisymmetric analysis could be used to model adequately the 

heat transfer in single U-tube heat exchanger pipes. 

8.3 Non-isothermal behaviour and modelling of soils 

The increasing number of geotechnical problems involving temperature changes, such as storage of 

radioactive waste in underground repositories, buried power cables and pipelines, or ground source 

energy systems, has created the need for characterising the non-isothermal behaviour of soils. In effect, 

the understanding developed through laboratory testing is key for the formulation of the appropriate 

constitutive models required for the design of the abovementioned schemes. 

THM behaviour of saturated soils 

The THM response of saturated soils has been investigated through numerous laboratory experiments 

on different soil types. The studied aspects of soil behaviour include: volumetric behaviour, pore 

pressure generation, preconsolidation pressure, compression characteristics, strength, stiffness and 

permeability. The most important findings from the perspective of numerical modelling can be 

summarised as follows: 

 The effect of temperature on the volumetric response was investigated through tests involving 

heating and cooling under drained conditions. Normally consolidated (NC) soils were observed 

to experience contraction during heating which was irreversible upon subsequent cooling. 

Campanella & Mitchell (1968) associated this behaviour with structural changes due to 

reorientation of particles. Conversely, highly overconsolidated (OC) soils were found to expand 

reversibly during heating, whereas lightly OC soils showed an expansion followed by 

contraction at higher temperatures. This transition temperature appears to increase with 

increasing overconsolidation ratio (OCR). During drained cooling, all soils studied contract at 

a rate independent of the OCR. 

 Tests where soil samples were heated under undrained conditions showed an increase in pore 

water pressure, while a reduction was observed during undrained cooling. These changes in 

pore water pressure can be explained by the fact that the thermal expansion coefficient of water 

is significantly greater than that of soil particles. Furthermore, it was found that the rate of 

thermally-induced excess pore water pressures increases with increasing confining pressure. 

Tests on samples which had been subjected to cyclic heating and cooling showed that their 

response after the first cycle was largely reversible, which suggests an overconsolidation state 

caused by heating. Finally, it should be noted that undrained heating results in a volumetric 

expansion which depends on the thermal expansion coefficients of water and soil particles, as 

well as soil compressibility. 
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 Preconsolidation pressure was observed to reduce with increasing temperature, which, from the 

perspective of constitutive modelling, indicates that the size of the yield surface reduces and, 

in the context of critical state soil mechanics, means that the normal compression line moves 

down in the void ratio – stress space with increasing temperature. 

 The void ratio in NC samples was found to reduce during drained heating and remain 

unchanged during drained cooling. Furthermore, NC samples subjected to a cycle of heating 

and cooling were observed to behave as overconsolidated during the subsequent isotropic 

loading, i.e. the followed path in the void ratio – stress plane that was shallower than the normal 

compression line (NCL) and the preconsolidation pressure was reached at a higher stress. Most 

studies showed that there is a unique NCL for each temperature value and, as temperature 

increases, the lines shift to lower void ratios. Although there is some disagreement in the 

literature regarding the effect of temperature on the slopes of the NCL and the swelling lines, 

the majority of the experimental data suggests that they are temperature-independent.  

 Triaxial compression tests performed at different temperatures showed that the slope of the 

critical state line (CSL) in the 𝑝′ − 𝑞 plane is not affected by temperature. Some discrepancies 

were found regarding the peak strength behaviour observed in drained triaxial compression 

tests. Tests performed by Hueckel & Baldi (1990) showed a reduction in peak strength of OC 

samples with increasing temperature, while Cekerevac & Laloui (2004), Abuel-Naga et al. 

(2006b) and Abuel-Naga et al. (2007c) measured an increase for both NC and OC samples. 

Disagreement was also found regarding the undrained strength measured in undrained triaxial 

tests. Studies by De Bruyn & Thimus (1996) and Kuntiwattanakul (1991) on OC clays, as well 

as Burghignoli et al. (1992, 2000) on a NC clay showed that the undrained strength is 

independent of temperature, while a higher undrained strength of heated samples was found by 

Kuntiwattanakul et al. (1995) on a NC clay, Ghahremannejad (2003) on a OC clay, as well as 

Tanaka et al. (1997), Abuel-Naga et al. (2006b) and Abuel-Naga et al. (2007c) on both NC and 

OC clays. Finally, tests which involved NC samples subjected to a complete thermal cycle prior 

to shearing showed an increase in the undrained strength compared to samples tested without 

temperature changes. 

 There is also some uncertainty surrounding the effect of temperature on shear stiffness. 

However, the majority of studies found a slight increase in shear stiffness with increasing 

temperature. Additionally, tests where a NC sample was subjected to a complete thermal cycle 

prior to mechanical loading showed an increase in the initial stiffness compared to samples 

which did not experience any temperature changes prior to shearing. 

 Permeability was found to increase with increasing temperature, which can be fully explained 

by the associated reduction in the viscosity of pore water. This indicates that the intrinsic 

permeability of geomaterials is temperature-independent.  



Chapter 8 Conclusions and future research 

 

416 

 

Constitutive modelling 

Despite some uncertainties regarding the effect of temperature on the behaviour of soils (e.g. strength 

and stiffness), a number of non-isothermal constitutive models has been proposed in the literature. 

Although all models adopt the concept of reducing preconsolidation pressure with increasing 

temperature, which was first proposed by Hueckel & Baldi (1990) and Hueckel & Borsetto (1990), and 

implies a reducing size of the yield surface, different expressions for this isotropic yield limit have been 

proposed. Furthermore, the models vary in the definitions of volumetric strains, hardening laws, shape 

and number of yield surfaces, as well as assumptions regarding the influence of temperature on soil 

parameters. For example, in order to improve the prediction of the volumetric changes observed in 

drained heating tests, some researches proposed additional yield surfaces, while others adopted the 

bounding surface plasticity framework. Although most models assume constant values of compression 

parameters (i.e. 𝜆 and 𝜅) and the critical stress ratio (i.e. the slope of the CSL line in the 𝑝′ − 𝑞 plane), 

some simulate them as varying with temperature. It should be noted that the expressions for the isotropic 

yield limit, the plastic volumetric strain increments and the hardening laws are often defined by 

empirical expressions and are not always consistent with the rest of the framework, while the concept 

of a plastic potential is rarely adopted. Another issue with the majority of the existing non-isothermal 

models is that they are formulated in the isotropic and/or the triaxial stress space, and therefore, cannot 

be used in boundary value problems where the integration of the constitutive equations needs to be 

carried out in generalised, three-dimensional stress space. 

As part of the work presented in this thesis, a new constitutive model based on the critical state 

framework – the IC Thermal model – for simulating the non-isothermal behaviour of saturated soils 

was developed and implemented into ICFEP. The model is based on the unsaturated models of 

Georgiadis (2003) and Tsiampousi (2011) where the Lagioia et al. (1996) yield surface and plastic 

potential are adopted on the wet side of critical and, in the case of the Tsiampousi (2011) model, a new 

expression for the Hvorslev surface is employed on the dry side. In order to account for the effect of 

temperature on the size of the yield surface, an isotropic yield limit, which defines a reducing 

preconsolidation pressure with increasing temperature, was proposed instead of the Loading Collapse 

curve in the unsaturated models. The yielding mechanism comprising of the Lagioia et al. (1996) and 

Hvorslev surfaces, as well as the isotropic yield limit, is termed ‘primary’. Additionally, a secondary 

yield surface, which is formulated similarly to the Suction Increase yield surface, was included to 

improve the prediction of the volumetric behaviour for overconsolidated soils.  

Unlike most existing non-isothermal constitutive models, which adopt empirical expressions for the 

isotropic yield limit, the IC Thermal model employs an expression derived from the behaviour observed 

in the 𝜈 − ln 𝑝′, ensuring consistency with the critical state framework and the THM formulation 

proposed by Cui (2015). Based on the previously described laboratory findings, the following 

assumptions were made: 



Chapter 8 Conclusions and future research 

 

417 

 

 the slopes of the normal compression and swelling lines are independent of temperature; 

 the specific volume at a unit mean effective stress reduces linearly as temperature increases (i.e. 

the normal compression lines move down in the 𝜈 − ln 𝑝′ plane with increasing temperature), 

and consequently, there is a unique normal compression line for each temperature value;  

 heating or cooling under drained conditions within the yield surface does not induce changes 

in void ratio; 

 the critical state stress ratio (i.e. the slope of the CSL line in the 𝑝′ − 𝑞 plane) is independent 

of temperature. 

The secondary yield limit is independent of mean effective stress and deviatoric stress, and describes 

the maximum temperature experienced by the soil. There is no plastic potential associated with this 

yield surface. Instead, the plastic strains generated once it is activated are defined by an empirical 

expression. Conversely, the plastic strains associated with the primary yield surface are defined by the 

plastic potential. The hardening/softening laws were designed such that the two yielding mechanisms 

may be coupled or decoupled.  

The isothermal response of the new model was validated against results obtained with the fully saturated 

version of the Tsiampousi (2011) model, as well as the MCC model with a Hvroslev surface, whereas 

the non-isothermal response was validated by comparing the obtained results with trends reported in 

the literature. Subsequently, the model was calibrated for three soil types: Boom Clay, Soft Bangkok 

Clay and MC clay. Although the non-isothermal behaviour of these soils has been studied extensively, 

the laboratory data was still insufficient for determination of all model parameters. In particular, 

difficulties were encountered when initialising the position of the secondary yield surface and 

determining the coupling parameters. Nonetheless, the numerical predictions were in a good agreement 

with the laboratory measurements indicating that the new model is capable of reproducing most aspect 

of the THM behaviour of saturated clays. 

8.4 Thermo-mechanical behaviour and modelling of geothermal 

piles 

In order to understand the effects of temperature changes on the behaviour of piles, a number of field 

and laboratory tests, which include centrifuge and physical modelling, has been carried out over the last 

two decades. Most studies showed that the changes in pile axial load that occur due to temperature 

changes are significant, and in some cases, comparable in magnitude to those induced by mechanical 

loads. Moreover, analysis of the pile response observed in some field tests led to the development of a 

simplified descriptive framework (Bourne-Webb et al., 2009; Amatya et al., 2012; Bourne-Webb et al., 

2013b). Although some assumptions adopted by the framework are not applicable to real soil behaviour 

(e.g. a rigid plastic soil with a uniform strength), it is a useful tool for understanding the mechanisms 
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involved in geothermal pile behaviour. The framework explains that the expansion or contraction of the 

pile due to an increase or a reduction in temperature, respectively, is partially prevented by the 

surrounding soil and the overlying structure. This restriction imposed on the movement of the pile leads 

to additional axial forces which are compressive when the pile is heated and tensile when it is cooled.  

Although field studies provide the closest representation of the behaviour  of real geothermal piles, the 

long term response of a pile under operational conditions was never fully investigated. Conversely, 

while laboratory model tests provide an insight into the mechanisms involved, their results cannot be 

directly used for design due to issues associated with scale and/or boundary effects. Numerical 

modelling allows for extensive studies examining the effect of a number of variables on pile behaviour. 

The aspects affecting the response of geothermal piles, which have been investigated in published 

studies, include: soil properties, pile-soil interface properties, boundary conditions, foundation 

geometry, thermal loads, and long-term cyclic heating and cooling. However, it should be noted that 

the numerical studies reported in the literature vary in complexity (from load-transfer to coupled THM 

analyses) and not all modelling approaches have been validated against behaviour observed in the field 

or laboratory tests. As part of this work, the recent developments implemented into ICFEP were applied 

to further explore the thermo-mechanical response of geothermal piles by investigating aspects such as 

the time-dependent pile behaviour, the effect of the modelling approach or the effects of temperature-

induced plasticity.  

Numerical modelling of geothermal piles in London Clay 

The first part of the computational study exploring the behaviour of geothermal piles focused on piles 

installed in ground conditions typical of the London basin. Due to the lack of laboratory data necessary 

to calibrate the IC Thermal model, the response of London soils was modelled as thermo-elastic. In 

fact, the aim of this study was to establish a numerical modelling approach suitable for engineering 

practice when designing geothermal piles in London. Firstly, the capabilities of the numerical model 

were demonstrated by back-analysing the Lambeth College pile test (Bourne-Webb et al., 2009). The 

close reproduction of the test results in terms of temperatures, displacements, strains and stresses was 

achieved by simulating the small strain stiffness behaviour of the soil, as well as the transient 

phenomena of consolidation and heat transfer.  

