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Abstract

Boundary layer transition is a critical factor in the design of hypersonic vehicles. It

is strongly affected by surface roughness, which is often modelled as either discrete

areas or individual isolated elements. This thesis aims to begin to bridge the gap

between these two modelling approaches, through a study of the flow around pairs

of closely spaced isolated elements using experimental and numerical tools.

Experiments investigating the boundary layer transition downstream of diamond-

planform roughness elements were performed using thin-film heat transfer gauges

in the Imperial College Hypersonic Gun Tunnel, and the wake structure was in-

vestigated using oil flow in the Imperial College Supersonic Wind Tunnel. The

models were carefully designed to have matching conditions, and the experiments

were complemented by numerical simulations exploring the velocity fields around

the elements.

Isolated diamond-planform roughness elements produced transitional boundary

layers containing turbulent spots. The convection and growth of the spots was

characterised, and found to vary depending on the size and development of the spots

themselves. The oil flow and numerical results revealed each element generated two

pairs of counter-rotating vortices, which formed high and low speed streaks that

were responsible for transition.

The inter-element spacing of a pair of roughness element affected the state of its

downstream boundary layer: transition is more advanced when the elements are

touching or widely spaced, whilst small spacing suppresses transition. This was

attributed to changes in the size and position of the high and low speed streaks in

the boundary layer, caused by movement and a change in size of the vortices induced

by the change in element spacing.

Two-dimensional configurations of pairs of roughness elements have been designed

using the experimental observations to manipulate the flow features in order to

suppress or advance transition as desired.
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Chapter 1

Introduction, Literature Review and

other Theory

1.1 Introduction

As interest in travelling at speed grows, the technical challenges associated with this undertaking

are slowly beginning to be appreciated. High speed aircraft will fly high in the atmosphere,

where the air density is low, and the speeds that they operate at will mean that they will get

very hot. The technology required to achieve this will be at the upper end of its capability, and

the materials used will be close to their limits. Technical risk will be high.

One of the most significant challenges is to do with boundary layer transition. The state of

the boundary layer strongly affects the temperatures and skin friction on a high speed vehicle.

When the limits are marginal, accurate predictions of the state of the boundary layer are critical

and the implications have been summed up by the following:

‘Estimates [of transition] range from 20% to 80% along the body... The estimate

made for the point of transition can affect the design vehicle gross take off weight

by a factor of two or more.’

National Aerospace Plane Review, Defense Science Board, 1988

That quote was made 30 years ago, but its intent is still valid today. Although progress has

been made in understanding the mechanisms behind high speed boundary layer transition, it is

a vast topic, so there is still much to do [Schneider, 2014].

One of the main challenges in boundary layer transition is understanding the impact of

surface roughness, a term that covers many different problems from the machining finish on

a surface, to the addition of individual features such as probes or fasteners. Research often

targets one of these two extremes: distributed roughness, or isolated roughness [Schneider, 2008],

however, in practice, the features always fall somewhere in the middle.
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1. Introduction

The aim of this study is to start to bridge the gap in our understanding between the effects

of distributed and isolated roughness on hypersonic flows. This study aims to do this by

investigating the effects on the flow around an isolated roughness element when a second element

is added in close proximity. The effects of the inter-element spacing on boundary layer transition

are investigated using a Mach 9 Gun Tunnel, before an explanation for this phenomena is sought

using both oil flow visualisation in a supersonic wind tunnel and numerical simulations, both of

which have been designed to match the Mach 9 experiments, and are discussed in the following

chapters. The overall achievements of this study are summarised by the points below:

• The measurement of the boundary layer downstream of closely spaced pairs of roughness

elements in a hypersonic gun tunnel and characterisation of the boundary layer based on

the inter-element spacing.

• The measurement of roughness induced turbulent spots, and calculation of their develop-

ment and growth as they convect downstream, revealing a non-linear growth.

• The quantification of the effect of the inter-element spacing between pairs of roughness

elements using numerical simulations, which revealed that the amplitude of the velocity

streaks is affected by the spacing, via a change in the size and position of the downstream

vortices.

• The successful design of two-dimensional configurations of roughness elements to either

promote or suppress the downstream vortices, indicating the feasibility as a potential

application to influence the state of the downstream boundary layer.

This thesis is structured as follows: this chapter provides an introduction to some of the

important phenomena associated with hypersonic flow before reviewing the relevant literature on

the subject. Chapter 2 discusses the design of the experiments and simulations to complete this

study, where the models, facilities, techniques and analysis are detailed. Chapter 3 presents the

results and discusses the phenomena seen in experiments performed to investigate the effect of

surface roughness on boundary layer transition in the Imperial College Hypersonic Gun Tunnel.

Chapter 4 investigates the flow features around pairs of roughness elements using the Imperial

College Supersonic Wind Tunnel and quantifies the phenomena seen using numerical simulations

that match the conditions in the hypersonic experiments. The observations and conclusions

from Chapter 4 are used to design two-dimensional configurations of roughness elements which

promote or suppress the appropriate flow features which are described in Chapter 5. The

conclusions of this study are presented in Chapter 6.
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TPS

Figure 1.1: Photograph of the Apollo 10 Command Module, showing the ‘AVCOAT’ thermal
protection system on the underside of the vehicle.

1.2 Features of hypersonic flows

Hypersonic speeds are those where certain flow phenomena become significant, and these

phenomena are often critical in design for these speeds. The hypersonic regime is generally

considered to be above Mach 5 [Anderson, 2006], however unlike the sudden change in properties

from subsonic to supersonic speeds, this change is more gradual, and these phenomena do not

all appear at once. These properties are discussed below.

1.2.1 Aerodynamic heating

The high velocities in hypersonic flows have high kinetic energy. When this is decelerated, i.e.

near a surface, it is converted to thermal energy. On atmospheric reentry, the surface of the

Space Shuttle would see temperatures of 1900 K [Hale et al., 2011]. The high temperatures in the

flow lead to high heat transfer rates and so the surface temperature of the vehicles can exceed

the softening or melting properties of commonly used aerospace materials. The aerodynamic

heating therefore significantly affects the design of hypersonic vehicles. The high temperatures

and heat transfer from the boundary layer to the surface of the vehicle necessitate certain design

features, such as significant nose-blunting, high temperature materials, and/or ablative thermal

protection systems (TPS) to ensure survivability. A photograph of the Apollo 10 Command

Module is shown in Fig. 1.1, where the use of an ablative TPS, ‘AVCOAT 5026-39’ (a phenolic

epoxy resin), can be seen as the grey/black material on the underside of the vehicle.
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1.2.2 Viscous interactions

The conversion of the kinetic energy to thermal energy as the flow is decelerated, as described

above, occurs through viscous effects in the boundary layer. This increase in thermal energy

results in increased temperatures within the boundary layer. An increased temperature results

in a decreased density for a given number of molecules, and so in order to conserve mass, the

boundary layer thickens. The increase in temperature also affects the properties of the boundary

layer, such as viscosity, and the greater viscosity itself thickens the boundary layer due to

increased shear stresses. Both of these phenomena combine to rapidly thicken the boundary

layer, which, for a flat-plate compressible laminar boundary layer, Anderson [2006] states grows

as δ ∝ M2
∞√
Rex

where M∞ is the free stream Mach number and Rex is the local Reynolds number.

The increased thickness of the boundary layer makes a body appear thicker, which affects

the outer inviscid flow. This outer inviscid flow also feeds back and affects the viscous region.

The viscous interaction affects the surface pressure distribution, i.e. lift, drag and stability,

which increase skin friction and heat transfer [Anderson, 2006]. The viscous interaction can

increase the thickness of the boundary layer until it merges with the shock layer, which requires

the shock layer to be treated as fully viscous in any analysis completed.

1.2.3 Thin shock layer

The density increase across a shock grows with Mach number, and accordingly, for a given

deflection, the shock angle decreases. This means at hypersonic speeds, the shock layer between

the surface and the shock becomes very thin. High temperature, chemically reacting effects will

make this even smaller [Anderson, 2006]. This creates high mass fluxes in small areas where the

magnitude of the shock layer is similar to that of the boundary layer. The shock layer and the

boundary layer can merge, increasing the complexity of the flow field and rendering inviscid

shock solutions invalid as for the viscous interaction, however, it can also provide an advantage

when M →∞ through the use of modified Newtonian analytical methods.

1.2.4 Entropy layer

Applications in hypersonic flows often involve geometries that have been blunted at the nose

to avoid thin shocks and elevated aerothermodynamic heating. This leads to a detached bow

shock. The bow shock is normal to the flow close to the stagnation streamline so the flow

experiences large increases in entropy that convect downstream along the body [Stetson, 1983].

This region is known as the entropy layer. Further out from this streamline, the shock curves

around the body, becoming more oblique, and so producing less entropy, until it eventually

reaches the sharp-body angle. The entropy gradients along the model give rise to a region of

strong vorticity. The entropy layer introduces uncertainty into the conditions at the edge of the

boundary layer, which is initially immersed in the entropy layer [Anderson, 2006]. The entropy
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layer often reduces the edge Mach and Reynolds numbers. At some point downstream on the

body, the thickness of the boundary layer has grown to be larger than the entropy layer. This is

known as the swallowing length, and from here, the edge conditions are no longer affected by

the entropy layer.

1.2.5 Gas dynamics

The temperatures seen in true hypersonic flows are very high (> 11000 K on Orion reentry

[Anderson, 2006]). At these temperatures, many of the assumptions that are valid at lower

temperatures start to break down. Gases begin to react as high temperatures cause molecules

to dissociate and ionise. The ratio of specific heats, γ, varies with temperature (γ < 1.4).

The density at the altitudes where these temperatures may be seen is also very low, such that

continuum mechanics may no longer be a valid mechanism, and the true gas dynamics may

need to be considered. The use of continuum mechanics is governed by the Knudsen number,

Kn, and Kn < 0.2 implies that its continued use is still valid. These effects are not considered

in this study due to the limited stagnation temperature of the facility (T0 = 1150 K), and that

Kn� 0.2.

1.3 Boundary layer transition

The state of the boundary layer is of critical consideration in the design of hypersonic vehicles

in terms of skin friction, heat transfer, and factors such as optical distortion over sensors and

antennae.

The state of the boundary layer can affect the aerodynamic forces on any hypersonic vehicle.

A turbulent boundary layer increases the skin friction on a vehicle, therefore incurring a drag

penalty with transition. The increase in skin friction with boundary layer transition can also

lead to operational problems, for example on a symmetric vehicle, conditions may mean that the

boundary layer on one side may be laminar, whilst the other is turbulent. Asymmetric transition

can lead to asymmetric loading, which can induce moments in the vehicles. The secondary

effects of the state of the boundary layer on the aerodynamic performance of a vehicle may be

beneficial however. Boundary layer transition delays flow separation: a turbulent boundary

layer may remain attached for longer [Schneider, 2006], which decreases wake drag. Similarly,

the performance of control surfaces inside areas of separated flow is limited. Turbulent boundary

layers have been shown to collapse separation bubbles such as those around Shock-Boundary

Layer Interactions (SBLIs) [Clemens and Narayanaswamy, 2014], and so recover the performance

of the control surface.

The heat transfer increase with boundary layer transition can be almost an order of magnitude.

Fig. 1.2 (a) shows measured heat transfer rates from [Fiala et al., 2006], where the measured

heat transfer was 4− 6× greater in a turbulent boundary layer. This can necessitate the use of
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turbulent

transitional

laminar

(a) Experiments (markers) with laminar, turbulent
and transitional boundary layers, and laminar CFD
( ).

(b) Measured heating rates, normalised by stagna-
tion point values ( ) with predicted laminar and
turbulent values ( ).

Figure 1.2: Heat transfer measurements from experiments on (a) a blunt-nosed cylinder with
M = 9 from Fiala et al. [2006], (b) a 5◦ cone with M = 6 from Horvath et al. [2002], where an
overshoot of the turbulent prediction can be seen.

additional thermal protection at critical locations, such as the TPS in Fig 1.1, and so the vehicle

will suffer the corresponding weight penalty. Unlike in the case of skin friction, the conditions

are not simply defined by just these two states: transitional flows have been seen to exhibit

peak heat transfer rates that are greater than the turbulent equivalent [Franko and Lele, 2013;

Holden, 1972; Horvath et al., 2002], as shown in Fig. 1.2 (b). Franko and Lele [2013] suggests

that the overshoot is due to increased heat transfer caused by the presence of high and low

momentum streaks in the boundary layer.

The state of the boundary layer also has effects that are not immediately critical. Optical

distortion changes through boundary layers of different states [Schneider, 2014]. This is

compounded by the high-temperature effects on the gases that may be occurring at these

velocities, and so can be an inherent problem in communications for a hypersonic vehicle.

Similarly, any time a shock wave comes into contact with a boundary layer, a SBLI occurs.

Laminar and turbulent SBLIs appear very different, and can lead to localised areas of elevated

heating that may be exacerbated by the change in state of the boundary layer. Regions of

separated flow under SBLIs can be much greater under laminar conditions, and cause large

areas of unsteadiness. Any unsteadiness induced in the SBLIs may impact performance, for

example in scramjet engine intakes, with serious potential implications [Babinsky and Harvey,

2011].

23



1. Literature Review

1.3.1 Factors affecting boundary layer transition in hypersonic flows

Boundary layer transition is a complicated process. In order to simplify analyses, transition is

often considered to occur at a single point, where it is affected by many factors that can be

split into a number of groups, including flow properties, surface/model geometry and position

and operational characteristics. Stetson [1987] summarised the dependencies of the transition

Reynolds number, ReT :

ReT = f

(
Me,Θc, Tw, ṁ, α, kR, E,

∂p

∂x
,RN , Re∞/m,

x

RN

, V, C,
∂w

∂z
, T0, d

∗, τ, Z

)
(1.1)

where Me is the Mach number at the edge of the boundary layer, Θc defines the body shape,

Tw is the wall temperature, ṁ is the mass addition or removal at the surface, α is the angle of

attack, kR describes the surface roughness, E defines the environment, ∂p
∂x

is the local pressure

gradient, RN is the nose radius, Re∞/m is the unit Reynolds number, x
RN

describes the distance

along the body (and hence the effects of the entropy gradient), V discusses body movement, C

the body curvature, ∂w
∂z

is the crossflow velocity gradient, T0 is the stagnation temperature, d∗

the absolute size of the body and τ and Z describe the chemical reaction time and magnitude,

respectively.

A subset of the parameters in equation 1.1 will be relevant in any one application, not all

of the parameters listed will be relevant in each case. It is, however, difficult to isolate the

different conditions from one-another, as for example, changing the conditions in a wind tunnel

may change pressure, temperature, Mach number, Reynolds number and freestream noise. A

selection of the effects of some of the parameters are summarised here.

Mach number

Stability theory states that amplification rates decrease with increased Mach number [Mack,

1974], and so the transition Reynolds number should increase (i.e. the point of transition occurs

further downstream). Flight tests at M > 2 have shown this, and it has also been verified for

M > 4 in wind tunnel experiments [Stetson, 1987]. However the wind tunnel experiments showed

that as the Mach number at the edge of the boundary layer is increased from M = 1→ 4, the

transition Reynolds number decreases to reach a minimum value near M = 4 before subsequently

rising again for M > 4. Stetson [1987] suggests that the fall for 1 < M < 4 may be due to tunnel

freestream effects, which are difficult to isolate from the increased Mach numbers. Thus, it is

postulated that the effect of increased Mach number is to suppress boundary layer transition,

although it has been suggested that the uncertainty in these results is too great to firmly come

to this conclusion [Schneider, 2004].
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Figure 1.3: Transition mechanisms based on nose bluntness, from Zanchetta and Hillier [1996a].

Wall temperature

Anderson [2006] states that low speed experiments show wall temperature can have a significant

influence on transition: when Tw < Taw, the laminar boundary layer is stabilised whereas the

opposite is true when Tw > Taw. The effects of wall temperature on boundary layer transition in

hypersonic flows are less straightforward. Schneider [2004] states that for M < 5, wall cooling

should delay transition (in general) as it damps the first-mode instability waves, however at high

Mach numbers transition should be accelerated due to the destabilising effect of the temperature

on the second-mode instability waves. Evidence of this was not particularly noticeable in

experimental studies where efforts were made to properly isolate the temperature effects, and

Schneider [2004] goes on to suggest that transition may be approximately independent of wall

temperature.

Nose radius

Nose radius strongly affects the size of the entropy layer on a model, as discussed above. The

larger the entropy layer, the lower the unit Reynolds number at the boundary layer edge, which

has an effect on transition.

A small amount of nose blunting can delay transition, in comparison to a sharp cone, due to

the reduction of the unit Reynolds number. This phenomena continues with increasing nose radius

until some critical radius from which further increases in nose radius cause the transition Reynolds

number to decrease. This mechanism is termed transition reversal [Stetson, 1987]. Zanchetta

and Hillier [1996a] found that transition reversal is the result of two competing mechanisms,

as illustrated in Fig. 1.3, and is described by the nose bluntness Reynolds number, defined as

the product of the unit Reynolds number of the flow and the nose radius, Ren = Re∞/mRN .

The effects of transition reversal make turbulent features appear different. For Ren < 1× 105,

transition occurs further downstream than smaller Ren and the length over which the complete

transition process appears to occur is short. For Ren > 4 × 105, the location of transition

progressively moves upstream. However, the length over which the transition occurs for

Ren > 4× 105 is much greater than for smaller Ren, which leads to long intermittent regions of

flow. Intermediate values of nose radius, 1× 105 < Ren < 4× 105, exhibit both mechanisms,

which compete to transition the flow [Zanchetta and Hillier, 1995].

The sensitivity to surface roughness also appears to be influenced by the nose radius. When
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Figure 1.4: Paths to transition in boundary layers, from Fedorov [2011] (adapted from Morkovin
et al. [1994]).

Ren < 1× 105, diamond planform roughness elements placed on the nose of a cone appear to

have little effect, suggested by Zanchetta [1996] to be because the temporal scales associated

with the roughness element were insufficient to promote transition.

Pressure gradient

Adverse pressure gradients in the streamwise distance (∂p/∂x > 0) accelerate transition. ∂p/∂x <

0 usually affords greater stability, except a rise in instability level if ∂2p/∂x2 > 0 has also been

suggested [Schlichting and Gersten, 2017].

1.3.2 Paths to transition

To simplify analyses, transition is often considered to occur at a single point: the boundary

layer being fully laminar before this point, and fully turbulent after. However, this is not an

accurate reflection of reality, as transition often occurs over differing lengths depending on the

path it takes. The path to transition depends on the characteristics detailed in equation 1.1, as

summarised for high speed flows by Fedorov [2011], and illustrated in Fig. 1.4.

In Fig. 1.4, only paths (a), (b) and (c) apply to external flows [Reshotko, 2008], whilst path

(d) is common in internal flows with high turbulence levels. The initial stage of the transition

process is independent of the path taken: environmental disturbances are incorporated into the
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Figure 1.5: Sketch illustrating traditional path to transition on a flat plate, from White [2006].

boundary layer via receptivity mechanisms. The magnitude of the disturbances in the flow is

primarily what determines the appropriate path.

The path to transition for low disturbance flows is shown as path (a) in Fig. 1.4. This

path is similar to that shown in Fig. 1.5 for low speed flows, and each of the stages map on to

one-another. The initial growth of the disturbances incorporated by the receptivity mechanisms,

‘Eigenmode growth’, can be described by linear stability theory of the primary modes. This

occurs for the simple mode shapes, such as Mack’s first and second modes (discussed later),

crossflow and Görtler instabilities (an instability formed due to concave walls) , and is analogous

to the growth of Tollmien-Schlichting waves at low speed.

The amplitude of the instability increases and they develop to form ‘Parametric instabilities

and mode interactions’, i.e. three-dimensional and non-linear interactions, which normally

induces spanwise vorticity into the flow. Fedorov [2011] suggests that direct numerical simulation

(DNS) can be used to investigate the interaction of all the modes present. These disturbances

grow and bring about breakdown to turbulence [Reshotko, 2008; Saric et al., 2002]. This

breakdown is not necessarily immediately to full turbulence, as Fig. 1.4 may suggest, as quite

often, flows will have an intermittent stage before the fully turbulent flow occurs.

Path (b) exhibits transient growth after the receptivity mechanisms, and then proceeds as

for path (a). The transient growth provides a higher initial amplitude to the eigenmode growth

step. Reshotko [2008] suggests that there are no obvious examples in literature of path (b), and

that there are some questions with regards to how a streamwise disturbance would couple to

a transverse one as transient growth is largest for stationary streamwise disturbances whilst

modal growth is largest for oblique disturbances (at supersonic speeds). It may be that transient

growth preceding a Görtler instability may be the best demonstration for this.

Path (c) is associated with the transient growth due to the nonorthogonal properties of

eigenfunctions. Transient growth is a suitable mechanism to explain many forms of bypass
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transition, such as over surface roughness, where little evidence of single mode instability (such

as first/second modes, Görtler etc.) is seen. This is the path where eigenmode growth is

absent [Reshotko, 2008]. The transient growth stage is then followed by the secondary, coupled

interactions occur before the breakdown to turbulence. Transient growth is discussed in further

detail below.

Path (d) exhibits transient growth, but little evidence of the secondary interactions. The

transient growth forces the spectra to appear turbulent when the flow is still laminar [Reshotko,

2008], before a bypass mechanism to breakdown to turbulence. This path has been found on flat

plates in high freestream turbulence levels [Andersson et al., 1999; Sohn and Reshotko, 1991].

Large disturbances, such as in the presence of very large roughness elements, or when

chopping the freestream, take path (e). Here, the disturbances are so strong that the growth

of linear disturbances is bypassed and the flow almost immediately transitions to turbulence

[Reshotko, 2008]. The use of linear stability to predict transition in this case is understood to

fail completely. [Saric et al., 2002].

Receptivity

Receptivity is the term that describes how the disturbances enter a boundary layer. It is affected

by many factors [Saric et al., 2002], for example, small nosetip bluntness can delay transition

due to the low receptivity coefficient it generates [Balakumar and Kegerise, 2015]. For cones,

receptivity appears to be limited to the nose region for a range of cone geometries.

Boundary layer modes

Using linear stability theory, Mack [1974] showed that the number of solutions to the Orr-

Sommerfeld equations increased with increasing Mach number. These solutions indicate the

instabilities in the flow, so for infinite Mach number, there are an infinite number of instabilities.

However, the first two modes are usually the most important: the first mode instability is much

like Tollmien-Schlichting waves, the second mode is similar to a trapped acoustic wave, and can

appear as a rope-like wave structure [Casper et al., 2016; Kegerise and Rufer, 2016]. Different

mechanisms exist to amplify the different modes, for example the first mode is most amplified

when the wavefronts are oblique to the stream direction [Mack, 1984], while it is damped by

wall cooling. The second mode occurs at higher Mach number, and is most amplified when the

wavefronts are normal to the stream direction, and grows more rapidly on cold walls [Fedorov,

2011]. The relative effect of these two modes are Mach number dependent: for example, the

first mode will almost always be dominant for M < 5 on cold walls.

Other instabilities also can exist. Both stationary and travelling forms of crossflow instability

occur in three-dimensional boundary layers, Görtler instability can be found on concave walls

[Saric et al., 2002], and Mortensen [2018] looks at higher velocity modes under certain conditions.
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Transient growth

Transient growth describes the growth to disturbance energy when all eigenmodes are damped, so

the flow is stable [Paredes et al., 2016c]. It is commonly observed as a result of the superposition

of slightly damped, highly oblique waves [Fedorov, 2011], whilst it can also occur for two-

dimensional and axisymmetric modes [Reshotko, 2008], and is often associated with lift-up

effects in wall-normal motion [Paredes et al., 2016c]. Transient growth factors can be large in

flows that show little evidence of single mode instability, so it is an attractive mechanism to

consider in cases where a single mode explanation has failed, such as with surface roughness

[Reshotko, 2001].

Transient growth is affected by the flow conditions. Paredes et al. [2016c] suggest that Mach

number and wall temperature increases decrease transient growth, through smaller growth of

shear layer instabilities: wall cooling is therefore likely to promote transient growth. It has been

suggested that due to the large transient growth factors obtained on highly cooled surfaces, and

the sensitivity of transient growth to roughness in general, even micro-roughness will have an

effect on blunt-body transition if it is highly cooled [Reshotko, 2001].

Effects of transient growth, however, are not all to promote transition. Stationary streaks

that optimally grow can destabilise (and hence damp) the first-mode waves for specific conditions,

which suggests that transient growth of the streaks in low-amplitude environments can potentially

delay transition [Paredes et al., 2017].

Velocity streaks

Andersson et al. [2001] states that the highest potential for transient growth to occur corresponds

to the ‘lift-up’ mechanism of streamwise-aligned vortices on a flat plate boundary layer. The

directionality of these vortices in the boundary layer can lead to the formation of velocity streaks

in the flow. Velocity streaks are often characterised by defining their amplitude, Ast, as:

Ast =
1

2Ue
[max (u− UB)−min (u− UB)] (1.2)

where u, UB and Ue are the streamwise velocity, the velocity at the same point in an undisturbed

solution, and the free stream velocity respectively. If the streaks are sufficiently large, instabilities

can develop that accelerate transition [Paredes et al., 2016a]. Critical values of Ast to cause the

onset of the secondary instability (a parametric instability) have been determined as 26% and

37% of the free stream velocity for the sinuous and varicose modes of the instability respectively

[Andersson et al., 2001].

In supersonic flows, the thresholds are suggested to be slightly smaller at 20% and 35%

respectively [Paredes et al., 2016a]. The fundamental secondary instability is usually dominant,

but it has been suggested that the subharmonic stability modes have higher amplification ratios

than the fundamental wavelengths at modest disturbance levels, possibly due the longer spanwise
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wavelengths of the oblique first mode, rather than the stationary disturbances [Paredes et al.,

2016a].

1.3.3 Turbulent spots

Nose blunting on slender bodies in hypersonic flow can lead to long regions of transitional flow,

that cover a substantial proportion of the length of a hypersonic vehicle [Fiala et al., 2006].

Intermediate amplitude initial disturbances, generated by, for example (not excessively large)

roughness elements, can bypass the initial linear growth stages described in Fig. 1.4. Transient

growth has been proposed as a suitable mechanism for this bypass [Reshotko, 2008], and suggests

path (c) may be the appropriate one. Intermittently turbulent structures, known as turbulent

spots form in an otherwise laminar boundary layer, and convect downstream until they appear

to grow and form a fully turbulent boundary layer.

Turbulent spots are often described as having an ‘arrowhead’ shape [Cantwell et al., 1978;

Wygnanski et al., 1976], a feature that was originally observed in low speed experiments. They

are formed of an array of hairpin structures and quasi-streamwise vortices [Krishnan and

Sandham, 2006b]. Fig. 1.6 illustrates some of the features of turbulent spots. Fig. 1.6 (a) shows

the heat transfer contours of an individual turbulent spot measured on a blunt-nosed model

in a Mach 9 flow (where Me = 2 − 3) [Fiala et al., 2006], whilst Fig. 1.6 (b) shows contours

of the vortices in a turbulent spot on a flat plate determined using DNS at M = 3 [Redford

et al., 2012]. The arrowhead planform can clearly be seen in both images. Fig. 1.6 (c) shows five

schlieren images that show the development of a turbulent spot generated via the breakdown of

second mode waves in the boundary layer [Casper et al., 2016]. It clearly shows the downstream

convection of the turbulent spot, and highlights the difficulties in visualising it optically due to

its strong three-dimensional nature.

Turbulent spots have a leading edge that overhangs the laminar boundary layer near the

wall: they are not entirely fixed to the surface. This overhang surrounds a turbulent core, where

the peak heat transfer rate is seen. The maximum width in a turbulent spot occurs around

75% along its length, and the spot lengths are about 2.5 times their widths [Fiala et al., 2006;

Redford et al., 2012]. Cantwell et al. [1978] state that there is a calmed region of the boundary

layer behind the spot and this can be seen in the lower heat transfer rate to the left of the spot

in Fig. 1.6 (a), and also the green region where u′ < 0 in Fig. 1.6 (b). Streak structures in

the sublayer can sometimes be seen in the calmed layer, and the heat transfer rate falls slowly

to the laminar boundary layer level. The trailing edge of a spot is thus less well defined than

the leading edge, making the true length of the spot difficult to determine. DNS of spots have

shown that, away from the wall, the arrowhead points downstream, but very close to the wall,

the arrowhead points upstream [Krishnan and Sandham, 2006b].

The front and sides of a spot have turbulent flow overhanging the laminar flow attached to

the wall, which makes the detection of the true front of the spot difficult. The leading edge of a
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Figure 1.6: Visualisations of turbulent spots. (a) Heat transfer measurements from Fiala
et al. [2006], (b) DNS from Redford et al. [2012] showing isosurfaces of Π = −8× 10−4 in red,
u− ulam = ±0.02 in blue and green when M=3. (c) Schlieren images showing the development
of a turbulent spot within mostly second-mode waves, for Re = 7.1 × 106 m−1, from Casper
et al. [2016].

turbulent spot convects at speeds between 0.8Ue and 0.85Ue, where Ue is the boundary layer

edge velocity, whilst the rear of the spot convects at speeds between 0.4Ue and 0.5Ue [Fiala

et al., 2006; James, 1958], although these ranges can vary with Reynolds number [Wygnanski

et al., 1976]. The velocity of the leading edge of a spot travels about twice the speed of the

trailing edge, thus turbulent spots in a hypersonic flow do not obey a frozen flow field hypothesis,

however it is suggested that a simple stretching occurs [Fiala et al., 2006]. Redford et al. [2012]

suggests that wall temperature affects the growth rate of the spot, with a cold wall case showing

40% lower growth rates than the adiabatic condition. Cooler wall temperatures lead to decreased

viscosity near the wall, therefore decreasing the energy transfer and so potentially explaining

the experimental variation seen in spot growth.

Turbulent spots also grow in width as they move downstream. Vorticity present at the edge

of a spot draws in low momentum fluid from near the wall: in terms of mass conservation, fluid

is drawn in to the spot at the front and is moved to the sides of the spot, leading to an increase

in width [Redford et al., 2012; Wygnanski et al., 1976]. Goldstein et al. [2017], however, extends

this to suggest that the spreading is not due to the spanwise propagation of turbulent eddies,

but is due to displacement of the spanwise vorticity in the laminar boundary layer which then

generates streamwise vorticity.

The growth in the width of a spot as it travels downstream can be used to determine a

spreading half-angle, similar to that of a fully turbulent wedge. The lateral growth rate, or

spreading angle, of a turbulent spot has a strong dependence on the Mach number [Fischer,
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1972]. At low speed, spreading angles have been found to be around β = 10◦. This angle

decreases as the Mach number increases. This reduction in spreading angle contributes to the

extended intermittent zone at hypersonic speeds [De Tullio et al., 2013]. The spreading angles of

a turbulent spot range from β ≈ 6◦ at M = 2 to β ≈ 4◦ when the edge velocity is around M = 4.

Different sources agree on this, such as DNS [Krishnan and Sandham, 2006a], experimental

data compared with the spreading angle from the edge of a turbulent jet [Fischer, 1972], and

theoretical work that gives a dependency [Doorly and Smith, 1992] of β = 3−3/221/2M−1
e , where

β is the spreading half-angle. Turbulent spots on a blunted body in a Mach 9 free stream flow

have been measured with a half-angle of β = 6.75◦ ± 1.0◦ [Fiala et al., 2006]. In this case, the

nose blunting and entropy layer mean that Me = 2− 3, and there is a small favourable pressure

gradient which would affect the growth of the spots. [Katz et al., 1990].

Turbulent spots grow as they travel downstream. If the spots develop ‘naturally’, or off some

distributed arrangement, they merge both in streamwise and spanwise locations to produce fully

turbulent flow across the model surface [Jewell et al., 2017]. The turbulent spot in Fig. 1.6 (c)

can be seen to develop naturally in the rope-like second mode wave structures. Spots generated

from a single spanwise position (such as a roughness element) coalesce to form turbulent wedges

[Fiala et al., 2014, 2006]. Turbulent wedges act in a similar manner to turbulent spots [Goldstein

et al., 2017], and consist of a fully turbulent core, surrounded by turbulent spots alternately

generated from either side of the roughness element [Fiala et al., 2014].

1.3.4 Effects of tunnel noise

The level of freestream noise in conventional hypersonic tunnels is typically at least an order

of magnitude greater than the level found in free flight or quiet tunnels [Schneider, 2001].

This has an obvious effect on the transition Reynolds number, which can also be an order of

magnitude greater. Estorf et al. [2008] identifies that second mode pressure amplitudes can be

450 times higher than those under quiet flow, whilst there is a only 100 times difference in the

level of Pitot RMS fluctuations. It is not a straightforward scaling problem however, as the

tunnel freestream fluctuations can exacerbate certain mechanisms, whilst diminishing others,

for example the receptivity mechanism discussed by Fedorov and Tumin [2017], where thermal

fluctuations excite random wave packets of first/second mode. Similarly, those effects that are

seen in noisy flow, for example, effective boundary layer tripping, are not always true under

quiet flow [Casper et al., 2011], or the effects may be delayed. This does not mean, however,

that conventional high speed wind tunnels are redundant in favour of quiet tunnels. Transition

measurements in conventional tunnels offer a worst case transition Reynolds number, as tunnel

noise only ever moves transition further forwards [Schneider, 2001]. As discussed by Schneider

[2014], conventional tunnels should investigate the different mechanisms, and understand their

freestream noise environment and then use quiet tunnels and flight tests to unite and validate

the different results.
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∼ 200 mm ∼ 200 mm ∼ 1000 mm ∼ 500 mm

Figure 1.7: Photographs of underside of the Apollo 10 command module, showing the rough,
ablated, thermal protection system and other elements of surface roughness.

1.4 Surface roughness

1.4.1 What is surface roughness?

No surface is smooth, some form of surface roughness appears on all materials. It may be formed

by phenomena such as ablation, it may consist of marks and aberrations left from the machining

process of the material, or it could be simply the surface finish of the material. Fig. 1.7 shows

the underside of the Apollo 10 command module, where the surface can be seen to be rough,

and the different features are all described by very different length scales. In this case, much

of the roughness is due to both the surface finish, and the effects of ablation. The effects of

this sort of surface roughness occur over large areas of the surface, and their height is limited

in comparison to the area of coverage. Surface roughness can also consist of manufacturing

artefacts such as screws, rivets and bolts or objects such as probes and cameras. These are

often single isolated objects of much larger scale than the scales associated with the distributed

effects over a surface.

