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Abstract 

The existence of temporal scaling in hydrological time series has been acknowledged for 

decades but seldom rigorously investigated in terms of the effect of various catchment-scale 

forcings on the scaling behaviour of local series. The aim of this work is to establish the 

relationship between these forcings, such as a catchment’s physical properties or scaling 

behaviour of local series, on the scaling behaviour of groundwater levels (GWL) in the 

catchment. The benefit from performing this exercise is that it sheds light onto the local 

processes governing the fluctuation of GWL. 

The study site selected for this work is in Wallingford, United Kingdom. GWL and river stage 

– monitored at 1-minute intervals – and corresponding rainfall, temperature and other hydro-

meteorological series – monitored at 15-minute intervals – are available for a period of 4 years. 

The site is formed of a riparian aquifer that drains into River Thames and the GWL are highly 

responsive and fluctuate over a wide range of temporal sales.  

To rigorously investigate local forcings on Wallingford’s GWL scaling behaviour, a 

physically-based coupled recharge-groundwater flow model is developed and calibrated using 

multi-objective evolutionary algorithms to simulate GWL scaling behaviour. The scaling 

behaviour of all series is analysed using a newly developed robust detrended fluctuation 

analysis procedure (r-DFAn) to reliably and objectively quantify and identify the different 

scaling regimes that may exist in hydrological variables (Habib, Sorensen et al. 2017).  

By varying the various inputs and parameters of the model to study their effect on GWL scaling 

behaviour, it was found that only changes to rainfall scaling behaviour produced statistically 

significant changes to GWL scaling behaviour. Other inputs and parameters tested were the 

aquifer’s physical properties, parameters affecting the recharge process, potential 

evapotranspiration’s scaling properties, river stage’s scaling properties and distance of the GW 

borehole from the river. This implies that the fluctuation structure of GWLs at the Wallingford 

site is dictated by the fluctuation structure of the rainfall as opposed to local geology or 

parameters controlling the recharge process. 

An additional finding is that the scaling behaviour of a simulated hydrological variable can be 

used as a metric to ensure that a hydrological model correctly replicates the variable’s 

fluctuation structure across all studied scales.  
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1 

Introduction 

Highlights: 

• Fractal nature of hydrologic series may be related to Hurst Phenomenon and 

long term memory, Chaos Theory, and probability theory.  

• The physical implications of fractal behaviour of a series and the need for 

representing fractal behaviour in models is discussed. 

• Previous attempts for the use of fractal behaviour with hydrologic models 

are also discussed. 

 

 

History of the Concept of Fractals in Hydrology 

The concept of randomness/chaos/indeterminism has been put forth by researchers well before 

the 1950s in the fields of physics, finance, and others including geo-sciences and hydrology 

(Mandelbrot 1999). From a brief mention in appendices, random-process theory in water 

sciences gained gradual importance and developed into an independent field around the 1970s 

(Bras, Rodriguez-Iturbe 1985).  

Randomness in hydrology may also be linked to the concept of chaotic theory where 

deterministic processes yield seemingly random outcomes due to the complexity of the systems 

involved. Chaos Theory was first investigated by the meteorologist Edward Lorenz in the early 

1960s when he tried to forecast weather after truncating (reducing the number of significant 

figures in) his inputs to a dynamic weather model only to be surprised with completely different 

outputs every time he ran his model (MIT News 2008, Lorenz 1972). Minute changes (below 
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the level of measurable precision) to initial conditions were found to give rise to random 

behaviour in the simulated variable with its advancement over time (or space). Hence, even 

though the concept of ‘chaos’ is essentially deterministic, our inability of precise measurement 

of different variables and the extreme complexity of many natural processes, including 

hydrological processes, manifests itself as ‘random behaviour’ in the time series. This was 

referred to as “the emergence of randomness from determinism” in Koutsoyiannis (2010), and 

this is simply one source of randomness where other sources of uncertainty, such as 

anthropogenic factors, will add to the randomness of the variable being considered. Benoit 

Mandelbrot went one step further by defining higher “stages of indeterminism” (or higher 

“states of randomness”) where, for example in the case of global warming, anthropogenic 

factors may result in a stage of indeterminism of its own (Mandelbrot 1999).   

Bearing the aforementioned concepts in mind, the use of random-process theory becomes 

essential when representing hydrological processes (Bras, Rodriguez-Iturbe 1985). In this 

regard, Mandelbrot also stresses the need for probability theory, however, views probability 

theory as a representation of “great generality” (Mandelbrot 1999). A more specific 

representation, as suggested by Mandelbrot, is that all states of randomness should be studied 

in parallel and that fractal geometry (or more generally fractal theory) would aid in this 

representation (Mandelbrot 1999).   

In addition to the concepts of chaos theory, indeterminism, and probability theory, the concept 

of fractal behaviour in hydrology had another beginning which became known as long term 

memory. The study of long term memory started when the hydrologist Harold E Hurst realised 

that the annual flows of the Aswan High Dam in Egypt tended to cluster at high flows and low 

flows (Hurst 1951, Hurst 1956). This triggered further investigation by Hurst and other 

researchers, which later came to be known as the Hurst Phenomenon. It is represented 

mathematically as follows (Bras, Rodriguez-Iturbe 1985):  

  ( )  with 0.5HE X T T H    (1) 

Where ( )X T  is a series aggregated to a scale T , and the power exponent H  is known as the 

Hurst Exponent. Noteworthy is the power-law relationship which is the common type of 

relationship for other methods of quantifying fractal behaviour (which will be picked-up on in 

Chapter 3: Robust Fractal Analysis Computation). Equation (1) shows that a statistical moment 
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of the series (here the first moment) is proportional to the aggregation scale that is rescaled by 

an exponent.  

Mandelbrot developed fractional Gaussian noise (fGn) to represent series with long term 

memory with the help of the basic property of fractals, i.e. the property of self-similarity. 

Discrete fGns are represented with the help of a covariance matrix (C  ) which is a function of 

the scale, s  , and the Hurst Exponent, H  (Mandelbrot 1971): 

    2 2 2
, 0.5 1 2 1  

H H H
C s H s s s       (2) 

Hence, the property of long term memory has been tied in with the concept of fractals again.  

In short, the aim of the above presentation of different concepts developed over the years, each 

of which was recognized in a different way, and expressed in a different way, may refer to the 

same property: fractal behaviour.   

 

Why study fractal behaviour? 

Starting from propositions from researchers affirming that fractal behaviour (from whichever 

standpoint explained above) is a property of geophysical (and other) series, fractal behaviour, 

in 1991, was clearly acknowledged and listed among the emerging fields in hydrological 

sciences (National Research Council 1991).  Fractal behaviour became accepted as an inherent 

“fundamental hidden order” in hydrological processes and hence understanding it and 

simulating it is of importance (National Research Council 1991). 

In the physical sense, fractal behaviour of a time series indicates the level of persistence of a 

series, among other implications; the higher the persistence, the longer the series is likely to 

remain at high values or low values (or the previous value in general) (Williams, Pelletier 

2015). Hence, depending on the series, the implications may vary. For instance, in the case of 

groundwater, higher persistence may indicate higher risks of floods or droughts when 

groundwater persists for longer periods of time at higher or lower levels, respectively. 

Additionally, it has implications on groundwater flow on the daily, monthly or annual time 

scales and hence the transport of contaminants in polluted aquifers, or the drying and 

replenishment of groundwater reserves, or on external irrigation demands in vegetated 
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catchments which rely partly or wholly on available shallow groundwater, among various other 

implications. Another series that can be considered is rainfall. Because rainfall exhibits zero 

values, variations in the fractal behaviour of a rainfall series would indicate extended or 

reduced dry periods, and hence the occurrence of droughts or floods. Changes to the intensity 

of rainfall would also be reflected in the series’ fractal behaviour.  

Extending on this, fractal behaviour of a series may be different over certain scales. This gives 

rise to different scaling regimes for a series and the significance of this is that, depending on 

the range of scales being considered, the series’ level of persistence would vary. Hence a series 

may, for example, vary from day to day or month to month with the same fractal behaviour, 

however, the annual fractal behaviour would be different. Acknowledging changes in fractal 

behaviour has gained importance from researchers because it reflects scale-dependent changes 

to the underlying forcing that dictates the fluctuation structure of a series (Tessier, Lovejoy et 

al. 1996, Koscielny-Bunde, Kantelhardt et al. 2006, Little, Bloomfield 2010, Labat, Masbou et 

al. 2011).  

An additional benefit from the study of fractal behaviour is in the use of models, where fractal 

behaviour gives the modeller an additional metric that helps enhance the accuracy of 

simulations. For instance, in the case of, say, a probabilistic model, which takes stochastic 

realisations of inputs, ensuring that, in addition to relevant traditional statistical measures, the 

fractal behaviour is accurately replicated in all realisations, would ensure accurate output 

realisations, especially when the output’s fractal behaviour is sensitive to that of the input. This 

is demonstrated in Rahman, Sulis et al. (2016) and Lo, Famiglietti (2010) where a land surface 

model may perform better when soil moisture memory (or subsurface forcing in general) is 

accurately represented as a forcing. 

In summary, fractal behaviour is a property of hydrologic time series that helps give insights 

into local (and larger scale) forcing. Capturing this property in models helps the modeller get 

a deeper understanding of the dynamics. Hence, investigating fractal behaviour alongside 

models is of significance.  
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Setting the scene for current work 

Fractal behaviour of geophysical time series in general, and hydrologic time series, in 

particular, has been repeatedly reported over the past few decades (Peng, Buldyrev et al. 1994, 

Peng, Havlin et al. 1995, Ozger 2011, Koscielny-Bunde, Bunde et al. 1996, Sadegh Movahed, 

Jafari et al. 2006, Labat, Masbou et al. 2011).  

Indeed, the true reason for inducing self-similarity in hydrological time series remains 

uncertain, however researchers tend to adopt one of three explanations (Bras, Rodriguez-Iturbe 

1985): the first is that the fractal behaviour is a transitory behaviour and that it will cancel out 

if we had long enough time series; the second is that it is a result of underlying non-

stationarities in the mean of the time series; and the third is that it is due to an underlying 

stationary process with very long memory. 

With complex relationships between various forcings acting on hydrological variables, each 

operating at different temporal and spatial scales, such as meteorological, climatological and 

even astronomical variables, it is very difficult to ascertain the true driving force(s) inducing 

self-similarity in hydrological time series, especially those occurring at the end of the 

hydrological cycle (like groundwater fluctuations and stream flow). However, attempts have 

been made to use fractal behaviour in order to gain insights into local dynamics (i.e. dynamics 

occurring on catchment-scale). Some attempts involved modelling spectral properties of 

hydrological series and estimating empirical transfer functions that transform – in the 

frequency domain – the inputs (such as rainfall) into outputs (such as streamflow or 

groundwater levels) (Thompson, Katul 2011, Zhang, Schilling 2004, Russian, Dentz et al. 

2013) and then use these models to gain insights into transfer processes such as recharge and 

baseflow (Zhang, Schilling 2004). The models in Gelhar (1974) were some of the very early 

attempts at modelling aquifers in the frequency domain.  Other recent attempts at modelling 

fractal behaviour involved employing physically-based models to simulate series which were 

then analysed for fractal behaviour. The simulated fractal behaviour was used to study the 

effect of certain model parameters or inputs such as catchment size (Williams, Pelletier 2015) 

or irrigation rates (Condon, Maxwell 2014), or the persistence of an input series 

(Istanbulluoglu, Wang et al. 2012) on that of the model outputs.  
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That being said, one may investigate what causes the fractal behaviour of a hydrological series 

to change, rather than what causes it to occur in the first place. Therefore, trying to understand 

the factors, within a catchment, that affect the fractal behaviour of a time series, specifically 

the relationship of groundwater levels with soil parameters, local hydro-meteorological time 

series (including rainfall), river stage, recharge and discharge, is something that, to the best of 

our knowledge, has not been thoroughly investigated. 

Among the very few who investigated factors affecting fractal behaviour of hydrological time 

series are Williams, Pelletier (2015) and Russian, Dentz et al. (2013). The former investigated 

driving factors impacting lake-water level in an aquifer-lake system using numerical models. 

They found that the persistence of the lake-water level is dependent on the catchment size. The 

latter derived a linear Dupuit model in the frequency domain to simulate groundwater flow and 

catchment response and were able to relate the frequency transfer function to various aquifer 

physical parameters. Istanbulluoglu, Wang et al. (2012) briefly touched on the issue of 

groundwater level/flow persistence and its effect, along with that of climate, on annual 

hydrologic response (which is in the form of streamflow) in catchments with a significant 

groundwater contribution. 

 

Objectives of this research 

Put simply, the aim of this research is to investigate changes to fractal behaviour of 

groundwater levels as a result of individual changes to parameters and input series that are 

required to simulate groundwater levels in the study site. In order to achieve this, there is a 

necessity for the following: 

- A comprehensive set of groundwater level and associated hydrological and 

meteorological data covering a range of temporal scales. 

- A model that can simulate groundwater level’s fractal behaviour. 

- A method for quantifying fractal behaviour in a reliable non-subjective way and that 

can identify statistically different scaling regimes in a series, i.e. changes to the scaling 

properties across a range of scales. 
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Having attained relevant datasets that are sufficient in terms of the length of record and having 

developed the model and the method for quantifying fractal behaviour, the following questions 

can be investigated: 

- Can physically-based models be implemented to simulate groundwater levels’ observed 

fractal behaviour?  

- How well is the model’s performance in terms of simulating observed fractal 

behaviour?  

- Can fractal behaviour be used to improve the calibration of physically-based models? 

- What forcing affects the fluctuation structure (i.e. the fractal behaviour) of groundwater 

levels? The implications of this are expressed in the form of questions as follows: 

o What increases or decreases the high persistence known to be exhibited by 

groundwater levels? 

o What is the effect of rainfall intermittency, i.e. an increase or decrease in dry 

periods, and the effect of increased rainfall intensity? 

o How do local changes to rainfall’s fractal behaviour affect that of groundwater 

levels? 

o What is the role of the aquifer’s physical properties in connecting or isolating 

groundwater from surface water features? And the same is enquired in recharge. 

o Given the study site’s aquifer properties and hydrologic features, how does the 

river affect groundwater levels? 

Hence, the aim behind this research is to examine the sensitivity of groundwater level’s fractal 

behaviour to the fractal behaviour of other hydrological and meteorological variables and to 

the physical and empirical parameters required for simulating groundwater flow in the study 

site. 

 

Thesis organization 

Thesis organization, starting from the following chapter, is summarized below: 

- Chapter 2 covers the description of the study site and data. The hydrologic and geologic 

features of the study site, which is in Wallingford, UK, are presented in depth. A 
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detailed description of the data quality control along with various insights into local 

aquifer dynamics, which are obtained from the high-resolution data measured at the 

study site, are presented. 

- Chapter 3 covers literature on quantifying fractal behaviour and the new procedure, 

which was developed for reliable quantification of fractal behaviour, is explained. The 

new procedure enables us to perform non-subjective comparisons between fractal 

behaviours at different time series. 

- Chapter 4 includes a mathematical presentation of the coupled recharge-groundwater 

flow model used to simulate groundwater levels in Wallingford. Details of the 

sensitivity analysis are presented along with details of the evolutionary algorithm used 

for multi-objective optimization. Model results are presented in both the time and 

fractal domains and the performance of the model is assessed in both domains which 

led to the introduction of the idea of ‘fractal-domain-refinement’ in this chapter. 

- Chapter 5 covers the results obtained from studying the different factors that may affect 

the fractal behaviour of Wallingford’s groundwater levels.  

- Chapter 6 concludes the work. It includes a summary of the thesis, the main outcomes, 

and conclusions drawn from this work. It also includes a number of recommendations 

for future work. 

 

 

 

 

 

 

 



 

 

The Study Site, Data Description and Inspection 9 

 

2 

The Study Site, Data 

Description and Inspection 

Highlights: 

• The study site is formed of River Thames’ riparian zone and is densely 

vegetated. 

• The aquifer is shallow, unconfined and has high permeability.  

• The Lisse effect is detected in the groundwater levels.  

•  A diel signal is observed in the groundwater levels during daytime in 

summer. 

 

 

Introduction 

The study site is in Wallingford, Oxfordshire, UK, at the British Geological Survey (BGS) and 

Centre for Ecology and Hydrology (CEH)’s Wallingford office (Figure 1). It is located on River 

Thames’ floodplain which is about 5m deep and composed of gravels. This makes the local 

groundwater system highly dynamic in response to surface forcing and is of a relatively small 

spatial scale. This makes this study site ideal for the study of groundwater behaviour over a 

variety of temporal scales and hence serves the purpose of this study. Provided below is a 

description of the site’s hydrological and geological attributes, the equipment/gauges used for 

data collection, the data quality control, and detailed inspection of the data in the time domain, 
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in particular, the groundwater level dataset. The following description is summarised from 

(Habib, Sorensen et al. 2017) unless otherwise cited. 

 

 

Figure 1   Study site location and the locations of gauges and weather stations. AWS is the automatic 

weather station in the study site in Wallingford. WL 84 and 85 are two boreholes for measuring 

groundwater levels and groundwater temperature. Thames Stilling Well shows the location for the 

pressure transducer used to measure river stage and temperature. Benson WS is the weather station at 

Benson used to infill missing data from the Wallingford study site. 

 

Site hydrology 

The site hydrology includes the River Thames, which traverses the site, in addition to several 

streams. River Thames has a mean flow of 28.3 m3/s and a base flow index (BFI) of 0.64; this 

was computed from Day’s Weir about 8 km upstream of the site. 

The River Thame is the major local tributary of the River Thames which merges about 6.5 km 

upstream of the site. The River Thame has a mean flow of 3.8 m3/s and a BFI of 0.59. A non-

major hydrological feature is the Ewelme Brook that is a groundwater dominated stream that 
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flows towards the River Thames via overland flow. It has a mean flow of 0.05 m3/s and a BFI 

of 0.98. 

