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A B S T R A C T

We explore a path integral approach to Darcy flow through a stochastic

permeable medium. In one dimension, Darcy’s law can be solved exactly.

We give a derivation of the path integral used to obtain the Darcy pres-

sure statistics. We also outline the computational setup for the conventional

finite-volume method and the implementation of a stochastic field genera-

tor. We provide a detailed user’s guide to the calculation of path integrals

on a lattice, including an explicit computational setup and corresponding

pseudocode. The higher-dimensional form of Darcy’s law lacks an analytic

solution. We show that the simulated annealing algorithm provides a vi-

able alternative to simulating a path integral for Darcy’s law. We compare

the results for the path integral and simulated annealing methods to those

for the finite-volume method. All comparisons pass a Kolmogorov-Smirnov

test at the 95% confidence level. We discuss log-normal and Gaussian fits

to the pressure statistics. Finally, we make a number of suggestions for fu-

ture work, such as the use of the renormalization group and the extension

of Darcy’s law to multiphase flow.
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1 I N T R O D U C T I O N

Readers with a physics background will be familiar with the problem of

measuring the position of a quantum particle. The position of a classical

particle with mass m can be determined at any given time, provided the

initial conditions and sufficient information about any external forces are

available. The position of a quantum particle, by contrast, is not determinis-

tic. Suppose a quantum particle is observed at position xA at time tA, and

again at position xB at time tB. Even given full details on the circumstances,

we cannot reconstruct the particle’s trajectory.

This fundamental difference between classical and quantum mechanics is

central to modern day physics. Its understanding goes back to the middle of

the 19th century. In 1859, Kirchhoff showed that the emission and absorption

of electromagnetic radiation of bodies in thermal equilibrium is wavelength-

specific [64]. Boltzmann suggested that the energy levels of a system could

be discrete in 1877. In 1887, Hertz discovered the photoelectric effect: elec-

trons can be dislodged from a material by shining light on it if the frequency

of the light waves exceeds a certain threshold. Einstein’s 1905 explanation

of this effect [37] postulated that light was made of individual quantum par-

ticles, consistent with Planck’s hypothesis that any energy-radiating system

can be divided into a number of discrete ”energy elements”. The theory of

quantum mechanics was developed by Bohr, Heisenberg, Schrödinger, Pauli

and others in the 1920s [16, 93].

Schrödinger’s equation and Heisenberg’s matrix mechanics are based on

Hamiltonian classical mechanics. Their theoretical frameworks explain the

statistical approach taken to the position of a quantum particle. For an acces-

sible discussion of the nature of such a statistical characterization, see Ref.

[48]. In 1933, Dirac [29, 30] proposed an approach to quantum mechanics

based on the Lagrangian, which he regarded as more fundamental than the

Hamiltonian. Dirac suggested that the transition amplitude in quantum me-

chanics, also called the propagator, correspond to the quantity exp(iS/ h), in

which S is the classical action evaluated along the path the particle takes.

In 1948, Feynman [38] extended Dirac’s ideas and formulated quantum

mechanics based on the sum over all paths between fixed initial and final

states. Each path contributes a pure phase exp(iS/ h) to the propagator, as

Dirac suggested, with the amplitudes of the paths combined according to

the usual quantum mechanical procedure for the superposition of ampli-

tudes. Because the sum over paths is typically an integral over a contin-

15
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uum of paths, this procedure is now known as the ”path integral method”.

Feynman derived his path integral method in a seminal paper [38] that laid

the foundation for many formal developments of path integrals in quantum

physics [52], such as perturbation theory, the pictorial representations of the

behavior of subatomic particles that are now known as ”Feynman diagrams”

[15, 39] and lattice quantum chromodynamics, a lattice gauge theory formu-

lated on a grid. The path integral also has applications in other areas of

physics, including statistical mechanics [97], and stochastic dynamics [101].

In fact, although largely unknown to the physics community at that time,

the notion of the integral over paths had been introduced in the 1920s by

the mathematician Norbert Wiener [98] for diffusion and Brownian motion.

Wiener’s presentation had a similar formal structure to the Feynman path

integral, though in a purely classical context [15, 59]. For details on Feyn-

man’s extension of the Wiener measure to quantum mechanics, we refer to

a review article by Gel’fand and Yaglom [43].

The path integral is an explicit expression for the probability amplitude.

Once we have the path integral, we are in business1: we can calculate the

expectation value of the position at any time, higher-order moments of the

position, correlations between the positions at various times, et cetera.

Readers with an engineering background, on the other hand, will be fa-

miliar with the problem of calculating the pressure of Darcy flow through a

porous material. Extensive descriptions of flow through porous media can

be found in Refs [55, 87, 92]. The field is fundamental to many areas of sci-

ence, including filtration [103], geothermal engineering [2], hydrology [92],

materials science [7] and even physiology [53, 61, 62]. It is also relevant to

the flow of oil in a reservoir, which will be the application presented in this

thesis.

The ways to describe flow and transport in a porous medium fall into

(at least) two conceptually different categories; for a review, see Ref. [9].

The first is to carry out any desired calculations at the pore scale. One

approach is to solve the Navier-Stokes equations, developed by Navier and

Stokes in 1822 [4, 10], which encode conservation of momentum for a fluid.

The equations arise from applying Newton’s second law to fluid motion,

together with the assumption that the stress in the fluid is the sum of a

diffusing viscous term and a pressure term. The Navier-Stokes equations

can be solved computationally on domains on the millimeter to centimeter

scale, when the structure of the medium is known exactly and the necessary

computational power available, with the proviso that the initial conditions

are known. The solution to the Navier-Stokes equations yields the pressure

and the flow at any position in the medium.

1 Turn of phrase borrowed from René van Roij.
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Pore-scale simulations [5], using the lattice-Boltmann method [19, 77] or

cellular automata [85], provide another avenue to a detailed description of

the flow. On this microscopic scale, the pore space and fluid configurations

can be imaged using X-ray microcomputed tomography [32, 69].

Some problems related to flow through a porous material, such as the

flow of oil through a reservoir, require flow and pressure descriptions on

the kilometer scale. Due to the limited availability of information about the

pore structure, pore-scale simulations cannot be realized on the kilometer

scale. Note that this problem, contrary to that of the positions of a quantum

particle, is not fundamental. It is merely an issue of lack of information.

However, the problem poses practical considerations. Even in the hypothet-

ical case that full information about the rock permeability were known, the

computational demands associated with the calculation of a pressure field

would be prohibitive.

Instead, the problem calls for coarse-graining of the medium and the flow

over regions large on the pore scale but small on the scale of the macroscopic

system. Typically, permeability data are only available at a limited number

of points in the rock. On the ”mesoscopic” scale, it is necessary to have an

appropriate stochastic description of the permeability. An overview of the

various methods for reservoir modeling is given in Refs [20, 82].

For the problem of slow flow of a viscous fluid, Darcy’s law provides a re-

liable description of the average flow rate and the average pressure gradient,

given the stochastic permeability. Darcy proposed his law as an empirical

relation in 1856, in his work “Les fontaines publiques de la ville de Dijon” [24],

which described the design of a network of pipes to bring spring water into

the city. Darcy realized the importance of sand filters to drinking water, and

based his law on a series of flow experiments. One can, however, derive

Darcy’s law by averaging Stokes flow over a representative volume element

and observing that viscous forces predominate in the case of a viscous fluid,

and that a pressure gradient is required for flow at constant velocity [47, 75,

96]. Another way to arrive at the same conclusion is to do a scaling analysis

of Stokes flow through a dilute random array of fixed obstacles [86].

Often in reservoir engineering, the pressure pA at point xA as well as the

pressure pB at point xB can be fixed. The analogy with the quantum particle

does not need further elucidation. The aim of this thesis, as the title hints, is

to develop a path integral approach to Darcy flow. Based on the cornucopia

of literature on the path integral (for a thorough review, see [104]), we expect

to be able to develop such an approach and use it to calculate Darcy flow.

A path integral approach to Darcy flow will make the arsenal of techniques

developed for path integrals available to the problem of Darcy flow through

a permeable medium. Previous derivations [3, 33, 89] of path integrals re-

lated to Darcy’s law have used their analytic properties to determine general
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flow characteristics. This thesis focuses on comparison of the Darcy pres-

sure statistics obtained from the path integral to those obtained through the

numerical integration of Darcy’s law using the conventional finite-volume

method. It highlights the strengths and weaknesses of introducing the path

integral to the problem of flow through random porous media and provides

a user’s manual for its implementation.

1.1 outline

Chapter 2 gives the necessary background on Darcy’s law, including its an-

alytic solution in one dimension. Chapters 3 and 4 explore the toy problem

of one-dimensional pressure calculations: Chapter 3 introduces traditional

computational techniques, while Chapter 4 outlines the path integral formal-

ism. In Chapter 5, a user’s manual is given. It should provide enough details

for the interested reader to calculate her or his own path integral. Chapter

6 presents the results obtained using the theory and computational back-

ground given in previous chapters. In Chapter 7, the extension of the main

problem to higher dimensions is discussed. This chapter addresses the lim-

itations of the path integral approach and introduces an alternative method

where the original approach breaks down. Chapter 8 contains the higher-

dimensional results achieved through the methods described in Chapter 7.

Finally, Chapter 9 contains a summary and suggestions for future work, in-

cluding the application of the renormalization group to the Darcy path inte-

gral and the extension of Darcy’s law to multiphase flow. All mathematical

details, as well as pseudocode, can be found in the Appendices.
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2 DA R C Y ’ S L A W

2.1 interpretation and applicability

This thesis is restricted to a consideration of single-phase flow, in which

one fluid saturates the pore space. The methodology is illustrated for the

example of the slow flow of oil through a rock. For the present case of the

slow flow of a viscous fluid, Darcy’s law relates the flow rate q and the

average pressure gradient ∇p to the effective stochastic permeability K:

q = −K∇p. (1)

Here, K = k(x)/µ, where k is the stochastic permeability of the medium

and µ is the viscosity of the fluid. For the work presented in this thesis,

we used a log-normal model for the effective permeability K, which will

henceforth be referred to as the permeability. This permeability model has

the required feature of strict positivity. Published work suggests that the log-

normal model is a realistic one [40]. It should be pointed out, however, that

the permeability can be represented by any other stochastic model with a

well-defined mean and covariance. The typical flow speed is approximately

10 centimeters per day.

Oil is a relatively incompressible fluid:

∇ · q = 0. (2)

Together with Darcy’s law, (1), the conservation of volume (2) yields the

result

∇ · (K∇p) = 0. (3)

2.2 analytic solution in one dimension

To develop an intuition for Darcy’s law, this Section solves the one-dimensional

case. This form of Darcy’s law, initially intended as a toy model, turns out

to be fundamentally different from its higher-dimensional analogue.

The one-dimensional toy model is a “rock” of length X, with viscous flow

only along the x-axis (see Fig. 1). The one-dimensional form of Darcy’s law

21



22 darcy’s law

Figure 1: Schematic depiction of one-dimensional flow through a permeable
medium. The term ”one-dimensional flow” refers to the number of spatial
coordinates required to describe the flow.

(1) reads:

q(x) = −K(x)
dp(x)

dx
. (4)

In one dimension, incompressible flow reduces to constant flow:

q(x) = q0. (5)

It is straightforward to integrate the differential equation (4) subject to the

initial condition

p(0) = Pi,

as follows:

p(x) = Pi − q0R(x), (6)

where

R(x) =

∫x

0

1

K(x ′)
dx ′. (7)

The integral over 1/K(x) has the interpretation of a resistance term.

Setting x = X, we obtain a relation between the flow q0 and the final

pressure Pf:

Pf = Pi − q0R(X), or q0 = −
Pf − Pi

R(X)
. (8)

To solve for p(x), one additional variable must be specified. Imposing q0, the

derivative of p(x) at the boundary, defines a Neumann boundary condition

(NBC). In oil field terms, fixed q0 corresponds to a constant production. The

specification of Pf, the pressure at the other end of the well, is mathemati-

cally is mathematically known as a Dirichlet boundary condition (DBC).

We let L(x) = logK(x) denote the log-permeability of the rock. The

Gaussian random variable L(x) can be effectively modeled as a stationary
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Figure 2: Realizations of the permeability K(x), for the indicated correlation lengths
obtained from a stationary Ornstein-Uhlenbeck process with the correla-
tion function (9). For ξ = 0.02X (a), the effect of correlations in the perme-
ability is barely visible. For ξ = X (d), correlations of the permeability are
apparent in the small site-to-site variations. These simulations were car-
ried out on systems of Nx = 240 sites with ∆x = 0.5 m. In (b), (c), and (d),
the profile in (a) shown in gray to emphasize the contrasting scale and
magnitude of permeability fluctuations as a function of the correlation
length.

Ornstein-Uhlenbeck process [87]. Such a process is fully characterized by its

mean (set to zero) and covariance function

Cov(L(x),L(y)) = σ2e−|x−y|/ξ. (9)

Unless otherwise specified, we have set σ = 0.5 for the simulations presented

in this work. More information about the Ornstein-Uhlenbeck process and a

derivation of its covariance function can be found in Appendix E. For more

detailed discussions, we refer to the original paper by Uhlenbeck and Orn-

stein [90], as well as Ref. [44]. The correlation length ξ sets the length scale

of the variation in the permeability. The effect of the correlation length is

illustrated in Fig. 2. For a correlation length equal to a few lattice spacings

(Fig. 7(a)), the permeability is effectively random on neighboring sites, and

so shows substantial fluctuations over small distances. As the correlation

length increases to the system size (Fig. 7(b,c,d)), the site-to-site variations

of the permeability are significantly diminished, as is the magnitude of the

fluctuations through the system, though appreciable variations can still oc-

cur over larger distances.
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Figure 3: Pressure profiles with (a) Neumann and (b) Dirichlet boundary conditions
for ξ = 0.1X. The simulations were carried out on systems of Nx = 120

sites with ∆x = 1. Only pressure differences are meaningful; negative
pressures are the result of a particular choice of a zero of pressure.

Examples of pressure trajectories under both types of boundary conditions

are shown in Fig. 3. For both Neumann and Dirichlet boundary conditions

the pressure decreases monotonically due to the resistance of the permeable

medium. The difference is that, for DBC, the pressure is fixed at both ends

of the system while, for NBC, the pressure is fixed only at entry (along with

the production rate), so the exit pressure is a free variable. In particular, the

distribution of pressures broadens along the system for NBC, but, for DBC,

broadens initially, then narrows as the effect of the exit boundary takes hold.



