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A B S T R A C T

In this thesis the finite element method is used to carry out simula-
tions of the impact of elastic-plastic spheres with rigid surfaces and
elastic half-spaces. The detailed results that these simulations provide
are used to develop new normal and tangential force-displacement
models for elastic-plastic materials that are accurate enough to be
used in the discrete element method to simulate large numbers of
particles. The new force-displacement models are suitable for a wide
range of material properties and initial conditions. They perform bet-
ter than existing force-displacement models from the literature when
compared to the results of finite element simulations.

The new force-displacement models are used in discrete element
simulations of bulk compaction of plastic pellets. These simulations
are compared to the results of bulk compaction experiments. Despite
some weaknesses in the experimental set up, the simulations match
the experimental results until the bed is compressed to 93% of its
original height. Beyond this level of compression the results diverge.
The simulations are carried out using the new force-displacement
models and existing force-displacement models. The different force-
displacement models lead to significant differences in the force dis-
tributions throughout the pellet bed during compaction, highlighting
the importance of the force-displacement model to the results of dis-
crete element simulations.

9





P U B L I C AT I O N S

D. Rathbone, M. Marigo, D. Dini and B. van Wachem, “An accurate
force displacement law for the modelling of elastic plastic contacts
in discrete element simulations”, Powder Technology, vol. 282 pp. 2-9,
2015 [1].

11





To be conscious that you are ignorant of the facts
is a great step to knowledge.

— Benjamin Disraeli

No man ever became great or good except through
many and great mistakes.

— William Gladstone

A C K N O W L E D G M E N T S

I would like to thank my supervisors Professor Berend van Wachem
and Professor Daniele Dini for their help and support throughout
my PhD. Thank you to my collaborator at Johnson Matthey, Michele
Marigo, for carrying out the experiments that are discussed in Chap-
ter 6.

Thanks are also due to all the PhD students past and present in
room 600 and laterly room 210. And thanks to the rest of Cohort 3 in
the TSM-CDT, in particular Ben Kaube and Joel Posthuma de Boer.

Special thanks to my family and in particular to my partner Lesley,
whose support and love have been invaluable. I look forward to our
next adventure as parents!

13





C O N T E N T S

Nomenclature 21

1 introduction 23

1.1 Structure of Thesis 24

2 literature review 27

2.1 Introduction 27

2.2 Normal Contact Models 29

2.2.1 Elastic Deformation 29

2.2.2 Plastic Deformation 31

2.3 Tangential Models 38

2.3.1 Elastic Deformation 38

2.3.2 Plastic Deformation 42

2.4 Viscoelastic Deformation - the Tsuji Model 43

2.5 Using DEM Simulations to Solve Industrial Problems 44

2.5.1 Bulk Compaction 44

2.6 Summary 45

3 method 49

3.1 Introduction 49

3.2 Contact Models 49

3.3 Model A: Normal Impacts 50

3.4 Model B: Extended Normal Impacts 53

3.5 Model C: Tangential with Fixed Normal Force 55

3.6 Model D: Full Oblique Collision 59

3.7 Test Code 61

3.8 Summary 62

4 normal model 65

4.1 Introduction 65

4.2 Development of the New Model 65

4.2.1 Elastic Loading 65

4.2.2 Elastic-Plastic Loading 66

4.2.3 Unloading 73

4.2.4 Reloading 74

4.3 Model Comparison 75

4.4 Normal Model Extension 80

4.5 Normal Model as Implemented 83

4.6 Extended Model Comparison 84

4.7 Summary 85

5 tangential model 87

5.1 Introduction 87

5.2 Elastic Materials 87

5.3 Plastic Materials 88

5.4 Contact Radius 88

5.5 Friction 92

15



16 contents

5.6 Fixed Normal Force 93

5.7 Full Oblique Collision 99

5.8 Tangential Model as Implemented 105

5.9 Specified Friction Coefficient 107

5.9.1 Summary 107

6 bulk compression 109

6.1 Introduction 109

6.2 Single Pellet Compression 109

6.2.1 Experimental Set-up 109

6.2.2 Experimental Results 109

6.3 Bulk Compaction 114

6.3.1 Experimental Set-up 114

6.3.2 Simulation Set-up 114

6.3.3 Drawbacks 116

6.3.4 Results 116

6.4 Summary 127

7 conclusions and future work 129

7.1 Normal Model 129

7.2 Tangential Model 129

7.3 Experimental Comparison with DEM simulations 130

7.4 Future Work 131

bibliography 133

a contact yield stress 141

a.1 Contact Yield Stress 141



L I S T O F F I G U R E S

Figure 1 Detail of particle interaction in DEM 28

Figure 2 Stress-strain curves 29

Figure 3 Hertz Model 31

Figure 4 Stronge model 34

Figure 5 Comparison of tangential models 41

Figure 6 Detail of model A 51

Figure 7 Model A elastic sphere compared to Hertz 52

Figure 8 Model A contact pressure compared to Hertz 53

Figure 9 Detail of model B 55

Figure 10 Model B elastic sphere compared to Hertz 56

Figure 11 Comparison of Lagrangian and Penalty method
for friction 58

Figure 12 Tangential force against displacement from FEM
simulations using model C compared to the
Mindlin-Deresiewicz force displacement model. 58

Figure 13 Schematic of Model D. The shaded area is the
zone where the mesh is most highly refined. 59

Figure 14 Model D Mesh 60

Figure 15 Detail of model D 60

Figure 16 Comparison of Model D simulation and Hertz 62

Figure 17 Oblique collision 63

Figure 18 Force-displacement curve and corresponding
pressure profile 66

Figure 19 Pressure in the sphere contact area 67

Figure 20 Stress in the sphere contact area 68

Figure 21 Strain in the sphere contact area 69

Figure 22 Pressure at centre of contact area during im-
pact 71

Figure 23 Reduced contact radius 71

Figure 24 Relationship between c and the ratio E/σy 72

Figure 25 Relation between the parameter u and the yield
displacement 74

Figure 26 Comparison of new normal model with FEM
results and Thornton models 75

Figure 27 Comparison of new normal model with FEM
results and Brake and JG models 76

Figure 28 Comparison of new normal model with FEM
results and JG model 76

Figure 29 Comparison of new normal model with FEM
results 77

17



18 List of Figures

Figure 30 Comparison of new normal model with FEM
results for reloading 79

Figure 31 Plastic strain at the centre of the contact area 81

Figure 32 Relationship between c and e/σy 82

Figure 33 Comparison of extended normal model and
FEM results 84

Figure 34 Comparison of New Model and Thornton model 85

Figure 35 Comparison of New Model and Tomas model 86

Figure 36 FEM normal force compared to Hertz for oblique
collisions 88

Figure 37 Comparison of FEM results with MD model 89

Figure 38 Comparison of FEM results with Mindlin model 89

Figure 39 Comparison of FEM results with LTH model 90

Figure 40 Normal force in oblique elastic-plastic collision 90

Figure 41 Contact area in a normal collision 92

Figure 42 Relationship between friction coefficient and
plastic deformation 94

Figure 43 Tangential force comparison between FEM and
MD for fixed normal force 95

Figure 44 Effective tangential stiffness 96

Figure 45 Tangential stiffness parameters 98

Figure 46 Tangential force comparison between FEM and
new tangential model for fixed normal force 98

Figure 47 Tangential force comparison between FEM and
new tangential model for fixed normal force 99

Figure 48 Detail of contact area in oblique collision 100

Figure 49 Comparison of tangential force between new
model and FEM results 102

Figure 50 Comparison of tangential force between new
model and FEM results 103

Figure 51 Comparison of tangential force between new
model and FEM results 104

Figure 52 Comparison of tangential force between new,
MD, Mindlin and LTH models and FEM re-
sults 104

Figure 53 Energy dissipated during oblique collision 105

Figure 54 Comparison for lower friction coefficients 108

Figure 55 Plastic pellets used in experiments 110

Figure 56 Experimental set up for single pellet compres-
sion 110

Figure 57 Plastic pellets after compression 111

Figure 58 Single pellet compression experimental results 112

Figure 59 Stiffness of plastic pellet 113

Figure 60 Experimental set up for bulk compression 114

Figure 61 Detail of DEM simulation set up 115



Figure 62 Comparison of experiment and simulation for
bulk compression 117

Figure 63 Comparison of simulation results for different
starting configurations 118

Figure 64 Packing at intermediate displacement 120

Figure 65 Packing at large displacement 121

Figure 66 Comparison of packing fractions 122

Figure 67 Distribution of normal forces 123

Figure 68 Mean pellet overlap for simulations with new
normal and tangential model 125

Figure 69 Mean pellet overlap for simulations with new
normal model and LTH tangential model 126

Figure 70 Distribution of tangential forces 128

L I S T O F TA B L E S

Table 1 Summary of normal models 46

Table 2 Summary of tangential models 47

Table 3 Properties used in FEM simulations using model
A 53

Table 4 Material properties used in FEM simulations
using model B. 54

Table 5 Parameters used in the oblique elastic FEM sim-
ulations using Model D. 61

Table 6 Parameters used in elastic (model C only) and
elastic-plastic FEM simulations using Models
C and D. The yield stress is only used for elastic-
plastic materials. 61

Table 7 Error for linear vs non-linear models 81

19





N O M E N C L AT U R E

Roman Letters
a Contact radius [m]
a1 Tangential model parameter
amax Maximum contact radius [m]
Apl Area of plastic deformation [m2]
Atot Total area of deformation [m2]
c New normal force displacement model parameter
c1 Tangential model parameter
D New normal force displacement model parameter [MPa]
E Young’s modulus [Pa]
E∗ Effective Young’s modulus [Pa]
Fn Normal force [N]
Fp Force at δp [N]
Ft Tangential force [N]
Fy Force at δy [N]
G Shear modulus [Pa]
G∗ Effective Shear modulus [Pa]
H Brinell hardness [kgfmm2]
kn Effective normal stiffness [Nm−1]
kt Effective tangential stiffness [Nm−1]
kun Effective unloading stiffness [Nm−1]
m Mass [kg]
p Normal pressure [Pa]
py Contact yield stress [MPa]
R Radius [m]
R∗ Effective radius of curvature [m]
t Dimensionless turning point in contact radius unloading
V Elastic deformed volume [m3]
vn Normal velocity [ms−1]
vt Tangential velocity [ms−1]
x Tangential force scaled by maximum possible tangential force
x1 Tangential model parameter
y Normal displacement normalised by yield displacement
z New normal force displacement model parameter

Greek Letters
δ Normal displacement [m]
δp Displacement at the beginning of plastic deformation [m]
δt Tangential displacement
δy Displacement at the beginning of elastic-plastic deformation[m]
δmax Maximum normal displacement [m]
δmin Residual plastic normal displacement [m]

21



22 List of Tables

η Damping factor [Nm−1s]
κ Ratio of normal stiffness to initial tangential stiffness
κA Contact area coefficient
λ Fitting parameter in Tomas force displacement model
µ Friction coefficient [Pa]
ν Poisson’s ratio
σy Yield stress [Pa]
τc Critical shear stress [Pa]
θ Angle of incidence/MD model parameter



1
I N T R O D U C T I O N

A granular material is a collection of distinct particles, such as sand in
an hourglass or salt in a salt cellar. Granular materials are of vital im-
portance in many industrial and natural processes. For example, they
are widespread in the pharmaceutical industry [2] and in natural pro-
cesses such as avalanches and tidal mud flows [3]. They exhibit a wide
range of complex behaviours and it can be difficult and expensive to
carry out large-scale experiments involving granular flows. This diffi-
culty and the lack of any over-arching physical laws to describe them
means that they are ideally suited to computational study. To that
end, computational modelling of granular systems has increased sig-
nificantly in recent years [4], particularly using the Discrete Element
Method (DEM) [5]. The main advantage of DEM is that is gives in-
formation on the microscopic scale of individual particles, which can
be used to explore the relationship between macro- and microscopic
properties in granular materials. It also allows the probing and in-
vestigation of systems at a significantly reduced cost compared to
experiments and often provides more information than experiments.

DEM has proved a powerful tool to complement experimental find-
ings and gain a deeper understanding of the flow of granular materi-
als. In a DEM simulation the granules are often simulated as idealised
spheres and the individual spheres interact through binary collisions.
Therefore, it is important that the contacts are described by accurate
physical models so that the simulations provide meaningful results.
At the same time, any model needs to maintain an element of simplic-
ity so that it can be implemented in a numerical code without large
computational cost, enabling the simulation of real systems that in-
volve hundreds of thousands or even millions of particles.

It is difficult to understand the impact behaviour of two individ-
ual spheres during a collision because it involves a large number
of variables including velocity, angle of incidence and the material
properties of the spheres. This makes the development of an accurate
yet simple model complex. In the literature there have been many
attempts to develop models for different types of material deforma-
tion: elastic, elastic-plastic and visco-elastic. Models for elastic mate-
rials are physically accurate, as in most cases elastic contact problems
can be solved analytically. Unfortunately, however, they are not suit-
able for real materials, most of which display some amount of visco-
elasticity or plasticity. Models that focus on elastic-plastic or visco-
elastic materials tend to fall into two categories: those that sacrifice
physical accuracy for computational expediency and vice-versa.
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24 introduction

The overarching aim of this work is to develop a model for use
in DEM that falls somewhere in between these two extremes, main-
taining both physical rigour and computational expediency. There is
clearly some trade-off between the two but it is not necessarily the
case that one has to be sacrificed entirely for the other. Recent work
by Zheng et al. [6] built on previous work by Brilliantov et al. [7] and
Langston et al. [8] to develop a model along these lines for visco-
elastic materials. In this work the focus is on elastic-plastic deforma-
tion, which has often been neglected in the literature because it is
more complex than other forms of material behaviour, involving per-
manent deformation of a particle. However, it is an important type of
material behaviour to be able to simulate because many real materi-
als undergo some form of plastic deformation, included those used
in industry, such as zeolite catalysts or pharmaceutical powders.

In order to develop an elastic-plastic model for DEM the nature of
elastic-plastic contacts during impact needs to be investigated, par-
ticularly during oblique collisions that involve normal and tangen-
tial forces, where they are not well understood. The Finite Element
Method (FEM) is used to do this because it is able to solve contact
problems that cannot be solved analytically, providing it is used care-
fully and with the correct initial and boundary conditions. It is also an
ideal tool because it provides a wealth of information about a contact,
including stress distributions, deformation and forces, that is useful
for developing a model. It is unlikely that the same level of detail
could be obtained through experiments.

1.1 structure of thesis

In Chapter 2 the Discrete Element Method is outlined and a num-
ber of normal and tangential force displacement models for different
types of material behaviour are discussed along with their respective
advantages and drawbacks. In Chapter 3 the FEM models used to
carry out contact simulations are set out and verified against analyti-
cal elastic solutions where possible.

In Chapter 4 a normal force displacement model for elastic-perfectly
plastic materials is developed using the results of FEM simulations. It
is then compared against FEM results not used in its development
and with existing models from the literature.

In Chapter 5 a tangential force displacement model for elastic-perfectly
plastic materials is developed using the results of FEM simulations. It
is first developed for tangential forces where the normal force is held
constant, and then expanded to cases where both the normal and
tangential forces are varying (as in fully oblique collisions). The new
model is compared against some of the existing methods used in the
literature.
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In Chapter 6 the new force displacement models are used in DEM
simulations of the bulk compression of plastic pellets. These are com-
pared to the results from experiments. The material properties used
in the DEM simulations are found by carrying out single pellet com-
pression of the pellets that are used in the experimental bulk com-
pression. DEM simulations using the existing Tsuji model are also
presented for comparison.

In Chapter 7 the conclusions of the project are presented and pos-
sibilities for future work are considered.

In addition there are two appendices, A and B. Appendix A con-
tains a summary of the contact yield stress and Appendix B contains
a summary of the normal and tangential models for ease of reference.





2
L I T E R AT U R E R E V I E W

2.1 introduction

The Discrete Element Method (DEM) was originally developed by
Cundall and Strack [5] as a method of simulating the mechanical
behaviour of assemblies of discs or spheres. The deformation of par-
ticles is characterised as an overlap between colliding particles. This
overlap is represented by the normal displacement, δ, and the tan-
gential displacement, δt, as shown in fig. 1, for every collision of a
pair of particles. The normal force and tangential force are given as
functions of δ and δt, respectively. Newton’s second law is then used
to calculate accelerations that are integrated over small time-steps
to determine the new velocities and positions of the particles. The
nature of the functions that relate the displacements to the accelera-
tion and their parameterisation directly affect the predicted physical
behaviour in a DEM simulation. In contemporary DEM simulations
particles are usually modelled as smooth spheres which means that
the forces acting on them can be resolved into normal and tangential
components. This allows the development of separate normal and
tangential force displacement models, although in many models the
tangential force is dependent on the normal force. In reality particles
will not be perfectly smooth and will have asperities on their surface.
The asperities will often come into contact first during a collision,
leading to an initially softer response as they deform. However, the
force displacement models presented in this chapter and developed
in this work are for smooth spheres because this allows the uncou-
pling of the normal and tangential forces.

Models need to take into account the material behaviour of the par-
ticles they are describing because this will affect the deformation of
the spheres during a collision. Most engineering materials have con-
stitutive behaviour that can be described as elastic, visco-elastic or
elastic-plastic. An elastic collision is fully reversible and the energy
input during loading is released during unloading. An elastic-plastic
collision is entirely elastic up to a defined yield stress after which the
particle is permanently deformed. Elastic collisions are independent
of the displacement rate. Elastic-plastic collisions can be independent
of or dependent on the displacement rate due to different types of
plasticity mechanisms. However, this work focuses only on rate in-
dependent plasticity. Visco-elastic collisions depend on the displace-
ment rate, so they follow different paths on loading and unloading.
Typical stress-strain curves for the different behaviours are shown in
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28 literature review

Figure 1: Two particles i and j have a normal overlap and a tangential dis-
placement, δn (δ) and δt, respectively, when subject to normal and
tangential forces. The particles can also be rotating. In DEM the
forces are usually described as a function of the relative displace-
ment between particles. The dashed circles show the original po-
sitions of the particles. δt is dependent on the history of the colli-
sion and is affected by both rotation of the particles and tangential
translation (not shown here).
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fig. 2. The stress-strain curve for a material is found by recording the
amount of deformation (strain) at distinct intervals of tensile or com-
pressive loading (stress). Elastic materials are characterised by the
properties Young’s modulus, E, and Poisson’s ratio, ν. Elastic-plastic
materials are characterised by E, ν and yield stress, σy.

(a) Elastic (b) Elastic-perfectly plas-
tic

(c) Viscoelastic

Figure 2: Stress-strain curves.

The development of force displacement models for DEM has drawn
together work on contact mechanics which started with the pioneer-
ing work on elastic solids by Hertz [9] in 1882 and has continued
in the near century and a half since. Much of the fundamental and
early work on contact mechanics can be found in books by John-
son [10], Hills et al. [11] and Stronge [12]. For normal elastic con-
tacts, the Hertz model is still widely used. Its range of application
and validity has been verified by detailed FEM simulations and ex-
periments conducted using elastic spheres [13, 14]. For oblique colli-
sions of elastic materials the Mindlin [15] or Mindlin-Deresiewicz [16]
models are often used for the tangential force in conjunction with
the Hertz model for the normal force. However, most materials ex-
hibit some form of energy dissipation, either visco-elastic or plastic,
and these models are not able to describe these behaviours. To over-
come this issue a number of more advanced normal and tangential
force displacement models have been developed for visco-elastic and
elastic-plastic materials and these are summarised in recent review
papers [17, 18, 19, 20, 21]. In this chapter a number of different nor-
mal and tangential models are discussed, with the focus on elastic
and elastic-plastic models as these are most relevant to the work pre-
sented in this thesis.

