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In the quest for laminar flow control on aircraft wings, quantifying the impact of structural
deformation on laminar-turbulent transition remains a challenge. The purpose of this work
is to numerically investigate the stability of two-dimensional incompressible boundary layers
developing on a flat-plate geometry with indented surfaces of different depths. These surface
indentations generate laminar separation bubbles, known to have strong destabilizing effects
on Tollmien-Schlichting disturbances. The parallel efficiency of the developed computational
tool based on state-of-the-art numerical libraries allows rapid parametric studies within the
usually expensive global stability analysis framework. Using an incompressible linearized
Navier-Stokes formulation, we use the perfectly matched layer method to absorb waves at the
inflow and outflow boundaries. Forced receptivity analysis is performed in order to investigate
the effect of the indentation region on the convecting Tollmien-Schlichting waves. Furthermore,
the likelihood of global temporal mechanisms arising is investigated through BiGlobal stability
analysis. The deepest surface indentation, which features a peak-reversed flow velocity of 9% in
the laminar separation bubble, leads to significant levels of Tollmien-Schlichting amplification.
It is also characterized by two temporally unstable modes, namely a dominant, localized
stationary mode as well as a traveling Kelvin-Helmholtz mode.

I. Nomenclature
English symbols

A = discretized linear stability operator
B = discretized mass operator
F = non-dimensional frequency
f = frequency
H = roughness shape
h = indentation depth
i = imaginary unit
L = length scale
Ma = Mach number
n = outward normal vector
n = number of grid points
p = pressure
q = flow variables vector
q = finite-difference order
Rc = target reflection coefficient for PML
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Re = Reynolds number
r = radial coordinate
s = stretching metric for PML
t = time coordinate
U = velocity scale
u = velocity field vector (u, v,w)
x = spatial coordinates vector (x, y, z)

Greek symbols

α = streamwise wavenumber
β = spanwise wavenumber
Γ = control volume boundary
γ = grid clustering parameter
δ = boundary layer thickness
ε = infinitesimal quantity
ζ = complex frequency shift for PML
η = deformed wall-normal coordinate
θ = transformed eigenvalue for shift-and-invert
κ = grid compression factor for PML
λ = indentation width
ν = kinematic viscosity
ρ = density
σ = damping profile for PML
τ = shift eigenvalue for shift-and-invert
Ψ = discretized forcing vector
ψ = forcing vector
Ω = control volume
ω = angular frequency

Subscripts

i = imaginary part
r = real part
w = wall quantity
∞ = free-stream quantity

Superscripts

∗ = dimensional quantity
¯ = base variable
˜ = perturbation variable
ˆ = shape function or amplitude
˘ = stretched coordinate for PML

II. Introduction

During these pivotal times of climate change awareness, the transportation industry is facing public pressure over
action for curbing CO2 emissions. The success of the "flygskam" ("flying shame") movement in Sweden [1] and the

current debate on ending the kerosene tax exemption for airlines might resonate with aeronautical industry stakeholders
and increase their efforts to develop fuel-saving technologies. Understanding and controlling the laminar-turbulent
transition of boundary layers is in line with these greener objectives. In the particular context of aircraft wings, the main
benefit of maximizing the extent of laminar flow past the leading edge is that turbulence significantly increases friction
drag and hence fuel consumption. The total drag of an aircraft would be reduced by approximately 16% if laminar flow
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were maintained on 40% of its surfaces including wings, nacelles as well as horizontal and vertical stabilizers [2].
The multifaceted transition process relies on an idealized succession of scenarios [3]. It is initiated by the receptivity

process, which describes how environmental disturbances impose their signature within a boundary layer and excite
fluctuations. In a low-amplitude disturbance environment, the linear growth of instabilities is followed by non-linear
mode interactions, secondary instabilities and finally by the breakdown into a turbulent state. However, this path
is certainly not unique; should the initial disturbance amplitude be sufficiently large, the breakdown to turbulence
may occur due to strongly amplifying mechanisms directly following the receptivity stage, bypassing the other stages.
Numerous bypass transition processes were linked to a transient growth phenomenon [4], referring to initially small
disturbances undergoing an algebraic growth before exponential decay.

In flat-plate subsonic flows, the dominant instability modes are the Tollmien-Schlichting (TS) disturbances, arising
from a viscous instability. In practice, the manner in which TS disturbances are generated in atmospheric flight is
assumed to be due to acoustic noise, turbulence and/or vorticity fields interacting with surface roughness, leading
to receptivity. Experimental observations demonstrate that transition is heavily dependent on the environmental
characteristics, which can also be influenced by three-dimensionality and free-stream conditions. Receptivity modeling
in stability analysis is a key requirement for accurate transition prediction, since it establishes the initial magnitude
of the fluctuations within a boundary layer which essentially dictates the possible path of its transition to turbulence.
Above a certain amplitude threshold, non-linear effects are amplified, interaction between higher-order harmonics plays
a significant role and leads to rapid transition to turbulence [5]. Thus, receptivity modeling is intrinsically linked to
understanding where, how and what type of non-linear processes set in and dictate the transition path.

On top of complex instability mechanisms emerging in cruise flight conditions, qualitatively and quantitatively
assessing how surface imperfections, or roughness elements, influence the stages of laminar-turbulent transition remains
a hurdle. On wings, examples include damage due to scratches, hail dents as well as residuals of grease and insects.
Natural excrescences formed by junctions between detachable leading edge and wing box components as well as more
three-dimensional features such as rivet heads are also thought of having a non-negligible impact on transition. Such
surface irregularities generally act as receptivity sites and lead to three-dimensional modifications to the basic flow state,
which then impact upon disturbance convection and evolution.

Localized surface irregularities can induce a strong adverse pressure gradient in the streamwise direction and
separate the boundary layer from the surface on which it is developing. This creates a separation or recirculation
bubble if the flow reattaches further downstream. Although such a laminar separation bubble (LSB) might be stable
due to limited energy exchange with the outer flow, it has been found [6, 7] that a boundary layer flow in the presence
of a LSB is first globally unstable due to a stationary or low-frequency three-dimensional mode. Barkley et al. [7]
highlighted how the critical absolute instability of a two-dimensional flow with a backward-facing step was localized
in the LSB. Similar observations were noted in the case of a flow over a bump [8]. Applying direct and adjoint
analysis, Marquet et al. [9] described two instability mechanisms, namely lift-up and convective non-normalities, in a
recirculation bubble behind a smooth backward-facing step. Xu et al. [10] devised geometrical parameter correlations
for the stabilization or destabilization of TS waves in the presence of smooth forward facing steps. The topology of LSBs
was also analyzed to describe the instability characteristics of the global mode [11]. Marquet et al. [12] compared the
strength of resonator dynamics and amplifier dynamics in a low-Reynolds-number recirculation bubble. Additionally,
the existence of two global linear mechanisms was highlighted [13], unveiling a centrifugal instability leading to a steady
three-dimensionalization of the LSB as well as oscillatory behavior dependent upon regions of absolute inflectional
instability. A criterion for absolute instability was given in terms of the peak reversed-flow velocity in the LSB. A
threshold as low as 7% of peak reversed flow was found by Rodríguez and Theofilis [11] for two-dimensional LSBs.
Later, Rodríguez et al. [13] stated that the two-dimensional absolute instability is inactive below 12%, a higher value
than the three-dimensional instability threshold of 7%.

