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ABSTRACT  

 

In this thesis a new reduced order modelling methodology is presented with the aim of 

calculating the nonlinear dynamic response of fuel manifold alike assemblies. This 

bottom-up approach started with the experimental characterisation of the individual 

components that typically form part of a fuel manifold, to later characterise the interaction 

between them in more complex subassemblies. Once the different elements and 

subassemblies were characterised, two different model designs were proposed: an 

implicit 6 DOF/node model and a hybrid 3 DOF/node model. The design parameters of 

both models were obtained by means of model updating and optimisation against 

experimental data. Finally, an analytical study on the influence of multiple nonlinearities 

was performed in order to determine the dynamic trend when an increasing number 

nonlinear joints are added into a certain system.    
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1 INTRODUCTION 

1.1 Overview 

Globally, the size of the aero engine market is estimated at USD 68.05 billion in 2017, 

with a growing prediction to USD 92.38 billion by 2022, at a Compound Annual Growth 

Rate (CAGR) of 5.23% during the forecast period [1]. Typically, commercial aero 

engines are formed of rotating turbomachinery components such as fan, compressors and 

turbines, driven by an axial shaft. All these rotating components are contained inside the 

engine casing, which is connected to the static parts, namely stators, gearbox, combustor, 

bearings etc., as well as to the rest of the aircraft via rigid connections. Beside the engine, 

external/accessories systems, i.e. oil, fuel etc. are mounted on the casing. Given the nature 

of its connection, the vibration generated by the rotating parts can be transmitted to the 

casing, and thus to the externals. 

Some of these external systems are generally composed of pipes and joint connections 

that fix the accessories to the casing, as displayed in Figure 1-1. Vibration fatigue failure 

of these components has been reported in service, leading in some extreme cases to an 

uncontained engine failure [2]. Apart from the obvious weight problem that accessories 

represent, their failure constitutes a serious industrial problem, even more so when 

vibration failure cases affecting external systems are known to represent a considerable 

part of the engine downtime. Out of all external systems, probably the most important 

one in terms of future development is the fuel system, and particularly the fuel manifold, 

for reasons that will be exposed in the following section. 
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Figure 1-1: RR engine with casing and accessories (Source: www.rolls-royce.com) 

1.2 Fuel manifold assembly problem 

In a globalised world in constant growth and expansion, the development of cleaner and 

more efficient aero engines is key for the sustainability of the planet. New technologies 

must be developed in order to reduce the emissions and cope with the air traffic growth 

in the foreseeable future. One of these technologies is the implementation of lean burn 

engines to enhance the engine performance, increase the fuel efficiency and reduce 

hydrocarbon emissions by burning fuel with an excess of air, using higher compression 

ratios [2]. 

 The use of higher compression ratios and the controlled combustion in lean burn engines 

enhance the importance of the pipework in the fuel manifold assembly. A typical fuel 

(See Figure 1-2) manifold assembly is formed of four main components: 

 Pigtail pipes that deliver the fuel into the injectors 

 Connectors that fix the pipes to the injectors 

 Brackets that connect the pipes with the casing 

 Clips wrapped around the pipes acting as a link between the brackets and the pipes 
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Figure 1-2: Detail of a fuel manifold assembly (Source: www.shutterstock.com) 

The fuel manifold is a large system on which vibration fatigue problems are present 

nowadays, all the more with the introduction of lean burn engines. The size and 

complexity of the system make computational time a key factor to allow swift nonlinear 

dynamic predictions in early design stages. As a result, a reliable and reduced order model 

of the fuel manifold is required in order to accurately predict the real dynamic behaviour 

of the fuel manifold assembly. 

Although the experimental system proposed in this thesis is representative of a real fuel 

manifold assembly, it is not highly specific of any type of fuel manifold and the elements 

used in its construction (mainly pipes, brackets, connectors and clips) can be found across 

a wide range of industrial applications. This enables the development of a generic 

universal approach for measurement, modelling and evaluation that could be applied to 

any specific system at the time of design and development. 

1.3 Objectives of the study 

The main objectives of this study are set in order to provide a better global understanding 

of the dynamics of fuel manifolds and allow an early prediction of their forced response 

behaviour.  

The first objective is to gain understanding of the complex dynamic behaviour of fuel 

manifold systems. 

The second objective is to identify the linear and nonlinear components of the assembly. 

The third objective is to develop the right techniques in order to first model individual 

components, then simple assemblies, and finally the full fuel manifold assembly, for early 

stage design. 
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The fourth objective is to compare and validate the modelling approach against 

experimental data. 

The fifth and last objective is to determine the effect that an increase of nonlinearities has 

on the overall dynamic behaviour of a given system. 

1.4 Overview of the thesis 

This thesis presents analytical and experimental work carried out to accomplish the 

objectives set on previous section. The work is structured as follows: 

Chapter 2 summarises the state of the art and introduces the basic concepts and numerical 

methods in which this study is based to gain a better understanding of the problem and 

familiarisation with modelling techniques. 

Chapter 3 presents the experimental characterisation of the main components of the fuel 

manifold assembly, describing the experiments and explaining their aim. 

Chapter 4 focuses on the experimental variability and the repeatability of different 

assembly configurations, identifying the sources of variability and quantifying their 

influence on the system dynamics.  

Chapter 5 introduces a 6 DOF implicit modelling approach where the modelling 

methodology is explained in detail and the results are compared against experimental date 

and discussed. 

Chapter 6 presents a different (3 DOF full 3D implicit) modelling approach to the one 

shown in Chapter 5. Similarly, the modelling methodology is thoroughly explained and 

the outcome compared against experiments and discussed. 

Chapter 7 contains a study on the effect of increasing the number of nonlinearities in a 

given system to determine, analytically and experimentally, the dynamic response trend. 

Besides, the plausible causes of the observed trends are explained and discussed. 

In Chapter 7 the conclusions and outcomes of this thesis are summarised and future work 

is outlined based on them. 
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2 LITERATURE REVIEW AND 

BASIC CONCEPTS 

2.1 Overview 

Generally, most of the research carried out for industrial aero engine applications focus 

on rotating turbomachinery vibrations, mostly on rotor-stator interaction [3]–[5], bladed 

discs [6]–[9] and underplatform dampers [10]–[13]. Meanwhile, vibrations affecting 

external systems such as oil, fuel, pumps or gearboxes have been neglected despite 

causing important fatigue failures that ultimately may lead to uncontained engine failures. 

Some studies have dealt with Accessory vibration, most of them focused on fuel systems 

of diesel [14] and gasoline [15] automotive engines.   

A typical fuel manifold is formed of pipes and other joint connections and mounts. 

Multiple studies can be found where pipe vibrations are addressed. In most publications 

seismic vibrations are addressed, generally in a linear manner. Examples of this can be 

found on nuclear power plant piping systems [16] or fuel distribution pipes [17]. In other 

publications, pipe geometry changes are analysed, concluding that geometric changes 

such as bend angle or wall thickness have an impact on the resonances and mode shapes 

due to the stiffening/softening of the system [18]. Besides, nonlinear friction analyses 

[19] of simply supported pipes and damping influence studies considering long small 

diameter cylindrical pipes [20], have also been performed highlighting the influence of 

the clamping conditions in the overall dynamic response. Regarding joint connections, 

numerous publications emphasise the appearance of nonlinear phenomena such as 

damping and softening. Furthermore, these nonlinear effects are observed across different 

types of joint connections like bolted joints [21]–[23], riveted joints [24], flanged joints 

[25], [26] and pinned joints [27].   

Thereby, based on evidence provided by existing literature, the fuel manifold pipe is 

expected to behave linearly. On the other hand, nonlinear effects are expected to be 

introduced by joint connections and clamps, affecting the overall dynamic response of 

the fuel manifold assembly.  
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2.2 Pipe and joints modelling 

As indicated in the previous section, the components that form the fuel manifold assembly 

can be classified as either pipe or joint connections. Over the last decades, analytical 

models of these components that form the fuel manifold have been extensively developed 

and will be considered for our model. 

Four main modelling techniques for pipes can be identified in the existing literature. The 

first and simplest approach is the use of Euler-Bernoulli beam elements [28]–[31], which 

has been proven to accurately predict lateral displacements and bending moments. The 

second approach is the use of Rayleigh beam elements [32] that introduces the inertia 

effect caused by the rotation of the cross section of the beam. The third technique is the 

use of Timoshenko beam elements [33]–[35], which includes a shear coefficient to take 

into account the parabolic shear distribution of pipes with a low slenderness ration (length 

over radius). A comparison between the 3 methods can be found in [36]. In addition, other 

modelling approaches for flexible [37] and elbow pipes [38]–[40] have been used by 

different authors. All these modelling approaches have in common their implicit nature, 

which is the representation of a physical reality by means of simplified reduced order 

elements. In contrast, the fourth modelling approach is a full 3D explicit one in which the 

pipe is physically and geometrically represented by brick elements. An example of this 

type of representation can be found in [41]. Also, an interesting hybrid implicit-explicit 

beam model is presented in [42]. 

Similarly, in terms of joint modelling, two main methodologies can be identified. A full 

3D detailed modelling approach exemplified by [43]–[45], and a reduced order implicit 

approach  [46]–[50]. In the implicit approach, different elements and strategies are used 

in order to represent different joint connections. In [46] a series of friction slider elements 

are used to model a lap joint, whereas [48] uses nonlinear stiffness of cubic form. Springs, 

viscous and friction dampers are used in [50] to model joints in truss structures. Finally, 

bilinear springs are used in [47] to model a bolted flange joint. 

The main advantage of using implicit modelling for pipes and joints is its computational 

advantage, which is a key factor in the creation of a reduced model of the fuel manifold 

assembly. On the other hand, sometimes full 3D models do lead to better results for they 

provide a physical representation of the real structure. Nonetheless, both modelling 

techniques can coexist within the same model, improving its accuracy without 

compromising computational time significantly. 
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2.3 Nonlinear modelling 

As previously exposed, there is experimental evidence that joint elements introduce 

nonlinear effects in mechanical systems. These effects can be caused by different physical 

means. Friction between two surfaces generates frequency softening and damping. 

Furthermore, geometric nonlinearities appear when large displacements are present, 

causing softening or hardening of the system, depending on the nature of the joint. 

Another phenomenon is the appearance of a gap between two elements, where contact is 

lost, causing a dramatic amplitude drop at certain frequencies. Besides, nonlinear 

damping can be introduced by the materials used in the joints. In order to model the 

nonlinear effects presented, which could potentially appear in a fuel manifold assembly, 

different analytical models have been developed. 

Starting with friction, the most basic model was developed in the 18th century by 

Coulomb. This model presents a linear dependency between force and velocity. When the 

force reaches a critical value, the body starts sliding and therefore no additional force is 

required to increase its velocity. An advance on this model was the addition of viscous 

friction so once the critical value is reached, an increasing force is required to increase its 

velocity. Coulomb friction is generally represented implicitly by a slider element. An 

improvement on the Coulomb friction element was the introduction of an elasto-slip 

model by Jenkins [46], which takes into account the deformation that occurs before the 

body starts slipping. Two main implicit arrangements of this model can be found: a slider 

and a spring in series, or in parallel, also called Iwan’s model [51], [52] which is based 

on energy dissipation properties observed experimentally [53] and avoids an abrupt 

transition between stick and slip phases. Another effect observed experimentally, which 

is the decrease of the force needed to move the body at low velocities followed by an 

increase at higher velocities, observed by Striberk [54], was introduced by Canudas de 

Wit et al. [55] in order to improve Jenkins model. Finally, the most sophisticated model 

was implemented by Gaul and Lenz [56],[57] by shadowing the Valanis endochronic 

plasticity approach, applied to a dynamic model than can predict both local micro-slip 

and global macro-slip [58]. All these friction approaches are visually represented in 

Figure 2-1. In most industrial applications Coulomb and Jenkins models are generally 

used due to their simplicity and good results [56]. Numerous modelling examples can be 

found such as 1D [59] and 2D [8], [10] underplatform dampers, friction isolators [60], 

[61] or mechanical joints [56]. On the other hand, although the extensive use of Iwan’s 

elements in conjunction with highly refined FE models has been proven accurate to 
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capture friction micromechanics, it does so at the expense of computational time [53], 

becoming unusable for large scale structures.  

 

Figure 2-1: Force (F)-velocity (v) or displacement (d) diagram and implicit 

representation of Coulomb (a), Jenkins-series (b), Jenkins-parallel (c) and Valanis (d) 

friction models 

In the case of geometric nonlinearities, they are generally modelled by a cubic stiffness 

element as it captures correctly the joint’s tendency to behave almost linear up to a certain 

point, from which an increasing force is required to obtain the same displacement, 

therefore hardening the system. The opposite effect, softening, can also be achieved by 
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changing the sign of the cubic stiffness coefficient. Numerous examples of cubic stiffness 

elements can be found in the existing literature [62]–[64] (See Figure 2-2). Despite being 

less popular, quadratic stiffness elements can be used as well [64]. Other authors propose 

the use of polynomial stiffness elements, whose coefficients are to be extracted 

experimentally, using nonlinear system identification techniques [65].   

 

Figure 2-2: Force (F)-displacement (d) diagram and implicit representation of a cubic 

stiffness element 

Gap nonlinearities are usually modelled using piecewise linear stiffness, represented in 

Figure 2-3, which presents different linear stiffness values depending on the displacement 

stage. Practical examples can be found for bolted flange joints [47], [66], clamped beams 

[67] or loosely jointed structures [68]. 

 

Figure 2-3: F-d diagram of a piecewise linear stiffness element 

Resembling geometric nonlinearity modelling, the nonlinear damping introduced by 

joints is normally modelled using cubic damper elements. Their use is widely extended, 



Chapter 2: Literature Review and Basic Concepts 

Alberto Sanchez - May 2019   10 

mainly as vibration isolators [69]–[75]. Amongst other industrial applications, they are 

present in the automotive suspension system modelling [76]. 

2.4 Reduced order modelling. Reduction techniques 

The creation of a reduced order model for a fuel manifold assembly that allows rapid 

dynamic response predictions necessitates the use of numerical reduction techniques in 

order to reduce the computational time to the minimum without compromising the 

accuracy of the prediction.  

In this literature survey the three main reduction techniques will be reviewed from most 

basic to most sophisticated. All of them are based on model substructuring, which is the 

node division of our model into two differentiated groups: internal nodes and 

boundary/interface nodes. The boundary nodes are the nodes to be kept in the reduction 

for being the nodes in which boundary conditions, contact interfaces, forces etc. are 

applied, and therefore all DOF of these nodes are kept. Contrarily, the internal DOF of 

our system are not included in the reduction for not having sufficient impact on the 

dynamics of the system. A comprehensive introduction and review on dynamic 

substructuring can be found in [77].    

The simplest model reduction approach was introduced by Guyan [78], which is a static 

reduction technique, quite easy to implement and quite advantageous from a 

computational point of view. However, this approach does not take into account the 

dynamic properties of the internal DOF, and can lead to inaccurate results. This problem 

was solved by the introduction of Component Mode Synthesis (CMS) methods that add 

special shape functions to take the dynamic properties of the internal nodes into account, 

being Craig-Bampton [79] reduction probably the most popular amongst them, which 

presents a fixed interface nodes approach. Another contribution to the field is the 

introduction of a free interface nodes approach by MacNeal [80] in which the static effects 

of higher modes are included, improved by the addition of higher modes inertial effects  

by Rubin [81]. CMS methods are computationally more expensive than the static 

reduction methods due to the addition of effects that capture the dynamic behaviour of 

the internal nodes correctly. However, the accuracy and reliability of these methods on 

the reduction of large unknown models are considerably better than the static approach.  
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2.5 Nonlinear solver and continuation algorithms 

The choice of a computationally effective, suitable and accurate solver is of the highest 

importance in order to solve potentially large nonlinear systems like the fuel manifold 

assembly. Generally, nonlinear solvers can be divided in two types: time domain and 

frequency domain solvers. Despite not providing an exact solution like other analytical 

methods such as Variation Iteration Method (VIR) [82], these methods are preferred over 

analytical methods, whose computational time makes them impractical for large 

nonlinear systems. 

Time domain solvers are able to predict both transient and periodic behaviour. However, 

when calculating the periodic solution, these methods become computationally very 

expensive as many cycles need to be simulated before the transient behaviour disappears 

[83]. The main time domain solvers used in structural dynamics include shooting [84], 

perturbation[85], [86] and Poincare [87] methods. 

Although frequency domain solvers cannot predict transient dynamics, most force 

response practical applications are periodic steady state problems [88], where frequency 

domain solvers are largely better in terms of computational time, over 100 times faster 

according to Ewins [3]. Among all frequency domain solvers, by far the most popular is 

the Harmonic Balance Method (HBM), especially in gas turbine applications [3], [10], 

[83], [88]–[91]. The HBM proposes the introduction of a periodic solution with a certain 

number of harmonics in the form of truncated Fourier series. Then, it determines the 

coefficients of the harmonics using an iterative procedure to find the roots. Once these 

coefficients have been found, the resulting set of nonlinear algebraic equations is solved. 

HBM formulation can be found in greater detail in [3]. 

In real life industrial applications, the dynamic response needs to be calculated not only 

at a concrete frequency point, but over a certain frequency range. In order to ensure the 

continuation of the successive periodic solutions, continuation algorithms are generally 

used in conjunction with nonlinear solvers. Most continuation algorithms are predictor-

corrector, which implies that one solution point is used to predict the next one. Then, that 

initial approximation is corrected until the final solution is within tolerance. Three 

continuation methods stand out from the rest in the solving of nonlinear dynamic systems. 

The arc-length continuation method [92]–[94] defines a radius between the corrected 

point and the previous one, and seeks a solution along the radius. The pseudo arc-length 

continuation method [92], [95] adds an orthogonality condition between corrected point 
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and previous one. The Moore-Penrose pseudo inverse [96], [97] continuation is more 

complex than the two previous methods, adding an extra orthogonality condition using 

the kernel of a pre-defined matrix. An schematic representation of these continuation 

algorithms is displayed in Figure 2-4.  

 

Figure 2-4: Response (�̃�)-frequency (µ) diagram for the different continuation 

algorithm, where 𝑦(𝑖) is the initial point, 𝑦(𝑖+1,0) is the initial predictor point, 𝑦(𝑖+1,1) is 

the predictor correction and 𝑦(𝑖+1,𝑗) is the final predictor point. Graph taken from [97] 

2.6 Optimisation 

In the modelling of implicit elements to characterise the dynamic behaviour of a real 

component such as a supporting clip or a bracket, determining the different coefficients 

that govern such behaviour on every DOF is highly important. Generally, every implicit 

element would have multiple coefficients. However, only certain values of these 

coefficients will allow the analytical system to behave in a similar way to the real system. 

The calculation of the optimum value for every coefficient can be overly complicated 

when only engineering judgement is used, and thus the use of an optimisation algorithm 

is required.  

The dynamic response of a system is characterised by two parameters: frequency and 

amplitude. The frequency and amplitude match between the analytical and the 

experimental system will determine the accuracy of the analytical model. It is worth 

noting that when the studied system has a certain frequency range of interest, more than 

one vibration mode is usually present. Therefore, for every mode of interest there will be 

amplitude and frequency objectives. Besides, when the systems behave nonlinearly, there 

will be amplitude and frequency objectives not only for every mode but for every 

amplitude level as well, leading to a quite complex multiobjective optimisation problem.   
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Multiple multi-objective optimisation methods are available in literature, a deeper 

understanding and comprehensive survey on the topic is presented in [98]. Due to its 

popularity, availability and global optimisation effectiveness, Genetic Algorithm (GA) 

[99] stands out from other optimisation techniques. The GA is an evolutionary based 

algorithm that combines and mutes operators in order to find the solution of a problem 

[100]. 

2.7 Nonlinearities implementation to “linearise” a system 

The appearance of nonlinearities on a system may introduce undesired effects on the 

dynamic response, where linear vibration properties cannot be applied anymore. There 

have been ways of tackling this problem via feedback linearisation [101], [102]. However, 

the need of actuators, control system and power source to linearise the system makes its 

implementation unrealistic for aircraft engine applications. Other publications present a 

passive linearisation approach to take advantage of nonlinearities by introducing tuned 

nonlinearities into the system in order to extend the frequency range where it behaves 

linearly [103]–[105].  One of the recent advances in this field has been the application of 

the principle of similarity in passive linearisation [106], [107], which is assuming that the 

introduced nonlinearity has the same mathematical formulation as the original nonlinear 

system.  

Nevertheless, nonlinearity tuning design and application are still a long way to become a 

reality for large and complex systems, such as a fuel manifold, for several reasons: the 

complexity that represents to design, capture, characterise and tune multiple 

nonlinearities to linearise a large structure, and most importantly, the added weight, which 

makes it unsuitable for most aerospace applications.  

On the other hand, mechanical systems such as the fuel manifold assembly, have 

potentially a large number of nonlinearities, bound to increase with the introduction of 

lean burn engines. The overall effect on the dynamic response when increasing the 

number of random nonlinearities on a given system is still unknown to the author’s best 

knowledge. Four possible scenarios can be contemplated with the linear increase of 

nonlinearities: an exponential increase of nonlinear effects leading to a destabilisation of 

the system, a linear increase of nonlinear effects, an exponential decrease of nonlinear 

effects leading to a stabilisation of the system, or finally a lack of trend. One of the aims 

of this study will be to address the possible causes for these trends to occur, and their 

design implications. 
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2.8 Summary 

In this literature review a general overview on dynamics of accessory systems is 

presented, mainly focusing on fuel manifolds, breaking them down into the individual 

components that conform them. Modelling techniques and examples of these individual 

components are explained, concluding that some elements are likely to behave linearly, 

whereas others are likely to behave nonlinearly.  

Due to the likeness of nonlinear effects occurring in a large and complex mechanical 

structure such as the fuel manifold assembly, the main nonlinear analytical implicit 

models are covered. Also, reduction techniques and nonlinear solvers are reviewed with 

the aim of finding the best balance between computational time and performance for our 

analytical model. Driven by the complexity that represents the calculation of the 

analytical model coefficients that characterise the dynamics of the different components, 

an overview of optimisation algorithms is presented with the idea of applying them to 

determine the optimum values of our model.  

Finally, the likely future problem looming over the increase of nonlinearities introduced 

by lean burn engines is addressed, and existing active and passive linearisation methods 

are explained and discussed.   
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3 EXPERIMENTAL 

CHARACTERISATION OF 

FUEL MANIFOLD 

COMPONENTS AND SUB 

ASSEMBLY 

3.1 Overview 

As explained in the Introduction of this thesis, the fuel manifold assembly is formed by 

four different components, namely pipes, brackets, clips and connectors. In this chapter, 

the dynamic behaviour of these components, both isolated and assembled, is investigated 

experimentally with the aim of understanding the dynamic behaviour and identifying the 

presence and nature of nonlinearities in the system, to then quantify the importance of 

these nonlinearities on the overall dynamic response. It is important to highlight that due 

to the lack of specificity of the components used in the experimental testing, the 

methodology proposed in this chapter can be applied universally to other very different 

industrial applications. The reader should acknowledge that some of the work presented 

in this Chapter was extracted from [108], a previous publication from the author of this 

thesis. 

Given the lack of real fuel manifold hardware, industrial plumbing individual 

components, similar to the ones used in a real fuel manifold, were purchased in order to 

characterise their dynamic behaviour experimentally. However, some of the fuel manifold 

components were found to lack an obvious alike component available to purchase, and 

therefore had to be manually manufactured. It was only discovered after the real hardware 

was delivered by the industrial partner of this EU CleanSky project that all individual 

components used for the experimental characterisation showed similar dynamic 

behaviour, with the exception of the connector (See Figure 3-1d). Nonetheless, it is worth 

mentioning the imperfections and variability introduced by the manual manufacturing 
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and the components used in this study, explained in detail in Chapter 4. Unfortunately, 

the real hardware was not used due to its late delivery, given the time constraints of this 

thesis.      

 

A stainless steel pipe of 420 mm length, with an outer diameter of 8 mm and a wall 

thickness of 0.6 mm was used as a fuel delivery pipe (Figure 3-1a). The bracket 

component was manually cold formed and manufactured out of a 0.5mm thick stainless 

steel sheet, with a height of 40 mm and a width at its base of 68 mm (Figure 3-1b). The 

geometry and dimensions chosen were scaled out of fuel manifold assembly CAD 

drawings, kindly provided by the industrial partner. An 8 mm diameter plumbing clip was 

used, whose inner rubber layer smoothly distributes the load, providing as well a soft 

contact between the pipe and the metallic ring (Figure 3-1c). In addition, straight and bent 

types of male push-in plumbing connectors were purchased, with an inner diameter of 8 

mm, presenting a rubber O-ring to ensure the sealing and metal teeth locking the pipe. 

