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I. ABSTRACT 

A physically-based methodology for modelling microstructurally-sensitive fatigue crack growth 

has been developed and shown to capture many of the experimentally observed effects 

associated with microstructurally-sensitive fatigue crack growth, which currently contribute to 

the high levels of uncertainty in lifing models. Behaviours predicted by the model cover changes 

in rate and path due to interactions with local microstructural features including rate changes due 

to local crystal orientations, deflections and retardation at grain boundaries and crack path 

tortuosity within grains. The ability of the model to accurately capture these key behaviours has 

enabled their rationalisation within a physically-based, mechanistic framework. 
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Figure 6-7 – a) Cropped image of crack path showing accumulated stored energy. b) and c) contour plots showing the XX-stress at the 
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Figure 6-9 - Comparison of experimental (red) and modelled (blue-yellow) crack paths in ferritic steel samples a) FS1, b) FS2 and c) 
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Figure 6-12 - Contour plot of stored energy distribution in model FS3 with crack at grain boundary. Overlaid are arrows showing the 
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Figure 7-6 - Comparison of experimentally observed crack path (a) with modelled paths with (b) and without (c) the hydride for model 
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1 INTRODUCTION 

The mechanical failure of an engineering component could have lethal consequences in 

applications such as in jet engines and nuclear reactors. An assiduous prediction of the safe 

working lifetime is therefore a necessity for the component to be removed from service prior to 

failure, and any uncertainty in that prediction will lead to decreased safety, premature withdrawal, 

lower performance thresholds, and/or higher costs. 

The fundamental cause of mechanical failure in many of these components is the growth of 

cracks through the component, causing a loss of structural integrity. The lifetime predictions 

thus focus on assessing how long this crack growth will take. Uncertainty in these assessments 

arises from the many variables which affect the rate of growth of the crack. Improving the 

accuracy of crack growth models to account for these variables can therefore reduce the 

uncertainty in the lifetime prediction, maximising the safety and component operating lifetime, 

and minimising the costs. A second benefit of developing more accurate, and more predictive, 

models is that they can aid in the development of new materials which are more resistant to 

failure. 

The development of accurate crack growth models relies on an understanding of the 

mechanisms and processes that lead to crack growth. Studies of these mechanisms have 

traditionally(Forsyth, 1963) focused on specific periods in the life cycle of a crack, as shown in 

Figure 1-1, within which cracks have been observed to exhibit distinct behaviours. This has led 

to models and mechanistic understanding being developed independently for each stage. Despite 

this, the continuous nature of the scale (crack length) means that definitions of the boundaries 

between each stage are somewhat arbitrary and vague, and hence so too are the definitions of 

when specific mechanisms or models are applicable.  
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The first stage in the lifecycle of a crack is nucleation. This involves the formation of the crack 

from a smooth specimen, or else growth from a pre-existing flaw to the point at which it can be 

observed. Although this is not the main focus of this work, many of the concepts are still 

relevant – as will be seen later. Following nucleation, there is an observable crack present, but a 

significant portion of the life may be spent in the following crack growth stages before failure 

finally occurs. 

The growth period is pedagogically broken into three stages depending on the length of the 

crack. Stage 1 covers the period starting immediately after nucleation, where the crack growth is 

strongly affected by the microstructure, growth in stage 2 is still stable, but less affected by the 

microstructure, and stage 3 is characterised by unstable crack growth to failure. Crack growth in 

stages 2 and 3 is well characterised and can be predicted using traditional fracture mechanics 

techniques and the Paris law. The lifing models for these periods are therefore relatively accurate 

and reliable. However, in many cases a significant portion of the lifetime is spent in stage 1, for 

which there exists no accurate and reliable lifing model.  

The lack of a good model arises from the complexity of crack growth in stage 1. When cracks are 

at the microstructural scale, they exhibit a number of characteristic behaviours due to 

interactions with the local microstructure, including tortuous paths and fluctuating growth rates, 

which are not captured by traditional techniques. Importantly, these behaviours are exhibited in a 

wide range of ductile metals with different crystal structures including Nickel(Farukh et al., 2015; 

Miao et al., 2012; Reed et al., 2000), Steel(Ferrie and Sauzay, 2009; Schäf et al., 2013; Shamsaei 

Crack 
Nucleation 

Stage 1 
Growth 

Stage 2 
Growth 

Stage 3 
Growth / 
Failure 

      nm                        grain size                    many grains              critical length 
Crack Size 

 
Figure 1-1 - The stages in the life cycle of a fatigue crack leading to failure. 
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and Fatemi, 2014; V.V.C. Wan et al., 2016), Titanium(Ghonem, 2010; Tokaji et al., 1994; Zhang 

et al., 2017), and Zirconium(Snowden and Stathers, 1977). The existing models for this 

microstructurally sensitive crack growth suffer from a lack of mechanistic understanding of the 

drivers for crack growth, leading to low precision, and meaning that stage 1 growth contributes 

significant uncertainty into lifing models. 

The aim of this work is therefore to develop a mechanistic modelling methodology for 

microstructurally sensitive fatigue crack growth in ductile metals which can both capture 

stage 1 behaviour and provide a link to the higher scale methods applicable in stage 2, 

thus paving the way for the development of improved lifing models with significantly 

reduced uncertainty. 

Work in this area has generally focused on phenomenological models, but the key to developing 

the mechanistic understanding necessary to reduce the uncertainty in lifing models is the 

development of a predictive crack growth model which can capture all of the different 

interactions with the local microstructure. The development of a physically based model for this 

requires the ability to answer two fundamental questions: 

1. What is the driving force for crack growth? 

2. In which direction is the crack being driven? 

Based on the answers to these two questions, the resulting model should then reproduce 

experimentally observed variations in the growth rate and path as a function of: 

• Crack length 

• Local crystal orientation 

• Texture 

• Grain boundaries 
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The structure of this thesis is as follows: First (chapter 2), is a review of the relevant literature 

covering the problem and previous attempts to address it. Next (chapter 3) is an introduction to 

the methods used in the methodology in this work, including validation that the implementations 

used are capturing the correct results. The two questions above are then answered in order. 

Chapter 4 addresses question 1 – what is the driving force for crack growth (which must capture 

the microstructural sensitivity). Chapter 5 then addresses question 2 – regarding the direction of 

growth. In chapter 6 the methodology is applied to a number of examples taken from 

experimental work. To close, in chapter 7 some potential avenues of future work are discussed, 

including some preliminary results in this vain. 
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2 LITERATURE REVIEW 

This chapter explores and reviews the existing literature relevant to this problem. This is split 

into three sections. The first section covers examples of the various experimental observations of 

the microstructural sensitivity of fatigue cracks. Second is an in-depth review of drivers and 

mechanisms of crack growth. The final section covers recent works which have attempted to 

model microstructurally sensitive crack growth capturing some or all of the characteristic 

behaviours. 

2.1 MICROSTRUCTURAL SENSITIVITY OF CRACK GROWTH 

The microstructural sensitivity of short crack growth has been acknowledged since the early 

1960s(Forsyth, 1963) and, since that time, has been a focus of research. One of the fundamental 

reasons why crack growth is considered in terms of the separate stages introduced earlier is that 

the fracture mechanics concepts that work so well for long cracks do not work when applied to 

these short cracks. It has been observed since at least the 1970s(El Haddad et al., 1979) that 

short cracks grow at stress intensity factors that are significantly below the minimum threshold 

for the growth of long cracks. Furthermore, as crack growth progresses, the growth rate will 

fluctuate heavily according to the local microstructural features (including local crystal 

orientation(Blochwitz et al., 2008; Ward-Close and Beevers, 1980), texture(Bowen, 1975; Zhai et 

al., 2005), and morphology(Nakajima et al., 1998; Zhao et al., 1999)). The modulation of the 

growth rate at grain boundaries is particularly strong(Tokaji and Ogawa, 1992). As the crack 

grows longer, the sensitivity diminishes(Tokaji et al., 1994). The point at which this is no longer 

relevant is often used to define the transition to Stage 2 growth, but when this transition occurs, 

and thus from when the microstructural sensitivity can be ignored, has still not been 

quantitatively defined. 
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Some early work investigating the transition is that of (Tokaji et al., 1994), who investigated the 

effect of grain size on short crack growth in pure Titanium. They found that the scatter in 

growth rate followed a log-normal distribution, with the scatter reducing as a function of the 

crack length divided by the average grain size. Unfortunately, this was not developed into a 

predictive model to define when the microstructural sensitivity is relevant. 

One of the key drivers of this change in behaviour is the size of the plastic zone(Ritchie and 

Lankford, 1986), within which the stress state does not have a linear dependence on the applied 

stress. Since, for a given crack tip stress state, the plastic zone is larger relative to the crack length 

when the crack is shorter, this clearly leads to more uncertainty in the crack tip conditions for a 

shorter crack. 

The microstructural sensitivity does not just change the growth rate however, it affects every 

aspect of growth. Whilst the longer stage 2 cracks will tend to grow in a direction normal to the 

maximum principal stress, short cracks predominantly grow along slip planes (planes along 

which the crystal lattice can plastically deform - explained in more detail in section 3.1), often 

changing direction at grain boundaries. Some examples of the tortuous paths taken by 

microstructurally sensitive cracks can be seen in Figure 2-1. These changes in direction are 

Figure 2-1 - Examples of microstructurally sensitive fatigue crack growth in various materials. a) Ti-
6Al-4V (Zhang et al, 2017), b) Ferritic steel (V.V.C. Wan et al, 2016), c) Nickel superalloy (Gao et al, 
2007), d) Zirconium (Snowden and Stathers, 1977). 

a) b) 

c) d) 
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seemingly chaotic and have proven difficult to predict. These can occur also within single 

crystals(Chan et al., 1987; Mine et al., 2011) and single grains(Sansoz and Ghonem, 2003; V.V.C. 

Wan et al., 2016). 

The deflections within grains may occur at such small scales that the paths do not appear to 

follow a particular slip system. However, when examined more closely, the paths can be seen to 

be composed of facets on the different slip systems (an example is shown in Figure 2-2(V.V.C. 

Wan et al., 2016)). This has been studied by Herbig et al(Herbig et al., 2011), who showed 

precisely this behaviour in experiments, and linked that to the Neumann double-slip mechanism, 

which provides a mechanism of crack extension through the successive build-up of dislocations 

at the crack tip under cyclic loading(Neumann, 1969). This behaviour was noted by Herbig et al 

to be associated with slower growth rates compared with cracks growing parallel to slip planes. 

A key development in the understanding of the deflection behaviour at grain boundaries is the 

Zhai model(Zhai et al., 2000). In this, the changes in path are rationalised based on the alignment 

between the incoming and outgoing planes. Thus the transmission is thought to be more 

favourable when the planes are well aligned and less favourable when they are poorly aligned, 

with the key measure of alignment being the ‘twist’ angle – the angle between the planes when 

projected onto lines on the grain boundary. 

Figure 2-2 - Examples of cracks made up of crystallographic facets on two slip systems. Note that the individual 
facets are only resolved in the high-magnification micrographs. SEM images from (Wan et al., 2016). 
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There is some evidence that this is important, for example from Ludwig et al(Ludwig et al., 

2003), but recent evidence seems to suggest that the Zhai model misses a lot of the behaviour. 

An assessment of a number of related criteria by (Rovinelli et al., 2018a) found that all of the slip 

plane-based transmission criteria tested showed poor correlations with experimentally 

determined crack planes. It therefore seems likely that the change in direction is not determined 

solely by the identity of the incoming plane. Despite this, it would still be expected to be 

correlated in at least some cases since the identity of the incoming plane will strongly affect the 

stress state at the crack tip at the grain boundary. In (Zhang et al., 2017) it was found that, in Ti-

6Al-4V, transmission occurred onto planes that would not be predicted by the Zhai model in 

cases where that plane was well oriented for slip, which raises the possibility that the slip is the 

key determinant of the direction. This is supported by recent machine learning studies, which 

showed that (of those tested) the metrics most strongly correlated with correct prediction of the 

crack growth rate and direction depended on the relationship between the stress state and the 

orientation of the slip planes on which the crack propagates (Rovinelli et al., 2018b). 

Much of the data presented so far has focused on the surface behaviour of cracks, but the sub-

surface behaviour must also be considered. Work by (Holzapfel et al., 2007) and (Schäf et al., 

2013) has shown that sub-surface microstructural features are sometimes located close to 

changes in the crack path on the surface. This means that further development of the 

mechanistic understanding of crack growth may be dependent on gathering 3D datasets. This 

has motivated the application of of new experimental techniques, such as X-Ray tomography, to 

give unprecedented levels of information about the 3D paths taken by fatigue cracks. Time-

resolved 3D X-ray tomography work by (Spear et al., 2014) has shown the 3D path taken by the 

crack together with the rate of growth through each grain. Similar work by (Herbig et al., 2011) 

also shows the strong coupling between the path and the rate of growth. 
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Another difficulty in developing the fundamental understanding of short crack growth is that 

even the most fundamental experiments are not controllable to the point that the crack path is a 

repeatable measurement. Work by (Mine et al., 2011) in commercially pure titanium single 

crystals showed that cracks deflected strongly at different flaws in the material, meaning that the 

precise paths would likely not be comparable even between two single crystals of ‘identical’ 

orientation. In (Schaef et al., 2011) similar differences were observed between cracks growing 

across ‘identical’ grain boundaries.  

Microstructurally sensitive crack growth is therefore a highly complicated phenomenon. The key 

observations, which are characteristic of short crack growth, can be summarised as in Table 2-1. 

Observation Examples 

Growth at loads below the long crack threshold 
(Chan, 2010; El Haddad et al., 
1979; Tokaji and Ogawa, 1992) 

Variation of growth rates in different crystal orientations 
(Catoor and Kumar, 2008; Ward-
Close and Beevers, 1980) 

Modulation of rates at grain boundaries - texture, 
morphology effects 

(Holzapfel et al., 2007; Liang et 
al., 2016; Schäf et al., 2013) 

Decrease in sensitivity to microstructure with increasing 
crack length 

(Tokaji and Ogawa, 1992; V. V C 
Wan et al., 2016) 

Tortuous crack paths, primarily aligned with slip planes 
(Mine et al., 2011; Snowden and 
Stathers, 1977; Zhang et al., 2017) 

Deflection at grain boundaries 
(Gao et al., 2007; Schaef et al., 
2011; Zhai et al., 2000) 

  
Table 2-1 – Key observations that are characteristic of microstructurally sensitive fatigue crack growth 

The above observations have been made in a wide range of materials, but there are also other 

behaviours associated with fatigue which can arise from the specific material make-up or 

operating conditions. Examples of these effects are materials which undergo void formation and 

coalescence (Llorca et al., 1991), bridging (Mataga, 1989), deflection due to hard particles (Schaef 

et al., 2011) and phase transformations (Kumar and Curtin, 2007). Although important for the 
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specific engineering applications in which these effects are observed, the focus in this work is on 

the development of a more general, and more fundamental model. 

2.2 DRIVING FORCES AND MECHANISMS OF CRACK GROWTH 

All of the above observations stem from the fundamental forces which drive the propagation of 

the crack. Despite the highly detailed experimental data being produced, there is still no well-

developed mechanistic model or theory that can capture the behaviours seen. The most 

important quantity required is a mechanistically-based measure of the driving force for the 

growth of the crack. Various quantities have been proposed for this, covering growth over 

different length scales. Many of these quantities are fundamentally coupled and so there is a large 

degree of overlap between them, particularly for those above the microstructural scale, however, 

as will be seen in this work there are significant differences at the microstructural scale. 

Before going into the methods for measuring the driving force, it is necessary to clarify which 

conditions are considered in this work. In many applications there is a significant effect on crack 

growth arising from environmental effects (Pineau et al., 2016). These may be chemical, e.g. 

oxidation or hydride formation, but could also arise from a whole array of other factors such as 

irradiation, temperature changes or hydraulic effects. Whilst clearly these affect the behaviour in 

some situations, the focus in this work is on developing a general methodology. The first step in 

developing that is to focus on the growth of cracks under mechanical loading, and in the absence 

of any of these factors. Hence the cracks in this work are assumed to grow purely as a result of 

internal processes resulting from the mechanical deformation of the material, with the 

temperatures constant at room temperature, only a single phase present in the material, and with 

no chemical changes occurring during the loading. The extension of the model to cover these 

effects is discussed at the end of this thesis in Chapter 7, which also includes some preliminary 

studies including the presence of a hydride. 
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The different approaches introduced in this section are grouped into four categories. The first 

part covers global approaches, which calculate a single value based upon the geometry of the 

specimen and are generally applied to long cracks. The following three categories cover three 

different local approaches to measuring the driving force: dislocations, fatigue indicator 

parameters and stored energy. 

2.2.1 Global approaches 

Some of the earliest work done to define a criterion for crack growth was done in the context of 

brittle fracture by A.A. Griffith and lead to one of first measures of the energy available for crack 

growth (Griffith, 1921). This energy is the energy available for fracture, which is released upon 

fracture and which must therefore equal the surface energy of the newly created surfaces. This is 

given by  

2-1 

𝜎𝑓√𝑎 = √
2𝛾𝐸

𝜋
 

where 𝜎𝑓 is the stress at fracture, 𝑎 is the length of the crack, 𝐸 is the Young's modulus and 𝛾 is 

the surface energy. This was later modified by Irwin to include the effect of plastic dissipation 

2-2 

𝜎𝑓√𝑎 = √
𝐸(2𝛾 + 𝐺𝑝)

𝜋
 

where 𝐺𝑝 is the plastic dissipation energy. This energy represents the additional work that must 

be done to deform the material plastically before fracture occurs. In the context of ductile 

metals, the plastic dissipation term dominates. Although this modification can account for the 

effect of the plastic dissipation, this is often far removed from the crack tip and so this doesn’t 
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necessarily characterise the conditions at the crack tip, which is essential for a model that is 

applicable at smaller length scales. 

Also developed by Irwin and others were the stress intensity factors (Tada et al., 1973). Based on 

the analytical stress fields around a crack tip, these factors are able to characterise the conditions 

at the crack tip for a linear elastic material. These stress fields are dependent on the way in which 

loading is applied to the crack, and so separate stress intensity factors are required for the loading 

modes (I-III) which have components in three orthogonal directions, shown in Figure 2-3. In 

practice, the loading would generally not be in one single mode and will have at least some small 

contribution from other modes. The equations for the stress intensity factor for each of the 

three modes are given by 

2-3 

𝐾𝐼    =  𝑙𝑖𝑚
𝑟→0

√2𝜋𝑟 𝜎𝑦𝑦 

2-4 

𝐾𝐼𝐼    =  𝑙𝑖𝑚
𝑟→0

√2𝜋𝑟 𝜎𝑦𝑥  

2-5 

K𝐼𝐼𝐼    =  𝑙𝑖𝑚
𝑟→0

√2𝜋𝑟 𝜎𝑦𝑧 

Figure 2-3 - The three different modes of opening a crack. Equations for the three corresponding stress-intensity 
factors are shown in equations 2-3 to 2-5 

Mode I Mode II Mode III 𝒙 

𝒚 

𝒛 
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where 𝐾𝑚 is the stress intensity factor for mode 𝑚, 𝑟 is the distance perpendicular to the crack 

front and 𝜎𝑖𝑗 is a stress component. These can be linked back to the Griffith energy, 𝐺, for both 

plane stress and plane strain conditions, with the relation for plane stress being: 

2-6 

𝐺 =
𝐾𝐼

2

𝐸
 

As with the original Griffith energy, an implicit assumption in the application of these factors is 

that the plastic dissipation is negligible. This means that it is not valid in the case of short cracks, 

but also means that it is not able to account for any processes within the plastic zone of a long 

crack. The shortcomings of this method for long cracks can be seen when assessing the critical 

value of the stress intensity factor for mode 1 loading, 𝐾𝐼𝐶 . In (Somekawa and Mukai, 2005) 

significant anisotropy was found in this value in a magnesium alloy, indicating that the stress 

intensity factor is not sufficiently describing the conditions at the crack tip to predict the point of 

growth. 

The stress intensity factor has also been utilised to characterise rates of fatigue crack growth. The 

most common application of this being Paris’ growth law (Paris et al., 1961), which gives the rate 

of growth of the crack as a function of Δ𝐾, the stress intensity factor range: 

2-7 

𝑑𝑎/𝑑𝑁  =  𝐶(𝛥𝐾)𝑚 

2-8 

𝛥𝐾 = 𝐾𝑚𝑎𝑥 − 𝐾𝑚𝑖𝑛 

where 𝑎 is the crack length, 𝑁 is the number of fatigue cycles, 𝐾𝑚𝑎𝑥  and 𝐾𝑚𝑖𝑛 are the maximum 

and minimum stress intensity factors and 𝐶 and 𝑚 are material constants. The appeal of the 

Paris law itself is discussed in Section 2.3, but for now the focus is on the accuracy of Δ𝐾 as a 

measure of the driving force for crack growth. 
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At the microstructural scale, it is simply not able to capture the local effects at the crack tip. It is 

this inability to capture the more local effects at the crack tip which leads to observation stated 

above that the crack growth occurs below the long crack threshold (which is defined in terms of 

Δ𝐾). However, even with long cracks there can be significant anisotropy in the growth rates 

(Bowen, 1975), indicating that Δ𝐾 is not capturing the fundamental driving force. 

The mechanistic basis for stress providing the energy for crack growth also breaks down once 

plasticity is considered. Under the assumption of a purely elastic material response the stresses 

tend to infinity close to the crack tip, meaning the energy is highly localised and so could 

potentially drive propagation at the crack tip. However, in a ductile material the plasticity at the 

crack tip will limit the stress. Even if the stress near the crack tip reaches the relatively high level 

of 1 GPa, this only corresponds to 0.3 J / m2 over a typical Burgers length. This is an order of 

magnitude below the surface energies that would be required for crack propagation in metals 

such as Ti or Ni (Tyson and Miller, 1977). The mechanism of crack extension cannot therefore 

rely on the stress state at the crack tip alone, since the energies available would never be 

sufficient to drive growth.  

Avoiding the assumption of pure elasticity, the 𝐽-integral introduced in (Rice, 1968) gives a value 

equivalent to the Griffith energy which is able to account for the small-scale yielding at the crack 

tip. This path-independent integral has the form 

2-9 

𝐽 =  ∮ (𝑊𝑑𝑦 − 𝑇 ∙
𝜕𝒖

𝜕𝑥
𝑑𝑠)

𝛤

 

2-10 

𝑊 =  ∫ 𝜎 ∶ 𝑑𝜀
𝜀

 

2-11 

𝑇 = 𝝈 ⋅ 𝒏 
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where 𝛤 is the path around the crack tip, 𝑊 is the strain energy density of the material, 𝑇 is the 

traction vector, 𝑢 is the displacement vector, 𝑠 is the arc length along the contour and 𝑥 and 𝑦 

are the distances parallel to and normal to the crack respectively. The units of 𝐽 are 

conventionally given as kJm-2. In an elastic material this is directly comparable to the stress 

intensity factors. 

The 𝐽-integral is highly appealing as a measure of the driving for crack growth since, in the 

specific conditions under which it is valid, it gives the potential energy to be released per unit 

area of crack growth – a physically based driving force. Unfortunately, the 𝐽-integral is more 

difficult to apply to real-world materials and under non-monotonic (e.g. fatigue) loading (Becker 

et al., 2012; J.A.Begley and J.D.Landes, 1972). 

In experimental application, the J-Integral is usually calculated from load-deflection curves. For 

the case of monotonic loading of a compact specimen, this is done using 

2-12 

𝐽 =
2(𝐴𝑟𝑒𝑎)

𝐵𝑏
 

where 𝐴𝑟𝑒𝑎 is the area shown in Figure 2-4a, B is the specimen thickness and b is remaining 

ligament length. Importantly, this is applied to experimental specimens despite many of the 

assumptions necessary for the analytical solution being invalidated by the inhomogeneity of the 

real specimen (Rice, 1968; Rice and Rosengren, 1968). As such, the experimental results are not 

capturing an exact value of 𝐽. 
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The use of the J-integral in the context of fatigue loading is particularly difficult since careful 

consideration is required of its applicability. A particular concern is the plasticity occurring 

during crack closure (Dowling and Begley, 1976), which is not counted by the standard methods 

for calculating the 𝐽-integral experimentally. Consideration of this is imperative for short crack 

growth, where the level of plasticity is particularly high, leading to increased closure. 

Nevertheless, the ‘cyclic 𝐽-Integral’, Δ𝐽 has been used in a number of cases (Banks-Sills and 

Volpert, 1991; Chow and Lu, 1991, 1989). This is calculated using the same equation (For a 

compact specimen this takes the same form as equation 2-12) but considers the area within the 

hysteresis loop (Figure 2-4b) rather than the area under the monotonic load curve (Dowling, 

1976), and a guess must be made as to when crack closure occurs. For long cracks, this correlates 

with the growth rate reasonably well (Dowling, 1976). 

As with the stress intensity factor, the cyclic 𝐽-Integral has generally been used to calculate crack 

growth rates using a Paris-type law, an example of this being the work on short crack growth in 

(Doring et al., 2006). This formulation utilised an ‘effective cyclic 𝐽-Integral’, Δ𝐽𝑒𝑓𝑓, to account 

for different behaviour under different loading modes. Despite this, there was still significant 

scatter observed in the rate of failure as a result of the microstructural sensitivity, indicating that 

the cyclic 𝐽-Integral is not capturing the driving force accurately. 

𝑃 

𝛿 

𝑃 

𝛿 

Estimated crack opening point 

a) b) 

Figure 2-4 - Diagrams showing the operational definitions of J and the cyclic J. The J integrals are calculated 

using equation 1-12. 𝑃 is the applied force and 𝛿 is the crack tip opening displacement. 
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Due to the difficulties of calculating the 𝐽-integral, the driving force for long fatigue crack 

growth at the continuum scale is still generally characterised in terms of linear elastic fracture 

mechanics concepts, particularly the stress intensity factor range. 

In elastic materials, the stress intensity factor and the J-integral strictly characterise the conditions 

at the crack tip and are related to the energy release upon crack extension – so are physically-

based continuum level approaches. This means that the critical values are directly related to the 

Griffith energy and thus also the surface energy. However, in real samples much of the energy 

contributing to the J-integral comes from plasticity away from the crack tip and so the energy 

isn’t necessarily all transferable to the crack tip. This has the consequence that rather than the 

energy calculated being interpreted as the fundamental quantity driving crack growth, it is simply 

characteristic of the conditions and processes occurring at the crack tip that do drive crack 

growth. 

Another measure of the driving force that has been applied is the crack-tip displacement, 𝐶𝑇𝐷. 

This quantity is related to the relative displacement of the opposing faces of the crack, which is 

measured at a point behind the crack tip (various definitions of the measurement point locations 

are used). There are two measurements related to the 𝐶𝑇𝐷; the crack-tip opening displacement 

(𝐶𝑇𝑂𝐷) and the crack-tip sliding displacement (𝐶𝑇𝑆𝐷), which correspond to opening modes 1 

and 2. The 𝐶𝑇𝐷 is then given by 

2-13 

𝐶𝑇𝐷 =  √𝐶𝑇𝑂𝐷2 +  𝐶𝑇𝑆𝐷2 

Although this clearly does not represent a physical driving force, it is found to be approximately 

related to the 𝐽-integral through 
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𝐽 ~ 𝑚𝜎𝑦𝑠𝐶𝑇𝐷 



Literature Review | Driving forces and mechanisms of crack growth 

36 

where m is a constant (~1) and 𝜎𝑦𝑠 is the yield stress. Crystal plasticity studies by (Potirniche and 

Daniewicz, 2003a, 2003b) have shown that this measure is sensitive to grain boundaries and 

captures some of the microstructural sensitivity observed experimentally. Fatigue simulations by 

(Köster et al., 2010) also showed very close agreement with experimental results when using a 

Δ𝐶𝑇𝐷 based Paris type law coupled with a model including explicit dislocation motion. This is 

important since the use of this phenomenological measure has been mechanistically justified 

through the link between the crack opening displacement and the dislocation build-ups at the 

crack tip (Farkas et al., 2005). 

Fundamentally, all physical processes depend on an energy balance, and the critical one for crack 

growth is that introduced by Griffith – the energy released must be greater than the surface 

energy of the new surfaces. Therefore, growth will start around the point of parity between the 

potential energy release and the surface energy cost. The large volume over which energy 

contributes to measured J-integral values means that they are far higher than the surface energy. 

As an example, Hsu et al found a critical J-integral value of over 100 kJm-2 for room temperature 

Zircaloy-4 (Hsu and Tsay, 2011) whereas a typical surface energy for Zr would be on the order 

of 2 Jm-2 (Vitos et al., 1998). This indicates that growth is being limited not by the total amount 

of energy in the sample, since the J-integral shows that the total energy that must be applied to 

drive the crack is more than sufficient, but instead is limited by the availability of the energy at 

the crack tip. Therefore, a deeper mechanistic driver operating over smaller length scales is 

required, which will inherently be a localised quantity. 

2.2.2 Dislocation level 

Dislocations represent a highly localised store of energy. This energy can be completely released 

through annihilation of the dislocations or partially released by the creation of nearby 

surfaces(Hull and Bacon, 1984). Importantly, the energies of dislocations over one Burgers’ 

length are of the right order to match the surface energies (Kirchheim, 2007). The presence of 
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dislocations near the crack tip therefore provides a physically reasonable driving force for crack 

growth. 

An early dislocation-based mechanism proposed for stage 2 crack growth was that of (Neumann, 

1969). According to this mechanism, the crack grows as slip forms new surfaces, the formation 

of which are irreversible, allowing growth under the assumption of fully reversible dislocation 

motion. The hardening of successive slip systems also allows the crack to grow on alternating 

slip planes along a direction that does not correspond to a single slip system. This model was 

able to capture many of the aspects of fatigue crack growth as well as growth under monotonic 

loading. 