Given the multitude of laminar-turbulent transition road maps in nature, different approaches to model laminar-
turbulent transition mechanisms have been developed. Standard methodologies ranging from local Orr-Sommerfeld
(OS) theory, non-local linear and non-linear Parabolized Stability Equations (PSE) are mature and have been extensively
used, with fine agreement with experiments. In recent work, Thomas et al. [14] found good agreement when comparing
results based on the full Linearized Navier-Stokes (LNS) equations with results from the lower-order PSE form in their
investigation of flow destabilization due to LSBs arising on two-dimensional wavy airfoils. Due to strong base flow
gradients in the vicinity of LSBs, it is known that at some stage, alternative mechanisms take over in the turbulence
tripping process. Abrupt transition due to bypass mechanisms may become prominent; presently, the changeover from
convective-type breakdown to bypass processes is an area of significant uncertainty. The development of efficient
numerical techniques, which allow such analyses to be undertaken, is currently not as advanced relative to techniques
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devised for treating adequately convective instabilities and at a cheap computational cost. Global stability analysis
holds potential for yielding more complex, localized two-and-a-half dimensional or three-dimensional instability modes
distinct from those determined with PSE-type analyses.

Recently, Xu et al. [15] computed incompressible boundary layer flows convecting over localized three-dimensional
surface indentations, where LSBs arose in the confined area of the indentation. Their presence was found to lead to
rapid TS destabilization and thus tripping the laminar flow to turbulence, even at low Reynolds numbers. They studied
how a preexisting two-dimensional TS disturbance is transformed to a three-dimensional form as it convects through the
three-dimensional separation bubble. The LSBs were found to have a significant impact on the advected disturbances,
in that the TS destabilization was linked to the inflectional instability of the separated shear layer. As an extension
to Xu et al. studies, the main objective of the present work is to investigate the existence of unstable, global temporal
eigenmodes related to the two-dimensional LSBs with BiGlobal analysis. Different indentation depths, and thus the
impact of different separation bubble intensities, are examined to assess the potential existence of global modes. The
other issue examined, with forced receptivity analysis, is the effect of naturally distributed two-dimensional surface
forcing on preexisting TS disturbances as they convect through the LSBs.

The rest of this paper is organized as follows. Section III presents the mathematical formulation of the global stability
analysis approach together with an absorbing boundary condition treatment via the perfectly matched layer framework.
The numerical process used in the parallel computational tool that has been developed is presented in section IV. Results
of temporal BiGlobal analysis and forced receptivity analysis are presented in section V. We conclude by highlighting
the main findings of this study.

III. Mathematical Formulation

A. Governing equations for linear stability theory
As a means to study the modal evolution of disturbances in incompressible boundary-layer flows, the framework of

Linear Stability Theory (LST) is used. In the Cartesian coordinates considered, q = (p, u, v,w)T is defined as a compact
representation of the instantaneous flow quantities where p is the pressure, u the streamwise velocity, v the wall-normal
velocity and w the spanwise velocity. One can decompose the instantaneous quantities into a steady-state part and an
infinitesimal part such that, for ε � 1,

q(x, t) = q̄(x) + ε q̃(x, t) (1)

The infinitesimal perturbations ε q̃ are superimposed on a steady-state equilibrium q̄ called the base flow, which is
laminar and has finite-amplitude in a domain Ω ⊂ R2. Its boundary is denoted Γ = ∂Ω. Introducing the decomposition
of Eq. (1) in the non-dimensional Navier-Stokes equations, linearizing around the base flow and retaining the first-order
perturbation terms O(ε) yields the Linearized Navier-Stokes (LNS) equations, which read

∆p̃ + ∇ · ((ū · ∇)ũ) + ∇ · ((ũ · ∇)ū) = 0 (x, t) ∈ Ω ×R+ (2a)
∂ ũ

∂t
+ (ū · ∇)ũ + (ũ · ∇)ū + ∇p̃ − 1

Re
∆ũ = 0 (x, t) ∈ Ω ×R+ (2b)

ũ = ψ (x, t) ∈ Γ ×R+ (2c)

where ψ is a forcing term applied on the boundary. The LNS Eqs. (2) are rendered dimensionless with a length scale
L and a velocity scale chosen as the free-stream velocity U∞. The Reynolds number Re = U∞L/ν∞ quantifies the
ratio of inertial effects to viscous effects, where ν∞ is the free-stream kinematic viscosity. Moreover, the pressure
is non-dimensionalized by ρ∞U2

∞ and the time coordinate by L/U∞. Unless specified with units, all the introduced
quantities in the rest of the paper are non-dimensionalized with these scales.

Note that the Linearized Pressure Poisson Equation (LPPE) formulation of the LNS equations is used, where a
Poisson equation for the pressure, shown in Eq. (2a) substitutes for the traditionally used continuity equation ∇ · ũ = 0.
Such a formulation was notably suggested by Johnston and Liu [16] and further discussed by Shirokoff and Rosales [17]
for the full non-linear Navier-Stokes equations. In the standard "continuity-momentum", or primitive formulation of
the Navier-Stokes equations, the pressure plays the role of a Lagrange multiplier and does not appear itself but solely
through its gradient. When spatially discretizing this formulation on a collocated grid with centered finite differences,
this lack of information leads to a non-physical pressure field formed of sawtooth patterns satisfying the Navier-Stokes
equations, called "checkerboard instability".
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In contrast, the LPPE formulation circumvents the checkerboard instability with additional information introduced
for the pressure. Using a descriptor state-space model approach, Dellar and Jones [18] demonstrated the well-posedness
of the formulation when the equations are discretized on a collocated grid. However, they commented that there
is no guarantee that the LPPE formulation is entirely dynamically equivalent to the LNS equations formulated in
primitive variables when spatially discretized. Therefore, special care is advised when investigating global stability
analysis problems with the LPPE-LNS equations as, for instance, spurious eigenvalues may arise. Besides, to be
mathematically equivalent to the primitive formulation, appropriate boundary conditions must be chosen to enforce
∀(x, t) ∈ Γ ×R+,∇ · ũ = 0, especially for the pressure at a no-slip boundary. Rempfer [19] explained that "it is illegal to
write down the momentum equation taken at the boundary and derive a pressure boundary condition from it by simply
projecting the result on the wall-normal coordinate." The choice of boundary conditions for the pressure is mentioned
in section V. To the best of our knowledge, it may be the first time that the full LPPE formulation has been used in
global stability analysis for the interior of the domain Ω as Theofilis [20] used the LPPE solely as a boundary condition
for the pressure at the wall, with a primitive LNS formulation in the interior.

