
Detecting phase boundaries of quantum spin-1/2 XXZ ladder
via bipartite and multipartite entanglement transitions

Sudipto Singha Roy,1,2 Himadri Shekhar Dhar,1,2,3 Debraj Rakshit,1,2,4 Aditi Sen(De),1,2 and Ujjwal Sen1,2

1Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad 211 019, India
2Homi Bhabha National Institute, Anushaktinagar, Mumbai, Maharashtra 400 094, India

3Institute for Theoretical Physics, Vienna University of Technology,
Wiedner Hauptstraße 8-10/136, A-1040 Vienna, Austria

4Institute of Physics, Polish Academy of Sciences,
Aleja Lotników 32/46, PL-02668 Warsaw, Poland

(Dated: October 23, 2018)

Phase transition in quantum many-body systems inevitably causes changes in certain physical
properties which then serve as potential indicators of critical phenomena. Besides the traditional
order parameters, characterization of quantum entanglement has proven to be a computationally
efficient and successful method for detection of phase boundaries, especially in one-dimensional
models. Here we determine the rich phase diagram of the ground states of a quantum spin-1/2
XXZ ladder by analyzing the variation of bipartite and multipartite entanglements. Our study
characterizes the different ground state phases and notes the correspondence with known results,
while highlighting the finer details that emerge from the behavior of ground state entanglement.
Analysis of entanglement in the ground state provides a clearer picture of the complex ground state
phase diagram of the system using only a moderate-size model.

I. INTRODUCTION

Quantum phase transition [1], triggered by quantum
fluctuations, is a rich cooperative phenomenon exhibited
by many-body quantum systems at absolute zero tem-
perature. When a physical system undergoes a phase
transition, some of its physical properties such as ground
state energy, magnetization, classical correlation length,
and quantum correlations, also change their pattern and
hence can serve as potential indicators of the phase tran-
sition boundary [1–4]. Incidentally, the challenging task
in understanding the behavior of important many-body
and strongly-correlated quantum systems is the charac-
terization of the ground state phase boundaries using a
computable order parameter. In such an enterprise, there
are two main difficulties: firstly, there are only a hand-
ful of models that can be solved analytically and hence,
studying the energy spectrum and eigenstates are only
possible, in most cases, using approximate or numeri-
cal methods, which are often limited by size of the sys-
tem. Secondly, there may not exist a universal detector
that can identify all the phase boundaries in a strongly-
correlated system. To overcome these difficulties a possi-
ble way is to study these non-integrable models through
different physical quantities and establish whether the
outcomes using different techniques allow a phase struc-
ture to emerge.

In recent years, attempts have been made to explore
quantum critical phenomena using properties which are
beyond the traditional order parameters and, in some
cases, are more efficient to compute, providing possibly
deeper insight about the nature of correlations present
in the system. Quantum correlation, as characterized by
entanglement [5], is one such quantity. Though entangle-
ment has initially been shown to be a resource for quan-
tum communication and other information-theoretic pro-

tocols [6, 7], it also turns out to be an important tool in
investigating cooperative phenomena in many-body mod-
els [8, 9]. The fact that the ground state of an interacting
many-body system is potentially entangled, and the dis-
tribution of its entanglement is expected to demonstrate
distinct characteristics across possible phase boundaries,
shedding new light on quantum criticality, is a primary
motivation to characterize and analyze the entanglement
present in many-body systems [8, 9]. Consequently, sin-
cere efforts to build a conceptual bridge between quan-
tum information and many-body physics have gradually
developed in recent years. This is primarily motivated
by the fact that such physical systems are potential sub-
strates to implement quantum information protocols in a
realizable setting [10]. In Refs. [11, 12], it was shown that
the derivative of the nearest-neighbor bipartite entangle-
ment, as measured using concurrence [13], can remark-
ably identify the quantum phase transition point in the
quantum transverse Ising and XY spin-1/2 chains. Down
the avenue, several works have also reported the suc-
cessful detection of phase transition points using various
bipartite [14] and multipartite [15] entanglement mea-
sures (cf. [9, 16]), including topological order using en-
tanglement entropy [17, 18]. In recent years, information-
theoretic measures of quantum correlation [19] have also
been used to investigate cooperative phenomena in many-
body systems [20]. However, most of the studies using
these measures have been restricted to one-dimensional
models.

In this work, we go beyond some of these limita-
tions, and consider an important class of physical sys-
tems, the interacting quantum spin-1/2 ladders, with ex-
tremely rich ground state properties. These models have
gained a lot of attention, in recent years, through the
several proposals that connect these systems to gapped
spin Hamiltonians [21] and exotic phenomena such as
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FIG. 1. (Color online) A schematic representation of the XXZ
ladder. The figure shows a schematic diagram of a spin-1/2
XXZ ladder, with couplings Jγ and Jr along the legs and
rungs, respectively. The coupling constant for the interaction
in the z-direction is Jγ∆ and Jr∆, respectively along the legs,
and the rungs. The dotted lines at the end show the boundary
condition of the ladder.

high Tc superconductivity [22]. Also, multi-leg spin-1/2
ladders have been extensively used to investigate Hal-
dane’s conjecture [23] with respect to the dichotomy be-
tween quantum chains with integer and half-odd integer
spins, and their gapped and gapless energy spectra, re-
spectively [24]. However, though significant efforts have
been made towards understanding the complex phase di-
agram of spin ladder systems, successful characterization
of the different quantum phases have only been achieved
in some limiting cases or through approximate models
[24–28].