Following this successful validation, the response of the geothermal pile under operational conditions 

involving one year divided equally into energy extraction and injection was investigated. Performing a 

coupled THM analysis, where both consolidation and heat transfer in the soil were taken into account, 

allowed for studying the time-dependent pile behaviour. It was shown that cooling of the pile leads to 

generation of tensile changes in axial stress, whereas during heating the changes in axial stress are 

compressive. As the magnitude of these changes was found to be significant, design procedures need 

to reflect the contribution of temperature-related effects. In particular, the reduction of axial stresses 
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during cooling may lead to the calculation of tensile stresses which can be larger than the tensile strength 

of concrete, thus potentially influencing the design of the required steel reinforcement. However, the 

performed analyses demonstrate that these thermally-induced stresses reduce with time as the 

surrounding soil reacts to temperature changes and alleviates the restriction imposed on the pile. Further 

exploratory studies investigated the effects of the type of the numerical analysis, thermal load, as well 

as soil properties, which include thermal conductivity, thermal expansion coefficient and permeability. 

The main findings can be summarised as follows: 

 The type of the numerical analysis has a significant influence on the computed pile response. 

Compared to a coupled THM analysis, a simplified mechanical analysis, where neither 

consolidation nor heat transfer are simulated, results in considerably larger thermally-induced 

axial stresses and smaller pile head displacements. Furthermore, the value of the thermal 

expansion coefficient of the pore water was also shown to affect the pile behaviour as it may 

lead to changes in pore water pressure (if different from the thermal expansion coefficient of 

soil particles), and hence, additional volumetric changes in the soil. Therefore, its accurate 

determination is important for design.  

 The application of the thermal load can be modelled by prescribing a heat flux or a temperature 

boundary condition, or by simulating the coupled heat and fluid flow inside the heat exchanger 

pipes. As these methods result in different temperature fields within the pile and the surrounding 

soil, the computed pile displacements and stresses are also different. Although simulating the 

heat exchanger pipes is considered most realistic, it is more computationally demanding and 

requires the use of the Petrov-Galerkin FE method.  

 Varying soil’s properties was also shown to affect the pile response, highlighting the 

importance of their accurate determination in field and/or laboratory tests. While increasing the 

thermal conductivity and the thermal expansion coefficient of soil particles leads to smaller 

thermally-induced stresses, increasing the permeability has the opposite effect.  

Effect of thermo-plasticity on pile behaviour 

In the second part of the study explaining the behaviour of geothermal piles, the effect of temperature-

induced plasticity in the soil was investigated by employing the newly developed IC Thermal model. 

Instead of the soils found in the London basin, the response of Boom Clay and Soft Bangkok Clay, for 

which the model was previously calibrated, was considered here. For each soil type, both normally 

consolidated and overconsolidated conditions were simulated. Performing each analysis with the IC 

Thermal model and with its isothermal version, where the size of the yield surface was assumed to be 

independent with temperature, enabled the effect of thermo-plasticity to be assessed.  

Firstly, the response of a pile over one year of its operation involving the extraction and injection of 

energy was studied. Analysis of the computed results showed that temperature changes induced 
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relatively small stress changes in the soil, such that the soil’s response was predominantly elastic in 

both the normally consolidated and overconsolidated cases. Additionally, the soil’s behaviour was 

nearly undrained due to its low permeability. Hence, both normally consolidated and overconsolidated 

soils contracted during cooling and expanded during heating. Furthermore, the results obtained with the 

IC Thermal model and its isothermal version were practically the same. Although the secondary yield 

surface generated greater excess pore water pressures during heating, the volumetric response of the 

soil was the same as in the analyses with only the primary yield surface, and therefore, the pile’s 

response was unaffected. Hence, it can be concluded that, in the cases considered here, the use of the 

non-isothermal constitutive model has a negligible effect on the verification of the serviceability limit 

state.  

Secondly, the effect of thermo-plasticity on the ultimate limit state of geothermal piles was investigated 

by simulating pile load tests at ambient temperature and after one year of either continuous energy 

extraction or injection. It was found that, as expected, the use of the isothermal version of the IC 

Thermal model resulted in the same pile capacity prior and after temperature changes. Conversely, the 

use of the non-isothermal IC Thermal model, where the size of the yield surface reduces with increasing 

temperature, led to a reduction in pile capacity following the heating period and its increase after 

cooling. These changes in pile capacity were calculated as approximately ±10 % of the capacity prior 

to thermal loading, thus demonstrating the importance of the non-isothermal constitutive model when 

considering the ultimate limit state. 

8.5 Recommendations for future research 

Further developments 

In order to improve the prediction of the non-isothermal behaviour of soil observed in the laboratory 

experiments, further developments of the IC Thermal model are possible. Firstly, while the transition 

point between expansive and contractive behaviour in drained heating tests was shown to depend on 

the OCR, the current formulation of the secondary yield surface is independent of the stress level. 

Hence, as explained in Chapter 5, the initialisation of the position of the secondary yield surface may 

be difficult. To overcome this issue, the formulation of the secondary yield surface could be changed 

such that it is a function of mean effective stress, as well as temperature, meaning that its initial shape 

in the 𝑝′ − 𝑇 plane would be based on the transition points. This modification could also be 

accompanied by the specification of a plastic potential associated with the secondary yield surface, to 

avoid the use of an empirical expression in the calculation of plastic strains. In effect, the new model 

would then be formulated as a double surface plasticity model. Secondly, as was discussed in Chapter 

5, calibration of the coupling parameters was difficult due to insufficient laboratory data. However, in 

order to improve on this aspect of the model, further laboratory testing, which explores the effect of 
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engaging one surface on the response on the other, is required. This could be achieved by subjecting 

samples to a sequence of loading cycles and temperature cycles, followed by additional loading cycles. 

In general, any further developments to the constitutive model are possible provided more experimental 

evidence is available. Comprehensive testing programs, which consider complex stress paths, are 

necessary to improve our understanding of the effect of temperature on aspects of soil behaviour such 

as strength and stiffness.  

Another aspect of numerical modelling which requires further development is the thermal expansion 

coefficient of the pore water. While the numerical analyses performed throughout this research project 

assume a constant value, this property, as was explained in Chapter 2, is highly dependent on 

temperature. Therefore, modelling an increasing thermal expansion coefficient of water with increasing 

temperature would allow for a more realistic prediction of soil behaviour under undrained conditions.  

Future studies 

The numerical tools developed during this research project enable the modelling of a wide range of 

geotechnical problems involving temperature variations.  

The implementation of one-dimensional elements for 3D analysis and the Petrov-Galerkin FE method 

allows for simulation of heat exchanger pipes, and therefore, any ground source energy system of the 

closed-loop type. It would be interesting to investigate the effects of heat exchanger pipe arrangement 

and fluid flow rates on the thermal performance of various closed-loop systems (e.g. horizontal systems, 

borehole heat exchangers or geothermal structures). Although the influence of heat exchanger pipes on 

the thermo-mechanical behaviour of geothermal piles was briefly investigated in Chapter 7, the problem 

was modelled in axisymmetry, and therefore, the true geometry of the pipes was not simulated. The 

validity of this simplification needs to be assessed by comparing the results to those obtained from 3D 

analyses where the actual pipe arrangement is modelled. Moreover, it would be beneficial to establish 

a modelling approach which accurately simulates the thermo-mechanical behaviour of geothermal piles 

without the need to explicitly include the pipes, and hence, reduces the computational effort. 

The one-dimensional elements for 3D analysis together with the Petrov-Galerkin FE method also enable 

modelling of thermal drains which may be used to enhance consolidation in soft soils. Although 

installing vertical drains to increase the flow of water from the soil, and hence the rate of consolidation, 

is a common practice when dealing with this type of material, recent studies have shown that this 

process may be accelerated further by applying a thermal load to the drains (Abuel-Naga et al., 2006a; 

Pothiraksanon et al., 2010). Reproduction of the field study reported by Pothiraksanon et al. (2010), 

which involves such a system installed in Soft Bangkok Clay, would serve as an additional validation 

exercise for the new ICFEP capabilities, including the IC Thermal model. Moreover, the concept of 

thermal drains could be investigated further by performing exploratory numerical studies with the aim 

of providing recommendations on their design. 
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This research project focused on investigating the thermo-mechanical behaviour of single geothermal 

piles. However, most buildings depend on more complex foundation systems, such as piled rafts. While 

field studies suggest that interactions between the piles and the raft are complex, their response has not 

been explored fully. Modelling such systems in 3D would improve our understanding of their 

behaviour. Subsequently, an equivalent 2D modelling approach, or indeed a 3D model which does not 

require the discretisation of every pile, should be established in order to facilitate the design of groups 

of thermo-active piles and potentiate the safe deployment of greater numbers of this type of foundations. 

Finally, the numerical developments presented here, as well as the modelling procedures established, 

can be applied to a variety of other geothermal structures such as retaining walls, shafts or tunnel linings.  
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Appendix A  

 

 

Table A-1 Thermal properties of various materials 

 Material 
Density 

(kg/m3) 

Thermal 

conductivity 

(W/mK) 

Specific heat 

capacity 

(J/kgK) 

Linear thermal 

expansion 

coefficient 

(m/mK) 

S
o

il
 

Clay – dry 1900 0.4 – 1.0 810 
1.0 – 5.0 × 10-5 

Clay – saturated 2100 1.1 – 3.1 1140 

Sand – dry 2000 0.3 – 0.9 730 
0.5 – 1.7 × 10-5 

Sand – saturated 2100 2.0 – 3.0 1190 

Gravel – dry 2000 0.4 – 0.9 730 

0.5 – 1.7 × 10-5 Gravel – 

saturated 
2100 1.6 – 2.5 1140 

R
o
ck

 

Limestone 2500 1.5 – 3.0 920 0.8 × 10-5 

Sandstone 2500 2.0 – 6.5 800 1.0 × 10-5 

Shale 2600 1.3 – 3.5 880 1.0 × 10-5 

Basalt 2900 1.3 – 2.3 830 0.5 × 10-5 

Granite 2700 3.0 – 4.0 890 0.8 × 10-5 

O
th

er
 

Water 998 0.600 4182 6.5 × 10-5 

Air 1.2 0.025 1007 114.0 × 10-5 

Concrete 2400 1.5 – 2.5 880 0.7 – 1.3  × 10-5 

Steel 7800 45 500 1.2 × 10-5 

Properties of water at 20 °C; properties of air at 20 °C and 1 atm pressure 

Data from: Campanella & Mitchell (1968), Downing & Gray (1986), Robertson (1988), Incropera et al. (2007), VDI (2010), 

Çengel & Ghajar (2011), Neville (2011), Banks (2012) 
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Appendix B  

 

B.1 Formulation of beam strain equations 

B.1.1 2D beam elements 

As the strain equations for a 3D beam element were formulated based on those for the 2D beam element 

developed by Day (1990), it is necessary to firstly explain the equations already implemented into 

ICFEP. The 2D beam elements have three degrees of freedom per node (see Figure B-1 (a)): 

displacements 𝑢 and 𝑣 with respect to the global 𝑥 and 𝑦 axes, respectively, and a rotation 𝜃 about the 

out-of-plane axis. Day (1990) derived the following strain equations for plane strain analysis from the 

basic definitions: 

Axial strain: 
휀𝑎 =

𝜕𝑢

𝜕𝑙

𝜕𝑥

𝜕𝑙
+
𝜕𝑣

𝜕𝑙

𝜕𝑦

𝜕𝑙
 ( B-1 ) 

Shear strain: 
𝛾 = (

𝜕𝑣

𝜕𝑦
−
𝜕𝑢

𝜕𝑥
)
𝜕𝑥

𝜕𝑙

𝜕𝑦

𝜕𝑙
− 𝜃 ( B-2 ) 

Bending strain: 
𝜒 = −

𝜕𝜃

𝜕𝑙
 ( B-3 ) 

where 𝑙 is the distance along the beam. Note that the shear strain definition can also be expressed as: 

 
𝛾 =

𝜕𝑣

𝜕𝑙

𝜕𝑥

𝜕𝑙
−
𝜕𝑢

𝜕𝑙

𝜕𝑦

𝜕𝑙
− 𝜃 ( B-4 ) 

Figure B-1 defines the global coordinates, as well as the natural coordinate, 𝑆, for a 3-noded 2D beam.  