B. Receptivity and BiGlobal analyses
For a steady base flow q̄, the separability between space and time coordinates allows the introduction of a Fourier

decomposition in time, and the linear stability analysis is carried out seeking solutions to Eqs. (2) under a wave-like
form,

q̃(x, y, z, t) = q̂(x, y)eiβz−iωt + c.c. (3)

In the above, ω is the angular frequency and q̂ the shape function. The parameter β can be physically interpreted as
a spanwise wavenumber related to a periodicity wavelength Lz = 2π/β. Furthermore, the abbreviation "c.c." means
that the complex conjugate of the perturbation is added, as the latter remains a real quantity. The assumption of
inhomogeneity in the streamwise and wall-normal directions coupled with periodicity in the spanwise spatial direction
is an approach adapted to analyze streamwise geometry deformation effects on the base flow. The base flow solely
depends on the streamwise and wall-normal coordinates, ū(x, y) and ūz = 0.

In the case where the receptivity of the flow to external forcing is analyzed, both ω and β are prescribed real
quantities. In this work, the response of the flow to disturbances generated by a small-scale, time-fluctuating surface
element located at the wall is examined, with its effect being modeled in the forcing term ψ. The assumption of
infinitesimal perturbations in Eq. (1) allows the problem to be governed by the LNS Eqs. (2), coupled with boundary
conditions for the velocity at the wall derived with a Taylor expansion treatment. The roughness shape εH(x, z, t)models
the time-periodic wall-forcing and is given by the Fourier representation H(x, z, t) = Ĥ(x)eiβz−iωt . The components of
the wall-forcing vector ψ read

ûw(x) = −Ĥ(x)∂ū
∂y
(x, 0) (4a)

v̂w(x) = −(Ĥ(x) + iω) ∂v̄
∂y
(x, 0) (4b)

ŵw(x) = −Ĥ(x)∂w̄
∂y
(x, 0) (4c)

In another framework where, following the terminology introduced by Theofilis [21], we perform streamwise
temporal BiGlobal analysis, there is no forcing term ψ to the boundary value problem presented in Eqs. (2) and
the angular frequency ω becomes an unknown complex eigenvalue, whereas β remains a real, prescribed spanwise
wavenumber. The complex eigenvalue ω represents the asymptotic, long-time limit behavior of the investigated flow
perturbations in that the existence of one eigenvalue with a positive imaginary part (temporal growth rate) is a sufficient
condition for a globally unstable flow. The latter will preferentially amplify the state with the most positive eigenvalue in
time. Its real part ωr represents the frequency of the perturbation. The corresponding eigenfunction, q̂(x, y) describes
its spatial shape.

C. The perfectly matched layer method
The choice of appropriate boundary conditions for the inflow and outflow regions in the context of global stability

analysis remains cumbersome and has been discussed in literature, notably by Groot et al. [22]. Ideally, the perturbation
field should be allowed to enter or exit the domain seamlessly, without physical or numerical reflection. Each flow
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perturbation variable should satisfy the local dispersion relation at these boundaries. Typical boundary conditions
include zero Dirichlet, extrapolation, Robin, a boundary condition based on Gaster transformation [23], a PSE-type
ansatz or a 1D-LST-type ansatz. These will either not appropriately close the system of Partial Differential Equations
(PDE) formed by the Eqs. (2) from a mathematical point of view, or have a limited domain of validity in the wavenumber
space. This leads to spurious eigenvalues arising in the spectra of eigenvalue problems, to a restriction of the modeled
physics and potentially to a contamination of the solution near the boundaries. Therefore, proper care is advised when
employing them.

In an effort to alleviate this issue, a generic boundary treatment that models an unbounded domain and prevents
reflections of spurious waves into its interior without resorting to empirical parameters has been adopted. The approach
is the Perfectly Matched Layer (PML) method, introduced in a seminal paper by Berenger [24] for electromagnetics. This
technique was extended to the linearized Euler and linearized Navier-Stokes equations by Hu et al. [25] and tested on
various flow configurations. The underlying idea behind the technique is to surround the physical domain with a layer of
grid points in which the same system as in Eqs. (2) is solved, but with an added dissipation term in order to absorb energy
and thereby prevent reflections off the computational boundaries. This is achieved with a coordinate transformation that
can be seen as an analytic continuation of the LNS equations into a complex contour, where propagating waves are
gradually substituted by exponentially decaying waves within the PML. For example, consider a streamwise propagating
wave eiαx−iωt in the positive direction, with α ∈ R, α > 0. If the following coordinate transformation is applied

x̆ = x +
i
ω

∫
x

σx(s)ds (5)

The wave ansatz with the stretched coordinate is then transformed to an evanescent wave

eiαx̆−iωt = exp
(
−α
ω

∫
x

σx(s)ds
)

eiαx−iωt (6)

which decays further downstream in any section of the domain where the damping profile σx is strictly positive. The
principle of adding a lossy layer at the outflow of the physical domain becomes obvious. It should be noted that the
same absorption benefit is obtained with a PML added at the inflow, since the upstream propagating waves α < 0 would
also decay in such a region in the −x direction. Figure 1 provides a schematic overview of the method with absorbing
layers present at the inflow, at the outflow as well as in the free-stream region of the computational domain.

σx �= 0

σy �= 0

σx �= 0

U∞

σx �= 0

σy �= 0

σx = 0 σy = 0

σx �= 0

σy �= 0

Fig. 1 Schematic representation of the PML method, with lossy layers in the streamwise and wall-normal
directions.

As the name implies, the absorption should be "perfect" for the continuous problem and, in theory, should yield a
zero reflection coefficient for all angles of incidence and frequencies at the interface between the physical domain and
the lossy layer. After discretization of the governing equations, reflections unavoidably arise, but with a negligible
amplitude. From a practical point of view, implementing the PML coordinate stretching for the formulation based on
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the LNS Eqs. (2) is equivalent to changing the first order spatial derivatives to

∂

∂ x̆
=

1
1 − σx

iω

∂

∂x
=

1
sx

∂

∂x
(7)

The second order derivatives are obtained in the same manner using the chain rule. The subscript "x" does not mean a
partial derivative but rather specifies the spatial direction where the PML extends. Devised in the frequency domain,
the method is well adapted to suit the time-harmonic LNS approach followed here. It is also easily extended to two
dimensions, where contributions from the different layers are simply summed at the corners. However, in this work
the absorption treatment is mainly needed in the streamwise direction. The implemented PML formulation for the
current analysis is based on the contribution from Komatitsch and Martin [26]. It is an extension devised to enhance the
absorbing capability for grazing incident waves, the latter of which are spuriously reflected with the classical discrete
PML methods. This formulation consists of a more general coordinate stretching sx than in Eq. (7) with the introduction
of new real variables such that

sx = κx −
σx

iω + ζx
(8)

where σx ≥ 0 is defined such that σx > 0 in the PML and σx = 0 in the physical domain. κx ≥ 1 is a grid compression
(or stretching) function. It further increases the wave damping since an additional factor e−κxαi is introduced inside
the lossy layer. The complex frequency shift, ζx ≥ 0 introduces a shifting of the poles and contributes to mitigating
the issue of absorbing waves impinging on the interface at grazing incidence. These functions defining the coordinate
transformation must be sufficiently smooth to minimize numerical artifacts. Following Komatitsch and Martin [26], the
damping profile is defined as a polynomial law

σx = σmax

(
x

LPML

)2
(9)

where LPML is the width of the layer. The grid compression function is similarly written and reads

κx = 1 + (κmax − 1)
(

x
LPML

)2
(10)

The only literature contribution in which global stability analysis is performed with the aforementioned, simple
stretching given by Eq. (7) is Merle [27], who applied the PML to study the analysis of laminar compressible flow
over a bump and over an open cavity. Ran et al. [28] did not employ the PML method per se, but incorporated sponge
layers implemented with a source term in the LNS equations and studied their influence on the temporal spectrum of a
developing Blasius boundary layer profile. Although there is no contribution directly involving the use of the more
sophisticated stretching of Eq. (8) with the LNS equations, Martin and Couder-Castaneda [29] applied the method for an
evanescent treatment at the outflow boundary for a supersonic flow in a diffuser with non-linear Navier-Stokes equations.
This yields sufficient foundation for the application of the method in the formulation involved in this work, which marks
the first application of the PML method based on (8) with incompressible LNS equations and global stability analysis.

