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Abstract 

The material modelling and design of hot-rolled and cold-formed structural steel cross-

sections are addressed in this thesis. Regarding the material modelling, constitutive equations 

that accurately represent the stress-strain response of hot-rolled and cold-formed steels have 

been developed and calibrated based on a large dataset of coupon test results collected from 

the global literature. The models are suitable for use in advanced numerical simulations and 

parametric studies. For the design of structural steel elements, a deformation based design 

approach named the Continuous Strength Method (CSM), which provides an alternative 

treatment to the conventional concept of cross-section classification adopted in current design 

specifications and enables a rational exploitation of strain hardening, has been extended to 

cover both hot-rolled and cold-formed steels. The CSM design proposals were underpinned 

by existing test results collected from the literature in conjunction with additional cross-

section tests on stocky hot-rolled I-sections conducted in the present study and numerical 

results obtained from validated finite element models. The design of cross-sections in 

compression, bending and combined loading has been addressed. The new design approach 

has been shown to yield a higher level of accuracy and consistency compared with the current 

codified design methods, and the reliability of the proposed design approach has been 

confirmed by performing statistical analyses. This study promotes the CSM as a universal 

design approach that now covers the design of stainless steel, aluminium alloy and structural 

carbon steel cross-sections. Recommendations for future developments to the CSM has also 

been made. 

 

 

 

 



iv 

 

 

Acknowledgements 

I would like to thank all the people who have contributed, in different ways, to the 

completion of my doctoral studies at Imperial College London. First and foremost, I would 

like to express my deepest gratitude to my supervisor Prof. Leroy Gardner, who has provided 

me with invaluable advice and guidance throughout my PhD studies. He’s been my essencial 

mentor, offered me constant support, encouragment and a much-needed dose of humour and 

humanity. I could not have been more fortunate to work with him. I am forever grateful for 

all his help. 

 
I would like to acknowledge the financial support provided by the Chinese Scholarship 

Council (CSC) for my PhD study at Imperial College London. 

 
I wish to thank Prof. Nicolas Boissonnade for providing me with the opportunity to undertake 

experiments in Fribourg, Switzerland, and for his constructive guidance and continued 

support over the past three years. I can only hope to repay him with more collaborative work 

in the furure.  

 
I am also thankful to the dissertation committee members, Prof. David Nethercot at Imperial 

College London and Prof. Markus Knobloch at the Ruhr University Bochum, for dedicating 

their precious time reviewing this thesis. 

 
I will always have a special place in my heart for the generous individuals at the University 

of Applied Sciences of Western Switzerland. I would like to thank Mr Yanis Schaller, Mr 

Jean-Paul Andrey and Mr Dominique Delaquis for their assistance in the experimental 

programme. Many thanks to Dr Joanna Nseir, Dr Elsy Saloumi and Dr Marielle Hayeck for 

accompanying me, supporting me, and feeding me with chocolate and Swiss fondue whilst 

working in Switzerland. The moments that we spent together are unforgettable. 

 
I wish to record my grateful appreciation to my amazing friends and colleagues at Imperial 

for making this journey more pleasant, including Dr Jie Wang, Dr Pinelopi Kyvelou, Dr 

Craig Buchanan, Dr Jonathan Gosaye, Dr Sheida Afshan, Dr Yidu Bu, Dr Wei Qiu, Mr. 

 



v 

 

Gabriel Santos, Dr Merih Kucukler, Dr Andrew Liew, Dr. Qinghua Tan, Ms Fiona Walport, 

Mr Andreas Fieber, Mr Nicolaos Hadjipantelis, Mr Constantinos Kyprianou, Ms Chunyan 

Quan, Mr Yao Sun, Ms Sophie Day, Ms Fangying Wang, Ms Ruizhi Zhang, Dr Qinghua Lei, 

Dr Xue Wan, Dr Ding Zhou, Dr Pengcheng Li, Mrs Lin Zhu, Mr Tingfa Liu, Mr Zhan Lyu 

and Ms Xi Chen. 

 
I want especially to single out my friend Dr Wenjie Cui for the friendship that he showed me 

during the highs and the lows of my doctorate studies. I owe many thanks to him for all his 

help, advice and support. Thanks to my little brothers Mr Xin Meng and Mr Wing Wan who 

sustained me during the toughest time of thesis writing. I am grateful for their 

encouragement, support and, most of all, the lasting friendship developed alongside the hard 

working days. 

 
Finally, thanks, as always, to my parents Mr Guowen Yun and Mrs Xiulian Wei and my 

sisters Mrs Liqiong Yun and Ms Chengmin Yun for their continued support and 

encouragement throughout my doctoral studies and my life in general. I would never have 

finished this thesis without their invaluble gifts of support and love. 

 

 

 



vi 

 

 

Preface 

The journal articles, based on the work presented in this thesis, are listed in chronological order 

as follows: 

 

Gardner, L., Yun, X., Macorini, L. and Kucukler, M. (2017) Hot-rolled steel and steel-concrete 
composite design incorporating strain hardening. Structures; 9: 21-28. 
 

Yun, X. and Gardner, L. (2017) Stress-strain curves for hot-rolled steels. Journal of 

Constructional Steel Research; 133: 36-46. 
 

Yun, X., Gardner, L. and Boissonnade, N. (2018) The continuous strength method for the 
design of hot-rolled steel cross-sections. Engineering Structures; 157: 179-191. 
 

Yun, X., Gardner, L. and Boissonnade, N. (2018) Ultimate capacity of I-sections under 
combined loading–Part 1: Experiments and FE model validation. Journal of Constructional 

Steel Research; 147: 408-421. 
 

Yun, X., Gardner, L. and Boissonnade, N. (2018) Ultimate capacity of I-sections under 
combined loading–Part 2: Parametric studies and CSM design. Journal of Constructional Steel 

Research; 148: 265-274. 
 

Yun, X. and Gardner, L. The continuous strength method for the design of cold-formed steel 
non-slender tubular cross-sections. Engineering Structures; 175: 549-564. 
 

Gardner, L. and Yun, X. Description of stress-strain curves for cold-formed steels. 
Construction and Building Materials; 189: 527-538. 
 

Yun, X. and Gardner, L. Numerical modelling and design of hot-rolled and cold-formed steel 
continuous beams with tubular cross-sections. Thin-Walled Structures; 132: 574-584. 
 

Gardner, L., Yun, X., Fieber, A. and Macorini, L. Steel design by advanced analysis: material 
modelling and strain limits. Engineering; (Accepted). 

 



Contents 

 

vii 

 

 

 

Contents 

Declaration of originality i 

Copyright declaration ii 

Abstract iii 

Acknowledgements iv 

Preface vi 

Contents vii 

List of Figures xii 

List of Tables xix 

Notations xxii 

 

1  Introduction 1 

 1.1  Background...…………………………………………………………………….. 1 

 1.2  Research scope and objectives…………….……………………………………... 4 

 1.3  Thesis overview………………………………………………………………….. 6 

  

2  Literature Review 8 

 2.1  Introduction...…………………………………………………………………….. 8 

 2.2  Hot-rolled and cold-formed steel cross-sections………………...……………..... 8 

 2.2.1  Production routes………………………………………………………….. 8 

 2.2.2  Material properties…………………………………………...…………..... 11 

 2.2.3  Residual stresses……………………………..…………………………..... 14 

 2.2.4  Local geometric imperfections…...……………………………………...... 18 

 2.3  Shortcomings of existing design codes……………………………...…………… 20 

 2.3.1  Cross-section classification concept………...……………….……….…… 20 

 2.3.2  Element interaction…………………………………………………….….. 25 

 2.3.3  Strain hardening…….………………………………………………….….. 27 

 

 



Contents 

 

viii 

 

 

 2.3.4  The spread of plasticity..……………………………………………….….. 28 

 2.4  Continuous Strength Method (CSM)………………..…………………………… 29 

 2.4.1  Introduction…………...……………………………………………….….. 29 

 2.4.2  CSM design base curve.……………………………………………….….. 30 

 2.4.3  CSM material model…..……………………………………………….….. 34 

 2.4.4  CSM cross-section resistance functions……………………………….….. 36 

 2.4.5  Recent development of the CSM……...……………………………….….. 38 

 2.5  Concluding remarks………………..………………..…………………………… 40 

 
3  Material modelling of hot-rolled steels 42 

 3.1  Introduction..……………………………………………………………………... 42 

 3.2  Overview of existing stress-strain models and previous work……….………...... 43 

 3.2.1  Existing stress-strain models………..…………………………………..… 43 

 3.2.2  Existing predictions of εsh and Esh……………..………………………..… 44 

 3.3  Expressions for the proposed standardised stress-strain models……………...…. 45 

 3.4  Experimental database…………………………………………………………… 48 

 3.5  Development of predictive expressions for material parameters………………... 52 

 3.5.1  Predictive expressions for εu and εsh………………………………………. 52 

 3.5.2  Predictive expressions and values for model coefficients……..………..… 55 

 3.5.3  Comparison of experimental values of εsh and Esh with predictions from 
57   proposed and ECCS model……………………………………………….. 

 3.5.4  Effect of variations εsh and εu……..………..……………………………… 58 

 3.6  Comparison with experimental stress-strain curves and summary of proposals.... 59 

 3.6.1  Comparison with experimental stress-strain curves………………………. 59 

 3.6.2  Summary of proposals……………………………………………….……. 63 

 3.7  Concluding remarks…………………………………………………………….... 64 

 
4  Material modelling of cold-formed steels 67 

 4.1  Introduction..………………………………………………………………….….. 67 

 4.2  Overview of existing stress-strain models and previous work…………………... 68 

 4.2.1  Existing stress-strain models…………………...…………………………. 68 

 4.2.2  Existing models for predicting strength enhancements in cold-formed  
  steel sections………………..………………………………………….….. 73 



Contents 

 

ix 

 

 

 4.3  Experimental database and data processing method…………………………….. 76 

 4.3.1  Experimental database……..…………………...…………………………. 76 

 4.3.2  Experimental data processing...………………...…………………………. 77 

 4.4  Analysis of results and recommendations……………………………………….. 81 

 4.4.1  Young’s modulus…………..…………………...…………………………. 81 

 4.4.2  First strain hardening exponent n……..……………..……………………. 81 

 4.4.3  Second strain hardening exponent m……………………………………… 83 

 4.4.4  Ultimate strain εu……..………………………...…………………………. 85 

 4.4.5  Ultimate tensile strength fu………………………………………………... 86 

 4.4.6  Corner yield strength fy,c…………………………………………………... 90 

 4.4.7  Material coefficients C1 and C2……..…………………….………………. 91 

 4.5  Comparisons of proposed model with measured stress-strain curves………….... 92 

 4.6  Summary of proposals………………………………………………………….... 95 

 4.7  Concluding remarks…………………………………………………………….... 96 

 
5  Design of hot-rolled steel cross-sections 97 

 5.1  Introduction..………………………………………………………………….….. 97 

 5.2  Extension of the CSM to hot-rolled steel cross-sections…………….…………... 98 

 5.2.1  Compression resistance………………………...…………………………. 98 

 5.2.2  Bending resistance………………………………………………………… 99 

 5.3  Numerical modelling…………………………………………………………….. 106 

 5.3.1  Description of the FE models……..………...…………….………………. 106 

 5.3.2  Validation of the FE models...……………….....…………………………. 110 

 5.3.3  Parametric studies..……….....……………….....…………………………. 114 

 5.4  Assessment of current design methods and CSM proposals ……………………. 115 

 5.4.1  Assessment of CSM for hot-rolled steel cross-sections in compression….. 116 

 5.4.2  Assessment of CSM for hot-rolled steel cross-sections in bending………. 118 

 5.5  Reliability analysis…………………………………………………..………….... 122 

 5.6  Concluding remarks…………………………………………………………….... 124 

 
6  Testing and design of hot-rolled steel I-sections under combined loading 125 

 6.1  Introduction..………………………………………………………………….….. 125 



Contents 

 

x 

 

 

 6.2  Experimental investigation…………………………….…………….…………... 126 

 6.2.1  General………………..………………………...…………………………. 126 

 6.2.2  Material testing and initial geometric imperfection measurements……….. 126 

 6.2.3  Stub column tests………………………………………………………….. 130 

 6.2.4  Combined loading tests…………………………………………..……….. 133 

 6.3  Numerical modelling…………………………………………………………….. 141 

 6.3.1  Description of the FE models……..………...…………….………………. 141 

 6.3.2  Validation of the FE models...……………….....…………………………. 143 

 6.3.3  Parametric studies……….....……………….....…………………………. 154 

 6.4  Assessment of current design methods and CSM proposals ……………………. 155 

 6.4.1  European Code EN 1993-1-1 (EC3)…………………………………...….. 157 

 6.4.2  American Specification AISC 360-16……………………………….……. 160 

 6.4.3  Continuous Strength Method (CSM)……………………………………… 162 

 6.5  Reliability analysis…………………………………………………..………….... 172 

 6.6  Concluding remarks…………………………………………………………….... 174 

 
7  Design of cold-formed steel non-slender SHS/RHS 176 

 7.1  Introduction..………………………………………………………………….….. 176 

 7.2  Numerical modelling…………………………………………………………….. 177 

 7.2.1  Description of the FE models……..………...…………….………………. 177 

 7.2.2  Validation of the FE models...……………….....…………………………. 180 

 7.2.3  Parametric studies……….....……………….....…………………………. 188 

 7.3  Assessment of current design methods and CSM proposals ……………………. 190 

 7.3.1  Cross-sections in compression…………………………………………... 192 

 7.3.2  Cross-sections in bending………………………………………….……. 194 

 7.3.3  Cross-sections under combined loading…………………………………. 195 

 7.3.3.1  EN 1993-1-1 (EC3)….………………………………………….… 196 

 7.3.3.2  AISC 360-16……...…………………………………………….… 200 

 7.3.3.3  CSM and modified CSM-EC3 design methods..……………….… 202 

 7.4  Reliability analysis…………………………………………………..………….... 208 

 7.5  Concluding remarks…………………………………………………………….... 209 

 



Contents 

 

xi 

 

 

8  Design of hot-rolled and cold-formed steel continuous beams with tubular sections 211 

 8.1  Introduction..………………………………………………………………….….. 211 

 8.2  Summary of previous experimental investigation……………………………….. 212 

 8.3  Numerical modelling…………………………………………………………….. 215 

 8.3.1  Description of the FE models……..………...…………….………………. 216 

 8.3.2  Validation of the FE models...……………….....…………………………. 218 

 8.3.3  Parametric studies……….....……………….....…………………………... 221 

 8.4  Discussion and assessment of design methods for continuous beams…………... 223 

 8.4.1  EN 1993-1-1 (EC3)………...……………………………………………... 223 

 8.4.2  Continuous Strength Method (CSM)……………………………………… 228 

 8.5  Reliability analysis…………………………………………………..………….... 234 

 8.6  Concluding remarks…………………………………………………………….... 235 

 
9  Conclusions and future work 236 

 9.1  Conclusions..………………………………………………………………….….. 237 

 9.1.1  Constitutive modelling……..……..………...…………….………………. 237 

 9.1.2  Design of hot-rolled and cold-formed steel structural members………….. 

9.1.3  Original contributions……………………………………………………... 

238 

241 

 9.2  Suggestions for future work………………………………………….…………... 243 

 
References 245 

 
 



List of Figures 

 

xii 

 

 

 

List of Figures 

1.1 The 875 North Michigan Avenue Building in Chicago, Illinois………………… 2 

1.2 The Hong Kong and Shanghai Bank Corporation (HSBC) Headquarters 
Building, Hong Kong…………………………………………………………….. 3 

1.3 Typical industrial applications of hot-rolled I-sections………………………….. 4 

 
2.1 

 
Hot-rolling fabrication process…………………………………………………... 9 

2.2 Roll-forming process for cold-formed SHS or RHS…………………………….. 10 

2.3 Typical engineering stress-strain curve for hot-rolled carbon steels.……………. 11 

2.4 Typical engineering stress-strain curve for cold-formed carbon steels………….. 12 

2.5 Existing piecewise linear material model for structural carbon steels…………… 13 

2.6 ECCS (1984) residual stress pattern for hot-rolled steel I-sections……………… 16 

2.7 ECCS (1984) residual stress pattern for hot-rolled steel SHS and RHS………… 16 

2.8 Simplified residual stress pattern for hot-rolled steel SHS and RHS 
recommended by Nseir (2015)…………………………………………………... 

 
17 

2.9 Modelling of equivalent geometric imperfections according to EN 1993-1-5 
(2006)…………………………………………………………………………….. 

 
19 

2.10 Typical response and cross-section classification of structural steel sections in 
bending…………………………………………………………………………... 

 
21 

2.11 Definition of I-section dimensions………………………………………………. 23 

2.12 Slenderness limits for I-sections under major axis bending (i.e. n = 0)……….… 24 

2.13 Slenderness limits for I-sections under major axis bending plus compression 
with n = 0.5………………………………………………………………………. 

 
24 

2.14 Slenderness limits for I-sections under pure compression (i.e. n = 1)…………… 24 

2.15 CSM base curve for plated cross-sections……………………………………….. 33 

2.16 Typical experimental stress-strain curve and the CSM material model for 
materials with a rounded stress-strain response………………………………….. 

 
35 

   

   

 



List of Figures 

 

xiii 

 

 

3.1 Proposed quad-linear material model together with typical experimental stress-
strain curve………………………………………………………………………. 

 
46 

3.2 Proposed bilinear plus nonlinear hardening model together with typical 
experimental stress-strain curve…………………………………………………. 46 

3.3 Evaluation of predictive expression for εu for hot-rolled carbon steels………….. 53 

3.4 Evaluation of predictive expression for εsh for hot-rolled carbon steels…............. 54 

3.5 Comparison between proposed models and experimental stress-strain curves in 
the strain hardening region……………………………………….…………...…. 56 

3.6 Comparison of experimental stress-strain curves with the proposed material 
models and ECCS model………………………..……………………………..… 63 

 
4.1 

 
Typical cold-formed steel stress-strain curve with definitions of key material 
parameters…………………………………………..……………………………. 69 

4.2 Evaluation of predictive expressions for strain hardening exponent n for cold-
formed steels when measured σ0.01 and σ0.05 are available……...………………... 82 

4.3 Evaluation of predictive expressions for strain hardening exponent m for cold-
formed steels when measured σ1.0 and σ2.0 are available………………………… 83 

4.4 Evaluation of predictive expressions for strain hardening exponent m for cold-
formed steels when measured ratios of fy/fu are available……………………….. 85 

4.5 Evaluation of predictive expression for εu for cold-formed carbon steels……….. 86 

4.6 Assessment of the variation of fu/fy with yield stress fy…………………….……. 89 

4.7 Comparison of the predicted stress-strain curves based on different measured 
material parameters with test stress-strain curves…………………….…….…… 94 

 
5.1 

 
Strain and stress distributions for half of a SHS/RHS or I-Section in bending….. 99 

5.2 Cross-section geometry for the CSM analytical bending expressions (I-section 
and SHS/RHS)…………………………………………………………………… 102 

5.3 Geometry for the derivation of *
w,yW  for I-sections……………………………… 103 

5.4 Comparison between exact analytical and simplified design CSM normalised 
bending resistances Mcsm/Mpl with varying strain ratios εcsm/εy………………..… 105 

5.5 Representation of the fillet zones of I-sections in FE models…………………… 107 

5.6 Typical elastic buckling mode shapes adopted as initial local imperfections in 
FE models………………………………………………………………………... 108 

5.7 Boundary conditions in the 4-point bending and pure bending FE models……... 110 

5.8 Comparison of experimental and numerical load-end shortening curves for 
Stub_HF_200×200×5 (Nseir, 2015)…………………………..…………………. 113 



List of Figures 

 

xiv 

 

 

5.9 Comparison of experimental and numerical moment-end rotation curves for Y6 
203×102×23 UB (Byfield and Nethercot, 1998)……………………...………..... 113 

5.10 Comparison of experimental and numerical normalized moment-end rotation 
curves for SHS 100×100×5 (Wang et al., 2006)………………………………… 114 

5.11 Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data 
for SHS/RHS in compression……………………………………………………. 117 

5.12 Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data 
for I-sections in compression…………………………………………………….. 118 

5.13 Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data 
for SHS/RHS in bending………………………………………………………… 119 

5.14 Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data 
for I-sections under major axis bending……………………………………......... 119 

5.15 Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data 
for I-sections under minor axis bending…………….…………………………… 121 

 
6.1 

 
Definition of symbols and location of tensile coupons in tested cross-sections.... 127 

6.2 Typical measured stress-strain curves from S235 and S355 specimens……….... 128 

6.3 Test setup for geometric imperfection measurements………………………........ 130 

6.4 Typical measured initial local geometric imperfection profile (×40)………….... 130 

6.5 Testing setup for stub columns…………………………………………………... 131 

6.6 Typical failure mode of stub columns (B7)……………………………………… 132 

6.7 Load-end shortening curves for stub column specimens…………...……………. 133 

6.8 Normalized load-end shortening curves for stub column specimens…………..... 133 

6.9 Testing configuration for specimens under combined loading………..………… 134 

6.10 Typical experimental and numerical failure modes from tests under combined 
loading………………………………………………………………………..….. 138 

6.11 Measured load-end rotation curves from combined loading tests......................… 140 

6.12 Experimental and numerical load-end shortening curves for stub column 
specimen…………………………...…………………………………………….. 144 

6.13 Experimental and numerical load-end rotation curves for biaxial bending plus 
compression tests………..…….............................................................................. 152 

6.14 Definition of the loading eccentricity e and angle α in Kettler (2018)…………... 154 

6.15 Graphic definition of Nu,FE(test) and Nu,pred for the assessment of design 
provisions.……………………………………………………………………….. 156 

   



List of Figures 

 

xv 

 

 

6.16 Comparison of normalised FE and test results with EC3 interaction curves for 
hot-rolled steel I-sections in major axis bending plus compression……………... 159 

6.17 Comparison of normalised FE and test results with EC3 interaction curves for 
hot-rolled steel I-sections in minor axis bending plus compression..……………. 159 

6.18 Comparison of normalised FE and test results with AISC interaction curve for 
hot-rolled steel I-sections in major axis bending plus compression……………... 161 

6.19 Comparison of normalised FE and test results with AISC interaction curve for 
hot-rolled steel I-sections in minor axis bending plus compression...…………… 162 

6.20 Comparison of normalised FE and test results with CSM interaction curves for 
hot-rolled steel I-sections in major axis bending plus compression……………... 164 

6.21 Comparison of normalised FE and test results with CSM interaction curves for 
hot-rolled steel I-sections in minor axis bending plus compression……………... 164 

6.22 Comparison of FE and test results with predicted strengths from EC3 and CSM 
for hot-rolled steel I-sections in major axis bending plus compression (data 
arranged with respect to the cross-section slenderness p )……………………... 166 

6.23 Comparison of FE and test results with predicted strengths from EC3 and CSM 
for hot-rolled steel I-sections in minor axis bending plus compression (data 
arranged with respect to the cross-section slenderness p )……………………... 166 

6.24 Comparison of FE and test results with predicted strengths from EC3 and CSM 
for hot-rolled steel I-sections in biaxial bending plus compression..……………. 167 

6.25 Comparison of FE and test results with predicted strengths from AISC 
Specification and CSM for hot-rolled steel I-sections in major axis bending plus 
compression (data arranged with respect to the cross-section slenderness p )…. 167 

6.26 Comparison of FE and test results with predicted strengths from AISC 
Specification and CSM for hot-rolled steel I-sections in minor axis bending plus 
compression (data arranged with respect to the cross-section slenderness p )…. 168 

6.27 Comparison of FE and test results with predicted strengths from AISC 
Specification and CSM for hot-rolled steel I-sections in biaxial bending plus 
compression………………………………………………………………..…….. 168 

6.28 Comparison of FE and test results with predicted strengths from EC3 and CSM 
for hot-rolled steel I-sections in major axis bending plus compression (data 
arranged with respect to the angle parameter θ)……………………………….. 169 

6.29 Comparison of FE and test results with predicted strengths from EC3 and CSM 
for hot-rolled steel I-sections in minor axis bending plus compression (data 
arranged with respect to the angle parameter θ)…………………………………. 170 

6.30 Comparison of FE and test results with predicted strengths from AISC 
Specification and CSM for hot-rolled steel I-sections in major axis bending plus 
compression (data arranged with respect to the angle parameter θ)……………... 170 



List of Figures 

 

xvi 

 

 

6.31 Comparison of FE and test results with predicted strengths from AISC 
Specification and CSM for hot-rolled steel I-sections in minor axis bending plus 
compression (data arranged with respect to the angle parameter θ)………….….. 171 

6.32 Definition of θ on moment-axial load interaction curve………………..……….. 171 

 
7.1 

 
Comparison of experimental and numerical load-end shortening curves for stub 
column specimen RHS_LC1_220×120×6 (Nseir, 2015)……………...………… 185 

7.2 Comparison of experimental and numerical normalized moment-curvature 
curves for 4-point bending specimen BS02C 150×50×4.0 (Wilkinson, 1999).…. 185 

7.3 Comparison of experimental and numerical load-end shortening curves for 
eccentrically loaded stub column specimen sc_A15-1_SHS_180×180×5 
(Kettler, 2008)…………………………………………………………………… 186 

7.4 Comparison of experimental and numerical failure modes for stub column 
specimen SHS 100×100×4-CF1 (Gardner et al., 2010)…………………………. 186 

7.5 Comparison of experimental and numerical failure modes for three-point 
bending test specimen SHS 40×40×3-CF (Gardner et al., 2010)………..…….… 187 

7.6 Comparison of experimental and numerical failure modes for four-point 
bending test specimen BS02B 150×50×4.0 (Wilkinson, 1999)…………..……... 187 

7.7 Comparison of experimental and numerical failure modes for eccentrically 
loaded stub column specimen sc_A18-2_RHS_200×120×4 (Kettler, 2008)……. 188 

7.8 Definition of cross-section dimensions, loading eccentricity e and angle α…….. 188 

7.9 Measured stress-strain curves from flat and corner tensile coupons extracted 
from an SHS 60×60×3 (Gardner et al., 2010) employed in the numerical 
parametric studies………………………………………………………………... 189 

7.10 Verification of the CSM base curve for non-slender cold-formed steel SHS and 
RHS……………………………………………………………………………… 191 

7.11 Comparison of FE and test ultimate loads with predicted resistances from CSM 
and EN 1993-1-1 (2005) for stub columns…………………………………....…. 193 

7.12 Comparison of FE and test ultimate loads with predicted resistances from CSM 
and AISC 360-16 (2016) for stub columns…………….……………………...… 193 

7.13 Comparison of FE and test ultimate moments with predicted resistances from 
CSM and EN 1993-1-1 (2005) for beams………….………….………………… 195 

7.14 Comparison of FE and test ultimate moments with predicted resistances from 
CSM and AISC 360-16 (2016) for beams……………………………..………… 195 

7.15 Capacity comparison between FE results and EC3 interaction expression for 
Class 1 and 2 cross-sections under uniaxial bending plus compression…………. 198 

   



List of Figures 

 

xvii 

 

 

7.16 Capacity comparison between FE/test results and EC3 interaction expression 
for Class 3 cross-sections under uniaxial bending plus compression……………. 198 

7.17 Comparison of FE and test results with EN 1993-1-1 (2005) resistance 
predictions for cross-sections under uniaxial bending plus compression…..……. 199 

7.18 Comparison of FE and test results with EN 1993-1-1 (2005) resistance 
predictions for cross-sections under biaxial bending plus compression…………. 199 

7.19 Comparison of FE and test results with AISC 360-16 (2016) resistance 
predictions for cross-sections under uniaxial bending plus compression...……… 201 

7.20 Comparison of FE and test results with AISC 360-16 (2016) resistance 
predictions for cross-sections under biaxial bending plus compression…………. 201 

7.21 Capacity comparison between FE results and CSM interaction expression for 
cross-sections with 5.0p   under uniaxial bending plus compression………… 203 

7.22 Capacity comparison between FE/test results and CSM interaction expression 
for cross-sections with 68.05.0 p    under uniaxial bending plus compression. 203 

7.23 Comparison of FE and test results with CSM predictions for cross-sections 
under uniaxial bending plus compression……………………………………….. 204 

7.24 Comparison of test and FE results with CSM predictions for cross-sections 
under biaxial bending plus compression……………………...…………….…… 204 

7.25 Modified CSM-EC3 design interaction curves for cold-formed steel SHS and 
RHS under uniaxial bending plus compression………………………………….. 206 

7.26 Comparison of FE and test results with the modified CSM-EC3 predictions for 
cross-sections under uniaxial bending plus compression……………...………… 207 

7.27 Comparison of FE and test results with the modified CSM-EC3 predictions for 
cross-sections under biaxial bending plus compression………………..……….. 208 

 
8.1 

 
Definition of symbols for SHS and RHS…………................…………...……… 213 

8.2 Schematic diagram of the continuous beam test setup (dimensions in mm) 
(Gardner et al., 2010)…………………………………………………………….. 215 

8.3 Experimental and numerical load-end rotation curves for specimen RHS 
60×40×4 HR1 tested by Gardner et al. (2010)…………………………………... 219 

8.4 Experimental and numerical load-end rotation curves for specimen RHS 
60×40×4 CF1 tested by Gardner et al. (2010)………….……………….……….. 219 

8.5 Experimental and FE failure modes of two-span continuous beam specimen 
RHS 60×40×4 HR1 (Gardner et al., 2010)…….………………………………… 

 
221 

8.6 Adopted stress-strain curves for parametric studies of hot-rolled steel 
continuous beams………………………………………………………………... 

 
222 

   



List of Figures 

 

xviii 

 

 

8.7 Adopted stress-strain curves for parametric studies of cold-formed steel 
continuous beams ………….………………………………………………...….. 

 
223 

8.8 Comparison of FE and test results with predicted ultimate loads from EN 1993-
1-1 (2005) for hot-rolled steel SHS and RHS continuous beams……………...… 

 
227 

8.9 Comparison of FE and test results with predicted ultimate loads from EN 1993-
1-1 (2005) for cold-formed steel SHS and RHS continuous beams……………... 

 
227 

8.10 Plastic collapse mechanism for two-span continuous beams…………………..... 230 

8.11 Comparison of FE and test results with predicted ultimate loads from the CSM 
(εcsm/εy ≤ 15) for hot-rolled steel SHS and RHS continuous beams…….……….. 

 
232 

8.12 Comparison of FE and test results with predicted ultimate loads from the CSM 
for cold-formed steel SHS and RHS continuous beams…………………... 

 
233 

8.13 Comparison of FE and test results with predicted ultimate loads from the CSM 
(εcsm/εy ≤ 25) for hot-rolled steel SHS and RHS continuous beams……………... 

 
233 

 



                              List of Tables   

 

xix 

 

 

 

List of Tables 

2.1 Summary of the classification outcomes for two I-sections according to 
different specifications.……………………………………………………….….. 23 

2.2 Summary of coefficients for the CSM elastic, linear hardening material model... 36 

2.3 CSM interaction coefficients for cross-sections under combined loading………. 38 

 
3.1 

 
Summary of number and details of hot-rolled carbon steel coupon test data used 
in the development of the proposed material models..…………………………... 51 

3.2 Statistical results for the ratios εsh,test/εsh,ECCS and εsh,test/εsh,prop………..………….. 57 

3.3 Statistical results for the ratios Esh,test/Esh,ECCS and Esh,test/Esh,prop.………..………. 57 

3.4 Effect of variation in εu on the prediction of stress f at ε = 2% using the quad-
linear material model…………………………………………………………….. 58 

3.5 Effect of variation in εsh on the prediction of stress f at ε = 2% using the quad-
linear material model…………………………………………………………….. 

 
58 

3.6 Basic material parameters of hot-rolled carbon steels used for comparison…….. 65 

3.7 Values of the key parameters from the proposed material model for a series of 
standard structural steel grades EN 1993-1-1 (2005)………………...………….. 

 
65 

 

4.1 

 

Summary of number and details of cold-formed carbon steel coupon test data 
used in the development of the two-stage Ramberg-Osgood model and the CSM 
bilinear material model…………………………………………………………... 

 
 

 
80 

4.2 Statistical results of npred/ntest using different predictive expressions when 
measured σ0.01 and σ0.05 are available………………………………….................. 

 
82 

4.3 Recommended representative values for strain hardening exponents n and m….. 82 

4.4 Statistical results of mpred/mtest using different predictive expressions……….….. 84 

4.5 Statistical results of (fu/fy)pred/(fu/fy)test using different predictive expressions…… 87 

4.6 Statistical results of fy,c,pred/fy,c,test using different predictive models…………….. 91 

4.7 Measured material parameters of cold-formed steels used for comparison……... 94 

   

   

 



                              List of Tables   

 

xx 

 

 

5.1 CSM coefficients α and β for use in bending resistance functions………………. 100 

5.2 Comparison of stub column test results with FE results for varying imperfection 
amplitudes……………………………………………….……………………….. 111 

5.3 Comparison of bending test results with FE results for varying imperfection 
amplitudes………………………………………………………………………... 112 

5.4 Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test 
results for cross-section in compression…………………………………………. 117 

5.5 Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test 
results for cross-sections in bending……………………...….…………………... 120 

5.6 Summary of reliability analysis results for cross-sections in compression...……. 123 

5.7 Summary of reliability analysis results for cross-sections in bending…………... 123 

 
6.1 

 
Measured material properties from tensile coupon tests……...…..……………... 128 

6.2 Measured geometrical parameters and key test results of stub column specimens 129 

6.3 Measured geometrical parameters of specimens under combined loading…….... 129 

6.4 Summary of key test results of specimens under combined loading…………….. 137 

6.5 Comparison of the experimental and numerical results for hot-rolled I-sections 
under different loading conditions………………………………………….……. 145 

6.6 Comparison between numerical and experimental results for the Class 3 (semi-
compact) I-sections tested by Kettler (2008)………………………………..…… 153 

6.7 Comparison of combined loading test and FE results with EC3, AISC and CSM 
capacity predictions……………………………………………………………… 156 

6.8 Comparison of combined loading test results only with EC3, AISC and CSM 
capacity predictions……………………..…………………………….…….…… 165 

6.9 Summary of statistical parameters for the reliability analysis……...……….…… 173 

 
7.1 

 
Comparison of stub column test results and FE results with varying 
imperfection amplitudes…………………………………………………………. 181 

7.2 Comparison of 3-point/4-point bending test results and FE results with varying 
imperfection amplitudes…………...…………………………………………….. 183 

7.3 Comparison of eccentrically loaded stub column test results and FE results with 
varying imperfection amplitudes………………………………………………… 184 

7.4 Summary of key measured material properties from the tensile flat and corner 
coupons of SHS 60×60×3 (Gardner et al., 2010) employed in numerical 
parametric studies……………………………………………………………...… 189 

   



                              List of Tables   

 

xxi 

 

 

7.5 Comparison of the stub column FE and test results with different predicted 
strengths………………………………………………………………………….. 193 

7.6 Comparison of the beam test and FE results with different predicted strengths… 194 

7.7 Comparison of the uniaxial bending plus compression FE and test results with 
different predicted strengths……………………………………………………... 196 

7.8 Comparison of the biaxial bending plus compression FE and test results with 
different predicted strengths……………………………………………………... 196 

7.9 Modified CSM-EC3 interaction coefficients for cold-formed steel non-slender 
SHS and RHS subjected to combined loading…………………………………... 206 

7.10 Summary of the reliability analysis results for different design approaches 
according to EN 1990 (2002)……………………………………………………. 209 

 
8.1 

 
Measured dimensions of continuous beam specimens (Gardner et al., 2010)…... 213 

8.2 Measured material properties of continuous beam specimens (Gardner et al., 
2010)……………………………………………………………………………... 214 

8.3 Comparison of the hot-rolled steel continuous beam test results with FE results 
using different local imperfection amplitudes…………………………………… 219 

8.4 Comparison of the cold-formed steel continuous beam test results with FE 
results using different conditions for corner strength enhancement and local 
imperfection amplitudes……................................................................................. 220 

8.5 Material parameters used in parametric studies for hot-rolled steel continuous 
beams……….…………………………………………………….……………… 222 

8.6 Material parameters used in parametric studies for cold-formed steel continuous 
beams...................................................................................................................... 223 

8.7 Assessment of design methods for hot-rolled steel SHS and RHS continuous 
beams...................................................................................................................... 226 

8.8 Assessment of design methods for cold-formed steel SHS and RHS continuous 
beams…………………………………………………………………………….. 226 

8.9 Summary of reliability analysis results for EC3 and the proposed CSM for hot-
rolled and cold-formed steel SHS and RHS continuous beams…………………. 234 

 



Notations 

 

xxii 

 

 

 

Notations 

A Gross cross-sectional area 

Ac Cross-sectional area of corner regions 

Af Cross-sectional area of flat regions 

Aeff Effective cross-sectional area 

Af Flange area 

Aw Web area 

a 

 

Ratio of web area to gross cross-sectional area for I-sections, as defined in 
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Clear (flat) width of flange and the mean value of the correction factor in 
reliability analysis 
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C2 CSM material model coefficient for Esh 

C3 CSM material model coefficient for εu 

C4 CSM material model coefficient for εu 
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CFST Concrete-filled steel tubular members 

CHS Circular hollow section 

COV Coefficient of variation 

c Clear (flat) width of the most slender constituent plate element in cross-section 

d Distance between the extreme fibres 

E Young’s modulus 

Esh Strain hardening modulus 
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Esh,prop Predicted strain hardening modulus using proposed expression 

EHS Elliptical hollow section 

E0.2 Tangent modulus at 0.2% proof stress 

e Distance between loading point and centroid of cross-section 

em Measured loading eccentricity 

e0 Calculated loading eccentricity 

e0w Geometric equivalent geometric imperfections 

Fj Applied load to continuous beam at position j 

Fu Ultimate load of continuous beam 

Fu,csm Predicted ultimate load of continuous beam according to CSM 

Fu,EC3 Predicted ultimate load of continuous beam according to EN 1993-1-1 (2005) 

1 uCf   Stress corresponding to strain at C1εu 

fcsm CSM limiting stress corresponding to εcsm 

fnorm Engineering stress 

fsh Strength corresponding to the strain hardening strain εsh 

ftrue True stress 

fu Ultimate tensile strength 

fy Yield strength (0.2% proof stress) 

fy,c Yield strength of corner material 

fy,f Yield strength of flat material 

fy,mean Mean yield strength 

fy,norm Nominal yield strength 

fy,wa Weighted average material yield strength 

yf  Nominal yield strength of 235 MPa 

f1.5 Strength at strain of 1.5% 

H Depth of section 

h Clear depth of web 

hw Flat depth of web used in the derivation of CSM bending equations 

HSS High strength steel 

I Second moment of area 

K1 K2 K3 K4 Material coefficients in bi-linear plus nonlinear hardening material model 
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kd,n Design fractile factor for n data points 

kσ Elastic buckling factor 

L Length of specimen 

Le Effective length of specimen 

Ltotal Total length of continuous beam specimen 

M Bending moment 

Mc Nominal cross-sectional bending resistance according to AISC 360-16 (2016) 

Mcsm CSM bending resistance 

MEd Applied design bending moment 

Mel Elastic moment capacity 

MN Reduced plastic moment resistance 

Mpl Plastic moment capacity 

MR,csm Reduced CSM bending resistance 

MR,csm-EC3 Reduced CSM-EC3 bending resistance for cold-formed steels 

Msh Strain hardening moment 

MT Total bending moment 

MT,u Total bending moment at ultimate load 

Mu Ultimate bending moment 

Mu,AISC Predicted ultimate bending moment according to AISC 360-16 (2016) 

Mu,csm Predicted ultimate bending moment according to CSM 

Mu,EC3 Predicted ultimate bending moment according to EN 1993-1-1 (2005) 

M1 First order bending moment 

M2 Second order bending moment 

m 

 

Strain hardening exponent for the second part of two-stage Ramberg-Osgood 
model 

mpred 

 

Predicted strain hardening exponent for the second part of two-stage 
Ramberg-Osgood model 

N Axial load 
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Nominal cross-sectional compression resistance according to AISC 360-16 
(2016) 

Ncsm CSM compression resistance 
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Nu,AISC Predicted ultimate axial load according to AISC 360-16 (2016) 

Nu,csm Predicted ultimate axial load according to CSM 

Nu,EC3 Predicted ultimate axial load according to EN 1993-1-1 (2005) 

Nu,pred Predicted ultimate axial load 

Ny Yield load 

n 

 

Ramberg-Osgood strain hardening exponent, ratio of design axial load to 
yield load, total number of tests and FE simulations 

npred Predicted Ramberg-Osgood strain hardening exponent 

n0.2,1.0 

 

Ramberg-Osgood strain hardening exponent representing a curve that passes 
through (ε0.2, fy) and (ε1.0, σ1.0) 

ncsm Ratio of design axial load to CSM compression resistance 

RHS Rectangular hollow section 

Pf Probability of failure 

p Material parameter used in Rossi (2008) material model 

q Material parameter used in Rossi (2008) material model 

re Experimental resistance 

rf Flange slenderness 

ri Web-flange internal corner radius 

rt Theoretical (predicted) resistance 

rw Web slenderness 

SHS Square hollow section 

t Thickness 

tf Flange thickness 

tw Web thickness 

Vr Combined coefficient of variation 

Vδ Coefficient of variation of test results relative to resistance model 

Wel Elastic section modulus 

Wpl Plastic section modulus 

Wr Ratio of major to minor axis plastic section moduli 

Ww Section modulus related to the spread of plasticity 

*
wW  Section modulus related to strain hardening 

Y* Distance from the neutral axis to the point of first strain hardening 
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ymax 

 

Distance from the elastic neural axis to extreme compressive fibre of cross-
section 

α 

 

EN 1993-1-1 (2005) interaction power parameter, CSM coefficient in 
bending equation and angle to define the position of eccentric loading 

αi Rotation demand at hinge position i 

αcsm CSM interaction power parameter 

αcsm-EC3 CSM-EC3 interaction power parameter for cold-formed steels 

β 

 

EN 1993-1-1 (2005) interaction power parameter and CSM coefficient in 
bending equation 

βcsm CSM interaction power parameter 

βcsm-EC3 CSM-EC3 interaction power parameter for cold-formed steels 

γM0 Partial factor for cross-section resistance 

Δ Lateral deflection at mid-height of specimens 

Δu Mid-height lateral deflection at ultimate load 

δj Virtual displacement of continuous beam at position j 

δlb Average failure strain of stub columns 

δu End shortening of stub columns at ultimate load 

pl
ln  Logarithmic plastic strain 

εcsm CSM strain that a cross-section can sustain 

εc,av 

 

Through thickness averaged plastic strain induced during forming of corner 
regions of press-braked and cold-formed sections 

εf,av 

 

Through thickness averaged plastic strain induced during forming of flat 
regions of cold-formed box sections 

εf Strain at fracture measured over the standard gauge length 

εm Flexural strain due to bending moment 

εmax Measured strain at the maximum compressive fibre 

εmin 

 

Measured maximum tensile or minimum compressive strain at the other 
extreme fibre 

εnom Engineering strain 

εsh Strain hardening strain 

εsh,ECCS Predicted strain hardening strain according to ECCS (Vogel, 1985) 

εsh,prop Predicted strain hardening strain using proposed expression 

εu Strain at ultimate tensile stress 



Notations 

 

xxvii 

 

 

εy Yield strain 

ε0.2 Total strain at yield strength (0.2% proof stress) 

ε1.0 Total strain at the 1% proof stress 

ε2.0 Total strain at the 2% proof stress 

θ Angle parameter and end rotation 

θu End rotation at ultimate load 

θi Hinge rotation of continuous beam at position i 

θ1 Hinge rotation at loading position of continuous beam 

θ2 Hinge rotation at central support position of continuous beam 

κ Curvature under bending moment 

κel Curvature at elastic bending moment 

κpl Elastic component of curvature at Mpl 

κu Curvature at ultimate bending moment 

p  Cross-section slenderness 

σcr Elastic buckling stress 

σcr Elastic buckling stress of the most slender cross-section plate element 

σ0.01 0.01% proof stress 

σ0.05 0.05% proof stress 

σ1.0 1% proof stress 

σ2.0 2% proof stress 

υ Poisson’s ratio 

φ 

 

Rotation capacity and reduction factor for the plateau length in CSM-EC3 
interaction expressions for cold-formed steels 

ωf 

 

Measured maximum local geometric imperfection amplitude from the flange 
faces of test specimens 

ωw 

 

Measured maximum local geometric imperfection amplitude from the web 
face of test specimens 

 

Note that suffix ‘Rd’ denotes design resistance; suffixes ‘y’ and ‘z’ denote bending about 

major and minor axis, respectively, and suffixes ‘test’ and ‘FE’ denote results obtained from 
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1 Introduction 

1.1 Background 

Steel structures maintain a dominant presence in the construction industry as a result of 

continuous advances in material properties, production methods and innovative design and 

construction techniques. Among various steel cross-section profiles, tubular sections, such as 

square and rectangular hollow sections, are becoming increasingly popular in structural 

applications, owing principally to their favourable structural properties, inherent aesthetic 

advantages and ease of prefabrication and mass production. Tubular structural sections are 

commonly used in frame structures as column members, while the last few decades have 

witnessed their widespread application in many landmark structures around the world. Figure 

1.1 shows the 875 North Michigan Avenue Building in Chicago (previously known as the John 

Hancock Centre), which is one of the most famous buildings of the structural expressionist 

style and has tubular section bracing members to provide the lateral stability. Figure 1.2 shows 

another famous building – the Hong Kong and Shanghai Bank Corporation (HSBC) 

Headquarters Building in Hong Kong, where tubular sections have been extensively used. 