3 F I N I T E -V O L U M E M E T H O D I N O N E

D I M E N S I O N

3.1 generation of the gaussian random field

The statistics of pressure distributions in a one-dimensional permeable medium

are given in terms of the permeability distribution by the solution (6) and

(7) to Darcy’s equation (1). In two and three dimensions, the corresponding

solutions of (3) are divergence-free vector fields expressed as

K∇p = ∇×A, (10)

where A is a vector potential. These do not yield the simple analytic forms of

(6) and (7), so we must look to numerical solutions of (3) for each realization

of the permeability, then average the results. In this section, we describe the

numerical method for accomplishing this, which we will then apply to the

one-dimensional Darcy equation (1).

The finite-volume method (FVM) is a discretization technique for partial

differential equations, especially those associated with conservation laws,

such as (3). The FVM uses a volume integral formulation based on a parti-

tion of the system into volumes to discretize the equations by representing

their solution as a set of algebraic equations for quantities defined within

each volume. Finite-volume methods are based on applying conservation

principles over each of the small volumes in the partition, so global con-

servation is ensured. The FVM is an established technique, especially for

computational fluid dynamics, but we provide a brief description here for

completeness. For more background on the finite-volume method, see, for

example, Refs [6, 18].

All simulations, both for the finite-volume method and the path integral,

are carried out on a discrete lattice with Nx + 2 sites. An example with

Nx = 4 is shown in Fig. 4.

Simulation of the pressure subject to Eq. (3) requires a permeability field

K(x). To obtain such a field, one first generates the log-permeability L(x) and

then invokes the relation K(x) = eL(x). Depending on the desired covariance

structure, there are many different techniques to generate L(x). We present

two possibilities here.

For a representation of the log-permeability field L(x), the first step is to

generate an array U of length Nx of standard uniform (∼ U(0, 1)) random

numbers. A good choice for this procedure is the Mersenne-Twister pseudo-

25
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Figure 4: (a) Schematic depiction of a one-dimensional lattice partitioned into 5

cells with Nx + 2 = 7 sites according to the finite-volume method. The
permeabilities Ki, for i = 1, 2, 3, 4, 5, are considered constant within each
cell, and the pressures at the cell boundaries are determined from (40). (b)
Section of the one-dimensional lattice with the integration region (shown
shaded) used to derive the equation for the pressure.

random number generator [71]. It is freely available in a variety of coding

languages. Various algorithms exist to transform the array U into an array

S of standard normal (∼ N(0, 1)) random numbers. Two examples of such

algorithms are given in Appendix A. The array S, once available, must be

transformed into an array of correlated random variables from the target

distribution. One way to do this is to use the Cholesky decomposition of the

covariance matrix C for L [80]. The Cholesky decomposition of a positive-

definite, real, symmetric matrix (such as C) is the unique decomposition of

the form: C = DDT . The array L is then given by: L = DS. This type of

calculation takes O(N3
x) floating-point operations (or “flops”) [80].

Another method, which is faster, but more complicated, is the so-called

circulant embedding technique [45]. One embeds the correlation matrix C of

the field L(x) into a matrix S that has a circulant or block circulant structure.

Products of the square roots S1/2 with vectors of uncorrelated standard nor-

mal random numbers will then yield realizations of the desired field [27, 28].

The method relies on the fast Fourier transform (FFT). More details on the

use fast Fourier transform in the generation of Gaussian random fields can

be found in Ref. [66]. For an array containing Nx points, the computational

requirements are those of an FFT of a vector of length 2Nx per realization

[27], or O(2Nx log 2Nx) flops. Our field-generating code is available online

under Ref. [code].
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3.2 calculation of the darcy pressure

Once the permeability field has been determined, we can derive an equation

for the pressure by integrating (3) over a small region near the boundary

between the ith and (i+ 1)st cells (Fig. 8(b)):

∫x+

x−

d

dx

(

K
dp

dx

)

dx =

(

Kdp
dx

)∣

∣

∣

∣

x−

−

(

Kdp
dx

)∣

∣

∣

∣

x+

= Ki(p− pi) −Ki+1(pi+1 − p) , (11)

where p is the pressure at the boundary between the two cells and we have

set the lattice spacing to one for simplicity. As there are no sources, the upper

(resp. lower) limit of integration can be extended to the right (resp. left) edge

of the system without affecting the value of the integral. Hence, the two

terms on the right-hand side must each be equal to the same constant:

q0 = −Ki(p− pi) = Ki+1(pi+1 − p) . (12)

Elimination of the boundary pressure p yields:

q0 = −
KiKi+1

Ki +Ki+1
(pi+1 − pi) ≡ −ti,i+1(pi+1 − pi) , (13)

where we have defined the transmissibility ti,i+1 as the harmonic mean of

Ki and Ki+1. Under Dirichlet boundary conditions, we set p0 = Pi and

pNx+1 = Pf. Equation (3) translates into the set of linear equations:
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The transmissibility over the boundaries is computed by stipulating a con-

stant flow rate over the boundary half-cell, which results in equations similar

to Eqs. (12) and (13).
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When working with Neumann boundary conditions, where q0 is fixed,

we set p0 = Pi. We have to solve the sparse matrix equation:
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The calculations were done with the sparse matrix solver UMFPACK [25],

which can solve a sparse matrix equation in O(Nx logNx) flops.



4 PAT H I N T E G R A L F O R M A L I S M

4.1 the “path integral” idea

Imagine a particle following some spatial trajectory x(t), subject to initial

condition x(ti) = xi and final condition x(tf) = xf. The difference between

the final time tf and the initial time ti is some amount of time T . In classical

mechanics, Newtonian dynamics predicts the unique trajectory. In quantum

mechanics and in the context of stochastic theory, motion is not constrained

by Newton’s laws. There is a variety of conceivable paths from xi to xf
within time T . How does one associate a probability to the occurrence of

each possible path?

Suppose one makes a large number of successive position measurements

of a quantum particle, separated by a small time interval ∆t. The position

that results from a measurement at time tj is denoted by xj. The successive

values x1, x2, x3, ... practically define a spatial trajectory x(t). The prob-

ability density associated with a specific path materializes is a function of

x1, x2, x3, ..., say P(..., xj, xj+1, ...). By integrating P(..., xj, xj+1, ...) over a

spatial region, one obtains the probability that the path lies within that re-

gion. Thus, the probability that xj lies between aj and bj, xj+1 lies between

aj+1 and bj+1, etc. is given by

...

bj∫

aj

bj+1∫

aj+1

...P(...xj, xj+1, ...)...dxj dxj+1... (14)

To find the probability that the particle follows a path within some prede-

fined region of space, one integrates over the contributions from each possi-

ble path in the region. Each contribution will be of type (14).

4.2 wiener’s “calculation of the probability for

a path”

In his 1922 paper [98] Norbert Wiener writes about a Brownian particle: Let

us consider a particle free to wander along the X-axis. (...) It may then be

29



30 path integral formalism

shown that the probability that after a time t it has wandered from the origin

to a position lying between x = x1 and x = x2 is

1√
πct

x2∫

x1

exp
[

−
x2

ct

]

dx, (15)

where c is a constant which we may reduce to 1 by a proper choice of units.”

He introduces the concept of “particle histories” or “time-paths”: “There

are certain assemblages of time-paths to which we can immediately assign

a measure, a probability. These assemblages are obtained by restricting the

position of the particle at certain specified times, finite in number, to certain

specified finite or infinite intervals. An example is the set of all time-paths

x = Φ(t), such that

x11 6 Φ(t1) 6 x12

x21 6 Φ(t2) 6 x22

...

xn1 6 Φ(tn) 6 xn2

(0 6t1 6 t2 6 ... 6 tn 6 1.) (16)

This assemblage of time-paths may be considered as possessing the com-

pound probability that after a time t, the particle shall occupy a position

between x11 and x21, that by time t2 it shall have wandered from whatever

position it shall have occupied at time t1 to a position between x21 and x22,

and so on. By (15), this compound probability is

1
√

πnt1(t2 − t1)(t3 − t2)...(tn − tn−1)

×
x12∫

x11

x22∫

x21

...

xn2∫

xn1

exp
[

−
ξ21
t1

+
(ξ2 − ξ1)

2

(t2 − t1)
+ ... +

(ξn − ξn−1)
2

(tn − tn−1)

]

× dξ1 dξ2 · · ·dξn. ′′ (17)

Each negative of an exponential in Eq. (17) is known as a ”Lagrangian”.

The Gaussian weight attached to each event follows from the definition of

Brownian motion. Alternatively, it can be inferred from the solution to the

diffusion equation, or the Fokker-Planck equation for Brownian motion:

∂ψ

∂t
= D

∂2ψ

∂x2
, (18)

where ψ is the probability density of the particle’s position and, in Wiener’s

units, D = 1.
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In the continuum limit N → ∞, ∆t → 0, such that the product N∆t

remains fixed, one obtains for Eq. (17) (up to a normalization factor):

x12∫

x11

...

xn2∫

xn1

T∏

t=0

dξ(t) exp

[

−

∫T

0

(

dξ

dt

)2

dt

]

≡
∫

Dξ(t) exp

[

−

∫T

0

(

dξ

dt

)2

dt

]

.

(19)

We can use equation (17) to calculate the average value of any functional of

the trajectories:

〈(F{ξ(t)}〉 ∝
∞∫

−∞

...

∞∫

−∞

F{ξ(t)} exp





−

T∫

0

[

dξ(t)

dt

]2

dt






t∏

0

dξ(t) ≡
∫

F{ξ(t)}dwξ,

(20)

where we have taken the limit as the time intervals go to zero in Eq. (17)

to define a probability measure dw. In particular, we are often interested in

covariance functions. The covariance function

〈ξ(t1)x(t1)〉 =
1

Z

∫

Dξ(t)ξ(t1)ξ(t2) exp

[

−

∫T

0

(

dξ

dt

)2

dt

]

;

Z =

∫

Dξ(t) exp

[

−

∫T

0

(

dξ

dt

)2

dt

]

(21)

is derived by adding a source term to the continuous version of the La-

grangian. For a fuller explanation of the use of functional integration to cal-

culate covariance functions, see Appendix B. Formally, Eq. (21) satisfies the

definition of a Green function for the diffusion equation. To underline the

natural applicability of the path integral formalism to the stochastic prob-

lem of Darcy flow, we have shown that the path integral can be seen as a

stochastic integral in Appendix C.

4.3 derivation of the path integral for darcy

flow

In this Section, we formulate the solution to Eq. (4) as a path integral. The

path integral for Darcy’s law is derived with methods used in classical sta-

tistical dynamics [31, 57, 58, 79]. A one-dimensional system of length X is di-

vided into Nx segments of length ∆x. The pressure is defined at 0, (i− 1
2)∆x,

for i = 1, 2, . . . Nx, and X, so a stochastic pressure path through the system
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is (p0,p1, . . . ,pNx
,pNx+1) (see Fig. 4). The discrete form of Darcy’s law (4)

on this lattice is (cf. Eq. (12))

pi − pi−1

∆x
= −q0e

−Li . (22)

Here, Ki = e
−Li is the permeability at the ith grid point. The choice E[Li] = 0

implies E[Ki] = 1: the so-called geometric mean of the permeability equals

1.

The stochastic generating functional for correlation functions of the pres-

sure at fixed log-permeability is

ZL({ui}) =

∫ ∏

i

dpi exp
(

∑

i

uipi

)

δ

(

pi − pi−1

∆x
+ q0e

−Li

)

. (23)

For detailed background information on stochastic generating functions, see

Ref. [105]. The Jacobian J = (∆x)−N that arises from factor pi−pi−1

∆x inside the

δ-functional [79], has been omitted. Although J becomes infinite as ∆x → 0,

this quantity is cancelled by the same divergence in expressions for averages.

Taking the average of ZL over the probability density of the log-permeability

yields the generating function for pressure correlations:

Z({ui}) =

∫ ∏

i

dLiP({Li})ZL({ui})e
−

∑
i Li (24)

The factor q0 in the Jacobian q0 exp(−
∑

i Li) has been omitted. The log-

permeabilities are taken to follow a correlated Gaussian distribution:

P({Li}) =
1

(2π)N/2|CL|1/2
exp

[

−
∑

ij

Li(C
−1
L )ijLj

]

, (25)

where CL is the correlation matrix and |CL| its determinant. Substituting (23)

and (25) into (24) and again omitting constant prefactors,

Z({ui}) =

∫ ∏

i

dpi

∫ ∏

i

dLi exp
(

∑

i

uipi

)

× exp
[

−
∑

ij

Li(C
−1
L )ijLj

]

exp
[

−
∑

i

Li

]

× δ
(

pi − pi−1

∆x
+ q0e

−Li

)

, (26)

and integrating over the Li, yields a path integral for the probability density

Q of the pressures:

Q({pi}) =
e−S({pi})

Z
, (27)
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where

Z =

∫ ∏

i

dpie
−S({pi}) , (28)

with the discrete ”action”

S({pi}) =
∑

i

log
(

pi−1 − pi

q0∆x

)

+
∑

ij

log
(

pi−1 − pi

q0∆x

)

(C−1
L )ij log

(

pj−1 − pj

q0∆x

)

. (29)

Averages over pressure are determined by integrals over Q. For example,

the average 〈pk〉 of the pressure pk at the kth lattice point is

〈pk〉 =
1

Z

∫ ∏

i

dpi pk e
−S({pi}) , (30)

which confirms the cancellation of the omitted factors. Higher-order correla-

tion functions and cumulants are calculated analogously.





5 U S E R ’ S G U I D E TO E VA L U AT I N G

PAT H I N T E G R A L S

This Chapter provides a user’s guide to the calculation of path integrals on

a lattice, with the quantum harmonic oscillator as an example. We will focus

on trajectories x(t) in one spatial dimension. The time t is described by a

lattice and takes discrete values. This toy model has the advantage of having

an exact solution, which enables the verification of the methodology.

5.1 theoretical background of the quantum har-

monic oscillator

The solution to the initial-value problem of the Schrödinger equation,

i h
∂ψ

∂t
= Ĥψ , (31)

can be written as

ψ(x, t) = e−iĤt/ hψ(x, 0) , (32)

where the exponential factor is known as the “evolution operator”. The ex-

ponential of an operator Ô is defined by the Taylor series of the exponential

function:

eÔ =

∞∑

n=0

Ôn

n!
. (33)

Equation (32) is only a formal solution to Eq. (31) because obtaining an

explicit solution from the evolution operator is no simpler than solving the

original equation.