2.2 normal contact models

2.2.1 Elastic Deformation

hertz model Hertz [9] derived an analytical solution for elastic
contact by making the following assumptions:
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• the contact area is elliptical

• the contact area is small compared to the dimensions of the
bodies in contact and their radii of curvature

• the surfaces are frictionless

When these assumptions are met it is accurate at modelling force
displacements curves resulting from the interaction between contact-
ing bodies. It has been verified using experiments by, for example,
Shih et al. [14] and using FEM simulations as long ago as 1976 [22].
While most materials will not behave perfectly elastically over a large
range of deformations they will have some elastic properties and be-
have elastically for very small deformations so the Hertz model is
often used as a basis for more complex models [17]. The Hertz force
is given by

Fn = −knδ
3/2. (1)

The spring constant, kn, is given by

kn =
4

3
E∗
√
R∗. (2)

where E∗ is the effective Young’s modulus

1

E∗
=
1− νi
Ei

+
1− νj
Ej

(3)

and R∗ is the effective radius of curvature

1

R∗
=
1

Ri
+
1

Rj
. (4)

i and j denote the two bodies in contact, respectively. The contact
radius is given by

a =
√
R∗δ. (5)

The pressure across the contact area of two spheres in contact is:

p =
3Fn

2πa2

√(
1−

r2

a2

)
, (6)

where r is the distance from the centre of the contact area. A typical
force and pressure distribution, as a function of the radial distance
from the centre of the contact, for the Hertz model are shown in fig. 3.
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(a) Hertz force (b) Hertz pressure across contact area

Figure 3: Hertz Model.

2.2.2 Plastic Deformation

linear models It has been shown in FEM simulations and exper-
iments [23, 24] that the relationship between the force and displace-
ment is non-linear for elastic materials and for elastic-plastic mate-
rials immediately after the yield displacement. Indeed the results in
Chapter 4 show this. However, a number of models, especially for use
in large DEM simulations, use piecewise linear relationships between
displacement and force because they are computationally inexpensive
to evaluate allowing the simulation of large systems. These include
the recent models of Thakur et al. [25] and Pasha et al. [26], which
also include adhesive forces, and the older Walton-Braun model [27],
recently extended for cyclic loading [28]. Broadly speaking these mod-
els and the models of Luding [29] and Walton and Johnson [30] use
linear springs, characterised by a calculated or fitted stiffness, for each
part of the force displacement relationship. The values of the stiffness
are different for loading and unloading. This means the force dis-
placement relationship ends with a non-zero displacement at zero
force - giving permanent plastic deformation. For the Thakur model
stiffness values for a specific material are found by comparing the
results of DEM simulations to experiment and calibrating the stiff-
nesses appropriately [31]. This requires experiments to be carried out
for every material to be simulated. Similar procedures are required
to find the stiffness values for the other models or, alternatively, the
models can be fitted directly to experimental results [17, 28]. While
these models are computationally cheap, their linear nature means
they do not represent the underlying physics of an elastic-plastic con-
tact. Furthermore, the way the parameters are often tuned to give
better, more accurate results in DEM simulations is unsatisfactory.
Therefore, these models are not considered further in this work and
the new model developed seeks to avoid their non-physical nature
while remaining relatively computationally inexpensive.
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thornton model The Thornton [32] model has three constituent
parts: non-linear elastic loading, linear plastic loading and non-linear
unloading

Fn =


−knδ

3/2, δ̇ > 0∧ δ < δy

−(knδ
3/2
y + π · py · R∗(δ− δy)), δ̇ > 0∧ δ > δy

−(kun(δ− δmin)
3/2), δ̇ < 0.

(7)

The first part is the Hertz elastic model, where kn is given by eq. 2.
This gives the force up to a yield displacement

δy = R∗
(πpy
2E∗

)2
. (8)

The second part of eq. 7 is for plastic deformation, where py is the
contact yield stress. Using the von Mises criterion, py can be calcu-
lated from the yield stress, σy, using py = Ay[ν]σy where Ay[ν]

depends exclusively on the material’s Poisson’s ratio, ν [10] (see Ap-
pendix A.1). Alternatively the plastic loading is often fitted to exper-
imental or computational results using py as an adjustable parame-
ter [17, 33] rather than as a theoretically determined parameter. The
third part of eq. 7 is elastic unloading where kun = 4/3E∗

√
R∗un is

the elastic unloading constant. It is eq. 2 with the effective radius, R∗,
replaced by the effective radius of unloading, R∗un, to account for the
flattening of the contact due to the permanent plastic deformation. It
is assumed that the ratio of the effective radii is equal to the ratio of
the maximum elastic force and the actual maximum force. Thus R∗un

is

R∗un = R∗
knδ

3/2
max

Fn,max
. (9)

δmin, the permanent deformation at the end of a collision, is found
by enforcing continuity of force at the transition from loading to un-
loading

δmin = δmax −

(
3Fmax

4E∗
√
R∗un

)2/3

. (10)

tomas model The non-adhesive version of the Tomas model [34,
35] is similar to the Thornton model. The force is given by the Hertz
elastic model up to the same yield displacement used by the Thorn-
ton model. However, above this displacement the force displacement
relationship is given by

Fn = −(knδ
3/2
y + π · λ · py · R∗ · κA · δ), (11)
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where κA, the contact area coefficient, represents the ratio of the plas-
tically deformed area, Apl, to the total deformed area, Atot

κA =
2

3
+
1

3

Apl

Atot
= 1−

1

3

(
δy

δ

)1/3

. (12)

κA = 2/3 at the yield displacement and tends to 1 as the displace-
ment increases. However, it increases very slowly above 50δy and in
practice is unlikely to reach 1 at any physical displacement. The in-
crease of κA with displacement allows the Tomas model to capture
the non-linear nature of the force response in the intermediate elastic-
plastic regime between elastic and plastic loading. κA is developed
using the assumption that the plastic deformation occurs at the cen-
tre of the contact area and is surrounded by an annulus of elastic
deformation. In section 4.4 FEM simulations show that the opposite
is in fact true. In recent work [24, 36] a fitting parameter, λ, is added
to the loading relation in order to fit it to experimental results.

The original Tomas model is used with a Hertzian model for un-
loading [34], using the same expression as the Thornton model but
with an unchanged radius of curvature, R∗un = R∗, appropriate for
‘healing’ contacts where the plastic deformation does not noticeably
affect the shape of the particle [37]. The Tomas model is also used
with an adapted radius of curvature [36] based on the work of Stronge
[38, 12], eq. 16, and an additional adjustable parameter to allow fitting
to experimental results [39]. δmin is found using eq. 10.

stronge model The Stronge Model [12, 38] is a analytical force
displacement model that has three constituent loading parts, an elas-
tic part, an elastic-plastic part and a plastic part. The model moves
from elastic, given by the Hertz model, eq. 1, to elastic-plastic when
the average pressure across the contact area is p = 1.1σy and from
elastic-plastic to plastic when the average pressure is p = 2.8σy. This
gives a yield displacement of

δy = R∗
(
3Π

4

)2(
1.1σy
E∗

)2

(13)

and a plastic displacement, the displacement at which the whole con-
tact surface is plastically deforming, of δp = 84δy.

The elastic-plastic force is given by

Fn

Fy
=

(
2δ

δy
− 1

)(
0.95+ 0.3 ln

(
2δ

δy
− 1

))
(14)

and the plastic force by

Fn

Fy
= 2.55

(
2δ

δy
− 1

)
(15)

where Fy is the force at the yield displacement. The Stronge model
does not enforce continuity of force, which leads to discontinuities
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(a) Transition from elastic to elastic-
plastic loading
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(b) Transition from elastic-plastic to
plastic loading

Figure 4: Stronge model.

at both δy and δp, as can be seen in fig. 4. This makes it unsuitable
for use in DEM simulations because it could lead to sudden jumps
in force, which in turn could lead to unphysical behaviour of the
assembly of particles. Unloading in the Stronge model uses the same
expression as the Thornton model except Run is given by

R∗un = R∗
(
2δmax

δy
− 1

)1/2

(16)

and δmin is given by

δmin = δmax − δy

(
2δmax

δy
− 1

)1/2

(17)

Again in unloading continuity of force is not enforced, so jumps in
force will occur during the transition from loading to unloading.

storåkers model Martin et al. [40] used the work of Storåkers
et al. [41] to develop a plastic model which takes hardening in the
plastic regime into account. For an elastic-perfectly plastic material
the plastic force displacement relationship is [42]

F = 6πc2σyR
∗δ, (18)

where for perfectly plastic materials c2 = 1.43 [43]. The elastic force
is given by the Hertz model. The transition from elastic to plastic
behaviour is at [40]

δy =

(
9c2σy

2E∗

)2

. (19)

Depending on material properties, this equation gives a value for δy
that is 1-2 orders of magnitude larger than that given by eq. 8. This
means that the transition from elastic to elastic-plastic behaviour is
likely to take place at an unphysically high displacement.
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vu-quoc model The Vu-Quoc, Zhang and Leesburg model [23,
44] was developed using dimensional analysis and FEM simulations.
It is significantly more complex than the models previously consid-
ered with the elastic-plastic force, Fn, given implicitly by

(Fn− Fy)+
1

Ca

(
3R∗

4E∗

)1/3

F
1/3
n −

1

Ca
{[1+Kc(Fn− Fy)]R

∗δ}1/2 = 0,

(20)

where Ca and Kc are parameters that have to be fitted to FEM re-
sults and Fy is the yield force. Because eq. 20 is implicit it has to be
solved numerically at every time-step for every collision in order to
obtain the force. This additional step adds a significant amount of
computational expense making the model unsuitable for large-scale
DEM simulations. Furthermore, the parameters Ca and Kc have to be
fitted to FEM simulations for every material to be simulated because,
as shown by Brake [45], the values found by Vu-Quoc and Zhang,
for the material they simulated, are not applicable to materials with
different properties. Although potentially very accurate, the model is
expensive and time consuming to use.

lwt model The Li-Wu-Thornton (LWT) model [46] was also de-
veloped using FEM simulations. While it does not require fitting of
parameters like the Vu-Quoc, Zhang and Leesburg model, the force is
given by a set of coupled implicit equations which need to be solved
numerically at every time-step for every collision. This makes it com-
putationally expensive and unsuitable for DEM simulations.

There are also a number of force displacement models in the tri-
bology literature [45, 47, 48, 49]. These are designed for much larger
relative displacements than typically seen in DEM in order to model
high force impacts, often of a single spherical object onto a near-rigid
flat. Of these models the analytical Brake model [45] and the empir-
ical Jackson and Green model [47] are considered in greater detail
below because they are the most likely to be suitable for use in DEM.

brake model The Brake model [45] has four parts: Hertzian elas-
tic loading, given by eq. 1 up to yield displacement defined by eq. 8,
elastic-plastic loading, plastic loading and elastic unloading. The plas-
tic loading is linear and given by the product of the contact pressure
and area

Fn = p0πa
2 = p0π(2R

∗δ+ c) (21)

where c is a constant related to the contact area and displacement at
the transition to plastic loading and p0 is the Brinell hardness, H, in
Pa. The Brinell hardness is found using a standardised empirical test



36 literature review

and characterises the indentation hardness of materials. It is related
to the yield stress of the material, σy, and usually falls in the range
σy < H < 2.8σy [50]. Although, as Brake points out, it is not always
clear what value of the hardness to use for the collision between two
elastic-perfectly plastic spheres with different hardness values. Differ-
ent expressions have been suggested in work by Tabor [51], Chang et
al. [52] and Kogut and Etsion [53]. Brake uses an expression for hard-
ness which combines the Brinell hardness of the two materials and
assumes both surfaces have similar radii of curvature

H =

(
2

Hi
+
2

Hj

)−1

(22)

Plastic loading begins at the displacement δp

δp =

(
πp0
√
R∗

E∗

)2

(23)

The elastic-plastic loading, between the yield displacement δy and δp
is given by a cubic Hermite polynomial. This depends on a series of
derived parameters including δy and δp as well as the forces at these
displacements (Fy and Fp, respectively) and their derivatives

Fn =
(
2Fy − 2Fp + (δp − δy)

(
F′y + F′p

))( δ− δy
δp − δy

)3

+
(
−3Fy + 3Fp + (δp − δy)

(
−2F′y − F′p

))( δ− δy
δp − δy

)2

+ (δp − δy)F
′
y

(
δ− δy
δp − δy

)
+ Fy.

(24)

Unloading in the Brake model uses the same expression as the
Thornton model (eq. 7) with δmin given by continuity of force (eq. 10).
R∗un is given by different expressions depending on the type of load-
ing at the maximum displacement. R∗un for unloading from the elastic-
plastic regime is given by a Hermite cubic polynomial

R∗un =
(
2R∗ − 2R∗p + (δp − δy)R

∗′
p

)(δmax − δy
δp − δy

)3

+
(
−3R∗ + 3R∗p − (δp − δy)R

∗′
p

)(δmax − δy
δp − δy

)2

+ R∗
(25)

where R∗p is the unloading radius at δmax = δp and R∗′p is its deriva-
tive with respect to δ, which must be found numerically. For unload-
ing from the plastic regime, for small scale plasticity, the rebound
radius, δr is defined as the largest cubic root of an equation found
from conservation of the elastically deformed volume

Vm − Vy
δmax

δy
=
π

6
δr(3a

2
max + δ2r), (26)
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where Vm and Vy are the deformed volumes at δmax and δy, respec-
tively, given by

V =
π

6
δ(3a2 + δ2). (27)

Once δr has been calculate it can be used to find δmin = δmax − δr
and R∗un is calculated via eq. 10. For large scale plasticity R∗un =

R∗ + 1/2δmin. Switching from small to large scale plasticity occurs
when the two methods predict the same value for R∗un.

jg model The Jackson and Green (JG) model [47] consists of two
parts: Hertzian elastic loading and plastic loading. The plastic loading
relation was determined empirically from FEM simulations and the
parameters are directly related to the material properties

F

Fy
=

[
exp

(
−
1

4

(
δ

δy

)5/12
)](

δ

δy

)3/2

+
4HG

Cσy

[
1− exp

(
−
1

25

(
δ

δy

)5/9
)](

δ

δy

)
.

(28)

where HG is an effective hardness of the material

HG

σy
= 2.84

1− exp

−0.82

(
πCσy

2E∗

√
δ

δy

(
δ

1.9δy

)B/2
)−0.7

 ,

(29)

B = 0.14 exp
(
23
σy

E∗

)
(30)

and

C = 1.295 exp(0.736ν). (31)

Unlike the Brake, Thornton and Vu-Quoc and Zhang models which
use the Hertz elastic model up to the same yield displacement, given
by eq. 8, the JG model uses the Hertz elastic model up to 1.9 times the
yield displacement (called the ‘critical interference’ by Jackson and
Green). The original model does not contain unloading but it can be
used in conjunction with the unloading model of Etison et al. [45, 54]

Fn = Fmax

(
δ− δmin

δmax − δmin

)np

(32)

where np = 1.5(δmax/δy)
−0.0331 and

δmin = δmax

[
1−

(
δmax

δy

)−0.28
][
1−

(
δmax

δy

)−0.69
]

(33)
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Alternatively [55] it can be used with Hertzian unloading (the third
part of of eq. 7) with an empirical expression for δmin fitted to the
FEM results of Jackson et al. [56]

δmin = 1.02δmax

(
1−

(
δmax/δy + 5.9

6.9

)−0.54
)

(34)

and R∗un fixed by continuity of force at the transition from loading to
unloading.

2.3 tangential models

Tangential models are typically implemented by an algorithm using
incremental steps, calculating the force increment at each time-step
and adding it to the force at the previous time-step. This means
changes in the normal force which affect the tangential force are taken
into account. This prevents tangential models from giving unphysical
results [19]. Many tangential models rely on the concept of stick, slip
and sliding. When the tangential force is below the Coloumb limit,
Ft = µFn, where µ is the friction coefficient, the whole contact area
between two particles will be stuck. However, within the contact area
there will be localised regions of ‘slip’ where the local tangential force
is equal to the local Coloumb limit and localised areas of ‘stick’ where
the local tangential force is lower than the Coloumb limit. When the
global Coloumb limit is reached the entire contact will be in slip and
the particle will begin sliding.

2.3.1 Elastic Deformation

linear model In a simple linear model the magnitude of the
tangential force is given by

Fnt = Fn−1
t + ktδt, (35)

except if Fnt > µFn then the contact is sliding and Fnt = µFn, where
µ is the coefficient of friction according to Coloumb’s law. A linear
model is often used in conjunction with a linear normal force where
the normal spring constant is fixed to give the same contact duration
as the Hertz model. The tangential stiffness, kt is then assigned in
relation to kn, for example in Xu and Wu kt = kn [57] and in Landry
et al. kt = 2/7kn [58]. However, care should be taken when choosing
kt arbitrarily in this way. Thornton et al. [19] point out that the ratio
of the normal stiffness to the initial tangential stiffness is equal to κ
as given by Maw et al. [59] for two bodies with similar properties

κ ≡ kt

kn
=
2(1− ν)

(2− ν)
. (36)
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This means that the range of possible values for κ is 1 > κ > 2/3

for compressible materials, i. e. ν < 0.5. Values outside this range,
including κ = 2/7, give unphysical behaviour. In general the rebound
characteristics of a collision are very sensitive to the magnitude of
κ [60] and Thornton et al. [19] showed that it should be restricted to
κ = 0.8235 which corresponds to a Poisson’s ratio of 0.3.

mindlin no-slip model In the Mindlin model [15] slip in the
contact plane of the colliding bodies is neglected. This simplifies the
analysis considerably because it removes the need to store so many
historic parameters and reduces the tangential force to one simple
equation. Neglecting slip leads to infinite tangential tractions at the
edge of the contact area. The magnitude of the tangential force at
time-step n is given by

Fnt =

F
n−1
t + knt ∆δt, ∆Fn > 0

Fn−1
t

(
kn
t

kn−1
t

)
+ knt ∆δt, ∆Fn < 0

(37)

where kt is the tangential spring constant

kt = 8G
∗a, (38)

that depends on the Hertzian contact radius, a =
√
R∗δ. When the

normal force decreases the current tangential force has to be re-scaled
before the new increment is added because the contact area will have
decreased and will no longer be able to support the old value of
the tangential force [21]. An adapted version of the Mindlin model
by Di Renzo and Di Maio [61], which claims to transfer from stick
to sliding at a tangential displacement closer to the more accurate
Mindlin-Deresiewicz model (see below), has kt = (2/3) · 8G∗a.

lth model Langston, Tüzün and Heyes developed a model simi-
lar to the Mindlin model for tangential forces that they used to simu-
late the flow of particles in a hopper [8]. The tangential force is given
by

Ft = µFn

[
1−

(
1−

min(|δt|, δt,max)

δt,max

)3/2
]

, (39)

where

δt,max = µδn
2− ν

2(1− ν)
, (40)

is the maximum tangential displacement before sliding occurs. The
condition min(|δt|, δt,max) means that the Coulomb limit is met when
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the tangential displacement exceeds the maximum tangential displace-
ment and the contact begins to slide.