The other end of the connectors consists of a ¼ R (British Standard Pipe) thread, which 

is grounded (Figure 3-1d).  

In order to assemble together and test all these components, a large stainless steel base 

plate was manufactured (500 mm diameter, 40 mm thick), with M10 threads to connect 

the rig plate to a shaker table described in the following section, and M8 threads to 

connect all different components on the rig plate (See rig plate in Figure 3-1a). 

 

Figure 3-1: Individual components: a) Clamped-clamped pipe mounted on the rig plate 

b) Bracket c) Clip d) Connector 

3.2 Subassemblies investigated and experiments set up 

Generally, when the dynamic behaviour of a specific individual component is analysed, 

the component is isolated from the rest of the structure and tested accordingly. However, 

in some cases, the dynamic behaviour of individual components cannot be properly 

characterised when tested on their own, due to the technical difficulties that their 

a) b) c) d)
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clamping entails, being that the case for clips or pipes. Therefore, they occasionally need 

to be assembled with other components whose dynamic properties are known already, or 

simply being clamped to the rig plate. Following this logic, 6 different subassemblies 

were designed to be tested, starting from a basic configuration that will be modified 

depending on the component of interest.  

The first subassembly A (Figure 3-3a), consisted of a pipe clamped at both ends by a solid 

stainless steel clamp bolted to the rig plate, with the objective of investigating the general 

pipe dynamics, and in particular the potential geometric nonlinear effect on the pipe.  

A slight modification of the A subassembly is the B subassembly (Figure 3-3b), where 

one of the clamps was removed to assess the potential impact of the friction introduced 

by the clamp into the assembly. Besides, in this configuration, much larger amplitudes 

can be reached before geometric nonlinearities appear. 

Once the dynamics of the pipe was well understood, a clip was attached at the centre of 

the pipe and bolted to a solid aluminium block connected to the base plate in order to 

observe the influence of the clip on the dynamic behaviour of the whole assembly, 

forming subassembly C (Figure 3-3c). 

The aluminium block in C was substituted by a bracket mounted on the rig table in D 

(Figure 3-3d) to quantify the flexibility introduced by the bracket and the potential 

nonlinear effects. 

In subassembly E (Figure 3-3e), the clamps used in subassembly A were substituted by 

90 degree push fit connectors screwed directly into the rig plate to investigate their 

dynamic behaviour. 

Finally, in subassembly F (Figure 3-3f), the solid clamps in subassembly A were 

substituted by clip clamps mounted on the rig plate, with the aim of understanding the 

impact of different clamping mechanisms and further characterising the dynamic 

behaviour of the clip itself. 

A summary of clamping conditions, excitation, and measurements can be found in Table 

1. 

Given the before mentioned problems isolating individual components from the rest of 

the structure, the difficulties that finding nodal points/lines to hold the individual 

components entail and their subsequent complicated excitation, free-free condition tests 

were discarded. All components and subassemblies were tested using the High Amplitude 
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Dynamic Excitation System (HADES) at Imperial College London, formed of a Data 

Physics Signal Force GW-V3544 shaker system with a slip table for horizontal base 

excitation (X direction on the coordinate system presented in Figure 3-2). An amplitude 

controlled sine sweep was performed for every component and assembly to identify the 

resonance behaviour of the structure. The range chosen was 10-1000 Hz, in order to 

capture the main vibration modes of industrial interest. Different base excitation 

amplitudes were used (See Table 1) in order to identify potential nonlinear behaviour, 

whose values were chosen based on experimental findings (i.e. appearance of a 

nonlinearity) or maximum controlled excitation that the shaker can deliver for the 

different subassemblies. As a result of the base excitation of the system, the FRFs are in 

terms of response acceleration over input acceleration [m/s2/ m/s2]. Regarding the 

measurements, 2 accelerometers were placed in X direction, at the centre and at ¼ of the 

pipe length respectively to quantify the difference in response at 2 different points, and 

another one in Z direction at ¼ of the pipe length, as pointed out in Table 1, to capture 

any possible vertical mode or coupling in the system.  

 

Figure 3-2: HADES Signal Force SW-V3544 shaker system 
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Table 1: Test subassembly configurations 

Name 
End 

restraint 

Centre 

restraint 

Excitation 

direction 

Max 

excitation 

level 

Measurement 

position 

(A) Clamp ---- x 30m/s2 

½ pipe in x and 

z 

¼ in x 

(B) 
Clamped-

free 
---- x 30 m/s2 

At 200 mm 

from the clamp 

end in x 

(C) Clamp Clip x 90m/s2 

½ on clip in x 

and z 

¼ in x 

(D) Clamp Clip+Bracket x 120 m/s2 

½ on clip in x 

and z 

¼ in x 

(E) Connector ---- z 80 m/s2 

½ pipe in x and 

z 

¼ in z 

(F) Clips ---- x 100 m/s2 

½ pipe in x and 

z 

¼ in x and z 
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Figure 3-3: Assemblies: a) A assembly b) B assembly c) C assembly d) D assembly e) E 

assembly f) F assembly 

3.3 Component tests results 

In this section, the results from the tests carried out on individual components and 

assemblies of the fuel manifold assembly are presented to determine the characteristic 

dynamic behaviour of all 4 main individual components.  

3.3.1 Straight pipe 

The pipe is the most important part of the fuel manifold, as it carries the fuel to the 

injectors. Given its simple and solid geometry, on paper the pipe is expected to behave 

linearly. Nonetheless, its relatively low thickness (0.6 mm) could perhaps lead to the 

appearance of geometric nonlinearities [109] due to the existence of large displacements 

at high amplitudes of excitation. In order to confirm or rule out the hypothesis, a series of 

tests were performed, where the pipe was in a clamped-clamped configuration, being 25 

N.m the torque applied to the clamps. Excitation range and measurement points can be 

found in Table 1. 
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Figure 3-4: A subassembly 1st mode transfer functions, measured horizontally and 

vertically at the centre of the pipe in X direction for different excitation levels 

In Figure 3-4, the transfer function results from a clamped-clamped pipe (subassembly 

A) horizontally excited at increasing levels of excitation are shown, plotted in terms of 

log10 of the transfer function (output acceleration/input acceleration). For low excitation 

levels it can be concluded that the system is linear at amplitudes between 1 and 5 m/s2, as 

the respective transfer function lines are superimposed, and therefore no nonlinear effect 

is noticed. Another phenomenon worth noticing at these low excitation level is the split 

in resonance frequency, which are most likely caused by small asymmetries in the clamps 

or in the pipe, or the influence of the accelerometer mass on the system. These 

asymmetries and mass effects result in the splitting of the vertical and horizontal (X and 

Z in Figure 3-4) orthogonal modes as a consequence of slightly different stiffness and 

mass properties in each direction.  

When the amplitude levels are higher than 5 m/s2, an amplitude drop up to 20% can be 

observed in conjunction with a small decrease in resonance frequency, which indicates 

the presence of friction in the system, becoming nonlinear. These findings clearly 

contradict the geometric nonlinearity hypothesis, had the geometric nonlinearity been 

present, the effect would have been the opposite, stiffening instead of softening, which is 
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an indicator of friction taken place. In principle, the clamp was thought solid enough to 

being able to clamp the pipe firmly with no slip occurring, in order to reduce the damping 

in the structure. However, this was proven wrong experimentally as there could not exist 

any other source of friction in the system, for being the clamp-to-pipe interface the only 

joint of subassembly A. Besides, even if there was a geometrical nonlinearity present in 

the system, it would have been overshadowed by the friction effect.  

With the aim of confirming the prevalence of friction over geometric nonlinearities in 

setup A, a series of experiments were performed on a clamped-free pipe (subassembly 

B), whose results can be observed in Figure 3-5. Using the same test set up as A but on a 

clamped-free configuration, the axial force of the pipe should be equal to zero. If axial 

inertia effects are neglected, the system should respond linearly up to really high 

amplitude levels [20]. In other words, an ideal clamped-free pipe (no slip) should show 

linear behaviour up to high excitation levels, where geometric nonlinear effects would 

begin to occur. As shown in Figure 3-5, even at moderate amplitude levels, the system 

response is heavily nonlinear (softening and damping), confirming the presence of 

friction in the clamps as the main source of nonlinearity. 

 

Figure 3-5: B subassembly 1st mode transfer functions, measured at 200 mm from the 

clamp end for different excitation levels 

Due to the friction introduced by the solid clamps, it was decided to replace them with a 

2 clip support, both clips located at 40 mm from each pipe tip. Although the clips might 

potentially introduce nonlinear effects, unlike the solid clamps, they are part of the fuel 
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manifold assembly and their use is therefore justified. The clips were bolted to a linear 

solid aluminium block (See Figure 3-3f), torqued up to 12 N.m and manually aligned as 

good as possible. Despite being excited horizontally, the system showed a strong vertical 

response on F subassembly an order of magnitude smaller than the horizontal, as it is 

presented in Figure 3-6. This response indicates the existence of coupling in the motion 

of the pipe, likely caused by the geometry of the clip support, which is explained in great 

detail in Section 6.2.2.3. This coupling effect highlights how sensitive the pipe motion is 

to any variation of the boundary conditions, and the importance of including such 

dynamic effect into the fuel manifold model. Besides, a difference in horizontal response 

can be observed between the accelerometer placed at ¼ of the pipe, and the accelerometer 

placed at the centre, which is caused by the specific vibration mode shown in Figure 3-6 

(1st bending mode). 

 

Figure 3-6: Horizontal and vertical response at the centre of the pipe and vertical 

response at 1/4 of the pipe, for the 1st bending mode of F subassembly 

3.3.2 Bracket 

The bracket is the element of the fuel manifold that connects the assembly to the engine 

casing. Similar to the pipe, its low thickness of 0.5 mm would presume it quite flexible 

beforehand, and therefore a geometric nonlinearity could appear. In addition, for this 

experiment it was possible to bolt the bracket directly onto the rig plate, as Figure 3-7 

shows, in a clamped-free condition, where friction nonlinear effects could take place 

based on the experimental experience gained from the tests performed on the pipe, where 

the clamps introduced unexpected friction effects. The aim of the experiments performed 
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on the bracket will be to understand its overall dynamic behaviour and identify any 

potential friction or geometric nonlinearities. In this sets of experiments, the 

accelerometer was placed at the free end of the bracket and increasing levels of horizontal 

excitation from 10 to 75 m/s2 were applied.  

The FRFs shown in Figure 3-7 correspond to the bracket 1st bending mode, as the 

excitation provided by the shaker is unidirectional and torsional modes are not excited in 

this particular case. Based on the FRF results, it can be said that no evidence of 

nonlinearity was found as all normalised responses are superimposed with no signs of 

damping or frequency shift. Hence, the bracket is considered fully linear and its clamping 

to the rig plate frictionless with negligible influence on the dynamic response. Although 

the nature of the bolt joint between the bracket and the clip could be potentially nonlinear, 

based on the base plate bolt joint dynamic nature, it can be stated that the impact of such 

nonlinearity would not be of importance. Furthermore, such behaviour would be largely 

overshadowed by the clip nonlinearity, which will be presented in following sections. 

 

Figure 3-7: Clamped-free bracket and transfer functions at different amplitude levels 

3.3.3 Clip 

The clip is a component with great flexibility and damping properties provided by the 

rubber. Due to the nature of the clip, formed of a metallic ring with an inner rubber 

interface, this contact is considered a potential source of nonlinear behaviour, as friction 

is expected to occur between the rubber and the metallic part. Additionally, the rubber 

has nonlinear properties of its own when hyper elastically stretched [110]. For this set of 

experiments, the clip was bolted to an aluminium block, which was bolted to the rig plate 

at the same time, as shown in Figure 3-8. The accelerometer was located at the centre, 
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horizontally on the external metallic part of the clip. Given the clip geometry, the task of 

sticking the accelerometer on it was quite complicated and laborious, reason for which 

only 25 m/s2 were achieved as a maximum input amplitude before the accelerometer came 

off due to the excitation. 

 

Figure 3-8: Clamped-free clip and transfer functions at 2 excitation levels 

As results suggest in Figure 3-8, there is not enough evidence of frequency shift or 

damping, indicating that the system could be linear. However, given the relatively low 

amplitude levels reached, this linear behaviour of the clip cannot be extrapolated to higher 

amplitudes and it will be properly addressed in Section 3.4.4. 

3.3.4 Connector with straight pipe 

With the aim of determining its dynamic properties, the connector was bolted to the rig 

plate and a piece of pipe was pushed into it in a clamped-free configuration. In this way, 

the only source of nonlinearity on the system can come from the connector. The 

accelerometer was placed on the free end of the pipe and the amplitude excitation levels 

ranged from 1 to 20 m/s2. 
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Figure 3-9: Connector + clamped-free pipe vibration mode of study M1 and transfer 

functions for different excitation levels 

From the FRF in Figure 3-9, a large amount of damping and some softening can be 

appreciated at low amplitudes, whereas less damping and a strong stiffening effect is 

observed in higher amplitude levels, with frequency shifts of up to 100% of the initial 

measurement at 1 m/s2. Another phenomenon that can be noticed is the existence of a 

turning point at large excitation amplitudes, where a jump from high to low resonance 

amplitude occurs, thanks to an overhanging FRF with an unstable branch. This 

unexpected nonlinear behaviour may be explained by the nature of the push in connector 

and the vibration mode of study. The O-ring interface that holds the pipe introduces 

friction, explaining the softening and damping taking place at low amplitudes. However, 

reached a certain amplitude level where the pipe hits the rigid connector inlet, the system 

stiffens dramatically (gap nonlinearity), reducing the damping effect of the O-ring. 

The author considers worth mentioning that in later work carried out by Alessandro 

Cabboi [111] on real fuel manifold connectors mounted on a real engine casing provided 

by the industrial partner of this EU CleanSky project, no nonlinear effect was noticed in 

the connectors. Based on this, it can be concluded that probably the type of connectors 

used for the experiments did not suit the purpose of replicating the dynamic behaviour of 

the real hardware and they were therefore not further considered 

3.4 Assembly results 

Having reached this point, the very basic subassemblies have all being tested. However, 

the fuel manifold system of an aircraft engine consists of a large number of assembled 

parts. Once the dynamic nature of the individual components has been assessed, the next 

logical step would be to investigate how the addition or combination of different 
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components influences the dynamic response of the whole system. For this reason, the 

basic clamped-clamped assembly (A subassembly) was modified by adding more 

elements or replacing them with others, and tested at different amplitude levels as shown 

in Table 1. 

It is important to remark that the individual components and assemblies tests were not 

necessarily performed in chronological order. Subassembly A was used as a baseline for 

C and D subassemblies, as the friction effect of the solid clamps had not been identified 

yet. In any case, given that the effect is minimum compared with the friction introduced 

by the clip element in C and D, the conclusions extracted from these 2 subassemblies are 

still valid.  

In terms of comparison, the 1st bending mode was conveniently used due to the fact that 

it was the 1st vibration mode present across all subassemblies. 

3.4.1 Pipe with clip (C subassembly) 

In this assembly, a clip is positioned at the centre of the pipe, bolted to a solid aluminium 

block that is connected rigidly to the rig table as shown in Figure 3-10. Figure 3-11a 

displays the transfer function of the accelerometer horizontally orientated on the clip at 

the centre of the pipe for different excitation amplitudes over a wide frequency range. A 

heavily nonlinear response can be clearly observed in the assembly by means of a strong 

amplitude dependent damping and softening (>10%). These results, compared against the 

ones from A subassembly, indicate that the introduction of the clip stiffens the system by 

70%. Besides, due to the presence of the rubber and the friction contact, the damping 

increases an order of magnitude, even if the motion in the clamps has been reduced due 

to the larger frequencies and modified mode shapes. Based on these findings, the 

interaction between the clip and the pipe was identified as a major source of nonlinearity 

for a fuel manifold system.  
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Figure 3-10: C subassembly 

 

Figure 3-11: C subassembly data: a) transfer function at different levels of amplitude 

and b) FRF measurements at different locations 

Figure 3-11b shows the resulting FRF at the maximum excitation level for the three 

different accelerometers. As observed already from the results in Figure 3-6, despite the 

excitation being purely horizontal, a strong response of the vertical accelerometer is 

present, indicating the existence of a significant coupling when the clip is present, even 

more than in A subassembly. 

3.4.2 Pipe with clip and bracket (D assembly) 

As proven in previous section, the clip attached to the solid block stiffens the basic fuel 

manifold assembly. In D assembly configuration, such solid block was substituted by a 

bracket, which in theory should give more flexibility to the system, with the aim of 

quantifying the expected softening. 

 

Figure 3-12: D subassembly 



Chapter 3: Experimental Characterisation of Fuel Manifold Components and Sub Assembly 

Alberto Sanchez - May 2019   29 

 

Figure 3-13: D subassembly data: a) transfer function at different levels of amplitude 

and b) FRF measurements at different locations 

The first remark that can be drawn out of the results in Figure 3-13a is that the resonance 

frequencies are slightly lower (25%) than the ones of the clamped pipe (A subassembly). 

This is enabled by the high flexibility and, therefore, the very low added stiffness of the 

bracket, overshadowed by the added mass at the centre of the pipe, which causes such 

softening. Besides, when compared with C subassembly, the resonance frequencies are 

much lower (more than 50%), which is attributed to the flexibility introduced by the 

bracket.  

The second observation that can be made is the slight reduction of nonlinear behaviour in 

terms of softening (a 12% softening is present in C, whereas only a 5% in D). Regarding 

damping, its increase at high excitation levels is similar, registering an amplitude decrease 

of approximately 30% in both C and D subassemblies. Although the existence of 2 

different sources of nonlinearity, solid clamp and clip, must be acknowledged, the 

softening shown in subassembly A (Figure 3-4) is of little importance compared to C or 

D subassemblies, despite less maximum excitation reached (30 versus 90 m/s2). Hence, 

the nonlinear source is highly likely to be the clip. Based on the FRFs shown in Figure 

3-11a and Figure 3-13a, the decreased softening in D could be the explained by a clip-

pipe slip reduction allowed by the bracket increased flexibility. In this way, the pipe 

achieves higher absolute amplitudes in D as less energy is dissipated in the form of 

friction. Consequently, it can be concluded that the bracket element helps linearising the 

problem.   

Once more, the presence of a strong coupling for the 1st bending mode is highlighted in 

Figure 3-13b, where similar horizontal-to-vertical ratios to C subassembly can be found, 

confirming the introduction of coupling by the clip. In summary, it can be concluded that 

the clip element introduces friction and coupling to the system. Also, the response at the 
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centre of the pipe is stronger that at a quarter of the pipe due to the nature of the mode 

investigated (1st bending mode). 

3.4.3 Pipe with connector (E subassembly) 

In a real fuel manifold, the fuel pipe is connected to the injectors and other pipes by 

connectors.  Although straight plumbing connectors were proven to show an unrealistic 

dynamic behaviour in Section 3.3.4, in E subassembly the pipe was clamped at both ends 

via elbow connectors (Figure 3-14a) with the aim of understanding the influence of these 

components on the pipe. 

 

Figure 3-14: a) E subassembly and b) transfer functions at different amplitude levels 

The first observation that can be made based on the transfer functions shown in Figure 

3-14 is the existence of heavy damping at low excitation levels, an order of magnitude 

larger than in the basic A subassembly. This behaviour can be attributed to the rubber of 

the O-rings that seal the connector-pipe interface. Besides, looking at the resonance 

frequencies (half the frequency of A subassembly) it can be said that the connectors add 

significant flexibility to the system at low amplitudes. As already described in Section 

3.3.4, after a friction softening phase, the pipe starts hitting the metal edges of the 

connectors at higher excitation amplitudes, causing a heavy geometric nonlinear 

hardening, registering an important frequency shift and amplitude increase. When the 

excitation levels reach certain values, an abrupt change in amplitude between two 

frequency steps occurs due to the appearance of an unstable branch. 

3.4.4 Pipe with 2 clip support (F assembly) 

Although the solid clamp used in A subassembly allowed a step by step increase in 

complexity to assess the impact of each individual component on the dynamic behaviour, 
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it was not found to be an ideal solution given its nonlinear nature even at low excitation 

levels. In addition, in some types of fuel manifold assembly there is no such thing as solid 

clamps but clip supported clamps. In order to experiment with a more realistic pipe 

support, two clips were added at 40 mm from both extremes of the pipe.  

 

Figure 3-15: F subassembly 

 

Figure 3-16: Transfer functions at different excitation levels for the horizontal a) and 

vertical b) components 

Two accelerometers were placed at the centre of the pipe horizontally and vertically 

aligned, and the assembly was excited at different amplitude levels in its first bending 

mode. As it can be seen in Figure 3-16a and Figure 3-16b, the system remains linear (lines 

superimposed) up to an excitation level of 2 m/s2. At higher excitation levels, nonlinear 

softening and damping happen for the first bending mode, caused by the friction between 

the rubber and the pipe, and probably by the friction between the rubber and the metallic 

part of the clip as well.  
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The presence of a heavy coupling is corroborated by the amplitude comparison between 

Figure 3-16a and Figure 3-16b, where the vertical amplitude reaches values of around 

50% the horizontal one. Due to the breaking of the symmetry, mainly caused by the 

different stiffness of the clip and manufacturing imperfections and misalignments, other 

modes appear around the first bending mode as well as a result of the decoupling of 

orthogonal modes. Besides, it can be appreciated how the vertical mode is softer 

compared to the horizontal, which is believed to be caused by the way in which the clip 

constrains the pipe. In the horizontal direction, the pipe motion is more restricted than in 

the vertical one, where a gap is formed between the clip and the pipe as displayed in 

Figure 4-4.  

3.4.5 Travelling wave issue: use of an elbow pipe 

When a larger frequency range of the F subassembly tests was investigated using a more 

appropriate accelerometer location in order to capture correctly the 2nd and 3rd bending 

modes (110 mm from the tip), several other features were observed. The first one was the 

high variability of the response shown in the FRF’s, especially when the assembly had to 

be dismounted and mounted back again. This finding will lead to a chapter of its own in 

this thesis (Section 4), where all repeatability issues will be thoughtfully explained and 

investigated. As a consequence of this observation, a roving Hammer Test (HT) was 

performed on the assembly in order to identify the mode shapes of the system. The results 

from the HT displayed a second phenomenon, which was the massive mode shape 

variability and inconsistencies in modes 4 and 5 (See Figure 3-18). Consequently, a 

deeper investigation into the issue using a high speed camera and Digital Image 

Correlation (DIC) was carried out in order to visualise the Operational Deflection Shapes 

(ODS) for modes 4 and 5, which are close modes (See Figure 3-17).    

 

Figure 3-17: F subassembly FRF at 110 mm from the tip where first 5 modes are 

indicated 
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Figure 3-18: Experimental Operational Deflection Shapes (ODS) of the first 5 modes in 

the vertical (blue) and horizontal (orange) directions 

The measurement locations chosen for the roving HT can be seen in Figure 3-18, 

represented as dots, at 1, 3, 5, 16, 24, 32, 43, 45 and 48 cm from the left extreme of the 

pipe (total length of the pipe is 50 cm). First bending close orthogonal modes can be 

observed in M1 and M2, probably decoupled due to pipe and rig asymmetries. M3 clearly 

represents the second bending mode (whose respective orthogonal mode seems to be 

coupled), whereas M4 and M5 ODS are quite confusing and difficult to envision. Further 

HT were performed focusing on M4 and M5, whose experimental mode shapes changed 

considerably with every new measurement. Initially, these variations were thought to be 

an effect of the repeatability problems mentioned before. Reached this point, it was 

decided to further investigate the phenomenon. At first, the use of a Scanning Laser 

Doppler Vibrometers (SLDVs) was considered for this purpose, but due to the base 
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excitation and the strong vertical motion of the pipe, which would lead to potential drop 

outs in the signal, a high speed camera and Digital Image Correlation (DIC) were finally 

used. 

 

Figure 3-19: DIC experimental camera set up 

The high speed camera experimental set up as shown in Figure 3-19 consisted in the 

camera held vertically by a tripod. This orientation allowed to capture correctly the 

horizontal motion of the pipe, which despite the coupling was larger than the vertical 

component due to the horizontal base excitation. The camera used was a FASTCAM Mini 

UX50/100. In order to obtain a good quality image at frequencies up to 500 Hz (M4 and 

M5), a high frame rate was used, which caused the image brightness to drop. This was 

overcome by using a set of 2 high intensity LED lamps located at each side of the rig (See 

Figure 3-19). For a correct DIC post-processing of the images captured by the high speed 

camera, a spray and a sponge were used with the aim of applying a speckle pattern on the 

pipe over a black background made out of paper (Figure 3-19). The DIC software of 

choice was the Matlab open source extension Ncorr.  