 

Figure B-1 3-noded 2D beam element in (a) global coordinates, and (b) natural coordinates 
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Figure B-2 shows the transformation between natural and global coordinates. Hence, a unit vector {𝑆} 

can be defined as: 

 

{𝑆} =
1

|𝐽|
{

𝜕𝑥

𝜕𝑆
𝜕𝑦

𝜕𝑆

} ( B-5 ) 

where 

 

|𝐽| = [(
𝜕𝑥

𝜕𝑆
)
2

+ (
𝜕𝑦

𝜕𝑆
)
2

]

1/2

 ( B-6 ) 

and  

 𝑑𝑙 = |𝐽|𝑑𝑆 ( B-7 ) 

 

Figure B-2 Transformation of coordinates 

It is also necessary to define a unit vector {𝑇} which is orthogonal to the vector {𝑆} such that it represents 

the orientation of the cross-section of the beam. From Figure B-3 it can be deduced that: 

 

{𝑇} =
1

|𝐽𝑇|
{

𝜕𝑥

𝜕𝑇
𝜕𝑦

𝜕𝑇

} =
1

|𝐽|
{
−
𝜕𝑦

𝜕𝑆
𝜕𝑥

𝜕𝑆

} ( B-8 ) 

where 

 

|𝐽𝑇| = [(
𝜕𝑥

𝜕𝑇
)
2

+ (
𝜕𝑦

𝜕𝑇
)
2

]

1/2

 ( B-9 ) 

and  

 𝑑𝑚 = |𝐽𝑇|𝑑𝑇 ( B-10 ) 
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Figure B-3 Definition of {𝑆} and {𝑇} 

Substituting Equations ( B-7 ), ( B-8 ) and ( B-10 ) into the strain definitions (Equations ( B-1 ) and ( 

B-4 )) results in: 

 
휀𝑎 =

1

|𝐽|

𝜕𝑢

𝜕𝑙

𝜕𝑥

𝜕𝑆
+
1

|𝐽|

𝜕𝑣

𝜕𝑙

𝜕𝑦

𝜕𝑆
 ( B-11 ) 

 
𝛾 =

1

|𝐽|

𝜕𝑣

𝜕𝑙

𝜕𝑥

𝜕𝑆
−
1

|𝐽|

𝜕𝑢

𝜕𝑙

𝜕𝑦

𝜕𝑆
− 𝜃 =

1

|𝐽𝑇|

𝜕𝑢

𝜕𝑙

𝜕𝑥

𝜕𝑇
+

1

|𝐽𝑇|

𝜕𝑣

𝜕𝑙

𝜕𝑦

𝜕𝑇
− 𝜃 ( B-12 ) 

Alternatively, these strains can be represented as vector dot products: 

 

휀𝑎,𝜎 = {

𝜕𝑢

𝜕𝑙
𝜕𝑣

𝜕𝑙

} ⋅ {

𝜕𝑥

𝜕𝑙
𝜕𝑦

𝜕𝑙

} =
1

|𝐽|
{

𝜕𝑢

𝜕𝑙
𝜕𝑣

𝜕𝑙

} ⋅ {

𝜕𝑥

𝜕𝑆
𝜕𝑦

𝜕𝑆

} ( B-13 ) 

 

𝛾 = {

𝜕𝑢

𝜕𝑙
𝜕𝑣

𝜕𝑙

} ⋅ {

𝜕𝑥

𝜕𝑚
𝜕𝑦

𝜕𝑚

} − 𝜃 =
1

|𝐽𝑇|
{

𝜕𝑢

𝜕𝑙
𝜕𝑣

𝜕𝑙

} ⋅ {

𝜕𝑥

𝜕𝑇
𝜕𝑦

𝜕𝑇

} − 𝜃 ( B-14 ) 

It is also convenient to define a vector containing the global displacements: 

 {𝛿} = {
𝑢
𝑣
} ( B-15 ) 

as well as: 

 

{𝛿′} = {

𝜕𝑢

𝜕𝑙
𝜕𝑣

𝜕𝑙

} ( B-16 ) 

It can be shown that the strain equations represent projections of the global displacement vector onto 

the unit vectors {𝑆} and {𝑇}. Consider two vectors {𝑎} and {𝑏} in Figure B-4. The length 𝑎1 is the 

projection of {𝑎} onto {𝑏} which can be calculated from the definition of a dot product as: 
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𝑎1 = |𝑎| cos𝜔 =

{𝑎} ⋅ {𝑏}

|𝑏|
 ( B-17 ) 

where the operator ⋅ denotes a dot product, whereas |𝑎| and |𝑏| are the lengths of {𝑎} and {𝑏}, 

respectively. 

 

Figure B-4 Projection of {𝑎} onto {𝑏} 

By comparing Equation ( B-17 ) to Equations ( B-13 ) and ( B-14 ) and noting that |𝑆| = |𝑇| = 1 (as 

{𝑆} and {𝑇} are unit vectors), it can be deduced that the strain equations represent projections of the 

global displacement vector, {𝛿′}, onto the unit vectors {𝑆} and {𝑇}. Hence, they can be written as: 

 휀𝑎 = {𝛿
′} ⋅ {𝑆} ( B-18 ) 

 𝛾 = {𝛿′} ⋅ {𝑇} − 𝜃 ( B-19 ) 

Figure B-5 shows the graphical representations of Equations ( B-18 ) and ( B-19 ) illustrating that the 

axial strain is defined in terms of the displacement along the axis of the beam (i.e. in the direction of 

{𝑆}), whereas the shear strain is defined in terms of the displacement along the cross-section of the beam 

(i.e. in the direction of {𝑇}).  

 

Figure B-5 Projections of {𝛿′} onto {𝑆} and {𝑇} 
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B.1.2 3D beam elements 

The 3D beam elements have six degrees of freedom per node (see Figure B-6): displacements 𝑢, 𝑣 and 

𝑤 in the global 𝑥, 𝑦 and 𝑧 directions, respectively, and rotations 𝜃𝑥, 𝜃𝑦 and 𝜃𝑧 about the global 𝑥, 𝑦 and 

𝑧 axes, respectively. Again, it is convenient to define a displacement vector, {𝛿}, and a rotation vector, 

{𝜃}: 

 
{𝛿} = {

𝑢
𝑣
𝑤
} ( B-20 ) 

 

{𝜃} = {

𝜃𝑥
𝜃𝑦
𝜃𝑧

} ( B-21 ) 

Also: 

 

{𝛿′} =

{
 
 

 
 
𝜕𝑢

𝜕𝑙
𝜕𝑣

𝜕𝑙
𝜕𝑤

𝜕𝑙 }
 
 

 
 

 ( B-22 ) 

 

{𝜃′} =

{
 
 

 
 
𝜕𝜃𝑥
𝜕𝑙
𝜕𝜃𝑦

𝜕𝑙
𝜕𝜃𝑧
𝜕𝑙 }
 
 

 
 

 ( B-23 ) 

 

Figure B-6 3-noded 3D beam element in (a) global coordinates and (b) natural coordinates 

Figure B-7 defines the orthogonal unit vectors {𝑆}, {𝑇} and {𝑈} in the 3D space. Similar to the 2D 

vectors, {𝑆} represents the orientation axis of the beam, whereas {𝑇} and {𝑈} represent the orientation 

of the cross section. Hence, analogously to the 2D expressions, {𝑆}, {𝑇} and {𝑈} can be written as: 
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{𝑆} =
1

|𝐽|

{
 
 

 
 
𝜕𝑥

𝜕𝑆
𝜕𝑦

𝜕𝑆
𝜕𝑧

𝜕𝑆}
 
 

 
 

 ( B-24 ) 

 

{𝑇} =
1

|𝐽𝑇|

{
 
 

 
 
𝜕𝑥

𝜕𝑇
𝜕𝑦

𝜕𝑇
𝜕𝑧

𝜕𝑇}
 
 

 
 

 ( B-25 ) 

 

{𝑈} =
1

|𝐽𝑈|

{
 
 

 
 
𝜕𝑥

𝜕𝑈
𝜕𝑦

𝜕𝑈
𝜕𝑧

𝜕𝑈}
 
 

 
 

 ( B-26 ) 

where 

 

|𝐽| = [(
𝜕𝑥

𝜕𝑆
)
2

+ (
𝜕𝑦

𝜕𝑆
)
2

+ (
𝜕𝑧

𝜕𝑆
)
2

]

1/2

 ( B-27 ) 

 

|𝐽𝑇| = [(
𝜕𝑥

𝜕𝑇
)
2

+ (
𝜕𝑦

𝜕𝑇
)
2

+ (
𝜕𝑧

𝜕𝑇
)
2

]

1/2

 ( B-28 ) 

 

|𝐽𝑈| = [(
𝜕𝑥

𝜕𝑈
)
2

+ (
𝜕𝑦

𝜕𝑈
)
2

+ (
𝜕𝑧

𝜕𝑈
)
2

]

1/2

 ( B-29 ) 

and  

 𝑑𝑙 = |𝐽|𝑑𝑆 ( B-30 ) 

 𝑑𝑚 = |𝐽𝑇|𝑑𝑇 ( B-31 ) 

 𝑑𝑛 = |𝐽𝑈|𝑑𝑈 ( B-32 ) 
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Figure B-7 Definition of {𝑆}, {𝑇} and {𝑈} 

Similar to the strains in a 2D beam, the definitions of strains in a 3D beam can be obtained using 

projections of the global displacement and rotation vectors onto {𝑆}, {𝑇} and {𝑈}. Note that a projection 

of the global rotations vector, {𝜃}, onto one of the unit vectors represents the rotation around that vector. 

For example, “{𝜃} ⋅ {𝑆}” is the rotation around {𝑆} (i.e. the axis of the beam). In contrast to the 2D beam 

strains, the 3D strains include two shear, one twisting and two bending components in addition to the 

axial component (Hughes, 1987). These are defined as follows: 

Axial strain: 휀𝑎 = {𝛿
′} ⋅ {𝑆} ( B-33 ) 

Shear strains: 𝛾1 = {𝛿
′} ⋅ {𝑇} − {𝜃} ⋅ {𝑈} ( B-34 ) 

 𝛾2 = {𝛿
′} ⋅ {𝑈} + {𝜃} ⋅ {𝑇} ( B-35 ) 

Twisting strain: 𝜒𝑇 = −{𝜃
′} ⋅ {𝑆} ( B-36 ) 

Bending strains: 𝜒1 = −{𝜃
′} ⋅ {𝑇} ( B-37 ) 

 𝜒2 = −{𝜃
′} ⋅ {𝑈} ( B-38 ) 

Or alternatively: 

Axial strain: 
휀𝑎 =

𝜕𝑢

𝜕𝑙

𝜕𝑥

𝜕𝑙
+
𝜕𝑣

𝜕𝑙

𝜕𝑦

𝜕𝑙
+
𝜕𝑤

𝜕𝑙

𝜕𝑧

𝜕𝑙
 ( B-39 ) 

Shear strains: 
𝛾1 =

𝜕𝑢

𝜕𝑙

𝜕𝑥

𝜕𝑚
+
𝜕𝑣

𝜕𝑙

𝜕𝑦

𝜕𝑚
+
𝜕𝑤

𝜕𝑙

𝜕𝑧

𝜕𝑚
− 𝜃𝑥

𝜕𝑥

𝜕𝑛
− 𝜃𝑦

𝜕𝑦

𝜕𝑛
− 𝜃𝑧

𝜕𝑧

𝜕𝑛
 ( B-40 ) 

 
𝛾2 =

𝜕𝑢

𝜕𝑙

𝜕𝑥

𝜕𝑛
+
𝜕𝑣

𝜕𝑙

𝜕𝑦

𝜕𝑛
+
𝜕𝑤

𝜕𝑙

𝜕𝑧

𝜕𝑛
+ 𝜃𝑥

𝜕𝑥

𝜕𝑚
+ 𝜃𝑦

𝜕𝑦

𝜕𝑚
+ 𝜃𝑧

𝜕𝑧

𝜕𝑚
 ( B-41 ) 
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Twisting strain: 
𝜒𝑇 = −

𝜕𝜃𝑥
𝜕𝑙

𝜕𝑥

𝜕𝑙
−
𝜕𝜃𝑦

𝜕𝑙

𝜕𝑦

𝜕𝑙
−
𝜕𝜃𝑧
𝜕𝑙

𝜕𝑧

𝜕𝑙
 ( B-42 ) 

Bending strains: 
𝜒1 = −

𝜕𝜃𝑥
𝜕𝑙

𝜕𝑥

𝜕𝑚
−
𝜕𝜃𝑦

𝜕𝑙

𝜕𝑦

𝜕𝑚
−
𝜕𝜃𝑧
𝜕𝑙

𝜕𝑧

𝜕𝑚
 ( B-43 ) 

 
𝜒2 = −

𝜕𝜃𝑥
𝜕𝑙

𝜕𝑥

𝜕𝑛
−
𝜕𝜃𝑦

𝜕𝑙

𝜕𝑦

𝜕𝑛
−
𝜕𝜃𝑧
𝜕𝑙

𝜕𝑧

𝜕𝑛
 ( B-44 ) 