 

Site hydrogeology 

Figure 2 illustrates the topography of the site and surroundings along with a cross-section that 

shows the different geological layers. The boreholes, indicated in Figure 2 as ‘BH’, are drilled 

in the alluvium surrounding River Thames and this has a mean hydraulic conductivity of about 

20 m/day as measured from similar geologic layers in nearby Oxford using grain-size 

distribution data (Bricker, Bloomfield 2014). The specific yield is expected to be within the 

range of 0.1 and 0.3. No measurements of the aquifer properties have been performed on-site, 

however these will be determined through model calibration and literature values published 

previously (Bricker, Bloomfield 2014). The alluvium is formed of Quaternary sand and gravel 

of about 5m thickness and 2 km width across the River Thames. The alluvium lies sharply on 

low permeability Glauconitic Marl that isolates the Upper Greensand from the alluvium. The 

potentiometric head of the Upper Greensand aquifer is typically higher than ground level 

during winter. 

The gravels where the groundwater borehole (BH) is drilled is divided into an upper and a 

lower terrace. The borehole is drilled into the upper terrace (the Northmoor Sand and Gravel) 

and this layer is isolated from the lower facet by a thin layer of Holocene alluvium. The 

borehole, thus, is drilled into a 0.5m of soil followed by 4.0-4.2m of interbedded sandy gravel 

and gravelly sand with fine to coarse pebbles composed of limestone ironstone and flint. 

The River Thames passes through the Goring Gap, which is formed between the Chiltern Hills 

and the Berkshire Downs and both geologic features are formed of chalk (Figure 2), hence 

constricting the flow of groundwater. The geological layers are inclined downwards towards 

the South-East direction, hence the river flows over newer geological layers in the downstream 

direction.  The West Melbury Marly Chalk has lower porosity compared to the overlying 

carbonates, hence a line of springs is seen to emerge just above this layer. 
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Figure 2   “Block diagram showing the topography and geology surrounding the borehole site. Block 

covers an area of approximately 16x17 km and is viewed looking south (downstream) toward the 

Goring Gap. The block covers an altitudinal range of 360 m and is viewed with a vertical 

exaggeration factor of X10. See cross-section (b) for a key to the colours of the geological formations 

and abbreviations.” (Habib, Sorensen et al. 2017) 

 

Data 

Hydrological – groundwater levels and temperature and river stage and temperature – and 

meteorological variables – rainfall, dry and wet temperature, wind speed and net solar radiation 

– are monitored on site. The period during which all variables were being simultaneously 

measured was from 02/01/2012 to 01/01/2016 and a summary of the datasets is provided in 

Table 1, along with the locations of the gauges and weather stations that are indicated in Figure 

1. The time series are presented in Figure 4. Groundwater levels are measured from two 

adjacent boreholes which are drilled a few metres apart; the first (WL84), which has a telemetry 
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system installed, is the main source of groundwater level data and the second (WL85), is solely 

for back-up purposes. The depths of the boreholes are about 5 meters and are screened through 

the entire depth. The base of the borehole lies on the Holocene alluvium layer that isolates the 

upper facet of the Wallingford floodplain from the lower facet. A cross-section of the boreholes 

is presented in Figure 3. Borehole WL84 has a pressure transducer that is a 3.5 mH2O range 

MEAS KPSITM 501 and is installed about 4.5m below ground surface. It was tested in the 

laboratory and found to have an accuracy of ± 4.0 mm (Sorensen, Butcher 2011). Data were 

compared to manual dip measurements taken at different times and there was no evidence of 

drift. The same pressure transducer is installed in a stilling well on the River Thames, about 

420 m away from the boreholes, where river stage and temperature are measured.  

 

 

Figure 3   Borehole WL84’s schematic (British Geological Survey June, 2011) 
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An on-site automatic weather station (referred to as AWS in Figure 1), monitors rainfall, wet 

and dry temperatures, net solar radiation and wind speed, among other meteorological 

variables, at 15 minute intervals. The rainfall is measured with a 0.2 mm tipping bucket rain 

gauge mounted at ground level. The nearby Benson Weather Station (Benson WS) was used to 

validate and infill missing rainfall, air temperature and wind speed data.  

 

Table 1   Summary of monitored datasets in Wallingford from 02/01/2012 to 01/01/2016 

Datasets Gauge location (NGR*) Resolution 

(min) 

Number of 

data points Easting 

(m) 

Northing 

(m) 

Meteorological data 

Rainfall  461550 189738 15 140,159 

Dry temperature 15 140,159 

Wet temperature  15 140,159 

Net solar radiation 15 140,159 

Wind speed 15 140,159 

Hydrological and hydro-geological data 

River Thames temperature 461354 190063 1 2,101,873 

River stage  1 2,101,873 

Groundwater temperature 461690 189790 1 2,101,873 

Groundwater levels 1 2,101,873 
*National Grid Reference (UK Ordnance Survey)  

 

Quality Control 

Percentage of missing data for the river stage, river temperature, groundwater levels and 

groundwater temperature did not exceed 2% of the total record length and missing intervals 

were sporadically distributed throughout the monitoring period, hence most missing periods 

did not exceed 10 minute intervals. These were all infilled either by linear interpolation or, in 

the case of groundwater levels, by infilling from the back-up borehole (WL-85). 

Percentage of missing data in the rainfall, temperature, net radiation and wind speed datasets 

was approximately 8% of the total data length with 4 separate 1-2 month intervals where some 

or all of the data were missing. The remaining missing data periods were between 1-2 days of 

length. These were all infilled using hourly data from the Benson Weather Station, except for 

net radiation, which is not monitored at that site. 
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Instead, net radiation was estimated with the help of the method presented in part (A) in the 

Linacre (1968) paper. The equation is reproduced below: 

    41 16 10 0.2 0.8 100n s dry

n
R Q T

N
   

      
 

  (3) 

Where nR  (cal./cm2*min or 697*W/m2) is the estimated net radiation,   is the albedo which 

by trial and error was selected to be equal to 0.26, sQ  (cal./cm2*min or 697*W/m2) is the 

shortwave radiation, n is the mean number of sunshine hours and N is the mean day length in 

hours.  

The shortwave radiation ( sQ ) was estimated using the procedure explained in equations 28 – 

35 in Allen, Pereira et al. (1998) and which, in summary, involves using the Angstrom formula 

which estimates shortwave radiation from extra-terrestrial radiation. The extra-terrestrial 

radiation, in turn, depends on the solar time angle (hence the site’s latitude and longitude), 

daylight hours and other factors, including empirical constants. 

The estimated net radiation was then rescaled to adjust its magnitude to that of the observed 

net radiation. 
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Figure 4   Time series of the meteorological and hydrological variables monitored in Wallingford.  
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Groundwater Data Inspection 

Hydrological variables measured at the Wallingford site are monitored at an unusually high 

temporal resolution (of one minute) and this allows us to detect responses that aren’t normally 

observed, particularly in regard to the groundwater data. An inspection of the high resolution 

groundwater level (GWL) data showed two effects which aren’t normally observed. Their 

occurrence and how they have been treated in relation to subsequent analyses are discussed 

below. 

 

 

Figure 5   Surrounding of GW well WL84. The red arrow indicates well location.  The 

top view of the well is in the bottom right window. 

 



 

 

The Study Site, Data Description and Inspection 18 

 

The Lisse Effect 

The Lisse effect is observed in shallow permeable aquifers when an intense rainfall percolates 

through the top soil surface at a flow rate that exceeds that of the soil air flow, hence forming 

a wetting front that isolates soil air and groundwater from the atmosphere. This wetting front 

compresses the entrapped air, which in turn exerts pressure on the water table. The result of 

this pressure is a misleading rapid rise in water level in nearby groundwater observation wells 

that does not reflect physical recharge reaching the groundwater. The wetting front continues 

to compress the entrapped air until a point is reached when the air finds its way out of the soil 

(Figure 6). The pressure developed below the wetting front can reach up to 50cm of water in 

some soils before the wetting front breaks and air escapes (Kuang, Jiao et al. 2013, Zhang, 

Gong et al. 2011, Weeks 2002).  

 

 

Figure 6   “Infiltration in a vertical bounded column of Poudre sand of 185cm 

equivalent length” (taken from: Kuang, Jiao et al. (2013)) 

 

Thal-Larsen was the first to note this effect in 1932 in a shallow aquifer in Lisse Village, 

Holland (Thal-Larsen 1935, Weeks 2002), and hence the eponymous name. However, Larsen 

did not attribute the observed rapid rise to air pressurization. Research into the Lisse effect was 

very limited because it was not commonly observed since it occurred in very particular settings 

(Weeks 2002). Nevertheless, various experiments on soil columns proved that the Lisse effect 
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was indeed a result of air pressurization (Waswa, Lorentz 2014, Powers 1934, Peck 1965, 

Touma, Vachaud et al. 1984, Vachaud, Gaudet et al. 1974, Wang, Feyen et al. 1998, Kuang, 

Jiao et al. 2013, Zhang, Gong et al. 2011).  

In the study site in Wallingford, the shallow riparian aquifer exhibits the Lisse effect after 

intense rain events (Figure 7). This is confirmed by computing the expected rise in GWL in 

response to a rain event (shown in the window in Figure 7) and comparing it to the observed 

rise. With a reasonable specific yield estimate of 0.15 for the Wallingford site the expected rise 

in GWL due to a 20 mm rain event should roughly be 130 mm. However, the observed rise in 

GWL is approximately 250 mm.  

 

 

Figure 7   Illustration of the Lisse effect (some highlighted with red ovals) in the 

Wallingford study site. Plot in the internal window illustrates one Lisse event.  
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Zhang, Gong et al. (2011) investigated the abilities of two well-known models – namely 

Hydrus 1-D (which is a single-phase, 1-D Richards’ Equation model) and the Integrated 

Hydrologic Model (IHM) – in replicating the Lisse effect. Figure 8 is a sample output of this 

investigation, which shows that conventional hydrological/groundwater models are not capable 

of replicating the air-entrapment effect without explicitly including a soil-air pressure 

component in the model.  

 

 

Figure 8  “Observed and simulated depth to water table during air entrapment periods 

for IHM vs. HYDRUS-1D model” (taken from: Zhang, Gong et al. (2011)) 

 

Lisse effect removal 

To deal with the Lisse effect, modellers can choose between two options: either to include a 

soil-air pressure module in the groundwater model being used in order to replicate the Lisse 

effect, or to correct the observed data for the Lisse effect (Zhang, Gong et al. 2011). The former 

option would be required when studying infiltration for irrigation or soil-water movement 

through the vadose zone (Powers 1934), whereas the latter would be considered when studying 

groundwater storage and recharge. 
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Since the Lisse effect observed in the GWL data at hand is an artefact of the measurement 

process and does not represent a true response of the aquifer, we chose to remove it from the 

observed data in order to try to more accurately represent the actual fluctuation of the water 

table to intense rainfall infiltration. 

The fractal scaling behaviour of GWL is expected to be affected by the Lisse effect, especially 

at sub-daily time scales (as will be demonstrated in the Fractal Analysis chapter), hence it was 

decided that the Lisse should be removed. Its removal will enable the fractal behaviour of the 

water table to be represented independent of air entrapment effects and, more importantly, will 

help during the assessment of the performance of the model, which does not include a 

representation of the soil-air movement and hence cannot simulate the Lisse effect.  

In the absence of soil air pressure data and other identifiers that would indicate a Lisse event 

from an actual rapid water level rise, the process for correcting the GWL data was not 

exhaustive in the sense that only pronounced events were removed. A systematic approach, 

explained in Habib, Sorensen et al. (2017) and reproduced below, was used to remove most 

Lisse events: 

- Gradients exceeding pre-defined positive and negative thresholds were selected. In this 

way, the start and end of a Lisse event were identified. The thresholds were selected 

based on the probability density function of the slopes and on trial and error. 

- Data points identified as belonging to a Lisse event were clustered using K-means 

clustering to segregate individual Lisse events. 

- The clustering was assessed visually, and if necessary, was amended. 

- A linear slope joining the start and end of each Lisse event was computed to replace 

each Lisse event. 

Figure 9 illustrates some Lisse events observed in the GWL data from Wallingford and the 

computed linear slope that was used to replace them. 
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Figure 9   Illustration of the removal of some Lisse events from the Wallingford site (Habib, Sorensen 

et al. 2017) 

 

Groundwater temperature and the Lisse effect 

During Lisse events, a sudden temperature variation in the water in the observation well is 

observed. This is a consequence to the rapid inflow of groundwater into the well, which is 

required to represent the change in pressure, and which is at a different ambient temperature to 

the water in the well surrounding the monitoring probe.  

During winter months, Lisse events give rise to a rapid but brief increase in GW temperature 

followed by a rapid decrease (Figure 10). During summer months, the opposite trend is 

observed (Figure 10). Since the monitoring well is vented, GW temperature in the well, 

compared to GW in the aquifer, will generally be warmer during summer and cooler during 

winter. That said, the GW temperature inevitably varies along the depth of the 5 m well due to 

lack of proper mixing. In addition, the GW temperature is measured at the bottom of the well 

at a depth of 4.5 mBGL. 
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During a Lisse event, the rapid inflow of warmer/cooler groundwater during winter/summer is 

believed to cause the initial change in GW temperature. The turbulence caused by this inflow 

induces mixing inside the well and this is believed to cause the reversal in disturbance to the 

GW temperature, i.e. the cooling/warming of GW following the initial brief warming/cooling 

effect.  

 

 

 

Figure 10   GW levels and GW temperature during Lisse events in winter (top panel) and summer 

(bottom panel) 

Diurnal cycle 

In addition to the Lisse effect, pronounced water uptake by plant roots during the day and 

recovery during the night is observed in the data (Figure 11). This is attributed to the nearby 
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Poplar trees – known to have substantial water requirements along with invasive root systems 

that can extend up to tens of meters – and other heavy vegetation in the vicinity of the site 

(Figure 5). This is commonly observed in temperate climates (Gribovszki, Szilágyi et al. 2010) 

and in shallow vegetated riparian aquifers (Butler, Kluitenberg et al. 2007). 

 

 

 

Figure 11   Top panel: a published figure of diel GWL fluctuation from Utah comparing before and 

after alfalfa crop was removed (Gribovszki, Szilágyi et al. 2010); Bottom panel: diel GWL fluctuation 

from the Wallingford site. 
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An ET-induced diel signal in the water table is characterised by a peak in the early morning, 

which drops as roots start taking water up from or near to the capillary fringe, which in turns 

draws up groundwater through capillary rise. This leads to a minimum level in the evening as 

root water uptake in response to transpiration losses closes down. There is then a recovery in 

the groundwater level due to drainage from the unsaturated zone and horizontal inflow from 

parts of the aquifer less- or un-affected by root water uptake during the night.  

GW hydrographs exhibiting the ET-induced diel signals can be used to determine ET at sub-

daily scales, such as described in the White Method (White 1932), and the many other 

modifications and improvements that have been reported  ((Gribovszki, Kalicz et al. 2008, 

Loheide, Steven 2008, Schilling 2007, Bauer, Thabeng et al. 2004, Engel, Jobbágy et al. 2005) 

as summarised in (Gribovszki, Szilágyi et al. 2010)). 

The amplitude of the diel signal varies due to several factors (Butler, Kluitenberg et al. 2007):  

1- Temporal variation of plant water use: This varies with global irradiance which is 

negligible during night time and starts increasing after sunrise with an approximate 

maximum at midday. Other factors include vapour pressure deficit, air temperature and 

wind speed, and the impact of these can be combined in potential evapotranspiration. 

Some factors dominate more on certain time scales; on seasonal time scales, 

temperature and global irradiance dominate over other factors. During summer, with 

depletion in soil moisture in the vadose zone and an increase in potential 

evapotranspiration, plants rely increasingly on uptake from groundwater and hence the 

amplitude of the diel signal is magnified during summer. 

2- Spatial variation in vegetation: groundwater consumption by plants varies spatially 

depending on the vegetation density, plant type and size. 

3- Temporal and spatial variation in hydrologic conditions: antecedent conditions play a 

significant role on the diel signal especially in riparian zones where the groundwater 

becomes out of the reach of plant roots during dry periods and hence diminishing the 

diel signal. In addition, the specific yield, which can vary with depth, will play an 

important role on the amplitude of groundwater fluctuation due to plant consumption. 

Zhu, Young et al. (2012) reported that the water uptake by phreatophyte roots (plants 

characterised with deep-root systems, which obtain most of their water from the phreatic zone, 
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i.e. zone of saturation) had a notable effect on the temporal scaling properties of 1-year-long 

riparian-zone GWL datasets in California. However, the amplitude of the diel signal in these 

datasets was at least 4 cm in magnitude, as opposed to less than 0.5 cm in the Wallingford site. 

Bearing this in mind, we believe that the diel signal will not have a significant impact on the 

fractal properties of the 4-year-long GWL dataset in Wallingford and hence the manipulation 

to the observed dataset will be avoided. 
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3 

Robust Fractal Analysis 

Computation 

 

Highlights: 

• Robust detrended fluctuation analysis (r -DFAn) is explained in detail.  

• r-DFAn is successfully implemented on a synthetic fractal signal  with two 

different scaling regimes. 

• r-DFAn is used to study the fractal behaviour of  the Wallingford data.  

• The fractal behaviour of rainfall, river stage and groundwater levels is 

compared with other published results.  

• Speculated reasons behind observed f ractal behaviour are presented which 

will be investigated with the aid of a model in Chapter 5. 