1.4.2 Modelling of surface roughness

In his review paper, Schneider [2008] concluded that most studies address one of the two

problems above, either distributed surface roughness, or single, isolated roughness elements.

Distributed roughness takes the form of areas of uniform, wavelike texture over a surface, whilst

isolated roughness is considered as individual elements that are large in comparison to the

surface finish.

Distributed roughness is typically seen due to the surface finish or when the surface has

been exposed to certain processes. These effects will lead it to have a characteristic period

[Reda, 1981], and it will be characteristic of the material properties. Even though there may

be one dominant scale, an infinite number of parameters would be necessary to truly describe

distributed roughness [Schneider, 2008]. Traditionally, the effects of distributed roughness have

been modelled using developments of the sand-grain pipe-flow experiments that were performed

by Nikuradse [1933] and converted into results on a flat plate by Schlichting and Gersten [2017].

To accurately model a surface with distributed roughness may require both positive and
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negative roughness heights, i.e. protrusions and cavities. However, by splitting up the positive

and negative roughness models, Jelly and Busse [2018] shows that for a Gaussian distribution

of surface roughness, the main effect of the non-skewed surface roughness is caused by the

protrusions present, rather than the cavities. This suggests it may not be unreasonable to model

roughness only using the positive elements.

Isolated roughness elements can be defined more easily. They are often modelled as a single

addition to a surface, which is large in scale to the surface finish. Recent studies have often

focused on isolated elements (e.g. Estruch-Samper et al. [2013], Balakumar and Kegerise [2016]

and Ye et al. [2018]), whilst there has been little progress with distributed roughness, despite

its importance.

True surfaces, however are often a combination of the two: a characteristic rough surface

with few, much larger isolated features present. The complexity of this is much greater, for

example the skewness of the roughness is important [Jelly and Busse, 2018]. Many methods

involve characterising the surface based on its largest roughness, however, this often either

overestimates the effect, or overlooks important conditions [Reda, 2002].

1.4.3 Effects of surface roughness on transition

Fig. 1.8, from Van Driest and McCauley [1960] via Schneider [2008], summarises the effects of

surface roughness on transition. This figure shows how the size of the roughness affects the point

of transition for a number of different Reynolds numbers. The point of transition obviously

depends on the Reynolds number, however, the size of the roughness also appears to have an

effect. In general, as the size of typical roughness (either isolated or distributed) is increased

from a smooth wall in a laminar boundary layer, it will have similar typical effects. First, it will

pass the critical roughness threshold, which is the smallest size where the roughness affects the

point of transition. A roughness element above the critical size may force the boundary layer to

transition many hundreds of boundary layer thicknesses downstream [Schneider, 2008], but still

in advance of its smooth-wall position. As the roughness height in increased, transition will move

upstream, until it is fully effective when it will no longer move any further upstream. As the

size of the element is increased further, beyond the effective roughness condition, the transition

location moves no further upstream, but the disturbances may grow further [Schneider, 2008].

1.4.4 Empirical correlations of transition

Many empirical correlations to predict transition exist. They are often based on parameters

such as the momentum thickness Reynolds number, Reθ, and the Mach number at the edge of

the boundary layer, Me, and rely on flight data or similar to ‘predict’ transition. Data collated

of the position of effective transition on a range of slender bodies has been correlated using a

critical scaling factor, Ceff to determine transition for diamond planform roughness element as
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Figure 1.8: Effect of roughness from Van Driest and McCauley [1960], via Schneider [2008].

in Equation 1.3 [Berry and Horvath, 2008], i.e. effective transition occurs if:

Reθ
Me

> Ceff

(
k

δ

)−1

, Ceff = 70± 14 (1.3)

The Reynolds number based on roughness height, Rekk, has also been used as a parameter

to determine the critical conditions. These conditions have been identified for 250 ≤ Rekk ≤ 900

[Reda, 2002; Schneider, 2008], and Redford et al. [2010] used DNS to suggest Equation 1.4,

which introduces a dependence on the Mach number at the roughness element height, Mk,

temperature at the edge of the boundary layer, Te, and wall temperature, Tw. It suggests the

value of Rekk for critical roughness as the solution to:

MkTe
Tw

=
3 (Rekk − 300)

700
, for 250 ≤ Rekk ≤ 900 (1.4)

The range of the Rekk values vary due to factors such as the difficulty of accurately deter-

mining the properties at the required locations, compressibility dependence, and wall conditions:

whether the walls are adiabatic or cooled. The validity of using this with diamond planform

roughness elements is also currently unknown. The effects of the wall temperature are important;

wall cooling leads to the stabilisation of the first mode of instability and a destabilisation of the

Mack mode [De Tullio et al., 2013; Mack, 1984].

A correlation developed from numerical work rather than testing was developed by Reshotko

and Tumin [2004], who suggested a model based on transient growth that is described in

equation 1.5. The transition Reynolds number, Reθ,tr, scales with the inverse of the height of
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distributed roughness over the boundary layer momentum thickness, k/θ, and Te and Tw are

the temperatures at the boundary layer edge and wall respectively. This ultimately ends up

with Equation 1.5, a similar result to Equation 1.4.

Reθ,tr ∼
(
k

θ

)−1(
Te
Tw

)−1

(1.5)

This correlation agrees with ballistic data from Reda [2002], but requires numerical corrections

appropriate for the application.

Other correlations are more straightforward, the critical roughness Reynolds number at

transition for blunt bodies has been identified as Rekk = 266 ± 20% for a number of slightly

blunted cones [Reda et al., 2012; Wilder et al., 2014], which was similar to an earlier value

of Rekk = 250± 20% determined for blunt bodies in hypersonic free flight [Reda et al., 2008].

Redford et al. [2012] suggests a threshold that simplifies to Rekk = 300 for a single smooth

bump-like element under certain temperature conditions. Some typical mean surface roughness

heights of k̄ = 12.3µm for titanium, and k̄ = 5.6µm for steel were found to agree with these

correlations, although the applicability to other geometries has yet to be assessed.

Many other correlations exist, including those suggested by Wool [1975] and Bishop [1977].

These are all correlations developed for a range of isolated or distributed roughness. There are

obvious similarities between the different transition criteria, however, they remain empirical,

and require tailoring for an individual application. In order to start to bridge the gap between

these two extremes, it is necessary to either simplify distributed roughness, from requiring an

infinite number of variables, or to increase the complexity of isolated elements. Ultimately,

distributed roughness is formed of a large number of isolated elements of varying size, which

suggests exploring the impact of the addition of extra isolated roughness elements is a promising

avenue to investigate.

1.4.5 Flow structure around isolated roughness elements

The flow structure around roughness elements depends on the roughness geometry. Fig. 1.9

shows an oil flow visualisation undertaken by Whitehead Jr [1969] around a large spherical

element with height double that of the boundary layer, h/δ = 2. A large separation boundary

exists upstream of the roughness element, which indicates the presence of the bow shock. Oil

is seen to accumulate around the roughness element, indicating the presence of the horseshoe

vortices. It appears two pairs of horseshoe vortices form in this case. Behind the element, there

is a region of separated flow, marked as the ‘dead-air region’ in Fig. 1.9.

The flow over a typical roughness element that is immersed in the boundary layer is explored

in Fig. 1.10, from Balakumar and Kegerise [2016]. As for the larger element in Fig. 1.9, the flow

can be seen to travel around the immersed element in Fig. 1.10. However, this time, fluid can

also be seen to travel up and over the roughness element. This can be seen to generate an area
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Figure 1.9: Oil flow visualisation around a spherical roughness element, from Whitehead Jr
[1969], with h/δ = 2.

Figure 1.10: Streamlines over a diamond planform roughness element with h/δ = 0.345. The
blue streamlines originate from a height of y/δ ∼ 0.16, and the red streamlines originate from
y/δ ∼ 0.24, from Balakumar and Kegerise [2016].

of recirculating flow on the trailing edge of the elements, where the surface streamlines cannot

travel.

The wake behind the element in Fig. 1.10 consists of two pairs of counter rotating vortices.

A trailing edge vortex pair formed by fluid travels over the element and draws low-momentum

fluid up into the boundary layer, as seen indicated by the red streamlines in Fig. 1.10, whilst a

horseshoe vortex that travels around the roughness element and draws high-momentum fluid

down into the boundary layer is indicated by the blue streamlines [Balakumar and Kegerise,

2016; Choudhari et al., 2010; De Tullio et al., 2013].

1.4.6 Effect of roughness height on transition

A surface with distributed roughness can be complex to define; it is often created by roughening

or polishing a surface with sandpaper [Fiala et al., 2006] or bead-blasting methodologies, such as
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at NASA [Reda et al., 2012]. In experiments on a blunt cylinder in the Imperial Hypersonic Gun

Tunnel, Fiala et al. [2006] found that a mean roughness height of greater than 2µm resulted in

heat transfer measurements that indicate a fully turbulent boundary, whilst heights of less than

0.25µm produced a fully laminar profile. Surface finish was obtained by using the corresponding

size of sandpaper. Intermediate values were also investigated, but a full correlation was not

obtained. These results show that in order to have an initially laminar boundary layer, there

must be a good surface finish on the model, i.e. the mean height of the distributed roughness is

low.

Experiments on isolated roughness can generally be categorised into three groups: very

small elements (h/δ � 1), Intermediate elements that are immersed in a boundary layer

(∼ 0.05 < h/δ < 1), or large elements that extend into the free-stream flow (h/δ > 1). Very

small elements have occasionally been observed to delay transition, however, the occurrence

of such elements are rare [Schneider, 2008]. Intermediate isolated roughness elements generate

long wakes along which transitional disturbances and turbulent spots can develop via cross-flow,

Görtler vortices and other transition mechanisms such as those identified above [Choudhari

et al., 2010, 2013; De Tullio and Sandham, 2012; Mack, 1984; Wheaton et al., 2011]. An effective

isolated element can form a turbulent wedge [Fiala et al., 2014], and large, effective elements

have been seen to trigger an ‘absolute instability’, i.e. periodic vortex shedding, that grows out

into the free stream, as identified by Wheaton et al. [2011].

Depending on their height, isolated roughness elements can generate laminar, turbulent or

transitional boundary layers [Fiala et al., 2014]. At their smallest extent, isolated roughness

elements do not force transition to occur and the flow remains laminar, which Fiala et al. [2014]

found to occur for h/δ < 0.09. As the element size is increased, a horseshoe vortex and trailing

edge vortex pair form around the element. This generates a wake formed of a low velocity

streak surrounded by a three-dimensional high-shear layer that has the ability to sustain the

rapid growth of several instability modes [De Tullio et al., 2013] once the disturbances are

large enough. The most unstable mode in the wake of a roughness element, the varicose mode,

grows approximately 30 times faster than the most unstable mode in the absence of a roughness

element [De Tullio et al., 2013]. The effect of element height on this is unknown, but for a smaller

element the sinuous mode has been found to be more unstable [Choudhari et al., 2010]. The path

to transition seen for small-to-moderately sized isolated roughness elements is similar to Path

(c) detailed above (which consists of the transient growth via the counter-rotating streamwise

vortices, leading to lift-up, and then strong algebraic growth of streaks before the breakdown to

turbulence). The unstable modes have been identified as either varicose (symmetric), which

develops across the three-dimensional shear layer as a whole or sinuous (antisymmetric), which

comes from the two-dimensional lateral shear layer [De Tullio et al., 2013].

The transition of the flow around a diamond-planform roughness element visualised using

sublimation from Tirtey et al. [2011] is shown in Fig. 1.11. The sublimation has been quantified
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Figure 1.11: Sublimation showing the wake of a diamond roughness element, from Tirtey et al.
[2011], with h/δ = 0.85 and M = 3. The level of sublimation, indicating increasing levels of
surface shear stress, is indicated by the contours of K.

in this analysis by the parameter K, where K = 100% indicates the theoretical turbulent heat-

flux and K = 0 indicates the theoretical laminar value. The sublimation is further classified, as

laminar for K < 30%, transitional for 30% < K < 70% or turbulent for K > 70%, and these

boundaries are bounded by the blue and green lines respectively. (This may not be entirely

correct as the region downstream of the roughness element will have high shear stress but

possibly a still laminar flow). The flow immediately behind the roughness element can be seen

to have two streaks of high surface shear stress (indicated by the dark colouring) which surround

the area of low shear stress in the centre, and indicate the presence of the high and low streaks

respectively. These streaks break down, and the formation of a turbulent wedge can be seen,

indicated by the smeared grey shape downstream. Its turbulent core is bounded by the green

line, and this is then surrounded by an intermittent outer flow, out to the blue tracing. The

contours of sublimation indicate the surface shear stress, much like oil-flow visualisations, and

so enabling a direct comparison between the two.

The instabilities in the wake of isolated roughness elements are driven by the shear layer

generated by the presence of the streaks [Groskopf et al., 2008; Van den Eynde and Sandham,

2016]. The trailing edge vortex pair has been found to be more important than the horseshoe

vortex regarding the instabilities in the wake of the roughness element [Groskopf et al., 2008].

Van den Eynde and Sandham [2016] showed the instability growth rate appears to correlate

with the amplitude of the low-speed streak for h/δ ∼ 1. For smaller roughness (h/δ = 0.22),

the development of the downstream boundary layer was minimal [De Tullio et al., 2013].

1.4.7 Effect of roughness spacing

For the case of more than one isolated roughness element, Whitehead Jr [1969] suggested that

element spacing could cause transition to move: for spacing greater than 3 element widths

(s/w = 3), the drag on a plate scaled with the number of elements. However, for s/w < 3,

separation was seen to occur further downstream, suggesting that an array of elements could

be considered less effective than a single element. However, other than indicating the point
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of separation and the drag on a plate for the large elements used, Whitehead did not provide

further quantitative results. The effect on structures in the flow and the interactions between

the elements has not been described, which limits its impact. Other studies involving spacing of

roughness elements often use this critical spacing as a minimum threshold: their interest is to

use roughness elements with a view to getting efficient tripping of a wide area of flow, e.g Borg

and Schneider [2008], and so smaller spacings are counter-productive. The number of studies

investigating the effect of small spacing is therefore low.

This highlights the need for a study to investigate the interaction between individual

roughness elements and their effects on the resultant flow-field and boundary layer. It would

include the relationship between individual roughness element size, the spacing between elements

and the characteristics of the downstream boundary layer. Such insight would begin to bridge

the gap between previous experiments undertaken using isolated roughness elements and those

with distributed roughness.

1.4.8 Effect of roughness shape

The shape of the surface roughness is also known to be an important effect on transition,

although the flow features identifiable in the downstream boundary layer generally appear

similar, and independent of the shape of the roughness element [Tirtey et al., 2011] .

Fig. 1.12, Fig. 1.13 and Fig. 1.14 show the flow around different shaped roughness elements

from Whitehead Jr [1969], Balakumar and Kegerise [2016] and Duan and Xiao [2017] respectively.

The comparative disturbance to the flow caused by the roughness elements can be estimated

from the spanwise movement of the streamlines. For elements of similar height, diamond and

cylindrical elements appear to disturb the flow by similar amounts, whilst spherical elements

are weaker [Choudhari et al., 2010; Whitehead Jr, 1969], however, diamond-shaped roughness

elements have been shown to be the most effective of the common shapes [Van den Eynde and

Sandham, 2016]. Diamond planform elements can also generate mass-flux fluctuations of three

times the magnitude of those induced by similar sized square-shaped elements [Balakumar and

Kegerise, 2016].

However, it is not necessarily the element planform that is the critical factor: both the

frontal and aft-shape of the roughness element have a large effect on the transition onset. It has

been suggested that the effect of the front of the element may be due to the strength of the

bow shock formed around the element [Fiala et al., 2006], whilst the lift-up generated by the

front of the element should also be taken into account due to the correlation between the streak

strength and the instability, in order to determine a more physics based transition prediction

[Van den Eynde and Sandham, 2016]. The aft of a roughness element is important as a ramped

down section can allow the detached shear layer to spread out and weaken [Van den Eynde and

Sandham, 2016], diminishing the effect of the element.

Asymmetric elements can lead to more pronounced effects; an obliquely placed rectangular
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Figure 1.12: Oil flow visualisation around differently shaped roughness elements, from Whitehead
Jr [1969], with h/δ = 2 and M = 5.5.

Figure 1.13: Streamlines over a diamond and square planform roughness element with h/δ =
0.345. The blue streamlines originate from a height of y/δ ∼ 0.16, and the red streamlines
originate from y/δ ∼ 0.24, from Balakumar and Kegerise [2016].

Figure 1.14: Flow structure around a ramp, a diamond planform and a cylindrical element,
calculated using DNS, from Duan and Xiao [2017], with h/δ ≈ 1 and M = 3.5.
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element produced a larger low speed streak than the symmetrical equivalent [Groskopf and

Kloker, 2016], however, whether this was due to a change in angle (like square to diamond), is

unknown.

1.5 Summary

Boundary layer transition in hypersonic flows is a complex problem which is affected by many

factors. Surface roughness and its effects on transition are an area of interest. The problem of

surface roughness is typically split into two: distributed roughness where numerous correlations

exist, but the flow physics is poorly understood, and isolated roughness, where there are fewer

results, but more understanding of the mechanisms exist.

It is desirable to bridge the gap in understanding between isolated and distributed roughness.

Distributed roughness can be considered to be a collection of large numbers of isolated elements.

These elements are all of different sizes and are likely to interact; the interaction between

multiple isolated elements is rarely investigated. Experiments that begin to investigate this

problem are therefore needed, experiments that characterise the effects when positioning a

second isolated element close to the first.
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Chapter 2

Design of Experiments

This chapter discusses the design of the experiments used in this study, including the facilities

used, the models on which the experiments are taken and the techniques used to acquire and post

process data. The numerical methods used, both to design the experiments, and to undertake

independent numerical simulations, are also described, along with their models, the appropriate

sensitivity studies, and some of the methods used to post-process results.

2.1 Experiments using the Imperial College Hypersonic

Gun Tunnel

The Imperial College Hypersonic Gun Tunnel, shown schematically in Fig. 2.1, is a Mach 9

blow-down facility that operates at unit Reynolds numbers of up to 50 million per metre. It uses

nitrogen as a test gas and can achieve around 6 ms of steady test-flow in an overall run time of

30 ms, as shown in Fig. 2.2. The nozzle exit is axisymmetric, and its diameter is 400 mm, which

enables large models, of up to 200 mm in diameter and 800 mm in length to be used. A detailed

calibration of this facility was undertaken [Mallinson et al., 2000], showing an axisymmetric

test flow at Mach 8.9 was achieved with an axial Mach number gradient of −2.2% per metre.

This tunnel is a cold facility; the energy of the system is low in comparison to flight conditions,

which means that real gas effects at high temperature, e.g. dissociation, are not a factor. The

pressure measured at the tunnel throat is shown in Fig. 2.2, where the time has been zeroed at

the start of the run. There are a number of start-up shocks at 4 < t < 8 ms, where the pressure

builds up. The 6 ms steady test time is then seen from approximately t = 10 ms, after which,

the pressure falls.

The tunnel uses a piston mechanism to operate, causing the profile seen in Fig. 2.2. The

tunnel is sealed and a vacuum pulled, reducing the pressure to under 300 Pa. The barrel is filled

with nitrogen to a low pressure, which provides the test gas, whilst the driver is pumped up

to a high pressure. Two diaphragms separate the barrel from the driver, forming a septum at
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(A)

(B)

(C)

Figure 2.1: Schematic of the Imperial College Hypersonic Gun Tunnel, adapted from Williams
[2004]

6ms test time

Start-up

shocks

Tunnel wind-

down

Figure 2.2: Pressure profile at the nozzle throat (‘P0’), during a typical experimental test
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Table 2.1: Imperial College Hypersonic Gun Tunnel Conditions

M∞ Re∞/m P0,∞ T0,∞
[million] [MPa] [K]

High Re 8.9 47.4 60.8 1150

Figure 2.3: Pressure upstream of the nozzle, ‘P0’, for 5 runs in the Imperial College Hypersonic
Gun Tunnel.

intermediate pressure. To run the tunnel, the septum is vented at the required pressure, causing

the diaphragms to burst. This forces a piston down the barrel, which compresses the test gas,

and forces it through the throat and into the diverging nozzle. The nozzle expands the flow up

to Mach 9 in the working section. Three operating conditions, with unit Reynolds numbers of 7

million, 12 million and 47 million have been calibrated for use in this tunnel [Zanchetta, 1996],

the highest of which is used in this study. The corresponding pressures in the different sections

of the tunnel for this condition are 98 MPa in the driver, 49 MPa in the septum, and 1 MPa in

the barrel when the tunnel fires. Further detail on the design and performance of the tunnel

can be found in Elfstrom [1971].

The conditions found in the working section during the steady test period at this Reynolds

number are shown in Table 2.1.

Repeatability of experiments in the Hypersonic Gun Tunnel

The Imperial College Hypersonic Gun Tunnel operates based on the bursting of two steel

diaphragms that separate the driver from the barrel. Manufacturing tolerances and operating

processes lead to small variations in the conditions seen in the working section. The run-to-run

variability is illustrated in Fig. 2.3, where the incident pressure (‘P0’, measured just upstream of

the nozzle) is plotted throughout the experimental run time. The run-to-run variability in ‘P0’

is small, and significantly less than the overall change in the pressure that occurs over a run.

The effect of the incident pressure is further investigated in Fig. 2.4, where it is plotted
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(i) (ii)

(a)

(b)

(c)

Figure 2.4: (i) Pressure measured at the tunnel throat, and (ii) heat transfer measurements
measured on a model in the working section for (a) low intermittency, transitional, (b) high
intermittency, transitional, and (c) fully turbulent configurations.
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along with the resultant heat transfer rates for 3 different configurations. Fig. 2.4 (a) shows

the incident pressure and measured heat transfer rates for a configuration resulting in low

intermittency, (b) shows results when the intermittency is high, and (c) shows results for a

configuration with a turbulent boundary layer. In each case, there is a small variation in the

‘P0’ pressure, while the heat transfer rates shown for each configuration are consistent. Thus,

the small variations seen between the different runs is believed have little effect on the results in

this experiment.

Effects of pressure change during the experimental run

The pressure measured upstream of the nozzle, ‘P0’, varies by approximately 5% over the

steady-flow portion of an experimental run. The effect of this is believed to be minimal: earlier

experiments [Mallinson et al., 2000; Vanstone, 2014] display proportionally smaller changes in

pressure in the working section than at the nozzle, suggesting the 5% change is an over-estimate.

Moreover, to further investigate the effects of a small change in the pressure on the heat

transfer, simulations were run where stagnation conditions varied by 5%. The laminar heat

transfer rate calculated on the surface of the model was found to vary by less than 1.5%, a

small change in comparison to the results seen in Fig. 2.4, and so little effect on the conclusions

drawn.

2.1.1 Model

The model used in this study was selected to have long regions of intermittent flow, which make

it ideal for studying boundary layer transition. The model is described in the schematic diagram

shown in Fig. 2.5. It is formed of a 75 mm diameter circular cylinder, with a 25 mm nose radius.

The nose radius gives a nose Reynolds number of Ren = 1.08 x106, which is within the transition

reversal regime (Ren > 400000) [Zanchetta and Hillier, 1996a,b]. This nose Reynolds number

means that the transition moves towards the nose, is more sensitive to roughness, and takes

longer for transition to fully occur than for a smaller Ren.

Fig. 2.6 shows results from a simulation that was undertaken to assist in the design of the

experiments and the analysis of the results. The Mach contours in Fig. 2.6 (a) show that the

blunt nose leads to a strong bow shock near the stagnation point. The velocity at the stagnation

point (x = 0) is accordingly zero and the temperature equals the stagnation temperature of the

flow as shown in Fig. 2.6 (b) and (c) respectively. This causes a strong entropy gradient, and so

lower Mach and Reynolds numbers on the upstream parts of the model than would be expected

with a smaller blunting radius. The Mach and Reynolds numbers normal to the surface at the

roughness element location are shown in Fig. 2.7 (a) and (b). The flow accelerates as it travels

downstream, with discontinuities in the gradients (i.e. acceleration) at positions corresponding

to the changes in curvature of the model.
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x

Figure 2.5: Schematic diagram of forward section of model geometry

Table 2.2: CFD prediction for laminar boundary layer parameters

Symbol Roughness First Gauge Last Gauge
Axial position, mm x 38 151 240
Edge velocity, ms−1 Ue 1100 1280 1290
Edge Mach number Me 2.3 3.3 3.5
Boundary layer thickness, mm δ 0.4 1.7 2.4
Momentum thickness Reynolds number Reθ 299 562 680

The cylindrical section is long to enable the growth of the boundary layer to be observed:

the model is fully cylindrical from 103 mm downstream of the nose, and remains so for over

300 mm. The diameter of the cylindrical section was selected to be large enough to ensure

that the downstream boundary layer effects of any roughness elements did not dominate the

circumference of the model. Its circular cross section enables instrumentation to be moved and

placed at multiple positions over the length of the model, unlike, for example, a blunted cone.

A corner radius of 279 mm was used to blend the nose to the cylindrical section. This radius

maintains a continuous surface slope and favourable pressure gradient along the length of the

model even though the surface curvature is not constant, which leads to discontinuities in the

surface pressure gradient. The roughness elements in this study were placed at x = 38 mm, and

the heat transfer gauges at 151 ≤ x ≤ 240 mm from the nose.

Table 2.2 shows critical parameters used in the design of the experiments in this study.

These parameters have been obtained using numerical modelling, which is discussed in further

detail in Section. 2.1.5.

A typical schlieren image for a run performed with the model used in this study is shown in
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Mach

(a)

(b) (c)

(d)

Figure 2.6: Results from numerical simulations showing: (a) contours of Mach number, where
the shock is indicated by the solid line, (b) velocity and (c) temperature at the boundary layer
edge, and (d) pressure along the surface of the model.
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(a) (b)

Figure 2.7: (a) Mach number and (b) unit Reynolds number with distance from the surface at
the selected roughness position (xR = 38 mm).

(E)

(B) (A)

(C)

(D)

M = 9

Figure 2.8: Schlieren image from a run with a h = 65µm roughness element, indicated at point
(E). Image has been post-processed to improve clarity

Fig. 2.8. It clearly shows the strong bow shock that forms off the nose of the model, marked

(A), the steady free stream flow, (B), and the less uniform flow that occurs after the shock, (C).

High density gradients around the nose can be seen, (D), indicating the effects of the strong

entropy gradient. A 65µm high roughness element is positioned on the model surface at the

point labelled (E), which generates a shock that extends up into the flow. This is consistent

with the laminar CFD results that suggest the top of the roughness element protrudes into the

supersonic part of the flow.
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2.1.2 Roughness elements

Chapter 1 showed how previous research regarding isolated roughness elements has focussed on

the flow around single elements, e.g. Tirtey et al. [2011], or the combined downstream effects

behind a larger number of elements, where the flow around the elements themselves is less

well known, e.g. Borg and Schneider [2008] or Semper and Bowersox [2017]. It is therefore

desirable to attempt to bridge this gap, by investigating the changes induced by the addition of

a second element when it is placed close to the first element. In order to investigate this, pairs

of roughness elements with small spanwise spacings are attached to the model, at the same

streamwise position, and the state of the downstream boundary layer is assessed. For consistency,

one element of the pair is positioned at a pre-defined position on the model, regardless of the

spacing, whilst the second element is then attached with the desired spanwise spacing.

In general, four types of roughness element have been commonly used in this sort of

study: circular cylinders, wedges, square planform, or diamond planform elements. Older

studies occasionally used spheres, however they are now less commonly used due to their extra

complexity. Diamond planform roughness elements with sides of length 1 mm are used in this

study, as they have previously been shown to be able to generate laminar, transitional or

turbulent boundary layers depending on their height [Estruch-Samper et al., 2013; Fiala et al.,

2014, 2006]. These elements, which are similar to square elements but aligned so that the

corner-corner diagonals are parallel and perpendicular to the flow, have been shown to be more

effective at forcing transition than square, cylindrical or spherical elements [Choudhari et al.,

2010; Whitehead Jr, 1969]. They are also expected to be independent of Reynolds number,

unlike a circular cylinder, where the points of separation will move.

In order to be able to generate laminar, turbulent or intermittent boundary layers, the

roughness elements are positioned at a stream-wise position of xR = 38 mm from the nose, as seen

in Fig. 2.9 (b). Previous studies have indicated that laminar, turbulent or intermittent boundary

layers can be generated with by using different heights of roughness element [Estruch-Samper

et al., 2013; Fiala et al., 2014; Vanstone et al., 2013]. In order to compare the effects of the

roughness element, the use of a size that generates an intermittent boundary layer is used as

a reference. This means if the transition-inducing effects are increased by the presence of a

second element, the number and duration of the turbulent events seen should increase, and if

the effects are decreased, then the presence of the turbulent events should fall.

The configurations of roughness elements used in this present study are shown in Table 2.3.

Different heights are used to verify that the appropriate boundary layers could be generated. Pairs

of roughness elements of the type that generated an intermittent boundary layer, (h/δ = 0.16,

corresponding to h = 65µm) are then used to assess the effects of the spacing of elements.

Whitehead Jr [1969] suggests that the critical spacing where the effects are first seen is at

s/w = 3 for high speed flows. Particular focus was therefore given to spacings less than this.

The roughness elements in this study are made from one-side-adhesive Polymeric Calendered
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(a) (b)

75 mm
s

w

Figure 2.9: (a) Design template of pre-cut vinyl roughness elements on their template and (b)
an image of the model with two 1 mm x 1 mm roughness elements on the nose

Table 2.3: Configurations of roughness elements used to investigate the effect of spacing.

Number of elements Element height Element spacing Number of runs performed
- h, µm h/δ s/w -
0 - - - 6
1 65 0.16 - 8
1 95 0.24 - 3
1 120 0.3 - 2
2 65 0.16 0 3
2 65 0.16 0.5 5
2 65 0.16 1 7
2 65 0.16 2 6
2 65 0.16 4 6
2 65 0.16 6 5
2 95 0.24 1 2
2 120 0.3 1 2

Vinyl (PVC). These elements have been cut from a sheet of PVC using a computer-controlled

cutting tool and are cut as part of a larger template so that if a configuration involved a pair of

roughness elements, their relative positioning is fixed. The larger template also has practical

advantages when handling, due to its increased size over the individual roughness elements.

Fig. 2.9 (a) shows a schematic drawing of a pair of roughness elements that are encapsulated in

an outer template. The element and template are attached to the model at the desired location

using a pre-designed removable guide tool, the outer template and guide tool are then removed.

This leaves the desired configuration of roughness elements attached to the model at the desired

location.

The durability of the adhesive on the PVC was sufficient; no roughness elements became

detached from the model in the 60 runs performed, although new elements were used every few

runs to test a new configuration. Previous studies used methods that involved cutting sheets of

foil and sticking them onto the surface of the model, which led to concerns over obtaining the

correct orientation or roughness element height, and inconsistent adhesion when the effect of
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the glue was considered. These problems are negated through the use of the adhesive PVC, a

larger template, and the custom built alignment tool.

2.1.3 Schlieren imaging

Schlieren imaging is captured during each run and used to investigate flow features, diagnose

problems and verify a successful test. Schlieren imaging uses the fact that the refractive index

changes with a change in density to visualise the different structures that occur in the flow.

The setup for the schlieren in this experiment can be seen in Fig. 2.1. In contrast to a normal

schlieren setup, an extra (flat) mirror is used, due to the large size and focal length of the other

mirrors and restricted dimensions of the lab. The light from the LED is collimated by the first

mirror (A in Fig. 2.1), and then passes through the working section, where it is scattered by

the different densities present. It is then reflected by the flat mirror (B) down to the concave

mirror (C ) which focusses it on the high speed camera. A horizontal knife-edge is placed at the

focal point to block the scattered light, which leads to the light and dark areas in the images.

Phantom v641 and M310 cameras were used in this study, sample rates of up to 36 kHz were

used depending on the image resolution. A post-processed schlieren image for a typical test is

shown in Fig. 2.8, where the exposure time was 30µs.

The image shown in Fig. 2.8 has been post-processed to increase its clarity. A number of

steps have been taken to get it to this point, as shown in Fig. 2.10. Firstly, a frame from the

video was taken, and a reference background image subtracted. The dynamic range of the image

was then adjusted to increase the contrast. Both instantaneous single frames, and time-averages

of many were used for investigation.

2.1.4 Heat transfer measurements

Heat transfer gauges: principle

As described in Chapter 1, heat transfer is both a critical property in the design of hypersonic

vehicles, and a good method of detecting boundary layer transition, and as such is an ideal metric

to measure in this study. Heat transfer rates can be measured using fast-response thin-film

gauges on the surface of the model as described by Schultz and Jones [1973].

Fig. 2.11 shows a schematic diagram of the heat transfer problem. The heat transfer gauges

are assumed to be one-dimensional, and the substrate is assumed to be semi-infinite.

The surface heat transfer is given by Fourier’s law (equation 2.1), and the heat-flow in the

two materials in Fig. 2.11 are governed by equation 2.2.

q = −k∇T (x) (2.1)
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(a) Instantaneous raw image. (b) Background reference image.

(c) Instantaneous post-processed image. (d) Time-averaged, post-processed image.

Figure 2.10: Stages of post-processing the schlieren images.
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Metallic
slab, 1

Semi-infinite
substrate, 2

Metallic
slab, 1

Semi-infinite
substrate, 2

ρ1, c1, k1

ρ2, c2, k2

q(t)

x

T (x)

l

Figure 2.11: Schematic diagram of heat transfer/heat conduction in metallic slab (material
1) on semi-infinite insulating substrate (material 2), adapted from Schultz and Jones [1973].
ρ indicates the density, c the specific heat capacity, and k the thermal conductivity for the
selected material. l indicates the thickness of the metallic slab, and the subscripts represent the
appropriate material.