Thornton et al. [19] dismissed the LTH model concluding that it
exhibits strange behaviour that creates energy. However, when im-
plemented correctly by mapping the tangential displacement on to
the new tangential force displacement curve when the normal force
changes, as shown by Zheng et al. [6], it no longer displays unphys-
ical behaviour. Therefore, it is reconsidered in this work using the
implementation detailed in fig. A2 of Ref. [6].

mindlin-deresiewicz model The Mindlin-Deresiewicz (MD)
model [16] is somewhat complex, taking into account stick and slip
across the contact area. It depends on the loading history and for this
reason it is difficult to implement into DEM codes, requiring a num-
ber of parameters to be stored between time steps and a incremental
force calculation scheme. The Hertz model is used in the normal di-
rection and the following consolidated equations are used in the tan-
gential direction, where a =

√
R∗δn, and the negative sign is invoked

during unloading [62]

∆Ft = 8aG
∗θ∆δt ± µ(1− θ)∆Fn, (41)

where

θ3 =


1− Ft+µ∆Fn

µFn
, ∆δt > 0 (loading)

1−
F∗t−Ft+2µ∆Fn

2µFn
, ∆δt < 0 (unloading)

1−
F∗t−F∗∗t +2µ∆Fn

2µFn
, ∆δt < 0 (reloading).

(42)

There is an assumption in the Mindlin-Deresiewicz model that each
incremental step meets the simple loading condition. The simple load-
ing condition means that the state of the system, independent of load-
ing history, can also be reached by a tangential loading path with a
constant normal force. This assumption is not met when ∆Fn > 0 and

|∆δt| <
µ∆Fn

8G∗a
. (43)

A satisfactory solution is to set θ = 1 until the simple loading
condition is met (when ∆Ft > µ∆Fn) [63, 64].
F∗t is the load reversal point from tangential loading to unloading

and it must be constantly updated. During loading it is equal to the
tangential force, otherwise it is given by

F∗t = F∗t + µ∆Fn (44)
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Figure 5: Comparison of the Mindlin, LTH and Mindlin-Deresiewicz mod-
els for the collision of an elastic sphere with a rigid surface.
The sphere has a radius of 2.96mm and material properties E =

2246MPa, ν = 0.3, σy = 20.5MPa and ρ = 1000kgm−3 in all cases.
The normal velocity is 310mms−1 and the angle of incidence is 15

degrees.

Similarly F∗∗t is the load reversal point from unloading to reloading.
During reloading it is equal to the tangential force, otherwise it is
given by

F∗∗t = F∗∗t − µ∆Fn (45)

Mindlin-Deresiewicz is often used as an ‘exact’ benchmark against
which to test other tangential models instead of FEM simulations or
experiments [19].

Fig. 5 shows the Mindlin, LTH and Mindlin-Deresiewicz models for
the collision of an elastic sphere, with identical properties in each case,
with a rigid surface. The Mindlin and Mindlin-Deresiewicz models
diverge only during unloading and reloading/sliding whereas the
LTH model is also different during loading. However, for this simple
case the differences between the models are relatively small.

maw, barber and fawcett (mbf) Maw, Barber and Fawcett [59]
developed a model for the tangential force in elastic collisions that
performs well when compared to experiments [65]. Like the previous
models discussed it relies on the use of the Hertz model in the nor-
mal direction. In order to calculate the tangential force, the contact
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area is divided into n equi-spaced concentric annuli, each of which is
stuck or slipping. The tangential traction at a radius r is given by

f(r) =

n∑
i=j

wi

(
1−

n2r2

a2i2

)1/2

(46)

where j is the smallest integer greater than nr/a andwi is a traction
coefficient that depends on sticking or slipping. The coefficients can
be determined by solving a series of simultaneous equations depen-
dant on the tractions and displacement of each annulus. The resulting
tractions are checked to ensure they are consistent across each annu-
lus - in sticking annuli the tangential traction should not exceed the
friction coefficient multiplied by the normal traction and in sliding an-
nuli the sliding should be in the expected direction. If the conditions
are not satisfied the behaviour of the annulus is changed and the trac-
tion recalculated. This is repeated until the conditions are satisfied.
The force can then be found by integrating the tangential tractions
across the contact area

Ft =
2πa2

3

n∑
i=1

i2

n2
wi. (47)

It is clear that the MBF model is not suitable for use in DEM sim-
ulations because of its complexity. Solving a series of simultaneous
equations several times until a self consistent solution is found for
every collision at every time step is not computationally feasible. Di
Renzo and Di Maio [64], for example, used 1000 annuli to compute
the force for one contact, meaning a system of 1000 equations needs to
be solved for every collision at every time-step. Not only is this com-
putationally expensive it also has high memory requirements because
the force and displacement for every annulus needs to be stored be-
tween time steps. For these reasons the MBF model is not considered
further.

2.3.2 Plastic Deformation

There has been less focus on tangential models for elastic-plastic
materials in the literature. Often elastic-plastic normal models are
used in conjunction with elastic tangential models that are slightly
adapted to account for the different contact radius during elastic-
plastic loading [21] or with linear elastic models with a viscous damp-
ing term [25, 66].

Vu-Quoc et al. [67] extended their normal model to tangential forces
but again it is very complex making it computationally expensive to
implement. It has also been shown [68] that it does not match the
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experimental results of Gorham and Kharaz [69] for the impact of
an aluminium oxide sphere with an aluminium alloy surface. Wu
et al. [70] developed a semi-analytical model for oblique impacts of
elastic-plastic spheres but it focuses on rebound kinematics rather
than force displacement relations and so is unsuited to DEM imple-
mentation, where a force is required to move the particles. Brake [68]
recently developed an elastic-plastic model based on the MBF ap-
proach of dividing the contact area into concentric annuli. While his
model compares well with experimental results it is unsuited to use in
DEM simulations for the same reasons as the MBF model on which it
is based; it is too computationally expensive. Olsson and Larsson [71]
have developed an elastic-plastic model that is more suited to use in
DEM simulations, however it only describes tangential forces when
the normal displacement is fixed. It does not describe a fully oblique
collision between spheres where the normal and tangential displace-
ment vary simultaneously.

2.4 viscoelastic deformation - the tsuji model

The viscoelastic Tsuji model [72] is widely used due to its relative sim-
plicity. It has expressions for both the normal force and the tangential
force. In the normal direction it combines the Hertz model with a dis-
sipative term and in the tangential direction the Mindlin model (see
above) with a dissipative term

Fn = −knδ
3/2 − ηδ̇, (48)

and

Ft = −ktδt − ηδ̇t, (49)

where kn is given by eq. 2, kt is given by eq. 38 and η is the same
damping factor in both the normal and tangential directions, given
by

η = α(m∗kn)
1/2δ1/4, (50)

where α is an empirical parameter related to the coefficient of resti-
tution, e, and m∗ is the effective mass. The coefficient of restitution
is not an intrinsic material property and can be difficult to measure
experimentally. This means the model is susceptible to any errors in
finding α. Kruggel-Emden et al. [17] use η as an adjustable model
parameter allowing the model to be fitted directly to force displace-
ment results from experiments. They found that the model displays
unphysical behaviour (unless particles are adhesive): towards the end
of a collision it produces a positive force, meaning the colliding parti-
cles are decelerated as they move away from each other.
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2.5 using dem simulations to solve industrial problems

DEM is suited to investigate a number of engineering problems, for
example bulk compression of a pellet or powder bed. The use of DEM
to investigate this system is discussed below as an example of the
suitability of DEM as a technique and the need for an accurate model
that is computationally fast and easy to implement. DEM simulations
of bulk compaction are used later in this thesis to validate the force
displacement models developed against experimental results.

2.5.1 Bulk Compaction

Elastic-plastic force displacement models are ideal for using in sim-
ulations of bulk compaction because compaction involves forces that
are likely to initiate plastic yield. A number of DEM simulations of
bulk compaction have been performed by Hassanpour and Ghadiri [73,
74], Samimi, Hassanpour and Ghadiri [33], Martin et al. [40], Chung
and Ooi [75], Sheng et al. [76], Persson and Frenning [77] and Thakur
et al. [78].

Hassanpour and Ghadiri use the Thornton force displacement model [32]
to simulate elastic-plastic powders typically used in the pharmaceu-
tical industry. They investigate the relationship between the Heckel
parameter, a macroscopic property of a compressed bed that is often
used as a measure of particle yield stress, and the actual particle yield
stress. Persson and Frenning also use the Thornton model to simulate
compaction of a granular bed [77]. DEM simulations have also been
used to investigate tablet formation and failure mechanisms, which
are important in the pharmaceutical industry [2].

Sheng et al. [76] carried out DEM simulations of bulk compaction
to obtain detailed information about the evolution of the internal
structure of particle assemblies. They compared their results with
the correlated bulk mechanical response and found relationships be-
tween the particle properties, micro-structures of the assembly and
the macro behaviour of the compacts. Furthermore they found that
the material properties can have a great influence on the mechanical
properties of the compact as a whole.

Thakur et al. [78] carried out experiments and DEM modelling of
the packing, compression, and caking behaviour of detergent pow-
ders. They found that DEM modelling using an elastic-plastic adhe-
sive contact model [25] was able to capture the detergent behaviour
reasonably well and can be used to model complex processes involv-
ing these powders.
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2.6 summary

In this chapter some of the existing normal and tangential force dis-
placement models for elastic and elastic-plastic materials have been
outlined. While many of the models are widely used in DEM, with
varying degrees of success, they suffer from drawbacks, as summarised
in tables 1 and 2. For example, linear models contain little of the un-
derlying physics of the contact problem and require careful calibra-
tion of model parameters. Other models are too computationally ex-
pensive to be used in DEM or have parameters that need to be fitted
to experimental results for every material to be simulated.

The force displacement models developed in Chapters 4 and 5 seek
to address some of these drawbacks by capturing the essential physics
of the contact problem while maintaining relative computational ease
so that they are suitable for use in DEM. They also have parameters
that can be calculated from material properties, such as Young’s mod-
ulus and yield stress, rather than having to be found by fitting to
experiments or FEM simulations. The models are for elastic-perfectly
plastic materials because there has been less focus on them in the
literature. This is because of their complexity; they have to take into
account the transition between elastic, elastic-plastic and plastic be-
haviour and between loading, unloading and reloading stages.



4
6

l
i
t

e
r

a
t

u
r

e
r

e
v

i
e

w

Model Advantages Disadvantages

Hertz Accurate Not suitable for non-elastic materials

Linear Computationally inexpensive Inaccurate, parameters require calibration

Thornton Computationally inexpensive, accurate Requires fitting of parameters

Tomas Computationally inexpensive, accurate Requires fitting of parameters

Stronge Analytical Discontinuous

Storåkers Computationally inexpensive Inaccurate

Vu-Quoc Accurate Computationally expensive, requires fitting of parameters

LWT Accurate Computationally expensive

Brake Accurate Computationally expensive

Jackson Green Accurate Discontinuous

Table 1: Summary of the advantages and the disadvantages of the normal force displacement models discussed in this chapter. For more details see
section 2.2.
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Model Advantages Disadvantages

Linear Computationally inexpensive Inaccurate, parameters require calibration

Mindlin Computationally inexpensive Does not account for local slip

LTH Computationally inexpensive Does not account for local slip

Mindlin-Deresiewicz Accurate Complex, requires many parameters

MBF Accurate Computationally expensive

Table 2: Summary of the advantages and the disadvantages of the tangential force displacement models discussed in this chapter. For more details see
section 2.3.1.





3
M E T H O D

3.1 introduction

The Finite Element Method (FEM) discretises a structure into a set of
elements, which are connected at nodes. At the nodes the elements
share degrees of freedom. This process results in a series of simul-
taneous equations that can be solved to give the value of unknown
variables at the nodes. FEM has been widely used since the 1950s to
solve a range of engineering problems, including stress analysis, con-
tact and heat transfer [79]. It has a number of advantages that make it
a useful tool to investigate contact problems. For example, the initial
conditions can easily be specified and controlled, unlike in experi-
ments, where uncertainty in the initial conditions can often result in
low levels of reproducibility. FEM also provides a large amount of
detail including the stress distributions, deformation and forces in
contacting bodies which are often difficult or impossible to obtain
from experiments. FEM will only produce accurate and useful results
if the system is set up well and the boundary conditions are correctly
defined. Full detail of the FEM is outside the scope of this work but
can be found in, for example, Hughes [79].

Contact/impact problems are inherently complex and non-linear
making them difficult to solve. However, the advance of computa-
tional power combined with FEM allows them to be solved to a high
level of accuracy [79]. In this study the software package Abaqus [80]
is used to investigate the contact between an elastic-plastic sphere and
a rigid plane or an elastic half-space using FEM. FEM has been widely
used in many different studies to investigate contact and impact prob-
lems of spheres, including by Hughes [22], Mesarovic and Fleck [81],
Vu-Quoc and co-workers [44, 13, 23, 82], Jackson and Green [47, 56,
55], Etsion and co-workers [54, 83] Zheng et al. [6], Wu [84] and Wu
et al. [85].

In this chapter the FEM models used for the simulations in this
work are set out including the careful verification of the models against
analytical results where possible.

3.2 contact models

As detailed in Chapter 2 DEM simulations require normal and tan-
gential force displacement models. Therefore, in order to develop a
new force displacement model four different FEM models are em-
ployed to investigate different aspects of the elastic-plastic contact
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problem, two for normal impacts and two for tangential impacts.
Models A and B are for normal impacts. Model A is a computation-
ally efficient model for looking at normal contacts with small displace-
ments, suitable for investigating contacts in the elastic-plastic region.
Model B is more computationally expensive than model A but allows
for the study of contacts with larger displacements. This is necessary
for looking at contacts in the plastic region, which occurs at large dis-
placements. Models A and B together allow investigation of the whole
spectrum of normal behaviours - elastic, elastic-plastic and plastic. It
would be possible to use axi-symmetric 2D models for simulations of
purely normal impact. They were not used in this case because the
original intention was to use the same models (A and B) for tangen-
tial and oblique impacts, which cannot be simulated with 2D models.
However, it became clear during the project that new models would
be needed for these kinds of impacts and therefore models C and D
where developed.

Models C and D are for oblique impacts. Model C is designed for
looking at contacts where the normal force is held constant and the
tangential force increases. This simplification is used to get a better
understanding of the tangential force behaviour in the absence of a
changing normal force. Model D is the most complex model and al-
lows for the simulation of full oblique collisions where the normal
and tangential forces are varying. Models C and D allow investiga-
tion of the full range of behaviour of tangential forces in an oblique
collision. The development of all four models is informed by models
used in the literature. The plasticity in all models is modelled using
the inbuilt routine in Abaqus which allows the user to specify the
yield stress and, if required, the stress-strain curve above the yield
stress.

3.3 model a : normal impacts

Model A is for simulating the normal impact of a deformable elastic-
perfectly plastic sphere on a rigid surface. By symmetry the collision
of a sphere with a rigid flat is the same as a collision of two identical
spheres with double the Young’s modulus (this will give the same ef-
fective Young’s modulus for the combined system). Only a small por-
tion of the sphere, which can be seen in fig. 6, is simulated because
the contact area is very localised. The contact radius obtained during
the FEM simulations is much smaller than all other dimensions and,
therefore, the remote boundaries do not affect the solution. This is
the method employed by Zheng et al. [6] and they show that using a
portion instead of the whole sphere has little impact on the results of
the simulations as long as the boundary conditions are correctly pre-
scribed. The simulations are carried out using a quasi-static approach,
where the motion of the sphere is controlled via well-defined bound-
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ary conditions. This is suitable for the majority of the situations en-
countered in conventional applications and in-service loading, where
materials are perfectly plastic or show rate-independent hardening
behaviour. The meshing technique is also very similar to that used
by Zheng et al. but is characterised by a denser mesh in the contact
area. The sphere portion is meshed with 52497 C3D8 elements. C3D8

elements are a 3D continuum hexahedral brick element with eight
nodes designed for stress/displacement analysis.

boundary and initial conditions The rigid surface is fixed
in every direction so that it cannot move. The flat front surface of
the sphere is fixed so that it cannot move in the z−direction (out
of the plane) in order to enforce the symmetry of the system - and
allow it to be modelled with half a sphere segment. The flat top of
the sphere segment moves linearly down towards the rigid surface
to a maximum displacement of 0.0001mm. The contact between the
sphere and the rigid plane is modelled as surface to surface type, with
the properties of hard contact in the normal direction.

(a) Schematic showing the area of the
sphere that is modelled (shaded).

(b) Mesh used in the FEM simula-
tions.

(c) Refined mesh at the surface of the
sphere where contact occurs.

Figure 6: Detail of model A
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Figure 7: Comparison between the results of an FEM simulation of an elastic
sphere (E = 26000MPa, ν = 0.0) using model A and Hertz.

In order to verify the suitability of the model, a simulation was
carried out of the normal impact of an elastic sphere with properties
E = 26000MPa, ν = 0.0 on a rigid surface. These properties are in
the range typical of pharmaceutical powders [86], which are often
simulated using DEM. Fig. 7 shows the force displacement response
from the FEM simulation compared to the Hertz model (eq. 1). The
match is good, with only a very small discrepancy (less than 1%) at
the highest displacement. The error at the highest displacement is
because the edges of the sphere segment are just beginning to have
an effect on the contact area. Therefore a larger segment (model B) is
needed to simulate bigger displacements. To further verify the model
fig. 8 shows the pressure at each contact node in the FEM simulation
at the greatest displacement (0.0001mm) and the surface given by the
Hertzian pressure, eq. 6.

It can be seen in the figure that the points from the FEM simula-
tion all fall on the Hertzian surface and that the simulation correctly
predicts the contact radius and the maximum pressure at the centre
of the contact area. The percentage error between the FEM and the
Hertzian solution is ∼ 1% except at the edges of the contact where it
increases slightly. This is in part because the absolute value of pres-
sure is smaller at the edge.

For perfectly plastic materials only the yield stress needs to be
specified in a FEM simulation. The elastic behaviour of the sphere is
specified by the Young’s modulus and Poisson’s ratio. Table 3 shows
the initial values of the these parameters for model A and the range
across which they are varied in the simulations that are carried out
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Figure 8: The pressure at the nodes in contact with the rigid plane (blue
dots) in an FEM simulation of an elastic sphere (E = 26000MPa,
ν = 0.0) using model A and the Hertzian pressure given by equa-
tion 6 (orange surface).

Variable Initial Value Variation Range

Radius, R 0.1mm -

Young’s modulus, E 6100MPa 100-26000MPa

Poisson’s ratio, ν 0.0 0.0-0.5

Yield stress, σy 40MPa 0.405-160MPa

Table 3: Properties used in elastic and elastic-plastic FEM simulations using
Model A. The yield stress is only used for elastic-plastic materials.

(see Chapter 4). The relationship between the Young’s modulus and
yield stress is kept roughly linear to mimic the response of real materi-
als [73] and to make sure plastic deformation is reached for the small
displacements studied and typically found in DEM simulations.