B.2 Treatment of second order derivatives 

In Chapter 3, the continuity equation was expressed as: 

 
∫[
𝑘𝑓

𝛾𝑓

𝑑2𝑝𝑓

𝑑𝑙2
(Δ𝑝𝑓) − 𝑘𝑓

𝑑2

𝑑𝑙2
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)(Δ𝑝𝑓) − 𝑘𝑓𝑇

𝑑2𝑇

𝑑𝑙2
(Δ𝑝𝑓)

𝑙

−
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
(Δ𝑝𝑓) − 𝑛(𝛼𝑇,𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
(Δ𝑝𝑓) +

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
(Δ𝑝𝑓)] 𝑑𝑙

= 𝑄𝑓(Δ𝑝𝑓) 

( B-45 ) 

Integrating the terms containing second order derivatives by parts results in: 

 
∫
𝑘𝑓

𝛾𝑓

𝑑2𝑝𝑓

𝑑𝑙2
Δ𝑝𝑓  𝑑𝑙

𝑙

= [
𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
Δ𝑝𝑓]

𝑙1

𝑙2

−∫
𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙

𝑑Δ𝑝𝑓

𝑑𝑙
 𝑑𝑙

𝑙

 ( B-46 ) 

 
∫𝑘𝑓

𝑑2

𝑑𝑙2
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)𝛥𝑝𝑓  𝑑𝑙

𝑙

= [𝑘𝑓
𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)Δ𝑝𝑓]

𝑙1

𝑙2

−∫𝑘𝑓
𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)

𝑑Δ𝑝𝑓

𝑑𝑙
 𝑑𝑙

𝑙

 

( B-47 ) 

 
∫𝑘𝑓𝑇

𝑑2𝑇

𝑑𝑙2
𝛥𝑝𝑓  𝑑𝑙

𝑙

= [𝑘𝑓𝑇
𝑑𝑇

𝑑𝑙
Δ𝑝𝑓]

𝑙1

𝑙2

−∫𝑘𝑓𝑇
𝑑𝑇

𝑑𝑙

𝑑Δ𝑝𝑓

𝑑𝑙
 𝑑𝑙

𝑙

 ( B-48 ) 

As the original integral is definite, the first terms on the right-hand side of equations ( B-46 )-( B-48 ) 

can be evaluated between the limits 𝑙1 and 𝑙2 which represent the two ends of a beam/bar element. 

Substituting equations ( B-46 )-( B-48 ) into Equation ( B-45 ) leads to: 
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[
𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
Δ𝑝𝑓 − 𝑘𝑓

𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)Δ𝑝𝑓 − 𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
Δ𝑝𝑓]

𝑙1

𝑙2

+∫[−
𝑑Δ𝑝𝑓

𝑑𝑙

𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
+
𝑑Δ𝑝𝑓

𝑑𝑙
𝑘𝑓
𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)

𝑙

+
𝑑Δ𝑝𝑓

𝑑𝑙
𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
− (Δ𝑝𝑓)

𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− (Δ𝑝𝑓)𝑛(𝛼𝑇,𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡

+ (Δ𝑝𝑓)
𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
] 𝑑𝑙 = (Δ𝑝𝑓)𝑄

𝑓 

( B-49 ) 

The first term on the left-hand side is equal to the product of the fluid velocity and the incremental pore 

fluid pressure. However, the continuity condition states that the fluid flowing into an element must be 

equal to the fluid flowing out. Therefore, evaluating 𝑣𝑓 between the limits 𝑙1 and 𝑙2 must be equal to 

zero, and the following statement can be made: 

 
[
𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
Δ𝑝𝑓 − 𝑘𝑓

𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)Δ𝑝𝑓 − 𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
Δ𝑝𝑓]

𝑙1

𝑙2

= [𝑣𝑓Δ𝑝𝑓]𝑙1

𝑙2
= 0 ( B-50 ) 

Hence, Equation ( B-45 ) becomes: 

 
∫[−

𝑑Δ𝑝𝑓

𝑑𝑙

𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
+
𝑑Δ𝑝𝑓

𝑑𝑙
𝑘𝑓
𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧) +

𝑑Δ𝑝𝑓

𝑑𝑙
𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
𝑙

− (Δ𝑝𝑓)
𝑛

𝐾𝑓

𝜕𝑝𝑓

𝜕𝑡
− (Δ𝑝𝑓)𝑛(𝛼𝑇,𝑓 − 𝛼𝑇)

𝜕𝑇

𝜕𝑡
+ (Δ𝑝𝑓)

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
] 𝑑𝑙

= (Δ𝑝𝑓)𝑄
𝑓 

( B-51 ) 

Similarly, the law of conservation of energy was expressed as: 

 
∫[[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
(Δ𝑇) + [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

(Δ𝑇)

𝑙

+ 𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
(Δ𝑇) + 𝜌𝑓𝐶𝑝𝑓𝑣𝑓

𝑑𝑇

𝑑𝑙
(Δ𝑇)

+ 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)
𝑘𝑓

𝛾𝑓

𝑑2𝑝𝑓

𝑑𝑙2
(Δ𝑇)

− 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓
𝑑2

𝑑𝑙2
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)(Δ𝑇)

− 𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇
𝑑2𝑇

𝑑𝑙2
(Δ𝑇) − 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
(Δ𝑇)] 𝑑𝑙 = 𝑄𝑇(Δ𝑇) 

( B-52 ) 

Integrating the terms containing second order derivatives by parts results in: 
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∫𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)

𝑘𝑓

𝛾𝑓

𝑑2𝑝𝑓

𝑑𝑙2
Δ𝑇 𝑑𝑙

𝑙

= [𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)
𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
Δ𝑇]

𝑙1

𝑙2

−∫𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)
𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙

𝑑Δ𝑇

𝑑𝑙
 𝑑𝑙

𝑙

 

( B-53 ) 

 
∫𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

𝑑2

𝑑𝑙2
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)Δ𝑇 𝑑𝑙

𝑙

= [𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓
𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)Δ𝑇]

𝑙1

𝑙2

−∫𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓
𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)

𝑑Δ𝑇

𝑑𝑙
 𝑑𝑙

𝑙

 

( B-54 ) 

 
∫𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇

𝑑2𝑇

𝑑𝑙2
Δ𝑇 𝑑𝑙

𝑙

= [𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇
𝑑𝑇

𝑑𝑙
Δ𝑇]

𝑙1

𝑙2

−∫𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇
𝑑𝑇

𝑑𝑙

𝑑Δ𝑇

𝑑𝑙
 𝑑𝑙

𝑙

 

( B-55 ) 

 
∫𝑘𝑇

𝑑2𝑇

𝑑𝑙2
Δ𝑇 𝑑𝑙

𝑙

= [𝑘𝑇
𝑑𝑇

𝑑𝑙
Δ𝑇]

𝑙1

𝑙2

−∫𝑘𝑇
𝑑𝑇

𝑑𝑙

𝑑Δ𝑇

𝑑𝑙
 𝑑𝑙

𝑙

 ( B-56 ) 

When equations ( B-53 )-( B-56 ) are substituted into Equation ( B-52 ), the terms outside the integral 

can be combined and the following statement can be made according to the law of conservation of 

energy: 

 
[𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟) (

𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙
− 𝑘𝑓

𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧) − 𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
) Δ𝑇

− 𝑘𝑇
𝑑𝑇

𝑑𝑙
Δ𝑇]

𝑙1

𝑙2

= [𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑣𝑓Δ𝑇 − 𝑘𝑇
𝑑𝑇

𝑑𝑙
Δ𝑇]

𝑙1

𝑙2

= [(𝑞𝑎 + 𝑞𝑑)Δ𝑇]𝑙1
𝑙2 = 0 

( B-57 ) 

Therefore, Equation ( B-52 ) becomes: 
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∫[(Δ𝑇)[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
+ (Δ𝑇)[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

𝑙

+ (Δ𝑇)𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
+ (Δ𝑇)𝜌𝑓𝐶𝑝𝑓𝑣𝑓

𝑑𝑇

𝑑𝑙

−
𝑑Δ𝑇

𝑑𝑙
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)

𝑘𝑓

𝛾𝑓

𝑑𝑝𝑓

𝑑𝑙

+
𝑑Δ𝑇

𝑑𝑙
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓

𝑑

𝑑𝑙
(𝑥𝑖𝐺𝑥 + 𝑦𝑖𝐺𝑦 + 𝑧𝑖𝐺𝑧)

+
𝑑Δ𝑇

𝑑𝑙
𝜌𝑓𝐶𝑝𝑓(𝑇 − 𝑇𝑟)𝑘𝑓𝑇

𝑑𝑇

𝑑𝑙
+
𝑑Δ𝑇

𝑑𝑙
𝑘𝑇
𝑑𝑇

𝑑𝑙
] 𝑑𝑙 = (Δ𝑇)𝑄𝑇 

( B-58 ) 

B.3 Coupled THM formulation for 3D beam and bar elements 

The matrix form of the coupled THM formulation for 3D beam and bar elements is: 

 

[

[𝐾𝐺] 𝐴𝑐[𝐿𝐺] −[𝑀𝐺]

[𝐿𝐺]
𝑇 −𝛽1Δ𝑡[Φ𝐺] − [𝑆𝐺] 𝛼2Δ𝑡[Ψ𝐺] − [𝑍𝐺]

[𝑌𝐺] −𝛽2Δ𝑡[Ω𝐺] 𝛼1Δ𝑡[Γ𝐺] + [𝑋𝐺]

] {

{Δ𝑑}𝑛𝐺
{Δ𝑝𝑓}𝑛𝐺
{Δ𝑇}𝑛𝐺

} = {

{Δ𝑅𝐺}

{Δ𝐹𝐺}

{Δ𝐻𝐺}
} ( B-59 ) 

where the submatrices in the first term on the right-hand side can be found in section 3.2.1 in Chapter 3, 

and the right-hand side vectors {Δ𝐹𝐺} and {Δ𝐻𝐺} are defined as: 

 {Δ𝐹𝐺} = (−{𝑛𝐺} + [Φ𝐺] ({𝑝𝑓}𝑛𝐺
)
1
− [Ψ𝐺]({𝑇}𝑛𝐺)1 + 𝑄

𝑓) Δ𝑡 ( B-60 ) 

 {Δ𝐻𝐺} = (−{𝑛𝐺
𝑇} + [Ω𝐺] ({𝑝𝑓}𝑛𝐺

)
1
− [Γ𝐺]({𝑇}𝑛𝐺)1 + 𝑄

𝑇) Δ𝑡 ( B-61 ) 

B.4 FD scheme for validation of coupled TM behaviour 

Assuming heat transfer though conduction only and no heat sources or sinks, the equation for coupled 

THM behaviour presented in Chapter 3 can be reduced to represent only the coupled TM behaviour: 

 
[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
+ [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 휀𝑇

𝜕휀𝑇
𝜕𝑡

+ 𝜌𝑓𝐶𝑝𝑓
(𝑇 − 𝑇𝑟)(1 + 𝑒0)

1 + 𝑒

𝜕(휀𝑎 − 휀𝑇)

𝜕𝑡
− 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
= 0 

( B-62 ) 

The incremental total axial strain can be written as the sum of incremental thermal and mechanical 

strains: 

 Δ휀𝑎 = Δ휀𝑎,𝜎 + Δ휀𝑇 ( B-63 ) 

where 
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 Δ휀𝑇 = 𝛼𝑇Δ𝑇 ( B-64 ) 

In a problem where the displacement boundary conditions are prescribed such that 1D deformation of 

the 3D beam/bar is allowed, the incremental mechanical strain is zero, hence: 

 Δ휀𝑎,𝜎 = Δ휀𝑎 − Δ휀𝑇 = 0 ( B-65 ) 

Therefore, Equation ( B-62 ) can be rewritten as: 

 
[𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝜕𝑇

𝜕𝑡
+ [𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠]

𝑇 − 𝑇𝑟
1 + 𝛼𝑇Δ𝑇

𝛼𝑇
𝜕𝑇

𝜕𝑡

− 𝑘𝑇
𝑑2𝑇

𝑑𝑙2
= 0 

( B-66 ) 

Using the notation 𝐶�̅� = 𝑛𝜌𝑓𝐶𝑝𝑓 + (1 − 𝑛)𝜌𝑠𝐶𝑝𝑠 Equation ( B-66 ) becomes: 

 
𝐶�̅� (1 +

𝑇 − 𝑇𝑟
1 + 𝛼𝑇Δ𝑇

)
𝜕𝑇

𝜕𝑡
− 𝑘𝑇

𝑑2𝑇

𝑑𝑙2
= 0 ( B-67 ) 