The Neumann model does however assume that the dislocation activity is reversible at the crack 

tip. In (Wilkinson et al., 1998), it was shown that slip irreversibility plays an important role in 

controlling the growth of a fatigue crack in stage 1. Studying this in the context of dislocation 

dynamics simulations of metal-ceramic interfaces, (Deshpande et al., 2002) found that the 

number of dislocation sources was a key factor in determining the mechanism of failure. It was 

found that high densities of dislocation sources lead to blunting of the crack tip, and low 

densities to brittle fracture, with an intermediate regime between these extremes (which was the 

focus there as it is in the present work) where the dislocations are actively contributing to the 

progressive growth of the crack. The equilibrium dislocation dipole spacing has separately been 

shown in (Olarnrithinun et al., 2013) to be an important factor in determining the fracture 

toughness. 

Consideration of the build-up of dislocations at grain boundaries also explains some of the 

behaviour of cracks at grain boundaries. A model accounting for this in (Navarro and de los 

Rios, 1988) showed that the driving force for crack growth (as measured by the variation in the 

plastic crack opening displacement) decreases as the crack approaches a grain boundary. This 
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effect also diminished as the crack length in the model increased, in agreement with experimental 

observations. 

It seems that, in the context of both fatigue and monotonic loading, dislocation activity is the 

fundamental driver of crack growth. Since the global approaches discussed in section 2.2.1 are all 

interlinked, and together they have been linked to the crack tip dislocation activity, they serve as 

approximations of the driving force to the extent that they are characteristic of the dislocation 

activity at the crack tip. 

A rigorous approach to calculating the driving force for crack growth would therefore be to 

explicitly include dislocation dynamics, but this level of detail comes at high computational cost. 

Multi-grain dislocation dynamics models, which would be essential to study the problems of 

interest in this work, are intractable with contemporary computing power. The approach taken in 

this work is therefore for a continuum level approach which can capture the localised effects of 

dislocation activity, without necessarily capturing the fine details. The next section introduces 

recent work in this vain. 

2.2.3 Fatigue indicator parameters 

More local measures of the driving force for crack growth used in continuum scale models are 

generally referred to as ‘Fatigue Indicator Parameters’ (FIPs). This term covers a range of 

methods, but most share a few characteristics. Generally, the focus is on accurately reproducing 

experimental results rather than achieving a rigorous match with more fundamental models. This 

gives the advantage of better matches with experimental results, but limits the flexibility in that 

they will often need significant calibration for each material system, which limits their predicative 

applicability. 

The most commonly used FIP is the Fatemi-Socie FIP (FS-FIP), which utilises the maximum 

cyclic plastic shear strain 𝛥𝛾𝑚𝑎𝑥
𝑝

 and the peak normal stress on the maximum plastic shear range 
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plane 𝜎𝑛
𝑚𝑎𝑥 to characterise the level of fatigue damage(Fatemi and Kurath, 1988). The basic FS-

FIP takes the form 

2-15 

𝐹𝐼𝑃𝐹𝑆 = 𝛥𝛾𝑚𝑎𝑥
𝑝 [1 + 𝑘

𝜎𝑛
𝑚𝑎𝑥

𝜎𝑦
] 

Where 𝑘 is a constant around 0.5-1 that must be fitted for a given material system from uniaxial 

and torsion testing. When evaluated in (Castelluccio and McDowell, 2012), this FIP was found to 

be correlated with the CTD. This correlation was found to be strongly dependent on the mode 

of loading applied to the crack, and both were significantly affected by the implementation of 

localised slip bands. The FIP was also found to be affected by the mesh refinement around the 

crack tip. This implementation is further limited by the fact that the crack was included by 

meshing around the crack tip (which is fixed) and so propagation was not studied. 

The FS-FIP has also been implemented in a statistical framework in (Musinski and McDowell, 

2012) to investigate both initiation and microstructurally-sensitive crack growth at notches. 

Although not as informative from a mechanistic standpoint as explicitly modelling the crack, the 

uncertainty in fatigue life can potentially be quantified up to the point at which LEFM becomes 

applicable. They were able to get some good agreement in terms of the fatigue life as a function 

of applied strain for different notch sizes. 

This has also been extended in (Reddy and Fatemi, 2008) to calculate crack growth rates with the 

effective strain-based intensity factor range (Δ𝐾𝐶𝑃𝐴), which takes the form 

2-16 

Δ𝐾𝐶𝑃𝐴 = 𝐺Δ𝛾𝑚𝑎𝑥 (1 + 𝑘
𝜎𝑛,𝑚𝑎𝑥

𝜎𝑦
) √𝜋𝑎 

where G is the shear elastic modulus, Δ𝛾𝑚𝑎𝑥 is the maximum shear strain range, k is a fitted 

material constant, 𝜎𝑛,𝑚𝑎𝑥 is the maximum normal stress acting on the maximum shear strain 
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plane, 𝜎𝑦 is the material monotonic yield strength and 𝑎 is the length of the crack. In a recent 

study of crack growth under multiaxial stresses in 304L Stainless steel and Inconel 718 (Shamsaei 

and Fatemi, 2014) this factor reasonably well captured the averaged growth rate during 

microstructurally-sensitive crack growth. However, it did not capture the fluctuations in the 

growth rate that were seen experimentally as the crack grew through successive grains. 

Since the FS-FIP is not strongly linked to an underlying mechanistic basis for crack growth, it is 

not a measurable physical quantity, and hence the main appeal is that it can capture the fatigue 

lives with reasonable accuracy. The correlation with the Δ𝐶𝑇𝐷, which has been related to the 

dislocation pile-ups at the crack tip, demonstrates that they are indirectly linked to some of the 

relevant physical quantities, which may explain the predictive capability of this method. 

However, the lack of a mechanistic basis makes the approach weaker as a predictive technique. 

Another quantity that has been used at higher length scales is the accumulated plastic work, 

usually as an indicator of ‘fatigue damage’(Hosseini et al., 2018; Jiang and Feng, 2004). This 

approach was implemented recently in (Hosseini et al., 2018), working on the basis that the cyclic 

blunting of a crack tip on loading and re-sharpening on unloading is driving the crack growth. By 

calculating a steady state condition, they were able to show good agreement in terms of the 

dependence of the rate of growth on Δ𝐾𝐼. Although based on a measurable physical quantity, 

and able to capture important large crack behaviour, the accumulated plastic work was not 

explicitly linked to any deeper mechanistic basis. Since most of the energy calculated in this 

approach is dissipated, this has the same drawback as the J-integral that much of the energy 

calculated would fundamentally not be available to drive the crack growth. 

The correlations between all of the methods above demonstrate that many of the quantities are 

fundamentally linked, but none yet definitively characterises the driving force in a way that 

captures the full microstructural sensitivity. From the fundamental modelling examined, it is clear 

that the localised energy required to drive crack growth is delivered to the crack tip through 
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dislocations and so the strongest mechanistic foundation for a method must include the 

contribution of dislocations as accurately as possible. 

2.2.4 Stored Energy 

The dislocation energy available for crack growth is related to the number and energy of 

dislocations around the crack tip. Combining these quantities, the stored energy introduced in 

(Wan et al., 2014) and (Chen et al., 2017) has been able to capture the sites of crack nucleation in 

a variety of ductile metals with very high accuracy. Since the crack nucleation stage represents the 

growth of the crack up to the point at which it is measurable, it seems possible that the same 

mechanisms could be driving growth after the nucleation stage. Furthermore, as mentioned in 

part 2.2.1, the related plastic strain energy accumulation has already been demonstrated to well 

capture the behaviour of large cracks(Hosseini et al., 2018). However, the applicability of this 

must first be tested. 

The stored energy represents the energy that is stored in dislocation structures which build up 

under fatigue loading. Driving the formation of these structures is the plastic strain energy. This 

could be calculated on each slip system individually using the slip rate and resolved shear stress 

as in (Abrivard et al., 2012), however, a more direct calculation is used here where the total 

energy is calculated from 

2-17 

𝐸𝑝 =  𝜉𝝈: 𝜺𝒑 

Where 𝝈  is the stress, 𝜺𝒑 is the plastic strain and 𝜉 is the proportion of the energy that is not 

dissipated in the form of heat. This value has been experimentally found to decrease gradually in 

under monotonic deformation, with a value around 3-10% (Rusinek and Klepaczko, 2009), but 

this behaviour is likely to be more complicated under fatigue loading. In the absence of a deeper 

understanding of how this value fluctuates it is assumed in this work to be constant at 5%. This 

calculates the energy density, but this energy is not necessarily all available at the crack tip. Since 
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the energy is being provided to the crack in the form of dislocations, the length scale over which 

these are able to provide this is dictated by the mean dislocation spacing, 𝜆𝑑, which can be 

calculated from the dislocation density 𝜌 using 
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𝜆𝑑 =
1

√𝜌
 

This is shown diagrammatically in Figure 2-5. The stored energy that is available for growth at 

the crack tip per unit of new crack area can be determined by the integration over the loading 

history:  
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𝐺 = ∫𝜉𝜆𝑑𝝈: 𝑑𝜺𝒑

𝜀

 

Mechanistically, as the crack propagates the energy stored in these structures is released by the 

creation of nearby surfaces. Crack growth is therefore favourable when the energy released upon 

growth outweighs the energy required to form new surfaces. This means that there is a critical 

stored energy, analogous to the Griffith energy, which determines the point of crack growth. 

Figure 2-5 - Diagram showing the source of the stored energy and the critical length scale λd which determines the 
magnitude of the energy available for growth. 

𝐺 = ∫𝜉𝜆𝑑 𝝈: 𝑑𝜺𝒑

𝜀
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Considering a large crack growing in a homogenous material, with 𝜆𝑑 constant, the approach can 

be seen to be equivalent to the accumulated plastic energy, which has shown to be to be 

appropriate for large cracks(Hosseini et al., 2018). This suggests that the approach may be 

applicable across all length scales. 

2.2.5 Summary 

For the purposes of this work, the requirements for the choice of measure of the driving force 

for crack growth are as follows: 

• Must be calculable in grain-scale models – allowing direct comparison with experiments. 

• Must capture a physical quantity – linked to a growth mechanism. 

• Should take account of dislocations – these are the fundamental drivers of crack growth. 

• Must capture microstructural sensitivity – this has not yet been investigated thoroughly. 

 Grain scale 
models viable 

Physical 
quantity 

Takes account 
of dislocations 

Microstructurally-
Sensitive 

LEFM ✔ ✔ ✖ ? 

𝑱-Integral ✔ ✔ ✖ ? 

Dislocation 
Dynamics ✖ ✔ ✔ ? 

Fatemi-Socie 
FIP ✔ ✖ ✖ ? 

Stored Energy ✔ ✔ ✔ ? 

Table 2-2 - Qualitative comparison of measures of the driving force for crack growth. Approaches that meet each 
requirement are shown with green ticks, approaches that do not meet the requirement are shown with red crosses. 

A qualitative assessment of the different measures of the driving force for crack growth 

discussed in this chapter is shown in Table 2-2. Since the aim here is to develop a mechanistically 

informed model that can be used at the grain-scale, the stored energy is clearly the most 

promising candidate. Dislocation dynamics, giving the best level of detail is ruled out due to the 

poor scalability mentioned above. The FS-FIP does not measure a physical quantity, being 
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related to the loading conditions and is also not appropriate for this work. Of the two remaining 

approaches, the 𝐽-integral is best since in an elastic medium they are identical, but the 𝐽-integral 

can also account for small-scale yielding. On this basis, the stored energy is evaluated against the 

𝐽-integral as a measure of the driving force for crack growth under monotonic loading in chapter 

4. The ability of the two approaches to capture the microstructural-sensitivity is then quantified. 

2.3 COMPLETE MODELS OF SHORT FATIGUE CRACK GROWTH 

Once the driving force for crack growth has been chosen, there are still two further aspects that 

must be considered to build a complete model for crack growth: 

1. How the rate of growth is calculated from the driving force 

2. How the path is chosen 

Since the specific mechanism by which the crack is extended determines the direction of growth, 

the identity of the fundamental driving force causing the crack to grow has implications for the 

direction in which it will grow. For example, a crack model with a driving force based upon the 

maximum principal stress would be naturally also be directed by the stress state at the crack-tip; 

likewise, a model with a slip-based driving force would logically be directed by the slip.  

Most previous studies investigating purely the rate of growth, without considering the path, have 

utilised Paris-type laws to calculate the rate of growth from the driving force parameter being 

used. The Paris law was originally based upon the observation that there is a period of linear 

dependence between the rate of growth and log(𝛥𝐾) in long crack studies and so is entirely 

phenomenological. As such, it is not suitable for use in a physically based model. 

The best examples of measures which are physically-based are the original Griffith energy and 

the 𝐽-integral used in monotonic fracture, since they both aim to determine the energy released 

upon crack extension, allowing the crack to be grown using a fundamental threshold rather than 

attempting to calculate a rate directly, which clearly isn’t a fundamental material parameter. 
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When modelling both the rate and path of crack growth a more common approach has been to 

model the extension of the crack as a series of discrete steps when a threshold is reached at the 

crack tip. This gives a good mechanistic basis since the rate of growth is then directly linked to 

the driving force. There are surprisingly few models of fatigue crack growth which attempt to 

capture both the rate of growth and the path. 

In (Farukh et al., 2016), the growth of cracks was modelled in realistic microstructures with a 

accumulated plastic strain propagation criterion along the direction orthogonal to the maximum 

principal strain. One striking feature of the growth predicted using this model when compared 

with the experimental paths shown in the same work was that the predicted paths showed far 

lower tortuosity than was observed experimentally, indicating that propagation along the 

direction normal to the maximum principal strain is not able to capture the path with sufficient 

accuracy. 

Some more realistic crack growth paths were captured in (Lin et al., 2011) by growing cracks 

along the most active slip systems in each grain encountered by the crack. The crack paths 

predicted were tortuous, but due to the way the model was constructed, were not able to capture 

deflections within grains or phenomena such as double-slip. 

A Fatemi-Socie based damage indicator was recently used to model crack growth in (Proudhon 

et al., 2016). Growing the crack along the direction associated with the highest level of damage, 

the model captured significant tortuosity in the crack path, including paths on alternating slip 

systems when dual slip occurred. This has since been extended to full 3D 

microstructures(Rovinelli et al., 2018a), again capturing many behaviours associated with short 

crack growth. Another model using the Fatemi-Socie parameter, this time using stiffness 

degradation to simulate crack growth, showed diminishing microstructural 

sensitivity(Castelluccio and McDowell, 2014). 
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One of the problems with all of the above approaches is that there has been no direct 

comparison with experimentally determined paths. As such, whilst the paths may be ‘realistic’, 

they are not necessarily what would be observed experimentally. Direct comparisons have been 

made in (V.V.C. Wan et al., 2016), where the maximum principal stress was used to direct the 

growth of a crack in an anisotropic elastic model that included a number of grains. In this work 

they found that the paths predicted using this method led to crack growth generally 

perpendicular to the loading direction. As such, there was good agreement when the 

experimental path was perpendicular to the loading direction, but less good agreement when the 

experimental path was oriented differently. 

Recent work in a BCC alloy (Rovinelli et al., 2018b) utilising machine learning methods, 

demonstrated the correlation (or lack thereof) between commonly used parameters for 

predicting the crack growth rates and directions with experimental observations. In this work, it 

was concluded that the key factors were the resolved shear stresses acting on the slip systems, 

and misalignment of the slip systems with the principal stress direction. A predictive model 

based on these conclusions demonstrated improved agreement with experimental observations 

of the rate and direction of growth compared with previously developed predictors, but still had 

significant inaccuracies. This indicates that either: there was insufficient training data going into 

the machine learning model, or, the metrics tested did not fully capture the drivers for crack 

growth. Combined with the earlier results, which had shown that predictions based on 

geometrical relationships between the incoming and outgoing planes were not capable of 

capturing the observed behaviour (Rovinelli et al., 2017), it seems that the existing models are 

missing an important factor. 

So far, the published models have shown that many features of microstructurally-sensitive 

fatigue crack growth can be captured with a variety of criteria, but none have been demonstrated 

to be predictive of experimental results. The one direct comparison between experimental and 



Literature Review | Complete models of short fatigue crack growth 

47 

predicted paths showed that the maximum principal stress can capture some, but not all, paths in 

large grained samples(V.V.C. Wan et al., 2016), and so can only be used as a benchmark. Of the 

other models, the crystallographic path models in (Lin et al., 2011) and (Rovinelli et al., 2018a) 

showed the most ‘realistic’ tortuosity. Growth along active slip systems also makes mechanistic 

sense since the driver for crack growth is the dislocations, which are restricted to the slip planes. 

A model including crack growth along crystallographic slip planes therefore seems the most 

promising for further study. 
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3 METHODS 

This chapter introduces the methods that have been used in this work, gives details of their 

implementation and shows examples to demonstrate the accuracy of the results. First is the 

material constitutive model, based on crystal plasticity theory; second is details of the 

implementation of the stored energy calculation with associated non-local averaging scheme; a 

brief overview of XFEM - the method by which cracks are included, and finally is the 

implementation of the crystal-level 𝐽-Integral calculation scheme. 

3.1 CONSTITUTIVE MODEL, CRYSTAL PLASTICITY 

When stress is applied to a ductile metal it deforms in two predominant ways: initial deformation 

is elastic, meaning that it will be reversed upon the removal of the load, and after a certain point 

called the yield point, deformation is plastic, meaning that the deformation is permanent and will 

not be reversed upon removal of the load. 

To model this deformation of a solid material a constitutive law is required. Deformation is 

measured through the deformation gradient 𝑭, which can be decomposed into the elastic part 𝑭𝒆 

and the plastic part 𝑭𝒑. The total deformation is therefore given by 

3-1 

𝑭 = 𝑭𝑒𝑭𝑝 

The elastic part defines the stress of the material, which may be anisotropic, and has been well 

understood for a long time and will not be covered in detail here. The plastic part of the 

deformation is more involved. 

Plastic deformation within ductile metals occurs primarily through slip. Slip occurs when the 

atoms within the lattice move relative to each other and occurs on planes referred to as ‘slip 

planes’. The movement of the atoms is facilitated through the movement of dislocations which 
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move along specific ‘slip directions’ associated with each slip plane. The slip systems (a slip plane 

and corresponding slip direction) which are available within a material are defined by the spatial 

arrangement of the atoms within the lattice. 

At the macro scale the plastic part can appear homogeneous, however since the slip of a single 

crystal is anisotropic and the individual crystals within a metal are not uniformly oriented, the 

response at the grain scale can be severely inhomogeneous. This has motivated the development 

of the theory of crystal plasticity, in which the plastic deformation is calculated as the sum of the 

contributions from shear on the different slip systems within the material. In this, the plastic 

velocity gradient (the rate of change of the plastic deformation gradient) is calculated according 

to 
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𝑳𝑝 = �̇�𝑝𝑭𝑝−1 = ∑( �̇�𝑖𝒏𝑖 ⊗ 𝒔𝑖)

𝑁𝑠

𝑖=1

  

where 𝑁𝑠 is the total number of slip systems, �̇�𝑖 is the slip rate on slip system 𝑖 and 𝒏𝑖 and 𝒔𝑖 are 

the corresponding slip plane normal and slip direction respectively, which rotate with the 

deformation of the lattice. Following this, the important calculation is that of the plastic slip rate 

�̇�, which is calculated using an equation known as a ‘slip rule’. 

There are a number of slip rules that have been developed, both phenomenological and 

physically-based. For the purpose of modelling crack growth, the slip rule needs to reproduce the 

slip on each slip system accurately so that the constitutive response is accurate, but also so that 

the quantities used to calculate the crack propagation behaviour are accurate. Since the aim of 

this work is to develop a generally applicable, physically-based methodology for crack growth, it 

is appropriate to choose a slip rule that is both physically-based and that has been demonstrated 

to accurately reproduce the constitutive response of a variety of ductile metals. 
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The slip rule used in this work is one originally proposed in (Dunne et al., 2007), and takes the 

form  
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�̇�𝑖 =  𝜌𝑚𝜈𝑏𝑖2
𝑒𝑥𝑝 (

𝛥𝐹

𝑘𝑇
) 𝑠𝑖𝑛ℎ [

(𝜏𝑖 − 𝜏𝑐
𝑖 )𝛥𝑉

𝑘𝑇
] 

where 𝜌𝑚 is the density of mobile dislocations (which is assumed in this work to be constant), 𝜈 

the frequency of attempts of dislocations to jump obstacle energy barriers, 𝑏 the Burgers vector, 

𝛥𝐹 the thermal activation energy, 𝑘 the Boltzman constant, 𝑇 the temperature, 𝜏𝑖 and 𝜏𝑐
𝑖  the 

resolved shear stress and critical resolved shear stress on slip system 𝑖 respectively, and 𝛥𝑉 is the 

activation volume. 

This model is derived from the notion of dislocation movements being pinned by obstacles 

(including other dislocations). A thermodynamic driving force drives the dislocation to escape 

these pinning points which leads to rate sensitive slip. The parameters are specific to the material 

system being modelled. 

The dislocation density used in this model is not constant, which causes hardening on these 

systems due to the according to: 

3-4 

𝜏𝑐
𝑖 = 𝜏𝑐0

𝑖 + 𝐺𝑏𝑖√ρ 

where 𝜏𝑐0
𝑖  is the initial value of the CRSS for slip system 𝑖, and 𝐺 is the elastic shear modulus. 

There are two mechanisms by which dislocations can evolve in the model, and the evolution of 

the two types is calculated separately (although they have the same effect on the material 

behaviour). The first type is statistically stored dislocations (SSDs) which develop as a plastic slip 

occurs in the material. In this work, these are only utilised in the ferritic steel and nickel 
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superalloy models in sections 6.4 and 6.5. To aid comparison with previous results, the same 

simple equation for the rate of evolution of the SSD density, �̇�𝑆𝑆𝐷, is used: 

3-5 

�̇�𝑆𝑆𝐷  = 𝛾𝑠𝑡�̇� 

where 𝛾𝑠𝑡 is the hardening coefficient, �̇� the rate of accumulated plastic strain (which is 

calculated by summing through all active slip systems). This does not include the effect of 

dynamic recovery and hence will not give the same fluctuations in dislocation density. 

Nonetheless, in the two specific materials investigated here, this has been demonstrated to be 

sufficient to capture the locations of crack nucleation using the stored energy (Chen et al., 2017; 

Wan et al., 2014) and so are used again here. 

The second type of dislocation evolution arises from curvature in the lattice geometrically 

necessary dislocations. The GND density is determined from the relationship between the Nye 

dislocation tensor and the plastic strain gradient following the procedure from (Dunne et al., 

2012). This involves the calculation of the curl of the deformation gradient, which was done 

using gradients calculated geometrically across each finite element. 

The final dislocation density 𝜌 is then calculated by summing the two types of dislocations: 

3-6 

𝜌 =  𝜌𝑆𝑆𝐷 + 𝜌𝐺𝑁𝐷 

where GND is the density of geometrically necessary dislocations (GNDs). 

This model has been used in a number of different applications and shows good agreement with 

experimental results in a number of different material systems (Chen et al., 2017; Gong et al., 

2015; Wan et al., 2014; Zhang et al., 2015). 
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3.2 VALIDATION OF CONSTITUTIVE MODEL PARAMETERS FOR ZIRCONIUM 

The constitutive models used in this work have been previous demonstrated to give accurate and 

physically realistic results in all of the material systems studied in this work (Chen et al., 2017; 

Gong et al., 2015; Wan et al., 2014; Zhang et al., 2015), but some example results are also 

included here. To demonstrate this, and to test the implementation of the J-integral calculation 

(section 3.6), it is necessary to introduce parameters for a material system. The majority of the 

models presented in this work are based on commercially pure zirconium and so this is used as 

the representative system here. 

The stress-strain response here depends on both the elastic properties, and the values chosen for 

the critical resolved shear stresses. The CRSS values used here are representative of 

commercially-pure Zirconium and come from microcantilever testing (Gong et al., 2015). Since 

the 2nd order pyramidal system is not generally observed, its CRSS was set at a value 5x that of 

the 1st order pyramidal system. The HCP slip systems are shown in Figure 3-1, and the 

corresponding CRSS values in Table 3-1. The slip rule parameters are shown in Table 3-2. No 

significant hardening is observed in single crystals and so the SSD density is taken to be constant 

at the initial value of 1 × 10−2µ𝑚−2 (i.e. the value of 𝛾𝑠𝑡 in equation 3-5 is 0). Some hardening 

still occurs due to the evolution of GNDs. 

<a> slip systems <c+a> slip systems 

Basal   Prismatic   Pyramidal   Pyramidal (1st)   Pyramidal (2nd)    

204 MPa 153 MPa 153 MPa 532 MPa 2662 MPa 

Table 3-1 - Critical resolved shear stresses for the slip systems in pure zirconium from (Gong et al., 2015). Colours 
are those shown in Figure 3-1. 

𝑏 (µ𝑚) 𝜈 (𝑠−1) 𝜌𝑚 (µ𝑚−2) Δ𝑉 (𝑚3) 𝛥𝐹 (𝐽) 

3.2 × 10−4 1 × 1011 1 × 10−2 18.75𝑏3 5 × 10−20 

Table 3-2 - Parameters used in the slip rule (shown in equation 3-3) for pure zirconium. 
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To demonstrate the constitutive response, two tests were conducted. In the first, a single element 

was subjected to 1.5% strain under displacement control, at a strain rate of 10-4 s-1. Two crystal 

orientations were selected for the model, one soft and one hard, with the c-axes perpendicular 

and parallel with the loading direction respectively. These orientations give a homogenous stress 

state throughout the loading, elastic and plastic. Since there is no strain gradient in this test, no 

GNDs are evolved. Together with the fact that there is no SSD evolution this means that there is 

no hardening in this test. 

The elastic part of the stress-strain response under uniaxial loading is given by the Young’s 

modulus in each direction. These are 98.3 GPa and 123.3 GPa respectively for the soft and hard 

crystal orientations. The plastic part of the stress-strain response for a given crystal orientation 

can be calculated from the Schmid factor of the planes and the critical resolved shear stress. In 

this example, the soft element yields on prismatic planes with a CRSS of 153 MPa, whilst the 

hard element yields on the harder pyramidal planes for which the CRSS is 532 MPa. Based on 

these values, and knowledge of the orientations of the slip planes, the yield stress can be 

calculated to be 353 MPa and 1316 MPa for the soft and hard elements respectively. 

Figure 3-1 - Slip planes and normals in HCP crystals. Left, the <a> type systems: basal in red, prismatic in green and 
pyramidal in blue. Right, the <c+a> type slip systems: first order in blue and second order in yellow. 
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The stress-strain responses from the CPFE simulations are shown in Figure 3-2, and can be seen 

to match the analytically calculated elastic response and yield point in both cases. 

The second test consisted of a polycrystal made up of 9x9x9 cubic grains, each consisting of 

5x5x5 cubic elements. The orientations of each grain were assigned randomly from the 

experimentally determined texture (shown in Figure 3-3) and uniaxial, stress-controlled loading 

Figure 3-2 - Comparison of the CPFE stress-strain response of an element under uniaxial strain-controlled 
loading in two crystal orientations with analytical predictions for the pure elastic response and the yield 
point. 

Figure 3-3 - Experimental (yellow) and model (blue) stress strain response for a polycrystal 
compression test. Cuboidal RVE made up of 9x9x9 grains, each made up of 5x5x5 elements. 

{0001} 
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applied. The simulated stress-strain response is shown in Figure 3-3, and again can be seen to 

match very well with the experimental response, albeit with slightly more hardening. 

The implementation of the constitutive model employed here therefore matches the expected 

response in the case of both single crystals and polycrystals. 

It should be noted that some materials exhibit rate-dependent behaviour. This includes 

zirconium and titanium, which are both used in this work. When subjected to strain-controlled 

loading at high strain rates, these materials will exhibit higher levels of stress and the deformation 

will be accommodated by a higher proportion of elastic deformation and a lower proportion of 

plastic deformation compared to the same level of strain at a low strain rate. This will be 

particularly severe in the case of cracks since the stress concentration leads to much higher strain 

rates near the crack tip. The change in stress state as a result of the rate-sensitivity could also 

significantly affect the driving force for crack growth. 

For consistency, and since the typical strain rates applied to zirconium alloys in service are very 

low, the fatigue loading in this work is applied over long fatigue cycles (typically 20s). This 

produces results which are slow enough to be rate-independent. 

3.3 STORED ENERGY 

The stored energy, shown in equation 2-19, is calculated in this model at each integration point 

by evaluating 

3-7 

𝐺 =  ∑ 𝜉𝜆𝑑𝝈: 𝛥𝜺𝒑

𝑡

0

 

where t is the number of time increments in the calculation. The mean dislocation spacing, 𝜆𝑑, is 

calculated at each time increment from the summed geometrically necessary and statistically 



Methods | Non-local averaging 

56 

stored dislocation densities using equation 2-18. Care is taken to calculate the stress and strain 

tensors using the same reference. 

Since the GNDs are only calculated at the end of each time increment, there is a small error 

introduced since the value of 𝜌𝐺𝑁𝐷 used in the calculation of the stored energy is that of the 

previous time increment. However, this error can be minimised by using very small time 

increments. Since the increments with a crack present are necessarily small, the change in 𝜌𝐺𝑁𝐷 

over a single increment is less than 1% and hence the error in the calculated stored energy is 

much less than 1%. 

3.4 NON-LOCAL AVERAGING 

A common issue with finite element calculations is mesh sensitivity. This is especially important 

when a local value such as the stored energy is utilised for crack growth. Any local mesh 

sensitivity at the crack tip can cause important changes in the growth behaviour and so a non-

local averaging procedure is implemented to find mesh-independent results when evaluating the 

stored energy. 