In this work, we investigate the phase diagram of the
quantum spin-1/2 XXZ ladder by analyzing the tran-
sition boundaries arising from the variation of bipartite
and multipartite entanglement in the ground states of the
system with moderately large number of spins. For these
systems, conventional order parameters such as spin cor-
relation functions or spectral energy gap does not provide
distinct phase boundaries, and are often limited to high-
lighting the characteristic features of the phases at the
limiting values. In contrast, we observe that the behav-
ior of bipartite entanglement between nearest neighbor
(NN) spins along the rungs and legs and the variation of
the genuine multiparty entanglement in the ground state
of the quantum spin-1/2 ladder is able to identify even
the less prominent phase boundaries of the system. Our
work shows that entanglement can be a good figure of
merit in investigating critical phenomena even in com-
plex ground state phases of strongly-correlated systems.

The paper is arranged as follows. In Sec. II, we begin
with a discussion on the spin-1/2 XXZ ladder Hamilto-
nian and its ground state phases. In Sec. III, we define
the different physical quantities associated with the de-
tection of phase boundaries, and their variation with the
system parameters of the ladder Hamiltonian. In Sec. IV,
a qualitative study of the different emergent phases have
been carried out and a schematic phase diagram of the
system is proposed. In Sec. V, we study the different
phases of the spin-1/2 XXZ ladder with ferromagnetic
couplings along the legs. The scaling of the energy gap
with system size is compared with that of the genuine
multipartite entanglement in Sec. VI. Finally, we con-
clude in Sec. VII.

II. THE MODEL

Most studies on quantum spin ladders [24–28] consider
antiferromagnetic coupling along the legs due to an inter-
est in understanding exotic quantum phenomena, such as
the experimentally observed high-Tc transitions in anti-
ferromagnetic ladder models for strontium-based super-
conducting cuprates [22, 29]. Quantum spin-1/2 ladders
with ferromagnetic interaction along the legs have also re-
ceived attention [30–33], particularly in the study of syn-
thetic ferromagnetic chains built from Cu2+ compounds
[30]. In our work, the primary focus is on quantum spin-
1/2 XXZ ladders with antiferromagnetic legs, given by
the Hamiltonian H = Hl +Hr, where

Hl =

2∑
γ=1

Jγ
(N/2∑
i=1

Sxi,γS
x
i+1,γ + Syi,γS

y
i+1,γ + ∆ Szi,γS

z
i+1,γ

)
,

Hr = Jr
( N/2∑
i′=1

Sxi′,1S
x
i′,2 + Syi′,1S

y
i′,2 + ∆ Szi′,1S

z
i′,2

)
, (1)

correspond to the interaction along the legs and rungs,
respectively. Here, Sj ’s are the Pauli spin operators (j
= x, y, z), ∆ is referred to as an anisotropy constant, dif-
ferentiating the strength of interaction in the z-direction
with those in the other two directions for legs as well as
rungs, Jγ > 0 is the antiferromagnetic coupling along the
legs, and Jr is the inter-leg or rung coupling. We note
that the coupling along the rungs can be either ferromag-
netic or antiferromagnetic. Moreover, we consider peri-
odic boundary conditions. For completeness, in Sec. V,
we also discuss the quantum phases of XXZ ladders with
ferromagnetic legs (Jγ < 0) to show that entanglement
properties can again successfully detect critical phenom-
ena in these systems.

The extremely rich quantum phases of quantum spin-
1/2 XXZ ladders, with antiferromagnetic legs, are ob-
tained by varying the Jr/Jγ ratio and the anisotropy ∆,
using numerical methods such as Abelian bosonization
[25], renormalization group [26], and level spectroscopy
[27, 34], along with exact solutions at asymptotic param-
eter limits. Recent numerical investigations have used
sublattice entropy of entanglement in the XXZ ladder to
detect specific phase boundaries [28]. From these stud-
ies, some agreement on the prominent phases have been
achieved, although the exact demarcation of the differ-
ent phases remains elusive [27]. For limiting values of the
parameters Jr/Jγ and ∆, a coarse picture of some of the
phases of the model, ∀ Jγ > 0, is obtained. For example,
in the limit, Jr → 0, the system reduces to two uncou-
pled antiferromagnetic spin-1/2 XXZ chains and can be
analytically solved by using the Bethe ansatz [35]. In
this case, the ground state phase diagram is divided into
a generic ferromagnetic phase for ∆ < −1, an XY -phase
for −1 < ∆ < 1, and a Néel ordered antiferromagnetic
phase for ∆ > 1. For strong ferromagnetic rung cou-
pling, i.e., Jr → −∞, the ladder reduces to a spin-1 XXZ
chain with weak interactions. In this limit, a predomi-
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nant phase, apart from the ferromagnetic, XY, and Néel
phases, is the distinctly gapped Haldane phase [36]. At
the ∆/Jr → ±∞ limit, the ladder reduces to a pair of
uncoupled Ising chains that give rise to a ferromagnetic
or Néel phase. Depending on whether the coupling, Jr∆,
is ferromagnetic or antiferromagnetic, these phases could
be regular or stripe ordered. This is discussed in more
detail in Sec. IV.

The main motivation of our work is to analyze the
ground state phase diagram of the XXZ ladder, given in
Eq. (1), by studying bipartite and multipartite entangle-
ment transitions in the phase space. We concentrate on
the XXZ ladder with antiferromagnetic legs, and fix Jγ
= Jl, ∀ γ, where Jl is a positive quantity, and vary the
inter-leg or rung coupling, Jr. We begin by obtaining the
ground states of this Hamiltonian in the Sz = 0 subspace,
using the exact diagonalization method [37]. We note
that the characterization of genuine multipartite entan-
glement in large quantum spin systems requires explicit
computation of quantum correlation across all possible
bipartitions of the exact ground state. Such character-
izations are computationally restricted in systems with
large Hilbert spaces (cf. [38, 39]), primarily due to the
fact that the ground state cannot be computed for large
system size, N . This limits our investigation to moder-
ately large spin ladders. We investigate the variation of
ground state properties with respect to the anisotropy pa-
rameter ∆ and the rung-leg coupling ratio, α (= Jr/Jl).