Adopting the first order forward finite difference scheme for 𝜕𝑇 𝜕𝑡⁄  and the second order central finite 

difference scheme for 𝑑2𝑇 𝑑𝑙2⁄  results in: 

 𝜕𝑇

𝜕𝑡
=
𝑇𝑖,𝑗+1 − 𝑇𝑖,𝑗

Δ𝑡
 ( B-68 ) 

 𝑑2𝑇

𝑑𝑙2
=
𝑇𝑖−1,𝑗 − 2𝑇𝑖,𝑗 + 𝑇𝑖+1,𝑗

Δ𝑙2
 ( B-69 ) 

where Δ𝑙 is the distance between two nodes, subscript 𝑖 denotes the node number in space, whereas the 

subscript 𝑗 denotes the time integration step number. Substituting equations ( B-68 ) and ( B-69 ) into 

Equation ( B-67 ) leads to: 

 
𝐶�̅� (1 +

𝑇 − 𝑇𝑟
1 + 𝛼𝑇Δ𝑇

)
𝑇𝑖,𝑗+1 − 𝑇𝑖,𝑗

Δ𝑡
− 𝑘𝑇

𝑇𝑖−1,𝑗 − 2𝑇𝑖,𝑗 + 𝑇𝑖+1,𝑗

Δ𝑙2
= 0 ( B-70 ) 

Therefore, the final expression for the FD scheme for 1D coupled TM behaviour are: 

 
𝑇𝑖,𝑗+1 = 𝑇𝑖,𝑗 +

𝑘𝑇

𝐶�̅�

Δ𝑡

Δ𝑙2
(𝑇𝑖−1,𝑗 − 2𝑇𝑖,𝑗 + 𝑇𝑖+1,𝑗) ( B-71 ) 

 (Δ휀𝑎)𝑖,𝑗+1 = (Δ휀𝑇)𝑖,𝑗+1 = −𝛼𝑇Δ𝑇𝑖,𝑗+1 ( B-72 ) 

 Δ𝑒𝑖,𝑗+1 = (1 + 𝑒0)(Δ휀𝑎,𝜎)𝑖,𝑗+1 = 0 ( B-73 ) 

where  
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𝐶�̅� = 𝐶�̅� (1 +

𝑇 − 𝑇𝑟
1 + 𝛼𝑇Δ𝑇

) ( B-74 ) 

B.5 Petrov-Galerkin formulation for 2D and 3D elements 

B.5.1 2D elements 

4-noded linear elements 

 

Figure B-8 2D 4-noded linear element with natural coordinates 𝑆 and 𝑇 

The PG weighting functions for the 2D 4-noded linear element shown in Figure B-8 can be obtained by 

combining two 1D 2-noded linear element weighting functions (Heinrich et al., 1977; Huyakorn, 1977). 

However, the two 1D weighting functions now depend on the S and T natural coordinates, such that: 

 𝑊𝑙,1
2𝐷(𝑆, 𝑇) = 𝑊𝑙,1(𝑆)𝑊𝑙,1(𝑇) ( B-75 ) 

 𝑊𝑙,2
2𝐷(𝑆, 𝑇) = 𝑊𝑙,2(𝑆)𝑊𝑙,1(𝑇) ( B-76 ) 

 𝑊𝑙,3
2𝐷(𝑆, 𝑇) = 𝑊𝑙,2(𝑆)𝑊𝑙,2(𝑇) ( B-77 ) 

 𝑊𝑙,4
2𝐷(𝑆, 𝑇) = 𝑊𝑙,1(𝑆)𝑊𝑙,2(𝑇) ( B-78 ) 

It must be noted that the PG weighting functions shown above have only been used for steady state 

advection-diffusion problems in the literature (e.g. Heinrich et al., 1977; Huyakorn, 1977). Following 

a similar approach to that described for the 1D elements, a 2D PG FE formulation is obtained by 

combining the equations governing heat flow (see Cui (2015) for 2D and 3D elements) and Equations 

( B-75 )-( B-78 ).  
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8-noded quadratic elements 

 

Figure B-9 2D 8-noded quadratic element with natural coordinates 𝑆 and 𝑇 

Heinrich & Zienkiewicz (1977) proposed the PG weighting functions for solving steady state advection-

diffusion problems with the 8-noded quadratic elements shown in Figure B-9. However, when this PG 

scheme was implemented and tested as part of the research presented here, the obtained results were 

clearly unsatisfactory, exhibiting spatial oscillations even in the simplest case of 1D advection-diffusion 

with constant and uniform fluid velocity. Therefore, new PG weighting functions are proposed: 

 
𝑊𝑞,1

2𝐷(𝑆, 𝑇) = 𝑊𝑙,1(𝑆)𝑊𝑙,1(𝑇) −
1

2
𝑊𝑞,5

2𝐷(𝑆, 𝑇) −
1

2
𝑊𝑞,8

2𝐷(𝑆, 𝑇) ( B-79 ) 

 
𝑊𝑞,2

2𝐷(𝑆, 𝑇) = 𝑊𝑙,2(𝑆)𝑊𝑙,1(𝑇) −
1

2
𝑊𝑞,5

2𝐷(𝑆, 𝑇) −
1

2
𝑊𝑞,6

2𝐷(𝑆, 𝑇) ( B-80 ) 

 
𝑊𝑞,3

2𝐷(𝑆, 𝑇) = 𝑊𝑙,2(𝑆)𝑊𝑙,2(𝑇) −
1

2
𝑊𝑞,6

2𝐷(𝑆, 𝑇) −
1

2
𝑊𝑞,7

2𝐷(𝑆, 𝑇) ( B-81 ) 

 
𝑊𝑞,4

2𝐷(𝑆, 𝑇) = 𝑊𝑙,1(𝑆)𝑊𝑙,2(𝑇) −
1

2
𝑊𝑞,7

2𝐷(𝑆, 𝑇) −
1

2
𝑊𝑞,8

2𝐷(𝑆, 𝑇) ( B-82 ) 

 𝑊𝑞,5
2𝐷(𝑆, 𝑇) = 𝑊𝑞,3(𝑆)𝑊𝑙,1(𝑇) ( B-83 ) 

 𝑊𝑞,6
2𝐷(𝑆, 𝑇) = 𝑊𝑙,2(𝑆)𝑊𝑞,3(𝑇) ( B-84 ) 

 𝑊𝑞,7
2𝐷(𝑆, 𝑇) = 𝑊𝑞,3(𝑆)𝑊𝑙,2(𝑇) ( B-85 ) 

 𝑊𝑞,8
2𝐷(𝑆, 𝑇) = 𝑊𝑙,1(𝑆)𝑊𝑞,3(𝑇) ( B-86 ) 

It should be noted that with the new PG weighting functions shown above it is possible to simulate 

highly advective flow using a mesh which contains both 8-noded elements and 4-noded elements.  

  



Appendix B 

 

457 

 

Determination of Péclet numbers for 2D elements 

 

Figure B-10 2D finite element geometry 

As explained above, the PG weighting functions for 2D elements depend on the optimal values of the 

weighting factors (𝛼𝑜𝑝𝑡 for linear elements and 𝛽1,𝑜𝑝𝑡 and 𝛽2,𝑜𝑝𝑡 for quadratic elements), which are 

formulated based on the Péclet numbers in the 𝑆 and 𝑇 local coordinate directions, 𝑃𝑒𝑆 and 𝑃𝑒𝑇. For 

the proposed PG scheme, 𝑃𝑒𝑆 and 𝑃𝑒𝑇 were firstly evaluated at each Gauss point as:  

 
𝑃𝑒𝑆 =

𝜌𝑓𝐶𝑝𝑓𝑣𝑓𝑆𝐿𝑆

𝑘𝑇,𝑆
 ( B-87 ) 

 
𝑃𝑒𝑇 =

𝜌𝑓𝐶𝑝𝑓𝑣𝑓𝑇𝐿𝑇

𝑘𝑇,𝑇
 ( B-88 ) 

where the subscripts 𝑆 and 𝑇 denote the directions of local coordinates with respect to global 

coordinates, which can be defined by the vectors {𝑟𝑆} and {𝑟𝑇}: 

 

{𝑟𝑆} = {∑
𝜕𝑁𝑖
𝜕𝑆

𝑛

𝑖=1

𝑥𝑖 ∑
𝜕𝑁𝑖
𝜕𝑆

𝑛

𝑖=1

𝑦𝑖}

𝑇

 ( B-89 ) 

 

{𝑟𝑇} = {∑
𝜕𝑁𝑖
𝜕𝑇

𝑛

𝑖=1

𝑥𝑖 ∑
𝜕𝑁𝑖
𝜕𝑇

𝑛

𝑖=1

𝑦𝑖}

𝑇

 ( B-90 ) 

Furthermore, the unit vectors in 𝑆 and 𝑇 directions (as shown in Figure B-10) can be derived as: 

 
{𝑒𝑆} = {𝑒𝑆,𝑥 𝑒𝑆,𝑦}𝑇 =

{𝑟𝑆}

|𝑟𝑆|
 ( B-91 ) 

 
{𝑒𝑇} = {𝑒𝑇,𝑥 𝑒𝑇,𝑦}𝑇 =

{𝑟𝑇}

|𝑟𝑇|
 ( B-92 ) 

Based on the transformation from global to local coordinates, the velocities in the 𝑆 and 𝑇 directions, 

𝑣𝑓𝑆 and 𝑣𝑓𝑇 can be derived as: 
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 {
𝑣𝑓𝑆
𝑣𝑓𝑇

} = ([𝐺]−1)𝑇 {
𝑣𝑥
𝑣𝑦
} ( B-93 ) 

where 

 [𝐺] = [
𝑒𝑆,𝑥 𝑒𝑆,𝑦
𝑒𝑇,𝑥 𝑒𝑇,𝑦

] ( B-94 ) 

If thermal conductivity is assumed to be isotropic, then 𝑘𝑆,𝑆 = 𝑘𝑇,𝑇 = 𝑘𝑇 and 𝑘𝑆,𝑇 = 𝑘𝑇,𝑆 = 0. In 

situations where the global conductivity is anisotropic, a transformation must be performed. Fourier’s 

law results in: 

 

{
𝑣𝑇,𝑥
𝑣𝑇,𝑦

} = [
𝑘𝑇,𝑥𝑥 𝑘𝑇,𝑥𝑦
𝑘𝑇,𝑦𝑥 𝑘𝑇,𝑦𝑦

]

{
 

 
𝜕𝑇

𝜕𝑥
𝜕𝑇

𝜕𝑦}
 

 
 ( B-95 ) 

 

  {
𝑣𝑇,𝑆
𝑣𝑇,𝑇

} = [
𝑘𝑇,𝑆𝑆 𝑘𝑇,𝑆𝑇
𝑘𝑇,𝑇𝑆 𝑘𝑇,𝑇𝑇

] {

𝜕𝑇

𝜕𝑆
𝜕𝑇

𝜕𝑇

} ( B-96 ) 

where 𝑣𝑇 represents the heat flux velocity. Similar to that for flow velocities, the transformation from 

global to local heat fluxes can be written as:  

 {
𝑣𝑇,𝑆
𝑣𝑇,𝑇

} = ([𝐺]−1)𝑇 {
𝑣𝑇,𝑥
𝑣𝑇,𝑦

} ( B-97 ) 

 

{

𝜕𝑇

𝜕𝑆
𝜕𝑇

𝜕𝑇

} = ([𝐺]−1)𝑇

{
 

 
𝜕𝑇

𝜕𝑥
𝜕𝑇

𝜕𝑦}
 

 
 ( B-98 ) 

Substituting Equation ( B-95 ) into Equation ( B-97 ) leads to: 

 

{
𝑣𝑇,𝑆
𝑣𝑇,𝑇

} = ([𝐺]−1)𝑇 {
𝑣𝑇,𝑥
𝑣𝑇,𝑦

} = ([𝐺]−1)𝑇 [
𝑘𝑇,𝑥𝑥 𝑘𝑇,𝑥𝑦
𝑘𝑇,𝑦𝑥 𝑘𝑇,𝑦𝑦

]

{
 

 
𝜕𝑇

𝜕𝑥
𝜕𝑇

𝜕𝑦}
 

 
 ( B-99 ) 

Substituting Equation ( B-98 ) into Equation ( B-96 ) yields: 

 