However, the market for tubular sections extends well beyond such famous examples, and 

numerous other examples of applications of steel tubular sections have been given by 

Wardenier et al. (2002). 

 

For members that resist primarily bending moment, hot-rolled I-sections are often more cost-

effective than tubular sections because the web of a cross-section only contributes a modest 

amount to the total bending resistance and hence it is more economical to use a single web, 

which is also thinner than the flanges. Compared with tubular sections, hot-rolled I-sections 
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are more commonly used as beam members in both residential and industrial structures. Figure 

1.3 shows two examples of industrial applications of hot-rolled I-sections. 

 

 

Figure 1.1: The 875 North Michigan Avenue Building in Chicago, Illinois 
 

With the increasing usage of steel in structural engineering, there is a crucial need to develop 

more accurate, efficient and reliable design rules, underpinned by sound research. Current 

structural steel design specifications (e.g. EN 1993-1-1, 2005; AISC 360-10, 2010) adopt the 

concept of cross-section classification and classify all cross-sections into discrete classes, based 

upon the susceptibility of their most slender element to local buckling. Hot-rolled and cold-

formed steel sections are often treated equally in the existing design specifications by assuming 

an elastic, perfectly plastic material model, without considering either the significant 

differences in their material properties due to the different production routes or the beneficial 

effects of strain hardening for stocky cross-sections. Advanced steel design methodologies 

certainly require more accurate material models that can fully capture the stress-strain response 

of structural steels. Thus, a major focus of this study has been the development of accurate, yet 

simple material models that are suitable for incorporation into advanced analytical, numerical 
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and design models for both hot-rolled and cold-formed steels. In addition, based on the 

proposed material models, a more advanced design approach has been sought by extending a 

deformation based method, named the Continuous Strength Method (CSM), to cover both hot-

rolled and cold-formed steel cross-sections. 

 

 

Figure 1.2: The Hong Kong and Shanghai Bank Corporation (HSBC) Headquarters Building, Hong 
Kong (https://commons.wikimedia.org/wiki/User:Baycrest/Images) 

 

   

                       (a) Portal frame                                                  (b) Bridge plate girders 
   (https://qdfulima.en.made-in-china.com/)                      (http://ziemanengineering.com/) 

Figure 1.3: Typical industrial applications of hot-rolled I-sections 

https://commons.wikimedia.org/wiki/User:Baycrest/Images
https://qdfulima.en.made-in-china.com/
http://ziemanengineering.com/


Chapter 1 − Introduction 

 

4 

 

The CSM replaces the concept of cross-section classification with a continuous cross-section 

deformation capacity, adopts accurate material models that account for strain hardening, and 

provides more consistent and continuous resistance predictions. The CSM has been safely 

applied to stainless steels and aluminium alloys (Gardner and Nethercot, 2004a; Ashraf et al., 

2008; Afshan and Gardner, 2013; Su et al., 2014a; Zhao et al., 2016; Arrayago et al., 2017), 

starting from the analysis of cross-sections and continuing to members and indeterminate 

structures. Extension of the CSM to hot-rolled and cold-formed steels will greatly enlarge its 

range of applicability, leading to a unified design approach for various construction materials 

(structural steels, stainless steels and aluminium alloys). 

1.2 Research scope and objectives 

With the increasing use of steel in construction, there is a crucial need for more efficient design 

methods for steel structures. Development of accurate material models that represent the full 

stress-strain response of hot-rolled and cold-formed steels is important and allows structures to 

be simulated and designed according for their specific material properties. 

 

Studies into the accurate description of the stress-strain response of hot-rolled and cold-formed 

steels are firstly presented in this thesis. Constitutive models that describe the full engineering 

stress-strain behaviour of hot-rolled and cold-formed steels are proposed based upon and 

calibrated against a large dataset of over 500 hot-rolled steel experimental stress-strain curves 

and over 700 cold-formed steel experimental stress-strain curves collected from the global 

literature. Having accurately captured the material characteristics, the structural performance 

and design of hot-rolled and cold-formed steel cross-sections are investigated based on a 

comprehensive experimental and numerical database, including existing test data collected 

from the literature, laboratory test data generated in the present study and additional numerical 

results generated from validated finite element models. A deformation based design method, 

named the Continuous Strength Method (CSM), is extended to the design of steel structural 

components as an alternative to the overly conservative design guidances codified in current 

steel design standards and specifications (EN 1993-1-1, 2005; AISC 360-10, 2010). The cross-
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sections considered in this study are hot-rolled I-sections, and both hot-rolled and cold-formed 

square and rectangular hollow sections (SHS/RHS), with material strengths up to 460 MPa. 

However, the design proposals made in this study are considered to have wider applicability. 

This thesis focuses on the CSM design of non-slender structural steel cross-sections, while its 

application to slender cross-sections, whose local buckling occurs in the elastic range, is outside 

the scope of this study. 

 

The primary objectives of this thesis are to provide more accurate material models to describe 

the hot-rolled and cold-formed steel stress-strain behaviour and to extend the CSM to cover the 

design of structural steel cross-sections. More specifically, the detailed objectives of this 

research are: 

 To develop accurate stress-strain models for both hot-rolled and cold-formed steels that 

are suitable for use in advanced computational analysis, as well as numerical parametric 

studies; 

 To propose simple yet accurate linear material models for both hot-rolled and cold-

formed steels that are appropriate for incorporation into the CSM; 

 To investigate experimentally the structural behaviour and ultimate resistances of 

stocky hot-rolled I-sections under combined compression and bending; 

 To generate finite element models and, following careful validation against the 

experimental results conducted in the present study and the existing test data collected 

from the literature, conduct parametric studies to generate further numerical results; 

 To extend the CSM scope to the design of hot-rolled and cold-formed steel cross-

section in compression, bending and combined loading based on a large data pool 

comprising all the available experimental and numerical data; 

 To evaluate the accuracy of the CSM for hot-rolled and cold-formed steel continuous 

beams with box sections, with a focus on the rational exploitation of the beneficial 

effects of moment redistribution in indeterminate structures; 

 To assess the reliability level of the CSM proposals by means of statistical analysis and 

propose further development of the CSM. 
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1.3 Thesis overview 

Constitutive modelling and extension of the CSM for the design of hot-rolled and cold-formed 

steel cross-sections under various loading cases are addressed in this thesis. A total of 9 

chapters are presented in this thesis, the content of which are briefly described below. 

 

Chapter 2 presents essential background information and an overview of topics that are relevant 

to this research project. The differences between hot-rolled and cold-formed steel sections, 

including the production routes, material properties, residual stresses and geometric 

imperfections, are introduced; the current design approaches, together with their shortcomings, 

are presented, followed by a review of the development and current progress in the CSM for 

steel design. Further details about the methodologies used in this research can be found, where 

appropriate, throughout the thesis. 

 

The main body (Chapters 3-8) of the thesis are designed to provide detailed information in 

regard to the following subjects: 

 

(1) Constitutive modelling 

Chapters 3 and 4 seek to propose constitutive models to accurately describe the stress-strain 

response of hot-rolled and cold-formed steels, respectively, based upon and calibrated against 

an extensive dataset of coupon tests accumulated from the global literature. For both hot-rolled 

and cold-formed steels, two corresponding material models are proposed − a more accurate 

nonlinear model that is suitable for use in advanced numerical simulations and parametric 

studies, and a simpler piecewise linear model that can be conveniently incorporated into the 

CSM framework. The proposed material models for hot-rolled and cold-formed steels are 

presented and statistically verified in Chapter 3 and Chapter 4, respectively. 

 

(2) CSM for hot-rolled and cold-formed steel cross-sections 

The application of the CSM to determine the axial and bending resistances of hot-rolled steel 

cross-sections, including I-sections, SHS and RHS, is investigated in Chapter 5. The CSM 
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compression and bending resistance equations are firstly derived for the aforementioned three 

hot-rolled cross-section shapes based on the proposed quad-linear material model, considering 

both the yield plateau and strain hardening. Finite element models are developed and carefully 

validated against existing experimental results collected from the literature, and then 

parametric studies are performed to generate additional data for assessing the accuracy of the 

codified design approaches and the proposed CSM for hot-rolled steel cross-sections. 

 

Chapter 6 describes a series of experiments on stocky hot-rolled I-sections under combined 

loading to supplement the existing data pool. These experimental results are used in 

conjunction with the existing test data collected from the literature as well as the numerically 

derived data to develop and calibrate the CSM for hot-rolled steel I-sections under combined 

loading. The CSM is also extended to the design of cold-formed steel non-slender SHS and 

RHS under different loading cases in Chapter 7, in the same fashion as for hot-rolled steel I-

sections. The reliability of these CSM design proposals is assessed by means of reliability 

analyses. 

 

(3) CSM for hot-rolled and cold-formed steel continuous beams with SHS and RHS 

Chapter 8 examines the structural behaviour of hot-rolled and cold-formed steel continuous 

beams with SHS and RHS, and presents design proposals based on the CSM cross-section 

bending resistances, with a focus on the rational exploitation of the beneficial effects of 

moment redistribution. 

 

Finally, Chapter 9 summarises the key findings of the thesis together with recommendations 

for future work. 
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2 Literature review 

2.1 Introduction 

This chapter provides an introduction to the key concepts and a review of the literature that is 

pertinent to this thesis. The mechanical properties of hot-rolled and cold-formed steel sections, 

including their material properties, residual stresses and initial geometric imperfections, are 

firstly introduced. The codified design approaches together with their shortcomings and 

limitations are then discussed, indicating the necessity for developing more advanced design 

approaches for structural steel members. Finally, a review of the development and current 

progress in the Continuous Strength Method for steel design is presented. Other related topics, 

such as existing material models, previous experimental investigations, finite element 

modelling and reliability analysis, will be introduced in the following chapters. 

2.2 Hot-rolled and cold-formed steel cross-sections 

2.2.1 Production routes 

There is a variety of means of manufacturing steel products, with the most commonly used 

production routes being hot-rolling and cold-forming. A major difference between the two 

production routes lies in whether or not heat treatment is experienced during production. Hot-

rolling of structural steel sections (see Figure 2.1) is generally manufactured at temperatures 

above the recrystallization temperature. This makes the steel easier to form, and resulting in 

final cross-sections that exhibit homogeneous material properties, consistent hardness and 

good ductility. The residual stresses in hot-rolled sections are relatively low due to the heat 
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treatment, which effectively relieves these stresses. Note that for hot-finished sections, which 

may be produced initially as cold-formed sections that are subsequently re-heated and rolled at 

high temperature, their mechanical properties are similar to hot-rolled sections, provided that 

the sections are fully annealed in the heat treatment. 

 

 

Figure 2.1: Hot-rolling fabrication process 
(https://www.steelconstruction.info/Steel_construction_products) 

 

With regards to cold-formed products, which are produced at room temperature, press-braking 

and roll-forming are the two primary methods employed for their production. In both methods, 

steel sheet or strip, which would typically have been cold-rolled, serves as the feed material. 

In press-braking, sheet material is formed into the desired geometric shape by applying 

predetermined bends along its length, which are generally accomplished using punch and die 

sets. The press-braking process is commonly used to produce cold-formed open sections, such 

as angles, channels and lipped channels. Roll-forming is a process by which steel sheet or strip 

is passed through a series of rollers that progressively shape the material into the final cross-

section profile. The most common production route for square and rectangular hollow sections 

(SHS and RHS) involves first forming the steel sheet or strip into a circular tube, followed by 

seam welding and then reforming the circular tube into a box section, as illustrated in Figure 
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2.2. Significant plastic deformation is typically introduced during the manufacturing process 

(both during sheet forming and section forming), resulting in enhanced yield strength of the 

finished cold-formed products. Cold-formed hollow sections also have larger corner radii than 

their corresponding hot-rolled sections with the same nominal dimensions (Gardner et al., 

2010; Zhang et al., 2016). Cold-formed sections generally provide smoother surfaces than that 

of hot-rolled sections, which is ideal for construction applications when aesthetic requirements 

are considered. 

 

Though the hot-rolled and cold-formed sections are often treated equally in design at the cross-

section level, their material properties, residual stress distributions and initial geometric 

imperfections are in fact different. These disparities are further discussed in the following 

subsections. 

 

 

Figure 2.2: Roll-forming process for cold-formed SHS or RHS 
 
 

Steel sheet

Rolled steel strip Uncoiling Levelling Edge trimming
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2.2.2 Material properties 

The engineering tensile stress-strain curve for hot-rolled carbon steels is typically characterised 

by three distinct regions, as shown in Figure 2.3. In the elastic region, the slope is linear and is 

defined by the modulus of elasticity, or Young’s modulus E, taken as 210,000 N/mm2 

according to EN-1993-1-1 (2005). The linear path is limited by the yield strength fy and the 

corresponding yield strain εy, and followed by a region of plastic flow at an approximately 

constant stress until the strain hardening strain εsh is reached. At this point, the plastic yield 

plateau ends and strain hardening initiates. Beyond this point, stress accumulation 

recommences at a reducing rate up to the ultimate tensile strength fu and the corresponding 

ultimate tensile strain εu, as illustrated in Figure 2.3. 

 

 

Figure 2.3: Typical engineering stress-strain curve for hot-rolled carbon steels 
 

However, the material properties of cold-formed steels are substantially different from those 

of hot-rolled steels. The cold-work results in a more rounded stress-strain response of cold-

formed steels, with an increased yield strength and, to a lesser extent, an increased ultimate 

strength, but reduced ductility (see Figure 2.4). Unlike hot-rolled steels, cold-formed steel 

material does not possess a well-defined yield point; thus, the 0.2% proof stress is taken as the 

yield stress of the material, as shown in Figure 2.4. Non-homogeneity of material properties is 

commonly found in cold-formed sections due to the varying levels of cold-work experienced 

at different locations around the section shape. The corner regions, in particular, of cold-formed 

cross-sections experience high levels of plastic deformation from cold bending due to their 

tight corner radii, resulting in a higher degree of strength enhancements but a corresponding 
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loss in ductility (Gardner et al., 2010; Guo et al., 2007; Ma et al., 2015a; Wilkinson, 1999). 

According to the findings of previous experimental research (Karren, 1967; Ma et al., 2015a), 

the effect of corner strength enhancement is not limited to the corner regions, but can extend 

to the adjacent flat portions beyond the corners to a certain distance. The material properties of 

cold-formed steels have also been shown to be anisotropic, i.e. different material properties in 

the longitudinal and transverse directions of rolling (Rogers and Hancock, 1997; Ye and 

Rasmussen, 2008), although the degree of anisotropy is not significant and has been deemed 

to have negligible influence on structural performance in numerical simulations (Lecce and 

Rasmussen, 2006). 

 

 

Figure 2.4: Typical engineering stress-strain curve for cold-formed carbon steels 
 

Various simplified models have been proposed to represent the material response of structural 

carbon steels, among which the piecewise linear models can be grouped as (1) elastic, 

perfectly-plastic; (2) elastic, linear hardening and (3) tri-linear. The elastic, perfectly-plastic 

model is illustrated in Figure 2.5(a), and forms the basis of the current structural steel design 

methods in EN 1993-1-1 (2005). This model is a suitable simplification for scenarios in which 

strain hardening is not expected to feature (e.g. in the simulation or design of elements whose 

resistance is dominated by instability) or in which strain hardening is simply ignored. In this 

model, only two basic material parameters (E and fy) are needed. The elastic, linear hardening 

model offers the simplest consideration of strain hardening, as illustrated in Figure 2.5(b), 

where Esh is the strain hardening modulus. This model considers strain hardening, is included 

in Annex C of EN 1993-1-5 (2006), and has been used throughout the development of the 
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strain-based Continuous Strength Method (CSM), which allows for the beneficial influence of 

strain hardening on the design of structural metallic elements. However, due to the existence 

of a yield plateau, this elastic, linear hardening model is less suitable for hot-rolled carbon 

steels. The next level of complexity of material models after elastic, linear hardening is the tri-

linear model which considers both a yield plateau and strain hardening, as shown in Figure 

2.5(c). Similar to the elastic, linear hardening model, the tri-linear model assumes a constant 

strain hardening modulus Esh (after the yield plateau), but this does not accurately capture the 

observed strain hardening behaviour, which shows a progressive loss in stiffness up to the 

ultimate tensile strength fu (see Figure 2.3). A number of studies have been carried out over the 

past few decades into the determination of the yield plateau length and the strain hardening 

modulus (Boeraeve et al., 1993; Kuhlmann, 1989; McDermott, 1969; Nseir, 2015; Roderick, 

1951; Sadowski et al., 2015; Vogel, 1985; Wang et al., 2011), and these studies will be further 

discussed in Chapter 3. 

 

                     

         (a) Elastic, perfectly plastic model                      (b) Elastic, linear hardening model 

 

 

(c) Tri-linear model 

Figure 2.5: Existing piecewise linear material model for structural carbon steels 
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These piecewise linear material models, however, fail to accurately capture the rounded stress-

strain response of cold-formed carbon steels that have undergone sufficient plastic deformation 

to eliminate the yield plateau. The most commonly employed approach of describing this 

rounded material behaviour is the Ramberg-Osgood model (Ramberg and Osgood, 1943), 

which has been later modified by Hill (1944), as given in Equation (2.1). This model features 

three parameters: the Young’s modulus E, the 0.2% proof stress, which is conventionally 

considered as an ‘equivalent’ yield stress fy, and the strain hardening exponent n. The Ramberg-

Osgood model has been shown to be capable of accurately capturing the stress-strain curve up 

to fy, but can become inaccurate at higher strains, as demonstrated for stainless steels by 

Mirambell and Real (2000) and Rasmussen (2003). This observation led to several studies 

aimed at improving the model at large strains for stainless steels (Arrayago et al., 2015; Gardner 

and Nethercot, 2004b; Mirambell and Real, 2000; Rasmussen, 2003), complete details of which 

are provided in Chapter 4. The strength enhancement in the corner regions of cold-formed steel 

and stainless steel cross-sections has also been investigated by many researchers (Abdel-

Rahman and Sivakumaran, 1997; Gardner et al., 2010; Karren, 1967; Rossi et al., 2013), and a 

review of the existing models for predicting the enhanced yield strength in the corner regions 

will be presented in Chapter 4. 

 
n

f

f

E

f













y

002.0                                                    (2.1) 

2.2.3 Residual stresses 

Residual stresses can be defined as self-equilibrated stresses that exist within a component or 

structural member after its manufacturing process in the unloaded state (i.e. in the absence of 

external loads or thermal gradients). The general effect of these residual stresses on structural 

members is to cause premature yielding, leading to a loss of stiffness and a reduction in loading 

carrying capacity. Residual stresses are mainly caused by uneven cooling and/or non-uniform 

plastic deformation during the production process, and their magnitude and distribution are 

largely dependent on the production route, cross-section shape and plate thickness. Over the 

past decades, several methods have been developed to measure residual stresses in steel 

components from different production routes, and a review of these methods has been provided 
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by Rossini et al. (2012). Residual stresses can be approximately decomposed into two 

independent components: membrane residual stresses, either tensile or compressive, which are 

induced uniformly through the plate thickness, and bending (or flexural) residual stresses, 

which are often assumed to be varied linearly through the plate thickness (Weng and Peköz, 

1990). Note that only longitudinal residual stresses are discussed herein, since transverse 

residual stresses, distributed along the circumferential direction of the sections, have negligible 

effect on the cross-sectional behaviour. 

 

The residual stresses introduced into hot-rolled steel sections are primarily associated with non-

uniform cooling rates during the fabrication process, with the more rapidly cooling regions of 

the sections, e.g. the flange tips of I-sections and the flat portions of SHS/RHS, being left in 

residual compression and the slower cooling regions, e.g. the web-to-flange junctions of I-

sections and corner portions of SHS/RHS, in residual tension. The bending residual stresses in 

hot-rolled steel sections have been found to be generally low (Gardner and Cruise, 2009; 

Gardner et al., 2010; Madugula et al., 1997; Nseir, 2015), and thus only membrane residual 

stresses are considered. Residual stresses in hot-rolled carbon steel I-sections and box sections 

have been investigated by Gardner et al. (2010), Jez-Gala (1962), Nethercot (1974), Nseir 

(2015), Galambos and Ketter (1959), Young (1972) and other researchers, resulting in different 

predictive models for residual stresses of varying complexity. A typical pattern of membrane 

residual stresses for hot-rolled I-sections, recommended by the European Convention for 

Constructional Steelwork (ECCS, 1984), is shown Figure 2.6, where compressive residual 

stresses are designated as positive and tensile residual stresses as negative. The magnitude of 

the residual stresses in hot-rolled steel profiles of moderate strength steels is less dependent on 

the yield strength of the material (Tall, 1964), hence in the ECCS model, the nominal yield 

strength y 235 MPaf  is taken as the reference value for all normal strength steel grades. The 

magnitude of the initial stresses depends on whether the height-to-width ratio of the cross-

section is less than or equal to 1.2 or greater than 1.2 and, as noted above, is independent of the 

yield stress (see Figure 2.6). For hot-rolled steel SHS and RHS, the membrane residual stress 

pattern recommended by ECCS (1984) is illustrated in Figure 2.7. To simplify the distribution 

for ease of application in FE modelling, a modified residual stress pattern was proposed by 
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Nseir (2015) based on the analysis of measured residual stress magnitudes and distributions, 

as represented in Figure 2.8. A constant value of y0.5 f  was assumed for the compressive 

residual stresses in the corner regions while the amplitudes of the tensile residual stresses in 

the flat regions of the web and flanges were determined to achieve self-equilibrium. In Figure 

2.8, σf and σw are the constant residual stresses in the flat flange and web portions, respectively. 

 

              

(a) H/B ≤ 1.2                                                      (b) H/B > 1.2 

Figure 2.6: ECCS (1984) residual stress pattern for hot-rolled steel I-sections 

 

 

Figure 2.7: ECCS (1984) residual stress pattern for hot-rolled steel SHS and RHS 
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Figure 2.8: Simplified residual stress pattern for hot-rolled steel SHS and RHS recommended by Nseir 
(2015) 
 

For cold-formed steel sections, residual stresses are induced principally through plastic 

deformation during the cold-forming process. The membrane residual stresses in cold-formed 

sections have been found to be negligible compared to the bending residual stresses (Key and 

Hancock, 1993; Ma et al. 2015b; Nseir, 2015; Schafer and Peköz, 1998; Weng and Peköz, 

1990), and their influence on the cross-section behaviour has since been found to be small (Key 

and Hancock, 1993). Weng and Peköz (1990) conducted an experimental investigation into the 

longitudinal bending residual stresses in cold-formed steel channel sections, and found that the 

residual stresses are in tension on the outer surfaces of the sections and in compression on the 

inner surfaces, while their distribution through the plate thickness was assumed to be linear. 

However, studies on cold-formed thick steel plates (Weng and White, 1990) and thick-walled 

square hollow sections (Key and Hancock, 1993) show that non-linear residual stress 

distributions are in fact present though the thickness, and different residual stress patterns have 

been proposed. Moreover, the magnitudes of the bending residual stresses in the corner regions 

have been found to be higher than those in the flat regions, which is likely to be caused by the 

significant amount of plastic deformation experienced in the corner regions (Abdel-Rahman 

and Sivakumaran, 1997; Weng and Peköz, 1990). Jandera et al. (2008) indicated that the 

longitudinal bending residual stresses are, to a large extent, inherently incorporated into the 

stress-strain curves obtained from tensile coupon tests, and it is therefore not necessary to 

explicitly introduce the bending residual stresses into numerical models when measured stress-

strain properties are used. 
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2.2.4 Local geometric imperfections 

Local geometric imperfections, which are primarily introduced into structural members during 

the manufacturing, fabrication and erection processes, can affect the development of local 

buckling, the cross-sectional ultimate capacity and the post-ultimate response. If a good match 

is to be sought between experiments and finite element (FE) modelling predictions, suitable 

representative geometric imperfection shapes and magnitudes must be employed in the 

numerical models. The lowest local buckling mode shape under the considered loading 

condition, obtained from a prior elastic buckling analysis, is commonly used to simulate the 

imperfect geometry, with the imperfection amplitude taken either from the individual measured 

laboratory data or predictive equations. There are however no well recognized and widely 

accepted consensus for the magnitude of local geometric imperfections to be incorporated into 

FE models. Note that only local geometric imperfections are discussed herein since the focus 

of the present study is on the design of structural steel cross-sections, which are not affected 

by the global buckling. 

 

EN 1993-1-5 (2006) provides recommendations for the modelling of geometric imperfections 

together with structural imperfections resulting from fabrication, such as residual stresses. 

Unless a more refined analysis of the geometric and the structural imperfections is carried out, 

equivalent geometric imperfections e0w may be used, as shown in Figure 2.9. The geometric 

imperfections may be based on the shape of the critical plate buckling modes with amplitudes 

taken as 80% of the geometric fabrication tolerances, while structural imperfections, in terms 

of residual stresses, may be represented by a stress pattern relating to the fabrication process 

with amplitudes equivalent to the mean (expected) values. It is also recommended to determine 

the most unfavourable combination in terms of a leading imperfection with its full amplitude 

and the accompanying imperfections with their amplitudes reduced to 70% of their full value. 

In other words, if residual stresses are introduced into the model as the leading imperfection, 

the amplitude of the accompanying geometric imperfection may be taken as 70% of the 

suggested magnitude, or vice versa. 
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Figure 2.9: Modelling of equivalent geometric imperfections according to EN 1993-1-5 (2006) 
 

Dawson and Walker (1972) suggested using analytical expressions to predict the initial local 

imperfection amplitudes in simply supported plates. Different generalized geometric 

imperfection parameters were studied and their effects were compared with test data obtained 

from cold-formed steel sections subjected to either bending or compression. The following 

three formats were proposed to predict the local imperfection amplitudes in the flat parts of 

square hollow sections: 
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where e0w is the initial local imperfection amplitude, t is the plate thickness, fy is the yield stress 

of the material, σcr is the plate critical buckling stress and α, β and γ are constants to be 

determined, which are influenced by the type of material and the manufacturing process. 

 

Cruise and Gardner (2006) adopted Dawson and Walker’s expression and proposed a value of 

β = 0.023 for stainless steel rectangular hollow sections, whereas Jandera et al. (2008) 
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suggested a value of 0.045 which lies between the upper (0.111) and lower (0.012) bounds 

reported by Cruise and Gardner (2006). Gardner et al. (2010) proposed values of β = 0.028 and 

γ = 0.064 for hot-rolled steel sections and β = 0.034 and γ = 0.068 for cold-formed steel sections, 

based on a collection of physical imperfection measurements. Nseir (2015) investigated the 

influence of different local geometric imperfection shapes and amplitudes on the ultimate 

capacities of hollow sections and recommended using sinusoidal wave patterns with the half-

wavelength set equal to the average of the plate widths and the magnitude to c/200, where c is 

the width of the corresponding plate. Schafer and Pekoz (1998) studied both the amplitude and 

distribution of imperfections in cold-formed steel sections and proposed simple rules of thumb, 

as well as a probabilistic approach to generate artificial imperfection patterns, though the latter 

is less convenient for practical design. Silvestre and Gardner (2011) investigated the influence 

of local geometric imperfections on the elastic local post-buckling behaviour of elliptical tubes 

in compression, and proposed a set of criteria for selecting critical buckling modes. These 

criteria have been adopted in the numerical models used within this thesis; more details on the 

choice of imperfection shapes and magnitudes can be found in Chapters 5-8. 

2.3 Shortcomings of existing design codes 

2.3.1 Cross-section classification concept 

The cross-section capacities of structural steel members are traditionally determined following 

the process of cross-section classification, which is based on the assumption of elastic, perfectly 

plastic material behaviour. Cross-section classification is a key feature of many modern steel 

design codes, such as the European Code EN 1993-1-1 (2005), the American Specification 

AISC 360-16 (2016) and the Japanese Code AIJ (2002), and determines the extent to which 

the resistance and deformation capacity of a cross-section are limited as a result of local 

buckling. The classification of a cross-section is assessed by comparing the width-to-thickness 

ratios of its constituent plate elements to corresponding slenderness limits, which take account 

of the edge support conditions and the applied stress patterns. 
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In EC3 (i.e. EN 1993-1-1), structural steel cross-sections are typically categorized into four 

classes according to their susceptibility to local buckling, as illustrated in Figure 2.10. A Class 

1 cross-section is fully effective under pure compression and can develop its plastic moment 

capacity Mpl in bending with sufficient rotation capacity φ to allow redistribution of moments 

in indeterminate steel structures. A Class 2 cross-section is also fully effective in pure 

compression and can reach its plastic moment capacity Mpl but with lower (assumed to be zero 

in design) rotation capacity in bending. A Class 3 cross-section remains fully effective in pure 

compression, but in bending, local buckling now occurs after the elastic moment Mel but before 

the plastic moment Mpl is attained; bending resistance of a Class 3 cross-section is therefore 

limited to the elastic moment capacity Mel. For a Class 4 cross-section, local buckling occurs 

in the elastic range prior to reaching either the yield load in compression or elastic moment in 

bending, and the effective width method is used to consider the effects of local buckling 

explicitly. Three classes of cross-sections are specified in AISC (i.e. AISC 360-16), in which 

compact, non-compact and slender cross-sections correspond to Class 2, 3 and 4 cross-sections 

in EC3 respectively. In the Japanese code AIJ (2002), four classes of cross-sections are defined 

in a similar fashion to that in EC3, where P-I-1, P-I-2, P-II and P-III cross-sections in AIJ 

(2002) correspond to Class 1, 2, 3 and 4 cross-sections in EC3. 

 

 

Figure 2.10: Typical response and cross-section classification of structural steel sections in bending 
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The concept of cross-section classification is useful for structural steel design, but has some 

shortcomings. Chen et al. (2013) has reviewed the treatment of cross-section classification for 

H-sections in different design specifications and identified three generally shortcomings of 

these specifications when defining cross-section classes. Firstly, EC3 and AISC typically treat 

the plate elements of the cross-section individually, according to which the classification of the 

most slender element defines that of the overall cross-section, thus neglecting the interaction 

effects between the flanges and web. The slenderness limits for flanges and webs in the 

Japanese code AIJ (2002) are, however, defined in an interactive form which takes account of 

the web-flange interaction. Secondly, the classification limits for I-sections are derived based 

on limited load patterns, without considering the effects of different loading conditions. For 

instance, the determination of web slenderness limits is based on compression and/or major 

axis bending, while the load patterns related to minor axis bending are ignored in all current 

specifications. Lastly, the adverse influence of dynamic loading on the determination of cross-

section classes has received relatively little consideration in current design specifications. 

 

The existing structural steel design codes artificially separate cross-sections into discrete 

behavioural classes, which does not reflect the inherent continuous relationship between the 

cross-section resistance and its local slenderness. Moreover, significant variability exists 

among different specifications in the treatment of cross-section classification, thus for the same 

cross-section different classes may be determined according to different specifications. Taking 

two different I-sections – I300×200×6×12 and I180×180×6×6 (H×B×tw×tf) as examples (see 

the definition of notations in Figure 2.11), Table 2.1 summarises the classification outcomes 

of the two I-sections under three different loading conditions: (1) major axis bending (i.e. the 

axial load ratio n equal to 0); (2) major axis bending plus compression with n = 0.5 and (3) 

pure compression (i.e. n = 1) based on EC3, AISC and AIJ. The different slenderness limits for 

I-sections under the three loading conditions according to EC3, AISC and AIJ are also plotted 

in Figures 2.12 to 2.14, respectively, together with the slendernesses of the flange and web of 

the two I-sections. Note that different formats for the web and flange slendernesses are defined 

in the different specifications and, in order to unify all the specifications for comparison, 

Equation (2.5) and (2.6) are used to define the flange slenderness rf and web slenderness rw, 

respectively, and the material yield strength fy is taken as 235 N/mm2. The AISC only defines 
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slenderness limits for cross-sections in pure compression and pure bending, and when 

classifying cross-sections under combined loading, only the two fundamental cases are directly 

considered. It can be observed from Table 2.1 and Figures 2.12 to 2.14 that the slenderness 

limits are significantly different between the specifications, which highlights the artificial 

nature of the concept of cross-section classification. Comprehensive reviews of cross-section 

classification rules of different specifications for SHS, RHS and I-sections under different 

loading conditions can be found in Chen et al. (2013), Nseir (2015) and Wilkinson (1999), 

where some other inconsistencies and shortcomings associated with the cross-section 

classification system have also been discussed. 

 

f f y/ / 235r b t f                                                    (2.5) 

 

w w y/ / 235r h t f                                                    (2.6) 

 

 

Figure 2.11: Definition of I-section dimensions 

 

Table 2.1: Summary of the classification outcomes for two I-sections according to different 
specifications 
 

n I300×200×6×12  I180×180×6×6 
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n = 0 1 2 1  4 3 2 
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n = 1 4 4 2  4 3 2 
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Figure 2.12: Slenderness limits for I-sections under major axis bending (i.e. n = 0) 

 

 

Figure 2.13: Slenderness limits for I-sections under major axis bending plus compression with n = 0.5 

 

 

Figure 2.14: Slenderness limits for I-sections under pure compression (i.e. n = 1) 
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2.3.2 Element interaction 

Plate slenderness p  is defined in non-dimensional form in EN 1993-1-1 as the square root of 

the ratio of the yield strength fy to the elastic buckling stress σcr, as given by Equation (2.7) 

 
2

y y
p 2

cr σ

12(1 )f f c

Ek t




 
     

 
                                        (2.7) 

 
where ν is the Poisson’s ratio, which is generally taken as 0.3 for structural steel, c is the plate 

width, t is the plate thickness and kσ is the elastic buckling factor, which accounts for the 

boundary conditions (i.e. internal (stiffened) or outstand (unstiffened) elements) and stress 

patterns. Note that different definitions of the plate width c are adopted in different 

specifications, as summarised and compared by Kettler (2008). The treatment of local buckling 

for plated sections (e.g. SHS, RHS and I-sections) in EC3 is based on the assumption that the 

edges of the adjoining plates in the cross-section are simply supported, thus neglecting the 

effects of element interaction, i.e. the ability of the less slender elements to provide some 

assistance in resisting local buckling to the more slender elements; and the elastic buckling 

stress of the most slender element defines that of the overall cross-section. However, interaction 

between constituent plate elements can have a significant effect on the elastic local buckling 

stress of the cross-section. Explicit analytical expressions for the local buckling stresses of 

channel sections, I-sections and box-sections considering the effects of element interaction 

have been derived by Bleich (1952). More recently, Seif and Schafer (2010) compared the kσ 

values determined from AISC 360-05 (2005) with those from finite strip analysis (i.e. using 

the finite strip software CUFSM (Schafer and Ádány, 2006)) which includes plate element 

interaction effects, and concluded that the AISC assumed kσ values are rather approximate and, 

in some cases, lead to significant inaccuracies in the prediction of elastic cross-section local 

buckling stresses σcr. Based on the observation that the plate buckling factor kσ depends on both 

the slendernesses of the adjacent plates and loading conditions, relatively simple analytical 

expressions for kσ considering element interaction effects have been proposed for plated 

sections in axial compression as well as bending about the major and minor axis. Lu et al. 

(2017) proposed local buckling formulae for lipped channel section columns, taking account 

of both the effects of element interaction and column end conditions. 
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There has been considerable research aimed at investigating the interaction effects of 

constituent plate elements on slenderness limits and cross-section ultimate capacities. Previous 

stub column tests (Davids and Hancock, 1986; Ren and Zeng, 1997), beam tests (Bradford, 

1987) and beam-column tests (Hasham and Rasmussen, 1998; Hasham and Rasmussen, 2002) 

on I-sections have shown that web-flange interaction effects can have a substantial influence 

on ultimate cross-section behaviour and hence the determination of its ultimate resistance. Kato 

(1989,1990) and Beg and Hladnik (1996) proposed slenderness limits for Class 3 I-sections in 

an interactive form considering these web-flange interaction effects. This approach has been 

included in the Japanese steel design specification, AIJ (2002). Based on the experimental 

results of 24 I-section beams, Kuhlmann (1989) proposed a method to calculate the available 

rotation capacity considering the flange-web interaction. Ragheb (2015) developed an 

analytical stability model to study the inelastic local buckling behaviour of welded steel I-

section beams considering flange-web interaction, and new slenderness limits were proposed. 

With regards to SHS and RHS, Zhou et al. (2013) presented a numerical study on high strength 

stainless steel stub columns to investigate the effect of flange-web interaction on Class 3 

slenderness limits and cross-section resistances in compression, and proposed new Class 3 

slenderness limits and cross-section capacity reduction factors for Class 4 sections, which are 

based on the whole cross-section response by considering the flange-web interaction. This 

approach has then been modified and extended to the design of cold-formed ferritic stainless 

steel sections comprising slender elements in compression (Bock and Real, 2015). Based on 

the same methodology, Zhou and Long (2016) proposed new Class 2 and 3 slenderness limits 

and design equations for high strength stainless steel SHS and RHS subjected to major axis 

bending, which carefully consider element interaction. The advanced design method named the 

Direct Strength Method (DSM), which features explicit allowance for element interaction 

through the use of cross-section rather than plate elastic buckling stresses, has been pioneered 

by Schafer (2008) and further developed for the design of cold-formed structures (Lecce and 

Rasmussen, 2006; Moen and Schafer, 2010; Rasmussen, 2006a; Yu and Schafer, 2007). 
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2.3.3 Strain hardening 

Existing structural steel design specifications are typically based on the assumption of elastic, 

perfectly plastic material behaviour (see Figure 2.5 (a)), which limits the maximum stress in a 

cross-section to the yield stress, thus ignoring the beneficial effect of strain hardening for 

stocky cross-sections. Experimental results have shown however that the current design 

methods are often overly-conservative in estimating the resistances of non-slender structural 

steel cross-sections under both isolated loading, i.e. compression (Chan and Gardner, 2008a; 

Gardner et al., 2010; Kettler, 2008; Key et al., 1988; Liew et al., 2014; Nseir, 2015) and bending 

(Byfield and Nethercot, 1998; Byfield et at., 2002; Gardner et al., 2010; Wilkinson, 1999), and 

combined loading (Key et al., 1988; Nseir, 2015). There have been a number of studies aimed 

at capturing the strain hardening behaviour of I-sections in bending. Byfield and Nethercot 

(1998) proposed two alternative design expressions for incorporating strain hardening into the 

bending resistances Mu of I-sections. For the first design expression, the I-section bending 

resistance Mu can be determined as the product of cross-section plastic modulus Wpl and the 

stress at a strain of 1.5% f1.5, as given in Equation (2.8) 

 

u pl 1.5M W f                                                          (2.8) 

 
The second approach utilises a nonlinear stress distribution throughout the depth of the I-

section, with the maximum stress at the outer fibres reaching f1.5. The nonlinear stress 

distribution model is given by Equation (2.9), in which f is the stress, y is the distance from the 

neutral axis and H is the overall depth of the I-section (see Figure 2.11). The moment resistance 

expression could then be derived by integration of the stress f through the cross-section depth 

H, as given in Equation (2.10). 
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The design expression (Equation (2.10)) has been shown to offer an average enhancement in 

bending resistance of about 10% for Class 1 I-sections in comparison with the conventional 

plastic bending moment Mpl. However, Equation (2.10) is only applicable to I-sections in major 

axis bending, while for I-sections in minor axis bending as well as other cross-section shapes, 

separate design equations would need to be developed. In addition, this explicit equation is 

based on the assumption that the maximum out fibre strain can attain 1.5%, which would 

require the I-section to be rather stocky. 

 

Byfield et al. (2002) proposed a bi-linear moment-curvature relationship based on the 

experimental results of 32 I-section beams, supplemented with a simple model for predicting 

the critical flange strain at which local buckling limits the maximum curvature. This approach 

allows for strain hardening in determining the bending resistances of I-sections and a maximum 

of 1.08Mpl can be obtained for stocky I-sections. This method has, however, been validated 

only for the design of I-sections in major axis bending; its suitability and accuracy for other 

cross-section shapes needs further evaluation. More recently, a deformation-based approach 

named the Continuous Strength Method (CSM) has been proposed for steel design (Gardner, 

2008), which enables the rational exploitation of material strain hardening; the CSM is detailed 

in Section 2.4. 

2.3.4 The spread of plasticity 

In EN 1993-1-1(2005), cross-section bending resistances are limited to the plastic moment 

capacity Mpl for Class 1 or Class 2 sections and the elastic moment capacity Mel for Class 3 

sections, which results in a step from Mpl to Mel at the border between Class 2 and Class 3 

sections. However, British Standard BS 5950-1 (2000), AISC 360-16 (2016) and AIJ (2002) 

overcome this discontinuity by allowing a linear or parabolic transition between Mpl and Mel 

for semi-compact (Class 3) sections. In the last few decades, a number of studies have been 

conducted to investigate the structural behaviour and ultimate capacity of semi-compact cross-

sections under different loading conditions. Greiner et al. (2008) and Kettler (2008) conducted 

a series of experiments to investigate the cross-section resistance of semi-compact (Class 3) 

welded I-sections and hot-rolled SHS and RHS under concentric and eccentric compression, 
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and developed a design proposal to describe the transition from plastic to elastic cross-section 

resistance. Shifferaw and Schafer (2012) proposed a general design method to determine the 

bending capacity of cold-formed steel members in the inelastic regime. For simple box cross-

sections, an explicit expression was provided to predict the ultimate capacities Mu which 

incorporate the partial inelastic reserve, as given in Equation (2.11), in which Cy is a yield strain 

multiplier taken as the ratio of the maximum strain εmax that a cross-section can sustain to the 

yield strain εy. 
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                                   (2.11) 

 
The shortcomings of existing design codes summarised in this section emphasise the necessity 

to develop advanced design methods that replace the concept of cross-section classification 

and account for the effects of element interaction, strain hardening and spread of plasticity on 

the determination of cross-sectional resistance. Accordingly, the alternative deformation based 

design approach, the CSM, which can overcome those shortcomings, is outlined in more detail 

in Section 2.4. 

2.4 Continuous Strength Method (CSM) 

2.4.1 Introduction 

Solutions to the above-mentioned shortcomings of existing design codes involve developing 

the Continuous Strength Method (CSM), a deformation based method which provides an 

alternative treatment to cross-section classification, enables the effective utilisation of strain 

hardening and provides more consistent and continuous resistance predictions. The CSM was 

first proposed by Gardner (2008), where the basic principles of the approach were described, 

on the basis of previous studies (Ashraf et al., 2006a; Ashraf et al., 2006b; Ashraf et al., 2008; 

Gardner, 2002; Gardner and Nethercot, 2004a; Gardner and Nethercot, 2004b; Gardner and 

Ashraf, 2006). The key features of the CSM are (1) a base curve that defines the maximum 

level of strain εcsm that a cross-section can endure prior to failure by (inelastic) local buckling 
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as a function of the cross-section slenderness p  and (2) the adoption of a material model that 

accurately represents the stress-strain relationship and allows for the beneficial influence of 

strain hardening. The CSM is a ground-up design approach that starts from the analysis of 

cross-sections and continues to the design of steel members and then structures. The method is 

included in the AISC Design Guide for Structural Stainless Steel (2013) and the recent fourth 

edition of the SCI Design Manual for Structural Stainless Steel (2017). Expansion of the CSM 

to systemically cover other materials is ongoing, with aims to harmonise the approach for metal 

structures covering aluminium, stainless steel, carbon steel and high strength steel, under one 

deformation based umbrella. 