∂2Ti
∂x2

=
ρici
ki

∂Ti
∂t

(i = 1, 2) (2.2)

These equations are combined: k1
∂T1
∂x1

= k2
∂T2
∂x2

and T1 = T2 at x = l, the boundary conditions

applied, and the derivation by Schultz and Jones [1973] determines:

q(t) =

√
ρ2c2k2

π

[
T (t)√
t

+

∫ t

0

T (t)− T (τ)

(t− τ)3/2
dτ

]
(2.3)

The Cook and Felderman [1966] reduction is then used on equation 2.3, which assumes a

linear development of heat transfer, and then the applicable terms are cancelled. This results in:

q(tn) =

√
ρ2c2k2

π

n∑
i=1

T (ti)− T (ti−1)

(tn − ti)1/2 + (tn − ti−1)1/2
(2.4)

The temperatures required by equation 2.4 are obtained from the resistance measured by

the heat transfer gauges:

T (t) =
1

αRR0

R(t) (2.5)

where αR = 1
R0

∂R
∂T

. This, and R0 are obtained from the calibration of the gauges, which is

discussed below. Equation 2.4 is then summed numerically for each gauge to return the desired

heat transfer results.

For the semi-infinite assumption to remain valid, the penetration depth should be negligible.

Schultz and Jones [1973] describe the penetration depth, xpen, defined as the point when the
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33mm

MACOR

Pt gauge

Au connector

Figure 2.12: Photograph of an array of thin-film heat transfer gauges, currently used in the
Imperial College Hypersonic Gun Tunnel.

heat transfer remains less than 1% of the surface value:

xpen = 4

√
k2t

ρ2c2

(2.6)

Thin-film heat transfer gauges

The heat transfer gauges used in this study consist of gauges painted on small machinable

ceramic (MACOR) blocks that can be positioned along the length of the model. Each block is

33 mm long, with 32 thin-film gauges painted on its upper surface, as shown in Fig. 2.12.

The gauges are spaced at a pitch of 1 mm, and the total length of each gauge (i.e. minimum

spanwise spatial resolution) is 2 mm. It is not possible to position two arrays of gauges adjacent

to each other due to their size limitations. These gauges were manufactured by repeatedly

painting and curing layers of platinum on a MACOR substrate until a desired resistance is

obtained. This is a lengthy and time-consuming process.

The gauges were initially calibrated using an unheated water bath. The resistance was

recorded at ambient temperature, and with heated water. The resistance and sensor sensitivity,

αR were calculated using these data points. Further datapoints were used to characterise selected

gauges, in part, to verify the linear response. The calibration curves of selected gauges are

shown in Fig. 2.13.

Fig. 2.13 (a) shows that the resistances vary across the gauges. This is due to their
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Figure 2.13: (a) Calibration curves of selected thin-film heat transfer gauges, where the different
markers represent the different gauges. (b) The effect of a ±10% change in αR on the heat
transfer profile of a turbulent spot, where the reference result is plotted ( ), αR = 0.9αR0

( ), and αR = 1.1αR0 ( ).

manufacturing process, which aims for resistances of 50 ≤ R ≤ 70 Ω. A number of gauges

had suffered damage, and so were unusable. As described above, αR ∝ ∂R
∂T

, and the gradients

of the calibration curves in Fig. 2.13 (a) are similar. Most of the gauges were found to have

αR = 0.002 K−1± 10%; the effect of a 10% change in αR on the heat transfer profile of a selected

run are shown in Fig. 2.13 (b). The effect of a change in αR appears to be a linear scaling, so

any error in αR stretches the heat transfer profile, but does not affect the overall result. Results

presented in this thesis have been normalised by reference laminar and turbulent heat transfer

values for individual gauges to eliminate this variability.

The plots in Fig. 2.13 (b) are made up of discrete points with ∆t = 5µs. The response

time of the thin-film gauges is not based on platinum, but more on the analysis technique as

the gauge effective thickness is not known [Buttsworth, 2002]. The thickness of the gauges

should be on the order of 100 nm, which gives a 400 kHz response using the 95% response of a

platinum gauge on a MACOR substrate [Schultz and Jones, 1973]. The gauges are therefore

sufficiently thin for sampling at 200 kHz. The penetration depth has been assessed to verify the

semi infinite assumption using equation 2.6. This depth was found to be less than 1 mm, which

is significantly less than the depth of the substrate, so this remains valid.

The gauges were also calibrated using a newly developed facility. This facility consists

of a heated water bath, with the array of gauges connected to a Agilent 34972A LXI Data

Acquisition/Switch Unit, and sampled using a Labview script capable of measuring 16 channels

concurrently. A 4-wire resistance temperature detector is used to record the temperature. This

facility automated most of the calibration process, and the results for the majority of gauges

matched those undertaken with the above manual calibration. Some, however, did not match,

and were identified as the gauges that appeared to have resistance changes between runs, i.e.
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have suffered damage during a run.

Data Acquisition System

The heat transfer gauges are used with a 64 channel data acquisition system. Each channel

connects to a Fylde FE-759-TA card, and these are connected to one of four HGL Dragonfly

analogue-to-digital converters. This system is capable of sampling at 200 kHz, and is controlled

by the bespoke HGL software on the connected computer.

Measurement accuracy

Sources of error in the heat transfer measurements include calibration and those involved in the

data acquisition. The error associated with the calibration is estimated to be ±5%, including

instrument and process errors. Data acquisition errors are much smaller, at less than ±0.3%

Fylde [2014]. These errors, however, can be mitigated through the normalisation technique used.

Section 2.1.4 reveals how the dependence on αR is linear, and runs have been obtained that are

fully laminar, or fully turbulent. Any errors in calibration of the individual gauges can therefore

be mitigated by normalising to:

qn =
q − qL
qT − qL

(2.7)

where qL and qT are the measured heat transfer rates at that gauge for the runs that are fully

laminar and fully turbulent respectively.

The uncertainty associated with the run-to-run variation of the operation of the tunnel is

significant. The driver pressure varies by around ±5% when the diaphragms burst, and problems

such as debris frequently occur. Debris in the flow can often be spotted in the schlieren video.

In order to mitigate these effects, the model was highly polished before the experiments, and

was cleaned after every test to remove any dust and debris. Any obvious points of damage were

polished to remove them, and the roughness elements were checked and repaired or replaced if

necessary.

Multiple experimental runs were performed for each configuration. Three runs at a single

configuration (s/w = 4) are shown in Fig. 2.14. Each of these experiments exhibit an extended

period of turbulent flow, which varies in duration dependent on the run, in the range of 2− 6 ms.

This leads to a large effect on the averaged statistics for each run, such as mean values or

parameters such as the intermittency, even though the same features are generally present in

all three of the runs shown in Fig. 2.14, and their appearance is greatly different from other

configurations. Care must therefore be taken when the results for each run are analysed.

2.1.5 Numerical derivation of flow conditions

Numerical simulation of the model in a Mach 8.8 flow has been undertaken to estimate the

critical flow conditions for use in both the design of the experiments, i.e. calculating the
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Figure 2.14: Heat transfer rates measured from three repeated runs for a single configuration.

roughness height, and in the analysis of the results. Fig. 2.15 shows the axisymmetric mesh used

in this analysis, where every 20th cell boundary is shown, and Fig. 2.15 (b) shows a typical result,

in this case contours of temperature. This is an axisymmetric simulation, so r represents the

distance from the axis of rotation of the cylindrical model. The critical results were measured

at locations corresponding to four model features, labelled (1) - (4) in Fig. 2.15 (b), and the

results are presented in Table 2.2 (shown previously). These positions are the roughness element,

x = 38 mm, the blend, x = 103 mm, and the front and rear of the main gauges locations, at

x = 140 mm and x = 250 mm.

Code summary

The numerical simulation was completed using an in-house CFD code. The CFD code uses

‘convection-diffusion’ splitting, where the convective terms are determined using an explicit

second-order upwind Godunov solver and the diffusive terms through centred-differencing, which

results in second-order spatial and temporal accuracy. The code assumes that the flow is

axisymmetric. Further information on the development and structure of the CFD code can be

found in Hillier et al. [2003, 1995]; Jackson et al. [2001].

The test gas in the experiments was nitrogen; this has been mimicked here in the numerical

study. The gas is assumed to be cold, based on the overall low flow enthalpy, and the viscosity

is calculated using Keyes [1952] relationship. A constant Prandtl number Pr = 0.72 is used, and

the wall is fixed at a temperature of 293K, a valid assumption based on the short duration of a
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Figure 2.15: (a) Mesh and (b) contours of temperature for numerical simulation. The i and j
directions are indicated, and for clarity, one in every 20 cell boundaries is shown.

tunnel run.

The use of turbulence models, such as k - ε and Baldwin-Lomax, which have previously been

used with this code, have not been explored in this study, as the purpose of this analysis is to

obtain a reference laminar baseline for use in the design of later stages of the study and in the

analysis of results.

Shock fitting

It was necessary to fit the mesh to the shock to minimise any smearing and discontinuities. It is

desirable for both the shock and edge of the boundary layer to be located at a single j-coordinate

along the length of the model. In order to fit the mesh to this, the CFD code is run once, with

the basic mesh, and then a simple shock fitting algorithm applied to modify the mesh, before

the code is re-run for the new mesh. This process is repeated a second time to ensure that the

modifications did not induce their own errors.

The shock fitting algorithm took the position of the shock, the edge of the boundary layer,

and the edge of the model, and applied a polynomial fit between them and the cells in which

they were desired to fit.

Mesh convergence study

A mesh convergence study has been undertaken to verify that the solution is mesh-independent.

The resolution of the mesh was varied in both coordinates, with meshes consisting of between

25% and 200% of the original number of cells shown in Fig. 2.15 (a), i.e. nc = 0.25 to nc = 2,

where nc is proportional to the number of elements.

The results were first interrogated to investigate the resolution of the i-dimension, which

is arranged in the streamwise direction, along the model. Fig. 2.16 (a) shows the boundary
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(a) (b)

(c)

Figure 2.16: Boundary layer thickness along the length of the model for mesh resolutions with
differing numbers of elements (nc) in (a) i-direction, and (b) j-direction, and (c) development
with the overall element size, 1/nc. Estimated results (x) are shown at 1/nc = 0.

layer thickness along the length of the model for meshes with between nc = 0.25 and nc = 1.5

in the i-dimension, corresponding to 101 and 601 cells. All the results appear to be within

3% of the original, with no clear trend with increasing element size. This suggested that the

number of elements selected in the i-dimension was adequate for all of the resolutions, and did

not significantly affect the boundary layer profile.

A similar analysis was done in the j-dimension, normal to the surface of the model, and

the corresponding profiles of the boundary layer thickness along the length of the model are

shown in Fig. 2.16 (b). This time, the mesh was seen to have an affect on the results. As

the number of elements is increased, the thickness of the boundary layer reported is found to

decrease. The boundary layer thickness appeared to be more sensitive to the resolution of the
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j-dimension than the resolution of the i-dimension. In order to assess the convergence of the

mesh in the j-direction, the thickness of the boundary layer at the four main locations of interest

was assessed and plotted against the inverse of the number of elements (nc) in Fig. 2.16 (c).

The thickness of the boundary layer decreases with increasing mesh size for the first few mesh

resolutions, however it then appears to plateau to an asymptote by the time 1/nc = 1, the

size of the mesh used in this study. A Richardson extrapolation has been used to generate the

results at 1/nc = 0. The Grid Convergence Index (GCI) of these points, using the values at

1/nc = 1 were 1.5, 1.8, 3.1 and 4.6%, in order of increasing x, at the four measurement locations

shown. The errors associated with the model itself, such as the true geometrical accuracy, and

other effects due to the operation of the tunnel suggest that the selection of a mesh with nc = 1

is sufficient for this study.

2.2 Oil flow experiments

2.2.1 Imperial College Supersonic Wind Tunnel

Oil flow experiments to visualise the flow around pairs of differently spaced roughness elements

have been undertaken. These experiments are not easily feasible in the Imperial College

Hypersonic Gun Tunnel, due to the tunnel run-time, the small thickness of the boundary layer,

and because of its unsteady start-up and shut-down. The Imperial College Supersonic Wind

Tunnel (ICSWT) has a thicker boundary layer, longer run-times and is easily accessible for

access and optics, and so is much more suited to oil flow visualisation. A schematic diagram of

the ICSWT is shown in Fig. 2.17. It is a blow-down tunnel and has been fitted with a nozzle to

attain a nominal freestream Mach number of 2 in the working section. The working fluid in

this tunnel is air. It has a cross section that measures 150× 150 mm, and has experimental test

times of around 45− 60 s. The stagnation pressure is controlled by limiting the flow-rate into

the settling chamber; the stagnation pressure is set at P0 = 2 MPa in this study. Further details

on the characteristics and operation of the tunnel can be found in Threadgill and Bruce [2016].

2.2.2 Supersonic roughness element model

The boundary layer thickness in the working section of the ICSWT is δ = 4.8 mm [Threadgill

and Bruce, 2016]; more than an order of magnitude greater than at the roughness element

location in the Imperial College Hypersonic Tunnel. The oil flow experiments here aim to

exploit this. In order to conserve h/δ to match the Mach 9 experiments, h, is scaled with the

boundary layer thickness in the ICSWT, δ. The elements used to generate an intermittent

boundary layer in the Hypersonic Experiments have h/δ = 0.16, so the roughness elements in

the supersonic tunnel are designed with a height of 0.68 mm accordingly. The size ratio of the

roughness elements is conserved too, so that the elements for use in the oil flow have a width of
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Figure 2.17: Imperial College Supersonic Wind Tunnel, from Threadgill and Bruce [2016]

w = 14.9 mm. The larger scale of the roughness elements is now more suitable to enable flow

features to be identified using oil flow visualisation.

Table 2.4 shows the conditions at the tip of the roughness elements in both the hypersonic

experiment and the supersonic oil flow. The velocity, temperature and density values are

generally similar, and lead to similar Mach numbers at both the element tip, and the boundary

layer edge. This study is undertaken to investigate the features of the flow around pairs of

roughness elements. The hypersonic experiments experience a laminar boundary layer, whilst

the ICSWT has a turbulent one. This is not expected to affect the overall components of

the flow structure as similar features are generally present with both laminar and turbulent

boundary layers, however, dimensions such as those characteristic of separation bubbles are

expected to appear shorter in the ICSWT [Babinsky and Harvey, 2011]. As we are interested in

the structure of the flow around the roughness elements at different spacing, and the states of

the boundary layers are different, transition is not a concern, which mitigates the fact that the

roughness Reynolds numbers, Rekk do not match. The flow around the roughness elements was

not expected to be severely affected by the turbulent boundary layer found in this tunnel as

the sharp edges of the roughness elements define the point of separation, unlike, for example, a

circular cylinder, where the separation depends on the Reynolds number.

A number of configurations have been tested in the ICSWT. Visualisation of single elements

has been undertaken to provide a set of reference cases. The designed element which corresponds

to the intermittent case in the hypersonic tunnel is taken as a datum, and then elements with

twice the width, and half and twice the height are also studied. Configurations of pairs of

elements have also been assessed, which are arranged as for the above experiments in the

Imperial College Hypersonic Gun Tunnel, and are summarised in Table 2.5. The spacings are

limited by the width of the tunnel: to ensure no three-dimensional corner effects affect the

visualisation, the largest spacing used is s/w = 2. The smallest spacing is when the two elements

were touching, s/w = 0. It was also possible to place elements with small spacings of s/w = 0.25
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Table 2.4: Comparison of local conditions in experiments in the hypersonic and supersonic
tunnels. Conditions at the element tip are indicated by a subscript k, and boundary layer edge
by e.

Hypersonic Supersonic
Boundary layer thickness δ mm 0.40 4.85
Element height h µm 65 680
Element width w mm 1.41 14.9
Velocity Uh ms−1 464 405

Ue ms−1 1100 500
Temperature Th K 411 206
Density ρh kgm−3 0.195 0.437
Mach Mk - 1.1 1.4

Me - 2.3 2
Roughness Reynolds number Rekk - 249 8700
Incoming boundary layer state Laminar Turbulent
Local radius of curvature Rb/δ - 693 ∞

Table 2.5: Configurations used in supersonic oil flow visualisation experiments. h0 and w0

indicate the heights calculated to correspond to the intermittent elements in the supersonic
tunnel, 680µm and 14.9 mm respectively.

Number of elements Height Width Spacing
nelm h/h0 w/w0 s/w

1 0.5 1 -
1 1 1 -
1 2 1 -
1 1 2 -
2 1 1 0
2 1 1 0.25
2 1 1 0.5
2 1 1 1
2 1 1 2

and s/w = 0.5. A spacing of s/w = 1 has been used to match the hypersonic configurations.

Multiple runs have been taken of each configuration, varying, for example, the lighting and

optical configuration in order to ensure that all the surface flow features are captured. In each

case, one element of the configuration has been selected as the lead element, and placed directly

downstream of the oil injection port to ensure consistent distributions for each configuration.

The other element has been then positioned according to that.

The results from the configurations in Table 2.5 have been used to design two-dimensional

configurations of roughness elements, arranged as in Fig. 2.18 and described in Table 2.6. This

part of the study used configurations of different sizes of elements in an attempt to force the

wakes to interact, which were designed using the superposition of the flow fields observed around

single roughness elements.
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Figure 2.18: Coordinate systems and dimensions used to define the spacing of pairs of roughness
elements in two-dimensions.

Table 2.6: Parameters to define two-dimensional configurations of roughness elements. A positive
spacing s implies a gap between the two elements, whilst negative s implies the roughness
elements overlap when viewed from an upstream location. The axial distance, a, is the distance
between the two centrelines of the elements. See Fig. 2.18 for reference

Configuration wU/w wD/w s/w a/w sc/w ac/w
I 1 1 -1.0 2.2 0 2.2
II 1 0.5 -0.7 2.4 0 2.6
III 1 1 0.7 2.0 1.7 2.0
IV 1 1 -0.1 1.3 1 1.3
V 1 1 -0.5 1.8 0.5 1.8
VI 1 0.5 -0.5 1.9 0.3 2.2
VII 1 0.5 -0.1 0.8 0.7 1.0
VIII 1 0.5 -0.1 1.6 0.7 1.9
IX 1 0.5 -0.3 1.4 0.5 1.6
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2.2.3 Experimental techniques

Surface oil flow visualisation

Surface oil flow visualisation shows the surface shear stress distributions using a suspension of

titanium dioxide (TiO2) in an oil mixture comprised of kerosene and oleic acid. The wall shear

stress forces the oil mixture to move in the direction of the wall shear stress vector, the kerosene

evaporates, and the TiO2 shows up white on the tunnel floor, which has been painted black to

improve the contrast. This reveals the shear-lines on the wall, which in turn reveal flow features

such as separation bubbles, regions of recirculating flow, and implies the position of vortices in

the flow. A video of the shear-lines is captured through a tunnel sidewall window throughout

the run using the video function of a Nikon D7000 DSLR camera with a 105 mm lens, from

which individual frames can be selected.

A rig is used to inject the oil into the flow through the baseplate of the tunnel once a stable

flow is established, in order to avoid start-up and shut-down contamination of the flow. This rig

has two 1.5 mm internal diameter holes through which the oil is injected using 10 ml syringes.

These holes have been filed and polished to sit flush to the surface, and installed far enough

upstream of the roughness elements so that their effect on the flow is minimised. The oil mixture

is injected into the flow in pulses. In order to limit any effect of the inertia of the injected

fluid, the oil is pulsed in slowly, only 1− 2 ml at a time, and then left to settle before the next

pulse. Immediately after a pulse, the oil appears to show flow features with greater spanwise

distances due to this inertia, before they settle when the amount of oil has decreased. As such,

any measurements used in later sections are taken as the smallest measured dimensions.

The recorded video is taken through a sidewall of the tunnel, so the individual frames feature

perspective warp. A reference photograph featuring a surface calibration target is captured

before each run, and used to dewarp the video. Fig. 2.19 shows a selected frame from the

original video, the reference/correction image, and the post-dewarp corrected image. Many

of the features of the perspective warp are removed through the dewarping process, however,

off-surface features, such as over the roughness elements, are still compromised.

Due to the pulsing of the oil, the oil flow visualisation leads to a time-dependent result;

different features are revealed at different times. As such, multiple frames are inspected and

used to generate a combined sketch of the flow field.

Schlieren imaging

As in the hypersonic tunnel, schlieren photography is used to both provide further insight

into the flow features and verify the correct start-up and running of the ICSWT. A similar

z-configuration of the camera and mirror set-up, and a horizontal knife-edge is used in this

experiment. Fig. 2.20 shows the 4 stages used to post-process the schlieren image. Fig. 2.20

(a) shows the raw image captured by the Phantom v641 camera, with an exposure of 4µs, a
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(a) Original frame (b) Correction reference

(c) Corrected frame

Figure 2.19: Stages of image dewarping process: original and final video frames and dewarping
reference
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(a) Raw image (b) Background reference

(c) Processed image: single frame

Boundary layerRoughness element

Boundary layer

Mach lines

Shock waves

(d) Processed image: 600 frame average

Figure 2.20: Stages to obtain Schlieren images

sample rate of 1400 Hz, and original resolution 2560 × 1600 pixels. The reference (no-flow)

background image shown in Fig. 2.20 (b) is then subtracted from Fig. 2.20 (a) to account for

any imperfections in the optical setup, which results in the single, post-processed frame shown

in Fig. 2.20 (c). A time-averaged image, comprising of 600 frames is shown in Fig. 2.20 (d),

which smooths out all the unsteady features shown in Fig. 2.20 (c). A false floor can be seen

in Fig. 2.20 (c) and (d), created by the optical distortion due to the change in density across

the tunnel when in operation. The floor of the tunnel therefore appears at a different position

when the tunnel is running to when it is not, so when the background subtraction is performed,

it includes this false floor. Note that the optical distortion also smears the silhouette of the

roughness element: it is much clearer in the background reference than the images taken when

the tunnel is in operation.
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Figure 2.21: Schematic diagram of numerical model. The dashed line represents the plane of
symmetry, whilst the other solid lines represent the limits of the domain. All walls have been
applied with a no-slip wall boundary condition, apart from the one marked fully with the dashed
line which has a reflected inviscid condition.

2.3 Numerical simulations

2.3.1 Eilmer v4 Introduction

Numerical simulations were undertaken using Eilmer v4 [Gollan and Jacobs, 2013; Jacobs and

Gollan, 2016], a three-dimensional, explicit, open-source solver developed at the University of

Queensland. This code splits the inviscid and viscous fluxes, and uses an adaptive method that

switches between EFM and AUSMDV schemes to determine inviscid fluxes. Further information

regarding the design and performance of Eilmer is available in other sources [Gollan and Jacobs,

2013; Jacobs and Gollan, 2016, 2017].

2.3.2 Model

The numerical simulations are undertaken to investigate how the inter-element spacing affects

the flow around pairs of roughness elements, which then goes on to influence the boundary layer

transition in the Imperial College Hypersonic Gun Tunnel. Due to memory limitations, it is not

possible to fully simulate the entire model used in the experiments due to the different scales

considered: the swept distance over the model surface to the position of the roughness elements

is around 55 mm, while the roughness elements are 30− 120µm thick.

The model has been simplified from the axisymmetric geometry in the hypersonic tunnel

to a flat plate. This removes the effects of the double curvature in order to focus more closely

on the effects of the roughness elements. Flat plate flows have been widely studied and can be

used to validate the code and meshes. The size of the model can be optimised by the use of

the geometric plane of symmetry between the roughness elements, and a slip-wall boundary

condition is used to set the spacing between the pairs of roughness elements. A sketch of the

model used in this study is shown in Fig. 2.21. This mesh of this model was constructed using

the in-built meshing capability in Eilmer.
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Table 2.7: Simulation input and design conditions.

T0 (K) 1150
P0 (kPa) 340
Ue (ms−1) 1106
Tw (K) 298
xR (mm) 47.025
δT,R (mm) 0.4

The conditions around the roughness element, and the size of the roughness elements

themselves are desired to be similar to those in the hypersonic tunnel experiments. Using the

CFD described in Section 2.1.5, the flow conditions at the edge of the boundary layer were set

as the free-stream conditions in the simulations. A simple simulation of flat plate boundary

layer growth was run to derive the required position of the roughness element, xR, so that the

boundary layer was of the appropriate thickness over the roughness element. The simulation

input conditions are described in Table 2.7.

The numerical simulations here consider the flow around the roughness elements, and Fiala

et al. [2006] suggests that the first transition spots (or transition for larger roughness elements)

occur at around x = 100 mm on the hypersonic model. Similarly, the transition mechanism

should exhibit transient growth and modal interactions, both laminar effects, before transition

occurs. Thus, as long as the downstream extent of this study is limited, and the mechanisms

are described by laminar flow physics, we contend that the use of a purely laminar simulation is

not unreasonable (as in Choudhari et al. [2010]). This has multiple benefits including enabling

the use of longer time steps, reducing memory requirements, and greatly reduces the necessary

run-time for each simulation. To explore the flow around and immediately downstream of

the roughness elements, whilst ensuring that the laminar assumption remains applicable, the

numerical model extended 10 element widths downstream of the roughness element. Similarly,

the height and the width of the domain were set so that reflected shocks and other features did

not feature in this length: the distance from the roughness element to the spanwise edge of the

domain was 3 widths and the domain height was 2.5 widths.

The simulations are run using a cluster with 120 GB of memory and 24 processing cores.

The solver used a third-order Runge Kutta integration method, with an adaptive flux calculator

and viscous modelling. Eilmer uses an adaptive timestep method; when the simulation had

reached its time-converged solution, the timesteps were around 2× 10−9 s.

2.3.3 Simulation verification and validation

Numerical validation

A validation of the numerical code used in this study has not been undertaken for an appropriate

type of problem for this thesis, and so a validation exercise has been undertaken as part of
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(a) xc/w = 1.5. (b) xc/w = 3.2. (c) xc/w = 14.5.

Eilmer Choudhari Eilmer Choudhari Eilmer Choudhari

Figure 2.22: Spanwise contours of velocity in the wake of a roughness element with h/δ = 0.56
in a Mach 3.5 flow. Eilmer results are plotted over yc < 0 and the Choudhari et al. [2010] result
over yc > 0 in each case.

Eilmer
simulation.

Figure 2.23: Amplitude of velocity streaks against downstream distance from Choudhari et al.
[2010] with Eilmer result superimposed ( ).

this study. A simulation has been performed using Eilmer v4 which matches a study around

a single isolated roughness element on a flat plate with a Mach 3.5, laminar boundary layer,

which was in turn designed to match experiments [Choudhari et al., 2010, 2013]. The results

of this validation are shown in Fig. 2.22 and Fig. 2.23. The Eilmer simulation has only been

performed for x < 70 mm.

Fig. 2.22 shows spanwise slices of the velocity contours downstream of the roughness element.

Due to the symmetry of the flow, half of the flow has been simulated, and the Eilmer result has

then been reflected, so that Fig. 2.22 (a), (b) and (c) all show the Eilmer result over yc < 0 and

the Choudhari et al. [2010] result for yc > 0. A disturbance can be seen to develop, which grows

in size between Fig. 2.22 (a) and (c). Both results appear to exhibit a similar structure, and the

thickness of the boundary layer and the size of the disturbance appears to grow by a similar

amount whether calculated using Eilmer or given by Choudhari et al. [2010].

Fig. 2.23 shows the amplitude of the velocity streaks, as calculated in Choudhari et al. [2010],
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(a) Temperature. (b) Streamwise velocity.

Figure 2.24: Mesh convergence. Results plotted against 1/nc for nc = (0.25, 0.5, 1, 1.5, 2, 2.5)
at four downstream locations: [xc/w, yc/w, z/δ] = [4, 0, 0.15] ( ), [4, 0.25, 0.3] ( ),
[4, 1, 0.05] ( ), and [4, 0.2, 0.8] ( ). Estimated results (x) are shown at 1/nc = 0.

with the Eilmer result superimposed. As the numerical simulations undertaken as part of this

study investigate the interactions immediately downstream of roughness elements, the numerical

validation in this section is similarly replicated over a short downstream extent. The amplitude

of the velocity streaks calculated Eilmer are similar to the reference result from Choudhari

et al. [2010]. As the aims of this numerical study are to compare flow fields around differently

spaced pairs of roughness elements, in order to explain the results obtained experimentally, the

similarity between the results presented in this section is believed to be sufficient.

Mesh convergence study

The mesh used in the numerical study has been verified through a mesh convergence study.

The meshes used in the study are structured and three-dimensional, so the number of elements,

nelm = An3
c , where A represents the base number of elements, and nc represents the scaling used

in that sized mesh, 1/nc ∝ delm, where delm is the width of an element. The resolution used in

the study was selected to maximise the use of the memory available. In this case, nc = 3, and

nelm ≈ 5.5× 106. The mesh sensitivity study has been undertaken with six further cases, with

nc = {0.25, 0.5, 1, 1.5, 2, 2.5}. Fig. 2.24 shows results for the mesh convergence study, taken

downstream at a number of selected downstream locations, plotted against 1/nc.

The results at 1/nc = 0 in Fig. 2.24 have been predicted by a Richardson extrapolation using

the meshes with nc = {0.75, 1.5, 3}. The differences between the fine mesh (with nc = 3) and the

extrapolation are small. The Grid Convergence Index (GCI) has been calculated for a number

of results, and these are displayed in Table 2.8. The GCI values are small: at the location of the

minimum values of the parameters, the GCI increases, but elsewhere, the largest values seen
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(a) 0 ≤ t ≤ 0.2ms. (b) 0.2 ≤ t ≤ 0.4ms.

Figure 2.25: Development of temperature with simulation time. Note that different locations in
the flow have been recorded in (a) and (b).

are around 1%. These simulations are to compare the large-scale flow phenomena that may be

affected by the inter-element spacing and so affect the boundary layer transition, rather than to

purely assess the numerics, so the level of convergence in these numerical simulations appears

sufficient for this study.

Table 2.8: Selected values of the Grid Convergence Index with the fine mesh. Note that
maximum, mean and minimum refer to the values obtained, not the GCI itself.

GCI at... Pressure Temperature Streamwise velocity
minimum [%] 1.27 2.21 N/a

average [%] 0.009 0.446 0.317
maximum [%] 0.47 0.106 0.955

Time convergence analysis

The transient solver is used in this study, so a time convergence analysis was done to verify that

the flow field had developed fully and reached a steady state. Fig. 2.25 shows the development

of the temperature at selected locations. Fig. 2.25 (a) shows the development for 0 ≤ t ≤ 0.2 ms

and Fig. 2.25 (b) shows 0.2 ≤ t ≤ 0.4 ms, with a zoomed in scale. The locations in Fig. 2.25 (b)

were selected for the frequency analysis, and so are different to those shown in Fig. 2.25 (a),

which were selected to have good coverage of the simulation domain.

The temperature converges to 99% of its final amount by t = 0.2 ms. However, Fig. 2.25

(b) shows that it is still developing until t ≈ 0.25 ms, when the temperature falls to within the

amplitude of the final unsteady fluctuations. This is true for all locations by t = 0.3 ms, and

the solutions for this study were taken after 0.4 ms to ensure that the flow had developed.
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2.3.4 Post-processing algorithms

General post-processing

The results from the numerical simulation were investigated from two angles: time-averaged

steady state results, and the transient flow solution. The steady state results in this study were

obtained after 0.4 ms. 241 snapshots in time were extracted with ∆t = 1 × 10−7 s, and then

averaged to obtain the flow field information for each simulation.

Transient results were sampled at 78 locations, comprising 2 different streamwise positions, 13

spanwise, and 3 surface normal. Results were recorded from 0.26 ms to 0.4 ms with ∆t = 1×10−8 s.

Frequency analyses were performed on these results using Fast Fourier Transforms (FFTs),

applied across ten windows, corresponding to a low-end frequency limit of 50 kHz, which may

cut off some of the low-frequency sensitivity. The Nyquist criteria suggests that the sample rate

will be suitable for frequencies up to 50 MHz, which is greater than the expected features of

interest.

Optimal Modal Decomposition

The transient results have been investigated using the Optimal Modal Decomposition (OMD)

algorithm proposed by Wynn et al. [2013] to decompose the flow field into individual modes.

OMD is a generalised form of Direct Mode Decomposition (DMD). DMD is based on a linear

dependency between successive snapshots in time, which is approximately constant throughout

the sampling period. This is defined as

vn+1 = Avn (2.8)

where vn is the system information at an arbitrary time, and A is the linear system. DMD

then restates the problem into a lower rank, and generates the low-rank eigenvalues, which

approximate the eigenvalues of A. OMD is a generalised form of DMD, which replaces A with

a different low rank approximation: LMLT , where L is the low dimensional subspace and M

describes the system dynamics. This is then solved as an optimisation problem. M is used to

derive the OMD eigenvalues, λOMD
n , whilst L describes the OMD modes, ΦOMD

n (x). These are

described as

λOMD
n =

log λn(M)

∆t
(2.9)

ΦOMD
n (x) = Lzn (2.10)
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(a) r = 10. (b) r = 35. (c) r = 70.

Figure 2.26: Effect of rank r on the OMD spectra when s/w = 1. The frequency spectra is
shown in each case at three locations in the wake: one on the geometric centreline, and the
other two at yc/w = ±0.25.

where λn(M) are the eigenvalues of M, ∆t is the time between snapshots, and zn is the

corresponding eigenvector of M. The flow field can be constructed for the different modes as:

a (x, t) ≈
r∑

n=1

cnΦ
OMD
n (x)eλ

OMD
n t (2.11)

where cn are the OMD mode coefficients due to the normalisation of ΦOMD
n (x). The cn coefficients

are then used to provide the spectral information of the OMD. Further description of the OMD

algorithm and its use are described in Wynn et al. [2013] and Baj et al. [2015].

The rank of the OMD is critical in determining a correct solution. Too small a rank risks

missing important modes, whilst too large a rank can dilute the features as shown in Fig. 2.26.

A rank sensitivity study was undertaken: selecting a r = 35 and manually inspecting the

reconstructed mode shapes to investigate any significant features was decided on as the most

suitable way of assessing the flow. Further results regarding the rank sensitivity are shown in

Appendix B.