The DIC results highlight the existence of a travelling wave for M4, whose time evolution 

is represented in Figure 3-20. It can be observed how the wave influences the ODS, 

leading to mode shape distortions, which made an accurate and consistent HT extraction 

of the amplitude and phase a very difficult task. Due to the proximity of M4 to M5, a 

certain traveling wave component was still present in the latter. 
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Figure 3-20: DIC of half the pipe showing traveling wave evolution from T=1 to T=9, 

where T is time at each frame, which corresponds to time increments of 0.25 ms 

The appearance of the travelling wave was attributed to the straight and continuous nature 

of the system under investigation [112]. In order to prove or disprove this hypothesis, it 

was decided to replace the straight pipe by an elbow one of the same length and 25 mm 

bend radius in order to generate a discontinuity on the system, supported by the fact that 

in a real fuel manifold the pipes are hardly ever straight.  

 

Figure 3-21: Elbow pipe experimental set up with HT impact locations in green 
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In this occasion, the elbow pipe assembly mode shapes were identified via roving HT and 

double checked and compared against DIC measurements. As it can be seen in Figure 

3-21, 3 accelerometers were used in order to capture such mode shapes, 2 accelerometers 

located at 140 mm from the tip horizontally and vertically oriented, and another 

accelerometer at 140 mm from the opposite tip to register the acceleration in X, Y and Z 

directions. The pipe was hit at 8 different locations at 40, 60, 100, 140, 180 mm from one 

of the tips and at 100, 140, and 180 mm from the opposite one.    

 

Figure 3-22: Elbow pipe FRF, horizontal (H) and vertical (V) response 

 

Figure 3-23: Elbow pipe mode shapes: a) M2 DIC based mode shape b) M3 DIC based 

mode shape c) M2 roving HT based mode shape d) M3 roving HT based mode shape 
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The first mode shown in Figure 3-22 was identified as a mainly in phase vertical flapping 

mode, captured by both roving HT and the DIC. The results displayed in Figure 3-23 

highlight the agreement between ODS captured by DIC and roving HT. In Figure 3-23 a) 

and b), red lines were drawn exaggerating the M2 and M3 ODS and allowing an easier 

interpretation that otherwise would not be possible based on DIC screen captures only 

(especially in b)), given the high flexibility of the clip motion and the coupling present in 

the structure. In Figure 3-23, a) and c) both sides of the pipe move in phase in the second 

vibration mode M2, whereas in b) and d) they move out of phase in the third vibration 

mode M3. It is noticed that in b) DIC measurement, the correlation with d) is not as clear 

as a) with c), for being M3 eminently a vertical (Figure 3-22) out of phase mode, whose 

orbital loop motion enables very little deflection of the two extremes of the pipe. For M2 

and M3, two more takes were taken with the high speed camera, one in the X direction 

and another one in the Y direction. Unfortunately, given the coupling and the loop motion, 

the DIC screen captures would not illustrate further the nature of the mode and were not 

added in Figure 3-23. Nonetheless, the mode shape can be well identified watched as a 

video. In such video, the in phase/out of phase nomenclature can be better understood as 

the whole structure moves together along the same direction in the in phase mode, 

whereas it does not in the out of phase mode. 

Due to the high speed camera frame rate limitations and the lack of industrial interest in 

higher frequencies, only the first 3 vibration modes were analysed. Once the 

disappearance of the travelling wave issue was confirmed for the bent pipe via DIC and 

roving HT, the system was excited in HADES with the aim of detecting and comparing 

the elbow assembly nonlinear behaviour with the baseline F subassembly (Figure 3-24). 

 

Figure 3-24: Elbow assembly transfer function at different amplitude levels 



Chapter 3: Experimental Characterisation of Fuel Manifold Components and Sub Assembly 

Alberto Sanchez - May 2019   38 

Although it can be observed that damping increase and softening occur in M1 and M2, a 

stable amplitude with softening can be noticed in M3. The difference between this mode 

and the others is its out of phase motion, described in Figure 3-23. This out of phase mode 

in conjunction with the horizontal and vertical coupling demonstrated in previous 

sections, generates a strong 3D orbital motion that forces the assembly to move 

predominantly in orbital loops, which can only be appreciated in the DIC videos before 

mentioned. Indeed, the main reason why DIC M3 cannot be clearly correlated with roving 

HT M3 is the dominance of this orbital loop over the motion of the extremes of the elbow 

pipe. The lack of clear ODS identification on the pipe using DIC contrasts with a large 

motion of the clips that seem to move mostly in phase with each other, enforcing the 3D 

orbital loop motion.  

The implication of this is the presence of two different mechanisms affecting the 

dynamics of the clips: one responsible for the clip motion, and another one responsible 

for the clip-pipe interaction. Based on the experimental findings, it can be suggested that 

the pipe motion is predominant on the in phase modes, dominated by the pipe-clip friction 

effect (See Figure 3-25a), and that the clip motion is predominant on the out of phase 

modes, dominated by the clip motion dynamic effect (See Figure 3-25 b). Initially, the 

clip motion could be thought as a linear one, given its metallic frame. However, the nature 

of the clip motion under base excitation is nonlinear, as inertial rotation of the clip head 

occurs, introducing nonlinear coupling into the system (further explanation of the 

analytical case can be found in Section 6.2.2.3). Additionally, the high flexibility of the 

clip frame could potentially lead to the appearance of hardening geometrical 

nonlinearities at high excitation levels.  

 

Figure 3-25: Pipe DIC motion: a) Transversal motion in a pipe predominant in phase 

mode b) Orbital loop motion in a clip predominant out of phase mode 
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The complex combination of these mechanisms could potentially explain the nonlinear 

trend of M3, as the friction generated in the pipe-clip interface could introduce softening 

and damping, combined with the unknown nonlinear effects introduced by the rotation of 

the clip head and a potential geometric nonlinear hardening. 

3.4.6 Pipe with 5 clip support  

Another interesting matter of study in fuel manifold or accessory assemblies is the effect 

of the increasing number of nonlinear elements that support the pipes on the system. So 

far, to the author best knowledge, this effect has not been studied as such. This is, whether 

the increase on nonlinear elements leads to a more nonlinear system (destabilisation 

trend), a less nonlinear system (stabilisation trend), or there is a linear correlation. The 

study of this trend is of key importance in the design of any mechanical system supported 

by nonlinear components, as it will allow to estimate the optimum number of supporting 

elements to use based on the frequency and amplitude requirements, improving engine 

safety and weight costs. Consequently, an experiment was designed consisting of a 

straight pipe of the same dimensions as in F subassembly, supported by 5 clips equally 

spaced along the pipe, whose results will be compared against F subassembly. An 

additional motivation of this experiment is to get a better understanding of the clip 

nonlinear behaviour presented in the previous section. 

 

Figure 3-26: Straight pipe with 5 clip support experimental set up with HT impact 

locations in green 
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For this experiment, a 30x30x500 mm aluminium beam with 5 equally spaced M6 holes 

to hold the clips was bolted to the rig plate as shown in Figure 3-26. Firstly, a roving HT 

was performed in order to extract the mode shapes. Two accelerometers were placed at 

100 mm from the tip vertically and horizontally, hitting the pipe at 40, 120, 200, 300, 380 

and 460 mm along the pipe length.  

As Figure 3-27 shows, M1 (a) is an in phase mode in which the extremes of the pipe 

register the maximum deflection and thus, the outermost clips are greatly activated, 

whereas the central area registers the minimum deflection and small motion of the central 

clips. M2 (b) is the out of phase mode version of the M1, with the extremes registering 

the highest deflections with different sign and the centre the minimum. Finally, M3 (c) 

can be classified as a classic 1st bending mode. It can be observed that all the mode shapes 

present a strong orbital motion, consistent with the results already presented for F 

subassembly. 
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Figure 3-27: 3D experimental mode shapes for modes 1 a), 2 b) and 3 c), with clip 

location represented by black dots 
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In order to quantify the nonlinear effects, the assembly was excited in HADES at different 

amplitude levels, from 0.5 to 150 m/s2.  

 

Figure 3-28: Transfer functions of the straight pipe supported by 5 clips at different 

excitation levels 

The FRF of the 3 modes shown in Figure 3-27 is displayed in Figure 3-28. As it can be 

observed, M1 presents an acute damping and softening effect at high excitation levels. 

Similar softening is present in M2, although no significant amplitude decrease is 

registered. Finally, M3 shows alike softening and slight amplitude decrease, in between 

M1 and M2. Interestingly, the presence of softening without amplitude reduction 

observed in the out of phase mode of the elbow pipe assembly (Figure 3-24) presented in 

Section 3.4.5, seems to be replicated in the pipe supported by 5 clips, as M2 is an out of 

phase mode (See Figure 3-27), reinforcing the theory of 2 or more different mechanisms 

driving the clip dynamic behaviour.  

As in the elbow pipe assembly, the symmetry of the system was surely broken, only this 

time due to the introduction of more clip elements, which are a source of variability, as it 

will be explained in Section 4, and the rig manufacturing imperfections that will be fully 

described in Section 6, therefore eliminating any potential issues that may arise with the 

appearance of a travelling wave. 

In terms of the effect caused by the increase in number of nonlinear elements, 

subassembly F (pipe supported by 2 clips) and the assembly formed of a pipe supported 

by 5 clips are compared. Looking at the transfer function results from the 1st mode shown 

in Figure 3-28 against the ones representing the 1st mode of F subassembly in Figure 3-16, 
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at excitation levels ranging 0.5 (considered lineal) to 50 m/s2, an amplitude reduction of 

30% can be observed in F assembly, whereas in the pipe supported by 5 clips the reduction 

is 45%. Regarding frequency shift, in F subassembly the system softens 8 Hz, whereas in 

the pipe supported by 5 clips the system softens 15 Hz. Obviously, the system and the 

modes compared are different. However, it can be stated that the latter system is slightly 

more nonlinear.  

3.4.7 Clip dynamic behaviour investigation 

After observing an unusual clip dynamic behaviour in the elbow pipe and in the pipe 

supported by 5 clips, and given the difficulties arisen regarding the modelling of such 

nonlinear dynamic behaviours, it was decided to further investigate the phenomenon on 

the latter assembly. In both cases a softening effect is present without apparent amplitude 

reduction that would be expected due to friction in the out of phase mode. Based on the 

experimental evidence gathered in the two previous sections, two different mechanisms 

are suspected to cause such nonlinear behaviour, the first one being the inertial effect of 

the clip head rotation caused by the base excitation captured by the high speed camera, 

and the second one the friction occurring on the clip-pipe interface as displayed in the 1st 

mode of Figure 3-28.   

 

Figure 3-29: Pipe supported by 5 clips accelerometer position in green 

3.4.7.1 Orbital 3D motion 

Firstly, in order to confirm the existence of a 3D orbital loop on the pipe supported by 5 

clips, a HADES base excitation test was carried out with the aim of engaging the 2 motion 

mechanisms that are suspected to be responsible for the nonlinear behaviour of the out of 

phase mode M2 (See Figure 3-27 b)). The system response was measured on the pipe in 
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all 3 directions (X, Y and Z) using 3 accelerometers at 100 mm from the tip, as illustrated 

in Figure 3-29. The experiment was conducted at a low excitation level of 1 m/s2 

(considered linear conditions-Figure 3-30) and at a high excitation level of 100 m/s2 

(considered highly nonlinear conditions), in order to allow a comparison between linear 

and nonlinear behaviour. 

 

Figure 3-30: System dynamic response in X, Y and Z directions at 1 m/s2 

 

Figure 3-31: System dynamic response in X, Y and Z directions at 100 m/s2 

As expected, the coupling in the out of phase mode M2 is significant at low excitation 

levels and the ratio between the response in X (excitation direction) and Y or Z is around 

1.5, highlighting the importance of the 3 components of motion, suggesting a strong 3D 

orbital motion of the pipe. In comparison, the highest ratio in M1 is 3.7 and 6.9 in M3, 

indicating that the highest levels of coupling occur in the out of phase mode M2. In 

addition, a de-coupling can be observed at high excitation levels (Figure 3-31), where the 

M1 

M2 

M3 

M1 

M2 

M3 
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ratio in M2 is 2.3, 7.5 for M1 and 9.6 for M3, confirming the nonlinear nature of the 

coupling. These results can be found summarised in Table 2. 

Table 2: X/Y response ratio on the pipe 

Ratio x/y pipe M1 M2 M3 

Linear 3.69 1.506 6.8701 

@100 m/s2 7.51 2.3448 9.6457 

3.4.7.2 Clip pipe transmissibility 

Once the existence of a strong 3D orbital motion on the pipe and the nonlinear nature of 

the clip coupling have been demonstrated, the next logical step will be to investigate the 

nature of the motion on the clip itself, searching for possible differences when compared 

against the pipe. Thereby, an experiment was performed using base excitation once again, 

at 3 different excitation levels: 1, 50 and 100 m/s2. This time, 3 accelerometers were 

placed in each direction at one of the outermost clips, at 83 mm from the tip as displayed 

in Figure 3-32. The test was repeated placing the accelerometers on the central clip (250 

mm from tip) in order to notice possible differences within clips (See Figure 3-29).  

 

Figure 3-32: Schematic representation of the accelerometer position on the clip (red) 

and on the pipe (green) for directions X, Y and Z 

In a first instance, using the results displayed in Figure 3-30 and Figure 3-31 for the pipe 

in combination with the experiments carried out on the clip, the transmissibility 

(relationship between the peak response on the clip and the peak response on the pipe) 

was calculated. Although it has to be noted that the measurements for the pipe and the 

clip were taken at slightly different locations (at 83 mm from the tip in the case of the 

clip, and at 100 mm in the case of the pipe as shown in Figure 3-32), the results are 

believed to be indicative of the predominance of the pipe motion over the clip in most 

cases, with the exception of M2, where the clip motion is predominant over the pipe. 
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Table 3: Clip-pipe transmissibility 

Transmissibility Components M1 M2 M3 

Linear X 1.205 6.6315 0.2189 

 Z 0.765 3.715 0.1861 

 Y 0.5206 0.5792 0.1529 

@ 100 m/s2 X 1.0788 4.3162 0.2410 

 Z 0.6311 2.481 0.2103 

 Y 0.5953 0.4388 0.4606 

Looking at Table 3 (FRFs in which the data is based on can be found in Figure 3-30 and 

Figure 3-31 of this chapter for the pipe measurements, and A 11-1 and A 11-2 of the 

Appendix section for the clip measurements), various observations can be made. The first 

observation is that the response is different on the clips and on the pipe. For M1, the pipe 

and clip seem to be moving more or less together in the dominant X direction (See Table 

2), while in M3 the pipe seems to be doing all the work (in X direction). Furthermore, the 

transmissibility seems to change across different vibration modes, excitation levels and 

directions. Besides, in all in phase modes the pipe motion surpasses the clip, whereas in 

the out of phase motion M2 the clip deflection is larger than the pipe. Hence, it can be 

stated that the clip motion is dominant in the out of phase mode. 

3.4.7.3 Clip and pipe ODS comparison under base excitation and roving HT 

In light of the findings above exposed, with the pipe and the clip showing different 

response amplitudes at the same excitation levels, an additional phase check was done 

and the data collected at the 2 different clip locations (outermost and central clips) was 

used to compare the clip ODS against the pipe. Given the lack of measurement points on 

the pipe when using base excitation, the ODS could not be extracted this way. However, 

the ODS of the pipe was extracted before in Section 3.4.6 by means of a roving hammer 

test. Considering that the measured point for the base excitation test sat at 100 mm, and 

that 2 measurements were taken for the HT at 40 and 120 mm, using linear interpolation, 

a relationship between HT and base excitation response was worked out, allowing to plot 

the clips amplitude and phase against a HT based pipe ODS in m/s2/N, displayed in Figure 

3-33. Obviously the results of this unorthodox base excitation to HT conversion via linear 
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interpolation are to be considered an illustrative only approach used to compare the clip 

and pipe 3D motion. 

 

Figure 3-33: Pipe and clips equivalent ODS for a) M1 b) M2 and c) M3 
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In Figure 3-33 it can be seen how the clips move out of phase with respect to the pipe in 

modes M1 (a) and M2 (b), whereas they move very little and out of phase in M3 (c). In 

addition, it shows that clips ODS are lightly coupled from the pipe (similar deflections 

registered on both clips in M1 and M2), further confirming the existence of 2 motion 

mechanisms in the assembly when base excitation is present. In this respect, in order to 

prove the relationship between base excitation and the appearance of the clip head inertial 

driven effect, an additional roving HT was performed, removing the base excitation. For 

this experiment a tri-axial accelerometer was used at 2 different locations: one on the 

outermost clip (Figure 3-34a) and one at the tip of the pipe (Figure 3-34b). The impact 

locations are displayed in Figure 3-35 A-H on the pipe and 1-5 on the clips. The impacts 

were performed both vertically and horizontally. 

 

Figure 3-34: Measurement locations a) on the outermost clip and b) on the tip of the 

pipe 

 

Figure 3-35: Roving HT impact locations 
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Figure 3-36: Combined HT ODS horizontal impact for M1 a) M2 b) and M3 c) on pipe 

(A-H) and clip (1-5) locations  

Based on the results of this experiment (Figure 3-36), a certain mass loading effect can 

be appreciated on the left tip in M2 (less amplitude than in the right tip). Also, the 

magnitude of the maximum displacements is similar across all modes. Another interesting 

feature is the lack of axial contribution compared to the levels displayed in the base 

excitation experiments, especially in M2 (Figure 3-30), which suggests that the axial 

coupled motion observed previously is induced by the base excitation. Additionally, the 

magnitude of the response is similar for clips and pipe and in phase as Figure 3-36 shows, 

which combines clip and pipe response results along the pipe length, suggesting that the 

change on the clip ODS with respect to the pipe shown in Figure 3-33 is activated with 

base excitation, generating a great amount of coupling and nonlinear behaviour and 

leading to a clip driven 3D out of plane motion. 

3.4.7.4 Clip and pipe nonlinear evolution 

Another important matter of study is the nonlinear response of the clip in comparison 

with the pipe. In order to help in the visualisation of the nonlinear trends, the amplitude 

and frequency behaviour of the pipe and the clip at excitation levels ranging from 1 to 

100 m/s2 for the first 3 vibration modes are plotted in Figure 3-37. The FRFs used in the 

elaboration of this plot can be found in Figure 3-30 and Figure 3-31 of this chapter for 

the pipe measurements, and A 11-1 and A 11-2 of the Appendix section for the clip 

measurements. Some other data generated at other amplitude levels was also included in 

order to better understand the erratic nonlinear trends. For example, M2 pipe softening-

hardening effect can be observed in A 11-3: Example of pipe measured data used in 

Figure 3-37. 
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Figure 3-37: Clip and pipe nonlinear amplitude and frequency evolution in the X 

direction 

Based on Figure 3-37, M1 shows a softening and amplitude reduction trend in both pipe 

and clip, which move out of phase in X direction. Although the clip shows softening and 

amplitude decrease in M2, interestingly, the pipe presents a first phase in which hardening 

and amplitude reduction are present, and a second one in which there is softening in 

combination with amplitude increase. A significant amplitude difference can be noticed 

too between the clip and the pipe. Finally, in M3 the pipe follows a softening and damping 

trend, however, the clip presents softening with a stable damping. It is important to remark 

that other directions were not plotted for the sake of simplification as they showed similar 

trends. Based on this results, it can be said that the nonlinearity that drives the system is 

a very complex one. The nonlinear trends for the clip and the pipe seem to be almost 

independent from one each other in some modes. This is a further evidence of the 

existence of 2 or more mechanisms driving the nonlinear behaviour of the clip, whose 

relationship is not trivial. At this point it was decided to stop investigating further the clip 

behaviour, since in order to capture it, something more than a reduced order model would 

be required, thus being way beyond the objective of this thesis.  

3.4.7.5 Summary 

In conclusion, this section proves that one or more additional clip motion mechanisms are 

introduced when the system is subject to base excitation. Given that the only difference 

found between base and HT excitation was the inertial motion induced on the clip head, 

which introduces nonlinear coupling terms as proven analytically in Section 6.2.2.3, the 

M1 

M2 

M3 
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distinctive dynamic behaviour present under base excitation could be explained by it, 

affecting the dynamics of the studied system by decoupling clip and pipe motion. This 

mechanism seems to be more prevalent in the out of phase modes, perhaps due to the 

lesser overall clip activation since the pipe driven motion is less important in some of 

these modes. Nonetheless, due to the complexity of the clip-pipe interaction, other 

mechanisms cannot be ruled out to be the source of this behaviour. In any case, the 

modelling of these complex interactions was found to be way beyond the objective of this 

thesis and could not be carried out. 

3.5 Summary 

The experimental study of different fuel manifold components and their assembly has 

exposed several interesting features. 

Firstly, the individual components and more basic assemblies were studied, highlighting 

the linear nature of the pipe and the bracket components, and the nonlinear condition of 

the clips and connectors. The original solid pipe clamp used was proven a source of 

frictional nonlinearities and was replaced by a more realistic, but nonetheless nonlinear 

clip support. Another feature that can be observed across all experiments, is the existence 

of a strong vertical coupling introduced by the clip. Finally, the connector components 

used in the experiments were proven unrealistic compared against real engine hardware, 

which was found to be linear.  

An unexpected behaviour in form of a travelling wave mode for the straight pipe was 

detected, which could be attributed to the system continuous nature. In order to investigate 

the sensitivity of the appearance of a traveling wave to the geometry of the system, the 

straight pipe was substituted by an elbow pipe, eliminating the travelling wave and thus 

confirming such sensitivity. Alternatively, with the use of more clip elements that 

introduced variability in the system (pipe supported by 5 clips), the travelling wave was 

also supressed. That clip increase was found to be slightly more nonlinear in comparison 

with the pipe supported by only 2 clips (F subassembly) due to the introduction of 

additional nonlinearities in the form of clips.  

Finally, the observation of softening with no damping increase in the elbow pipe assembly 

and in the pipe supported by 5 clips, led to an investigation of the mechanisms that cause 

such unexpected behaviour. This investigation confirmed the existence of one or more 

additional clip motion mechanisms when base excitation is present, potentially driven by 

the clip head nonlinear effect, decoupling clip and pipe motion and generating a rather 
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complicated nonlinear behaviour on both pipe and clip. The prevalence of this effect on 

the out of phase modes could be explained as a consequence of the lesser overall clip 

activation, enabling the clip inertial effect dominance over the pipe motion. Being the aim 

of this thesis to find a workable modelling approach, the extreme complexity of the clip 

nonlinear behaviour makes such goal unattainable and therefore no further development 

was made in this direction.  
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4 EXPERIMENTAL 

REPEATABILITY STUDY 

4.1 Aim 

Nowadays, many accessory systems such as the fuel manifold, are still manually 

assembled and fitted onto the engine casing. This process generally introduces a certain 

amount of variability into the system and it is on the engineer best interest to be able to 

quantify it. During the experimental part of this thesis exposed in Chapter 3, a high 

variability was noticed in the experiments, introduced mainly by the supporting clips that 

are manually fit. Given the impact of the repeatability on the dynamic response of the 

system, it was decided to dedicate a whole chapter to the matter, addressing the factors 

that could have a potential impact on the variability of the system. The objective of this 

study is to inform of the uncertainty generated by the different assembly and measurement 

practices and to provide some advice in order to minimise it. 

4.2 Assembly-disassembly 

The first and most evident case when the variance in dynamic response was noticed 

during the experiments performed in Chapter 3, was when the assembly was dismounted 

and mounted back again. Hence, it was decided to use F subassembly (straight pipe with 

2 clip support) and the straight pipe with 5 clip support to study the reassembly 

repeatability of the system.  

Initially, two different clip orientations were considered for the F subassembly, with the 

clips aligned Horizontally (H) or Vertically (V) as it is shown in Figure 4-1. The change 

of clip orientation allowed to test both directions of the clip without having to change the 

excitation system itself, which remained the same for all tests (horizontal excitation). 

Besides, the experiment was repeated at 4 different levels of excitation: 0.25, 5, 75 and 

150 m/s2. The disassembly was total, removing all components from the assembly. In 

every reassembly the clips were manually aligned as good as possible and the torque 

imposed was 12 Nm.     
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Figure 4-1: Schematic representation of the H and V oriented clip set up 

By looking at the repeatability of the system at a baseline excitation (considered linear) 

of 0.25 m/s2 in Figure 4-2, a variability difference can be spotted straightaway within 

modes. The first two orthogonal modes 1 and 2, at around 150 Hz, are clearly the most 

repeatable. The repeatability of mode 3 gets significantly worse, probably due to its 

proximity to the travelling wave influence area (See Section 3.4.5), being modes 4 and 5 

the less repeatable for this very same reason. In fact, the appearance-disappearance of the 

travelling wave effect can be observed, as in run 2 an additional peak can be noticed. The 

highest amplitude variability is 128% registered in mode 3, whereas the maximum 

frequency variability is in mode 4 with 7.6%. 
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Figure 4-2: F assembly repeatability FRF at different excitation levels (H clip config.) 
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As Figure 4-2 illustrates, although the amplitude variability in % decreases at higher 

excitation levels from 128% (at 0.25 m/s2) to 85% (at 150 m/s2), the frequency variability 

increases further with higher excitation levels, from 7.6% (at 0.25 m/s2) to 14.6% (at 150 

m/s2), as more separation can be observed between lines. This phenomenon is probably 

due to the bad repeatability of the clip joints reassembly, which affects the nonlinear effect 

introduced into the system, increasing its variability even more at high excitation levels. 