 

 

Quantification of fractal behaviour of a time series was performed using a procedure introduced 

in Habib, Sorensen et al. (2017). The procedure, named robust detrended fluctuation analysis 

(r-DFAn), uses detrended fluctuation analysis (DFA) to determine the variance measure of a 

time series at selected scales, followed by piecewise linear regression, which determines the 

optimum crossover locations, followed by Analysis of Covariance (ANCOVA) and multiple 

comparison procedure, to identify different scaling regimes which are statistically different 

(Habib, Sorensen et al. 2017). Additionally, r-DFAn uses robust regression to determine global 
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scaling exponents, i.e. by ignoring local changes in the scaling regime over the scales studied 

(Habib, Sorensen et al. 2017).  

Numerous researchers have indicated that detrended fluctuation analysis (DFA) is one of the 

most reliable methods for studying the mono-fractal behaviour compared with the various other 

methods available for fractal behaviour quantification (Matsoukas, Islam et al. 2000, Hu, Gao 

et al. 2009, Chen, Ivanov et al. 2002, Koscielny-Bunde, Bunde et al. 1996, Zhang, Zhou et al. 

2011, Ozger 2011). However, when it comes to identifying different scaling regimes and 

crossover locations, i.e. time scales at which changes in the scaling regime occurs, the 

assessment in many studies is rather subjective (Condon, Maxwell 2014, Labat, Masbou et al. 

2011, Li, Mu et al. 2015, Little, Bloomfield 2010, Li, Zhang 2007). 

There are three methods that involve objective quantification of fractal behaviour, which are 

based on DFA. One involves identifying a transition range between scaling regimes rather than 

a specific scale (or crossover) at which change occurs (Echeverria, Rodriguez et al. 2016), 

another involves the use of the coefficient of determination (R2) to determine the best 

combination of non-overlapping scaling regimes (Gulich, Zunino 2014), and the third one 

involves determining the maximum number of different scaling regimes that produce a 

statistically different change in the probability distribution of the residuals (Grech, Mazur 

2013). By contrast, r-DFAn explicitly determines adjacent scaling regimes that are statistically 

different while giving allowance to the total number of scaling regimes when assessing the 

difference between adjacent scaling regimes (Habib, Sorensen et al. 2017). Hence, r-DFAn will 

be explained in detail in the following section, and then will be used to analyse the time series 

data monitored at the Wallingford site and described in the previous chapter. 

 

Robust detrended fluctuation analysis: r-DFAn 

The explanation of r-DFAn presented below has been extracted from Habib, Sorensen et al. 

(2017). First, the basic detrended fluctuation analysis (DFA) method is explained, after which 

the r-DFAn modification for identifying different scaling regimes using various statistical 

models is presented. 
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Detrended fluctuation analysis 

DFA of first order (i.e. DFA1) was first proposed by Peng, Buldyrev et al. (1994) when 

analysing correlations in DNA. DFA is presented in the following five steps: 

1. Let  iy t  be a measurement of variable y observed at equally spaced time intervals, 
it , 

or N  discrete times. Let y  be the mean of  iy t  . Compute  iY t  by subtracting the 

mean from the time series and computing the cumulative sum: 

     
1

N

i i

i

Y t y t y


    (4) 

2. Divide  iY t  into m  non-overlapping segments each of length L so that 
N

m int
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. Each segment will be notated as  , ij kY t  where 1, 2,j L   and 1, 2,k m  , hence 

 1i k L j   . 

3. Determine the variance (  2

kF L ) of the fluctuation in each segment (
kY ) after 

subtracting a best-fit polynomial of order n  (  ,j k i

nP t ) from each segment. DFAn refers 

to DFA detrending with polynomial of order n . 
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4. Determine an average variance measure for all segments of length L . In the following 

equation, q refers to the order of the fluctuation which will be 2 to compute a variance 

measure. Higher order fluctuations are required when studying multi-fractal behaviour 

of a series and this will not be addressed in this work. Hence, in the following equation, 

q=2 , and the q suffix in  qF L   will be dropped out in later representations: 
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5. Repeat steps 1 to 4 for different values of L  then plot  F L  versus L  on logarithmic 

axes to determine the scaling exponent (  ) which is the slope of a best-fit line, as: 
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  F L L   (7) 

  will be referred to as the global scaling exponent; the slope determined by ignoring the 

occurrence of any local changes in the scaling exponent. Robust regression (with a bi-square 

weight function) is used to determine  . This ensures that the scaling exponent so determined 

is based on residuals that are within predefined bounds. 

 

Determining local scaling exponents and crossovers 

As previously mentioned, local slopes in the DFA results (  log( ) . log( )F L vs L 
) may be 

detected, which indicate the existence of more than one scaling regime. The time periods ( L  ) 

where such changes occur are referred to as crossovers (Kantelhardt, Koscielny-Bunde et al. 

2001, Hu, Ivanov et al. 2001, Li, Zhang 2007). Even though DFA is a reliable method for 

identifying fractal behaviour, determining the number and locations of crossovers has tended 

to be rather subjective. In view of this, an objective method for determining the number and 

value of local scaling exponents, along with the time periods where the changes (i.e. 

crossovers) occur is now described.  

After determining the global scaling exponent using robust regression, piecewise linear 

regression will be used to optimise the locations of crossovers by minimising the least squares 

error between the data and the fitted broken-line (i.e. the line with crossovers). The number of 

crossovers to be fitted to the data are determined in order to give the maximum number of 

crossovers that produce significantly different slopes based on a 95% significance level. This 

is determined by applying an analysis of covariance (ANCOVA) and a multiple comparison 

procedure on the DFA results. The number of crossovers are progressively increased until the 

method fails to yield any further significant scaling exponents. 

ANCOVA (the analysis of covariance) is a statistical model that combines both ANOVA 

(analysis of variance) and linear regression. ANOVA tests the hypothesis that the groups of a 

dependent variable are significantly different from a categorised independent variable, based 

on a given significance level. When combining linear regression with ANOVA, the slopes of 

the groups of the dependent variable can be tested to see whether they are collectively 

significantly different or not. Hence, by using the F-test, ANCOVA tests the hypothesis that 
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all groups are significantly different against the null hypothesis that they are all the same. For 

comparisons between adjacent slopes, as opposed to an overall test as in ANCOVA, a multiple 

comparison procedure is performed using post-hoc ANCOVA. With comparisons between 

three or more groups, simultaneous statistical inferences increase the chances of falling into 

type I error. Multiple comparisons procedure avoids this by increasing the threshold for 

inferences.   

As an aside, least squares regression (which is conventionally used for determining scaling 

exponents for DFA), along with other statistical models adopted herein, is based on the 

assumption of independence of residuals. However, this is not true when it comes to DFA data 

points due to the method of their computation, which involves an overlap of segments when 

determining  F L  for the different time scales. 

 

Crossovers and artefacts in DFA results 

Crossovers observed when analysing DFA results may either be indicative of a true difference 

in the scaling behaviour of the fluctuations or may be induced due to non-stationarities or 

periodicity inherent in the data (Kantelhardt, Koscielny-Bunde et al. 2001, Chen, Ivanov et al. 

2002, Hu, Ivanov et al. 2001). (Kantelhardt, Koscielny-Bunde et al. 2001) have studied in detail 

the effects of a polynomial or oscillatory trend on DFA results and show that higher order DFA 

can, in many cases, help in determining true correlation of the fluctuations and the cause behind 

the occurrence of a crossover. This systematic handling of trends and periodicity gives DFA 

an advantage over other non-detrending methods (Kantelhardt, Koscielny-Bunde et al. 2001). 

In previous studies researchers removed periodicity in a time series prior to DFA in order to 

determine ‘true scaling exponents’ (Sadegh Movahed, Jafari et al. 2006, Li, Zhang 2007, Hu, 

Ivanov et al. 2001, Kavasseri, Nagarajan 2004). In this study, periodicity is considered to be 

part of the fluctuation structure that is naturally induced by meteorological and hydrological 

processes, and hence will not be removed and instead will be identified in the fractal behaviour. 

In addition, since hydrological datasets are generally quasi-periodic, removal of periodicity 

inevitably leads to unintended modification or addition of trends or a smoothing of the 

fluctuations. 



 

 

Robust Fractal Analysis Computation 32 

 

The scaling behaviour of a time series is approached asymptotically, hence high order DFA 

results deviate from a co-linear trend at smaller time scales and this affects the determined 

scaling exponent (Kantelhardt, Koscielny-Bunde et al. 2001). This deviation is overcome by 

dividing  F L  by a correction factor  K s  , which is, in turn, determined by averaging over 

configurations of surrogate datasets that are Monte-Carlo simulations of the original time series 

(100 configurations will be used in this study) to obtain a modified variance measure,  ( )

mod

nF L  

(Kantelhardt, Koscielny-Bunde et al. 2001):  

 

1/2
2

( )  1/2
( )

( ) ( )
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n
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n
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F L F L
K L

F L

  
  

  

  (8) 

Where ...  denotes the average over all configurations and 
( ) (L)nF  denotes the computed 

variance measure from step 4 using nth order DFA, i.e. DFAn. 

Figure 12 presents a flowchart, which summarises the r-DFAn procedure explained above. 

 

 

 



 

 

Robust Fractal Analysis Computation 33 

 

 

Figure 12   Flowchart of r-DFAn procedure 
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Illustration of r-DFAn 

r-DFAn involves performing r-DFA1 to r-DFA6 after which artificial deviations in fractal 

behaviour are resolved by using equation (8). The global scaling exponent is then determined 

for all DFA orders using robust regression with bi-square weighting. This is followed by 

determining crossovers (if any) using piecewise linear regression, the results of which are 

analysed using ANCOVA, and, in turn, the results from the ANCOVA are assessed using a 

multiple comparison procedure in order to ensure that the chosen number of crossovers are 

statistically significant. The code has been made available online in Habib (2016). 

A synthesized mono-fractal signal with two scaling regimes and a known crossover location is 

used to illustrate the r-DFAn method. The fractal signal is generated using Fourier analysis by 

scaling white noise in the frequency domain in order to produce a power spectral density that 

possesses a certain known scaling behaviour (Kantelhardt, Koscielny-Bunde et al. 2001). This 

is generated as follows: 

1. Fourier transform a realisation of white noise from time domain (  u t ) to frequency 

domain (  u f ):  

     2 itfu f u t e dt







    (9) 

2. Scale the obtained power spectral density according to the following equation: 

    

2 1

2
COf

F f u f
f



 
  

 
  (10) 

 Where COf  is the frequency corresponding to crossover COt , and 1

2

 for 

 for  > 

CO

CO

f f

f f







 


 . 

3.  Repeat steps (1) and (2) N times and compute the average power spectral density 

estimate: 

    av n
F f F f   (11) 

Where ...
n
 is the average over n  configurations. 
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4. Perform inverse Fourier transform on the computed average power spectral density to 

obtain a mono-fractal signal in the time domain with a crossover in the scaling regime: 

     2 ift

avF t F f e df





    (12) 

 F t  is obtained using 100 configurations of a series of length 221 = 2,097,152 data points 

(similar in length to the 1-minute data from Wallingford), and with a crossover, in the time 

domain, at 500 time units and a scaling exponent of 1.0 and 0.5 before and after the crossover 

respectively (Figure 13).  

 

 

Figure 13   Mono-Fractal signal in frequency (top panel) and time (bottom panel) domains 

with change in the scaling regime at a frequency corresponding to 500 units (indicated with a 

grey line). 

 

r-DFAn is used to determine statistically significant scaling exponents of the synthesized signal 

and the results are presented in Figure 14.  
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DFA order Global SE SE 1 SE 2 CO 1 

1 0.70 0.879 0.506 827 

2 0.71 0.874 0.500 1475 

3 0.72 0.873 0.500 2044 

4 0.73 0.870 0.505 2592 

5 0.74 0.872 0.509 2983 

6 0.74 0.869 0.503 3982 
 

Figure 14   r-DFA of synthesized mono-Fractal time series of length 221 data points, a 

theoretical crossover at 500 units and a theoretical scaling exponent of 1.0 before crossover 

and 0.5 after the crossover. 

 

r-DFAn produced results similar to that in Kantelhardt, Koscielny-Bunde et al. (2001) where 

the crossover locations lie ahead of the theoretical location and moves forward on the time 

scale axis with the increase in DFA order. The persistence of the crossover across all r-DFA 

orders indicates that there is a change in the scaling regime. The fluctuation structure of the 

series at all time scales is intertwined. This is evident from the determined scaling exponents 

where the segment that should possess a SE of exactly 1.0, exhibits a SE less than 1.0 and the 

segment that should possess a SE of exactly 0.5 tends to exhibit a SE higher than 0.5. This 

shows how the white noise segment and the rescaled structured noise segment inevitably affect 

each other, and in-turn, affect the location of the crossover. 
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Fractal behaviour of monitored data 

High resolution time series covering a period of around 4 years for air temperature, river 

temperature, groundwater temperature, rainfall, river stage and groundwater levels monitored 

at the Wallingford site are analysed for fractal behaviour using r-DFAn. Nevertheless, only the 

results for rainfall (Figure 15), river stage (Figure 16) and groundwater levels (Figure 17) are 

presented below, as these are the primary focus of the thesis. The rest are presented in Appendix 

A. r-DFAn of all the results have been published in Habib, Sorensen et al. (2017) and relevant 

results and explanations are reproduced below. 

 

 

Figure 15   r-DFAn of 15-minute 4-year-long rainfall series from Wallingford (Habib, 

Sorensen et al. 2017) 
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Figure 16   r-DFAn of 1-minute 4-year-long river stage monitored at Wallingford (Habib, 

Sorensen et al. 2017) 

 

Figure 17   r-DFAn of 1-minute 4-year-long groundwater levels monitored at Wallingford 

(Habib, Sorensen et al. 2017) 
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Implications of observed fractal behaviour 

This section contains a comparison between previously published fractal behaviour and the 

fractal behaviour reported above. Furthermore, expected implications of the observed fractal 

behaviour will be presented. However, as the purpose of this study is to investigate the 

factors that affect GWL fractal behaviour with the help of a model, the expected implications 

presented below will be revisited later (in Chapter 5) in order to confirm or refute them.  

Global fractal behaviour of rainfall, river stage and observed groundwater levels at the 

Wallingford site are consistent with previous studies (Matsoukas, Islam et al. 2000, Li, Zhang 

2007) where rainfall is close to white noise (  = 0.5) and river stage and groundwater 

fluctuation are more structured and tend to Brown noise (  = 1.5). Here, the global scaling 

exponent for rainfall, river stage and groundwater levels are ~0.70, ~1.59 and ~1.67, 

respectively (Figure 15, Figure 16 and Figure 17).  

Little, Bloomfield (2010), Li, Zhang (2007) and Zhang, Schilling (2004) speculate on the role 

of runoff, recharge and the carrying medium i.e. soil, on altering the fluctuation structure of 

rainfall to produce more structured fluctuation in groundwater levels and river stage. Chapter 

5 presents a rigorous investigation of these speculations with the help of a coupled recharge-

groundwater flow model for the Wallingford site. 

The fractal behaviour of river stage (Figure 16) and groundwater levels (Figure 17) are very 

similar. Li, Zhang (2007) speculated the effect that river stage fractal properties would have on 

that of groundwater levels, especially at the larger scales.  However, River Thames, which is 

generally groundwater dominated (with a BFI of 0.64 measured 8 km upstream of the site), is 

expected to have fractal properties similar to those for groundwater. Looking at the fractal 

behaviour of river stage and groundwater levels, it seems that the river stage and groundwater 

level fluctuation structure at all time scales (sub-hourly to sub-monthly) are highly related and 

this was thought to be due to the high level of hydraulic connectivity of the catchment. 

However, the effect of river stage fluctuation on that of groundwater level is investigated in 

Chapter 5, where it will be shown that the fractal properties of groundwater levels 420m away 

from the river are not affected by the fractal properties of the river stage. 

Little, Bloomfield (2010), as reported in Labat, Masbou et al. (2011), studied groundwater 

levels along a Chalk hillslope and found that they exhibited scaling exponents ranging from 
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1.20 to 1.65. Li, Zhang (2007) reported two crossovers for 4-year long groundwater level 

datasets; one was between a few days and 10 days and the second was between a few months 

and a year, and the global scaling exponents for the different groundwater level series ranged 

from 1.36 to 1.60. The global scaling exponent of groundwater levels in Wallingford is higher 

than that published in the aforementioned studies and the crossovers, if reported, do not match 

those found in Wallingford. Nevertheless, according to the extensive study of various 

groundwater level data in Yu, Ghasemizadeh et al. (2016), the fractal behaviour of groundwater 

levels is speculated to be site specific due to differences in the reported fractal behaviour from 

different aquifers, hence, need not be similar. This is discussed further in Chapter 5. 

The rainfall series has one persistent crossover at 1.6 days for r-DFA1. Investigation of the 

rainfall series in the time domain revealed that all storms last for a maximum period of 1.4 days 

and about 75% of dry period length (i.e. dry periods between storms) are shorter than 1.6 days; 

Storms were estimated by clustering non-zero rain with no longer than 2 hours of dry period 

as was done in Ireson, Butler (2011). Keeping these estimates in mind, it is speculated that the 

1.6 days crossover separates two regimes. Where the first regime, corresponding to scales 

smaller than 1.6 days, is affected by the intermittency of rainfall. The second regime, which 

corresponds to scales from 1.6 days to a number of months, is no longer dominated by the 

effect of storms and rain events. Published results for the fractal behaviour of the rainfall series 

do not coincide with Wallingford’s rainfall series. One such case is the rainfall series studied 

in Matsoukas, Islam et al. (2000) from 9 different locations in the US. The rainfall series were 

of 15-minute resolution and were at least 18 years in length. Of course, a longer series would 

cover more trends and inter-annual variations, nevertheless the rainfall’s local fractal behaviour 

before and after the crossover detected coincided with the findings herein: where a SE of about 

1.0 is observed at smaller scales and a SE of about 0.6 is observed at larger scales. The 

crossover location, however, was different. A crossover between 5 and 10 days was observed 

at the 9 locations and its occurrence was related to the separation between meteorological and 

climatological regimes that act as forcing on the rainfall time series. In another publication, 

Tessier, Lovejoy et al. (1996) observed a crossover at about 16 days for rainfall time series 

collected from 30 different catchments in France. Koscielny-Bunde, Kantelhardt et al. (2006) 

studied daily rainfall data from various locations across the world, however, only scaling 

exponents at larger scales from Wallingford can be compared with the results in Koscielny-

Bunde, Kantelhardt et al. (2006). The scaling exponents from Wallingford and those reported 
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in Koscielny-Bunde, Kantelhardt et al. (2006) are similar at corresponding time scales where 

both are close to white noise. 