In this study, two sets of OMD analysis are performed: a small set using 241 snapshots

in time from t = 0.4 ms with ∆t = 1× 10−7 s as for the steady state results, and a larger set

using 481 snapshots with the same time parameters. These analyses are performed on two

slices of the flow volume. A slice was taken at z/δ = 0.16, which corresponds to the top of the

roughness element. This slice was selected to explore the flow around the roughness elements.

A second slice, this time stream-normal, is taken further downstream at xc/w = 6. This slice

allows inspection of the wake as it develops downstream and investigation at all heights of the

boundary layer.
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Chapter 3

Axially-aligned Heat Transfer

Measurements behind Isolated

Roughness Elements in the Imperial

College Hypersonic Gun Tunnel

3.1 Effect of roughness height on boundary layer transi-

tion

Heat transfer measurements were taken downstream of an isolated roughness element on a blunt-

body in the Imperial College Hypersonic Gun Tunnel. In this initial experiment, measurements

were taken using an axially aligned array of gauges positioned on the centreline, downstream

of a single, diamond-planform, roughness element. Four configurations were tested: a smooth

reference case and three single roughness elements with heights of 65µm, 95µm and 120µm.

Previous studies in this facility found that it was often difficult to successfully achieve consistent

wakes for a given roughness element size; the boundary layer would often be in either a purely

laminar or purely turbulent state for a single size of roughness element. It was believed that

this was due to inconsistencies in the manufacture, attachment and placement of the roughness

elements. This study implemented new methods of attaching the roughness elements, and as

such, run-to-run consistency was improved.

Fig. 3.1 shows normalised heat transfer rates measured at the limits of the investigated

region, x = 151 mm and x = 240 mm for the steady section of each run for each of the

configurations specified. The heat transfer rate shown has been normalised by qL, the reference

laminar heat transfer rate and a representative run has been selected to illustrate each case.

The distributions of the measured heat transfer rates are shown in Fig. 3.2, which were used to

assist in categorising the state of the boundary layer.
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q q L

q q L

(a) x = 151 mm

(b) x = 240 mm

Figure 3.1: Normalised heat transfer rates measured at (a) x = 151 mm and (b) x = 240 mm
behind single isolated roughness elements with 0 ≤ h/δ ≤ 0.32.
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3. Effects of Roughness on Transition

Figure 3.2: Histogram of heat transfer rates measured at x = 240 mm behind single isolated
roughness elements with (a) h/δ = 0, (b) h/δ = 0.16, (c) h/δ = 0.24, and (d) h/δ = 0.32.
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3. Effects of Roughness on Transition

The heat transfer rate measured on the model with no roughness was lower than that

measured behind any of the roughness elements, at both of the locations shown in Fig. 3.1.

When there was no roughness, the measured heat transfer rate indicates the presence of a mostly

laminar boundary layer: there was little change in the heat transfer rate throughout the steady

flow period, as illustrated in the histogram in Fig. 3.2 (a). This distribution is consistent with

other reported results for a laminar boundary layer [Schneider, 1995], with a sharp peak and

narrow base. Results at intermediate locations were consistent with this, although not shown.

Due to the noisy nature and operation of the tunnel, turbulent spots, and other phenomena are

occasionally seen to develop in a run. Spurious spots of turbulent flow can be seen to appear

for an otherwise laminar boundary layer, such as at around t = 3 ms in Fig. 3.1 (b).

The heat transfer rates shown for the two largest roughness elements, h/δ = 0.24 and

h/δ = 0.32, in Fig. 3.1, are similar in appearance. These heat transfer rates are four to five

times larger than the laminar heat transfer rate in the same location, and their distributions,

shown in Fig. 3.2 (c) and (d), have a much greater standard deviation. The distributions of the

heat transfer rates in these configurations is distinct from the distribution in Fig. 3.2 (a): there

is little overlap in their results, and the readings fall over a larger range, suggesting that the

boundary layer in this case is turbulent.

The presence of a turbulent boundary layer in the two configurations with the largest

roughness elements is expected as Rekk calculated in both cases exceeds the empirically-

determined critical value to promote transition of Rekk = 250. Whilst the critical threshold for

transition has been exceeded, transition may not be fully effective. The Rekk values calculated

are less than the established threshold for effective transition, but the results would appear

similar if a larger element was used; as described in Chapter 1, increasing the height of a

roughness element beyond the critical limit moves the point of transition forwards, but as a

turbulent boundary layer is already seen at the measurement locations for smaller elements,

there would be no change in the results with increased height.

The development of the heat transfer along the model used in this study can be seen in

Fig. 3.3, where heat transfer measurements downstream of different sized roughness elements

are plotted against the distance from the model nose. Filled markers indicate results with large

roughness elements (> 0.24δ), whilst the unfilled markers indicate a smooth model or very small

roughness (< 0.08δ). These values were obtained by selecting the peak of the smoothed fit

around the distributions, such as those shown in Fig. 3.2. The experiments with a smooth model

appear to lead to a laminar boundary layer: the experimental measurements match well with

the results from the laminar CFD shown in Section 2.1.5. Both the laminar and turbulent heat

transfer rates fall along the model due to the thickening of the boundary layer. The laminar

heat transfer rate falls proportionally faster with streamwise position than the turbulent rate.

Thus, if normalising by the laminar heat transfer rate, the normalised heat transfer appears to

increase with streamwise position, explaining why the normalised heat transfer profiles for the
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3. Effects of Roughness on Transition

Figure 3.3: Heat transfer rates measured along the model for a selection of laminar and
turbulent experimental runs (markers) and calculated using laminar CFD ( ). Unfilled
markers indicate laminar runs, whilst filled indicate turbulent results.

roughness elements with h/δ ≥ 0.24 (h ≥ 95µm) in Fig. 3.1 appear to increase as they move

downstream.

The final configuration shown in Fig. 3.1 features an intermediate size of roughness element

with h/δ = 0.16 (h = 65µm). The Rekk value calculated for this configuration (Rekk = 245)

is just less than the critical value for transition (Rekk = 250 [Reda et al., 2008]), therefore a

turbulent boundary layer was not expected. Throughout the length of an experimental run,

the measured heat transfer rate was mostly near that of a laminar boundary layer, whilst

occasionally increasing to that of the turbulent boundary layer, before returning to a laminar

level again, such as at t = 3.2 ms in Fig. 3.1 (a). This is clearly shown by the distribution in

Fig. 3.2 (b), which shows that bar a few outlying points near q/qL = 4 − 5, the distribution

appears to match that of a laminar boundary layer. These results are characteristic of turbulent

spots of which there appear to be five shown in the steady-test window. The 6 ms steady

run-time is not necessarily sufficient to acquire representative data for a single condition; due to

the low spot production rates, run-to-run variation can be significant. Single runs can be used

to investigate individual turbulent events, and correspondingly, the individual events compared

(in general) across the runs to compare configurations.

A schlieren image from a run with a h/δ = 0.16 roughness element is shown in Fig. 3.4. The

bow shock that forms off the nose of the model can clearly be seen, upstream of which the
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M = 9

75 mm

N

Figure 3.4: Post-processed schlieren image of a run with a single roughness element with
h/δ = 0.16. The roughness element location at x = 38 mm is indicated by N.

flow appears uniform, and downstream, it appears less so. A roughness element was placed on

the nose section of the model, at the position marked, which can be seen to have generated

two shock waves. This suggests that the roughness element does extend into the supersonic

portion of the flow, agreeing with the results of the laminar CFD in Section 2.1.5, which suggest

that this size of roughness element should just extend across the sonic line into the supersonic

portion of the boundary layer. The shocks induced will create vorticity and other structures

that may affect the transition.

The heat transfer profile where h/δ = 0.16 in Fig. 3.1 shows five discrete spots across the run:

there are two spots seen close together at t ≈ 2 ms, followed by three isolated spots. The spots

match the features identified by Fiala et al. [2006] with sharp fronts and shallow trailing edges.

The physical length of the turbulent spots can be estimated using the profiles shown in Fig. 3.1,

a frozen flow-field hypothesis, and a calculated convection velocity. As expected, the turbulent
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spots increased in length as they travelled downstream, although the length determined is

not necessarily the longest length in the spot, as the measurements were taken from a single

coaxial array of gauges, so the centre of the turbulent spot may not lie on the centreline of the

geometry. Turbulent spots have a diamond/arrowhead planform and grow in two dimensions

(e.g. Wygnanski et al. [1976]). The spot seen at t = 3.8 ms in Fig. 3.1 (a) appears small, but

then when it has travelled to x = 240 mm (t = 4.2 ms in Fig. 3.1 (b)), its length is much greater.

This phenomena is attributed to the spreading of the spot over the alignment of the gauges,

thus, the further downstream measurement may be taken from a point that is much more central

(and so longer) in the turbulent spot. Based on an estimated convection velocity of 0.65Ue, the

spots grow in length from 40 mm at x = 151 mm to 90 mm at x = 240 mm, suggesting a gradual

onset of transition. Further downstream, the spot length would be such that consecutive spots

would merge, leaving a turbulent boundary layer.

The results shown in this section show that increased sizes of roughness element cause the

boundary layer downstream of the roughness element to experience progressively more developed

transition, consistent with earlier work by Fiala et al. [2006] and Schneider [2008]. The largest

roughness elements used in this study led to a boundary layer that was already turbulent at the

location of the most upstream measurement gauge, a smooth model led to a laminar boundary

layer, and an intermediate sized roughness element led to an intermittent wake that exhibited

turbulent spots. The intermediate size of roughness element was selected for use in later stages

of this analysis, due to the developmental nature of the turbulent spots that it produced.

3.2 Features of an intermittent boundary layer

Section 3.1 reveals that the experiments performed in this study resulted in laminar, turbulent,

or intermittent boundary layers. The laminar and turbulent boundary layers were consistent in

their appearance throughout the experimental test-time, with small fluctuations around a steady

mean value. Measured heat transfer profiles of intermittent boundary layers, however, were not

uniform throughout the steady run time. Depending on the level of intermittency in the run,

the intermittent boundary layers contained features that fell into three main categories: isolated

turbulent spots, patches of fully turbulent flow, and intermediate-length turbulent events that

featured multiple peaks. These features are shown in Fig. 3.5, Fig. 3.6, and Fig. 3.7.

Fig. 3.5 shows a turbulent spot. These were the most common feature at low intermittency.

The heat transfer profile shows a sharp leading edge, rising to the peak heat transfer near the

centre of the spot, which had a heat transfer rate similar to that of a turbulent boundary layer.

This is the area with the highest level of turbulent flow in the spot. After the peak of the spot

passes the location of the heat transfer gauge, the trailing edge of the spot is revealed with a

shallow tail. Due to the length of the tail on the trailing edge, the length of the turbulent spot

is difficult to define; using a threshold of 1.6 times the laminar heat transfer level, to define the

82



3. Effects of Roughness on Transition

Leading
edge

Trailing
edge

Figure 3.5: Heat transfer rate showing the passage of a turbulent spot in an intermittent
boundary layer, measured at x = 161 mm, with the corresponding laminar heat transfer value
indicated ( ).

(a) x = 161 mm

(b) x = 233 mm

Figure 3.6: Heat transfer profiles showing an extended patch of turbulent flow in an intermittent
boundary layer, measured at (a) x = 161 mm and (b) x = 233 mm

central core of a turbulent spot, this central core of a typical spot passes the gauge location in

less than 0.1 ms. It then takes two or three times this length of time before the heat transfer

fully returned to a laminar level, suggesting the tail of a spot is at least two to three times the

length of the centre of the spot.

An extended patch of turbulent flow is shown in Fig. 3.6. Unlike the turbulent boundary
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(a) x = 161 mm

(b) x = 233 mm

Figure 3.7: Heat transfer profiles showing a short, compound turbulent event in an intermittent
boundary layer, measured at (a) x = 161 mm and (b) x = 233 mm, with the corresponding
laminar heat transfer value indicated ( )

layers seen for larger roughness elements in Fig. 3.1, the extended patch of turbulent flow appears

in an otherwise laminar boundary layer. The heat transfer through the turbulent patch matches

that of a turbulent boundary layer, although it does have some short decreases in heat transfer,

such as at t = 3.2 ms in Fig. 3.6, suggesting the passage of a short, laminar patch of flow. The

extended patches of turbulent flow indicate a more developed boundary layer, but one that has

not developed fully into a fully turbulent one. It is formed of multiple individual turbulent

events that coalesce as they move downstream. For example, in Fig. 3.6 (a), at x = 161 mm,

an individual turbulent spot can be seen immediately up stream of the turbulent patch, but

by the time it has travelled downstream to x = 233 mm in Fig. 3.6 (b), it has begun to merge

with the extended patch of turbulent flow. Patches of turbulent flow were much longer than the

length of a turbulent spot; the patches of turbulent flow typically extended to more than 3 ms

in duration, over 50% of the steady test time of an experimental run.

A number of turbulent events did not fall into either of the above categories. They did not

show continuous heat transfer rates at a level expected from a turbulent boundary layer for

extended periods of time, nor did they exhibit a single peak-like structure of a turbulent spot.

These other turbulent events often appeared as in Fig. 3.7, where multiple peaks pass without

the heat transfer rate fully returning to a laminar level. Viewing the upstream profile of the

event in Fig. 3.7 (a) gives some indication of its structure. Here, it appears to be formed of 3

distinct turbulent spots that merge by the time they have travelled to the downstream gauge.
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Trailing
edge

Leading
edge

Figure 3.8: Composite plot of snapshots of heat transfer taken simultaneously at multiple gauges
and shifted by the appropriate time and velocity, overlaid with a continuously sampled heat
transfer profile from a single gauge.

The overall length of the turbulent (> 1.6qL) portion of this event has grown by 27% between

these gauges, leading to the merging of the individual features.

The growth of turbulent features and their subsequent merging are an important factor in the

development of transition in a boundary layer, understanding the rate of growth from an initial

starting point may offer a method of estimating the length over which transition occurs. The

growth of a turbulent spot has been investigated by comparing the heat transfer measurements

taken simultaneously at a number of locations for a single time snapshot, with those taken

continuously at a single location. This comparison is shown in Fig. 3.8, where the single-time,

multiple location heat transfer measurements have been overlaid with a trace of the continuous

time measurements from a gauge at x = 237 mm. The continuous time measurements have been

converted from time t to a distance from the leading edge of the spot by uc(tle − t), where uc

is the average convection velocity for that run, uc/Ue = 0.61 and tle is the time at the leading

edge. This assumes a frozen flow-field; if the turbulent spot purely convected, the two results

would match.

Results taken simultaneously at multiple locations are indicated by the markers in Fig. 3.8.

Measurements from multiple snapshots were taken and shifted by the appropriate distance

based on the run-average convection velocity to ensure that the full length of the spot was seen,

and these results collapse well onto one-another. There are small differences at the peak of the

spot due to small fluctuations in heat transfer near the turbulent level and small differences in
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calibrations between the gauges.

The continuous time-plot matches well with the shape of the space-plot at the centre of the

spot, around its peak. The width of this central part appears similar, and the initial increase in

heat transfer at the foot of the leading edge matches well. However, there are some differences at

the leading and trailing edge, and the whole profile seems to be skewed relative to the single-time

snapshots. These differences are due to the fixed convection velocity, of uc/Ue = 0.61, that

was used, and no account was made for the growth of the spot as it moves downstream. Thus,

differences in the heat transfer profiles seen in Fig. 3.8 verify that a frozen flow-field hypothesis

is not correct and suggest that the spots grow as they move downstream.

3.3 Boundary layer transition behind pairs of roughness

elements

Experiments were performed to investigate the effect of the spacing between a pair of roughness

elements on boundary layer transition. The h/δ = 0.16 roughness element that generated a

laminar boundary layer with turbulent spots was selected, and a second similar element added

at the same streamwise location as the first, with the desired inter-element spacing between

them. Heat transfer measurements were taken to investigate the boundary layer using thin-film

heat transfer gauges situated directly downstream of the centre-line of the original roughness

element; the additional roughness element was placed off the centre-line of the gauges so as

to aid comparison with the results from a single roughness element already reported. This

configuration is sketched out in Fig. 3.9. Two arrays of heat transfer gauges were used in each

run of this study, covering the range 151 ≤ x ≤ 240 mm, to investigate the development as the

flow moves downstream.

Gaugesw

s

w

x = 151 mmx = 40 mm

Second element

Figure 3.9: Schematic diagram of arrangement of pairs of roughness elements.
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3.3.1 Flow features

Heat transfer profiles measured at x = 233 mm for seven configurations of roughness elements

are shown in Fig. 3.10. Fig. 3.10 (a) shows the heat transfer behind a single roughness element,

whilst (b)-(g) show the heat transfer behind pairs of elements, with (b) s/w = 6, (c) s/w = 4,

(d) s/w = 2, (e) s/w = 1, (f) s/w = 0.5, (g) s/w = 0. The effect of inter-element spacing on the

state of the boundary layer does not appear to be linear. A first glance suggests that there are

more turbulent spots present when s/w = 6, s/w = 4, and s/w = 0; that there are fewer spots

present when s/w = 0.5, and that for intermediate values s/w = 1 and s/w = 2, the number of

spots is what might be expected from two single roughness elements.

Fig. 3.11 shows heat transfer profiles for s/w = 6, measured at 4 locations in (a)-(d), where

(a) x = 153 mm, (b) x = 175 mm, (c) x = 206 mm, (d) x = 233 mm and plotted in a single

x-t diagram in Fig. 3.11 (e). Fig. 3.11 (d) corresponds to Fig. 3.10 (b), where the number of

turbulent spots had increased in comparison to the flow behind a single roughness element, in

Fig. 3.10 (a). Around 50% more turbulent spots were present for this configuration than would

be expected from two single elements, however, they are not present at the upstream gauges,

and can be seen to be smaller, or simply not present at intermediate gauges. The development

of the boundary layer for 205 ≤ x ≤ 237 mm is more clearly shown in Fig. 3.11 (e), where the

width of each streak, which represents the passage of the spot, is wider, and the intensity is

stronger at larger x. Most of the spots present are similar in shape to those seen for a single

element, however, there also appear to be a number of smaller spots, that develop between

x = 175 mm and x = 206 mm. Rather than simply being small spots, these profiles may be the

edges of spots generated off-centre, i.e. from the additional roughness element and subsequently

growing across the centre-line of the gauge; the spots were not present in the upstream gauges

at x = 153 mm, (b) x = 175 mm shown in Fig. 3.11 (a) and (b). This effect would be most

noticeable here, as this was the largest spacing tested.

A number of the spots also appear to have multiple peaks, but were not of long enough

duration to be considered an extended patch of turbulent flow. Spots with multiple peaks may

be due to individual spots merging as they move downstream and grow; the large number of

spots present at s/w = 6 suggests this may be likely. The number of spots present in this

configuration, along with the presence of spots with multiple peaks suggest that the boundary

layer is more developed in terms of transition than would be expected for a single element, even

though the roughness elements are at a greater spacing than the critical value of 3 suggested by

Whitehead Jr [1969].

Fig. 3.12 shows heat transfer profiles for a selected run when s/w = 4. As for s/w = 6, in

this configuration, more than twice the number of turbulent spots measured in the wake of a

single roughness element occur. However, in this case, the turbulent spots were present at the

most upstream measurement location, and long patches of turbulent flow appear throughout.

The length of the patch of the turbulent flow shown in Fig. 3.12 was around 1.5 ms, whilst other
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Figure 3.10: Heat transfer profiles at x = 233 mm, behind (a) a single roughness element, (b)-(g)
pairs of roughness elements with (b) s/w = 6, (c) s/w = 4, (d) s/w = 2, (e) s/w = 1, (f)
s/w = 0.5, (g) s/w = 0.
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Figure 3.11: Heat transfer profiles behind a pair of roughness elements with s/w = 6 at (a)
x = 153 mm, (b) x = 175 mm, (c) x = 206 mm, (d) x = 233 mm, and (e) heat transfer contours
with time and 206 ≤ x ≤ 237.

Figure 3.12: Heat transfer profiles behind a pair of roughness elements with s/w = 4 at (a)
x = 153 mm, (b) x = 175 mm, (c) x = 206 mm, (d) x = 233 mm, and (e) heat transfer contours
with time and 206 ≤ x ≤ 237 mm.
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Figure 3.13: Heat transfer profiles behind a pair of roughness elements with s/w = 2 at (a)
x = 153 mm, (b) x = 175 mm, (c) x = 206 mm, (d) x = 233 mm, and (e) heat transfer contours
with time and 206 ≤ x ≤ 237 mm.

runs in the same configuration feature patches up to 3 ms in length. The turbulent spots in this

configuration appear longer, and many of them appear to have merged together. These features

suggest that the transition of the boundary layer was more developed than for a single element,

and maybe even more developed than when s/w = 6. However, whilst the boundary layer

transition appeared to be more advanced initially, further development across the measurement

locations is minimal. A few turbulent spots appear as the flow moves downstream, but most of

the features simply convect.

The boundary layer downstream of a pair of elements with s/w = 2, as exemplified in

Fig. 3.13, exhibited turbulent spots in an otherwise laminar base flow. Much like when s/w = 6,

the spots can be seen to appear in the region of measurement. However in this case, the majority

of the spots appear further downstream, between x = 206 mm and x = 233 mm. The shape of

the turbulent spots was similar to those seen behind a single roughness element with h/δ = 0.16,

although some were smaller. The spots all had a single peak, and so unlike Fig. 3.11, where the

boundary layer was more developed and the spots may have been growing across the centre-line

of the model, when s/w = 2, the turbulent spots in the boundary layer develop later.

When s/w = 1, several instances of turbulent spots merging can be observed, as seen in

Fig. 3.14. The number of turbulent spots measured in this case was about double that of a

single element, as might be expected if the effect of the second roughness element was simply

superimposed on the wake of the first. About half of the spots exist at the first measurement

location, and most of the rest have developed by x = 206 mm. The measured heat transfer at

the peak of the spot at the final gauge is consistent throughout the run, suggesting that the full

length of the spot is being measured at this point. Many of the spots seen in the later gauges,

such as Fig. 3.14 (c) and (d) exhibit what seem to be double peaks, or in some cases, such as
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Figure 3.14: Heat transfer profiles behind a pair of roughness elements with s/w = 1 at (a)
x = 153 mm, (b) x = 175 mm, (c) x = 206 mm, (d) x = 233 mm, and (e) heat transfer contours
with time and 206 ≤ x ≤ 237 mm.

at t = 4.2 ms in Fig. 3.14, appear to be two individual spots that have a very small amount of

overlap. The second peak is seen to develop adjacent to and after an initial turbulent spot, and

they subsequently merge as they move downstream.

The number of turbulent spots fell when the spacing was decreased to s/w = 0.5, as observed

in Fig. 3.15. The spots in this configuration only appear to develop slightly in the region of

measurement: the heat transfer profiles are broadly similar at x = 153 mm to x = 233 mm. The

peak heat transfer was similar to that for a single roughness element suggesting the full length

of the element was being measured at the latter gauges. The isolated spots present otherwise

appear broadly similar to those behind a single roughness element, apart from that they are

fewer in number.

When two elements are touching, s/w = 0, the heat transfer profile appears significantly

different to other small spacings. In this configuration, the boundary layer contained many

turbulent spots and a number of short patches of turbulent flow, as seen in Fig. 3.16. The peak

heat transfer rate seen was similar to that of a single roughness element; there was little evidence

of any spots impinging and growing across the heat transfer gauges and the spots had mostly

fully developed by the first gauge at x = 153 mm. The state of this boundary layer appears much

more developed by the first measurement location. There is still growth in the measurement

region, even though it is small. This boundary layer almost appears to be intermittently laminar

in an otherwise turbulent flow, rather than the other way around, suggesting that the flow

behaviour around the roughness element arrangement in this configuration may be different.
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Figure 3.15: Heat transfer profiles behind a pair of roughness elements with s/w = 0.5 at (a)
x = 153 mm, (b) x = 175 mm, (c) x = 206 mm, (d) x = 233 mm, and (e) heat transfer contours
with time and 206 ≤ x ≤ 237 mm.

Figure 3.16: Heat transfer profiles behind a pair of roughness elements with s/w = 0 at (a)
x = 153 mm, (b) x = 175 mm, (c) x = 206 mm, (d) x = 233 mm, and (e) x-t diagram over
206 ≤ x ≤ 237 mm.
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3.3.2 Time-averaged boundary layer results

The heat transfer profiles for each of the configurations were normalised so that a laminar

boundary layer would have a value of 0 and a turbulent boundary layer a value of 1. This

normalised heat transfer removes the effect of the position on the model on the heat transfer,

as seen in Fig. 3.3. Both the laminar and turbulent heat transfer rates fall along the model,

however, due to their relative magnitudes, the heat transfer rate for a turbulent portion of the

flow would appear to increase if normalised by just the laminar rate. It is desirable to normalise

the heat transfer rates to assess boundary layer development from a laminar rate at one value,

to a turbulent rate at another. This normalised heat transfer, qn, is defined as:

qn =
q − qL
qT − qL

(3.1)

where q is the measured heat transfer and, qL and qT are the pre-determined heat transfer for a

laminar and a turbulent boundary layer respectively at the measurement location.

A mean value of the normalised heat transfer, q̄n, was determined at each gauge for each

configuration: the heat transfer profiles were averaged across the runs performed for each of the

different configurations, and the results of this are shown in Fig. 3.17. For a fully developed

turbulent spot, the heat transfer rate will not increase beyond that of a turbulent boundary

layer. Thus, any increase in q̄n would be due to either an increase in the length of the spot, new

spots developing, or the development of the heat transfer rate up to a rate similar to that of a

turbulent boundary layer.

For each of the configurations seen, there was an increase in q̄n along the model. This

suggests that the boundary layers are developing as they travel downstream, which can be

verified through inspection of the heat transfer profiles above. For s/w = {0, 4}, this increase

was approximately linear with distance and increased by q̄n ≈ 0.2 over the 90 mm measurement

zone. For a single element, and when s/w = 1, q̄n increased from q̄n ≈ 0.05 to q̄n ≈ 0.1, and

the boundary layer was more laminar at the first gauge measured accordingly. The increase for

s/w = {0.5, 2} was much less, almost discernible. These configurations all appeared to show

steady increases across the length of the gauges; some started with small q̄n, some with larger,

but the increase was at a steady rate.

Much of the steady increase in q̄n in Fig. 3.17 can be attributed to the increase in length of

the turbulent spots. The heat transfer profiles were normalised to maintain constant laminar

and turbulent references; any increase in q̄n, other than through the development of new spots,

was likely due to an increase in length of existing spots. A spacing of s/w = 6, on the other

hand, did not appear to have a steady rate of increase of q̄n. From 150 ≤ x ≤ 176 mm both q̄n,

and its rate of increase were low. From x = 215 mm, the rate of increase of q̄n with distance

sharply increases. Inspection of Fig. 3.11 reveals that this increase was due to the peak heat

transfer in the spots increasing. Initially for s/w = 6, the peak heat transfer measured for many
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Figure 3.17: Mean heat transfer for each configuration.

of the spots was less than the turbulent heat transfer value, and this only started reaching a

turbulent value when x > 220 mm. This failure to reach the turbulent heat transfer rate may

be due to the short length of measurement at these gauges if the spots are either very small, or

impinging across the gauges as discussed in the previous section.

The mean normalised heat transfer, q̄n was based on the summation between 0 and 1, but

this normalisation is heavily weighted in favour of a laminar boundary layer due to the shape of

the spots. Thus, whilst the state of the boundary layer was clearly not laminar when s/w = 6,

and numerous turbulent spots were seen, the effect of this was not caught by q̄n and so the results

in Fig. 3.17 looked little different from those of a boundary layer with much fewer turbulent

spots until the spots developed to attain their peak heat transfer rate.

An intermittency parameter can be calculated to try to eliminate this bias towards high

mean heat transfer rates. One technique, used by Schneider [1995] to calculate intermittency,

applied a near-Gaussian fit to the probability-density function of shear-stress measurements in

water. This measurement is analogous to the heat-transfer rates measured in this study. The

integral of the curve-fitted (turbulent portion of the) data is then used to calculate a value of

intermittency, γSch. This method offers the benefit of removing the data that is clearly laminar

from that which is not, and then applying the fit to the turbulent part of the data to remove

the uncertainty of the features in-between. A similar method was performed on the data in this

study and the results are shown in Fig. 3.18.

Conclusions drawn from the intermittency results determined through this fitting method
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Figure 3.18: Averaged intermittency for each configuration calculated using the method described
in Schneider [1995].

are limited. The intermittency calculated in this study is much lower than that in the Schneider

[1995] study, and the dataset is shorter due to the limited run-time and sample rate in the

Hypersonic Tunnel. The Schneider [1995] study took around seven data measurements in the

period of one large eddy turnover, where the large eddy turnover time, tle = δ∗/U . This present

study manages about 1/14, i.e. 14 eddies between each datapoint. There were few datapoints in

the turbulent part of the distribution due to both of these effects, so any fit was inaccurate. The

calculated intermittency values reflect what was seen in the heat transfer measurements: the

configurations with the most turbulent events (and least amount of laminar flow accordingly),

s/w = {0, 4} have the highest intermittency, and similarly, the configurations with the fewest

turbulent events, s/w = {0.5, 2} have the lowest. The increase in s/w = 6 over the second

gauge is seen, as in Fig. 3.17, but this does not exceed the intermittency value of s/w = 1

until x > 220 mm. The confidence in the intermittency through this method is low; due to the

coarseness of the dataset and lack of datapoints in the turbulent regimes, the error of these fits

were high. More turbulent datapoints, and a higher sample rate are necessary for this method

to provide a successful result in this study.

Fiala et al. [2014] uses a less complex intermittency function, γ, that sets a threshold to define

the state of the boundary layer and integrates this parameter, I, over the sampled time-period,
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Figure 3.19: Contours of intermittency with position and time for a boundary layer behind a
pair of roughness elements with s/w = 1. The shading indicates where q > 1.6qL, or I = 1,
across the measurement range used in this study.

as in equation 3.2:

γ =
1

T

∫ T

0

I dt (3.2)

where I is an instantaneous intermittency flag based on the state of the boundary layer. I uses

a threshold of 1.6 times the heat transfer measured in a laminar boundary layer to separate a

laminar boundary layer from the non-laminar events, i.e. if q > 1.6qL, I = 1, otherwise, I = 0.

A laminar boundary layer would have an intermittency of 0, whilst a fully turbulent one would

have an intermittency of 1. Fig. 3.19 illustrates the intermittency parameter for s/w = 1 on an

x-t diagram; the shading indicates where I = 1, i.e. contours of q = 1.6qL. The growth and

development of the individual turbulent spots can be clearly seen.

The intermittency function γ is plotted for each model configuration in Fig. 3.20. In

comparison to q̄n shown in Fig. 3.17, the intermittency function appears to be much more

sensitive to smaller, non-laminar heat transfer values, i.e. the edges of a turbulent spot and the

increase in average intermittency along the model increases more rapidly than q̄n. As seen in

Fig. 3.20, the development of the intermittency function along the model (and so the state of

the boundary layer) is more sensitive for configurations with developing turbulent spots. The

boundary layers with more turbulent activity at the most upstream gauge, s/w = {0, 4}, show

less of a change in their intermittency than the increases in q̄n.
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Figure 3.20: Intermittency γ, along the model for each roughness configuration.

Part of the increase in q̄n was due to the increase of the heat transfer of short, non-laminar

features in the flow. At the most upstream gauge, the heat transfer rates across these features

was not laminar, yet not at the fully turbulent level, but as the feature moved downstream,

the heat transfer rate would increase to match the turbulent reference heat transfer level. This

is an effect that is not necessarily reflective on the state of the boundary layer, and may be

due to the turbulent features being shorter than the measurement length. Isolating this effect

from any intermittency criteria means that the returned value would reflect the development of

the boundary layer from a laminar state. Any increase in the intermittency is therefore due to

either new spots developing, or existing spots lengthening.

The rate of increase in intermittency along the model was similar for s/w = {0, 1, 4} and for

a single roughness element, and about half the rate when s/w = {0.5, 2}. This correlates with

the initial value of average intermittency. Larger initial values of average intermittency suggest

more turbulent events are present, whilst smaller intermittency values suggest fewer, therefore if

each turbulent spot or event grows at a consistent rate, then the average value of intermittency

will increase faster for a profile with more turbulent events.

When s/w = 6, the intermittency appears very different. The intermittency is initially low

over the first array of thin-film heat transfer gauges, which is verified when the heat transfer

profile is inspected and few turbulent events are seen. The second array of gauges sees a rapid

rise in the averaged intermittency to a rate of increase almost an order of magnitude higher than

the others. This increase in intermittency is reflected in the rapid increase in the development
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of the boundary layer: many more turbulent spots can be observed in the downstream gauges

in Fig. 3.11.

The location of the formation of turbulent spots can be estimated by determining the

initiation point of the increases in intermittency. The spot initiation point was estimated by

extrapolating the measured intermittency on the downstream gauge array back to where I = 0.

For configurations where s/w ≤ 4, it suggests that the spots developed around 80 ≤ x ≤ 110 mm

on the model. This location could be found on the very end of the blend section: the roughness

elements were placed at x = 40 mm, and the blend ended at x = 105 mm. There is a discontinuity

in the pressure gradient along the model here; other work has suggested that turbulent spots

form around these discontinuities [Fiala et al., 2014], and that appears to be evident here.

A similar development in the number and growth of turbulent spots could be seen in Fig. 3.13,

where s/w = 2. Turbulent spots were observed to be appearing between 205 ≤ x ≤ 215 mm,

but there was no corresponding increase in the intermittency as for s/w = 6. The rate of

increase of the intermittency parameter when s/w = 2 is similar to, if not slightly lower than,

the intermittencies calculated for s/w ≤ 4, and the initiation location is similar, suggesting

that the spots are growing slowly in a similar way so not becoming obvious until they have

significantly grown along the model.

For s/w = 6 it is estimated that the increase in intermittency was initiated at 180 ≤
x ≤ 190 mm, between the two arrays of heat transfer gauges, much further down the model.