2.4.2 CSM design base curve 

At the core of the CSM is a base curve, which provides a continuous relationship between the 

deformation capacity of a cross-section and its cross-section slenderness p . The slenderness 

p  is defined in Equation (2.7), in which the elastic buckling stress σcr should preferably be 

determined for the full cross-section either using numerical methods, such as the finite strip 

software CUFSM (Schafer and Ádány, 2006), or approximate analytical methods (Seif and 

Schafer, 2010). Alternatively, σcr may be conservatively taken as the elastic buckling stress of 

the most slender individual plate element in the cross-section using the classical plate buckling 

expression codified in EN 1993-1-5 (2006). The former approach takes into account the effects 

of plate element interaction within the cross-section, as used in the Direct Strength Method 

(Schafer, 2008), whereas the latter one assumes simply supported conditions at the edges of 

the adjoining plates, which neglects element interaction effects and generally results in a 

conservative prediction for σcr. More favourable results can be obtained when the effects of 

plate element interaction are considered, and this has been recommended and adopted 

throughout the development of the CSM by calculating σcr using CUFSM. The deformation 

capacity, referred to as the strain ratio εcsm/εy, can be determined from stub column and four-

point bending tests. Note that εy is the material yield strain equal to fy/E, with fy being the yield 

(0.2% proof) strength and E being the Young’s modulus. 
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The limiting cross-section slenderness p  that defines the transition between slender and non-

slender plated cross-sections is set to 0.68 (Afshan and Gardner, 2013), above which there is 

no significant benefit to be exploited from strain hardening and the cross-sections are deemed 

to have buckled below the yield load Ny (i.e. determined as the product of the gross cross-

sectional area A and the material yield strength fy) in compression or elastic moment Mel in 

bending. For non-slender stub columns ( p 0.68  ) where the ultimate test load Nu,test exceeds 

the yield load Ny, the strain ratio is defined by Equation (2.12), where εlb is the average failure 

strain of the stub column which can be obtained by dividing the end-shortening δu at Nu,test by 

the initial specimen length L. A 0.2% strain offset is subtracted from εlb for stainless steels, 

aluminium and cold-formed steels which exhibit a rounded stress-strain response, ensuring 

compatibility with the adopted CSM material model (see Section 2.4.3). 
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For stub columns whose Nu,test fails to reach Ny, Equation (2.12) would, however, lead to over 

predictions of the deformation capacity due to the influence of post-buckling behaviour (Ashraf 

et al., 2008; Liew, 2014). To avoid this, a suitable alternative definition of the deformation 

capacity is used for stub columns with Nu,test < Ny or p 0.68  , as given in Equation (2.13). 
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                                                        (2.13) 

 
Under pure bending, assuming plane sections remain plane and normal to the neutral axis, a 

linear relationship can be made between strain ε and curvature κ as given by Equation (2.14), 

where y is the distance from the cross-section neutral axis. The definition of the deformation 

capacity for four-point bending tests, which have a region of uniform curvature between the 

loading points, is analogous to that used for stub columns. For four-point bending tests with 

non-slender cross-sections ( p 0.68  ) and where the ultimate test moment resistance Mu,test 
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exceeds the elastic bending moment Mel, the strain ratio is defined by Equation (2.15), where 

ymax is the distance from the elastic neural axis to the extreme compressive fibre of the cross-

section, and κel and κu are the curvature at the elastic and ultimate bending moment, 

respectively. For four-point bending tests whose p 0.68   or Mu,test < Mel, the deformation 

capacity is taken as the ratio of Mu,test/Mel, as shown in Equation (2.16). 

 
y                                                               (2.14) 
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Experimental data from stub column tests and four-point bending tests on stainless steel, hot-

rolled carbon steel and high strength steel sections (Afshan and Gardner, 2013; Liew, 2014; 

Wang et al. 2017; Zhao et al. 2017) have been collated and plotted in Figure 2.15 on a graph 

of strain ratio εcsm/εy versus p . The test data for the different materials show a clear trend of 

reducing deformation capacity (i.e. lower εcsm/εy) with increasing p . The CSM base curve for 

non-slender ( p 0.68  ) and slender ( p 0.68  ) sections are given by Equations (2.17) and 

(2.18), respectively, where εu is the strain corresponding to the ultimate tensile strength fu, and 

can be seen to provide good predictions of deformation capacity for all the considered materials 

(see Figure 2.15). 
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Figure 2.15: CSM base curve for plated cross-sections 
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In Equation (2.17), two upper bounds have been placed on the predicted CSM strain ratio 

εcsm/εy; the first limit of 15 is related to the material ductility requirement according to EN 

1993-1-1 (2005) and prevents excessive deformations, and the second limit of C1εu/εy, where 

C1 is a coefficient corresponding to the adopted CSM material model as described in the next 

section, defines a ‘cut-off’ strain to avoid over-predictions of material strength. Both Equations 

(2.17) and (2.18) pass through the identified transition point, i.e. (0.68, 1) in Figure 2.15, 

ensuring compatibility between the CSM base curves for non-slender and slender cross-

sections. 
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2.4.3 CSM material model 

Early versions of the CSM adopted the compound Ramberg-Osgood model (Ashraf et al., 2008; 

Gardner and Theofanous, 2008), which can accurately capture the stress-strain response of 

stainless steels but resulted in relatively complex resistance equations. To simplify the CSM 

design expressions, an elastic, linear hardening material model has been employed throughout 

the recent development of the CSM to represent the strain hardening response of metallic 

materials with rounded stress-strain behaviour, such as stainless steels and aluminium alloys. 

This model has been verified for austenitic and duplex stainless steels (Afshan and Gardner, 

2013), ferritic stainless steels (Bock et al., 2015) and aluminium alloys (Su et al., 2016), and 

shown to capture the general strain hardening behaviour sufficiently well to enable accurate 

design capacity predictions. 

 

A schematic diagram of the CSM elastic, linear hardening material model is shown in Figure 

2.16. The material model effectively starts at the 0.2% off-set plastic strain, and assumes elastic 

stress-strain behaviour up to the yield strength (0.2% proof stress) fy. The slope of the elastic 

region is taken as the material’s Young’s modulus E. Note that the material nonlinearity in this 

region has been accounted for by subtracting 0.2% plastic strain from the defined deformation 

capacity, i.e. Equations (2.12) and (2.15), for the development of the base curve. The slope of 

the linear hardening region Esh is determined as the slope of the line passing through two 

defined points on the stress-strain curve (Figure 2.16): the yield stress point (εy, fy) and a 

specified maximum point (C2εu, fu), where C2 is a proportion of the strain εu at the ultimate 

stress. Owing to the progressive loss of stiffness in the strain hardening range, as shown in 

Figure 2.16, care must be taken when determining a suitable value of C2 to obtain an accurate 

fit to the measured stress-strain curves. The differing strain hardening characteristics of 

different materials can be reflected by using different material coefficients. 
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Figure 2.16: Typical experimental stress-strain curve and the CSM material model for materials with a 
rounded stress-strain response 
 

In total, four material coefficients, C1, C2, C3 and C4, are used in the CSM material model; C1 

defines a ‘cut-off’ strain to avoid over-predictions of material strength and is also included in 

the CSM base curve for non-slender cross-sections (Equation (2.17)); C2 is used in Equation 

(2.19) to define the strain hardening slope Esh, 
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and C3 and C4 are used in the predictive expression for ultimate strain εu,  
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which is also needed for the determination of Esh. Recommended values for the coefficients of 

different considered materials are summarised in Table 2.2. Detailed information on the 

derivation of theses coefficients is given by Afshan and Gardner (2013), Bock et al. (2015) and 

Su et al. (2016). 

 

 

 

 

0.2%

fy

Strain

Stress

Test curve

CSM model

fu

εy C1εu C2εu

tan-1(E)

tan-1(Esh)

Yield stress point

Specified maximum point



Chapter 2 – Literature review 

 

36 

 

Table 2.2: Summary of coefficients for the CSM elastic, linear hardening material model 

Material C1 C2 C3 C4 
Austenitic and duplex stainless steel 0.10 0.16 1.00 0.00 
Ferritic stainless steel 0.40 0.45 0.60 0.00 
Aluminium 0.50 0.50 0.13 0.06 

2.4.4 CSM cross-section resistance functions 

Within the CSM design framework, the cross-section resistance is determined utilizing the 

limiting strain εcsm from the CSM design base curve (Equations (2.17) and (2.18)), in 

conjunction with the CSM material model illustrated in Section 2.4.3. The CSM resistance 

expressions for plated cross-sections (i.e. I-sections, SHS and RHS) under compression Ncsm 

and bending Mcsm are described in this section. Recent proposals for application of the CSM to 

cross-sections under combined loading (Liew and Gardner, 2015) are also summarised. 

 

The CSM cross-section compression resistance Ncsm,Rd is determined as the product of the gross 

cross-section area A and the CSM limiting stress fcsm, as given in Equation (2.21), in which fcsm 

is calculated from Equation (2.22) based on the proposed CSM elastic, linear hardening 

material model (Section 2.4.3) and γM0 is the partial safety factor for cross-section resistance 

with a recommended valued of unity in EN 1993-1-1 (2005). For εcsm > εy (corresponding to 

cross-section slenderness p  less than 0.68), fcsm will be greater than the yield strength fy and 

hence there is benefit to be exploited from strain hardening. 
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For slender cross-sections ( p 0.68  ), the design CSM bending resistance Mcsm,Rd is given 

simply by the product of the CSM limiting stress fcsm and the elastic section modulus Wel, as 

given by Equation (2.23). 
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For non-slender cross-sections ( p 0.68  ), the CSM bending resistance Mcsm,Rd is determined 

from Equation (2.24), where Wpl is the plastic section modulus and α is a dimensionless 

coefficient that is equal to 1.2 for I-sections bending about the minor axis, and 2 for I-sections 

bending about the major axis and SHS/RHS bending about either axis. 
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The CSM design approach for cross-sections under combined loading is to calculate the CSM 

resistances for pure axial compression (Ncsm,Rd) and bending (Mcsm,Rd), and then to stipulate an 

interaction curve to consider the combination thereof. The proposed CSM interaction 

expressions (Liew and Gardner, 2015) are given by Equations (2.25) and (2.26) for cross-

sections under major and minor axis bending plus compression, respectively, while Equation 

(2.27) was put forward for biaxial bending plus compression, where NEd is the applied design 

axial load, MEd is the applied design bending moment, MR,csm,Rd is the design CSM bending 

resistance reduced due to the axial force NEd and ay, az, by, bz, αcsm and βcsm are dimensionless 

interaction coefficients that depend on the section type, strain ratio and axis of bending. Note 

that the suffixes ‘y’ and ‘z’ denote bending about the major and the minor axis, respectively. 
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The interaction coefficients for I-sections, SHS and RHS are all defined in Table 2.3, where aw 

and af are the ratios of the cross-section web area Aw and flange area Af to gross area A, 

respectively, Wr is the ratio of the major to minor axis plastic section moduli Wpl,y/Wpl,z and 

ncsm is the ratio of the design axial load to CSM compression resistance NEd/Ncsm. Note that all 

the interaction coefficients are taken equal to unity for strain ratios εcsm/εy lower than 3, which 

is corresponding to cross-sections with p  higher than approximately 0.5 (see Figure 2.15), 

resulting in a linear interaction formula for these less stocky cross-sections, as given by 

Equation 2.28. 
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Table 2.3: CSM interaction coefficients for cross-sections under combined loading 

 I-sections  SHS and RHS 
3 ≤ εcsm/εy < 5 5 ≤ εcsm/εy ≤ 15  3 ≤ εcsm/εy ≤ 15 

ay aw + 1.2 
by 0.8 
az 2 8aw + 1.2  aw + 1.2 
bz 1 0.8 − 0.5aw   0.8 
αcsm 2 − 1.5ncsm ≥ 1 2 + 0.15Wr − 5ncsm

1.5 ≥ 1.3  1.75 + Wr(2ncsm
2 − 0.15) ≤ 1.7 + Wr 

βcsm 0.5 + 5ncsm
2.2 ≤ 4 0.8 + (15 − Wr)ncsm

2.2 ≤ 8  1.6 + (3.5 − 1.5Wr)ncsm
2 ≤ 3.7 − Wr 

2.4.5 Recent developments of the CSM 

Afshan and Gardner (2013) described the evolution of the CSM for stainless steel structures, 

covering its recent simplifications and refinements, and suggested p 0.68   as the limit 

between slender and non-slender sections for stainless steel, carbon steel and aluminium alloys. 

In addition, the CSM resistance predictions were compared with previous experimental results 

collected by Afshan and Gardner (2013), including 81 stainless steel stub columns and 65 

stainless steel beams, and the comparisons showed that the CSM provides improved accuracy 

and consistency compared to the codified stainless steel design rules in EN 1993-1-4 (2006). 

Bock et al. (2015) observed that ferritic stainless steels display a less rounded stress-strain 

response with lower ductility than austenitic and duplex stainless steels; as a consequence, the 

CSM material model developed by Afshan and Gardner (2013) had to be modified for ferritic 
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stainless steels. A modified CSM material model was proposed for ferritic stainless steels and 

the extension of the CSM to these steel grades, incorporating the modified material model, was 

assessed (Bock et al., 2015). A recent series of stub columns tests on stainless steel build-up I-

sections, SHS and RHS has been conducted by Yuan et al. (2014) and, based on these 

experimental results, the CSM was extended to cover stainless steel build-up sections in 

compression. Maintaining the basic design philosophy, the CSM has recently been extended to 

cover the design of stainless steel laser-welded I-sections (Bu and Gardner, 2018), circular 

hollow sections (Buchanan et al., 2016), lipped channel sections (Fan et al., 2014) and un-

lipped channel sections (Liang et al., 2018). 

 

Extension of the CSM to the design of I-sections and box sections under combined compression 

and bending was first proposed by Liew and Gardner (2015). A numerical method was 

employed to generate interaction surfaces for cross-sections under different combinations of 

loading, upon which design expressions to describe these interaction surfaces were proposed 

by means of non-linear least squares regression. Recent studies on stainless steel cross-sections 

under combined loading (Arrayago and Real, 2015; Zhao et al., 2015) suggested that good 

predictions can also be obtained by adopting the interaction curves from EN 1993-1-4 (2006), 

but with CSM end points (i.e. CSM compression and bending resistances). The method does 

not introduce any new interaction expressions, keeping the calculation procedure relatively 

simple for designers. 

 

Most previous studies on the CSM have focused on the design of non-slender cross-sections, 

i.e. p 0.68  , with the primary aim of utilising strain hardening in determining their ultimate 

cross-section resistances. The scope of the CSM has recently been extended to cover the design 

of slender stainless steel cross-sections under different loading conditions, underpinned by a 

large number of experimental and numerical results (Ahmed et al., 2016; Anwar-Us-Saadat et 

al., 2016; Zhao et al., 2017). The CSM for slender cross-sections adopts a similar concept as 

used in the Direct Strength Method, which is based upon the idea that the cross-section ultimate 

resistance can be directly determined if the elastic instability response of the gross section is 

known. The CSM proposals for slender cross-sections avoid cumbersome calculation 
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procedures, as required in the Effective Width Method, and enlarge the applicability of the 

CSM to the full range of cross-section slenderness. 

 

Zhao et al. (2016) applied the CSM to the design of stainless steel SHS and RHS beam-

columns. The proposed design expressions employed more accurate end points (i.e. the CSM 

bending resistance and revised flexural buckling resistance) and new interaction factors that 

were derived based on a large number of numerical results. This new proposal has been shown 

to yield superior accuracy and consistency in the prediction of stainless steel SHS and RHS 

beam-column strengths in comparison with strength predictions from EN 1993-1-4 (2006), and 

the same procedure has recently been extended to the design of stainless steel circular hollow 

sections (Buchanan, 2017) and laser-welded I-sections (Bu, 2018). 

 

The CSM was originally developed for stainless steel structural elements, which exhibit a high 

degree of strain hardening, and the same concept has since been applied to structural carbon 

steel (Gardner, 2011; Liew and Gardner, 2015), aluminium alloy (Su et al., 2014; Su et al., 

2016) and high strength steels (Lan et al., 2018). More recent advancements and developments 

of the CSM include its extension to cross-section design at elevated temperatures (Theofanous 

et al., 2016), cross-sections in shear (Saliba and Gardner, 2018), continuous beams (Arrayago 

et al., 2017; Gkantou et al., 2018; Theofanous et al., 2014), stainless steel frames (Walport et 

al., 2017) and composite structures (Gardner et al., 2017; Yang et al., 2018). 

2.5 Concluding remarks 

This chapter first presents essential background information on the physical and mechanical 

properties of hot-rolled and cold-formed structural steel cross-sections, where disparities in 

their material properties, residual stresses and geometric imperfections, due to the two different 

production routes (i.e. hot-rolling and cold-forming), are highlighted. The common 

shortcomings of current code provisions for cross-section design are then discussed; the 

codified design approaches generally overlook the web-flange interaction, ignore the beneficial 

effect of strain hardening for stocky cross-sections and fail to accurately account for the spread 
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of plasticity for non-compact (Class 3) sections. Finally, an alternative deformation based 

design method termed the Continuous Strength Method (CSM) has been introduced, including 

a comprehensive review of its development and current progress for structural steel design. 
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3 Material modelling of hot-rolled steels 

3.1 Introduction 

With the increasing use of advanced computational and analytical methods in structural 

engineering, there is a crucial need for accurate representations of the key input parameters. 

Development of accurate, yet simple material models to describe the full stress-strain response 

of hot-rolled structural steels is the subject of this chapter. Representation of the full stress-

strain curve is particularly important in analytical, numerical or design models for scenarios in 

which large plastic strains are encountered. Such scenarios include the simulation of section 

forming (Kuwabara, 2007), the response of structures under extreme loads (Arablouei and 

Kodur, 2016; Chen et al., 2016), the modelling and design of connections (Yang and Tan, 2012; 

Sabbagh et al., 2013) and the design of structural elements incorporating inelastic behaviour 

and strain hardening (Gardner et al., 2011; Liew and Gardner, 2015). 

 

Although a number of stress-strain models have been developed for hot-rolled carbon steels 

(Foster et al. 2015; Huang, 2010; Sadowski et al., 2015), they are either only applicable to a 

limited strain range or are too complex to be readily implemented in practice. Comprehensive 

reviews of existing stress-strain models for structural steel have been presented by Bruneau 

(2011), Foster (2014) and Huang (2010), while a brief overview is presented in the following 

section. In this Chapter, two material models for hot-rolled carbon steels are proposed – a quad-

linear material model suitable for use in design calculations allowing for yielding and strain 

hardening and a bilinear plus non-linear hardening model suitable for incorporation into 

advanced numerical simulations. The proposed models are based upon and calibrated against 
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data from over 500 experimental stress-strain curves collected from the global literature from 

34 individual sources and featuring material produced around the world. 

3.2 Overview of existing stress-strain models and previous work 

3.2.1 Existing stress-strain models 

Hot-rolled steels typically exhibit linear stress-strain behaviour up to the yield strength and a 

yield plateau before strain hardening is encountered (see Figure 2.3). Such stress-strain curves 

are usually characterised by different piecewise linear models in both numerical and analytical 

studies; the merits and disadvantages of these models have been summarised and discussed in 

Section 2.2.2. Apart from the piecewise linear models, Huang (2010) proposed a three-stage 

stress-strain model based on the Ramberg-Osgood expression (Ramberg and Osgood, 1943; 

Hill, 1944) which includes both a yield plateau (assuming an inclined yield plateau) and strain 

hardening, as given by Equation (3.1), where E is the Young’s modulus, fy is the yield strength, 

n is the strain hardening exponent, ε0.2 is the total strain at the 0.2% proof stress, εsh is the strain 

hardening strain where the yield plateau ends and subsequently the strain hardening initiates, 

εu is the strain at the ultimate stress fu, fsh is the strength corresponding to the strain hardening 

strain εsh, E0.2 and Est are the tangent moduli at the 0.2% proof stress point (ε0.2, fy) and the 

strain hardening point (εsh, fsh), respectively, and mst and mu are exponents determining the 

shape of the second and third stages of the curve, respectively. Note that a large value of n = 

100 has been suggested in the first stage of the proposed model (Equation (3.1)) to approximate 

the sharp yielding behaviour of hot-rolled steels. The accuracy of the proposed model was 

assessed by comparing its predictions with experimental stress-strain curves as well as the 

predictions from two existing stress-strain models for metals with a yield plateau: Mander’s 

model (Mander, 1983) and a modified power law model (Recommendation, 1990). The 

proposed model could successfully predict the behaviour of hot-rolled carbon steels with a 

yield plateau over the full strain range up to εu. However, it is only suitable for certain steel 

grades and the predictive equation is considered too lengthy to be implemented in practical 

design calculations and analytical formulations. 
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3.2.2 Existing predictions of εsh and Esh 

The strain hardening strain εsh and the strain hardening modulus Esh are sensitive to a number 

of factors, including the chemical composition of the material, the cross-section shape, residual 

stresses caused by the forming process, thermal effects and even the testing machine and 

control system employed to measure the stress-strain curve. The length of yield plateau has 

been found to vary with loading direction (McDermott, 1969), material grade (Kuhlmann, 

1989), cross-section shape (Wang, 2011) and location from where the coupon was extracted 

(Roderick, 1951). With respect to the strain hardening modulus Esh, variation has been shown 

to exist with material grade (Byfield and Dhanalakshmi, 2002; Sadowski et al., 2015, Wang, 

2011), cross-section shape (Wang, 2011) and the basic definition (ASCE, 1972). 

 

A number of studies have been carried out over the past few decades into the determination of 

values for the two strain hardening parameters εsh and Esh. Boeraeve et al. (1993) proposed a 

quad-linear material model, using the tangent hardening modulus and recommended values of 

Esh = 2%E and εsh = 0.025 based on the interpretation of a series of experimental stress-strain 

curves with yield stress ranging from 235 N/mm2 to 460 N/mm2. Sadowski et al. (2015) 

presented a statistical analysis of the post-yield material properties of several steel grades and 

proposed predictive expressions for Esh and the length of yield plateau based on regression 

analysis. EN 1993-1-5 (2006) permits an elastic, linear hardening model with Esh = 1%E in 

limit state design using computational methods, and this model has also been employed in the 

CSM to represent material strain hardening effects (Gardner, 2008; Gardner et al., 2011; Liew 

and Gardner, 2015). A series of studies have been conducted to develop suitable expressions 

for defining Esh in the CSM elastic, linear hardening material model on the basis of tensile 



Chapter 3 – Material modelling of hot-rolled steels 

 

45 

 

coupon test data (Wang, 2011) and full cross-section tensile test results (Foster et al. 2015). 

Foster et al. (2015) also reported that the yield plateau of full cross-sections in tension was 

consistently shorter than the corresponding plateau measured in tensile coupon tests, by an 

average of about 40% and 30% in hot-rolled I-sections and hollow sections, respectively. The 

ECCS publication (Vogel, 1985) recommended a constant strain hardening modulus of Esh = 

2%E together with a strain hardening strain εsh of 10εy. This model has been supplemented with 

a horizontal line at f = fu and an ultimate strain limit of 15% (Nseir, 2015). 

 

Details of different tri-linear and quad-linear material models can be found in Sadowski et al. 

(2015), Boeraeve et al. (1993), Vogel (1985) and Nseir (2015). The existing predictions of εsh 

and Esh show considerable variation, due mainly to the fact that each study has only examined 

a relatively limited set of steel grades, with data collected from a narrow range of sources. A 

thorough assessment of both εsh and Esh, based on a wider range of existing experimental data 

sets, is therefore needed and is undertaken in this Chapter. 

3.3 Expressions for the proposed standardised stress-strain models 

In order to overcome the shortcomings of the existing material models, two new standardised 

models to represent the yield plateau and strain hardening behaviour of hot-rolled steels are 

proposed: firstly, a quad-linear stress-strain model, illustrated in Figure 3.1, and secondly, a bi-

linear plus nonlinear hardening model illustrated in Figure 3.2 to capture the gradual loss of 

stiffness in the strain hardening regime. The quad-linear stress-strain model consists of four 

stages and can be written over the full range of tensile strains as: 
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in which C1εu represents the strain at the intersection point of the third stage of the model and 

the actual stress-strain curve, and 
u1εCf  is the corresponding stress, as shown in Figure 3.1. The 

quad-linear model, or the first three stages thereof, is suitable for incorporation into simplified 

analytical/design approaches that account for strain hardening, and will also provide accurate 

input for numerical simulations. 

 

           

Figure 3.1: Proposed quad-linear material model together with typical experimental stress-strain curve 

 

          

Figure 3.2: Proposed bilinear plus nonlinear hardening model together with typical experimental stress-
strain curve 
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The bi-linear plus nonlinear hardening model, given by Equation (3.3) and illustrated in Figure 

3.2, captures the rounded strain hardening response of hot-rolled steel and will therefore be 

suitable for advanced numerical simulations of scenarios in which tracing the gradual loss of 

stiffness is essential. The nonlinear expression adopts a similar form to that proposed by 

Mander (1983), and features four model coefficients (K1, K2, K3 and K4) which are calibrated 

herein based on tensile coupon test data by means of least squares regression. 
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Four material coefficients (C1, C2, C3 and C4) are used in the quad-linear model: C1 represents 

the intersection point discussed previously and effectively defines a ‘cut-off’ strain to the third 

stage of the quad-liner model to avoid over-predictions of material strength; C2 is employed in 

Equation (3.4) to determine the strain hardening slope Esh; and C3 and C4 are used in the 

predictive expression for ultimate strain εu (see Equation (3.5)), which is also needed for the 

determination of Esh. The quad-linear material model adopts similar definitions for the material 

coefficients (C1, C2, C3 and C4) as used in the elastic, linear hardening CSM material model 

(see Section 2.4.3), and can indeed be seen as a superset of the previous model, with the 

principal difference being that the length of yield plateau is considered in the quad-linear 

model. 
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Owing to the progressive loss of stiffness in the strain hardening range (see Figure 3.1), care 

must be taken to select a suitable value for the strain hardening modulus Esh. The initial slope 

method (Galambos, 1998), which assumes a constant value of Esh based on the initial post-
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yield tangent slope taken at εsh, is only suitable for the very early stages of the strain hardening 

region, while assuming linear hardening from εsh to εu (which corresponds to taking C2 = 1), 

can substantially underestimate the strain hardening over the full tensile strain range. The 

determination of Esh within the proposed quad-linear material model utilises two defined points 

on the stress-strain curve: the strain hardening point (εsh, fy) and a specified maximum point 

(C2εu, fu), as shown in Figure 3.1. This method has been previously used in the development of 

the CSM material model for stainless steel and aluminium (Afshan and Gardner, 2013; 

Buchanan et al., 2016; Bock et al., 2015), and different values of C1 and C2 have been proposed 

for different materials, as summarised in Table 2.2. 

 

It is desirable to characterize the proposed material models using only the three basic material 

parameters (E, fy and fu), since the values of these parameters are readily available in design 

codes (e.g. EN 1993-1-1, 2005). Therefore, the other additional material parameters (εu, εsh, C1, 

C2, C3 and C3) need to be expressed in terms of these three basic material parameters. 

Regression analyses and the development of predictive expressions for the additional material 

parameters are presented in the subsequent sections of this chapter. 

3.4 Experimental database 

The experimental database employed herein to underpin the proposed material models 

comprised over 500 stress-strain curves on hot-rolled steels produced and tested around the 

world. To establish the predictive expression for εu, 347 tensile coupon test results on hot-rolled 

carbon steels collected from the literature (Ban et al., 2012; Ban et al., 2014; Bao, 2012; Cao, 

2014; Chan and Gardner, 2008b; Chen et al., 2008; Coelho et al., 2009; D'Aniello et al., 2012; 

Foster and Gardner, 2013; Foster et al., 2015; Kettler, 2008; Liew, 2014; Lin, 2012; Lu et al., 

2016; Nseir, 2015; Qi, 2014; Qiao, 2007; Saloumi et al., 2015; Shi et al., 2011; Shi et al., 2012; 

Shokouhian and Shi, 2015; Wang, 2011; Wang et al., 2016; Wilkinson, 1999; Yang, 2013; Yu, 

2010; Zhao, 2011; Zhou, 2014) and 190 received from the Steel Research Group from the 

University of Coimbra, from the European project SAFEBRICTILE have been collected and 

analysed, while a dataset of 455 tensile coupon test results has been collected (Ban et al., 2012; 

http://www.uc.pt/en/driic/mobilidade/in
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Ban et al., 2014; Bao, 2012; Cao, 2014; Chan and Gardner, 2008b; Chen et al., 2008; Coelho 

et al., 2009; Cuk et al., 1986; D'Aniello et al., 2012; Foster et al., 2015; Kettler, 2008; 

Kuhlmann, 1989; Liew, 2014; Lin, 2012; Lu et al., 2016; Luo, 2013; Nseir, 2015; Qi, 2014; 

Qiao, 2007; Sadowski et al., 2015; Saloumi et al., 2015; Shi et al., 2011; Shokouhian and Shi, 

2015; Wang, 2011; Wang et al., 2016; Wilkinson, 1999; Yang, 2013; Yu, 2010; Zhao, 2011; 

Zhou, 2014) to establish the predictive expression for εsh. A summary of the references for the 

test data, the number of coupon test results and the steel grades is provided in Table 3.1. Note 

that the material parameters fy, fu and εsh determined from Sadowski et al. (2015) were not 

explicitly reported, and these values were interpreted from the figures of regression lines using 

digitizing software ‘GetData Graph Digitizer’. 

 

The tested coupons were cut either from hot-rolled carbon steel sheets or hot-rolled/finished 

carbon steel sections, including square hollow sections (SHS), rectangular hollow sections 

(RHS), circular hollow sections (CHS), elliptical hollow sections (EHS), angle-sections and I-

sections, of various steel grades. Grades S235, S275, S355, S460, S690 and S960 are hot-rolled 

carbon steels with nominal yield strengths of 235 N/mm2, 275 N/mm2, 335 N/mm2, 460 N/mm2, 

690 N/mm2 and 960 N/mm2 respectively, and are specified according to EN 10027-1 (2005). 

Q235, Q345, Q390, Q420 and Q460 are hot-rolled carbon steels with nominal yield strengths 

of 235 N/mm2, 345 N/mm2, 390 N/mm2, 420 N/mm2 and 460 N/mm2 respectively, and are 

specified according to GB 50017 (2003). Note that in the Chinese specification GB 50017 

(2003), Q denotes that the following number in the grade designation is the yield strength. 

 

In the aforementioned references, 235 full-range stress-strain curves were reported and 

analysed to develop suitable predictive expressions for the material coefficients C1 and C2 used 

in the quad-linear model and to calibrate the four material coefficients (K1, K2, K3 and K4) 

employed in the bilinear plus nonlinear hardening model. Development of the predictive 

expressions for these parameters is described in the following section. 
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3.5 Development of predictive expressions for material parameters 

The collected data are analysed in this section in order to obtain predictive expressions for the 

additional material parameters (εu, εsh, C1, C2, C3, C4, K1, K2, K3 and K4) used in the proposed 

material models, after which the effect of the prediction errors on the accuracy of the models 

is assessed. 

3.5.1 Predictive expressions for εu and εsh 

Rasmussen (2003) proposed a predictive expression for the ultimate tensile strain εu of stainless 

steels, as given in Equation (3.6), where fy is taken as the 0.2% proof stress due to the rounded 

nature of the stress-strain curve of stainless steel. Arrayago et al. (2015) supported the 

proposals by Rasmussen (2003) for austenitic and duplex stainless steel, but proposed a revised 

predictive model given by Equation (3.7) for ferritic stainless steel. Observing a similar trend 

in the carbon steel data assembled herein, εu was also considered to depend on the ratio of yield 

stress fy to ultimate tensile stress fu. The predictive expression for εu is assumed to be of a 

similar format, as used for stainless steels (Arrayago et al., 2015; Bock et al., 2015; EN 1993-

1-4, 2006; Rasmussen, 2003) and given by Equation (3.5), where the material coefficients C3 

and C4 are determined following a regression fit to the collected test data. The experimental 

ultimate strains εu are plotted against the corresponding fy/fu ratios for the data from 537 hot-

rolled carbon steel tensile coupon tests, as shown in Figure 3.3. 
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Figure 3.3 shows the negative correlation that exists between εu and the ratio of fy/fu for hot –

rolled carbon steels. It can also be seen from Figure 3.3 that once fy/fu is greater than a value of 

about 0.9 (normally for high strength material), εu remains almost constant at a value of εu ≈ 
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The test data for the strain hardening strain εsh are plotted against the ratio of fy/fu in Figure 3.4, 

including the full cross-section tension data from Foster et al. (2015) and Wang et al. (2016). 

Based on regression analysis, the following equation is proposed to predict εsh for hot-rolled 

carbon steels: 

 

y
sh

u

0.1 0.055,
f

ε
f

   but 0.015 ≤ εsh ≤ 0.03.                                (3.9) 

 

 

Figure 3.4: Evaluation of predictive expression for εsh for hot-rolled carbon steels 
 

Using the above equation, the mean value and COV for the ratios of the tested to predicted 

values of εsh are 1.06 and 0.29, respectively. As shown in Figure 3.4, the coupon test results for 

εsh are rather scattered, but the majority (85%) of the test data lie within ±50% of the 

predictions of Equation (3.9). Note that the yield plateau lengths from the full cross-section 

tensile tests are generally less than those from the coupon tests and thus the predicted yield 

plateau lengths from Equation (3.9) are on the conservative side. 
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3.5.2 Predictive expressions and values for model coefficients 

A total of 235 measured stress-strain curves, covering a wide range of hot-rolled carbon steel 

grades, have been collected and analysed to establish expressions for the material coefficients 

C1 and C2 used in the quad-linear model and to calibrate the four material coefficients (K1, K2, 

K3 and K4) employed in the bilinear plus nonlinear hardening model. The least squares 

regression method was used for fitting the third stage of the quad-linear model and the strain 

hardening range of the nonlinear hardening model to the available experimental stress-strain 

curves. Since the data points are not, in general, evenly distributed along the measured stress-

strain curves, the regression fit will be biased towards the regions of the curve that have the 

higher concentrations of data. Hence, a curve fitting approach has been employed before using 

the least squares regression analysis to obtain the material coefficients in order to represent the 

experimental stress-strain curves with an evenly distributed set of data points. 

 

Since the purpose of the curve fitting was to achieve an accurate description of the strain 

hardening properties, the data from the elastic and yield plateau regions of the curves (i.e. below 

εsh) were discarded for this purpose. The strain hardening region was found to be accurately 

represented by a 7th order polynomial (Sadowski et al., 2015), as given by Equation (3.10), 

where a1-a7 forms a set of trial coefficients to be determined. Evenly distributed data points 

could then be obtained from the fitted polynomial. 
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   for εsh < ε ≤ εu                                    (3.10) 

 
Based on a process of least squares regression to the fitted curves, the following predictive 

expressions for the material coefficients C1 and C2 were obtained: 
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3.5.3 Comparison of experimental values of εsh and Esh with prediction from 

proposed and ECCS model 

In the section, the collected test results for εsh,test and Esh,test have been compared with the 

predictions of the proposed expressions (Equation (3.9) for εsh,prop and Equation (3.13) for 

Esh,prop) and the values recommended by ECCS (Vogel, 1985) (εsh,ECCS = 10εy and Esh,ECCS = 

2%E). The experimental strain hardening slope Esh,test was determined by minimising the 

coefficient of variation (COV) between the prediction of a linear function and the measured 

data within the corresponding region. This effectively defines the hardening region of the 

stress-strain curve that can be most accurately represented as linear. Key statistical values, 

including the mean and COV of the test-to-predicted results, determined from either the ECCS 

model or the proposal made herein for hot-rolled steels, are summarized in Tables 3.2 and 3.3 

for εsh and Esh, respectively. It can be seen from Table 3.2 that the proposed predictive 

expression for εsh (Equation (3.9)) provides improved mean predictions of the test data 

compared to the ECCS model and with reduced scatter (COV). With respect to the strain 

hardening slope, the ECCS model generally over-estimates Esh, as illustrated Table 3.3, while 

the proposed model offers a significantly improved mean prediction of the test data and with 

lower scatter (COV) when the predicted values of the strain hardening and ultimate strain 

(εsh,prop and εu,prop) are employed in Equation (3.13) for the determination of Esh,prop. Similarly 

accurate mean predictions of Esh, but with further reduced scatter, are obtained when using the 

measured values of the strain hardening and ultimate strain (εu,test and εsh,test) in Equation (3.13), 

as indicated in Table 3.3. 

 
Table 3.2: Statistical results for the ratios εsh,test/εsh,ECCS and εsh,test/εsh,prop 

 εsh,test/εsh,ECCS εsh,test/εsh,prop 

Mean  1.15 1.06 
COV 0.38 0.29 

 

Table 3.3: Statistical results for the ratios Esh,test/Esh,ECCS and Esh,test/Esh,prop 

 Esh,test/Esh,ECCS Esh,test/Esh,prop 

  
Using εu,prop 

and εsh,prop 
Using εu,prop  

and εsh,test 
Using εu,test  
and εsh,prop 

Using εu,test 
and εsh,test 

Mean 0.67 1.04 1.02 1.09 1.07 
COV 0.28 0.26 0.26 0.21 0.17 
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3.5.4 Effect of variations εsh and εu 

The effect of variations in εsh and εu on the predicted stress from the quad-linear stress-strain 

model at ε = 2% is assessed in this section. A strain of 2% was chosen as representative of the 

upper level of strains that may be experienced in general structural applications. The quad-

linear stress-strain curves have been determined for the combinations of εsh and εu shown in 

Tables 3.4 and 3.5, respectively. In all cases, the basic material parameters were taken as: E = 

210000 N/mm2, fy = 355 N/mm2 and fu = 490 N/mm2, and the reference values of εu = 16.5% 

and εsh = 1.7% were determined using Equation (3.8) and Equation (3.9), respectively. Tables 

3.4 and 3.5 summarize the percentage variations of the predicted stress at ε = 2% due to the 

given percentage variations of the predicted values of εu and εsh. According to Tables 3.4 and 

3.5, a reduction of 40% in εu leads to a 1.3% increase in stress at ε = 2%, while a variation of 

±50% in εsh leads to a maximum variation in stress of 5.1% at ε = 2%. These comparisons 

indicate the accuracy of the proposed model and relative insensitivity to variations in the key 

predicted parameters. Comparisons between the proposed models and a series of full range 

experimental stress-strain curves are presented in the next section. 

 
Table 3.4: Effect of variation in εu on the prediction of stress f at ε = 2% using the quad-linear material  
model 

εu  % change in εu εsh f at ε = 2% % change in f at ε = 2% 

(%)  (%) (N/mm2)  

23.1 40 1.7 359.0 -0.5 
19.8 20 1.7 359.8 -0.5 
16.5 - 1.7 360.8 - 
13.2 -20 1.7 362.5 0.5 
9.9 -40 1.7 365.5 1.3 

 

Table 3.5: Effect of variation in εsh on the prediction of stress f at ε = 2% using the quad-linear material  
model 

εsh  % change in εsh εu f at ε = 2% % change in f at ε = 2% 

(%)  (%) (N/mm2)  

2.6 50 16.5 355.0 -1.6 
2.2 25 16.5 355.0 -1.6 
1.7 - 16.5 360.8 - 
1.3 -25 16.5 370.3 2.6 
0.9 -50 16.5 379.3 5.1 
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3.6 Comparison with experimental stress-strain curves and summary 

of proposals 

3.6.1 Comparison with experimental stress-strain curves 

Sample comparisons between eight representative experimental stress-strain curves and the 

corresponding predicted curves from the proposed and ECCS material models are shown in 

Figure 3.6. The measured values of only the three basic material parameters (E, fy and fu) from 

the eight coupon tests, as given in Table 3.6, were used in the predicted material curves. It may 

be seen from Figure 3.6 that consistently good agreement is achieved between the predicted 

and measured stress-strain curves using the proposed models, whereas the ECCS model shows, 

in some cases, substantial deviation up to 16% from the observed response. This could be due 

to the fact that the ECCS model was developed based on lower steel grades produced more 

than three decades ago and is less suitable for the wide range of modern structural steel grades 

now in common use. The key advantages of the proposed models over the existing ECCS 

model are (1) the more accurate predictions of εsh and Esh and (2) the more accurate 

representation of the gradual loss of stiffness in the strain hardening region. 

 

(a) Stress-strain curves predicted by different models for grade S235 specimen cut from I-section tested  
in the present study (see Chapter 6) 

Figure 3.6: Comparison of experimental stress-strain curves with the proposed material models and 
ECCS model 
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(h) Stress-strain curves predicted by different models for grade S690 specimen cut from SHS tested by  
Wang et al. (2016) 

Figure 3.6: Comparison of experimental stress-strain curves with the proposed material models and 
ECCS model (continued) 

3.6.2 Summary of proposals 

The proposed quad-linear and bilinear plus nonlinear hardening material models for hot-rolled 

carbon steels are summarized as follows: 
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where εu is the ultimate strain, which may be determined from: 

 

y
u
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0.6 1 ,
f

ε
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 but εu ≥ 0.06 for hot-rolled carbon steels              (3.8) 

 
εsh is the strain hardening strain, which may be determined from: 

 

y
sh

u
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   but 0.015 ≤ εsh ≤ 0.03                                 (3.9) 

 
C1 is a material coefficient that may be obtained from: 
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                                                   (3.11) 

 
Esh is the strain hardening modulus that may obtained from: 

 

u y
sh
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f f
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.                                                     (3.13) 

 
The values of the key parameters (εu, εsh and Esh), calculated from the derived predictive 

expressions, for a series of standard hot-rolled structural steel grades from EN 1993-1-1 (2005), 

based on nominal material properties and nominal element thickness t ≤ 40 mm, are given in 

Table 3.7. 

3.7 Concluding remarks 

A comprehensive study into the constitutive modelling of hot-rolled carbon steels is presented 

in this chapter. A quad-linear material model and a bilinear plus nonlinear hardening material 

model, to accurately represent the elastic, yield plateau and strain hardening regimes typically 

associated with hot-rolled steels have been proposed. The models use the three basic material 

parameters E, fy and fu that are readily available to engineers in material standards, as well as 

additional material parameters, for which predictive expressions or values have been developed. 
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The predictive expressions for the additional material parameters were calibrated based on a 

large set of experimental stress-strain data collected from the literature, and are expressed in 

terms of the basic material parameters. As a result, only the three basic material parameters (E, 

fy and fu) are required to describe full stress-strain curves. The accuracy of the proposed models 

was assessed by comparing its predictions with available experimental stress-strain curves on 

hot-rolled carbon steel material. The predicted stress-strain curves are shown to be more 

accurate than the commonly used ECCS model and in good agreement with experimental 

stress-strain curves over the full range of tensile strains for both normal strength and high 

strength hot-rolled carbon steels. The proposed stress-strain curves are suitable for 

incorporation into analytical, numerical and design models of hot-rolled carbon steel elements. 
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4 Material modelling of cold-formed steels 

4.1 Introduction 

Unlike hot-rolled carbon steels, which exhibit an initial elastic response, with a sharply defined 

yield point, followed by a yield plateau and a subsequent strain hardening region, a rounded 

stress-strain response is generally associated with structural cross-sections that experience 

sufficient cold-work during sheet/section forming to erode the yield plateau, and is particularly 

common for cold-formed tubular sections. Various material models have been developed to 

describe the nonlinear stress-strain response of metallic materials over the last few decades, as 

reviewed in the next section, the most widely used of which are based on the general expression 

proposed by Ramberg and Osgood (1943) and later modified by Hill (1944). A number of 

studies have focused on the material modelling of stainless steels (Afshan and Gardner, 2013; 

Arrayago et al., 2015; Bock et al., 2015; Quach et al., 2008; Rasmussen, 2003; Tao and 

Rasmussen, 2015), but values or predictive expressions for the key parameters in these models 

require modification for applicability to the particular stress-strain characteristics of cold-

formed carbon steels. The aim of this chapter is to develop an accurate stress-strain model for 

use in the advanced simulation of cold-formed steel members and a simplified bi-linear model 

for use in CSM design calculations, based upon and validated against data from over 700 

experimental stress-strain curves collected from the global literature, covering a wide range of 

steel grades, production routes and cross-section types. Note that cold-formed steels that 

exhibit the characteristic rounded stress-strain response with no yield plateau are the focus of 

this chapter. 
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4.2 Overview of existing stress-strain models and previous work 

4.2.1 Existing stress-strain models 

The Ramberg-Osgood model (Ramberg and Osgood, 1943; Hill, 1944) is widely used to 

describe the rounded stress-strain response of aluminum alloys, stainless steels and cold-

formed carbon steels. The Ramberg-Osgood model (see Equation (4.1)) is generally defined 

using three basic parameters – the Young’s modulus E, the material yield strength fy (taken as 

the 0.2% proof stress) and the strain hardening exponent n. The strain hardening exponent n 

can be determined using an additional proof stress e.g. the 0.01% proof stress σ0.01, as given by 

Equation (4.2), or the 0.05% proof stress σ0.05, as given by Equation (4.3). The latter has been 

shown by Rasmussen and Hancock (1993) and Arrayago et al. (2015) to yield more consistent 

n values in comparison to curves fitted to stainless steel stress-strain data by regression 

analysis. 
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Equation (4.1) has been shown to be capable of accurately representing different regions of the 

stress-strain curve of stainless steel, depending on the choice of the n parameter, but found to 

be generally incapable of accurately representing the full stress-strain curve with a single value 

of n. This observation led to a number of developments and extensions to the Ramberg-Osgood 

model. Mirambell and Real (2000) proposed a smooth two-stage stress-strain model, utilising 

the conventional Ramberg-Osgood relationship (Equation (4.1)) up to the yield strength and 

introducing a second Ramberg-Osgood curve commencing at the yield strength fy and 

continuing up to the ultimate tensile strength fu, as given by Equation (4.4). Continuity of 

position and slope is achieved at the transition point (i.e. the yield strength fy) between the two 
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stages (i.e. between Equation (4.1) and Equation (4.4)). Figure 4.1 shows a typical cold-formed 

steel stress-strain curve, together with the key material parameters used in the two-stage 

Ramberg-Osgood model. 
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Figure 4.1: Typical cold-formed steel stress-strain curve with definitions of key material parameters 

 

In Equation (4.4), εu is the strain at the ultimate strength fu, ε0.2 is the total strain at the yield 

strength fy (0.2% proof stress), E0.2 is the tangent modulus at the 0.2% proof stress, given by 

Equation (4.5), and m is the strain hardening exponent for the second part of the two-stage 

model, which can be determined from the ultimate strength and an intermediate strength. Note 

that Eq. (1) remains applicable for strengths less than or equal to the yield strength fy. 

