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Abstract

A novel methodology for determining Stress Intensity Factor (SIF) sensitivities for plate bending problems
using the Dual Boundary Element Method (DBEM) is presented. The direct derivatives of the DBEM integral
equations for plate bending have been derived for the first time and are used as part of a DBEM-based Implicit
Differentiation Method (IDM or DBEM-IDM) for calculating the sensitivities of SIFs to changes in different
geometric parameters such as crack length and crack rotation angle. The SIFs and their sensitivities are
calculated using the J-integral and the derivative of the J-integral respectively. A numerical example featuring
a thick plate subjected to membrane, bending, and pressure loads is presented. In the first half of the numerical
example, the SIF sensitivities from the IDM are compared with those obtained from the more common, but
relatively crude, Finite Difference Method (FDM or DBEM-FDM). Results show that the IDM is a significantly
more efficient and robust alternative to the FDM. The accuracy of the FDM showed significant dependence on
the step size used, necessitating a time-consuming optimization procedure to determine the optimal step size.
Once this optimal step size was found, both methods provided very similar results. As part of the second half
of the numerical example, a demonstration of one possible application of the SIF sensitivities from the IDM
is presented. This involved carrying out reliability analyses using the First-Order Reliability Method (FORM)
with a large number of design variables.

Keywords: Dual Boundary Element Method (DBEM); Implicit Differentiation Method (IDM); Finite
Difference Method (FDM); Stress Intensity Factor (SIF); Plate Bending

1. Introduction

It is well established that knowledge of the Stress Intensity Factor (SIF) is necessary for the evaluation of
the residual strength of flawed components. Over the past fifty years many methods of calculating SIFs have
been developed and recorded in the Compendium of Stress Intensity Factors [1]. These SIF solutions include
simple numerical methods such as the Green’s function [2], Compounding [3], and also more advanced methods
such as the Weight Function [4].

As well as the SIFs themselves, their sensitivities with respect to changes in different structural design vari-

ables are also particuarly important, as they enable engineers to understand how to mitigate crack growth and
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make their designs safer. Since the value of many design variables is often uncertain, the adequate performance
of a structure is not guaranteed, therefore a probability that the structure fails to perform adequately needs
to be defined, this probability is termed the probability of failure. The sensitivity of SIFs is often required to
predict the probability of failure for failure modes related to crack growth. These sensitivities can be used with
reliability methods such the First-Order Reliability Method (FORM) [5] to evaluate the probability of failure.

The Dual Boundary Element Method (DBEM) is used in this work with the J-integral to evaluate SIF
sensitivities with respect to changes in geometric design variables. The DBEM has proven itself to be an
efficient alternative to the Finite Element Method (FEM) for applications related to fracture mechanics. In
contrast to the FEM, the DBEM only requires the outer boundaries of a structure to be discretised, enabling it to
provide a continuous modelling of the interior of the structure, providing high-resolution internal displacements
and stresses. Since the J-integral involves the evaluation of displacement and stresses at internal points in the
structure, the combined use of the DBEM and the J-integral can provide very accurate estimates for SIFs.
Detailed discussions related to other advantages and potential applications of the DBEM can be found in [6].

The DBEM for plate problems involving combined bending and tension was first developed by Dirgantara
and Aliabadi [7]. In this approach, Reissner plate theory is used to model plate bending and shear, while 2D
plane stress theory is used to model the behaviour of the plate membrane. Reissner theory is used instead of
Kirchoff theory since it is able to obtain crack tip stress fields that show better agreement to those provided by
3D elasticity [8]. The approach outlined in [7] has since been adapted to a wide range of problems, the most
relevant of which include: the analysis of cracks in structures undergoing large deflection [9], dynamic fracture
mechanics [10], fatigue crack growth in assembled plate structures [11], and the analysis of bond-line cracks in
laminated plates [12]. Among the different Boundary Element methods used to solve problems involving fracture
mechanics with Reissner plates, the DBEM is the most commonly used. However, one other method used in the
past involves the use of the Numerical Green’s Function (NGF) technique [13]. Building on this previous work
concerning the DBEM, the approach outlined in [7] is adapted in this current work for the calculation of the
sensitivities of SIFs to changes in various geometric parameters in plate bending problems involving combined
bending and tension. Potential applications include reliability analysis and shape optimisation.

One recent variation of the BEM is the isogeometric BEM [14, 15, 16]. The isogeometric BEM involves the
use of Non-Uniform Rational B-Splines (NURBS) to represent the boundaries of the structure. Since NURBS
are also commonly used in Computer Aided Design (CAD), data can be transferred between isogeometric BEM
and CAD tools relatively easily [16]. Some relevant past examples of its use include applications to fracture
mechanics, [14, 15] and shape optimisation [16].

Methods used in the past for the calculation of SIF sensitivities have involved the use of the Finite Element
Method (FEM) [17, 18], the Fractal Finite Element Method (FFEM) [19], the Scaled Boundary Finite Element
Method (SBFEM) [20, 21], the eXtended Finite Element Method (XFEM) [22], Galerkin Meshless Methods
[23, 24] , and the Dual Boundary Element Method (DBEM) [25]. SIF sensitivities are usually taken with respect
to geometric design variables such as crack length or crack rotation angle. One notable example of previous work
concerning SIF sensitivity calculation is Huang and Aliabadi [25] where a DBEM-based Implicit Differentiation
Method (IDM), which makes use of the derivatives of the two-dimensional DBEM integral equations, was used
to evaluate SIF sensitivities in two-dimensional structures. Results were validated against the FDM with the
DBEM and the FEM. Previous work concerning the calculation of SIF sensitivities has exclusively focused

on two-dimensional structures. However, aircraft structures such as wing panels and fuselage panels are often



subjected to bending loads and pressure loads. It is therefore more appropriate to model them as thick plates
or shells. This is the approach taken in this work.

Two methods are investigated in this work for the calculation of SIF sensitivities using the DBEM - the
Finite Difference Method (FDM) and an Implicit Differentiation Method (IDM). The FDM is a relatively crude
method involving the use of finite differences to calculate derivatives. The accuracy of the sensitivities from the
FDM can be very dependent on the step size used - if the step size is too small or too large then rounding errors
or truncation errors, respectively, become significant. An IDM, on the other hand, involves the derivation of the
exact derivatives of the DBEM integral equations with respect to some geometric variable. Since an IDM does
not require the use of a step size, it is significantly more robust than the FDM, and can provide sensitivities
that are much more accurate and reliable. Past examples of the use of BEM-based IDMs includes [25, 26, 27].
One notable example is Sfantos and Aliabadi [26] where a BEM-based IDM was employed for evaluating design
sensitivities for contact problems. The results from the IDM were validated against an analytical solution and
against a BEM-based FDM. It showed close agreement with both methods. In this current work, the use of the
FDM or the IDM with the DBEM is hereafter referred to as DBEM-based FDM (DBEM-FDM) or DBEM-based
IDM (DBEM-IDM) respectively.