However, new turbulent spots that were not present at x = 153 mm are observed to appear as

far downstream as x = 220 mm, and have been developed as far upstream as x = 173 mm. The

differences between this growth and that behind other configurations are significant. The sudden

increase in the intermittency seen when s/w = 6 suggests that the increased development of the

turbulent spots seen in this configuration may be due to another mechanism than simply the

spots growing in length and new spots developing as they travel downstream. The intermittency

predicts that the spots appear from 180 ≤ x ≤ 190 mm. Assuming linear growth of a turbulent

spot from the off-centre roughness element at s/w = 6, a spot impinging at 180 ≤ x ≤ 190 mm

corresponds to a spreading angle of β = 4◦, from the roughness element, or β = 7.2◦ if growth is

considered to start in the region of the blend-cylinder section join. Both of these values are

within the range suggested in previous studies [Doorly and Smith, 1992; Fischer, 1972; Krishnan

and Sandham, 2006b]. This suggests the different rate of increase of the intermittency for

s/w = 6 may be due to spots growing radially across the model. The range of locations over

which the spots become apparent is due to the generation of the spots: the growth angle is

estimated for a turbulent wedge, but spots may form on either side, and so spots generated on

the far side of the wedge from the initial roughness element would not impinge across the array

of gauges until it was further downstream than those initially formed on the nearside.

The results of the intermittency function match the observations seen in the heat transfer

profiles for the different configurations. They offer an improved method of quantifying the
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results in comparison to those used in Schneider [1995], and can be used to estimate the overall

state of the boundary layer. The intermittency function shows that the turbulent spots grow in

length as they travel downstream, and the rate of growth was mostly constant. The sudden

growth of intermittency seen at the widest spacing is postulated to be due to the growth of the

turbulent spot across the centre-line of the measurements, and the contributions of the newly

developed spots are seen.

3.3.3 Discussion of mechanisms

At the most downstream gauges, wider spacings (s/w = {4, 6}) are seen to lead to a more

developed boundary layer, where more turbulent spots and patches of turbulence are seen than

expected from superimposing the results from a single roughness element. More than twice as

many spots were present, and the intermittency was similarly larger. The boundary layer in

these configurations was more developed, with patches of turbulent flow present and individual

turbulent spots having multiple peaks. Thus it appeared that a pair of roughness elements at

these spacings had a larger effect than the two elements alone, that there was further interaction

occurring than just the effective superposition of two single roughness elements.

When s/w = 6, turbulent spots were seen to grow across the axis of the array of heat

transfer gauges. The initialisation location of these elements was estimated to be aligned behind

the second roughness element; the element-aligned initialisation point suggests that at these

wider spacings, spots develop behind each roughness element, rather than a composite flow-field

disturbance between the two elements.

For small spacing, s/w = {0.5}, the transition of the boundary layer was poorly developed:

there were fewer turbulent spots and the intermittency was low, suggesting that the proximity of

the second roughness element may have a suppressing effect on the development of the boundary

layer.

Intermediate roughness spacings, s/w = {1, 2}, lead to boundary layers that appear generally

unremarkable in comparison to the boundary layer behind a single roughness element. Turbulent

spots in an otherwise laminar boundary layer were present, the number of turbulent spots behind

the intermediately spaced pair of roughness elements was double that of a single roughness

element and the spots were similar in shape to those behind a single element, although some

had double peaks on top.

When the two elements were touching, s/w = 0, the state of the boundary layer appeared

quite different: rather than intermittently turbulent in an otherwise laminar boundary layer, the

boundary layer is mostly turbulent, with limited laminar stretches interspersed with turbulent

spots, which often have multiple peaks. The averaged intermittency of the boundary layer is

accordingly relatively high, and shows a slight further growth along the length of the model.

The difference between the state of the boundary layer when the two elements are touching,

and when there is a small gap is significant. The flow structure was different when the elements
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Figure 3.21: Convection velocities, based on the velocity of peak heat transfer, for turbulent
spots behind roughness elements with different inter-element spacing.

are touching; the flow could only travel round one side of the roughness element as the second

element blocked the flow on the other side. This different flow structure may potentially lead

to a different mechanism, and so provide an explanation for the seemingly more developed

transition at this spacing.

The analysis from this spacing would suggest that the spacing of the pair of roughness

elements leads to two effects. At small spacings, boundary layer development is suppressed,

whilst at larger spacing, it is accelerated.

3.4 Spacing-dependent growth rates and convection ve-

locities of turbulent events

3.4.1 Convection velocities

The movement of the peak heat transfer in the turbulent spots was recorded and used to calculate

velocities of the individual turbulent spots for multiple spots from each run for the different

configurations of roughness elements that were tested. The convection velocities calculated,

normalised by the boundary layer edge velocities, are shown in Fig. 3.21, plotted against the

inter-element spacing.

Convention velocities were calculated for each individual turbulent spot; they were found
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to be similar to those described in literature [Fiala et al., 2014, 2006; Fischer, 1972]. In each

case, apart from the widest spacing, the spot-average convection velocity for each configuration

was found to be 0.6− 0.7Ue. The configuration-to-configuration variation in convection velocity

depended on the number of spots seen. Some runs had fewer spots, and so the scatter in the

velocities reduced accordingly. When s/w = 6, the average convection velocity appeared lower

and there was much more scatter in the results. However, this scatter was due to the artificial

convection velocity induced by lateral growth of turbulent spots across the gauges. The average

convection velocity of the turbulent spots that were identified as not impinging across the gauges

(when s/w = 6), was again 0.6 − 0.7Ue. This spot-averaged convection velocity is consistent

with the other spacings, the inter-element spacing was therefore seen to have little effect on the

convection velocity of an entire turbulent spot, and the spot-averaged convection velocities are

consistent with the other results described in Section 1.3.3.

The study of convection velocities was extended by calculating the convection velocities for

the leading and trailing edges of each of the turbulent spots. The leading and trailing edges

were defined as the points where the heat transfer crossed the threshold of q/qL = 1.6. This

threshold was chosen empirically to eliminate effects of noise, whilst maintaining sensitivity.

The time at which the threshold was passed was recorded and then used, along with the gauge

location, to determine the convection velocities. The convection velocities of the leading edges

determined using this method are shown in Fig. 3.22 (a), whilst the convection velocities of the

trailing edges are shown in Fig. 3.22 (b).

The leading-edge convection velocities shown in Fig. 3.22 (a) were observed to be in the

range 0.65 < uc,LE/Ue < 1 for each configuration. Some of the spots that were identified as

growing across the axis of the heat transfer gauges showed convection velocities greater than

the boundary layer edge velocity, but this was due to the induced effect of the growth. Certain

configurations exhibited fewer spots, and again, this is echoed in the ranges of the data seen.

The corresponding convection velocities measured at the trailing edge are shown in Fig. 3.22

(b). The convection velocities at the trailing edge were lower than those at the leading edge,

generally in the range 0.3 < uc,TE/Ue < 0.55. When s/w = 0, the convection velocities of the

trailing edge on a few turbulent events were calculated to be significantly above this range.

These were all on features identified as compound turbulent spots or short patches of turbulent

flow; the higher trailing edge velocity suggests that these larger, compound features grow more

slowly than isolated spots.

The convection velocities of both the leading and trailing edges of turbulent spots appear to

not be affected by the inter-element spacing. Fiala et al. [2006] suggests that the convection

properties of artificially induced and naturally occurring turbulent spots are similar if the length

of the spot is around 150 times the local displacement thickness, δ∗. This current study indicates

that the turbulent spots appear consistent for the different spacing (once the spanwise-impinging

spots are discounted), but the lengths of the spots are less than the 150δ∗ threshold, as shown
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(a) Leading Edge (b) Trailing Edge

Figure 3.22: Convection velocity of the turbulent spot (a) leading edges and (b) trailing edges,
plotted against the roughness element spacing.

102



3. Effects of Roughness on Transition

Figure 3.23: Convection velocity of the turbulent spot leading and trailing edges, plotted against
the length of the turbulent spots. The convection velocities on the leading edge are indicated by
the filled markers, and the corresponding trailing edge velocities are indicated by the empty
markers.

in Fig. 3.23. Thus, as the configuration does not appear to affect the convection properties

of the turbulent spots at these shorter spot lengths, it is not unreasonable to expect that any

similarity with naturally occurring turbulent spots may be consistent for shorter lengths too.

The effect of turbulent spot length on its convection velocity was investigated. Fig. 3.23 shows

the length-dependent convection velocities for the leading and trailing edges of the turbulent

spots. The convection velocities on the leading edge are indicated by the filled markers, and the

corresponding trailing edge velocities are indicated by the empty markers.

The change in convection velocities of the leading edge depending on the length of the

turbulent spot was small. For turbulent spots with `/δ∗ > 70, the leading edge convection

velocity was 0.7 < uc/Ue < 0.9, whilst the range of velocities seen on the smallest elements was

larger. As mentioned above, the smaller spots with the wider range of convection velocities were

seen when s/w = 6, and the spots were growing across the axis of the heat transfer gauges. The

leading edge convection velocities of the spots when s/w = 2, on the other hand, were consistent

with the convection velocities of the other configurations, which suggests that they may be

growing naturally, rather than across the axis of the gauges as suggested above. However, there

were few spots seen with this configuration of roughness elements, limiting the certainty of this

conclusion.

Similar results were seen for the convection velocities of the trailing edge. For turbulent spots
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with `/δ∗ > 70, the trailing edge convection velocities were consistent across the configurations,

with 0.3 < uc/Ue < 0.6. The range of the trailing edge convection velocities of the larger spots

was greater than those of the corresponding leading edge convection velocities, in part due to

the long tail on the spots and the increased errors that this induces. The average trailing edge

convection velocity of smaller turbulent spots appears lower, although many of these smaller

spots were the result of spots impinging across the gauges, and so not a true downstream

convection velocity. The convection velocities of the leading and trailing edges do not vary much

with inter-elemental spacing, apart from the apparent velocity induced by the lateral growth

of the turbulent spots. Effects of spot length on convection velocity are small; the convection

velocities of turbulent spots appear mostly independent of the configuration.

3.4.2 Growth rate of turbulent events

The convection velocities of the turbulent spots were used to assess the growth of turbulent

spots. The growth rate of a spot was characterised by the rate of change of the length of each

of the spots with distance along the model. This is plotted against the spot length in Fig. 3.24,

where the different markers indicate the different configurations of roughness elements used to

generate the spots. Filled markers indicate features that have been identified as turbulent spots,

and unfilled markers indicate compound turbulent spots / turbulent events or extended patches

of turbulent flow.

The length of the turbulent events were taken at a central gauge in this study to allow for

further comparison; the average length of turbulent spot measured here was around `/δ∗ = 120.

The turbulent spots were measured with lengths of up to 200δ∗ (70 boundary layer thicknesses),

whilst other turbulent features were generally longer, but there was significant overlap between

the two. All lengths were determined using a threshold of q/qL = 1.6; heat transfer rates above

this threshold were considered to correspond to part of a turbulent feature, however, as seen

above, a turbulent boundary layer exhibits much higher heat transfer rates than this. Thus, the

definition of the turbulent events could be otherwise, more completely defined as the areas that

are non-laminar.

The growth rate shown in Fig. 3.24 represents the change in length of the turbulent spots as

they convect along the model ( d`
dx

). Growth rates between 0 and 2 were seen; d`
dx

= 0 suggests

that the turbulent feature was not growing, purely convecting down the boundary layer, whilst
d`
dx

= 1 suggests that the length of the spot is doubling with distance. Some of the turbulent

patches had growth rates near zero, whilst for some of the larger turbulent spots, 0.2 < d`
dx
< 0.5.

Smaller turbulent spots had higher growth rates; the average growth rate for spots with `/δ < 40

was 0.8, and the highest growth rates in Fig. 3.24 were seen for the smallest spots, where d`
dx
> 1.

The compound spots and short turbulent patches were formed by two or more discrete

turbulent events coalescing. Many of the compound spots exhibited low growth rates, which

would be limited by the overall convection speeds of the pre-merged events. Differences in
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Figure 3.24: Growth rate of turbulent spots averaged along the length of the model plotted
against the length of the relevant turbulent spot. Filled markers indicate features that have
been identified as turbulent spots, and unfilled markers indicate compound turbulent spots /
turbulent events or extended patches of turbulent flow.
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convection velocities between turbulent spots are small, so this will limit the relative growth

of the turbulent events, with significant growth occurring between the initial spots. The low

growth rates are due to the length of the spots: the convection velocities of the leading and

trailing edges appear consistent independent of the spot length, hence d`/dx proportionally

smaller.

This section has shown that different configurations of roughness elements can produce

turbulent spots, turbulent events or longer patches of turbulent flow. The convection velocity

of the spots and their growth rates seen at the gauges used in this study appeared similar,

and independent of the configuration used. However, the number of spots and type of spot

present, i.e. the development of the boundary layer, were dependent on the spacing between the

roughness elements used.

3.5 Structure of turbulent spots

The heat transfer profile of a turbulent spot provides some insight about the structure of the

flow in that part of the turbulent spot. Two states are obvious: when a laminar heat transfer

rate is recorded, the flow is laminar, and so outside the spot, and when a turbulent heat transfer

level is recorded, the flow is fully turbulent, and so at the centre of the spot. The front, rear and

side edges of a spot feature intermittent turbulent spells. Thus, as the heat transfer provided is

integrated over the gauge area and sample time, an intermediate value of heat transfer results.

The spots were assumed to be self-similar, so that matching normalised heat transfer indicate

the same point in a spot.

The convection velocity throughout the length of the turbulent spots and turbulent events

has been plotted in Fig. 3.25 and Fig. 3.26. The specific heat transfer thresholds have been used

to indicate a position in the spot due to the (general) self-similarity as they convect downstream:

the central turbulent core of the spot is indicated by the peak heat transfer, whilst the individual

values of qn are taken to represent consistent positions as the spots convect downstream. The

recorded time of each of the relevant qn thresholds was taken at each of the gauge locations and

as above, used to calculate the corresponding convection velocity. The convection velocity was

assumed not to change along the length of the model. The normalised position in the spot was

calculated as uct/δ
∗. Fig. 3.25 shows the convection velocities plotted against the normalised

position for a number of simple turbulent spots.

The convection velocity profiles for simple turbulent spots appear to vary almost linearly with

position through the spot in Fig. 3.25. The smallest normalised heat transfer threshold selected

was qn = 0.2. This value is similar to that used in Fig. 3.20 of 1.6qL, and can be considered to

approximate the front and rear of the spots in this analysis. Smaller values of qn were often

contaminated by noise and small fluctuations in the laminar heat transfer rate. The convection

velocity at the leading edge of the spot approaches the velocity at the edge of the boundary
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Leading

Edge

Trailing
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Figure 3.25: Convection velocity profiles for simple turbulent spots plotted against the distance
from the centre of the spot, aligned with the spot heat transfer profile.

layer, whilst the velocity at the trailing edge of the turbulent spots was uc = (0.5± 0.1)Ue.

The position of the points at which the convection velocities shown in Fig. 3.25 were obtained

provide information regarding the lengths of the spots. Most of the spots seen in Fig. 3.25 had

lengths equal to approximately 30 boundary layer thicknesses. The peak heat transfer, used

to define the centre of the spot was set as xs = 0; and this centre was found in the geometric

centre of the spot, unlike as suggested by the heat transfer/time profiles, where the central

peak in the spot appeared skewed towards the front of the spot. This skewness was seen in the

composite gauge image in Fig. 3.8, where the peak of the single-time snapshot heat transfer

results appears more rearwards than the continuous time results. The results suggest that the

centre of the spot may even be skewed towards the rear, albeit very slightly, however, in this

analysis, the length of the spot was only measured to qn = 0.2.

The almost linear variation in convection speed with position in the spot suggests that

the use of a stretching function would be valid for a simple turbulent spot. The average of

the convection velocities across the spot was similar to the convection velocity of the area of

peak heat transfer, and so the leading and trailing edges of the spot stretch out from this

proportionally.

The convection velocities through a number of other turbulent events are shown in Fig. 3.26.

The events shown in this figure were all identified as not being simple turbulent spots: they
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Figure 3.26: Convection velocity profiles for turbulent events plotted against the distance from
its centre. The leading edge is given by positive uct/δ

∗.

include short turbulent patches and compound turbulent spots. Fig. 3.26 shows that the almost-

linear dependence of the convection velocity on the position through the spot was no longer

seen. The leading edge of the spots showed a small decrease in convection velocity towards the

centre of the spot. Similarly, the trailing edge showed a small increase in convection velocity

towards the centre of the spot from its minimum at the rear of the spot. There was a sudden

change in convection velocity just on the leading edge side of the centre of the event where the

convection velocity jumped to the higher velocities seen on the leading edge from the lower ones

seen on the trailing edges. The average convection velocities for these spots and events were

consistent with the simple spots shown in Fig. 3.25, however the convection velocities at the

most forwards part of the leading edge, and the most rearwards part of the trailing edge were

less than for the simple turbulent spots.

The convection velocities shown in Figs. 3.25 and 3.26 were used to calculate the growth

rates through the spots at the same thresholds of qn as before. The growth rate of the simple

turbulent spots are shown in Fig. 3.27 (a) and the growth rates of the complex events are shown

in 3.27 (b).

As expected by the almost linear change in convection velocity through the turbulent spots

in Fig. 3.25, the growth rate was almost linear. The growth was highest on the edges of the spot,

and lowest towards the centre. The increased growth rates on the edges of the spots suggest

that the spot is being stretched from the outside.

The growth rates of the longer events shown in Fig. 3.27 (b) appear quite different to those

for a simple turbulent spot. The growth rates towards the centre of the turbulent event are

larger than the corresponding growth rates for a simple turbulent spot. As in the case of the
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(a) Runs with simple turbulent spots (b) Runs including turbulent events and patches

Figure 3.27: Run-averaged spot growth rates through the length of turbulent spots

simple turbulent spot, this growth rate fell further out from the centre of spot. However, from

the point on the spot corresponding to qn = 0.5 to the edges of the spot, the growth rate of

the spot remained almost constant. The higher relative growth rates towards the centre of the

spot and the decreased growth rates at the edges suggest that the growth for a more complex

turbulent event grow unlike a simple turbulent spot, where the spot is stretched from the edges.

The outer edges of a more complex turbulent event can be seen to grow at the same rate: their

heat-transfer profile, and so shape, is therefore conserved more, whilst a greater stretching

occurs towards the centre of the spot.

The stretching seen towards the centre of the spot and convection towards the outer edges

of the spot may be due to the development of the heat transfer rate. The heat transfer rate

will not continue to increase once it has reached heat transfer rates equal to that of a turbulent

boundary layer, however, the length over which the turbulent-level heat transfer rates were seen

was extended.

Compound turbulent spots and turbulent events were seen in more developed boundary

layers, whilst simple turbulent spots would ultimately merge into compound spots. Fig. 3.27

shows that the growth appears to stretch consistently for less developed boundary layers, and

then once the boundary layer is sufficiently developed, the edges of the spot corresponding

to qn < 0.5 grow at a constant rate, and so the turbulent events maintain their shape, whilst

the central peak of the spot appears to extend. Fig. 3.28 illustrates two turbulent spots that

are typical of this development. Fig. 3.28 (a) shows the development of a simple turbulent

spot, and Fig. 3.28 (b) shows an initially larger turbulent spot, that begins to develop into to a

more complex, compound spot. In both cases, darker shading indicates further downstream
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(a) Short turbulent spot. (b) Longer turbulent spot.

Figure 3.28: Composite images showing downstream development of turbulent spots. The
normalised heat transfer is plotted against the time for a long and a short turbulent spot. The
darker shading indicates further downstream measurements, and the spots have been shifted so
that their peak heat transfer is at t = 0.

measurements.

The leading and trailing edges of the turbulent spot in Fig. 3.28 (a) appear to grow as it

moves downstream; the whole spot appears to be stretching, reflecting the growth rates shown

in Fig. 3.27 (a). This is not apparent in Fig. 3.28 (b), but what is, is the increase in length

of the turbulent core of the spot (qn ≈ 1). The edges of the more developed spot shown in

Fig. 3.28 (b) appear to be maintaining their shape and convecting downstream.

Thus, whilst a simple stretching factor along with the convection velocity of a turbulent

spot may be a valid assumption for a simple turbulent spot, it starts to break down once the

spot is more developed. The central core of the spot still stretches, however, the leading and

trailing edges of the more complex turbulent spots appear to keep their shape as they convect

downstream.

3.6 Summary

The effect of the height of isolated roughness elements was investigated using an axially-aligned

array of thin film heat transfer gauges. Different heights of roughness elements generated

boundary layers that were turbulent, remained laminar, or were intermittently between the two.

Intermittent boundary layers were composed of turbulent spots, short, compound turbulent

events, or extended patches of turbulent flow, in an otherwise laminar boundary layer.

The state of the boundary layer was investigated when a second roughness element was

added at the same axial position as the initial one, for a number of different inter-elemental
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spacings. Both elements had h/δ = 0.16. Large inter-element spacings led to boundary layers

with a higher level of intermittency than expected with the superposition of two single roughness

elements. Turbulent spots, short turbulent events, and extended patches of turbulent flow

were seen, suggesting that the boundary layer may be more developed. Small spacing between

roughness elements lead to a boundary layer where transition appeared to be suppressed, where

few turbulent events were seen. Intermediate roughness spacings lead to boundary layers that

had close to double the number of turbulent spots of a single roughness element, and the spots

appeared of similar size and shape. When the two roughness elements were touching, the

boundary layer appeared more developed again, with numerous turbulent events and compound

turbulent spots. The development of the boundary layer was quantified using an intermittency

function, which reinforced the above conclusions: the intermittency was low when 0 < s/w < 4.

Convection velocities were calculated for the leading and trailing edge of turbulent events

generated in each configuration. The convection velocities of turbulent spots were found to

be independent of the roughness element spacing. Leading edge convection velocities were

calculated to be 0.65 < uc,LE/Ue < 1.0 and the trailing edge convection velocities to be

0.3 < uc,TE/Ue < 0.55.

The length of the turbulent spots in each configuration was measured, and the growth of the

different length spots compared, giving a small negative correlation with spot length.

A number of spots were found with larger leading edge convection velocities when s/w = 6.

The turbulent spots were growing across the axis of the gauge array, giving high apparent

convection velocities. These spots verify that at these wider spacings, the spots are generated

directly downstream of their respective roughness elements.

The convection velocities through turbulent spots and the corresponding growth rates were

calculated, which show that two different growth mechanisms may be in effect. Small, isolated

turbulent spots undergo stretching with a roughly linear growth rate with distance from the

centre of the spot: the outermost parts of the spot grow the most, and the centre-most the least.

Larger, more developed, complex spots exhibit constant growth on their outermost parts, whilst

the growth rate is more linear near the centre of the turbulent event, albeit at a higher rate

than a simple turbulent spot. This growth rate suggests that the shape of the outer parts of a

more complex turbulent event is conserved as they grow, whilst the central part undergoes a

stretching similar to that of a smaller, simple turbulent spot. Therefore, once the spot develops,

the shape change appears non-linear and the centre of the spot grows more than the outsides.

The application of a single stretching function to a convecting turbulent spot is therefore not

necessarily valid.
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Chapter 4

Flow Structure around Configurations

of Roughness Elements

Experiments and numerical computations to investigate the flow structure around different

configurations of roughness elements are described in this chapter. These experiments and

computations have been performed to provide an insight into the phenomena that occur around

closely spaced roughness elements in high speed flows that lead to the boundary layer transition

observed in the previous chapter.

Oil flow visualisation experiments were performed in the Imperial College Supersonic Wind

Tunnel (ICSWT) to investigate the effect of inter-element spacing on the near-wall flow struc-

ture, and determine the presence of any interactions between the roughness elements. These

experiments were not practical in the Hypersonic Tunnel: access, element size and the cost

of the required runs to refine such a method were three major factors in this. The use of the

ICSWT permitted the use of models of a larger scale, and the availability and access to the

ICSWT meant that it offers an appropriate starting point to begin to understand the features

found in flows around roughness elements. The use of larger models in this tunnel leads to

improvements in clarity and definition of the relevant flow features on the model surface. The

models were scaled based on the thickness of the boundary layer, and the element height scaled

to maintain h/δ as described in Chapter 2.

Numerical simulations undertaken using Eilmer v4 [Gollan and Jacobs, 2013; Jacobs and

Gollan, 2017], an open source Navier-Stokes solver are also described for comparison with

experimental results. The simulations were designed to match the conditions on the surface of

the model near the roughness element in the Hypersonic Gun Tunnel. The simulations were

undertaken to investigate the flow structures away from the surface of the model and to begin

to quantify the effects of the inter-element spacing.
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4.1 Flow around single isolated roughness elements

4.1.1 Experimental flow visualisation around a single element

Surface flow visualisation was undertaken in the Imperial College Supersonic Tunnel, around

single isolated roughness elements of different heights. A roughness element designed to match

the intermittent case tested in Chapter 3 was used, with h/δ = 0.16, and other sizes scaled in

comparison to that.

Individual frames from the video of the oil flow experiments, recorded and post-processed as

described in Chapter 2, around a single roughness element at M = 2 with h/δ = 0.16 are shown

in Fig. 4.1. The oil was pulsed into the experiment, and so the contrast between different parts

of the flow-field changes between each frame. Frames a) through e) of Fig. 4.1 show snapshots

of the flow field at intervals of 125 ms.

The oil was injected through a port upstream of the roughness element, aligned to its

streamwise symmetry. The oil reveals the flow structure around the element: the flow can be

seen to be both displaced around the roughness element, and travel over the top of the element,

before it is entrained into the element’s wake as it moves downstream. The appearance of the

oil flow visualisation is consistent with the sublimation experiments described in Tirtey et al.

[2011] and described in Chapter 1. The lack of oil in Fig. 4.1, or the occurrence of sublimation

in Fig. 1.11, reveals areas of high surface shear stress, whilst the regions with the build up of oil,

or the lack of sublimation indicate a low surface shear stress.

Fig. 4.2 shows a composite sketch of the features identified from the different frames of

Fig. 4.1. The flow appears symmetric about a line of symmetry in the streamwise direction along

the centre of the roughness element. A separation region can be seen to form on the upstream

edge of the leading edge of the element in Fig. 4.1 (c)-(e), and is indicated in Fig. 4.2 by the

grey shading. This is an open separation bubble, as indicated by the lack of oil immediately

upstream of the leading edge of the roughness element, and the build-up of oil upstream of the

separation. It encompasses the entire width of the roughness element and appears to reattach

behind the edge-corners. Fig. 4.3 shows a corresponding schlieren image taken during the oil

flow experiment and aligned with a selected frame of the oil flow visualisation from Fig. 4.1.

The background has been subtracted from the raw image, which reveals the optical distortion

causing the apparent offset in the zero for the height above the surface. This figure shows that

shock-waves stem from the leading edge of the roughness element, which suggests that the

leading edge separation is shock-induced. There is a stagnation point on the most upstream

point of the leading edge separation, which is indicated by the blue marker in Fig. 4.2. Another

separated region, this time closed separation, as indicated by the build-up of oil, is seen behind

the trailing edge of the roughness element, and indicated by the green shading in Fig. 4.2.

This separation region grows as it progresses rearwards over the roughness element, from its

narrowest at the edges of the rear face. The trailing edge separation is surrounded by a larger
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(a)

(b)

(c)

(d)

(e)

(e)

Figure 4.1: Snapshots of oil flow around a single roughness element at 125 ms intervals.
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Figure 4.2: Sketch of flow-field around a single roughness element when h/δ = 0.16. The
stagnation points on the leading and trailing edge are indicated by the blue and red circles
respectively. The diagram has been shaded to indicate different flow features: grey - leading
edge open separation bubble; green - trailing edge closed separation bubble; yellow - trailing
edge recirculation; blue - trailing edge vortex pair; red - horseshoe vortex.

region of recirculating flow, indicated by the yellow shading in Fig. 4.2. This recirculation

region terminates at a stagnation point near xc/w = 1.2. A reattachment shock forms off this

recirculation, and can be seen in the schlieren image in Fig. 4.3.

The oil flow visualisation can also be used to infer the position of the vortices in the flow.

Evidence of a horseshoe-type vortex can be seen in Fig. 4.1 (b) - (e), from both the presence of

a relatively large amount of oil retained in the flow towards the edges of the wake, and the small

spanwise movement of the streamlines at yc/w > 0.5. The position of this horseshoe vortex

pair is indicated by the red shading in Fig. 4.2, and appears to be symmetrical about yc/w = 0.

There is also evidence of a trailing edge vortex pair from the distinct inwards movement in the

streamlines around xc/w = 1.5, seen in Fig. 4.1 (b) and (c).

By xc/w = 3, the streamlines revealed by the oil flow visualisation have returned almost

parallel to one another, suggesting the influence of the roughness elements is significantly

weakened, and a relatively unchanging flow structure from this point.

It is inherently difficult to estimate boundary layer thickness using schlieren imaging as it

relies on an integral across the working section, and the roughness element covers less than

10% of this width. However, Fig. 4.3 seems to show that the presence of a roughness element

thickens the boundary layer.

The oil flow visualisation was performed on a roughness element in a turbulent boundary

layer, whilst the roughness elements in the hypersonic tunnel experience a laminar boundary

layer. Similar features are expected in each case, however, length scales in a laminar shock-
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Figure 4.3: Schlieren image of flow over a single roughness element, aligned with surface oil flow
visualisation with h/δ = 0.16.
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Figure 4.4: Flow structure around a single roughness element with h/δ = 0.16 visualised by
contours of Q-criterion. The streamwise vorticity is indicated by the shading, where −ωx is
shaded blue, and +ωx red.

wave/boundary-layer interaction are generally larger than those in a turbulent one. The features,

such as the separation region on the upstream face of the roughness element in this oil flow

visualisation, are expected to be smaller than might occur with a roughness element immersed

in a laminar boundary layer.

4.1.2 Numerical simulations around a single roughness element

Numerical computations were performed to provide further detail on the flow around a single

roughness element. Whilst the oil flow visualisation was undertaken in the supersonic tunnel,

the numerical simulation used conditions matching those found at the position of the roughness

element on the model in the hypersonic tunnel as described in the previous chapter. Moreover,

the boundary layer present in the supersonic tunnel was turbulent, whilst no turbulence

model is included in the numerical computation, so representing a laminar boundary layer.

The configuration of the numerical simulations, including the initialisation flow-time and the

duration of the simulated run times are described in Chapter 2.

Fig. 4.4 shows the time-averaged flow structure around a single roughness element with

h/δ = 0.16 visualised by means of the Q-criterion. The shading indicates the direction of

the streamwise component of vorticity. The flow immediately above the roughness element

is labelled as point (A), and the shock that develops off its leading edge at (B). The shock

indicated by label (B) corresponds to the upstream shock seen in the schlieren image of Fig. 4.3.

Two pairs of vortices are seen: a horseshoe vortex, labelled (C), and the trailing edge vortex
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Figure 4.5: Plan-view of contours of Q-criterion around a roughness element with h/δ = 0.16.
The dashed line ( ) indicates the no-cross limit of surface fluid, and blue shading bounded
by the solid black line indicates the zone of flow separation indicated by ux < 0.

pair, marked (D). A secondary shock structure is seen further downstream, at (E). Fig. 4.5

shows a plan-view of the flow structure around the single roughness element, where the features

identified in Fig. 4.4 can also be seen.

Flow separation, defined by τx = µ∂ux
∂z
|z=0 < 0, is indicated by the translucent, black-edged,

blue shading in Fig. 4.5. The length of the trailing edge separation calculated in this case by the

numerical computation is of the order of magnitude of the width of the roughness element. This

is much greater than indicated by the oil flow visualisation from experiments, and is expected

due to the change in state of the boundary layer. This separation ends at the exact point that

the downstream shock structure begins, confirming that this shock is caused by the reattachment

of the flow.

Fig. 4.6 shows the surface streamlines around a single roughness element along with the

separation defined by τx < 0. The streamlines reveal a similar flow structure to that in Fig. 4.2,

with regions of separated flow on both the upstream and downstream sides of the roughness

element. The trailing edge recirculation can be clearly seen: this is a closed separation bubble,

and appears larger than the flow separation estimated by τx < 0, due to the consideration

of the spanwise velocity components of the flow. The estimate of flow separation calculated
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Figure 4.6: Streamlines around a roughness element with h/δ = 0.16. The solid black line
indicates the zone of flow separation indicated by τx < 0, and the shading indicates the
streamwise velocity near the surface, blue is low velocity and red is high.

using τx < 0 provides the extreme positions of the separation. If τy is also considered, the

spanwise width of the separation increases, but the overall region of separation downstream of

the roughness element remains bounded by the edge-tips of the element and the streamwise

extent of separation calculated by τx < 0.

Even with consideration of the spanwise components of the flow, surface shear stress is

not a good predictor of the separation on the leading edge of the roughness element. The

separation bubble on the leading edge of the roughness element indicated by τx < 0 appears

much smaller than seen in the oil flow. There is a stagnation point at the most upstream part of

this separation: a saddle point from which a streamline stems that travels around the roughness

element and continues on downstream. This streamline, or no-cross limit, illustrates where the

surface flow cannot cross due to the presence of the roughness element, and appears to provide

a better indicator of the open separation bubble on the leading edge. The no-cross limit of the

surface flow is indicated by the dashed line in Fig. 4.5. The position of this limit appears very

similar to the position of the build up of oil on the outer edges of the wake shown in Fig. 4.1.

To provide a more direct comparison with the oil flow experiments, the surface shear stress

was calculated and is shown in Fig. 4.7. The oil flow visualisation indicates areas of high and low

shear stress by the presence of white oil in regions of low shear. Fig. 4.7 shows the corresponding

surface shear stress calculated from the numerical simulations, where the colours have been

flipped to mimic the oil flow: darker shading indicates higher shear stress. The positions of

flow separation estimated using τx < 0 are highlighted by the dash-dot line. The shear stress

matches the appearance of the oil flow visualisation. There is an area of low shear stress at
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Figure 4.7: Contours of surface shear stress (normalised by the shear stress in the absence
of roughness) and pressure around a single roughness element with h/δ = 0.16. The shading
indicates the surface shear stress, and the contours indicate the pressure at the surface. Flow
separation given by τw = 0 is shown ( ).

yc/w = 0 flanked by two regions of high surface shear stress. The build up of oil at ‖yc/w‖ > 0.5

in Fig. 4.2 is not reflected in Fig. 4.7, as it is due to structures in the flow, such as the no-cross

limit, rather than gradual skin friction changes.