 

y

2.0

002.01
f

E
n

E
E


                                                       (4.5) 

 
The two-stage Ramberg-Osgood model was simplified by Rasmussen (2003) by approximating 

the plastic strain term  u 0.2 u y 0.2f f E     in Equation (4.4) to the ultimate strain εu, as 
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expressed in Equation (4.6). In addition, Rasmussen (2003) also developed predictive 

expressions for the second strain hardening exponent m, the ultimate strain εu and ultimate 

strength fu for stainless steel alloys, as given by Equations (4.7)-(4.9), respectively, using the 

three basic Ramberg-Osgood parameters (E, fy and n). As a result, only the three basic 

parameters are required to describe full stress-strain curves for different stainless steel grades. 

Note that the simplified expression (Equation (4.6)) predicts a stress-strain curve that does not 

pass exactly through the ultimate strength point (εu, fu), though the discrepancies due to the 

approximation of ultimate strain in the Rasmussen model are small especially for the more 

ductile stainless steel grades (austenitic and duplex), as highlighted in Arrayago et al. (2015). 

The Rasmussen model, along with the predictive expressions for the key material parameters 

(Equation (4.7) and (4.8)), has been included in Annex C of EN 1993-1-4 (2006). Further recent 

studies (Afshan et al., 2013; Arrayago et al., 2015; Real et al., 2014; Tao and Rasmussen, 2015) 

have been carried out to assess the accuracy of the predictive equations (Equations (7)-(9)), 

and revised expressions that provide more accurate parameter predictions have been proposed 

where necessary. 
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Since an ultimate strength in compression cannot be obtained due to the absence of the necking 

phenomenon, it was proposed by Gardner and Nethercot (2004b) to use the 1% proof stress σ1.0 
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in place of the ultimate strength fu in Equation (4.4), leading to Equation (4.10) for strengths 

greater than the yield strength fy, 
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where ε1.0 is the total strain at the 1% proof stress σ1.0, and n0.2,1.0 is a strain hardening exponent 

representing a curve that passes through the yield strength point (ε0.2, fy) and the 1% proof stress 

point (ε1.0, σ1.0). This approach was found to provide an excellent match to the experimental 

stress-strain data, in both tension and compression, up to strains of approximately 10% 

(Gardner and Nethercot, 2004b), which covers the maximum strains experienced in general 

structural applications. 

 

For certain scenarios in which large plastic strains are likely to be encountered, such as the 

simulation of cold-forming processes, connections and structures under extreme loads, an 

accurate prediction of stress-strain curves up to very high strains is often needed. A three-stage 

full-range stress-strain model, which utilised Equation (4.10) up to ε2.0 (i.e. the total strain at 

the 2% proof stress σ2.0), followed by a third stage based on the assumption that a linear 

relationship exists between the true stress and the nominal strain over the strain range of ε2.0 < 

ε ≤ εu, was proposed by Quach et al. (2008) for stainless steels. The model is accurate, but the 

predictive expressions for the additional material parameters are rather lengthy and their scope 

of application is limited. Hradil et al. (2013) developed a generalized multistage model based 

on the Ramberg-Osgood expression (i.e. using the same concept as the Mirambell and Real 

model), which enables a nonlinear stress-strain curve to be more accurately described by 

dividing the curve into multiple segments, though increasing the number of segments increases 

the number of material parameters and hence the complexity of the model. 

 

All the aforementioned material models are based upon and calibrated against stainless steel 

stress-strain curves, but studies into stress-strain models for cold-formed steels are relatively 

scarce. Abdel-Rahman and Sivakumaran (1997) proposed an idealized elastoplastic multi-

linear stress-strain model to describe the gradual yielding and strain hardening behaviour of 

cold-formed steel materials. Quach and Huang (2011) extended the applicability of the 
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Mirambell and Real model (see Equation (4.4)) to cold-formed steels and proposed two 

alternative predictive equations for the second strain hardening exponent m, which ensure that 

the second stage of the stress-strain curve passes either through the 1% or 2% proof stress, as 

given by Equations (4.11) and (4.12). Note that for coupons that exhibit very low values of εu, 

the second strain hardening exponent m may not be obtained using the 1% or 2% proof stress; 

in this scenario, the value of m can be conservatively taken as unity (Quach and Huang, 2011). 

However, the accuracy of the resulting stress-strain curves that utilise the strain hardening 

exponent m from Equations (4.11) or (4.12) depends largely on the ability to predict the 

selected intermediate proof stress, and although predictive expressions for σ1.0 and σ2.0 have 

been proposed by Quach and Huang (2011), the scatter of the collected experimental data 

points for σ1.0 and σ2.0 relative to the predictions is significant. The proposed equations for m 

(Equations (4.11) or (4.12)) are thus more suitable for use where the measured 1% or 2% proof 

stress is known. 
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A comparative study of various material models used to describe the nonlinear behaviour of 

stainless steels has been conducted by Real et at. (2014), which highlighted that the three-stage 

Ramberg-Osgood models yield the best fit to experimental stress-strain curves at high strains, 

although more material parameters are required for their definition. It was also pointed out that 

the optimized values (i.e., those found by fitting to measured stress-stain curves) of the first 

and second strain hardening exponents obtained for different two-stage Ramberg-Osgood 

models (Gardner and Nethercot, 2004; Mirambell and Real, 2000; Rasmussen, 2003) are 

similar. Considering the balance between accuracy and practicality, it is proposed that the 

Mirambell and Real expressions (Equations (4.1) and (4.4)) be adopted as the basis of the 

stress-strain curves for cold-formed steels developed herein; this model was favoured over the 
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Rasmussen model since while the approximation that εu ≈   u 0.2 u y 0.2f f E     (i.e. that 

the  0.2 u y 0.2f f E    term is small in comparison with εu) is reasonable for austenitic and 

duplex stainless steels that are very ductile, the errors become more significant for cold-formed 

steels, which have considerably lower ductility. Values and predictive expressions for the key 

input parameters are derived in the remainder of this chapter following analysis of an extensive 

set of experimental stress-strain curves. 

4.2.2 Existing models for predicting strength enhancements in cold-formed steel 

sections 

Over the past few decades, there have been a number of studies aimed at developing suitable 

models for predicting the enhanced yield strength in the corner regions of cold-formed steel 

and stainless steel cross-sections that arise as a result of plastic deformation experienced during 

production, a review of which has been made by Rossi et al. (2013). Early investigations into 

the strength enhancement in the corner regions of cold-formed steel sections were carried out 

by Karren (1967), who conducted a series of coupon tests on virgin, flat and corner materials 

and proposed a semi-empirical model to predict the increased yield strength in the corners fy,c, 

as given in the following equations: 
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Karren’s model assumes that the strength enhancement in the corner regions of cold-formed 

steel sections is dependent on (i) the ratio of the ultimate tensile strength (fu) to the yield 

strength (fy) of the unformed (virgin) material, which is indicative of the potential for cold-
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working, and (ii) the ratio of the inner corner radius (ri) to the thickness of the steel sheet (t), 

which is indicative of the induced level of plastic strain. Note that values of fy and fu are 

provided in mill certificates but, for design purposes, the values given in material specifications 

should be adopted. Karren’s model is included in the AISI Specification for the Design of Cold-

formed Steel Structural Members (2007), referred to hereinafter as the “AISI Specification”. 

Abdel-Rahman and Sivakumaran (1997) observed, based on tensile coupon test results on cold-

formed steel channel sections, that strength enhancements also exist in areas adjacent to the 

corners though these are not as significant as in the curved corner areas themselves. Following 

their findings, a modification factor to Equation (4.13) was proposed to give the average 

enhanced yield strength within the corner zone, which was defined as the curved corner area 

plus adjacent flat regions either side of the corner extending to a distance of πri/2. Similarly, 

Gardner et al. (2010) modified the predictive model given in the AISI Specification (Equations 

(4.13)-(4.15)) based on test results on corner material extracted from cold-formed steel box 

sections, and the revised values of coefficients are given in Equations (4.16) and (4.17). The 

modified predictive model was found to provide more accurate and consistent corner yield 

strength predictions than those obtained from the AISI Specification for cold-formed square 

and rectangular hollow sections. 
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An alternative model to predict the strength enhancement in the corner regions of cold-formed 

sections based on the determination of the plastic strains associated with the dominant stages 

in the fabrication process and the adoption of an inverted compound Ramberg-Osgood stress-

strain relationship (Abdella, 2006) for the unformed material was proposed by Rossi (2008). 

This predictive model was established without introducing any empirical parameters and was 

thus deemed applicable to any structural sections formed from non-linear materials. More 

recently, Rossi et al. (2013) proposed a modified and simplified approach featuring a simple 

power law model in place of the inverted compound Ramberg-Osgood model, to represent the 
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stress-strain response of the unformed material, and a through thickness averaged plastic strain, 

in place of the maximum surface plastic strain adopted by Rossi (2008). The Rossi et al. (2013) 

model is given by Equations (4.18) and (4.19) for the determination of the enhanced yield 

strength for the flat faces fy,f of cold-rolled box sections and the corner regions fy,c of cold-

rolled or press-braked sections, respectively, 

 

 qpf 0.2f,avy,f   , but ≤ fu                                          (4.18) 

 

 qpf 0.2c,avy,c   , but ≤ fu                                          (4.19) 

 
where εf,av and εc,av refer to the through thickness averaged plastic strain induced during the 

forming of the flat regions of cold-rolled box sections and the corner regions of press-braked 

and cold-rolled sections, as defined by Equations (4.20) and (4.21), respectively, and p and q 

are material parameters calculated directly from the basic properties of the unformed material, 

as given in Equations (4.22) and (4.23). In Equations (4.20) and (4.21), B and H are the width 

and height, respectively, of the cold-rolled box-sections, and t is the thickness. Note that the 

0.85 factor included in the Rossi et al. (2013) model for reliability purposes has been excluded 

for the comparisons made in the present study in order to directly assess the accuracy of the 

predictive expressions. 
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4.3 Experimental database and data processing method 

4.3.1 Experimental database 

In this section, the collection and analysis of experimental data to establish predictive 

expressions/values for the key material parameters used in Equations (4.1) and (4.4) and the 

material coefficients used in the CSM bilinear material model (see Section 2.4.3) for cold-

formed steels are described. The database comprised results from over 700 tensile coupon tests 

gathered from a broad spectrum of existing experimental programmes conducted around the 

world. A summary of the references for the test data, the number of experimental results and 

the steel grades is provided in Table 4.1. The tested coupons were cut either from cold-formed 

steel sheets or the flat/corner regions of a range of cold-formed steel sections, including SHS, 

RHS, CHS, EHS, semi-oval hollow sections (SOHS), polygonal hollow sections (PHS), lipped 

and plain channel sections, cassette sections, angle sections, Zee-sections and C-shaped 

sections. The collated data covers steel grades of nominal yield strength between 235 N/mm2 

and 1100 N/mm2. In total, 729 tensile coupon test results from the published literature were 

assembled to establish the predictive expression for the ultimate strength fu, of which 598 

results were used to evaluate the predictive model for the ultimate strain εu, since the test values 

of εu were not explicitly reported for 131 of the 729 tests. A total of 356 full-range stress-strain 

curves were reported and analyzed to develop suitable predictive expressions/values for the 

strain hardening exponents n and m employed in the two-stage Ramberg-Osgood model 

(Mirambell and Real, 2000) and the material coefficients, C1 and C2, used in the CSM bilinear 

material model for cold-formed steels. Note that all the analysed stress-strain curves displayed 

the characteristic rounded shape. Stress-strain curves for the flat faces of some press-braked 

sections exhibited a yield plateau that is typical of hot-rolled steels, due to the limited amount 

of cold-work experienced during the fabrication processes, but these results were excluded 

from the database. 
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4.3.2 Experimental data processing 

The collected stress-strain curves were carefully analysed to extract the values of the key 

parameters. Firstly, the Young’s modulus E (i.e. the slope of the linear portion of the stress-

strain curves) was determined. Following analysis of the collated experimental results, it is 

recommended that the Young’s modulus is derived over a stress interval between 0.2fy and 

0.4fy, to avoid the influence of any test data anomalies at the beginning of the stress-strain 

curves and any nonlinearity at higher stress levels. A similar stress interval was suggested by 

Huang and Young (2014) for the analysis of cold-formed carbon steel (G450) stress-strain 

curves. It should be noted that since fy (i.e. the 0.2% proof stress) depends on E, an initial value 

of the Young’s modulus, taken as 200,000 N/mm2, was assumed for the purposes of identifying 

the 0.2-0.4fy stress interval. The average slope over the stress interval was then taken as the 

Young’s modulus. Having determined the value of E, the proof stresses, including the 0.2% 

proof stress which is conventionally taken as the yield strength, corresponding to a plastic strain 

i σi were obtained as the points of intersection between the measured stress-strain curve and a 

shifted line from the origin to the plastic strain i with the same slope as the Young’s modulus. 

The ultimate strength fu and the corresponding ultimate strain εu were also captured. 

 

To determine the strain hardening exponents n and m from the measured tensile coupon test 

results, the least squares regression method, where the sum of the squared residuals between 

the experimental curves and the considered material model is minimised, was employed. Since 

the loading rates applied throughout tensile coupon tests are generally not constant, with a 

lower loading rate applied in the initial region to obtain sufficient data points for determining 

the Young’s modulus and higher loading rates thereafter to avoid excessive testing times, the 

data points along the measured stress-strain curves are not evenly distributed and sometimes 

exhibit some disturbance (e.g. a small jump in the stress-strain curve when the loading rate 

increases). The uneven distribution and any discontinuities in the measured data points may 

result in some inaccuracy in the regression analysis, and thus should be eliminated. As an 

additional measure to ensure the strain hardening exponents were accurately captured, the 

curve fitting approach, as described in Section 3.5.2, was employed prior to the least squares 
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regression analysis in order to represent the experimental stress-strain curves with an evenly 

and smoothly distributed set of data points. 

 

In accordance with Mirambell and Real’s two-stage Ramberg-Osgood model, the experimental 

stress-strain curves were first divided into two segments for strains below and above ε0.2. Each 

of the two segments was then represented by a 7th order polynomial, as given by Equations 

(4.24) and (4.25), where b1 to b7 and c1 to c7 are two sets of trial coefficients to be determined. 

All the polynomial fits to the experimental data points exhibited a coefficient of determination 

R2 ≥ 0.96, indicating an accurate representation of the measured stress-strain curves. Evenly 

distributed data points could then be obtained from the fitted polynomial and the process of 

least squares regression could then be carried out to determine the strain hardening exponents 

n and m, as well as the CSM material coefficients C1 and C2 for cold-formed steels. 
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The collated experimental results were categorized into two groups: flat coupons and corner 

coupons. The curved coupons extracted from cold-formed CHS exhibited similar stress-strain 

behaviour to those cut from the flat faces of cold-formed sections, and were thus grouped with 

the flat coupons. On the basis of the collated test data for cold-formed steels, recommended 

values and predictive expressions for the key material parameters used in the two-stage 

Ramberg-Osgood model and the material coefficients C1 and C2 used in the CSM bilinear 

material model are provided in the following section.
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4.4 Analysis of results and recommendations 

4.4.1 Young’s modulus 

The average Young’s modulus value obtained from the data assembled in this chapter for cold-

formed steels was 203,000 N/mm2. This value is the same as that recommended in AISI (2007) 

but is slightly lower than the value 210,000 N/mm2 given in EN 1993-1-1 (2005). 

4.4.2 First strain hardening exponent n 

The first strain hardening exponent n can be calculated using the classic expression proposed 

by Ramberg and Osgood (1943), as given by Equation (4.2) and adopted in EN 1993-1-4 (2006) 

for the modelling of stainless steel stress-strain behaviour. The expression requires the 

analytical curve to pass through the 0.01% and the 0.2% proof stresses. In more recent studies 

(Arrayago et al., 2015; Mirambell and Real, 2000; Rasmussen and Hancock, 1993; Real et al., 

2014), it has been proposed that use of the 0.05% proof stress, as given by Equation (4.3), 

instead of the 0.01% proof stress provides more accurate predictions of n for stainless steels. 

 

Assessment of the two expressions (Equations (4.2) and (4.3)) for cold-formed steels is 

presented in Figure 4.2, where the test values ntest, obtained from the experimental stress-strain 

curves through the described data processing method, are plotted against the predicted values 

npred using Equations (4.2) and (4.3). It can be clearly seen that Equation (4.3) provides more 

accurate and consistent predictions of the test values ntest than Equation (4.2). Key statistical 

values, including the mean and coefficient of variation (COV) of the predicted-to-test results 

(npred/ntest), calculated using either Equation (4.2) or Equation (4.3), are presented in Table 4.2; 

the numerical comparisons also indicate the improved accuracy of Equation (4.3). It is therefore 

recommended that the calculation of n for cold-formed steels be based on the 0.05% proof 

stress, and that the 0.05% proof stress values are routinely measured and reported by 

researchers in future experimental programs. 
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Aside from providing a predictive expression for the determination of n from measured data, 

it is also desirable to have representative numerical values for n that capture the general degree 

of roundedness of the first stage of the stress-strain curve for cold-formed steels when measured 

data are not available. The recommended values, taken as the average of the collated ntest 

values, are provided in Table 4.3, with a value of 7.6 for flat coupons and a slightly lower value 

of 7.0 for corner coupons. 

 

 

Figure 4.2: Evaluation of predictive expressions for strain hardening exponent n for cold-formed steels 
when measured σ0.01 and σ0.05 are available 
 

Table 4.2: Statistical results of npred/ntest using different predictive expressions when measured σ0.01 and 
σ0.05 are available 
 

 npred/ntest 
 Equation (4.2) Equation (4.3) 
Mean 0.90 0.98 
COV 0.20 0.09 

 

Table 4.3: Recommended representative values for strain hardening exponents n and m 

 n m 

Flat coupons 7.6 3.8 
Corner coupons 7.0 4.2 
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4.4.3 Second strain hardening exponent m 

When measured stress-strain data are available, analogous to Equations (4.2) and (4.3) for n, 

the value of m can be determined by imposing that the second stage of the stress-strain curve 

passes through a defined intermediate point. The suitability of using the two alternative points 

proposed by Quach and Huang (2011), (ε1.0, σ1.0) or (ε2.0, σ2.0), leading to Equations (4.11) and 

(4.12) respectively for the definition of m, is assessed against the mtest values determined using 

the described data processing method. Note that for coupons that exhibit very low ductility i.e. 

very low εu values, m cannot be obtained using the defined intermediate points and a 

conservative value of unity was thus recommended by Quach and Huang (2011), resulting in a 

straight line from (ε0.2, fy) to (εu, fu); measured stress-strain curves in this category were 

excluded from the assessment performed herein, resulting in 196 stress-strain curves available 

for evaluating the accuracy of the two expressions (Equations (4.11) and (4.12)). Assessment 

of the two expressions for the determination of m is presented in Figure 4.3, where the test 

values mtest are plotted against the predicted values mpred using Equation (4.11) or Equation 

(4.12). 

 

 

Figure 4.3: Evaluation of predictive expressions for strain hardening exponent m for cold-formed steels 
when measured σ1.0 and σ2.0 are available 
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In addition, Table 4.4 presents the statistical results concerning the mean and COV values of 

mpred, using the different predictive expressions, relative to the test values mtest. As illustrated 

in Figure 4.3 and Table 4.4, Equation (4.11) offers considerably more accurate predictions of 

the mtest values than Equation (4.12) and it is therefore recommended that Equation (4.11) can 

be used for the determination of m, provided that σ1.0 can be accurately measured from the 

stress-strain curve. 

 

Table 4.4: Statistical results of mpred/mtest using different predictive expressions 

 mpred/mtest 
 Measured σ1.0 and σ2.0 are available  Measured fy/fu is available 
 Equation (4.11) Equation (4.12)  Equation (4.26) 
Mean 0.98 1.37  0.99 
COV 0.17 0.41  0.09 

 

When measured stress-strain data are not available, it is also desirable to have a predictive 

expression and representative values for m. Equation (4.7), expressed in terms of the ratio of 

yield strength to ultimate strength fy/fu, is provided in Annex C of EN 1993-1-4 (2006) for the 

second strain hardening exponent m of stainless steels. Observing a similar trend in the cold-

formed steel data assembled herein, a linear relationship between m and fy/fu ratios was 

established. The test data mtest are plotted against the corresponding fy/fu ratios for both flat and 

corner coupons in Figure 4.4. It may be observed that the test data from the flat coupons and 

the corner coupons follow a similar trend, though the corner coupons generally exhibit higher 

yield-to-ultimate strength ratios fy/fu due to the higher degree of cold-work that they would 

have experienced, and higher values of mtest. By linear regression, a revised expression was 

proposed for cold-formed steels, as given in Equation (4.26). The new proposal (Equation 

(4.26)) provides good average predictions for the second strain hardening exponent m, with a 

mean ratio of the predicted-to-test values mpred/mtest of 0.99 and a low COV of 0.09, as 

summarized in Table 4.4. In instances where the measured fu is unavailable, it is recommended 

to adopt the predicted value from Equation (4.30), as presented in Section 4.4.5. The average 

values of mtest for both flat and corner coupons are also given in Table 4.3. 
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y3.31
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Figure 4.4: Evaluation of predictive expressions for strain hardening exponent m for cold-formed steels 
when measured ratios of fy/fu are available 

4.4.4 Ultimate strain εu 

The experimental ultimate strain εu for cold-formed steels are plotted against the corresponding 

fy/fu ratios, together with the prediction expression (Equation (4.27)), as shown in Figure 4.5. 

Equation (4.27) is the same as that proposed for hot-rolled steels (see Section 3.5.1), but 

without the additional lower limit for cold-formed steel. Figure 4.5 shows good agreement 

between Equation (4.27) and the flat coupon test data, with the mean predicted-to-test values 

εu,pred/εu,test being 0.97, and a moderate COV of 0.38. 
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For the corner coupons, the test data generally follow a less inclined slope in Figure 4.5 due 

to their lower measured ductility. However, it should be noted that additional challenges exist 

in the testing of curved corner coupons, such as the unavoidable non-uniform cold-work 

through the thickness of the coupons, the problem of measuring the cross-sectional area 

accurately and the difficulty of applying the tensile force through the centroid of the curved 

coupons in order to avoid any possible bending effects; these challenges affect the 
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measurement of εu. Karren (1967) proposed the use of extra-long coupons for corner tensile 

tests in order to minimize bending and flattening of the corner at the mid-length of the 

specimens during testing, while additional recommendations for the testing of curved coupons 

were also made by Gardner and Nethercot (2004b) and Huang and Young (2014). It is thus 

considered necessary to conduct further tensile coupon tests on corner specimens, carefully 

following the recommended test procedures, to obtain more reliable data to underpin the 

assessment of Equation (4.27) for corner coupons. 

 

 

Figure 4.5: Evaluation of predictive expression for εu for cold-formed carbon steels 

4.4.5 Ultimate tensile strength fu 

In the section, the collated test results for cold-formed steels have been used to assess the 

variation of the fu/fy ratio with yield strength fy, as shown in Figure 4.6(a). The corresponding 

results from 537 hot-rolled carbon steel tensile coupon tests, collected in Chapter 3, have also 

been plotted in Figure 4.6(a) for comparison purposes. The general trend of decreasing ratios 

of fu/fy with increasing yield strength fy may be clearly observed, as seen in previous studies 

(Fukumoto, 1996; Langenberg, 2008; Wang et al., 2017). The empirical relationship between 

fu/fy and fy proposed by Fukumoto (1996) and Langenberg (2008), as given by Equations (4.28) 
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and (4.29), respectively, are also depicted in Figure 4.6(a). Both expressions may be seen to 

follow the trend of the data for the hot-rolled steels fairly closely, but tend to overestimate the 

values of fu/fy for cold-formed steels; this is also highlighted in Table 4.5 where the key 

statistical results of the predicted-to-test values of fu/fy are tabulated. The discrepancies are such 

that separate expressions to predict the relationship between fu/fy and fy for hot-rolled and cold-

formed steels are deemed necessary. 

 

yyu /8.20383.0/ fff                                                  (4.28) 

 
   10027.0

yu
y72.01/

 f
eff                                            (4.29) 

 

Table 4.5: Statistical results of (fu/fy)pred/(fu/fy)test using different predictive expressions 

  (fu/fy)pred/(fu/fy)test 
  Fukumoto (1996)  Langenberg [73]  Proposal in current study 

  Equation (4.28)  Equation (4.29)  
Equation (4.30) for cold-
formed steels and Equation 
(4.31) for hot-rolled steels 

Cold-formed 
steels 

Mean 1.07  1.07  1.00 
COV 0.05  0.05  0.04 

Hot-rolled 
steels 

Mean 1.02  1.01  1.00 
COV 0.07  0.07  0.07 

All 
Mean 1.04  1.03  1.00 
COV 0.07  0.07  0.06 

 

On the basis of regression analysis, a new equation to describe the variation of fu/fy with yield 

strength fy for cold-formed steels is proposed, as given by Equation (4.30). The accuracy of 

this proposal is assessed against the assembled cold-formed steel coupon test data, as presented 

in Figure 6(b). As indicated in Table 4.5, Equation (4.30) yields an improved mean value of 

the predicted-to-test ratio for fu/fy equal to unity and a reduced COV relative to Equations (4.28) 

and (4.29) of 0.04, confirming the accuracy of Equation (4.30) for application to cold-formed 

steels. 

 

  4.1
yyu 1301/ fff  , for cold-formed steels                            (4.30) 

 
Inspired by the simplicity and accuracy of Equation (4.30), a revised expression using the same 

mathematical form as Equation (4.30), but with different coefficients selected based on 
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regression analysis, is also proposed for hot-rolled carbon steels, as given by Equation (4.31). 

Note that Equation (4.31) is based upon hot-rolled steels with yield strength ranging from 200 

N/mm2 to 1000 N/mm2 and thus considered to be applicable to these steel grades; the 

corresponding range of applicability of Equation (4.30) based on the collected test data is 340 

N/mm2 to 1200 N/mm2. The proposed expression (Equation (4.31)) offers similar accuracy and 

consistency as the two existing expressions (Equations (4.28) and (4.29)) for hot-rolled carbon 

steels, as shown in Figure 4.6(c) and Table 4.5, but avoids the anomaly of Equation (4.28) of 

having predicted values of fu/fy that are less than unity for high values of yield strength fy and 

is simpler than Equation (4.29). 

 

  75.1
yyu 2001/ fff  , for hot-rolled steels                             (4.31) 

 

 

(a) Assessment of the variation of fu/fy with yield stress fy for cold-formed and hot-rolled steels 

Figure 4.6: Assessment of the variation of fu/fy with yield stress fy 
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(b) Assessment of the variation of fu/fy with yield stress fy for cold-formed steels 

 

 

(c) Assessment of the variation of fu/fy with yield stress fy for hot-rolled steels 

Figure 4.6: Assessment of the variation of fu/fy with yield stress fy (continued) 
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Equations (4.30) and (4.31) may be used to predict the ultimate tensile strength of cold-formed 

and hot-rolled steels, respectively, in instances where the yield strength is known (e.g. by 

measurement) but the corresponding ultimate tensile strength is not. This predicted value of fu 

may then be used for the determination of the other key parameters (m and εu) that rely on 

knowledge of the ultimate tensile strength in their predictive formulae (Equations (4.26) and 

(4.27), respectively). 

4.4.6 Corner yield strength fy,c 

The accuracy of the three different predictive models described earlier for the determination of 

the enhanced yield strength of corner materials extracted from cold-formed steel sections is 

assessed herein. Since not all required parameters were reported for the experimental data 

collected from the literature (see Table 4.1), the predictive models could only be evaluated 

against a sub-set of the database. As a result, a total of 121 sets of test data (Gardner et al., 

2010; Key et al., 1988; Kyvelou et al., 2015; Kyvelou et al., 2017; Salmi et al., 2006; Zhao and 

Hancock, 1992), with each set containing test results from a corner coupon and a corresponding 

flat coupon cut from either the same cold-formed steel section or the virgin/sheet material, was 

selected and used in the assessment. Overall, it is observed that the corner yield strength may 

be significantly higher than that of the base material, with an average enhancement in yield 

strength of around 25% for the data assembled herein. Table 4.6 compares the corner yield 

strengths determined from the experiments fy,c,test with those obtained using the three different 

predictive models fy,c,pred, presented in terms of the predicted-to-test ratios. For some of the 

collected test results, the properties of the unformed (virgin) material were not available; in 

these instances, the values of fy and fu used in the predictive models were instead taken as the 

measured yield and ultimate strengths of the flat material cut from the corresponding sections. 

Note that the strength enhancement in the flat faces of cold-formed steel sections is typically 

relatively small (or even zero in the case of press-braked sections) due to the limited amount 

of cold-work induced during the fabrication process, though can be quite substantial in cold-

rolled box-sections, as observed by Gardner et al. (2010) and Guo et al. (2007). As indicated 

in Table 4.6, the predictive models proposed by Rossi et al. (2013) and Gardner et al. (2010) 

give similarly accurate predictions of fy,c,test, in terms of both the mean and the COV of 



Chapter 4 – Material modelling of cold-formed steels 

 

91 

 

fy,c,pred/fy,c,test, while the model set out in the AISI Specification (2007) generally over-estimates 

fy,c,test and shows a higher scatter (COV). Though the two former methods provide similar 

accuracy, the Rossi el al. (2013) model is more universally applicable and is thus recommended 

for predicting the corner yield strength of cold-formed steel sections. The ultimate tensile 

strength of the corner material fu,c may then be approximated from Equation (4.30) with fy taken 

as fy,c. 

 

Table 4.6: Statistical results of fy,c,pred/fy,c,test using different predictive models 

 fy,c,pred/fy,c,test 
 AISI Specification (2007)  Gardner et al. (2010)  Rossi et al. (2013) 

 Equations (4.12)-(4.14)  Equations (4.12),  
(4.15) and (4.16) 

Equations (4.17), 
(4.18), (4.20)-(4.22) 

Mean 1.14  0.99  1.00 

COV 0.08  0.07  0.07 

4.4.7 Material coefficients C1 and C2 

The elastic, linear hardening material model has been employed throughout the development 

of the CSM to represent the strain hardening response of metallic materials with rounded stress-

strain behaviour, such as stainless steels and aluminium alloys (see Section 2.4.3). Based on 

the collected full stress-strain curves from cold-formed steel flat coupon tests, values of C1 = 

0.4 and C2 = 0.45 are found to provide a suitably accurate representation of the strain hardening 

behaviour of cold-formed steels. The CSM strain hardening modulus Esh for cold-formed steels 

thus can be obtained from Equation (4.32), in conjunction with the predictive expression for εu 

(Equation (4.27)) developed in Section 4.4.4. This bilinear material model will be employed 

and verified in the extension of the CSM to the design of cold-formed steel non-slender tubular 

cross-sections in Chapter 7. 
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4.5 Comparisons of proposed model with measured stress-strain 

curves 

Representative comparisons between four experimental stress-strain curves and the 

corresponding predicted curves from the proposed compound Ramberg-Osgood model are 

shown in Figure 4.7. The accuracy of three different predicted curves, which are generated 

based on: Case (1) the measured material parameters of E, fy, fu, εu, n and m, as reported in 

Table 4.7; Case (2) the measured material parameters of E, fy and fu, the recommended value 

of n as given in Table 4.3, and the predicted values of εu and m using Equations (4.27) and 

(4.26), respectively; Case (3) the measured value of only fy, the average values of E (230,000 

N/mm2) and n (see Table 4.3), and the predicted values of m, εu and fu obtained from Equations 

(4.26), (4.27) and (4.30) respectively, are assessed in this section. 

 

 

(a) Stress-strain curves of S355 flat tensile coupon cut from RHS tested by Nseir (2015) 

Figure 4.7: Comparison of the predicted stress-strain curves based on different measured material 
parameters with test stress-strain curves 
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(b) Stress-strain curves of C450 flat tensile coupon cut from RHS tested by Wilkinson (1999) 

 

 

(c) Stress-strain curves of S700 flat tensile coupon cut from SHS tested by Ma (2016) 

Figure 4.7: Comparison of the predicted stress-strain curves based on different measured material 
parameters with test stress-strain curves (continued) 
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(d) Stress-strain curves of S900 curved tensile coupon cut from CHS tested by Ma (2016) 

Figure 4.7: Comparison of the predicted stress-strain curves based on different measured material 
parameters with test stress-strain curves (continued) 
 

Table 4.7: Measured material parameters of cold-formed steels used for comparison 

Reference Steel grade Tensile test specimen 
E fy fu εu 

n m 
N/mm2 N/mm2 N/mm2 (%) 

Nseir (2015) S355 RHS 220 × 120 × 6-CF 206,600 430 529 14.8 6.8 4.4 

Wilkinson (1999) C450 TS03D 150 × 50 × 3.0 201,000 450 530 6.1 15.8 3.1 

Ma (2016) S700 H120 × 120 × 4 194,000 707 813 5.7 7.6 5.3 

Ma (2016) S900 V89 × 4 211,000 1020 1074 2.0 7.8 4.1 

 

The comparisons show that the proposed two-stage Ramberg-Osgood model generally 

provides an accurate representation of the experimental cold-formed steel stress-strain curves 

over the full range of the response, with greater accuracy achieved with increased knowledge 

of the input parameters i.e. moving from Case (3) to Case (1). For the typical case where the 

values of E, fy and fu are known and the values of εu, n and m are predicted i.e. Case (2), the 

modelled stress-strain curves are consistently in very close agreement with the experimental 

stress-strain curves. 
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4.6 Summary of proposals 

Based on the described analyses, the proposed approach for describing the material stress-strain 

behaviour of cold-formed steels is summarized in this section. The stress-strain relationship is 

given by: 
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The recommended values and predictive expressions for the key input parameters into Equation 

(4.33) are as follows: 

 

The first strain hardening exponent n may be determined from: 
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when the measured 0.05% proof stress is available, or otherwise taken from Table 3. 

 

The tangent modulus of the stress-strain curve at the yield strength (0.2% proof stress) E0.2 is 

defined as: 
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The strain εu corresponding to the ultimate tensile strength fu may be obtained from: 
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The ultimate tensile strength fu, if unknown, may be determined using the following predictive 

expression: 

 

  4.1
yyu 1301/ fff  .                                             (4.30) 

 
The second strain hardening exponent m may be determined either from Equation (4.26) or 

Equation (4.11), the latter of which requires knowledge of the measured 1% proof stress σ1.0. 
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4.7 Concluding remarks 

A comprehensive study into the constitutive modelling of cold-formed steels has been 

presented in this chapter. The two-stage Ramberg-Osgood model developed by Mirambell and 

Real (2000) for stainless steels is proposed herein to describe the engineering stress-strain 

relationship for cold-formed steels. Predictive expressions and numerical values for the 

required parameters to be input into the model have been devised based on the analysis of a 

large set of experimental stress-strain data collected from the literature. For the prediction of 

corner material properties, the proposals of Rossi et al. (2013) are recommended. Using the 

proposals, full stress-strain curves for cold-formed steels can be established based on only the 

yield strength, though greater accuracy is achieved when more input information is provided; 

typically, the three input parameters of E, fy and fu would be known. The predicted stress-strain 

curves are shown to be in excellent agreement with test results, and the proposals made herein 

are considered to be appropriate for use in design by advanced computational analysis, as well 

as numerical parametric studies. The material coefficients C1 and C2 used in the CSM elastic, 

linear hardening material model for cold-formed steels are also proposed and this bilinear 

material model will be used in the development of the CSM for cold-formed steel non-slender 

tubular cross-sections in Chapter 7. 



Chapter 5 – Design of hot-rolled steel cross-sections 

 

97 

 

5 Design of hot-rolled steel cross-sections 

5.1 Introduction 

The Continuous Strength Method (CSM) is a deformation-based design approach that offers 

more consistent and continuous resistance predictions than traditional approaches based on 

cross-section classification, and allows systematically for the beneficial influence of strain 

hardening. To date, the method has been established for stainless steel and aluminium alloy 

design utilizing the simple elastic, linear hardening material model (see Section 2.4.3), with a 

strain hardening modulus Esh varying with material grade. This model has been shown to offer 

a suitably close representation of the stress-strain responses of metallic materials with nonlinear 

rounded stress-strain behaviour to enable efficient and accurate designs. However, due to the 

existence of a yield plateau, this CSM bi-linear material model is less suitable for hot-rolled 

carbon steels. Thus, a quad-linear material model has been proposed for hot-rolled carbon steels 

(see Chapter 3) that exhibits a yield point, followed by a yield plateau and a strain hardening 

region. In this chapter, the application of the CSM to hot-rolled steel structural elements, i.e. 

square hollow sections (SHS), rectangular hollow sections (RHS) and I-sections, focussing 

primarily on cross-sections in compression and bending, utilising the proposed quad-linear 

material model, is outlined. The accuracy of the current design methods in EN 1993-1-1 (2005) 

and the CSM are then assessed based on the results of experiments collected from the literature 

and numerical simulations performed in his chapter. Finally, statistical analyses are carried out 

to assess the reliability level of the two different design methods according to EN 1990 (2002). 
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5.2 Extension of the CSM to hot-rolled steel cross-sections 

Maintaining the basic design philosophy of the existing CSM (summarised in Section 2.4), the 

CSM analytical and simplified design resistance expressions for hot-rolled steel cross-sections 

under compression Ncsm and bending Mcsm are derived in this section, based on the quad-linear 

material model described in Chapter 3. Note that only the first three stages of the quad-linear 

material model are used in the CSM, since progression into the fourth stage would correspond 

to very high strains and lead to overly complicated resistance functions, particularly in bending. 

5.2.1 Compression resistance 

The design CSM compression resistance for a hot-rolled steel cross-section Ncsm,Rd is calculated 

as the product of the gross cross-section area A and the CSM limiting stress fcsm, divided by the 

partial factor γM0 with a recommended value of unity for hot-rolled steel, as given by Equation 

(5.1), in which the fcsm may be calculated from Equation (5.2) based on the first three stages of 

the quad-linear material model. In Equation (5.2), E is the Young’s modulus, εcsm is the CSM 

limiting strain obtained from the base curve (Equations (2.17) and (2.18)), εy is the strain at the 

yield strength fy, εsh is the strain hardening strain where the yield plateau ends and subsequently 

the strain hardening initiates, Esh is the strain hardening slope and C1 is a material coefficient 

used in the quad-linear material model (see Chapter 3). 
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The post-yield strength benefit due to strain hardening can be achieved once the CSM limiting 

strain εcsm exceeds the strain hardening strain εsh; thereafter the corresponding CSM limiting 

stress fcsm will be larger than the yield stress fy. 
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5.2.2 Bending resistance 

The analytical CSM bending resistance expression for non-slender hot-rolled steel SHS/RHS 

and I-sections is derived herein based on the assumption that plane sections remain plane and 

normal to neutral axis in bending, and that the cross-section shape does not significantly deform 

before the strain at the extreme outer-fibre εcsm is attained. The linear strain and tri-linear stress 

distributions (arising from the quad-linear material model for hot-rolled carbon steels described 

in Chapter 3) for half of a symmetric cross-section are shown in Figure 5.1. The bending 

capacity at a strain ratio (i.e. εcsm/εy) of unity is equal to the elastic moment Mel. With an 

increase in deformation capacity (i.e. strain ratio εcsm/εy), the bending capacity is asymptotic to 

the plastic moment Mpl due to the spread of plasticity until the strain ratio reaches εsh/εy, after 

which benefit from strain hardening can be exploited. 

 

 

Figure 5.1: Strain and stress distributions for half of a SHS/RHS or I-Section in bending 
 

The CSM cross-section resistance in bending Mcsm,Rd depends upon whether or not strain 

hardening is experienced (i.e. whether or not εcsm > εsh). If εcsm ≤ εsh, the bending resistance 

expressions for hot-rolled steel cross-sections are the same as those derived previously using 

the bi-linear CSM material model (Liew and Gardner, 2015) with Esh taken equal to zero to 

represent the yield plateau; the design resistance expressions are given by Equations (5.3) and 

(5.4) for major and minor axis bending, respectively, 
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where Wpl is the plastic section modulus, Wel is the elastic section modulus, y and z refer to the 

major and minor axes, respectively, and α is a dimensionless coefficient that depends on the 

type of cross-section and axis of bending, as defined in Table 5.1. 

 

Table 5.1: CSM coefficients α and β for use in bending resistance functions 

 α  β 

Axis of bending Major Minor  Major Minor 
I-section 2 1.2  0.1 0.05 
SHS/RHS 2 2  0.1 0.1 

 

For the more stocky cross-sections, where εcsm > εsh, the outer fibre strain will enter into the 

strain hardening regime and the CSM bending resistance can achieve Mcsm > Mpl. With 

reference to Figure 5.1, the bending capacity of a cross-section can now be expressed by 

Equation (5.5), where the appropriate section moduli Wpl,y, Ww,y and *
w,yW  or Wpl,z, Ww,z and 

*
w,zW  are used for bending about the major and minor axes, respectively. The Ww and *

wW  terms 

represent the section moduli associated with the two shaded triangular stress blocks shown in 

Figure 5.1. For strain ratios greater than unity, the introduced modulus Ww can be approximated 

by Equation (5.6), the derivation of which is given in Liew (2014). This section of the present 

chapter is , therefore, mainly focused on the derivation of *
wW . 
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Substituting Equation (5.6) and the CSM strength fcsm = fy + Esh(εcsm − εsh) into Equation (5.5) 

and normalizing the equation by the plastic moment capacity Mpl = Wplfy = WplEεy gives 

Equation (5.7). 

 
*

csm w sh csm shel csm

pl ypl pl y

1 1

α
M W E ε εW ε

W εM W E ε
     

             
     

                          (5.7) 

 

The final term )( ycsm
*

w ffW   in Equation (5.5) represents a strain hardening moment Msh 

resulting from the material strain hardening properties, which can be calculated by integration 

of the triangular shaped stress block associated with the stress (fcsm – fy), for Y* ≤ y  ≤ H/2 

(major axis) as shown in Figure 5.1, where H is the height of the cross-section and Y* is the 

distance from the neutral axis to the point of first strain hardening, as given by Equation (5.8). 
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                                                          (5.8) 

 

Considering an I-section in bending about the major axis, the derivation process for *
w,yW  is 

described below. The same approach can be applied to a box section (SHS or RHS), simply by 

setting the wall thickness as half of the web thickness of an I-section, as shown in Figure 5.2. 