The connection between the evolution operator and Feynman’s path inte-

gral can be made by considering the matrix elements of the evolution opera-

tor between any two initial and final position eigenstates. In Dirac’s bra-ket

notation [95]

〈xf|e−iĤ(tf−ti)/ h|xi〉 = 〈xf, tf|xi, ti〉 . (34)

35
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These matrix elements embody all the information about how a system with

the Hamiltonian Ĥ evolves, or propagates, in time, and is known as the

“propagator”. In particular, the evolution of the wave function is given by

ψ(xf, tf) = 〈xf, tf|ψ〉 (35)

=

∫

〈xf, tf|xi, ti〉〈xi, ti|ψ〉dxi (36)

=

∫

〈xf, tf|xi, ti〉ψ(xi, ti)dxi , (37)

which shows that the propagator (34) is a type of Green function known as

the fundamental solution of Eq. (31).

5.1.1 Derivation of the path integral

The standard derivation of the path integral from the evolution operator

considers the evolution of a system over a short time ∆t. The method can be

demonstrated for the Hamiltonian

Ĥ =
p̂2

2m
+ V(x̂) , (38)

of a particle of mass m moving in a potential V , where p̂ and x̂ signify

momentum and position operators.

The propagator to be evaluated is

〈xf, ti +∆t|xi, ti〉 = 〈xf|e−iĤ∆t/ h|xi〉 (39)

=

∫

〈xf|p〉〈p|e−iĤ∆t/ h|xi〉dp . (40)

We expand the exponential to first order in ∆t:

〈p|e−iĤ∆t/ h|xi〉 =
〈

p

∣

∣

∣

∣

1−
iĤ∆t

 h
+O(∆t)2

∣

∣

∣

∣

xi

〉

. (41)

The explicit mention of O(∆t)2 corrections will be henceforth omitted.

For the Hamiltonian in Eq. (38) the matrix elements of the operators on

the right-hand side of Eq. (41) are evaluated using

〈p|1|xi〉 = 〈p|xi〉 (42)

〈p|p̂2|xi〉 = 〈p|p̂2|p〉〈p|xi〉 = p2〈p|xi〉 (43)

〈p|V(x̂)|xi〉 = 〈p|xi〉〈xi|V(x̂)|xi〉 = V(xi)〈p|xi〉 . (44)
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The short-time propagator in Eq. (41) can now be approximated as

〈p|e−iĤ∆t/ h|xi〉 ≈
[

1−
ip2∆t

2m h
−
i∆t
 h
V(xi)

]

〈p|xi〉 (45)

≈ exp
{

−
i
 h

[

p2∆t

2m
+ V(xi)∆t

]}

〈p|xi〉 , (46)

with the approximations becoming equalities for infinitesimal ∆t. We use

〈p|x〉 = e−ipx/ h

√
2π h

, (47)

to obtain

〈p|e−iĤ∆t/ h|xi〉 =
1√
2π h

exp
{

−
i
 h

[

pxi +
p2∆t

2m
+ V(xi)∆t

]}

. (48)

We return to the right-hand side of Eq. (40) and invoke Eq. (47) to find,

〈xf, ti +∆t|xi, ti〉 =
∫
dp

2π h
exp

{

−
i∆t
 h

[

p(xi − xf)

∆t
+
p2

2m
+ V(xi)

]}

(49)

=

√

m

2πi h∆t
exp

{
i
 h

[

m(xf − xi)
2

2∆t
− V(xi)∆t

]}

.

(50)

The integral has been evaluated by completing the square in the argument

of the exponential. If we make the identification

(

dx

dt

)2

=

(

xf − xi

∆t

)2

, (51)

we see that the argument of the exponential on the right-hand side of Eq. (50)

is the product of ∆t and the classical Lagrangian L:

L∆t =

[

m

2

(

xf − xi

∆t

)2

− V(xi)

]

∆t . (52)

Hence, the short-time propagator reduces to

〈xf, ti +∆t|xi, ti〉 =
√

m

2πi h∆t
eiL∆t/ h . (53)
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We can now evaluate propagators over finite times by dividing the time

interval into slices of duration ∆t,

〈xf, tf|xi, ti〉 =
∫∫

· · ·
∫

〈xf, tf|xN−1, tN−1〉

× 〈xN−1, tN−1|xN−2, tN−2〉 · · · 〈x2, t2|x1, t1〉
× 〈x1, t1|xi, ti〉dx1 dx2 · · ·dxN−1 , (54)

and applying Eq. (53) to each slice:

〈xf, tf|xi, ti〉 =
∫ N−1∏

n=1

dxn exp
[

i∆t
 h

N−1∑

n=1

L(tn)

]

. (55)

We have omitted the prefactors in Eq. (55) because they will not be needed

in the following.

In the continuum limit (N → ∞, ∆t → 0, such that the product N∆t is

fixed), the integral over positions at each time is the same as the integral

over all paths between the initial and final positions:

〈xf, tf|xi, ti〉 =
∫

Dx(t) e−iS/ h , (56)

where Dx(t) ≡
∏N−1

n=1 dxi and, as N → ∞, the action S of the path x(t)

becomes

S =

∫tf

ti

L(x(t))dt =

∫tf

ti

[

m

2

(

dx

dt

)2

− V(x(t))

]

dt . (57)

5.1.2 Imaginary time path integrals

The path integral in Eqs. (56) and (57) yields transition amplitudes as the

sum of the phases of all paths between the given initial and final positions.

For our purposes imaginary time path integrals, where the time t is replaced

by −iτ, with τ real, are of primary interest.

There are two main applications of imaginary time path integrals. In sta-

tistical mechanics τ =  h/(kBT), where kB is Boltzmann’s constant and T is

the absolute temperature. Thus, for equal initial and final positions x, an

integration over x produces the partition function Z:

Z =

∫
〈

x
∣

∣e−Ĥτ/ h
∣

∣x
〉

dx = Tr
(

e−Ĥτ/ h
)

, (58)

in which the trace Tr is the sum/integral of the diagonal elements of an

operator.
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Another application is the determination of the energy spectrum of a quan-

tum system. This calculation utilizes the identity 1 =
∑

n |n〉〈n| in terms of

the eigenfunctions of the Hamiltonian, such that Ĥ|n〉 = En|n〉,

Z =

∫
〈

x
∣

∣e−Ĥτ/ h
∣

∣x
〉

dx =

∫ ∑

n

〈

x
∣

∣e−Ĥτ/ h
∣

∣n
〉〈

n
∣

∣x
〉

dx (59)

=

∫ ∑

n

e−Enτ/ hψn(x)ψ̄n(x)dx =
∑

n

e−Enτ/ h, (60)

where we have used the fact that ψn(x) is normalized. Similarly, we can

expand the propagator 〈xf, tf|xi, ti〉 in terms of the eigenfunctions {|n〉}:

〈xf, tf|xi, ti〉 =
∞∑

n=0

e−En(tf−ti)/ h〈xf|n〉〈n|xi〉. (61)

The derivation of the imaginary-time path integral proceeds along the

same lines as the real-time propagator, with the result corresponding to

Eq. (50) given by

〈xf|e−Ĥ∆τ/ h|xi〉 =
√

m

2π h∆τ
exp

{

−
∆τ
 h

[

m

2

(

xf − xi

∆τ

)2

+ V(xi)

]}

,

(62)

In the limit N→ ∞, Eq. (62) can be used to write the partition function in a

form analogous to Eqs. (56) and (57):

Z = Tr
(

e−Ĥ(τf−τi)/ h
)

=

∫

Dx(τ) e−S/ h , (63)

where S is the (Euclidean) action over a path x(τ) with τf > τ > τi, and

x(τf) = xf, x(τi) = xi.

S =

∫τf

τi

L(x(τ))dτ =

∫τf

τi

[

m

2

(

dx

dτ

)2

+ V(x(τ))

]

dτ . (64)

The integrals in Eqs. (63) and (64) and their real-time counterparts in Eqs. (56)

and (57) are over all paths weighted by Lagrangian-type quantities. However,

in the imaginary-time formalism, quantities associated with the paths are

real.

5.1.3 The quantum harmonic oscillator

The Hamiltonian for a particle of mass m bound by a harmonic potential

with force constant k is

Ĥ =
p̂2

2m
+
kx̂2

2
=
p̂2

2m
+
mω2x̂2

2
, (65)



40 user’s guide to evaluating path integrals

where ω =
√

k/m is the natural frequency of the oscillator. The discretized

Euclidean Lagrangian for this system is

Li =

[

m

2

(

xi+1 − xi

∆τ

)2

+
mω2x2i
2

]

δτ , (66)

which allows us to express the Euclidean action and the partition function

as

S =

N−1∑

n=1

Li (67)

Z =

∫∞

−∞

N−1∏

i=1

dx(τi) exp
(

−
∆τ
 h
S

)

. (68)

The energy eigenvalues of Ĥ are En =  hω(n+ 1
2) for n = 0, 1, 2, . . . . The

normalized ground state wave function is

ψ0 =
(mω

π h

) 1
4

exp
(

−
mωx2

2 h

)

, (69)

from which all other wave functions can be obtained through ladder oper-

ations. Expectations of observable quantities in the ground state are deter-

mined by ψ0(x).

5.2 computational method

The formalism discussed in Sec. 5.1 will be applied to the harmonic oscillator.

However, the range of applicability is much broader. The idea is that if the

partition function can be constructed (“if the system can be simulated”), an

arbitrary observable can be determined (“measured”) with a statistical un-

certainty that decreases as the simulation is extended. For the construction

of such observables and their evaluation the complete tool set of statistical

mechanics can be used. An overview of all parameters and their meanings

is given in Table 1.

5.2.1 Monte Carlo methods

The simulation is done on a discrete time lattice with Nτ time slices with pe-

riodic boundary conditions so that the time slice Nτ+ 1 equals the time slice

1. To calculate the statistics of the observables, many particle trajectories of

the form (x1, . . . , xNτ
) are needed, where each coordinate is a real number.

Starting from an initial, thermalized configuration path(0) (see Sec. 5.2.4), the

path is updated by the Metropolis–Hastings algorithm. The application of
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Parameter Meaning

Nτ number of elements of the time lattice
i∆τ Euclidean time, with i ∈ {1, . . . ,Nτ} the

site index
tMC Monte Carlo time; refers to index of a

path in the Markov chain
sweep Nτ applications of the

single-site Metropolis–Hastings algorithm
Nsep − 1 number of discarded paths between

successive paths used for measurement
∆τ lattice spacing
m̃ dimensionless effective mass: m̃ = m∆τ

ω̃ dimensionless frequency: ω̃ = ω∆τ

N number of paths within an ensemble
ξ “correlation time”: Euclidean time for

two-point correlations to diminish by
a factor e

meff effective mass: meff = 1/ξ

NB number of bins in jackknife procedure
B bin width B = N/NB

τO,exp/int exponential and integrated
autocorrelation time of observable O

Table 1: An overview of all parameters used in the context of the harmonic oscilla-
tor, and their meanings.

this elementary update to the variable xi for each time slice i constitutes one

“sweep” or one Monte Carlo step per site. One Metropolis sweep yields the

next path in the sequence, e.g., path(1) from path(0). Because path(ν) relies

only on path(ν−1), the trajectories constitute a Markov chain. The computa-

tional method is illustrated in Fig. 5. We distinguish between Euclidean time

τ = i∆τ, which indicates the index i of a lattice site, and Monte Carlo time,

which refers to the index of a path ν in the Markov chain. Because each path

in the chain is based on the previous path, the paths are correlated. We will

discuss these correlations in more detail in Sec. V. To combat the autocorre-

lation, we discard a number Nsep − 1 of paths between every two paths used

for measurements. We will refer to the remaining paths used to calculate

average quantities as “configurations.”

5.2.2 Dimensionless variables and observables

Because computer code can handle only pure numbers, it is necessary to

express the physics of the system in dimensionless form. A naive way of

doing this is by expressing all quantities in metric units, e.g., meters. A

disadvantage of this choice is that it leads to numbers that often span several

orders of magnitude. To avoid this problem, we express all variables in
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x

t

Figure 5: Illustration of the computational method. The spatial location of the par-
ticle at time τi, where i = 1, . . . ,Nτ = 8, can take any real value, but
is constrained by the potential centered at the origin and its neighboring
positions at times τi−1 and τi+1. The solid line represents the thermal-
ized path(0); the dotted line is the next path in the Markov chain, path(1);
and the dashed line is the resulting trajectory after 19 further Metropolis
sweeps.

terms of the appropriate power of the lattice spacing ∆τ. To this end, we set
 h = 1 = c, which implies that [time] = [length] = [mass−1] = [energy−1]. We

introduce the dimensionless variables:

m̃ = m∆τ, ω̃ = ω∆τ, x̃i =
xi

∆τ
, (70)

The dimensionless action becomes

S̃ =

Nτ∑

i=1

1

2
m̃(x̃i+1 − x̃i)

2 +
1

2
m̃ω̃2x̃2i , (71)

where m̃, ω̃ and {x̃i} are dimensionless. Note that the summation range

differs from the one in Eq. (68), due to periodic boundary conditions. We

restrict ourselves to the subspace m̃ = ω̃ of the available parameter space.

The parameter m̃ can thus be viewed as the effective lattice spacing of a

harmonic oscillator with unit mass and unit natural frequency.

The continuum limit applies to observables and is not taken for an individ-

ual simulation. Rather, we run a series of simulations, each with a smaller

effective lattice spacing (that is, a smaller value of m̃) and a greater value of

Nτ than the previous, such that the product Nτm̃ is fixed.
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For a quadratic action, all odd moments of x̂ have zero expectation value.

An analytic expression for 〈x̂2〉 is derived in Ref. [23]:

〈x̂2〉 = 1

2m̃ω̃
√

1+ 1
4ω̃

2

(

1+ RNτ

1− RNτ

)

, (72)

with the auxiliary variable

R = 1+
ω̃2

2
− ω̃

√

1+
ω̃2

4
. (73)

The other observable we need is

〈x̂4〉 = 3

(2m̃ω̃)2(1+ 1
4ω̃

2)

(

1+ RNτ

1− RNτ

)2

= 3〈x̂2〉2. (74)

Derivations of the expressions for Eqs. (72) and (74) are given in Ref. [95].

5.2.3 The Metropolis update

The core of our path-generating algorithm is an update of a single site based

on the Metropolis-Hastings (MH) algorithm [50, 72]. The output is a set of N

paths {x̃1, . . . , x̃Nτ
} with Boltzmann weights ρ[{x̃i}] ∼ exp[−S̃[{x̃i}]]. The input

of the Metropolis update is an array path withNτ sites, a real number h, and

the parameters m̃ and ω̃. Periodic boundary conditions avoid the need to

abandon (in the data) sites affected by the lattice edges. One sweep visits

Nτ sites in random order. A site may be visited repeatedly or not at all, but

the mean number of visits per sweep for each site is one. Each Metropolis

update to a given site consists of four steps.