Surface pressure contours are also shown in Fig. 4.7. There is a region of high pressure

upstream of the leading edge of the roughness element, and a distinct region of lower pressure

downstream. The surface pressure was unchanged more than 0.8w upstream of the leading

edge of the roughness element, whilst it had also returned to the incoming pressure the same

distance downstream of the trailing edge of the roughness element. The cross-stream influence

of a roughness element with h/δ = 0.16 on the pressure can be seen to extend 1.2w from the

centre of the roughness element. Outside of this limit, the roughness element appears to have

very little effect on the surface pressure.

Boundary layer transition is affected by the growth of instabilities associated with the

strength of the velocity streaks in the wake of the roughness element [Choudhari et al., 2010;

De Tullio et al., 2013; Groskopf and Kloker, 2012]. A streamwise-normal slice showing contours

of velocity, taken at xc/w = 6 is shown in Fig. 4.8. Contours of velocity for 0.1 ≤ ux/Ue ≤ 0.9

at intervals of 0.1Ue, are marked. The contours reveal a low speed streak at y/w = 0, flanked

by high speed streaks on either side, extending out to y/w = ±0.5. Another, smaller pair of

low speed streaks exist outside this, beyond the spanwise extent of the roughness element at

yc/w = ±0.65. The sonic line, indicated by the dashed line, shows that the subsonic portion

of the flow extends up to z/δ = 0.4 around yc/w = 0. Because of the increasing streamwise

position, the boundary layer thickens from the roughness element to that at xc/w = 6. The
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Figure 4.8: Stream-normal contours of velocity ( ) and the sonic line ( ) at xc/w = 6
for h/δ = 0.16. Contours of velocity are shown at intervals of 0.1Ue for 0.1 ≤ Ue ≤ 0.9, and
the spanwise and surface-normal extent of the roughness element at xc = 0 is indicated by the
shading.

sonic line increases in height accordingly: at the position of the roughness element, the sonic

line was at z/δ = 0.15, whilst it was found at z/δ = 0.21 in the free-stream at xc/w = 6.

Fig. 4.9 shows contours of vorticity overlaid with arrows indicating the stream-normal

velocities at xc/w = 4 and xc/w = 6. Fig. 4.9 (b) shows how the stream-normal components

of the velocity and vorticity influence the streamwise velocity shown in Fig. 4.8. There are

four vortices visible, centred at y/w = ±{0.15, 0.6} which correspond to the two vortex pairs

identified: the trailing edge vortex pair and the horseshoe vortex. The vortices rotate in

alternating senses: the trailing edge vortex pair is common flow up and the horseshoe vortex

pair is common flow down, leading to two regions of downwash between the horseshoe vortex

and trailing edge vortex, and a single region of upwash between the two trailing edge vortices.

These cause the upward entrainment of the low velocity fluid into the low-speed streak at the

centre of the wake, and the downward entrainment of higher velocity fluid from further out in

the boundary layer to form the two high velocity streaks at yc/w = ±0.35. The sonic line is

shown, and can be seen to cross close to the centre of each of the vortices. In Fig. 4.9 (b), the

centres of the horseshoe vortices are above the sonic line, whilst the trailing edge vortices have

a larger subsonic region.

Fig. 4.9 (a) plots the same detail as Fig. 4.9 (b), but at xc/w = 4. The vorticity at this

position is stronger as indicated by the increased intensity in colour. The vorticity falls further

downstream, and the width of the vortex accordingly appears smaller. When comparing Fig. 4.9

(a) and Fig. 4.9 (b), the vortices can be seen to have raised up as they move downstream.

This lift-up is the result of two competing effects from the vortex pairs: the horseshoe vortex

pair leads to downwash, whilst the trailing edge vortex pair leads to upwash. Due to both

the proximity of the trailing edge vortices, and their increased strength, the upwash from the

trailing edge vortex pair appears stronger, hence raising the vortices.

The numerical simulation has provided further insight to the structures identified around a
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Figure 4.9: Vorticity plot at (a) xc/w = 4, and (b) xc/w = 6 overlaid with arrows showing the
stream-normal velocities. The spanwise and surface normal extent of the roughness element and
the sonic line are indicated the black and white traces respectively.
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single roughness element indicated by the oil flow visualisation. Qualitative differences between

the features in a laminar and a turbulent boundary layer have been explored and are shown to

be small. Two pairs of vortices are apparent: a trailing edge vortex pair, and that of a horseshoe

vortex. There are regions of separated flow at both the leading edge and the trailing edge of the

roughness element, and in both cases, there is a limit to where the surface flow can cross. The

numerical study has showed how these vortices lead to high and low speed streaks, the size of

which are important factors in the transition of the boundary layer.

4.1.3 Effect of element height

Flow features

The features in Section. 4.1 match those identified in literature [Choudhari et al., 2010; De Tullio

et al., 2013; Tirtey et al., 2011] for a range of conditions in both numerical and experimental

studies around diamond planform roughness elements. However, in each of the different studies,

the relative size of each of the features, such as the leading edge separation, varies due to the

different flow conditions and element sizes.

Two further sets of oil flow visualisations were performed around single roughness elements

to investigate the effect of the height of the roughness element on the flow field. Two further

element sizes were used: h/δ = 0.08 and 0.3, 50% and 200% of the initial case. Fig. 4.10 shows

sketches of the flow field around roughness elements with h/δ = {0.08, 0.16, 0.3}. As for Fig. 4.2,

the features identified in these sketches have been constructed from the inspection of multiple

frames of the oil flow visualisation.

Laminar computations were also undertaken to complement these experimental oil-flow

visualisations. Fig. 4.11 shows the structure of the flow when h/δ = {0.08, 0.16, 0.3}, visualised

by means of the Q-criterion. Areas of surface flow separation have been indicated by the blue

shading, and the surface flow no-cross limit, as defined in Section 4.1 has been indicated also.

The larger element was more obstructive to the flow. This is most clear in both the spanwise

extent of the disturbances around the elements, and the spanwise width of the wake further

downstream. For a roughness element of h/δ = 0.08 both Fig. 4.10 (a) and Fig. 4.11 (a) show

that the spanwise width of the wake barely exceeded the width of the roughness element at

xc/w = 2, and no more than 0.25w around the element itself. The size of both the wake and

the flow immediately around the roughness elements increased to around 2w for a roughness

element with h/δ = 0.3. These effects were greater for the roughness element in the laminar

boundary layer shown in Fig. 4.11, where the spanwise width of the no-cross limit of where the

surface flow could cross was almost 3w.

The trailing edge vortex pair can be seen to increase in size in the central part of the

downstream wake as the roughness element height is increased from h/δ = 0.08 to h/δ = 0.3 in

both Fig. 4.10 and Fig. 4.11. The numerical study also qualitatively shows that the strength of
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(a)

(b)
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Figure 4.10: Sketch of flow field around a single roughness element with (a) h/δ = 0.08, (b)
h/δ = 0.16, and (c) h/δ = 0.3. Flow goes from left to right.
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Figure 4.11: Structure of flow field around single roughness elements from numerical simulations
with (a) h/δ = 0.08, (b) h/δ = 0.16, and (c) h/δ = 0.3. Flow goes from left to right.
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the trailing edge vortex pair increases with element height. When h/δ = 0.08, as in Fig. 4.11

(a), the trailing edge vortex was narrow, and almost indistinguishable from the structures to

do with the reattachment shock. In Fig. 4.11 (b), where h/δ = 0.16, the trailing edge vortex

appears wider, although it still occasionally merges with the structures from the reattachment

shock, whilst when h/δ = 0.3, as in Fig. 4.11 (c), the trailing edge vortex is much stronger, and

distinct from any other flow structures.

The increase in the size and strength of the trailing edge vortex is consistent with the results

from the hypersonic tunnel in Chapter 3, which showed that increasing roughness size leads

to more developed transition. Two factors contribute to this: firstly the trailing edge vortex

pair leads to strong convective instabilities in the shear layer, and so affects transition more

strongly than the horseshoe vortex pair [Van den Eynde and Sandham, 2016], and secondly the

strength and position of the low speed streak is critical for transition [De Tullio et al., 2013].

Larger vortices would indicate a more pronounced low speed streak, as low velocity fluid is

entrained further from the boundary layer into the flow, and the increasing size of the trailing

edge vortex suggests its increasing dominance. Larger roughness elements therefore experience

more advanced transition due to both of these phenomena.

The results shown in Fig. 4.11 have been averaged in time across 240 snapshots, with

∆t = 1 × 10−7 s, causing the trailing edge vortices appear relatively smooth and to appear

to form an almost straight tube. Fig. 4.12 (a) shows a single time snapshot when h/δ = 0.6,

which was undertaken to study elements at a larger scale. Unlike the time averaged results,

detail of the hairpin nature of the trailing edge vortex can be clearly seen, and two snapshots,

showing the evolution of the vortex pair and hairpin structure with time, are shown in Fig. 4.12

(b) and (c), where ∆t = 4× 10−7 s. The hairpin structures appeared to vary in size with the

element height: for smaller roughness elements, the vortices appeared smaller, but appeared to

be produced at a higher frequency.

The closed separation region on the trailing edge of the roughness element was seen to increase

with roughness height in Fig. 4.10. The increase in the size of the trailing edge separation region

was coupled with an increase in the size of the recirculation visible behind the roughness element,

and the downstream extent of the trailing edge vortex. The reattachment shock structure

can again be seen as a wedge-shaped structure in Fig. 4.11, and for each roughness height, it

originates at the trailing edge of the downstream separation estimated by τw < 0 and moves

downstream as the trailing edge separation region grows. It moves further downstream with

larger roughness height, confirming that the larger roughness elements lead to larger separation.

Fig. 4.10 also shows how the separation region upstream of the roughness element increased

in size as the height of the roughness element was increased, with the leading edge of this

separation region moving upstream. For a larger roughness element, the stand-off distance of

the separation at the leading edge of the roughness was greater. This was echoed in the position

of the most upstream point of the surface flow no-cross limit seen in Fig. 4.11. The effect of
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(a)

(b) (c)

Figure 4.12: (a) Flow structure around a large single roughness element with h/δ = 0.6 visualised
using contours of Q-criterion. (b) and (c) show snapshots of the hairpin-vortex structure with
∆t = 4× 10−7 s.
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the roughness element with h/δ = 0.08 was so small, that as seen in Fig. 4.11 (a), there was

almost no separation behind the flow and the surface flow could access almost any part of the

downstream surface.

Streamwise velocity downstream of the elements

The presence of the vortices identified in Section 4.1 leads to non-uniform velocity distributions

behind the roughness elements; pairs of counter-rotating vortices entrain low velocity fluid from

deep in the boundary layer into the flow, or cause high velocity fluid to be drawn deeper into the

boundary layer leading to an effective velocity shear. Fig. 4.13 shows the streamwise velocity

distribution across the wake of roughness elements with arrows indicating the stream-normal

velocities at xc/w = 6. A central streak of low velocity fluid can be seen to have been forced up

into the boundary layer in each case. For h/δ = 0.08 and 0.16 in Fig. 4.13 (a) and (b), the low

velocity streak is formed of a small, simple hump, whilst the larger elements seen in Fig. 4.13

(c) and (d) produce a more conventional mushroom shape, where the vortices have lifted off

the surface, and the low velocity streak reaches outside the boundary layer in Fig. 4.13 (d).

There are four vortices visible when h/δ ≤ 0.16, and accordingly, two high speed streaks and a

low speed one occur. Inspection of Fig. 4.13 (d) reveals further discontinuities in the spanwise

boundary layer, e.g. the additional high speed streak at yc/w = ±1. Fig. 4.12 (a) reveals the

presence of these further horseshoe vortices outside the original seen when h/δ ≤ 0.16. These

vortices lead to the additional streaks in the boundary layer. Evidence of the extra vortex pairs

can be seen when h/δ = 0.3 in Fig. 4.11 (c), at (xc/w, yc/w) = (2,±1), but they do not extend

for the full length of the flow.

The extra vortices lead to extra streaks, as seen at y/w = ±1 in Fig. 4.13 (d). The outer

streaks are much less defined than the central low-speed streak; the velocity shear appears lower

than that around the low speed streak induced by the trailing edge vortex pair. It is expected

that the outer streaks are therefore less important with respect to transition.

Amplitude of velocity streaks

The amplitude of the velocity streaks, Ast, as described in Chapter 1, can be used to describe the

magnitude of the velocity shear, through the difference between the maximum and minimum value

of the roughness-induced change in velocity relative to an undisturbed boundary layer profile.

The streak amplitude has been calculated for roughness elements with h/δ = {0.08, 0.16, 0.3, 0.6}
and is plotted against downstream position in Fig. 4.14. As expected, this metric grows with

increased roughness element size. The smallest roughness element exhibits the lowest streak

amplitude and exhibits a small peak over the rear of the roughness element, at 0.5 ≤ xc/w ≤ 1,

before falling to Ast = 0.04 downstream of the element. The streak amplitude continues to

decrease with downstream distance.
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(a) (b)

(c) (d)

u
Ue

Figure 4.13: Contours of velocity at xc/w = 6 behind roughness elements with (a) h/δ = 0.08,
(b) h/δ = 0.16, (c) h/δ = 0.3 and (d) h/δ = 0.6.
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Figure 4.14: Velocity streak amplitude downstream of roughness elements with 0.08 ≤ h/δ ≤ 0.6.

The largest roughness element tested, h/δ = 0.6, showed the largest amplitude of velocity

streaks. There is a peak in the streak amplitude shortly behind the roughness element, which

subsequently decreases to a steady Ast = 0.45 at xc/w = 9 (the end of the measurement domain).

The streamwise position of the peak streak amplitude for h/δ = 0.6 corresponds to the position

of the major flow features as seen in Fig. 4.12, e.g. separation, recirculation and shocks. Further

downstream, once the flow has settled to steady vortices, the streak amplitude decreases and

settles to match the amplitude when h/δ = 0.3.

For the roughness element with h/δ = 0.16, the velocity streak amplitude increased from

Ast = 0.09 at the trailing edge of the element to Ast = 0.2, where it remained for xc/w > 3.

The amplitude of the velocity streaks in this case were greater than those for an element with

hδ = 0.08, whilst less than those for larger elements.

Summary of effects of the height of a single roughness element

The amplitude of the velocity streaks was shown to be an important factor in boundary layer

transition [Andersson et al., 2001; Groskopf and Kloker, 2016], and it can be compared with the

heat transfer measurements made in the Hypersonic Gun Tunnel in Section 3.1. Paredes et al.

[2016b] suggests that the sinuous and varicose instability modes would become unstable with

velocity streak amplitudes of 0.2 and 0.3Ue respectively. A roughness element with h/δ = 0.08

exhibits a small Ast, which decreases with downstream distance, and is consistent with a gradual
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dispersion of any disturbances. Neither the sinuous or the varicose modes should therefore

become unstable due to this amplitude, and accordingly, the results in Section 3.1 showed that

an element of this height led to a laminar boundary layer.

The experiments also showed that the boundary layer was turbulent when h/δ ≥ 0.24. The

numerical simulations in this study determined Ast > 0.45 when xc/w ≥ 3 for both h/δ = 0.3

and h/δ = 0.6, which suggests that both sinuous and varicose modes will become unstable

in these configurations. This is consistent with the turbulent boundary layer that was seen

downstream of the large roughness elements in the wind tunnel experiments.

The wind tunnel experiments showed that an isolated roughness element with h/δ = 0.16

caused an intermittent boundary layer, where transition occurs further downstream. The

amplitude of the velocity streaks for this size of roughness element were calculated to reach a

maximum of Ast = 0.2, which matches the minimum critical value required to cause the sinuous

mode of the boundary layer to become unstable [Paredes et al., 2016a]. This suggests that this

size of roughness element is the minimum required to achieve transition via the mechanism

proposed in Chapter 1.

4.1.4 Effect of element width

Fig. 4.15 shows sketches of the flow around roughness elements with wR = 2w and wR = w in (a)

and (b) respectively and h/δ = 0.16 in both. Comparison of Fig. 4.15 (a) and Fig. 4.15 (b) shows

that although the width of the wake appears to increase with the width, comparing individual

flow features reveals that this is not the case. The wake extends in a spanwise direction beyond

the edges of the roughness elements by the same amount in Fig. 4.15 (a) and (b), which suggests

that the size of the horseshoe vortex does not appear to change with element width, however,

the increase in the element width causes the vortices to occur at greater spanwise distances.

The flow separation regions also do not scale with the element width. The upstream

separation region stands off the front of the roughness element by 0.1w, as it did when wR = w,

and the downstream stagnation point is also at a constant position, 0.16w downstream of the

trailing edge. The features of the trailing edge vortex, such as the flow angle downstream of the

element, appear consistent with those of an element half the width. The similar separation sizes

and trailing edge flow features suggest that the properties of the trailing edge vortex pair do

not scale with the width of the element.

Through comparison with the results in Section 4.1.3 above, it appears that the separation

regions at the leading and trailing edges of the roughness elements scale with the roughness

height, whilst the overall width of the wake, and the position of the horseshoe vortex scales with

the width of the roughness element. From this, it can be inferred that the size of the trailing

edge vortex pair is dependent on the roughness height whilst the position of the horseshoe

vortex is affected by the width of the element. However, the strength of the horseshoe vortex

does not appear to be affected. Boundary layer transition has been stated to be more strongly
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Figure 4.15: Sketch of flow field around single roughness elements, with h/δ = 0.16 and (a)
wR = 2w, and (b) wR = w (replicated from Fig. 4.2).
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affected by the trailing edge vortex pair than the horseshoe vortex [De Tullio et al., 2013], and

using this hypothesis, it is therefore suggested that the width of an individual element is not an

important factor when it comes to boundary layer transition. On the contrary, the height of the

roughness element is.

4.1.5 Effects of surface curvature

The experiments described in Chapter 3 feature roughness elements on a slight curvature, with

radius equal to 4200hR. This chapter, in general features roughness elements on a flat plate to

isolate the flow features, and enable the completion of the simulations on the available resources,

and so to assess the validity of this comparison with the experiments, the effects of the slight

curvature are investigated in this section.

A simulation has therefore been undertaken to investigate the surface curvature corresponding

to the experiments in the Imperial College Hypersonic Gun Tunnel. A single roughness element

was positioned on the curved section of the blunted cylinder model as shown in Figure 2.5,

although the radial curvature has been neglected. The increased complexity of the flow in

comparison to the flat plate simulations required a decrease in simulation resolution by a third,

even after using a half-model and symmetry assumption.

Fig. 4.16 (a) shows contours of velocity at xc/w = 6 behind a roughness element with

h/δ = 0.16 on the curved model. When compared to a flat plate simulation as in Fig. 4.8

(and shown in Fig. 4.16 (b)), whilst the central low-speed streak extends into the flow by a

similar distance, the width of the low speed streak has decreased due to the surface curvature.

The high-speed streaks also extend further into the boundary layer. The displacements of the

velocity contours in Fig. 4.16 (a) appear more similar to those of the larger roughness elements,

however, the mushroom-like structure seen in Fig. 4.13 (b) and (c) has not yet developed. The

velocity profiles also show that the boundary layer on the curved model has a fuller velocity

profile than that on the flat plate

The curvature of the experimental model leads to a favourable pressure gradient over the

surface, which increases the growth of the outer features of the flow, particularly the high-speed

streak, as seen in Fig. 4.16 (a). The movement of the features leads to a higher shear in the

velocity, and accordingly, an increase in the amplitude of the velocity streaks, to Ast = 0.4. This

value indicates that a transient growth is still valid, and whilst the effects of the roughness

element have increased due to the curvature, the effects are still smaller than when h/δ > 0.16

on a flat plate.

The spanwise effects of the surface curvature are noticeable, but small. There is a slight

increase in the spanwise displacements of the velocity contours, but these displacements are

smaller than for a larger roughness element on a flat plate.

The small change in features and increase in the amplitude of velocity streaks on a curved

model suggest that the roughness induced boundary layer transition will occur earlier on the
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(a) Experimental model.

(b) Flat plate.

Figure 4.16: Stream-normal contours of velocity ( ) and the sonic line ( ) at xc/w = 6
for h/δ = 0.16, on (a) a configuration matching the experiments in the Imperial College
Hypersonic Gun Tunnel, and (b) a flat plate simulation as in Fig. 4.8. Contours of velocity are
shown at intervals of 0.1Ue for 0.1 ≤ Ue ≤ 0.9, and the spanwise and surface-normal extent of
the roughness element at xc = 0 is indicated by the shading.
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experimental model than for an equivalent sized roughness element on a flat plate. However,

the differences are small and less than those induced by an increase in height of the roughness

element, and generally consistent with the flow features on a flat plate geometry.

4.2 Spanwise-aligned pairs of elements

Previous research has focussed on either the flow around a single isolated element [Balakumar

and Chou, 2016; Tirtey et al., 2011], or the effects further downstream of a large number of

elements [Borg and Schneider, 2008; Whitehead Jr, 1969]. This section explores the change

in the flow field around pairs of closely spaced roughness elements, again using both oil flow

visualisation in the Imperial College Supersonic Tunnel, and numerical computations. The

roughness elements have dimensions of wR = w and h/δ = 0.16 as above, and are aligned to a

single streamwise position. Configurations with spanwise spacings of 0 ≤ s
w
≤ 2 were used in

the oil flow, and 0 ≤ s/w ≤ 5 in the CFD.

4.2.1 Experimental flow visualisation around differently spaced pairs

of roughness elements

Oil flow visualisation using the ICSWT provided an initial insight into the structure of the flow

field, before numerical simulations were completed to explore this further and investigate the

phenomena that induce any changes to the flow. Fig. 4.17 - Fig. 4.21 show sketches of the oil

flow visualisation around pairs of elements with inter-element spacings of s/w = 2, s/w = 1,

s/w = 0.5, s/w = 0.25, and s/w = 0 respectively. In each case, the roughness elements were

positioned at the same streamwise position, and the flow-field is illustrated around one element

of each pair as the oil mixture was injected directly upstream of that roughness element; the

flow over the other element is expected to be a mirror image of the visualised element. The

spacing of s/w = 2 was the largest studied using the oil flow visualisation due to size constraints

of the ICSWT.

General observations

The oil flow visualisation performed on pairs of roughness elements revealed the same flow

features around each roughness element as for a single element in isolation, however the position

and size of the flow features were found to change with the element spacing. The sketched

flow-field in Fig. 4.17 for s/w = 2 appears similar to that around a single element in isolation,

unlike that seen at smaller spacings, e.g. Fig. 4.18 where s/w = 1. Any small differences seen

when s/w = 2 are within the inaccuracies induced by the image de-warping method, and so

suggests that the effects of the second element are minimal at this spacing, which is broadly

consistent with Whitehead Jr [1969], who showed that elements do not interact when their
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Figure 4.17: Sketch of flow field around a pair of roughness elements with s/w = 2 and
h/δ = 0.16.
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Figure 4.18: Sketch of flow field around a pair of roughness elements with s/w = 1.
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Figure 4.19: Sketch of flow field around a pair of roughness elements with s/w = 0.5.
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Figure 4.20: Sketch of flow field around a pair of roughness elements with s/w = 0.25.

139



4. Flow visualisation around pairs of roughness elements

0 1 2 3 4
−2

−1

0

1

xc/w

yc
w

Inward

Outward

Inward

Outward

Figure 4.21: Sketch of flow field around a pair of roughness elements with s/w = 0.

spacing is greater than s/w = 3 for a laminar incoming boundary layer. Length scales of flow

features induced in a laminar boundary layer, such as separation bubbles, are expected to be

greater than those in a turbulent boundary layer [Babinsky and Harvey, 2011], and the incoming

boundary layer in the ICSWT is turbulent. The lack of apparent interaction between elements

at s/w = 2 seen in this study therefore does not disagree with Whitehead Jr’s hypothesis.

Curvature of the centreline of the wake

There is a centreline of each wake downstream of each roughness element in Fig. 4.17 - Fig. 4.21.

When s/w > 2, like behind single roughness elements in isolation as in section 4.1, the centreline

of the wake stemmed from the trailing edge of the roughness element and travelled downstream

along the element plane of symmetry. For spacings of 0.25 ≤ s/w ≤ 1, the centreline appears to

develop from the separation on the inward side of the trailing edge, and then move outwards,

crossing over the central-axis of the roughness element. The curvature increased as the spacing

was decreased to s/w = 0.5, before falling as the spacing was decreased further, until it switches

orientation when s/w = 0, where it stems from the outward edges of the roughness elements

and moves inwards.

The centreline of the wake is caused by the movement of the oil due to the trailing edge

vortex pair. The curvature therefore suggests that the influence of the different vortices changes
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with element spacing.

Contact between element wakes

As the spacing was decreased, the wakes generated by the individual elements of each pair

moved closer together, until they impact on the plane of symmetry between the roughness

elements (yc/w = −0.625) at xc/w = 0.7 when s/w = 0.25 as seen in Fig. 4.20. On comparison

with the wake of a single roughness element, even though the wake is constrained by the plane

of symmetry on its inward side, it can be seen that it has greater width when s/w = 0.25:

the proximity of the second wake appears to laterally stretch the first. The streamlines close

to the inward-edge of the wake of each roughness element are distorted due to the symmetry,

and is responsible for a clear asymmetry in the trailing edge vortex pair produced by each

element. The trailing edge vortex pair, separation and recirculation appear less asymmetric

when s/w = 0.25 than when s/w = 0.5 and the proximity of the constraint due to the geometric

plane of symmetry may lead to this effect.

Leading edge separation bubble

The appearance of the leading edge separation bubble identified in section 4.1 is also influenced

by the spacing of the elements when s/w < 2. When s/w = 1, this separation bubble extends

further around the outward side of the element than the inward side, and as the spacing is

decreased, these differences increase further. When the two elements are touching, this separation

bubble does not wrap around the inward edge of the element. Instead, it impacts on the point

where the roughness elements touch, whilst the outward edge appears similar to that in wider

spacings.

Trailing edge separation and recirculation

The separation on the trailing edge of the roughness elements changes when s/w < 2. As the

spacing is decreased, the bubble on the inward edge of the roughness element extends further

downstream than the corresponding separation on the outward edge, for example, when s/w = 1,

it extended to xc/w = 1.1 and xc/w = 1.0 on the inward and outward edges respectively.

The asymmetry increases as the spacing was decreased from s/w = 2 to s/w = 0.5, before

decreasing again. When s/w = 0, the trailing edge closed separation was found to extend further

downstream on the outward edges of the roughness elements than the inward, indicating that

the relative size of the inward trailing edge vortex may have decreased.

Summary of oil flow visualisation

The movement of the features inferred from the oil flow visualisation, suggests that the position

of the vortices and their relative strength changes with element spacing. As the spacing is
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(a) s/w = 0 (b) s/w = 0.125

(c) s/w = 0.25 (d) s/w = 0.5

Figure 4.22: Vortex structure visualised by contours of the Q-criterion around pairs of roughness
elements with s/w = {0, 0.125, 0.25, 0.5} in (a), (b), (c) and (d) respectively. Flow separation
suggested by ux < 0 is indicated by the shading and the surface flow no-cross limit by the
dashed line.

decreased, the horseshoe vortex on the inward edges of the roughness elements appears to

decrease in size with decreased spacing. The inward trailing edge vortex appears to increase

from s/w = 2 to s/w = 0.5, before decreasing as the spacing is reduced to s/w = 0.

4.2.2 Numerical simulations

Flow structure

Numerical simulations similar to those in Section 4.1.2 were undertaken to model pairs of

roughness elements with spacings in the range 0 ≤ s/w ≤ 5. One element of the pair was

modelled and the second was represented through the application of a plane of symmetry at

half the required inter-element spacing from the first element. Figs. 4.22 and 4.23 show the

flow structure visualised by contours of Q-criterion around pairs of roughness elements from the

undertaken numerical simulation for spacings of s/w = {0, 0.125, 0.25, 0.5} and s/w = {1, 2, 3, 5}
respectively. The surface flow no-cross limit and the separation region indicated by τw < 0 are

also indicated.
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(a) s/w = 1 (b) s/w = 2

(c) s/w = 3 (d) s/w = 5

Figure 4.23: Vortex structure visualised by contours of the Q-criterion around pairs of roughness
elements with s/w = {1, 2, 3, 5} in (a), (b), (c) and (d) respectively. Flow separation suggested
by ux < 0 is indicated by the shading and the surface flow no-cross limit by the dashed line.
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The vortex structures seen appear broadly similar to those in Figs. 4.4, 4.5 and 4.12. Behind

each roughness element, as inferred from the oil flow visualisation, two pairs of vortices appear:

a central trailing edge, counter-rotating vortex pair, and a surrounding horseshoe vortex. The

different coloured shading shows the different directions of rotation of the vortices. As described

above, the vortex pairs are counter-rotating. For small spacings (s/w ≤ 0.25) the vortices on

the inward edges of the roughness elements appear narrower than both those on the outward

edges, and those at wider spacings.

When s/w ≤ 0.25, the horseshoe vortices from the two elements touch on the geometric

plane of symmetry and this critical value is echoed in the no-cross limits, which agree with the

observations from the oil flow visualisation, where the wakes touch when s/w = 0.25, but are

separate at s/w = 0.5.

Shock structures were also visible in Fig. 4.22 and 4.23, both off the roughness elements

themselves, and the reattachment shock that developed a short distance downstream of the

roughness. The visible structure of the reattachment shocks appear to be affected by the

element spacing, however, this is due to the contouring and visualisation. Through tracing and

extrapolating the edges of the visible shock structures upstream, the shock structures can all be

tracked back to either the leading edge separation shock or the reattachment shock downstream

of each element. These apparent structures are to do with the contouring and intersections of

similar contours, and are most clearly visible in Fig 4.23 (c). These shock structures are weak,

and not important to the flow.

Some rib-like structures can be seen at |yc,R/w| > 0.5. The images shown in Fig 4.22 and

Fig 4.23 consist of time-averaged results across 241 frames. When viewing single-time snapshots,

these structures are much more clear. These structures are unsteady; they appear to be more

shock-like structure that develop from the trailing edge vortex pair. Comparisons with the

results from the larger elements show that these shocks were caused by the hairpin vortices of

the trailing edge vortex pair (as in Fig. 4.12). These unsteady rib-like structures are investigated

further in Section 4.2.3.

Amplitude of velocity streaks

As discussed in Section 4.1, the amplitude of the velocity streaks, Ast is an important factor

in transition and Ast = 0.2 and 0.35 are critical values for the instability of the modes in the

boundary layer in a compressible flow [Paredes et al., 2016a]. As in Section 4.1.2, the velocity

streak amplitude was used to quantify the effects of the roughness element on the flow field and

act as a metric for inferring likely transition behaviour.

The amplitude of the velocity streaks is plotted against element spacing for measurements

taken at a number of streamwise positions in Fig. 4.24. The effects of element spacing can

be clearly seen. For xc/w > 3, the trends in the effect of the spacing are similar: there is a

maximum amplitude of velocity streaks at s/w = 0 which decreases as the spacing is increased
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Figure 4.24: Variation of velocity streak amplitude with inter-element spacing behind pairs of
roughness elements, for selected downstream locations. The amplitude downstream of a single
roughness element is indicated by the dashed line.

to a minimum at s/w = 0.5. The amplitude of the velocity streaks then increases again, albeit

more slowly, as the spacing is increased further until it is close to the amplitude measured

behind a single element with h/δ = 0.16 for s/w ≥ 3.

To illustrate the difference in the amplitudes of the velocity streaks behind pairs of roughness

elements and roughness elements of different heights (shown in Fig. 4.25), Ast is plotted against

the downstream distance in Fig. 4.25. Unlike Fig. 4.14, where the different element heights lead

to significantly different streak amplitudes, the differences between the different configurations

with h/δ = 0.16 roughness elements shown here are small. The amplitudes of the velocity

streaks for different spacings are similar due to their consistent height and corresponding limited

influence in the boundary layer. The flow develops in the first few element widths downstream

of the element trailing edge and reaches a maximum value at xc/w = 6. The differences in

streak amplitude for the different spacings also increased from the trailing edge of the roughness

element until they were greatest around xc/w = 6.

The maximum amplitude of velocity streaks was 24%Ue at xc/w = 6 for s/w = 0. The

critical values for any instabilities to develop are lower than this threshold [Paredes et al., 2016a],

although values suggested for incompressible flows on a flat plate are larger [Andersson et al.,

2001]. The amplitudes seen for all configurations shown in Fig. 4.24 were between these values,

which suggests they are near the minimum threshold required for transition to turbulence via
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Figure 4.25: Amplitude of velocity streaks behind pairs of roughness elements at different
spacings.

this mechanism. Instabilities should develop in the sinuous modes, however, the amplitudes seen

when h/δ = 0.16 are insufficient to develop varicose mode instabilities. The larger roughness

elements shown in Fig. 4.14 that lead to a turbulent boundary layer have much larger amplitudes,

and so develop instabilities in both modes.

The intermittency parameter plotted in Fig. 3.20 of Chapter 3 was inspected to characterise

the boundary layer transition from the experiments, compared with the amplitude of the velocity

streaks. High values of intermittency were calculated for s/w ≥ 4 and s/w = 0, and there was a

minimum at small, non-zero spacings. This shape appears similar to that of the amplitude of

velocity streaks shown in Fig. 4.24. However, unlike Fig. 4.24, the intermittency was greater at

wide spacings than that behind a single element. The amplitude of streak velocity does not

take into account the number of streaks in the boundary layer, so whilst the amplitude may be

the same for a pair of elements as behind a single element, there will be double the number of

streaks behind a pair of elements, which may lead to increased levels of transition.

Distribution of velocity downstream of roughness elements

Slices of the velocity taken at xc/w = 6 for 0 ≤ s/w ≤ 1 are shown in Fig. 4.26, along with

arrows indicating the stream-normal velocities. The images show varying levels of asymmetry

in the velocity distributions about the centre of the roughness element (yc/w = 0). Smaller
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spacings show an increasingly greater proportion of fluid with low streamwise velocity travelling

on the inward side of the roughness element wake, and accordingly, a greater proportion of fluid

with high velocities on the outward side of the wake, indicating a blockage effect caused by the

proximity of the roughness elements. Due to the increased amount of low velocity fluid, the

sonic line rises up accordingly.