3.4 model b : extended normal impacts

The maximum possible normal displacement that can be simulated
by model A is limited by the small segment size - above a certain
value of displacement the boundaries will affect the results and the
model will no longer be representative of a whole sphere. Therefore,
a second model is developed that uses a larger segment of a sphere
in order to model larger normal displacements. The larger segment
is shown in fig. 9 and is meshed in a similar way to Model A with
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Variable Initial Value Variation Range

Radius, R 0.1mm -

Young’s modulus, E 6100MPa 1400-26000MPa

Poisson’s ratio, ν 0.0 -

Yield stress, σy 40MPa 10-160MPa

Table 4: Material properties used in FEM simulations using model B.

a greater density of elements in the contact area. However the re-
fined area is bigger because larger normal displacements result in
larger contact areas. The segment is meshed with 747857 C3D8R ele-
ments. C3D8R elements are the same as C3D8 elements except they
use a reduced number of integration points. This reduces the com-
putational expense of the simulations. Reducing the number of inte-
gration points can cause hourglassing where the elements distort in
unphysical ways. However, C3D8R elements also also employ hour-
glass control which reduces the likelihood of hourglassing. The sim-
ulations are carried out using the explicit method in Abaqus where
the sphere is assigned an initial normal velocity and allowed to move
under this velocity. Mass scaling is used to ensure the simulations
are still quasi-static in nature. However, having carried out the sim-
ulations it became clear that mass scaling was unnecessary in this
case.

boundary and initial conditions The rigid surface is fixed
in every direction so that it cannot move. The flat front surface of the
sphere is fixed so that it cannot move in the z−direction (out of the
plane) in order to enforce the symmetry of the system - and allow
it to be modelled with half a sphere segment. The sphere segment is
assigned an initial normal velocity of 6ms−1. The contact between the
sphere and the rigid plane is modelled as surface to surface type.

Model B is verified by comparing the results from the simulation
of an elastic sphere with the Hertz model, fig. 10. The elastic mate-
rial properties used are E = 26000MPa, ν = 0.0. There is a small
discrepancy between the Hertz model and the FEM results at the
highest value of displacement because as the displacement increases
the small deformation assumptions underlying the Hertz model be-
gin to break down. As detailed in Chapter 2 the contact area must
be small compared to the size of the body. It is also possible that the
discrepancy is because the full sphere is not being simulated and the
artificial boundaries are affecting the force.

The elastic-plastic material properties used in simulations using
model B are shown in table 4.
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(a) Schematic showing the area of the
sphere that is modelled (shaded).

(b) Mesh used in the FEM simula-
tions.

(c) Refined mesh at the surface of the
sphere where contact occurs.

Figure 9: Detail of model B

3.5 model c : tangential with fixed normal force

This model is based on Model A, using the same sphere segment
with a more highly refined mesh in the contact area in order to cap-
ture the changes in behaviour when tangential forces are applied. In
this case the sphere segment is meshed with 354960 C3D8R elements.
A simulation consists of two steps - in the first step the normal force
on the top of the sphere segment is increased linearly up to a maxi-
mum specified value, causing the sphere to deform as it impacts the
rigid plane. This normal force is then held constant in the second step
while the sphere is moved linearly in the tangential direction up to a
specified maximum displacement.

boundary and initial conditions The rigid surface is fixed
in every direction so that it cannot move. The flat front surface of the
sphere is fixed so that it cannot move in the z−direction (out of the
plane) in order to enforce the symmetry of the system - and allow it
to be modelled with half a sphere segment. A normal force is applied
to the top of the sphere which increases linearly to a maximum that
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Figure 10: Comparison between the results of an FEM simulation of an elas-
tic sphere (E = 26000MPa, ν = 0.0) using model B and Hertz.

is varied for each simulation. The top of the of the sphere then moves
tangentially up to a maximum displacement of 0.5 times the normal
displacement. The contact between the sphere and the rigid plane
is modelled as surface to surface type, with the properties of hard
contact in the normal direction and friction in the tangential direction.

Contact between surfaces with dissimilar material properties can
cause coupling between the normal and shear tractions [87], i. e. the
behaviour of one is dependent on the other and they cannot be treated
independently. Coupling leads to non-symmetric tangential tractions
during the tangential force step, whereas, if there is no coupling the
tangential tractions are symmetrical. This means that the impact of
a sphere with a rigid plane is not necessarily going to reproduce
the same results as the impact of two identical spheres (with double
the Young’s modulus) because there will be coupling of tractions in
the former but not in the later. The amount of coupling is given by
Dundurs’ constant, eq. 51, where β = 0 is no coupling. The largest
coupling in practice is about β = 0.4 (steel on concrete) [87].

β =

1−2ν1

2G1
− 1−2ν2

2G2

1−ν1

G1
− 1−ν2

G2

, (51)

where G is the shear modulus. In model C the first (normal) step
is frictionless to avoid coupling before friction is introduced for the
second step. This ensures the model is comparable to the collision
of two spheres with identical properties where there would be no
coupling between the normal and shear tractions.
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The inception of local sliding between the sphere segment and the
rigid plane in the second step is given by the critical shear stress cri-
terion - once the local shear stress reaches the critical shear stress, τc,
local slip occurs. τc = σy/

√
3, as used by Wu et al. [85]. This value of

the critical shear stress comes from the von Mises yield criterion. Fix-
ing the value of τc will lead to a friction coefficient, µ, that depends
on the normal force because τc = µp, where p is the varying normal
pressure. The idea that sliding (which occurs when the when the criti-
cal stress is reached) is dependent on the plastic deformation was first
put forward by Bowden and Tabor [88] and Tabor [89]. Building on
their work, Chang et al. [52] found that the friction coefficient strongly
depends on the normal load for relatively smooth surfaces. Having
a variable friction coefficient is a more physical approach because
a fixed friction coefficient assumes elastic-plastic materials maintain
their full virgin shear strength despite plastic failure [90]. A cap is
placed on the friction coefficient of 1.0, because it is likely that other
factors (such as surface asperities) would stop it going higher than
this for real materials.

Any local point in an FEM simulation where two surfaces are in
contact will either be sticking or slipping depending whether the lo-
cal shear stress is greater than the critical shear stress at that point. In
Abaqus this condition can be exactly enforced by using the Lagrange
multiplier method for friction. However, this adds computational ex-
pense to a simulation and can prevent simulations from converging.
The alternative, used in this work, is to use a penalty method for
friction. In this method a slip tolerance is specified that allows some
relative movement between the surfaces in contact below the critical
shear stress. This makes it more likely a simulation will converge.
The penalty method can lead to a loss of accuracy if the slip tolerance
is too high. Therefore, to minimise the loss of accuracy simulations
using an elastic sphere were carried out using the penalty method
and Lagrangian method and the results compared. The slip tolerance
for the penalty method is reduced until the tangential force displace-
ment response from the simulation matches that found using the La-
grangian method (material properties used are in table 6, in this case
the yield stress is not needed). This value of slip tolerance (1× 10−4)
is then used in all subsequent FEM simulations. The comparison of
the penalty method and Lagrangian method results can be seen in
fig. 11. To further verify the model the tangential force displacement
results from the simulation with slip tolerance 1× 10−4 are compared
to the Mindlin-Deresiewicz model in fig. 12, which, when the normal
force is fixed, provides an analytical solution. There is a good match
with the FEM results.

The material properties used in subsequent elastic-plastic simula-
tions (Chapter 5) using Model C are shown in table 6.
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Figure 11: Tangential force against displacement from a series of FEM simu-
lations using the penalty method for friction (solid lines) com-
pared to the results from an FEM simulation using the La-
grangian method for friction (black crosses).
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Figure 12: Tangential force against displacement from FEM simulations us-
ing model C compared to the Mindlin-Deresiewicz force displace-
ment model.
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Figure 13: Schematic of Model D. The shaded area is the zone where the
mesh is most highly refined.

3.6 model d : full oblique collision

Model D is for fully oblique collisions of an elastic-plastic or elastic
sphere and an elastic half-space, fig 13. It allows the detailed inves-
tigation of the normal and tangential force response as the sphere
rebounds from a collision. An elastic half-space is used, instead of a
rigid surface, to avoid coupling between the normal and shear trac-
tions [87] as discussed above in section 3.5. The sphere is meshed
with 316404 C3D8R elements and the half-space with 931855 C3D8R
elements, see full model in fig 14 and detail in fig. 15.

The dimensions of the half-space are chosen according to the work
of Wu [84] so that the edges are sufficiently far from the contact
area as to have no impact on the results of the simulation. Only
half the sphere is simulated because the system is symmetric in the
z−direction. For these simulations the Abaqus explicit solver is used
where the sphere is assigned an initial normal and tangential velocity
and is then free move under the interplay of its inertias and exter-
nal forces. Mass scaling is used to ensure the simulations are still
quasi-static in nature. However, having carried out the simulations
it became clear that mass scaling was unnecessary in this case. In
order to change the angle of impact, θ, between simulations the ini-
tial normal velocity, Vn, is kept constant across simulations while the
tangential velocity, Vt, is varied (see fig. 13). This makes comparisons
between simulations at different angles easier to compare because the
normal response is the same (assuming decoupling between normal
and tangential responses - an assumption that is tested in Chapter 5).
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Figure 14: Model D Mesh

boundary and initial conditions The bottom surface of the
half-space and the sides not in contact with the sphere are fixed so
they cannot move in any direction. The flat surface of the sphere is
fixed so that it cannot move in the z−direction (out of the plane)
in order to enforce the symmetry of the system - and allow it to be
modelled with half a sphere. The sphere segment is assigned an initial
normal velocity of 1ms−1 and the initial tangential velocity is varied
in order to vary the angle of incidence, θ, from 15 to 65 degrees. The
contact between the sphere and the half space is modelled as surface
to surface type.

(a) Refined mesh at the surface of the
half-space where contact occurs.

(b) Refined mesh at the surface of the
sphere where contact occurs.

Figure 15: Detail of model D

The sphere and half space have the properties shown in table 5

for elastic simulations and table 6 for elastic-plastic simulations. The
properties in table 5 are significantly different to those used for the
other simulations with Model D because they are taken from Wu [84]
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Variable Initial Value

Density, ρ 7850 kgm−3

Radius, R 0.01mm

Young’s modulus, E 208000MPa

Poisson’s ratio, ν 0.3

Friction coefficient, µ 0.3

Table 5: Parameters used in the oblique elastic FEM simulations using
Model D.

Variable Initial Value Variation Range

Density, ρ 7850 kgm−3 -

Radius, R 0.1mm -

Young’s modulus, E 26000MPa 8500-26000MPa

Yield stress, σy 160MPa 50-160MPa

Poisson’s ratio, ν 0.3 -

Table 6: Parameters used in elastic (model C only) and elastic-plastic FEM
simulations using Models C and D. The yield stress is only used for
elastic-plastic materials.

and were chosen so that the results of the simulations could be ver-
ified against results from that work to ensure the FEM simulations
were converging correctly. Friction is defined in the same way as in
model C with a critical shear stress, τc = σy/

√
3. The sphere has no

initial rotational velocity but is able to rotate throughout the course
of the simulation.

Fig. 16 shows the normal force from the results of a FEM simulation
of the collision of an elastic sphere with an elastic half-space using
model D compared to the force from the Hertz model There is a
very good match showing the suitability of the model for simulating
elastic oblique collisions at least.

3.7 test code

To test and compare the various force displacement models from the
literature and those developed in this work a test code was written us-
ing Python. The code simulates the two-dimensional oblique collision
of a sphere with a rigid surface, as shown in fig. 17. The code takes
the material properties, model parameters (if necessary), the initial
velocity, Vi, and angle of incidence, θi as inputs. The sphere does not
rotate prior to the collision but can rotate after impact. The force dis-
placement model used to calculate the normal and tangential forces
is also specified as an input. A fourth order Runge-Kutta algorithm
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Figure 16: Comparison between the results of an FEM simulation of an elas-
tic sphere impacting with an elastic half-space using model D and
the Hertz force.

was used to integrate the acceleration to find the new position and
velocity of the sphere at each time-step.

3.8 summary

In this chapter four FEM models that are used for simulations of
various aspects of contact deformation have been detailed. The mod-
els have been verified against analytical models for elastic materials
where possible. It is assumed that the qualities of FEM and the correct
setting of boundary conditions as shown by the verification for elastic
materials mean that simulations using the models will give accurate
results for elastic-plastic materials.
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Figure 17: Schematic of a 2D oblique collision of a sphere with a rigid plane.





4
N O R M A L M O D E L

4.1 introduction

In this chapter a new normal force displacement model for spherical
elastic-perfectly plastic particles that addresses some of the limita-
tions of existing force displacement models discussed in Chapter 2 is
presented. It was developed using FEM simulations of models A and
B, as detailed in chapter 3. Relationships between forces and displace-
ments are derived for the loading, unloading and re-loading stages
of the contact interactions and can be implemented into DEM codes
without the need for complex numerical methods. The force displace-
ment model has parameters that can be derived directly from ma-
terial properties and it is designed for small relative displacements
common in DEM. It is compared with the Thornton model [32] and
the Brake [45] and Jackson-Green (JG) [47] models. In section 4.4
of the chapter the model is extended into the plastic regime. Fur-
ther comparisons are made with the Thornton model and the Tomas
model [34].

This chapter up to section 4.3 is based on ref. [1] published in the
journal Powder Technology.

4.2 development of the new model

The nature of the behaviour of an elastic-plastic material means that
the model must be able to capture all of the force displacement re-
sponse: elastic loading, elastic-plastic loading, plastic loading, unload-
ing and re-loading.

4.2.1 Elastic Loading

The elastic loading is described by the Hertz contact model until the
normal yield displacement, δy, is reached, above which elastic-plastic
loading begins, as in the Thornton, Vu-Quoc and Zhang and Brake
models. δy is given by eq. 8 and py is determined through its rela-
tionship with Poisson’s ratio, ν, as discussed in section 2.2.2. Ay[ν]

can be easily tabulated for use in a DEM code because it has a single
value for each value of ν. Alternatively the approximate linear expres-
sion Ay[ν] = 1.234+ 1.256ν, found by Taylor expansion of eq. 117, can
be used [91].

65
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Figure 18: The force displacement curve for the initial material (table 3) and
the 2D pressure profile at the points in the loading cycle marked
with arrows for the impact of an elastic-plastic sphere with a rigid
surface. r is the distance from the centre of the contact area.

4.2.2 Elastic-Plastic Loading

To consider the elastic-plastic and plastic regions the first step is to
study the pressure distribution across the contact area, after the yield
displacement, using FEM simulations of model A. Fig. 18 shows the
evolution of the pressure profile on a path through the contact area
as the normal force increases. The intermediate region immediately
above the yield displacement but before plastic loading (where the
entire surface of the contact area is deforming plastically) is elastic-
plastic loading. Here the pressure profile has characteristics of both
elastic and plastic behaviour, some parts of the contact surface will
be deforming plastically, while others will be deforming elastically
(see figs. 20 and 21). The pressure across the contact area increases
through this region and tends towards a constant value. Constant,
uniform pressure across the contact is a sign that plastic deforma-
tion has reached the surface of the sphere [45, 92]. At this stage the
force can be approximated by the product of this pressure and the
contact area. Fig. 19 shows a contour plot of the contact pressure
for a material with the initial properties shown in table 3 at a dis-
placement of 0.0001mm, which is above the yield displacement of
1.8 × 10−5mm. These numerical results show typical pressure con-
tours obtained in the elastic-plastic region. The contact pressure is
uniform across the contact area with a sharp drop off at the edge of
the contact. Figs. 20 and 21 provide further evidence that the plas-
tic deformation has reached the surface of the sphere, at the edges
of the contact area, at this displacement. The figures show the von
Mises stress and the maximum principle plastic strain, respectively.
The parts of the contact area where the stress is above the yield stress
correspond to the parts that show plastic strain. The greatest plastic
strain is seen below the surface where yield first takes place.

Elastic-plastic loading and plastic loading are often considered as
just plastic loading, as in the Thornton model. However, it is impor-
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Figure 19: The contact area shown within the sphere portion for the impact
of an elastic-plastic sphere with a rigid surface. The contours
show the pressure in MPa across the contact area at the maxi-
mum displacement, 0.0001mm, for the material with the initial
properties in table 3.
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Figure 20: The contact area shown within the sphere portion for the im-
pact of an elastic-plastic sphere with a rigid surface. The contours
show the von Mises stress in MPa at the maximum displacement,
0.0001mm, for the material with the initial properties in table 3.
The areas where the stress is above the yield stress are shown in
grey
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Figure 21: The contact area shown within the sphere portion for the im-
pact of an elastic-plastic sphere with a rigid surface. The contours
show the dimensionless plastic strain at the maximum displace-
ment, 0.0001mm, for the material with the initial properties in
table 3.
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tant to correctly describe the force displacement in the elastic-plastic
region as it is non-linear whereas in the plastic region it is linear.

The approach taken with the new force displacement model is to
calculate the force as the product of the contact area and uniform
pressure. The value of this uniform pressure is described by a func-
tion that tends to a constant value as displacement increases. In order
to correctly describe the mixed region when the pressure is not uni-
form across the contact area a reduced contact radius is used - i.e. the
contact radius as it would be if the pressure were uniform. Both the
pressure and reduced radius are obtained using the results of FEM
simulations.

The following equation for the pressure at the centre of the contact
area above the yield displacement is formulated based on the FEM
simulation results

p = D arctanbδ. (52)

A number of materials with different properties across the wide range
shown in table 3 are simulated and equation 52 is fitted to the pres-
sure curve of each one using D as an adjustable parameter. The fit
made for the material properties E = 26000MPa, ν = 0.3, σy =

160MPa is shown in Fig. 22. The quality of the fit is slightly less than
might be expected because the parameter b is fixed by the physical
constraints of the model (see below) and so cannot be freely varied.
However this does not adversely affect the overall model as shown
in section 4.3. Taking the values of D for the range of materials fitted
and performing a least squares fit using the Mathematica package a
linear relationship is found between D and the yield stress that varies
solely as a function of Poisson’s ratio

D = (1.22+ 0.69ν)σy. (53)

The value of b is fixed by the constraint that the pressure must equal
the maximum Hertzian pressure at the yield displacement δy

b =
1

δy
tan

Ay[ν]

(1.22+ 0.69ν)
. (54)

Fig 23 shows the reduced contact radius for one of the materials
simulated with E = 26000MPa, ν = 0.3, σy = 160MPa. The follow-
ing equation is formulated for the reduced radius based on the FEM
results

a = cδ+ d

(
δ

δy

)z

, (55)

where c is a adjustable parameter related to the ratio of the equiva-
lent Young’s modulus to the yield stress. The parameter c is found
for a number of materials (table 3) and a linear relationship, Fig 24,
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Figure 22: Variation of pressure at the centre of the contact area above the
yield displacement for an elastic-plastic sphere with the proper-
ties E = 26000MPa, ν = 0.3, σy = 160MPa during impact with a
rigid surface. The solid black line is a fit to the plastic pressure
using eq. 52. The standard error in the fitting parameter D = 230

is 0.12. As the fit is made only above the yield displacement, only
these data are shown.
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Figure 23: The reduced contact radius above the yield displacement for an
elastic-plastic sphere with properties E = 26000MPa, ν = 0.3,
σy = 160MPa during impact with a rigid surface. The solid black
line is a fit to the reduced radius using eq. 55. The standard error
in the fitting parameter c = 11.34 is 0.0073. As the fit is made only
above the yield displacement, only these data are shown.
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Figure 24: Linear relation between the reduced contact radius parameter c
and the ratio of equivalent Young’s modulus to yield stress. R2 =

0.999984.

is found between c and ((1− ν2)E∗)/σy) by using the Mathematica
package to perform least squares fitting

c = 1.43+ 0.061
(
(1− ν2)E∗

σy

)
. (56)

The parameter d is fixed by the constraint that the radius, given by
eq 55, must equal the Hertzian radius at the yield displacement δy

d =

√
2

3
δyR∗ − cδy. (57)

The exponent

z = 0.5+ 0.3ν2.56 (58)

is also found through fitting to FEM simulation results and can be
tabulated for easy use in a DEM code, much like the parameter Ay[ν].