The main objective of this work was to create a DBEM-based IDM that acts as a much more efficient and
robust alternative to the relatively crude DBEM-based FDM when evaluating SIF sensitivities with respect
to geometric design variables for plate bending problems. Previous work on this topic has exclusively focused
on two-dimensional structures. To achieve this objective, a DBEM-based IDM for plate bending has been
developed for the first time. This DBEM-IDM makes use of the derivatives of the DBEM integral equations
and the J-integral formulations for plate bending. These derivatives have also been derived for the first time
and are presented here. To validate the proposed DBEM-IDM, SIF sensitivities are compared with those from
a DBEM-based FDM. To demonstrate one possible application of the DBEM-IDM, it is used in the reliability
analysis of a thick plate subjected to membrane, bending, and pressure loads with the FORM.

2. Methodology

In this work, Latin letter indexes (e.g. i, j, k) can take values from 1 to 3, while Greek letter indexes (e.g.

a, B, p, 7v) can takes values of either 1 or 2.

2.1. DBEM for Plate Bending Problems

From [7], the discretised DBEM integral equations for plate bending are:
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for the displacement integral equation, and:
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for the traction integral equation.

The DBEM integral equations for two-dimensional plane stress (membrane) are:
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for the traction integral equation.

In the above equations, 7%, Ub., V?

i) Yigr Vi,

Slﬁk, Dfﬁk, and Q;, are the fundamental solutions for plate bending,
while T3, Uag, Sapp, and D,g, are the fundamental solutions for the membrane. Expressions for these
fundamental solutions can be found in [6]. The integral symbols { and F represent Cauchy principal value
integrals and Hadamard principal value integrals respectively. w; and ws denote rotations in the directions x;
and zo respectively, and w3 denotes displacement in the direction x3. u; and ug are the displacements in the
directions z; and xy respectively. pj are the bending and shear tractions with p, = Mygng and ps = Qana.-
t; and t2 are membrane tractions in the directions z; and z» respectively where t, = N,gng. The integrations
are carried out over the boundary S of the structure’s domain. ng denotes the components of the unit outward
normal vector at the boundary. xT and x~ denote the upper and lower surfaces of the crack respectively.

Descriptions of any remaining terms can be found in the Appendix. In the DBEM, the upper and lower surfaces



of a crack are modelled as co-planar. The displacement integral equations (equations 1 and 11) are applied to
the upper surface while the traction integral equations (equations 6 and 14) are applied to the lower surface.
The displacement equations are also applied to outer boundary as well. An example of this can be seen in
Figure 1.

Since the fundamental solutions shown in the integral equations (2)-(4), (7)-(9), (12)-(13), (15)-(16) are of
the order of In(1/r), 1/r, or 1/r%, (where r is the distance between the collocation node and the field point)
mathematical singularities can occur when the collocation node lies within the same element as the field point.
When dealing with weakly singular integrals with singularities of the order In(1/r) or 1/r such as those seen
in equations (2)-(4), (8), (9), (12)-(13), (16), the transformation of variable technique proposed by Telles [28]
is used. For equations (2) and (12), rigid body motion is also applied. The strongly singular integrals with
singularities of the order of 1/r? seen in equations (7) and (15) only become singular when both the collocation
node and the field point are on a crack surface. In many practical problems, cracks are usually modelled as
piecewise flat (each individual crack element is flat), and this is the case in this work. By modelling cracks as
piecewise flat, the integrals in equations (7) and (15) can be carried out analytically. For each of the integral
equations seen above, when the collocation node is near to the field point, but is not in the same element as the
field point, the integral shows near-singular behaviour. In this case, the element subdivision technique is used.

Details on these methods can be found in [6].
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Figure 1: (Left) An example of mesh design for a square plate with a straight centre crack. Quadratic elements are used. The
upper and lower surfaces of the crack are assumed to be coplanar. (Right) A zoomed-in view of the straight centre crack. The
coordinates of the crack nodes can be expressed in terms of crack half-length a and crack rotation angle 6. Element end points are
marked as ticks, elements nodes are marked as circles, "D’ denotes the displacement equations, and T’ denotes the traction
equations.

The system of equations used in the DBEM is of the form Hu = Gt. Where H and G are matrices of
coefficients, and u and t contain boundary displacements and tractions respectively (both known and unknown).

The final system of equations can be written as:
AX=F (17)

where A is a matrix of coefficients, X is a vector of unknown boundary displacements and tractions, and F is

a vector containing coefficients multiplied by known boundary conditions.



Cracks are discretised using discontinuous quadratic elements; continuous quadratic elements are used on

the outer boundary except at the corners - where due to the non-uniqueness of the normals, semi-discontinuous

quadratic elements are used. This can be seen in Figure 1.

2.2. DBEM-based IDM for Plate Bending Problems

The derivatives of the discretised DBEM integral equations for plate bending (equations 1 and 6) with

respect to some geometric parameter Z,, (e.g. plate length, plate width, crack length etc.) are:
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The derivatives of the DBEM integral equations for two-dimensional plane stress (membrane) are:
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In the above equations, T}; iom

i Sfﬂkm, Dsﬂk,nw and Qjj ,,, are the derivatives of the fundamental

solutions for plate bending, while Tog,m, Uag,ms Sasp,m, and Dagpm are the derivatives of the fundamental
solutions for the membrane. The expressions for these fundamental solutions have been derived for the first
time in this work and can be found in the Appendix.

While the fundamental solutions for the membrane and plate bending seen in section 2.1 are functions of
the distance r between the collocation node and the field point, the derivatives of these fundamental solutions
as seen in equations (18-33) are functions not only of r but also its derivative r ,,,. Therefore, equations (18-33)
are functions of the derivatives of the nodal coordinates. As shown in Figure 1, the coordinates of the crack
nodes can be expressed in terms of the crack half-length a and crack rotation angle 8. Therefore, the derivatives
of these nodal coordinates with respect to a and 0 can be evaluated analytically. This is the approach taken to
obtain r ,, with the IDM.

In DBEM-based IDM the system of equations is H ,,,u + Hu ,,, = G ;,t + Gt ,,,, where H, G, u, and t are
the same as defined in section 2.1, and H ,,,, G ,,,, Uy, and t ,,, are their derivatives. This system of equations
can be rewritten as:

AX,, = [F’m - A,mx} (34)
where A and X can be obtained from equation (17). Since the right-hand side of equation (34) is known, LU
decomposition can be used to obtain the unknown derivatives of boundary displacements and tractions X ,,

The entries of the matrix A ,, which correspond to the case where both the collocation node and the field

point lie on fixed boundaries are zero. This occurs if a change in the geometric variable Z,,, produces no change



in the coordinates of the nodes on this boundary. For example, consider a plate with a centre crack. If Z,, is the
crack half-length a, then changing Z,, will not produce any change in the coordinates of the nodes on the outer
boundary of the plate. Therefore, if both the collocation node and the field point lie on the outer boundary,
then the corresponding entries in A ,,, will be zero. Because of this, the entries of A ,, that correspond to
collocation node - field node pairs that lie on fixed boundaries do not need to be calculated. This has the effect

of significantly reducing the computational cost associated with evaluating A ,,

2.8. Stress Intensity Factor Fvaluation

One of the most popular path-independent integrals for evaluating stress intensity factors is the J-integral.