The averaging function implementation follows that in (Nguyen et al., 2015) and consists of a 

Gaussian weighting function being applied to a volume integral around a given point. In the 

implementation used here, the non-local value is calculated for each integration point as a 

weighted sum of the stored energy values over the nearby integration points: 

3-8 

𝐺 =  ∑ 𝐺𝑖  𝑔(𝑟)

𝑛

1

 

where n is the total number of integration points, 𝐺𝑖 denotes the stored energy at integration 

point 𝑖, and 𝑟 is the distance to the integration point. The weighting factor 𝑔(𝑟) is calculated 

using: 
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3-9 

𝑔(𝑟) =  𝑒−𝜋𝑟2/𝑙2  

where a critical length scale 𝑙 over which to do the averaging must also be chosen. This would 

ideally be done over a fundamental length through which the dislocation structures can affect 

crack propagation. However, since for the purposes of this study the important factor is mesh 

independence, whilst limiting any computational overhead, an arbitrary value of 3 times the 

average element size has been chosen. The resulting function for an element size 10µm is plotted 

in Figure 3-4. 

3.5 XFEM 

In this work, cracks are introduced into the FE mesh using XFEM (specifically the 

implementation built into the Abaqus software package(Dassault-Systèmes, 2017)). XFEM 

allows the introduction of arbitrarily aligned discontinuities, of which cracks are an example, into 

the displacement field of an element. Mathematically, this is implemented through the addition 

of an enrichment term to the displacement field, and the standard FE basis functions are still 

Figure 3-4 - Non-local weighting factor calculated with the critical length scale 𝑙 = 30𝜇𝑚. 
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used(Belytschko et al., 2001; Belytschko and Black, 1999; Moës et al., 1999). In the original 

implementation of XFEM the enrichment functions for a given element are chosen according to 

three possible conditions: 1. a crack passes completely through the element, 2. a crack tip is 

within the element or 3. the element is not cracked. For case 3, clearly no enrichment is required. 

For case 2, the enrichment functions must contain crack tip functions. However, these are not 

used in the Abaqus implementation of XFEM, which only allows elements to be uncracked or 

fully cracked, and so are not considered here. The enrichment functions are thus only required 

for elements that are completely bisected by the crack. 

To illustrate the enrichment functions for bisected elements consider the displacement field for a 

single 1D element with nodes positioned at 𝑢1 =  1 and 𝑢2 =  2. The original FE displacement 

field, shown in Figure 3-5, is given by 

3-10 

𝑢(𝑋, 𝑡) = ∑ 𝑁𝐼(𝑋)𝑢𝐼(𝑡)

𝑛

𝐼=1

 

Figure 3-5 - Standard displacement field function (green) as the sum of two linear basis 

functions (red and blue). This is equivalent to equation 3-10. 𝜉 is the element internal 
coordinate system. 
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where 𝑢(𝑋, 𝑡) is the displacement field, 𝑛 is the number of nodes and 𝑁𝐼 and 𝑢𝐼 are the shape 

functions of and displacement at node 𝐼 respectively. The XFEM method adds enrichment 

functions 𝒒 to equation 3-10 in order to generate a discontinuity. These enrichment terms use 

the same shape functions as the standard XFEM terms but contain Heaviside functions (ℋ) 

which give rise to the discontinuity. An example set of enrichment functions with the 

discontinuity positioned at 𝜉 = 0.5 are shown in Figure 3-6. The displacement field is then given 

by Equation 3-11, which is the original XFEM formulation as proposed by (Moës et al., 1999). 

3-11 

𝑢(𝑋, 𝑡) = ∑ 𝑁𝐼(𝑋) {𝑢(𝑡) +   𝑞(𝑡)[ℋ(𝑋 − 𝑎) − ℋ(𝑋𝐼 − 𝑎)]}

𝑛

{𝐼=1}

 

The Abaqus implementation of XFEM utilises the phantom-node formulation first proposed by 

(Song et al., 2006). To reach this formulation, equation 3-11 is rearranged to give equation 3-12. 

To understand this rearrangement, notice that the Heaviside functions cause the terms to be 

active exclusively on one side of the crack or the other. These two distinct sets of terms can thus 

Figure 3-6 - Two components of the enrichment which give a discontinuous displacement field. These are given 
by 

 NI(X)q(t)[ℋ(X − a) − ℋ(XI − a)] 

Where, in this example, 𝑎 = 0.5. These functions give the deviation from the original displacement field above. 
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be thought of as two separate, superposed elements each of which is then only integrated up to 

the crack from one side. Element 1 has nodes at 𝑢1 and 𝑢2 − 𝑞2, whilst element 2 has nodes at 

𝑢1 + 𝑞1 and 𝑢2. The new nodes are referred to as 'phantom nodes'. Figure 3-7 shows the 

resulting displacement field from using the displacement field of element 1 on 𝑋 < 0.5 and of 

element 2 on 𝑋 > 0.5. 

3-12 

𝑢(𝑋, 𝑡) =  {𝑢1𝑁1   +  (𝑢2 − 𝑞2 )𝑁2 }(1 − ℋ(𝑋 − 𝑎))

+ {𝑢2𝑁2  +  (𝑢1 + 𝑞1)𝑁1}(ℋ(𝑋 − 𝑎)) 

In higher dimensions, use is made of the level-set method to track the position of the crack. This 

uses a function f(𝑋) in the place of (𝑋 − 𝑎) in the 1D example. 

XFEM has been shown to accurately reproduce analytical solutions for stress states around 

crack-tips in 2D, with a reasonably low mesh-dependence (Moës et al., 1999). The main benefit 

of this method over other methods is that the crack is not constrained to grow via mesh grid 

points nor does the mesh need to be regenerated after each growth step. Further testing has 

Figure 3-7 - Illustration of the phantom node method. The final displacement field (orange) is formed from the 
sum of the red and blue components shown in the two figures above. The phantom nodes are indicated by the 
arrows. This is given by equation 3-12. 
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shown good agreement of the stress intensity factor (Rannou et al., 2010) and crack growth rate 

with experimental measurements (Ferrié et al., 2006) when coupled with a Paris-type growth law. 

3.6 J-INTEGRAL 

The J-integral calculation has been implemented as a post-processing script in python. In order 

to make the code as general as possible, it is evaluated at a circular series of points around the 

crack tip and ignores the mesh. Since these points do not coincide with node or integration point 

locations, all parameters are calculated by linearly interpolating from the nodal values. Due to 

limitations in the Abaqus implementation of XFEM, only linear elements can be used with a 

crack present. This presents a problem for the displacement gradient calculation since the errors 

in the gradient in a linear element can be significant. The gradients are therefore calculated over a 

few elements rather than using the gradient within the element on the path. The calculation steps 

are shown in Figure 3-8. Typically, around 100 points were used for the integration, which was 

found to be sufficient for good agreement with the theoretical calculations (This is demonstrated 

later). 
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Two more paths shifted in 
the +ve and -ve x directions, 
but otherwise identical, are 

chosen (used to calculate the 
displacement gradients) 

A circular array of 𝑁 points is 

chosen around the crack tip 

At every path point 𝑖 

W incremented using 

 ∆𝑊𝑖  = 𝝈: ∆𝜺 

Deformed direction normal to 

path, traction normal to path 

calculated. 

𝑻 = 𝒏 ⋅ 𝝈  

Displacement gradient calculated 

using shifted paths 

𝜕𝒖𝒊

𝜕𝑥
≈

𝒖𝒊(𝑥 + ∆𝑥) + 𝒖𝒊(𝑥 − ∆𝑥)

2∆𝑥
 

Evaluate 

𝐽𝑖 =  𝑊𝑖𝑑𝑦 − 𝑻𝒊 ⋅
𝜕𝒖𝒊

𝜕𝑥
𝑑𝑠 

Calculate J integral for frame t by 

summing over all points: 

𝐽(𝑡) =  ∑ 𝐽𝑖

𝑁

𝑖=1

 

Go to next frame 

𝑡 =  𝑡 + Δ𝑡 

Initially: 

𝐽 = 0 

𝑊 = 0 

J-Integral 

𝐽 =  ∮ (𝑊𝑑𝑦 − 𝑇 ∙
𝜕𝒖

𝜕𝑥
𝑑𝑠)

𝛤

  

Figure 3-8 - J-integral implementation algorithm 
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To check the validity of the J-Integral implementation, it was applied to an isotropic elastic 

model for which the theoretically correct value can be calculated from the stress intensity factor 

and the Young’s modulus using 𝐽 =
𝐾2

𝐸
. The value of 𝐾 for an edge-cracked isotropic elastic 

specimen can be simply calculated from the far-field stress (𝜎𝑓𝑓). This has been calculated using 

the standard analytical solution (from (Liu et al., 2015)) for an edge crack under applied loading 

𝜎 as follows 

3-13 

𝐾 = 𝜎𝑓𝑓√𝜋𝑎 [1.12 − 0.23 (
𝑎

𝑏
) + 10.6 (

𝑎

𝑏
)

2

− 21.7 (
𝑎

𝑏
)

3

+ 30.4 (
𝑎

𝑏
)

4

] 

where the lengths 𝑎 and 𝑏 are as shown in Figure 3-9. 

To aid comparison with experimental data, which is often plotted in terms of 𝐾, and to remove 

the elastic effect of changing crack length and specimen size, many key quantities in this thesis 

are plotted with respect to the applied stress intensity factor (𝐾𝑎𝑝𝑝) as opposed to the applied far-

field stress. The applied stress intensity factor is also calculated using equation 3-13, but is 

referred to as the applied stress intensity factor because in the full CPFE models the plasticity 

means that the stress intensity factor is no longer characteristic of the crack-tip stress state. 

𝝈 𝝈 
𝒃 

𝒂 

Figure 3-9 - Geometry for an edge crack in a plate under uniaxial stress-controlled loading. 
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As can be seen in Figure 3-10, the agreement between this implementation and the theoretical 

value is extremely close. 

The J-Integral is a global variable and as such, for the value obtained to be useful, the J-integral 

should be path independent. If the value is path-dependent, then it is very difficult to determine 

the applicability of any measurement made. This path-independence has been proven in the case 

of a non-linear elastic material under proportional loading and it is valid with small-scale 

plasticity, but not for the case of anisotropic elastic-plastic behaviour with grain boundaries. 

Thus it is important to demonstrate that the J-integral gives a consistent value for the models 

tested. 

To determine whether the integral was path independent in an elastically anisotropic material 

with crystal plasticity using the same parameters as in section 3.2, the J-integral was measured 

with different contour radii. This was first done for a single crystal model and a polycrystal 

model with 50 µm grains and a 10 µm element size. The J-Integral calculated at different radii for 

a single crystal model is shown in Figure 3-11a. It can be seen that the J-integral is essentially 

insensitive to the path over which the contour integral is calculated. There is a small difference in 

the value at 26 µm, which is mainly due to the fact that the path only goes through ~20 

elements. Since the element basis functions are required to be linear, the gradients calculated at 

this small radius are less accurate. 

The same plot for a polycrystal model (with square grains of length 50µm) is shown in Figure 

3-11b. Again, it can be seen that the path has little effect on the calculated J-Integral. Finally, the 

J-Integral was calculated using a model of the same polycrystal with a refined mesh around the 

crack tip. Refined and original meshes are shown in Figure 3-11c. The result is shown in Figure 

3-11d, with the J-Integral calculated at 50µm on the unrefined model shown for comparison. 

These results show that the J-Integrals being calculated are converged with respect to mesh 

refinement at the crack tip as well as the radius of the contour over which they are calculated. 
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Another point that should be discussed here is the thickness of the models. In all models 

presented in this work, with the exception the 3D model in section 7.4, the thickness is a single 

element. This has the effect that the models are all in plane stress. Whilst this will lead to slightly 

different stress states compared with those of cracks within the bulk of a thick specimen, and 

also those cracks where the crack front normal direction is angled significantly out of plane, they 

are likely to be reasonably representative of the stress state at the surface. Since the experimental 

data available for comparison exclusively considers the behaviour of short cracks at the surface, 

it seems reasonable to make the assumption that the stress state driving the crack is plane stress. 

This is discussed further in section 7.4.

Figure 3-10 - Comparison of the J-Integral calculated using the method presented here and that calculated using 
the implementation built in to Abaqus with the theoretical value for an isotropic elastic material. 
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50 µm Crack 

Coarse mesh (co) 

Fine mesh (fi) 

a) b) 

c) 

d) 

r = 51µm 

r = 101µm 

r = 26µm 

Figure 3-11 - J-Integral calculated along contours at different radii around crack tip for a) single crystal model with 
c-axis perpendicular to loading direction, b) polycrystal model. c) Fine and coarse mesh around crack tip, with some 
example contours plotted in the coarse mesh with radius 26, 51 and 101 µm d) J-Integral calculated along contours 
at different radii around crack tip for polycrystal model, with the fine (fi) and coarse (co) meshes. 
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4 STORED ENERGY - DRIVING FORCE FOR CRACK GROWTH 

This chapter assesses the use of the stored energy as a microstructurally-sensitive measure of the 

driving force for crack growth. The assessment was done through comparison against results 

from dislocation dynamics simulations and also against higher scale experimental measurements. 

For this chapter, the work was done in the context of Zirconium and its alloys. The chapter 

starts with an introduction and a focused review of the key literature as it relates to zirconium, 

followed by coverage of the specific methods used before moving onto the results. The work 

presented here has been published in ‘A microstructure-sensitive driving force for crack growth’ (Wilson et 

al., 2018). 

4.1 INTRODUCTION 

The ability to predict engineering component lifetimes relies on the accurate prediction of crack 

growth from the smallest size to the point of failure. This requires an intimate knowledge of the 

processes working at all stages of the life of a crack. In ductile metals, the focus of this work, 

large cracks – many times the microstructural scale – do not interact strongly with the 

microstructure and can be well characterised experimentally using elastic-plastic fracture 

mechanics. However, in many applications, cracks spend a great deal of their lifetime at the 

microstructural scale where they are strongly influenced by the local microstructure, taking 

tortuous paths and growing at highly variable rates as they pass through different grains. These 

cracks with length on the order of a few grains are referred to in this work as small cracks. It is 

therefore desirable to develop a methodology through which the driving forces for crack growth 

can be characterised and which captures this microstructural sensitivity. In order to be predictive 

of a wide variety of materials without the need for empirical fitting, it is essential that this model 

is physically based and ideally applicable to the entire lifetime of the crack. 
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The focus in this work is therefore on building a general methodology based on the mechanisms 

and concepts that are equally applicable to the full range of ductile metals in which 

microstructural sensitivity is observed. The work presented in this chapter focuses specifically on 

the microstructural sensitivity of the driving force for crack growth. The main observations 

relevant to the driving force regarding microstructurally small crack growth, which occur both 

under fracture and fatigue loading conditions, can be summarised as follows: 

1. Crack propagation can occur with loading under the stress intensity factor threshold for 

long crack growth. Or, conversely, for a given applied stress intensity factor, the growth 

rate is higher for a small crack. 

2. There is significant scatter in observed growth rates due to microstructural sensitivity. 

3. This microstructural sensitivity diminishes with increasing crack length with a threshold 

on the order of about 3-10 grains e.g. (Castelluccio and McDowell, 2016). 

Since these effects are common to both fatigue and fracture loading, it is informative to discuss 

both when considering the microstructural effects on the driving force for crack growth. Both 

are therefore compared here, but it should be noted that the models in this work are restricted to 

monotonic loading. Fatigue loading conditions and crack propagation are considered in the next 

chapter. 

HCP metals are of particular interest due to their strong anisotropy which not only magnifies 

these effects but also strongly affects long crack growth and fracture. The key factor for the long 

crack growth effect is the alignment of the crystal c-axis (the longer axis of the unit cell, along 

which HCP metals typically exhibit a higher stiffness) with the loading direction and so the 

texture can be used together with the applied load to characterise the driving force for long crack 

growth. A new method of calculating the crack driving force should reproduce these findings for 

a long crack in addition to the general microstructurally small crack observations noted above. 
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To make sure that the parameters are physically realistic, pure zirconium is used as a 

representative HCP alloy. Due to the safety critical nature of their main application as fuel rod 

cladding in nuclear reactor cores, knowledge of the resistance of these materials to crack growth 

and failure is essential. There has therefore been extensive characterisation of the resistance, 

primarily as fracture toughness measurements for long cracks, over the past 40 years. 

Although microstructurally sensitive crack growth has been shown to occur in reactor grade Zr 

(see for example the tortuous paths observed in (Snowden and Stathers, 1977)), to the authors’ 

knowledge there is no publicly available experimental data for microstructurally small crack 

growth rates in either zirconium or zirconium alloys. Microstructural sensitivity in the growth 

rates of similar cracks has however been observed in a wide range of ductile metals including 

magnesium (Tokaji et al., 2004), aluminium, nickel (Gao et al., 2007) and titanium (Tokaji et al., 

1994), indicating that they are fundamentally due to the geometry and morphology rather than 

due to chemistry or material specific slip characteristics. Microstructural sensitivity of the growth 

rate is therefore also expected in zirconium and so must be captured by the quantity used to 

measure the driving force for growth in this model. 

Energy is the fundamental quantity governing failure at the smallest scales and so this is the 

quantity of focus in this work. In the context of fatigue, it is clear that the energy build-up which 

leads to failure is not all provided in one loading cycle, but rather builds over the course of many 

cycles. This is in line with previous suggestions that, for small crack propagation, more of the 

energy comes from internal stresses and dislocation structures than from the energy directly 

applied within a single cycle (Sadananda, 1997). However, more recent dislocation dynamics 

work has shown that, dependent on there being suitable nucleation sites and obstacles, fracture 

can also proceed through plastic dissipation (Cleveringa et al., 2000), indicating that long crack 

growth may also be governed by the same processes. The methodology presented here thus aims 

to calculate the total energy available for crack propagation. 



Stored Energy - Driving Force For Crack Growth | Background and Review 

70 

4.2 BACKGROUND AND REVIEW 

Although there is not much data available measuring the resistance of zirconium alloys to short 

crack growth, there is some data for long crack growth in Zirconium alloys. However, very few 

fatigue studies have been conducted and thus fracture toughness data are essentially the only 

available measurements of the resistance to crack growth. Stress intensity factor studies have 

indicated a critical value of 43.9 MPa√m for β treated Zircaloy 4 (Kreyns et al., 1996) which, 

assuming isotropic elasticity with a Young’s modulus of 88000 MPa, corresponds to a Griffith 

energy of 19.4 kJm-2. In (Grigoriev et al., 1996) a fracture toughness of 100 kJm-2 was found in 

cold-worked Zircaloy 2 with similar values after irradiation and slightly higher values for 

annealed samples. A similar value of 97 kJm-2 was found for Zircaloy 4 in (Hsu and Tsay, 2011). 

The most widely used standard for fracture testing specifies plane strain conditions; however, as 

pointed out in (Raynaud et al., 2008), the geometry of the tubes gives specimens resulting in 

plane stress conditions except in the case of through-thickness cracks. This means that the stress 

state at the crack tip may be significantly different from that found from experimental testing of 

axial or radial crack growth. 

Since there is very little short crack data for zirconium alloys it is necessary to consider the 

common features of microstructurally short crack growth that are observed across many 

different ductile metals. Primarily, from a fatigue perspective, small cracks propagate at far lower 

stress intensity factors than large cracks. There are many factors which have been identified to 

affect the rate and direction of crack growth, including grain-boundary interactions, grain crystal 

orientations, bridging of ductile regions, crack deflection due to hard particles, and phase 

transformations (Kumar and Curtin, 2007), however the last three of these are specific to 

particular material systems and so are not considered at this point. 

Around grain boundaries, the growth rates of microstructurally short fatigue cracks often 

experience significant changes. Fundamentally, this tells us that the driving force is being affected 
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near the grain boundary. Retardation of the growth rate at grain boundaries has been the subject 

of many studies e.g. (Gao et al., 2007; Schäf et al., 2013), but the interaction is not simple as it is 

a function of both the grain boundary misorientation and the inclination of the grain boundary, 

amongst other effects. High angle grain boundaries have been found to slow growth more than 

low angle grain boundaries. This deceleration gives an improved small crack growth resistance in 

finer microstructures(Gao et al., 2007), the opposite finding to that of large crack growth studies. 

The Zhai model has had success in characterising these grain-boundary effects (Zhai et al., 2000) 

by relating the crack growth retardation to the tilt and twist angles between the crack planes on 

each grain. Work by Holzapfel et al with 3D microstructures has highlighted that some 

deceleration at low-angle grain boundaries, an apparent discrepancy with the Zhai model, can be 

explained due to the presence of sub-surface precipitates impeding crack growth (Holzapfel et 

al., 2007). 

A major barrier to studies of grain boundary effects has been the lack of sub-surface grain-

boundary information. This has led to previous studies simply extrapolating from the surface 

information (Gao et al., 2007). The development of focused ion beam tomography has opened 

the possibility of investigations with 3D characterisation of the grain boundaries (Kubis et al., 

2004; Uchic et al., 2007), but this still has the drawback that it is a destructive technique which 

can only be done after the crack growth analysis. More recently, detailed 3D datasets are 

becoming available from X-Ray synchrotron experiments. The power of these large datasets is 

demonstrated in work such as that of (Rovinelli et al., 2018a), who showed reasonable agreement  

in terms of crack growth rates using a probabilistic model. 

It has been previously noted in theoretical studies that dislocations at persistent slip bands 

produce stress concentrations under the same assumptions as LEFM (Brown, 2013). This 

suggests that there may be some similarities between the crack growth problem and that of crack 

nucleation. Given that energy-based methods have proven able to accurately predict crack 
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nucleation sites it is reasonable to assess the applicability of these methods to crack growth. 

Taking this approach gives the same advantage of a more physically based model. 

Two recent works investigating crack growth using crystal plasticity, both studying nickel alloys, 

have taken this approach. Farukh et al used a critical value for the plastic strain, which showed 

good growth rate agreement in previous work using a viscoplastic material model (Farukh et al., 

2015) albeit without explicit consideration of microstructure. The crack growth direction was 

orthogonal to the maximum principal stress direction. The predicted growth rate was clearly 

dependent on the grain crystallographic orientation, but did not exhibit the level of retardation 

generally observed in experimental studies. Wan and coworkers used a maximum principal stress 

criterion together with an energy-release rate based traction-separation response to study crack 

growth in real ferritic steel microstructures (V.V.C. Wan et al., 2016). This work highlighted the 

importance of including elastic anisotropy to capture the highly-localised stress states at the grain 

boundaries. A key issue with both of these studies is that there was no direct link to experimental 

results and so the accuracy of the predictions is difficult to judge. 

To develop a more rigorous methodology for modelling crack growth at this scale it is essential 

to assess whether the measure used for calculating the driving force captures the microstructural 

sensitivity. Many different approaches were discussed in section 2.2, but the two approaches that 

best fit the criteria for this work were determined to be the J-integral and the stored energy. For 

both approaches the fundamental energy balance is the Griffith failure criterion, which gives the 

point of maximum free energy, after which failure is energetically favourable. 

The key difference is that the J-Integral calculates the total energy dissipated during the 

deformation which leads to crack growth, whereas the stored energy attempts to specifically 

capture the energy driving crack growth. As noted in section 2.2, the stored energy also has a 

mechanistic basis which links the energy available for crack growth with the energy stored in the 

dislocation structures formed during plastic deformation. These structures are generally 
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energetically unfavourable and thus a crack propagating through these structures, and 

annihilating them, will release this energy. For this crack propagation to occur, the energy of 

these structures at the crack tip must be raised to some threshold level at which propagation is 

energetically favourable - the Griffith energy. 

The stored energy (equation 2-19) is calculated from the density of the plastic strain energy that 

is not dissipated. This energy is stored in dislocation structures, but is not all available at the crack 

tip. The critical length scale over which this energy is transferable to the crack tip is argued to be 

that of the dislocation mean spacing. 

In terms of crack nucleation, this approach is clearly related to the magnitude of plastic strain, 

which has previously been shown to be indicative of crack nucleation. However, the stored 

energy also gives consideration to the stress under which the deformation occurred and the 

dislocation densities. The stored energy has been shown to be predictive of crack nucleation sites 

and cycles to nucleation in both ferritic steel and nickel alloys (Chen et al., 2017; Wan et al., 

2014). 

The stored energy therefore seems to have strong potential as a measure of the driving force for 

crack growth. In this chapter, the aim is to address the following: 

1. Is the stored energy valid as a measure of the driving force for crack growth? 

This is dependent on it being able to capture the effect of: 

a. Bulk changes (e.g. texture) 

b. Local changes (e.g. local crystal orientation) 

2. How does the driving force change with increasing crack length, and when does the 

effect of local microstructure on crack growth become negligible? 
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A non-local form of this stored energy as a measure of the driving force for crack growth is 

presented. The rest of this chapter is divided into four sections. The first section includes an 

introduction to the methods and models used in the work, along with the essential theoretical 

and mechanistic basis. In the following three sections representative results which show the 

validity of the stored energy as a measure of the crack growth driving force are shown, followed 

by an investigation of the microstructural sensitivity, and finally how the microstructural 

sensitivity changes with crack length and when it becomes negligible. 

4.3 METHODS 

This section outlines how the key methods (which were introduced in chapter 3) have been 

implemented within the framework used for this investigation: the material constitutive model, 

which uses crystal plasticity; the stored energy implementation with associated non-local 

averaging scheme; a brief overview of XFEM, the method by which cracks are included, the 

crystal-level J-Integral calculation scheme and finally the discrete dislocation plasticity (DDP) 

framework with the dislocation configurational energy density explicitly calculated. 

4.3.1 Crystal Plasticity 

The crystal plasticity implementation (described in more detail in section 3.1) uses the slip rule 

originally proposed in (Dunne et al., 2007), and has been shown to accurately represent the 

deformation of various materials including Zirconium. The parameters used here are the same as 

those in section 3.2, which were shown to reproduce the experimentally observed deformation 

behaviour in commercially pure zirconium. Hardening on the systems due to the evolving GND 

density. The GND density is determined from the relationship between the Nye dislocation 

tensor and the plastic strain gradient(Dunne et al., 2012), and the SSD density is taken here to be 

constant, as explained in in section 3.1. 
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4.3.2 Stored energy, non-local methodology, XFEM and J-integral implementation 

The local stored energy density introduced above in equation 2-19 is determined within the 

crystal plasticity formulation according to the procedure outlined in section 3.3. 

The eXtended Finite Element Method (XFEM), which was introduced in section 3.5, has been 

utilised to introduce cracks into the model. This has been done using the XFEM implementation 

in Abaqus software with the propagating crack formulation which does not include crack tip 

enrichment. It is therefore effectively identical to a cohesive zones approach when the crack is 

stationary, which is the case in all simulations presented in this chapter. However, in contrast 

with a cohesive zones approach these models can also be used for investigations of cracks 

propagating in arbitrary directions without any changes to the model (see chapters 5-7). 

J-integral calculations are needed in order to relate microstructure-sensitive stored energy with 

macro-level and experimental fracture toughness test data. In the context of the work presented 

in this chapter, the J-integrals are calculated at crack tips within both single crystals and 

polycrystals, where the latter introduces grain boundaries and discrete regions of elastic 

anisotropy. Full details and demonstration of path independence and agreement with analytical 

calculations for the given material system and model are given in section 3.6. It should be noted 

that, although the J-integral measured here is sufficiently reproducible in this material system and 

microstructure, this not necessarily generally applicable and so care should be taken to ensure 

this before application in other systems. 

4.4 MICRO SCALE - DISLOCATION DISTRIBUTIONS 

This section addresses the investigation of the crack-tip stored energy density as a measure of the 

driving force for crack growth. This is realised through multiscale modelling, first comparing the 

dislocation and stored energy fields against those predicted using discrete dislocation dynamics. 

The relationship with the J-integral is then investigated and model predictions compared with 
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experiments in the case of both single crystal and textured polycrystal models. The section also 

addresses the relationship between crack length and microstructure, and the bounds on the 

microstructural sensitivity of crack growth. 

One of the key problems with using a critical value of the stress-intensity factor or the J-Integral 

as a measure of the resistance to crack growth – is that these quantities are not microstructurally 

sensitive in a predictive sense.  For example, polycrystal texture is known to influence fracture 

toughness which therefore has to be determined empirically. Similarly, single crystals, fine or 

large grained polycrystals, or multi-phase materials all give differing fracture toughnesses which 

need to be obtained from experiment. Furthermore, small cracks exhibit different behaviour to 

longer cracks. Hence critical values of the stress intensity factor and J-integral energy are not 

intrinsic material properties. The stored energy density is argued to be a more fundamental 

property of the material which provides the driving force for small crack and large crack 

behaviour, and one which enables microstructural sensitivity to follow directly. Since for long 

cracks LEFM results are characteristic, the stored energy can be assured to be predictive by 

comparing the predictions to experimental results in the long crack regime. In this regime, the 

grain size is negligible compared with the crack length and cracks do not exhibit significant 

interactions with the microstructure. 

4.4.1 Comparison with discrete dislocation analysis 

A key question to answer before using the CPFE implementation of the stored energy is whether 

the dislocation activity, and in particular the dislocation stored configurational energy, is being 

adequately captured to be predictive of the propensity for crack growth. Since CPFE modelling 

captures a continuum scale description of the dislocation activity within the model, it will not 

match the dislocation-level detail, but a qualitative match would be sufficient to make an 

informed prediction of the toughness. 
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A DDP model representing zirconium was developed by Dr Z.Zheng using the same 

experimental parameters derived from the microcantilever testing (Full details of the DD 

implementation can be found in the full publication(Wilson et al., 2018)). As discussed in section 

2.2.2, since dislocation dynamics simulations explicitly represent the dislocations, it is possible to 

calculate a more precise value of the energy that is stored in the material. The stored energy 

quantity was therefore calculated from the energy associated with the dislocation configuration 

(i.e. by calculating the difference between the energy in the configuration observed vs if the 

dislocations were all far enough apart to not interact). This energy can therefore be positive or 

negative depending on the nature of the interaction between the dislocations, and captures the 

energy that the stored energy used in the CPFE calculations attempts to calculate at a continuum 

scale. For clarity, the energy calculated from the DD simulations is referred to as the dislocation 

configurational energy. 