IV. Numerical Approach

A. Base flow computations
The three-dimensional base flows were computed by Xu et al. [15] by means of Direct Numerical Simulation (DNS)

using a spectral/hp element discretization within the Nektar++ package, which supports h (grid size) refinement and
p (polynomial order) refinement [30]. The full non-linear Navier-Stokes equations were solved with a stiffly stable
splitting scheme which decouples the velocity and pressure fields. Time integration was achieved by a second-order
accurate implicit-explicit (IMEX) scheme. The spectral element method was applied with a hybrid mesh, quadrilaterals
and triangles, with 5425 elements and a 5th-degree polynomial expansion imposed in the streamwise direction. 4876
elements form the mesh in the wall-normal direction. A Fourier expansion with 180 modes was performed in the
spanwise direction. The localized surface deformation is defined, in the streamwise direction, as

η(r) =

− h

2

(
cos

(
2πr
λ

)
+ 1

)
, r ≤ λ/2

0, r > λ/2
(11)
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in which the radial coordinate r =
√
(x − xc)2 measures the distance to the indentation center position xc . A convergence

study by p-type refinement was performed to ensure mesh independence. Spanwise Fourier modes independence
was also reached and steady solutions were obtained by time-marching the equations until an appropriate steady-state
convergence criterion was met.

-0.5 0.0 0.5
(x xc)/

-1.0

-0.5

0.0

0.5

1.0

y/h

-0.5 0.0 0.5
(x xc)/

-0.5 0.0 0.5
(x xc)/

0.0

0.2

0.4

0.6

Fig. 2 Contours of non-dimensional vorticity |∇ × ū | of the base flows. Left: h = 0.81 mm. Middle: h =
1.62 mm. Right: h = 2.17 mm. The white dashed line indicates the limit of the reversed streamwise velocity
region.

Across the whole computational domain, the L2-norm relative error of the computed velocity fields was less than
10−6. Figure 2 depicts the two-dimensional base flows for three different indentation depths, extracted along the
streamwise symmetric plane of the three-dimensional indentations. The flows can be considered as incompressible
since the Mach number satisfies Ma = 0.05 � 0.3. Moreover, the free-stream unit Reynolds number is Re = 1.2 × 106

with a reference free-stream velocity U∞ = 18 m s−1. The indentation width is λ = 81 mm. Base flows for different
indentation depths were computed, namely h = 0.81 mm, h = 1.62 mm and h = 2.17 mm. The intensity of the LSB
appears to grow with increasing depth and increasing peak reversed-flow velocity, the latter expressed as percentages.
The cases respectively correspond to λ/h = 100 (0%), λ/h = 50 (3%) and λ/h = 37.3 (9%). For further details, the
reader is referred to Xu et al. [15].

B. Receptivity and BiGlobal computations
The computational procedure is presented in what follows. After the discretization of the LNS Eqs. (2) on Ω, it is

necessary to solve, for a receptivity-type problem a linear system

Aq̂ = Ψ (12)

For a temporal BiGlobal approach, a Generalized Eigenvalue Problem (GEVP) must be solved, which has the form of

Aq̂ = ωBq̂ (13)

where A, B are matrix operators discretizing the governing equations and Ψ is the vector incorporating the discretized
wall-forcing components. All incorporate the boundary conditions. The discretization is performed with the FD-q
method, developed by Hermanns and Hernández [31]. It is a stable, high-order finite-difference method based on
a non-uniform grid that minimizes the Lagrange interpolation error, in order to alleviate the well-known Runge
phenomenon and its spurious oscillations near the domain boundaries. The method can be seen as an intermediate
between a "classic" finite-difference method and Chebyshev spectral collocation. Compact finite-difference stencils lead
to non-negligible memory consumption and computation time gains while a near spectral-like accuracy is reached.

The base flow q̄ is interpolated on a regular grid using high-order B-splines. The surface deformation embodied by
the indentation geometry is enclosed in the Jacobian of the mapping from the physical domain to the computational
domain. In addition, we use a bi-quadratic mapping [32] that divides the wall-normal domain into three regions with an
equal number of points to optimize the grid distribution in the near-wall region and hence appropriately capture the TS
or global mode structures. In the streamwise direction, the grid is clustered around the maximum depth location of the
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indentations with an interior contraction [33] coupled with the function tan(γπx)/tan(γπ), where γ controls the level of
grid clustering.

The computational tool that has been developed relies on state-of-the-art numerical libraries in order to exploit both
parallel efficiency and robustness. The formation of matrix operators A, B as well as of the right-hand-side vector Ψ
is performed in parallel with the suite of data structures and routines PETSc [34]. The linear system formulated in
Eq. (12) is solved with the sparse, multifrontal solver MUMPS [35] based on LU-factorization.

The parallel library SLEPc [36] is used to solve the GEVP of Eq. (13) with a Krylov-Schur method. It belongs
to the class of Krylov subspace methods and allows computation of a portion of interest in the eigenvalue spectrum.
The original problem is projected to a subspace of a significantly smaller dimension, whose associated eigenpairs
are the best approximations to the original eigenvalue problem. Due to the absence of a time derivative in the LPPE
shown in Eq. (2a) and the enforcement of some boundary conditions, the mass matrix B is singular. Hence, a spectral
transformation such as the shift-and-invert approach must be employed to solve the GEVP. In general, the convergence
of the Krylov-Schur algorithm is optimal for eigenvalues lying at the spectrum extremities, and it is harder to extract
eigenvalues located further into the interior. However, the regions of interest for linear stability problems of the kind
considered here are typically located next to the origin. Using a shift-and-invert transformation bears the advantage of
enhancing convergence of the eigenpairs in the vicinity of an interior target, or shift τ. The original GEVP is transformed
into

(A − τB)−1Bq̂ = θBq̂ (14)

The eigenvector q̂ remains unmodified, while the relation between the original eigenvalue ω and the transformed
eigenvalue θ is

θ = 1/(ω − τ) (15)

The algorithm is parallel and the required matrix inversion in the shift-and-invert operator included in Eq. (14) is also
performed in parallel, by means of LU-factorization with MUMPS. The downside of the shift-and-invert approach is the
constraint of manually prescribing shift values in the complex plane. Finally, a balancing technique is applied on the
shift-and-invert operator in an attempt to curb round-off errors and maintain the accuracy of the computed eigenpairs to
the requested level.