For plate bending, the rate of energy released per unit crack extension in the z, direction is:
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For two-dimensional plane stress (membrane) it is:
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where I is an arbitrary contour surrounding the crack tip, and W is strain energy density (strain energy per

unit area). The strain energy density for plate bending is:

1
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where xp are the flexural strains:
1
and v, are the transverse shear strains:
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The strain energy density for two-dimensional plane stress (membrane) is:
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where €, are the in-plane strains:
1
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The derivatives of the rotations and displacements with respect to direction p in equations (35) and (36)
(wg,p and ug ) can be calculated at some internal point x” that makes up the J-integral contour via the following
discretised integral equations:
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for plate bending. Expressions for the fundamental solutions Uag,p, Twg,p, Uibjm7 T” p» and V;bap can be found

in [6].

The fundamental solutions Uag.p, Tug,p, Ul ,, T} ,, and Vi, are the derivatives with respect to direction
p of the fundamental solutions introduced in section 2.1.
The component of the plate-bending J-integral in the x; direction is related to the bending stress intensity

factors for fracture modes I, II, and III in the following manner:
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Likewise, the component of the membrane J-integral in the x; direction is related to the membrane stress
intensity factors for modes I and II in the following manner:
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where E’ is Young’s modulus, it is equal to E in the case of plane stress, or E/(1 — v2) in the case of plane
strain. In order to obtain the individual stress intensity factors, the J-integral needs to be decoupled. A method
of achieving this for the membrane was presented in [12], a similar procedure for plate bending was presented
by Dirgantara and Aliabadi [7]. The membrane and plate-bending J-integrals can be decoupled into symmetric

Js and anti-symmetric J45 components:
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Therefore, the individual stress intensity factors for the membrane can be written as:
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To split the mode II and mode III components of ng& a displacement ratio as proposed by Rigby and Aliabadi
[29] is used:
48
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(59)

surfaces of the crack respectively.

By substituting equation (59) into equation (54) the plate bending stress intensity factors for modes 1T and
IIT can be obtained:
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The maximum values of the stress intensity factors through the thickness of the plate are:
max ](nl 6
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Regarding the implementation of the J-integral using the DBEM - the J-integral path can be chosen as a
circular path centred around the crack tip. A series of equidistant internal points make up the circular path.
The integrations seen in equations (35) and (36) are carried out over this path using the simple Trapezoidal
rule. The cracks in this work are assumed to be traction-free, therefore the contribution of the integration
over the crack surfaces included in the contour is equal to zero. Therefore, the circular path is the only
component of the contour. Various integration paths starting from different crack nodes can be seen in Figure
2. The different integration paths were found to provide similar results, although it was found that the results
gradually converged as the starting node moved further from the crack tip. The results typically converged

after the 5th node, with the results from S5 and S7 showing very little difference.
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Figure 2: The integration paths around a crack tip used to evaluate the J-integral. 32 internal points symmetric about the crack
axis are present along each integration path. The paths are named according to the crack node each path starts from.
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2.4. Stress Intensity Factor Sensitivity Evaluation

The derivative of the J-integral for plate bending with respect to some geometric variable Z,, can be obtained

e
r

from equation (35):
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Likewise for two-dimensional plane stress (membrane):
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where the strain energy density derivatives for plate bending and membrane are:
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respectively.
Similar to the method shown in section 2.3, the derivatives of the rotation sensitivities and displacement
sensitivities with respect to direction p in equations (66) and (67) (wk,pm and ug ,m) can be calculated at some

internal point x’ that makes up the J-integral contour via the following integral equations:
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P m =][1 Top.pm (X', %(0) )N () J™ (1) dn) +][1 Tap,p(x',x(0)) N7 () s (1)dn (71)
+1 “+1
Qaom =/1 Uaﬁ,pm(X’,X(n))J\’””(n)J"e(n)clnJr/1 Uap,p(x',x(n))N"7 () s (n)dn (72)

for the membrane, and:

wj,pm( Z ZPZZZz it Z ZPZZH jom (73)

ne=1vy=1 ne=1~vy=1
N, M N, M
b,ne Ne bney ne n,Me
= Z ZQUPT:/LPJ T+ Z ZQZMWPJWA; a3 Z O om
ne=1~v=1 ne=1~vy=1 ne=1
where:
b,n i b /
P = [ T N an + TSN T (7
b 1
Qi = [ Ul XN ()T o / UL, (o ()N () T ()i (75)
b o
MeY ! nE Ne
Ol = [ Blom ' x(u))g / ()T () (76)
where:
BY (%) = (Ve (6 590705) + Vi (5, X) 10, () ) (77)
o v b ! b ’
(1 _ V))\Q (Uzoz pm(X 7X)n04 (X) + Uzoz,p(x aX)nOéym(X))
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and VP can be

for plate bending. Expressions for the fundamental solutions Tos pm, Uag,pom., Til}) pms U b o

13,pm)

found in the Appendix.
and V

i.apm are the derivatives with respect to

. fona b b
The fundamental solutions Uag,pm, Tag,pom: U pms Lij pm>
direction p of the fundamental solutions introduced in section 2.2.
The individual mode components of J’Zfll and J’bnlI can be decoupled by using a similar procedure to that
shown in section 2.3. Therefore, the sensitivities of the individual stress intensity factors for the membrane can

be written as:

Jim g
K =" " 78
Lm = oKm (1 —12) (78)
Tiftm  E
Kn o =" 79
II,m QK?} (1_1/2) ( )
The sensitivities of the plate bending stress intensity factors for modes I, II, and III are:
. ERn3Jt .
’ 24K7

ER3 10 Aws )\ 2
Kb = | T+ s (o 1
II,m Aw3)2>2{J11)m< +(1+I/)h,2(A’UJ1) ) (8 )

24K}, (1 + e (Zwl
20 b Awg Aw?,
- 2 ‘]II
(I1+v)h Awy ) \Awi / ,

5Eh 1+ v)h2 [Aws\ >
K?Il,m: P 2{J?Ivm<1+(10)<Aw3> )
12(1 + v)KY,, (1 4+ LEh? (dus '
V)Rrrr 10 Aw,
2 . 73 >
+2J?I (1 +V)h AU)3 Aw3
10 Aw1 Awl m

The sensitivities of the maximum values of the stress intensity factors through the thickness of the plate are:

—~

82)

max K}nm 6 b
KI,m = h ﬁKI,m (83)
max KI"} m 6
KII,m = h7 + EK?I,M (84)
m 3
KI}L}?Cm = ﬁK?II,m (85)