1. Generate a random number u from a uniform distribution in the inter-

val [−h,h].

2. Propose a change to the visited site, x̃i → x̃ ′i = x̃i + u.

3. Compute the change in the action ∆S̃ as a result of this trial modifica-

tion.

4. Accept the change with probability min{1, e−∆S̃}.

Pseudocode is provided in Appendix D. The probability min{1, e−∆S̃} in step

4 implies that proposed modifications that lower the action are always ac-

cepted. A trial that would increase the action is accepted with probability

e−∆S̃. This decision is made in an accept/reject step. The Metropolis update

satisfies detailed balance [74]:

p(x̃i → x̃′i)e
−S̃(x̃i) = p(x̃′i → x̃i)e

−S̃(x̃ ′
i) . (75)
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Figure 6: A trial run for 〈x̂2〉 to illustrate thermalization effects (m̃ = ω̃ = 0.1,
Nτ = 1200). One thousand paths were discarded between every two
configurations whose output is shown. The first 50-100 configurations
should not be used for measurements.

Because of this property, the estimated average of an observable Ô reduces

to an arithmetic average. After one sweep, the acceptance ratio is computed.

The value of h is adjusted to meet a predefined acceptance ratio. We chose

the desired acceptance ratio to be 0.8 (which is a conventional choice in

lattice QCD), even though we suspect the ideal value for the harmonic oscil-

lator, with the choices of m̃ = ω̃ listed in Table II, to be smaller. Although

algorithms with too low or too high an acceptance ratio are less efficient, the

generated Boltzmann distribution of paths is unaffected by this choice.

5.2.4 Thermalization

The required thermalization process can start from an array of zeros (a “cold”

start), random numbers (a “hot” start), or an initial path that is expected

to be close to a thermalized path. The initial thermalization steps are not

characteristic of the probability density ρ[{x̃i}] ∼ exp[−S̃{x̃i}] and must be

discarded lest they skew the simulation. A trial run is one way to choose

the number of sweeps needed before the array qualifies as a thermalized

path. An example of a thermalization process is given in Fig. 6. For each

configuration, the observable 〈x̂2〉 was measured to monitor its fluctuations

around the expected values 1. In our code we first average x̃2i over the

Nτ time slices in a given configuration, and then compute the ensemble

average of that number over the configurations. For actions for which the

exact answer is not known, independent “hot” and “cold” runs can help to

establish the expectation value. In this case, the first 50-100 configurations

should not be used.

1 Different observables can approach their equilibrium values at different rates.
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5.2.5 Two-point correlation function

To make optimal use of CPU time, it is important to choose the number of

sites Nτ as small as possible, but large enough to avoid finite-size effects.

How is the lower bound on Nτ established? Correlations within a lattice are

quantified by the connected two-point function:

G(∆τ) = 〈x(τ)x(τ+∆τ)〉− 〈x(τ)〉 〈x(τ+∆τ)〉 , (76)

where we have written x(τ) instead of xi to emphasize the dependence of G

on the time difference ∆τ, where τ and ∆τ can be any multiple of the lattice

spacing. Because 〈x(τ)〉 = 0 for all τ for the harmonic oscillator, we work

with the two-point function

G(∆τ) = 〈x(τ)x(τ+∆τ)〉 (77)

=
1

Nτ

Nτ∑

i=1

∑

j
(j−i)mod Nτ=∆τ

x(i)x(j). (78)

An example of the exponential decay of G(∆τ) is shown in Fig. 7(a) [42],

G(∆τ) = Ae−∆τ/ξ +Ae−(T−∆τ)/ξ, (79)

where ξ is the correlation time and T is the final time. The second term

in Eq. (79) is due to periodic boundary conditions. The total length of the

lattice must be greater than ξ. We choose Nτ to be about 10ξ̃ (where ξ̃ is the

correlation time expressed in lattice units).

An estimate of 1/ξ̃ can be obtained from the local logarithmic slope for

suitable ∆τ [42] 2:

1

ξ̃
=
1

2
log
[

G(∆τ− 1)

G(∆τ+ 1)

]

. (80)

The quantity 1/ξ is known as the effective mass meff. Figure 7(b) shows m̃eff

for the same set of paths used for Fig. 7(a).

Figure 8 suggests that there is a power-law dependence of ξ̃ on the effec-

tive lattice spacing. To construct Fig. 8, we repeated the procedure illustrated

in Fig. 7 for 13 effective lattice spacings listed in Table 3. The physical length,

the product of m̃ = ω̃ and Nτ, was kept constant. With this choice of param-

eters, we were able to explore two orders of magnitude in the lattice spacing;

the associated Nτ are round numbers.

2 The logarithmic slope can also be determined less locally, as long as one stays within the
range for which Eq. (79) holds.
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m̃ = ω̃ Nτ m̃ = ω̃ Nτ

1 120 0.1 1200

0.8 150 0.08 1500

0.6 200 0.06 2000

0.5 240 0.05 2400

0.3 400 0.03 4000

0.2 600 0.02 6000

0.01 12000

Table 2: Effective lattice spacings used for the results shown in Figs. 4–8.
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Figure 7: (a) The symmetrized two-point correlation function (Nτ = 1200, m̃ =

ω̃ = 0.1, N = 104). The exponential decrease is swamped by noise after
approximately 40 time slices and the magnitude of the error bars starts
to increase significantly, and eventually the error bars become unreliable.
(b) The effective mass 1/ξ̃. The estimates of the errors are reliable until
∆τ ≈ 40 . If the error on the error had started to increase at some ∆t∗ < 40,
∆t∗ would have determined the cutoff for this parameter set.

5.3 jackknife analysis

Suppose we compute values O1, . . . ,ON, of an observable Ô (typically a

moment of x̂), with the expectation value and variance:

〈

Ô
〉

= 〈O〉 (81)
〈(

Ô−
〈

Ô
〉)2〉

= σ2O . (82)

The quantity E(O) provides an unbiased estimator of the mean:

E(O) = EN(O) =
1

N

N∑

i=1

Oi , (83)
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from “primary” observables through a fit). It is, therefore, common practice

to use the jackknife procedure by default.

5.4 autocorrelation time

The correlation of a sequence of generated configurations arises naturally

because one configuration differs from the next only by the result of a fixed

number of sweeps. The autocorrelation time provides information on how

strongly subsequent measurements are correlated. Because correlations lead

to increased errors in measurements, its accurate assessment is important.

The autocorrelation for an observable 〈Ô〉, which takes values {Oi}, as a

function of Monte Carlo time tMC is defined as:

AO(tMC) = E[(Oi − E(Oi))(Oi+tMC − E(Oi+tMC))] (91)

=
1

N− tMC − 1

N−tMC∑

i=1

[Oi − E(Oi)][Oi+tMC − E(Oi+tMC)] , (92)

where the average E(Oi) is over the first N − tMC measurements and the

average E(Oi+tMC) over the last N− tMC measurements. Note that AO(0) =

σ2O,std.Comparisons between autocorrelation times for different observables

are easier to make when the normalized AO(tMC)/AO(0) is considered in-

stead.

Two parameters can be extracted from Eq. (91): the asymptotic (or expo-

nential) and the integrated autocorrelation times. The autocorrelation func-

tion of O typically exhibits multi-exponential behavior [42]:

AO(tMC)

AO(0)
= a0e

−tMC/τ0 + a1e
−tMC/τ1 + · · · , (93)

with τ0 < τ1 < τ2 < · · · . Usually a0 � a1 � a2 � · · · , where a0 + a1 +

a2 + · · · = 1. Determining the “true” exponential autocorrelation time, de-

fined as max(τ0, τ1, τ2, · · · ), requires precise data at large tMC, which are not

normally available. To obtain an estimate for the exponential autocorrelation

time, we make a multi-exponential fit as in Eq. (93). In practice, such a fit is

likely to contain one or two terms.
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To determine the integrated autocorrelation time, we start from the vari-

ance of the unbiased estimator of the mean. Let tMC be the absolute time

difference between measurement i and j, such that

(

1

N

N∑

i=1

Oi − E(Oi)

)2

=
1

N2

N∑

i=1

N∑

j=1

[Oi − E(Oi)][Oj − E(Oj)]

=
1

N
σ2O, std +

1

N2

N∑

i=1

∑

j 6=i

[Oi − E(Oi)](Oj − E(Oj)]

=
1

N
σ2O, std +

2

N2

N−1∑

i=1

N∑

j=i+1

[Oi − E(Oi)][Oj − E(Oj)]

=
σ2O, std

N

{

1+
2

N

1

σ2O, std

N−1∑

tMC=1

N−tMC∑

i=1

[Oi − E(Oi)][Oi+tMC − E(Oi+tMC)]
}

=
2σ2O, std

N






1

2
+
N− tMC

N

N−1∑

tMC=1

AO(tMC)

AO(0)





. (94)

For N � 1 the right-hand side of Eq. (94) approaches (2σ2O,std/N)τO, int,

where

τO, int =
1

2
+

N−1∑

tMC=1

AO(tMC)

AO(0)
. (95)

Comparison of Eq. (94) with the naive variance of the mean in Eq. (85)

shows that the effective number of independent measurements is Neff =

N/(2τO, int).

To compute the integrated correlation time, we have to cut off the sum

where the exponential relation for AO(tMC) breaks down. If the cutoff is

clearly defined (for example, at the first value where the autocorrelation be-

comes negative), the integrated autocorrelation time takes a unique value for

a given data set, and is thus less subjective than the exponential correlation

time. However, the latter clearly captures the exponential behavior of the

autocorrelations4.

Figure 11 shows the dependence of the autocorrelation time of an observ-

able X̂ on the lattice spacing. For a given operator Ô, we expect [42, 56]

τO ∼ ξ̃z and z ' 2 for local updating algorithms [73]. Similar power-law

behavior can be observed for the integrated autocorrelation time. We have

chosen the number of lattice sites Nτ to be inversely related to the lattice

spacing to keep the time T in physical units constant. Hence, when moving

4 The Matlab function UWerr.m, Version 6, described in Ref. [102], was used to determine the
statistical errors of the autocorrelation time.
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The variable

x̃i, mid ≡ x̃i−1 + x̃i+1

2+ ω̃2
(97)

minimizes the part of the action that depends on x̃i. Thus, x̃i, trial lies “on the

other side” of this minimum for fixed xi−1 and xi+1. The update x̃i → x̃i, trial

is microcanonical, meaning that the action is constant under this change and

no Metropolis accept/reject step is needed. The disadvantage of Eq. (96) is

that the procedure is not applicable to actions for which x̃i, mid cannot be

found exactly, such as an anharmonic oscillator. Because the ratio of the

kinetic to potential energy increases strongly in the continuum limit, we

propose a trial change that preserves the kinetic part of the action:

x̃i, kin = (x̃i−1 + x̃i+1) − x̃i, (98)

followed by a standard accept/reject procedure. In the continuum limit, the

term 1+ ω̃2/2 in Eq. (96) approaches 1. Thus, in this limit, the trial change

x̃i
′′ approaches the choice of x̃i ′ by Creutz [22] and Brown and Woch [14].

We note that the acceptance rate for x̃i ′′ approaches one in the continuum

limit, where the kinetic term dominates. Equation (98) can be used for any

potential term. The only change in the pseudocode given in Appendix D is

the value of xnew. Usually all sweeps are Metropolis sweeps; for the over-

relaxation routine used to create Fig. 12, four in five Metropolis sweeps were

exchanged for over-relaxed sweeps. The error bars are visibly smaller with

over-relaxation. Because the CPU time needed for an over-relaxed sweep is

comparable to that required for an ordinary Metropolis sweep, the accuracy

of the measurements is significantly improved at constant computational

cost.

5.5.1 The anharmonic oscillator

The anharmonic oscillator is interesting, not just as an application of the

Monte Carlo Markov chain method developed here, but as a system where

exact solutions are not available. The Rayleigh-Schrödinger perturbation is

known [8] to diverge, which has led to the development of approximate

methods to estimate and place bounds on the energy levels of this system

[51].

The action of the quantum anharmonic oscillator is

S̃ =

Nτ∑

i=1

1

2
m̃(x̃i+1 − x̃i)

2 +
1

2
m̃ω̃2x̃2i +

1

4
λx̃4i . (99)
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This Chapter is again focused on one-dimensional Darcy flow. It presents de-

tailed comparisons of pressure statistics results obtained through the finite-

volume and path integral methods, under Neumann and Dirichlet boundary

conditions.

6.1 pressure statistics for neumann boundary

conditions

Pressure statistics for Darcy flow obtained from the stochastic differential

equation and the path integral are shown in Fig. 13. We have used a system

size of X = 240 m with Pi/X = 104 Pa/m and q0 = 10−6 m/s, which are

typical estimates for Darcy flow of oil in rocks. The probability density of

the pressure was calculated at various points in the rock for several values

of the correlation length. These correspond to vertical slices at the chosen

points through the realizations of the type shown in Fig. 3. Because the

initial pressure is greater than the final pressure, the pressure distributions

are shown at positions that increase from right to left. For the three largest

values of the correlation length, the graph corresponding to x = 0.9X was

left out to improve clarity. The pressure is fixed at x = 0. Away from this

point, the distributions broaden in a manner determined by the correlation

length of the permeability (Fig. 2), but the free boundary condition at x = X

means that the broadening continues unabated for x > 0.

The resistance term R(x) is an integral over correlated log-normal stochas-

tic variables. For small values of x/ξ, R is the integral over weakly correlated

log-normal variables over a short distance (small ξ), or the integral over more

strongly correlated stochastic variables over a longer distance (larger ξ). In

both of these cases, we are able to make a log-normal fit to R(x) and, con-

sequently, to p(x). These fits (Fig. 13) are based on the empirical first and

second moments of the simulations.