We observe that certain conventional order parameters
are able to exhibit specific parts of the phase diagram and
identify specific phase boundaries in the α−∆ plane [25–
28]. For example, the energy gap, δE, which is the dif-
ference in energies between the ground and first excited
states in moderately large systems, is able to anticipate
some of the phases of the model, as shown in Fig. 2.

In this context, the central question we address in this
work is whether a distinctive pattern of entanglement can
provide a more accurate insight about the phase bound-
aries of the system, even for moderately large spin sys-
tems. To this end, we employ both NN bipartite en-
tanglement, as quantified by concurrence (Q) [13], and
genuine multipartite entanglement measure, generalized
geometric measure (G) [40] (cf. [15, 41]), and analyze
the transition of these quantities in α −∆ plane. Apart
from entanglement, the behavior of NN spin correla-

tion functions, Cββ′
(ρij) = 〈Sβi S

β′

j 〉 − 〈S
β
i 〉〈S

β′

j 〉, where

β, β′ ∈ {x, y, z}, along with other ground state proper-
ties such as magnetization, also provide important infor-
mation in determining the different phase boundaries of
the XXZ ladder. Moreover, one should also note that,
when the inter-rung interaction is antiferromagnetic, and
there are an odd number of rungs, the end spins along
the legs become frustrated due to the periodic boundary
conditions. This plays an important role in the choice of
minimum energy configuration and hence has a signifi-
cant impact on the phase diagram. We will discuss this
in detail in Sec. IV

III. CHARACTERIZATION OF
CORRELATIONS IN THE α−∆ PLANE

In this section, using the exact diagonalization method
[37], we numerically calculate the variation of bipartite
and multipartite entanglement measures, along with clas-
sical quantities, such as spin correlation functions, in the
α − ∆ Cartesian plane, to identify and investigate the
phase boundaries of the ground states of the spin-1/2
XXZ ladder Hamiltonian, as defined in Eq. 1. As the
Hamiltonian of interest has rotational symmetry along
the z-axis (Sz invariant), all the computation have been
carried out in Sz = 0 subspace (cf. [28]).

A. Phase patterns from bipartite entanglement

Let us first define concurrence, Q(ρij) [13], which we
use as a measure to quantify bipartite entanglement in
the model. Given a two-qubit density matrix, ρij , for any
two sites of the ladder, the concurrence of ρij is defined
as

Q(ρij) = max{0, λ1 − λ2 − λ3 − λ4}, (2)

where λi’s are the square roots of the eigenvalues of the
non-Hermitian matrix, ρij ρ̃ij , arranged in decreasing or-
der. Here ρ̃ij = (σy ⊗ σy)ρ∗ij(σy ⊗ σy) is the spin-flipped
state of ρij , with ρ∗ij being the complex conjugate of the
state in the computational basis. The physical inter-
pretation of this definition stems from the connection of
concurrence with the entanglement of formation, which
quantifies the number of singlets required to create a bi-

FIG. 2. (Color online) Energy and the phase diagram of the
spin-1/2 XXZ ladder. The plot shows variation of the exci-
tation energy difference per spin, δE/Jl = (E0 − E1)/(JlN),
for a moderate-size system, in the α − ∆ plane, where α =
Jr/Jl is the rung-leg coupling ratio, and ∆ is the anisotropy
constant. We set Jγ = Jl ∀ γ, and the number of spins is
N = 16. Periodic boundary condition have been considered.
The couplings along the legs are antiferromagnetic. All the
quantities plotted are dimensionless.
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partite quantum state by using only local quantum op-
erations and classical communication [13, 42]

Depending on the positions of the sites i and j in the
ladder system, there are two relevant cases of NN bipar-
tite entanglement – 1) when both the NN sites belong
to the same leg, we get Ql(ρij), which captures the bi-
partite entanglement between sites along the legs of the
ladder; 2) each of the two NN sites belong to different
legs, and the corresponding bipartite entanglement is de-
noted by Qr(ρij), providing the entanglement behavior
in the rungs of the ladder.

In Fig. 3, variation of Ql(ρij) in the α − ∆ plane is
exhibited for N = 16 spins. We observe that for ∆ <
0, the value of Ql(ρij) remains low (Ql < 0.2) or neg-
ligible (Ql ≈ 0) in significant regions of the parameter
space. Hence, one can infer that the nonclassical corre-
lations along the legs are relatively weak in these param-
eter regimes. On the other hand, in the region ∆ > 0,
the distribution of Ql(ρij) efficiently detects the phase
boundaries in the model and provides vital information
about the nature of the ground state. For example, the
variation of Ql(ρij) in Fig. 3 exhibits lines of transitions
(entanglement peaks) at ∆ = 1, α < 0, and along α =
0, for ∆ > 0. The same can also be observed at ∆ ≈ 1,
α > 0. These lines correspond to possible phase bound-
aries for the spin-1/2 XXZ ladder [27, 28].

-2 -1  0  1  2

∆

-2

-1

 0

 1

 2

α

0

0.1

0.2

0.3

0.4

FIG. 3. (Color online) Entanglement along NN leg sites of the
spin-1/2 XXZ ladder. The plot shows behavior of Ql(ρij), in
the α−∆ plane. We choose N = 16, so that we have an even
numbers of rungs. All other considerations for the model are
the same as in Fig. 2. All quantities plotted are dimensionless,
except the entanglement, which is in ebits.