The presence of vortices can be inferred from the stream-normal velocities in each image

in Fig 4.26. The width of the vortices change with spacing. As inferred from the oil flow

visualisation, for small spacings, the inward trailing edge vortex is very small, whilst the outward

appears much larger. The stream-normal velocities also decrease significantly on the inward

edge (yc < 0). The increased diameter of the outward trailing edge vortex forces the low-velocity

fluid from deep in the boundary layer higher into the flow, whilst the apparent size of the inward

high-velocity streak appears to decrease due to the smaller size and strength of the inward

trailing edge vortex.

For a more direct comparison, the three velocity components at z/δ = 0.16 are plotted

against their spanwise position for each spacing in Fig. 4.27. The streamwise-component of

velocity is seen to be around 27% of the boundary layer edge velocity away from the roughness

element. For each configuration, there is a low-speed streak with ux/Ue = 0.1, surrounded by

two high speed streaks, where the velocity reaches up to ux/Ue = 0.45. The velocities have

been plotted outwards from the symmetry plane between the two roughness elements, found

at yc/w = −0.5(1 + s/w), so a positive yc/w in Fig. 4.27 indicates the outwards edges of the

roughness elements.

The velocity components can be seen to be affected by the spacing. For wide spacings, i.e.

s/w > 3, the streamwise and streamnormal velocity profiles, i.e. ux and uz, are almost perfectly

symmetric about yc/w = 0 and the spanwise velocity profile almost perfectly asymmetric. At

small spacings, the asymmetry of ux and uz increases until the maximum streamwise velocity

seen in the inward high-speed streak is only around 60% of that on the outward.

The movement of the wakes are illustrated in Fig. 4.28, where the spanwise position of the

minimum velocity at z/δ = {0.075, 0.15, 0.225, 0.3, 0.375, 0.45} for each of the differently spaced

pairs of roughness elements is plotted. As for Fig. 4.27, a negative yc value indicates the wake

centre has moved towards the wake of the other roughness element, and a positive value suggests

that the wakes were being pushed away from one another. The centres of the wake were closest

to one another at s/w = 0, when yc/w = −0.09 and as the spacing was increased, became more

separated until they were at their widest at s/w = 3. At wider spacings, the centres returned

back towards yc = 0.

The centre of the wakes becoming closer to one another at small spacings is somewhat

counter-intuitive: smaller spacing between the roughness elements might be expected to result

in the wakes pushing against one another and so lead to a wider overall wake, where the low

speed streak behind each roughness element is pushed outwards, away from the centre of each
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(a) (b)

(c) (d)

(e) (f)

u
Ue

Figure 4.26: Contours of streamwise velocity at xc/w = 6 for (a) s/w = 0, (b) s/w = 0.125, (c)
s/w = 0.25, (d) s/w = 0.5, (e) s/w = 1 and (f) s/w = 2. The arrows indicate the stream-normal
velocities, the configuration is indicated by the shaded boxes, the sonic line is indicated by
the white line, and the plane of symmetry between the roughness elements is indicated by the
dash-dot line.
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Figure 4.27: Velocity components against spanwise position at xc/w = 6 and z/δ = 0.16.
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Figure 4.28: Movement of the centre of the wakes with inter-element spacing, measured at
xc/w = 6.
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inward outward

HS-I HS-OTE-I TE-O

Figure 4.29: Loci showing the movement of the centre of the vortices that make up the trailing
edge vortex pair (TE) and the horseshoe vortex (HS) as the spacing between pairs of roughness
elements is decreased from s/w = 5→ 0 at xc/w = 6.

roughness element. However, this is not the case.

Movement of vortices: observations

The vortices move depending on the spacing, and this is shown in Fig. 4.29, the locus of

movement as s/w = 5→ 0, for each of the vortices downstream of a roughness element with

h/δ = 0.16.

At wide spacings or when there is only one element present, the four vortices appear to lie at

similar height: the horseshoe vortex sits at yc/w = ±0.55, slightly outside the spanwise position

of the edge of the roughness elements, and the centres of the trailing edge vortex pair are at

yc/w = ±0.15. When the spacing is decreased, the four vortices appear to concertina together,

with the horseshoe vortex on the inward (HS-I) edges of the roughness elements moving upwards,

and the surface-normal direction of movement alternating for each subsequent vortex. Rather

than all the vortices being pushed outwards, when the spacing is decreased (s/w → 0) the

horseshoe vortex on the inward edges of the roughness elements are pushed upwards.

Coupled with the movement of the vortices is the effect of the spacing on the vortex circulation

and size, shown in Fig. 4.30 (a) and (b) respectively. They have been estimated using the

method of Graftieaux et al. [2001]. Note that the absolute value of the circulation is plotted:

the outward trailing edge vortex (TE-O) and HS-I are of the opposite (negative) direction. The

circulation and size of each of the vortices varies with spacing. At wide spacings, horseshoe

vortices are 30% larger than the trailing edge vortices, although the trailing edge vortices have

very slightly stronger circulation. At s/w = 3, the symmetry in the trailing edge vortices was
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Figure 4.30: Calculated circulation and vortex area plotted against inter-element spacing.
Trailing edge vortices ( ) and horseshoe vortices ( ) are shown, and the marker
indicates the side: inward (/) or outward (.)

good in both the circulation and their size, however, there was still a small asymmetry in the

horseshoe vortex: although the sizes of the outward (HS-O) and HS-I were similar, there was a

15% difference in their circulation. At small spacings, as identified above, the vortex structure

is asymmetric about the centre of the roughness element due to the limited flow that can travel

between the elements. HS-O, and inward trailing edge vortex (TE-I) are slightly larger than

at wide spacings, whilst TE-O is very slightly smaller. The circulation changes by a greater

extent. The circulation of TE-O has increased by 45%, and the circulation of HS-O by about

30%. The circulation of TE-I decreases to 50% of its value when decreasing s/w = 3→ 0.25,

although it then plateaued at a similar value for s/w ≤ 0.25. The strength of HS-I fell to 25%

of its initial value at s/w = 0.25, and beyond that, its strength had decreased so much that a

successful calculation could not be made.

Movement of vortices: effects

The increased velocity streak amplitude when s/w = 0 (and the small increase when s/w = 0.125)

is believed to be due to the movement of the vortices, coupled with the changes in circulation.

At this spacing, TE-O sits above the other vortices due to the geometric confinement and the

general concertina-type movement of the vortices. It therefore has access to higher velocity

fluid further out in the boundary layer, so along with the increased circulation of this vortex, it

can have an increased effect on the amplitude of the streaks. TE-I has been pushed lower into

the boundary layer at small spacings, and although its circulation has decreased, its size has

increased, so can draw lower velocity fluid from deeper in the boundary layer, thus increasing

the streak amplitude.

The size and circulation of HS-O increases at small spacing. It is common flow down with

TE-O, which induces greater asymmetry about the centre of the roughness element in the flow
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with larger HS-O. More notably, however, it increases the net-positive component of Ast, as

described by [max (u− UB)], when HS-O is increases in size and strength. This has its largest

effect at the smallest spacings, s/w ≤ 0.25, and adds on to the extra increase in Ast.

The position, size and circulation of the vortices in this section suggests that the main effect

of the spacing occurs via the manipulation of the position of the trailing edge vortices. These

are influenced by the position and size of the inward horseshoe vortex: it is thrust upwards by

the proximity of the second element, but its circulation and size decrease at small spacings. The

effects induced by the changes to the inward horseshoe vortex subsequently affect the position

and size of the trailing edge vortex pair, which then affects the transition behaviour.

Surface distributions: pressure and shear stress

The wake behind each roughness element moves towards the geometric plane of symmetry

with smaller spacing and effectively narrows. The inward-edge horseshoe vortex has been

revealed to lift up above the other vortices for small spacings, and its circulation is decreased,

causing a low pressure, and this pressure difference forces the wakes inwards. Contours of

surface pressure are plotted over shading indicating the surface shear stress in Fig. 4.31 for

s/w = {0, 0.125, 0.25, 0.5, 1, 2, 3, 5}. The contours of surface pressure can be seen to extend

further downstream for small spacings than when the elements are far apart, i.e. Fig. 4.31 (h).

There is an area of high surface pressure on the upstream edge of the roughness elements. The

magnitudes and upstream extent of this pressure increase are generally consistent with spacing,

but their distribution changes. For small spacing, the areas of influence of both roughness

elements combine to form a larger continuous area of increased pressure. The regions of high

pressure upstream of the roughness elements were isolated from one another for large spacings:

the critical spacing where they no longer form a contiguous region of high pressure was found to

be 2 ≤ s/w ≤ 3.

Downstream of the roughness elements, there is a region of low pressure. There is also a

critical spacing where this pressure change splits from one continuous area of effect, to two

distinct areas, with one behind each element. The critical spacing in this case is smaller than

for the upstream region of high pressure. When s/w = 1, there is a continuous area of changed

pressure between the two roughness elements, whilst they have split by s/w = 2. The pressure

distribution is seen to become particularly asymmetric for small spacings. For 0.125 ≤ s/w ≤ 1

the most downstream pressure change occurs on the plane of symmetry between the two elements.

This stretches approximately one element width further downstream of that on the outside

edges of the roughness elements. This asymmetry switches for some of the larger spacings, for

s/w = 2 and 3, the outward region of decreased pressure extends further downstream than that

on the inward edges, before appearing symmetric when s/w = 5. This distribution echoes the

movement of the centre of the wake seen in Fig. 4.28, and the overshoot seen at wider spacings.

The pressure distribution around the roughness elements and the position of the vortices and
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.31: Contours of surface shear stress, and pressure ( ) for pairs of roughness
elements with (a) s/w = 0, (b) s/w = 0.125, (c) s/w = 0.25, (d) s/w = 0.5, (e) s/w = 1, (f)
s/w = 2, (g) s/w = 3, (h) s/w = 5. Note that only one roughness element of each pair is shown
for (e)-(h), they are reflected about the line of symmetry ( ).
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the corresponding streaks therefore appears to be linked.

Flow separation determined by τw < 0 is also shown in Fig. 4.31. The downstream separations

have a slight dependence at different spacings: they are clearly asymmetric for s/w ≤ 0.25, being

skewed inwards, towards the geometric symmetry of the pair, whilst for 0.25 ≤ s/w ≤ 1, the

separation appears to extend for less distance downstream. The asymmetry for small spacings is

consistent with the changes to the flow structure induced by the increased low pressure region

seen at these spacings.

Fig. 4.31 also shows the surface shear stress for each configuration, with the colours flipped

to correspond to the oil flow: high shear stresses are represented by the dark shading, and low

shear stresses by the light. Comparison with other measurements shows that there are areas of

high shear stress on the surface below the high velocity streaks downstream of the roughness

elements, and an area of low shear stress below the low speed streaks. Unlike the region of

low pressure behind the roughness elements, the differences in surface shear stress extends far

downstream. When the shear stress is considered around one roughness element of the pair in

isolation, a clear asymmetry is seen for small spacings. The shear stress on the inward side

of the wake is lower than that on the outside, however, it is still increased in comparison to

the base flow. Thus, whilst for pairs of roughness elements with large spacings, there are four

evenly-sized regions of high shear stress visible across the flow (two in the wake of each element)

and they are all of a similar magnitude, when the spacing is smaller, the central two of these

regions have a notably lower shear stress and are therefore expected to have less of a retarding

effect on the flow.

Boundary layer thickness

The effects of the roughness elements on the thickness of the thermal boundary layer are shown

in Fig. 4.32. The thermal boundary layer was found to be more reliable in Chapter 3 due to

the presence of the entropy layer, and that T0 must recover to the free stream condition. It

is used here in order to match. The roughness elements can be seen to thicken the boundary

layer towards their trailing edge by 10%. The increased thickness relative to a flat plate, is

maintained for a number of element widths downstream before it matches the flat plate solution

again. Smaller spacings reveal greater thicknesses. A pair of elements with s/w = 0 shows a

10% increase in thickness, whilst a single roughness element shows the smallest increase, of

around 6%. Roughness elements with s/w > 1 show minimal change in thickness relative to

one-another, whilst the differences are larger for small spacings.

An increased boundary layer thickness leads to a reduction in the velocity streak amplitude.

If the boundary layer thickens, and the vortices remain at the same position, the vortices

effectively become deeper in the boundary layer, so experience lower velocities and thus a

smaller velocity shear. The amplitude of the velocity streaks would therefore fall. The boundary

layer thickness increases for small spacings in Fig. 4.32, which therefore would decrease the
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Figure 4.32: Mean boundary layer thickness behind a roughness element across −0.5 ≤ yc/w ≤
0.5, against the distance downstream of the roughness elements for differently spaced pairs of
elements. Values for a simulated flat-plate boundary layer, and a theoretical prediction from
Schlichting and Gersten [2017] are also shown for comparison.
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amplitude of the velocity streaks. This phenomena counteracts with the movement of vortices

described above: for s/w = 0, the boundary layer thickens, but the vortices move by a greater

extent, leading to a greater streak amplitude. On the other hand, at intermediate spacings the

movement of the vortices is either not seen, or occurs at a much less extent, e.g. for s/w = 0.5 in

Fig. 4.28 and Fig. 4.29, whilst the boundary layer shown is thickened by the roughness elements

by an increased amount, so the velocity streaks are seen to decrease in amplitude, causing the

minima seen in Fig. 4.24.

Interim conclusions

The addition of a second roughness element in close proximity to a single isolated element led

to changes in the flow-structure dependant on the inter-element spacing. At small spacings

(s/w ≤ 0.25), the low speed streak increases in amplitude due to the constrictive effects of the

presence of the second element: the vortices are forced to concertina inwards, which means that

the trailing edge vortex pair extends higher and lower into the boundary layer, causing greater

mixing of fluid. The strength of the high-velocity streak on the inward edges of the roughness

elements is reduced due to the decrease in size and circulation of the vortices on the inward sides

of the roughness elements, whilst the increased size and strength of the outward-side trailing

edge and horseshoe vortices also increases the amplitude of the outward high velocity streak.

The strongly asymmetric vortex structure noticeable at small spacings does not occur for

s/w > 0.5, where the vortices are much more symmetric and evenly sized, leading to two roughly

equal high velocity streaks surrounding the low speed streak.

The effects induced by the change in the vortex structure at small spacings work against

the surface pressure differences downstream of the roughness elements. When s/w < 1, the

pairs of roughness elements create extended areas of low pressure between the elements that

have a retarding effect on the boundary layer. There is an extended, continuous area of high

pressure on the upstream edges of the roughness elements that is still noticeable when s/w = 2.

The retarding effect of the pressure was reflected in an increase in the mean thickness of the

thermal boundary layer downstream of the roughness elements. Smaller spacing yields increased

thicknesses, and so an effectively smaller amplitude of the velocity streaks.

The effect of the features were quantified by the amplitude of the velocity streaks, Ast. This

parameter shows the results of the trade-offs in different phenomena, and provides a comparison

with the features around a single roughness element. A minimum in the velocity streak amplitude

is revealed at s/w = 0.5, with a steady increase to the single-element-result at wider spacings,

and also a larger maximum occurring at very small spacings. This closely resembles the trend in

transition seen in experiments in Chapter 3 and it is worth noting that the amplitude of velocity

streaks is close to the threshold required for instabilities: Andersson et al. [2001] suggested

a threshold of Ast = 0.26, while Paredes et al. [2016a] suggests Ast = 0.20 for the secondary

instabilities to occur. The values calculated in this study range from 0.2 ≤ Ast ≤ 0.24, suggesting
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that they may just be large enough for a mechanism consisting of transient growth, followed

by modal instabilities to occur, as suggested in Path C of Fedorov [2011]. Furthermore, the

amplitude of the streaks takes no account of the fact that a second element is now present,

and so there are twice as many velocity streaks as for a single element, and this may have an

amplified effect on transition, which may suggest why the transition appears more advanced

when s/w ≥ 4 in Chapter 3.

A critical spacing of s/w = 3 had previously been suggested [Whitehead Jr, 1969]. The

current study suggests that this threshold is suitable as a minimum spacing before large changes

to the flow structure occur. However, small differences in the flow-features have been found to

still be still extant at this spacing and larger: the flow around each roughness element appears

slightly asymmetric, and the pressure distribution and vortex structure were not completely

symmetrical about the roughness geometry. Small overshoots in parameters such as the centre

of the wake and the velocity streak amplitude have been seen at s/w = 3, before decreasing

again by s/w = 5, when they had still not completely returned to the same level as a single

roughness element. Differences here, however, were very small so s/w = 3 appears suitable a

threshold for the minimum spacing between roughness elements.

4.2.3 Frequency results

The simulations using Eilmer-v4 generated transient results; the flow features above were

obtained from time-averaged results. Fig. 4.33 shows how the normalised pressure and surface-

normal velocity vary with time at two locations downstream of a typical roughness element. Small

periodic variations in both quantities can be clearly seen. The largest differences seen were in uz,

of almost 10% (shown in Fig. 4.33 (b)), whilst most were much smaller, i.e. the pressure plotted

in Fig. 4.33 (a), where the pressure fluctuates by less than 0.1%. Time-histories extracted at 78

positions in the downstream boundary layer have been processed to investigate the frequency

spectra of the downstream flow. Fig. 4.34 shows the contours of the frequency spectra for each

spacing of the pairs of roughness elements. The ordinate shows the spanwise position, and the

abscissa shows the appropriate frequency, which have been normalised (St = fhR/uR, where f is

the calculated frequency, hR is the roughness element height, and uR the velocity at this height

in the undisturbed boundary layer). The frequency spectra are plotted for −0.75 ≤ yc/w ≤ 0.75

in order to capture the locations of the vortices described in earlier sections.

The contours of frequency spectra shown in Fig. 4.34 show a strong dependence on the

spacing. Wide configurations, i.e. s/w ≥ 2 are similar to the frequency spectra behind a

single element (Fig. 4.34 (h)). The spectra for s/w = 0 is also similar to these. These are

the configurations that exhibit the greatest amplitude of velocity streaks, and as in Chapter 3,

the configurations where the boundary layer transition appears more advanced. For these

configurations, the PSD contours appear mostly consistent across the width plotted and a peak

exists around St = 0.15, which is attributed to shedding of the vortices over the top of the
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(a) (b)

Figure 4.33: Time histories of (a) pressure and (b) surface-normal velocity at (xc/w, yc/w, z/δ) =
(6, 0.5, 0.24) and (xc/w, yc/w, z/δ) = (4, 0, 0.16). Note the different timescales shown.

roughness elements. A small amount of asymmetry about the centre of the roughness element

can be seen when s/w = 0, where the intensity in the contours of the spectra at this frequency

have decreased on the inward-side of the wake of the roughness element (yc < 0). This mimics

the decrease in the size of the corresponding inward trailing edge vortex seen in Figs. 4.21-4.26,

due to the proximity of the second element.

A second vortex shedding mode, this time formed around the roughness elements is also

expected, with St ≈ 0.006 (calculated using the same values as above). The frequency associated

with this mode is too low to show clearly in these results, but is thought to contribute to the

broadband low-frequency peak observed around St < 0.01. The peak seen at St = 0.05 appears

to be the first mode of the boundary layer, predicted as f1 = Ue
10δ

. This mode was also seen

when the same analysis was performed on an undisturbed flat-plate boundary layer with the

same conditions.

The frequency spectra for 0.125 ≤ s/w ≤ 1 in Fig. 4.34 (b)-(e) are rather more complex

to interpret. These are the configurations that lead to boundary layers where the transition

appeared less advanced. The spectra exhibit more peaks with less distinction between them,

and the uniformity at the different spanwise positions is lost.

The most energetic frequencies across the wake of each pair of elements have been plotted

for each configuration in Fig. 4.35 (a). The most energetic frequencies at s/w ≥ 2 correspond

to St = 0.15 across the spanwise positions shown. This frequency was also dominant on the

outward side of small spacings for all spacings. On the inward side of smaller spacings, i.e.

yc/w < 0 and s/w < 2, the most energetic frequency was seen to change: for s/w = 0.125, the

most energetic frequency fell to St = 0.11 at the most inward parts of the wake, and it was

also seen to decrease for s/w = 0.5 and s/w = 1 for yc < 0. The most energetic frequency at

s/w = 0.25, however, was seen to increase at these positions.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 4.34: Contours of power spectral density across the downstream flow, measured at
xc/w = 6 for pairs of elements with (a) s/w = 0, (b) s/w = 0.125, (c) s/w = 0.25, (d)
s/w = 0.5, (e) s/w = 1, (f) s/w = 2, (g) s/w = 3, and (h) for a single roughness element.
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(a) (b)

Figure 4.35: (a) Contour of most energetic frequency across the wake for each spacing, and
(b) isosurface showing distribution of most energetic frequencies with spacing and measured at
xc/w = 6, across the flow for differently spaced pairs of roughness elements.

Fig. 4.35 (b) shows an isosurface of the energy at frequency across the wake for each spacing,

in order to indicate the energetic portions. It shows how the most energetic frequency may not

be the most representative. Fig. 4.35 (b) shows that unlike as suggested in Fig. 4.35 (a), the

peak at St = 0.15 remained across the flow. However, further peaks became apparent at small

spacings, beyond that of simply two main vortex shedding modes.

In order to investigate the increased number of energetic peaks seen for 0 < s/w ≤ 1,

Optimal Modal Decomposition (OMD), using the algorithm described by Wynn et al. [2013] is

used to decompose the wake into the separate modes. OMD was performed on the pressure

and streamwise velocity results returned by Eilmer v4. The results consisted of 241 snapshots

in time, and rank r = 35 was used to interrogate the flow. This rank was selected to be large

enough to pick out the main modes, whilst small enough to provide a clear result with the

given number of datapoints. The OMD technique returns eigenvalues (λOMD
i ) to describe each

mode. <
(
λOMD
i

)
indicates the growth (or damping) of each mode, and =

(
λOMD
i

)
indicates its

frequency. The eigenfunctions can then be reconstructed to show the flow at that frequency.

Fig. 4.36 (a) shows the growth rates derived from the eigenvalues against the frequency,

calculated for s/w = 3 whilst Fig. 4.36 (b) shows the shedding energy estimated using the

Frobenius norm for each of the modes at the same spacing. Conjugate pairs of eigenvalues are

returned by the OMD analysis: both positive and negative frequencies are therefore shown in

Fig. 4.36 (a) although they represent the same physical features, so the energy contribution

of the negative frequencies are included in their positive counterparts in Fig. 4.36 (b). The

frequency in both Fig. 4.36 (a) and (b) has again been normalised by the boundary layer edge

velocity and roughness height.

The growth and energy of the modes shown in Fig. 4.36 (a) and (b) reveal their significance.

Most of the modes shown in Fig. 4.36 (a) have growth rates less than zero, indicating damping
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(a) (b)
×104

Figure 4.36: (a) Growth rates and (b) mode energy against frequency for the modes determined
using OMD of the streamwise velocity behind a pair of roughness elements with s/w = 3.

of the flow. Those with very high damping mostly correspond to those with low energy, and so

are of less significance: the greatest damping was over two orders of magnitude greater than the

least damped. Individual modes can be identified and investigated further. The most energetic

modes seen in Fig. 4.36 (b) are at frequencies similar to those identified as the vortex shedding:

St = 0.15 and St = 0.01. These modes account for nearly 50% of the total energy, whilst the

majority of the modes are less than 5%.

The modes indicated in Fig. 4.36 can be reconstructed and inspected to investigate their

cause. The reconstructed pressure contours at a single snapshot in time of one of the most

energetic modes (St = 0.148, number 13 in Fig. 4.36) is shown in Fig. 4.37 (a). The contours

shown in Fig. 4.37 (a) have z/δ = 0.16 and s/w = 3. This mode appears to be associated with

the vortex shedding over the roughness element. Subsequent snapshots in time have a similar

intensity, corroborating that it is lightly damped. The pressure contours reveal a coherent

wave pattern that convects upstream. This slice is below the sonic line in the flow, and further

inspection reveals that the waves develop at the same point where the hairpin vortices are

observed in the contours shown in Fig. 4.22 and Fig. 4.23. These pressure waves appear to be

formed as the trailing edge vortex pair roll-up to form a hairpin, which then protrudes into the

supersonic part of the flow, generating waves which convect upstream in the boundary layer.

This proposed mechanism is consistent with the link between the energy at this frequency at

this point in the wake and the shedding over the top of the roughness elements.

The contours of pressure for the similar shedding modes when s/w = 0.25 and s/w = 0.5

are shown in Fig. 4.37 (b) and (c) respectively. The shedding appears in different modes on the

inward sides to the outward sides of the roughness elements for these small spacings. The main

shedding mode on the outward side of the roughness elements at these spacings closely matches

that for s/w = 3 (St = 0.148 and St = 0.149), but these modes make very little contribution to

the flow at yc/w < 0. Instead, for s/w < 3, further modes appear to describe the shedding on
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(I)

(II)

(a)

(b) (c)

Figure 4.37: Pressure contours from modal decomposition, taken at z/δ = 0.16, for (a) s/w = 3
and St = 0.148, (b) s/w = 0.25, with (I) St = 0.149 and (II) St = 0.159, and (c) s/w = 0.5,
with (I) St = 0.149 and (II) St = 0.131.
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the inward-edges of the roughness elements, with St = 0.160, and St = 0.130 for s/w = 0.25 and

0.5, and are shown in Fig. 4.37 (b)II and (c)II respectively. This reflects the features identified

in Fig. 4.34 and 4.35, where additional modes became apparent on the inward edges. Inspection

of the estimated energy reveals that the modes associated with the pressure fluctuations on the

inward edges of the wake appear more energetic than those on the outward edges; for s/w = 0.5,

the mode on the inward edge of the boundary layer was over 20% more energetic than the mode

associated with the shedding on the outward edge.

The extra modes that occur for 0 < s/w ≤ 1 may suggest that the transient growth

mechanism for transition is weaker at these spacings due to decreased energy in the lift-up

mechanism, so requiring further excitation. The individual modes contain a smaller proportion

of the overall energy, and so damp one-another as suggested in Section 1.3.1.

The modes with small (absolute) growth and relatively large energy contributions around

St = 0.01 (modes 28-32) have been analysed using contours of streamwise velocity. Fig. 4.38

(a) and (b) shows stream-normal slices at xc/w = 6 for the calculated modes at St = 0.01

and St = 0.02 respectively. These slices reveal that they are sequentially higher harmonics

of fluctuations in the velocity downstream of the trailing edge of the roughness element, and

they are seen to convect downstream. For comparison, the mode with St = 0.149 is shown

in Fig. 4.38 (c). The amplitudes of the velocity fluctuations when St = 0.01 are greater than

those of the vortex shedding, and as expected, they fall when the frequency is increased from

St = 0.01 to the harmonic at St = 0.02. Similarly, the mode at St = 0.01 is antisymmetric

(sinuous), whilst the harmonic is symmetric about yc = 0 (varicose). However, the damping on

these modes is low; the damping when St = 0.01 is smaller in amplitude than the main vortex

shedding mode seen at St = 0.149, whilst the damping of both the first and second harmonic

modes is even less.

The mode at St = 0.05 (number 26) has a positive growth rate in Fig. 4.36 (a), but accounts

for less than 10% of the energy. Inspection of the pressure contours of this mode reveals bands

of constant pressure across the span of the simulation: it appears to be an instability mode in

the boundary layer, rather than a phenomena dependent on the roughness element. This is

reinforced that its frequency matches the value predicted for the first Mack mode. Its positive

growth rate suggests that this numerical simulation may be showing eigenmode growth, however,

with the instabilities induced by the vortex structure (i.e. transient growth), and the streak

amplitude being sufficient for instabilities to develop, it is expected that the transition will be

due to that path, so eigenmode growth is expected to be simply a competing mechanism.

A selection of the modes for the different frequencies and spacings are shown in Appendix C.

Some of the modes revealed by the OMD are not considered in this analysis: they are either less

energetic, have very high damping, and/or quickly decrease with streamwise distance. The rank

was set sufficiently high to ensure the most significant modes were captured, and the excess was

to ensure a good optimisation with the limited number of snapshots in time available.
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(a)

(b)

(c)

Figure 4.38: Contours of decomposed streamwise velocity at xc/w = 6 when s/w = 3. (a)
St = 0.01, (b) St = 0.02 and (c) St = 0.149. The shading is to the same scale in each.
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Along with the earlier Fourier analysis, the OMD analysis reveals that the shedding of the

trailing edge vortex is affected by the spacing of the roughness elements. For pairs of elements

with s/w ≥ 2, three main modes are apparent. These are associated with the vortex shedding

over the roughness elements and the first mode of the boundary layer. Similar phenomena

also occur for s/w = 0. When the spacing between the elements is small, but non-zero, the

downstream boundary layer becomes more complicated, with more less-dominant modes. The

modes associated with the vortex shedding can still be identified, however, the frequency at

which the inward-trailing edge vortex sheds is different from that of the outward one. The

boundary layers exhibited a small, low-frequency area of highly energetic flow, which has low

damping, and harmonics with positive growth rates, suggesting the growth of an instability.

Flow features at other frequencies also appear, however, these are less distinct. Individual

boundary layer modes are less defined at these conditions so have less of an effect on transition.

4.3 Summary of flow features around roughness elements

This chapter has investigated the flow features around single roughness elements of different

heights and pairs of roughness elements with their heights selected to match those that generate

an intermittent boundary layer in a hypersonic flow, using both oil flow visualisation and

numerical simulations. The flow features indicated by the oil flow visualisation were formed in a

turbulent boundary layer, whilst the numerical simulation represented a laminar flow. Similar

features, with small differences in dimensions were seen in both the numerical simulations and

the oil flow experiments.

The flow structures that were observed around the different configurations of roughness ele-

ments varied, but in each case, they all were formed of the same components. The flow upstream

of the leading edge of each roughness element formed an open separation, with a stagnation point

a short distance upstream of the leading edge of the element, and a bow/separation shock struc-

ture. Some flow was seen to travel over the roughness elements, whilst some travelled around.

The flow that travelled over the roughness element led to a separation region downstream of

the trailing edge, surrounded by an area of recirculation. The flow reattached downstream

of this region, leading to reattachment shocks and a trailing edge vortex pair. The flow that

travelled around the roughness elements formed horseshoe vortices; the larger roughness heights

investigated led to multiple horseshoe vortices, whilst most of the configurations produced only

one per element.

The vortices formed high and low velocity streaks, which were characterised for the differ-

ent configurations and correlate with boundary layer transition for similar configurations in

experiments. The strength of the velocity streaks was found to depend on the relative position

of the vortices over and downstream of the roughness elements, and also on the effect of the

roughness elements on the boundary layer thickness. A clear decrease in the strength of the
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streaks was seen at small, non-zero spacings. The amplitude of the streaks were sufficient to

suggest that they would lead to secondary instability and breakdown to turbulent spots [Paredes

et al., 2016a], unlike for smaller roughness.

The frequency components of the flow were also investigated. At wide spacings, and when

s/w = 0, a small number of energetic peaks were seen, associated with vortex shedding and

boundary layer modes. Intermediate spacings led to more complex distributions. The proximity

of the pairs of roughness elements was seen to affect the frequency of the modes around the

roughness elements, with low-intermediate spacings of elements changing the frequency of the

vortex shedding on the inward sides of the wakes, in comparison to the outward sides, and

reducing its relative effect.
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Chapter 5

Wake manipulation using

two-dimensional configurations of

roughness elements

5.1 Two-dimensional configurations: introduction

The results from Chapter 4 have been used to design two-dimensional configurations of roughness

elements with h/δ = 0.16 that either promote or suppress the vortices that form in the

downstream wake in order to influence the boundary layer transition. These configurations,

where the roughness elements are no longer constrained to be at the same streamwise position

or of the same planform size, have been designed using the superposition of the earlier results

in the ICSWT. These experiments have again been performed using oil flow visualisation the

ICSWT at Mach 2, with the roughness elements immersed in a turbulent boundary layer, and

the images from the subsequent oil flow visualisations have been dewarped and illustrated in

this Chapter.

Parameters defining the different configurations of roughness elements are shown in Table 5.1,

where s is the spanwise spacing between the elements, a is the axial-distance between the

centrelines of the roughness elements, and wU and wD are the widths of the upstream and

downstream elements respectively. These dimensions are also illustrated in Fig. 5.1. A positive

spacing s implies a gap between the two elements, whilst negative s implies the roughness

elements overlap when viewed from an upstream location. The configurations have been selected

to influence the wakes of the roughness elements using the superposition of earlier results, and

both constructive solutions, i.e. to amplify the size of any streaks and vortices, and destructive

solutions have been designed to explore different wake interactions. Roughness elements with a

width of half that of the roughness elements used above have also been used in this study to

give greater flexibility in the control of the wakes. Slight apparent asymmetries occur due to

the de-warping along with small perspective and placement errors. These effects are small, and
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Table 5.1: Parameters to define two-dimensional configurations of roughness elements. A positive
spacing s implies a gap between the two elements, whilst negative s implies the roughness
elements overlap when viewed from an upstream location. The axial distance, a, is the distance
between the two centrelines of the elements. See Fig. 5.1 for reference.

Configuration wU/w wD/w s/w a/w sc/w ac/w
I 1 1 -1.0 2.2 0 2.2
II 1 0.5 -0.7 2.4 0 2.6

III 1 1 0.7 2.0 1.7 2.0
IV 1 1 -0.1 1.3 1 1.3
V 1 1 -0.5 1.8 0.5 1.8
VI 1 0.5 -0.5 1.9 0.3 2.2
VII 1 0.5 -0.1 0.8 0.7 1.0
VIII 1 0.5 -0.1 1.6 0.7 1.9
IX 1 0.5 -0.3 1.4 0.5 1.6

s

wU

wD

u

a

ac

sc

Figure 5.1: Coordinate systems and dimensions used to define the spacing of pairs of roughness
elements in two-dimensions.

not thought to be important.

