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Abstract

This paper presents approximate correction factors to collisional excitation and
ionisation rates which account for special relativity in the free electron motion
as a function of free electron temperature and the threshold energy of the reac-
tion. These are calculated by taking the ratio of collisional rates derived from
simple empirical cross sections using relativistic and non-relativistic mechanics.
These results are extended to de-excitation and three body recombination rates
using detailed balance. It is found that the relativistic correction is significant
in regimes potentially important to galactic intracluster media and diagnostic
dopants in burning ICF plasmas.
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1. Introduction

When calculating rates of collisional excitation and ionisation the free elec-
trons in a plasma are usually taken to follow the Maxwell-Boltzmann distri-
bution [1]. This means that they are treated classically, and hence is valid as
an approximation when both quantum mechanical and relativistic effects are

insignificant. The quantum mechanical degenerate limit has been well studied

*Corresponding author
Email addresses: jonathan.beesleyl7@imperial.ac.uk (J.J. Beesley),
s.rose@imperial.ac.uk (S.J. Rose)

Preprint submitted to Elsevier September 20, 2019



and correction factors to excitation and ionisation rates accounting for quan-
tum effects have been calculated in some detail [2] [3]. The relativistic limit has
been comparatively neglected. There are, though, good reasons to pay atten-
tion to it: in the context of laboratory plasmas Tabak [4] predicts that burning
D plasmas in ICF could reach bulk reduced temperatures of up to 6 = 0.31,
and Xenon and Krypton dopants (which should remain only partially ionised
up to such temperatures) are regularly included in ICF as diagnostics [5] [6] .
In the astrophysical context, the intracluster medium can reach temperatures
above 6 = 0.04 [7]. Depending, of course, on the accuracy needed, relativistic
corrections could be significant in both cases. Note we are here defining the

“reduced temperature” by

0 = kpT/mc? (1)

with T temperature, m the electron mass.
The main correction to be made when accounting for relativistic effects is to

replace the Maxwell-Boltzmann distribution,
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(written here in terms of = Ex /(mc?), the reduced electron kinetic energy)

with the Maxwell-Jiittner [8] distribution,
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where 8 = 2, v = 1/@ =1n+1 and K> is the modified Bessel function
of the second kind. The two are plotted in figure 1 for several temperatures.
The Maxwell-Boltzmann distribution is recovered from the Maxwell-Jiittner in
the expected classical limits 6 — 0 and v — 1. Previous authors [9] [10] [11]
have used these distributions to find a simple generic “relativistic correction
factor” to excitation and ionisation rates based on the ratio of free electron

partition functions (see Sect. 2, equation 13). In this paper we develop more



6=0.02 6=0.25 6=1.0

25 2.0 0.5
—— Boltzmann

20 15 0.4 — JUttner

15 0.3

y— 1.0

10 0.2

5 03 0.1

0 0.0 0.0

0.00 0.05 0.10 0.15 0.20 0.0 05 10 15 20 0 5 10
n n n

Figure 1: Maxwell-Boltzmann and Maxwell-Jiittner distributions plotted against re-
duced kinetic energy for a range of temperatures. Classically, energy is everywhere
quadratic in momentum, while relativistically it becomes linear at high momentum.
Therefore the density of energy states in phase space is classically suppressed at high
momentum while relativistically it approaches a constant, so the normalised classical

distribution is, compared to the relativistic, skewed towards low energies.

sophisticated correction factors by considering simple cross-sections for excita-
tion and ionisation due, respectively, to Van Regemorter [12] and Lotz [13]. We
also use detailed balance to extend these results to de-excitation and three-body

recombination rates.

2. Calculation of Rates

2.1. Method

A collisional rate per electron per ion can be written in the form, keeping

the cross section and energy distribution general,

rom0) = [ " o(nfnr) Fn, 6)0(n)dn. (4)

T

where v(n) is the velocity, f(n, ) is the probability of finding a given electron
at energy 7, nr is defined by

nr = Er/mc? (5)



where Er is the threshold transition energy, and o(n/nr) is the cross section
of the ions for the relevant collision reaction with the free electrons, which we
are treating as a function of n/nr (as is the case for most simple empirical or
semi-empirical formulas for the ionisation or excitation cross-sections). It has
the property o(x < 1) = 0.

The rate of collision per free electron for the two cases is then

i) = [ " o(n/nr)oe(n) e (n, 6)dn, (©)
st ) = [ " o (nfnr)or(n) far s (n, 0)d, @)

where we are using the r and ¢ subscript on the velocity to denote, respec-
tively, the relativistic and classical expressions for velocity in terms of kinetic

energy. The quantity we want to calculate is the correction factor due to rela-

tivity,
rars (1T, 0)
R(nr,0) = ——————=. 8
(7, 0) PR ) (8)
For the relativistic case
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where 3 = %, v =1/4/1 — 32 = n+ 1. For the classical case

n

faus(, 0)ve(n) = 26\/29_;776_9. (10)

Therefore the correction factor (8) can be written

Rz, 0) = ©(6) - [1 + 2Pl ’7;]} )

where we have defined the functional, using the substitution z = /6,
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Figure 2: General temperature-dependent prefactor to relativistic correction factor of
collisional rates. Both the exact value and second-order approximate value are plotted,

showing very little difference between the two.

and the temperature-dependent prefactor is given by
_ Zup(0)

o m \/56’%
o) = \/g [ Ko(3) | Zma(0)

where Zy /s is the partition function for a single free particle in the

(13)

classical /relativistic case, defined as

Zyp/ms(0) = V/

_exp(=e/(p)/6)d°p, (14)
R

with V' the volume and c¢/r subscripts denoting classical /relativistic expressions
for energy in terms of momentum. Note that © has been identified by previous
authors [9] [10] [11] as a “relativistic correction factor” and has an asymptotic
expansion [14]
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which, as can be seen in figure 2, is a good enough approximation for our
uses. This correction factor is of far more general use: it is derived from the

normalisation factors of the distributions, so will arise from the ratio of the



expectation values of any quantity taken over the Maxwell-Jiittner distribution
divided by that quantity averaged over the Maxwell-Boltzmann distribution.
Note also, from [, 2"g(z)dz > b [, 2"~ 'g(z)dz, where g(z) is any every-

where positive function on z > 0, we get P > "TT. Therefore we have

R(9.1r) = ©(6) - [1+ 1] (16)

for any cross section and all values of 6 and 7.