The concurrence along the rungs, Qr(ρij), which is
computed for the two-sites obtained by tracing out all
the ladder sites except those belonging to any one of the
rungs, exhibits quite a rich phase diagram as depicted in
Fig. 4. This is intuitively expected as the spin-1/2 XXZ
ladder tends to undergo transitions between the typical
phases of a spin-1 XXZ chain, which are the gapped Hal-
dane and rung-singlet phases, and the gapless XY phases.
All these transitions are closely related to the entangle-
ment behavior along the rungs of the spin-1/2 XXZ lad-
der model. A comparison with the plots obtained for
Ql(ρij) (Fig. 3) leads us to realize that the behavior of
Qr(ρij), in the α − ∆ plane, is complementary to the

behavior of Ql(ρij). Specifically, there are regions in
the α − ∆ plane where Qr(ρij) possesses significantly
value while Ql(ρij) is negligible, and vice-versa. More-
over, there is additional information about the phases
that seem to emerge. For example, Fig. 4 shows a dis-
tinct line of transition (entanglement peaks) in the vari-
ation of Qr(ρij) at ∆ = −1, α < 0. Additionally, similar
to Ql(ρij) in Fig. 3, the boundary at ∆ ≈ 1, α > 0
is also exhibited, although the character of Qr(ρij) and
Ql(ρij) is complementary. Figure 4 shows an entangle-
ment peak, as compared to an entanglement trough or
valley in Fig. 3. These transitions are expected phase
boundaries of the spin-1/2 XXZ ladder, and are discussed
in greater detail in the following sections. If one compares
Figs. 3 and 4, with the behavior of the excitation energy
difference in Fig. 2, one observes that bipartite entangle-
ment already provides a much diversified phase picture
as compared to the traditional order parameters.

Importantly, similar to Fig. 3, there exists a signifi-
cant region in the α − ∆ parameter space, where the
value of Qr(ρij) remains vanishingly small. Moreover, in
the range 1/2 . α . 2 and −2 . ∆ . −1, both Ql(ρij)
and Qr(ρij) remain negligible, implying absence of sig-
nificant bipartite entanglement. We will show that the
phase boundaries in these regions can be characterized
using a genuine multiparty entanglement measure that
accounts for the absence of local quantum correlations in
the system.

-2 -1  0  1  2

∆

-2

-1
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 1

 2

α

0

0.2

0.4

0.6

0.8

FIG. 4. (Color online) Entanglement along the rungs,
Qr(ρij), of the spin-1/2 XXZ ladder in the α−∆ plane. All
other considerations are the same as in Fig. 3. All quantities
plotted are dimensionless, except the entanglement which is
in ebits.

B. Trends of genuine multipartite entanglement

An N -party pure state is genuinely multiparty entan-
gled if it is not separable across any bipartition. The gen-
uine multisite entanglement, of a quantum state |ξN 〉, in
possession of the parties A1, A2, A3, ...AN , can be com-
puted using the generalized geometric measure (GGM)
[40]. The GGM of an N -party quantum state is the op-
timized fidelity distance of the state from the set of all
states that are not genuinely multiparty entangled. More
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precisely, the GGM (G(|ξN 〉)) is defined as

G(|ξN 〉 = 1− Λ2
max(|ξN 〉), (3)

where Λmax(|ξN 〉) = max |〈χ|ξN 〉|, with the maximiza-
tion being over all N -party quantum states |χ〉 that are
not genuinely multisite entangled. Importantly, for pure
quantum states, the GGM can be effectively computed
using the relation

G(|ξN 〉) = 1−max{λ2A:B |A ∪B = {Ai}Ni=1, A ∩B = ∅},
(4)

where λA:B is the maximal Schmidt coefficient of |ξN 〉 in
the bipartite split A : B.

Interestingly, careful observation leads to the fact that
the behavior of G is crucial in capturing the phase vari-
ation that is individually not attested by the bipartite
entanglements, Ql(ρij) and Qr(ρij). See Figs. 5(a) for N
= 16 and 5(b) forN = 18. For example, the variation of G
is complementary to the behavior we observe for bipartite
entanglement along the rungs, Qr(ρij), in the regions: i)
α > 0, ∀∆, and ii) α < 0, ∆ < 1 (comparing with Fig. 4).
However, in the region α < 0, ∆ > 1, G highlights the
phase variation not captured by Qr(ρij), although shown
by Ql(ρij) (see Fig. 3). Moreover, there exists a wide re-
gion in parameter space for which the ground state of the
system remains maximally genuine multiparty entangled,
containing global entanglement in absence of short-range
quantum correlations. Essentially, it can be seen that
the region on the α−∆ plane having negligible bipartite
entanglement (1 . α . 2 and −2 . ∆ . −1), exhibits
significant multipartite entanglement. We note that such
a study of the entanglement in this non-integrable model
yields two important points – 1) First, for moderately
large ladders, the conventional critical indicators (e.g.,
see Fig. 2), such as energy, magnetization, and classi-
cal correlation functions, fail to capture the microscopic
details of the many-body system and essentially, cannot
identify the sharp phase boundaries emanating from such
changes. Therefore, one may argue, that for parameter
regimes where the characterization of microscopic details
are important, entanglement in general, and multipar-
tite entanglement in particular, is a superior quantity to
detect transitions than the conventional order parame-
ters. 2) Secondly, there are several quantum information
processing tasks in which bipartite as well as multipar-
tite entanglement are essential ingredients. These results
show that ground state phases of the spin-1/2 XXZ lad-
der are potential substrates for realizable implementation
of such tasks.

To supplement the investigation of different phases us-
ing entanglement, we also study the behavior of the spin
correlation functions, particularly at the large values of
∆ where Ising terms dominate. This allows us to obtain
a more holistic characterization of the different phases of
the ground state of the spin-1/2 XXZ ladder.