V. Results
For the computations performed in this work, a total of nx = 1500 grid points were used in the streamwise direction

and ny = 100 in the wall-normal direction. The chosen length scale L is the corresponding zero pressure gradient Blasius
boundary layer thickness δh = 0.735 mm at xc . The computational domain extends from Reδ = 600 to Reδ = 1149
in the streamwise direction, that is over a distance of roughly 10λ. Furthermore, the far-field boundary, where the
perturbation field is assumed to vanish, is set sufficiently far away from the wall at y = 150δh in an attempt to reduce
any influence of the domain truncation on the solution in the interior of the domain. Following Johnston and Liu [16], a
Neumann boundary condition is imposed at the wall for the pressure

∂ p̂
∂n
+

1
Re
(∇ × ∇ × û) · n = 0 (16)

A FD-6 discretization is employed in the streamwise direction while high accuracy is targeted in the wall-normal
direction with a FD-12 method. The streamwise grid is clustered near the indentation area with γ = 0.4.

With this set of parameters, the time spent on setting up and solving a two-dimensional, forced receptivity problem
is 1 minute and 10 seconds. For a temporal BiGlobal problem, depending on the spectrum distribution and on the shift
value, the computation time is between 10 minutes and 1 hour. In total, 16 MPI (Message Passing Interface) processes
were used on a cluster node of 2 sockets and 8 cores per socket, with Intel® Xeon® E5-2680 (Sandy Bridge) CPU
architecture.

A. Receptivity to wall-forcing
In the first instance, we investigate the destabilization of TS waves generated by a small-scale, time-periodic surface

element placed ahead of the surface indentation. The surface actuation generates a purely two-dimensional perturbation
field, that is β = 0. A Gaussian profile defines the streamwise surface deformation shape of the forcing as shown in
Fig. 3. Its maximum is located 450mm after the nominal leading edge, or roughly 1.97λ before the streamwise station
marking the beginning of the indentation. Its maximum deformation off the base surface is 0.25mm which is negligible
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relative to the indentation depth h. The full width at half-maximum is λ/18 = 4.5 mm. Naturally, within the scope of
the linearized framework, the deformation maximum height prescribed in the analysis is in fact irrelevant since any
amplitude result can be simply scaled to fit.
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Fig. 3 Wall-forcing shape Ĥ enforced to generate a TS wave upstream of the indentation area.

We impose an absorbing boundary treatment with PMLs at the inflow and at the outflow of the computational
domain, with width 40mm corresponding to approximately λ/2. In practice, an established rule of thumb is that a PML
width of at least half the wavelength of the wave to be damped is sufficient. The maximum grid compression parameter
was set to κmax = 6, with a zero complex frequency shift. The target reflection coefficient is Rc = 0.01%. In a similar
manner as Martin and Couder-Castaneda [29], the maximum value of the damping profile is computed as

σmax = −
3 maxΩ{| ū |} log(Rc)

2LPML
(17)

These settings allow an efficient damping of the perturbation field as demonstrated in Fig. 4. The increasing amplitude
of the spatially developing TS structures in the wake of the indentation region smoothly vanishes between the PML
interface and the outflow boundary of the domain, where a zero Dirichlet boundary condition is imposed.
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(b) Perturbation streamwise velocity ûi

Fig. 4 Contours of perturbation variables for the h = 0.81 mm case, zoomed in near the outflow and the wall
region. The dashed line ( ) indicates the start of the PML region.

The prescribed frequency of the TS wave is f = 172 Hz and corresponds to a non-dimensional frequency of
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F = 106 × 2π f ν∞/U2
∞ = 50. Figure 5 depicts the evolution of the maximum amplitude of û across the streamwise

direction for the three different indentation depths. Results from the present LNS-based receptivity approach are
compared with the PSE-3D results of Gowree et al. [37]. It is obvious that the indentation region acts as a destabilizer
of the TS wave. Unlike the receptivity approach where initial amplitude information is computed as part of the solution
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Fig. 5 Maximumamplitude of theTSwave. LNSresults: ( ) h = 0.81 mm, ( ) h = 1.62 mm, ( ) h = 2.17 mm.
Corresponding dashed lines are PSE-3D results from Gowree et al. [37]. The wall-roughness forcing ( ) is
located upstream of the indentation region ( ).

process, PSE-based theory only yields the streamwise evolution of the perturbation without quantitative information
about the imposed initial disturbance level. In linear PSE simulations, a local, normalized eigenfunction of the same
frequency f is imposed at the inflow and the state of amplification is monitored relative to this initial disturbance
magnitude. An excellent match is noted between the two approaches when h = 0.81 mm. The discrepancies growing
with increasing depth may be due to a number of reasons. The underlying hypothesis of the PSE-3D is that of a slowly
varying streamwise base flow variation, whereas the LNS formulation makes no such assumption. Some streamwise
derivatives are neglected in the PSE-3D equations whereas they might be significant in the indentation region, given the
base flow gradients. However, it should also be noted that the PSE-3D performs spanwise plane marching, taking into
account the three-dimensionality of the base flow but the LNS-based simulations are purely two-dimensional.

For the h = 2.17 mm setting, the LNS approach predicts very large amplitudes in the wake of the indentation which
in all practical sense, should then undergo a strongly non-linear mechanism given the significant magnitude of the
disturbance. Nonetheless, of particular interest is the behavior predicted upstream of the indentation region. In Fig. 5,
the surface based Gaussian actuation is located at (x − xc)/λ ≈ −2.47 for all three indentations. The h = 0.81 mm and
h = 1.62 mm results are as expected in that the TS amplitudes decay significantly upstream of the actuation location,
grow linearly downstream and then undergo further destabilization as the waves convect over the indentation, and then
in the wake region. However, the behavior predicted for the h = 2.17 mm indentation is radically different. Although
the location, shape and magnitude of actuation remain unchanged compared to the shallower indentations, we presume
that the low-magnitude forcing appears to be completely "swamped" by a very strong upstream effect arising from the
indentation field.

Next, a parametric sweep for a range of actuation frequencies f to determine the most destabilizing TS disturbances
is undertaken. We sweep f between 77Hz and 229Hz with a constant step of ∆ f = 19 Hz. This corresponds to a
non-dimensional angular frequency ω in Eq. (4b) ranging between 0.02 and 0.06. The maximum amplitude of the TS
wave across the domain is monitored. Figures 6 and 7 present the evolution of the maximum amplitude for the frequency
range aforementioned, respectively for h = 0.81 mm and h = 1.62 mm. For all frequencies, a sudden amplitude increase
can be observed at about one-third of the way across the indentation region. Further downstream, amplification continues
except for frequencies above 200Hz, approximately. For these higher frequencies the maximum amplitude decays in the
wake of the indentation. The effectiveness of the PML regions causing a significant reduction of the TS wave amplitudes
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in the outflow region is clearly evident.
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Fig. 6 Evolution of the maximum streamwise amplitude û across the domain for the h = 0.81 mm case. The
arrow shows the direction in which frequency is increased.
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Fig. 7 Evolution of the maximum streamwise amplitude û across the domain for the h = 1.62 mm case. The
arrow shows the direction in which frequency is increased.