{
𝑣𝑇,𝑆
𝑣𝑇,𝑇

} = [
𝑘𝑇,𝑆𝑆 𝑘𝑇,𝑆𝑇
𝑘𝑇,𝑇𝑆 𝑘𝑇,𝑇𝑇

] {

𝜕𝑇

𝜕𝑆
𝜕𝑇

𝜕𝑇

} =  [
𝑘𝑇,𝑆𝑆 𝑘𝑇,𝑆𝑇
𝑘𝑇,𝑇𝑆 𝑘𝑇,𝑇𝑇

] ([𝐺]−1)𝑇

{
 

 
𝜕𝑇

𝜕𝑥
𝜕𝑇

𝜕𝑦}
 

 
 ( B-100 ) 

Comparing Equations ( B-99 ) and ( B-100 ) results in: 
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[
𝑘𝑇,𝑆𝑆 𝑘𝑇,𝑆𝑇
𝑘𝑇,𝑇𝑆 𝑘𝑇,𝑇𝑇

]  = ([𝐺]−1)𝑇 [
𝑘𝑇,𝑥𝑥 𝑘𝑇,𝑥𝑦
𝑘𝑇,𝑦𝑥 𝑘𝑇,𝑦𝑦

] [𝐺]𝑇 ( B-101 ) 

It should be noted that when the obtained 𝑃𝑒𝑆 and 𝑃𝑒𝑇 at each Gauss point are directly used to evaluate 

the weighting functions, the PG scheme described above leads to accurate results when simulating 1D 

highly convective flows with either constant of variable fluid velocities using 2D regular (square or 

rectangular) elements. However, invalid results were found when either multi-dimensional flows were 

simulated or distorted elements were used. Further research demonstrated that the performance of the 

proposed PG scheme when analysing such complex problems is drastically improved if elemental 

average Péclet numbers of 𝑃𝑒𝑆 and 𝑃𝑒𝑇, as well as elemental average unit vectors of 𝑒𝑆 and 𝑒𝑇, are 

used. These are denoted as 𝑃𝑒̅̅̅̅ 𝑆 , 𝑃𝑒̅̅̅̅ 𝑇, {𝑒�̅�} and {𝑒𝑇̅̅ ̅} herein to distinguish these average quantities from 

those evaluated at each Gauss point. It should be noted that a minimum Péclet number, 𝑃𝑒̅̅̅̅ 𝑚𝑖𝑛, is 

employed here, below which either 𝑃𝑒̅̅̅̅ 𝑆 and 𝑃𝑒̅̅̅̅ 𝑇 are set to zero, meaning that the weighting functions 

in the corresponding direction become identical to the element shape functions, as used in the Galerkin 

FEM. 𝑃𝑒̅̅̅̅𝑚𝑖𝑛 may be set manually by the user, however, it is recommended that it is equal to 1.0 for 

linear elements and 2.0 for quadratic elements as proposed in Cui et al. (2016a). Additionally, for 

situations in which there is a variation in the directions of local axes 𝑆 and 𝑇 (e.g. when distorted 

elements are used) and/or there is a variation in the 2D advective flow directions, a correction factor, 

𝜔, was shown to be needed in order to obtain accurate results: 

 
𝜔 =

|𝑃𝑒̅̅̅̅ 𝑆 + 𝑃𝑒̅̅̅̅ 𝑇|

2
∙
1 + 𝑠𝑖𝑔𝑛(𝑃𝑒̅̅̅̅ 𝑆 × 𝑃𝑒̅̅̅̅ 𝑇 × 𝑠𝑖𝑔𝑛({𝑒�̅�} ∙ {𝑒𝑇̅̅ ̅}))

2
 ( B-102 ) 

where 

 
𝑠𝑖𝑔𝑛(𝐴) = {

−1  𝑖𝑓 𝐴 < 0 
1  𝑖𝑓 𝐴 ≥ 0

 ( B-103 ) 

Therefore, the modified elemental 𝑃𝑒̅̅̅̅ 𝑆
∗ and 𝑃𝑒̅̅̅̅ 𝑇

∗  are defined as: 

 
{

𝑃𝑒̅̅̅̅ 𝑆
∗ = 𝑃𝑒̅̅̅̅ 𝑆

𝑃𝑒̅̅̅̅ 𝑇
∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑇)𝜔

 if |𝑃𝑒̅̅̅̅ 𝑆| ≥ |𝑃𝑒̅̅̅̅ 𝑇| >  𝑃𝑒̅̅̅̅𝑚𝑖𝑛 

( B-104 ) 

 
{
𝑃𝑒̅̅̅̅ 𝑆

∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑆)𝜔

𝑃𝑒̅̅̅̅ 𝑇
∗ = 𝑃𝑒̅̅̅̅ 𝑇

 if |𝑃𝑒̅̅̅̅ 𝑇| ≥ |𝑃𝑒̅̅̅̅ 𝑆| >  𝑃𝑒̅̅̅̅𝑚𝑖𝑛 

B.5.2 3D elements 

Similar to the 2D elements, the weighting functions for 3D elements are obtained by combining three 

weighting functions for 1D elements which are presented in Chapter 3.   
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8-noded linear elements  

 

Figure B-11 3D 8-noded linear element with natural coordinates 𝑆, 𝑇 and 𝑈 

 𝑊𝑙,1
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,1(𝑈) ( B-105 ) 

 𝑊𝑙,2
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,1(𝑈) ( B-106 ) 

 𝑊𝑙,3
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,1(𝑈) ( B-107 ) 

 𝑊𝑙,4
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,1(𝑈) ( B-108 ) 

 𝑊𝑙,5
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,2(𝑈) ( B-109 ) 

 𝑊𝑙,6
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,2(𝑈) ( B-110 ) 

 𝑊𝑙,7
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,2(𝑈) ( B-111 ) 

 𝑊𝑙,8
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,2(𝑈) ( B-112 ) 

20-noded quadratic elements 

 

Figure B-12 3D 20-noded quadratic element with natural coordinates 𝑆, 𝑇 and 𝑈 
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𝑊𝑞,1

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,1(𝑈) −
1

2
𝑊𝑞,9

3𝐷(𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,12

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,13

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-113 ) 

 
𝑊𝑞,2

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,1(𝑈) −
1

2
𝑊𝑞,9

3𝐷(𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,10

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,14

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-114 ) 

 
𝑊𝑞,3

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,1(𝑈) −
1

2
𝑊𝑞,10

3𝐷 (𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,11

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,15

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-115 ) 

 
𝑊𝑞,4

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,1(𝑈) −
1

2
𝑊𝑞,11

3𝐷 (𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,12

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,16

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-116 ) 

 
𝑊𝑞,5

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,2(𝑈) −
1

2
𝑊𝑞,13

3𝐷 (𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,17

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,20

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-117 ) 

 
𝑊𝑞,6

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,2(𝑈) −
1

2
𝑊𝑞,14

3𝐷 (𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,17

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,18

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-118 ) 

 
𝑊𝑞,7

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,2(𝑈) −
1

2
𝑊𝑞,15

3𝐷 (𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,18

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,19

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-119 ) 

 
𝑊𝑞,8

3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,2(𝑈) −
1

2
𝑊𝑞,16

3𝐷 (𝑆, 𝑇, 𝑈) −
1

2
𝑊𝑞,19

3𝐷 (𝑆, 𝑇, 𝑈)

−
1

2
𝑊𝑞,20

3𝐷 (𝑆, 𝑇, 𝑈) 

( B-120 ) 

 𝑊𝑞,9
3𝐷(𝑆, 𝑇, 𝑈) = 𝑊𝑞,3(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,1(𝑈) ( B-121 ) 

 𝑊𝑞,10
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑞,3(𝑇)𝑊𝑙,1(𝑈) ( B-122 ) 

 𝑊𝑞,11
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑞,3(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,1(𝑈) ( B-123 ) 

 𝑊𝑞,12
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑞,3(𝑇)𝑊𝑙,1(𝑈) ( B-124 ) 



Appendix B 

 

462 

 

 𝑊𝑞,13
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,1(𝑇)𝑊𝑞,3(𝑈) ( B-125 ) 

 𝑊𝑞,14
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,1(𝑇)𝑊𝑞,3(𝑈) ( B-126 ) 

 𝑊𝑞,15
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑙,2(𝑇)𝑊𝑞,3(𝑈) ( B-127 ) 

 𝑊𝑞,16
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑙,2(𝑇)𝑊𝑞,3(𝑈) ( B-128 ) 

 𝑊𝑞,17
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑞,3(𝑆)𝑊𝑙,1(𝑇)𝑊𝑙,2(𝑈) ( B-129 ) 

 𝑊𝑞,18
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,2(𝑆)𝑊𝑞,3(𝑇)𝑊𝑙,2(𝑈) ( B-130 ) 

 𝑊𝑞,19
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑞,3(𝑆)𝑊𝑙,2(𝑇)𝑊𝑙,2(𝑈) ( B-131 ) 

 𝑊𝑞,20
3𝐷 (𝑆, 𝑇, 𝑈) = 𝑊𝑙,1(𝑆)𝑊𝑞,3(𝑇)𝑊𝑙,2(𝑈) ( B-132 ) 

 

Determination of Péclet numbers for 3D elements 

In 3D, in addition to 𝑃𝑒𝑆 and 𝑃𝑒𝑇 which are defined by Equations ( B-87 ) and ( B-88 ), a Péclet number 

associated with the natural coordinate 𝑈 is calculated as: 

 
𝑃𝑒𝑈 =

𝜌𝑓𝐶𝑝𝑓𝑣𝑓𝑈𝐿𝑈

𝑘𝑇,𝑈
 ( B-133 ) 

The same procedure as in 2D is used to transform the fluid velocities from global to local coordinates, 

resulting in: 

 
{

𝑣𝑓𝑆
𝑣𝑓𝑇
𝑣𝑓𝑈

} = ([𝐺]−1)𝑇 {

𝑣𝑥
𝑣𝑦
𝑣𝑧
} ( B-134 ) 

where 

 
[𝐺] = [

𝑒𝑆,𝑥 𝑒𝑆,𝑦 𝑒𝑆,𝑧
𝑒𝑇,𝑥 𝑒𝑇,𝑦 𝑒𝑇,𝑧
𝑒𝑈,𝑧 𝑒𝑈,𝑧 𝑒𝑈,𝑦

] ( B-135 ) 

In the case of anisotropic thermal conductivity, another transformation much be performed. Based on 

the procedure for the 2D elements, the following relationship is obtained in 3D: 

 

[

𝑘𝑇,𝑆𝑆 𝑘𝑇,𝑆𝑇 𝑘𝑇,𝑆𝑈
𝑘𝑇,𝑇𝑆 𝑘𝑇,𝑇𝑇 𝑘𝑇,𝑇𝑈
𝑘𝑇,𝑈𝑆 𝑘𝑇,𝑈𝑇 𝑘𝑇,𝑈𝑈

]  = ([𝐺]−1)𝑇 [

𝑘𝑇,𝑥𝑥 𝑘𝑇,𝑥𝑦 𝑘𝑇,𝑥𝑧
𝑘𝑇,𝑦𝑥 𝑘𝑇,𝑦𝑦 𝑘𝑇,𝑦𝑧
𝑘𝑇,𝑧𝑥 𝑘𝑇,𝑧𝑦 𝑘𝑇,𝑧𝑧

] [𝐺]𝑇 ( B-136 ) 

Studies involving 3D elements have also showed that using elemental average Péclet numbers improves 

the solution in problems involving either distorted elements or multi-dimensional flows. Therefore, 

elemental average Péclet numbers of 𝑃𝑒𝑆, 𝑃𝑒𝑇 and 𝑃𝑒𝑈, as well as elemental average unit vectors of 
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𝑒𝑆, 𝑒𝑇 and 𝑒𝑈 are also employed in 3D, and are denoted as 𝑃𝑒̅̅̅̅ 𝑆, 𝑃𝑒̅̅̅̅ 𝑇, 𝑃𝑒̅̅̅̅ 𝑈, {𝑒�̅�}, {𝑒𝑇̅̅ ̅} and {𝑒𝑈̅̅ ̅}, 

respectively. Furthermore, if the calculated Péclet number is less than the minimum Péclet number, 

𝑃𝑒̅̅̅̅ 𝑚𝑖𝑛, which is defined by the user, it is set to zero such that the weighting functions in the 

corresponding direction become identical to the element shape functions, as in the Galerkin FEM. 