2.5. DBEM-based FDM for Plate Bending Problems

For the DBEM-based FDM, the first-order central finite difference scheme is used to obtain the sensitivities

of a stress intensity factor K with respect to a change in some geometric variable Z,,:

OK(Zm) _ o K(Zm+AZp) = K(Zm — AZy)
0z, mT 207, 0

where AZ,, is the step size. The choice of AZ,, has significant influence on the accuracy of the derivative
K, it AZ,, is too small then there will be significant rounding error, and if AZ,, is too large then there will
be significant truncation error [30]. Since the optimal step size will change depending on the value of Z,,, a
normalised step size AZ] is used such that AZ,,, = Z,,,AZ/ . In this work, an optimisation procedure is carried

out to determine the optimal normalised step size AZ/ .
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2.6. First-Order Reliability Method (FORM)

In the field of structural reliability analysis, the boundary between the structure failing and not-failing is
defined as a ‘limit state’. This can be represented mathematically as a limit state function (LSF) or performance
function g(Z) [5]:

9(Z) = R = 5(X) (87)

where R is the resistance of the structure to some load effect S, Z is a size ¢ vector containing all of the design
variables that influence g, and X (X C Z) is a size n (n = g — 1) vector of the design variables that influence S.

The reliability, Pg, of a structure can be determined by evaluating the following integral:

Pr=1-Pe=Pl(2) >0} = [ fu2)az (58)
9(Z)>0

where f(Z) is the joint PDF of Z. Pr and Py involve integrating f,(Z) over the regions defined by g(Z) < 0
(the failure region) and g(Z) > 0 (the safe region) respectively. All of the design variables are assumed to
be mutually independent. The direct evaluation of the above integral is usually very difficult since it can
be multidimensional if many design variables are involved. The integration boundary g(Z) = 0 can also be

multidimensional and is usually a non-linear function.
The First-Order Reliability Method (FORM) is a method that can be used to evaluate this integral and
is used in this work for this purpose. The version of FORM used in this work is the Advanced First-Order
Second-Moment (AFOSM) method for non-linear limit sate functions. More details on this method, and on

structural reliability analysis in general, can be found in [31].

3. Numerical Example

A numerical example involving a thick plate with an inclined centre crack subjected to membrane, bending,
and pressure loads is investigated. The plate used in this example can be seen in Figure 3. The plate is
made from steel, and is modelled using 32 quadratic elements on the outer boundary (8 for each edge), and 48

quadratic elements on the crack (24 for each crack face).

T3 Clamped (uq =0, w; = 0) L

a e
Ty //// ‘ e v
ZL/’ ‘ \ qn % )
S S
I ( (
P
by

2W

Figure 3: Thick plate with an inclined through-thickness crack. The plate is subjected to the combined loading of a membrane
traction, a bending moment, and a uniform load. The geometric variables b1 and ba denote the offset of the centre of the crack in
the 1 and x2 directions respectively from the low-left corner of the plate.

This example is split into two parts. In the first part, the SIF sensitivities of the critical crack tip are

calculated using the DBEM-based IDM (DBEM-IDM) and the DBEM-based FDM (DBEM-FDM). The purpose
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of this first part is to demonstrate the superior robustness and efficiency of the DBEM-IDM when compared
to the DBEM-FDM. In the second part, reliability analyses are carried out with the FORM using the SIF
sensitivities from the DBEM-IDM. The purpose of this second part is to demonstrate one possible application

of the SIF sensitivities calculated from the DBEM-IDM.

3.1. Stress Intensity Factor Sensitivities

The values of the geometric and loading design variables used in this first part of the example can be seen

in Table 1.

Table 1: The design variables used in the first part of the numerical example.

Parameter Description Value

0 Crack rotation angle 30° (0.524 rad)
a Crack half-length Variable (from 0.1-0.8 m)
by x1 position of the crack 1 m

b xo position of the crack 1 m

L Plate half-length 1m

w Plate half-width 1m

h Plate thickness 0.15m

ty Membrane traction 4 MNm~!

D2 Bending moment 5 MN

qs3 Uniform load 2 MNm 2

E Young’s modulus 206.8 GNm 2
v Poisson’s ratio 0.29

The sensitivities of the maximum SIFs through the thickness of the plate (equations 83-85) with respect
to crack half-length a were calculated using both the DBEM-FDM and the DBEM-IDM with the J-integral.
The J-integral path used was the 5th path (S5 in Figure 2), and 32 internal points were used on this path. It
was found from a convergence study that increasing the path number or the number of internal points above
these values did not produce much change in the SIF sensitivities. The optimal normalised step size for the
DBEM-FDM was found to vary depending on the value of a/L. The procedure to find the optimal normalised
step size for a particular value of a/L involved calculating these sensitivities for a wide range of values of AZ!,
from 1 x 1075 to 9 x 107. There will be a range of values of AZ/, for which the sensitivities are stable, and
the optimal value of AZ/, is chosen from this range. It was found that a value of AZ] = 8 x 1072 provided
sufficiently stable sensitivities at all of the values of a/L investigated. As mentioned in section 2.1, the DBEM-
IDM involves evaluating the nodal coordinate derivatives analytically. It therefore avoids the time-consuming
optimisation procedure required for the DBEM-FDM.

The normalised maximum stress intensity factors and their sensitivities can be seen in Figures 4 and 5
respectively. It can be seen that the sensitivities from the DBEM-FDM and the DBEM-IDM compared well for
all three maximum SIFs. Based on the data in the three sub-Figures of Figure 5, the mean absolute percentage
difference between the DBEM-FDM and the DBEM-IDM was 2.28%, 3.22%, and 2.37% for the sensitivities of
Kper, Ki*®, and K7}$" respectively. These represent very small differences. In Figure 5c it can be seen that
there is a large difference of about 11.62% between the DBEM-FDM and the DBEM-IDM at a/L = 0.15. This
can be explained by the observation that at relatively small crack sizes (a/L < 0.2) there is only a small range
of values of AZ! for which the SIF sensitivities are stable. This complicates the procedure of determining the

optimal value of AZ! .
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Figure 4: Normalised maximum stress intensity factors obtained from the DBEM from the J-integral using path S5 (see Figure 2).
These stress intensity factors were evaluated at 6 = 30° (0.52 rads). (a) K7***, (b) K7;**, (c) K7}$*
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Figure 5: Normalised maximum stress intensity factor sensitivities obtained from the DBEM-FDM and the DBEM-IDM from the

J-integral using path S5 (see Figure 2) with respect to crack half-length a vs. a/L. These sensitivities were evaluated at 6§ = 30°

(0.52 rads). The normalised stepsize used for the DBEM-FDM is 5 x 1072. (a) K7*%%, (b) K719%, (c) K79®.