Table 3 compares the mean and standard deviation of the pressure distri-

bution obtained from the evaluation of the path integral (µs and σs), from

the solutions (168) and (170) of the Fokker-Planck equation of the Ornstein-

Uhlenbeck process (µc and σc), found in App. E and the discrete forms (172)

and (174) corresponding to the discretization of the finite-volume method in

Section 3.2 (µd = µc and σd), found in App. F. There are two sources of

55
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ξ(X) x(X) µs µc σs σd σc

0.1 212.168 212.804 8.08306 7.32955 7.97994

0.25 171.354 172.011 13.5634 12.6210 13.4854

0.02 0.5 103.348 104.022 19.5774 18.3138 19.4676

0.75 35.4959 36.0333 24.3331 22.6163 24.0024

0.9 -5.27945 -4.76007 26.6637 24.8427 26.3513

0.1 212.318 212.804 12.5381 12.1807 12.2510

0.25 171.466 172.011 25.5700 25.1552 25.1849

0.1 0.5 103.167 104.022 39.9844 39.8835 39.8997

0.75 35.3963 36.0333 50.5274 50.7368 50.7478

0.9 -5.26133 -4.76007 55.8586 56.2633 56.2723

0.1 212.055 212.804 14.6806 13.9840 14.0545

0.25 171.198 172.011 34.4524 33.5988 33.6267

0.6 0.5 103.320 104.022 63.2270 62.8236 62.8375

0.75 35.2116 36.033 88.2456 88.5658 88.5751

0.9 -5.83536 -4.76007 102.159 102.640 102.648

0.1 212.203 212.804 14.6486 13.8463 14.2264

0.25 171.397 172.011 35.1531 34.2714 34.6159

1.0 0.5 103.082 104.022 67.2820 65.9685 66.3126

0.75 34.7882 36.033 96.7118 95.1455 95.4987

0.9 -6.18528 -4.76007 113.349 111.588 111.947

Table 3: Means and standard deviations of the pressure as a function of position
x and noise correlation length ξ for Neumann boundary conditions for a
one-dimensional system obtained from simulations (µs and σs) and calcu-
lations from the solution to the Fokker-Planck equation (µc and σc), and
from a calculation that incorporates the discreteness of the simulation (σd).

approximations. A comparison between the discrete and continuous approx-

imations to the standard deviation (σd and σc, respectively) makes apparent

that σc is a better approximation to the standard deviation σs obtained from

the path integral calculation. These discrepancies are indicative of the er-

ror caused by the discretization, which diminishes with increasingly refined

lattice spacing.

We now consider the case of small ξ/x. In the limiting case ξ → 0, each

stochastic variable K(x) is drawn from the Gaussian probability function

(App. E). Indeed, the central limit theorem (CLT) mandates that the sum of

N independent, identically distributed random variables tends to a normal

distribution in the limit of largeN if all moments of the distribution are finite.

An alternative version of the CLT holds for correlated random variables and

states that the sum of N realizations of an ergodic process (whose long-term

average is equal to its expectation value [60]), will behave as a Gaussian ran-

dom variable in the limit of large N [12]. The process K is a Markov process

with continuous trajectories, otherwise known as a ”diffusion” process [78].

The probability law of K is invariant under time reversal. Since all reversible

diffusions are ergodic [78], the alternative version of the CLT applies to R(x).
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Figure 14: The p-value obtained from the KS test for R(X) as a function of ξ/X.

Under what conditions can R(x) be approximated by a Gaussian random

variable? Clearly, the criterion depends on the ratio ξ/x. We have deter-

mined the order of magnitude of ξ/x below which R(x) is approximately

Gaussian. To do so, we made use of the Kolmogorov-Smirnov (KS) test,

which is a statistical test that determines the probability (or ”p-value” [94])

that a data sample follows a given distribution (one-sided test), as well as

the probability that two data sets follow the same distribution (two-sided

test) [70]. More details on the Kolmogorov-Smirnov test can be found in

Appendix G. For R(x), we performed a one-sided KS test at the 95% confi-

dence level: if the p-value is below 5%, we reject the ”null hypothesis” that

the sample is normally distributed. Of course, the greater the p-value, the

better the quality of the approximation. A two-sided KS test was carried out

for all pairs of data sets (FVM and path integral) at the 95% confidence level,

which all pairs of data sets passed.

We have carried out a KS test for 100 different values of ξ/x, each based

on N = 1000 realizations of R 1. The realizations were of R(X); if R is found

to be Gaussian at any point in [0,X], then it is Gaussian on the entire interval,

due to the strict stationarity of Gaussian stochastic processes (App. E). From

Fig. 14 we infer that the Gaussian approximation breaks down for

x & 10 ξ. (100)

For ξ = 0.02X, we were therefore able to make Gaussian fits to p(x) for

all values of x. These fits are shown in Fig. 14. If it is possible to make

a Gaussian approximation, it is advantageous to do so, because it can be

based on the theoretical mean and variance of p(x) and does not require any

simulations. A calculation of the first and second moments of p(x) under

NBC can be found in F.1.

1 The in-built KS test kstest2 of MATLAB_R2014b, The MathWorks, Inc. was used for this
analysis.



6.2 pressure statistics for dirichlet boundary conditions 59

6.2 pressure statistics for dirichlet boundary

conditions

Under Dirichlet boundary conditions, the pressure p(x) takes the form

p(x) = Pi − (Pf − Pi)
R(x)

R(X)
. (101)

From the Kolmogorov-Smirnov test done in Section 6.1 we know that R(x)

can be approximated by a Gaussian random variable whose mean is strictly

positive and much greater than its variance (see App. F.2), provided the

condition (100) is met. The ratio

R(x)

R(X)
=

∫x
0

1
K(x ′)

dx ′

∫x
0

1
K(x ′)

dx ′ +
∫X
x

1
K(x ′)

dx ′
(102)

is then a function of correlated Gaussians. We have taken as our working

assumption that a Gaussian approximation can be made to (102) if x & 10ξ.

This assumption, verified by further Kolmogorov-Smirnov tests, turns out

to be correct. As for NBC, we have made Gaussian approximations to the

pressure distributions for the parameter choice ξ = 0.02X; for the other pa-

rameter choices, we have made lognormal fits to the pressure distributions.

A derivation of these approximations is given in Appendix F.

The Gaussian theoretical curves and log-normal fits were made green in

Fig. 15. Other than the final pressure, Pf/X = 0 Pa/m, and q0, which is

not fixed, all parameters were set to the same values as under Neumann

boundary conditions. Because the initial and final pressures are fixed, the

distributions are narrowest near the ends of the system. The distributions

broaden away from the endpoints. The pressure range is greater for the

system with the smaller correlation length for the permeability. This results

from the pressure paths showing a smaller variation with the smaller correla-

tion length. In the case of DBC, the pressure distributions p(x) are symmetric

about x = X/2, due to the strict stationarity of the Ornstein-Uhlenbeck pro-

cess (see App. E). The influence of the correlation length is, therefore, felt

at both ends of the interval [0,X], and the Gaussian approximation is best in

the center of the ”rock”.

The comparison between the mean and standard deviation obtained from

path integral simulations with those from discrete and continuous calcula-

tions with the Gaussian approximation is shown in Table 4. As expected,

the accuracy of the Gaussian approximation diminishes with increasing cor-

relation length. The spatial effect of increased Gaussianity is less apparent

under Dirichlet boundary conditions: the ”rock” has two boundaries. One
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ξ(X) x(X) µs µd µc σs σd σc

0.1 215.537 215.638 215.793 6.65118 7.39637 8.05491

0.25 179.497 179.830 179.748 9.976593 8.61085 10.4318

0.02 0.5 119.300 120.50 119.499 11.76703 11.2895 12.0930

0.75 59.3505 59.2513 59.2475 10.1345 9.64244 10.3687

0.9 23.2585 23.1188 23.1126 6.512375 6.08723 7.71568

0.1 215.517 212.630 214.834 9.782208 10.7666 9.08430

0.25 179.703 178.413 179.655 17.73364 19.0602 14.6467

0.1 0.5 119.857 120.427 119.500 21.855 26.1954 17.1548

0.75 60.0631 59.8698 59.3168 17.65783 20.9629 14.4449

0.9 23.8099 23.7858 23.2374 9.600161 11.0541 8.66795

0.1 214.934 204.426 203.015 8.798261 22.7199 25.6091

0.25 178.866 169.881 168.652 17.41341 35.2504 36.1574

0.6 0.5 119.463 116.881 115.825 22.56851 44.9074 45.2879

0.75 60.1718 62.4917 62.4303 17.27851 35.2585 35.6411

0.9 24.0128 26.8928 26.9697 8.472904 21.3853 21.6713

0.1 215.072 202.156 200.700 7.567443 26.8830 29.5648

0.25 178.946 166.939 166.407 15.25785 38.9908 39.8613

1.0 0.5 119.497 115.702 114.638 19.99505 47.5015 47.8495

0.75 59.8951 62.6097 62.5277 15.08735 37.3308 37.6855

0.9 23.817 27.4292 27.4930 7.327701 23.4083 23.6594

Table 4: Means and standard deviations of the pressure as a function of position
x and noise correlation length ξ for Dirichlet boundary conditions for a
one-dimensional system obtained from simulations (µs and σs) and calcu-
lations from the solution to the Fokker–Planck equation (µc and σc), and
from a calculation that incorporates the discreteness of the simulation (µd
and σd)





7 E X T E N S I O N TO H I G H E R

D I M E N S I O N S

7.1 the finite-volume method in higher dimen-

sions

The finite-volume method was designed to solve Equation (3), subject to

appropriate boundary conditions, numerically. Its use does not require an

analytic expression for the pressure. Its one-dimensional form, given in

Section 3.2, is readily generalized.

In two dimensions, the pressure is defined on an Nx × (Ny + 2) lattice. To

cast Eq. (3) in matrix form, the pressure must be expressed as a vector. We

have used the common form

(p(00),p(01), ...,p(Nx−1,0),p(01), ...,p(Nx−1,1), ...,p(0,Ny+1), ...,p(Nx−1,Ny+1))
T .

(103)

Dirichlet boundary conditions are imposed at y = 0 and y = Ny + 1, which

makes the y-direction into the main flow direction. The lattice sites

{p(00), ...,p(Nx−1,0)} (104)

are fixed at the value Pi, while the sites

{p(0,Ny+1), ...p(Nx−1,Ny+1)} (105)

take the value Pf. At the “top” and “bottom” of the lattice Neumann bound-

ary conditions are implemented. These dictate that the flow between p(0,j)

and p(1,j) and that between p(Nx−2,j) and p(Nx−1,j) is zero for j = 1, ...,Ny.

This standard set of boundary conditions will be referred to as “no-flow

boundary conditions”. The resulting transmissibility matrix is symmetric

and pentadiagonal.

63
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In three dimensions, the obvious analogue is anNx× (Ny+ 2)×Nz lattice.

The pressure is “rolled up” as

(p(000),p(010), ...,p(Nx−1,00),p(010), ...,p(Nx−1,10), ...,p(0,Ny+1,0), ...,

p(Nx−1,Ny+1,0), ...,

p(001),p(011), ...,p(Nx−1,01),p(011), ...,p(Nx−1,11), ...,p(0,Ny+1,1), ...,

p(Nx−1,Ny+1,1), ...,

p(00,Nz−1),p(01,Nz−1), ...,p(Nx−1,0,Nz−1),p(01,Nz−1), ...,

p(Nx−1,1,Nz−1), ...,p(0,Ny+1,,Nz−1), ...,p(Nx−1,Ny+1,,Nz−1))
T . (106)

As in two dimensions, Dirichlet boundary conditions are imposed at y = 0

and y = Ny + 1. The 3D-transmissibility matrix is heptadiagonal, and, of

course, symmetric.

7.2 euler-lagrange approach

The one-dimensional path integral is an integral over all pressure trajecto-

ries that (subject to the boundary conditions) follow Darcy’s law, which is

enforced by means of a delta functional (see Eq. (26)). Computationally, one

generates pressure paths according to the probability distribution S({pi}),

with the discrete action (29) based on the solution to Darcy’s law.

An analogous path integral in two dimensions is obtained with the stan-

dard procedure for classical statistical dynamics [31, 57, 58, 79]:

Z2D =

∫ ∏

ij

dpij

∫ ∏

kl

dLkl exp
(

−
∑

ij

Lij

)

× exp
[

−
∑

ij,kl

Lij(C
−1
L )ij,klLkl

]

δ

{[
∂(eL∇p)
∂x

]

i,j
+

[

∂(eL∇p)
∂y

]

i,j

}

.

(107)

The delta-function enforces the discrete form of Darcy’s law, where we

have used the notation

[

∂(eL∇p)
∂x

]

i,j
=

1

∆x

[

eLi,j

(

pi,j − pi−1,j

∆x

)

− eLi−1,j

(

pi−1,j − pi−2,j

∆x

)]

=
1

∆x2

[

eLi,jpi,j − (eLi,j + eLi−1,j)pi−1,j + e
Li−1,jpi−2,j

]

[

∂(eL∇p)
∂y

]

i,j
=

1

∆y

[

eLi,j

(

pi,j − pi−1,j

∆y

)

− eLi−1,j

(

pi−1,j − pi−2,j

∆y

)]

=
1

∆y2

[

eLi,jpi,j − (eLi,j + eLi−1,j)pi−1,j + e
Li−1,jpi−2,j

]

(108)
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The next step is to represent the delta-function as the limit of an exponen-

tial, so that the exponentials in (107) can be combined into a single exponen-

tial whose argument is the action. The usual procedure [31, 57, 58, 79] is to

apply a functional Fourier transform, which yields a complex action. This is

appropriate for formal studies involving perturbation expansion, where the

complex action yields real results despite the complex nature of intermedi-

ate calculations. However, the Markov chain Monte Carlo method relies on

real variables from the outset, so we represent the delta functional as the

limit of a Gaussian probability density:

Z2D =

∫ ∏

ij

dpij

∫ ∏

kl

dLkl exp
(

−
∑

ij

Lij

)

× exp
[

−
∑

ij,kl

Lij(C
−1
L )ij,klLkl

]

× lim
t→0

{

exp
[

1

t

(

eLi,jpi,j − (eLi,j + eLi−1,j)pi−1,j + e
Li−1,jpi−2,j

∆x2

+
eLi,jpi,j − (eLi,j + eLi−1,j)pi−1,j + e

Li−1,jpi−2,j

∆y2

)]}

.

(109)

This expression is readily generalized to three dimensions.

Averages of pressure and correlation functions can be calculated from

(109) by first generating permeability fields, then setting t to some value,

and finally using the Metropolis-Hasting (MH) algorithm to minimize the

discrete action:

Sdisc =
∑

ij

{[
∂(eL∇p)
∂x

]

i,j
+

[

∂(eL∇p)
∂y

]

i,j

}

. (110)

Successively smaller values of t are chosen until there is convergence of the

pressure distributions. This procedure, which requires separate calculations

for each value of t, is not especially efficient.

Rather, computation of the integral (109) requires generating permeability

fields according to their assigned distribution, followed by a determination

of the pressure field that minimizes the discrete action. To account for any

number of dimensions, let us write the action in its continuum form:

Scont =

∫
1

2
K(∇p)2 dV , (111)

where the integral is carried out over the entire volume under consideration.