C. Spin correlation function

The pairwise classical correlation between any two sites
in a many-body system, as quantified by the spin corre-
lation function,

Cβγ(ρij) = 〈Sβi S
γ
j 〉 − 〈S

β
i 〉〈S

γ
j 〉, (5)

where {β, γ} ∈ {x, y, z}, is an important order parame-
ter that indicates quantum critical phenomena [1–3]. On
the other hand, using the Lieb-Robinson bound, one can
essentially show that for gapped systems, the spin cor-
relation function decays exponentially with the site dis-
tance, whereas for a gapless system, a polynomial decay
is observed [43]. In the spin-1/2 XXZ ladder, presence
of Z2 symmetry, and other considerations, ensure that
the only non-zero two-site spin correlation functions of
the ground state are 〈Sxi Sxj 〉, 〈S

y
i S

y
j 〉, and 〈Szi Szj 〉. In the

absence of any external field, all the single-site terms in

Eq. (5), 〈Sβi 〉 for β ∈ {x, y, z}, vanish. Hence, the corre-

lation function reduces to Cββ(ρij) = 〈Sβi S
β
j 〉. Also, due

to the isotropy along the x and y axes, we have Cxx(ρij)
= Cyy(ρij).

The variation of two-site NN Cxx and Czz, along the
legs and the rungs, in the α−∆ plane, does not effectively
capture the phase boundaries for the XXZ spin-1/2 lad-
der model. However, they provide a good estimate of the
nature of the classical correlations in the various entan-
gled phases of the model, which is a critical supplement
in identifying the phase boundaries using entanglement.
For example, the values of the functions Cxx and Czz at
the limiting values of ∆ → ±∞ allows us to understand
the onset of the striped ferromagnetic phase (∆ � 0),
and the regular and striped Néel phases (∆� 0). These
phases can be identified using traditional order parame-
ters and have more definitive values of spin correlation
functions.

A complete inference about the phase boundaries ob-
tained from the trends of bipartite and multipartite en-
tanglement, along with the behavior of spin correlation
functions, is carried out in the succeeding sections.

IV. DETECTION OF PHASE BOUNDARIES IN
THE SPIN− 1

2
XXZ LADDER

In this section, we analyze the phase variation of the
different quantum quantities in the α − ∆ plane, ob-
tained in Sec. III, to estimate the various ground state
phases of the spin-1/2 XXZ ladder. We aim at provid-
ing a schematic diagram of the various phase boundaries
that can be argued on the basis of the transition of these
quantities in the α−∆ plane.

We start with a description of the regular and stripe or-
dered ferromagnetic and antiferromagnetic ground states
of the XXZ ladder, as shown in Fig. 6. These ordered
phases are predominantly exhibited in the limiting values
of the anisotropy parameter, ∆, i.e., ∆→ ±∞, where the
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(a)
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FIG. 5. (Color online) Genuine multipartite entanglement of the spin-1/2 XXZ ladder. The plots show variation of G, in the
α−∆ plane for (a) N = 16, so that there are an even number of rungs, and for (b) N = 18, when there are an odd number of
rungs. All other considerations are the same as in Fig. 2. The variation in the values of G between odd and even rung ladders,
in the low rung-coupling regime, i.e., Jr ≈ 0, is due to the spin frustration in the individual legs present in odd rung ladders
with periodic boundary condition. However, the phase boundaries are identical. All quantities plotted are dimensionless.

Ising-like interactions are dominant. In our study, for pe-
riodic ladders, we are able to highlight the onset of these
ordered phases by analyzing the variation in the classical
and quantum correlations. For large positive ∆, the sys-
tem tends to behave like an Ising ladder, with relatively
large antiferromagnetic coupling (Jγ∆) between the leg
spins. Let us consider ∆ & 1.5. Now, for α positive, the
spins along the rungs are also coupled via an antiferro-
magnetic interaction, and a Néel ordered ground state
phase emerges (see Fig. 6(a)). However, for α negative,
the spins along the rungs are coupled via a ferromag-
netic interaction, and we observe the striped Néel ordered
phase, shown in Fig. 6(b). This is supported by the be-
havior of the classical correlation functions and the en-
tanglement. In the regular ordered Néel phase, both Czzl
and Czzr , along the legs and rungs, respectively, are close
to −1. However, while low spin correlations are observed
in the legs, along x and y, they are close to −1 along
the rungs (i.e., Cxxl = Cyyl → 0, where Cxxr = Cyyr → −1).
This is supported by the fact that bipartite entanglement
along the rungs increases, while it vanishes along the legs,
as α increases in the ordered Néel phase. For instance,
Ql ≈ 0.4 near α = 0 and vanishes as α increases. On
the other hand, Qr is maximum and ≈ 0.8 for large α.
See Figs. 3 and 4. Hence, as α increases, the ladder is
more entangled along the rungs, and tends towards the
rung-singlet ground state. In contrast, for the striped
Néel phase, Czzl ≈ −1, but Czzr ≈ 1 (Cxxl 6=0, Cxxr ≈0),
implying ferromagnetic arrangement of NN spins along
the rungs. In this region, we observe finite Ql, although
Qr = 0, as supported by the behavior spin correlation
functions. As observed in Fig. 5, the striped Néel phase
possesses high genuine multipartite entanglement while
low GGM is observed in the ordered Néel phase. These
two phases are demarcated by a vanishing GGM value
along the line α = 0.