 

The Lisse effect 

The impact of the Lisse effect, which was observed in the groundwater levels and discussed in 

detail in the previous chapter, on groundwater level scaling properties was studied by, first, 

correcting the groundwater levels to remove the Lisse effect, as explained previously, and then 

comparing the fractal behaviour of the modified and original time series. Figure 18 shows that 

the Lisse effect has a noticeable effect on the fractal behaviour of groundwater levels, 

particularly at intermediate time scales (i.e. around 1000 mins or 0.7 days). The series corrected 

for the Lisse effect results in the removal of a crossover, due to the reduction in  F L , at these 

intermediate time scales (Habib, Sorensen et al. 2017).  

The global fractal exponents for groundwater levels with and without the Lisse effect are ~1.68 

and ~1.78 respectively. Hence, the global scaling behaviour is not strongly affected by the 

existence of the Lisse effect, however it induces changes to the local scaling regimes.  

The evident changes to groundwater level fractal behaviour, especially local fractal behaviour, 

as illustrated above, raises the influence that hydrometry may potentially have over the fractal 

behaviour of monitored data. This artefact to groundwater level fractal behaviour was solely 

due to the existence of a well that is used for monitoring purposes and the subsequent 

occurrence of local dynamics that otherwise would not have occurred. Aside from precision, 

accuracy and monitoring resolution of the measurement device, the type and location of, say, 

a rain gauge with respect to its surrounding, or the location of a pressure transducer in a well 

and the location of the well itself in the catchment, clearly affects the captured fractal 

properties, and hence our interpretation of the fluctuation structure of the variable being 

studied. 

 



 

 

Robust Fractal Analysis Computation 42 

 

 

Figure 18   r-DFAn results of groundwater levels with and without the Lisse effect (Habib, 

Sorensen et al. 2017) 
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4 

The Hydrological Model 

 

Highlights: 

• The three components of the hydrological model developed for the 

Wallingford study site are: estimation of the potential evapotranspiration, 

recharge simulation and groundwater flow simulation.  

• 5 parameters are found to be sensitive: the 2 Van Genuchten-Maulem 

empirical parameters, soil saturated hydraulic conductivity, aquifer 

specific yield and the depth of the aquifer.  

• Multi-objective genetic algorithms are used for the optimization; in 

particular, the Elitist Non-Dominated Sorting Genetic Algorithm (ε -

NSGAII) is used.  

• The non-dominated parameter sets are used to simulate groundwater levels 

which are assessed in both the time and fractal domains.  

• The performance of the model in the fractal domain in terms of replicating 

both global scaling exponents and crossover locations is found to be good.  

 

 

Model Development 

To study the fractal behaviour of the hydrological and meteorological variables and undertake 

a detailed investigation of the fractal behaviour of the available time series, an integrated 

recharge-groundwater flow model is developed to simulate groundwater levels. The model is 

composed of three components: computation of potential evapotranspiration (PET), a Soil 



 

 

The Hydrological Model 44 

 

Moisture Accounting Procedure that emulates Richards’ equation, and finally, a 1D 

groundwater flow model that numerically solves the Boussinesq equation.  

Before presenting details of the model, a flowchart highlighting the main components, inputs 

and sensitive parameters of the model is presented in Figure 19 for the purpose of an overview. 

The choice of models was based on two main factors: model parsimony and data availability.  

The simplicity of the model, along with the relatively straightforward hydrologic aspects of the 

study site, would facilitate the study of the fractal behaviour of the local hydrologic system, 

which involves establishing the forcings that affect groundwater level fractal behaviour 

(covered in chapter 5).  

The second factor that dictated the current choice of models was data availability. Potential 

evapotranspiration measurements were not available for the study site, hence this had to be 

estimated using available meteorological data. As for recharge simulations, the use of a 

recharge model of higher complexity than the current selection would not be possible with the 

data available at the Wallingford site and increased computation time would inhibit later 

analysis. The groundwater and river stage data, though of very high temporal resolution (1-

mintue), were only observed at single locations, hence, the 1D Boussinesq Equation model, 

which is a non-linear partial differential equation, was found appropriate for this study. The 

Boussinesq Equation will enable simulation of groundwater levels using the available data and 

includes a simplified representation of the aquifer’s physical properties, which is important for 

the purpose of this study. 

The model was coded from scratch using MATLAB. This was preferred than using a 

commercially available hydrological model in order to have full knowledge of the structure of 

the model, the mathematical relationships used and all the inherent assumptions. 
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Figure 19   Flowchart of the constructed integrated recharge-groundwater flow model 
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Potential Evapotranspiration 

Potential Evapotranspiration (PET or pE ) was estimated according to the procedure explained 

in FAO Irrigation and Drainage Paper 56 (Allen, Pereira et al. 1998). It combines the original 

Penman-Monteith Equation and the aerodynamic and surface resistance equations. 
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  (13) 

Where   is slope of saturation vapour pressure (kPa/oC), nR  is net solar radiation (MJ/m2/day), 

G  is soil heat flux (MJ/m2/day),   is the psychometric constant (kPa/oC), dryT  is dry 

temperature (oC) measured 1m above ground surface, 2u is wind speed measured 2 m above 

ground surface, oe  is the saturation vapour pressure at a given temperature (kPa), meanT  is mean 

air temperature computed as  max min 2T T  (oC), where both maxT  and minT  are computed over 

a 24 hour period, and ae  is the actual vapour pressure (kPa). 

The following data were used: Net solar radiation ( nR ), wind speed ( 2u ) and wet temperature 

which was used to compute actual vapour pressure ( ae ), and finally, dry temperature was used 

to compute the mean temperature ( meanT ), the slope of saturation vapour pressure (  ) and the 

saturation vapour pressure ( oe ).  

The psychometric constant ( ) was computed as per Allen, Pereira et al. (1998) as 0.067 

kPa/°C with 101 kPa as the atmospheric pressure.  

Soil heat flux (G ) measurements were not available, however, since PET was computed at 15-

minute time steps, loss of net radiation to the soil over such a narrow time window was 

reasonably assumed negligible. 

 

Soil Moisture Accounting Procedure 

“Groundwater recharge is that amount of surface water which reaches the permanent water 

table by direct contact in the riparian zone or by downward percolation through the overlying 
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zone of aeration” (Rushton, Ward 1979). Recharge is a critical process for simulating 

groundwater and it significantly affects the results (Fox, Rushton 1976). The importance of 

accurate recharge estimates for sustainable groundwater management has been realised since 

the late 20th century (Howard, Lloyd 1979), if not earlier.  

Numerous methods are available for estimating recharge, from simple water balance models 

(Healy 2010, Finch 1998) to vertically heterogeneous 2-dimensional Richards’ Equation model 

(Richards 1931). Recharge models have been revisited numerous times over the years and 

enhanced so as to make use of the simplicity of water balance models, but, at the same time, 

being able to simulate various aspects of the recharge process as with the Richards’ Equation 

model (Ireson, Butler 2013, Mathias, Skaggs et al. 2015).  

For this work, the Soil Moisture Accounting Procedure (SMAP) explained in Mathias, Skaggs 

et al. (2015), which is capable of emulating Richards’ Equation, was adapted. Mathias, Skaggs 

et al. (2015) calibrated the SMAP using 231 different soil textures from the UK. The soil 

textures used were distributed over the soil texture ternary diagram in such a way that ensures 

full coverage. The results were found to emulate those simulated using Richards’ Equation 

(Richards 1931) to a good degree (Mathias, Skaggs et al. 2015). Hence, in comparison with 

Richards’ Equation, the SMAP has the added advantage of requiring less data, is less 

computationally expensive and more parsimonious. The SMAP includes the following terms 

in the mass conservation equation: 

 r ro d a

d
q q q E

dt


      (14) 

Where   is water storage in a soil column over the entire depth to the water table [L], rq  is 

rainfall intensity [LT-1], roq  is runoff [LT-1], dq  is drainage rate at some intermediate depth in 

soil column [LT-1], and aE  is actual evaporation rate [LT-1]. 

Runoff ( roq ) is assumed negligible because of the high soil permeability and relatively flat 

terrain. 

The drainage rate ( dq ) in SMAP is assumed to be a function of the unsaturated hydraulic 

conductivity that, in turn, depends on an up-scaled effective saturation. Mathematically: 
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  ˆ
d eq K S   (15) 

Where K  is the unsaturated hydraulic conductivity computed as shown below in equation (16) 

(van Genuchten 1980) and ˆ
eS is an up-scaled effective saturation [-] computed as shown in 

equation (17): 

  
2

1/ˆ ˆ1 1
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s e eK K S S    
  

  (16) 
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  (17) 

Where   and m  are empirical exponents, w  is the depth of water at which plant wilting 

occurs [L], and pu  is storage capacity available for plant uptake [L]. 

Actual evaporation ( aE ) is computed by scaling PET by a plant stress function introduced in 

Feddes, Kowalik et al. (1976). The plant stress function identifies the critical points of plant 

anaerobiosis, field capacity and plant wilting in terms of pressure head, and then fits a linear 

relationship for it in terms of soil water content. Mathematically: 

   2a pE f E    (18) 

Where   2f    is plant stress as a function of the pressure head,   [L], from Feddes, 

Zaradny (1978) determined as: 
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  (19) 

Where , ,a d w    are pressure heads at plant anaerobiosis, field capacity and plant wilting 

point, respectively, and these are considered equal to -0.5 m, -4 m, and -150 m, respectively. 

, ,a d w    are the equivalent points for  , .a d w    in soil water content and these are computed 

as: 

  s r e rS        (20) 



 

 

The Hydrological Model 49 

 

Where s  is saturation soil water content [-], r  is residual soil water content [-], eS  is effective 

saturation computed as follows: 

  1
m

n

eS 


    (21) 

Where n  and m  are empirical exponents and 1 1m n  , and   is the reciprocal of air-entry 

pressure [L-1]. 

The SMAP explained above is similar to a Soil Moisture Accounting (SMA) with explicit 

drainage bypass (Mathias, Skaggs et al. 2015). This is due to the combined effect of the 

drainage rate that is a function of the unsaturated hydraulic conductivity, which in turn depends 

linearly on soil water storage through the up-scaled effective saturation, and the plant stress 

function that scales PET to mimic the effect of soil water content on plant root water uptake 

and hence allowing for more drainage. 

 

Groundwater flow model 

The groundwater flow model is an implicit solution of the non-linear, one-dimensional 

Boussinesq Equation. A simplified illustration of the site, which the equation seeks to 

represent, is shown in Figure 20. 
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Figure 20   Simplified illustration of relevant features on Wallingford site that the Boussinesq 

Equation will model. 

 

Mathematically, the non-linear partial differential equation is expressed as follows:  

    y x x

h h
S K h z W t

t x x

   
   

   
  (22) 

Where yS  and K  are, respectively, the aquifer specific yield [-] and saturated hydraulic 

conductivity [LT-1] in the direction of groundwater flow. ( )W t  is a source/sink term, which in 

our case is recharge [LT-1] and is uniformly distributed. xh  is the water table elevation at 

location x , and xz  is the elevation of the aquifer bed [L] above the datum at location x .  

Boundary conditions imposed are a no-flow boundary on the upstream end – the left side in 

Figure 20 – and a specified head boundary at the downstream end where the River Thames 

traverses the site – found on the right side of Figure 20. The no-flow boundary was found 

appropriate given that overland flow from surrounding Chiltern Hills and Berkshire Downs, 

which are formed of chalk, would be negligible, and flow from surrounding springs is 

discontinuous, low, and at a considerable distance from where the data are collected. The 

alluvial aquifer is isolated from the chalk with a thin impermeable aquifer (as described in the 
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Site Hydrogeology section in Chapter 2). The spatial domain (X) is one of the parameters that 

will be studied through a sensitivity analysis. 

The initial condition for the model was a uniform constant groundwater level equal to the mean 

observed groundwater level. A 9-month warm up period from 01/2012 – 09/2012 was found to 

be sufficient for the model to ‘forget’ the initial conditions, bearing in mind that the aquifer is 

highly pervious. 

Implicit discretization of the non-linear PDE was adopted. Below is the implicit scheme to be 

modeled: 
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  (23) 

Where 
1/2i

nh


 is hydraulic head midway between points i  and 1i   and is assumed constant over 

the time step n  . This is known as iteration across a time-step and was adopted from Carnahan, 

Luther et al. (1969). The implicit scheme was formulated as a system of linear equations and 

written in matrix form as shown in equation (24) to solve each set of equations using the 

backslash ( \ ) operator in MATLAB. The code iterates through time to obtain groundwater 

levels at all space and time steps. Space and time resolutions of the model are 5 metres and 15 

minutes respectively. The time resolution was selected based on the resolution of the coarser 

datasets which were the meteorological datasets. A spatial resolution of 5 metres was found 

appropriate in terms of the accuracy and computation time. A higher spatial resolution (of say 

1m) increased the computation time and made tasks such as the sensitivity analysis and 

calibration process very computationally expensive, and a lower spatial resolution (of say 10m) 

affected the accuracy of simulated groundwater levels. 
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Validating the groundwater flow model 

The analytical solution of Marino (1974) has been used to validate the implicit solution 

explained above, however, the discretization of the Boussinesq Equation had to be adopted to 

implement the same scenario solved by the analytical solution. The scenario is that of an aquifer 

bound by two streams of equal stage (at around 42 mAOD) and at a distance of 1800m from 

each other and with uniform recharge as forcing. The numerical and analytical solutions of the 

groundwater response to the uniform recharge is presented in Figure 21 and it validates the 

numerical solution of the Boussinesq Equation. 

 

 

Figure 21   Comparison between the numerical solution of the Boussinesq Equation and an analytical solution. 

 

Sensitivity Analysis 

In total, there are 13 parameters from the coupled recharge-groundwater flow model, and these 

are listed in Table 2. Different saturated hydraulic conductivities are used for the saturated and 

unsaturated zones despite the shallow depth of the aquifer (which is about 5m). The reason for 
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this is that the recharge model is lumped over the depth of the unsaturated zone and this will 

ensure that the effect of the 0.5m thick top soil layer (which was mentioned under the Site 

hydrogeology section in Chapter 2) is taken into account and represented in the parameter 

describing the hydraulic conductivity of the unsaturated zone. 

Sensitivity analysis was performed to determine the parameters that the model is most sensitive 

to so to reduce the number of parameters to be optimized and narrow down the parameter 

search range. Monte-Carlo simulations with Latin Hypercube Sampling were used to reduce 

the total number of simulations. Individual parameter sensitivity was then assessed by plotting 

cumulative distributions of behavioural and non-behavioural simulations. This method of 

identifying parameter sensitivities was first introduced in Spear, Hornberger (1980) where a 

threshold (assumed to be approximately at the mean value for all realisations) for each 

objective function for separating behavioural and non-behavioural values is defined after which 

the cumulative distributions are plotted. Distinctly different behavioural and non-behavioural 

cumulative distribution functions (cdfs) would indicate a sensitive parameter. Parameter 

interaction was assessed using bi-variate scatter plots. 

Table 2   List of parameters from the coupled recharge-groundwater flow model 

Parameter 

Symbol 

Parameter Name Range* 

SMAP 

Θw Depth of water at which plant wilting occurs [L] 10 – 500 mm 

Θpu Storage capacity available for plant uptake [L] 500 – 700 mm 

Θo Initial total water content [L] 600 mm 

η  Empirical exponent [-] -6 – -0.1  

θr  Residual soil water content [-] 0.01 – 0.1 

θs Saturated soil water content [-] 0.05 – 0.3 

m Empirical exponent from van Genuchten Relationship 

[-] 

(0 – 0.7] 

α Reciprocal of reference state pressure head [L-1] 0.5 – 4 m-1 

Ks_smap Unsaturated zone saturated hydraulic conductivity 

[LT-1] 

0.01 – 5 m/day 

Groundwater Flow Model 

Base Aquifer Base [L] 30 – 42 m 

Ks Saturated Zone Hydraulic Conductivity [LT-1] 0.1 – 25 m/day 

Sy Specific Yield [-] 0.01 – 0.5 

X Spatial Domain (distance to no-flow boundary) [L] 1000 – 2700 m 
* Parameter ranges specified are prior to sensitivity analysis  
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A two-tier approach was adopted for the sensitivity analysis whereby the first stage involves 

performing sensitivity analysis for the recharge model parameters based on the groundwater 

response from selected rain events, and the second stage involves performing sensitivity 

analysis for the groundwater flow model parameters given the refined recharge model 

parameters and the groundwater response for the entire time series. After that, optimization is 

performed and this is explained in the next section. 

The first stage of sensitivity analysis is performed by first selecting a number of rain events (26 

rain events were selected) that produce substantial groundwater fluctuations. The performance 

of the model will be assessed based on three objective functions described below; the objective 

functions measure the volume of recharge from a rain event, the peak rise due to a rain event, 

and the timing of the peak. 