We show that the minimized pressure follows Darcy’s law. The objective is

to extremize the action (111) with respect to the pressure. We vary the action
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with respect to p by adding an infinitesimal pressure δp and imposing the

condition

Scont[p(x) + δp(x)] − Scont[p(x)] = 0 . (112)

Any boundary conditions are unchanged, so δp(x) = 0 at the boundaries of

the volume V . If there exists a p∗ such that the stationarity condition (112)

holds, the action S is stationary at p∗. Retaining δp only to first order and

performing an integration by parts, we obtain

Scont[p+ δp] − Scont[p] =

∫

K (∇p) (∇δp) dV

= −

∫

∇ · (K∇p) δpdV −

∫

∂V

Kδp∇p · dS . (113)

The boundary term vanishes because of Dirichlet boundary conditions fix

the pressure across the entry and exit surfaces, and the absence of pressure

fluctuations along surfaces perpendicular to the flow direction. Because K is

always nonzero, the condition (112) translates into

∇ · (K∇p) = 0, (114)

which is Darcy’s law for incompressible flow. Thus, if p∗ can be found such

that the stationarity condition is met at fixed K, then p∗ follows Darcy’s law.

7.3 simulated annealing

The simulated annealing algorithm [65] can be applied to the action (111)

to solve for the pressure. It is inspired by the process of annealing: a treat-

ment whereby a solid is slowly cooled until its structure is eventually frozen

at its minimum energy configuration [34]. If a solid is heated past its re-

crystallization temperature, atoms migrate in the crystal lattice, altering its

structure. As the material is cooled, it progresses towards its equilibrium

state. Its eventual structural properties will depend on the rate of cooling. If

cooled too fast, the material will get stuck in a configuration corresponding

to a local minimum of its “energy landscape”, and the resulting crystal will

contain imperfections. The defect-free crystal state corresponds to the global

minimum energy configuration.

The corresponding computational method is based on the Metropolis-

Hastings algorithm, a step-by-step explanation of which is presented in Sec-

tion 5.2.3. In the present case, simulated annealing seeks to minimize the

action (111). Clearly, the minimum attainable value is zero. The algorithm

consists of the following steps.
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1. Initialize a random pressure that is consistent with the boundary con-

ditions.

2. Execute the MH algorithm some M � 1 times. The MH algorithm

lowers the value of the action S, but also accepts some modifications to

the pressure that increase the action. It explores the entire ”state space”

(the set of values of S as a function of p(~x)) and does not get stuck in a

local minimum of the state space.

3. After every Ns � 1 steps, check the value of S. When the value of S

starts to fluctuate around a constant value, go to step 4.

4. Adapt the Metropolis-Hastings accept/reject criterion to: ”accept the

change in the action with probability min(1, e−δS/T ) for some constant

0 < T < 1”. This is a ”cooling step”. The state space is explored in

smaller steps than was the case for the standard MH algorithm, while

maintaining a constant acceptance rate. The lower the value of T , the

smaller the steps. In our context, T does not have the interpretation

of a temperature, but its effect remains that of slowing down the state

space exploration.

5. Repeat steps 3-4 until the action attains a critically low value ε1, say

ε1 = 0.1.

6. Employ a modification of the MH algorithm known as the “greedy

algorithm”, which accepts only changes to the pressure that lower the

action, until S dives below a second critical value ε2, say ε2 = 10−2.

It should be noted that the ”cooling parameter” T does not have the dimen-

sions of a temperature, as the analogy with the cooling of solids suggests.

Rather, it has the same units as the action: those of an energy dissipation

rate.

For this work, we used an exponential cooling scheme

T (k) = αkTinit, (115)

where k indicates the cooling step. These parameters are vital to the effi-

ciency and accuracy of the SA algorithm. Some care should be taken in

determining their values for every new parameter set {σ, ξ,Nx,Ny,Nz}.

7.4 computational expense

In comparing the computational efforts involved in running the finite-volume

and path integral or simulated annealing methods, we note that both require

a permeability field as input. For the sake of the argument, we assume that
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the calculations were run on a grid of dimensions Nd
x i. e., Nz = Ny = Nx.

If the number of grid points is not the same for all directions, Nd
x needs to

be replaced by NxNyNz. The computational cost associated with the FFT

required to generate the permeability field is O(2Nd
x logNd

x) floating point

operations. The key calculation within the FVM is a sparse matrix inver-

sion. The sparse matrix solver UMFPACK [25] can solve such an equation in

O(Nd
x logNd

x) flops.

Contrary to the finite-volume method, the path integral and simulated

annealing methods require O(N2d
x ) flops to calculate a pressure realization.

One factor Nd
x arises from the number of lattice sites. The number of re-

quired intermediate updates Nsep introduces a further factor Nd
x . However,

there are techniques, such as over-relaxation (see Sect. 5.5) and the multigrid

method [46], whose implementation is likely to decrease the run time consid-

erably. In addition, the performance of the Metropolis-Hastings algorithm

can often be improved through directed sampling [35, 36, 67].
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8.1 pressure statistics in two dimensions

8.1.1 Sanity check to recover 1D-type flow

As a sanity check in two dimensions, consider an 8× 240 lattice, with corre-

lation length ξx = 0.01X in the x-direction and ξy = 0.1Y in the main flow

direction. Dirichlet boundary conditions were imposed at y = 0 (P(x, 0) =

2.4 ∗ 106 Pa) and at y = Y (P(x, Y) = 0 Pa). No-flow boundary conditions

were specified at x = 0 and x = X. We have used the exponential cool-

ing scheme 115, within which we used the Metropolis-Hastings algorithm

M = 2, 000 times and repeated the cooling algorithm Ns = 3, 000 times. We

have calculated the pressure statistics along the “flow line” x = 4. The re-

sults are shown in Fig. 16. Because the correlation length in the direction

transverse to the flow is very short, we anticipate recovery of the behavior

of one-dimensional flow with a correlation length equal to one-tenth of the

total length of the “rock”. Given the short correlation length, we expect to

be able to make Gaussian fits (see Sect. 6.1 for an explanation). Gaussian

fits (based on the empirical mean and variance) to the pressure statistics are

indeed very accurate, as Fig. 16 shows.

We have analyzed the statistics of the flow in both directions at the same

points. Because of the Dirichlet boundary conditions, the flow qy in the

y-direction is peaked around 1 ∗ 10−6 m/s. The flow in the y-direction is

highly unlikely to be negative, due to the DBC and the strict positivity of

the permeability. The relatively small correlation length ξy implies minimal

fluctuations. Therefore, the distribution of ξy resembles that of K. The flow

qx is peaked around zero because the flow is mostly constrained to the y-

direction. Due to the short correlation length ξx, the variance is very small.

8.1.2 Two-dimensional flow

In addition, we have simulated two-dimensional flow on a lattice that has

equal lengths in both dimensions, X = Y, as well as equal correlation lengths

in both dimensions, ξx = 0.25X; ξy = 0.25Y. Because of the Dirichlet bound-

ary conditions, the fluid mainly flows in the y-direction. The flow is truly

two-dimensional, however. We used the same cooling parameters as for the

69
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In this thesis, we have investigated a path integral approach to Darcy flow

through a stochastic permeable medium. The application we have consid-

ered is that of the flow of oil through a rock. The differential equation that

is Darcy’s law can be solved using a discretization technique known as the

finite-volume method. Outlines of the finite-volume method in one and

more dimensions can be found in Chapters 3 and 7, respectively. The idea

to develop a path integral approach to Darcy flow in addition to the existing

finite-volume approach was based on the observation that the path integral

is a versatile mathematical construct that can be used to capture the physics

of virtually any system with a source of noise. Two further considerations

seemed to render the path integral well-suited to the case of Darcy flow.

First, Darcy flow gives rise to a so-called free field theory (a theory with no

higher-order terms in the action). Such theories are mathematically easy to

deal with. Sometimes, as in the case of the quantum harmonic oscillator,

the corresponding path integral can be solved analytically. More details on

the quantum harmonic oscillator are presented in Section 5.1. Second, the

conventional finite-volume method relies on the inversion of a large sparse

matrix. The path integral would allow one to simulate from the distribution

of Darcy pressure directly, thus bypassing the matrix equation. The initial

hope was that path integral simulations would be less demanding in terms

of computational time and storage. We abandoned that hope while studying

the simulation of path integrals on a lattice.

Simulating path integrals on a lattice is a nontrivial exercise. A user’s

guide to the calculation of path integrals is given in Chapter 5. One has

to carefully monitor the autocorrelation within the Markov chain of paths.

This autocorrelation depends exponentially on the lattice spacing. While

small lattice spacings lead to qualitatively better results, they come at a

computational price. Autocorrelation can be addressed by discarding some

Nsep paths between every two paths used for measurement. This feature of

Markov chain Monte Carlo methods makes the path integral for Darcy flow

computationally expensive: the computational time for one realization in d

dimensions with a total number of Nxd lattice sites scales with N2d
x . This

computational time compares unfavorably with the finite-volume method,

whose computational effort scales with Nd
x log(Nd

x). Room for improvement

does exist, in the form of over-relaxation, the multigrid method [46, 56, 68],

directed sampling [35, 36, 67], and even analytical methods that systemat-
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ically improve the convergence of path integrals [11]. One suggestion for

future work would be to optimize the evaluation of the path integral for

Darcy flow, to make it computationally competitive. However, there is no

a priori argument to suppose that such optimization methods can beat the

speed of the finite-voume method.

We have made progress in terms of a stochastic description of the Darcy

pressure statistics. Criteria for the validity of a Gaussian approximation

are given in Chapter 6. Expressions for Gaussian approximations that do

not rely on the pressure simulations are provided in Appendix F, both for

Neumann and Dirichlet boundary conditions. Where the Gaussian model is

not valid, lognormal parametric fits are shown to approximate the pressure

very well. The path integral and finite-volume simulations are shown to pass

a Kolmogorov-Smirnov test at the 95% confidence level for all parameter sets

considered.

In higher dimensions, Darcy pressure statistics can be obtained through

simulated annealing. Given a random permeability field, one minimizes the

action for which Darcy’s law is the Euler-Lagrange equation; one thus finds

the Darcy pressure corresponding to that permeability field. Like the path

integral, simulated annealing yields very good agreement with the finite-

volume method. The algorithm is conceptually simple, but, like the original

Metropolis-Hastings algorithm, suffers from autocorrelation. On the flip

side, the hope is that any optimization techniques successfully implemented

in one dimension carry over to the higher-dimensional cases.

Another suggestion for future work is the application of the renormaliza-

tion group, a quantitative framework for systems that fluctuate over many

length scales [99, 100]. The idea would be to “coarse-grain” the Darcy flow

and analyze its behavior at different scales. The renormalization group has

successfully been used to build coarse-scale permeability coefficients [49, 63].

An application of the renormalization group to the stochastic theory of sub-

surface solute transport can be found in Ref. [41]. Though potentially feasi-

ble in any number of dimensions, the problem might change character as a

function of dimensionality.

To make the path integral approach to flow through porous media more

realistic than the case of single-phase Darcy flow, one could extend it to mul-

tiphase Darcy flow. For multiphase flow a generalized form of Darcy’s law

is used [17]: qi = −kr,i(Si)K∇p, where the subscript i represents the fluid

phase (oil, water or gas). The relative permeability kr,i is highly system-

specific [26]. The incompressibility constraints still hold for an incompress-

ible fluid. The key question would be whether the coupled equations for

the pressure and the flow could be captured in one action, which could then

be used for simulated annealing. Anyone interested in following up a simu-
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lated annealing approach to Darcy flow is advised start by the construction

of a suitable action.
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A G E N E R AT I O N O F S TA N DA R D

N O R M A L R A N D O M N U M B E R S

This Appendix gives the implementation of two algorithms for the genera-

tion of standard Gaussian random variables.

a.1 the rejection method

The rejection method (see, for example, Ref. [83]) is based on the idea that

random numbers can be drawn from a distribution whose cumulative den-

sity function (cdf) is invertible. This is done using the so-called inverse

transform method [91]:

y0 = G−1(u), (117)

where G(x) is the cumulative density function, u is drawn from a standard

uniform distribution and y0 is the desired random number.

In the present case, we wish to generate random numbers with the prob-

ability function (pdf) f(x) = 1/
√
2π exp(x2/2). The distribution with pdf

g(x) = exp(−x) is such that the corresponding cdf is invertible and g(x) ma-

jorizes f(x). The rejection method consists of the following steps, illustrated

in Fig. 30:

• Draw a random number y0 from the distribution with pdf g(x).

• Generate a uniform random number z0 ∈ [0,g(y0)] using the Mersenne-

Twister algorithm.

• Accept z0 if and only if z0 < f(y0).

• Generate a standard uniform random number u to symmetrize the

distribution:

y0 7→






+y0 if u < 0

−y0 if u > 0.
(118)
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B F U N C T I O N A L D E R I VAT I V E S

In the discussion of correlation functions the concept of a generating func-

tional is extremely useful. Let {F(n)(x1, ..., xn)}, n = 0, 1, ... be a set of sym-

metric functions of their arguments. We introduce a function of one variable

f(x) and consider the following formal series in f [104]:

F{f} =

∞∑

n=0

1

n!

∫

F(n)(x1, ..., xn)f(x1)...f(xn) dx1...dxn. (124)

The functional F{f} is called the generating functional of the functions F(n).

The argument function f(x) is known as a source term. To recover the func-

tions F(n) from F(f), we need the concept of “functional derivative δ/δf”.

Suppose we are interested in the function F(2), known as the two-point cor-

relation function, at the point (ξ1, ξ2). We show that

F(2)(ξ1, ξ2) =
δ2F{f}

δf(ξ1)δf(ξ2)
|f=0. (125)

Here, δ
δf(ξ1)

indicates the functional derivative with respect to f, taken lo-

cally at ξ1. Consider the term for n = 2 in Eq. (124). To take the functional

derivative of this expression with respect to f(ξ), we consider the variation

F → F+ δF, induced by: f → f+ δf. The variation δf is defined locally as a

delta function with strength ε:

δf = εδ(x− ξ), ε� 1. (126)

Armed with this definition, we take the functional derivative of F with re-

spect to f(ξ1). The variation δF in the generating functional is:

F+ δF =
1

2

∫

F(2)(x1, x2)(f(x1) + εδ(x1 − ξ1))f(x2) dx1 dx2

+
1

2

∫

F(2)(x1, x2)f(x1)(f(x2) + εδ(x2 − ξ1) dx1 dx2

= F +
1

2

∫

εF(2)(ξ1, x2)f(x2) dx2 +
1

2

∫

εF(2)(x1, ξ2)f(x1) dx1.(127)
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Thus, we find

δF

δf(ξ1)
= lim

ε→0

(F+ δF) −F

ε

= F+
1

2

∫

F(2)(ξ1, x2)f(x2) dx2 +
1

2

∫

F(2)(x1, ξ2)f(x1) dx1.