These cases are relatively benign compared to the h = 2.17 mm case displayed in Fig. 8. In a more accentuated
manner than the two smaller depths, the streamwise location of the sharp rise in TS wave amplitude in the indentation
moves downstream as the wave frequency increases. Moreover, in all the frequency values examined, the wave
amplitudes continue growing substantially downstream of the indentation, until where the artificially imposed PML
domain becomes active. As alluded to earlier, we speculate strongly upstream propagating waves are predicted in all
cases, with only the PML at the inflow boundary acting to diminish wave amplitudes. Although the domain stretches
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approximately by 5λ beyond the indentation, potential decay may occur further downstream. Of significant note is that
TS disturbance amplitudes increase by a factor of 106 relative to amplitude levels at the indentation center.
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Fig. 8 Evolution of the maximum streamwise amplitude û across the domain for the h = 2.17 mm case. The
arrow shows the direction in which frequency is increased.

B. Temporal BiGlobal analysis
In this analysis, 600 eigenvalues are sought in the vicinity of the origin with a Krylov subspace of dimension 1200.

The relative tolerance for eigenvalue convergence is set to 10−10. The convergence of the Krylov-Schur algorithm
together with the shift-and-invert approach is significantly dependent upon how close the shift value is located to the
eigenvalues. Different boundary treatments at the inflow and outflow are compared, including the PML introduced in
section III.C and a Robin-type radiation boundary condition defined as q̂x = iαPSEq̂. αPSE is the most unstable local
streamwise wavenumber at the inflow or outflow location computed from a preliminary PSE analysis. When the PML
method is applied, one notes that the unknown ω appears in the denominator of the coordinate stretching in Eq. (7),
transforming the linear GEVP into a non-linear eigenvalue problem. We overcome this extra-difficulty by prescribing a
constant ω̆ = 0.01 in the coordinate stretching, the value corresponding to the region of interest for ωr . This artifice
cannot guarantee optimal efficiency of the lossy layers for all angular frequencies of the perturbation modes that we
wish to damp at the boundaries.

Figure 9 presents the physically relevant portion of the temporal eigenvalue spectra for the indentations of depth
h = 1.62 mm and h = 2.17 mm with β = 0. The non-dimensional angular frequency is ωr = δhω

∗
r/U∞ and the

amplification rate ωi is scaled in the same way. The eigenmodes forming the dense, inverse U-shaped, continuous
spectrum branches located near ωi = −0.01 can be distinguished from branches including wall modes branches, TS
modes as well as "boundary condition" modes; these may be considered as physically spurious since they have a spatial
distribution localized exclusively at the outflow of the computational domain. Unfortunately, the computation of the
laminar boundary layer base flow was limited to approximately 5λ positions downstream of the indentation streamwise
extent, thus restricting the computation of the full spatial streamwise mode structure. In addition, Lesshafft [38] states
that the numerical truncation of the computational domain is also known to introduce spurious eigenvalues.

We focus our attention on the few most unstable and least stable global modes retrieved by the analysis. All the
different boundary treatments, including the PML, are able to recover the least stable global mode denoted S1 in
Fig. 9a as well as the unstable global modes indicated by S2 and S3 in Fig. 9b. No physically relevant temporal global
modes arose in the shallow h = 0.81 mm indentation which does not give rise to a LSB, nor features reversed flow.
That is the reason why the corresponding spectrum is not included. Note how the choice of boundary conditions
affects the spatial distribution of the spectra but not the global modes. Table 1 summarizes their numerical values.
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Fig. 9 Temporal spectra obtained with β = 0, comparison between different sets of inflow/outflow boundary
conditions. ( ): PML/PML. ( ): Zero Dirichlet/Robin. ( ): Robin/Robin. One of the symbols for the mode S1
is changed to ( ) for clarity.

Table 1 Least stable and most unstable global modes for the h = 1.62 mm and h = 2.17 mm cases, β = 0.

Mode Depth h Stability ωr ωi

S1 1.62mm Stable +2.06 × 10−7 −9.66 × 10−4

S2 2.17mm Unstable −1.78 × 10−9 +3.37 × 10−3

S3 2.17mm Unstable +9.70 × 10−3 +2.55 × 10−4

Looking at the eigenvalue distribution, the h = 2.17 mm corresponding boundary layer is more temporally unstable than
the h = 1.62 mm case. As expected, the application of the PML method yields additional branches of non-physical
eigenvalues. The almost matching branches on the right-hand-side of Fig 9b may be arising from the imposition of Zero
Dirichlet inflow ( / ) and Robin-type outflow ( / ) boundary conditions.

The two unstable modes found in the case where the peak reversed-flow velocity is 9% remain inactive in the
intermediate 3% case. This is consistent with the observations of Rodríguez and Theofilis [11] but not in agreement
with the more recent 12% threshold of Rodríguez et al. [13]. It highlights the possibility of the peak reversed-flow
criterion not being valid for all kinds of generated LSBs. Further criteria require investigation, such as the relative
position of the inflection point with respect to the recirculation region [39].

Next, we examine how the spatial distribution of these modes is affected by allowing the existence of spanwise
periodic modes through the non-dimensional spanwise wavenumber β = δhβ∗, which has been varied from 0.01 to
1.0. In what follows, results are shown with a zero Dirichlet inflow and a Robin boundary condition at the outflow.
Figure 10 shows the contour plots of ûi for the least stable mode S1, which is stationary and remains stable when β is
increased to 1. For a purely two-dimensional perturbation field, the mode structure extends from a region of small
velocity in the indentation and grows in magnitude further downstream. Near the outflow boundary, the streamwise
perturbation velocity is maximum. Given the aforementioned difficulty of dealing with a short base flow streamwise
domain, the spatial extent of the structure cannot be fully described. As β increases, the mode remains stable. However,
the region of maximum streamwise perturbation velocity is gradually transferred to a region localized in the indentation
area, suggesting that two superimposed modes might coexist and merge at greater spanwise wavenumbers. The values
of β for which the stationary mode is least stable are 0.1-0.2 corresponding to Lz in the range 14.25-28.50h.

For the deepest indentation case and β = 0, the absolute temporal instability corresponds to a localized feature above
the indentation region and slightly shifted downstream as seen in the top-left part of Fig. 11. The mode is stationary,
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ωr = 0 (to numerical accuracy) and unstable up to β = 0.5 corresponding to Lz ≈ 4.25h. It becomes stable as β further
increases and Lz decreases. Hence, the absolute instability of the boundary layer is weakened by smaller periodicity
wavelengths. The localized structure is stretched in the streamwise direction as the wavenumber β increases.
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Fig. 12 Spatial distribution of streamwise perturbation ûi (left) and spanwise perturbation ŵi (right) for the
unstable mode S3, β = 0.01.

The second relevant unstable mode S3 resembles a wave-like mode and could be attributed to a Kelvin-Helmholtz
mechanism of frequency f = 37.8 Hz. Figure 12 represents the corresponding streamwise and spanwise perturbation
velocity developing spatially in the wake of the indentation region for β = 0.01. The mode becomes rapidly stable,
beyond β = 0.02 and the wave-like structure is found to degenerate with further increments in β.