 

1- Percentage error in total volume of water added to groundwater during an event: 
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2- Percentage error in peak rise 
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3- Percentage error in peak timing 
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The selected rain events are presented in Figure 22. 
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Figure 22   Selected groundwater hydrographs for first-stage calibration. The rainfall is rescaled and the corresponding GWLs are added to it 

so as to display it as above. 
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A total of 2000 Latin Hypercube Samples with 3 partitions was performed. Hence a total of 

6000 Monte Carlo simulations were run for the first stage of sensitivity analysis. Randomly 

selected values from uniform distributions for the SMAP parameters (listed in Table 2) were 

used. The initial total water content (Θo) was not included in the sensitivity analysis because a 

9-month warm-up period was used which would naturally render this parameter insensitive. 

Figure 23 illustrates the cumulative distributions of the 8 SMAP parameters studied using the 

three above mentioned objective functions. It shows that only two parameters are sensitive for 

each of the three objective functions considered. These are the empirical parameters from the 

van Genuchten-Maulem relationship: m and η. 

Furthermore, bi-variate scatter plots were used to study parameter interaction. Figure 24 

presents selected bi-variate scatter plots and remaining plots are included in Appendix B. The 

bi-variate scatter plots indicate no obvious parameter interaction except for the empirical 

parameters m and η. The bi-variate plots also show that lower objective function values for 

both m and η consistently occur in the ranges (0, 0.4] and [-3, -0.1] respectively. Hence, only 

m and η will be carried over to the second stage of the sensitivity analysis and their ranges will 

be refined to (0, 0.4] and [-3, -0.1] respectively.  
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Figure 23   Behavioural and non-behavioural cumulative frequency distributions of 8 SMAP 

parameters 
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Error in volume 

 

 

Error in peak rise 

 

 

Error in peak timing 

 

 

Figure 24   Selected bi-variate scatter plots of the SMAP parameters during first-stage 

calibration 

 

The second stage of sensitivity analysis involves the study of groundwater flow model 

parameters together with the refined SMAP parameters. Rather than selected rain events, the 
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objective functions selected for this sensitivity analysis will be applied to the entire 

groundwater series. 

Three objective functions were selected: the Nash Sutcliff Efficiency to account for differences 

between simulated and observed groundwater levels, the cross-correlation to account for the 

difference in timing, and the unbiased percentage error in monthly peaks to measure the ability 

of the model to capture seasonal rise and fall of groundwater levels. Mathematically, the 

objective functions are as follows: 

 

1- Nash Sutcliff Efficiency (NSE) modified to enable minimization: 
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  (28) 

Where ,obs th  is the observed groundwater level at time t  and obsh  is the mean of the observed 

groundwater levels. ,sim th is the simulated groundwater level at time t  for a total of tN  time 

steps. 

 

2- Cross correlation (CC), modified to enable minimization: 
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3- Unbiased percentage error in monthly peaks (PMP): 
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1500 Latin Hypercube samples with 4 partitions were used for the Monte-Carlo simulations of 

the second stage sensitivity analysis. This resulted in a net sum of 6000 Monte Carlo 

simulations. Cumulative plots of behavioural ( B ) and non-behavioural ( B ) sets for the refined 

SMAP parameters and the 4 groundwater flow parameters are presented in Figure 25. The 

Base, K  and yS  parameters are sensitive whereas remaining parameters are generally 

insensitive.  

Both the hydraulic conductivity ( K ) and the aquifer base affect the NSE of the simulated 

groundwater levels. Cross correlation between the simulated and observed groundwater levels 

is dominantly affected solely by the hydraulic conductivity as shown in Figure 25. The PMP 

error, which evaluates how well simulated groundwater levels captured the observed seasonal 

fluctuation, is mainly affected by the specific yield, yS  . The spatial domain of the model (X) 

will be excluded from the optimization since it is not sensitive to any of the objective functions. 
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Figure 25   Behavioural and non-behavioural cumulative frequency distributions of 2 refined 

SMAP parameters and 4 groundwater flow parameters produced with 2000 Monte Carlo 

simulations 
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Sample bi-variate scatter plots of the refined SMAP parameters (m and η) and the groundwater 

flow parameters are presented in Figure 26. Remaining bi-variate scatter plots are included in 

Appendix B. It can be seen that, generally, there is no parameter interaction except between 

the hydraulic conductivity ( K ) and the aquifer base except with the Nash Sutcliff Efficiency 

objective function where there is clear interaction that can be explained by the fact that both 

aquifer base elevation and hydraulic conductivity are used to describe the aquifer’s 

transmissivity. However, the ranges of the aquifer base and the specific yield can be reduced 

to [37, 42] mAOD and [0.01, 0.2] respectively, because of consistently lower objective function 

values within these ranges. The inconsistency in lower NSE and CC values for the hydraulic 

conductivity make it difficult to narrow down its range. The elevation of the aquifer base and 

the aquifer’s spatial domain have the same effect on groundwater levels; i.e. depending on the 

direction of change they either increase or reduce the mean groundwater level. Hence, one of 

them was selected for calibration and the other was fixed. Additionally, the aquifer base is not 

fixed to the depth known from the borehole, rather it is calibrated since the elevation of the 

aquifer base at different locations is unknown. 

Hence, the selected sensitive parameters for the coupled recharge-groundwater flow model are 

highlighted in grey in Table 3 and the values selected for the non-sensitive parameters are also 

presented. 
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Table 3   Parameters selected for optimization and values selected for non-sensitive 

parameters 

Parameter 

Symbol 

Parameter Name Range 

(before 

sensitivity 

analysis) 

Range 

(after sensitivity 

analysis) 

SMAP 
 

Θw Depth of water at which plant wilting occurs [L] 10 – 500 mm 200 mm 

Θpu Storage capacity available for plant uptake [L] 500 – 700 mm 690 mm 

Θo Initial total water content [L] 600 mm 300 mm 

η * Empirical exponent from van Genuchten Relationship 

[-] 

-6 – -0.1  -3 – -0.1 

θr  Residual soil water content [-] 0.01 – 0.1 0.06 

θs Saturated soil water content [-] 0.05 – 0.3 0.1 

m* Empirical exponent from van Genuchten Relationship 

[-] 

(0 – 0.7] 0.001– 0.4 

α Reciprocal of reference state pressure head [L-1] 0.5 – 4 m-1 0.9 m-1 

Ks_smap Unsaturated zone saturated hydraulic conductivity [LT-

1] 

0.01 – 5 m/day 1.9 m/day 

Groundwater Flow Model 
 

Base* Aquifer Base [L] 30 – 42 m 37 – 42 m 

Ks* Saturated Zone Hydraulic Conductivity [LT-1] 0.1 – 25 m/day 0.1 – 25 m/day 

Sy* Specific Yield [-] 0.01 – 0.5 0.01 – 0.2 

X Spatial Domain (distance to no-flow boundary) [L] 1000 – 2700 m 1800 m 

* Sensitive parameters 
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1 – Nash Sutcliff Efficiency 

 

 

1 - | Cross Correlation | 

 

 

Percentage Error in Monthly Peaks 

 

Figure 26   Selected bi-variate scatter plots for the second stage of sensitivity analysis (which 

includes 2 refined SMAP parameters and 4 groundwater flow parameters) 
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Optimization using Multi-Objective Evolutionary Algorithms 

Countless optimization techniques have been developed over the past decades with single or 

multiple objective functions and conceptually different search algorithms. In hydrology, multi-

objective optimization has been adapted due to the difficulty of measuring model performance 

via a single objective function, and this is because hydrological variables are a combination 

linear or non-linear processes being observed at different time scales. Multi-objective 

optimization has been around for over a decade (Efstratiadis, Koutsoyiannis 2010) and was 

applied in conjunction with various algorithms. Among the various objective functions that 

have been used to quantify certain aspects of a simulated hydrological variable, the following 

list covers most of the commonly used objective functions, as summarised in Efstratiadis, 

Koutsoyiannis (2010): root mean square error (RMSE), log-RMSE, RMSE of low flow and 

peak values and peak timing, RMSE of driven and non-driven parts of a hydrograph, RMSE of 

low flows and high flows, heteroscedastic maximum likelihood error, Nash Sutcliff Efficiency 

(NSE), coefficient of determination, coefficient of correlation, mean absolute error, mean 

square derivative error, mean absolute percentage, different fuzzy measures, volume error, 

seasonal volume error, weighted function of NSE and bias. 

Among numerous algorithms used to calibrate hydrological models, evolutionary algorithms 

have proven to be efficient in overcoming common optimization issues, such as the existence 

of multiple peaks in the solution space, flat solution space, etc. (Duan, Sorooshian et al. 1992, 

Efstratiadis, Koutsoyiannis 2010, Beven 2012).  

Evolutionary algorithms have been used for calibrating hydrological models in various studies 

(Tang, Reed et al. 2005, Laumanns, Thiele et al. 2002, Kollat, Reed 2006). Among 3 commonly 

used multi-objective evolutionary algorithms for hydrologic model calibration, Tang, Reed et 

al. (2005) found that a variant of the Elitist Non-Dominated Sorting Genetic Algorithm (ε-

NSGAII) was, at the least, competitive with the other algorithms that were tested on three 

catchments. ε-NSGAII was introduced in Laumanns, Thiele et al. (2002) and was designed to 

incorporate the epsilon-dominance archiving/selection to improve the original NSGA’s 

efficiency and Pareto set diversity. In addition, Kollat, Reed (2006) tested the ε-NSGAII 

algorithm along with three other state-of-the-art multi-objective evolutionary algorithms on a 

groundwater monitoring scheme for 25 wells and, similar to Tang, Reed et al. (2005) findings, 

ε-NSGAII out-performed the other algorithms in terms of efficiency and search effectiveness. 
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Kollat, Reed (2006) concluded that ε-NSGAII is useful for water resources applications due to 

the simplified parametrization at the start of the search compared to other algorithms and the 

original NSGAII algorithm.  

Hence, the ε-NSGAII algorithms will be used in conjunction with three objective functions 

(the Nash Sutcliff Efficiency, the cross correlation, and the peak monthly rise) to optimise the 

parameters summarised in Table 3. The optimization will cover the period between September 

2012 and December 2014. The period between January 2012 and September 2012 (a total of 9 

months) is used for model warm-up, and the period between December 2014 and December 

2015 (a total of 12 months) is used for model evaluation.  

 

 

  

Figure 27   Illustration of threshold used for identifying the two different SMAP models (top 

panel) and the different groundwater responses observed during cooler months (bottom left) 

and warmer months (bottom right). 
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Additionally, the recharge will be computed using different parameters for the winter and 

summer. This is done by selecting a threshold (which was selected to be at 45.1 mAOD) above 

which the SMAP parameters will correspond to the winter season and below the threshold the 

parameters will correspond to the summer (Figure 27). This was done because, on close 

inspection of the groundwater levels, it was realised that the groundwater response to rain 

during summer drains much quicker than in winter which sees longer attenuation of recharge 

(see bottom panels in Figure 27).  Hence, the optimisation will be performed by considering 

two different sets of unsaturated zone parameters (i.e. η and m). A threshold at 45.10 mAOD 

for groundwater levels was found reasonable to separate between the different groundwater 

responses (Figure 27). 

 

Background of Multi-Objective Evolutionary Algorithms 

Genetic Algorithms – a type of Evolutionary Algorithm that is based on the notion of genetics 

– start with an initial population of parameter sets, known as parents in the current generation, 

which evolves via either mutation, crossover or elitism to a new population known as children 

with scores higher than those of the parents. The evolution continues until the algorithm 

converges to a Pareto optimal solution based on the stopping criterion.  The advantage of multi-

objective genetic algorithms is its ability to capture different properties of the simulated 

variable – via multiple objective functions – and the reduced susceptibility to converging to 

local minima in complex function spaces – due to the use of genetic algorithm.  

Genetic Algorithms (GA) are, in principle, based on the science of genetics, however, there are 

two implementations of the algorithm: the binary GA which involves converting parameter 

values in each parameter set into a binary string and continuing with the optimisation using 

these strings, and the real-parameter GA which, as the name suggests, deals with parameter 

values in real space. Real-parameter GAs are used for continuous problems and is what we are 

concerned with herein.  

Iterations in GA are referred to as generations. The first generation is formed of a number of 

randomly selected parameter sets whose scores are determined based on predefined objective 

functions. The evolution of one generation to another takes place via three operators: the 
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reproduction or selection operator, the crossover or blending operator, and the mutation 

operator (Deb 2001). 

Three common techniques that fall under the selection operator are the tournament selection, 

the proportionate selection and the ranking selection. The tournament selection involves 

carrying-over the more favourable parameter sets to the ‘mating pool’ which will then form the 

next generation. The parameter sets selected to join the mating pool are also referred to as ‘elite 

children’. The selection is made by comparing scores of randomly selected pairs and selecting 

the best parameter set from each pair. The proportionate selection, however, is performed by 

computing an expectance for each parameter set and this is based on their respective score such 

that a higher score will result in a higher expectance. This technique is similar to a roulette-

wheel mechanism where the higher the score, the more chance there is for the roulette-wheel 

to freeze on a parameter set, and hence get carried-over to the next generation. The ranking 

selection tries to overcome problems with extremely high scores where each parameter set is 

ranked in ascending order rather than proportionate to their score. 

The crossover operator is applied to the parameter sets in the mating pool and in principle, 

involves combining the parameter sets to form offspring parameter sets that are potentially 

higher in score. Different techniques are used to combine parameter sets and hence the different 

crossover operators, some of which include linear crossover, naïve crossover, blend crossover, 

simulate binary crossover, among others.  

The mutation operator is responsible for creating completely new parameter sets in the vicinity 

of the parameter sets in the mating pool. Various mutations operators exist, some of which are 

random mutation, non-uniform mutation, normally distributed mutation, and polynomial 

mutation. The main difference in the mutation operators mentioned is the definition of the 

probability density function around the parameter sets in the mating pool that will be used for 

selecting the new parameter set. 

The abovementioned operators are responsible for converging to the Pareto optimal solution 

by selecting the best parameter sets, but at the same time maintaining a diverse population by 

applying the crossover and mutation operators. From the comprehensive explanation of GA’s 

work flow above, it becomes apparent that GA’s are highly non-linear, stochastic, multi-faceted 

and complex algorithms (Deb 2001). 
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As presented earlier, among various optimisation techniques available, the Elitist Non-

Dominated Sorting Genetic Algorithm (ε-NSGAII) proved to efficiently converge to a wide-

spread Pareto-optimal solution for hydrological models (Laumanns, Thiele et al. 2002, Kollat, 

Reed 2006, Tang, Reed et al. 2005). Hence, Elitist Non-Dominated Sorting Genetic Algorithm 

will be used for the optimisation with the aid of the MATLAB optimization function, 

gamultiobj. A population size of 150 was used and the code was made to evolve over 6 

generations. 

The concept of ε-NSGAII is that the non-dominated search is performed on both the parents 

and the children simultaneously with the help of the crowded tournament selection operator. 

The operator first ranks all parents and children and then computes the crowding distance for 

each parameter set which is, in the search space, the space around each parameter set that is 

not occupied by any other parameter set. The results of the operator are attained by selecting 

parameter sets with the higher ranking, and in the case of parameter sets having equal rankings, 

the parameter set with larger crowding distance is selected (Deb 2001).  

The MATLAB function gamultiobj performs the ε-NSGAII by scaling individual parameter 

sets based on their rank rather than their scores, performs tournament selection to determine 

which parameter sets get carried over to the next generation which is 0.05*[populations size], 

performs crossover so that a total of 0.8*[population size - tournament selected sets] are 

parameter sets from crossover, and mutation is performed on the remaining proportion which 

is 0.2*[population size - tournament selected sets] (MATLAB online help 2016a, MATLAB 

online help 2016b). Since this is a multi-objective optimisation, the ranking is performed using 

a ‘Domination Matrix’ (MATLAB Code 2015b) where pairwise comparisons are used to 

determine non-dominated parameter sets; non-dominated sets are sets that are strictly non-

inferior with at-least one objective and is not worse than any other set for all the other 

objectives. 

 

Optimisation results - Time domain assessment  

The multi-objective evolutionary algorithm converged to 31 non-dominated parameter sets. 

The non-dominated parameter values are summarised in Figure 28. As previously mentioned, 

two sets of recharge parameters will be used; η1 and m1 are for the cooler months and η2 and 
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m2 are for the warmer months. The saturated hydraulic conductivity values and specific yield 

values are somewhat lower than a value of 20 m/day suggested in the literature (Bricker, 

Bloomfield 2014). It should be noted, however, that this was based on estimates from grain-

size distribution data as opposed to field tests, and the results were used to set a ‘reasonable’ 

range for the parameters, however, in view of the different estimation method employed here, 

such a difference would be expected. 

 

 

Figure 28   Box-plots of non-dominated parameter sets (Symbols from left to right: aquifer 

base elevation, Saturated hydraulic conductivity, specific yield, first recharge empirical 

parameter for winter, second recharge empirical parameter for winter, first recharge 

empirical parameter for summer, second recharge empirical parameter for summer) 

 

A summary of the objective function values of the non-dominated parameter sets is presented 

in Figure 29 with 7 realisations with an 1-NSE < 0.5.  
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Figure 29   Box plots of objective function values for the non-dominated parameter sets 

(Objective functions from left to right: rescaled Nash Sutcliff Efficiency, cross correlation, 

percentage error in monthly peak) 

 

A bi-variate scatter plot in Figure 30 shows the Pareto front of the non-dominated parameter 

sets.  
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Figure 30   Scatter-plot Matrix of Pareto-optimal sets’ objective function values with 

normalized histograms along the diagonal. 

 

The value path plot in Figure 31 is an illustration of the normalised objective function values 

– individually rescaled between 0 and 1 – (Deb 2001). The extent of spread of objective 

function values in Figure 31 is an assessment of the diversity of the Pareto-optimal sets and the 

degree of tortuosity (or zig-zag(ness)) of the lines shows the trade-offs between the three 

objective function values. 
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Figure 31   Value path plot of non-dominated sets’ normalised objective function values 

(Objective functions from left to right: rescaled Nash Sutcliff Efficiency, cross correlation, 

percentage error in monthly peaks) 

 

Finally, using the 31 non-dominated parameter sets, groundwater levels were simulated and 

are presented in Figure 32. 