 

The strain hardening moment about the major axis Msh,y is defined by Equation (5.9), from 

which the introduced modulus *
yw,W  can be determined using Equation (5.10), where the 

function g(y) represents the triangular stress distribution normalised by (fcsm – fy). The integral 

is evaluated from the first strain hardening point y  = Y* to y  = H/2, and the associated area 

to integrate over is *Y
A . 
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Figure 5.2: Cross-section geometry for the CSM analytical bending expressions (I-section and 
SHS/RHS) 
 

In Figure 5.3(a), the first strain hardening point lies within the web i.e. Y* ≤ hw/2. This scenario 

may be alternatively expressed as: 
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 .                                                         (5.11) 

 

In this case, the modulus *
yw,W  has contributions from two parts: a trapezoidal part acting 

within the flanges and a triangular part acting within the web. The modulus is calculated as: 
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When Y* lies outside the web, as shown in Figure 5.3(b), the modulus *
yw,W  is calculated as: 

 
2

* sh sh
w,y

csm csm

1 2
12

BH ε ε
W

ε ε
  

    
  

                                           (5.13) 

 
which applies when the strain ratio is bounded by: 
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(a) Y* within the web 

 

 

(b) Y* within the flange 

Figure 5.3: Geometry for the derivation of 
*
w,yW for I-sections 

 

In summary, box and I-sections bending about their major axis, the *
yw,W  modulus is defined 

by Equation (5.15). 
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For box sections bending about the minor axis, the expression for *
w,zW  is similar to Equation 

(5.15), as given in Equation (5.16). 
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(5.16) 

 
For I-sections bent about their minor axis, the first strain hardening point is unlikely to lie 

within the web, hence only the expression for *
w,zW  in which the first strain hardening point 

lies within the flange is considered herein, and is given by: 
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Substituting the expressions for the introduced modulus *

wW  into Equation (5.7) leads to the 

exact analytical CSM bending equations, but these are lengthy for practical design due to the 

*
wW  term. A simplified yet accurate approximation is therefore sought for design purposes. The 

simpler design expression for *
wW  is obtained based on a regression analysis of the geometric 

properties of commercially available structural I-sections and SHS/RHS in SCI (2013) to 

determine the dimensionless coefficient β to be used in Equation (5.18); β is presented as a 

function of the type of cross-section and axis of bending in Table 5.1. 
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The simpler design expression of *

wW  (Equation (5.18)) can then be substituted into Equation 

(5.7) to give the simplified Mcsm equations provided as Equations (5.19) and (5.20) fir bending 

about major and minor axis, respectively. 
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Figure 5.4: Comparison between exact analytical and simplified design CSM normalised bending 
resistances Mcsm/Mpl with varying strain ratios εcsm/εy 
 

The predicted CSM bending resistances, using the exact analytical expression (Equation (5.5)) 

and the simplified design expression (Equation (5.19)), are normalised by the plastic bending 

moment Mpl and plotted against the strain ratio for a typical SHS bending about one of its 

principal axes, as shown in Figure 5.4. The design equation can be seen to tend towards the 

analytical solution for the higher strain ratios, indicating a high level of accuracy in 

approximation of the *
wW term (Equation (5.18)), while for lower strain ratios where Ww term 

has a greater influence, the design expression (Equation (5.6)) may be seen to provide a safe-

sided approximation to the analytical solution (Liew, 2014). 
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5.3 Numerical modelling 

Numerical analyses were carried out using the finite element programme ABAQUS, version 

6.13 (2013) to simulate the cross-sectional response of hot-rolled steel SHS/RHS and I-sections 

in both compression and bending. The numerical models were initially validated against 

existing experimental results on stub columns (Foster et al., 2015; Gardner et al., 2010; Nseir, 

2015) and simply-supported beams (Byfield and Nethercot, 1998; Wang et al., 2016), and were 

subsequently used for parametric studies to expand the numerical data over a wider range of 

cross-section slendernesses, section geometries and loading conditions. Note that three grade 

S460 beam tests reported in Wang et al. (2016) were discontinued before the maximum bending 

moment was reached and the results are therefore excluded from the validation study and 

subsequent assessment. Details of the finite element (FE) modelling approach and the 

parametric studies performed in this chapter are presented in the following subsections. 

5.3.1 Description of the FE models 

The four-noded doubly curved shell element with reduced integration and finite membrane 

strains, designated S4R (ABAQUS, 2013), was selected as the element type in the numerical 

study, which has been successfully utilised by others in similar applications (Theofanous et al., 

2009; Wang et al., 2016; Zhou et al., 2013). Mesh sensitivity studies were conducted to 

determine an appropriate mesh density to provide accurate results while minimizing 

computational time. Hence, an average element size equal to one twentieth of the largest plate 

width that makes up the cross-section was adopted for the flat parts of the modelled cross-

sections, while four elements were employed to model the curved geometry of the corner 

regions for the SHS/RHS and two elements for each fillet zone of the I-sections. For the I-

sections, particular attention was given to ensure that the properties of the fillet zones could be 

accurately represented. The nodes at each end of the web were shifted by a distance of half the 

flange thickness to avoid overlapping of the elements at the web-to-flange junction (Kucukler 

et al., 2015), and these nodes were tied to their corresponding nodes at the mid-thickness of the 

flanges using the ‘General multi-point constraints (*MPC)’; this ensured that the translational 

and rotational degrees of freedom were equal for this pair of nodes. The additional area in the 
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fillet zones was allowed for by increasing the thickness of the adjacent web elements (see 

Figure 5.5). 

 

 

Figure 5.5: Representation of the fillet zones of I-sections in FE models 

 

During the validation of the FE models, measured cross-section dimensions and material 

properties from the existing tests were incorporated into the FE models to replicate the 

observed experimental behaviour. In cases where the full stress-strain curves were not reported 

in the literature, the bilinear plus nonlinear hardening material model described in Chapter 3 

was employed. The engineering (nominal) stress-strain curves were converted into the format 

of true stress-logarithmic plastic strain curves, as required in ABAQUS (2013) for the shell 

element type adopted, according to Equations (5.21) and (5.22), in which fnom is the engineering 

stress, εnom is the engineering strain and ftrue and εln
pl are the true stress and logarithmic plastic 

strain, respectively. 
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Initial geometric imperfections were incorporated into the FE models using the mode shapes 

obtained from a prior elastic buckling analysis. The lowest buckling mode under the considered 

loading conditions with an odd number buckling half-waves was used as the imperfection 

shape, which generally represents the most unfavourable imperfection pattern (Silvestre and 

Gardner, 2011), as shown in Figure 5.6. Four different imperfection amplitudes were 
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examined: c/400, c/200 and c/100, where c is the clear (flat) width of the most slender 

constituent plate element in the cross-section (i.e. that with the highest value of y cr/f   under 

the applied loading conditions), and a value obtained from the modified Dawson and Walker 

predictive model (Dawson and Walker, 1972; Gardner et al., 2010), as given by Equation 

(5.23), where ω0 is the magnitude of the local imperfection, t is the plate thickness, fy is the 

material yield strength, and σcr,min is the elastic buckling stress of the most slender cross-section 

plate element assuming simply supported conditions between adjacent plates, taking due 

account of the stress distribution through the buckling coefficient kσ (EN 1993-1-5, 2006). 

 

                           

(a) SHS/RHS stub column                    (b) I-section stub column 

 

(c) SHS/RHS in 4-point bending 

 

(d) I-section in 4-point bending 

Figure 5.6: Typical elastic buckling mode shapes adopted as initial local imperfections in FE models 
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For hot-rolled steel sections, residual stresses are introduced primarily due to the non-uniform 

cooling rates that arise during fabrication. Longitudinal membrane residual stresses are 

typically dominant over bending residual stresses in hot-rolled steel sections (Gardner and 

Cruise, 2009; Gardner et al., 2010; Madugula et al., 1997; Nseir, 2015), and thus only 

membrane residual stresses were considered in the FE models. The simplified membrane 

residual stress pattern, recommended by Nseir (2015) (see Figure 2.8), was employed in this 

chapter for both the validation of the models and the parametric analyses. 

 

The boundary conditions were carefully selected to simulate the experimental setups. For the 

stub column FE models, each end section was connected to a concentric reference point through 

rigid body constraints such that the degrees of freedom of all nodes at each end were 

constrained to the degrees of freedom of its corresponding reference point. All degrees of 

freedom were then restrained at each end apart from the longitudinal translation at the loaded 

end to allow for vertical displacement. For the FE models of the simply-supported beams, the 

reference points were positioned on the lower flange of the section and connected to the nodes 

within the corresponding end plate region, with boundary conditions applied at each reference 

point to allow appropriate movement and rotation to simulate simple support conditions. The 

point loads were applied to the lower part of the web at the web-to-flange junction to prevent 

web crippling under concentrated loading. Also, for modelling convenience, beam models 

under pure bending moment were developed and validated against 4-point bending tests and 

then used in the subsequent parametric studies. The length of the pure bending models was 

equal to the length of the constant moment region in the corresponding 4-point bending tests, 

and similar boundary conditions as those used for the stub column models were applied to the 

pure bending models, the only difference being that the reference points were allowed to rotate 

in the direction of bending, as shown in Figure 5.7. The modified Riks method was employed 

to perform the geometrically and materially nonlinear analyses of the FE models to capture the 

full load-deformation response of the modelled specimens, including the post-ultimate path. 
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(a) 4-point bending model 

  

(b) Pure bending model 

Figure 5.7: Boundary conditions in the 4-point bending and pure bending FE models 

5.3.2 Validation of the FE models 

The FE models were validated by comparing the numerically obtained ultimate capacities, 

load-deformation responses and the deformed shapes against those reported in a series of 

experiments. The normalized results obtained from the FE models for varying imperfection 

magnitudes for stub columns (Foster et al., 2015; Gardner et al., 2010; Nseir, 2015) and simply-

supported beams (Byfield and Nethercot, 1998; Wang et al., 2016) are presented in Tables 5.2 

and 5.3, respectively. It was generally observed that, for both compression and bending 

resistances, the most consistent predictions were obtained using the local imperfection 

amplitude of c/200, which is also in accordance with the recommendations of EN 1993-1-5 

(2006). Note however that the results of the FE simulations were relatively insensitive to the 

magnitude of the imperfections, especially for the more stocky cross-sections. Generally, the 

ultimate capacities predicted by the FE models are slightly lower than those obtained from the 

tests, indicating conservative predictions of the numerical results. The average ratios of FE-to-

test ultimate loads are 0.97 and 0.94, with corresponding coefficients of variation (COV) of 
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0.065 and 0.080, for stub column and beam tests, respectively. The initial test stiffnesses were 

also constantly predicted to within 2%. The pure bending models were found to provide 

accurate and consistent predictions compared with the corresponding tests and 4-point bending 

models and were thus considered to be appropriate to perform parametric studies for bending. 

 

Table 5.2: Comparison of stub column test results with FE results for varying imperfection amplitudes 

Reference 
Steel 
grade 

Specimen 
Cross-
section 

Nu,FE/Nu,test 
Imperfection amplitude 

c/400 c/200 c/100 D-W model 

Gardner et 
al. (2010) 

S355 

SHS 100×100×4 HR1 SHS 1.07 1.06 1.06 1.08 
SHS 100×100×4 HR2 SHS 1.05 1.04 0.99 1.08 
SHS 60×60×3 HR1 SHS 0.95 0.94 0.93 0.97 
SHS 60×60×3 HR2 SHS 0.93 0.92 0.91 0.95 
RHS 60×40×4 HR1 RHS 0.97 0.95 0.93 1.04 
RHS 60×40×4 HR2 RHS 0.97 0.94 0.92 1.03 
SHS 40×40×4 HR1 SHS 0.94 0.89 0.82 0.98 
SHS 40×40×4 HR2 SHS 0.93 0.89 0.82 0.97 
SHS 40×40×3 HR1 SHS 0.87 0.85 0.84 0.93 
SHS 40×40×3 HR2 SHS 0.89 0.87 0.85 0.94 

        

Nseir 
(2015) 

S355 

LC1_HF_250×150×5 RHS 1.05 1.01 0.95 1.11 
LC1_HF_200×100×5 RHS 1.06 1.04 1.01 1.06 
LC1_HF_200×200×5 SHS 1.04 0.98 0.89 1.12 
LC1_HF_200×200×6.3 SHS 1.04 1.04 1.03 1.04 
Stub_HF_250×150×5 RHS 1.08 1.04 0.99 1.16 
Stub_HF_200×100×5 RHS 1.06 1.02 0.97 1.07 
Stub_HF_200×200×5 SHS 1.09 1.04 0.98 1.11 
Stub_HF_200×200×6.3 SHS 0.97 0.94 0.86 1.02 

Foster et al. 
(2014) 

- 305×127×48-SC1 I-section 0.97 0.96 0.93 0.98 
- 305×127×48-SC2 I-section 0.99 0.98 0.95 1.00 
- 305×165×40-SC1 I-section 1.02 1.01 0.98 1.06 
- 305×165×40-SC2 I-section 0.99 0.97 0.94 1.02 

Chapter 6 
S235 A7 HEB160 I-section 0.91 0.90 0.86 0.94 
S355 B7 HEB160 I-section 0.93 0.92 0.90 0.91 

Mean    0.99 0.97 0.93 1.02 
COV    0.065 0.065 0.071 0.066 
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The load-deformation curves obtained from the FE models with the local imperfection 

amplitude of c/200 are compared against the corresponding tests results for a typical stub 

column and two beams in Figures 5.8-5.10, where δ is the end shortening of the stub column, 

θ is the end rotation of the beams and θpl is the elastic portion of the total rotation corresponding 

to the plastic moment Mpl. 

 

 

Figure 5.8: Comparison of experimental and numerical load-end shortening curves for 
Stub_HF_200×200×5 (Nseir, 2015) 
 

 

Figure 5.9: Comparison of experimental and numerical moment-end rotation curves for Y6 
203×102×23 UB (Byfield and Nethercot, 1998) 
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Figure 5.10: Comparison of experimental and numerical normalized moment-end rotation curves for 
SHS 100×100×5 (Wang et al., 2006) 
 

Overall, the initial stiffnesses, ultimate capacities and general shape of the load-deformation 

histories from the FE models matched closely with those obtained from the tests, and the failure 

modes of the FE models mirrored those observed in the physical experiments. It is therefore 

concluded that the FE models are able to produce accurate and consistent predictions of the 

test response and are suitable for performing parametric studies. 

5.3.3 Parametric studies 

Based on the developed FE models, extensive parametric studies were carried out to expand 

the available results over a wider range of geometries and cross-section slenderness in order to 

investigate the applicability and accuracy of the codified provisions given in EN 1993-1-1 

(2005) and the revised CSM for hot-rolled steel cross-sections. The parametric study included 

stub column models and pure major and minor axis bending models following the basic 

modelling assumptions described previously. The length of all FE models was set equal to three 

times the average cross-section dimensions. The average measured material properties from 

the tensile coupon tests performed in Chapter 6 on grade S355 steel were adopted in the 

parametric study. The parametric study included a range of SHS and RHS, with the cross-

section aspect ratios of the latter ranging from 1.3 to 2.0. The height of the SHS was varied 

from 40 to 140 mm, whereas for the RHS, the height ranged from 80 to 160 mm and the width 
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ranged from 60 to 80 mm. For both types of cross-section (SHS and RHS), the thickness was 

varied between 1.3 and 5 mm and internal corner radii were taken equal to the thickness of the 

section. For I-sections, the height, width and corner radii were kept constant at 300 mm, 200 

mm and 15 mm, respectively. The flange thickness was varied from 8 to 28 mm and the web 

thickness from 3 to 28 mm. The modelled specimens were chosen to cover the full range of 

local slenderness from very compact to slender cross-sections. The obtained results are 

discussed in detail in the following section. 

5.4 Assessment of current design methods and CSM proposals 

Ultimate capacities from the numerical parametric studies, together with the experimental 

results summarised in Tables 5.2 and 5.3, on stub columns (Nu,FE(test)) and beams (Mu,FE(test)), 

respectively, have been used to assess the accuracy of the resistance predictions of the CSM 

(Nu,csm and Mu,csm). For comparison purposes, the codified design provisions of EN 1993-1-1 

(2005) (Nu,EC3 and Mu,EC3) are also examined. Note that the comparisons were performed using 

the measured geometric and material properties of the tested and modelled cross-sections, with 

all partial safety factors set to unity. Cross-sections with 68.015.0 p   , which cover most 

of the commercially available non-slender hot-finished I-sections and SHS/RHS, were the 

focus of the present study. The comparisons are presented in Figures 5.11-5.15, in which the 

experimentally and numerically obtained ultimate capacities have been normalised by the yield 

load Ny and the plastic moment capacity Mpl for cross-sections in compression and in bending, 

respectively, and are plotted against the cross-section slenderness p . Curves indicating design 

capacities from EN 1993-1-1 (2005) and the CSM have also been plotted together with the 

experimental and numerical data in Figures 5.11-5.15. Since the CSM curve depends on the 

shape of the cross-sections and the material properties, a curve based on the average geometric 

and material properties used in the parametric studies has been depicted for illustration 

purposes. The EN 1993-1-1 (2005) resistance curves have been positioned based on the 

slenderness limits corresponding to the Class 2 limiting width-to-thickness ratio given in Table 

5.2 of EN 1993-1-1 (2005), applied on an element-by-element basis (EN 1993-1-5, 2006) i.e. 

for internal compression elements, the Class 2 width-to-thickness ratio of 38ε (ε is the material 
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factor yf/235 ) corresponds to 67.0p   (see Figure 5.13), and for outstand elements 

in compression, the Class 2 width-to-thickness ratio of 10ε corresponds to 54.0p   (see 

Figures 5.14 and 5.15). The mean slenderness limits corresponding to the Class 2 width-to-

thickness ratio in EN 1993-1-1 (2005) based on the elastic buckling stress of the cross-sections 

considered in this study, determined using CUFSM (Schafer and Ádány, 2006), are also 

depicted in Figures 5.13-5.15. In Figures 5.13 and 5.14, the slenderness limits determined on 

an element-by-element basis (i.e. based on EN 1993-1-1 (2005)) are similar to the values 

determined based on buckling of the full cross-section (i.e. using σcr from CUFSM, with some 

influence from element interaction). However, for I-sections in bending about the minor axis, 

the web, which is at a low level of stress, and the outstand flanges on the tension side, which 

experience stabilising tensile stresses, remain unbuckled and thus provide significant assistance 

to the flange plates in compression. In this instance, the boundary conditions on the unloaded 

edges of the compressed outstands are approaching fixed-free. However, in EN 1993-1-1 

(2005), the outstand flanges of I-sections are treated, ignoring element interaction, as having 

pinned-free boundary conditions, resulting in significantly higher slenderness values when 

compared to the mean CUFSM value, as highlighted in Figure 5.15. The key results from the 

comparisons are provided in Table 5.4 for the cross-sections in compression and Table 5.5 for 

the cross-sections in bending. 

5.4.1 Assessment of CSM for hot-rolled steel cross-sections in compression 

The compressive strengths predicted by EN 1993-1-1 (2005) and the CSM have been compared 

with experimental and numerical results for both SHS/RHS and I-sections, as shown in Table 

5.4 and Figures 5.11 and 5.12. The comparisons demonstrate that the very stocky hot-rolled 

steel cross-sections, i.e. p 0.35  , have the potential to exceed their yield load substantially. It 

can be seen from Figures 5.11 and 5.12 that the CSM provides the same predictions for cross-

section resistance in the local slenderness range p0.35 0.68   due to the existence of the 

yield plateau in the adopted CSM quad-linear material model (see Chapter 3), while for stockier 

cross-sections ( p 0.35  ), where the predicted failure strain εcsm extends into the strain 

hardening region, the CSM yields improved resistance predictions over EN 1993-1-1 (2005). 
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As shown in Table 5.4, for the more stocky sections with p 0.35  , the mean values of  FE (or 

test)-to-predicted ultimate loads for the EN 1993-1-1 (2005) (Nu,FE(test)/Nu,EC3) and the CSM 

(Nu,FE(test)/Nu,csm) are 1.28 and 1.22 for the I-sections and 1.20 and 1.16 for the SHS/RHS, with 

the corresponding COV of 0.055 and 0.049 for the I-sections and 0.089 and 0.078 for the 

SHS/RHS, respectively. The CSM predictions remain conservative for the stocky cross-

sections due primarily to the imposed strain limit of εcsm = 15εy. This limit could be adjusted if 

a designer wished to impose higher or lower strain limits on a given project. Ten of the collected 

stub column test specimens had slender cross-sections (i.e. 68.0p  ). For these specimens, 

the CSM yielded good mean capacity predictions (Nu,test/Nu,csm = 1.06), but with higher scatter 

than those obtained from EC3. Further investigation is required on this topic. 

 

 

Figure 5.11: Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data for 
SHS/RHS in compression 
 

Table 5.4: Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test results for cross- 
section in compression 

Cross-
section 
type 

35.0p λ  All ( 68.0p λ ) 

No. of  
FE (tests) 

Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,csm No. of  
FE (tests) 

Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,csm 
Mean (COV) Mean (COV) Mean (COV) Mean (COV) 

I-sections 82 (0) 1.28 (0.055) 1.22 (0.049) 140 (4) 1.17 (0.117) 1.14 (0.098) 
SHS/RHS 26 (6) 1.20 (0.089) 1.16 (0.078) 159 (10) 1.03 (0.097) 1.02 (0.080) 
All 108 (6) 1.26 (0.070) 1.21 (0.062) 299 (14) 1.09 (0.127) 1.07 (0.107) 
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of strain hardening would be possible and a closer match with the ultimate test and FE 

capacities is achieved, as indicated in Figures 5.11-5.15. Discrepancies between the CSM 

resistance predictions and the test/FE data also stem from scatter in deformation capacity 

relative to the base curve and the safe-sided approximations introduced in the derivation of the 

simplified design expression for bending resistance. 

 

 

Figure 5.13: Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data for 
SHS/RHS in bending 
 

 

Figure 5.14: Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data for I-
sections under major axis bending 
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Figure 5.15: Comparison of CSM and EN 1993-1-1 resistance predictions with FE/test data for I-
sections under minor axis bending 
 

For slenderness values 35.0p  , the CSM is shown to offer more accurate ultimate capacity 

predictions and far fewer data on the unsafe side towards the slender end of the Class 2 range 

by allowing systematically for the increasing bending resistance with increasing deformation 

capacity (i.e. strain ratio εcsm/εy) due to the spread of plasticity. Specifically, for Class 3 cross-

sections, the CSM yields significantly more accurate than EN 1993-1-1 (2005) due to the 

allowance for the partial plastification, with mean values of Mu,FE(test)/Mu,csm in this slenderness 

range of 1.03, 1.09 and 1.03 for I-sections in major axis bending, I-sections in minor axis 

bending and SHS/RHS in bending about either axis, respectively, all of which are lower (i.e. 

closer to unity and hence more accurate) than the corresponding values of Mu,FE(test)/Mu,EC3. 

Moreover, the nature of the cross-section classification system in EN 1993-1-1 (2005) results 

in a sharp step in the predicted resistance at a discrete slenderness limit; this step is more 

pronounced for the I-sections bent about their minor axis, as shown in Figure 5.15, due to the 

higher ratio of Wpl/Wel, while this discontinuity is eliminated in the CSM approach. 
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5.5 Reliability analysis 

In this section, the reliability level and required partial safety factor γM0 for the proposed CSM 

resistance expressions for hot-rolled steel cross-sections are assessed using the first order 

reliability method (FORM) set out in Annex D of EN 1990 (2002). Within the adopted FORM, 

the probability of failure Pf , i.e. the probability that the resistance (R) is less than or equal to 

the action effect (E), is expressed in terms of the “safety” or “reliability” index β, as given in 

Equation (5.24), where ϕ is the cumulative distribution function of the standardised normal 

distribution. The FORM is based on the assumption that there is no statistical dependence 

between the variables in the resistance function and that all the variables follow either a normal 

or log-normal distribution; a target reliability index of 3.8 is selected for ultimate limit state 

design (EN 1990, 2002). A detailed description of the theoretical background and calculation 

procedures of the reliability method adopted in EN 1990 (2002) can be found in Afshan et al. 

(2015). 

 
)()(f   ERPP                                                 (5.24) 

 
In the reliability analysis, the material over-strength, i.e. the mean-to-nominal yield strength 

ratio fy,mean/fy,norm, was taken as 1.16 and the COVs of material strength and geometric 

properties were taken as 0.05 and 0.03, respectively, in accordance with the values 

recommended by Byfield and Nethercot (1997). More recent and generally more favourable 

statistical data are available in Annex E of the draft version of the next revision of EN 1993-1-

1 (Tankova et al., 2014); these values were not available at the time that the work performed 

in the present chapter was completed, but are considered in Chapter 7. The key statistical 

parameters for the proposed CSM expressions are summarized in Tables 5.6 and 5.7, including 

the number of tests and FE simulations, the design (ultimate limit state) fractile factor kd,n, the 

mean value of the correction factor b, the coefficient of variation of the tests and FE simulations 

relative to the resistance model Vδ, the combined coefficient of variation incorporating both 

model and basic variable uncertainties Vr and the required partial safety factor γM0. Note that 

the parameter b is taken as the average of the ratios of the test and FE resistances to theoretical 

(predicted) values, as given in Equation (5.25), in which n is the total number of the tests and 
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FE simulations, re is the experimental or FE value and rt is the theoretical (predicted) value. 

This definition (Equation (5.25)) does not bias the value of b towards the test or FE results with 

higher failure resistance, unlike the least squares method adopted in Annex D of EN 1990 

(2002). 

 
n

e,i

i 1 t,i

1 r
b

n r

                                                        (5.25) 

 
The results of the reliability analysis based on the EC3 predictions are also reported in Tables 

5.6 and 5.7 for comparison purposes. For I-sections in compression and in bending, the 

obtained partial safety factors γM0 were found to be less than or very close to unity, which is 

the target value in EN 1993-1-1 (2005), for both EC3 and the CSM, as shown in Tables 5.6 and 

5.7. The CSM is therefore deemed to be reliable for the design of hot-rolled steel I-sections. 

For SHS/RHS, the obtained partial safety factors γM0 for the CSM are lower than the 

corresponding values for EC3, with CSM partial safety factors γM0 of 1.13 for compression and 

1.10 for bending and EC3 partial safety factors γM0 of 1.16 for both compression and for 

bending. Therefore, although the CSM partial safety factors γM0 are slightly higher than the 

target value of 1.0, the CSM design expressions are deemed to be acceptable on the basis of 

historical precedent. 

 
Table 5.6: Summary of reliability analysis results for cross-sections in compression 

Design approach Cross-section 
No. of tests and 

simulations 
kd,n b Vδ Vr γM0 

EN 1993-1-1 (2005) 
I-sections 144 3.159 1.171 0.119 0.132 1.10 

SHS/RHS 169 3.149 1.025 0.088 0.106 1.16 

CSM 
I-sections 144 3.159 1.141 0.099 0.115 1.07 

SHS/RHS 169 3.149 1.017 0.074 0.094 1.13 

 

Table 5.7: Summary of reliability analysis results for cross-sections in bending 

Design 
approach 

Cross-section  
(axis of bending) 

No. of tests and 
simulations 

kd,n b Vδ Vr γM0 

EN 1993-1-1 
(2005) 

I-sections (major) 271 3.126 1.220 0.092 0.109 0.99 

I-sections (minor) 147 3.158 1.338 0.091 0.108 0.90 

SHS/RHS (both axes) 318 3.121 1.027 0.087 0.105 1.16 

CSM 

I-sections (major) 271 3.126 1.200 0.092 0.109 1.00 

I-sections (minor) 147 3.158 1.234 0.115 0.099 1.00 

SHS/RHS (both axes) 318 3.121 1.031 0.068 0.090 1.10 
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5.6 Concluding remarks 

In this chapter, the Continuous Strength Method (CSM) has been extended to cover the design 

of hot-rolled steel cross-sections, including I-sections and SHS/RHS. The developments of the 

method and the derivation of the resistance functions has been described. Numerical models 

were created and thoroughly validated against available test results for hot-rolled steel cross-

sections under compression and bending. Upon validation of the FE models, a comprehensive 

parametric study was conducted to generate further numerical data on hot-rolled steel cross-

sections under different loading cases. The experimental and numerical data were then used to 

evaluate the accuracy of the provisions of EN 1993-1-1 (2005) and the extended CSM for the 

structural design of hot-rolled steel cross-sections. 

 

The quad-linear material model developed in Chapter 3 considering both the yield plateau and 

the strain hardening of hot-rolled steels was adopted as the CSM material model, and the 

corresponding cross-section resistance expressions for axial compression and bending were 

presented. Comparisons with experimental and numerical data revealed that the CSM generally 

provides more accurate and consistent predictions than the existing design provisions, 

especially for very stocky cross-sections and for Class 3 sections in bending. Reliability 

analysis of the EC3 and the CSM design provisions was conducted against test and FE data 

according to EN 1990 (2002); it was found that the CSM generally satisfies the reliability 

requirements for I-sections (i.e. the required value of γM0 is less than unity) and requires lower 

partial safety factors γM0 than the corresponding values of EC3 for SHS/RHS. 
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6 Testing and design of hot-rolled steel I-sections 

under combined loading 

6.1 Introduction 

In this chapter, a thorough investigation of the ultimate capacity of hot-rolled steel I-sections 

under combined axial compressive load and bending moment is carried out by means of 

experiments and numerical modelling. A total of two stub column tests and 12 mono-axial or 

bi-axial eccentric compression tests on HEB 160 cross-sections with two different material 

grades (S235 and S355) has been carried out. The tested cross-sections are of stocky 

proportions to enable the influence of material strain hardening on the strength and behaviour 

of hot-rolled steel I-sections to be investigated. The loading eccentricities for the eccentric 

compression tests are varied in order to achieve different axial compression-to-bending 

moment ratios. Measured geometric and material properties, together with the full load-

deformation histories from the test specimens, are fully reported in this chapter. Finite element 

(FE) models are developed and validated against the experimentally obtained load-deformation 

curves, as well as the failure modes. The FE results successfully capture the experimental 

structural performance of hot-rolled steel I-sections and the validated FE models are then used 

for parametric studies to generate further structural performance data for specimens with 

different steel grades, cross-section slendernesses and loading cases. The numerical results 

together with the experimental results are employed for the assessment of the design rules given 

in EN 1993-1-1 (2005) and AISC-360-16 (2016) and for the extension of the deformation-

based Continuous Strength Method (CSM) to the case of hot-rolled steel I-sections under 
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combined loading. Finally, reliability analysis is performed to evaluate the reliability level of 

the design rules. 

6.2 Experimental investigation 

6.2.1 General 

An experimental study comprising material testing, geometric imperfection measurements, two 

stub column tests, four uniaxial bending plus compression tests and 8 biaxial bending plus 

compression tests on hot-rolled steel I-sections was conducted by the author at the University 

of Applied Sciences of Western Switzerland in order to investigate their cross-sectional 

behaviour and resistance under combined loading. The test specimens were categorized into 

two series according to their steel grade: Series ‘A’ (S235) and Series ‘B’ (S355). All the test 

specimens were hot-rolled HEB 160 cross-sections, which are Class 1 according to the 

slenderness limits of EN 1993-1-1 (2005). It was chosen to test cross-sections of compact 

proportions in order that material strain hardening would be experienced and hence that the 

influence of strain hardening on their behaviour and strength could be studied. 

6.2.2 Material testing and initial geometric imperfection measurements 

The basic stress-strain properties of the investigated hot-rolled steel I-sections were determined 

through 12 tensile coupon tests, with six coupons tested for each of the two steel sections (one 

grade S235 and the other S355). Tensile coupons were extracted from the web and flanges of 

the two specimens in the longitudinal (rolling) direction. Figure 6.1 shows the locations from 

which the coupons were cut from the test specimens, together with the definition of the adopted 

notation, where TF and TW indicate tensile coupons cut from the flange and the web, 

respectively. The tensile coupons were 20 mm in width with gauge lengths of 70 mm and 90 

mm for the web coupons and the flange coupons, respectively. All the tensile coupon tests were 

conducted in compliance with the procedures set out in EN ISO 6892-1 (2009) using a 100 kN 

hydraulic testing machine. Once a tensile coupon had been gripped, a 20 mm clip gauge was 
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affixed to the mid-height of the coupons to measure the longitudinal strain and elongation. A 

constant rate of strain (0.045%/s) was applied until fracture. 

 

Typical measured stress-strain curves from the flange and the web tensile coupons from the 

two cross-sections are shown in Figure 6.2. All the tensile coupons exhibited the anticipated 

sharply defined yield point, followed by a yield plateau before the initiation of strain hardening. 

The material properties obtained from all tensile coupon tests are summarized in Table 6.1, 

including the modulus of elasticity E, the yield strength fy, the ultimate tensile strength fu, the 

yield-to-ultimate tensile strength ratio fy/fu, the strain hardening strain εsh (where the yielding 

plateau ends and subsequently the strain hardening initiates) and the strain at the ultimate 

tensile stress εu. The material properties of hot-rolled steel cross-sections are generally fairly 

homogeneous, although higher yield strengths are often observed in thinner material due to the 

more rapid cooling. This trend is seen in the present study, where the yield strength of the 

thinner web is higher than that of the flanges (see Table 6.1). 

 

 

Figure 6.1: Definition of symbols and location of tensile coupons in tested cross-sections 

 

Initial local geometric imperfections were measured for all the specimens prior to testing. Since 

all the specimens presented in this paper are short columns that are not susceptible to global 

buckling, only local imperfections were considered. The measurements were conducted by 

means of an aluminium perforated bar holding 7 equally-spaced displacement transducers 

(LVDTs) which was moved laterally across the flat faces of each specimen (see Figure 6.3) in 
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order to develop 3D geometrical representation of the sections, a typical example of which is 

shown in Figure 6.4. Note that the measurements of the 7 LVDTs were started and finished 50 

mm away from the ends of the specimens in order to eliminate the possible influence of welding 

on the local imperfection measurements. The measured maximum local geometric 

imperfection amplitudes from the flange faces (ωf) and the web face (ωw) of the specimens are 

reported in Tables 6.2 and 6.3. 

 

Table 6.1: Measured material properties from tensile coupon tests 

Label 
E fy  fu  εsh εu 

fu/fy N/mm2 N/mm2 N/mm2 % % 
S235 TF1 - 322 464 1.62 17.99 1.44 
S235 TF2 193500 303 455 1.27 18.83 1.50 
S235 TF3 198800 300 453 1.44 19.64 1.51 
S235 TF4 195800 316 457 1.33 17.79 1.45 
S235 TW1 - 365 494 1.75 14.66 1.35 
S235 TW1 192800 386 488 1.92 15.01 1.26 
S355 TF1 210200 393 518 2.03 13.23 1.32 
S355 TF2 205100 392 494 2.55 13.56 1.26 
S355 TF3 208600 386 507 2.14 12.94 1.31 
S355 TF4 213000 388 504 2.17 13.56 1.30 
S355 TW1 202400 405 520 2.00 11.80 1.29 
S355 TW1 199500 405 519 1.79 12.74 1.28 

 

 

Figure 6.2: Typical measured stress-strain curves from S235 and S355 specimens 
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Figure 6.3: Test setup for geometric imperfection measurements 

 

 

Figure 6.4: Typical measured initial local geometric imperfection profile (×40) 

6.2.3 Stub column tests 

For each of the two test series (grades S235 and S355 steel), one concentrically-loaded stub 

column test was performed in order to determine the cross-sectional load carrying capacity 

under pure compression as well as to assess the influence of material strain hardening on the 

cross-sectional resistance. The nominal length for each specimen was chosen to be 

approximately three times the height of the cross-section, to be short enough to avoid global 

flexural buckling, but sufficiently long to contain representative local geometric imperfection 
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and residual stress patterns (Ziemian, 2010). The ends of the columns were milled flat and 

perpendicular to the longitudinal axis of the column, and endplates with a thickness of 30 mm 

were welded to the ends of the specimens to ensure a uniform distribution of load during testing 

and to avoid premature end failures. The testing machine was a 3000 kN capacity hydraulic rig 

and the stub columns were loaded under displacement control up to and beyond their peak 

loads, with the rate of displacement kept constant at 0.025 mm/s until the peak load, and the 

rate increased soon after. The testing setup for the stub columns is shown in Figure 6.5. Four 

LVDTs were employed at each end to determine the average end shortening of the specimens 

and three strain gauges, mounted to the column mid-faces at mid-height, were used to measure 

the longitudinal strains. An additional LVDT was used at mid-height between the flanges to 

detect the initiation of local buckling, if any, as shown in Figure 6.5. 

 

 

Figure 6.5: Testing setup for stub columns 

 

Table 6.2 presents the measured cross-section dimensions for the specimens tested under pure 

compression using the nomenclature from Figure 6.1, where L is the length of the specimen, B 

and H are the outer width and depth of the cross-section, respectively, tf is the flange thickness, 

tw is the web thickness, ri is the internal corner radius and A is the cross-sectional area. 
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Figure 6.7: Load-end shortening curves for stub column specimens 

 

 

Figure 6.8: Normalized load-end shortening curves for stub column specimens 
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through the application of eccentric compression. For each of the two series, two uniaxial 

bending plus compression tests − one bending about the major axis and the other bending about 

the minor axis, and four biaxial bending plus compression tests were carried out to investigate 
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measured cross-section dimensions and maximum local imperfection amplitudes of the 

specimens are presented in Table 6.3, following the nomenclature from Figure 6.1. 

 

As shown in Figure 6.9, the loading rig consisted of a hydraulic actuator at the lower end of 

the specimen and a fixed top platten. Two hemispherical bearings were specially designed to 

provide pinned-pinned end restraints for the test specimens. Endplates were welded to the 

specimens at different eccentricities to generate a range of bending moment to axial loading 

ratios, and then bolted to the hemispherical bearings of the 3000 kN test machine. Each of the 

two bearings contained two T-shaped grooves, which enabled adjustment of the specimens 

when bolted to the endplates to achieve loading at the specified eccentricities. The bolts were 

pre-tensioned in order to prevent uplift or detachment of the specimen endplates from the 

hemispherical bearings. 

 

 

      (a) Schematic diagram of test setup                                (b) Experimental setup 

Figure 6.9: Testing configuration for specimens under combined loading 
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Tests were carried out under displacement control in order to capture the post-ultimate 

behaviour of the specimens, at a rate of 0.025 mm/s. During testing, eight LVDTs placed at 

both ends of the test specimens were used to measure axial shortening and end rotation. In 

addition, two further LVDTs were used at the mid-height of the specimens in order to measure 

the lateral deflections in both principal directions, allowing the generated second order bending 

moments to be calculated. Two inclinometers, placed at each end of the test specimens, were 

used for measuring end rotations. Four strain gauges, two attached to the mid-face of each 

flange and the other two attached to the extreme fibres of one flange at mid-height of the 

specimen, were used to measure the longitudinal strains and to determine the calculated loading 

eccentricities. The applied load and readings from the LVDTs, inclinometers and strain gauges 

were recorded using a data logger at half-second intervals (2 Hz) during the tests. 

 

The measurements from the strain gauges can be used to determine the calculated loading 

eccentricities e0, to enable an accurate evaluation of the test and FE results, as well as a fair 

assessment of the design methods. For each axis of bending, the flexural strain εm due to the 

bending moment can be derived through Equation (6.1): 

 

2
minmax

m
εεε 

                                                         (6.1) 

 
where εmax is the measured strain at the maximum compressive fibre and εmin is the measured 

maximum tensile or minimum compressive strain at the other extreme fibre. The total bending 

moment MT, considering both the first order bending moment M1 due to the eccentricity of the 

applied force N and the second order bending moment M2 due to the lateral deflection at mid-

height Δ, can be calculated as: 

 

T 1 2 0M M M Ne NΔ                                               (6.2) 

 
The total bending moment can also be expressed, in the elastic range, as MT = EIκ, where E is 

the Young’s modulus, I is the second moment of area about the axis of bending and κ is the 

curvature which can be determined, assuming plane sections remain plane and normal to the 

neutral axis during bending, from the readings of the strain gauges. The curvature is given by 

κ = εm/0.5d, where d is the distance between the extreme fibres in the corresponding bending 
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axis. Therefore, the calculated loading eccentricity e0 can be determined from Equation (6.3). 

Note that since Equation (6.3) is only applicable in the elastic range, the average value of the 

eccentricities, obtained during the early stage of loading, was taken as the calculated loading 

eccentricity e0 for each test. Overall, the calculated loading eccentricities e0 were found to be 

in reasonably good agreement with the measured loading eccentricities em, as shown in Table 

6.4, but e0 is considered to be more accurate than em and is therefore used in the following 

analyses. 

 

max min
0

( )EI ε ε
e Δ

dN


                                                (6.3) 

 
Table 4 summarizes the key results from the specimens tested under combined loading, 

including the ultimate load Nu, the end rotation at the ultimate load θu, the measured loading 

eccentricity em, the calculated loading eccentricity e0, the mid-height lateral deflection at 

ultimate load Δu and the total bending moment at ultimate load MT,u, where the suffixes ʻyʼ and 

ʻzʼ denote bending about the major axis and the minor axis, respectively. The specimens 

generally failed by material yielding, though inelastic local buckling was also observed for 

some test specimens at large deformations. Representative failure modes for the uniaxial and 

biaxial bending plus compression tests are illustrated in Figures 6.10(a) and 6.10(b), 

respectively. The full experimental load-end rotation curves for each specimen subjected to 

uniaxial or biaxial bending plus compression loading are presented in Figures 6.11(a)-(f). 
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(a) Uniaxial bending plus compression (B5) 

 

                               

(b) Biaxial bending plus compression (B3) 

Figure 6.10: Typical experimental and numerical failure modes from tests under combined loading 
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(a) Load-end rotation curves for specimens A2 and B2 
 

 

(b) Load-end rotation curves for specimens A5 and B5 
 

 

(c) Load-end rotation curves for specimens A1 and B1 

Figure 6.11: Measured load-end rotation curves from combined loading tests 
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(d) Load-end rotation curves for specimens A3 and B3 

 

 
(e) Load-end rotation curves for specimens A4 and B4 

 

 
(f) Load-end rotation curves for specimens A6 and B6 

Figure 6.11: Measured load-end rotation curves from combined loading tests (continued) 
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6.3 Numerical modelling 

Following the experimental investigation, a numerical study of hot-rolled steel I-sections under 

combined loading, using the nonlinear FE analysis programme ABAQUS (2013), was carried 

out, and is described in this section. The aims of the numerical study were to capture the 

physical behaviour observed in the experiments and to investigate the cross-sectional resistance 

of hot-rolled steel I-sections under combined loading. The FE models were firstly validated 

against the test results and subsequently used to perform parametric studies to generate 

additional data over a wide range of cross-section slenderness and loading combinations. 

6.3.1 Description of the FE models 

Having been successfully used in Chapter 5 and in previous numerical studies for similar 

problems (Ashraf et al., 2006b; Becque and Rasmussen, 2009; Kettler, 2008), the four-noded 

doubly curved shell element S4R with reduced integration was selected for the modelling of 

the test specimens in this investigation. The endplates were modelled using the same shell 

elements S4R with an equivalent thickness of 30 mm and modelled with elastic material 

behaviour since the endplates remained elastic during loading. The finite element model was 

meshed using 20 elements along the flange width, 20 elements along the web height, with a 

finer mesh of 2 elements in each fillet zone of the cross-section, and 100 elements along the 

length of the specimen. The selected mesh size gave a sufficient degree of accuracy with 

acceptable computational cost. 

 

The fillet zones were modelled following the same procedure as that used in the numerical 

studies in Chapter 5 (see Section 5.3.1). The average measured engineering stress-strain curves 

from the flange and web coupon tests, represented by the bilinear plus non-linear hardening 

model proposed in Chapter 3, were converted into true-logarithmic plastic strain curves using 

Equations (5.21) and (5.22) and then employed in the FE models for the validation study. 

 

The interfaces between the endplates and the specimen were modelled using a constraint pair, 

where the endplates were the master surfaces and the end cross-sections of the specimen were 
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the slave surfaces. This constraint provides a simple means of bonding surfaces together in 

terms of all the translational and rotational degrees of freedom. Each endplate was then coupled 

to a reference point located at an eccentricity corresponding to the calculated loading 

eccentricity e0. Note that the reference point was also offset longitudinally from the end cross-

section of the specimens by 172 mm (equal to the distance from the end cross-section to the 

centroid of the hinge) for the combined loading tests, in order to accurately model the effective 

length of the specimens Le, as shown in Figure 6.9. The axial compressive force was applied at 

the bottom reference point following the test procedure. For the stub column FE models, which 

were under pure axial compression, the concentric reference points were restrained against all 

degrees of freedom, only allowing longitudinal translation at the bottom reference point. For 

the combined loading FE models, all degrees of freedom were restrained at the reference points 

except for longitudinal translation at the bottom reference point and rotation about the axis of 

bending for both reference points, to simulate pin-ended boundary conditions. 

 

Initial local geometric imperfections were incorporated into the FE models in the form of the 

lowest elastic buckling mode shape arising under axial compression; this results in a perturbed 

mesh throughout the cross-section and provides comparable local imperfections for all 

specimens. It has been found that the sensitivity of the numerical results to the initial geometric 

imperfections, both the shapes and amplitudes, is relatively low for non-slender hot-rolled steel 

I-sections (Yun et al., 2016). The imperfection amplitude was taken as c/200, i.e. c being the 

clear (flat) width of the most slender constituent plate element in the cross-section under 

compression, which approximately represented the average maximum web imperfection 

amplitudes measured in the test specimens and is also in accordance with the recommendations 

in EN 1993-1-5 (2006), for all the FE simulations in this study. 

 

The residual stress patterns recommended by the European Convention for Constructional 

Steelwork (ECCS, 1984), as detailed in Section 2.2.3 and illustrated in Figure 2.6, were applied 

to the FE models. The modified Riks method was used as the solution scheme for the FE 

simulations to allow the post-ultimate path of the modelled specimens to be captured. 
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6.3.2 Validation of the FE models 

Validation of the FE models was based on the comparison of the numerically obtained results 

with the relevant data from the conducted tests. The ultimate load Nu,test, the end rotations at 

ultimate load θu,test, and the mid-height lateral deflection at ultimate load Δu,test obtained from 

the tests were compared with the corresponding numerical values Nu,FE, θu,FE and Δu,FE predicted 

by the FE models, as reported in Table 6.5. Overall, good agreement between experimental and 

numerical results can be seen, particularly in terms of the ultimate load Nu, with the mean value 

of the ratio of Nu,FE/Nu,test being 0.96 and the COV being 0.03. The end rotations θu and mid-

height lateral deflection at ultimate load Δu less accurately captured, but acceptably predicted, 

and although in some cases the numerical values deviated from the corresponding test values 

by more than 30%, the absolute differences were relatively small. Good agreement between 

the failure modes of the tested and simulated specimens was also obtained, typical examples 

of which are shown in Figure 6.10 (Specimens B3 and B5). 