Regarding clip orientation, the maximum frequency variability at linear baseline 

conditions reaches 7.6% for the H clip configuration, remaining 5% for the V 

configuration, and from an amplitude variation of 128% for the H to a 73% in the V, 

which indicates that the latter configuration leads to a more repeatable assembly. A 

comparison between the 2 configurations excited at the same amplitude level (5 m/s2) is 

presented in Figure 4-3. The better repeatability of V configuration can be appreciated, 

whose lines are closer to one each other. This is believed to be caused by the way in which 

the clip opens and closes around the pipe in combination with the excitation direction. In 

the horizontal clip configuration, the excitation direction is coincident with the clip 

opening and closing direction, whilst in the vertical configuration the clip opening and 

closing direction is perpendicular to the excitation, thus reducing the variability of the 

system (See Figure 4-4). In terms of amplitude repeatability, in both configurations is 

significantly poor (orders of magnitude), which indicates the tremendous influence that 

the assembly-disassembly process has on the system damping.  
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Figure 4-3: FRF comparison between a) H clip and b) V clip configuration at 5 m/s2 

 

Figure 4-4: Clip opening and closing alignment against excitation direction for a) V 

configuration and b) H configuration 
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During the experiments performed on the F assembly, at high amplitudes above 100 m/s2, 

a further feature could be observed. In the H clip configuration the pipe started to rotate 

inside the rubber support, leading to a change in the measure direction by the 

accelerometers, confirming the lack of grip due to the clip orientation, and therefore its 

worse repeatability compared against the V configuration. This internal rotation of the 

pipe was not observed in the V configuration, even when excited at 150 m/s2. Due to its 

better repeatability and grip properties, the V configuration was chosen over the H 

configuration for further assembly-disassembly testing. 

One of the reasons that led to the pipe with 5 clip support experimental set up (Section 

3.4.6) was to investigate the influence that the addition of more nonlinear elements (clips) 

has on the repeatability of the system. In order to do so, using the pipe with 5 clip support 

assembly, 5 measurements were taken assembling and re-assembling the system, using 

the same procedure as in F subassembly. The position of the clips was exchanged at each 

measurement, as shown in Figure 4-5. 

 

Figure 4-5: Clip exchange at each measurement 

In this experiment, a low amplitude level considered linear (1 m/s2) was used, and the 

measurements were taken via 2 accelerometers horizontally and vertically aligned at 100 

mm from the pipe tip. Unfortunately, given HADES excitation control problems and a 

very noisy signal, lower levels of excitation could not be achieved to make it truly 

comparable against F subassembly, where 0.25 m/s2 was used as a linear baseline. 

However, due to the higher excitation level in the pipe supported by 5 clips assembly, the 

variability would be overestimated if so. 
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Figure 4-6: Repeatability FRF straight pipe with 5 clip support 

As Figure 4-6 shows, by using the straight pipe with 5 clip support, the repeatability 

improves significantly compared against the F subassembly with 2 clip support. In 

contrast with F subassembly, there are no significant differences in frequency or 

amplitude repeatability within modes. In terms of resonance frequency variation, the 

variability improves from 5% in the vertical direction to 3% in the pipe supported by 5 

clips. It is also noticeable the improvement in terms of amplitude repeatability, from 73% 

in the vertical configuration to 60%. Although the influence of the travelling wave effect 

in F subassembly cannot be neglected, the repeatability of a more constrained system 

supported by more nonlinear elements seems to improve significantly.  

4.3 Accelerometer location 

A further observation made during the experimental tests performed was the effect of 

accelerometers on the pipe response. Differences in the response between several tests 

could partly be attributed to the location and number of accelerometers on the pipe, and 

a separate study was therefore conducted to investigate the effect of the accelerometers 

on the dynamic response. In order to do so, a horizontal HT was performed, hitting the 

pipe at 160 mm from the tip. The position of the accelerometer on the F subassembly was 

varied between points located at 10, 80, 160 and 240 mm from the tip, and the response 

recorded as shown in Figure 4-7. 
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Figure 4-7: F subassembly FRF with accelerometer placed in different locations 

The results show once more the travelling wave phenomenon on the pipe as peaks appear 

and disappear. In addition to this variation, strong frequency shifts and damping changes 

are apparent in the response when the accelerometer changes its position, highlighting its 

mass loading effect. In order to confirm the mass loading effect, the accelerometer was 

replaced by an SLDV, a contactless technique. As a results, the FRFs shown in Figure 

4-8 display a much better repeatability, only presenting frequency differences in mode 4, 

which is clearly affected by the travelling wave effect. However, due to the coupling 

extensively observed in previous experiments the pipe vibrates out of the horizontal plane 

and its use in HADES would require the use of 2 SLDVs, one in the horizontal and one 

in the vertical direction. The latter was not possible given the lack of availability of the 

SLDVs. 

 

Figure 4-8: F subassembly FRF with SLDV measurements at different locations 
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In order to understand how much this behaviour is driven by an increase in the traveling 

wave effect due to the mass of the accelerometer, instead of a change in the mode itself, 

a mode that is not influenced by the travelling wave (1st mode) was analysed and 

compared using both contact and contactless measurement methods. 

 

Figure 4-9: FRF of F subassembly 1st mode, measured in the horizontal direction with 

a) accelerometer and b) SLDV at different locations 

Looking at results in Figure 4-9, it can be concluded that despite showing poorer 

repeatability against SLDVs, in modes not affected by travelling waves, the mass loading 

effect introduced by the accelerometer positioning is not as strong as in modes influenced 

by travelling waves. However, based on the maximum amplitudes shown in a) and b) and 

the peak shape, some damping effect can be attributed to the accelerometer mass. Besides, 

it can be observed in that depending on the accelerometer position (Figure 4-9 a), close 

orthogonal modes may appear due to the asymmetry created by the accelerometer mass.  

4.4 Clip torque and clip orientation 

Other factors that are bound to alter the repeatability of the assembly are the boundary 

conditions at the joints [21], which are known to be a source of variability in dynamic 

systems. In the case of the pipe with 2 clip support studied (subassembly F), the way in 

which the clip is positioned, aligned and torqued is of key importance since it defines the 

conditions at the joint.  

During the tightening process of the clip it can be observed that when the bolt torque 

reaches approximately 12 Nm, the clip tends to rotate, leading to a change in its alignment 

as shown in Figure 4-10. 
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Figure 4-10: Clip alignment and overtorque event 

In order to investigate the impact of the clip torque on the dynamic response, an SLDV 

measured HT was carried out at different torque levels. A special effort was thereby made 

to keep the clip as straight as possible. As the results in Figure 4-11 indicate, there is a 

strong influence on the response. It is quite clear that higher torque levels on the clip lead 

to stiffer systems. The clip torqued up to 14 Nm is stiffer than the 12 Nm one, which is 

stiffer than the 3 Nm clip. It should be mentioned that at 14 Nm the clip could not be held 

straight anymore, so that part of the stiffening effect may be due to the misalignment of 

the clip, whereas the difference between 3 and 12 Nm can be attributed to the change in 

clamping force in the clip. 

 

Figure 4-11: Assembly response at different clip torque levels 

To assess the clip alignment influence further, an additional test was performed. The clips 

were torqued up to a level of 3 Nm where the alignment could be well controlled, and 

after testing the assembly in the well aligned orientation, the clips were twisted, changing 

their pressure distribution around the pipe in order to introduce misalignment at the same 

torque level. As the results in Figure 4-12 show the clip alignment is indeed a very 

important factor to consider in the assembly/disassembly process, moreover, considering 



Chapter 4: Experimental repeatability study 

Alberto Sanchez - May 2019   63 

it is a manual fitting process. Hence, it can be concluded that a well aligned clip will lead 

to the best controlled behaviour. 

 

Figure 4-12: Assembly response with different clip orientation 

In summary, the effect of torque on the joints can modify the response by stiffening or 

softening the system, and the alignment of the clips can modify the pressure distribution 

around the pipe, which in turn can change the frequency response of the pipe. 

4.5 Clip-pipe settling  

Sometimes, after the assembly of certain mechanical systems, there is a time in which the 

different constitutive parts adjust until they reach a final state. This phenomenon is known 

as settling in and it can modify the dynamic properties of a system until it is finally stable.  

During the repeatability tests performed on the straight pipe with 5 clip support (Section 

4.2), an experimental observation was made. Two HT measurements were carried out at 

different times with a week separation in between, in which the experimental set up 

remained untouched. The difference between the two measurements was significant, 

therefore, an additional measurement was taken a week after to observe its evolution.  
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Figure 4-13: System response at different times 

It can be appreciated in Figure 4-13 how the difference between the first measurement 

and the second is massive, whereas between the second and the third the system is starting 

to stabilise. A temperature differential could be thought as the reason for this 

phenomenon, being the rubber of the clip a viscoelastic material sensitive to temperature 

changes. However, the temperature differential in the laboratory where the measurements 

were performed at different times was never more than 2 C, ruling it out. 

Once the system was considered to have statically settled (week 2), it was decided to 

quantify the settling after operation at high amplitudes in HADES. With that purpose a 

HT was performed before and after a sweep at 100 m/s2.  

 

Figure 4-14: System response before and after HADES test 

Although a slight difference can be found in Figure 4-14, it can be concluded that the 

major part of the settling can be attributed to the static settling rather than the operational 
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settling, even at high amplitudes. This leads to the conclusion that in order to reduce the 

variability of the system, a period of 2 weeks should be kept between every reassembly, 

so the assembly fully settles. Unfortunately, due to the given timeframe and time 

constrains of this thesis, this guideline could not be followed. 

4.6 Summary 

In this chapter, the main factors that affect the system repeatability were investigated and 

quantified. Starting with the influence of the assembly-disassembly manual process, it 

was proven to introduce a significant amount of variability (frequency shifts of up to 5% 

and amplitudes of up to 128%), which gets larger at higher amplitude levels, and lessens 

when the system is more constrained (more supporting clips used). 

Another factor analysed was the use of different measuring techniques, concluding that 

contactless techniques such as SLDV introduce less variability, due to the inexistence of 

mass loading effects. However, due to the lack of SLDVs availability, they could not be 

used for high amplitude testing.  

Besides, the effect of the torque used in the tightening process and the clip alignment 

were addressed. This study highlights the stiffening effect of the torque and clip alignment 

on the dynamic response of the system and the importance of a consistent torque and 

correct clip alignment in order to reduce the system variability. 

Finally, the influence of the system settling after the reassembly process is dealt with, 

concluding that the variability is considerable. Nonetheless, it gets significantly reduced 

within a resting period of two weeks, when the system stabilises.   

Based on the experiment results exposed in this Section, a few recommendations can be 

made in order to improve the repeatability caused by the manual assembly of the fuel 

manifold. First of all, clips must be aligned as good and straight as possible. Using 

reference points marked on the pipes could be useful to this end. In order to avoid the 

twisting of the clips, a moderate and uniform torque should be applied using a torque 

wrench. Finally, it is recommended to let the system settle for 3 weeks after the assembly 

with the aim of improving the repeatability of measurements, which will be performed 

preferably with contactless methods such as SLDVs, to avoid any mass loading effects.    
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5 SIX DOF IMPLICIT 

MODELLING APPROACH 

5.1 Overview 

In the present literature, the linear dynamic modelling of mechanical systems is well 

established. However, certain components of these mechanical systems such as joints 

have been proven to introduce nonlinear behaviour, which cannot be neglected when an 

accurate dynamic prediction is required.    

A typical fuel manifold assembly is formed of linear elements such as pipes, brackets and 

connectors (See Chapter 3). Still, the delivery pipes are held and supported by clips, which 

were found to be the main source of nonlinearity in the experimental work presented in 

Chapter 3. In general terms, two main modelling approaches coexist in dynamic systems. 

The first one is an implicit modelling technique in which the nonlinear dynamic behaviour 

is captured onto a simplified element. The alternative is an explicit modelling technique 

where the real physical behaviour is replicated by a large number of specific elements. 

Obviously for a fuel manifold, the latter approach is simply not viable within today’s 

computational limitations, due to the complexity and the non-symmetric contact 

conditions occurring on the clip, which has several viscoelastic rubber and metal 

interfaces, and the pure number of nonlinear contact elements in a complex assembly of 

a fuel injection system. As a result, it was decided to use an implicit reduced order 

modelling approach to enable a reliable nonlinear dynamic prediction of the fuel manifold 

system at early design stages.  

As mentioned before, based on Section 3 experimental findings, all the basic components 

of the fuel manifold can be considered linear with the exception of the clips. The 

modelling of linear structures is well documented within nowadays literature, whereas 

the modelling of nonlinear structures still represents a challenge. In light of this and taking 

advantage of the experimental results generated in Section 3, used for validation and 

modelling purposes, a straight pipe with 2 clip support was modelled (F subassembly), 

followed by the elbow pipe subassembly (Figure 3-21). Finally, it should be noticed that 

in this chapter the experimental results obtained in Chapter 3 will be repeatedly referenced 
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for being used as inputs of the implicit modelling approach and to validate the results of 

the modelling approach. 

5.2 Implicit nonlinear dynamic model 

The general modelling approach presented will consist in 3 stages. The first one is the 

creation and validation of models of each individual component. The second, the use of 

numerical reduction when required, and lastly, the connection of all individual 

components. Based on the experimental findings of the straight pipe with 2 clip support 

(F subassembly) from Section 3.4.4 and elbow pipe from Section 3.4.5, the linear pipe 

and the nonlinear clip behaviour must be included in the model to correctly predict the 

nonlinear dynamic response. 

5.2.1 Pipe modelling 

Typically, in a fuel manifold the length of the pipe is considerably larger than its diameter. 

Similarly, the diameter-to-thickness ratio is large enough and thereby the shear 

deformation and rotational effects can be neglected. In addition, the frequencies of 

interest are generally below 1000 Hz, far away from high frequencies where the 

wavelength is equal to the pipe thickness, where rotational effects and shear deformation 

could play a role on the dynamics of the system. Based on this considerations, Euler 

Bernoulli beam elements were used to model the pipe for being simpler and 

computationally lighter than Timoshenko beam elements or a full 3D model. Thus, the 

experimental pipe described in 3.1 (length of 500 mm, diameter of 8 mm and thickness 

of 0.8 mm) was modelled in Abaqus using Euler Bernoulli beam elements. 50 elements 

were used in order to have a smooth and geometrically convenient element distribution 

to connect the clip elements later on. After comparing the resulting eigenvalues in free-

free condition against a fine meshed 3D quadratic brick model, an error of less than 1% 

was found for all modes below 1000 Hz, which was deemed accurate enough, given all 

the uncertainty detected in the experimental evaluation.   

 

Figure 5-1: Euler Bernoulli pipe representation 
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5.2.2 Clip modelling 

Although the model of the pipe may seem a fairly easy exercise, the implicit model of the 

clip, however, entails a superior challenge. The clip element must introduce the observed 

nonlinear dynamic behaviour of the system (softening and damping induced by friction) 

into the model, avoiding the inclusion of a computationally expensive fully explicit 

model.  

Given the nature of the nonlinearity, the use of friction elements could be thought as the 

most logical choice beforehand. However, the use of friction elements has certain 

inconvenient. A friction element introduces many unknown parameters to control both 

damping and softening effects, amongst them: friction coefficient, normal forces, 

tangential and normal springs. Furthermore, adjusting the stick to slip transition for all 

DOF based on the experimental data produced is extremely challenging (i.e. the larger 

the stick to slip transition is, the more friction elements in parallel should be used). 

Additionally, in order to model a large softening effect like the one observed in F 

subassembly or in the elbow pipe assembly would lead to the use of a large number of 

friction elements, overcomplicating the modelling and the computation. Indeed, a few 

preliminary modelling trials were performed using friction elements, where the required 

softening could not be reached without computational and continuation problems, reason 

for which they were discarded for the clip model. On the other hand, by using nonlinear 

springs and dampers, softening and damping effect can be calculated almost 

independently, as the spring controls the softening and the damper the damping. Besides, 

only one unknown coefficient is introduced per spring/damper and DOF, leading to a 

much easier and controllable model updating and optimisation against the experimental 

results from Section 3.4.4 and 3.4.5. Hence, the latter option was chosen to model the clip 

element. In this model all 6 Degrees Of Freedom (DOF) were represented (See Figure 

5-2: 3 directions and 3 rotating planes), with all springs and dampers having a linear and 

a nonlinear part, which was formed of a cubic spring 

𝐹_𝑛𝑙𝑠𝑖 = 𝑘𝑛𝑙𝑖𝑥𝑖
3      Equation 1 

and a cubic damper element. 

𝐹_𝑛𝑙𝑑𝑖 = 𝑐𝑛𝑙𝑖𝑥�̇�
3      Equation 2 

Where 𝑘𝑛𝑙 is the nonlinear stiffness coefficient, 𝑐𝑛𝑙 the nonlinear damping coefficient, i 

the DOF represented (u, v, w, ψ, ϕ or θ), 𝑥 the displacement and �̇� the velocity. These 
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nonlinear elements were used to represent the damping increase and softening observed 

at high amplitude levels in Section 3.4.4. 

 

Figure 5-2: Clip element with 6 DOF/node formed of 6 different nonlinear springs and 

dampers 

Cubic terms were used due to their simplicity and yet proven effectiveness in the 

modelling of nonlinearities, which had been widely reported in the literature, being 

probably the most popular nonlinearity in structural dynamics.  

Finally, in order to replicate to strong horizontal-to-vertical coupling effect observed in 

the F subassembly (See Figure 3-17) and in the elbow pipe assembly (See Figure 3-22), 

a linear coupling effect kwv was introduced. 

5.3 Nonlinear dynamic analysis 

In order to compute the nonlinear dynamic response of proposed model the Imperial 

College’s in house Multi Harmonic Balance solver FORSE was used [8], [88]. Regarding 

the modelling methodology, the pipe was modelled out of Euler Bernoulli beam elements 

in Abaqus. Then, the stiffness and mass matrices were extracted and used as a linear input 
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into FORSE, by means of a Matlab code that read out the Abaqus output matrices files, 

generating a .mas file that was used as an input model in FORSE. The implicit nonlinear 

clip element was directly implemented in FORSE by using its built in linear and nonlinear 

spring and damper elements, and added to the correspondent pipe nodes at 40 mm from 

both tips, where the physical clips lay, so one of the extremes was connected to the pipe 

node and the other one was grounded via the nonlinear spring and dampers (one of them 

per DOF), as shown in Figure 5-3 and Figure 5-4.  

The system was excited at the pipe node that is geometrically at the centre in F 

subassembly and at a quarter of a pipe in the elbow pipe assembly as displayed in Figure 

5-4. Ideally, in order to be true to reality a controlled base excitation system should be 

implemented in the model. This was attempted in many different ways: Multi Point 

Constraints (MPC), kinematic coupling of controlled nodes, amplitude control of 

nonlinear elements in FORSE, etc. Unfortunately, given the limitations of certain FORSE 

features for systems with 6 DOF/node, the implementation of a base controlled excitation 

was unsuccessful and a constant force excitation was imposed at the before mentioned 

points. This force was calculated based on the overall mass of the system (123 kg) and 

the desired input excitation. 

The frequency range analysed was from 0 to 550 Hz, in order to match with the range of 

the experimental measurements (See Figure 3-17 and Figure 3-22). The number of 

harmonics required to obtain an accurate solution in the analysis was determined by 

carrying out a quick convergence study, whose result was found to be 3 harmonics.  

 

Figure 5-3: Implicit F subassembly representation 
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Figure 5-4: Elbow pipe representation 

Once the main components of the fuel manifold were connected, the model was prepared 

to be updated with the aim of providing and accurate linear baseline model, enabling the 

identification of the nonlinear parameters required as inputs of the clip model. 

5.4 Model updating 

The model update of the fuel manifold assembly consisted in 3 phases. The first one was 

the experimental extraction of certain parameters used as model inputs. The second one, 

a sensitivity study in order to identify which parameters had more impact and influence 

of the 6 nonlinear springs and dampers (6 DOF/node model) that initially formed the clip 

element. In this way, spring and dampers with negligible influence on the overall dynamic 

behaviour can be eliminated from the assembly model, reducing the element size and 

optimising the number of input parameters required. Once these parameters were 

identified, a parameter search was conducted in order to optimise the model parameters, 

leading to the best matching of the measured and computed response. A model updating 

of the pipe was not required for being a linear component with a fixed geometry, made 

out of steel, whose mechanical properties are well defined. 
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5.4.1 Experimental evaluation 

In order to extract the relevant model parameters and feed them into the reduced order 

model, the experimental data resulting from Sections 3.4.4 and 3.4.5 were used. Two 

main test sets were performed, a roving Hammer Test (HT) along the length of the pipe 

with two accelerometers aligned vertically and horizontally, and a high amplitude 

horizontal sweep in HADES. 

The objectives of the HT were the extraction of the linear baseline mode shapes (to ensure 

that numerical and experimental mode shapes are the same), the background modal 

damping using Polyreference techniques, and the resonance frequencies of the first 6 

vibration modes to update the underlying linear assembly model. Regarding the HADES 

tests, the aim was to observe the frequency and amplitude evolution of the system when 

excited at different amplitude levels to firstly identify the nonlinearities and their trends, 

and then adjust the nonlinear stiffness and dampers so the model mimics the nonlinear 

behaviour.  

5.4.2 Sensitivity analysis for parameter identification 

In this section, the dominant and negligible DOF were determined by carrying out a 

parameter study, in which the influence of every DOF (See Figure 5-5) on the system was 

assessed, ensuring the correct capturing of all dynamic features into the assembly model.  

 

Figure 5-5: Schematic representation of the 6 DOF 

5.4.2.1  Linear sensitivity analysis of F subassembly 

In a first stage, the stiffness parameters were manually approximated by means of trial 

and error iterations until the resonance frequencies were reasonably close to the 
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experimental ones (less than 5% frequency difference for the first 4 vibration modes), 

justifying the values used. This initial parameters were the following in N/mm: 

ku=1e4; kθ=45; kv=300; kw=300; kϕ=45; kψ=0 

Then, an increase of 10% was applied to each individual stiffness from its initial fitting 

value. The modes considered were the 6 first modes present in the F subassembly 

experimental tests (See Figure 3-17). In order to avoid any confusions, it should be 

clarified that in the experimental results the orthogonal modes from mode 3 are coupled 

and therefore considered as one (M3), whereas in the numerical analysis, both modes are 

considered (M3 and M4), as the variation of certain parameters can decouple them. 

Hence, mode 5 and 6 numerical are equal to M4 and M5 experimental respectively. The 

results of the sensitivity analysis and its impact on the first six resonance frequencies (in 

%) can be observed in Table 4. 

Table 4: Effect of 10% individual stiffness increase on the first six resonance 

frequencies 

Modes %10 

ku(%) 

%10 

kθ(%) 

%10 

kv(%) 

%10 

kw(%) 

%10 

kϕ(%) 

%10 

kψ(%) 

1 0 0.41 0.005 0 0 0 

2 0 0 0 0.057 1.254 0 

3 0 0.11 0.128 0 0 0 

4 0 0 0 0.173 0.466 0 

5 0 0.017 0.093 0 0 0 

6 0 0 0 0.046 0.245 0 

The main observations from Table 4 are the following:   

• kψ, the stiffness along the central axis of the pipe, had very little influence on the 

response calculation. This stiffness represents the rotation around the pipe axis which is 

very unlikely to alter the frequency response of investigated bending modes of the pipe. 

On the other hand, this is only true for the present system, given that when using a 

different pipe configuration, this parameter could become relevant.   

• kθ, kϕ, kv and kw did have an important influence on the resonance frequency of 

the bending modes of the pipe since they cause displacements in v (kθ and kv) and w (kϕ 
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and kw) and consequently also lead to a rotation around w (See Figure 5-7) and v (See 

Figure 5-6). Hence, a change in one of these stiffness strongly influences the frequency 

response of the system.  

• ku had a mild influence given the lack of axial component in the bending modes 

of F subassembly, which are mainly horizontal and vertical. However, this was due to the 

inexistence of other mode types. ku became relevant in the elbow pipe case presented in 

Section 5.4.3.2 as different vibration modes controlled the axial motion of the pipe.  