5.2 Axially-aligned pairs

The first two configurations from Table 5.1, configurations I and II, investigate the flow field

around pairs of elements aligned in the streamwise direction. Configuration I has been designed

so that the vortices from the downstream element should align with those from the upstream

element, as illustrated in the sketch in Fig. 5.2. The above numerical study and oil flow

visualisation experiments reveal that the vortices develop over a short downstream distance,

and as they move downstream, appear to lift off the surface. Configuration I has a streamwise

spacing of 1w, hence the vortices off the downstream element are expected to be smaller and

occur lower in the boundary layer than those from the upstream element, until they have
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w

Figure 5.2: Stream-normal vortex positions for configuration I estimated through superposition
of flow features around single roughness elements. Dashed circles indicate the vortices off
upstream roughness element, and the solid lines indicate features for the downstream element.
The sense of rotation is indicated by the colours: red - clockwise downstream, blue - anticlockwise
downstream.

developed as they travel downstream. Apart from this small difference in position, the vortices

were expected to be similar. As the vortices in this configuration are of corresponding rotations,

this design was expected to amplify the effects of the vortices.

Fig. 5.3 shows the flow structure around configuration I captured by the oil flow visualisation.

The wake on the upstream element in this figure is similar to that behind a single isolated

element until xc/w = 1.8, where the streamlines are first deflected by the presence of the

downstream element. This position is less than 0.5w upstream of the tip of the leading edge of

the downstream element.

The structure of the flow around the downstream element is also similar to that around a

single roughness element. The flow around the downstream element includes an outer, horseshoe

type vortex, regions of flow separation around the leading and trailing edges, and a trailing edge

vortex pair. Additionally, some of the wake from the upstream element in Fig. 5.3 is displaced

further around the downstream element. This portion corresponds to the horseshoe vortex from

the upstream element. It travels around the downstream element and does not merge into the

wake of the downstream element until xc/w = 5. The downstream element generates its own

horseshoe vortex pair, which sits at smaller spanwise distances than this displaced wake of the

upstream element.

The wake of the downstream element as a whole, however, is wider than that of a single

element, and this is still the case when the wake from the upstream element that clearly travels

around the outside of the wake of the downstream element (at |yc/w| > 0.7) is excluded. The

size of the trailing edge vortex pair, however, appears to remain similar to that produced by a

single isolated element. On inspecting Fig. 5.3 at xc/w = 4, the horseshoe vortex generated by

the downstream element appeared larger in size than by the upstream element. The horseshoe

vortices off both roughness elements rotate with the same sense, as shown in Fig. 5.2, and they
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Figure 5.3: Sketch of flow field around a pair of axially aligned roughness elements, both with
h = h0 and wR = w.

initially develop at the same spanwise positions. It therefore appears that the horseshoe vortex

generated by the downstream roughness was stretched by the presence of the corresponding

vortex off the upstream roughness.

The size of both the closed separation bubble and the recirculation on the trailing edge, and

the separation bubble on the leading edge of the downstream roughness element in configuration

I are smaller than those on the upstream element, which may be caused by the thickening

of the boundary layer. The boundary layer has thickened by xc/w = 2, at the downstream

element, both as it develops and due to the upstream roughness element, as shown in Fig. 4.32,

so h/δ of the downstream element is therefore reduced. The effect of the decreased h/δ on the

downstream trailing edge vortex pair, however, is not obviously visible (unlike Fig. 4.10).

Fig. 5.4 shows the flow field around configuration II, where a smaller roughness element

with wR = 0.5w was positioned so the vortex structures off the downstream element mostly

affect the trailing edge vortex pair from the upstream roughness element. This configuration

was investigated to explore the potential of interactions occurring between the horseshoe vortex

pair from the downstream element and the outer parts of the trailing edge vortex pair off the

upstream element, and any effective cancelling out. It mirrors configuration I in that the trailing

edge vortex pair from the downstream element should be generated at xc/w = 3 in both cases.

The second element is positioned far enough downstream so that its wake should fall inside the

spanwise locations where the horseshoe vortex pair is evident, and thus be minimally affected

by any spanwise motion. It is also positioned far enough downstream so that the upstream

element and separation regions are outside the upstream influence of the downstream element.

Fig. 5.4 suggests that the overall width of the wake downstream of the second element, i.e.

at xc/w = 4, is no different to that of a single isolated element. There is a deflection around the

downstream element in the outer wake (at |yc/w| > 0.4), but this soon returns to its original
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Figure 5.4: Sketch of flow field around a pair of axially aligned roughness elements. Both
elements have h = h0. wR = w on the upstream element, and wR = 0.5w on the downstream.

trajectory. As suggested in section 4.1, the size of the leading edge separation bubble on the

downstream element matches that of other elements with h = h0, and the downstream extent

of the recirculation downstream on the trailing edge of the downstream roughness element is

similar to that for a single element with h = h0. The closed downstream separation on the

downstream element, however, appears smaller than that behind a roughness element with

wR = w, suggesting that the supply of oil may be limited by the presence of the upstream

element. The additional roughness element adds an additional horseshoe vortex and trailing

edge vortex pair in the centre of the wake of the upstream element: streamlines matching those

of the trailing edge vortex pair appear similar to those behind a single roughness element, albeit

over a slightly narrower spanwise distance, due to the decreased geometry. The horseshoe vortex

also appears narrower than in Fig. 4.2, and as for configuration I, it appears to have greater

spanwise components, which may suggest that the horseshoe vortex generated by the upstream

element has an effect.

The recirculation and downstream extent of the trailing edge vortex pair in this configuration

is similar to that of the other elements with h = h0, which confirms that the trailing edge vortex

scales with the roughness element height rather than the planform size. The horseshoe vortex

appears to extend in a spanwise distance by about half that of an element with wR = w, and

so suggests that its position scales with the width of the element, although the effect on its

deflection (i.e. the size of the horseshoe vortex) is limited.

The addition of a smaller element streamwise-aligned downstream of a roughness with

wR = w leads to a wake of similar width to that of a single element, but with an increased

number of vortices. The combined wake has a second, smaller horseshoe vortex pair, and an

additional trailing edge vortex pair. The trailing edge vortex pair may be slightly narrower,

but appears similar and remains attached downstream for a similar extent to the the original
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element. The spanwise extent of the vortices off the downstream element appear smaller in this

configuration than configuration I, suggesting a more limited effect.

The trailing edge vortex pair generated by the upstream elements in configurations I and II

cannot be seen further downstream than xc/w = 2, suggesting either that it has been disrupted

by the downstream element so is no longer present, or more likely, has lifted off the surface to

travel over the downstream element.

5.3 Axially-offset configurations

Fig. 5.5 (a) shows a sketch of the flow field around configuration III. This configuration was

designed to investigate the effect of the second element on the wake of the first, rather than a

combined wake from two interacting elements, and so it considered two main factors. Firstly,

the elements were positioned so that they were an outer limit of direct interaction - the two

wakes may just touch when the superposition of two wakes around a single element is considered.

In comparison with Fig. 5.2, the structures from the roughness elements should be adjacent,

but not overlapping. The downstream element was also positioned so that the flow around the

upstream element could develop alone; the downstream element was far enough downstream so

that it did not overlap with the trailing edge vortex pair and recirculation, which were seen

with reasonable spanwise width to xc/w = 2.

Fig. 5.5 (a) shows that the wake of the upstream element is affected by the downstream

element. It exhibits some of the phenomena seen in Section 4.2 when the elements were closely

spaced: the centreline of the wake off the upstream element moves to the inward edge of the

element and reveals a small amount of curvature as it moves downstream.

The separation on the trailing edge of the upstream roughness element in Fig. 5.5 (a), however,

appears mostly symmetric, unlike both s/w = 0.5, and s/w = 1 in Section 4.2, (s/w = 0.7

here), whilst the roughness element configuration is also obviously asymmetric. The centreline

of the wake of the upstream element is distorted as a result of the flow deflection around the

downstream element. This distortion has a decreasing effect further away from the downstream

element; the outward side of the wake from the upstream element is barely affected, and the

flow field around the downstream element appears largely symmetric. The horseshoe vortex

formed around the upstream element may be slightly deflected by the downstream element, but

it returns to its original trajectory, whilst the trailing edge vortex pair is shifted very slightly

off-centre.

Configuration IV, shown in Fig. 5.5 (b), explores the flow features when the elements are

close, but the wakes still do not significantly overlap. This configuration has been designed such

that the inside edge-tip of the downstream element is aligned with the inside edge-tip of the

upstream element, i.e. s/w = 0. The downstream element is positioned so that its leading edge

separation bubble is again beyond the trailing edge separation and recirculation of the upstream
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Figure 5.5: Sketches of flow fields around pairs of roughness elements with (a) configuration III
and, (b) configuration IV.
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element. The elements should be close enough, however, such that the upstream element will be

within the upstream influence of the downstream element.

The presence of the downstream element in this configuration shifts more fluid from the inward

side of the upstream element to the central part of the wake, as seen around (xc/w, yc/w) =

(1.5,−0.5). This fluid appears to arrive from the horseshoe vortex around the upstream element

and is forced in towards the centre of the wake by the downstream element. As it moves

downstream, it is then stretched further towards the centreline of the wake of the upstream

element. The effect of the downstream element can also be seen to propagate across the flow,

where a small spanwise diversion is visible in the streamlines on the outward side of the wake of

the upstream element at 1.5 < xc/w < 2.5. This small deflection swiftly returns back onto its

original trajectory, and appears to have no net effect on the flow. The outward side of the wake

of the upstream element, particularly around the recirculation, appears otherwise similar to that

behind a single roughness element. The wake of the downstream element is mostly symmetric,

particularly in the trailing edge separation and wake centreline. The leading edge separation

on the downstream roughness element, however, is not, and the inward side is up to twice the

width of the outward side.

Fig. 5.6 shows configurations V and VI, where the downstream element is aligned so that its

inward edge is aligned with the centreline of the upstream roughness element, and at xc/w = 2.4.

This downstream distance was selected so that the wake of the small element in configuration

VI should fit inside the wake of the larger upstream element. Unlike configurations I and II,

the flow is constrained on the inward edges of the roughness elements, so the vortices from the

upstream element cannot simply travel round the outside of the wake of the downstream. Both

roughness elements in configuration V, in Fig. 5.6 (a), and the upstream element in Fig. 5.6

(b), have widths of w and heights of h0, while the downstream element in configuration VI, in

Fig. 5.6 (b) has wR = 0.5w.

Fig. 5.6 shows the flow fields immediately around the upstream roughness elements, and

the early part of their downstream wakes, as far as xc/w = 1.8, appear unaffected by the

downstream element. The flow to this point is symmetric about the streamwise direction and

appears similar to the case around a single element. As for configurations III and IV in Fig. 5.5,

the downstream roughness element causes a small disturbance to the flow structures in the wake

of the upstream element. The disturbance takes the form of a small outwards displacement of

the flow followed by a second deflection that appears to restore the streamlines to approximately

their original paths, and are indicated by the dashed, red lines in Fig. 5.6 (a). The downstream

of the two disturbances is aligned to the inward-leading-edge face of the downstream roughness

element, and travels at approximately 45◦ to the direction of the flow, whilst the upstream one

is at a slightly greater angle to the flow.

The flow immediately around and in the wake of the downstream elements in both configu-

rations V and VI also appears almost unaffected by the upstream elements at first glance. They

174



5. Two-dimensional Configurations of Roughness Elements

(a)

(b)

0 1 2 3 4

0 1 2 3 4

−1

0

1

1

0

−1

xc/w

yc
w

Figure 5.6: Sketches of flow fields around pairs of roughness elements with configurations V
and VI shown in (a) and (b) respectively. Note that the inside edge of the downstream element
touches the geometric centreline of the upstream element in both cases.
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appear mostly symmetrical and similar to the flow field around a single element. However, there

appears to be more spanwise motion in the horseshoe vortex generated off the inward edge of

the downstream roughness element in both configurations.

Fig. 5.7 presents configurations VII, VIII and IX, all of which have upstream elements of

height h0 and wR = w, and downstream elements with wR = 0.5w, but different streamwise and

spanwise positions. Configurations VII and VIII in Fig. 5.7 (a) and (b) explore arrangements

where the centre of the downstream element is aligned to be on the edge of the horseshoe vortex

generated by the upstream element, at its upstream limit in Fig. 5.7 (a), and an element width

downstream in Fig. 5.7 (b). Fig. 5.7 (c) shows configuration IX, where the downstream element

is positioned so that its centreline is aligned with the inward edge of the upstream roughness

element.

Fig. 5.7 (a) reveals a downstream wake that no longer resembles a wake realised by the

superposition of two individual wakes. The separation bubble upstream of the downstream

element and the recirculation bubble downstream of the upstream element are in close proximity.

The upstream influence of the second element strongly impacts the flow field development

around and downstream of the upstream element. As such, the separation bubble is compressed

on the inward face of the element, and an asymmetry is induced in the downstream separation,

recirculation and wake centreline behind the upstream element. This asymmetry is similar to

the case for two spanwise-aligned elements with s/w = 0.5 (Fig. 4.19 in section 4.2), where the

centreline curves outwards from the inside face of the trailing edge of the roughness element,

until it is travelling downstream, slightly outboard of the centre.

The trailing edge vortex pair generated by the upstream element in Fig. 5.7 (a) is squeezed

by the proximity of the downstream element, leaving an asymmetry in the vortex pair, and

obfuscating the boundaries between the edge of the vortex pair, the bulk wake of the upstream

element, and the edge of the horseshoe vortex generated by the downstream element. The

inward edge of the horseshoe vortex generated by the downstream element is also squeezed by

the wake of the upstream element, whilst the outward edge appears to be unaffected, producing

a further asymmetry.

When the downstream roughness element is moved to a point further downstream (Fig. 5.7

(b)), which has a similar spanwise-spacing to configuration VII, the effects discussed above

disappear. Configuration VIII appears more similar to configurations V and VI in Fig. 5.6,

where the flows resemble that obtained through the superposition of the flow fields around the

elements in isolation. The flow features are mostly symmetric about the roughness elements,

however, as in Fig. 5.6, there is also a disturbance due to the presence of the downstream

element that propagates across the wake.

Fig. 5.7 (c) shows configuration IX, where the spanwise spacing between the elements is

smaller than configurations VII and VIII, and a still from the oil flow visualisation for this

configuration is shown in Fig. 5.8. Both Fig. 5.7 (c) and Fig. 5.8 clearly show the inward side of
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(a)

(b)

(c)

Figure 5.7: Sketches of flow fields around pairs of roughness elements with configurations VII,
VIII and IX shown in (a), (b) and (c) respectively. Note that the spanwise spacing, s, was the
same in configurations VII and VIII, but smaller in IX.
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5. Two-dimensional Configurations of Roughness Elements

Figure 5.8: Still of oil-flow visualisation for configuration IX, where the distortion of the
horseshoe vortex from the downstream element can be clearly seen.

the horseshoe vortex generated by the downstream roughness element is stretched towards the

centreline of the wake of the upstream roughness element. The outward edge of the horseshoe

vortex from the downstream element, however remains similar to that behind a single roughness

element.

Like configuration VIII, the presence of the downstream element induces a small asymmetry

in the trailing edge recirculation on the upstream element and the wake of the upstream element

in configuration IX experiences a small spanwise deflection due to the presence of the downstream

element. The centreline of the wake is deflected away from the geometric centre of the upstream

roughness element by the downstream element, however the outward side of the wakes appear

largely unchanged from those of single roughness elements.

Discussion Comparing all the two-dimensional configurations of roughness elements provides

an indication of the limits of the areas of influence of the roughness elements. The upstream

influence of the downstream element can be seen to affect the flow. Upstream influence was not

a consideration with the spanwise configurations considered in section 4.2, but has an affect

when the configurations are extended into two dimensions. When the elements are close, as

in configurations IV, VII and IX, the trailing edge recirculation behind the upstream element

and leading edge separation on the downstream element are distorted. These effects are greater

the closer the elements, i.e. Fig. 5.7 (a) in comparison to Fig. 5.5 (b), indicating a greater

interaction.

The flow features around the roughness elements in configuration III, V, VI and VIII appear

much more similar to those around single isolated roughness elements, indicating that the inter-
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actions between the two roughness elements in these configurations are limited, and suggesting

that the upstream elements are outside of the upstream influence of the downstream element.

Configurations III, V, VI and VIII all have greater streamwise spacing than configurations

IV, VII and IX. From Table 5.1, the critical streamwise spacing between the interacting and

non-interacting elements is a/w = 1.7, i.e. a gap of 0.7w between the elements. The laminar

CFD, shown in Fig. 4.31 reveals an area of high pressure that extends 0.7w upstream of a single

element, and an area of low pressure downstream of similar length. Comparing the laminar

results with the turbulent results here suggests that the upstream influence appears to be of a

comparable magnitude.

The interaction between the high pressure on the leading edge of a downstream element

and the low pressure on the trailing edge of the upstream element can be clearly seen for

configuration IV in Fig. 5.5 (b), where due to the proximity, the high pressure has stretched

the leading edge separation further upstream, on the inward side of the element where it is

affected by the low pressure from the upstream element. This asymmetry also indicates spanwise

differences in the incoming flow. However, these asymmetries have decreased on inspection of

the wake further downstream; it appears that the roughness element smooths some of these

spanwise differences.

Configurations IV, V, VI, VIII and IX reveal a disturbance to the otherwise undisturbed

outward side of the wake of the upstream element. This disturbance aligns approximately with

the face of the downstream roughness element and propagates at approximately 45◦ to the

direction of the flow. With reference to Figs. 4.4 - 4.23, the disturbances seen in the oil flow

visualisation match the position of the shock structure off the leading edge of the roughness

elements seen in the numerical simulations. The effect of this shock structure appears to have

little influence on the structure of the flow field.

Some arrangements reveal vortex structures with larger spanwise components of their

streamlines. This increased spanwise motion suggests that the horseshoe vortex may either have

been stretched, have increased in strength, that it travels downstream at a slower rate, or a

combination of all three of these factors.

In configuration V, the inside edge-tip of the downstream roughness element is directly

downstream of the centre of the upstream element. The oil flow and numerical studies suggest

that there will be a low speed streak at this position, thus, a lower incoming streamwise velocity

on the inward edge of the downstream element, which would be one explanation of this increased

spanwise component. This is not the only effect, however, as the horseshoe vortices with the

increased spanwise components are also wider than those without (e.g. configuration III), they

have been stretched.

This section has investigated the interaction of the vortices; a sketch of the predicted vortex

locations, using the superposition of the flow structure around single roughness elements, for

configurations V and VI is shown in Fig. 5.9. The inward edge-tip of the downstream element is
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aligned with the approximate position of the inward trailing edge vortex from the upstream

element (labelled TEVP-I,U) as shown in Fig. 5.9 (a). This edge-tip generates the horseshoe

vortex (HSV-I,D) which rotates in the same direction as TEVP-I,U. The same phenomenon

occurs in Fig. 5.9 (b) with the outward horseshoe vortices off both elements. The common

rotation of these vortices, and the additional vorticity induced by the downstream roughness

element when the vortices are aligned has an amplifying effect on the strength of the vortex and

so contributes to the increased spanwise components seen.

Destructive features of the flow are not obvious: the downstream element trailing edge

vortex pair of configuration VI rotates in the opposite sense to the pair formed by the outward

trailing edge and horseshoe vortices from the upstream element, as illustrated in 5.9 (b). The

trailing edge vortex pair off the downstream element appears slightly smaller than configurations

VII-IX, albeit not significantly, which may be due to its initial small visible size of the trailing

edge. Similarly, the inward trailing edge vortex off the downstream element of configuration VII

appears to exhibit some of these destructive features: the spanwise component of the inward

horseshoe vortices downstream of both roughness elements is minimal; the flow appears to flow

almost directly downstream, suggesting that their effects may be decreased.

The trailing edge vortex pair appears to be stronger than the horseshoe vortex around each

of the elements for h/δ = 0.16. Configurations V, VI and IX (and II) all show the horseshoe

vortex being stretched when vortices are (mostly) aligned; similar effects on the trailing edge

vortex pair are not obviously visible. This conclusion echoes the slices shown in Fig. 4.9, which

show greater vorticity around the trailing edge vortex pairs than the horseshoe vortex.

5.4 Summary: two-dimensional configurations

Two dimensional configuration of roughness elements were studied in this chapter with the

ultimate aim of either promotion or suppression of downstream boundary layer transition.

Streamwise-aligned configurations were studied to explore any constructive interaction between

the vortices generated by roughness elements and axially-offset configurations were studied to

investigate both constructive and destructive effects on the flow field.

In each configuration, the roughness elements formed trailing edge and horseshoe vortex

pairs. Depending on its positioning, the presence of the downstream element obscures the

visible surface profile of one or more of the individual vortices. As the trailing edge vortex

pair is common flow up, it is supposed that this vortex lifts off, and travels over the top of a

downstream element, whilst when the horseshoe vortex impacts on the downstream element, it

more often appears to be pushed around the element.

The flow around elements in close proximity appears to be strongly affected by the elements:

large asymmetries can occur in the flow features around the element, even though they do

not continue downstream into the wake. This area of upstream influence, where these strong
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w

(a)

TEVP-I,U

HSV-I,D

HSV-I,U

TEVP-I,D

w

(b)

Figure 5.9: Sketch of stream-normal vortex positions for (a) configuration V, and (b) configu-
ration VI, estimated through superposition of flow features around single roughness elements.
The vortices are indicated as in Fig. 5.2 and labelled: HSV - horseshoe vortex, TEVP - trailing
edge vortex pair, I - inward, O - outward, U - upstream element, D - downstream element.
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interactions occur, appears to extend around 0.7w upstream of the elements. The downstream

elements, however were seen to stabilise the spatial differences across the flow, although their

effect on the velocity across the flow is unknown.

The positioning of the elements defines the position of the downstream vortices. When a

vortex from the downstream element is aligned and of the same rotational sense as one from the

upstream element, the alignment of the vortices appears to stretch and strengthen the vortex

generated. Both increased vortex strengths, and increased sizes are apparent. Similarly, when

the vortices are of the opposite sense, the spanwise components of the streamlines where the

vortices are expected, appear to decrease slightly.
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Chapter 6

Conclusions

Hypersonic flow regimes and the unique challenges involved in the design of vehicles that

travel at this speed were introduced and summarised, alongside the problem of boundary layer

transition and the effects of surface roughness on it. The literature regarding this subject was

reviewed and a gap identified between the modelling of isolated roughness elements and areas of

distributed roughness. This study has begun to bridge this gap by introducing a second isolated

roughness element at close proximity to the original and investigating the effect on the flow field.

The conclusions are summarised in the following sections.

6.1 Effects of single isolated roughness elements

The effects of single isolated roughness elements on boundary layer transition were investigated

using experiments in the Imperial College Hypersonic Tunnel, oil flow visualisation in the

Imperial College Supersonic Wind Tunnel, and numerical simulations to investigate the flow

structure.

The size of the roughness element affected the state of the boundary layer; laminar, turbulent

and intermittent boundary layers were obtained. Using new roughness elements, the repeatability

of the results and confidence in the roughness height was much greater than previous studies. Oil

flow visualisation using the Imperial College Supersonic Wind Tunnel and numerical simulations

were undertaken to investigate the cause of the phenomena observed.

• The flow features seen in both the oil flow and the numerical simulations matched those

identified from literature. The state of the boundary layer did not affect the flow features

seen, although their dimensions were affected. Each of the roughness elements generated

two pairs of counter-rotating vortices: a trailing edge vortex pair and a horseshoe vortex.

The counter-rotating vortex pairs led to the formation of high and low speed streaks. The

trailing edge vortex pair was revealed to lift off the surface as it travelled downstream,

leading to it having a greater effect further out in the flow. The presence of hairpin-vortex

structures was also suggested.
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• Increasing the height of the roughness element from h/δ = 0.16→ 0.3→ 0.6 increased the

size of the trailing edge vortex pair and the low velocity streak. Extra horseshoe vortices

formed with increased height, however, their size remained constant.

• The amplitude of the streaks was quantified. It increased with roughness height. The

amplitudes agreed with the threshold given in literature regarding the state of the boundary

layer: elements with h/δ ≥ 0.24 exhibited a turbulent boundary layer and large streak

amplitudes, small elements and a smooth model exhibited sub-critical streak amplitudes,

and accordingly a laminar boundary layer, whilst the h/δ = 0.16 roughness, which

generated an intermittent boundary layer, is between the critical values given in literature

[Andersson et al., 2001; Paredes et al., 2016a].

The intermittent turbulent features were analysed to give a more in-depth understanding.

• Three main types of feature occurred: individual turbulent spots, compound turbulent

events, and extended patches of turbulent flow. Turbulent spots appeared to stretch and

merge to form the compound turbulent events, which in turn merged to form extended

lengths of turbulent flow.

• Convection velocities of the features were calculated. Spot mean convection velocities aver-

aged 0.6− 0.7Ue, leading edge convection velocities were found to be 0.65 < uc,LE/Ue < 1

and trailing edge velocities to be 0.3 < uc,TE/Ue < 0.55. These values agree with literature

for both artificially generated and natural turbulent spots.

• Further measurements permitted the characterisation of the convection velocities and

growth rates throughout the spots. The convection velocity was found to vary almost

linearly through the length of simple turbulent spots, from a high velocity at its leading

edge, to its lowest convection velocity at its trailing edge. Growth rates were found

to be affected by the length of the turbulent spot. Larger spots generally grew slower,

whilst smaller spots grew faster, due to the constant convection velocities along the model.

Growth rates varied depending on the spot structure. Simple turbulent spots had a linearly

changing growth rate through the spot, suggesting that they are being stretched at a

constant rate. More complex turbulent events appear to plateau towards their edges, and

have limited growth there.

• These phenomena suggest that initially, a turbulent spot stretches uniformly along its

length as it convects, however, once a spot gets to a certain size, this is no longer the case,

and the central parts stretch more, whilst the outer edges simply convect. The growth of

a turbulent spot is therefore non-linear, and frozen flow-field assumptions are not valid,

even when applying a constant stretching factor as previous.
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6.2 Effects of pairs of isolated roughness elements

6.2.1 Spanwise-aligned pairs of elements

Experiments were undertaken to investigate the state of the boundary layer behind closely

spaced pairs of roughness elements in the Imperial College Hypersonic Gun Tunnel. Heat

transfer measurements were taken downstream of the elements and used to investigate the effect

of the second element and its spacing to the first. The state of the boundary layer was found to

depend on the spacing.

• Wide spanwise spacings (s/w ≥ 4) produced boundary layers that exhibited an increased

number of turbulent spots in comparison to (double) the results of a single, similar

roughness element. When the two elements were touching, the boundary layer also

exhibited an increased number of turbulent spots and turbulent flow. Intermediate, and

small-intermediate spacings (0 < s/w ≤ 2) revealed boundary layers where the transition

appeared suppressed.

• The convection velocities and growth rates of the different features were consistent with

those observed in the boundary layer behind a single roughness element.

The oil flow visualisation and numerical simulations were undertaken to investigate the

causes of this phenomena.

• The presence of the second element was found to affect the flow structure at spanwise

spacings up to s/w = 5. However, these effects were only slight for s/w > 3.

• The amplitude of the velocity streaks was calculated and correlated well with the ex-

perimental results. Both the experimental intermittency and Ast from the numerical

simulations featured their largest values at wide spacings, and when s/w = 0, and had a

distinct minimum value at s/w = 0.5. The streak amplitude calculated for s/w = 0.5 was

20% of the free stream velocity, which was the minimum threshold defined to achieve a

sinuous instability in the boundary layer. This correlated with a measured intermittent

boundary layer featuring very few turbulent spots. Other spacings had increased ampli-

tudes, and an increased number of turbulent features were seen in the boundary layer in

experiments accordingly.

• Two phenomena were identified to be affecting the amplitude of the streaks:

– The size, strength and position of the vortices were affected by the inter-element

spacing. For s/w ≤ 3, this induced an asymmetry in the features. At small spacings,

the effect of blockage due to the proximity of the elements was noticeable, and caused

the vortices to concertina inwards. The horseshoe vortex on the inward side and the

185



6. Conclusions

trailing edge vortex on the outward side of the roughness elements were displaced

away from the surface, and the size and strength of the outwards trailing edge vortex

increased.

– The close proximity of the roughness elements causes the high pressure upstream

of the element and the low pressure downstream to merge with that of the other

element, increasing their overall size. This causes the boundary layer to thicken by a

greater extent across the elements.

• Transient features were investigated further using Fourier analysis and OMD. Two main

energetic peaks in the frequency spectra were present for s/w > 1 and s/w = 0. These

peaks corresponded to the vortex shedding and the first mode of the boundary layer. For

0.125 ≤ s/w ≤ 1, which corresponds to the region of decreased streak amplitude, many

more peaks appeared and the energy-per-mode was reduced.

• The peak corresponding to the vortex shedding (St = 0.15) was the most energetic for all

spacings on the outward side of the wake, and on the inward side for s/w ≥ 2 and when

the elements were touching. The shedding frequency was seen to change on the inward

side of the wake at 0 < s/w ≤ 1 due to the proximity of the second element.

• The less energetic vortex shedding suggests that the transient growth mechanism may

be less strong for 0 < s/w ≤ 1. Similarly, the difference between the most energetic

frequencies on the inward and the outward sides suggest that lock-in or excitation may be

more limited.

6.2.2 Two-dimensional configurations of roughness elements

The determined locations of vortices and the conclusions drawn about the effects of element

spacing were used to design two-dimensional configurations of roughness elements that could

manipulate the flow.

• Careful design of configurations can manipulate the flow structure to generate vortices

that appear to be of different strength. This may be of use in design, if, for example, an

object has to be placed on a surface that acts as roughness, then a second element could

be positioned to mitigate its effect.

– Axially offset configurations can increase or decrease the strength of the vortices.

∗ Aligned, counter-rotating vortices decreased the strength of the downstream

vortex.

∗ Aligned, co-rotating vortices increased the strength of the downstream vortex.

∗ If the elements were offset very slightly from these positions, the vortices appeared

to be stretched.
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– Streamwise-aligned elements showed the flow deflected up and around the downstream

roughness element. The overall size of the wake of the downstream element did not

appear to be significantly affected by the upstream element.

– If the upstream element is in the area of upstream influence of the downstream

element, the flow features between the elements can be further stretched and the flow

field distorted.

6.3 Future work

This study has begun to extend the understanding of the effects of a second roughness element

when placed close to a first. Future experiments can be undertaken to reinforce the conclusions

above, extend the results to explore two dimensional arrays of roughness elements, and gradually

increase the complexity of the problem.

6.3.1 High resolution, two-dimensional measurements of turbulent

spots

Experimental observation of turbulent spots has previously been coarse, and relied on the use

of frozen flow field assumptions. The structure and growth of turbulent spots is of interest.

• Obtain high resolution measurements of turbulent spots using two-dimensional arrays of

gauges to explore their shape and growth without relying on invalid froze flow hypotheses.

• Use spanwise measurements to investigate the spanwise merging of spots generated behind

widely spaced pairs of roughness elements. This is to assess whether the spots and wedges

from each element form their own wake, or merge to form a combined one.

6.3.2 Investigation of the initiation point of turbulent spots and its

dependence on element height

The position of the initiation point of turbulent spots on the model in the Imperial College

Hypersonic Tunnel has been estimated to be in the region 80 < x < 110 mm from the nose,

and it has been postulated that this coincides with the change in the pressure gradients. This

should be investigated.

• Obtain high resolution measurements of turbulent spots using two-dimensional arrays of

gauges positioned on the curved nose of the model.

• Verify the spot initiation position and compare with the pressure profile.
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• Assess any movement of the initiation position with changes in the size of the roughness

element.

• Measure heat transfer behind roughness elements to assess the flow features for elements

larger than the effective size.

6.3.3 Investigation of boundary layer transition in the wake of two-

dimensional arrays of roughness elements

Chapter 5 identifies two-dimensional configurations of roughness elements where the strength of

the vortices may be diminished, suggesting that they may locally delay transition. The effect of

this should be explored further.

• Investigate methods of assessing the flow structure close behind the roughness elements

in the Imperial College Hypersonic Tunnel to confirm the position of the vortices. High

resolution (in space) surface measurements such as oil flow, sublimation, or temperature

sensitive paint would be desirable.

• Confirm flow structure around two-dimensional configurations of roughness elements in

hypersonic conditions using numerical simulations.

• Obtain heat transfer measurements downstream of two-dimensional arrangements of

roughness elements to assess boundary layer state. Configurations IV and V are particularly

of interest due to the stretching of the surface streamlines indicated in the oil flow

visualisation.
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Appendix A

Oil flow in the ICSWT

Figure A.1: Frames from recorded video of oil flow around a roughness element with h/δ = 0.08.

Figure A.2: h/δ = 0.16.

Figure A.3: h/δ = 0.3.

Figure A.4: wR = 2w and h/δ = 0.16.
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A. Oil Flow Database

(a) s/w = 0. (b) s/w = 0.25.

(c) s/w = 0.5. (d) s/w = 1.

Figure A.5: Pairs of elements with h/δ = 0.16.
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Appendix B

Comparison of OMD and DMD

solutions and the sensitivity of rank

(a) r = 5. (b) r = 10.

(c) r = 20. (d) r = 35.

(e) r = 50. (f) r = 70.

Figure B.1: Comparison of OMD with frequency spectra and effect of rank r when s/w = 0.
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B. OMD Sensitivity

(a) OMD with r = 5. (b) DMD with r = 5.

(c) OMD with r = 20. (d) DMD with r = 20.

(e) OMD with r = 35. (f) DMD with r = 35.

Figure B.2: Comparison of OMD and DMD when s/w = 0.5.
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B. OMD Sensitivity

(a) OMD with r = 20.
(b) OMD with r = 35.

Figure B.3: Comparison of OMD with frequency spectra and effect of rank r when s/w = 1.

(a) OMD with r = 20.
(b) OMD with r = 35.

Figure B.4: Comparison of OMD with frequency spectra and effect of rank r when s/w = 3.
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Appendix C

Flow Fields Derived from OMD

(I)

(II)

(a)

(b) (c)

Figure C.1: Streamwise velocity contours from modal decomposition, taken at z/δ = 0.16, for
(a) s/w = 3 and St = 0.148, (b) s/w = 0.25, with (I) St = 0.149 and (II) St = 0.159, and (c)
s/w = 0.5, with (I) St = 0.149 and (II) St = 0.131.
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