As can be seen in Figure 4-2, the agreement in the stress-strain response of a single crystal under 

uniaxial loading between the DDP model and the CP model is very good. This DDP model and 

the CPFE model were therefore applied to identical single crystal models which include an edge 

crack under uniaxial loading. Two crystal orientations were chosen: one hard, with the c-axis 

parallel to the loading direction (loaded to 1000MPa), and one soft, with the c-axis perpendicular 

to the loading direction (loaded to 300MPa). Contour plots showing the dislocation 

configurational energy area density and the corresponding stored energy density for the DDP 

and CP models respectively are shown in Figure 4-1a-d. 

There are a number of important similarities to highlight here. Most generally, it can be seen that 

the shape of the stored energy distribution is similar across both models. The stored energy field 

in the soft orientation is diffuse, extending far away from the crack tip, whilst in the hard 

orientation the energy field is focused near the crack tip, including a significant portion behind 
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the tip. Looking at the intensity of the field, there is significantly more dislocation activity and 

more stored energy in both models for the soft orientation, despite the much lower load. 

In terms of the slip system activity, it can be seen that the identity and distribution of slip 

systems activated in both models are also similar: exclusively prismatic slip occurring in the soft 

orientation, with the same locations of dominance, and <c + a> pyramidal ahead of the crack 

with <a> basal behind in the hard orientation. 

Fundamentally, the stored energy is predicted to be greater in the soft orientation rather than the 

hard orientation in both the DD and the CPFE analyses. Since the CPFE model is able to 

Figure 4-1 - Dislocation configurational energy density distribution calculated from a single DDP instantiation of 
an edge crack under uniaxial loading for a single crystal in the soft orientation loaded to 300MPa (a) and the hard 
orientation loaded to 1000MPa (b). Crystal Plasticity calculated stored energy density distribution for the same 
model under the same loading conditions for the soft (c) and hard (d) orientations. 

Figure 4-2 - Stress-Strain curves calculated using crystal plasticity (CP) and discrete dislocation plasticity (DDP) for 
a single crystal in the soft orientation under uniaxial tension at three different strain rates. 
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capture this difference, as well as the distributions of the key quantities that are thought to drive 

crack growth this method could form the basis of a continuum scale model for addressing crack 

growth. To validate this model further, the results must also be compared with experimental 

results. The next section therefore compares CPFE predictions with experimental results at 

higher length scales. 

4.5 MACRO SCALE - FRACTURE TOUGHNESS 

The loading and boundary conditions for the analysis of cracked single crystals are shown in 

Figure 4-3. The model consists of a 30 µm thick plate subjected to a monotonically increasing, 

uniaxial, stress-controlled loading in the X direction. For each model an edge crack extending 

through the entire thickness in the z-y plane is introduced from the top (positive y direction) at 

the centre point in the x direction. The crystallographic orientations chosen for the single HCP 

Zr crystals are indicated in Figure 4-3. The stored energy (equation 2-19) and the J-integral 

(equation 2-9) are evaluated at the crack tip as the remote loading is increased, and both 

quantities are determined numerically non-locally utilising the methodology described above and 

in chapter 3. 

Figure 4-3 - Edge cracked single crystal showing the various crystallographic orientations considered. The loading is 
in the X direction. Triangles represent boundary conditions fixing displacement in the direction of the long axis of 
the triangle. 
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The results are shown in Figure 4-4 from which there are three key points to draw. First, both 

the J-Integral and stored energy approaches predict a necessarily higher crack driving force for 

crack growth in the S crystal orientation (c-axis perpendicular to loading direction) compared 

with the H orientation (c-axis parallel to the loading direction). Second, the effect of 

crystallographic orientation only becomes significant for the J-Integral at higher loads greater 

than about 10 MPam0.5 - when the plastic zone becomes large - whereas the orientation effect is 

much larger for the stored energy approach from much lower loads of about 4 MPam0.5. The J-

integral gives energies per unit area which are three orders of magnitude higher than those for 

the stored energy density. This last point highlights the key difference between the two 

parameters; the J-Integral captures energy associated with both the applied loading and the 

plastic work that has been done, whereas the stored energy is more focused on the portion of the 

plastic work done locally at the crack tip which is available for crack growth. Since much of the 

plastic energy measured by the J-integral is well removed from the crack tip, it cannot be directly 

relevant to the crack growth mechanism until the crack length is considerable and the plastic 

zone size much bigger than the local microstructural feature size. Figure 4-4 (a) and (b) enable 

the relationship between local stored energy and the J-integral energy to be quantified (since the 

value of each is known for given applied stress intensity) and these results are shown in Figure 

4-5. This figure then facilitates the link between experimental macro-level J-integral 

measurements and the corresponding local stored energy.  
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Figure 4-5 - Stored Energy at the crack tip versus the J Integral for the edge-cracked single crystal models for 
crystallographic orientations shown (and defined in Fig. 4-7). Broken lines are shown to indicate calculation of JC 
values which result from differing crystallographic orientations and the unique critical stored energy. Also shown is 
the experimental measurement of Jc (labelled ExpJ) used to determine the critical stored energy of 7.25 Jm-2. 

a) b

Figure 4-4 - a) J-Integral results and b) stored energy results for single crystal models for crystallographic 
orientations indicated (and defined in Fig. 4-7 with respect to loading direction). 
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Once the stored energy reaches a critical value, it is argued that it is energetically favourable for 

crack growth to occur. This point has been extensively demonstrated for long cracks within the 

framework of fracture mechanics in terms of the plane strain 𝐾𝐼𝐶 and plane stress 𝐾𝐶 values, 

which are related to each other by  

4-1 

𝐾𝐶 = 𝐾𝐼𝐶  √1 − 𝜈2 

in which 𝜈 is Poisson’s ratio. The critical values of 𝐾𝐼𝐶  for varying texture have been determined 

for long cracks in strongly textured samples of zircaloy4 in (Walker and Kass, 1974) and in 

zircaloy2 and zircaloy4 in (Cockeram and Chan, 2009, 2013). In (Cockeram and Chan, 2013), the 

mechanism of fracture was analysed in alpha-annealed zircaloy-2 at the 𝐾𝐶 point (and below the 

stress intensity factor for steady-state growth), and it was shown that fracture was controlled by 

slip and slipband cracking, upon which this model is based, rather than through other 

mechanisms involving voids or particles. 

Texture is often described in zirconium alloys by means of Kearns factors, which give an 

estimation of the alignment of grain c-axes in a polycrystal to a set of orthogonal sample axes. 

The Kearns factor can be calculated as in (Cockeram and Chan, 2009) using 

4-2 

𝑓 ≡  
∫ 𝐼(𝜗) 𝑐𝑜𝑠2 𝜗 𝑠𝑖𝑛 𝜗 𝑑𝜗

𝜋

0

∫ 𝐼(𝜗) 𝑠𝑖𝑛 𝜗 𝑑𝜗
𝜋

0

 

where f is the Kearns factor in a given direction and 𝐼(𝜗) is the average pole figure intensity at 

an angle 𝜗 from the given direction. The factor takes a value between 0 and 1, with 1 indicating 

perfect alignment of the basal pole parallel to the given direction, and a value of 0 indicating all 

basal poles are perpendicular to the given direction. In the experiments of (Cockeram and Chan, 

2013), the critical stress intensity for the particular zircaloy2 polycrystal tested with Kearns factor 
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of 0.29 in the loading direction was determined to be 40.7 MPam0.5.  The corresponding critical 

J-integral value may then be determined from 

4-3 

𝐽 =
𝐾2

𝐸
 

to give 17.76 kJm-2 (using E = 93.3GPa). Since zirconium is elastically anisotropic, an effective 

value of 𝐸 can be taken from the elastic portion of the J-Load curve. Because the experimentally 

tested samples were strongly textured, a simplification is made that the textured polycrystal with 

Kearns factor 0.29 in the loading direction may be considered approximately equivalent to a 

single crystal with the corresponding c-axis direction for the purposes of determining its fracture 

toughness (the demonstration that this is reasonable is given later, in section 4.6.1). In particular, 

if the critical experimental J-integral value for a given crystal orientation is known, then Figure 

4-5 allows the intrinsic critical stored energy to be determined.  Hence, with the critical J-integral 

value from experiment of 17.76 kJm-2, the intrinsic critical stored energy is determined from 

Figure 4-5 to be 7.25 Jm-2. With knowledge of the intrinsic critical stored energy, Gc, it is argued 

that the critical fracture toughnesses KIC for all textures then become predictable from stored 

energy. The predicted results for zircaloy2 for a critical stored energy of Gc = 7.25 Jm-2 are shown 

in Figure 4-6, along with the experimental measurement for zircaloy2 and zircaloy4. Agreement 

between predicted KIC and experiment is good for zircaloy2, and reasonably good for zircaloy4 

(taking the same critical stored energy for zircaloy2) with the exception of one anomalous 

looking experimental point for zircaloy4 with the Kearns factor of 0.675.  

Contour plots showing plastic slip, stored energy, XX stress and GND density for a sub-set of 

the crystal orientations are shown in Figure 4-7a, loaded to the point at which the J-integral is 5kJ 

m-2. The slip systems that are active are shown in Figure 4-7b and are different across the set of 

orientations, broadly in line with the Schmid factor in the loading direction. For the S orientation 
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the slip is almost exclusively prismatic, whereas the H orientation has a significant amount of 

<c+a> pyramidal slip activated. 

There are multiple effects at work here.  One is the shape of the slip field - a field that is more 

focused (with a higher intensity of slip per unit area) ahead of the crack tip will give a lower 

toughness. Second is the amount of slip, which is determined by the critical resolved shear stress, 

the (local) Schmid factor and the slip rule – more slip leads to higher stored energy and thus a 

lower toughness. Third, the GND evolution – a lower GND density gives rise to a higher rate of 

accumulation of slip, but to a lower local stress (since there’s reduced lattice curvature). The slip 

field for the S orientation leads to the stored energy distribution being more extensive, whereas 

for the 60 orientation it is more focused ahead of the crack tip (see Figure 4-7a). The differing 

slip system critical resolved shear stresses and Schmid factors lead to higher slip in the lower 

angle orientations. The final effect arises from the GND density; in the S orientation, the GND 

Figure 4-6 - Room temperature experimentally determined  K_IC for zircaloy2 and zircaloy4 (Cockeram and Chan 
2009, 2013), (Walker and Kass, 1974) compared with  K_IC predicted from a critical stored energy of 7.25 Jm-2 in 
this study as a function of the Kearns Factor. 
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density at the crack tip is much lower than in the other orientations, which leads to uninhibited 

slip and hence high stored energy and low toughness. 

Overall, the single crystal results thus show good agreement with long crack experiments, but of 

more interest in this study is the microstructural sensitivity of crack length resulting from crack 

interactions with grain boundaries and polycrystal grain orientations, which are assessed next. 
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Figure 4-7 – a) Crack tip contour plots of slip (the total accumulated shear strain over all slip 
systems), stored energy, XX stress and GND density for single crystals in the S orientation, 30° 
rotation, 60° rotation and H orientation all loaded to a J-integral of 5 kJm-2. b) The magnitude of slip 
on each individual slip system around the crack tip for each crystal orientation. 

200 µm 
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4.6 MICROSTRUCTURAL SENSITIVITY 

4.6.1 Texture 

For the purposes of this study, uniformly sized square grains were introduced into the central 

region of an edge-cracked polycrystal model.  This ensures that investigation of crack length is 

not obscured by other effects such as grain morphology, or proximity of crack tip to grain 

boundary effects, and provides consistency and repeatability of conditions.  Grain 

crystallographic orientations are assigned from an experimentally measured texture in order to be 

representative of the original orientation and misorientation distributions. An outer region taken 

to be plastically isotropic is also included in order to eliminate far field boundary effects. The 

model, orientation distributions and boundary conditions are shown in Figure 4-8. The particular 

grain in which the crack tip is located was assigned to be either in the S (c-axis normal to loading) 

or H (c-axis parallel to loading) orientation as described above, in order to examine in some 

Figure 4-8 – Edge-cracked polycrystal model loading and boundary conditions, and the three orientation 
distributions used to investigate textured behaviour. Texture A gives a higher proportion of crystal c-axes parallel 
with loading direction (a ‘hard’ texture) as does C but to a lesser extent, even though it is more random; texture B 
has a higher proportion of crystal c-axes normal to the loading (a ‘soft’ texture). 
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detail the role of the local crack-tip microstructural sensitivity. This was done for three (macro) 

textures: a texture representative of that found in service, the same texture but rotated with 

respect to loading direction, and a random texture – labelled A, B and C respectively.  For each 

texture, three realisations were generated in order to investigate scatter. 

 Texture 

Crack tip grain orientation A B C 

Hard AH BH CH 

Soft AS BS CS 

Table 4-1 - Summary of models used in texture study. 

The three textures differ significantly in terms of the average c-axis alignment with the applied 

loading direction. The c-axes in texture B are most likely to be aligned perpendicular to the 

loading axis (average angle 73.4 degrees, Kearns factor 0.13), favouring <a> type slip, whereas 

texture A exhibits slightly more alignment with the loading axis (average angle 54.4 degrees, 

Kearns factor 0.34), favouring <c + a> type slip. Texture C is more random and has a slightly 

lower proportion of c-axis alignment with the loading axis (average angle 56.6 degrees, Kearns 

factor 0.35). These differences mean that B is a ‘softer’ texture while A and C are ‘harder’ 

textures. Due to the dependence of the J-Integral on both the elastic and the plastic material 

response it is expected that its value increases in cases of increased plasticity. Thus ‘harder’ 

textures – in this case textures with increased c-axis alignment with the loading direction – would 

be expected to show a lower J-Integral value for a given applied load. 

The calculated J-Integral results for the set of three representative textures are presented in 

Figure 4-9a. The anticipated relationship between the J-integral and the c-axis alignment is 

observed in the model predictions; that is, as can be seen in Figure 4-9a, the J-Integral values for 

‘soft’ texture B are higher than that for ‘hard’ textures A and C. If the J-Integral represents the 
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energy driving crack propagation at the crack tip, this suggests that increased c-axis alignment 

with the loading direction imparts increased crack growth resistance to the material. 

This shows that varying the texture can have significant effect on the energy concentration at the 

crack tip. This agrees with experimental work, which has shown that the critical value for crack 

propagation is dependent upon the alignment of the c-axis with the loading direction. Critically 

however, although the crack length is just 270 µm and some microstructural sensitivity would be 

expected, this is not observed in the J-integral behaviour. As seen in Figure 4-9a the J-Integral 

does not change significantly when the crystal orientation of the grain at the crack tip is changed 

from hard to soft orientations. Thus, while the J-integral might be sufficient to investigate 

macroscale effects due to the texture, it does not predict significant microstructural sensitivity 

and so is not appropriate as a criterion for microstructurally-sensitive crack growth. 

a) b) 
 

Figure 4-9 – a) J-Integral and b) stored energy results for edge-cracked textured polycrystal models. 
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The stored energy is also affected by the change in texture, as shown in Figure 4-9b. Since it is a 

much more local measure, the orientation of the grain at the crack tip has a much greater effect 

on the stored energy, which can be seen to differ considerably depending on the crystal 

orientation of the grain in which the crack terminates.  Since a growing crack potentially needs to 

propagate through hard and soft orientated grains as it is progressing, with the nature of the 

grains strongly determined by the texture, the microstructural sensitivity is anticipated to magnify 

the differences due to the surrounding grains when comparing two textures, for the case when 

the crack growth is microstructurally sensitive.  

In order to investigate the predicted sensitivity of the critical J-integral value (for fracture) to 

texture, an arbitrary critical stored energy of 1 Jm-2 is considered, and the corresponding 

predicted critical J integral values for varying loading direction Kearns factor are shown in Figure 

4-10. Considering the average value obtained for each polycrystal texture, it can be seen that the 

single crystal results are reasonably representative of the average behaviour even with a small 

sample size. This analysis therefore supports the earlier case made that a single crystal with c-axis 

orientation chosen to match that direction with the highest number of c-axes in a strongly 

Figure 4-10 - Predicted critical  J-Integral values as a 
function of the loading direction Kearns factor for single 
crystal (black circular symbols) and textured (coloured 
symbols) models using a critical value of GC of 1 Jm-2 and 
the grain at the crack tip in the S orientation. The smaller 
symbols show the results for the three realisation of each 
texture and the larger markers show the average of all 
three realisations. Note the realisations for texture C all 
overlap and so appear as a single point. 
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textured polycrystal is reasonable, providing confidence in the model predictions shown in 

Figure 4-6.  

To assess the sensitivity of the driving force to the distribution of crystal orientations in the 

grains in the neighbourhood of the crack tip it is useful to compare the variability resulting from 

the different texture realisations. As can be seen in the spread of the individual realisations of 

each texture in Figure 4-10, the observed J integral at the critical stored energy shows significant 

variability with regards to the distribution of orientations in the neighbouring grains even when 

the grain orientation at the crack tip remains unchanged. This shows that not only is the grain 

immediately at the crack tip important for small crack growth, but so too are the grains 

immediately surrounding that grain. The implication of this is that the misorientation distribution 

is also key in determining the crack driving force. 

4.6.2 Crack Length 

The crack length has been shown to be a very significant factor in the microstructural sensitivity 

of small crack growth rates. This microstructural sensitivity is greater for smaller cracks and 

diminishes with increasing crack length. Another experimental observation is that small crack 

growth occurs below the thresholds established for long cracks. Here, the dependence of the 

stored energy at the crack tip on the length of the crack is investigated. The boundary conditions 

utilised are identical to those in the above texture study, but a random crystallographic texture is 

modelled, and the model is summarised in Figure 4-11a. An edge crack of varying length is 

introduced (indicated by the colour bar) with respect to fixed microstructure and texture. For the 

purposes of investigation of microstructural sensitivity, again the crystallographic orientation of 

the grain containing the crack tip is assigned either to be hard (H) or soft (S) with respect to the 

loading direction. 

Figure 4-11b shows the calculated J-Integral versus applied loading 𝐾𝑎𝑝𝑝 for differing crack 

lengths. For a given applied stress intensity, the J-Integral transpires to be higher for shorter 
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crack lengths, with this effect diminishing with increasing crack length. This agrees with 

experimental observations that cracks grow at applied loading below the long crack 𝛥𝐾 

threshold when cracks are small. However, when comparing the results with a hard grain at the 

crack tip with those for a soft grain, it is clear that the J-integral again predicts very little 

microstructural sensitivity. 
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Figure 4-11 - Crack Length Effects. a) Overview of model showing the length of the crack and crystal orientation at 
crack tip. b) The J-Integral plotted against load for each crack length (indicated by the colour shown in (a)). c) Stored 
energy plotted against load for each crack length. Solid lines indicate crack-tip grain in S orientation and dashed lines 
indicate the H orientation. 
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However, moving on to the stored energy calculations for the same crack and microstructural 

configurations, it can be seen in Figure 4-11c that the driving force at a given 𝐾𝑎𝑝𝑝 is again 

predicted to be higher for shorter cracks, but the difference between the two crack tip stored 

energies for differing local crystal orientation is now large. At lower loads this microstructural 

sensitivity is even larger than the difference due to increasing crack length. This is due to the 

differences being driven by the plasticity, which is less significant at lower loads. The crack 

length, 𝐿𝐶 , above which the crack’s microstructural sensitivity diminishes to a sufficiently small 

level is practically very important since it determines, for a given microstructure, the crack length 

for which classical fracture mechanics, including Paris law for fatigue crack growth, becomes 

appropriate. For crack lengths less than 𝐿𝐶 the behaviour is microstructurally sensitive such that 

critical stress intensity and J-integral methods cease to be appropriate and more fundamental, 

microstructurally ‘aware’ methods are needed.  Hence the present microstructurally-sensitive 

stored energy density methodology is compared against existing experimental observations for 

crack growth rates. 

The ratio between the stored energies calculated with either the hard or soft grain orientations at 

the crack tip provides a dimensionless measure of the degree of microstructural sensitivity. This 

ratio does have a dependence on 𝐾𝑎𝑝𝑝, and has been calculated for 𝐾𝑎𝑝𝑝 = 5 MPa√m over a 

range of characteristic crack lengths, and the resulting variation in predicted microstructural 

sensitivity is shown in Figure 4-12 by the circular and square symbols (for large and small sized 

samples to show negligible size effect). The characteristic crack length accounts for the 

remaining ligament length and so is equivalent to the length of an edge crack in a semi-infinite 

plate that would give the same stress intensity factor for a given load. 

It is well established that much of the scatter in growth rates stems from crack interaction with 

grain boundaries – particularly in the case of arrest. However, the purpose of the present study is 

to identify the effect of the crack length on the microstructural sensitivity. As such, the 



Stored Energy - Driving Force For Crack Growth | Microstructural sensitivity 

95 

calculations were done with the crack at a fixed distance from the next grain boundary and only 

the relative change in the driving force for each orientation is of interest. 

Experimental studies in pure titanium in (Tokaji et al., 1994) show a decrease in the coefficient 

of variation of the growth rate with increasing crack length. These measurements were done with 

two different grain sizes (fine and coarse grain diameters of 73 and 115 µm respectively) with 

both giving similar results for a given crack depth (normalised by the grain size). These results 

are overlaid on Figure 4-12. The results were normalised against the sensitivity at a crack length 

𝑎 =  1.5𝑑 (i.e. the shortest crack tested), where 𝑑 is the grain size, to allow comparison between 

experimental and model results. The relative microstructural sensitivity follows the same trend in 

both the titanium experiments and in the current zirconium predictive model. Again, as noted 

before, the absolute magnitude of the sensitivity is likely to be greater than that calculated here 

Figure 4-12 - Microstructural sensitivity plotted against the characteristic crack length for Kapp = 5 MPa√m, 
normalised against a grain size of 70 µm. Also shown are experimental values taken from (Tokaji et al., 1994) for 
microstructural sensitivity in pure titanium as a function of crack size (relative to the grain size). The experimental 
values have been uniformly scaled to match the plot axes. 
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due to other features not considered such as grain boundary interactions and crack path 

deflection. However, the results presented provide evidence that the relative reduction in 

microstructural sensitivity is almost entirely a function of the characteristic length and the grain 

size. 

It can be seen that there is no clear length 𝐿𝐶 at which the crack becomes completely insensitive 

to the microstructure. However, in the absence of a clear line, 𝐿𝐶 can be defined to be the 

relative crack length at which the microstructural sensitivity is half as strong compared to its 

original length. Defining the critical length in this way gives a critical relative length for the 

present HCP material of ~20 grains below which the crack may be deemed to be 

microstructurally sensitive, and above which the microstructure becomes less important and for 

which conventional fracture mechanics approaches become relevant. 

Experimental studies of microstructurally small fatigue crack growth tend to be done at constant 

stress amplitude, meaning that the stress intensity factor is a function of the crack length. If an 

edge crack is imagined to be growing through a specimen of large dimensions, the stress intensity 

100 

Figure 4-13 – Stored Energy at 200MPa and at 300MPa plotted against stress intensity factor for increasing crack 
lengths. For each given load, the shaded area shows the difference between the stored energy when the grain at 
the crack tip is in the S orientation vs the H orientation – the microstructural variability of the driving force. 
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factors can be calculated using 𝐾𝑎𝑝𝑝 = 1.12𝜎√𝜋𝑎. For a given applied loading the stress 

intensity factor at each crack length can then be calculated. The predicted stored energy for each 

of these stress intensity factors can then be used to predict the growth rate of a crack under that 

loading. By overlaying the curves generated when the grain containing the crack tip is in both 

orientations, the scatter can be estimated. Given that there are many different factors which 

contribute to the crack growth rate, such as grain boundaries, the estimates of the scatter 

presented here would be expected to underestimate the amount of scatter present in real data. 

However, figure 4-16 shows the stored energy range (scatter) expected for cracks growing under 

constant loading at two different stresses. Since the stress intensity factor is dependent on both 

the far-field stress and the crack length the variability seen for a given 𝐾𝑎𝑝𝑝 for the 300 MPa far-

field stress is representative of a shorter crack than that for the equivalent for the 200 MPa case. 

This again demonstrates that for a given applied loading the microstructural variability is lower 

for a longer crack. Similar experiments done in titanium(Tokaji et al., 1994) show that for a given 

value of 𝐾𝑎𝑝𝑝 there is an increased average crack growth rate at higher levels of applied loading. 

This observation is also predicted by this model. 

4.7 CONCLUSIONS 

A microstructurally-sensitive stored energy density has been introduced as a measure of the 

energy available for crack growth. This has been shown to be able to capture the distribution and 

magnitude of the dislocation configurational energy as calculated using discrete dislocation 

dynamics, and is also predictive of the experimentally determined critical stress intensity 𝐾𝐶 as a 

function of polycrystal texture (Kearns factor) when using homogenised single crystal models. 

These results have been further confirmed using textured models, for which results averaged 

over a number of realisations of the texture show agreement with the single crystal results, whilst 

also exhibiting strong microstructural sensitivity. 



Stored Energy - Driving Force For Crack Growth | Conclusions 

98 

The experimentally observed increase in driving force coupled with a reduction in the 

microstructural sensitivity with increasing crack length is predicted using the stored energy. The 

relative reduction in the microstructural sensitivity with increasing crack length has been shown 

to be quantitatively comparable with that observed experimentally. 

The stored energy density provides an estimate of the critical crack length 𝐿𝐶 above which 

microstructural sensitivity diminishes such that classical fracture mechanics approaches (eg 

critical stress intensity and J-integral measures) become appropriate. Conversely, for crack 

lengths less than the critical length, it provides a quantitative determination of the stresses 

needed to drive crack growth for a given microstructure. 
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5 MODELLING FATIGUE CRACK GROWTH 

Having established the suitability of the stored energy as a measure of the driving force, it 

remains to show that the microstructural sensitivity is present in the context of fatigue loading, 

and to couple the driving force part of the model with a method of calculating the propagation 

direction. In this chapter, the non-local stored energy introduced in chapter 4 is used as a 

criterion for crack growth, and two methods of calculating the direction of growth are compared 

– one based on crystallographic slip and one based on the maximum principal stress. The 

chapter starts with an introduction including a focused recap of the key literature relating to 

crack propagation mechanisms and previous grain-scale models of fatigue crack growth. The 

work presented here has been published as ‘A mechanistic modelling methodology for 

microstructure-sensitive fatigue crack growth’ in the Journal of the Mechanics and Physics of 

Solids(Wilson and Dunne, 2019). 

5.1 INTRODUCTION 

Accurately quantifying the resistance of ductile metals to fatigue crack growth is an essential part 

of predicting component lifetimes. Current models can capture this resistance when the cracks 

are many times longer than the microstructural scale; however, a sizeable portion of the crack 

lifetime for many components is spent with the crack length of the same order as the grain size. 

At this scale, the crack interacts strongly with the surrounding microstructure, taking a tortuous 

path and growing at highly variable rates. Three important features that significantly affect the 

fatigue lifetime are the behaviour at grain boundaries, the effect of crystal orientation, and the 

presence of other phases. 

Traditional fracture mechanics techniques are not able to capture these effects (as demonstrated 

in chapter 4). Furthermore, the focus for fatigue crack growth modelling at this length scale has 
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been on phenomenological models which ignore the path and aim to capture the growth rate as a 

function of some set of indicators. This is partly due to the lack of a consistent mechanistic 

model for crack growth. 

To be able to accurately predict the lifetime of a crack in this regime as a function of 

microstructure including texture, a physically based model must be developed which is able to 

explicitly capture the growth of the crack. Numerous experiments, such as those of (Herbig et 

al., 2011), have shown that the rate and path of crack growth are strongly coupled. 

There are therefore two essential components of such a model: 

1. A measure of the driving force for crack growth, to determine the rate of growth. 

2. An understanding of the growth mechanism, to determine the crack path. 

Despite the requirement for both of these, there is currently no established measure for either. 

The work presented in chapter 4 has shown that the dislocation structure stored energy gives a 

physically-based, microstructurally-sensitive measure of the driving force for crack growth. In 

terms of the direction of propagation, the mechanistic basis for using the stored energy as a 

measure of the driving force for crack growth suggests a crystallographic path. Indeed, in 

titanium and its alloys, there is considerable evidence of crack propagation along slip planes 

which are favourably oriented for slip (Zhang et al., 2017). However, at longer crack lengths, 

crack growth normal to the maximum principal stress direction gives a reasonable prediction of 

the crack path. Even in the microstructural regime, the normal to the maximum principal stress 

direction can also give reasonable agreement, with some specific exceptions (V.V.C. Wan et al., 

2016). 

In this work, the mechanistic basis of determining the crack growth direction in simulations in 

which growth rate is controlled by local stored energy density is studied. Single crystal crack 

growth is considered first, in order to address the important issue of crack propagation direction 
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with respect to crystallographic orientation. Bicrystal models are then considered to allow the 

behaviour of cracks growing at grain boundaries to be studied and explained. Finally, the 

accuracy of the mechanistic understanding obtained is assessed by studying direct comparisons 

between simulated crack paths and experimentally observed cracks at the microstructural length 

scale. 

To begin, the important existing mechanistic models for fatigue crack growth, and modelling 

methods, which provide the context for the work presented in this chapter are reviewed. The 

present work does not address chemical effects such as oxidation, nor are materials containing 

significant numbers of voids considered. Clearly these will be important in some cases, but the 

focus here is on crack growth arising from internal processes under mechanical loading. 

5.1.1 Propagation Mechanisms for Fatigue Crack Growth 

Cracks are strongly microstructurally-sensitive when the length of the crack is below ~20 grains. 