Interestingly, Sz invariance and frustration play im-
portant roles in the ground state properties of periodic

ladders. For ladders with an even number of spins on
each leg (say, N = 16), the regular and stripe ordered
Néel phases are Sz = 0 states, and have no frustration,
i.e, the Néel state containing an even number of spins is
the minimum energy state. However, for periodic ladders
with an odd number of spins on each leg (say, N = 18),
the Néel phase is frustrated. For example, Fig. 7(a) shows
that for the periodic Néel ladder state with N = 10, the
first (site 1) and last (site 5) rung sites of the two legs are
“not antiferromagnetically” aligned, leading to increase
in energy in comparison to the fictitious situation where
all interaction terms are simultaneously minimized. As
shown in Fig. 7(b), competing configurations may arise,
as non-aligned spins may occur between other NN rungs
(for instance, rung sites 1 and 2, in Fig. 7(b)). Exis-
tence of competing ground state configurations leads to
frustration in the system, which increases possible super-
positions in the ground state and may result in relatively
high and stable entanglement values. Moreover, for odd
number of spins, the striped Néel phase is not only frus-
trated, but has Sz 6= 0 (in fact Sz = 1 in Fig. 6(b)). The
competing configurations leading to frustration in this
state are shown in Fig. 7(c)-(d). Additionally, to satisfy
the Sz = 0 constraint, the striped Néel phase must un-
dergo a spin flip at a single site (shown as site 5-(top)
and site 1-(bottom) in Figs.7(c) and (d), respectively).
Hence, at least one NN rung spin-pair is antiferromag-
netically paired (rest of the rungs have ferromagnetically
aligned paired spins), leading to one NN spin-pair with
ferromagnetic interaction on each leg, which relatively
lowers the genuine multisite entanglement by breaking
the Néel ordering in the legs. This is observed by the
lower values of G in these limits, compared to ladders
with an even number of spins in each leg . See Figs. 5(a)
and (b). Hence, the effect of frustration in the Néel phase
of ladders, with odd number of spins on each leg, is that
the variation of entanglement is not as diverse as com-
pared to ladders with even number of spins on each leg.
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a)		

b)		

c)		

d)		

e)		 ! 	

FIG. 6. (Color online) Schematic diagrams of the ground
state phases. The illustrations show the spin configurations
in some of the potential ground states of the spin-1/2 XXZ
ladder: (a) The regular ordered Néel state, (b) the stripe or-
dered Néel state, (c) the regular ordered ferromagnetic state,
(d) the stripe ordered ferromagnetic state, and (e) the rung
singlet state (the sites enclosed by the dotted lines represents
a singlet, |ψ〉 = 1√

2
(| ↑↓〉− | ↓↑〉)). Here the tilted arrows rep-

resent up and down spins at the corresponding lattice sites.
The blue and red circles correspond to the top and bottom
legs of the ladder, respectively.

On the other hand, at α ≈ 0 and ∆ > 0, the frustration
in the odd case leads to the ground state to having con-
siderably higher and stable entanglement, as compared
to the even one, which indeed has rich variation of G
along the α = 0 line (∆ > 0) (see Fig. 5(a)). Here, by
“stable” entanglement, we mean that the value of the
entanglement in the relevant parameter space region re-
mains virtually unchanged.

We now consider the region with relatively large neg-
ative ∆ (< −1.5), where the system tends to behave like
an Ising ladder with ferromagnetic interaction between
the leg spins. For α > 0, the interaction between the

2
3

4

5
4

3

3
4

5

2
3

4

b)		
1 2

a)		
5 1

c)		
5 1

d)		
21

FIG. 7. (Color online) Schematic diagrams showing frustra-
tion in the spin chains. In the illustrations, we show two
examples of the many competing spin configurations leading
to frustration between the end spins along the legs, viz. in (a)-
(b) a regular ordered Néel state, and (c)-(d) a stripe ordered
Néel state. The non-optimal spin alignment in the periodic
lattice leading to frustration between the end spins of each of
the legs is shown by curved red lines (see also Figs. 6(a) and
(b)). However, to satisfy Sz = 0, one of the end spins flips in
the striped Néel state, which is shown by black curved arrows
at site 5-(top) for (c) and 1-(bottom) for (d). The flipped
spins at these sites are marked in red (depicted using broken
lines). We note that the five lattice sites are labelled (1)-(5),
with a periodic boundary, and the lattices in panels (b) and
(d) are rotated by a rung to the right, along the vertical axis
perpendicular to the radius, in comparison to the lattices in
(a) and (c).

rung spins is ferromagnetic (Jr∆ < 0). This should ide-
ally lead to the regular ferromagnetic ordered phase, as
shown in Fig. 6(c). However, this phase is not observed
in our analysis as it has Sz 6= 0. Instead, numerical stud-
ies show that the phase corresponds to variations of the
striped ferromagnetic states, shown in Fig. 6(d), which
has Sz = 0, with ferromagnetic coupling on each leg. A
distinctive feature of the region is that all bipartite en-
tanglement is zero, along both legs and rungs, but the
phase has maximum genuine multipartite entanglement.
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In Ref. [28], it has been suggested that for the range of
parameters, 1 . α . 2 and −2 . ∆ . −1, the ground
state of the system is likely to be in a rung singlet phase
[28], based on analysis of selective entanglement entropy.
However, our characterization of the microscopic prop-
erties corresponding to this phase do not support this
fact. From the variation of Qr it can be clearly seen that
within the mentioned range of parameters, the bipartite
entanglement across the rungs turns out to be vanish-
ingly small, which strongly contradicts the presence of
rung singlet phase. However, from the analysis of G,
the phase is likely to have very high amount of genuine
multiparty entanglement, making it closer to a possible
superposition of striped ferromagnetic states.

For α < 0, the rung-spin coupling, Jr∆, is positive,
and hence the interaction along the rungs is antiferro-
magnetic. The ground state phase is striped ferromag-
netic as expected. This is characterized by Czzl ≈1 and
Czzr ≈ −1. The spin correlations Cxx (Cyy) is negligible
along the legs, but finite along rungs. The phase has
states with finite entanglement along the rungs, which
increases with decreasing α, but is nonexistent along the
legs. The phase is thus characterized by a region of de-
creasing genuine multipartite entanglement, which goes
to zero as α decreases (see Fig. 5). However, we note that
for odd rung ladders, and for 0.1 < α < −1, the phase
is more akin to the striped ferromagnetic phase observed
for α > 0, characterized by maximum G (see Fig. 5(b)).