On visual inspection, Figure 32 (zooms A-D) shows that simulated groundwater levels capture 

the timing of events well. In addition, the rise in groundwater levels for some events is 

simulated very well (zoom A and B), and not so well for others (zoom C and D). The seasonal 

recession is captured with a few realisations. Following section presents the performance of 

the non-dominated groundwater simulations in the fractal domain.  

Even though the Wallingford site appeared to be a straight forward site to model, the wide 

variation of groundwater levels over a large range of time scales has proved to be a challenge 

to simulate; so that capturing the groundwater response to individual rain events as well as the 

seasonal rise and fall of groundwater levels has been difficult. The main component that the 
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model does not reproduce so well is the recession in 2013 and 2015. The reasons behind this 

are speculated to be the result of one or a combination of the following: 

- 1D model: a 1D model, though appealingly simple in comparison with a 2D model and, 

in this case, compulsory due to the data available at one location, may be the reason 

behind the underestimation of the groundwater flow model to the mass of water inflow 

at the well location during some winters.  

- Hysteresis: hysteresis may be a potential factor because the rise in groundwater flow is 

simulated well, as shown in Figure 32, in comparison with the recessions. Looking 

closer at the soil-pore scale during the rise of groundwater levels after a rain event, 

while keeping in mind that the effect of capillary rise in the Wallingford alluvium will 

not be significant, one speculates that the rapid rise is due to the pores already partially 

filled by the rapidly infiltrating rain waters and hence the rise in groundwater is 

relatively rapid in comparison with the fall in groundwater levels where the draining of 

the pores happens in such a way that the water that was available in the pores during 

the rise now contribute to the drainage. Hence the recession is slower than the rise.  

With the available data, building a 2D model is not possible. In order to study whether 

hysteresis affects the results of the recharge-groundwater flow model, a calibration was 

performed where two specific yield values were used – one for the rise and one for the fall. 

The modified model did not produce better results, hence they were not included here.   
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Zoom C 

 

Zoom D 

  

Figure 32   Simulated groundwater levels 



 

 

The Hydrological Model 78 

 

Optimisations results - Fractal domain assessment 

The r-DFAn of observed groundwater levels, that are corrected for the Lisse effect, will be 

used to assess the performance of the simulated groundwater levels in the fractal domain.  

It is observed that not all r-DFAn plots for the simulated groundwater levels produce 

predominantly co-linear DFA points as shown in Figure 33. Collinearity of the r-DFAn points 

is required to ensure that a series is fractal in nature (Turcotte 1997, Liang, Zhang 2013), hence, 

simulated groundwater series with r-DFAn points that exceed a certain standard deviation are 

discarded from the non-dominated groundwater simulations, and this will be referred to as the 

‘fractal domain refinement’. The thresholds were selected based on visual assessment and the 

threshold values are summarised in Table 4. Naturally, which simulations are selected will vary 

according to the selected thresholds, however, a feel for the sensitivity of fractal domain 

refinement to the selected thresholds may be depicted from Figure 33 where the standard 

deviations of all simulations are presented. 
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Figure 33   Standard deviation of r-DFAn plots of the non-dominated groundwater 

simulations. Black dots indicate those that exceeded the thresholds in Table 4. 

 

With ‘fractal domain refinement’, it is ensured that the non-dominated groundwater 

simulations will only include the ones that are fractal. The standard deviation thresholds 

applied were selected based on visual assessment. The higher the r-DFA order, the more the 

standard deviation threshold allowance. This might be counter-intuitive, however, because r-

DFAn plots are double logarithm plots, higher order r-DFA are 1-2 orders of magnitude less. 

Hence, higher order r-DFA are more sensitive to small changes and this is reflected in the 

standard deviation.  

Table 4   Standard deviation threshold for refining non-dominated simulated groundwater 

series based on fractal domain performance 

r-DFAn 1 2 3 4 5 6 

Standard deviation threshold 0.3 0.7 2.5 2.5 2.5 2.5 
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Figure 34 and Figure 35 show a comparison between the objective function and parameter 

values, respectively, before and after the removal of the non-fractal simulations. No obvious 

change in the distributions is observed, and this is backed-up by Figure 36, which highlights 

the non-fractal realisations on the value path plot where no obvious trend is observed. The 

number of realisations with a 1-NSE value of less than 0.5 is reduced from 7 to 5 after removing 

the non-fractal realisations. Since there is no indication in the time domain – in terms of 

parameter values or objective function values – of the non-fractal simulations, this 

demonstrates that performing fractal analysis is necessary, at least for this case study, for 

ensuring that the fractal behaviour is simulated. 

 

Figure 34   Comparison of non-dominated objective function values with and without ‘fractal 

domain refinement’ (Objective functions from left to right: rescaled Nash Sutcliff Efficiency, 

cross correlation, percentage error in monthly peaks) 
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Figure 35   Comparison of non-dominated parameter values with and without ‘fractal 

domain refinement’ (Symbols from left to right: aquifer base elevation (m), Saturated 

hydraulic conductivity (m/day), specific yield (-), first recharge empirical parameter for 

winter (-), second recharge empirical parameter for winter (-), first recharge empirical 

parameter for summer (-), second recharge empirical parameter for summer (-)) 
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Figure 36   Value path plot with non-fractal sets highlighted (with thicker lines) (Objective 

functions from left to right: rescaled Nash Sutcliff Efficiency, cross correlation, percentage 

error in monthly peaks) 

 

The fractal behaviour of the refined groundwater simulations is assessed, by first, studying 

how well the simulations captured the global scaling exponents, and second, by looking at 

how well the crossovers (changes in scaling regimes) are captured. Figure 37 presents a 

summary of the global scaling exponents of simulated groundwater series for each r-DFA 

order and the observed global scaling exponents as well. The general change in observed 

global scaling exponents across the r-DFA orders is captured by the simulated global scaling, 

however, the simulated global scaling exponents for r-DFA2-6 are higher than the observed 

by about 0.02-0.03. This may be  expected because the model does not simulate some of the 

smaller/detailed fluctuations (such as the diel signal), and over-estimates the rate of the 
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seasonal recession. The former would result in a reduction in the variance measure (F(L)) at 

the shorter time scales and the latter would result in an increase in the variance on the larger 

scales. The combined effect resulting in an increase in the global fractal behaviour of the 

simulated groundwater levels.   

 

 

Figure 37   Global scaling exponents of simulated and observed groundwater levels 

 

Crossovers of the simulated groundwater levels are presented in Figure 38 along with observed 

crossover locations. Since the r-DFAn procedure associates confidence intervals with the 

slopes determined, in order to assess the statistical significance of the crossovers, the 

confidence intervals of observed crossovers were determined from the adjacent local slopes. 

This was done by determining combinations of local scaling exponents that produced the 

smallest and largest possible crossover locations.  
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Figure 38 shows that some simulated groundwater series produced correct crossovers, despite 

their subtlety.  

Hence, to summarise, the coupled recharge-groundwater flow model was calibrated using a 

variant of the Elitist Non-Dominated Sorting Genetic Algorithm (ε-NSGAII) which is a multi-

objective evolutionary algorithm after sensitivity analysis was performed. The non-dominated 

parameter sets were assessed in both time and fractal domains. The main drawback with the 

performance in the time domain was the model’s inability to capture the correct seasonal 

recession, however, the model was found to simulate the fractal behaviour of groundwater 

levels to an acceptable degree after performing fractal-domain-refinement Hence, in the 

following chapter, the model will be queried to determine what factors the groundwater level’s 

fractal behaviour are sensitive to. 
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r-DFA1 

 

r-DFA2 

 
 

r-DFA3 

 

 

r-DFA4 

 
 

r-DFA5 

 

 

r-DFA6 

 

Figure 38   r-DFAn results of observed (corrected for Lisse effect) and simulated 

groundwater levels 
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5 

What Affects Groundwater’s 

Fractal Behaviour? 

 

Highlights: 

• Changes to rainfall’s fractal behaviour produced statistically different 

groundwater fractal behaviour.  

• Local changes to rainfall’s fractal behaviour influences the local fractal 

behaviour of both drainage/recharge and groundwater levels.  

• Recharge’s fractal behaviour  is more sensitive to rainfall’s intermittency 

than rainfall itself.  

• River stage’s fractal behaviour affects simulated groundwater levels’ 

fractal behaviour in a 100m proximity from the river.  

• The role of an aquifer’s geology, recharge parameters and potential 

evapotranspiration’s fractal behaviour on that of groundwater levels is 

found to be statistically insignificant. 

 

 

Studying the fractal behaviour of hydrological time series has gained momentum in the past 

few decades with some researchers simply focusing on reporting the results from an analysis 

of the fractal behaviour (Zhu, Young et al. 2012, Zhang, Zhou et al. 2011, Kantelhardt, 

Koscielny-Bunde et al. 2001, Eichner, Koscielny-Bunde et al. 2003), and others speculating on 

the reasons that induce fractal behaviour – both in terms of the magnitude of the global scaling 
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exponent and crossover locations – (Little, Bloomfield 2010, Li, Zhang 2007, Matsoukas, Islam 

et al. 2000, Yu, Ghasemizadeh et al. 2016). A few have used models to gain insights into the 

dynamics of the modelled system using fractal behaviour (Williams, Pelletier 2015, Russian, 

Dentz et al. 2013, Istanbulluoglu, Wang et al. 2012, Condon, Maxwell 2014).  

Using the coupled recharge-groundwater flow model explained in the previous chapter, the 

effect of different driving variables and parameters on the fractal properties of groundwater 

levels will be studied. One groundwater realisation is selected from the previous chapter and 

used as a study case. This realisation is selected based on its performance in the fractal domain. 

Realisation no. 6 (Figure 39) was found to perform the best across all r-DFA orders. This 

realisation has a 1-NSE of 0.51, a cross correlation of 0.19 and a PMP of 0.07m. Even though 

there are other realisations with a lower 1-NSE value, their seasonal performance (expressed 

with the PMP objective function) are worse, i.e. there is a trade-off between the different 

objective function values. This particular realisation was found to have the closest fractal 

behaviour to that of the observed in terms of its fractal behaviour, and, in particular, the 

crossover locations across the various r-DFA orders.   

 

 

Figure 39   Fractal behaviour of the selected groundwater realisation (Realisation no. 6) 
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In the following sections, the procedure for changing model parameters or input series to study 

their effect on groundwater levels’ fractal behaviour is detailed. A note to bear in mind is that 

in every case, there is a maximum range of change of a parameter or variable, outside which, 

either groundwater levels produced are no longer physically valid, i.e. the groundwater levels 

may be very high, or the simulated groundwater levels’ fractal properties are no longer fractal, 

or the parameter range for producing different fractal behaviour is limited.  

There are two main sections below: the first includes the factors which produced a statistically 

different groundwater fractal response, which was rainfall, and the second includes all other 

factors investigated. All factors investigated for their effect on groundwater levels’ fractal 

behaviour are:  

- Rainfall series with different fractal properties 

- Recharge parameters 

- The aquifer’s physical parameters 

- The spatial distance from River Thames and the effect of the river stage fractal 

behaviour 

- The effect of potential evapotranspiration 

 

Factors that produced different groundwater fractal behaviour: 

Effect of rainfall (input forcing) 

The effect of rainfall on the fractal behaviour of groundwater levels was studied by driving the 

coupled recharge-groundwater flow model with rainfall realisations of different fractal 

behaviours and noting their effect on the resulting fractal behaviour of groundwater levels. 

Simulating rainfall with different fractal behaviour was performed using a rainfall downscaling 

model (Paschalis, Molnar et al. 2014). An external model, which is known to perform well on 

daily and coarser-scales and hence can simulate rainfall down to daily scales, is combined with 

an internal model, which performs better on daily and finer-scales and hence is used to 
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disaggregate the series produced by the external model down to the desired scale using 

Multiplicative Random Cascades (MRC) (Figure 40).  

However, for this work, only the internal model will be used in order to ensure that the self-

similarity of the simulated rainfall is maintained. This is owed to the structure of the algorithm 

of the internal model which explicitly relies on the fractal behaviour of observed rainfall and 

its parameters which depend on the log-log moment scaling relationship of the data (Molnar, 

Burlando 2008). On the other hand, the algorithms used for the external models rely on 

simulating rainfall as clusters of wet and dry periods where different probability distributions 

are used to approximate the different features defined in the rainfall series; for example, in 

Paschalis, Molnar et al. (2014), exponential functions were used to model durations of wet and 

dry runs in the Alternating Renewal Process, and for the Poisson Cluster Model,  gamma, 

exponential, geometric and other distributions were used to represent storm arrival, number of 

cells within a storm, cell intensities and other features in a rainfall series. Hence, the external 

models used do not particularly capture, and therefore induce, self-similarity in the simulated 

rainfall series. That being said, the external model was replaced with observed data aggregated 

to daily scales and this will be used as input to the MRC which disaggregates the series down 

to the required resolution (of 15 minutes) while maintaining fractal behaviour as explained 

below.  

 

 

Figure 40   The stochastic rainfall model (taken from Paschalis, Molnar et al. (2014) 
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The logic of disaggregation of the cascade is explained in Figure 41, where n is the level of 

cascade development (with temporal scale 2 n   (Molnar, Burlando 2008)), i is the number 

of time steps at a given scale, and w is the weight which, as will be explained below, is 

composed of two parts: the non-zero weights (w+) and the zero weights (when w = 0).  

 

 

Figure 41   Multiplicative Random Cascade’s work flow 

 

The Multiplicative Random Cascade (MRC) used is a  -lognormal model (Over 1995, 

Molnar, Burlando 2008). This uses a composite cascade generator which combines the   

model and the Log-normal model. The advantage of combining these two models is that they 

can be used to simulate zero rainfall periods (where w = 0) and positive rainfall (with w = w+). 

A   model is one in which the weights in the cascade generator (here referred to as w  ) can 

be entirely described by the probability of dry periods as follows (Over 1995, Over, Gupta 

1994): 

 
0 1 2

2 1 2

with probability p
w

with probability p



  





  
 

 
  (31) 

In the Log-normal model, on the other hand, the cascade generator (referred to as log nw ) is 

lognormally distributed with a zero mean (   ) and a unit variance (  ), as shown below with 

a standard Gaussian random variable X  (Over 1995): 

 log 2 X

nw     (32) 
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The  -lognormal model combines the two independent generators described in equations (31) 

and (32): 

 log nw w w   (33) 

The moment scaling ( ( )q ) of the cascade generator is used to calibrate the model. ( )q  

defines the relationship between the global scaling exponents determined using r-DFAn for 

different values of q , as explained earlier in chapter 3. All r-DFAn results presented in this 

thesis are for mono-fractal behaviour and hence are computed using q=2. Nevertheless, for this 

rainfall model, moment scaling ( ( )q ) is used to calibrate the cascade generator w  . A detailed 

derivation is included in Over (1995), however, the final representation from Molnar, Burlando 

(2008) is included below: 

 
2

2ln 2
( ) ( 1)( 1) ( )

2
q q q q


        (34) 

where   represents the growth of intermittency in the precipitation data and 2  represents 

variance in the cascade generator (Molnar, Burlando 2008). Both   and 2  are essential 

parameters in describing the scaling field (Molnar, Burlando 2008), however, the 2  is related 

to the multi-scaling and is called to multi-fractality parameter in Molnar, Burlando (2008). That 

said, only mono-fractal behaviour of rainfall is of concern in this research. The parameters are 

determined, as explained in Molnar, Burlando (2008), by first determining the moment scaling 

( ( )q ) from the scaling field relationship: 

 ( )( , ) qM q     (35) 

After that, the value of   is determined from the first derivative of equation (34) at q = 1, and 

2  from equation (34) again, however this time by setting q = 1.5. 

The stochastic rainfall model is first calibrated to observed rainfall at selected scales and then 

used to simulate rainfall. Changing the intermittency parameter (  ) was found to produce 

rainfall series of different fractal properties, hence   will be rescaled to produce various 

rainfall realisations with different fractal properties.  

Figure 42, Figure 43 and Figure 44 illustrate the performance of the stochastic rainfall model 

when simulating rainfall using the calibrated   parameter and when rescaling  . Performance 
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measures selected were standard deviations for each month (Figure 42), probability of dry 

periods for each month (Figure 43), and an empirically fitted distribution using the Kaplan-

Meier Estimate to test performance of the model for each season (Figure 44). 
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Figure 42   Comparison between the standard deviations of each month of observed data 

(dots) and simulated rainfall simulation (lines) after rescaling the intermittency parameter 

(β) by: top panel:1.5, middle panel: 1.0, bottom panel: 0.1. Three scales are selected for the 

comparison: 15 minutes, 1 day and 1 week. 
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Figure 43   Comparison between the probability of dry periods of each month of observed 

data (dots) and simulated rainfall simulation (lines) after rescaling the intermittency 

parameter (β) by: top panel:1.5, middle panel: 1.0, bottom panel: 0.1. Three scales are 

selected for the comparison: 15 minutes, 1 day and 1 week. 
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Figure 44   Comparison between empirically fitted cumulative distributions of observed data (dots) and simulated rainfall simulation (lines) for 

each season after rescaling the intermittency parameter (β) by: top panel:1.5, middle panel: 1.0, bottom panel: 0.1. Three scales are selected for 

the comparison: 15 minutes, 1 day and 1 week. 
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The performance of the model in simulating rainfall using calibrated parameters (results in the 

middle panel in Figure 42, Figure 43 and Figure 44) were found to be good. Changes to the 

calibrated parameters are reflected in the performance of the plots. Notable are the changes 

induced to the probability of dry periods (Figure 43) and the fitted cumulative distributions 

(Figure 44) with changes to the intermittency parameter. Samples of simulated rainfall series 

and the resulting groundwater levels are presented in Figure 45. Since total rainfall is generally 

preserved, increased intermittency results in increased rainfall intensity and, naturally, an 

increase in the total length of dry periods. 