In this regime, the plastic zone is large and encompasses the entire area within which the 

processes leading to crack propagation occur. It seems reasonable, therefore, that processes such 

as slip are considered in the model. One result of the large plastic zone is that Paris’ law based 

models are not appropriate for microstructurally short cracks, since the stress-intensity factor is 

not a reliable measure of the conditions at the crack-tip (which is clear from the considerable 

scatter present in da/dN vs ΔK plots). A satisfactory mechanistic model is therefore one which 

is able to bridge between the nucleation of the crack through to the Paris-regime (i.e. Stage I and 

stage II crack growth), ideally being able to capture both. Some of the most important aspects of 

current mechanistic understanding are assessed here, but a more in-depth review of the literature 

has been given in (Chowdhury and Sehitoglu, 2016). 

Dislocation-based models, such as those of (Neumann, 1969) have long been used to explain the 

facets associated with stage II cracks. From this basis of cracks being formed from the alignment 

of dislocations, several dislocation-level models for fatigue crack growth (FCG) have emerged. 
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Two key ideas have driven progress in this field. The first is that fatigue crack propagation is 

driven by the nucleation of dislocations at the crack tip, which then contribute to crack growth. 

The second is that FCG is not governed by the emission, but by slip irreversibility associated 

with these dislocations. 

An early model for crack propagation-based dislocation nucleation was that of (Yu and 

Gerberich, 1983). Here, the key criterion was the stress required to nucleate a dislocation, which 

then extends the crack by one burgers vector. Slip irreversibility models are based on the idea 

that fatigue crack growth occurs through strain-localisation followed by separation. In 

(Wilkinson et al., 1998), crack advancement was shown through the accumulation of vacancy 

dipoles at the crack tip. Related to the slip irreversibility, the energy stored in dislocation 

structures has recently been shown to influence the nucleation of fatigue cracks (Wan et al., 

2014). Since nucleation involves the growth up to a measurable length, the same build-up of 

energy under slip irreversibility may also be responsible for the propagation of the crack at the 

microstructural length scale. The modelling work in chapters 4 confirmed that this gives a 

microstructurally-sensitive measure of the driving force for crack growth. It is thus proposed 

that it is the energy associated with these dislocation structures, built up over the loading history, 

which drives fatigue crack growth. As the crack propagates, the dislocation structures are 

annihilated, releasing the energy. This is supported by the fact that the energies typically 

developed ahead of the crack are of the same order as the surface energy, and that the majority 

of the energy is stored in geometrically necessary dislocations supporting local lattice curvature. 

With regards to the direction of growth, the dislocation based models implicitly suggest a 

crystallographic propagation direction. There is also considerable experimental evidence showing 

that this is the case. Work by (Herbig et al., 2011) has shown than even when at a higher length 

scale the path does not appear to follow a single slip plane, some cracks grow along alternating 

slip planes. This allows an overall crack growth direction which does not correspond to a single 
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crystallographic plane when observed at a high length scale but is very clearly created through 

crystallographic growth. As pointed out by Herbig et al., this could be explained by the double-

slip mechanism proposed by (Neumann, 1969). A further behaviour observed was a coupling 

between the rate and the apparent growth direction of the crack – cracks growing parallel to slips 

planes had higher growth rates compared with those which changed planes. Capturing the 

behaviour observed by Herbig et al. may be the key in developing a model covering both 

‘crystallographic’ and ‘principal stress’ directed fatigue crack growth. 

Another aspect that a microstructurally-sensitive crack growth model must address is that of the 

grain boundary behaviour. Fatigue crack growth can be retarded at grain boundaries or 

experience little change. (Navarro and de los Rios, 1988) were able to capture this in an analytical 

model. By considering slip-blockage at grain boundaries, which leads to retardation of growth 

until the stress rises to drive slip in the following grain, they defined the rate of growth as a 

function of the distance from the crack-tip to the next grain boundary. This model was able to 

capture the decreasing variation of the growth rate as the crack transitions into the long crack 

regime. This is an important behaviour to capture, but to be more predictive it is desirable to use 

a more fundamental quantity governing the rate rather than one which is phenomenological such 

as the distance to the following grain boundary. 

The key addition to literature in terms of the directional behaviour at grain boundaries is the 

Zhai model (Zhai et al., 2000), which gives a somewhat heuristic approach to explaining the 

crack path and retardation at grain boundaries based on the tilt and twist angles between the 

crack paths in the two grains. There are cases where this relationship between the tilt and twist 

angles with the growth rate holds, for example the finding that increased twist character inhibited 

crack transmission (Ludwig et al., 2003). However, it has been noted in recent literature that 

there are a number of cases where this model seems to break down. For example Rovinelli and 

coworkers assessed several slip transmission criteria in a BCC material that experienced pencil 
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glide and found that all those based on the relative slip plane orientations were poor predictors 

of the crack transmission (Rovinelli et al., 2018a). Another example has been given in (Zhang et 

al., 2017), who found that transmission with a poor alignment between the incoming and 

outgoing planes was possible provided the slip system in the outgoing grain is favourably 

oriented for slip. Given that the most favourable slip systems across a grain boundary will often 

be aligned, and the favourability of the outgoing plane for slip is a better predictor of the 

direction, it seems likely that the most active slip system may be the best determinant of the 

growth direction of the crack. It should also be noted that there are some cases where crack 

deflection occurs within a grain, for example in the ferritic steel results of (V.V.C. Wan et al., 

2016). It is therefore desirable to develop a model that is able to capture the wider variety of 

behaviours both at grain boundaries and away from them. 

Underlying all of the above observations, there are some significant complications to the 

understanding and modelling of experimental data. One is that some of the changes in direction 

experimentally observed with surface measurements can be caused by sub-surface features such 

as grain boundaries (Holzapfel et al., 2007; Schäf et al., 2013). Another, fundamental to the Zhai 

model, is that the 3D nature of the cracks is important. Hence the interpretation of experiments 

must therefore be considered in the context of there being a considerable number of unknowns 

which could affect the observations. 

An example of more fundamental experimental observation of fatigue crack growth is (Mine et 

al., 2011), who looked at fatigue crack growth in single crystal commercially pure titanium. In 

this work based on CT specimens, crack growth was found to be heavily dependent on the 

crystal orientation. For specimens with the c-axis oriented out of the plane of the sample the 

crack was found to grow alternating between two prismatic planes, although this was 

complicated by cross-slipping on the <a> pyramidal planes. The oscillations occurred at a scale 

that made them largely imperceptible when viewing the crack at full scale. The crack growing in 
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crystals with the c-axis in plane tended to grow closer to the mode-1 growth direction, but again 

this was complicated by twinning. An issue in applying the results from this work to 

microstructurally short crack growth is that the initial notch was 25% of the thickness of the CT 

specimen, which may make the stress state at the crack tip different from that experienced in 

microstructurally short cracks due to the large influence of the initial notch. 

The mechanisms discussed so far have focused on the effect of dislocations. A dislocation scale 

model would therefore likely be best able to capture the full behaviour, but the high 

computational overhead makes analysing larger models over many fatigue cycles intractable. 

Hence the focus here is on developing grain-scale models, for which recent efforts are assessed 

next. 

5.1.2 Grain-Scale Modelling 

There is a huge number of models which predict the rate of crack growth as a function of a 

multitude of parameters. The explicit focus here is on models that are intended to capture the 

fatigue crack below the Paris’ regime. Two approaches which have been used are stress-based 

and (plastic) strain based respectively. In addition to these, the dislocation stored energy criterion 

used in this work is introduced. 

The use of stress as a key criterion for crack growth in fracture mechanics has led to its use in a 

considerable number of studies for fatigue crack growth. An example of this is (Potirniche and 

Daniewicz, 2003a), which showed that the driving force for crack growth (measured using both 

CTOD and the ratio between the opening stress and the peak stress at the crack-tip) could both 

be increased or decreased as the crack approaches a grain boundary, depending on the crystal 

orientations. They noted that the slip resistance of the second grain affected both the stresses 

and the CTOD. This was also found by (Ferrie and Sauzay, 2009). 

Forest and coworkers (Li et al., 2014; Proudhon et al., 2016) defined a damage indicator based 

upon the resolved shear stress, normal stress and the slip on each slip system, with the direction 
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leading to the greatest damage point being used for propagation. Single crystal analyses using this 

model gave a crack path similar to the crystallographic direction in the case of single slip, and an 

alternating path in dual slip systems, reminiscent of that seen experimentally. Extension into full 

3D microstructures has shown ‘short crack behaviour’, but has yet to be definitively linked with 

experimental results (Proudhon et al., 2017). It is pointed out here that the microstructure-scale 

modelling is able to compute many of the quantities relevant to FCG, such as resolved shear 

stresses and accumulated slip – which could aid the understanding of what is driving the growth. 

The strength of microstructure-scale modelling was demonstrated in the study by (Rovinelli et 

al., 2018b), mentioned in section 2.3, from which analytical models for crack growth, which were 

generally stress based, showed significant improvement over other fatigue metrics. 

Generally, the stress is essential for determining the conditions at the crack tip for a given 

sample/model, but the fundamental problem for its use as a measure of the driving force for 

microstructurally-sensitive fatigue crack growth is that it is not able to capture the level of 

microstructural sensitivity that is observed (As seen in chapter 4). Plastic strain accumulation was 

utilised by Farukh et al (Farukh et al., 2016) who were able to show fluctuating rates as the crack 

grew through successive grains. However, the fluctuations were not as significant as those seen 

experimentally. Crack arrest at grain boundaries, a commonly observed behaviour in short crack 

experiments, was not predicted by the model. 

The stored energy was demonstrated in the previous chapter to capture microstructural 

sensitivity, the point of the onset of crack growth, and the reduction of sensitivity with increasing 

crack length. Based on this, it is informative to investigate the ability of the stored energy to 

capture the fluctuating growth rates of a crack growing under fatigue conditions. 

In stage II, the crack growth direction tends to be normal to the maximum principal stress. This 

approach has been assessed in previous work studying stage I FCG,  and shows decidedly mixed 

agreement with experiments at the microstructural scale (V.V.C. Wan et al., 2016). Although this 
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gave some agreement in some cases, it is clear that the stress state in an anisotropic elastic model 

is not sufficient to predict the crack path with good accuracy. It is therefore apparent that the 

mechanism determining crack path is much more than that resulting simply from the elastically 

anisotropic stress state; while the stress is important, there are other contributors which derive 

from the meso-scale dislocation activity, which may be accessible from crystal plasticity. The 

mechanistic criteria therefore warrant more attention. 

It is well established that fatigue cracks often have at least facets which are aligned with 

crystallographic planes, and many materials exhibit a significant amount of growth along slip 

planes. This also occurs during quasi-static fracture loading (Catoor and Kumar, 2008). This has 

informed the methods in some previous work such as that of (Lin et al., 2011). In this work the 

crack was sequentially grown along the slip trace corresponding to the highest accumulated slip 

through each grain, to the next grain boundary. By updating the crack and remeshing at each 

grain boundary, they were able to get a prediction of the crack path, which was found to be 

generally perpendicular to the external load. This has the limitation that the transgranular path is 

linear, and so does not capture more complex changes in rate and path around grain boundaries. 

For example, from the experimental results in Figure 5-1 (Zhang et al., 2017), it is apparent that 

crack deflection within grains can be significant. 

Figure 5-1 - EBSD image showing fatigue crack path in titanium. Of particular interest is the 
large change in direction within grain 34, and the changes in direction at the grain boundaries 
between grains 33/34 and 32/33. (Zhang et al., 2017)  
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There remains the absence of linkage between the mechanistic understanding, which is confined 

to the dislocation scale, and FCG models, which are generally at the continuum scale, and which 

are generally focused on matching experimental growth rate results, forcing lifing models to rely 

on statistical methods for incubation up until the crack enters the Paris regime. Previous work 

has shown selective agreement with experimental results using either crystallographic or 

maximum principal stress-based criteria. There is therefore a need to develop a model which is 

informed by the mechanistic understanding at the dislocation scale, but which is capable of 

explicitly modelling crack growth from nucleation through to the long crack stage where 

conventional growth models are applicable. In this work the stored energy criterion is utilised as 

the driver for crack growth to investigate FCG rates and growth directions. 

The four key aims in this chapter are: 

1. To compare maximum principal stress and crystallographic slip as methods of 

determining the direction of crack growth 

2. To investigate the effect of crystal orientation on fatigue crack growth rates 

3. To investigate the interaction of cracks with grain boundaries 

4. To test the new mechanistic understanding against experimental data 

5.2 METHODS  

In chapter 4, a dislocation-based crystal plasticity formulation for an HCP zirconium alloy was 

utilised together with the dislocation structure stored energy in order to address 

microstructurally-sensitive drivers for crack growth. The link through to the macroscale J-

integral was demonstrated, and the key contribution was the establishment of a microstructure-

sensitive driver for crack growth which tended to the J-integral for cracks of a length beyond the 

microstructurally sensitive. This work did not address the growth of microstructurally-sensitive 

cracks, nor the path tortuosity, both of which are considered in this chapter. Hence, a brief 
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summary is given of the key methods utilised, but the reader is referred to chapters 3 and 4 for 

full details. 

As with the previous chapter, Zirconium is again used as a representative HCP material in the 

following two sections, but it is again argued that the mechanistic approach is general in nature 

and therefore applicable across other crystalline metals. The slip rule and its dependent 

parameters/properties are the same as in chapter 4 (equation 3-3). 

The stored energy is calculated as in shown in section 3.3, with mesh dependence reduced 

through use of the non-local averaging scheme shown in section 3.4. The eXtended Finite 

Element Method (XFEM) was utilised to introduce the crack, with crack propagation enabled 

according to mechanistic rate and direction criteria introduced later. The propagation criterion is 

checked in the element ahead of the crack tip at every increment in the calculation (typically on 

the order of 10-6 s during cracking). Since the loading cycles in this work are of duration 20 s 

each, there is essentially no applied restriction in terms of crack growth in a given cycle. 



Modelling Fatigue Crack Growth | Single crystals 

110 

5.3 SINGLE CRYSTALS 

Considered first is a crack growing in a single crystal under uniaxial, cyclic, R=0, stress controlled 

loading (far field stress 200 MPa –which corresponds to a stress intensity factor of 7.73 MPa√m) 

as shown schematically in Figure 5-2. The crystal orientation was assigned to be one of 7 

orientations (A-G, shown in Figure 5-3). These were chosen to be representative of the 

conditions under which stable FCG occurs. To speed the calculation, allowing higher numbers 

of fatigue cycles, only the central 750µm was modelled with the full CPFE. The outer region was 

modelled using an isotropic elastic plastic model (elastic properties identical to the crystal in 

orientation A, first yield at 425MPa, with linear hardening to 500MPa at 1.6% strain) chosen to 

replicate the bulk yield response (the response shown in Figure 3-3). The CPFE region is 

sufficiently large such that the isotropic elastic plastic region is essentially fully elastic throughout 

the growth. The elastic discontinuity is both small enough and far enough away so that it has 
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little effect on the conditions at the crack tip. The crack was introduced using XFEM as a 270 

µm edge crack as shown in Figure 5-2. 

The cracks were grown within the crystal plasticity finite element approach by one element size 

when the stored energy ahead of the crack tip reached a critical value. The direction of growth 

was chosen to be either along the slip plane with the most slip ahead of the crack tip (the 

crystallographic model) or along the direction normal to maximum principal stress (the MPS 

model). For the slip plane calculation, the shear strain on each slip system was integrated over 

the course of the simulation, and an average value calculated across all integration points within 

each element. When the stored energy reached the critical value in a given element, the crack was 

extended through the element, parallel to the slip system with the highest averaged total shear 

strain. In the MPS model, the maximum principal stress direction is calculated at each integration 

point within the element, and again averaged across the element. The crack is then grown in the 

plane normal to this. In order to get sufficient resolution and mesh refinement in the growth 

region, the model was a single element in thickness (30 µm). Conditions of plane stress applied, 

as on a free sample surface. Due to the absence of resolution in the Z direction (out of plane) the 

crack front was constrained to remain perpendicular to the x-y plane for both crystallographic 

and principal stress models. 

The critical stored energy was chosen to be 0.75 Jm-2, which is lower than the critical value for 

fracture identified in chapters 4 of 7.2 Jm-2. This was chosen such that the number of cycles to 

failure (i.e. crack growth) was low enough to be computationally tractable, but long enough to 

give sufficient differentiation of rates across the different crystal orientations and, for later 

sections, at grain boundaries. This may affect the stored energy field ahead of the crack tip 

compared to the case where many more cycles are needed when a higher critical stored energy is 

employed for crack extension. However, it is noted in previous studies that the field changes 

most significantly in the first loading cycle (V. V C Wan et al., 2016), and then only gradually in 



Modelling Fatigue Crack Growth | Single crystals 

112 

subsequent cycles. Hence the mechanistic drivers for crack propagation are unlikely to be 

significantly changed by virtue of the low critical stored energy utilised since the differences in 

the key fields (slip, stress and GND density) are not expected to be great. 

Field plots of the stored energy, plastic strain and GND density at the point of the start of crack 

growth are shown in Figure 5-3 for each of the crystal orientations modelled. For the purposes 

of this study, a range of crystal orientations has been chosen that represent extremes in terms of 

the c-axis orientation, and also to cover orientations for single and double slip, but it is not, of 

course, exhaustive. The first behaviour studied is that during the cycling before propagation 

occurs, focusing on the build-up of the stored energy, and this is followed by assessment of the 

growth paths and rates predicted by the two growth criteria. 
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5.3.1 Pre-propagation cycling 

Field plots showing the distributions of stored energy, plastic strain and GND density at the 

onset of crack growth are shown in Figure 5-3b-d. There are several important points to draw 

from this. Firstly, the stored energy distributions are very different, being much more 

concentrated for orientation C, and much more diffuse for orientations A and D. This has 

important implication for the crack growth rates, in that the distribution will cause an increase in 

the rate if the crack grows along the directions of high stored energy. This will be discussed in 

more detail later. 

The build-up of stored energy in the element at the crack tip is shown for each crystal 

orientation in Figure 5-4, along with the number of cycles until propagation starts. The radius of 

the non-local averaging is 30 µm, vs. a crack length of 270 µm and so, although not a fully local 

approach, the controlling quantity is at the crack tip, and much of the distributed stored energy 

Figure 5-4 - Stored energy accumulation at the crack tip for each crystal orientation before propagation begins. Inset – 
the number of cycles taken for propagation to begin for each orientation. 
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build-up that can be seen in Figure 5-3 does not contribute to this. Since the critical value of the 

stored energy has been chosen here to give stable crack growth within the small number of 

cycles that are possible computationally, of interest is not the specific number of cycles, but 

rather the comparative differences between the different crystals. The stored energy develops 

past the growth threshold within the first cycle in crystal E, the third cycle for F, and only after 

12 cycles for crystal G. The high rate of stored energy development in crystal E is due to the c-

axis alignment with the crack direction – note that this is also observed to be the weakest 

orientation in experimental fracture toughness measurements of highly textured titanium, such as 

those of (Tchorzewski and Hutchinson, 1978), which show that this orientation gives the lowest 

fracture toughness. 

Another interesting point is that the higher GND densities generated in the softer orientations 

A-C cause the stored energy to be reduced relative to that seen in orientation E, despite having a 

similar level of plastic slip. 

Finally, it can be seen that the distribution for orientation D is highly non-symmetrical. This is 

due to the c-axis orientation being non-perpendicular with the loading direction (orientation F 

does not exhibit strong asymmetry since the c-axis is twisted out of the plane of the model). 

5.3.2 Growth Paths 

For the growth paths, orientations A-C, which are shown in Figure 5-5, are considered first. 

These orientations share a common c-axis direction, which is out of plane of the model, and so 

would give an identical elastic response in the absence of slip. Looking first at the MPS model 

paths, it can be seen that the cracks in orientations A and B were generally straight and 

perpendicular to the remote loading, whereas the crack in orientation C grew at an angle. The 

differences here are due to orientations A and B giving symmetric slip under mode I loading 

whereas Orientation C is orientated for single slip. This difference means that the maximum 

principal stress direction at the crack tip is rotated in crystal C. 
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For cracks growing in single crystal orientations A-C under the crystallographic model, the 

cracks all grew along prismatic systems. In crystal C the crack grew along the slip system that has 

the highest Schmid factor, as might be expected. More striking is the difference between 

orientations A and B. In these orientations, in addition to the identical elastic response, the 

plastic response is also similar, showing the distributions of plastic strain and stored energy in 

Figure 5-3. Despite these similarities, the crystallographically-driven growth of the crack showed 

significant differences in path. The crack remained on the same plane in the A orientation but 

repeatedly switched planes in the B orientation. Note that since the model is symmetric, the 

initial growth along either prismatic direction (i.e. to the right or to the left) is arbitrary, but the 

subsequent growth paths, and their differences, are entirely deterministic and occur for the 

following reasons.  

The contour plots in Figure 5-6 show different regions around the crack coloured according to 

the slip system on which there is the greatest amount of slip (shear strain). These are the slip 

Figure 5-5 - Growth paths of cracks growing in single crystal orientations A-C under the crystallographic and 
maximum principal stress models. The contours show the stored energy distribution. 
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systems along which the crack would propagate if it passed through these regions. Before growth 

begins (see the cycle 7 plots in Figure 5-6), the lobes were similar in shape and were dominated 

by two prismatic planes in both crystal orientations. However, comparing the two orientations, 

the planes corresponding to each region are oriented at 90° to each other. This important 

difference gave rise to the striking differences observed in the crack paths seen in Figure 5-5. 

In the A orientation the crack grew along the slip system indicated by the blue colour. This plane 

is orientated such that, after extending the crack parallel to the slip plane, the crack tip remained 

in a region dominated by the same slip system. This can be seen in Figure 5-6, where slip in the 

region around the crack tip is dominated by the same slip system (indicated by the blue colour) at 

cycles 7, 25 and 31. Since this was always the case through the entire simulation, the crack did 

not change direction. 

In the B orientation, the most active slip plane in each region is oriented at 90° to that in crystal 

A. Initially (from cycles 7-25), the crack grew along the slip plane indicated by the yellow colour. 

Extending the crack along this direction brought the crack tip away from the region in which this 

slip system was most active (which is located to the right of the crack tip in Figure 5-6). 

Eventually, at cycle 25, the crack tip grew into the region where the slip system indicated by the 

blue colour was dominant. These deflections occured twice in the simulation, at cycles 25 and 31. 

This gave rise to the highly tortuous (zig-zag) path, shown in Figure 5-5, that is reminiscent of 

those seen in similar experimental tests in single crystal Nickel samples (Reed et al., 2000). Note 

that there is likely to be some mesh dependence in terms of the precise location at which these 

deflections occur - the key point, however, is the qualitative difference of a tortuous path versus 

a straight path resulting simply from crystallographic orientation. 

The tortuosity therefore seems to be fundamentally driven by two features: first is the spatial 

variation of the slip fields for each individual slip system, and second is the directionality of the 

crack growth along the slip system, which takes the crack tip into an area which will have 
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different relative activities of the different slip systems. The prediction of these effects is non-

trivial however, since spatial variation of the slip fields will be dependent on a number of factors 

including the loading history, crack loading mode, and of course the crystallography. 
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Figure 5-6 - Analysis of slip system activity throughout growth for single crystals in orientations A and B. The colours 
indicate which slip system has the highest accumulated shear strain at a given point. The identities of each slip system are 
shown at the top. 
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  The lobes of high activity of distinct slip systems have been noted before by (Potirniche and 

Daniewicz, 2003b) and are relatively straightforward to rationalise using analytical stress 

functions in the case of the A, B and C orientations (since the c-axis is out of plane). Using 

analytical functions for the stress state around a crack-tip (Equations 5-1,2&3), in an isotropic 

elastic plate, the activity of the three prismatic slip systems can be estimated. 

5-1 
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Using this analytical model, the plastic zone size for a given slip system can be estimated by 

assessing the area ahead of the crack tip for which the resolved shear stress on a particular slip 

system (calculated using the full stress state given by equations 6-8) exceeds the critical resolved 

shear stress. The plastic zone sizes predicted for each of the prismatic slip systems using the 

Figure 5-7 - Plot of normalised plastic zone size, calculated from the analytical stress states for an isotropic elastic 
material with an edge crack in an infinite plate. The plastic zone is estimated using the area ahead of the crack tip 
within which the resolved shear stress exceeds the critical resolved shear stress. This area is calculated using the full 
stress state given by equations 6-8. The values are normalised against the maximum plastic zone size of those 
considered. 
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analytical model are shown in Figure 5-7, normalised against the largest size across orientations 

considered. The slip systems predicted to be most active are the same as those predicted in the 

CPFE model. Furthermore, it is clear that in the C orientation there is a single dominating slip 

system. The analytical equations assume pure mode I loading and so the fact that the correct slip 

systems are predicted means that the stress state is not being affected sufficiently by the differing 

orientations to completely change their identity, but clearly the stress state does change 

sufficiently to favour one or other of the similarly active systems in orientations A and B. 

Moving on to look at the results for crystal D orientation shown in Figure 5-8, this was the 

orientation for which the maximum principal stress directed growth exhibited the most 

significant deviation from linearity and also normality to the remote principal stress direction. 

This occurred due to the c-axis being oriented neither parallel nor perpendicular to the loading 

direction, which caused the maximum principal stress direction at the crack tip to be rotated 

compared with the far-field load direction by 29.8°. This change in the stress state also affected 

the crystallographic growth model, for which the crack did not grow along the basal plane which 

had the highest Schmid factor of 0.5 but instead grew along one of two <a> pyramidal systems 

which had identical Schmid factors of 0.31 (the planes can be seen in Figure 5-8a). The high level 

of slip on the pyramidal system compared with the basal system can be seen in Figure 5-8b, 

along with the predicted crystallographic crack growth path in Figure 5-8c. These slip planes are 

collinear in the plane of the model and so the crack progresses along these systems exclusively, 

before switching onto a <c+a> plane. This occurs because as the crack gets longer the stress 

state at the crack tip rotates to become more aligned with the far-field loading direction (Figure 

5-8d), as also occurred in the principal stress model, and so the resolved shear stress on the 

<c+a> plane (shown in Figure 5-8e) increases at longer crack lengths. 
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Figure 5-8 – a) the three planes best oriented for slip in the D crystal orientation, with the global Schmid Factor 
(SF) calculated using the far-field loading direction. Plane D1 is basal, and D2 and D3 are <a> pyramidal.b), 
contour plots showing the total shear strain on slip systems D1 and D3. c), final crack paths in single crystal D 
using both crystallographic and principal stress models. d) Calculated maximum principal stress direction at crack 
tip at start of crack extension compared with far-field loading direction. e) The <c+a> plane on which the later 
growth occurs in the section indicated by the arrow. 
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The E, F and G crystal orientations give crack paths that were very similar under both 

crystallographic and principal stress crack growth (although the later crack growth in E was 

tortuous), being on average perpendicular to the remote loading direction (Figure 5-9). The most 

active slip systems, shown in Figure 5-10 for each crystal orientation, were different for each 

orientation and are twisted out of plane in 3D. The growth in crystal orientation E was along 

prismatic planes, F was dominated by basal slip and G by <c+a> pyramidal slip whose plane is a 

simple rotation around the axis perpendicular to the loading direction in the plane of the model. 

Growth along the <c+a> plane in orientation G has been observed experimentally in titanium 

by (Bantounas et al., 2007). 

 Comparing the modelling results obtained here with the microstructurally sensitive crack growth 

seen experimentally, e.g. that shown in Figure 5-1, it is clear that the crystallographic growth is 

better able to capture the range of behaviours seen experimentally, with some cracks growing 

straight along slip planes and others growing along multiple planes. It is also clear that, under the 

Figure 5-9 –Crack paths calculated using the crystallographic and maximum principal stress models for single crystal 
orientations E-G. 
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conditions prescribed in the crystallographic growth model, a small change in the crystal 

orientation can have a large effect on the direction and type of fatigue crack growth. A good 

example of this was discussed earlier in which crack growth along prism planes can give rise to 

completely different crack paths, despite there being no change in the in-plane elasticity 

properties, resulting from crystallographic growth with respect to the local spatial stress state. 

The effects of changing the crystallographic orientation are not limited only to the path however 

and are also potentially important for rate of crack growth, which is addressed next. 

Generally, the crack paths in the MPS model were in all cases essentially linear and perpendicular 

to the overall loading. This is expected since, with the exception of orientation D, the crystal 

orientations give a symmetric stress response across the crack plane. Orientation C also showed 

deviation from the medial plane due to the single slip. Comparing with crystallographic growth, 

the two methods sometimes gave similar paths (E-G), whilst in others the paths were found to 

be very different (A-D). Furthermore, it can be seen that the prismatic plane crack growing 

parallel to the c-axis (E) was initially straight and later had low amplitude oscillation, whereas the 

prismatic plane cracks growing perpendicular to the c-axis (A-C) either did not change planes or 

had higher amplitude oscillations. This increased deviation from the medial plane in those 

prismatic cracks growing perpendicular to the c-axis, and the associated broader slip band behind 

the crack front, is something that may be observed in experiments. 

In the crystallographic model, growth was seen along a range of slip systems, similarly to 

experimental observations, and the paths only sometimes aligned with the maximum principal 

F1) SF = 0.43 E1) SF = 0.43 G1) SF = 0.4 

Figure 5-10 –Predicted crack planes with calculated Schmid factors (SF) for crystal orientations E-G. Plane E1 is 
prismatic, F1 is basal and G1 is <c+a> pyramidal. 
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stress direction either through a single slip system or through the combination of multiple slip 

systems giving an overall path that was perpendicular to the remote loading direction. The 

crystallographic model is therefore predictive of the kinds of growth path behaviour observed 

experimentally by (Herbig et al., 2011) with microstructurally short cracks growing parallel to slip 

systems in some crystal orientations and growing on alternating planes which give an ‘average’ 

direction which does not correspond to a given slip plane. 