Based on the above sensitivity study, it was determined that only 5 DOF/node were 

required to fully characterise the stiffness of the linear clip element. In order to quickly 

assess the nonlinear capabilities of the nonlinear model, the correspondent sensitivity 

study and parameter identification for the damping elements was postponed and 

substituted by modal damping extracted from the experimental results in Section 5.4.1, 

whose parameters are only valid for a specific system (in this case, the F subassembly). 

Unfortunately, given the technical limitations encountered using a 6 DOF/node model, it 

was decided to develop a new model to overcome these issues (See Chapter 6), rather 

than continuing the present work. Nonetheless, the modal damping introduced (η (loss 

factor) = 0.012) was deemed as a good linear baseline for the F subassembly, on top of 

which the nonlinear elements of the clip could be introduced. 

5.4.2.2  Nonlinear sensitivity analysis 

Similarly to the linear sensitivity analysis, the aim of this exercise was to study the 

influence of every individual nonlinear DOF on the system. Consequently, a cubic spring 

and a cubic damper were implemented for every DOF on a pre-existing linear model, 

which values were modified accordingly in order to observe the impact that every 

nonlinear DOF has on the resonance frequencies and vibration modes of the F 

subassembly. If after modifying the cubic nonlinear stiffness or dampers by several orders 

of magnitude the frequency response did not vary, the influence was considered negligible 

(0).   
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Table 5: Influence of cubic stiffness variation respect to the linear case on the first six 

resonance frequencies 

Modes Δku
3 Δkθ3 Δkv

3 Δkw
3 Δkϕ3 Δkψ3 

1 0 Freq shift 0 0 0 0 

2 0 0 0 0 Freq shift 0 

3 0 Freq shift 0 0 0 0 

4 0 0 0 0 Freq shift 0 

5 0 Freq shift 0 0 0 0 

6 0 0 0 0 Freq shift 0 

As a result, it was concluded that kθ controls the frequency shift in the vertical bending 

modes (See Figure 5-6), whereas kϕ controls the frequency shift in the horizontal bending 

modes (See Figure 5-7). In contrast, the translational DOFs did not have a significant 

impact on the nonlinear response. This sensitivity could be attributed to the strong 

rotational components around θ and ϕ for the assembly first bending modes. Based on 

these findings, it was decided to use two nonlinear cubic rotational springs in θ and ϕ 

angles to model the nonlinear clip behaviour. 

 

Figure 5-6: 3D representation on how θ angle controls frequency shift in a) 1st (M1) and 

b) 2nd (M3) vertical bending modes 
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Figure 5-7: 3D representation on how ϕ angle controls frequency shift in a) 1st (M2) and 

b) 2nd (M4) horizontal bending modes 

A parallel study was conducted for the damping elements, which led to the identification 

of the same two DOF as the driving nonlinear DOF (See Table 6), and therefore two 

nonlinear cubic rotational dampers were also implemented in the θ and ϕ angles, leading 

to the final implicit full clip model from Figure 5-8. 

Table 6: Influence of cubic damping variation respect to the linear case on the first six 

resonance frequencies 

Modes Δcu
3 Δcθ3 Δcv

3 Δcw
3 Δcϕ3 Δcψ3 

1 0 Damping 0 0 0 0 

2 0 0 0 0 Damping 0 

3 0 Damping 0 0 0 0 

4 0 0 0 0 Damping 0 

5 0 Damping 0 0 0 0 

6 0 0 0 0 Damping 0 
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Figure 5-8: Schematic representation of the final 6 DOF implicit clip element 

5.4.3 Optimisation and updating 

5.4.3.1 Linear optimisation 

Once the most influential DOF were identified, the linear and nonlinear stiffness values 

were optimised in such a way that the numerical resonance frequencies, amplitudes and 

mode shapes matched as closely as possible with the experimental ones. Therefore, the 

resonance amplitudes and frequencies shown at low amplitude levels in Figure 3-17 were 

used as optimisation targets for the linear optimisation. Regarding the damping, only the 

nonlinear part was updated, given that the linear damping was introduced as modal 

damping for the reasons already mentioned in Section 5.4.2.1. 

Initially, the linear stiffness parameters were selected and varied manually by means of 

trial and error until a good agreement was achieved between the model from Figure 5-8 

and the measured data in Figure 3-17 for the setup F in Figure 3-15. As it was shown in 

Section 5.4.2.1, there were only 4 parameters that controlled the resonance frequencies, 

namely kθ, kϕ, kv and kw. Besides, some parameters had no influence on the horizontal 

modes (kθ and kv) whereas others had no influence on the vertical ones (kϕ and kw). All 
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this made the manual optimisation quite a simple exercise, and no complex optimisation 

routines were required. Once the resonance frequency match was good, the coupling 

parameter kwv was finally introduced and optimised until the horizontal and vertical 

numerical response were in line with the experimental one. The final optimised values 

are displayed in Table 7. 

Table 7: Initial and final values after linear parameter optimisation 

k (DOF) Initial values (N/mm) Optimised values (N/mm) 

ku 10000 10000 

kv 300 300 

kθ 45 30 

kw 300 200 

kϕ 45 40 

kwv 0 55 

5.4.3.2 Additional elbow pipe linear optimisation 

In order to assess the predictive capability of the linear model manually optimised, the 

final values from Table 7 were used in a different numerical model, the elbow pipe 

assembly. 

The same modelling procedure previously exposed was used by only changing the 

geometry of the pipe (See Figure 5-9). Then, the mass and stiffness matrices were 

extracted and introduced into FORSE by means of a .mas model file. Finally, the elbow 

pipe was connected to the optimised linear clip elements in FORSE.  

 

Figure 5-9: Elbow pipe made of Euler-Bernoulli beam elements 
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Additionally, a quick sensitivity analysis was carried out in the same fashion as before in 

order to confirm the findings presented in Section 5.4.2.1. As a result, all the stiffness 

relationships previously presented were found to be also valid for the elbow pipe model, 

with the exception of ku. Due to the nature of the elbow pipe assembly vibration modes 

(See Figure 3-23), the influence of ku became relevant, and thereby, an additional 

optimisation was performed with the aim of updating the model and compare the final 

values against the ones obtained for the F subassembly. In this optimisation, the initial 

values used were the optimised stiffness for the F subassembly shown in Table 7. Finally, 

the same underlying modal damping as in F subassembly was used (η = 0.012), and the 

amplitudes and frequencies of the first 3 vibration modes (5 modes counting each 

orthogonal mode) shown in Figure 3-22 at low excitation levels were set as optimisation 

objectives. 

Table 8: Initial and final values after linear parameter optimisation of elbow pipe 

assembly 

k (DOF) Initial values (N/mm) Optimised values (N/mm) 

ku 10000 500 

kv 300 1000 

kθ 30 27.5 

kw 200 500 

kϕ 40 40 

kwv 55 60 

As it can be observed in Table 8, the optimised results for the elbow pipe assembly are 

significantly different to the F subassembly for the translational DOF u, v and w, whilst 

results for the rotational DOF (θ and ϕ) and the coupling (wv) are quite similar. This 

indicates that the predictability of the linear rotational stiffness and the coupling of the 

clip is captured correctly with the proposed model. On the other hand, the predictability 

of the optimised translational stiffness of the clip is not good, and a different model should 

be attempted in order to improve it.    

5.4.3.3 Nonlinear optimisation 

The tuning of the nonlinear parameters was significantly more complex due to the 

increased number of optimisation objectives, since the response amplitude (m/s2/m/s2) 
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and frequency (Hz) at 5 different excitation levels (1, 5, 25, 75, 125 m/s2) had to be 

matched for six modes, leading to a total of 60 target values. A total of 8 coefficients, two 

nonlinear springs and two nonlinear dampers in two directions, had to be optimised to 

find a best fit (See Figure 5-10). A manual optimisation was quickly dismissed as a viable 

option to identify the correct parameters and an automated optimisation was therefore 

implemented.  

The optimisation algorithm for the identification of the nonlinear clip model was 

developed in Matlab and a Genetic Algorithm (GA) was used due to its robustness and 

multi-objective optimisation capabilities [99]. This optimisation routine consists of a 

series of input parameters that includes objectives (parameters to optimise), initial 

parameters (initial value of those parameters) and relative weight of the objectives 

(importance of every parameter to optimise). In this particular case, amplitude objective 

weights were considered more relaxed (0.8) than frequency objectives (1), as a large error 

in frequency prediction was considered more critical than the same error for the 

amplitude.  

Based on the input parameters, the algorithm generated five FORSE input files in each 

optimisation loop, for the five chosen excitation amplitudes. The five nonlinear FRFs 

were then computed in FORSE (Section 5.3), which calculated the “multiharmonic forced 

response of nonlinear (and linear, as a particular case) mechanical systems which are 

subjected to periodic excitation” [88]. The resulting amplitudes and frequencies of the 1st 

six vibration modes for the 5 different excitation levels were extracted by identifying their 

local maxima and imported into Matlab, and their values used as the new input to the 

objective function. The GA gave each iteration a certain score depending on how good 

the results were compared to the objective, and kept iterating looking for the best scores 

until the problem finally converged, as displayed in Figure 5-10. 

 

Figure 5-10: Nonlinear optimisation flowchart 
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It was essential for the correct functioning of the optimisation to select the correct upper 

and lower boundaries and to check the continuation in FORSE. Under certain conditions 

the continuation may fail and a modification of the continuation parameters will be 

required to ensure the accurate computation of the FRFs. For this very same reason, the 

continuation of the calculation was ensured when using the upper and lower parameter 

boundaries, and they were narrowed down when required by means of trial and error, 

before launching the optimisation.    

Given the large amount of optimisation objectives (60), it turned out that the optimisation 

of such a large nonlinear problem was not possible, therefore reducing the problem to a 

smaller size, optimising for a single mode. Consequently, the number of objectives for 

the optimisation diminished from 60 to 10. As explained in the nonlinear sensitivity 

analysis of Section 5.4.2.2, using the 6 DOF/node clip model approach presented, the 

nonlinear behaviour of the vertical mode was solely controlled by kθ
3 and cθ

3 (See Table 

5 and Table 6), whereas the horizontal mode was controlled by kϕ
3 and cϕ

3. Thereby, by 

limiting the problem to the 1st vertical mode of the elbow pipe assembly, kθ
3 and cθ

3 will 

be sufficient to model its nonlinear behaviour, reducing the number of parameters to 

optimise from 8 to 2. The main reason for the selection of this mode was its almost vertical 

only nature and lack of coupling (as shown in Figure 3-22), simplifying the nonlinear 

optimisation even more (only the vertical response was considered an optimisation 

objective). 

After running the optimisation for the first vertical mode, the following nonlinear 

optimised values were obtained 𝐹_𝑛𝑙𝑠𝜃 = −107𝑥3and 𝐹_𝑛𝑙𝑑𝜃 = 0.03�̇�3 . In order to 

check the accuracy of the fitting approach, the optimisation was run for a second time, 

using the same lower and upper boundaries but modifying the initial parameters, resulting 

in the same final values.  

5.5 Results 

The updated model obtained in the previous section was then compared against the 

experimental measurements conducted in HADES and used as optimisation objectives 

(presented in Section 3.4.5) with regards to its capability to capture the dynamic response 

of the system accurately. The experimental point of measurement for the F subassembly 

was located at 110 mm from the tip, while at 140 mm from the tip in the case of the elbow 

pipe assembly (See Section 3.4.5). Consequently, response of the numerical model was 

extracted at 110 and 140 mm from the tip respectively. Despite the fact that the numerical 
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response is in m/s2/N and it is not directly comparable against the experimental data in 

m/s2/m/s2, the mass of the rig plus the shaker table are known (123 kg), as well as the 

excitation force imposed. Therefore, the input acceleration can be worked out, and so the 

numerical results are displayed in terms of m/s2/m/s2. Several attempts were made in order 

to model a base controlled excitation, however its implementation in FORSE was not 

possible using 6 DOF/node due to software limitations. In light of this, a new modelling 

approach was developed including a controlled based excitation system, which will be 

presented in Chapter 6.   

Firstly, the linear optimisation results obtained for the F subassembly (See Table 7) were 

used in the clip numerical model and compared against the F subassembly experimental 

measurements. Then, the linear optimisation results obtained for the elbow pipe assembly 

(See Table 8) were used and compared against the elbow pipe assembly experimental 

measurements. Finally, the nonlinear optimisation results for the 1st vertical mode of the 

elbow pipe assembly (See Section 5.4.3.3) were used and compared against the elbow 

pipe assembly experiment at different excitation levels. 

5.5.1 Linear comparison 

 

Figure 5-11: Transfer function comparison between experimental measurements (used 

in parameter optimisation) and model prediction for F subassembly 

An initial low excitation level test at 1 m/s2 was carried out to obtain the linear response 

of the system in Figure 5-11. The first two orthogonal modes around 150 Hz were 

captured quite well, where the strong modal coupling occurring in the real test was 

present, showing a maximum amplitude error of 64.9% and a maximum frequency error 

of 3.5%, within the repeatability error range (73% and 5%, See Section 4.2). On the other 

hand, the damping on the third mode was off target (amplitude error of 148%), while the 
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frequency match was good (0.8% error). The fourth mode frequency and amplitude 

predictions were slightly off the experimental values, but within the repeatability error 

(4.6% frequency error and 71.2% amplitude error).  

All these mismatches observed in modes 3 and 4 can be explained partly by the influence 

of the before mentioned travelling wave. As shown in the Chapter 4, the amplitudes, and 

to some extent, the frequencies of close modes are altered by its presence. Considering 

that the travelling wave effect appears due to the pipe symmetry in subssembly F, it was 

decided not to model such effect for a real fuel manifold is rarely symmetric. Besides, 

such effect may be implausible to capture with the basic model generated. Nonetheless, 

in order to eliminate the measurement uncertainty generated by the presence of a 

travelling wave, it was determined to create a reduced order model of the elbow pipe 

assembly supported by 2 clips presented in Section 3.4.5, where no travelling wave 

occurred, and compare the linear model prediction against experimental data. 

 

Figure 5-12: Transfer function comparison between experimental measurements (used 

in parameter optimisation) and elbow pipe model prediction 

It can be seen in Figure 5-12 how the experimental and computed resonance frequencies 

are quite similar, being the amplitudes slightly off target in the case of the horizontal 

response. The frequency error is well within the repeatability error (maximum of 3% 

error) except for the 1st mode where it reaches 6.3%. On the other hand, considering the 

low frequency of the mode, the error gets magnified computed as a %, as in absolute value 

is only 3.67 Hz. However, the amplitude levels of the horizontal computed response are 

clearly off target for the first mode (amplitude error of 103%), being more acceptable for 

modes 2 and 3 (amplitude error of 20%). 
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There are two main possible reasons for this amplitude mismatch on the horizontal 

component of the 1st modelled. The first one is due to the way in which the elbow pipe 

was manufactured. In order to manufacture a 90 deg elbow pipe (See Figure 3-21), a 

straight pipe was manually bent using a plumbing pipe bender. This is a cold forming 

process that introduces certain pre-stresses in the structure, modifying the elastic 

properties around the elbow. In addition, the use of a universal plumbing bender can lead 

to a slightly out of plane elbow pipe, as the bender guiding rails were wider than the pipe 

diameter, allowing both extremes of the pipe to move slightly out of plane. The second 

reason is the modelling of the excitation in FORSE. As exposed in Section 3.1, the real 

experiment was excited in HADES by means of a shaker table that excited the system 

horizontally. The amplitude level was controlled and a constant base excitation was 

imposed, whose implementation was attempted in the reduced order model. However, 

due to certain technical limitations in FORSE, this could not be accomplished, opting for 

a constant force excitation, which response is bound to be slightly different than the one 

from a based amplitude controlled excitation system. This problem was sorted by 

developing a new modelling approach that includes a controlled base excitation system, 

which will be introduced in Chapter 6.  

5.5.2 Nonlinear comparison 

Due to its multi-objective nature, a good agreement between the nonlinear model and the 

experimental data was significantly harder to achieve. A particular issue thereby was the 

very poor repeatability observed in the experiments (See Chapter 4), which was very 

difficult to control. Nevertheless, an attempt was made to predict the amplitude 

dependence of the elbow pipe assembly with regards to the first vertical bending mode. 

The experimental data used for this comparison corresponds to the base controlled 

excitation tests performed in Section 3.4.5.  
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Figure 5-13: Experimental frequency versus computed frequency at different excitation 

levels with repeatability error bars 

 

Figure 5-14: Experimental amplitude versus computed amplitude at different excitation 

levels with repeatability error bars 

The results in Figure 5-13 show a reasonable good agreement between the resonance 

frequencies, where the softening of the system was captured. On the other hand, errors of 

up to 15% were observed for certain amplitude levels (between 25 and 75 m/s2), 

indicating that additional features in the clip were activated, which were not correctly 

captured with the proposed simplified implicit model. Although a very good amplitude 

agreement can be observed in Figure 5-14 at excitation amplitudes of up to 25 m/s2, a 

much larger error was observed at higher amplitudes, where the provided damping in the 

model led to up to 40% under prediction, indicating that the simplified model is limited 

to a certain excitation range, after which more features should be included in order to 
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capture the nonlinear damping evolution correctly. The FRFs in which Figure 5-13 and 

Figure 5-14 are based on can be seen in A 11-4 of the Appendix section.  

Despite registering large errors in frequency and amplitude, the frequency error of the 

presented nonlinear model (15%) is just marginally outside the frequency repeatability 

error shown in Section 4.2 at high amplitudes (14.6%). Furthermore, the amplitude error 

of the nonlinear model (40%) is well within the amplitude repeatability at high amplitudes 

(86%). In addition it can be said that the nonlinear model captures correctly the general 

nonlinear trend, although it is limited to the first vertical mode.  

Given the limited predictability of the proposed model, several attempts were made in 

order to improve it by including mode nonlinear elements (both friction elements and 

cubic nonlinearities were used to this end). This strategy not only increased the 

complexity of the nonlinear prediction but also led to convergence problems in FORSE. 

Besides, the nonlinear modelling procedure was applied to the second mode, which is 

horizontal and hence controlled by kϕ
3 and cϕ

3 (See Table 5 and Table 6). However, the 

increase on nonlinear elements led again to continuation problems in FORSE caused by 

the incompatibility of the 6 DOF/node with the software, and consequently it was decided 

to change the modelling strategy to a more detailed 3D model, introduced in Chapter 6.    

5.6 Summary 

In this chapter, a reduced order 6 DOF implicit modelling approach was presented, in 

which the pipe was modelled by using Euler-Bernoulli beam elements, and the clip was 

modelled as an implicit element with 6 DOF per node, formed of springs and damper 

linear and nonlinear elements. 

Firstly, a sensitivity study was performed to determine the DOF that influence the 

dynamic response on the clip element, in order to optimise the number of DOF and to 

ease the future search of optimum values for every DOF. This process was carried out in 

a similar manner for linear and nonlinear parameters. As a result, it was decided to model 

the clip by using 5 linear springs, linear modal damping parameters extracted from 

experimental data, a linear coupling element, one nonlinear spring, and one nonlinear 

damper.  

Once the DOF required to model the clip element were determined, a parameter 

optimisation process was conducted. Given its simplicity, a manual linear parameter 

optimisation was performed obtaining good results. However, being the nonlinear 
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optimisation a considerably more complex multi-objective optimisation, a Genetic 

Algorithm based optimisation was implemented.  

As a first estimate the model presented is considered good enough to provide some insight 

on the dynamic behaviour of a small pipe assembly. However, in order to enhance its 

predictability, more features should be introduced using a different modelling approach 

(see next chapter). 
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6 THREE DOF HYBRID 

MODELLING APPROACH 

6.1 Overview 

As shown in Chapter 5, an initial reduced order modelling approach was presented for a 

fuel manifold assembly. However, the use of 6 DOF/node led to a series of model 

limitations, all related to compatibility problems with the nonlinear MHB method solver 

(FORSE) used to compute the dynamic prediction. 

The first limitation was the impossibility of setting up an amplitude controlled base 

excitation system using 6 DOF/node, opting for a constant force input instead, potentially 

causing inaccuracies when comparing experimental and computed results. The second 

major limitation was the appearance of continuation problems produced when computing 

the nonlinear dynamic response, compromising the attainment of reliable nonlinear 

predictions for the fuel manifold assembly. 

All these limitations motivated the creation of a new modelling methodology, trying to 

overcome the problems of the 6 DOF/node approach. This new approach was based on a 

3 DOF/node, fully 3D reduced, implicit modelling approach that was more suitable and 

compatible with the nonlinear solver FORSE. The 6 DOF spring system implemented in 

one node was replaced by a 3 DOF spring system implemented in 3 nodes placed a small 

distance apart to also provide the rotational stiffness. This enhanced modelling approach 

will be explained in depth in the following section. 

6.2 Enhanced model design 

In this section, a new design methodology for the fuel manifold assembly is presented, 

seeking to improve the previous modelling approach exposed in Chapter 5, overcoming 

the base excitation control and continuation problems before mentioned.  

Initially, the reduced order model was conceived to be formed of implicit elements such 

as beams. However, due to the nature of these elements defined as 6 DOF/node and their 

incompatibility with FORSE that can only deal correctly with 3DOF/node (no rotational 
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DOF), it was decided to create a hybrid 3 DOF/node model. In this model, the pipe and 

shaker table were model using a full 3D brick mesh and the clips were modelled using 

implicit spring and damper elements within FORSE, therefore its name. In order to reduce 

the computational size of the problem, numerical reduction techniques were applied on 

the full 3D part. 

6.2.1 Shaker table and pipe modelling 

In order to better capture the experimental reality and improve the accuracy of the 

dynamic response by implementing an acceleration controlled base excitation, it was 

decided to model a full 3D shaker table out of brick quadratic elements. Regarding the 

pipe, brick quadratic elements were used as well, with 2 rows of bricks through thickness, 

enabling an accurate prediction of the pipe deformation [113].  

 

Figure 6-1: Pipe and shaker table FE model detail 

Certain boundary conditions were applied on the slip table, imposing a 0 displacement 

constraint on X and Z directions, only allowing the table to move in Y direction 

(horizontally), mimicking the real slip table system.   
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6.2.2 Clip modelling 

6.2.2.1 Rotational stiffness capture 

Perhaps the most challenging modification addressed, coming from a 6 DOF/node to a 3 

DOF/node model, was the clip implicit element. Specifically, how to effectively 

implement the rotational DOF of the clip, using 3 DOF/node. This was achieved by 

modelling the clip as 3 nodes: a central node, and two other lateral nodes at each side of 

the central one, alongside the length of the pipe, separated a small distance from it (See 

Figure 6-2). This distance was determined by the centre-to-extreme distance on the real 

clip (5 mm), with the aim of mimicking the physical reality as much as possible. Hence, 

2 positive springs were implemented, connecting the lateral nodes to the shaker table. The 

separation between these 2 springs with respect to the central node allows the generation 

a certain moment when the nodes are not aligned due to the specific vibration mode shape 

of the system, replicating the effect of a rotational spring.  

Given the stiffness values required to produce such moment, the structure over-stiffened 

in the translational direction where the springs were placed. In order to overcome this 

excess of stiffness, a negative spring was introduced (kyo in Figure 6-2), connecting the 

clip central node to the shaker table without causing any nonlinear continuity problems. 

Alternatively to the introduction of the negative spring, the distance between the central 

and the lateral nodes could have been increased, diminishing the stiffness required on the 

lateral nodes (ky) to generate the same rotational moment. However, after running a few 

trials such minimum distance between nodes was found to be massive (around 50 mm), 

reducing the gap between clip elements to the point of overstepping one another. This 

clip width was deemed not only unrealistic but it led to a completely different dynamic 

system and hence was ruled out.    
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Figure 6-2: Schematic representation of the clip 3 DOF spring system, where ky is the 

stiffness of the lateral springs, kyo is the stiffness of the centred restoring spring, and θ 

the angle of rotation 

6.2.2.2 Kinematic coupling 

Another important feature of the enhanced clip model is the use of kinematic coupling 

between the external nodes of the brick 3D pipe and the 3 nodes that form the implicit 

clip element (See Figure 6-3). The aim of this is to connect the 3D quadratic brick 

elements of the pipe with the implicit clip element, and hence, to transmit all the kinematic 

loads present on the pipe to the clip, allowing the transition between a 3D brick model 

(pipe) to an implicit one (clip). 

In order to implement the kinematic coupling, the 3 nodes that form the clip were created 

in Abaqus at the pipe centre of inertia, avoiding off-centre effects caused when the clip 

and the pipe nodes are connected. Also, 3 sets of pipe nodes were created (See the rings 

in Figure 6-3) with the aim of connecting each pipe ring to the correspondent clip node. 