 

Figure 45   Groundwater level simulations (top panel) using three simulated rainfall series 

(bottom panel) 

 

Seasonality in simulated groundwater levels (Figure 45) is maintained for the following two 

reasons: 

1- The model algorithm calibrates same months collectively, hence, 12 parameter sets are 

used when simulating one rainfall series. This ensures that the nature of rainfall, which 

is not the same throughout the year, is captured and simulated. 
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2- The MRC model starts with observed rainfall aggregated to 8n    i.e., to a temporal 

scale of 82 0.0039   of the total length of the rainfall series which is equivalent to 

7.3 days. Hence, the starting series for all rainfall simulations is the same. 

 

For every change in the calibrated parameters, 5 realisations of rainfall were simulated and 

were used to drive the coupled recharge-groundwater flow model. The fractal behaviour of the 

rainfall simulations, drainage and groundwater levels produced by the model was performed 

using r-DFAn. Figure 46 presents the global scaling exponents of the simulated rainfall series 

with confidence intervals for each simulation and Figure 47 presents a summary of the 

simulations in box plots. r-DFAn plots for rainfall and corresponding drainage and groundwater 

levels are included in Appendix C. 

 

 

Figure 46   Global scaling exponents (SE) of fractal rainfall simulations (top panel) and 

resulting drainage (middle panel) and groundwater levels (bottom panel). 
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Figure 47   Box plots of global scaling exponents (SE) of fractal rainfall simulations (top 

panel) along with resulting drainage (middle panel) and groundwater levels (bottom panel) 

 

Rainfall’s fractal behaviour was mainly impacted by the intermittency parameter (  ) and this 

ties in with Matsoukas, Islam et al. (2000)’s argument that the fractal behaviour of rainfall 

(which is close to white noise) that is observed in different locations is dependent on the rain-

no-rain pattern that is intrinsic to rainfall series.  

Figure 46 shows that the fractal properties of rainfall affect drainage to a higher degree when 

compared to groundwater levels. In order to investigate this, Figure 48 was produced. Figure 

48 shows that the degree of change of global scaling exponents of drainage changes 

significantly more than that of groundwater levels, and in fact, even more than the changes to 

rainfall itself. This is evident from the slopes presented in Figure 48 where the slope related to 

data associated with drainage is 1.54 which is higher than that of rainfall, which is 1.00, and 

that of groundwater levels is only 0.53. 
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Figure 48   Scatter plot of global scaling exponents of rainfall simulations vs that of drainage 

and groundwater levels. 

 

Local changes in rainfall’s fractal behaviour 

Since changes in rainfall’s fractal behaviour produced statistically different global scaling 

exponents in both drainage and groundwater, the effect of local changes to the scaling 

behaviour of rainfall on both drainage and groundwater will be investigated. This is done by 

computing the correlation between rainfall’s local fractal behaviour and that of drainage and 

groundwater levels. This is done by computing the correlation coefficient between the local 

scaling exponents across all studied scales for the different pairs of series. Figure 49 is a scatter 

plot that summarises the correlations for both simulated and observed series, between the three 

pairs studied: rain and drainage, rain and groundwater levels, and drainage and groundwater 

levels. Results from r-DFA1 are used in the computation.  
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Figure 49   Correlations between rainfall, drainage and groundwater levels’ local scaling 

exponents (r-DFA1). Both observed and simulated series are presented (note: correlation 

between observed drainage and groundwater levels, and observed rainfall and groundwater 

levels are almost equal and hence are plotted on top of each other). 

 

Summarised from Figure 49, the percentage of realisations that have a correlation coefficient 

greater than 0.7 for the three pairs compared (i.e. rain and drainage, rain and groundwater 

levels, and drainage and groundwater levels) are exactly 60%, 70% and 80% respectively. 

Correlations for observed series, on the other hand, are higher than 0.8.  

Figure 50 is a box plot of the correlations shown in Figure 49. The correlations between 

drainage and groundwater levels is slightly higher than that of rainfall with either drainage or 

groundwater levels and is statistically different from the other two owing to the non-

overlapping confidence intervals around the medians. 
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Figure 50   Boxplots of correlations between rainfall, drainage and groundwater levels’ local 

scaling exponents from r-DFA1. 

 

Figure 47 and Figure 48 show strong evidence for the effect of global fractal behaviour of 

rainfall on that of drainage, and to a lesser extent, on groundwater fluctuation. However, 

looking at the local fractal behaviour of these three series and how they are correlated (Figure 

50), drainage and groundwater are correlated to a higher degree when compared to their 

correlation with rainfall. That said, the correlations summarised in Figure 50 are all generally 

towards the higher end of correlation. Therefore, local changes to the scaling exponents in 

rainfall is reflected in the fluctuation structure of drainage, and then eventually in groundwater, 

however, this is not consistent for all rain realisations. Therefore, changes to daily or weekly 

rainfall patterns may be reflected in (approximately) the daily or weekly fluctuation structure 

of recharge and groundwater levels. 

r-DFAn plots for rainfall and corresponding drainage and groundwater levels are included in 

Appendix C. 
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Factors that did not produce statistically different groundwater 

fractal behaviour 

Recharge process 

Sensitive parameters from the Richards’ Equation emulator, the Soil Moisture Accounting 

Procedure, were found to be the two empirical parameters from the Van-Genuchten Equation, 

the m  (which is linearly related to n  ) and   . These two parameters were varied in a way 

similar to what was done with the aquifer’s physical parameters; one parameter was varied and 

the other was kept constant at the value determined from optimisation. The range of variation 

of the recharge parameters that produced ‘reasonable’ groundwater level simulations was 

between 25% and 200% (i.e. by multiplying the parameter by values ranging between 0.25 and 

2.0).  

The simulated groundwater series are presented in Figure 51. 

As with aquifer’s physical parameters, the recharge parameters, for the range of values studied, 

did not yield significant change to the global scaling exponents as shown in Figure 52. 

However, after looking at local changes to the groundwater’s scaling behaviour presented in 

Figure 53, the recharge parameter m , induces changes to the fractal behaviour on smaller scales 

(shorter than a few days).  

 

 

 

 

 

 

 

 

 



 

 

What Affects Groundwater’s Fractal Behaviour? 104 

 

Variation in recharge parameter ‘ m  ’ 

 
 

Variation in recharge parameter ‘  ’ 

 

Figure 51   Simulated groundwater levels with changes to recharge parameter ‘m’ (top 

graph) and recharge parameter ‘ɳ’ (bottom graph) 
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Figure 52   Change in global scaling exponent with 95% confidence intervals for r-DFA1 

using different recharge parameter values 
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Figure 53   r-DFAn results of groundwater levels simulated with varying recharge 

parameters ‘m’ (graphs to the left) and to recharge parameter ‘m’ (top graph) and ‘ɳ’ 

(graphs to the right) 
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Aquifer physical properties 

The aquifer’s hydraulic conductivity and specific yield were changed to test their impact on 

the groundwater level’s fractal behaviour. This was done by increasing/decreasing the 

hydraulic conductivity while keeping the specific yield constant and simulating groundwater 

level series using the model. The same was done with specific yield. The range of change in 

parameter values was between 50% and 500%, i.e. by multiplying the parameter in concern 

with values between 0.5 and 5. The simulated groundwater level time series are presented in 

Figure 54.  

Figure 55 presents changes to the global scaling exponents and the change in mean variance 

measure values (F(L)) with changes to the aquifer’s physical parameters. Changes in global 

scaling exponents, for both hydraulic conductivity and specific yield, are not significant 

because of their overlapping confidence intervals shown in Figure 55 (top panels). However, 

there is a general reduction in groundwater levels’ global scaling exponents with increase in 

hydraulic conductivity, and with the increase in specific yield, there is a general increase in 

groundwater levels’ global scaling exponents. 
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Variation in hydraulic conductivity 

 
 

Variation in specific yield 

 

Figure 54   Simulated groundwater levels with changes to hydraulic conductivity (top graph) 

and specific yield (bottom graph) 
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Figure 55   Change in global scaling exponent with 95% confidence intervals (top two 

panels) and average r-DFA variance measure (i.e. F(L)) (bottom two panels) for r-DFA1 

using different hydraulic conductivity (K) and specific yield (Sy) values 

 

Figure 56 shows local changes to the fractal behaviour of groundwater levels for all r-DFA 

orders.  

Notable is how there is a general reduction in variance of groundwater levels (shown in the 

bottom right panel in Figure 55 and in the panels to the right in Figure 56) with the increase in 

specific yield which is expected in the temporal domain, however this change in the 

fluctuations of the groundwater levels did not yield significant change to the groundwater 

levels’ scaling exponents.  

In addition, increase in hydraulic conductivity would naturally the fluctuation in groundwater 

levels, however, in the fractal domain, this change only affects larger scales (longer than days 

for r-DFA1) as shown in the panels to the left in Figure 56. 
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Figure 56   r-DFAn results of groundwater levels simulated with varying hydraulic 

conductivities (graphs to the left) and specific yield (graphs to the right) 

 

Effect of river stage boundary and distance from river 

The effect of river stage fluctuation, which is included in the model as the downstream 

boundary condition, is studied by replacing the observed river stage with a constant (mean 

value) river stage when simulating groundwater levels (at 420m from the river). The simulated 

time series are presented in Figure 57. 

Figure 58 illustrates both local scaling behaviour and global scaling exponents of simulated 

groundwater levels with observed and constant river stage inputs for all r-DFA orders. Clearly, 

river stage boundary condition does not have a significant impact on groundwater levels at 

420m distance for the scales studied.  
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Figure 57   Observed and simulated GWL with observed river stage and constant (mean 

value) river stage boundary conditions 

 

 

Figure 58   r-DFA of simulated GWL with observed river stage and constant (mean value) 

river stage boundary conditions 

 

Now, we look at the effect of river stage on groundwater levels simulated at distances closer to 

the river. Groundwater levels in the Wallingford site are monitored 420m away from the River 

Thames. The fractal behaviour of groundwater levels at different locations is studied by using 
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observed rainfall along with, first, observed river stage as driving forces, and second, constant 

(mean value) river stage as driving force. Figure 59 illustrates the groundwater time series at 

selected spatial locations. At closer distances to the river, the river stage is higher than 

groundwater levels for some periods of time during winter.  

 

 

Figure 59   Simulated groundwater time series (with parameter set # 06) at different spatial 

locations. Observed rainfall and observed river stage are used to drive the model. 

 

This interaction is reflected in Figure 60 where the global scaling exponents of groundwater 

levels within 100m of River Thames fall below the global scaling exponent of the River 

Thames. The river stage r-DFAn presented in Figure 60 is for the period 09/2012 to 01/2016 

(i.e. excluding warm-up period) and is determined using time steps averaged every 15 minutes 

to enable comparison with groundwater simulations produced by the model.  
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Figure 60   r-DFA results of groundwater levels at different spatial locations and its relation 

to the fractal behaviour of river stage. 

 

On closer look, the fractal behaviour of groundwater levels is affected by its proximity to the 

river only at larger time scales where the slope reduces (Figure 61).  
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Figure 61   r-DFAn results of groundwater levels at different spatial locations 
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Effect of Potential Evapotranspiration 

The effect of potential evapotranspiration (PET) was studied in a similar way as was done with 

river stage; Constant PET, at the mean value of the estimated PET, is used to drive the coupled 

recharge-groundwater flow model and the fractal behaviour of the simulated groundwater 

levels is studied. Simulated groundwater levels with both estimated (which is referred to as 

‘observed’) PET and constant PET are presented in Figure 62. 

 

Figure 62   Observed and simulated GWL with observed PET and constant (mean value) PET 

as driving force 

 

Figure 63   r-DFA of simulated GWL with observed PET and constant (mean value) PET 
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Figure 63 presents the resulting fractal behavior. As with the river stage in Figure 58, 

groundwater levels’ fractal behaviour did not significantly change.  

 

Summary of Results and Discussion 

Although only relatively few researchers have used fractal behaviour with physically-based 

models or stochastic models for various hydrological applications, only a small number of these 

have investigated a system similar to the site in Wallingford; an unconfined aquifer with a 

specified head boundary (Yang, Zhang et al. 2017, Liang, Zhang et al. 2016, Liang, Zhang 

2013, Williams, Pelletier 2015, Russian, Dentz et al. 2013, Schilling, Zhang 2012). Others have 

studied fractal behaviour of different hydrological datasets from different locations and 

explained the discrepancies (if any were observed) based on the difference in the hydrological 

setting (Li, Zhang 2007, Matsoukas, Islam et al. 2000, Little, Bloomfield 2010, Yu, 

Ghasemizadeh et al. 2016, Koscielny-Bunde, Bunde et al. 1996, Labat, Masbou et al. 2011), 

however, this cannot be ascertained without the help of a model. The benefit of using a system 

(the model), that one has full control over, is that one can ascertain cause-and-effect 

relationships between the different inputs (or parameters) and the output (in this case the fractal 

behaviour of groundwater levels). This is especially beneficial with the help of the r-DFAn 

procedure which enables reliable quantification of fractal behaviour and hence objective 

comparison between different realisations and the ability to study local fractal behaviour in a 

non-subjective way. 

The coupled recharge-groundwater flow model (explained in the previous chapter) was used 

to investigate the sensitivity of groundwater level’s fractal behaviour to the following changes: 

- Rainfall series with different fractal properties 

- Recharge parameters 

- Aquifer parameters 

- Spatial distance from River and the effect of river stage fractal behaviour 

- Potential evapotranspiration 
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A summary of the changes to parameters/variables and the resulting changes to groundwater 

levels has been presented in Table 5. Even though comparison between all parameters/variables 

is not a valid comparison owing to, firstly, the difference between the type of variation (i.e. 

weather it is a change to an input series’ fractal behaviour or changes to a parameter value 

required for running the model), and secondly, due to the difference in the range of variation 

(which is also related to the first reason), nevertheless, the table helps give a general sense of 

the sensitivity of groundwater levels’ fractal behaviour to all driving forcing included in the 

coupled recharge-groundwater flow model within variation ranges that were found possible.  

 

Table 5   Summary of results 
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Downstrea

m 

boundary 

condition 

Rainfall’s 

intermitten

cy 

parameter 

(   ) 

Potential 

Evapo-

Transpirati

on 

(PET) 

Hydraulic 

conductivit

y 

( K  ) 

Specific 

Yield 

(
yS  ) 

Van 

Genuchte

n 

Empirical 

parameter 

1 

( m  ) 

Van 

Genuchten 

Empirical 

parameter 

2 

(  ) 

River 

Stage’s 

fractal 

properties 

▼ ▲ ▼ ▲ ▼ ▲ ▼ ▲ ▼ ▲ ▼ ▲ ▼ ▲ 

Inp

ut 

** 

%  * 
10

% 

150

% 
0% 

100

% 

50

% 

500

% 

50

% 

500

% 

25

% 

175

% 

25

% 

175

% 
0% 

100

% 

Glob

al 

SE 

1.07 0.63 0 0.92 NA NA 
N

A 
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107

% 
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% 
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101
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% 

99

% 
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% 
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% 
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% 
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% 
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% 
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% 
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al 

SE 

1.86 1.62 
1.7

3 
1.74 1.76 1.69 

1.7

2 
1.77 

1.6

9 
1.70 1.77 1.76 1.74 1.74 

▼ Reduction in an input 

▲ Increase of an input 

*  This is the percentage change. 100% is at the observed value which is the monitored dataset in the case of  

    an input series and the optimised value in the case of parameters  

** This is either an input time series or a model parameter 

 

Maximum change to groundwater levels’ global scaling behaviour is induced by changes to 

the intermittency parameter of rainfall where changes from 10% to 150% resulted in a 14% 

change to the global scaling exponents of groundwater levels. The other inputs resulted in less 

than 5% change to groundwater levels’ fractal behaviour. 
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The concept of ‘fractal filter’ and the effect of aquifer’s physical parameters 

Researchers have speculated about the reasons for the change in rainfall’s fractal behaviour 

from a structure that is close to white noise, to highly structured values in groundwater levels 

which are often close to or more structured than Brownian noise (Little, Bloomfield 2010, 

Matsoukas, Islam et al. 2000, Li, Zhang 2007, Markovic, Koch 2015). Some researchers used 

models to explain the relation between rainfall (or transfer processes such recharge and 

baseflow) and groundwater response. The concept of a ‘fractal filter’ arose from Zhang, 

Schilling (2004)’s work which involved the use of Gelhar (1974)’s linear reservoir model – 

expressed in the frequency domain – to simulate recharge and groundwater response by 

changing a parameter that relies on the aquifer’s physical parameters (i.e. specific yield and 

hydraulic conductivity). They showed that, for the same groundwater fractal behaviour, 

varying the specific yield changed the response of recharge. Hence, they deduced that even 

with a white noise recharge signal, an appropriate specific yield would yield structured 

groundwater fluctuation, and hence the aquifer was referred to as a ‘fractal filter’ in their work. 

Yang, Zhang et al. (2017) expanded on the concept of a ‘fractal filter’ by suggesting that the 

aquifer acts as a ‘cascade of hierarchical fractal filters’ after they used an integrated 

hydrological model to simulate various series along the path of water flow and studied how 

structure is added to the series along their paths.    

Looking at the coupled recharge-groundwater flow model used here, the specific yield is not 

required for recharge computation; it is only required for the groundwater flow model. The 

model used here is structurally different, in addition, the stochastic groundwater model in 

Zhang, Schilling (2004) is derived with various assumptions, however, it has been verified 

using type curve techniques for parameter identification by matching theoretical values to 

simulated ones (Duffy, Gelhar 1985, Duffy, Gelhar 1986), and hence these results will be 

compared to the results obtained here. The physically-based model used for this work shows 

that changes to the drainage (i.e. recharge) induces statistically significant change to 

groundwater level’s fractal behaviour (Figure 46 and Figure 47) while keeping all other 

parameters and inputs constant (except for rainfall which was used to drive the model). 