Another general observation in the crystallographic model is that, at longer lengths, the cracks 

started growing on a wider variety of slip planes. This suggests that as the crack gets longer, 

growth on alternating slip planes becomes more likely. The ‘average’ path is therefore less likely 

to align to a given crystallographic plane as the path is made up of many individual facets on 

different slip systems. This is again in agreement with experiments, which have shown that 

cracks which are long relative to the microstructure give paths that do not follow a specific 

crystallographic plane, but which do have individual facets on the crack surface aligned with 

specific planes. 



Modelling Fatigue Crack Growth | Single crystals 

126 

5.3.3 Growth Rates 

Crack extension – measured along the path of the crack - as a function of fatigue cycles for all of 

the single crystal analyses are shown in Figure 5-11a-b, for crystallographic and principal stress 

driven crack paths respectively. Note that the local rate of growth is controlled by the value of 

the critical stored energy, and recall that a relatively low value (0.75 Jm-2) has been selected here 

Figure 5-11 - Plots of crack extension vs fatigue cycle in single crystals for a) the crystallographic model and b) the 
MPS model. 

b) 

a) 
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to ensure a small number of cycles is required in the computations to lead to significant crack 

growth ~500 µm.  The key insight sought here is not the absolute rate of growth, but rather the 

comparative rates across the different crystal orientations. It is clear that the crystal orientation 

has a significant effect on the rate of growth, with uncontrolled growth in orientation E and very 

slow growth in orientation G under both crack drivers. The variation in rate observed is in 

qualitative agreement with experimental observations in that the predicted growth rate fluctuates 

significantly in the microstructurally-sensitive region (Tokaji et al., 1994), as well as the work in 

chapter 4 which demonstrated the microstructural sensitivity of the stored energy. Furthermore 

the slowest growth being in orientation G has been observed in titanium (Bantounas et al., 2007; 

Mine et al., 2011). 

Table 5-1 - Number of fatigue cycles taken for crack extension to grow from 50 to 200µm in each 
crystal orientation for the crystallographic and MPS directed drivers. Orientation G did not reach  
200µm within the simulation, so is not shown. 

The results also show a strong coupling between the path and the rate of growth. The number of 

cycles for the crack to grow from 50 to 200 µm in each model is shown in Table 5-1. 

In the cases where the crystallographic and maximum principal stress directed paths aligned 

(orientations E and F), the number of cycles to extend the crack were identical, whereas when 

the paths diverged from each other, the rates were significantly affected (differing by up to 

1500%). 

There are two key factors that affect the rate of growth here: the rate of development of the 

stored energy at the crack tip and the shape of the slip field. The shapes of the stored energy 

Crystal Orientation 
Fatigue Cycles taken to extend from 50 to 200 µm 

Difference (%) 
Crystallographic Growth MPS Growth 

A 21 23 +9.5 

B 13 18 +38 

C 18 15 -17 

D 1 11 +1500 

E 1 1 0 

F 1 1 0 
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fields were shown previously in Figure 5-3. Considering the directions of growth, in the A and B 

orientations, the crack grows along the lobe of high stored energy in the crystallographic model, 

but into a region of low stored energy in the MPS model. As such, the crack propagation for 

both orientations was faster in the crystallographic model. This is shown diagrammatically in 

Figure 5-12. The crack grows into an area of high stored energy density, which leads to the 

increased growth rate relative to the MPS model. The highly directional stored energy field in 

orientation D also gives a higher rate of growth in the crystallographic model. 

The higher rate in C occurs since the maximum principal stress directed crack grows doesn’t 

grow perpendicular to the loading direction, but instead grows at an angle, which takes it along a 

region of higher stored energy than if it grew perpendicular to the loading direction. Also 

interesting here is that the rate of growth in both models is similar for the first 100 µm – being 

just 4% different. Once at 100 µm however, the higher stress intensity at the crack tip in the 

MPS model caused a significant increase in the stored energy ahead of the crack tip and 

increased the rate of crack extension (the effect of which can be seen as a large area of high 

stored energy around the crack in Figure 5-5). This demonstrates the complexity captured by this 

crack growth model, since the stress state at the crack tip depends not just on the load and the 

length of the crack, but also on the path taken. 

Crystallographic crack 
grows into region of 
high stored energy 

MPS crack grows into 
region of low stored 

energy 

Figure 5-12 - Contour plot of stored energy distribution around crack tip in 
crystal orientation A, overlaid with the crack growth directions observed under 
the MPS and crystallographic models. 
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At a higher length scale, the repeated changing of direction in the crack would give an effective 

path that would match the principal stress path. The slower growth along the principal stress 

path therefore agrees qualitatively with the observation of Herbig et al (Herbig et al., 2011) that 

the cracks that were growing along non-crystallographic directions grew more slowly than those 

growing along crystallographic directions. 

5.4 CRACKS GROWING IN BICRYSTALS  

One of the biggest factors affecting the rate of crack growth is grain boundaries. Grain 

boundaries affect crack paths but are also experimentally observed to affect the rate of growth, 

even for crack tips away from the boundary itself. Since, as noted before, the crack path and 

growth rate are highly coupled, in this section these effects of the changing crystallography are 

considered together. 

The Zhai model (Zhai et al., 2000) is often used to rationalise the change in plane across grain 

boundaries, but this has not led to the development of a predictive model for crack growth and 

in some cases the behaviour at the grain scale is not what would be expected (Schaef et al., 2011). 

It is therefore interesting to investigate whether crack plane compatibility is predicted, and why it 

might not always occur. 

4500 µm 
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80 µm 
Grain 1 

Grain 2 

Figure 5-13 - Model geometry used for bicrystal investigation. Inset – detail around crack tip, showing location of crack 
tip and grain boundary, example crystal orientations for the A-B bicrystal, and the mesh. 

270 µm Crack 
Crack tip 
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The model used for the bicrystal crack investigations is shown in Figure 5-13. This is the same as 

in the single crystal model, but with a grain boundary introduced at a distance of 80µm ahead of 

the initial 
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crack tip position, with differing crystal orientations applied either side of the grain boundary. 

Since there are countless possibilities here, the focus is on some specific examples which in turn 

give differing and interesting behaviour. In addition, the scope is confined to bicrystal studies 

that utilise a sub-set of two of the crystal orientations (A-H) described already. 

The specific combinations of bicrystals studied, together with some key results are shown in 

Figure 5-14. For each combination of orientations the stored energy distribution is shown at the 

onset of growth, and then at the instant when the crack reaches the grain boundary. The final 

crack paths are also shown. 

5.4.1 Bicrystals A-B / B-A 

This pair of crystal orientations (the first two results columns in Figure 5-14) have parallel c-axes, 

normal to the initial edge crack, and are rotated by 30° relative to each other about the c-axis. As 

the elastic response of both crystal orientations is identical, the initial propagation rate and path, 

shown in Figure 5-15, was found to be very similar to that in the single crystal cases. Upon 

Figure 5-15 - Plot of crack extension against cycles for bicrystals A-B 
and B-A, with single crystal results included for comparison. 
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reaching the grain boundary, the cracks grew faster/slower in accordance with the single crystal 

results for the crystal orientations of the second crystal. In the B-A case, the crack moved on to 

the prismatic plane which was best aligned with the incoming plane, indicating that if there are 

two active planes that might be observed in a single crystal, compatibility may be the deciding 

factor determining the behaviour at grain boundaries. In the A-B case the crack followed the 

behaviour seen in single crystal B, staying closer to the centre of the sample and switching 

direction.  

5.4.2 Bicrystals A-D / D-A 

The results for bicrystals A-D and D-A are shown in third and fourth columns in Figure 5-14. In 

the A-D bicrystal the crack path in crystal ‘A’ followed the same prismatic plane seen in the 

single crystal model. The dominant slip system overall in crystal ‘D’ was again the <a> 

pyramidal, but as the crack approached the grain boundary the activity on the basal plane 

High stored energy 
in outgoing grain - 
no retardation of 

growth 

Low stored energy 
in outgoing grain 
– retardation of 

growth 

a) 

b) 

c) 

Figure 5-16 - Plot of crack extension against cycles for bicrystals A-D and D-A, with single crystal results shown 
for comparison. b-c) contour plot of stored energy distribution around crack at point crack tip reaches grain 
boundary in b) A-D and c) D-A bicrystals. Note that there is significantly more stored energy developed in the 
second grain in the A-D bicrystal compared with the D-A bicrystal, which causes the retardation in growth rate 
at the grain boundary in the latter. 
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increased, and the crack initially moved on to a basal plane in crystal ‘D’ before switching back to 

an <a> pyramidal plane. The high activity of the basal plane close to the grain boundary is likely 

to be due to the high compatibility between this and the prismatic plane in crystal ‘A’. 

In bicrystal D-A, the crack grew in crystal ‘D’ along the same <a> pyramidal plane seen in the 

single crystal ‘D’ model and then in crystal ‘A’ along the same prismatic seen in the single crystal 

‘A’ model. These two samples differed significantly in the crack growth rate. In bicrystal A-D, 

the crack grew across the grain boundary without slowing significantly (as can be seen from the 

lack of any change in gradient of the black line in Figure 5-16a) whereas in bicrystal D-A, the 

crack was significantly retarded at the grain boundary, taking a number of cycles to start growing 

again (grey line in Figure 5-16a can be seen to abruptly change gradient at the point the crack 

reaches the grain boundary indicating that the crack growth has slowed). Consideration of the 

stored energy distribution at the point the crack reaches the grain boundary (shown in Figure 

5-16 b and c) provides the explanation for these observations. In the bicrystal A-D case, 

significant stored energy was developed in the second crystal, ahead of the crack tip, and so 

driving the crack such that there was no retardation of the growth. In bicrystal D-A, very little 

stored energy was developed in the second crystal before the crack reached the grain boundary. 

This led to the retardation in the crack growth rate at the boundary until sufficient stored energy 

developed with cycling in the second crystal. 

5.4.3 Bicrystal A-G 

In this bicrystal (results shown in final column of Figure 5-14), interestingly the crack grew 

through the ‘A’ crystal to the grain boundary much slower than in the single crystal. This is 

caused by the elastic constraint effect of the second crystal (G) inhibiting slip in crystal A – as 

can be seen in the reduced slip field observed in the bicrystal A-G vs the single crystal A in 
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Figure 5-17 at the same point in the loading history. Upon reaching the grain boundary at the 

second crystal (G), the crack propagation rate was significantly reduced. The contour plot of the 

stored energy at cycle 61 (the point at which the crack reached the A-G grain boundary) in 

Figure 5-17d shows that there was very little stored energy being developed ahead of the crack 

tip in the second grain, which lead to the significant arrest in growth. 

In order to see further growth in the second crystal, the simulation here was extended to 100 

fatigue cycles. Interestingly, the eventual growth in crystal G was along an <a> pyramidal plane 

rather than the <c + a> pyramidal plane seen in the single crystal growth. This plane is better 

aligned with the incoming prismatic plane in crystal A.

Figure 5-17 - Crack tip slip fields in a) single crystal in 'A' orientation and b) Bicrystal in A and G orientations. Note 
that the corresponding location of the grain boundary in the bicrystal is shown in the single crystal to aid comparison 
– there is no grain boundary present in a). c) Crack extension plotted against cycle compared with single crystal 
models. d) Stored energy contour plot at cycle in which crack reaches grain boundary (cycle 61). 

‘A’ single crystal b) ‘A-G’ bicrystal 

d) Cycle 61 c) 

Crack passes 
grain boundary 
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5.5 EXPERIMENTAL COMPARISON 

The results above indicate that the crack growth model based on a rate determined by the 

dislocation stored energy density and a path determined crystallographically, captures much of 

the experimentally observed behaviour associated with microstructurally-sensitive fatigue crack 

growth. However, no direct comparisons with experimental data have so far been made. 

Experimental results showing fatigue crack growth paths in Ti-6Al-4V have recently been 

published in (Zhang et al., 2017). In these experiments EBSD imaging was used to track the path 

taken by the crack through the surface microstructure. Two differing sections of the crack 

growth were highlighted by Zhang et al (shown in Figure 5-18) – one where the crack maintains 

a consistent direction through three grains, and another where the crack deflects strongly at the 

first grain boundary to grow along a prismatic system and then again at the following grain 

boundary, growing in the third grain initially along a direction which is not aligned with any one 

slip system, before growing onto another prismatic plane. The experimentally measured crystal 

orientations from (Zhang et al., 2017) were adopted for two corresponding CPFE models with 

three successive grains, as shown in Figure 5-19, for each of the two sections examined 

experimentally. The experimental conditions of R=0 cyclic loading were also imposed in the 

model representation, and the remote peak stress was set at 200MPa. For these simulations 

CRSS values were modified such that the ratios matched those of titanium (Zhang et al., 2015), 

but the CPFE parameters were otherwise identical to those used in the preceding sections. The 

critical value of the stored energy was again chosen to be 0.75 Jm-2 since the primary interest for 

this study is in crack path dependence on microstructure. 

The crack paths predicted using these two microstructural models (A and B) are shown in Figure 

5-19, together with the slip planes along which the simulated cracks grew. The predicted slip 

planes and crack growth directions are also overlaid on the EBSD images from (Zhang et al., 

2017). As can be seen, there was remarkable agreement between the paths predicted using the 
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model and those observed experimentally. In sample A, the simulated crack grew along precisely 

the same directions as observed in the experiment, with very little deflection at the grain 

boundaries. In sample B the simulated crack grew along the experimentally observed direction in 

the first grain, correctly deflected at the first grain boundary onto another prismatic plane (and 

not on to the basal plane with the higher Schmid factor), but in the third grain only grew along 

the slip plane which the crack moved on to after initially growing along a non-slip system 

direction. 

The initial crack growth in grain B3 (Numbered 34 in Figure 5-18) is aligned with what appears 

in the EBSD image to be a scratch on the surface, and this potentially explains the differences 

observed, which only arise over the length of the apparent ‘scratch’. This highlights the 

importance of considering scratches in engineering applications, but is less useful in terms of 

investigating the mechanisms of crack propagation since the scratch is essentially a pre-existing 

crack on the surface. 

Figure 5-18 - EBSD images from Zhang et al [2] showing detail of the two regions of interest modelled in this work. a) 
Region for model A, b) Region of model B, showing possible surface damage below the red arrow. The line of surface 
damage can be seen to lie parallel to the unpredicted crack growth shown overlaid with a yellow line. 

a) b) 
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Figure 5-19  - a) Model set up for comparison with Ti-6Al-4V experiments b-c) Simulated final crack paths with crack 
planes shown for models A and B compared with experimentally observed crack paths. EBSD images from Zhang et al [3], 
cropped to show region of interest and overlaid with red lines showing the crack planes predicted in the simulations and a 
yellow line showing the unpredicted crack growth in model B. 
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5.6 DISCUSSION 

An entirely new microstructurally-sensitive and mechanistic fatigue crack growth methodology 

has been established in which the rate of propagation is determined by stored dislocation 

structure energy, and the crack path crystallographically such that the direction is along that slip 

plane with the highest slip. The latter has also been compared with another formulation in which 

the crack path is that given by the normal to the local maximum principal stress direction. The 

stored energy formulation for growth rate has been developed at a crystal plasticity length scale 

in order to replicate the dislocation configurational energy determined using discrete dislocation 

analysis (Wilson et al., 2018). 

The crystallographic growth model has been shown to be able to capture a wide range of 

behaviours in single crystals and bicrystals which are representative of the range of behaviours 

observed in experimental studies. Crucially, the mechanistic model was also able to differentiate 

and correctly predict the crack paths observed in Ti polycrystal studies which examined two very 

differing crack growth scenarios. A common comparison made in previous studies has been the 

Schmid factor calculated from the overall loading direction which has often been used to 

compare the crystallographic crack planes. However, this does not always give the correct crack 

plane because the stress state is not uniaxial near the crack tip and so other planes may in fact be 

more active. Furthermore, there are often multiple planes with similar Schmid factors which 

cannot be differentiated using the global Schmid factor alone. The new mechanistic model 

presented captures all of these features appropriately. 

It has been suggested in previous work that, at grain boundaries, good compatibility between slip 

systems (i.e. when there is a low angle between the planes) may lead to one system being selected 

over another for crack growth (Zhang et al., 2017). However, in this work the key factor appears 

to be the ease of activation. In the bicrystal studies, the A-B, A-D and D-A models all showed 

cracks growing across grain boundaries with very poor compatibility between the incoming and 
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outgoing planes. The fact that even without the presence of the grain boundary the crack plane 

was observed to switch between planes with poor compatibility (e.g. single crystal B) also 

supports this idea. These observations lead to the conclusion that compatible systems may be 

often observed simply because two well-aligned slip systems are likely to be activated together, 

rather than being due to any interaction between the slip systems. In addition to this, the change 

to mixed mode I and mode II loading when the crack propagates at an angle may also make 

compatible planes more likely to be observed. 

To be useful in developing the understanding of material resistance to fatigue, capturing the rate 

of growth is perhaps the most important factor. Using the stored energy to predict the 

propagation gave a strong dependence on the crystal orientation and the path. The retardation of 

cracks at grain boundaries was seen in the model as well as the observation that some cracks pass 

through grain boundaries with little to no retardation. The key factor driving this was the ability 

to drive slip in the outgoing grain, which was strongly affected by the relative orientations of the 

two crystals. In the bicrystal examples considered, instances of direct crack propagation across a 

grain boundary occurred, where grain orientations were well-aligned for slip. In addition, when 

grain orientations were badly aligned for slip, significant retardation of crack growth rate was 

predicted, in keeping with some experimental observations.  Significant changes to crack paths 

were observed at grain boundaries, depending on crystallographic orientation. 

Despite a significant amount of research recently indicating that the subsurface microstructure 

will have a significant effect on the crack path, the experimental results were accurately 

reproduced without any consideration of the subsurface. It therefore seems that, in this 

particular case, the path of the crack at the surface is largely independent and the crack growth is 

led by surface features. Despite this, the subsurface features would likely have a more significant 

effect on the rate of growth since it would have the effect of holding the surface together even 

after the surface has cracked. 
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The unpredicted growth along a defect observed in the experiment highlights the importance of 

this in building predictive capability. The models depend on the surface being smooth, which 

means that a small scratch can cause a significant deviation between the model and the 

experimental results. When comparing with component lifetimes, the presence of a significant 

number of scratches along the surface could mean that the majority of cracks grow along these 

defects at the surface rather than along the crystallographic planes. This could potentially cause a 

significant change in the fatigue lifetime. 

In terms of accurately capturing the rate of growth, behaviours observed in experiments 

including growth promotion, retardation and arrest were all predicted by the model, but have not 

been quantitatively linked with experimental data here. More precise experimental data showing 

crack growth through the microstructure is still needed in order to be able to give a direct, 

quantitative comparison. 

5.7 CONCLUSIONS 

1. Modelling microstructurally-sensitive fatigue cracks by extending along the direction of 

the most active slip systems produces crack paths which are representative of the paths 

seen in the experimental literature, capturing behaviours such as cross-slip. By 

comparison, the paths predicted by extending the crack normal to the maximum 

principal stress direction have much less dependence on the microstructure than is 

observed experimentally. 

2. Using the stored energy as the criterion for crack growth, the model can capture 

variations in growth rate due to crystal orientation. The rate and path are highly coupled 

and so both must be accurately predicted for a model to be able to assess the rate of 

microstructurally sensitive crack growth – models which do not consider both will fail to 

capture the full effect of the microstructure. 
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3. Crack deflection and growth promotion, retardation and arrest, behaviours which have 

been observed experimentally in many metals, were all predicted at different types of 

grain boundary. These effects were primarily governed by the ability to develop slip and 

thus stored energy in the outgoing grain. 

4. The complete model was able to accurately capture the crack planes and the deflections 

at grain boundaries observed in the two experimental cases studied. 
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6 FATIGUE CRACK GROWTH IN POLYCRYSTALS 

It was demonstrated in chapter 5 that the complete crack growth model based on the stored 

energy and crystallographic crack growth direction exhibits many behaviours characteristic of 

microstructurally sensitive fatigue crack growth. The ultimate test of the method is however 

direct comparison with experimental results. The work presented in this chapter covers the 

application of this model to various experimental cases, with differing crystal structures, textures 

and morphologies, in order to investigate the accuracy and applicability of the model, and to 

develop deeper mechanistic understanding of the behaviours observed than would be possible 

with experiments alone. The work presented here has been published as ‘Microstructurally-

sensitive fatigue crack growth in HCP, BCC and FCC polycrystals’ in the Journal of the 

Mechanics and Physics of Solids (Wilson et al., 2019). 

6.1 INTRODUCTION 

Microstructurally short cracks exhibit strong microstructural sensitivity. This manifests itself in 

number of ways including tortuous paths (Herbig et al., 2011), fluctuating growth rates (Rovinelli 

et al., 2018a; Tokaji et al., 1994) and varying behaviour at grain boundaries (Schaef et al., 2011), 

such that in many important metal alloy systems, much of the safe operating life is taken up by 

microstructure-sensitive, or short crack growth. Many of these behaviours are not yet fully 

understood, which causes increased uncertainty in lifing models. 

It is therefore desirable to unpick the various factors that combine to give the seemingly chaotic 

behaviour of these small cracks, allowing the development of understanding of the mechanistic 

drivers. The primary engineering benefits of this are twofold: 

1. To inform higher scale models (for example lifing models) 

2. To develop predictive capability that can inform material choices – how will changes in 

the microstructure affect the resistance of a material to fatigue cracking? 
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An additional, less direct benefit is that developing our understanding at the microstructural level 

can provide a link between even smaller scale modelling and experiments. 

In chapter 5, it was demonstrated that mechanistically informed crystal plasticity and extended 

finite element (XFEM) methods are capable of capturing many of the characteristic behaviours 

of microstructurally-sensitive fatigue crack growth in single and bicrystals, and that 

experimentally observed crack plane directions could be explained and reproduced. However, 

the study was confined to consideration of model single and bicrystals, and crack propagation in 

an HCP titanium alloy microstructure for which independent experimental observations were 

available. In the latter, for reasons of simplicity, grain morphologies were not explicitly 

represented in the modelling. The present study addresses the mechanistic basis of 

microstructurally-sensitive crack growth, but in BCC, FCC and HCP polycrystal microstructures 

for which explicit comparison with experimental crack growth observations are available.  The 

aim is to broaden and generalise the understanding of the mechanistic drivers of short crack 

growth fatigue in crystal systems of importance in engineering practice, and particularly where 

structural integrity is key in aero-propulsion and nuclear power generation. This chapter 

therefore addresses crack propagation by integrated crystal plasticity modelling and experimental 

observation in a range of ductile metals in fatigue including HCP titanium (Ti-6Al-4V) and 

zircaloy (Zr-4) alloys, a BCC ferritic steel and a FCC nickel superalloy. The materials considered 

provide a range of crystal structures, grain sizes, morphologies and loading conditions. 

Of particular interest with regards to the mechanistic drivers is why cracks grow along certain 

planes in a grain, why they deflect in the ways observed at grain boundaries, sometimes 

transitioning onto planes that are well aligned and sometimes onto planes that are significantly 

misaligned, and how and why, concurrently, the rate changes. 

It has been known since at least the 1980s that the fatigue crack growth rate of short surface 

cracks depends heavily on the crystal orientation of the grain containing the crack tip(Ward-
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Close and Beevers, 1980). However, the grain boundaries also play an important role. One effect 

is that, as the crack nears a grain boundary, the stress state and plastic behaviour at the crack tip 

change due to elastic mismatch and slip blocking. Another effect results from ‘twist’ in the 

alignment between the incoming and outgoing crack planes (the twist angle is the angle between 

the two planes when projected onto the grain boundary), which leaves an uncracked area at the 

grain boundary and could lead to retardation or arrest, as proposed by the Zhai model (Zhai et 

al., 2000). 

Given that the cracks at this scale are growing along specific slip systems, and that the crystal 

structure defines which slip systems are available, it would therefore be expected that differences 

would be seen between HCP, FCC and BCC materials. In addition to the number of slip systems 

present, the anisotropy in the mechanical response and ease of activation of each slip system are 

also important. This results in strongly anisotropic behaviour in terms of the crack paths, even in 

single crystals (Chan et al., 1987; Mine et al., 2011). At grain boundaries, the cracks would be 

expected to deflect differently dependent on the orientations of the grains on either side. A 

restriction in the availability of crack planes in a given crystal, due to high CRSS values may also 

lead to an increased probability of the crack planes having worse compatibility across the grain 

boundary, leading to greater variations in the rates. 
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These behaviours have been studied experimentally in some detail by (Schaef et al., 2011), who 

used focused ion beam notches to initiate cracks in a nickel superalloy parallel to a specific slip 

system, and then investigated the change in rate and direction of growth as it grew across the 

grain boundary. The growth paths showed a mixture of small and large deflections. Interestingly, 

even cracks growing across the same grain boundary showed slightly different paths (see Figure 

6-1). However, each path is made up of facets aligned with the same two slip systems – hence 

the key validation of the model is to capture the right set of slip systems rather than the exact 

path. They also found that the growth rate started to decrease until the crack approached a 

distance of about 20 µm before the grain boundary (when the plastic zone started interacting 

with the boundary). After the grain boundary, some cracks immediately regained their prior 

speed whilst others took longer to return to the same rates and some shorter cracks arrested 

completely. The 3D nature of the crack planes was found to be an important factor here, with 

the inclination of the crack relative to the grain boundary affecting the rate considerably. 

The 3D nature of the problem has also been studied by (Rovinelli et al., 2018a). This work 

highlighted the difficulty of predicting the outgoing slip plane based on compatibility of the 

plane orientations (an observation also made in (Zhang et al., 2017)). This supports the 

mechanistic modelling approach used in chapter 5 since propagation occurs on the most active 

slip system (calculated without direct consideration of the incoming plane) rather than depending 

Figure 6-1 - Fatigue crack paths growing across an identical grain boundary in a nickel superalloy taken from 
experimental work published by (Schaef et al., 2011). Note that although the path is slightly different, the crack 
planes involved appear to be identical. 

a) b) 
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explicitly on a relation between the incoming and outgoing planes. (Rovinelli et al., 2018a) also 

showed the high complexity of the crack path in 3D, which requires extremely high resolution in 

order to capture the individual slip system facets that make up the crack path. 

In (Rovinelli et al., 2018b), it was found that the two most important factors affecting the 

direction of growth were the misorientation of the slip direction with the principal stress axis 

(showing a peak around 60° and decreasing significantly as the angle approached 0° and 90°), 

and the resolved shear stress acting on the slip system, whereas other factors such as the opening 

stress were found to be far less important. This finding is consistent with the idea of crack 

propagation being directed by the most active slip plane, which would be expected to have a high 

resolved shear stress (although the CRSS also needs to be taken into account). The 

misorientation relative to the principal stress axis would also be expected to be strongly 

correlated since this is coupled with the resolved shear stress on the plane. For the rate, after the 

crack length, the most important factor was found to be the maximum accumulated shear along 

a slip direction, again consistent with the mechanistic model in chapter 5. 

Despite the strong coupling between the path and rate of growth of a fatigue crack, there are few 

instances of crack modelling which have attempted to address both for microstructurally-

sensitive fatigue cracks. The model resulting from the machine-learning study in (Rovinelli et al., 

2018b) gave some good agreement in terms of rate and direction, although the extraction of new 

mechanistic understanding was made difficult by the high level of complexity in the crack path 

modelled. Another example is that of (Proudhon et al., 2017), who modelled a crack growing in a 

3D microstructure in a nickel superalloy. This crack showed some behaviour characteristic of 

microstructurally-sensitive fatigue cracks, but did not provide direct comparison with 

experimental data, limiting the extent to which the accuracy of the predictions can be evaluated. 

A further example is the work of (Lin et al., 2011), who modelled a crack growing through 

successive grains of a nickel superalloy along the slip system that was most active in the 
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following grain. This was shown to give somewhat realistic deflections at grain boundaries, 

although it did not allow for changes in direction within a grain, and again was not directly 

compared with experimental paths. 

The aim of this chapter is to investigate microstructurally sensitive fatigue crack growth in four 

different materials, to investigate the effects on fatigue crack propagation of: 

• Crack length 

• Crystal structure/slip systems 

• Grain boundaries 

The remainder of the chapter is separated into six sections. First is a short summary of the 

methods used in this work, which is followed by four sections detailing the experiments (taken 

from literature) and the corresponding simulations in each of the four material systems studied. 

The chapter finishes with a general discussion of what was discovered, and conclusions. 

6.2 METHODS 

The methods used in this chapter are described in more detail in chapters 4 and 5. This section 

therefore only gives a brief introduction to the methods and the reader is referred to the 

previous chapters for more detailed coverage.  

6.2.1 Crystal Plasticity 

The same crystal plasticity finite element (CPFE) model used in previous chapters was again 

used to calculate the material response in this chapter. The same constitutive law was used for all 

four materials studied here, but with the appropriate crystallographies and material properties in 

each case for the material under study. The slip rule, detailed in section 3.1, has been shown to 

accurately represent the deformation of various materials including FCC nickel, BCC ferritic 

steel, HCP titanium Ti-6Al-4V and zirconium (Zr-4). Hardening (modelled as an increase in the 

CRSS) occurs through the development of dislocation density (both GNDs and SSDs). The 
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GND density is determined from the relationship between the Nye dislocation tensor and the 

plastic strain gradient. 

The properties and parameters used are taken from previous works and are specific to the 

materials studied(Chen et al., 2017; Gong et al., 2015; Wan et al., 2014; Zhang et al., 2015). The 

slip systems present in HCP, FCC and BCC systems are shown in Figure 6-2a, Figure 6-2c, and 

Figure 6-2d-f respectively. The initial critical resolved shear stresses for Ti-6Al-4V(Semiatin and 

Bieler, 2001) and Zircaloy 4(Gong et al., 2015) are given for each slip system in Figure 6-2b, and 

for Ferritic Steel (BCC) and Nickel (FCC) the initial CRSS values for all slip systems are 85 and 

350 MPa respectively. The elastic constants and the other slip rule parameters for the four 

materials studied here are shown in Table 6-1 and Table 6-2 respectively. 