Finally, a kinematic coupling was implemented in Abaqus, creating a rigid connection in 

all directions (X, Y, and Z) between the clip nodes and the pipe node rings.  
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Figure 6-3: Kinematic coupling between pipe nodes and clip nodes in detail 

6.2.2.3 Clip head rotation (Inertial coupling) 

Despite exciting the system horizontally, an orbital 3D motion was experimentally 

observed (See Chapter 3). Given the test set up and the clip nature, with an off-centre 

metallic arm bolted down to a solid block and the head of the clip holding the pipe, the 

logic would suggest the appearance of a rotation motion, led by the head of the clip. In 

order to confirm such rotation an experimental test was performed, using high speed 

cameras to capture the motion of the clip in a video, as shown in Figure 6-4. Although 

the video cannot be attached to the thesis, the author would be very happy to share it, if 

needed be, upon request.  

 

Figure 6-4: Inertial clip head motion captured by high speed camera  
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Based on the experimental evidence gathered, analytical developments were made in 

order to determine the inertial coupling expression to be potentially included into the 

implicit clip element. Hence, 3 scenarios were proposed as displayed in Figure 6-5: a) No 

rotation of the clip, b) Rotation allowed by the flexibility of the clip arm with rigid clip 

head, and c) Rotation produced by a combination of flexibility in the arm and in the head 

of the clip.   

 

Figure 6-5: 3 analytical scenarios for clip head rotation 

 

Figure 6-6: Analytical representation of 3 dynamic scenarios: a) with no rotation of the 

clip b) rotation with flexibility of the clip arm and c) rotation with flexibility of the clip 

arm and head 

Nomenclature: 

X=Base excitation displacement 

x=Horizontal distance between the clip final position and the shaker table 

y=Vertical distance between the clip final position and the shaker table 
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xo= Horizontal distance between the clip initial position and the shaker table 

yo= Vertical distance between the clip initial position and the shaker table 

I=Initial position of the clip head 

F=Final position of the clip head 

kx=Clip horizontal stiffness 

ky=Clip vertical stiffness 

θ=Clip vertical spring inclination 

β=Clip horizontal spring inclination 

1=Final position of the clip arm 

x1= Horizontal distance between the clip arm final position and the shaker table 

y1=Vertical distance between the clip arm final position and the shaker table 

r=Clip head rotation radius 

φ=Clip head rotation angle 

l1=Length of vertical spring 

l2= Length of horizontal spring 

x’=Horizontal displacement due to the head clip rotation 

y’=Vertical displacement due to the head clip rotation 

 

The equations of motion for scenario a) are the following: 

𝑚�̈� + 𝑘𝑥𝑥 = 𝑘𝑥𝑋 

𝑚�̈� = 0 

Therefore, no coupling term is present in the equations 

 

As for the equations of motion for scenario b): 

𝑚�̈� + [𝑘𝑥 (1 − 𝑥𝑜√(𝑦𝑜 − 𝑦)
2 + 𝑥2) − 𝑘𝑦] 𝑥

= 𝑘𝑦 (𝑋 − 𝑥𝑜 − 𝑦𝑜√(𝑋 + 𝑥 − 𝑥𝑜)2 + 𝑦2) 
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𝑚�̈� + [𝑘𝑥 (𝑥𝑜√(𝑦𝑜 − 𝑦)2 + 𝑥2 − 1) 𝑦 − 𝑘𝑦 (𝑦𝑜√(𝑋 + 𝑥 − 𝑥𝑜)2 + 𝑦2 − 1)] 𝑦

= 𝑘𝑥 (𝑥𝑜√(𝑦𝑜 − 𝑦)2 + 𝑥2 − 1) 

As it can be observed, the coupling term is a complex nonlinear expression that is function 

of x and y. 

 

Finally, the equations of motion for scenario c) are as follows: 

𝑚�̈� + [𝑘𝑥(𝑥𝑜𝑙2−1) − 𝑘𝑦𝑙1(𝑟 − 𝑦𝑜)]𝑥 = 𝐹𝑛𝑙𝑥 

𝑚�̈� + [𝑘𝑥(𝑥𝑜𝑙2−1) − 𝑘𝑦⌈(𝑟 − 𝑦𝑜)𝑙1 + 1⌉]𝑥 = 𝐹𝑛𝑙𝑦 

𝐼θ̈ − 𝑘𝜑φ = 0 

If 

𝑥′ = 𝑟𝑠𝑖𝑛𝜑 

𝑦′ = 𝑟(1 − 𝑐𝑜𝑠𝜑) 

And 

𝑥𝑠 = 𝑥 − 𝑥1 

𝑦𝑠 = 𝑦 − 𝑦1 

Then, 

𝑥𝑠 = 𝑥′ −
𝑟(𝑋 − 𝑥 + 𝑥′)

𝑙1 + 𝑟
 

𝑦𝑠 = 𝑦′ −
𝑟(𝑦 − 𝑦′)

𝑙1 + 𝑟
 

And therefore,  

𝐹𝑛𝑙𝑥 = 𝑘𝑥(𝑥𝑜𝑙2 − 1)(𝑥𝑜 − 𝑥𝑠) + 𝑘𝑦𝑙1(𝑟 − 𝑦𝑜)(𝑋 + 𝑥𝑠) 

𝐹𝑛𝑙𝑦 = 𝑘𝑥(𝑥𝑜𝑙2 − 1)(𝑦𝑜 + 𝑦𝑠) + 𝑘𝑦𝑦𝑠[(𝑟 − 𝑦𝑜)𝑙1 + 1] 

As a result, it can be stated that the coupling term is a complex, nonlinear expression 

function of x, y and φ. 
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As a result, it can be stated that the analytical expressions for the inertial coupling term 

are incredibly complex and nonlinear in b) and c) scenarios (with c being the most 

representative of reality), whereas there is no coupling at all in a) scenario.  

In conclusion, although it was acknowledged that nonlinear coupling do exist 

experimentally, given the extreme complexity of the analytical expression, a simple 

numerical approximation could not be found. In consequence, as an alternative to the 

highly complicated inertial coupling behaviour, a more basic approach was chosen by 

means of a linear coupling term kyz=kzy included in the clip implicit model (See Figure 

6-7), whose values will be adjusted in an attempt to capture the physical reality in the best 

possible manner. As shown in Figure 6-7, part of the horizontal (Y) energy generated by 

the shaker table in green will be transferred to the vertical component (Z) of the pipe in 

purple via a linear spring kzy. At the same time, part of the horizontal energy (Y) of the 

pipe will be transferred to the vertical component of the shaker table (Z) via kyz. Both 

values were consider equal in order to avoid the decoupling of the horizontal and vertical 

orthogonal modes. 

 

Figure 6-7: Clip linear coupling term 

6.2.2.4 Final clip design 

As demonstrated in Section 5.4.2.1, one of the rotational stiffness of the 6 DOF/node 

model (kψ) had no influence on the dynamic response. Thereby, only 5 DOF must be 

captured by the new 3 DOF/node model, 3 translational and 2 rotational. Therefore, the 
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rotational spring substitution by a 3 node clip model explained in Section 6.2.2.1 was 

carried out in the vertical and in the horizontal directions as shown in Figure 6-8.    

Given the difficulties that aroused extracting the modal damping out of the experimental 

results due to the proximity and coupling of horizontal and vertical modes, it was decided 

to model the damping by using two horizontal and vertical dampers located at the lateral 

nodes (the ones that introduce the torsional effect) of the new clip elements, connecting 

the clip with the shaker table (all springs and dampers represented in Figure 6-8 are 

connected to the shaker table nodes). Also, an axial spring kx was connected to the central 

node to control the axial dynamic behaviour.  

 

Figure 6-8: Clip implicit model representation (without linear coupling element) 

Finally, nonlinear elements were added to the baseline linear model in order to capture 

the nonlinear behaviour of the clip. Specifically, nonlinear cubic springs (k3) and dampers 

(c3) were introduced in the lateral nodes of the clip, in series with the linear ones (k, c) in 

horizontal and vertical directions. In this way the linear and nonlinear torsional springs 

and dampers of the 6 DOF/node system were replaced by a 3 node clip model in which 

the springs and dampers of the lateral nodes, spaced 5 mm from the central node, generate 

the equivalent moment. In order to avoid overloading Figure 6-8, the inertial linear 



Chapter 6: Three DOF Hybrid Modelling Approach 

Alberto Sanchez - May 2019   98 

coupling term kyz=kzy introduced in Section 6.2.2.3 was not displayed despite connecting 

the central node with the shaker table.  

It is also worth noticing that the spring and dampers’ nomenclature is the same for each 

lateral node in Figure 6-8. The reason for this is that the aim of using springs and dampers 

on the lateral nodes was to generate equivalent rotational springs/dampers, not to create 

uneven stiffness and damping distributions on the clip. Consequently, their values were 

considered equal, facilitating the latter parameter optimisation as well.  

6.3 Methodology to generate the fuel manifold model 

The enhanced model proposed can be classified as a hybrid model that combines 3D brick 

elements such as the pipe and the shaker table, with implicit elements like the clips. In 

order to merge and connect them, the 3D geometry was generated and meshed and its 

modal and flexibility matrices extracted, which were later used in FORSE, where the 

implicit clip elements were added, and the nonlinear dynamic response was calculated. 

The correspondent model creation flowchart is displayed in Figure 6-9. 

 

Figure 6-9: Fuel manifold model creation flowchart 

First of all, the 3D brick element geometries were created and meshed using the 

commercial FE code Abaqus. Within Abaqus, boundary conditions such as shaker table 

motion constrains or kinematic coupling (See Section 6.2.2.2) were imposed. In addition, 

different node sets were generated classifying them as internal and boundary, and forced 

nodes, to later perform a numerical reduction, which will be fully explained in detail. 

Once the model was correctly constrained and the node sets generated, the model was 

exported in .bdf format. In the computation of the dynamic response of a large system, 

the extraction of mass and stiffness matrices can be computationally very expensive. For 

this reason, the FORSE input model type is provided by means of a flexibility matrix file 

(.flx), which contains the force and displacement information of the system, and a modal 

matrix file (.mod), which contains the modal information of the system, saving significant 
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computational time. Hence, by modifying an already existent internal Matlab code, the 

.bdf file was tuned accordingly so it could be run in FE solver NX Nastran, which was 

used conveniently as in combination with an in house internal Fortran-Matlab script, the 

flexibility and mode files required as model inputs could be generated. Additionally, it 

was the only FE solver license available compatible with Abaqus. By using NX Nastran, 

a McNeal-Rubin [81] numerical reduction was performed before generating the .flx and 

.mod files, as this numerical reduction tool is included already in FE solver. Hence, 

reducing the size of the problem from DOF boundary nodes + DOF internal nodes + DOF 

forced nodes to DOF boundary nodes + DOF forces nodes + Vibration modes used in the 

reduction. In the particular case of the fuel manifold, 30 vibration modes were kept and 

the size of each node set was as following: DOF internal nodes = 66582; DOF boundary 

nodes = 3498; DOF forced nodes =3. Therefore, the model size went from 70083x70083 

to 3531x3531.  

Finally, the .mod and .flx files were used as model inputs in FORSE, where the clip 

implicit model was introduced in the FORSE input (.inp) file as a set of linear and 

nonlinear springs and dampers, allowing the dynamic response computation of the whole 

model. The spring and damper elements connect the clip nodes to the shaker table nodes. 

Based on the convergence analysis run in Section 5.3, the number of harmonics used in 

the computation of the nonlinear dynamic response were 3.   

6.4 Model updating and optimisation  

As in Chapter 5, the data from experimental Section 4.2 and 3.4.6 was used to identify 

the linear and nonlinear input parameters for the 3D model respectively. This time, the 

assembly used for comparison was the pipe supported by 5 clips in order to avoid the 

travelling wave phenomenon observed in Subassembly F (See Section 3.4.5). Although 

this configuration may seem complex for an initial modelling exercise, the more 

constrained system allowed a more accurate clip parameter prediction. Furthermore, the 

repeatability was improved respect to simpler assemblies (See Figure 4-6), reason for 

which this experimental set up was selected. 

With the aim of representing the system variability shown in Section 4.2, the average of 

the resonance frequencies and amplitudes of the 3 first vibration modes present in the 

pipe supported by 5 clips assembly were calculated. To this end, 5 sets of re-assemblies 

were excited at low amplitudes (1 m/s2) using controlled base excitation in HADES. Then, 

the frequency and amplitude average at each resonance will determine the frequency and 
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amplitude optimisation objectives for the linear case, and the error will be considered an 

indicator of the accuracy of the prediction. In addition, the data gathered at different 

excitation systems (Section 3.4.6) was used to impose the frequency and amplitude 

optimisation objectives for the nonlinear case. 

Similarly to the 6 DOF/node model, model updating and optimisation processes were 

carried out to determine the final values of the clip implicit element, given that the pipe 

and shaker table are considered linear, with well-known material properties. 

The whole optimisation problem was broken down into smaller optimisations, following 

a step-by-step approach initiated in Section 5.4. This is, instead of having an incredibly 

large and complex optimisation bound to fail, breaking it down into simpler optimisations 

whose parameters and objectives are easier to control. These optimisations were 

performed in different steps, after which some modelling parameters were frozen, 

facilitating the following optimisation. Firstly, the linear clip model was updated and 

optimised. Within the linear model, the stiffness values were determined first, followed 

by the damping values. Then, once the baseline linear parameters were obtained, the 

nonlinear parameters were updated and optimised, until the final clip model was 

completed.    

6.4.1 Linear and nonlinear parameter identification 

As this process was conducted already for the 6 DOF/node model (See Section 5.4.2), 

only a model adaption from 6 DOF to 3 DOF/node was performed. The main 

modifications consisted in the implementation of a 3 node clip element in order to 

substitute the pre-existing linear and nonlinear rotational springs (See Figure 6-8), with 

the addition of a coupling term, which were explained in detail in Section 6.2.2.   

6.4.2 Linear optimisation and updating 

In order to optimise the design parameters, a modification of the GA routine shown in 

Section 5.4.3 was used. The linear optimisation objectives were calculated based on the 

average of 5 base excitation experimental tests performed on the pipe supported by 5 clips 

assembly at low excitation levels (1 m/s2), presented in Section 4.2, which response was 

measured at 100 mm from the pipe tip. Thereby, 6 objectives were finally considered, 

which were the amplitude and frequency of the first 3 vibration modes. However, two 

separate optimisations were run. On the first optimisation, the stiffness parameters were 

obtained using the resonance frequencies as objectives. Once the stiffness values were 
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determined, a second optimisation was performed in order to find the optimum damping 

parameters, using the amplitudes as objectives. 

6.4.2.1 Stiffness optimisation 

Regarding the stiffness design parameters, in an initial simplified approach, vertical and 

horizontal clip springs were considered to have the same value for all clips. In this way, 

only 3 stiffness parameters were optimised (ky= kz, kyo= kzo, kyz= kzy) against 3 frequency 

objectives (first 3 vibration modes), resulting in an error prediction bigger than the 

repeatability error (3%), as shown in Figure 6-10. Due to the lack of accuracy of the 

results, another approach was attempted by allowing spring values to change individually 

at each clip within a certain range to replicate the detected variability that the clip 

reassembly in Section 4.2 highlighted, still constraining horizontal and vertical springs of 

the same clip to have the same stiffness, resulting in a good approximation within the 

variability range of the experimental test. Finally, one last approach was used by allowing 

horizontal and vertical springs to change their value at each individual clip. 

Unfortunately, given the parameter increase, the optimisation process resulted very 

expensive computationally and it was discarded as an option.  

 

Figure 6-10: Stiffness optimisation flowchart 

It is important to remark that although ky and kz had different values in the optimised 6 

DOF/node clip model (See Table 8), the enhanced 3 node clip model captures not only 

the translational stiffness of the clip but also the rotational stiffness. Bearing this in mind, 

it was concluded that kz and kθ controlled the vertical motion, whilst ky and kϕ controlled 

the horizontal motion of the 6 DOF/node model, as displayed in Figure 5-6 and Figure 

5-7. By grouping the stiffness in this way (horizontal against vertical), it can be noticed 

that despite being kz (1000 N/mm) larger than ky (500 N/mm), it is also true that kθ (27.5 

N.mm/rad) is smaller than kϕ (40 N.mm/rad), balancing each other out. Thereby, 
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considering the computational problems arisen in the 3rd optimisation (Figure 6-10) it was 

decided to model the horizontal stiffness parameters equal to the vertical ones in the 

enhanced clip model. On the other hand, given the absence of the axial rotational 

component kψ, the same optimised value shown in Table 8 was implemented in the 

enhanced model for kx by means of an axial spring connecting the central node of the clip 

to the shaker table (See Figure 6-8).   

In summary, 3 different types of springs were used at each clip: a coupling spring, 2 lateral 

springs acting as a torsional one, and a translational central negative spring to compensate 

the stiffness generated by the 2 lateral springs. This is 3 springs/clip x 5 clips = 15 design 

variables for 3 frequency objectives. 

The upper and lower boundaries of the design parameters were roughly guessed at first 

before running the 1st optimisation. Despite not being the best approach in terms of 

optimisation results, this simple approach provided good enough initial points and 

boundaries for the more complex 2nd optimisation. 

In terms of optimisation methodology, the design parameters, objectives and boundaries 

were fed into the Matlab GA optimisation routine explained in detail in Section 5.4.3.1.  

6.4.2.2 Damping optimisation 

After the stiffness parameters were updated and optimised, a similar approach was 

followed to determine the damping values. Similarly to the previous section, 3 different 

optimisation approaches were tried. One in which all dampers have the same value despite 

clip location or direction (horizontal or vertical), another in which the damping values are 

allowed to vary at every clip, and a final approach that allows values to change across all 

clips and directions. 

In this case, the first approach was too simplistic (only 1 design parameter) and results 

were not satisfactory. However, it provided a reasonable initial point and parameter range 

to the 2nd optimisation. Although the results of the 2nd optimisation already laid within 

the experimental variability range (60% amplitude error), given the unexcessive number 

of design parameters (10), the computational time of the 3rd optimisation was reasonable 

and led to better results as shown in Figure 6-11.  
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Figure 6-11: Damping optimisation flowchart 

Summarising, a single type of damping element was used, allowing its value to change at 

every clip (5) and direction (2: horizontal and vertical), leading to an optimisation 

problem with 10 design parameters and 6 amplitude objectives (horizontal and vertical 

amplitudes of each of the 3 first vibration modes). In contrast with the linear stiffness 

optimisation, the number of parameters to optimise was less, due to the lack of negative 

dampers at the central node. 

The damping optimisation methodology used was exactly the same as the one shown in 

the previous section, only changing the initial design parameters (dampers) and the 

optimisation objectives (amplitudes instead of frequencies).  

6.4.2.3 Linear optimisation objectives and individual stiffness optimisation 

Apart from using the average out of 5 reassembly measurements under low base 

excitation levels (1 m/s2) as optimisation objectives, the stiffness parameters in every 

individual test case were optimised and studied with the aim of analysing the influence 

of the position of each clip at different locations (see Figure 4-5). This is, whether the 

property differences between individual clips are the determinant factor after the 

reassembly, or otherwise it is the clip location regardless the specific clip arrangement. 

The frequency objectives can be seen in Table 9, which is based on the FRF shown in 

Figure 4-6, as well as the average and its % error.  
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Table 9: Measured frequency datasets used as optimisation objectives for each test case 

Frequency (Hz) Mode 1 Mode 2 Mode 3 

f1 394 455 582 

f2 405 455 564 

f3 403 461 581 

f4 405 463 571 

f5 387 443 556 

favg 398.8 455.4 570.8 

Erroravg(%) +1.56-2.96 +1.67-2.72 +1.96-2.6 

The amplitude repeatability is considerably worse than the frequency (3%), appreciating 

% error of up to 60%, with differences between reassembly datasets of orders of 

magnitude in some cases. Besides, different damping values were allowed depending on 

its alignment (horizontal or vertical). In light of this, the average horizontal and vertical 

response for the first 3 vibration modes was calculated and used as damping optimisation 

objectives in terms of normalised amplitude (output acceleration in m/s2 /input 

acceleration in m/s2), as shown in Table 10.    

Table 10: Amplitude average optimisation objectives and its % error 

Amplitude (m/s2/ 

m/s2) 
Mode 1 Mode 2 Mode 3 

Aavgh 9.83 4.19 5.77 

Aavgv 3.55 1.86 2.79 

Erroravgh(%) +15-38.25 +27.5-37 +18.2-18.02 

Erroravgv(%) +60.6-43.66 +12.9-19.35 +27.24-26.52 

When all linear design parameters were correctly updated and optimised, the computed 

results for a node at 100 mm from the pipe tip were compared against the experimental 

data gathered from Section 4.2 (variability of the linear case) at the same location.  
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6.4.2.4 Linear FRF average comparison 

In the first instance, the results from the linear average optimisation were compared 

against the set of 5 experimental measurements performed at the lowest amplitude (1 

m/s2), considered linear, as observed in Figure 6-12. A generally reasonably good 

agreement can be detected, where both frequency and amplitude range were within the 

experimental scatter.  

 

 

Figure 6-12: Linear average optimisation against horizontal (above) and vertical (below) 

experimental measurements 

A closer look at the obtained results in Table 11 and Table 12, shows that the linear 

average optimisation is within the frequency and amplitude experimental repeatability 

error range for the first 3 vibration modes, and therefore they will be considered a valid 

linear baseline. The analytical error shown in Table 11 and Table 12 corresponds to the 

error between the optimisation objectives based on an average of 5 re-assemblies and the 

linear computed response after optimisation. Then, the analytical error is compared 

against the repeatability error resulting out of the 5 re-assemblies. Compared to the 6 

DOF/node linear model, the proposed new linear model offers a considerable 

improvement in terms of amplitude (from 64.9% to 39.43% in the new model) and 

frequency predictive error (from 3.5% to 2.56% in the new model). 
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Table 11: Computed frequency response compared against experimental results 

Modes 

Target 

frequency 

(Hz) 

Computed 

frequency (Hz) 

Analytical 

error (%) 

Max 

repeatability 

error (%) 

Mode 1 398.8 401.53 0.68 2.96 

Mode 2 455.4 443.73 2.56 2.72 

Mode 3 570.8 581.25 1.83 2.6 

Table 12: Computed horizontal (H) and vertical (V) amplitude response compared 

against experimental results 

Modes 
Target 

Amplitude 

Computed 

amplitude 

Analytical 

error (%) 

Max 

repeatability 

error (%) 

Mode 1 H 9.83 10.57 7.52 38.25 

Mode 1 V 3.55 2.15 39.43 60.6 

Mode 2 H 4.19 2.28 32.7 37 

Mode 2 V 1.86 1.99 4.78 19.35 

Mode 3 H 5.77 5.84 1.21 18.2 

Mode 3 V 2.79 2.76 0.91 27.24 

Finally, the final linear clip design parameters that allowed the obtaining of such results 

were the following: 

Table 13: Optimised stiffness parameters based on the average frequencies 

Parameters 

(N/mm) 
Clip 1 Clip 2 Clip 3 Clip 4 Clip5 

kyz= kzy 53.74 54.02 54.17 53.45 51.72 

kyo= kzo -1150.93 -1155.1 -1178.02 -1155.22 -1150.91 

ky= kz 645.59 617.36 602.77 627.18 692.77 
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Table 14: Optimised damping parameters based on the average amplitudes 

Parameters 

(Ns/mm) 
Clip 1 Clip 2 Clip 3 Clip 4 Clip5 

cy 0.001324 0.003574 0.002024 0.002805 0.000149 

cz 0.000285 0.00757 0.00209 0.002279 0.00028 

6.4.2.5 Linear individual stiffness case comparison 

In the previous section, the pipe supported by 5 clips model was optimised based on an 

average taken out of 5 experimental measurements. In contrast, this time stiffness values 

were updated and optimised independently at each clip against every experimental 

measurement performed (5 in total), in order to obtain accurate results within the 

experimental repeatability range.  

As it can be noticed in Table 13, the optimised design stiffness present certain differences 

across the clips, in accordance with the poor repeatability that was observed 

experimentally in Section 4.2, whose physical explanation could be satisfied by 2 

different hypotheses, or a combination of both. The first one would be the uncertain and 

inconsistent nature of clip properties, which could vary individually depending on each 

clip. Had this been the case, stiffness values would follow a pattern closely linked with 

the clip exchange order shown in Figure 4-5 at each experimental reassembly. The second 

hypothesis would be the influence other local factors, such as rig imperfections and 

asymmetries. If this was the case, stiffness differences would remain despite the clip 

exchange. On the other hand factors such as local clip alignment and torque operation 

could influence the system as well, as discussed in Chapter 4, leading to a random 

stiffness distribution at each reassembly. Thus, Figure 6-13, Figure 6-14 and Figure 6-15 

display the optimised linear stiffness values (ky, kyo and kyz respectively) of all clip 

mounting locations (each line representing a specific mounting location) that result from 

the individual optimisation against each reassembly data set (optimisation numbers from 

1 to 5) as shown in Figure 4-5, with the stiffness average plotted in black as well.  
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Figure 6-13: ky parameter evolution at each clip location for different optimisations 

 

Figure 6-14: kyo parameter evolution at each clip location for different optimisations 

 

Figure 6-15: kyz parameter evolution at each clip location for different optimisations 
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Although some particular changes can be observed in the figures above, such as stiffening 

in optimisation 4 and softening in 5, those tendencies seem to affect all clip locations 

equally, or at least the majority of them, and could be related to the particular tightening, 

clip orientation etc. imposed in the manual assembly of the structure. The lines 

representing the stiffness parameters at a certain clip location do not present much of a 

crossover among them. On the contrary, they stay within a certain value range, indicating 

that the clip location influences the system response the most, rather than the use of a 

particular clip.  