 

Figures 6.12 and 6.13 show comparisons between the numerical load-deformation curves and 

the corresponding experimental curves from the stub column tests and bending plus 

compression tests, respectively. The load-deformation curves obtained from the FE models but 

without considering the effect of material strain hardening (i.e. using an elastic-perfectly plastic 

material model) have also been plotted in Figures 6.12 and 6.13 for comparison. It can be seen 

from Figures 6.12 and 6.13 that the material strain hardening has a significant influence on the 

post-ultimate behaviour of all specimens and on the ultimate capacity of some. In general, the 

curves obtained from the FE models with strain hardening tend to show a more gradual loss of 

strength in the post-ultimate region, while the curves without considering the effect of strain 

hardening tend to have a more accentuated post-peak drop in strength. There is also consistently 

a more significant influence of strain hardening (on both ultimate and post-ultimate behaviour) 

for the hot-rolled I-sections under compression and major axis bending plus compression then 

for the other loading scenarios; this is because, for a given level of outer-fibre strain, a greater 

proportion of the cross-sectional area enters the strain hardening regime in the former cases. 

Overall, it can be seen that accurate replication of the initial stiffness, ultimate load and general 

form of the load-deformation histories was achieved by the developed FE models. The small 
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(a) Specimen A1 major axis (e0y = 28.8 mm) 

 

 
(b) Specimen A1 minor axis (e0z = 21.8 mm) 

 

 
(c) Specimen B1 major axis (e0y = 30.1 mm) 

Figure 6.13: Experimental and numerical load-end rotation curves for biaxial bending plus compression 
tests 
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(d) Specimen B1 minor axis (e0z = 19.7 mm) 

 

 
(e) Specimen A2 major axis (e0y = 70.2 mm) 

 

 
(f) Specimen B2 major axis (e0y = 75.1 mm) 

Figure 6.13: Experimental and numerical load-end rotation curves for biaxial bending plus compression 
tests (continued) 
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(g) Specimen A3 major axis (e0y = 15.0 mm) 

 

 
(h) Specimen A3 minor axis (e0z = 27.8 mm) 

 

 
(i) Specimen B3 major axis (e0y = 17.7 mm) 

Figure 6.13: Experimental and numerical load-end rotation curves for biaxial bending plus compression 
tests (continued) 
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(j) Specimen B3 minor axis (e0z = 27.7 mm) 

 

 
(k) Specimen A4 major axis (e0y = 75.1 mm) 

 

 
(l) Specimen A4 minor axis (e0z = 29.8 mm) 

Figure 6.13: Experimental and numerical load-end rotation curves for biaxial bending plus compression 
tests (continued) 
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(m) Specimen B4 major axis (e0y = 75.5 mm) 

 

 
(n) Specimen B4 minor axis (e0z = 31.2 mm) 

 

 
(o) Specimen A5 minor axis (e0z = 44.8 mm) 

Figure 6.13: Experimental and numerical load-end rotation curves for biaxial bending plus compression 
tests (continued) 

0

200

400

600

800

1000

1200

0.0 0.5 1.0 1.5 2.0 2.5

L
oa

d 
(k

N
)

End rotation θ (deg)

Test
FE
FE without strain hardening

0

200

400

600

800

1000

1200

0.0 1.0 2.0 3.0 4.0 5.0

L
oa

d 
(k

N
)

End rotation θ (deg)

Test
FE
FE without strain hardening

0

100

200

300

400

500

600

700

800

900

1000

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0

L
oa

d 
(k

N
)

End rotation θ (deg)

Test
FE
FE without strain hardening



Chapter 6 – Testing and design of hot-rolled steel I-sections under combined loading 

 

151 

 

 
(p) Specimen B5 minor axis (e0z = 44.6 mm) 

 

 
(q) Specimen A6 major axis (e0y = 46.0 mm) 

 

 
(r) Specimen A6 minor axis (e0z = 50.6 mm) 

Figure 6.13: Experimental and numerical load-end rotation curves for biaxial bending plus compression 
tests (continued) 
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(s) Specimen B6 major axis (e0y = 45.4 mm) 

 

 
(t) Specimen B6 minor axis (e0z = 50.6 mm) 

Figure 6.13: Experimental and numerical load-end rotation curves for biaxial bending plus compression 
tests (continued) 
 

The accuracy of the FE models has been further verified by comparing the numerically 

obtained ultimate load Nu,FE with the respective test values from compression tests of 22 semi-

compact I-sections (Kettler, 2008). The comparisons between the test and FE results are 

presented in Table 6.6 for both stub columns and combined loading tests, where the definitions 

of the loading eccentricity e and angle α are shown in Figure 6.14. The FE models show 
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Figure 6.14: Definition of the loading eccentricity e and angle α in Kettler (2018) 

 

The comparisons between the test results and numerical predictions have led to the conclusion 

that the developed FE models are accurate and reliable for predicting the ultimate resistances 

of hot-rolled steel I-sections subjected to combined loading and, thus, suitable for performing 

the comprehensive parametric studies presented in the next subsection. 

6.3.3 Parametric studies 

In this subsection, extensive parametric studies are presented based on the validated FE models, 

aiming to expand the available structural performance data over a wider range of I-section 

geometries, cross-section slendernesses and loading combinations. In the parametric studies, 

the measured stress-strain curves from the flange tensile coupons for the different material 

grades (S235 and S355), as reported in Table 6.1, were adopted. The length of all FE models 

was set equal to three times the average cross-section dimensions, i.e. 3 × (H + B)/2. For each 

steel grade, the height (H) and the corner radii (ri) of the specimens were kept constant at 200 

mm and 15 mm, respectively, while four cross-section aspect ratios H/B of 1.0, 1.5, 2.0 and 2.5 

were considered by varying the width of the flanges (B) from 200 mm to 80 mm. Maintaining 

the cross-section outer dimensions, the effect of local cross-section slenderness was 

investigated by varying the flange and web thicknesses (tf and tw), resulting in a range of cross-

section slenderness values p  between 0.17 and 0.68. The cross-section slenderness p  is 
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defined as p y cr/λ f σ , where σcr is the elastic buckling stress of the cross-section under the 

applied loading conditions, which may be obtained numerically (e.g. using the finite strip 

software CUFSM, as adopted in this chapter) or using approximate expressions (Seif and 

Schafer, 2010). Note that p 0.68   is the boundary between slender and non-slender cross-

sections in the CSM (Afshan and Gardner, 2013), and this chapter focuses primarily on non-

slender sections where local buckling occurs after yielding. For each cross-section, a 

combination of 10 different initial loading eccentricities, which varied from 10 to 50 mm in 10 

mm intervals and 100 to 500 mm in 100 mm intervals for the loading scenarios of 0, 30, 45 and 

60 degrees and from 10 to 100 mm in 10 mm intervals for the loading scenario of 90 degrees, 

was considered in the parametric studies, leading to a wide range of loading conditions (i.e. 

ratios of axial force to bending moment). The 0 and 90 degree cases represent the I-sections 

under major axis bending plus compression and minor axis bending plus compression, 

respectively, while the remaining loading scenarios consider I-sections under biaxial bending 

plus compression. A total of 1500 numerical results were generated, with 750 for each steel 

grade, including 300 for I-sections under uniaxial bending plus compression and 450 for biaxial 

bending plus compression. The numerical results, combined with the experimental data, are 

analysed in the following sections and used to assess and develop design expressions for hot-

rolled steel I-sections under combined loading. 

6.4 Assessment of current design methods and CSM proposals 

In this section, ultimate capacities from the experiments and FE simulations on hot-rolled steel 

I-sections under combined loading have been used to examine the accuracy of the codified 

design provisions of EC3 (EN 1993-1-1, 2005) and AISC (AISC 360-16, 2016). Then, 

extension of the CSM to the case of hot-rolled steel I-sections subjected to the combined actions 

of compression and bending moment is undertaken. Key numerical comparisons, including the 

mean and the coefficient of variation (COV), of the axial load ratio, Nu,FE(test)/Nu,pred, for each 

design method are reported in Table 6.7, where Nu,FE(test) is the FE (or test) axial load 

corresponding to the distance from the origin to the FE (or test) data point, and Nu,pred is the 

predicted axial load corresponding to the projection from the origin to the associated 
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intersection with the design interaction curve, as graphically defined in Figure 6.15. As shown 

in Figure 6.15, a value of the axial load ratio Nu,FE(test)/Nu,pred greater than unity indicates that 

the design interaction curve falls short of the corresponding FE (or test) data point and thus 

results in a safe-sided strength prediction, and vice versa. Note that the comparisons were 

performed using the measured geometric and material properties of the tested and modelled 

cross-sections, with all partial safety factors set to unity. 

 

 
Figure 6.15: Graphic definition of Nu,FE(test) and Nu,pred for the assessment of design provisions 

 

Table 6.7: Comparison of combined loading test and FE results with EC3, AISC and CSM capacity 
predictions  

(a) Major axis bending plus compression 
No. of tests: 2 

Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,AISC Nu,FE(test)/Nu,csm 
No. of FE simulations: 300 
Mean 1.07 1.09 1.05 
COV 0.11 0.09 0.08 
       
(b) Minor axis bending plus compression 
No. of tests: 2 

Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,AISC Nu,FE(test)/Nu,csm 
No. of FE simulations: 300 
Mean 1.45 1.31 1.13 
COV 0.31 0.11 0.13 
       
(c) Biaxial bending plus compression 
No. of tests: 8 

Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,AISC Nu,FE(test)/Nu,csm 
No. of FE simulations: 900 
Mean 1.46 1.41 1.12 
COV 0.32 0.09 0.11 
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6.4.1 European Code EN 1993-1-1 (EC3) 

For hot-rolled steel I-sections subjected to combined compression and bending moment, EN 

1993-1-1 (2005) employs a linear elastic interaction expression for Class 3 cross-sections, 

assuming that failure occurs when the maximum stress in the cross-section reaches the yield 

strength fy, as given by Equation 6.4, in which NEd is the applied design axial load, MEd is the 

applied design bending moment, including the second order bending moment due to the lateral 

mid-height deflection, Ny is the yield load equal to the product of the gross cross-sectional area 

A and the yield strength fy, Mel is the elastic moment capacity, and the subscripts ‘y’ and ‘z’ 

refer to the major and minor axis, respectively, and the subscript ‘Rd’ denotes design resistance. 

 

1
Rdz,el,

zEd,

Rdy,el,

yEd,

Rdy,

Ed 
M

M

M

M

N

N
                                            (6.4) 

 
For Class 1 and 2 cross-sections, the beneficial effect of plastic stress redistribution is allowed 

for by employing a nonlinear interaction expression, as given by Equation (6.5), where the 

interaction coefficients are taken as α = 2 and β = 5n ≥ 1, in which n is the ratio of design axial 

load to yield load NEd/Ny, and MR,y and MR,z are the reduced plastic moment resistances about 

the major and minor axis due to the presence of axial load, as given by Equations (6.6) and 

(6.7), respectively. In Equations (6.6) and (6.7), Mpl represents the plastic bending capacity 

assuming full plasticity throughout the cross-section at failure and a is the ratio of the web area 

Aw to the gross cross-section area A (with a maximum value of 0.5), which takes account of the 

influence of the geometry of the I-section. 
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The uniaxial bending plus compression FE and test results are normalised by their respective 

yield loads Ny and plastic moment capacities Mpl and are plotted together with the codified EC3 

interaction curves in Figures 6.16 and 6.17 for major axis and minor axis bending, respectively. 

Since the interaction expressions (Equations (6.6) and (6.7)) for Class 1 and 2 cross-sections 

depend on the geometric properties of the cross-sections through the ratio of web area to gross 

cross-sectional area a, and the ratio of Mel/Mpl, which varied among the considered sections, 

the average interaction curves are depicted for illustration purposes. For Class 1 and 2 sections, 

the EC3 design strengths are shown to be generally conservative, particularly for the stockier 

cross-sections, due largely to the conservative strength predictions of the end points of the 

design interaction curves, i.e. the compression and bending resistances, which are determined 

without considering the beneficial effects of strain hardening. For Class 3 sections, EC3 utilizes 

a linear interaction expression and limits the bending resistances to elastic moment capacities 

Mel; ignores the partial spread of plasticity and thus again yields conservative strength 

predictions, as shown in Figures 6.16 and 6.17. For the grade S235 steel, which exhibits a 

higher degree of strain hardening and a shorter length of yield plateau compared with grade 

S355 steel, a more pronounced level of conservatism is present in the EC3 predictions for the 

stockier cross-sections, as shown in Figures 6.16 and 6.17. However, for the less stocky cross-

sections, where strain hardening is not experienced, the differences due to the influence of yield 

stresses are seen to be negligible. As reported in Table 6.7, the mean ratios of Nu,FE(test)/Nu,EC3 

are equal to 1.07, 1.45 and 1.46, with the coefficient of variation (COV) of 0.11, 0.31 and 0.32, 

for hot-rolled steel I-sections under major axis bending plus compression, minor axis bending 

plus compression and biaxial bending plus compression, respectively. The scatter and 

conservatism of the EC3 predictions are related to the omission of strain hardening, the 

inaccuracy of the slenderness limits and the shape of the interaction curves. 
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Figure 6.16: Comparison of normalised FE and test results with EC3 interaction curves for hot-rolled 
steel I-sections in major axis bending plus compression 

 

 

Figure 6.17: Comparison of normalised FE and test results with EC3 interaction curves for hot-rolled 
steel I-sections in minor axis bending plus compression 
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6.4.2 American Specification AISC 360-16 

Unlike EC3, which takes account of the stress patterns in the individual compressed plates for 

the classification of cross-sections under combined loading, the AISC 360-16 (2016) only 

directly considers the fundamental scenarios of pure compression and pure bending. The 

interaction of bending and compression in hot-rolled steel I-sections is covered by Equations 

(6.8) and (6.9) in AISC 360-16 (2016), where, in the absence of member buckling (i.e. for 

cross-section resistance, which is the focus of the present study), Nc and Mc are the nominal 

cross-sectional axial compression and bending resistances, respectively. The design rules in 

AISC 360-16 (2016) for determining compression strengths of non-slender cross-sections are 

generally the same as those in EC3, except that the AISC replaces the yield strength with 

flexural buckling stress to account for the second order effects, though the difference is 

negligible for short columns, as studied herein. For the calculation of bending resistances, both 

EC3 and the AISC Specification adopt the plastic moment capacity Mpl for stocky (compact) 

cross-sections, i.e. Class 1 and 2 cross-sections in EC3. However, for non-compact sections 

(equivalent to Class 3 sections in EC3), the bending resistances are limited to Mel in EC3, while 

the AISC Specification accounts for the partial spread of plasticity in determining the bending 

capacities Mc. 
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For Class 1 and 2 sections, the end points of the interaction curves, i.e. the cross-section 

resistances under pure compression and bending, are similar in the AISC Specification and 

EC3, but the bilinear interaction curve employed in AISC 360-16 (2016) is more conservative 

than those used in EC3, which contain a plateau in the region of low axial force and are more 

convex in the region of intermediate and high axial force. As a result, the AISC Specification 

yields more conservative strength predictions than EC3 for Class 1 and 2 sections. Owing to 

the different slenderness limits and approaches to classify cross-sections in AISC 360-16 

(2016) and EC3, all the Class 3 cross-sections (according to EC3) investigated in the present 
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study are classified as compact (i.e. Class 1 or 2) cross-sections according to AISC 360-16 

(2016). This in return leads to improved design resistances from the AISC predictions 

compared to the EC3 predictions, which are shown to be unduly conservative for Class 3 cross-

sections, as illustrated in Figures 6.16 and 6.17. The accuracy of the AISC Specification is 

assessed in Table 6.7 and Figures 6.18 and 6.19, where the FE and test results are normalised 

by their AISC design resistances (Nc and Mc) and compared against the AISC interaction curve 

for major and minor axis bending plus compression, respectively. As can be seen from Table 

6.7, the mean FE (test) to predicted resistance ratios Nu,FE(test)/Nu,AISC are 1.09 and 1.31, with 

corresponding COV values of 0.09 and 0.11 for major and minor axis bending plus 

compression, respectively. Compared to the uniaxial bending cases, conservatism increases in 

the case of resistance predictions against biaxial bending plus compression, with a mean FE 

(test)-to-predicted resistance ratio of 1.41 and a corresponding COV of 0.09. Overall, the AISC 

360-16 (2016) offers improved mean resistance predictions and reduced scatter compared to 

the EN 1993-1-1 (2005) design rules, though still shows significant conservatism. 

 

 

Figure 6.18: Comparison of normalised FE and test results with AISC interaction curve for hot-rolled 
steel I-sections in major axis bending plus compression 
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Figure 6.19: Comparison of normalised FE and test results with AISC interaction curve for hot-rolled 
steel I-sections in minor axis bending plus compression 

6.4.3 Continuous Strength Method (CSM) 

The accuracy in predicting the resistances of cross-sections under combined axial compression 

and bending moment depends largely on the accuracy to which the cross-section compression 

and bending resistances, which represent the end points of the interaction curves, can be 

determined. Recent studies into the cross-section resistance of stainless steel square and 

rectangular hollow sections under combined loading (Arrayago and Real, 2015; Zhao et al., 

2015) showed that substantially improved predictions can be obtained by adopting the 

nonlinear N-M interaction expressions and coefficients in EC3 but replacing the plastic design 

resistances (Ny and Mpl) with the corresponding CSM predictions (Ncsm and Mcsm) as the end 

points for cross-sections with p  less than or equal to 0.6, and by adopting a linear design 

interaction formula for cross-sections with p  greater than 0.6. The possibility of applying a 

similar approach for hot-rolled steel I-sections is explored herein. Note that the extension of 

the CSM to hot-rolled steel cross-sections under the isolated loading conditions of compression 

and bending has been set out in Chapter 5, employing the quad-linear material model developed 

in Chapter 3 which is suitable for capturing the stress-strain characteristics of hot-rolled steels.  
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The FE and test data points are normalised by the CSM end points in Figures 6.20 and 6.21. 

For cross-sections with p  ≤ 0.6, the proposed CSM interaction formulae are given by 

Equations (6.10) and (6.11) for hot-rolled steel I-sections under combined compression and 

uniaxial bending moment about the major and minor axis, respectively, and by Equation (6.12) 

for hot-rolled steel I-sections under biaxial bending plus compression, in which MR,csm,y and 

MR,csm,z are the reduced CSM bending resistances about major and minor axis in the presence 

of an axial load NEd. In these equations, ncsm is the ratio of the design axial force to the CSM 

cross-section compression resistance NEd/Ncsm, αcsm and βcsm are the interaction coefficients 

whose values are taken from EC3 but based on the CSM end points with αcsm = 2 and βcsm = 

5ncsm ≥ 1, and acsm,w and acsm,f are parameters that relate to the ratios of web area Aw and flange 

area Af to gross cross-section area A, respectively, and determine the plateau length of the 

interaction curves, i.e. 0.5acsm,w for major axis bending plus compression and acsm,f for minor 

axis bending plus compression. A reduced upper limit of 0.25 is set on the parameters acsm,w 

and acsm,f, as given by Equations (6.13) and (6.14) respectively, since the upper limit of 0.5 

adopted in EC3 results in some unconservative predictions for cross-sections with large web 

area to gross cross-section area ratios (i.e. cross-sections with high aspect ratios). 
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For cross-sections with p > 0.6, strain hardening is less significant and the linear interaction 

curve, as given by Equation (6.15), is proposed. 
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Figure 6.20: Comparison of normalised FE and test results with CSM interaction curves for hot-rolled 
steel I-sections in major axis bending plus compression 

 

 

Figure 6.21: Comparison of normalised FE and test results with CSM interaction curves for hot-rolled 
steel I-sections in minor axis bending plus compression 
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The ratios of FE and test resistances to predicted resistances according to the CSM and EC3 

are plotted against cross-section slenderness p  in Figures 6.22-6.24 for hot-rolled steel I-

sections under compression and major axis bending, minor axis bending and biaxial bending, 

respectively, while the corresponding comparisons between CSM and AISC predictions are 

shown in Figures 6.25-6.27. The comparisons reveal that the CSM offers more accurate 

capacity predictions than EC3 and AISC. The mean FE (test) to CSM predicted failure load 

ratios Nu,FE(test)/Nu,csm, as reported in Table 6.7, are 1.05, 1.13 and 1.12 for hot-rolled steel I-

sections under compression plus major axis bending, minor axis bending and biaxial bending, 

respectively, all of which are lower than the corresponding values resulting from the EC3 and 

AISC design calculations, thus indicating improved accuracy. The corresponding COV values 

of 0.08, 0.13 and 0.11 also show reduced scatter in comparison to EC3. Similar comparisons 

for the test results only are reported in Table 6.8, again highlighting the improved accuracy 

offered by the CSM though the COV of its prediction for hot-rolled steel I-sections under minor 

axial bending plus compression is slightly higher than the corresponding value from EC3. Note 

that the differences in mean and COV values between the comparisons of Tables 6.7 and 6.8 

are due to the ranges of cross-section slenderness and combinations of loading considered – 

while the experiments only consider a limited number of isolated cases, the finite elements 

results cover the full range of both parameters. 

 

Table 6.8: Comparison of combined loading test results only with EC3, AISC and CSM capacity 
predictions 
 

(a) Major axis bending plus compression 
No of tests: 2 Nu,test/Nu,EC3 Nu,test/Nu,AISC Nu,test/Nu,csm 

Mean 1.34 1.36 1.31 
COV 0.04 0.04 0.01 
    
(b) Minor axis bending plus compression 
No of tests: 2 Nu,test/Nu,EC3 Nu,test/Nu,AISC Nu,test/Nu,csm 

Mean 1.03 1.33 1.01 
COV 0.04 0.04 0.05 
    
(c) Biaxial bending plus compression 
No of tests: 8 Nu,test/Nu,EC3 Nu,test/Nu,AISC Nu,test/Nu,csm 

Mean 1.08 1.52 1.05 
COV 0.03 0.03 0.03 

 
 



Chapter 6 – Testing and design of hot-rolled steel I-sections under combined loading 

 

166 

 

 

Figure 6.22: Comparison of FE and test results with predicted strengths from EC3 and CSM for hot-
rolled steel I-sections in major axis bending plus compression (data arranged with respect to the cross-

section slenderness p ) 
 

 
Figure 6.23: Comparison of FE and test results with predicted strengths from EC3 and CSM for hot-
rolled steel I-sections in minor axis bending plus compression (data arranged with respect to the cross-

section slenderness p ) 
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Figure 6.24: Comparison of FE and test results with predicted strengths from EC3 and CSM for hot-
rolled steel I-sections in biaxial bending plus compression 

 

 

Figure 6.25: Comparison of FE and test results with predicted strengths from AISC Specification and 
CSM for hot-rolled steel I-sections in major axis bending plus compression (data arranged with respect 

to the cross-section slenderness p ) 
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Figure 6.26: Comparison of FE and test results with predicted strengths from AISC Specification and 
CSM for hot-rolled steel I-sections in minor axis bending plus compression (data arranged with respect 

to the cross-section slenderness p ) 
 

 

Figure 6.27: Comparison of FE and test results with predicted strengths from AISC Specification and 
CSM for hot-rolled steel I-sections in biaxial bending plus compression 
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In order to illustrate the influence of the applied combination of loading (i.e. the ratio of axial 

load to bending moment) on the strength predictions, the ratios of Nu,FE(test)/Nu,pred are plotted 

against an angle parameter θ in Figures 6.28-6.31 for hot-rolled steel I-sections under 

compression and uniaxial bending moment. The angle parameter θ is introduced to describe 

the combination of axial load and bending moment and is defined by Equation (6.16), where 

NRd and MRd are the cross-section compression and bending resistances, respectively, and Nu,pred 

and Mu,pred are the predicted axial load and bending moment corresponding to the projection 

from the origin to the associated intersection with the design interaction curve, as shown in 

Figure 6.32. Based on the definition of θ, the pure bending case can be expressed as θ = 0° 

while the pure compression scenario can be represented by θ = 90°, as indicated in Figures 

6.28-6.31. 
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Figure 6.28: Comparison of FE and test results with predicted strengths from EC3 and CSM for hot-
rolled steel I-sections in major axis bending plus compression (data arranged with respect to the angle 
parameter θ) 
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Figure 6.29: Comparison of FE and test results with predicted strengths from EC3 and CSM for hot-
rolled steel I-sections in minor axis bending plus compression (data arranged with respect to the angle 
parameter θ) 
 

 

Figure 6.30: Comparison of FE and test results with predicted strengths from AISC Specification and 
CSM for hot-rolled steel I-sections in major axis bending plus compression (data arranged with respect 
to the angle parameter θ) 
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Figure 6.31: Comparison of FE and test results with predicted strengths from AISC Specification and 
CSM for hot-rolled steel I-sections in minor axis bending plus compression (data arranged with respect 
to the angle parameter θ) 

 

 

Figure 6.32: Definition of θ on moment-axial load interaction curve 
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For I-sections in major axis bending plus compression, EC3 allows the plastic bending moment 

Mpl to be attained with axial load ratios n up to 0.25 (see Equation (6.6) with the upper limit 

value of a being 0.5). However, this results in some unconservative resistance predictions for 

specimens with high ratios of web area to gross cross-section area and lower n ratios (i.e. θ ≤ 

20°), as shown in Figures 6.16 and 6.28. This stems principally from the underestimation of 

the adverse effect of the axial load on the bending resistances of I-sections with high H/B ratios 

(i.e. cross-sections with large web area to gross cross-section area ratios a). With the adoption 

of an upper limit of 0.25 for acsm in Equation (6.10), the CSM yields more accurate strength 

predications than EC3 for the aforementioned specimens, as shown in Figures 6.20 and 6.28. 

 

The comparisons in Figure 6.29 generally reveal an increase in conservatism as the applied 

loading varies from pure compression to pure bending (i.e. as θ moves from 90° to 0°) for both 

the EC3 and CSM resistance predictions for I-sections in minor axis bending plus compression. 

The unduly conservative EC3 resistance predictions for Class 3 cross-sections (see the Class 3 

points in Figure 6.17 in relation to the linear interaction curve, which correspond to the points 

indicated in Figures 6.23 and 6.29) are caused by the sharp drop in predicted bending strength 

from Mpl to Mel in the conventional cross-section classification system. This concept has been 

replaced with the more rational cross-section deformation capacity in the CSM, which provide 

more accurate and consistent predictions, as shown in Figures 6.23 and 6.29. The CSM 

predictions do however remain rather conservative for combinations of loading with lower 

axial load ratios (i.e. θ ≤ 10°) – this is due primarily to the imposed strain ratio limit of εcsm/εy 

= 15 for minor axis bending of I-sections (see Section 5.4.2). This limit could, however, be 

adjusted depending on the level of plastic deformation that was deemed acceptable at the 

ultimate limit state in a given project. 

6.5 Reliability analysis 

In this section, the reliability of the existing design methods and the proposed CSM for hot-

rolled I-sections under combined loading is assessed through statistical analyses, conducted in 

accordance with Annex D of EN 1990 (2002). The partial safety factor γM0 has a recommended 
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value of 1.0 for the design of hot-rolled steel cross-sections in EN 1993-1-1 (2005). A 

calculated (required) partial safety factor γM0 below this value therefore indicates that the 

reliability requirements of EN 1990 (2002) are met. 

 

The key statistical parameters for the analysis of the existing design methods and the CSM are 

summarized in Table 6.9, including the total number of tests and FE simulations n, the design 

(ultimate limit state) fractile factor kd,n, the mean value of the correction factor b, the coefficient 

of variation (COV) of the tests and FE simulations relative to the resistance model Vδ, the 

combined coefficient of variation (COV) incorporating both model and basic variable 

uncertainties Vr and the required partial safety factor γM0. The values of material and geometric 

variables adopted in the analysis were taken as those recommended by Byfield and Nethercot 

(1997), namely the material over-strength, i.e. the mean-to-nominal yield strength ratio (1.16), 

and the COV of yield strength (0.05) and geometric properties (0.03). More recent and 

generally more favourable statistical data are available in Annex E of the draft version of the 

next revision of EN 1993-1-1 (Tankova et al., 2014); these values were not available at the 

time that the work performed in the present chapter was completed, but are considered in 

Chapter 7. 

 
Table 6.9: Summary of statistical parameters for the reliability analysis 

Statistical 
parameters 

Major axis bending plus 
compression 

Minor axis bending plus 
compression 

Biaxial bending plus 
compression 

EC3 AISC CSM EC3 AISC CSM EC3 AISC CSM 
No. of FE 
(tests) 

300 
(2) 

300 
(2) 

300 
(2) 

300 
(2) 

300 
(2) 

300 
(2) 

900 
(8) 

900 
(8) 

900 
(8) 

kd,n 3.123 3.123 3.123 3.123 3.123 3.123 3.040 3.040 3.040 
b 1.069 1.086 1.054 1.453 1.305 1.128 1.463 1.408 1.119 
Vδ 0.104 0.082 0.074 0.317 0.106 0.123 0.324 0.085 0.100 
Vr 0.120 0.100 0.094 0.322 0.121 0.136 0.329 0.103 0.116 
γM0 1.17 1.08 1.09 1.62 0.96 1.16 1.65 0.84 1.10 

 

According to the results presented in Table 6.9, the CSM partial safety factors γM0 of 1.09, 1.16 

and 1.10, for hot-rolled steel I-sections under major axis bending plus compression, minor axis 

bending plus compression and biaxial bending plus compression, respectively, are all lower 

than the values obtained for EC3, but larger than the values obtained for the AISC Specification 

and also larger than the target value of 1.0. The more stocky hot-rolled steel I-sections with 
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lower ratios of axial load to minor axis bending develop significant strain hardening, resulting 

in a high COV value (0.13) and hence a high required partial safety factor (1.16) based on the 

total test and FE population. However, the partial safety factor can be reduced by performing 

the reliability analysis on two sub-sets (EN 1990, 2002) of the data for I-sections under minor 

axis bending plus compression based on the applied combination of loading, achieving reduced 

partial safety factors of 1.07 for θ > 10° and 1.00 for θ ≤ 10°. The average value of the ratios 

of the test and FE resistances to the CSM predictions (i.e. the parameter b) is significantly 

lower than those values obtained for EC3 and the AISC Specification, revealing improved 

accuracy in the CSM resistance predictions. The CSM generally provides more consistent 

predictions (i.e. lower Vδ values) and requires lower partial safety factors γM0 than the 

corresponding values of EC3, and may therefore be considered to be a safe and economical 

design method. 

6.6 Concluding remarks 

A comprehensive experimental and numerical study into the ultimate capacity of hot-rolled 

steel I-sections under combined loading has been conducted in this chapter. A total of 14 

experiments on hot-rolled steel I-sections, consisting of two different material grades, subjected 

to either compression or combined loading were firstly carried out. The test specimens were 

stocky (compacted) cross-sections and all were Class 1 according to EN 1993-1-1 (2005). The 

stockiness of the tested cross-sections was such that material strain hardening had an influence 

on their cross-sectional capacity and this influence is assessed in this chapter. Parallel 

numerical analysis of hot-rolled steel I-sections under different loading conditions was 

performed using the finite element (FE) modelling program ABAQUS. The FE models were 

validated against the test results obtained in the present study and from the literature (Kettler, 

2008). It was found that the FE models were capable of replicating accurately the structural 

behaviour of the test specimens, and are therefore suitable for performing parametric studies. 

In parametric studies, a total of 1600 numerical results, covering a range of steel grades, cross-

section slenderness values, cross-section aspect ratios and combinations of compression and 

bending moment, were generated. The generated FE data, together with the experimental 
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results, were then employed for the assessment of the accuracy of the current design methods 

set out in EN 1993-1-1 (2005) and AISC 360-16 (2016). The provisions of these specifications 

were found to be unduly conservative in predicting the cross-section resistance of hot-rolled 

steel I-sections under combined compression and bending moment due primarily to the 

conservative resistance predictions of pure compression and bending in isolation, which serve 

as the end points of the interaction curves. The CSM has been found previously to provide 

more accurate and consistent resistance predictions for hot-rolled steel cross-sections in 

compression and bending than the codified design methods, and the CSM has been extended 

is this chapter to cover the design of hot-rolled steel I-sections under combined compression 

and bending. Comparisons with the experimental and numerical data revealed that the proposed 

CSM approach generally results in a higher degree of accuracy and consistency in the 

resistance predictions than the existing design provisions, especially for very stocky cross-

sections and for Class 3 cross-sections. The reliability of the CSM was also confirmed 

following statistical analyses performed in accordance with EN 1990 (2002). 
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7 Design of cold-formed steel non-slender SHS/RHS 

7.1 Introduction 

Cold-formed steels typically exhibit a rounded stress-strain response with gradual yielding 

merging into strain hardening. This form of stress-strain curve is at odds with the elastic, 

perfectly plastic material model that underpins many of the provisions set out in current 

structural steel design standards. In particular, the beneficial influence of strain hardening on 

cross-section capacity is neglected. The aim of this chapter is to investigate the feasibility of 

applying the Continuous Strength Method (CSM) to cold-formed steel structural elements, 

focusing primarily on non-slender square and rectangular hollow sections (SHS and RHS) 

subjected to compression, bending and combined loading. Geometrically and materially 

nonlinear finite element (FE) models were first developed and validated against existing 

experimental results to simulate the cross-sectional behaviour of cold-formed steel SHS and 

RHS subjected to different loading conditions. Upon validation of the FE models, an extensive 

parametric study was conducted to generate additional data over a wider range of cross-section 

geometries, slendernesses and loading conditions. The numerical results together with the 

collected experimental data were then compared with capacity predictions, calculated 

according to the current design rules in the European Standard EN 1993-1-1 (2005) and the 

American Specification AISC-360-16 (2016) as well as the CSM. Furthermore, for cross-

sections under combined loading, a modified design method which employs similar interaction 

expressions as given in EN 1993-1-1 (2005) but considers the axial and flexural cross-section 

resistance predictions according to the CSM, was also examined. Finally, reliability analysis 

was conducted to provide a statistical evaluation of the different design methods. 
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7.2 Numerical modelling 

In this section, numerical analyses are carried out using the nonlinear finite element analysis 

package ABAQUS (2013) to simulate the cross-sectional behaviour of cold-formed steel SHS 

and RHS under different loading conditions. The developed FE models were firstly validated 

against existing experimental results on cold-formed steel tubular section stub columns 

(Gardner et al., 2010; Kettler, 2008; Nseir, 2015), simply supported beams (Gardner et al., 

2010; Wilkinson, 1999) and cross-sections under combined loading, i.e. compression plus 

bending (Kettler, 2008; Nseir, 2015), and were subsequently used for parametric studies to 

generate further numerical data over a wider range of cross-section geometries, slendernesses 

and loading conditions. Details of the FE modelling approach, key validation results and 

parametric studies are presented in the following subsections. 

7.2.1 Description of the FE models 

The four-noded doubly curved shell element with reduced integration and finite membrane 

strains, S4R (ABAQUS, 2013), was used in the present numerical investigation, as in previous 

chapters, for the modelling of cold-formed steel SHS/RHS under different loading conditions. 

Mesh sensitivity studies were conducted to obtain an optimum balance between accuracy and 

computational cost, and as a result, an average element size equal to one twentieth of the flat 

width of the most slender plate that makes up the cross-section was adopted for the flat portions 

of the modelled specimens, whereas a finer mesh of four elements was used in the corner 

regions. The selected mesh size was used throughout the numerical analyses. The measured 

cross-section dimensions and stress-strain curves from the flat and corner regions of each test 

specimen were carefully incorporated into their corresponding FE models to replicate the 

experimental load-deformation histories. The cold-forming process induces plastic 

deformations, resulting in increases in material strength, with the corner regions being the most 

influenced. The corner strength enhancements were also extended into the adjacent flat regions 

by a distance of two times the cross-section thickness according to the findings of previous 

experimental and numerical research (Afshan et al., 2013; Cruise and Gardner, 2006; Gardner 

and Nethercot, 2004c; Ma et al., 2015b); flat material properties were assigned to the remaining 
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portions of the FE models. As required in ABAQUS (2013) for shell elements, the measured 

stress-strain curves were first converted into the format of true stress-logarithmic plastic strain 

before incorporation into the FE models, following the same procedure described in the 

numerical studies in Chapter 5 (see Section 5.3.1). Residual stresses were not explicitly 

incorporated into the developed FE models for two reasons: (1) the dominant longitudinal 

bending residual stresses are, to a large extent, inherently incorporated into the stress-strain 

curves obtained from tensile coupon tests, since straightening of the coupons under the tensile 

load applied to the coupons during testing essentially re-introduces the bending residual 

stresses that were released when the coupons were extracted from the cold-formed sections 

(Ashraf et al., 2006b), and (2) the membrane residual stresses have been shown to be negligible 

and have little influence on the behaviour of cold-formed steel SHS and RHS (Gardner et al., 

2010; Nseir, 2015). 

 

Initial local geometric imperfections were introduced into the FE models using the deformed 

shapes obtained from a prior elastic bucking analysis. For the stub columns and beams, the 

lowest buckling mode under the considered loading condition with an odd number buckling 

half-waves in the longitudinal direction was used as the imperfection shape. For the 

eccentrically-loaded stub columns, the elastic buckling mode obtained under pure axial 

compression was used in order to have comparable local imperfection shapes for all FE models. 

The effect of local geometric imperfection amplitudes was examined by considering four 

different values: c/400, c/200 and c/100, where c is the clear (flat) width of the most slender 

constituent plate element in the cross-section, which was defined as that having the highest 

value of p  taking due account of the stress distribution through the buckling coefficient k (EN 

1993-1-5, 2006), and a value calculated from the modified Dawson and Walker predictive 

model (Dawson and Walker, 1972; Gardner et al., 2010), as defined by Equation (7.1), 

 

t
σ

f
ω 












mincr,

y
0 068.0                                                        (7.1) 

 
where ω0 is the magnitude of the local imperfection, fy is the material yield (0.2% proof) 

strength, σcr,min is the elastic critical buckling stress of the most slender cross-section plate 
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element, assuming simply supported boundary conditions between adjacent plates, and t is 

the plate thickness. Note that only local imperfections were incorporated into the FE models 

since global buckling was prevented in the beams and was negligible for the concentrically 

and eccentrically loaded stub columns. 

 

Suitable boundary conditions were applied in the FE models to represent the corresponding 

experimental set-up employed in the tests (Gardner et al., 2010; Kettler, 2008; Nseir, 2015; 

Wilkinson, 1999) for validation purposes. For the stub column FE models, the nodes at each 

end cross-section were coupled to a concentric reference point using kinematic coupling 

(ABAQUS, 2013), which ensured that the translational and rotational degrees of freedom of 

all nodes at each end cross-section were identical to their corresponding reference point. All 

degrees of freedom were then restrained at both reference points apart from the vertical 

displacement at the loaded end in the direction of the applied load. For the eccentrically loaded 

stub columns, each end section was coupled to an eccentric reference point, located at an 

eccentricity corresponding to that measured in the tests. Similar boundary conditions to those 

employed for the stub column FE models were adopted, but allowing rotations about the axis 

of bending at both ends. For the 3-point and 4-point bending FE models, the reference points 

were positioned on the lower flange of the cross-section and connected to a set of nodes over 

an area corresponding to the location of the bearing plates employed in the tests. The simple 

support conditions were modelled by releasing appropriate translational and rotational 

degrees of freedom at the reference points. The point loads were applied to the lower part of 

the webs at the web-to-corner radius junctions (see Figure 5.7) to avoid any localized failure 

resulting from concentrated loading (Wang et al., 2016). In addition, for computational 

efficiency, beams FE models under pure bending moment were also developed and validated 

against the results of the considered 4-point bending tests (Wilkinson, 1999), and then used 

in the subsequent parametric studies. The length of each pure bending FE model was equal to 

the length of the constant bending part of its corresponding 4-point bending test. The pure 

bending FE models were simply-supported and uniform moments were applied at both ends. 

The modified Riks method was used for the nonlinear analyses of the developed FE models, 

which included both geometric and material nonlinearities based on the modelling 

assumptions described above, in order to capture the post-ultimate behaviour. 
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7.2.2 Validation of the FE models 

Validation of the FE models was based on comparisons of the ultimate capacities, full load-

deformation responses and failure modes obtained from a series of experiments on cold-formed 

steel sections (Gardner et al., 2010; Kettler, 2008; Nseir, 2015; Wilkinson, 1999) with those 

predicted by the numerical simulations. The experimental ultimate loads Nu,test and ultimate 

moments Mu,test have been normalised by their corresponding numerical results (Nu,FE and 

Mu,FE) for the various considered local imperfection amplitudes, as shown in Tables 7.1-7.3 for 

stub column tests (Gardner et al., 2010; Kettler, 2008; Nseir, 2015), 3-point and 4-point 

bending tests (Gardner et al., 2010; Wilkinson, 1999) and eccentrically loaded stub column 

tests (Kettler, 2008; Nseir, 2015), respectively. Overall, the local imperfection amplitude of 

c/200 was found to provide the most accurate and consistent ultimate resistance predictions for 

all the different loading cases. It may also be observed that the pure bending models provide 

similar ultimate bending resistances to those obtained from the corresponding 4-point bending 

models and were thus considered to be appropriate to perform parametric studies for bending. 