Combining these expressions for pressure and the reduced con-
tact radius gives the following equation for the elastic-plastic loading
force

F = −πD arctan
[(

1

δy
tan

Ay[ν]

(1.22+ 0.69ν)

)
δ

]

·

{
cδ+

(√
2

3
δyR∗ − cδy

)(
δ

δy

)z
}2 (59)

Using eqs. 53, 56 and 58 for D, c and z, respectively the parameters
for the force can be easily found from the material properties E, ν
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and σy, which are well characterised for common materials. This is
even the case when the properties lie outside the range used to find
these relationships (see section 4.3). This makes the model ideal for
use in DEM simulations because any elastic-plastic material can be
simulated without lengthy fitting of parameters to experiments or
‘on-the-fly’ adjustment of parameters.

At large relative displacements in the plastic region it is likely that
the new model will diverge from the actual force displacement re-
sponse as seen for other force displacement models [45]. This is be-
cause the force displacement model will need to transition to using
the actual contact radius rather than the reduced contact radius. A
simple transition from the reduced radius to the actual radius can be
added in order for the model to be used for larger relative displace-
ments and this is introduced in section 4.4.

4.2.3 Unloading

An expression for the unloading force is required that takes into ac-
count the permanent plastic deformation. The energy released during
unloading is shown by previous FEM simulations to be elastic [84, 92]
but it does not follow the Hertz model because the effective radius
of curvature, R∗, changes as the contact area is flattened by perma-
nent plastic deformation [23, 92]. Therefore, the adapted version of
the Hertzian model with a new effective radius, Run (widely used in
other models [32, 36, 45, 55]) is utilised

Funloading = −
4

3

√
R∗unE

∗(δ− δmin)
3/2. (60)

A new equation relating the effective radius of unloading, R∗un, and
the material properties is found by the following method

• For each material simulated 4/3
√
R∗unE

∗(δ−δmin)
3/2, with R∗un

the adjustable parameter, is fitted to a series of unloading curves
with different values of the maximum displacement.

• A linear relationship, R∗un = R∗(1+u(δmax − δy)), between the
effective radius of unloading and the maximum displacement is
found for each material, where u is a fitted empirical parameter.
This gives a value of u for each material.

• The relationship between u and the material properties is found,
with u dependent on the yield displacement and Poisson’s ratio
as shown in Fig 25. The relationship in fig. 25 is not particularly
smooth because small numerical errors from the FEM simula-
tion results are magnified with each subsequent fitting step.

The final equation is then

R∗un = R∗
[
1+

(
(0.195+ 0.23ν)

1

δy

)
(δmax − δy)

]
. (61)
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Figure 25: Relation between the parameter u in the effective radius of un-
loading and the yield displacement at different values of Pois-
son’s ratio.

The permanent plastic deformation, δmin, can be found by using
the fact that the loading and unloading forces must match at Fmax

δmin = δmax −

(
Fmax

4
3

√
R∗unE

∗

)2/3

. (62)

4.2.4 Reloading

The final component that the model needs to capture is re-loading. In
a typical multi-body DEM simulation of many particles it is possible
that a particle will undergo re-loading during a collision - i.e. the
particle will undergo further loading before unloading has been fully
completed. Fig. 30 shows reloading from a FEM simulation (material
properties in this example: E = 8500MPa, ν = 0, σy = 50MPa). When
reloading takes place it follows the unloading curve to the previous
maximum displacement (if it was above the yield displacement) after
which further loading takes place along the original loading curve.
This type of behaviour has also been seen in FEM simulations by Yan
and Li [92]. Therefore, both loading and unloading components need
to be used for re-loading. As discussed in section 4.3, this becomes a
problem to be tackled in the implementation of the model in a DEM
code. The code must correctly choose the unloading term to calculate
forces during re-loading and the loading term for fresh loading.
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Figure 26: Comparison of DEM and FEM (black dots) force displacement
curves for E = 26000MPa, ν = 0, σy = 160MPa. Also included
for comparison are the Thornton model and Thornton Fit - the
Thornton model where the parameter py = 316.5MPa has been
found through fitting the model to the FEM results.

4.3 model comparison

The model has been implemented in a small test code, described in
section 3.7, that simulates the impact of a sphere with a rigid sur-
face and the existing DEM code MultiFlow [93]. Implementation does
not require iterative or numerical procedures to compute individual
particle-particle interactions at each time step (as in the Vu-Quoc and
Zhang and LWT models) and the material properties are specified in
an input file and the code automatically calculates the values of the
required model parameters. A number of test cases are detailed be-
low where the new force displacement model results are compared
with FEM simulations and existing models.

Fig. 26, 27, 28 and 29 show comparisons between the force dis-
placement response obtained using the proposed model within the
test code and the results of a FEM simulation of an elastic-perfectly
plastic sphere indenting a rigid surface. The materials are defined
by a Young’s modulus, Poisson’s ratio and yield stress in both FEM
and test code simulations and the properties are varied across a wide
range. The new model matches very well with the FEM results, in par-
ticular correctly capturing important parts of the response including
the maximum force and the residual deformation.

Fig. 26 also includes two versions of the Thornton model for com-
parison: the original model [32] where the parameter py is found
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Figure 27: Comparison of DEM and FEM (black dots) force displacement
curves for E = 26000MPa, ν = 0.3, σy = 160MPa. Also included
are the Brake and JG models.
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the JG model.
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through the theoretical relationship with the yield stress, σy, and the
adapted model where the parameter py is found by fitting to the
FEM loading curve [17]. In both cases the permanent plastic deforma-
tion, δmin, is found using the condition that the loading and unload-
ing forces must be equal at the maximum displacement. It is clear
that the original Thornton model is too compliant and inadequate in
replicating the force displacement relationship. The maximum force
is considerably under-estimated and the permanent plastic deforma-
tion over-estimated. The fitted Thornton model performs better, qual-
itatively matching the FEM results. However, it under-estimates the
permanent plastic deformation and it is also unable to capture the
non-linear nature of the elastic-plastic loading force. The fitted non-
linear Tomas model [34, 35] is not shown because it only shows a
slight improvement over the fitted Thornton model and is still close
to linear. The new model is able to accurately capture the non-linear
trend. The new model also has parameters that do not need to be
found by fitting to FEM results. This means it can be used to perform
DEM simulations of any elastic-plastic material with known values
of E, ν and σy without doing time-consuming FEM simulations first.

Fig. 27 includes the Brake and JG models for comparison [45, 47].
The Brake model requires the extra parameter p, which is a func-
tion of hardness, as well as E, σy and ν. In this case p = 2.8σy has
been used. The JG model with the fitted unloading relation, as for-
mulated in Jackson et al. [55], is used. The Brake model matches the
FEM results well, however, there are a number of factors that make it
unsuitable for use in large scale DEM simulations of many particles.
Calculating the effective radius of unloading, R∗un, requires finding
a cubic root which becomes computational expensive when dealing
with hundreds or thousands of interactions per timestep. Unloading
from the elastic-plastic regime also requires the numerical calculation
of a derivative in order to find R∗un, adding to the prohibitively high
computational expense in the simulation of a large number of interac-
tions. The JG model also matches the FEM results well, however this
is not the case for all possible material properties, as can be seen for
the material properties in Fig. 28. Another problem with the JG model
is that there is a clear discontinuity between the elastic loading and
elastic-plastic loading sections. While in fig. 28 the discontinuity is
relatively small and in fig. 27 it is negligible there is no reason that it
will be so for all possible material properties. It could cause problems
in a DEM implementation, especially if there are repeated loading,
unloading and reloading cycles close to the discontinuity.

In the examples discussed so far the force displacement responses
are calculated using the new model within the test code, without fit-
ting. However, they are all for materials fitted to in the development
of the model. Therefore, to further validate the new model it is com-
pared in Fig 29 to the FEM results for two material properties that
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Figure 30: Example of loading, unloading and reloading from FEM (black)
and DEM (red) simulation. Properties in both simulations: E =

8500MPa, ν = 0, σy = 50MPa.

were not used in its development. One of these is inside the range of
material properties used (table 3) and one is outside this range. As
with the other examples the model matches very well with the FEM
results showing that it is suitable for simulating materials with a wide
range of properties, including those not used to develop the model.

In the FEM results, as discussed above, re-loading follows the un-
loading curve and this needs to be correctly dealt with when im-
plemented in a DEM code. The test code is unable to deal with re-
loading, therefore, to check re-loading behaviour the new force de-
placement model is implemented in MultiFlow. It is implemented suc-
cessfully in MultiFlow by storing a small number of parameters (in-
cluding maximum displacement and maximum force) between time-
steps. This gives the code enough knowledge of the loading history
to pick the correct loading/unloading/reloading curve at each time-
step. An example can be seen in fig. 30. There is a very good qualita-
tive match between the DEM and FEM results and the DEM correctly
follows the unloading curve during reloading up to the maximum
previous displacement before undergoing fresh loading on the origi-
nal loading curve.

The implementation of the model is such that when the force reaches
zero after unloading there is still an overlap between the particles (the
permanent plastic deformation). The code therefore treats this as an
existing contact but the force will remain zero while the displacement
is between zero and δmin. Once the displacement reaches zero there
is no longer a contact and the particles will again be treated as spher-
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ical with no permanent plastic deformation. This is for two reasons:
firstly it is not computationally feasible to store a complete deforma-
tion history for each particle if simulations of large numbers of par-
ticles are to be carried out and secondly even if this information was
stored if contacts do not occur again at the same point it would be
necessary to deal with contacts that are partly fresh and partly plas-
tically deformed, which would be very complex. Further large scale
simulations using the model will be able to show if this lack of perma-
nent deformation reduces the accuracy of the results when compared
to experiments (Chapter 6). It is possible that other factors, such as
treating the particles as perfectly smooth spheres, will have a bigger
impact on the accuracy of the results. Future improvements of the
model and its implementation can be based on an analysis of which
changes will give the biggest improvement in terms of accuracy in
large scale simulations.

4.4 normal model extension

The normal force displacement model as presented in this chapter
so far and Rathbone et al. [1] accurately replicates the force displace-
ment behaviour in the elastic and elastic-plastic regimes. However, in
the plastic regime the force given by the model diverges from the ac-
tual force as the actual force response becomes linear. Therefore, in
this section, the force displacement model is extended for the plastic
regime. In order to do this FEM simulations are carried out of the
impact of a sphere with a rigid surface using Model B (section 3.4)
with properties in the range given in table 4. The plastic regime is
the point at which the plastic deformation is no longer constrained
and reaches the surface of the sphere across the entire contact area. It
can be seen in fig. 21 that when the plastic deformation first reaches
the contact area it forms an annulus around the edge of the contact
area. The inner area of the contact still deforms elastically as the pres-
ence of hydrostatic stresses suppresses yielding, according to the von
Mises criterion [47]. As the displacement increases the inside edge of
the annulus moves inwards until the entire contact is plastically de-
forming. Therefore the point at which the centre of the contact area
first plastically deforms can be considered the beginning of the plas-
tic regime. Fig. 31, which shows plastic strain at the node at the centre
of the contact area against the normal dispacement normalised by the
yield displacement, shows that this point is when the displacement
reaches 50δy for all values of Young’s modulus and yield stress. This
is similar to the values of δp = 54 and δp = 68 found by Zhao et
al. [49] and Kogut and Etsion [83], respectively. It is much smaller
than typical values for the transition between elastic and plastic be-
haviour in the Storåkers model as given by eq. 19, i.e. the transition
to plastic behaviour in FEM simulations happens before the Storåkers
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Figure 31: Plastic strain at the centre of the contact area against normalised
displacement for spheres with properties A, B, C, D (which lie in
the range given in table 4) during collision with a rigid surface.

a b c d e

Error - non-linear 1.12% 0.63% 1.52% 0.35% 1.22%

Error - linear 1.81% 1.77% 1.90% 1.99% 1.85%

Table 7: The maximum error between 25δy and 50δy for a linear and non-
linear model when compared to FEM results for materials A-E that
have properties that lie in the range in table 4.

model has even transitioned from elastic behaviour to elastic-plastic
behaviour. For this reason the Storåkers model is not an appropriate
model to use in DEM simulations.

Above a displacement of 50δy the force response is linear. Table 7

shows that there is only a small increase in the maximum error if
a linear response is used from a displacement of δp = 25δy instead
of a displacement of 50δy. The maximum error using a linear model
from 25δy is also below 2% in all cases. Therefore, with little loss of
accuracy the following linear equation is used for the force, above
δp = 25δy

F
loading
plastic = −πD arctan

[(
1

δy
tan

Ay[ν]

(1.22+ 0.69ν)

)
25δy

]
[2.3R∗δ+ d]

(63)
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Figure 32: Least squares fit to FEM simulation results to find the relationship
between the parameter c and the ratio of the Young’s modulus to
yield stress. R2 = 0.999895.

The first part of the equation is the pressure across the contact area
fixed at its value at δp (to be calculated once). The second part is the
effective radius squared which increases linearly

a2 = 2.3R∗δ+ d (64)

where d is fixed by the condition that the squared radii must be equal
at the transition point (δ = δp).

The force displacement model as originally developed diverges
from the FEM results before it reaches the transtion point δp. There-
fore in order for the equations for the force to match at δp two
changes are needed to the equation for the radius during the elastic-
plastic loading. The exponent z, eq. 58, is fixed at z = 2/3 and a new
expression is found, using the same method as before, for the param-
eter c

c = 1.1− 0.0115
(
(1− ν2)E∗

σy

)
(65)

The least squares fit to find this new parameter is shown in fig. 32.
The unloading relation is unchanged except that the radius of un-

loading does not increase further in the plastic regime as it would be
unphysical for it to increase ad infinitum, so when δmax > 25δy eq. 61

becomes:

R∗un = R∗
[
1+

(
(0.195+ 0.23ν)

1

δy

)
(24δy)

]
. (66)
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This version of the model is used for all subsequent work in this thesis.
The extension to the model is currently only valid for a Poisson’s ratio
of 0.3. However this is a common value suitable for many materials
and the model could easily be extended, as it was originally, for other
values of Poisson’s ratio. The full set of equations for the extended
normal force displacement model are set out below.

4.5 normal model as implemented

The normal force displacement model as implemented in MultiFlow
is summarised below. The yield displacement, δy, is

δy = R∗
(
1.613πσy
2E∗

)2

(67)

The loading force is

F =


−4/3

√
R∗E∗δ3/2, δ < δy

−π1.427σy arctan
(
2.12 δ

δy

){
cδ+

(√
2
3δyR

∗ − cδy

)(
δ
δy

)2/3}2

, δy < δ < 25δy

−2.215πσy(2.3R∗δ+ d), δ > 25δy.

(68)

where

c = 1.1− 0.0105
(
E∗

σy

)
, (69)

and d is fixed by continuity of the effective radius at 25δy

d =

{
16.9cδy + 8.10

(√
2

3
δyR∗

)}2

− 57.5R∗δy. (70)

The unloading force is

F =

−4/3
√
R∗E∗δ3/2, δmax < δy

−4/3
√
R∗unE

∗(δ− δmin)
3/2, δmax > δy

(71)

where

R∗un =

R∗
[
1+

(
0.264 1

δy

)
(δmax − δy)

]
, δmax < 25δy

7.34R∗, δmax > 25δy

(72)

and, δmin, the permanent plastic deformation is

δmin = δmax −

(
Fmax

4
3

√
R∗unE

∗

)2/3

. (73)
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Figure 33: Comparison between the extended normal force displacement
model and FEM simulation results for the impact of an elastic-
plastic sphere with a rigid surface using material properties
E = 8500MPa, ν = 0.3, σy = 50MPa and E = 26000MPa, ν = 0.3,
σy = 160MPa.

4.6 extended model comparison

Fig. 33 compares the extended new model to the FEM results for ma-
terials with properties in the range in table 4. It is clear that the new
model well replicates the force displacement response well into the
plastic region and that there is still a good match during unloading -
particularly of the final permanent deformation.

Fig. 34 shows the extended new model better matches FEM results
than the Thornton model, which is used with two different fitted
parameters. (1) uses a parameter fitted to the FEM data in fig. 27,
which goes up to a maximum displacement of 0.0001mm and (2) uses
a parameter fitted to the FEM data in fig. 34, which goes up to a
maximum displacement of 0.0012mm. Despite being fitted to FEM
data for the same material properties these two parameters give very
different forces at the larger displacement in fig. 34. This highlights
one of the dangers of using a fitted parameter - outside of the range of
the data to which it is fitted it may no longer well describe the force
displacement relationship - particularly in this case where a linear
parameter is fitted to non-linear data.

Fig 35 compares the new model and the fitted Tomas model [34],
using the unchanged Hertz model for unloading, to FEM results. It
is clear that, despite the non-linear parameter κ, the Tomas model is,
in practice, close to linear. Therefore, it does not provide as good a
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Figure 34: Comparison of New model, Thornton model fitted to the FEM
data in fig. 27 (py = 316.5MPa) (1), Thornton model fitted to
the FEM data in this figure (py = 677MPa) (2) and FEM data
(black crosses) with material properties E = 26000MPa, ν = 0.3,
σy = 160MPa.

match as the new force displacement model. The unchanged Hertz
model for unloading [37] is clearly inappropriate as it significantly
underestimates the final permanent displacement. This is expected
because the radius of curvature in this case is affected by the plas-
tic deformation. In fact there are unlikely to be many elastic-plastic
materials for which this model is appropriate because if the contact
’heals’ there has not, in effect, been any plastic deformation.

4.7 summary

In this chapter a new model for the normal contact of elastic-perfectly
plastic materials has been presented and its implementation into an
existing DEM code has been discussed. It matches the results from
FEM simulations and the DEM implementation has been seen to cor-
rectly switch between loading, unloading and reloading curves. The
model has parameters that are directly derivable from the material
properties E, ν and σy allowing any elastic-plastic material where
these properties are known to be simulated without the need for pa-
rameter fitting. The model can be implemented in a DEM code with-
out the need for complex numerical methods making it computation-
ally efficient and ideal for the simulation of systems involving a large
number of particles.
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Figure 35: Comparison of New Model, fitted Tomas model and FEM results
(black crosses) for material properties E = 8500MPa, ν = 0.3,
σy = 50MPa.



5
TA N G E N T I A L M O D E L

5.1 introduction

In this chapter a new elastic-plastic force displacement model for the
tangential force in an oblique collision is developed based on the
elastic Mindlin-Deresiewicz (MD) force displacement model [16]. The
chapter starts with a comparison of existing elastic models with FEM
simulation results for the oblique collision of a elastic sphere with
an elastic half-space. Elastic-plastic collisions are then considered, ini-
tially with a fixed normal force, and subsequently with a varying
normal force. The results of FEM simulations are used to develop the
new force displacement model. The new force displacement model
is then compared to FEM simulation results and existing techniques
used for tangential forces.