A convergence study of the SIF sensitivities from the DBEM-IDM was performed with respect to the J-
integral path used and the number of internal points making up the J-integral path. The results of this study
can be seen in Figure 6. It can be seen that the SIF sensitivities for paths S4-Sg are very similar. The SIF
sensitivities from S; showed a maximum percentage difference with respect to those from Sg of only 2.17%.
This small difference indicates the SIF sensitivities are largely insensitive to the J-integral path used. It can also

be seen that the SIF sensitivities for each path converge as the number of internal points is increased. Based
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on these results, the J-integral path and the number of internal points on this path were chosen as S5 and 32

respectively.
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Figure 6: Normalised maximum stress intensity factor sensitivities obtained from the DBEM-IDM from the J-integral using paths

S4-Se (see Figure 2) with respect to crack half-length a vs. the number of internal points used on each path. These sensitivities
were evaluated at a/L = 0.45 and 6 = 30° (0.52 rads). (a) K7**%, (b) K7;*%, (c) K[}5°.

A convergence study of the SIF sensitivities from the DBEM-IDM was also performed with respect to the

number of elements on each of the two crack faces. The results are presented in Figure 7. It can be seen
that the SIF sensitivities tend to converge as the number of elements on each crack face is increased. The

SIF sensitivities calculated with 24 or 28 elements show absolute percentage differences with those calculated
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with 32 elements of, at most, only 3.45% and 1.18% respectively. Because of these small differences, and also to
reduce computation time, 24 elements were used on each crack face in this work. The SIF's and their sensitivities
proved to be very insensitive to the number of elements on the outer boundary. It was decided to use 8 elements

per edge on the outer boundary to reduce computation time.
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Figure 7: Normalised maximum stress intensity factor sensitivities obtained from the DBEM-IDM from the J-integral using path
S5 (see Figure 2) with respect to crack half-length a vs. the number elements used on each crack surface. These sensitivities were
evaluated at a/L = 0.45 and 6 = 30° (0.52 rads). (a) K7***, (b) K73%%, (c) K739".



3.2. Reliability Analysis

In this second part of the numerical example, reliability analyses are carried out on the plate seen in Figure
3. The failure condition of this plate is with regards to the onset of crack growth. The limit state function ¢ in
this case is:

9(Z) = Go — Gesr(X) (89)

where G, is the strain energy release rate required for the onset of crack growth, and Gesy is the effective
strain energy release rate at the critical crack tip. The vector Z is composed of design variables that influence
g: Z=(0,a,b1,ba, L, W, h,ts,p2,q3, E,v,G,), while the vector X is composed of design variables that influence
Gesp: X = (0,a,b1,b2, L, W, h,ts,pa2,q3, E,v). The distributions of these variables can be seen in Table 2.

The distribution assigned to G, should ideally be found experimentally for the particular combination of loads

presented in this example. For demonstration purposes, G, is given an arbitrary distribution.

Table 2: The design variables used in the reliability analyses conducted in the second half of the numerical example.

Z; X, Parameter Description Distribution Mean p CcOov
Z, Xy 0 Crack rotation angle Normal 30° (0.524 rad) 0.05
Zo Xo a Crack half-length Lognormal 0.1 m 0.05
73 X3 by 21 position of the crack Lognormal 1m 0.05
Zy X4 by To position of the crack Normal 1m 0.05
Zs X5 L Plate half-length Lognormal 1m 0.05
Z¢ Xg W Plate half-width Normal 1m 0.05
Zr X7 h Plate thickness Lognormal 0.15 m 0.05
Zg Xg tg Membrane traction Normal 4 MN/m 0.1
Zg X9 p2 Bending moment Lognormal 5 MN 0.1
Zi0o Xi0 g3 Uniform load Normal 2 MN/m? 0.1
Z11 X1 F Young’s modulus Lognormal 206.8 GPa 0.2
Z1s Xio Vv Poisson’s ratio Lognormal 0.29 0.2
Zys - G Strain energy release rate re- Normal 100 J /m2 0.2

quired for crack growth onset

The sensitivities of g(Z) with respect to the variables in Z are required by the FORM to evaluate the
probability of failure Pr. The sensitivities with respect to variables Z; to Zg can be evaluated using the DBEM-
IDM since they are geometric variables. While the sensitivities with respect to the non-geometric variables Z7;
to Z12 can be evaluated using the DBEM-FDM. The sensitivity of g(Z) with respect to G, can be evaluated
analytically. In this work it was found that a normalised step size of AZ!, = 5x 1072 provided stable sensitivities
from the DBEM-FDM for variables Z7 to Zi13. The nodal coordinate derivatives with respect to variables Z; to
Z¢ required by the DBEM-IDM can be evaluated analytically.

The effective strain energy release rate Gefs takes into account the combined effects of membrane and
bending loads. An equation for Gss was proposed by Dirgantara and Aliabadi [32]. A slightly modified version
of this equation, such that mode-II and mode-III components are separated from mode-I components, is used

in this work:

Geg(X) = GP(X) + TIGHX) + Trr (G1(X) + G1(X) + Gy (X)), 0S Ty <L, 0Ty <1 (90)

where:
() = BEOP (o1)
%) = SR (92)
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_ 7 (K7(X))?
GhH(X) = " (93)
_ 7 (K7(X))?
a(x) = Tk (99)
_ m(1+v) (K?II(X))Q

where T7 and T7; are empirically-found coefficients for a particular combination of loads.

The sensitivity of Geys with respect to some geometric variable Z,, is:

Geppm(X) = GF )+ T1GY 1 )+ Ty1 (G () + Gl (X) 4Gl (X)), 0 Ty <1, 0 < Ty < 1(96)

where:
7 (%) = 2 O ) (o7
oX) = 2K}’}(X)§}’},m(x) (98)
& (X) = gﬂ(}’ (X)éfﬁ’,m(X) (99)
Gy (X) = §2K?1(X)§}’1,m(X) (100)
G (X) — (1 5+ V) 2K§,,(X)§}>H,m(X) 101)

Since T7 and T7; are unknown, reliability analyses were conducted over a range of combinations of these two
coefficients. The results of these analyses can be seen in Figures 8 and 9 which show 3D and 2D representations
of the same data respectively. As expected, it can be seen that increasing T7 or Ty increases the probability
of failure. 717 was shown to have the most influence on the probability of failure, suggesting that mode-I
components have more influence than mode-II or mode-III in this example. This is due to the presence of the
membrane traction ¢y, and the fact that the crack rotation angle is quite low at 30°.

Probability of failure Pp
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Figure 8: Probabilities of failure Pr evaluated over a range of values for Tt and Tr; (egs. 90 and 96). This Figure presents the
data as a 3D surface plot.
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Figure 9: Probabilities of failure Pr evaluated over a range of values for Tt and Trr (egs. 90 and 96). This Figure presents the
data as a 2D contour plot.

To compare the levels of influence that the different design variables have on the reliability of the structure,
the sensitivities of g with respect to the variables in Z were calculated and they can be seen in Table 3. It can
be seen that among the geometric variables Z; to Zg, that § and a have the most influence on the reliability of
the structure, while variables b1, ba, L, and W have much less influence. This is intuitive since 6 and a have a
much more direct influence on G.yy. Negative sensitivities imply that increasing the value of the variable leads

reduced reliability. This can be seen with a, t2, and ps.