Figures 7.1-7.3 show typical comparisons between the experimental and numerical load-

deformation curves from stub column tests, 4-point bending tests and eccentrically loaded stub 

column tests, respectively, where δ is the end shortening of the stub column, Mpl is the cross-

section plastic moment capacity, κ is the curvature in the uniform moment region of the 4-point 

bending tests and κpl is the elastic curvature corresponding to Mpl. Good agreement was 

generally obtained between the experimental and numerical load-deformation curves. The 

difference in stiffness between the experimental and numerical results observed in the case of 

some of the eccentrically loaded stub columns, an example of which is shown in Figure 7.3, 

may be due to non-explicitly modelled sources, such as some friction in the hinges of the test 

machine, out-of-flatness of the endplates, elastic bending of the endplates and unexpected 

eccentricities. The deformed shapes at failure obtained from the numerical models also match 

closely the corresponding experimental failure modes, as presented in Figures 7.4-7.7. 
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Table 7.1: Comparison of stub column test results and FE results with varying imperfection amplitudes 

Reference 
Steel 
grade 

Specimen 

Nu,test/Nu,FE 

Local imperfection amplitude 

c/400 c/200 c/100 
Dawson  
& Walker 

Gardner et al. 
(2010) 

S235 

SHS 100×100×4-CF1 1.04 1.08 1.15 1.01 
SHS 100×100×4-CF2 1.04 1.08 1.14 1.01 
SHS 60×60×3-CF1 0.97 1.00 1.04 0.95 
SHS 60×60×3-CF2 0.97 0.99 1.03 0.94 
SHS 60×40×4-CF1 0.97 1.00 1.03 1.02 
SHS 60×40×4-CF2 0.97 0.99 1.03 1.01 
SHS 40×40×4-CF1 0.98 0.99 1.00 0.98 
SHS 40×40×4-CF2 0.97 0.98 0.99 0.97 
SHS 40×40×3-CF1 1.00 1.03 1.11 0.97 
SHS 40×40×3-CF2 1.02 1.06 1.10 1.00 

       

Kettler (2008) 
S355 

sc_A16-1_SHS 180×180×5 1.05 1.11 1.17 0.99 
sc_A16-2_SHS 180×180×5 1.07 1.13 1.20 1.00 

S275 
sc_A20-1_RHS 200×120×4 0.89 0.91 0.95 0.87 
sc_A20-2_RHS 200×120×4 0.96 0.98 1.01 0.94 

       

Nseir (2015) S355 

RHS_LC1_200×100×4 0.93 0.94 0.96 0.92 
RHS_LC1_220×120×6 0.93 0.96 1.00 0.88 
SHS_LC1_200×200×5 1.00 1.05 1.11 0.95 
SHS_LC1_200×200×6 0.99 1.04 1.11 0.93 
2_SHS_LC1_200×200×6 0.93 0.99 1.06 0.88 
RHS_Stub_200×100×4 0.94 0.95 0.97 0.93 
RHS_Stub_220×120×6 0.96 1.00 1.04 0.91 
SHS_Stub_200×200×5 0.99 1.04 1.10 0.94 
SHS_Stub_200×200×6 0.95 1.00 1.07 0.89 

Mean   0.98 1.01 1.06 0.95 
COV   0.05 0.05 0.07 0.05 
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Table 7.3: Comparison of eccentrically loaded stub column test results and FE results with varying 
imperfection amplitudes 
 

 

a: load eccentricity in the major direction as illustrated in Figure 7.8 
b: load eccentricity in the minor direction as illustrated in Figure 7.8 

 

Reference 
Steel 
grade 

Specimen ez
a ey

b 

Nu,test/Nu,FE 

Local imperfection amplitude 

a/400 a/200 a/100 
Dawson  
& Walker 

Kettler 
(2008) 

S355 

sc_A13-1_SHS 180×180×5 1.6 300.2 0.88 0.91 0.96 0.83 

sc_A13-2_SHS 180×180×5 1.0 299.2 0.94 0.98 1.02 0.88 

sc_A13-3_SHS 180×180×5 1.0 300.2 0.90 0.93 0.97 0.84 

sc_A14-1_SHS_180×180×5 103.3 282.4 0.95 0.99 1.04 0.89 

sc_A14-2_SHS_180×180×5 98.3 280.8 0.88 0.92 0.97 0.83 

sc_A14-3_SHS_180×180×5 98.1 283.4 0.91 0.95 1.00 0.86 

sc_A15-1_SHS_180×180×5 207.0 215.2 0.96 1.01 1.07 0.90 

sc_A15-2_SHS_180×180×5 214.7 212.5 0.97 1.02 1.08 0.91 

sc_A15-3_SHS_180×180×5 214.4 209.2 0.96 1.01 1.06 0.90 
        

S275 

sc_A18-1_RHS_200×120×4 106.7 280.9 0.95 0.97 1.00 0.92 

sc_A18-2_RHS_200×120×4 102.9 279.8 0.96 0.99 1.02 0.93 

sc_A18-3_RHS_200×120×4 102.1 280.5 0.94 0.96 0.99 0.90 

sc_A19-1_RHS_200×120×4 207.4 214.7 0.92 0.93 0.95 0.92 

sc_A19-2_RHS_200×120×4 212.6 215.6 0.95 0.96 0.98 0.95 

sc_A19-3_RHS_200×120×4 213.1 210.2 0.94 0.95 0.96 0.93 
         

Nseir 
(2015) 

S355 

RHS_LC2_200×100×4 0.0 60.0 1.01 1.04 1.09 0.98 

RHS_LC2_220×120×6 0.0 67.0 0.97 1.00 1.05 0.94 

SHS_LC2_200×200×5 0.0 77.0 1.04 1.07 1.13 1.00 

SHS_LC2_200×200×6 0.0 72.0 0.95 0.99 1.05 0.90 

RHS_LC3_200×100×4 39.0 63.0 1.02 1.03 1.06 1.00 

RHS_LC3_220×120×6 40.0 72.0 0.97 1.00 1.05 0.92 

SHS_LC3_200×200×5 60.0 62.0 1.03 1.09 1.15 0.98 

SHS_LC3_200×200×6 65.0 65.0 0.98 1.03 1.10 0.93 

2_SHS_LC2_200×200×6 0.0 71.0 0.96 1.00 1.07 0.91 

2_SHS_LC3_200×200×6 62.0 62.0 0.94 0.99 1.06 0.89 

RHS_LC4_220×120×6 40.0 0.0 0.98 1.01 1.06 0.93 

RHS_LC5_220×120×6 20.0 33.0 0.98 1.02 1.06 0.93 

RHS_LC6_220×120×6 6.0 10.0 1.00 1.03 1.08 0.95 

RHS_LC4_200×100×4 35.0 0.0 0.97 0.98 1.00 0.96 

RHS_LC5_200×100×4 19.0 31.0 1.07 1.09 1.12 1.06 

RHS_LC6_200×100×4 5.0 6.0 1.02 1.03 1.06 1.01 

Mean     0.96 1.00 1.04 0.92 

COV     0.05 0.05 0.05 0.06 
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Figure 7.1: Comparison of experimental and numerical load-end shortening curves for stub column 
specimen RHS_LC1_220×120×6 (Nseir, 2015) 
 

 

Figure 7.2: Comparison of experimental and numerical normalized moment-curvature curves for 4-
point bending specimen BS02C 150×50×4.0 (Wilkinson, 1999) 

 

 

 

0

200

400

600

800

1000

1200

1400

1600

1800

0 1 2 3 4 5 6 7 8

L
oa

d 
N

(k
N

)

End shortening δ (mm)

Test

FE

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

0 1 2 3 4 5 6 7 8 9 10

M
/M

pl

κ/κpl

Test

FE







Chapter 7 – Design of cold-formed steel non-slender SHS/RHS 

 

188 

 

                           
 

Figure 7.7: Comparison of experimental and numerical failure modes for eccentrically loaded stub 
column specimen sc_A18-2_RHS_200×120×4 (Kettler, 2008) 
 

 
 

Figure 7.8: Definition of cross-section dimensions, loading eccentricity e and angle α 

7.2.3 Parametric studies 

Having validated the FE models against the experimental results, a series of parametric studies 

on cold-formed SHS and RHS was conducted to expand the available results over a wider range 

of cross-section slendernesses and loading scenarios. In the parametric studies, the overall 

length of all the FE models was set equal to three times the average outer cross-section 

dimension (i.e. (B+H)/2, see Figure 7.8). The measured stress-strain curves of the flat and 

corner regions of a previously tested specimen – SHS 60×60×3 (Gardner et al., 2010) – were 
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adopted throughout the parametric studies. Figure 7.9 shows the employed stress-strain curves 

and their key measured material properties, including the Young’s modulus E, yield strength 

(i.e. 0.2% proof stress) fy, ultimate strength fu, ultimate strain εu and fracture strain εf which is 

measured over the standard gauge length, have been summarised in Table 7.4. The SHS and 

RHS geometries were chosen, as detailed below, to cover a wide spectrum of local 

slendernesses, but within the range of non-slender cross-sections ( p 0.68  ), which are the 

focus of this chapter. 

 

 

Figure 7.9: Measured stress-strain curves from flat and corner tensile coupons extracted from an SHS 
60×60×3 (Gardner et al., 2010) employed in the numerical parametric studies 

 

Table 7.4: Summary of key measured material properties from the tensile flat and corner coupons of 
SHS 60×60×3 (Gardner et al., 2010) employed in numerical parametric studies 

 E fy fu εu εf 

 N/mm2 N/mm2 N/mm2 % % 
Flat coupon 207400 361 402 1.7 49 
Corner coupon 208000 442 471 11.4 21 

 

The chosen cross-sectional geometries of the stub column and pure bending FE models featured 

19 SHS and 12 RHS, with the cross-section aspect ratios of the latter ranging between 1.3 and 

2. The outer width (B) of the SHS was varied from 50 to 140 mm, whereas for the RHS, the 

outer width ranged from 60 to 80 mm and the outer depth (H) ranged from 80 to 160 mm. The 

considered thicknesses (t) of both types of cross-section (SHS and RHS) ranged between 1.5 
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and 14 mm, leading to a wide range of cross-section slendernesses being considered. For the 

eccentrically loaded stub column FE models, the outer depth was kept constant at 200 mm 

while three different outer widths were considered (100, 150 and 200 mm), which provided 

cross-section aspect ratios ranging from 1 to 2. The cross-section thickness ranged from 5 to 

20 mm and the loading eccentricity e (see Figure 7.8) was varied between 10 and 500 mm. A 

combination of 10 different loading eccentricities e, which varied from 10 to 50 mm in 10 mm 

interval and 100 to 500 mm in 100 mm interval, and five different eccentricity angles α (0, 30, 

45, 60 and 90 degrees), as illustrated in Figure 7.8, was considered for each modelled cross-

section. Note that 0 and 90 degrees represent the two cases of uniaxial bending plus 

compression, whereas the intermediate angles induce biaxial bending plus compression. For 

all the FE models, the internal corner radii (ri) were taken equal to the thickness of the cross-

section. The combined experimental and numerical data set is used in the following sections to 

assess and develop design expressions for cold-formed steel non-slender SHS and RHS. 

7.3 Assessment of current design methods and CSM proposals 

In this section, the numerical and experimental ultimate capacities for the considered cold-

formed steel cross-sections under compression, bending and combined loading are compared 

with the unfactored (i.e. all partial safety factors set to unity) design strengths predicted by the 

European and American specifications, as given in EN 1993-1-1 (2005) and AISC 360-16 

(2016), respectively, as well as the CSM described in Chapter 2 (see Section 2.4). The 

previously developed CSM base curve for non-slender cross-sections (Equation (2.17)) has 

been first verified for cold-formed steel SHS and RHS. Experimental data from stub column 

tests and four-point bending tests on cold-formed steel SHS and RHS (Gardner et al., 2010; 

Kettler, 2008; Key et al., 1988; Nseir, 2015; Wilkinson, 1999) have been collated and plotted 

in Figure 7.10 on a graph of strain ratio εcsm/εy versus cross-section slenderness p ; equivalent 

test data for high strength steel sections (Wang et al., 2016), as well as hot-rolled steel and 

stainless steel sections collected by Afshan and Gardner (2013) are also plotted. The CSM base 

curve for non-slender cross-sections, which was originally developed for stainless steel 

sections, can be seen to also provide good predictions of normalised deformation capacities for 
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cold-formed steel non-slender SHS and RHS. The CSM elastic, linear hardening material 

model developed in Section 4.4.7 has been employed in this chapter to represent the strain 

hardening response of cold-formed steels. 

 

 

Figure 7.10: Verification of the CSM base curve for non-slender cold-formed steel SHS and RHS 
 

For cross-sections subjected to combined loading, a modified method, based on the 

combination of the EC3 interaction formula and the CSM resistance predictions, is also 

described and assessed. The comparisons were performed based on the measured (or modelled) 

geometries of the cross-sections and weighted average material properties taking account of 

the strength enhancement in the corner regions; the weighted average material properties were 

determined by assigning the values of the material parameter to the corresponding flat or corner 

regions, which are then weighted according to the area ratio of the considered region to the 

whole cross-section e.g. the weighted average yield strength was determined as (fy.fAf + 

fy.cAc)/A, where fy.f and fy.c are the yield strengths of the flat and corner material respectively, 

while Af and Ac are the cross-sectional areas of the flat and corner regions, respectively; A is 

the area of the full cross-section. Note that only cross-sections with p  less than or equal to 

0.68 are examined in this chapter. 
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7.3.1 Cross-sections in compression 

Cross-section capacities are traditionally determined based on the concept of cross-section 

classification. In compression, cross-sections that are sufficiently resistant to local buckling to 

be able to achieve their yield load (Afy) are referred to as ‘fully effective’, and are classified as 

Class 3 or better in EN 1993-1-1 (2005) and compact or non-compact in AISC 360-16 (2016). 

For Class 4 cross-sections (EN 1993-1-1, 2005), referred to as slender cross-sections in AISC 

360-16 (2016), local buckling prevents attainment of the yield load and reduced capacities are 

determined through the effective width method. 

 

The mean values of FE (or test)-to-predicted ultimate loads for the EC3 and AISC provisions 

are 1.060 and 1.065 with the corresponding COV values of 0.071 and 0.072, respectively, as 

shown in Table 7.5. These results are marginally different because the AISC Specification 

considers the influence of overall flexural bucking on the resistance of all compression 

members, but the effect is very small for stub columns. Applying the CSM yields an improved 

mean value of FE (or test)-to-CSM predicted resistance of 1.010 and a reduced COV value of 

0.042. The comparisons between the CSM and the two codified design provisions are presented 

in Figures 7.11 and 7.12, in which the ratios of FE (or test)-to-predicted capacities 

(Nu,FE(test)/Nu,pred) from the different design methods are plotted against their corresponding 

cross-section slenderness p . These graphs highlight the more accurate resistance predictions 

by the CSM compared to the two design specifications, especially for more stocky cross-

sections (lower p  values), due to the systematic exploitation of strain hardening. Note that 

both EC3 and the CSM generally yield strength predictions that are on the unsafe side relative 

to the FE results for the more slender cross-sections ( p  greater than about 0.55). This relates 

partly to the chosen (relatively high) local imperfection amplitude of c/200, which is greater 

than that typically measured in practice (Gardner et al., 2010). The findings are however 

consistent with those of Schillo et al. (2018) who assessed the EC3 local capacity predictions 

against experimental results on welded steel box sections. 
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Table 7.5: Comparison of the stub column FE and test results with different predicted strengths 

No. of tests: 8  Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,AISC Nu,FE(test)/Nu,csm 
No. of FE simulations: 246 
Mean   1.060 1.065 1.010 
COV   0.071 0.072 0.042 

 

 

Figure 7.11: Comparison of FE and test ultimate loads with predicted resistances from the CSM and 
EN 1993-1-1 (2005) for stub columns 
 

 

Figure 7.12: Comparison of FE and test ultimate loads with predicted resistances from the CSM and 
AISC 360-16 (2016) for stub columns 
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7.3.2 Cross-sections in bending 

In EN 1993-1-1 (2005), the bending moment capacity of a cross-section (Mu,EC3) is determined 

on the basis of its classification – for Class 1 or 2 cross-sections, the plastic moment capacity 

Mpl is employed; for Class 3 cross-sections, the elastic moment capacity Mel is adopted; while 

for Class 4 cross-sections, a lower effective moment capacity is determined. A discontinuity 

arises at the border between Class 2 and Class 3 cross-sections (corresponding to p 0.6  ), 

giving rise to conservatism in the estimation of the bending resistances of Class 3 cross-sections 

due primarily to failing to capture the influence of the partial spread of plasticity. Note that a 

linear transition from Mpl to Mel will be included in the next revision of EC3 for Class 3 

sections, allowing for the partial spread of plasticity. In AISC Specifications, however, for the 

calculation of bending resistances (Mu,AISC) for cross-sections with non-compact flanges, which 

are equivalent to Class 3 cross-sections in EN 1993-1-1 (2005), the partial spread of plasticity 

is taken into account, resulting in more accurate capacity predictions. The comparative results 

using the different design methods are summarized in Table 7.6 and plotted in Figures 7.13 and 

7.14. As reported in Table 7.6, the mean ratios of the FE (or test)-to-predicted ultimate bending 

resistances determined from EN 1993-1-1 (2005), AISC 360-16 (2016) and the CSM are equal 

to 1.058, 1.056 and 1.027, respectively, with corresponding COV values of 0.054, 0.049 and 

0.025, revealing that the CSM offers improved accuracy and reduced scatter relative to the two 

codified design methods. This is also illustrated in Figures 7.13 and 7.14. 

 
Table 7.6: Comparison of the beam test and FE results with different predicted strengths 

No. of tests: 34  Mu,FE(test)/Mu,EC3 Mu,FE(test)/Mu,AISC Mu,FE(test)/Mu,csm 
No. of FE simulations: 396 
Mean   1.058 1.056 1.027 
COV   0.054 0.049 0.025 
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Figure 7.13: Comparison of FE and test ultimate moments with predicted resistances from the CSM and 
EN 1993-1-1 (2005) for beams 
 

 
Figure 7.14: Comparison of FE and test ultimate moments with predicted resistances from the CSM and 
AISC 360-16 (2016) for beams 

7.3.3 Cross-sections under combined loading 

In this section, the EN 1993-1-1 (2005) and AISC 360-16 (2016) rules for the design of cold-
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The CSM (Liew and Gardner, 2015), as previously described in Section 2.4.4, as well as a 
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modified, CSM-EC3, approach which is based on the interaction formula given in EN 1993-1-

1 (2005) but considering the ‘end point’ capacities of the M-N interaction curve from the CSM 

(Ncsm and Mcsm), are then described and assessed against the FE and test results. The mean 

ratios of the FE (or test) to the predicted axial load Nu,FE(test)/Nu,pred, which are graphically 

defined in Figure 6.15, are presented in Tables 7.7 and 7.8. Note that a value of Nu,FE(test)/Nu,pred 

greater than unity means that the FE or test data point lies beyond the interaction curve, thus 

indicating a safe-sided result. 

 

Table 7.7: Comparison of the uniaxial bending plus compression FE and test results with different 
predicted strengths 
 

No. of tests:1 
Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,AISC Nu,FE(test)/Nu,csm Nu,FE(test)/Nu,csm-EC3 

No. of FE simulations:489 
Mean 1.072 1.122 1.064 1.048 
COV 0.078 0.083 0.043 0.039 

 

Table 7.8: Comparison of the biaxial bending plus compression FE and test results with different 
predicted strengths 
 

No. of tests:11 
Nu,FE(test)/Nu,EC3 Nu,FE(test)/Nu,AISC Nu,FE(test)/Nu,csm Nu,FE(test)/Nu,csm-EC3 

No. of FE simulations:796 
Mean 1.111 1.314 1.096 1.060 
COV 0.131 0.116 0.077 0.034 

7.3.3.1 EN 1993-1-1 (EC3) 

For cold-formed steel SHS and RHS subjected to combined compression and bending moment, 

EN 1993-1-1 (2005) employs a linear elastic M-N interaction expression for Class 3 cross-

sections, assuming that failure occurs when the maximum stress in the cross-section reaches 

the yield stress, as given by Equation (6.4). For Class 1 and 2 cross-sections, plastic 

redistribution of stresses within the cross-section is allowed for by employing the nonlinear 

interaction expression given by Equation (7.2), in which MR,y and MR,z are the axial load-

reduced plastic moment capacities about the major and minor axes, given by Equations (7.3) 

and (7.4), respectively, with n = NEd/Afy, and aw and af are the ratios of the cross-section web 

area Aw = (A – 2Bt) and flange area Af = (A – 2Ht) to the gross cross-section area A, respectively. 
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The EC3 interaction expressions are depicted, together with the normalised uniaxial bending 

plus compression FE and test results, in Figures 7.15 and 7.16 for Class 1 (and 2) and Class 3 

cross-sections, respectively. Since the interaction expressions (Equations (7.3) and (7.4)) for 

Class 1 (and 2) depend on the geometric shape of the cross-sections, the average interaction 

curve (af or aw = 0.45) is shown for illustration purposes. The ratios of the FE (or test) ultimate 

loads to the resistances determined according to EN 1993-1-1 (2005) are plotted against cross-

section slenderness p  (i.e. determined using CUFSM (Schafer and Ádány, 2006)) in Figures 

7.17 and 7.18 for compression plus uniaxial and biaxial bending, respectively. The 

comparisons reveal a high level of conservatism for the stockier cross-sections (i.e. p ≤ 0.35) 

and many of the Class 3 cross-sections due, respectively, to the neglect of the beneficial strain 

hardening effects and the partial spread of plasticity. On the other hand, the EC3 predictions 

tend to be on the unsafe side for some Class 2 cross-sections whose local slendernesses are 

close to the Class 2 to 3 boundary. As reported in Tables 7.7 and 7.8, the mean FE (or test) to 

EC3 predicted axial load ratios Nu,FE(test)/Nu,EC3 are equal to 1.072 and 1.111 with COV values 

of 0.078 and 0.131 for cross-sections under compression plus uniaxial bending and biaxial 

bending, respectively. Note that in EC3, the cross-section slenderness p  is determined on an 

element-by-element basis and taken as the slenderness of the most slender plate element in the 

cross-section, without considering the effects of plate element interaction. 
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Figure 7.15: Capacity comparison between FE results and EC3 interaction expression for Class 1 and 
2 cross-sections under uniaxial bending plus compression 

 

 

Figure 7.16: Capacity comparison between FE/test results and EC3 interaction expression for Class 3 
cross-sections under uniaxial bending plus compression 
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Figure 7.17: Comparison of FE and test results with EN 1993-1-1 (2005) resistance predictions for 
cross-sections under uniaxial bending plus compression 

 

 

Figure 7.18: Comparison of FE and test results with EN 1993-1-1 (2005) resistance predictions for 
cross-sections under biaxial bending plus compression 
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7.3.3.2 AISC 360-16 

Unlike EC3, which takes account of the stress distribution within the individual plate elements 

when classifying a cross-section, only the fundamental cases of pure compression and pure 

bending are directly considered in the American Specification AISC 360-16 (2016). The AISC 

360-16 (2016) interaction expressions for cold-formed steel SHS and RHS are the same with 

those for hot-rolled steel I-sections, as given by Equations (6.8) and (6.9). 

 

For compact cross-sections (equivalent to Class 1 and 2 in EC3), the American Specification 

yields more conservative capacity predictions than EC3 due principally to the shape of the 

interaction curves, which allows the plastic bending moment Mpl to be achieved up to a certain 

level of axial load in EC3 (Equations (7.3) and (7.4)), while the bending resistance is reduced 

for all axial load levels in AISC 360-16 (2016) – see Equations (6.8) and (6.9). For non-

compact cross-sections (equivalent to Class 3 in EC3), the American Specification yields 

relatively more accurate, though still conservative, predictions compared to EC3 due to the 

allowance for partial spread of plasticity in the calculation of the bending resistance Mc. 

 

Comparisons between FE (or test) results and the design resistances predicted by AISC 360-

16 (2016) for cross-sections subjected to compression plus uniaxial and biaxial bending are 

presented in Figures 7.19 and 7.20, respectively, showing generally increasing conservatism 

with reducing cross-section slenderness. As shown in Tables 7.7 and 7.8, the mean values of 

Nu,FE(test)/Nu,AISC are 1.122 and 1.314, with the corresponding COV values of 0.083 and 0.116 

for cold-formed steel SHS/RHS under compression plus uniaxial and biaxial bending, 

respectively. The comparisons indicate that the American Specification provides less accurate 

capacity predictions than EC3, but the calculation method is more straightforward since it does 

not consider the stress distribution in cross-section classification. 
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Figure 7.19: Comparison of FE and test results with AISC 360-16 (2016) resistance predictions for 
cross-sections under uniaxial bending plus compression 
 

 

Figure 7.20: Comparison of FE and test results with AISC 360-16 (2016) resistance predictions for 
cross-sections under biaxial bending plus compression 
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7.3.3.3 CSM and modified CSM-EC3 design methods 

The CSM interaction expressions proposed by Liew and Gardner (2015), as previously 

described in Section 2.4.4, are assessed in Figures 7.21 and 7.22, where the CSM interaction 

expressions (Equations (2.25)-(2.28)) have been depicted together with the normalised 

compression plus uniaxial bending FE (or test) results for cross-sections with p ≤ 0.5 and 0.5 

< p ≤ 0.68, respectively. The ratios of the FE and test capacities to those predicted by the CSM 

are plotted against cross-section slenderness p  in Figures 7.23 and 7.24 for the cases of 

compression plus uniaxial bending and biaxial bending, respectively. In contrast to the 

scattered data points shown in Figures 7.15 and 7.16, where the resistances have been 

determined according to EC3, the FE and test points shown in Figures 7.21 and 7.22 that have 

been normalised by the CSM resistance predictions lie closer to the interaction curve and in a 

significantly narrower band, indicating that the CSM offers improved mean resistance 

predictions and reduced scatter compared to EC3. The unduly conservative CSM resistance 

predictions for cross-sections with 0.5 < p  ≤ 0.68 in Figures 7.23 and 7.24 are caused by the 

adoption of the linear interaction expression, which ignores any plastic stress redistribution 

within these cross-sections. Quantitative comparisons of the CSM predictions with the test and 

FE results are presented in Tables 7.7 and 7.8, showing that the mean FE or test to CSM 

resistance ratios Nu,FE(test)/Nu,csm are 1.064 and 1.096 for cross-sections subjected to 

compression plus uniaxial and biaxial bending, respectively, both of which are closer to unity 

than those resulting from the codified predictions. The corresponding COV values are 0.043 

and 0.077, which highlight the significantly reduced scatter achieved by adopting the CSM 

design method for cross-sections loaded by combinations of axial compression and bending 

moment. 
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Figure 7.21: Capacity comparison between FE results and the CSM interaction expression for cross-

sections with 5.0p   under uniaxial bending plus compression 

 

 

Figure 7.22: Capacity comparison between FE/test results and the CSM interaction expression for 

cross-sections with 68.05.0 p    under uniaxial bending plus compression 
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Figure 7.23: Comparison of FE and test results with the CSM predictions for cross-sections under 
uniaxial bending plus compression 
 

 

Figure 7.24: Comparison of test and FE results with the CSM predictions for cross-sections under 
biaxial bending plus compression 
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The accuracy in predicting the resistances of cross-sections under combined loading depends 

largely on the ability to predict the resistance of cross-sections under pure compression and 

pure bending, which represent the end points of the interaction curves. Recent studies on 

stainless steel cross-sections under combined loading (Arrayago and Real, 2015; Zhao et al., 

2015) suggested that good predictions can also be obtained by adopting the interaction 

expressions and coefficients employed in EC3 but replacing the plastic design resistances (Ny, 

Mpl,y and Mpl,z) with the corresponding CSM resistances (Ncsm, Mcsm,y and Mcsm,z) for cross-

section slenderness values p  less than or equal to 0.6, and by adopting a linear interaction 

expression, with CSM endpoints, for p  greater than 0.6. This CSM-EC3 design approach has 

been shown to provide accurate resistance predictions for stainless steel SHS and RHS 

subjected to combined loading (Arrayago and Real, 2015; Zhao et al., 2015). This does 

however create a discontinuity in the resistance function at the transition slenderness limit of 

0.6, where the bilinear interaction curve reduces to a linear interaction curve. Cold-formed steel 

generally exhibits a lower degree of strain hardening compared to stainless steels and, as a 

consequence, the transition slenderness limit value may also require modification to recognise 

this point. Following analysis of the generated numerical data, a lower transition value of p  

= 0.18 is proposed in the modified CSM-EC3 method for cold-formed steel SHS and RHS, 

together with a continuous transition from the bilinear interaction curve to the linear interaction 

curve, achieved by linearly reducing the plateau length from aw/2 (for major axis bending plus 

compression) or af/2 (for minor axis bending plus compression) at p  = 0.18 to 0 at p  = 0.68 

for cross-section under compression plus uniaxial bending, as illustrated in Figure 7.25. The 

modified CSM-EC3 interaction expressions for cold-formed steel SHS and RHS under 

combined loading are presented in Equations (7.5) to (7.7), where MR,csm-EC3 is the reduced 

CSM-EC3 bending resistance due to the existence of axial load NEd, φ is the reduction factor 

for the plateau length, as given by Equation (7.8), and αcsm-EC3 and βcsm-EC3 are the interaction 

coefficients for biaxial bending, whose values, which depend on the axial load ratio ncsm and 

cross-section slenderness p , are given in Table 7.9. 
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Figure 7.25: Modified CSM-EC3 design interaction curves for cold-formed steel SHS and RHS under 
uniaxial bending plus compression 
 

Table 7.9: Modified CSM-EC3 interaction coefficients for cold-formed steel non-slender SHS and RHS  
subjected to combined loading 

Interaction 
coefficients  

p  ≤ 0.5 
0.5 < p  ≤ 0.68 

ncsm ≤ 0.8 0.8 < ncsm ≤ 1 

αcsm-EC3 1.45/(1 − 1.2ncsm
2) 6 -2.5 p  + 2.7 

βcsm-EC3 1.45/(1 − 1.2ncsm
2) 6 -2.5 p  + 2.7 

 

Comparisons of the FE and test results with the design predictions, using the modified CSM-

EC3 interaction curves, are shown in Tables 7.7 and 7.8 and Figures 7.26 and 7.27. It may be 

seen that the modified CSM-EC3 method offers more accurate mean resistance predictions 

than the current codified design approaches, with mean values of Nu,FE(test)/Nu,csm-EC3 equal to 

1.048 and 1.060 for the case of compression plus uniaxial and biaxial bending, respectively, 
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and yields lower scatter to the unmodified CSM predictions. Throughout the comparisons 

(Figures 7.11-7.14, 7.16-7.20, 7.22-7.24, 7.26 and 7.27), it may be observed that the 

experiments typically showed somewhat better normalised performance (i.e. higher 

Nu,test/Nu,pred and Mu,test/Mu,pred ratios) relative to the FE simulations, particularly in the stocky 

range. This is due primarily to the relatively low tensile-to-yield ratio (fu/fy) of the material 

stress-strain curve adopted in the parametric studies, which is based on measured values 

reported in Gardner et al. (2010); the considered experimental specimens generally had higher 

ultimate-to-yield strength ratios and therefore exhibited stronger strain hardening 

characteristics. For cross-sections under combined loading, the modified CSM-EC3 provides 

closer and more consistent predictions of capacity through a rational allowance of strain 

hardening and the adoption of more accurate interaction expressions, i.e. a gradual transition 

between the bi-linear interaction curve to the linear curve for p  ≥ 0.68 for cross-sections 

under compression and uniaxial bending (see Figure 7.25) and a modified nonlinear interaction 

equation for cross-sections with 0.5 < p  ≤ 0.68 under compression and biaxial bending. 

 

 

Figure 7.26: Comparison of FE and test results with the modified CSM-EC3 predictions for cross-
sections under uniaxial bending plus compression 
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Figure 7.27: Comparison of FE and test results with the modified CSM-EC3 predictions for cross-
sections under biaxial bending plus compression 

7.4 Reliability analysis 

In this section, statistical analyses are performed to assess the reliability level of the four 

considered design methods for cold-formed steel SHS and RHS under compression, bending 

and combined loading, according to Annex D of EN 1990 (2002). In the reliability analyses, 

the mean-to-nominal yield strength ratio (i.e. the over-strength) and the COV of the yield 

strength of steel grade S235 were taken as 1.25 and 0.055, respectively, while the COV of 

geometric properties was taken as 0.03, in accordance with the values recommended in Annex 

E of the draft version of the next revision of EN 1993-1-1. Similar values were adopted in a 

recent study by Tankova et al. (2014). Table 7.10 provides a summary of the key calculated 

statistical parameters. As shown in Table 7.10, the required partial factors γM0 for the CSM and 

the modified CSM-EC3 for cold-formed steel SHS/RHS under different loading conditions are 

smaller than the current adopted value of 1.0 used in EN 1993-1-1 (2005), indicating that the 

design proposals can be used safely, while the obtained partial factor γM0 for cross-sections 

subjected to combined biaxial bending plus compression was found to be significantly greater 

than 1.0 for EN 1993-1-1 (2005). The high value of γM0 for EN 1993-1-1 (2005) may result 
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from its discontinuous resistance predictions; however, γM0 for cross-sections subjected to 

combined biaxial bending plus compression can be reduced by performing the reliability 

analysis on two sub-sets of the data (EN 1990, 2002), achieving reduced partial safety factors 

of 1.03 for Class 1 and Class 2 sections and 0.93 for Class 3 sections. 

 

Table 7.10: Summary of the reliability analysis results for different design approaches according to EN  
1990 (2002) 

Loading 
condition 

Design approach 
No. of FE 

(test) 
kd,n b Vδ Vr γM0 

Axial 
compression 

EN 1993-1-1 (2005) 246 (8) 3.129 1.060 0.072 0.095 1.011 
AISC 360-16 (2016) 246 (8) 3.129 1.065 0.073 0.096 1.008 

CSM 246 (8) 3.129 1.010 0.042 0.075 0.997 

Bending 
EN 1993-1-1 (2005) 396 (34) 3.113 1.058 0.054 0.082 0.974 
AISC 360-16 (2016) 396 (34) 3.113 1.057 0.049 0.079 0.966 

CSM 396 (34) 3.113 1.027 0.025 0.066 0.955 

Combined 
uniaxial 

bending plus 
compression 

EN 1993-1-1 (2005) 489 (1) 3.110 1.072 0.080 0.100 1.017 
AISC 360-16 (2016) 489 (1) 3.110 1.122 0.084 0.104 0.982 

CSM 489 (1) 3.110 1.064 0.043 0.075 0.947 
CSM-EC3 489 (1) 3.110 1.042 0.043 0.075 0.968 

Combined 
biaxial 

bending plus 
compression 

EN 1993-1-1 (2005) 787 (11) 3.102 1.109 0.125 0.139 1.110 
AISC 360-16 (2016) 787 (11) 3.102 1.315 0.119 0.134 0.921 

CSM 787 (11) 3.102 1.096 0.075 0.097 0.985 
CSM-EC3 787 (11) 3.102 1.060 0.033 0.070 0.936 

7.5 Concluding remarks 

A comprehensive numerical study into the structural performance of cold-formed steel non-

slender SHS and RHS under different loading conditions has been presented in this chapter. 

The developed finite element (FE) models were initially thoroughly validated against available 

experimental results for cross-sections under compression, bending and compression plus 

uniaxial and biaxial bending. Upon validation of the numerical models, a series of parametric 

studies was carried out to generate further structural performance data over a wider range of 

cross-section slendernesses and load orientations. Both the collected test data and the generated 

numerical data were used to assess the accuracy of the design provisions of EN 1993-1-1 (2005) 

and AISC 360-16 (2016), which were shown to yield rather conservative and scattered 
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resistance predictions, especially for stocky cross-sections under combined loading. The 

scattered predictions relate primarily to the adoption of the elastic, perfectly plastic material 

model which ignores the beneficial effects of strain hardening. The CSM was extended to cover 

the design of cold-formed steel non-slender SHS and RHS under different loading conditions 

in this chapter. It was shown that the CSM offers more accurate mean resistance predictions 

and less scatter for cold-formed steel non-slender SHS and RHS under compression, bending 

and combined loading compared to the codified design methods. A modified CSM-EC3 

approach considering similar interaction expressions to those given in EN 1993-1-1 (2005) but 

using the CSM compression and bending resistances as the end points was also examined, and 

shown to provide accurate resistance predictions. The CSM proposals allow for the rational 

exploitation of strain hardening, with average enhancements in capacity predictions over EC3 

of 7.2%, 4.8% and 5.6% for cold-formed steel SHS and RHS (with Class 1 cross-sections) 

under compression, bending and combined bending plus compression, respectively. Reliability 

analyses were also performed to statistically evaluate the existing code provisions, the CSM 

and the modified CSM-EC3. All were deemed to satisfy the EN 1990 (2002) reliability targets 

except for the EC3 interaction expressions for cross-section resistance under combined biaxial 

bending plus compression. 
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8 Design of hot-rolled and cold-formed steel 

continuous beams with tubular sections 

8.1 Introduction 

The structural behaviour and design of hot-rolled and cold-formed steel continuous beams with 

square and rectangular hollow sections (SHS and RHS) are studied in this chapter, with a focus 

on the beneficial effects of material strain hardening and moment redistribution. For the design 

of indeterminate steel structures, the European code EN 1993-1-1 (2005) considers moment 

redistribution by allowing plastic design to be used for structures with Class 1 cross-sections, 

which are assumed to have sufficient rotation capacity required from plastic analysis without 

reduction of their resistances, but plastic design is not currently permitted for structures with 

higher cross-section classes. This existing design approach is often found to be conservative in 

estimating the cross-section resistances of stocky hot-rolled and cold-formed steel SHS and 

RHS (see Chapters 5 and 7), due to the neglect of the beneficial strain hardening effect, and 

also creates discontinuous steps in the capacity predictions of indeterminate structures at the 

boundaries between the different cross-section classes. The latter is due to the limitations of 

the conventional classification system (e.g. limiting the cross-section bending resistance to the 

plastic moment capacity Mpl for Class 1 or Class 2 sections and the elastic moment capacity 

Mel for Class 3 sections, and allowing full moment redistribution for structures with Class 1 

sections but no moment redistribution for structures with higher class sections). It is therefore 

considered necessary to develop more efficient and accurate design approaches for 

indeterminate structures that can rationally account for strain hardening effects at the cross-

sectional level and moment redistribution at the global system level. 
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The Continuous Strength Method (CSM) is a deformation-based design approach that provides 

an alternative treatment to cross-section classification and enables the effective exploitation of 

strain hardening. The CSM has been extended to the design of hot-rolled and cold-formed steel 

cross-sections in Chapters 5-7, and shown to provide more accurate and consistent capacity 

predictions. This chapter aims to investigate the feasibility of applying the CSM to hot-rolled 

and cold-formed steel continuous beams, based on the CSM proposals for hot-rolled and cold-

formed steel cross-sections under isolated loading. Finite element (FE) models, considering the 

different characteristics (i.e. material stress-strain properties and residual stress patterns) of 

hot-rolled and cold-formed steel sections, were first developed and validated against existing 

results from hot-rolled and cold-formed steel continuous beam tests conducted by Gardner et 

al. (2010). Secondly, an extensive parametric study was carried out to generate additional 

structural performance data for hot-rolled and cold-formed steel continuous beams with a range 

of cross-section geometries, cross-section slendernesses, steel grades and loading conditions. 

The design provisions of EN 1993-1-1 (2005) and the proposed CSM for indeterminate 

structures were then assessed based on the results of the parametric study, together with the 

collected experimental data. Finally, the applicability and reliability of the proposed CSM for 

hot-rolled and cold-formed steel continuous beams are evaluated by means of statistical 

analyses. 

8.2 Summary of previous experimental investigation 

The experimental investigation conducted by Gardner et al. (2010), which reported a total of 

12 test results on hot-rolled and cold-formed steel continuous beams with square and 

rectangular hollow sections, is summarized in this section and used for validation of the FE 

models and the assessment of CSM design proposals. The experimental programme consisted 

of 12 continuous beam tests on specimens with three different nominal cross-section sizes; for 

each cross-section size, two hot-rolled and two cold-formed specimens were tested. Table 8.1 

summarizes the measured geometric properties of the test specimens using the symbols 

illustrated in Figure 8.1, where H is the height of the section, B is the width of the section, t is 

the thickness of the section, ri is the inner corner radius and h = H – 2t – 2ri and b = B – 2t – 

2ri are the clear (flat) width of flange and web, respectively. In Table 8.1, the specimens are 
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labelled according to their cross-sectional shape, cross-sectional dimensions, production route 

and specimen number. For example, the label RHS 60×40×4 HR1 defines an RHS with 

nominal cross-sectional dimensions of height H (60 mm) × width B (40 mm) × thickness t (4 

mm), and it is the first of the two hot-rolled (HR) test specimens. Note that the letters ‘CF’ in 

the labels indicate a cold-formed specimen. 

 

 

Figure 8.1: Definition of symbols for SHS and RHS 

 

Table 8.1: Measured dimensions of continuous beam specimens (Gardner et al., 2010) 

Continuous beam specimen Test configuration 
B H t ri Wel Wpl 
mm mm mm mm mm3 mm3 

RHS 60×40×4 HR1 1/2 Span 40.27 60.09 3.85 1.91 10500 13300 
RHS 60×40×4 HR2 1/3 Span 40.33 60.06 3.82 1.91 10500 13200 
SHS 40×40×4 HR1 1/2 Span 39.98 39.79 3.85 2.19 5600 7010 
SHS 40×40×4 HR2 1/3 Span 39.78 39.93 3.90 2.16 5650 7090 
SHS 40×40×3 HR1 1/2 Span 40.22 39.90 3.01 2.07 4780 5850 
SHS 40×40×3 HR2 1/3 Span 39.91 40.21 3.02 2.07 4820 5890 
RHS 60×40×4 CF1 1/2 Span 40.20 60.14 3.89 2.07 10600 13400 
RHS 60×40×4 CF2 1/2 Span 40.08 60.15 3.87 2.07 10500 13300 
SHS 40×40×4 CF1 1/2 Span 40.36 40.37 3.72 3.10 5550 6930 
SHS 40×40×4 CF2 1/3 Span 40.36 40.43 3.71 3.10 5550 6930 
SHS 40×40×3 CF1 1/2 Span 40.20 40.08 2.72 2.63 4420 5370 
SHS 40×40×3 CF2 1/3 Span 40.14 40.12 2.76 2.63 4470 5340 
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The material properties of the investigated hot-rolled and cold-formed sections were 

determined by tensile coupon tests. Flat coupons were taken from the centre of the face opposite 

to the weld in the longitudinal direction of all specimens. For the cold-formed sections, corner 

coupons were also extracted and tested in order to characterize the material properties in the 

corner regions, where strength enhancements arise due to the large plastic deformations 

experienced during the manufacturing process. A summary of the measured tensile material 

properties for each cross-section size is given in Table 8.2, where E is the Young’s modulus, fy 

is the material yield strength (taken as the 0.2% proof stress for the cold-formed steel), fu is the 

ultimate tensile strength and εf is the strain at fracture measured over the standard gauge length. 

As expected, a sharply defined yield point, followed by a yield plateau and a moderate degree 

of strain hardening, was observed in the hot-rolled steel coupon tests, while a rounded stress-

strain response with no sharply defined yield point was observed for the cold-formed material. 

 

Table 8.2: Measured material properties of continuous beam specimens (Gardner et al., 2010) 

Tensile test specimen Position 
E fy fu εf 
N/mm2 N/mm2 N/mm2 

RHS 60×40×4 HR Flat 213800 468 554 0.37 
RHS 60×40×4 CF Flat 212000 400 452 0.21 
RHS 60×40×4 CF Corner 202400 480 570 0.15 
SHS 40×40×4 HR Flat 212300 496 572 0.34 
SHS 40×40×4 CF Flat 201600 410 430 0.38 
SHS 40×40×4 CF Corner 210900 479 507 0.17 
SHS 40×40×3 HR Flat 219600 504 581 0.36 
SHS 40×40×3 CF Flat 212900 451 502 0.24 
SHS 40×40×3 CF Corner 196700 534 589 0.16 

 

The beam specimens were 2400 mm in length (Ltotal) and were continuously supported over 

two equal spans of 1100 mm each (i.e. equal to L1 + L2), as shown in Figure 8.2. The loads 

were applied symmetrically at two points through steel loading plates within the span, using a 

spreader beam (see Figure 8.2). According to the position of the applied loads along the 

continuous beam specimens, two five-point bending test configurations were employed in the 

experimental programme. The first five-point bending configuration is designated ‘1/3 Span’ 

in Table 8.1, where the concentrated loads were applied at a distance of one-third of the span 

from the centre support (i.e. L1 = 733.3 mm and L2 = 336.7 mm), while in the second 

configuration, designated ‘1/2 Span’ in Table 8.1, the continuous beams were subjected to 
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concentrated mid-span loads (i.e. L1 = L2 = 550 mm). The different loading conditions were 

adopted in order to evaluate the influence of moment gradient, sequence of hinge formation 

and different plastic hinge rotation demands, on the performance of hot-rolled and cold-formed 

steel continuous beams. Steel rollers were employed beneath steel loading plates to allow free 

rotation about the axis of bending at the beam ends and central support, and wooden blocks 

were inserted into the tubular specimens at the loading points and central support to prevent 

web crippling due to the localised point loading. The applied load, vertical displacement at the 

loading points and rotations at the beam ends and central support were measured and detailed 

in Gardner et al. (2010). 

 

 

Figure 8.2: Schematic diagram of the continuous beam test setup (dimensions in mm) (Gardner et al., 
2010) 

8.3 Numerical modelling 

A numerical modelling study of hot-rolled and cold-formed steel SHS and RHS continuous 

beams was conducted using the nonlinear FE analysis package ABAQUS (2013). The results 

of the 12 continuous beam tests summarized in Section 8.2 were initially used to validate the 

developed FE models, which were subsequently employed in a comprehensive parametric 

study to expand the available experimental database over a wider range of cross-section 
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geometries, cross-section slendernesses, steel grades and loading configurations. Finally, the 

data generated through the parametric study together with the experimental results were used 

to evaluate the accuracy of existing and proposed design approaches for continuous beams. 

8.3.1 Description of the FE models 

Detailed descriptions of the development of the hot-rolled and cold-formed steel tubular cross-

sections were given in Section 5.3.1 and Section 7.2.1, respectively. Further to the modelling 

assumptions described previously, some supplementary details are provided in this section for 

the numerical modelling of hot-rolled and cold-formed steel continuous beams. 

 

The measured cross-section dimensions and material properties from the existing continuous 

beam tests (Gardner et al., 2010) were incorporated into the FE models for the validation study. 

As previously discussed in Chapter 7, non-homogeneity of material properties is often observed 

in cold-formed sections due to the different levels of cold-working experienced at different 

locations around the section shape; the corner regions of cold-formed sections experience high 

levels of plastic deformation and thus exhibit a significant increase in both the yield strength 

and the ultimate strength, but a corresponding loss in ductility. The effect of corner strength 

enhancement on the ultimate resistance of cold-formed steel continuous beams was considered 

in the FE models and a sensitivity study was conducted to investigate the extent to which corner 

strength enhancement continues beyond the corner regions in the case of cold-formed steel 

SHS and RHS. In the FE sensitivity study, the measured corner material properties were 

assigned to three different regions: (1) the corner regions only, (2) the corner regions plus 

adjacent flat portions extending beyond the corners to a distance of t and (3) the corner regions 

plus adjacent flat portions extending beyond the corners to a distance of 2t; the material 

properties obtained from tensile coupons extracted from the flat faces of the cold-formed steel 

sections were assigned to the remaining regions of the FE models. With regards to the hot-

rolled steel SHS and RHS which generally have homogeneous material properties, the 

measured stress-strain curves from the flat tensile coupon tests were incorporated into the FE 

models and assigned to the entire cross-section. 
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For hot-rolled steel SHS and RHS, the membrane residual stress distribution recommended by 

Nseir (2015), as detailed in Section 2.2.3 and illustrated in Figure 2.8, were introduced into the 

numerical models for both validation and parametric analyses. For the cold-formed steel SHS 

and RHS, residual stresses were not explicitly incorporated into the FE models, as discussed in 

Section 7.2.1. 