5.2 elastic materials

The first step in the development of an elastic-plastic tangential model
is to consider the behaviour of the Mindlin, Mindlin-Deresiewicz and
LTH force displacement models for elastic materials. All of these mod-
els assume the Hertz model holds in the normal direction despite
the fact that it assumes frictionless contact and tangential forces are
present only for frictional contacts. Fig. 36 shows FEM simulation re-
sults for the normal force in an elastic-elastic oblique collision using
Model D (see section 3.6) with both the half-space and the sphere
having the properties in table 5. The results are compared to the
Hertz model. It can be seen that the Hertz model closely matches
the FEM results even though the FEM model considers a frictional
contact. This justifies the use of the Hertz model in the normal di-
rection despite the fact that the frictionless contact assumption no
longer holds. The FEM simulation results also show that it is valid to
decouple the normal and tangential forces because the normal force
is the same regardless of the angle of incidence. This means that it is
independent of the tangential force. (Only one angle of incidence is
shown in fig. 36 because the normal force is the same for all angles).

Figs. 37, 38 and 39 compare the tangential force from a series of
FEM simulations of an elastic sphere with an elastic half-space us-
ing model D (properties: table 5), at different angles of incidence, to
the MD, Mindlin and LTH force displacement models, respectively. It
can be seen that at the largest angle of incidence all the models match
the FEM simulation results. At large angles sliding takes place and
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Figure 36: Time evolution of normal force from FEM simulations of an elas-
tic sphere colliding with an elastic half-space at all angles of in-
cidence compared to Force as given by the Hertz model. Normal
velocity is 0.05ms−1. The material properties if the sphere and
half-space are given in table 5.

the tangential force is predicted by the Coloumb relation by all mod-
els. For smaller angles of incidence the MD model provides the best
match to the FEM simulation results. The results are very close at 35
degrees and 45 degrees.

5.3 plastic materials

To ensure that the normal model that has been developed in Chap-
ter 4 is still valid for use in oblique collisions any changes in the nor-
mal force for a frictional contact compared to a frictionless contact
need to be considered. Fig. 40 shows the normal force displacement
model detailed in the previous chapter compared to the normal force
from FEM simulations of oblique collisions using model D with an
elastic-plastic sphere and an elastic half-space (properties: initial val-
ues in table 6). The force from the FEM simulations is not exactly the
same at all angles of incidence. However, the forces are sufficiently
close to that given by the new normal force displacement model (the
maximum error is 2.2%) for the decoupling of normal and tangential
forces for elastic-plastic materials to be assumed to be valid in a first
approximation.

5.4 contact radius

Thornton et al. [21] suggest replacing the elastic expression for the
contact radius in the MD model with an alternative elastic-plastic ex-
pression in order to describe the behaviour of elastic-plastic materials.
This requires an expression for the elastic-plastic contact radius. How-



5.4 contact radius 89

−0.002

−0.001

 0

 0.001

 0.002

 0.003

 0.004

 0.005

 0  0.0005  0.001  0.0015  0.002  0.0025

Ta
ng

en
tia

l F
or

ce
 (N

)

Displacement (10−4m)

15°
35°
45°
65°

Figure 37: Tangential force against displacement from FEM simulations us-
ing model D (solid lines) compared with the Mindlin-Deresiewicz
model (dashed lines). Normal velocity is 0.05ms−1. The material
properties of the sphere and half-space are given in table 5.
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Figure 38: Tangential force against displacement from FEM simulations us-
ing model D (solid lines) compared with the Mindlin model
(dashed lines). Normal velocity is 0.05ms−1. The material proper-
ties of the sphere and half-space are given in table 5.
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Figure 39: Tangential force against displacement from FEM simulations us-
ing model D (solid lines) compared with the LTH model (dashed
lines). Normal velocity is 0.05ms−1. The material properties of
the sphere and half-space are given in table 5.
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Figure 40: The normal force in FEM simulations using model D of oblique
collisions at 15 degrees and 45 degrees for an elastic-plastic
sphere colliding with an elastic half-space compared to the elastic-
plastic force given by the model in Chapter 4. Normal velocity is
0.05ms−1. The material properties of the sphere and half-space
are the initial values given in table 6.
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ever, because the Thornton model is not being used for the normal
force in this work the expression used by Thornton et al. is not suitable
and an alternative expression for the contact radius is needed. The ex-
pression needs to be piecewise to account for the different regimes:
elastic, elastic-plastic and plastic. In this work two existing expres-
sions are combined, the elastic Hertzian contact area up to the yield
displacement, δy, and the expression developed by Etsion et al. [54]
for the contact radius in the elastic-plastic and plastic regions. The
two expressions used for the radius during (normal) loading are

a2 =


R∗δ, δ 6 δy

R∗δy

(
1.19

(
δ
δy

− 1
)1.1

+ 1

)
, δ > δy

(74)

Fig 41 shows the normalised contact area against normal displace-
ment from a FEM simulation using model B (see section 3.4) for a
normal elastic-plastic collision of a sphere with a rigid surface. It is
compared with eq. 74 during loading. It can be seen that there is a
good match, with a maximum error of 1.6%.

The FEM simulation results show that during unloading the con-
tact area is initially close to the loading curve before diverging and
going to zero in a close to linear fashion. Therefore, the expression
used for unloading is the same as for loading up to a turning point,
tδmax (where t is a number less than 1), where the loading and un-
loading radii diverge. After this point the radius is given by a linear
expression. Together these expressions give the following equation
during unloading

a2 =


R∗δy

(
1.19

(
δ
δy

− 1
)1.1

+ 1

)
, δ > tδmax

C(δ− δmin), δ < tδmax

(75)

where C = ta2max/(tδmax − δmin) is fixed to ensure continuity at the
turning point. This equation is used for unloading in fig. 41. It can be
seen that while it does not strictly match the FEM simulation results
in the linear section, as there is a slight curve to the simulation results,
it provides a good representation of the behaviour of the material.
Furthermore the contact area reaches zero at the same point as in
the simulation results. The reduced computational cost of using a
linear expression is an important consideration because any increase
in accuracy would likely require a non-linear solution at increased
computational cost.

FEM simulation results for a range of maximum normal displace-
ments show that the point at which the unloading curve diverges
from the loading curve depends on the maximum displacement. There-
fore, an expression for t that depends on the maximum displacement
is found by fitting to the values of t found from FEM simulations
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Figure 41: Contact area from FEM results (black crosses) of a normal elastic-
plastic collision using Model B and material properties: E =

8500MPa, ν = 0.3, σy = 50MPa. The results are compared with
the red line given by expressions detailed in the text (eqs. 74-76).

with different maximum displacements. t increases with maximum
displacement until the normalised maximum displacement, n > 50,
when it is fixed at t = 0.9. The expression for t is piecewise linear in
n

t =


−0.119+ 0.119n, n < 6.18

0.576+ 0.00648n, 6.18 < n < 50

0.9, n > 50

(76)

where n = δmax/δy is the normalised maximum displacement.
If δmax < δy then a2 = R∗δn during unloading because the elastic-

plastic and plastic regions have not been reached. Eq. 74-76 form a
set of equations that give the contact radius during the collision of
any elastic-plastic sphere. They can be used in conjunction with any
tangential force displacement model that depends on contact radius,
including the MD model.

5.5 friction

Friction in this work is based on a critical shear stress criterion as
detailed in section 3.5. Therefore, the equivalent friction coefficient, µ,
changes with the amount of plastic deformation and thus the normal
displacement. Using this method assumes that plastic deformation
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is the dominant mechanism that determines the value of the friction
coefficient. While this is an appropriate assumption for many elastic-
plastic materials it is not necessarily the case for all materials. For
some materials there may be other dominant mechanisms determin-
ing the friction coefficient, for example surface roughness or elastic
properties. The expression developed here is, therefore, not necessar-
ily suitable for all elastic-plastic materials. For materials for which it is
not suitable a fixed friction coefficient determined by other material
properties will need to be used. This requires an adjustment to the
force displacement model developed in sections 5.6 and 5.7, which is
discussed in section 5.9.

An expression for µ is found by least squares fitting to the results
of a number of FEM simulations using model C (see section 3.5) with
different maximum values of normal force

µ = 0.36 coth 0.79y0.44 (77)

where y is normalised normal displacement, eq. 80. The fit can be
seen in fig. 42. The expression has the form of the expression devel-
oped in ref. [85]. However, it has different parameters because those
in ref. [85] do not not correctly represent the trend of µ. Not included
in fig. 42 is the BKE model [90] for friction because it is very different
to the FEM simulation results as it severely underestimates friction.
This is likely because the BKE model assumes full stick - that is to
say the sphere is either fully stuck or fully sliding and there is no
local slip. The FEM simulation results show that this is not the case
and that there are regions of localised slip, as can be seen in fig 48.
Eq. 77 means that for all elastic-plastic materials for which the plastic
deformation is the dominant factor in determining the friction coeffi-
cient, µ it tends to 0.36 above a normalised normal displacement of
about 10, i. e. as plastic deformation increases. The friction coefficient
does not change during normal unloading as it is only affected by
the amount of plastic deformation and this does not change during
normal unloading.

5.6 fixed normal force

FEM simulations are carried out using model C (section 3.5). The nor-
mal force is increased and then the sphere is tangentially displaced
while the normal force is kept constant. The material properties of
the sphere are shown in table 6. In the tangential step the contact area
grows, despite the normal force being fixed. This is despite the con-
tact area depending only on normal force in most force displacement
models. This change in contact area is called “junction growth” and
was first described by Tabor in 1959 [89]. The additional plastic defor-
mation caused by the tangential displacement means that a greater
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Figure 42: Friction coefficient against normalised normal displacement.
FEM simulation results are black and the expression used in the
new model is blue. The red line is the expression from Wu et
al. [85].

contact area is needed to accommodate the additional shear stresses.
In other words, the additional shear stress means a greater contact
area is needed to maintain the same normal stress. Junction growth
is also seen in the FEM simulation results of Wu et al. [85] and the ex-
perimental results of Ovcharenko [94]. When developing the new tan-
gential force displacement model junction growth is not considered
and the contact area is considered independent of the tangential force.
This is because taking junction growth into consideration would lead
to the model becoming increasingly complex and computationally ex-
pensive, which, in turn, would reduce its suitability for use in DEM
simulations. The results of the new model (see, for example, fig. 46)
show that not considering junction growth does not have a noticeable
impact on its accuracy. Other tangential force displacement models,
including the MD model do not explicitly consider junction growth.
The recent Olsson and Larsson tangential model [71] does take junc-
tion growth into account but this makes it too complex to use in the
framework of DEM.

The results from the fixed normal force FEM simulations are com-
pared with the MD model using the plastic contact radius (section 5.4)
and plastic normal force (Chapter 4). In the case of tangential loading
with a fixed normal force eqs. 41 and 42 simplify to

∆Ft = kt∆δt, (78)
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Figure 43: Comparison between tangential force from FEM simulation re-
sults and the MD force displacement model for various values of
fixed normal force. The FEM results are red and MD black. The
material properties of the sphere are shown in table 6.

where

kt = 8G
∗a

(
1−

Ft−1
t

µFn

)1/3

. (79)

The comparisons between the MD model and the FEM simulation
results can be seen in Fig. 43. At higher values of fixed normal force
the MD model does not match the simulation results. It is clear that
the effect of increased plastic deformation in the normal direction on
the tangential force is not captured solely by changing the expression
for the contact radius. This is because the MD model is inherently an
elastic model. This means that when the contact radius increases the
force given by the MD model increases by a greater amount than in
the FEM simulation results because an elastic contact area can sustain
a much greater force than a plastic contact area of the same size. This
effect is counter-acted to a certain extent by the plastic normal force
which is lower than the elastic normal force at equivalent contact
radius but clearly not enough for the MD model to replicate the FEM
simulation results.

The effective tangential stiffness, kt, is calculated for the FEM simu-
lation results using a two-point second order accurate finite difference
approximation and compared with the stiffness in the MD model,
eq. 79, in fig. 44. As kt from the FEM simulation results is normalised
it should equal 1 when x = 0 but it does not. This is because of nu-
merical errors in the FEM simulations. At very low values of normal
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Figure 44: Tangential stiffness, kt, from FEM simulation results, MD model
and the new force displacement model for the tangential displace-
ment of a sphere on a rigid surface at a fixed value of normal
force. The material properties of the sphere are shown in table 6.
The standard error in c1 = 1.33 is 0.002, and in a1 = 0.69 is 0.01.

force (and therefore x) the contact only goes across a small number
of elements (< 4) meaning that the accuracy of the FEM is reduced
(more elements within a contact leads to greater accuracy).

It can be seen that the MD force displacement model over-estimates
the effective stiffness, as would be expected because it over-estimates
the force. By developing a new expression for the stiffness a more
accurate force displacement model can be created. First, for simplic-
ity, two dimensionless quantities are specified. y is the dimensionless
normal displacement

y =
δ

δy
, (80)

and x is the tangential force at the previous time-step scaled by the
maximum possible tangential force at the current time-step:

x =
Fn−1
t

µFn
. (81)

kt changes according to the amount of tangential force at the previ-
ous time step and is split into three sections, the parameters of which
depend on the amount of normalised normal displacement, y. The
relationship between kt and the scaled tangential force, x, is found
by least squares fitting to each section. The normal force determines
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when to switch between the different sections. kt can be summarised
as

kt =


8G∗a(1− x)1/4, x < x1

8G∗a(b1 − a1(x− x1)), x1 < x < x2

8G∗a(d1 − c1(x− x1)), x > x2

(82)

where x1 = 1 if y < 1 otherwise:

x1 = −1.85+ 5.20µ (83)

unless x1 < 0 then x1 = 0.
Fitting eq. 82 to the stiffness as found from a series of FEM sim-

ulations with different values of y gives a series of values for the
parameters a1 and c1. Fitting to these in turn gives the relationship
between the parameters and the normalised displacement, y. These
fits can be seen in fig 45. The values of the parameters b1 and d1 are
fixed by the need for kt to be continuous at x1 and x2

a1 = 0.9 coth 0.24y1.4 (84)

b1 = (1− x1)
1/4 (85)

c1 = 1.51 coth 0.14y1.99 (86)

d1 = c1(1− x1). (87)

x2 is also fixed by continuity:

x2 =
d1 − b1
c1 − a1

+ x1 (88)

If x > 1 full sliding occurs and the tangential force is given is by
Ft = µFn, where µ is given by eq. 77.

The new model for kt is shown in fig. 44, for one value of normal
displacement. It can be seen that it provides a much better match with
the FEM simulation results than kt from the adapted MD model.

In fig. 46 the tangential force as calculated using the new expres-
sion for kt is shown in comparison with the results from FEM simu-
lations. It is clear that the match with the FEM results is qualitatively
very good and better than that of the MD model in fig. 43. As this
new force displacement model is based on dimensionless quantities,
namely x and y, it is applicable to any set of material properties [85].
In fig. 47 the new model can be seen to well replicate the results for
FEM simulations with different properties (E = 8500MPa, ν = 0.3,
σy = 50) to those used to develop the model.
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Figure 45: Least squares fit to tangential stiffness parameters a1 and c1 to
find their relationship to the normalised normal displacement, y.
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Figure 46: Comparison between tangential force from FEM simulation re-
sults and the new force displacement model for various values of
fixed normal force. The arrow shows the direction of increasing
normal force. The FEM results are red and the new model black.
The material properties of the sphere are shown in table 6.
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Figure 47: Comparison between tangential force from FEM simulations re-
sults and the new force displacement model for various values
of fixed normal force. The arrow shows the direction of increas-
ing normal force. The FEM results are red and the new model
black. The sphere material properties are E = 8500MPa, ν = 0.3,
σy = 50.

5.7 full oblique collision

Fully oblique collisions are considered using FEM model D (see sec-
tion 3.6). Oblique collisions are complex because the normal and tan-
gential forces can be increasing or decreasing simultaneously or one
can be increasing will the other is decreasing and vice-versa. By study-
ing the results of FEM simulations and comparing them with the new
model for fixed normal forces it is found that with some small mod-
ifications the new model replicates the loading section of the force
displacement response from the FEM simulations. The first change
to take the added complexity into account is that the pre-factor in kt
becomes 5G∗a in the fully oblique case

kt =


5G∗a(1− x)1/4, x < x1

5G∗a(b1 − a1(x− x1)), x1 < x < x2

5G∗a(d1 − c1(x− x1)), x > x2

(89)

Looking at the FEM simulation results in detail shows why the
pre-factor is lower in the fully oblique case. The plastic deformation
and local slip work in synergy, in the same place and in the same
direction. This means that the tangential force needed for the same
displacement is lower, i. e. less force is needed to initiate local slip be-
cause of the amount of plastic deformation in that area. This effect is
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(a) Local slip in the contact area.

(b) Plastic deformation in the direction of movement of the
sphere in the contact area.

Figure 48: Detail of the contact area of the sphere midway through an
oblique collision between elastic-plastic sphere and elastic half-
space showing the amount of local slip (dimensionless) (top) and
the amount of plastic deformation (dimensionless) (bottom). The
material properties of the sphere are E = 8500MPa, ν = 0.3,
σy = 50MPa and the half space E = 8500MPa, ν = 0.3. The
angle of incidence is 30 degrees.
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greater in the oblique case than in the fixed normal case, thus leading
to the lower pre-factor, because the plastic deformation is increasing
at the same time as the local slip whereas in the fixed normal case the
amount of plastic deformation in the normal direction is fixed and
the tangential force increases the plastic deformation only a small
amount. Fig 48 shows the contact area on a elastic-plastic sphere mid-
way through an oblique collision with an elastic half-space at an angle
of incidence of 30 degrees. Fig 48 (a) shows the local slip and fig. 48

(b) shows the plastic strain. It can be seen that the greatest amount
of local slip corresponds to the same area as the greatest amount of
plastic strain, confirming that they are working in synergy.

The rest of the parameters are calculated in the same way as above
(eqs. 83-88). Because they depend on the normal displacement they
must be recalculated at every time-step, which adds to the compu-
tational expense of the model. However, this additional expense is
reduced because above a certain normal displacement the parame-
ters a1 and b1 (the others being fixed by continuity constraints) and
the friction coefficient, µ, tend towards fixed values and therefore kt
remains constant. Careful analysis of the FEM results shows that this
occurs at a normalised normal displacement of y = 7, as can be seen
in fig. 45. Again, if x > 1 full sliding occurs and Ft = µFn. Because
the normal force and tangential force can change between time-steps
during loading x is given by

x =
Fn−1
t + µ∆Fn

µFn
(90)

as it is in the original MD model for fully oblique collisions.
Unloading and reloading are given by the following equation, which

is similar to the rescaled Mindlin model:

Fnt =

Fn−1
t + knt ∆δt, ∆Fn > 0

Fn−1
t

(
an

an−1

)
+ knt ∆δt, ∆Fn < 0

(91)

where the stiffness kt = 8G∗a for unloading and kt = 9.28G∗ for
reloading. The radius a is given by eq. 75. Fixing the stiffness for
reloading in this way is somewhat unsatisfactory in terms of the
physics of the problem but it is necessary for the computational sta-
bility of the model. During oblique collisions at angles greater than
1 degree the reloading section is a very small part of the overall
force displacement relationship. However, at angles less than 1 de-
gree, where the tangential force is very small relative to the normal
force, the reloading is a greater part and if a fixed stiffness is not
used the reloading expression can cause the model to become un-
stable. The fixed value is used because it has little impact on most
collision cases while preventing edge cases from causing numerical
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Figure 49: Comparison of tangential force between new model and FEM re-
sults for a range of impact angles for a collision between a plastic
sphere with properties E = 8500MPa, ν = 0.3, σy = 50MPa and
an elastic half space (E = 8500MPa, ν = 0.3).

instabilities, which prevent simulations from converging. The value
of kt for reloading is that which gives the closest match to FEM sim-
ulation results while not causing numerical instabilities.