Similar to 2D, correction factors were shown to be necessary for cases involving multi-dimensional 

flows or distorted meshes in 3D. These are defines as: 

 
𝜔1 =

|𝑃𝑒̅̅̅̅ 𝑆 + 𝑃𝑒̅̅̅̅ 𝑇|

2
∙
1 + 𝑠𝑖𝑔𝑛(𝑃𝑒̅̅̅̅ 𝑆 × 𝑃𝑒̅̅̅̅ 𝑇 × 𝑠𝑖𝑔𝑛({𝑒�̅�} ∙ {𝑒𝑇̅̅ ̅}))

2
 ( B-137 ) 

 
𝜔2 =

|𝑃𝑒̅̅̅̅ 𝑆 + 𝑃𝑒̅̅̅̅ 𝑈|

2
∙
1 + 𝑠𝑖𝑔𝑛(𝑃𝑒̅̅̅̅ 𝑆 × 𝑃𝑒̅̅̅̅ 𝑈 × 𝑠𝑖𝑔𝑛({𝑒�̅�} ∙ {𝑒𝑈̅̅ ̅}))

2
 ( B-138 ) 

 
𝜔3 =

|𝑃𝑒̅̅̅̅ 𝑇 + 𝑃𝑒̅̅̅̅ 𝑈|

2
∙
1 + 𝑠𝑖𝑔𝑛(𝑃𝑒̅̅̅̅ 𝑇 × 𝑃𝑒̅̅̅̅ 𝑈 × 𝑠𝑖𝑔𝑛({𝑒𝑇̅̅ ̅} ∙ {𝑒𝑈̅̅ ̅}))

2
 ( B-139 ) 

where 

 
𝑠𝑖𝑔𝑛(𝐴) = {

−1  𝑖𝑓 𝐴 < 0 
1  𝑖𝑓 𝐴 ≥ 0

 ( B-140 ) 

Therefore, the modified elemental 𝑃𝑒̅̅̅̅ 𝑆
∗, 𝑃𝑒̅̅̅̅ 𝑇

∗  and 𝑃𝑒̅̅̅̅ 𝑈
∗  are calculated as: 

 

{

𝑃𝑒̅̅̅̅ 𝑆
∗ = 𝑃𝑒̅̅̅̅ 𝑆

𝑃𝑒̅̅̅̅ 𝑇
∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑇)𝜔1

𝑃𝑒̅̅̅̅ 𝑈
∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑈)𝜔2

 if |𝑃𝑒̅̅̅̅ 𝑆| ≥
|𝑃𝑒̅̅̅̅ 𝑇|

|𝑃𝑒̅̅̅̅ 𝑈|
>  𝑃𝑒̅̅̅̅ 𝑚𝑖𝑛 

( B-141 ) 

 

{

𝑃𝑒̅̅̅̅ 𝑆
∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑆)𝜔1
𝑃𝑒̅̅̅̅ 𝑇

∗ = 𝑃𝑒̅̅̅̅ 𝑇
𝑃𝑒̅̅̅̅ 𝑈

∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑈)𝜔3

 if |𝑃𝑒̅̅̅̅ 𝑇| ≥
|𝑃𝑒̅̅̅̅ 𝑆|

|𝑃𝑒̅̅̅̅ 𝑈|
>  𝑃𝑒̅̅̅̅ 𝑚𝑖𝑛 

 

{

𝑃𝑒̅̅̅̅ 𝑆
∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑇)𝜔2

𝑃𝑒̅̅̅̅ 𝑇
∗ = 𝑠𝑖𝑔𝑛 (𝑃𝑒̅̅̅̅ 𝑇)𝜔3
𝑃𝑒̅̅̅̅ 𝑈

∗ = 𝑃𝑒̅̅̅̅ 𝑈

 if |𝑃𝑒̅̅̅̅ 𝑈| ≥
|𝑃𝑒̅̅̅̅ 𝑆|

|𝑃𝑒̅̅̅̅ 𝑇|
>  𝑃𝑒̅̅̅̅ 𝑚𝑖𝑛 
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Appendix C  

 

C.1 Calibration of IC Thermal model for MC Clay 

MC Clay is a commercially available clay mostly composed of Kaolin. The effect of temperature on its 

behaviour was mainly studied by Cekerevac & Laloui (2004) who performed a series of isotropic 

compression, drained triaxial compression and drained heating tests. 

C.1.1 Determination of parameters 

The slope of the critical state line in the 𝑝′ − 𝑞 plane was calibrated as 𝑀 = 0.84 based on the critical 

states (plotted in Figure C-1) observed in drained triaxial tests performed at 22 and 90 °C. 

 

Figure C-1 Critical state line in the 𝑝′ − 𝑞 plane fitted to experimental data from Cekerevac & Laloui (2004) 

The consolidation parameters were obtained from the results of two isotropic compression tests carried 

out at ambient temperature of 22 °C. It was found that: 𝜆 = 0.106, 𝜅 = 0.031 and 𝜈1,𝑇𝑟𝑒𝑓 = 2.372 for 

𝑇𝑟𝑒𝑓 = 22 °C. The value of 𝐺 𝑝0
′⁄  was estimated as 10 by simulating drained triaxial compression and 

adjusting 𝐺 𝑝0
′⁄  until the measured behaviour was reproduced well. 

The results of the drained triaxial tests on overconsolidated samples allowed for the shape of the 

Hvorslev yield surface to be determined. Figure C-2 shows the Hvorslev yield surface with  
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𝛼𝐻𝑉 = 0.3 and 𝑛𝐻𝑉 = 0.6 fitted to the experimental data. The Hvorslev plastic potential parameters 

were obtained by simulating the drained triaxial tests involving overconsolidated samples. It was found 

that the best reproduction was achieved with 𝛽𝐻𝑉0 = 0.1 and 𝑚𝐻𝑉 = 1.0. On the wet side, a MCC shape 

of the yield surface with associated plasticity was assumed.  

 

Figure C-2 Hvorslev yield surface fitted to experimental data from Cekerevac & Laloui (2004) 

The parameters 𝛼𝑇, 𝑏, 𝑐 and 𝑅 were determined from the volumetric response of samples with different 

OCR during drained heating tests. Due to lack of cooling tests, 𝛼𝑇 was calculated as the average thermal 

expansion coefficient during heating from 22 to 50 °C of two samples with OCR of 6.0 and 12.0. Note 

that both specimens experienced volumetric expansion within this temperature range. Hence, 𝛼𝑇 =

5.82 × 10−5 m/m°C. Parameter 𝑏 was obtained by simulating the heating of a normally consolidated 

sample and adjusting its value until the volumetric response was reproduced well. The best result was 

achieved with 𝑏 = 0.00045. Similarly, parameters 𝑐 and 𝑅 were determined as 1.0 and 0.95 by 

simulating the heating tests on overconsolidated samples.  

The drained heating tests also allowed the calibration of the coupling parameters 𝑘1 and 𝑛1 which 

control the rate of hardening of the secondary yield surface due to activation of the primary yield 

surface. Prior to heating, Cekerevac & Laloui (2004) isotropically consolidated the MC Clay slurry to 

100 kPa, then isotropically loaded all samples to 600 kPa and finally unloaded to different stress levels 

in order to obtain a range of OCRs. This loading from 100 to 600 kPa and unloading sequence was 

simulated with the model assuming that initially the samples were normally consolidated and the 

thermal OCR was also 1.0. Therefore, the primary yield surface expanded during the loading stage. The 

hardening of the secondary yield surface was adjusted by varying the values of 𝑘1 and 𝑛1 unitl the final 

position of 𝑇0 corresponded to the temperature at which the volumetric behaviour in the drained heating 

test was observed to change from expansive to contractive. It was found that the best reproduction was 
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achieved with 𝑘1 = 660 and 𝑛1 = 1.0. Due to lack of sufficient experimental data, the coupling 

parameter 𝑘2 was assumed to be zero.  

All parameters of MC Clay are summarised in Table C-1. Calibration of the permeability model is 

presented in Section C.2.3. 

Table C-1 MC Clay parameters 

IC thermal model Other parameters 

Parameter Value Parameter Value 

𝑇𝑟𝑒𝑓 (°C) 22.0 𝛾𝑠 (kN/m3) 18.1 

𝜈1,𝑇𝑟𝑒𝑓 2.372 𝑘𝑇 (W/m°C) 1 2.3 

𝑏 0.00045 𝛼𝑇 (m/m°C) 5.82 × 10-5 

𝑐 1.0 𝑘𝑓 (m/s) 2 - 

𝑅 0.95   

𝜆 0.106   

𝜅 0.031   

𝐺 𝑝0
′⁄  10.0   

𝛼𝐹, 𝛼𝑃 * 0.4   

𝜇𝐹, 𝜇𝑃 * 0.9   

𝑀𝐹, 𝑀𝑃 0.84   

𝛼𝐻𝑉 0.3   

𝑛𝐻𝑉 0.6   

𝛽𝐻𝑉0 0.1   

𝑚𝐻𝑉 1.0   

𝑘1 660   

𝑛1 1.0   

𝑘2 * 0.0   

* assumed parameters 

1 from Katsaros (2016) 

2 see Section C.2.3 

C.1.2 Simulation of laboratory tests 

In order to assess the model’s ability to predict the behaviour of MC Clay, a number of laboratory tests 

performed by Cekerevac & Laloui (2004) were reproduced with ICFEP. All numerical analyses 

involved a single element with properties listed in Table C-1. Firstly, the isothermal triaxial 

compression tests were simulated. The initial preconsolidation pressure was 600 kPa in all tests, 

whereas the initial mean effective stress was different such that OCR ranged from 1.0 to 12.0. The 

initial temperature was set to 22 °C which was the ambient laboratory temperature. The first set of 
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triaxial tests (plotted in Figure C-3 (a)) involved shearing at 22 °C (i.e. 𝑇𝑟𝑒𝑓), whereas in the second set 

(plotted in Figure C-3 (b)), the samples were heated in a drained manner to 90 °C prior to shearing.  

 

Figure C-3 Drained triaxial compression tests from Cekerevac & Laloui (2004) at: (a) 𝑇 = 22 °C and (b) 𝑇 = 90 °C 

The triaxial tests performed at 22 °C (Figure C-3 (a)) have been reproduced adequately by the model, 

implying that the isothermal model parameters have been determined correctly. The results of the 

triaxial tests carried out at 90 °C (Figure C-3 (b)) suggest that the yield surface expanded slightly during 

the heating stage. This expansion could be simulated by specifying a value of the coupling parameter 

𝑘2 which is greater than zero, however, it was observed in the numerical tests that increasing 𝑘2 led to 
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larger differences between the measured and computed volumetric strain. Therefore, it was concluded 

that a value of 𝑘2 equal to zero produced the best overall reproduction of the experimental data. 

The results of the drained heating from 22 to 90 °C on five of the samples with different OCR are 

analysed in Figure C-4. In the tests involving overconsolidated samples, the initial position of the 

secondary yield surface was set as the temperature of the transition between expansive and contractive 

behaviour observed in the laboratory. The experimental results suggest that the thermal expansion 

coefficient of MC Clay depends on the OCR. However, in ICFEP, a constant value is used which led 

to the differences between the observed and computed response. As explained earlier, the thermal 

expansion coefficient was calculated as the average of that for OCR 6.0 and 12.0. Conversely, the rate 

of contraction during the elasto-plastic heating stage has been reproduced well, implying that the 

parameters 𝑏, 𝑐 and 𝑅 were determined correctly.  

 

Figure C-4 Volumetric strain in tests by Cekerevac & Laloui (2004): (a) 𝑂𝐶𝑅 = 1.0 and 1.5, (b) 𝑂𝐶𝑅 = 2.0, 6.0 and 12.0 
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C.2 Calibration of permeability models 

C.2.1 Boom Clay 

The permeability of Boom Clay was studied by Ma et al. (2016) through a number of constant head 

tests performed in a triaxial apparatus. Both horizontal and vertical permeability was measured at 

different mean effective stresses (see Figure C-5) and temperatures (see Figure C-6).  

In ICFEP, the variation of permeability with mean effective stress can be modelled as: 

 𝑘𝑓 = 𝑘𝑓0 exp(−𝐶𝑝
′) ( C-1 ) 

where 𝑘𝑓0 and 𝐶 are constants. Note that Equation ( C-1 ) follows the compression positive sign 

convention. The above expression was fitted to the average of horizontal and vertical permeabilities 

measured at two mean effective stresses at temperature of 40 °C, as shown in Figure C-5. Hence, 

permeability was assumed to be isotropic and the constants were obtained as: 𝑘𝑓0 = 6.28 × 10
−12 m/s 

and 𝐶 = 1.31 × 10−4 1/kPa.  