Table 3: Sensitivities of g with respect to the various design variables investigated in this example. The sensitivities are evaluated
at the means of each variable. Values of T = 0.5 and 7177 = 0.5 were used.

Normalised sensitivity

Z; X, Parameter i aa_)gi (x1 072) Units
Zl X1 0 0.912 radfl
Z2 X2 a -1.11 m- 1

Zs X3 b 0.0381 m~!
Zy X4 by 0.287 m~!
7s X5 L 0.159 m1
7o Xe¢ W 0.0186 m—1
Z7 X7 h -0.0614 m~!
Zs Xsg to -3.42 mN~!
Zg X9 D2 -1.49 N-1
Z1o X0 g3 0.339 m?N—!
Z11 X1 FE 4.54 m?N—!
Zlg X12 v -0.281 szfl
Zos - G, 20.0 ]

4. Conclusions

In conclusion, a new methodology for determining stress intensity factor (SIF) sensitivities for plate bending
problems using the Dual Boundary Element Method (DBEM) has been proposed. A DBEM-based Implicit
Differentiation Method (IDM), making use of the direct derivatives of the DBEM integral equations and J-
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integral formulations for plate bending - which have been derived for the first time, is used to evaluate SIF
sensitivities with respect to geometric parameters such as crack half-length a and crack rotation angle 6. A
numerical example featuring a thick plate subjected to membrane, bending, and pressure loads is presented, and
the results from the IDM are compared to the relatively crude Finite Difference Method (FDM). It was shown
that the IDM and the FDM compared quite well once the optimal step size for the FDM was determined. The
SIF sensitivities with respect to crack half-length a showed an average absolute percentage difference between
the IDM and the FDM of, at most, 3.07%. The necessary use of a time-consuming optimization procedure to
determine the optimal step size for the FDM suggests that the IDM is a significantly more efficient and robust
alternative to the FDM for SIF sensitivity evaluation for plate bending problems. In the second half of the
numerical example, a demonstration of one possible application of the DBEM-based IDM was presented. This
involved carrying out reliability analyses with the plate using the First-Order Reliability Method (FORM) with

a large number of design variables.

Appendix A Formulations for DBEM-based IDM

The fundamental solutions for the membrane and for plate bending can be found in [6]. The derivatives of
these fundamental solutions with respect to some geometric parameter Z,, have been derived for the first time

in this work and are presented in this Appendix.

A.1  Useful Definitions

The following relationships are used in the fundamental solutions derived in this work.

To = To — T (102)
r= Vi =it (103
T = % (104)
g—:; =T n =Nala =N1T,1 +N2T 2 (105)

Derivatives with respect to direction x:

of(r) _ of(r) or _ 9f(r)

dre  Or Oxo  Or T (106)
1

T.aB = ; (5a6 - T,QT,B) (107)

(T,n),a = %(na - T,ar,n> (108)

Derivatives with respect to some geometric variable Z,,:

of(r) _ of(r) or _ 9f(r)

0Zym _ Or 0Zn, or ™ (109)
Taym = Ta,m — x;m (110)
Tm = %(27‘17“1,7" + 27“27"27,”)7“71 = rar%mr*l =Talam (111)
T oam = To;’m - %Tvm = me - T’TO‘TM = %(Tmm - 7’7(11",7,,,) (112)



or 1 1
<5n) - =T m = (N7 5)m = (7,(an7)> - = <(”7T7),m - T,nr,m)

1
(r.ars)m = — (hoﬂ“ﬁ,m + 7. pTam — QT,aT,BT,m)

(MyTy)m = N1mT1 + NamT2 + N7 1 m + N2T2m

Useful definitions for plate bending:
A =V10/h

zZ=Ar
Eh
1—0v2
EhR?
12(1 — v?)
D(1—v)\?
2

B =

D =

O:

(113)

(114)

(115)

(116)

(117)

(118)
(119)

(120)

where A is the shear factor, h is plate thickness, and B, D, and C represent the tension stiffness, bending

stiffness, and shear stiffness of the plate respectively.

We also have:

A() = Kol2) + % {Kl(z) - i]

B(z) = Ko(2) + % {Kl(z) - j

where Ko(z) and K;(z) are modified Bessel functions of the second kind.

2T 2 4\,
A,m(z) = Ko’m(z) — 22’ Kl(Z) + ;Kl’m(z) + 237
AT m, 1 2N
B (2) = Ko m(2) — 5 Kq(2) + —Ki.m(2) + 3
z z z
where Ko, (2) and K1 ,,(2) are:
Kom(z) = =Ar K1 (2)
1
Klﬂn(z) = _Ar,m (KO(Z) + ZKl(Z))
2\r 2 4)\r
Ap(2) = Ko () = 25Ky () K pf2) + g
Ar 1 2\r
B’p(z) = KO,p(Z) — ZépK1<Z) + ;K]_’p(Z) + 237’)

where Ky ,(z) and K ,(z) are:
Kop(2) = —Ar K1 (2)

1
Ky ,(z) ==X, <K0(z) + ZK1(2)>
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(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)



A pm(z) = %2(27",97“,,” — rp,m> <2A(z) + zKl(z)> — Tri (2A7m(z) +Ar o K (2) + zKLm(z))

1 r
B pm(z) = = (2r’pr’m — rp’m) (A(z) + 2K, (z)) — 7’dp (A’m(z) + A K1(2) + zKl’m(z))
where Ko ,m(2) and K pm(2) are:

Ko,pm(2) = —)\(r,pmiﬁ(z) + T’pKLm(Z))

AT T 1
K1 pm(2) = —A l?“,meO(Z) +7pKom(2) — %Kl(z) t (r»mel(Z) + T,pKl,m(Z))]

A.2 Membrane

The derivatives of the membrane fundamental solutions are:

1+v
Ua mzi[am aTgm — ((3—4 (sa 2r o m:|
B = L ER(I = v | T8+ Targm — ((3 = 4v)dap + 2rarg)r,
T m 1+v
Ua m:_’an 7{3_4 604 m_5 am_aa m
B.p r B’p+47rEh(1—V)r ( V)8apT p BoT, eT.B

27, (T am,3 + 7T pm) + 20T 07 |

1

Tapm = T =) [QT,n(Ta,mT,ﬁ +7argm — (1 = 20)8ag + 47,07 8)7m)

+ (nyry) m (1 = 20)00p + 2r o7 ) + (1 — 20) (Na.mT8 — NB.mTa

+ naTgm — NaTam) — 2(1 — 2v)(ner g — ngr,a)r7m]

2r m

1
Toppm = ——"Tapp+ A=) [27",nm (504/:7“,5 T 08pT 0 — T,p((l — 20)0ap + 4710”16))
+2r, (5,1,)7“75,,1 +08pT m — T pm ((1 —2V)6ap + 47"7,17'75) —4r, (r,amrvﬁ + r,ar,gm)>
+ npm ((1 = 20)0ap + 2T,a7‘,ﬁ> +2np (T,amw + T,aﬁﬁm)