Table 6-1 - Elastic constants for the four materials studied in this work. 

 

Table 6-2 - Slip rule (shown in equation 3-3) parameters for the four materials studied in this work. 

  Elastic moduli (MPa) 

Material Type 𝑬𝟏𝟏 𝑬𝟑𝟑 𝑮𝟏𝟐 𝑮𝟏𝟑 

Ti-6Al-4V HCP 104372 143271 35261 46700 

Ferritic Steel FCC 207000 207000 168000 168000 

Nickel BCC 133768 133768 124000 124000 

Zircaloy 4 HCP 98325 123281 35101 32000 

Material 𝑏 (µ𝑚) 𝜈 (𝑠−1) 𝜌𝑚 (µ𝑚−2) 𝛥𝑉 (µ𝑚3) 𝛥𝐹 (𝐽) 𝛾𝑠𝑡 

Ti-6Al-4V 2.95 × 10−4 1 × 1011 5 20𝑏3 8.9 × 10−20 0 

Ferritic Steel 2.50 × 10−4 1 × 1011 1 × 10−2 40𝑏3 2.6 × 10−20 0.05 

Nickel 3.51 × 10−4 1 × 1011 5 0.24𝑏3 4.9 × 10−20 200 

Zircaloy 4 3.20 × 10−4 1 × 1011 1 × 10−2 18.75𝑏3 5.0 × 10−20 0 
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6.2.2 Crack Growth - Stored Energy, Direction 

An initial crack was introduced into each model using XFEM. Two methods of controlling the 

crack propagation were used in this chapter. For the Ti-6Al-4V, nickel and zircaloy 4 studies, the 

crack was grown in a direction determined to be within the slip plane with the highest slip (shear 

strain) activity, as in chapter 5, with a critical value of the accumulated stored energy at the crack 

tip controlling the rate of propagation. In the ferritic steel simulations, the crack was allowed to 

propagate through the sample at a uniform rate (measured perpendicular to the loading 

direction). Since the experimental samples are loaded to high numbers of cycles, which is 

unfeasible to reproduce in the model due to current computing power availability, the latter 

Figure 6-2 – a) Slip planes and normals in HCP crystals. basal in red, prismatic in green and pyramidal in blue. b) Critical 
resolved shear stresses for the slip systems in Ti-6Al-4V and Zircaloy 4. c) FCC slip systems. d-f) BCC slip systems. 

a) HCP b)  

Ti-6Al-4V Zircaloy 4

Basal     <a> 525 204

Prismatic     <a> 350 153

Pyramidal     <a> 1050 204

Pyramidal <c+a> 1050 532

CRSS (MPa)

c) FCC <110> {111} 

e) BCC <111> {211} 

d) BCC <111> {110} 

f) BCC <111> {321} 
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allows us to monitor the crack throughout the whole life over a limited number of cycles. The 

growth rate can then be indicated by considering the magnitude of the stored energy 

accumulated at the crack tip as it grows through. A higher stored energy accumulation is 

indicative of a higher growth rate and vice versa. 

The non-local stored energy was calculated in the same way as in chapters 4 and 5. 

The cracks were propagated along the slip system on which there had been the most slip 

(accumulated shear strain) over the course of the loading history in the element ahead of the 

crack tip. In chapter 5, this was shown in single and bicrystal models to produce crack paths that 

are close to those seen experimentally, and to capture the same slip planes as those seen 

experimentally. For the more detailed discussion of the theory and implementation of the stored 

energy and the propagation modelling framework the reader is referred back to chapters 4 and 5 

respectively. 

To reduce the complexity of the problem, in this work the cracks are modelled as surface cracks, 

with crack plane normal directions constrained to be in the surface plane. This reduces 

computational expense, although it misses some of the effects of crack plane compatibility since 

this means that there is no ‘twist’ between the incoming and outgoing crack planes at grain 

boundaries. The twist seems to reduce the rate as the crack grows across grain boundaries(Schaef 

et al., 2011; Zhai et al., 2000). Hence there would likely be more significant retardation at grain 

boundaries than is observed in the quasi-2D modelling considered here, and this remains the 

subject of ongoing work. 

6.3 CRACK GROWTH IN POLYCRYSTAL HCP TI-6AL-4V 

The first case considered is that of a fatigue crack growing in a Ti-6Al-4V sample. The 

experimental data used here has been published by Zhang et al(Zhang et al., 2017). In this work, 

a sample of a forged bar was subjected to four-point bending fatigue and the crack nucleation 
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and growth observed. Concerning the behaviour at grain boundaries, it was observed that the 

outgoing slip planes were associated with high Schmid factors, and close alignment of the 

outgoing plane with both the incoming plane and the medial plane (normal to the far-field 

loading direction). Although correlated, these were not always good predictors, with cracks 

observed to grow on slip planes with Schmid factors as low as 0.1. 

Preliminary studies in chapter 5 of cracks growing across two three-grain sections from this 

experiment in models with rectangular grains showed that the crystallographic model used here 

correctly predicted the crack planes. The work in this chapter now includes into the model the 

full material representation of alloy Ti-6Al-4V and the full representative microstructure, to try 

to understand why the factors mentioned above such as the Schmid factor and the crack plane 

compatibility are sometimes not predictive of the crack plane. The model also allows us to 

investigate how the rate of growth is affected as the crack grows through the microstructure, 

giving richer and more detailed information than is available from the experimental data alone. 

6.3.1 Model 

The steps taken to build the polycrystal model from the available EBSD data are shown in 

Figure 6-3a-d. A 2D representation of the original microstructure was generated by first closing 

the crack using image editing software (Figure 6-3b). A sketch of the resulting ‘original’ 

microstructure was then made in Abaqus (Figure 6-3c). 

In the original experiment, the crack grew across the top face of a four-point bending specimen. 

Since the behaviour of interest here is the surface growth, the model used takes plane stress 

conditions. The model was therefore meshed using a single element in the out of plane direction 

(Figure 6-3d). The model prediction is thus made under the assumption of plane stress and that 

the sub-surface microstructure is not directing the growth path. In this case, the effects of sub-

surface microstructure are likely to be small relative to the effects of the surface microstructure 

and the correct crack planes were predicted in the preliminary study under this assumption. The 
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effects might be larger in the cases where there are sub-surface grains that are particularly close 

to the surface and particularly badly aligned - a rigorous study of the effect of the sub-surface 

microstructure on growth is an important direction for future work. 

The crystal orientations for the grains lying on the crack path were chosen to match the 

orientations obtained from the experiment(Zhang et al., 2017) and the Schmid factors given for 

the prismatic and basal slip systems in that paper’s appendix. The other grains for which Schmid 

a)
  

b)
  

c)
  

d)  

Figure 6-3 - a) Original EBSD image from (Zhang et al., 2017), EBSD image modified to close crack, c) Grain 
shapes used in model, d) Mesh showing different garins and initial crack position, e) overall model used in 
experiment, showing location of grains and load, f) Plot showing the R=0.1 stress applied at the boundaries. 
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f)
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factors were available were matched to reproduce the Schmid factors. All other grains were 

matched to those which were most closely oriented to those for which more data was available. 

In order to make modelling more tractable, the initial crack was modelled as an edge crack of 

length 150 µm. Clearly this will have some effect on the stress state at the crack tip, but the 

assumption is that the microstructural sensitivity is strong enough to dominate. This is likely to 

be reasonable since the stress in the experimental sample is below the yield point and so the 

plasticity is primarily driven by the crack. Another reason for making this simplification is that 

the experimental crack was growing at two ends and so by using an edge crack in this work, any 

dependence on the progress of the other crack front is avoided. The resulting model, along with 

the loading conditions, is shown in Figure 6-3e, and the fatigue loading regime shown in Figure 

6-3f. In simulations carried out with a constant cyclic peak stress, the crack growth was found to 

become uncontrolled after reaching the 4th grain (see Figure 6-4 for references to grain 

numbering), so the peak stress was dropped by 15% to 272 MPa from cycle 9 (chosen to give 

approximately the same stress intensity factor as at the beginning of the simulation). At this level, 

the crack growth stabilised again in grain 6 (and this eliminated the unstable crack growth within 

a single cycle which otherwise occurred with the low critical stored energy rate chosen to reduce 

the cycles required to grow the crack through the polycrystal), allowing investigation of the later 

growth. The R-ratio was maintained at 0.1 after the stress drop (i.e. the minimum stress was 

reduced to 27.2 MPa). 

6.3.2 Results 

Results of the Ti-6Al-4V simulation are shown in Figure 6-4. To explain the behaviour observed 

from a mechnistic standpoint, it is essential to look at the components that make up the stored 

energy – which controls the growth. The final distributions of the stored energy, plastic strain 

and GND densities can be seen in Figure 6-4a. 
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As would be expected, since the overall load is well below the yield point, plastic deformation is 

essentially confined to the grains through which the crack passes. The stored energy field is 

therefore similarly restricted to these grains, and is reasonably uniformly distributed along the 

length of the crack path – this is also expected since this is the quantity controlling the growth of 

the crack. However, this is different from the plastic strain, which shows higher magnitudes at 

the early stages of growth, which weakened in the fourth grain before steadily increasing again 

subsequently. The GND density was higher at the beginning and at the end near the four-grain 

junction. The interpretation of these results is complicated by the fact that the crack growth rate 

changes throughout. 

The plastic contribution to the stored energy can be approximated by dividing the accumulated 

stored energy by the accumulated plastic strain. A contour plot of this is shown in Figure 6-4b. It 

can be seen that the plastic strain contributes the most to the stored energy towards the 

beginning of the growth, in the first few grains, but that this reduces towards the end. This hints 

at a transition from a crack that is controlled by the plastic slip to one that is more controlled by 

the stress as the crack extends. This transition is also supported by consideration of the GND 

density. In the formulation of the stored energy, increasing GND density reduces the length 

scale over which the energy is available for crack growth. Therefore, higher values of the GND 

density mean that more energy must be put in (from the plastic strain energy) to propagate the 

crack. The higher GND density at the beginning of growth was overcome by the higher 

plasticity, but the higher GND density at the end of growth near the four-grain junction was not 

associated with a higher plastic strain, indicating that the propagation here was driven by higher 

stresses. 

We now move to consider the path and slip systems followed by the crack. A comparison 

between the modelled crack and the experimental results is shown in Figure 6-4c. The crystal 

orientations, overlaid with the individual slip planes within which the crack grew in that grain, are 
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shown in Figure 6-4d. The crack growth in the model started in grain 1, and followed the 

prismatic plane seen in the experimental path. 
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Figure 6-4 - Results from the Ti-6Al-4V fatigue crack growth model. a) Contour plots of the stored energy, cumulative 
plastic strain and GND density. b) Contour plot of the plastic contributionto the stored energy (the accumulated plastic 
strain divided by the accumulated stored energy). c) Comparison of the crack paths – model prediction in red and 
experimental path in blue/green. d) The predicted slip planes on which crack propagation occurs in the model for grains 1-
8 – note that all are prismatic except thew grain 8 plane which was basal. 
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The slip systems followed by the crack in grains 2-4 match those predicted by the rectangular 

grained model used in section 5.5. This includes the strong deflection at the grain boundary 

between grains 3 and 4, where the crack grows from one prismatic slip system onto another. 

This deflection occurs despite the basal plane in grain 4 being favoured by all three metrics 

investigated in the experimental paper; Schmid factor, alignment with the incoming plane, and 

alignment with the medial plane. From the simulations, there are two key factor that cause this. 

The first is the higher CRSS of the basal plane compared with the prismatic, such that more slip 

b)

Accumulated 

shear strain on 

slip system 

Figure 6-5 – a) Plot of maximum principal stress directions as crack approaches 3-4 grain boundary. The maximum 
principal stress direction can be seen to be largely influenced by the crack. b-c) Contour plots of the accumulated 
shear strain on the most active basal and prismatic slip systems. 
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occurs on the prismatic plane, even when it experiences a lower resolved shear stress. The 

second factor is the spatial variation in the quantities driving the growth. The Schmid factor is 

often utilised as a measure of the resolved shear stress on a particular slip system, but is too 

crude for use in this case. The maximum principal stress direction, which is affected strongly by 

the presence of the crack, but also by the local microstructure, is rotated by up to 23° from the 

loading direction in grain 4 and varies across the grain (see Figure 6-5a). This causes a strong 

spatial variation in the activity of both slip systems (compare Figure 6-5b and Figure 6-5c), 

meaning that if the crack path in grain 3 was different, it could have crossed the grain boundary 

into the region in grain 4 where the basal plane was more active, and therefore grown onto the 

basal plane instead. This fine balance explains why higher level approaches have been shown to 

be such poor predictors of the behaviour(Rovinelli et al., 2018a) - the crack planes can only be 

rationalised by considering the highly local behaviour, accounting for all of the crystal anisotropy 

and different slip system behaviour. 

In the experiment, the crack grew along a scratch (visible in the EBSD image in Figure 6-3b). 

The growth along the scratch observed was not modelled (and hence there is a deviation 

between the two paths). Despite the basal plane having the highest Schmid factor in grains 4-9, 

the crack was found to propagate along the prismatic planes, in agreement with the experiment, 

except in grain 8, in which the crack grew on the basal plane. The basal plane here had an 

apparent Schmid factor of 0.47 compared with 0.20 for prismatic, but following this the crack 

grew on the prismatic plane in grain 9, which had an apparent Schmid factor of 0.25 compared 

with the basal plane Schmid factor of 0.48. This demonstrates again that, based on this model, 

the apparent Schmid factor alone is often a poor predictor of the crack path under 

crystallographic growth due to the differences in the local stress state (compared with that 

remotely applied) and the ease of activation of the slip planes. 
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As the the crack approached the quadruple-grain junction between grains 6-9, the crack growth 

slowed down. This can be seen in the plot of crack extension and rate of growth shown in Figure 

6-6. This was caused by a redistribution of the stress state resulting from the misorientation 

between grain 8 and the surrounding grains, causing the stored energy to be developed primarily 

in grain 9. The variation in the stored energy development, and the stress redistribution are 

shown in Figure 6-7a and Figure 6-7b-c respectively. 

Grain 3 

Grains 1 & 2 

Grains 4-6 

Crack nears 6/7 
GB 

Growing along 8/9 
GB 

Figure 6-6 - Plot of crack extension and corresponding growth rates predicted in Ti-6Al-4V model. Note that the 
peak load is reduced from cycle 9. The growth rate can be seen to change significantly as it grows through the 
different grains, being particularly slow in grain 3 and as it approaches the quadruple grain point at the end of grain 
6. The labelled red circles highlight the microstructural features associated with each period of growth. 
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In the final section of growth observed in the experiment the path becomes more tortuous as it 

follows the grain boundaries. This behaviour was also predicted in the model, albeit along a 

different grain boundary due to the prior deviation in path. At the same time, the number of slip 

systems activated increases, which allows the crack to grow in more directions – which from 

previous modelling seems to tend towards a path closer to the medial plane. Combined with the 

increase in rate and the transition towards growth which is more driven by the stress and less by 

Figure 6-7 – a) Cropped image of crack path showing accumulated stored energy. b) and c) contour plots showing 
the XX-stress at the points indicated in a), where the crack is growing fast (b) and slow (c). 
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the plastic slip noted above, this is in keeping with general observations of crack transition from 

stage I to stage II crack growth that have been made for over 50 years (Forsyth, 1963). 

6.4 CRACK GROWTH IN POLYCRYSTAL BCC FERRITIC STEEL 

Previous work by Wan et al(V.V.C. Wan et al., 2016) investigated the ability of a maximum 

principal-stress based model to predict the path of crack growth in ferritic steel polycrystal 

samples based on experiments described by Sweeney et al(Sweeney et al., 2013). In that work, the 

model was shown to capture the experimental path in some cases, but to diverge significantly in 

others. It is therefore of interest to investigate whether the crystallographic model is better able 

to capture the paths observed. In light of the results presented earlier, it is also interesting since 

the maximum principal stress is thought to be useful in the case of stage II crack growth. 

The experiments on large-grained, notched ferritic steel samples involved four-point bending 

tests, as described in Sweeney et al(Sweeney et al., 2013). Three microstructurally differing 

samples were selected to model here (labelled FS1, FS2 and FS3), one for which the maximum 

principal stress was able to capture well the crack path (FS1), and two more tortuous crack paths 

where it was not. These specimens contained mm-scale grains, and the crack paths were 

composed of facets on a wide range of slip systems, which facilitated the high level of tortuosity 

within the grains. 

6.4.1 Model 

The overall geometric representation for all three model samples is shown in Figure 6-8a, with 

the detail of the grain structure around the notch, together with the initial crack positions shown 

in Figure 6-8b-d. The crystal orientations of the grains were taken from EBSD measurements. A 

cyclic, uniaxial, stress controlled load of 130 MPa was applied, at an R ratio of 0 and a frequency 

of 15 Hz, reproducing the conditions in the original experiment(Sweeney et al., 2013). Due to the 

demanding computational power required for these calculations, and since the cracks changed in 
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length significantly through the experiments (which means that the rate of growth would 

increase significantly), the modelled cracks were propagated at a constant rate measured normal 

to the loading direction. This allowed the entire lifecycle of the cracks to be investigated under 

fatigue conditions with achievable computational cost. As the simulations progressed, the 

accumulated stored energy at the point of failure was recorded along the crack path, to give an 

estimate of the relative rate of growth at that point in the life of the crack. 

6.4.2 Results 

Comparisons of the crack-paths predicted by the model and those observed experimentally for 

all three samples are shown in Figure 6-9. In the figure, the experimental paths are shown in red, 

Figure 6-8 - Overview of CPFE models of the ferritic steel specimens showing a) overall model, b-d) detail of grain 
morphology around notch for models FS1-3. 
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and the modelled crack paths are coloured from dark blue to yellow according to the magnitude 

of stored energy accumulated as the crack grew. Thus a dark blue path indicates a slower rate of 

growth and yellow indicates faster growth. 
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FS1, b) FS2 and c) FS3. The modelled paths are coloured according to the accumulated stored energy at the point 
of crack extension. Values have been smoothed to aid visualisation. 
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The whole calculated crack path for model FS1 is shown in Figure 6-9a. At this high level, the 

predicted path matches the experimentally observed path reasonably well, despite the path not 

being angled/tortuous in the way usually associated with a ‘crystallographic’ crack path. 

The crack path predicted by the model followed two slip systems, with one being much more 

common than the other. The individual facets making up the surface crack path in the 

experiment can only be seen at higher magnification. Examining the close-up SEM image of the 

crack path in the second grain (Figure 6-10), it can be seen that the crack planes predicted by the 

model align well with the path taken by the crack. The facets in the experiment are smaller than 

the finite elements utilised in the model and so could not be perfectly captured, but the 

proportion of cracking on the two differing slip planes can be seen to be about correct, leading 

to a predicted path that is well aligned with that of experiment at the higher scale. 
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Also shown in this figure are slip planes aligned with the secondary cracks seen in the SEM. 

Crack plane 1C was predicted to be the third most active slip plane in the model, although never 

dominant, and can be seen to be well aligned with some of the secondary cracking. Slip plane 

1D, which is well aligned with the other secondary cracks was predicted to become active to the 

right of the crack, but only when the crack front had already passed by. Looking at the SEM 

image, it can be seen that the cracks on plane 1D seem to occur at points where the primary 

crack has small kinks. In the model, it can be seen that the stored energy accumulation, and thus 

the growth rate, was also predicted to be lower around the kinks. This may indicate that the 

bifurcation occurs as the crack growth rate is reduced whilst the crack is growing on plane 1B, 

changing the stress state, which may lead to an increase in plane 1D activity. As the crack 

lengthened, the oscilations between planes 1A and 1B became more frequent, indicating that the 

increased crack length increases the availability of slip systems for crack growth.   

SEM Image Crack Planes Secondary Crack 
Planes 

1A 

1B 1D 

1C 

FS1 

Figure 6-10 – Close-up SEM image of specimen FS1 showing primary and secondary crack facets, overlaid with crack 
planes (1A-B) predicted by model and secondary crack planes (1C-D). 
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In experimental sample FS2 (Figure 6-9b) the crack path was more obviously crystallographic, 

growing at close to a 45° angle from the notch. This path was not well captured by the maximum 

principal stress model previously (V.V.C. Wan et al., 2016), which predicted growth normal to 

the overall tensile axis. As can be seen in Figure 6-9b, the crystallographic model prediction of 

the crack growth path in FS2 was again very similar to that observed experimentally. 

In the first grain, crack growth was predicted to occur on two different slip systems. One other 

slip system was highly active ahead of the crack tip, but was never dominant enough to direct the 

crack in the model. These three planes are shown, along with a SEM image from the experiment 

in Figure 6-11. It can be seen that the facets making up the experimental crack path aligned very 

well with the two dominant slip planes predicted by the model, with a smaller number of facets 

aligned with the third slip system. 

Moving on to the second grain, the path in the experiment was initially straight, but further into 

the grain followed a highly tortuous route, which seems not to have followed any particular slip 

plane. The model predicted very similar behaviour at the beginning, growing along a single slip 

system that is reasonably well aligned with the initial growth in the second grain in the 

experiment. Later in the grain, the modelled crack also grew along a second slip plane, causing 

the crack to turn towards the grain boundary in a similar way to that seen in the experimental 

Figure 6-11 – Close-up SEM image of specimen FS2 showing crack facets in the first grain. Overlaid lines 
demonstrate the alignment of the crack planes predicted by the model. 
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path. The modelled crack did not change direction again near the grain boundary, but continued 

through. The path in the third grain was roughly parallel with the experimental path, but it is 

difficult to assess the significance of this since the crystal orientation is different.  

The crack in model FS3 (Figure 6-9c) grew very close to the experimental path in the first grain, 

on two slip systems. In the experiment, the crack deflects strongly at the grain boundary, 

remaining in the first grain, but this is not predicted by the model. Looking at the stored energy, 

the model predicts a significantly reduced growth rate in the second grain – indicating severe 

retardation or possibly arrest.  

Examination of the stored energy distribution when the crack is at the grain boundary (Figure 

6-12), shows that there is very little stored energy in the second grain, but the stored energy is far 

higher within the first grain. At this point, there may therefore have been insufficient stored 

energy to support crack growth in the second grain, but still sufficient stored energy to support 

crack growth in the first grain. Although crack growth could not continue on the dominant slip 

Figure 6-12 - Contour plot of stored energy distribution in model FS3 with crack at grain boundary. Overlaid are arrows 
showing the modelled crack growth direction into the second grain (red arrow) and the direction corresponding to the 
most active slip system above the grain boundary (green arrow). The crack in grain 1 was predicted to grow only on slip 
system 3A. 
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system in the first grain because it had reached the grain boundary, it could still grow along a less 

active system if it remained within the first grain. This may have been more energetically 

favourable than growth into the second grain, and explains the deflection at the grain boundary 

observed experimentally. In the model, the most active slip system which would cause the crack 

to remain in the first grain (labelled 3B in Figure 6-12) runs roughly parallel with the grain 

boundary, and is similar in orientation to the crack path observed experimentally. This model 

prediction also shows one limitation of the Abaqus implementation used, which is that the crack 

cannot bifurcate or grow back through an element, meaning that once it reaches a grain 

boundary, it must grow through to the second grain. 

To investigate this crack deflection in more detail a further simulation was conducted in which 

the crack was prevented from growing on any slip plane that would take the crack tip through 

the grain boundary. This constraint was introduced along the region in which crack growth 

Figure 6-13 - Simulated crack path for sample FS3 with crack prevented from immediately growing into second 
grain. Slip systems along which crack grow was observed are shown (Slip systems A-C are in grain 1 and D and E 
are in grain 2). 
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occurred along the grain boundary in the experiment. The resulting path, with the region in 

which the constraint was active highlighted, is shown in Figure 6-13. The crack grew along plane 

3B for all elements in which the constraint was active, but still grew straight into grain 2 

immediately after leaving this region (on the slip plane labelled 3C in Figure 6-13). Although slip 

system 3B was not in the top 3 most active slip systems in the model without the constraint, by 

the end of the growth along the grain boundary, it was the second most active slip system. Once 

in the second grain, the crack grew parallel with the initial experimental growth in this grain (on 

slip plane 3D), but did not deflect towards the grain boundary on plane 3E as in the experiment - 

slip plane 3E was predicted to be the most active slip system across the whole grain, but was 

active to either side of the crack tip rather than ahead of it. 

Overall, these ferritic steel models show that many of the crack path details are captured, 

although the higher number of slip systems making up the path makes exact reproduction of the 

experimentally observed path more difficult. This is influenced also by the fact that the cracks 

often grow on individual facets seen in the experiment that are smaller than the scale of the finite 

elements in the model. The key result here, however is that that the correct slip planes are 

selected by the model and that the crack growth directions are indeed crystallographic. Future 

work could investigate more highly resolved models, but would likely encounter problems with 

the assumption of homogeneity within any given grain. Small inclusions or voids, or regions of 

inhomogeneity (e.g. intragranular reorientation) would likely have a significant effect on the 

predicted path, such as that in Figure 6-1, and would therefore also require extensive 

characterisation prior to modelling. 

6.5 CRACK GROWTH IN OLIGOCRYSTAL FCC NICKEL 

The third experimental example investigated in this work is of crack growth in a Nickel 

superalloy with large directionally solidified grains(Chen et al., 2017). The sample, shown in 

Figure 6-14, was subjected to three-point bending fatigue. The crack was observed to initiate 
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close to the grain boundary on the bottom face of the sample. The point of initiation has been 

previously shown to be predicted based on the location of highest stored energy(Chen et al., 

2017). Once initiated, the crack was observed to grow very slowly close to the first grain 

boundary, but then grew rapidly to fracture after growing a short distance past the grain 

boundary. It is therefore of interest to see whether this retardation around the grain boundary is 

captured by the stored energy, and if so, can a mechanistic explanation be given for why this 

behaviour occurs. 
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6.5.1 Model 

The entire specimen was modelled in the finite element simulation, with heavy refinement of the 

mesh in the region of crack initiation. The mesh in the region of the grain boundary of interest is 

shown in Figure 6-14b. A cyclic force was applied to the load point, with R=0, giving a peak 

stress around the nucleation site of 601 MPa. Since the rate is of most interest in this case, the 

crack propagation was set to be controlled directly by the stored energy, i.e. the crack was grown 

through each element as soon as the average stored energy in the element reached a critical value 

(this is the approach taken in chapters 4 and 5). This meant that the predicted rate of growth 

could be captured directly. 

Figure 6-14 – a) model of three-point bending specimen used for Nickel superalloy simulation, showing 
load point. b) Detail of finite element mesh and initial crack. 
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6.5.2 Results 

The path predicted by the model aligned well with the fatigue crack path seen experimentally (i.e. 

the path before fracture occurred). This can be seen in Figure 6-15a. In grain A, the crack grew 

along two slip systems which were both well aligned to give a path normal to the principal stress 

direction. In grain B, the crack grew along a single slip system that was again aligned with the 

experimental path. The slip systems along which growth was predicted are shown in Figure 

6-15b. 

A plot of the crack extension and rate of growth against time is shown in Figure 6-16a. 

Retardation of the growth rate occurred just after the crack reached the grain boundary. This 

occurred slightly after the grain boundary, and the growth rate of the crack would be expected to 

monotonically increase in the absence of a grain boundary, as discussed in chapter 5. As can be 

seen in Figure 6-16b and c, the stored energy development is limited in the second grain and so 

just after the crack enters this grain, its rate of growth slows considerably for a number of cycles, 

before subsequently increasing again. Something interesting to note here is that the retardation 

Figure 6-15 – a) Comparison of experimental (blue) and modelled (red) crack path in nickel superalloy sample 
overlaid on SEM image of experimental path. b) Crack planes predicted by the model. 
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didn’t occur until the crack had reached and passed ~4 µm into grain B. Care should be taken in 

the interpretation of this, since this distance is likely to be related to the distance over which the 

non-local averaging calculation takes place – 3 µm in this case. However, the key point to be 

observed is that the retardation did occur at the grain boundary, but more detailed simulations 

might need to be done to quantify exactly where the retardation (near or at the grain boundary) 

occurs. Once growth had resumed, the rate increased rapidly - as seen in the experiment, where 

fracture occurred soon after the crack resumed growth in the second grain. 
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Figure 6-16 - Results from Nickel model. a) Plot of crack extension (blue line) and growth rate (orange dots - 
moving average over 5 cycles) over the fatigue loading history b) stored energy contour plot at the point at which 
the crack reaches the grain boundary. c) stored energy contour after 65 cycles. 
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6.6 CRACK GROWTH IN POLYCRYSTAL HCP ZIRCALOY 4 

Crack growth in HCP zircaloy 4 was investigated in two notched samples with large grains (100s 

of µm). The physical experiments were conducted by Weifeng Wan at Imperial College London. 

The experimental samples, as shown in Figure 6-18a, were subjected to three-point bending 

fatigue. The two samples had different, but quite strong textures with very different crystal 

orientations (shown in Figure 6-18b and c) with respect to the primary loading direction and 

showed correspondingly different crack path behaviour. The aim here was again to assess the 

accuracy of the mechanistic understanding implemented in to the short crack growth model by 

Figure 6-17 – a) Dimensions of experimental three-point bending sample b) and c) EBSD images showing 
grain orientations and microstructure around notches in samples A and B respectively. 

b) Sample A EBSD image c) Sample B EBSD image 
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comparing predicted microstructure-level crack paths resulting from very different crystal 

orientations, with experimental observations. 