 

Figure C-5 Variation of permeability of Boom Clay with mean effective stress at 40 °C 

Additionally, the variation of permeability with temperature can be modelled in ICFEP as: 

 𝑘𝑓(𝑇) = 𝑘𝑓10
𝐵 ( C-2 ) 

where 

 
𝐵 = 247.80 (

1

𝑇𝑘𝑓 − 𝑇𝑟 − 140
−

1

𝑇 − 𝑇𝑟 − 140
) ( C-3 ) 

where 𝑘𝑓 is calculated from Equation ( C-1 ), 𝑇𝑘𝑓 is the temperature corresponding to 𝑘𝑓, 𝑇𝑟 is the 

reference temperature which allows conversion between different temperature units and 𝑇 is the current 
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temperature. Figure C-6 plots the average of horizontal and vertical permeabilities at different 

temperatures normalised by the average at 40 °C. Equation ( C-2 ) was fitted to experimental data by 

setting 𝑇𝑘𝑓 = 40 °C and 𝑇𝑟 = −273.15 °C. 

 

Figure C-6 Variation of normalised permeability of Boom Clay with temperature 

C.2.2 Soft Bangkok Clay 

Due to lack of experimental data, the permeability of Soft Bangkok Clay is assumed to be isotropic. 

However, Abuel-Naga et al. (2006b) measured the variation of permeability with void ratio (see Figure 

C-7), as well as temperature (see Figure C-8) using a flexible wall permeameter. 

 

Figure C-7 Variation of permeability of Soft Bangkok Clay with void ratio at 25 °C 

In ICFEP, permeability can be related to void ratio through: 

 𝑘𝑓 = exp(𝐶1 + 𝐶2𝑒) ( C-4 ) 
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where 𝐶1 and 𝐶2 are constants. By fitting Equation ( C-4 ) to the experimental data obtained at 25 °C as 

shown in Figure C-7, the constants can be determined as: 𝐶1 = −26.41 m/s and 𝐶2 = 2.178 m/s. 

The variation of permeability with temperature can be modelled with Equations ( C-2 ) and ( C-3 ). 

Note that 𝑘𝑓 in Equation ( C-2 ) is calculated from Equation ( C-4 ). Figure C-8 plots the normalised 

expression with 𝑇𝑘𝑓 = 25 °C and 𝑇𝑟 = −273.15 °C, together with the experimental data from Abuel-

Naga et al. (2006b). 

 

Figure C-8 Variation of normalised permeability of Soft Bangkok Clay with temperature 

C.2.3 MC Clay 

Towhata et al. (1993) performed oedometric consolidation tests on MC Clay and calculated its 

permeability according to Equation ( 4-12 ) (see Section 4.2.8 Chapter 4). The variation of permeability 

with void ratio in a test carried out at 20 °C is plotted in Figure C-9 together with the curve defined by 

Equation ( C-4 ). The model constants were calibrated as: 𝐶1 = −24.02 m/s and 𝐶2 = 1.754 m/s. 

The effect of temperature on permeability was modelled according to Equations ( C-2 ) and ( C-3 ). The 

experimental data and model prediction with 𝑇𝑘𝑓 = 20 °C and 𝑇𝑟 = −273.15 °C are shown in Figure 

C-10. Although the measured values are slightly higher than those calculated by Equations ( C-2 ) and 

( C-3 ), Delage et al. (2000) noted that permeability calculated indirectly from consolidation tests can 

be larger than that measured directly in permeability tests.  
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Figure C-9 Variation of permeability of MC Clay with void ratio at 20 °C 

 

Figure C-10 Variation of normalised permeability of MC Clay with temperature 

 

  



Appendix C 

 

474 

 

  



475 

 

 

Appendix D  

 

D.1 Pile behaviour under operational conditions in Soft Bangkok 

Clay 

Section 7.3.1 in Chapter 7 presents a computational study on the behaviour of geothermal piles under 

operational conditions installed in Boom Clay. Here, the same analyses are performed with Soft 

Bangkok Clay in order to investigate the response of a softer material. 

D.1.1 Numerical analysis 

Table D-1 lists the initial 𝑆𝑢 profiles and 𝐾0 values for Soft Bangkok Clay with OCR of 1 and 4, together 

with the applied vertical loads, 𝑃𝑎 calculated using the “𝛼” method. The procedure used to obtain these 

values is detailed in Section 7.3.1.1 in Chapter 7.  

Table D-1 Initial 𝐾0, 𝑆𝑢 profiles and design loads for analyses with Soft Bangkok Clay 

𝑂𝐶𝑅 𝐾0 𝑆𝑢 profile 𝑃𝑎 (kN) 

1.0 0.65 𝑆𝑢 = 0.96𝑧 113 

4.0 1.06 𝑆𝑢 = 3.36𝑧 397 

 

All material properties for Soft Bangkok Clay are listed in Table D-2 – Table D-4. The IC Thermal 

model parameters are the same as those calibrated in Chapter 5 with the exception of 𝐺, which was 

assumed to take a constant value of 5 MPa, and the coupling parameters 𝑘1, 𝑛1 and 𝑘2 which were set 

to zero in order to decouple the primary and secondary yielding mechanisms. The permeability of Soft 

Bangkok Clay was modelled as varying with void ratio and temperature (see Appendix C for the 

calibration of the adopted model and its performance when reproducing laboratory measurements). Due 

to lack of data, the volumetric heat capacity, 𝜌𝐶𝑝, of Soft Bangkok Clay was assumed to be the same 

as that of London Clay (i.e. 1820 kJ/m3°C). 
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Table D-2 IC Thermal model parameters 

Parameter Value Parameter Value 

𝑇𝑟𝑒𝑓 (°C) 25.0 𝜇𝐹, 𝜇𝑃 0.9 

𝜈1,𝑇𝑟𝑒𝑓 6.310 𝑀𝐹, 𝑀𝑃 0.80 

𝑏 0.0026 𝛼𝐻𝑉 0.43 

𝑐 100.0 𝑛𝐻𝑉 0.99 

𝑅 0.15 𝛽𝐻𝑉0 0.1 

𝜆 0.693 𝑚𝐻𝑉 1.0 

𝜅 0.087 𝑘1 0.0 

𝐺 (MPa) 5.0 𝑛1 0.0 

𝛼𝐹, 𝛼𝑃 0.4 𝑘2 0.0 

 

Table D-3 Thermal and thermo-mechanical properties 

𝛾𝑠 (kN/m3) 𝛼𝑇 (m/m°C) 𝛼𝑇𝑓 (m/m°C) 𝐾𝑓 (GPa) 𝜌𝐶𝑝 (kJ/m3°C) 𝑘𝑇 (W/m°C) 

14.3 1.43 × 10-5 6.9 × 10-5 2.2 1820 1.16 

 

Table D-4 Permeability model parameters (see Appendix C) 

𝐶1 (m/s) 𝐶2 (m/s) 𝑇𝑘𝑓  (°C) 

-26.41 2.178 25.0 

 

All other aspects of the numerical analysis presented here are the same as those involving Boom Clay 

in Chapter 7. Table D-5 shows the list of analyses where each analysis was performed with OCR of 1, 

as well as 4. 

Table D-5 List of analyses 

Analysis OCR Parameter 𝒃 Yield surfaces 

A1 1.0 
0.0 Primary (initial 𝑇0 = ∞) 

A4 4.0 

B1 1.0 
𝑏 = 0.0026 Primary (initial 𝑇0 = ∞) 

B4 4.0 

C1 1.0 
𝑏 = 0.0026 Primary and secondary (initial 𝑇0 = 19.5 °C) 

C4 4.0 
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D.1.2 Results 

Effect of thermo-plasticity due to the primary yield surface 

The effect of the value of parameter 𝑏 on the ground surface displacement is illustrated in Figure D-11. 

Compared to the response of Boom Clay, Soft Bangkok Clay exhibits slightly smaller volumetric 

changes which is attributed to its smaller thermal expansion coefficient. However, as in the case of 

Boom Clay, these results show the same soil behaviour irrespective of the value of 𝑏. Further 

investigation into the soil’s response showed that changes in the hardening parameter 𝑝0
′  are negligible 

in all analyses considered here (i.e. analyses A and B), indicating the behaviour is mostly elastic. Hence, 

it is expected that the contraction is observed during cooling and expansion during heating.  

 

Figure D-11 Results of analyses A and B with Soft Bangkok Clay – thermally-induced ground surface vertical displacement 

for: (a) 𝑂𝐶𝑅 = 1, and (b) 𝑂𝐶𝑅 = 4 
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Figure D-12 and Figure D-13 show the thermally-induced pore water pressures generated in analyses 

B with 𝑂𝐶𝑅 = 1 and 𝑂𝐶𝑅 = 4, respectively. Clearly, these changes in pore water pressure are 

substantially smaller than those observed in the analysis with Boom Clay. This can be explained by a 

significantly lower stiffness of Soft Bangkok clay, which, according to Equation ( 5-174 ) in Chapter 5, 

affects the thermally-induced pore water pressures.  

 

Figure D-12 Results of Analysis B1 (𝑂𝐶𝑅 = 1) with Soft Bangkok Clay – thermally-induced pore water pressure changes: 

(a) after initial cooling, (b) at the end of cooling, (c) after initial heating, and (d) at the end of heating 

 

Figure D-13 Results of Analysis B4 (𝑂𝐶𝑅 = 4) with Soft Bangkok Clay – thermally-induced pore water pressure changes: 

(a) after initial cooling, (b) at the end of cooling, (c) after initial heating, and (d) at the end of heating 
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The pile response is illustrated in Figure D-14 which plots the evolutions of the pile head vertical 

displacements and the maximum thermally-induced axial stresses. Again, as expected from the soil’s 

response, there is practically no difference between the results of analyses with 𝑏 = 0 and the calibrated 

value of 𝑏. It is interesting to note that, compared to Boom Clay, the maximum thermally-induced axial 

stresses are smaller in the case of Soft Bangkok Clay. The lower stiffness of Soft Bangkok Clay implies 

that there is less restriction to the movement of the pile (i.e. the restrained strains are smaller), resulting 

is smaller changes in pile shear and axial stresses. 

 

Figure D-14 Results of analyses A and B with Soft Bangkok Clay: (a) evolution of pile head vertical displacement with time, 

and (b) evolution of maximum thermally-induced pile axial stress with time 

Effect of the secondary yield surface 

The effect of the secondary yield surface on the pile response is illustrated in Figure D-15 which 

compares the results of analyses B and C with 𝑂𝐶𝑅 = 1, as well as 𝑂𝐶𝑅 = 4. As the secondary yield 

surface is activated once the temperature exceeds the initial value of 19.5 °C, the results of the cooling 
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stage and the first month of heating are identical in the two sets of analyses. After the first month of 

heating, the secondary yield surface generates additional pore water pressures. However, due to low 

stiffness of Soft Bangkok Clay, these excess pore water pressures are significantly smaller than in the 

analyses of Boom Clay. As in the previous cases, the pile response is practically unaffected by the 

secondary yield surface.  

 

Figure D-15 Results of analyses B and C with Soft Bangkok Clay: (a) evolution of pile head vertical displacement with time, 

and (b) evolution of maximum thermally-induced pile axial stress with time 

D.2 Effect of temperature on pile capacity in Soft Bangkok Clay 

D.2.1 Numerical analysis 

The study presented here involves numerical analyses which have been previously performed with 

Boom Clay. All aspects of the analyses are explained in Section 7.3.2 in Chapter 7. For convenience, 

Table D-6 lists the analyses carried out here with Soft Bangkok Clay.   
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Table D-6 List of analyses 

Analysis OCR Parameter 𝒃 Loading sequence 

A1 1.0 
- Loading to failure 

A4 4.0 

B1 1.0 
0.0 

1. Cooling by 30 °C for 1 year 

2. Loading to failure B4 4.0 

C1 1.0 
𝑏 = 0.0026 

1. Cooling by 30 °C for 1 year 

2. Loading to failure C4 4.0 

D1 1.0 
0.0 

1. Heating by 30 °C for 1 year 

2. Loading to failure D2 4.0 

E1 1.0 
𝑏 = 0.0026 

1. Heating by 30 °C for 1 year 

2. Loading to failure E4 4.0 

 

D.2.2 Results 

The load-displacement responses of the pile installed in Soft Bangkok Clay are plotted in Figure D-16 

(𝑂𝐶𝑅 = 1) and Figure D-17 (𝑂𝐶𝑅 = 4). As in the case of Boom Clay, the analyses with 𝑏 = 0 show 

no change in the pile capacity due to cooling or heating, whereas when the reduction of preconsolidation 

pressure with temperature is modelled (i.e. 𝑏 = 0.0026), the capacity of the pile increases following 

cooling and reduces following heating. Again, the change in the pile capacity in analyses C and E is 

approximately ±10 % of the value obtained in Analysis A. 

 

Figure D-16 Effect of temperature on the capacity of a pile installed in Soft Bangkok Clay with 𝑂𝐶𝑅 = 1 
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Figure D-17 Effect of temperature on the capacity of a pile installed in Soft Bangkok Clay with 𝑂𝐶𝑅 = 4  

 