(128)

We repeat this procedure for f(ξ2), which yields:

δ2F

δf(x1)δf(x2)
|(x1,x2)=(ξ1,ξ2) =

1

2
F(2)(ξ1, ξ2) +

1

2
F(2)(ξ1, ξ2) = F(2)(ξ1, ξ2),

(129)

where we have used the symmetry of the functions F(n) in their indices. All

other terms in the sum (124) are zero when we calculate F(2). The terms F(0)

and F(1) are killed by the first and second functional derivative, respectively;

the other terms reduce to zero when we evaluate F at f = 0. This procedure

illustrates the use of generating functionals for path integrals:

Z =

∫

DφDφ ′ exp
[

−

∫

l(x)φ(x) dx
]

exp
[

−S{φ,φ ′}
]

. (130)

By taking functional derivatives, we can ‘pull down’ the desired correlation

functions:

1

Z

δZ

δl(xn)...δl(x1)
=

1

Z

∫

DφDφ ′φ(x1)...φ(xn) exp
[

−

∫

l(x)φ(x) dx
]

exp
[

−S{φ,φ ′}
]

≡

〈φ(x1)...φ(xn)〉. (131)



C T H E PAT H I N T E G R A L A S A

S TO C H A S T I C I N T E G R A L

We show that the path integral can be seen as a stochastic integral. The prob-

ability weight associated with each path serves as its probability measure.

We first develop the concept of a stochastic integral.

c.1 standard brownian motion

A Brownian motion is a real-valued stochastic process (Wt)t>0 such that

1. W0 = 0.

2. Wt −Ws ∼ N(0, t − s) for all 0 6 s 6 t, where N(µ,σ2) indicates a

normal distribution of mean µ and variance σ2.

3. Increments over non-overlapping time intervals are independent: for

all n ∈ N, such that 0 6 t1 < ... < tn, the increments Wt1 ,Wt2 −

Wt1 , ...,Wtn −Wtn−1
are independent.

From this definition it follows that

1. Wt is a Gaussian process.

2. µ(t) = E(Wt) = 0, for all t > 0, where E denotes the expectation value.

3. Cov(Wt,Ws) = E(WtWs) = min(t, s).

4. For all a 6 b,

P[Wt ∈ (a,b)] =
1√
2πt

∫b

a

e−
x2

2t dx. (132)

c.2 stochastic integrals

The time evolution of a stochastic process is commonly described by a stochas-

tic differential equation (SDE). An SDE is the stochastic analogue of the de-

terministic ordinary differential equation (ODE):

ẋ(t) = b(x), x(0) = x0, (133)
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98 the path integral as a stochastic integral

which has solution of the form

x(t) = x0 +

∫t

0

b(x(s))ds. (134)

The ”Langevin equation” for one variable is a stochastic differential equation

of the form

dXt

dt
= b(x, t) + σ(x, t)Γt, (135)

where Γt is a white noise process. In order to be able to solve SDEs, we will

develop a meaningful definition of a stochastic integral in this Section.

We remind ourselves that for a deterministic function g(t) the Riemann

integral is defined as

∫T

0

g(t)dt := lim
n→∞

n−1∑

j=0

g(tj)(tj+1 − tj), (136)

where 0 = t0 < t1 < ... < tn = T defines a partition of the interval [0, T ]. For

a continuous function g(t) the limit does not depend on the chosen point

of evaluation t∗ ∈ [tj, tj+1]. For stochastic processes, however, a problem

arises when we try to mimic this procedure. Suppose we want to calculate
∫T
0 WtdWt. We consider a partition 0 = t0 < t1 < ... < tn = T and evaluate

the Brownian motion Wt at the starting point tj of each interval. This yields

E

n−1∑

j=0

W(tj)[W(tj+1) −W(tj)] = 0,

by independence of W(tj+1) −W(tj) and W(tj). If, instead, we evaluate Wt

at the end point tj+1 of each interval, that would give

E

n−1∑

j=0

W(tj+1)[W(tj+1) −W(tj)] =

E

n−1∑

j=0

(W(tj+1) −W(tj))[W(tj+1) −W(tj)] → T(n→ ∞). (137)

This discrepancy due to a different choice of elementary process occurs be-

cause Brownian motion, being a stochastic process, has infinite total varia-

tion1,

lim
n→∞

∑

ti∈Πn

|W(ti+1) −W(ti)| = ∞ a.s., (138)

1 Xn → X a.s. (almost surely) means P(limn→∞ Xn = X) = 1.
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where Πn is a sequence of increasingly fine partitions of the interval [0, t]. A

popular choice of t∗ ∈ [tj, tj+1] is t∗ = tj, which gives the Itō Integral2:

∫T

0

f(t) dWt ≡ lim
n→∞

n−1∑

j=0

f(tj)[W(tj+1) −W(tj)]. (139)

Here, f(t) is a stochastic process. An important condition for the construc-

tion of the Itō integral is the analogue of square integrability:

E

∫T

0

f(t)2 dt <∞. (140)

Ref. [78] provides a more formal definition of the stochastic integral in the

Itō sense. To compute the integral

T∫

0

dW(t), (141)

we note that, by definition of Brownian motion, W(tn) −W(tn−1) ≡ ∆W ∼

N(0;∆t), where ∆t = tn− tn−1. Therefore, to compute the integral (141), we

are integrating the position x with respect to a Gaussian probability density:

T∫

0

dW(t) =
1√
2π

T∫

0

exp
(

−
x2

2t

)

dx. (142)

Now, consider a particle performing Brownian motion, subject to the con-

straints





x(t0) = x0

x(tN) = xN.
(143)

In order to integrate over all possible paths, we need the probability that

at time tj, the particle’s position is between xj1 and xj2, given its previous

position ξj at time tj−1:

(

1

2π

)1/2(
1

tj − tj−1

)1/2
xj2∫

xj1

exp
[

−
1

2

(ξj − ξj−1)
2

(tj − tj−1)

]

dξj. (144)

2 An alternative that is commonly applied in physics is the Stratonovich integral, defined by
t∗ = 1

2 (tj + tj+1]. We shall not explore this here.
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The compound probability for all discrete time intervals is given by Eq. (17):

(

πNt1(t2 − t1)...(tN − tN−1)
)− 1

2

×
b1∫

a1

b2∫

a2

...

bN∫

aN

exp
{

−
x21
t1

−
(x2 − x1)

2

t2 − t1
− ... −

(xN − xN−1)
2

tN − tN−1

}

dx1...dxN.

(145)

In the limit N→ ∞, the probability becomes

∫

B.C.

Dξ exp



−

T∫

0

ξ̇2

2
dt



 . (146)

Expression (146) is a path integral; each path of the free particle is weighed

by its classical action.



D P S E U D O C O D E

In this Appendix, we present pseudocode for the Metropolis-Hastings al-

gorithm, including a lattice permutation, and the jackknife procedure. The

pseudocode can be implemented in any coding language of choice.

d.1 pseudocode for the metropolis update

A sweep produces, on average, one attempted update per lattice site and

requires 3Nτ random numbers. One third is used to specify the ordering

in which the sites are visited, one third for the proposed moves, and one

third for the Metropolis accept-reject decision. We note that calling random

numbers in batches is faster than generating them one by one.

For a given timeslice τ, the proposed value xnew is chosen symmetrically

about the present value xold. This is the standard recipe to ensure that the

algorithm satisfies detailed balance.

The meaning of the if statement in the following routine is summarized as

follows. If the action is lowered by the proposed change, e−snew+sold > 1, then

the change is made. If snew > sold, the use of the random number, uniformly

distributed in the interval [0, 1[, ensures that the proposal is accepted with

the probability e−snew+sold . The random number randm[Nτ + i] used in the

accept/reject step is different from the number randm[i] used to calculate

the proposed new value xnew.

The Mersenne-Twister algorithm [71] was used to generate the uniform

random numbers. The ideal acceptance rate idrate was set to 0.8 at the start

of the program.

Within the first for loop of the routine “specify site visiting order”, a

time slice τ may be visited more than once, while another τ is not visited

at all. On average, however, there is one proposed update per site. After

Nsep � 1 sweeps, the differences in updates between the sites are negligible.

Alternatively, this piece of code can be replaced with a call to the following

routine, which fills the array index with a random permutation of the indices

0, . . . ,Nτ − 1.
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Input: integers Nτ, array path;
real numbers h, m and ω.
Initialize: real number accrate=0.
Declare: integers τmin, τplu, i;
real numbers xnew, sold, snew;
real array randm(2Nτ);
integer array index(Nτ)

for (i = 0; i < Nτ; i = i+ 1) specify site visiting order
index[i]=floor(Nτ ∗ getrnd());

endfor

for (i = 0; i < 2 ∗Nτ; i = i+ 1) getrnd() produces a uniform
randm[i] = getrnd(); [0,1[ random number.

endfor

for (i = 0; i < Nτ; i = i+ 1)

τ = index[i];
τmin = (τ+Nτ − 1) modulo Nτ; periodic boundary conditions
τplu = (τ+ 1) modulo Nτ;
xnew = path[τ] + h ∗ (randm[i] − 0.5) proposed new value of path[τ]
sold = 1

2m(path[τplu] − path[τ])2

+1
2m(path[τ] − path[τmin])

2

+1
2mω

2(path[τ])2; current value of the action
snew = 1

2m(path[τplu] − xnew)
2

+1
2m(xnew − path[τmin])

2 proposed new value
+1

2mω
2(xnew)

2; of the action
if (randm[Nτ + i] < exp(−snew + sold))

path[τ] = xnew; build in accepted xnew

accrate=accrate+ 1/Nτ; adjustment of acceptance rate
endif

endfor

h = h ∗ accrate/(idrate) adjust target interval
for future use

Output: path, h.
Table 6: Pseudocode for a Metropolis sweep.

d.2 pseudocode for the jackknife average

Let O[.] be a one-dimensional array of lengthN, which contains the measure-

ments Oi, i = 1 . . .N, of the observable O. An unbiased estimator for the

sample mean is mean = sum/N, where sum =
∑N

i=1O[i]. An unbiased es-

timator is obtained this way, regardless of a possible autocorrelation within

the set of measurements.
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Input: integer Nτ.
Initialize: integer array p(Nτ).
Declare: integers i, j, k, tmp,
real array randm(Nτ − 1).

for (i = 0; i < Nτ; i = i+ 1)
p[i]=i; p contains the indices,

endfor initially in increasing order.

for (i = 0; i < Nτ − 1; i = i+ 1) getrnd() produces a uniform [0,1[
randm[i] = getrnd(); random number.

endfor

for (j = Nτ − 1; j > 1; j = j− 1)
k = floor(double(j) ∗ randm[j− 1]); random integer between 0 and j− 1
tmp = p[k]; p[k] = p[j]; p[j] = tmp; interchange p[k] and p[j]

endfor

Output: p.
Table 7: Pseudocode for a permutation of the lattice indices.

In case of uncorrelated data, the statistical uncertainty of the mean is re-

lated to the standard deviation of the overall distribution by a factor 1/
√
N;

[73, 84] that is, the statistical error of the mean is

√

1/(N(N− 1))

N∑

i=1

[

(O[i] − mean)2
]

. (147)

The goal of the jackknife procedure is to generalize this relation to the

case where some autocorrelation is present in the data. For example, if the

data were only pairwise correlated, we could combine two adjacent mea-

surements, and use the same relation with N→ N/2.

A first step is to divide the measurements into N/B blocks or bins, each

holding B adjacent measurements. Naturally, the integer B must divide N.

The bin size Bmust be small compared to the total number of measurements

for the jackknife error to be based on a sufficient number of block averages,

but larger than the autocorrelation time to ensure that correlation between

the blocks is minimal. The user is invited to monitor the estimate of the

statistical uncertainty as a function of B; it will reach a plateau once B is in

the right ballpark.

The second key idea is to operate on “inverse blocks”; that is, on all data

but a block of B successive measurements. This is vital if the procedure

contains as an intermediate step for example, an effective mass fit to the

data in O[.]. (With B measurements the fit often fails to converge, while with

N−B data elements the fit runs smoothly.)

In the following routine the first for loop determines the sample mean.

The second calculation consists of an inner and outer loop. The result of the
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inner loop, elim, is B times the sample mean of one block. In the outer loop,

the jackknife estimator is calculated. The jackknife estimator is the average

over all variables but those in the block under consideration, hence based on

N−B measurements.

The final loop determines the variance of the jackknife estimator, from

which the jackknife error follows by taking a square root, with an appropri-

ate prefactor.

Input: array O of size N; O contains the data;
integer B which divides N. B is the block size
Declare: integers i, j, n,
real numbers sum, mean, elim,
meanj, variancej, errorj; j is short for “jackknife”
array estimatorj of size N/B;

if (B does not divide N)
Drop the first few elements of O
such that B divides the number
of remaining elements, which
becomes the new value of N.

endif

sum = 0;
for (n = 0; n < N; n = n+ 1)
sum+ = O[n];

endfor

mean=sum/N calculating the sample mean
for (i = 0; i < N/B; i = i+ 1)

elim = 0;
for(j = i ∗B; j < i ∗B+B; j = j+ 1)
elim+ = O[j]; summing over the ith block

endfor

estimatorj[i] = (sum-elim)/(N−B) ith estimator is based on all
variables except the ith block

endfor

variancej = 0;
for(i = 0; i < N/B; i = i+ 1)
variancej+ = (N/B− 1)/(N−B)

×(estimatorj[i] −mean)
2; calculating the jackknife variance

endfor

errorj =
√

variancej

Output: meanj; errorj.
Table 8: Pseudocode for the jackknife estimator and its error.
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e.1 conditional probability for log-permeability

The conditional probability density P(L2, x2;L1, x1) that, given that the log

permeability takes the value L1 at x1, the value L2 at x2 is

P(L2, x2;L1, x1) =

1
√

2πσ2[1− e−(x2−x1)/ξ]
exp

{

−
1

2σ2
[L2 − L1e

−(x2−x1)/ξ]2

1− e−2(x2−x1)/ξ

}

. (148)

This function is a Gaussian probability density with mean L1e
−(x2−x2)/ξ

and variance σ2[1− e−2(x2−x1)/ξ], where ξ is a correlation length. The initial

condition for P, when x2 = x1, is

P(L2, x1;L1, x1) = δ(L2 − L1) , (149)

and, when (x2 − x1)/ξ → ∞, that is, when x2 − x1 � ξ, P approaches a

Gaussian distribution for L2:

lim
(x2−x1)/ξ→∞

P(L2, x2;L1, x1) =
1√
2πσ2

exp
(

−
L2

2σ2

)

. (150)

In fact, P in (148) is the Green function for

∂P

∂x
=
1

ξ

∂(`P)

∂`
+
σ2

ξ

∂2P

∂`2
, (151)

which is the Fokker-Planck equation for an Ornstein-Uhlenbeck process with

drift 1/ξ and diffusion σ2/ξ.

e.1.1 Expression in terms of the defining SDE

The one-dimensional Ornstein-Uhlenbeck process is also the solution of a

specific form of the Langevin equation (see Sect. C.2). In the case of L, the

Langevin equation takes the form:

dLx = −
Lx

ξ
dx+ σ̃dWx, (152)
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where dWx represents standard Brownian motion and

σ̃2ξ

2
= σ2. (153)

The subscript x in Lx serves as a reminder of the spatial dependence of the

process L. Equation (152) can be solved using Itō calculus. We proceed as if

(152) were an ordinary differential equation and multiply both sides by the

integrating factor ex/ξ:

ex/ξ
(

dLx +
Lx

ξ
dx

)

= ex/ξσ̃dWx. (154)

Using Itō’s formula, which is the chain rule for SDEs, we obtain:

d
(

e1/ξLx

)

=
1

ξ
ex/ξLxdx+ e

x/ξdLx, (155)

hence

Lx = e−x/ξL0 +

∫x

0

e−(x−y)/ξσ̃dWy. (156)

We are now in a position to calculate the first and second moments of Lx.