2.2. FExcitation Rate

Our aim is to derive approximate generic correction factors, dependent on
ion species only through the single parameter of threshold energy. We must
therefore use a cross section which is a function of only nr and 7. For the
excitation rate we use the Van Regemorter [12] cross section which for our

purposes, if we set the gaunt factor equal in both cases, amounts to

O’VRO(1/77. (]_7)

Note that we use the classical expression for its energy dependence as the
formula was calculated using non-relativistic quantum mechanics. Attempting
to adjust the energy dependence of this expression to account for relativity would
anyway only give higher-order errors which, given the broad approximations
already inherent in using such simple cross sections, can be neglected. Including
this in equation 12 gives

nr

Ployg] =1+ e (18)

This is plotted in figure 3.

2.3. Ionization Rate

For the ionisation rate we use an empirical formula due to Lotz [13],

In(x) .

: (19)

op(x)
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Figure 3: P[o] for excitation and ionisation using, respectively, Van Regemorter’s and

Lotz’ simple expressions for the cross section.

[his gives
nr nr
e~ + El(LT) e~ o

where Fy(x) = f;o et;tdt is the exponential integral. This is plotted in figure

3. De-excitation and Recombination Rate Corrections

De-excitation and recombination rates can be calculated from excitation and
ionisation using two requirements of equilibrium. The first is the principle of
detailed balance, which enforces the requirement that an equilibrium state is
constant in time. This gives the reverse rate as proportional to the forwards
rate with a ratio that depends on the reactant number densities. The second is
that the electrons be distributed between free and bound states in the proportion
that maximises total entropy, which is equivalent (under constant temperature
and volume) to the minimisation of the Helmholtz free energy, which is in turn
equivalent to the maximisation of the total canonical partition function. This

affects the reverse rate by determining the reactant number densities. Changing



the free electron physics by accounting for relativistic effects changes the free
electron partition function, and therefore changes the relative entropy of states
that have different free electron number, and therefore changes which distri-
bution of the fixed total electron number between the free and bound states
maximises the entropy.

This does not apply to excitation processes because the free electron number
does not change. This means that relativistic corrections to the de-excitation
rate enter only through its proportionality to excitation, and therefore excita-
tion and de-excitation are corrected by the same factor. Ionisation and recom-
bination do change free electron number, so for recombination rates a further
correction from adjustments to the free electron entropy is needed. The entropy-
maximisation requirement for relative occupation of different ionisation states

can be expressed by the general Saha equation [15] [16]

Ni41MNe gi+1 Niv1 — i
—— =270)——exp | ——— |, 21
g ( ) gi p< ¢ > ( )

where n;, g; and 7; are, respectively, the density, degeneracy and reduced
energy of ions in the i’th ionisation state and n. is the electron density, and
Z is the appropriate free particle partition function. Using this with detailed
balance (n;41t = n;r with ¢ the recombination rate and r the ionisation), the

ratio of recombination rates in the relativistic to classical cases is given

tag 0 Zyp(0) ramgs 9 0 . nr
tup nMB  Zyg(0) rus = 06) b gP[a, ?] . (22)

4. Discussion

The main results of our calculations can be summarised
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These are plotted in figure 4 for some reasonable values of the threshold
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energy and temperature. Also plotted is the temperature-dependent prefactor
©(0) given in equation 13, which has been identified by previous authors [9] [10]
[11] as the “relativistic correction factor”. It can be seen that our correction
factors differ significantly from both this and unity.

The largest possible value of np is for ionisation of hydrogen-like Uranium,
with np =~ 0.23. In the context of diagnostic dopants in burning ICF plasmas,
the reduced ionisation energies of hydrogen-like Krypton and Xenon are around
0.04 and 0.08 respectively. We see in figure 4 that at temperatures around what
Tabak predicts could be reached in some realisations of burning ICF [4], we get
correction factors of around 0.6-0.8. Relativistic effects appear to be significant

in this regime.

5. Conclusion

In this paper we have calculated approximate correction factors for ionisation
and excitation rates due to collision with free electrons in a plasma to account
for special relativity. We have done this by assuming the Van Regemorter
expression for the excitation, oyg(z) o< 1/x, and the Lotz expression for the
ionisation cross section, or(z) o« In(z)/x. We then used the Saha equation
to extend these results to recombination rates. These correction factors are
summarised in equation 23. We also, in section 2.1, found a lower bound for the

relativistic correction factor with complete applicability to any cross section.
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Figure 4: Approximations of the ratio of collisional ionisation, recombination and
excitation rates when special relativity is accounted for against when it is not, plot-
ted with sensible values of the reduced threshold energy and reduced temperature.
Tonisation and recombination rates are calculated using the Lotz cross section, exci-
tation using Van Regemorter. The temperature-dependent prefactor © is also plotted

independently.

Though the precise value of our correction is necessarily limited by the simple
forms of the cross sections we have used, there is no reason to expect that the
true ratio will be substantially closer to unity. Where we find a ratio far from
unity, therefore, it is safe to conclude that accounting for special relativity in

the free electron mechanics is important.
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