 

Owing to the absence of global buckling, only local geometric imperfections were considered 

in the FE models. An elastic buckling analysis was first carried out for each of the modelled 

beams and the lowest elastic buckling mode with an odd number of buckling half-waves 

(Silvestre and Gardner, 2011) under the considered loading conditions was employed to 

simulate the distribution of local imperfections. A sensitivity study was performed to 

investigate the influence of various imperfection amplitudes ω0 on the response of the hot-

rolled and cold-formed steel continuous beams and seek the most appropriate value to be used 

in the subsequent parametric studies. Four local imperfection amplitudes, defined as fractions 

of the flat width of the flange b (b/100, b/200, b/300 and b/400), were considered in the FE 

models. 

 

The boundary conditions of the FE models were carefully defined to simulate the test setup 

described in Gardner et al. (2010). The centre points of the bottom faces of the cross-sections 

in the support and loading regions were coupled to all the nodes within the corresponding cross-

section, where wooden blocks were placed to prevent web crippling, with boundary conditions 

applied at each centre point to restrict appropriate movement and rotation. At the central 

support of the continuous beams, all degrees of freedom were restrained apart from rotation 

about the axis of bending, while at the end support, similar boundary conditions to those applied 

at the central support were adopted, but allowing longitudinal movement. The concentrated 

loads on each span of the continuous beams were simulated as imposed vertical displacements. 

Following the elastic buckling analysis and incorporation of the representative initial local 

geometric imperfections into the FE models, nonlinear static analyses were performed to obtain 

the ultimate loads and rotation capacities of the continuous beams, using the modified Risks 

method (ABAQUS, 2013). 
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8.3.2 Validation of the FE models 

The accuracy of the FE models was evaluated by comparing their ultimate loads, full load-end 

rotation histories and failure modes against those observed in the experiments (Gardner et al., 

2010). The ultimate loads obtained from the FE models Fu,FE, considering the different 

conditions for corner strength enhancement (for the cold-formed sections) and imperfection 

amplitudes, have been normalized by the corresponding experimental ultimate loads Fu,test, and 

reported in Tables 8.3 and 8.4 for the hot-rolled and cold-formed steel continuous beams, 

respectively, together with the mean values and the coefficients of variation (COV) of the 

Fu,FE/Fu,test ratios. It may be observed that the ultimate loads Fu,FE derived from the FE models 

were insensitive to variation in the imperfection amplitudes for both the hot-rolled and cold-

formed steel continuous beams, while the extent of corner strength enhancement was shown to 

be more influential on the numerically obtained results, as indicated in Table 8.4. The FE results 

showed good accuracy and consistency in predicting the experimental results when the local 

imperfection amplitude of b/200 for both the hot-rolled and cold-formed steel sections and the 

enhanced strength region extended to a distance of 2t for the cold-formed steel sections were 

employed. Adoption of these parameters in the FE models led to the mean ratios of Fu,FE/Fu,test 

equal to 1.03 and 0.98, with the corresponding COVs of 0.050 and 0.025, for the hot-rolled and 

cold-formed steel continuous beams, respectively. Typical examples of load-end rotation (F-

θ) curves are compared in Figures 8.3 and 8.4 for the hot-rolled and cold-formed steel 

continuous beams, respectively, showing that the general shape of the full experimental load-

deformation histories is accurately replicated by the FE simulations. The failure modes 

observed in the tests were also well predicted by the FE models; both failure modes consist of 

three distinct plastic hinges at the central support and loading points, formed with different 

sequences due to different loading configurations, and displaying inelastic local buckling for 

some beams at large deformations. A typical comparison of failure modes obtained from a 

tested and simulated continuous beam specimen is shown in Figure 8.5. Overall, the FE models 

were found to be capable of simulating the structural performance of both hot-rolled and cold-

formed steel continuous beams, and were thus considered suitable for conducting parametric 

studies. 
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Table 8.3: Comparison of the hot-rolled steel continuous beam test results with FE results using 
different local imperfection amplitudes 
 

Continuous beam specimen 
Fu,FE/Fu,test 

b/100 b/200 b/300 b/400 
RHS 60×40×4 HR1 1.07 1.08 1.09 1.09 
RHS 60×40×4 HR2 0.99 1.01 1.02 1.02 
SHS 40×40×4 HR1 0.94 0.96 0.97 0.98 
SHS 40×40×4 HR2 1.05 1.07 1.08 1.08 
SHS 40×40×3 HR1 1.04 1.05 1.06 1.06 
SHS 40×40×3 HR2 0.96 0.98 0.98 0.99 
Mean 1.01 1.03 1.03 1.04 
COV 0.052 0.050 0.047 0.045 

 

 

Figure 8.3: Experimental and numerical load-end rotation curves for specimen RHS 60×40×4 HR1 
tested by Gardner et al. (2010) 
 

 

Figure 8.4: Experimental and numerical load-end rotation curves for specimen RHS 60×40×4 CF1 
tested by Gardner et al. (2010) 
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Figure 8.5: Experimental and FE failure modes of two-span continuous beam specimen RHS 60×40×4 
HR1 (Gardner et al., 2010) 

8.3.3 Parametric studies 

Following validation of the FE models, an extensive parametric study was performed to 

provide further data on hot-rolled and cold-formed steel SHS and RHS continuous beams over 

a wider range of cross-section geometries, cross-section slendernesses, steel grades and loading 

conditions for the purpose of assessing and developing plastic design methods. A range of SHS 

and RHS, with the cross-section aspect ratios of the latter ranging from 1.3 to 2.0, was 

considered in the parametric study. The outer width (B) of the modelled SHS was varied 

between 50 mm and 140 mm, whereas for the RHS, the outer width (B) was varied from 60 

mm to 80 mm while the outer height (H) was varied between 80 mm and 160 mm. The internal 

corner radii (ri) of the cross-sections were set equal to the wall thickness (t), which was varied 

between 1.5 mm and 11 mm, resulting in a wide spectrum of cross-section slenderness values 

p  (i.e. calculated based on the cross-section elastic local buckling stress determined using the 

finite strip software CUFSM (Schafer and Ádány, 2006)), but within the range of non-slender 

cross-sections ( p 0.68  ), which are the focus of the present study. The overall beam length 

of 3200 mm, with each span length equal to 1500 mm (and 100 mm overhang at each end), 

was kept constant, while the position of the applied load was varied to generate three loading 

configurations, i.e. L2 = 500 mm, 750 mm and 1000 mm, designated as ‘1/3 Span’, ‘1/2 Span’ 

and ‘2/3 Span’, respectively (see Figure 8.2). 

 

Two different steel grades, namely S355 and S460, with nominal yield strengths of 355 N/mm2 

and 460 N/mm2, respectively, were adopted in the parametric studies for both the hot-rolled 

and cold-formed members. The bilinear plus nonlinear hardening material model for hot-rolled 

Hinge 1 forms at central support

Hinges 2 and 3 form 
simultaneously at loading points
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steels (see Chapter 3) and the two-stage Ramberg-Osgood material model for cold-formed 

steels (see Chapter 4) were adopted to represent the full stress-strain curves of the materials in 

the parametric study; the employed material parameters for the considered hot-rolled and cold-

formed steel grades are summarised in Tables 8.5 and 8.6, respectively, including the Young’s 

modulus E, the yield strength (taken as the 0.2% proof stress for the cold-formed steels) fy, the 

ultimate tensile strength fu, the ultimate strain εu and the strain hardening exponents n and m. 

Since the enhanced yield strength of the corner material depends on the geometric properties 

of the corners (Karren, 1967; Rossi et al., 2013), which varied among the considered sections, 

an average enhancement in corner yield strength of 25% over the corresponding flat yield 

strength (see Section 4.4.6) was adopted for all cross-sections in the parametric studies for 

modelling convenience. The adopted stress-strain curves for the hot-rolled and cold-formed 

steel sections are illustrated in Figures 8.6 and 8.7, respectively. A total of 2690 models were 

analysed, with 1345 for each production route, which included two steel grades and three 

loading configurations, to obtain a thorough understanding of the inelastic behaviour and 

moment redistribution in hot-rolled and cold-formed SHS and RHS continuous beams. 

 

 

Figure 8.6: Adopted stress-strain curves for parametric studies of hot-rolled steel continuous beams 
 

Table 8.5: Material parameters used in parametric studies for hot-rolled steel continuous beams 

Steel grade 
E fy fu εu 
N/mm2 N/mm2 N/mm2 % 

S355 210000 355 490 16.53 
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Figure 8.7: Adopted stress-strain curves for parametric studies of cold-formed steel continuous beams 
 

Table 8.6: Material parameters used in parametric studies for cold-formed steel continuous beams 

Steel grade Position 
E fy fu εu 

n m 
N/mm2 N/mm2 N/mm2 % 

S355 
Flat 203000 355 442 11.81 7.6 3.8 
Corner 203000 444 523 9.12 7.0 4.2 

S460 
Flat 203000 460 538 8.74 7.6 3.8 
Corner 203000 575 647 6.65 7.0 4.2 

8.4 Discussion and assessment of design methods for continuous beams 

In this section, the ultimate loads Fu,FE generated from the parametric study together with the 

experimental ultimate loads Fu,test obtained from Gardner et al. (2010) are utilized to assess the 

accuracy of the current design provisions of EN 1993-1-1 (2005) and the CSM in predicting 

the capacity of hot-rolled and cold-formed steel SHS and RHS continuous beams. Note that 

the comparisons performed in the present study are based on the measured (or modelled) 

geometries and material properties (using area-weighted average material properties for the 

cold-formed sections), and all partial safety factors are set equal to unity. 

8.4.1 EN 1993-1-1 (EC3) 

The design approach for hot-rolled and cold-formed steel SHS and RHS set out in EN 1993-1-

1 (2005) follows the traditional concept of cross-section classification, which is based on the 
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assumption of elastic, perfectly-plastic material behaviour, with no distinction made between 

sections from different production routes at the level of cross-section design. In EN 1993-1-1 

(2005), the bending resistance of a cross-section (Mu,EC3) is determined on the basis of its 

classification – for Class 1 and 2 sections, the plastic moment capacity Mpl is employed; for 

Class 3 sections, the elastic moment capacity Mel is used; finally for Class 4 sections, effective 

section properties need to be considered and a lower effective moment capacity Meff is 

determined. 

 

With regards to the design of indeterminate structures, global plastic analysis, in which a 

sequence of plastic hinges forms under increasing loading until a collapse mechanism is 

achieved, can be employed for structures with Class 1 cross-sections. For the continuous beams 

analysed in the present study, the ultimate load Fu determined based on global plastic analysis 

is equivalent to the theoretical load causing a collapse mechanism with the plastic moment 

capacity Mpl reached at each hinge. Global plastic analysis allows redistribution of bending 

moments, thus enabling the exploitation of the reserve strength in continuous beams due to 

their statical indeterminacy. However, global plastic design is limited to Class 1 sections, which 

are assumed to be able to maintain their plastic moment capacity while undergoing sufficient 

rotation to allow full redistribution of moments. For continuous beams with Class 2, 3 or 4 

sections, the ultimate resistance is calculated based on global elastic analysis, which assumes 

that structural collapse occurs when the most critical cross-section (i.e. the most heavily loaded 

cross-section) reaches its corresponding cross-section bending resistance, with moment 

redistribution not being considered. 

 

The ultimate loads obtained from both the experiments Fu,test (Gardner et al., 2010) and FE 

simulations Fu,FE were used to assess the accuracy of the codified design provisions of EC3, as 

shown in Figures 8.8 and 8.9 for hot-rolled and cold-formed steel continuous beams, 

respectively. In these figures, the experimental and numerical ultimate loads have been 

normalised with respect to the predicted ultimate load determined from EC3 (Fu,EC3) and 

plotted against the cross-section slenderness p , determined on an element-by-element basis 

and taken, according to EC3, as the slenderness of the most slender plate element in the cross-

section. The Class 1 to 3 slenderness limits for internal elements in compression specified in 
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EC3 are also shown in Figures 8.8 and 8.9, to indicate the points at which the design model 

changes. The EC3 ultimate load predictions for the hot-rolled and cold-formed steel SHS and 

RHS continuous beams with Class 1 sections may be seen to be generally conservative, and 

the conservatism increases with decreasing cross-section slenderness, due largely to the neglect 

of the beneficial effects of strain hardening at the cross-sectional level. For the grade S355 

steel, which exhibits a higher degree of strain hardening compared with the grade S460 steel, 

a more pronounced level of conservatism is observed in the EC3 predictions for the more 

stocky sections (i.e. sections with lower p ), as shown in Figures 8.8 and 8.9; however, for the 

less stocky sections where strain hardening is less or even not experienced, the differences 

between the two steel grades diminish. A quantitative evaluation of the EC3 design approach 

can be found in Tables 8.7 and 8.8, which show the mean FE (test)-to-EC3 predicted ultimate 

load ratios Fu,FE(test)/Fu,EC3 of 1.18 and 1.22, with corresponding COVs of 0.11 and 0.06, for 

hot-rolled and cold-formed steel Class 1 SHS and RHS continuous beams, respectively. The 

EC3 predictions for the Class 2 and 3 cross-sections, for which elastic global analysis is used, 

are generally seen to be overly conservative, due largely to the lack of account taken of bending 

moment redistribution. Moreover, a discontinuity arises at the border between Class 2 and 

Class 3 sections, giving rise to conservatism in the estimation of the ultimate loads of Class 3 

sections, since the bending resistances of Class 3 sections are limited to their elastic bending 

moments Mel, without considering the partial spread of plasticity. A similar trend was observed 

for all the analysed test configurations, though the EC3 predictions for the continuous beams 

loaded in the ‘1/3 Span’ configuration, which benefit to the greatest extent from moment 

redistribution (i.e. they have the highest ratio of plastic collapse load to first hinge load), were 

found to be the most conservative, followed by the ‘1/2 Span’ and then the ‘2/3 Span’ 

configurations. As reported in Tables 8.7 and 8.8, the mean ratios of FE (test)-to-EC3 predicted 

strength for Class 2 and 3 SHS and RHS continuous beams are equal to 1.27 for hot-rolled steel 

and 1.34 for cold-formed steel, with corresponding COVs of 0.14 and 0.15, respectively. 
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8.4.2 Continuous Strength Method (CSM) 

From the above comparisons, it may be observed that the current design rules in EN 1993-1-1 

(2005) provide overly conservative ultimate load predictions for both hot-rolled and cold-

formed steel continuous beams; this is attributed to the lack of account for strain hardening, 

which results in under-predictions of bending resistance at the cross-sectional level, especially 

for the more stocky sections, and the neglect of bending moment redistribution at the system 

level beyond Class 1 sections. The bending resistance of Class 3 sections is also under-

predicted when based on the elastic moment capacity Mel. To address this shortcoming, the 

Continuous Strength Method (CSM) has been developed and thoroughly validated as an 

alternative design approach that rationally exploits material strain hardening and the spread of 

plasticity at the cross-sectional level, and this method has recently been extended to 

indeterminate stainless steel (Arrayago et al., 2017; Gkantou et al., 2018; Theofanous et al., 

2014) and aluminium alloy structures (Su et al., 2014b), which combines the merits of 

traditional plastic analysis (i.e. allowing for moment redistribution) and the CSM for 

determining the cross-section bending resistance (i.e. allowing for strain hardening and the 

spread of plasticity). In this section, the CSM application to hot-rolled and cold-formed steel 

continuous beams is further explained and assessed. 

 

The deformation-based CSM employs a ‘base curve’ to determine the maximum strain εcsm that 

a cross-section can reach, in conjunction with a suitable material model that allows for the 

beneficial influence of strain hardening, to determine the cross-section resistances. 

Developments to the CSM for the design of hot-rolled and cold-formed carbon steel SHS and 

RHS have been made in Chapter 5 and Chapter 7, respectively, which have been shown to 

provide more accurate and consistent bending resistance predictions Mcsm than EC3. Improved 

design rules for continuous beams may thus be sought through the use of the CSM bending 

moment capacity predictions and a rational allowance for moment redistribution in a similar 

fashion to traditional plastic analysis, as outlined and discussed below. 

 

The CSM for indeterminate structures considers moment redistribution by means of assigning 

the CSM cross-section bending resistance Mcsm to the critical hinge (i.e. the hinge showing the 
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largest rotation capacity demand) and reduced CSM cross-section bending resistances to the 

subsequent hinges, recognising the lower level of rotation demands in the considered collapse 

mechanism. This approach provides a more rational basis for allowing for moment 

redistribution than traditional plastic analysis, which simply assigns the plastic moment 

capacity Mpl to all hinges, without accounting for the varying rotation demands at the different 

hinges. Following analysis of the experimental and numerical data, the CSM design approach 

for determining the resistance of hot-rolled and cold-formed steel indeterminate structures is 

proposed herein. The rotation demand αi of each hinge in the considered collapse mechanism 

is calculated using Equation (8.1), where θi is the hinge rotation based on kinematic 

considerations related to the collapse mechanism (see Figure 8.10), Hi is the section height at 

the considered location and (εcsm/εy)i is the corresponding normalised strain ratio at hinge i. In 

the case of five-point bending with symmetrical point loads and constant cross-section 

geometry, which is the focus of this chapter, the cross-section height Hi and the strain ratios 

(εcsm/εy)i remain constant along the member length. The hinge rotations at the loading positons 

θ1 and the central support position θ2, derived based on the considered collapse mechanism 

illustrated in Figure 8.10, are equal to (δ/L1+ δ/L2) and 2δ/L2, respectively. For those loading 

configurations where the distance between the point load and the central support is less than 

half of the span (i.e. L2 < Ls/2), the critical hinge is at the central support, while in the loading 

configurations where L2 > Ls/2, the critical hinges form simultaneously at the two loading 

points; for L2 = Ls/2, all hinges (i.e. at the central support and two loading points) form 

simultaneously. The critical hinge has the highest hinge rotation demand αmax and its 

deformation capacity (i.e. εcsm/εy), obtained from the CSM base curve (Equations (2.17) and 

(2.18)), is assumed to be fully achieved. For the remaining hinges, reduced deformation 

capacities (εcsm/εy)i,R are assigned in proportion to the rotation demand ratios, but with upper 

bound limits, as given in Equation (8.2). These limits prevent excessive deformations and over-

predictions of material strength, and are consistent with the CSM base curve (see Equations 

(2.17)) and the selected CSM material model (see the values of C1 in Chapters 3 and 4). 

 

i i
i

csm y i( / )

h
 

                                                            (8.1) 
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Once the deformation capacity of each hinge is identified (i.e. (εcsm/εy)i,R), the corresponding 

CSM bending resistance can be calculated from Equation (2.24) for cold-formed steel sections 

and from Equations (5.3) and (5.4) or Equations (5.19) and (5.20) for hot-rolled steel sections 

when (εcsm/εy)i,R is greater than or equal to unity. For (εcsm/εy)i,R < 1, the reduced CSM bending 

resistance Mcsm,Rd at hinge i can be calculated by the product of the reduced CSM strain ratio 

(εcsm/εy)i,R and the elastic section modulus Wel, as given by Equation (8.3). 

 

csm el
csm,Rd

y M0i,R

W
M


 

 
   
 

                                                (8.3) 

 
Finally, the ultimate collapse load of the considered system is determined by means of virtual 

work, by equating the external work done by the applied loads Fj acting through virtual 

displacements δj to the internal work resulting from the hinge rotations θi (see Equation (8.4)). 

Note that for more complex structural systems with higher degrees of statical indeterminacy, 

all possible collapse mechanisms should be considered in order for the critical mechanism to 

be identified. 

 

j j i i
j i

F M                                                          (8.4) 

 

 

Figure 8.10: Plastic collapse mechanism for two-span continuous beams 
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Previous studies (Arrayago et al., 2017; Gkantou et al., 2018; Su et al., 2014b; Theofanous et 

al., 2014) suggest that the CSM for indeterminate structures is applicable to box-sections with 

p 0.48  , which corresponds to a normalised deformation capacity (εcsm/εy) of 3.6, according 

to the CSM base curve (see Equation (2.17)), while global elastic analysis should be used for 

box-sections with p 0.48  . Following analysis of the numerical results generated herein, the 

slenderness limit of 0.48 is considered to be rather conservative, as illustrated in Figures 8.11 

and 8.12, where the FE (or test)-to-CSM predicted ultimate load (using the plastic design 

method described in this section) ratio Fu,FE(test)/Fu,csm is plotted against the cross-section 

slenderness p  for the hot-rolled steel and cold-formed steel continuous beams, respectively. 

It is recommended herein that this limit be relaxed to 0.60 for both hot-rolled and cold-formed 

steel continuous beams. This proposed slenderness limit for plastic design is more relaxed in 

the CSM than in EC3, since traditional plastic design in EC3 assumes that plastic hinges 

achieve their plastic bending moment Mpl and have a rotation capacity of at least R = 3. 

However, in the CSM, firstly the hinges have a reduced moment capacity with increasing 

slenderness and secondly, direct allowance is made for the actual rotation demands at each 

hinge by considering the kinematics of the analysed collapse mechanism, both of which justify 

the allowance for some degree of moment redistribution for more slender cross-sections. 

 

The CSM plastic design proposals are evaluated by comparing the experimental and numerical 

ultimate loads against their corresponding CSM ultimate load predictions. As shown in Tables 

8.7 and 8.8, the mean ratios of Fu,FE(test)/Fu,csm for cross-sections with p 0.60  , above which 

CSM plastic design would not be applicable, are equal to 1.17 for both hot-rolled and cold-

formed steel continuous beams, with COVs of 0.09 and 0.03, respectively; relative to EC3, the 

CSM provides both more accurate and more consistent (i.e. lower COV values) resistance 

predictions. However, as is evident in Figure 8.11 and Table 8.7, the CSM predictions remain 

conservative for hot-rolled steel continuous beams with the stocky cross-sections (e.g. 

p 0.32  ); this is due primary to the imposed upper bound limit to the strain ratio of εcsm/εy = 

15. This limit prevents the full exploitation of strain hardening in hot-rolled steel sections since, 

due to the presence of the yield plateau, rather high levels of strain must be attained before the 

initiation of strain hardening. This limit could, however, be adjusted depending on the level of 
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plastic deformation that was deemed acceptable at the ultimate limit state in a given project. 

Table 8.7 also gives the mean and COV values of Fu,FE(test)/Fu,csm when the CSM strain ratio is 

relaxed to 25, revealing improved accuracy and reduced scatter over the CSM with the stricter 

strain ratio limit of 15; this improvement is also illustrated in Figure 8.13, where the 

Fu,FE(test)/Fu,csm ratio based on εcsm/εy ≤ 25 is plotted against p . The CSM plastic design 

proposals allow for the rational exploitation of strain hardening, with average enhancements in 

ultimate load predictions of 4% and 6% for hot-rolled and cold-formed steel SHS and RHS 

continuous beams with Class 1 sections compared with the traditional plastic design in EC3, 

as shown in Tables 8.7 and 8.8. 

 

 

Figure 8.11: Comparison of FE and test results with predicted ultimate loads from the CSM (εcsm/εy ≤ 
15) for hot-rolled steel SHS and RHS continuous beams 
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Figure 8.12: Comparison of FE and test results with predicted ultimate loads from the CSM for cold-
formed steel SHS and RHS continuous beams 
 

 

Figure 8.13: Comparison of FE and test results with predicted ultimate loads from the CSM (εcsm/εy ≤ 
25) for hot-rolled steel SHS and RHS continuous beams 
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8.5 Reliability analysis 

Statistical analyses in accordance with the provisions of EN 1990 (2002) were performed to 

evaluate the reliability of the current EC3 provisions and the proposed CSM for the plastic 

design of hot-rolled and cold-formed steel SHS and RHS continuous beams, on the basis of the 

experimental and numerical results. The key calculated statistical parameters for both design 

approaches are summarized in Table 8.9. In the present reliability analysis, the mean-to-

nominal ratios of yield strength and geometric properties were taken as 1.16 and 1.00, with 

corresponding COVs of 0.05 and 0.03, for both hot-rolled and cold-formed steels, following 

the recommendations of Byfield and Nethercot (1988). More recent and generally more 

favourable statistical data are available in Annex E of the draft version of the next revision of 

EN 1993-1-1 (Tankova et al., 2014); these values were not available at the time that the work 

performed in the present chapter was completed, but are considered in Chapter 7. 

 

According to the results reported in Table 8.9, the partial safety factor γM0 for the proposed 

CSM with strain ratio limit of 15 is slightly larger than unity for the hot-rolled steel continuous 

beams and is less than unity for the cold-formed steel continuous beams, but all values are very 

close to unity and lower than those obtained from EC3, demonstrating that the CSM plastic 

design proposal can be used safely. The CSM partial safety factor for hot-rolled steel 

continuous beams can, however, be further reduced by relaxing the strain ratio limit to 25, 

whereby the scatter of the design predictions is significantly reduced (i.e. lower Vδ value). The 

existing EC3 plastic design approach meets the Eurocode reliability requirements for cold-

formed steel continuous beams, but its partial safety factor is larger than the target value of 1.0 

for hot-rolled steel SHS and RHS continuous beams. 

 
Table 8.9: Summary of reliability analysis results for EC3 and the proposed CSM for hot-rolled and  
cold-formed steel SHS and RHS continuous beams 

Production route Design approach No. of FE (test) data kd,n b Vδ Vr γM0 

Hot-rolled steel 
EC3 1045 (6) 3.10 1.18 0.10 0.12 1.05 
CSM (εcsm/εy ≤ 15) 1180 (6) 3.10 1.17 0.09 0.11 1.02 
CSM (εcsm/εy ≤ 25) 1180 (6) 3.10 1.11 0.05 0.08 0.99 

Cold-formed steel 
EC3 1045 (6) 3.10 1.22 0.06 0.08 0.91 
CSM (εcsm/εy ≤ 15) 1147 (6) 3.10 1.17 0.03 0.07 0.90 
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8.6 Concluding remarks 

A comprehensive numerical investigation into the structural performance of hot-rolled and 

cold-formed steel continuous beams with square and rectangular hollow sections has been 

presented in this chapter. Finite element (FE) models were first developed and validated against 

existing test results. Following validation of the FE models, parametric studies were performed, 

generating a total of 2690 numerical results on hot-rolled and cold-formed steel continuous 

beams, covering a wide range of cross-section geometries, cross-section slendernesses, steel 

grades and loading conditions. Both the numerical results generated in this chapter and the test 

data obtained from Gardner et al. (2010) were then used to assess the accuracy of the provisions 

of EN 1993-1-1 (2005) and CSM proposals for the design of hot-rolled and cold-formed steel 

SHS and RHS continuous beams. The current EN 1993-1-1 (2005) provisions were found to 

be rather conservative in predicting the ultimate capacity of both hot-rolled and cold-formed 

steel continuous beams, especially for very stocky sections and Class 3 sections. The 

conservatism in EN 1993-1-1 (2005) can be attributed to the neglect of strain hardening for the 

stocky sections and the partial spread of plasticity for Class 3 sections at the cross-sectional 

level, and the lack of account for moment redistribution for Class 2 and 3 sections at the global 

system level. The CSM proposal considers strain hardening and allows for moment 

redistribution in a continuous manner, resulting in improved accuracy and reduced scatter over 

the EN 1993-1-1 (2005) design provisions. Finally, reliability analyses were conducted 

according to the EN 1990 (2002), and it was found that the proposed CSM can be safely applied 

to the plastic design of hot-rolled and cold-formed steel SHS and RHS continuous beams with 

cross-section slenderness p 0.60  ; moreover, the CSM strain ratio limit can be safely relaxed 

to 25 to achieve more accurate ultimate load predictions for hot-rolled steel continuous beams, 

though it is recommended that an upper limit on the acceptable level of normalised strain 

(εcsm/εy) be defined on a project by project basis. 
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9 Conclusions and future work 

A systematic study involving constitutive modelling and extension of the deformation-based 

Continuous Strength Method (CSM) to cover the design of hot-rolled and cold-formed steel 

cross-sections under different loading conditions is presented in this thesis. After a brief 

introduction to the use of steel sections in construction applications (Chapter 1), a 

comprehensive review of the literature that is pertinent to this thesis was presented in Chapter 

2, where the different characteristics of hot-rolled and cold-formed steel sections, including 

their production routes, material properties, residual stresses and local geometric imperfections, 

were described; shortcomings of existing provisions for the design of hot-rolled and cold-

formed steel cross-sections were discussed and the development of the CSM for steel design 

were summarised. The main findings of this thesis from Chapters 3-8 can be categorised into 

two parts. The first part is related to the constitutive modelling of hot-rolled steels (Chapter 3) 

and cold-formed steels (Chapter 4), while the second part extends the CSM to cover the design 

of hot-rolled steel cross-sections under isolated loading conditions (Chapter 5), hot-rolled steel 

I-sections under combined compression and bending (Chapter 6), cold-formed steel non-

slender tubular cross-sections under both isolated and combined loading (Chapter 7) and hot-

rolled and cold-formed steel continuous beams with tubular cross-sections (Chapter 8). This 

chapter summarises the key findings from Chapters 3-8 and provides recommendations for 

future work. 

 

 

 

 



Chapter 9 – Conclusions and future work 

 

237 

 

9.1 Conclusions 

9.1.1 Constitutive modelling 

Constitutive modelling is an essential part of structural engineering and a key component of 

analytical, numerical and design models. Comprehensive studies into the accurate description 

of the stress-strain response of hot-rolled and cold-formed steels have been carried out in 

Chapter 3 and Chapter 4 respectively. For hot-rolled steels, two material models − a quad-

linear material model and a bilinear plus nonlinear hardening material model − were proposed 

to accurately represent their yield plateau and strain hardening behaviour, as presented in 

Chapter 3. The models utilise three basic material parameters (i.e. Young’s modulus E, yield 

strength fy and ultimate strength fu) which are readily available to engineers in material 

standards, as well as additional material parameters, for which predictive expressions have 

been proposed in terms of the three basic material parameters based on a large set of coupon 

test data collected from the global literature. The predicted stress-strain curves are shown to be 

more accurate than the commonly used ECCS (1984) model and in good agreement with 

experimental stress-strain curves over the full range of tensile strains for both normal strength 

and high strength hot-rolled steels. Application of the quad-linear material model in the CSM 

for hot-rolled steel elements has been described in Chapters 5, 6 and 8. 

 

The compound (two-stage) Ramberg-Osgood model proposed by Mirambell and Real (2000) 

for stainless steels was adopted as the basis of the stress-strain model for cold-formed steels 

developed in Chapter 4, owing to their similar nonlinear stress-strain responses. Numerical 

values and predictive expressions for the required parameters to be input into the material 

model have been devised based on the careful interpretation of a large set of cold-formed steel 

coupon test data collected from the literature. The developed material model for cold-formed 

steels can be defined using only the yield strength fy, though enhanced accuracy is achieved 

when more input information is provided. For the prediction of the enhanced yield strength in 

the corner regions of cold-formed steel cross-sections, existing predictive models were 

summarised and assessed using the collected test data, upon which the proposals of Rossi et al. 

(2013) were recommended. The predicted stress-strain curves are shown to be in excellent 
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agreement with experimental results for both normal strength and high strength cold-formed 

steels; thus, the proposals made in Chapter 4 for the constitutive modelling of cold-formed 

steels are considered to be appropriate for use in advanced computational analysis. In addition, 

the CSM elastic, linear hardening material model, originally developed for stainless steels, was 

re-calibrated and applied to cold-formed steels. This model has been used in the extension of 

the CSM for cold-formed steel non-slender tubular cross-sections in Chapters 7 and 8. 

9.1.2 Design of hot-rolled and cold-formed steel structural members 

For the design of hot-rolled and cold-formed steel cross-sections, existing codified provisions 

generally follow the traditional concept of cross-section classification, which is based on the 

assumption of elastic, perfectly-plastic material behaviour, without considering the strain 

hardening behaviour and distinctive stress-strain characteristics of sections from different 

production routes. This has prompted research aimed at developing a more rational and 

efficient structural design method for steel components. The Continuous Strength Method 

(CSM) is a deformation-based design approach which provides an alternative treatment to 

cross-section classification, allows for the rational exploitation of strain hardening and provides 

more consistent and continuous resistance predictions. Extension of the method to the design 

of hot-rolled and cold-formed steel structural members, focusing primarily at the cross-

sectional level, is therefore another main objective of this thesis. 

 

Extension of the CSM to the design of hot-rolled steel cross-sections, including square and 

rectangular hollow section (SHS and RHS) and I-sections, under pure compression and bending 

was presented in Chapter 5. The quad-linear material model developed in Chapter 3 was 

adopted as the CSM material model for hot-rolled steels, considering the length of yield plateau 

and allowing for the benefits of strain hardening. Analytical expressions for the CSM cross-

section bending resistances were developed; these solutions were simplified further into design 

expressions. The accuracy of the European Standard EN 1993-1-1 (2005) and the proposed 

CSM for the design of hot-rolled steel cross-sections under pure compression and bending was 

assessed based on the analysis of both the experimental results collected from the literature and 

the numerical data generated in the chapter. The CSM was found to offer more accurate and 
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consistent predictions than the provisions of EN 1993-1-1 (2005), with average enhancements 

in capacity predictions over EN 1993-1-1 (2005) of 5%, 2% and 19% for hot-rolled steel stocky 

cross-sections ( p 0.35  ) in compression, stocky cross-sections ( p 0.35  ) in bending and 

Class 3 cross-sections in bending, respectively. 

 

The ultimate capacity of hot-rolled steel I-sections under combined axial compression and 

bending moment was systemically investigated in Chapter 6. An experimental study 

comprising material tensile coupon tests, 2 stub column tests, 4 uniaxial bending plus 

compression tests and 8 biaxial bending plus compression tests on hot-rolled steel I-sections 

was carried out. Measured geometric and material properties, together with the full load-

deformation histories from the test specimens, were thoroughly reported. In parallel with the 

experimental investigation, a numerical study of hot-rolled steel I-sections under combined 

loading was also conducted. Finite element (FE) models were initially developed and validated 

against the test results, and were subsequently used to carry out a series of parametric studies 

to generate additional structural performance data over a wide range of steel grades, cross-

sections slenderness values, cross-section aspect ratios and loading cases. The numerical results 

together with the experimental results were then used to assess the accuracy of two codified 

design methods, as given in the European Standard EN 1993-1-1 (2005) and the American 

Specification AISC-360-16 (2016). The codified methods were found to be generally rather 

conservative and scattered when applied to hot-rolled steel non-slender I-sections under 

combined loading, owing principally to the neglect of material strain hardening and reserve 

capacities between the classification limits. Improved CSM design proposals were proposed 

by adopting similar interaction expressions as given in EN 1993-1-1 (2005) but replacing the 

codified compression and bending end point resistances with the corresponding CSM 

predictions, as proposed in Chapter 5. The CSM design proposals were shown to offer a higher 

degree of accuracy and consistency in the ultimate resistance prediction of hot-rolled steel I-

sections under combined loading than the two design specifications. Specifically, the mean FE 

(or test)-to-CSM predicted ultimate load ratios (Nu,FE(test)/Nu,csm) were 1.05, 1.13 and 1.12, with 

the corresponding COVs of 0.08, 0.13 and 0.11, for hot-rolled steel I-sections under major axis 

bending plus compression, minor axis bending plus compression and biaxial bending plus 

compression, respectively. 
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The local buckling behaviour and design of cold-formed steel non-slender SHS and RHS under 

different loading conditions (i.e. compression, bending and combined axial compression and 

bending moment) were the focus of Chapter 7. The proposed elastic, linear hardening material 

model for cold-formed steels (Chapter 4) was employed in the extension of the CSM for the 

design of cold-formed steel non-slender SHS and RHS. Based on the collected test results and 

the generated numerical data in the chapter, the accuracy of the design provisions of EN 1993-

1-1 (2005) and AISC 360-16 (2016), as well as the extended CSM method, was assessed. The 

codified design methods were shown to yield rather conservative and scattered resistance 

predictions, especially for stocky SHS and RHS under combined loading, owing mainly to the 

adoption of the elastic, perfectly plastic material model which ignores the beneficial effects of 

strain hardening; the CSM was shown to offer more accurate mean resistance predictions and 

reduced scatter for cold-formed steel non-slender SHS and RHS under different loading 

conditions when compared to the codified design methods. In addition, for combined loading 

scenarios, a modified CSM-EC3 approach considering similar interaction expressions to those 

given in EN 1993-1-1 (2005) but using the CSM compression and bending resistances as the 

end points was also examined. This approach allows for the rational exploitation of the spread 

of plasticity and strain hardening, eliminates the discontinuity in the previous CSM resistance 

function at the transition slenderness limit (i.e. where the nonlinear interaction curve reduces 

to a linear interaction curve) and provides even better resistance predictions, in terms of 

accuracy and consistency, for cold-formed steel SHS and RHS under combined loading. By 

considering the strain hardening effects, the CSM proposals provide, on average, 7.2%, 4.8% 

and 5.6% capacity enhancements over EN 1993-1-1 (2005) for cold-formed steel SHS and RHS 

(with Class 1 cross-sections) in compression, bending and combined loading. 

 

Complementary to these studies of the local buckling behaviour and design of hot-rolled and 

cold-formed steel cross-sections under different loading conditions (Chapters 5-7), 

investigations into the structural performance of hot-rolled and cold-formed steel continuous 

beams with tubular sections has been conducted in Chapter 8. Using the same process as in the 

previous chapters, the accuracy of the provisions of EN 1993-1-1 (2005) and the CSM 

proposals for the design of hot-rolled and cold-formed steel SHS and RHS continuous beams 

was evaluated. The CSM proposals consider strain hardening at the cross-sectional level and 
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allow for rational moment redistribution in a continuous manner at the global system level, 

resulting in improved accuracy and reduced scatter over the EN 1993-1-1 (2005) design 

provisions for both hot-rolled and cold-formed steel continuous beams with tubular cross-

sections. More specifically, the design strengths predicted by the CSM were found to be on 

average 5% and 6% more accurate than predictions of EN 1993-1-1 (2005) for hot-rolled and 

cold-formed steel continuous beams, respectively, with a scatter of generally about one half 

that of EN 1993-1-1 (2005). 

 

The reliability of the CSM proposals presented in Chapters 5-8 was evaluated through 

statistical analyses in accordance with EN 1990 (2002). It was found that the proposed CSM 

for the design of hot-rolled and cold-formed steel cross-sections and continuous beams requires 

lower partial safety factors γM0 than the corresponding values of EN 1993-1-1 (2005) and 

generally satisfies the reliability requirements. 

9.1.3 Original contributions 

The original contributions of this thesis are summarised as below: 

 

(1) A comprehensive review of the shortcomings of existing design provisions for the design 

of hot-rolled and cold-formed steel cross-sections and the development of the CSM for metallic 

materials was provided in Chapter 2. This work highlighted the disadvantages of the existing 

design provisions and emphasized the direction of travel towards the development of more 

advanced analysis methods, such as the CSM. The working philosophy of the CSM was 

explained in detail and complete references were also provided. 

 

(2) Different material models to accurately represent the full stress-strain response of hot-rolled 

and cold-formed steels were proposed in Chapters 3 and 4, respectively, based upon and 

calibrated against an extensive dataset of coupon tests covering a wide range of steel grades. 

The key novel feature of the proposed models is their capability of capturing the respective 

stress-strain behaviour by using only basic material parameters which are readily available to 

designers in material standards. The nonlinear material models are considered to be appropriate 
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for use in design by advanced computational analysis, as well as numerical parametric studies, 

while the multi-linear material models are suitable for incorporation into the development of 

the CSM for structural steel design. 

 

(3) Analytical and design equations for the CSM bending resistances of hot-rolled steel cross-

sections were developed in Chapter 5. This is the first study to extend the CSM to the design 

of hot-rolled steels accounting for both the yield plateau and strain hardening of the material. 

 

(4) A dataset of existing hot-rolled steel I-sections under combined loading was collated and 

was seen to be very limited; this was expanded with new experimental and numerical data on 

hot-rolled steel I-sections under combined loading, covering a wide range of I-section 

geometries, cross-section slenderness and loading combinations. The CSM for the design of 

hot-rolled steel I-sections under combined loading, proposed in Chapter 6, was shown to 

provide more accurate and consistent resistance predictions than the current codified methods. 

 

(5) The CSM was also extended to cover the design of cold-formed steel non-slender SHS/RHS 

under different loading conditions in Chapter 7. The modified CSM-EC3 approach was 

proposed and examined based on the collected test data and generated numerical results of 

cold-formed steel cross-sections under combined loading. Advantages of this approach include 

eliminating the discontinuity in the current codified methods and the previous CSM by 

introducing only one additional parameter, keeping calculations relatively simple for designers, 

similar to current EC3 design, and providing more accurate and consistent predictions. 

 

(6) The material models for hot-rolled and cold-formed steels proposed in Chapters 3 and 4 

were further verified in the FE modelling of continuous beams. Moreover, the CSM was 

extended to the plastic design of hot-rolled and cold-formed steel SHS and RHS continuous 

beams with tubular cross-sections in Chapter 8. This work serves as the basis for further 

research on the extension of the CSM to the design of more complicated indeterminate 

structures, including frames, which require consideration of global second order effects. 
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Overall, the main objective of achieving a more rational and efficient design method for hot-

rolled and cold-formed steel sections has been achieved. Extension of the CSM to the design 

of hot-rolled and cold-formed steels can significantly increase its range of application, bringing 

greater efficiency to structural steel design thus leading to more sustainable construction. 

9.2 Suggestions for future work 

Constitutive modelling of hot-rolled and cold-formed steels was carried out in Chapters 3 and 

4. For hot-rolled steels, there are only a relatively limited number of high strength steel tensile 

coupon test results reported in the literature; thus more coupon test data for high strength steels 

are required to further verify the proposed material models in Chapter 3 for high strength 

materil. For cold-formed steels, the corner coupons showed rather low ductility (i.e. small value 

of strain at ultimate strength εu), which depends highly on the level of cold-work. However, it 

should be noted that additional challenges exist in the testing of curved corner coupons, such 

as the unavoidable non-uniform cold-work through the thickness of the coupons, the problem 

of measuring the cross-sectional area accurately and the difficulty of applying the tensile force 

through the centroid of the curved coupons in order to avoid any possible bending effects; these 

challenges affect the measurement of εu. It is thus considered necessary to conduct further 

tensile coupon tests on corner specimens, carefully following the test procedures recommended 

by Huang and Young (2014), to obtain more reliable data to underpin the predictive expressions 

of εu. Moreover, the influence of production route, cross-section type and steel grade on the 

yield strength of the finished cross-sections should be careful investigated. 

 

While the present study focused on the CSM design of hot-rolled and cold-formed steel non-

slender cross-sections, extension of the design method to cover slender cross-sections could 

enlarge its range of applicability. Moreover, the scope of the CSM can be extended to the design 

of hot-rolled and cold-formed steel members subjected to global buckling or local-global 

interaction buckling. 
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Chapter 6 explored the structural behaviour and design of hot-rolled steel I-sections under 

combined loading. However, the proposed interaction curves for I-sections under combined 

loading could be further improved to avoid any discontinuity at the transition slenderness. 

Experimental studies on hot-rolled steel SHS and RHS under combined loading remain limited; 

thus there is scope for additional work to fill this gap. There may also be scope for further data 

on other closed tubular sections (i.e. circular hollow sections and elliptical hollow sections) 

and open sections, such as angle sections, channel sections and tee sections. 

 

In Chapter 8, the CSM has been proposed for the design of hot-rolled and cold-formed steel 

indeterminate structures. However, the CSM for indeterminate structures is currently limited 

to continuous beams with normal yield strengths. Due to the reduced ductility of high strength 

steels (HSS), the plastic design of HSS indeterminate structures needs to be carefully 

investigated. Additionally, consideration of a wider range of indeterminate structural 

configurations under various loading conditions is required in future work. 

 

The application of the CSM to concrete-filled steel tubular (CFST) members is currently 

underway. Compared with empty steel tubular sections, local buckling is inhibited in concrete-

filled specimens due to the presence of the concrete. By allowing for the influence of the 

concrete infill on the local buckling stress and hence slenderness of the steel section, the 

deformation capacity can be obtained from the base curve. This can be used to assess 

compatibility with the concrete failure strain, predict the failure mode and hence determine the 

resistance of the composite cross-section. Much work remains for the continued development 

of the CSM for composite structures. 

 

Researches (Knobloch and Fontana, 2006; Theofanous et al., 2016) have begun to investigate 

the applicability of the CSM to the design of steel cross-sections at elevated temperatures. 

Further research is required to extend the CSM to cover steel cross-sections subjected to 

thermal gradients and steel members at elevated temperatures. Material properties of various 

steel grades at elevated temperatures are also required. 
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