—ngm(l—2v) (5ap — 27"7047“7,)) +2ng(1 —2v) (rvamr,p + r7ar,pm)

+ na,m(1 —2v) (6ﬂp — 21“,57‘,,)) — 2n,(1 — 2v) (rﬁmr’p + 7“757“7,",1)]

T 1
Dpapm = — ;” Dpap + m [QTW(T,amr,B + T,ar,ﬁm) + 27 o7 BT pm

(L= 20) (=0t + Gy + G )|
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(132)

(133)

(134)

(135)

(136)

(137)

(138)
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QT’mS n Eh
P8 g (1 — v2)r2

Spaﬁ,m = -

27 m ((1 —20)0a87,p + V(0apr g + 08pT.a) — 4r7ar75r7p) (140)

+2r, ((1 —20)6a87,pm + V(ap” gm + 08pT .am) — 47 p(T.am? g + .ol gm) — 4r?ar75r7pm)

+ 20(na,m" 87,0 + Na(r gm?,p + T,Br,pm> +ngmlal,p+np (r,amr,p + 7.al pm))

+ (1 =2v)(2npmTar g + 20 (T am?.3 + T.al gm) + Oapngm + 08pNa,m) — (1 — 4y)6agnp,m]

A.3 Plate Bending

The derivatives of the plate bending fundamental solutions are:

For Ul-bj’m:
1
b _ _ _
Uapm = S7D(1 = y)r{ [STB,m(z) +2(v 1)r7m}5ag 8rA (2)rorp (141)

- [8A(z) +2(1 - 1/)] (r,ar@m + 7 B 0m — 2r7arﬁr7m>}

1
Ubsm = 535 [27‘er7(1 + (2Inz — D)ram (142)
Usam = Unzm (143)
1
b 2
= 7 oo (1= v)@2nz —1)27 = 8|r 144
Uss.m STD( = v)AZr {( v)(2lnz — 1)z 8} T (144)

For Uibj,pm:
r 1
Ugﬂ,pm = _,Tng’B’p — m (SB,p'm(Z)'I” + 8879(2)7",'m — 2(1 — V)T,pm)dozﬁ (145)

—8A pmrrar. g — 84 ,(2) (T,oﬂ"ﬁ,m + Tamr g — 2T7a7‘757‘7m)

— 84 (%) <5aprﬁﬁ +08pT,0 — 27",,17*751"4,)

- (8A(Z) +2(1 - V)) (5ap7’,ﬂm + 08pT,am — 27,aT,87,pm — 27,p(T amT g + T7aT7BM)>]

1
U33 om = D [rmm?ﬂp +TpmT 0 — 27 T pT m + r_méap] (146)
’ 7 Dr :
Ugoz,pm = _U(l;c?),pm (147)
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1
| S _ .2 1 _ 2
Uss pm = 7D = p)AE? [(rpym 2r,pr7m)((1 v)z®(2lnz — 1) 8) +4(1 —v)r ,rmz lnz] (148)

For Tf}-’m:
m 1
Tgﬁ’m = —T’T Tabﬁ ~ <4A’m(z) + 21 K1 (2) + 2zK1,m(2)) (6a5r,n + r’gna) (149)

+ (4A(z) +2zK1(2)+1— 1/) (604,37“,,”” + 7 gmNa + r”gnmm)
+4A ,,(2)r.ang + (4A(z) +1+ 1/) (rﬂmnﬁ + r,an@m)

— 2(8A,m(z) + 2Xr K1 (2) + 22K1,m(z)>r7ar,5r,n

— 2(8A(z) +22K1(2)+1— 1/) (r,ar,ﬁr,nm + (r,amr,ﬁ + ’I")ar,ﬁm)’l"7n)‘|

)\2
Tabg m= 5 {B,m(z)na + B(2)na,m — A m(2)r orn — A(2) (r,amr’n + r,arﬁnm)} (150)
’ T
1-— 1
Tyom = - 87TV) 2 El j Z; (r;n Na + na,mln2> — Naym + 2<r,am7‘,n + T,ar,1Lm)] (151)
T b (NyTy)m — 27 T om (152)
33,m 2777'2 Y Y/ s 3
For Tibj’pm:
b _ Tpm b T.p b 27 m b
Tagom =~ Tap+ " Tapm = =~ Tapp (153)
+ 3 |2 (2A,pm(z) + A o K1 (2) + A p K (2) 4 A K p(2) + 2 Kl,pm(z)) (5a 5(nary) + ,,Bna)

+ 2(2A)p(z) + A, Ki(2) + zKLp(z)) (6aﬂ(n7r7)7m + 7r8Na,m + rg’mna)

+ 2<2A,m(z) + A Ka(2) + zKl,m(z)) (5a3(np — 7T m) +na(0pp — r,gr,p))

+ (44(2) + 22K (2) +1 - v)

X (5a6 (Mpm = TopmTm = ol nm) + Na,m (080 — 7,87,p) — Na (T gm?,p + Tyﬁr,pm))

+4A o (2)rang +4A ,(2)(ra,mnsg + Tang,m)

+4A . (2) <5ap — 1"7&7",/,) ng + <4A(z) +1+ 1/) (5apn,37m — Tl pN3m — (T am? p + r7ar,pm)>
— 4<4A,pm(z) + A7 o K (2) + A1 p K o (2) + Ar i K p(2) + zKl,pm(z)>r7ar7/3(n.¥T7)
—4(44,(2) + A K (2) + 2K1,0(2) ) (rar s (1) + (147 (am? + 7.7 m)

- 4<4A,m(z) + Ar o K1 (2) + zKlm(z)) (r@r,gnp + 7 n(0apr g+ 08pT .0 — 37"70[7157"7,)))

- 2<8A(z) +2zK1(2)+1— 1/)

X (r,ar,ﬁnp,m + np(r,ocmT,ﬁ + 7,0l gm) + r,nm((sapr,ﬁ +08pTa = 37aT 87 ,p)

+7n (6apr75m + 08T am — 3ol 87 pm — 37 p(T am™T,8 + r’arﬁm)))]
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— b )‘2

a3, pm r a3, p 2r

Tb r»m

— A (2)rarn — A p(2) (ra’mr,n + roﬂjnm>

—An(2) (5@7“’” +7ran, — 2r’ar’pr’n)

— A(z) (5apr7nm + 7 amMp + T.alpm — 27 ol o7 nm — 27 o (T.am? p + r,ar,pm))]

1-v)| . 1+v

b _ _TI'mawp
T3a,pm - r T3a,p+

+ 2<r’amnp + 70N m + T am(0ap — 27.ar p) = 27 o (T.am? p + r,ar’pm))]