From the EBSD images shown in Figure 6-18b, it can be seen that there are two key differences 

between the two samples. First is that the predominant HCP crystal c-axis direction tends to be 

aligned with the notch in sample A, whereas in sample B it is perpendicular to the notch, coming 

out-of-plane. The second difference is that the grains in sample A are typically smaller, and the 

crack will encounter more grain boundaries for a given length. It might be expected that the 

higher number of grain boundaries encountered would lead to more deflections and a more 

tortuous path, but as will be seen, this transpires not to be the case. 
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6.6.1 Model 

The samples were modelled as notched plates under plane stress conditions as shown in Figure 

6-18a, with a notch length of 285 µm and diameter of 120 µm (Figure 6-18b). The mesh was 

refined in the region of the notch as shown in Figure 6-18c. A uniaxial, stress controlled load was 

applied at the boundaries as shown Figure 6-18a with a maximum load of 210 MPa for sample A 

and 250 MPa for sample B and an R-ratio of 0, giving the cyclic amplitude shown in Figure 

6-18d. For the crack growth simulations, initial cracks of around 50 µm were introduced into the 

model at the locations where the experimental cracks were predicted (and observed) to nucleate. 

Figure 6-18 – Diagrams showing: a) model dimensions, b) notch dimensions, c) typical mesh refinement 
in CPFE region around notch, and d) Loading history (max stress values were 210 and 250 MPa for 
samples A and B respectively). 
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The crack was then allowed to propagate when the non-local stored energy at the crack tip 

reached a critical value of 0.75 Jm-2. 

6.6.2 Results 

Experimental crack nucleation (as well as crack growth) observations were available for these 

samples, hence the nucleation of the cracks was studied first. After applying 100 fatigue cycles 

(with no XFEM crack), the points of predicted maximum stored energy were found to be 

located at the sites in the notch surfaces where crack nucleation occurred in the experiments; 

thus the stored energy accurately captures the nucleation locations. 
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The experimentally determined and predicted crack paths are shown in Figure 6-19c-f. Looking 

first at sample A, the results show that the predicted path matches the experimental path very 

well. The slip systems on which the crack grew are shown in Figure 6-19c, and were all prismatic 

Figure 6-19 - a) and b) predicted stored energy distributions after 100 fatigue cycles (with no crack present) for 
samples A and B respectively, with predicted and observed nucleation locations highlighted. (c-f) Comparison of the 
experimentally observed crack paths (c-d) with the modelled crack paths (e-f). Overlaid on the predicted crack paths 
are the slip planes on which the cracks grew. The contour in the model results show stored energy distributions (a-b) 
and (e-f). 
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Predicted 
Observed 

Predicte
d Observed 

15 

b) Sample B nucleation a) Sample A nucleation 

100 µm 100 µm 

  100 µm 

100 µm 100 µm 



Fatigue Crack Growth in Polycrystals | Crack Growth in Polycrystal HCP Zircaloy 4 

182 

systems. This is consistent with the single crystal modelling of fatigue crack growth in 

commercially pure zirconium (in section 5.3.2) which predicted this to be the case.  

Moving to sample B, the experimental path showed alternating growth along two prismatic slip 

systems (shown in Figure 6-19d). This behaviour has been predicted previously for single crystal 

studies with a similar crystal orientation in chapters 5, and was also predicted here for the model 

polycrystal (shown in Figure 6-19f). The precise locations at which the crack deflections occurred 

were not accurately captured by the model (as discussed before, intragranular variations of, for 

example orientation may lead to this and are not explicitly represented in the model), but they 

were predicted to become more frequent as the crack grew longer, again as seen in the 

experiment. 

These results show that the broad differences between the two experimental crack paths can be 

explained by the model. The straight path with few deviations seen when the c-axes were aligned 

with the notch was correctly captured, and is caused by the good alignment between the active 

prismatic slip systems. Within each grain, the two most active slip systems were always prismatic 

and were well aligned. Furthermore, across the grain boundaries, the most active slip systems 

(and therefore the predicted crack planes) were still well aligned since the c-axes were well 

aligned. In contrast, the crack in sample B was predicted by the model, and observed 

experimentally, to be highly tortuous, despite not crossing any grain boundaries. This occurs 

because the two most active slip systems have similar levels of activity and yet are poorly aligned 

with each other, and the crack tends to alternate between the two different slip systems. 

The mechanism of switching from one plane to another has been explained, and discussed in 

detail, in section 5.3.2, and arises from the variation around the crack tip of the activity of each 

individual slip plane, combined with the orientation of the slip plane itself. When the crack 

extends along a particular slip plane, if that slip plane is oriented such that the crack tip moves 
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towards a region in which that is the dominant slip plane, the crack will remain on that plane. 

However, if the crack grows into a region in which that slip plane is not dominant, it will deflect. 

6.7 DISCUSSION 

In all the cases presented here, the mechanistic short crack growth model shows strong 

agreement with the experimentally observed crack growth behaviour. This was true from the µm 

scale grains in the Ti-6Al-4V sample through to the mm scale grains in the nickel sample and 

covers both path and rate behaviour. This suggests that the mechanism and drivers of crack 

growth are shared among all four material systems. Since this covers representative HCP, FCC 

and BCC metals, it is argued that it is likely to be further applicable to most (and perhaps all) 

ductile metals. 

A particularly interesting observation made here is that of the changing make-up of the driving 

forces as the crack gets longer. At shorter lengths, cracks were more likely to stay on specific slip 

systems, with a large plastic zone and direction changes generally occurring at grain boundaries. 

With increasing length there were other, and relatively bigger contributions to the stored energy 

coming from stress and a reduced plastic wake. This shift in behaviour was also associated with 

the activation of more slip systems. At the grain scale this means that there was more variety in 

the crack path directions and more oscillations between differing slip systems, but at a higher 

length scale the individual facets on multiple slip systems may become indistinguishable. This 

causes the crack to take an overall path that resembles that of a long crack, growing normal to 

the maximum principal stress direction, and apparently not parallel to any slip system. But these 

cracks are, nonetheless, crystallographic. Often, for long cracks, the crystallographic deflections 

become so small so as to make the crack appear non-crystallographic. 

Together with the work shown in chapter 4 that has shown the diminishing microstructural 

sensitivity of the stored energy (and thus the rate of growth in this model) as the crack gets 
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longer, the model can be seen to capture many features characteristic of the transition from a 

mode I crack to a mode II crack that has been long observed across many materials. It is 

interesting that there are many different factors contributing to this change in behaviour, but 

fundamentally the same mechanistic basis presented can explain the full lifetime of the crack 

from nucleation through stage I and stage II. 

At higher length scales, the facets making up the experimental crack are aligned with the crack 

planes predicted by the model, but the deflections occur below the length scale possible with this 

model and so were not explicitly captured. This suggests that the mechanistic basis of the model 

is still valid in the large-grained samples, but the resolution of the model would have to be 

significantly increased to capture the micro-scale changes in direction. This is something that 

could be attempted in future, when greater computational power becomes available. 

In terms of the growth rate, the model predicts that the crack grows at different rates when it is 

on different slip systems, but that the rate is also modulated by changes in direction. This has 

been observed before experimentally in (Herbig et al., 2011), where it was noted that cracks 

growing parallel to slip systems (i.e. not switching crack plane) grew faster than those oscillating 

between different planes to give an overall direction which did not correspond to a particular slip 

system. The results in ferritic steel model FS1 also indicate that the changes in rate associated 

with directional changes could be drivers of secondary cracking. 

6.8 CONCLUSIONS 

• The stored energy, crystallographic slip directed crack growth model demonstrates good 

agreement in microstructure-sensitive crack path across all material (HCP, FCC, and 

BCC) systems and cases studied. 

o the model gives a high level of detail explaining the mechanistic factors driving 

the experimental observations. 
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• The changing make-up of the driving forces for crack growth were demonstrated, which 

for longer cracks leads to 

o greater contributions from stress (relative to the level of plastic slip) 

o increased availability of slip systems giving smaller amplitude oscillations between 

slip systems – leading to ‘average’ paths that do not correspond to a specific slip 

system. 

• The BCC ferritic steel crack growth showed good agreement with the mechanistic model 

despite the large (mm scale) grain size. 

• The crack growth rate effects at grain boundaries that were observed experimentally in 

the FCC nickel superalloy sample were captured by the stored energy growth criterion. 

• The change from straight to tortuous growth arising from different c-axis orientations in 

cracks growing in HCP zircaloy 4 was predicted by the model and the mechanistic basis 

explained. 
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7 FUTURE WORK AND PROOF OF CONCEPT STUDIES 

7.1 INTRODUCTION 

The fundamental methodology for modelling short fatigue crack growth introduced in chapters 4 

& 5 has shown good agreement with experimental observations. The broad applicability of the 

model means that there are numerous ways by which it can be extended, and a huge number of 

questions which could potentially be addressed. These can be crudely divided into two key areas. 

The first is the more fundamental area, which would address questions such as 

• How do cracks interact with brittle phases? 

• How would other environmental factors affect crack growth? 

• How can crack growth be modelled in full 3D? 

• How should grain boundary cracking be accounted for? 

Other work in this area could involve smaller scale modelling (such as DDD) to refine the 

driving force and direction calculation. 

The second area for future development is the more applied side, which would involve the 

development of the model for industrial application. Some important questions are 

• For application in lifing models, how can the rate of growth under high-cycle fatigue be 

calculated from the model results which are limited to fewer cycles? 

• Can the model be applied in statistical analysis of large numbers of models to assess the 

impact of microstructural changes? 

Since component level modelling using this methodology is unfeasible, both due to lack of 

computing power and due to the necessity to characterise the precise grain structure in the entire 

component, the industrial application of this methodology will be through linkage of the grain-

scale results from this methodology to higher scale metrics which can be applied into lifing 

methods. These statistical metrics will need to be generated through the modelling of crack 

growth in many different volumes for each material, texture and morphology. 
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Another important step that must be taken to better understand the model is a statistical 

assessment of the components of the model to ascertain their relative importance. A similar 

study which was undertaken for another fatigue model was able to give a deeper insight into 

which factors have the strongest effect on the fatigue lifetime prediction of the model 

(Yeratapally et al., 2016). Another benefit of this approach is to allow the influence of the 

different assumptions made in the methodology to be tested. 

In the rest of this chapter two questions of particular interest are investigated in more depth. The 

first is the interaction of cracks with brittle phases such as hydrides, and the second is the 

behaviour of cracks around grain boundaries in 3D. The work presented in this chapter 

represents the first steps in studies of these behaviours, with the primary aim of demonstrating 

the viability of the model for future studies in these areas, and potentially identifying any 

significant challenges facing application in these contexts. The remaining two sections of this 

introduction give a brief overview of recent literature relevant to these cases. 

7.1.1 Crack interactions with brittle phases 

A common problem associated with fatigue crack growth is that the domain in which the cracks 

grow is not homogenous ductile metal, but may also include brittle phases such as hydrides. An 

example of this is hydrides in zirconium alloys, which have been extensively studied as failure 

sites in the cladding of nuclear reactors (IAEA - International Atomic Energy Agency, 2010, 

2004). This problem is highly complex, with simultaneous effects of temperature, hydride 

content, and irradiation all contributing to the eventual failure. Despite the high level of research 

in this area, progress has been slow. A computational modelling approach provides a way of 

studying the individual contributions of specific factors without the complexity of including all 

the effects at once. 

Brittle inclusions/particles are often the sites of crack nucleation, having been observed in a 

number of different materials including zirconium alloys (Choubey and Puls, 1994; Chow et al., 
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1991), nickel superalloys (Chen et al., 2017; Naragani et al., 2017; Schaef et al., 2011), and others 

(Chan, 2010). The effect on the nucleation of the crack have been studied extensively, but the 

effects of these on growing cracks has seen less activity. 

A good example of the effects that these inclusions can have can be seen in the work of (Schaef 

et al., 2011), who studied cracks growing in a nickel superalloy which contained inclusions 

(Figure 7-1). 

Another example in Nickel superalloys is that of (Naragani et al., 2017), who showed the 

nucleation and initial growth of a crack at an inclusion. After nucleation, the crack remained for 

many cycles in an area in which the stress state was dominated by the inclusion and hence the 

propagation of the crack must also be somewhat dependent on that. 

Returning to zirconium alloys in their application as fuel rod cladding, these experience the 

formation of hydrides in a variety of morphologies dependent on the environmental and 

mechanical conditions (IAEA - International Atomic Energy Agency, 2010). Examples of 

hydrides in zirconium alloys are shown in Figure 7-2a-b (Kerr, 2009; Motta and Chen, 2012). 

Hydrides at notches are particularly associated with early failure. These form approximately 

radially from a notch (See for example that in Figure 7-2b). The hydrides are brittle (Chan et al., 

2016), but for failure to occur, the crack must also propagate through the zirconium matrix. It is 

Figure 7-1 - Fatigue crack paths growing across and identical grain boundary in a nickel superalloy taken from 
experimental work published in (Schaef et al, 2011). Note that the path is different around the inclusion in b) 
compared with the path taken without the presence of an inclusion a). 

a) b) 
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therefore of interest to study the nucleation and growth behaviour of a crack in the presence of 

hydrides, compared to the case without a hydride. 

Due to the high variability in microstructure and hydride formation, the precise effects are 

difficult to ascertain using experimental methods, but computational methods provide a fast and 

convenient way to study the effect of the hydrides in a controlled manner. 

7.1.2 3D Cracking 

The work presented in the preceding chapters has all been done under plane stress conditions, 

with no consideration of the 3D geometry of the crack. These models have been able to capture 

the important aspects of the surface crack path but, as noted with regards to the ferritic steel 

crack paths in section 6.4, the influence of the sub-surface microstructure on the surface crack 

path still needs to be quantified. Furthermore, the sub-surface growth of cracks is also important 

in industrial application. Particularly interesting here is the behaviour of the crack as it 

approaches a grain boundary since in 3D the problem is more complicated than the analyses 

presented in chapter 6. As mentioned previously, the Zhai model rationalised behaviour arising 

from tilt/twist (Zhai et al., 2000) of cracks at grain boundaries, linking the retardation at the 

grain boundary to the area required to ensure compatibility between the incoming and outgoing 

planes. This is intrinsically a 3D problem and so requires a full 3D model to be addressed. 

Figure 7-2 - Example of hydrides (dark features) in zirconium alloys in a) cladding and b) at a notch. 
Images taken from a) (Motta and Chen, 2012)  and b) (Kerr, 2009). 

a) Cladding b) Notch 
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Recent advances in experimental techniques such as X-Ray tomography are providing 

unprecedented levels of detail of the 3D behaviour of cracks at grain boundaries (see for 

example (Spear et al., 2014)), but the complexity of the problem limits the development of 

understanding. Work by (Holzapfel et al., 2007) in mild steel showed that crack propagation was 

only possible in suitable orientations (crack agglomeration was common), and that sub-surface 

interactions with grain boundaries had effects on the rate of growth at the surface. The high level 

of complexity due to interactions from multiple grains meant that the individual effects were 

difficult to isolate. Later work on bicrystal nickel superalloy samples by (Schaef et al., 2011) 

showed that cracks decelerated at grain boundaries by varying amounts, and particularly clearly 

showed the necessity of the cracks to propagate on two different slip systems to account for 

crack plane incompatibility caused by twist at the grain boundary. The resulting steps were found 

to be small, minimising the additional energy required. With regards to modelling this behaviour, 

the way in which these steps should be implemented into the model used here thus depends on 

their scale. If the steps are small relative to the mesh size, they cannot be explicitly represented, 

and so the crack path would need to be modelled as an averaged value of the different crack 

planes. If the steps are large, they could perhaps be modelled explicitly. 

Two implementations of models that have attempted to capture the full 3D crack path are those 

of (Proudhon et al., 2017) and (Rovinelli et al., 2018b). The model of Proudhon, a CPFE-based 

model with crack propagation introduced through remeshing, showed deflections in the path 

reminiscent of experimental ones, but crucially no comparison with an experimentally observed 

crack path. The crack was not constrained to individual slip planes and so was able to grow in 

arbitrary directions, which makes it difficult to compare with the faceted paths observed 

experimentally mentioned above. The machine learning approach taken in (Rovinelli et al., 

2018b) utilised correlations measured from  between a number of metrics such as the resolved 

shear stress on a slip direction and the  misalignment between the principal stress axis and the 

slip direction to build an analytical function to predict the rate and direction of growth. This was 
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demonstrated to be better than many existing fatigue metrics, but the limited spatial resolution of 

the approach meant that the precise details of when and why the model and experiment diverged 

were difficult to assess. 

7.2 METHODS 

The material model used throughout this chapter is the same CPFE/XFEM model that has been 

demonstrated in previous chapters. All material parameters and stored energy calculation details 

are identical to those used for the zircaloy 4 models in section 6.6. The hydrides were modelled 

with an isotropic elastic material model (i.e. no plasticity) with a Young’s modulus of 88 GPa and 

a Poisson’s ratio of 0.3. The crack propagation direction is again chosen to be parallel with the 

slip plane on which there is the most accumulated shear strain and, for the hydride investigation, 

the crack is constrained to be perpendicular to the plane of the sample, but in the 3D study the 

crack is allowed to freely orientate parallel with the slip plane (although this is constrained 

geometrically due to compatibility, as will be discussed later). 



Future work and proof of concept studies | Interactions with brittle phases 

192 

7.3 INTERACTIONS WITH BRITTLE PHASES 

The first study here is of edge cracks growing in the two large-grained, notched three-point 

bending specimens of zircaloy 4 introduced in section 6.6 (shown again in Figure 7-3a). All 

experimental work shown here was conducted by Weifeng Wan. The crack growth was again 

a) Experimental specimen 

Figure 7-3 – Diagrams showing: a) experimental specimen dimensions, b) model dimensions, c) notch 
dimensions, and d) typical mesh refinement in CPFE region around notch. 
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modelled as an edge crack growing in plane stress, with a single element in the thickness. Cyclic, 

stress-controlled loading was applied at the edges of the sample (Figure 7-3b), R=0 at 0.05 Hz. 

The maximum stresses applied were 210 and 250 MPa for samples A and B respectively. The 

dimensions of the notch and a typical mesh are shown in Figure 7-3c and Figure 7-3d 

respectively. 
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Prior to loading in the two experiments, EBSD images were taken to capture the microstructure 

around the notch. As can be seen in Figure 7-4, the c-axes were generally perpendicular to the 

loading direction in both cases, but predominantly aligned with the notch in sample A and 

aligned out of the plane in sample B. 

Figure 7-4 – EBSD images showing grain orientations and microstructure around notches in samples A 
and B. Lower images show the microstructures used in CPFE model. Hydrides are coloured dark blue in 
the bottom images. 

a) Sample A b) Sample B 

A – With Hydride B – With Hydride 

B – No Hydride A  – No Hydride 
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The aim here is to investigate the effect of hydrides, so in addition to the previously presented 

models, new models were created with hydrides introduced along grain boundaries, aligned 

approximately perpendicular to the overall loading direction. These were approximately 20 µm in 

thickness, and can be seen in Figure 7-4 compared with the original grain morphologies. This 

represents a simplified picture of hydrides, which are typically layered and finer, but should still 

give indicative results. For this study, the effect of the hydrides is investigated with regards to 

both the nucleation and the propagation of the crack. 

To investigate nucleation, the samples were subjected to 100 loading cycles with no XFEM crack 

present. Contour plots of the stored energy after 100 fatigue cycles are shown in Figure 7-5. The 

introduction of the hydride caused little change in the predicted location of initiation in model A, 

but caused the location to move slightly away from the hydride in model B. 

a) Sample A b) Sample B 

A  – No Hydride 

A  – With Hydride B  – With Hydride 

B  – No Hydride 

Figure 7-5 - Contour plots showing the predicted stored energy distributions after 100 cycles for samples A 
and B, with and without the hydride present. 

15 
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To investigate the propagation of these cracks, XFEM cracks were introduced into the models at 

the locations that were predicted (and experimentally observed). To aid comparison, the crack 

was introduced at the same location in the models with and without the hydride. In model B, the 

initial crack was located within the hydride. 

The cracks were allowed to propagate when the stored energy at the crack tip reached a critical 

value of 0.75 Jm-2, which was chosen to allow growth over the observed range within a 

reasonable number of cycles. Since the hydrides were modelled with a purely elastic response, a 

critical value of the maximum principal stress was used as the criterion for propagation in these 

regions. The crack propagation direction was chosen to be parallel to the slip system with the 

highest accumulated shear strain in the zirconium regions, and normal to the maximum principal 

stress in the hydride. 

The crack paths; experimentally determined, and predicted with and without the presence of the 

hydride, are shown in Figure 7-6 and Figure 7-7 for specimens A and B respectively. Looking 

first at specimen A, the results show that the predicted path matches the experimental path very 

well in both models. This indicates that a) the model is capturing the right behaviour of the 

crack, and b) that the hydride does not have a significant effect on the path taken by the crack in 

this case. 

The slip systems on which the crack grew are shown in Figure 7-6, and were all prismatic 

systems. This is in agreement with the single crystal models of fatigue crack growth in 

commercially pure zirconium which predicted this to be the case (chapter 5). 
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Although the path was not significantly affected, the hydride did have a significant effect on the 

rate of growth. Without the hydride, the crack took 11 cycles to reach the point shown in Figure 

7-6, but took just 4 cycles with the hydride present. Together with the shorter nucleation time 

predicted in the first section, this indicates that the hydride has a strongly negative affect on the 

resistance to failure in this specimen. 

Figure 7-6 - Comparison of experimentally observed crack path (a) with modelled paths with (b) and without (c) 
the hydride for model A. 

c) Sample A  – With Hydride 

b) Sample A  – No Hydride 

b) Sample A  – Experiment 
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Moving on to model B, the experimental path showed alternating growth along two prismatic 

slip systems (shown in Figure 7-7). The precise points at which the deflections occurred were not 

accurately captured by the model, but were predicted to become more frequent as the crack grew 

longer, again as seen in the experiment. The introduction of the hydride into the model caused 

the crack to deviate from the behaviour without the hydride present. With the initial crack tip 

Figure 7-7 - Comparison of experimentally observed crack path (a) with modelled paths with (b) and without (c) 
the hydride for model B. 

c) Sample B  – With Hydride 

b) Sample B  – No Hydride 

a) Sample B  – Experiment 
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being in the hydride, the crack grew along the hydride for a short distance, before entering the 

ductile region. The crack then followed the same two prismatic slip systems, but deflected less 

often than in the model without the hydride. 

The rate of growth in model B was again elevated as a result of the introduction of the hydride, 

although not as significantly as in model A. Without the hydride, the crack took 28 cycles to 

reach the point shown in Figure 7-7, whereas it took 16 cycles with the hydride present. There 

seems to be two likely causes behind this increase in rate. First is the difference in stress between 

the two models. In the hydride model the stresses at the crack tip were increased relative to those 

in the hydride-free model at a comparable point in the crack path. This higher stress drives 

higher stored energy accumulation at lower levels of plastic strain. This meant that the crack 

propagation was more stress driven with the hydride present and driven more by the plastic 

strain without the hydride present. The second effect on the rate is linked with the path. In the 

experiments, the rate of growth was observed to decrease at the turning points and be higher in 

the sections in which the crack path was straight. This was also seen in the modelled cracks here, 

and since the crack in the hydride-free model was more tortuous than the model with the 

hydride, this further reduced the growth rate. 

In model B there is therefore a difference in the effect of introducing the hydrides on the 

nucleation vs the propagation. The nucleation time was predicted to be lengthened by the 

presence of the hydride, but the crack propagation rate was predicted to also be increased by the 

presence of the hydride. This means that the overall effect of the hydride on the resistance will 

be dependent on the trade-off between the improved nucleation time and the degraded 

resistance to propagation. In reality, this may also depend on the hydrides themselves, since 

nucleation may be possible within the hydride or on smaller imperfections at the boundary 

between the hydride and the matrix. 
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7.4 GROWTH IN 3D 

To investigate crack growth across grain boundaries in 3D, two rectangular prism models were 

created, one where the entire prism had a single crystal orientation, and one with two ‘grains’ 

with different crystal orientations applied. The single crystal was oriented for single slip, and the 

bicrystal had an identical orientation in the first grain, and a second grain orientation was rotated 

20° around the loading axis from the orientation of the first grain. The model is shown in Figure 

7-8. The prism was subjected to displacement controlled, uniaxial loading at an uncracked 

equivalent strain rate of 5 × 10−5𝑠−1. The crack was propagated at a constant rate of 1 µ𝑚/𝑠 in 

the negative Y direction (see Figure 7-8 for reference to the direction). 

The predicted crack paths are shown in Figure 7-9. In both samples, the crack propagated on 

prismatic plane through the sample. This meant that the crack grew straight in the single crystal 

sample, but twisted in the bicrystal. Due to limitations in the Abaqus implementation of XFEM, 

the crack does not twist immediately across the entire crack front, but twists gradually, starting 

from one edge. This gradual twist behaviour seems similar to that seen in a nickel superalloy by 

Schaef et al, who observed that the steps on cracks crossing a grain boundary were small(Schaef 

et al., 2011). If the steps are averaged out, the crack therefore would be expected to be able to 

undergo pure tilt at the grain boundary, twist being only gradually accomodated. This aspect of 

the model result therefore seems to be physically reasonable. 
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Due to changes in the Y coordinate, which controls the crack propagation, arising from the 

material inhomogeneity (the model twists slightly on loading due to the differing elastic response 

in the two crystal orientations), the crack front advances first on the back face of the model. This 

causes the crack to twist first at the back face. As the crack propagates through the rest of the 

thickness, the crack plane should still be the same slip system, but the precise alignment is not 

possible due to the necessity to maintain compatibility between the crack front in the first gain 

and the crack front in the second grain. Therefore, moving away from the back face, the crack 

gradually twists until, at the front face, the crack does not twist but only tilts. As the crack grows 

X 

Y 

Grain 1 

Grain 2 

X 

Z 

Y 

Displacement 
applied to 
entire face 

25 µm 

1
0
0
 µ

m
 

b) 

a) 

Figure 7-8 – Two views of model used for 3D crack growth investigation. a) 3D view, showing dimensions of 
sample b) view of front face showing mesh, initial crack length and crystal orientations for bicrystal model. For 
single crystal model, crystal orientation was identical to that shown for grain 1. 
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away from the grain boundary the crack becomes more and more twisted through the entire 

thickness. Since it is no longer fully aligned with the slip system, and the availability of other slip 

systems to accommodate the behviour seen is not considered by Abaqus, it is difficult to 

mechanistically justify the precise shape of the crack in terms of how it accomodates the twist. 

Another complication is that the length over which the twist is accomodated may be strongly 

mesh dependent. 

Looking at the crack path on the free surface at the back face, highlighted with a blue line in 

Figure 7-9b, the path can be seen to be aligned with the slip system in the second grain. This is 

the path that would be taken under the 2D constraint used in the previous models of surface 

cracks in this thesis, indicating that the surface behaviour would be predicted to be identical 

regardless of the presence of the sub-surface in this sample. 

Overall, the CPFE-XFEM based crack growth methodology shows promise in the modelling of 

3D cracks, but future studies will need to carefully consider the effects mentioned above, and the 

physical relevance of the averaging made in the implementation of XFEM utilised. 
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Figure 7-9 - Crack paths predicted in 3D models for a) single crystal case and b-d) bicrystal case 
(showing different views of the same crack) 

Y 

X 

Y 

X 

Z 

X 

Y 

X 
Z 

Twist starts here 

Pure tilt 

b) Bicrystal 

a) Single crystal 

c) Bicrystal 

d) Bicrystal 

Grain 1 

Grain 2 

Grain 1 

Grain 2 



Future work and proof of concept studies | Conclusion 

204 

7.5 CONCLUSION 

A number of questions have been discussed that could potentially be addressed using the models 

developed in this thesis. Preliminary studies have been carried out to investigate the applicability 

of the model in samples including brittle phases and in the context of crack growth in full 3D. 

The hydride study has demonstrated that the inclusion of hard particles affects both the rate and 

direction of crack growth, but that this interaction is dependent on the crystal orientations and 

morphology. The presence of hydrides therefore adds an additional layer of complexity onto the 

problem, since the crack growth behaviour was already highly dependent on the texture with no 

hydride present. The influence of the hydrides therefore makes the resistance to failure even 

more texture dependent. Additional modelling coupled with experiments will be required before 

sufficient mechanistic understanding has been developed to guide the development of more 

advanced materials and lifing strategies. 

The study of 3D crack growth demonstrated the viability of the model in 3D, but also 

highlighted some of the issues that will need to be addressed before the physical applicability of 

the results can be determined. This process will again require the careful comparison with 

experimental results. 
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8 CONCLUSION 

The physically-based methodology for modelling microstructurally-sensitive fatigue crack growth 

introduced here has been shown to capture many of the experimentally observed effects 

associated with microstructurally-sensitive fatigue crack growth which currently contribute to the 

high levels of uncertainty in lifing models. The ability of the model to accurately capture these 

key behaviours has enabled their rationalisation within a physically-based, mechanistic 

framework. The methodology has been demonstrated to capture 

• For the stored energy used as the driving force 

o Increased growth rates at low stress-intensity factors relative to long cracks 

o The dependence of toughness on crystal orientation  

o Diminishing microstructural sensitivity of the driving force with increasing crack 

length 

o Retardation at grain boundaries 

o Increasing contributions from the stress to the propagation as the crack grows 

• For the crack propagation 

o Changes in path/crack plane due to changing crystal orientation 

o Broader texture effects on crack paths 

o Double-slip/growth on alternating slip systems 

o Strong deflections at grain boundaries 

These results, and the application of the methodology to new cases, will aid the assessment and 

understanding of the influence of the microstructural changes on the lifing predictions of 

engineering alloys. The extension of the methodology to additional areas of industrial relevance 

has also demonstrated, although there are some challenges that will first need to be addressed 

before more rigorous studies can be undertaken. 
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