VI. Conclusions
This work comprised an initial analysis of how localized surface indentations impacts the stability of a developing

boundary layer featuring two-dimensional LSBs. The numerical investigation was performed with a two-dimensional
steady base flow assumption, together with a periodicity assumption of instabilities in the spanwise direction. The
indentation with the deepest depth, and hence strongest laminar separation bubble intensity distinguishes itself from the
shallower indentations. Two distinct analyses were undertaken.

In the temporal BiGlobal analysis, consistent with literature, it was found that the flow is first temporally unstable due
to a stationary mode localized near the indentation region and second to a traveling Kelvin-Helmholtz mode. However,
the former was found to become stable below spanwise periodicity lengths of 4.25h while the latter is stabilized as
soon as the spanwise wavenumber becomes positive. The performed receptivity analysis showed that a preexisting,
incoming TS wave is amplified in the wake of the h = 0.81 mm and h = 1.62 mm indentations over a limited range of
frequencies. The deepest indentation depth features significant levels of amplification, and a potential manifestation
of a new mechanism where the time-harmonic, linearized Navier Stokes framework suggests a strong upstream and
downstream propagating structure; the physical mechanism of which requires to be understood. This could potentially
be tied in with the occurrence and prediction of the unstable stationary mode found with the BiGlobal analysis, however
further work is required to fully describe the findings.

Furthermore, we successfully applied the perfectly matched layer to the incompressible, time-harmonic LNS
equations to absorb outgoing waves at the computational boundaries. This implies that the forced receptivity problem
and spatial BiGlobal problems can be treated autonomously, by setting damping-based PML parameters rather than
dealing with more tedious wave-dependent parameters. We believe this provides a more generic boundary treatment.
Applying the method to the temporal BiGlobal problem required a small adjustment and the impact on physics was
solely characterized by spurious eigenvalues on the spectrum.

The parametric studies were performed with rapid turnover thanks to the parallel efficiency of the computational tool.
Extending the analysis to a TriGlobal approach is a logical extension of this work, which could also be supplemented
by adjoint analysis in order to describe the sensitivity of the global modes to fully three-dimensional geometrical
deformation and fully three-dimensional base flow variation.

16



Acknowledgments
This work is part of a project which has received funding from the European Union’s Horizon 2020 research and

innovation program under the Marie Skłodowoska-Curie grant agreement No. 675008. Aspects of this work have been
supported by the Innovate UK funded ALFET project 113022. The authors would like to thank Jose E. Roman and
Oliver J. Dellar for their valuable comments.

References
[1] Hoikkala, H., and Magnusson, N., “As ’Flying Shame’ Grips Sweden, SAS Ups Stakes in Climate Battle,” Bloomberg,

2019. URL https://www.bloomberg.com/news/articles/2019-04-14/as-flying-shame-grips-sweden-sas-
ups-stakes-in-climate-battle.

[2] Schrauf, G., “Status and perspectives of laminar flow,” The Aeronautical Journal, Vol. 109, No. 1102, 2005, pp. 639–644.
doi:10.1017/S000192400000097X.

[3] Morkovin, M., “Transition in open flow systems - a reassessment,” Bull. Am. Phys. Soc., Vol. 39, 1994, p. 1882.

[4] Reshotko, E., “Transient growth: A factor in bypass transition,” Physics of Fluids, Vol. 13, No. 5, 2001, pp. 1067–1075.
doi:10.1063/1.1358308.

[5] Ruban, A. I., Bernots, T., and Kravtsova, M. A., “Linear and nonlinear receptivity of the boundary layer in transonic flows,”
Journal of Fluid Mechanics, Vol. 786, 2016, pp. 154–189. doi:10.1017/jfm.2015.587.

[6] Theofilis, V., Hein, S., and Dallmann, U., “On the origins of unsteadiness and three-dimensionality in a laminar separation
bubble,” Philosophical Transactions of the Royal Society of London A: Mathematical, Physical and Engineering Sciences, Vol.
358, No. 1777, 2000, pp. 3229–3246. doi:10.1098/rsta.2000.0706.

[7] Barkley, D., Gomes, M. G. M., and Henderson, D. D., “Three-dimensional instability in flow over a backward-facing step,”
Journal of Fluid Mechanics, Vol. 473, 2002, pp. 167–190. doi:10.1017/S002211200200232X.

[8] Gallaire, F., Marquillie, M., and Ehrenstein, U., “Three-dimensional transverse instabilities in detached boundary layers,”
Journal of Fluid Mechanics, Vol. 571, 2007, pp. 221–233. doi:10.1017/S0022112006002898.

[9] Marquet, O., Lombardi, M., Chomaz, J.-M., Sipp, D., and Jacquin, L., “Direct and adjoint global modes of a recirculation bubble:
lift-up and convective non-normalities,” Journal of FluidMechanics, Vol. 622, 2009, pp. 1–21. doi:10.1017/S0022112008004023.

[10] Xu, H., Lombard, J.-E. W., and Sherwin, S. J., “Influence of localised smooth steps on the instability of a boundary layer,”
Journal of Fluid Mechanics, Vol. 817, 2017, pp. 138–170. doi:10.1017/jfm.2017.113.

[11] Rodríguez, D., and Theofilis, V., “Structural changes of laminar separation bubbles induced by global linear instability,” Journal
of Fluid Mechanics, Vol. 655, 2010, pp. 280–305. doi:10.1017/S0022112010000856.

[12] Marquet, O., Sipp, D., Chomaz, J.-M., and Jacquin, L., “Amplifier and resonator dynamics of a low-Reynolds-number
recirculation bubble in a global framework,” Journal of Fluid Mechanics, Vol. 605, 2008, pp. 429–443. doi:10.1017/
S0022112008000323.

[13] Rodríguez, D., Gennaro, E. M., and Juniper, M. P., “The two classes of primary modal instability in laminar separation bubbles,”
Journal of Fluid Mechanics, Vol. 734, 2013, p. R4. doi:10.1017/jfm.2013.504.

[14] Thomas, C., Mughal, S., and Ashworth, R., “Development of Tollmien-Schlichting disturbances in the presence of laminar
separation bubbles on an unswept infinite wavy wing,” Phys. Rev. Fluids, Vol. 2, 2017, p. 043903. doi:10.1103/PhysRevFluids.
2.043903.

[15] Xu, H., Mughal, S. M., Gowree, E. R., Atkin, C. J., and Sherwin, S. J., “Destabilisation and modification of Tollmien-
Schlichting disturbances by a three-dimensional surface indentation,” Journal of Fluid Mechanics, Vol. 819, 2017, pp. 592–620.
doi:10.1017/jfm.2017.193.

[16] Johnston, H., and Liu, J.-G., “Accurate, stable and efficient Navier-Stokes solvers based on explicit treatment of the pressure
term,” Journal of Computational Physics, Vol. 199, No. 1, 2004, pp. 221–259. doi:10.1016/j.jcp.2004.02.009.

[17] Shirokoff, D., and Rosales, R., “An efficient method for the incompressible Navier-Stokes equations on irregular domains with
no-slip boundary conditions, high order up to the boundary,” Journal of Computational Physics, Vol. 230, No. 23, 2011, pp.
8619–8646. doi:10.1016/j.jcp.2011.08.011.