The individual case optimisation errors that result from comparing individual 

optimisation resonances against experimental measurements were summarised in Table 

15. As it can be observed, the optimisation errors computed against the frequencies of 

each data set as really low, ranging from 0.0099% to 1.7%, which is way below the 

repeatability frequency error (3%), indicating a remarkable performance of the GA 

optimisation algorithm. 

Table 15: Individual optimisation frequency targets and errors 

Opt 

number 

Freq M1 

(Hz) 

Opt err 

(%) 

Freq M2 

(Hz) 

Opt err 

(%) 

Freq M3 

(Hz) 

Opt err 

(%) 

1 394.6 0.035435 452.9 1.393654 581.4 0.043542 

2 404.4 0.096582 455.3 1.628986 564.3 0.089103 

3 403.2 0.024755 460.6 1.704434 581.8 0.073383 

4 406 0.095891 462.5 1.886715 570.4 0.027830 

5 387.3 0.026577 443.4 0.261002 558 0.009918 

Given the consistency of the stiffness values at every clip location across all optimisation 

test cases, it was concluded that clip mounting location was the most determining factor 

regarding the system variability, since different clips in the same location lead to similar 

extracted values. 

The physical explanation for this it was attributed to a series of factors regarding the 

manual manufacturing of the rig. The first one was the slight curvature of the plumbing 

pipe, as shown in Figure 6-16, where red arrows indicate the lowest points of the pipe on 

the extremes, in contact with the ruler, and the green arrow points the highest point at the 

centre of the pipe, where a gap between the pipe and the ruler can be appreciated. 
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Therefore, the curvature may pre-stress the clips in a different way depending on the 

mounting location, which then may lead to a different behaviour. 

 

Figure 6-16: Pipe curvature detail 

 The second reason were the tolerance issues made in the drilling of the holes that support 

the clips. As a result, every hole ended up being slightly off-centre at different height, as 

pointed out in Figure 6-17, where the green arrow points at the higher hole and the red 

one at the lower, generating different loading conditions on the pipe. The holes shown in 

Figure 6-17 correspond to clip mounting locations 2 and 3. As it can be observed in Figure 

6-13, their correspondent translational stiffness k2y and k3y are the lowest amongst all 

other mounting locations, suggesting a lower stiffness due to the hole height difference. 

 

Figure 6-17: Drill off-centre alignment detail 

Finally, during the torque up operation, the clips showed a tendency to rotate clockwise, 

leading to areas with more contact and areas with less, as illustrated by Figure 6-18. This 

factor was proved to be an important contributor to the variability of the system in Section 

4.4, and it is believed to be the main cause of small stiffness variances within a certain 

clip mounting location. By comparing the maximum stiffness variation at each clip 
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mounting location against the maximum variation across all mounting locations in Table 

16, it can be concluded that the local variability is considerably smaller than the overall 

variability, however, it cannot be neglected as it represent between a 23% to a 63% of the 

overall variability. In the optimisation process it was very important to take this variability 

range into consideration when setting up the upper and lower parameter conditions, 

allowing the stiffness parameters to change accordingly in order to capture the dynamic 

behaviour of every experimental reassembly.    

 

Figure 6-18: Clip rotation and contact areas detail 

Table 16: Local clip mounting location variability against overall variability for all 

stiffness parameters that form part of the linear model 

Stiffness 

parameters 

Local variability 

(N/mm) 

Overall variability 

(N/mm) 

Local/overall 

(%) 

kyz= kzy 3.8 6 63.33 

kyo= kzo 20 35 57.14 

ky= kz 25 105 23.81 

Potentially, the combination of all these small imperfections caused the stiffness 

variances at different clip mounting locations, which were captured by the reduced order 

model approach proposed in this chapter. 
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6.4.3 Nonlinear optimisation and updating 

For the nonlinear model, 12 objectives were taken out of the experimental results in 

Section 3.4.6, which were the frequency (1) and amplitude values in horizontal and 

vertical direction (2) for the 1st vibration mode at 4 different amplitude levels (1 m/s2, 10 

m/s2, 50 m/s2 and 125 m/s2). In order to keep the computational time down and given the 

extremely complex experimental nature of the clip element (See Section 3.4.7), only the 

nonlinear evolution of the 1st vibration mode was modelled to later compare how well 

this approach works for other modes.   

The methodology used for the nonlinear optimisation was based on a slight modification 

of the linear one. One of the differences was that in the nonlinear model a modification 

of the nonlinear spring not only led to a change in resonance frequency but also a change 

in amplitude. Likewise, a modification of a nonlinear damper led to an amplitude and 

frequency change, implying that the optimisation cannot be separated into stiffness and 

damping anymore. On the other hand, a change of value on a horizontal spring or damper 

would not have a significant impact on the vertical response and vice versa, allowing the 

simplification of the optimisation into vertical and horizontal, as stated before. Another 

difference in methodology was the creation of 4 independent nonlinear vibration response 

analyses for the different 4 amplitude levels at each loop iteration. 

In terms of design parameters, only cubic spring and a damper elements were required 

for the model of the clip (See Figure 6-8). Given the breaking down of the nonlinear 

optimisation into vertical and horizontal components mentioned before, this was taken as 

a computational advantage, allowing different stiffness and damping values depending 

on its direction, and enabling a more accurate prediction. On the other hand, the nonlinear 

values remained the same across all clips, as when they were allowed to change the 

computational time increased exponentially and no optimisation convergence was 

achieved.  

As a result, 4 design variables were taken into account with 12 optimisation objectives. 

However, the nonlinear optimisation was broken down into 2 simpler optimisations: an 

optimisation for the vertical direction, and an optimisation for the horizontal direction; 

reducing the number of design parameters to 2 and the number of objectives to 8, as 

shown in Figure 6-19. 
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Figure 6-19: Nonlinear optimisation methodology flowchart 

6.4.3.1 Nonlinear optimisation objectives 

Based on the experimental tests carried out in HADES at different amplitudes, explained 

in detail in Section 3.4.6, the nonlinear optimisation objectives were extracted. Due to the 

assembly-disassembly variability of the linear measurements, the nonlinear objectives 

were not directly determined in terms of absolute frequency or amplitude but frequency 

shift and % amplitude reduction. Then, those frequency shifts and amplitude reductions 

at different excitation levels were applied to the baseline linear model frequency and 

amplitudes (same amplitude reduction was considered for both horizontal and vertical as 

experimental differences between the two directions were negligible) in order to obtain 

the nonlinear objectives, as shown in Table 17. These baseline values were 401.3 Hz and 

10.57 m/s2/ m/s2 for the horizontal response, and 2.15 m/s2/ m/s2 for the vertical one. 

Table 17: Nonlinear optimisation objectives 

Amplitude 

level (m/s2) 

Frequency 

shift (Hz) 

Amplitude 

reduction 

(%) 

Frequency 

target (Hz) 

Amplitude 

target (H) 

Amplitude 

target (V) 

1 0 0 401.3 10.57 2.15 

10 5.7 12.2 395.6 9.28 1.88 

50 15.4 37.2 385.9 6.64 1.35 

125 28.4 53.5 372.9 4.92 0.99 
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6.4.3.2 Nonlinear comparison 

The nonlinear optimised model was compared in terms of frequency and amplitude 

against the nonlinear data generated in Section 3.4.6 at 4 characteristic excitation levels: 

1, 10, 50 and 125 m/s2 for the 1st vibration mode, measured at a point located at 100 mm 

from the pipe tip. 

 As explained in Section 6.4.3, the optimisation process was broken down into 2 different 

optimisations, one for the horizontal component and one for the vertical, allowing better 

results in terms of accuracy and computational time. However, due to a series of factors 

the model update was only possible for the 1st vibration mode. The first factor was the 

unexpected dynamic behaviour of modes 2 and 3, explained in detail in Section 3.4.7, 

which would not be captured by the proposed model even if an optimisation was 

computationally possible including all 3 modes. Precisely, minding the increase of 

optimisation objectives that such optimisation entails, and given the different nonlinear 

nature of all of 3 modes, a good optimisation convergence could not be possible, and thus, 

the nonlinear model was only updated for the 1st mode.  

 

Figure 6-20: Computed nonlinear horizontal and vertical frequency response at different 

excitation levels against experimental results for mode 1 with repeatability error bars 



Chapter 6: Three DOF Hybrid Modelling Approach 

Alberto Sanchez - May 2019   115 

 

Figure 6-21: Computed nonlinear horizontal amplitude response at different excitation 

levels against experimental results for mode 1 with repeatability error bars 

 

Figure 6-22: Computed nonlinear vertical amplitude response at different excitation 

levels against experimental results for mode 1 with repeatability error bars 

Based on Figure 6-20, it can be stated that for the 1st mode the horizontal computed 

response is reasonably accurate in terms of frequency, whereas the vertical one is slightly 

off target, capturing the nonlinear trend nonetheless. Thus, it is obvious that the resonance 

frequencies for the horizontal and vertical components differ. As explained in Section 

6.2.2.3, a linear spring element was introduced in order to model the horizontal-vertical 

coupling. This simple element was able to capture the coupling effect of the linear system 

as shown in Figure 6-12, however, with the introduction of different nonlinear cubic 
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springs and dampers in the horizontal and vertical directions, the orthogonal modes 

decoupled and the linear coupling element could not prevent it from happening. In light 

of this, the implementation of nonlinear cubic springs and dampers with the same 

coefficient in both directions was attempted in order to avoid the decoupling of the 

orthogonal modes. Unfortunately, that led to continuation issues in FORSE or a large 

drop in prediction accuracy as the horizontal response is about 5 times bigger than the 

vertical, and therefore the nonlinear activation was very different from one another, 

reason for which it was decided to stick to 2 different nonlinear optimisations, one for 

each direction. In terms of amplitude, both the fit on horizontal (See Figure 6-21) and 

vertical (See Figure 6-22) computed response are good.    

The detailed results shown in Table 18 indicate that the frequency and amplitude errors 

registered by the nonlinear model are within the assembly variability range, with the 

exception of the frequency of the vertical response at 125 m/s2, which is marginally higher 

(3.21%) than its linear variability (2.96%). However, it is worth indicating that, as proven 

in Chapter 4, the variability of the system increases with the excitation level (Figure 4-2). 

In terms of amplitude, the highest error is registered for the vertical response at 50 m/s2 

(16.64%), which is considerably lower than its linear variability error (60.6%), making 

these results quite acceptable considering the system poor repeatability. By comparing 

this results against the ones shown in Section 5.5.2 for the 6 DOF/node model, it can be 

said that the proposed 3-node 3 DOF/node model massively improves the accuracy of the 

nonlinear prediction, coming from frequency and amplitude errors of 15 and 40% to 3 

and 16% respectively. 
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Table 18: Nonlinear response % amplitude and frequency errors compared against 

experimental data 

Amplitude levels 

(m/s2) 

Freq 

Model 

error H 

(%) 

Freq 

Model 

error V 

(%) 

Amplitude 

Model error H 

(%) 

Amplitude 

Model error V 

(%) 

1 0.03 0.02 2.45 1.08 

10 0.97 1.42 1.01 1.22 

50 1.00 2.55 0.53 16.64 

125 1.38 3.21 2.32 0.22 

In order to obtain the results shown above, the final clip nonlinear optimised parameters 

were the following: 

k3y = -4715.2 N/mm 

k3z = -9495.23 N/mm 

c3y = 1.22071e-7 Ns/mm 

c3z = 1.96617e-6 Ns/mm 

Where k3y is the nonlinear cubic horizontal stiffness component, k3z is the nonlinear 

vertical cubic stiffness component, c3y is the nonlinear horizontal cubic damping 

component and c3z is the nonlinear vertical cubic damping component. 

As mentioned before, the nonlinear model was only updated for the 1st vibration mode. 

Nonetheless, modes 2 and 3 will be compared against the computed response in order to 

assess the predictability of the nonlinear model. The computed FRFs in which all this 

figures were based was based on (including the 1st mode shown before) can be found in 

A 11-5 of the Appendix section. 
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Figure 6-23: Computed nonlinear horizontal and vertical frequency response at different 

excitation levels against experimental results for mode 2 

 

Figure 6-24: Computed nonlinear horizontal amplitude response at different excitation 

levels against experimental results for mode 2 
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Figure 6-25: Computed nonlinear vertical amplitude response at different excitation 

levels against experimental results for mode 2 

 

Figure 6-26: Computed nonlinear horizontal and vertical frequency response at different 

excitation levels against experimental results for mode 3 



Chapter 6: Three DOF Hybrid Modelling Approach 

Alberto Sanchez - May 2019   120 

 

Figure 6-27: Computed nonlinear horizontal amplitude response at different excitation 

levels against experimental results for mode 3 

 

Figure 6-28: Computed nonlinear vertical amplitude response at different excitation 

levels against experimental results for mode 3 

As it can be appreciated in Figure 6-23, the frequency prediction for mode 2 is acceptable, 

however the computed amplitude in Figure 6-24 and Figure 6-25 is heavily under 

predicted, due to the strange nature of this mode (softening without damping increase) 

presented in Section 3.4.7. As for mode 3, the horizontal frequency prediction in Figure 

6-26 is relatively accurate. However, due to the nonlinear induced decoupling before 

mentioned, the vertical prediction is off target. As shown in Figure 6-27 and Figure 6-28, 
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the amplitude is under predicted again, as this mode presents softening with little damping 

increase.      

6.5 Summary 

An enhanced design methodology was presented in this chapter, consisting in a full 3D 

reduced order model of an assembly made of a pipe supported by 5 clips that represent a 

basic fuel manifold. This methodology allowed the implementation of base controlled 

excitation and overcame the continuation problems present in the 6 DOF/node model. 

Although the pipe element and the shaker table were modelled using quadratic brick 

elements, the major modification of this novel approach consisted in the implementation 

of a 3 nodes, 3 DOF/node implicit clip element, able to capture effects like the rotational 

stiffness, some of the influence of the clip head inertial effect in the coupling of the 

system, the connection between the implicit clip element and the rest of the structure, and 

the nonlinear behaviour of it.  

The methodology used for the design parameters update and optimisation was a step-by-

step approach that breaks down the optimisation problem into smaller optimisations, 

improving computational time and reliability of results. The optimisation objectives were 

extracted from experimental tests performed at different amplitude levels, presented in 

the experimental section of this thesis.  

Based on the results, it can be said that the linear model correctly captures the dynamic 

response of the system for the first 3 vibration modes, which error is less than the 

variability observed in the repeatability experiments conducted previously. Additionally, 

the variability observed in the analytical stiffness results from one clip to another was 

physically explained by the imperfections inherent in the manual manufacturing of the 

experimental test rig. Finally, the nonlinear model presented is able to successfully 

capture the nonlinear response of the system for the 1st vibration mode. Unfortunately, 

given the complex interaction between the clips and the pipe, the nonlinear response of 

further vibration modes could not be captured adequately. Despite these limitations, the 

proposed model improved significantly the linear, and particularly, the nonlinear 

predictability of the previous 6 DOF/node model.   
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7 EFFECT OF MULTIPLE 

NONLINEAR ELEMENTS 

7.1 Overview 

The introduction of nonlinear elements into a vibration system enables the appearance of 

very different dynamic effects such as softening, hardening, damping changes and a long 

etcetera. As shown in Chapter 3, the combination of nonlinear effects can be extremely 

complex and challenging to predict. In addition, large systems such as the fuel manifold 

typically host a significant amount of nonlinear elements that can modify the dynamic 

behaviour of the system to the point of inducing fatigue failure in extreme cases.  

In the present literature, some authors propose the use of nonlinear elements to counteract 

the nonlinearity of the system with the aim of linearising their dynamic behaviour [101]–

[107]. However, in order to cancel out the nonlinear behaviour, the nonlinear elements 

introduced must be specifically designed and have the opposite sign, which entails many 

technical problems, to name some, the weight addition, or the impossibility to fully 

characterise certain nonlinear components given their complexity and variability. In light 

of this, a study on how the addition of multiple nonlinear elements affect the dynamic 

trends of a given system was deemed as a more useful and pragmatic option. This aim of 

this study will be to assess whether the introduction of multiple nonlinearities lead to a 

“stabilisation point” after which the addition of more nonlinearities will not significantly 

change the dynamic behaviour of the system, improving its predictability, or otherwise 

the system response becomes harder to predict with the addition of more nonlinearities. 

Another potential advantage of this type of analysis would be the determination of the 

optimum number of nonlinear elements required to reach such “stabilisation point”, had 

that dynamic trend been proven.   

7.2 Methodology 

Generally, in the study of nonlinear systems the variation of two parameters are 

monitored: frequency and amplitude, which are direct indicators of frequency shifts and 

damping changes. Besides, in this analytical study more parameters were included such 
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as the total potential energy or the potential energy of the active nonlinear elements, with 

the intent of understanding how the energy is distributed over the system, and its impact 

on the dynamic response.   

7.2.1 Analytical test case 

The analytical test case chosen for the study was the pipe supported by 5 clips model 

presented in Chapter 6. As the experimental nonlinear behaviour was well captured in 

this model for the 1st vibration mode, the results in terms of amplitude, frequency and 

potential energy were extracted out of this mode. Given the fact that the linear part of the 

clip cannot be separated from the nonlinear part experimentally, this exercise was 

performed analytically in order to separate both linear and nonlinear part. 

In this study, in order to avoid analysing different dynamic systems, the linear part of the 

model remained unchanged. As for the nonlinear part, given that only clips were nonlinear 

in the model, their nonlinear springs and dampers could be activated or deactivated 

depending on the number of nonlinearities that were required at each analysis. With a 

total number of 5 clips in the assembly, all possible combinations were analysed 

activating 0, 1, 2, 3, 4 or 5 nonlinear clips. In this way, a comparison can be made against 

the number of active nonlinear clips in the assembly.  

The total number of dynamic analyses performed were 32 (combinations=2number of clips), 

in which the clips were activated/deactivated in all possible combinations. To this end, a 

Matlab routine was used to run all possible combinations in FORSE by 

activating/deactivating the nonlinear part of the clips, to later post process the results as 

shown in Figure 7-1. This process was repeated at several amplitude (0.1, 60 and 125 

m/s2 of horizontal base excitation) levels to quantify the influence of the excitation over 

the nonlinear trends. 

 

Figure 7-1: Analyses generator routine flowchart 
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Once the dynamic analyses were finished, the maximum amplitude out of all clips was 

extracted for the 1st vibration mode, together with its correspondent resonance frequency. 

The total potential energy of the clips was calculated by computing the elastic linear 

potential energy (PE) horizontally stored in the clips, with the aim of monitoring the linear 

energy evolution of the system when multiple nonlinearities were added. As explained in 

Chapter 6, the model structure is the same in the horizontal and the vertical direction, 

using the same type of nonlinearities. Therefore, any of those directions will show the 

same trend with the nonlinearities increase, hence the horizontal was chosen for being the 

excitation direction. As for the linear stiffness, the displacement of the horizontal spring 

ky (See Figure 6-8), occurring at both lateral nodes that model the translational and 

rotational stiffness of the clip, was used to compute the linear potential energy,  

𝑃𝐸 =
1

2
∑ 𝑘𝑛𝑢𝑛

2𝑛𝑐𝑙𝑖𝑝𝑠
1              Equation 3 

   

Where nclips is the number of clips (5), n clip is the clip number (1 to 5), kn is the linear 

horizontal stiffness of n clip in N/mm and un is the horizontal displacement of n clip in 

mm. The PE was normalised to the highest amplitude level (125 m/s2) so the values at 

different amplitude levels are comparable, sharing a common initial point when the 

system is fully linear (0 nonlinear elements activated).  

As for the nonlinear potential energy (PENL), it was calculated on the horizontal 

component k3y of the active nonlinear clips located at the lateral nodes of the clip element 

(See Figure 6-8) to focus solely on the nonlinear energy, meaning that a non-active 

nonlinear clip would result in 0. As the nonlinear potential energy of the clips comes from 

the cubic spring, in this occasion the equation used was as follows: 

 𝑃𝐸𝑁𝐿 =
1

4
∑ 𝑘𝑐𝑢𝑏𝑖𝑐𝑢𝑛𝑎𝑐𝑡𝑖𝑣𝑒

4𝑛𝑎𝑐𝑡𝑖𝑣𝑒
0            Equation 4 

 

Where nactive is the number of active clips (from 0 to 5), kcubic is the cubic nonlinear 

stiffness of the active clip in N/mm3 and unactive the displacement of the active clips in mm. 

These parameters were computed in order to compare the relationship between overall 

linear energy and active nonlinear energy, whether the increase of nonlinear potential 

energy as more nonlinear elements are activated leads to a decrease of overall linear 

energy, or otherwise a clear link between both cannot be established.  
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7.3 Results 

The amplitude and frequency values were extracted from the FRF’s displayed from A 

11-6 to A 11-23 in the Appendix section and the correspondent PE and PENL calculated 

as mentioned before in Section 7.2.1. The results were expressed in terms of the 

frequency, amplitude and energy mean from all possible clip combinations against the 

number of active nonlinear clips (0-5) for different excitation levels ranging from 0.1 m/s2 

(linear case) to 125 m/s2 (extreme nonlinear case). Besides, minimum and maximum bars 

were represented as well vertically in the plots to display the range of the results for all 

possible configurations computed for a given number of active nonlinearities. 

As it can be observed in Figure 7-2, the amplitude evolution is flat for the linear case as 

expected since the excitation amplitudes are so low that nonlinear damping is not 

activated. At moderate and high excitation levels, an increase in the number of nonlinear 

clips leads to gradual reduction in amplitude. Only 3 active clips are required to reach the 

stabilisation point at high excitation levels, whereas at moderate levels the stabilisation 

point sits somewhere between 4 and 5 active nonlinear clips. The maximum and minimum 

variability range tends towards reduction when more nonlinear clips are activated, as a 

system with less active nonlinearities is much more sensitive to location (and thus 

variability) than a more distributed and restricted system with more active nonlinearities.   

 

Figure 7-2: Amplitude VS number of active nonlinearities 
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Regarding frequency, the same gradual average and variability reduction trend can be 

observed in Figure 7-3, being more acute at higher excitation levels. Still, as you increase 

the number of nonlinearities, the frequency shift seems to converge towards a value, 

suggesting that more nonlinear clips should be active in order to reach such state. The 

reason for this delayed stabilisation comes from the difference in the definition of cubic 

stiffness and cubic damping (See Equations 1 and 2). While cubic stiffness is proportional 

to the cube of the deflection, the cubic damping is proportional to the cube of the velocity, 

which is proportional to the deflection and the frequency. By effect of the softening cubic 

stiffness activated, the resonance frequency gets smaller, which decreases the damping 

force at a much faster rate than the stiffness force, as only the deflection drops in the case 

of the cubic stiffness, whereas both deflection and frequency drop in the case of the cubic 

damping, leading to a much faster reduction rate. Besides, it can be observed that the 

frequency is more sensitive towards location of the clip pattern, than the amplitude, given 

the variability range displayed.  

 

Figure 7-3: Frequency against number of active nonlinearities 
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Figure 7-4: Total PE VS Number of active nonlinearities 

The total potential energy on the clips shown in Figure 7-4, registers the same evolution 

shown before in terms of average and variability reduction, which is logic for being a 

function of the amplitude. However, it does so at a slower rate, reaching the stabilisation 

point only at high excitation levels with all nonlinear clips activated and reducing its 

variability at a slower rate than in Figure 7-2. These differences are down to the way in 

which the amplitude and the potential energy are calculated. The amplitude is calculated 

as the maximum amplitude occurring in the 1st vibration mode out of all clips, whereas 

the total linear potential energy is proportional to the summation of the maximum 

amplitudes of all clips (See Equation 3). This implies that the local maximum 

displacement of a certain vibration mode decreases at a faster rate than the average 

amplitude of the system.     