Additionally, changes to the aquifer’s physical parameters (the hydraulic head and the specific 

yield) did not result in changes to the groundwater’s fractal behaviour Figure 51 and Figure 55.  
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The concept of a ‘fractal filter’ was based on the relationship between recharge and 

groundwater, but here, the relationship is extended to include rainfall, hence, recharge becomes 

an intermediate variable being estimated by physically-based equations; equations which take 

rainfall as one of the inputs and simulate groundwater response. The recharge model was driven 

by 40 different rainfall simulations with global scaling exponents from 0.63 to 1.07. This 

resulted in 40 recharge (here aka drainage) series with corresponding higher scaling exponents 

and a wider range of global scaling exponents, from 0.71 to 1.37. This is evident from the 

slopes for drainage and rainfall in Figure 48. Hence, the recharge series’ fractal properties are 

more sensitive to rainfall’s intermittency than the fractal behaviour of rainfall itself – keeping 

in mind that the aquifer is shallow and highly responsive. With increased intermittency, rainfall 

takes longer to transform into recharge (bearing in mind that the recharge model is built to 

simulate integrated values over the entire thickness of the unsaturated zone) with prolonged 

periods of drier soils. Attenuation of the unsaturated zone is what adds memory/structure to the 

recharge series, hence, the higher scaling exponents of recharge series compared to their 

corresponding rainfall series, however, with increased intermittency of rainfall, attenuation 

makes recharge more sensitive to intermittency of rainfall because the unsaturated zone would 

require a number of rain events (of course depending on the intensity of the individual rain 

events) to wet the soil and transmit rain water as recharge at the bottom of the unsaturated zone. 

On the other hand, with reduced intermittency and hence an increase in the frequency of 

rainfall, the unsaturated zone would transmit rainfall quicker through the readily wet soils and 

hence increase the memory of the recharge series to a higher degree compared to rainfall. 

Hence, the recharge process did act as a fractal filter that enabled recharge to gain structure, 

however it also made recharge more sensitive to rainfall’s intermittency.  

We then look at how recharge gained additional structure after being simulated as groundwater 

fluctuation. The corresponding groundwater scaling exponents were higher than those of 

recharge, however, the range of variation was much smaller: from 1.60 to 1.86. Hence, the 

mass of water contained underground (groundwater) is, to a high degree, isolated from outside 

forcing. Therefore, it is deduced that changes to groundwater’s fluctuation structure would only 

be observed with exaggerated changes to the forcing which it is sensitive to (which is rainfall 

in the case of the Wallingford study site). 
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And this would also explain why neither the recharge parameters (Figure 52), nor the aquifer’s 

physical parameters (Figure 55) produced significant changes to the groundwater levels’ 

response. Some researchers have speculated that differences to the fractal behaviour of 

groundwater series collected from various locations are due to differences in the local geology 

(Zhang, Schilling 2004, Yu, Ghasemizadeh et al. 2016, Li, Zhang 2007), however, this was 

solely based on data analysis of the data from the various locations, i.e. it was not backed with 

models that simulate these series to ensure that indeed local geology dictated groundwater 

level’s fractal behaviour. Using our coupled recharge-groundwater flow model, recharge 

parameters and aquifer’s physical parameters do not have a strong effect on groundwater 

levels’ fractal behaviour. 

Notable, however, is how changes to the hydraulic conductivity affected groundwater 

fluctuation only on larger scales (Figure 56) and recharge empirical parameter ‘ m ’ affected 

only the smaller scales (Figure 53). Additionally, specific yield did not change the scaling 

exponents of groundwater fluctuation. It only changed the intensity of groundwater fluctuation 

which resulted in linear shift (translation) that is equal across all scales in the double 

logarithmic r-DFAn plots (Figure 56). The empirical recharge parameter ‘ ’ did not produce 

any change to groundwater’s fractal behaviour (Figure 53). 

 

Effect of river stage boundary condition and spatial variations 

Various spectral frequency response techniques are used for stochastic modelling of 

groundwater response, however, the structure is essentially the same as the model used in 

Zhang, Schilling (2004) in terms of the spectral representation of recharge and groundwater 

(Zhang, Schilling 2004, Zhang, Li 2006). The differences would be in the underlying 

assumption of recharge characteristics (since these are unknown because they cannot be 

measured) and the underlying model from which the spectral representation is derived (Gelhar 

1974, Duffy, Gelhar 1986, Duffy, Gelhar 1985, Naff, Gutjahr 1983). (Liang, Zhang 2013) used 

a linearized Boussinesq equation and hence were able to represent spatial variation of 

groundwater response with a river stage boundary. There is agreement between the results 

obtained here from the physically based model in terms of the effect of the river boundary on 

the fractal behaviour of groundwater levels and the effect of spatial variation on the same 

(Figure 60 and Figure 61). Figure 60 shows that river stage fluctuation has an effect on 
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groundwater level fluctuation only within a 50m – 100m zone from the river boundary and this 

is consistent with what hydrologists would expect for groundwater level fluctuation in an 

unconfined aquifer and is consistent with Liang, Zhang (2013)’s findings from their stochastic 

groundwater model. Additionally, the effect of river stage on groundwater response near the 

river is a lower scaling exponent for large temporal scales (i.e. low frequencies). Liang, Zhang 

(2013) have also investigated the effect of a constant river stage and this resulted in a reduction 

in the variance at larger scales, hence an overall smaller global scaling exponent as shown in 

Figure 60. Yang, Zhang et al. (2017) found similar results using an integrated hydrological 

model and Schilling, Zhang (2012) have also reported the same. 

Little, Bloomfield (2010) investigated the fractal behaviour of observed groundwater levels 

that were measured at varying depths and at varying distances from the River Lambourn (in 

the UK) and Schilling, Zhang (2012) have investigated the effect of stream discharge on 

observed groundwater levels in a riparian aquifer. Little, Bloomfield (2010) found strong 

correlation between the fractal properties of groundwater levels – which were computed with 

DFA – and the distance from the river. However, the scaling exponent of the observed river 

stage was lower than that of all observed groundwater levels, unlike the findings in Figure 60 

and Figure 61, where the effect of the rise and fall of the river stage impacts nearby groundwater 

levels and causes occasional negative flows. This is evident from the scaling exponents of the 

groundwater levels that were lower than that of river stage. However, the model used does not 

explicitly model the complexity of flow between the river and the aquifer and hence flow 

governed by Darcy’s Equation which solely depends on difference in head between cells is 

what governs the simulated groundwater levels. Hence the effect of the River Thames on 

nearby simulated groundwater is reflected in the fractal behaviour.  

Another factor to keep in mind is that the River Lambourn in the Little, Bloomfield (2010) 

study is groundwater dominated (BFI ~ 0.9) whereas the River Thames in the Wallingford site 

has a BFI ~ 0.6. Hence, the interaction between the groundwater-river in the former site may 

be different and this may be reflected in the resulting fractal behaviour.   

 



 

 

What Affects Groundwater’s Fractal Behaviour? 123 

 

Local groundwater fractal behaviour 

Finally, after studying the global fractal behaviour of groundwater levels and how it is related 

to changes to other inputs or parameters, we study the local fractal behaviour of groundwater 

levels using the parameters/inputs that resulted in statistically significant changes to 

groundwater levels. Changes to rainfall’s fractal behaviour were the only factor that resulted 

in obvious changes to groundwater level’s fractal behaviour. 

The local fractal behaviour was studied by investigating the degree with which changes to 

rainfall’s local fractal behaviour affected groundwater levels’ local fractal behaviour, along 

with the intermediate variable, drainage. This was quantified with the help of the correlation 

coefficient which was computed in a way such that changes to rainfall’s local scaling exponents 

are related to those of drainage and groundwater levels (Figure 49 and Figure 50). The 

correlations between rainfall, drainage and groundwater levels’ local fractal behaviours are 

generally high, however, it is important to note the discrepancies observed in Figure 49 where 

some realisations have a low correlation (~ 0.4). We bear in mind that these results are obtained 

by strictly on changing the rainfall input to the model. The parameters and other inputs required 

to drive the model are kept the same for all simulations. Hence, while there generally is a high 

correlation between the local fractal behaviour of rainfall, drainage and groundwater, we 

cannot state that this is the case for all rain realisations. 
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6 

Summary and Conclusions 

 

Summary and main outcomes 

1-minute groundwater levels and river stage, and 15-minute rainfall, and other meteorological 

variables, were monitored for a period of 4 years at Wallingford, UK. The study site is formed 

of highly transmissive terrace gravels along the River Thames and groundwater levels display 

response from individual rain events as well as larger scale variations, hence it varies across a 

variety of time scales. 

In order to study the fractal behaviour of the hydrologic system in Wallingford, a physically-

based coupled recharge-groundwater flow model was developed. The recharge model is a soil 

moisture accounting procedure that emulates Richards’ Equation (Mathias, Skaggs et al. 2015) 

and the groundwater flow model is a 1D non-linear partial differential equation known as the 

Boussinesq Equation which was numerically solved using implicit discretization. The 

calibration was performed using a variant of the Elitist Non-Dominated Sorting Algorithm 

(NSGAII-ε) (Laumanns, Thiele et al. 2002) with three objective functions.  

The fractal behaviour of groundwater levels and corresponding relevant time series (rainfall, 

potential evapotranspiration, drainage/recharge, and river stage) have been studied. This was 

done using a newly developed detrended fluctuation analysis procedure named robust 

detrended fluctuation analysis (r-DFAn) (Habib, Sorensen et al. 2017). A comparison between 

previously published fractal behaviour of hydrological series and the Wallingford series was 

presented and this was discussed in detail in chapter 5 which presented the study of fractal 

behaviour of the hydrologic system in Wallingford by changing the various inputs and 
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parameters required to run the coupled recharge-groundwater flow model and observing their 

effect on the fractal behaviour of groundwater levels. 

From this work, the main outcomes may be grouped into a number of fronts as follows: 

- Robust detrended fluctuation analysis (r-DFAn). A new detrended fluctuation analysis 

procedure was developed as part of this work in order to enable quantifying fractal 

behaviour non-subjectively and to enable identifying different scaling regimes in the 

time series – both observed and simulated – that are statistically different. The 

procedure was published in Habib, Sorensen et al. (2017) and has been used in this 

work to make reliable comparisons between simulated time series. Results from r-

DFAn can be divided into two parts: global fractal behaviour, which is the scaling 

exponent of the time series without considering different scaling regimes (if any exist 

in the data), and the second is the local scaling behaviour, which is comprised of local 

scaling exponents and crossover locations.  

- Fractal domain refinement. Optimum groundwater level simulations from the coupled 

recharge-groundwater flow model, which was developed for the Wallingford site, was 

assessed in the fractal domain. This revealed that not all non-dominated groundwater 

level simulations were fractal. Hence, the non-dominated groundwater simulations 

were refined based on their performance in the fractal domain, and this was named 

‘fractal domain refinement’. This exercise illustrated how fractal behaviour can be used 

as an additional metric to improve the outcome of optimization especially since there 

was no other indication to identify the realisations with poor fractal performance in the 

time domain.   

- Investigation of fractal behaviour forcing in the Wallingford site. The main outcome of 

this work is the results obtained from querying the coupled recharge-groundwater flow 

model (chapter 5), along with the use of r-DFAn to study the fractal behaviour of 

simulated series. Rainfall was found to have the main influence on groundwater level’s 

fractal behaviour. However, this was found to be due to the strong influence that 

rainfall’s intermittency had on the drainage/recharge where changes to rainfall’s 

intermittency (which produced rainfall series of different fractal behaviour) induced 

changes to the drainage’s fractal behaviour to an extent larger than that of rainfall itself. 

Evidence that the local changes to rainfall’s fractal behaviour affected both drainage 
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and groundwater levels was also found. None of recharge parameters, aquifer’s physical 

parameters, river stage or potential evapotranspiration were found to have a strong 

influence on groundwater level’s fractal behaviour, which is contrary to some 

researchers’ speculations (Zhang, Schilling 2004, Yu, Ghasemizadeh et al. 2016, Li, 

Zhang 2007).  

- Effect of hydrometry on local fractal behaviour. The Lisse effect, which was detected 

in Wallingford’s measured groundwater levels (chapters 2 and 3), is captured due to the 

well set-up which is open to the atmosphere and causes the wetting front, that is formed 

after an intense rain event, to cause sudden rises in the water table inside the well. With 

the help of r-DFAn, this artefact was found to influence groundwater level’s local 

fractal behaviour by inducing additional scaling regimes at approximately the daily time 

scales. 

 

Conclusions 

From the main outcomes presented above, it becomes clear that fractal behaviour of 

hydrological series acts as an additional dimension, which, with accurate quantification 

techniques (like r-DFAn) and with the aid of modelling, gives valuable insights into the 

dynamics of the system being modelled; it can ascertain a hydrologist’s current understanding 

of the hydrological system at hand, or highlight otherwise neglected features of the 

hydrological system being studied.  

With the help of fractal behaviour of time series, modellers may be informed of simulations 

that correctly replicate the observed fractal behaviour of the simulated variable, hence, ensure 

that the model correctly replicates the fluctuation structure of the simulated variable across all 

studied time scales.  

The acknowledgement of local changes in the fractal behaviour of a series is essential given 

the evidence presented here that shows that certain factors may influence only local behaviour. 

Additionally, local changes to the fractal behaviour of an input series may influence the local 

behaviour in an output series as was the case with rainfall and its effect on recharge and 

groundwater levels. This firstly highlights the importance of using a method that enables 

reliable quantification of local fractal behaviour (like r-DFAn). Secondly, it highlights the 
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importance of studying the local fractal behaviour of time series when using fractal behaviour 

to gain insights into the system being studied/modelled especially that local fractal behaviour 

is not always acknowledged in similar studies. 

 

Potential limitations of fractal analysis and transferability of this 

work to other sites 

When comparing the fractal behaviour of different time series, the length is vital because it 

dictates the time scales over which the fractal behaviour can be studied. The temporal 

resolution of the series, however, is not expected to affect the scaling exponents, both global 

and local, based on the preliminary results from Habib (2013). 

Regarding the transferability of the methods presented here, particularly the sensitivity study 

of the simulated variable (which need not be groundwater levels), the only requirements would 

be a study site/catchment, a valid model to simulate the variable(s) under investigation, and a 

method for reliable quantification of fractal behaviour, which, of course, could be r-DFAn. 

Naturally, the more complex the model is and the more extensive the hydrological processes 

involved are, the more complicated this may be, however, as mentioned in the conclusions, it 

is believed to enhance modellers’ understanding of the hydrological processes, or at the least, 

affirm their current understanding.  

Regarding the limitations, added computational time may be an issue since the methods 

presented here involve additional analyses to be performed. In addition, the greater the number 

of data points in a time series the longer the computation time required for performing r-DFAn. 

However, r-DFAn can be performed on High Performance Computing Facilities which will 

enable parallel processing and hence save significant amount of computing time. This work 

was performed with Imperial College London’s High Performance Computing Facilities 

provided by the Research Computing Service.  
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Recommendations for future work 

As with the issue of parameter interaction in model calibration, the combined effect of two or 

more variables or parameters on groundwater level’s fractal behaviour is an issue that may be 

addressed in the future. From some results presented in chapter 5, there is indication that the 

study of the combined effect of some variables may lead to insights whereby certain 

combinations of, say, the properties of the unsaturated zone with those of the saturated zone 

may lead to statistically significant change to groundwater levels’ fractal behaviour. This is 

indicated by some results that show that the effect of one variable predominantly affects larger 

scales while the other predominantly affects the shorter scales. Hence, this may be a potential 

area for future work.  

Additionally, if high-resolution soil moisture data are made available for the Wallingford Site, 

then, firstly, the recharge model can be calibrated individually and, secondly, the fractal 

behaviour of soil moisture can be investigated and potentially give further insights into how 

rainfall affects groundwater levels in the fractal domain.  

Furthermore, automating the use of fractal behaviour with model calibration and testing it on 

various sites using different models, particularly those widely used by hydrologists, would 

help, firstly, ascertain the results obtained here, and secondly, facilitate the use of fractal 

behaviour by hydrologists in studies that are usually performed without fractal analysis.  
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Appendix A – Additional 

fractal analysis of monitored 

time series 

 

The fractal behaviour of air temperature, river temperature and groundwater temperature has 

been studied using r-DFAn and the results, which were published in (Habib, Sorensen et al. 

2017) are reproduced below.  

 

 

Figure 64   r-DFAn of 15-minute 4-year-long dry air temperature series from Wallingford 

(Habib, Sorensen et al. 2017) 
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Figure 65   r-DFAn of 1-minute 4-year-long groundwater temperature series from 

Wallingford (Habib, Sorensen et al. 2017) 

 

 

Figure 66   r-DFAn of 1-minute 4-year-long river temperature series from Wallingford 

(Habib, Sorensen et al. 2017)
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Appendix B – Bi-variate scatter plots for sensitivity 

analysis of hydrological model  

 

For first stage of sensitivity analysis 

(starts on the next page) 
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Error in volume 
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Error in peak rise 
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Error in peak timing 
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For second stage of sensitivity analysis 

1 – Nash Sutcliff Efficiency 
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1 – |Cross Correlation| 
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Unbiased Percentage Error in Monthly Peaks (PMP) 
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Appendix C – r-DFAn of stochastic rainfall, 

corresponding drainage and GWL 

 

Table 6   r-DFAn of stochastic rainfall realisations and corresponding drainage/recharge and groundwater levels 

No. Rainfall Drainage Groundwater Levels 

1 
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