The force displacement response calculated using the new model
is compared to FEM simulation results for collisions with different
angles of incidence in figs. 49 and 50 for two different sets of mate-
rial properties. It can be seen that the model qualitatively matches the
FEM results across all three angles of incidence (15, 30 and 45 degrees)
for both sets of properties. The unloading and reloading expressions
do not match the FEM simulation results as well as the loading ex-
pression and could be adapted to better replicate FEM results. This
could be done by introducing a curved change between unloading
and reloading. For example, a gradual switch using a mixture of the
two expressions rather than a sudden switch that comes from using a
piece-wise expression. However, the increase in accuracy that such an
approach will give is likely to come at increased computational cost.
Using the model as it is now gives a fair match to FEM simulation
results and gives the correct energy dissipation (see fig. 53).

In fig. 51 the new model is compared to FEM simulation results
for a range of normal impact velocities (and thus a range of normal
forces) at a fixed angle of incidence of 15 degrees. It can be seen
that the new force displacement model matches the FEM simulation
results well during loading. The new model matches FEM simulation
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Figure 50: Comparison of tangential force between new model and FEM re-
sults for a range of impact angles for a collision between a plastic
sphere with properties E = 26000MPa, ν = 0.3, σy = 160MPa

and an elastic half space (E = 26000MPa, ν = 0.3).

results for different material properties, different angles of incidence
and different impact velocities.

The FEM force displacement response for an oblique collision of a
elastic-plastic sphere and an elastic half-space at 30 degrees is com-
pared to the Mindlin, LTH and MD force displacement models all
adapted to use the plastic normal force, radius and friction in fig. 52.
In order to incorporate the plastic radius into the LTH model eq. 40

is replaced with:

δt,max =
3µFn

16G∗a
. (92)

Eq. 92 is derived from eq. A4 in ref. [8]. The new force displacement
model clearly gives a much better match to the FEM simulation re-
sults, particularly during loading. The MD model overestimates both
the maximum and minimum tangential forces compared to the new
force displacement model. The Mindlin, LTH and MD force displace-
ment models all under-estimate the final displacement compared to
the FEM simulation results.

Fig. 53 shows the energy dissipated during a collision by the tan-
gential force due to friction and plastic deformation. It is determined
numerically by integrating the area under the force displacement
curves in fig. 52. It can be seen that the new model performs well
compared to the FEM results matching the shape of the curve and
the final value of energy dissipated whereas the MD model does not
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Figure 51: Comparison of tangential force between new model and FEM re-
sults for a range of normal impact velocities for a collision be-
tween a plastic sphere with properties E = 26000MPa, ν = 0.3,
σy = 160MPa and an elastic half space (E = 26000MPa, ν = 0.3).
The angle of incidence is 15 degrees.
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Figure 52: Comparison of tangential force between new, MD, Mindlin and
LTH models and FEM results for a collision at 30 degrees between
a plastic sphere with properties E = 8500MPa, ν = 0.3, σy =

50MPa and an elastic half space (E = 8500MPa, ν = 0.3).
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Figure 53: Energy dissipated through oblique collision between elastic-
plastic sphere (E = 8500MPa, ν = 0.3, σy = 50MPa) and elastic
half-space (E = 8500MPa, ν = 0.3) as given by FEM, new model
and MD model.

match the shape nor does it correctly predict the final energy dissi-
pated.

5.8 tangential model as implemented

The tangential force displacement model as implemented in the code
MultiFlow is summarised below.

y =
δ

δy
(93)

x =
Fn−1
t + µ∆Fn

µFn
(94)

µ = 0.36 coth 0.79y0.44 (95)

The force during tangential loading (∆δt > 0) is

Fnt = Fn−1
t + kt∆δt, (96)

If y < 7

kt =


5G∗a(1− x)1/4, x < x1

5G∗a(b1 − a1(x− x1)), x1 < x < x2

5G∗a(d1 − c1(x− x1)), x > x2

(97)
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Else for y > 7

kt = kt

∣∣∣
y=7

(98)

x1 = 1 if y < 1 otherwise:

x1 = −1.85+ 5.20µ (99)

unless x1 < 0 then x1 = 0.

a1 = 0.9 coth 0.24y1.4 (100)

b1 = (1− x1)
1/4 (101)

c1 = 1.51 coth 0.14y1.99 (102)

d1 = c1(1− x1) (103)

x2 =
d1 − b1
c1 − a1

+ x1 (104)

The force during unloading (∆δt < 0) is

Fnt =

Fn−1
t + 8G∗an∆δt, ∆Fn > 0

Fn−1
t

(
an

an−1

)
+ 8G∗an∆δt, ∆Fn < 0

(105)

The force during reloading is

Fnt =

Fn−1
t + 9.28G∗∆δt, ∆Fn > 0

Fn−1
t

(
an

an−1

)
+ 9.28G∗∆δt, ∆Fn < 0

(106)

Contact radius during (normal) loading

a2 =


R∗δ, δ 6 δy

R∗δy

(
1.19

(
δ
δy

− 1
)1.1

+ 1

)
, δ > δy

(107)

Contact radius during (normal) unloading

a2 =


R∗δy

(
1.19

(
δ
δy

− 1
)1.1

+ 1

)
, δn > tδmax

C(δ− δmin), δn < tδmax

(108)
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t =


−0.119+ 0.119n, n < 6.18

0.576+ 0.00648n, 6.18 < n < 50

0.9, n > 50

(109)

where n = δmax

δy
is the normalised maximum displacement, and C =

ta2max/(tδmax − δmin) to ensure continuity. If δmax < δy then a2 =

R∗δn during unloading.

5.9 specified friction coefficient

For some materials other physical processes dominate the onset of
local slip such that the variable plastic friction coefficient (eq. 77) is
unsuitable, as discussed above in section 5.5. In these cases Coulomb
friction with a fixed friction coefficient less then 0.36 (the value to
which the plastic coefficient tends) is more appropriate. It is still pos-
sible to use the new force displacement model, however, two small
changes, identified by studying the results of FEM simulations with
a fixed Coloumb coefficient, are required. Firstly, the normalised nor-
mal displacement at which the stiffness, kt, is constant is no longer 7

but depends on the value of the friction coefficient:

ycons = −18.75µ+ 18.75 (110)

The second change required is that the pre-factor in eq. 89 becomes
3G∗a. This is because the reduced friction makes local slip much
more likely at a lower level of plastic deformation. Fig. 54 shows the
force displacement model compared to FEM simulation results for the
fixed friction coefficients µ = 0.1 and µ = 0.2. It can be seen that the
match is very good in both cases, making the new model suitable for
use with fixed friction coefficients as well as for the variable friction
coefficient that depends on the amount of plastic deformation.

5.9.1 Summary

In this chapter a new model for predicting the tangential forces be-
tween two colliding elastic-plastic spheres is developed. The new
model matches the tangential force from FEM results of oblique col-
lisions at a range of initial conditions and material properties and
performs better than existing models. The unloading and reloading
sections of the model do not give as good a match as the loading sec-
tion but the results are in much better agreement than previous force
displacement models.
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Figure 54: Comparison between FEM simulation results and the new force
displacement model for fixed friction coefficients µ = 0.1 and
µ = 0.2 for a collision at 30 degrees between a plastic sphere with
properties E = 8500MPa, ν = 0.3, σy = 50MPa and an elastic
half space (E = 8500MPa, ν = 0.3).



6
B U L K C O M P R E S S I O N

6.1 introduction

In this chapter the normal and tangential plastic force displacement
models that have been developed in Chapters 4 and 5 are validated
against experimental results. This is achieved by comparing simula-
tions of bulk compaction of plastic pellets with experiments of bulk
compaction of plastic pellets. The pellets were chosen because they
are spherical and have high homogeneity. The material properties of
the individual pellets are found through single pellet compression
experiments and then used in the simulations.

The simulations were carried out using MultiFlow a coupled CFD-
DEM code developed by the research group of Berend van Wachem [93].
The model as implemented in MultiFlow is outlined in sections 4.5
and 5.8.

The experiments were carried out by Michele Marigo of Johnson
Matthey, who collaborated on this project.

6.2 single pellet compression

The plastic pellets used are manufactured by JS Ramsbottom. They
are 6mm in diameter and have a mass of 0.12g resulting in a density
of 1060kgm−3. Fig. 55 shows a photograph of the pellets.

6.2.1 Experimental Set-up

The single pellet compression is carried out using an Instron 3369

machine. The pellet is placed on a flat steel surface and a flat punch
moved towards it at constant speed of approximately 0.006mms−1,
as seen in fig 56. The pellets are loaded to between 200N - 500N
individually in fourteen separate experiments.

6.2.2 Experimental Results

The force displacement curves from the single particle compression
experiments are shown in fig. 58. The result for one of the pellet com-
pression experiments is excluded because it is significantly different
compared to the rest, with the results well outside the standard devi-
ation for the results from the other pellets. The experimental set up
leads to two contacts at the top and bottom of the pellet, whereas the
force displacement model assumes only one contact. Therefore the ex-

109
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Figure 55: Photograph of the plastic pellets used in experiments.

Figure 56: Experimental set up for single pellet compression showing the
pellet and the compression plate of the Instron machine.
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Figure 57: Photograph of the plastic pellets used in experiments after com-
pression showing flattening in the contact area (permanent plastic
deformation).

perimental displacement is divided by two so that comparisons can
be made and the force displacement model can be used to extract the
material properties. There is some variation in the results for the com-
pression of individual pellets, which is to be expected as the pellets
are not completely uniform. However, the force displacement curves
for each compression experiment are clustered closely together sug-
gesting the mechanical response of the pellets is highly homogeneous.
There are no unloading curves in fig. 58 as these were not measured
in the experiment. While the lack of unloading curves makes it diffi-
cult to ascertain whether plastic deformation has indeed taken place
the photograph of pellets after compression in fig. 57 clearly shows
permanent deformation.

The force displacement curves, as shown in fig. 58, show a kink
between displacements of 0.02-0.06mm. The fact that the kink is dif-
ferent in each force displacement curve, while the rest of curves are
similar (although shifted as a consequence of the kink) suggests the
kink is caused by a problem with the experimental set-up rather than
a property of the pellets. For example, it could be that the press is
not totally horizontal when it comes into contact with the pellet. As
the force increases the press moves to horizontal and the change in
contact causes the kink in the results. Alternatively, the pellet could
rotate slightly. However, this error in the experimental results does
not prevent the extraction of the material properties because by using
the gradient of the force displacement curves the kink can be ignored.
The gradient of the curves, fig. 59, shows that the kink has little effect
on the deformation of the particles outside of the displacement range
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Figure 58: Force-displacement curves for single pellet compression and the
new force displacement model using the properties derived in
the text.

0.02-0.06mm. The gradient is found using a two-point second order
accurate finite difference approximation of the raw experimental data.
While the determined gradient is noisy it is clear that it is linear at
larger displacements (above 0.13mm) indicating plastic deformation,
while at small displacements below 0.02mm it has the square root
form of elastic displacement. Therefore the sections above 0.13mm
and below 0.02mm are used to find the material properties and the
intermediate area where the contact has changed during the experi-
ment is ignored.

The point at which the gradient becomes a constant is the onset of
fully plastic behaviour. Differentiating and rearranging eq. 63, assum-
ing a Poisson’s ratio of 0.3, gives

σy =
1

2.228

(
L

2.3Rπ

)
(111)

where L is the value of the constant gradient. A linear fit to the exper-
imental data gives a value for this constant gradient, which begins
at a displacement of 0.13mm (fig. 59). Fitting to this region for all
thirteen pellets and using eq. 111 to calculate the yield stress gives a
mean value of σy = 49± 3MPa.

Below a displacement of 0.02mm the stiffness has the square root
form that is expected for elastic deformation. A value of the Young’s
modulus (assuming a Poisson’s ratio of 0.3) is calculated using the
following equation

E = 0.91
( x

2R0.5

)
(112)
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Figure 59: Experimental stiffness of plastic pellets from four compression
experiments and stiffness from new force displacement model
using the properties derived in the text. The kink in the results
is 0.02-0.06mm. While the new model is continuous its derivative
is not and therefore there is a discontinuity at a displacement of
0.13. However, this does not affect its use in DEM simulations.

where x is found by by fitting xδ1/2, the derivative of the Hertz model,
to the stiffness. Doing this for all thirteen experiments gives a mean
Young’s modulus of E = 2690± 190MPa.

The Young’s modulus and yield stress (and an assumed Poisson’s
ratio of 0.3) extracted from the experimental results are used in the
new force displacement model as set out in Chapters 4 and 5. The
Poisson’s ratio is assumed to be 0.3 because this is the only value that
the models are currently implemented for. It is, however, a common
value for many materials and therefore not an unreasonable assump-
tion. The new force displacement model could be extended for other
values of Poisson’s ratio in future work. The normal force displace-
ment model using these properties is shown in fig. 58 compared to
the single pellet experimental results. The model does not match the
experimental results exactly because of the kink in the experimental
results. However, it does match at small displacements (elastic defor-
mation) and the curves are broadly parallel at larger displacements
(plastic deformation) as would be expected for linear fully plastic
deformation. This shows that the model can be used in DEM simula-
tions to represent the pellets. Further confirmation is given by fig. 59

where the black crosses show the stiffness as calculated using the new
model. It can be seen that it matches the experimental results at small
(< 0.02mm) and large displacements (> 0.06mm).
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Figure 60: Experimental set up for bulk compression. The pellets are poured
into the die and allowed to settle to create random packing. The
press (not shown) then compacts the pellet bed from the top.

6.3 bulk compaction

6.3.1 Experimental Set-up

15.8g of plastic pellets (approximately 130 pellets) are placed in a
cylindrical steel die of diameter 27.56mm and allowed to settle under
gravity, fig. 60. The pellets are then compressed using a flat press
up to 10000N using an Instron 3369 machine. This is repeated five
times with different pellet beds as each time the initial packing will be
slightly different. It is carried out at press displacement velocities of
0.05 and 0.005mms−1. As both these velocities keep the experiments
well within the quasi-static regime the results are independent of the
velocity of the press.

6.3.2 Simulation Set-up

The simulations are carried out using a cylinder which has the same
dimensions as the experimental die, fig. 60. Approximately 130 spher-
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(a) Start of simulation. (b) Particles settled and
press introduced.

(c) Compression.

Figure 61: Detail of DEM simulation set-up. The red particles are the plastic
pellets and the blue particles form the press.

ical pellets with radius 3mm, Young’s modulus 2690MPa and yield
stress 49MPa are randomly seeded inside the cylinder to give the
same total mass of particles as used in the experiments (15.8g). These
pellets are then allowed to settle under gravity to create a randomly
packed bed that mimics the start point of the experiments as closely
as possible. A rigid press, comprised of non-Newtonian particles that
move as a whole, is then inserted into the cylinder and compresses
the pellet bed from the top at a constant velocity of 0.5mms−1. The
particles that make up the press have a smaller radius than the pellets
in the bed. Using particles to make up the press gives it a rough sur-
face, unlike the smooth surface of the press used in the experiments.
However, using a small particle radius means the press is close to
smooth. Using a small radius also reduces the risk of pellets locking
in the roughness of the surface of the press. The press is hexagonal in
shape while the die is round. However, the maximum gap between
the press and the walls is much smaller than the diameter of a pel-
let. While a flat press might be more comparable to the experimental
set-up the simulation results match the experimental results using
this press (see section 6.3.4 below). The velocity is greater than that
used in the experiments in order to reduce the computational time
needed for the simulations. The velocity does not effect the results be-
cause plastic deformation is independent of velocity and the velocity
is within the quasi-static regime. The different stages of the simula-
tion are shown in fig. 61.

The simulations are carried out using three different force displace-
ment models. The new normal and tangential models as developed
in chapters 4 and 5, the new normal model (chapter 4) with the
LTH model for tangential forces (chapter 2) and the visco-elastic Tsuji
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model, as outlined in chapter 2. The simulations using the new nor-
mal and tangential force displacement models use a friction coeffi-
cient dependent on the plastic deformation as set out in section 5.5.
Specifically eq. 77 is used to calculate the friction coefficient for every
collision at every time-step. However, the simulations using the new
normal and the LTH tangential force displacement models use a fixed
friction coefficient, µ = 0.36. The Tsuji model requires a coefficient of
restitution, which is arbitrarily set at 0.8. Friction in the Tsuji model
simulations is also set at µ = 0.36. The walls and press are given a
very high Young’s modulus in all simulations (20000 MPa) in order
to replicate the steel die used in the experiments. This makes them in
effect rigid. The friction between the walls and the pellets is µ = 0.36
in all simulations.

Simulations are also carried out using different initial configura-
tions in order to assess the effect of initial packing on the results.

6.3.3 Drawbacks

There are a number of drawbacks to the experimental set-up, and
therefore the simulation set-up, which may make them unsuitable
for studying bulk compaction of the plastic pellets. Huang et al. [95]
found that the sample or die size needs to be much larger than the pel-
let size otherwise the pellet-wall interactions will dominate the over-
all behaviour of the pellet bed. It is clear from fig. 60 that this is not
the case for this experimental set-up, with the radius of the die being
only 4.5 times the diameter of the pellets. Furthermore, it is clear from
fig. 60 that the inner wall of the die is rough and, therefore, it is likely
that stress will be lost to the walls. An improved experimental (and
simulation) set-up would have a increased aspect ratio - the radius of
the die would be significantly increased and the height decreased - in
order to minimise the particle-wall effects. However, these drawbacks
do not necessarily mean that the set-up is unsuited for comparing the
results of simulations with the results of experiment because both the
experiments and the simulations suffer the same drawbacks.

6.3.4 Results

The experimental results, as well as the simulation results for various
force displacement models, are shown in fig. 62, as force exerted on
the press by the pellet bed against relative displacement of the press,
where zero displacement is the point of first contact of the press with
the pellet bed. The spread of experimental results is due to variations
in initial packing of the pellet bed in the experiments, the three re-
sults shown show the maximum spread of the experimental results.
Those experimental results not shown lie on very similar lines to
those shown. The results from three simulations are also shown in the
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Figure 62: Comparison between experimental bulk compaction results and
simulation results using various force displacement models of
the force exerted on the press by the pellet bed versus the relative
displacement of the press.

same figure. One using the new force displacement model, one using
the new normal force displacement model with the LTH tangential
model and one using the Tsuji model. It can be seen that the simula-
tion using the new model lies on the experimental results for one test
(up to a displacement of 3.5mm) while the new normal model with
the LTH model is close to the experimental results, showing there is
little difference between using these two force displacement models
at first glance. The results using the Tsuji model do not match the ex-
perimental results, showing that a viscoelastic model is not suitable
for modelling elastic-plastic materials.