Taking expectations on both sides and using the fact that an Itō integral has

mean zero we find:

E(Lx) = e
−x/ξ

E(L0). (157)

For Lx to possess a stationary distribution, ξ > 0 is a necessary condition.

Using the assumption that L0 is independent of Wx and letting E(L0) = µ,

we can write the covariance of Lx as

Cov(Lx,Ly) = E

[(

Lx − e−x/ξµ
)(

Ly − ey/ξµ
)]

e−(x+y)/ξVar(L0) + E

[∫x

0

e−(x−u)/ξσ̃dWu

∫s

0

e−(s−v)/ξσ̃dWv

]

. (158)
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Applying the Itō isometry 1 to the second term,

E

[∫x

0

e−(x−u)/ξσ̃dWu

∫y

0

e−(y−v)/ξσ̃dWy

]

=

E

[∫min(x,y)

0

e−(x−u)/ξ−(y−v)/ξσ̃2du

]

=

∫min(x,y)

0

e−((x+y)−2u)/ξσ̃2du =

σ̃2ξ

2
e−(x+y)/ξ

[

e2min(x,y)/ξ − 1
]

=

σ̃2ξ

2

[

e−|x−y|/ξ − e−(x+y)/ξ
]

. (159)

Taking s = t yields

Var(Lx) = e−2x/ξVar(L0) +
σ̃2ξ

2
[1− e−2x/ξ], (160)

or, in the case of a deterministic initial condition

Var(Lx) =
σ̃2ξ

2
[1− e−2x/ξ], (161)

which converges to σ̃2x0

2 as x → ∞ provided ξ > 0. This suggests that the

Ornstein-Uhlenbeck process Lx possesses a stationary distribution N(0, σ̃2ξ
2 ).

For a proof of the existence of such a distribution, we refer the reader to Ref.

[78]. Suppose that L0 ∼ N(0, σ̃2ξ
2 ); then

Cov(Lx,Ly) =
σ̃2ξ

2
e−(x+y)/ξ+

σ̃2ξ

2

[

e−|x−y|/ξ − e−(x+y)/ξ
]

=
σ̃2ξ

2
e−|x−y|/ξ,

in agreement with Eq. (9) given the substitution (153).

e.2 correlation functions for permeability

With the initial value L1 in (148) drawn from a Gaussian probability density

with mean zero and variance σ2,

P0(L1) =
1√
2πσ2

exp
(

−
L21
2σ2

)

, (162)

1 The Itō isometry is applicable to all stochastic processes Xt in this study:

E

(∫X

0
Lx dWx

)2

= E

∫X

0
X2x dx.
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the expectation value E(K(x)), where K(x) = eL(x), is calculated as

E(K(x)) =

∫∞

−∞

∫∞

−∞

eL P(L, x;L0, 0)P0(L0)dLdL0 = eσ
2/2 . (163)

The two-point correlation function E(K(x1)K(x0)) is

E(K(x2)K(x1)) =

∫∞

−∞

∫∞

−∞

eL2eL1 P(L2, x2;L1, x1)P0(L1)dL1 dL2

= exp
{

σ2
[

1+ e−(x2−x1)/ξ
]}

, (164)

from which we obtain

Cov(K(x1)K(x0)) = E(K(x1)K(x0)) − E(K(x1))E(K(x0))

= eσ
2
{

exp
[

1+ e−(x1−x0)/ξ
]

− 1
}

. (165)

The mean and covariance in (163) and (165) are clearly invariant under trans-

lations of x. Finally, since K−1(x) = e−L(x), the probability distribution for

K−1 is identical to that of K.
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f.1 neumann boundary conditions

From Darcy’s law and the definition of R in (7), we obtain

p(x) = Pi − q0R(x) , (166)

where the initial pressure Pi = p(0). For Neumann boundary conditions, we

specify Pi and q0. If the correlation length is small, we can use the following

Gaussian approximation for p(x):

p(x) ∼ N(µ,σ2) = N
(

Pi − q0E[R(x)], q20Var(R(x))
)

. (167)

The first and second moments of R(x) are calculated based on those of the

permeability in (163) and (165):

E[R(x)] =

∫x

0

eσ
2/2 dx = eσ

2/2x (168)

Var[R(x)] = eσ
2

{∫x

0

∫x

0

eσ
2e−|x ′−x ′′|/ξ

− 1 dx ′ dx ′′
}

. (169)

Similarly, the covariance of R is given by:

Cov[R(x),R(y)] = eσ
2

{∫x

0

∫y

0

eσ
2e−|x ′−x ′′|/ξ

− 1 dx ′ dx ′′
}

. (170)

The expressions in (168), (169), and (170) represent statistical characteris-

tics of the permeability associated with a continuous medium. However, the

evaluation of the path integral in Sec. 5.3 is calculated on a lattice with a

particular lattice spacing. Thus, for consistency, comparisons between the

pressure statistics obtained from the discrete path integral and those calcu-

lated directly from the permeability distribution function should be based

on discrete approximations to the first and second moments of R. Referring

to Fig. 8, we arrive at the following discrete definition of R:

R(l)/δx =






0 if l = 0

1
2K(1) +

∑l−1
i=1 K(i) if 0 < l < Nx

1
2K(1) +

∑l−1
i=1 K(i) +

1
2K(Nx − 1) if l = Nx.

(171)
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We concentrate here on the most relevant case: 0 < l < Nx. The expectation

value is then,

E[R(l)/δx] =
1

2
eσ

2/2 + (l− 1)eσ
2/2 =

(

l−
1

2

)

eσ
2/2, (172)

and the second moment of R is

E[R(l)2/δx2] = E





1

4
K(1)2 +

l−1∑

i=1

[K(i)] +

l−1∑

i=1

l−1∑

j=1

[K(i)K(j)]





=
1

4
eσ

2

+

l−1∑

i=1

[

eσ
2

e1+e−1/ξ
]

+ (l− 1)eσ
2

+2

l−1∑

p=1

[

(l− 1− p)e
σ2
(

1+e1+e−p/ξ
)]

. (173)

Subtracting the square of (172) from (173), we obtain an expression for the

discrete variance of R:

Var[R(l)/δx] =

(

l−
3

4

)

eσ
2

+

l−1∑

i=1

[

eσ
2(1+e−i/ξ)

]

+2

l−1∑

p=1

[

(l− 1− p)eσ
2(1+e−p/ξ)

]

−

(

l−
1

2

)2

eσ
2

.(174)

The Gaussian curves in Fig. 13 are based on the discrete definition of R.

The continuum definition, R(x) =
∫x
0 e

−L(x ′) dx ′, gives rise to the same ex-

pectation values, but smaller variances. The discrepancies are due to the

discretization of the lattice: in the limit δx → 0, the expressions (174) and

(169) give rise to the same numerical values. Note, in addition, that R is

strictly positive. Because the Gaussian approximation is symmetric, the pos-

itivity of R makes for a poor agreement between data and approximation for

small values of x, especially for large values of the correlation length.

f.2 dirichlet boundary conditions

Again, we start from the integrated version of Darcy’s law (6). In the Dirich-

let formulation, the initial pressure Pi and final pressure Pf = p(x = X) are

fixed. Note that

q0 = −
Pf − Pi

R(X)
. (175)

If we let ∆p ≡ Pi − Pf, the pressure is given by

p(x) = Pi −∆p
R(x)

R(X)
. (176)
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To approximate p(x) by a Gaussian random variable, we have to find a Gaus-

sian approximation to the ratio R(x)/R(X), which is of the form [21]

Z ≡ X

X+ Y
, (177)

for stochastic variables

X =

∫x

0

1

K(x ′)
dx ′; Y =

∫X

x

1

K(x ′)
dx ′. (178)

For the choice of stochastic variables (178) in the regime ξ & 0.1X, which

defines the domain of applicability of the Gaussian approximation, we can

assume that the mean is much greater than the variance. This assumption

is needed to ensure that the fraction Z is a strictly positive quantity, and the

cdf of Z can be defined sensibly. We denote the means of X and Y by µx and

µy and the variances by σ2x and σ2y, respectively:






X ∼ N(µx,σ2x)

Y ∼ N(µy,σ2y).
(179)

In the case of Darcy’s law, the assumption (179) translates to:






R(x) ∼ N(E[R(x)], Var[R(x)]

R(X− x) ∼ N(E[R(X− x), Var[R(X− x)]),
(180)

as given in Equations (168) and (169). Equation (180) holds for x 6 X/2. If

x > X/2, the condition

X

X+ Y
6 z (181)

becomes

Y

Y +X
6 1− z. (182)

The discussion below still follows, with the renamed variables. The covari-

ance matrix of X and Y is symbolically denoted by

(

σ2x cxy

cxy σ2y

)

,

where cxy ≡ ρσxσy is the covariance matrix of X and Y. The symmetric, real,

positive-definite covariance matrix admits the Cholesky decomposition

(

σx 0

σyρ σy
√

1− ρ2

)

.
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The sum X + Y can be written as a linear combination of unit normal (∼

N(0, 1)) random variables U and V . We observe that

(

X Y
)

(

X

Y

)

=

(

U V
)

(

σ2x ρσxσy

ρσxσy σ2y

)(

U

V

)

=

(

U V
)

(

σx σyρ

0 σy
√

1− ρ2

)(

σx 0

σyρ σy
√

1− ρ2

)(

U

V

)

;

therefore, X+ Y has the same distribution as

µx + µy + (σx + ρσy)U+
√

1− ρ2σyV . (183)

We can now find an expression for the cumulative distribution function of
X

X+Y ≡ Z:

F(z) = P(Z 6 z)

= P






[(1− z)µx − zµy]σx + [(1− z)σ2x − zcxy]U

z
√

σ2xσ
2
y − cxy

< V






= P






[(1− z)µx − zµy]σx

z
√

σ2xσ
2
y − cxy

+
[(1− z)σ2x − zcxy]

z
√

σ2xσ
2
y − cxy

U− V < 0





. (184)

Let W(z) ∼ N(µw(z),σ2w(z)), with

µw(z) =
[(1− z)µx − zµy]σx

z
√

σ2xσ
2
y − cxy

;

σw(z) =





[(1− z)σ2x − zcxy]

z
√

σ2xσ
2
y − cxy





2

+ 1; (185)

then P(W(z) 6 0) = P(Z 6 z). Therefore, the cumulative distribution func-

tion of W(z) describes P(Z 6 z) ≡ F(z).

P(W(z) 6 0) =
∫0

−∞

1√
2πσW(z)

e−(z−µW(z))2/(2σW(z))2 dz. (186)
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Equation (186) is an analytic formula for F(z). The probability density func-

tion is f(z) =
dF(z)
dz . To obtain a Gaussian approximation to the pressure

density, we evaluate 1
|∆p|

f
(

z−Pi

Pf−Pi

)

.





G KO L M O G O R O V-S M I R N O V T E S T

Suppose we have a sample of values X1, ...,Xn with an unknown probability

distribution P and we would like to test the hypothesis H0 that it follows a

particular distribution P0. Let us denote by F(x) = P(X1 6 x) the cumulative

distribution function (cdf) of the underlying distribution, which we assume

to be some F0(x). We define an empirical cdf by:

Fn(x) = Pn(X 6 x) =
1

n

n∑

i=1

I(Xi 6 x), (187)

so that Fn counts the proportion of the sample points below level x. If the

hypothesis H0 is true, the law of large numbers implies that for any x:

Fn(x) → EI(X1 6 x) = P(X1 6 x) = F0(x) (n→ ∞), (188)

i.e., the proportion of the sample in the set (−∞, x] approximates the cu-

mulative distribution function F0 at the point x. In order to verify H0, we

calculate the supremum supx∈D |Fn(x) − F0(x)|, which tends to zero in the

limit (n→ ∞) under the hypothesis H0:

sup
x∈D

|Fn(x) − F0(x)| → 0 (n→ ∞). (189)

An important observation is the following theorem [70], which we state here

without proof:

Theorem G.0.1. If F(x) is continuous, then the distribution of supx∈D |Fn(x) −

F(x)| does not depend on F.

Let us consider the following statistic:

Dn =
√
n sup

x∈D

|Fn(x) − F0(x)|. (190)

If the null hypothesis H0 is true, then, by theorem G.0.1, the distribution of

Dn depends only on n and, hence, can be tabulated. On the other hand, sup-

pose the null hypothesis fails, F 6= F0. The empirical c.d.f. Fn will converge

to F and will not approximate F0 for large n; we will have

sup
x∈D

|Fn(x) − F0(x)| > δ (191)
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for some small parameter δ. Equation (191) implies that, if H0 fails,

Dn =
√
n sup

x∈D

|Fn(x) − F0(x)| >
√
nδ, (192)

which tends to infinity for large n. We therefore work with a decision thresh-

old c to test H0:






Accept H0 if Dn 6 c

Reject H0 if Dn > c.
(193)

The threshold c depends on the level of significance α and can be found

from the condition:

1/x0 = P(Dn > c|H0). (194)

The relevant thresholds can be found from any statistical table book; at the

level of significance α = 0.05, the threshold is given by c ' 1.358.