In the α − ∆ plane, the region defined by 0 . ∆ <
2, and α & 1.5 (Jr > Jl), is characterized by sharply
increasing NN bipartite entanglement along the rungs,
and negligible entanglement along the legs (Ql ≈) 0.
Moreover, this region is also characterized by vanish-
ingly low genuine multisite entanglement, G ≈ 0. As
a consequence, the ground state properties of the system
turns out to be close to the dimer phase, as supported
by the work in Ref. [44]. However as α increases, the
ground state phase of the system in this region is close
to the product of highly entangled pairs of spins along
the rungs, giving rise to the rung singlet, as shown in
Fig. 6 (e). The rung singlet phase is also highlighted
by a demarcated finite value region in the δE phase di-
agram in Fig. 2, which corresponds to the valence bond
solid phase. The presence of the rung singlet phase is
clearly seen in the phase diagram of G in Fig. 5. An-
other important phase that arises in the region, defined
by −1 < ∆ < 0 and α . −1 is the XY phase having
high value of Qr, with negligible values of Ql and G. In
this region, |Jr| > Jl and |α| > ∆, leading to stronger
XY interactions. This is characterized by entanglement
features similar to the rung singlet phase. The phase
boundaries are well-demarcated by the variation of G in
the α−∆ plane, as shown in Fig. 5. For alternate expo-
sitions for the rung singlet and XY phases, see [27] and
references therein. Other phases, highlighted by the gen-
uine multipartite entanglement corresponds to the phase
region between the XY and striped Néel phases. Sev-
eral studies have shown this region to mark the Haldane

𝜶 

𝚫 

DIMER PHASE 

XY PHASE 

NEEL PHASE 

STRIPED 
NEEL PHASE 

STRIPED  
FERROMAGNETIC  

PHASE 

𝚫 = −𝟏 𝚫 = 𝟏 

𝜶 = 𝟎 

𝚫 = 𝟎 

HALDANE  
PHASE 

STRIPED  
FERROMAGNETIC  

PHASE 

FIG. 8. (Color online) Phase diagram of the spin-1/2 XXZ
ladder. An illustration is given here of the possible ground
state phase diagram for the quantum spin-1/2 XXZ ladder,
in the α-∆ plane, using the variation of bipartite and mul-
tipartite quantum entanglement. The phase diagram is con-
sistent with those obtained from previous numerical studies
[25–28]. The phase boundaries are indicated through black-
dashed lines and the important phases, which are observed by
analyzing the classical and quantum correlations, are labelled
in red. The striped ferromagnetic phase, which is observed
in place of the expected ferromagnetic phase due to the Sz

invariance of the ground state, is shown by the red-dotted
region in the α-∆ plane. Moreover, we also indicate the ex-
pected Haldane phase, which is marked by blue-dashed lines.

phase. In our analysis, this phase is marked by negligi-
ble entanglement along the rungs, with finite bipartite
entanglement along the legs. The region is also marked
with high G in the even rung ladders (see Fig. 5(a)),
with a distinct boundary separating it from the striped
Néel phase, which also has high values of the general-
ized geometric measure. An important point from our
analysis is the implication that the phase boundary be-
tween the XY and the Haldane phases extends to the
∆ > 0 region. Though this has been observed in several
studies [25, 28, 33], others have reported ∆ = 0 as the
possible phase boundary [45, 46].

So from the above analysis, we are well-equipped to
provide a schematic phase diagram for the ground state
phases of the moderate-size spin-1/2 XXZ ladder system,
in the α − ∆ plane. The phase boundaries are between
the various phases, namely a) the regular and striped
Néel phases, b) the striped ferromagnetic phase, c) the
rung-singlet phase, d) the XY phase, and e) the Haldane
phase. The boundaries between these phases are primar-
ily drawn by observing the transition lines of bipartite
or multipartite entanglement or both. In most of the
cases, the transition lines are exhibited by regions cor-
responding to entanglement peaks or troughs (valleys).
For example, the transition between the striped ferro-
magnetic and XY phases in the α < 0 and ∆ < 0 region,
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is characterized by a Qr peak along the α = −1 line.
This is strengthened by the variation of G, which shows
clear troughs along the α = −1 phase boundary. Simi-
lar analyses of entanglement variation allows us to have
a distinct picture of the different phases of the spin-1/2
XXZ ladder. We note that entanglement does not pro-
vide us a well-defined order to study the phase properties
of the system, and we instead rely on the variation of en-
tanglement to understand the phase boundaries. The
different phases are named after the ordered states that
dominate the corresponding parameter regime, as known
from previous studies on the model. We do not imply
that all states in a phase have some definite relation in
terms of entanglement.

An illustrative phase diagram is given in Fig. 8, show-
ing the different phases described in the above analyses,
with approximate phase boundaries.

V. SPIN− 1
2
XXZ LADDER WITH

FERROMAGNETIC LEGS

Until this point in our study, we have considered anti-
ferromagnetic couplings along the legs of the ladder, i.e.,
Jγ > 0. As mentioned earlier, coupled antiferromagnetic
spin chains play a vital role in the study of materials
exhibiting high-Tc superconductivity and other strongly-
correlated phenomena [22, 29]. However, spin-1/2 lad-
ders with ferromagnetic interaction along the legs have
also received considerable attention in the last few years
[30–33], particularly in the design and study of synthetic
ferromagnetic chains using Cu2+ compounds [30]. Recent
studies have also used theoretical approaches to study the
phase structure of these systems [32, 33]. Moreover, ad-
vances in material science and ultracold atoms may allow
physicists to design and simulate ferromagnetic spin-1/2
ladders in future.