The results using the new normal force displacement model with
the LTH tangential model show a number of sudden drops in the
force. This is caused by rearrangements of the pellets in the bed close
to the press. As the bed is quite small this rearrangement leads to
sudden, small drops in the force exerted on the press. The rearrange-
ment occurs because the tangential force between pellets reaches the
Coloumb limit and the pellets start sliding relative to each other,
whereas previously they were stuck. This behaviour is not seen when
using the new normal and tangential force displacement models. This
is because they use a friction coefficient dependent on the amount
of plastic deformation. Therefore, the pellets are able to withstand
greater tangential forces (at small normal displacements) and there
is not a sudden transition from stuck to sliding meaning there are
no sudden rearrangements. This type of friction is clearly more repre-
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Figure 63: Comparison between simulation results using various force dis-
placement models and different inital configurations of the force
exerted on the press by the pellet bed versus the relative displace-
ment of the press.

sentative of the real behaviour of the pellets because the experimental
results do not show sudden drops in force. The experimental results
are smooth like the results from the simulations using the new force
displacement models. Further evidence that having friction depen-
dent on the plastic deformation allows the pellets to sustain greater
tangential forces can be seen in fig. 70, which shows a snapshot of the
distribution of tangential forces in simulations using the new normal
and tangential force displacement models and the new normal force
displacement model and the LTH tangential model. The tangential
forces are much larger in the former than the latter.

Fig. 63 shows the force against press displacement for simulations
starting with different initial configurations. The figure shows little
difference between the results for simulations using the new normal
and tangential force displacement models. The new normal force dis-
placement model used with the LTH tangential model is more sen-
sitive to the initial configuration with a large jump in force when
the press first comes in to contact with the pellet bed for one initial
configuration and a much lower jump for another configuration. At
larger press displacements the results for the initial configurations us-
ing these models are similar. The jump in force at the point the press
comes into contact with the pellet bed is likely caused by a combina-
tion of factors: the small pellet bed, the rough surface of the press and
the fact that the force is not outputted at every time-step in the sim-
ulation, i. e. the press has first contacted the bed at a slightly earlier
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time-step where the force has not been outputted. It is also possible
that the jump in force is caused by edge effects (pellet-wall interac-
tions) because of the drawbacks of the simulation set-up as discussed
above.

The variation in the simulation results with different initial con-
figurations is smaller than the variation in the experimental results.
This is likely because the simulations do not give the same variation
in initial packing as the experiments. In the simulations the pellets
settle under gravity before the press is introduced. Similarly, in the
experiments the pellets are poured into the die, settling under gravity.
However, the die containing the pellets is then moved to be placed in
the machine, this could cause further rearrangement of the particles
changing the initial packing. It is also the case that the pellets in the
simulations are perfectly spherical and homogeneous in every case
whereas each experiment is carried out with a different set of pel-
lets that may be more or less spherical or more or less homogeneous
then the previous set and this will inevitably affect the results. More
investigation is need to establish the exact reasons why the initial con-
figuration does not cause the same variation in simulation results as
it does in the experimental results. This could be done by calculating
and recording packing fractions for the experiments at the beginning
and end of compression (which was not done in this case) and com-
paring them to the packing fraction from simulations.

The new force displacement model and new normal force displace-
ment model with the tangential LTH model diverge from the exper-
imental results at a relative press displacement of between 3-4mm.
The packing of the pellet bed in a simulation using the new model
at a press displacement of 3.43mm is shown in fig. 64. This corre-
sponds to a compression of 7.8% of the original bed height. At this
point the assumptions that underlie DEM begin to break down and
this may be one reason why the results diverge. These assumptions
are that the contact area is small compared to the diameter of the
particle and that if a particle is involved in multiple collisions at once,
those collisions are independent of each other. The mean pellet-pellet
overlap at the time shown in fig. 64 is 4.2% of pellet radius with a
significant spread from 1.4-7% overlap within one standard deviation
of the mean. The change in shape of the pellets due to plastic defor-
mation is also likely to be important at these displacements and the
models would need to be adapted to take account of this. Currently
in the force displacement models the pellets remain spherical even
after plastic deformation. Introducing a method of changing particle
shape could be the focus of future work, allowing the simulations to
match the experiments to greater displacements.

Fig. 65 shows the packing of the pellets in the region where the
simulation results have diverged from the experimental results for
a simulation using the new force displacement models. The pellets
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Figure 64: Packing of pellets just prior to the point at which simulation re-
sults (using the new model) diverge from the experimental re-
sults. The packing fraction is 0.563. Blue particles are the press.
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Figure 65: Large overlap of pellets (mean 7.5% of radius) in the regime
where the simulation no longer matches the experimental results.
The pellets are arranged in layers and the packing fraction is 0.633.
Blue particles are the press.

have arranged into clear layers with a regular packing pattern. The
pellets rearrange into layers in order to reduce the stress caused by
the increased press displacement and thus the force remains broadly
constant in fig. 62 after divergence. The packing fraction is 0.633. At
this point the mean overlap is 7.5% of pellet radius with a spread
of 3-12% overlap within one standard deviation which means it is
difficult to have confidence in the results because the DEM model is
not designed for such large deformations. Furthermore, the pellets
are still being treated as spherical when in reality they would have
significant plastic deformation at this point.

When looking at the packing of the pellets in the pellet bed there is
little difference between the simulations using the new force displace-
ment models and those using the new normal force displacement
model with the tangential LTH model. The packing fractions are the
same at the same relative press displacement for the two types of sim-
ulation when the starting configuration is the same. The force exerted
on the press is different, however, as shown in fig. 62 and fig. 66. In
fig. 66, which shows the packing fraction against the force exerted on
the press, it can be seen that the packing fraction against force has
the same slope regardless of the force displacement model used. This
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Figure 66: Comparison between packing fraction against force exerted on
press for simulations using the new normal and tangential force
displacement models and the new normal and tangential LTH
force displacement models.

means that while the absolute value of the force is different the same
relative increase in force gives the same increase in packing fraction
regardless of force displacement model.

There are significant differences between the simulations using the
new force displacement models and those using the new normal force
displacement model with the tangential LTH model when looking at
the distribution of forces in the pellet bed. Fig. 67 shows the distribu-
tion of normal forces on the pellets at the press displacement shown
in fig. 64 (7.5% of original bed depth) in simulations using the new
normal and tangential force displacement models and the new nor-
mal force displacement model with the LTH tangential model. The
figure shows a snapshot of the force distribution for each case. In or-
der to aid the interpretation of fig. 67, figs 68 and 69 show the mean
pellet overlap (normal displacement) for pellets in the top half of the
bed and bottom half of the bed for the four simulations shown in
fig. 67. Fig 68 is for the simulations using the new normal and tan-
gential force displacement models and fig. 69 is for the simulations
using the new normal force displacement model with the LTH tan-
gential model.

It can be seen in fig. 68 that in both simulations the mean overlap
is higher in the bottom half of the bed at the first point of contact of
the press. This may in part be because of the weight of the pellets on
top of them, although this will be small. In one of the simulations the
mean overlap in the top of the bed increases more quickly than the
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(a) New force displacement model. (b) New normal force displacement
model with tangential LTH model.

(c) New force displacement model. (d) New normal force displacement
model with tangential LTH model.

Figure 67: Distribution of normal forces in DEM simulations using the two
different tangential force displacement models (with the same
new normal force displacement model) at the point shown in
fig. 64. Forces are scaled by a factor of 0.05 for clarity.
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mean overlap in the bottom until the mean overlap is greater in the
top half than bottom half. This crossover point happens around the
point shown in fig. 67 (c), which is why it shows the distribution of
forces to be uniform throughout the bed. In the other simulation the
mean overlap is always greater in the bottom of the bed and the gap
between the mean overlap in the top and bottom halves is constant
and quite small. This implies that for this starting configuration the
effect of compression by the press is transferred evenly through the
bed, as the mean overlap in the top and bottom halves increases by
the same amount. Fig 67 (a) shows that the force distribution is still
reasonably uniform despite the difference in mean overlap, with a
small bias towards the bottom half of the bed.

Fig. 69 shows that in the simulations using the new normal force
displacement model with the LTH tangential model the mean overlap
in the top and bottom halves of the bed are the same at the first point
of contact of the press. They then immediately diverge with the mean
overlap higher in the top half of the bed with the gap increasing as
the bed is compressed. This is reflected in fig. 67 (b) and (d), which
show the distribution of normal forces using the new normal model
with the LTH tangential model. The forces are greater in magnitude
at the top of the bed and reduce in magnitude towards the bottom.
That there is a difference in mean overlap between the top and bot-
tom halves of the pellet bed in both fig. 68 and fig. 69 implies that
stress is being lost through the walls because of pellet-wall interac-
tions. That is to say instead of being transmitted through the pellet
bed the stresses are transmitted away through the walls of the die.
This can be see by the large force arrows at the top of the pellet beds
in fig. 67.

While the difference in the force distributions and mean overlaps
between force displacement models does not lead to much difference
in the forces exerted on the press (fig. 62) for these simulations it is
likely because it is a relatively small case with a small number of
pellets. In a larger system, with a bigger aspect ratio, the changes in
force distribution and pellet overlap throughout the pellet bed are
likely to be significantly different to those seen here because pellet-
wall interactions are less likely to dominate. There may be an impact
on the force exerted on the press because the force-distribution will be
different. Further investigation of larger systems where pellet-wall in-
teractions do not dominate is needed to establish the ability of the dif-
ferent force displacement models to accurately replicate experimental
results.

In this case neither set of simulations is able to replicate the pattern
of deformation of pellets seen in the experiments. In the experiments
the pellets at the top of the pellet bed are seen to deform more than
those at the bottom of the bed at small press displacements (up to
4%). After about 4% relative displacement of the press the visible
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Figure 68: The mean pellet overlap (normal displacement) in the top half
of the pellet bed (solid lines) and bottom half of the pellet bed
(dashed lines) for two simulations using the new normal and tan-
gential force displacement models with different starting config-
urations. The x-axis is simulation time, 8s corresponds to the first
contact of the press with the pellet bed and 15s to the point of the
simulation shown in fig. 64 and the left hand side of fig. 67.

deformation is much more uniform throughout the pellet bed. This
situation is more closely matched by the simulations using the new
normal and tangential force displacement models which produce a
more uniform force distribution. However, neither set of simulations
match the deformation of individual pellets in the experimental bed
particularly well. Again, this may be as a result of the drawbacks of
the experimental set-up, including the rough walls of the die.

Fig. 70 shows the distribution of tangential forces at the same point
shown in fig. 67 for the same simulations. It can be seen that the
new force displacement model gives a much greater magnitude of
tangential forces and that these forces are concentrated at the bottom
of the pellet bed. The LTH model gives smaller tangential forces and
a more equal distribution throughout the bed. The larger tangential
forces when using the new tangential force displacement model are
as a result of using a friction coefficient that depends on the amount
of plastic deformation, as discussed above. This allows the pellets to
sustain larger tangential forces before they start slipping and this is
reflected in the force distribution. Despite the differences in the force
distributions the difference in the force on the press given by the two
different models is not particularly large and both are close to the
experimental results (fig. 62).
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Figure 69: The mean pellet overlap (normal displacement) in the top half
of the pellet bed (solid lines) and bottom half of the pellet bed
(dashed lines) for two simulations using the new normal force
displacement model and the tangential LTH model with differ-
ent starting configurations. The x-axis is simulation time, 8s cor-
responds to the first contact of the press with the pellet bed and
15s to the point of the simulation shown the right hand side of
fig. 67.
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As has already been discussed closer investigation of the force dis-
tributions and the mean overlap between pellets shows that there are
differences between using the new normal and tangential force dis-
placement models and the new normal and LTH tangential force dis-
placement models. This means further investigation, particularly of
larger systems, is needed before any conclusions can be made about
the overall suitability of either set of models for use in DEM simula-
tions involving elastic-plastic materials. However, it is possible to say
that in this case both sets of models well replicate the experimental
results and are therefore suitable for using in DEM simulations of the
bulk compaction of small pellet beds at small deformations.

6.4 summary

In this chapter the normal force displacement model developed in
Chapter 4 has been used with both the tangential force displacement
model from Chapter 5 and the LTH model to carry DEM simulations
of compaction of a pellet bed. These simulations have been compared
to experimental results. The material properties used in the simula-
tions were extracted from single pellet compression experimental re-
sults. Both sets of force displacement models match the experimental
results at small bed compressions with the new normal and tangen-
tial force displacement models giving a slightly better match, despite
drawbacks due to the small aspect ratio of the experimental and sim-
ulation set-up used. However, there are significant differences in the
force distributions produced by the two sets of models. In particular
the use of a friction coefficient that depends on the amount of plas-
tic deformation allows the pellets to sustain greater tangential forces
when using the new tangential force displacement model. At larger
bed compressions the simulation results diverge from the experimen-
tal results because the small deformation assumptions that underlie
the DEM models are no longer met. Further work to take account of
the change in shape of the pellets as they are plastically deformed
could improve the match at greater bed compaction.
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(a) New model. (b) LTH model.

(c) New model. (d) LTH model.

Figure 70: Distribution of tangential forces in the DEM simulations using
the two different tangential models (with the same new normal
force displacement model) at the point shown in fig. 64. Forces
are scaled by a factor of 0.2 for clarity.
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C O N C L U S I O N S A N D F U T U R E W O R K

The aim of the project is to develop a force displacement model that is
not too computationally expensive for use in DEM but retains some of
the essential physics of elastic-plastic contact. This Chapter contains
a discussion of how the work presented meets this aim and what
further work could be carried out in the future.

7.1 normal model

The new normal force displacement model for elastic-perfectly plas-
tic materials that has been developed retains the essential physics of
the contact problem because it is able to replicate the elastic section,
the non-linear elastic-plastic section and the linear plastic section of
the loading curve as seen in FEM simulations. This is in contrast to
some models in the literature, such as the Thornton model, that only
use a non-linear elastic section and a linear plastic section. The new
force displacement model is also able to replicate the unloading and
reloading behaviour of a contact as seen in FEM simulations, with a
permanent plastic deformation after unloading.

The force displacement model has a significant advantage over
many existing models as it needs only well characterised material
properties (Young’s modulus, yield stress and Poisson’s ratio) to cal-
culate the model parameters whereas existing models often need fit-
ting of parameters to experimental or FEM results. Comparisons with
FEM simulations also show that the model is suitable for a wide range
of material properties. The new force displacement model has been
implemented in a DEM code in a straightforward way that does not
require complex numerical methods for every collision at every time-
step. This is in contrast to some of the more accurate models in the
literature, such as the Brake and LWT models, which require signifi-
cant computational cost as the price of accuracy.

7.2 tangential model

The new tangential force displacement model was developed by con-
sidering the case of tangential displacement where the normal force
is fixed before extending it to the case of fully oblique collisions
where the normal and tangential forces can vary simultaneously. The
new model matches FEM simulation results better than the existing
method of using an adapted elastic-plastic contact radius in an elas-
tic tangential model, such as the Mindlin-Deresiewicz model. This is
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because the new force displacement model takes into account the fact
that the greater the amount of plastic deformation the less shear trac-
tions that can be maintained in the tangential direction. It does this
by using a reduced stiffness compared to the Mindlin-Deresiewicz
model. The parameters of this reduced stiffness depend on the ma-
terial properties and the amount of deformation in the normal direc-
tion.

The new tangential model has been compared to FEM simulation
results for a range of different initial conditions and material prop-
erties and performs well in all these cases showing that it is suitable
for use in DEM simulations. It also replicates the pattern of energy
dissipation seen in a FEM simulation of an oblique collision, whereas
the Mindlin-Deresiewicz model does not.

7.3 experimental comparison with dem simulations

The new normal and tangential force displacement models have been
implemented into an existing DEM code and used to carry out bulk
compaction simulations showing that they are computationally suit-
able for use in DEM.

Material properties for plastic pellets were extracted using single
pellet compression experiments and these properties were used for
the DEM simulations. Bulk compaction experiments were also carried
out using the same pellets.

The DEM simulations of bulk compaction using the new force dis-
placement models match experimental results up to a compaction of
around 7%. However, beyond this the simulation and experimental
results diverge. This is possibly because the assumptions underlying
DEM begin to break down. The contact area is no longer small com-
pared to the size of the pellets and it is likely that each pellet has
so many contacts they are no longer independent of each other, as is
assumed by the force displacement models.

As well as simulations using the new force displacement models,
simulations were also carried out using the new normal force dis-
placement model with the LTH tangential model. These simulations
did not match the experimental results as well as those using both
new force displacement models. In part this was because they did
not use a friction coefficient dependent on the amount of plastic de-
formation and instead used a fixed friction coefficient. This means
that plastic deformation is the dominant mechanism that determines
the friction coefficient for the pellets used.

Using the two different sets of force displacement models also led
to significant differences in the distribution of forces in the pellet bed.
While these differences did not make much difference to the overall
match between the simulations and experiments for the small case
studied the differences did highlight the drawbacks of the experi-
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mental and simulation set-up for studying bulk compaction. The die
used did not have a large enough diameter relative to the size of the
pellets, which meant that the pellet-wall interactions dominated the
behaviour of the pellet bed. In future work experiments and simula-
tions could be carried out with an improved set-up with a larger die
diameter and decreased height.

7.4 future work

Currently the force displacement models are only designed for elastic-
perfectly plastic materials. In reality many plastic materials have some
kind of strain hardening in the plastic region whereby the stress
needed to cause further plastic deformation increases with the amount
of deformation. As part of any future work the force displacement
models could be adapted to be able to simulate materials with power-
law strain hardening. The parameters of the model in this case could
be related to the exponent in the stress-strain relationship.

The force displacement models are currently only able to simulate
materials with a Poisson’s ratio of 0.3. While this covers many real ma-
terials it does not cover all possible materials that could be simulated,
therefore the models could be extended to other Poisson’s ratios by
establishing its effect on the model parameters. This could be done
by carrying out further FEM simulations.

Finally, the results in Chapter 6 show that in bulk compaction simu-
lations the change in shape of the particles is important at high values
of compaction because the simulations using the new force displace-
ment models diverge from the experimental results. The force dis-
placement models could be extended to take this into account at high
displacements. The particles currently retain their spherical shape af-
ter a collision so some method would be needed to keep track of
the permanent deformation after a collision. In order to be useful in
DEM simulations this would have to be done in a computationally
efficient way. It is also likely that at large bed compaction contacts
are no longer independent (i. e. the behaviour of each contact on a
particle with multiple contacts will affect all the other contacts it has).
The effect of non-independent contacts could be considered in future
work. Future work could also consider other factors that effect contact
behaviour such as adhesion and surface roughness.
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A
C O N TA C T Y I E L D S T R E S S

a.1 contact yield stress

According to the von Mises criterion yield occurs when second stress
invariant satisfies:

1

6

[
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2
]
=
σ2y

3
(113)

With the stresses along the z-axis at yield given by:

σr = σθ = −py

{
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tan−1

(a
z

)]
−
1
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(114)

and

σz = −py

(
1+

z2

a2

)−1

, (115)

where a is the contact area, eq. 113 becomes:

1

3
(py)

2F(ν,u) =
σ2y

3
, (116)

where:

F(ν,u) =
{
(1+ ν)

[
1− u tan−1

(
1

u

)]
+
3

2

(
1+ u2

)−1
}2

, (117)

by making the substitution u = z/a. py doesn’t depend on z. There-
fore, yield will occur when F is maximised with respect to u. The
maximiser of F, u∗, can be found by solving:

δF(ν,u∗)
δu

= 0 (118)

The contact yield stress is then given by:

py = Ay[ν]σy (119)

where:

Ay[ν] = |[F(ν,u∗)]−1/2|, (120)

is a function of Poisson’s ratio only.
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