17

https://www.bloomberg.com/news/articles/2019-04-14/as-flying-shame-grips-sweden-sas-ups-stakes-in-climate-battle
https://www.bloomberg.com/news/articles/2019-04-14/as-flying-shame-grips-sweden-sas-ups-stakes-in-climate-battle


[18] Dellar, O. J., and Jones, B. L., “Dynamically correct formulations of the linearised Navier-Stokes equations,” International
Journal for Numerical Methods in Fluids, Vol. 85, No. 1, 2017, pp. 3–29. doi:10.1002/fld.4370.

[19] Rempfer, D., “On boundary conditions for incompressible Navier-Stokes problems,” Applied Mechanics Reviews, Vol. 59,
No. 3, 2006, pp. 107–125. doi:10.1115/1.2177683.

[20] Theofilis, V., “The linearized pressure Poisson equation for global instability analysis of incompressible flows,” Theoretical and
Computational Fluid Dynamics, Vol. 31, No. 5, 2017, pp. 623–642. doi:10.1007/s00162-017-0435-z.

[21] Theofilis, V., “Advances in global linear instability analysis of nonparallel and three-dimensional flows,” Progress in Aerospace
Sciences, Vol. 39, No. 4, 2003, pp. 249–315. doi:10.1016/S0376-0421(02)00030-1.

[22] Groot, K., Pinna, F., and van Oudheusden, B., “On Closing the Streamwise BiGlobal Stability Problem: The Effect of Boundary
Conditions,” Procedia IUTAM, Vol. 14, 2015, pp. 459–468. doi:10.1016/j.piutam.2015.03.074, IUTAM_ABCM Symposium
on Laminar Turbulent Transition.

[23] Gaster, M., “A note on the relation between temporally-increasing and spatially-increasing disturbances in hydrodynamic
stability,” Journal of Fluid Mechanics, Vol. 14, No. 2, 1962, pp. 222–224. doi:10.1017/S0022112062001184.

[24] Berenger, J.-P., “A perfectly matched layer for the absorption of electromagnetic waves,” Journal of Computational Physics,
Vol. 114, No. 2, 1994, pp. 185–200. doi:10.1006/jcph.1994.1159.

[25] Hu, F. Q., Li, X., and Lin, D., “Absorbing boundary conditions for nonlinear Euler and Navier–Stokes equations based
on the perfectly matched layer technique,” Journal of Computational Physics, Vol. 227, No. 9, 2008, pp. 4398–4424.
doi:10.1016/j.jcp.2008.01.010.

[26] Komatitsch, D., and Martin, R., “An unsplit convolutional perfectly matched layer improved at grazing incidence for the seismic
wave equation,” Geophysics, Vol. 72, No. 5, 2007, pp. SM155–SM167. doi:10.1190/1.2757586.

[27] Merle, M., “Numerical approach for the global stability analysis of subsonic boundary flows,” Ph.D. thesis, École Nationale
Supérieure d’Arts et Métiers - ENSAM, Sep. 2015.

[28] Ran, W., Zare, A., Nichols, J. W., and Jovanovic, M. R., “The effect of sponge layers on global stability analysis of Blasius
boundary layer flow,” 47th AIAA Fluid Dynamics Conference, 2017, p. 3456. doi:10.2514/6.2017-3456.

[29] Martin, R., and Couder-Castaneda, C., “An improved unsplit and convolutional perfectly matched layer absorbing technique for
the Navier-Stokes equations using cut-off frequency shift,” Computer Modeling in Engineering & Sciences, Vol. 63, No. 1,
2010, pp. 47–77. doi:10.3970/cmes.2010.063.047.

[30] Cantwell, C., Moxey, D., Comerford, A., Bolis, A., Rocco, G., Mengaldo, G., Grazia, D. D., Yakovlev, S., Lombard, J.-E.,
Ekelschot, D., Jordi, B., Xu, H., Mohamied, Y., Eskilsson, C., Nelson, B., Vos, P., Biotto, C., Kirby, R., and Sherwin", S.,
“Nektar++: An open-source spectral/hp element framework,” Computer Physics Communications, Vol. 192, 2015, pp. 205–219.
doi:10.1016/j.cpc.2015.02.008.

[31] Hermanns, M., and Hernández, J. A., “Stable high-order finite-difference methods based on non-uniform grid point distributions,”
International Journal for Numerical Methods in Fluids, Vol. 56, No. 3, 2007, pp. 233–255. doi:10.1002/fld.1510.

[32] Groot, K. J., Serpieri, J., Kotsonis, M., and Pinna, F., “Secondary Stability Analysis of Crossflow Vortices using BiGlobal
Theory on PIV Base Flows,” 55th AIAA Aerospace Sciences Meeting, 2017, p. 1880. doi:10.2514/6.2017-1880.

[33] Liseikin, V. D., Grid Generation Methods, Scientific Computation, Springer International Publishing, 2017. doi:10.1007/978-
90-481-2912-6.

[34] Balay, S., Gropp, W. D., McInnes, L. C., and Smith, B. F., “Efficient Management of Parallelism in Object Oriented Numerical
Software Libraries,” Modern Software Tools in Scientific Computing, edited by E. Arge, A. M. Bruaset, and H. P. Langtangen,
Birkhäuser Press, 1997, pp. 163–202. doi:10.1007/978-1-4612-1986-6_8.

[35] Amestoy, P. R., Guermouche, A., L’Excellent, J.-Y., and Pralet, S., “Hybrid scheduling for the parallel solution of linear systems,”
Parallel Computing, Vol. 32, No. 2, 2006, pp. 136–156. doi:10.1016/j.parco.2005.07.004.

[36] Hernandez, V., Roman, J. E., and Vidal, V., “SLEPc: A Scalable and Flexible Toolkit for the Solution of Eigenvalue Problems,”
ACM Trans. Math. Software, Vol. 31, No. 3, 2005, pp. 351–362. doi:10.1145/1089014.1089019.

[37] Gowree, E. R., Mughal, S., Xu, H., and Atkin, C., “Linear and non-linear instability of Tollmien-Schlichting waves over a
localised three-dimensional surface indentation,” Journal of Fluid Mechanics, 2019. (submitted for publication).

18



[38] Lesshafft, L., “Artificial eigenmodes in truncated flow domains,” Theoretical and Computational Fluid Dynamics, Vol. 32,
No. 3, 2018, pp. 245–262. doi:10.1007/s00162-017-0449-6.

[39] Avanci, M. P., Rodríguez, D., and Alves, L. S. d. B., “A geometrical criterion for absolute instability in separated boundary
layers,” Physics of Fluids, Vol. 31, No. 1, 2019, p. 014103. doi:10.1063/1.5079536.

19


	Nomenclature
	Introduction
	Mathematical Formulation
	Governing equations for linear stability theory
	Receptivity and BiGlobal analyses
	The perfectly matched layer method

	Numerical Approach
	Base flow computations
	Receptivity and BiGlobal computations

	Results
	Receptivity to wall-forcing
	Temporal BiGlobal analysis

	Conclusions