 0  0.5  1  1.5  2

∆
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−0.5

 0

α´
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0.1

0.2

0.3

0.4

FIG. 9. (Color online) Genuine multipartite entanglement in
in spin-1/2 XXZ ladders with ferromagnetic legs. Variation
of G, in the α′ − ∆ plane, where α′ = Jl/Jr is the leg-rung
coupling ratio, and ∆ is the anisotropy constant along the z
direction, for a spin-1/2 XXZ ladder, with ferromagnetic cou-
pling along the legs, such that Jl < 0 and ∆ > 0. The number
of spins is N = 14. Periodic boundary condition is considered
for the ladder. All quantities plotted are dimensionless.

In the previous sections, we showed how the variation
of bipartite and multipartite entanglement of the ground
state, can reliably highlight the phase boundaries of a
moderately large spin-1/2 XXZ ladder, with antiferro-
magnetic legs. The approach can also be applied to spin
ladders with ferromagnetic interaction along the legs, i.e.,
Jγ < 0, ∀ γ, and ∆ > 0. Investigation of the varia-
tion of genuine multipartite entanglement in the α′ −∆
plane, where α′ = Jl/Jr, in Fig 9, shows that G is able to
highlight the important phase boundaries as obtained in
known studies based on effective field theories (cf. Fig. 2
in [32]). For low α′, around ∆ = 1 (isotropic case), a
disordered singlet ground state phase is observed, char-
acterized by G ≈ 0, which vanishes as α′ increases. To the
right of the disordered singlet phase, for ∆ > 1 and high
α′, mean field studies reveal an ordered Néel phase, and
we find that this phase has relatively high G. This is com-
parable to the ordered Néel phase observed in antiferro-
magnetic chains in Fig. 5. The region ∆ < 1 and high α′,
corresponds to the Kosterlitz-Thouless quasi-long-range
order (LRO) phase [32]. The behavior of G in this phase
is similar to that in the Néel phase and hence one cannot
distinguish between the two phases using genuine multi-
partite entanglement. However, the variation of G in the
singlet disordered phase clearly separates the LRO and
Néel phase, which is consistent with known results.
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FIG. 10. (Color online) Scaling of energy and genuine multi-
party entanglement (inset) with increasing number of spins, in
the spin-1/2 XXZ ladder. The scaling of δE/Jl is almost com-
plementary to G. After ∆ ≈ 0.5, the lines in the (δE/Jl, N)
plot for different values of ∆, come close to each other, thus
signaling identical scaling, independent of ∆. The genuine
multiparty entanglement as quantified by G, also has identi-
cal scaling, after a certain value of the anisotropy parameter
(∆ ≈ 0.5). Here we consider α = Jr/Jl = 1.5. All the quan-
tities plotted are dimensionless.

VI. SCALING OF ENERGY AND MULTIPARTY
ENTANGLEMENT

An important aspect of the study of the ground state
phases of moderately large spin-1/2 XXZ ladders is that
the global entanglement properties of the state, such as
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genuine multiparty entanglement can be computed us-
ing exact diagonalization methods. Now from our anal-
ysis, and the corresponding phase diagram, it is clear
that conventional order parameters associated with crit-
ical phenomena, such as the excitation energy difference
(δE/Jl) in Fig. 2, can provide a coarse picture of the
phase boundaries in moderately large systems. However,
a more detailed phase diagram emerges by analyzing the
quantifiers of microscopic quantum correlation properties
of the system, such as the genuine multisite entangle-
ment (G). An interesting question that arises is how the
quantities δE/Jl and G behave as the system-size of the
ladder is increased. In this regard, we perform a scaling
analysis for both the quantities, to study their variations
with increasing number of spins, N . This allows us to
understand how these quantities extend to the thermo-
dynamic limit, and whether the correspondence, which
allows them to be used as suitable figures of merit in
studying the phase properties of the ground state of a
spin-1/2 XXZ ladder, is broken.

Figure 10 essentially depicts the way both the quanti-
ties scale with increasing size of the ladder. The notable
point is that δE/Jl and G exhibit almost complementary
scaling with the system size, N . After a specific value
of the anisotropy constant ∆, the scalings are indepen-
dent of ∆, i.e., all the lines corresponding to different ∆
values tend to overlap, signaling ∆-independent scaling.
Interestingly, this shows that in the asymptotic limit, in
parameter regimes where the system has a finite differ-
ence in excitation energy, both δE/Jl and G can be useful

physical quantities to detect potential phase transitions.

VII. CONCLUSION

To summarize, in our work, we have considered mod-
erately large quantum spin-1/2 XXZ ladders, with both
antiferromagnetic and ferromagnetic legs, and investi-
gated the various ground state phases using the quan-
tum correlations measures, concurrence and generalized
geometric measure, which capture the bipartite and the
genuine multipartite entanglement in the system, respec-
tively. We observe that the variation of entanglement, in
the α−∆ parameter space, provides a more diverse and
distinct phase diagram, which is consistent with known
results, as compared to conventional physical quantities
such as the spin correlation functions. Using the trends
of bipartite as well as multipartite entanglement, com-
puted for moderately sized systems of the nonintegrable
model, we are able to highlight the possible phase di-
agram, which is in good agreement with known results
obtained from different methods. Additionally, we per-
formed the scaling analysis, which shows that the macro-
scopic observable δE and the quantifier of multiparty
quantum correlations, G, exhibit a close correspondence
that seems to persist even in the asymptotic limit. Our
results provide an insight into the existence of different
phases in the spin-1/2 XXZ ladders, and enhance our
understanding of quantum and classical correlation prop-
erties of their ground state phases. Moreover, high en-
tanglement content in the system, of both bipartite and
multipartite varieties, allow the possibility of its use in
the implementation of quantum information protocols.
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