Chapter 7: Effect of multiple nonlinear elements 

Alberto Sanchez - May 2019   128 

 

Figure 7-5: Nonlinear potential energy VS number of active nonlinearities 

Contrary to the previous figures, the evolution of the nonlinear potential energy computed 

on the active clips does not result in a gradual average decrease but a gradual average 

increase as displayed in Figure 7-5. Although the linear case shows a linear progression, 

this is due to the lack of activation of nonlinear clip elements. Looking at the way in 

which the nonlinear potential energy was defined in Section 7.2, despite activating the 

nonlinear elements of the system, given the low excitation imposed, the nonlinear force 

will be close to 0. Thus, the amplitude of the active nonlinear clips will not be reduced, 

leading to a higher nonlinear potential energy. At moderate and high excitation levels, the 

elastic potential energy stored in the nonlinear part of the clips does not increase linearly, 

due to the activation of the nonlinearities and the consequent amplitude reduction, tending 

towards stabilisation in a similar way to Figure 7-4, only changing the gradual decrease 

for gradual increase. Besides, the variability decrease follows a similar pattern. 

These findings point out that when nonlinearities are activated, the vibration amplitude 

drops gradually due to the cubic damping nonlinearity that extract energy out of the 

system. Although the amplitude drops more when more nonlinearities are activated, the 

motion of the nonlinear element also gets reduced, making such amplitude drop less and 

less with the addition of more nonlinearities until a stabilisation happens after a certain 

number of nonlinear clips, where the nonlinear clips cannot store more energy or generate 
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more damping, redistributing the energy over more clips. Hence, by performing this type 

of analysis on industrial applications such as a fuel manifold, it is possible to determine 

the optimum number of support elements required in order to reduce the vibration 

amplitude and frequency to the desired levels.  

7.4 Second analytical case: full fuel supply ring 

In order to demonstrate the validity of the conclusions extracted from the results presented 

in Section 7.3, an additional analytical exercise was carried out. In this numerical test 

case, the geometry chosen was a typical fuel supply ring with cyclic symmetry and a mean 

diameter of 850 mm. The supply ring was connected to the shaker table by 8 clips, equally 

distributed along the ring (See Figure 7-6). An additional aim of this model was to study 

if the proposed approach could be used in a more complicated pipe pattern as well.  

7.4.1 Fuel supply ring design and methodology 

The fuel supply ring model was designed in the exact same way as the fuel manifold 

model. The shaker table was kept in the model, and the ring was attached to the table via 

clip elements. As in the fuel manifold, 2 layers of through thickness quadratic brick 

elements were used for the ring. The geometry was created and meshed in Abaqus, where 

the boundary conditions were applied. Then a .bdf file was generated and modified by a 

Matlab routine to later feed a Fortran-Matlab code, which launched NX Nastran to 

produce the .mod and .flx files required as FORSE inputs. Finally, the .mod and .flx files 

were used in FORSE, where the required clips were included into the model (See Figure 

6-9).   
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Figure 7-6: Fuel supply ring with shaker table FE model 

In the fuel manifold, different clips model parameters were optimised along the pipe in 

order to mimic the physical dynamic behaviour as good as possible (See Section 6.4), 

resulting in different parameters depending on the clip location. Given that this exercise 

was purely analytical and could not be optimised against experimental data, an average 

of the optimised clip parameters from Section 6.4.2 (Table 13 and Table 14) was used, as 

displayed in Table 19. 

Table 19: Averaged clip parameters used 

Averaged parameters Values (N/mm or Ns/mm) 

kyz= kzy 53.4218 

kyo= kzo -1158 

ky= kz 637.1332 

kx 900 

cy 0.0022 

cz 0.0025 
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7.4.2 Results  

The results and figures were produced and presented in the same fashion as in Section 

7.3. Only the excitation levels were changed due to the appearance of continuation 

problems in FORSE. Hence, the 3 amplitude levels used were 0.1, 7 and 15 m/s2. Despite 

using low excitation levels compared to the ones used in Section 7.2.1, in this analytical 

case more nonlinear elements (8) were present. Besides, the results confirmed the trends 

shown before, and therefore the excitation levels were deemed as valid in order to 

corroborate those trends. As in the fuel manifold, the FRF’s from the 1st vibration mode 

(260 Hz) were used to compute the results, which can be found in the Appendix section 

from A 11-24 to A 11-50.  

 

Figure 7-7: Amplitude VS number of active nonlinearities 

As it can be observed in Figure 7-7, the amplitude follows the same trend as in Figure 

7-2, displaying a stabilisation after a certain number of active nonlinearities, in this case 

4 or 5, due to the smaller excitation levels used. In terms of variability, the same 

variability reduction trend can be found. 
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Figure 7-8: Frequency VS number of active nonlinearities 

Regarding the average frequency evolution, 2 points with singularities can be noticed in 

Figure 7-8, one at 3 active nonlinear clips and another one at 7. This variations are due to 

the interaction of other modes with the first vibration mode, affecting the FRFs (See from 

A 11-24 to A 11-50 in the Appendix section). However, the general trends are consistent 

with Figure 7-3, with a slower gradual reduction and variability due to the nature of the 

nonlinear cubic spring.   

 

Figure 7-9: Potential energy VS number of active nonlinearities 
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In the particular case of the fuel supply ring, it can be seen in Figure 7-9 how the overall 

potential energy trends are almost the same as in the amplitude (See Figure 7-7), meaning 

that the local maximum displacement of the 1st vibration mode decreases at the same rate 

of the average amplitude of the system. This is probably due to a combination of 2 factors. 

The first one is the use of averaged linear stiffness values, reducing the system variation 

compared to the optimised system of Section 7.2.1 in which each clip has different linear 

stiffness. The second one is the specific vibration mode studied, which can affect the 

reduction rate between the local maximum displacement and the average system 

amplitude as well, depending on its mode shape.      

 

Figure 7-10: NL potential energy VS number of active nonlinearities 

Regarding the nonlinear potential energy of the active nonlinear clips, the system follows 

the same trends as in Figure 7-5, only reaching the stabilisation point before, due to the 

increase on the number of nonlinearities. 

Summarising, the same trends observed for the fuel manifold pipe in Section 7.3 are 

repeated for the fuel supply ring. A logarithmic decrease can be observed at moderate and 

high excitation levels across amplitude, frequency and linear potential energy when more 

nonlinear elements are activated, despite being less obvious in the case of the frequency. 

As in the pipe supported by 5 clips computation, the variability is reduced with the 

number of active nonlinearities, as the problem is more constrained. Besides, a 

logarithmic increase of the nonlinear potential energy of the active clips occurs as well, 

reinforcing the hypothesis of nonlinear energy dissipation and the existence of a 
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stabilisation point, where an increase in the number of nonlinearities would not change 

significantly the resulting amplitude or potential energy of the system.   

7.5 Summary 

In this chapter, two analytical test cases were presented in order to identify the dynamic 

trends that result from increasing the number of nonlinear active elements on those 

systems.  

The first test case consisted in a basic fuel manifold pipe supported by 5 clips, whose 

clips design parameters were determined and optimised against experimental findings, 

whilst the second test case represented a fuel supply ring with cyclic symmetry supported 

by 8 clips, whose clips design parameters were averaged from the first test case, as no 

experimental data was available.   

The results showed that amplitude, frequency and linear potential energy present a 

logarithmic decrease in combination with a logarithmic increase of the nonlinear potential 

energy. This was attributed to the nonlinear energy stored from the system, which reaches 

a stabilisation point after which the nonlinearities increase makes little impact on the 

before mention parameters, due to the nature of the cubic nonlinearity used for the clips. 

One of the practical outcomes of this is that the addition of more clips to the system would 

lead to a dynamic behaviour change initially, although eventually more clips would not 

lead to any improvement in terms of damping behaviour, and the extensive use of these 

elements is therefore not a good idea. 

The existence of stabilisation points opens the door to the potential calculation of the 

optimum number of nonlinear elements required in a given mechanical system in order 

to meet the design parameters in terms of amplitude and frequency for a certain excitation 

level. However, this should not be mistaken with the linearisation of the system, as 

nonlinear response will always be present and must be considered in the analysis. 
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8 DISCUSSION 

The main focus of this thesis consisted in creating a design methodology that allows the 

computation of the nonlinear dynamic response of a fuel manifold type assembly by 

means of a reduced order model, allowing quick and yet accurate dynamic analyses of 

new pipe networks during early design stages. To this end, all the constitutive components 

of the assembly were individually analysed experimentally with the aim of characterising 

their dynamic behaviour. Later, different subassemblies of these components were tested 

as well in order to understand the interaction between them. Based on the results of these 

experiments, the components could be classified in two categories: linear and nonlinear. 

Given that the modelling of linear elements has become general knowledge during the 

last decades, it was decided to focus more on the modelling and characterisation of the 

nonlinear components, which resulted to be the clips, whose main function is to support 

the fuel delivery pipe, formed of a metal ring covered by rubber.  

In order to capture the dynamic response of the clip correctly, it was determined that 3 

translational and 2 rotational DOF were needed, although the most dominant ones were 

found to be the horizontal direction and the rotation around the vertical axis to capture 

the horizontal pipe motion, and the vertical direction and the rotation around the 

horizontal axis to capture the vertical pipe motion.  

The experimental tests carried out highlighted the considerable amount of variability 

introduced by the clips. The main contributors of this variability were found to be the 

manual reassembly process, the clip alignment and torque, the influence of the 

measurement techniques used and the clip settling. Another factor that was 

experimentally and analytically proven to change the system properties was the 

introduction of pre-stresses an imperfections due to the manual manufacturing of the 

experimental rig. Some of this factors could be minimised and others could not. However, 

some assembly best practice guidelines were provided in order to reduce such variability 

as much as possible. Since the capturing of this variability is extremely difficult given the 

many factors that contribute to it, it was decided not to consider it in detail, instead 

focusing on an average response that was used as modelling objective.  
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Another interesting experimental finding was the nature of the clip motion when under 

base control excitation. Despite the fact that the excitation was purely horizontal, the clip 

showed a 3D orbital motion, which could be controlled and influenced by at least 2 

different nonlinear mechanisms. After the conduction of a large amount of experiments, 

this interaction between the clip and the pipe was found to be way more complicated than 

previously assumed, evidencing the lack of predictability that would result from using 

any linear model currently available.   

In order to capture the nonlinear dynamic behaviour induced by the clip, a 6 DOF/node 

implicit reduced order model was introduced. The design parameters of the model were 

updated via optimisation against experimental results. With this approach, the linear 

prediction showed an accuracy within the variability range and the nonlinear prediction 

captured the nonlinear behaviour general trend for the 1st vibration mode. Despite 

capturing such trend, the resulting nonlinear prediction error was deemed as very high. In 

addition, some incompatibilities with the in-house nonlinear solver FORSE led to 

continuation problems. Also, the base excitation used experimentally could not be 

modelled as a result of these incompatibilities, compromising any further improvement 

and development of this model.  

In light of the technical and accuracy issues on the 6 DOF/node model, a new enhanced 

model was developed. This model consists in a hybrid 3 DOF/node model able to capture 

the translational and rotational DOF by means of an implicit 3 node clip element 

connected to the 3D brick model (rest of the assembly) via kinematic coupling. Despite 

the fine mesh used in part of the assembly, thanks to the reduction techniques applied, the 

computational time remained low, enabling a fast calculation of the nonlinear response. 

The design parameters were updated and optimised against experimental data in a similar 

fashion as in the 6 DOF/node model. Due to the increase in complexity of the new 

modelling approach, Genetic Algorithm techniques were used for the optimisation. When 

using the 6 DOF/node clip modelling approach, a lot of difficulties were found in order 

to compare experimental base excitation results with force driven simulations. Thus, the 

use of this 3 DOF/node model allowed the implementation of controlled base excitation, 

resulting in much more comparable results to the experimental ones. 

The detailed research into the clip dynamics revealed that the action of two or more 

different nonlinear mechanisms change considerably the dynamics of the system, leading 

to an overly complex pipe-clip interaction, which no reduced order modelling approach 

will be able to capture accurately. Consequently, any optimisation would struggle to find 
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nonlinear parameters that would cover all mechanisms. In light of this, and taking into 

consideration that the 1st vibration mode of the experimental test case used for validation 

purposes was proven to be dominated by the friction effect instead of the inertial coupling, 

the nonlinear model was updated solely for this vibration mode. As a result, a significant 

accuracy improvement was achieved in terms of linear and nonlinear prediction against 

the previous 6 DOF/node model, situated well within the system variability range. 

However, the nonlinear prediction of modes controlled by the clip head inertial effect was 

not satisfactory achieved due to the lack of clear understanding of the elements that trigger 

its predominance over the nonlinear friction mechanism.   

Finally, an analytical study was carried out trying to address the effect of multiple 

nonlinearities on a given system, which was specifically applied to the fuel manifold 

problem. The study concluded that by adding more nonlinear clip elements to a fuel pipe 

system, the amplitude and frequency of the response tend to decrease gradually together 

with the overall potential elastic energy stored in the springs until a “stabilisation point” 

is reached, where the addition of more nonlinear elements will not reduce further the 

amplitude, frequency or energy of the system. It was also observed that the variability of 

the system decreases when more nonlinear elements are activated, due to a less localised 

and more constrained system. Consequently, the optimum number of clips needed in 

order to obtain the desired amplitude and frequency levels can be worked out. Besides, it 

can be stated that the extensive use of clips will only add weight and complexity to the 

system and therefore this practice is not recommended.     

8.1 Generic value of the thesis work 

Despite being focused on one particular engineering application, namely a fuel manifold 

assembly, the modelling methodologies presented in this thesis could be implemented 

generically in many other engineering problems. 

Starting with the experimental characterisation, a bottom-up approach could be used for 

any structure in which all the individual components that form such structure would be 

tested and characterised, using the techniques proposed in this thesis. Then, more 

complex subassemblies would be formed by using those components, increasing the level 

of complexity until the targeted structure was tested and characterised. Besides, the 

experimental testing operation could follow the fitting guidelines provided in this work, 

leading to an improvement on the system’s repeatability, and thus achieving an 

experimental variability reduction. 
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Asides from the dynamic experimental characterisation, the modelling methodology used 

in this thesis could be applicable to a wide range of engineering problems. Based on the 

dynamic behaviour observed, different modelling approaches could be addressed (e.g. 

implicit, explicit, use of nonlinear elements etc.) in order to select the most appropriate. 

Afterwards, a model reduction could be carried out followed by parameter identification, 

updating and optimisation, which could be performed in the same fashion as presented 

on this thesis for both linear and nonlinear components, ending up with a final model of 

the structure of choice. 

In terms of experimental experience gained, the dynamic complexity induced by the clip 

element could be also observed in any other rubbery support used in engineering. This 

experience would provide a valuable insight on the complex mechanisms that govern its 

dynamic behaviour, and the measurement techniques used to better capture it. 

Finally, the outcome of the numerical study on the effect of multiple nonlinear elements 

could be taken to any system with similar nonlinearities such as joint connections, widely 

present in engineering. Besides, the optimum number of nonlinear elements required to 

achieve target amplitudes and frequencies in operation could be estimated.    
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9 CONCLUSIONS AND 

FUTURE WORK 

9.1 Conclusions 

All individual components that form part of a typical fuel manifold assembly were 

experimentally characterised, highlighting the linear nature of all of them with the 

exception of the clip element, which was found to be nonlinear.  

The experimental tests conducted on subassemblies formed of different fuel manifold 

components combined together concluded that the clips add an important amount of 

variability to the system. The factors that influenced such variability were found to be 

related with the manual mounting operation of the clips, manufacturing tolerance issues 

or measurement techniques. Thereby, a clip mounting guideline of best practices was 

provided. Due to the complex combination of factors that affect the variability of the 

system it was decided not to model it but to use it in order to obtain modelling objectives 

based on average response values.  

Besides, the experimental tests demonstrated the extreme complexity of the pipe-clip 

interaction, highlighting the existence of at least two different nonlinear mechanisms on 

the clip: one a friction driven mechanism that introduces damping and softening, and 

another one driven by the inertial motion of the clip head, which leads to a nonlinear 

coupling and to a 3D orbital motion of the clip. 

Two attempts were made to model a pipe-clip system: an implicit 6 DOF/node model, 

and a hybrid 3 DOF/node model. Both models were updated and optimised against 

experimental data, being the 3 DOF/node the model that showed better prediction 

accuracy and robustness.  

An analytical study on the effect of the addition of multiple nonlinear elements applied 

to pipe-clip assemblies concluded the existence of a “stabilisation point” after which the 

addition of more clips will not change the dynamic response further. As a result, the 

optimum number of clip elements required in order to obtain certain design amplitudes 
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and frequencies can be calculated, avoiding the extensive use of clip elements that would 

only add weight and complexity to the structure. 

9.2   Future work 

Probably the main area for future improvement lays within the study of the nonlinear 

pipe-clip interaction. This interaction was proven extremely complex, displaying at least 

two different nonlinear mechanisms. Such mechanisms seemed to be predominant one 

over the other depending on the vibration mode observed, although the ultimate reason 

for this predominance or lack of it remained unclear.  

An improvement of this model would involve an exhaustive and extremely controlled 

experimental study to characterise the nature of the motion in greater detail. Supposing 

that only the two known mechanisms coexist and drive the pipe-clip interaction, an 

experimental rig should be carefully design in order to successfully isolate them. In one 

of the experiments a newly design clip could be used, perhaps with a shortened clip arm, 

avoiding inertial effects driven by the base excitation as much as possible. Another 

alternative would be the use of a stinger attached to a shaker directly on the clip at 

different excitation levels. In a second experiment the metal ring of the clip could be 

welded to the pipe, thus, eliminating the friction effect introduced by the rubber-metal 

interface. If the dynamic behaviour of both mechanisms could be captured separately by 

means of one or more implicit elements, potentially when combined together they would 

reproduce the complex nonlinear effect observed when both mechanisms are present.   

Other areas of improvement would be the rig manufacturing and the assembly mounting 

control in order to reduce the system variability, and the use of laser measurement 

techniques with the aim of reducing the mass loading effect of the accelerometers.  
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FRFS 

 

A 11-1: Pipe supported by 5 clips. X, Y, Z response measured on the outermost clip at 1 

m/s2 excitation 

 

A 11-2: Pipe supported by 5 clips. X, Y, Z response measured on the outermost clip at 

100 m/s2 excitation 
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A 11-3: Example of pipe measured data used in Figure 3-37  

 

A 11-4: Nonlinear comparison between 6 DOF reducer order model prediction and 

experimental results at different excitation levels 
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A 11-5: Nonlinear computed horizontal (above) and vertical (below) response at 4 

different excitation amplitudes for the 3 DOF/node model 
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A 11-6: FRFs of pipe supported by 5 clips with 0 nonlinear clips activated at an 

excitation of 0.1 m/s2 

 

A 11-7: FRFs of pipe supported by 5 clips with 0 nonlinear clips activated at an 

excitation of 60 m/s2 
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A 11-8: FRFs of pipe supported by 5 clips with 0 nonlinear clips activated at an 

excitation of 125 m/s2 

 

A 11-9: FRFs of pipe supported by 5 clips with 1 nonlinear clips activated at an 

excitation of 0.1 m/s2 
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A 11-10: FRFs of pipe supported by 5 clips with 1 nonlinear clips activated at an 

excitation of 60 m/s2 

 

A 11-11: FRFs of pipe supported by 5 clips with 1 nonlinear clips activated at an 

excitation of 125 m/s2 
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A 11-12: FRFs of pipe supported by 5 clips with 2 nonlinear clips activated at an 

excitation of 0.1 m/s2 

 

A 11-13: FRFs of pipe supported by 5 clips with 2 nonlinear clips activated at an 

excitation of 60 m/s2 
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A 11-14: FRFs of pipe supported by 5 clips with 2 nonlinear clips activated at an 

excitation of 125 m/s2 

 

A 11-15: FRFs of pipe supported by 5 clips with 3 nonlinear clips activated at an 

excitation of 0.1 m/s2 
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A 11-16: FRFs of pipe supported by 5 clips with 3 nonlinear clips activated at an 

excitation of 60 m/s2 

 

A 11-17: FRFs of pipe supported by 5 clips with 3 nonlinear clips activated at an 

excitation of 125 m/s2 
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A 11-18: FRFs of pipe supported by 5 clips with 4 nonlinear clips activated at an 

excitation of 0.1 m/s2 

 

A 11-19: FRFs of pipe supported by 5 clips with 4 nonlinear clips activated at an 

excitation of 60 m/s2 
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A 11-20: FRFs of pipe supported by 5 clips with 4 nonlinear clips activated at an 

excitation of 125 m/s2 

 

A 11-21: FRFs of pipe supported by 5 clips with 5 nonlinear clips activated at an 

excitation of 0.1 m/s2 
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A 11-22: FRFs of pipe supported by 5 clips with 5 nonlinear clips activated at an 

excitation of 60 m/s2 

 

A 11-23: FRFs of pipe supported by 5 clips with 5 nonlinear clips activated at an 

excitation of 125 m/s2 
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A 11-24: FRFs of fuel supply ring supported by 8 clips with 0 nonlinear clips activated 

at an excitation of 0.1 m/s2 

 

A 11-25: FRFs of fuel supply ring supported by 8 clips with 0 nonlinear clips activated 

at an excitation of 7 m/s2 
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A 11-26: FRFs of fuel supply ring supported by 8 clips with 0 nonlinear clips activated 

at an excitation of 15 m/s2 

 

A 11-27: FRFs of fuel supply ring supported by 8 clips with 1 nonlinear clips activated 

at an excitation of 0.1 m/s2 
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A 11-28: FRFs of fuel supply ring supported by 8 clips with 1 nonlinear clips activated 

at an excitation of 7 m/s2 

 

A 11-29: FRFs of fuel supply ring supported by 8 clips with 1 nonlinear clips activated 

at an excitation of 15 m/s2 
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A 11-30: FRFs of fuel supply ring supported by 8 clips with 2 nonlinear clips activated 

at an excitation of 0.1 m/s2 

 

A 11-31: FRFs of fuel supply ring supported by 8 clips with 2 nonlinear clips activated 

at an excitation of 7 m/s2 
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A 11-32: FRFs of fuel supply ring supported by 8 clips with 2 nonlinear clips activated 

at an excitation of 15 m/s2 

 

A 11-33: FRFs of fuel supply ring supported by 8 clips with 3 nonlinear clips activated 

at an excitation of 0.1 m/s2 
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A 11-34: FRFs of fuel supply ring supported by 8 clips with 3 nonlinear clips activated 

at an excitation of 7 m/s2 

 

A 11-35: FRFs of fuel supply ring supported by 8 clips with 3 nonlinear clips activated 

at an excitation of 15 m/s2 
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A 11-36: FRFs of fuel supply ring supported by 8 clips with 4 nonlinear clips activated 

at an excitation of 0.1 m/s2 

 

A 11-37: FRFs of fuel supply ring supported by 8 clips with 4 nonlinear clips activated 

at an excitation of 7 m/s2 
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A 11-38: FRFs of fuel supply ring supported by 8 clips with 4 nonlinear clips activated 

at an excitation of 15 m/s2 

 

A 11-39: FRFs of fuel supply ring supported by 8 clips with 5 nonlinear clips activated 

at an excitation of 0.1 m/s2 
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A 11-40: FRFs of fuel supply ring supported by 8 clips with 5 nonlinear clips activated 

at an excitation of 7 m/s2 

 

A 11-41: FRFs of fuel supply ring supported by 8 clips with 5 nonlinear clips activated 

at an excitation of 15 m/s2 
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A 11-42: FRFs of fuel supply ring supported by 8 clips with 6 nonlinear clips activated 

at an excitation of 0.1 m/s2 

 

A 11-43: FRFs of fuel supply ring supported by 8 clips with 6 nonlinear clips activated 

at an excitation of 7 m/s2 
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A 11-44: FRFs of fuel supply ring supported by 8 clips with 6 nonlinear clips activated 

at an excitation of 15 m/s2 

 

A 11-45: FRFs of fuel supply ring supported by 8 clips with 7 nonlinear clips activated 

at an excitation of 0.1 m/s2 
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A 11-46: FRFs of fuel supply ring supported by 8 clips with 7 nonlinear clips activated 

at an excitation of 7 m/s2 

 

A 11-47: FRFs of fuel supply ring supported by 8 clips with 7 nonlinear clips activated 

at an excitation of 15 m/s2 



Chapter 11: Appendices 

Alberto Sanchez - May 2019   176 

 

A 11-48: FRFs of fuel supply ring supported by 8 clips with 8 nonlinear clips activated 

at an excitation of 0.1 m/s2 

 

A 11-49: FRFs of fuel supply ring supported by 8 clips with 8 nonlinear clips activated 

at an excitation of 7 m/s2 
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A 11-50: FRFs of fuel supply ring supported by 8 clips with 8 nonlinear clips activated 

at an excitation of 15 m/s2 