2r 1
b > b
Tisom = ——"Ts3,+ 53 [”p,m - 2(T7pm7",n + T,pr,nm)]

b .
For Vi’ﬁm.
2 r
VE o = Zr VP 7[
apm = [ TmVap+ 190

b 1

- _ _ 2 _ _
V5 g = 1287TD(1—V)AQ{TB’m[32(2an 1) — 2*(1 — v)(4lnz 5)}

+2r g7 m [32 —22(1 —v)(4lnz — 3)] }

b .
For ‘/’L,Bpm'

r

b T, b r T,
Vagom = = Va'po = g1 [4 - <5aﬂ7",p +0aplp + 5ﬁpr,a>

+ (4lnz - 3) (5a5r,pm + dapT gm + 5ﬁpr7am) +4r o1 g pm +4r, (7“7(17“”37,, + T7ﬂr7am)]

1

‘/:’ib”[ipm = m l(%,ﬂ",m +7raTpm + Tvprﬂm) (32 —(1- 1/)22(41112 - 3))

—4r gr ,r m (16 +(1- V)Z2)]

By (2)r16 + B p(2) (r,mna + rnmm)

)
LETT—

4r (6a5 + 27“7(17“”@) + 2(4lnz - 3) (r,ar@m + 7.8 am — 2’1“7&7“”37“,7,,)}
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For ‘D?ﬂk:,m:

1
4drr

Daﬁp = —T’TmDaﬁp + [(4A,m(z) +2Xr K1 (2) + 22K17m) (55,)7“,04 + 6@7"75)

+ (44(2) + 22K1(2) + 1= ) (357,0m + e m)

- 2<8A7m(z) + 21 K1 (2) + 2zKLm)r,ar75r7p

_ 2<8A(z) +22K1(2)+1— 1/) (ryp(r@mr,g + rvarﬁm) + r’pmr?arvg)

+4A ,(2)0apr p + <4A(z) +1+ u) 6agr,pm}

(1-v)
8mr

Da,(i’3 m =

[2 (rarpm+78Tam) = Tm (47‘,a7",ﬂ -2

(1+v)

(1-v)

)\2
Dgﬁp,m = — {B,m(z)épg — A (2)r ,r g — A(2) (r,pmr,g + ’I“’p’l“”@m):|
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1
b
D3,6’3,7n = 22 (Tﬁm@ - 27’7,87’7,,%)

For Sfﬁk m
2r D(1-v)
b _ M b
Saﬁp,m -y Saﬁp + Amr2?

+ (4A(z) +22K:(2) +1— 1/) (6pan5,m + 5p5na’m) +4A 1 (2)0apn, + (4A(z) + 1+ 31/) 0aB8Mp,m

5

<4A7m(z) + 21 K1 (2) + 2ZK17m(z)) (5panﬁ + 5p5na>

164, (2) + 6AF K1 (2) + 62K 1 i (2) + 22\ Ko (2) + z2K0,m(z))

16A(z) + 62K1(2) + ZQKQ(Z) +2— 2V) ((nmmr”g + Nt gm + NBmT,a + NBT am)T p

-

X ( Nal,g+ NEra )T,p + (5pa7“,6 + 5p5r,a)T7n)
-(
(n

+

— 2(8A,m(z) + 27 Ky

- 2<8A(z) +22K1(2) + 1+ 1/) (5a5(r7pmr7n + 7 T m) + (T amT g+ T.aT 8m) + npymr,arvg)

47,577 (244, (2) + 8N K1 (2) + 82K n (2) + 22A0m Ko (2) + 22Ko,m(2))

+ 4(24A(z) + 82K (2) + 22 Ko(2) + 2 — 21/)

X (T,pr7n(r,()¢mr,g + 7ol gm) + 1ot g(T pmT n + r7pr7nm)>]

Sbﬁg _ rme D(1 —v)\?

ap3 t 4r

() + 22K1,m(2)) (8apr 7 + 1175

+ (QA(Z) + zKl(z)) (r?gmna + 7 8Na,m + T.amng + r,angym)

— 2<4A,m(z) + A r o K1 (2) + zKl’m>r’ar,5r,n

— 2<4A(z) + zKl(z)> (r,n(r’amr,g +7ar gm) + r,arﬁr’nm>

+2A ,(2)00p7 5 + 2A(z)5aﬁr1nm]
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T8 T 18Ta)T pm + (8paT pm + 8ppT am)Tn + (6par,s + 5p57",a)7“,nm>

(2A7m(z) +Ar o Ko (2) + zKLm(z)) (rﬁna + ryan5>

(161)
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D(1—v)\?

- <2A7m(z) + A K (2) + zKLm(z)) (5;;57’7” + rypng) (167)

r
b _ _mgb
S3ﬁp,m - r SSBP

+ (QA(Z) + zKl(z)) (5pgr,nm + 7 pmng + T,pnﬁ,m>
— 2(4A,m(z) + AT K1 (2) + zK1,m(2))T,pr,M,n

— 2(4A(z) + zKl(z)) <r,n(r,pmr,5 + 7, gm) + T’pT,ﬁT,nm>

+ 24 (2)n,r g+ 2A(2) (npymryg + nprﬁm)]

2rm D(1—v)\?

4mr?

b b
S3p3.m = — Ssp3 +

. [nlg (QZAT’mB(,@ + zQB,m(z)) +ngm (zQB(z) + 1) (168)

— 78T (22)\T"mA(Z) + z2A,m(z)> — <z2A(z) + 2) (r,gmﬁn + r’gr’nm)]

For Qf5 ,,:

N Tim r Tm
Qab’,m = TQ@B ~ 6an [4r ((1 —v)(rgna +1.ang) + (1+ 3V)5a57",n) (169)

+ (4lnz - 3) ((1 — V) gmNa + 7 8Na,m + Tamfg + 7 angm) + (1 + SV)(SaﬁT’nm)

+4r pm ((1 —V)rarg+ V§a5> +4(1 = v)r o (r.amr g + 7’7ar75m)]

N 1|.,rm
Qipm = 5= lQ’rng + (22 = 1)ngm +2(romrn + r,gr,nm)l (170)

A.4 Discretisation

When discretising the integral equations seen in sections 2.1-2.4, a transformation has to be made from
global coordinates (z;) to the local coordinates (1) of the elements that make up this discretisation. This
transformation is accomplished by calculating the Jacobian of each element n. and is described in detail in [6].

The derivatives of the Jacobian of some element n. with respect to some geometric variable Z,, is:

e () = — L | K100 () dxge () BX20m (1) )
" Jre(n) | dn dn dn dn
where:
M
Xpen () = > N F(n)anek, (172)
k=1

Ne Xne M Ne
(dxa (77)) _ Bxtinln) g ANTE@) (173)
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k denotes the local node number, and M is the total number of nodes present in each element (for quadratic
elements M = 3). Quadratic elements are used in this work. Therefore k can equal 1, 2, or 3.

The derivatives of the outward unit normals of some element n, can also be calculated:

1| dx35,(n)
nie. (n) = 2 —nie(n)J7e 174
() Mn)[ g () T3 () (174)
1 | dxi5,(n)
nye () = — ’ +nge(n)Je 175
2 (1) Mm[ g ()T ) (175)
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